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SUMMARY -

The elastic plastic dynamic buckling of a stiffened panel has

been investigated. A Finite Element model which includes non-
linearities due to large deformation and material property changes
has been developed. The buckling behaviour of the structure under
static loading has been studied extensively. The computed results
.agree very closely with the existing analytical results for static
" loading. The analysis is then extended to study the dynamic -
buckling behaviour of the structure under various loadsfor a given
loading/unloading sequence. Due to the non-linearities involved,

an explicit step-by-step time integration technique is employed to
allow for the geometry and material changes. As the critical time
step size often changes during plastic deformation, the analysis is
kept stable by adjusting the time step. The stage-by-stage analyses
give an accurate prediction of the overall dynamiec buckling load.
This load is fourd to be much lower than the static buckling load
which shows the significance of the inertia effect. When this load
is reached, the stresses on the upper flanges of some stiffeners are
found to have exceeded their crippling stress level. The results
also suggest that significant amountsof plastic deformation have

taken place when the collapse load is reached.

The Finite Element package which was developed especially for the
present investigation has been coded for B.A.C. who sponsored this

project.
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1. INTRODUCTION

Buckling of stiffened plates and cylindrical plates loaded in axial
compression has been the subject of many analytical and
experimental studies (1-17). 1In recent years Finite element method
has also been used extensively in such investigation. However,
none have been concerned with the elasto-plastic buckling of a
stiffened plate subject to dynamic load. It is therefore the
object of this thesis to examine the non-linear response of a
stiffened panel and hence assess the buckling behaviocur of the
panel under various types of dynamic load. The problem arose after
investigation studies, carried out by British Aerospace
Corporation on some of their own design models, have found signs of
buckling at the fuselage near the undercarriages. The structufe

also showed signs of material going through plastic buckling.

The primary loading expected in an aircraft landing is a suddenly
and repeatedly applied axial compression and bending of a short to

medium time duration. Such loading can be simulated as below:-—

[and":ff

ﬂMe

Early papers dealing with the danger of failure of a column
subjected suddenly to an axial compression leoad which is suddenly
removed after a finite time interval of action were published by
Taub (18). The results showed that a sudden applied load can cause
collapse even if it is smaller than the Euler load. At the same
time, the column need not be damaged by a suddenly applied load
greater than the Euler load, if the load is removed after a

sufficiently short time.

=1-



The analysis presented 1in this thesis follows the following

sequences.

The basic structural element of an aireraft fuselage is assumed to
be a thin cylindrical shell, internally stiffened by both stringers

and rings (see diagrams below):-

The following assumptions were made to permit and simplify the
mathematical and finite element model of the fuselage and are also
intended to reflect, with sufficient accuracy, its physical

- behaviour under such loading.

1) The particular sections of the structure where buckling occurred
can be represented by a rectangular element with stiffeners built

along the edges.

R

ST $ER

ft

'2) Since t/R <<  0.0l, the element can be assumed to be a

rectangular flat plate element.

i



3) Plane section before buckling remains plane after buckling.

4) The stiffeners are represented by the beam elements, having 3

degrees of freedom at each node.

6) The effect of rivet gpacing and of rivet flexibility are ignored

from the analysis.

7) The stiffeners are assumed to have zero flexural stiffness for

bending parallel to the plane of the plate,

The effect of the torsional displacement and the out-of~plane

bending from the Z-stringers will be ignored.

The modelling of the stiffened plate employs:- a) the rectangular
plate element which has 6 degrees of freedom per node; 2 in-plane
movements, 1 out—of-plane movement and 3 out—of-plane rotations,
b) the beam element which has 3 degrees of freedom per node; 1 in-
plane movement; 1 out~of-plane movement and 1 out-of-plane
rotation. The rectangular plate elements are used to model the
'skin' sections and the beam elements are- used to model the

stringers.

The off-set of the stiffeners on one side of the plates is modelled
by transforming the properties of the stiffener from the mid-plane

of the plates to the mid—-plane of the stiffeners themselves.

The analyses shown in this thesis can mainly be divided into two
~stages. In the first stage, the linear-elastic behaviour of the
structure is beiﬁg closely examined. In this first stage analysis,
we also look into the behaviour of the structure when leoadings are
applied both statically and dynamically. The static analysis
consists of the followlng:-—

1) Comparing the bending behaviours of both a flat plate and a
stiffened plate with some existing results.

-3-



2) Evaluation of the first mode of buckling using incremental load

method and check the results against some existing results.

3)Evaluation of the modes of buckling and their corresponding
critical stresses using Eigen—value method. The results are then
used to check against those evaluated by the incremental load
method.

In the dynamic analysis, it is found that the modal superposition
method (i.e. using a frequency domain analysis ) will not give a
reliable solution to the problem. This is because when buckling
occurs, the fundamental modes often change quite considerably,
hence, giving a very poor modal correlations between the modes
obtained before buckling occurs and those obtained afterwards.
Therefore, much effort is devoted to choosing a suitable time
integration algorithm. The prime criterion is the computation
efficiency and reliability of the algorithm. Various time
integration schemes have been examined here. It is found that the
Central Difference Method coupled with a Lumped Mass Matrix is most
suitable and computationally more efficient than other methods, for

example the Newmark—p method.

In the second stage analysis, the non-linear behavicur of the
structure is extended to include the large displacement effect as
well as the non-linear material effect. The Lagrangian (fixed
coordinates) system is adopted in all the large displacement
analyses. Von-Mises +vield criterion using Prandtl-Reuss flow
theory is used to formulate the elasto-plastic equations. The
organisation of this thesis follows the sequence of steps involved -
in the formulation of the finite element procedure with

consideration given to:-

1) The formulation of the tangential stiffness matrix. This matrix
consists of 3 sub-matrices; small displacement stiffness matrix Re;
geometrie stiffness matrix K¢ and the large displacement stiffness
matrix K;. While the load-softening effect in most instability

problems is produced by the geometric stiffness matrix K¢, the

b



stiffening effect due to excessive out—of-plane bending is produced

by the large displacement stiffness matrix K.

2)The Constitutive law which expresses the non-linear relation
between stress and strain. Here, the Prandtl-Reuss flow theory,
which assumes the increment of plastic strains to be proportional
to the corresponding deviatoric stress components, 1is adopted
because it seems the most consistent concept both mathematicaliy

and physically.

A volumetric approach is wused in computing the plate element
stiffness matrix and the stiffener stiffness matrix. This implies
that during the formulation, the plate element stiffnesses are
evaluated numerically using 2 x 2 Gaussian points across the plate
area, while the stiffener element stiffnesses are evaluated
numerically using 2 Gaussian points along the stiffener length.
The integration across the thicknesses of the elements (whether it
is the plate element or the stiffener element) employs the
Simpson's Integration scheme using 3 sampling points (one on each
surface of the element and the other on the mid-plane of the
element). This is because yielding normally occurs at the extreme
surfaces of the elements and the Simpsons integrating points allow

any surface yielding to be detected.

Thé equations of equilibrium used in the static loading analyses
are solved by an incremental tangential stiffness procedure {also
known as the incremental load method). This approach is selected
in preference to the other methods (e.g. the 'initial stress’ or
'initial strain' method) because of its general reliability and its
compatibility with the incremental flow theory of plasticity. A
modified Newton-Raphson iteration technique is also used to ensure
convergency during the step-by-step loading procedure especially
when the structure has entered into the plastic zone. The accuracy
of the analyses is demonstrated by a series of examples which are
then compared with the existing results and those obtained using

the Engineering Data Sheets.

As described previously, the dynamic benaviour of the structure is

calculated using the Central Difference Integration Scheme coupling
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with the Diagonal Mass Matrix. This scheme allows the tangential
stiffness -matrix of the structure to be evaluated at the end of
each time step so that any change due to excessive di-splacement and
stress-strain relationship can be accounted for. The disadvantage
of this explicit integration scheme is its conditional stability.
Thus, a suitable time step size has to be calculated before the
analysis commences. When large displacements and plasticity
develope, the time step sizes have also to be evaluated
continuously so that the time integrations can be kept within the
numerical stability requirement. In most analyses, this is done by
a trial and error method. In our present analysis, however, we
compare the change of the maximum eigen value of the system when
large deformation takes place and adjust the time step size

accordingly. Excellent results are obtained in this way.

The total number of time steps required throughout a complete
loading/unloading history is around 5,000 which means that the
tangential stiffness matrix has to be wupdated some 5,000
times .Attempts have also been made to see if the tangential
stiffness matrix can be updated at a fixed time interval (say every
40 time steps)without affecting the response behaviour and the
convergency of the analyses. Some interesting results are observed.
External Damping is applied to the structure at the end of the
unloading period to eliminate oscillations of the structure so that
any permanent deformation caused by the occurrence of plasticity

can be observed.

Having set up an accurate and reliable Finite Element mathematical
model which can be used to study the behaviour of a stiffened plate
under dynamic loadings, the analysis is then extended to predict‘

the dynamic collapse load of a given structure.

Most results are expressed in a series of plots. A 3-dimensional
plotting package is also employed in the post-processing of the

results so that the deformation mode shapes can be illustrated.



2. SMALL DISPLACEMENT AND LINEAR STRESS—STRAIN RELATIQNSHIP

2.1 General Outline of the Finite Element Approach

For a set of external applied nodal forces P and internal set of
stresses T, and a system of displacement L and strains £ , the

principle of virtual work states that:-
¢ _ t
L-P 'j £y dy ———(2.1)
v .

In the case of linear strain and small displacement, the strain is

assumed to be a known function of displacements in the form of:-

£ = )}\5 ——(2.2)

where é is known as the displacement function and is based upon the

undeformed geometry of the elements.

In most smzll displacement analysis, the stress-strain relationship

is alsc assumed to be linear. Hence, the stresses can be written

as:—

g =2R .E, ——=(2.3)

where B is known as the Constitutive equation for the material

concerned.

Sub. equation (2.1) & (2.3) into (2.1); we have:-

t P =j t Bt-])- B o.dv —(2.4)
,E P v-@ P~ o~ ﬁ.’g
Equation (2.4) becomes:-

AR R —23)
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1 term in
The ,R.H.5. of equation (2.5) 1s known as the generalised coordinate

element stiffness ’}S(

2.2 Formulation of the Plate Element Stiffness Matrix

The plate element employed in the present analysis is a 4 noded
rectangular element with 6 degrees of freedom per node. These
consist of 2 membrane displacements ( ., + )}, 1 out-of-plane
displacement ( u) ), 2 first order rotational displacements (?,“é,a%
) and 1 second order rotational displacement ( '3“%:33 ).
Since the plate element considered here i1s reasonably thin,
coupling between the bénding and the membrane displacement can be
neglected at this stage. (This will not be the case when out-of-

plane bendings become excessive).

Let the global displacements be represented by U and

[ h
AL
u = |
fad
W .
whera i, ¥ are the global in-plane
displacements in the horizontal plane.
W is the global out-of-plane
displacements in the vertical plane.
hra
- AL
2.2.]1 The membrane consideration E fﬂ{( 63
& }
35 l (4}
o l - X, j
‘ (1) (2) N
f— Ps
8- 1 a ‘




Let the generalised displacements in {he global in—plane directions
be M4 & v . If linear strain 1s assumed to vary between the
ad jacent nodes,the relationship between the nodal displacements

(1.e. r ,@_. ----- & } to the global displacements can be written
as -

U : (..{)(,,1[) 0 (H-{)[a-{() 0 [1-‘;)(”@ o (|+f)(r+vr) o)
v 0 (.-])(:—\() 0 (tff)(l—'() o (.-gxnp b (wf)(w?)

———=(2.6)
The strain can be written as:-
16‘ 1 m_,{ 3 ’2_
* rEa 3% o
A
E = ZY = :%_‘Z' = (] %—
~ Y T i e o)
e | faw e 2 2 °
[’7/ t';\-(-}'ax, PY 2x
For the generalised coordinates:-
1 = /), = 2%
1=t - %
Furthermore:-
® o 2 2
" S« = Ax T a 4f
o . 2 . Loz 2.9
oy b dy B d | .
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Sub (2.9) into (2.7) & (2.6); the E matrix in equation {(2.2)

becomes:—

’f(-_i 0 -1 o D o urh

24 2a Za 2a

(9 0 ll:ii o] Ltffl
b Zb

al
ém'o Zb °

L 0 ey - _f_-j .-(.np |_+f i+
‘zb 2 2b za b 2q 26 Za

/

~e=(2.10)

Hence the membrane stiffness of the plate can be written as:-

i, .df. a!/(. o{z

-—=(2.11)

Where Ilis the stress—-strain relationship of the material and can

be written as:-

p
f Y 0
E
Ez = o v ! © for plane stress assumption
-y ——=(2.12)
o o] —
Y Z J

2.2.2 The bending consideration

1 /;3;9:1“

/7 ,
1 A 7N

/ %0

i
/

-10-



The displacement function employad  to describe the . nodal
displacements to the global displacement is a'polynomial expression
using 16 parameters. This in fact is one of the first few plate

bending elements derived when TFinite Element method was first
developed (19, 20).

The polynomial can be expressed as:-

W=1C_C + (Gx +C})/ + G 2t f(;:z}/ +(51/z f(,z;!

+(:g.?.’}/ * C}:c-yz # Go)/s + 4 xs}/ 4 G x’}/‘ * C,}:c/; ———=(2.13)
+ Gu 13/‘ + Cs x’/" + G x’/""

9){ "'2—:%, = 0 + Q+0+ZGX+C}7¢0+3GZ:.
+'Z(3x-;/ + Cy/}--fd + 362 +_?glx)/’
*63)’3 .J’(j;;.v:‘)/2 + ZCs xf v 3¢, z‘/“* ——(2.14)
9)(::?3_"’_‘/ =0+ 0+G f‘O*C’;I:‘ZQ~77‘0 ,
7 + C:GXLfZC}X-y 1360/2,4 (f,;(d -———(2.15)

f!@x“;/ , Jc,sx-ya + 20, x’y 436,%}’
+ 36 137’

9:(/:2_"—‘{ = O ¢ 0+0¢0465‘10+042QZ
(2344 . ——=(2.16)
-fZC;/ + 0 £ 3G X 5 A-(,’,-Xi

1‘.3(};-7" > £Cu Zay # {652’7'1:‘ f@l’f
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Knowing the c¢o-ordinates and further substituting them into

equations (2.1%) to (2.16) for each of the 4 nodes, then, we will

have 16 sets of equations with 16 unknowns (. (G . ;.

which can be expressed as:-

~

A A 2 ST
b | [0/ 0 &y, 0 - - - 32‘,‘-7,’
by |lo 0 /1 o x 2y - -- 3%
Byl [0 06 o o /I 0 - - - ?zfyf
R A A T SR
Bl 0 - - - - - - .- -
Gyl fo = - - - o -- - -
g = 9«71 6 - - - - - R =~
Wy | | - .- Lo
Bl lo ~ - - - - - - .
bl [0 - - - - - - - - -
bp| 0 - - - - - - - - -
Wel |1 % o X Xt 47 - - B4
By o - - - - - - - - -
bu| |6 - - - - - - - -

{9%‘ (0 2 o o /

where the value of %, --- - X , y, -
-
Hence rg =A/'1E where A/~ is the inversion of a 16x16 matrix.

L

° - - R

--7/,,, are known.

ee e - G‘

Ng-mmmlop

From equation (2.13), the out-of-plane displacement of any point on

the plate can be expressed as:-

W= (/ % ¥, x*. 2y, yh %

z 2 3 3
.Z)f. X)’, X}Y,

~12-

3
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- -/
=L & 1A £ -——(2.18)

From equation (2.7):-

éx 2
E = Zy = %%'
~ 2

{!7 ,a—;, + :%—x“.r

From Engineering theory of Bending for plane sections remain plane

after bending, we have:-

- ‘bj R r 2 N
N N T ———=(2.19)
é. - ?L[ B 337‘-
;i‘-’”+§.ﬂ .z.a.'ﬁf
X .
. 4) 3;('3'{)
Substitute (2.9) into (2.19), we have:-
o A
2’ a* ’bj‘
I
é i ? b ’37(" W
_5_&?—1_ -——=(2.20)
a-b 243
|
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Substitute (2.18) into (2.20), we have:-—

LL 1
-b.zt-.i-f‘
o4 9 '
E = Tz At FN =&
—~ 3 b ‘3‘7 ~ .~,€ ~ A@ Cm(2.21)
4
ja-b'&f-a‘(
where
L)
ﬁ o "
A = _3}1}"'?% Pt o= B ———(2.22)
247
| Ve agy
Hence ,é = éb ﬂ"'ﬁ
where ﬁb can be written as:—
ooo’_gf, ﬂf%ao%ﬁf‘f
éb“-“oaooo-—fﬁ‘o 0'—5??%5-’(0
JERRE RI-5- (R
B W W Yy
il 'Z-‘-%f’{ B -t g
- o ——-=(2.23)
S BT Y By i

14—



'~ Hence, the stiffpess matrix for the plate bending element can be

expressed as:-—

~———(2.24)
Since hf' is independant of f . 7 : equation (2.24) can be
rewritten as:-
yz ] 1
Ky = &b " £ DB, dfdgdy PN
Re = =N ‘,@b'.@',@b' f .{3 N
-X ’i —I
~===(2,25)

The combined bending and membrane displacement of the plate element

P 2, Fo
g 5; % - i 11'(: 2pe

is shown below:~

g &
1. 2%,
F - "T@
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The combined stiffness matrix i1s just the assemblage of the
individual membrane stiffness matrix and bending matrix. Since no
coupling 1s assumed for linear displacement between membrane and
bending cases, the assembled stiffness matrix of the alement can be

reprasented as:-—

K 2
ke = |
o) Kb ————(2.26)
~ )
)

2.3 Formulation of the Beam Element Stiffness Matrix

The beam element considered here is a 2 noded element with 3
degrees of freedom per node; (1 in-plane axial displacement, 1 out-
of-plane displacement and 1 out—of-plane bending displacement).

w

__..,u,? _—__g

> 3
& o o
4 ! b
jf

-~ e
v——h !

Let || be the generalised displacement of the beam element where:-

M ”}'(“?) . 0 0 : é‘(ﬁf). 0 .o

’ : z,L("?)’ﬂ* ) gi l"@‘(”g). R .{;(@)’(z-g), %(H;f{{—l) E

3=
J]
"

]
hw o

n';@ —-—==(2.27)

-16-



where jé is known as the displacement function of the slement.

The strain across the thickness of a2 beam is:-

W,
(e = 5% 3 "t

where ﬁ is the ordinates of thickness and varies between ‘Z oY %

Hence, from equation (2.27):-

--—=(2.28)
Similarly,
FB:N 2 Lisv Y i { )
s é‘—%[o AGEZ)) 3[(! Do, 0,512 4t p(f—f)J- jé
——(2.29)
Heance,
- 120D, VD) 5 Yetid) 1o,
LA ¥ 2L 29 L 29 230

-1 d(edied) ;X.M(“ )l o Ly
& I ,g" 24 '}7” @ ~ ’c’
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Hence, the stiffness matrix of the beam can be written as:-

V [
2
! bf t d
K= b | ey
.K J;
-—=(2.31)
2.4 Solving the Equation of Equilibrium

The stiffness matrices derived from the above sections can normally
be evaluated using numerical integration schemes. However, as for
small displacement linear gecometry and linear material analysis,
the stiffness matrices do not change at all and as the stiffness
matrices depend only on the non-dimensional coordinates f’z
which again are constant throughout the loading procedure. The
stiffness matrices can almost be integrated explicitly. Hence, the
element stiffness matrices can firstly be integrated from f 4 T
= -1 to | and then be stored into the
back storage. When solving for the equation of equﬂibrium, the
already integrated stiffness matrices can be called out and be

assembled directly into the structural stiffness matrix.

2.5 Linear Static Analysis

2.5.1 Plate Element.

In order to study the convergency and the compatibility of the
element employad in the analysis, a series of tests were carried
out on the plate with different number of elements, boundary

conditions and aspect ratios.

Properties of the plate are:— E = 107 1b/in2
thickness = 0,1"
width = 10"

and polsson's ratio = 0.3

-18-



The plate was divided into 2x2, 4x4 and 6x6 elements respactively.
A load was applied at the centre of the plate and the non-
dimensional deflection was recorded. On@'one quarter of the plate

was used in the analysis. The following results are observed:-

i} Simply Supported Edges

The results are shown in Table A of Fig. 1, and the graphs of
corresponding deflections versus different numbers of elements
employed are shown in Fig. 2. A curve of the theoretical non-
dimensional deflection was used to compare with the finite element
results. Very good results were obtained. The differences betwsen
the finite element values and the theoretical values varied from

«1% using 2x2 elements to -0.007% using 6x6 elements for a unit
aspect ratio. The differences appeared to be glightly increased as
the aspect ratio increased, but converged to well under -17% as the
number of elements used are increased to 6x6. The evaluated
results were all appeared to be below the plate theory predicted
values (25). This 1s particularly true when the employed

displacement function is a 16 term polynomial series.

ii) Clamped Edges

The results are tabulated in Table B of Fig. 1 and the graphs of
the corresponding deflection versus different number of elements
employed are shown in Fig.3. Again, very good results were obtained
from the analysis. The differences between the evaluated results
and the theoretical values appeared to be slightly greater than
those obtained by wusing a simply supported plate. However, the
difference converges rapidly to around -1% when fhe plate element

number increased to 6 x 6.
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All the results obtained in the analysis can be seen to be slightly
less than the theoretical values, and on employing an increasing
number of elements in the analysis, the results aproach the exact
solution. This shows strongly the conforming characteristic of the

element employed here.

Fig. 4 shows the variation of the displacement of a plate with
different aspect ratios. A curve of the theoretical values was
used to contrast the differences. Again, it can be seen that the
difference between the curves increased slightly as the aspect
ratio Iincreased. However, such differences are shown to converge

when the number of elements employed in the analysis are increased.

iii) Twisting Test

A test was carried out to study the twisting behaviour of the

employed element.

A square plate was simply supported at 3 corners and subjected to a
vertical load of 5 1bf at the fourth corner as shown in diagram

below:—

Srhf

/

™
n

lo“ lb./ in

= |
03

rr r
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"
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Results are compared with those obtained in Ref.(25) and are shown
in Table C of Fig. l. Reasonably good results are observed.

2.5.2 Bar Element

Two simple tests on the static deflection of the bar using
different number of elements were carried out; one on a simply-
supported beam and the other on a cantilever beam. The def lection
obtained in the former analysis was 0.349" using 4 elements along
the bar (an error of ~-0.247 compared with the theoretical value of
0.35). In the latter case, the result obtained was 0.553" compared
with the theoretical value of 0.5535" (a difference of 0.1%). The
results are plotted on Fig. 5a and 5b respectively. Again, they
"all converged to the exact value as the number of elements employed

increasad.
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3. GEOMETRIC NON-LINEARITY

The non—~linear analysis of plate and sghells with and without
stiffener has been treated by classical methods (26,27), finite
difference (28), dynamic relaxation (29), perturbation analysis
(30) and by use of Ritz procedures (31). However, as a result of
the development of recent computing technélogy, the finite element
method appears to be the most powerful and popular numerical
approach. The approach was developed in the early 50s and numerous
research works had devoted primarily to problems where the linear
type of stress-strain relationship were considered. This type of
approach would seem to be quite adequate for problems involving
only small deflections. (Problems with deflections comparably
small with thickness are mnormally considered as linear because the
strain developed within the structure can generally be assumed to
be infinitesimally small. Those descibed in Section 2 are
categorised as small deflection problems.) The geometry of the
element can then remain basically unchanged during the process of
loading. Under this assumption, the displacement of each harmonic
depends only on the loading of -the same harmoniec wariation.
Furthermore, since there is no coupling between the bending and
membrane displacement, the solution of these can virtually be
obtained independantly. In practice, as coupling in general occurs
between all the harmonics, the above assumption is quite inadequate

even though the strains may be very small.

Here, when large deflections are considered, the stresses due to
the membrane action, which is normally idgnored in small plate
bending theory, may reduce the deflection even though the
displacement itself is small. On the other hand, when a stability
problem 1is considered, the deflection may increase much more
rapidly than that predicted by linear small displacement theory
when a certain load is reached. Such behaviour 1is known as

geometric non-linear behaviour.
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The pioneering non-linear work on finite element work is due to
Turner et al (32). Generally, in the non~linear field, incremental
approaches were adopted for tracing the complete load-deflection
characteristic of a structure (33,36). The approach involves the
geometric stiffness matrix and the updating of coordinates. The
updating of coordinates is obtained by following either an Eulerian
formulation (moving coordinates) (39,40) in which the construction
of the tangential stiffness matrix relied on the updated set of
coordinates, or a Lagrangian formulation (fixed coordinates) (353)
in which an initial displacement matrix is added to the formulation
of the tangential stiffness matrix, The Lagrangian formulation is
more economicel than the Eulerian formulation and gives a better

solution when a small number of elements are employed (36).

However, the incremental approach often leads to an unquantifiable
build-up of errors during the process of calculation and, to
counter this problem, the Newton-Raphson iteration (37) method is
sometimes adopted to rectify these errors. For most instability
problems, there is a danger of a lack of convergence to a higher
equilibrium state. For this reason, Connor and Brebbia (38)
recommended a combination of incremental and iteration techniques
which was also used by Murray and Wilson (39,40). Whilst both
authors used the same iteration technique, their approaches in
formulating the tangential stiffness matrix are somewhat different.
Whereas Connor and Brebbia (38) wused an initial displacement
matrix, Murray and Wilson (39,40) relied on wupdating the
coordinates. Instead of using the Newton-Raphson method which
requires that the tangential stiffness matrix be found and then
triangulised in each step, we will adopt a modified Newton-Raphson
procedure (19) in which the out-of-balance load vector computed at
the end of each load increment is applied to the tangential

stiffness matrix for iteration.
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3.1 Formulation of Large Deflection Equation

The formulation of geometric non-linear stiffness matrices for most
elements 1s obviously well established since there has been many
researches contributing to this field in the past two decades. In
our case here, we will however look for a unified way to formulate
the stiffness wmatrices for the elements so that it not only
includes the geometric non-linearity effect but also is ready to
accommodate the material nom-linearity effect when needed, since we
will be looking into the elaste-plastic behaviour of the structure

involved.

The treatment of geometric non-linearity in finite element
formulations i1s to examine the basic non-linear equilibrium
equations together with their solution. This would subsequently
lead to the general continuum formulaticn of both the large
displacement and the initial stability problem. Throughout the
formulation, a Lagrangian system Is adopted 1in which the

displacements are referred to its original configuration.

Lets consider at any time t, an equilibrium set of equation is:-
JTL-Vg-ds +J Fo Ve-dv =J 0 Vi dv
3 ¥ v J J
-—=(3.1)

where:- T, are the components of surfaces force per unit of

current surface area.
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S is the current surfaces of the slement.

F are the components of the body force per unit of

current volume.

v is the current volume of the element.
Ulj is the stress field throughout the alement in
equilibrium with Fi and Ti'
1V
Vij = (mxt Erl is the rate of deformation derived from

the velocity field V(xX).

are the current coordinates.

"

In the linear displacement analysis, V, . is equal to Eij’ the

ij
strain rate.

Equation (3.1) refers to the current set of coordinates. 1In order
to transform equation (3.1) into a set of coordinates referring to
its initial frame of reference, the relationship between the

initial and current coordinates is:-

= -+ _— .
1%y Ui (3.2)
where X; & Xi are the current and initial coordinates
respectively.
u are the components of the total displacements of

the material of a point at time t.

If Lagrangian formulation is to be used, the Green's strain tensor
which refers to the set of initial coordinates should be adopted,

and this is defined as:-
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v o e YLg _ &.. —===(3.3)

where éﬁ' is the Kronecker Delta

Hence the strain rate:-

: y ok W, s
E(l' =/2(5_XL#; T T ﬁ,js)

The appropriate stress whosé-product with kij will give the work

me(3.4)

done per unit initial volume is the Kirchoff stress Sij' Hence the
R.H.S. of egquation (3.1) becomes:-

Jvﬁfl‘.w}‘ o =Ju°'3q"éij ar ———(3.5)

Considering equation (3.2), the general displacement Ui can be

rapresented as:-

o ~

U = Ao f’t —~—=(3.6)

_ oL
where o is the number of nodal freedoms and A{ is the component of

displacement shape functions.

Hence:-

DU —-—-(3.7)
W i

~26=



Similarly,

= <
e = A 'f‘ -———(3.8)
and
)\h _ ’}A? 6:
BX) 2K ———(3.9)
Substitute (3.9) into (3.4); we have:-
Ei = Sy (’JAL Ll d )AK)(,J
J RIRUNTE e (3.10)
Substitute (3.10) into (3.5); we have:-
.. W w b VA }
| Sy = [ 598 el Mg ¢
ve ———=(3,11)
The LHS of equation (3.1) becomes:-
Ay TS FANEE m G
vt o fovav - [ atar] g

co.“unanj (341) & (3-12) . W& becomes -

([7atas [ fianlit ={ (5 (}a@;{%;f%s:)dv}& i
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o
If the 'equivalent' applied forces Fi at the nodes are defined in

terms of surface and body forces as:-—

R | WM J ATy
.

—-——(3.14)
The set of equilibrium equation is:-
« X P =
= .t f}AL ()An. éfbﬂx P
o Sy (et ) v
J | ML ~==(3.15)

It is apparent that equation (3.15) is a function of the current
state of deformation: i: which means that equation (3.15) will be
changing throughout the 1loading procedure. Two types of non-
linearity arise in this equation; the geometric mon—linearity and
the material non-linearity (since the relationship between Sij and

*

Eij can not remain linear when material is above vyield). This
aspect will be discussed in Chapter 4., TIn this Chapter, however,

we will consider only the geometric non—linear effect.

Consider equation (3.15), the body force increment becomes:-

< _ o B
o _ ’BA; ,}A& F }An ° ._{}ﬂ_ﬁ }ﬂi o F
o syl *'Twl'e%?n] s A

(I
y (3.16)
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Furthermore, 1if the 1linear stress—-strain increment in the

Lagrangian frame of reference can be related as:-

A&-j‘ = Dijet - 4kt e (3.17)
Y Me M W LT,
. S‘J B)K[ [WL i (’% ] 46 ———(3.18)

Substitute (3.18) into (3.16), equation becomes:-

.

L “aa 34 e QPJD*HPA g }ﬂf(x

MJ i }xj %L 'm 'ax._

| 51[%% ?},if]‘vj 4

-—-(3.19)

Compare (3.1) with the equation 3.i9 :-

Af = ﬁr"t@:

It can be shown that the tangential gstiffness of the element is

equal to:-

ﬁr =J {bA AR }ﬂﬂ' } Dljk( "'_AE];AF
o

W 2y 8 SR AL

‘J S IBAK:)AK] 4v° ~——(3.20)
'ad JBK] }KL
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1f the term A RLYY Q% is to be ignored in equation

I W
(3.20), the deformation rate Vi -_-2!'(%;{‘ ’%}:’]) employed in
[
formulating the above stiffness matrix is‘r, thus reduced to the
linear strain rate éﬁ Z ,%{ . Hence, egquation (3.20) is
| I

reduced to :-

i J BUD; [%H Js‘j [MJ 'm} (3.2

The rerm [ l> k(- [1 Xt ] 6|V i1s shown to be equivalent to
the small displacement stiffness matrix l(_,_ mentioned in Section 2
while j &-- lﬂg,l&:j_w’ is equivalent to the geometric stiffness
matrix K" | W} Wi
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3.1.1 Finite Element Formulation of the Plate Element Stiffness

Matrices
A
Here ﬁ;?T is equivalent to E@ which can be expressed as:—
I ‘B—-Ai : {).-—@': N"'
Wo | Foxt
-?LA:: = lA'!' : —.&.N"
% W BDYv
W, Yy
DA on zh@x, |

—~—=(3.21.a)

From equation 210 {225) §_¢ =

’T—'a'—"l-o "’ —'louooo—a-v 0'2—43;£ o o

2a ta 3 as & 2
[ARPECY D’prz’aooo o—baao 08. "”

0 75 7b b b+ b
l'(_g’" 4 4l W w] 33, 32
zb zaZbZa zbzfzbmioboo_% ° Eﬁ?ﬂ’?"

2 Ly 3 .
) b, g A A
ar q

B Y i . i ’*H’?
g E

’ﬂ%{ﬂ%##% jF'['[ab

=8 ey

433 3xih
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Hence for linear displacement:—

Here,

For linear analysis; because E is the same across the thickness

from b = -gto 3= P&,therefore

% t
- - ‘5‘«@"'5"5-”‘3'“\ -0
4 A

Ko 2

Pt

Hence,ﬁ& = {o Kﬁ]qad- which is exactly the same as that used in
equation (2.29), is the stiffness matrix E; for small

displacement only.

aA‘iJﬁ:.ff

It is obvious now that the term: i ,3xj
is purely due to the large displacement geometric non-linearity

effect.
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Hence, from (3.20):-

l

= K + K. ~—==(3.22)

where E‘- is known as the large displacement stiffness matrix. The
second term in equation {3.20):-
g o
§ g [an A gy 1
v 238 ¥
dependent of the z-:.lt:r:e?s;sL level and the loading. This term is known

as the initial stress matrix or the geometric stiffness matrix KQ

Hence,

Kr = Ke 4 !SL + .’SCT -———(3,23)
oy 248 of

In finite element analysis, the term 0 Dve 'f{ can be
expressed as:—- ( from equation (3.7), we deduced:-)

o)

MK[’ . oW y oAk IRPTERINE
e 2N W%~
o« ~4f
" __-’)_MJAK _ff‘
* T gy M
(1w W N ]
20 e~ ~———(3.24)
= I
?vf'Nﬁc -l
2 :'ay 5y, N
o {}W ’N‘}t W'Bh‘h}
S O RIAY,
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1
From equation (3.21.a) and (3.24), ( Eh + 5; ) =:-

( W
Yo
2k
?Ye
?Af %At
% M TA
¥ oW Dug
UATA £+ 55N
Wt A
B;Y 2% 2% »;ﬂ% | -—=(3,25)
- l\"t \ng‘g( - —‘ !
zbgnay'n- 1%?1.—§:!i +1XL'3 A El

—— o — -

= -3.@4 . P)z_ —===(3,25.a)

Substitute the appropriate displacement shape functions of the

plate element into equation (3.25) and let _?_Y_\'_ - \N, s W =W,
Yo ?Y"

we have:-—
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L - ~elV°

t -——=(3.28) ~

IR ]

——=-=(3.28.a)

For linear problems, E is uniform across the thickness.

Hence, \jzﬁj Eaqr) q’f becones zero. However, for most non-

linear problems, [(o%gz # f(a')J__-%
% . Eoo 4 :
Hence ” j @ / can no longer be obtained explicitly,

therefore these terms have to be included.

Consider the geometric stiffness matrix Kq. , from (3.23):-

Ke =J3

.

g P
;][ LAK -(}AK]-G[\/

2% DX
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notation as:-

W
M

"Bh} PN '3!35 210

Wo! Mo Wo WMo
Wk Wy
W W 3. o
3w
¢ Sy =
| N
0, 8]
Mo Wo
W W,
T " ||,
A A
Yo %o 373 H
'éi},4 3_."%.{'
Wo ' 3Y
Ade | e
o ' oY
We , e
{b%b BTB

can be expressed in matrix

N '6(8# '603-5 'Bbsue
e e’ W, L
———e (3.2
20 ds e | (49)
A
Su
———=(3.30)
See
iﬂg‘ 355 L. '}dﬁ Bd$
W % e
S(z. X N" dv.
N Bﬁ' '36’ - --?EE&E&&@ ~
iz . %Y Yo o
-——=(3.31.3)
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|
0 6
2 o
:\l STt T T T dv ——-=(3.31.1)
. -

3.1.2 Finite Element Formulation of the Beam Element

From equation (2.27):-

i(;‘f): » » 0 J’(H‘{)t o o
5

Zi 7)(& % ;)(rfi); 014 (-5) i), ’(Hf}(f

R RIS

gﬁz_@ﬁ f{o e (sjzgf)a 20, jffzf-i)},(.

5 Y 3 { -
%._:{ =é{§£{ =-E£-1 [ 0 Z{ , ?(Sf—l).‘o, Zélf' %{3{+I’)J‘?

3_”-111 l/ 45 L“f_’) / "(Sj‘)?J%

&L
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A
Hence, the finite alement formulation for 2 in (3.20) is:-

’d\(j
ok t
o _ L[ | -4 %03 éf-_+._ ———_ (%
ﬂ?-l(l’—?- (5:?[)3 i,Tﬁ. (3}':)3]_:6‘, (3 32)

. gt
& W _ 2 { . 3({1) ), 3u) !(sju@)J
We o L] 4 R |

Let fs - ,_Z_

o 30 {6 , 36D legug) £
R 4§

Hence BL for the beam element is:-

t
__1._)_[0 3 -1) {61 2441 . 3(\—‘(’)}1(3%322.0
{ Y i

R
--—(3,33)
" % . f
Hence .b—&"l' M‘a—éi()(i = Bc'*&-
'b)(j K Bx]' T
S . x0T . R0,
[z( o- 8] (B G105)
t
(3%'_'{3’1 ég; ) (g(sfzzf.,)-%(sfm] )
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Hence

W e e ot (R AT Y.
fer R = (w‘ RURD '%} 2 B
" J LN 3)((_ Wk -33(1

is simply equal to:-
| oy L-yl
%H o] 0, 4 6@ g;” ). ) |
T e, )y £
4

(“iew %) (Fefi ’—({-JJ S B

where b and 1 are the width and length of the beam respectively.

The geometrix stiffness matrix l(.‘r is just the last term in

equation (3.20), where:-
3A BA
i 5[ by
0 jv** J W, W

o)
I 3_(5_4) : 2

# G (60, 30D (alid
wll ‘Eirfﬂ) &["-ﬁ -E(S?H'”'S(j)'hsid 9J-d3-4){

0 -——-{3.36)
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here & (.6 g _ o VW
h S, =€ —[)I 'E(Bx'b'w“)

For the Z type stiffener, the tangential stiffness matrices of each

individual stiffener component (i.e. 2 lips, 2 flanges, and 1 web)

have also to be evaluafﬁi with reference to the neutral axis of the

stiffener itself:-

E/

=g |

L -

NN

The total stiffness matrix for a complete stiffener is

summation of all the stiffness matrices of its components:-—

L

Ka = 'ISC

o

2
{

=l
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where JSs is the total stiffener stiffness matrix.

.
E_c. is the 1th gtiffener component stiffness matrix.

Having obtained the tangential stiffness for the stiffener, the
tangential stiffness of the stiffener with reference to the plate
deformation is to be transformed using the transformation matrix
shown in Appendix 1. Hence, the complete form of the stiffener

stiffness matrix is:-

"
e

A
'
o

-——=(3.37)

where l} is the rransformation matrix of the one-sided stiffener

described in Appendix 1.

3.2 Large Deflection Static Loading Analysis

The following sections describe and test the large displacement
behaviour of the plate elements formulated via equations (3.1) to
(3.55).
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3.2.1 Non-linear deflection of plate without stiffners

In the finite element large displacement analysis, the in-plane
movements of the plate along all edges are rastrained. As shown in
the diagram below, all the movements in AL, along edges 0A,

OC and AC are to be suppressed:-

Using only a quarter plate, when the structure is subject to
simply-supported boundary conditions, the out—of-plane
displacements of all nodes along BA and AC are to be suppressed.
In addition, the rotation }ﬁ?%L along BO and ?h%éﬂ along CO are

also suppressed.

When the structure is subject to a clamped edge condition;%%k
along AB and 'Bﬁyéj along AC are also suppressed in addition to
those mentioned in the simply-supported boundary condition.

Figure 6 shows the non-dimensional locad-deflection curve of the
centre plate using 3x3 elements for the finite element modelling.
A curve of Levy's (ref. 27) theoretical results on large
displacement of plate subject to the same boundary and load
conditions is compared with the one obtained by finite element

method. Both curves are very close to each other. The result
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shows that the large displacement stiffness matrix employed in the
present analysis is quite adequate. The linear deflection curves

in Figure 6 contrast the difference between linear and non-linear

analyses.

Figure 7a shows a set of 9 curves corregponding to the load
displacement curves of the 9 nodal points., The plate was simply-
supported and was subject to a uniformly distributed pressure.
Figure 7b shows the enlargement of the load displacement curve of
the centre plate (node 9) with the linear load displacement result

as a referance.

Figure 8a shows a set of 9 curves corrésponding to the load-
displacement curves of the 9 selected nodal points with the same
boundary conditions but subject to a central load. Figure 8b shows
the enlargement of the load-displacement curve ¢f the centre plate
(node 9). Again, with the linear load-displacement result as a

reference.
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3.3 Numerical Integration of the Tangential Stiffness Matrix

To evaluate the tangential stiffness matrices, we notice that both
the matrices K & Kqg are dependent on the current stage of
displacements as well as the stress level, We will therefore no
longer be able to evaluate these matrices explicitly as those in
the small displacement linear geomatry cases (see Section 2.4).
Here, a numerical integration procedure is sought to enable these
matrices to be evaluated at any stage of deformation and stress

level.

In general, Gauss Quadrature (19,41,42) using n points is exact if
the integral is a polynomial of degree 2n-1 or less. Since the
polynomial expression employed in the plate bending displacemant
function (see equation 2.13) is of sixth order term (x3y3), an
exact integration of the stiffness matrices will require &4x&
sampling points. However, as we have described in section 2.5, on
the convergency test of the element, the behaviour of the plate
element has been proved to be conforming, that is, the displacement
function employed in the analysis results in overestimating the
system stiffness. Thus, by not evaluating the elament stiffness
matrices exactly during numerical integration, better results can
be obtained provided that the error in the numerical integration
compensates approximately for the overestimation of the structural
stiffness due to the finite element discretization (43,44,45).
Hence, the numerical integration of the stiffness matrices can

effectively be carried out using 2x2 sampling points.

For a 2 dimensional problem, the integration of the stiffness

matrices using 2x2 sampling points can be expressed as:-—

Kr = jﬁ F -4
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= 1. F ) d = —_WLNF . —

[ Fapagit - 22w Fay 0.
where the weightings Wi and Wj are equal to 1 and the sampling
points in (‘j.f( ) are taken as +0.57735.

In most non-linear problems, numerical integration of the
tangential stiffness matrices should be carried out across the
plate thickness (g') as well as the plate area (f.f ) (i.e. in all
the 3 volumetric directions) using the Gauss Quadrature methods
shown above. However, in the case of elasto-plastic bending,
yielding normally starts at the extreme surfaces of the elements.
If the Gaussian integration is used in the -f direction,
information at the top and bottom surfaces of the eleaments will be
lost. Here, we will follow the Simpson's integration scheme (i,e.
taking 3 sampling points across the plate thickness, one each at
the top and bottom surfaces of the element, and a third point in
the mid-plane of the element), which gives a better stress

representation when yielding first starts.

Such a combined integration scheme will lead to the integration of
the tangential stiffness matrices 15} as:-

Ky =L F g f?)efv

= }é- FET3) dh -4

-%- 4

——-(3.39)
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From (3.38) equation (3.39) becomes:-

Kr = e We- W FE4T) —-==(3.40)

ANE

;i"

— D/\

where the weightings Z,, 2, and Z, are t/6, 4t/6 and t/6

respectively, and the sampling points are taken as -t/2, 0 and t/2

respectively.
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3.4 The Incremental Load Procedure

From the principle of Virtual Displacement, we have:—
t
Ff.% =j- ¢ 0odv —~=(3.41)

where the L.H.S. of equation is the set of external work dome and
R.H.S. of equation is the internal work done of the system. For an
application of an external force SP, the system will respond to
this force increment by increasing its internal stress from 7, to &E

. Hence, the new set of equilibrium equation becomes:—

(B +3Prg =} £ (& sg)dr
=§ B (& 50)dr-L

= E+ ﬁf _—_Jv &t (@ + 46 ) v e (3.42)

o~

As

S

P~

- Q'E"@
———=(3.43)

R

Substitute (3.43) into (3.42), we have:—

.E’* ﬁf =j§2§dv{' +§ 52’6&‘)\- 5; e (3.44)
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the first term on the R.H.S. of equation (3.44) is obviously equal

to Py. Hence, equation (3.44) becomes:-—

£ =4 PR Bdv g
v
———=(3.45)

which implies that for any applied force increments, the system

will respond with a set of displacements. Hence,

4,f = ET'%

——=(3.46)

Equation (3.46) will allow a step-by-step solution to the set of
incremental force and incremental displacement. Thus, the complete
path of applied force and the deformation of the system can be
traced by this incremental procedure. This is known as the
linearised incremental procedure. The word 'linearised’ implies
that although the load-displacement curve is non—-linear, the step-
by-step incremental procedure is piecewise treated as linear, i.e.
the tangential stiffness matrix formulated at the beginning of the
loading step is regarded as linear throughout the same loading

step. Thus,

Afaf. K)o

———(3.47)

In practice, the above assumption Is not enough even though the
increment is infinitely small. TIf no precaution is taken against
the errors accumulated throughout the whole loading procedure, the

load-displacement curve so obtained will be diverted from the real
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load-displacement curve. To overcome this problem, the following

iteration procedure is required.

Consider an equilibrium set of external and internal force at the

beginning of the loading step i :-

———(3.48)

where kST(@) the tangential stiffness 1is a function 0{ the
displacements at step i.

axt.
After the application of the external force AF » the system will
respond with internal force increment AF“*' , which can be
computad from equation (3.42). In order to have an equilibrium set

of forces at the end of the loading step, we must have:-

ed int
Fﬁf = 'Jiﬂ

Landd

If equation (3.48) is tfue, then we will have:-

tlk ¢x{. inf. inf.
,._Fiﬂ - A’E = ’E'_ﬂ - Af ——(3.49)
Re-arranging {(3.49), we have
of. ol int. it
“f - [fiﬂ ‘fw I - A-fm =5T(f‘)' “{i ——-—(3.50)
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«t. of
— o - - Er‘fw)'ﬁfﬂ] =l§r(€a)-4f\i ————(3.51)

I~

The second term in (3.51) is known as the out-of-balance force:

od. =
£f,¢i - ET(QL'\H ) QEM J = A,..El'-*'l

At the beginning of the loading increment, the out-of-balance forcebﬁﬂ
is not known, and 1s assumed to be zero, and the tangential~
stiffness is evaluated based on the displacements at the beginning
of the 1loading procedure. Hence, using equation (3.47), the
displacement Iincrements are computed. The total displacements at
the end of the loading step is up-dated and so is the total

external force where

F::{'. ) ’E:xf. + A -EL. & /(",;T, = %‘ + & g

s

The out-of-balance force Af.'ﬂ is then evaluated based on the up-
dated total displacements, ’&A( . The net force increment is then
applied to the system, and a new set of displacements A " 1s
computed. The operation is repeated until the out-of-balance fo*.r:c:esz_-“,l
is practically zero. Chart 1 shows the iteration procedure of the

above.
The applied force vector bf would have its components equal to

zero everywhere except at the nodes where external forces are

applied. Thus,
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i
AF = S ‘

4; where 1 = no. of external
A force points
n = m+]l = total no.
of degrees of
freedom of the

system.
when the out—of-balance force Ali is added on to the incremental

force wvector, it would be reasonable to expect that the resultant

force wvector AF + AF is also expressable in the form of:-

(af +AE} = |__ ™
Ai' xf

However, if the tangential stiffness matrix, which is avaluated

based on total displacement at i+l step, is directly multiplied
&1 the total displacement,gﬁ,, the resultant vector product may
not necessarily be in the same form as that appears in the external

load increment vector, l.e.:-

mx/

-2 W

kg b #
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To overcome this, the tangential stiffness matrix should be
partitioned alongside with the total displacement vector before
they are multiplied:-

Ka || £ ———(3.52)

=0 = Kf +Kafi > fo=-Klgaf

P -ffl +Ka £ ——(3.54)

-———(3.55)
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4. BUCKLING ANALYSIS i

Basically, there are two types of buckling analysis,'referred to
here as " linear" buckling and“nnn—lineaf'buckling. In the linear
buckling analysis, the tangential stiffness matrix will just be
composed of the small displacement elastic stiffness matrixdge,
which is neither displacement depéndent nor coordinate dependent,
and the geometric stiffness matrix Kg {Formulation of these
matrices are fully described in section 3). Because of the fact -
that only Ke¢ 1is dependent of the existing stresses, and hence the
deformation of the structure, any subsaquent initial deformation
imposed on the structure will oﬁly 'accelerate' the buckling mode
of the structure for a given loading. In practice, the above
assumption becomes inadequate when the initial displacement or the
subsequent deformation of the structure is no longer small comparhg
with its thickness. The alternative approach will be the "non-
linear”™ buckling analysis which will accommodate for any large
displécements occuring in the flat plate or shell type structures.
Such an analysis would be much more sensitive to any non—linear
behaviour arising due to the material non-linearity or large
displacements.Here, the tangential stiffness matrix is evaluated

following the procedures described in sections 2 and 3.~

4.1 Evaluation of the Buckling Loads

There are normally two ways of evaluating the buckling lcad of a
given structure, One of which is known as the incremental load
method, and the other is known as the eigen wvalue type of solution

for buckling.

In the incremental load method, the load is increased at the
beginning of step and subsequent displacements are incremented and
iterated in accordance with  the steps and procedures shown in

Chatt 1 . The total displacements and the existing stresses are
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then re-cycled back to formulate the tangential stiffness matrix
(equations (3.1) to (3.37)). Hence, the procedures are repeated in
order to compute the complete load-displacement curve of the
structure. In so doing, two types of loading increments will
occur. In the linear buckling analysis, because of the nature of
the tangential stiffness matrix, . singularity will occur in the
matrix at the buckling‘ load level and thus on solving for equation
(3.47), an infinite displacement increment will occur, In the non-
linear analysis, 1f only bifurcation structure is considered (i.e.
if the plate is considered to be perfectly flat), the resulting
load displacement curve will be exactly the same as that obtained
in the linear buckling case. If however, an initial displacement
is imposed on the structure, or 1f the structure is of a shell
type, the out—-of-plane displacements will 'incite' the growing of
the large displacement stiffness matrix (EL in equatin (3.28)), and
on approaching the buckling load (provided that the deflection of
the structure 1is relatively large compared with 1its thickness),
singularity will not occur in the tangential stiffness matrix.
Instead, the load- displacement curve will continue with a strain-
hardeninj effect very much similar to that of a large displacement

out~of-plane load—displacement curve.

In the eigen-value type of solution for buckling, we assume that
during an infinitesimal displacement, the membrane force remains
substantially unchanged. The formulation of the geometric
stiffness matrix Kg is based on a known distributien,
nevertheless an arbitrary level of membrane stresses. Hence, the
membrane stresses are assumed to remain constant so that changing
one by a factor N will change all the others by the same factor
throughout all the subsequent load increments. Finally at the
poilnt of buckling, the geometric stiffness matrix will become )ﬁq
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The Finite Element approach is to, first of all, set up the elastic
stiffness matrix K. . Thus, an arbitrary load increment AP is
then applied and the displacement increment is solved via equation
(3.46)., This incremental displacement together with any initial
displacement is then substituted into equations(3.29) to (3.31.b)
to formulate the stiffness matrix Eﬁ « The equation of equilibrium
states that when buckling occurs, Ko will be equal and opposite to

}Eﬁ . In other words:—

bq{.[ﬁz +7\56,} =0 ——(4.1)

Hence, we have derived a linear set of eigen-value equations. The
elgen-value solution can he obtained by various standard methods
(e.g. the Sturm sequence technique or the sub-space 1iteration

method ete.).

The eigen-value type of solution for buckling does have the
disadvantage of its 1limited applications. The applicability is
limited only to small linear buckling analysis. Furthermore, a
complete load-displacement curve is not possible to be calculated.
However, if only the buckling load levels and their corresponding

mode shapes are of interest, the method will serve its purpose.
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4.2 Buckling Analysis on the Simple Plate and beam Elements

4.2.] Linear Buckling of Plate Without Stiffeners using Incremental
Load Method.

When subject to an in-plane load, Figure 9 shows that the structure
has experienced infinite displacements at the centre plate when the
applied stress approaches the theoretical ecritical stress of the
structure, The figure also shows the non-dimensional load
displacement curves of four selected nodes (see diagram drawn on
Figure-Q). During the analysis, the programstopped just before the
total applied stress reached the theoretical critical stress of the
structure due to singularities formed in the tangential stiffness
matrix. From this result, it is evident that the geometric
stiffness matrix employed in the analysis is appropriate and that

the results generated are very accurate,

4.,2.2 Linear Buckling of the Beam Element with Various Initial

Displacements Using Incremental Load Method

A beam made up of 6 elements simulating the stiffeners was subject
to an in-plane compressive loading. Figure 10 shows the buckling
behaviour of the beam with different initial displacements, Voo
The very top curve on Figure 10 shows the load-deflection behaviour
of the beam with very little initial displacements whereas the
bottom curve of the figure shows the load-deflection behaviour of
the same beam but with a larger initial displacement (12.5% of the

beam thickness). Despite the different imposed initial
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displacements, the beam buckles at an applied force of 4,800 1bf
which coincides with the theoretical c¢ritical 1load of the
structure., However, the individual 1load displacement curves
corresponding to the different initial displacements do vary
slightly.

4.2.3 Linear Buckling of a Beam with Various Off-sets from its
Local Neutral Axis

P— ]

In finite element analysis, Appendix 1 has already mentioned that
instead of representing the movements of the beam by the two end
nodes along the stiffener's neutral axls, the movements have to be
transformed from the stiffeners neutral axis to either its to§ or
bottom surface (depending on where the stiffener is in contact with
the plate). In this way, the coupling between the out-of-plane
rotations and the in-plane movements of the stiffener can be fully
represented. To show that an off-set stiffener has been properly
modelled, the behaviour of the computed load—-displacemeant curve
should show some correlation with the off-set positions ( %). Fig.
11 shows the load-displacement curve of the heam subject to uniform
compressive load but off-set at different positions. The figure
highlights the behavicur of the stiffener when subject to different
off-sets which vary from the mid-plane of the plate ( $=jé) to the
local neutral axis of the stiffener (0 = O). In order to make a
direct comparison of the displacement behaviour of the stiffener
with 9 = 0 to o = t/2, the stiffener is subject to an initial
deflaction of 10% of its thickness so that the load-displacement

curve when 6 = () can be visible.
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4.2.4 Non~linear Buckling of the Plate Without Stiffeners

It has been shown in Figure 9 that when linear buckling is being
considered, the central plate will experience an infinite out-of-
plane displacement at the critical load. However, when non-linear
buckling is considered, this will no longer be the case. This is
because of the nature of the tangential stiffness matrix which,
when used in non-linear buckling analysis, will normally consist of
the large displacement matrix 5k in éddition to the other two
matrices 5; & ﬁg . As gection 3.2 has already shown that KL is
proportional to the square of the out—-of-plane displacements of the
structure, the relatively large deflections at the onset of
buckling will increase EP to such an extent that it will be able to
offset the stiffness loss made by the geometric stiffness matrix
53. From this point onwards, the structure is in a position to
'regain' stiffness as further compressive load is applied. Thus,
at the post-buckling stage, the load-displacement curve will be
very similar to that being obtained from the non~linear bending of
plate {see Fig. 6). To illustrate this, a plate which has slight
imperfections is subject to an in-plane compressive load. Figure
12 shows the load-displacement curves of 4 selected nodes on the
plate, Figure I3 merely highlights the hehaviour of them at the
pre-buckling stage.

However, it should be noticed that whether or not the large
displacement stiffness matrix ( K. ) is sufficient enough to off
set the stiffness loss made by 53 would depend entirely on the
imposed initial displacements. If these initial displacements are
not sufficient, the effect of the large displacement stiffness
matrix E} will be minimal. Hence, on reaching the first critical
load, the response will be the same as that expected in the linear
buckling analysis ( Fig. 9 ). Figure 14 shows the. central
deflection afa plate subject to the same compressive loadings, but

with different initial imperfections. The first three curves on
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Figure 14 represent the plate with initial displacements of less
than 1% of the plate thickness. All three curves are seen to stop
just before the structure could continue into the post buckling
stage due to the presence of singularities in the tangential
stiffness matrix. Howaver, when the imposed initial deflections
are significant, it enables the last two curves in Figure 14 to
continue into the post buckling stage in the manner that has
already been discussed above, Figure 15 shows the enlargement of
the first three curves of Figure 14 while Figure 15 shows the last
two curves of Figure 14, The analysis shows evidently that the

structure is very sensitive to the presence of imperfections.

4,3 Buckling of a Stiffened Plate

4.3.1 Brief Historical Review

Although various authors had tackled the problem before, Bryan (46)
wags the first to investigate theoretically the stability of
compressed stiffened plate by applying the energy criterion of
stability to the solution of a buckling problem. In his paper, he
looked into the stability of a plate stiffened by a set of ribs
parallel to the direction of applied forces. He also looked into
the effect of a second set of stiffeners placing perpendicular to
the applied force. He concluded cthat in order to obtain the
greatest strength, the stiffeners must be parallel with the
direction of the applied force, and that, to obtain the same
strength, they may be then placed twice as far apart as if they
were perpendicular to the applied force. Timoshenko (47,48) first
considered the problem of minimum rigidity of the stiffeners
required to restrict buckling in a stiffened plate. By applying
the energy method he obtained approximate solutiomns for rectangular
plates having longitudinal or transverse stiffeners under various
loading conditions. He also prepared the first numerical table for

the design of stiffened plate. Lokskin in 1935 looked into the

-61-



stability problem of long .itudinally or transversely stiffened
plates by applying the method of integration of differential
equations for stiffened plate with initial deflection. He also
derived the stability conditions for plates having any number of
equidistant stiffeners. Since then, different stability problems
of stiffened plates had been analysed in numerous periodicals and
in well known monographs by: Timoshenko (49), Timoshenko & Gere
(50), Bleich (51), Kollbrunner and Meister (52). Papkovick (53),
Savin & Fleishman {(54), and Bulson (53). Barbre (56) and
Ratzersderfer (57) analysed the problem of minimum stiffener
flexural stiffness required for the plate to buckle with no
deflection of the stiffeners. Jojic (58) investigated the case of
a rectangular plate reinforced by multiple stiffeners. Cox &
Riddel (59) discussed 1in detail plate with one to multiple
stiffeners. They investigated the smallest size of stiffeners
required to pravent overall buckling of a flat panel before local
buckling of plate between stiffeners can occur. The effect of
torsional stiffness of the stiffeners is included. Svennernd (60)
discussed buckling strength of longitudinally stiffened plate,
applying the critical stress method as suggested by Bleaich, and
found the required strength of stiffeners to resist buckling of the
whole plate before local buckling occurs. Since then, a number of
papers concerning the analysis of buckling of stiffened plate under
different boundary conditions had been appearing in wvarious
journals. More recently, Vap der Neut (61) investigated the
interaction between the local and overall buckling of stiffened
plates and Koiter (62) explained analytically the mechanics of the
failure of the stiffened panel due to this interactive effect.

5,3.2 Analytical Analysis of Buckling of Stiffened Plate and Study
of the Analytical and F.E. Results

There are apparently various methods to evaluate the critical
stresses of the stiffened plate of the above mentioned nature with
one to multiple stiffeners. Amongst these methods, if one follows
the energy method (49) one can derive from it the expression for

the critical stress of the following system:-—
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and where A; 1s the area of the ith gtiffener.

Seide & Stein (63) had produced a buckling chart to extrapolate the
critical stresses for stiffened plate having 1,2, 3 or more
stiffeners situated in the mid-plane of the plate. The chart
operates on three different parameters § , P & 9 as defined in
equation (4.3).

4.3.2.1 Plate with Stiffeners Locatad on one Side of the Plate

Timoshenko (49) suggested that the stiffness of a one-sided
stiffener could be taken into account by replacing the moment of
inertia of the stiffener about its centre of gravity { ¥ in
equation (4.2)) by an effective moment of inertia and using this
value in the solution wvalid for stiffeners with their centre of
gravity located in the mid-plane of the plate as that suggested in
equation (4.2) and reference (49). However, Seide (64) suggested
that 1f the stiffeners are very largs compared to the plate, the
attached plate can have very little effect on the bending of each
stiffener about an axils passing through the C.G. of the stiffener
X-section. On the other hand, stiffeners that are very small
compared to the plate would appear to be forced to bend about the
mid-plane of the plate., The effective moment of inertia of a given
stiffener can therefore vary betwesen the moment of inartia taken
about the centre of gravity of the stiffener's X-section and the
moment of inertia about the mid-plane of the plate depending on the
proportions of the attached plate., Following this agreement, the
effective moment of inertia of this gtiffeners are derived as
(64):-

-2
EI,ii - E- L + l - E‘As'ﬁ —— - (44)
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where Iagg 1s the effective moment of Iinertia of the stiffener

about the mid-plane of the plate.

Ig is the moment of inertia of stiffener about its own
C.G.
d is the bay width of plate between two stiffeners,

D & E are the usual bending modulus & Young's modulus of the

plate and stiffeners respectively.

Z is the distance of the C.G. of stiffener from the mid-
plane of the attached plate,
Zn,q is a constant dependent on the aspect ratio of the
stiffened plate bay area.
Reference (64) contains charts showing the value of 2 for

n,q
diffarent number of stiffeners and modes of buckling. To calculate

the ecritical stress of the stiffened panel, the value of zn,q of
the corresponding panel is first extrapolated from ref. {64).
Hence, the value of the effective moment of inertia of stiffener
I.s¢ and the L.H.S. of equation (4.4) can be evaluated. Having
obtained that, the buckling chart of ref. (63) is then used to
extrapolate the critical stress using the 3 parameters ﬁ . g' &%

as that deseribed in equation (4.3), but with

d-D

X' - E- IQ-H:
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4.3.2.2 Example Study

In order that these analytical results described in ref. 46 can be
used to check against our finite element results, three structures
with arbitrary dimensions are employed here so that the evaluated
terms ' E‘ & % would 1lie within the ranges given by ref.

(64). They are shown as follows:-

CASE 1 (forlstiffener only)
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Finite Element Resgult’

The same model 1s used in the finite element aﬂaysis. Only one
half of the plate is used because of symmetry along its length. On
employing 4x2 elements across the structure and taking the affect
of off-setting the stiffenar on onea side of the plate into account,
the result shows that the structure buckles at an applied stress
level of around 54,000 1b/in? and that when this stress is reached,
it continues into the post—-buckling stage, behaving very similarly
to those described in section (4.2.4). Fig, 17 shows the force-
displacement curves of the 4 selected nodes on the structure. When
comparing with the analytical results of ref. (64) remarkably close
agreements are observed, and the‘discrepency between the two sets

of results are only 2Z%.

CASE 2 (2 stiffeners)

Analytical Result

The stiffened plate with 2 stiffeners but the same configuratioms
as that shown in Diagram 2 has been analysed, and the following

results are obtained:-
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Finite Element Result

A 6%2 element model was used in this finite element analysis.
Taking the effect of off-setting the stiffeners on one side of the
plate and also taking the large displacement analysis into account,
the result shows that the structure buckles at an applied stress
level of around 43,600 1b/inZ, Again, further load increments have
enabled the structure to enter into the post-buckling stage. When
this result is compared with the analytical results shown above,
the two sets of results are so close to each other that the
discrepency between them is only 2%X. Fig. 18 shows the force-

displacement curves of 4 selected nodal points on the structure,
CASE 3 (3 stiffeners)

A stiffened plate with 3 stiffeners has been analysed. Here, the
bay width (i.e. space between adjacent stiffeners) of the structure
is reduced to half of that being shown in Diagram 2. Following the
procedures shown in the previous 2 cases, the theoretical critical
stress for this stiffened plate is found to be 85,000 lb/inz. The
Finite Element result gives 84,300 1b./sq.in. The discrepancy
between the two sets of results is only 0.8%. Fig. 19 shows the
force displacemenf curves of 4 selected nodal points on the

structure.
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5. MATERIAL NON-LINEARITY

Non—-linear effects due to plasticity have been tackled in a manner
similar to the approach used for geometric non-linearities. A
tangential elastic-plastic modulus matrix has beean developed
(65,66) which relates the incremental stresses to the incremental
strains. This tangential modulus matrix, which is a function of
the current stress levels, may be incorporated in an incremental
procedure (19,66) or alternatively a modified WNewton-Raphson
approach (19,67). Small increments are desirable in elastic-
plastic analyses as a consequence of the incremental nature of the
flow rules. However, Nayak and Zienkiewicz (67) have used large
load increments for the application of the out-of-balance 1load
vector while, for the formulation of this vector, a further sub-
division was employed to improve the accuracy of the representation
of the flow rate.

A number of authors (68,69) have used the finite element method for
the analysis of elastic-plastic plate problem. Ang & Lopez (70)
used a discrete modal approach and Belythescho & Velebit (69) used
a complementary energy formulation to apply to the problem by
assuming sudden plastification of the whole section depth. Similar
approximations have been made using finite differences (28). A
more exact analysis was performed by Armen et al (71) and Marcal
(72) who allow for progressive growth of plasticity through the
depth of the plate. Armen et al (71) also traced the elasto-
plastic interfaces across the plane of the element while Marcal
considered the plastic properties to be constant over each layer.
He used the trapesiodal rule with eleven integration stations
through the thickness. Crisfield (73) used an area approach based
on Llyushin's theory (74) which relates to the six generalised
stress resultants that would occur in any shell element. The yield
criterion pre-supposes a sudden plastification of the plate section
in a manner similar to that frequently assumed for plate bending.
However, it was concluded that this area approach is not as
accurate as the usual volume approach though it has the advantage
of a considerable saving in computer time. As a consequence
prior to the derivation of the plasticity formulation using finite
element approach, we shall review some of the basic assumptions and

material laws that would involve herewith.
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5.1 Basie Assumptions and Constitutive Relation for an Elastic-
Plastic Material

From equations (3.1) to (3.7) we have derived the general
incremental stiffness equations using a constitute relation in the
form of equation (3.18). It is the purpose of this chapter to
derive the appropriate form of Dijkl in equation (3.18) for a

particular material property.

The classical treatment of the elastic material may be written as a

function of strain energy such that:

AW
T
I oy —m(5.1)

where W = W (Eij)

Differentiating equation (5.1), we have:

AW
_‘BEgaEﬂ_ « ————(5.2)

Compare equation (5.2) with equation (3.17), we define:-

A 33‘

VW
BE[J BEKl "“""(5.3)

qxl

Equation (5.2) also shows that what we adopt here is very useful in
following the strain history through the structure.

Bafore the formulation of the constitutive matrix Dijkl can be

derived, it is necessary to examine the assumptions that are

required.
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5.1.1 Assumptions

For finite strains, the usual development of the elasto-plastic
constitutive relation may be followed provided that we assume a
linear decomposition of strain increments into elastic and plastic
parts. Although it is not the case in large strain analyses,
however, if the strains are infinitesimal, we can assume the
recoverable elastic strains are small so that the elastic & plastic

strains may be additively decomposed as:-

_ ¢ P
& =G o &y —-=(5.4)

where subscripts e & p refer to the 'elastic' and 'plastic' state
respectively. The plastic part of strain is postulated to be

incompressible. Hence,

P
& =0 ———(5.5)

The second assumption is that the material has an isotropic
hardening effect., This implies a uniform expansion of the initial
yield surface, The hardening is measured according to the plastic
hypothesis {(which is equivalent to work hardening), so the yield

criterion for subsequent yielding becomes:-

][ = 0 - H(ET) =0 ———(5.6)

where H is a function of the equivalent plastic strain &f’which is

the integral of :.

I
der = 5[ty e S—
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Our third assumption is that there exists a loading function + in 9
dimensional stress space, j = 0 at time t constitutes the yield
criterion at that time.

& 70 is inadmissable, As it turns out that & is a function of

Uij & tij’ three differant loading conditions from a plastic state
(f-= 0) result:-

S SR

BUj 5 (during unloading)

lﬁ;-d}‘ =0 \ (during neutral loading) -——-(5.8)
)Uq J

_i. (during loading)

%0% Gﬁ > 0

The dot denotes time differentiation.

Furthermore, the material 1is assumed to be stable as defined by
Drucker (75), which implies that at a regular point of the loading
surface, f = 0, the vector déﬁ is in the direction of the ocutward
normal to the yield surface (in the stress space). This is knowm
as the WNormality rule (73) which defines the plastic strain

increment as:—

p o
dfi] A BOEJ‘

-———=(5.9)
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wheredh 13 a non-negative scalar when the material obeys the Von-
Mises yield criterion, and the flow rate is equivalent to the
Prandtl-Reuss aquation. By wvirtue of equation (5.9) the loading
function plays the role of a plastic potential, df remains zero

when going from one plastic state to another. Hence:

3f af gt
df = % L J‘M =0 ———(5.10)

The initial yield criterion (Von-Mises) and the loading function

are given by:~

L= F-T = F-BK -0 s

where T is the initial yield stress in uniaxial tension, Ky is the
vield stress in pure shear and F is the equivalent stress given

by:-

hA
=3 *f_ { i Uij}z ———=(5.12)

in which J, is the second deviatoric stress invarient and 05' the
deviatoric stress components. Areas concerning the behaviour of
small strain elasfo—plastic rate 1independant material which
correspond with Prandtl-Reuss relations and Von-Mises yield
criterion can be found in ref. (76,77).

5.1.2 Formulation of the Constitutive Law

For most material behaviour, the constitutive relation is commonly
expressed in terms of true stress and true strain (e.g. the
Prandtl-Reuss equation) rather than as a relation between Syj and
E;j as that defined in equation (5.2). Therefore, the constitutive
relation has to be related between the increments of the true
gtresses and the Kirchoff stresses. For the incremental stresses

at any stage, we will express it in the form of :-

a0 = Cvx( a@y( L a(5.13)
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where A(Ji & Aekt are Iincrements of Eulerian stress and Almensi
strains, and Cijkl i5 derived from the elastic constants and the
current position of the yield surface {and work hardening
coefficient) for an elastic plastic increment, It 1s noticed that
Cijkl in equation (5.13) is now defined as the relationship bt;twe.en
the Eulerian stress increment 4(0%, & and the Almansi's strain
increment A€k both of which are a function of current coordinates.
However, if a Lagrangian frame of reference is to be adopted, the
original frame of reference is to be used throughout the load
increments which implies that the Kirchoff stress increment and the

Green's strain increment must be employed.

To relate the Green's straln increment to the Almansi's strain
increment and also the Kirchoff stress increment to Fulerian stress

increment, the following relationships are used:-

Aemn = ﬁ.}XS.AErS
VXw  dAn

———(5.14)

where A € mn is the Almansi strain increment & AErs is the

Green's strain increment.

0% 1 W
A Sij 2‘3)_( l:ﬁ;’msﬁ Ao;m

——==(5.15)
Where. aSiJ' is the Kirchoff stress Increment & AU;m is theEulerian

stress increment.

refers to the co-ordinates

A

In the above two equations

b §
transformation where:— J

X
. = é{' h{K T
B3 ( )t ) N ———=(5.16)

T bm
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and in most cases hyj = h jJi%¢ 1 & Tgj 1s an orthogonal rotation.

Neglecting the terms of order of hij’ assumming small strain -

L
po— ]jg’ = |
A~Si' =:’3X£ ‘:Eil--AD;Q
J ) CEReS &

sub. eqn. 5.17 & eqn. 5.14 into eqn. 5.11; we have,

. X I K 2
A\Sj = ‘. fl XI". )Q’ClK{AEfS
DX Vn YAk DX )
The material law Cijkl can now be derived as follow s:-—

The true stress and strain increment is composed of the

and the hydrostatic part:—

do- dr + dOJ4

n

dé de' « d¢°

it

and,
)

e = do, JO’r

d& = dle 4 dEp
t‘a‘{Ul‘t = f“j:zﬂ T P -
df_ﬂ - 46: . H {=o

——(5.17)
--==(5.18)
deviatoric
~——=(5.19)
~===(5.20)
——=(5.21)

1‘* .
This 1is true since dD}'l & dfr is zaro during plastic deformation

dC; = tiéfg - % éﬁ'dé&(

~75-
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The elastic component of strain is:-—

!

C[t‘ij = ﬂ J G{O’ll
24

from (5.20) and (5.23), we have:-

-———(5.23)

déj —;J- ‘f'_étj dﬂ “—'étJ dl)u. + dér

-

= doi , deb
_E§+ dfj

= dog =2¢-d£EJ- - 2648

) ———(5.24)

The equivalent stress is defined as:-

-2

= 2 T O
%2 % Oy ~——(5.25)
On differentiating eqn. 5.25, we have:-

r =7 cnjdmj

= d03 % T ———(5.26)

Let the plastic modulus be H', and

H

&
=
&5

-—==(5.27)

76—



Using Prandtl-Reuss theory, the plastic strain increment:-

TSRS 3./ i [y
R TICI 2.5

The Plastic work increment is:-—

where ﬁ' dEP =

from eqn. 5.24, we have

Lodeh o S\
0y dét} D’z)(dij —Z_ZJ.)

-0 d & - G.-"-f{(]'c"

Sub. eqn. 5.26 into 5.31, we get:-

! P Lods! F. dT
0 - ;. = 0y - Ev I " L
] 0{6) ) 4 J 3q
Sub. eqn. 5.29 and 5.30 into 5.32, we have:-
G iy | G {&; - T4E
v % 4 ) 3

! v 1
= (:1"-+3—CT')U-dcr = iJ"d{EJ'

I ' !

— - dF = ———— 0y -4&y
('ﬁ' +§‘E) J )
Sub. (5.33}intoc (5.28), we have:-
def = SR g
QH"UL(q'4'5q)
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-—-=-(5,28)

-—-(5.29)

=—=(5.30)

-——(5.31)

-==-(5.32)

————{5.33)

-——{5.34)



Sub. (5.34) into (5.24), we derive:-

! ! 3& Oi U;L I
0 = C . Ei - P— d.é
dGTJ - T P R ~-—~(5.35)

From 5.19, dg—l.J. = dgj- + do "

Sub. (5.35) into (5.19), we finally arrive:-

- [. o, 54'01 G;l
do*.J = 2@&61) +5_Kdéj T &) e
= (50 8+ 258y $e e - M dts
b (q 3&)

-~—(5.36)

1
For plastic 1oading,dém_= dzﬂt’ since the hydrostatic part becomes
ineffective during plastic deformation.

o LD s, 305Dy
dOTJ = Ig {éix éj( * 6) oxt 'Z—P!—_ir-—ﬁ}ﬁ{fm_

for plastic loading

. v ..
dG' = ZQ[étKSJ( +I:Z\)-éj‘su}

for elastic loading

& ¢lastic unloading
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Hence, the constitutive equation Cijkl for plastic loading is:

'jl_'é'”skl - 3 U% 'Ui( J
I-29 " AL (4L
-0y +3“T) ———(5.37)

3
The constitutive equation Cijkl for elastic loading and zlastic

CI-J-K{_ = ZQ' {6;&611 +

unloading 1is:-
Y o
C.-J-;L = Zﬁ' {S;K-Sjt AP é"j'g“} ————(5.38)

When Lagrangian frame of reference is to be employed, the material
constitutive law derived above should be pre and post multiplied
with the appropriate co-ordinate transformation matrices such

that:-

Do = B DX e D%
\jKL

Ft)in ?x:‘ x B : {)'Kl "‘“‘(5'38-!)

From eqn. 5.24, the equation can also bhe expressed as:-

dﬂ'e']‘ = EinL | dc‘.;j - c(&j-)
== dG'fJ' = Ecjxt- (dé-'j' - dir:j) —=(5.38.2)

where Eijkl is the usual elastic material constitutive law.

Comparing with equation 5.36, we can therefore express:-

0 - E it (da;j - ac%) - c;)-,«-ettaj'

“—_—(5-39)
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5.2 Finite element formulation of material Constitutive equation

If the stress vector can be expressed 3 dimensionally as:-

{0 . 6. &6y, £ . &6
Taking the mean stress (. g XS(G:*W!'rG}) =)é-E§-Q:
where €s = { Ly, 1, [, 0. 0.0 }

Then, g = {U‘; , U)'.', 0% JEG;Y' 'JZO'W- ‘JZO_"&'}

i
S|
1
1
o

v - )3-£is-£§§v6'

p—

=(1 -/ Qa' - @i ) o ————(5.40.a)
Similarly: ' )

f: = f:. - Cn'Es = (:I_ ')3'9_3‘9)-,@_

073- bu =00

— z 7 + x

7 =% [g°g - 5o J ———(5.40.1)
d(l'.-)' ={d(n, dq'dcﬁ'ﬁd{"“f"{z‘{%'ﬁ"’{ﬁa} = dg ~—-—(5.40.¢)

dey = dec. dey. dty. ey &Gy, Edtq | = 4t

——===(5.40.4d)

From egqn. 5.39, we have:-

dr = C-d¢

~ ———={5.40.e)
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where:—

¢ - . &g 0
¢ SR e (5.41)

where E is the usual elastic modulus of material in 3 dimensionms,

and H' is the plastic modulus of material defined in equation 5.27.

5.3 Transformation of co—ordinate system

Since Cijkl is relating the true stress and strain system and the
Constitutive law that we are looking for here Dijkl is relating the
second Kirchoff stress and Green's strain in the unde ‘formed frame
of reference, it is therefore necessary to transform cijkl obtained

from above to Dijkl'

N ¥

ai

1,’- Q’\) ! )
<
(u\:(‘-‘f‘k ot

undQ‘iOmed :frama - Ej S

)

The xy plane is the Lagrangian frame of reference which refers the
corresponding stress and strain to its undeformed co-ordinates.
The x'y' plane is the Eulerian frame of reference which refers the

corrasponding stress and strain to its current co-ordinates.
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Let Ty be the transformation matrix which transform the second

Kirchoff stress into the Eulerian stress,

o

Let‘zt be the transform matrix which transforms the Green's strain

= I}-Sﬂ ———(5.42)

to Almensi's strain,

Z‘ = It ' Ef. _"__(5.043)
) )
The two transformation matrices Ty and Ty has the properties of

orthogonality, whera:-

-t t | t
IO' Tg. & lg = r

o~ P~

Hence, from eqn. 2.40,

r =0c ¢

Lo d

we have, after substituting eqn. 5.42 and eqn. 5.43 into 5.40:-

ks =C

ot
tm

v

= S = :E;{ C

1

&
1
A
moim

Compare with:-

tlo

l
<
17

Hence, we have got:-—

©
=

b - —=(5.44)

£

5.4 Reduction to Plane Stress

In most thin plate analyses, the stresses in the out-of-plane

direction (z-direction) is often assumed to be zero which gives:-

% % O =0
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Also,

and similarly,

d &y

dUh = dﬁla = dﬂia = Q

=0

- dey

~—=(5.45)

——=(5.46)

therefore, the non-vanishing terms of the original 6x6 Constitutive

matrix becomes:-

] | Cu
| | Cay
47, _ Cozn
qu;s, C%”

anz CHIL Cmiﬁ
szﬂ sz sz;s
Cow Cur Gy

Gsn G G ‘

|éé..

dé.e
4

ddn |

L,

———(5.47)

Howaver, dQ"33 =d U'Z = 0 while d 633 is non-zero, therefore C is

condensed to:-—

~ c
Ez = cugn - _mh C&Jl
Cas

The Constitutive matrix is finally condensed to:-

-’

Caa-[

|Gt

A
G
C = Cul - C N
— { ) 233 C:5553
{Clll - Cn.}) G
L 3335

C3sy

E£3)
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ni.’s?mk' {Cnlf,- Cu%éi}’ {Culi. - Cnsé

}r {Cuzz - Cuss Ot }’ {Cwl - C-Zzii

b (G- ol

where m = 1,2,3

Gt
C&Sii

(:ssuz

333

(;ui
Gass

|
|

h

3

&m=

1,2,3

——(5.48)



Hence, the constitutive matrix for the Lagrangian frame of

reference becomes:—

P

! —1>
Qrﬂ)

——(5.49)

~
vhere the transformation matrix T¢ 1is now refered to the co-

ordinates in 2-~dimensional space only.

5.5 Total Strain Increment

If the displacement can be expressed as:-

U ={a, v, wj

then, the total strain can be written as:-

\ . . gw't~ ,‘
G A S | Ry
’b L
L=l6) - | a7 || 48y |-
IR 7 T AR I
] N S /

Y N
?

W ,.3_;1“’.

A_E; = afy =| 247 +J-(M)L o 2

AN gy Vaw
2 'a)r T ™ Z?fmy

a oant L) Wy | e W v 9
byl |55y (%ﬁfli}) 3 :
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From eqn. 3.25 and 3.25.a, the above total strain increment can be

written as:—

e
D

A = Dya AP - . de ?
L o= «\E+5¢j; ?'ﬁ“«’i* 0 'a;’ 'b:
bl e
P28 3”

\

= &,-aﬁ +§z-a"€ -a.gﬂ-a’c +I5.4§

-

5.6 Plastic Strain Increment Evaluation

From eqn. 5.39, we have:-

v =E-(dg -dh) -c-de

fand

where df 1is the total strain increment and dﬁf is the plastic
strain increment.

Rfarranginj eqn. 5.39, we have:-

Ed - Bl =L

-~ ——(5.50)



where I is a unit matrix, E'is the usual elastic modulus matrix and

it can be expressed as:-—

{ v o
. E
£ o= —
~ 1- Y ) i 0
-y
| o) 0 7 ,

A
C is the condensed Constitutive matrix for plastic loading (see
equation 5.48). A is therefore not necessarily a symmetrical

matrix even though E’l and C are.
If the plastic strain increment history is to be recorded, A has to
be evaluated throughout the whole process of loading for all

integration points when using the Finite Element procedure.

5.7 Evaluation of Plasticity Within a Loading Step

The tangency condition df = C mentioned at the beginning of this
.Chapter should ensure that the resultant stresses remain on the
;yield surface. However, owing to the finite nature of the load
increments, $f will not necessary be zero (see eqn.5.10). To
avoid the accumulation of this error, the stress resultants are
ad justed by moving them normal to the yield surface until f=1
where f is the yield function which if governed by the Von-Mises

yield criterion, would be expressed as:-

(02 0 - 68 + 365 )

Uaield .

Now, let fy,; be the elastic value of the yield function at the end

For a plate element:— f = —-=~==(5.51)

of the (i+1)th increment and where fj_j < 1 at any stationary point
through the depth of the element.
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Let f; be the plastic value at the end of the increment and f; 71

The strain increments to cause the gstrasses that just reach the

t

yield surface can be approximated as 'x' times the total strain

increments where,

£1 = £5.9 ——-(5.52)

So, the first approximated stresses at the end of the it} jincrement

is:—

Vo = O+ D¢ -===(5.53)

where 1, 1 is the first trial at step i.

With ji> 1 (from eqn. 5.51), then, equation 5.53 can be used to

estimate the stresses to reach the yield surface GT& where

Die = (-2 00+ xS
-——=(5.54)

A second estimate of the stresses at the end of the increment is

given by:-

.QEC = Qie + (1 - 1)‘]>(Q}€)'dik
- -~ —=={5.55)

Note that the constitutive matrix D is now a function of the

estimated stresses (7, .
ar
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5.8 Mathod of Solution

In most elastic analysis, equations 3.1 to 3.37 can be applied to
formulate the tangential stiffness matrix, In elasto-plastic
analysis, these equations still hold provided that the material
Constitutive matrix employed follows those described in equations
5.1 to 5.49, Basically, the analogy for solving the incremental
displacements can follow the steps and procedures shownin equations
3.38 to 3.56 whether the problem is an elastic one or an elasto-

plastic one.

In elastic analysis, the Constitutive matrix D can normally be made
constant throughout the whole loading procedure. Hence, the stress
levels (see equation 3.30) can easily be obtained by multiplying
the elastic modulus E'by the current strain level which is in turn

a linear function of the current deformation of the structure,

In elasto-plastic analysis however, the Constitutive matrix‘g;is a
function of the current stress level which if plasticity occurs,
will no longer be a linear function of the current deformation of
the structure at all. Therefore, an up—to—date record of the
current stress levels is strictly required in this case. There are
apparently two ways of evaluating the stress levels of a stationary
point at any loading stage; one is to accumulate the total stress
increments which is known as the incremental stress approach, and
the other one is to accumulate the total plastic strain increments
which is known as the incremental strain approach. 3Both approaches
will produce the same result, so, the choice is rather of personal

one.

5.8.1 Incremental Stress Approach

The approach is to accumulate all the stress increments throughout
the subsequent loading/unloading history, especially when yielding
has occurred. The stress increment at a stationary point can be
evaluated as:—

t
dr = E-df

~

—wm——e= for aslastic loading

& glastic unloading
-88-
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dy = ¢4

Ad _ mme——— for plastic loading

where déf is the total strain increment, and matrices E and C are
the Constitutive law of the material described in equations 5.38
and 5.37 respectively.

Thus, the total stress level at load step i is calculated as:-
§ -G o+ dr
Where Eﬁq is the total stress level recorded in the previous load

step,

The procedure is relatively simple and does not require any further
explanation. However, it should be noticed that if prior te the
load increment, the stress £ﬁ4 of a particular stationmary point is
below yield and that gl' is greater than yleld after the load

increment, then the iteration procedurss described in Section 5.7

has to be used in order to compute the correct stress incrementdﬁﬁﬁ
o

before it is being accumulated. The disadvantage of this approach
is that the incremental stresses are continuously required to
update the present total stress level even in the plastic unloading

stage.

5.8.2 TIncremental Strain Approach

An alternative way to evaluate the stress level at any stage is to
accumulate the plastic strain increments rather than to accumulate
the stress increments at the stationary points where yieldings have

been exceeded.

Referring to equation 5.39, the stress at any stage can be shown

as:—

[-4
v - E ,f: ———(5.56)

e
where é._ is the total elastic strain evaluated, and

S AN
t -
where ;_ is the total strain evaluated directly from the present

displacement level:-— Ct = B ’€'
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and ﬁl is the displacement function described in
equation 3.26
Ef is known as the total plastic strain increments accumulated

~

throughout the whole loading procedures:-—

L

f_r - f{f._, + ig’

Hence, if the plastic strain history is recorded, the total
elastic, and hence the up-to-date,6 stress level can be obtained

without any difficulties at all.

0

S

The evaluation of the plastic strain increment for any stationary
point during each loading step can easily be evaluated by using
equation 5.50. If before the load increment, the stress at a
particular stationary point is below the yield surface, while after
the load increment, the stress is above the yield surface, then the
elastic strain increment up to the yield surface can be calculated

as:—

~ _ ' ~===(5.57)



ﬁ}u,_.___.___.L’A
H
oy —
€l i | - £
¢’ dt*
L‘154 (notice that the suffice

1 and 2 refer to stages
1 and 2)

where:?

1
dé 1s the true elastic strain increment up to the yield surface
only,

t \ !
df is the evaluated total elastic strain increment using the

elastic Constitutive matrixlg,
2
d{ is the combined elastic and plastic strain increments.

To obtain the plastic strain participation dir , we have:-

a¢’

1]
e
S
)

ro

~ --—-(5.58)

where:

I
il
~~
—
[}
Al
<
=_
)

and where:

Ejl is the usual inverse elastic Constitutive matrix,
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t
D'(T) is evaluated as a function of the maximum stress level

just below the yield surface EI'

and ,.0," is equal to E(é{,\ fd.g)-

Having obtained the plastic strain increment participation, the
total plastic strain can now be updated, and the stress level at

the end of that loading step can easily be evaluated as:-

, - t b '
9¢ = k- (& - &) | —(5.59)
Any subsequent stress level on further loadings can then be

calculated as:-—

0 o= E- (& -Eh)

where Ci,is the accumulated plastic strain increment

P
é;ﬂ = §I“L + &SEWI

z

5.9 Criterion for glastic unloading

This section concerns the detection of a plastic unloading when (or
aftér) a stationary point has reached the yield surface., This is
absolutely necessary especially in the elasto-plastic dynamic
buckling analysis where plastic unloading often takes place in

regardless of the present states of external applied load.

From equation 5.26, we have

S A A T
¥ = 7T doy ;

it

r dq]
45@.&,&,&,%3—3&;} d | - (5.60)

T 5w T T ]

alﬂ?f

dlyy

oy

n
S

, -
o
o

2

——=(5.61)



From equation 5.30, we have

'_ ar 7 =H.d¢F
H = {Z° = A7 =H-dL -—==(5.62)

Substitute equation 5.62 into 5.61, we have

ﬂt.d = : 1—{'- i ~—-—(5.63)

AP Y

The Prandtl-Reuss relation states that

———(5.64)

de" = f - dET
and equation 5.38.2 states that:-

dr = E-{d& -4

laad

Substitute equation 5.64 1Into equation 5.38.2, and then pre-
t
multiply both sides by Lﬂ s we have:-

48 = fE-{dE-fdET)

o §E i AET 4 AT =J£ft'5'd§:

— o A

= d&

= JS- 4¢ = (5.65)

It is obvious that ifdir<CJin a load step, plastic unloading is

indicated. When this happens,daris set to zero, and in the next

load step, the tangential stiffness matrix is formulated based on

the elastic modulus E. If isotropic hardening is assumed, plastic
-93-



action is resumed only if ¢ exceeds its previous maximum value.

5.10 Convergence

In the elastic range, the incremental and iterative approach
described in Chart 1 can be used to converge to the sxact solution
quite easily. In the plastic range, however, opart from the fact
that errors are bound to exist owing to the finite size of the load
increments and hence a much smaller load step has to be used once
the yield surface is reached, there is also a need to keep check on
the maximum deflection evaluated within the structure so that the

errors evaluated would not be accumulated.

Nayak and Zienkiewicz (67) and Brebbia and Connor (38) used the
Euclidean norm,n=(f.€;ias a basis for determining convergence, They
applied iterations until the Euclidean norm of iterative deflection
changes was of the order of 17 of the Euclidean norm of the total
deflections. However, for most instability problems, the maximum .
out-of-plane deflection has been adopted as the basis for
determining convergence, Iteration is applied until the maximum
iterative deflection, w, is within a few percentage of the maximum
total deflection. After the onset of plasticity, since the flow
rules are related to the load increment, a convergence restriction
is placed on the incremental deflection. Here, the maximum
iterative deflection (see Chart 1) must be less than say 10% of the
maximum Incremental deflection. The overall total deflection

restriction is also applied.

5.11 MATERTIAL NON-LINEARITY ANALYSIS

During the elasto-plastic analysis, the relationship between the
stress increments and the elastic and plastic strain increments
depends entirely on the Constitutive law for the material

concerned.

Equation 5.41 of section 5.2 has already shown that this
constitutive matrix ¢ is a function of the plastic modulus of the
material which implies that the stress—gtrian relationship chosen

for the material is particular important.
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Throughout this analysis, the material is assumed to be an
alluminium alloy with a stress—strain relatiouship expressible by a

modified Ramberg-Osgood formula giving the plastic-strain :-

Er = f-] « \(o . {( HU:Y" )"|- ( Hiﬁ )m} o tsem

m-E

Where Y, 15 the yield stress level and is taken as 33,000 p.s.i.
m is the material characteristic and is taken as 10.

The inverse of the plastic modulus is thus:-

] dlp _l('__(T_'__)'“" ~——(5.67)

Er dU" - E -] = Yo

This plastic modulus Ep is calculated based on the current stress
level at the corresponding stationary points and then substituted
back 1into the Constitutive matrix € in equation 5.41 when
formulating for the tangential stiffness matrix Ehf during each
loading step.

5.11.1 Elasto—Plastic Loading/Unloading of Plate

A plate was subject to a simple tensile test so that the non-linear
stress—-strain curves computed from using the finite element program
can be studied. Incremental load method was used In the analysis
and the tangential stiffness matrices at various loading steps were
formulated following the steps and procedures laid down in seaction
3 and section 5. The plastic modulus of the maé%ial was evaluated
using equation 5.67 during each loading step. Before yielding
occurﬂﬂ, the applied load increments were relatively large. Near
to the peoint of yielding, very small load increments were applied
so that the structure could get round the 'elbow' of the stress—

strain curve. After that, relatively large load increments were
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resumed. Fig.20 shows the plotting of the stress—strain curve of a
typical plate element. It can be seen that the curve is almost

identical to that obtained by equation 5.66.

Another test was carried out. This time, the plate was first
subject to tensile loading until it had exceeded the yield stress.
When that happened, the structure was unloaded until it had reached
a much lower stress level, loading then resumed again until it had
exceeded the previous maximum load level. Fig.2la to Fig.2lc shows
the stress strain curves of the structure under such

loading/unloading sequence,
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6. DYNAMIC LOADING ANALYSIS

When the application of the 1loading is rapid and severe, the
contribution of the acceleration—dependent inertia forces and the
velocity—dependent damping forces is quite significant and can no
1oﬁger be negligible as in the case of static load.analysis. In
order to take these forces into account, the equation of
equilibrium has to be considered rather differently. In finite
element transient dynamic analysis, there are various ways of
computing for the dynamic response of a system., The varletias of
solution methods were generated not only because of their acadamic
interest, but generally duvue to the nature of the problem involved.
To perform the dynamic analysis, the basic equations of motion can

be written as:—

3
IR
+
1
R
+
i
[%al
1l
-

———(6.1)

where:

m, ¢ , k are the mass, damping and stiffness matrices
[ard o

L

respactively,
£ is the external applied load vector,

X, x and % are the displacement, velocity and acceleration

vectors of the finite element assemblage.

6.1 Modal Superposition Scheme

To solve equation 6.1, if the involved structure can be assumed to
be linear throughout the entire loading history, that is that their
dynamic resisting forces could be related to the acceleration,
Vvelocity or displacement vector by means of linear influence
coefficients, then Jit is possible to compute the wvibration modes
and frequencies for the structure and to evazluate the response in
terms of the modal co—ordinates. This procedure is sometimes known
as the modal superposition method. Details of the scheme can be

found from many references {41).
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Because of the change in geometry when local buckling commences,
the fundamental eigenr modes of the structure also change quite
drastically. It 1s therefore not possible to use the modal
superposition method to compute the structural response throughout

the entire loading period.

To illustrate this, the first 6 natural modes of a stiffened panel

are computed at t = 0 (i.e. before loading is applied):-

.74 where 1 =1 ....6 —-—=(6.2)
tif:-g

The first 6 eigen modeg at various time steps (t = t“ta---—tn)are
then computed using a step—by—-step integration method, which will

be described further along the chapter. Hence, we have

_;ﬁ whare : Pelz ey
L/t ——=(6.3)
" lln’f:.i"‘-tﬂ

If changes in the eigen modes are not significant, we should expect
that the product of the transpose of the first 6 eigen vectors at t

= 0 and those at t = tn be equal to unity, i.e.:— :

7 |
ijf:o "‘/‘Zif., -/ fr ./ —==(6.4)

However, Fig. 22 and Fig. 23 show that this is not so because of
the occurrence of the unstable eigen modes. Fig. 22 shows the
change in the eigen modes at various time steps. Here, the applied
..load is equal to the loeal buckling load of the panel. 1It can be

shown from this figure that the best correlation between the t = i,

modes and the t ty, modes is only the 6th mode. Similarly, Fig.
23 shows that the modal correlatioﬁ of the structure when the
applied load is equal to 1.5 times the local buckling load of the

panel. Again, only mode 1 has experienced close correlation at

most of the time steps.

It is in this aspect that a numerical step-by-step integration

method is sought to compute the response of the structure.
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6.2 Numerical time integration schemes

Various time integration schemes have been developed and widely
used (e.g. Wilson-{ method and Houbolt method etc.). Details of
these can be found from .refs. (80-87). 0Of wvarious integration
schemes, only the Newmark-% method and the Central Difference
method with diégonal mass matrix and Central Difference method with
consistent mass matrix are being examined here merely to compare
and hence choose the most suitable and computationally economical

scheme for our present problem.

6.2.1 Newmark-f method
{

The above method is one of the most widely wused Implicit

integrating methods. The governing equations are:-

H‘Uﬂt = g" + % (:l;jt t ,t;_lti-at) ——=—{6.5)
. > ..!. L .o
Ut = Ue + atls *At'[{ﬂ'p)'gt *ﬁg“"“k —m=(6.6)
For ﬁ = +, the formula corresponds to the assumétion of a

constant acceleration between t and t:At. The associated velocity
is plecewise lihear (ref.86). The value also provides the response
with unconditional stability. For F = 1/6, ihe above formula
corresponds to a plecewise linear acceleration within each time
interval. In linear analysis, in the absence of damping, the

combination of equation 6.1, equation 6.5 and 6.6 gives:—

(b o) =(snt‘-f:ft e +ob Ur @Byt ] o ——(6.7)

where Fh¢ is the external applied load at time t*nt . In non-
linear analysis, where the increment displacement is required at
each time step to obtain the internal nodal forces, the above

equation is written as:-

(50l - By 2l e [t Pt 4
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~Nkﬂz
Saf -5 Kl 6.9)

On examining the Newmark- method, the displacements found by
Equation 6.8 and the accelerations found from these displacements
by Equation 6.6, will not satisfy the equation of motion at time t+at

One can derive from the above equations the nodal error forces by:-

arfef . int
£ = F° —f -tﬂl,l ~---(6.10)

Lo d

These nodal error forces represent the error in the solution
procedure, unless steps are taken to control their growth,

otherwise the solution so obtained will bscome meaningless (86).

6.2.2 Cantral Difference Method

The Central Difference method can be shown to be equivalent to the

Newmark-% method with Fv= 0. The governing equations used are:—

U = g_lt% « b —-=(6.11)
Urae = U+ sl —(6.12)

and assuming that:— Hif;—f = rl_—lt * '%'_-A’(-Qt —=(6.13)
from equation (6.11), we have:-

,Llh%' = Hh% + &t g.tu’t —=(6.14)

From equation (6.13), if we proceed the whole equation from J(fég
to T« 3-2'—1' and t to tedk ; we will have:-

Ueat - dp o foat Ut ———(6.15)
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The R.H.S. of equation (6.15) isthen substituted into the L.H.S. of
equation (6.14), and the L.H.S. of (6.13) into the R,H.S. of
(6.14), we will get:-

Ut **'zL'“t':g“ﬂt = Uy *'zl"’{'gt “J['gtut

~——=(6.16)
. . I { L] v
= + -al - Ll + u
=7s' (l_;lt.ut ,L_.Jt 2 L""t "tf‘t ) —"“*(6.17)
from equation oV ‘H.-I'[, we have:-—
ald = Mt - Ueo = 228 (Ue + Ypaat)
‘.i‘t ae I
= ata gt* + ot Uy (6.18)
A = L = = Al ’ ._e_!
u Uteat Ut t Ueed ——==(6.19)
A = G - U o)
If equation (6.1) can further be written as:-
F ot Fin{' F inest. dqmr-
gt = Lttt lpat 7 ——(6,21)
where Ffe:z;:' is the external force at time step t -+ at
Finert. = M-itut‘ is the inertia force at
A iAt r~

time step t + & t

damp.
E'Hot
time step t + At

= C-?.Etut‘ is the damping force at
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int.
zl‘-\'dt
t+ At, and is evaluated as the summation of all the

is the total internal force at time step

incremental internal forces up to time t 4+ at, hance:-

in"(- -t_'.'t inf. tsaf
fmt = éé'ﬁ- + K aX ———(6.22)

at time t=t+ a t, the equation of motion is:-

Y t t. iul' .
M'Etﬁd’ = F: {LAFM 4 KA 1 } - £'£t+¢ ——=(6.23)

at t = t

}f t"&t £ -
[%" ‘f *5"5t-ﬂt}' Xt ———(6.24)

M?Er = Fr

o~

equation (6.23) - (6.24); we have:-

N .- y.{ bt b fetmt t
M{ Xtsat - Xt) = (Ftﬂt )-{%: f (L;.QF + AXH{)
thal - : —
+ K-aXy }‘ Clxput -Xt) —06.25)
e tral b teal t y t"At
= i <A gt cok
—((6.26)
From equation (6.18), we have
o t4al 'tut .
aXy = anb + st &y
ZSulbsl'ifufc this c.t‘uaffon into =qn- 626, we have:-
M_A:%?.r "-‘r’:fur _ K :(?dl' _ C. (Z tAx'l'ﬂt‘)_ A'li Q:‘Et -..-..((,.7_-[)
Ra—qrrcns'ms (ﬁ-ZT) v We have -
e, at; ‘trd{' at .
(Mo ) SR - Rl - stk 6®
Itmt = (M + e_‘ ) F-tfaf tu’r (.'-7‘(.— }
T~ R CALE] 6

In wusing the Central Difference scheme, two very important

points need to be considered:-—
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a) The conditional stability of the Central Difference scheme

This can normally be overcome by taking a very small time step (by
trial and error). However, if the integration of the equation of
motion involves the solution of a large set of linear algebra at
each time step, especially when non-linearities are included, the
computing time spent could be quite immense. It is therefore
necessary to evaluate the maximum time step size which will

provide a numerical stability. This time step is evaluated by
considering equation (6.1), with the absence of damping and

external applied forces:-

= Uy = -M KU ——=(6.30)

Substituting equation (6.30) into equations (6.11) to (6.13) and

following the algebraic manipulation (79) we derive:-

r A
A{ ' [_4 ‘ ng t ,l.:ltut 'Z}:i,t* ,l:!t‘-ﬁt =0 ——=(6.31)
1 fnat
Substitute M :K by the system eigenvalue A and !;lt by H 2 .

we obtain:-

N - gat - -pat
at At ¢B -2 t e = 0 —-—~=(6.32)
lht
Since equation (6.32) is bounded for all time, I c I must
be less than 1, thus equation (6.32) becomes:-—
*

AN <

< 2
=  at £ == ———~(6.33)

N Nmos.
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where ‘Awnm is the maximum elgenvalue of the finite element which
provides the strictest condition. In linear analysis, coupling
does not exist between bending and membrané behaviour. The time
ste;'is governed by either the maximum bending eigenvalue or the
maximum membrane eigenvalue depending on what type of solution is
required. However, 1in most large displacement analysis, the
membrane and bhending displacements are 1Iin general coupled.

Therefore, the time step chosen should strictly be governed by the

smallest wﬂues between the two:i-—
> | !
}
f maX. / max.
N, A membrone

When large displacement takes place however, the maximum eigenvalue

———=(6.34)

of the system is generally increased, thus the required time step
size should also have to be reduced in order to avoid any numerical
instability. In most non—linear analyses, it would therefore be
necessary to keep checkhﬁcmthe current maximum eigen value of the
structure so that a correct time step size can be used throughout
the entire loading history without having to upset the numerical

stability.

In practice, however, at used in the program is only about BOZ
of the time step size evaluated in equation (6.33) to allow for a

reasonable margin.
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b) Lumping of the Mass Matrix

As mentioned above, the convenience of using the Central Difference
scheme is that when a diagonal mass matrix is employed, and in the
absence of damping, the nodal accelerations in equation (6.29) can
be solved recursively without going through the triangulization of
a banded matrix as in the case of the implicit method. If however,
a consistent mass matrix 1s employved in the Central Difference
scheme, the advantage of such a scheme will be obscured since the
solution procedure also involves the triangulization of a banded
mass matrix, and needs to go through a much smaller time step than
that used in the Newmark.-% method. Here, the lumping of the mass
matrix is carried out directly from the well known consistant mass
matrix (details of the formulation of the consistent mass matrix
can be obtained from refs. (19 and 88)). The lumping procedure
follows the one suggested by Kay (79) in his investigation on the
stability of the Iumped mass matrix in Central Difference
integrating technique. It can be concluded that the lumped mass

matrix is evaluated as:-—

<

Me

) —=——(6.35)

d
Fqcf =

S {Vim

d .
where Pﬁ' is the lumped mass of the ( th degree of freedom of the
<
elament, and Kl is the usual consistent mass matrix; E is the
number of couplings of the same displacement harmonic between one
node and the other nodes within the element. The wmethod also

suggests multiplying the rotation terms by a rotational gradientol

, which can be adjusted to match the maximum frequencies obtained
from both the diagomal mass and the consistent mass matrices.

Details of this can again be consulted through refs. (79 and 89).

: P
When plasticity occurs, the maximum eigenvalue of the systenm )\mu.

(whether by using a Diagonal Mass Matrix or by using a Consistent
Mass Matrix) will be different from its elastic value ‘17\M&x .
However, we can make further assumption here that during plastic
deformation, the ratio of the maximum eigen value obtained by using
a Diagonal Mass Matrix and that by using a Consistent Mass Matrix

should almost be the same as that in the elastic case, i.e.:-

-105-



P _ <. P
Mo 2 Meee
. -3
f 7\<~M“' 7\“‘“7‘-

So the rotational scalar aC can remain almost unchanged throughout

-——={6.36)

the whole loading history regardless the state of plasticity. The
above assumption does not seem to be unreasonable since in most
instability problems, the change in material mass is hardly
significant and that their mass matrices should remain reasonably

constant.

6.3 Treatment of the HNon—-diagomnal Damping Matrix When Using a

Lumped Mass Matrix

Equation (6.29) shows that in the event of the presence of damping,
a Central Difference dintegrating scheme will still not benefit
from the employment of a lumped mass matrix if a non-diagonal
damping matrixﬁ\gﬁiée the L.H.S. of that equation would still
contain a non~diagonal matrix term. In general, the damping matrix
C can not be constructed from element damping matrices, such as the
mass and the stiffness matrices of the element assemblage, and its
purpose is to approximate the overall energy dissipation during the
system response. Hence, in general, the damping matrix C is a
full matrix (41) and is a function of the element mass matrix,
stiffness matrix, ecritical dampings and also the fundamental

frequencies of the system.'.gﬁis therafore expressed as (41):-
C = LM+ P!S —(6.37)

where o & % are the constants to be determined from the two given
damping ratios that correspond to the two unequal frequencies of
vibration of the system. It was also shown in reference (41) that

the evaluation of the two constants o & @ can be expressed as:-

1

o 4 @A}T .Z‘J|§i

L+ fus 284 -===(6.38)
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and 'g' & 'f;, are the two critical damping ratios for the
corresponding frequencies. Normally, the first two frequencies are

employed.

Having evaluated the damping matrix C (equation (6.37)4 equation

(6.29)) can now be re—arranged as:-

T o~ trat teat - <otaal
M"‘%{;A = af - KaXy - ¢ st Xy *fg_i'“?ft

o

--——(6.39)

The term ,Cv'éétml‘ on the LHS of equation (6.28) is now moved to the
RHS of equation (6.39). This is desirable as it would keep the LHS
of equation (6.39) as a function of the Diagonal Mass matrix only
so that the solution procedure can be done on element by element
level. However, such arrangement would leave the RHUS of equation
(6.39) with the acceleration term Azt;“t which is not kmown at the
beginning of the solution procedure. 1In order to solve equation
{(6.39) the solution procedure has to be carried out iteratively
until the accelerations A%?ﬂt evaluated from any two successive
iterations coanverge. The iteration procedure taken in the Central

difference integration scheme with damping included can be shown as

Pa t trat
Ewﬂuotc - AA_F::A ; ET Azt

1

Tut :- Aii?t = A)(t

~— = t+al

Danpe- teab . boiytedt
Ailt = ,C_'{A{'Eét*%'br):‘t
F

o srae - [ebdis st Pt
C.o:nruﬁ.. AL.‘:t "Ld|{af: t.. 51-“\51:& ) A"‘[’Etn.}

foofal oo faf
L‘ ic).rf 4‘.%[ =A£t

Ppc!o{'a. Parm—-nd'drs ¥ Gortinue .
Lima \-\:s{'orxi 107-




6.4 Evaluation of the maximum eigen value of the system

It has been shown in the previous paragraphs that the maximum eilgen
value of the system during the analysis 1s strictly needed when
employing the Central Difference integration scheme. This maximum
eigen value serves two purposes prior to the running of the dynamic
program; one is to obtain the rotational inertia scalare
employed In the lumped mass formulation, and the other is to
evaluate a correct time step size in order to fulfill the numerical
stability requirement. Because of the non-linearities involved,
this eigen value will no longer be constant throughout the dynamic
analysis and therefore it has also to be evaluated at regular time

intervals.

The eigen value extraction algorithm can normally follow the
formulations described in Ref. (79). However, since it is the
highest eigen value that we are interested in, an alternative
scheme known as the Direct Power method can be employed. The

iteration procedure is described as follows:-—

M-bn = K- Uny ———-(6.40)
{
U =  10n

. ~ we—m(6.41)
where LJmIiS the trial vector. Here, the sweeping of the previous
eiven vectors is not required since it is only the highest eigen
value that we are interested in. It can be shown that the maximum
eigen value 7\mmt converges to yEn where C(, 1is the element oféén
with the largest absolute wvalue. To start the iteration, the trial
vector L’."‘" can be set to a unit vector and 1.3.‘ can be evaluated

as:—

-
Wn = MK Un ————(6.42)

Here, the advantage of using a diagonal mass matrix is more obvious
because this would mean that the evaluation of the highest
elgenvalue of the system can virtually be obtained on an element

level.

-108..



6.5 Solution Procedure

Prior to the running of the dynamic loadiﬁg program, a separate
program has to be run. This sepdrate program assembles the
structural stiffness matrix and the mass matrix to evaluate the
fundamental frequencies as well as the maximum frequency. As has
been mentioned before, the fundamental frequencies are used to
formulate the damping matrix C of the system, while the maximum
frequency is used to evaluate the rotational inertia scalar o as ~
well as the suitable critical time step size.

In order to evaluate the change in mode shapes and eigen values of
the system during loading, the same program (hereafter known as the
pre-process program) can be used to perform eigen value and eigen
vector extractions. This operation 1s particularly useful when
studying the effect of the change of eigen mode 'shapes of the

system with reference to the change of structural geometry and

material properties{ see for instance Section 6.1 ).

The reason for the ahove eigen value extraction procedures (for the
lowest eigen modes) to be performed separately is that such
operation would require the inverse of the full stiffness matrix E-'
, and if the inversion is to be carried out in the main dynamic
program during the analysis stage, enormous amount of memory core
would inevitably be required. In order to save the unnecessary
compuier storage (after all, this is the main reason for choosing a
Central Difference integration scheme), the stiffness matrix and
the mass matrix at various loading stages are recorded and stored
out of core. On conpleting the main dynamic program, the pre-
process program will then be recalled to perform the eigen wvalue
analysis using the pre-recorded stiffness and mass matrices as that

in the case of Section 6.1.

While it is reasonable to assume that the rotational imertia scalari
would not have any significant change throughout the stages of
loading (see section 6.3), the fundamental frequencies &J, & 4Ala
will change quite considerably once buckling is
approached. However, we will make a further assumption here that
the formulation of the damping matrix C based on the values of A

& 7\1 {i.e. &, & #; ), would have very little effect on the
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equilibrium state of the system and therefore the choice of'hla')z
is purely arbitrary. Hence, by keeping the terms &3, & Wy at any
loading stage equal to the structure’s undeformed basic frequencies
dﬂ 3 ﬁﬂ, we are adjusting the critical wvalues 'g, & 'gl at the
corresponding loading stage so that equation (6.38) can remain
constant. This does not seem to be unreasonable since; in our
present analysis, external dampings are only applied after

unloading has been completed.

The Direct Power method is included in the main dynamic program
(because it does not take up large computer storage, see section
6.4) to keep check on the change of the maximum eigen value so that
a suitable time step size can be used. This is strictly required
especially when the geometry and the material of the structure has

changed.

During the entire loading stage, some 5,000 to 6,000 time steps are
required as the time step size is very small due to the numerical
stability requirement. It was noticed that if the applied load is
not severe and that it has not exceeded 60%Z of the critical
stress of the structure, the updating of the tangential stiffness
matrix can be donme once every 30 to 40 time steps without causing
any unnecessary divergence to the structural response. However,
once it has exceeded so, the updating of the tangential stiffness
matrix will have to be carried out on every single time step. This
is particularly important as the consequence‘of failing to do this
will lead to divergent responses and result;ﬂ252ry similar to that

which occurred in the numerical unstable case(see Sechon 7-2. L4 ).

To ensure convergency even after the onset of plasticity, the
program also checks on the norm of the out-of-plane deflection
increment ax = (_*‘-g.t- A% )yl . The load increment will be re-
iterated once the maximum incremental displacement AX exceeds 2%
of the Euclidean norm of the total deflection {( X = ({)f-{{ )}"" , see
section 5.10). :
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The criterion that goverms the plastic wunloading once the
stationary point has entered the yleld surface has already been
described in section 5.9. This 1is strictly required for all the
dynamic buckling analysis since the loading and unloading condition
of a stationary polint 1is completely independent of the external
loading/unloading condition.

Chart 2 contains a flow chart of the computational procedures.,
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6.6 Dynamlc Response Analysis Test (Comparison between the Newmark- F
& Central Difference Methods

The structure employed in the test is a plate element with one end

built-in and the properties of the plate are:-

E = 10,000 1b/in2 thickness = 0.1 in.
Poisson's ratio = 0.3 _ length of plate = 10 in.

width of plate = 2.5 in.

[omfry /J/’

te

time

The variation of the frequencies of the system with different
rotational gradient o is shown in Fig. 24. 1In that analysis, a
rotational gradient of 1.45 is found to give exactly the same
maximum frequency using the diagonal mass system as that obtained
using the consistent mass matrix. The membrane mass matrix
employed in this element contains no rotational terms and therefore
is independent of the imposed rotational gradient oL . The
critical time step evaluated from the system is 0.00012 sec. for
membrane response, and 0.0003 sec. for bending respose. On
applying ol = 1.45 to the rotational terms on the diagonal mass
matrix, the critical time evaluated from the membrane analysis was
unchanged. However, in the linear bending response -analysis, the
critical time was found to be slightly less than the predicted

value of 0.0003 sec. and is, in fact, reduced to 0.00028 sec. to

-113-



obtain numerical stability {(about 90%Z of the predicted value).
When non-linearity was included in the analysis, the time step
employed in both bending and membrane analysis was reduced to

0.00012 sec. before numerical instability occurred.

Figs 25a and b show the linear dynamic response of points A and B
in the system shown in the above diagram, using the Central
Difference diagonal mass matrix method. Fig. 25a shows the
displacement wvariation with time of that system. The maximum
amplitude obtained was 0.6182 in. and the minimum obtained was
0.00035 in. The static deflection line is drawn to contrast the
results and it was found that the evaluated displacements fluctuate
between + 0.31 in. from the static deflection line. The time
taken for the system to complete one cycle was 0.6] sec. This

~agrees well with the theoretical maximum period of the structure
using the diagonal mass matrix (see Tables in Fig. 24). The result
exhibits a very slight artificial damping. The critical time step
was found to be -0.00028 sec. to provide numerical stability. An
attempt was also made to use a time step of 0.0003 sec. and was
found that the result diverged after 250 time steps. - The total
number of time steps used in this analysis was 5,000' and the
computing time used on the CDC 6500 was 86 sec. The velocities and

accelerations are shown in Graph 8b and 8c respecively.

Figs. 26a and b show the linear dynamic response of points A and B
for the same system, this time using the Newmarkn~§ method with
= }# . Fig. 26a shows the displacement variatlion of the points with
time. The maximum amplitude evaluatd was 0.6187 in., and the
minimum 0,000057 in. The static deflection line is drawn to
contrast the result and again it can be seen that the line is the
mean of the fluctuating displacements. The time step used in this
program was deliberately lower (0.00028 sec.) so that the results
can be compared with those obtained using the Central Difference
method. On using very large time steps of 0.002 sec. (Fig. 30a)

and 0.02 sec. (Fig. 30b), the integration scheme also shows its
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unconditional stability. The time taken to complete one cycle was
found to be 0.5871 sec. which, when compared with the theoretical
value of 0.591 sec., shows excellent agreement. The scheme also
shows a very slight artificial damping. The total time step used
in this analysis was 5,000 with a step size of 0.00028 sec. Total
computing time used by the CDC 6500 was 478 sec. which is nearly 6
times longer than that used by the Central Difference diagonal mass

method.

An analysis was carried out using the Central Difference
integration scheme with a consistent mass matrix. The algorithm
also required a critical time step of 0.00028 sec. A curve of the
response is plotted on Fig. 27a. The results are exactly the same
as those obtained using the Newmark-—% method with F = }Q T
Displacement curves obtained by the above two methods are shown for
comparison on Fig. 27a and are identical. Displacement curves
obtained by the Central difference diagonal mass and consistent
mass matrix are alsc plotted on Fig. 27b. Here, they show a
frequency change, but the displacement amplitudes are unchanged.
The frequency change 1is caused by. the change of the lowest
eigenvalue when lumping the mass matrix. As can be seen from the
tables in Fig. 24, the lowest eigenvalues for the diagonal and
consistenﬁ mass matrix were 106.6 and 112.9 respectivelf. There is
also a slight difference in the highest eigen-values obtained by

using the two Mass Matrices (see Fig.24 Y.
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Figs 29a and 29b show the displacement and velocity responses
obtained wusing the Central Difference diagonal mass matrix and
NeWmark-% method with E = y# . In Fig. 29a the displacement
curves obtained by the two methods do not exhibit any difference in
magnitude and, in fact, where very slight artificial damping
occurs, they both appeared to have the same damping. The frequency
change occurring in this comparison appears to be the same as that
in Fig. 27b. This is because the Newmark-g'method with % =0 is
virtually the same algorithm as the Central Difference method using
the consistent mass matrix. Fig. 29b shows the comparison between
the wvelocity responses hetween the two algorithms, again they are

very much alike except that a slight frequency change has occurred.

An analysis was carried out using an amplified rotatiomn gradientd@
In this analysis, o{a was deliberately set to be equal to 7 (i.e.
when lumping the mass matrix, the lumped rotation terms from the
consistent mass matrix were multiplied by a factor of 5). On
examining the maximum eigenvalue using such a lumped mass matrix,
the maximum eigenvalue was found to be equal to 2.1 % 107. The
corresponding critical time would be 0.00045 sec.; using 9%%.of the
evaluated critical time would give a critical time step of 0.0004
sec. The displacement and veloclity responses of the above
analysis were plotted in Figs. 28a & 28b and were compared with
those obtained in Fig. 25a and Fig. 25b.. Surprisingly, no

significant differences were found except for a slight phase shift

in the velocity and acceleration response curves.

Figs. 30a and b show the comparison of the displacement response
using the Central Difference diagonal mass method and Newmark%
method with % =}4. The time steps used were 0.00028 sec. and
0.002 sec. respectively. Fig. 30a shows that at a time step of
0.002 sec. (8 times the critical time), the Newmark.% method

exhibits the same response as that oHamedluSmj a time étyiﬁ 0-000 28 %c.
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But when the time step size was increasad to 0.02 sec. (80 times
the critical time), the algorithm results in a very large phase
shift (see Fig. 30b). [Notice that the displacement obtained by
Newmark-@ method at the end of the sacond cycle in Fig. 30a is
lagging the displacement obtained by the Central Difference method,
and the one on Fig. 30b is leading].

Membrane analyses using both Central Difference diagonal mass and
Newmark.-% methods were also carried out. The system is the same
as the one used in the bending analysis, but the applied loads on
points A and B are in—plané compressive loads. The static
deflection obtained using the finite element analysis was 0.361 in.
for both points; Figs. 3la to 31d show the dynamic responses of
the system using the above described method under such loadings.
As there 1s no rotational inertia in the membrane mass matrix, the
critical time step followed strictly from the maximum eigenvalue
obtained using the consistent mass matrix (0.00012 sec. Fig. 24).
Again the lumping of the mass matrix causes a periodic time
difference. Fig. 3la shows the frequency change between the two
algorithms, The theoretical analysis shown in Fig. 24 gives the
Newmark-% scheme a periodic time of 0.0221 sec. and the Central
Difference Scheme a periodic time of 0.0221 sec.. On completing 5
cycles, the former method would take 0.107 sec. and the latter
0.1105 sec. On examining the displacement curves on Fig. 3la, the
total time taken for the Newmark:—@ method to compute 5 cycles
was found to be 0.105 sec., -and that for the Central Difference
diagonal mass method -was 0.109 sec., The results show the great
reliability and accuracy of the integration algorithm contained in
this program. Figs. 3la and 31b show the membrane velocity and
acceleration responses of the system using both methods, and again
it is obvious that the results did not exhibit any significant

difference.
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Fig. 32a shows the displacement responses uging the Central
Difference diagonal mass method with and without the geometric
nonlinearity effects respectively, For Such small loading, the
effects of the geometric mnon-linearity did not appear to have any
significant contribution. No phase shifting occurred but the
displacement magnitude using the nonlinear analysis was seen to be
slightly less than that using the linear analysis. The time step
used was only 0.,00012 sec. which is the membrane critical time
step. (When geometric non-linearity is considered, the coupling
between the membrane and bending displacements requlres the
critical time step to follow the minimum obtained between the two
analyses). The total computing time taken during the 5,000
integration steps was 1471 sec. on the CDC 6500. Much of this time
was spent on forming the geometric stiffness matrix which was

updated every 10 time steps.

Figs. 32 to 32¢ show the nonlinear displacement résponse with
damping present. The critical time step was again 0.00012 sec.
The dum?ﬁg rofios used were 10% and 20%

respectively, and the first two lowest frequencies were chosen to
| obtain the constants o{ and @ when evaluating the damping matrix C
using Equations (6.37) and (6.38). The displacement converges to
the predicted static deflection when damping is included.
Similarly, graphs 32b and 32¢ also show the velocity and
acceleration of the system being damped down to static values (i.e.

zero velocities and accelerations).
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7.FULL ANALYSIS (STATIC AND DYNAMIC LOADING) ON THE B.A.C. DESIGNED

STIFFENED PANEL

Sections 2 to 6 have shbwn in detail the necessary formulations and
procedures Involved in producing a mathematical tool to Investigate
an elasto-plastic dynamic buckling problem (primarily for a
stiffened panel) using Finite Element approach. To this extent, a
package based on the above formulations has alsc been written to
compute the response of a stiffened plate when 1t is subject to
either static or dynamic loadings. Details and the user's manual
of this package are shown in Ref. (90). The package has, during
the stage by stage analyses, been able to show great accuracies and
close agreements with some existing results when it is performed on
some simple model testings (Sections 2 to 6). However, since the
ultimate purpose of the present analysis is to investigate the non-
linear buckling behaviour and hence the collapse dynamic loading of
a B.A.C. designed stiffened panel, it is therefore necessary to
examine here the behaviour of this structure by applying the load
both statically and dynamically. In this chapter, we will also
predict the magnitude of a dynamic applied load which will cause

the overall collapse of the above mentioned structure.

The configuration of the B.A.C. designed stiffened panel 1is shown

in Diagram A below:—

Jasens A
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The static local and overall buckling behaviour: of the above
mentioned stiffened panel have also been analysed wusing the
Engineering Data Sheets. The calculation of which 1s shown in
Appendix 2. These regults are then used to check against the
Finite Element results computed by the package. The following
sections describe in detail the stage-by-stage analysis.

7.1 Static Buckling of the Stiffened Plate with B.A.C. design

Criterion

In finite element analysis, the above structure 1s modelled as

below:—
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Only one quarter of the plate is used because of the lines of
symmetry on edge A0 and OC . Bearing in mind the assumptions we
have made in Section 1, we further assume that the structure is
simply-supported along edge AB and BC, the following boundary

conditions are imposed:-

Rotation dw/dy along OA and rotation dw/dx along edge OB are to be

restrained.

Qut-of-plane movements, w, along edges AB and BC are also

restrained.

In-plane movements in Y-direction along 0A together with in-plane

movements in X-direction along OC are suppressed.

The uniformly distributed compressive edge loading is modelled in
terms of a set of nodal forces (F = (- b-t) applied on nodes 1, 5,
9 and 13 in the ratio of 1, 2, 2 and 1 respectively. In addition
to these, another set of nodal forces is also applied to the nodes
where the stiffeners are attached to. These forces, which are the
product of the applied stress and the cross—sectional area of the
stiffener (F = ¢ -Ag )}, have to be transformed from the
stiffener's local axis to the mid-plane of the plate before they
are applied to the corresponding nodes. Detajls of the
transformation procedures can be found in Appendix 1. Details of

the model is shown in Diagram C.

The finite element analysis of the above model produces the

following results:-
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7.1.1 Elastic non-linear buckling of the stiffend plate

a) Incremental Load Method

The structure buckles at an applied stress level of around 8,400
1b/in2, Comparing with the theoretical critical stress of 8,700
1b/in? which is evaluated by using the Engineering Data Sheet
(Appendix 2), the finite element result 1s some 4% below the
theoretical value. The discrepancy is mainly due to the absence of
the torsional rotation terms when modelling the stiffeners.
Nevertheless. this discrepancy level is still acceptable and it is
quite evident that had this been included in the model, the result

would be much closer to the theoretical value.

Fig. 33 shows the nodal load-displacement curves of the structure.
It 1s noticed that 1local plate buckling takes place when the
applied stress reaches 8,400 1b/in2. Further load increments have
enabled the plate elements to continue inte their post-buckling
state with their load displacement curves behaving very similar. -
to that described in the previous section. The figure also shows
that the buckling mode shape of the structure is identical to that
shown in Fig. 34a (Fig. 34a is in fact plotted to illustrate the

eigen value results which will be described in the next section).

b)Eigen-value Solution for Buckling

The buckling behaviour of a structure can alternatively be obtained
by using an eigen wvalue type of solution. However, in this
section, the eigen value solution is used as an independent check

on the results obtained from the incremental load method.
In this analysis, not only the buckling loads at various buckling

lavels are evaluated, the corresponding buckling modes ara also

plotted by using a 3-dimensional plotting package. The mode shapes
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are expressed in terms of the evaluated eigen—vectors. Only
transverse displacements are illustrated. The intermnal
displacements of the plate elements are interpolated from the nodal

values to give better definition.

The twelve buckling modes are plotted on Fig. 18a to Fig.I8{ bYusing
this 3-dimensional plotting package. Their corresponding critical

stresses are tabulated as below:—

7\1: = ?\l 7\:. 7\3 >\4- hs R& h'f hs ?\, 7\lﬂ ‘7\" ?\lL
fit 18 6 ‘
(/i) 04T | G107 | 10,651 | 10,743 | 1d713 | 15,247 | 15,600 | 17,967 IB,S;T 19,62 | 2894 | 32,915

where M. represents the critical stress in the ith buckling mode.

All the above critical stresses are evaluated based on the
configuration of the deformed structure at an applied stress level
of 1,000 1b/in2, The above shows that the first critical stress is
8,047 1b/in? which 1is very close to that obtained by the
incremental load method. Fig. 34a also shows that the buckling
wave length of the structure is about 9@ of the plate length, which
agrees with the results found previcusly. At the 1line which
represents the stiffener,' it remains almost straight. This
indicates that only local plate buckling has occurred and that the
stiffener has not buckled yet. Mode 2 to Mode 10 (Fig. 34b to Fig.
34j) show the different buckling modes of the structure. In all
those 10 cases, the stiffener has not buckled at all even though
slight bending may be presant. Fig. 18k shows the 1llth mode of
buckling which corresponds to an applied stress of 28,994 1n/in2.
In this figure, significant bending is found on the line which
represents the stiffener., This shows evidently that the stiffener
has buckled at this stress level., The result agrees very weall with
that obtained by using Engineering Data Sheet ( Oest = 28,222

1b/in? for a perfect stringer without any load shedding, see

Appendix 2 ). Also in that section, we have mentioned that the
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stiffener would then be buckled at a slightly lower stress level
(22,890 lb/inz, see Appendix 2) due to the fact that some loads
would have been shedded into the near-by stiffener during the post-
buckling of the plate elements. However, our present eigen-value
analysls is based on the deformation of the structure at an initial
perturbation of 1,000 1b/in, and therefore it will not take into
account any load shedding that would otherwise incur from the local

plate buckling.

which
Both results, are derived from the incremental load method and the
eigen-value solution method, demonstrate the correlation

between the finite element method and the analytical method.

7.1.2_ Elasto-Plastic Buckling of the Stiffened Plate

The same stiffened plate as that described in section 7 1s used.
Incremental load method is employed and uniformly distributed edge
loadings are applied until the applied strass has reached 16,800
1b/in2, Fig. 35 shows the load-displacement behaviour of 9
selected nodes of the structure. On examining Fig. 35, the

following results are observed:-

Prior to the local buckling of the plate element, the structure
behaves exactly the same as that described in section 7.1.2 (b).
After the structure has entered into the post-buckling stage, the
deflections of all the elements are largely dominated by the non-
linear large displacement effect. Due to the formation of the
buckling waves, some nodal points in the plate elements are
deflected in an opposite direction during the post—buckling stage
(noticeably nodes 6, 14 and 15 and all the nodes where the
stiffener is attached). The nodal deflections shown in Fig. 35
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also suggest that when the applied stress has reached 10,000
1b/in2, the wave length is about 9@ of the plate length in contrast
with the wave length of }é of the plate length when the first
critical stress 1s reached. This agrees very well with Fig. 34b
which shows the 2nd buckling mode shape of the structure ( I, =
9,107 1b/in2),

The stress—strain curves o% some of the plate elements which have
exceeded yielding are shown in-Figs. 36a to 36d. The elements to
which thesa curves correspond are drawn on the top of each figure.
The following table 1lists the state of plasticity, the applied
stress level at which plasticity was first detected and the maximum

equivalent stress at the corresponding Gaussian points:-

Maximum Equivalent stress recorded at
top or bottom surfaces of the follow— |State | Applied
Element | Figure |ing Gaussian points at an applied of stress
No. No. stress level of 16,480 1b/sq.in. Plas—~ | level
tici- | @ 1lst
G.P.1 G.P.2 G.P.3 G.P.4 ty yield
1 22a 31,500 | 32,000 |33,100 |26,500 Yes 16,480
2 22b 30,000 | 26,000 |32,000 | 31,000 Ko /
3 22e 24,100 | 29,500 17,500 18,500 No /
4 224 30,500 | 30,000 |[38,500 |34,000 Yes 14,080
5 22e 18,500 | 30,000 {30,000 |26,000 No /
6 22f 16,000 | 30,300 25,000 |26,000 No /
7 22g 38,500 § 34,000 18,000 137,500 Yes 14,080
8 22h 30,000 | 29,200 |29,000 {32,000 No /
9 221 25,500 | 34,000 |22,000 {24,000 Yes 16,480
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The above téble shows that plasticity had taken place on elements 4
and 7 when the applied stress level reached 14,080 1b/in2,
corresponding loading per unit width of the structure at the 14,080

1b/in? and 16,480 1b/in? applied stress levels are 1425.64 1b and

1680.21 1b respectively.

The stresses shown in the above table only highlight the maximum

equivalent stresses at either surface of the corresponding plate

elements.

The equivalent stresses at the mid-plane of these plate

elements are shown in the following table:—

Equivalent stresses recorded at the mid-

plane of the plate at the following State

Element Gaussian points when applied stress level of
No. reached 16,480 1b/sq.in. Plast~
lcity

G.P.1 G.P.2 G.P.3 G.P.4

1 20,365 10,671 18,979 9,719 No

2 17,786 8,129 20,770 16,966 No

3 16,311 10,644 18,119 11,538 No

4 14,630 16,775 12,394 22,374 No

5 6,952 18,841 16,923 21,664 No

b 9,052 19,226 17,698 18,839 No

7 12,268 10,130 23,206 17,178 No

8 19,576 10,882 22,062 18,563 No

9 19,916 11,000 18,515 15,190 No

No plasticity was detected across the mid-plane of the

plate.
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7.2 Dynamic Loading Analysis

The model employed throughout the dynamic analysis is the one used
in the static loading analysis (Diagram C in section 7),
configuration of which has already been described in Appendix ? .

The purpose of the present amalysis is to study:-
1) The response of the structure at different loading magnitudes.

2) The behaviour of the structure due to the presence of

plasticity.

3) The overall behaviour of the structure when a stress level,
whieh, when applied statically, would cause the structure to begin

to yield, is applied dynamically along the edge of the structure.

4) The final deformation of the structure after plasticity has

taken place.

The first part of this analysis examines the elastic response of
the stiffened plate where only non—-linearities due to geometry
changes are included. Also in one of the analyses, the stiffness
matrix of the structure is updated only once every 40 time steps to
see if so doing would affect the response behaviour of the
structure to any significant extent (updating the stiffness matrix
once every time step would be extremely expensive especially when
the whole loading procedure involves something like 5,000 time

steps) .
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The second part of the analysis examines the elasto-plastic

behaviour of the structure.

While running the dynamic program, the results are recorded at a
regular interval regardless of the state of response. Therefore it
is likely that some relevant information may be missing out. This
will be explained in detail when we examine the rasults.

The following paragraphs explain the presentation of the results:-

1) The out—of-plane displacemsnt history of the 9 selected nodes on

the stiffened plate 7

These 9 nodes are shown in the following diagram:-

L3 (h) Y.
(2) (5 8)
(n ¢H J)
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Out-of-plane displacements at the supported edges are ignored.

2) Stress history of the plate elements (equivalent stresses)

The stress history in each plate element is plotted ocut in a set of
4 frames. Each frame consists of 2 curves; each representing the
stress history of the top and bottom surfaces of the corresponding

Gaussian point. Thus, they are presented in the following manner:-

il
7l g s € T S
Jtresses @jﬂ;’/‘z
1 -t
faussian Lot 3 é%uﬁmw foint o
T Ly
- z -—t
Gausiion farl 1 Gaugiian font 2
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Not all peak stresses will be shown because of the extended time
intervals between successive points on the graphs. Therefore the
stress history graphs will £fail to denote whether or not the
element has reached the yield stress level, especially in the

marginal cases.

3) The stress—strain curves of the plate elements

These curves are plotted out in the same format as that described
in paragraph 2 except that during most of the elastic response,
only one curve will appear in the corresponding frame. This 1is
because despitﬁfdﬁ§1:§%ual stress levels at the top and bottom
plata may not be the same, nevertheless their stress-strain ratios
should remain unchanged. Therefore, the two stress—-strain curves
will overlap each other in most of the time except when one surface
i1s in its elastic unloading, or, when the two surfaces follow

different elastic unloading paths as shown in diagrams below:-

= |

» F ¥ -.—_E

The results are plotted only once every 40 time steps. This

explains the 'odd' appearance often found in the stress—strain

curves as 1llustrated in the following diagram:-
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(Note that the stress=strain curves are only plotted in the second
part of the analysis where the elasto—~plastic behaviour of the

structure is studied.)

4) The stress history and the stress—strain curves of the stiffener

elements

‘The format of these is similar to those mentioned in paragraphs 2
and 3 except that only 2 frames appear in each plot. This is
because there are only 2 Gaussian points within each stiffener

element.

5) The displacement mode shapes of the structure at various

loading/unloading stages

The plates are assumed to have uniform base grids and hence the in—
plane displacements of the elements are ignored. When running the
dynamic program, the nodal out-of-plane displacements and rotations
of the required modes are stored out of core. After the program is
finished, a 3-D plotting package is then used to retrieve the
stored information. To enable a finer display, extra grids and
hence extra out-of-plane displacements are interpolated within each
element (see section 7.1.2(b)). Before plotting commences, the
nodal out-of-plane displacements are normalised. The effect of
this is to normalise the maximum out—of-plane deformatien to the

same value.

6) The direct stress history curves of the platea slement in X and Y

directions

The formats of these curves are exactly the same as those described
in paragraph 2 except that for each plate element, there will be
two plots; one shows the direct stresses in the direction of the

applied load (Y-direction) while the other shows the direct
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stresses in the direction perpendicular to the applied load (X-

direction).

7.2.1 [Elastic responses of the stiffened plate subject to dynamic
loading

In the following analysis, the mnaterial yield stress level is
deliberately raised to about 10 times the otherwise true material
yield stress level so that plasticity would not take place even
though the shucture might have exceeded the yleld stress level.
The following paragraphs summarise the behaviour of the structure

when subject to different loading magnitudes.

7.2.1.1 Total applied stress level = 2,000 lb/sq.in.

aphid shess (16/i)

0._ | 0-:?. ™ fime [ Sec. )
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The response histories of the 9 selected nodes are shown in Fig.
37a. Throughout the loading period, all the nodal displacements
vary linearly with the applied load. After the loading has reached
the maximum, the displacements are seen to oscillate constantly
along a mean displacement level. Fig. 37a also shows that,
throughout the entire loading period, the structure is oscillating
with a frequency equal to the structure's own natural frequency
which is approximately 16 HZ. (Ref. (91)).

The applied stress level in the analysis is still relatively low.
Although slight bending stresses might have heen present, there is
no sign that the structure has suffered from buckling at all. The
stresses within the structure are very close, if not exactly equal,
to the applied stresses. Fig. 37b shows the typical stress history
of one of the elements. It can be seen from this figure that the
stress history curves at the top and bottom surfaces of the plates
are overlapping with each other indicating that no significant

bending stresses have taken place.

Fig. 38 shows the typical stress history of the stiffener elements.
Again, these curves show that no significant bending has taken

place in thegse stiffeners.

Fig. 39 shows the displacement mode shapes of the structure at some
random intervals throughout the entire loading history. Disp.l to
Disp.3 in this figure shows the deformation of the structure during
the early stage of loading. The final deformation of the structure
is shown in Disp.4 and onwards. It can be seen from this figure

that the structure is quite stable at this load level.
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7.2.1.2Total applied stress level = 8,000 1lb/sq.in.

L

hied

o
/(0/16 i

: I >~ fime (sec.)
y 2

Fig. 40a shows the displacement histories of the structure. It can
be seen from this figure that all the nodal deflections have
experienced a sudden 'peak' at around 0.l16 sec. This indicates
that the structure has already suffered from buckling (this
buckling may not necessarily be the overall buckling, and indeed,
as in this case, it was only a local plate buckling).

Before local buckling occurs, the structure behaves very much the
same as that found in the previous case. After local buckling has
occurred, the mode shape of the structure is identical to the lst
buckling mode found in the static analysis (Fig. 34). Fig. 40a
also shows that the response of the structure is dominated by a

frequency which is equal to its fundamental natural frequency.

Fig. 40b shows the typical histories of a plate element. Prior to
the occurrence of local plate buckling, the stresses at the top and
bottom surfaces of the plate elements are so close to each other
that their stress curves can hardly be distinguished at all. Soon
after local plate buckling has occurred, the bending stresses in
the two extreme surfaces become quite significant. The wide 'gap’
that appears between the two stress curves indicates the level of

these bending stresses.
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Slight divergency has been detected from some stress—history curves
as well as the response curves. This could have been caused by the
lack of wupdating the stiffness matrix 1In every time step
(currently, it is updated only once every 40 time steps). We will

re—~examine this in more detall further along the chapter.

Fig. 40c shows the typical stress history curves of a stiffener
alement. Again, the figure shows that significant bending has
taken place in the stiffeners when local buckling of the near-by

plate elements occurs.

Fig. 41 shows the displacement mode shapes of the structure at some
random intervals throughout the whole loading history. Disp.l to
Disp.4 shows the deformation of the structure at the very early
stage of loading while Disp.5 to Disp.l2 shows the deformation of
the structure prior to the local plate buckling. Disp.13 to
Disp.l4 shows the step-by-step deformation of the structure when
local plate buckling takes place. These two modes were recorded at
0.13 sec. and 0.16 sec. respectively. These coincide with the
occurrence of the sudden 'peak' found in the displacement history
curves mentioned at the beginning of this section. Deformations of
the structure in the post—buckling period are shown in Disp. 15 to
Disp. 26. It can be seen from these pictures that the structural

responses are dominated by the lst local buckling mode.

7.2.1.3 Total applied stress level= 10,000 1b/sq. in.

Qpplied Stress
7 (/6-/1)_;.')

[0, 000 1=

. I - lime (set.)
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Fig. 42a shows the displacement history of the structure. It is
noticed that all the displacements are peaking at 0.12 sec. This
shows that local plate buckling has taken place slightly earlier
than the previous loading case. It is also noticed that the
responses at most nodes are largely dominated by the structure's
first natural frequency even though some higher frequencies are

also present.

Fig. 42b shows the typical stress history of a plate element.
Bending stresses are noticed in most elements. Equivalent stresses
at the top and bottom surfaces are found to be varying between
12,000 and 24,000 1b/in? in most plate elements except elements 4
and 7 where stresses at some statlonary points are found to be as
high as 32,000 1b/in2, These stationary points are situated very
near to both the stiffener and the loading edge. Therefore, the

relatively high stresses are caused by the following two factors:-

i) the builduﬂurof shear stresses between the plate and the nearby

stiffener;

ii) the inertia effect of the plate element when the load is
applied dynamically.

Despite their relatively high stress level (32,000 1b/in? on one
occasion), no stresses have exceeded the material yield stress

level.
Fig. 42c shows a typical stress history of the stiffener elements.

It can be seen from this figure that large bending stresses may

have been formed after local plate buckling has occurred.
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In the above 3 figures, they all show a substantial level of
divergency. This could, as we have explained before, be caused by
the structural stiffness matrix not being updated frequently enough

during the running of the dynamic program.

Fig. 43 shows the sequence of the displacement mode shapes of the
structure throughout the entire loading history. Disp.il and
Disp.l12 show the mode shape changes when local plate buckling
occurs (at 0.12 sec.). Before loading is removed, Disp.l13 and

onwards show that the structure remains in the same buckling mode.

7e2.1.4 Importance of wupdating the stiffness matrix more

frequently

Results in the previous loading case have already shown that the
tangential stiffness matrix should be updated in every time step
despite the expensive running cost. To substantiate this fact, a
separate analysis has been carried out with the structure's
tangential stiffness matrix updated only once every 40 time steps.
Loading 1is applied to the structure until it has reached its
maximum level. Unloading then takes place immediately until the
structure is completely free of any external load. No permanent
deformation should have occurred because of our purely elastic

assumption.

Fig. 44a shows its displacement responses. It is noticed that when
unloading has completed, most nodal points are left with a
'‘residual displacement' which should not have occurred anyway.
Fig. 44b shows the typlcal stress history curves of a plate
element. Again, on completion of the unloading, 'residual stresses'

are also found in most stationary points.
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The above analysis has clearly demonstréted the significance of the
accumulated numerical errors due to a second level of numerical
instability. This secondary numerical instability becomes very
sensitive especially when buckling occurs. It is therefore
essantial that during this period, the structural tangential
stiffness matrix should be updated more frequently so that the
growth of these numerical errors can be avoidead. It is due to this
reason that in all future analyses, the structure's tangential

stiffness matrix will be updated once in every single time step.

7.2.1.5 Total applied stress level = 12,000 1b./ sg. in.
hq}]
X
£

oo T
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Fig. 45a shows the response history of the structure. Some sign
changes are noticed in some of the nodal deflections during the
constant loading stage. However, thesa changes agree with those
found in the static loading analysis ( see Fig.35 ). It can also be
noticed in this figure that all the nodal displacements are
'peaking' at approximately 0.l sec. On unloading the structure, it
is found that the 'residual displacements' described in the
previous loading case have disappeared completely here. This again
shows the important phenomenon which has been described in the
previous section. Slight oscillations are found throughout the no

loading ﬁeriod, this is due to the absence of the external damping.
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Figs. 45b and 45c show the stress history curves of plate elements
4 and 7 respectively. The stresses in the other plate elements are
generally low. However, some areas {n the above two elements have
experienced stresses which are above the material yield stress
level. These are found at Gaussian Point 2 of element 4 and
" Gausslan Point 1 of element 7. Again, no 'residual stresses' are
found at any of the stationary points when the structure is

completely removed from the external load.

Fig. 45d shows the typical stress history curves of a stiffener
element. Stresses in other stiffener elements are still relatively

low and they are still well below the yield stress level.

Figs. 45e, 45f, 45g and 45h show the direct stress histories of
elements &4 and 7 in both X and Y directions. It is noticed that at
the 2 Gaussian Points where their equivalent stresses are found to
have exceeded the 32,000 1b/in2 level, their direct stresses in the
direction of the applied load are only about 24,000 1b/in2, Thus,
it is evident that significant amount of shear stresses must have

been developed there.
The displacement modes for this loading case are exactly the same
as those that wil be described in section 7.2.2,2, and will not be

shown in here. -

7.2.1.6 Short discussion on the elastic dynamic buckling results

The regults in the above 4 loading cases have shown that when
loading is applied dynamically, the structure will generally suffer
from a higher stress level than it would have been if loading was
applied statically. At an applied stress level of 8,000 lb/inz,
the structure has clearly suffered from local buckling. There is
noe question that one can achieve the same result even with a

skghtly lower applied stress level.
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At an applied stress level of 12,000 lb/inz, some parts of the
structure have exceeded the material yield stress level. The
analyses also show that failing to wupdate the structure's
tangential stiffness matrix at every time step, especially when
buckling begins, will lead to the growth of a secondary numerical

instability which will eventually lead to a meaningless result.

7.2.2 Elasto—plastic responses of the stiffened plate when subject -

to dynamic loading

In all the analyses shown as follows, the material yield stress is
set to 33,000 1b/in2,. The initial time step size used in each
analysis is 0.0009 sec., and is subjected to constant changes
throughout that analysis depending on the significance of the
influences of the material and geometry changes in the structure(

see section 6.2 ) .

The given loading configuration is shown in the following diagram:-—

i — f ; — fime (see)
N 2 5

However, during the analyses, unloading often takes place sooner
than 0.4 sec. This is because in most cases, the stresses within
the structure often die down to a lower level once they have
reached their peak levels. These peak stresses normally take

place at
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the very early stage of the constant loading period. Therefore
keeping the constant loading for too long a periocd will certainly
not aggravate the response of the system, but to add extra cost to
the running of the dynamic program. Therefore, in all the analyses
as follows, unloading will begin at roughly 0.1 sec. after the

stresses have reached their peak levels.

External damping which amounts to about 10% of the critical damping
ratio is then applied to the structure immediately after unloading
has completed. This 1s to damp out any unnecessary oscillations
during the load-free period so that the permanent deformation of

the structure due to the formation of plasticity can be studied.

Results are recorded once every 40 time steps prior to the
completion of unloading, and they are recorded only once every 100

time steps thereafter.

7.2.2.1 Uniform tensile stress = 33,000 1lb/sq.in. (this test is to

investigate the program's capability of handling the dynamic
plasticity

The structure is subject to a dynamic tensile load which is applied
in 0.01 sec. To simulate the tensile loading condition, the
structure is bullt-in along its half length line.

Fig. 46 shows the in-plane displacement response of the structure.
This figure shows that in-plane displacements in all nodal points
continue to grow even when the applied load has ceased. This
continues for a short while until they have over—-shot the
equilibrium position. From 0.018 sec. to 0.04 sec., the structure
behaves very much as a spring oscillating about its equilibrium
position. During this period, more and more stationary points

within the structure have exceeded the yield stress level.Finally,
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when every stationary points have exceeded the yield stress level,

the nodal displacements become unstable.

Fig. 47 shows the stress—-strain curves in one of the plate
elements. It can be seen that the structure has at one stage

exceeded the 41,000 1b/in? level before elastic unloading takes

place.

The above figure has clearly demonstrated the capability of the
program in determining the internal plastic loading/elastic

unloading which is completely independent of any external loéding

criteria.

7.2.2.2 Total applied stress level = 12,000 1b/sq.in.

Oz |
( . M’)

2,000+

—_— 6d;wa! Jaqﬁh

N . a,zﬁlfet{k @ Z' = 32 Se2c.
.09 24 32 time (sec.)

Fig. 48a shows the response history of the structure. Prior to the

onset of plasticity, the structure behaves almost the same as it
has been in the previous loading case {section 7.2.1.4) where
plasticity is prevented. After the onset of the 1local plate
buckling, the maximum eigen value of the stucture rises by about 8-
107 which means that the time step size has to be reduced by the
same proportion to 0.0008 sec. in order to satisfy the numerical
instability requirement. When comparing Fig. 48a with Fig. 45a we
would notice that the presence of plasticity has changed some of
the nodal tesponse amplitudes. Nodes 1, 4 and 7 are where these
changes can be distinguished. Some deformation mode changes during

the
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constant loading period are also observed. The application of
external damping at the end of unloading has resulted in all the
nodal oscillations being damped out. Most of the nodes in the
plate elements are left with a permanent deformation which varies
between 0.004" and 0.001". This indicates the presence of plastic
strains within the system. However, the level of permanent
deformation 5 still relatively small comparing with the plate
thickness (about 16% of the plate thickness). While most of the
plate elements have suffered from permanent deformation, yet, no
evidence of permanent deformation is found in any of the stiffener
elements. Obviously this is due to the fact that no plastiecity has

taken place in any of the stiffener elements.

Fig. 48b and Fig. 48c show the equivalent stress—history curves of
elements 4 and 7 respectively. Although some peak stresses may
have been missed out due to the way that the data is recorded (see
beginning of section 7.2), the stress responses on both figures are
almost identical to Figs. 45b and 45c¢. This somehow indicates that
the effect of plasticity 1s insignificant to the response of the
structure under this load magnitude. Stresses at the other plate
elements vary between 8,000 1b/in? and 24,000 1b/in? and they are
not shown in here. Stresses at all stationary points have died dowm

to a slightly lower level once they have reached their peaks.

Figs. 49a and 49b show the stress-strain curves of the plate
elements. Where necessary, some dotted lines are introduced onto
these curves to retrace the missing data so that a true stress—

strain curve can be reproduced.

Stresses in the stiffener elements are unaffected by the presence
of plasticity found in the plate elements. Fig. 50 shows that the
stresses in stiffener element 4 is almost identical to those shown

in Fig.45d.
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In Fig. 51 there 1s a series of pictures showing the sequence of
deformation of the structure throughout the whole loading history.
Picture 1 to Picture 11 show the step-by-step deformation of the
structure prior to the local plate buckling. Picture 12 to Picture
13 show .the deformation of the structure during the local plate
buckling. Picture 14 to Picture 78 show the deformation of the
structure throughout the rest of the loading history. At the end
of the loading period, the presence of the external damping has
reduced most of the nodal oscillations: (e.g. Pictures 92 to 99).
The final deformation of the structure is shown in Picture 99.
Some local oscillations are amplified in most of these pictures,
this is due to the built-in normalising effect when using the 3-
dimensional plotting package.

7.2.2.3Total applied stress = 14,500 1b/sq.in.
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Fig. 52a shows the response of the structure.

Fig. 52b to Fig. 52g show the equivalent stress histories of the
plate elements while Fig. 53a to Fig. 53f show their corresponding
stress—strain curves. Where necessary, some dotted lines have been
inserted onto these curves so that their complete stress—strain
paths can be illustrated. Large parts of the plate elements are

noticed to have exceeded the material yield stress level.

Fig. 5S4a shows the stress histories of stiffener
elements 4 while Fig. 54b show their stress~-strain
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curves. Here, we have noticed that stiffener element 4 has

exceeded the material yield stress level.

The following paragraphs examine the behaviour of the individual

elements within the structure:-

Plate Elements

Element 1 (Fig. 52b & Fig. 53a)

Fig. 52b shows that Gaussian Point 2 has twice entered into the
plastic region. It happens first at 0,1 sec. and then followed by
an elastic unloading. Elastic 1loading then occurs shortly
afterwards until it ?xceeds its previous maximum stress level of
33,500 1b/in? pefore it enters into plastic loading.again at 0,12
sec. The following two diagrams explain the stress-strain

behaviour in this Gaussian Point:-

_J -.i -
27y /
7 /
i —z
Diagram of the true stress— Diagram of the plotted
strain curve which has twice stress—strain curve
entered into plastic loading with some results

missed out during

recording

Stress in the other Gaussian Points are still quite high even
though they haven't yet exceeded the yield level.

~146-



Element 2

Most stresses are peaking within the first 0.04 sec. during the
constant loading period except at Gaussian Point 4 where the
stresses are peaking at a much later stage. However, no stresses

have exceeded the material yield stress level.
Element 3

The stresses are generally lower than those in element 2. Although
most stresses are peaking at a much later stage, they have not
reached the material yleld level at all. Generally speaking, they

behave very much the same as those in element 2.
Element 4 (Fig. 52¢ & Fig. 53b)

Two Gaussian Points (2 and 4) have exceeded the yield stress level.
In particular, both top and bottom surfaces of Gaussian Point 2
have exceeded the yileld stress level., It is worth noting that
during the previous loading case (12,000 1b/in?), the same
stationary point has also experienced yield. The present loading,
which is some 20% higher than the previous one, causes the growth
of plasticity at this Gaussian Point to even further until finally,
a plastic hinge is formed. BStresses in the rest of the element are

generally higher than those found in Elements 2 and 3,
Element 5

Stresses in this element are very similar to those obtained in

Elements 2 and 3 which have already been described above.
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Element 6 (Fig. 52d & Fig. 53c)

Yielding has occurred at Gaussian Points 3 and 4 at around 0.11
sec. Soon after that, the stress behaviours of all the Gaussian

Points are similar to those in elements 2 and 3.

Element 7 (Fig. 52e & Fig. 53d)

Yielding occurs in Gaussian Points 3 and 1. Whilst the former
experiences very slight yilelding, the latter has twice entered into
the plastic region. These are occurred at 0.09 sec. and 0.13 sec.
respectively. Plastic strain which were amounted to about 0.25% is
found at Gaussian Point 1 and is by far the largest plastic strain

increment found in all the plate elements.

Element 8 (Fig. 52f & 53e)

Yielding occurs at Gaussian Point 2. Again, plastic loadings have
occurred twice; one at 0.095 sec. and the other at 0.13 sec. Even
then, plastic stra.n is still relatively small (0.02%) when

compared with that obtained in the previous element.

Element 9 (Fig. 52g & 33f)

Yielding occurs at Gaussian Point 3 at 0.095 sec. Stresses in the
rest of the element are behaving not much different from those in

elements 2 and 3.

Stiffener Element

It is noticed that plasticity has been developed in element 4.
These stresses are also above the crippling stress levei {Appendix
2) of the stiffemer flange (Fig 54a & 54b). Stresses in the rest

of the stiffener elements though below the crippling stress level,
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are still relatively high when they are compared with those
obtained in the previous loading case (12,000 lb/inz).

While the overall response of the structure can be found in Fig.
52a, the stage-by-stage response of the structure throughout the

loading history are examined as below:-

The responses Iin the plate elements prior to the local plate
buckling are similar to those obtained in the previous loading
case. However, as the amount of plasticity grows, their responses
at the early stage of post—buckling are quite different (see Fig.
5%2a). In that, not only their amplitudés have changed, but its
mode of buckling also experiences significant changes. At the
later stage of the constant-loading period, some mode shape changes
still exist., But they are not as severe as those appeared in the

previous loading case.

In the same figure, we also notice that, throughout the constant-
loading period, the responses in all the stiffener elements are no
longer constant as they have been previously. In fact, they
decrease rather linearly with the increase of time. This can be

explained as follows:-

As plasticity accumulates within the plate elements, this will act
as a damping mechanism which absorbs most of the energy during
plastic deformation. And as\ﬁoﬁfurther external work is applied to
the structure during the co;étant-loading period, less and less

energy 1s being transmitted into the stiffeners.

On examining the out—-of-plane deflections of the stiffener
elements, they are found to vary non-linearly with the applied load
level. And 1indeed, if we further examine the out—of-plane
deflections of the stiffener elements when the applied load level
reached 16,500

~149-



1b/in2 (this will be covered in section 7.2.2.4), it has beconme
obvious that the overall buckling is about fo occur when the applied
load reaches 14,500 1b/inZ,

The following table lists the maximum deflections of the central

stiffener (node 6) and their corresponding applied load level:-

Applied stress level
(lb/iﬂz) 2,000 | 8,000 {10,0001% 12,000} 14,500 | 16,500

Max. deflection of
Central stiffener
(in.) 0.0001 |0.007 |0.012 0.018 0.035 0.045

The above data, together with the maximum out of plane deflection
of the central stiffener when applied stress level reaches 24,000
1b/in2, are plotted out in Fig. 55 which shows evidently that the

present loading is very close to the stiffener's buckling load.

As usual, external damping 1is applied to the structure after
unloading has been completed. Fig. 52a shows that the plate
elements are left with a permanent deformation of between 0.005"
and 0.015" (8-20% of the plate thickness) while the stiffeners have

suffered from a permanent deflection of between 0.005" and 0.01".

Because of the comparatively large deflections caused by the
present loading, the maximum eigen*vaiue of the structure was found
to have risen by 307 just before loading has completed. This would
mean that the time size employed in the numerical integration had
to be reduced to 0.0006 sec. All these were done automatically

within the program.
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In Fig. 56, there are series of pictures showing periodically the
deformation of tﬁe structure throughout the loading history. Since
the deformations of the structure prior.to'the local plate buckling
are exactly the same as those in the previous loading case, they
can be found in Picture 1 to 12 of Fig. 51. However, Picture 13 to
Picture 55 of Fig. 56 show some of the deformation during the
constant—loading and unloading period. ' We notice from these
plctures that at the line where the stiffener is attached to (see
Fig. 56 for location), it remains reasonably straight, which
indicates that no buckling has yet taken place in the stiffener.
Otherwise, the line will appear in a wave form similar to those
representing the plate elements. This agrees very well with the
curve shown in Fig. 55 which Indicates that overall buckling has
not yet reached. When unloading has completed, the final
deformation( Picture 93 to Picture 105 of Fig. 56.) indicates the

presence of the plastic deformation occurring at both the plate

and stiffener elements. When comparing these pictures with Fig.

51 the present loading has certainly caused a higher level of

permanent deformation

At the elements where plasticity has occurred, théir direct
stresses in either directions need not exceed the yield stress
level even though its equivalent stress does (Setz of qxarnPlQ FrS
52; RSTnHJ.However, such situation would suggest that the
corresponding shear stress contributes largely to the formation of
the yield stresses. The following table summarises the stresses

and hence calculates the correspondng shear stresses:-
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Ele-|Gauss {Max. stress{ Max. stress | Max. equiv |Max. shear
ment |[Point |in X-dirn. in Y-dirn. stress stress
No. (1b/sq.in) | (1b/sq.in) | (1b/sq.in) | (1b/sq.in)
1 2 -22,000 -31,000 33,900 11,346
*2 8,000 24,000 34,000 15,362
4 *2 -~ 9,000 -25,000 38,500 18,268
*4 -12,000 -28,000 34,500 14,317
3 -12,000 ~32,000 35,000 12,124
¢ *4 - 4,000 -25,000 34,000 14,317
*] - 8,000 ~26,000 40,000 18,876
’ *3 -10,000 -25,000 33,500 14,688
8 2 - 8,000 -32,500 33,900 9,814
9 *3 - 7,000 -24,000 34.500 15.633

For instance,

equation (5.25):-

to calculate the shear stress of

element 1;

-— a >
Ty =4k (F +606 -6 -G)
Hence, U_xr = (33,9002 + 31,000 x 22,000 — 31,0002 - 22,0002)

=11,346 1b/sqg.in.

The '#*#' sign in the above table indicates that the corresponding
Gaussian Points are situated near te the location of the
stiffeners. It 1is noticed that where this sign appears, the
corresponding shear stresses are relatively high, In contrast,
their direct stresses in the direction of the applied 1load are
comparatively low. This indicates that the shear stresses at these
Gaussian Points thave contributed quite significantly to the
formation of plasticity. Conversely, where the Gaussian Points are
further away from the stiffener (e.g. elements 1, 6 & 8 in the
above table), plasticity 1s mainly caused by the excessive direct
stresses and the shear stress would have a very mninor
contribution. On examining the buckling mode shapes plotted in
Fig. 56, these Gaussian Points {(those without a '*' sgign
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in the above table),

are locating at the peaks of the buckling

waves, and these points are expected to be suffered from very high

local bending stresses anyway.

thay would be above the yield level.

7.2.2.4 Total applied stress level - 16,500 1b/sq.in

oy
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Fig. 58 shows the response of the structure.

deflection at the central stiffener element is found to be

in. As we have mentioned in the previous

S

w fime (S¢)

The peak out—of-plane

0.045

saction (section

7.2.2.3), the stiffener has under this present load level, entered

into its post-buckling

deformations shown in Fig.

stage

(see

Fig.

those shown in the previous loading case.

summarises the nodal permanent deflection

different load level (i.e. 12,000 lb/inz, 14,500 1b/in? and 16,500

1b/in2),

55).

The

permanent

58 are also comparatively larger than
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The graphs of the figures shown in the above table are shown on
Figs 59a to 59%c. Fig. 60shows the percentage of the maximum

permanent deflections on some selected nodes.

Fig. 6la to Fig. 61i show the stress—strain curves of plate
elements 1 to 9. It is noticed from these figures that the
residual plastic strains occurred in those plate elements are
relatively largef than those found {n the previous loading case

(which is quite obvious).

Fig. 62a to Fig. 62c show the stress-strain curves of the central
stiffener elements (elements 4 to 6). Under the present loading,
plasticity has occurred not only in element 4, but also in elements
5 and 6. The stresses in these elements are above the crippling

stress level of the stiffener flanges.

7.2.2.5 Total applied stress level = 24,000 lb/sq.inf
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Fig. 63 shows the nodal response curves. It is noticed that the
maximum out—of-plane deflection of the central stiffener is 0.072

in, which is also plotted and shown on Fig. 55.
Fig. 64a to Fig. b4c merely show the plastic deformation found in

some of the plate elements. A few plastic hinges can be observed

in these elements.
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Fig. 65a to 65c¢ show the stress-strain curves of the central
stiffener elements (stiffener elements 4 to 6). Again, plasticity

has occurred in most elements.
7.3 Discussions

From the above analyses, 1t is clear that the overall buckling
would occur when the applied stress reaches between 14,500 1b./in%
and 16,500 1b./in%. At the 14,500 1b./in% applied stress level,
some stiffener elements are found to have reached the crippling
stress level of the stiffener flange. These two factors have
strongly indicated that when such load level is reached, the

stiffened panel is likely to suffer from an overall collapse.
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8.CONCLUSTON

The modelling of the problem using finite elements has been proved
from the above analyses, to be quite accurate. The finite element
package which has been developed especially to investigate the
present program can also be used for other purposes such as impact
loading, heat transient analysis etc. with only minor
modifications.  When comparing the results computed from this
finite element package with some existing results, very close
agreements are observed. When there is not any existing results to
be contrast with (e.g. the elasto-plastic dynamic buckling part of
the analysis) the stage-by-stage results exhibit a high degree of
coherence between them. The mathematical modelling of the
geometric non—linearities and the material mnon-linearities are
particularly successful. For instance, for a given structure, the
static loading results generated from the finite element package
give a critical stress which is quite close to that obtained from
the Engineering Data Sheet. The error between the two sets of
results is only about 4%. This errvor is mainly caused by employing
a stiffener which has not been modelled to accommodate its
torsional stiffness. When another stiffened structure wés analysed
by wusing a stiffener in which the torsional stiffness is
comparatively small (e.g. section 4.3.2), the results are very
close to that obtained by Seide (Ref. 64) (see s;ction 4.3.2). The
results could equally be improved by employing a finer model (e.g.

a 6xb element model).

The modelling of the offset stiffener by employing a transformation
matrix is seen to be quite appropriate. In that, the structure
with 1, 2 & 3 stiffeners located both at the mid-plane of the plate
and on one side of the plate have been thoroughly tested and the
computed results are very close to those obtained in Ref. 64. The

present package is strictly limited to the using of Z section type
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stiffeners which is the main drawback. This is because when we
modelled the stiffener, the plasticity terms were calculated
explicitly to allow for a 'Z' x-sectional area only. Although it
is possible that the stiffener could alternatively be modelled with
plate elements, however, this would involve extra nodal points
which are quite unnecessary. In any case, the running cost of such
prbgranl would be extremely expensive especially when a complete

response history requires something like 5,000 time steps.

The large displacement analyses alsoc produce very good results. It
has been shown that when a plate is subject to excessive bending,
the computed load-displacement relationships are very close to
those obtained by Timoshenko & Levy (Fig. 6 & 7). The formulation
in all the large displacement analyses employs a Lagrangian frame
of reference which refers the co-ordinates in the structure to its
initially undeformed shape. In our present analysis, the
Lagrangian formulation has already been proved to be
computationally very efficient especially when the direction of the
applied load remains almost constant throughout the whole response

history.

We have shown in Section 6 that because of the rapid changes in the
fundamental eigen-modes of the structure when local buckling
occurs, a modal superposition approach would not be appropriate.We
have also proved in section & that close agreements between the
results obtained from a Central Difference Scheme coupling with a
Diagonal Mass Matrix and those obtained from a Newmark-— % method
can be achieved by adjusting the rotational inertia terms in the
Diagonal Mass Matrix, so that the fundamental Eigen value evaluated
from the two separate schemes can be matched. Thus, our choice for
a Central Difference scheme coupling with a Diagonal Mass Matrix
lies mainly on its relatively small storage requirements. The
Central Difference Scheme has also shown to be computationally more

efficient than the Newmark- @ integration scheme in which the
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triangulisation of a fully banded matrix is required in every time
step. It might be érgued that the Newmark- F scheme can afford
to employ a larger time size (and hence fewer integration steps)
because of its unconditional stable characteristic. However, our
present analysis shows that the 1large geometric and material
changes often oceur in such a short period that even a Newmark—@
method would require a very short time-step in order to capture any
energy changes during the plastic deformation. Therefore, the
small time size employed in the Central Difference Scheme is not
too disadvantageous. We have also mentlioned that the maximum Eigen
value of the structure has to be continuously evaluated during some
period of the amalysis, especially when plastic deformation occurs,
in order to keep the time size within the numerical stability
limit. The evaluatlion of the maximum Eigen wvalue employs a
technique known as the Direct Power Method in which the
triangulisation of a mass matrix is required. Thus, it can be seen
that the adoption of a diagoﬁal mass matrix dis particularly

advantageous.

The plots shown in this report give a very clear illustration of
the response behaviour of the structure during both the static and
dynamic analyses. The 3~dimensional plottings give a clear insight
into the mode changes as the buckling develops.‘ It also helps one
to study the level of permanent deformation of the structure after

plasticity has taken place.

In the static load analysis, both the incremental load method and
the Eigen value method give very good results, and when these are
compared with the results obtained from the Engineering Data
Sheets, very close agreements are obtained. For a given structure,
the incremental load method predicts a local plate buckling stress
of 8,400 lb./in.2 while the eigen value andysis of the disturbed
system (actually at a configuration when load = 1,000 lb./in.z)

shows a first Eigen mode at 8047 lb./in.2 However, when the load
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is applied dynamically, the result shows that it is this Eigen mode

which grows exponentially.

The Eipen value analysis predicts an overall collapse stress of
28,996 lb./in.2 This agrees very well with those obtained from the
Engineering Data Sheets which, if load sheddings between the plate
and the stiffeners during local plate buckling are ignored, give a
stress of 29,766 1b./in. If the load sheddings between the plate
and nearby stiffeners are taken into consideration, the Engineering
Data Sheet predicts an overall buckling stress of 22,890 1b./in.
However, if the loading 1s applied dynamically onto the structure,
Fig. 55 indicates that overall buckling will occur when the applied

stress reaches around 15,500 1b./in.

Elasto-plastic analysis shows that yielding begins when a uniform
stress of 14,080 1b./in.2 is applied statically onto the structure.'
When the applied stress reaches 16,480 lb./in.z, more plate areas
have yielded but yet no plasticity has been found in any of the
stiffeners. However, when loading is applied dynamically the

following changes are observed:-—

1) " When the applied stress reached 12,000 lb./in.z, yielding
begins in the plate (in the same area where yielding begins when
applied stress in excess of 14,000 lb./in.2 was applied
statically.)

2) When the applied stress reaches 14,500 1b./in.2, many plate
elements have yielded. A plastic hinge has also been found in one

of the plate elements.

3) The stiffener has also suffered from plastic deformation which
exceeds the crippling stress of the stiffener flange when the
applied stress reaches 14,500 lb./in.2 The dynamic load deflection

curve of the stiffener shown in Fig. 55 indicates that overall
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buckling stress of the structure will occur when the applied stress

reaches 15,500 1b./in.2 (approximately).

The results show that the wave-length of the permanent deformation
found in the structure wﬁen it is subject to excessive loadings
agrees with that found in service by B.A.C. The exact magnitude of
load and the type of loading when the heavy landing took place is
not known. However, from Fig. 55, it can be seen that when the
applied stress reaches between 14,500 lb./in{ and 15,500 lb./in{,

the structure 1s very likely to collapse.

For a ramp type of loading, the time taken for the local buckling
and 1local plasticity to occur depends on the loading magnitude
(Segt 7:2) It has been suggested that the occurrence of these could
be avoided if the applied loads were removed quick enough (Ref.
18). Qur analysis shows that when the applied stress reaches
14,500 1b./in., local skin buckling takes place at 0.083 sec.
Thus, for a loading duration of 0.1 sec., local bucklings are
likely to occur even if the loads are removed immediately after
they have reached their maximum level. The relatively long
constant~load period (0.4 sec.) is not seen to aggravate the stress
behaviour of the structure. In fact, all the stresses have 'died

down' to a slightly lower level at the latter part of that period.
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APPENDIX 1

,:1%$5.37-in Section 3.1-2 shows the formulation of the beam element
stiffness matrix. When this stiffness matrix is assembled ontoc the
plate element stiffness matrix for a complete stiffened panel, the
stiffpess is expected to behave as if it was built in the mid-plane
of the plate. However, when the stiffener is built on omne side of
the plate, the stiffness matrix of the stiffener has to be transformed
in accordingly so that the displacement behaviour of the assembled

structure can remain compatible.

The diagram shows below describes the deformation of the stiffened

plate when bendings take place:-

r— -
] S - H
W ! —4 S deformed stiffener
T ey
. — - s -
o ::‘::
:l~\ ' — deformed plate
~ S e-—
L -
i
undeformed plate undeformed stiffener

WITH ZERO ROTATION @ THE NODES

where u is the inplane displacement of the plate
- u" is the inplane displacement of the stiffener
w is the out-of-plane displacement of the plate

w’ is the out-of-pléne displacement of the stiffener

4
and u =U4+x
, }-——-—--(A.l.l)
W =y
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!
Let Lo and { be the positions of the centre of the X-gsectional area of the stif
ener before and after bending of the structure has taken place respectively.
The displacement between these two positions can be shown as:-

"(f\*t) x B
= 2 —A.1l.2
Hence a4 = iﬁz—dl’ 8 s u A.1.3
combining A.l.1 and A.l1.3, we have
,u_‘ = L - —('—- .‘2’{)- 8 ;
w' = W ' A.l.4
' = 8

where suffix / refers to the local system of the stiffemer while those
without suffix ’ will refer to the global system of the stiffener.

Thus: ~
-(hat)
o\ I 0 LZ_ A4,
W, { = |o l o jel W A.1.5
9: o o ! Bl '
and for the complete beam element:-
(4 ] (1 o ih—f-) o o o U]
W, ¢ | . ® o o o Wi
9 AL i
u‘: ) - o o o i o h+*)ru’- :Is.g ---A-l'é
; a o ] [+ l [»] Wa.
Lel o o -] =] [#) ’ Leu
- / L 4 !
'-'. HS = Iau‘:.l B — L\.l-?

where T, is the transformation matrix to transform the displacement of
the local coordinates of the stiffener to the global coordinate of the
system and suffix S refers to the stiffener.

From the equilibrium of work

' '
Fb = 55_(:() A.1.8,

Lo
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Substitute A.1.7 into A..1.8, we have:-

k A
PR
~ 8

~ 5

E.u

8 o~

Post-multiply the equation by Est . we have:-

t ’ t L/
Es 'zs Es,fgs Es'-‘i _A._I.Q

! . . . .
where ;l_‘st K s * Es is the stiffness matrix of the stiffener with

respect to the global system of the structure.

R SRR JLI SO | , A1.10

/ : e
and Est - F s is the external nodal.ioof the stiffener with -rzs_}nc'_t
.to the global system.

Hence, when a global system of extermal force should be applied to the

stiffener in the form of:- . - L

F} = T L, F - AJlLT1
~ 8 ~s ' ~8
’ S :

where F < is the nodel applied force to the stiffener

Fs is the global applied force to the system

e

Ts is the transformation matrix due to the on set of the ome

P .

sided stiffener.
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APPENDIX 2

Buckling Analysis of the Given Stiffened Plate using Engineering
Data Sheet :

Having derived the appropriate formulation of the anmalysis using the
finite element approach, we will wish to demonstrate the accuracy and
efficiency of the technique by amalysing the structure (both for the
stiffened and unstiffened plate) subject to different loading

conditions and boundary conditioﬂs, and then compare the results

with some already existing results. By so doing, the pérameters of

the tested structure is normally bounded by the parameters which are
already employed 'in these existing analyées. In examining the

structure which is being investigated, the governing parameters (e.g.
stiffener area to plate thickness ratio, pitch dimension, Dt/EI ratio
ete.) 1is found.to be beyond the ranges covered by those existing results,
Therefore the only way tc obtain a reasomably accurate result that:can
otherwise be used as a2 cross—check on the present finite element results
is to evaluate the buckling information based on the given stru;turél
parameters using the Engineering Data Sheet upon which the design

criteria of that partiuclar structure was based.’

The following diagram illustrates the cross section of the’ fuselage
between any two stiffeners. The basic azssumptions used in the finite
element modelling have already been described in the previous report in

Ref 91 , and will still be applied to the present analysis.

f,tﬂ-ﬂ“B'

T — T | | | -_:_‘ f-zaa-zy"

jsaézs'

- s__.l -3

§ .hzﬁgk _ 3 “1-5

I
| 1 g0bd” X
|

ehbe 5"
prreasds fayf# {: 2"
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Material properties

E = Yocung's modulus for L72 = 107 IL.B/IN2
Et = Tangential modulus for L72
o= Stress @ E, = iE
oy, = Stress @ 0.1% proof = 15 x 2240 LB/IN?
m. o= Material characteristic for L72 . = 10
= Poiscn's ratio = .3
(. =  Strain @ 0.1% proof = 0.01
A, = Area of stringer = .14198 in’
Is =  2nd moment of inzr"rin_ of stringer = 0.0348 J'.n4
Ix =  2nd moment of mertia of stringer about the plate centre
. line = .14198 x.657% + .0348 =  .0961 in
.Il o . 0961 I
I .0348 -
5 X
radius of gyration .k = czfai (29348 4} 0.496 in
gyratien - B .14198 ——
k? 246 : '
e = - = —6-:_—5- = 0.393 ; e = eccentricity = 0.005"
¥ T )
e _  .005 _ . b, _ .7 - . h_1.25,
c T 3g3 T A 5 2 tim T %385 yTT3 =o.477
t
s _ .048  _
t o065 - 09-75

A, = Area of skin = 4.5 x 0.64 = 0.288 in’
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A. 1 Material properties of L72

Stress @ .1% proof is 15 x 2640 LB/IN? = 33600LB/IN’
for material characteristin of m = 105

from E.D.S5. (hereafter; E.D.S. would stand for Engineering Data Sheet)
76016:-

o= Oy (@ €, .E ol
: G-

= 33600 x 10 x .00! x 10 )" 1/9

33600

-/ .
Hence 0, = 29766 LB/IN’
Notations
- Yo = elastic edze rotationzl restrain coefficient
GL = local buckling stress of a plate component o

GB = elastic buckling stress of a simply-supported plate

under uniaxizl ccompression

C_ = buckling stress of stringer
U;dge = edge stress @ failure of stiffgned plate ) -
G;ve = average cstress carfled by skin when overall buckling occurs -
crc = crippling stress
(Ge 5 (5)f = local buckling stress of skin and flange elanentg.
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A, 2 Evaluation of Local Buckling Stress of the Skin

For local buckling stress of the skin with Z type of étr:'.nger sitting
on one side of the skin is derived frem E.D.S. 71014 (02.01.35):-

b
e s _ .7 - . kB _ 1.25  _ .
A i.25 0.56 5 § = %3 0.277;
£
s 048
T = 064 *75

It

from E.D.S. 71014 : K = 4.5

from E.D.S. 72012: . (Gg)e - KxEx ( % )2 = 4.5x 10 x (%)2

‘ = 9,100 1b./in’
The above value assumes that there i1s no laterial restrain acting. However,
a small amount of restrain will be provided by frames and can be estimated
in 72019, where:-.

from E.D.S. 72019;

) 2 .
0—0 - - E (E)‘Z = 7312 1B/IN®

3(i-y") b
S V1 - S
iy 7312 :
0
From Fig 3 of E.D.S. 72019 when (fj)e = 1.233& Y =0
T,

At is foun2 ro be 4.5

(G‘L) e

%

and @ \). = (.255, /&z 4.5; the corrected is 1.2
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Hence, the ceorrected value of local buckling stress of the skin
= 7312 x 1.2 .

= 8774 LB/INZ = T,

A. 3 Calculation of the Buckled Half Wave Lengt_h

To calculate the buckled wave length éf the panel, the procedure set
out in E.D.S. 72012 is to be followed:-

from above paragraph ((T.b):: = 0'; = 9100 LB/IN2
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A. 4 The Panel Failing Load in Overall Buckling
From E.D.S. 72012:-

The buckling stress of the perfect stringer along about an axis

parallel to the plane of the skin is (from 01.01.01):—

! [a- ! -
for: < .{"n = 20 29766, § _ -

k T] 7% X (1_09‘) 2.194
5 2= 00 5 me10

c »
Sheet 01.01.01 shows that 07 = | . @, =0 = 29766 LB /IN
= C e
_ n

The panel skin buckles @ a stress level well below that of a stringer,
thereforas, it is necessary to determine the condition where load shedded
by the buckled skin into the stringer cause failure of the stringer and
further determines the removing load carried by the skin. To calculate
the failing stress of rhe stringer due to the shredded load from the
buckled skin :~- (E.D.S. 02.01.17) for:- i

-

I ’ A :
x — . _S_ = - = - =
Is = %.761 : s 0.493 : G; 29766 : GB 8712
R 0,_ 0" -
@»rabﬁrq{m 0;:(7, & g‘%’: ﬂ?/ % U:dfg
/" n 20,76 S 79  z3sE
Zna 23515 -57 -77 22,7!3
.5'd 22,93 3f . 769 22.090

22890 LB/IN?
Wedge

Hence, the failing stress of the stringer
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An cstimated average stresses acting on the skin when the panel
suifers overall buckling can be made by means of the lower figure
of L.h.S. 02.01.23 where:-

OTedge 22890 _ ', (o,
a, 8712

-95 = .225

L

from 02.01.23 ;
U ave

m = 0-68

.. Gav = 0.68 x 22890 15566 LB/IN®

A. D Crippling Stress of Z Section Stringers (see E.D.S. 78020)

For a given value of ty/e and low values of d/h, the web is
primarily responsible forhbuckling and requires some restraint
from the flange in order to delay the buckling until;the load
is cracked for which the cross section as a whole becomes

unstable.

Consider the stiffener of the following dimension:-—

h = 1.25 in E = 10’ LB/IN®
d = 0.7 in . Yy = 0.3
: ty = 0.048 in m = 10
£, = 0.048 in . @ = 29766 LB/IN® = £
c, = Material yield stress = 33,600 LB/IN2
d
- = 0.56 t
h | <4 . 1
n
from fig. 1 K =22
. } 2 7 _ ,0.048 \2
. fbe - K.E.(tn/h) - 2-2 X 10 X ( 1.25 )

32,440 LB/IN®
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{
"‘be 32,440
n .
From fig. 3 €@ m= 10 T = 0,87

* . - = . = 'n. 2
Thus: fb 1Jfbe - 0.87 x 32,440 28,222 LB/IN
. N _ }
. + the crlppllng stress fc = (C2 . fb) _

= (33,600 x 28,222)}

= 30,794 L1B/IN?

Conclusion of the Analytical Results based on the Engineering
Data Sheet '

1) The local buckling stresses of the skin = 8744 LB/INZ

2) The stringer failing stress when the overall buckling
ocecurs = 22890 LB/INZ : : *

3) The crippling stress of the stringer flange is‘30,794 LB/IN2 ‘

+ 4} When overall buckling occurs, the skin will carry an

average stress of 15566 LB/IN2

5) At the time of collapse, the applied load per unit length

cf the panel is:-

(22890 x .14198 + 15566 x .288)/4.5 = 1718 LB/IN
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FIG. 62c Stress-Strain curves of stiffener element 6 (_2ppl. stress = 16,500 p.g.i. "
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