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Abstract

This thesis examines the large scales fluctuations of the solution to a nonlinear
stochastic heat equation (SHE) and the KPZ equation in dimensions d > 3, in
the presence of long-range spatial correlations. Specifically, the equations are
driven by Gaussian noise that is white in time but has non-integrable spatial
covariance (at infinity), with polynomial decay rate x € (2, d).

We prove that the fluctuations of both equations, when appropriately
rescaled, converge to a Gaussian limit described by the corresponding additive
stochastic heat equation. Unlike the case of compactly supported covariance,
the noise in the limit equation retains spatial correlation with a Riesz kernel
|z| =" as covariance, along with a different effective variance and fluctuations
scales. Additionally, by considering the spaces of locally Holder continuous
distributions C*, we demonstrate convergence in optimal Holder topologies as
distribution-valued processes.

To establish our main results, we also prove a priori moment bounds on the
solutions and their Malliavin derivatives, as well as the existence of space-time
stationary solutions, which underpin the fluctuations theory of both models.
Interestingly, in contrast to the case of integrable covariance, we show that the

KPZ equation converges in probability to its scaling limit.
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Chapter 1
Introduction

The focus of this thesis is devoted to study of large scales statistical properties
of the solutions to a stochastic (non-linear) heat equation (SHE) and the Kardar-
Parisi-Zhang (KPZ) equation, driven by noise that exhibits non-integrable
spatial correlations. We shall consider the following heat equation on R¢

perturbed by a multiplicative random forcing:
Oyu = %Au + fo(u)é (1.0.1)

where ¢ is a real valued Lipschitz continuous function on R and £ is a mean
zero Gaussian noise that is white in time and coloured in space. The two
equations are related via the Cole-Hopf transform. Formally, if « solves (1.0.1)

with o(u) = u, then h = log u solves the KPZ equation
Oih = 3Ah + 3|Vh|* + B¢ . (1.0.2)

Throughout, our work will focus in the high-dimensional case d > 3. This
regime has been the subject of intense study in the recent years. In a number of
works [GRZ18, MU18, DGRZ20, CNN22, LZ22, GL20, GK21b, DGRZ21,
CCM24], it was shown that both the SHE and KPZ equation exhibit Gaussian
fluctuations at large scales in the weak disorder phase, namely when the cou-
pling constant 3 is sufficiently small. In this regime, the one time distribution

of the fluctuations has been shown to solve in the limit the stochastic heat
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equation with additive noise - the Edwards—Wilkinson (EW) equation [EW82]
- given by
U = IAUPY + By, (1.0.3)

where W = W(t, x) denotes space-time white noise. The results hold provided
that the correlations of the driving noise have compact support. The effective
variance v depends on the spatial covariance of £ in the microscopic model.
Dissipation of correlations and the EW fluctuations limit may not hold when the
noise exhibits heavy-tailed correlations. In this chapter we concisely review the
wider related literature, and look at the main results in d > 3 for the compactly

supported case; whence we give an overview of our main contributions.

1.1 Background

The study of the above mentioned equations, besides their mathematical in-
terest, is also motivated by Physics. Introduced in [KPZ86] as a model for
random interfaces growth, since then the KPZ equation has been widely re-
searched given its relation with many important physics and probabilistic
models [HHZ95, Kru97, BG97], and in order to elucidate the KPZ universality
class [Qual2, Corl2, Tak18].

Besides its relation to the KPZ (and Burgers equation) through the Cole-
Hopf transform, the linear SHE provides a linearised model of chemical
kinetics, or more generally models the evolution of a scalar field in a non-
stationary (in time) random medium [Mol91]. Much research on the equation
has also been drawn due to its connections with discrete polymer models,
exclusion processes and intermittency phenomena'!) (see for example [CM94,

BC95, BG99, Com17, Zyg24]).

(DIntermittency arise with equation driven by multiplicative noise. Informally, it emerges
as the random field highly concentrates in few very high peaks, leading to severe growth of
its moments with time. We refer also to [HHNT15] and references therein, the notes [Gu20a]

provide some intuition relevant to our work and the results outlined below.
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While one can make sense of the linear SHE through It6 integration, the
KPZ equation (1.0.2) is ill-posed when £ is a space-time white noise. Since,
given the regularity of the solution, the non-linearity |Vh|?> would entail a
product of distributions, which cannot be defined. A rigorous notion of solution
to the KPZ equation in d = 1 was first obtained in [Hail3], employing the
theory of controlled rough paths, then encompassed by the general framework
of Regularity Structures [Hail4b].

The KPZ is, in fact, one example of so-called singular SPDEs. In general,

these are ill-posed equations of the form
Lu= F(u) +G(u)¢, (1.1.1)

where L is a linear differential operator, F'(u) and G(u) are nonlinear terms
depending on u and its lower-order derivatives [Hail4a]. Due to the irreg-
ularity of the driving noise ¢ (and thus the solution ), the terms in F'(u)
and the pointwise product of G(u) with £ may not make formal sense. The
main challenge, therefore, is to give rigorous sense to the ill-posed equation
and establish suitable notions of solutions and their existence. One natural
approach is to smooth out the irregular noise £° (e.g. by means of a mollifier
. approximating the identity), so that one can make sense of (1.1.1) and the
associated solution u.. The aim is to prove the existence of a limiting object u
as ¢ — 0 and investigate its behavior, working towards a canonical notion of
existence and uniqueness of solutions, independent of the mollifier. As we shall
see later, in higher dimensions, the limit behaviour of the regularised model
may resamble the linearised model and is tied to the large-scales dynamics of
the equation.

In general, to carry out the regularisation approach, appropriate renor-
malization procedures are needed to compensate for turning off the mollifier,
typically requiring the equation to be re-centered by some diverging constant(s)
C. — 00, as € — 0. This is because of the regularisation of singular nonlin-
earities, to obtain non-trivial and meaningful solutions [CW17]. The actual

constant(s) and rate may depend on dimension, nonlinearities and noise in the
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equation. The need of renormalisation can also be motivated by the under-
lying physics, given that singular SPDEs often emerge as universal limits of

microscopic models for physical systems [CS20].

In the last decade, we have witnessed extraordinary progress in the field,
thanks to the seminal framework of Regularity Structures [Hail4b]. Along with
the paracontrolled calculus approach of [GIP15, GP17] and renormalisation
group techniques [Kup16, Duc21], these theories revolutionised the field of
subcritical singular SPDEs, allowing to tackle a variety of important equations

[CHS18, BGHZ22, CCHS22a, BCCH21, CCHS22b, GH21, GKO24].

Informally, SPDEs are referred to as subcritical when, at small scales,
the effect of the non-linearity F'(u) is negligible and the noise dominates (cf.
[CW17, Defn. 1.3], [Hail4b, Assump. 8.3]). However, in higher dimensions,
such theories no longer apply, as these equations typically become supercritical.
In the case of SHE and KPZ, these equations are subcritical in d = 1, and

supercritical when d > 3, which is the regime we are considering.

In one dimension, the KPZ equation interpolates between two universality
classes: the (Gaussian) Edwards—Wilkinson class at small scales and the
(non-Gaussian) KPZ class at large scales [Corl12]. The latter long-standing
conjecture was only recently proven in [QS23, Vir20], where it was shown that,
up to shifting and scaling, the rescaled solution 5%h(5‘%t, e~ 1) converges as
¢ — 0 to a universal space-time process known as the KPZ fixed point. This
was built upon extensive research and progresses over the last few decades
(cf. [BDJ99, ACQI11, BQS11, AKQ14, MQR21], see also the surveys [Qual2,
Cor12, QS15] and more recently [CS20, Rem22, Bai22]).

In the critical dimension d = 2, unlike d = 1, a phase transition occurs
depending on the value of the coupling constant 5. Much activity has focused
on elucidating the behaviours of SHE and KPZ in the “weak coupling” regime
(and its boundary [BC98]). There, when the rescaled [ is sufficiently small
(B < B.), a series of works [CSZ17, Gu20b, CSZ20, CD20, NN23] showed

that Gaussian fluctuations emerge at large scales under a logarithmic rescaling
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of order \/@ . Recent work also examined the anisotropic KPZ equation
[CES21, CET21, CHST22, CET20], which (formally) admits the free field
as its invariant distribution, and how the behaviour of SHE is affected in
the presence of a nonlinearity [DG22, Tao22, DG24, DG23]. More recently,
this line of research culminated in remarkable progresses also addressing the

behaviour at critical 5 ~ . [CSZ19, GQT21, CSZ23a, CSZ23b].

1.2 Related work in higher dimensions

Here we are interested in the large-scale dynamics of SHE and the KPZ
equation in d > 3. Tipically, one would like to understand the model driven by
space-time white noise W which is a Gaussian random distribution with delta

distributions as covariance functions; formally

In the sense that, for any v, ¢ € C°(R%*1), we have

E[ (W,¢)<W,¢> } = /R g (s, x)(s,z) deds .

In higher dimensions, solutions fail to be function-valued when the driving
noise is & = W, this is due to the irregularity of 7/, One then tries to appropri-
ately regularise the SPDEs via mollification, in order to study the behaviour of
the solutions. The starting point is to consider the solution « to the linear SHE,

namely (1.0.1) with o(u) = u, driven by a regularised Gaussian noise ¢:
Owu(t, x) = sAu(t, ) + fu(t, z)E(t, ), u(0,z) =uo(z), (1.2.1)

with the product term intepreted as an It6 integral. Tipically, the noise is taken

to be a mollification of 1/ by a spatial mollifier ¢ : R? — R:

£(t,x) = g oz —y)W(t,y)dy . (12.2)

Then, the regularised noise ¢ is Gaussian, white in time and coloured in space,

with covariance

E[§(t, 2)¢(s,y)] = 0t = s)R(z —y) (1.2.3)
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where the homogeneous spatial covariance R is given by

R(z) = | ¢z +y)d(y)dy .

R4

Usually, the mollifier is taken to be a smooth compactly supported function
¢ € C°(R? R, ). Given the mollification, the equation is now well-posed and
there exist a unique function valued solution [Dal99, PZ00].

To study the large scales behaviour, one then introduces a small parameter
e > 0, and considers the parabolic rescaled solution u.(t, ) = u(t/e?, z/¢).

Given the scale invariance of W, u, satisfies the (regularised) equation:
Druc(t, x) = LAu (t,x) + BedLu(t, z)€(t, ) (1.2.4)

where £° is a white-in-time Gaussian noise, with spatial covariance e~ ¢R(e7!+).
Note that, as we let ¢ — 0, we are effectively zooming out to consider the
large scales behaviour of u. Since d > 3, the factor in front of the noise decays
to 0, “turning off” the noise in the equation.

To build intuition and draw the differences with our work, we now briefly
review the main results on the large-scales behaviour of SHE and KPZ, in the
case of compactly supported (integrable) covariance. Namely, we shall assume
in the rest of the section that ¢ € C>°(R%,R) (thus also R) is nonnegative,

smooth and compactly supported.

1.2.1 Law of large numbers and S-phase transition

Before investigating the fluctuations, one should understand the mean and
asymptotic behaviour of u.. Depending on the value of the coupling constant
B (also referred to as inverse temperature) there occurs a phase transition. This
has been long understood in the discrete polymer literature [Bol89, IS88, CY06,
Com17]. More recently, [MSZ16] considered the continous case, focusing on
the linear SHE with flat initial conditions, they proved there occurs a phase

transition depending on the value of the coupling constant 3.
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Theorem A. [MSZ16, Thm. 2.1-2.4] Assume u is the solution of (1.2.1) with
coupling constant [3 and with initial conditions uy = 1. There exists a constant
B, > 0 such that, for any x € R% ast — oo, the following convergence in

distribution holds:

Z>0as. if B<p.,
u(t,x) = Z where f (1.2.5)

Z=0a.s. if p>p..

Moreover, for sufficiently small 5 < B, < (., u. converges in probability, as

e — 0, when tested against g € C2°(R%):

/ug(t,x)g(x)dx . g(x)dx . (1.2.6)
R4

Rd

The regime below the critical value ., i.e. 5 < ., is known as weak
disorder, whereas 3 > 3. as strong disorder®, where intermittency onset.
Given that uy = 1, one has Eu(t,z) = 1 forallt > 0 and x € R¢, hence
(1.2.6) can be seen as a law of large numbers (LLN), where u. converges to
its mean as a random distribution. The LLN no longer holds when 5 > £,
where u ceases to be uniformly integrable in time. Later in [CNN22], the
authors actually showed that (1.2.6) holds in the whole weak disorder regime
B € (0, B.), and for general initial conditions uy € Cy(R?).

A crucial tool in their proof, and in the fluctuations results of the wider

literature, is that the linear SHE admits a Feynman—Kac representation formula:

u(t,z) = Ep [uo(m + B;) exp (B /Otf(t — 8,x + By)ds — %ﬁ2R(0)t>] ,
(1.2.7)
where Ep denotes the expectation with respect to a Brownian motion path
(Bs)s>0, independent of &.
This expression indicates that u(¢, z) can be seen as the partition function

of a (Brownian) directed polymer in the white noise environment . The LLN

@see [BC20, BM19, Com17] and references therein concerning the strong disorder regime

and some results on the localisation of the polymer model.
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(1.2.6) follows from the large scales spatial de-correlation of . Namely, by a
second moment calculation, through (1.2.7), for = # y, one can show
cov(u(t, ), u(t,0)) =~ /]Rd % dz (1.2.8)
which vanishes as ¢ — 0, when R is compactly supported and thus obtain
convergence via Portenko’s lemma [Por75].
However, by a simple computation, we note that the expression on the right

in (1.2.8) may still vanish, as long as, for large =,
R(z) = |z|™" with k> 2. (1.2.9)

This observation supported our exploration to see whether a LLN (and thus
a fluctuations CLT) may hold even when the spatial covariance is no longer
integrable at infinity. As we shall see in Section 2.5.3 (cf. Remark 2.5.6),
analogous de-correlations hold in our settings, cf. (1.3.6), which will turn out

to be crucial to prove the fluctuations limit.

1.2.2 Large scales fluctuations

There have been numerous works looking at the large scales fluctuations and
stationary solutions of the two equations.

Linear SHE. The fluctuations, in the weak sense, of the /inear stochastic
heat equation in d > 3 have been studied in various works [GRZ18, MU18,
DGRZ21, CNN22, LZ22]. Recall u. satisfies (1.2.4). With R compactly
supported, the noise & converges to space-time white noise v, ¥/, with variance

vo= | Rly)dy.
Rd
This can be seen by a simple computation, since £° is white in time and has

spatial covariance e ¢R(e71.), for any 1, o € C°(R%*1), we have
B[ o€ 0)] = [ [ dls.o)plo) < RO dodads
R JR2

_ / [ (s a)els.o = cy) R(y) dudyds
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— </Rd R(y)dy>/R y P(s,x)p(s,x) dvds
= B[ (W,9)(W,¢)] -

On the other hand, from the asymptotic result (1.2.5), u converges, in
microscopic time, towards an almost sure positive random variable Z when
B < B, where EZ = 1. Thus, the product term in (1.2.4) stabilises. Rewriting
the equation,

O(GE) = SACEGE) + Bua(t, )€t 2)

€2 e2

. . d -1 .
we may expect the fluctuations to live at e2~" scales, and to converge in the

uEW

limit towards the EW solution 1/ , Where

U = IAUPY + W, UPY(0,)=0. (1.2.10)

While this heuristic intuition hints correctly to the EW limit, it turns out the
interaction between the noise and u, leads to a non trivial effective variance
Vet, With veg > 14. In fact, rescaling appopriately the fluctuations from the

mean, one has the following:

Theorem B. [GRZIS8, MUIS, CNN22, LZ22] Assume u is the solution of
(1.2.1) with coupling constant 5 and with initial conditions uy = 1. There
exists a constant 3y > 0 such that, for any < [y, the following holds, as
e — 0, for any t > 0 and test function g € C°(R?),

e~

[SI[cH

/d (ue(t, ) — Buc(t, 2))g(z) de = veg /duEW(t,x)g(x) dx .
. . (1.2.11)

Where the effective variance is given by

Vi = / R(y)Ep {exp (52 /00 R(Bss + v) ds)] dy . (1.2.12)
R 0

The CLT result in (1.2.11) was proved in [GRZ18, MU18], allowing even
for short-range time correlations. It was later extended in [CNN22, LZ22] to

the whole L?-region 3 € (0, 3;2), also with general initial conditions g and
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considering multi-time convergence. For simplicity, here we state the result for
the single-time distribution, when SHE has flat initial conditions and driven
by white in time noise. In the case of general ug, we have Eu. (¢, z) = u(t, x),

where « is the solution of the heat equation

ou = sAu, u(t,0) = ug ,

1
2

and the fluctuation limit in (1.2.11) is then given by vegtu(t, )UF"Y. In the

presence of short-range time correlations, namely for p € C°(R, R),

E[S(t, 2)¢(s,y)] = p(t — s)R(z —y) , (1.2.13)

the Laplacian is modulated by a non-trivial diffusivity in the limit.
The L? region represents the values of 3 such that the corresponding
solution to (1.2.1) has uniformly bounded L? moments for all times, with

Br2 := sup {B >0 : supsupElu(t,z)?] < oo} .

z 20
We note that 372 < 5., with strict inequality expected from works on discrete
polymers, cf. [CNN22, Sec. 1.2]. When 3 > (2, Theorem B is no longer
expected to hold, as the effective variance v g blows up.

The fluctuations limit and identification of the variance, crucially rely on

the stabilization of the solution u at large times. In fact, it was shown in [GL20,

Thm. 1.1], that there exist a spatial stationary field (Z(z)), _p.» such that:
u(t,) = Z in C(RY), ast— co. (1.2.14)
Then, we can rewrite the effective variance in (1.2.11) as
i = [ RWBZ()Z0))dy (12.15)

KPZ equation and nonlinear SHE. The EW limit for the KPZind > 3
was first shown in [MUI18] using perturbation techniques borrowed from
constructive Quantum Field Theory, considering a finite range space-time

mollification of space-time white noise 1¥. Later, [DGRZ20] proved analogous
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result for small 5 employing Malliavin Calculus techniques. While [CNN22,
L.Z22] demostrated that the EW limit holds in the full L? region 3 € (0, 8;2),
using different methods, both inspired by the directed polymers literature.

Letting h.(t,z) = h(t/e? x/e), we have the following.

Theorem C. [MUIS, DGRZ20, CNN22, LZ22] Assume h is the solution of
the KPZ equation (1.0.2) with flat initial conditions h(0,x) = 0. Then, for any

B < Bre, for any t > 0 and test function g € C°(R?), as ¢ — 0,

4 [ (lta) ~ Bha))g(o)de — v [ UV (ta)gla)da
R . (1.2.16)

We see that fluctuations from the mean of KPZ converge to the same limit
as for the linear SHE. We refer to [CNN22, Sec. 2] for more general statements
with non-flat initial conditions and about the fluctuations of the stationary
solutions. A key property used to carry out the proofs is that, through the
Cole-Hopf transform, h = log u, one can examine the large scale behaviour of
the KPZ leveraging the properties of SHE and the Feynman-Kac formula.

A question one may ask is whether similar fluctuations results hold for
transformations of u other than the Cole-Hopf, or in the case of the nonlinear
SHE (1.0.1). This is indeed the case. In fact, the proof of [DGRZ20] allows
to conclude that the fluctuations of ®(u.), where ® : R, — R and its deriva-
tives satisfy suitable polynomial growth conditions, also converge in law to
Cp Veff L{tEW, in the sense of random distributions, as in (1.2.16), where the

modulation factor is given by
ce =E[Zd(Z)]. (1.2.17)

Note that in the Cole-Hopf case ®(u) = log(u), one indeed has cy = 1,
retrieving (1.2.16). Their proof holds for 5 < B¢ < [z, requiring uniform
control of moments higher than two. Leveraging the Feynman-Kac represen-
tation (1.2.7) and Clark-Ocone formula to express the fluctuations, through a

separation of timescales and Brownian paths estimates, they identify (1.2.12)
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and show variance convergence. To show Gaussianity of the limit they employ
the second order Poincaré inequality [NPRO9, Thm. 1.1], through estimates on
the Malliavin derivatives of w.

Concerning the nonlinear SHE in d > 3 with a Lipschitz nonlinearity,
[GL20] showed that the fluctuations converge to the EW limit as in Theorem B.
In this case, the effective variance is modulated by the nonlinearity of the

equation, with the fluctuations now converging to v, UEW, where

Ve = /Rd R(y)E[o(Z(y))o(Z(0))] dy . (1.2.18)

The works of [GL20, DGRZ20] were an important inspiration when we started
our works on SHE and the KPZ equation.

In summary, we have seen that in higher dimensions d > 3, all these
models fall in the (Gaussian) Edwards—Wilkinson class, but their limit vari-
ances crucially depend on the noise mollification, and defined in terms of the

underlying stationary solutions.

1.3 Main results

We are now going to outline the main contributions of this thesis and some
intuitions. We will provide more details, precise statements and prove the

results in the later chapters.

Non-integrable covariance. A natural question in view of the above results is
what happens if the noise covariance R changes; it is unclear if one should
still observe Gaussian fluctuations under the same scaling. We note that the
proofs of all the above results hold as long as R is compactly supported (or
in principle R decays fast enough to be integrable). Whilst we commented
above that one may expect the LLN (1.2.6) to hold (for linear SHE) even when
R ¢ L*(RY), as long as it is not too heavy tailed (1.2.9), it is not clear a priori

what happens at the level of fluctuations. If we recall the effective variance of
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the EW limit (1.2.15), we noted that v.g > 14, where

Ve :/ R(z)dz = 40,
R4

when R ¢ L'(R?). In fact, the proofs and fluctuations limit no longer hold in
this setting, given that the above effective variances blows up when R is no
longer integrable. Understanding what happens in these regimes and probe

possible phase transitions was one of the main motivations for our work.

Our setup. We consider the nonlinear SHE (1.0.1), with globally Lipschitz
nonlinearity o, driven by white in time Gaussian noise { with covariance as
in (1.2.3). We assume its smooth spatial covariance R is such that |R(z)| <

(1 + |x|)~" and, as € — 0, it has the following limiting profile,
e "R(e7'x) — || ™" with k€ (2,d). (1.3.1)

Whilst bounded and integrable near 0, R fails to be integrable at infinity,
given k < d. We investigate the case where w is the solution with flat initial
conditions u(0, z) = 1, and consider the parabolic rescaled solution u. (¢, z) =
u(t/e* x/e). Balancing out the scalings, we note that u. now satisfies the

rescaled equation
Ol = %Aus + 565710(%) £, u(0,2) =1, (1.3.2)

where, in our case, £° is a white in time Gaussian noise with spatial covariance
e "R(%). From assumption (1.3.1), we have e "R(e~'z) — |z[ " ase — 0.
Since the law of centred Gaussian white noise is characterised by its covariance
function, £° converges in law to a spatially correlated noise £°, with Riesz

kernel covariance:

E[&°(t,2)E(s,y) | = 0(t — 8)x —y| ™™ . (1.3.3)

Moments estimates and stationary solutions. Besides uniform moments bounds,
a crucial ingredient for the fluctuations results to hold in the compactly sup-

ported covariance case was that, asymptotically as ¢ — oo, u(t, z) converges
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in law to a stationary field Z(x), cf. (1.2.14). Its law characterises the ef-
fective variance in the limit, and the asymptotic field is non-trivial because
the coupling constant was taken to be small enough 8 < f3., before the onset
of intermittency (1.2.5). Inspired by [GL20, Thm. 1.1], we show that in our
long-range correlations setting there exists a space-time stationary field 4 (t,x).
Pull back and stationary fields also appeared in [DGRZ21, CCM24, CCM20].
Considering the pullback solutions u(*), where u(*) denotes the solution to

SHE (1.0.1) with initial condition 1 at time s, this is defined as the limit

Z(t,z) = lim u®(t,z) .

S§——00
The convergence holds in L”(€2) (over compacts) and we quantify its rate,
dependent on . For a random variable X, we denote with || X ||, = (E[X?]) Hr

the L?(€2) norm with respect to the underlying probability space.

Theorem 1. Let d > 3, o be Lipschitz continuous and R satisfies |R(x)| <
(1 + |z|)~", with k € (2,d). Then, for any p > 1, there exists a positive
constant (31(p), such that for < [y, there exists a space-time stationary field
Z such that, uniformly int > s:
sup Hu(s)(t,x)—Z(t,x)Hpﬁ 1/\(25—5)2% . (1.3.4)
x€R4
In order to show the above, we first obtain a-priori moment bounds on u
and pointwise estimate on its Malliavin derivative. We show that for any p > 2,
there exists a constant C}, > 0, such that, for /3 sufficiently small 5 < 5y(p),
sup u(s,z)|, < Cp, | Dy u(t, )|, S CpPier(z —2) . (1.3.5)
5>0,z€R4
Employing some Gaussian-covariance decay estimates, we also derive spatial

de-correlation bounds on u (and 7 ), of the form
cov (u(t, x), u(t, O)) STA |z, (1.3.6)

The stationary field Z underpins our main result on the fluctuations of
SHE, and it characterises the effective variance emerging due to the spatial de-

correlation at large scales, still present in our setting. Identifying the stationary
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field and obtaining a precise rate of convergence (1.3.4) will turn out to be
crucial also for our work on the KPZ equation. Given (1.3.6), the law of large
numbers (1.2.6) immediately follows in our settings too. These results are

fully stated and proved in Sections 2.5-2.6.

Fluctuations of SHE. Given the above and looking back at the rescaled equation
(3.1.1), it may come natural to conjecture that also in our settings one may
see the fluctuations of u. converging to a Gaussian limit, solving an additive
stochastic heat equation. Using (1.3.6) and the covariance assumptions (1.3.1),
through some simple calculations, one observes that the variance of the fluctu-
ations '~ 2w, indeed converge. The limit is the same as the variance of v g,
where v is now given by (1.3.9), and U, denotes the solution to the additive

stochastic heat equation
oo (t, ) = AU (t, ) + BE°(t, 2) | Up(0,) =0, (1.3.7)

where £ is the Gaussian noise with covariance (1.3.3). Given ¢t > 0 and a test

function g, letting
X0 =<8 [ (e o)~ Bu(t.)g(a)d
Ra
we are able to prove the following:

Theorem 2. There exists a By > 0 such that for all B < [y, for any time

indices 0 < t1 < ... < t,,, and for any smooth functions with compact support

{gi}i=1..n. C C(R?), as e — 0, the following holds:
(1.3.8)
v = |E[o(2(0)]]". (1.3.9)

This is one of our main results. Compared to the compactly supported

covariance case, we note three differences:
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(i) The limit is no longer the solution /Z" of the EW equation (1.2.10), now
the limit equation (1.3.7) is driven by coloured noise with correlations

of polynomial decay.

(ii) The fluctuations, now of order €2 !, live on a larger scale depending on

the decay parameter k.

(iii) The effective variance (1.3.9) is of different nature compared to (1.2.18).
It is still modulated by the nonlinearity o, but somewhat resambles more

the behaviour observed in d = 2 [Tao22, DG24], where
2
Vi = E[U(Z(O)) } )

Interestingly, in the case of linear SHE (¢ (u) = u) or KPZ, as we shall
see later, our effective variance (1.3.9) reduces to 1, which is independent

of 3, unlike the compactly supported case or results in d = 2.

To show the joint convergence (1.3.8), we employ Stein’s method (cf. [HNV20,
Prop. 2.3]), inspired by [GL20] earlier work in the compactly supported case.
To employ the method, we make use of a divergence representation of the
fluctuations X;*Y = §(v;"?), readily available given the mild formulation of
SHE. Then, in order to show convergence to the Gaussian limit, through Stein’s

criterion, this reduces to show that as ¢ — 0,

L2()

(DX7% 0" v — Sy (1.3.10)

where Y denote the covariance matrix of the EW limit, on the right hand side
of (1.3.8). The main technical step is to extract the Gaussian limit, which
reduces to show vanishing of some higher order terms in the fluctuations. This
is achieved by decomposing (DX, vfj?gj )% and careful estimates, leveraging
the bounds (1.3.5). Eventually, we bound the remainder terms by multiple
integrals involving singular kernels. These integrals are shown to be finite by
viewing them as Feynman diagrams. To carry out these arguments, we adapt

the general framework of [Hail8] to our needs, allowing us to systematically

handle singular kernels and their small/large scales behaviour.
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Convergence in Holder topologies. Building on the multidimensional conver-
gence (1.3.8), we then show a stronger result: we view X° and U, as distri-
bution valued stochastic processes and consider the spaces of locally Holder
continuous distributions C%(IR%), with o < 0. These spaces, as introduced for
example in [Hail4b], allow to measure and compare regularity of distributions.
Using these as state space, we formulate a Kolmogorov-type criterion to show
a random distibution-valued process belongs to C([0,7],C?), with v > 0.
With moments control on the associated norm, we obtain a tightness criterion.
Hence we are able to show that X* are tight and converge in law to {{, in
C7([0,T],C*), where the Holder exponents depend on the covariance decay

parameter x, obtaining the following:

Theorem 3. For any v € (0,1) and o < 1 — & — 27, there exists 3, > 0

such that, for any 8 < 3y, and T > 0, we have as ¢ — 0,
X = vl in C7([0,T],C%) .

The convergence in C7 ([0, 7], C*) spaces is novel to our knowledge and the
Holder exponents appear optimal in this setting. Some previous works in the
related literature [CCM24, CD20] made use of the criterion of [FM17, Thm
1.1] (cf. also [Hail4b, Thm. 10.7]) to show tightness and convergence of fluc-
tuations in C* for fixed time ¢ > 0, with sub-optimal ««. We hope the intuitive
and simple framework, as formulated in the embeddings of Proposition 3.3.7,
can be applied in different contexts too. Together with Theorems 2-3, these

will be the main focus of Chapter 3.

Homogenisation and the KPZ scaling limit. Understanding the KPZ fluctua-
tions with long range correlations was one of the main objectives since start
of the PhD. The strategy is to consider the Cole-Hopf transform to study the

large scales fluctuations. By setting h. (¢, z) = €'~2 log u.(t, ), this satisfies

0ths = %Ah5+%5%_l|Vh€’2_%BQR(O)E_l_%_FﬁgE s hE(O,.CE) = h’0<$) :
1.3.11)
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Due to the modulation through a singular mapping, it is not immediately evi-
dent whether the large scale fluctuations of the KPZ obey the same effective
dynamics as SHE. For example, one difference is that, because of the nonlin-
earity, we no longer readily have a divergence expression for the fluctuations.
This introduces additional challenges, both in demonstrating variance conver-
gence (to identify the limit) and proving Gaussianity of the limit. Furthermore,
one now requires control of the negative moments of u. Different methods
have been employed to study the KPZ fluctuations in the compactly supported
covariance case, all fundamentally based on the Feynman-Kac formula (1.2.7)
for the linear SHE [DGRZ20, CNN22, 1.Z22] (with the exception of [MU18],
where perturbation techniques are used).

Here we deviate from these strategies. Initially inspired by [DGRZ20,

Thm. 1.2], we can consider more general transformations of « and look at

Vs =t [ (Bfut.a)) ~ ER(uc(t, )] Jgla) da

where ® : R, — R is a transformation satisfying some small and large
scales polynomial growth bounds (with the Cole-Hopf transform ¢(u) = log u
satisfying them too). By the Clark—Ocone formula, we retrieve a divergence

representation of Y;77,

e =t [ [ ([ Byt tem) F o(e) ) s ),

which we can then express in terms of the fundamental solutions of the linear
SHE. We denote these by w; (¢, x), where w; (¢, z) is the solution at time
t > s of (1.2.1) initialiased with Dirac-delta initial conditions J,, at time s.
From here, the key idea is that the fundamental solution exhibits large scales

homegenisation. Namely, when ¢ > s, we observe
ws,y(tv I’) ~ Pt—S(x - y)Z_(S, y>Z(t7 I’) ’

z[2
where P,(z) = (27t)~% 2¢='3 denotes the d-dimensional heat kernel, and

Z (s,y) is another stationary process, representing Z (t, ) “running backwards
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in time”. More concretely, the stationary fields satisfy
ta:—l—i—ﬁ/ /Ptrx—z Z(r,z)&(dr,dz) ,
R4

2w =148 [~ [ Pesty= 2202 ¢lan ),

with the stochastic integral in the expression of Z being of backwards Itd type.

(1.3.12)

Then, we prove the following:

Theorem 4. Let 1 = 5 — % For any p > 1, for sufficiently small (3, the

1
2

following holds, uniformly int > s and x,y € R,

H wsytx >

P ~Z(t,x)Z(s,y)

< (U4t—s) "1+ (1+t—s)2|z—y]).
p
(13.13)

Setting up the proof of this was one of the key technical challenges. By ap-
propriately decomposing the difference w; (¢, x)/P,—s(y—x) —Z(t,3)Z(s,y),
to exploit the characterisation of the fields (1.3.12), through careful moments
and kernel estimates, we are able to derive the spatially weighted decay rate
(1.3.13), tailored for our later proofs. A posteriori, we note that the result can
be seen as an analogue of some recent local limit theorems for polymers in
discrete [Gab23, Jun23] and continuous setting [NN23, CCM20].

Crucially, using mixing of the stationary fields and separation of scales,
the homegenisation result allows us to show that the fluctuations of ®(u.) are
approximately equal, up to a modulation factor v, to the ones of u. solving

the linear SHE. Namely, we show the following convergence in L?({2):
li_l)% 1Y —ve X9, =0. (1.3.14)

The convergence (1.3.14) is actually uniform in ¢ > 0, with a precise rate which
allows us to show convergence in Holder spaces through the Kolmogorov-like
embeddings of Chapter 3.

Decomposing the fluctuations of SHE, we are then able to show conver-

gence in probability to the fluctuations limit vg U, since, under a suitable
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coupling, the driving noise £° of the limit equation is itself the scaling limit of
&°. This is unlike the case of integrable correlations, where only convergence

in law is to be expected®.
Theorem 5. Let ® € C*(R;R) be a function satisfying for some q > 0,
|D(2)] + |®'(2)] + |@"(2)] S 279+ 29, VzeR, .

Set
u(t,z) =2 (®(ue(t,z)) — E[®(uc(t, x))]) -

Then, given any p > 1, and o < 1 — %, there exists BE (e, p) > 0and ve > 0
such that, for all 3 < B¢ and any good coupling of the noise, the random
processes u? converge in probability to velU° in LP([0,T],C*(E)) as € — 0,

€

for any T > 0 and compact E C R%. The effective variance is given by
ve = E[Z D' (Z2)], (1.3.15)
where Z denotes a real-valued random variable with the same law as Z (t,x).

We observe that the modulation factor v is the same as the one appearing
in [DGRZ20] (cf. also [NN23, Thm. 1.3] in d = 2), as we saw above (1.2.17).
However, now we have different fluctuations scales and limit equation, as in
SHE. In the case of the Cole—Hopf transform, ®(u) = log(u), we recover
the KPZ fluctuations (with flat initial conditions hg = 0) and we note that
vp = 1, indicating that the KPZ has the same fluctuations limit as the linear
SHE, which is also covered by the case ®(u) = u.

Furthermore, with all the above ingredients in place, we can consider the
rescaled KPZ with general initial conditions ho € C,(R?) and probe its scaling
limit. Namely, we are able to show that there exists a deterministic constant

¢ < 0, such that h.(t,z) — £'~2 ¢ converges and identify the limit.

(OWe are grateful for the helpful suggestions from Alex Dunlap and Yu Gu to pursue strong

convergence in our settings.
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Theorem 6. Foranyp > 1, and o < 1 — 5, there exists a constant ¢ < 0 and
a positive value o = Bo(p, ) such that for any < [y, for any deterministic
initial condition ho € Cy(R?), and any good coupling of the noise, one has, for
anyT > Ty > 0,

lim (h.(t,x) —e'"2¢) =U ,

e—0
in probability in LP([Ty, T),C*(E)), for any compact E C R%. Here, U
denotes the solution of (1.3.7), initialised with U (0, x) = ho(x).

This is the main result of the last Chapter 4. Finally, it is also interesting to
note that the Gaussianity of the KPZ scaling limit, with long-range correlations,

aligns with the predictions from the physics literature [KS99, KCDW 14].

1.3.1 Related directions

In view of our results, there are various open problems one may want to address.
Notably, how the large-scales dynamics would change with higher values of
B > Py in our setting (if intermittency onsets and observe a phase transition as
in the case of compactly supported covariance). Below we briefly review other

related research and interesting possible directions for further work.

Refine fluctuations description. Our study has been focused on fluctuations
around the mean. Alternatively one could investigate also other kinds of fluc-
tuations. In the case of compactly supported R, [CCM?24] proved convergence
results for the fluctuations about the stationary solutions of the KPZ (namely
h — log 7 in our notation) and the fluctuations (about the mean) of the sta-
tionary solutions themselves. Their results, when combined, provide a finer
description of the fluctuations h. — [Eh.. One may expect analogue results also
in our setting, but these remain open at present. See also [DGRZ21, CCM 18]
for other related (pointwise) results on SHE and its fluctuations. Given the
central limit type of results, another interesting direction may be then to look
at the large deviations of ®(u.), cf. [MCS03, LT21, GLLT23], and explore

how these depend on the correlations decay parameter x.
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Towards criticality. In view of our results, effectively the decay parameter
k appears to play the role of space dimension d. At present it is unclear
what would happen with x < 2 and in the edge case kK = d. As men-
tioned in Section 1.1, various work has been carried in the critical dimension
d = 2, where weak disorder regime and large scales Gaussian fluctuations
emerge, if the coupling constant /3 is tuned with a logarithmic correction in £
[CSZ17, CSZ20, Gu20b, Tao22, DG24]. It would be interesting to understand
if something similar happens when x = 2, with spatial dimension d > 3.
In relation to this, one may try to characterise also in higher dimensions the
distribution of the limiting stationary field 7 , cf. the results of [DG22, DG23]
in critical dimension d = 2. We expect the role of logarithmic tuning would be
decisive to observe fluctuations in this setting. In fact, earlier work [MTO04]

studied the case of linear SHE in d > 3,
du= L Au+ puk, (1.3.16)
with Gaussian noise £ with singular covariance

E[&(s,y) &(t,2)] = 0(t — s)z —y| ™%

They showed that, for sufficiently small 3, there exist martingale solutions
which are singular measures, and studied their properties. It would be interest-
ing to understand what happens if one introduces a nonlinearity o(u) in the
multiplicative term, viewing o(u) as a perturbation of the identity. Namely,
examine whether one can still obtain well-posedness results and how properties
of the solutions are impacted by the nonlinearity, in relation to the study of the
logarithmically tuned fluctuations above mentioned. Interestingly, very recent
work [KT24] explored the time-dependent spatial averages of the linear model
(1.3.16) with singular covariance, and they identified three limit regimes based

on the space-time scales considered.

Alternative models and time correlations. In our work we focused on the large

scale fluctuations of SHE and KPZ in dimensions d > 3, over the whole space.
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However, there are other settings and models that could provide interesting
problems to explore the impact of long range correlations on the macroscopic
dynamics. For example, we mention recent works on the KPZ over the one
dimensional finite torus [GK21b, DGK21]; Gaussian fluctuations emerging
in the Schrodinger equation [GK21a], Burgers’ [CGT24] and Navier—Stokes
[CK24] equations. Typically, the noise considered in these studies exhibits
integrable spatial correlations. It may be interesting to understand if the above,
or other related systems, still fall within the (Gaussian) Edwards—Wilkison
class when non-integrable (at infinity) spatial correlations are present, probing
possible phase transitions due to the stronger noise correlations. We note that
in lower dimensions d < 2, observations from physics on the KPZ equation
(cf. [SC19] and references therein) suggest that universality class and scalings
are indeed affected by the introduction of long-range (time and/or spatial)
correlations in the model.

Slowly decaying covariances emerge, for example, when using SHE as
a model for temperatures changes in a fluid flow (cf. [MT04, CM94]). Or-
thogonally to our setting, and actually the problem we attempted at start of
the PhD, it would be interesting to understand how time correlations impact
the large-scale fluctuations. Note that in our proofs later, we shall rely on the
martingale structure of the noise, with £ being white-in-time. Some previous
works [GRZ18, DGRZ21, MU18] relaxed such assumption in d > 3, recall
(1.2.13), allowing also for short-range (compactly supported) time covariance
(see recent [Kot24] for the case of critical dimension d = 2), which results in a
non-trivial diffusivity in the Edwards—Wilkinson limit. Interestingly, [Muk22]
showed that SHE undergoes homogenisation even in presence of long-range

time correlations, behaving like
pt) S(1+1t)77, with v > 2.

However, homogenisation (and therefore a Gaussian CLT analogue to the
above) are no longer expected with slower decaying potential, as [OS99] ob-

served there can be non-unique Gibbs measures when v € (1, 2]. Therefore, at
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present it remains an open question if there exists a scaling limit for SHE/KPZ
with non-compactly supported time covariance p(t), which may induce phase

transitions based on the time-correlation decay parameter -.

1.4 Structure of the thesis

In this thesis we only present the main two projects that led to original contri-
butions during the PhD. The results are based on the following two articles,

both joint works with Martin Hairer and Xue-Mei Li:
e [GHL23], which was accepted in the journal Annals of Applied Probability.

e [GHL24], currently submitted and under review in the journal Probability
Theory and Related Fields.

The rest of this thesis is then structured as follows:

> In Chapter 2, after introducing notation and technical tools from Malli-
avin Calculus, we focus on showing estimates and properties of the
stochastic heat equation (SHE), in particular the existence of underlying
stationary solutions. All these will be crucially used to study the large

scale fluctuations in the later chapters.

> In Chapter 3, we examine the fluctuations of SHE and set up our frame-

work to show convergence in Holder spaces.

> In Chapter 4, we finally show the existence of a Gaussian scaling limit
for the KPZ equation, through a large scale homogenisation of the

fundamental solutions of SHE.

The main results and content of Chapters 2-3 are mostly based on [GHL23],
whereas Chapter 4 is based on [GHL24].



Chapter 2

Properties of SHE

In this chapter we outline preliminary notation and tools, then present key
results concerning the properties of the solutions of SHE, from the first
half of the article [GHL23], joint work with Martin Hairer and Xue-Mei

Li. Some parts are verbatim to the article.

As mentioned in the introduction, we shall focus on studying the following

nonlinear stochastic heat equation (SHE):
Ouu(t, z) = sAu(t, ) + Bo(ult,z))E(t, ), u(0,z)=1, (2.0.1)

where o is a global Lipschitz function, 5 > 0 is a coupling constant and £ is

Gaussian noise, with covariance given by

E[&(t,2)¢(s,y)] = 8(t — s)R(x —y) . (2.02)

In the case of o(u) = u, we shall refer to it as linear SHE. The well-posedness
theory of the equation follows from classical theories of [Wal86, DPZ14]. The
product on the right-hand side of the equation is interpreted as an [to—Walsh
integral and the unique (mild) solution of (2.0.1) is given by the solution to the

fixed point problem

o) =145 t [ P —wotuts.pletas.dn) . @0
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given that we consider flat initial conditions «(0, z) = 1. In the next sections,
we make use of the following assumption on the noise and its covariance, which

guarantees well-posedness of the equation with function valued solutions.

Assumption 2.0.1. The noise £ in (2.0.1) is a mean zero space time Gaussian
noise with covariance as in (2.0.2) where R : R? — R is smooth and positive
definite. There exists k € (2, d) such that |R(z)| < (1 + |z|)~* and, for any
r € R%\ {0},

e "R(e'x) = |z|™" as e—0. (2.0.4)

2.1 Main results and notation

In this chapter, after introducing setup and useful technical tools, we focus
on proving key covariance estimates and properties of the solutions of SHE
(2.0.1), which will be used in the proofs of the next sections. The structure is

as follows:

> In Section 2.2, we concisely introduce our Malliavin Calculus setup and

the main tools used later.

> In Section 2.3, we present an integration criterion, Lemma 2.3.2, to
estimate multiple integrals of singular kernels by recasting them as
Feynman diagrams. This is based on the more general framework of
[Hail8], tailored to our technical needs for the fluctuations theory of

SHE (Chapter 3), but also applicable in different contexts.

> After setting out preliminary technical tools, in Section 2.4 we gather
elementary pointwise Gaussian bounds and covariance (decay) estimates.
These are key to show the main results in the next two sections, and they

will also be frequently used in the later chapters.

> In Section 2.5, the main result is Lemma 2.5.2, where we are able to show

that for sufficiently small 8 < fy(p), the moments of u are uniformly
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bounded and the moments of its Malliavin derivative are controlled (up
to a constant) by the heat kernel:
sup Nu(s, 2)ll, <Gy, ([ Drult, @)l S Cpbrr(z —2) .
s20,z€R4
The latter relies on a pointwise contraction Lemma 2.5.1, which allows
also for negative-valued covariance functions. Moreover, we are able to

show large scales de-correlation estimates (cf. Lemma 2.5.4) of the type
cov (u(t,2), u(t,0)) S 1 Ala~™,

which imply a law of large numbers, and later allow us to identify of

effective limit variance of the fluctuations of SHE, cf. Section 3.2.2.

> Finally, in Section 2.6, we show that u converges in the large time limit,
Theorem 2.6.1. More specifically, by considering pull back solutions,
we prove an LP convergence rate towards a space-time stationary field
Z which underpins our fluctations theory for SHE, and also plays a vital

role when we look at the KPZ equation in Chapter 4.

We provide precise statements of the results as we go along. Note that
similar results to Lemma 2.5.2 and Theorem 2.6.1 were shown in [GL20,

Lem. 2.1-2.2, Thm 1.1] for the case when R is compactly supported.

Notation. In the next sections and later chapters, we shall use the following

notation and conventions:

> Throughout, we consider (2, F,P) as background probability space,
with filtration F; obtained by completing the o-algebra generated by &,

containing sets of the form
(€L ()1a() © —00 < sg <51 <t, A€ BRI},

where B,(R?) denotes the bonded Borel subsets of R We denote with

E[ - ] the expectation with respect to P. The norm || - ||, stands for the
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LP(€2) norm for real valued random variables. With X denoting any
normed space, we denote with LP(Q2, X') the space of X'-valued LP({2)

integrable random variables.

> As introduced in the next section, H will denote the Hilbert space
underlying the isonormal Gaussian noise . We denote with D the

corresponding Malliavin derivative operator and ¢ for its adjoint.

> We denote with | f|r;, the Lipschitz constant of a function f : RY — R,
such that | f(z) — f(y)| < |f|Lip| — y| holds for all z,y € RY.

> With a < b we mean a < Cb for some constant C' > 0, independent of

the scaling paremeter €.
> For a,b € R, we denote their minimum with a A b = min(a, b).

> For E C R? open, we write C2°(E) for the set of smooth functions on
E with compact support. We set D = C2°(R?) and denote its dual space
of distributions with D’

> For £ C R? open and nonnegative integer k¥ € Z,, we denote with
C*(E) the space of k-times continuously differentiable functions on
E, and CF(FE) the subset of bounded C¥(E) functions with all partial

derivatives up to order k£ bounded.

> For r € [0,1), we denote by C" = C"(R% R) the space of little-
Holder continuous functions, namely the r-Holder functions f such
that lim,_,, |y — z|~*|f(y) — f(z)| = 0 locally uniformly in z. This is

the completion of smooth functions under the system of seminorms

[ fllzcr := sup If(@@) = f@)l
crt acsz z — g

Y

where £ C R? is open and bounded. For r > 1, we define recursively
the space C" as the space of continuously differentiable functions such
that each directional derivative is in C"~'. We denote by C’ the subset of

little-Holder continuous compactly supported functions.
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> For o < 0, we denote with C*(R?) C D’ the spaces of locally Holder

continuous distributions. These are introduced in Section 3.3.1.

2.2 Malliavin Calculus

In the following, various tools from Malliavin calculus will turn out very
useful for various steps of the proofs. The development of Malliavin calculus
was initiated in the seminal work of [Mal78], as an attempt to provide a
probabilistic proof of Hérmander’s Theorem [H67]. The theorem showed
that solutions to SDEs, under certain conditions on the equation coefficients
(Hormander’s condition), have a density with respect to Lebesgue measure (cf.
also [Hail 1] for a self-contained proof and further references). Since then, it
has provided numerous techniques to study stochastic evolutions and “perform

calculus” with respect to Gaussian noise.

2.2.1 Basic definitions

We start by recalling fundamental definitions and basic facts, see e.g. [Nua06]

for a comprehensive introduction to the subject.

White noise and the Malliavin derivative. Given a real separable Hilbert space
H, the stochastic process & = {£(h) : h € H} is defined to be an isormal
Gaussian process if £ is a centered Gaussian family of random variables, such

that for h, g € H.:
E[£(h)E(g)] = (h.g)n -

Hence ¢ defines a linear isometry between H and a subset of L*({2) made of
centred Gaussians. The idea is now to define a linear operator by perturbing
functionals of the noise in H directions.

Let C;°(R™) denote the space of smooth functions /' : R" — R growing

(with their derivatives) at most polynomially at infinity. Then consider the
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space of smooth random variables 8 C L*(Q) of the form
F(&(h),...,&(hy)) with F € C°(R") .

For X = F(&(hy),...,&(hy,)) € 8 one defines the Malliavin derivative opera-
tor D by

DX = 0pF(&(h), .-, &(hn)) e

We note that D £(h) = h and we can interpret DX as a directional derivative,

in the sense that for any element h € H,
(DX, s = lim = (F(E0h1) + 80 B Ehn) + 8, W)
= PE(), - (k)

As short hand notation, we may use D"X := (DX, h). The space § is dense
in L?(92), thus the operator D : § C L?(Q) — L*(Q, H) is unbounded densely

defined. The operator satisfies the following integration by parts formula
E(DX, h)y =E[X¢(h)] . (2.2.1)

The formula follows by properties of the Gaussian density and makes D
closable, as a linear operator from LP(£2) to LP(£2,H) for any p > 1 [Nua06,
Lem. 1.2.1, Prop. 1.2.1]. We shall still denote its closure by D, and consider

the associate domain D' C LP((2), given by the closure of 8 under the norm
[XNlpre = (B[IXPP]+E[IDX]7])"

One can consider iterated Malliavin derivatives D* and define corresponding
(Sobolev-like) spaces D¥?, we refer to [Nua06] for these. One important fact
is that Malliavin differentiability is preserved under transformations, and a

chain rule, analogue to the one in classical calculus, holds:

Proposition 2.2.1. [Nua06, Prop. 1.2.3] Letp > 1. Assume ¢ € C}(R™) and
X = (X1,..., X™) is a random vector, where each component belongs to the

space DYP. Then (X ) € D'?, and

D[(X)] =) (9:)(X) DX" .

=1
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Adjoint operator and properties. We denote with 0 the adjoint of the operator
D. This is a closed unbounded operator § : L*(Q, H) — L?(Q2) such that:

(i) The domain of ¢ is the subset of #-valued random variables u €
L*(Q,H) for which there exists a constant ¢ = c¢(u), such that for

all X € D'2 the following holds:

E[(DX,uhs ]| < el Xl

(i) If u € Dom d, then §(u) € L*(Q) and satisfies for all X € D'2:

E[Xd(u)] =E[(DX,u)y].

The adjoint operator is also referred to as the divergence operator or Skorokhod
integral. We note that H-valued Malliavin differentiable random variables
u € DY?(H) belong to the domain of §. Moreover, if u € D"?(H) and

D"u € Dom 6, the following commutation relation holds [Nua06, Prop. 1.3.2]:
D"§(u) = (u, h)y + §(D"u) . (22.2)

Note that in the case that / is a deterministic element of #, we have Dd(h) = h.

We now state an important property for later.

Proposition 2.2.2. [Nua06, Prop. 1.3.3] Let X € D%? and v € Dom ¢ such
that Xu € L*(Q,H) and X(u) — (DX, u)y is square integrable. Then the
following holds:

Xo(u) = 6(Xu) + (DX, u)y

In the setting where ¢ corresponds to the Ito integral (when w is a suitable
adapted process), by introducing a correction term, the proposition allows us to
factor into the (Skorokhod) integral non-adapted random variables. In addition,
we shall make use of the following control on the divergence, the proof is

based on Meyer’s inequalities, cf. [Nua06, Sec. 1.5].

Proposition 2.2.3. [Nua06, Prop. 1.5.4] For all p > 1, the operator 0 is
continuous from DY (H) to LP(S).
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2.2.2  Our setup

We now can review our setup for stochastic integration and Malliavin calculus

notation going forward.

Gaussian noise. In our settings, the driving noise has covariance given by
(2.0.2). Since R is positive definite, we can view £ as an isonormal Gaussian
process on the Hilbert space H, defined to be the closure of C>°(R x R?) under

the inner product

<f, 9>H = / 2 f(Sa yl)g(& y2)R(yl - yQ)dyldy2d3 ) (2.2.3)

where we quotient out elements with zero norm. Then, for any deterministic
f,g9 € H, we have
E[E(f)&9)] = (f. 9)n

We denote the induced norm by

11l = v/ Fs P

The It6—Walsh stochastic integral with respect to &, which we denote by

[ [ eessay,

is well defined for any jointly measurable random process {v(s,y) : (s,y) €

R x R?} that is F,-adapted and satisfies

Bl =] [ [ vlsmels )Rl - w)dndyads] < oo
o (2.2.4)
The construction of the stochastic integral follows by an isometry extension,
as for classical Ito calculus, see e.g. [Dal99, Sec. 2].

In particular, for an adapted intregrable process v, 1t0 isometry holds:

B[([ [ sewedsan) =Bl @29

Morover, for v € Dom ¢ which is F,-adapted, the Skorokhod integral ¢(v)
coincides with the It integral [, .. v(s,y)&(ds,dy).
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Well-posedness. Under our assumptions on ¢ being Lipschitz and with flat
initial condition uy = 1, by [Dal99, Thm. 13, Remark 14], the solution to

(2.0.1) 1s unique and function valued, satisfying for any 7" > 0 and p > 1:

sup sup E[lu(t,z)[P] < oo, (2.2.6)

0<t<T zeR4

as long as the spatial covariance R satisfies “Dalang’s condition™:

where R denotes the Fourier transform R(2) = [, R(x)e ** dx of R.
This holds from our Assumption (2.0.1), since by Plancherel’s identity,
R(2)||dz = C/ R(y)ly|~*dy < / (L+[y)) "y~ *dy < oo .
R4 R4 R4
The proof of well-posedness and (2.2.6) in [Dal99] is based on a Picard iter-
ation argument, cf. proof of Lemma 2.5.2 where we prove stronger moment
estimates, as required in our later proofs.
We refer also to [PZ00, Thm 0.2], where they demonstrate well-posedness

solutions in the weighted space L?(R?, e~1*|dz), under the same hypothesis.

Notation and commutation relation. For a random variable X € D2, among
its equivalence class in #, in the following we shall denote DX by D. X for
a function valued representative of the Malliavin derivative of X. Then D, ., X
denotes the pointwise evaluation of D.. X at (r,z) in R x R%, which makes
sense up to modification on zero Lebesgue measure subsets of R x R¢. For
example, if b € H N L*(R?"!) is a deterministic measurable function in H,
then D, .£(h) = h(r, z).

From (2.2.2), the following commutation relation is satisfied as elements

of H:

D, .6(v) =v(r,z) + /OO D, ,vu(s,y)&(ds, dy) , 2.2.7)
—oo0 JRA

where the integral on the right-hand side is in the It6 sense, as long as

D, ,v(s,y) is Fs-adapted (otherwise it is a Skorokhod integral in general).
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With the notation introduced, the Clark—Ocone formula will be an impor-
tant tool to express in divergence form the fluctuations from the mean and

derive covariance estimates.

Proposition 2.2.4. [CKNP2I, Prop 6.3] For any X € D2, the following
equality holds almost surely:

X =E[X] + / E[D, ,X|F.| &(ds, dy) . (2.2.8)

RxRd

Finally, another important tool we shall use to prove convergence in law to a

Guassian limit is the following formulation of Stein’s method:

Proposition 2.2.5. [HNV20, Prop. 2.3] Let X = (X;,...,X,,) be a random
vector such that X; € D'? and X; = §(v;) for v; € Domé, i = 1,...n.
Let Z be an n-dimensional centered Gaussian vector with covariance matrix
(2i)1<ij<n- Then, for any function h : R — R in CE(R"), letting || D*h||» =

, we have

MAaXi<j j<n SUPgern |O; Or R (T)

[ER(X) — Eh(Z)| < %HDzhHoo > El(Si; — (DXi,0)2)7 -

ij=1

2.3 Feynman diagrams integration

The aim of this section is to formulate a criterion (Lemma 2.3.2) to verify that
integrals I involving multiple kernerls of the form (2.3.1) are finite. We start

by introducing the notions needed from the general framework of [Hail8].

2.3.1 Definitions

Throughout this section, we fix a family {K; : t € £}, where £ denotes
some finite index set and each K is a function K : R — R (also sometimes
referred to as a “kernel”). All our kernels are assumed to be smooth, except at

the origin where they are allowed to have a singularity.
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Consider now a directed graph I' = (V, £) where V is a finite index set,
interpreted as the vertices of I', and £ C V x V, interpreted as the set of edges,
with elements denoted by e = (e_, e, ). Given a label map t: £ — £, it will

be convenient to have bounds on general integrals of the form
Ir(p) = / (H Kt(e)(ﬂce+ - :Ue_)>g0(:cyg) dx . (2.3.1)
(RE)Y ec&

Here, V, C V is some fixed subset of vertices, sometimes called “legged
vertices” (I, while zy, € (R%)Y* denotes the restriction of z € (R?)Y to V,, and
¢ € C.((R%)Y) is a test function. We also sometimes write Vi, = V\V, for the
“interior vertices”. We also think of It as a distribution on (R%)"*, in which case
integration takes place over the interior vertices and the legged vertices are kept
fixed. Our test functions will typically be of the form o (zy,) = [[;cy, 9i(7:)
for some g; € C°(RY).

We refer to the triple (V, £, t) as a “Feynman diagram”. In our applications,
we indicate the edge labels by colour/degree in the diagram and we ignore the
orientation of edges corresponding to symmetric kernels.

In order to bound (2.3.1), we need some quantitative control on the kernels
K, whose behaviour is characterised by their label t and associated degrees.

Namely, we assume that there are “degree” maps
deg,: £ — (—00,0), deg..: £ — (—00,0),
capturing the small/large scale behaviour of the corresponding kernel:
|Ki(2)] 1<t < ]2t | Ki(2)] Lgfs1 < colz] =", (2.3.2)

We will also need the following two notions in order to formulate the
assumptions guaranteeing integrability of (2.3.1) at small/large scales respec-

tively.

(DIn the more general setting of [Hail8], these are precisely the vertices that are target of
some incoming leg. In our specific case each vertex in V,; has exactly one incoming leg, and

(V, &) correspond to (Vy, E,) in the notation used in [Hail8].
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(i) A subgraph T' C T consists of a subset of edges £ C &, as well as
the subset of vertices V incident to at least one edge in £. Note that a
subgraph does not need to contain all the edges in I" that are connected

vertices in V.

(ii) Let Pr = {A;} be a partition of V. An edge (e_,e,) is said to be a
“traversing” edge, if the two vertices belong to different elements of the
partition. We denote the set of traversing edges with £(Pr). A partition
Pr with at least two elements is said to be tight if there exists A € Pr

with V, C A, containing all the legged vertices.
Before the main Lemma, we review the notions introduced in an example:

Example 2.3.1. Consider the integral I defined as:

@) = [ [ (mallzal) (ea-alleal) -2l o) deds
R4d JR2

where ¢ € C.(R*), dz = []._,dx; and dz = [[._, dz. The Feynman

diagram I" associated to the integral is the following:

I T2 I3 Ty

Z1 Z9

Diagram I'

Our convention will be to denote with variables z; the legged vertices integrated
against a test function ¢, and use different colours in the diagram to visually

differentiate them from the internal vertices. In this case, we have
Vi={e,, : i=1,2,34}, Vit = {e,, : i =1,2}.
For example, consider the partition

P = {{Ve, .21}7 {.22}} :
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This partition is tight, of size 2 and its traversing edges are [z1, 22|, [22, x3] and
[29, 4], with degrees 3, v and « respectively. Thus, the corresponding large

scale degree (defined below at (2.3.4)) is given by

deg . P = Y deg tle)+d(|P|—1)=p+y+a+d.
ec&(P)

In Lemma 3.2.5 we will determine conditions such that [r is finite.

2.3.2 Integration lemma and applications

Given the definitions above, combining [Hail8, Prop. 2.3 & 4.1] (see also
[Wei60] for the a formulation for the small-scale behaviour) we have the

following lemma:

Lemma 2.3.2. Let [' be a Feynman diagram with at least one edge. Suppose

that the following small and large scale conditions are satisfied.

(i) For every non-empty subgraphT' = (V,£),

degy T := ) deg,t(e) +d(|V|—1) > 0. (2.3.3)

ec

(ii) For every tight partition Pr, denoting £(Pr) its set of traversing edges,

deg, Pri= Y degt(e) +d(|Pr|—1) < 0. (2.3.4)
668(77[‘)

Then It (p) < oo for every ¢ € C.((R?)Y?).

Remark 2.3.3. If I is a tree (no undirected cycle), to check (2.3.3) is sufficient
to verify that for all e € &,

deg,t(e) > —d. (2.3.5)

Below we provide an example, which will be used to determine the limit

variance of the fluctuations of SHE. The lemma will also be crucially used in
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Section 3.2.4 in order to show that higher order non-Gaussian terms vanish.

Before the example, we gather here some useful estimates for convolutions.

Convolution estimates. For any numbers o, 5 > —d such thata + +d < 0,
one has
[ el Pz = coplaftoe, 236
Rd

for some finite constant c, g. This can be seen by performing a change of
variables z = |z|y (cf. [Hail4b, Lem. 10.14] ). More generally, as in [HQ18,
Sec. 6.3], one can define for o, 3 > 0 the spaces B, g of functions F’ such that

| Flla.p = sup |z|*|F(x)| + sup |a:\'3|F(a:)] < 00, 2.3.7)

|z|<1 |z|>1
allowing different decay/blow up coefficients at large and small scales. It is
shown in [HQ18, Lem. 6.8] that®, provided that a; < d and 3, + (3, > d, one
has

[1Ey % Follas S [1Fllan 1 [ F2llas. s (2.3.8)

witha =0V (g +az —d)and B = (B1 + B2 — d) A B1 A Sa.

Example 2.3.4. For any f,g € C.(R%), any x < d, and any \ € (0, ),

2
Ir,(f ;M) = /RM ly1 — ya| " H | — il f (1) g (2)dyd < oo.

- (23.9)

Since £ < d and A\ > 0, by homogeneity [ |z2 — yo|*™¢|y1 — yo| "dy»

is a constant multiple of |y; — x2|>‘*"‘. Then, up to constant, the integral

Ir, is controlled by the integral Ir,, with diagram below. This corresponds

to collapsing the edge [y;, y2| in I'y and removing the node {e,,} from the

diagram. Since 2\ < k, we then estimate as follows:

Ity S [F’o = / . |z1 — Z/1|A_d|$2 - y1|’\_”|f(x1)g(3:2)|dy1da:
R3

DThe statement given there is on R%*! with parabolic scaling. The exact same proof applies

to the Euclidean scaling.
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< / (21— 222N f (1) g () |dr < oo
R2d

This simple computation is a good place to illustrate notation and to demon-
strate how to apply Lemma 2.3.2. We draw the Feynman diagram I'; associated
with the integral and its reduced graph I}, once we integrated out all possible

edges between the internal vertices V.

T 1) T L2
A—d A—d A—d A—K
—K
1 Yo
Y1
Diagram I’y Diagram [,

The small scales deg,, and the large scales deg__ of each edge is the same
and labelled. To explain the terminology we work with I'y. Note that all 3
labels are greater than —d, then the small scale criterion is trivially satisfied
by Remark 2.3.3. Let V, = {e,,, ®,,} denote the set of single-legged vertices
and the remaining V; = {e,,, e, }. A tight non-trivial partition must have an

element A containing 1, so they are:

P = {.SEU ®:s) .yl} U {.y2}> Py = {.9017 ®:s .y2} U {.y1}7
Ps = {.wm .wz} U {.ym .yQ}a Py = {.xm .xz} U {.y1} U {.yz} .

By Lemma 2.3.2 the integral is finite if deg__ (7P;) < O for each partition, which
is trivial to check. The traversing edges for P, are: [y, y2] and [z2, yo], hence

in this case,

deg (P1))=A—d—r+d<0,

and similarly for P,. Whilst, deg,_ P3 = 2(A —d) +d = 2\ — d, and
deg. Py =2(A—d) — k+2d = 2\ — k < 0, concluding the proof of (2.3.9).
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2.4 Elementary Gaussian and covariance estimates

In this subsection we gather the main estimates involving the d-dimensional

heat kernel

Py(x) = (2rt) "2 5

and covariance R used below. Firstly, we have the following basic estimates.

Lemma 2.4.1. Forany T > 0, n € N such that %% > 1 and z; € R?\ {0} for
1=1,...,n,

nd

/ HPS('Ii) ds < cap (Z |$Z|2> . (2.4.1)
0 =1 i=1

In particular, when d > 3,

o0 d_
/ P,(z) ds = F(2—(})|a:|2—d. (2.4.2)
0 2(m)2

Proof. Lettinga = £ 37 | |z;|%, through a change of variable 7 = ¢ we have

@ 'rLd
/ HP x;)ds = (2m)” 2 / s2 e s
0

5 1_/ 52T dr = (27?)‘n7dF(”7d — 1)a1_n7d,
completing the proof. [

Remark 2.4.2. Noting 2a > |;|? for any i, we have o'~ % < II"_,|2;|» ¢ and

/ HP (z:)ds < g Ty 2|74 (2.4.3)
0

The above can be used to average over time the product of multiple heat
kernels. However, when time indices are not matching, the following pointwise
estimates are useful. Moreover, we shall make use the Holder regularity in

time (2.4.5) of the heat kernel.
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Lemma 2.4.3. Given any \ € (0,d), the following bounds hold uniformly in
s> 0,and z € R?\ {0}:

Pz) Ss 2z, [0,P(a)] S s e (2.4.4)
Furthermore, for every v € [0,1] and t > s, one has
|Pi(2) = Py(a)] S (= s)Ts 2|2 (24.5)

Proof. It suffices to recall that by scale invariance of the heat kernel, we have
|0FPy(x)| S (V/It] + |=])~4*. Applying Young’s product inequality, with

a = \/d, we note
Py(z) S (Vs + o)™ S (s 7) 77

so that (2.4.4) follows. Similarly we obtain the bound for 0, P,. For the last
bound, it follows from (2.4.4) that

t t
\Pt(x)—Ps(x)|</ |8rPr(x)|dr§]x|’\_d/ =13 g

< |:10|’\_“ls_%_1 (S At — s|) :
and (2.4.5) follows, concluding the proof. [

Lemma 2.4.4. If x € (0,d), then for any r > 0, any x € R¢,
P.(z—=z _ P(z—=x ke
[ 2 e g el vi [ BE a0l v
rd |2]" re 1+ [2]"
Proof. Tt is sufficient to show the first inequality, the second follows from
the fact that [, P.(z —2)(1 4+ [2]")"'dz < 1 and a bound of the order
min(1, (Jz| + /r)") is equivalent to a bound C'(1 + |x| + /7)7".
By a change of variable,
P.(z — v [Pz - ir)
A(r,x) = / Mal,z =r" /—fdz
re 2]

=1 3 (P || ) (/7).

N
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We note that one has Py € By 4 and z — |z|™" € B, ., where B, s denote the
weighted space as defined in (2.3.7). Then, by (2.3.8), we see that P, x | - | "
belongs to the space By ,,, implying that:

A(r, ) S 1) ™ Lasym + 772 Lacymy-
Hence, the required bound follows, concluding the proof. 0

We now gather some often used estimate about R in the following lemma.
Given k € (2,d), the kernel | - |~ is integrable near 0 and decays sufficiently

fast so that the following estimates hold.

Lemma 2.4.5. Let R : R* — R? be a Borel measurable function such that
|R(z)| S ﬁfora number k € (2,d). Then, there exists Cr > 0 such that
the following hold for any t > 0 and x € R%:

/ Pz — x)R(2)dz < Cr(1 + |z| + V)", (2.4.6)
Rd
/ / P(z — z)R(2)drdz < Cr(1 A|z|*™), (2.4.7)
0o Jre
t
/ / Po(z — x)Pr_(22)R(21 — z) dr dzy dzy < Crt(1+ || + Vi)™ .
0 JRr2
(2.4.8)

Proof. Given the decay assumption on R, the first inequality follows immedi-
ately from Lemma 2.4.4.

For (2.4.7), we integrate P,(z — x) over time as in Lemma 2.4.1, obtaining

/OOO /Rd Py(z — x)|R(z)|dz = ¢4 /Rd %dz,

Then, the second inequality follows from

/ l’Ridz STA |z (2.4.9)
Rd

z — x|

This can be seen by noting as above that R € By, and z — [2]>7? € By 24 2
(as defined in (2.3.7)), hence (2.4.9) holds given that k € (2, d).
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It remains to show (2.4.8). By a change of variables and integrating the

convolution of the heat kernels, the left hand side equals

/Ot /Rd Py —x)R(y)drdy < t(1+ |z| + \/%)_H ’

where we used (2.4.6). This concludes the proof.
[

In the case of R bounded and L!-integrable (e.g. x > d or compactly
supported R) the estimates (2.4.6)-(2.4.8) hold with x replaced by d.

2.5 Moments and correlation estimates

In this section we are going to prove a priori moment estimates on v and its
Malliavin derivative. We shall use the setup and notation concerning Malliavin
Calculus introduced in Section 2.2. Recall the underlying Hilbert space H,
with inner product (2.2.3):

(f9)n = / » f(s,91)9(8,92) R(y1 — y2)dyrdyads .

By estimate (2.4.7) in Lemma 2.4.5, we note that the heat kernel belongs to H,
provided |R(x)| < (1 + |=|®)~! with k € (2,d).
We start by proving below a simple criterion to establish pointwise esti-

mates with respect to the heat kernel.

2.5.1 Basic contraction lemma

The pointwise bounds on the Malliavin derivative crucially rely on the follow-
ing estimate, which is inspired by [CH19, Lemma 2.2] but drops the require-
ment for R to be positive. We note that the only requirement (2.5.1) on R will
follow by (2.4.6). We write B, (R, x R?) for the set of measurable functions
from R, x R?to Ry and amap Ji(s,z) : BL (R, x R?) x B, (R, xRY) - R

defined as follows:

Jt(37x>(gl7g2>:/ Pi_s(x—11) P—s(z—y2) |[R(y1—12) |91 (5, 1) g2(5, y2)dyr dys.

R2d
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Lemma 2.5.1. Let A > 0 and g,, : R, x R? — R, be nonnegative measurable
functions. Assume the function R : R? — R satisfies the following, for some

a>1,
/de Po(z1 — 1) Pr(22 — 32)|R(21 — 22)|dz1dze < Cr(14 1) (2.5.1)
If go(t, z) < Py(z) and g, satisfy foralln > 0, t > 0 and v € R,
ggﬂ(t,x) — (P(z))* < )\/Ot Ji(8,2)(gn, gn)ds < 00, (2.5.2)

and if furthermore \ € (0, i) where ¢, = 4Cpr fooo(l + 8)~*ds, then

sup g (t :L‘) < ﬂ
n=>0 e \\/]_—/\Ca.

Proof. Let fo(t,x) = P;(x) and for n > 0, let f,, be the positive solution to

(2.5.3)

f2(t,x) = P(z)* + X / Jo(8,2) (fae1, fa1)ds. (2.5.4)

0
We note that g, < f,, foralln > 0. Indeed g9 < fp and, foralln > 0, g, < fn

implies that

9721+1(t7x> < (Pt(x))Q + )‘/0 Jt(57$>(fnafn)d8 = f2+1(t,$) )

so that g,, < f,, since both functions are positive by assumption/definition.
Letting H,, = Z?ZO(Aca)j, we show by induction that f, (¢, z) < P,(z)v/H,.

The case n = 0 is trivial. Using the relation
Prs(x —y)Pi(y) = Pi(2) Peea (y — 72)
and the induction hypothesis on f,, we have
t
| s gds
0
t
<H, [ Pesde = m)Peuo =~ IR = 1) Pu(on) Py
0 JR?

t
< HnPt(x)Q/ / Psg—s) (y1 — $2) Psce—s) (y2 — 2)|R(y1 — y2)|dyds
0 JR2d ¢ t
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t t/2
< CRHnPt(x)Q/ (14 22yegs < QC’RHnPt(x)Q/ (1+2)"%ds
0 0
< 4CRHnPt(J;)2/ (14 8)"%ds < coH, Pi(z)*,
0

where we used assumption (2.5.1) to obtain the penultimate line. It then

follows from (2.5.4) that

2+1(t,x) = P(x)* + )x/o Ji(8,2)(frn, fn)ds
< P(2)*(1 + Ao Hy) = Py(2)*H, i1,

concluding the induction step. It follows that g,(t,z) < Pi(z)vHs =
P,(z)/v/1 — Ac,, concluding the proof. O

2.5.2 Moments bounds

The key idea is now to combine the commutation relation (2.2.7) with the
mild formulation of the solution w, which allows for a useful characterisation
of its Malliavin derivative [GL20, p. 5] and to derive the estimates below
through the criterion above, see (2.5.7). Given the Lipschitz assumption on o,

by [Nua06, Prop. 1.2.4] the chain rule still holds and we have
D, o(u(s,y)) = X(s,y)D,.u(s,y) , (2.5.5)

where ¥ is an adapted process bounded by |o |1, (if o is continuously differen-
tiable then (s, y) = o'(u(s, y)) as given by Proposition 2.2.1).
Set ||o||* = [o(0)[* 4 |o|f;, to keep track of constants below. Our moment

estimates hold if § < ﬁ where c is a constant depending on p, x and R.
ip

Lemma 2.5.2. Let d > 3, 0 be Lipschitz continuous, and suppose that &
satisfies Assumption 2.0.1. Then, for any p > 2, there exists positive constants

Bo(p) and C, such that if 5 < [y(p), the solution of (2.0.1) has uniform pth

The identity (2.2.7) will also be useful in the next chapter to express the Malliavin

derivative of the fluctuations u. — E[u,].



48 CHAPTER 2. PROPERTIES OF SHE

moments.:

up Ju(s 2} = sup u(s, 0), < O 256)
5>0,2€R4 520

Furthermore, u(t, x) is Malliavin differentiable with sup,~ ,cga ||[u(t, )|, <

oo and, forall x,z € R andt > r > 0,
| Dy u(t, x)|, S CpPier(z — 2). (2.5.7)

Remark 2.5.3. Given the flat initial condition «(0,-) = 1 and translation
invariance of ¢, the process u(t, -) is stationary in space. The constant C), is

monotone increasing in p. The threshold ,(p) is monotone decreasing in p.

Proof. The key for the proof is Lemma 2.5.1, which allows us to show point-
wise moment estimate on the Malliavin derivative D; ,u(t, z), the approach
is otherwise quite standard and inspired by [GL20, Lem. 2.1-2.2], [CKNP21,
Thm 6.4].
First we recall that by the Burkholder-Davis—Gundy inequality, for any
time interval /,
p
([ ], 7m0 Rl = )is) ]
(2.5.8)
We apply it to the stochastic integral [ [o. Pi—s(x — y)o(u(s,y))(ds, dy) in

f(s,y)&(ds, dy)

IxRd

<o E
p

the mild formulation, with 0 < r < ¢, obtaining the bound below where we

denote dy = dy,dys,,

fute. o)l < v ([ [ ( Hpt )ouls, ) Rn-iyds )|

(2.5.9)

[ 14

Since u(s, -) is stationary, by Holder’s inequality,

lo(u(s, y1))o(uls, y2))lle < llo(uls, 0)I; < 200 (0)[* + 2lo |, [uls, 0)]5-

N

Then, letting f(¢) := ||u(¢,0)]|,, and applying Minkowski inequality in (2.5.9),

s <1+ vEas( [ [ PP

D=

D=
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2
(Io(0)* + [of24 ()| Ry — v \dyds)

By (2.4.6), it follows that there exist constants¥ O}, C5 > 0 (independent of
t) such that

ft) < G2+ BC (/Ot(l +t— s)_gf2(s)ds)%,

Since k > 2, the integral ¢, = [;~(1 + r)fgdr is finite. It follows that

sup, f(t) < Cy + /c,C18sup, f(t). Forany 8 < (2,/¢,C1) ™", we have that
sup, f(t) < 2C5. The bound (2.5.6) follows from the fact that the process
u(t, +) is stationary in space.

For (2.5.7), let us consider u (¢, x) = 1, and for n > 0 define the Picard

iteration
t
wnltia) =145 [ [ Pt = potunls.0)e(ds.dy)
o JR
A similar argument as for f(¢) above shows that, for any = € R?,
[tns1(t, 2) — un(t, z) |

ﬁcp|aymp( / / Py () Prs(i)
RQ

|tn(s,0) — w1 (s, O)H;’R(yl — yg)’dyds)

N =

< %sups Sup, Hun(sﬂ 1‘) - unfl(sa aj)Hpﬂ

for sufficiently small 3 as above. Thus {u,(¢,z)} is a Cauchy sequence and

converges to the unique solution wu.

Moreover, it follows from (2.2.7) and (2.5.5) that

D, uni1(t,x) = P_p(x — 2)o(uy(r, 2))

+ 6/7» /Rd P_(x —y)X, D, un(s,y)E(ds, dy),

@The constants are C; = cpV2CR|o|Lip and Cy = 1 + Bep/2CR|0(0)|, where Ck, is
from (2.4.6).
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where 3,,(¢, x) is a stochastic process bounded by |o|r;,, Which, intuitively
speaking, represents a version of the derivative o’(u,(s,y)). Observe that
sup, sup,, ||o(u,(t, z))||, is uniformly bounded in n, c.f. (2.5.10). We apply
again BDG to the integral term, followed by Minkowski and Holder inequali-

ties, obtaining®

1D st (8, 2) 1 < CoPY (2 — 2) +

e [ [ 1o (HP,: @ = 1) 1Dy a5, ) ) s

The covariance bound (2.4.6) implies (2.5.1) with « = /2 > 1, so that
Lemma 2.5.1 applies'®, in which we lett = 0 +r, z = n+ z and g,(0,n) =
| Dy,2un (0 + 7, + 2], to obtain

1Drzult, z)llp < sup [ Drztn(t, 2)lly S CpFyr(z = 2)

To show that u(t,z) € D', it now suffices to bound || Du(t, ) || r0,)-

Using Minkowski and Holder’s inequality, followed by (2.5.7), we have

=

[put I)HLP ) //de rat u(t, ) Dy pu u(t, r)R(z1 — 22) d?”dz)%}
/ /R2 | D, ., u(t, ) D, ,,ult, x)||p R(z — Zz)d?“dz)

1

C'p(/ / ) HPt_T(a: —2i) R(z — 22)drdz>5 LS
s JR2 i=1

where the last inequality follows by (2.4.7). Hence we obtain ||u(t, )||p1r <

00, uniformly over ¢ and x, thus concluding the proof. [

2.5.3 Correlation estimate and the Law of Large numbers

We now proceed to obtain de-correlation estimates. Using Clark—Ocone for-

mula and (2.4.7), we show solutions decorrelate like |z|*~* for large .

®)The constants are given by C{ = 2c|o|3;, and Cj = 4o ||*C}.
©As long as 432C1Crey < 1, therefore can take o (p) such that 3cic.Crlolf;, < g
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Lemma 2.54. Let d > 3, o be Lipschitz continuous, and suppose that &
satisfies Assumption 2.0.1. Let f : R — R be a Lipschitz function and p > 2.
For 3 < By(p),

sup [ f(u(s, 2))ll, S 1. (2.5.10)

5>0,c€R?

For any 3 < 3y(2), the following holds uniformly in v € RY,

sup cov (f (u(t,z)), f (u(s,0))) < C|f|fp (LA ]2*77). (2.5.11)

t,5>0

Proof. Recall that u(¢, z) has uniform L? bounds by Lemma 2.5.2. Noting
that || f(u(s, )|, < |f(0)] + |flupllu(s, z)]|,, the first inequality follows.
For the second bound, we note D, . f(u(t, z)) = 3(t, z) D, ,u(t, z), for some
Y (¢, z) bounded by | f|Lip (cf. (2.5.5)). Recall the Clark—Ocone formula (see
Proposition 2.2.4): for any X € D'2,

X —E[X] = / E[D,.X|F,J¢(dr, dz) . (25.12)
Ry xR
Applying this to f(u(t,z)), we obtain

Futt,0) = Efutt.a) = [ [ BIE) Dt 0| Fe(ar, do)

By Itd’s isometry, followed by the Cauchy—Schwarz inequality and (condi-

tional) Jensen’s inequality, we have

(f( (tof)),f(U(&O)))
:/0 /RdE(E[Z(t,x)Dr,zlu(tax)’]:r]

E[X(s,0)D, ,,u(s,0) |]-"r]> R(z1 — 2z9)dz1dzodr

Cov

Uy [ [ 1Dt Dl Ol R — 2|,
Then (2.5.11) follows by using the L*(€2) estimate (2.5.7) on Du and (2.4.7),
cov (f(u(t,z)), f(u(s,0)))
Sl /OMS /de Por(z — 21) Po_r(22) | R(21 — 22)|dz1dzodr
ST A J2P79),

concluding the proof of the second statement. [
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In Chapter 4, when looking at the KPZ scaling limit, we shall prove
analougous estimates for more general transformations of the solution of the
linear SHE, lifting the Lipschitz assumption and leveraging a priori bounds
also on the negative moments. Much attention will be devoted also to the
fundamental solutions of SHE and their large time homogenisation.

With the moments and decorrelation estimates above in place, the law of
large number immediately follows with rate O(c2 1) as & converges to 0. This

can also be deduced from the fluctuations result of the next chapter.

Corollary 2.5.5. Let d > 3, o be Lipschitz continuous, and suppose that
satisfies Assumption 2.0.1. Then, for any 5 < [(y(2) and any test function
g € C.(RY), the following holds:

/ u(t, x)g(x) dx—/ glz)dz|| <e27t.
Rd Rd 2
Proof. We make use of the fact that the mean is constant E[u(¢,z)] = 1.

Consider u. = u. — 1, then by computing the second moments we have

2
E[(/ u(t,z)g(x) dx) ]
Rd
2 2
= E[H/ ue(t, x;)g(x;) dx,} - H/ g(x;) dz;
=1 /R =1 /R
:/ cov (ue(t, 1), u=(t, x2)) g(21)g(x2) d1 dzs
R2d
S 5K2/ |21 — 2" g(21)g(w2) dy dy S 72,
R2d
where we used (2.5.11) in the last line. The LLN then follows. [

Remark 2.5.6. (i) For the linear stochastic heat equation, the Feynman—Kac

formula yields

cov(ue(t,z),u:(t,0)) = Egexp <%2 /62 R(Z + Br)dr> —1.
0

Here E5 denotes expectation with respect to an independent Brownian

motion B. Using Portenko’s lemma [Por75], then their covariance
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converges to 0 as long as the following holds

2t

82 o0
Ep [/ R(% + Br)dr] <Ep [/ |R(% + Br)|dr}
0 0
R
SR
Rd ’f — z[4-2
With this observation, and a moments computation like above, [MSZ16]

derived the LLN for the compactly supported case (cf. [MSZ16, Lem. 3.1]).

(i) The asymptotic stationary field which is subject of the next section also

decorrelates spatially like u, namely cov(Z(z), Z(0)) ~ |z|*~*.

2.6 Pull back solutions and asymptotics

The next result is inspired by [GL20, Thm. 1.1] and shows that the solution
with constant initial condition converges in law towards some stationary field
Z for large times, with an explicit convergence rate. In fact, we show the
stronger convergence in probability in the pullback sense. For this, let us write
uF)(t, ) for the solution of the nonlinear stochastic heat equation with initial

condition 1 at time — K, namely

W(t,2) =14 8 / [ Pee = ot s s, dy). - @60
_K JRrd

These pull back solutions and stationary field(s) will play a crucial role also in
the study of the KPZ equation in Chapter 4. With the notation above at hand,

the claimed convergence is as follows.

Theorem 2.6.1. Let d > 3, o be Lipschitz continuous, and suppose that £

satisfies Assumption 2.0.1. Then, for any p > 1, there exists a positive constant

B1(p), such that for 5 < 5y, uniformly int > —(K N K'):

! 2k
sup [[u(t,2) — (L2l S B+t + KA K
zeR

(2.6.2)

Furthermore, there exists a space-time stationary field Z such that, for any com-

pact region & C R? and every t € R, one has limy_, o, Esup,cq [uX) (¢, 2) —

—

Z(t,2)P — 0.
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Proof. Without loss of generality, in the proof we assume that 0 < K < K.

Let us consider the following seminorm:

=2 e K
M, = sup sup (t+ K +1) 7 [[uf)(t,z) —uO(t, 2)|, . (2.6.3)
rzeRd t>—K

We will first show this is finite, implying (2.6.2). For ¢t > — K, using the mild

formulation we can rewrite the difference in two terms:
B (¢, x) — uB (¢, 2)
t
=5 [ [ Pesde = 9o s.9) - o, )le(ds,dy
K Jr
—K ,
8 [ [ P =)o s g))elds,dy).
—K! ]Rd

Thus, by the Burkholder—Davis—Gundy inequality (2.5.8) and the triangle

inequality, for a universal constant ¢, we have
|u B (t, 2) — (2, 2)]|, < B(Ai(t, ) + As(t,2)),  (2.6.4)

where we denote with A; the following terms:

Ai(t0) = | /_tK /R (]i[1 Pz —y;)

[o(u™)(s,5)) — O(U(K)(Sayj))DR(yl — yo)dyds i :
Aafta) = | [ KK L. (f[ Pralw = y)o(u(s,:)) ) By = ) dyds .

By the Minkowski and Holder inequalities, using (2.4.6) in the last step,

we have

mea<([ [ (H Peoulys — )

(™ (s, 1)) = (™) (5,5)) ) R(yr — y2)dyds)

i)
K—2
4

-

2

sup [[ul™) (s, ) — ul®(s,9)]], ¥

< |o|Lip sup (s + K + 1)
s>—K Yy
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1
k—2s

</t (s+K+1) 2 /de Py (1) Pr—s(y2) R(y1 — y2)dyds>§

-K

< |U|Lip Mp <OR/

-K

t

K—2 K
(s+K+1)"2 (1+t— s)_5d8> °
We split the integration region [— K, ¢] of the final integral into two equal parts.
On the interval [— K, =5, we have t — s > “K 50 that
t—K

2 =2 5
/ (s+K+1)"2 (1+t—s) 2ds <2
-K

R

Lot k)5 K)

N|x

<22 " lev K412,

while on [=5X #] we have s + K > £ 5o that
t

t K—2 o K " )
ﬁ g STEH) 2 (14t —s) 2 ds < 22 1(1+t+K>l_ 2/ (14+t—s)"2ds .

2

—00

Combining both bounds, we obtain”

2—kK
4

A(t,r) S M, (1+t+ K)
Similarly, given that sup, , x [|o(u®" (s, y))||, is uniformly bounded for 3 <
Bo(p) by a constant ¢(y) (cf. (2.5.10)), the second term is controlled up to a

constant by

-K 1 2—K
(1+t—s)’%ds)2 SelBo)(1+t+K)T .

Asltn) S c(0)( [

— K’

2—kK
4

Returning to (2.6.4) with these estimates, rearranging (1 + ¢ + K) 4 , and

taking suprema in z int > — K of both sides, we obtain that for some constants

Cl and 02(8),

M, < BCy + BCL M,

For sufficiently small 3 < 2_(111’ we have M, < fgél < 2BC,. When

combined with (2.6.3), this implies (2.6.2). This shows in particular that

K=2 K
(DThe implicit constant is given by 2 4 (1+4/¢x)|0|Lipy/Cr, where ¢, = [~ [1AT™2]dr
as before.

k=2
®Where this time C1 = ¢,2 4 (1 + /¢4)|0|LipV/Cr, thus can fix 81 < %
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there exists a space-time stationary field Z(¢, z) such that, for every (¢,z),
Z(t,x) = limg o0 u™ (¢, ) in LP(Q).

To show that this L” convergence is locally uniform in z, we make use
of [HL22a, Prop. 3.12]: combined with Kolmogorov’s criterion and a simple
interpolation argument, it suffices to show that there exists some ¢ > 0 such

that, for every p > 1,
[ (t, 21) = u (@)l S |y — 2|

uniformly over K, ¢, and |21 — 25| < 1. Since our bounds are uniform, we
can restrict ourselves to the case K = 0. Letting G, ,(s,y) = Ps(z1 — y) —

P,(zy — y), as above by BDG we have

futt )=t 2l = | [ Gt = s pho(ats el

p

<([ ], (H Gt — 5,0l s, ) ) R — )

By [CHI19, Lem. 3.1], for § € (0, 1), we have

s
Garan(t = 5,9) S (t = 8) 72 (Pogsy (@1 — ) + Pog—s) (w2 — y)) |21 — 32|,

Then, since ||o(u(s,y))||, is uniformly bounded, we obtain from (2.4.6) the

bound
Jut, z1) — u(t, z2)|,

2 t
Sl —ml 3 (/ (t—s)—fszdPQ(t_s)(a:i—yl)
0 2

4,j=1
1
Paas(@; = y2) R(ys — ye)dyds )

t . 1
< — x2|6(/ (=P A (- 3)5)ds)? Sl -l
0
as desired, concluding the proof. O]

Remark 2.6.2. We remark that the restrictions required on (3, and /3; are such

that 3; = a, [y, for some constant a,, > 0. Both are inversely proportional to

‘U’Lip'
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Remark 2.6.3. Given our use and for simplicity of exposition, we considered
constant initial conditions «(0,z) = 1 in Lemma 2.5.2 and Theorem 2.6.1.
However, the requirement may be relaxed and proofs adapted to more general
initial conditions. For example, one may consider pertubations of a constant
by an integrable function of the form u(0,z) = X + v(x) with v € L*(R%) N
L>*(R%) and \ > 0, cf. [GL20, Rem. 3.6].






Chapter 3

Fluctuations of SHE

In this chapter we present the results on the fluctuations and convergence
in Holder topologies of SHE, based on the 2" revised version of the article
[GHL23], joint work with Martin Hairer and Xue-Mei Li. Note that in the
2" yersion we have improved and simplified various parts of the original
exposition - in particular Theorem 2.6.1, proofs concerning our tightness
criterion and convergence in C” ([0, 7], C%) spaces. We thank anonymous
referees for the careful review and helpful suggestions. Further details are

added in this chapter, whilst some parts are verbatim to the article.

In this chapter we investigate the large scales fluctuations of (2.0.1), the
nonlinear stochastic heat equation (SHE) on R¢ subject to multiplicative ran-
dom forcing driven by the Gaussian noise £. Unlike most of previous work on
the subject, our focus is on the case where the noise £ exhibits heavy-tailed
correlations that are in particular non-integrable at infinity, recall Assump-
tion 2.0.1. We will restrict ourselves to the high-dimensional case d > 3.
Building on the results presented in the previous chapter, we now study the
large-scale fluctuations from the mean, leading to a central limit type theorem.

The SHE, while significant in its own right [Mol91, CM94], has gar-
nered considerable interest due to its connection, via the Cole—Hopf transform

[BGY7], to the KPZ (Kardar—Parisi—Zhang) equation —a model for surface
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growth [KPZ86]. The solution of the linear SHE where o(u) = u describes
the partition function of a system of directed polymers in a quenched random

potential, thus establishing a connection to statistical mechanics [BC95].

As motivated in the introductory chapter, the question of large-scale fluc-
tuations is of particular interest. Recent studies, [GRZ18, MU18, DGRZ20,
CNN22, LZ22, GL20, GK21b, DGRZ21, CCM18], have demonstrated that,
provided the correlations of the driving noise have compact support or decay
sufficiently fast, both the SHE and KPZ equation exhibit Gaussian fluctuations
at large scales in the weak disorder phase, notably when the interaction strength
£ is small. In this case the fluctuations converge to the Edwards—Wilkinson
model, with effective variance dependent on the noise’s spatial mollification
(cf. Remark 3.1.7).

Differently from the case of integrable correlations, we now demonstrate
that when the noise correlation decays at a polynomial rate of order k &
(2,d), we still observe a Gaussian CLT, but spatial correlation in the noise
persists in the scaling limit. This translates in fluctuations described by the
stochastic heat equation with additive, spatially coloured noise W". Our
result diverges from the compactly supported noise case in other two key
aspects. First, the scaling factor is of order £27*, suggesting that the decay
order of the correlations plays the role of an effective dimension. Second, the
formula for the effective variance of the limit ¢/ is different from that appearing
in the integrable case. (This is to be expected since the latter diverges, cf.

Remark 3.1.7 and Section 1.3.)

The natural question whether our theorem could inform the fluctuations
analysis of the KPZ equation, or be applicable to the critical dimension, reveals
substantial challenges. The Cole-Hopf transform, h = log(u), is a singular
mapping, complicating direct application of the results proved here for SHE.

These issues are addressed in [GHL24], and will be the subject of Chapter 4.

We now outline the main results and organisation of the chapter.
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3.1 Main results

We let u be as in (2.0.1) and, for e > 0, we write u.(t,7) = u(t/e* x/¢e),

which solves

Opue(t, v) = 2Au.(t,x) + Be2 o (u(t, )€ (¢, x), u(0,2) =1,
(3.1.1)
where £5(t,2) = e7271€(t/e?, v /<) is a Gaussian noise that is white in time
with spatial covariance e " R(%) and the product is again interpreted as an Ito

integral. Given a test function g, we furthermore set

XE9 = 1% / (uet, 7) — Euc(t, 2)) g(x)da. (3.1.2)
R4

Note that Eu.(t,2) = 1 by our assumption on the initial condition. Through-
out the chapter, we make the following assumptions on the noise and the

nonlinearity.

Assumption 3.1.1. The noise £ in (2.0.1) is a mean zero space time Gaussian
noise with E[ &, (2)&(y) | = 6(t — s)R(z — y) satsifying Assumption 2.0.1.

The nonlinearity o : R — R is globally Lipschitz continuous, such that
|o(a) —o(b)] < |olLipla —b] .

Example 3.1.2. The noise ¢ with spatial covariance function R(z) = (1 +

|z|?)~"/? satisfies Assumption 2.0.1.

From assumption (2.0.4), it is immediate that £° converges in law to a
spatially correlated noise with covariance |z|~"*. In Theorem 2.6.1, we demon-
strated that the solution of (2.0.1) converges uniformly as ¢ — oo to a stationary
field Z. Letting Z a random variable with distribution equal to Z (0,0), our

main fluctuations result can then be formulated as follows.

Theorem 3.1.3. Let d > 3. Suppose that £ and o, satisfy Assumption 3.1.1.
Then, there exists a 5y > 0 such that for all 5 < 5y, and for any time indices

0 <ty < ... <ty and for any smooth functions with compact support



62 CHAPTER 3. FLUCTUATIONS OF SHE

{gi}iz1..n. C C(R?), the following random variables converge, as € — 0,

in distribution:

(Xtal’gla s 7Xt€7;gn) = Veff(/du(tlvm)gl(l‘) dI, SRR /du(tnyx)gn(l‘) dI)
R R
(3.1.3)

Here, U denotes the solution to the additive stochastic heat equation

OU(t,x) = TAU(t z) + BW (L, x),  U(0,) =0, (3.1.4)

2
with effective variance v = |Elo(Z)]|* and covariance of the Gaussian noise
given by
E[W"(t, )W (s,9)] = 8(t — s)|e — y| ™" (3.1.5)

The proof of this result will be given in the next Section 3.2.

Remark 3.1.4. The restriction to small values 5 < 3y comes from the uniform
bounds on the solution v and its Malliavin derivative derived in the previous
chapter. We note that the existence of the weak disorder regime and a transition
at k = 2 was already pointed out in a similar context in [Lacl1]. Whilst one
may expect a phase transition as in the compactly supported covariance case
[MSZ16, CNN22], where (2.0.1) fails to admit a stationary solution and the
fluctuations limit cease to hold for higher values of /3, it is at present unclear

whether a similar behaviour is present in the long-range correlated setting.

We note that the fluctuation result validates a posteriori the LLN of Corol-
lary 2.5.5 proved in the previous chapter. Building on the convergence of
the finite dimensional marginal distributions, we considered the fluctuations
X°¢ in suitable Holder topologies and examined how to show convergence in
time while capturing also its distributional regularity, which depends on the
correlation parameter k.

In Section 3.3, we firstly characterise the spaces of (negative) Holder
continuous distributions C*, with oz < 0. We then formulate Kolmogorov-type
criterions (Propositions 3.3.7-3.3.9) to show tightness in C7([0, T'], C*). These
may be of independent interest and are also crucially used in the next chapter

to show quantitative convergence results for the KPZ scaling limit.
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With this simple framework, in Section 3.4 we show that X* converge

weakly to v.g U as a Holder continuous distribution-valued processes:

Theorem 3.1.5. Let d > 3. Suppose that £ and o, satisfy Assumption 3.1.1.
Then, for any v € (0,3) and o < 1 — & — 2, there exists 3, o, > 0 such that,
forany < B4 and T > 0, X converges to veg U weakly in C7(]0,T,C?).

Remark 3.1.6. The Holder coefficients are consistent with the expected regu-
larity gain by applying the heat semigroup to the driving noise W" of the limit
equation, cf. Remark 3.4.2. In this chapter the limit noise is denoted with Ww",

to keep clar the convergence is in law here.

Remark 3.1.7. As claimed in the introduction, Theorem 3.1.3 proves a Gaus-
sian CLT, even in the presence of long-range correlations. However, it crucially
differs from the compactly supported case given that now the limit solution
is driven by coloured noise with correlations of polynomial decay. Moreover,
depending on the decay parameter x, we see that the fluctuations are of order
£2- ! (in place of g5l ) and the effective variance (1.3.9) is of different nature
compared to (1.2.18). The new effective variance is due to the slower decorre-
lation, and fluctuations emerging at different scales. Since v, = g'="/2(u® — 1)

solves the equation
e (t,x) = LAv.(t,2) + Bo ("> ua(t, @) + 1)E (¢, @), v.(0,2) =0,

one would naively expect at first that in the limit (3.1.3), v.g = (1), but this
is incorrect due to resonances between the fluctuations of u. and £°. Given
large time results of the last chapter, we can give a heuristic argument leading
to the correct expression v = lim; ., [E[o(u(t,0))]|?.

For this, let us test the rescaled noise term in (3.1.1) against a test function

g, thus considering the expression

/Rd /Ot“(“s(sax))g(w) & (ds, dz),

whose covariance is given by

t
| [ cetset@mise e @ dedy . G.16)
r2d Jo
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where we set

C(s,z) = E[o(u(s,0))o(u(s,z))] .

Given Theorem 2.6.1, we know u converges in law to some stationary process
Z ast — oo, so we expect C'(s, -) to converge as s — oo to some bounded
function C' : R? — R, whose spatial correlations vanish (as long as Z is suffi-

ciently mixing), furthermore has the asymptotic lim,|_,o, C(z) = |Eo(Z) /.
In case Ris L' (IR?) integrable, so is RC,, and we expect (3.1.6) to converge

(provided k = d) to *||g||2.t with

7? = /Rd C(y)R(y) dy ,

thus leading to the limit 7 ¢/, solving the equation 9,4 = %AU +BW, where W
is standard space time white noise. For R with compact support, this heuristic
agrees with the result in [MSZ16, GRZ18], see also [CNN22] and discussion
in the introduction (cf. (1.2.10) and the variance expression (1.2.15)).

In our case R is not integrable, 2 = oo for the SHE, but we have instead
the large scale structure e " R(*-¥) ~ |z — y|™". Since this is integrable near
0, we expect (3.1.6) to behave like

t/ Ce 1w — )2 4 gy ~ B (2)? / 9@)9Y) 4oy
R2d |z —y|" rod |2 —y|”

which is precisely what is suggested by Theorem 3.1.5.

Remark 3.1.8. The isotropic convergence assumption (2.0.4) can be relaxed to

e "R(etx) — 0(5)lal™ as =0,

z|

for some positive continuous function 6 : 9B(0,1) — R... This results in an

Edwards—Wilkinson limit driven by Gaussian white noise with covariance

E[W"(t, )W (s,y)] = 6(t — ) 0(5=2) [« —y| ™",

lz—y|

in place of (3.1.5).
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Proofs ideas and organisation of the chapter

> Section 3.2 is devoted to the proof of Theorem 3.1.3. Our basic strategy
is to apply Stein’s method, as in Proposition 2.2.5. For this, let Z; :=
Voff fRd U(t;, x)g;(x)dx, for a collection of test functions g; and times
t; and U the solution to the stochastic heat equation (3.1.4). Let X
denote the covariance matrix of {Z;}, and write X=9 as the divergence
of v*9 through the mild formulation of the equation. It is sufficient
to show that the quantity, (D X[, vfj?gj Y2 — ¥, converges to zero in
L*(€2). We decompose this quantity into the sum of the difference of the

covariances between X; %

and Z; —which converges to zero by direct
computation —and a remainder term. The main technical hurdle is to
control the L*(Q2) norm of this residual term, which we bound by a
multiple integral involving singular kernels. The latter are then shown to
be bounded by recasting them as Feynman diagrams, see Lemma 2.3.2.

This is carried in Section 3.2.

> In Section 3.3, we introduce the spaces of (negative) Holder continuous
distributions C%, with o« < 0, and a useful characterisation in terms of
a single test function from [CZ20]. We then define spaces satisfying
Kolmogorov-like conditions, and show these embed continuously into
Holder spaces with control on moments and regularities. The conditions
are simple to verify and allow us to formulate a tightness criterion for
C7([0,T],C*) spaces.

> In Section 3.4, leveraging moments bounds from the previous chapter
and the Kolmorogov-type embeddings of Section 3.3, we show tightness
of X< in C?([0,7],C*) for suitable v < 3 and a < 0, concluding the
proof of Theorem 3.1.5. In contrast with the first version of our article,
besides simplifying our proofs and framework, we prove convergence

over the whole optimal range of Holder exponents".

(DNamely, by careful estimates, we were able to lift the additional requirement of o < —1.
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3.2 Convergence of marginals

Throughout this section, we assume [ < [y, where 5y > 0 is taken suffi-
ciently small so that Theorem 2.6.1 and Lemma 2.5.4 hold, and we can apply
Lemma 2.5.2 in the arguments below to estimate moments.®

Our main tool is Stein’s method to show convergence to the Gaussian limit.
We start with the proof that marginals converge in distribution, Theorem 3.1.3,
relying on the results shown in the following subsections. There, we show
the variance converges to the identified limit and prove that higher orderh
(non-Gaussian) terms vanish as € converge to 0, through moments estimates

and Feynman diagrams analysis.

3.2.1 Proof of Theorem 3.1.3

Proof of Theorem 3.1.3. We follow the general strategy of [GL20]. Recall
Proposition 2.2.5 and suppose Z is an n-dimensional centered Gaussian vector
with covariance matrix (3; ;)1<; j<n- Since C* functions with compact support
are weak convergence determining over R" (c.f. [EK86, Prop 111.4.4]), it
follows immediately that the convergence

(DX5, 059 — % in L*(Q) (3.2.1)

7y

for a sequence X = J(v5) implies that X© converges in law to Z.

In order to prove Theorem 3.1.3, we then apply this result to X; := X%,
defined by (3.1.2). We also set

Z; = Z4,(9i) = Vest /du(ti,x)gi(x)dx ’
R

where U is as in Theorem 3.1.3. By the definition of the mild solution, we

Now we only require o + 2y < 1 — 5, which is the space-time regularity constraint expected.
@Keeping track of the various constraints, one finds that it suffices to set By = Bo(4) A B1(2)

with B (p) as in Lemma 2.5.2 and (3;(2) as in Theorem 2.6.1.
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have X7 = §(v§) with

Ui (s,y) = vp% (s, y) = Be'” n/21[0 1]( s)o(u(s,y)) /Rd P:%_S(ﬁ—y)gi(x)dx,
(3.2.2)

so it remains to show that (3.2.1) holds with ¥, ; = E(Z,Z;).
Applying the commutation relation (2.2.7) to Dd(v7), we obtain the de-

composition (DX?, v5)y = Ay” + Aj”, where

A = (), AY = / (D (1, 2), o5 E(dr, d)
— 00 Rd

With a simple calculation we can rewrite the first term as follows:

Al = / R(yl—ya = (5, 1)0% (5, y2)dyds
R1+2d

-5 / [ R (st ) [ Py 2wt

(rtutscsn)) [ Py (2 = wdy(an)des) duds.

Through the change of variables s — 5, y; — % and the fact that Pr (%) =
e?P,(z), we then have

Ally,js - 5n+2d/ deR yl y2) (u(a%’ >>U(u<5%’ ))

(/de Prige (S58) Pz (555 )gz(ml)gj(xz)dx) dyds

tiAt; 2
_K/R Y1—y2 yz (H o % y_ )
R4d - €

m=1

Py _s(x — yl)Ptj—s(xQ — Y2)9i(71)g;(w2) drdyds .

o [
o [

Regarding the term A2 ., it follows from (3.2.2) and the identity (cf. (2.5.5))
D, yo(u(r, z)) = 3(r, ) D, yu(r, z) for a bounded, adapted function-valued
process X(r, -), that, setting

A;}s(x,s,y) = /62 /Rd Pﬁ_r(f — 2)X(r, 2) D yu(r, 2)E(dr,dz) , (3.2.3)

by a similar calculation we have

tiNt;
6j _ s Y1
A2,8 - €R+d / /R4d g’L :Cl g,] :CQ 25(3717 e? € ) X
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o(u.(s, Z/2))Ptj—s($2 - yz)R(%)dydxds.
With the above decomposition in place, we now write

e € 0,7 7] 1 0,7
DX, v5) = Biglla < [BAYL — Bij[, + var(Ay2)2 + [|A5L 2.
We note that E[ X7 X5] = IElAzlj6 so that ‘IEA’l]8 — %5 is the difference between
covariances and converges to 0 by Lemma 3.2.2 below.

On the other hand, by Proposition 3.2.8 the terms var(Ai’i_) and ||A’2]6||2

vanish as ¢ — 0, concluding the proof of Theorem 3.1.3. [

It remains to prove Lemma 3.2.2 and Proposition 3.2.8, which is done in

sections 3.2.2 and 3.2.5 respectively.

3.2.2 Convergence of covariances

We drop superscripts, fix f, g € C.(R?) and fix 7,v > 0. The covariance %19
of the limiting terms Z.(f) and Z,(g) is

219 = v ([, 9),
TAV
JT,v(fag) = / / ’yl _y2yiﬁpﬂ'fs<:[;1 _yl)
0 R4d
Pv—s($2 - ?D)f(m)g(:m)dxdydg
Recall Ir,, defined at (2.3.9) and finite for x € (0,d) and A < §,

2
Ir (. 9: \) = /4d ly1 — o " H |2 = y: [N f (1) g () dyd.
R

i=1

We first observe the following bound on J; ,(f, ¢) in terms of Ir:

Lemma 3.2.1. Let f,g € C.(RY,R,), 7,0 > 0,d > 3and \ € (0,1). Then,

Jeo(f19) S (T A0) M I (f g5 ). (3.2.4)

Proof. Lett = 7 A v. For any fixed A € (0,1), with Lemma 2.4.3, we can

bound the Gaussian kernels as follows:
2
Pr_ (w1 — 1) Pocs(wa — 12) S (t = ) [ i = wal ™,

=1
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and the claim follows by inserting this into the expression for J. ,(f, g) and

performing the time integral. [
We now present one of the lemmas needed for proving Theorem 3.1.3.

Lemma 3.2.2. Assume the assumptions of Theorem 3.1.3 on k, R, 0 and
B < Bo. Let f,g € C.(RY) and for T,v > 0 let

S rez)([Lot=n)x o
Pr_ (@1 — y1) Po—s(x2 — 12) f(21) g(w2) dadyds.

Then the following statements hold.

> For any A € (0,1), the following bound holds uniform in ¢ € (0, 1),

ElAic| S (7 Vo) M (If], gl A) - (3.2.6)

> Furthermore,

lim E Ay . = 2% Jro(f ) = 259 (32.7)
e—> )

Proof. Note that under our assumptions I, is finite by Example 2.3.4. By the

definition of A, ., one has

Bl <0 [ [ e RO Bl (u, 2)ou(z, )
P S(xl_?ﬂ)Pv S(xZ y2)|f($1> (x2)|dxdyds

By the uniform L? bounds in (2.5.10),

(3.2.8)

sup E[o(u(%, L))o (u(S,2))] < .

€7S7y1 7y2

™

Since ¢ *|R(2)| < |#|~* uniformly in ¢, it follows that E| A .| < 8°J-,(|f],19])
so that (3.2.6) follows from Lemma 3.2.1.

To show (3.2.7), we use the stationarity in space of {u(t, x)},cga to write

E[a(u(a%,

o[

No(u(5,%2))] =
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E[o(u(,0))]” + cov(o(u( S, 222)), o (u(%,0))) .

£

Thus, we have the decomposition EA; . = > + B, where

s [ “RR(UE2) R ENNE
6/0 /]R4d€ (452 Elo(u(z, 0) (3.2.9)

P (1 — y1) Po—s (22 — y2) f(21)g(22) dxdyds,
o= [ [ R covlolut s, B5),ofu(,0)
0 Rd (3.2.10)

Pr_s(x1 — y1) Po—s(2 — yo) f(21)g(x2) dxdyds.
By (2.5.6), we have E[o(u(%,0))] < C uniformly over s > 0 and & > 0.
Furthermore by Theorem 2.6.1, u(t, x) converges in law as t — 00, SO Ve =

limy_, o |E[o(u(t, 0))]] is well defined and for every s > 0,

lim E[o(u(%,0))]" = v% . (3.2.11)

e—0
Similarly, using (2.5.11), it follows that for any y; # ys,

K—2

cov(a(u(s%, %»,a(u(g,o») SCUNGE2S) 0, ase—0,

(3.2.12)
and this quantity is uniformly bounded, again by (2.5.6). Since e™*|R(%)| <
|z| =", it follows from (3.2.11)-(3.2.12) that the integrands of both (3.2.9) and
(3.2.10) are uniformly bounded by an integrable function. It then follows from

Lebesgue’s dominated convergence theorem that

B — 0, ¥ — 627/3&1]7',11 = ©f9

TU )

thus concluding the proof. [

3.2.3 Estimates on residual terms

The focus of this subsection is to obtain preliminary estimates on the residual

terms var(A; ) and || Ay c||2, Where A, . is given in (3.2.5) and
TAU
Aoe =<8 [ [ SRS (1,2, W)l )
0 R4d ’

Py (w2 — y2) f(21)g(22)dydzds,

(3.2.13)
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with A; . given by (3.2.3).
We use the short-hand notation dz = H?Zl dz;, dy = H?Zl dy;, dz =
H?:1 dz;. Moreover, for f, g : R — R, we set

Vrg() = f(21)g(22)9(23) f(24), (3.2.14)
0rg(®) = fz1)g(x2) f(3)g(24), (3.2.15)
Q(x) = /0 /de P.(x — z1)Pr(22)|R(21 — 22)| dzdr.  (3.2.16)

Letting ¢ = 7 A v, we have the following preliminary estimates:

Lemma 3.2.3. For any test functions f,qg: R — R, any X € (0, %), one has

var(A; ) S e 2gl-22 Z / \yk _l'k‘/\id>|yi —yjP%

i=1,2
j34

Y1 — y2| " "ys — yal 7" 0pe(7)| drdyds.

Proof. We follow [GL20] and begin with
TAV
var(A; ) = 62/ / 5_“R(3“€;3’2)5_“R(y3€;y4)COV(AS(S,yl,yg),Aa(s,yg,y4)>
0 R8d

<H Pr_s(xr — yr) Po—s(@pq2 — yk+2>> f(x1)g(x2) f(23)g(24) drdyds

k=1

where A, (s, y1,12) = o (u(3,

o[

))o(u(Z, £)). By the Clark—Ocone formula,
COV<A S, Y1, Y2), Ae(s, ?/3&4)) =
[ [ Rt = 2 B [BID A B sy .
Using the chain rule to expand D, . A.(s, 1, y2) and the bounds (2.5.7)-(2.5.10),
[ Dr oy Ae(s,y1,92)ll2 S Pay—r(% — 2) + Py (2 — 2). (3.2.17)
Then, we have

cov (Al y ) Aclsnm) )| € Y2 Q). (32.18)
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thus concluding

var(A;.) < Z / /de (HPT sk — ) Po—s (Yorn — $2+k)>Q( )

1=1,2
j=3,4

e | R(UZ2) e | R(EZ1)| |pr(2)| dudyds.  (3.2.19)
Since e*|R(%)| < |z|™", and by Lemma 2.4.5, we see that
Q(2) S LA 2" S e Pal* ™.

Plugging these estimates into (3.2.19) and bringing the time integral inside,

we have

TAV 2
var(A; ;) S e Z / / (HPT_s(yk — x) Py s(Yoik — x2+k)) ds
k=1

R8d J0
\yi — |7y — 2l s — val T g ()] dady.

Lett = 7 Avand A € (0,3). We use again the pointwise estimate

(2.4.4) from Lemma 2.4.3. For r € {7,v}, we have r > ¢, so that P,_(x) <

(t — s)~2 |z|>< uniformly in ¢, s and = # 0. Hence, we estimate as follows
w5203 [ [o- %)(Hm—m ‘)
=

i — )77 [yn — vol "Flys — yal 7" |y g(@)| dadyds

—en 3 [ Hryk—m Ve = il

i=1,2
]34

ly1 — v2| "lys — ya| " |1 (2)| drdyds,

completing the proof. [

Lemma 3.2.4. For any test functions f, g : R — R, one has

[Azell2 S 53_1\5[/1(” [Vs.g(2) [yr — yal |21 — w2 |22 —ys| "
R
t T
(/ Py_s(y2 — 22) Py—s(ys — 3) / Pr_(xy —y1) Py (24 — ys)
0 s
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N|=

P _s(y1 — 21)Pr—s(ys — Zg)d?‘ds) dydzdx]

Proof. Setting

Bg(s,:xl,:v’l,yl,y’pya,yé) =
B[4, (01,2, 2)4. (0}, £, %) (s, ) (us(s.15)]

and using Minkowski inequality, we obtain:

TAV
||A2,e||2 < 5_d/ (/Sd Bg(sa Ty, xllayh yia y%yé)Pv—S(fW - y2)Pv—S(x/2 - yé)
0 R

N|=

6”!R(@)k“\R(@)!f(rlfl)g(xz)f(wi)g(x’g)dwdx’dydy’) ds.

Recalling the definition (3.2.3) of 21;6, we first apply 1t6 isometry, then
estimate via Holder inequality and the moment bounds on Du, o(u) from

Lemma 2.5.2, and finally perform a change of variables,

|B;—(Saxlax/17y17yi7y27yé)‘

P (2 = 2)P5 (2 — 2)|R(z1 — 2)| dedr

=" 2+2d/ / r—s(21 = Y1) Pros(z2 — 9)
R2d

Py (21 — 21) P (2] — 20)e " | R(2222)| dzdr.

Returning to || Az |2 and relabelling integrating variables”, we conclude

TAV T
| Azl S 52_1/ {/ / Pr_(xy — 1) Py (24 — ys)
0 s R10d

)Namely, we relabel (21, 2}, 2, 25) with (21, 24, T2, 23), and (21, 22, Y1, ¥}, Y2, y4) With

(y17y47zla 22, y27y3)'
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Froafin =21 Pes(ys = 22) RO [ RO 7 RO

P, s(y2 — x9) Py_s(y3 — x3) ‘¢f,g(x)| dydzdxdr| ds. (3.2.20)

Since e 7| R(2)| < [z|7", letting t = v A 7, we have

Azl 5257 [ { / / 65 o(2)| Pon(1 — 92) Prs (5 — 1)

P s(y1 — 21) Pr—s(ya — 22) |t — ya| "|21 — y2| 22 — 3| ™"

1

2
P, (yos — x2)P,_s(ys — x3)dydzdxdr| ds.

Applying Jensen’s inequality (with respect to the normalised measure %) and

bringing the time integrals inside, we have

sl 5| [ Wg(oll i = 11 = el 122 = el
R
t T
(/ P’U*S(yQ - x2)Pvfs(y3 - :CS) / PT*T(xl - yl)P‘rfr(xll - y4)
0 s
%

Pr—s(yl - 2’1)Pr_3(y4 — ZQ)dT’dS) dydzdx} ,

obtaining the required inequality. 0

3.2.4 Feynman diagrams integrals

We now bound the integrals appearing in the estimates of Lemmas 3.2.3-3.2.4,

for this we employ the Feynman diagrams analysis introduced in Section 2.3.

Lemma 3.2.5. Let F € C.(R*). Let A\ > 0, « > —d, and 3 > —d satisfy
A+ a <min(—13, 3d, — ). Then the following integral is finite,

ff(F;A)Z/d(|21—$1HZ2—953|)A_d(\21—3?2HZ2—934|)Q |21—2|7 |F(2)| dadz.
RG
(3.221)

Proof. The graph associated with the integral is
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(a1 T2 T3 Ty

21 22
Diagram r
The small scale degree on each edge of the tree graph is clearly greater than
the dimension —d, since there are no cycle to apply Lemma 2.3.2 we only need

to check the large scale condition is satisfied (cf. Remark 2.3.3). Namely, for

any tight partition P,

deg. P := Z deg t(e) +d(|Pr| —1) < 0,
eeg(Pr)

where £(P) is the set of traversing edges associated to P.

Since V, = {e,,,®,,,0,.. e, } the tight partitions are given by:

P = {Vf7 {.21}7 {.22}}7 Py = {Vf7 {.21’ .Zz}}7
Py = {{V€7 .21}7 {.22}}’ Py = {{V€7 .22}7 {.21}}'

Identifying the traversing edges corresponding to each partition, we compute
deg. P1 =2\ —2d+2a + [+ 2d, deg, Po =2\ —2d + 20 +d,
deg Pz =deg, Pi=A—d+a+p+d,

concluding the proof. [

Lemma 3.2.6. For F € C.(R*?), let

Ir, (F5 ) /Rgd (H [y — i ) (3.2.22)

Iy — ya* "y — yo| Flys — ya| 7| F(2)] dady,
I, (F5 M) = / ) ly1 — yal 21 — yo| |22 — y3| " (3.2.23)
Rw

g = 21y — 2 (Hm yil ) | (2)|dydzda.

Then I, (F; \) is finite for any X € (0, 252); and Ir,(F; \) is finite for any
Ae(0,%).
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Proof. The diagram associated to the first integral is I'; below, with the labels
indicating the edge kernel degrees deg,, (which equals also deg_).
The integral I, (F'; \) simplifies after convolution / integrating out y, and

ys. For example, under our conditions, by (2.3.6) we have

/ lya — 2| yy — ya| T dys = Clys — 2|}

As briefly explained in Section 2.3, this procedure collapses diagram I'; in the
sense of replacing |yo — 2|} 4|y — y2| ™" with |y; — 25| " corresponds to

removing the node y» in the diagram. Similarly, node y3 is removed.

Ty T2 T3 Ty

Diagram I’y

I T2

A—d A—K

n

Diagram I'; collapsed

This corresponds to reduce the integral I, (£; \) as follows

Iy (F5\) < / (1 — 2allys — 24l (g1 — wallys — 2]

Rvsd
ly1 — ya|* " |F(@)| dyrdysdz.

Hence, I, is controlled by the integral represented in graph I in the proof of
Lemma 3.2.5, where we take « = A\ — x and 8 = 2 — k. In other words, I, is
finite whenever /It is, and we conclude the proof by Lemma 3.2.5.

The diagram associated to I, is as follows:



CHAPTER 3. FLUCTUATIONS OF SHE 77

Diagram I's

Diagram I'; collapsed

We note that, integrating out v, y3, 21 and z,, removing the associated
nodes in I’y reduces the graph to I where o« = 2\ — x and 3 = —k. Applying

Lemma 3.2.5, we see that also Ir, is finite and we conclude the proof. L]

With the estimates of Lemmas 3.2.3-3.2.4 in place, we are going to recast
the bounds for var(A; ) and for || Ay .|| in terms of the form o(¢)Ir,, where

Ir, are finite by the Lemma just proved.

3.2.5 Vanishing of residual terms

We begin with the following basic estimate.

Lemma 3.2.7. Let wy,ws, 21, T2, Y1, y2 € R\ {0}. Forany 7,0 >t > 0 and

<A<y
t T
J— / Py (1) Py (1) / P (20) Po s (22) P (52) Pos () drds
0 s
2

S 2 (T el i)

=1



78 CHAPTER 3. FLUCTUATIONS OF SHE

Proof. Since 7,v > t, we can use the pointwise bound (2.4.4), yielding

2 t T
J S (H |wi|)\_d|xi|>\_d|yi|/\_d) / (v— s)_’\/ (1 — 1) Mr — s) drds.
i=1 0 s
(3.2.24)

For a constant c,

t T
/ (v — s)_)‘/ (1 — 1) Mr — s)drds
’ t ’ t
= c/ (v —5)" M1 —8)ds < / (t —8)'7ds <273
0 0
this concludes the proof. We need 1 — 2\ < Otoreplace 7 —sbyt —s. [

Collecting the estimates from the Lemmas above, we can now control the

vanishing residual terms as required in the proof of Theorem 3.1.3.

Proposition 3.2.8. Let f,g € C.(R?) and T,v > 0. Then, for any given \ in
the region stated below, the following bounds hold uniformly in € € (0,1):

var(A;.) < e (1 Av) TP I (F3 N, Ae(0,)),  (3.2.25a)
[Asells S €571 Av)2 VI (F;0)]2, Ae[d,2);  (3.2.25b)

where F' = H?Zl Fy, with F; € {f, g}

Proof. Note that the integrals Ir, (F'; \) are finite by Lemmas 3.2.6. The proof
of the proposition relies crucially on the bounds collected in Lemma 3.2.3-3.2.4.

Firstly, we note

4
var(Ap.) S A YT / (T e = e s = s
RS 1

i=1,2
j=34

Y1 — w2l "ys — yal =" |0y (7)| dodyds
< 2 A) TR (F N,

where ' = Hle F;, with F; € {f, g} depending on the (7, j)-pair in the

summation, with the integral I, finite by Lemma 3.2.6.
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For the second term, we use estimate from Lemma 3.2.4, to which we

apply Lemma 3.2.7 with some fixed A\ € [%, %) to obtain with I’ = vy g,

£2_1,201- —K —K —K
|Agelle S e 1p2(1=%) {/Rwd [Vrg() Y1 — yal ™ 21 — Y2 |22 — y3|

N

4
T i [T (H |z; — yi|A_d) dydzdx}

=1

= &3 (r A )20V [ I (F ) ]2

N

This concludes the proof of Proposition 3.2.8. 0

3.3 Tigthness criterion in C7 ([0, T'], C%)

We start by introducing notation and definitions of locally Holder continuous
distributions C* of negative exponent. Intuitively, a distribution ( is said to be
of Holder regularity o < 0 if, when tested against a rescaled test function ¢’

(approximating unity as A — 0), it blows up like A*:

eI P

The formal definition is given below, and the corresponding seminorms are
finite if the blow-up rate holds uniformly over all suitable Holder continuous
functions. The characterisation of C* spaces in terms of a single test func-
tion is key to control LP(£2) moments of the seminorms, and then prove our

Kolmogorov-type embeddings in the following subsection.

3.3.1 Definitions and characterisation of negative Holder

spaces

Let D denote the space of smooth functions with compact support, and D’ the
dual space of all distributions. For a function g € C(R%), 2 € R% and X > 0,

with g we denote its transformation by scaling and translation as follows:

g2 (y) = A"\ (y — ). (3.3.1)
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If A = 1orxz = 0, the corresponding index will be dropped. Note that these
operations are L' invariant.
For a given @ < 0, denote [—«a| > —a the smallest (positive) integer

bigger than —a.. We shall use the following subset of C"(R¢) test functions:

B, :={g € D :supp(g) C By, ||gller <1},

where B, denote the open ball of radius a centred at 0.
Let C* C D’ denote the subset of locally Holder continuous distributions

defined as follows. Note that they are not necessarily tempered distributions.

Definition 3.3.1. [Hail4b, Def. 3.7] A distribution ( is said to be in C?, if for
every compact set £ C R?, the following

€]l == sup sup sup A"*[{C,m)l, (3.3.2)
ne€Br A€(0,1) z€E

is finite, where r = [—a].

For any compact £ C R%, we denote by C*(E) the space of distributions
such that the seminorm in (3.3.2) is finite.

Given the family of semi-norms, the space C* is metrisable, with

do(C, )V ED 27 A ¢ = Cllaspy) - (3.3.3)

m>=1

making it a Fréchet space. As metric spaces, C® is compactly embedded in C*
for any o/ > «.

There are a number of useful characterizations for the spaces C“. They can
be characterised in terms of wavelets [Hail4b, Sec 3.1-2], but we choose here
to use the characterisation from [CZ20] which only requires us to test against
translations and rescalings of one single essentially arbitrary test function.

For any function ¢ : R?% — R, we introduce the notation for its rescaled

version at scale 27":
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We also write D C D for the set of test functions ¢ such that supp ¢ C B; and
| ¢ = 1. We now fix such function ¢ € D once and for all for the remaining
chapters. Our key tool is the following analytic criterion to characterise C*
spaces. Although ¢ is fixed, this shows that control on ((, gos(ck)> allows to get a

similar bound for all test functions and control the seminorm (3.3.2).

Theorem 3.3.2 ([CZ20, Theorem 12.4]). Let ( € D’ be a distribution and let
a € (—00,0]. Then, one has ¢ € C* if and only if, for any compact set E and

uniformly over n € N,

sup (¢, o) < 27"
zeFE

Furthermore, the semi-norms of ( can be estimated by

1¢]la:z < C sup sup 2"[(¢, (M) (3.3.4)

z€lr neN

where C' = C(y, a, d) is an explicit constant and Ey = {z : d(z, E) < 2}.
The above criterion immediately implies the following control in C* spaces.

Lemma 3.3.3. Letp > 1 and o < 0. Let ¢ be a random distribution. If for

any compact E there exists a constant C'g such that

sup (¢, i)
zeE

< Cp, (3.3.5)

p

sup 24"
n
then, for any o < a, ( € C* almost surely and

HCHLP(Q,C“'(E)) < Cu B,
for an explicit constant Coy g, = C(p, a, d, o, Ey).

Proof. Setting (,,(z) = (¢, ™), it follows from (3.3.4) that

<C Z 2(@’—a)n

p n>1

sup 2%"[Gn ()]
rEFy

sup sup 2°7|(, (z))|

n=>1l x€Fy

H¢lar ell, < €

p

By (3.3.5), we conclude letting C g, = C(p, 0, d)Cp, Y 0 o@—a)yn ]

n=1
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3.3.2 Embeddings and tightness criterion

Let us now define a space of distribution-valued processes with spatial Holder

regularity when tested against translates of the functions (™,

Definition 3.3.4. A random distribution ( is said to belong to C;* if there

exists C' > 0 such that the following estimates hold for any n > 1:

sup [|(¢, )|, < 27, (3.3.6)
zER4
sup [[(C ol — || < Came0 Dz —y|, (337)

z,yeR?
0<|z—y|<2™™

where |- | denotes the sup norm on RY. The smallest such constant C' is denoted
by [|C[l¢eo. We write C)*°, as a shorthand, for the space C** (R, C") and,
with 7' > 0 finite constant, C)%"" for the space C°([0, T7,C;°).

Remark 3.3.5. Note that if (3.3.6) holds uniformly over the class of test func-
tions D, then (3.3.7) follows immediately just like in the proof of Lemma 3.4.6.

Remark 3.3.6. For simplicity and our applications, in the definition we consider
global spatial estimates in (3.3.6)-(3.3.7), which are tailored to the embeddings
in Proposition 3.3.7 below. One could easily remodulate proofs to show
analogous embeddings imposing weaker local conditions (with constant(s)
dependent on the compact set of reference), tuning the weights of the d, metric

(3.3.3) based on how the seminorms grow.

The following allows for redistribution of regularity across time and space,
leading to the tightness criterion (Proposition 3.3.9) for distribution valued
processes with positive Holder continuous trajectory in time. This is very simi-
lar to other Kolmogorov-type criteria as for example in [Hail4b, Thm 10.7],
[CCM24, Prop. 2.4], or [FM17, Thm 1.1], but given the range of relation
between the spatial and temporal regularity exponents, it doesn’t seem to be

an immediate corollary of one of these results.
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Proposition 3.3.7. Let ag < 0, p > d, and vy > i. Then, for any v €
(0,70 — %), a < ag— % and any compact E C R, one has the continuous

embeddings
C,0 C LP(Q,C*(R)) , Clo C LP(Q,CT(Ry,CH(E))) -

Viewing C* as the metric space equipped with the distance d,, as in (3.3.3), it
follows that
C)o* C LP(Q,C"(R,,CY)) .

Remark 3.3.8. If we consider a process on a finite interval [0, 7'], the same proof

clearly holds and C)+*" is continuously embedded in L7($2,C7([0, T],C*(E))).

Proof. We will show that, given any compact F,

SIS

¢llazell, S I¢llego (1 + diam(E)) (33.8)

This implies the first embedding, but also

116 = Gllaelly S N6 = Gellezo < 1t = r[lI¢llggoo

where we dropped constant dependent on E. Then, we see that the second
embedding follows from the usual Kolmogorov continuity theorem.

Let us now focus on (3.3.8) and set C' = [|([|¢20 going forward. We denote
with C{™ the cube of sidelength 2!~™ centred at z and set ("(z) = ((, i),
We note that by (3.3.7) the rescaled process C..(z) := ("(27"(z — ) satisfies
ICo(y)—Co(2)|l, < €270 |y — 2] for |y — 2| < 1. By Kolmogorov’s criterion,
for any € R? we obtain

S g2
p Y

| s 15 (w) — o))

yECéO)

When combined with (3.3.6), this in turn yields

| sup I, S C2men
yeci™
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Given a compact set £ C R, write E,, C 27"Z for the smallest set so that

ECU,ep, C{™ . It follows that

sup [¢" ()]

yeci™

p

sup |C*(v)l]| < (#.)7 sup

yEE zeE,

To summarise, we have the estimate:

sup (. <p§/">)|Hp < O(1 + 2" diam(E)) 527" (33.9)
Yy

In particular, we can estimate as in Lemma 3.3.3 to obtain

llElacell, < 2 27| sup 2| W), < C1 + diam (E,))»
) 2

n=1
(3.3.10)
Thus, (3.3.8) follows, concluding the proof of the first two embeddings.

Consider the metric space C®, given the above we have

lda(Grs Dl < D27 (1A IS = GllasBanscll,)

m>=1

hSRSY

S G — Ct”cgo Z 27™(1 4 diam(By,12)

m>=1

St =rlCllggoeo -

)

Then last embedding immediately follows again by Kolmogorov’s continuity.

O]
As a corollary, we obtain the following tightness criterion.

Proposition 3.3.9 (Tightness criterion). Let {¢*. k € I} be a family of
distribution-valued stochastic processes such that supy, HCkHcgoﬂo < oo for
some oy < 0, p > d, o > %. Then, for any T' > 0, any o < o — %, and any
v <Y — 5 {¢* k€ I} is tight in € ([0, T7],C%).

Proof. For v < ~y — %, by Proposition 3.3.7,

||§||Cw([07T]7ca) Hp is uniformly
bounded in k. Tightness follows from the fact that C'([0, T, C*") is compactly
embedded in C7 ([0, T],C*) forany 0 < ' < yand o/ < a. O
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3.4 Convergence in Holder topologies

With the setup and embedding(s) of the previous section, we can now prove
weak convergence with respect to Holder topologies. We start with the proof
of the second main Theorem 3.1.5. We shall prove the required estimates and

tightness in C7([0, T], C*(R%)) in the following sections.

3.4.1 Proof of Theorem 3.1.5

We recall k € (2,d) is the decay exponent of the spatial covariance R, U;(g)
denotes the solution of (3.1.4) at time ¢ > 0 tested against a test function g.

Let T/" denotes the centred Gaussian noise with spatial covariance |z|~",

ui) =5 [ [ ([ Pee—vgan) s Gan

Let us also recall

X709 =¢l" %/ (ue(t, ) — 1) g(z)dz.
Rd

In this section we show that X* converges weakly to veg U, as distribu-
tion valued stochastic processes with Holder continuous in time trajectories.
Throughout this section, v € (0, %) will parametrise Holder continuity in time
and a < 1 — 5 — 2+ the distributional regularity.

We now prove Theorem 3.1.5, which we restate here for the convenience

of the reader.

Theorem 3.4.1. Let d > 3. Suppose that £ and o, satisfy Assumption 3.1.1.
Then, for any v € (0, 3) and o < 1 — % — 2, there exists 3, o > 0 such that,
forany < B4 and T > 0, X converges to ves U weakly in C7(]0,T,C?).

Proof. The law of a distribution-valued random variable ( € D’ is uniquely
determined by the family of probability distributions of random vectors for
the form ({(¢1),...,{(gn)), where n € N, and {g; };—1
compactly supported functions (cf. e.g. [Fer67, Prop. 111.4.2b, Thm. II1.6.5]).

»n C D are smooth

.....
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Observe that C* C D/, then the law of ( € C® is uniquely determined by
such distributions. In Theorem 3.1.3, we have shown that for 5 < 5y(4)A51(2),

forany 0 < t; < to < ...t, < T, any {g;}i=1..n. C D, ase — 0, the

-----

following convergence holds in distribution:

(Xti,gl’ ce 7Xtilgn) = Veff(uh(gl)v s 7Z/{tn(gn))

This identifies the law of the accumulation points of X*¢, as a random variable
in C7([0,T],C?).

It remains to show tightness. In the previous section we characterised
C® spaces and showed Proposition 3.3.7, a Kolmogorov-type criterion for
C7([0,T],C*(R%)) processes. To apply this, in section 3.4.2, we prove some
elementary estimates to be used in Lemmas 3.4.6-3.4.7. With these, we identify
arange of exponents o and y (cf. Remark 3.4.2 below for some heuristics on
these) so that { X, ¢ € (0, 1]} is tight for sufficiently small 5 < 3, ,. Hence, in
Proposition 3.4.8, items ((i)) and ((ii)a), we control in L” the C7 ([0, T], C*(R?))
norms of ¢ and X*¢, uniformly in . Finally, in ((ii)b) of Proposition 3.4.8, we

show {X¢, e € (0, 1]} is tight. This concludes the proof of Theorem 3.1.5. £

Remark 3.4.2. The admissible range of Holder exponents can be derived as

follows. One can verify that W" satisfies the bound
RN —1 — — — 1 _ s
KW= A~ A Dl SATE 72, A e (0,1],

uniformly over all test functions 1/ that are compactly supported in some ball
of unit radius and bounded by 1. Since this appears on the right-hand side
of a heat equation, one would expect the regularity of solutions to be at best
improved by one time derivative, two space derivatives, or a mixture of both. In
other words, one would expect solutions u to be such that, for every 6 € [0, 1]

and test function ) as before
I AT O T S AR

thus suggesting that the range of exponents in Theorem 3.4.1 is sharp, except

that one could probably allow for v € (—3, 3).
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3.4.2 Some elementary estimates

We collect the following elementary bounds. The estimates of Lemma 3.4.5

will determine the (sharp) range of Holder exponents.

Lemma 3.4.3. For any compactly supported bounded f : R* — R™, define

Tes(f) = /R § (f{l | f (@) — yi|5‘d) 1 = yol "dydr.  (34.2)
Denoting M the diameter of the support f, then for 6 € (0, %),
Jes(f) S MR FIIZ,
Furthermore, with f;(y) = A\~ f(*5%), one has the scaling relation
Jrs(f2) = N0 Jes(f) - (3.4.3)
Proof. Recall (2.3.6), we use the fact that
[ o= vttty = wldy = cophu = af+2

provided a + 8+ d < 0 and o« < —d, 8 < —d. Then, for a universal constant

¢, we have

Tes(f) = [ 1@l wller oo~ .

From this, the inequality and scaling relation follow. [

Definition 3.4.4. For g : R — R, set ¢*(y) := A %g(%). Define

t
Ta(r,t) ://de [y — ya| "

(ﬁ/ﬂ@ B = yz)|gk($i)|d$i) dyds,

i (3.4.4)
Tn(r.t) = / g — gl
0 RQd

2

(H /Rd | P — i) = Prs(: — i)

=1

|gk<xi>|dxi) dyds.
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Lemma 3.4.5. Forany § € (0,1), vy € (0,1 —6), A € (0,1], 0 < r < t, and
g € CL, we have:
La(r,t) S MPTE2TE |t — p['2O027F g2, (3.4.5)
Ip(r,t) < M2 p =073 |V \207F || g2 | (3.4.6)

where M denotes the diameter of the support of g.

Proof. By change of time variable and the heat kernel estimate (2.4.4) with A

there taken to be 9, we have

2

(r:?) /szd/ HP ) (H |9A($z‘)|>|y1 — yo| Fdyda

=1

< fﬁd / < ; ; i(;fd) . ~®dud
N/O SRMH (@)l = yil"™ ) lyr — yo| "dyda

S (=)' es(g) = (¢ =)' ON T T 6(g).

Since 6 < 1 < %, (3.4.5) holds by Lemma 3.4.3.
To estimate I B, we use Holder continuity in time of the heat kernel. For

any t > r > (0 we obtain from the second part of Lemma 2.4.3:
gl
|Pi(w) = Po(2)| S (t=r)2r 2 |2~
Inserting this bound into (3.4.4), we obtain
IB (Tv t)
’ 2
S=o [ =7 ([Tl =l @) on — al “dydeds
0 Rid N2
S =)' (9"

so that (3.4.6) follows. L]

3.4.3 Tightness in C ([0, T],C)

In the next two lemmas we gather the time increments and spatial regularity
bounds for ¢/ and X*¢, allowing us to identify v and « such that the required
tightness holds in C7([0, 7, C*). Recall the notation g} (y) := A~%g(*5%).
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Lemma 3.4.6. Letp > 2,k € (2,d), v € (0,3), « +2y < 1 — £ Set

U, = U; — U,. Then, the following holds, for any 0 <r <t < T, r,y € R?
and A > 0, and any g € C},

e (gDl < BMEENt = A% gll (3.4.7)

2402 — G)lly < BM e — X M gluplr —yl . (48)

where M is the diameter of the support of g.

Proof. By Gaussianity, it is sufficient to work with p = 2. By the invariance
in law of ¢/ under spatial translation, we have U (g)}) = U,(g"), so we may
take x = 0 for the first inequality. Dividing the integration region [0, ] =
[0, 7] U [r, t], using 1t isometry, we compute the second moment of U,.,(g").

Firstly, recall (3.4.1),

U(g) = B/Ot /Rd (/Rd P (x —y)g(x)dx)dW“(s,y)-

U (g7) — U (g3
= B2E(/Rl+d /Rd (1[07t](s)Pt_S(z —y) — Ly (s)Pros(z — y))

x g (2)dz dW“(s,y))

Then,

< B2 (Ia(rt) + Ip(r,t)),

where /4 and I are defined in (3.4.4) above. According to Lemma 3.4.5, for

7€ (0,1—4)and 6, A € (0,1), we have:

_ _5—~ S\ L _E\§_E
e (gM) |2 < Bt =70 + 71707t = r[T) 2 MEOTEN2 g

S B M5 |t — 2N | g

Inequality (3.4.7) follows from setting v = /2 and a := 0 — 5. The constraint
becomes o + 2y < 1 — 7.
In order to obtain the bound on ||U(g) — g;)|,» we first assume that

|z —y| > AM. It then trivially follows from applying (3.4.7) separately to
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g, and g?, whose diameter of support is bounded by M, and observing that
A <Nz —y| M as well as |g]loo < M| g]Lip-
In the case | — y| < AM, it then suffices to note that

=9y =0y, G=9— gus,

A

and that ||g||.c < A7!|g|Lip|z — y|. Furthermore, the diameter of the support of

g is bounded by twice that of g, so the bound follows again from (3.4.7). [

Lemma 34.7. Let d > 3, p > 2, 0 be Lipschitz continuous, 5 < [5o(p),
suppose that § satisfies Assumption 2.0.1, and set X7, = X; — X. For any
v € (0, %) anya <1—5 —2vyandanyg € Cl with diameter of its support
equal to M, the following holds for any 0 < r <t < T, z,y € RYand X\ > 0,

A
sup || X7 ], < BMEE— 'A% gl (3.4.9)
e€(0,1)
A_ A
sup X7y S BM [t =0 ghaple =41, (3410)
ee(0,

uniformly over ¢ € (0, 1].

Proof. Given spatial stationarity of u.(t, ), we only need to work with g*,

without the shifts. Note that
Xe7 X2 = 15 / (us(t, 2)— e, ) g (@) d = V5 (A2, +B2,),
R‘i
where
E% A
A, = / / o(uls, ) / Py (F — )gNa)dr &(ds, dy),
LQ ]Rd ]Rd €
B [ ot [ (Py 2= 0) = Poou( ) @)do (s, dy)
0 R4 R4 €

In contrast to U;(g), these processes are not Gaussian, but we can estimate

their pth moments via the BDG and Minkowski inequalities, followed by a
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change of variables:

E[(A7,)] S E[(A7)/]
=ER/ﬁLxﬁﬁw&wng%—w&mnm%—wwwwf]
(/ﬁéMILTsylHQingi—mmmemwrwmmww)

—2
rJRAI

HU(UE(S,yZ H (HB s(i —yi)lg (xl)|)5_”|R(@)|dxdyds)2.

Recalling e *| R(222)| < |y1 — 2| " and the moment bounds (2.5.10), we

obtain

1
2
nAm<m(/AMHRsz%mmMMwwwm@

=3 u(r, t)2.

[SIS]

Following the same steps, we also have || B; ||, < [[(B°, ) I, Se2tp(r, t)e.

Combining the two bounds, we have

M\»—A

IX57 = X2 < B 5 (IS llp + 1B, llp) S Talr,t)? + In(r,t)2.

We can now apply Lemma 3.4.5 as in the previous proof to obtain (3.4.9). The
bound (3.4.10) then follows in the same way as in Lemma 3.4.6. ]

We can now use the estimates of Lemmas 3.4.6 and 3.4.7 to control

(n)
Mt(goggn)), X;#*, which allows us to conclude that both {; and X¢ belong to
C7([0,T],C%).

Proposition 3.4.8. Lerd >3, v € (0,3) and v <1 — 5 — 2.
(i) Then, there exists a version of U in C7([0, T, C%).

(ii) Let o be Lipschitz continuous, and let £ satisfies Assumption 2.0.1.

(a) Then, there exist p = p, ., > d, such that for any 5 < Bo(py.a)
the following holds

sup | |X°[lex(o,m1.60) |, < o0 (3.4.11)
€€(0,1)

I3
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(b) For sufficiently small 3 < B4, { X }ec(0,1) is tight in C7([0,T7,C?).

Proof. Let us denote with (; either U, or X;. We want to verify that { €

C,%"° and apply Proposition 3.3.7. Recal @™ = 2ndp(2n.) and let us apply

Lemmas 3.4.6-3.4.7 with test functions ¢\, For any v, € (0,1) and ap <

1 — 5 — 27, we obtain the estimates

sup [[{Goas £ S 270t — 1Pl
x€R4

sup H <Cr,t7 (pc(sn) - "ngn)> ||
z#yeR?

o S 270Dl — |,

Hence (3.3.6)—(3.3.7) are satisfied and both ¢4, and X} belong to C;%LO‘O with
| X EHc;%ao uniformly bounded in €. Choosing p sufficiently large and 3 <
Bo(p) small enough so that Lemma 3.4.7 holds, we can then apply Proposition
3.3.7 which yields (3.4.11) as claimed.

We proceed to prove the last statement ((ii)b). Given « and «, we can pick

real numbers 4" and o’ such that

y< <3, a<d <1-%5-29.
Since C*' is compactly embedded in C%, CY' ([0, T],C*") is compactly embed-
ded in C7([0,7],C*). Thus Ky := {X € C7([0,T],C*) : || X|lcv or1c0) <
A} is compact in C7([0, T, C%), for any A > 0. Given the uniform moment

bound (3.4.11), which holds for sufficiently small 8 < y(p+,o/), We have

E[ |‘X€‘|gw’([07ﬂ7ca’) :| < 1

AP ~ AP

PX® & Kn) = P([| X5 lev o,r7,00n) > A) <

Hence X* is tight in C" ([0, T'], C%). This completes the proof of the proposition.
0



Chapter 4

Homogenisation and the KPZ

scaling limit

In this chapter we present our results on the KPZ scaling limit, based on
[GHL24], joint work with Martin Hairer (MH) and Xue-Mei Li (XML).
We are grateful to Alex Dunlap and Yu Gu for discussions on this topic
and for suggesting that our proof may yield convergence in probability.

The original attempt on this project was based on alternative strategy,
partly inspired by [DGRZ20]. However, a key step of the proof was af-
fected by a mistake - which I am very thankful to my supervisors (XML
and MH) for spotting and their crucial help on restructuring our proof(s).
The new strategy here presented is based on a homegenisation idea due to
MH, which lifted our proof and unveiled a richer underlying structure,
allowing us also to prove a sharper scaling limit result. Most parts of the

proofs and exposition are verbatim to the article.

In this chapter we investigate the large-scale dynamics of the Kardar—Parisi—

Zhang (KPZ) equation on R? in dimension d > 3. The KPZ equation
Oh = §Ah + 3|VA[ + B¢, (4.0.1)

was originally introduced in [KPZ86] to model random interface growth. As
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mentioned in Chapter 1, the KPZ equation has been extensively studied given
its ability to capture the universal behaviour of many probabilistic models and
the mathematical challenges presented for a well-posed solution theory.
Typically, the mean zero Gaussian noise ¢ in the model has short range
correlations. In that case, we reviewed in the introduction that, in a number of
recent works [MU18, CCM24, DGRZ20, CNN22, LZ22], it was shown that
the large-scale behaviour of the KPZ equation in dimensions d > 3, in the
weak coupling regime, is described by the Edwards—Wilkinson model.
Whereas here, we still consider spatially coloured noise with long range
correlations of polynomial decay |z|~*, with the ultimate objective to explore
how these may affect the KPZ scaling limit in the supercritical regime d > 3.
Using the Cole-Hopf transform /. = log u to relate the KPZ to the stochastic
heat equation (SHE), we build on the properties and fluctuations theory of
SHE laid out in the previous chapters. However, a new crucial tool will be a
homogenisation result for the fundamental solution of the linear SHE (4.1.7),
which also allows us to consider fluctuations of general transformations ®(u).
Moreover, we are able obtain convergence in probability, unlike the case
of integrable correlations. Namely, under a suitable coupling, the noise driving
the limiting equation turns out to be the scaling limit of the noise driving the
KPZ equation. It is also interesting to note that our result on the KPZ scaling
limit aligns with the physics literature [KS99, KCDW14], which predicts a
Gaussian limit when x > 2. In the following section we review setup, main

results and structure of the chapter.

4.1 Main results

We begin by describing the assumptions on the noise £ considered here.

Assumption 4.1.1. The Gaussian noise £ is white in time and coloured in

space, obtained by convolving (in space) a space-time white noise W with a
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smooth function ¢ : R? — R_:

£(t,z) = g oz —y)Wi(ty)dy, (4.1.1)

such that its spatial covariance R(z) = [z, ¢(x+y)@(y)dy is nonnegative and

satifies the long range conditions as in Assumption 2.0.1.

Remark 4.1.2. For example, taking ¢ : R — R, behaving at infinity like
d(z) ~ |z|~ 2" leads to covariance R which satisfies Assumption 2.0.1. The
additional structural requirements of mollification and non-negativity of the
spatial covariance IR are technical: they are required only in Lemma 4.2.2 to

prove bounds on the negative moments of the solution of the linear SHE.

We now start by introducing the main scaling limit result. We write h for
the solution to (4.0.1), but with a slowly varying initial condition of the form

e21hy(ex), we rescale it by setting, for e € (0, 1],
he(t,x) = e "2h(t/e*,x/e) — LB2R(0)e 2 .
We note that /. then solves the rescaled KPZ equation
Ophe = LAh. + Le2 VA > — 132 R(0)e7172 + B¢ | (4.1.2)
with initial condition hy. Here £° is the rescaling of £ such that
E[€°(t, 2)€% (5, )] = 6(t — )= “R(:ZY) . “.1.3)

As noted before, under this scaling £° converges in law, as ¢ — 0, to a non-

trivial Gaussian limit £° with covariance
E[0(t, 2)E%(s,y)] = 0(t — s)|z —y| ™" . (4.1.4)

In order to formulate our stronger mode of convergence, it will be convenient to
upgrade this convergence to convergence in probability, which can be achieved

by Skorokhod’s representation theorem:

Definition 4.1.3. A coupling between the £° is good if, for every ¢ € C°(R4T1),
there exists a random variable £°(v)) such that £%(x) = £°(1)) in probability.
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With ¢ defined as in (4.1.1), a natural good coupling is given by
E(t,x) = W2 [ g((x—y)/e)W(t,y)dy . (4.1.5)
R4

Given the limiting noise £°, we write U for the solution to the corresponding

additive stochastic heat equation:
U = AU + BE° UO,-) = hg . (4.1.6)
Our main result is then the following.

Theorem 4.1.4. Let d > 3 and let & satisfy Assumption 4.1.1. For any p > 1,
and o < 1— 35, there exists a constant ¢ < 0 and a positive value y = (3 (p, @)
such that for any 3 < [y, for any deterministic initial condition hy € Cy(R?),

and any good coupling of the noise, one has, for any T > T, > 0

lim (k. (t, ) — 81750) =U,

e—0

in probability in LP([T,, T|,C*(E)), for any compact E C R,

We provide the definition and comment on the constant ¢ in Remark 4.1.9
below, whilst the proof of this result will be given in the very last Section 4.4.3,
building on the results stated next. In fact, along the way we will show
a fluctuations limit theorem for general functions ®(u) of solutions to the

multiplicative stochastic heat equation (linear SHE)
duu(t, x) = Au(t, x) + Bu(t, x)E(t, x) , u(0,-)=1. (4.1.7)

Since we are interested in its large-scale fluctuations, as before we write

u.(t,z) = u(t/e?, z /) for the diffusively rescaled solution, which solves
Ouc(t, ) = %Aua(t,x) + Ber tu (t, 2)€8(t, 1) | u:(0,) =1, (4.1.8)
with £° as before. We then have the following functional central limit theorem:

Theorem 4.1.5. Consider a map ® : R, — R satisfying Assumption 4.4.1
and let
WP(t,2) = &5 (O(ua(t, 2)) — E[D(u(t,2))]) .



CHAPTER 4. HOMOGENISATION AND THE KPZ SCALING LIMIT 97

With assumptions on d, R, p and o as in Theorem 4.1.4, there exists 3y =
BE(a,p) > 0 and vy > 0 such that, for all 3 < B3, for any T > 0,
and any good coupling, u® converges in probability to vel° in the space
Lr([0,T),C*(E)) for any compact E C R%. Here, U° denotes the solution to

the additive stochastic heat equation
U’ = AU + BE° Uu0,:)=0. (4.1.9)

Remark 4.1.6. Our class of possible transformations includes the Cole—-Hopf
transform ®(u) = logu, for which one has vs = 1. In this case we recover
the fluctuations of KPZ since h.(t,z) = &'~ 3 log u.(t, x) solves (4.1.2) with
flat initial conditions hg = 0. Hence, Theorem 4.1.4 essentially follows as a
special case, but we will require additional work to handle the general initial
conditions considered in Theorem 4.1.4. In fact, observe that Theorem 4.1.5
holds for uy = 1, and this is also the reason why we can consider the full time
interval [0, T'] in the convergence. We also note that, despite different attempts,
here we are only able to show convergence in weaker L” based spaces rather
than C7([0, 7], C%) as obtained in Theorem 3.1.5 for SHE. Given the presence
of the nonlinear transformation ®(u), is unclear whether such convergence
should hold. Concerning the effective variance, we discuss and provide the
explicit expression of vg in the general case in Remark 4.1.11 below. Finally,
we also note that, in the case of identity ®(u) = u, we recover convergence
in probability for the fluctuations of the linear SHE. Its unclear whether the
stronger convergence may hold even in presence of a nonlinearity in SHE (cf.

X*¢ decomposition in proof of Proposition 4.4.5).

The main tool to prove the above is a homogenisation result for the fun-
damental solution of (4.1.7). In order to formulate it, write w; , (¢, z) for the
solution to (4.1.7) at times ¢ > s with initial condition at time s given by

Ws (s, -) = &, which solves:

Wy (t, ) = Rs(x—y)+ﬂ/ /Rd P, (x—2)ws (1, 2) £(dr,dz) . (4.1.10)

Then, we have the following:
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Theorem 4.1.7. Let d > 3 and & satisfies Assumption 4.1.1. Then for any

p = 1, for sufficiently small 3, there exist stationary random fields Zand 7

such that, with j = % —1

P

| st 22 25,0

pts

< (14t—s)F(1+(1+t—5)2]z—y|) .
p
@.1.11)

A slightly more detailed version of this statement will be formulated as
Proposition 4.3.1 below. The field Z is the analogue of the pullback field
already appearing in [DGRZ21, CCM24, CCM20], which we obtained in
Theorem 2.6.1 as the limit Z (¢, z) = lim,_, o u®) (¢, 2), where u(*) denotes
the solution to (4.1.7) with initial condition 1 at time s. Our homegenisation
result seems related to analogue local limit theorems for polymers in d > 2
recently obtained in discrete and continuous settings, cf. [Gab23, Prop. 2.1],

[Jun23, Cor. 1.6], [NN23, Thm. 2.10] and [CCM20, Lem. 2.3].

Remark 4.1.8. 1t turns out that the field Z is related to the mass process of
w; ,(t, ) and given by “Z running backwards in time” (which motivates our
notations) in a sense that will be made precise below, see (4.2.3), Theorem
2.6.1 and equation (4.2.24). A shadow of the field 7 can be seen in the constant
¢ appearing in [DGRZ21, Eq. 1.6], whose inverse would correspond to the
expectation of Z (which in our case equals 1 as a consequence of the fact that
we consider noise that is white in time). More explicitly, these fields satisfy

the equations

Z(t,x) —14—5/ / P (z —2)Z(r,2)E(dr,dz) , (4.1.12)
Rd
Z(s,y) —1+5/ /}Rd oy — 2)Z(r,2) E(dr,dz) ,  (4.1.13)

with the stochastic integral appearing in the second expression being of back-

wards Itd type.

Returning to the Theorem 4.1.5, using the Clark—Ocone formula we re-

cover a divergence representation for the fluctuations of ®(u), which can be
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expressed in terms of the fundamental solution of (4.1.7). Relying on the large
time homogenisation of w, , from Theorem 4.1.7 and mixing of the stationary
fields, we are able to approximate the fluctuations of ®(u) by the fluctuations
of the linear SHE (Proposition 4.4.4), which in turn converge to /°. Having
quantitative estimates in C“ spaces (using the embeddings from the previous

chapter), we then prove Theorem 4.1.5.

We shall explain more in details the arguments in the relevant sections, the

rest of the chapters is organised as follows:

> In Section 4.2, we introduce the random fields 7 and 7 , we collect
for later sections some useful a priori bounds on these fields as well as
on transformations of the solutions to the linear SHE (4.1.7) and their

Malliavin derivatives.

> In Section 4.3, we prove the large-scales homogenisation Theorem 4.1.7

and the kernel/Skorokhod correction terms estimates required.

> In Section 4.4, we use the above to approximate the fluctuations of ®(u),
collect quantitative estimates for convergence in Holder spaces and then

use all of these ingredients to provide a proof of Theorems 4.1.4-4.1.5.
We conclude this section with some final remarks on the results.

Remark 4.1.9. Unlike what happens in the case of short-range correlations,
the constant ¢ in Theorem 4.1.4 is all that is left from the KPZ nonlinearity
since neither the covariance of the noise nor the coefficient in front of the
Laplacian end up being affected by the scaling limit. The constant is given by
¢ = Ellog Z] with Z = Z(0,0). Since EZ = 1 and Z has non-zero variance
by (4.1.12), c is strictly negative. The way one can intuitively understand
the presence of c is the following: since we start with a fixed e-independent
bounded continuous initial condition hq which looks quite different from the
stationary solutions (which exhibit oscillations of size about '~ %), the KPZ

nonlinearity and the renormalisation constant appearing in (4.1.2) don’t quite
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balance out initially. By the time the process has become locally sufficiently
close to stationarity, this imbalance has already caused it to shoot down by a

substantial amount.

Remark 4.1.10. It is also important to observe, while not the case in Theo-
rem 4.4.2 for general transformation ®(u), the centering E[log u.| for the KPZ
can be replaced by the fixed limiting constant ¢ = E[log Z] in Theorem 4.1.4.
This is because we are able to show E[log u(c~2t,0)] converges to c faster
than £2 !, the fluctuations scale, leveraging properties of the log transform (cf.

vanishing rate (4.4.24) in the final proof of the main theorem).

Remark 4.1.11. With the notations above at hand, one has vy = E[Z ®'(Z)]
in Theorem 4.1.5 where Z = Z(0,0). We will see in Lemma 4.2.4 that our
assumptions on ¢ guarantee that this quantity is finite. Given the dependence
of the pullback stationary solution Z on B, we note that v¢ actually depends
on 3 in general and that, as 5 — 0, vg converges to ®’(1). In the special case
®(z) = z, one has v = 1 and we recover the result of the previous Chapter 3,
at least in the case o(u) = u (linear SHE).

Note that the effective variance again differs from that obtained for the case of
integrable R in [GRZ18, MU18, DGRZ20, CNN22, LZ22, GL20, DGRZ21,

CCM24]. There, the effective variance v, is given by the expression

Vi =12 /R d R(x)E[Z(0,2)Z(0,0)]dx .

As observed for SHE, we note that in their works the fluctuation scale depends
on the dimension, while in our long-range correlations setting the fluctuations
scale °~2 depends on the decay coefficient x of the noise covariance. Finally,
as noted in the introduction, observe that in the case of linear SHE and KPZ

we have vg = 1, which is independent of 3.
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4.2 A priori bounds and stationary solutions

In this chapter we denote with u the solution of the linear SHE (4.1.7) and u(®)

denotes the solution to (4.1.7) with initial condition 1 at time s € R:

u(s)(t, r)=14+0 /t/ P (z— y)u(s) (r,y) &(dr, dy) . 4.2.1)
s JR4

These are the same pullback solutions (2.6.1) considered in Section 2.6 (here
we are in the case of linear o(u) = u), where we denoted with u*) (¢, ') the
solution that starts from time — K. We then showed in Theorem 2.6.1 that

these converge to the stationary field Z (¢, =) with rate

[u®(t,2) = Z(t, )| STAGE=5)7 (4.2.2)
We also consider the fundamental solutions w; (¢, ) solving (4.1.10) and

associated the mass process:
Cs (1) :/ W (t, ) dz | (4.2.3)
R4

which converges similarly to the backward stationary field Z (s,y). In Sec-
tion 4.2.2 we recognise an underlying cocycle structure and formalise this
duality relationship. But first, in the following section, we establish useful a

priori L? bounds and correlation estimates to be used later.

Remark 4.2.1. In the following sections we shall make repeated use of the fol-
lowing estimate based on Burkholder-Davis—Gundy (BDG) inequality which
we gather here for convenience. Given a time interval I = [a,b] and an
adapted random process f(s,y), by BDG inequality, followed by Minkowski

and Holder inequalities, for a universal constant ¢, > 0, we have the following

f(s,y)€(ds, dy)

H IxRd p

SRl

< g E

([ [ s - ds)gl @24)

<o [ [ M mlle, mlbRor - ) dys)
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4.2.1 A priori moments bounds

In the next lemma we gather moment estimates on w, 7 and the fundamen-
tal solution wy, appearing in Theorem 4.1.7. Some statements follow by
Lemma 2.5.2, but we reformulate them here for later use and consistency.
Crucially, now that we are considering the linear SHE, for sufficiently small
B, the negative moments of u are also uniformly bounded. To follows by
the approach of [CCM20], which generalises to when the mollifier ¢ is not
compactly supported. Control of negative moments has also been showed in

[HL22b, DGRZ20, CSZ20] in the case of compactly supported covariance.

Lemma 4.2.2. Assume that £ satisfies Assumption 4.1.1. For any p > 2, there
exist constants [5o(p) > 0 and C,, such that if 8 < Sy, the following holds for
the solution of (4.1.7).

(i) The solution of (4.1.7) has positive and negative moments of all orders:

sup |u(s, )|, < Cp, sup lu(s,z) M, < C,. (4.2.5)

5>0,0€R4 5>0,7€R4

(ii) Forallz € R andt > 0, u(t,z) € DP. The Malliavin derivative of u

is given by
D u(t,x) = Bu(s, y)wsy(t, x)1o4(s) (4.2.6)
and the process w satisfies the pointwise estimate

|wsy(t, z)|lp S Pies(z —y) - 4.2.7)

(iii) The process Cs ,(t) defined in (4.2.3) satisfies sup, Sup;= 0 || Csy (t) |lp S
1 and

2—k

[Csy(t) = Coy(T)ll, SBA+({EAT)—5) 7 (4.2.8)

Assertions (i)-(ii) also hold if we replace u by 7 , and one has

D, Z(t,x) = BZ(r, 2)w,.(t, 7)1 sy (r) . (4.2.9)
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Proof. The positive moment bounds in (4.2.5) follow from Lemma 2.5.2. Con-
cerning the Malliavin derivative, we note that by the mild solution formulation

we have u(t,x) = 1 + $0(v; ), where
V(1. 2) = Py (2 — 2)u(r, 2) L g(r)

Differentiating on both sides and using the commutation relation (2.2.7), it

follows that for s € [0, ¢] one has

D, yu(t,z) = BP_s(x—y)u(s, y)+6/ /Rd P, (x—2)D; yu(r, z) {(dr, dz) .

This shows that D, ,u solves the same equation as u itself, but with initial
condition Su(s, -)d, at time s, so that (4.2.6) follows by linearity.

The moment bound on w; , follows by the same steps as in the proof of
Lemma 2.5.2 (we omit tracking the same constants here). Consider wg?g (t,x) =

P,_s(r —y), and
wl D (t,x) = Prg(z —y +B//P”:c—z "(r, 2) E(dr, dz) .
Rd

Letting @™ (¢, 7) = w{ (¢, 2) — wl™) (¢, 2), by (4.2.4) one has
gw S,y Y Y y

@) (¢, )],
1

2
< BG, (/ /R;Zd ilj[Pt (= z;) Hw(n 1(7’ 2i)|lp )’Rzl—@ |dzd7">

< BCysupsup [|wl ™V (r, 2)]|, -

r>s z

Thus, for sufficiently small 5 < Gy(p), ne y converges to ws, as n — 0.

Moreover, again by triangle inequality and (4.2.4), we have
w22 S Pros(e —y) +
t 2
/82/8 /RZd R(Zl - 22) ( Hl Pt—r(x - Zl)ngg(& ZZ)HP) dzdr .

Given these bounds and Lemma 2.4.5, (4.2.7) follows by Lemma 2.5.1.
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The uniform control on the negative moments of « in (4.2.5) is a con-
sequence of the fact that log u(¢, x) has sub-Gaussian left tails, namely for

6 >0,

02

P(logu(t,z) < —0) < Ce™ 7 . (4.2.10)

The proof of (4.2.10) follows by [CCM20, Thm. 1.3], given that « is uniformly
L? bounded for any 3 < 3y(2). Their strategy to discretize and cut-off of
the mollifier ¢ does not require ¢ to be compactly supported. Then, all steps

carry through once noted that even with long range covariance [?, uniformly in

t >0,

t
Ezo) pe [/ R(BY — B®)ds B Iy R(B§1>_B<z))ds] < sup Eu(t,0)] <1,
0

B<Bo(2),
t>0

where Epa) pe) denotes the expectation with respect to Brownian motions
B% independent of £. The first inequality above follows by noting that, via
Feynman-Kac formula, one has an explicit expression for the second moment

of u (cf. [MSZ16, Lem. 3.1]):
E[U’<t7 O>2] = EB(l),B(Q) |:662 f()t R(Bgl)*B(Q)) dsi| .

Regarding the mass process C, given (4.2.7), the uniform bound follows

by noting
1Csu @l < / [ws y (8 2)[lp dz S / Fs(r—y)de=1.
R4 Rd

For (4.2.8), by definition (4.3.6) we have

Csy(t) — Csy(r) = ﬂ/ W (1, 2)€E(dr, dz) .

By BDG estimate (4.2.4), followed by (4.2.7) and (2.4.6) we can bound the

LP? norm as follows:

t 2
1C®) = Coa S [ [ TTlwstr 2l RGer =z d
T JR¥M o

t 2
S / / H Pros(zi = y)R(z1 — 22) drdz
r JR2
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t
g/(1+r—s);dr§(1+7—s)lg.

This implies (4.2.8), concluding the proof of (iii).

Regarding Z, we note that it solves the fixed point problem

Zta)=1+5 | / P )2 ) s, dy), @210

whence we conclude that
t
Dr,zZ(tv l‘) = ﬁPt_T(CB—Z)Z(T‘, Z)+ﬁ/ /d Pt—s(x_y)D’/‘,zZ(S7 y) g(dS, dy)
—oo JR

Since D, .Z(t,z) = 0 for r > t, assertion (4.2.9) holds. Since the bounds in

(1) are uniform in time, their extension to 7 follows. OJ

Remark 4.2.3. Here we proved assertion (iii) by first principles, which is
required later for showing homogenisation. In the next section we explore the
duality relation between the stationary fields, eventually recognising Z (s,v)
as the large time L? limit of the mass process Cs,. In view of this, we
note that (iii) can also be deduced instead using (4.2.2) from Theorem 2.6.1
and Proposition 4.2.6. For example (4.2.8) can be seen from the fact that

Cs4(t) = Zs_i(s,y) by Proposition 4.2.6, the law invariance of £ and (4.2.2),

obtaining

1Cey () = Coy(Mlp = 1 Zo-t(5,9) = Zo—r(8,9)lp = | Zsmt = Zs

SA4(tAT) -5, (4.2.12)

With positive and negative moment bounds in place, we can Malliavin
differentiate transformations of u and show that large scales de-correlations
(4.2.17) are preserved. These will later allow us to approximate fluctuations

through the homogenisation result.

Lemma 4.2.4. Assume V € C*(R, ) and that, for some M, q > 1, satisfies for
all 2 € Ry,
(W (2)] + [¥'(2)] < M(z7 + 27). (4.2.13)
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Then, for any p > 1 there exists ﬁéw’q(p) = Bo(p. d, R, q, M) such that for any
B < B (p), we have U (u(t,x)) € D' with

Dy [V (u(t,x))] = B (u(t, ))u(s, y)wsy(t, ©)Ljo(s), (4.2.14)
and the following bounds are satisfied:

W (ult, z)]l, S M, 1 (u(t, 2))||, S M, (4.2.15)

[1Dsy W (ult, )l S MP—s(x —y), [[¥(ut,2))l[prr S M, (4.2.16)

~

uniformly over s, t, x, . Moreover, uniformly over x € R% we have

sup |cov (W (u(t,z)), ¥(u(s,0))) | S M (1A ]z]*) . (4.2.17)

t,s>0

All the estimates above also hold with Z(t, z) in place of u(t, x). Finally, we

also have the following convergence rate
[0 (t,2)) = U(Z(t2))]p S LA (=) . (42.18)

Proof. For 3 < (y(pq), bounds (4.2.15) follow immediately from (4.2.5) and
the assumptions on W. Observe that 5y(p) is non-increasing in p.

Regarding the Malliavin derivative, to leverage Lemma 2.2.1, let us intro-
duce an approximation by bounded functions ¥,, € C} (R ) such that ¥,, = ¥
on [+ n]. Consider g, : R, — R, defined by

= + 2g2 for z € [0, 2],
x forz € [, n],
on() =
3n — 5-(x — 2n)? for z € [n, 2n],
\%n for z € [2n, 4+00).

Then, we let ¥,, := U o g,,. Note that g, € C} (R, ) approximates the identity
with sup, |0/, (z)| < 1 and compact range o, () € [5, 2n]. Thus, we have

U, € C}(R.) for all n. Moreover, we note that uniformly in n:

on(@)] < [z +1, Joa(a)| 7 < gy + 1.
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Then, given growth control (4.2.13) of ¥, for 5 < y(pq) we can also infer

sup [ Wn(u(s, ), S 1, sup W5, (u(s, 2))[l, S 1.

n>0,5>0,z€RY n>0,5=0,z€R4
Since u(t,z) € DY by Lemma 2.5.2, we have ¥, (u(t,z)) € DYP with
DV, (u(t,z)) = V! (u(t,z))Du(t, ) by Lemma 2.2.1. We let
Fr(’;) (t,z) = Dm(\lfn(u(t, :c))) — W' (u(t,z)) D, u(t, 2)
= 11 cyayenye (Vo (u(t, ) — V' (u(t, 2))) Dy zult, ).
Then, for sufficiently small 5 we use the moments estimates on u, V', ¥/ and

Du, to obtain

IESD (@)l
P({u < 1} U{u>n})5 |0, (u(t, 7)) = ¥ (u(t, 2)) ]3| Dr,-ult, @) s
< niiMPt_,a(:v —2).

By Minkowski, Holder’s inequalities and (2.4.7),

p

EllF i) ==[( [ /H DR(:1— 2 drdz) |
// HHF")t:cH Rzl—zZ)drdz>p

<ntMP // P (x —z)R(z — 2 drdz)’
( ; RMZI:! t—r( JR(z1 — 22) )
< CrMPn1L.

Thus, F™ (¢, ) — 0in LP(2,H) asn — oo. On the other hand, ¥, (u(t, z)) —
U(u(t,x)) in LP(Q2). Since D is closed, we conclude V(u(t,x)) € Dom(D)
and D, U(u(t,z)) = W' (u(t,z))Dsu(t, z). Then, given (4.2.6), represen-
tation (4.2.14) holds. Moreover, for sufficiently small /3, given (4.2.7) and
the uniform moments bounds on ¥’(u) and u, we have || D, .,V (u(t, z))|, <
MP,_.(x — z). Since the inequality constant is independent of (¢, x), we

estimate similarly to above

E[|D(u(t,2)) (¢, 2)[] / L. HHDM»P (t. o)y Rt — 2 drdz)
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p

o0 2 P
<( / / [[ 7o 2)RG1 — z)drdz)” <1,
0 JR GG

where we used (2.4.7). Combining this with (4.2.15), we have
W (u(t, 2))[pre < ¥ (uls, 2))|lp + DY (uls, )| o S M,

uniformly in s and x. This concludes the proof of (4.2.16).
Recall the Clark—Ocone formula (2.5.12). We apply it to ¥ (u(s,z)) €
D'? and estimate by the Cauchy—Schwarz inequality in the same way as in

Lemma 2.5.4, obtaining
|cov (W (u(t, z)), ¥(u(s,0))) |

tAs
<[ 1D a2l Dy Va5, O s — 22) i
0 R2

tAs
S M/ / Pi(x — 21)Ps—y(22) R(21 — 22) dr dz
0 RQd

so that (4.2.17) follows by (2.4.7).

It remains to show (4.2.18), for which we make use of the identity
V(u(t,z)) — W(Z(t,2))
1
= (u¥(t,x) — Z(t, z)) / U (0u) (¢, x) + (1 - G)Z(t,x)) db .
0

Using the fact that v is non-negative and the uniform a priori bounds on
positive and negative moments of u and Z, one obtains a uniform L2 bound
on [ W (Qu(t, ) + (1 — 6)Z(t, z))dd for sufficiently small 5. Thus, (4.2.2)

implies
1w (,2) = (Z ()l S MuO(E 7) = Z ()], S 1A (-5,

which is precisely (4.2.18), concluding the proof. [

4.2.2 Forward and backward stationary solutions

For the purpose of this section, it will be convenient to assume that the un-
derlying probability space €2 is the space of space-time distributions D’ (R4*!)

and that the noise ¢ is simply the canonical process.
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Recall u(*) (¢, 2) denotes the pullback solution (4.2.1) and the convergence
(4.2.2), which implies that Z is a random fixed point for the random dynamical
system generated by the stochastic heat equation (4.1.7). In fact, we can
recognize a cocycle structure underpinning our main homogenisation result, as
we will describe now. Our probability space admits a natural “time reversal”
involution R : {2 — ) and ““space-time translations” 7; ,: 2 — €2 such that,

formally

(RO (t,2) =&(~t,x),  (Tul)(s,y) =E&(s +ta+y),

with the obvious rigorous interpretations in terms of test functions. These
operations naturally yield linear operators acting on the space of random

variables A: 2 — R by
(RA)E) EARE) . (TraA)(E) = A(Ti8) - (4.2.19)

Since the law of ¢ is invariant under R and 7; ., the operations in (4.2.19) are
isometries for every LP ({2, P)-space.
We will repeatedly use the fact that, by uniqueness of solutions to (4.1.7),

one has the following.

Lemma 4.2.5. Foranyt € R, x € R one has TioR = RT_., and the

following holds almost surely:

w9 (¢, 2)(Tou8) = u(t,z +y)(€) ,
ul (t,2)(Tro€) = u ) (t + 7, 2)(€) . =

Given any random variable A as above, we then define the stationary
random fields

-

Alt,z) = T A, A(t,z) =T, RA . (4.2.20)

If we now define

Z= lim Z,, Z, = u(0,0) , (4.2.21)

S——00
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then we see that this definition is consistent with our notation since by Lemma 4.2.5

2(2&, x) := T¢.Z, defined as in (4.2.20), satisfies

=

Z(t,x) = lim u®(0,0)(T;.€) = lim w9 (t,2)(€) (4.2.22)

§——00 S§—>—00

- L (s)
SEI—noo Y (t7 I) ’

which is indeed the same quantity appearing in (4.2.2), as well as in (4.1.11),
by virtue of (4.1.12). With the notation above

Z(s,y) = ToyRZ = RT_syZ = R Z(—s,y) , (4.2.23)

so that

—

Z(s,y)(€) = lim ul”(—s,y)(RE),

r——00
which is indeed consistent with (4.1.13) via the change of variables r — —r
(and noting that such a change of variables does indeed turn It6 integrals into
backwards It6 integrals by simple Riemann sum approximations).

Let us now motivate why Z appears in (4.1.11). If it were the case that
ws,y(t7 ZE) = Pt—S(y - ZL’)Z(t, ZL‘)Z(S, y) )

then, as a consequence of the fact that EZ = 1 and the law of large number

we could recover Z by

—

Z(s,y) = lim Wy (t, z) dz .

t—o00 R4

We observe on the right hand side is the large time limit of the mass process
Cs4(t), defined earlier (4.2.3).

We are going to see below that indeed one has Z(s, y) = limy_,o C , (1),
indentifying the limit as previously claimed. In fact we will show more, namely

—

that with Z; as in (4.2.21), one has the exact identity C ,(t) = Z;_,(s,y).

Proposition 4.2.6. Under the conditions of Theorem 2.6.1, one has Cs ,(t) =

—

Zs—4(8,y), and

1o () = Z(s,y)lly S TA(E =) 7"
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Proof. By the definition (4.2.20), Z,_,(s,y) := TeyRZs—y = RT_,u*(0,0).
By Lemma 4.2.5,

Zoi(s,y) = Rul™D(—=s,y), tlgTolo Zoi(s,y) = Z(s,y). (4.224)

We shall use the method of duality. The basic observation is that if u
denotes the SHE running forward in time with initial condition u4 at some time
s and v denotes the one running backwards in time with terminal condition v;
at some time ¢ > s then (u,., v,), where the bracket denotes the inner product

on L?(RY), is independent of € [s, t]. Formally, this is because
O (t, vy = (Auy + &y, vy — (Up, Avp + Ev,) =0 . (4.2.25)

One can make this precise in the following way. Fix a mollifier p € C2°(R x
RY) such that [ p = 1and p(t,z) = p(—t,z) = p(t, —x). For any 6§ > 0, we
write ps(t, x) = 6 279p(t/6?,2/5) and we set &s(t, x) = (T;..€)(ps).

Fix then some initial time s and constant K5 and consider the solution

u®(r, z) to the random PDE

0 = LA + uits — Kb . w(s,)=0,. (4226

We also fix some final time ¢ and consider the solution v° to the random

backwards PDE
00 = =LA — Bui& + Ksv® , 00(t,) =1, (4.2.27)

At this stage we note that if we set 2°(r, 2) = Rv’(—r, z), then 7° satisfies the

forwards PDE
0,0° = AV + B°&; — K5t 0°(—t,) =1, (4.2.28)

At this point we note that (4.2.26) fits into the setting of [HL18, Thm 5.2] (in
fact, the regularity of our limiting noise ¢ is better than what is considered there
so some of the arguments could be simplified). Combining this with [HS23]
which shows that the BPHZ lift of £° to the regularity structure of [HL18,
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Sec. 2.1] converges as 6 — 0, we conclude that, provided that the constants K
are chosen appropriately, u° converges as § — 0 to the fundamental solution
w, . This convergence takes place in an exponentially weighted space that
enforces rapid decay of the solution.

By the exact same argument, one finds that 7° converges to u(~% as § — 0,
this time in a weighted space that allows for some slow growth of the solutions.

In particular, this shows that v° converges to

—

vp(z) = RulTY (=1, 2) = Z,_y(r, x) .

We conclude that, for any r € [s, t], one has

6—0

lim (u?, v?) :/ Wy (1, 2) Zpy (1, ) dat .
R4

On the other hand, it follows immediately from (4.2.26) and (4.2.27) that

(ul,v?) is independent of , as in the formal calculation (4.2.25). Since Z, = 1

ryrr

and Z o(t,+) = 1, equating the inner product at time s and ¢, it follows that

—

Zs,t(s,y) = /d ws,y(tv $)Zo(t,$) dx = CS,Z/@) )
R

which is precisely as claimed. The rate of convergence follows from (4.2.24)
and (4.2.2), as remarked earlier (4.2.12).
O

4.3 Homogenisation

The focus of this section is to prove Theorem 4.1.7. We are going to show this

by appropriately decomposing and estimating the quantity

oyt ) = el _ o (Z(t,x) . (4.3.1)

Pt—s(zfy)

The proof crucially relies on a kernel estimate and moment bounds on Sko-

rokhod correction terms that will be proved in Section 4.3.2.
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4.3.1 Proof of Theorem 4.1.7

By Proposition 4.2.6, we know that
< 2-K
1Cen () = Z(s,9)ll, S AL+ —s) 4.

Hence, since x > 2, Theorem 4.1.7 follows from the moment estimate on

psy(t, x) of the following proposition.

Proposition 4.3.1. Let = = — % Then, given p > 1, there exists B(p) > 0,

1
2

such that for < B, the following holds

19s4(t, )],
sup sup

: <B. (432
oy 2520 (1 4t —g) (1 + (1 +t—s5) 2|z —yl)

Proof. Let us consider W, (t,z) = ws,(t,x)/Pi_s(x — y). Since w; (¢, )

solves

Wsy(t, ) = Pt_s(a:—yH—B/t /Rd P, (v —2)wsy(r, 2) £(dr, dz) , (4.3.3)

one has the identity

t
Wsy(t,x) =1+ B/ / g5 (r, 2)Wsy(r, 2) &(dr, dz) (4.3.4)
s JRd
where ¢/ is kernel of the Brownian bridge starting from s at x and ending at
y at time ¢,
x, Pr_s(z—y)P—r(x—2 r—s
G (r,2) = P2 = P guonjumn (2 =y = 222 — ) -

(4.3.5)

On the other hand, integrating (4.3.3) over x, we obtain

Coy(t) =1+ 8 / /R Prs(e =y el dz) . (436)
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Asa consequence, we can wrte pg y as

Psy(t, @) = Wyy(t, ) (t)Z(t )

—1—1—5// 4o (1, 2)Wsy(r, 2) &(dr, dz)

+5/ /detrx—z Z(r.2) §(dr.d2) ) Coy (1) (4 57,
5 / / (@, 2) = Preyly — 2)) sy (r, 2) €(dr, d)
—ﬁ/ /detrx—z Z(r,2) €(dr, d=) Cy (8)

To treat the term Cj ,(t), we split the last integral into two parts, integrating

over r € (—o0, s) leads to a contribution proportional to

El._/ /demx—z Z(r, 2) €(dr, dz) Cs (L) - 43.8)

For the other region r € [s, ] , we rewrite it in terms of a Skorokhod integral
using the fact (cf. Proposition 2.2.2) that F' [ Gd§ = 6(FG) + (G, DF)y
with F = C,,,(t) and G(r, z) = P,_.(x—2) Z(r, 2)15,q(r). Moreover, C; ()
is F,-adapted and we obtain, writing J¢ for the Skorokhod integration:

/ /P (@ = 2)Z(r,2) €(dr, dz) Coy (1)
/ /det (& — 2)Z(r,2)C, (1) 6€(dr, dz)
[P 020 DR )t
- / | / Pry(z = 2)Z(r,2)Coy (1) €(dr, dz)
/ /Rd Pir(@ = 2)Z(r,2)(Coy (1) = Coy(r)) 56 (dr, dz)

/ / P (x — 20)Z(r, z1) D, .,Cs,(t)R(z1 — 22) dr dz .
R2d
Bringing all these back to (4.3.7) and given the definition (4.3.1) of p ,, we
obtain
Psy(t, )

3
ﬁ/ /detr psy(r Z>€(dr’d2)+ﬁE0_ﬁin, 4.3.9)
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where E; was defined in (4.3.8) and the other terms are given by
t
Ey = / /d (457 (r,2) = P_y(y — 2) — Pz — 2))Wsy(r, 2) £(dr, d2) |
s R
t
Ey = / / Pl — 2) 2 (1, 2) (Cuy () — Cuy(r)) O€(dr, d2) |
s JRd

t
B = / / Pry(@ — 20)2(r,21) Dyoy oy (DR (21 — 29) drdz
s R2d
We can now estimate their L” norms.

Given the uniform moments bounds, on C, and 7 , from Lemma 4.2.2

and the covariance estimate (2.4.6), for 5 < y(2p) we have

1B 5 || [ Poste = )202) 6l d2) |, [Cua®ly

/ /H (Pl = )1 20220 ) R <z1—z2>drdz)%

< (/ (1+t—r)" 2d7”> N(l—l—t—s)%ﬁ :
where we used (4.2.4) to estimate the stochastic integral of the first line.

For F, we note that by (4.2.7),
sup sup |wsy (¢, z)[l, $ 1
T,y t>s=0

Then, estimating moments via BDG inequality (4.2.4) as just done above,
followed by a change of variables z; — z; — y, r — r — s, and Lemma 4.3.3

below, we can bound Ej as follows for 5 < y(p):

1 Eoll
/ /RMH G5 (r,21) = Brs(y = 21) = P — 20)) X
R(z — z)dr dz>%
- Cp(/ot_s /R H (@720, 2) — Pru(2) — Pry( — y — 2)) ¥

1
R(z1 — z9)dr dz) ?
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By Lemma 4.3.2 below, for 8 < 51(3p) A Bo(3p) also the terms F, and Ej3
satisfy
[Eill, S (Q+t—s)", i=23.

Among the estimates, the worst decay rate is the bound on Ej, and we obtain
ZIIEHpN (t—sz—y),
where we denote the space-time weight
1
m(r,z)=(14+r)*1+(1+7r)2|z|) .
Finally, let us consider the weighted norm

Psy(l, T
Mo s s Pt
vy t>s50 M(t — s, — y)

We estimate the first term in (4.3.9) as follows:

H/ /R Pt = 2)psy (1, 2) €(dr, dz)
/ /RMH Pl = 2) s, 20) ) R(z1 = 22) dr )

p

N

§M</S (1+r—s)" 2#/RM(ﬁPt_T(x zz)>R(21—22)d7“dz)l
”diwaswwx

2
a <H |2 =yl Pl — Zi)>R(Zl — 22)dr dZ> 2
i1

T
=

1

< M(/t(l b —s) M1 4t—1)3 dr>§

N[

t K
+ M(/ (L+r—s)A+t—r)2(lz -yl +(t—71)) d?“d?") ,
(4.3.10)
where we used (2.4.6) and the fact that [, |2|*P,(z — x)dz < r + |z|? for the

second integral. For «, § > 0, we note

T
/ (1+7) 14T —7)"Pdr < (14 7) minld) (4.3.11)
0
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This follows by splitting the integration region. On the interval [0, 7/2], we
have T'— 7 > T'/2 and

/2 A+7) A +T -7 " Pdr SAQ+T) " PT <A +T)7,
0

while on [T'/2, T, we have

T
5 0

T oo
/ (1r) (14T —7) "1 dr < (14T)° / (14r)"F dr < (14+T)
Then, going back to (4.3.10), we apply (4.3.11) to both terms and obtain

H /: /Rd Py (= 2)pay(r, 2) €(dr, dz)

Hence, by the estimates above, for some C' > ( we have

SMm(t—s,z—vy).
P

1psy(t,@)llp < CBMm(t — s, —y) + CHm(t — s,z —y) .

Taking 3 > 0 such that O3 < 1 and 3 < 3,(3p) A Bo(3p), we deduce (4.3.2)

and conclude the proof. [

4.3.2 Kernel estimate and Skorokhod correction terms

We are now going to prove the Lemmas employed in the proof of our main ho-
mogenisation result. Note that the kernel estimate of Lemma 4.3.3 determines

the LP homogenisation rate.

Lemma 4.3.2. Let p > 1. With notation as in the proof of Proposition 4.3.1,
forany 5 < 1(3p) A Bo(3p), for i = 2,3, we have the following uniformly in
v,y €RYandt > s > 0:

2—kK
4

HEQ(Svt’y:x)HpS/B(l—i_t_s) )
1Es(s, t,y,2)]l, S B(L+t—s) 2.

Proof. Let us start with the Skorokhod correction term F£3. Similarly to
Lemma 4.2.2, where we obtained D, u(t,z) = Su(s,y)wsy(t,2)Lp4(s),
one has

Dr,zws,y (t, JJ) = Bws,y(n Z)wr,z (t; Jz)l[s,t] (T) 5
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so that, integrating over x,
D, .Cs,(t) = Pws,y(r, z)Cr,z(t)l[Svt](r) ) (4.3.12)

Therefore, the term Fs is given by
! —
Es = / / Piy(x = 21)Z(r,21) Dy 2, Cs () R(21 — 22) dr dz
s JR2d

t
= ﬁ/ / P (x—2)Z(r,z) Ws (1, 22)Cr 2y (F) R(21 — 22) dr dz .
s R2d

Using the moments estimates on 7 , w and C from Lemma 4.2.2, by Minkowski

and Holder’s inequalities, followed by (2.4.8), we obtain for 8 < [y(3p):

t
1Bally <5 [ [ sl = )l 20200 5) s (Ol Be1 — 22 dr
s JR

t

< 6/ / P (v — 21)Pr_s(22 —y)R(z1 — 20) dr dz
s JR2d

<BL+t—s)' 2.

To estimate the L? norm of E5, we use the continuity of the Skorokhod

integral ¢ : DYP(H) — LP(Q), cf. Proposition 2.2.3. Letting

Futay(r,2) = Pl = 2)Z(r,2)(Coy (1) = Cuy (1) 1 (r)

we have Ey = 6(F}, ). Therefore, dropping subscripts of F' going forward,
we have

1 E2llp S I E @) + 1DF || Lo memn) - (4.3.13)

We see that £ is a pointwise product of a Malliavin differentiable random vari-
able M and a deterministic element h € H. Namely, F'(r, z) = M(r, z)h(r, 2),

where
M(r,z) = Z(r,2)(Cay(t) = Coy(r)) . h(r,2) = Py(@ — 2)1pg(r) .
Given (4.2.8), we note that

2—K
4

1M (r, 2)lp S N Z(r, 2)llapl| Coy (1) = Coy (1) l2p S B(L 47— 5)
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With this, using Minkowski inequality, followed by (2.4.6) and (4.3.11), we

can bound the first term as follows:

P
| F || e .m0 / / (r,21)F(r, z2)R(z1 — 20) dr dz) 2}
RQd
1
< </ / HM<T7 21>M(r7 ZQ)H% h(h Zl>h<r, Z2>R(Zl — ZQ) deZ)Q
s RQd

< (ﬁ2 /:(1 +r— s)l_ 2 /RM P (v —21)P—(x — 20) R(21 — 29) dr dz)

1

55(/t(1+7~—s)1—5(1+t—r)—§d7~)5 <Bl+4t—s)T .

s

S

N[ =

For the derivative term, by Minkowski and Holder’s inequalities we have

HDF”LP(Q,H®H)

= E[(/ de<DM(r’ 21), DM (7, z9))3 h(r, z1)h(r, z2) R(z1 — 29) dz dr)g]

D =

N[ —=

/t/RQd [{DM/(r, z), DM(r, 22)>7-[||§ h(r,z1)h(r, z2)R(z1 — 22) dz dr)

2
// ) H | DM (7, ;)| Le0,20) D7, ZZ)>R(21 - ZQ)dZd’I")
R2

N =

We note that Z and (s are adapted, satisfying identities (4.2.9) and (4.3.12)

respectively. Then, by the chain rule,

D, :M(r, z)
=D, Z(r,2) (Coy(t) = Coy(r)) + Z(r, 2) Dyz(Ciy(t) — Csy(r))

= Bz (r, 2) Z(u, 2) (Cy y (1) — Cs (7)) Lo (w)
+ ﬁZ(T, z)w&y(u, 2) (Ou,i(t) - Cy E(T)) 1[8 7"]( )
+ BZ(r, 2)wsy(u, 2)Cy 5 (1)1 i) ( BmeﬂZ) (u,z) .

By Minkowski and Holder inequalities

||DM(T‘ z ||Lp Q,H) <

1
/ / I, 20) 8, )l R — 22) dz ) % 431D
7,k=1
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Given the a priori estimates from Lemma 4.2.2, for § < [y(3p) we have:

qu(ﬂ,lz)(uv 2)”1) SBPou(z=2)(1+r—5s) T 1 r}(u) )
Im (u, 2)|lp S Pucs(Z = y)(L+7 —u) 7 1 (u)
Im) (u, 2)|lp S Pu-o(Z = y) L ()

Hence, by Lemma 2.4.5, for j = k£ = 1 we obtain

/ /RM H”mrl (u, Zi)lp ) (21 — 25) dz du

S(A+r—s)'" / /de —zi))R(zl — Zg9)dzdu
<(A+r—s)'2.

On the other hand, by (2.4.6) and (4.3.11),

[zl lm 2l R ) dz

S(14+r—ys) = /(1 +7r—u) = P._u(z—21)Py_s(zo —y) R(Z1 — Z2) dz du

R2d

5(1+r—s)22“/(1+r—u) Fdu—s)Sdu<(tr—s)' 5.

Estimating in a similar way the other terms in (4.3.14) involving m7(~22) and m&?z),

we obtain
2—K
4

DM (r, 2)|r@30) S B(L+7 =)

With this, using again (2.4.6) and (4.3.11), we return to estimate D F":

[ DF| v @uem)
t K
S 5(/ (1+7r—s)'" 5/ P (v —21)P—p(x — 20) R(21 — 22) drdz dz dr)
s R2d

N

1

55(/t(1+r—3) S(14t—r) %dr)555<1+t—s)277“.

Gathering bounds back to (4.3.13), we obtain || Ex(s, t,y,z)||, S (1 +t —

s)*7" and conclude the proof. O
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Lemma 4.3.3. Let v € R% t > 0, P,(z) the heat kernel, and let
Hyo(r,2) = Prg—ry(z + 52) — P(2) = P (2 + 1) .

Letji=1— %, then the following holds:

Jilx) = / / <H i, 20)] ) Rz —2) dedr S (1) P (14 (140) )

Remark 4.3.4. Since P._p;(2 + 2) = qfi’f_s(r, z), this is really just a
quantitative way of stating that, when considered over a very large time interval,
a Brownian bridge is close to a Brownian motion near either end of the interval.
Furthermore, the integral J; is such that the contribution coming from the

“bulk” is small.

Proof. Let o = 2 such that i = (4§ — 1). By Lemma 2.4.5, we have J;, < 1
1
uniformly in ¢. Then, in the following we can assume ¢ > 21-a. We consider

three regions of integration,
Jt(aj) = JO,tO‘ (a/:) + Jta,tfta (.T) + Jt,taﬂg(i[f) y

where

to 2
Jt17t2 (Z‘) = / / (H |Ht,m(ra Zi>|)R(Z1 — 22) dz dr .
tr JR2 N

By changing variables z +— z 4+ z and r — t — r, we have Jy.(z) =
Ji—te 1(—x). Hence, it suffices to estimate Jy ;o (z) and Jyo ;4o ().
For Jio ;4a(x), since r € [t* t — t*], using (2.4.6) for each Gaussian

kernel:

t—t™
Jins o () = / / Hyolr, 20 / [Hyalr,22)| Rz — 22) d) diy di
e R4 R4

t—t* )
< / 7“5/ |Hi o (1, 21)| dzy dr < te(1=3) — 4=
t R4

In the remainder we estimate Jy ;. (z). For this, we split H; , into two
terms:

‘Ht,w<r7 Z)l = Htl,x(rv Z) + Ht2,z<r7 Z) )
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where
HY(r,2) = |Pogony(z + T2) = Po(2)],  H(r,2) = Br(z + 1) .
So that,
2 ..
Jote ( Z / /R2d Htx r,z1)H, (J)(r 29) R(z1—2) dz dr =: Z Jéfgi)(x) .

1,j=1 i,j=1

By (2.4.6) from Lemma 2.4.5, we have uniformly in z;:

/ (r,29) R(z1 — 22) dzg < (l—i-t—r)ﬁ.
Rd

1
Hence, recalling ¢ > 21—« for any ¢+ = 1, 2, we have

)

. ta I . K
Joia (@) < / (t—r)"2 9 H)(ry20) doydr < (8= 1) 2 S
0

~Y

We now need to estimate Jol 1)( ). We rewrite
) 1
Ht(,x)(ra Z) = ‘P'r(t—r)/t(z_'_%x) _PT‘(Z)| < / }80P 9T2 (Z+9%l’)|d9 .
0 e

Letting v = r?/t and w = rx/t, with 6 € [0, 1] we can compute

vz +0w]* (2, w) + 0lw]?

P, = P,
9 Prgul + Ow)| = ’2 (r—~6v) 2(r—06v)? r— Qv r-ou(2 + )
v vl wl?) | fzfw] + wl?
<
~ (r—v (r—v)? L— >Pr_9v(z—|—«9w) '

1
Givenr < t“and t > 21—, we have

v r/t

r—ov 1—7“/15'6150‘_17 fuwl <t al
v v _ |w| 7’|;1:]/t _
<t 1 = <t 1
(r—v)2 ~r2—2r0 "~ r—uv —r2/t " =l

Therefore, letting u = «(k/2 — 1)/2 = [1/2, we have the following bound

|89 P _gr2p(2 + 9§x)‘/PT_9T2/t(z +0%x)
Sttt (|2 22+ (|l 2| + 272 ]?)
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ST (|2 + ] |2] 4t w]?)
S ta—l + (t_l_zﬂ + toa—2)|$|2 _|_ (t_l ‘l‘ t—1+2u)|z|2

S ta—l +t_1_2#|l’|2+t_1+2u|2‘2,

where we used the fact that |z||z| < ¢72#|z|? +t?*|z|* and o« — 1 < —2u when

a < 2/k. Thus,
1
H)(r,2) S (1070 47172 a2 4 0720 2 2) / P, _gy2e(z + %) df .
0

In view of this, we have two contributions:

JED (@) < (4.3.15)

0,te ~

1 pte
(ta_l + t_1_2M|$|2)/ / / P _gr2/1(21 + 071) H75(,1$)(T7 29) R(z1 — 25) df dz dr
0oJo Jr2

1 pte
“_m“/ / / Prgrap(a1 + 050) 2| B (1. 22) Rz — 22) df dz dr
0J0 R2d

Employing Lemma 2.4.5, we now estimate the inner integrals uniformly in

0 € 10, 1]. By (2.4.7), it immediately follows that

ta
/ / P _gr2 /(21 + Hfsc)Ht(’?(r, 29) R(zy — 2z9)drdz S 1.
0 R2d
Since [, |2|*Pr(z + x)dz S 7+ |z|?, expanding Ht(;) via triangle inequality

and using (2.4.6), we have
ta
/ / 212 Pr—gr2 i (21 + 0%2) Ht(;) (r,29) R(z1 — 22) drdz
0 R2d
ta
= / / 2112 Pr_gy2e(z1 + 0%2) (/ Ht(i) (r,29)R(z1 — 22) dzg) dz dr
0 Rd Rd

</0 ((r = 0% + 022 1) ((r(t — 1) /)% + %)) dr

~

[

o
0

— tan/L + t2a7272u‘x’2 )
Bringing these estimates back to (4.3.15), we obtain

Jé}t,(})(x) < po=1 4 t*1*2“|:1:]2 + t2a73‘x|2 < gl t7172y|x|2 .
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Therefore, since max(1 — 5, — 1) < —2, we obtain

K
Joge () ST 2 407 47122 S g2

Combining the estimates of Jy ;o (2) and Jie ;4o (), we conclude the proof.

O]

4.4 The KPZ scaling limit

In order to prove our KPZ scaling limit, Theorem 4.1.4, we are now going
to consider general transformations of w (still as in (4.1.8), i.e. with initial
condition equal to 1) and prove the following (restatement of Theorem 4.1.5)

for the class of functions ® below.

Assumption 4.4.1. Let & € C*(R,;R) be a function satisfying for some
q>0,

|P(2)] + [D(2)] + |"(2)] S 2794 27, VzeR, . (4.4.1)

Theorem 4.4.2. Let d > 3, £ and © satisfy Assumptions 4.1.1 and 4.4.1

respectively and set
ul(t,z) =2 (P(ue(t, ) — E[®(uc(t, x))]) .

Then, given any p > 1, and o < 1 — %, there exists 3 (a,p) > 0 and vg > 0
such that, for all 3 < B¢ and any good coupling of the noise, the random
processes u® converge in probability to veld° in LP([0,T],C%(E)) as € — 0,
for any T > 0 and compact E C R?. Here, U" denotes the solution to the

additive stochastic heat equation

U = LAUO+ B, U0, =0.

The effective variance is given by ve = E|Z ®'(Z)], where Z denotes a real-

valued random variable with the same law as Z (t, z).
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The proof of this theorem will be given in Section 4.4.3 below. Given a

test function g : R — R and ® : R, — R, in the following we write

Yoo = [ (@t o) - B (u.(t,2))))g(a)do.
Rd
In order to prove Theorem 4.4.2, we first derive a divergence representation

for Y9 by using the Clark—Ocone formula.

Lemma 4.4.3. Let ® € C*(R ) satisfy (4.4.1), then for [3 sufficiently small,

Yoo — -5 / 2 /R d /R B[ (e (0, 2)) Dyt 2) ) o) E(ds, dy).
’ (4.4.2)

Proof. By Lemma 4.2.4 and Clark—Ocone formula

yea — / E[D., Y| ) €(ds, dy)
RxR4

—es | - [, [ ED.ptutto)iFlote) dre(ds. i)

and the claim follows from the chain rule (4.2.14). ]

The strategy of proof of Theorem 4.4.2 is then as follows. We use the
expression for the Malliavin derivative of the solution combined with the

homogenisation result to argue that, for 7 > s,
E[Dyy®(u(r, )| Fs] = BE[® (u(7, x))uls, y)ws, (T, )| F]
~ BE[®(Z(7,2)) Z (s, y)uls,y) Prs(x — y) Z(7,2)| F] .

At that point, we note that the process 7 is expected to mix relatively well and
that furthermore for |7 — s| > 1, Z(s, y) is F,-independent, of expectation 1,
and roughly independent of Z (7, x) so that one gets
E[D,,®(u(r,z))|Fy] = Bu(s,y) Prs(x — y)E[®'(Z(7,2)) Z(r, )] 443)
= Bu(s,y)Pr_s(z — y)ve .
The approximations are proved in the next subsection. With precise quantitative
estimates in place, in Section 4.4.2 we can show Y, converges towards U/°
in Holder spaces. This allows us to conclude the proof of Theorem 4.4.2 in
Section 4.4.3 and consider the KPZ equation with non-flat initial conditions to

finally prove our main scaling limit result, Theorem 4.1.4 .
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4.4.1 Quantitative approximations

The main result of this section is Proposition 4.4.4 below, which shows that
we can approximate Y7 by vg times the large-scale fluctuations of the linear

SHE which, by the mild formulation, are given by

t
K =2
X0 =p 8 [T [ Prano - yutsin) lg(a) do (ds,dy)
0 JrdJRre
(4.4.4)
using the same notation as in the previous chapter. Then, in Proposition 4.4.5,
we show that as ¢ — 0 these are close to the solution of the stochastic heat

equation (4.1.9) driven by noise £°, which can be written as

R
U(g) == Be'™ 3 /8 / / Py y(x —y)elg(ex) du (ds, dy) . (4.4.5)
0o Jre JRe

Since U¢ converges to the limit /°, we conclude that Y7 converges to vpld° as
in Theorem 4.4.2. We note that the strong convergence can be achieved in our
settings thanks to the decomposition of X* and estimates of Proposition 4.4.5.

Let us now recall the integral defined in the previous chapter

IRUENS (H|f e — ‘P-d)ryl—yﬂ-“dydx, (4.4.6)

which satisfies the scaling relations and bound of Lemma 3.4.3.

Proposition 4.4.4. Let p > 1. For (3 sufficiently small, for any test function
g € C.(RY) and t > 0, the following holds for any &, € (0,1):

1 2
||Y89 _I/@XEQH IIllIl( _5071 - ;) ’ (4‘4‘7)
with precise rate given by (4.4.12).

Proof. Recall (4.2.1), we denote with u(*) (¢, x) the solution of linear SHE for
t > s with initial condition 1 at time s. Without loss of generality, assume
e < tandlet 7 = t/e%. By Lemma 4.4.3 and the expression for the Malliavin

derivative (4.2.14), we can write

=1 [ [ | B atm o)uls,phny () £ lglex) dag(ds, d).
(4.4.8)
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Given the large times asymptotics, the homogenisation of w; ,, (7, ) and mixing
of the stationary process, the proof consists in approximating this fluctuations
expression through separation of timescales. Namely, given moments control,
the contribution coming from 7 — s < 7! is negligeable. On the other hand,

we let U(u) = ®'(u)u and for 7 — s > ¢~ we show
E[®'(u(T, 2))u(s, y)ws (1, )| Fs]
~ B[ (Z(1, ) )u(s, y)ws (7, )| F]
~ E[(I)’(Z(T, x))u(s,

<
—
vy
+
R
SN—
=
—
:A

~ Eu(s,y)Pr_s(x —y)Cs,
= Py — y)uls, ) W () (7,2)] ~ Pry( = y)uls, y)ve -

Define the following indicator functions to separate timescales:

XE (S) = 1[775—1,7](5) ) Yf-<5) = 1[0,775_1}(5) .

2

Then, to show (4.4.7), we write the conditional projection in (4.4.8) as

E[®'(u(r, 2))u(s, y)ws (1, )| Fs] — vo Pr—s(x — y)u(s,y) = Z Si(t,,8,9) ,

=1

where
St = (BI® (u(r, 2))uls, y)wsy (7, 2)|Fe] = voPr oz = yhuls,y)) X (s)

denotes the integrand on [0, T — 5_1] and, on the remaining interval, we have 4

terms:

Sy = E[(®'(u(r, @) = ' (Z(7,2))u(s, y)w,, (7, 2)| F] X5 (s)
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With this decomposition, we can express the difference as follows:

5
K
€,9 &9 __ 1-3
Y77 —ve X7 =P 2 g The

k=1

0 JRd JRd

Estimating the L” norms of S;, we show that each term Z; . in the decomposi-

where

tion converges to 0. Since, through BDG inequality as in (4.2.4), we have for

k=1,...,5,

- 2
el < [ [ (TS s llocol) Bl = o) dsdedy.
. (4.4.9)
where g.(z) = elg(ex).
By the moment estimates from Lemmas 4.2.2—4.2.4 (in particular (4.2.7)
to bound wj ), we have ||S1(7,,s,y)|, S Pr—s(x — y) provided that 3 is
sufficiently small. By Lemma 2.4.3, with § € (0, d) in (2.4.4), we have

—d jod
Pi(x) < s72|z°77. (4.4.10)

Inserting this bound into (4.4.9) yields

||:Z’-1,€H / /d HPT s\ T yz ‘%(%)DR(?A _y2> de.Tdy .
T—e~1 JR4

Recall that ¢t = £27. By the change of variables x; — cx;, y; — €y, s — €25,
and the fact that P, .2(z/c) = P, (z), we have

t 2
124, e||2 Se” H(Pt—s(l'i - Z/i)|g(xi)|>€_“R(yl€;y2) dsdzxdy .
t—e JRA L

Since e " R(¥=#) < |y1 — y2| ", using (4.4.10) with Jy < 1, we estimate

”ILEH;Q) / /Rd Hpt s Z; yl ’9($1)|>|yl—y2|_nd8d$diy
t—e JR4
2

5 é\’{_2/ o dS /4d (H |xZ 'L|6O_d |g(x1>|> |y1 - y2|_lkC dI dy
0 R4e

=1



CHAPTER 4. HOMOGENISATION AND THE KPZ SCALING LIMIT 129

S €N72€1750Jm,50(9) ’

where J; 5 is defined as in (4.4.6).
For 7, ., first apply Cauchy-Schwartz inequality, then the moment bounds
(4.2.7) and (4.2.18), we have

192(7, 2, 5, 9) |, < (197 (ulT, 2)
2—
S+

) = B (Z (7, 2)llpllws (7, ) 13
/i72
Pye—y) ST Pyw—y).
By a change of variables and (4.4.10) with §; < 1 as above, from (4.4.9) we

obtain

2
HIQ,EHZ S 5; / /R4d HPT s — Y !ge(xl)|)R(y1 — yg) ds dx dy
1=1

_ 2
S 8H72 / / (HPt s — Y |g(xz)‘> ’?/1 - y?’iﬁ ds dx dy
R4d 1
) -

e e 0 g s (g (4.4.11)

For the remaining Z; ., we shall make use of the fact that s < 7 — gL
Using the uniform moment bounds on ¥(u) = ®'(u)u and on u, and the

homogenisation result Proposition 4.3.1, we have

193llp S Prs(@ —y) [| s, (7, ) |2
1
SPz—y)Q+7-5)"1+1+7—5) 2]z —y|)
Se'Prs(x—y) + ez —y[Pros(z —y) .

Here = 5 — % and p, , is given by (4.3.1).

1
2

As for Z, ., the contribution from e*P,_s(x — y) can be bounded by
g"2e2 1= J 5 (g). The contribution from |z — y|P,_s(z — y) can be

estimated as follows:

T—e~ ! 2
62/t/ / (H |5L'z yz|P7— s( Z; yz)lga(l’Z)DR(yl — yg) ds dx dy
0 R N0

2

t—e
< 52“5“_2/ (t —s) " ds / (H i — | |9(l’i)|> ly1 — yo| " dx dy
0 R4d

i=1
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S T (9) -

We have employed again the heat kernel bound (4.4.10), with d, < § — 1.

Summing these up, we have:
I Zsc ]2 < e 2 (" s (9) + 12 Jn14a:(9)) -

For Z, . and Z5 ., we make use of mixing, separating Cs , and Z in indepen-

dent parts. We first apply the convergence estimate (4.2.18). For s < 7 — &~}

and ¢ > 1 we have

s+

N (Z (7, 2)) = U@ (), S AL+ 5(r — T LT

On the other hand, by (4.2.8) we also have

N
™

|Ca() = Coy(527) 4 S B+ L — )T

Therefore, for sufficiently small 3,

s+T

|Cay (MU (Z(r, 2)) — Coy (L)W (1, 2)) |y S 7T

2

We have used trinagle inequality and Lemma 4.2.2. Consequently,
ISilly S T Prosfa — )

This is the same estimates as for Z, ., therefore, ||Zy.||2 < e 2e2 =117 J 5, (g).
S+T

By the integral expression for C , in (4.3.6), C,,, (37) is of expectation 1
and independent of u* ) (7, x). In addition, both terms are F,-independent,

therefore we have

s+T

2 (1,2))|F] = ElCsy (SFD)IE (u (7, 2))]

E[Cyy(557) ¥ (u'

2

Using again the estimate (4.2.18), we obtain

—

1S51lp S Pres(a — )| () (7, 2)) — U(Z(r,2)) 1

SPm—y)(1+ir—s) T ST Pu(o—y).
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This is the same bound for Sy, hence | Zs .||2 < e 2e2 1191 J, 5, (g). Putting

all estimates together, observing that = % — % < ”Tz we obtain

1-6;

2 JH,51 (g)

N |—=

1 1-d2 1
10— X7l S &2 T (9)2 +em ¢ 2 Jerea(9)2)

4.4.12)
where d, 1 € (0,1) and 6, € (0, § — 1). The implicit constants are uniform
int,e > 0. We conclude the proof of (4.4.7). L]

Proposition 4.4.5. Let p > 1 and 3 sufficiently small. The following holds for
any g € C.(RY), t >0, and 0 € (2,k A\ (d + 2 — k)):

0—2 1-§ 1 1 1 1
o e 62 1-6(1 4 1 L -1
1X29 Uy S e 2 t 2 O T 0) Ty ans(9) Ts() 2 T 0)
(4.4.13)

Proof. Recall that XY is defined in (4.4.4) and Uf is defined in (4.4.5). In
the former, we substitute u(s,y) by 1 + [§ [ou Pser(y — 2)u(r, 2)€(dr, dz)

allowing to recover U (g) and an additional term:
Xi? =Ui(9) + B:(g) , (4.4.14)
where, with 7 = /&2,
= B2 2 /n/u//p/ P._(z —y) x (4.4.15)
R Rd Rd
— 2)u(r, 2) elg(ex)da &(dr, dz) &(ds, dy) .

We first show that B, converges to 0 in L?. By It0’s isometry,

=g [ HPTS 21— ) Pocalis — 1)) Bl — )

R(z — ZQ)E[U(T 20)ul(r, 20)] €2 g(ex1)g(ewy) ds dr dx dy dz .

Using the uniform L? bound on u and a change of variables as before'", we

obtain

mis [ [ [ HPM i = )P 4 = ) 2 R(222)

2

2

(I)Namely, T; > ETy, Yi > EYi, Zi — EZ, S F> € r, combined with

P,je2(z/e) = e?P.(2).

S, T — €
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e "R(#22)|g(x1)g(x2)| ds dr dx dy dz .

Using e " R(z/e) < |z|7" and the kernel bound (4.4.10) with ¢ € (0,1), we

obtain

t S
1B.IE < / / (t— ) (s —r) P drds Io(g) < £ I (g) |
0 0

where, with G(x) = g(z1)g(z2),

2
I5,.(9) = /Gd (H |95z‘—yi|6_d|%—zi|5_d>5‘%%(@)|Z1—22|_“|G(x)| drdydz .
RO M=t
Using (2.3.6), for 51 + B2 +d < 0 and 3; < —d,
/ ’y_z|/81|z_w’/82dz = Cﬁl,ﬁzyy_w|,81+62+d )
R4

we can integrate out the z; variables and obtain

d—d 1—Y2 20—k
iy —c/RM(Hm 7Y RO s — |G )] ey

Let us denote
K.(x) = e 2R(z/e)|x]|?~" .

We know that R(z) < |z|7?, for any 6 € [0, x]. Let us pick 8 € (2,5 A (d +
2—k)),sothat 0+rx—d < 2and we fix § € (1(6+r—d), 1). Then, uniformly
ine € (0,1),

K. (z) <72 |a]?0 . (4.4.16)
Note that, by the choice of ¢ and ¢, K.(x) is integrable at 0 and decays fast
enough at infinity to integrate it over the other kernels. In fact, by (4.4.16) we

obtain

o) s [ (Hm sl ) o — 1ol G )] dedy
R
= 8972J,€+972575(9) )

where J is defined as in (4.4.6) and bounded by Lemma ??, as long as § <
(k+60—26). This is the case, given that § < 1 (thus § < ;(x+6) as required).

Then, we have obtained
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D=

0-2
IBell2 S e 2 70 Jr0-256(9)

On the other hand, estimating the L” norms of X and U/* by BDG estimate

(4.2.4) and a change of variables as in (4.4.11) in the previous proof, we have

1B:llp S ||X”||p+ 14 (9) I

/ /RM HPT s(@i —yi)e 9(8x1)>R(y1 — Yo) dxdyds>
(/ /RM(HPt s\ i — Yi |9($z)’)\yl—y2|7”d8d:cdy)

1—

N [—=

A
N[

(=2}

A
oL s

1
t JH,5(9)2 )

By interpolation, for any 6 € (2,k A (d+2 — k)) and § € (3(6 + k — d), 1),

1X57 ~ U (@), = 1Bl < 1B} 1B ||2(p )

el S 1 L A
< 5 2p t (1 +p) n+9—25,6(9)2p<]n,5(9)§( _;) )

with implicit constants uniform in ¢, e > 0, concluding the proof. [

Remark 4.4.6. To obtain decomposition (4.4.14) we crucially made use of the
mild formulation of the linear SHE. The vanishing of B. in the limit is key
and it is what allows us to show strong convergence next. The decay, which
we could derive by trading some powers of ¢ to gain integrability of R(-/¢),

no longer holds in the case of integrable covariance.

4.4.2 Convergence in Holder spaces

We are now going to combine the approximation estimates of the previous sub-
section, which enable us to show convergence in Holder spaces through the em-
beddings of Proposition 3.3.7. Recall Definition 3.3.4 of the pre-embeddings
spaces, we are going to obtain convergence rate and uniform bounds in this

spaces, to be used in the next subsection for the proof of the main results.
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We follow notation as in Sections 3.3.1-3.3.2, with D C D denoting the set

of test functions g such that supp g C By and [ ¢ = 1, and their rescalings:

% (y) = A9y — ) .
We have the following:

Lemma 4.4.7. Given any oy < 1 — 5, p > 1, for sufficiently small j3, there
exist a = a(w, p, k) > 0, such that the following holds for any T > 0:

sup Yy — vold; [|oo < % (4.4.18)
0<t<T

In particular, for every a < oy — ;—Jl, there exists a > 0 such that

I sup [|Yy = vald;[lopll, < € (4.4.19)
0<t<T

NS

for any compact E C R%. Furthermore, for any v, € (0, %) ap < 1—5—2v,

and p > 1, one has sup.¢ g 1) [[U || 19,00 < 00.
’ P,

Proof. By the approximation rate (4.4.12), for g, 01 € (0,1), 62 € (0,5 — 1),
y pp 2

and = % — %,one has

1-§ 1 1 1
sup [V — va X7/llp S €7 Jusy(9)2 + € (le (9)2 + 15, (9)2>‘
te[0,T]

Recall from Lemma 3.4.3, we have J, 5(g) < M?247207%||g||%, where M is the

diameter of the support of g, and the scaling property (3.4.3):
Jes(92) = N0 Js(g) - (4.4.20)

Letg € Dand 6 € (0,1). Then the following holds uniformly in \ €
(0,1):

sup sup [|[Y7% — vp X7 ||, S eC2MN5 (J,5(9)7 + Jenis,(9)?)
t>0 geRd

< TN gl -

~
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Hence, for any ag < 1 — &, by picking(z) d = d(ayp) sufficiently close to 1 and
applying this to the test function gox (as fixed in Section 3.3.1), we have

sup sup sup 2" ||(Yy — V@Xf,gp;")”}p < el
te(0,T] n=1 geRd

which implies (3.3.6). Since the bound holds for any g € D, (3.3.7) is also
satisfied (cf. Remark 3.3.5). We obtain

sup ¥ — vaX{lego < €2
te(0,T] P
It remains to control || X7 — Uy [|ceo. Following the same steps as above, for
any € (2,k A (d+2—r))and é € (3(0 + k — d), 1), by Proposition 4.4.5
and the scaling relation (4.4.20), we have uniformly in A € (0,1):

sup sup ||X:’9¢—u5<gz>||pse%T P4) \ IR —0)3; A 2Bt o)1
zeR4 t€(0,T

S e AR gl

where we used the fact that < k.
For any ay < 1 — £, picking sufficiently high p(ag) > 1 and §(ap) < 1,

we have (0 — §)(1 + %) > «p. Then, by the same reasoning as above, we

obtain
0—2
sup || X7 — Ui ||lgeo Se .
te(0,T] P
Letting a = %min(l —0,1—= —) by triangle inequality we conclude that
(4.4.18) holds. The bound (4.4.19) follows by Proposition 3.3.7, as long as
a < oy — d

P
Regarding the bound on U{;, we note that the definition of £° implies the

scaling relation
U (92) = &' Uy ())7)

x/a

so that the required bound follows immediately from Lemma 3.4.6. [

@If ap > —4, canset § = o + 5.
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4.4.3 Proof of the main results

Lemma 4.4.8. Consider a good coupling for the £° satisfying Assumption 4.1.1.
Given a test function 1) € C°(R4) and t € R, write ¥,(s, z) = (s, 2) 14>y
Then, one has lim._,o £ (¢,) = £°(¢),) in probability.

Proof. Let x: R — R, be a smooth increasing function such that x(s) = 0
for s < 0and x(s) = 1 for s > 1, and set xs(¢) = x(t/0). Setting @f(s, x) =
Xs(s — t)1(s, ), we then note that, as a consequence of Itd’s isometry, one

can find a constant C' (depending on %) such that
E€*(d; — $,)° < €9, (4.4.21)

uniformly over all e € [0, 1], 0 < 1. Since &f is a smooth function, by coupling
assumption one furthermore has gs({pf ) — 50(1715) in probability as ¢ — 0 for

any fixed 6. Combining this with (4.4.21), by rewriting
€5 () — €%aby) = € (B, — ) + (€°(D)) — E°W)) + €Wy — ) .
the claim follows at once. OJ

With the Lemmas above we are now in the position to prove Theorem 4.4.2.

Write LP ([0, T],C%(E)) for the space with seminorms,

T 1
€l = ([ il dt)”
0

where the semi-norms of C*(E) are as in Section 3.3.1, cf. (3.3.2). We see
that for any v > 0, the space C7([0, 7], C*(E)) is continuously embedded in
17(0,7],C*(E)).

Proof of Theorem 4.4.2. From Lemma 4.4.7, given o < 1 — ¢, we pick p =
p(«) suffiently high such that, as ¢ — 0,

H sup ||Yy — Vq;UfHa,EH — 0.
t€[0,T] P

This implies that Y°—vgld® converges in probability to zero in LP([0, T}, C*(E)).
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It therefore remains to show that, for any good coupling, one has U/* =
U° in probability in L?([0,T],C*(E)). For this, we make use of [HL22a,
Prop. 3.12] which implies that it suffices to show tightness of the laws of {/*
and convergence in probability of 2/°(1)) for any test function ¢» € C°(R*1).
In Lemma 4.4.7 we showed sup.¢ (1 ||u5||C’YOﬂ‘XO < o0. By Proposi-

tion 3.3.7, we obtain for any 7' € (0,3) andany o/ < 1 — % — 27/,

SUP H”U ||C’Y(0T}Ca (E))H SRR
e€(0

Since C' ([0, T],C% (E)) is compactly embedded in C?([0, T], C*(E)) for any
~v € (0,7') and @ < o/, we conclude that the required tightness holds.
To get convergence of U°(v)), we note that U (¢)) = £°(P) with

(P)(s,y) = 515>0/ , Y(t, x)P—s(x —y) de dt
o Jr
so that the desired convergence follows from Lemma 4.4.8. [

We now have all the ingredients in place to prove the identification of the

large-scale limit of the KPZ equation given in Theorem 4.1.4.

Proof of Theorem 4.1.4. Given the initial condition h, let

Ve(y) = exp(e2 " ho(y)) — 1

and denote by wf,(t,2) = e %wq.c(t/? x/e) the rescaled fundamental
solution of the linear stochastic heat equation, recall (4.1.10). Since the initial

condition for u. is 1, it follows from the Cole—Hopf transform that

heltin) = = Flog(uclton) + [ f (o)) dy)
Rd
Since 2|log(z + y) — log(z) — y/x| < (y/z)? for x,y > 0, it follows that

he(t,z) — '~ 2 log ua(t>$)> e (ue(t,2)) ! /woy(t )b (y dy‘
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By the a priori bounds for u.(t, )~ from Lemma 4.2.2 and (4.2.7) and since

%2 ]loe < 271, we obtain for any p > 1

ottt [ wi o] <5 [ A -pay=ei

On the other hand, by Taylor approximating . (y), we have

1=(y) — €2 holloe S 772,

consequently,

5t ) (w000 dy= [ (b ol ) S 5

Combining these bounds, we conclude that

he(t,z)—e'"2 log (ug(t,x))—(ug(t,x))l/ wg, (t, ©)ho(y) dy

R4 p

As a consequence of the homogenisation Theorem 4.1.7, with y = % — %

for any p > 1 we have

lwy (8, 7) = Z(t/%, 2 /2) Z(0,y/)e™ Puyea (Z4) Iy
S (/)71 + (/) 26 o — y)eT Py (7Y

1
S+t 2|z —y[) Pz —y)

where we used the fact that =@ F; /.2 (%) = Py(x).
Given that hg is bounded and the uniform control of negative moments of

u, from Lemma 4.2.2(i), we obtain

| [ttt (w,0) = 20022 0/ ) 200,520 P22 ) o)

S et luZ (¢, fv)Hzp/ (L4t 2|z —y)) Pz — y)dy S et .
Rd

On the other hand, by Theorem 2.6.1 we also have

H Z(t)e2,x/e)
ue(t, x)

K
51
Sexm.

p

> 2—K K
1| S I ) sl Z (/2w ) = u(t @)y S T
p
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Combining the estimates, we obtain

H /Rd wa (t,x) f(o,y/g)Pt($ — y))ho(y)

uc(t, )

< e e
p
Hence, noting that 2;1 < £ — 1 and using the fact that ¢t > 7y > 0, we have
e
(4.4.22)

Let ¢ = E[log Z(t, z)], F(t) = E[log (u(t,z))] and set F.(t) = F(t/?).

Then, we decompose h. as follows:

Aum—ekﬁbgwxam)—/'mekﬂ«x—ymaw

Rd

2
= U (1, :p)-f—/ Pi(z—y)ho(y) dy+R0,€(t)—|—Z R;.(t,x),
Re i—1

(4.4.23)

Roo(t) =" 2(F.(t) —¢)

Ry (t,x) = h(t,z) — el” 2 log (ue(t,x)) — / Z(O, y/e)P(x —y)ho(y) dy ,

Rd

Ry (t,x) = Ad(f(o,y/s) — 1) Py(z — y)ho(y) dy .

By Theorem 4.4.2 with ® = log, we know that v = 1 and u'°® converge in
probability to U° in LP([0, T],C*(E)) for a good coupling of &, where U° is
the solution of the stochastic heat equation (4.1.9) with zero initial conditions.
Hence, the first two terms in (4.4.23) converge in law to the claimed limit I/,
the solution of (4.1.6) with initial conditions hq. It remains to show that the
remainder terms R, . vanish in L?([T5, T],C*(E)).

Firstly, we show that for ¢ > 0:

|F(t) —¢| STAJt|E/2, (4.4.24)

Then, this implies | Ry . (t)| < 3 *¢'~2, which vanishes uniformly in ¢ > Tj

as € — 0. Recall that

F(t) — c =E(logu(t,z) — log Z(t, z)) .
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It follows that, by splitting into the v < Z and u > Z case,

—

P —e-p(E ) SRR

which in turn is bounded by 1 A [t|*~%)/2 by combining Theorem 2.6.1 and

Lemma 4.2.2(i). The trick now is to write

u(t,z) — Z(t,z) _ / 1—Z(0, )

u(t, ) u(t, x)

wWo 4 (t, ) dy

and to note that Z(0, z) is independent of both u(¢, ) and wo,y(t, ), so that the
expectation of this expression vanishes, and concluding the claim on | F'(t) — ¢|.
From (4.4.22), we see that || Ry . (¢, x)||, < £* uniformly in z and ¢ > Ty,
Hence, given that the bounds are uniform in space, integrating against any
spatial test function ¢ € D implies that Ry. and R . converge to zero in
LY([Ty, T],C°(E)).
It remains to estimate Ry.. We claim, for any § € (0,1), uniformly in

A€ (0,1),

< U (Fas(g?)? (4.4.25)
2

/ R (t, )¢ (x) da
Rd

By Lemma 3.4.3, for any g € D we obtain

(VB

sup
t=To

E_1y6+1-% o
SeFTIAITE S i)
2

/ R2,E<t7 x)gi‘(x) dl’
R4

As in the proof of Lemma 4.4.7, this implies that [ Ry (¢, -)|co0 S e2~! for
any op < 1 — g, uniformly in ¢ > 7. On the other hand, by the uniform
moments bounds, we know

sup
t=To

/ Ro.o(t, )9 (x) d
]Rd

S sup |[Roe(t,2)[p S 1
p t,x

Then, given o < 1%, picking p > 1 sufficiently large such that o« < ag— %, by

Proposition 3.3.7 and interpolation we conclude that, as ¢ — 0, for p € [2, 00),

sup ||\|R2,£(t, -)||a,E||p —0.
t=To
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Therefore, R, . vanishes in LP([T5, T'],C*(E)).
It remains to show (4.4.25), namely that Z(0, /) satisfies a law of large
numbers. We know that ~Z has constant expectation 1 and decorrelates in space

by (4.2.17):
A(0,y/e) = cov(Z(0,0), Z(0,y/e)) S T A"y .

Then, we compute the second moments and use (4.4.10) with 6 € (0, 1),

E[( /RdRQ,E(t, x)g?(x) dm)Q]

- /RM Ayi/e,y2/¢) H (—F)t(ﬂfz — yi)ho(yi)g;\(xi)) dx dy

i=1
2

Ser? /Rzld 1 — vl [ (i = wal* 192 (i)]) d dy

i=1
which implies (4.4.25), given definition (4.4.6) of J,._, 5. This concludes the
proof of Theorem 4.1.4.
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