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SUMMARY 

The elastic plastic dynamic buckling of a stiffened panel has 

been investigated. A Finite Element model which includes non-

linearities due to large deformation and material property changes 

has been developed. The buckling behaviour of the structure under 

static loading has been studied extensively. The computed results 

agree very closely with the existing analytical results for static 

loading. The analysis is then extended to study the dynamic 

buckling behaviour of the structure under various loads for a given 

loading/unloading sequence. Due to the non-linearities involved, 

an explicit step-by-step time integration technique is employed to 

allow for the geometry and material changes. As the critical time 

step size often changes during plastic deformation, the analysis is 

kept stable by adjusting the time step. The stage-by-stage analyses 

give an accurate prediction of the overall dynamic buckling load. 

This load is found to be much lower than the static buckling load 

which shows the significance of the inertia effect. When this load 

is reached, the stresses on the upper flanges of some stiffeners are 

found to have exceeded their crippling stress level. The results 

also suggest that significant amounts of plastic deformation have 

taken place when the collapse load is reached. 

The Finite Element package which was developed especially for the 

present investigation has been coded for B.A.C. who sponsored this 

project. 
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1.INTRODUCTION 

Buckling of stiffened plates and cylindrical plates loaded in axial 

compression has been the subject of many analytical and 

experimental studies (1-17). In recent years Finite element method 

has also been used extensively in such investigation. However, 

none have been concerned with the elasto-plastic buckling of a 

stiffened plate subject to dynamic load. It is therefore the 

object of this thesis to examine the non-linear response of a 

stiffened panel and hence assess the buckling behaviour of the 

panel under various types of dynamic load. The problem arose after 

investigation studies, carried out by British Aerospace 

Corporation on some of their own design models, have found signs of 

buckling at the fuselage near the undercarriages. The structure 

also showed signs of material going through plastic buckling. 

The primary loading expected in an aircraft landing is a suddenly 

and repeatedly applied axial compression and bending of a short to 

medium time duration. Such loading can be simulated as below:-

Early papers dealing with the danger of failure of a column 

subjected suddenly to an axial compression load which is suddenly 

removed after a finite time interval of action were published by 

Taub (18). The results showed that a sudden applied load can cause 

collapse even if it is smaller than the Euler load. At the same 

time, the column need not be damaged by a suddenly applied load 

greater than the Euler load, if the load is removed after a 

sufficiently short time. 
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The analysis presented in this thesis follows the following 

sequences• 

The basic structural element of an aircraft fuselage is assumed to 

be a thin cylindrical shell, internally stiffened by both stringers 

and rings (see diagrams below) 

The following assumptions were made to permit and simplify the 

mathematical and finite element model of the fuselage and are also 

intended to reflect, with sufficient accuracy, its physical 

behaviour under such loading. 

1) The particular sections of the structure where buckling occurred 

can be represented by a rectangular element with stiffeners built 

along the edges. 

2) Since t/R « 0.01, the element can be assumed to be a 

rectangular flat plate element. 
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3) Plane section before buckling remains plane after buckling. 

4) The stiffeners are represented by the beam elements, having 3 

degrees of freedom at each node. 

6) The effect of rivet spacing and of rivet flexibility are ignored 

from the analysis. 

7) The stiffeners are assumed to have zero flexural stiffness for 

bending parallel to the plane of the plate. 

The effect of the torsional displacement and the out-of-plane 

bending from the Z-stringers will be ignored. 

The modelling of the stiffened plate employs:- a) the rectangular 

plate element which has 6 degrees of freedom per node; 2 in-plane 

movements, 1 out-of-plane movement and 3 out-of-plane rotations, 

b) the beam element which has 3 degrees of freedom per node; 1 in-

plane movement; 1 out-of-plane movement and 1 out-of-plane 

rotation. The rectangular plate elements are used to model the 

'skin1 sections and the beam elements are- used to model the 

stringers. 

The off-set of the stiffeners on one side of the plates is modelled 

by transforming the properties of the stiffener from the mid-plane 

of the plates to the mid-plane of the stiffeners themselves. 

The analyses shown in this thesis can mainly be divided into two 

stages. In the first stage, the linear-elastic behaviour of the 

structure is being closely examined. In this first stage analysis, 

we also look into the behaviour of the structure when loadings are 

applied both statically and dynamically. The static analysis 

consists of the following:-

1) Comparing the bending behaviours of both a flat plate and a 

Stiffened plate with some existing results. 
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2) Evaluation of the first mode of buckling using incremental load 

method and check the results against some existing results. 

3)Evaluation of the modes of buckling and their corresponding 

critical stresses using Eigen-value method. The results are then 

used to check against those evaluated by the incremental load 

method. 

In the dynamic analysis, it is found that the modal superposition 

method (i.e. using a frequency domain analysis ) will not give a 

reliable solution to the problem. This is because when buckling 

occurs, the fundamental modes often change quite considerably, 

hence, giving a very poor modal correlations between the modes 

obtained before buckling occurs and those obtained afterwards. 

Therefore, much effort is devoted to choosing a suitable time 

integration algorithm. The prime criterion is the computation 

efficiency and reliability of the algorithm. Various time 

integration schemes have been examined here. It is found that the 

Central Difference Method coupled with a Lumped Mass Matrix is most 

suitable and computationally more efficient than other methods, for 

example the Newmark-j) method. 

In the second stage analysis, the non-linear behaviour of the 

structure is extended to include the large displacement effect as 

well as the non-linear material effect. The Lagrangian (fixed 

coordinates) system is adopted in all the large displacement 

analyses. Von-Mises yield criterion using Prandtl-Reuss flow 

theory is used to formulate the elasto-plastic equations. The 

organisation of this thesis follows the sequence of steps involved 

in the formulation of the finite element procedure with 

consideration given to:-

1) The formulation of the tangential stiffness matrix. This matrix 

consists of 3 sub-matrices; small displacement stiffness matrix Ke; 

geometric stiffness matrix K^ and the large displacement stiffness 

matrix K L . While the load-softening effect in most instability 

problems is produced by the geometric stiffness matrix Krr/ the 

-4-



stiffening effect due to excessive out-of-plane bending is produced 

by the large displacement stiffness matrix Ky, 

2)The Constitutive law which expresses the non-linear relation 

between stress and strain. Here, the Prandtl-Reuss flow theory, 

which assumes the increment of plastic strains to be proportional 

to the corresponding deviatoric stress components, is adopted 

because it seems the most consistent concept both mathematically 

and physically. 

A volumetric approach is used in computing the plate element 

stiffness matrix and the stiffener stiffness matrix. This implies 

that during the formulation, the plate element stiffnesses are 

evaluated numerically using 2 x 2 Gaussian points across the plate 

area, while the stiffener element stiffnesses are evaluated 

numerically using 2 Gaussian points along the stiffener length. 

The integration across the thicknesses of the elements (whether it 

is the plate element or the stiffener element) employs the 

Simpson 1s integration scheme using 3 sampling points (one on each 

surface of the element and the other on the mid-plane of the 

element). This is because yielding normally occurs at the extreme 

surfaces of the elements and the Simpsons integrating points allow 

any surface yielding to be detected. 

The equations of equilibrium used in the sta'tic loading analyses 

are solved by an incremental tangential stiffness procedure (also 

known as the incremental load method). This approach is selected 

in preference to the other methods (e.g. the 'initial stress' or 

'initial strain' method) because of its general reliability and its 

compatibility with the incremental flow theory of plasticity. A 

modified Newton-Raphson iteration technique is also used to ensure 

convergency during the step-by-step loading procedure especially 

when the structure has entered into the plastic zone. The accuracy 

of the analyses is demonstrated by a series of examples which are 

then compared with the existing results and those obtained using 

the Engineering Data Sheets. 

As described previously, the dynamic benaviour of the structure is 

calculated using the Central Difference Integration Scheme coupling 
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with the Diagonal Mass Matrix. This scheme allows the tangential 

stiffness -matrix of the structure to be evaluated at the end of 

each time step so that any change due to excessive displacement and 

stress-strain relationship can be accounted for. The disadvantage 

of this explicit integration scheme is its conditional stability. 

Thus, a suitable time step size has to be calculated before the 

analysis commences. When large displacements and plasticity 

develope, the time step sizes have also to be evaluated 

continuously so that the time integrations can be kept within the 

numerical stability requirement. In most analyses, this is done by 

a trial and error method. In our present analysis, however, we 

compare the change of the maximum eigen value of the system when 

large deformation takes place and adjust the time step size 

accordingly. Excellent results are obtained in this way. 

The total number of time steps required throughout a complete 

loading/unloading history is around 5,000 which means that the 

tangential stiffness matrix has to be updated some 5,000 

times .Attempts have also been made to see if the tangential 

stiffness matrix can be updated at a fixed time interval (say every 

40 time steps)without affecting the response behaviour and the 

convergency of the analyses. Some interesting results are observed. 

External Damping is applied to the structure at the end of the 

unloading period to eliminate oscillations of the structure so that 

any permanent deformation caused by the occurrence of plasticity 

can be observed. 

Having set up an accurate and reliable Finite Element mathematical 

model which can be used to study the behaviour of a stiffened plate 

under dynamic loadings, the analysis is then extended to predict 

the dynamic collapse load of a given structure. 

Most results are expressed in a series of plots. A 3-dimensional 

plotting package is also employed in the post-processing of the 

results so that the deformation mode shapes can be illustrated. 
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2. SMALL DISPLACEMENT AND LINEAR STRESS-STRAIN RELATIONSHIP 

2.1 General Outline of the Finite Element Approach 

For a set of external applied nodal forces P and internal set of 

stresses T , and a system of displacement £ and strains t , the 

principle of virtual work states that:-

i-Z or- 4Y (2 .1) 

In the case of linear strain and small displacement, the strain is 

assumed to be a known function of displacements in the form of:-

t 5- P (2.2) f 
where & is known as the displacement function and is based upon the 

undeformed geometry of the elements. 

In most small displacement analysis, the stress-strain relationship 

is also assumed to be linear. Hence, the stresses can be written 

as:-

Or = t> • t (2.3) 

where D is known as the Constitutive equation for the material 

concerned. 

Sub. equation (2.1) & (2.3) into (2.1); we have:-

t = J £ —<2-4> 

Equation (2.4) becomes:-

Z ^ tf-E-JHvJ^ — ( 2 . 5 ) 
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\ i T term ifl 

The AR.H.S. of equation (2.5) is known as the generalised coordinate 

element stiffness K<; 

2.2 Formulation of the Plate Element Stiffness Matrix 

The plate element employed in the present analysis is a 4 noded 

rectangular element with 6 degrees of freedom per node. These 

consist of 2 membrane displacements ( M., at ), 1 out-of-plane 

displacement ( ul ), 2 first order rotational displacements ( 

) and 1 second order rotational displacement ( ^^JCSVJ ). 

Since the plate element considered here is reasonably thin, 

coupling between the bending and the membrane displacement can be 

neglected at this stage. (This will not be the case when out-of-

plane bendings become excessive). 

Let the global displacements be represented by U and 

U 

M. 

AT 

w where XX.. V are the global in-plane 

displacements in the horizontal plane. 

W Is the global out-of-plane 

displacements in the vertical plane. 

2.2.1 The membrane consideration 



Let the generalised displacements in i/uz. global in-plane directions 

be M . & V . If linear strain is assumed to vary between the 

adjacent nodes,the relationship between the nodal displacements 

(i.e. p * , (s ) to the global displacements can be written 

as:-

-a 

V 0 0 H x ' f o (.-ftifj) & (i+fx^fj 

(2.6) > 

The strain can be written as:-

'9 

IvL 

lH .'tot 
.•ey 2x , 

o 

o 

^y 

For the generalised coordinates:-

1 = v% 

1 -

_ 2x 

_ z 

Y* 

ft 

M 

V" 
(2.7) 

(2.8) 

Furthermore:-

I I 
(Ax 

J L _ L 
a ' 

11 
1 

J 
b 4 

t 
(2.9) 
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Sub (2.9) into (2.7) & (2.6); the 6 matrix 

becomes:-

[1! 
la. 

0 
I t 0 

o i l 0 
* * 

s . - 0 IL 
Zb 

0 ^ 
2b 

0 r,f> 
lb 

0 
2b 

iL 
2b 

£L 
la 

-Oil? H 
lb U 

l-< 

tb Kk 
ili Jit 
2b 2a. 

(2.10) 

Hence the membrane stiffness of the plate can be written as:-

& = - i t . 
4 

f1%. 
i ) 

S i : 
(2.11) 

Where jb, is the stress-strain relationship of the material and can 

be written as:-

i-Sf 

I s> 

\> I 

o 

0 

id 
1 

for plane stress assumption 

(2.12) 

2.2.2. The bending consideration 
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The displacement function employed to describe the nodal 

displacements to the global displacement is a polynomial expression 

using 16 parameters. This in fact is one of the first few plate 

bending elements derived when Finite Element method was first 

developed (19, 20). 

The polynomial can be expressed as:-

V = C, + CxX f Cij + + Csxy 4 Uif +C7X 

+ CfTC'if + Coy* ' C, xy Czx'f + C^y 

•f c+ xy* cs x.y* + zy* 

(2.13) 

A 
4 2C8xy r Cyf + 0 4 3C,xy,2Czxf 

&ft * ZCs x- f f 3Ct z y 3 (2.14) 

0v =1*1 
I 

rr 0 + 0 4- f 0 4 y +0 
4 CBxt f 2C?xy 4 

4 2Cz xxy / 3c,sxy* •/ ZC? ^JOj-xy1 

•f 3 Ce, 

(2.15) 

AY 
I 2xl<j 

0 4 O+O-tO-tC? 4 D+o -*2csx 

4 2 C?y + o / 3C/X14 fi'Cn'Xy 
(2.16) 
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Knowing the co-ordinates and further substituting them into 

equations (2.150 to (2.16) for each of the 4 nodes, then, we will 

have 16 sets of equations with 16 unknowns C, . Cz > C*. C 
which can be expressed as:-

V/, ' 

fx, 

V 

9/i 

9^ 

9iji 
Wi 

0X3 

WY 

/ /< X 
* / 

X 
/ ' 

/ 0 

/ 
0 0 0 / 0 
/ f 

1 ** 

f 
0 

0 

0 

I 

0 

0 

0 

I 

o 

0 

6 

4 y if. u<f. f . r- i* 

ixfy 

w 
1 ' 
f xt 4 

•xiyt 

O 0 0 / o - -Jxty* 

--hl.C - - -

where the value of -X/ / y y ^ are known. 

Hence C where // is the inversion of a 16x16 matrix. 

From equation (2.13), the out-of-plane displacement of any point on 

the plate can be expressed as:-

( / . X, y, x \ xy. y\ x3, z*y. xy\ f . x'y. 
xy. xf. * y , * y \ * y j - c 
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= p. c = Pn'-N • P (2.18) 

From equation (2.7):-

' 2 / LA ] 

i = = 

I S 
From Engineering theory of Bending for plane sections remain plane 

after bending, we have:-

ht [ - i . V u •] 

= - v ^ w 

P * ' M J . / 

Substitute (2.9) into (2.19), we have:-

t 

, 4 V 
0 a." hi" 

- y i X 
0 b" hj" 

- J - 1 . 2 L 

• v/ 

(2.20) 
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Substitute (2.18) into (2.20), we have:-

t = 

i ± X 
0 

S I 
C b* M " - • f. isl" P = <C./> 

(2.21) 

where 

Hence 

oi = 

I A* -if 

. A X 

-•si 2 1 -
0FT-B A ^ J 

P -H'1 = 6,,-n' 

1 = 6 T - M V 

where can be written as:-

-i •(2.22) 

k = 

ft o o 0 0 

n A '-k A 

0 0 0 0 o 

» • • o 

i A 

M M 

m T I O t - r 

i r 0 

V - f i 1 » t f • i i f f 

t < i f f 1ft S i f ' M 
•(2.23) 
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Hence, the stiffness matrix for the plate bending element can be 

expressed as:-

r* 

a t 

f ' 
V i > 

(2.24) 

Since N^ is independant of J . ^ : equation (2.24) can be 

rewritten as:-

_ a t. KB = 

i 

1 : •i « 

H 
-I 

(2.25) 

The combined bending and membrane displacement of the plate element 

is shown below:-
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The combined stiffness matrix is just the assemblage of the 

individual membrane stiffness matrix and bending matrix. Since no 

coupling is assumed for linear displacement between membrane and 

bending cases, the assembled stiffness matrix of the element can be 

represented as:-

KP 
Km 

Kt, (2.26) 

2.3 Formulation of the Beam Element Stiffness Matrix 

The beam element considered here is a 2 noded element with 3 

degrees of freedom per node; (1 in-plane axial displacement, 1 out-

of-plane displacement and 1 out-of-plane bending displacement). 

W 

•f 

Let K be the generalised displacement of the beam element where:-

U r 

f Sy 

JUL 

W 0 

•).<>. 0 . o • o 

£ 

= b. ( (2.27) 
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where 6 is known as the displacement function of the element. 

The strain across the thickness of a beam is:-

L t Itf 

where Jr is the ordinates of thickness and varies between k % 

Hence, from equation (2.27):-

7K 
1 1 . 
L'Vl {fr'fy. o. 0. o. o]-£ 

Similarly, 

It"' t)? 

Hence, 

« . k M . o.ii-M). Ii"p\i-i> 
F 

(2.28) 

(2.29) 

6 = I ' M * -OW(ff>) I I L M H I L jJteb 
l ' C ' it ' l Hj ' 

-x M i 
R a i>f 

(2.30) 
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Hence, the stiffness matrix of the beam can be written as:-

= 
_ t-t 

h 

-I 

(2.31) 

2.4 Solving the Equation of Equilibrium 

The stiffness matrices derived from the above sections can normally 

be evaluated using numerical integration schemes. However, as for 

small displacement linear geometry and linear material analysis, 

the stiffness matrices do not change at all and as the stiffness 

matrices depend only on the non-dimensional coordinates 

which again are constant throughout the loading procedure. The 

stiffness matrices can almost be integrated explicitly. Hence, the 

element stiffness matrices can firstly be integrated from ^ ^ ^ 

= to | and then be stored into the 

back storage. When solving for the equation of equilibrium, the 

already integrated stiffness matrices can be called out and be 

assembled directly into the structural stiffness matrix. 

2.5 Linear Static Analysis 

2.5.1 Plate Element 

In order to study the convergency and the compatibility of the 

element employed in the analysis, a series of tests were carried 

out on the plate with different number of elements, boundary 

conditions and aspect ratios. 

Properties of the plate are:- E = 10 7 lb/in 2 

thickness = 0.1" 

width = 10" 

and poisson's ratio = 0 . 3 
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The plate was divided into 2x2, 4x4 and 6x6 elements respectively. 

A load was applied at the centre of the plate and the non-

dimensional deflection was recorded. Onkj one quarter of the plate 

was used in the analysis. The following results are observed:-

i) Simply Supported Edges 

The results are shown in Table A of Fig. 1, and the graphs of 

corresponding deflections versus different numbers of elements 

employed are shown in Fig. 2. A curve of the theoretical non-

dimensional deflection was used to compare with the finite element 

results. Very good results were obtained. The differences between 

the finite element values and the theoretical values varied from 

-1 % using 2x2 elements to .-0.007% using 6x6 elements for a unit 

aspect ratio. The differences appeared to be slightly increased as 

the aspect ratio increased, but converged to well under -1% as the 

number of elements used are increased to 6x6. The evaluated 

results were all appeared to be below the plate theory predicted 

values (25). This is particularly true when the employed 

displacement function is a 16 term polynomial series. 

ii) Clamped Edges 

The results are tabulated in Table B of Fig. 1 and the graphs of 

the corresponding deflection versus different number of elements 

employed are shown in Fig.3. Again, very good results were obtained 

from the analysis. The differences between the evaluated results 

and the theoretical values appeared to be slightly greater than 

those obtained by using a simply supported plate. However, the 

difference converges rapidly to around -1% when the plate element 

number increased to 6 x 6. 



All the results obtained in the analysis can be seen to be slightly 

less than the theoretical values, and on employing an increasing 

number of elements in the analysis, the results aproach the exact 

solution. This shows strongly the conforming characteristic of the 

element employed here. 

Fig. 4 shows the variation of the displacement of a plate with 

different aspect ratios. A curve of the theoretical values was 

used to contrast the differences. Again, it can be seen that the 

difference between the curves increased slightly as the aspect 

ratio increased. However, such differences are shown to converge 

when the number of elements employed in the analysis are increased. 

iii) Twisting Test 

A test was carried out to study the twisting behaviour of the 

employed element. 

A square plate was simply supported at 3 corners and subjected to a 

vertical load of 5 lbf at the fourth corner as shown in diagram 

below:-

/ 5 ' 4 

£ = I04 

\ --R £ 1 
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Results are compared with those obtained in Ref.(25) and are shown 

in Table C of Fig. 1. Reasonably good results are observed. 

2.5.2 Bar Element 

Two simple tests on the static deflection of the bar using 

different number of elements were carried out; one on a simply-

supported beam and the other on a cantilever beam. The def lection 

obtained in the former analysis was 0.349" using 4 elements along 

the bar (an error of -0.24% compared with the theoretical value of 

0.35). In the latter case, the result obtained was 0.553" compared 

with the theoretical value of 0.5535" (a difference of 0.1%). The 

results are plotted on Fig. 5a and 5b respectively. Again, they 

all converged to the exact value as the number of elements employed 

increased. 
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3. GEOMETRIC NON-LINEARITY 

The non-linear analysis of plate and shells with and without 

stiffener has been treated by classical methods (26,27), finite 

difference (28), dynamic relaxation (29), perturbation analysis 

(30) and by use of Ritz procedures (31). However, as a result of 

the development of recent computing technology, the finite element 

method appears to be the most powerful and popular numerical 

approach. The approach was developed in the early 50s and numerous 

research works had devoted primarily to problems where the linear 

type of stress-strain relationship were considered. This type of 

approach would seem to be quite adequate for problems involving 

only small deflections. (Problems with deflections comparably 

small with thickness are normally considered as linear because the 

strain developed within the structure can generally be assumed to 

be infinitesimally small. Those descibed in Section 2 are 

categorised as small deflection problems.) The geometry of the 

element can then remain basically unchanged during the process of 

loading. Under this assumption, the displacement of each harmonic 

depends only on the loading of the same harmonic variation. 

Furthermore, since there is no coupling between the bending and 

membrane displacement, the solution of these can virtually be 

obtained independently. In practice, as coupling in general occurs 

between all the harmonics, the above assumption is quite inadequate 

even though the strains may be very small. 

Here, when large deflections are considered, the stresses due to 

the membrane action, which is normally ignored in small plate 

bending theory, may reduce the deflection even though the 

displacement itself is small. On the other hand, when a stability 

problem is considered, the deflection may increase much more 

rapidly than that predicted by linear small displacement theory 

when a certain load is reached. Such behaviour is known as 

geometric non-linear behaviour. 
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The pioneering non-linear work on finite element work is due to 

Turner et al (32). Generally, in the non-linear field, incremental 

approaches were adopted for tracing the complete load-deflection 

characteristic of a structure (33,36). The approach involves the 

geometric stiffness matrix and the updating of coordinates. The 

updating of coordinates is obtained by following either an Eulerian 

formulation (moving coordinates) (39,40) in which the construction 

of the tangential stiffness matrix relied on the updated set of 

coordinates, or a Lagrangian formulation (fixed coordinates) (35) 

in which an initial displacement matrix is added to the formulation 

of the tangential stiffness matrix. The Lagrangian formulation is 

more economical than the Eulerian formulation and gives a better 

solution when a small number of elements are employed (36). 

However, the incremental approach often leads to an unquantifiable 

build-up of errors during the process of calculation and, to 

counter this problem, the Newton-Raphson iteration (37) method is 

sometimes adopted to rectify these errors. For most instability 

problems, there is a danger of a lack of convergence to a higher 

equilibrium state. For this reason, Connor and Brebbia (38) 

recommendecl a combination of incremental and iteration techniques 

which was also used by Murray and Wilson (39,40). Whilst both 

authors used the same iteration technique, their approaches in 

formulating the tangential stiffness matrix are somewhat different. 

Whereas Connor and Brebbia (38) used an initial displacement 

matrix, Murray and Wilson (39,40) relied on updating the 

coordinates. Instead of using the Newton-Raphson method which 

requires that the tangential stiffness matrix be found and then 

triangulised in each step, we will adopt a modified Newton-Raphson 

procedure (19) in which the out-of-balance load vector computed at 

the end of each load increment is applied to the tangential 

stiffness matrix for iteration. 
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3.1 Formulation of Large Deflection Equation 

The formulation of geometric non-linear stiffness matrices for most 

elements is obviously well established since there has been many 

researches contributing to this field in the past two decades. In 

our case here, we will however look for a unified way to formulate 

the stiffness matrices for the elements so that it not only 

includes the geometric non-linearity effect but also is ready to 

accommodate the material non-linearity effect when needed, since we 

will be looking into the elasta-plastic behaviour of the structure 

involved• 

The treatment of geometric non-linearity in finite element 

formulations is to examine the basic non-linear equilibrium 

equations together with their solution. This would subsequently 

lead to the general continuum formulation of both the large 

displacement and the initial stability problem. Throughout the 

formulation, a Lagrangian system is adopted in which the 

displacements are referred to its original configuration. 

Lets consider at any time t, an equilibrium set of equation is:-

Ti-Vi-ds + 
Js 

(3.1) 

where:- T^ are the components of surfaces force per unit of 

current surface area. 

Vc • dY = 0?; otv 
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S is the current surfaces of the element. 

F^ are the components of the body force per unit of 

current volume. 

V is the current volume of the element. 

Of^ is the stress field throughout the element in 

equilibrium with F^ and T^. 

V̂ ĵ = ) is the rate of deformation derived from 

the velocity field V(X ). 

are the current coordinates. 

In the linear displacement analysis, V ^ is equal to t* l e 

strain rate. 

Equation (3.1) refers to the current set of coordinates. In order 

to transform equation (3.1) into a set of coordinates referring to 

its initial frame of reference, the relationship between the 

initial and current coordinates is:-

X i = X i + U i (3.2) 

where x^ & X^ are the current and initial coordinates 

respectively. 

U± are the components of the total displacements of 

the material of a point at time t. 

If Lagrangian formulation is to be used, the Green's strain tensor 

which refers to the set of initial coordinates should be adopted, 

and this is defined as:-
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r . , % f l L K . l i - $••) (3.3) 

where is the Kronecker Delta 

Hence the strain rate:-

i / f l * t 
=/£hxi we iXj/ (3.4) 

The appropriate stress whose product with E ^ will give the work 

done per unit initial volume is the Kirchoff stress S . Hence the 
J 

R.H.S. of equation (3.1) becomes:-

0?L • VIJ" DV 
(3.5) 

Considering equation (3.2), the general displacement U can be 

represented as:-

< 

Ui = Ai ' fl (3.6) 

where oi is the number of nodal freedoms and is the component of 

displacement shape functions. 

Hence:-

IXj' ' & (3.7) 
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Similarly, 

v\- = 
= Ai • (, * 

i 

and 

2x; 

Substitute (3.9) into (3.4); we have.— 

Eij = V VIAT 
Xj" K j f t W i M 1 

Substitute (3.10) into (3.5); we have:-

(3.8) 

(3.9) 

•(3.10) 

E I I R ' J 0 

•(3.11) 

The LHS of equation (3.1) becomes:-

Combining li-ll) * (S-lfc) . H tcowntt :-

is 

(3-12) 

it (J. 15) 
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If the 'equivalent' applied forces f^ at the nodes are defined in 

terms of surface and body forces as:-

* 

Pt R • A1 • DS' • f i - ^ - l K 
(3.14) 

The set of equilibrium equation is:-

?t & ( M M - l ^ U r 
(3.15) 

It is apparent that equation (3.15) is a function of the current 

state of deformation J^, which means that equation (3.15) will be 

changing throughout the loading procedure. Two types of non-

linearity arise in this equation; the geometric non-linearity and 

the material non-linearity (since the relationship between S ^ and 

E. . can not remain linear when material is above yield). This 

aspect will be discussed in Chapter 4. In this Chapter, however, 

we will consider only the geometric non-linear effect. 

Consider equation (3.15), the body force increment becomes:-

4 -
o I M ^ pf 

I t i 
•if 

} 
xS; . [ M r .'Mr d f • 4 

(3.16) 
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Furthermore, if the linear stress-strain increment in the 

Lagrangian frame of reference can be related as:-

ASIJ S TXJRT • (3.17) 

A ASij ^{jKl-
iC ^ 

(3.18) 

Substitute (3.18) into (3.16), equation becomes:-

2A? "MS - J A H " • P ' . E T 
IXT 'X* % i i ir 

o J ax-, J U 

(3.19) 

Compare (3.1) with the equation 3-

It can be shown that the tangential stiffness of the element is 

equal to:-

Sr -
r A y £ a 

DijKf-
% WFCLXTVM 

>5r M* 
v* lJ 1*4X1 iKt. 

(3.20) 
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If the term is to be ignored in equation 

(3.20), the deformation rate V"c,- -+ ) employed in 

J v oXj > 
formulating the above stiffness matrix is thus reduced to the 
linear strain rate • Hence, equation (3.20) is 

J * 
reduced to 

i5r = 

The term 

Jyo .Wj 
—(3.21) 

( tfl-W-1^1-4 
J v U X , U x t j 

is shown to be equivalent to 

the small displaceLent stiffness matrix f(t mentioned in Section 2 

while 1 J- {inis.Mtl.jY8 i s equivalent to the geometric stiffness 

matrix K^ ' I ' ^ j ^ J 
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3.1.1 Finite Element Formulation of the Plate Element Stiffness 

Matrices 

Here is equivalent to Be which can be expressed as: 

I X . T W 

I k e 

h y / ' N 

•>y. "axo 
j 

(3.21.a) 

From equation ZiQ \ZZ5 ; « 

' i L o 4 o -<4>oJ4< 
2OL ?CL 2A1 

% 0 % 0 i i 0 0 tb 2b 

ib 20. 2b & Zo. 2b ik 

-k * t - m ^ 
D O O ' - I O O ° ° 

0 0 0 0 0 0 0 -^T G 

ab fl-t') o-t'J 

I -hf ^ - m : 

i!af m - M - ^ - M - ' M 
ab ob" a£ ab Ab a-b , 

6» a. 
5< (6 
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Hence for linear displacement:-

£r £ E. ^ . A / 
VV 

'J* 

«»5 

vj«« 

& 1 5 - 4 
- - t - -

IS&*! 

Here, 

= ft* • i C t - U ^ i L 

For linear analysis, because E is the same across the thickness 

from ^ = to ^ = t^ > therefore 

* £ 
o Ks 

O . 

NF* ^ which is exactly the same as that used in Hence, Kr = 

equation (2.29), is the stiffness matrix Kc for small 

displacement only, 

iC L I J 
11 ' 1%j W It is obvious now that the term: 

is purely due to the large displacement geometric non-linearity 

effect. 
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Hence, from (3.20):-

FIAT ^ 

= KC T KU 

ML WK WT 
•DV4 

(3.22) 

where Ki is known as the large displacement stiffness matrix. The 

second term in equation (3.20):-

JV J B * , ' ^ X I 1 
dependent of the stress level and the loading. This term is known 

as the initial stress matrix or the geometric stiffness matrix K& 

• Hence, 

ZST : lie ^ ̂  » & 

In finite element analysis, the term "If 

expressed as:- ( from equation (3.7), we deduced:-) 

(3.23) 

can be 

T W 
W T 

^ " M K = /s) 

"Mi 

k = F R 
M i ^Xj 

Wo ^Xo 

Wo v1c 

•r)w / W . M S | -
l l f y b x . ^Xo^yoji! 

(3.24) 
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From equation (3.21.a) and (3.24), ( + (>L ) =>:-

hto 

3k 

2L + Ml 

hto ~ - U . 'H 

(3.25) 

I 

H - L + ^ (3.25.a) 

Substitute the appropriate displacement shape functions of the 

plate element into equation (3.25) and let ^ , 1 W _ 9 

we have:-
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jSe+ Ku B 

Li-tv 
fsS f*" 

+ 

/V /V /V 

[/ A> 'X- /V rt' /V 

f + 

n ~ rj? 

• Jv 

(3.28) -

JL 

-X 

/V /V (V 

t 
6,-EI. 

(I ~ r*> /v 

—-(3.28.a) 

For linear problems. 8 is uniform across the thickness. 
J/ ^ 

Hence, J 1 ^ ^ ^fr becomes zero. However, for most non-

linear problems, f 

Hence ^ J 'ft- can no longer be obtained explicitly, 

therefore these terms have to be included. 

Consider the geometric stiffness matrix J ^ , from ( 3 . 2 3 ) : -

K. 
\J 

« 
{ I k * ^ A K 

•a*,-
•c[\/ 
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1 C 
where ——7 can be expressed in matrix 

0 tC 
notation as:-

w, 
.oC -MO ' 

A = 

4 

?>XO ' H U ' ' 

A 

S N 5 

s 22. 

9«SU M S 

TY"''if j 

• H" ^ 

(3.io) 

N 

A 

^ to 

% ' Itjo 

As, Mi 
^Xo ?>y. 

?)XO ^YO 

A, A , 
"bio 'bio ^XO ?)XO 

V ' t y J 
•rt'dv 

•(3.31.a) 
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O I ^ 
•(3.31 .b) 

3.1.2 Finite Element Formulation of the Beam Element 

From equation (2.27):-

K = 
4 

W 

"^ j , 0 ; 0 > 
V . / 

0 ; * 

> 0 

I / a.i L 
)i 4 

t f 
to' = l hf " L'[ 

M s tM 
f 

_ I 
it n? I 

-1 0 0 /£ 0 0 

4 

_ X i _ i 
^ ~ n f " r 

f 0 , f f .^(ifi), 0. -if. 

ilV « 
'to ~ IX ' to4 
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A * lAi 
Hence, the finite element formulation for in (3.20) is:-0 AJ 

& - 1 
•)/] i 

Mi 

= 6. c* jz; 

l(ifi{-\) 0 m±£) tefcfr) 
' ~4 8 - 1 ' + ' J . 

Mj » ( •f i » ' l i i 

Hence b u for the beam element is:-

I 
3(f-o 1) O m - F ) M K D . ) 

f i * i 

Hence 
"bXj 'iXi "BXj 

•(3.33) 

= 4 £>L 
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Hence 

Ke + KL = 
V 

f .P i 
% hh of 
ttj +Wi 21} V ^ V 

\ YU 2*4 
is simply equal to:-

"A 
IJ 
i 

/> I P % 

1 

% 

u f 
( i fk- i ) -^ 

v. 

VJ (3.35) 

where b and 1 are the width and length of the beam respectively. 

The geometrix stiffness matrix is just the last term in 

equation (3.20), where:-

K, v° J Mi Hi 
•df 

IC 

H-

•t w 

o Mfi) H&te „ frft MH,) 
' 4 ' / 4 8 . V? 

•(3.36) 
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— S. - t - t 

For the Z type stiffener, the tangential stiffness matrices of each 

individual stiffener component (i.e. 2 lips, 2 flanges, and 1 web) 

have also to be evaluated with reference to the neutral axis of the 

stiffener itself:-

I 
K 

1 I ' / / / ' / / A 

V I / / f t / \ 
0 

The total stiffness matrix for a complete stiffener is the 

summation of all the stiffness matrices of its components:-

* i ft* - ^ • Kc 
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where Ks is the total stiffener stiffness matrix. 

Kc is the i ^ stiffener component stiffness matrix. 

Having obtained the tangential stiffness for the stiffener, the 

tangential stiffness of the stiffener with reference to the plate 

deformation is to be transformed using the transformation matrix 

shown in Appendix 1. Hence, the complete form of the stiffener 

stiffness matrix is:-

KTb = if 

- T> ' iSr • % (3.37) 

where T$ is the transformation matrix of the one-sided stiffener 

described in Appendix 1. 

3.2 Large Deflection Static Loading Analysis 

The following sections describe and test the large displacement 

behaviour of the plate elements formulated via equations (3.1) to 

(3.55). 
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3.2.1 Noil-linear deflection of plate without stiffncrs 

In the finite element large displacement analysis, the in-plane 

movements of the plate along all edges are restrained. As shown in 

the diagram below, all the movements in M. , V* along edges OA, 

OC and AC are to be suppressed:-

Using only a quarter plate, when the structure is subject to 

simply-supported boundary conditions, the out-of-plane 

displacements of all nodes along BA and AC are to be suppressed. 

In addition, the rotation along BO and along CO are 

also suppressed. 

When the structure is subject to a clamped edge condi t ion 

along AB and 

along AC are also suppressed in addition to 

those mentioned in the simply-supported boundary condition. 

Figure 6 shows the non-dimensional load-deflection curve of the 

centre plate using 3x3 elements for the finite element modelling. 

A curve of Levy's (ref. 27) theoretical results on large 

displacement of plate subject to the same boundary and load 

conditions is compared with the one obtained by finite element 

method. Both curves are very close to each other. The result 
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shows that the large displacement stiffness matrix employed in the 

present analysis is quite adequate. The linear deflection curves 

in Figure 6 contrast the difference between linear and non-linear 

analyses. 

Figure 7a shows a set of 9 curves corresponding to the load 

displacement curves of the 9 nodal points. The plate was simply-

supported and was subject to a uniformly distributed pressure. 

Figure 7b shows the enlargement of the load displacement curve of --

the centre plate (node 9) with the linear load displacement result 

as a reference. 

Figure 8a shows a set of 9 curves corresponding to the load-

displacement curves of the 9 selected nodal points with the same 

boundary conditions but subject to a central load. Figure 8b shows 

the enlargement of the load-displacement curve of the centre plate 

(node 9). Again, with the linear load-displacement result as a 

reference. 
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3.3 Numerical Integration of the Tangential Stiffness Matrix 

To evaluate the tangential stiffness matrices, we notice that both 

the matrices K L & K^. are dependent on the current stage of 

displacements as well as the stress level. We will therefore no 

longer be able to evaluate these matrices explicitly as those in 

the small displacement linear geometry cases (see Section 2.4). 

Here, a numerical integration procedure is sought to enable these 

matrices to be evaluated at any stage of deformation and stress 

level. 

In general, Gauss Quadrature (19,41,42) using n points is exact if 

the integral is a polynomial of degree 2n-l or less. Since the 

polynomial expression employed in the plate bending displacement 

3 3 

function (see equation 2.13) is of sixth order term (x y ), an 

exact integration of the stiffness matrices will require 4x4 

sampling points. However, as we have described in section 2.5, on 

the convergency test of the element, the behaviour of the plate 

element has been proved to be conforming, that is, the displacement 

function employed in the analysis results in overestimating the 

system stiffness. Thus, by not evaluating the element stiffness 

matrices exactly during numerical integration, better results can 

be obtained provided that the error in the numerical integration 

compensates approximately for the overestimation of the structural 

stiffness due to the finite element discretization (43,44,45). 

Hence, the numerical integration of the stiffness matrices can 

effectively be carried out using 2x2 sampling points. 

For a 2 dimensional problem, the integration of the stiffness 

matrices using 2x2 sampling points can be expressed as:-
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-I M 

11 

- Z Zy Wi- Wj - K-f. p 
'I J 

(3.33) 

where the weightings and W^ are equal to 1 and the sampling 

points in ( ' J ) are taken as +0.57735. 

In most non-linear problems, numerical integration of the 

tangential stiffness matrices should be carried out across the 

plate thickness ( J ) a s well as the plate area ) (i.e. in all 

the 3 volumetric directions) using the Gauss Quadrature methods 

shown above. However, in the case of elasto-plastic bending, 

yielding normally starts at the extreme surfaces of the elements. 

If the Gaussian integration is used in the direction, 

information at the top and bottom surfaces of the elements will be 

lost. Here, we will follow the Simpson's integration scheme (i.e. 

taking 3 sampling points across the plate thickness, one each at 

the top and bottom surfaces of the element, and a third point in 

the mid-plane of the element), which gives a better stress 

representation when yielding first starts. 

Such a combined integration scheme will lead to the integration of 

the tangential stiffness matrices Kf as:-

«T f(i f-TM* 

• h i - f V - ^ 

(3.39) 
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From (3.38) equation (3.39) becomes:-

K t w< • Wj . f(f. f f ; • —O.40) 
- I j 

where the weightings Z Q , Z 1 and Z 2 are t/6, 4t/6 and t/6 

respectively, and the sampling points are taken as -t/2, 0 and t/2 

respectively. 
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3.4 The Incremental Load Procedure 

From the principle of Virtual Displacement, we have:-

R* 4 - J 
(3.41) 

where the L.H.S. of equation is the set of external work done and 

R.H.S. of equation is the internal work done of the system. For an 

application of an external force the system will respond to 

this force increment by increasing its internal stress from to i 
Hence, the new set of equilibrium equation becomes:-

+ *f - \ + SjD-dv-

if =| + i f ) . ^ (3.42) 

A s 

•Oi = D • 6 • £ 

£<3; ' V-B'iP 
(3.43) 

Substitute (3.43) into (3.42), we have:-

•(3.36) 
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the first term on the R.H.S. of equation (3.44) is obviously equal 

to P n . Hence, equation (3.44) becomes:-

SP — < > 

vj 

(>•!>• 6 - Jv t 

(3.45) 

which implies that for any applied force increments, the system 

will respond with a set of displacements. Hence, 

4 1 = & (3.46) 

Equation (3.46) will allow a step-by-step solution to the set of 

incremental force and incremental displacement. Thus, the complete 

path of applied force and the deformation of the system can be 

traced by this incremental procedure. This is known as the 

linearised incremental procedure. The word 'linearised* implies 

that although the load-displacement curve is non-linear, the step-

by-step incremental procedure is piecewise treated as linear, i.e. 

the tangential stiffness matrix formulated at the beginning of the 

loading step is regarded as linear throughout the same loading 

step. Thus, 

A F = Kr(ft). A P 
V X (3.47) 

In practice, the above assumption is not enough even though the 

increment is infinitely small. If no precaution is taken against 

the errors accumulated throughout the whole loading procedure, the 

load-displacement curve so obtained will be diverted from the real 
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load-displacement curve. To overcome this problem, the following 

iteration procedure is required. 

Consider an equilibrium set of external and internal force at the 

beginning of the loading step i :-

where Ĵ;) the tangential stiffness is a function o{ the 

displacements at step i. 

After the application of the external force AF , the system will 

respond with internal force increment A F , which can be 

computed from equation (3.42). In order to have an equilibrium set 

of forces at the end of the loading step, we must have:-

J>+1 = hti 

If equation (3.48) is true, then we will have:-

^ i n f ^ i n f . 

At ~ J > « ~ AZ (3.49) 

Re-arranging (3.49), we have 

fc&. r at- int. j Jflt. 
- I f * - L , J •(3.36) 
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-at f r®t 
- k i v. ) . D i _ ic i r> \ . D 

(3.51) 

The second term in (3.51) is known as the out-of-balance force: 

A. 
= uj 

At the beginning of the loading increment, the out-of-balance fore 

is not known, and is assumed to be zero, and the tangential 

stiffness is evaluated based on the displacements at the beginning 

of the loading procedure. Hence, using equation (3.47), the 

displacement Increments are computed. The total displacements at 

the end of the loading step is up-dated and so is the total 

external force where 

it = * £ - 4 ' ^ 

The out-of-balance force A ̂ f is then evaluated based on the up-

dated total displacements, • The net force increment is then 

applied to the system, and a new set of displacements A ^ ' is 

computed. The operation is repeated until the out-of-balance foree^^, 

is practically zero. Chart 1 shows the iteration procedure of the 

above• 

The applied force vector A F would have its components equal to 

zero everywhere except at the nodes where external forces are 

applied. Thus, 
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Enc\ 

4 U\ 
where 1 = no. of external 

force points 

n = nri-1 = total no. 

of degrees of 

freedom of the 

system. 

V/hen the out-of-balance force is added on to the incremental 

force vector, it would be reasonable to expect that the resultant 

force vector if + if is also expressable in the form of:-

l - i * 'F 

4 

MXL 

l*f 

However, if the tangential stiffness matrix, which is evaluated 

based on total displacement at i+1 step, is directly multiplied 

-iy the total displacement , the resultant vector product may 

not necessarily be in the same form as that appears in the external 

load increment vector, i.e.:-

0 

i 

m*l 
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To overcome this, the tangential stiffness matrix should be 

partitioned alongside with the total displacement vector before 

they are multiplied:-

T, M l 

0 
z v 

mxf 1 Kn. A 
r 
A/ <*l s.1 

l i 
JS- A (3.52) 

o = t = - - jl- — ( 3 '5 3 ) 

£ = + (3.54) 

Substitute (3.53) into (3.54), we have:-

P = IW P, - K^ K ; ; . K , . -A 

(3.55) 
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4. BUCKLING ANALYSIS 

Basically, there are two types of buckling analysis, referred to 
«» H 

here as " linear" buckling and non-linear buckling. In the linear 

buckling analysis, the tangential stiffness matrix will just be 

composed of the small displacement elastic stiffness matrix JC 

which is neither displacement dependent nor coordinate dependent, 

and the geometric stiffness matrix J . (Formulation of these 

matrices are fully described in section 3). Because of the fact 

that only K ^ is dependent of the existing stresses, and hence the 

deformation of the structure, any subsequent initial deformation 

imposed on the structure will only 'accelerate' the buckling mode 

of the structure for a given loading. In practice, the above 

assumption becomes inadequate when the initial displacement or the 

subsequent deformation of the structure is no longer small comparing 

with its thickness. The alternative approach will be the "non-

linear" buckling analysis which will accommodate for any large 

displacements occuring in the flat plate or shell type structures. 

Such an analysis would be much more sensitive to any non-linear 

behaviour arising due to the material non-linearity or large 

displacements.Here, the tangential stiffness matrix is evaluated 

following the procedures described in sections 2 and 3.' 

4.1 Evaluation of the Buckling Loads 

There are normally two ways of evaluating the buckling load of a 

given structure. One of which is known as the incremental load 

method, and the other is known as the eigen value type of solution 

for buckling. 

In the incremental load method, the load is increased at the 

beginning of step and subsequent displacements are incremented and 

iterated in accordance with the steps and procedures shown in 

Ckat-1 1 - The total displacements and the existing stresses are 



then re-cycled back to formulate the tangential stiffness matrix 

(equations (3.1) to (3.37)). Hence, the procedures are repeated in 

order to compute the complete load-displacement curve of the 

structure. In so doing, two types of loading increments will 

occur. In the linear buckling analysis, because of the nature of 

the tangential stiffness matrix, . singularity will occur in the 

matrix at the buckling load level and thus on solving for equation 

(3.47), an infinite displacement increment will occur. In the non-

linear analysis, if only bifurcation structure is considered (i.e. 

if the plate is considered to be perfectly flat), the resulting 

load displacement curve will be exactly the same as that obtained 

in the linear buckling case. If however, an initial displacement 

Is imposed on the structure, or if the structure is of a shell 

type, the out-of-plane displacements will 'incite' the growing of 

the large displacement stiffness matrix (K L in equatin (3.28)), and 

on approaching the buckling load (provided that the deflection of 

the structure is relatively large compared with its thickness), 

singularity will not occur in the tangential stiffness matrix. 

Instead, the load- displacement curve will continue with a strain-

hardenimj effect very much similar to that of a large displacement 

out-of-plane load-displacement curve. 

In the eigen-value type of solution for buckling, we assume that 

during an infinitesimal displacement, the membrane force remains 

substantially unchanged. The formulation of the geometric 

stiffness matrix is based on a known distribution, 

nevertheless an arbitrary level of membrane stresses. Hence, the 

membrane stresses are assumed to remain constant so that changing 

one by a factor X will change all the others by the same factor 

throughout all the subsequent load increments. Finally at the 

point of buckling, the geometric stiffness matrix will become 
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The Finite Element approach is to, first of all, set up the elastic 

stiffness matrix . Thus, an arbitrary load increment A P is 

then applied and the displacement increment is solved via equation 

(3.46). This incremental displacement together with any initial 

displacement is then substituted into equations(3.29) to (3.31.b) 

to formulate the stiffness matrix K^ • The equation of equilibrium 

states that when buckling occurs, will be equal and opposite to 

)\KA • In other words:-

Hence, we have derived a linear set of eigen-value equations. The 

eigen-value solution can be obtained by various standard methods 

(e.g. the Sturm sequence technique or the sub-space iteration 

method etc.). 

The eigen-value type of solution for buckling does have the 

disadvantage of Its limited applications. The applicability is 

limited only to small linear buckling analysis. Furthermore, a 

complete load-displacement curve is not possible to be calculated. 

However, if only the buckling load levels and their corresponding 

mode shapes are of interest, the method will serve its purpose. 

0 "(4.1) 
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4.2 Buckling Analysis oh the Simple Plate and beam Elements 

4.2.1 Linear Buckling of Plate Without Stiffeners using Incremental 

Load Method. 

When subject to an in-plane load, Figure 9 shows that the structure 

has experienced infinite displacements at the centre plate when the 

applied stress approaches the theoretical critical stress of the 

structure. The figure also shows the non-dimensional load 

displacement curves of four selected nodes (see diagram drawn on 

Figure 9). During the analysis, the program stopped just before the 

total applied stress reached the theoretical critical stress of the 

structure due to singularities formed in the tangential stiffness 

matrix. From this result, it is evident that the geometric 

stiffness matrix employed in the analysis is appropriate and that 

the results generated are very accurate. 

4.2.2 Linear Buckling of the Beam Element with Various Initial 

Displacements Using Incremental Load Method 

A beam made up of 6 elements simulating the stiffeners was subject 

to an in-plane compressive loading. Figure 10 shows the buckling 

behaviour of the beam with different initial displacements, w^. 

The very top curve on Figure 10 shows the load-deflection behaviour 

of the beam with very little initial displacements whereas the 

bottom curve of the figure shows the load-deflection behaviour of 

the same beam but with a larger initial displacement (12.5% of the 

beam thickness)• Despite the different imposed initial 
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displacements, the beam buckles at an applied force of 4,800 lbf 

which coincides with the theoretical critical load of the 

structure. However, the individual load displacement curves 

corresponding to the different initial displacements do vary 

slightly. 

4.2.3 Linear Buckling of a Beam with Various Off-sets from its 

Local Neutral Axis 

Off jtfs* 

In finite element analysis, Appendix 1 has already mentioned that 

instead of representing the movements of the beam by the two end 

nodes along the stiffener fs neutral axis, the movements have to be 

transformed from the stiffeners neutral axis to either its top or 

bottom surface (depending on where the stiffener is in contact with 

the plate). In this way, the coupling between the out-of-plane 

rotations and the in-plane movements of the stiffener can be fully 

represented. To show that an off-set stiffener has been properly 

modelled, the behaviour of the computed load-displacement curve 

should show some correlation with the off-set positions ( 4 ) . Fig. 

11 shows the load-displacement curve of the beam subject to uniform 

compressive load but off-set at different positions. The figure 

highlights the behaviour of the stiffener when subject to different 

off-sets which vary from the mid-plane of the plate ( to the 

local neutral axis of the stiffener ( 4 = 0 ) . In order to make a 

direct comparison of the displacement behaviour of the stiffener 

with 4 = 0 to i = t/2, the stiffener is subject to an initial 

deflection of 10% of its thickness so that the load-displacement 

curve when 4 = 0 can be visible. 
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4.2.4 Non-linear Buckling of the Plate Without Stiffeners 

It has been shown in Figure 9 that when linear buckling is being 

considered, the central plate will experience an infinite out—of— 

plane displacement at the critical load. However, when non-linear 

buckling is considered, this will no longer be the case. This is 

because of the nature of the tangential stiffness matrix which, 

when used in non-linear buckling analysis, will normally consist of 

the large displacement matrix in addition to the other two 

matrices Ka & ^ • As section 3.2 has already shown that is 

proportional to the square of the out-of-plane displacements of the 

structure, the relatively large deflections at the onset of 

buckling will increase Ky. to such an extent that it will be able to 

offset the stiffness loss made by the geometric stiffness matrix 

. From this point onwards, the structure is in a position to 

'regain' stiffness as further compressive load Is applied. Thus, 

at the post-buckling stage, the load-displacement curve will be 

very similar to that being obtained from the non-linear bending of 

plate (see Fig. 6). To illustrate this, a plate which has slight 

imperfections is subject to an in-plane compressive load. Figure 

12 shows the load-displacement curves of 4 selected nodes on the 

plate. Figure 13 merely highlights the behaviour of them at the 

pre-buckling stage. 

However, it should be noticed that whether or not the large 

displacement stiffness matrix ( Ki_ ) is sufficient enough to off 

set the stiffness loss made by would depend entirely on the 

imposed initial displacements. If these initial displacements are 

not' sufficient, the effect of the large displacement stiffness 

matrix Ku will be minimal. Hence, on reaching the first critical 

load, the response will be the same as that expected in the linear 

buckling analysis ( Fig. 9 ). Figure 14 shows the central 

deflection of a plate subject to the same compressive loadings, but 

with different initial imperfections. The first three curves on 
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Figure 14 represent the plate with initial displacements of less 

than 1% of the plate thickness. All three curves are seen to stop 

just before the structure could continue into the post buckling 

stage due to the presence of singularities in the tangential 

stiffness matrix. However, when the imposed initial deflections 

are significant, it enables the last two curves in Figure 14 to 

continue into the post buckling stage in the manner that has 

already been discussed above. Figure 15 shows the enlargement of 

the first three curves of Figure 14 while Figure 15 shows the last 

two curves of Figure 14. The analysis shows evidently that the 

structure is very sensitive to the presence of imperfections. 

4.3 Buckling of a Stiffened Plate 

4.3.1 Brief Historical Review 

Although various authors had tackled the problem before, Bryan (46) 

was the first to investigate theoretically the stability of 

compressed stiffened plate by applying the energy criterion of 

stability to the solution of a buckling problem. In his paper, he 

looked into the stability of a plate stiffened by a set of ribs 

parallel to the direction of applied forces. He also looked into 

the effect of a second set of stiffeners placing perpendicular to 

the applied force. He concluded that in order to obtain the 

greatest strength, the stiffeners must be parallel with the 

direction of the applied force, and that, to obtain the same 

strength, they may be then placed twice as far apart as if they 

were perpendicular to the applied force. Timoshenko (47,48) first 

considered the problem of minimum rigidity of the stiffeners 

required to restrict buckling in a stiffened plate. By applying 

the energy method he obtained approximate solutions for rectangular 

plates having longitudinal or transverse stiffeners under various 

loading conditions. He also prepared the first numerical table for 

the design of stiffened plate. Lokskin in 1935 looked into the 
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stability problem of long itudinally or transversely stiffened 

plates by applying the method of integration of differential 

equations for stiffened plate with initial deflection. He also 

derived the stability conditions for plates having any number of 

equidistant stiffeners. Since then, different stability problems 

of stiffened plates had been analysed in numerous periodicals and 

in well known monographs by: Timoshenko (49), Timoshenko & Gere 

(50), Bleich (51), Kollbrunner and Meister (52). Papkovick (53), 

Savin & Fleishman (54), and Bulson (55). Barbre (56) and 

Ratzersderfer (57) analysed the problem of minimum stiffener 

flexural stiffness required for the plate to buckle with no 

deflection of the stiffeners. Jojic (58) investigated the case of 

a rectangular plate reinforced by multiple stiffeners. Cox & 

Riddel (59) discussed in detail plate with one to multiple 

stiffeners. They investigated the smallest size of stiffeners 

required to prevent overall buckling of a flat panel before local 

buckling of plate between stiffeners can occur. The effect of 

torsional stiffness of the stiffeners is included. Svennernd (60) 

discussed buckling strength of longitudinally stiffened plate, 

applying the critical stress method as suggested by Bleich, and 

found the required strength of stiffeners to resist buckling of the 

whole plate before local buckling occurs. Since then, a number of 

papers concerning the analysis of buckling of stiffened plate under 

different boundary conditions had been appearing in various 

journals. More recently, Van der Neut (61) investigated the 

interaction between the local and overall buckling of stiffened 

plates and Koiter (62) explained analytically the mechanics of the 

failure of the stiffened panel due to this interactive effect. 

4.3.2 Analytical Analysis of Buckling of Stiffened Plate and Study 

of the Analytical and F.E. Results 

There are apparently various methods to evaluate the critical 

stresses of the stiffened plate of the above mentioned nature with 

one to multiple stiffeners. Amongst these methods, if one follows 

the energy method (49) one can derive from it the expression for 

the critical stress of the following system:-
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and where A^ is the area of the ith 

stiffener. 

Seide & Stein (63) had produced a buckling chart to extrapolate the 

critical stresses for stiffened plate having 1,2, 3 or more 

stiffeners situated in the mid-plane of the plate. The chart 

equation (4.3). 

4.3.2.1 Plate with Stiffeners Located on one Side of the Plate 

Timoshenko (49) suggested that the stiffness of a one-sided 

stiffener could be taken into account by replacing the moment of 

inertia of the stiffener about its centre of gravity ( Y in 

equation (4.2)) by an effective moment of inertia and using this 

value in the solution valid for stiffeners with their centre of 

gravity located in the mid-plane of the plate as that suggested in 

equation (4.2) and reference (49). However, Seide (64) suggested 

that If the stiffeners are very large compared to the plate, the 

attached plate can have very little effect on the bending of each 

stiffener about an axis passing through the C.G. of the stiffener 

X-section. On the other hand, stiffeners that are very small 

compared to the plate would appear to be forced to bend about the 

mid-plane of the plate. The effective moment of inertia of a given 

stiffener can therefore vary between the moment of inertia taken 

about the centre of gravity of the stiffener1 s X-section and the 

moment of inertia about the mid-plane of the plate depending on the 

proportions of the attached plate. Following this agreement, the 

effective moment of inertia of this stiffeners are derived as 

operates on three different parameters )f » & & 4 as defined in 

(64):-

- 0 4 ) 
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where I eff is the effective moment of inertia of the stiffener 

about the mid-plane of the plate. 

I s is the moment of inertia of stiffener about its own 

C.G. 

d is the bay width of plate between two stiffeners. 

D & E are the usual bending modulus & Young's modulus of the 

plate and stiffeners respectively. 

z is the distance of the C.G. of stiffener from the mid-

plane of the attached plate. 

z n > q is a constant dependent on the aspect ratio of the 

stiffened plate bay area. 

Reference (64) contains charts showing the value of Z_ _ for 
u ,4 

different number of stiffeners and modes of buckling. To calculate 

the critical stress of the stiffened panel, the value of Z_ _ of 
11,4 

the corresponding panel is first extrapolated from ref. (64). 

Hence, the value of the effective moment of inertia of stiffener 

I eff and the L.H.S. of equation (4.4) can be evaluated. Having 

obtained that, the buckling chart of ref. (63) is then used to 

extrapolate the critical stress using the 3 parameters , ^ & ^ 

as that described in equation (4.3), but yvi-fK 

y' _ E - u l 
d - D 
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4.3.2.2 Example Study 

In order that these analytical results described in ref. 46 can be 

used to check against our finite element results, three structures 

with arbitrary dimensions are employed here so that the evaluated 

terms jf' , & i would lie within the ranges given by ref. 

(64). They are shown as follows 

Awofyfica [ feault 
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Finite Element Result 

The same model is used in the finite element anlnysis. Only one 

half of the plate is used because of symmetry along its length. On 

employing 4x2 elements across the structure and taking the effect 

of off-setting the stiffener on one side of the plate into account, 

the result shows that the structure buckles at an applied stress 

level of around 54,000 lb/in 2 and that when this stress is reached, 

It continues into the post-buckling stage, behaving very similarly 

to those described in section (4.2.4). Fig. 17 shows the force-

displacement curves of the 4 selected nodes on the structure. When 

comparing with the analytical results of ref. (64) remarkably close 

agreements are observed, and the discrepency between the two sets 

of results are only 2%. 

CASE 2 (2 stiffeners) 

Analytical Result 

The stiffened plate with 2 stiffeners but the same configurations 

as that shown in Diagram 2 has been analysed, and the following 

results are obtained:-
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J
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Finite Element Result 

A 6x2 element model was used in this finite element analysis. 

Taking the effect of off-setting the stiffeners on one side of the 

plate and also taking the large displacement analysis into account, 

the result shows that the structure buckles at an applied stress 

level of around 43,600 lb/in 2. Again, further load increments have 

enabled the structure to enter into the post-buckling stage. When 

this result is compared with the analytical results shown above, 

the two sets of results are so close to each other that the 

discrepency between them is only 2%. Fig. 18 shows the force-

displacement curves of 4 selected nodal points on the structure. 

CASE 3 (3 stiffeners) 

A stiffened plate with 3 stiffeners has been analysed. Here, the 

bay width (i.e. space between adjacent stiffeners) of the structure 

is reduced to half of that being shown in Diagram 2. Following the 

procedures shown in the previous 2 cases, the theoretical critical 

stress for this stiffened plate is found to be 85^000 lb/in 2. The 

Finite Element result gives 84,300 lb./sq.in. The discrepancy 

between the two sets of results is only 0.8%. Fig. 19 shows the 

force displacement curves of 4 selected nodal points on the 

structure. 
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5. MATERIAL NON-LINEARITY 

Non-linear effects due to plasticity have been tackled in a manner 

similar to the approach used for geometric non-linearities. A 

tangential elastic-plastic modulus matrix has been developed 

(65,66) which relates the incremental stresses to the incremental 

strains. This tangential modulus matrix, which is a function of 

the current stress levels, may be incorporated in an incremental 

procedure (19,66) or alternatively a modified Newton-Raphson 

approach (19,67). Small increments are desirable in elastic-

plastic analyses as a consequence of the incremental nature of the 

flow rules. However, Nayak and Zienkiewicz (67) have used large 

load increments for the application of the out-of-balance load 

vector while, for the formulation of this vector, a further sub-

division was employed to improve the accuracy of the representation 

of the flow rate. 

« 

A number of authors (68,69) have used the finite element method for 

the analysis of elastic-plastic plate problem. Ang & Lopez (70) 

used a discrete modal approach and Belythescho & Velebit (69) used 

a complementary energy formulation to apply to the problem by 

assuming sudden plastification of the whole section depth. Similar 

approximations have been made using finite differences (28). A 

more exact analysis was performed by Armen et al (71) and Marcal 

(72) who allow for progressive growth of plasticity through the 

depth of the plate. Armen et al (71) also traced the elasto-

plastic interfaces across the plane of the element while Marcal 

considered the plastic properties to be constant over each layer. 

He used the trapesiodal rule with eleven integration stations 

through the thickness. Crisfield (73) used an area approach based 

on Llyushin's theory (74) which relates to the six generalised 

stress resultants that would occur in any shell element. The yield 

criterion pre-supposes a sudden plastification of the plate section 

in a manner similar to that frequently assumed for plate bending. 

However, it was concluded that this area approach is not as 

accurate as the usual volume approach though it has the advantage 

of a considerable saving in computer time. As a consequence 

prior to the derivation of the plasticity formulation using finite 

element approach, we shall review some of the basic assumptions and 

material laws that would involve herewith. 
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5.1 Basic Assumptions and Constitutive Relation for an Elastic-

Plastic Material 

From equations (3.1) to (3.7) we have derived the general 

incremental stiffness equations using a constitute relation in the 

form of equation (3.18). It is the purpose of this chapter to 

derive the appropriate form of D^jki in equation (3.18) for a 

particular material property. 

The classical treatment of the elastic material may be written as a 

function of strain energy such that: 

C J W . 

^ —(5-1} 

where W = W 

Differentiating equation (5.1), we have: 

V W r 

Compare equation (5.2) with equation (3.17), we define:-

"h ^ ^ 

r toy " " ( 5 - 3 ) 

Equation (5.2) also shows that what we adopt here is very useful in 

following the strain history through the structure. 

Before the formulation of the constitutive matrix D^jki c a n b® 

derived, it is necessary to examine the assumptions that are 

required. 
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5.1.1 Assumptions 

For finite strains, the usual development of the elasto-plastic 

constitutive relation may be followed provided that we assume a 

linear decomposition of strain increments into elastic and plastic 

parts. Although it is not the case in large strain analyses; 

however, if the strains are infinitesimal, we can assume the 

recoverable elastic strains are small so that the elastic & plastic 

strains may be additively decomposed as:-

where subscripts e & p refer to the 'elastic' and 'plastic' state 

respectively. The plastic part of strain is postulated to be 

incompressible• Hence, 

- 0 
(5.5) 

The second assumption is that the material has an isotropic 

hardening effect. This implies a uniform expansion of the initial 

yield surface. The hardening is measured according to the plastic 

hypothesis (which is equivalent to work hardening), so the yield 

criterion for subsequent yielding becomes:-

f = (T - H(^) = 0 
(5.6) 

where H is a function of the equivalent plastic strain L which is 

the integral of :. 

h 
'i 1j j (5.7) 
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Our third assumption is that there exists a loading function "J" in 9 

dimensional stress space. ^ = 0 at time t constitutes the yield 

criterion at that time. 

$ X 0 is inadmissable. As it turns out that I is a function of 
p J 

D^j & £ij» three different loading conditions from a plastic state 

( j = 0) result 

^ • 6c; < 0 

Wij J 

> 0 

(during unloading) 

(during neutral loading) (5.8) 

(during loading) 

The dot denotes time differentiation. 

Furthermore, the material is assumed to be stable as defined by 

Drucker (75), which implies that at a regular point of the loading 

surface, "j = 0 , the vector is in the direction of the outward 

normal to the yield surface (in the stress space). This is known 

as the Normality rule (75) which defines the plastic strain 

increment as:-

W j (5.9) 
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where is a non-negative scalar when the material obeys the Von-

Mises yield criterion, and the flow rate is equivalent to the 

Prandtl-Reuss equation. By virtue of equation (5.9) the loading 

function plays the role of a plastic potential, dj" remains zero 

when going from one plastic state to another. Hence: 

J Tifii J ' (5.10) 

The Initial yield criterion (Von-Mises) and the loading function 

are given by:-

f 0 = f - To = a- - < 3 * . = o . — ( s a l ) 

where Tq is the initial yield stress in uniaxial tension, Kq is the 

yield stress in pure shear and 0" is the equivalent stress given 

by:-

(f -<[5 j L { ^ • O i j * J (5.12) 

t 

in which J2 is the second deviatoric stress invarient and 0£|" the 

deviatoric stress components. Areas concerning the behaviour of 

small strain elasto-plastic rate independant material which 

correspond with Prandtl-Reuss relations and Von-Mises yield 

criterion can be found in ref. (76,77). 

5.1.2 Formulation of the Constitutive Law 

For most material behaviour, the constitutive relation is commonly 

expressed in terms of true stress and true strain (e.g. the 

Prandtl-Reuss equation) rather than as a relation between S^j and 

E^j as that defined in equation (5.2). Therefore, the constitutive 

relation has to be related between the increments of the true 

stresses and the Kirchoff stresses. For the incremental stresses 

at any stage, we will express it in the form of :-

aOTj = CjK( • (5.13) 
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where A(JJy & are increments of Eulerian stress and Almensi 

strains, and C ^ j ^ is derived from the elastic constants and the 

current position of the yield surface (and work hardening 

coefficient) for an elastic plastic Increment. It is noticed that 

^ijkl equation (5.13) is now defined as the relationship between 

the Eulerian stress increment & and the Almqnsi's strain 

Increment A b o t h of which are a function of current coordinates. 

However, If a Lagrangian frame of reference is to be adopted, the 

original frame of reference is to be used throughout the load 

increments which implies that the Kirchoff stress increment and the 

Green's strain increment must be employed. 

To relate the Green's strain increment to the Almansi's strain 

increment and also the Kirchoff stress increment to Eulerian stress 

increment, the following relationships are used:-

e - ^X r . A c 

where A mr\ is the Almansi strain increment & A Efs is the 

Green's strain increment. 

A Scj = u 
. . I X , A Q -

O X - n 

(5.15) 

Where A Si," Is the Kirchoff stress increment & is the Eulerian 

stress increment. 

In the above two equations 

transformation where:-

refers to the co-ordinates 

(5.16) 
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and in most cases h ^ » h j x & i s a n orthogonal rotation. 

Neglecting the terms of order of h^ j, assommi^ smalt strain. 

^ I - • 

^XL IXf rr-z 
II - ' • & 

j 
(5.17) 

sub. eqn. 5.17 & eqn. 5.14 into eqn. 5.11; we have, 

J - i i n h t K ^ X i f l ^ (5.18) 

The material law C^j^i can now be derived as follow s:-

The true stress and strain increment is composed of the deviatoric 

and the hydrostatic part:-

d<r = du -' -t <j<rH 

jt = d d ' + 4 d H 

(5.19) 

and, 

4r 

it' 

= dtti + dOy 

- itu t ic r j 
(5.20) 

da*1 = d(re
H r 

it" - (5.21) 

This is true since 4(Jj> & it^ is zero during plastic deformation 

icn =" d tii' - 4 ^ii'ddiC 
•V 

(5.22) 
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The elastic component of strain is:-

dOTi 
- — i + — £><j' cfCuv 

) H f J (5.23) 

from (5.20) and (5.23), we have:-

j * J 

J ^ J K ' ; R 

j 

do-j = £ f d & j 

The equivalent stress is defined as:-

On differentiating eqn. 5.25, we have:-

cr- clcr = ft oij d (r|j' 

oij -doij = % or-

Let the plastic modulus be and 

H - ^ = i t 

(5.24) 

— z 5 ' ' 

cr = /£ ' — ( 5 . 2 5 ) 

(5.26) 

(5.27) 
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Using Prandtl-Reuss theory, the plastic strain increment:-

a f l _ - J j i C - ' . _ 3 g - j(r '. 

The Plastic work increment is:-

d W p = cr- ef6 r = - d (5.29) 

where (J- <(£ P = ^ (5.30) 

H 

from eqn. 5.24, we have 

O I J - J ^ - o j u f ^ 

i . - > 

Sub. eqn. 5.26 into 5.31, we get:-

Sub. eqn. 5.29 and 5.30 into 5.32, we have:-

/ » ' s-m = 07) • 4 - M 

1' j ) 

t . _ ' 

•(5.31) 

O i j - ^ - = - ^ (5.32) 

= = > . ff-da = — r - 1 — : — — < 5 . 3 3 ) 

Sub. (5.33)into (5.28), we have:-

3 cnj • q^t it kl •(5.34) 
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Sub. (5.34) into (5.24), we derive:-

J ' : J >F • < M K [ ' 

From 5.19, = e(o;y + cfO"^ 

Sub. (5.35) into (5.19), we finally arrive:-

(5.35) 

(5.36) 

For plastic loading, ({t^ = s * n c e hydrostatic part becomes 

ineffective during plastic deformation. 

-2_ (..(,, 3 -oy • crKt 

*1 j * - 7 ^ 7 t 7 j tit kl 

for plastic loading 

for elastic loading 

& elastic unloading 
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Hence, the constitutive equation C ^ j ^ for plastic loading is: 

CJKC = £ < r k - ^ ' i + 
J 1 j 

—(5.37) 

The constitutive equation C^j^i for elastic loading and clastic 

unloading is:-

CuKC (5.38) 

When Lagrangian frame of reference is to be employed, the material 

constitutive law derived above should be pre and post multiplied 

with the appropriate co-ordinate transformation matrices such 

that:-

T) — "IXj ^ X r I X * q 

v l l u " i X n 

(5'38-1) 

From eqn. 5.24, the equation can also be expressed as:-

dtfcj eijkt ' ( d£ej ~ <(dj ) 

dOTj- = E c j K l - U t i j - J ^ j ) (5.38.2) 

where B^j^i is the usual elastic material constitutive law. 

Comparing with equation 5.36, we can therefore express:-

do?.- - E i j K l ( i t u I D J ) 

(5.39) 
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5.2 Finite element formulation of material Constitutive equation 

If the stress vector can be expressed 3 dimensionally as:-

Z m {<£ , vj , oj. , &trn , 

Taking the mean stress a ; > ((];., (jy * (jl) • £ 

where e 3 = { I , | , |. 0 . 0 . 0 j 

Then, a ' = { & ' . (T/ . (Tj\ V T f y } 

= i 

= z -

= ( I (5.40.a) 

Similarly: 

L - t - U - z 3 

• C M - O F 

C 4 = \ U f S - 5 0 ? ] -—(5.40.b) 

<f(J7) = {<fc . dflj, ciOj. •Hihf • j = dCT 

dtij -- { i l , f u ^ . j l i ^ . flit^ } - d£ 

(5.40.c) 

(5.40.d) 

From eqn. 5.39, we have:-

d(T = C • it 
^ (5.40.e) 
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where:-

c = e - afr a:'- g* 
—(5.41) 

where E is the usual elastic modulus of material in 3 dimensions, 

and H' is the plastic modulus of material defined in equation 5.27. 

5.3 Transformation of co-ordinate system 

Since C ^ j ^ is relating the true stress and strain system and the 

Constitutive law that we are looking for here D^jkl is relating the 

second Kirchoff stress and Green's strain in the unde formed frame 

of reference, it is therefore necessary to transform C^jki obtained 

from above to D^jkl* 

The xy plane is the Lagrangian frame of reference which refers the 

corresponding stress and strain to its undeformed co-ordinates. 

The x'y' plane is the Eulerian frame of reference which refers the 

corresponding stress and strain to its current co-ordinates. 
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Let T/r be the transformation matrix which transform the second 

Kirchoff stress into the Eulerian stress, 

0-j' = T(T- (5.42) 

Let Tc be the transform matrix which transforms the Green's strain 

to Almensi's strain, 

= J c (5.43) 

The two transformation matrices T r and T^ has the properties of 

orthogonality, where:-

t = tt l u s tr 

Hence, from eqn. 2.40, 

j r = c - t 
we have, after substituting eqn. 5.42 and eqn. 5.43 into 5.40:-

I r - 5 = C • It • £ 

Compare with:-

3 = 2 • % 

Hence, we have got:-

It • C - T , (5.44) 

5.4 Reduction to Plane Stress 

In most thin plate analyses, the stresses in the out-of-plane 

direction (z-direction) is often assumed to be zero which gives:-

Oj - CKj - fy = 0 
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Also, 4(5j = dO"^ = = o 

and similarly, 

(5.45) 

ddx 
1 

i t y = 0 (5.46) 

therefore, the non-vanishing terms of the original 6x6 Constitutive 

matrix becomes:-

do;, 

do"* 

k 

k 

C m i cun C u t c „ 

12.11 LU2Z 

»n 

2>3 

G2.11 Ciin C u m Ctiyi, 

Cm Cut G133 

can GJ I l Ci533 

iu 

l u 

i u 

(5.47) 

However, d §"33 = d = 0 while d £33 is non-zero, therefore C is 
condensed to:-

£ ~ Cram ~ °m4 °4n 

C44 

where m = 1,2,3 

& m = 1,2,3 

The Constitutive matrix is finally condensed to:-

/V c 

c* 

Gf( ~C\ 13J r r ' Cull' C 
•3*55 

g>m 
-1135 

Q333 
C -C 
Mil* 

G 3312. 
mt M133 

Cuu czza G J I I 

CM. 11 Cz)j 

C-3333 

Gin 

-3535; 

G335 

r c cm C C Gili 
2̂212 " V-ZZ53 

c, 333 

f c gstz r % /- r c3jit 
Gjsj GJJS 

(5.48) 
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Hence, the constitutive matrix for the Lagrangian frame of 

reference becomes:-

£ = Te 4 • C • i (5.49) 

where the transformation matrix Tc is now refered to the co-

ordinates in 2-dimensional space only. 

5.5 Total Strain Increment 

If the displacement can be expressed as:-

m « { jul , V . W } 

then, the total strain can be written as:-

t -

t. 
f . 

'Sti 

1X 

/ * • * 
• 

h p 

t, = + nf + hf 
Sir 

X ' / 

and the total str ain increment becomes:-

aL = 

• ^ 

J F W 

= 

S 

+ 
zhy j 

+ 

W V V 

I F S T 
(mym) 

m . W 

hx- lit- nt*-

.i.xvt hf 

-84-



From eqn. 3.25 and 3.25.a, the above total strain increment can be 

written as:-

l 

0 

o 
v 

falj IAW 
2k. 2sj 

]w 
hx. 

IV 

= t M 

5.6 Plastic Strain Increment Evaluation 

From eqn. 5.39, we have:-

= £ • ( i t - ti?) - c - i l 

fj 

where d£, is the total strain increment and dd is the plastic 

strain increment. 

R-arrangimj eqn. 5.39, we have:-

E-& - = t-it 

I C = H - I T - ( I - • « ( £ . 
~ ~ ~ ~ " ~ (5.50) 
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where I is a unit matrix, E is the usual elastic modulus matrix and 

it can be expressed as:-

£ 
s> 

7 o 

M > 

A 

C is the condensed Constitutive matrix for plastic loading (see 

equation 5.48). A is therefore not necessarily a symmetrical 

matrix even though E -* and C are. 

If the plastic strain increment history is to be recorded, A has to 

be evaluated throughout the whole process of loading for all 

integration points when using the Finite Element procedure. 

5.7 Evaluation of Plasticity Within a Loading Step 

The tangency condition df = 0 mentioned at the beginning of this 

Chapter should ensure that the resultant stresses remain on the 

yield surface. However, owing to the finite nature of the load 

increments, Sf will not necessary be zero (see eqn.5.10). To 

avoid the accumulation of this error, the stress resultants are 

adjusted by moving them normal to the yield surface until f=l 

where f is the yield function which if governed by the Von-Mises 

yield criterion, would be expressed as:-

L '/Z 

(Ox* + <rA - fcflT. + 3(Txy ) /c C1N 
For a plate element:- f = i 1 1 (5.51) 

Now, let f-£+i be the elastic value of the yield function at the end 

of the (i+l)th increment and where fj-i < 1 at any stationary point 

through the depth of the element. 
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Let be the plastic value at the end of the increment and f^ > 1 

The strain increments to cause the stresses that just reach the 

yield surface can be approximated as 'x' times the total strain 

increments where, 

f± - fi-i (5.52) 

So, the first approximated stresses at the end of the 
l t h 

increment 
is:-

= O H + (5.53) 

where i, 1 is the first trial at step i. 

With ji. 1 (from eqn. 5.51), then, equation 5.53 can be used to 

estimate the stresses to reach the yield surface (f; z where 

J T u = 0 1 * J f 

(5.54) 

A second estimate of the stresses at the end of the increment is 

given by:-

(5.55) 

Note that the constitutive matrix D is now a function of the 

estimated stresses Qf\lZ . 
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5.8 Method of Solution 

In most elastic analysis, equations 3.1 to 3.37 can be applied to 

analysis, these equations still hold provided that the material 

Constitutive matrix employed follows those described in equations 

5.1 to 5.49. Basically, the analogy for solving the incremental 

displacements can follow the steps and procedures shownin equations 

3.38 to 3.56 whether the problem is an elastic one or an elasto-

plastic one. 

In elastic analysis, the Constitutive matrix can normally be made 

constant throughout the whole loading procedure. Hence, the stress 

levels (see equation 3.30) can easily be obtained by multiplying 

the elastic modulus E by the current strain level which is in turn 
zv. 

a linear function of the current deformation of the structure. 

In elasto-plastic analysis however, the Constitutive matrix ID is a 

function of the current stress level which if plasticity occurs, 

will no longer be a linear function of the current deformation of 

the structure at all. Therefore, an up-to-date record of the 

current stress levels is strictly required in this case. There are 

apparently two ways of evaluating the stress levels of a stationary 

point at any loading stage; one is to accumulate the total stress 

increments which is known as the incremental stress approach, and 

the other one is to accumulate the total plastic strain increments 

which is known as the incremental strain approach. Both approaches 

will produce the same result, so, the choice is rather of personal 

one. 

5.8.1 Incremental Stress Approach 

The approach is to accumulate all the stress increments throughout 

the subsequent loading/unloading history, especially when yielding 

has occurred. The stress increment at a stationary point can be 

evaluated as:-

formulate the tangential stiffness matrix In elasto-plastic 

for elastic loading 

& elastic unloading 
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d r = c • i t } for plastic loading 

where d l is the total strain increment, and matrices E and C are 

the Constitutive law of the material described in equations 5.38 

and 5.37 respectively. 

Thus, the total stress level at load step i is calculated as:-

m = 0i_, + dr 
Where ^-i is the total stress level recorded in the previous load 

step. 

The procedure is relatively simple and does not require any further 

explanation. However, it should be noticed that if prior to the 

load increment, the stress 
ot, 

of a particular stationary point is 

below yield and that (fr i s greater than yield after the load 

increment, then the iteration procedures described in Section 5.7 

has to be used in order to compute the correct stress increment 

before it is being accumulated. The disadvantage of this approach 

is that the incremental stresses are continuously required to 

update the present total stress level even in the plastic unloading 

stage. 
5.8.2 Incremental Strain Approach 

An alternative way to evaluate the stress level at any stage is to 

accumulate the plastic strain increments rather than to accumulate 

the stress Increments at the stationary points where yieldings have 

been exceeded. 

Referring to equation 5.39, the stress at any stage can be shown 

as :-

£ = ~ ' JL (5.56) 

cz 
where C is the total elastic strain evaluated, and / v . 

£ - £ -

where t} is the total strain evaluated directly from the present 

displacement level:- = 6> P 
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and A is th® displacement function described in 

equation 3.26 
P 

is known as the total plastic strain increments accumulated 

throughout the whole loading procedures:-

£ * ^ 
Hence, if the plastic strain history is recorded, the total 

elastic, and hence the up-to-date ; stress level can be obtained 

without any difficulties at all. 

The evaluation of the plastic strain increment for any stationary 

point during each loading step can easily be evaluated by using 

equation 5.50. If before the load increment, the stress at a 

particular stationary point is below the yield surface, while after 

the load increment, the stress is above the yield surface, then the 

elastic strain increment up to the yield surface can be calculated 

as:-

id - 1 - . ^ 
f , (5.57) 
> - J H 
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1 and 2 refer to stages 

1 and 2) 

where: 

dt is the true elastic strain increment up to the yield surface 

only, 

ict * ' 
QC is the evaluated total elastic strain increment using the 

elastic Constitutive matrix E, 

d C is the combined elastic and plastic strain increments. 

To obtain the plastic strain participation 

a ' . we have:-

^ = h • (5.58) 

where: 
A = ( I - E ' - D W 

and where: 

E" 1 is the usual inverse elastic Constitutive matrix, 
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\ 
D'((T) is evaluated as a function of the maximum stress level 
/V —' 

just below the yield surface X ' 

and (T is equal to E 
A^ » IW 

Having obtained the plastic strain increment participation, the 

total plastic strain can now be updated, and the stress level at 

the end of that loading step can easily be evaluated as:-

£ — ( 5 . 5 9 ) 

Any subsequent stress level on further loadings can then be 

calculated as:-

7 = - t l o 
where Cn-|is the accumulated plastic strain increment 

" tln-L + 

5.9 Criterion for elastic unloading 

This section concerns the detection of a plastic unloading when (or 

after) a stationary point has reached the yield surface. This is 

absolutely necessary especially in the elasto-plastic dynamic 

buckling analysis where plastic unloading often takes place in 

regardless of the present states of external applied load. 

From equation 5.26, we have 

dr = j i - ^ i f c i 
(T J 

3<Tx' 5try' 50l' 507/ 5 % 

I ' I I I ' . ' V I i 

2O- 5= R R . 

d(Tv 

I 

d O w 

d(Fy j 

= j ' to 
(5.61) 
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From equation 5.30, we have 

Substitute equation 5.62 into 5.61, we have 

J l t d £ - - y \ - d c (5.63) 

The Prandtl-Reuss relation states that 

(5.64) 

it* • i u 

and equation 5.38.2 states that:-

4 < R - G • ( i t - i c ) 
z v ^ 

Substitute equation 5.64 into equation 5.38.2, and then pre-

multiply both sides by Ji* , we have:-

jj*-£j.<ldr + >i'dlr * A 

d t r - — - A t 

h ' + J L - E - J I " 

= J B - * 
(5.65) 

_p 
It is obvious that if < o in a load step, plastic unloading is 

—1> 

indicated. When this happens, d C is set to zero, and in the next 

load step, the tangential stiffness matrix is formulated based on 

the elastic modulus Ê . If isotropic hardening is assumed, plastic 
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action is resumed only if exceeds its previous maximum value. 

5.10 Convergence 

In the elastic range, the incremental and iterative approach 

described in Chart 1 can be used to converge to the exact solution 

quite easily. In the plastic range, however, apart from the fact 

that errors are bound to exist owing to the finite size of the load 

increments and hence a much smaller load step has to be used once 

the yield surface is reached, there is also a need to keep check on 

the maximum deflection evaluated within the structure so that the 

errors evaluated would not be accumulated. 

Nayak and Zienkiewicz (67) and Brebbia and Connor (38) used the 

Euclidean norm,YUC^.^^as a basis for determining convergence. They 

applied iterations until the Euclidean norm of iterative deflection 

changes was of the order of 1% of the Euclidean norm of the total 

deflections. However, for most instability problems, the maximum 

out-of-plane deflection has been adopted as the basis for 

determining convergence. Iteration is applied until the maximum 

iterative deflection, w , is within a few percentage of the maximum 

total deflection. After the onset of plasticity, since the flow 

rules are related to the load increment, a convergence restriction 

is placed on the incremental deflection. Here, the maximum 

iterative deflection (see Chart 1) must be less than say 10% of the 

maximum incremental deflection. The overall total deflection 

restriction is also applied. 

5.11 MATERIAL NON-LINEARITY ANALYSIS 

During the elasto-plastic analysis, the relationship between the 

stress increments and the elastic and plastic strain increments 

depends entirely on the Constitutive law for the material 

concerned. 

Equation 5.41 of section 5.2 has already shown that this 

constitutive matrix £ is a function of the plastic modulus of the 

material which implies that the stress-strian relationship chosen 

for the material is particular important. 
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Throughout this analysis, the material is assumed to be an 

alluminium alloy with a stress-strain relationship expressible by a 

modified Ramberg-Osgood formula giving the plastic-strain 

—(5.66) 

Where Y 0 is the yield stress level and is taken as 33,000 p.s.i. 

This plastic modulus Ep is calculated based on the current stress 

level at the corresponding stationary points and then substituted 

back into the Constitutive matrix £ in equation 5.41 when 

formulating for the tangential stiffness matrix Kp during each 

loading step. 

5.11.1 Elasto-Plastic Loading/Unloading of Plate 

A plate was subject to a simple tensile test so that the non-linear 

stress-strain curves computed from using the finite element program 

can be studied. Incremental load method was used in the analysis 

and the tangential stiffness matrices at various loading steps were 

formulated following the steps and procedures laid down in section 

3 and section 5. The plastic modulus of the mat^ial was evaluated 

using equation 5.67 during each loading step. Before yielding 

occurrccl, the applied load increments were relatively large. Near 

to the point of yielding, very small load increments were applied 

so that the structure could get round the ' elbow' of the stress-

strain curve. After that, relatively large load increments were 

m is the material characteristic and is taken as 10. 

The inverse of the plastic modulus is thus:-
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resumed. Fig.20 shows the plotting of the stress-strain curve of a 

typical plate element. It can be seen that the curve is almost 

identical to that obtained by equation 5.66. 

Another test was carried out. This time, the plate was first 

subject to tensile loading until it had exceeded the yield stress. 

When that happened, the structure was unloaded until it had reached 

a much lower stress level,loading then resumed again until it had 

exceeded the previous maximum load level. Fig.2la. to Fig.21c shows 

the stress strain curves of the structure under such 

loading/unloading sequence. 
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6. DYNAMIC LOADING ANALYSIS 

When the application of the loading is rapid and severe, the 

contribution of the acceleration-dependent inertia forces and the 

velocity-dependent damping forces is quite significant and can no 

longer be negligible as in the case of static load analysis. In 

order to take these forces into account, the equation of 

equilibrium has to be considered rather differently. In finite 

element transient dynamic analysis, there are various ways of 

computing for the dynamic response of a system. The varieties of 

solution methods were generated not only because of their acadamic 

interest, but generally due to the nature of the problem involved. 

To perform the dynamic analysis, the basic equations of motion can 

be written as:-

O N - X 4 c - X - + 1 & - X . 
zz A. Az 

where: 

m , c , k are the mass, damping and stiffness matrices 
/V /v /v 

respectively, 

f is the external applied load vector, 

• • • 

x , x and x are the displacement, velocity and acceleration 

vectors of the finite element assemblage. 

6.1 Modal Superposition Scheme 

To solve equation 6.1, if the involved structure can be assumed to 

be linear throughout the entire loading history, that is that their 

dynamic resisting forces could be related to the acceleration, 

velocity or displacement vector by means of linear influence 

coefficients, then it is possible to compute the vibration modes 

and frequencies for the structure and to evaluate the response In 

terms of the modal co-ordinates. This procedure is sometimes known 

as the modal superposition method. Details of the scheme can be 

found from many references (41). 
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Because of the change in geometry when local buckling commences, 

the fundamental eigen modes of the structure also change quite 

drastically. It is therefore not possible to use the modal 

superposition method to compute the structural response throughout 

the entire loading period. 

To illustrate this, the first 6 natural modes of a stiffened panel 

are computed at t = 0 (i.e. before loading is applied):-

q> where i = 1 ...,6 (6.2) 

The first 6 eigen modes at various time steps (t = t,.-tz- t n) are 

then computed using a step-by-step integration method, which will 

be described further along the chapter. Hence, we have 

d > i = / . Z . - - - - £ 
i / f - k (6.3) 

t n - ~ t , . t i ' ' ' t y \ 

If changes in the eigen modes are not significant, we should expect 

that the product of the transpose of the first 6 eigen vectors at t 

= 0 and those at t = tn be equal to unity, i.e.:-

it-o * = ^ , . - (6.4) 
/ " e y 

However, Fig. 22 and Fig. 23 show that this is not so because of 

the occurrence of the unstable eigen modes. Fig. 22 shows the 

change in the eigen modes at various time steps. Here, the applied 

load is equal to the local buckling load of the panel. It can be 

shown from this figure that the best correlation between the t = t 0 

modes and the t = t n modes is only the 6th mode. Similarly, Fig. 

23 shows that the modal correlation of the structure when the 

applied load is equal to 1.5 times the local buckling load of the 

panel. Again, only mode 1 has experienced close correlation at 

most of the time steps. 

It is in this aspect that a numerical step-by-step integration 

method is sought to compute the response of the structure. 
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6.2 Numerical time integration schemes 

Various time integration schemes have been developed and widely 

used (e.g. Wilson-D method and Houbolt method etc.). Details of 

these can be found from refs. (80-87). Of various integration 

schemes, only the Newmark-^> method and the Central Difference 

method with diagonal mass matrix and Central Difference method with 

consistent mass matrix are being examined here merely to compare 

and hence choose the most suitable and computationally economical 

scheme for our present problem. 

6.2.1 Newmark-B> method 

The above method is one of the most widely used implicit 

integrating methods. The governing equations are:-

< L T - Y » + - — < 6 - 5 ) 

For p = i , the formula corresponds to the assumption of a 

constant acceleration between t and t+At. The associated velocity 

is piecewise linear (ref.86). The value also provides the response 

with unconditional stability. For = 1/6, the above formula 

corresponds to a piecewise linear acceleration within each time 

interval. In linear analysis, in the absence of damping, the 

combination of equation 6.1^ equation 6.5 and 6.6 gives:-

(6.7) 

where F i s the external applied load at time In non-

linear analysis, where the increment displacement is required at 

each time step to obtain the internal nodal forces, the above 

equation is written as:-
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L I F * = l >S A JY (6.9) 

On examining the Newmark- method, the displacements found by 

Equation 6.8 and the accelerations found from these displacements 

by Equation 6.6, will not satisfy the equation of motion at time "t 

One can derive from the above equations the nodal error forces by:-

These nodal error forces represent the error in the solution 

procedure, unless steps are taken to control their growth, 

otherwise the solution so obtained will become meaningless (86). 

6.2.2 Central Difference Method 

The Central Difference method can be shown to be equivalent to the 

Newmark-p method with p = 0. The governing equations used are:-

—(6.10) 

= U T - 4 ^ Q T —(6.11) 

Ut«4t - U t + ^ - U t ^ — (6.12) 

— (6.13) 

from equation (6.11), we have:-

— (6.14) 

From equation (6.13), if we proceed the whole equation from { 

to t + ^r and t to t+±t ; we will have:-

— (6.15) 
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The R.H.S. of equation (6.15) is then substituted into the L.H.S. of 

equation (6.14), and the L.H.S. of (6.13) into the R.H.S. of 

(6.14), we will get:-

U M ( 6 A 6 ) 

= I ! T + H - C I I T * Q T . I T ) _ _ _ _ ( 6 A 7 ) 

from equation U- IT, we have:-

= I W - U T = ^ M I I T * L M ) 

^ . i k k *t"U t <6.18) 

U = Uttat - U t = A-t- Ut-at 
(6.19) 

4 } = - Y T - - ( 6 . 2 0 ) 

If equation (6.1) can further be written as:-

r®^ rint r-inorf. rd<wk 

J W = Xt+At
 +

 Xtt^t
 +

 It«t 

ex t 
where F , * is the external force at time step t + At 

inert. _ M £ i g t h e i n e r t i a f o r c e at 

time step t + A t 

pdamp. = c.i t f A(- i s the damping force at 

time step t + A t 
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dLnti 

is the total internal force at time step 

t + A t , and is evaluated as the summation of all the 

incremental internal forces up to time t + A t , hence:-

+ + 

I T * = £ I F ^ ^ ( 6 > 2 2 ) 

at time t=t+ A t, the equation of motion is:-

/ s . v 

at t = t 

. .. -.CCD rliH- , f 
k k r = F t - + K-Ax t. 4 t - c o c t (6.24) 

equation (6.23) - (6.24); we have:-

... , r<tii reii\ (tit Jnt >£it rint. . t v 

y(st+At-it) = 

+ -it) 
(6.25) 

- K 4 C R -

((6.26) 

From equation (6.18), we have 

A X ^ = T A t - A X ^ + ^ f X t 

•Substitute tkis <z.c|Uoti6r\ into <r̂ n. 6-2.6 , W«. ka\A2-

= i t t
f , * r . c ^ . - x t * ) - 4 c-it 

Re-afron^m^ {(o-zj) , we Uove ;-

( M . f c , f j f k ^ x f - . l c - x t 

— --(t-iy) 

(6.28) 

ZN.L ~ A - ^ (6.29) 

In using the Central Difference scheme, two very important 

points to be considered:-
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a) The conditional stability of the Central Difference scheme 

This can normally be overcome by taking a very small time step (by 

trial and error). However, if the integration of the equation of 

motion involves the solution of a large set of linear algebra at 

each time step, especially when non-linearities are included, the 

computing time spent could be quite immense. It is therefore 

necessary to evaluate the maximum time step size which will 

provide a numerical stability. This time step is evaluated by 

considering equation (6.1), with the absence of damping and 

external applied forces:-

Substituting equation (6.30) into equations (6.11) to (6.13) and 

following the algebraic manipulation (79) we derive:-

H I | R * J S - U T - O 

-I 
— (6.30) 

—(6.31) 

Substitute frf by the system eigenvalue 7\ and JL/t by U * 

we obtain:-

- i 

—(6.32) 

Since equation (6.32) is bounded for all time, | 

he less than 1, thus equation (6.32) becomes:-

must 

aZ- A < 4 
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where is the maximum eigenvalue of the finite element which 

provides the strictest condition. In linear analysis, coupling 

does not exist between bending and membrane behaviour. The time 

step is governed by either the maximum bending eigenvalue or the 

maximum membrane eigenvalue depending on what type of solution is 

required. However, in most large displacement analysis, the 

membrane and bending displacements are in general coupled. 

Therefore, the time step chosen should strictly be governed by the 

smallest values between the two:-

4? ai ©e 
m a x . I . m a x . (6.34) 

When large displacement takes place however, the maximum eigenvalue 

of the system is generally increased, thus the required time step 

size should also have to be reduced in order to avoid any numerical 

instability. In most non-linear analyses, it would therefore be 

necessary to keep checking oft the current maximum eigen value of the 

structure so that a correct time step size can be used throughout 

the entire loading history without having to upset the numerical 

stability. 

In practice, however, ^t used in the program is only about 80% 

of the time step size evaluated in equation (6.33) to allow for a 

reasonable margin. 
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b) Lumping of the Mass Matrix 

As mentioned above,the convenience of using the Central Difference 

scheme is that when a diagonal mass matrix is employed, and in the 

absence of damping, the nodal accelerations in equation (6.29) can 

be solved recursively without going through the triangulization of 

a banded matrix as in the case of the implicit method. If however, 

a consistent mass matrix is employed in the Central Difference 

scheme, the advantage of such a scheme will be obscured since the 

solution procedure also involves the triangulization of a banded 

mass matrix, and needs to go through a much smaller time step than 

that used in the Newmark-^ method. Here, the lumping of the mass 

matrix is carried out directly from the well known consistent mass 

matrix (details of the formulation of the consistent mass matrix 

can be obtained from refs. (19 and 88)). The lumping procedure 

follows the one suggested by Kay (79) in his investigation on the 

stability of the lumped mass matrix in Central Difference 

integrating technique. It can be concluded that the lumped mass 

matrix is evaluated as:-

^ = - - ( 6 . 3 5 ) 

where Mit the lumped mass of the c th degree of freedom of the 

element, and KjC is the usual consistent mass matrix; t is the 

number of couplings of the same displacement harmonic between one 

node and the other nodes within the element. The method also 

suggests multiplying the rotation terms by a rotational gradient 

, which can be adjusted to match the maximum frequencies obtained 

from both the diagonal mass and the consistent mass matrices. 

Details of this can again be consulted through refs. (79 and 89). 

p \ 
When plasticity occurs, the maximum eigenvalue of the system Amax-

(whether by using a Diagonal Mass Matrix or by using a Consistent 

)max Mass Matrix) will be different from its elastic value 

However, we can make further assumption here that during plastic 

deformation, the ratio of the maximum eigen value obtained by using 

a Diagonal Mass Matrix and that by using a Consistent Mass Matrix 

should almost be the same as that in the elastic case, i.e.:-
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^ / W _ -(6.36) 
p ' * 
A max. 

So the rotational scalar can remain almost unchanged throughout 

the whole loading history regardless the state of plasticity. The 

above assumption does not seem to be unreasonable since in most 

instability problems, the change in material mass is hardly 

significant and that their mass matrices should remain reasonably 

constant. 

6.3 Treatment of the Non-diagonal Damping Matrix When Using a 

Lumped Mass Matrix 

Equation (6.29) shows that in the event of the presence of damping, 

a Central Difference integrating scheme will still not benefit 

from the employment of a lumped mass matrix if a non-diagonal 
AS uszd 

damping matrix A since the L.H.S. of that equation would still 

contain a non-diagonal matrix terra. In general, the damping matrix 

C^can not be constructed from element damping matrices, such as the 

mass and the stiffness matrices of the element assemblage, and its 

purpose is to approximate the overall energy dissipation during the 

system response. Hence, in general, the damping matrix £ is a 

full matrix (41) and is a function of the element mass matrix, 

stiffness matrix, critical dampings and also the fundamental 

frequencies of the system. C is therefore expressed as (41):-

C - z.m • 6- JS (6.37) 

where & ^ are the constants to be determined from the two given 

damping ratios that correspond to the two unequal frequencies of 

vibration of the system. It was also shown in reference (41) that 

the evaluation of the two constants <?L & ^ can be expressed as:-

• * = 

i = t A f . (6.38) 
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and & "jr. a r e two critical damping ratios for the 

corresponding frequencies. Normally, the first two frequencies are 

employed. 

Having evaluated the damping matrix £ (equation (6.37)^ equation 

(6.29)) can now be re-arranged as:-

(6.39) 

The term ^ O C ^ t on the LHS of equation (6.28) is now moved to the 

RHS of equation (6.39). This is desirable as it would keep the LHS 

of equation (6.39) as a function of the Diagonal Mass matrix only 

so that the solution procedure can be done on element by element 

level. However, such arrangement would leave the RHS of equation 
** 1 

(6.39) with the acceleration terra AX.± which is not known at the 
^ » 

beginning of the solution procedure. In order to solve equation 

(6.39) the solution procedure has to be carried out iteratively 

until the accelerations A X ^ evaluated from any two successive 

iterations converge. The iteration procedure taken in the Central 

difference integration scheme with damping included can be shown as 



6.4 Evaluation of the maximum eigen value of the system 

It has been shown in the previous paragraphs that the maximum eigen 

value of the system during the analysis is strictly needed when 

employing the Central Difference integration scheme. This maximum 

eigen value serves two purposes prior to the running of the dynamic 

program; one is to obtain the rotational inertia scalar^ 

employed in the lumped mass formulation, and the other is to 

evaluate a correct time step size in order to fulfill the numerical 

stability requirement. Because of the non-linearities involved, 

this eigen value will no longer be constant throughout the dynamic 

analysis and therefore it has also to be evaluated at regular time 

intervals. 

The eigen value extraction algorithm can normally follow the 

formulations described in Ref. (79). However, since it is the 

highest eigen value that we are interested in, an alternative 

scheme known as the Direct Power method can be employed. The 

iteration procedure is described as follows :-

M|-K) n = K - u„_, (6.40) 

=
 " c r ^ — ( 6 . 4 D • 

where Urn is the trial vector. Here, the sweeping of the previous 

eiven vectors is not required since it is only the highest eigen 

value that we are interested in. It can be shown that the maximum 

eigen value "Xku*. converges to j/^ where C n is the element of AJ^ 

with the largest absolute value. To start the iteration, the trial 

vector L l n - i can be set to a unit vector and /Jn can be evaluated 
/V 

as 

= M"'- K - I L — ( 6 . 4 2 ) 

Here, the advantage of using a diagonal mass matrix is more obvious 

because this would mean that the evaluation of the highest 

eigenvalue of the system can virtually be obtained on an element 

level. 
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6.5 Solution Procedure 

Prior to the running of the dynamic loading program, a separate 

program has to be run. This separate program assembles the 

structural stiffness matrix and the mass matrix to evaluate the 

fundamental frequencies as well as the maximum frequency. As has 

been mentioned before, the fundamental frequencies are used to 

formulate the damping matrix C of the system, while the maximum 

frequency is used to evaluate the rotational inertia scalar e>C as 

well as the suitable critical time step size. 

In order to evaluate the change in mode shapes and eigen values of 

the system during loading, the same program (hereafter known as the 

pre-process program) can be used to perform eigen value and eigen 

vector extractions. This operation is particularly useful when 

studying the effect of the change of eigen mode shapes of the 

system with reference to the change of structural geometry and 

material properties( see for instance Section 6.1 ). 

The reason for the above eigen value extraction procedures (for the 

lowest eigen modes) to be performed separately is that such 

operation would require the inverse of the full stiffness matrix K ' 

, and if the inversion is to be carried out in the main dynamic 

program during the analysis stage, enormous amount of memory core 

would inevitably be required. In order to save the unnecessary 

computer storage (after all, this is the main reason for choosing a 

Central Difference integration scheme), the stiffness matrix and 

the mass matrix at various loading stages are recorded and stored 

out of core. On completing the main dynamic program, the pre-

process program will then be recalled to perform the eigen value 

analysis using the pre-recorded stiffness and mass matrices as that 

in the case of Section 6.1. 

While It is reasonable to assume that the rotational Inertia scalarX 

would not have any significant change throughout the stages of 

loading (see section 6.3), the fundamental frequencies 4 aJo-

will change quite considerably once buckling is 

approached. However, we will make a further assumption here that 

the formulation of the damping matrix C based on the values of ?\t 

& (i.e. aJ/ & A ) , would have very little effect on the 
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equilibrium state of the system and therefore the choice of "X, ̂  

is purely arbitrary. Hence, by keeping the terms & at any 

loading stage equal to the structure's undeformed basic frequencies 

A h w e a r e adjusting the critical values & at the 

corresponding loading stage so that equation (6.38) can remain 

constant. This does not seem to be unreasonable since, in our 

present analysis, external dampings are only applied after 

unloading has been completed. 

The Direct Power method is included in the main dynamic program 

(because it does not take up large computer storage, see section 

6.4) to keep check on the change of the maximum eigen value so that 

a suitable time step size can be used. This is strictly required 

especially when the geometry and the material of the structure has 

changed. 

During the entire loading stage, some 5,000 to 6,000 time steps are 

required as the time step size is very small due to the numerical 

stability requirement. It was noticed that if the applied load is 

not severe and that it has not exceeded 60% of the critical 

stress of the structure, the updating of the tangential stiffness 

matrix can be done once every 30 to 40 time steps without causing 

any unnecessary divergence to the structural response. However, 

once it has exceeded so, the updating of the tangential stiffness 

matrix will have to be carried out on every single time step. This 

is particularly important as the consequence of failing to do this 
will be 

will lead to divergent responses and results ^ very similar to that 

which occurred in the numerical unstable case(see Secfi on /• 2- 4 ). 

To ensure convergency even after the onset of plasticity, the 

program also checks on the norm of the out-of-plane deflection 

increment AX = fe • The load increment will be re-

iterated once the maximum incremental displacement AX exceeds 2% 
t- y 

of the Euclidean norm of the total deflection ( X » s e e 

section 5.10). 
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The criterion that governs the plastic unloading once the 

stationary point has entered the yield surface has already been 

described in section 5.9. This is strictly required for all the 

dynamic buckling analysis since the loading and unloading condition 

of a stationary point is completely independent of the external 

loading/unloading condition. 

Chart 2 contains a flow chart of the computational procedures. 
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6.6 Dynamic Response Analysis Test (Comparison between the Newmark-

& Central Difference Methods 

The structure employed in the test is a plate element with one end 

built-in and the properties of the plate are:-

E = 10,000 lb/in 2 

Poisson's ratio = 0.3 

thickness = 0.1 in. 

length of plate = 10 in. 

width of plate = 2 . 5 in. 

t> 

f.O 

The variation of the frequencies of the system with different 

rotational gradient vC is shown in Fig. 24. In that analysis, a 

rotational gradient of 1.45 is found to give exactly the same 

maximum frequency using the diagonal mass system as that obtained 

using the consistent mass matrix. The membrane mass matrix 

employed in this element contains no rotational terms and therefore 

is independent of the imposed rotational gradient oi1 . The 

critical time step evaluated from the system is 0.00012 sec. for 

membrane response, and 0.0003 sec. for bending respose. On 

applying - 1.45 to the rotational terms on the diagonal mass 

matrix, the critical time evaluated from the membrane analysis was 

unchanged. However, in the linear bending response analysis, the 

critical time was found to be slightly less than the predicted 

value of 0.0003 sec. and is, in fact, reduced to 0.00028 sec. to 
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obtain numerical stability (about 90% of the predicted value). 

When non-linearity was included in the analysis, the time step 

employed in both bending and membrane analysis was reduced to 

0.00012 sec. before numerical instability occurred. 

Figs 25a and b show the linear dynamic response of points A and B 

in the system shown in the above diagram, using the Central 

Difference diagonal mass matrix method. Fig. 25a shows the 

displacement variation with time of that system. The maximum 

amplitude obtained was 0.6182 in. and the minimum obtained was 

0.00035 in. The static deflection line is drawn to contrast the 

results and it was found that the evaluated displacements fluctuate 

between +_ 0.31 in. from the static deflection line. The time 

taken for the system to complete one cycle was 0.61 sec. This 

agrees well with the theoretical maximum period of the structure 

using the diagonal mass matrix (see Tables in Fig. 24). The result 

exhibits a very slight artificial damping. The critical time step 

was found to be 0-00028 sec. to provide numerical stability. An 

attempt was also made to use a time step of 0.0003 sec. and was 

found that the result diverged after 250 time steps. The total 

number of time steps used in this analysis was 5,000 and the 

computing time used on the CDC 6500 was 86 sec. The velocities and 

accelerations are shown in Graph 8b and 8c respecively. 

Figs. 26a and b show the linear dynamic response of points A and B 

for the same system, this time using the N e w m a r k m e t h o d with 

= j^. . Fig. 26a shows the displacement variation of the points with 

time. The maximum amplitude evaluatd was 0.6187 in., and the 

minimum 0.000057 in. The static deflection line is drawn to 

contrast the result and again it can be seen that the line is the 

mean of the fluctuating displacements. The time step used in this 

program was deliberately lower (0.00028 sec.) so that the results 

can be compared with those obtained using the Central Difference 

method. On using very large time steps of 0.002 sec. (Fig. 30a) 

and 0.02 sec. (Fig. 30b), the integration scheme also shows its 
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unconditional stability. The time taken to complete one cycle was 

found to be 0.5871 sec. which, when compared with the theoretical 

value of 0.591 sec. rshows excellent agreement. The scheme also 

shows a very slight artificial damping. The total time step used 

in this analysis was 5,000 with a step size of 0.00028 sec. Total 

computing time used by the CDC 6500 was 478 sec. which is nearly 6 

times longer than that used by the Central Difference diagonal mass 

method. 

An analysis was carried out using the Central Difference 

integration scheme with a consistent mass matrix. The algorithm 

also required a critical time step of 0.00028 sec. A curve of the 

response is plotted on Fig. 27a. The results are exactly the same 

as those obtained using the Newmark-^ method with ^ = /̂ f . 

Displacement curves obtained by the above two methods are shown for 

comparison on Fig. 27a and are identical. Displacement curves 

obtained by the Central difference diagonal mass and consistent 

mass matrix are also plotted on Fig. 27b. Here, they show a 

frequency change, but the displacement amplitudes are unchanged. 

The frequency change is caused by the change of the lowest 

eigenvalue when lumping the mass matrix. As can be seen from the 

tables in Fig. 24, the lowest eigenvalues for the diagonal and 

consistent mass matrix were 106.6 and 112.9 respectively. There is 

also a slight difference in the highest eigen-values obtained by 

using the two Mass Matrices (see Fig.24 ). 
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Figs 29a and 29b show the displacement and velocity responses 

obtained using the Central Difference diagonal mass matrix and 

Newmark - method with = ĵ J. . In Fig. 29a the displacement 

curves obtained by the two methods do not exhibit any difference in 

magnitude and, in fact, where very slight artificial damping 

occurs, they both appeared to have the same damping. The frequency 

change occurring in this comparison appears to be the same as that 

in Fig. 27b. This is because the Newmark-j! method with ^ = 0 is 

virtually the same algorithm as the Central Difference method using 

the consistent mass matrix. Fig. 29b shows the comparison between 

the velocity responses between the two algorithms, again they are 

very much alike except that a slight frequency change has occurred. 

An analysis was carried out using an amplified rotation gradientflfc 

In this analysis, o(a. was deliberately set to be equal to 7 (i.e. 

when lumping the mass matrix, the lumped rotation terms from the 

consistent mass matrix were multiplied by a factor of 5). On 

examining the maximum eigenvalue using such a lumped mass matrix, 

the maximum eigenvalue was found to be equal to 2.1 x 10^. The 

corresponding critical time would be 0.Q0045 sec.; using 90^ of the 

evaluated critical time would give a critical time step of 0.0004 

sec. The displacement and velocity responses of the above 

analysis were plotted in Figs. 28a & 28b and were compared with 

those obtained in Fig. 25a and Fig. 25b , . Surprisingly, no 

significant differences were found except for a slight phase shift 

in the velocity and acceleration response curves. 

Figs. 30a and b show the comparison of the displacement response 

using the Central Difference diagonal mass method and Newmark^ 

method with = . The time steps used were 0.00028 sec. and 

0.002 sec. respectively. Fig. 30a shows that at a time step of 

0.002 sec. (8 times the critical time), the Newmark method 

exhibits the same response as that oMafn<&d-uMnq a 'time, ffob "of ooooZ8&c. 
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But when the time step size was increased to 0.02 sec. (80 times 

the critical time), the algorithm results in a very large phase 

shift (see Fig. 30b). [Notice that the displacement obtained by 

N e w m a r k m e t h o d at the end of the second cycle in Fig. 30a is 

lagging the displacement obtained by the Central Difference method, 

and the one on Fig. 30b is leading]. 

Membrane analyses using both Central Difference diagonal mass and 

Newmark - ̂  methods were also carried out. The system is the same 

as the one used in the bending analysis, but the applied loads on 

points A and B are in-plane compressive loads. The static 

deflection obtained using the finite element analysis was 0.361 in. 

for both points. Figs. 31a to 31d show the dynamic responses of 

the system using the above described method under such loadings. 

As there is no rotational inertia in the membrane mass matrix, the 

critical time step followed strictly from the maximum eigenvalue 

obtained using the consistent mass matrix (0.00012 sec. Fig. 24). 

Again the lumping of the mass matrix causes a periodic time 

difference. Fig. 31a shows the frequency change between the two 

algorithms. The theoretical analysis shown in Fig. 24 gives the 

N e w m a r k s c h e m e a periodic time of 0.0221 sec. and the Central 

Difference Scheme a periodic time of 0.0221 sec.. On completing 5 

cycles, the former method would take 0.107 sec. and the latter 

0.1105 sec. On examining the displacement curves on Fig. 31a, the 

total time taken for the Newmark method to compute 5 cycles 

was found to be 0.105 sec., and that for the Central Difference 

diagonal mass method -was 0.109 sec. The results show the great 

reliability and accuracy of the integration algorithm contained in 

this program. Figs. 31a and 31b show the membrane velocity and 

acceleration responses of the system using both methods, and again 

it is obvious that the results did not exhibit any significant 

difference. 
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Fig. 32a shows the displacement responses using the Central 

Difference diagonal mass method with and without the geometric 

nonlinearity effects respectively. For Suck small loading, the 

effects of the geometric non-linearity did not appear to have any 

significant contribution. No phase shifting occurred but the 

displacement magnitude using the nonlinear analysis was seen to be 

slightly less than that using the linear analysis. The time step 

used was only 0.00012 sec. which is the membrane critical time 

step. (When geometric non-linearity is considered, the coupling 

between the membrane and bending displacements requires the 

critical time step to follow the minimum obtained between the two 

analyses). The total computing time taken during the 5,000 

integration steps was 1471 sec. on the CDC 6500. Much of this time 

was spent on forming the geometric stiffness matrix which was 

updated every 10 time steps. 

Figs. 32 to 32c show the nonlinear displacement response with 

damping present. The critical time step was again 0.00012 sec. 

The damping ro-fios used were 10% and 20% 

respectively, and the first two lowest frequencies were chosen to 

obtain the constants o4 and ^ when evaluating the damping matrix C 

using Equations (6.37) and (6.38). The displacement converges to 

the predicted static deflection when damping is included. 

Similarly, graphs 32b and 32c also show the velocity and 

acceleration of the system being damped down to static values (i.e. 

zero velocities and accelerations). 
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7.FULL ANALYSIS (STATIC AND DYNAMIC LOADING) ON THE B.A.C. DESIGNED 

STIFFENED PANEL 

Sections 2 to 6 have shown in detail the necessary formulations and 

procedures involved in producing a mathematical tool to investigate 

an elasto-plastic dynamic buckling problem (primarily for a 

stiffened panel) using Finite Element approach. To this extent, a 

package based on the above formulations has also been written to 

compute the response of a stiffened plate when it is subject to 

either static or dynamic loadings. Details and the user's manual 

of this package are shown in Ref. (90). The package has, during 

the stage by stage analyses, been able to show great accuracies and 

close agreements with some existing results when it is performed on 

some simple model testings (Sections 2 to 6). However, since the 

ultimate purpose of the present analysis is to investigate the non-

linear buckling behaviour and hence the collapse dynamic loading of 

a .B.A.C. designed stiffened panel, it is therefore necessary to 

examine here the behaviour of this structure by applying the load 

both statically and dynamically. In this chapter, we will also 

predict the magnitude of a dynamic applied load which will cause 

the overall collapse of the above mentioned structure. 

The configuration of the B.A.C. designed stiffened panel is shown 

in Diagram A below:-

A/MMf A 
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The static local and overall buckling behaviour * of the above 

mentioned stiffened panel have also been analysed using the 

Engineering Data Sheets. The calculation of which is shown in 

Appendix 2. These results are then used to check against the 

Finite Element results computed by the package. The following 

sections describe in detail the stage-by-stage analysis. 

7.1 Static Buckling of the Stiffened Plate with B.A.C. design 

Criterion 

In finite element analysis, the above structure is modelled as 

below :-
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Only one quarter of the plate is used because of the lines of 

symmetry on edge AO and OC • Bearing in mind the assumptions we 

have made in Section 1, we further assume that the structure is 

simply-supported along edge AB and BC, the following boundary 

conditions are imposed:-

Rotation dw/dy along OA and rotation dw/dx along edge OB are to be 

restrained. 

Out-of-plane movements, w, along edges AB and BC are also 

restrained. 

In-plane movements In Y-direction along OA together with in-plane 

movements in X-direction along OC are suppressed. 

The uniformly distributed compressive edge loading is modelled in 

terms of a set of nodal forces (F = 0"- b-t) applied on nodes 1, 5, 

9 and 13 in the ratio of 1, 2, 2 and 1 respectively. In addition 

to these, another set of nodal forces is also applied to the nodes 

where the stiffeners are attached to. These forces, which are the 

product of the applied stress and the cross-sectional area of the 

stiffener (F = <T • ), have to be transformed from the 

stiffener's local axis to the mid-plane of the plate before they 

are applied to the corresponding nodes. Details of the 

transformation procedures can be found in Appendix 1. Details of 

the model is shown in Diagram C. 

The finite element analysis of the above model produces the 

following results 
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7.1. .1 Elastic non-linear buckling of the stiffend plate 

a) Incremental Load Method 

The structure buckles at an applied stress level of around 8,400 

lb/in 2. Comparing with the theoretical critical stress of 8,700 

lb/in 2 which is evaluated by using the Engineering Data Sheet 

(Appendix 2), the finite element result is some 4% below the 

theoretical value. The discrepancy is mainly due to the absence of 

the torsional rotation terms when modelling the stiffeners. 

Nevertheless, this discrepancy level is still acceptable and it is 

quite evident that had this been included in the model, the result 

would be much closer to the theoretical value. 

Fig. 33 shows the nodal load-displacement curves of the structure. 

It is noticed that local plate buckling takes place when the 

applied stress reaches 8,400 lb/in 2. Further load increments have 

enabled the plate elements to continue into their post-buckling 

state with their load displacement curves behaving very similari 

to that described in the previous section. The figure also shows 

that the buckling mode shape of the structure is identical to that 

shown in Fig. 34a (Fig. 34a is in fact plotted to illustrate the 

eigen value results which will be described in the next section)• 

b)Eigen-value Solution for Buckling 

The buckling behaviour of a structure can alternatively be obtained 

by using an eigen value type of solution. However, in this 

section, the eigen value solution is used as an independent check 

on the results obtained from the incremental load method. 

In this analysis, not only the buckling loads at various buckling 

levels are evaluated, the corresponding buckling modes are also 

plotted by using a 3-dimensional plotting package. The mode shapes 
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are expressed in terms of the evaluated eigen-vectors. Only 

transverse displacements are illustrated. The internal 

displacements of the plate elements are interpolated from the nodal 

values to give better definition. 

The twelve buckling modes are plotted on Fig. 18a to Fig. 182 by using 

this 3-dimensional plotting package. Their corresponding critical 

stresses are tabulated as below:-

A ; - A, A* A * A 5 Aw A 7 A * A? A 10 AM 
(Tent 10, IO,745 •4,773 •5 wj •7.9*7 >8,537 23,994 32,9/f 

where represents the critical stress in the i ^ buckling mode. 

All the above critical stresses are evaluated based on the 

configuration of the deformed structure at an applied stress level 

of 1,000 lb/in 2. The above shows that the first critical stress is 

8,047 lb/in 2 which is very close to that obtained by the 

incremental load method. Fig. 34a also shows that the buckling 

wave length of the structure is about of the plate length, which 

agrees with the results found previously. At the line which 

represents the stiffener, it remains almost straight. This 

indicates that only local plate buckling has occurred and that the 

stiffener has not buckled yet. Mode 2 to Mode 10 (Fig. 34b to Fig. 

34j) show the different buckling modes of the structure. In all 

those 10 cases, the stiffener has not buckled at all even though 

slight bending may be present. Fig. 18k shows the 11th mode of 

buckling which corresponds to an applied stress of 28,994 ln/in 2. 

In this figure, significant bending is found on the line which 

represents the stiffener. This shows evidently that the stiffener 

has buckled at this stress level. The result agrees very well with 

that obtained by using Engineering Data Sheet ( Cent = 28,222 

lb/in 2 for a perfect stringer without any load shedding, see 

Appendix 2 ). Also in that section, we have mentioned that the 
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stiffener would then he buckled at a slightly lower stress level 

(22,890 lb/in 2, see Appendix 2) due to the fact that some loads 

would have been shedded into the near-by stiffener during the post-

buckling of the plate elements. However, our present eigen-value 

analysis is based on the deformation of the structure at an initial 

perturbation of 1,000 lb/in, and therefore it will not take into 

account any load shedding that would otherwise incur from the local 

plate buckling. 

wkicK 
Both results .are derived from the incremental load method and the 

/A 

eigen-value solution method } demonstrate the correlation 

between the finite element method and the analytical method. 

7 . 1 E l a s t o - P l a s t i c Buckling of the Stiffened Plate 

The same stiffened plate as that described in section 7 is used. 

Incremental load method is employed and uniformly distributed edge 

loadings are applied until the applied stress has reached 16,800 

lb/in 2. Fig. 35 shows the load-displacement behaviour of 9 

selected nodes of the structure. On examining Fig. 35, the 

following results are observed:-

Prior to the local buckling of the plate element, the structure 

behaves exactly the same as that described in section 7.1.2 (b). 

After the structure has entered into the post-buckling stage, the 

deflections of all the elements are largely dominated by the non-

linear large displacement effect. Due to the formation of the 

buckling waves, some nodal points in the plate elements are 

deflected in an opposite direction during the post-buckling stage 

(noticeably nodes 6, 14 and 15 and all the nodes where the 

stiffener is attached). The nodal deflections shown in Fig. 35 
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also suggest that when the applied stress has reached 10,000 

lb/in 2, the wave length is about 75 of the plate length in contrast 

with the wave length of % of the plate length when the first 

critical stress is reached. This agrees very well with Fig. 34b 

which shows the 2nd buckling mode shape of the structure ( lfL = 

9,107 lb/in 2). 

The stress-strain curves of some of the plate elements which have 

exceeded yielding are shown in - Figs. 36a to 36d. The elements to 

which these curves correspond are drawn on the top of each figure. 

The following table lists the state of plasticity, the applied 

stress level at which plasticity was first detected and the maximum 

equivalent stress at the corresponding Gaussian points:-

Element 
No. 

Figure 
No. 

Maximum Equivalent stress recorded at 
top or bottom surfaces of the follow-
ing Gaussian points at an applied 
stress level of 16,480 Ib/sq.in. 

State 
of 
Plas-

Applied 
stress 
level 
@ 1st 
yield G.P.I G.P.2 G.P.3 G.P.4 

tici-
ty 

Applied 
stress 
level 
@ 1st 
yield 

1 22a 31,500 32,000 33,100 26,500 Yes 16,480 

2 22b 30,000 26,000 32,000 31,000 No / 

3 22c 24,100 29,500 17,500 18,500 No / 

4 22d 30,500 30,000 38,500 34,000 Yes 14,080 

5 22e 18,500 30,000 30,000 26,000 No / 

6 22f 16,000 30,800 25,000 26,000 No / 

7 2 2 S 38,500 34,000 18,000 37,500 Yes 14,080 

8 22h 30,000 29,200 29,000 32,000 No / 

9 22i 25,500 34,000 22,000 24,000 Yes 16,480 
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The above table shows that plasticity had taken place on elements 4 

and 7 when the applied stress level reached 14,080 lb/in 2. The 

corresponding loading per unit width of the structure at the 14,080 

lb/in 2 and 16,480 lb/in 2 applied stress levels are 1425.64 lb and 

1680.21 lb respectively. 

The stresses shown in the above table only highlight the maximum 

equivalent stresses at either surface of the corresponding plate 

elements. The equivalent stresses at the mid-plane of these plate 

elements are shown in the following tablet-

Equivalent stresses recorded at the mid-
plane of the plate at the following State 

Element Gaussian points when applied stress level of 
No. reached 16 ,480 lb/sc .in. Plast-

icity 
G.P.I G.P.2 G.P.3 G.P.4 

1 20,365 10,671 18,979 9,719 No 

2 17,786 8,129 20,770 16,966 No 

3 16,311 10,644 18,119 11,538 No 

4 14,630 16,775 12,394 22,374 No 

5 6,952 18,841 16,923 21,664 No 

6 9,052 19,226 17,698 18,839 No 

7 12,268 10,130 23,206 17,178 No 

8 19,576 10,882 22,062 18,563 No 

9 19,916 11,000 18,515 15,190 No 

No plasticity was detected across the mid-plane of the 

plate• 
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7.2 Dynamic Loading Analysis 

The model employed throughout the dynamic analysis is the one used 

in the static loading analysis (Diagram C in section 7), 

configuration of which has already been described in Appendix 2. • 
The purpose of the present analysis is to study:-

1) The response of the structure at different loading magnitudes. 

2) The behaviour of the structure due to the presence of 

plasticity. 

3) The overall behaviour of the structure when a stress level, 

which, when applied statically, would cause the structure to begin 

to yield, is applied dynamically along the edge of the structure. 

4) The final deformation of the structure after plasticity has 

taken place. 

The first part of this analysis examines the elastic response of 

the stiffened plate where only non-linearities due to geometry 

changes are included. Also in one of the analyses, the stiffness 

matrix of the structure is updated only once every 40 time steps to 

see if so doing would affect the response behaviour of the 

structure to any significant extent (updating the stiffness matrix 

once every time step would be extremely expensive especially when 

the whole loading procedure involves something like 5,000 time 

steps). 
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The second part of the analysis examines the elasto-plastic 

behaviour of the structure. 

While running the dynamic program, the results are recorded at a 

regular interval regardless of the state of response. Therefore it 

is likely that some relevant information may be missing out. This 

will be explained in detail when we examine the results. 

The following paragraphs explain the presentation of the results:-

1) The out-of-plane displacement history of the 9 selected nodes on 

the stiffened plate 

These 9 nodes are shown in the following diagram:-

t *) (£> 

a) C5) Cfi) 

(i) C4) C7) 
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Out-of-plane displacements at the supported edges are ignored. 

2) Stress history of the plate elements (equivalent stresses) 

The stress history in each plate element is plotted out in a set of 

4 frames. Each frame consists of 2 curves; each representing the 

stress history of the top and bottom surfaces of the corresponding 

Gaussian point. Thus, they are presented in the following manner:-

f 

- J-

<T 
tfrcsste € Ty SotjcoL 

' L 

feussh* Potn{ 3 

L 

( j - A i M u u t Pom{ 4 

? , 

ST\ /Xv 

(Ti 
i 

' * t 

fiaussia* foi*C f 

' t 

j r a i f j S / d K P o i n t Z 

-130-



Not all peak stresses will be shown because of the extended time 

intervals between successive points on the graphs. Therefore the 

stress history graphs will fail to denote whether or not the 

element has reached the yield stress level, especially in the 

marginal cases. 

3) The stress-strain curves of the plate elements 

These curves are plotted out in the same format as that described 

in paragraph 2 except that during most of the elastic response, 

only one curve will appear in the corresponding frame. This is 
•the V I thot 

because despite Athe actual stress levels at the top and bottom 

plate may not be the same, nevertheless their stress-strain ratios 

should remain unchanged. Therefore, the two stress-strain curves 

will overlap each other in most of the time except when one surface 

is in its elastic unloading, or, when the two surfaces follow 

different elastic unloading paths as shown in diagrams below: -

The results are plotted only once every 40 time steps. This 

explains the 'odd' appearance often found in the stress-strain 

curves as illustrated in the following diagram:-
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(Note that the stress-strain curves are only plotted in the second 

part of the analysis where the elasto-plastic behaviour of the 

structure is studied.) 

4) The stress history and the stress-strain curves of the stiffener 

elements 

The format of these is similar to those mentioned in paragraphs 2 

and 3 except that only 2 frames appear in each plot. This is 

because there are only 2 Gaussian points within each stiffener 

element• 

5) The displacement mode shapes of the structure at various 

loading/unloading stages 

The plates are assumed to have uniform hase grids and hence the in-

plane displacements of the elements are ignored. When running the 

dynamic program, the nodal out-of-plane displacements and rotations 

of the required modes are stored out of core. After the program is 

finished, a 3-D plotting package is then used to retrieve the 

stored information. To enable a finer display, extra grids and 

hence extra out-of-plane displacements are interpolated within each 

element (see section 7.1.2(b)). Before plotting commences, the 

nodal out-of-plane displacements are normalised. The effect of 

this is to normalise the maximum out-of-plane deformation to the 

same value. 

6) The direct stress history curves of the plate element in X and Y 

directions 

The formats of these curves are exactly the same as those described 

in paragraph 2 except that for each plate element, there will he 

two plots; one shows the direct stresses in the direction of the 

applied load (Y-direction) while the other shows the direct 
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stresses in the direction perpendicular to the applied load (X-

direction). 

7.2.1 Elastic responses of the stiffened plate subject to dynamic 

loading 

In the following analysis, the material yield stress level is 

deliberately raised to about 10 times the otherwise true material 

yield stress level so that plasticity would not take place even 

though the structure might have exceeded the yield stress level. 

The following paragraphs summarise the behaviour of the structure 

when subject to different loading magnitudes. ' 

7.2.1.1 Total applied stress level = 2,000 lb/sq.in. 

i 

" trine (tec.) 
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The response histories of the 9 selected nodes are shown in Fig. 

37a. Throughout the loading period, all the nodal displacements 

vary linearly with the applied load. After the loading has reached 

the maximum, the displacements are seen to oscillate constantly 

along a mean displacement level. Fig. 37a also shows that, 

throughout the entire loading period, the structure is oscillating 

with a frequency equal to the structure's own natural frequency 

which is approximately 16 HZ. (Ref. (91)). 

The applied stress level in the analysis is still relatively low. 

Although slight bending stresses might have been present, there is 

no sign that the structure has suffered from buckling at all. The 

stresses within the structure are very close, if not exactly equal, 

to the applied stresses. Fig. 37b shows the typical stress history 

of one of the elements. It can be seen from this figure that the 

stress history curves at the top and bottom surfaces of the plates 

are overlapping with each other indicating that no significant 

bending stresses have taken place. 

Fig. 38 shows the typical stress history of the stiffener elements. 

Again, these curves show that no significant bending has taken 

place in these stiffeners. 

Fig. 39 shows the displacement mode shapes of the structure at some 

random intervals throughout the entire loading history. Disp.l to 

Disp.3 in this figure shows the deformation of the structure during 

the early stage of loading. The final deformation of the structure 

is shown in Disp.4 and onwards. It can be seen from this figure 

that the structure is quite stable at this load level. 
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7.2.1.2Total applied stress level = 8,000 lb/sq.in. 

Fig. 40a shows the displacement histories of the structure. It can 

be seen from this figure that all the nodal deflections have 

experienced a sudden 'peak' at around 0.16 sec. This indicates 

that the structure has already suffered from buckling (this 

buckling may not necessarily be the overall buckling, and indeed, 

as in this case, it was only a local plate buckling). 

Before local buckling occurs, the structure behaves very much the 

same as that found in the previous case. After local buckling has 

occurred, the mode shape of the structure is identical to the 1st 

buckling mode found in the static analysis (Fig. 34). Fig. 40a 

also shows that the response of the structure is dominated by a 

frequency which is equal to its fundamental natural frequency. 

Fig. 40b shows the typical histories of a plate element. Prior to 

the occurrence of local plate buckling, the stresses at the top and 

bottom surfaces of the plate elements are so close to each other 

that their stress curves can hardly be distinguished at all. Soon 

after local plate buckling has occurred, the bending stresses in 

the two extreme surfaces become quite significant. The wide 'gap' 

that appears between the two stress curves indicates the level of 

these bending stresses. 
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Slight divergency has been detected from some stress-history curves 

as well as the response curves. This could have been caused by the 

lack of updating the stiffness matrix in every time step 

(currently, it is updated only once every 40 time steps). We will 

re-examine this in more detail further along the chapter. 

Fig. 40c shows the typical stress history curves of a stiffener 

element. Again, the figure shows that significant bending has 

taken place in the stiffeners when local buckling of the near-by 

plate elements occurs. 

Fig. 41 shows the displacement mode shapes of the structure at some 

random intervals throughout the whole loading history. Disp.l to 

Disp.4 shows the deformation of the structure at the very early 

stage of loading while Disp.5 to Disp.l2 shows the deformation of 

the structure prior to the local plate buckling. Disp.13 to 

Disp.14 shows the step-by-step deformation of the structure when 

local plate buckling takes place. These two modes were recorded at 

0.13 sec. and 0.16 sec. respectively. These coincide with the 

occurrence of the sudden 'peak' found in the displacement history 

curves mentioned at the beginning of this section. Deformations of 

the structure in the post-buckling period are shown in Disp. 15 to 

Disp. 26. It can be seen from these pictures that the structural 

responses are dominated by the 1st local buckling mode. 

7.2.1.3 Total applied stress level= 10,000 lb/sq. in, 

trine (sec-) 
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Fig. 42a shows the displacement history of the structure. It is 

noticed that all the displacements are peaking at 0.12 sec. This 

shows that local plate buckling has taken place slightly earlier 

than the previous loading case. It is also noticed that the 

responses at most nodes are largely dominated by the structure's 

first natural frequency even though some higher frequencies are 

also present. 

Fig. 42b shows the typical stress history of a plate element. 

Bending stresses are noticed in most elements. Equivalent stresses 

at the top and bottom surfaces are found to be varying between 

12,000 and 24,000 lb/in 2 in most plate elements except elements 4 

and 7 where stresses at some stationary points are found to be as 

high as 32,000 lb/in 2. These stationary points are situated very 

near to both the stiffener and the loading edge. Therefore, the 

relatively high stresses are caused by the following two factors:-

i) the buildiiwjupof shear stresses between the plate and the nearby 

stiffener; 

ii) the inertia effect of the plate element when the load is 

applied dynamically. 

Despite their relatively high stress level (32,000 lb/in 2 on one 

occasion), no stresses have exceeded the material yield stress 

level. 

Fig. 42c shows a typical stress history of the stiffener elements. 

It can be seen from this figure that large bending stresses may 

have been formed after local plate buckling has occurred. 
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In the above 3 figures, they all show a substantial level of 

divergency. This could, as we have explained before, be caused by 

the structural stiffness matrix not being updated frequently enough 

during the running of the dynamic program. 

Fig. 43 shows the sequence of the displacement mode shapes of the 

structure throughout the entire loading history. Disp.ll and 

Disp.12 show the mode shape changes when local plate buckling 

occurs (at 0.12 sec.). Before loading is removed, Disp.13 and 

onwards show that the structure remains in the same buckling mode. 

7.2.1.4 Importance of updating the stiffness matrix more 

frequently 

Results in the previous loading case have already shown that the 

tangential stiffness matrix should be updated in every time step 

despite the expensive running cost. To substantiate this fact, a 

separate analysis has been carried out with the structure's 

tangential stiffness matrix updated only once every 40 time steps. 

Loading is applied to the structure until it has reached its 

maximum level. Unloading then takes place immediately until the 

structure is completely free of any external load. No permanent 

deformation should have occurred because of our purely elastic 

assumption. 

Fig. 44a shows its displacement responses. It is noticed that when 

unloading has completed, most nodal points are left with a 

'residual displacement' which should not have occurred anyway. 

Fig. 44b shows the typical stress history curves of a plate 

element. Again, on completion of the unloading, 'residual stresses' 

are also found in most stationary points. 
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The above analysis has clearly demonstrated the significance of the 

accumulated numerical errors due to a second level of numerical 

instability. This secondary numerical instability becomes very 

sensitive especially when buckling occurs. It is therefore 

essential that during this period, the structural tangential 

stiffness matrix should be updated more frequently so that the 

growth of these numerical errors can be avoided. It is due to this 

reason that in all future analyses, the structure's tangential 

stiffness matrix will be updated once in every single time step. 

7.2.1.5 Total applied stress level = 12.000 lb./ so. in. 

Fig. 45a shows the response history of the structure. Some sign 

changes are noticed in some of the nodal deflections during the 

constant loading stage. However, these changes agree with those 

found in the static loading analysis ( see Fig.35 ). It can also be 

noticed in this figure that all the nodal displacements are 

'peaking' at approximately 0.1 sec. On unloading the structure, it 

is found that the 'residual displacements' described in the 

previous loading case have disappeared completely here. This again 

shows the important phenomenon which has been described in the 

previous section. Slight oscillations are found throughout the no 

loading period, this is due to the absence of the external damping. 
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Figs. 45b and 45c show the stress history curves of plate elements 

4 and 7 respectively. The stresses in the other plate elements are 

generally low. However, some areas in the above two elements have 

experienced stresses which are above the material yield stress 

level. These are found at Gaussian Point 2 of element 4 and 

Gaussian Point 1 of element 7. Again, no 'residual stresses' are 

found at any of the stationary points when the structure is 

completely removed from the external load. 

Fig. 45d shows the typical stress history curves of a stiffener 

element. Stresses in other stiffener elements are still relatively 

low and they are still well below the yield stress level. 

Figs. 45e, 45f, 45g and 45h show the direct stress histories of 

elements 4 and 7 in both X and Y directions. It is noticed that at 

the 2 Gaussian Points where their equivalent stresses are found to 

have exceeded the 32,000 lb/in 2 level, their direct stresses in the 

direction of the applied load are only about 24,000 lb/in 2. Thus, 

it is evident that significant amount of shear stresses must have 

been developed there. 

The displacement modes for this loading case are exactly the same 

as those that wil be described in section 7.2.2.2, and will not be 

shown in here. 

7.2.1.6 Short discussion on the elastic dynamic buckling results 

The results In the above 4 loading cases have shown that when 

loading is applied dynamically, the structure will generally suffer 

from a higher stress level than it would have been if loading was 

applied statically. At an applied stress level of 8,000 lb/in 2, 

the structure has clearly suffered from local buckling. There is 

no question that one can achieve the same result even with a 

slightly lower applied stress level. 
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At an applied stress level of 12,000 lb/in 2, some parts of the 

structure have exceeded the material yield stress level. The 

analyses also show that failing to update the structure's 

tangential stiffness matrix at every time step, especially when 

buckling begins, will lead to the growth of a secondary numerical 

instability which will eventually lead to a meaningless result. 

7.2.2 Elasto-plastic responses of the stiffened plate when subject 

to dynamic loading 

In all the analyses shown as follows, the material yield stress is 

set to 33,000 lb/in 2.. The initial time step size used in each 

analysis is 0.0009 sec., and is subjected to constant changes 

throughout that analysis depending on the significance of the 

influences of the material and geometry changes in the structure( 

see section 6.2 ) . 

The given loading configuration is shown in the following diagram:-

finiz (sit) 

However, during the analyses, unloading often takes place sooner 

than 0.4 sec. This is because in most cases, the stresses within 

the structure often die down to a lower level once they have 

reached their peak levels. These peak stresses normally take 

place at 
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the very early stage of the constant loading period. Therefore 

keeping the constant loading for too long a period will certainly 

not aggravate the response of the system, but to add extra cost to 

the running of the dynamic program. Therefore, in all the analyses 

as follows, unloading will begin at roughly 0.1 sec. after the 

stresses have reached their peak levels. 

External damping which amounts to about 10% of the critical damping 

ratio is then applied to the structure immediately after unloading 

has completed. This is to damp out any unnecessary oscillations 

during the load-free period so that the permanent deformation of 

the structure due to the formation of plasticity can be studied. 

Results are recorded once every 40 time steps prior to the 

completion of unloading, and they are recorded only once every 100 

time steps thereafter. 

7.2.2.1 Uniform tensile stress = 33,000 lb/sq.in. (this test is to 

investigate the program's capability of handling the dynamic 

plasticity 

The structure Is subject to a dynamic tensile load which is applied 

in 0.01 sec. To simulate the tensile loading condition, the 

structure is built-in along its half length line. 

Fig. 46 shows the in-plane displacement response of the structure. 

This figure shows that in-plane displacements in all nodal points 

continue to grow even when the applied load has ceased. This 

continues for a short while until they have over-shot the 

equilibrium position. From 0.018 sec. to 0.04 sec., the structure 

behaves very much as a spring oscillating about its equilibrium 

position. During this period, more and more stationary points 

within the structure have exceeded the yield stress level.Finally, 
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when every stationary points have exceeded the yield stress level, 

the nodal displacements become unstable. 

Fig. 47 shows the stress-strain curves in one of the plate 

elements. It can be seen that the structure has at one stage 

exceeded the 41,000 lb/in 2 level before elastic unloading takes 

place. 

The above figure has clearly demonstrated the capability of the 

program in determining the internal plastic loading/elastic 

unloading which is completely independent of any external loading 

criteria. 

7.2.2.2 Total applied stress level - 12,000 lb/sq.in. 
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Fig. 48a shows the response history of the structure. Prior to the 

onset of plasticity, the structure behaves almost the same as it 

has been in the previous loading case (section 7.2.1.4) where 

plasticity is prevented. After the onset of the local plate 

buckling, the maximum eigen value of the stucture rises by about 8-

10% which means that the time step size has to be reduced by the 

same proportion to 0.0008 sec. in order to satisfy the numerical 

instability requirement. When comparing Fig. 48a with Fig. 45a we 

would notice that the presence of plasticity has changed some of 

the nodal response amplitudes. Nodes 1, 4 and 7 are where these 

changes can be distinguished. Some deformation mode changes during 

the 
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constant loading period are also observed. The application of 

external damping at the end of unloading has resulted in all the 

nodal oscillations being damped out. Most of the nodes in the 

plate elements are left with a permanent deformation which varies 

between 0.004" and 0.001". This indicates the presence of plastic 

strains within the system. However, the level of permanent 

deformation is still relatively small comparing with the plate 

thickness (about 16% of the plate thickness). While most of the 

plate elements have suffered from permanent deformation, yet, no 

evidence of permanent deformation is found in any of the stiffener 

elements. Obviously this is due to the fact that no plasticity has 

taken place in any of the stiffener elements. 

Fig. 48b and Fig. 48c show the equivalent stress-history curves of 

elements 4 and 7 respectively. Although some peak stresses may 

have been missed out due to the way that the data is recorded (see 

beginning of section 7.2), the stress responses on both figures are 

almost identical to Figs. 45b and 45c. This somehow indicates that 

the effect of plasticity is insignificant to the response of the 

structure under this load magnitude. Stresses at the other plate 

elements vary between 8,000 lb/in 2 and 24,000 lb/in 2 and they are 

not shown in here. Stresses at all stationary points have died down 

to a slightly lower level once they have reached their peaks. 

Figs. 49a and 49b show the stress-strain curves of the plate 

elements. Where necessary, some dotted lines are introduced onto 

these curves to retrace the missing data so that a true stress-

strain curve can be reproduced. 

Stresses in the stiffener elements are unaffected by the presence 

of plasticity found in the plate elements. Fig. 50 shows that the 

stresses in stiffener element 4 is almost identical to those shown 

in Fig.45d. 
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In Fig. 51 there is a series of pictures showing the sequence of 

deformation of the structure throughout the whole loading history. 

Picture 1 to Picture 11 show the step-by-step deformation of the 

structure prior to the local plate buckling. Picture 12 to Picture 

13 show the deformation of the structure during the local plate 

buckling. Picture 14 to Picture 78 show the deformation of the 

structure throughout the rest of the loading history. At the end 

of the loading period, the presence of the external damping has 

reduced most of the nodal oscillations (e.g. Pictures 92 to 99). 

The final deformation of the structure is shown in Picture 99. 

Some local oscillations are amplified in most of these pictures, 

this is due to the built-in normalising effect when using the 3-

dimensional plotting package. 

7.2.2.3Total applied stress = 14,500 lb/sq.in. 

Fig. 52b to Fig. 52^ show the equivalent stress histories of the 

plate elements while Fig. 53a to Fig. 53f show their corresponding 

stress-strain curves. Where necessary, some dotted lines have been 

inserted onto these curves so that their complete stress-strain 

paths can be illustrated. Large parts of the plate elements are 

noticed to have exceeded the material yield stress level. 

Fig. 54a shows the stress histories of stiffener 

elements 4 while Fig. 54b show their stress-strain 

-145-



curves. Here, we have noticed that stiffener element 4 has 

exceeded the material yield stress level. 

The following paragraphs examine the behaviour of the Individual 

elements within the structure:-

Plate Elements 

Element 1 (Fig. 52b & Fig. 53a) 

Fig. 52b shows that Gaussian Point 2 has twice entered into the 

plastic region. It happens first at 0.1 sec. and then followed by 

an elastic unloading. Elastic loading then occurs shortly 

afterwards until it exceeds its previous maximum stress level of 

33,500 lb/in 2 before it enters into plastic loading again at 0.12 

sec. The following two diagrams explain the stress-strain 

behaviour in this Gaussian Point:-

Diagram of the true stress-

strain curve which has twice 

entered into plastic loading 

Diagram of the plotted 

stress-strain curve 

with some results 

missed out during 

recording 

Stress in the other Gaussian Points are still quite high even 

though they haven't yet exceeded the yield level. 
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Element 2 

Most stresses are peaking within the first 0.04 sec. during the 

constant loading period except at Gaussian Point 4 where the 

stresses are peaking at a much later stage. However, no stresses 

have exceeded the material yield stress level. 

Element 3 

The stresses are generally lower than those in element 2. Although 

most stresses are peaking at a much later stage, they have not 

reached the material yield level at all. Generally speaking, they 

behave very much the same as those in element 2. 

Element 4 (Fig. 52c & Fig. 53b) 

Two Gaussian Points (2 and 4) have exceeded the yield stress level. 

In particular, both top and bottom surfaces of Gaussian Point 2 

have exceeded the yield stress level. It is worth noting that 

during the previous loading case (12,000 lb/in 2), the same 

stationary point has also experienced yield. The present loading, 

which is some 20% higher than the previous one, causes the growth 

of plasticity at this Gaussian Point to even further until finally, 

a plastic hinge is formed. Stresses in the rest of the element are 

generally higher than those found in Elements 2 and 3. 

Element 5 

Stresses in this element are very similar to those obtained in 

Elements 2 and 3 which have already been described above. 
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Element 6 (Fig. 52d & Fig. 53c) 

Yielding has occurred at Gaussian Points 3 and 4 at around 0.11 

sec. Soon after that, the stress behaviours of all the Gaussian 

Points are similar to those in elements 2 and 3. 

Element 7 (Fig. 52e & Fig. 53d) 

Yielding occurs in Gaussian Points 3 and 1. Whilst the former 

experiences very slight yielding, the latter has twice entered into 

the plastic region. These are occurred at 0.09 sec. and 0.13 sec. 

respectively. Plastic strain which were amounted to about 0.25% is 

found at Gaussian Point 1 and is by far the largest plastic strain 

increment found in all the plate elements. 

Element 8 (Fig. 52f & 53e) 

Yielding occurs at Gaussian Point 2. Again, plastic loadings have 

occurred twice; one at 0.095 sec. and the other at 0.13 sec. Even 

then, plastic strain is still relatively small (0.02%) when 

compared with that obtained in the previous element. 

Element 9 (Fig. 52g & 53f) 

Yielding occurs at Gaussian Point 3 at 0.095 sec. Stresses in the 

rest of the element are behaving not much different from those in 

elements 2 and 3. 

Stiffener Element 

It is noticed that plasticity has been developed in element 4. 

These stresses are also above the crippling stress level (Appendix 

2) of the stiffener flange (Fig 54a & 54b). Stresses in the rest 

of the stiffener elements though below the crippling stress level, 
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are still relatively high when they are compared with those 

obtained in the previous loading case (12,000 lb/in 2). 

While the overall response of the structure can be found in Fig. 

52a, the stage-by-stage response of the structure throughout the 

loading history are examined as below:-

The responses in the plate elements prior to the local plate 

buckling are similar to those obtained in the previous loading 

case. However, as the amount of plasticity grows, their responses 

at the early stage of post-buckling are quite different (see Fig. 

52a). In that, not only their amplitudes have changed, but its 

mode of buckling also experiences significant changes. At the 

later stage of the constant-loading period, some mode shape changes 

still exist. But they are not as severe as those appeared in the 

previous loading case. 

In the same figure, we also notice that, throughout the constant-

loading period, the responses in all the stiffener elements are no 

longer constant as they have been previously. In fact, they 

decrease rather linearly with the increase of time. This can be 

explained as follows:-

As plasticity accumulates within the plate elements, this will act 

as a damping mechanism which absorbs most of the energy during 

plastic deformation. And as no)further external wgrJC'is applied to 

the structure during the constant-loading period, less and less 

energy is being transmitted into the stiffeners. 

On examining the out-of-plane deflections of the stiffener 

elements, they are found to vary non-linearly with the applied load 

level. And indeed, if we further examine the out-of-plane 

deflections of the stiffener elements when the applied load level 

reached 16,500 
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lb/in 2 (this will be covered in section 7.2.2.4), it has become 

obvious that the overall buckling is> about to occur when the applied 

load reaches 14,500 lb/in 2. 

The following table lists the maximum deflections of the central 

stiffener (node 6) and their corresponding applied load level:-

Applied stress level 
(lb/in 2) 2,000 8,000 10,000 12,000 14,500 16,500 

Max. deflection of 
Central stiffener 
(in.) 0.0001 0.007 0.012 0.018 0.035 0.045 

The above data, together with the maximum out of plane deflection 

of the central stiffener when applied stress level reaches 24,000 

lb/in 2, are plotted out in Fig. 55 which shows evidently that the 

present loading is very close to the stiffener's buckling load. 

As usual, external damping is applied to the structure after 

unloading has been completed. Fig. 52a shows that the plate 

elements are left with a permanent deformation of between 0.005" 

and 0.015" (8-20% of the plate thickness) while the stiffeners have 

suffered from a permanent deflection of between 0.005" and 0.01". 

Because of the comparatively large deflections caused by the 

present loading, the maximum eigen-value of the structure was found 

to have risen by 30% just before loading has completed. This would 

mean that the time size employed in the numerical integration had 

to be reduced to 0.0006 sec. All these were done automatically 

within the program. 
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In Fig. 56, there are series of pictures showing periodically the 

deformation of the structure throughout the loading history. Since 

the deformations of the structure prior to the local plate buckling 

are exactly the same as those in the previous loading case, they 

can be found in Picture 1 to 12 of Fig. 51. However, Picture 13 to 

Picture 55 of Fig. 56 show some of the deformation during the 

constant-loading and unloading period. We notice from these 

pictures that at the line where the stiffener is attached to (see 

Fig* 56 for location), it remains reasonably straight, which 

indicates that no buckling has yet taken place in the stiffener. 

Otherwise, the line will appear in a wave form similar to those 

representing the plate elements. This agrees very well with the 

curve shown in Fig. 55 which indicates that overall buckling has 

not yet reached. When unloading has completed, the final 

deformation( Picture 93 to Picture 105 of Fig. 56.) indicates the 

presence of the plastic deformation occurring at both the plate 

and stiffener elements. When comparing these pictures with Fig. 

51 the present loading has certainly caused a higher level of 

permanent deformation 

At the elements where plasticity has occurred, their direct 

stresses in either directions need not exceed the yield stress 

level even though its equivalent stress does (sec -far example pig. 

52,a I 5jcUb). However, such situation would suggest that the 

corresponding shear stress contributes largely to the formation of 

the yield stresses. The following table summarises the stresses 

and hence calculates the correspondng shear stresses:-
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Ele-
ment 
No. 

Gauss 
Point 

Max. stress 
in X-dirn. 
(lb/sq.in) 

Max. stress 
in Y-dirn. 
(lb/sq.in) 

Max. equiv 
stress 
(lb/sq.in) 

Max. shear 
stress 
(lb/sq.in) 

1 2 -22,000 -31,000 33,900 11,346 

4 

*2 8,000 24,000 34,000 15,362 

4 *2 - 9,000 -25,000 38,500 18,268 4 

*4 -12,000 -28,000 34,500 14,317 

6 
3 -12,000 -32,000 35,000 12,124 

6 
*4 - 4,000 -25,000 34,000 14,317 

7 
*1 - 8,000 -26,000 40,000 18,876 

7 
*3 -10,000 -25,000 33,500 14,688 

8 2 - 8,000 -32,500 33,900 9,814 

9 *3 - 7,000 -24,000 34.500 15.633 

For instance, to calculate the shear stress of element 1; from 
equation (5.25):-

fy = h C t + - & - < r p 

Hence, CTx| = (33,900 2 + 31,000 x 22,000 - 31,000 2 - 22,000 2) 

=11,346 lb/sq.in. 

The '*' sign in the above table indicates that the corresponding 
Gaussian Points are situated near to the location of the 
stiffeners. It is noticed that where this sign appears, the 
corresponding shear stresses are relatively high. In contrast, 
their direct stresses in the direction of the applied load are 
comparatively low. This indicates that the shear stresses at these 
Gaussian Points have contributed quite significantly to the 
formation of plasticity. Conversely, where the Gaussian Points are 
further away from the stiffener (e.g. elements 1, 6 & 8 in the 
above table), plasticity is mainly caused by the excessive direct 
stresses and the shear stress would have a very minor 
contribution. On examining the buckling mode shapes plotted in 
Fig. 56, these Gaussian Points (those without a '*' sign 
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in the above table), are locating at the peaks of the buckling 

waves, and these points are expected to be suffered from very high 

local bending stresses anyway. It is therefore not surprising that 

they would be above the yield level. 

7.2.2.4 Total applied stress level - 16,500 lb/sq.in 

(ft-u) 
l ( , , f o o • f ^ 

/ \ j jnm/f'rt oftlial 
/ \ e 'it 

^ ^ n ^ Z ^ T I M < L 

Fig. 58 shows the response of the structure. The peak out-of-plane 

deflection at the central stiffener element is found to be 0.045 

in. As we have mentioned in the previous section (section 

7.2.2.3), the stiffemr has under this present load level, entered 

into its post-buckling stage (see Fig. 55). The permanent 

deformations shown in Fig. 58 are also comparatively larger than 

those shown in the previous loading case. The following table 

summarises the nodal permanent deflection * under each 

different load level (i.e. 12,000 lb/in 2, 14,500 lb/in 2 and 16,500 

lb/in 2). 

fa'M s i m 
u v e L 

P U r j A N & T f I t f U C p Q r t N o h £ • ( i n c h ) fa'M s i m 
u v e L 6 a t i e J / d o i e 3 rio&£ / o N o d e / / H ' b t t l t / i b e i d t / o t e t S i / o b E i £ 

/ Z o o o O . o o i o - o o i S O O o S 0 0 o O - o o / - 0 - o o P ' O ' O O J 

- 0 - o o Z . - o o o S S - d o o i $ - O - O O & S - P O 0 & O - o c j o o o Z 

/ k . S b o o - o Z o - o f O - O Q l f o - o o l o - o o l - O ' O o J o - o l i 
s 

2 / 
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The graphs of the figures shown in the above table are shown on 

Figs 59a to 59c. Fig. 60shows the percentage of the maximum 

permanent deflections on some selected nodes. 

Fig. 61a to Fig. 61i show the stress-strain curves of plate 

elements 1 to 9. It is noticed from these figures that the 

residual plastic strains occurred in those plate elements are 

relatively larger than those found in the previous loading case 

(which is quite obvious). 

Fig. 62a to Fig. 62c show the stress-strain curves of the central 

stiffener elements (elements 4 to 6). Under the present loading, 

plasticity has occurred not only in element 4, but also in elements 

5 and 6 . The stresses in these elements are above the crippling 

stress level of the stiffener flanges. 

7.2.2.5 Total applied stress level = 24,000 lb/sq.in. 

Fig. 63 shows the nodal response curves. It is noticed that the 

maximum out-of-plane deflection of the central stiffener is 0.072 

in. which is also plotted and shown on Fig. 55. 

Fig. 64a to Fig. 64c merely show the plastic deformation found in 

some of the plate elements. A few plastic hinges can be observed 

in these elements. 
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Fig. 65a to 65c show the stress-strain curves of the central 

stiffener elements (stiffener elements 4 to 6). Again, plasticity 

has occurred in most elements. 

7.3 Discussions 

From the above analyses, it is clear that the overall buckling 

would occur when the applied stress reaches between 14,500 lb./in* ~ 

and 16,500 lb./in*.. At the 14,500 lb./in2, applied stress level, 

some stiffener elements are found to have reached the crippling 

stress level of the stiffener flange. These two factors have 

strongly indicated that when such load level is reached, the 

stiffened panel is likely to suffer from an overall collapse. 
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8.CONCLUSION 

The modelling of the problem using finite elements has been proved 

from the above analyses, to be quite accurate. The finite element 

package which has been developed especially to investigate the 

present program can also be used for other purposes such as impact 

loading, heat transient analysis etc. with only minor 

modifications. When comparing the results computed from this 

finite element package with some existing results, very close 

agreements are observed. When there is not any existing results to 

be contrast with (e.g. the elasto-plastic dynamic buckling part of 

the analysis) the stage-by-stage results exhibit a high degree of 

coherence between them. The mathematical modelling of the 

geometric non-linearities and the material non-linearities are 

particularly successful. For instance, for a given structure, the 

static loading results generated from the finite element package 

give a critical stress which is quite close to that obtained from 

the Engineering Data Sheet. The error between the two sets of 

results is only about 4%. This error is mainly caused by employing 

a stiffener which has not been modelled to accommodate its 

torsional stiffness. When another stiffened structure was analysed 

by using a stiffener in which the torsional stiffness is 

comparatively small (e.g. section 4.3.2), the results are very 

close to that obtained by Seide (Ref. 64) (see section 4.3.2). The 

results could equally be improved by employing a finer model (e.g. 

a 6x6 element model). 

The modelling of the offset stiffener by employing a transformation 

matrix is seen to be quite appropriate. In that, the structure 

with 1, 2 & 3 stiffeners located both at the mid-plane of the plate 

and on one side of the plate have been thoroughly tested and the 

computed results are very close to those obtained in Ref. 64. The 

present package is strictly limited to the using of Z section type 
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stiffeners which is the main drawback.. This is because when we 

modelled the stiffener, the plasticity terms were calculated 

explicitly to allow for a ! Z ' x-sectional area only. Although it 

is possible that the stiffener could alternatively be modelled with 

plate elements, however, this would involve extra nodal points 

which are quite unnecessary. In any case, the running cost of such 

program would be extremely expensive especially when a complete 

response history requires something like 5,000 time steps. 

The large displacement analyses also produce very good results. It 

has been shown that when a plate is subject to excessive bending, 

the computed load-displacement relationships are very close to 

those obtained by Timoshenko & Levy (Fig. 6 & 7). The formulation 

in all the large displacement analyses employs a Lagrangian frame 

of reference which refers the co-ordinates in the structure to its 

initially undeformed shape. In our present analysis, the 

Lagrangian formulation has already been proved to be 

computationally very efficient especially when the direction of the 

applied load remains almost constant throughout the whole response 

history. 

We have shown in Section 6 that because of the rapid changes in the 

fundamental eigen-modes of the structure when local buckling 

occurs, a modal superposition approach would not be appropriate.We 

have also proved in section 6 that close agreements between the 

results obtained from a Central Difference Scheme coupling with a 

Diagonal Mass Matrix and those obtained from a Newmark- ^ method 

can be achieved by adjusting the rotational inertia terms in the 

Diagonal Mass Matrix, so that the fundamental Eigen value evaluated 

from the two separate schemes can be matched. Thus, our choice for 

a Central Difference scheme coupling with a Diagonal Mass Matrix 

lies mainly on its relatively small storage requirements. The 

Central Difference Scheme has also shown to be computationally more 

efficient than the Newmark- r> integration scheme in which the 
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triangulisation of a fully banded matrix is required in every time 

step. It might be argued that the Newmark- j!> scheme can afford 

to employ a larger time size (and hence fewer integration steps) 

because of its unconditional stable characteristic. However, our 

present analysis shows that the large geometric and material 

changes often occur in such a short period that even a Newmark-| 

method would require a very short time-step in order to capture any 

energy changes during the plastic deformation. Therefore, the 

small time size employed in the Central Difference Scheme is not 

too disadvantageous. We have also mentioned that the maximum Eigen 

value of the structure has to be continuously evaluated during some 

period of the analysis, especially when plastic deformation occurs, 

in order to keep the time size within the numerical stability 

limit. The evaluation of the maximum Eigen value employs a 

technique known as the Direct Power Method in which the 

triangulisation of a mass matrix is required. Thus, it can be seen 

that the adoption of a diagonal mass matrix is particularly 

advantageous. 

The plots shown in this report give a very clear illustration of 

the response behaviour of the structure during both the static and 

dynamic analyses. The 3-dimensional plottings give a clear insight 

into the mode changes as the buckling develops. It also helps one 

to study the level of permanent deformation of the structure after 

plasticity has taken place. 

In the static load analysis, both the incremental load method and 

the Eigen value method give very good results, and when these are 

compared with the results obtained from the Engineering Data 

Sheets, very close agreements are obtained. For a given structure, 

the incremental load method predicts a local plate buckling stress 
2 

of 8,400 lb./in. while the eigen value analysis of the disturbed 
o 

system (actually at a configuration when load = 1,000 lb./in. ) 

shows a first Eigen mode at 8047 lb./in. 2 However, when the load 
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is applied dynamically, the result shows that it is this Eigen mode 

which grows exponentially. 

The Eigen value analysis predicts an overall collapse stress of 

28,996 lb./in. This agrees very well with those obtained from the 

Engineering Data Sheets which, if load sheddings between the plate 

and the stiffeners during local plate buckling are ignored, give a 

stress of 29,766 lb./in. If the load sheddings between the plate 

and nearby stiffeners are taken into consideration, the Engineering 

Data Sheet predicts an overall buckling stress of 22,890 lb./in. 

However, if the loading is applied dynamically onto the structure, 

Fig. 55 indicates that overall buckling will occur when the applied 

stress reaches around 15,500 lb./in. 

Elasto-plastic analysis shows that yielding begins when a uniform 
2 

stress of 14,080 lb./in. is applied statically onto the structure. 
2 

When the applied stress reaches 16,480 lb./in. , more plate areas 

have yielded but yet no plasticity has been found in any of the 

stiffeners. However, when loading is applied dynamically the 

following changes are observed 

2 
1) When the applied stress reached 12,000 lb./in. , yielding 

begins in the plate (in the same area where yielding begins when 
2 

applied stress in excess of 14,000 lb./in. was applied 

statically.) 

2 

2) When the applied stress reaches 14,500 lb./in. , many plate 

elements have yielded. A plastic hinge has also been found in one 

of the plate elements. 

3) The stiffener has also suffered from plastic deformation which 

exceeds the crippling stress of the stiffener flange when the 

applied stress reaches 14,500 lb./in. The dynamic load deflection 

curve of the stiffener shown in Fig. 55 indicates that overall 
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"buckling stress of the structure will occur when the applied stress 

2 
reaches 15,500 lb./in. (approximately). 

The results show that the wave-length of the permanent deformation 

found in the structure when it is subject to excessive loadings 

agrees with that found in service by B.A.C. The exact magnitude of 

load and the type of loading when the heavy landing took place is 

not known. However, from Fig. 55, it can be seen that when the 

applied stress reaches between 14,500 lb./in. and 15,500 lb./in., 

the structure is very likely to collapse. 

For a ramp type of loading, the time taken for the local buckling 

and local plasticity to occur depends on the loading magnitude 

(Sect 

7-2) It has been suggested that the occurrence of these could 

be avoided if the applied loads were removed quick enough (Ref. 

•18). Our analysis shows that when the applied stress reaches 

14,500 lb./in., local skin buckling takes place at 0.083 sec. 

Thus, for a loading duration of 0.1 sec., local bucklings are 

likely to occur even if the loads are removed immediately after 

they have reached their maximum level. The relatively long 

constant-load period (0.4 sec.) is not seen to aggravate the stress 

behaviour of the structure. In fact, all the stresses have 'died 

down' to a slightly lower level at the latter part of that period. 
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APPENDIX I 

. 3- 37- in Section 3»_>X shows the formulation of the beam element 

stiffness matrix. When this stiffness matrix is assembled onto the 

plate element stiffness matrix for a complete stiffened panel, the 

stiffness is expected to behave as if it was built in the mid-plane 

of the plate. However, when the stiffener is built on one side of 

the plate, the stiffness matrix of the stiffener has to be transformed 

in accordingly so that the displacement behaviour of the assembled 

structure can remain compatible. 

The diagram shows below describes the deformation of the stiffened 

plate when bendings take place:-

deformed stiffener 

deformed plate 

undeformed plate undeformed stiffenef 

WITH ZERO ROTATION @ THE NODES 

where u is the inplane displacement of the plate 

u* is the inplane displacement of the stiffener 

w is the out-of-plane displacement of the plate 

w* is the out-of-plane displacement of the stiffeaer 

and u • U + x 

w w 
7 ( A . l . l ) 

T 
i 

i 
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Let Cc and G be the positions of the centre of the X-sectional area of the stif 

ener before and after bending of the structure has taken place respectively. 

The displacement between these two positions can be shown as:-

Hence a 

- i x 0 

. r l l i i i , 0 
i + u 

— A . 1.2 

—A.1.3 

-A. 1.4 

combining A. 1.1 and A.1.3, we have 

a = -w. " 

w ' = W 

9 ' = 9 

where suffix ' refers to the local system of the stiffener while those 

without suffix ; will refer to the global system of the stiffener. 

Thus:-

" V 
* 

f 

w; 0 

e; o 

0 

I 

o 

-iili) 
2. 
o • w, 

B, 
A 

-A. 1.5 

and for the complete beam element:-

4 ' ' 1 o M l ' n 1 
O ^ o o o 

4 

0 | . 6 o o 0 w, 

9 ' , o 0 ( 0 0 0 e, 

M l 
= 

0 
M 

o o i o x 

< A 0 o 0 I O 

9 1 0 o d 0 O i 8. 

= T 5-U 
mi 

mj *!»•!£ a. 1-7 
where is the transformation matrix to transform the displacement of 

the local coordinates of the stiffener to the global coordinate of the 

system and suffix S refers to the stiffener. 

From the equilibrium of work 

£ * js*- & 
-A. 1.8 
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Substitute A . 1.7 into A . 1.8, we have:-

t / 
F • T . u 

S ^ S t" 

Post-multiply the equation by T t : we have:-

T . F ' - X C . T e . u A.1.9 

where T t K ' „ T is the stiffness matrix of the stiffener with 

~ S z— S z-s 

respect to the global system of the structure. 

K » T t . K ' . T A . 1.10 

z~S —' s z->-S 

t / < I ^ O f ® J . 
and T . F is the external nodal .of the stiff enet with -rasbacl 

4-S -Z S f* J 

to the global system. 

Hence, when a global system of external force should be applied to the 

stiffener in the form of:-

F ^ » T . F A . 1.11 

z~ S z—S 

where F is the -nodel applied force to the stiffener 
5 -

F is the global applied force to the system 

T is the transformation matrix due to the on set of the one 

sided stiffener. 
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APPENDIX I 

Buckling Analysis of the Given Stiffened Plate using Engineering 
Data Sheet 

Having derived the appropriate formulation of the analysis using the 

finite element approach, we will wish to demonstrate the accuracy and 

efficiency of the technique by analysing the structure (both for the 

stiffened and unstiffened plate) subject to different loading 

conditions and boundary conditions, and then compare the results _ 

with some already existing results. By so doing, the parameters of 

the tested structure is normally bounded by the parameters which are 

already employed in these existing analyses. In examining the 

structure which is being investigated, the governing parameters (e.g. 

stiffener area to plate thickness ratio, pitch dimension, Dt/EI ratio 

etc.) is found to be beyond the ranges covered by those existing results. 

Therefore the only way to obtain a reasonably accurate result that..can 

otherwise be used as a cross-check on the present finite element results 

is to evaluate the buckling information based on the given structural 

parameters using the Engineering Data Sheet upon which the design 

criteria of that partiuclar structure was based." 

The following diagram illustrates the cross section of the1 fuselage 

between any two stiffeners. The basic assumptions used in the finite 

element modelling have already been described in the previous report in 

Ref 11 , and will still be applied to the present analysis. 

t*o-oub 
1 k— 

t T 

jso-u?* 

5 

U H I " * 

•3 h * i - t f m  

N n h-'^rs" 

J (--to" 
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Material properties 

7 2 
Young's modulus for 1^2 • 10 LB/IN 

E » Tangential modulus for L 7 2 
^ r. 

<r = 
n 

Stress @ E t = JE 

,2 
j • Stress @ 0.1% proof • 15 x 2240 LB/IN J 

TO = Material characteristic for . • 10 

• Poison's ratio » .3 

(*•! » . Strain @ 0.1% proof - 0.01 

? 
A g = Area of stringer = .14198 in" 

I = 2nd moment of iv«r4i*a of stringer = 0.0348 i n 4 

s ^ 

I 85 2nd moment of inerha, of stringer about the plate centre 

' line = .14198 x - 6 5 7 2 + .0348 - ' .0961 in 4 

I x .0961 

— - 70348 = i J S L 
s 

. • e . , / ^ l . .0348 .J 
radius of gyration • k = = ("TTToq) 

k 2 .246 

y .625 

A ' 14198' °- A 9 6 i n 

s 

0.393 ; e » eccentricity • 0.005" 

e - .005 n i b .7 n h K 2 5 n ? 7 7 

7 - 7393 " ^ ; -rf = K 2 5 = b = X T = a 2 7 7 

h 

L I - - 0 4 8 

t ~ .064 
= 0.75 

2 
A g k = Area of skin = 4.5 x 0.64 = 0.288 in 
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A . 1 Material properties of L ? 2 

Stress % proof is 15 x 2440 L B / I N 2 33600LB/IN 2 

for material characteristin of m = lOj 

from E.D.S. (hereafter; E.D.S. would stand for Engineering Data Sheet) 

76016:-

1 

(T » nr. /in. t.\ .E Nm-1 
n u » \ ( pr 1 ) 

33600 x f 10 x .001 x 1Q 7 ~ 1 / 9 

^ 33600 J 

/ 
Hence CT = 29766 L B / I N 2 

n 

Notations 

= elastic edge rotational restrain coefficient 

® local buckling stress of a plate component 

» elastic buckling stress of a simply-supported plate 

under uniaxial compression 

G" = buckling stress of stringer 

^edge " e <*S e stress @ failure of stiffened plate 

(J~ - average stress carried by skin when overall buckling occurs 
ave ^ ' 

« crippling stress 

(0^)e ; 03^) f - local buckling stress of skin and flange elements. 
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A . 2 Evaluation of Local Buckling Stress of the Skin 

For local buckling stress of the skin with Z type of stringer sitting 

on one side of the skin is derived from E.D.S. 71014 (02.01.35):-

@ b s - 7 n h 1.25 n 

I T = — 5 s °' 5 6 5 b s X T 5 °' 2 7 7 ; 

l i . . .75 

t .064 
from E.D.S. 71014 : K = 4.5 

from E.D.S. 72012: . (6")e = K x E x ( £ ) 2 = 4.5 x 10 7 x 
D • b H . D 

= 9.I0Q I b . / m ! 

The above value assumes that there is no laterial restrain acting. However, 

a small amount of restrain will be provided by frames and can be estimated 

in 72019, where: - . 

= A S K = 4 . 5 x - C _ n 9 9 , 
t.l 20 x ^ 

from E.D.S. 72019; * 

2 . _ 2 

° ° FCRT ( P 2 = 7 3 1 2 1 3 / 1 1 1 

( a b ) e 9100 
- — - K 2 4 4 

From Fig 3 of S.D.S. 72019 when (fl^)e - 1.233 S l). = 0 

^ 0 

yU. is found to be 4.5 

a n d <? A = 0.255, / £ = 4 . 5 ; the corrected is 1.2 
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Hence, the corrected value of local buckling stress of the skin 

= 7312 x 1 .2 

- 8774 L B / I N 2 = CT. 
—————— b 

A . 3 Calculation of the Buckled Half Wave Length 

To calculate the buckled wave length of the panel, the procedure set 

out in E.D.S. 72012 is to be folloved:-

from above paragraph (CT^x 

rt 
cr = 9100 IB/IN' 

\ itjottkcl buft oj 1/& ifl'jj&h 

u«t<fofntti cf fne sh#*e{ 

for c.} . the ^((ouatj cq/cu/o//cms 6t2 estaj'rted 

FLATS 4 6 C . ' 

* * •7 -
f h i c k t e l } : t • * £ 4 
M i h = 5 1 6 - 6 5 

<r.v • 7S<* jYfffo 
v -

YT. -
1 - 2 * 4 a - 6 S i f 

| 
1 

<v 

•i iS"
 (Tr 

Vj 

Vj 

k 

X 

Vj 

X 

V7 

"V 

X 

< 
V 

X -x 
Vj ^ 

0 ^ 

-N. X 

* * 
X 
vc 

• 
s? 

X | 
1 

b; 
'h £ 4 I c: 

Vj 

Vj 

k 

X 

Vj 

X 

V7 

"V 

X 

< 
V 

X -x 
Vj ^ 

0 ^ 

-N. X 

* * 
X 
vc 

• 
s? 

X 

[ j -
i 

!i? 
t 
1 1 . 

•^5; vV 

•5" | IS) 

t> 

>5 

'5 

/V 

..iL 

/•o 

JL ?55 

fit 

s» 

S20 

ihjsS * * ! U! /oU [ j -
i 

!i? 
t 
1 1 . 

•^5; vV 

•5" | IS) 

t> 

>5 

'5 

/V 

..iL 

/•o 

JL ?55 

fit 

s» 

S20 2>S tl+fu> 

[ j -
i 

!i? 
t 
1 1 . 

•^5; vV 

•5" | IS) 

t> 

>5 

'5 

/S 

HQ 

-

-is 

•2 

ss \<Us] I1&J0 nut] 4// 3-3 3S5 •2,3 

[ j -
i 

!i? 
t 
1 1 . 

•w * 

•'7 

IS) 

t> 

>5 

'5 

/S 

HQ 

-

-is 

•2 "7 i»4 X'P •2,7-7 SI >1<S] »7'?7 W lV 333 -bo$ 

1 v 
t 

•.w 

* 

•'7 

IS) 

t> 

>5 

'5 

/S 

HQ 

-

-is "7 

i»4 

Sto •7.17 31 m»p 3/3 776 -coS 
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A . 4 The Panel Failing Load in Overall Buckling 

From E.D.S. 72012:-

The buckling stress of the perfect stringer along about an axis 

parallel to the plane of the skin is (from 01.01.01):-

f° r : i-fer - & * ^ -

1 . *. (T » Cr - 29,766 LB/IN 2 

s n —1 — 

The panel skin buckles @ a stress level well below that of a stringer, 

therefore, it is necessary to determine the condition where load shedded 

by the buckled skin into the stringer cause failure of the stringer and 

further determines the removing load carried by the skin. To calculate 

the failing stress of the stringer due to the shredded load from the 

buckled skin : - (E.D.S. 02.01.17) for:-

X x A s 
= 2.761 : «• 0.493 : CT = 29766 : CE - 8712 

l bt s b 

ifprm'meffca V / r 
^fuh*/ 

/ = ^ 29, 7u 'v 
z^s's- •s7 •77 

j '3f '74/ 12.. ffo 

2 
Hence, the failing stress of the stringer = 22£90 LB/IN 

= ^ e d g e 

- = .01 : m - 10 
c > 

Sheet 01.01.01 shows that 0-" 
s 

<r 
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An estimated average stresses acting on the skin when the panel 

m l f e r s overall buckling can be made by means of the lower figure 

•>l E.D.S. 02.01.23 where:-

i £ e d £ e = 22890 = 

0". 8712 
D 

- -225 

from 02.01.23 ; 

T S F 1 * ° - 6 8 

Uedge 

CTav = 0 . 6 8 x 2 2 8 9 0 = 15566 LB/IN 2 

A . 5 Crippling Stress of Z Section Stringers (see E.D.S. 78020) 

For a given value of ai*d i°w values of d/h, the web is 

primarily responsible for^buckling and requires some restraint 

from the flange in order to- delay the buckling until"the load 

is cracked for which the cross section as a whole becomes 

unstable. 

Consider the stiffener of the following dimension:-

h = 1.25 in E 

d = 0.7 in V 

% = 0.048 in m 

' h " 
0.048 in • 0* 

n 
C 2 = 

Material yield stress » 33j 

d . 
h 

0.56 h 
t 
n 

.7 , „ , _ 2 

0.3 

10 
LB/IN 2 = f 
,2 n 

from fig. 1 

. \ f. = K.E. (t , ) 2 = 2.2 x 10 7 x ) 2 

be n/, l.AO 
h 

32,440 LB/IN 2 
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^be . 32,440 
I 29,766 1 - 0 8 9 8 

n 

From fig. 3 @ ra •« 10 ^ = 0.87 

Thus:- f b • ' J . f ^ - 0.87 x 32,440 = 28,222 LB/IN 2 

the crippling stress f - . f.)^ 

c A o 

(33,600 x 28,222)^ 

30,794 L B / I N 2 

Conclusion of the Analytical Results based on the Engineering 

Data Sheet 

1) The local buckling stresses of the skin = 8744 LB /IN 2 

2) The stringer failing stress when the overall buckling 

occurs » 22890 L B / I N 2 

2 
3) The crippling stress of the stringer flange is 30,794 LB/IN 

4) When overall buckling occurs, the skin will carry an 
2 

average stress of 15566 LB/IN 

5) At the time of collapse, the applied load per unit length 

of the panel is:-

(22890 x .14198 + 15566 x .288)/4.5 = 1718 LB/IN 
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o u r - o f - Plane Inflection of the plate using* fhauia-noht 
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-206-



V.otr o'»20 0.40 a'.so o'.so T.oo 1.20 iV 
. . ^ . . j r r l w * , . ^ - - * , , 

FIG. 27a Comparision of displacement responses using Newmark- Method 

and Central Difference Consistent Mass Matrix Method 
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3 1 l MemBrane velocity responses 
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Linear Buckling of stiffened plate 
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1 * Buckling mode 51=8,047 lb./sq. in 

FIG. 34a 

>nd. 
2 * Buckling mode CT =9,109 lb./sq. in. 

FIG. 34b 
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th 
4 Buckling mode £ = 10,743 lb./sq. in. 

FIG. 34b 
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5 Buckling mode (Ji - 14,773 lb./sq.in 

FIG. 34e 



8 Buckling mode (£=17,967 lb./sq.in 

FIG. 

-226-



10 -Buckling mode 19,602 lb./sq.in 

FIG. 34b 
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FIG. 36a Elasto-Plastic buckling of stiffened plate 

Stress-Strain curves of element 1 
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F I G - 3 6 k Elasto-Plastic static buckling of stiffened plate— 

Stress-Strain curves of element 4 
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FIG. 36c Elasto-Plastic static buckling of stiffened plate 

Stress-Strain curves of element 7 
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FIG. 39 Sequence of deformation modes of stiffened plate ( appl. stress -

2,000 lb./in? 
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FIG. 44a. Displacement curves of.3truetura .Showing .numerical divergency effect 
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FIG. 64a Stress-Strain curves of element 1 ( appl. stress « 24,000 p.s.i. ) 
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F I G * Stress-Strain curves of element 4 ( appl. stress - 24. 000 p.s.i. 
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64c Stress-Strain curves of element 7 ( appl. stress = 24000 p.s.i.') 



- 3 1 0 -

v JT", • 



I 

! 

FIG. 65e Stress-Strain curves of stiffener element 6 ( ' = 24000 p.s.i. ) 
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