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SUMMARY

HYDROSTATIC EXTRUSION OF BIMETALLIC COMPOSITES

An experimental procedure capable of producing a
copper-stainless steel composite wire by hydrostatic extrusion-
drawing is described. It includes the production of wires with

different internal geometries.

For the case of a copper sleeve and a single stainless
steel core (or vice versa), theoretical models predicting the
stress distribution (n the deforming zone are presented. In
particular, a form of the Method of Weighted Residuals is adapted
for the integration of the Prandtl-Reuss equation and an
approximate polynomial soluticn for the stress distribution

associated with Avitzur's velocity field is obtained.

All solutions show reasonable agreement with the

experimental values.

In addition, the temperature distribution produced by

the deformation process is obtained.

Since polynomial solutions may involve the calculation
of a large number of terms in an usually fine net, the computation
time required by the process and the rounding errors produced may
be important. In order to reduce the weight of these factors,

a procedure for the economization of polynomial solutions is
obtained, as a generalization of Lanczo's method for the case of

a single variable,
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I. -~ INTRODUCTION

I.1 The hydrostatic extrusion~drawing process

Hydrostatic extrusion is a relatively new forming
process possessing many advantages over conventional extrusion
methods. Thé development of the hydrostatic extrusion and the
application of hydrostatic pressure to the forming of metals

represents mew approaches to the field of cold forming Elﬂ].

The first scientific attempts in the use of these
methods correspond to Bridgman [2], although the first kncwn
description of the hydrostatic extrusion process appears to have
been presented by James Robertson in 1893[:i], in patents taken
out in Britain and the U.S.A. However, there is no record of

any practical work done with this equipment.

A detailed and comprehensive description of the feat-
ures of the process we are dealing with, can be seen in El],[Z@]
and [ﬁ].' Some of the outstanding aspects of the process can be

inferred from Fig. 1.

An interesting resume of these characteristics is

presented in I:S] as follows:

(i) Friction between billet and container is absent; long
billets can be extruded without a corresponding increase in the

extrusion pressure.
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Figure 4 Comparison of conventional aad hydrostatic extrusion.

(ii) Since friction between die andlbillet is low, dies o
small angle may be used to reduce reduﬁdant deformation and
extrusion pressure. Harder materials can be cold extruded
because shearing of the billet along the die face which could

lead to fracture in conventional extrusion is reduced.

(iii) ~ Within limits, it is not necessary to use cylindrical
billets of closely controlled dimensions, Non-straight billets,
or coils of wire with free or clamped-back end, can be extruded
into straight products. The cladding of long lengths of wire is

also possible,

(iv) Support can be given to the die by surrounding it with

the high pressure fluid. Products of complex sections can be
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extruded through thin-walled dies.

(v) The process is versatile. Simple die replacement
enables billets of various sizes and sections to be extruded.

Stepped products can be produced.

(vi) The strength of the extruded wire is more often higher
than in conventional wire drawing owing to the absence of
internal voids and pores in extrusion under large compressive

stresses.
Possible disadvantages:

(1) Considerable compression of the fluid has to occur
(typically up to one-third of the volumg) to generate suffic-
iently high pressures (e.g. 30 Kbar). This résults in large
amounts of stored energy, which reduces efficiency and may be

dangerous.

(ii) The billet must be tapered at its front end and held

against the die to produce initial sealing.

(iii) Once the billet has begun to'extrude it is difficult
to control the rate of extrusion. Consequently, extrusion
speed is often too high; undesirable heating and softening of
the billet may occur, In such cases the billet and fluid are
ejected violently from the container, unless some meaps of

control is provided. Lack of control of the extrusion speed
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often leads to instability, which is featured by "stick-slip"
movement on the extrudate and by its fluctuating pressure-time

characteristics.

(iv) In production, containment of fluid requires ancillary
equipment if a horizontal arrangement is used. A large number
of repeated cycles of operation may require frequent changes of
the seal between the moving punch and static container, or the
development of special sealing arrangements. This may cause -

fatigue in container, punches and other items.

The enormous pressures required in hydraulic extrusion
may be reduced, and thé extrusion speed controlled, by addition-
ally pushing or pulling the billet into the die. These
techniques are often called billet and product augmentation
respectivély. The latter is the procedure adopted in the
experiments carried out in the present work, This technique
has received extensive development at Imperial College by
B. Lengyel et al. E74:| ) [75] ’ [76] , where a special rig was

designed for this purpose.

I.2 . Theoretical models for the extrusion process

The extrusion of a solid billet through conical dies
is a very well studied process and several theoretical solutions
for the extrusion pressure have been obtained through different

approaches.
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The Siebel's analysis EQ] based on uniform deformation
and the slab method first proposed by Sachs[:f] and later pres-
enfed by Hoffman and Sachs E8:lare; perhaps, the oldest
theoretical analyses of the extrusioﬁ problem. Their solutions
involve the use of a constant coefficient of friction and the
assumption thaf stresses are constant on a cross section.
Tresca's yield criterion is used for the determination of plastic
state, and, since the direction normal to the die surface is
assumed as principal, the approach holds good for relatively

small die angles.

Solutions have also been obtained by means of the
slip-line approach. A detailed and comprehensive mathematical
treatment for the planme strain extrusion, based on Hencky's
slip-lines field method, was done by R. Hill [?]. In this work
both the boundaries between the die and the deforming metal and
the metal itself outside the plastic zopé are treated as rigid.
It is also assumed that this rigid material does not account
for the elastically loaded material that surrounds the plastic

zZone.

W. Johnson obtained a slip-line solution for the
extrusion through wedge-shaped dies ElQ]. He obtained the
corresponding solutions for several angles of dies and coeffic-

jents of friction and also took into account different possible



geometries of the dead metal zone. In this paper, due to the
particular geometry édopted, only ;mall redqctiOns have been
considered., However, this work was extended to the extrusion
through square dies of large reductions Eﬂl] where solutions
were given for.different geometries, coefficients of friction
and position of the dead metal zone. He.also gives some
empirical expressions to calculate the average extrusion press-
ures for the different cases. These cases correspond to steady
statc conditions, where the slug remaining to be extruded is
required to be longer than the depth of the associate slip-
line field. Im ElZ] Johnson also considered the modification
to the slip-line sclutions to accommodatg shorter slug lengths
and- the form of doing so is described for the case of square

dies.

The slip-line method is sfriétly applicable cnly to
plane-strain problems. However, exPeriméntal evidence
presented by Thomsen,‘E.G. et al. E}B:],[}&:]seems to indicate
that a plane strain analysis can be used with axisymmetric
extrusion problems. In these works plane-strain and axially
symmetric approximate solutions for a perfect plastic material
are compared with experimental results obtained from the
extrusion of pure'aluminium. It was found that the axially
symmetric solution shows little advantage over the simpler

plane strain solution and that the plane strain yield mean



\

stress and axial stresses are in good agreement with the
experimental results, However, since the treatment has been
limited to rigid-perfectly plastic isotropic solids it cannot

deal properly with materials that exhibit strain hardening,

The visioplasticity method [lS]'has also allowed to
obtain solutions for axiSymmetricél extrusion problems, such as
extrusion of solid rods and tubes of lead El'é:] ’ E].?j, [18], [___19_—_] '
By analysing the grid-line pattern on a meridian plane of the-
deforming zone the strain rate, strain and stress distributions
were obtained by solving the equilibrium equations, the stress-
strain relationship and the yield cricerion. All these works
involve a great deal of time-consuming operations, including
graphical differentiations and integrations. An attempt was
made to reduce the complexity of the method by Kobayashi, S.
et al. EZQ]. Using a digital computer,velocity, strain rate,
strain and stress distribution were obtained for the extrusion
of a specimen of aluminium., The flow pattern for steady state
conditions was obtained in direct extrusion through a conical
die of 60° includediggd an extrusion ratio of 2, at a slow
speed. They obtained a full description of the stress field
in the deforming zone. As was pointed out in [}4], there is a
good agreement between the solutions obtained by.these last

two methods in most cases.,.
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Another source of solutions for the extrusion problems
is the Upper Bound theorem. B. Avitzur produced upper bound
solutions for wire drawing and extrusion through conical dies
of small and large cone angle EZl_—_], EZZ], by means of a radial
velocity field and sphérical boundaries. On the assumption
that the maximum front tension éannot exceed the yield limit of
the material under uniaxial tension, a solution isg obtained for
the maximum possible reduction in wire drawing. An analogous
assumption, i.e. that the absolute value of the pushing stress
cannot exceed the yield value, gives a criterion for the
maximum possible reduction in extrusion. The effect of each of
the process variables on the drawing stress in wire drawing and
the pushing stress in extrusion is presented graphically. Since
Avitzur's solution is widely used in the présent work, a
detailed analysis of the process variables and the velocity
field are included in further chapters. Avitzur et al. general-
ize his velocity field by introducing generalized boundaries

for the plastic zone E23j.

E.R. Lambert and S. Kobayashi produced a theory on
the mechanics of axisymmetric extrusion through conical dies
[24]. Their upper bound approach is based on the development
of an admissible velocity field without discontinuities,
obtained by superposition of basic flow patterns. Tﬁis

velocity field, as is shown in the diagram, is described by
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the following flow functions: in regions 1 and 3
b -z b, - L
= ~— and = —
1 2 3 2b2

while in region 2 the flow lines are
z = cr +d

where ¢ and d are determined for each flow line, for the given
velocity discontinuity curves. Based con this velocity field,
an upper bound to the average forming pressure was calculated
for the extrusion of a rod with a semi-cone angle of 45° and a
reduction of 75% in aréa. Three different friction conditions
were considered and the influence of the coefficient of
friction on the deforming characteristics discussed. Most of
the ﬁechanical variables involved in the process were analyzed
and plotted. This solution constitutes a lower and consequ-
ently more realistic upper bound. Values for the variables
have to be determined numerically and the shape of the entry

and exit boundaries of the plastic zone were determined by



minimising the energy of deformatior. All these results show
good agreement with those obtained by the visicplasticity

approach.

As an extension of his previous work [22], Avitzur
studied the hydrostatic extrusion of solid billets [QS]. Based
on the velocity field discussed earlier, expressions are
provided giving the required extrusion pressure as a function
of the other procass variables aund also the cene angle which
minimizes the required pressure. ie found that for any combin-
ation of extrusion ratio and frictiom condition there exists
an optimum cone angle for which the required preszure is

minimum.

H.Ll.b. Pugh carried out a study in the mechanics of
the process of hydrostatic extrusion [26] through an upper
bound approach. Solutions were obtained for the redundant
work‘and friction which together with the work for hcmogeneous
deformation lead to an expression for the extrusion pressure
in terms of the constitutive equation of the metals. He tried
several velocity fields with different limit surfaces fcf the
deforming zome: (i) plane.boundaries perpendicular to the axis,
(ii) conical boundaries, and (iii) spherical boundaries with
centre at the apex of the conical die, as can bes seen in the

following diagrams.



He found that c¢f the three types of boundaries cons-

idered, the estimate for the redundant work obtained with the
plane transverse boundary is much higher_than the ccnical and
spherical ones which produce fairly similar results. Consequ~
ently he adopted spherical surface limits for the defcrming zone
and for such field the required extrusion pressure for various
die angles and extrusion ratios were caleulated and nlotted.

They are as shown on the following page.

*
4

"
& Velacity componerits along flow line immediazely to the right
of M.
Flow through a cenical die seith spherical entry and
exit boundaries
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The material used was 99.5% pure aluminium and
aluminium alioy HD 44 and these results were in good agreement
with the experimental ones. The model allows for an estimation
of the coefficient of friction to be made, which seems to be in

the order of what is expected in a hydrostatic extrusion process,

I.3 The coextrusion process

A relatively less analyzed process, the coextrusion of
dissimilar metals, is a subject of great technological interest.
There are many requirements in industry which cannot be met
satisfactorily by one material and involve the use of combin-
ations of'metals. Thus one material is a better conductor of
heat or electricity, or offers greater resistance to, for
example, corrosion or irradiation damage. Often such require-
ments can be met by cladding and a number of bi-metal rods and
wire combinations are actually in use, obtained by several

techniques such as rolling, extrusion and drawing. The hydro=~
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static extrusion process offers considerable versatility in the

roduction of bi-metallic and multi-metallic prcducts.

The cladding operation, where a tube of one metal is
mounted over a rcd or core of another metal to provide a
composite with a gcod mechanical bond on the interface, precedes
the subsequent drawing or extrusion operation. In rod cladding
no contact is forced on the sleeve and core until they enterx
the die. Thus at the entrance core and sleeve are free to move,
each at its own velocity. Fassing through the die, a rigid
bond of the core-sleeve composite is produced and the exit
velocities of both components are identical. Even if no metal-
lurgical bonding is produced at the intetrface, the mechanical
packing of the two metals may form a sufficient bond. The contact
Surface of core and sleeve are not perfectly cylindrical (they
are undulant surfaces); the crests on each surface, neverthe-
less, fit tightly the valleys on the other surfaces to form an

inseparable mechanical lock EZf].

A preliminary investigation om the experimental bases
which govern the extrusiom of rod, tube and can from combin-
ations of dissimilar metals has been made by E. Whitfield EZS]
at the National Engineering Laboratory. The results obtained
showed that flow of metals during the coextrusion process is

dependent on their relative mechanical properties, dimensions



and geometrical disposition of the dissimilar metals in the
original billet as well as the die geometry. Whitfield also
measured the influence on the required hydrostatic pressure of
the different combinations of metals and proportions. No
metallurgical bornding was achieved under the conditions of the

experiment at room temperature.

Whitfield also carried out experiments in crder to
approximately determine the minimum value of the initial plating
thickness required for the successful extrusion of copper-plated
billets of mild steel into rods, tubes and cans [29], He found
that this value is dependent on the extrusion ratio of the
particular experiment and that the ratio of the initial plating
thickness/extrusion ratio is approximately constant. The
extrusion pressure-characteristics obtained during the extrusion
of plated billets are similar to those for unplated ones. The
adhesion of copper on the extruded products was said to be

satisfactory; mno metallurgical analysis of the interface was

reported.

J.M, Alexander and B.C. Whitlock carried out research
into the production of bimetallic strips by extruding two
dissimilar metals from separate containers through a single
‘die [30]. Experiments involve the extrusion of tin and lead

at room temperature and copper and silver at 750°¢C. They bave



achieved bond strengths at least equal to the strength of the
weaker metal. Upper bound and slip-line solutions were used in
order to estimatz extrusion pressure and interfacial stresses.
The comparisons between the actual extrusion pressure required
in the tests and their calculated upper bcunds are shown in the

following graph:
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The results of metallcgraphic examinations of the
bimetallic strips showed that at the interface, intimate

contact had been achieved between the dissimilar metals.

B. Avitzur[:3l] made a very comprehensive analysis

of the mechanical conditions of the coextrusion process and



the corresponding governing variables. These variables are:

(i) Percent reduction in area.

(ii) Semi~-cone angle of the die,

(iii) Die land length.

(iv) Friction.

(v) Relative size of the core, related to tube,.

(vi) Ratio of the flow stress of the core to the flow

stress of the tube.

(vii) Prescribed body tractions (front tension in extrusion

and back tension in drawing.

He aimed at producing a criteriom for the analysis

of failure of composites obtained by drawing or extrusiomn.

A successful drawing or extrusion results from homo-
geneous deformation and thus identical elongation in both tube
and core. If the core, being harder to an excessive degree,
resists deformation so that it elongates less than the sleeve,
failure by core fracture is imminent. If the sleeve is harder
than the core to an excessive degree, the sleeve resists
deformation and elongates less than the core, and failure by

sleeve fracture is imminent.

The combination of variables causing failure are

presented in graphs, for different values of the core/sleeve



radius ratio, core/sleeve yield stress ratio and die angle.

In the following graph the criterion for sound flow in

extrusion is illustrated: e
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While no attempt is made to fully characterize the
behavicur expressed in the various cases presented in the paper,

he pointed out scme general trends to apply as failure criteria,



cven if these tendencies may be violated occasionally:

(i) The harder the sleeve, for YC/Yt < 1, the more likely

it is that fracture will occur.

(ii) The harder the core, for YC/Yt:> 1, the more likely

it is that core fracture will occur.

(1ii) The greater the departure cf the strength ratio unity,
the more likely it is that fracture will occur and the narrower
becomes the range of process variables within which sound flow

is likely to occur.

(iv) The higher the mean pressure (higher back pressuve;
lower front tension), the wider the range of variables for which
sound flow is expected. Thus in extrusion, the range of sound

flow is wider than in drawing.

(v) Normally, the higher the friction, the narrower the
range for sound flow, except that core fracture in extrusion is

deterred by higher friction.

The experimental results presented verify the validity

of the fracture criteria.

B, Avitzur et al. [32] also studied the hydrostatic
extrusion of hard core clad rods considering specifically the
influence on the mechanics of the process of the bond;between

core and sleeve. 1In order to cover a range of bond strengths,



two pairs of materials were used. These were coppexr clad with
solder and a Nb-Ti alloy clad with commercially pure aluminium.
They also studied the combinations of mechanical conditioms
leading to failure and they present the results in the graph

that follows

FALGRE
° ket d .
o TGRS FUCW
o souns
O PINCH-OFF OR WA/Y

o]
[}

LEL]
€0 ¥+.43%

<
W
2
= o *
§ i bdu-:,_.——_—_-.—v—nw- ;.-r—-ﬂrz_‘
- =
8 ecf- PINCH-OFF FAILURE
.“;"3
o -l
®
20 w»vv FAILURE {CCRE C'LY)
|-
Ty i i L -~ D ESYD AN
o y , , . SOUD EXTRUSION (CORE OWf}  ,  a°

v E 1] ] 2C 25 £y 32 40
SEMICONE  ANCLE

Seund and failure zones for solder clad copper (metallurgical
bend)

The experimental results show that fracture in hard
core clad rod is not controlled by an ivherent brittleness of
either core or sleeve materials but controlled by process

variables.

An attempt has been made by J.M. Story, B. Avitzur
and W.C. Hahn Jr. E33:]to consider the influence that the

combination of variables leading to failure has on the extrusion

‘_l-

into receiver pressure. The experiments showed that increasing

the receiver pressure increases the range of acceptable process
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variables to produce a sound flow. The results are presented
graphically, pointing out the sound and failure zones Ifor single
and three core, pure aluminium clad Nb-447% Ti. Some important

conclusions of their work are:

(1) There seems to be an optimum diameter ratio above and
below which the size of the successful region will be signific-

antly smaller.

(ii) The range of acceptable reductions in area will tend

to decrease with increasing die semi-cone angle.

(iii) The strength ratio is very critical, An increase in
strength ratio (25-50%) will significantly reduce the size of

the safe or successful zone.

(iv) Increasing receiver pressure will increase the size

of the safe zone.

Based on Avitzur's velocity fiéld, P.B. Mellor et al.
[34] produced an upper bound solution to predict failure
conditions in the hydrostatic extrusion of composite rods. A
detailed analysis of the theoretical basis of this approach is

discussed in Chapter V.

G.S. Hartley'EBSJ produced an upper bound analysis
fer the tube extrusion. A kinematically admissible velocity
field has been proposed based on the superposition of three

velocity fields corresponding to the three zones in which the



workpiece is divided. Analwvsis of tube extrusion shows that

3
o

(4

the linear relaticn between extrusion pressure and ithe logarithm

N
b

of the extrusion ratio is varied by fixing the mandxrel size an

die-cone angle and varying prcduct diameter.

Iin EBQ], J.M. Alexander and C.S. Hartley carried out
a comparative study of experimental results obtained from the
hydrostatic extrusion of copper=-cover red aluminium rods with
theoretical results derived from Hartley's upper bound solution
[35]. The study compares the experimentalbvalues obtained for
the extrusion constant K and the required extrusion pressure
for different extrusiom ratios and die angles, showing a good
agreement between them. They also compared a finite elements
solution for the flow lines correspording to the ccextrusion cf
two dissimilar metals with the experimental ones obtained from
observation of billets which have been split on a meridional

plane, these being remarkably similar.

1.4 - Temperature distribution during deformation

The temperature rise during the process of deformatiocn
is a very important parameter to be considered in predicting
mechanical properties of metallic products. During the
extrusion process the temperature rise may be significantly
high (for high speed or large extrusion ratios), and therefore

become relevant not only the knowledge of the temperature of



the product but also the temperature distribution in the defor-
ming zone to predict the local heating and its mechanical and
metallurgical consequences. In particular this information is
necessary in the study of pressure welding conditions in the

extrusion of composites,

Several attempts have previously been made to estimate
the temperature rise in conventional extrusion and in the
drawing process. Possibly the first work on the subject was
done by Siebel and Kobitzsch [3?] for wire drawing, assuming
uniform deformation and a constant coefficient of friction.

More recently, Singer and Coakham [ﬁQ] and Singer and Al-~Samarrail
Eél] measured the emergent temperature of the product in
extruded billets, for several materials.and ram speeds. In E41]
an attempt is also made to predict the tempevature rise of the
emerging product by assuming a simple model in which all
deformation takes place as the metal crosses the die-exit plame.
They considered only axial heat flow and neglect the container

friction,

Johnson and Kudo EAZ] obtained a temperature field
for the extrusion process by an uppér-bound approach. 1In their
assumptions they consider a rigid-perfect plastic material,
neglect the die friction and assumed the deforming process as

being adiabatic.



Based on a visioplasticity approach, W. Fister [43]
obtained the strain rate and stress distribution covresponding
to the deforming zone for the hot extrusion of aluminivm, From
these fields he derived the temperature rise taking place in
the metal. In this work the influence of_temperature rise on

the yield stress of the metal was taken into account,

By using a numerical appreach, J.F.W. Bishcp [F4]
estimates the temperature field in the deforming zome cf a

rigid-plastic plane-strain extruded material. He evaluates

lala
v

velocities and strain rates by means of a slip~lines solution,
assuming no friction at the material-die interiace, In this
paper the deformation, thus heat generation, 1s regarded as
taking place instantaneously, followed by a static heat cond-
uction during a small interval of time. With these assumptions

Bishop obtained the numerical solution by meauns of the £inite

difference method.

T. Altan and S. Kobayashi Eéjj also studied the
extrusion process, by means of a visioplasticity approach
obtaining the corresponding stress and strain fields. They
adopted Bishop's sequence of heat generation and metal trans-
portation followed by a static conduction process. In their
developmentvthey considered temperdture—dependent heat para-

meters for the conduction process, a ccnstant value for the



coefficient of frictionm and estimate the normal stress on the
die and container by means of an empirical formula., The temp-
erature field was finally obtained by means of the Dusinberre’s

[ﬁG] finite difference approach.

Lengyel, B. and R.M. Guha [47] estimate the temperature
distribution in the deforming zone for the process of hydro-
static extrusion, They developed a time based simulation
computing model to follow up the ektrusion process, wnere
instantaneous heat generation was followed by static conduction,
convection and radiation during a small period of time, by
means of the finite difference method. Temperature was estim-
ated at various extrusion speeds and coefficients of friction,
taking into account the temperatufe and strain rate dependence
of the yield stress and heat parameters of the deforming metal

and tools.

Despite the fact that there are  models capable of
describing the temperature distribution arising from the deform-
ation of a single metal wire, mo attempt has yet been made to
estimate the temperature distribution in the deforming zome of

composite billets.

I.5 The Method of Weighted Residuals

Crandall has used the term '"Method of Weighted

1"

Residuals” to denote a general approximation procedure for



solving various types of differemtial equations and boundary-
value problems. The preccedurs is te assume an approximatea
solution in the form of a linear combination of known trial
functions with adjustable constants. By substituting the form
into the governing equation, a residual functionm is obtained,
which is then required to be orthogonal to a selected set of

welghting functions.

The application of the method of weighted residuals
to solve a single scalar diffevential equation is discussed by
Crandall EAS] and Kantorovich and Krylov quj. A generalization
of this procedure to the integration of vector differential
equations and systems of differential equations is considered
by Finlayson and Scriven in ESQJ and by‘FinlaYSon ianSﬂ].
This generalization applies to the study of ‘eformation phen-
omena where it is necessary to use the method of weighted
residuals to tensor differential equations, including realistic
boundary conditions. Details of the mathematical aspects of

this method are given in Chapter VI.

E. Steck considered the application of the method of
weighted residuals to obtain the stress and strain fields in
the process of extrusion of solid billets through conical dies

and compression (upsetting) of right cvlindrical specimens

between parallel platens [52],[:533, [5&].



Solutions for the stress and strain field were
obtained by means of a direct integration of the Prandtl-Reuss
non~linear tensorial equations describing the plastic state.
This procedure has been used in this work and is considered in

detail in following chapters.

1.6 Scope cf the work

In the present work we aim to obtain a numerical
description of the stress and temperature field in the deforming
zone corresponding to the coextrusion of two dissimilar metals.
Our immediate concern is to énalyze the conditions of pressure
and temperature existing at the tube-core interface leading to

the formation of a metallurgical bonding.

The solid state bonding of metals by rolling and

}.h

indentation have been extensively analyzed and there is in the
literature relevant information for obtaining a successful
metallurgical bonding. The process of coextrusion, as far as
the relevant parameters of the jeint formation is concerned
(pressure, temperature, extrusion ratio, superficial contam-
ination, etc.) has not yet so far been extensively considered.
There exists little information on the threshold extrusion

ratios to obtain bonding and the variables defining this ratic

S

P—‘I

for different metals and working conditions., Hence, it



considered that the study of these conditicns would be of
practical interest. Therefore it is proposed to examine pumer-
ically the stress and temperature fields in the deforming zone,
particularly at the interface. It 1s hoped that this information
will eventually lead to a better understanding of the mechanisms
for the joint formation during hvdrestatic extrusion at room

temperaturec.

. .
It also appears that the method of weightaed residuals

offers a relatively easy, concise and satisfactory solution and

less demanding in terms of computing resources.



11, ELEMENTS OF CONTINUUM MECHANICS
11.1 Introduction

The theories of elasticity and plasticity describe
the deformation process of most of the materials commonly used
in engineering. These theories are based on experimental studies
of the relationships between stresses and strains of poly-
crystalline aggregates and hence their development was, to some
extent, independent of the knowledge of the structure of matter.
Their macroscopic conclusions hold for an idealized material

model named '"continuous'.

Among other principal applicatioms of the Continuum
Mechanics is the determination of stresses, strains and dis=~
placement of a solid subjected to extérnal forces. The
equaticns representing physical and geometrical restricticns to
possible mathematical solutioms for this probiem are well known
[55],[:56]. In a general case these con&itions are expressed
in terms of partial differential equations, linear or non-linear,
depending on the constitutive equation corresponding to the

solid being considered.

In most cases exact solutions to such equations are
impossible to obtain, and often not even an approximgte form,
Difficulties arisé from the fact that boundary conditions involve
restrictions arbitrarily imposed, not always easy to introduce

in the governing equations of the process. Constitutive



equations in the Thecry of Plasticity add a mon-linear behaviour
to the governing equations that, in general, make it impcssible

to obtain theoretical solutions for most of the procblems.

Needless to say that even in cases where the
difficulties can be overcome and solutions obtained, such
solutions do not necessarily represent the true stresses and
strains. The degree of accuracy depends upon how well the
‘constitutive equations describe the mechanical behaviour of the
material being deformed, under the particular set of circum-

stances in which the deformation process takes place. Consequently

r.J.
44}

in order to understand the limitations of such sclutions, it

T
9]

often necessary, while dealing with real problems, to resort
the available knowledge of the structuré of matter and the
mechanisms developed by Solid State Physics. As long as the
microscopic and macroscopic points of view are not completely
related, it is necessary to take into account both of them, as
they provide complementary information. The present trend is
not to make unilateral approaches, either mechanical or

physical, but to widen constantly the field of observation
C57], [s], [59], Codl.

It would be desirable to take from Solid State Physics

£
4

the essential assumptions for the Theory of Plasticity, based
on the analysis of elementary physical processes. The immadiate

requirements of solutions to technical problems and the fact
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that Physics cannot yet meet them, makes it unavoidable that
these assumptions are based on phernomeintclogical hypcothesis or
on experimental investigation. Consequently such conclusions
are not general and constitute a reasonable approximation to a

limited number of real processes,

11.2 Stress field

The stress distribution will be awvalysed by means of
-8 I~ - pres "
Cauchy's stress tensor ., [55 361. 51 62 72]- its
y l J 7 ...l ? i_. wd E— .V-J ’ [: ] ? L ’
representative matrix in a Cartesisn system of coordinates xy

(i = 1,2,3) being:

- .
91 %92 93
o.. = %1 %y O (1)
ij
9 % a3

with the condition O,, = C,,
ij ji
Tensor ng can be split into the deviatoric and

hydrostatic or spherical components:

0., =0 +0 0 (2)
1] 1] m 1]

il
W
Q

where O L 0., and O.. is the Kronecker delta.
m ii ij

Consequently, the deviatoric stress tensor is

o, = C,, -0 0, | S (3)

ij ij m ij
The principal invariants of Oij are given by the

expressions
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33 o 0

t Lt ¢ ‘
J} ZGijGij (4)
J! =

1]
3 det[dijj
In a cylindrical coordinate system {x, @, z) the

matrix components of Oij are:

Or 8 Trz
oy = Tor % T (5)
_Izr Iz@ C& )

|
Zé_- T /

— T,

- /
o~ P ’ Tor
-~ d — l\>? /
/

and the remaining functions are independent of the variable 9.
Under these conditions the second principal invariant has the

form:



. 2
o’zoi‘) +T (6)

L S . 1 9_!_ ]
JZ (- o O, O .

t
r @ 8 "z

=t
P
.
[
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Equivalent stress

The equivalent stress U is defined by the expression

= [ 2 r
g = V33 v 3 013 9% 5 (7)
In axial symmetry, equation (7) has the form:

= - SRS P RS R S R VAN
0 [3( Or 09 09 OZ OZ Or ' [':I'Z)'—'

1
2

(8)

11.2.2 Stress functions

The equilibrium condition in terms of stiesses is

given by

., 2
& (9)

=]
ox, D =1

W w

’
b
body forces being neglected, where Xj '1s a generical coord-

inate. In the case of cylindrical coordinates and axisymmetric

conditions, equation (9) can be expressed in scalar form as:

aO'r + atrz + Or-og - 0
or oz r
GCb
35 - 0 (10)
ot . od T
rz 'g + 2 _ 0



It can be shown that selecting two functions @l and

QZ such that:

0" ¢ ¢
ror o T
s .
& or '
‘ (11)
a%g
g =+ L
2
z T o,
2
_ y 979
‘rz. ~ T Oroz

where ¢1 = ¢l (r,z) and ¢2 = ﬁz (r,z) are scalar stress

functions, equations (1) are automatically satisfied [617

_ (
I1.3 Strains and strain rates E6l],'[62]

As in the case of stresses, strains are obtained in

terms of Cauchy's strain tensor given by

€., = L(—= 4+ —dy (12)

Its representative matrix in a Cartesian system of

coordinates X, (i =1,2,3) is:

€11 E12 13

- = E
&3 €1 F 23 (13)

L €3 1 E3 2 E3 3

M
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Expressed in terms of a cylindrical system of cooxd-

inates (r, ©, z) and in a case of axial symmetry:

Er 0 Erz
Eij = 0 Ee 0 {13)
LE:]:Z O EZ

The strain rate tensor is defined as

: 9
&35 T Bt

3}

and in terms of velocities of displacements v, a

. ' E)Vi av.

= L(—e— 4 —-—'L b
Eij Z(GX. v ax.) (14)

]
The three principal invariants of £,. arvre:
= S
= L E-: - % . I'4

J3 = det['c:l ___l
The incompressibility condition leads to:
E.. =0 (16)

The strain rate tensor can also be expressed in
terms of a deviatoric component E;j and a hydrostatic cor

spherical ome €_0,. as:

N
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€., = g£!.+€ 0.
ij ij m ij
where ém = ;%éij' Consequently, the deviatoric strain rate
tensor is given by:
=!. = €., -€_0.. 17
€15 15 7 EmOij (17)

with its three invariants:

= " =
T R O
= Lg? &
I, HN (18)
= -1
13 = det[Eij:]
‘he form of 12 under axisymmetric conditions is:
e . Ly -2
= - te . 1 1~
I2 (EIEG * €€, * 8zEr)+.€rz (19)

A basic assumption of the infinitesimal elasto-
plastic theory is that strain Eij (or strain rate éij)
components can be expressed in terms of its elastic and plastic

components as

£€,. = €, +€. or €.. = €°. +€",
ij ij ij iy ij ij

Frequently it is possible to neglect the elastic
component in relation to the plastic compoment., In this case,
the plastic component is assumed as being the total strain.

This assumption also holds for strain rates:

. or £, = €%, (20)
J 1] 1]

0
I
™M

P
“ij i



11.3.1 Stream. function

Equation (16), €, =0, is the form adopted hv the
continuity equation for a fluid of constant density. Thais
condition must be satisfied for any strain rate field E‘j in

L

order to be comnsidered as kinematically admissible,

In the case of cylindrical coordivates (r, 6, z),

equation (16) has the form:

avr 1 ov V.. avz
L4 i L., _2 - 1)
5r T T T o 0 (21)

or, under axisymmetric conditions:
—_——t =t == = (22}

It is easy to show that if a scalar stream function

¢ = P(xr,z) is selected, such that

s = Lay

r r Oz
o1y ‘ (23)

V == em mem e

z r Or

the continuity equation (22) is automatically satisfied.

Developing equation (1&) for the case of cylindrical

coordinates one obtains:

s . .M Ve, 1%
r or 8 or r r 09
) 1 Bve vr avr avz
e*r® T T ® T E (24)
Z 0z ez 0z r 09



Under conditions of axisymmetry Vg T O, V. = vr(r,z)

v}

»re reduced to:

~

and v, = vz(r,z), equations (24)

) avr )
Er = Tor ErG =0
- VT »
= — = C"
EG T Eez 0 (25.2)
ov ov ov
S A S
E:z oz E:J:'z oz or

In the case of a spherical coordinate system (R, P, 9)

the velocity components become:

v o= (VR, m@, v@)

and the corresponding strain rate field is described by:

: . A S

RR ~ OR R6 2R 56

. VR . »

£ = — : 3 = g = 25.1

pp T R Eo rg = O (25.0)
V.

. R . .

“o6 = T = "Crr ey

Finally, referred to a cylindrical coordinate system,
the strain rate field can be expressed in terms of the stream

function as:

_ 9.1 3%

& T Br(r z)

.1 @y

o = 70z (26)
___.a_(_lnﬁi))

€y dz'r Or



rz  dz'r 0z or 'r Or
(26, continued)
3 :=é =
Ere 0

IL.4 Elements of the Mathematical Theory of Plasticity

[67], [6s], [69]

IT1.4.1 Yield function

Assuming a homogeneous material with an isotropic

rule of hardening, the vield function may be written as
£(0;;) = o) - (27)

In general, L is a functional depending on the plastic strain

history of the material:

L= tfef__ @]

. . th ,. .
and C is a scalar function. In a 9 ~dimensional space of
stresses, function C measures the instantaneous ''size" of the

yield surface.

Assuming an isotropic behaviour of the material before
and during the deformation, and since f(Oij) is a scalar
function, it is possible to express f in terms of the eigenvalues

of Oii or in terms of the principal invariants:

3y (28)

£055) = £y Iy
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By assuming constancy of velume, equation (28) can
be expressed in terms of the principal invariants of the

deviatoric stress tensor Oij, that is
F(0l,) = £(3, Iy (29)

The most common expressions for equationm (29) are

those given by von Mises and Tresca.

(1) Von Mises vield criterion:

This is the simplest possible form of equation (29)

and is given by:

f = J! -k = 0
or
£ = Lg'.g'. -k = 0 (30)
203343

where k 1s a scalar function depending on plastic strain

histoxry.

Despite the fact that physical interpretations. have
been suggested for this criterion, based on the shear strain

energy, they should be merely considered as formals [bl].

(ii) Tresca vield criterion:

In terms of the principal stresses Ol, 02 and 03,

where 0, = 023> 03, the Tresca criterion is expressed by:



fo= 0 -0 -2k = 0 (31}

Experiments give, in general, little backing to the
hypothesis of isotropic hardening, necessary to the validity
- o -
PR * . o "~ ""I 1 - r.-'_-' - e s o
of these criteria [ 063 ], 64"j,_p5 , | 66 . The permanent
preference for this hypothesis is due to its mathematical
simplicity and to the fact that if unleading is not performed
during the process of deformation, the results produced are in

reascnable agreement with the experiments.

I1.4.2 Equivalent strain

From the expression of plastic work and sssuming

f = é, the equivalent strain is:
G =V 50e], dE ], (32)

Drucker [ 71 ], [737], has proved that expression (32)
is reasonably correct for any yield function of the form

£(Jr, JL) = 0.

i
3

1

IT.4.3 Plastic stress-strain relationships

For a.material that behaves according to Drucker's
postulate [70], [71], E73:],the general expression for the

plastic stress-strain relationship is

P = 1...9.?... .._Q.f__. 'e] (23)
de;s = G35 507 49 (33)

ij R °
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where G is a scalar function depending on stresses, strain and
loading history. For a material that hardens isotropically,

equation (33) can be written as

P o 0f
d&is = GggTdf
. 3.3

or, in another form:

P . Bf ' ,.
c‘tij = 35 dA (34)
1]

where dA = Gdf.

If equation (30) is used as a yield function,

equation (34) becomes:

ael. = o', d\ : (35)
1] L]

or, in terms of strain rates:

€P; = A0y (36)
= dA
where A = Tt

Equations (35) or (36) are known as the Prandtl~Reuss
relationship. The value of /A can be calculated by substituting
equation (36) in the von Mises yield criterion (30); then the

following expression is obtained:

5
;2 Ez Eli). k2 (27)
2 A ] ]

In another form:
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where 12 is the second principal invariant of the strain rate

tensor. Finally

p o Mo
=

and replacing this value in equation (3G):

' .
Oij = ‘/E“ glj—J = __..__k_......: 611?3 (38)
I P -F -
L =
2 \/2 i5 tij

which is the form to be used throughout this work.

IT.4.4 Power of plastic deformation

The power involved in the plastic deformaticn of a
, ; . , . PN
material volume V according to a strain rate tfiela &ij and
under a deviatoric state of stress O{j is:

w = |ov. &, av (39)
S i3 ]

For a material obeying the Prandtl-Reuss relation-

ship, equation (38) is then valid and consequently:

v = kP éf.dv
v\/T; ij Tij

or

v = J( 2k/T, AV - (40)



If k has a ccnstant value all over V and the material

does not exhibit strain hardening, equation (40) can be written

as:
w = 2k j VIZ— dav
Y\f
or
r 1%
o o 2y 3[% é‘,l’.éli’.j av (41)
Jg v J J



I1II. EXPERIMENTAL WORK

111.1 Introduction

The general aim of this experimental work is to
obtain a composite wire of copper and stainless steel, by means
of an. existing rig for hydrostatic extrusion-drawing processes.,
Most of the experiments have been carried out with copper as
sleeve and stainless steel as core, but the inverse combination

was also tried.

The main purpose of these experiments is to produce
an adequate composite specimen, suitable for being extruded in
our equipment and to gather relevant information to fit in
theoretical models describing the stressxénd temperature fields

developed during the extrusion process.

I1T.2 Experimental equipment

I11.2.1 The hydrostatic extrusion-drawing rig

The complete and detailed description of the rig
can be seen in [74],[:73]. We here merely list some charact-
eristics of the equipment relevant to our work., A general
view of the total apparatus can be seen in Fig, 2, and a

schematic view of it in Fig. 3.



I11.2.2 Pressure vessel

The pressure vessel consists in a maraging steel liner,
25.4 mm dia. bore and 660mm long. It is designed on the basis
of a plastic liner with elastic support cylinders ES], There
are two outer cylinders: one in the form of sleeves and the
other in rings assembled with an interference, giving a total
external diameter of 381 mm. Themaximumdesigned working

pressure is 30 k.

Since at high extrusion pressures the fluid reduces
significantly its volume, a large amount of elastic energy is
stored in it. 1In order to lessen the risk involved in this
situation, filler cylinders are used to reduce the volume of

fluid in the bore.

I1.2.3 Intensifier cylinder and oil pump

At one end of the pressure vessel is located an
intensifier cylinder used to pressurise the vessel by acting

on the plunger. The intensification ratio is 31.7.

The pressure existihg on the low pressure side of
the intensifier is supplied by an electrohydraulic pump
"Stansted", model TC/10 612PF, maﬁufactured by Standted
Filtration Ltd. The pump operates with Shell Tellus 27

2

hydraulic oil, at a maximum working pressure of 1034 MN/m".,

with a rate delivery of 3.8 cm3/s.



The pump has a special device tc nold automatically
a preset pressure indefinitely by supplying any flow demand
within its capacity. Nevertheless, this control operation was
done manually since this device was not sensitive enough to our

requirements,

I11.2.4 Dies and die holder

I1T1.2.4.1 Dies

A set of dies was designed tec be used with the
composite specimen and different extrusion ratics. A drawing
corresponding Lo onme of them can be seen in Fig. 4, Dies were

made of KE 180 steel, hardened to HRC 62 min, and 30° included

is the angle used throughout the experiments.

111.2.4.2 Die holder

The general structure of the die holder was maintained
as in [75]. Only some minor design modifications to reduce
stress concentration were made. The new shape can be seen in
Fig. 5. This change has been made since several die holders
cracked at hydrostatic pressures about 15.5 kb. The new

design supported 20 kb satisfactorily.

I11.2.5 High pressure plungex

The main characteristics of the plunger operating

in the bore of the vessel were kept as in [76], except for a
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design modification aiming to reduce stress concentration.

This was done after the origimal plunger was broken

.nto pisces at a pressure of 20 kb. The new design is

shown in Fig. €.

I1I1.2.6 Extrusion fluid

The main cheracteristics of an appropriate extrusion
fleuid must be: (i) a good lubricant, and (ii) not to "freeze"
at the high pressures used in the process. It is important to
remark that at the usual pressures developed during the

extrusion process, fluids reduce their volumes in a 30-50% range.

Due to the important increase in the viscosity of
fluids at high pressures, not all lubricants are suitable for
being used in this process. A comparative analysis of the omes
Vmore commonly used is presented in [l:]and E??j‘ An illustrative

plot relevant to fluid behaviour is presented in Fig. 7 Eij.

One of the more adequate fluids for transmitting
the load acting on the plunger to the whole fluid volume and
to convert it into hydrostatié pressure, at the highest working
pressures, is castor oil. However, the.addition of 20% methanol

was necessary to avoid freezing.

I11.2.7 Drawing bench

As drawing bench, a 50 kN drawing jack manufactured



by M/s Duff-Norton & Co. was used. It has a continuous
variation speed through a gear box, from 1.6 to 14 mm/s.
Modifications made in the supporting structure enlarged its

drawing capacity in length up to 560 mm.

The drawing head is a standard Tustron jaw, capable
of gripping any wire diametexr. A load cell is located between
the jaw and the jack screw, in order to measure the drawing
force. The load cell works with ar ordinary four avms strainf
gauges bridge comnecticn snd it has a2 load capacity of 9 kN,

The measurement instrument is a U,V. recorder, properly

calibrated.

The rig allows operating under the entire range of

driving stress ratios (D.S.R.);
(D.S.R.) = Extrusion pressure/drawing stress.
It is possible to obtain conditioms going from pure drawing

(D.S.R. = 0) up to pure hydrcstatic extrusion {D.S.R. = o ),

II1.2.8 Pressure measurement E7S]

I11.2.8.1 The coil

The pressure in the high pressure vessel is measured
by the change in electrical resistance of a 100 {? manganin

coil, of 42 SNW.G., wire (0.1016 mm dia.).



The wire is kept for approximateliy 10 hours at a
0 . ‘o o
temperature of 140°C, aiming to stabilize the electrical
resistance and to relax residual stresses., This procedure is

suggested by Johmson-Matthey, the manufacturer of the wire.

The coils are preparad according to the following

geomatry: E SREAN
|
IR
S
I
e D S
,—’\\ D }
’’’’ _\ :) e
R (N
,__..,_....‘...-N\ -
|
l— » '?9 X|"
VG

The wire is tightly coiled in.a von-inductive way
and the ends soldered to two copper terminals riveted tc a plece
of insulating material, These points are then comnected to the
plunger terminals by means of two stronger leads. Originally
the ends of the coil were directly connected to the plunger
terminals. In this condition, the wire breaks every time a
violent drop in the pressure takes place, as happens when the
billet is acidentally expelled through the die during a free

extrusion experiment.

The present form of connection proved to support
satisfactorily these events saving the long time usuzlly

required to replace a broken coil E?Q],
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e

ls are calibrated in a dead weight machine,
checking the resistance with a Wheatstone bridge. The more
representative value obtained for the change in resistance with
pressure is 1.65 x 10-7§2ﬂﬁ/psi. and the law of variation
linear within the observed range. The calibration line is

shown in Fig. 8.

I11.2.8.2 Measurement circuit

The manganin coil is an arm of the Wheatstone bridge

connection, as follows:
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The measurement instrument used is an Ultraviolet
Recorder S.E. Type 3006, with a galvanometer Type A-1C0 (0.130
mV/cm sensitivity). For the calibration of the recorder, a
calibrating resistor is used that when comnected to the bridge
produces a displacement from equilibrium equivalent to the

effect of a 7.72 kb pressure acking on the manganin coil.



I171.3 Metals and billet characteristics

The copper tube used throughout the experiments is a

commercial type, 24 gauge (3.64 mm bore) in "hard" conditiom.

The stainless steel core was provided by:

M/s Bekaetrt S.A.
B -~ 8550 Swevegum

Belgium.
with a chemical composition as follows:

17.7 Cr: 9% Ni: 1.66% Mn: 0,192% Si:
0.07% C: 0.026% P: 0.02% S: Fe up to complete balance.
The stainless steel wire is annealed according to

the following procedure: maintained at 1100°C in vacuum

furnace and then air-cooled at room temperature.

Experiments with composite specimens have shown that
the best results are obtained when the plastic daformation
characteristics of both components are similar'tilzj. This
situation is reasonably achieved with fully annealed stainless

steel and copper in "hard" state,

After several trials, the following is the final

design adopted for the composite billet:

N— . - ~
N
_ T = ——
!
. |
S32 ‘it !
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It is important to keep the tube-bore clearance as
small as possible to avecid gecmetrical distortions in the

product.

Once the core is inside the tube, the back of the
tube is closed with soft soldering while the other end is
tapered by pushing it manually through a 40° included conical

“die.

I1TI.4 Experimental techniques

The conical end of the described specimen is then
lapped against the die until a definite contact surface appears
on the tube cone, as to assure a proper csealing of the high

pressure, at the beginning of the process.

‘Once this condition is attalned, tue specimen is
located into the bore of the pressure vessel, full of fluid,
and the whole equipment is assembled. The tag passing through
the die allows the applicaticn of a small load by means of the
jack. This operation will keep the core against the tube and

the tube against the die, as to permit to build up some pressure.,




The pressure makes the tube collapse over the core,
producing a very strong grip. As a consequence, the compos-

ite billet can be pulled as a solid wire from the core tag.

Pressure is raised in the container by pumping oil
into the low pressure side of the intensifier cylinder. The
high pressure induced in the vessel is measured by means of

.the manganin coil and recorded in the U.V. recoxrder,

Since the drawing jack is of the screw type, motor
driven, a start-stop push button is used to control the
extrusion process, by means of the product augmenting pull

the jack exerts.

The process begins by pumping ﬁb to the desired
préssure and then the pulling jack is started, The drawing
jack pull needed tc start and maintain the extrusicn process
at a chesen hydrostatic pressure is reconrded on the same U.V,.

recorder as the pressure, from the load cell.

The simultaneous measurement of the pressure and
the drawing pull allows the constructicn of graphs with the
"pulling stress~hydrostatic pressure" relationship, corresp-

onding to the extrusion ratio to be considered.

III.S5 Results

Composite specimens with extrusion vratios 2.7, 4.3



and 5.6 have been processed with the minimum speed, aiming to

obtain the "pulling stress-hydrostatic pressure" relationships.

The plots are shown in Fig. 9. Each point in the
graphs is the average of three experiments carried out under
similar conditions. The determination of these points is
reasonably free from scatter in all the extrusion ratios
tested. A photograph of the cross sections of these wires
together with the original ome is shown in Fig. 10.

In Fig. 11, the "pulling stress-hydrostatic pressure’

relationship corresponding to the stainless steel wire is

presented.

From examination of the compasite specimen graphs
it can be seen that they follow the pattern predicted by the
theory existing in the literature for solid wires, referring
to their linear trend. A theoretical interpretation of these

results is considered in the following chapters,

The same relatiomship, corresponding to the process
of a stainless steel sieeve-copper core specimen with an

extrusion ratio of 2,7, is shown in Fig. 12.

I1I.6 Multicore specimens

As a complement to these experiments, a multicore

specimen has been tried, as a first step in the line of
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oroducticn of superconductor wires,

The cross~section designed is shown below:

Materials used are of the same characteristics as
the previocus specimens. The assembly of the billet follows
a similar procedure as described beforef A photograph with
a cross-section of the original billet and thét corresponding
to a product obtained with an extrusion ratioc 2.7 is shown

in Fig. 13,



FIGUR® 2 . General view of the
hydrostatic extrusion-drawing rig.
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FIGURE 10 . Cross-sections of a composite
billet and products of wvarious reductions.
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FIGURE 13 . Cross-sections of a
mul ticore billet and product.
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1V, SLAB METHOD APPROACH TO THE COEXTRUSION
OF TWO DIFFERENT METALS

[79]

1v.,1 Introduction

In the present section, the coextrusion of two metals
by the process of hydrostatic extrusiocn-drawing will be cons-
idered from the "slab method" pcint of view. Such analysis
is based on the assumption of a uniform state of stress at

all points of a plane normal to the die axis.

This apprecach was first proposed by Sachs E7j and
later presented by Hoffman and Sachs [ﬁ], for the extrusion

of a single metal.

In a composite specimen where the yield stress of
the tube is lower than that of the core, one might expect
the tube to flow more easily through the die., However, the
friction between the core and the tube tends to partially
restrain the flow of the tube and, at the same time, drag the
core along-with it. If, on the contrary, the tube is harder
than the core, the opposite situation will take place. This

interaction will be referred teo as the dragging effect.

A section of the composite specimen and the notation

used are illustrated in Fig. 14.
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rigid perfectly plastic

M

In the present analysis
material model will be assumed thrcughout the calculatioms.
It will also be assumed that the metals are isotropic before
the deformation starts and no anisctropy is developed during

the process of deformation.

Iv.2 Dragging effect

Due to the tendency of the soft metal to flow faster
than the hard one through the die and owingvto this differ-
ential velocity being resisted by stresses developed at the
interface, a compressive state of stress is set up in the soft
metal and a tensile state of stress in the hard ﬁetal. As a
result of this, the soft metal behaves as a harder one and the

hard metal presents an apparently lower yield stress.
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This phenomenon had also been cbserved and analyzed
in the sandwich rolling and drawing of hard metals [80],{:817,

[s27],[83].

It will be assumed that the state of stress
developed at the interface can be represented by a cylindrical
state of tangential stress, of a constant value slong the

interface,

it is apparent that the tamngential stress T will
depend on the relationship W of the yield stresses of both

materiais, W being defined as

7

_soft

W =

7

“hard
Since T is generated by a differential mechanical
behaviour, it must vanish when both metals are mechanically

equivalent (W= 1) or if Y = 0 (W= 0, bechaviour comparable

soft
to the corresponding to an ideal fluid).

One of the simplest forms of representing this
characteristic of T is by means of a quadratic function v,

which will be referred to as furnction of dragging, that is

N

oo ~wliw o< w<l

which plots as A
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Hence, T can be expressed in terms of v as

T= q9

g baing a constant. The sign of g will define the positive or
negative concavity of <) which will point out the sense of T .
This sense will depend upon which material (core or tube) is
softer and that is merely a metter of comvention. In our
analysis g > 0 if the tube is softer than the core.

fhe maximum value that T can reach is the shear

yield stress of the softer metal, that is

L = g3 = ksoft

As the maximum possible value for + = 0.25, the upper bound

for q = 4 x ksoft'

IV.3 State of stress on the core

Stresses acting on an element of the core aie shown

in Fig. 15.
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The assumed state of stress is such that the axial
and radial directions are both principal directions, corresp-

onding to principal stresses of GX and -p respectively.

Let us consider the equilibrium of an element of
velume limited by two planes perpendicular to the axis, at
distances x and x +dx from the apex of the conical die. The
forces inveolved are axisymmelrically distributed and, consequ-
ently, the resultants act along the x-axis. These forces are

as follows:

(i) Due to axial stress: Neglecting infinitesimals of

second order, the expression

R G 2 - Ir'.. 2;—_@ 42 {
(OX ! dOX)q(D+dD) 0 70" =% (OdexT _GXdD) (42)
is obtained.
(i1) Due to normal pressure: The resultant of the normal

pressure generated on the surface in contact with the die and
transmitted to the core is

p% DAD (43)
(iii) Due to dragging effect: Integrating over the
conical surface of the volume element, the expression

" JTLD

-2—5580[) (44)

i.s obtained.
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Applving the equilibrium condition fox the x~direction,

the equation

DAdO_+ 20 _dD+ 2pdD-f—9-§-dD = 0 (45)
X X tanf3

is obhtained,

For the particular state of stress assumed, both

Tresca and von Mises yield criteria lead to the expression:

-his case 0, = nd G, = -
In this case 1 Ox and 3 p, hence

o o= ¥ -0 (46)

Substituting (46) in equation (45), the differential

equation
ayv c\dD
= —_— . —_ L
de 2(tanB ¥ >D (47)

is obtained.

The boundary conditions are .

O

Hh O b

Integrating (47) with these conditicns and g, (3 and YF being

constant, the expression
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¢ _ ~C qu_
Of = Gi -+ (X tanb)‘ﬂlﬁ (48)

is obtained. By setting Of = ~Py (hydrostatic pressure),

expression (48) becomes

o = -p +Y(1- —q———-)lnR (49)
£ h ]
Y tanf

The relationship

=}
1l
!-<lo E,O

evaluates the dragging stress related to the yield stress of

the core. Calling

m
tanf3

n = 1 -
expression (49) can be written as

c _ _ . c ' =
Og =-p, +nY InR, (590)

Being the value of n <1, expression (50) shows that

the material is behaving with an apparent yield stress YC,

lower than the actual one, that is

v °© = nYc<Yc

From the expression of mn it is deduced that if

tanB = 333
Y



the dragging stress would be equal to the stress required for
deformation. Iu that case, the apparent yield stress would be

Z2ero,

Equation (49) may be written as

O(f; = - Py + 7°© 11‘)R - -—-;l'-?’;'jj.n R_ (51)

or, in another form

c aqy
Of + tanﬁ

InR, = =-p, + ¢ 1n R, (52)

Considering equations (50) and (52) it follows that
the advantages of the extrusion of hard cores with soft sleaves
is thus to apparently recduce the yield stress of the core by
the tensile stress imposed by the interlayer friction and it

is directly comparable to the addition of a pulling stress of

_av .
tanB]I)Rc (53)

If for some combination of wvalues in expression (53)

it happens that

910 p > ¢©
tanB c

the core will fail by tensile stress. As was pointed out,

this is often the case in processes with similar situations

[(31], [[34].
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State of stress on the tube

Stresses acting on an element of tube are illust-

rated in Fig. 16,

P
Ap‘L
BN
1 .
N=
5
t - 1F .
Or +d0 .
TIGURE 16 e e ] - e ——n
I
¥ (2=
=
1 /“’9

Again, the axial and radial directions are both
principal and the corresponding principal stresses GX and -p

respectively.

As before, it will be considered the equilibrium of
an element'of tube limited by the same planes as used for the
element of core located at distances x and x+dx £rom the
apex of the conical die. All forces are axisymmetrically
distributed and thus the resultants act along the x-axis.

These forces are as follows:

(1) Due to axial stress: Neglecting infinitesimals of

the second order, the expression
- di -0 = - {
(Ox + dGX) (h+ dn)TD uthtD (Oxdh thx)TED (54)

is obtained.

(ii) Due to normal pressure exerted on the tube at the
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tube~die interface

pTID tanxdx (55)
(iii) Due to normal pressure at the tube-core interface
- pTID tanf3dx (56)

that is, opposite to expression (43). Considerations of

radial equilibrium suggest that the frictiowmal contribution to

the die pressure is small and, consequently, die and core

pressures are equal E84].

(iv) Due to friction with the die: By assuming Coulomb

friction with a constant coefficient at the tube~die interface,

one gets:
MpPTLD dx (57)

(v) Due to dragging effect: With similar assumptions

as before, the dragging force on the element of tube is:
.qU-TCD dx : (58)

Expression (58) is equal to expression (44) but is being

considered with opposite sense.

Applying the equilibrium condition, the equation
(Oxdh + thx)TT,D +pTiD(tan ¢~ tanB)dx 4 TID(qd + pl)dx

is obtained.

0



Introducing the wvalue
dh = dx(tan & - tan[3)

the equilibrium equation becomes

gu + pu

tanar~taanh =0 (59)

(Oxdh-khdﬁx) + pdh +
or, by calling

tan G - tan3

WY
Il

b = 1 +

e

expression (59) can be written as:
hdd_+ (O_ + pb + 2Ndh = 0 . (60)

Assuming that the same plastic conditions described in (46)

are valid, hence

p = Y -0 .. (61)
Substitﬁting (61) in (60), the differential equation

hdg,_ + [ 0_(1-b) + by" + L97dn= 0 - (62)

is obtained. Integrating (62) with the following boundary

conditions

rh
~
Fh oot



and |, q, 3, ¢L and Y constant, one gets:

1L
t _ a a t gﬁ] _.d
,Of = P, T +|i[bY + a | (L -1x) (63)
where
h,
= s
7 h
o)
In another form:
H e b
s - Q a .
of = - P, o o+ (1 + %)YL(l - ) + %(1 -r) (64)

Consequently, the compressive stress created on the

tube as a result of restraining its flow speed, is
t
a e

o - - (65)

In a case in which the core is the softer metal, the
whole situation would be reversed. By this we mean that the
core would be supporting compressive stresses while the tube
would be subjected to a tensile stress. In such a case, if it

happens to be

<
e | (66)

the tube will fail by temnsile stress. Failures of this type
have been observed in experiments being carried out with copper
tube and aluminium as a core ESS], It is interesting to peint

out that from expression (65) it follows that an increment in



the coefficient of fricticn would tend to relax the temsile
force acting on the tube and could prevent failure. This fact
applies more accurately to real situations whevn the tube wall

is very thin,

1v.5 Mean pulling stress

The total pulling stress acting on the composite

specimen can be calculated through the expression

T = g%A +0% A
f ¢ i

c t ;-
where O, end O are given by expressions (531) and (06%4)

f f

respectively.

Therefore, the mean pulling stress will be given by

T c t
= e = 0] 67
Op T A £Ye*t %Yy (67)

Substituting expressions (51) and (64) in equation (67), the

equation
[ M
o=~p(Y +Yr)—rYY 1nR+Y\l+)(1 )+

Y
+ qﬂﬁ‘[_ -r ) - ta;B In RC] (68)

is obtained.

Conditions of uniform deformation require that both

metals, core and tube, must deform under ths same extrusion
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ratio. This condition implies that the apex of the conical
surface of the core must coincide with the apex of the conical
surface of the die (see Appeﬁdix A). This fact has been
confirmed by specimens subjected to different extrusion ratios,

as described in Appendix A.

Under the above circumstances it is possible to

express

Il

and also a&a

(1 - \/\?;)tan(x

Finally, equation (68) can be written as

L Lol

, E c asot, " 2a.
=2 e + - 7 1 KV, . e \/ T - .
O, p (Y, YtR )pwcx InR+Y (L+7)Y (L-R ™) +
g o) 29 . Ye InR | (69)
a H tan®™ " " _{ e
IV.6 Normal pressure at the interface

The normal pressure acting on the core can be calc-

ulated from equation (69). That is

From (47) we get
Dw. 9
Ox = - p, *+ nYc]11(~2) - (70)
D .

C . . ) 4 .
D™ being a generical value for the diameter of the core.

Substituting equation (70) into (46), expressiom



2
c Di 2 C -t c
p=p, tY {:1 ~nln(-Dc):] Df D7 <D/ (71)

is obtained. This expression describes the distribution of
normal pressure along the tube-core interface in terms of the

diameter of the core.

Iv.7 Conclusions

Once materials, conditions of lubrication and extrus-

ion ratio are given, equation (69) can be written as

o’p= -Mph-!-N (72)

where

M = “{c + YtR : " (73.a)

o e,

No= Y Y Inr + Y (1 + B8V - R ) 4
A
+ qfr[: (l R > - tan(lln T{:l (73.b)

The graphical representation of equation (72) in a

P
represents the calculated value for the free extrusion pressure.

g - Py plot is a straight line, where M is the slope and N

From the experimental lines it is possible to deter-

mine the values of K and q.

If S is the slope of the experimental line, from

equation (73.a) the expression for



- 95 -

L o= =2a - (74)
is cbtained.

From equation (73.b) and by using the experimental

value of the free extrusion pressure Nex , the value of q is

obtained: )
oy C . EY hg_ t - -—:?E
Nexp - Y Y InR {t(lﬂ pL)\z (1-R °9) .
q (75)
: / ._...B'. 'Y
S(=E(1-R %®) -—=%.1n R)
M ani

Experiments were conducted with copper tube and
stainless steel core and with stainless steel tube and copper
core. In all cases the resultant drawing fowxce and the hydro-

static pressure were measured,

Fig. 17 shows the values correspondiung to experiments
carried out with copper tube and stainless steel core. It
contains the drawing stress-hydrostatic pressure plot for
different extrusion ratios. The experimental lines are shown
togethef with the theoretical ones. Fig., 18 shows the
theoretical and experimental lines corresponding to the stain-
less steel tube-copper core experiments., Figs. 19 ana 20 show
lines corresponding to the extrusion of copper and stainless

steel as single metals.

The values used throughout the calculations of

equation (69) corresponding to Fig. 18 lines are:



v® = 460 MN/m’
vt = 1150 MN/im?
~ 7/ = =

Y. Yt 0.5

Values for M were also deduced from experimental lines.

It follows from the analysis of Figs. 17 and 18 and
other reported information [31:],[}4] that the model predicts
quzlitatively the distinctive characteristics of the process

of coextrusion.

Figs. 17 and 18 also show that values foxr the lines
Op - Py calculated by means of equation (69) are lower than
the experimental ones. This can be due, among other simplif-
icative factors, to the hyvpothesis of homogeneous deformatiosn,
the inattention paid to the tendency in the materials of work

hardening and to redundant work of deformatior.,

These assumptions constitute an oversimplification
of the process and could lead to the low values predicted.

Some of these hypotheses will be improved in further sections.
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V. UPPER BOUND SOLUTION FOR THE COEXTRUSION
CF IWO DIFFFRENT METALS

L79]

V.1l Introduction

The limit theorems provide a mathematical formulation
for obtaining bcunds to the load requirad to deform a continuum
solid body. These theorems can be deduced from general
extremum principles based on energy consideratiomns. A rigorous
analysis of this theory can be seen in several books [86],[:8f]

basically concerning a rigid plastic material model.

The upper bound theofem is one of these theorems and
constitutes a powerful mathematical tcol to establish upper
limits for the state of stress necessary to make a solid
deform according to some prescribed kinematically admissible

velodity pattern.

In this approach, equilibrium conditions are allowed
to go unsatisfied aﬁd the main concern is to find a kinematically
admissible velocity field. The assumptions for such a field
require satisfying the incompressibility condition (equation
16) throughout the volume and boundary conditions that allow
velority discontinuities tangential to the boundafy but no

discontinuities normal to it.
The upper bound theorem states[ZSS]:

"If a kinematically admissible velocity field exists, the load
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required to be applied to cause the velocity field to operate,
constitutes an upper bound solution".

The analytical expression of the theorem fo;‘a solid
obeying von Mises yield criterion and characterised as an

isotropic rigid-perfectly plastic material is [}2]:
Ju: _ _2_ J[; ];3- EP ]
Vi vbkrH
(76)

where V 1is the deformed volume, Sr:represents surfaces of

('

[ # im0 ]
av + |Aw ] ds ) Tv,dS,

T t

discontinuities within V, and St is the portion of the outer
surface where external stresses Tj are applied. According to
the sign convention, in equation (76) the Tj are considered

as tractions,

égj is the strain rate field derived from the velocity

field Vj. If Vj is kinematically admissible so is égj'

Equation (76) expresses an upper bound on the power

J” in terms of three components:

(1) Internal power of deformation, expressed as
) ( ) -
=y J [%s‘: Eﬂ av (77)
Vi v ] : | _
(ii) Shear power losses computed along surfaces of

velocity discontinuities S

j “|Bv]dsp L (78)
Sr\ .



(iii) Power supplied by predetermined body tractiomns

- jﬂ T.v.dS
g j ]t
t

Throughout the calculations the deformation process

is treated as isothermal[Zhi].

V.2 Velocity field

In the process under consideration it is assumed that
the metal deforms according to Avitur's velocity field [62 ’
21 ,r22 ,| 90|, This field involves wradial flow in a
L
spherically bounded plastic zone, where the radial velocity
depends on the angular position. A geometric description of
g p g P

the field is shown in Fig. 21.

FICTR 21

In spherical coordinates (R,¥, 8) the components of

the velocity vector are:

2
vV, = v = = VfRf coiQ (79.2a)
Vg = Vo = 0 ' (79.b)

The derivation of equation (79.a) is based on volume constancy.



The corresponding components cof the strain rate
tensorial field are obtained by means of equations (25.b), as

follows:

‘RR B "Zéee = "zép¢f ZVng Eigﬁ
éekp - éL,OR =0
V.3 Deformation of the composite specimen

It is assumed that the composite specimen defoims

following the geometry illustrated in Fig. 22:

FICURE 22

The specimen is divided into three zones in which
the velocity field is continuous. In zomes I and III the
velocity is uniform and has an axial component only. Velocity

- in zone I is Vi and in zome III is v In zone II, the

£
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velocity components are described by equations (79.a) and

(79.b).

"In zone I deformation has not yet begun. Deformation
starts when the inccming specimen crosses the boundary surface
FE and ends at surface f;. In the assumed Avitzur's model these

surfaces are spherical with radii R. and R respectivel
i f

and centred at the apex O of the cone of the die.

The conical surface [, is the corc-tube intcrface -
where the dragging stress, as described in Section IV.2, is
developed. Again, as a consequence of this interaction both
metals will move together without sliding. As has already been
pointed out; under this condition both metals deform with the

same extrusion ratio.

Across boundaries ri and F} there exist velocity

discontinuities parallel to these surfaces:

(81)
(82)

Dv = Ve sin® along

o o

and Av = v, sin@ along

Since the die is at rest, discontinuity along the

conical surface l; is

Av = v R% cosQl . (83)
f T R2

All powers involved in the deformation process of
the composite specimen are next analysed separately for core

and tube,



!
L
[
~J

i

V.4 Power involved in the deformation of the core

In relation to the deformation process of the core,
two different kinds of power are identified: dissipative and

active powers.

The sources of dissipation or consumption of enerzy

for the core are:
(1) Internal power of deformation of the core, and
(ii) Dissipation on the surfaces of discontinuities,

while the driving or active powers are due to:

(i) The drawing force,
(ii) The hydrostatic pressure of extrusion, and
(iii) The dragging force supplied by the tube,

Each one of these components is considered separately
in the following sections. A description of the acting stresses

is shown in Fig. 23,
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V.4.1 Internal power of deformation

The internal power of deformation involved ip the

deformation of the core is given by the expression

m\"‘

. =
W, = —Y J[’%Jgih av (84)

As the strain rate components are given by equation

(80), the following expression is obtained (see Appendix B):
’ - c, C\2 (0
W, = TY (rf) Ve F(p)]j]Rc (85)

V.4,2 Dissipation on the surfaces of discontinuities

- . e el
Surfaces rl and 12 are surfaces where discontinuities
exist in the velocity field. Such discontinuities parailel to

the surfaces have values

Av, = Ve sin © along Fi

sz = v, sin 8 along Fé

Due to this difference in velocity at both sides of

ri and [;,'some energy is dissipated on these surfaces. 1Its

total value per unit time is

W o= jt" [v,ds, + Jf"' (Vv ,dS (86)
r » 2
1 2
where
dS. = 2TR, sin® do (87)

1 £ | |
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and

d52 = 2TR, sinB dS
For a metal with the properties assumed in this

b

section T will never exceed the shear yield stress, that is

Consequently the maximum value for expression (86) is

W

L[B

- c

- 2.2 ¥~ .2

- = 4T[vf (rf) sin“@ de

/3 0

or, after integratiom

ﬁr,: ;éﬂvf(rg)z ¥© LT =5 - coté} (87)
V3 sin"3
V.4.3 Power developed by the drawing force

In the process of hydrostatic extrusion-drawing,
the driving stress is the resultant of billet augmentation
due to the hydrostatic pressure, and product augmentation due

to a pulling or drawing force.

The power developed by this drawing force is

WD = - k[ ijdef
S¢

where Sf is the cross sectional area of the core at the exit

of the die and Tj is in this case the drawing stress distrib-

ution across that section.
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Since the drawing force is applied at the end of a

long tag, it produces in the metal, at the exit of the die, a

c

£ that can be reasonably assumed as being

tensile stress O
uniform throughout the cross section. Consequently, the

following expression is obtained:

: _ .C\2 ~C
W, = T[vf(rf) Of (88)

V.4.4 Power developed by the hydrostatic pressure

In a similar form, the power developed by the billet
augmentation force, in this case supplied by the hydrostatic
pressure of extrusion, is given by the expression:

[

Ww = - J T.v.dS,
g JJ
i

where Si is the cross sectional area of the core before being

deformed and Tj the strese discribution on that section.

Since the hydrostatic pressure py, acts at all points
of Si’ under -this condition and after integration, the

following expression is obtained:

A c\2
We = 1Ivf(rf) Py (89)

V.4.5 Power developed by the drageing foice

It is assumed that the dragging effect has the same

characteristics as described in Section IV.2. The dragging



force is generated by a system of tanmgential stresses ti with

axial symmetric properties. The power developed by such a

system during the deformation process is

g, = v.d 90"
Wy %ﬂ tJVJ " (90)
4 .
where dfz is an element of area of the conical surface r;, vj

is the velocity corresponding to a generical point at the

interface and Ij is the stress distribution on that surface. .

This component is considered as an active power and
it is supplied by the tube on the assumption that the tube is

the softer metal; otherwise the situation must be reversed.

The stress Tj is expressed in terms of the dragging

function Vas:

and is assumed to be constant along the r; surface.

The velocity of a generical peint at the intarface is

vV, = =V R2 Egg@
N £f f R2

or, as

the following expression is obtained:



v e et (91)

An infinitesimal element of the conical surface is

_ 2Tt
dP4 = S.der (92)

Subsﬁituting expressions (91) and (92) into (90), it

gives: c
o
[ 8
o o s.6\2 cosl3 2Tr
e T J qﬁﬂ:"f(rf) 2 siof3 ar
r T
f

and, after integration

Qd = qfﬂtvf(rE)z cotB]wac (93)

In case of the tube being the harder metal, q <O

and consequently this power must be considered as dissipative,

V.4.6 Balance of power in the core

Substituting expressions (85), (87), (88), (89) and
(93) into the general expression of the upper bound theorem

(1), it gives:

c. _ 2B
Ogtp, + gocot B1n R, = 3Y (S.m2 cot 3) + YCF(B)ln R,

and solving for the driving stress

c c‘ 2 B ’
Og+p, = Y| —,/-':;(sinzﬁ_ cot B)+F(f) In Rc:]+ gucot31m R,
(94)
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From equation (94) it follows that the additional

stress acting on the core and generated by the tube is
qucot31n R, (95)

and it is directly comparable to a tensile stress.

In terms of the volume fraction Yc, equation (93)

can be written as:

4 cot Q.1n Rc (96)
A

C

Equation (96) is the same as expression (53) obtained

by means of the slab method approach.

V.5 Power involved in the deformatibn of the tube

Following similar definitions as in the analysis of
the core, the sources of dissipation of energy in the deformation

process of the tube are:

(1) Internal power of deformation of the tube.
(ii) Dissipation on discontinuity surfaces.
(iii) Dragging of the core.

(iv) Friction at the die-tube interface.

The active powers in this case are due to:
(1) The drawing force.

(ii) The hydrostatic pressure of extrusion,



> v

f 4

These points are considered next in an individual

way. A description of the acting stresses is shown in Fig. 24,

o
{

V.5.1 Internal power of deformation

The power involved in the internal deformation of
the portion of tube limited by the spherical surfaces F} and
r; can be calculated as the difference between the powers
required to deform the whole conical volume of semi-angle U

and the comical volume of semi-angle [3. In analytical terms

this means

R
. 2t J P 2P \%
W, = —Y (385 .€5,)7%dV - 6P &P £\ (97)
2 C 2z
i3 X ij i) v (éij .lj) dv
Substituting the values of the strain rate field
components into equation (97) and integrating as has already

been described (see Appendix B), the following expression is

obtained:
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-
. B t t 2‘ _ ‘C\2< l
W, =T v, (rf) F(a)lnRt (1f; F(B)lnR?J (98)

For the die angles and volume fractions used through-
out the experiments carried out, the maximum error involved in

assuming F(O) = F(f3) is less than 0.17%.

As has already been pointed out, under the conditions
being considered, both materials deform with the same extrusion

ratio, that is

Consequently, expression (98) becomes
c
: t 2 Te 2
= 1 - (—
W, Y F(Ot)vf(rf) 1 (rt) InR
f

or, in another form

W, = TY'R()v (5% inR (99)
i £r°f
since
-
£.2 _
L= (rt = 1-=Y. = Y
£
V.5.2 Dissipation on the surface discontinuities

In this case the surfaces containing the discontin-
uities are the part of r1 and F; limited by the conical

surfaces [; and [Z as shown in Fig. 25.



The general expression for the dissipation of power is
W = Uﬁt Av dA

I,

L,

// Mﬂy FISURE 2
T 5

Assuming as before

Al

" —
and since for L

A

Av = Ve sin®
and dA = 21TR% sin@ de

- the above integral rewrites to
o
- AP 2 .
‘Jr, = v[ ;7:(vf5LnG)(2ﬂRf51n€dG)
1 B 3

After integration,

I:.T[—\ = lt—YtR%vf l:(a - (3) - sinCicosQl + sinBcosB:'
1 V3 ¢

or alternatively



TT. t(rE)ZV.[ Q. ~ B . co tOH_%mB(,osB

Wr\ = Y
2 \/3 sin Ci sin
or
ip -—-Y tahi L - co tmi’—l@‘-‘;’i«@] (101)
2 sin OL sin Ol -

since, from volume constancy:

£\2 t\2
(ri) v, = (rf 2

Finally, the total power involving both surfaces is:

_ _Z_TFYt(rtE)ZVf[ OtnzB - ot + 311180205_.@ (102)
sin & sin”O
V.5.3 Power consumed in dragging the core

This component has the same value as calculated in
(93) with the difference that here it acts as a resistance to

the deformation process and consequently has the cpposite sign:
W, = =~ qUTv (rc)zcotBlnR.
d £ °f
or

W = Ll—\JT[Vf(T‘) Y COtB].I‘)R (lO?})
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V.5.4 Power dissinated by friction at the tube-die interface

The dissipation of power due to friction can be

expressed as

.
We = J T7 Avds (104)
[3 r; .

The tangential stress T developed at the tube-~die
interface due to friction can be put in terms of the shear yield
t
Y : . .
stress = of the tube (assuming the die to be rigid in comparison

V3
to the tube). That is

T = gt 0<g <1 (105)

Under the assumption of a rigid die, the discontinuity

in velocity across r; is

_ t\2 cos
AV - Vf(rf) r2 (106)

An element of that surface is

21Tr dr

ds sinQl

(107)

Replacing values in equation (104), the following

expression is obtained after integration:

W o= LthTCvf (r:;)2 cotG&ln R (108)
3 V3 |
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V.5.5 Active powexs acting on the tube

Again bcth components arising from the process of
product and billet augmentation in the form of a pulling or

drawing force and a hydrostatic pressure are present.

The power developed by the drawing force is
r

W, = T.,v.dS
v JJ t

St

where St is the cross sectional area of the tube at the exit

of the due, while Vj and Tj are the velocity and stress distrib-

ution on that surface.

As before, the drawing stress can be assumed as

. t s .
constant with a value of U ; the velocity v. is also constant

£
for the whole area. Consequently, the appliad power is

o E2 t
WD = Ttif(rf) Yt Gf (109)

Similarly, the power applied by means of the hydro-

static pressure of extrusion is

W= J T,v.ds,
e S J ] 1

i
where S.l is the cross sectional area of the tube before being

deformed, while Tj and vj are the stress and velocity distrib-

ution corresponding to that area.

As the stress Tj is in this case the hydrostatic
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pressure p, acting on all points of Si and the velocity Ve is

h

constant, after integration, the following expression is

obtained:
‘ _ - ~, t\2 C\2
W, = Tlv, L(ri) - (ri) ] P,
or 'rCA
: t\2 i2
J = (s
i, = v GH? ) ) IES
i
and, finally )
] - t 2
We = Tvelzg)™ Yy py
since
c
Fi.2
1 - (-E) = ] = '\(c = Yt (110)
r,
i
V.5.6 Balance of power in the tube

By substituting equations (99), (102), (103), (108),
(109) and (110) in the general expression of the theorem (76),

the following expression for the driving stress is cbtained:

e -
OE TP, = Y F(0)InR + 2Y a-8_ cotO+ sinBeosB |
\/§ Yt sin® sin~Cl

Y. t
+ q{f}vqcotBln R + -5 X-gcot ®inR (111)
£ v3Y

In this case, the compressive stress due to the

dragging of the core is
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Ye
q%.y cot B 1nR (112)
t

Again, in case cf the tube being the harder metal,

g <0 and equation (112) represents a tensile stress.

V.6 Mean pulling stress

The mean pulling stress Ob can be calculated as
t c -
= O
0 e Ve O Y, (113)

Solving equation (94) for O;, equation (111) for Og
and substituting these values into equation (113), the
following expression is obtained:

+ tF 2 ' sinf3c ¢
Y F()1nRY, + _mnm" - cotC nidcos

-~ ~
51n sin ol -

Op = - Py

+ Evytcotaln R + Y°Y

- coitf3) + F(R)1 R—l
= 3 . B cof3 ok |

or, with the already used hypothesis
£(a) = F(RB)

O = = J-(Yty +Y%Y HF@) + ELfrot;ct InR+
p ph lL t c i g ﬁ, in 0

+ 2y l: S ZB cotou+ —-———SinBCZOSB 2 YC'YC(-—-&— - cotf3)
¢§ sin QA sin G JF sin B
(114)

If only one metal is being processed, Yt = YC = Y,

YC = 0 and the well-known Avitzur's expression
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Y
g = - + (YF(C) +g-— cot®) InR +
+-2-Y( az— - cotQ) (115)

VE sin &

is obtained.

V.7 Theoretical and experimental results

The driving stress can be obtained from equation (114)
and presented in a non-dimensional form by relating it to the

yield stress of the core:

—P—-—-- ((.UY +Y YF(Q) + gmcotU]ln 4--—-Y ( ---co;.B)
¥© \/3 /- sin B
-g-w[ Z —zf- - cotal + 21T °2°“B—1 (116)
/§ sin & sin &

Expression (116) was computed for different values of
the extrusion ratic and the W relation. The results are shown
in Fig. 26 in a sem1—logar1thm1c scale toge cher with the

experimental ones.,

The analysis of Fig. 26 shows that there is a reason-

able agreement between the experimental and the predicted values.

This problem has been solved independently by Mellor
et al. by using a similar tangential stress system to describe
the dragging effect. Thelr approach represents the dragging

stress as:



Y .
T= m _soft 0<m< 1

V3
and considerations about the influence of ¥ . /Y are made
soft’ "haxrd

on the basis of =xperimental results.

The form of expression T = qu used in the present
work seeme to have more flexibility, not only because it
includes the relation W into the theoretical formulation but

also because it allows the use of different dragging rfunction

“«

~F . This has the advaniage of making room for nmon-uniform and

non-symmetric distributions of T along the interface.

It seems apparent that T must be influenced by the
pressure distribution aiong the die interface and expressions
like (71) or results as described in [ 91 | should be taken into

-

account in a future work.
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VI. THE METHOD OF WEIGHTED RESIDUALS AND
ECONOMIZATION iIN SEVERAL VARIABLES

VI.1 Introduction

The Method of Weighted Variables is &n engineer's
tool for finding approximate solutions to the equations of
change of distributed systems. Experience and intuition can be
distilled into a reasonable and sometimes quite accurate first
guess, from which it is possible to proceed to successively

improved approximations.

Briefly, the procedure consists in assuming an app-
roximate solution in the form of a linear combination cf known
trial functicns with unknown coefficients. By substituting the
proposed solution in the governing eqﬁation, a residual function
is obtained, which is then required to be orthogonal to a

selected set of "weighting' functioms.

The analytical form of the approximate solution is
often more useful than solutions generated by numerical integ~

ration and it usually takes less compﬁtation time to generate
[50],[92].

Approximate solutions of differential equations may
be required to satisfy either all or only part of the conditions
of the problem. For example, it may be necessary to satisfy

both the differential equation and the boundary condition
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approximately; in other cases the differential equation may
need tc be satisfied only at a few positions, rather than at

each point.

The approximate solution is expanded in a set of
known functions with arbitrary parameters. In order to determine
these parameters by the method of weighted residuals, the
differential equation and boundary condition are directly used.

Two strategies may be followed:

a) A first approximation may be sufficient; its validity

is assessed using our intuition and experience.

*

b) A sequence of approximations can be calculated to
converge to the solution. In this case, calculations must be

put in a form amenable to a computer ESIW.

In all approximate methods where‘we focus our
attention on achieving a‘small equation residual, we make the
tacit assumption that a small error in satisfying the equation
is reflected by only a small deviation of the approximate
solution from the true solution. Systems for which this assum-
ption is justified are often said to be '"well behaved" or "well

conditioned" [48].

VI.2 Description of the method [51],[92]

Let us consider the differential equation for u(X):



N(u) = O X 6 V (116)

where N(u) denotes a generical differential operator involving
spatial derivatives of u, and V is a three-dimensional domain

with boundary B. The boundary condition may have the form
w(X) = £5(X) X € B (117)

Assume a trial solutien of the form:

n

u*(X) = uB(X) +~§;_.Ai‘EL(X) (118)
i=1

where the approximating functions,‘@i are prescribed so that

they satisfy the boundary condition
uB(X) = fB(X) and @i(X) =0 X € B (119)

and Ai are the parameters to be determined. This means that

u satisfies the boundary conditions for any set of values

-given to the so far unknown parameters.

The trial solution does not necessarily need to be
linear on 'the Ai parameters, nevertheless this form is usually

chosen for simplicity.

By substituting expression (119) in the differential

equation (116), we obtain:

N(G) = R(a) T (120)
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R(u*) being the residual function of the differential equation
and constituting a measure of the extent to which the trial

solution satisfies the equation. Finally, the error R will be
minimized by following certain criteria and this operation will

produce the Ai parameters,

According to the requirements of a specific problem,

the @E can be prescribed as to fit in one of the following cases:

Satisfies Satisfies Error function
approximately exactly corresponds £o
(1) Diff. equation Boundary cond. Diff. equationm
(ii) Diff. equation - Diff. equation
& Boundary cond, & Boundary cond.
(iii) Boundary cond. Diff. equation Boundary cond.
(iv) - Diff. ecuation -

& Boundary cond.

Every case corresponds to a different problem and

a particular analysis of each needs to be domne E93:f ,E49].

VI.3 Criteria for minimization of the error

‘There are several approaches to the minimization of

the total error R that we consider next:

(i) Let us express the total error in the form:
)
R = ZRi:O (121)
i=1

which we want to make zero. In this expression, "i" is a



generical nodal point corresponding tc a spatial mesh which
represents a discretization of the domain V, and Ri the error
that the assumed solution produces in the "i'" point. This

criterion may lead to false conclusions because of the possibility

and, consequently, its use is not convenient.

(ii) Let us express the total error in the form:
n
R = :;”.F(Ri) = 0 (122)
i=1 ‘

which expresses the tetal error as a function of the lccal
errors. This form is a generalization of the case (i) and F

may be any suitable function. )

Example:
g Ri = 0 | S (123)
i=1 .

that, in fact is also
n

zg: IRl = 0 | (124)

i=1

(iii) Other forms:-

Expression (123) may be written as

n n

5 .
E R.l = E Ri X Ri = 0 (125)
i=1 i=1
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and may be considered a particular case of the more general

expression:
n
é Ri x (something else) = 0 (126)
i=1
Example: 1If we choose
D
% Ri x (sign of the error) = O
i=1

the expression (124) is obtained.

A general form for the ekpression (126) is
D

zw(xi)r\(xi) = 0 (127)
i=1

or, in the case of a continuum domain V:
jw(x)R(x)dx = 0 | ' (128)
v
Equation (128) is the amalytical expression of the Method of
the Weighted Residuals which, in general terms, means that the
weighted averages of the residuals must vanish. The W(X) are

called "weighting functions".

In a more abstract form, equation (128) may be

regarded as

rl
JR(X) aL = 0 (129)
Y .

where dd = W(X)dX = d(X).

Expression (129) is a Stieltjes's integral, where
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1

the differential dM "weighs' at any peint the function which

is to be integrated.

VI.4 Particular forms of the method of weighted residuals

The general process which is analytically described
in equation (128), contains many well-known approximation
methods (e.g. the methods of collocation, subdomain, Galerkin,
least squares, etc.) as special cases corresponding to

particular methods for choosing the weighting functiomns.

Let us see an illustrative example of the most common

forms of the method [48]. We propose to solve the differential

equation:
% = -x £>0 (130)

with the boundary condition
x = 1 £ =0 (131)

in the interval 0 <t < 1.

The first and most important step in the application
of the method is to adopt a trial family of approximate
solutions. An analysis of the different criteria foxr the
selection of trial families will be comsidered further on. For

this particular case we choose

x = 1+ At + A.t (132)
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where Al and A2 are the free parameters to be determined.
Different combinations of values for Al and A?
represent different possible approximations, This trial
solution (132) satisfies the boundary condition (131) for any

value of the parameters.

By substituting function (132) in the differential
equation (130) we obtain the expression of the residual R(t)

as follcws:

. )
R(t) dx + x =1 + (]_-‘.-t)Al + (2t+t“)A2 (133)

T dac

The next step requires the adoption cf a criterion
for selecting the best approximation within the family,

Several different criteria have beer suggested.

(i) Collocation

In this criterion we choose as many locations within
the interval as there are parameters to be determined. The
assumption_here is that the residual vanicshes at these locatioms.
Having in this case two free parameters, we choose two points

within the interval, e.g. % and %. Consequently, we obtain
g q y

5
1/ —_— — — b
R(%) 1+ Al + 5% 0

5 16
% = - ——— =
R(%) 1 + 3Al + 9A2 0

When solving for Ay and A, we get:



>
il

- 0.9310

>
i

0.3103

and hence, from expression (132), the corresponding approximate

solution

2

x = 1 -0.9310t+ 0.3103 ¢ (134)

(ii) Subdomain method

The desired interval is divided into as many sub-
domains as there are free parameters. Then they are adjusted
until the average value of the residual in each subdomain is

Zero.

For this example, let us consider the two subdomains

as: 0<t<%, and 3< t <1, and consequently:

T | AU
ngt—2+8Al+24A2 =0
1

T 25,
JRdt- s+ gA t52A, =0
2

Solving for A, and A, and substituting into expression (132)

we finally obtain:

2

x=1-0.947¢c+ 0.3158 ¢ (135)

(iii) Galerkin's method

This criterion requires that the weighted averages

of the residual over the desirad interval must vanish. The
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weighting functions are taken to be the same functions of t¢
as were used in constructing the trial family. In this case,

. 2 .
these functions are t and t~ and, therefore, we establish that:

1
a2 il _
0
1
2pae =2+ Lo 4 2 -
'OJt Rdt = 3+ 12A1-+ 20A2 0

Solving this system for A, and A2 leads to:

1

x=1 - 0.9143t+ 0.2857 t° ~ (136)

(iv) Method of least squares

Here the free parameters are adjusted in such a way
as to minimize the integral of the square of the residual,

over the desired interval. Thus we establish:

1 1
%%Ofdet=OfR-(%%dt=%+%Al+%A2=o
1 1
from which we obtain:
x =1~ 0.9427t+ O.3llOt2 (137)

All four criteria can be considered as special

cases of the single general criterion (128) which states that



the weighted averages of the residual must vanish. In the
case of collocation, the weighting function is the "Dirac
delta": 0O(t-a), "a" being the chosen location. Similarly,
in the subdomain method, the weighting fumnction is taken as one
in the subdcmein and zero outside. The cases corresponding to
the Galerkin and least squares methods are more obviously
particular forms of equation (128).

The error distribution corresponding to the different
methods, over the 0 -1 interval is shown in Fig. 27. As a

matter of comparison it is also shown the truncation error of

the first three terms of the Taylor's series:

1-t+!§t2

b
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Note that ti » least squares method provides the
most uniform distribution of the error while collocation gives
the worse. Nevertheless, all of them are better approximations

than Taylor's series, except near the zero end of the interval.

The selection of the weighting functions for a given
set of trial functions and a particular problem is still a
-matter of discussion [943. Several authors considered this
question from the standpeint cf the economy in computing time-
and ease of application and presented numerical examples

showing relative accuracy EAS:I ,[93],[95], E96:| ; [97] .

VI.5 The least squares method

As was pointed out in section VI.4.(iv), the integral
of the square of the residual is minimized in respect to the

undetermined parameters A _, to provide the r simultaneous

k’

equations required:

sg_ {—chﬁ( = 0 k = 1(1)r (138)
k V

In numerical calculations it is frequent to assume
the domain V represented by a discrete mesh and, accordingly,
to minimize the error at the nodal points. Therefore,

expression (138) is substituted by:
(E_
0 2 -
BK; 2 RS = 0 k= 1(1)r (139)
i—-‘l

s



n being the number of nodal points in the adopted mesh, while

"i" represents a generical one.

This procedure involves, in fact, the idea of the

collocation method.

Since a polynomial is probably the easiest form for
computation, it is frequent to adopt, as trial solutiomns,

expressions of the form:
n
u (X)) = u(x) + Z AiXi (140)
i=1

Being the differential operator N(u) linear,
expression (139) leads to a set of simultaneous linear equatilons

in the free parameters Ai'

VI.6 The trial solution

The most important and difficult stage in all the
methods described here is the selection of the trial function,
As the purpose of these methods is merely to choose the "best"
approxima;ion of a given family, good results cannot be obtained

if good approximations are not included within the family.

Theoretically, if enough independent W&(X) are
included in (118), good approximations must be contained within
the family; however, the principal attraction of these methods
lies in the possibility of obtaining good approximations with a

limited number of adjustable parameters E48].
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In low-order approximations the choice may influence
the results, but higher approximations are less affected since

numerical convergence is desired.

The trial functions must be complete and linearly
independent. A set of functions {Wg&is complete if any

function of a given class can be expanded in terms of the set:

f(x) = Z Ay tPi(x)

7

Consequently, expressions of the form ; Aiqﬁ(X) are inherently
. . i .

capable of representing the exact solution, provided enough

terms are used. The polynomials are a complete set and,

therefore, any continuous function can be expanded in terms of

them.

The property of completeness of a set of functions
ensures that, if sufficient number of terms are used, we can
represent the exact solution, Otherwise, the successive approx-

imations might converge to something which is not the solution
[51].

A common expression for a trial function of polynomial

form is:

‘:s

P = P(X) = A, X

1

|—A
It

With a boundary condition such that



P = £, when X =0,

the estimate may be written as

1

P=f, + ZAi X (141)

i=1

Other functions such as orthogonal polynocmials and
transcendental functions have also been used in setting up the
trial solution[:98], [9?]. In general, this selection may
involve difficulties in the computimg process, but it may be

suitable for some particular prcblems,

The selection of approximating functions is yet
somewhat dependent on the user's intuition and experience, and
this is often regarded as a major disadvantage of the methods of
weighted residuals. Nevertheless, some guidelines of general

application may be cutlined:

(a) The form of the estimate must be kept as simple and
general as possible, trying to avoid the use of too rigid
restrictions, even if a minor characteristic of the solution

has to be lost.

. (b) Consideration should be given to symmetries or any
other special feature of the solution which may be known in
advance from the kind of problem to be solved. This property

must be kept independent of the free parameters.



(c) The highest power in the coordinates must give no
preference for any one coordinate direction. The initial
estimate should not predetermine a strong tendency in the

solution.

(a) The trial solution must satisfy the largest possible
number of boundary conditions, independently of the values

taken by the set of free parameters.

VI.7 Setting up error functions

As was pointed out, it is advisable to select the
trial solution in such a way as to satisfy all the boundary

conditions, independently of the free parameters Ai'

Unfortunately, this is not'aiwéys possible, or at
least, not for all the prescribed boundary conditions. Frequ-
ently a boundary condition may constitute too strong a restriction
for the more suitable trial solution for the governing equatiom.
In other cases, the selected estimate dées not simply leave
‘room as to include some particular condition. In these circum-

stances, it is more convenient to have separate error functions

for the boundary conditions.
Expression (128) is substituted by a linear combin-

ation of the integrals:

a J W(X) R (X) dX + b Jw(x) Ry(X) dX = 0 (142)
v M B



where a and b are constants, usually called "weighting factors',
RV is the errcr functions corresponding to the governing equation
and RB the error functions corresponding to the boundary condit-

. ion. The integral associated with the boundary condition is

calculated only at boundary points.

If the least squares method is used, one obtains

0 (2

j?aR (X)dX + = |bR(X)AX = 0 k= L(1)r (143)
oA, ¥, 0A, %~ B

or, in another form:
=2 | l-aR (X) +bR (‘{):]dx— 0 k= 1(1)r (144)

k V
where RB is defined in such a way that it takes the proper
value at boundary points and zerc on all others.

Referred to a discrete domain or a representative

mesh, equation (29) becomes:

%ZER%(X) +b Réi(X)] =0 k= 1(1)r (145)
i=1

1f linear forms in the unknown parameters Ak’ have
been used for the trial solutions of both, governing equétion
and boundary condition, expression (l45) represents a linear
system of equations that may be solved by means of any of the
standard methcods. Otherwise, a non-linear system would be

obtained which in general is more difficult to solve by computer



methods. This consideration is particularly important if the
method is going to be used on an iteration process, as 1is

frequently the case when solving non-linear equatioms.

In general, the region over which the boundary error
function is integrated is smaller than the total domain V,
where the error function associated with the governing equation
is integrated. Consequently, the errors in the differential
equation will "weigh" more heavily in the minimization of the
total error and it can be expected that the boundary conditions
will be approximated with much less accuracy. A criterion may
be derived from these considerations in order to give valuss
for the constants a and b. This may be given by the ratio of

the number of mesh points in the domain V to that of the boundary.

Expression (145) may be written as

o)'@
<
[\/I:i
=
= N
}_l
|

= 0 k = 1(1)r (146)
i=]
where
' N
2 .2 1 _2
Rp; = B, (X) + i, Rp; ()

and Nl and N2 are the number of mnodal points on V and the

boundary region B respectively [54].

It is important to remark that one must be careful

to choose a closer net when increasing the number of free



parameters in order to prevent waviness in the solution.

Together with the use of a finer net and a large
number of parameters, a better accuracy is obtained, but the
computing time and the rounding error increases very rapidly,

so a compromise situation must be found between these factors.

VI.8 Economization of polynomial solutions

VIi.8.1 Introduction

The use of estimmates of a polyncmial form as

n

P(X) = E Aix"L | X6V

i=1
has several advantages in the process of computation and it is
preferably used in relation with the method of weighted residuals.
There is a frequent inconvenience in the use of this type of
estimates: the eventually large number of terms '"n" required
in order to keep the maximum error of the solution, bounded by
a pre—fixéd value €. This is»particularly important if the

solution is then going to be computed at a large amount of

nodal points.

In general the number of terms required to get the
total error bounded by a pre-fixed value is not known in
advance. Consequently, '"n'" will be increased until an admissible

level of accuracy is attained and then the polynomial solution

is economized in crder to reduce the computing time and to



avoid the instabilities arising from operating with an
excessively laborious arithmetic.[}OQ]. These problems involve
the use of high powers and too many multiplications, which

increase the rounding errors considerably.

The aim of the economization process is to reduce the
complexity in the calculation of P while allowing for a small
permissible error of amplitude € to be distributed in the

domain V.

The method was originally proposed by C. Lanczos,
[lOi]and [}OZ],for the case of one variable, where economization
was achieved when the degree of a given polynomial could be

reduced in at least ome unit.

In the following we extend Lanczos's method for
economization to the case of more than one variable and find a
second possible criterion which we call "carving" or vectorial
economization. The purpose of carving is to induce as many
zeros as possible in the lowest or extreme right lines of the
coefficients matrix A, associated with P (see section VI.S8.2).
Then we discuss, for the case of two variables, sufficient
conditions for the economization process to be feasible, in
terms of the coefficients of the original polynomial. These
results are condensed in simple rules for the case of two
variables., The construction of the economized polynomial and

the possibility of block economizaticn are also discussed.
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Since many polynomials used in the approximate
solution of partial differential equations or in optimization
problems come from the truncation of convergent power series
expansions in several variables, where the coefficients decrease
rapidly, the method describing the existence of a g~-eccnomized
expression of a given polynomial P(x,y) is applicable to a wide

variety of problems.

Vi.8.2 Economizaticn in several variables

Economization is essentially based cn the idea cf
representing the original polynomial in terms of a polynomial

basis which emphasizes the contribution of the first components.

The shifted Chebyshev polyﬁomials of the first kind:

ol

& 206
Tn(x) = cosnd, x=cos" 3 0

N
~

N
s

are such that
n nﬁ 1 Zn e Zn 5% 7
X =2 x b [%n(x) + (]_)Tn_l(x)+-...+-(n )1O(XXJ (147)

and clearly constitute a basis with such a property.

In our approach we consider a given finite hypercubic
domain V in which the econOmizatién is required, and we represent
in it each variable of P = P (X,Vyee.) in terms of Chebyshev
polynomials defined in suitable intervals. This gives a poly-~

Ch

nomial P in the new basis. Then we define Pgh such that
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p-pP <€
in V., PE& is called the g-economized form of P, Eventually

Pgh is reconverted into powers of the original variables and
is referred to as Pc. For the sake of simplicity we shall
restrict our discussion to the case when P = P(x,y) is a poly-

nomial of two variables x and y, and the economization process

takes place in the square:
Q = {(uy): 0<x<1, 0<y< 1y,

an approach which can be extended without essential difficulties

when the number of variables is greater than two.

Let us write P in the following form:

P=XAY (148)
where
- o -
X y
1 1
X y
x2 y2 i=0 (1) 1
X= . Y = . A = ((ai'>>
. . J 3=0 (1) J
I J
| X ] Y

Then P is expressed in terms of Chebyshev pclynomials

by means of the linear transformations

- (149)
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where

T (t)
T, (t)
T'(e) = | Ty(c)

4

T;(t), n =0 (1) M, are Chebyshev polynomials of the first
kind as defined above. The elements of B = ((bij)) are gener=-

ated by means of (147).

From (148) and (149) we cbtain:
P = T,_CT : . (150)
that is the expression of P in terms of Chebyshev bolymomials

where

C = BLAB

islthe coefficients matrix of PCh'

VI.8.3 The process of economization

Two possible ways will be comnsidered in which econom-
jization can be achieved. In the first we look for the largest
possible reduction in the degree of the given polynomial

compatible with the permissible error bound. In this case we
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condﬁct in the matrix C a2 search along a diagomnal path and
terminate it when the accumulated error exceeds €. We call
this process triangular economization. In the second case we
assume that the polypomial P is given in a double nested form

in the variable x:

P(x,y) = ((py(r)y - pkr))y = ..)y +p () (151)
or, in y:

P(x,7) = ((2, ()% = g,(y))x = . )x + g (x) (152)

In this case, the cancellation of every coefficient
in a border line of the matrix A, will result in a reduction of
one in the number of multiplications required to evaluate P. We

call this process '"carving or vectorial economization'.

(1) Triangular economization

We arrange the elements of matrix C in a diagomnal

sequence

o = {cilj)} k= 1,2,...N = (T+1)(J)
such that C.. is identified with
oh that Oy 1o ddenificd v O--0 O O

e
the leading coefficient c.. and <:) ’

IJ (:7

in every secondary diagonal, the

e

i
.

O 0O .
degree ¥ts in T-(x)T (y). o" o

e a
O 00
7 e
coefficients are of the same P <:>’/}:>
O O-0

<



Given the admissible error bound £, we then proceed

to compute the sums

_ (k) L / .
~E|cij E=1(1) N

keO

= 3

and leook for the separatiocn index such that:

+1

£
\
—

Since the maximum possible absolute value of T;(t)
for all positive integers n and 0 < t < 1isone, Sf will be the
maximum error arising from deleting all the E terms from PCh.

Consequently, Sf defines the sequence Oﬁ of best €-economizatiocn

for P in Lanczos's sense.

(ii) Carving or vectorial economization

The algorithmic process is similar to the one just
described, except for the fact that the search is now conducted
along the farthermost right column or the lowest row, starting
always with the element agge

in the triangular economization and the choice of row or column

The separation index is found as

is made on the basis of the efficiency of the process which is
measured by the number of zeros induced in the extreme lines of
C. The polynomial E- is then evaluated in either the double

nested form (151) or (152).
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VI.8.4 Construction of the economized polynomial P~

1
~

Once Ot have been found, we define a new matrix &

with elements C?j such that:

CF. = 0 if c,.8 O
ij ij 0
E .

C.. = vc.. otherwise
ij ij )

This matrix CE defines the €=-economized polynomial Pg(x,y) as:

E E * T E _*
P = Pg (xy) = ()7 ¢ T (153)

and for every (x,y) 6 Q,
[p(x,y) - Po(x,y)| < €
i 'y e \X ¥

The €-economized polynocmial Po(x,y) is defined as a

polynomial in x and y by the expressiom:

E -1

P = B(x,y) = xiht Bty (154)
VIi.8.5 Sufficient conditions for the existence of an

g-economization process in terms of the
coefficients of P

Let us assume that P(x,y) is defined in Q. If we
take into account expression (147) and assume that I = J = n,

we see that the leading coefficient Cn of PCh is given by:

c = (—2—)2 a = 1 a
nn n nn 2n-1 mn



Therefore, an €~economization process involving a i.e.,
reducing the coverall degree of P from 2n tec 2n-1, will only be

possible if:

la_| < S (155)

If this condition is satisfied, we then analyze the

crsqs . . . . n_1n
possibility of €-economization involving the terms x'yv and

iy L (ox SHPY, fhat will only be possible if a_  and

- - &
I

\ N - .
a -1 (or a .1,/ are such that:
2n+1. ! 2n-2
2? 'ann' ' !ann—l|‘< 4 e (156)
or
2041 — ;2n-2
4 Iann! * Ian-ltJ =4 € (157)

Inequalities (155) to (157) will be used tc give

sufficient conditions in the two following cases.

(1) €-economization on a border line of matrix A

. . . . nn _nn
In the case of €-economization involving xy , X'y

xy"") where 0 < j< n, i.e. along the farthermost right

LI B ]

column of A, the condition for a reduction in the number of

multiplications in (151) is:

)
Zi“.iz: 43 lann_sl (2(2‘3)) <:4211--1E (158)



where n~j = v. This follows frem (155)-(157) by an inductive

argument.

If we introduce the auxiliary function:

B

W) = > (@,

k=0

0. and (3 positive integers, we can easily show that:

Yo+ 1,8+ 1) =Pa,B) +P@,B+ 1)

L!J(O’B)‘: 1 A gi%, l, 2,
and
Yo, B) = 2% w=B= 0,1, 2, ...

Therefore, condition (158) can be stated more simply

in terms of the recurrent expression ¢KCX,B):
n-j
s ] 2n-4
2 4 Iann_slkl)(Z(n-s), n-j=s) < & £ (159)
s=0

For example, if n=4 and j=1, from Table I we get
the following condition for the possibility of €-economization
of the four coefficients of P(x,y) in the farthermost right

column of A, starting with a_*

2

a_ W(8,3) +4a_ P(6,2) +4%a U(4,1) +

3
4 ann_3k|)(2,0) = 93a__ +88a

a l-l-80an

n-2

+ 64a < 16384 €
nn=3



where the aij are taken in absolute value.

To. get a condition for the E£-economization involving
coefficients in the lowest row of A, we only have to switch

indices in (159).

TABLE 1
Plo,B)
B= | |
0 1 2 3 4 5 6 7 8
O =
0 1
1 1 2
2 1 3 4
3 1 4 7 8
4 1 5 11 15 16 -
5 1 6 16 26 31 32
6 1 7 22 42 57 63 64
7 1 8 29 64 99 120 127 128
8 1 9 37 93 163 | 21¢ 247 235 256
(ii) ¢~-economization on a triangular corner of matrix A
For the three coefficients a__, a and a .
nn’ 1 n-~-1 n-1 n

from (155)=(157), the condition for the possibility of

€~economization is:

AQTllannl * lan n—ll * lan-liJ < 42n-2€
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In the case of a triangular sector of A, this

expression generalizes as follows:

r-(s4u)

- -s)
21 ; 45 4" a E (2({1 u)}(z(r} s)y < 42m
44l n-u n-s i i

s+u=0 o iF3=0 (160)

where 1r-1 1is the number or rows (or columns) involved in the

triangle under consideration.

From inequalities (159) and (160) we can give easy
empirical rules for the €-~economization. For instance, we can
say that g-economization in the triangular case is possible
for a__ if:

nn
|2, | <10"€
nn
anf for the first triangular corner, if:

I

nn

n n-ll ian—l n|<;'lon€

Similar rules can be found in the case of economization in one
variable. From the previous formulae, it is easy to deduce

analagous rules for the case of carving in one variable,

Vi.8.6 Block economization

Conditions (159) and (160) give the possibility of
€-economization of a polynomial P considering only the set of

coefficients aij for which, according to the method chosen fox

1

e
o



the economization, the first or second condition is satisfied.
3

The polynomial P is thus divided into two segments

P. and P

] satisfy one of the

, such that the coefficients of P
27 , 2

conditions. Then P2 is expressed in terms of the Chebyshev
polynomials and ¢~economized. The resulting expression is

reconverted in powers of the original variables and added to

Pl to get P

ED
This procedure is particularly suitable when either
the number of variables, the size of the stored information ow

the computing time impose heavy restrictions on the economiz-

ation process.

In the subroutine described in the next chapter,

the €-economization process involves the entire polynomial.
P

It is important to point out that when the difference
between the times required to perform addition and multiplicat-
ion is not too great, it may be preferable to carve the
polynomial, inducing as many zeros as possible, eyerywhere in

A.
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VII. NUMERICAL INTEGRATION OF THE PRANDTL-~REUSS EQUATION
BY MEANS OF THE METHCD OF WEIGHTED RESIDUALS

VII.1 Introduction

In this chapter, the method of weighted residuals
will be used in order to obtain approximate polynomial solutions
to the Prandtl-Reuss equation., The procedure will theﬁ be used
in the particular case of the hydrostatic extrusicn-drawing of
a bimetallic specimen, with the aim of obtaining the stress
distribution on the deformating area. It is assumed thét the
flow pattern of deformation is described by Avitzur's velocity
field and the materials are homogeneous and with an isotropic

rule of hardening.

As was pointed out in equation (38) of Section ITI.4.3,

the Prandtl-Reuss equation may be written as:

= K ¢P
ij ,-—-12 13

or, by means of symbolic notation:

T' = (160)

K v
Vi,
T' being the deviatoric stress tensor and V the strain rate

tensor. In a scalar form and under conditions of axial-

symmetry, equation (160) becomes:
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k- )
G = 0+ ——¢ (161.a)
r m r

vi,

kK - '
0, = g_+—¢ (161.b)
e m e

\/12 | -

. k- _

g =g +—¢ (161.c)
A m Z

vi,
T., = . érz (161.d)

, ¢12

These equations are not independent if constancy of

volume is assumed, that is,

g, = ~(E_+€)) | (162)

and consequently:
(! ' L ' Y
a, (0. +0dg) . (163)

VII.Z Process of calculation

Since the Prandtl-Reuss's equation is a non-linear
one, the use of polynomial forms as trial solution leads to
non-linear systems of-equations in the unknown parameters. This
fact constitutes an important obstacle in the application of
the method of weighted residuals because noin-linear systems of

equations are hardly possible to be solved by means of a

computing routine,

The way chosen for the solution of that probiem is
a process of linearization ES?] and the use of the least

squares criterion, within a routine of iteratiom.



Let us assume that, in a first approach, equation

(160) may be written as:
T' = kV (164)

where k is a constant that here may take the initial value of

the shear yield stress of the material.

In this hypothesis, equations (161) are not exactly
satisfied and, hence, there will be some difference between
both sides of these equations. Let us express these differences
by means of the error functions R,. Equationm (16l.c) will not
be considered due to constancy of volume.. Therefore, if "n"
identifies a generical nodal point of the mesh that represents

the deformating area, equations

Rln = q:-Gm - kEr | (165.2a)
R, = oe - om - kse (165.b)
R3n = T, - kerz (165.¢c)

are obtained, which must all be calculated for every modal point.

Squaring these equations, according to the least
squares method, and summing up the error at all points of the

mesh, we obtain:

R, = Z(Rln) >0 (166.a)
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2
g = Z (RZn) =0 (166.b)

18}
2
g = Z (Ry ) > 0 (166.c)
n

The total error in the whole deformating zone may

=
|

=
|

be expressed as a linear combination of the error functions
corresponding to each of the equations involved, that is:

= o = 3\
RT glRl + gZR2 + D3R3 E g.lR.1 (167)

T
where the &; coefficients are the weighting factors.

As was pointed out in Section II.l.2.2, an axi-
symmetrical state of stresses, referred to a cylindrical set
of coordinates, can be expressed in terms of two stress functions:
¢l==¢l(r,z) and ¢2==¢2(r,;). In Section II.3.1 it was shown
that the corresponding strain rate field can be put in terms
of a stream function (Y = Y)(r,z). Hence, if polynomial forms

are adopted to represent approximately these three functions,

¢]. = ¢l<r’z’Aij) = ¢7']:' + Z Z Aijrizj (]..68.8.)

such as:

1]

k A

B, = P,(r,2;B ;) = P, + Z Z B it 2t (168.Db)
k 1

q) = kl)(r,z,cmn-) = kp‘k + Z Z Cmnrm:z.n (168.¢c)
m n

the state of stress and strain rate can be put in terms of
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the free parameters Aij’ Bkl and Cmn’ according to equations

(11) and (26).

This allows us to express the total error function

RT in terms of those parameters, as

Rp + RT(r,z,Aij,Bkl,Cmn)

In this next step, following the least squares
criterion, we calculate:

oR

T

G = 0 (169.a)
1]

BRT

== = 0 (169.b)
kl

OR .
T

== = 0 (169.c)
mn

which constitutes a system of linear equations in the free
parameters. By solving the system we obtain the values of the
free parameters A{%), B(l), C(l) that minimize the error in

ij 7 Tkl ™mn
the whole deformating zone. Consequently they give an approx-
imate form to the stress and stream functions and also to the
stress and strain fields. Those values define a first approx-

imation to the strain rate field V(l) and the corresponding

stress field T(l)vsatisfying the governing equation (164).

A "better" set of parameters may bs found if the
P y

error functions (165) are recalculated with



(1)

I

(1) (1)

instead of k, where the value of I. 7 is derived from V .
- B 2

In this way, repeating equations (165)-(169), a new set of

(2) H(2)

parameters Aij v Big

and Cég) is obtained which improves the

solutions for the stress and strain rate tensor fields T(z) and

V(2>. In general, this second set of values is different from

the first one and, therefore, it gives a new value for
k

(2)

2

I

(2)

where I is derived from V . With this value the process

(2)
2
is reinitiated from equation (165) onwards and will continue as
described until the absolute value of the difference between

any parameterlof the cycle "n+l" and the corresponding to the
cycle "n" becomes smaller than a prefixed value §?, that is
Aé2+l) - Aéz) <Q (170)
where qu is a generical parameter of the group. The value of
(2 may also be expressed in terms of percentage of variation of

qu,,as criterion for establishing convergence. Another useful

criterion of convergence is to determine the cycle in which RT

reaches its minimum value:

R§“+l):> Réﬁ (171)
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Once this situation is obtained, by means of the
velocity field (equation (23)), it is possible to determine

the new positions of the nodal points by:

Il

Ar = v At
T

[Xz = v At
z

where At is a small interval of time.

The final coordinates are:

T r + Ar
1 ° {(172)

I

z z + Nz
o

1

where r, and z correspond to the coordinates of the mesh points

at t = 0.

The application of expression (172) to all nodal
points of the original mesh will produce a new mesh that repres-

ents the '"'picture" of the deformating zone after a time At.

The sequence of iteration is restarted for this new

mesh, from equation (165) onwards, using
k
 /fr(n)
12

as first value, n being the last cycle of iteratiom.

The same value of k is used throughout the process
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if the problem is solved under the hypothesis of non-hardening
materials. If the material work-hardens, k must be modified

at this stage as described in the next item.

This routine continues until the total deformation

time 1s covered.

VII.3 Work hardening materials

The procedure used up to here is valid for a rigid
perfectly-plastic material; eventually k may be considered as

the mean yield stress of a work hardening metal.

Let us now take into account the real behaviour of

metals and introduce work hardening into the theory.

As von Mises's yield criterion was used when develop~
ing the theory, the effective stress O may also be considered

as a yielding function, that is:
0= Y = 3k | (173)

According to the definition,. the effective strain

rate is:

Vi, (174)

J\/fz-dt - (175)



Assuming the relationship 0= G(€) as being known

for the material we are dealing with, this may be expressed as:
0 =0 +0(E) (176)

where 56 is a constant.

The derivative of equation (176) with respect to

time is:

da0 dd0 dE

3t T FrdaE T H.t (177)

where H is the slope of the J-€ curve, as in Fig. 28.

Expression (177) can be written as:
d0 = uéadt | (178)
and introducing equation (174) in (178) we get:

d0 = —%-H\/I dt (179)

‘/— 2

W

= q




Differentiating (173) and replacing in (179)

dk = 2u/T,de (180)
is obtained, or, in terms of finite increments:

Ak = 2u/T, At (181)

A time interval At must be adopted according to the
velocity of displacement of the cross-section in which we are

interested.

il

If a linear rule of hardening is admissible, H(E)

constant, equation (18l) may be written as:
M = ¢ VI, At ' - (182)

where Ck is a constant. In this case, a unique value for H

will be used throughout the calculations.

Equation (18l) will be used to take into account
modifications in the value of k in equations (165) due to work

hardening, as follows:

The total range of deformation will be divided into

small intervals: 0 - E(l), Eﬁl)- 6(2), etc. These intervals
are determined by the At increment chosen and the velocity cf
the specimen. It is assumed that the shear stress will take a

constant value within each interval, that is:



Step t = 0 0 - é<l) k = ky
- -(1)_(2) L =
t = At € € k =k, = kg +-Akl
_ =(n-1)_=(n) _ _
.t-—xmAt - E € k=k =%k .+0k
VIi.4 Modifications to the error functions

due to work hardening

Once convergence was achieved for the first step,
corresponding to t = 0, by using the first value of k = k, and
1 .

(n)
2

the last value for I

Nk = ck\/lg“) At (183)

, it is possible to calculate:

assuming a linear rule of hardening. Consequently, the next

value for k = k, to be used during the second step will be:

2

k2 = kl + Ak

With this new value for k and the new mesh obtained

according to:
(184)

the procedure is reinitiated from equations (165) onwards. The
value

K

\/Ign)

is used in these equations.
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If the hypothesis of linear hardening is nct satis-
factory, equation (181) must be used in order to calculate Ak,
by means of the corresponding value of H in each step, as shown

in Fig. 28.

As was pointed out before, the procedure continues

until the total time of deformation is covered.

The whole sequence of calculations is summarized in

the flow chart presented in Fig. 29.

VII.S Economization of the solutions

Once the polynomial expressions for the different
fields have been obtained, we next proceed to economize them in
order té reduce the incidence of high powers and rounding errors.
With this purpose, we use a procedure presented as a computing

subroutine, described as follows:

VII.5.1 Description of the subroutine

In the first part of the subroutine the polynomial P
is rearranged in terms of Chebyshev polynomials and PT is

generated,

In the second part a search is made for the special

ats

T ¥ <. . .
term aij = a for which the number of elements in a set Hé* is

. T o
maximum; an element aij 6 ﬂé“ if



< E

€ being the permissible error bound read in the main programme.

If the polynomial P(x,y) comes from the truncation of
a convergent power series expansion, as is often the case, this
part of the subroutine will tend to select the terms of higher
orders and then reduce the total number of multiplications. A
FORTRAN list of the subroutine is presented in Fig. 30 with t?e

name ECON2.

VII.5.2 Data for the subroutine

The coefficients a4 of the polynomial P are supplied
in array DYX. The subroutine reads the elements of the matrix
transforming powers of x and y in Chebyshev expansions and its
inverse matrix, from the main programme, in the form of arrays

DX and DT.
When the subroutine is called, the parameters

(i) ND = dimension of arrays,

(ii) NT highest exponent in P plus 1,

(iii) ERRMAX

permissible error bound €,

must be fixed in its argument.

VIiI.5.3 Output of the subroutine

The subroutine commands the following printout:



s R NN o NN el o e N N el oo N ol oW oW o ol o We e Wale Wel

SURROUTIMF  ECCN2
1 LMD WMT A NC e ERRMAXGERRTCT s DU DTHDYXAFCT . 14
- 177

ECONOMIZATICON. OF A PCLYNOMIAL IN TWO VARIARLES

Nn ~ DIMENSION CF ARRAYS

NT = HIGHEST EXAPONENT IN THE THORESSION +1

NE = NUMAER OF TERMS [GNORSD FROM CHEMYSHEV EXSANSTON
EORMAX — PERMISSIaLF “AX[/U4 EGRORI

ERPRTOT = ACTUAL TOTAL ZRRGR

DYX = ARRAY CONTAINIMG GIVEM EXPR=SSICON

DYX(1 M) (XA LY%20) (X3 2O03{Y*%1) seo
DYX{2sN) (K451 (Y%2+0) (X$41){YEX1) oa
*sa e .

DX = COMTAINS cCFrRFICIENTS OF VARIASLES IN CHESTShEV
FPOLYNOMIALS
DT =~ CONTAINS INVERST GF DX
FCT — CONTAINS CHESYSHEY EXDANSICN
FeX = CONTAINS EcCoiMNOMIZED SXPRIESSICN
[N THZ SaMF SFQUINCE aAS DYX
ALL PARAMETERS ZXCERPT NCIERRTOTWFITAND FCX SHCULD 8F
SUPPLIFD IN THE ¥AIN PRCGRAMME

DIMENSION FCTINDaNDIvFCXING MDD +DYXIND«ND)Y sDTIND+IND)
1 ‘. DX(NDIND )
DOUBLE PRECISICN DT +FCXAFITIAVERRMAX I CRRIAERR «HEOR

1 ERRTOT+«TRRTN«EON i

COMPUTE CHFRYSKZIV EXFPANSION

DO 100 I= 1oNT

DO 100 U= 1 +NT
100 FrTitvuy= 0,0

. DN 101 1= 1WNT

DO 101 J= 1WNT

A=z DYX(1+0)

IFL A +EG, 0,0 3 ¢6C TO 101

DO 102 N=14]

DG 102 M= 1y

FCTINWMY = FCTUNwm) 4+ pTOLaM) #* DTHJe) % A
102 CONTINUE
101 CONTINUE

FRRN = 0,0

NeN= O

DO 1C3 = 1 «NT

DO 103 J= 1eNT

EPR= DASSIFCTileJ))

FRRTOT = 0,0

Nﬂ: o]
DN 115 11= ieNT
DO 115 1J= 1sNT

A = FCT (11s1)
IFI(DARStA) « GT, FRRY GC TO 115
FPRTOT = ERKRTOT + DARS(A)
Nr = NC + 1
115 CONT [NU=

IF({ERRTOT ,GT.ERPMAX) GO TO 103
IF(NC o LE o NCNY GO TO 103
NrN = NC
ECRMN = FERR
103 CONTINVE
COMPUTE ECONOMIZFNn EXPRESSION
EPRTOT = 0,0
N = 0O
ERR= ERKRN
DO 113 1 1o NT
NO 113 J = 1eNT
113 FeX(1+d) 0.0
DN 106 1 1 eNT
DO 106 J = 1sNT
A= FCT(1+J)
IF{DARS{A)Y o LEe TRR) GOTO 109
DO 107 N= 19
DO 107 M= 1.y
FOXINGMI= FCXAMMY 4+ DXL aN)IFDX (I My*A
107 CONTINUE
GNTO 106
109 Ne = NC + 1
ERRTNT = ERRTOT + DARS(A)
106 CNNTINUF
ReTURN

END : FIGURE 30
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(i) ERRTOT = total error in P,

(ii) NC = pumber of terms either deleted or zero in
' the Chebyshev expansion of P,

(iii) CFT = Chebyshev expansion of P,

(iv) FCX = double array with the coefficients of the

economized polynomial P

VII.5.4 Test results

As an example, the first 36 terms of the power series

expansion of exp(x + y) are considered:

2
CP(x,y) =l 4+ x+y 4+ %(xz + 2xy) +y) + (x3 + 3x2y + 3xy2 + y3)/6

+ (x4 + 4x3y + 6x2y2 + 4xy3

(x5 + 5x4y + 1Ox3y2 + 1Ox2y3 + 5xy4 + ys)/lZO +

(x6 + 6x5y + 15x4y2 + 2Ox3y3 + 15x2y4 + 6xy3 -+ ye)/720+

(x! + 7x% + 21x°0y% + 3557y + 35x°y% + 21x%y° + Txy°

+y*) /28 +

+ y'y/50040.

After being economized, the polynomial with an error
bound € equal to 0.005, the expression

Pe(x,y) = 1.000 + 0.995(x+y) + 0.125xy + 0.466(x>+y2) +

’
0.042(x2y+xy2) + O.687x2y“ + O.254(x3+y3)4-0.46(x3y+xy3)

is obtained, with only 13 terms. Figures were rounded to 3D

and the economy is 23 terms.

Table II shows the values of the percentage relative

erxor:



' 3/9

| 4/9

1 1/9 2/9 5/9 6/9 7/9 8/9 1
~5.6462 2.5206 10.6247 15.0569 14,9159 11.1076 5.6596 1.2086 0.6233 6.7361
2.5206 -7.0368 -6.9042 ~-4,3099 -2.8183 -3.4360 -5.4648 -7.1500 ~6,1655 0.0297
10.6247 -6.9042 -9.8091 -7.3399 -4,5243 -3.3977 -3.9560 -4.8846 -4.,1079 0.8031
15.0569 -4, 3099 -7.3399 ~-4.1589 -0.4093 1.4588 1.1870 -0.0598 ~0.2747 2.9612
14.9159 -2.8183 -4,5243 -0.4093 3.8468 5.7882 5.1074 3.1848 1.8718 3.6851
11.1076 -3.4360 -3.3977 1.4588 5.7882 7.3807 6.1680 3.4615 1.3774 2.4114
5.6596 -5.4648 -3.9560 1.1870 5.1704 6.1680 4,3653 1.2272 -1.0511 0.0485
1.2086 -7.1500 -4,8846 -0.0598 3.1848 3.4615 1.2272 -1.9059 -3.6891 ~1.6151
0.6233 -6.1655 -4,1079 -0.2747 1.8718 1.3774 -1,0511 -3.6891 -4,2729 -0.3500
6.7361 0.0297 0.8031 2.9612 3.6851 2,4114 0.0435 -1.6151 -0.3500 6.1969
TABLE II: The values of P(%) are multiplied by 100.
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P(x,v) - Pg(x,y)
P(X;Y)

(%) 100

calculated in 100 equidistant points of the square Q:(1,1).

In no entry of the table the error exceeds 0.151%.

Some results related to the evaluation of numerical
solutions of partial differential equations will be considered

- further on.
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VIII. ANALYSIS OF THE HYDROSTATIC EXTRUSION~-DRAWING OF A
COMPOSITE WIRE BY THE METHOD OF WEIGHTED RESIDUALS

VIII.l Introduction

The procedure described in the preceding Section is
now being used to calculate the stress field developed in the
deforming zone during the extruéion of a composite wire constit-
uted by two different metals. From the stress field wequired
for having plastic deformation under steady state conditioms,.
values for the "pulling stress-hydrostatic pressure' relationship
for different extrusion ratios are obtained. These values allow
a direct comparison with the experimental oheé. The geometric

characteristics of the specimen are as described in Chapter III.

It is assumed that the pattern of deformation follows
Avitzur velocity field. It is also assumed that no relative
movement between both metals exists on the interface and, hence,
the interface is considered as the superposition of the limit

surfaces of both metals.

During the process of calculation, mesh points are
considered with the physical constants of the corresponding

metal, according to its position in the wire.

A mesh point located on the interface is taken into
account twice: first as belonging to one metal and then to the

other, and finally, the value attributed to that point is the



average of both situations.

A rigid-plastic mecdel with a linear rule of hardening
is assumed for both metals. As the elastic strains are

neglected, the plastic strains coincide with the total strains.

VII1.2 Velocity field and stream function

Avitzur's velocity field is described in a cylindrical
coordinate system by the stream function:
2

2 zz-r
= -v_R (185)
4(r2+z2)

which gives, according to expression ( 23 ), the folliowing

velocity equations:

2 TZ |
v = = yv_ R, —~——F—5 (186.a)
T £ff (r2+z2)2
-2
2 -z
and the strain rate field:
2 22342 '
ér = - Vg Re Z_ ; L z (187.a)
» ( +z )
: 2 Z
g = = yv_. R - (187.b)
e f°f (r2+22)2
2 rzz - z3
£ = =2v_ R —————— (187.C)
z £ £ (r2+22)3 |
3 2
: - 1 2 r ~-7rz
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The corresponding second principal deviatoric invariant

is then calculated by means of:

- . P2 BT Y t ot '
I, (Erse +EQE) T+ e:z_er) +EL (188)

VIII.3 Stress field

For the description of an axisymmetric stress field,
two stress functions are required. Let us propose the following
polynomial forms as trial functions:

_¥3, 3.3\ 2i+3 ] .
¢l(raz) =% kr” + P /. Aij T z (185.a)

i3]
- 2m+] D \
¢ (r z) P E E 0 z (189.b)
2 2
where P = i -r - z y Aij and B are parameters to be deter-

mined and k the shear yield stress corresponding to a generical

material point.

From these stress functions, according to expressions
(11), the trial functions corresponding to the stress field are

obtained as follows:

2 2 . 2
= Z Z anznr m [-Z;Pr + (2m+1)P ] (190.a)
m n : ‘
/3k+ZZA Pz r E24r —6(41+2)Pr

+ (21+3)(91T2>P ] ©)190.b)



o, = g E Ai1r21+2zJ—zP [24z4-6Pz2(2j4-1)4-j(j4-1)92]
i3
+ E E B r2mzn (190.¢c)
mn
m n

.z 2 2i+1 j-1 22, ...2 . 2

= - P + 3 A

Trs Aijr z°> P I 24"z +6jPr +6(21i+ 3)P=z
T3

- §(2i+3)P%] - (190.d)

A

The ¢l and ¢2 expressions have been chosen in such a
way as to have a general polynomial form and, at the same time,
allow the stress field to accomplish the following boundary

conditions for any set of values of their free parameters:

(1) For mesh points on the
entry boundary (P = 0) g, = 3k
belonging to the core or g, = Oé = 1.,=0

the sleeve:
These are the conditions required for having plastic flow under

the particular state of stresses existing on that surface.

(ii) For mesh points on the
g, = £(z)
z-axis (r = 0), conditiocns

of axisymmetry require:

where f(z) is the expression of Oé(r,z) for r = 0.

(iii) The axial symmetry condition also requires that the

functions C&, C . and Oz be even in the r variable, while TE

©

4



be odd in this varieable.

VIIi.4 Boundary condition on the tube-die intexrface

The conical surface corresponding to the tube-die
interface may be characterized as follows:

AT

B {

3¢

- ks
S~ -
~

L]

! ~

7~
x

-~

.
e

z

where (is the semi-angle of the die and n a normal vector

given by:
n = (cos®, 0,-sinq)

The stress components at a generical point on that

surface are: .

and in this particular case:

Sr = Orcos(x - trzsmoc

SG =

S = T cosC - O sinQ
Z Tz z

The stress component tangent to that surface is:

s
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T, = ———=2 sin 20 + trZCOSZQ, (191)

‘The frictional stress at the interface may be expre-
ssed in terms of a fraction of the shear yield stress of the

tube, i.e.
T = q kb (192)
o= 4

q being 0 < q < 1.

Substituting expression (191) into (192), the equation
conditions stresses on the boundary

Or B Oz t
——5——sin20l+ T_ cos 20 = q k (193)

is obtained.

VIII.S The eriror functions

By substituting expressions (187), (188) and (190)

into Prandtl-Reuss's equation, the following error functions

are obtained:

k
R = 0 =0 == (194.,a)
1n r m Er
Vi,
k.
R = 0, -0 =~—¢t (194.b)
2n o m /= 0
I2
k .
R = T - —t (194.c)
3n rz ~— 1z
I2

n representing a generical node point and Om_= %(Or+Cb+C;).
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The expression corresponding to OZ does not appear to constancy

of volume, since

g = -(Or+69)

Z

Another error function is obtained from the boundary

condition at the tube-die interface:

Or = OZ V -
R, = —5sin 200 + Irz cos20.- q k (195)

where OZ, Oi and trz are to be substituted by expressions

(190.b), (190.c) and (190.d) respectively.

Equations (194.a) are te be calculated in the whole
deformed volume while equation (195) is to be considered oniy

at the tube-die interface.

These four error functions are to be joined together

in a general error function Rn’ as a linear combination of them

With weighting factors:

Ry = 8iRyn * &Ry, T o8sRay gk, (196)
In this case is g = 8, = 83 and, hence:
R = gl(Rln+R2n+R3n) + g4R4n ' (197)

The values of &, and g, are adopted proportional to

the number of mnodal points existing atithe interface and in



the whole deforming zonme respectively. In the process of
calculation, expressicn Rhn is taken into account only at the

interface nodal points.

After all substitutions have been made, an expression
of Rn in terms of the coordinmates and free parameters A.lj and

B is obtained:
mn

Rn = Rn(r, z, Aij’ an) , ’

This expression of the total error function is to be
squared and minimized with respect to the free parameters, in
the volume of the deforming zome. The cerresponding sSequence
of calculations will be programmed by using a least squares
approach, in the frame of the method of weighted residuals, as

was already described.

VIII.6 Process of deformation

Based on Avitzur's velocity field, the mesh adopted
for representing the deforming zone under steady state condit-

ion is shown in Fig. 31,

According to this pattern of deformation, it is
assumed that the final hardening of the specimen is achieved in
eight steps, that is, hardening takes place only when the
material reaches a spherical surféce and no strain hardening

occurs in between them.



FIGURE 31
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Assuming a linear rule of hardening, it is possible to
calculate the shear yield stress of the metals at each point by

means of the expression:

k = ko + G \/Iz(r,z) Nt (198)

where ko is the initial shear yield stress, Ck is a constant
defined in equation (182) and At the time increment. The
material moves from the entry boundary I towards the exit

boundary IX, crossing nine equidistant spherical surfaces, with

a velocity field given by equation (187).

Adopting an axial velocity V_ for the specimen at tho

E

exit and the geometrical dimensions of the die, the time

inerement At required for the material to move from ome surface



to the next can be obtained for each nodal point by means of

the expression:

2
(r.-r, ) + (z.-z, ) |5
At . (x,2) = | —1—1=L Vel (199)
2 2
+ v

r. Z.

J

VIII.? Pulling stress-hydrostatic pressure relationship

The numerical procedure described so far provides a
description of the stress components required for having plastic

flow at each point of the deforming zone.

Particularly we obtain the axial stress components at

the entry and exit boundaries, Let them be expressed by functions

OiI) and OEII) respectively, according to the following diagram:
/
/
/-
7
-
/
/L—* 4
-
1IF—+0;(:) ;
—y
[“" o-(n) !
L. L
| -
——
Az A
The average stress acting on each boundary is given
by:
0 = 1 f o)
I A] AI z rdrdd

and
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.
o, = A_l..g[ O;II) r dr do
11 211

respectively, where AI and AII are the cross sectional areas.

In practice, stress Oi is provided by the hydrostatic pressure

Py while OII by the pulllng stress Ob Hence, the driving

stress may be expressed as:

A

G +p =_Lﬂo(1) rdr de + —— Jf G\H) r dr de
P h Z A
1A, IT A

These integrals are evaluated numerically as follows:

- L ﬂo(l)rdrde——zf o1
1 Ay rp 0

with a discrete approach:

N
L 2 (1) i+l T Ti-1
0 = .=
1572 O )y (5
I 3=1
or
N .
~ L (1) -
0, ¥ 5 E C .r)j (rj+1 rj_l) (200)
r, .
I j=1
and, similarly:
N
L (1I) _
C&I = rz ZE:(OZ .r)j (rj+1 rj—l) (20¥)
II j=1

Finally, the driving stress is given by:
= . 0
Op + Py OI + Y11 . (202)

The values of OI and GII depend upon materials



involved, conditions of friction, deformation velocities,
extrusion ratio, etc. If all parameters except the extrusion
ratio are kept constant, equation {202) can be expressed as a

function ¥ of this parameter:
g.+p. = Y(R) ' (203)

This equation allows a direct comparison with the experimental

values.,

VIII.S8 Temperature distribution

VIiII.8.1 Introduction

The steady state temperature distribution developed
during the process of deformation is mow considered by using

the method of weighted residuals.

It is assumed that heat is generated at nodal points,
due to the plastic work involved in the process of deformation
alfeady described and at the tube-die interface, due to friction.

It is also assumed that work is entirely converted into heat.

Both metals are considered isotropic and homogeneous,

from the thermal point of view.

VIII.8.2 Theoretical considerations [110], Ell]

Let us define in a material medium a spatial velocity
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field ¥ = ¥(x,y,2z), referred to some particular coordinate

system of reference:

4

Let us pay attention to a particular volume V(x,y,z)
limited by a surface B(x,y,z) and fixed with respect to the
frame oﬁ reference. It is assumed the existence at any point
of this veclume of a source of heat characteriéed by the function
hv(x,y,z,t), the amount of heat generated per unit volume. The
amount of heat produced at points on the surface B is measured
by the function hS(x,y,z,t), where hS is the heat produced per

unit area.

‘As a consequence of these sources of heat, a tempexr-

ature field T(x,y,z,t) is obtained, which we aim to describe.

It is an experimental fact that the amount of heat

accumulated in V at a given time may be expressed as:

H = H&c'rdv - (204)
v
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Q. . . . . )
where U represents the density of the medium and c its specific

heat. The time derivative of expression (204) is:

dH _ 4 Uf oo m DT | - ]
=== | SeTav = Je(z=+v x gradT)dv  (205)
dt dt i Vv ot

The heat transferred by conducticn through the suriace
B, per unit area and unit time in the n-direction;, is propor-

tional to the temperature gradient in this direction:

2
d°" .
1 . eT N
dsdt kh ot (206)

where kn is the thermal conductivity of the medium in the
n-direction. If the material is thermally isotropic, kn has

the same value for any direction, say k. Hence, expression

dzHl - —
—— = k==dS = kYT x ds (207)

dt on
is obtained.

By integration of expression (207) over the whole

boundary surface B, the expression

—d—-l- f (kVT).ds (208)

is obtained. On the other hand, the amount of heat genmerated

per unit time within V and its boundary surface is:

ff\{ h dv + {’3[ ﬁsds (209)
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where h. = —=—= and h_ = ——E, h being the amount of heat
v S at v

at
generated per unit volume and hs the heat generated per unit

area. Adding expressions (208) and (209), the total rate of

change of the heat in V is obtained:

% - g(w'r)xc"ﬁ + j;ffﬁvdv + gﬁsds (210)

Assuming a flux vector as:

n being the unit normal vector to the surface element dS. The

last term of expression (210) rewrites as:

| j}{ﬁsds = J};fﬁsds(ﬁxﬁ) = %ﬁs x ds (211)

By substituting expression (211) into (210) we get:
da _ | - - ==
i _U (kVT)xds + _U thV + ﬂhs=ds
B \ B
which, by means of Gauss's theorem may be transformed into:

d . o qivh
-5% = Mz [aiv(xV 1) + b -+ divh  ]av (212)

According to the conservation of energy principle,
equations (205) and (212) may be equated and hence:

Sﬁ%c [%—E + \-fxgrad’I]dV = m l:k V2T + ﬁv + div:ﬁ;[dv

\ \" .

(213)
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As equation (213) must hold for any volume V, exp-

ression
e l:g—T + GxgradT] = kva +h + diVlfl (214)
t v S
is obtained.
- If only the steady state is to be considered, equation
(214) becomes:
VT - B(vxgradT) = - £(h_ + divh ) (215)

where 3 = %E
Under conditions of axial symmetry and referred to a

cylindrical system of coordinates, expression (215) is writtern

as:

T, T, (L _g, 33T gy 0L 13 20
2 ' 2 T z 8z k| v or
or Oz, .
(h ). 8(h)
S°Tr S 2
+— az:l (216)

which is the equation to be integrated for this case,

VII1.8.3 Proposed estimates and error funcktions

In order to calculate the temperature distribution in
the deforming zone of a composite wire, it is adopted the

geometry shown in Fig. 32, which includes the die,

The value of ﬁv corresponding to each nodal point is
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calculated assuming that all plastic work involved in the
process 1is converted into heat and, consequently, its expression

is given by:

- t
v Oi5 €4

where tensors Oi. and éij have already been obtained. The
J

expression for the heat generated on the tube-die interface due

to friction is:

where Ta'is the shear stress at the tube-die interface and v

the velocity corresponding to points on that surface. These

values are assumed as being given by the expressions:

t
— )
‘Ea qk
2 cos(X
E
o E (r2+22) '

and, hence, for that surface the expression for ﬁs

t cosd

h =V REqk 55
r +z

s £ (cos, 0, =sinQ) (217)
is obtained.

The boundary conditions to be considered in the

process of integration are as follows:

(i) On surfaces I and II: T = T, (room temperature).



(ii) On surface III gg = 0. It implies no variation of

temperature immediately after leaving the boundary of the

deforming zone.

(iii) Due to symmetry, at all points of the z-axis (r = 0)
. dT _ .
is 5= = 0 and also T = f(z).

The proposed trial family for this problem is chosen

as:
N M
_ o(pt_.2_ 2 2i J
T="T, 4 (RI r -z )(z.taBGE r) 2 ; T
‘ i=0 J=j

or, in another form:

N M ' )
T = L E E D, r .J (219)
i=0 j=1
vhere P = 2 - 2 - and L = tan - r = a-
¥ I T n z O% Z. r.

Factors P and L ensure the fulfillment of condition
(i). It can be shown that condition (iii) is automatically
satisfied while condition (ii) needs to be taken into account

through an error function.

By substituting expression (218) into the governing

equation (216), the following error function arises:

Z Z #1172 [(21-1)22 (<26 L-PrtaiPLy o u(-tr

+4r -P 4irL- 21P)+r (3-1)(- 222L+8PZ+JPL)
4 z( 4zL- 4az+aPTJaP ZJZL)+("-pV Yz 1( ?r2
-Pr+2iPL)+ Bv T z( 22%14apz "'JPL)]+--[_1_1 +divh ]

(219)
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In this expression, the values of the physical cons-
tants for each point are properly selected during the computing
process. For simplicity sake the same values are assigned for
the die and the stainless steel core since they are quite

similar,

For points on the tube-die interface, the expression

= 2 .t 2rcosCl cosC 2zsin(l
divh_= V_R_gk cos (- 5+ -+ )
s EE r2+z2)“ r(r2+22) (r2+22)2
(220)

is obtained, which must vanish for any other point.

The boundary condition (ii) gives birth to the second
error function:

~ z 3 2i_3-1, 2 iy
R2rl = Dijr z@ (~2z"L+aPz+ jPL) - 0.0

e

i (221)

The total error function is:

Rh = glRln + ngZD (222)

8 and gz'being weighting factors proportional to the involved
nodal points respectively. This error fumnction is to be squared,
computed at all points, and minimized through the least squares

criterion.



VIII.9 Description of the computing programme

The process of calculation is programmed in FORTRAN IV

language, for the C.D.C. 6400 computer of the Imperial College.

For simplicity sake the programme is designed with a
Main Programme and three subroutines performing the following

operations:

Subroutine MESH:
It generates the coordinates of the nodal points
selected in the composite wire for the amnalysis of stress and

also, in the die, for the analysis of temperatures.

Subroutine STRESS:
Tt calculates the stress distributicn, according to

the method of weighted residuals already described.

Subroutine TEMPD:
It determines the temperature distribution which

arises from the stress and strain rates previously calculated.

The calculations are performed for different

~extrusion ratios.

After the polynomial solutions are obtained, they
are economized by means of the subroutine ECON2, already

~ described.

The detailed sequence of operations performed during
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the process by each subroutine can be seen in the corresponding

flow charts and listings.

VIIT.9.1 Main Programme

The Main Programme. reads the data

physical and geometrical characteristics of

are expressed as FORTRAN variables with the

Input Data:

Number of error functions (stress)

Maximum power in R (stress 1)

Maximum power in z (stress 2)

Number of variables (stress)

Number of error functions (temperature)

Maximum power in R (temperature 1)

Maximum power in z (temperature 2)

Number
Number
Number
Number
Numbexr
Number
Number

Number

Radius

of

of

of

of

of

of

of

of

at

variables (temperature)

total nodes

nodes in billet

nodes in the

nodes in the

divisions of

divisions of

divisions of

exit

core
interface

angle (core)
angle (tube)

angle (die)

o

related to the

the problem, which

following names:

NERRFN
NTERML
NTERN2
NVAR
NERFT
NTERM3
NTERM4
NVART
NDNODE
NNODE
NFNODE
NCNODE
NADIVC
NADIVT
NADIVD

RF
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Radius at entry | RI
Semi~core angle ALPHAC
Semi-die angle ALPHA
Semi~external angle : ALPHAE
Velocity at exit VE
Constant Q (friction) : Q
Shear yield stress of core AK1
Shear yield stress of tube AR2
Constant CK for the core CK1
Constant CK for the tube CK2
Initial temperature | TIN1
Thermal conductivity (tube) TCL
Thermal conductivity (core) ) TC2
Constant beta - 1 BETAl
Constant beta - 2 ' BETA2
Weighting factor - 1 (stress) : G(1)
Weighting factor - 2 (stress) ‘ G(2)
Weighting factor - 3 (stress) G(3)
Weighting factor - &4 (stress) G(4)
Weighting factor - 1 (temperature) WF(1)
Weighting factor - 2 (temperature) WF(2)

It also performs several preliminary operations which

are enumerated in the corresponding flow chart. This flow
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chart is presented as Fig. 33 while the FORTRAN listing is
presented as Fig. 34,

At the end of the calculations the subroutine GRAFIT
is called as required to plot results. This subroutine is a

standard one of the Computing Centre.

VIII.9.2 Subroutine MESH

The coordinates of the nodal points are calculated
with reference to a cylindrical system of coordinates (r,z),

according to the following diagram.

The RF coordinate defines the exit spherical surface and,

consequently, the extrusion ratio. By selecting adequate values

for RF, it is possible to obtain the different extrusion ratios:
r.

1

R = ——————
sinlSo/ﬁ

In the case of our specimens:



The flow chart and the FORTRAN listing are presented

as Figs, 35 and 36 respectively.

VIII.9.3 Subroutine STRESS

It performs the whole sequence of the method of
weighted residuals with the numerical values for the variables
read in the Main Programme and the coordinates generated in
MESH. All these variables are contained in a COMMON declaration

statement.

In order to solve the linear system of equations,
this subroutine calls another subroutine SIMQ, which is a

standard one of the IBM System Subroutine Package.

Since we are using linear expressions in the unknown
parameters A.l as trial function, the arising error functions have

a form like:

which squares as:

,FZ = A A.X.X,
1737173

The least squares method requires that the derivatives of this

expression with respect to the parameters must vanish, that is:

2
or 5

=0, A.X.X. + H. A.¥X.X, = AXX. +A. XX =0
aAp ip 37173 jpitit] ipPi i%i%p
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and, finally:

. /
SEF _4axx =0
aAP A A R o)

which is a generical equation of the system to be solwved. it
is interesting to point out that the coefficient matrix of the
system contains the same elements EXiXp] as in Fz, making the

derivative operation umnnecessary.

The corresponding flow chart and the FORTRAN listing

are presented as Figs., 37 and 38 respectively.

VIi1I.9.4 Subrcutine TEMPD

The sequence of operations performed by this subroutine
is similar to the subroutine STRESS, soiving the temperature
distribution equation (216) as already described. The numerical
data cgme from Main Programme through a COMMON declaration

statement.

The corresponding flow chart and FORTRAN listing are

presented as Figs. 39 and 40 respectively.

VIII.10 Verification of the algorithm

The temperature or stress field in the wire cannot be
measured by experimental means. Consequently, in order to have
a true idea about the accuracy of the numerical procedure to be

used in the analysis of these fields, we consider next the



numerical solutiom of the elliptic equation

2 2
2 0°f L, O
\Vj 2
ox oy

:\Jil-h

= =A (223)

with £/D = 0 and A = 2, of which solutions are very well known.

This equation correqunds to the torsion problem bf
Saint-Venant, discussed by Southwell[iOi]using relaxation
methods, and by Mason ELOLB s ELOS] using Chebyshev methods. A
theoretical analysis of this problem is given by Knudsen and
Katz[}OE]. That equation -also describes the temperature distrib-
ution on a plane section, with a uniform source of heat all over

the surface, in which case the governing equation is:
2., _ H
VT = - ¢

'H being the source of heat. This equation is a particular case

of the equation

=

VAT - B(v xVT) = - (224)

k

to be integrated in the temperature distribution, in which the

convective Lterm 1s zero.

We solve equation (223) by means of the method of

weighted residuals in a square section as follows:
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As trial solution we use an expression of the form:

(o) = (2 (rm2)) ) Ay (225)
i=1 j=1

valid in a square domain D = {O<x <2, Ogygzg. The
factors preceding the polynomial make certain that the boundary
condition is fulfilled. The Aij'are the unknown parameters we

then evaluate with a least squares approach.

For the numerical application we use a square mesh

with a set of 121 equidistant points.

We start with an approximate solution of degree 6 in
x (N=6) and 6 iny (M = 6) and then ecomomize it in the square
domain D, = {0<x<1, 0<y < l} with & permissible error
bound €= 0.8 10-3, to a degree of 4 in x and 4 in y. We
restrain our study to the domain D

1 because, due to symmetry,

in the domain D there are four equivalent sectors as D .

The original polynomial solution is shown in Table III

and that corresponding to the economized polynomial in Table IV.

In Table V we give values of f(xi,yi) for Xis Vs

= 0 (0.25) 1, computed using:

a. The analytical solution (top line).
b. Our solution (middle line in brackets).
c. Chebyshev selected points solution (low line) as

given in [10ﬂ rounded to 3D,
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TABLE ITI TABLE TV

0,40ARF40G]  (X¥# 1) (Yss §)
-~ 100YE 402 (Yed 1) JYes 3)
D126 F 402 (XY 1) (Yz# 3)
- lUQPF N2 (Xsd 1) (Ve &)

Uesh21F401  (xek 1) (Yee 5)

= e 7536F4+L0 . (Xed 1) (YE4 6)

«e1001F+02 (Xn* 2) (Yxe | 0 1A Er-Ca txaz 0y 722 O
V., AB72F4+02  (Xs® 2) (Y%3 2) O.8a9n-02  (xan 0) (Yrs 1)
~dEDZGESD2  (Xe®x 2y (Y3¥ 73) pparelun (et O1 (Yrr o1
0.6207€+02 (X2 2) (fi% &) 0oz 3rT (Xes Oy (Yon o
~e2P1BF402  (Xa% 2) (Y¥s 5, mJAAG5R-02 (Xe¥ 0) (Yrs 3)
Cusnnrrall ixar 20 Te o) Ge2B8a73P-02 (Xnt 1) {Yex O)
Berdneranr X ) e C o 45270401 (X3% 1) (Yxe 1)
~o6U2GTH02  (X®¥E ) (YA D) . e i718AD101 (X% 1) (Yex 29

0,41Cpar+01 (X¥® 2) (Ys» 1) o 67650401 (xee 1) tves 2
S e a2 ~e2291D4U]  (X#%® |) (Y#s 4)
Uag1BT7E4L2  (X#3 135 Yz S o xan ) tvar o
_.6q2a5+gl e ::*‘ ?: ~e713204C1} (Xa% 2) (¢ux 1)
-2 10927402 (Xx%* 3) s >

a.;2a35+oa (X% a) (Y¥r 2) 2.;:;?5:22 :::: g: :::: g;
~eG6E3+02  IXE< 43 (YRs 3% 0:3‘q6°+0l (Ker 2 gy
0,6657E+CG2  (X4%* 4) (Y#% 4) S 2 Y o
~s3746E4+02 (Xe* 4) (Yi® S 0. 62500501 ix&i AV,
0,62425401 (Xe® 4) (Yex &) S Stajoaca oA
oIl e o) Yer 2 0,249004+C2  (X#¥ 31 (Yx 3)
~e PRPIAE+02 (X4 5) (Y¥x 2) S anite en a1 tven
Q«a1GTE+02  (X#% &) (Y#x 1) e y» e
-eAT7465 402 (X»® 5) (Y#» J) imaa1ne0; e ) -
V,1624E+02 (X3#* &) (Yar 5) o G ieen101 b MM
- ¢270€6E+01 (X2X B) (Y%%x 5) 2 0cansCa  (Xe® a1 (Yee =3
-4 7R36E4CC  (X®x 6) (Y¥® 11 D.21100101 (Xe% 43 (Yiw 8
G.,3697E+01  (X#% &) (Y>% 2) .

- a6920BE+01 (X¥* £) (Yxr 3}

0 6242E+01 (X¥% 6) (Y¥% 41

= P706401  (X%% 62 (Y¥x S)

0,451 1E40C  (Xe% £) (Y*x 6)

TABLE V
xs
) 0.25 0.50 0.75
e 0.569 | 0.558 0.459 0.280
o | (0.585) 1 (0.553) | (0.b56 ) | (0.279)
0.600 0.562 0.450 0.262
0.558 0.528 0.438 0.267
0.25 € 0.553 ) | (0.52% ) | (0.434% ) | ( 0.265 )
0.562 0,530 0.431 g 0.258
0.459 0,436 0.362 0.226
0.50 (0456 ) {( 0434 ) | (0.362) }(0.225)
0.450 0431 | 0.3 | 0.23%
0.279 0.267 i 0.225 0.146
0.75 » (0.279 ) 1 (0.256) i (0.225} (C.146)
0.262 | 0.258 i 0.2% 0.163
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Comparison of our solution and the one given in [}OZ}
based on Manson's extension of Lanczos's selected points method,
with the analytical solution [iog](see Appendix C) being, in

this case, favourable to our results.

The maximum error detected in our solution in the
mesh described in [10z]is 0.89% and for the Chebyshev ccllocation
solution, 11.64%. In this case of the €-economized solution,
~error estimates can be deduced from estimates on the least
squares approximations (see Picone [}Og], Fichera [10§]and

Collatz [ 93]).

This application shows that our numerical procedure
is adequate to solve this type of equation: and, hence, we can
confidently use it with equation (224) which governs the

temperature distribution in our problem.

VIII.1l1 Stress fields in the composite wire

By means of the described programme, the stress and
temperaturé distributions produced during the extrusion process
of a bimetallic wire under different extrusion ratios are
obtained. This(means the description of the stress tensor
component fields: oi, OG’ Gz, Trz’ and the temperature field.
The strain hardening distribution in the wire, accord;ng to the

adopted rule of hardening, is also described.



Except for the extrusion ratio all other parameters

involved in the process are kept constant.

The numerical values selected for the physical and

geometrical

carried out

Number
Number
Number
Number
Number
Number
Number
Number
Number
Number
Number
Radius

Radius

parameters which characterized the experiments

are as follows, in S.I. units wherever relevant.

of

of

of

of

of

of

of

of

of

of

of

at

at

Semi-core

error functions (Stress)

indices {(Stress 1)

indices (Stress 2)

variables (Stress)

total nodes

nodes in billet

nodes in the
nodes in the
divisions of
divisions of
divisions of
exit

entry

angle

‘Semi-die angle

Semi~external angle

Velocity at exit

Constant Q (friction)

core
interface

angle {core)
angle (tube)

angle (die)

144

99

4

5

according to
extrusion ratio

.9500E-02
.2000E+OO‘
. 2600E+00
. 5220E+00
. 1000E-02

.5000E~01
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according to

Shear yield stress of core } . .
extrusion ratio

Shear yield stress of tube «2000E+09

according to

Constant CK for the core R .
extrusion ratio

Constant CK for the tube .3400E+08
Time increment (hardening) .5625E+00
Weighting factor ~ 1 (stress) .1000E+01
Weighting factor - 2 (stress) .1000E+01
Weighting factor - 3 (stress) - 1000E+01
Weighting factor - 4 (stress) .1000E+01

In Figs. 41 and 42 the experimental stress-strain
curves of the two metals are shown togetber with the linear
approximations chosen to be used in this‘theoretical approach.
These straight lines have been chosen with a least square
criterion, within the approximate range of deformation éovered
by our extrusion experiments, and the following expressions were

obtained:

0 = 320 + 51€ (MN/mz)
for copper. Similarly

G = 950 + 7508  (MN/m?)

for the stainless steel and deformation up to the extrusion
ratios 5 and 6. For extrusion ratios up to 4 the following

expression was used:
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5 = 650 + 770E (MN/m?)

These eguations correspond to the theoretical form
adopted to follow the strain hardening of the metals, according
to von Mises's yield criterion and a linear rule of hardening

(see equation (182)).

As far as the polynomial solution is concerned, a
polynomial of nine terms has been adopted for the determination

of the unknown parameters in the expressions of the stress

functions:
VF' 3 3
V3.3 3} 21 J
¢1—6kr + P AIJr z
I=1 J=1
3 3
_2} oM+l N
¢2 =P BMN T z
M=1 N=1

This is achieved in the computer programme by making I = J = 3
and also M = N = 3. 1In this case, maximum powers of 10 in ¥ and
8 in z are produced, which are on the recommended upper limit,

as far as rounding errors are concerned.

The calculations have also been made with higher values
of indices (4 and 5) and, since no significant differences with
the previous results arise, the value 3 has been adopted for the
final results. This fact is considered as a convergence test by

several authors ESij, [43].
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These polynomials are then economized to power 7 in r
and 6 in z, thus obtaining the set of values for the unknown

parameters to be used in the calcuiation of the stress field.

The contour corresponding to equi-stress lines for
the different stress components and extrusion ratios are shown
in Figs. 43 to 62 . The values have been divided by the
initial yield stress of the tube in order to put them in a non-

dimensional form.

In order to check how well the solution satisfies the
governing equations, a direct numerical substitution for ail
nodal points was made. The resulting error was expressed as a

percentage of the calculated values.

From this analysis it clearly shows two zones of the
mesh where the higher errors are obtained, being located at
both ends of the tube. The maximum and average percentage
errors for the different stress components and extrusion ratios
are shown in the table on the following page. The economization

process adds a maximum of 2% to the corresponding average errors.

In order to be compared with the experimental results
the pulling stress-hydrostatic pressure relationship has been
caléulated from the theoretical stress field for different
extrusion ratios, by means of expression (202). In Fié.68 the
theoretical lines are shown together with the experimental ones

presenting a reasonable agreement.
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g O@ o] T
Extrusion z 2 £z

Ratio Maximum Average Maximum Average Maximum Average Maximum Average
error (%) lerror (%) |lerror (%)|error (%)|error (%)lerror (%) |error (%) error (%)

2 21 16 23 17 18.6 13 19 15

3 13 14 21 15 17 12 18 14

4 16 11 19 i 16 15 14 20 16

5 19 12 20 14 15 12 21 17

6 18 15 21 15 16 13 17 13
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VIII.12 Temperature field in the composite wire

The temperature field was calculated by direct integ-
ration of the equation @16) by means of the method of weighted
residuals, using the following trial function:

| NN
_ 2 2 2 _ 21

T = TO + (RI T z )(z.tanOE r) i E r oz

i=0 j=1

as was explained in Section VII.S8.3.

b

The errcor function arising from the use of that
expression was calculated with the following numerical values,

in S.I. units wherever relevant (MKS system ):

Number of error functions 2
Maximum index (temperature 1) = | 3
Maximum index (temperature 2) 3
Number of variables (temperature) 1
Initial temperature : . 2000E+02
Thermal conductivity (tube) | | .1600E+02
Thermal conductivity (core) . 3860E+03
Constant beta - 1 . 3600E+12
Constant beta - 2 -« 1445E+]11
Weighting factor - 1 (temperature) | .1000E+01

Weighting factor -~ 2 (temperature) .2200E+03

The contours corresponding to the isothermal lines
for the diffeient extrusion ratios are presented in Figs. 64

to 67 .
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The maximum temperatures predicted are of the same
order as the ones obtained by R.M. Guha and B. Lengyel [%7:]by
a finite difference approach in the case of hydrostatic

extrusion of a single metal wire.

VIII.13 Pressure welding conditions

VIII.13.1 Introduction

The basic process variables involved in solid state
welding are pressure, temperature and level of superficial
contamination. A metallurgical variable must also be taken into
account when the welding of dissimilar metals is considered.
These variables, together with the physico-chemical properties
of the materials to be welded, determiné the course of the joint
formation process ELE,[ELQ,IELE. Although—the experimental
parameters involved in several welding processes are well
estbalished, the mechanism operating in the formation of the

joint still remains unclear [11§.

There are two aspects in the formation of a pressure

weld:

(1) ) The presence of surface oxide films that prevents
bonding.

(ii) The difficulty of forming a bond between metallic

areas exposed by fragmentation of the oxide during the deform-

ation.,
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The several reasons proposed to account for the
second point can be seen in Elg and they can be briefly

summarized as follows:

(1) An energy barrier has to be overcome for the formation

of the bond.

(ii) Bonds do form but are broken by elastic stresses on

release of the load.

(iii) The metallic surfaces become contaminated by adsorbed

contaminants transferring from particles of the original surface.

These mechanisms are in a close relationship with
the existence of a minimum or threshold deformation required to
producé the joint, below which the weiding of the surfaces does

not seem to take place.

VIII.13.,2 Surface preparation and threshold deformation

Whenever metals are to be pressure welded at room
temperature the question of surface preparation arises, for it
is invariably found that welding will not take place without

some sort of surface treatment.

'An extensive consideration of this problem has been
done by L.R. Vaidyanath and D.R. Milner [L1]. In their experi-
ments it has been found that degreasing followed by scratch

brushing immediately before welding gives the highest bond
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strengths, It is often stated that scratch-brushing removes
scale and oxide films; although this may be true, it cannot
produce a surface which is free from oxide, for the scratch-
brushing operation heats the surface layers, so that a further

film will be rapidly reformed before welding can be carried out.

It has also been péstﬁlated that the main effect of
scratch~brﬁshing is the removal of adsorbed contaminant
surface layerslﬁlg. This finds support in Milner's work '1@
where it was shown that if scratch-brushed surfaces were
exposed to the atmosphere before welding for periods exceeding
about two minutes, the bond strength progressively decreased

owing to the adsorption of contaminants, mainly water vapour.

In Ref. Elﬂ there is presented an illustrative
diagram showing the influence that different surface treatments
have on the bond strength of aluminium roll-bonded composites.
It is found that degreasing followed by scratch-~brushing gave
the best bonding properties. It is also established that if
the procedure is reversed, with scratch-brushing followed by
degreasing, the threshold deformation for bonding is higher,
and lower bond strengths are obtained. Machined surfaces gave
intermediate bond strengths, while electropolished surfaces
and the "as received" commercial surfaces, either with or
without a degreasing treatment, did not weld even wiﬁh an 80%

deformation.
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In the same reference, Elj, another series of
experiments analyse the influence of heating the "as received"
specimens followed by a cooling period in a dessicator, on the
bond strength. It was shown that temperature does not seem to
be as effective as scratch-brushing in removing contaminants or

that there must be another significant factor associated with

the scratch-brushing process.

In some papers by H. Helman and C. Martinez Vidal it
was experimentally studied the influence of the moisture and
the specimen exposure time to this, time covering from the end
of the scratch-brushing process to the bopding process, on the
threshold deformation of aluminium specimens bonded by rolling
EZQ and by indentation EZﬂ. In Figs. 69 and 70 can be seen
how relevant tc the threshold deformation is the adsorbed
moisture and also the importance of avoiding delays after the

scratch~brushing process is finished.

Perhaps one of the more conclusive experimental works
in favour of the superficial contamination as being mainly
responsible for the existence of a threshold deformation was
done by W.C. Sherwood and D.R. Milner[iZé]. In this work the
effect on pressure welding of reducing the level of contamination
has been examined by rolling strips together immediately after

machining off the contaminated surface layer. The operation
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was carried out in a vacuum chamber so as to minimize the
possibility of reformaticn of a contaminated layer. It was
shown that when operating in a vacuum of 3 x 10—5 torr the
threshold deformation for aluminium, copper and cadmium was
reduced to less than 1%, while for strongér metals it went up

to 7% for nickel and 24% for ironm.

Another similar experiment has been dome by D.V,
Keller and T. Spalvins EQ@J: in an ultra-high vacuum chamber,
contaminants were removed from the surfaces by argon-ion and
electron bombardment, in a vacuum of 10—ll torr. They have
found that when the surfaces were brought'together under light
loads, many, but not all, metals and combinations of metals

adhered together.

In industrial practice much more highly contaminated
surfaces are welded together to give full strength, but this is
accomplished by greater pressures and deformations, and some-

times also by operating at high temperatures.

Very little is known about how contaminants behave
during the process of deformation., There is some information
about oxides' behaviour during the rolling process [124] and
also there has been proposed a mechanism for the joint formation
related to such behaviour‘[iZEJ. Briefly, it was stated that

for surfaces prepared by degreasing and scratch-brushing,
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cold pressure welding is essentially a thrcece-stage process

involving:

(1) Coherent fracture of the surface layers resulting

from extension of the interface during rolling.

(ii) Extrusion of underlying surfaces through interfacial
cracks from both sides of the interface under the action of

normal roll pressure.

(ii1) Metallic bonding between freshly created surfaces

that approach to within interatomic distances.

it also pointed out that welding is initiated at a
deformation slightly below the threshold deformation, i.e.
that at which the bonds formed become Suéficiently strong to
withstand the forces acting to separate the strips as they
emerge from the roll gap. The principal effects of increasing
the degree of deformation are to enlarge the interfacial area
available for bonding and to increase the bonded area of

individual junctions.

Nevertheless, there still remains unclear the role
played by other inhibiting factors such as moisture, trapped
and adsorbed gases, etc. Since most of the research effort has
been oriented towards the form of eliminating such interferences,
mainly by the process of degreasing followea by scratch-brushing,

there is little information about cold welding conditions for
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the "as received" commercial surfaces processed by conventional
methods (rolling, indentation, etc.). It is only known that
the threshold deformation is very high: more than 80% for

cold rolled aluminium Elz]and we know that a still higher
deformation did‘not produce bonding in aluminium deformed by

indentation Eiﬂ.

The basic problem to be considered, therefore, is
the welding of two surfaces having a certain amount of contam-
inant present between them that must in some way be dispersed
by the operating variables of deformation, pressure and temper-
ature. Such information is relevant to some cases where the
‘scratch-brushing operation is difficult to carry out. This is
the case of our specimens, which consist of sﬁall diameter

tubes and a wire as core, for the process of coextrusion.

However, there exists a pressure welding method where
the surfaces received no special treatment prior to the welding
process, as is the case of explosive cladding. Nevertheless,
in this process a jet or spray of metal is formed at the apex
of the collision of both plates and is forced outward from

the space between the colliding plates, at a very high velocity.

The explosion-welding process can be considered as
a two-step process. Firstly, the jet breaks up and cleans

“the inhibiting surface layers and, secondly, the high pressure
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produced forces the clean metal surfaces into such close
contact that the interatomic forces can be established across

the bond interface [126].

The impact pressure developed during the welding
process required for the joint to be formed are 44.7 Kb for low
carbon steel, 48 Kb for medium carbon steel, and 44 Kb for Ti,

involving kinematic energies in the order of 150 Nm/cm2 [12?],

r

E12§__|, E,Z‘:?] These values tend to increase with the yleld stress

of the metals to be welded.

The other parameters involved in pressure welding
are less critical, as far as cold welding is concerned. Inc-
reasing pressure primarily increases the development of bonding
above the threshold deformation, having little effect on the

threshold deformation itself E3Q].

If high temperature is developed during the process
of deformation it may have an important influence on the
bonding: the threshold deformation decreases as temperature
increases. This incidence seems to be directly related to the
yield stress. With metals which dissolve their oxide films at
high.temperature (e.g. iron, copper, titanium, etc.) welding
is greatly enhanced at these temperatures, because the oxide
on the mating surfaces dissolves into the adjacent metal, thus

decreasing the area over which the bonding is inhibited. This
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dissolution starts to occur at welding temperatures of about

0.5 Tm (Tm is the absolute melting temperature) [130].

VIII.1l4 Coextrusion of copper-stainless steel specimens

VII1.l4.1 Experimental preparation

The specimens to be processed are those described in

Section 1III.3

The superficial treatment given to the copper tube -

was as follows:

1, Degreasing by means of trichlorethylene,
2. Chemical removal of oxides by means of the solution
80% NOH 20%(P0,) Hy

After being carefully washed with water the tubes were left in

a dessicator with silica gel during at least 24 hours.

This treatment is known to have poor results because
of the amount of contaminants, mainly adsorbed water, left at
the -end of the process on the surfaces to be welded. Unfort-
unately it was not possible to use, without special devices,
the prqgedure of baking followed by scratch-brushing. The
adequate temperature required for the contaminents to be baked
off is too high to avoid softening the copper tube Elz (see

Section III.3) and the scratch-brushing operation of the
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internal surfaces of tubes of small diameters requires the use

of special devices.

The stainless steel wire was heated in vacuum
furnace at 600°C and scratch-brushed immediately before the

composite specimen was assembled.

The preparation of the composite specimen takes some
time since it involves several operations; in a minor degree
also the assembly of the extrusion rig imposes a delay before

the deformation process.

After all these steps have been fulfilled, the
surfaces to be welded have surely been rgcontaminated.
Consequently, as far as the bonding operétion is concerned, the
surfaces of the tube and core may reasonably be considered to be

in a similar condition to the "as received" state.

VIII1.1l4.2 Pressures ahd.temoeraturcs at the interface

From the theoretical description obtained for the
stress and temperature fields, it is possible to calculate the
normal stress or pressure acting along the interface and also

the temperature distribution developed on this surface.

(U3 ]

The pressure distributions are presemted in Figs. 71-7
while the temperature distributions are shown imn Fig. 76.1In

Fig. 77 is presented the '"maximum temperature-extrusion ratio"



relationship, and in Fig. 78 the "maximum pressure-extrusion

ratio" relationship.

VIII.14.3 Conditions for cold welding and experimental results

The described specimens were extruded with the
extrusion ratios 2.7, 4.3 and 5.6, It was intended to reach
still higher extrusion ratios; however, it was not possible to
obtain further reductions since even with an extrusion pressure
of 110 ton/in2 the stainless steel was broken withcut the
specimen starting to extrude, for an extrusion ratio of 7. For

safety reasons the use of higher pressures was not considered.

In all cases the minimum speed was used: for the
extrusion ratio 5.6 several specimens were obtained free

extruded with an estimated velocity of 1 m/s.



IX. GENERAL CONCLUSIONS

The process of hydrostatic extrusion of bimetallic
composites was analysed by the Method of Weighted Residuals.
Pressure, stress and temperature distribution in the deforming

zone were computed.

The metals were assumed to obey the von Mises yield
criterion, a linear rule of isotropic hardening and Prandtl-
Retiss stress-strain relationship. Avitzur

was assumed to characterise the flow of metals through the dies.

The theoretically predicted pulling stress-hydrostatic
pressure relationship is in reasonable agreement with the
experimental results, The maximum temperatures computed in the

deforming zone are comparable to those obtained by others.

The pressure distribution at the core/tube interface
of the composite was calculated for different extrusion ratios
and the influence of this parameter on the pressure welding of

the two metals was discussed,

Metallurgical bonding was not achieved during the
experiments. Adequate preparation of contact surfaces to
ensure satisfactory welding conditions was not possible to
obtain with the available equipment due to the difficult
geometry of the specimen and the mechanical properties of the

metals used. Neither the required pressure (60-~100 Ki) nor
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sufficiently high temperature ( > 500°C) which might have
allowed pressure welding to take place without removing the

contaminated layer could be reached during the experiments.

The chosen Method of Weighted Residuals has proved to
be easy to handle and suitable to solve the two types of
equations encountered in this work. It is also much less
demanding in terms of computation and consequently less expensive
in comparison with other numerical methods. About 12 seconds of
processing time (CDC 6400) was required to obtain the stress and
temperature distributions mentioned above, whereas the central
processing time required to obtain the same information by the
method of Finite Elements would probably be several orders of

magnitude higher,

Whenever a solution to a system of partial differential
equations (or tensor differential equation) is to be approximated
by a polynomial to within an acceptable level of accuracy, it
is usually necessary to use high order expansions. This
condition could lead to high rounding errors and excessive
computing time. Aiming to lessen these difficulties a new method
for the numerical solution of partial differential equatiomns
based on the economization of several variables was developed
[133]. This procedure combines the operational siﬁplicity of

the Method of Weighted Residuals with the high accuracy of the
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Chebyshev methods, which are difficult to use in the npumerical
solution of partial differential equations, as has been pointed

out by several authors [iBi],[iBé].
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SINMAT(I) = 3 (AT (I} " * 4 z2=H
SIGMAZ(I) = SIZUATITY < 4,:t-f
SIGMRZ(TY = ZIFM70T) = f nies
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Subroutine HMESH

( START

/

Compute the consitants
for generating mesh:
FACT1,FACTZ,etc and
initialise ANGLE and
RADS(1).

Devble [oop # 740

o=

$f—_*~"— J=2,NCNODE (9)
N
LY /
o -
S Compute ragdigus for the |
L__“ different arcs
RADS(J)
wJ
Yes
e e s e et et

ANGLE=ANGLE+FACT3

ANGLE=ANGLE+FAC TQ}Y No

T ‘ANGLE:ANGLE+FACT1

229



Dovbfe Loop # 740

(o
N

©

1

Compute SIN and.C0OS of
the angle of the line
aleng which a set of
nodal points lie.

e d = 1,NCNODE

.

Z_oa/ﬂ’ A )

] | ates:

,Ir
Compute K (no.of nodal

points )
K =Jd + HCNODIE x (I - 1)

7

Compute the r and z coordin-

CRGR(K) and ORGZ(X

[
———-—~-'LN = 1,NCNODE
' ~

Compute r and z coordinates
of nodal points along the

—

gxis.

l
v

( RETURN )
N

FIGURE 35

2

¢



231 -

-

ey

T

=

=<

a -

a7 e~
e our
— YIT e«
O ~Oc<Tlanr! O
b= NMeove O
DI el u!
40, o >
LT AP, = Y = U
SO i~
X e wXI+H0 «»
LSl U Za T Al e |
LU >0 e ~at)
=AY O il
ZOULZ M ~SID
-~y (" ¢TI
M 21 el 0NN
PO S AT
=N w3 gy
uITraIC o u)
J=t4 L e >
ZC mO Y -l
LaL N & BBV A LY Y
L U IO
[T A et
o LT
1> <
et U s R
) @ D (O™
Q:<tuc: .Q_ID.

D e [

C el o O P w0

[PRpe N 2N LR g - -

b ST [ S h

ol I OO B . S <fa Lo .

L T T N ¢ TTeNrr + Dl

Ot L= SR, o GOoO>T> -t

I Pl S D bag U’ e -t

Ol el N Lt CC Ce O

[Tbeml K o B Sopt. ¥ £ b Cc an,
T sz b Q0 - 1~z -
(72 43%0e N TSl e L S Y o] SN N N~ 0
P2 I T M DO e I ZNITInO
X LO L= dCAL Nt S QUL S X - § )~ W

Wil mresn M <IOO0 TATITNW NI~

1\!\ Nem et = YT IN 100 DOC F b
(. r LI RIS QN [ S PN it W TO
pugvyl _T.Tz._.._ Had ot AL IN H =
T.Vh.:.v.\ o~ Iy )]~ ) oo ow
-~ O AT IO H Hulesl o~ =
— = !l.?_r(GNI\TTnJ: w OO
COOUW O (Y- Zelal «INMY TS0 e v
MZZAFCQUV I T =0
"= HENOOOLOUCIY C  ~™-.
D0 O~ A adISZ OOl
[721 %]

wHNIP-FUNS

2L Z2<gqU LU L OXTFE

4
-4
-t

=
(S
by 8
g 7
—~eC
o M~ -
= - et n
QO i o~CcH ¥ b .1
- b O~ c
(V8 Wi J= ~ «)\lﬁ:
QY ~T T Z 0
+ FUETTZ M~ O~

ZeT A~y ZN
e el Y o~

ANGLE+FARTS.

A NHOMNT e .
0 UTC T o
=z ZTHOon u
P-4 %] = n 1l
"N [ [ B [ YY 4
I ~wlimitn FoamT e
~t Zo. MNITLIIZZ

WO HZE D=l
A O I e RN D

C ROy 1EET OC -0

ZCZOZHOC LYoo/ rriuz

LOLOINOCOXOOoUCO0OXIW

<. S0
M N

S )
- I
i wie ~i Rl

36

FIGURE




loop F 700

Subroutine STRESS

\
d= 1,K

I= 1,K

Y

Initialise

A(I,J) =0

/

5 P,

Aooﬁ 7"/"" ¢0£.

.

NN=1, R*NODE

>

I3
(98]

N=}N-NCNODE

~ Yes
<_NFNODE - ]
\E/
| No

I

{_ N = NN

| HP= ~3'K;

/

HP= -3 Kp

|

d

Compute hardening

STK=SK(NN)/ Vs

Y

Compute no. of
error runctions

NERR

¥

Factor
FACT=1.0

Y
=

'/ ~
i

o

N



Loop #& 702

Loop # 703

R » ESINT N\ |
and AN Yes

. N=NFNODE .~ 77T

- 233 -

o L
N / FACT=0.25 so as
4 to average error
/ to average
Y unction along
| Yo - L the interface. _
- ]
Y
A .
HIL=1,NTERM1
o | NE=1,NTERM2
¥ |
5 B S
&;‘ Compute x° %% ang rzd ana
S | then coefficients of Apy, and
N Bij for each term and cach
{ | error function: Fi;n.¥on,..-
i.e. X(1,NT) ), etc.Also
independent terms in each i
function ( i.e. X{1,NP1} ). |
i
LT=1,NERR |
‘ J=1,K
! Izl’K 1
| i
' Y
: . 1 —
A 55 ¢
Compute F Z;Fln -4 F,og

and average at the interface by apply-
ing suitable factor FiACT (i.e.A(I,d)=
A(IgJ) + s

Note: At the end of Loop # 102,A(I,J)

will be eauivalent %o

s [ 27 > F ]
z | 24w 35,

and forms a system of llrear equatlong.

N
\J)

| O



Aoa/p T#’,OJ-

Looﬁ"/0¢

—

=g
/

L oop # 7O

J = 1,NPARAM

Y
Initialise
c(J) =0
]
V

U SRS

M=NPARAM + 1

B

[
t

B S

I = 1,NPAR
|
i

Transfer coefficients eof Ay, ,etc
column by column tc¢ a single
dimension array: :

i.e. B(dJ)=A(J,I)

gset Jdd = JJ + 1

N S

I = 1,NVAR

—-d

Transfer the constant terms to
array C such that they form the
right hand side of the system of
linear equaticns:

C(d) = C(d) - A(J,M)
set M = M + 1

{

Call Subroutine SIMQ




Loop # 732

TN

\\b‘//
!

Rearrange Ai parameters

for the economization
process.

I

Call Subroutine BCCNZ2

v

Loop #7357

_ T = 1,NNODE

7\

NL=1,NTERM1

KK=1,NTERM2

Y

Compute Stress Field

SIGMAR(I)=0r =23 Amnrzmzn

SIG’X‘IIAZ(I)z O—éz s e e

etc.

Y

SIGMAZ(I) = SIGMAZ(I) <« HP

etec.

A

Y

®
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\
P

e

<

AVER1 = 0.0
JdJ = NSBOND-1
g NCNODE+1

v

I=J,JJ,NCNOLE |

Y

Compute average
pulling stress .

AVERL

%
Compute hydrostat
ic pressure

AVER2

T
¥

Y

Compute driving

gtress
AVER
14

RETURN )

FIGURE 37



237

SU"ViOU TIN

o4 ~
T -
1= - xI
I=T -~ a
o - + i+ 3
T o~ = NOm L
n 0L Q) o P A 4 a
f— MID e = G o
Q' «OcTe~] 0l . L A I =t *»QA M -
L (T o e o 4 4 ' . N . oot i ¥ ax QO [\ ]
DI e NI W ' : ' o o ¥~ = ~
i Al D> hed (SN ] 1]
(SN R e » (S [&]
SEITOY T ol * - Q &)
Lo axeiCr o= rd ~C1 ¥ x
(s e BT B Zal o \D | . . % -7 0 «t
WD w Y [} ! .a e ~N
i3 O eI N . * =+ o
I T em eI ™ uj ] W0 OF (&)
et (T [} o L] T~ % Land
M7 =»IZ~G\W [w] o [ 1] wv
T erd W eklwn = i + ! Y Il 4
SRR N - X2 154 * [V I e +
PV e B TR I n.d Jo- : K —4 o
=i I e e (&) (&) . [v4 + 02 OIx [«
P PN IR <t LS8 ;o + an 1 Q *
om0 e 1y W B <o T w
L e ar EOR SN L ~
U. o N2 e ™ e [Vl -~ -~ e~ N e o~
WD DY 7 L [V ¥3 * < % % L 1A S AR v | < 9
UIST A (ot o u. (aa] Q. QFe~ ~D 0o o j= V]
o N VLR WIS e | o . d T~ ~ATINO M o
Lol B e PR B g - < i cem =T el HN ™
[ ST = R toxY S e} o u. ) _— Bty e <z
TTanmN NE =t ped ! IS B e Yol PEN o 1o % o~
™ WL 1) o t Riar D0 4O o~
Tl T ne (&) w SIS T eNH T
- e~ n z —~ ur - O 4 g HHHGAMRID oo
<t D .~ o] LAl ~ -t L~ .).(.U NN ~J
2 essaIEm u. o] - ® HOM e~ 5 71 0O} o<
00 = ¢ alAl Lal ~ . PO - TR S XY Ch ¥y
L Zxia O e~ (3% c PR SR S o N 9 S TP P V) [ 7
b oT bt (] (=) « = RS IR T I N (N [} -,
o B O S B B 0’ b ot [ =] : B N B N R U XU —~e
LY aal LA B ¢ v oV VT » TOH~A Y SO o~ -4 Crov e
T e T RIS h.Ce < i « - Glsea Oy C 4+~000 s U [
- e [d [ 6o - : palbrad [P N g g e &~ ex R ]
Ol e N O n o PO < ! oo b GO0 N e Iu Lok
(S Eal b NS S BN Sl g n: il 1 1—- . ! it Ty N~y TR "N e [Sat R
N= w0l > Tt [~ ~0lad |l R e [ U SN Tl el 1 C
(TP T il oo ZCv - t ridyid —~ TR D ST NN
N WD Ve XNV (A€ T e any = -~ T T CIALE ) eV e IDTYLD
| R 8 ) w2 ol it (] rietr) 1120 LTI SN UL e D1
AT m e N iy Ty I Ci~~Z N W\ Q. ~1 QU ZC* 4 D @ L N1 0.13
LT (Memot =» eOcTar Il 1= O—-2u. N Mot Iy O~ Stk A 1 [{a N
LI @ o s T2 el ) Y B e e~ [T S LN i IO T s LI 1| : SX gl
TTodu -0 las=-<T < i THCX QO w w217 N N ald I | S5 JZ5 €3 3 L+ il "
SO e :.\JT. HetiQ O~ OTINVUIGI—>N - O 4 - FTAONZITI=OrFTUN M P hea s - r: ~Ul
Q  means MR sy VETIO e o TGRSR N oV I S TON [ € Farig TEZ O~ MU O N ek st = D
ragoie ,.:J(_JD. R TP €N | P e B e DININNE AT G” : ruru 1 If =+ it " Pl S L e ol e e 4
.,U.Up.n ("r\./ [ e B § I | e oS T I74"¢ O LLIE L e Chelmi™aNI I DIEITT cu...uHI
T SO URN  wior O wenn il D EZOCH NN nr\._)j.rlT. S N OC R-NNY O o o & oD e
b 1] (IR A T L gt I S SR e di 1] CHULC O il L O DI D ) o 07
o CONMALA~CLDE D OFiicltil UMINNISHWIHICOZT ST i~i-n T.O.T.I\Ir?(r\((rnl\r-(l\o
(%] WO I MO T 2ZOZ I 2 WHENNNNYAU WL O ORIl Z Ny O AR I N X)X O
O, TN N~ . <! LI
(=4 - @ o ’ [¥e)
() R S -
-t o~ ’ -t

(&



238

Lanl o-
~ . . -+ [+3
. ~ , i + 4+ -+ —~ ~
! Q. . : { - ™M o~ ~
. % ' ; v : 0 e~ o , L -
—~ ~ ; : : c i = ¥ ¥ ) [w) [+
vl a i : . ! ' [ i i : - 0L o : . [a] [
Q. % . ' Vg It [ Voo 1 » [« 93 [w) . = a’l
» - i : od ¥~ (A -0
bal Q . ' ~ [N ] z ~
a. % ' » o+ 4 ] *
* %) ) co o W Ol — -~
Lo L i . i ; ~N ~O % ~— 7%}
a. AV} - ! T | ; , oy v * 7 0 m v m
~ - O : . . , a -t 4 Y w (=}
~ ~ Nl ' Sy » Té N O o =
-~ ~ w v ' Vel Ow Nt (@] [&]
-~ - Do i 3 T~ o+ w0 1 -
~N o % BN ! [J] Ha D 4 —~ ]
» ~ B i ¥ ¥ A& N~ ut 1
[SNESN - ' - : * Nt oy ~O (=] =]
[{ ]y - b ' I -y a0 [« Q
+ Qo -1 ' 0 + Q7 0Ny £ Z e
(SR I } ~r i . i * ot [ Crom «
v e W ' . [\ : | .. .r =N~ pray —
M)t~ ' . ! ! " Xty ow W + L) ~
) ~ & ’ L4 < ~ U~ uor [l P Fed
M) N™ - ! » Zw w D4ty <« — aa
[ B ¢ (Y | —~ * . OO OVFem o~ e e tn
~—_ NN - . i ¥ e~ TN [G15] -
¥ oMK~ L ) ' -~ ) ) . -~ FTY AN . o= %]
W tle o1 - BN P . Co, -~ N %MD | IS s 1eg i ] . O +
N oo T -~ j - " - ~ i 03 5~ YA OO it~ O
LI I o} - - _ " ! .o i~ . I Rl Q00N 8 ' % (DWW
wo ol I > e . ~ v Sl . Qo ' D o~ 244 S . AU
Qr o e i’ o — L " o 20 : O X 1% HHATTM OO NN
w kN % . i - [y S i in Zomem T e (T2 —% 20O
L Ll n’ * at o F T T Q.«4 ' HO~ONC § T Wl 7O
- D ) %] o Lad ¥ ~OTSTII R X st 0 N T2
N N ¢ —~ - 1 | ' : - O TS U 70 S NS WY G P4 L m~~C
bt (3] - a NS Al T A TN B S cCceas
b} .. — i -~ TOR =0 i~ k) Ly fer e
. e [ HE 2% -t —~e AR TR AR LA B C e tr N
- o - kg = -~ =L ve oo : ~or b % ¥ Ot £ A mmem o~ OLTIOC o
) » L ~ Led ot x 0. LI i : PO ey [ P R el e T L Lot o I Pt cn
~. n > k. <] [ N . ™ oLy T e G L MUY e S s NN e oW T L
o - S L «r < = ™ R - w N0 LA nl M | nl-lcv —p rr ot s b=
b f= ~07 03 4] s} T~ F Al OX - we e A~ CTILY QU 00T 207 < o Dl TTat
<7K 78 :ﬂ: g = = =<t o ZT~0 El - O T e D, TN T =S Cria xS
_.I/TI\J. TN -~ ! -~ Ladl &) o (Vs Cped T ST DMAN TOO0HN W 1)1(»!.)7.4.
LI N=CY (I mow e - ~—i -] » © uun (SRR i e ] L = — N L O s i [} SN QOO
e SR ol B AR A w) telew ~ (SRS a1 FY 2 v e N CUCL RIS e T IO R IR D Tyt
-~ e o - >t — ~ N i o ey NN T g | Lt~y Q H~~ +'N o .lD\FJr)D\
bt \Z2Hinw || g { [T i an e R U IR TINTY (\N] | I LT i 08 D F e ta=lE Rt R ] eZM I I~
. - <L o L -~ (=] (] o ommma~ NE Al DIV §IVTA D 4 el ~ T DL -
T T Pt O o0 I R PUY PRI TS e B Y v o o] P4 W A e O Nl bt et N Q) e -~ 722 \L(N FHOST U L ST et G GO I D g
IO eI S viiN L] WD n NI HAISDHT (OO ey (A DO + e =D e e TS D < OCn
RN Wl AN W WILILEE D P rgmals | ) : O =TZMNUFTTONTO G QO NNNNNEQ R 1 i __ : Nun fl Zierk QNN OO U2
TEXTUTZZT ey A i MCo Dl HID OOﬁ.ur_D\ Ham 3P g Z L F O OSTRIN O LT (s lrl Tty O N O
P s P L B T N ] .l\l B R N IR TER s P Py S S P (] TEZTTunn v P\_l_lilNHIJ N QNN I~ NI XN=2= 0 oe'nZ nala’Zs
et OO 1, D~ T =T N TYuT Tl ~ WOl —~— SO CSCOULEWEEN O GO T L R T L L ER TS o)

Ll Cl QOO TmOY  CeomOoY 00x000 W NS M S B O .l..l.nunuiunna..l& RS O RO RG> ™ . O™ Q7 ST
MINIMARNKHDODIUOODIDROICOTIGCOLEUOOROIHAENVNVIVINNNE KL AL >D>QAS miRmEFHG B ) NN ealN0da XX aau’ w .
: -~ ~! i

el -t ~ o . v o = I
e e () o N .o . MM [ 4V}

ivivd R R A P , . . , C vl o -

.38_

w

IC0URT

it

A



R

- 239 -

Subroutine TENPD

T
( sTarT )
\

/

LL= 1,K
J= 1,K

Y

Initialise
A(J,LL)=0

Y

NN=1,NGNODE

Loop & 401

4

Set values:

NERR = NERRFT-1
FACT = 1.0
NBC = MOD(NN,9)

A

Yes

<§§;NTNOD
?

N=NN-NCNODE

7~

N=NH-NCNODE-NCNODE!
(3 =@ i




Loop 7 FoOf

©

Compute spherical and deviat
oric components cf stresses

Compute power developed by
the plastic deformation

H= GL'J' ng—

~

.35§i<<§§>nnng

TC=TC2 No

Pf@z

vl
<§i§iif?z>__9___

-
s

///i\\\ No

Yes

I

Add power dev-
eloped by fri- Y
ction: H=H+,..

(¥)

A\
A

NR=1,NTERM3
NZ=1,NTERM4

-

Compute coeff. of Ayp
for each errcr funct.

Fin +Fon

y
!

Compute independent
terms of Fq, ,an

"
(5

- 240 -



‘ Leop 7 dog

ag

LOOP#/;SO

LT=1,NERR
J=1,K
LL =1,k

——
el

Loaffflof

J=1,NPARAL

'Y

Assemble coeff. of Ap,,etc
and then converi terms as in

Subroutine STRESS.

Call Subroutine SIKQ

Y

Rearrange coefficients
for the economization
process,

|

Y
Call Subroutine ECONZ2

¥

I=1, NDNODE

<»;f_m

S

Y
1,NTERM3
1,NTERM4

NR
NZ

Lt}

]

"
e —

Loop #4423

Compute t
rise: T = J7 -~

. 241



Aoof # 730

—

- 242 -

at{)

7 A mion Yes
\ 7
\T/No h

AT=0

Add ambient
temperature

b

v

(" RETURN )

N~ S

FIGURE 39
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FIGURE 44: Stress distribution corresponding to
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FIGURE 48: Stress distribution corresponding to

— X 103. Extrusion ratio 3.
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FIGURE 52: Stress distribution corresponding to
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FIGURE 58: %tress distribution corresponding to
L2 x 103. Extrusion ratio 5.
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X.1 APPENDIX A

Geometrical conditions for uniform deformation

Uniform deformation implies that the specimen is
subjected to the same extrusion ratio at all points of a plane
normal te the axis die. Consequently, both metals must deform

with the same extrusion ratio.

Let us show that, in this case, the apex of the
conical surface limiting the core at the deformaticn zone shculd
coincide with the apex of the die conical surface. The gecin-

etrical situation is illustrated ir the following diagram:

e =
Iv‘l; | K‘\\_‘x
. N
| T M\‘\
| H&"'H-.. -\H b
s, - = - e
2 | t‘ Hx.-\"'\-\.‘l\\ F ? ‘x_‘,—_—_
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| I ' -~ ~I < | D('
| l Df‘. \'\\\{'
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— — I . __L_ i Am— [ ___!.____. . __\ o
1 C E s b o
/3 v

The convergence of both conical surfaces was verified by

o
0

observation with adequate magnification meridional sections

shown in the following picture:




The extrusion ratio of the core is:

(05)° .
f

The extrusion ratio of the tube is:

.2 2
(D)) - (DY)

£ £42 cy2
(05)* - (02)
From a direct proportionality between elements of

the triangles a0c and B6C, expression

pt pt
i £ e
—= = = (iii)
Dl Df
is obtained. In other form
t DS t t
—1 —J; -— 31X
D; = D¢ /Rc Df (iv)
D
f
Replacing (iv) and (i) into (ii), one gets
£.2 c\2
R (D)7 = (D)
t C\2 c
ez (Dp)
(D7) ——
£ R
c

Consequently, if both materials have undergoné the

same extrusion ratio, both apices should coincide.

Another relationship to calculate is

t c

Y S (vi)
hy pt - p¢
1 1

By substituting (i) and (iv) into (vi), the expression
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t ¢

_ D¢ - D¢
— t s =— C
Rch- Rch

-
(w

L
VRe
is obtained. Calling with R = R, = R, we finally obtain

r = R* (vii)

Ley us finally calculate the relationship between

the angles O , 3 and the proportion of the component metals:

o

tan Q. = E—O-

D,

tanB = )

hence,

t

tan A _ P_]__'
tan B c -

s

The fraction of volume of the core is

v, = (=

c t

and hence,

tan(3

/Vc: tan

or tan3 1 -7y, tan @ (viii)
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X.II APPENDIX B

Internal power of deformation using
Avitzur's velocity field

The general expression for the internal power consumed

in the plastic deformation of a volume V is:

W, = foi.é..dhv- | (i)

or
W, = J < ¥ VT, av _ (ii)
i vV /3
since I, = %EP 'E?L.
2 ij 1]

For a non-hardening material, the yield stress is

constant throughout V, and hence

W = 2.y /T, av (iii)
V3 Vv

The expression of I2 in a spherical system of

coordinates (R, ¥, 9) and conditions of axial symmetry is:



2 = ~Crifeq * Soetpot © “oofpr) SR (V)

Replacing equations (6) into (iv) gives:

_ 2 cosB6,2 2 cosB,2 . 2 cosB,2
Iz“'[z(VfRf =3 (R =) - 2Ry 3)]
R R R
+ Gy R2 sin9)2
£ff 3
R
2
or v.R "
I, = 04£~£)2 3c0529 + %sin“e
2 R3

and, consequently expression (iii) becomes

) Ry 7 >

Wi ==Y | vg =3 3cos“@ + %sin"9 dV
Vi VvV TR

By using suitable trigonometric transformations, the

following expression is obtained:

el '
Wy = 2Y v R ) 3 \/1-%sin29 av

1

where dV = 2T7IR sinO R dR d6.

Equation (v) can be written as:
R,
dR
et [ i
W, = 4T v Ry (/1 s:.an:mQJ )46

Re

Taking into account that:

R R. r?

.C f i i
Y, = - and _—= —
f sin R. c
£ Te

after integration, the expression
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_ cy\2 :
Wi = TIY(rf) va(B)]JJRC

is obtained, where

11 1
F(B) = [l cosﬁ V& - ==sin Bﬁu—————-.
sin B 12 v11.12
1+ 12
1 11_. 2
lzcosB%— - 1o5in €

A table with values of F(B) for different values of

the angle is presented as Table I,



TABLE I
Q
o F(Q) -cot Q| O F(Cl) 5=~ cot |,
sin 0, sin &

1 1.00001 0.011636 46 1.01679 0.58587
2 1.00003 0.024375 47 1.01772 0.60111
3 1.00006 0.034920 48 1.01869 0.61655
4 1.00010 0.046573 49 1.01970 0.63217
5 1.00016 0.058237 50 1.02075 0.64800
6 1.00023 0.069915 51 1.02185 0.66403
7 1.00031 0.081611 52 1.02300 0.68027
8 1.00041 0.093327 53 1.02420 0.69674
9 1.00052 0.10507 54 1.02546 0.71344
10 1.00064 0.11683 55 1.02677 0.73037
11 1.00078 0.12862 56 1.02814 0.74755
12 1.00093 0.14045 57 1.02958 0.76498
13 1.00109 0.15231 58 1.03108 0.78268
14 1.060127 0.16421 59 1.03265 0.806066
15 1.00146 0.17614 60 1.03430 0.81891
16 1.00167 0.18813 61l 1.03603 0.837406
17 1.00189 0.20016 62 1.03784 0.85632
18 1.00212 0.21223 63 1.03974 0.87549
19 1.00237 0.22437 64 1.04174 0.89500
20 1.00264 0.23656 65 1.04384 0.91484
21 1.00292 0.24881 66 1.04605 0.93503
22 1.00322 0.26112 67 1.04838 0.95559
23 1.00354 0.27350 68 1.05082 0.97653
24 1,00387 0.28595 69 1.05340 0.99787
25 1.00422 0.29848 70 1.05613 1.01961
26 1.00459 0.31108 71 1.05900 1.04178
27 1.00498 0.32377 72 1.06204 1.06438
28 1.00538 0.33653 73 1.06526 . 1.08745
29 1.00581 0.34939 74 1.06867 1.11099
30 1.00625 0.36234 75 1.07228 1.13503
31 1.00672 0.37539 76 1.07611 1.15958
32 1.00721 0.38854 77 1.08018 1.18467
33 1.00772 0.40180 78 1.08451 1,21031
34 1.00825 0.41516 79 1.08912 1.23653
35 1.00881 0.42864 80 1.09404 1.26335
36 1.00939 0.44224 8L 1.09928 1.29080
37 1.01000 0.45596 82 1.10488 1.31890
38 1.01063 0.46981 83 1.11087 1.34768
39 1.01129 0.48380 84 1.11727 1.37717
40 1.011098 0.49792 85 1.12413 1.40740
41 1.01270 0.51218 86 1.13148 1.43840
42 1.01345 0.52660 87 1.13935 1.47020
43 1.01423 0.54117 88 1.14780 1.50284
44 1.01505 0.55590 89 1.15687 1.53636
45 1,01590 0.57080 90 1.16660 1.57080
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X, ITI APPENDIX C

Temperature distribution in a rectangular section

Let us consider a rectangular section as described

in the following diagram:

A
3' %2

>
2

The temperature distribution in this section gemerated by a
source of heat h is governed by the elliptic partial differ-

ential equation:

—3—2-:'[‘--!-6—2-! = -é
oy’ | 022 K

Let us assume as boundary conditions that:

(i) Temperature is uniform all over the boundary:
z = + %
_ b, is T = To
y = *3
(ii) If h is constant all over the surface, conditions of

symmetry are such that temperature gradients across b¢th axes

should vanish, that is:



QE
0z

aT
oy

In this condition and if for simplicity sake we choose Té = 0,

the theoretical solution for the temperature distribution is

given b&:
n-l Y
_ 4a2h \ 1 2 cosh(nTEa) nilz
T = 3 Z -'3'(—1) 1 - 5 cos—a-
11.kn=l,3,5 n cosh(ﬁmig) |
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