SUBADDITIVITY OF KODAIRA DIMENSION DOES NOT HOLD
IN POSITIVE CHARACTERISTIC
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ABSTRACT. Over any algebraically closed field of positive characteristic, we con-
struct examples of fibrations violating subadditivity of Kodaira dimension.

1. INTRODUCTION

Throughout this note, a fibration is a projective morphism f: X — Y between
two normal varieties such that f,Ox = Oy. For fibrations between varieties defined
over the field C of complex numbers, Titaka [19] proposed the following conjecture:

Conjecture 1.1 (litaka’s conjecture [19]). Let f: X — Y be a fibration between
smooth projective varieties over C, with dim X = n and dimY = m. Let X; denote
the geometric generic fibre of f. Then the following inequality holds:

(Crm) R(X) 2 (YY) + 1(X5).

Considering the recent developments of birational geometry over a field of positive
characteristic, it is natural to ask if Conjecture 1.1 can be generalised to this setting.
It is important to notice though that, given a fibration f: X — Y, even assuming
that both X and Y are smooth, the geometric generic fibre X is possibly singular
and not even reduced if f is inseparable. Thus litaka’s conjecture can be posed in
two different versions (cf. [40, Conjecture 1.2 and 1.4)):

Question 1.2. Let f: X — Y be a fibration between normal projective varieties
over an algebraically closed field % of positive characteristic, with generic fibre X,
and geometric generic fibre X;. Do the following inequalities hold?

(1) (Strong form) k(X) > k(Y) + r(X,,).

(2) (Weak form) x(X) > k(YY) + (X5).

Since in positive characteristic resolution of singularities has been proved only in
dimension not greater than three [11, 12], we use a notion of Kodaira dimension
that is independent of the existence of resolutions, see Definition 1.3. If X denotes
the normalisation of red(Xj) (the reduced scheme structure of Xj) and p: X} — X,
denotes the natural morphism, then by [34, Theorem 0.1] there exists an effective
divisor €' on X} such that Kxv = p*Kx, — C. Using this result, we have

R(Xp) < K(X,).

This is the reason why the strong implies the weak form.
Our main result is a series of counterexamples to the strong form of Question 1.2.
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1.1. Previous work on litaka’s conjecture. According to Mori [25, §6], before
the work of Ueno [36] and Viehweg [37] appeared, Conjecture 1.1 was widely believed
to be false, probably because of the existence of non-algebraic counterexamples (cf.
[27, Remark 4]).

Over the last few decades, many important cases of the conjecture were solved
(37, 38, 39, 21, 22, 23, 24, 16, 1, 7, 6, 5, 18], and, in particular, it is known to hold
true if (1) dimY =1 or 2 [22, 5]; (2) X has a good minimal model [23]; (3) Xj; is
of general type [24]; (4) Y is of maximal Albanese dimension [7, 6, 18].

The positive characteristic version has been answered affirmatively for fibrations
with smooth geometric generic fibres with relative dimension one or with dim X = 3
and p > 5 [10, 15]. One of the advantages of assuming that X5 is smooth lies in
the fact that, under some additional conditions, f,w¥ Jy 18 weakly positive [28, 13].
Question 1.2 has also been studied without assuming that X is smooth. Patakfalvi
proved (), ,, when Y is of general type and X; has non-nilpotent Hasse-Witt ma-
trix [29]. Assuming that Kx is nef and some other additional conditions, the fourth
author [40] proved that F*( f*w%y ® w1 contains a non-zero weakly positive

subsheaf. This plays a similar role as fiw¥ Iy does when studying litaka’s conjec-
ture. The fourth author studied fibrations with singular geometric fibres and proved
subadditivity of Kodaira dimension for three-folds over an algebraically closed field
of characteristic p > 5, assuming that Y is of maximal Albanese dimension, which
implies the abundance conjecture for minimal three-folds X with ¢(X) > 0 [42, 41].
The arguments in [42] heavily rely on results of the minimal model program [17, 2, 4],
among which, an important ingredient is the fact that the relative minimal model
over an abelian variety is actually minimal, as a consequence of the cone theorem
[4, Theorem 1.1].

Definition 1.3. Let X be a normal projective variety over a field K which is not
necessarily algebraically closed and let D be an integral divisor on X. The D-
dimension k(X, D) is defined as

| —x if /mD| = 0 for all m € Z~o,
R(X, D) = { max{dimy, ®,,,p|(X) | m € Z>o}  otherwise.
Let Kx denote the Weil divisor corresponding to the dualizing sheaf wx, namely,
Ox(Kx) 2 wy. Ifo: Z — X is a birational morphism of normal projective varieties,
then o./mKz| C |mKx|, hence k(Z,Kz) < k(X,Kx). We can thus define the
Kodaira dimension of an irreducible proper K-scheme X to be

K(X) :=min{k(Z, Kz) | Z is a projective normal birational model of red(X)}.

It is easy to see that x(X) is a birational invariant and coincides with the classical
definition of Kodaira dimension if X admits a smooth birational model.

For a fibration f: X — Y between normal projective varieties, the generic fibre
X, is normal, hence k(X)) is always well defined and equals x(Xj;) if X, is smooth
over k(n).
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1.2. Description of the paper. We present two constructions of counterexamples
to the strong form of Question 1.2. The original counterexamples are due to the
authors PC, SE and LZ; these are global in nature. We describe them in Section 2.
Analysing the generic fibre of the global examples led JK to more local ones. We
describe them in Section 3. We decide to write these up together since, although
ultimately they are about the same objects, the two approaches explore very different
aspects of it.

The first one stems from the fibre products of a Raynaud’s surface f: S — C
over a Tango curve C, which satisfies that f,wk Jo are anti-ample for all [ > 1. We

show that, for sufficiently large m, the fibre product X has negative Kodaira
dimension by verifying that fﬁm)wf)((m) ~ (@™ fuwl /C) ® wh, are anti-ample, where
fm . XM = §x oS xe---xaS — Cis the induced morphism. Then for a suitable
choice of my, the fibrations X (™) — X O for | < m provide the desired examples.

The second construction is obtained by considering the product G™ of a regular,
but not smooth, curve G defined over the function field K = k(t), with arithmetic
genus p,(G) > 1. We show that for some sufficiently large integer n, the product
G™ is birational to a Fano variety. We may do a base change and obtain a fibration
f: S — C from a surface S to a curve C of genus ¢g(C) > 2 and such that x(S) >0
and the generic fibre F is isomorphic to G @y K(C). If, as above X (™) denotes the
(m+ 1)-dimensional fibre product of S over C' then, for a suitable value of my when
the generic fibre of X(™0) — (' is birational to a Fano variety, we have that X (")
has negative Kodaira dimension, so that we obtain a desired example similarly as
above.

We will see that the first class of examples are special cases of the second class.
We present both the two constructions because the computations are different. In-
deed, the first construction requires that C' is a Tango-Raynaud curve while the
computation is easy and direct, and the second construction is more general while
the computation is subtle but reveals more information and yields examples of lower
dimension. More precisely, for every characteristic p > 3, we get counterexamples
of dimension < 2p — 1, and for p = 2 we get examples of dimension four.

In both sets of examples the base spaces of the fibrations are uniruled varieties
and the geometric generic fibres are singular. In characteristic p > 0, it is still
reasonable to expect that the strong form of subadditivity of Kodaira dimension
holds when the base is not uniruled, inspired by both the results and the techniques
in [42, 14], and that the weak form always holds, inspired by the results in [10] and
the positivity results in [28, 13].

At the end of this note (see Section 4), we describe an example due to Tanaka
[33] to show that a logarithmic version of subadditivity of Kodaira dimension does
not hold true for some surfaces over non-algebraically closed fields.
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2. THE FIRST CONSTRUCTION

We shall present the first construction in this section stemming from Raynaud’s
surfaces. For the convenience of the reader, we include all the details.

2.1. Tango—Raynaud curves. We work over an algebraically closed field & of char-
acteristic p. We begin by recalling the notion of a Tango—Raynaud curve, introduced
in [26]. A smooth projective curve C'is a Tango-Raynaud curve if there exists a line
bundle L on C' such that L” = ws and the map

H' (C,L™") - H" (C,L™?)

induced by the Frobenius morphism is not injective. As explained in [26, §1], [35,
Lemma 12] implies that C' is a Tango—Raynaud curve if and only if there exists a
rational function f € K(C) such that df # 0 and each coefficient of the divisor (df)
is divisible by p.

Example 2.1 ([26, Example 1.3]). Fix e > 0. Let C C P? be the plane curve
defined by
yPre _ YXpe—l — Zpe—l)(7

where [X,Y, Z] are homogeneous coordinate of P2. Let U = C N{X # 0} C
Spec kly, 2] with y = X,z = Z. Then U is defined by y** —y = 2*"! and C =
U U {o0 :=10,0,1]}. In particular, we have

—dy = —2P?dz

on U. Thus, we is generated by dz on U. Since the degree of C' is pe, we have
degwe = pe(pe — 3), and (dz) = pe(pe — 3) - (c0). It follows that C is a Tango—
Raynaud curve.

2.2. Raynaud and Mukai’s construction of algebraic fibre spaces. We only
use a special case of Mukai’s construction [26]. Fix a Tango-Raynaud curve C
as in Example 2.1 and let D = e(pe — 3) - (00) so that K¢ = (dz) = pD. As-
sume e is prime to p. We can regard dz as an element of H°(C,B'(—D)) where,
if I denotes the Frobenius morphism on C, then B! is the image of Fy,O¢
through Fe,.(d): Fo,0c — Fo,Qf. Thus, dz induces a non-zero element £ €
HY(C,Oc(—D)) lying in the kernel of the map

H'(C,0c(=D)) = H'(C,Oc(—pD))

induced by Fg.
Thus, ¢ corresponds to an extension

(1) 0= Oc(=D) =& Oc — 0.
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We define P = P(€) (:= Projo, @;5 S°€) and let g: P — C denote the natural
projection. Let T' be a divisor corresponding to Op(1) and let £ C P be the section
of g corresponding to . Then T'|g ~ 0. Since T' — F is relatively trivial over C,
applying g. to the exact sequence

(2) 0— Op(T—E)— Op(T) — O — 0,
we obtain (1), which implies that T'— E' ~ —¢g*D. Thus,
(3) E~T+g*D and E? = deg D.

If we set P := P(F}E), then we have the following commutative diagram:

(4) P!

F
FP/Cl \’:

Plﬂp

w
N
ct—C
Fo

where Fp/c denotes the relative Frobenius morphism. By the choice of £, we see
that the pull-back

(5) 0 — Oc(—pD) — FLE — O — 0.

of (1) by F¢ splits. The splitting map F5E — Oc(—pD) induces a section G' C P
of gi: P, — C'. Since FiE — O¢ induces the section W*E, we have

G' ~W*E — pgiD.
Set G := Fp)c*G". Then we get
(6) G ~pE —pg*D ~ pT.

We may choose e so that there exists a positive integer [ which divides both e and
p+1. Let e :=¢ r:=22 and D' := £ = ¢/(pe — 3) - (00). Then
G+E~{p+1)T+g¢'D=10T+gD)=IM,

where M :=rT + g*D’. The equivalence yields a cyclic l-cover w: S — P branched
over G + E such that S is smooth. We use the following notation:

™ g9
S P20
f
By an easy calculation we have
KS/C ~ 7T*(Kp/c —+ (l — 1)M)
(7) ~m(=2T — gD+ (I - 1)M)
~m((p—1—=r)T)— f*D".



6 PAOLO CASCINI, SHO EJIRI, JANOS KOLLAR, AND LEI ZHANG

Let ¢ := p—1—r. Then, for all positive integer n such that ng > r(l — 1), we have

-1
fewsio = gs (OP (n(p—1-1T-ng'D) e P Os(—z’M)>
=0

-1

9:0p ((ng —ri) T — (n+1)g" D)

o~

1%

1=0
-1

I

SMTIE(—(n + ) D).

o

Lemma 2.2. Assume that | > 1. If {l,p} # {2,3} then Kg is ample, otherwise
k(S) =1.
Proof. By (7), we have that
Kg ~7*(qT) — f*D'+ K¢
~ " (qT) = f*D' + f*(pD)
=7 (¢(T+9"D) +g"((p —q)D — D))
~ 7 (qE +g"((p +1)D")).

Note that F is nef and big because E? > 0. Therefore, if {I,p} # {2,3} then ¢ > 0
and K is ample; otherwise ¢ = 0 and then x(S) = 1. O

2.3. Fibre products of Tango—Raynaud—Mukai surface. We use the same
notation as in Section 2.2. Pick a positive integer m. Let X := S x¢--- xS be
the m-th fibre product of S over C. Then X is a Gorenstein integral scheme, as
each X — X0~V is a flat morphism whose every fibre is a Gorenstein (integral)
curve. Denote by f(™: X(™) — (' the natural fibration and by p; : X™ — S the
projection to the i-th factor. We then have

m
*
Wxm) o = ® piws/c-
i=1

Using the projection formula, for any positive integer n such that ng > r(l — 1), we
get

(8)

Fmwt oy = fMw 1o @We

= <® f*wg/c) ® we
o ( @ ( ® S"q”j5>> ® O¢ ((npl —mn — i@) D’) )
0<in,+im <I=1 \1<j<m j=1

It follows that
Lemma 2.3. For m > pl, the dual (ffm)w?((m))v is ample. In particular,

H(X(m), KX(m)) = —OQ.
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Note that for m > 2, the variety X is singular and, if Z C S is the non-smooth
locus of f (i.e., Z = Supp(G)), then (X)), C U1<i<j<mp;1(Z) Np;'(Z), which
is of codimension 2. Moreover the Serre condition S, is satisfied, hence X (™ is
normal. As showed in the Introduction, we have

Theorem 2.4. If m > pl then x(X(™) = —oo0.

2.4. Counterexamples to subadditivity of Kodaira dimension. We use the
same notation as in the previous sections. Let mg(p) be the maximal integer such
that x(X™0(P)) > 0. Lemma 2.2 and Lemma 2.3 imply that 1 < mq(p) < pl.

For any 1 < m < mq(p), we have the following commutative diagram

X (mo(p)+1) ___, Y (mo(p)+1-m)

|

X (m) C

Notice that since X(™ — (' is separable, the generic fibre of X (mo®+1) _ x(m)

is isomorphic to XT(,mO(p @ k() K(X™)) and hence has nonnegative Kodaira
dimension.

In conclusion,
e For p > 3, we take [ = 2 and mq(p) < 2p. The fibration h: Y mo®)+1) _ y(m)
with dim Y (me®)+1) < 2p + 2 violates subadditivity of Kodaira dimension

Cmo(p)+2,m+1-
e For p = 2, we take | = 3 and my(p) < 6. The fibration h: Y(mo®+1)
Y™ with dim Y (me®+1) < 8 violates subadditivity of Kodaira dimension

Cmo(p)+2,m+1~
3. THE SECOND CONSTRUCTION

In this section, we introduce the second construction by considering the product
of a regular but not smooth curve over a non-algebraically closed field.

3.1. Product of an algebraic curve. Let k& be an algebraically closed field of
characteristic p and let K = k(t). Fix positive integers ¢ = p” and m > 2 such that
p 1 m. Denote by K the algebraic closure of K.

Let G be the regular, projective model of

Gy = {u? = 2™ +1t} C A2, = Spec K[z, u].
Thus, G' admits a purely inseparable cover 7: G — Pr = A} U A} where A} =
Spec K[x] and A, = Spec K[y] with = i In particular, G is obtained by glueing
G, with G, which is the normalisation of
{(L+ty™)" =y™} CAJ, = Spec K[y, v]

where v = 1. Note that G, is smooth and G, is smooth outside {z = 0}.

The curve G is normal outside {x = 0} and the normalisation of (G,)x is given
by

(Ga)% = Spec K [z] = (Gy) g = {u? = 2™ +t} C Spec Kz, u] 2z (x=2%u= zm—i-t%).
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It follows that if a, ¢ are positive integers such that am — cq = 1, then
z=1x(u— t%)“.

Let G™ be the n-th fibre product of G over Spec K, and let 7": G™ — (PL)" be
the corresponding product map of 7: G — P},. Note that 7™ is purely inseparable.
Let y = (41, ,¥a) and let AY = Spec K[yi, ..., yn] C Pk where the immersion is
given by

(ylv' o 7yn> = [17y17 T ,yn]
Let (G,)" C G™ be the pre-image of Ay and let Y (n,m, ) be the normalisation of
P% in K(G™). Then Y (n, m,q) admits a finite and purely inseparable cover over P;.

We often denote Y (n,m, q) by Y for simplicity. We have the following commutative
diagram

G" <—(G,)"¢ Y m Yi<~—Z2;
L”n l l(ﬁ qu%
(Pio)" =——Ay P —— P

where v: Zig — Yk denotes the normalisation map. Note that the variety Zz
can also be obtained by normalising P% in K(G7%). With the above notation, we

have that K(G%) = K(Zg) = K(z1, -+ ,2,) and the morphism v¢: Zg — P7% is
determined by the homomorphism between their function fields
(9) UKy ) = K m) pie
Therefore, Zx = P

We now want to prove that if n > m(q — 1) then Y is a Fano variety with
canonical singularities. The strategy is to consider the pull-back v*u*Ky = v* Ky,

on Zf, which is equal to Kz, plus the conductor. The key point is to compute the
conductor. Note that Y is smooth over the pre-image of Ay.

Let Y be the normalisation of P% x A} in K(G™). Then we get a fibration ) — A}
with the generic fibre Y. Our goal is to study the singularities of ). To this end,
given non-zero integers my, ..., m,,_1 which are relatively prime to p, we denote by

A"/%(l,ml, e ,mn_l)
the quotient toric singularity defined by the fan

(10) =) Rs-e;CN'®R
i=1
where ey, ..., e, denote the standard basis in R and N":= """ Z-e; +Z- 5(61 +
mieg + -+ - + mn_len).
Proposition 3.1. Etale locally, every singularity of Y is of the form
(11) A"/%(l, mi,...,Mp_1) X A' where my,...,m,_1 € {1,—m}.
Proof. Over an open set of A7, we have that (G)" is defined as the normalisation
of the variety given by the equations

ul =y; ™+t for i=1,...,n.
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Let Yy, ..., Y, be homogeneous coordinates on P" so that y; = Y; /Yy fori =1,... n.
In order to extend the equations above to P, we write m = aq —r where 0 < r < ¢,
we multiply u! = y; ™ + ¢ by Y*? and set V; := «;Y*. Thus, we get the equations

(12) VI=Y"Y +tY" for i=1,...,n.
We can view these as defining a complete intersection subvariety
X C ]P’(lgﬂ,aﬁ) x Al

Then ) is the normalisation of X.

Since Y is smooth if Y, # 0, we are only interested in the singularities along
{Yo = 0}. By symmetry, it is enough to consider the affine chart Y, # 0. Let
Ui = Y% and v; = w;y;. Then, for i = n, (12) becomes v! = g§* + t. Thus, we can
eliminate ¢ from the other equations in (12) and get

of = GG+ vl — R for i=1,...n—1

in A7 o X AD . Setting v; = v; — v,y yields

(13) vl =glgi(l—gr) for i=1,....,n—1
: n n—1 1

mn A??O#"fln—l X A'Dl»"‘yﬁn—l X Avn'

Pick any point py. If 1 — g™ is nonzero at py then y; := y;{/1 — ¢ is an étale
coordinate, and if 1 — g™ vanishes at py then g; := g7 (1 —g") is. Let o = go. Thus,
at every point we can choose étale coordinates such that the equations (13) become

(14) ol =gy for i=1,...,n—1
which define Z C AZ . x A o x Al where r; € {r,1}.
Let z = (20,...,2,_1). The variety Z admits a purely inseparable finite cover
A7 x A} — Z of degree ¢ defined by
(15) gi=2z! for i=0,....,n—1 and v, =2zz" fori=1,...,n—1

Set m; = 1if r; = r and m; = r if r; = 1, which guarantees
(16) gm+rim; fori=1,...,n—1

To prove the proposition, it is enough to show that the normalisation of the variety
defined by (14) coincides with the toric quotient variety

Z = A:/é(l,mh R ,mn,l) X Aqun

To see this, using the notation in (10), we regard Al as the toric variety defined by
the fan

V=" Rsoe;, CN®R=N @R where N :=>" Z-e,

so that the natural map n: A} — AZ/%(L my,...,m,_1) corresponds to the natural
inclusion of lattices N < N’ which sends ¥ to ¥'. By (16), we have that g;, v; are all
regular functions of A7 / %(1, mi, ..., My_1), thus the quotient morphism (15) factors
as

Al x A, - 2Z' = Z

where Z’ — Z is birational and finite. Since Z’ is normal, the claim follows. O
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Proposition 3.2 (Reid-Tai criterion). Consider the quotient toric singularity of the
form

An/%(mmmh s Jmnfl)a

where pt m;, for eachi=0,...,n—1.
Then the singularity is canonical (resp. terminal) if and only if, for every j =
1,...,9— 1, we have

n—1 ———
Do Jmi=q  (resp. > q),
where ¢ denotes the residue modulo q.

Though this is usually stated in characteristic 0 (e.g. see [32, p. 376]), these
singularities have toric resolutions and the discrepancies depend only on the toric
fan, hence independent of the characteristic.

Corollary 3.3. Y (n,m,q) has canonical singularities for n > q and terminal sin-
gularities for n > q.

Proof. Since p 1 m; we have that jm; > 1, foralli =1,...,n—landj=1,...,q—1.
In particular, by Proposition 3.2, we obtain that the singularity (11) is canonical
for n > ¢ and terminal for n > ¢. The same claims hold true for the generic fibre
Y(q,m,n) of Y — A}. O

Note that these bounds are sharp if all m; = 1, but otherwise smaller values of n
would work.

Proposition 3.4. If n > m(q—1) then Y (n,m,q) is a Fano variety with canonical
singularities.

Proof. As in the proof of Proposition 3.1, we have that the non-normal locus of Yz
maps over H = {Yy = 0} C P%. Let ¢: Zg — P be the induced morphism and
let H =~ 'H. Since H is irreducible, if v: Zz — Y is the normalisation map, we
have

V*KYR ~ KZK + CET

where ¢ is an integer depending on the contribution of the conductor. We claim
that ¢ = m(q — 1), so that, since Zg = P% and since (9) implies that H C P’ is an
hyperplane, we have

V'Ky, ~ Kz +(mg—m)H ~ (mg—m—n—1)H,
which, in turn, implies that if m(q — 1) < n then X is Fano and, by Corollary 3.3,
it has canonical singularities.
To compute ¢ we may restrict to an étale open neighbourhood of the generic point
of $~1(H). We work on the normalisation U of the chart (14), which is an étale
open subset of V. By shrinking U, we may assume that y; # 0 and r; = r for all

i=1,...,n—1. Thus, m; = 1 for any i and U is regular, but not smooth, over A}.
Note that U is an open subset of the affine chart
z z Zn—
Spec k[wo - _07w1 - Z?7w2 - _27"'7wn—1 = n_17 n}

21 21 21
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Recall the equation v! — t = g* = wy"w}*. A generator of wy on U = Uk is
wy ™MwiT™ - dvy A dwy A dwy A -+ A dw,y, .
Geometrically, set v, := (vn — ¢/ q)wa ™ to get

vl =w}", which is smooth if w; # 0.

A generator of wy. over Uy is
wi’m - dv, N dwy A dwy A -+ - dw,—1 = wamw}’m ~dvy, N dwg A dwg A -+ A dw,,_q.

Since the divisor ¥~ (H) is defined by {wy = 0}, we get ¢ = m(g—1) as claimed. O

3.2. Counterexamples to subadditivity of Kodaira dimensions. Let G be
the curve over K = k(t) constructed in the previous subsection. This yields a
surface S; over k equipped with a fibration S; — P!. Consider a separable base
change C' — P! from some smooth projective curve C' with g(C) > 2. Let S be a
smooth resolution of S; xp1 C. Then the generic fibre F' of the fibration f: S — C
coincides with G @y K(C) and £(S) > (C) +k(F) > 1. Let X™ := S xg---xc S
be the n-th fibre product of S over C. If n > m(q—1) then there exists a birational
model Y — C such that the generic fibre is isomorphic to Y (n,m,q), and such
that, by Proposition 3.4, we have that (Y™, Kyu)) = —oo. Similarly to Section
2.4, this yields examples of dimension n + 1.

More specifically, by setting m = 2,¢ = p we get examples of dimension 2p — 1,
and by setting m = 3,¢ = p = 2 we get examples of dimension 4.

4. COUNTEREXAMPLES TO A LOG VERSION OF C5; OVER IMPERFECT FIELDS

We conclude this paper by introducing an example of a fibration that violates a
log version of Question 1.2 over an imperfect field. The authors learned about this
example from H. Tanaka.

Example 4.1. Let k£ be an imperfect field of characteristic p € {2,3}. Tanaka [33,
Theorem 1.4] constructed a k-morphism p: S — C with the following properties:

e S is a projective regular surface over k;

e there exists a prime divisor C5 on S such that if Ag := (% — 5) C5, where

e € Q is such that 0 < e < Z%, then (5, Ag) is Kawamata log terminal and
—(Kg + Ag) is ample;
e pis a Pl-bundle;
e (' is a projective regular curve over k with Ko ~ 0.
These properties can be viewed as pathologies in birational geometry in positive
characteristic. Indeed, it is known that the image of a variety of log Fano type in
characteristic zero is again of log Fano type ([30, Lemma 2.8]).
Set I' := %CQ. Then the pair (S,I") is log canonical and [33, Lemma 3.4] implies
that —(Kg + I') is Q-linearly equivalent to the pullback of an ample Q-divisor on
C'. Hence, if S, is the generic fibre of p, then

—00 = K(S, Ks +T) < k(S,, Ks, +T|s,) + (C, K¢) = 0.
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Remark 4.2. We use the same notation as in Example 4.1.

(1) The pair (Sﬁ, I Sﬁ) is not F-pure, where Sy is the geometric generic fibre of p.
Indeed, by the construction in [33, §3], there exists a closed point @) € S; such that
Csls, = pQ as divisors.

(2) Note that the curve C'is unirational. More precisely, [33, Proposition 3.6] implies
that there is an extension k'/k of degree p such that the normalisation of C' xj k' is
k’-isomorphic to the projective line Py, .
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