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Premixed turbulent flames feature strong interactions between chemical reactions and turbulence that af-
fect scalar and turbulence statistics. The focus of the present work is on clarifying the impact of pressure
dilatation/flamelet scrambling effects with a comprehensive second–moment closure used for evaluation
purposes. Model extensions that take into account flamelet orientation and molecular diffusion are derived.
Isothermal pressure transport is included with an additional variable density contribution derived for the
flamelet regime of combustion. The full closure is assessed by comparisons with direct numerical simula-
tions (DNS) of statistically “steady" fully developed premixed turbulent planar flames at different expansion
ratios. Subsequently, the prediction of lean premixed turbulent methane–air flames featuring fractal grid gen-
erated turbulence in an opposed jet geometry is considered. The overall agreement shows that “dilatation"
effects contribute to counter–gradient transport and can also increase the turbulent kinetic energy signifi-
cantly. Levels of anisotropy are broadly consistent with the DNS data and key aspects of opposed jet flames
are well predicted. However, it is also shown that complications arise due to interactions between the im-
posed pressure gradient and combustion and that redistribution is affected along with the scalar flux at the
leading edge. The latter is strongly affected by the reaction rate closure and, potentially, by pressure trans-
port. Overall, the derived models offer significant improvements and can readily be applied to the modelling
of premixed turbulent flames at practical rates of heat release.

Keywords: second-moment closure; variable density effects; dilatation model; opposed jets; premixed
turbulent flames

1. Introduction

Modelling of premixed turbulent flames has the potential to provide guidance for indus-
trial applications, such as burners, gas turbines, internal combustion engines and the as-
sessment of large-scale explosions at industrial plants [1]. Such flames usually feature
large physical domains and high Reynolds numbers that preclude the use of Direct Nu-
merical Simulations. Large Eddy Simulations (LES), which resolve large-scale turbulent
motions, can present an attractive alternative [2]. However, chemical reactions typically
occur on the unresolved scales and correlations with pressure fluctuations can result in
significant cross–scale (i.e. backscatter) energy transfer [3]. The current study investigates
the modelling of related correlations using moment based methods that offer a partial res-
olution of the unsteady fluid motion [4]. The main task for such methods remains the
closure of Reynolds stresses, turbulent scalar fluxes and the mean reaction rate. Numer-
ous studies of premixed turbulent flames [5–11] have concentrated on the closure of the
mean reaction rate in the flamelet combustion regime and beyond. Sabelnikov et al. [11]
recently proposed a direct transport equation for the mean reaction rate and the modelling
of two dominant source terms that highlight the influence of turbulent stretching on the
mean reaction rate. However, the impact of chemical reaction on turbulence has attracted
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less attention. Experimental [12–14] and direct numerical simulation (DNS) [3, 15–19]
studies reveal that variable density effects induced by combustion are significant. Such
effects are associated with mean pressure gradient and fluctuating velocity/scalar – pres-
sure gradient correlations. The former can be explicitly transformed into known quantities
through the application of Bray–Moss–Libby (BML) theory (e.g. [1, 20]); the latter also
affect anisotropy via combustion–induced expansion and pressure fluctuations.

Past analyses of DNS data confirm that redistribution and dilatation terms largely out-
weigh other contributions [15, 21, 22]. Similarly, the importance of the scrambling term is
confirmed based on the analysis of the scalar–flux transport equation [18, 23–25]. Recent
analysis of DNS databases [3] using a differential filter suggests that the modelling of the
pressure gradient – velocity correlation is important in Large-Eddy Simulations (LES) as
combustion–induced subgrid-scale thermal expansion leads to substantial cross–scale en-
ergy transfer. The common way of accounting for the effects of combustion on pressure
redistribution/scrambling terms is a density–weighted rewriting of second–moment mod-
els derived on a constant density basis [26–28]. However, a number of studies showed
that such an approach is insufficient for premixed turbulent flames [29–31]. Bailly et
al. [29] and Karmed et al. [30] invoked a closure via an additional mean pressure gradient
term. Lindstedt and Váos [31] modelled redistribution/scrambling and dissipation terms
together by decomposing the closure into density–weighted and preferential acceleration
parts. The latter was obtained from a second–order Isotropisation of Production (IP) type
model [32]. Nevertheless, pressure dilatation and flame–generated pressure scrambling
(flamelet scrambling) models have seldom been included into second–moment transport
equations due to implementation difficulties. However, it has been shown by Robin et
al. [33] that flame generated “dilatation" effects can be significant and may outweigh
other pressure related effects.

The importance of pressure related dilatation was arguably first pointed out by
Kuznetsov [34] with the flame–front contribution analysed. The derived expression was
related to the completeness of combustion and laminar flame properties. The expression
was not closed due to the lack of data on pressure pulsations conditioned at the flame
front. Zhang and Rutland [21] proposed an expression for the conditional pressure fluc-
tuation based on their DNS data. The resulting model has the advantage of contributing a
positive effect throughout the flame brush. However, the closure is partially inconsistent
with the commonly adopted BML theory as the conditional pressure fluctuation does not
vanish at the leading edge of a flame [35]. Hůlek and Lindstedt [36] suggested a different
expression for the conditional pressure fluctuation that implies zero-pressure rise ahead of
the flame front. The resulting closure for the dilatation term is consistent with the thermo-
chemistry applied and limits “dilatation" effects to within the flame brush. Domingo and
Bray [35] closed the fluctuating velocity/scalar – pressure gradient correlations by sepa-
rately considering the contributions of reactant, flame and product zones. The derivation
was, in general, consistent with the aforementioned study by Hůlek and Lindstedt [36]. It
is also noted that the pressure dilatation term can also be derived from the instantaneous
continuity and scalar equations and the linear relationship between reaction progress vari-
able and specific volume [31]. The resulting expression consists of two parts associated
with molecular diffusion and reaction–rate correlation effects. The former is typically
neglected [21, 25, 35, 36] on the basis of a dimensional analysis [37]. However, the as-
sociated second derivative can be significant for premixed turbulent flames. The value of
molecular diffusivity is significantly boosted in high–temperature flame regions and the
impact has been explored using Reynolds–Averaged Navier–Stokes equations (RANS)
and LES of premixed turbulent flames [38, 39]. The studies indicate that the effects of
molecular diffusion should be included in the modelling of pressure dilatation and flamelet
scrambling. In addition, DNS studies [15, 17] suggest that pressure transport can be as im-
portant as dilatation in premixed turbulent flames.



July 17, 2017 ResearchArticle

3

The treatment of turbulent kinetic energy dissipation (ε) also merits attention. The “stan-
dard" turbulent dissipation rate equation is based on the k ´ ε model [40] formulated for
constant–density flows. However, Mura and Champion [41] found that beyond a given
value of the Bray number, the turbulent dissipation rate may be controlled by the flamelet
structures. Contributions from the mean pressure gradients have successfully been in-
cluded in the turbulent dissipation rate equation [31, 42–45]. In addition, a renormalisa-
tion group (RNG) modification to the dissipation equation has been proposed by Yakhot
et al. [46]. The additional strain-rate terms provide a slightly better agreement with exper-
imental data in opposed jet flows [47, 48].

The main purpose of the present work is to derive, apply and assess dilatation/flamelet
scrambling models associated with flame generated variable density effects. The opposed
jet geometry features a strong imposed pressure gradient near the stagnation plane, while
for freely propagating flames the pressure is reduced through the flame brush due to flow
acceleration. The performance of the derived dilatation/flamelet scrambling models is thus
evaluated in the presence of normal pressure gradients with opposite signs. The models
include the flamelet orientation and the impact of molecular diffusion. Pressure transport
is also included via a combination of isothermal [49] and flamelet contributions. The
derivation of the latter is consistent with that of pressure dilatation/scrambling models.
The complete closure is applied to flames in the flamelet regime of combustion [50].

2. Governing Equations

The present study investigates premixed turbulent incompressible flames with the assump-
tions of low Mach, high Reynolds, large Damköhler and unity Lewis numbers. The ther-
mochemistry applied in the current work is consistent with the BML theory [1] with the
averaged density obtained from the customary algebraic expression ρ̄ “ ρu

1`τrc , where τ
represents the expansion ratio between the unburnt and burnt gases, given by τ “ ρu

ρb
´ 1,

and rc is the mean reaction progress variable. The aerothermochemical field is governed
by the following Favre–averaged equations,

Bρ̄

Bt
`
Bρ̄rul
Bxl

“ 0 (1)

Bρ̄rui
Bt

`
Bρ̄rul rui
Bxl

“ ´
Bp̄

Bxi
`
B

Bxl
pτil ´ ρ̄Ću

2
i u
2
l q (2)

Bρ̄rc

Bt
`
Bρ̄rulrc

Bxl
“

B

Bxl
pjl ´ ρ̄Ąu

2
l c
2q ` Sc (3)

where τil “ µLp
Bui

Bxl
` Bul

Bxi
´ 2

3δil
Buk

Bxk
q and jl “ ρDc

Bc
Bxl

represent the molecular viscous
stress tensor and diffusion flux vector. The dynamic viscosity is obtained from the power-
law expression µL “ µref p

rT
rTref

q
2

3 [51], where µref is the value at rTref p“ 298.15 K).
The mass diffusivity Dc is calculated using a constant Schmidt number of 0.7.

The unclosed terms for the above equations are Reynolds stresses (Ću2i u
2
l ), scalar fluxes

( Ąu2l c
2) and the chemical reaction source term (Sc). In the framework of second–moment
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closures, Reynolds stresses and scalar fluxes can be modelled by their transport equations,

Bρ̄Ću2i u
2
j

Bt
`
Bρ̄rulĆu

2
i u
2
j

Bxl
“ ´

Bρ̄ Ču2i u
2
ju
2
l

Bxl
´ ρ̄

˜

Ću2i u
2
l

B ruj
Bxl

`Ću2ju
2
l

B rui
Bxl

¸

´

«

u2i
Bp̄

Bxj
` u2j

Bp̄

Bxi

ff

´

«

u2i
Bp1

Bxj
` u2j

Bp1

Bxi

ff

´

«

τil
Bu2j
Bxl

` τjl
Bu2i
Bxl

ff

(4)

The right hand side of Eq. (4) includes (in order) terms for the transport of Reynolds
stresses, the production by mean strain and mean pressure gradients, fluctuating velocity
– pressure gradient correlation and viscous dissipation.

Bρ̄Ąu2i c
2

Bt
`
Bρ̄rul Ąu

2
i c
2

Bxl
“ ´

Bρ̄Ču2i u
2
jc
2

Bxl
´ ρ̄

˜

Ąu2l c
2
B rui
Bxl

`Ću2i u
2
l

Brc

Bxl

¸

´ c2
Bp̄

Bxi

´ c2
Bp1

Bxi
` u2iSc ´

«

τil
Bc2

Bxl
` jl

Bu2i
Bxl

ff

(5)

Similarly, the right hand side of Eq. (5) includes (in order) terms for the turbulent transport
of scalar fluxes, the production by mean strain and mean scalar gradients, mean pressure
gradients, fluctuating scalar – pressure gradient correlation, turbulence – reaction rate cor-
relation and viscous dissipation. The production terms are exact with other terms requiring
modelling. In particular, BML theory provides the time–averaged density–weighted ve-
locity and scalar fluctuations (u2i and c2) given in Eqs. (6) and (7). The conversion from
Reynolds to Favre–averages for other presumed pdf shapes may be derived based on the
study by Kolla and Swaminathan [52].

u2i “ τ
ρ̄

ρu
Ąu2i c

2 (6)

c2 “ τ
ρ̄

ρu

Ăc22 (7)

The φij and φic terms arguably mark the most problematic part of turbulence closures.
For modelling proposes, the former is rewritten as anisotropic and isotropic parts. The re-
distribution term forms the anisotropic part of the fluctuating velocity – pressure gradient
correlation in the Reynolds–stress transport equation,

φRij “ ´

«

u2i
Bp1

Bxj
` u2j

Bp1

Bxi
´

2

3
δiju2l

Bp1

Bxl

ff

(8)

The isotropic part is further separated into pressure transport and dilatation terms.

φTij “ ´
2

3
δij
Bp1u2l
Bxl

(9)

φDij “
2

3
δijp1

Bu2l
Bxl

(10)
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The fluctuating scalar – pressure gradient correlation (φic) in the scalar–flux transport
equation can accordingly be separated into pressure transport and “scrambling" terms,

φTic “ ´
Bp1c2

Bxl
(11)

φSic “ p1
Bc2

Bxl
(12)

The pressure transport terms, usually neglected in past studies, are included along with
the pressure dilatation/flamelet scrambling contributions as discussed below.

3. Extended Treatment of Variable Density Effects

Variable density effects in premixed turbulent flames include mean pressure gradient in-
duced preferential acceleration effects and volume expansion. The derivation of the new
dilatation/flamelet scrambling models is presented in Section 3.1 and the corresponding
flamelet pressure transport model is in Section 3.2 (also see Appendices A and B). The
preferential acceleration effects [31] are introduced in Section 3.3 as the impact of volume
expansion is significant in the flamelet regime of combustion (e.g. [33, 36, 41]).

3.1 Dilatation and Scrambling Terms

Expansion due to combustion within flamelets is a major contributor to dilatation effects
and the volume average of pressure dilatation and flamelet scrambling terms can be trans-
formed into a flame surface average in the manner of Zhang and Rutland [21],

p1
Bu2i
Bxi

“
1

V

ż

V
p1
Bu2i
Bxi

dV “ Σ
〈 ż

ξ
p1
Bu2i
Bxi

dξ
〉
s

(13)

˜

p1
Bc2

Bxi

¸

f

“
1

V

ż

V
p1
Bc2

Bxi
dV “ Σ

〈 ż
ξ
p1
Bc2

Bxi
dξ

〉
s

(14)

where ξ is the axis normal to local flame pointing to products and xi is the coordinate sys-
tem for flow field, as illustrated in Fig. 1. The subscript f indicates the flame contribution,
S the flame surface area within the volume V ; ăąs a flame surface average and Σ “ S

V

the flame surface density, related to the chemical reaction rate (Sc “ ρuSLΣ). Consistent
with the flamelet approximation, it is assumed that turbulence does not (strongly) affect
chemical reactions within flamelets. The following relations can be obtained using the
one–dimensional momentum equation [21, 53],

p1
Bu2i
Bxi

“ ScpτSLq
2
`ă pu ´ p ąs

4p
´

1

2

˘〈`
n ¨Ni

˘`

n ¨Ni

˘〉
(15)

˜

p1
Bc2

Bxi

¸

f

“ ScpτSLq
`ă pu ´ p ąs

4p
´

1

2

˘〈
n ¨Ni

〉
(16)

4p “ ρuS
2
Lτ

The flamelet orientation angle, c.f. DNS [35, 54] and experimental [55, 56] studies, is
included with n the unit vector ξ pointing from reactants to products and Ni the unit
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vector of xi and 4p represents the pressure drop across flamelets. The surface average of
the pressure difference at the flame leading edge ă pu ´ p ąs (see Eq. (15)) has been
discussed elsewhere [31, 35] and the current work is using the form below [36].

ă pu ´ p ąs“ c̄4p (17)

An alternative [21] expression ă pu ´ p ąs“ p1` rcq4p{2 appears less satisfying in that
the conditional pressure difference does not vanish at the leading edge of the flame [35].
Nishiki et al. [17] circumvented the issue by simply scaling p1 with the laminar pressure
drop p1 „ 4p “ ρuS

2
Lτ [17]. Substitution of Eq. (17) into Eqs. (15)-(16) gives,

p1
Bu2i
Bxi

“ ScpτSLq
2
`

c̄´
1

2

˘〈`
n ¨Ni

˘`

n ¨Ni

˘〉
(18)

˜

p1
Bc2

Bxi

¸

f

“ ScpτSLq
`

c̄´
1

2

˘〈
n ¨Ni

〉
(19)

The pressure dilatation term can also be derived from the instantaneous continuity and
scalar equations and the linear relationship between the reaction progress variable (c) and
specific volume (1{ρ),

p1
Bu2i
Bxi

“ p1
B

Bxi

”

ρDc
Bc2

Bxi

ı

Bρ´1

Bc
` p1Sc

Bρ´1

Bc
(20)

where Dc represents the molecular diffusion coefficient. The second term is equivalent to
Eq. (18). The first term in Eq. (20) is commonly neglected on the basis of a dimensional
analysis of diffusion flames [37]. However, it can be significant in premixed turbulent
flames [38, 39, 57]. Mantel and Borghi [58] developed a transport equation based closure
for the scalar dissipation rate (εc) via an order-of-magnitude analysis and suggested a
scaling for the square of the second derivative term in Eq. (20). By neglecting higher
moments and covariances (see Appendix A) the following approximation can be derived,

B

Bxi

”

ρDc
Bc2

Bxi

ı

“ β0β1
τ

1` τrc
Sc (21)

The scaling β0 9 Re
1{2
t [58] was subsequently questioned [59–61] with β0 here set

to unity. Closures for the scalar dissipation rate have advanced beyond algebraic rela-
tions [60, 62–64]. A linear algebraic relationship between the scalar dissipation rate and
reaction rate is retained in Eq. (21) with β1 a model constant that follows directly from the
relationship between the mean reaction and scalar dissipation rates (β1 “ p2Cm ´ 1q{2).
Based on Eqs. (18)–(21) extended expressions for the pressure dilatation term in the
Reynolds–stress transport equation and the corresponding flamelet pressure scrambling
term in the scalar–flux transport equation may accordingly be written as,

p1
Bu2i
Bxi

“ C1pτSLq
2Sc

`

c̄´
1

2

˘

´

1` β1
τ

1` τrc

¯〈`
n ¨Ni

˘`

n ¨Ni

˘〉
(22)

˜

p1
Bc2

Bxi

¸

f

“ C2pτSLqSc
`

c̄´
1

2

˘

´

1` β1
τ

1` τrc

¯〈
n ¨Ni

〉
(23)

where Ni represents the unit vector of flow directions. In particular, N1 stands for the unit
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vector of the mean flow direction. The flamelet orientation factor depends on the flowfield
and the precise distribution is case–dependent. DNS data has provided statistical averages
and the inclusion has been successful in previous studies [65, 66] with σ “

〈
n ¨N1

〉
“

0.50 [35, 54] and
〈`
n ¨N1

˘`

n ¨N1

˘〉
“ 0.50 [35] used here.

Previous studies [35, 54] suggest that C1 and C2 in the dilatation/flamelet scrambling
models (i.e. Eqs. (22) and (23)) are lower than unity. Domingo and Bray [35] used 0.50
for both model constants. The introduction of modelling constants C1 or C2 cannot guar-
antee realisability, especially for comparatively low turbulence levels, as the turbulent
kinetic energy may approach zero at the flame leading edge as pτSLq Ñ 8. However, a
“bounded" form for the contribution can readily be formulated,

p1
Bu2i
Bxi

“ pτSLq
2
˚Sc

`

c̄´
1

2

˘

´

1` β1
τ

1` τrc

¯〈`
n ¨Ni

˘`

n ¨Ni

˘〉
(24)

˜

p1
Bc2

Bxi

¸

f

“ pτSLq˚Sc
`

c̄´
1

2

˘

´

1` β1
τ

1` τrc

¯〈
n ¨Ni

〉
(25)

pτSLq˚ “
τSL ˆ pτSLqlim
τSL ` pτSLqlim

(26)

The applied value pτSLqlim “ 2.5 m{s is reasonable for practical hydrocarbon flames
where τ „ 6 and the maximum SL „ 0.45 m{s and is supported by comparison of model
predictions with DNS data as outlined below. It follows that pτSLq˚ is strictly bounded
with pτSLq˚ Ñ 0 as τSL Ñ 0, while pτSLq˚ Ñ pτSLqlim as τSL Ñ 8. The form
of Eq. (26) also recovers the scaling factor of 0.5 for the flamelet scrambling model as
proposed by Domingo and Bray [35] for pτSLq “ pτSLqlim.

3.2 Pressure Transport in the Flamelet Regime

Pressure transport effects are usually neglected in the modelling of turbulent flames. How-
ever, such terms can play a role in inhomogeneous turbulence [49]. Furthermore, DNS
studies of premixed turbulent flames [15, 17] suggest that pressure transport terms can be
of the same order as pressure dilatation terms inside the flame brush. Hence, such trans-
port terms are included via a combination of isothermal and combusting contributions.
The isothermal form (iso) was developed for turbulent shear flows and contains contribu-
tions from bulk convection (rapid) and turbulent diffusion (slow) parts [49],

˜

Bp1u2l
Bxl

¸

iso

“
B

Bxl

”

Cpfcρ̄
Ču2ku
2
mu

2
m

rε

BĂUp
Bxk

Ću2l u
2
p `

1

5
ρ̄ Ču2l u

2
nu
2
n

ı

(27)

˜

Bp1c2

Bxi

¸

iso

“
B

Bxi

”

Cpfcρ̄
Ču2ku
2
mu

2
m

rε

BĂUp
Bxk

Ąu2pc
2 `

1

5
ρ̄ Čc2u2nu

2
n

ı

(28)

where Cp “ 0.40, fc “ Cc1e
Cc2I , Cc1 “ 0.28, Cc2 “ 0.60, I “

b

rk{UjUj . Flame-
generated pressure transport models remain unavailable [67]. However, a consistent form
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for the flamelet regime (f ) of combustion can be derived as shown in Appendix B,

˜

Bp1u2i
Bxi

¸

f

“ pτSLqSc
Ąu2i c

2

rcp1´ rcq

´

rc´
p1´ rcq

p1` τrcq

¯〈
n ¨Ni

〉
(29)

˜

Bp1c2

Bxi

¸

f

“ Sc
Ąu2i c

2

rcp1´ rcq

´

rc´
p1´ rcq

p1` τrcq

¯

(30)

The triple–moments in the above equations are obtained via the generalised gradient dif-
fusion hypothesis [68] with Cs assigned the customary value of 0.22.

Ču2i u
2
ju
2
l “ ´Csρ̄

rk
rε
Ću2ku

2
l
BĆu2iu

2
j

Bxk
(31)

Ču2i u
2
l c
2 “ ´Csρ̄

rk
rε
Ću2ku

2
l
BĆu2i c

2

Bxk
(32)

3.3 Redistribution/Scrambling and Dissipation Correlations

For the closure of the Reynolds–stress and scalar–flux transport equations, the redistribu-
tion/scrambling terms are modelled together with the dissipation terms in the manner of
Lindstedt and Váos [31]. The preferential acceleration term, induced by mean pressure
gradients, is included through a Isotropisation of Production (IP) type model. The applied
Reynolds–stress redistribution and dissipation terms are as follows,

φRij ´ ρ̄εij “ ρ̄GikĆu
2
ku
2
j ` ρ̄Gjk

Ću2ku
2
i ` ρ̄δijC0rε

` CAR

´

Φij ´
1

3
δijΦkk

¯

(33)

The corresponding closure for the scrambling and dissipation terms follows,

φSic ´ ρ̄εic “ ρ̄GikĆu
2
kc
2 ` ρ̄

rεc
Ăc22

Ąu2i c
2 ` CAS

Φic (34)

where CAR
“ ´3{10, CAS

“ ´1{3 [31]. Different values for CAR
have been suggested

with Launder [69] recommending ´0.6, Gij is a second–rank tensor derived on the basis
of the Generalised Langevin Model (GLM). The Haworth and Pope (HP2) model [27]
is used along with the Lagrangian (LSSG) version [70] of the SSG model by Speziale
et al. [28]. The corresponding expressions and coefficients for the isothermal redistribu-
tion/scrambling models are presented in Appendix C.

3.4 Reaction Rate Closure

The derived forms of the pressure dilatation/flamelet scrambling terms (Eqs. (24)-(25))
and flamelet pressure transport contribution (Eqs. (29)-(30)) are independent of the form
of the reaction rate. Lipatnikov et al. [71] analysed the H, M and L flames (see Table 2)
in the same DNS database [17, 18] and showed that, compared to flame surface density
expressions, the mean reaction rate is reduced at the leading edge (c̄ ă 0.2) and increased
at the trailing edge (c̄ ă 0.8). The former effect, in particular, is important in the current
context and a bridged mean reaction rate expression based on the two scale formulation



July 17, 2017 ResearchArticle

9

of Lindstedt and Váos [31] is applied to approximately account for the impact,

rc ă rc˚ : Sc1 “ CR1
ρu
SL
vK

rε

rk
rc2
`

1´ rc
˘

(35)

rc ě rc˚ : Sc2 “ CR2
ρu
SL
vK

rε

rk
rc
`

1´ rc
˘

(36)

Sc1 |rc˚ “ Sc2 |rc˚ (37)

where SL is the unstrained laminar burning velocity and vK “ pν0εq
1{4 the Kolmogorov

velocity in the reactants. A value rc˚ “ 0.03 was chosen to approximate the behaviour
at the leading edge as shown in Fig. 2. The shapes are different. However, the c´space
integrals of the bridged mean reaction rate normalised by the expression by Lindstedt and
Váos [31] are 0.89, 0.93, 0.96 for the H, M and L flames (see Table 2), in excellent agree-
ment with the corresponding DNS values of 0.88, 0.93, 0.95. The eigenvalue analysis of
Catlin and Lindstedt [72] was applied to determine a ratio CR1

{CR2
“ 33.3 that satisfies

Eq. (37). The value CR2
“ 3.8 (CR1

“ 127) was obtained by matching the turbulent
burning velocities of the DNS studies (see Table 4). For the higherRet opposed jet flames
the value was adjusted with CR2

“ 3.0 (CR1
“ 100). Unclosed reaction–related terms in

the scalar-flux transport equation were determined through BML theory [1] with Eq. (39)
used only to close Eq. (34).

u2iSc “
Sc
Ăc22
pAm ´ rcqĄu2i c

2 (38)

ρ̄
rεc
Ăc22
“

Sc
Ăc22

ˆ

Cm ´
1

2

˙

(39)

Chakraborty and Cant [73] introduced Am as a function of the local turbulent Reynolds
number to account for the amount of gradient transport at the leading flame edge of their
DNS study and suggest 0.57 ď Am ď 0.64 for 10 ď Ret ď 150. Cm is also sensitive
for small values of c̄ due to finite chemistry effects. The implication is that the correla-
tion between chemistry and turbulence is rather sensitive at the leading edge of premixed
turbulent flames [74–76]. The current values Am “ 0.83 and Cm “ 0.916 were adopted
from Bray and Swaminathan [77].

3.5 Turbulence Kinetic Energy Dissipation Equation

The turbulence kinetic energy dissipation equation is required for scale information. The
prevalent approach features the standard k ´ ε model [40],

Bρ̄rε
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«
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l
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rε

rk
Ću2ku

2
l

BĂuk
Bxl

´ Cε2 ρ̄
rε

rk
rε

´ Cε3
rε

rk
u2l
Bp̄

Bxl
(40)

where CSe
“ 0.18, Cε1 “ 1.44, Cε2 “ 1.92, Cε3 “ 1.44. Here, the Reynolds stresses in

the production term are obtained from second–moment transport equations. To be con-
sistent with the Reynolds–stress and scalar–flux transport equations, the present study
includes the preferential acceleration terms. An alternative based on the renormalisation
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group (RNG) theory [46] has been evaluated in opposed jet flows [47, 48],
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with CSe
“ 0.18, Cε1 “ 1.42, Cε2 “ 1.68, Cε3 “ 1.44, η0 “ 4.38, β “ 0.012 and η is

related to mean strain rate and the turbulence time scale,

η “
rk

rε
p2aijaijq

1{2 aij “
1

2

` B rui
Bxj

`
B ruj
Bxi

˘

(42)

4. Application of the Model

The impact of the dilatation/flamelet scrambling models is illustrated by computing pre-
mixed (quasi–) one–dimensional planar and two–dimensional axi–symmetric flames. The
former enables comparisons with DNS data of statistically “steady" planar flames, while
the latter features opposed jet methane-air flames in fractal grid generated turbulence.

4.1 Case Configuration

4.1.1 One–Dimensional Planar Flames

Databases [17, 18] used here were generated for fully developed planar premixed flames
featuring three different expansion ratios. A single–step irreversible chemical reaction was
used to describe the chemistry. Isotropic turbulence was initially assigned to the domain
and the mean velocity was carefully controlled to maintain a statistically ‘steady’ flame
within the domain. For all cases the initialRet is 95.5 with flames crossing the combustion
regime boundary between corrugated and wrinkled flamelets. The main initial conditions
are summarised in Table 2. The (near) planar nature of the flames suggests a possible
approximation using a one–dimensional Favre–averaged Navier–Stokes formulation. The
resulting flames propagate normal to themselves in a uniform stream of reactants featuring
a constant initial turbulence field extracted from DNS data at the leading edge of the
flames [17, 33]. The thermodynamic parameters are consistent with the DNS databases
as listed in Table 3. The simulations are transient and the mean velocity of the incoming
flow increased gradually until the flame reaches a “steady" state.

4.1.2 Turbulent Opposed Jet Flames

Two–dimensional axi–symmetric computations were performed for experimentally inves-
tigated fuel lean premixed turbulent methane–air flames with two equivalence ratios [78].
The bulk velocity at the inlet was 4.0 m/s and, consistent with the experiment, a co-flow
with a velocity set to 30% of the bulk flow was used. The Ret was around 143 based on the
integral length scale of 3.47 mm [78]. The flames were estimated to be in the corrugated
flamelet regime [79]. The laminar flame properties were obtained from calculations based
on detailed chemistry [80] and are listed in Table 5.
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4.2 Numerical Procedure

All modelling results were obtained from fully transient simulations by using the govern-
ing equations integrated in a conservation form as listed in Table 1. The approach fea-
tures a variable predictor–corrector variant (with splitting error control) of the PISO [81]
algorithm for the velocity–pressure coupling with a TVD scheme [82] used to reduce
numerical diffusion. A more detailed description of the numerical procedure is avail-
able elsewhere [31]. The integral length scale was resolved by 50 computational cells
for the one–dimensional cases. The computational domain for the two–dimensional axi–
symmetric cases was discretised using a uniform orthogonal 190ˆ39 mesh (radialˆaxial)
with the grid spacing set to 0.4 mm. Grid independence was verified by using a 292ˆ60
mesh.

4.3 One-Dimensional Flame Calculations

As shown in Table 2, the DNS databases accessed in the present study feature three ex-
pansion ratios of 1.5, 4.0 and 6.53. The flame with the most practical expansion ratio
(τ “ 6.53) is analysed first to evaluate the effects of the pressure dilatation/flamelet
scrambling and pressure transport models on turbulent transport. Having established the
formalism, the closure is then applied to flames with diverse expansion ratios. The HP2
model [27] was used as the basis for all three flames.

4.3.1 Pressure Dilatation/Flamelet Scrambling Effects

The impact of pressure dilatation/flamelet scrambling on flame statistics for the H flame is
considered first and Table 6 summarises the applied closure variations. The DNS and mod-
elled flames share the same flame brush thickness Lf « 5.0 mm (0.005 ď rc ď 0.995)
and statistics are presented within the flame brush (rc). Results are shown in Fig. 3 and
the second–moment closure (SMC) without “dilatation" terms (Case 1) significantly
underestimates the turbulent kinetic energy and the turbulent scalar flux. This implies
that “dilatation" effects (Case 2) are significant in the flamelet regime of combustion
(e.g. [33, 36, 41]). The closure with the molecular diffusion term (Case 3) further im-
proves agreement in accordance with suggestions regarding the potential importance of
such terms [38, 39]. Discrepancies in the turbulent kinetic energy for rc ą 0.7 are apparent
and may stem from highly curved flamelets that envelop “unburned mixture fingers" [83].

The budget of source terms for the turbulent kinetic energy is available for the current
DNS database [17] and a comparison of major source terms, as listed in Eq. (43), is made
for Case 3. The result is shown in Fig. 4 in physical space normalised by the flame brush
thickness Lf “ 5.0 mm (0.005 ď rc ď 0.995).
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(43)

Inspection of Fig. 4(a) reveals that the mean pressure gradient term (Term 2) makes a
major positive contribution to the turbulent kinetic energy, while “production” (Term 1)
provides a large sink. The agreement with respect to shape and magnitude is satisfactory.
As shown in Fig. 4(b), the sum of the pressure dilatation (Term 3a) and the pressure trans-
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port (Term 3b) terms is denoted Term 3. It makes a significant positive contribution and the
magnitude is well reproduced. The dissipation sink term (Term 4) is well reproduced with
respect to the shape though the peak value is somewhat under-predicted. The two com-
ponents of Term 3: dilatation (Term 3a) and transport (Term 3b), are shown separately
in Fig. 4(c). The derived pressure dilatation model (Eq. (24)) provides satisfactory agree-
ment with DNS data. By contrast, the corresponding pressure transport model (Eq. (29))
is significantly smaller than the DNS counterpart and contributes to the shape discrepancy
of the overall Term 3 shown in Fig. 4(b). The introduction of a simple scaling factor of
2.5 based on the matching of the peak value provides encouraging quantitative agreement
with the DNS data. Model constants were not introduced as pressure transport provides a
significant positive contribution at the leading edge of the flame where the reaction rate
expression is conjectural. The complete closure denoted by “Extended SMC" is available
in Table 1.

4.3.2 Application to Flames with Different Expansion Ratios

The complete closure was further applied to all three cases in the DNS database. Mean
velocity and turbulence statistics across the flame brush are compared in Figs. 5-7. Fig-
ure 5(a) shows that the predicted mean velocities across the flames are in good agree-
ment with the DNS data for all expansion ratios. Figure 5(b) confirms that the present
closure also provides reasonable agreement for the turbulent kinetic energy. The distri-
bution of the turbulent kinetic energy in the normal and cross-stream directions is illus-
trated in Figs. 6(a) and 6(b). The increase in the cross–stream Reynolds stress (Ćv2v2) only
arises from energy transfer via redistribution, pressure dilatation and transport. The flow
is clearly very anisotropic and the trends are reproduced. Accordingly, the distribution
of the dominant “dilatation" effects using the flamelet orientation angle concept appears
effective for planar flames in the flamelet regime of combustion. A comparison of the
turbulent scalar flux and DNS data under different expansion ratios is presented in Fig. 7.
Counter–gradient transport is observed for all flames with an under-prediction observed
at the leading edge of flame L.

4.4 Opposed Jet Flames

Data featuring stabilised premixed turbulent twin flames was obtained in the opposed
jet configuration by Goh et al. [78]. Variable density effects combine with an imposed
mean pressure gradient and the measurements and post–processing by Goh et al. [78]
permits the conversion of the (measured) conventional averages to Favre-averaged data
using BML based formulations [6] as listed in Appendix D.

Comparisons of Favre-averaged experimental data and simulations are presented in
Figs. 8-11, where the nozzle diameter of D “ 30 mm is used to normalise the positions
along the burner centreline. Lower nozzle data are compared with modelled results and
error bars are included to show flow asymmetries [78]. Different levels of velocity clo-
sures are compared in Fig. 8. It is shown that mean velocities based on second-moment
closures are computed with reasonable accuracy; whereas the k ´ ε model tends to over-
estimate the contribution within flames. Overall, the high strain rates near the stagnation
plane counteract the mean pressure gradient and the flow shares some characteristics of
“flames adjacent to walls" where the mean velocity increase is not evident within flames
as discussed by Bray et al. [84]. The significant influence of the dilatation model can be
readily observed in Fig. 8(b): the turbulent kinetic energy increases notably and the shape
of the flame is improved. It is worth mentioning that the alternative model suggested by
Lumley [85] increases the maximum of turbulent kinetic energy by 20% as compared to
the IP type model and leads to a small over–prediction of the flame thickness. The k ´ ε
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model significantly overestimates the turbulent kinetic energy.
The redistribution of the turbulent kinetic energy is illustrated by Fig. 9. It can be seen

that further refinement is required near the stagnation plane. The LSSG variant [28, 70]
and RNG theory based dissipation equation were introduced in place of the HP2 and
standard dissipation models to assess robustness. It can be observed that both alternative
closures slightly improve the shape of axial Reynolds stresses (Ću2u2) but cannot resolve
the redistribution issue. Goh et al. [78] recorded the pdf of the rotation of the stagnation
plane and the effect, which is not considered in the current simulations, can contribute
to the energy transfer. The interactions between the imposed pressure gradient and heat
release in opposed jet flames evidently cause additional complications.

Comparisons of the mean reaction progress variable are shown in Fig. 10. The “Ex-
tended SMC" predicts an excellent flame shape. Although the k ´ ε model anchors at
a reasonable position, the flame thickness is substantially underestimated. The predicted
and measured turbulent scalar flux are compared in physical and scalar space in Fig. 11.
Gradient transport can be observed as the imposed pressure gradient outweighs the dilata-
tion effects. However, an increased tendency towards counter-gradient transport is evident
for the φ “ 0.9 flame. It can be observed that the “Extended SMC" provides improved
agreement with the minimum scalar flux for both flames. The computations also agree
reasonably well with experimental data for φ “ 0.8 and provides satisfactory agreement
at the flame trailing edge for φ “ 0.9. However, the transition to non–gradient transport is
delayed and consistent with an underestimate of the pressure transport term at the leading
edge. The k ´ ε model does not provide a correct flame structure.

5. Conclusions

The present work has illustrated the impact of pressure related terms in the context of pre-
mixed turbulent flames with a focus on pressure dilatation and flamelet scrambling terms.
The present derivations are consistent with the flamelet regime of combustion wherein the
“dilatation" effects are confirmed to be significant. It has also been shown that molecu-
lar diffusion and pressure transport make a contribution. Preferential acceleration effects
have been introduced in the redistribution and scrambling models in the manner of Lind-
stedt and Váos [31]. The pressure transport term is modelled via isothermal and variable
density parts, with the latter derived for combustion in the flamelet regime in a similar
manner to the pressure dilatation/flamelet scrambling models.

A bimodal presumed pdf was used in the closure for scalar statistics along with a
bridged algebraic expression for the mean reaction rate derived to (partially) mitigate
the apparent failure, identified by Lipatnikov et al. [71], of flame surface density based
models at the leading edge. Two comprehensive second moment closures [27, 28, 70]
were used as the basis for the velocity field calculations and both were found to function
well, suggesting practical robustness. By contrast, the commonly used k ´ ε model was
confirmed as an inadequate basis for premixed turbulent flames.

The resulting model was applied to planar flames and opposed jet flames in the flamelet
regime of combustion. The accuracy was first analysed by comparisons with DNS data of
statistically “steady" planar premixed turbulent flames for which mean pressure gradients
accelerate the flow. The influence of dilatation/flamelet scrambling terms was found to be
significant with models acting as sources to increase the turbulent kinetic energy and the
turbulent scalar flux. The anisotropy of the flowfield was well predicted for different heat
release rates. Fuel lean premixed flames in an opposed jet geometry where the mean pres-
sure gradient counteracts the effects of “dilatation" were also computed. Results show that
the extended closure improves predictions of both turbulence and scalar statistics. How-
ever, a redistribution issue remains close to the stagnation plane and the use of alternative
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Reynolds stress (LSSG [28, 70]) and dissipation rate (RNG based [46]) closures do not
resolve the issue. It is suggested that the experimentally observed unsteady rotation of
the stagnation plane can impact the redistribution of the turbulent kinetic energy. The dy-
namic competition of mean pressure gradients and dilatation at the leading edge of flames
is also enhanced in stagnating flows.

Overall, it has been shown that augmented second–moment based closures can accu-
rately account for pressure dilatation/flamelet scrambling effects. It has also been shown
that more comprehensive closures for the reaction rate are desirable, particularly at the
leading edge. The latter may include topology based approaches [60–64, 71] or trans-
ported pdf methods [53, 86–88]. The current work also suggests that pressure – reaction
rate terms should be accounted for in LES simulations of premixed turbulent flames as
such interactions typically occur on the unresolved scales and can result in significant
cross–scale energy transfer [3].
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Appendix A. Derivation of pressure dilatation/flamelet scrambling models

In the flamelet regime of combustion, the pressure dilatation term can be expressed as [21],

p1
Bu2i
Bxi

“
1

V

ż

V
p1
Bu2i
Bxi

dV “
S

V

〈 ż
ξ
p1
Bu2i
Bxi

dξ
〉
s

(A1)

The coordinate is shown in Fig. 1. n is the unit vector of axis ξ, pointing from reactants to
products; while Ni stands for the unit vector of axis xi. It is noted that “dilatation" effects
within flamelets accelerate the velocity field un normal to the flame front (e.g. [33]) with
ui, the projection of un, on axis xi. To evaluate Eq. (A1),

Bu2i
Bxi

»
dui
dxi

“
dui
dξ

dξ

dxi
“

dun
dξ

dui
dun

dξ

dxi
(A2)

dui
dun

“
dξ

dxi
“ n ¨Ni (A3)

and substitutions of Eqs. (A2) and (A3) into Eq. (A1) give,

p1
Bu2i
Bxi

“ Σ
〈 ż

un

p1dun
〉
s

〈`
n ¨Ni

˘`

n ¨Ni

˘〉
(A4)

The integral in Eq. (A4) can be obtained using the one-dimensional momentum equa-
tion [21, 53],

p1
Bu2i
Bxi

“ ScpτSLq
2
`ă pu ´ p ąs

4p
´

1

2

˘〈`
n ¨Ni

˘`

n ¨Ni

˘〉
(A5)

4p “ ρuS
2
Lτ

The current work adopts the expression in Eq. (A6) [36]

ă pu ´ p ąs“ c̄4p (A6)

and substitution of Eq. (A6) into Eq. (A5) gives,

p1
Bu2i
Bxi

“ ScpτSLq
2
`

c̄´
1

2

˘〈`
n ¨Ni

˘`

n ¨Ni

˘〉
(A7)

The corresponding pressure flamelet scrambling term follows as,

˜

p1
Bc2

Bxi

¸

f

“ Σ
〈 ż

ξ
p1
Bc2

Bxi
dξ

〉
s
“ Σ

〈 ż
ξ
p1

dc

dξ
dξ

〉
s

〈
n ¨Ni

〉
(A8)

where p qf indicates the flamelet contribution. The continuity equation for a steady state
laminar flame and gives,

un “ p1` τcqSL (A9)
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Differentiation of Eq. (A9) (e.g. dc “ 1
τSL

dun) links Eq. (A8) with Eq. (A7),

˜

p1
Bc2

Bxi

¸

f

“ ScpτSLq
`

c̄´
1

2

˘〈
n ¨Ni

〉
(A10)

Use of the instantaneous continuity and scalar equations and the linear relationship be-
tween the reaction progress variable (c) and specific volume (1{ρ) suggests a more com-
prehensive expression of the pressure dilatation term

p1
Bu2i
Bxi

“ p1
B

Bxi

”

ρDc
Bc2

Bxi

ı

Bρ´1

Bc
` p1Sc

Bρ´1

Bc
(A11)

whereDc represents the molecular diffusion coefficient. Equation (A7) is, in fact, a model
of the second term in Eq. (A11) and according to the mean value theorem, there exists a
flame surface average

〈
p1
〉
s

satisfying the relation.

p1Sc
Bρ´1

Bc
“ pτSLq

2Sc
`

c̄´
1

2

˘〈`
n ¨Ni

˘`

n ¨Ni

˘〉
“

τ

ρu
Sc
〈
p1
〉
s

(A12)

Mantel and Borghi [58] developed a modelled transport equation for the scalar dissipation
rate and suggested the following proportionality,

D2
c p
B

Bxi

”

Bc1

Bxk

ı

q2 „ β0
εc

2

c12
(A13)

where β0 is a model constant and Dc represents the molecular diffusivity. The scaling
is not directly applicable in the current context. However, it can provide guidance if as-
sumptions similar to first-order Conditional Moment Closure (CMC) or flamelet mod-
els [8, 89, 90] are introduced. Hence, by neglecting fluctuations in (i) the scalar dissipation
rate, (ii) the variance and (iii) the second derivative of c1, the following results,1

1

c12
«

1

c12
(A14)

εc
2 « pεcq2 (A15)

p
B

Bxi

”

Bc1

Bxk

ı

q2 «

˜

B

Bxi

”

Bc1

Bxk

ı

¸2

(A16)

Equations (A14)-(A16) combined with the assumption that the covariance of ε2c and 1{c12

is sufficiently lower than the product of their means gives,

˜

Dc
B

Bxi

”

Bc1

Bxk

ı

¸2

„

˜

´εc
c1

¯

¸2

(A17)

1The use of a Taylor series expansion for a property a “ a ` a1 and with a1

ā
Ñ 0 gives 1

a
“ 1

ā
1

p1` a1

āq

“

1
ā
p1´ a1

ā
` 2pa

1

ā
q2 ´ ...q « 1

a
.
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The result may be rewritten using Favre averages with the assumption of constant Dc,

˜

Dc
B

Bxi

”

ρ
Bc2

Bxk

ı

¸2

«

˜

B

Bxi

”

ρDc
Bc2

Bxk

ı

¸2

„

˜

´ρεc
c2

¯

¸2

(A18)

The instantaneous scalar dissipation rate is proportional to the instantaneous chemical
reaction rate [60]. Also, with the assumed “separation" of flame and turbulence and the
BML theory based Eq. (7), we have,

´ρεc
c2

¯

“ β1

´Sc
c2

¯

“ β1Σ
〈 ż Sc

c2
dξ

〉
s
“ β1

τ

1` τrc
Sc (A19)

where β1 “ 0.42, which follows the coefficient between mean reaction rate and mean
scalar dissipation rate (β1 “ p2Cm ´ 1q{2). The above approximation is intended to pro-

vide a leading order estimate. The diagonal terms B
Bxi

”

ρDc
Bc2

Bxi

ı

were studied by Swami-
nathan et al. [57] and found to provide significant positive contributions especially at
the leading flame edge – consistent with the derived expression. Use of the linear ther-
mochemical relationship between the reaction progress variable (c) and the gas specific
volume (1{ρ), the mean value theorem and Eqs. (A18)–(A19) gives,

p1
B

Bxi

”

ρDc
Bc2

Bxi

ı

Bρ´1

Bc
“

〈
p1
〉
s

τ

ρu

B

Bxi

”

ρDc
Bc2

Bxi

ı

“ β1
τ

ρu

〈
p1
〉
s

τ

1` τrc
Sc (A20)

Finally, Eq. (A20) may be rewritten via Eq. (A12),

p1
B

Bxi

”

ρDc
Bc2

Bxi

ı

Bρ´1

Bc
“ β1pτSLq

2Sc
`

c̄´
1

2

˘

´ τ

1` τrc

¯〈`
n ¨Ni

˘`

n ¨Ni

˘〉
(A21)

With the introduction of limiter pτSLq˚ to guarantee realisability, the pressure dilata-
tion/flamelet scrambling models can accordingly be written as,

p1
Bu2i
Bxi

“ pτSLq˚
2Sc

`

c̄´
1

2

˘

´

1` β1
τ

1` τrc

¯〈`
n ¨Ni

˘`

n ¨Ni

˘〉
(A22)

˜

p1
Bc2

Bxi

¸

f

“ pτSLq˚Sc
`

c̄´
1

2

˘

´

1` β1
τ

1` τrc

¯〈
n ¨Ni

〉
(A23)

pτSLq˚ “
τSL ` pτSLqlim
τSLpτSLqlim

(A24)

where pτSLqlim “ 2.5 m{s.
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Appendix B. Derivation of flame-generated pressure transport models

Consistent with Appendix A, the volume average of the pressure transport term can be
written as a flame surface average,

˜

Bp1u2i
Bxi

¸

f

“
1

V

ż

V

Bp1u2i
Bxi

dV “
S

V

〈 ż
ξ

Bp1u2i
Bxi

dξ
〉
s

(B1)

whereăąs represents a flame surface average. Following the coordinates shown in Fig. 1,
Eq. (B1) can be rewritten as,

˜

Bp1u2i
Bxi

¸

f

“
S

V

〈 ż
ξ

dp1u2i
dxi

dxi
〉
s

〈
n ¨Ni

〉
(B2)

“
S

V

〈
p1u2i |

b
u

〉
s

〈
n ¨Ni

〉
(B3)

“
S

V

〈
n ¨Ni

〉“
ppb ´ p̄qpuib ´ ruiq ´ ppu ´ p̄qpuiu ´ ruiq

‰

(B4)

where the subscripts b and u stand for burnt products and unburnt reactants.

Ąu2i c
2 “ rcp1´ rcqpuib ´ uiuq (B5)

uib “ rui ´
Ąu2i c

2

1´ rc
(B6)

uiu “ rui `
Ąu2i c

2

rc
(B7)

It is assumed that the velocities in the products and reactants can be represented by the
conditional velocities (uib « uib and uiu « uiu). The BML formalism [1, 20] provides
Eqs. (B5)-(B7) combined with the applied pressure differences,

pb ´ p̄ “ p1´ c̄q4p “ p1´ c̄qρuτS2
L (B8)

pu ´ p̄ “ c̄4p “ c̄ρuτS
2
L (B9)

Substitutions of Eqs. (B6)-(B9) into Eq. (B2), the conversion from the conventional to
Favre average of reaction progress variable based on BML theory [6] and the expression
for the mean reaction rate based on flame surface density lead to,

˜

Bp1u2i
Bxi

¸

f

“
〈
n ¨Ni

〉
pτSLqSc

Ąu2i c
2

rcp1´ rcq

´

rc´
p1´ rcq

p1` τrcq

¯

(B10)

Similarly, we can obtain the corresponding pressure transport model for the scalar flux via
Eqs. (A9) and (A3),

˜

Bp1c2

Bxi

¸

f

“
Ąu2i c

2

rcp1´ rcq
Sc

´

rc´
p1´ rcq

p1` τrcq

¯

(B11)
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Appendix C. Gij Tensor

φCDij “ ρ̄

ˆ

rε

rk
Cijrbs `Bijklrbs

BĂuk
Bxl

˙

rk (C1)

“ ρ̄GikĆu
2
ku
2
j ` ρ̄Gjk

Ću2ku
2
i ` ρ̄

ˆ

C0 `
2

3

˙

δijrε (C2)

φCDic “ ρ̄

ˆ

rε

rk
Cfijrbs `B

f
ijklrbs

BĂuk
Bxl

˙

Ąu2jc
2 (C3)

“ ρ̄GikĆu
2
kc
2 ´ ρ̄

rεc
Ăc22

Ąu2i c
2 (C4)

where C0 “ 2.1 and,

Gij “
rε

rk
pα1δij ` α2bijq `Hijkl

BĂuk
Bxl

(C5)

Hijkl “ β1δijδkl ` β2δikδjl ` β3δilδjk (C6)

` γ1δijbkl ` γ2δikbjl ` γ3δilbjk ` γ4bijδkl ` γ5bikδjl ` γ6bilδjk (C7)

α1 “ ´

”1

2
`

3

4
C0 ` b

2
iipα2 `

1

3
α3q ` b

3
iiα3 ` pβ2 ` β3 `

1

3
γ˚qI1 ` γ

˚I2

ı

(C8)

where

γ˚ ” γ2 ` γ3 ` γ5 ` γ6 γ1 “ γ4 “ 0.0 β1 “ ´0.2

I1 ” bijSij Sij ”
1

2

rk

rε

”

B rui
Bxj

`
B ruj
Bxi

ı

I2 ” b2ijSij b2ii “ bijbji b1 ” pb2iiq
1{2 (C9)

Table C1. Coefficients for the Haworth and Pope (HP2) model [27] and the Lagrangian (LSSG) version [70] of the SSG model by Speziale
et al. [28].

α2 α3 β2 β3 γ2 γ3 γ5 γ6
LSSG 4.0+3.4I1 -8.85-10.2I1 0.8- 38b

1 -0.2- 38b
1 0 0 1.2 -1.2

HP2 3.78 0 0.8 -0.2 1.04 -0.34 1.99 -0.76
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Appendix D. Conversion Between Reynolds and Favre Averages

Experimental data of Goh et al. [78] measured by PIV (Particle Image Velocimetry) are
based on conventional (Reynolds) averages. However, simulations for turbulent reacting
flows are typically based on Favre-averaged terms. Bray et al. [6] derived a formulation of
statistical description for turbulent premixed flames and linked conventionally averaged
and Favre-averaged terms. Formulas adopted in the present work are as follows,

rc “
c̄

1` τ ´ τ c̄
(D1)

rUi “ p1´ rcqU ir ` rcU ip (D2)

Ąc2c2 “ c1c1
p1` τrcq2

1` τ
(D3)

Ąu2i c
2 “ u1ic

1
p1` τrcq2

1` τ
(D4)

Ču2i u
2
i c
2 “ rcp1´ rcqrU

2
ip ´ U

2
ir ` 2 rUipU ir ´ U ipq (D5)

` pu1ipu
1
ip ´ u

1
iru

1
irqs

Ću2i u
2
i “ u1iu

1
i ´

Ču2i u
2
i c
2

τ

p1` τrcq
`

´ τ Ąu2i c
2

1` τrc

¯2
(D6)

It is noted that expansion ratio (τ ) and all conventional averages including conditional
averages are available from experiments [79]. Favre-averaged terms can thus be obtained
from Eqs. (D1)-(D6).
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Tables
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Table 2. Characteristic parameters from the DNS database [17].
Case H Case M Case L

τ 6.53 4.00 1.50
SL pm{sq 0.600 0.523 0.416
u1 pm{sq 0.528 0.528 0.524
lT pmmq 3.45 3.44 3.44

Table 3. Comparisons of thermodynamic parameters of reactants (subscript u) used in DNS and 1D RANS simulations with T tempera-
ture, P pressure, µ dynamic viscosity, Cp specific heat capacity at constant pressure and γ ratio of heat capacities.

TupKq PupMPa) ρupkg{m3) µupPa ¨ sq CppJ{kg ¨Kq γ
DNS 300 0.1 0.933 1.77ˆ 10´5 1.25ˆ 103 1.4
RANS 300 0.1 0.933 1.65ˆ 10´5 1.25ˆ 103 1.4

Table 4. Comparison of computed turbulent burning velocities obtained with the model parameters listed in Table 3.
Method H Flame M Flame L Flame
DNS [71] 1.12 m{s 0.99 m{s 0.74 m{s
Quasi-1D simulations 1.30 m{s 0.98 m{s 0.80 m{s

Table 5. Flame parameters from calculations using detailed chemistry [80] with φ the equivalence ratio, SL the unstrained laminar
burning velocity and τ the expansion ratio.
Fuel φ SLpm{sq τ
CH4 0.9 0.325 5.720
CH4 0.8 0.262 5.406

Table 6. Case configurations for the H flame [17, 18] defined in Table 2.

Case
No.

p1
Bu2i
Bxi

and
´

p1 Bc
2

Bxi

¯

f
β1

´

Bp1u2i
Bxi

¯

f
and

´

Bp1c2

Bxi

¯

f

1 – – –
2 Eqs. (24) and (25) 0.00 Eqs. (29) and (30)
3 Eqs. (24) and (25) 0.42 Eqs. (29) and (30)
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Figure 1. Definition of unit vectors (n and Ni)
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Figure 2. The ratio of Sc{pρuSLΣq [71] and the current bridged expression normalised by the relation of Lindstedt and
Váos [31]. A curve fit of the form c̄ ¨ r8.0pc̄ ´ 0.80q2 ` 1.3s to the data arising from the DNS simulation of Flame H is
also shown.



July 17, 2017 ResearchArticle

30 REFERENCES

0 0.25 0.5 0.75 1

c̃ [1]

0

0.5

1

1.5

2

2.5

3

3.5

k̃
[m

2
/s

2
]

DNS

Case 3

Case 2

Case 1

(a)

0 0.25 0.5 0.75 1

c̃ [1]

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ũ
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Figure 3. Effects of dilatation/scrambling models as outlined in Table 6 on (a) predicted turbulent kinetic energy and (b)
scalar flux for H flame (see Table 2).
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Figure 4. Source terms for the turbulent kinetic energy (rk) for H flame (see Table 2); Term 1: ´
ρu2i u
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(see Eq. (43)).
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Ũ
[m

/s
]

0 0.25 0.5 0.75 1

c̃ [1]

0

1

2

3

L flame

(a)

c̃ [1]
0

1

2

3

4

H flame

c̃ [1]
0

0.2

0.4

0.6

0.8

1

1.2
M flame

k̃
[m

2
/s

2
]

0 0.25 0.5 0.75 1

c̃ [1]

0

0.2

0.4

0.6

L flame

(b)

Figure 5. Comparisons of (a) predicted mean velocity and (b) turbulent kinetic energy with DNS data under different
expansion ratios (conditions as shown in Table 2).
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Figure 6. Comparisons of predicted (a) axial and (b) radial Reynolds stresses with DNS data under different expansion
ratios (conditions as shown in Table 2).
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Figure 8. Predicted and (a) measured mean velocity and (b) turbulent kinetic energy along the centreline in opposed jet
flames. Top row: φ “ 0.90. Bottom row: φ “ 0.80 (conditions as shown in Table 5).
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Figure 9. Predicted and measured (a) axial and (b) radial Reynolds stresses along the centreline in opposed jet flames. Top
row: φ “ 0.90. Bottom row: φ “ 0.80 (conditions as shown in Table 5).
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Figure 10. Predicted and measured reaction progress variable along the centreline in opposed jet flames. Top row: φ “
0.90. Bottom row: φ “ 0.80 (conditions as shown in Table 5).
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Figure 11. Predicted and measured turbulent scalar flux in (a) physical space and in (b) reaction progress variable (rc)
space. Top row: φ “ 0.90. Bottom row: φ “ 0.80 (conditions as shown in Table 5).


