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Abstract

Shapes are nonlinear, multifarious objects and it is a nontrivial task
to attach meaning to statements about their comparison. A central
problem in the field of shape analysis is therefore to make sense of the
notion of a metric on an abstract shape space. Through the lens of
infinite-dimensional Riemannian geometry one can endow such spaces
with different metrics stemming from nonrigid group actions to compute
so-called geodesic matchings between shapes that share diffeomorphic
or homeomorphic orbits. Owing to shape analysis being a relatively
new field in the history of mathematics, several open questions re-
quire answering to reconcile theoretical development with numerical
approximation. This project sets out to unite the framework of diffeo-
morphometry with linear functional analysis amenable to finite element
methods. Shapes in this project will be images, curves or even measures,
and we derive and compute convergent numerical approximations to
the geodesic equations related to the motion on the aforementioned
groups.
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Chapter 1

Introduction

Shape analysis is the mathematical study of shapes. These are abstract objects
such as closed curves and surfaces, functions or even densities representing data
such as outlines or images of morphology scale anatomy. The field encompasses
the theoretical description of shapes, their evolution and comparison as well
as the development of algorithms and engineering of computer programmes
for their manipulation. Differential geometry lies at the heart of this subject
and is the source of many equations of interest in shape analysis. This thesis
focuses on the comparison of shapes i.e. how to continuously deform, or evolve,
a template shape into a desired target shape whereby obtaining a natural
notion of distance between them measured as the energy required for such a
deformation. This is called a matching problem which we shall see amounts
to metrising a shape space. The aim of this thesis is to utilise the tools of
linear functional analysis to derive and place the equations of motion for shapes
evolution in the frame of Hilbert spaces to leverage finite element theory in
order to describe well-posed convergent and numerically tractable methods.
This chapter describes the historical evolution of our shape analysis to motivate
our place in the field.

The Scottish scholar D’Arcy Thompson pioneered the mathematical study of
biological shapes in his book On growth and form [216] in 1942. See also [12]
which provides a very brief but comprehensive historical introduction. D’Arcy
was interested in morphogenesis: the creation of structure and growth in biology.
He conjectured that the laws of physics that govern the orbits of planets must
be the same that dictate mechanical biological movement and that arterial
motion, for instance, must be of the same character as any inorganic motion.
He argues that many biological phenomena are explained by careful physical
consideration and draws intriguing parallels between hexagonal symmetries
of the plates of a tortoise’s shell, cracks in drying mud and cellular patterns
appearing in varnish [216, Chapter 7]. The pioneering work of D’Arcy did
immense service to the understanding of mathematical biology, and therefore
shape analysis, since many applications of shape analysis are derived from
morphology scale biology. As a result of this the field also sometimes carries the
moniker computational anatomy. To study biological shapes such as silhouettes
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Chapter 1. Introduction

of fish or images of Macaque monkey brains with mathematics these objects
require a mathematical representation. In an attempt to provide a general
theoretical framework for the study and representation of abstract shapes and
images, Grenander and his collaborators developed pattern theory at Brown
University [110] in 1993. This theory provides the fundamental vocabulary for
describing knowledge and patterns, striving to condense the variability and
structure of information about patterns into a mathematical theory. Pattern
theory is an incredibly powerful and equally abstract setting so we shall not
endeavour to describe it in full and only bring in the key concepts on which we
rely while acknowledging the origin of our field of study. What is essential is
that interpreting certain matching problems appears completely natural from
the vantage of pattern theory. We refer to [112] for a more contemporary
tutorial exposition linking pattern theory and computational anatomy. Fields
Medalist David Mumford’s monograph [179] also provides interesting insight
into the motivation behind structuring and classifying knowledge by way of
pattern theory. In particular, pattern theory lead to the development of the
group action model spear-headed by Grenander and his team and has since
generated an incredibly rich literature. In this model, so-called deformable
templates (i.e. shapes) are acted upon by different elements of a group, so that
finding a match between two images is equivalent to finding the right action in
some group of transformations so that the application of the group translates
between the two images. Focusing on modelling the group abstracts away the
representation of the underlying shape, or deformable template, on which it acts.
As we shall see shortly, a particular strength of the group action framework is
its ability to handle the nonlinear nature of shapes. The main group with which
we are concerned is the group of diffeomorphisms: smooth invertible mappings.
These are excellent candidates for matching problems as they naturally give rise
to smooth transformations between different shapes. We now present three ex-
amples of different shape objects to make the notions above concrete. The goal
is to use the vocabulary above to articulate the main problems we aim to tackle.

Landmarks: a canonical example of a problem in this field is that of land-
mark matching [141]. Landmarks are measures, or positions in space, typically
representing points of interest of some underlying higher-dimensional shape
space as exemplified in figure 1.1. In practice, such landmarks could represent
the part of the brain called the Corpus Callosum [188, 156]. Here, the template
(left) and target (right) clearly outline some a priori known curve or image,
and the goal is to find a group acting on the landmarks so that each point
x is mapped to x′. A linear interpolation between the pairs (x, x′) is indeed
one such candidate for the example given. However, if we were to swap the
location of a′ and d′ in this example and compute a linear match between
the landmarks, the paths of the landmarks would intersect. Such a result
would appear unnatural or counter-intuitive if, for instance, the landmarks were
to represent some underlying morphology scale biology where matter cannot
necessarily intersect or overlap. This illustrates the importance of computing
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Chapter 1. Introduction

continuous paths.

•

•

•
•
•

a

b

c

d

e

•
•

•

•

•

a′

e′

d′

b′

c′

Figure 1.1: Matching between two sets of landmarks with knowledge of pairwise
correspondence i.e x 7→ x′. The dashed lines are only there to show that the landmarks
outline some underlying geometry.

Closed curves: The landmarks in figure 1.1 were sampled from the infinite-
dimensional objects depicted in figure 1.2. One representation of these closed
curves are functions of S1 into R2. We may easily imagine the template curve

Figure 1.2: Matching closed planar curves.

on the left moving to the right to align with the arrowhead target, and our
aim is to describe this mathematically. We are interested in studying the
group of diffeomorphic transformations allowing us to describe this matching
mathematically, and to derive efficient algorithms that act on these heavily
nonlinear objects. We are especially interested in diffeomorphic group actions
that preserve the topology of this curve: we allow for no self-intersections or
breaking of the curve. From an applications point of view numerical methods
for the evolution of discrete closed curves are obviously of great interest. Closed
curves can represent outlines of biology in the form of cells or traces of cardiac
images [27].

Images : these are central objects in shape analysis and the ability to compute
matches between arbitrary images have a myriad of applications in everything
from medical imaging [167, 30, 31, 228, 84] to music videos [32, 15]. Chap-
ter 17 of On growth and form describes a theory of transformations whereby
examples of diffeomorphic deformation of the ambient space transforms be-
tween different types of fishes, see figure 1.3. Numerical matching of images
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Chapter 1. Introduction

was, to the best of the author’s knowledge, first carried out in this pattern
theoretic setting by Grenander and Miller in [113]. Images are also incredibly
interesting mathematically because, depending on the application, one does not
always want a diffeomorphic match. Indeed, there exists no diffeomorphism
matching the two images in figure 1.4. We therefore also need to make sense of
homeomorphic matches. This is useful in medical imaging where images of the
human anatomy is available in the form of magnetic resonance imaging which
produces a sequence of two-dimensional images representing various segments
of the brain. These images may be combined pair-wise in order to reconstruct
and subsequently study a three-dimensional model [94]. A homeomorphic
match could be particularly useful to model tumour evolution which from a
mathematical point of view is similar to what is depicted in figure 1.4.

1064 THE THEORY OF TRANSFORMATIONS [ch.

a system of hyperbolas *. The old outline, transferred in its integrity

to the new network, appears as a manifest representation of the

closely alUed, but very different looking, sunfish, Orthagoriscus mola.

This is a particularly instructive case of deformation or transforma-

tion. It is true that, in a mathematical sense, it is not a perfectly

satisfactory or perfectly regular deformation, for the system is no

Fig. 525. Diodon. Fig, 526. Orthagoriscus.

longer isogonal; but nevertheless, it is symmetrical to the eye, and
obviously approaches to an isogonal system under certain conditions

of friction or constraint. And as such it accounts, by one single

integral transformation, for all the apparently separate and distinct

external differences between the two fishes. It leaves the pa-rts

* The coordinate system of Fig. 526 is somewhat different from that which
I first drew and published. It is not unlikely that further investigation will

further simplify the comparison, and shew it to involve a still more symmetrical
system.

1062 THE THEORY OF TRANSFORMATIONS [ch.

which fossils are subject (as we have "seen on p. 811) as the result

of shearing-stresses in the solid rock.

Fig. 519 is an outUne diagram of a typical Scaroid fish. Let us

deform its rectihnear coordinates into a system of (approximately)

coaxial circles, as in Fig. 520, and then filling into the new system.

Fig. 517. Argyropelecua Olfersi. Fig. 518. Stemoptyx diaphana.

space by space and point by point, our former diagram of Scarus,

we obtain a very good outline of an allied fish, belonging to a neigh-

bouring family, of the genus Pomacanihus. This case is all the more

interesting, because upon the body of our Pomacanihus there are

striking colour bands, which correspond in direction very closely

Fig. 519. Scarus sp. Fig. 520. Pomacanihus.

to the lines of our new curved ordinates. In like manner, the still

more bizarre outUnes of other fi.shes of the same family of Chaetodonts

will be found to correspond to very slight modifications of similar

coordinates; in other words, to small variations in the values of

the constants of the coaxial curves.

In Figs. 521-524 I have represented another series of Acantho-

pterygian fishes, not very distantly related to the foregoing. If we

Figure 1.3: Left: Matching a Diodon to an Orthagoriscus Mola by a diffeomorphism.
Right: Matching an Argyropelecus Olfersi to a Sternoptyx diaphana by a simple shear.
Taken from [216, Fig. 517, 518, 525, 526]. Such drawings are in spirit of Albrecht
Dürer, a renaissance thinker who influenced D’Arcy Thompson.

Figure 1.4: A template and target where a non-diffeomorphic match is required in
order to create a hole in the circle.

The group action model isolates the study of shape matching by instead study-
ing the group acting upon them. We mentioned before that comparison of
different shapes means endowing some metric structure on the shape space
in question. Metrics provide a quantitative measure of how close two objects

12



Chapter 1. Introduction 1.1. Organisation

are stemming from the energy of group action that transforms between the
objects. As we shall see, the groups we will be studying also automatically
provide a meaningful way of interpolation (in some sense) between shapes so as
to provide a concrete visual transformation between shapes. It will be useful
to think of a template shape as the match at time t = 0, and the target as the
match at time t = 1. One of our central aims is exactly to make sense of the
match at time 0 < t < 1 with an intuitive interpolation between the template
and the target. The power of the group action model is that by leveraging the
vocabulary of differential geometry we can make meaningful statements about
the shortest path between two shapes measured in the metric induced by the
deformation. This sets the stage for this thesis: we wish to explore the use of
finite element methods (FEM) [89] to efficiently compute deformations that
transform templates of various data types into prescribed targets.

The main tools with which we want to solve the problems above are primarily
differential geometry, functional analysis and FEM. Shape analysis is naturally
intrinsically related to differential geometry; we can attempt to understand
nonlinear objects such as shapes by attaching differential structure to them
and inspecting linearised, infinitesimal changes to them. Riemannian geometry
allows us to do exactly this. Then, via integration, can we make sense of the
structure of the nonlinear objects with which we are concerned. Linearisation
also leads to variational principles (and variational equations), and tools from
functional analysis are especially suited to deal with these linearised structures
and make statements about well-posedness. The study of numerical approxima-
tion of these systems is also convenient through the lens of functional analysis
via FEM. Our objective is therefore to solve the different problems we have
described above by means of efficient and convergent numerical computation.

1.1 Organisation

This rest of this thesis is comprised of five chapters with the following content:

• Chapter 2 provides the background material for this thesis. We provide
an in-depth account of matching using diffeomorphisms in the group
action model. This section also explains how matching problems in shape
analysis can be viewed as inverse problems where the objective is to infer
the parameter (i.e. group action) that generates smooth deformation
between shapes. This chapter concludes with the prerequisite technical
tools of variational and functional analysis needed to treat the systems
we aim to derive in our later content chapters, as well as a selection of
results from finite element theory.

• Chapter 3 describes a novel method for planar curve matching such
as those depicted in figure 1.2. We successfully discretise the Euler-
Lagrange equations associated with this problem using nonconforming
finite element to generate a diffeomorphic curve evolution. This chapter

13



Chapter 1. Introduction 1.1. Organisation

provides extensive novel theoretical results for general nonconforming
finite element methods with a kind of measure-valued source term and
shows convergence under relatively mild assumptions.

• In Chapter 4 we examine the Euler-Lagrange equations associated with
non-diffeomorphic image matching such as that required in figure 1.4.
We treat images as functions and present a Hilbert space framework
determining the optimal trajectory between a template and target. We
solve the problem analytically and show how interpreting the problem in
least-squared variational setting allows us to obtain several theoretical
results. We then derive a conforming finite element method and show
numerical experiments demonstrating convergence under certain condi-
tions. We also describe the theoretical foundations of a discontinuous
Petrov-Galerkin (DPG) method allowing for fully discontinuous image
matching.

• Chapter 5 explores landmark matching and develops a framework in
which we can interpolate between diffeomorphic and non-diffeomorphic
matching in a meaningful way. This leads to qualitative models that shed
new light diagnostic methods for growth models within the traditional
frameworks.

• Chapter 6 contains a discussion of our work and an outlook on future
research.

14



Chapter 2

Background

2.1 Diffeomorphometry

This section covers diffeomorphometry, the study of distances between shapes
via actions of a diffeomorphism group. The contemporary textbook by Younes
[234] describes or references most of what we present here. We begin with a
general and abstract explanation of the group action model.

I shall denote an abstract shape space containing the shapes we wish to study
such as measures, images, functions or curves. For the purpose of this exposition
it is not yet necessary to be more precise. We wish to match two members i0
and i1 in I with a diffeomorphism ϕ in the group Diff(I) of diffeomorphism of
the shape space I so that i1 is in some sense close to ϕ.i0 (where . is the group
action). We define the orbit Ii at i ∈ I of the diffeomorphism group Diff(I)
on I by as:

Ii = {ϕ.i | ϕ ∈ Diff(I)}.
The strategy is therefore to approximate a target shape i1 by an element in
the diffeomorphic orbit of a template i0. At this stage we are not particularly
interested in the definition of the group action and concentrate on the group
elements in Diff(I) themselves. This is precisely the power of the Grenander’s
group action model mentioned in the introduction. The goal here is to focus
the modelling effort on the map ϕ to endow the space of images with a metric
dI : I × I → R. Abstractly we can formulate this distance using the notation
seen thus far:

dI(i0, i1) = inf
ϕ∈Diff(I)

{dDiff(I)(id, ϕ) | i0 = ϕ.i1}, (2.1)

where id is the identity operator and dDiff(I)(·, ·) is a metric on the Diff(I). This
definition should sit well with our intuition, since the distance between a pair
of images is determined by the least amount of deformation required in order
to match one shape with another under the group action. Our shape spaces
will therefore inherit a notion of a distance via a Riemannian metric dDiff(I)(·, ·)
endowed on Diff(I). We highly recommend the following two papers [24, 48] to
readers wanting an introduction to shape spaces and the diffeomorphism group
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Chapter 2. Background 2.1. Diffeomorphometry

and Riemannian geometry for shape analysis. In order for symmetry of dI we
request that the metric dDiff(I) is invariant in the following sense:

dDiff(I)(h.h1, h.h2) = dDiff(I)(h1, h2), for h ∈ Diff(I).

This should also make sense intuitively; should we want to measure the dif-
ference between two diffeomorphisms h1 and h2 then a reparameterisation by
a diffeomorphism h does not change the distance between them. Using this
invariance we can see that e.g. dDiff(I)(a

−1, id) = dDiff(I)(a, id) and we get the
required symmetry1. This group is extremely useful and plays a central role in
due to its Riemannian structure. Arnold’s seminal work on perfect fluids [11]
established a relationship between a group of diffeomorphisms, now denoted
DiffX(I), and the space of vector fields X. Indeed, for ut ∈ X, t ∈ [0, 1] this
relationship is described via the following ordinary differential equation (ODE)
over the time interval [0, 1] where we use the notation ġ = ∂g

∂t
:

ϕ̇t = ut ◦ ϕt, (2.2a)
ϕ0 = id, (2.2b)

posed in Lagrangian coordinates. This ODE describes a curve on DiffX(I)
which we can also interpret in the Eulerian frame for a flow tracer as follows.
Let Ω be a closed connected subset of Rd, d = 1, 2, 3 over which we define some
initial tracer X. We let ρt describe the tracer X at time t by evolution of Ω
by ϕ via composition. That is, points x0 ∈ Ω at time t = 0 are transported to
positions xt = ϕt(x0) at time t ∈ (0, 1], so ρt(xt) = X ◦ ϕ−1

t (xt). Since ϕt is a
diffeomorphism the tracer ρ must be invariant with respect to time:

0 =
d
dt
ρt(xt) =

d
dt
ρt ◦ ϕt(x0) =

∂ρt
∂t
◦ ϕt(x0) +∇ρt ◦ ϕt(x0) · ∂ϕt

∂t
(x0).

Using (2.2) we can therefore say:

∂ρt
∂t
◦ ϕt(x0) +∇ρt ◦ ϕt(x0) · ut ◦ ϕt(x0) = 0,

for any x0 ∈ Ω. To summarise, we recognise now the Eulerian transport
equation for ρt known from continuum mechanics which holds for all t ∈ [0, 1]:

ρ̇t + ut · ∇ρt = 0, (2.3a)
ρ0 = X. (2.3b)

The problem of finding a diffeomorphic match between the template i0 and
target i1 is therefore equivalent to finding a family {ut}0≤t≤1 of vector fields
ut ∈ X so that ϕ1.i0 ≈ i1. This is incredibly powerful as the curve (2.2) then also
provides a curve ϕt.i0 on I giving rise to meaningful diffeomorphic interpolation
in shape space. That is, we consider DiffX(I) a subgroup of diffeomorphisms

1 Take h = a−1, h1 = id and h2 = a
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Chapter 2. Background 2.1. Diffeomorphometry

generated by smooth vector fields2. This approach was, to the best of the
author’s knowledge, first used for matching problems in [59, 218]. As mentioned
the link between diffeomorphisms and velocity fields can be explicitly described
using notions of geometry. Indeed, for a certain ϕ ∈ DiffX(I) we can equip the
tangent space TϕDiffX(I) with a metric via (2.2):

‖ϕ̇t‖TϕDiffX(I) = ‖ϕ̇t ◦ ϕ−1
t ‖X = ‖ut‖g. (2.4)

The last equality relies on the fact that the tangent space of DiffX(I) pulled back
to the identity coincides with the Lie algebra g of this group [234, Appendix
B.4]. Supposing ψ, ψ′ ∈ DiffX(I), then we can finally define a distance dDiffX(I) :
DiffX(I)×DiffX(I)→ R using the motion of ϕ defined in (2.2):

dDiffX(I)(ψ, ψ
′)2 = inf

u∈X

{∫ 1

0

‖ut‖2
g dt | ϕ0 = ψ, ϕ1 = ψ′

}
. (2.5)

We shall also sometimes refer to the following quantity as the kinetic energy of
a deformation:

E(u) =

∫ 1

0

‖ut‖2
g dt. (2.6)

The distance on I in equation (2.1) is then completely well-defined [174]. We
call the diffeomorphism associated with a minimiser of (2.5) a geodesic. This is
defines the "shortest path" between two shapes i0 and i1 in this metric. The key
point to note here is that we define the metric between shapes via a metric on a
group acting on said shapes, which in turn is intrinsically related to equipping
the Lie algebra with the right kind of inner product on g. The last statement
is contained in the equation (2.4). Figure 2.1 provides a diagram portraying
the interplay of these objects. Not only does this framework provide a metric
dI cf. (2.1) but also a way of smoothly interpolating between i0 and i1 images
using the evolution of ϕ.

An early application of the theory of Trouvé [218] was presented in the sequel
[219] demonstrating numerical results for results for matchings with the diffeo-
morphism group. Based on Trouvé’s work a practical way to compute a match
between two images is through the following variational optimisation problem
for ut:

inf

∫ 1

0

‖ut‖g dt+ ‖ϕ1.i0 − i1‖2
I (2.7)

subject to (2.2), (2.8)

where ‖ · ‖I is some known norm. This can be viewed as a so-called inverse
problem, as the goal is to find the optimal family of parameters u for which
the solution of the ODE (2.2) provides the answer to the matching problem.

2 Not every diffeomorphism admits a characterisation akin to (2.2) via a velocity, see e.g.
[148].
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DiffX(I)

X

I

id ϕ1

i0
i1

it

ϕt

Figure 2.1: Schematic of diffeomorphic shape matching.

This approach is popular in the literature and carries the moniker Large De-
formation by Diffeomorphic Metric Mapping (LDDMM). The Deformation
(resp. Large) part of this label describes the vector field ut which generates the
diffeomorphism (resp. for all times). Here, the penalty is useful as it repre-
sents the condition that we wish to approximate i1 by the orbit of DiffX(I) at i0.

By virtue of classic Picard-Lindelhöf theory ut must satisfy a pointwise Lips-
chitz condition for well-posedness of (2.2). Since the space of such functions
is only Banach it is impractical to model from a numerical point of view. It
is therefore convenient to let g be a Hilbert space to which we can attach
some nice structure. Dupuis et al. [86] shows that a weaker condition than
pointwise Lipschitz can ensure well-posedness of the flow map equation (2.2)
which roughly states that ‖ · ‖g dominates the first three derivatives (in sense of
Sobolev) of the velocity field. Details of this embedding are discussed at length
later - the key is that we can in practice work with Hilbert spaces instead of the
space of Lipschitz functions. After publication of Dupuis et al., Grenander and
Miller published a paper titled Computational Anatomy: an emerging discipline
[111] which documents in great detail the aggregate work in this field up to
that point in time.

Extremising the energy (2.6) subject to the equation leads to a variational
equation for the variable ut i.e. the associated Euler-Lagrange equations known
as EPDiff (Euler-Poincaré for the diffeomorphism group) [11, 127]. These
have been studied extensively - we highlight the work of Mumford and Michor
[180] to further elucidate the connection between suitably smooth families
of vector fields and diffeomorphisms. [224] takes a Hamiltonian approach to
shape spaces in the diffeomorphic framework. A more recent and excellent
pedagogical exposition of the Hamiltonian viewpoint in computational anatomy
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with applications to real data can be found in [172].

Remark 1. For completeness we also mention an alternative matching frame-
work using elasticity methods [16, 15, 103]. Elastic deformations can be applied
to an object such as the ambient space of an image to deform its features visually.
We shall not favour these methods as the deformation to an object depends
explicitly on the stress that is already present in the material. In other words,
it requires more energy to bend an object that is already under stress. In this
thesis we focus on methods using diffeomorphism similar to (2.2) owing to the
success of the method, its firm theoretical foundation in differential geometry
and its simplicity. Other frameworks also exist, see the references in [197].

The LDDMM framework described here provided the fundamentals for shape
matching by finding a suitable diffeomorphism expressed via a curve of velocity
fields. Since diffeomorphisms are smooth invertible mappings they cannot, for
instance, account for photometric variability in the context of image matching.
In other words, the diffeomorphism group in question cannot accommodate
changes in the underlying topology of the object studied and express the growth
of tumours as alluded to by figure 1.4 in the previous chapter. To cater for
such solutions we must make our search space of deformation must larger than
DiffX(I). This challenge is dealt with in the next section where we discuss a
mathematical framework allowing for topological alterations in shape matching,
primarily in the context of images.

2.1.1 Growth

From what precedes we have a well-defined notion of a smooth invertible de-
formation between two shapes that share a diffeomorphic orbit. If we request
a homeomorphism between two shapes for the purpose of growth simulation,
the diffeomorphic orbit can be viewed as a limitation. Applications for such
a method can be found in computational anatomy [113] where the growth
may represent a tumour appearing on an medical image over the course of
time. Here we describe an extension of the LDDMM approach. This is often
called the metamorphosis metric framework which carries its moniker from [221].

Miller and Younes [174] provide a modified group action model based on the
semidirect product space A = DiffX(I) × I, so that infinitesimal changes to
the shape space is represented as a velocity and an element of I. See also the
sequel paper [173]. [220] takes a more geometric point of view and describes in
great detail the Riemannian construction. We provide another schematic for
metamorphosis in figure 2.2 to explain these concepts.

Remark 2 (Images as shapes). To exemplify the idea we shall explain meta-
morphosis in the context of images where I is a space of functions defined
over a square domain whose evaluation at a point returns the grey-scale image
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DiffX(I)×
I

X

I

I

id (ϕ1, η1)

i0
i1

it

(ϕt, ηt)

Figure 2.2: Schematic of metamorphosis. The image it is given by ϕt.ηt, with
the boundary conditions η0 = i0 and ϕt.η1 = i1. Note that metamorphosis does
not always reduce to the semidirect product structure but here we shall use it to
articulate the main ideas, see [221] for details.

intensity at the location. The diffeomorphism part of the A acts on the sup-
port of the image by stretching or deforming the underlying square, while the
metamorphosis part of the group action modifies image intensities.

Let L2(Ω) denote the space of square-integrable functions over some closed
subset Ω of Rd, d = 1, 2, 3 with norm ‖ · ‖0,Ω. Using the idea from the previous
remark we let I denote some smooth space of functions so that for some curve
i on this space ∂it

∂t
+ ut · ∇it ∈ L2(Ω). Recalling that a distance measure on

the space of shapes can be written in the form of an optimisation problem we
can express metamorphosis in Eulerian coordinates as the geodesics associated
with the following energy:

inf

∫ 1

0

〈uϕ, uϕ〉g + σ−2‖∂it
∂t

+ ut · ∇it‖2
0,Ω dt (2.9a)

s.t. i0 and i1 fixed. (2.9b)

In the Eulerian frame, the equation of motion for the image is then given by
the following partial differential equation (PDE):

∂it
∂t

+ ut · ∇it = zt,
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where zt represents the deformation to the shape by a curve on I, similar to η
in figure 2.2. In light of this problem we emphasise the main difference between
metamorphosis and the purely diffeomorphic setting we saw before. Formally
speaking we can think of the (2.7) as kind of an initial value problem for i0 as it
seeks a best approximation of i1 in its diffeomorphic orbit, where ‖i0 ◦ϕ1− i1‖I
may be a positive quantity. In similar vein, metamorphosis can be thought
of as a boundary value problem because we impose the template and target
i0 and i1 and allow for the diffeomorphic equation (2.3) to be transgressed.
Here we have chosen to cast the problem in Eulerian coordinates simply as an
example. In other words, we introduce a source term in the mapping described
by (2.3) in order to describe violations of pure advection and thereby permit
topological changes in the image. The point here is that if we prescribe an
initial as well as a final condition for the image solution, then there may not
exist any diffeomorphism ϕ for such that i1 = ϕ.i0. For instance, consider i0
and i1 being a circle and ring torus in R2, respectively (i.e. the situation in
figure 1.4). However, the advection term appearing in equation (2.9) can be
non-zero to cater for such topological changes.

The geodesics associated with the metamorphosis problem from [221] are in
[129] recast in the Euler-Poincaré framework of [128]. The relationship be-
tween diffeomorphisms and velocities is clearly nonlinear and diffeomorphisms
generated by separate vector fields are not additive. In this paper it is ex-
plained how a variation with respect to the diffeomorphism is reflected in the
family velocity field, and its connection with the Lie bracket over the field.
Comparisons between the resulting equations and those of complex fluids is
investigated and these are extended to cater for metamorphoses of measures. A
very general and in depth exposition of the geometric dynamics of optimisation
with metamorphosis as a central application is provided in [102]. For recent
and successful results on general growth problems in computational anatomy
we refer to the work of Kaltenmark and Trouvé [144, 147, 145, 146].

We have outlined the main ideas behind two powerful frameworks using dif-
feomorphometric mappings: the LDDMM approach, where we seek a purely
diffeomorphic mapping between two shapes and the generalisation, metamor-
phosis, where the purely diffeomorphic orbit implied by (2.2) can be violated to
model topological differences between two shapes. In both cases the matching
is parameterised by a family of time-dependent velocity fields. We view these
matching problems as so-called inverse problems for the family of velocity fields
which is the topic of the next section.

2.1.2 Inverse Problems

An inverse problem in its most abstract form seeks to recover the input param-
eter u ∈ X that is mapped to a known state q ∈ Q by some typically known
observation operator G : X → Q. The emphasis here is that the parameter of
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the partial differential equation is now the unknown. This means inverting, in
some sense, G so that u = G−1(q). In practice, we are often simply looking for
an approximation: u ≈ G−1(q), and the inverse may not be unique or classically
defined. This lines up well with matching problems in shape analysis. One
can, for instance, view shape matching as the inverse problem of finding the
velocity u such that an initial shape i0 is mapped to i1 ≈ G(u) where G is the
solution to the geodesic equations of (2.7) and (2.9). This thesis is focused on
developing an efficient and convergent numerical approximations of G to which
we can apply a solution method for the inverse problem. In a very crude sense,
we can view the goal of this thesis as bounding ‖i1 −G(u)‖I by the following
triangle inequality:

‖i1 −G(u)‖I ≤ ‖i1 −Gh(u)‖I + ‖Gh(u)−G(u)‖I
≤ ‖i1 −Gh(u)‖I + ‖Gh −G‖I∗‖u‖X .

where Gh is a numerical approximation of G and ‖ · ‖I∗ is a formal dual norm.
The aim is to force ‖i1−Gh(u)‖I to zero by finding a suitable u by a numerical
solution to the inverse problem, and to provide a convergent discretisation Gh

of G so that ‖Gh −G‖I∗ → 0. Our main contributions are related to questions
of convergence of this term for various shape spaces. The remainder of this
section discusses the former in context of the literature.

A popular method for solving inverse problems in shape analysis is called
shooting, and we highlight here some central references explaining this ap-
proach. Shooting employs a Newton method to solve the nonlinear equation
Gh(u)− i1 = 0 [171, 226]. Since the velocity field occupies a linear space X it
is feasible to construct this method on u rather than shooting in the nonlinear
space of diffeomorphisms. Beg [30] popularised this for LDDMM and adopts a
gradient-based optimisation scheme to find geodesics between images using the
Euler-Lagrange equations of the problem described by (2.7). [233, 235] studies
the evolution equations obtained through perturbations of a diffeomorphism by
its vector field for use in a gradient descent algorithm based on an Euler scheme.

We can also view G(u)− i1 = 0 as a Bayesian inverse problem [211, 71] where
the aim is to find a distribution of candidate functions u that minimise the
associated kinetic energy of a transformation [65, 163, 162]. This point of
view can be advantageous when the inversion of G requires a more general
interpretation such as a probabilistic one. Such a parameterisation requires
a probability distribution over the infinite-dimensional space X, which under
suitable conditions allows one to carry over the notion of maximum likelihood
estimators from the finite-dimensional setting. The general framework of
Bayesian inversion is based on the idea that we can cast optimisation problems
in a probabilistic framework where minimisers, roughly speaking, correspond to
modes of a certain distribution over function space. Viewing a solution to an
inverse problem in this global distributional sense can be appropriate depending
on the well-posedness of G. A local gradient-based method may not adequately
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reveal local minima of the functional from which the geodesic equations are
derived. Although it is not a subject of our investigation in this thesis we
mention that there exists a rich literature on computational statistics studying
the variability of biological population shape data through diffeomorphisms
[175, 95, 222, 190]. Considering these applications therefore highly motivates
the development of novel theoretical and numerical results for both the forward
operator and the inverse problems in shape matching.

2.2 Variational Problems

2.2.1 Elementary Functional Analysis

We recall some basic functional analysis to set up the notation for the thesis,
essentially quoting definitions and results from [89, Appendix A and B].

Let X denote a real-valued Banach space where X∗ denotes the dual of X and
(·|·)X∗,X the pairing between elements of X∗ and X, and when g ∈ X∗ and
v ∈ X, we also sometimes write g(v) := (g|v)X∗,X . When X is a Hilbert space
we let 〈·, ·〉X denote its canonical inner product. For a real-valued Banach
space Y and a linear operator B : X → Y ∗ and f ∈ Y ∗, we pose the following
abstract problem for u ∈ X where Bu ∈ Y ∗:

Bu = f in Y ∗,

or, in weak or variational form:

b(u, v) = f(v), ∀v ∈ Y, (2.10)

where the bilinear form b : X × Y → R is defined by the relation:

b(u, v) = Bu(v),

typically defined via partial integration. B will usually be a differential operator
so (2.10) represents a weak form partial differential equation (PDE). We say
that the bilinear form b is continuous if and only if there exists a constant
c0 > 0 such that:

|b(u, v)| ≤ c0‖u‖X‖v‖Y ,
which implies continuity of B. Next we define the surrogates for X and Y used
in this thesis and quote the main results for solving equations such as those
above, primarily in the context of Hilbertian Sobolev spaces [90].

The space Ck(O,Rd) denotes the space of continuous functions over the domain
O with k continuous derivatives taking value in Rd. When the latter is omitted,
the range is R e.g. C0(O) is the space of continuous functions taking values in
R. Lp(O), p ≥ 1 and integer denotes the usual Lebesgue spaces over O with
L∞(O) being the Banach space of essentially bounded functions on O. For
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k ≥ 0 (integer or fraction) we let W k,p(O) define the usual Sobolev spaces, see
[90]. Note that W k,∞(O) is the Banach space of scalar k-Lipschitz continuous
functions3 over the convex polygonal Lipschitz domain O taking values in R.
We will be dealing with vector and tensor-valued functions as well, and therefore
when necessary use superscripts e.g. L∞(O)d to denote vector-valued functions
Rd → Rd, or W k,∞(O)d×d denotes the the space of tensor-valued k-Lipschitz
functions on O. This should be understood in the sense that each component
considered as a scalar function satisfies the regularity of the given space. We
sometimes use standard multi-index notation i.e. an d-dimensional multi-index
α, with |α| = ∑d

i=1 αi, and we define ∂α, the partial derivative with respect
to α as ∂α = ∂|α|

∂α1x1···∂αdxd . In this thesis dx - sometimes also dx̂ - denotes the
d-dimensional Lebesgue measure [42, Section 1.1], where d will be clear from
context.

In this thesis we make a clear distinction in our notation depending on the
value of p. This is reflected in the following norms when p = 2 or p = ∞,
respectively:

‖f‖2
k,O =

∑
|α|≤k

‖∂αf‖2
0,O, (2.11a)

‖f‖Wk,∞(O) =
∑
|α|≤k

‖∂αf‖∞,O, (2.11b)

where ‖∂αf‖2
0,O =

∫
O
|∂αf |2 dx is the usual L2 norm over O and ‖∂αf‖∞,O =

ess supO |∂αf | is the essential supremum norm. Note in particular that due to
the presence of the Euclidean norm | · | here, the norms in (2.11) are well-defined
for scalar, vector and tensor-valued objects.

When p = 2 we also use the notation Hk(O) := W k,p(O) with Hk
0 (O) consisting

of such functions that vanish on ∂O in sense of traces. We also denote by | · |k,O
the usual semi-norm over this space. The inner product on Hk(O) is denoted
by 〈·, ·〉k,O.

Sobolev spaces play a central role in this thesis and we therefore highlight
several results of which we shall make extensive use.

Theorem 3 (Trace theorem [89, B.52]). Let O be an open Rd with Lipschitz
boundary. Then there exists a surjective operator γO such that:

γO : H1(O)→ H1/2(∂O),

where ker(γO) = H1
0 (O) i.e. the space of functions in H1(O) that vanish on

∂O.
3 We remark that the Lipschitz class of functions does not always coincide with W k,∞(O)
depending on the nature of O. Given that we are always dealing with convex domains we
characterise the Lipschitz class with the Sobolev spaces W k,∞(O) (see [122, Theorem 4.1])
and mention this no further.
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Further, when γO(u) = uΓ, the following bounds hold:

‖uΓ‖0,∂O . ‖u‖1,O,

with a constant depending the outward normal to O, see [114, Theorem 1.5.1.10]
for details.

Theorem 4 (Poincaré [89, B.61]). Let O be an open Lipschitz set of Rd. Then
there exists a constant C > 0 depending only on O such that:

‖u‖0,O ≤ C‖∇u‖0,O, u ∈ H1
0 (O).

One of the main tools we use is the embedding theorem below from which
we deduce that continuous representatives of Sobolev equivalence classes are
members of smooth spaces.

Theorem 5 (Sobolev Embedding Theorem [239, p. 2.5.1]). Let O be a bounded
domain in Rd. If kp > d+mp, W k,p

0 (O) is compactly embedded in Cm(Ō) which
we denote by W k,p

0 (O) ↪→ Cm(Ō).

See also [1] for more details.

Theorem 6 (Fréchet-Riesz [89, A.28]). The action of every linear functional
v′ ∈ X∗ on a Hilbert space X can be represented uniquely as an inner product:

v′(w) = 〈u,w〉X , ∀w ∈ X.

Further, ‖v′‖X∗ = ‖u‖X .

An important consequence of this is that every Hilbert space is reflexive [89,
Proposition A.29].

We can now look at how to solve abstract variational equations such as (2.10).
What we present is often called Babuška theory [101]. For an operator B :
X → Y ∗ we recall that for a given x ∈ X we can compute the operator norm
in Y ∗ which is given by:

‖Bx‖Y ∗ = sup
06=y∈Y

|Bx(y)|
‖y‖Y

.

Moreover, define the transpose B∗ : Y → X∗ by the following relation:

(Bx|y)Y ∗,Y = (B∗y|x)X∗,X = b(x, y).

The next result establishes conditions for invertibility of an operator in the
form of inf-sup conditions and can be found in most textbooks on functional
analysis.
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Theorem 7. For reflexive Banach spaces X and Y , let B : X → Y ∗. Then B
is an isomorphism if and only if:
i. B is linear,
ii. x ∈ X, Bx(y) = 0 for all y ∈ Y implies x = 0 (injectivity),
iii. B satisfies an inf-sup condition with some bound αE:

0 < αE = inf
06=x∈X

sup
06=y∈Y

Bx(y)

‖x‖X‖y‖Y
.

Condition ii corresponds to a uniqueness condition, which can also be written
in the form of iii as:

0 < αU = inf
0 6=y∈Y

sup
06=x∈X

Bx(y)

‖x‖X‖y‖Y
.

The inf-sup condition iii corresponds to an existence result. Indeed, iii means
that the transpose B∗ is bounding :

iii⇔ ∀x ∈ X, sup
06=y∈Y

Bx(y)

‖x‖X
= ‖B∗y‖X∗ ≥ αE‖y‖Y ,

which means that B∗ is injective so B is surjective. Note that we can also verify
condition iii by the following problem:

∀y ∈ Y, find x ∈ X such that Bx(y) ≥ αE‖x‖X‖y‖Y . (2.12)

For many trivial problems whereX = Y the existence and uniqueness conditions
of theorem 7 are satisfied via the property is called coercivity :

Definition 8 (Coercivity). A bilinear form b : X × X → R defined over a
Banach space X is called coercive if and only if there exists a constant α0 > 0
such that:

α0‖v‖2
X ≤ b(v, v), ∀v ∈ X.

Such a bilinear form is easily seen to satisfy condition iii of theorem 7 when
a(u, v) = Bu(v). This is sometimes called the Lax-Milgram theorem [43, Corol-
lary 5.8].

Finally the following definition will be useful later on.

Definition 9. For a subset Z ⊂ X of a Hilbert space X we define the annihi-
lator Z◦ of X by:

Z◦ = {f ∈ X∗, f(z) = 0, ∀z ∈ Z},

and the orthogonal space Z⊥ by:

Z⊥ = {x ∈ X, 〈x, z〉X = 0, ∀z ∈ Z}.

These can be understood as objects that are orthogonal to the space X but in
different spaces.
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2.2.2 Finite Element Methods

This section covers finite element methods - most of the theory here is covered
in the textbooks [42, 89, 39].

The finite element method works by replacing the spaces in (2.10) above by
discrete counterparts that we can realise numerically. These spaces are typi-
cally piecewise polynomial spaces although other methods do exist e.g. the
generalised FEM [210, 209], the extended FEM (see [33] for a review) or Trefftz
FEM [124]. The work [14] provides an excellent motivation for non-polynomial
approximation spaces in the context of the generalised FEM.

Our aim is to communicate the path from the preceding infinite-dimensional
setting to the finite-dimensional one here in order to prove convergence results
for discrete analogues of (2.10). We are not focused on the implementation or
numerical linear algebra related to finite element methods i.e. approximating
integration by quadrature, linear solves or the like. The interested reader is
referred to [89, Part III] for an overview of the challenges here. Throughout
this thesis our numerical results are obtained using the Firedrake framework
[191].

In this thesis Ω will generally denote a convex connected subset of Rd with
Lipschitz polygonal boundary ∂Ω representing our computational domains (the
definition being specific to each setting). For a domain O we let O̊ denote the
interior of O. To establish a FEM we construct a triangulation over such a
domain.

Definition 10 (Triangulation). We use the textbook definition [42, Definition
3.3.11] of a triangulation: a triangulation of a polygonal domain O is a finite
collection Oh of triangular element domains {Kj}j such that

1. K̊j ∩ K̊i = ∅, i 6= j

2. O = ∪iKi

where no vertex of any triangle lies in the interior of an edge of another
triangle. We also refer to a triangulation Oh as the mesh. For a triangulation
Oh we define the mesh resolution, or mesh size, as h = maxK∈Oh hK, where
hK = diam(K), see [42, 60]. As we will be studying convergence of finite
element methods we introduce the notion of shape-regularity [89, Definition
1.107]. A family of meshes {Oh}h>0 is said to be shape-regular if there exists
c0 > 0 independent of h such that

max
K∈Oh

hK
ρK
≤ c0, ∀Oh ∈ {Oh}h>0, (2.13)

where ρK is the diameter of the largest circle inscribed in K. We also assume
that such families are quasi-uniform [89, Definition 1.140] i.e. there exists a
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constant c > 0 such that:

∀h, ∀K ∈ Oh, hK ≥ ch.

When speaking of finite element convergence (i.e. statements to the effect
“as h → 0”), we always mean in the context of a shape-regular family of
triangulations. Since Oh is a collection of sets we shall use the notation∫
Oh

=
∑

K∈Oh

∫
K
, and elements of a triangulation Oh are called elements. See

also appendix D for standard results on scaling arguments and mesh-related
constants.

When it is clear from context we also refer to triangulations as meshes, and
members of Ωh are sometimes called elements.

Definition 11 (Skeleton). Given a triangulation Oh as above we define its
interior facets (or edges, when d = 2) E̊h by e ∈ E̊h if ∃K,K ′ ∈ Oh such that
e = K ∩K ′. We denote by ∂Oh the edges of ∂K, K ∈ Oh that trace ∂O, and
we say that Eh = E̊h ∪ ∂Oh is the mesh skeleton of Oh. Sometimes we explicitly
denote the dependence of the skeleton on its associated triangulation i.e. Eh(Oh).
We also use the notation

∫
Eh

=
∑

e∈Eh

∫
e
with similar interpretations for

∫
∂Oh

and
∫
E̊h

and we have: ∫
Eh

=

∫
E̊h

+

∫
∂Oh

.

We can describe finite-dimensional function space on such triangulations.

Definition 12 (Finite Element Space). Let X be a Hilbert space over a bounded
connected Ω ⊂ Rd equipped with a triangulation Ωh. We define a finite element
space Xh over Ωh as a function space such that the restriction of Xh to K ∈ Ωh

is a piecewise polynomial function i.e. Xh|K ⊂ Pj(K) where the latter is the
space of polynomials of order j ≥ 0 on K. If Xh ⊂ X we say that Xh is a
conforming finite element space, otherwise it is a nonconforming finite element
space [202, 61].

An abstract discrete version of (2.10) seeks a uh ∈ Xh (possibly nonconforming)
such that:

bh(uh, vh) = f(vh) ∀vh ∈ Xh. (2.14)

Here we have emphasised that the bilinear form and source term act on finite
element functions by using a subscript i.e. bh, as it may be that this differs
from b upon discretisation. Most of the time, and in particular for conforming
methods, bh = b. When (2.14) is well-posed (e.g. by coercivity of bh) the
following result lets us estimate the difference u− uh:
Lemma 13 (Strang [208]). Let u and uh solve (2.10) and (2.14), respectively,
and that the definition of bh can be extended so that bh(u, vh) is well-defined for
u ∈ X and vh ∈ Xh. Then the following estimate holds:

‖u− uh‖Xh . inf
wh∈Xh

‖u− wh‖Xh + sup
vh∈Xh

f(vh)− bh(u, vh)
‖vh‖Xh

. (2.15)
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Proof. For wh, vh ∈ Xh the triangle inequality states:

‖u− uh‖Xh ≤ ‖u− wh‖Xh + ‖uh − wh‖Xh .
We bound the second term on the right-hand side, ‖uh − wh‖Xh , in terms of u
as follows. Since (2.14) is well-posed (bh satisfies an inf-sup condition), there
exists a constant α > 0 such that:

α‖uh − wh‖Xh ≤ sup
vh∈Xh

bh(uh − wh, vh)
‖vh‖Xh

. (2.16)

Now observe:

bh(uh − wh, vh) = bh(uh + u− u− wh, vh)
= bh(uh − u, vh) + bh(u− wh, vh)
= f(vh)− bh(u, vh) + bh(u− wh, vh).

Using this in (2.16):

α‖uh − wh‖Xh ≤ sup
vh∈Xh

f(vh)− bh(u, vh) + bh(u− wh, vh)
‖vh‖Xh

. sup
vh∈Xh

f(vh)− bh(u, vh)
‖vh‖Xh

+ ‖u− wh‖Xh .

Summarising we have:

‖u− uh‖Xh . ‖u− wh‖Xh + sup
vh∈Xh

f(vh)− bh(u, vh)
‖vh‖Xh

,

and since wh was arbitrary the result follows. See [39, Section 2.2.3] for more
details.

The first term on the right-hand side of (2.15) is called the approximation term
and the second a consistency term. Consistency of the discretisation means
estimating to what extent, as a function of h, a continuous solution satisfies
the discrete equation. We shall return to this topic later on. The first term
on the right-hand side of (2.15) can be controlled by an interpretation of the
Bramble-Hilbert lemma [42, Lemma 4.3.8] using finite element interpolation
operators. Here we only provide the key properties of the usual interpolation
operator.

Definition 14 (Local interpolant [42, Lemma 4.4.1 and Theorem 4.4.4]). For
a convex simplex K ⊂ Rd and non-negative integers l and m we define the
usual local interpolant IK : Cl(K̄)→ Hm(K) satisfying the following estimate:

‖IKu‖m,K . ‖u‖Cl(K̄).

When m− l − d/2 > 0 we have the following bound:

|u− IKu|i,K . hm−iK |u|m,K , 0 ≤ i ≤ m,

with a constant that depends on m, d and K.
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This extends trivially to vector or tensor-valued objects. We can therefore,
under the right circumstances, approximate smooth functions on K by a poly-
nomial. For nonsmooth functions one must seek other interpolants since the
the nodal basis may not support point evaluation i.e. when the space Cl(K̄) in
definition 14 is replaced by a weaker space like L2(K̄). Local averages are often
taken as surrogates for the nodal basis in this case, see e.g. the Clément [62], or
for interpolation operator satisfying boundary conditions see Scott-Zhang [200].
For more information on this see the discussion in [42, Section 4.8], and [85] for
general polynomial approximation of Sobolev spaces. A central task in finite
element theory is the construction of the nodal basis and the basis functions
to cater for convergent approximations of some infinite-dimensional problem.
We shall therefore leave these undefined here and return to their construction
when necessary in the coming chapters.

From definition 14 we can construct a global interpolant Ih : X → Xh by:

Ihv|K = IKv, K ∈ Oh, (2.17)

where Oh is a triangulation of O ⊂ Rd over which the spaces X and Xh

are defined. Global interpolation estimates requires the notion of a broken
Hilbert-Sobolev norm given by the following definitions:

‖u‖2
k,Oh

:=
∑
K∈Oh

‖u‖2
k,K , (2.18)

with the associated broken inner product:

〈u, v〉k,Oh :=
∑
K∈Oh

〈u, v〉k,K .

The following approximation estimates are then given in terms of broken Sobolev
norms.

Lemma 15 (Approximability). Suppose X = Hm(O) where O is a Lipschitz
domain in Rd and let Ih be the global interpolant from (2.17). Then for
u ∈ Hm+s(O):

‖u− IKu‖i,Oh . hm+s−i
K |u|m+s,Oh , 0 ≤ i ≤ m, (2.19a)

lim
h→0

inf
vh∈Xh

‖v − vh‖Xh = 0, ∀v ∈ X, (2.19b)

and we sometimes say Xh approximates X.

Proof. (2.19a) follows from the definition of Ih and definition 14. (2.19b)
follows from continuity of the interpolant a standard density argument; see e.g.
the proof of [230, Theorem 2.1].
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Results such as lemma 15 are often easily obtained and are sufficient to bound
the approximation term in (2.15). Estimation of the second term on the
right-hand side of (2.15) depends on the properties of Xh. Supposing Xh is a
conforming space then this term vanishes since vh ∈ Xh ⇒ vh ∈ X whereby
the following Galerkin orthogonality result applies which states:

bh(uh − u, v) = 0⇒ f(v)− bh(u, v) = 0.

Given this orthogonality result, Strang’s lemma simplifies to Céa’s lemma.

Lemma 16 (Céa [89, Lemma 2.28]). Suppose u and uh solve (2.10) and (2.14)
for some X and Xh such that Xh ⊂ X. Then:

‖u− uh‖X ≤ inf
v∈Xh

c0

α0

‖u− v‖X ,

where c0 and α0 are the continuity and coercivity constants of b(·, ·), respectively.

Proof. Subtracting (2.10) and (2.14) and letting v ∈ Xh:

b(u− uh, u− uh) = b(u− uh + v − v, u− uh)
= b(u− v, u− uh) + b(v − uh, u− uh)
= b(u− v, u− uh).

Letting c0 be the continuity constant of b and a0 its coercivity constants we
derive:

‖u− uh‖X ≤
c0

a0

‖u− v‖X .

The result follows since v was chosen arbitrarily.

The final two sections discuss more advanced approximation spaces when Xh

is nonconforming. Section 2.2.2.1 is more relevant to chapter 3, while section
2.2.2.2 covers the background for the chapter 4.

2.2.2.1 Nonconforming Methods

Consistency, in sense of Strang’s result in lemma 13, does not immediate follow,
or necessarily make sense, for nonconforming elements. Generally speaking the
choice of the local degrees of freedom of a finite element affects the properties
of the global approximation space. For instance, when Xh is constructed from
linear polynomials i.e. for K ∈ Ωh, Xh|K = P1(K) and in addition, functions
in Xh are linear interpolates of the nodal values at the vertices of K, then it is
easy to see that Xh ⊂ C0(Ω). A nonconforming linear space also exists where
the local degrees of freedom are chosen at the midpoint of the edges of ∂K see
e.g. the construction in [42, Section 10.3]. This results in a locally continuous,
globally discontinuous finite element and Xh 6⊂ X. While the continuity of the
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former can be advantageous in light of lemma 16 it is sometimes inconvenient, or
even computationally infeasible to design conforming finite element spaces e.g.
when the continuous space X is some higher-order Sobolev space. Generally
speaking, for a 2mth-order PDE a conforming space must be a Cm−1-conforming
subspace4. This poses a challenge for the design and implementation of finite
element software, in particular for practitioners simply wishing run simula-
tions. For instance, automation of code generation for C1(Ω)-conforming finite
elements was only very recently solved [149, 150]. Nonconforming FEMs are
therefore attractive in developing numerical schemes for higher-order PDEs.
Nonconforming spaces can nevertheless recover adequate convergence and are
easier to implement due to their local nature. Note that a nonconforming
finite element space need not be globally discontinuous such as in the previous
example. It may simply be that higher-order derivatives no longer satisfy a
global continuity property.

We return to Strang’s result for nonconforming finite elements. Convergence
for nonconforming methods are usually established in norms such as (2.18)
owing to their local nature. Approximation and consistency conditions for
nonconforming finite elements can now be formulated using more suitable
vocabulary, see [213] or [230, Section 3.1] for the following definition.

Definition 17 (Consistent approximation). A finite element space Xh over
a bounded Lipschitz domain O is said to be a consistent approximation of
X = Hm(O), m ≥ 1, if and only if:

1. limh→0 infvh∈Xh ‖v − vh‖Xh = 0, ∀v ∈ X (approximation).

2. For any sequence {vhk}k with vhk ∈ Xhk and hk → 0 as k →∞ such that
{∂αhkvhk}hk is L2(O)-weakly convergent to some vα ∈ X for all |α| ≤ m,
it holds that v0 ∈ X and vα = ∂αv0 for all |α| ≤ m (consistency).

The first condition can be derived from (2.19b) of lemma 15 via a canoni-
cal interpolant. The second condition can be interpreted as a kind of weak
compactness condition.

The second condition in the definition above is nonstandard and may appear
somewhat convoluted in nature. Chapter 3 provides a context where this
definition becomes natural, so it may not yet be necessary for the reader to
fully appreciate this definition. The rest of this section discusses how to verify
these conditions for a given nonconforming element. It is not obvious how to
the verify the compactness condition in definition 17 for an arbitrary element.
On the other hand, the form in which this condition is stated will be extremely
useful later on.

4 The weak form equation would require m weak derivatives which implies the existence of
m− 1 continuous derivatives.
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In practice we employ so-called patch tests which are sufficient conditions
for a consistency condition but motivated by the fact that they are much
simpler to prove and sometimes even verify by simple numerical computation.
While point-wise inter-element continuity does not hold for nonconforming
elements, patch tests often boil down to checking whether the integral moments
of derivatives on vanish which is called a weak continuity property. We shall
navigate the literature without delving deep into the specifics of the different
patch tests. The reason for this is that, in general, the design of a finite
element requires a bespoke patch test strategy. Historically the first attempt
at providing an automated solution to this issue was in engineering by Irons et
al. [29] in 1965 but proved to be neither necessary nor sufficient by Stummel
[212]. The generalised patch test (GPT) of Stummel [213] states necessary
and sufficient conditions leading to convergence of nonconforming elements.
Generally speaking, the design of a finite element leads to some weak continuity
of which the GPT does not make use in its original form. However, using the
form of the GPT as stated in [229, Equation 4.4], Xh passes the GPT if and
only if the following condition stated is satisfied:

lim
h→0

sup
vh∈Xh
‖vh‖Xh≤1

|Tα,i(ψ, vh)| = 0, |α| < m, 1 ≤ i ≤ d, ∀ψ ∈ C∞(Ō), (2.20)

where:
Tα,i(ψ, vh) =

∑
K∈Oh

∫
K

[
ψ
∂

∂xi
∂αvh +

∂ψ

∂xi
∂αvh

]
dx .

Equivalently, where ηK is the outward normal of K ∈ Oh:

Tα,i(ψ, vh) =
∑
K∈Oh

∫
∂K

ψ∂αvhη
i
K ds . (2.21)

A condition similar to (2.20) is used in chapter 3. Alternatives were also
proposed, see for instance F-E-M test [203] and the IPT test [131]. A major
step forward was taken in [229] where a conjecture was proved saying that
given suitable approximation properties (in spirit of lemma 15) and weak con-
tinuity, a weak patch test (WPT) can be designed which is extremely simple
and convenient. We refer the reader to [202] for an excellent overview of the
nonconforming FEM literature for second and fourth order PDEs.

2.2.2.2 Discontinuous & Petrov-Galerkin Methods

In addition to conforming and nonconforming methods discontinuous Galerkin
(DG) methods refer to finite element methods employing fully discontinuous
spaces. Reed and Hill first introduced the DG method in 1973 [192] in connec-
tion with the neutron transport equation. We refer to the pioneering works
[83, 17] for DG interior penalty methods e.g. the latter presents a method for
imposing global C1 continuity using only continuous elements. The success of
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this method for hyperbolic problems has generated an incredibly rich literature.
While the nonconforming approach from the previous section guaranteed con-
sistency via weaker notions of inter-elemental continuity and a priori passing
of a patch test, DG methods impose consistency by adding penalty terms
to the bilinear form. [10] provides a historical overview of DG methods (in
particular the review in Section 2.2) and unifies these in a single framework in
the context of elliptic problems. We provide a simple example of this method
for the Poisson equation from this reference to highlight the connection with
mixed finite element methods and move on to Petrov-Galerkin methods which
are the main focus of this section.

We exemplify by posing a mixed system for the Poisson equation −∆u = f on
O ⊂ Rd with homogeneous Dirichlet boundary conditions from the example
given in [10]:

σ = ∇u,
−∇ · σ = f,

which is a form amenable to the DG method [81]. Multiplying this system by
test functions τ and v, respectively, and integrating by parts on K ∈ Oh we
find: ∫

K

σ · τ dx = −
∫
K

u∇ · τ dx+

∫
∂K

uηK · τ ds,∫
K

σ · ∇v dx =

∫
K

fv dx+

∫
∂K

σ · ηKv ds,

where ηK is the outward normal to K. A DG method introduces the piecewise
scalar and vector finite element spaces:

Vh = {u ∈ L2(O) | u|K ∈ V (K) = Pp(K), K ∈ Oh}, (2.22a)
Σh = {v ∈ L2(O)d | v|K ∈ Σ(K) = Pq(K)d, K ∈ Oh}. (2.22b)

for some p, q ≥ 0. The DG version of the Poisson problem is therefore to find
(uh, σh) ∈ Vh × Σh such that for all K ∈ Oh:∫

K

σh · τh dx = −
∫
K

uh∇ · τh dx+

∫
∂K

ûhηK · τh ds, ∀τh ∈ Σ(K) (2.23a)∫
K

σh · ∇vh dx =

∫
K

fvh dx+

∫
∂K

σ̂h · ηKvh ds, ∀vh ∈ V (K), (2.23b)

where ηK is the outward normal to K. This is not sufficient to specify a DG
method, since the formal traces ûh and σ̂h on the mesh skeleton of Oh are not
uniquely specified on the interior facets due to the discontinuous nature of
the spaces in (2.22). The abstract system (2.23) forms the basis for virtually
all DG methods for the Poisson problem. For the moment we look past the
degrees of freedom p, q ≥ 1 in (2.22) since it is the choice of the traces (also
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sometimes called numerical fluxes) that leads to different methods. To give
some examples of these fluxes we require some additional notation. The jump
J·K and average {·} of a function across a boundary are given by:

JvK =

{
v+η+ + v−η− if v is scalar,
v+ · η+ + v− · η− if v is vector-valued,

{v} =
1

2
(v+ + v−).

On ∂Oh, JvK = ηv and {v} = v where η is an outward normal. From this we
can derive the identity JfgK = {f}JgK + JfK{g}. A natural choice for the fluxes
is:

ûh = {uh} on E̊h(Oh), ûh|∂Oh = 0,

σ̂h = {σh} on Eh(Oh),

leading to the method introduced in [22]. Another method [45] chooses:

ûh = {uh} on E̊h(Oh), ûh|∂Oh = 0,

σ̂h = {∇uh} − µJuhK on Eh(Oh),

for some weighting function µ : Oh → R, which if typically chosen as a function
of the mesh resolution h, see e.g. Nitsche’s method for imposing weak boundary
condition [143]. The consistency, approximation and stability properties (the
latter referring to coercivity of the discrete bilinear form on the approximation
space) of a method are directly related to the choice of flux and are discussed
at length in e.g. [10].

Remark 18. A mixed method is not necessarily a DG method, and vice versa.

Next we look at the class of discontinuous Petrov-Galerkin methods which were
conceived in 2010 by Demkowicz and Gopalakrishnan [80, 77, 79, 240] in the
context of transport equations. The Petrov-Galerkin in this method refers to
the fact that the spaces Xh and Yh are different and we shall shortly see the
consequences of this choice. This method was proposed as an alternative to
the standard upwinded DG methods such as the previously mentioned work
of Reed and Hill or [140, 160] and streamline diffusion methods e.g. [136, 47].
To communicate this we drawn upon the work [76, 78]. See also [81] which
attempts to establish a more theoretical footing for the general DPG method
with an application of the Poisson equation.

In the continuous setting it has been established that the bilinear operator
in b(·, ·) associated with the operator B must satisfy an inf-sup condition and
be injective in its first variable in order for a unique solution of (2.10) to
exist. A main challenge for DG methods is that the strict positivity of the
inf-sup constant is no longer guaranteed for a finite-dimensional approximation
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space. For the moment we consider conforming finite element spaces Xh and
Yh. Taking a look at this condition for the equation (2.14):

0 < αh‖xh‖Xh ≤ sup
06=yh∈Yh

b(xh, yh)

‖yh‖Yh
, ∀xh ∈ Xh,

which reveals that the supremum is taken over a much smaller space so there is
no way of knowing αh exists, or if it does, does not degenerate as h→ 0. The
DPG class emphasises that the discrete analogues of X and Y in the (closed
range) theorem 7 above are represented by different polynomial spaces and
provides a way of reasoning about the existence of a discrete inf-sup constant.
To this end we define the operator T : X → Y by:

〈Tx, y〉Y = b(x, y), ∀y ∈ Y.

which means that a discrete version of (2.10) with a strictly positive inf-sup
constant can be posed as:

b(xh, y) = f(y), ∀y ∈ Y := {Txh | xh ∈ Xh}.

To see why this is so, recall that the canonical (Riesz-Fréchet) isometry R :
Y → Y ∗ implicit in lemma 6 is defined by 〈Ru, v〉Y ∗,Y = 〈u, v〉Y . Then observe
that using the definition of the operator norm of Bxh : Y → R, xh ∈ Xh:

sup
06=y∈Y

|b(xh, y)|
‖y‖Y

= ‖Bxh‖Y ∗

= ‖R−1Bxh‖Y

=
〈R−1Bxh,R−1Bxh〉Y
‖R−1Bxh‖Y

=
〈Bxh,R−1Bxh〉Y ∗,Y
‖R−1Bxh‖Y

=
b(xh,R

−1Bxh)
‖R−1Bxh‖Y

. (2.24)

So if we populate our test space with functions on the form R−1Bxh for xh ∈ Xh

the discrete problem satisfies a discrete inf-sup condition. This is exactly what
the operator T := R−1B aims to accomplish so we have successfully moved the
problem to computing, from Xh, the discrete space Y for the test functions.

Remark 19 (Minimum residual and mixed problems). We can formally cast
(2.14) as the following optimisation problem:

min
xh∈Xh

1

2
‖Bxh − f‖2

Y ∗ . (2.25)

Because it is impractical to deal with Y ∗ in (2.25) we the Riesz isometry to
formulate (2.25) as:

min
xh∈Xh

1

2
‖R−1[Bxh − f ]‖2

Y . (2.26)
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Now setting the Gateaux derivative of (2.26) to zero we obtain:

〈R−1[Bxh − f ],R−1Bδxh〉Y = 0, ∀δxh ∈ Xh, (2.27)

which, using the definition of R can be expressed as:

〈Bxh − f,R−1Bδxh〉Y ∗,Y = 0. (2.28)

We can therefore formulate (2.28) as:

b(xh, yh) = f(yh), yh = R−1Bδxh, ∀δxh ∈ Xh. (2.29)

We of course arrive at the same conclusion that we now have to invert R owing
to the second equation which can be written as:

〈Tδxh, y〉Y := 〈R−1Bδxh, y〉Y = b(δxh, y), ∀δxh ∈ Xh, ∀y ∈ Y.

Instead of defining yh = R−1Bδxh, let us define the residual in Y as ψ =
R−1[Bxh − f ]. Then we can write (2.27) as:

〈ψ, δψ〉Y−b(xh, δψ) = −f(δψ) ∀δψ ∈ Y, (2.30a)
b(δxh, ψ) = 0 ∀δxh ∈ Xh, (2.30b)

for xh ∈ Xh and ψ ∈ Y , representing the same system as (2.29).

Due to the remark above and the isometry in (2.24) the test functions derived
from the Riesz isometry are called optimal test functions. Since T is an infinite-
dimensional operator we cannot practically evaluate it, let alone discuss its
inversion. The mixed structure of (2.30) does however provide a fundamental
basis for the design of a tractable numerical approximation of the original
problem. For completeness we permit a slight digression from the DPG literature
and briefly describe a roadmap towards solving mixed systems such as this
using what is typically called Brezzi theory5. Some of what we present can also
be found in e.g. [214] where a mixed form of the Stokes equation is considered.

Roadmap 20 (Abstract mixed problems). Consider the abstract mixed problem
posed on the Hilbert spaces X × Y :

(x, y) ∈ X × Y
a(x, v) + b(v, y) = l(v) ∀v ∈ X, (2.31a)

b(x,w) = 0 ∀w ∈ Y, (2.31b)

for l ∈ X∗ and continuous bilinear forms a : X × X → R, b : X × Y → R.
What we aim to provide here is an abridged version of the analysis carried out
in [39, Chapter 4] tailored to the setting in this thesis.

5 The equivalence of Brezzi and Babuška theory is discussed in the expository report [75].
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1. First note any x ∈ ker(B) satisfies (2.31b).

2. Restrict the test space in (2.31a) to ker(B) ⊂ X, since this implies
b(v, y) = 0 and simplifies the problem. (2.31a) becomes:

a(x, v) = l(v), ∀v ∈ ker(B).

Usually, a(·, ·) is assumed to be be coercive on ker(B) so Lax-Milgram
finds a unique solution x ∈ ker(B).

3. Given a solution x we can prove that there exists a unique y ∈ Y such
that (2.31b) is solved. Indeed, given that x is fixed this equation can be
written as

b(v, y) = l(v)− a(x, v) = lx(v). (2.32)

Since lx annihilates the kernel of B on X i.e. lx ∈ ker(B)◦ so to solve
(2.32) we need to show that B∗ is an isomorphism from Y to ker(B)◦.
Usually this is done by appealing to the closed range theorem for surjective
operators [39, Theorem 4.1.4 and Proposition 4.1.5] which would imply
that the image Im(B) of B is equal to Y ∗ which is trivially closed. This
can be formulated as an inf-sup condition.

Specifically, the following inf-sup condition is required in step 2 and 4:

0 < inf
06=y∈Y

sup
06=x∈X

b(x, y)

‖x‖X‖y‖Y
. (2.33)

It is important to note that in the above, the trial function in (2.32) occupies
the second "slot" of b. That is why we take the supremum over test functions
x ∈ X in (2.33). While this is mathematically consistent we make a point to
note this as a convenience to the reader. �

Most of the conditions of roadmap 20 are easily met for bilinear forms stemming
from elliptic operators. The biggest challenge in mixed finite element systems
is ensuring that a discrete inf-sup condition is satisfied. The objective is to
approximate T by a discrete analogue Th that ensures unique solutions to (2.30)
as well as convergence under mesh refinement. In other words we wish to build
a discrete test function space ThXh that in some sense approximates Y leading
to the so-called practical DPG method. To this end one typically uses a tool
named after Michel Fortin:

Theorem 21 (Fortin operator [97]). Let (2.33) hold and consider conforming
spaces Xh ⊂ X and Yh ⊂ Y . Suppose there exists a linear operator F : X → Xh

satisfying the following conditions:

1. ∀x ∈ X, b(x−Fx, yh) = 0, ∀yh ∈ Yh,

2. ‖Fx‖X ≤ C‖x‖X , ∀x ∈ X
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with a constant C that does not degenerate as h → 0. Then the inequality
(2.33) holds with Xh and Yh instead of X and Y .

Proof. Let yh ∈ Yh. Then:

‖yh‖Yh . sup
x∈X

b(x, yh)

‖x‖X
= sup

x∈X

b(Fx, yh)
‖x‖X

≤ 1

C
sup
x∈X

b(Fx, yh)
‖Fx‖X

.

Construction of Fortin operators is central to the DPG method. [109] is the
main source of information on the design of such operators and practical DPG
methods, showing examples for Laplace and linear elasticity equations. We
make a point to emphasise that Fortin operators exist independently of the DPG
method in the context of convential DG methods. [38] provides Fortin design
applicable to the Stokes problem. See also [166, 196] for more recent references.
The MINI element in [9] is a good starting point for understanding how the
design of an element is made in order to have good Fortin properties. For
general second order problems we refer to [181]. A comprehensive exposition of
DPG methods with various formulations of Maxwell’s equations is shown in [52].

It may seem that the computational load of mixed methods such as the DPG
method may be higher by expanding a single equation into a larger system.
This is not always the case as the attractive block structure can result from
DPG systems, and in particular the local nature of discontinuous spaces can
localise computations and aid in parallel mass matrix assembly. Our sphere
of investigation concerning DPG methods is limited to theory, and we do not
discuss this interface with linear algebra any further, referring instead to [39,
Section 7.3]. Later chapters describe numerical aspects when they become
relevant.
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Chapter 3

Curve Matching

Closed curve matching is a central problem in shape analysis where the goal is to
find a diffeomorphism bringing into alignment two closed curves in Emb(S1, Rd)
called the template and the target, where Emb(S1, Rd) is the space of embed-
dings of the periodic domain S1 := [0, 2π] into Rd for d = 2. The motion
of the shape - and therefore the motion of the diffeomorphism - is uniquely
characterised by a one-parameter family of velocity field via the Lie algebra
whose kinetic energy is measured as the norm of these velocity fields. It is
therefore natural to define the geodesic motion of the curves as the path whose
kinetic energy is minimised and solve the curve matching problem as an opti-
misation problem. This chapter is concerned with finding a suitable discrete
analogue of a one-parameter curve of velocities that generates evolutions of a
discrete template curve by forward integration in time. We show here that we
can identify this entire family of velocities with a single conjugate momentum
defined as a sufficiently smooth function over S1. We therefore aim to describe a
so-called forward map, taking as input the momentum and providing the curve
of diffeomorphisms that match the template to the target curve. Obtaining
an efficient finite element discretisation of this map then allows us to treat the
curve matching problem as an inverse problem for the momentum.

Although curve matching has been studied before our contributions here are,
to the best of our knowledge, novel. The early work of [232] geometrised curve
matching and defined Riemannian distances on this space using the square
root velocity framework; see also [176, 142, 206, 151]. As we mentioned before,
previous work in this field also includes the LDDMM approach [108], where a
gradient approach is taken to minimising a variational optimisation problem
yielding smooth curve solutions. See the references therein for a wide array of
practical applications of curve matching, in particular in the medical fields [27].
The application of finite element methods for matching purposes has also been
done before [23], see also [26] for a detailed numerical framework for Sobolev
metrics on the space of curves. See [170] for an overview of Riemannian metrics
on the space of curves in the Hamiltonian frame.

The shape space used here is a subset of Emb(S1, Rd) and is studied in detail in
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[170], but it is not the only option, see [24] for an overview. Typically, one would
favour Emb(S1, Rd)/Diff(S1) to identify curves in a parameter-independent
manner but leave this as future work and return to this point later in the
chapter. Indeed, varifold methods have gained traction as an elegant way of
letting the metric over the shape space subsume reparameterisations [28, 55].
More recently, optimal transport methods have appeared in this context as well
[25].

We recall that id denotes the identity operator and its interpretation will be
clear from context. We shall use ds to denote the measure over time intervals
as well as integral over the mesh skeleton when no confusion between the two
can arise.

3.1 Geodesic Equations

Throughout this chapter we set m = 3 and d = 2 to ease the notation, where
the former denotes an order of differentiation explained later and the latter
the dimension of the curves. Curves are elements of Emb(S1, Ω), where Ω
is a connected convex subset of Rd, with polygonal Lipschitz boundary ∂Ω.
We study paths, or maps, q ∈ Q = H1(S1)d ↪→ C0(S1)d (where ↪→ denotes
an embedding) from a template curve Γ0 ∈ Emb(S1, Ω) to a target curve
Γ1 ∈ Emb(S1, Ω) whose motion is restricted by the differential equation:

q̇t = ut ◦ qt , (3.1)

where ut, t ∈ [0, 1] is a family of time-dependent vector fields on Ω with some
prescribed spatial smoothness. A geodesic path between two such parameterised
curves Γ0 and Γ1 is defined as a path minimising the associated kinetic energy
in u:

1

2

∫ 1

0

‖ut‖2
V dt,

where V is a Hilbert space specified later on such that ‖u‖2
V =

∫
Ω
u ·Bu dx for

some linear differential operator B. We shall introduce the conjugate momentum
(Lagrange multiplier) pt ∈ Q∗ which we assume has enough regularity so that it
has at least Fréchet-Riesz representer in H1(S1)d (also denoted pt, with some
abuse of notation). This is done so that pt supports point evaluation so a
strong form equation for pt can be written down later on, and the Sobolev
regularity also gains us important error bounds in the numerical analysis of
our discretisations in this chapter. This reasoning also applies to the curve q.
We extremise the following the functional:

S =

∫ 1

0

1

2
‖ut‖2

V + (pt | q̇t − ut ◦ qt)Q∗,Q dt,

where (h|g)Q∗,Q =
∫
S1 h · g dθ. Taking variations i.e. δS = 0 leads to what

we shall call Hamilton’s equations for curve matching for ut ∈ V , qt ∈ Q and
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pt ∈ H1(S1)d for t ∈ [0, 1]:

(δp | q̇t − ut ◦ qt)Q∗,Q = 0, ∀δp ∈ H1(S1)d, (3.2a)
(ṗt +∇u>t ◦ qtpt | δq)Q∗,Q = 0, ∀δq ∈ Q, (3.2b)∫

Ω

But · δu dx− (pt | δu ◦ qt)Q∗,Q = 0, ∀δu ∈ V, (3.2c)

for t ∈ [0, 1], where [∇u>t ]ij =
∂ujt
∂xi

. In fact, since ut is supported on Ω it
generates a diffeomorphism ϕ ∈ Diff(Ω) [234] of the entire ambient space via:

ϕ̇t = ut ◦ ϕt, ϕ0 = id, (3.3)

whose motion restricted to the curve q0 ◦ S1 equals the qt ◦ S1 at time t ∈ [0, 1].
As the kinetic energy measures distances between two elements of Emb(S1, Ω)
via velocity defined over the entire field Ω, we refer to this associated distance
measure as an outer metric on the shape space Emb(S1, Ω). This is in contrast
to inner metrics intrinsically defined on the embedded shape [23]. We refer to
initial value problem (3.2) as the forward problem for curve matching. Because
the initial momentum p0 can be seen to uniquely encode the motion of ut and
qt we therefore refer to geodesic shooting as the general problem of finding a
suitable momentum such that we bring into alignment q1 and the target curve Γ1.

In section 3.2 we discuss how to design norms preserving the key Lipschitz
property of our velocity field and relate our strategy to the existing literature.
Next, section 3.3 describes and proves convergence for a nonconforming finite
element method [42, Section 10.3] for Hamilton’s equations and contains the
main results of this chapter. Finally section 3.4 describes the inverse problem of
determining the optimal momentum matching two curves, and 3.5 summarises
this chapter.

3.2 Building an Outer Metric

The operator B present in (3.2c) must be chosen carefully in order for the
Banach space ODEs (3.2b) and (3.2a) governing p and q, respectively, to admit
unique solutions for all time. Via classic Picard-Lindelhöf analysis it is clear that
for well-posedness of such ODEs require a pointwise Lipschitz on ut and ∇ut,
respectively. As such, ut must occupy at least W 2,∞(Ω)d when p0 ∈ L2(S1)d

and q0 ∈ L∞(S1)d, see [65, Theorem 5] (see also corollary 7 in this reference
for other host spaces for p and q). Dupuis [86] establishes sufficient conditions
accomplishing the same in a Hilbertian setting. The Hilbertian setting is much
more convenient for linear functional analysis and general well-posedness, in
particular for finite element methods. This is in contrast with e.g. W 1,∞(Ω)d

which only a Banach space which, to the best of the author’s ability, is not
easy to approximate numerically. [157] approximates by means of a fixed point
linearisation solutions to the nonlinear∞-harmonic equation [21]. While the au-
thors present a useful and convergent method, we shall not pursue this direction
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as the finite element spaces themselves do not admit uniform mesh-independent
Lipschitz constants. We also with to avoid the nonlinearity of the operator as we
rely heavily on a fully linear Hilbertian setting later on. The work of Oberman
[185] shows some promise for a direction using the∞-harmonic equation at least
at the discrete level. However, owing to the nonlinearity of the ∞-Laplacian,
integrating this into a Hamiltonian framework poses an analytical difficulty as
the variational setting effectively requires derivatives of the ∞-Laplacian (in
some appropriate sense). It is unclear what kind of regularity we can expect
for the geodesics in this case, which, as we shall see, is central to forward
integration of the geodesic equations. Linear operators preserve their struc-
ture in the variational framework and are therefore seen as most compatible
for the problems in this chapter. The∞-harmonic case is left as future research.

We request an operator B in such a way that a solution to (3.2c) ensures that
these conditions are met, which in turn implies global existence and uniqueness
of (3.2) by the references above. For d = 2 the Sobolev embedding theorem
reveals that H3

0 (Ω) is contained in C1(Ω̄) and so is Lipschitz on the interior
[239, Theorem 2.5.1]. As such, we want to describe a discretisation of (3.2c)
ensuring a type of H3 regularity as the follow theorem shows. The following
theorem states that a globally continuous piecewise H3 function is Lipschitz,
which we will use to motivate a nonconforming finite element method for the
velocity field.

Theorem 22. Let O be a convex bounded Lipschitz domain in Rd with polygonal
boundary and Oh a triangulation thereof satisfying the regularity requirements
from section 2.2.2. Suppose further that u ∈ C(Ō)d, u|K ∈ H3(K)d for K ∈ Oh.
Then u ∈ W 1,∞(O)d.

Proof. The embedding theorem for homogeneous Sobolev spaces (i.e. with
zero traces) into the space Cj(Ō) is well-known. However, since the trace γKu
of u on ∂K, K ∈ Oh may not be zero we appeal to a slightly different albeit
standard result. By [1, Theorem 5.4], however, H3(K) ↪→ C1

B(K), where:

C1
B(K) = {u ∈ C1(K) | Dαu is bounded on K, |α| ≤ 1}.

This means any H3(K) function has a continuous representative with almost
everywhere bounded first derivatives on K. Since u ∈ C0(Ō), u is a continuous
function with its first derivative a.e. bounded, implying a Lipschitz condition.

As we described in the beginning of this section, B must be chosen in such a
way as to guarantee some Lipschitz regularity of the velocity so that the ODEs
in (3.2) are well-posed. Critically, this must also hold at a discrete level. In
light of the theorem above we approximate the space of velocity fields by a
nonconforming finite element space where global high-order regularity across
elements of the triangulation does not hold. This way we can guarantee the
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necessary Lipschitz properties of our functions without having to impose higher-
order global continuity of the finite-dimensional solution spaces. For instance,
even C1-conforming methods are not trivial to implement and automation of
code generation for e.g. Argyris elements was only recently solved [150, 149].
To the best of the author’s knowledge we have no access to a C2 finite element
such as the one presented in [236] (also described in the more recent work [117,
Section 2.1]). This is an example of a C2-conforming finite element space with
25 local degrees of freedom which is practically infeasible to implement without
a certain degree of automation. A globally H1-conforming (in the context of
finite elements this means C0-conformity) piecewise H3 finite element space
satisfying the theorem above is presented in [231, Section 4]. Recalling that we
set m = 3 throughout this chapter, based on the existence of this finite element
we now choose B : H2m(Ω)d → L2(Ω)d as follows:

〈Bu, v〉0,Ω =
d∑
i=1

∫
Ω

〈(id− b∆)2mui, vi〉 dx, (3.4)

for some length-scale b ∈ R+. 〈·, ·〉 is a Euclidean dot product (acting on either
scalars, vectors or tensors depending on the context). We summarise why our
choice of B is defined in this manner. Since we are interested in integrating
the system (3.2) forward in time we know that ut and ∇ut must be Lipschitz
in space for t ∈ [0, 1]. As explained before, this is clear by inspection of the
ODEs (3.2a) and (3.2b). This can be put succinctly by saying we require
ut ∈ W 2,∞(Ω)d for t ∈ [0, 1]. By the Sobolev embedding theorem, H2m(Ω)d is
contained in W 2,∞(Ω)d. Since Sobolev spaces are easier to work with owing to
their Hilbert structure, we therefore choose the domain of B to be in H2m(Ω)d.
The "iterated Helmholtz" structure in (3.4) is attractive for qualitative reasons
explained in the following remark.

Remark 23. The length-scale controls, in some sense, the magnitude of the
map from momentum to velocity. A low value of b localises the velocity field
around the curve and decaying rapidly away from it. Conversely, higher values
of b allows the diffeomorphism induced by the velocity to move the domain
further away from the curve. In applications we tune this to the size of the
domain and the magnitude of the momenta. An example of this is given in
figure 3.1. In the context of curve matching we can think of the momentum as
being a measure-valued object defined on a discrete initial curve which via B−1

is extended to the whole domain Ω to generate the outer metric.

Note that from a theoretical point of view we could have chosen B as follows:

〈Bu, v〉0,Ω =
d∑
i=1

∫
Ω

〈−∆2mui, vi〉 dx,

subject to additional boundary conditions closing the non-trivial kernel if we
were to use it in (3.2c). This would still yield a velocity with th desired regu-
larity, so the definition in (3.4) is a modelling choice. However, the length-scale
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Figure 3.1: Left: a Dirac delta δx0 centered around a single point x0 (interpolated
to a continuous space to be visible). Right: (id − α∆)−1δx0 for α = 0.05. The
smoothing effect is clearly seen. Here we use a uniform resolution with h = 0.025

b is introduced here to control, in a sense, how "close" the operator B is to the
identity.

Using this we define the bilinear form:

a(u, v) =
d∑
i=1

∫
Ω

m∑
j=0

bj

(
m

j

)
〈Djui, Djvi〉 dx, (3.5)

where D0 = id, and

Dj =

{
∇Dj−1 j is odd,
∇ ·Dj−1 j is even,

and b0 = 1, bj = bj. For the operator A : Hm(Ω)d → L2(Ω)d defined by
〈Au, v〉0,Ω = a(u, v) we have the equivalence:

〈A2u, v〉0,Ω = 〈Bu, v〉0,Ω,

for sufficiently smooth functions u and v with vanishing jth order derivatives on
∂Ω, for j = 0, . . . ,m− 1. While H2m(Ω)d ↪→ W 2,∞(Ω)d we restrict the domain
of B to the smaller space H2m(Ω)d for reasons made clear in the following
section. Equipped with the nature of the operator B (via (3.5)) we can pose
the abstract Hamiltonian system (3.2) using the function spaces and definitions
introduced above. Indeed, the following problem rewrites (3.2) in a way that
uses the notation above which will be more convenient once we discretise later
on:
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Problem 1 (Continuous Hamiltonian system)

Find ut ∈ Hm
0 (Ω)d, wt ∈ Hm(Ω)d, σt ∈ Hm−1(Ω)d×d, qt ∈ Q and

pt ∈ H1(S1)d for t ∈ [0, 1] such that:

a(ut, v) = 〈wt, v〉0,Ω ∀v ∈ H3
0 (Ω)d, (3.6a)

a(wt, v) =

∫
S1

pt · v ◦ qt dθ ∀v ∈ H3(Ω)d, (3.6b)

q̇t = ut ◦ qt on S1, (3.6c)
ṗt + σt ◦ qtpt = 0 on S1, (3.6d)
〈σt −∇u>t , v〉m−1,Ω = 0 ∀v ∈ Hm−1(Ω)d×d, (3.6e)
(σt −∇ut)i,j|∂Ω

= η∂Ω · ∇(σt −∇ut)i,j|∂Ω = 0, i, j = 1, d, (3.6f)

where η∂Ω is the outward normal to ∂Ω. The last condition simply prescribes
Dirichlet and Neumann conditions for each component of σt. While σt defined
in (3.6e) is simply a surrogate for ∇u>t (and that the boundary conditions for
σt are in fact homogeneous), this formulation will be useful when we discretise
this system. The velocity from (3.6a) generates the diffeomorphism ϕt of the
domain, where the curve is its motion restricted to the initial condition q0. As
usual this diffeomorphism is the identity when t = 0.

Remark 24. Recall that d = 2 and suppose g ∈ C0(S1)d forms an embedded
curve G = g ◦ S1 in a sufficiently large bounded domain Ω (away from the
boundary ∂Ω), and let Ω−t , Ω+

t denote the inside and outside of the curve.
Suppose further that g is such that we can define trace operators γ−G : Ω−t →
H1/2(G) and γ+

G : Ω+
t → H1/2(G). A functional of the form:

H1(Ω) 3 w 7→
∫
S1

γ−G [w] ◦ g(θ) dθ,

occupies H−1(Ω), and, a fortiori, in H−3(Ω). It is of course equivalent to use
the trace γ+

G in the example above. As such, these cannot be represented as
inner products in L2(Ω). The H−1(Ω) regularity prohibits global higher-order
elliptic regularity beyond H3(Ω) of the solution wt to (3.6b). We refer any
interested readers to [115, 153] for a priori regularity estimates for general
elliptic equations.

The following theorem makes the observation that the momentum is fully
characterised by its initial condition and the flow map.

Theorem 25. Assume problem 1 is well-posed, that ϕ solves (3.1) and p0 ∈
H1(S1)d. Then the solution to (3.6d) is given by pt = J−>t p0, where Jt =
∇ϕt ◦ q0.
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Proof. First we note that for all t ∈ [0, 1], the smoothness of ut implies that ϕt
is a C1 diffeomorphism so it has a well-defined non-zero Jacobian ∇ϕt which
means its inverse is well-defined. This follows from the inverse mapping theorem;
we recommend [234, Chapter 8] for an exposition of this theory in the context
of shape analysis. Note also that q0 ∈ Q, which is a differentiable map. Recall
that the momentum satisfies the strong form equation:

ṗt +∇u>t ◦ qtpt = 0, on S1.

Note also that ϕt ◦ q0 = qt as ϕ0 ◦ q0 = q0 and both ϕ and q are transported
by the same velocity (cf. (3.1) and (3.6c)). We verify the ansatz by simple
computation:

ṗt +∇u>t pt = J̇t
−>
p0 +∇u>t ◦ qtJ−>t p0

= −J−>t d(J>t )J−>t p0 +∇u>t ◦ qtJ−>t p0

= −J−>t (dJt)>J−>t p0 +∇u>t ◦ qtJ−>t p0

= −J−>t (∇ut ◦ qtJt)>J−>t p0 +∇u>t ◦ qtJ−>t p0

= −J−>t J>t ∇u>t ◦ qtJ−>t p0 +∇u>t ◦ qtJ−>t p0

= −∇u>t ◦ qtJ−>t p0 +∇u>t ◦ qtJ−>t p0

= 0 .

In the first step we used the formula for the derivative of the inverse of a matrix
[201].

3.3 Nonconforming Discretisation

Integration of a discretised version of (3.6) requires a suitable finite-dimensional
analogue of the initial condition q0. We approximate it by a continuous piecewise
linear curve, q0h, and establish the following relationship which holds throughout
this chapter:

Assumption 26. We assume that there exists a discrete piecewise affine initial
curve q0h approximating the continuous curve with linear speed, i.e. limh→0 ‖q0−
q0h‖0,S1 = 0 and ‖q0 − q0h‖0,S1 ≤ h‖q0‖1,S1, where h denotes a mesh resolution
parameter.

We present a moving mesh method where we generate a sequence of linear diffeo-
morphisms ϕth so that the evolution of the curve is described by qth = ϕth ◦ q0h,
t ∈ [0, 1]. We shall assume that there exists, for each t ∈ [0, 1], a triangulation
Ωth (part of a shape-regular, quasi-uniform family) such that for some set
Eh ⊂ E̊h(Ωth), ∪e∈Eh = qth ◦ S1. This simply means that qth is aligned with
the interior of the mesh skeleton. The linear diffeomorphism ϕth is such that
ϕth|∂Ωth = id so that the boundaries are fixed. The task is now to compute
this family of linear diffeomorphisms.
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We shall use a finite element space from [231] to discretise the two sixth order
problems in (3.6a) and (3.6b) and we briefly summarise its construction. First
we recall some notation. For a triangle K, let Pi(K) denote the space of ith
order polynomials on K. Let qK denote the bubble function on K which is a
non-negative cubic polynomial that is zero on ∂K; see e.g. [89] for more details.
In the following, ∂

∂νe
denotes a derivative in the direction of the outward normal

νe on an edge e in the mesh skeleton of a triangulation. We define the following
shape function space on a triangle K ∈ Ωth:

P̃
(3,2)
K := P3(K) + qKP1(K) + q2

KP1(K).

By [231, Lemma 4.1], the following degrees of freedom determine a function
v ∈ P̃ (3,2)

K :

1

|e|

∫
e

∂2v

∂ν2
e

ds e is an edge of ∂K, (3.7a)

∇v(a) a is a vertex of ∂K, (3.7b)
1

|e|

∫
e

∂v

∂νe
ds e is an edge of ∂K, (3.7c)

v(a) a is a vertex of ∂K. (3.7d)

We now define the scalar finite element space Ṽh defined over Ωth as consisting
of all functions vh|K ∈ P̃ (3,2)

K , K ∈ Ωth, with the degrees of freedom above being
equal to zero if either the edge or vertex lies on the boundary of Ωth (see also
[231, Equation 4.8] for the definition of Ṽh): This element is locally to K a
seventh-order polynomial. It is designed in such a way that makes it possible to
describe convergent H3-nonconforming FEM. Our vector-valued finite element
space Ṽ d

th is then the space whose components occupy the scalar finite element
space Ṽh. As shown in the following corollary, this is a continuous finite element
space.

Corollary 27. Ṽh ↪→ C0(Ω).

Proof. Let K, K ′ be two elements of Ωth that share an edge e. As shown in
[231], there are 8 degrees of freedom on this edge. Let v and v′ be the restriction
of a function w ∈ Ṽh to ∂K and ∂K ′, where these functions occupy P3(∂K)
and P3(∂K ′), respectively. Values and derivative at the vertices are continuous
in Ṽh in the sense that they are unique, so v and v′ are order 3 polynomials
that agree on 4 values which is only possible if v = v′ everywhere on e. Since e
was arbitrary, Ṽh ↪→ C0(Ω).

Although the finite element space above is continuous, this does not extend to
higher-order derivatives. Nevertheless, the following central result highlights
its weak continuity properties:
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Figure 3.2: Left: plot of an indicator function of the interior of the initial curve
defined by q0h ◦ S1. Right: the triangulated domain Ω0h where we have highlighted
the initial template curve q0h ◦ S1.

Lemma 28 (Weak continuity [231, Lemma 4.2]). Let Ωth denote the mesh and
e ∈ E̊th be an interior edge of a triangle K. For any component ui, i = 1, 2 of
u ∈ Ṽ d

th and K ′ ∈ Ωth such that e ∩K ′ 6= ∅,∫
e

∂αui|K ds =

∫
e

∂αui|K′ ds, |α| = 1, 2.

When e ∈ ∂Ωth, ∫
e

∂αui|K ds = 0.

Remark 29. This importance of this result cannot be understated. Weak
continuity is the exact reason why we will be able to talk about convergence for
nonconforming methods. A naïve piecewise H3 finite element space constructed
from piecewise cubic polynomials functions P3(K), K ∈ Ωth does not lead to
the same results.

We equip Ṽ d
th with the broken H3 norm ‖ · ‖m,Ωth dominating all derivatives up

to third order. We shall also define a matrix-valued finite element space Ṽ d×d
th

whose components occupy Ṽh, see the aforementioned reference. Appendix B
verifies the implementation of the finite element space Ṽ d

th used to produce the
results in this thesis.

Definition 30 (Linear diffeomorphism of mesh-aligned curves). Provided the
existence of a family of discrete velocities uth ∈ Ṽ d

th for t ∈ [0, 1] we define:

ϕ̇th = I1,d
Ω [uth], (3.8)

with ϕ0h = id, where I1,d
Ω : C0(Ω)d → P1,d

Ωth
is the interpolation operator of con-

tinuous vector fields onto the piecewise linear C0(Ω)-conforming finite element
space P1,d

Ωth
. Restrictions of functions in in P1,d

Ωth
to K ∈ Ωth are therefore linear.

Note here that the initial mesh Ω0h is such that the union of a subset of its
mesh skeleton traces out the initial curve q0h, see e.g. figure 3.2. What is key is
that for all time, owing to (3.8), Ωth is such that qth ◦ S1 forms a closed curve
of Eth \ ∂Ωth.
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The discrete curves qth must therefore be piecewise affine and means that the
load vector in our numerical method comes from integration over a discrete
piecewise linear curve qth ◦ S1 rather than S1 itself. We discuss this restriction
in section 3.3.1 and now continue presenting the proposed method.

Theorem 31. Lipschitz constants of functions in Ṽ d
th are preserved by I1,d

Ω

independently of h.

Proof. Let v ∈ Ṽ d
th. We want show the following holds with a constant inde-

pendent of h:
‖I1,d

Ω [v]‖W 1,∞(Ω) . ‖v‖W 1,∞(Ω).

It is sufficient to bound ‖I1,d
K [v]‖1,K by ‖v‖W 1,∞(Ω), K ∈ Ωth because the objects

we are studying are finite-dimensional. For j = 0, 1 we have:

|I1,d
Ω [v]|j,K ≤ |v|j,K + |v − I1,d

Ω [v]|j,K .

When j = 0, the semi-norm coincides with the usual L2 norm on K ∈ Ωth. By
standard interpolation error results stated in e.g. Brenner & Scott’s textbook
[42, Theorem 4.4.4] we have

|v − I1,d
Ω [v]|j,K . |v|j,K j = 0, 1,

with a constant independent of hK , so it follows that

|I1,d
Ω [v]|j,K . 2|v|j,K , j = 0, 1.

Squaring, summing this over j = 0, 1 and taking the root we can say:

‖I1,d
Ω [v]‖W 1,∞(Ω) ' ‖I1,d

Ω [v]‖1,Ωth . ‖v‖W 1,∞(Ω).

Definition 32. Let J be a finite index set of cardinality NJ so that S1
i , i ∈ J

denotes a segment of S1 corresponding to a linear segment q0h ◦ S1
i of the

piecewise linear curve q0h ◦ S1 = ∪i∈J q0h ◦ S1
i .

Assumption 33. We assume that there exists a positive number C0 such that
for all t ∈ [0, 1]:

C−1
0 ≤ NJ min

i∈J
hqth◦S1

i
,

where hqth◦S1
i
denotes the length of the edge qth ◦ S1

i .

This assumption means that the smallest edge of the discrete curve qth ◦ S1 is
proportional to the number of edges of which it is comprised. Based on this we
set up some notation about linear interpolation and orthogonal projection.
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Definition 34 (Interpolation and projection on S1). We define Sqh as the
globally continuous space of linear polynomials on S1 given by the usual "hat"
functions in one dimension so that Sqh ↪→ C0(S1) and functions in Sqh are linear
on each S1

i , i ∈ J (S1 is a periodic 1-dimensional domain, so we simply have
S1
i ⊂ [0, 2π]). We let Sph denote the space of piecewise constant vector fields on
S1.

We let PSph
: L2(S1)d → Sph be the canonical orthogonal projection operator

onto the space Sph. We let ISph : C0(S1)d → Sph denote the canonical nodal
interpolant. The spaces and operators here depend on NJ but we suppress the
explicit dependence to ease notation.

To pose a discrete version of (3.6) we replace the spaces Q and Q∗ with affine-
invariant finite element spaces over S1 for the momentum and curve. As implied
by the notation, we choose Sqh for Q and Sph for Q∗. Next we write the broken
analogue ah of 3.5, where we explicitly omit the time dependence of the domain
for ease of notation:

ah(u, v) =
d∑
i=1

∑
K∈Ωth

∫
K

m∑
j=0

bj

(
m

j

)
〈Djui, Djvi〉 dx, (3.9)

This defines the following energy norm as well:

‖ · ‖2
m,Ωth

= ah(·, ·) ,

and we observe the following norm equivalences based on boundedness of b:√
ah(·, ·) ' ‖ · ‖m,Ωth ,

√
a(·, ·) ' ‖ · ‖m,Ω .

We remark that a Poincaré-type lemma holds for functions in Ṽh:

Lemma 35 (Poincaré [231, Lemma 4.3]). It holds that:

‖vh‖m,Ωth . ‖vh‖0,Ωth + |vh|m,Ωth , ∀vh ∈ Ṽh. (3.10)

Using (3.10) for each component i of some vh ∈ Ṽ d
th we obtain:

‖vih‖2
m,Ωth

. ‖vih‖2
0,Ω + |vih|2m,Ωth ,

so summing over the components i we get:

‖vh‖2
m,Ωth

. 〈vh, vh〉0,Ωth + 〈vh, vh〉m,Ωth ∀vh ∈ Ṽ d
th .

and as such, the operator B could have been chosen as simply I−∆3. However,
the scaled inner product-type nature of a(·, ·) (resp. ah(·, ·)) is convenient for
computation as it offers the notion of a length-scale as explained above.
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The discrete version of problem 1 is defined by the following:

Problem 2 (Discrete Hamiltonian system)

Find uth ∈ Ṽ d
th, wt ∈ Ṽ d

th, σth ∈ Ṽ d×d
th , qth ∈ Sqh and pth ∈ Sph for t ∈ [0, 1]

such that:

ah(uth, vh) = 〈wth, vh〉0,Ω, ∀vh ∈ Ṽ d
th, (3.11a)

ah(wth, vh) =

∫
S1

pth · vh ◦ qth dθ, ∀vh ∈ Ṽ d
th, (3.11b)

q̇th = I1,d
Ω [uth] ◦ qth, (3.11c)

ṗth + PSph
[σth ◦ qthpth] = 0, (3.11d)

〈σth −∇u>th, vh〉m−1,Ωth = 0, ∀vh ∈ Ṽ d×d
th , (3.11e)

(σth −∇uth)i,j|∂Ωth

= η∂Ωth · ∇(σth −∇uth)i,j|∂Ωth = 0, i, j = 1, d. (3.11f)

Again here we take ϕth as the identity when t = 0. Note that evaluation of
elements of Ṽ d

th on the curve qth should be understood in sense of the traces as
a true restriction is not defined in a pointwise sense.

Remark 36. The Hamiltonian structure of the continuous system (3.6) is such
that the norm of the velocity field is a conserved quantity [65]. There are several
reasons why this is not the case for the discrete system (3.11). First, because
we use a moving mesh method we cannot expect the same to happen as there is
an implicit time dependence in the coordinate field in (3.9). That is, for any
solution uth to (3.11a), the quantity ah(uth, uth) is not conserved by solving the
equations above. Secondly, a conservative discrete method would also require
the test function in (3.11b) to be replaced by its interpolant to even begin to
recover correspondence with a discrete functional. Evaluation of such a source
term is, however, not supported from a computational point of view. We return
to this point in section 3.3.1.

Corollary 37. Provided the right-hand sides of the problems (3.6b) and (3.11b)
are well-defined, there exist unique solutions wt ∈ H3(Ω)d and wth ∈ Ṽ d

th to
these equations, respectively.

Proof. The proof is trivial since the continuous bilinear forms associated with B
(resp. Bh) controls all jth order terms for j = 0, . . . , 3 as is therefore naturally
coercive on their respective spaces.

Theorem 38. There exists an ε > 0 such that the system (3.11) admits unique
solutions in the time interval [0, ε].
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Proof. We verify local Lipschitz dependencies which by Picard-Lindelhöf is
sufficient for existence and uniqueness, see e.g. [152]. Solutions (3.11a) clearly
have a local Lipschitz dependence of the right-hand sides. Let wi denote a
solution of (3.11b) given by fixed momentum and curve pi, qi, i = 1, 2. In this
proof the superscript simply denotes different variables and does not denote
components. We can use the fact that w1 − w2 are Lipschitz functions to show
a Lipschitz dependence of the variable w on the curve and momentum:

‖w1 − w2‖2
m,Ωth

=

∫
S1

p1 · (w1 − w2) ◦ q1 dθ −
∫
S1

p2 · (w1 − w2) ◦ q2 dθ

≤ ‖w1 − w2‖m,Ωth
( ∫

S1

p1 · q1 dθ −
∫
S1

p2 · q2 dθ
)
,

implying:

‖w1 − w2‖m,Ωth ≤ ‖p1‖0,S1‖q1 − q2‖0,S1 + ‖q2‖0,S1‖p1 − p2‖0,S1 . (3.12)

In similar vein it is easy to check that qth is Lipschitz in uth by using the
equation (3.11c):

‖I1,d
Ω [u1] ◦ q1 − I1,d

Ω [u2] ◦ q1‖0,S1 ≤ ‖I1,d
Ω [u1] ◦ q1 − I1,d

Ω [u1] ◦ q2‖0,S1

+ ‖I1,d
Ω [u1] ◦ q2 − I1,d

Ω [u1] ◦ q1‖0,S1

. ‖u1‖m,Ωth‖q1 − q2‖0,S1 + ‖u1 − u2‖m,Ωth ,

where we have used that I1,d
Ω preserves the Lipschitz constant of its argument

(theorem 31), so we have a local Lipschitz condition for the projected velocities.
Next, because PSph

is a bounded linear operator:

‖PSph
[σ1 ◦ q1p1]− PSph

[σ2 ◦ q2p2]‖0,S1 ≤ ‖σ1 ◦ q1p1 − σ2 ◦ q2p2‖0,S1

= ‖σ1 ◦ q1p1 + σ2 ◦ q2p1

− σ2 ◦ q2p1 − σ2 ◦ q2p2‖0,S1 .

Now using boundedness of σ1 and σ2 and adding and subtracting σ1 ◦ q2:

‖PSph
[σ1 ◦ q1p1]− PSph

[σ2 ◦ q2p2]‖0,S1 ≤ ‖σ1 ◦ q1 − σ2 ◦ q2‖∞,S1‖p1‖0,S1

+ ‖σ2 ◦ q2‖∞,S1‖p1 − p2‖0,S1

≤
(
‖σ1 ◦ (q1 − q2)‖∞,S1

+ ‖(σ1 − σ2) ◦ q2‖∞,S1

)
‖p1‖0,S1

+ ‖σ2 ◦ q2‖∞,S1‖p1 − p2‖0,S1 .

Finally, using the Sobolev embedding theorem and theorem 22 we can write
this bound in terms of the ‖ · ‖m,Ωth norm:

‖PSph
[σ1 ◦ q1p1]− PSph

[σ2 ◦ q2p2]‖0,S1 .
(
‖σ1‖m,Ωth‖q1 − q2‖0,S1

+ ‖σ1 − σ2‖m,Ωth
)
‖p1‖0,S1

+ ‖σ2 ◦ q2‖∞,S1‖p1 − p2‖0,S1 ,
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with a constant depending on the Sobolev embedding theorem. As such, a local
Lipschitz condition is verified here. Finally, solutions of (3.11e) also clearly
have a Lipschitz dependence of the gradients of uth, which can be bounded by
the energy norm.

Although H4 is sufficient in the continuous setting we use H6 velocities as we
can split inversion of a sixth order form into two third order solves which is
convenient given an implementation of Ṽ d

th. Theorem 38 also highlights the need
for the auxiliary variable σth: this is a Lipschitz variable while ∇uth ∈ L2(Ω) is
not (owing to uth only being H1-conforming) which means only the former can
be used to integrate forward the momentum equation. As we shall see shortly,
spatial convergence of σth to ∇uth is sufficient for convergence of the discrete
curve.

Remark 39. Note that gradient recovery operators [158] could provide us with
a finite element gradient that is uniformly bounded by ∇uth, the latter of which
is uniformly bounded by some constant. Since at least H4(Ω) is required by the
continuous problem anyway we decide to further restrict the velocity space to
H6(Ω) and, at a discrete level decompose the associated operator into two H3

operator inversions in Ṽ d
th.

Given Ωth we introduce some additional notation that we use in the forthcoming
results.

• Recall Ω+
th (resp. Ω−th) denotes the collection of K ∈ Ωth lying on the

outside (resp. inside) of the curve qth ◦ S1.

• We let K+ (resp. K−) denote the collection of K ∈ Ω+
th (resp. K ∈ Ω−th)

such that K ∩ qth ◦ S1 6= ∅.
• For e ∈ Eh, Ke denotes the collection of K ∈ Ωth such that K ∩ e 6= ∅.

Assumption 40. Let σth ∈ Ṽ d×d
th , t ∈ [0, 1] solve (3.11e) with the boundary

conditions (3.11f). There exists a mesh resolution h∗ > 0 such that for all
0 < h < h∗ we have:

‖σth‖m,Ωth ≤Mh∗ , t ∈ [0, 1],

for some Mh∗ > 0 independent of h > 0 and t.

This assumption means that the discrete velocity is a priori conserved for a
sufficiently fine mesh. This bounded property can in practice be inspected a
posteriori. It is inexpensive to numerically compute this norm in for instance a
time-stepping loop, so theorem 38 does in fact provide a useful result.

In preparation for a curve convergence result we introduce the following auxiliary
problem where we seek ût ∈ Hm

0 (Ω)d, ŵt ∈ Hm(Ω)d for t ∈ [0, 1]:

a(ût, v) = 〈ŵt, v〉0,Ω, ∀v ∈ Hm
0 (Ω)d, (3.13a)

a(ŵt, v) =

∫
S1

pth · v ◦ qth dθ, ∀v ∈ Hm(Ω)d. (3.13b)
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We recall the Strang [208] lemma 13 from chapter 2 (see also [39, Section 2.2.3]).
In the present context we can state it as follows:

Lemma 41 (Strang). Let wth be the solution of (3.11b) and ŵt be the solution
of (3.13b). Then,

‖wth − ŵt‖m,Ωth . inf
v∈Ṽ dth

‖ŵt − v‖m,Ωth + sup
v∈Ṽ dth

|
∫
S1 pth ◦ qth · v dθ − ah(ŵt, v)|

‖v‖m,Ωth
,

(3.14)
where the first term on the right-hand side is called the approximation term
and the second a consistency term.

Proof. Let v, yh ∈ Ṽ d
th:

ah(uth − yh, v) = ah(uth − ŵt, v) + ah(ŵt − yh, v)

=

∫
S1

pth ◦ qth · v dθ − ah(ŵt, v) + ah(ŵt − yh, v) .

Dividing by ‖v‖m,Ωth and using coercivity ah(·, ·) we can therefore claim:

‖ŵth − yh‖m,Ωth ≤ sup
v∈Ṽ dth

∫
S1 pth ◦ qth · v dθ − ah(ŵt, v)|

‖v‖m,Ωth
+ ‖ŵt − yh‖m,Ωth ,

which together with the triangle inequality yields the result.

We say that a discretisation for which the terms on the right-hand side of (3.14)
vanish as h→ 0 is an approximate and consistent discretisation. Approximation
is guaranteed via classic element-wise interpolation estimates - we briefly state
the main results from [231] adapted to the current setting.

Definition 42 (Canonical interpolation operator). For a given k ∈ Ωth, t ∈
[0, 1] let us denote by ΠK : Hm(K) → P̃

(3,2)
K , the canonical interpolation

operator where P̃ (3,2)
K ⊂ P7(K) is a 7th order polynomial space defined in [231,

Equation 4.1]. The nature of the definition of P̃ (3,2)
K is not relevant here as the

goal is simply to construct abstract approximation results for these polynomials.
Section 4 of [231] describes this space in great detail. A technical result [231,
Lemma 4.1] determines the local degrees of freedom that show unisolvency of
P̃

(3,2)
K i.e. those that uniquely determine any v ∈ P̃

(3,2)
K . This unisolvency

property allows us to sketch the definition of ΠK:

ΠKv =
J∑
j=1

lK,jnK,j(v), ∀v ∈ Hm(K),

where {lK,j}Jj=1 is a local basis and {nK,j}Jj=1 (for some positive integer J) is
a nodal basis satisfying nK,i(lK,k) = δik, where δik is the Kronecker delta. See
section 2.3 of the aforementioned reference for an example of a constructing of
such a local interpolant.
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By standard interpolation theory ([42], [231, Lemma 2.4]) we have:

Lemma 43. For s ∈ [0, 1] and k such that 0 ≤ k ≤ m and K ∈ Ωth:

|v − ΠK |k,K . hm+s−k
K |v|m+s,K , ∀v ∈ Hm+s(K).

The global operator πh on Hm(Ω)d into Ṽ d
th is defined by (πhv)|K = Πh|K(v|K)

for K ∈ Ωth and satisfies the following standard result:

Theorem 44. For v ∈ Hm+s(Ω), s ≥ 0 we have:

‖v − πhv‖m,Ωth ≤ hs|v|m+s,Ω,

lim
h→0
‖v − πhv‖m,Ωth = 0.

Proof. The first property is obvious from lemma 43. For the second see [231,
Theorem 2.5].

This states that globally m+ s weakly differentiable functions can be approx-
imated in the norm ‖ · ‖m,Ωth . However, by remark 24, global higher-order
regularity of solutions to (3.6a) and (3.13b) is not possible. Local regularity,
may however be recovered by the following lemma.

Lemma 45 (Hypoellipticity). Let wt, ŵt be the solutions to (3.6a) and (3.13b),
and define by Ω−t , Ω+

t , (resp. Ω−th, Ω+
th) the connected open sets bounded by

qt ◦ S1 and ∂Ω (resp. ∂Ωth and qth ◦ S1) on the inside and outside of the curve.
Then the restriction of wt (resp. ŵt) to the sets Ω−t , Ω+

t (resp. Ω−th, Ω+
th) is C∞

in each component.

Proof. We recall that a differential operator D is hypoelliptic [43, Remark 25] if
for any open set ω, C∞(ω) 3 Dz ⇒ z ∈ C∞(ω) [96, Theorem 6.33]1. Moreover,
any constant coefficient elliptic operator is in fact hypoelliptic [96, Corollary
6.34]. We observe that the operator B associated to the bilinear form a(·, ·)
is hypoelliptic on open sets, and so in fact, for any open set ω ⊂ Ω such that
ω̄ ⊂ Ω is compact and such that ω∩qt◦S1 = ∅ and t ∈ [0, 1], Bu|ω = 0 ∈ C∞(ω)
(resp. for qth). In the case of the curve qth ◦ S1 it is easy to see that for any
K ∈ Ωth we can solve an elliptic problem with smooth data on the interior and
recover the local estimate. The key property here is convexity of K, see e.g.
[114, Chapter 4].

Remark 46. Interestingly, local regularity provides a smooth velocity almost
everywhere, so one could in theory select e.g. B = id−∆. This, however, is
insufficient to generate integrable geodesics of (3.6) for all time because the
Lipschitz norm is not conserved since this choice of B only controls the H1

norm so that Lipschitz norm can become arbitrarily large.

1 For completeness we highlight that although this result stated for distributions it is also
valid for the kind of Hilbert-Sobolev spaces we consider here and we refer to the author’s
comment on this extension near the end of part C of Chapter 6 of [96].
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However, local regularity can be recovered from lemma 45 to state the following
nonconforming estimate using theorem 44 applied in an element-wise manner.

Corollary 47. Let v ∈ Hm(Ω) be such that v|K ∈ Hm+s(K)d, ∀K ∈ Ωth, with
m = d+ 1, s ≥ 0. Then:

‖v − Πhv‖m,Ωth ≤ hs|v|m+s,Ωth ,

lim
h→0
‖v − Πhv‖m,Ωth = 0.

Corollary 47 establishes an important local approximation property for the
discretisation (3.11). We recall that consistency of the discretisation means
estimating to what extent, as a function of h, the continuous solution (3.11b)
satisfies the equation (3.13b). This property can be verified by e.g. the gen-
eralised patch test (GPT) of Stummel [213]. This essentially asks that the
nonconforming finite element spaces satisfy a type of compactness condition (a
more modern version of this condition is stated in [230], namely the one we
presented in chapter 2).

The proof of consistency of Ṽh was omitted in [231] so for completeness we
apply an argument similar to [230, Theorem 3.2] using the weak continuity
lemma 28 to show this. This property states that integrals of derivatives of
functions in Ṽ d

th are smooth across interior edges of a triangulation, rather than
smoothness in a pointwise sense.

Remark 48 (Bibliographic note). Weak continuity is indeed sufficient (but not
necessary) for the “SPT” condition required in the aforementioned Theorem
3.2. The following theorems are not novel and are simply included to benefit any
unfamiliar readers with the literature. While we can easily verify the GPT by
the information we provided above, in the proof of the following we use what we
regard as a simpler method given by [229] provided a weak continuity property.

Theorem 49. Ṽ d
th is a consistent approximation of H3(Ω)d.

Proof. As stated in [213, Section 1.2, Assumption V], we verify coercivity and
continuity of a(·, ·) and ah(·, ·) by corollary 37 as required for the GPT [213,
Section 1.4, Equation 7]. Using the form of the test as stated in [229, Equation
4.4], Ṽh passes the GPT if and only if the following condition stated is satisfied:

lim
h→0

sup
vh∈Ṽh

‖vh‖m,Ωth≤1

|Tα,i(ψ, vh)| = 0, |α| < m, 1 ≤ i ≤ d, ∀ψ ∈ C∞(Ω̄),

(3.15)
where:

Tα,i(ψ, vh) =
∑
K∈Ωth

∫
K

[
ψ
∂

∂xi
∂αvh +

∂ψ

∂xi
∂αvh

]
dx .
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Equivalently, where ηK is the outward normal of K:

Tα,i(ψ, vh) =
∑
K∈Ωth

∫
∂K

ψ∂αvhη
i
K ds . (3.16)

For an edge e ∈ E̊th between K,K ′ ∈ Ωth and let ηK (resp. ηK′) denote the
outward normal to K (resp. K ′). We can then write (3.16) as:

Tα,i(ψ, vh) =
∑
e∈E̊th

∫
e

ψ∂αvh|KηiK + ψ∂αvh|K′ηiK′ ds+
∑
e∈∂Ωth

∫
e

ψ∂αvhη
i
∂Ωth

ds

=
∑
e∈E̊th

∫
e

ψ
[
∂αvh|K − ∂αvh|K′

]
ηiK′ ds+

∑
e∈∂Ωth

∫
e

ψ∂αvhη
i
∂Ωth

ds

.
∑
e∈E̊th

‖ψ‖L∞(e)

∫
e

[
∂αvh|K − ∂αvh|K′

]
ds

+
∑
e∈∂Ωth

‖ψ‖L∞(e)

∫
e

∂αvh ds

= 0.

Here we have used lemma 28 stating that facet integral moments of first and
second order match between cells, so the consistency condition is satisfied so
Ṽh passes the GPT, which implies the same result for Ṽ d

th which is therefore a
consistent approximation of H3(Ω)d.

The approximation and consistency of the GPT results imply a convergence
result. However, this result only estimates the difference between wth and ŵt
when the momentum pth and the curve qth are fixed. In other words, if we
refine around the fixed curve qth ◦ S1, some convergence can be obtained for
wth. To reiterate, the following result therefore discusses convergence when
the resolution for the bilinear form in (3.13b) and for wth is refined. To ease
notation, however, we still use pth and qth. To state the convergence result we
need to prove a technical lemma:

Lemma 50. Let v ∈ H3(Ω)d and the sequence {vh}h in Ṽ d
th be such that

limh→0 ‖v − vh‖m,Ωth = 0. Then, for any qth ∈ C0(S1)d such that qth ◦ S1 is
comprised of edges e ∈ E̊th, (vhk − v) ◦ qth converges a.e. pointwise to zero on
S1 (with respect to the 1-dimensional Lebesgue measure).

Proof. Pointwise convergence on S1 is implied by convergence in the sup norm.
Using definition 32 we have:

ess sup
θ∈S1

|(vhk − v) ◦ qth|(θ) = ess sup
x∈qth◦S1

|vhk − v|(x)

= max
i∈J

ess sup
x∈qth◦S1

i

|vhk − v|(x).

58



Chapter 3. Curve Matching 3.3. Nonconforming Discretisation

Since vhk − v is continuous everywhere, vhk − v = {vhk − v} on edges of the
interior mesh skeleton E̊th. Therefore, for any two elements K+

i and K−i joining
an edge qth ◦ S1

i we can say:

max
i∈J

ess sup
x∈qth◦S1

i

|vhk − v|(x) = max
i∈J

ess sup
x∈qth◦S1

i

|{vhk − v}|(x)

≤ max
i∈J

[
ess sup

x∈qth◦S1
i

|vhk |K+
i
− v|(x)

+ ess sup
x∈qth◦S1

i

|vhk |K−i − v|(x)
]
.

By the Sobolev embedding theorem in one dimension we have for any bounded
open set U : f ∈ H1(U)⇒ f ∈ C0(U), so:

ess sup
θ∈S1

|(vhk |K+
i
− v) ◦ qth|(θ) ≤ max

i∈J
‖vhk |K+

i
− v‖1,qth◦S1

i
.

By the trace theorem we have for any i ∈ J :

‖vhk |K+
i
− v‖1,qth◦S1

i
. ‖vhk − v‖2,Ωth .

Since ‖vhk − v‖2,Ωth converges by assumption we conclude the proof by applying
the same argument to the restriction of vhk to K−i .

Another way to see this result is to recall theorem 22 indicating that Ṽ d
th|K ⊂

L∞(K), K ∈ Ωth. Since K is convex [207, Theorem 5] tells us that an extension
result obtains and we can therefore ascribe meaning to the values of a function
in Ṽ d

th|K on ∂K.

Corollary 51. Let uth and ût solve (3.11a) and (3.13a), and let wth and ŵt
solve (3.11b) and (3.13b). Letting the resolution for qth and pth be fixed as a
function of h, then for all t ∈ [0, 1] we have:

lim
h→0
‖uth − ût‖m,Ωth = lim

h→0
‖wth − ŵt‖m,Ωth = 0.

Proof. The strategy is to use the definition of a consistent approximation to
show convergence of the discrete bilinear form to the continuous one, and the
same for the discrete source term. It is completely essential that the source
term in (3.11b) and (3.13b) are considered fixed in the momentum and the
curve. The reader should think about this corollary as a convergence result if
we refine the mesh, and resolution of the velocity field around a fixed embedded
curve (qth) for some polynomial momentum (pth). The convergence of (qth and
pth are dealt with using Grönwall’s lemma).

We note a(ût, ût) = ah(ût, ût), so:

ah(ût − uth, ût − uth) = 〈ŵt − wth, ût − uth〉0,Ωth ,
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so by Cauchy-Schwartz:

‖ût − uth‖m,Ωth ≤ ‖ŵt − wth‖0,Ωth .

We know that ‖ŵth‖m,Ωth . ‖pth‖0,S1 since Ṽ d
th is Lipschitz-conforming cf.

theorem 22, so {ŵth}h is a bounded sequence. Using the definition of consistency
in [213, 230] we say that Ṽ d

th is a consistent approximation of H3(Ω)d by theorem
49 and [230, Section 3.1] so we can extract a subsequence {ŵthk}k≥0 of {ŵth}h
and a function w′ ∈ H3(Ω)d such that ∂αŵthk → ∂αw′ weakly in L2(Ω) for all
|α| ≤ m. We know by corollary 47 that given any v ∈ H3(Ω)d there exists a
sequence {vh}h such that limh→0 ‖v − vh‖m,Ωth = 0. Then we can say:

|ahk(ŵthk , vhk)− a(w′, v)| ≤ |ahk(ŵthk , vhk − v)|+ |ahk(ŵthk − w′, v)|
≤ ‖ŵthk‖m,Ωth‖vhk − v‖m,Ωth + |ahk(ŵthk − w′, v)|

which vanishes as k →∞. Next we show:∫
S1

pth · vhk ◦ qth dθ →
∫
S1

pth · v ◦ qth dθ as hk → 0, (3.17)

which essentially amounts to showing that we can pass the limit inside the
integral of S1. By the dominated convergence theorem this requires at least
pointwise convergence of (vhk − v) ◦ qth and pointwise boundedness by some
integrable function. The latter is trivial since vhk and v are Lipschitz. The
information we have is strong convergence of ‖vhk − v‖m,Ωth by the weak ap-
proximation property, so by lemma 50 (3.17) is verified.

In light of this we must have a(w, v) =
∫
S1 pth ◦ v ◦ qth dθ and so corollary 37

implies w′ ≡ ŵt.

Next we show strong convergence. Let yh ∈ Ṽ d
th be a sequence such that

‖ŵt − yh‖m,Ωth → 0 as h→ 0. Then,

‖ŵt − wth‖2
m,Ωth

. ‖ŵt − yh‖2
m,Ωth

+ ah(yh − wth, yh − wth)
. ‖ŵt − yh‖2

m,Ωth
+ a(ŵt, ŵt)− 2ah(ŵt, wth) + ah(wth, wth)

. ‖ŵt − yh‖2
m,Ωth

+ a(ŵt, ŵt)− 2ah(ŵt, wth)

+

∫
S1

pth ◦ wth ◦ qth dθ.

Now using what we just derived above:

a(ŵt, ŵt)− 2ah(ŵt, wth) +

∫
S1

pth ◦ wth ◦ qth dθ

→ a(ŵt, ŵt)− 2ah(ŵt, ŵt) +

∫
S1

pth ◦ ŵt ◦ qth dθ = 0

as h→ 0.
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Remark 52 (Comparison with L2(Ω) source terms). The standard setting is
for the source term to be defined in terms of some f ∈ L2(Ω)d on the form
〈f, vhk〉0,Ω. Weak L2(Ω)d convergence therefore trivially completes the argument
in this case since:

〈f, vhk〉0,Ω → 〈f, v〉0,Ω,
is by definition, weakly convergent. This argument is ill-suited to the setting
above due to the singular nature of the S1 integral as a source term. This is
the reason for the use of lemma 50 in corollary 51.

It is hugely important to note that corollary 51 provides a convergence result
for a fixed curve and momentum. Here we commit a slight abuse of notation
by keeping the subscript h on all our variables, as the notation otherwise
comes in the way of the exposition of the result. We briefly elaborate on this
here. The key thing to note in the result above is that the implicit conforming
shape-regular family of triangulations {Ωth}hj are such that for any hj → 0 as
j →∞ there is a subset of E̊thj tracing out qth. One can think of corollary 51
as saying that if we refine the mesh "around the curve" qth our discrete solution
converges to the continuous one. Mesh refinement for the spaces Sqh and Sph for
qth and pth is therefore not a factor here. Keeping this in mind we proceed to
prove a convergence rate. To this end we introduce the notion of conforming
relatives first proposed in [41].

Proposition 53 (Conforming relatives). There exists an Hm-conforming finite
element space V c,d

h ⊂ Hm
0 (Ω)d and an operator Πc

h : Ṽ d
th → V c,d

h such that
∀v ∈ Ṽ d

th:
m−1∑
j=0

h2(j−m)|vih −
[
Πc
hvh
]i|2j,Ωth + |

[
Πc
hvh
]i|2m,Ωth . |vih|2m,Ωth . (3.18)

for each component vih of vh.

This result can be seen in e.g. [135] or [134, Lemma 3.2]2. The proof we provide
next uses these operators as well as the hypoellipticity result in lemma 45.

Corollary 54. The convergence rate for the expression limh→0 ‖ût−uth‖m,Ωth =
0 is almost linear in h via the following bound:

‖ût − uth‖m,Ωth . h
( 2∑
i=1

‖D3ŵit‖0,Ωth + ‖D5ŵit‖0,Ωth + ‖D4ŵit‖0,Ωth

+ h
( ∑
e∈qth◦S1

‖JD3ŵitK‖0,e + ‖JD5ŵitK‖0,e

)
+ 2‖D4ŵit‖0,Ωth

)
+

∑
e∈qth◦S1

‖JD3ŵit − PKe
[
D3ŵit

]
K‖0,e

+ hs|ŵt|m+s,Ωth ,

2 The reference given here shows under which conditions the conforming relatives operator
exists, for arbitrary m ≥ 1. These are are exactly the weak continuity properties provided
by [231].
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for any integer s ≥ 0, where PKe is the projection operator on L2(Ke) defined
by:

PKev = (
∑
K∈Ke

|K|)−1
∑
K∈Ke

∫
K

v dx, v ∈ L2(Ω).

Proof. We first note a(ût, ût) = ah(ût, ût), so since ût and uth satisfy:

ah(ût, ût) = 〈ŵt, ût〉0,Ωth ,
ah(uth, uth) = 〈wth, uth〉0,Ωth .

Subtracting these we obtain:

ah(ût − uth, ût − uth) = 〈ŵt − wth, ût − uth〉0,Ωth ,

so by Cauchy-Schwartz:

‖ût − uth‖m,Ωth ≤ ‖ŵt − wth‖0,Ωth .

We proceed to bound the right-hand side. For arbitrary yh ∈ Ṽ d
th we seek to

bound the following expression in terms of h:

ah(ŵt − wth, yh) = ah(ŵt, yh)−
∫
S1

pth · yh ◦ qth dθ.

We use the conforming relatives operator to say:

ah(ŵt − wth, yh) = ah(ŵt, yh)−
∫
S1

pth · yh ◦ qth dθ

= ah(ŵt, yh − Πc
hyh)−

∫
S1

pth · (yh − Πc
hyh) ◦ qth dθ,

since ah(ŵt,Πc
hyh)−

∫
S1 pth · Πc

hyh ◦ qth dθ = 0.

First we estimate
∫
S1 pth · (yh−Πc

hyh) ◦ qth dθ and show linear convergence in h.
The key tools are the Sobolev embedding theorem and (3.18):∫

S1

pth · (yh − Πc
hyh) ◦ qth dθ ≤ ‖pth‖0,S1‖(yh − Πc

hyh) ◦ qth‖0,S1

. ‖pth‖0,S1‖(yh − Πc
hyh) ◦ qth‖∞,S1

= ‖pth‖0,S1‖yh − Πc
hyh‖∞,qth◦S1

. ‖pth‖0,S1‖yh − Πc
hyh‖1,qth◦S1 (embedding)

. ‖pth‖0,S1‖yh − Πc
hyh‖2,Ωth

Now using the bound in (3.18):∫
S1

pth · (yh − Πc
hyh) ◦ qth dθ . h‖pth‖0,S1‖yh‖m,Ωth . (3.19)
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As a result we have linear convergence in h if we suppose pth and qth are fixed
as functions of h.

Second we estimate ah(ŵt, yh−Πc
hyh) by writing the variational problem for ŵt

in a strong form. For the sake of exposition we recall the standard integration
by parts identities on elements K of Ωth in our notation:∫

K

〈Dŵit, Dyih〉 dx = −
∫
K

〈D2ŵit, y
i
h〉 dx+

∫
∂K

〈Dŵit, ηKyih〉 ds,∫
K

〈D2ŵit, D
2yih〉 dx =

∫
K

〈D4ŵit, y
i
h〉 dx+

∫
∂K

〈ηKD2ŵit, Dyih〉 ds

−
∫
∂K

〈D3ŵit, ηKy
i
h〉 ds,∫

K

〈D3ŵit, D
3yih〉 dx = −

∫
K

〈D6ŵit, y
i
h〉 dx+

∫
∂K

〈D5ŵit, ηKy
i
h〉 ds

−
∫
∂K

〈ηKD4ŵit, Dyih〉 ds+

∫
∂K

〈D3ŵit, ηKD
2yih〉 ds,

Recall that Ω−th (resp. Ω+
th) denotes the parts of domain Ωth restricted to the

inside (resp. outside) of the curve traced by qth ◦ S1.

Remark 55 (Strong form equation). The strong form version of (3.13b) can
be written by using the identities above:

Bŵt = 0, on Ω−th and Ω+
th,∫

S1

pth · v ◦ qth dθ =
d∑
i=1

∑
e∈qth◦S1

∫
e

b2

(
m

2

)
〈JD3ŵitK, v

i〉 − b3

(
m

3

)
〈JD5ŵitK, v

i〉

+ b3

(
m

3

)
〈JD4ŵitK, Dv

i〉 − b3

(
m

3

)
〈JD3ŵitK, D

2vi〉 ds,

∀v ∈ H3(Ω).

Indeed, for a test function v ∈ H3(Ω)d we have:

d∑
i=1

∫
Ωth

m∑
j=0

bj

(
m

j

)
〈Djŵit, D

jvi〉 dx

=
d∑
i=1

∫
Ω−th

m∑
j=0

bj

(
m

j

)
〈Djŵit, D

jvi〉 dx+

∫
Ω+
th

m∑
j=0

bj

(
m

j

)
〈Djŵit, D

jvi〉 dx.
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So integrating by parts:
d∑
i=1

∫
Ωth

m∑
j=0

bj

(
m

j

)
〈Djŵit, D

jvi〉 dx

=
d∑
i=1

∫
Ω−th

Bŵit · vi dx+
d∑
i=1

∫
Ω+
th

Bŵit · vi dx

+

∫
qth◦S1

b2

(
m

2

)
〈JD3ŵitK, v

i〉 − b3

(
m

3

)
〈JD5ŵitK, v

i〉

+ b3

(
m

3

)
JD4ŵitDv

iK− b3

(
m

3

)
JD3ŵitD

2viK ds .

Since the integral over Ω−th and Ω+
th of Bŵit · vi vanishes we can relate the

momentum term to a jump condition on qth ◦ S1 via the following variational
equality:∫

S1

pth · v ◦ qth dθ =
d∑
i=1

∑
e∈qth◦S1

∫
e

b2

(
m

2

)
〈JD3ŵitK, v

i〉 − b3

(
m

3

)
〈JD5ŵitK, v

i〉

+ b3

(
m

3

)
〈JD4ŵitK, Dv

i〉

− b3

(
m

3

)
〈JD3ŵitK, D

2vi〉 ds, ∀v ∈ H3(Ω) .

(3.20)

Then:

ah(ŵt, yh − Πc
hyh) =

2∑
i=1

∑
K∈Ωth

∫
K

Bŵit · (yih −
[
Πc
hyh
]i

) dx︸ ︷︷ ︸
sum cancels by definition

+

∫
∂K

b1

(
m

1

)
〈Dŵit, ηK(yih −

[
Πc
hyh
]i

)〉 ds︸ ︷︷ ︸
sum cancels because integrand is H1

+

∫
∂K

b2

(
m

2

)
〈ηKD2ŵit, D(yih −

[
Πc
hyh
]i

)〉 ds

−
∫
∂K

b2

(
m

2

)
〈D3ŵit, ηK(yih −

[
Πc
hyh
]i

)〉 ds

−
∫
∂K

b3

(
m

3

)
〈D5ŵit, ηK(yih −

[
Πc
hyh
]i

)〉 ds

+

∫
∂K

b3

(
m

3

)
〈ηKD4ŵit, D(yih −

[
Πc
hyh
]i

)〉 ds

−
∫
∂K

b3

(
m

3

)
〈D3ŵit, ηKD

2(yih −
[
Πc
hyh
]i

)〉 ds.
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We now write the boundary terms as jumps on the mesh skeleton. The
expressions yih −

[
Πc
hyh
]i and D2ŵit have unique traces everywhere, while the

expressions Djŵit, j = 3, 4, 5 only have unique traces on E̊th \ qth ◦ S1. Lastly,
the expressions Dj(yih −

[
Πc
hyh
]i

), j = 1, 2 are not uniquely defined anywhere
on E̊th. With this we can write:

ah(ŵt, yh − Πc
hyh)

=
2∑
i=1

∫
E̊th
b2

(
m

2

)
〈D2ŵit, JD(yih −

[
Πc
hyh
]i

)K〉 ds (3.21a)

+

∫
E̊th\qth◦S1

b3

(
m

3

)
〈D4ŵit, JD(yih −

[
Πc
hyh
]i

)K〉 (3.21b)

− b3

(
m

3

)
〈D3ŵit, JD

2(yih −
[
Πc
hyh
]i

)K〉 ds (3.21c)

+

∫
qth◦S1

−b2

(
m

2

)
〈JD3ŵitK, y

i
h −

[
Πc
hyh
]i〉 (3.21d)

− b3

(
m

3

)
〈JD5ŵitK, y

i
h −

[
Πc
hyh
]i〉 (3.21e)

+ b3

(
m

3

)
JD4ŵitD(yih −

[
Πc
hyh
]i

)K (3.21f)

− b3

(
m

3

)
JD3ŵitD

2(yih −
[
Πc
hyh
]i

)K ds, (3.21g)

where we recall that JD4ŵitD(yih −
[
Πc
hyh
]i

)K and JD3ŵitD
2(yih −

[
Πc
hyh
]i

)K on
e = K+

e ∩K−e are defined as:

JD4ŵitD(yih −
[
Πc
hyh
]i

)K = 〈ηK+
e
D4ŵit|K+

e
, D(yih −

[
Πc
hyh
]i

)|K+
e
〉

+ 〈ηK−e D
4ŵit|K−e , D(yih −

[
Πc
hyh
]i

)|K−e 〉,
JD3ŵitD

2(yih −
[
Πc
hyh
]i

)K = 〈ηK+
e
·D3ŵit|K+

e
, D2(yih −

[
Πc
hyh
]i

)|K+
e
〉

+ 〈ηK−e ·D
3ŵit|K−e , D

2(yih −
[
Πc
hyh
]i

)|K−e 〉.

Many of the terms in (3.21) are estimated using the same technique and rely
on the weak continuity result for Ṽ d

th in lemma 28. First we highlight the main
inequalities on which we rely. Let e be an edge of a arbitrary K ∈ Ωth with
length |e|. Further, let Ke denote the set of triangles in Ωth having e as an
edge. We recall [42, Equations 10.3.8, 10.3.9] and the trace theorem:

|e|−1‖f‖2
0,e . h−2

K ‖f‖2
0,K + |f |21,K , f ∈ H1(K) (3.22a)

|e|‖JwK‖2
0,e . h2

K

∑
K∈Ke

‖w‖2
1,K , w|K ∈ H1(K), (3.22b)

‖f |K‖2
0,e . ‖f‖2

1,K , f |K ∈ H1(K). (3.22c)
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Remark 56. The inequalities in (3.22a) and (3.22b) are not proved in [42],
so for completeness we prove these in appendix C. Readers can also refer to this
appendix for an example of some of the techniques we use here albeit applied to
a simple Poisson equation in the plane with a source term that is an integral of
a function defined over a subset of the mesh skeleton. We believe this can help
ease the exposition especially for readers with little exposure to nonconforming
FEM. When discretising Poisson using nonconforming linear elements this
problem has a similar structure to the one we consider here and may aid the
reader in the exposition. What we show is that a linear convergence rate in the
broken norm may be recovered even if the source term is, a priori, H−1 over
the domain but with a mesh-aligned singularity.

We now estimate each term in (3.21) starting with (3.21a). We now drop the
binomial coefficients to ease the notation.

For any constant ce and using Cauchy-Schwartz:

2∑
i=1

∫
E̊th
b2〈D2ŵit, JD(yih −

[
Πc
hyh
]i

)K〉 ds

=
2∑
i=1

∫
E̊th
b2〈D2ŵit − ce, JD(yih −

[
Πc
hyh
]i

)K〉 ds

≤b2

2∑
i=1

∑
e∈E̊th

‖D2ŵit − ce‖0,e‖JD(yih −
[
Πc
hyh
]i

)K‖0,e.

Now we multiply by 1 = |e|−1/2|e|1/2:
2∑
i=1

∫
E̊th
b2〈D2ŵit, JD(yih −

[
Πc
hyh
]i

)K〉 ds

=b2

2∑
i=1

∑
e∈E̊th

|e|−1/2‖D2ŵit − ce‖0,e|e|1/2‖JD(yih −
[
Πc
hyh
]i

)K‖0,e

≤b2

( 2∑
i=1

∑
e∈E̊th

|e|−1‖D2ŵit − ce‖2
0,e

)1/2(|e|‖JD(yih −
[
Πc
hyh
]i

)K‖2
0,e

)1/2
.

Now using (3.22):

2∑
i=1

∫
E̊th
b2〈D2ŵit, JD(yih −

[
Πc
hyh
]i

)K〉 ds

.b2

( 2∑
i=1

∑
e∈E̊th

min
K∈Ke

[
h−2
K ‖D2ŵit − ce‖2

0,K + |D2ŵit|21,K
])1/2

×
(
h2
K |D(yih −

[
Πc
hyh
]i

)|21,K
)1/2

.
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Now since ce was arbitrary we can take it to be the constant in R that is the
closest approximation of D2ŵit. Projection of Sobolev functions onto constants
is well-understood; by e.g. [89, Proposition 1.135] we know that:

‖D2ŵit − |K|−1

∫
K

D2ŵit dx‖0,K . hK |D2ŵit|1,K ,

with a constant independent of hK . Squaring on both sides cancels the depen-
dence on hK in the previous estimate so we get:

2∑
i=1

∫
E̊th
b2 min

K∈Ke
〈D2ŵit, JD(yih −

[
Πc
hyh
]i

)K〉 ds

.b2

( 2∑
i=1

∑
e∈E̊th

min
K∈Ke

|D2ŵit|21,K
)1/2(

h2
K |D(yih −

[
Πc
hyh
]i

)|21,K
)1/2

.b2h‖D3ŵit‖0,Ωth‖yih −
[
Πc
hyh
]i‖m,Ωth

.b2h‖D3ŵit‖0,Ωth‖yh‖m,Ωth ,

using (3.18) in the last step.

Next we estimate (3.21b). It is clear that the only difference from (3.21a)
here is the operator D4 instead of D2 applied to ŵit, so by the same steps as
previously:

2∑
i=1

∫
e∈E̊th\qth◦S1

b3〈D4ŵit, JD(yih −
[
Πc
hyh
]i

)K〉 ds

. b3h‖D5ŵit‖0,Ωth‖yh‖m,Ωth .

We now treat (3.21c). For an arbitrary constant ce:

2∑
i=1

∫
E̊th\qth◦S1

−b3〈D3ŵit, JD
2(yih −

[
Πc
hyh
]i

)K〉 ds

=
2∑
i=1

∫
E̊th\qth◦S1

−b3〈D3ŵit − ce, JD2(yih −
[
Πc
hyh
]i

)K〉 ds

≤ b3

( 2∑
i=1

∑
e∈E̊th\qth◦S1

‖D3ŵit − ce‖2
0,e

)1/2(‖JD2(yih −
[
Πc
hyh
]i

)K‖2
0,e

)1/2
.
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Now using (3.22) again and Cauchy-Scwartz:

2∑
i=1

∫
E̊th\qth◦S1

−b3〈D3ŵit, JD
2(yih −

[
Πc
hyh
]i

)K〉 ds

≤ b3

( 2∑
i=1

∑
e∈E̊th\qth◦S1

min
K∈Ke

h−2
K ‖D3ŵit − ce‖2

0,K + |D3ŵit|21,K
)1/2

×
(
h2
K |D2(yih −

[
Πc
hyh
]i

)|21,K
)1/2

. b3

( 2∑
i=1

∑
e∈E̊th\qth◦S1

|D3ŵit|21,K
)1/2(

h2
K |D2(yih −

[
Πc
hyh
]i

)|21,K
)1/2

.

Using the trace theorem we get:

2∑
i=1

∫
E̊th\qth◦S1

−b3〈D3ŵit, JD
2(yih −

[
Πc
hyh
]i

)K〉 ds

. b3h
( 2∑
i=1

∑
K∈Ωth

|D3ŵit|21,K
)1/2‖yih −

[
Πc
hyh
]i‖m,Ωth

= b3h‖D4ŵit‖0,Ωth‖yih −
[
Πc
hyh
]i‖m,Ωth

. b3h‖D4ŵit‖0,Ωth‖yh‖m,Ωth .

Estimating (3.21d), (3.21e) and (3.21f) rely on the trace theorem and a property
of the conforming relatives operator in (3.18). For (3.21d) we have:

2∑
i=1

∫
qth◦S1

−b2〈JD3ŵitK, y
i
h −

[
Πc
hyh
]i〉 ds

≤b2

2∑
i=1

∑
e∈qth◦S1

‖JD3ŵitK‖0,e‖yih −
[
Πc
hyh
]i‖0,e.

By the trace theorem, ‖yih−
[
Πc
hyh
]i‖0,e .

∑
K∈Ke ‖yih−

[
Πc
hyh
]i‖1,K so by using

this and (3.18) in the above estimate:

2∑
i=1

∫
qth◦S1

−b2〈JD3ŵitK, y
i
h −

[
Πc
hyh
]i〉 ds

.b2

2∑
i=1

∑
e∈qth◦S1

‖JD3ŵitK‖0,e‖yih −
[
Πc
hyh
]i‖1,Ωth

.b2h
2

2∑
i=1

∑
e∈qth◦S1

‖JD3ŵitK‖0,e‖yh‖m,Ωth .
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By a similar argument for (3.21e):

2∑
i=1

∫
qth◦S1

−b3〈JD5ŵitK, y
i
h −

[
Πc
hyh
]i〉 ds

.b3

2∑
i=1

∑
e∈qth◦S1

‖JD5ŵitK‖0,e‖yih −
[
Πc
hyh
]i‖1,Ωth

.b2h
2

2∑
i=1

∑
e∈qth◦S1

‖JD5ŵitK‖0,e‖yh‖m,Ωth .

Term (3.21f) is estimated similarly:

2∑
i=1

∫
qth◦S1

b3JD4ŵitD(yih −
[
Πc
hyh
]i

)K ds

=b3

2∑
i=1

∫
qth◦S1

〈ηK+
e
D4ŵit|K+

e
, D(yih −

[
Πc
hyh
]i

)|K+
e
〉

+ 〈ηK−e D
4ŵit|K−e , D(yih −

[
Πc
hyh
]i

)|K−e 〉 ds.

Using Cauchy-Schwartz twice, the trace theorem and (3.18) we proceed as
previously:

2∑
i=1

∫
qth◦S1

b3JD4ŵitD(yih −
[
Πc
hyh
]i

)K ds

≤b3

2∑
i=1

∑
e∈qth◦S1

‖ηK+
e
D4ŵit|K+

e
‖0,e‖D(yih −

[
Πc
hyh
]i

)|K+
e
‖0,e

+ ‖ηK−e D
4ŵit|K−e ‖0,e‖D(yih −

[
Πc
hyh
]i

)|K−e ‖0,e

.b3

2∑
i=1

∑
e∈qth◦S1

(
‖ηK+

e
D4ŵit|K+

e
‖0,e + ‖ηK−e D

4ŵit|K−e ‖0,e

)
‖D(yih −

[
Πc
hyh
]i

)‖1,Ωth

.b3h
( 2∑
i=1

∑
e∈qth◦S1

(
‖ηK+

e
D4ŵit|K+

e
‖0,e + ‖ηK−e D

4ŵit|K−e ‖0,e

))
‖yh‖m,Ωth

≤b3h‖D4ŵt‖0,Ωth‖yh‖m,Ωth .

Finally we estimate (3.21g):

2∑
i=1

∫
qth◦S1

−b3JD3ŵitD
2(yih −

[
Πc
hyh
]i

)K ds

=− b3

2∑
i=1

∫
qth◦S1

{D3ŵit} · JD2(yih −
[
Πc
hyh
]i

)K + JD3ŵitK{D2(yih −
[
Πc
hyh
]i

)} ds

=T1 + T2.
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We estimate T1 using the same method as for the term (3.21c). The only
difference is the presence of the averaging operator, but we can write {D3ŵit} =
1
2
D3ŵit|K−e + 1

2
D3ŵit|K+

e
, and since the restrictions of D3ŵit to K+

e and K−e are
smooth there are no changes to the procedure for the term (3.21c).

T1 . b3h‖D4ŵt‖0,Ωth‖yh‖m,Ωth .

Obtaining a convergence rate for T2 is more difficult owing to the presence of
the {D2(yih −

[
Πc
hyh
]i

)} term. It is easy to see why, since for an arbitrary edge
e ∈ E̊th, ‖D2(yih−

[
Πc
hyh
]i

)‖0,e . ‖D2(yih−
[
Πc
hyh
]i

)‖1,K for some K ∈ Ωth with
e as an edge. Then by (3.18) we know:

(
2∑
i=1

∑
K∈Ωth

‖D2(yih −
[
Πc
hyh
]i

)‖2
1,K)1/2 . ‖yh‖m,Ωth ,

but we do not recover a factor of h in this bound. We can however bound
(3.21g) as follows using an averaging operator over a neighbourhood near an
edge (see also [231, Equation 3.12] for an example). We define PKe as the
projection operator on L2(Ke) defined by:

PKev = (
∑
K∈Ke

|K|)−1
∑
K∈Ke

∫
K

v dx, v ∈ L2(Ω).

Then,

T2 = −b3

2∑
i=1

∫
qth◦S1

JD3ŵitK{D2(yih −
[
Πc
hyh
]i

)} ds

= −b3

2∑
i=1

∫
qth◦S1

JD3ŵit − PKe
[
D3ŵit

]
K{D2(yih −

[
Πc
hyh
]i

)} ds

≤ b3

2∑
i=1

∑
e∈qth◦S1

‖JD3ŵit − PKe
[
D3ŵit

]
K‖0,e‖{D2(yih −

[
Πc
hyh
]i

)}‖0,e.

Now using the trace theorem and (3.18):

T2 . b3

2∑
i=1

∑
e∈qth◦S1

‖JD3ŵit − PKe
[
D3ŵit

]
K‖0,e‖yih −

[
Πc
hyh
]i‖m,Ωth

. b3

2∑
i=1

∑
e∈qth◦S1

‖JD3ŵit − PKe
[
D3ŵit

]
K‖0,e‖yh‖m,Ωth .
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Collecting the bounds we have for (3.21) so far and dividing by ‖yh‖m,Ωth yields:

ah(ŵt − wth, yh)
‖yh‖m,Ωth

.h
( 2∑
i=1

‖D3ŵit‖0,Ωth + ‖D5ŵit‖0,Ωth + ‖D4ŵit‖0,Ωth

+ h
∑

e∈qth◦S1

‖JD3ŵitK‖0,e

+ h
∑

e∈qth◦S1

‖JD5ŵitK‖0,e + 2‖D4ŵit‖0,Ωth

)
+

∑
e∈qth◦S1

‖JD3ŵit − PKe
[
D3ŵit

]
K‖0,e

Using Strang’s lemma 41 and corollary 47 we can therefore say:

‖ŵt − wth‖m,Ωth . h
( 2∑
i=1

‖D3ŵit‖0,Ωth + ‖D5ŵit‖0,Ωth + ‖D4ŵit‖0,Ωth

+ h
∑

e∈qth◦S1

[‖JD3ŵitK‖0,e]

+ h
∑

e∈qth◦S1

[‖JD5ŵitK‖0,e] + 2‖D4ŵit‖0,Ωth

)
+

∑
e∈qth◦S1

‖JD3ŵit − PKe
[
D3ŵit

]
K‖0,e

+ hs|ŵt|m+s,Ωth ,

for any s ≥ 0, and since ‖ût−uth‖m,Ωth ≤ ‖ŵt−wth‖m,Ωth the result follows.

Remark 57 (Conforming reconstruction operator). In the analysis above we
make heavy use of the projection operator PKe as it is constructed in such a way
as to be continuous over the edge e (trivially so as the range of this operator is the
space of constants). [104] proposes a C1 reconstruction operator with attractive
properties (see e.g. equation (16) in the reference) that could be explored instead.
These properties concern error estimation of the projection error on elements
K of the triangulation. However, convergence in terms of h is not readily
obtained using such operators as the preceding analysis deals with terms of like∑

e∈qth◦S1 ‖JD3ŵit − PKe
[
D3ŵit

]
K‖0,e concerning the jump over edges. By using

a trace inequality to pull the estimate to K we lose an order of differentiation
which is reflected in the estimation properties of the aforementioned operator
(roughly speaking: the L2 norm on ∂K can be bounded by the H1 norm on K).
It is therefore not certain that such a conforming reconstruction operator yields
estimates that scale well with h.

Lemma 58 (Curve convergence). Suppose assumption 26, 33 and 40 hold
and q0, p0 ∈ Hj(S1)d for j ≥ 1 and p0h = ISph [p0] is the canonical interpolate
of p0 so that ‖p0 − p0h‖0,S1 ≤ h‖p0‖1,S1, 0 < h < h∗, where h∗ stems from
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assumption 40. Suppose further that corollary 51 holds so that for all t ∈ [0, 1],
limh→0 ‖ût − uth‖m,Ωth = 0. Then:

lim
h→0
‖qt − qth‖0,S1 = 0,

and we have the following bounds for t ∈ [0, 1]:

‖qt − qth‖0,S1 . h‖q0‖1,S1 +

∫ t

0

(1 + hm−1)
(
‖ps − psh‖0,S1 + ‖ûs − ush‖m,Ωth

)
+ hm−1‖us‖m,Ωth ds,

and

‖pt − pth‖0,S1 . h‖p0‖1,S1 +

∫ t

0

‖qs − qsh‖0,S1 + h(1 + ‖σs‖4,Ω + ‖σs‖5,Ω)

+ ‖ûs − ush‖m,Ωth ds.
Remark 59 (Convergence rate). The convergence rate of the integrands ‖ûs−
ush‖m,Ωth is a limitation to linear convergence of ‖qt − qth‖0,S1 as a function of
h. This rate is discussed at length later and summarised in corollary 54.

Proof. Using (3.6c), (3.11c) and Jensen’s inequality:

‖qt − qth‖0,S1 ≤ ‖q0 − q0h‖0,S1 +

∫ t

0

‖us ◦ qs − I1,d
Ω [ush] ◦ qsh‖0,S1 ds

≤ ‖q0 − q0h‖0,S1 +

∫ t

0

‖us ◦ qs − us ◦ qsh‖0,S1

+ ‖us ◦ qsh − ush ◦ qsh‖0,S1

+ ‖ush ◦ qsh − I1,d
Ω [ush] ◦ qsh‖0,S1 ds. (3.23)

The first term in the time integral is bounded by ‖us‖W 1,∞(Ω)‖qs − qsh‖0,S1 .
For the second term above we reuse the notation from definition 32 and let
Î denote a reference interval (e.g. [0, 1]) of measure |Î|. Let dθ, ds and dŝ
denote the Lebesgue measures over S1, Eth, and Î, respectively. Then we know
|∂θ
∂ŝ
| = 2π

|Î|NJ
. We denote by |∂ŝ

∂s
|−1
i = hqsh◦S1

i
the length of the line segment

qsh ◦ S1
i . Using assumption 33 we see that:

‖us ◦ qsh − ush ◦ qsh‖2
0,S1 =

∑
i∈J

‖us ◦ qsh − ush ◦ qsh‖2
0,S1

i

=
∑
i∈J

2π

hqsh◦S1
i
|Î|NJ

‖us − ush‖2
0,qsh◦S1

≤ C0
2π

|Î|
‖us − ush‖2

0,qsh◦S1 .

Since us − ush ∈ H1(Ωth) we invoke the trace theorem to chain together the
bounds:

‖us ◦ qsh − ush ◦ qsh‖0,S1 . ‖us − ush‖0,qsh◦S1 . ‖us − ush‖1,Ωth ,
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which in turn is controlled by the energy norm ‖us − ush‖m,Ωth . Before we
proceed to show convergence for this we first treat the third term on the
right-hand side of (3.23). Note that for some sufficiently smooth f assumption
33 provides the estimate:

‖f ◦ qsh‖2
0,S1 =

∑
i∈J

‖f ◦ qsh‖2
0,S1

i

≤ C0
2π

|Î|
∑
i∈J

‖f‖2
0,qsh◦S1

i
. (3.24)

Using (3.24) where f = ush − I1,d
Ω [ush] we get:

‖ush ◦ qsh − I1,d
Ω [ush] ◦ qsh‖0,S1 ≤

√
C02π

|Î|
‖ush − I1,d

Ω [ush]‖0,qsh◦S1

. ‖ush − I1,d
Ω [ush]‖1,Ωth

. hm−1|ush|m,Ωth
≤ hm−1‖ush‖m,Ωth ,

where we have used the change of variables to qsh ◦ S1 in the first step, and
then trace theorem in the second. The third step above relies on standard local
interpolation error estimate, [42, Theorem 4.4.4 and 4.4.20]. Based on this we
can say:

‖qt − qth‖0,S1 . ‖q0 − q0h‖0,S1 +

∫ t

0

‖us‖W 1,∞(Ω)‖qs − qsh‖0,S1

+ ‖us − ush‖m,Ωth + hm−1‖ush‖m,Ωth ds

≤ ‖q0 − q0h‖0,S1 +

∫ t

0

‖us‖W 1,∞(Ω)‖qs − qsh‖0,S1

+ (1 + hm−1)‖us − ush‖m,Ωth
+ hm−1‖us‖m,Ωth ds.

Remark 60 (On introducing the auxiliary problem (3.13)). Solving this aux-
iliary problem is a key step in the proof. To see why, first note that there is
no obvious way of comparing us to ush in sense of convergence. It is impor-
tant to understand why this is so in order to follow the analysis. Because the
right-hand sides of (3.6b) and (3.11b) do not match, we cannot use readily
apply convergence results from the nonconforming literature (see Strang’s result
later in lemma 41). This is not a limitation inherent to nonconforming finite
elements but simply because the question of convergence no longer makes sense
if the source terms differ. Indeed we introduce (3.13) because ŵt is a continuous
quantity (and therefore we can use it as a test function in (3.6b)), but with a
similar source term to (3.11b). We cannot dispense with this step.

By the triangle inequality we have

‖us − ush‖m,Ωth ≤ ‖us − ûs‖m,Ωth + ‖ûs − ush‖m,Ωth . (3.25)
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First, we bound ‖us − ûs‖m,Ωth . By using us − ûs as a test function in (3.13a)
and (3.6b) and subtracting these equations yields:

a(us − ûs, us − ûs) = 〈ws − ŵs, us − ûs〉0,Ω,
so ‖us − ûs‖m,Ωth ≤ ‖ws − ŵs‖0,Ωth . By a similar argument leading to (3.12) in
theorem 38 and adding and subtracting ps · (ws − ŵs) ◦ qsh we have:

‖ws − ŵs‖2
m,Ω ≤ |

∫
S1

ps · (ws − ŵs) ◦ qs dθ −
∫
S1

psh · (ws − ŵs) ◦ qsh dθ|

≤ |
∫
S1

ps · (ws − ŵs) ◦ qs + ps · (ws − ŵs) ◦ qsh
− ps · (ws − ŵs) ◦ qsh − psh · (ws − ŵs) ◦ qsh dθ|
. ‖ps‖1,S1‖ws − ŵs‖m,Ωth‖qs − qsh‖0,S1

+ ‖ws ◦ qsh − ŵs ◦ qsh‖∞,S1‖ps − psh‖0,S1 .

Let K+
i and K−i denote the two elements of Ωth such that K+

i ∩K−i = qsh ◦ S1
i

and γK+
i
, γK−i the associated trace operators on H1(K+

i ) and H1(K−i ). For the
term ‖ws ◦ qsh − ŵs ◦ qsh‖∞,S1 we notice:

‖ws ◦ qsh − ŵs ◦ qsh‖∞,S1 = ‖ws − ŵs‖∞,qsh◦S1

. ‖ws − ŵs‖m,Ωth
= ‖ws − ŵs‖m,Ω,

where we have used the Sobolev embedding theorem and the boundary condi-
tions on the diffeomorphism to state that ∂Ωth is constant in time and therefore
bounds the same domain as ∂Ω. Now using theorem 22:

‖us − ûs‖m,Ωth ≤ ‖ws − ŵs‖m,Ω
. ‖ps‖1,S1‖qs − qsh‖0,S1 + ‖ps − psh‖0,S1 , (3.26)

which takes care of the first term on the right-hand side in (3.25). Applying
Grönwall’s inequality [234, Theorem C.8] here yields:

‖qt − qth‖0,S1 . e
∫ t
0 ‖us‖m,Ωth+(1+hm−1)‖ps‖1,S1 ds ×

(
‖q0 − q0h‖0,S1

+

∫ t

0

(1 + hm−1)
(
‖ps − psh‖0,S1 + ‖ûs − ush‖m,Ωth

)
+ hm−1‖us‖m,Ωth ds

)
. (3.27)

By the hypothesis, ‖q0−q0h‖0,S1 ≤ h‖q0‖0,S1 . The exponential term is uniformly
bounded in h, so we need only examine the momentum term ‖ps − psh‖0,S1

using the evolution equations (3.6d) and (3.11d) as well as ‖ûs − ush‖m,Ωth to
establish convergence of ‖qt − qth‖0,S1 . First we treat the momentum term:

‖pt − pth‖0,S1 ≤ ‖p0 − p0h‖0,S1 +

∫ t

0

‖σs ◦ qsps − σsh ◦ qshpsh‖0,S1

+ ‖σsh ◦ qshpsh − PSph
[σsh ◦ qshpsh]‖0,S1 ds.
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We estimate the second term on the right-hand side of the above using a
standard interpolation result [42, Theorem 4.4.4]. Let I0

qsh
[σsh] denote the

matrix whose entries are comprised of the piecewise average of σsh on qsh
defined by the relation:

I0
qsh

[σsh]
k,l|qsh◦S1

i
=

1

qsh ◦ S1
i

∫
qsh◦S1

i

σk,lsh ds, i ∈ J , k, l = 1, d.

This should not be confused with ISph . Then using the previously mentioned
interpolation properties and rearranging:

‖σsh ◦ qshpsh − PSph
[σsh ◦ qshpsh]‖0,S1

≤ ‖σsh ◦ qshpsh − I0
qsh

[σsh] ◦ qshpsh‖0,S1

= ‖(σsh ◦ qsh − I0
qsh

[σsh] ◦ qsh)psh‖0,S1

Now taking the supremum of the term in parentheses:

‖σsh ◦ qshpsh − PSph
[σsh ◦ qshpsh]‖0,S1

≤ ‖σsh ◦ qsh − I0
qsh

[σsh] ◦ qsh‖∞,S1‖psh‖0,S1

= ‖σsh − I0
qsh

[σsh]‖∞,qsh◦S1‖psh‖0,S1

Since the quantity is ‖σsh − I0
qsh

[σsh]‖∞,qsh◦S1 is just a number, we can use the
{·} operator to write it as the sum of the restrictions from either side of the
edges that form qsh ◦ S1:

‖σsh ◦ qshpsh − PSph
[σsh ◦ qshpsh]‖0,S1

≤ ‖σsh − I0
qsh

[σsh]‖∞,qsh◦S1‖psh‖0,S1

= ‖{σsh − I0
qsh

[σsh]}‖∞,qsh◦S1‖psh‖0,S1

Using Cauchy-Schwartz, the properties of the operator I0
qsh

and the trace
theorem we finally obtain:

‖σsh ◦ qshpsh − PSph
[σsh ◦ qshpsh]‖0,S1

.
∑
i∈J

(
‖σsh|K+

i
− I0

qsh
[σsh]‖∞,qsh◦S1

i
+ ‖σsh|K−i − I0

qsh
[σsh]‖∞,qsh◦S1

i

)
‖psh‖0,S1

. h
∑
i∈J

(
|σsh|K+

i
|1,qsh◦S1

i
+ |σsh|K−i |1,qsh◦S1

i

)
‖psh‖0,S1

. h‖σsh‖m,Ωth‖psh‖0,S1 .

Using the triangle inequality we obtain the bound:

‖σsh ◦ qshpsh − PSph
[σsh ◦ qshpsh]‖0,S1 ≤ h‖σsh‖m,Ωth(‖ps‖0,S1 + ‖ps − psh‖0,S1).
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Using this estimate and continuing:

‖pt − pth‖0,S1 ≤ ‖p0 − p0h‖0,S1 +

∫ t

0

‖σs ◦ qsps − σsh ◦ qshpsh‖0,S1

+ h‖σsh‖m,Ωth(‖ps‖0,S1 + ‖ps − psh‖0,S1) ds.

By adding and subtracting σs ◦ qshps next and then adding and subtracting
σsh ◦ qshps as well as using the Lipschitz continuity of σs:

‖pt − pth‖0,S1 ≤ ‖p0 − p0h‖0,S1 +

∫ t

0

‖σs ◦ qsps − σs ◦ qshps‖0,S1

+ ‖σs ◦ qshps − σsh ◦ qshpsh‖0,S1

+ h‖σsh‖m,Ωth(‖ps‖0,S1 + ‖ps − psh‖0,S1) ds

≤ ‖p0 − p0h‖0,S1 +

∫ t

0

‖ps‖1,S1‖σs‖W 1,∞(Ω)‖qs − qsh‖0,S1

+ ‖σs ◦ qshps − σsh ◦ qshps‖0,S1

+ ‖σsh ◦ qshps − σsh ◦ qshpsh‖0,S1

+ h‖σsh‖m,Ωth(‖ps‖0,S1 + ‖ps − psh‖0,S1) ds.

Now we use the regularity of ps to take it out of the norm in the second term
on the integral on the right-hand side, and use Lipschitz continuity of σsh ◦ qsh:

‖pt − pth‖0,S1 ≤ ‖p0 − p0h‖0,S1 +

∫ t

0

‖ps‖1,S1(‖σs‖W 1,∞(Ω)‖qs − qsh‖0,S1

+ ‖σs ◦ qsh − σsh ◦ qsh‖0,S1 + h‖σsh‖m,Ωth)

+ (h‖σsh‖m,Ωth + ‖σsh ◦ qsh‖∞,S1)‖ps − psh‖0,S1 ds.

We remind ourselves that ‖σs‖W 1,∞(Ω) ≤ ‖∇us‖W 1,∞(Ω) so this quantity is
uniformly bounded by some constant. Rearranging and summarising the
momentum bound:

‖pt − pth‖0,S1 ≤ ‖p0 − p0h‖0,S1 +

∫ t

0

‖ps‖1,S1(‖σs‖W 1,∞(Ω)‖qs − qsh‖0,S1

+ ‖σs − σsh‖m−1,Ωth + h‖σsh‖m,Ωth)

+ (1 + h)‖σsh‖m,Ωth‖ps − psh‖0,S1 ds.

For convergence of the term ‖σs−σsh‖m−1,Ωth we introduce the auxiliary problem
(cf. remark 60) for σ̃th ∈ Ṽ d×d

th , t ∈ [0, 1]:

〈σ̃th −∇u>t , vh〉m−1,Ωth = 0, ∀vh ∈ Ṽ d×d
th ,

and proceed by bounding:

‖σs − σsh‖m−1,Ωth ≤ ‖σs − σ̃sh‖m−1,Ωth + ‖σ̃sh − σsh‖m−1,Ωth . (3.28)
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Since ∇us ∈ H5(Ω)d×d, σs ∈ Hm+4(Ω)d×d by inspection of (3.6e), so by [231,
Theorem 4.4] we obtain the bound:

‖σs − σ̃sh‖m−1,Ωth . h(|σs|4,Ω + |σs|5,Ω).

The second term in (3.28) is clearly bounded by ‖us− ush‖m,Ωth . Using this we
get:

‖pt − pth‖0,S1 ≤ ‖p0 − p0h‖0,S1 +

∫ t

0

‖ps‖1,S1

(
‖σs‖W 1,∞(Ω)‖qs − qsh‖0,S1

+ h(|σs|4,Ω + |σs|5,Ω)

+ ‖us − ush‖m,Ωth + h‖σsh‖m,Ωth
)

+ (1 + h)‖σsh‖m,Ωth‖ps − psh‖0,S1 ds.

Now using the triangle inequality on ‖us − ush‖m,Ωth and (3.26) we get:

‖pt − pth‖0,S1 ≤ ‖p0 − p0h‖0,S1 +

∫ t

0

‖ps‖1,S1

(
‖σs‖W 1,∞(Ω)‖qs − qsh‖0,S1

+ h(|σs|4,Ω + |σs|5,Ω)

+ ‖ps‖1,S1‖qs − qsh‖0,S1 + ‖ps − psh‖0,S1

+ ‖ûs − ush‖m,Ωth + h‖σsh‖m,Ωth
)

+ (1 + h)‖σsh‖m,Ωth‖ps − psh‖0,S1 ds.

Yielding the Grönwall estimate again:

‖pt − pth‖0,S1 ≤
(
‖p0 − p0h‖0,S1 +

∫ t

0

‖ps‖1,S1

(
‖σs‖W 1,∞(Ω)‖qs − qsh‖0,S1

+ h(|σs|4,Ω + |σs|5,Ω)

+ ‖ps‖1,S1‖qs − qsh‖0,S1

+ ‖ûs − ush‖m,Ωth + h‖σsh‖m,Ωth
)
ds
)

× e
∫ t
0 ‖ps‖1,S1+(1+h)‖σsh‖m,Ωth ds.

By assumption 40, ‖σsh‖m,Ωth ≤Mh taking h is sufficiently small. Now taking
C > 0 sufficiently large we can write:

‖pt − pth‖0,S1 ≤ CMhe
(1+h)Mh

(
‖p0 − p0h‖0,S1 +

∫ t

0

‖qs − qsh‖0,S1

+ h(1 + ‖σs‖4,Ω + ‖σs‖5,Ω) + ‖ûs − ush‖m,Ωth ds
)
.

Again, ‖p0 − p0h‖0,S1 vanishes as a function of h. We assume that the limit
h → 0 is taken for all previous times 0 ≤ s so the term ‖qs − qsh‖0,S1 also
vanishes, at which point we simply bootstrap to t > s. Finally the term
‖ûs − ush‖m,Ωth is dealt with by assumption.
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We briefly summarise our results. First, theorem 22 showed that a H3 non-
conforming but globally continuous finite elements leads to Lipschitz stable
spaces. We were then able to confirm an existence result in theorem 38 for
the discretised geodesics under very mild assumptions. The assumption on
which we rely is also easily checked computationally at essentially no additional
cost during simulations. Our main result, lemma 58 showed under which
conditions the discretised geodesics approaches the continuous solutions. We
saw that the presence of the singular curve integral as a source term prohibits
global regularity, and that despite recovering almost everywhere C∞ regularity
we cannot attain linear convergence as a function of h using the conforming
relatives used in corollary 54.

In summary, the finite element discretisation in (3.11) is convergent for any
initial scalar momentum in p0h ∈ H1(S1)d and initial curve q0h. Moreover, the
results in this section indicate that the initial momentum p0 contains all the
information necessary to compute the position of the curve q at time t = 1,
and that we have found a Lipschitz-stable discretisation allowing us to do so.
We note, however, that owing to the symmetry-breaking of the discrete system
we cannot expect that the discrete kinetic energy is conserved.

3.3.1 Alternative Approaches & Perspective

Over the course of this project several discretisations of (3.6) were considered.
This section discusses some of these alternative approaches as well as their
drawbacks to motivate the choices we have made in section 3.3. We also remark
on a few bibliographic details and how our problem is situated in the wider
literature.

• The medius error analysis approach introduced in [116] may be applicable
to our setting. At the core, this is an error analysis technique for elliptic
problems when higher regularity of the continuous solution cannot be
obtained. An example of this is the C0-conforming penalty method in [117]
which could be considered for our sixth order problem. Here, Galerkin
orthogonality is not preserved either at the price of more involved a
posteriori error analysis due to presence of penalty term. We have not
pursued this direction as it is not clear how to treat certain oscillation
terms in the authors’ analysis, nor how to arrive at certain technical
results (see Lemma 4.1 in the reference) for our space Ṽ d

th.

• We mention that [100] presents a stable mixed finite element method for
polyharmonic problems where the stability is independent of the regularity
of the solution. This amounts to decomposing e.g. an 2mth order problem
intom second-order problems. While finite element convergence is possible
in this context we do not have control over the Lipschitz norm of the
discrete velocity. Using the example from remark 46 we see that a
second-order problem does not prevent the Lipschitz norm from becoming
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arbitrarily large. It is therefore completely essential that the norm we use
for the velocity bounds the Lipschitz norm, it is not sufficient to recover
higher-order regularity from standard elliptic regularity (again by remark
46). This demonstrates the need for the finite element space introduced
in [231] as it provides subspace of Lipschitz functions.

• Theorem 25 gives us an explicit form of the momentum and thus poten-
tially alleviates the need to integrate forward the momentum equation.
Using analytical solution pt (resp. pth) in the velocity equation forces us
to treat the remaining system for the velocity and the curve as nonlinear
because the Jacobian of the flow map is not linear in the velocity. We
conjecture that Schaefer’s fixed point theorem can potentially be applied
to provide existence of a solution at the continuous level for H6 velocities
(as this, in turn, provides a highly regular Jacobian determinant). It is
out of scope of this text to treat the nonlinear case and its discretisation,
and we favour results from linear functional analysis to solve the discrete
system (3.11).

• An alternative to the moving mesh method is to apply, for all t > 0 a
pullback to the system (3.11a), ϕ−1

th , to t = 0, so the domain never moves.
This fixes the source term as an integral over S1 where the test functions
are now always evaluated on q0h so that, by a simple change of variables,
the integration involved in the source term can be done on q0h for all
times and allows us to define the curves using higher-order polynomials
(defined over q0h). This approach comes at the cost of modifying the
bilinear forms a(·, ·) (resp. ah(·, ·)) to take into account the Jacobians
from the pullback. At the discrete level, these Jacobians are polynomials
so continuity and coercivity of the bilinear form is not difficult to prove
provided a boundedness assumption on the Jacobians (otherwise the
proof of corollary 51 does not translate given the way we construct the
sequences {ŵthk}k≥0 and the mesh-dependence of our discrete bilinear
forms). For the same reason it is not trivial to show that the discrete
bilinear form converges to the continuous version since the second and
third derivatives of the flow map are not uniformly bounded in h. While
our proposed moving mesh method does not preserve the conservation
property of uth (cf. assumption 40), practitioners may favour a pullback
method provided the aforementioned flow map derivatives do not, at least
numerically, go to infinity as the mesh is refined.

• We comment on the limitation that Sqh is restricted to an affine space
meaning the discrete curves are comprised of piecewise affine segments of
Rd. If the embedded curve qth were a higher-order polynomial a moving
mesh method would move with a higher-order polynomial diffeomorphism
ϕth and no longer preserve convexity of triangles K ∈ Ωth. We therefore
lose key local approximation and regularity results which cannot be
dispensed with. While an isoparametric [42, Section 10.4] approach may
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be viable we find the restriction of qth to an affine space sufficient at high
enough mesh resolution and has the critical advantage that we can easily
write an explicit ODE for its evolution cf. (3.11c).

• Owing to the homogeneity of the operator B over the domain it may be
useful to seek solutions to (3.11) via boundary element methods provided
an explicit Green’s function can be constructed. We leave this as future
work.

• We could cast (3.11b) as a type of transmission problem in sense of [13]
(see for instance equation (1.8) in this reference), where the solution uth
on the inside and outside of the curve could be computed separately until
a condition similar to (3.20) is verified for the joint flux across the curve
qth ◦S1. We do, however, foresee the exact same issues viz a viz regularity
across the boundary and simply mention this approach for completeness.

• [20] describes an unfitted finite element method which allows domain
perturbations to a boundary integral. This is useful when e.g. a higher-
order polynomial representation of our curve is approximated using a
piece-wise linear representation. This geometric unfit could be useful in
the convergence analysis of a higher-order moving mesh method although
it is not obvious to construct dynamics for the perturbed curve. Recalling
that such explicit dynamics are a precondition for our applications of
Grönwall’s inequality we have not pursued this area of research further.

• We make a final remark about the term (3.21g) and regularity of ŵt. A
natural way to bound this is to use higher-order regularity and refine in
a tubular neighbourhood around qth so as to recover some factor of h.
Using a naïve method we could be tempted to use the trace theorem to
say:∑
e∈qth◦S1

‖JD3ŵitK‖0,S1 .
∑

e∈qth◦S1

∑
K∈Ke

‖D4ŵit|K‖1,K

.
(
|D4ŵit|∞,Ωth + |D5ŵit|∞,Ωth

) ∑
e∈qth◦S1

∑
K∈Ke

|K|1/2

.
(
|D4ŵit|∞,Ωth + |D5ŵit|∞,Ωth

)
NJh2h,

here we mark NJh with explicit dependence on h to show that, as the
mesh is refined, the amount of edges that form the discrete curve qth still
increases (although many of them will be collinear). By shape-regularity,
NJh = O(h−1) ("is on the order of"), which cancels the factor of h from
the fact that |K| → 0.

3.3.2 Computing the Forward Map

In this section we describe a practical implementation of the discretisation,
namely how to carry out the integration over S1 present in (3.11b) and (3.11d)
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as well as the time discretisation of the ODEs in (3.11).

Time is discretised into T discrete time steps t ∈ [0, 1 . . . , T − 1] of size
∆t = T−1. We therefore approximate the time derivative in (3.11d) by forward
Euler, p(t+1),h−pth

∆t
, so the discrete-time momentum update is written as∫

S1

p(t+1),h · δp dθ =

∫
S1

(pth − σth ◦ qthpth∆t) · δp dθ. (3.29)

where we test against all δp ∈ Sph. In general, finite element software can
only integrate expressions over simplices defined by the mesh. As a result we
perform a change of variables so the integration over S1 in this equation (and
in the right-hand side of (3.11b)) is carried out over qth ◦ S1. By definition 30
this curve is presented by a subset of the mesh skeleton for all t ∈ [0, 1]. Using
the same notation for the reference interval Î in lemma 58 we use an affine
change of variables from S1 to qsh (linear segment by linear segment), so we
can write (3.29) as∑

i∈J

∫
qth◦S1

i

p(t+1),h ◦ q−1
th · δp ◦ q−1

th dx

=
∑
i∈J

∫
qth◦S1

i

(pth ◦ q−1
th − σthpth ◦ q−1

th ∆t) · δq ◦ q−1
th dx, (3.30)

where the Jacobian term
2πh

qth◦S
1
i

|Î|NJ
cancels on both sides. By affine invariance

of Sqh this update equation is easily computed. In practice, p(t+1),h ◦ q−1
(t+1)h is

obtained from p(t+1),h ◦q−1
th simply by moving the mesh at each time step. What

this shows is that in practice we can compute with a “momentum” function
pth◦q−1

th defined as polynomial over the mesh skeleton which is widely supported
in finite element software as well as alleviating the need for mapping between
S1 and Ωth. The same applies to the equation for qth since qth = ϕth ◦ q0h by
(3.8). We also perform a change of variables in the right-hand side of (3.11b):∫

S1

pth · vh ◦ qth dθ =
∑
i∈J

2πhqth◦S1
i

|Î|NJ

∫
qth◦S1

i

pth ◦ q−1
th · vh dθ.

Remark 61. Suppose qth ∈ Ṽ d
th, then the equation:

ah(wth, vh) =

∫
S1

pth · vh ◦ qth dθ, ∀vh ∈ Ṽ d
th, (3.31)

is of course still solvable on paper. Numerically, however, this system is very
difficult to approximate when qth is not affine. When this is the case we cannot
evaluate the right-hand side term when this using finite element software. This
is not the only issue with (3.31). Even if qth is affine it may not aligned with
the mesh, so we have so-called cut cells, i.e. elements K where the curve
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qth ◦ S1 intersects the interior of K. While such cases can be handled, see e.g.
[50], the fact that we are using nonconforming elements prohibits any Galerkin
orthogonality to be recovered which is key in dealing with such cut cells. Because
of this fact we cannot apply the techniques from the convergence result in lemma
58.

This thesis takes the first step towards a finite element discretisation of Hamil-
ton’s equations for curves. As demonstrated in the previous section, the
discretisation of the geodesics is highly nontrivial and highly technical. We
require very strong assumptions to begin to approach the problem. A gap
therefore remains between what we can prove, and what we can compute. We
remind the reader that the continuous time, discrete space system (3.11) relies
on the fact that at every time instance t ∈ [0, 1] there exists a shape-regular,
quasi-uniform triangulation around the curve qth. It is extremely important
to note that while the discrete curve is moved by the linear diffeomorphism,
the theory above does not suggest a moving mesh method because this would
mean the entire triangulation moves with the flow. Such a method would,
a priori, violate the shape-regularity and quasi-uniformity assumptions on
which we rely. A practical discrete time method compliant with the theory
above would, at each time step, generate a mesh, say Ωth, that is part of a
shape-regular, quasi-uniform family given a discrete curve qth, t ∈ [0, 1], such
that qth is embedded in the mesh skeleton of Ωth. While we have access to
mesh generators in the form of GMsh [105] that produce output such as that
shown in figure 3.2, we cannot arbitrarily map discrete curves qth : S1 → R2

to triangulations of the ambient space such that the segments of qth(S1) is
embedded in the mesh skeleton. While our theory above is sound, the lack of
such a practical tool forms the gap between theory and practice. In spite of
this issue we can present an algorithm that, while dispensing with some rigour,
shows promise of our approach to motivate further research into filling the gaps
outlined above. We now present algorithm 1 for the discrete-time forward map,
after which we remark further on extensions and limitations.

Algorithm 1 Discrete-time forward map
procedure DiscreteForwardMap(p0h, q0h, T , ∆t)

t← 0
ϕth ← id
while t < T do

Compute uth by solving (3.11a) and (3.11b) with pth and qth fixed
ϕ(t+1)h ← ϕth + I1,d

Ω [uth]∆t
Update the momentum p(t+1)h by solving (3.11e), (3.30)
Update the mesh Ω(t+1)h ← ϕ(t+1)h ◦ Ω0h

t← t+ 1
return ϕth ◦ q0h

We use the Firedrake software package with the PETSc back-end [191, 19, 18,
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70]. The Zenodo entry [237] for the specific versions of the software components
used. The simulations in this chapter require a very bespoke setup, see appendix
B for the details. The implementation of the finite element spaces from [231]
and their integration in Firedrake was done by Robert Kirby, but code used to
generate the results here are the sole work of the author of this thesis.

Figure 3.3: Evolution of the circle from figure 3.2 obtained by forward integration
of the system (3.11) for different initial momenta p0h. The figures are generated by
plotting indicator functions of the interior of the curve qth ◦S1. The right-most shows
the mesh distortion as well.

Figure (3.3) shows one such result of algorithm 1 for different initial signals
p0h with q0h, depicted in figure 3.2, being the same for all examples. The
evolution of the curve qth is highlighted. The three initial momenta generating
the geodesics in the above figure are given as follows, where x and y denote
the spatial coordinates of the mesh and ηq0h the outward normal to q0h:

• Top: p0h = P̃ ηq0h , where P̃ = 87 cos(2πx
5

),

• Middle: p0h = P̃ ηq0h , where P̃ =

{
70, if y < 0,

90 exp(−x2

5
), otherwise,

• Bottom: p0h = (P̃ 1, P̃ 2)>, where:

P̃ 1 =

{
2.0× 103 exp(−y2

5
), if x < −1

0, otherwise,

P̃ 2 = −40 sin(
x

5
)|y|.
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Here we have chosen T = 5, b = 1 (the length scale) and a direct solver was
used to invert the discrete system. Here we use lower-upper (LU) decompo-
sition which scales on the order of n3, where n is the number of rows in the
square finite element matrix corresponding to the bilinear form in 4 (see [2]
for details). At each time step, four linear systems must be computed corre-
sponding to (3.11a), (3.11b), (3.11d) and (3.11e) with the boundary conditions
(3.11f). These simulations take three minutes on a 2014 MacBook Pro with a
2.5GHz Intel Core i7 processor and 16GB of 1600MHz DDR3 RAM with no
parallelisation or preconditioning.

Remark 62 (Towards a moving mesh method). This algorithm assumes that at
each time step Ω(t+1)h is a member of a shape-regular, quasi-uniform family of
triangulations. While ϕ(t+1)h is Lipschitz it may occur that elements K ∈ Ω(t+1)h

become too flat to satisfy condition (2.13). This problem can easily be solved by
adding a procedure to algorithm 1 that, after the mesh update, loops over the
mesh and flags triangles in violation of (2.13) for refinement until this condition
is satisfied. This can be done by, at each time step treating the domain inside and
outside of the curve as separate domains, and triangulating these separately to
the same refinement level. While this may be a practical solution for the stability
of numerical experiments, the moving mesh method presented in algorithm 1 is
not guaranteed to be adequately consistent with the theory. A practical solution
here would be to choose shape-regularity and quasi-uniformity constants a priori,
and numerically validate these a posteriori: if the generated meshed do not show
to satisfy the necessary assumptions the numerical experiment is invalidated
and new constants must be chosen. A sufficient condition for closing this gap
is to prove that, at each time step, the domain Ω(t+1)h possesses the necessary
shape-regularity and quasi-uniformity requirements invoked in the preceding
theory. We conjecture that a shape-regular, quasi-uniform family retains its
properties under the group action (of the ambient space) of a sufficiently smooth
diffeomorphism. We believe the constants appearing in shape-regularity and
quasi-uniformity estimates (i.e. the degree of anisotropy seen in figure (3.3))
would depend on this diffeomorphism and its Jacobian. It is beyond the scope
of this thesis to investigate this claim, and leave it as future research.

We remark that it is not trivial to numerically validate the convergence results
obtain in this section. The convergence results that we have shown here is for
continuous time. For the reasons given above this obviously cannot be realised
numerically, so it is a difficult task to design an experiment providing numerical
evidence for curve convergence as a function of spatial mesh resolution. There
is a priori no guarantee that limits between time and space commute.

3.4 Inverse Problem

As we see in figure 3.3, different shapes are produced depending on the choice
of initial momentum. In this section we discuss the inverse problem of identify-
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ing the correct initial momentum bringing into alignment a template with a
prescribed target. First, we must to describe a way for such an algorithm to
systematically explore the function space H1(S1)d and a way to evaluate how
suitable a given point in this space is. We comment on both of these aspects
and describe future work.

As mentioned in the previous chapter, linearity of H1(S1)d makes shooting an
attractive method for solving shape matching problems. Starting with some
initial guess defined as a function over the initial curve q0h, a solution to the
discrete geodesic provides a candidate curve, q1h approximating the target.
If q1h adequately approximates the target (which we comment on later), the
procedure terminates. If not, the adjoint equations associated with the problem
(3.11) can be solved backwards in time to provide an update to the initial guess.
The solution of these equations is also sometimes referred to as backpropagation,
in particular in the machine learning community. In practice, the adjoint
equations are seldom explicit in user-level code due to automatic differentiation.
This is a software abstraction allowing for the numerical evaluation of the Jaco-
bian of expressions that are given as functions in a programming language [182].
These essentially articulate chain and product rules for computer programmes.
The implementation of such an abstraction permits a user to evaluate gradients
of for instance complex composite functions for use in an optimisation loop.
While Firedrake supports an automatic differentiation engine [99, 177] some
additional work is necessary to implement a shooting method for (3.11). We
conclude this section by explaining these steps.

To leverage the linearity of H1(S1)d in a shooting method we also need to
equip an inverse problem solver with what is commonly referred to as a loss, or
mismatch function. This is a means of measuring how far q1h is from a specified
target. If the target, say q1, is infinite-dimensional, we do not have a practical
way of numerically evaluating ‖q1h − q1‖0,S1 , so we restrict our discussion to
the case where the target is only partially observed and specified as a finite-
dimensional set of e.g. M points in Rd. In this case, a loss function can be
specified as a Euclidean distance or Karcher mean [151]. The parameterisation
of the template becomes relevant because we do not a priori know which points
on the infinite-dimensional template correspond to each target point. Figure 3.4
depicts this difficulty. In addition to addressing this issue, Firedrake does not
currently support differentiation of qth (in particular when t = 1) with respect
the M point on S1 that would be necessary in a gradient descent method.

3.5 Summary

In this chapter we have shown new theoretical and numerical results for solv-
ing curve matching problems. We have proved convergence for a Lipschitz-
conforming finite element method and verified the implementation of the finite
element space Ṽ d

th of [231] for use as a forward operator. The forward operator
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Figure 3.4: Matching of curves for different parameterisations of the template
(bottom) with the target (top). For simplicity we have only illustrated a subset of
the curves.

can easily be integrated into other black box optimisation loops or for use
with third party software. Our work here highlights the interplay between
Hamiltonian systems (requiring Lipschitz in time), diffeomorphisms (requiring
Lipschitz in space) and minimal order regularity for elliptic PDEs. It is partic-
ularly striking how the variational crime of nonconforming methods propagate
throughout our computations and proofs, in particular forcing the use of a 12th
order operator in the continuous system. A conforming method would naturally
improve all aspects of our work. We have also found a characterisation of the
momentum in theorem 25. As mentioned before, this characterisation did not
explicitly enter our convergence analysis. The source terms considered for the
velocity solutions depend strongly on the velocity field via (3.1). Establishing
a convergence proof for the discrete problem with the explicit characterisation
of the momentum is an open problem.

We have chosen an outer metric to perform matching with discretised curves.
Another option would have been to restrict the motion to a finite set of
landmarks as in e.g. [37], where a kernel method was used in the time integration.
Such methods are incredibly popular and are amenable to efficient computation
via GPU acceleration see e.g. [92, 54]. Forthcoming work also includes applying
these methods to real data e.g. in the medical sciences. We also wish to
explore parameterisation-independent curve matching using the shape space
Emb(S1, Rd)/Diff(S1) which leads to a simplification of the momentum [64].
We also believe this may be a way to solve the problem described by figure
3.4.
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Chapter 4

Space-time Metamorphosis

This chapter is dedicated to the metamorphosis problem for image matching
introduced in (2.9). The aim is to derive geodesic equations for images in
the form of space-time Eulerian frame PDEs and develop finite element dis-
cretisations amenable to efficient computation. Defining solution spaces over
space-time allow us to leverage computational platforms featuring parallelism
in both space and time at the expense of dealing with a larger system. This
then defines a forward operator taking as input a time-dependent family of
velocity fields and provides the associated geodesics for the images, motivating a
gradient descent method to solve the inverse problem for the space-time velocity.

We let Ω = [0, 1] × [0, 1]d, where d denotes the dimension of the images we
are matching and the first coordinate denotes time. We let Γ0 and Γ1 denote
the d-dimensional submanifolds of Ω given by the restriction of Ω in the first
coordinate to the boundaries i.e. t = 0 (resp. t = 1) specifying where we
impose the images Ij, j = 0, 1 that we aim to match. When d = 1, Ω is a
simple unit square and Γj, j = 0, 1 are simply opposite boundaries; for d = 2
these are opposing facets of the unit cube. Further, Γ = Γ0 ∪ Γ1. The subject
of this chapter is the study the following abstract problem:

inf
u,I∈V×G

1

2

∫ 1

0

1

2
‖u‖2

V + σ−2‖∂I
∂t

+ u · ∇I‖2
0,Ω dt (4.1a)

subject to I|Γj = Ij, j = 0, 1 . (4.1b)

where Ij, j = 0, 1 are the template and target images respectively and u and
I depend both on space and time and σ−2 > 0 is a parameter. Note that
we generally drop explicit time-dependence as we are working in space-time.
We aim to solve this problem and determine suitable function spaces V and
G defined over space-time so that ∂

∂t
+ u · ∇ : G → L2(Ω). Deferring for the

moment to define the spaces V and G we first sketch our approach to solving
(4.1). We aim to solve a type of relaxation of this problem and implicitly define
I by the velocity via a forward operator in the form of a PDE. Indeed for fixed
u, the second term in (4.1) is a least-squares advection problem for I. With the
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previous idea in mind we write (4.1) as:

inf
(u,z)∈V×L2(Ω)

1

2

∫ 1

0

‖u‖2
V + σ−2‖z‖2

0,Ω dt (4.2a)

subject to z =
∂I∗

∂t
[u] + u · ∇I∗[u] in L2(Ω), (4.2b)

I∗[u] , arg inf
I∈G,

I|Γ0
=I0,

I|Γ1
=I1

‖∂I
∂t

+ u · ∇I‖2
L2(Ω). (4.2c)

Since the optimisation problem in the constraint is convex in I we can differen-
tiate the functional in (4.2c) with respect to a variation in I and find necessary
and sufficient optimality conditions for an "optimal" image. To summarise
the main idea: we wish to show that I satisfies a system of linear equations
implicitly defined for any candidate u ∈ V to cast (4.2) as an inverse problem
in the u variable to which a gradient method can be applied.

We highlight some differences between the setting we propose and the litera-
ture. Neither the space-time nor the finite element approaches are novel here.
Generally speaking, space-time methods are advantageous when a one-shot
(i.e. solving a PDE for all time and space simultaneously) solution approach
is preferred to a time-marching scheme. Early references applying space-time
finite elements include [137, 138] in the context of hyperbolic problems and
elastodynamics, motivated by the desire to resolve discontinuities in the solution
via adaptivity. This approach permits a so-called unstructured mesh which
means that the elements form an irregular pattern as opposed to e.g. a uniform
quadrilateral discretisation in space and time. We are therefore adopting this
framework to not only develop a more computationally expedient method but
also to pave the way towards an adaptive strategy, where local mesh resolutions
in space-time can help accurate resolve sharp image gradients. See the recent
textbook [159] for more general space-time methods for PDEs. Finite element
methods enjoy a rich literature in the computational anatomy community, see
[40, 118]. Much of this work uses anatomical models i.e. applying finite element
methods to model tissues from volumetric data. To the best of our knowledge
using finite elements to directly model both the image and velocity in an Eule-
rian setting has not yet been investigated and this forms our contribution to
the literature. Related is the work [194] wherein a shooting method for image
metamorphosis is developed using reproducing kernel Hilbert spaces. Although
this is not a space-time method we believe this is a candidate for the state of
the art given that kernel methods are extremely amenable to GPU acceleration
as we discuss in a later chapter. We would like to compare our framework with
both the firm theoretical setting (of optimal control theory) in this paper as
well as the results they produce. We return to this setting also in chapter 5.
Finally, very recently, [87] develops a shooting method for metamorphosis of
weakly differentiable images via a time-discrete forward map. The regularity

88



Chapter 4. Space-time Metamorphosis 4.1. Inner Problem

of deformation is ensured through cubic splines on a coarse mesh, while the
image is discretised using bilinear elements on a fine mesh.

Remark 63 (Riemannian formulation). The work of Trouvé [220] attached
differentiable structure to an abstract image space I to build a Riemannian
distance on this space. We highlight some interesting analytical aspects as
a result of the space-time construction for metamorphosis that we favour in
this chapter. In the aforementioned reference, an image solution solving the
metamorphosis problem is found as a curve in image space I i.e. a continuous
time-indexed map occupying e.g. H1([0, 1]; I). H1([0, 1]; I) is a natural choice
of space when opting for a Riemannian construction since infinitesimal changes
are specified in I and then integrated in time. In space-time we desire partial
differential equations over one space-time field so our function spaces (V and G
above) are defined over the joint field [0, 1]×Ω allowing us to use the advection
operator ∂

∂t
+ u · ∇. This operator is not entirely trivial to interpret when the

space G is replaced by H1([0, 1]; I) since ∂
∂t

and u ·∇ are understood with respect
to different spaces1. The space H1([0, 1]; I) is used in the work [220] because
it the metric over the space of images is Riemannian: it is generated from
integration of local infinitesimal time-independent changes in image space I.
Viewing metamorphosis in the space-time frame does not allow for the same
characterisation. Therefore the distance measured by (4.1) is, in a sense, a
"global" and not Riemannian metric.

The rest of this chapter is structured as follows. Section 4.1 studies the
subproblem given by (4.2c) which provides the forward operator u 7→ I as a
variational problem. We refer to it as the inner problem. We explore several
formulations of this issue and contribute with many theoretical results. Some
numerical experiments based on a finite element discretisation of these equations
also validate this theory. Next, section 4.2 studies the so-called outer problem,
which is the inverse problem of finding a suitable minimiser u ∈ V of the
problem (4.2) where we use the inner problem to eliminate the I variable.
Section 4.3 concludes this chapter and highlights our accomplishments as well
as the main challenges going forward.

4.1 Inner Problem

In this section we solve the least-squared advection problem in (4.2c) for a fixed
u. A minimiser of this convex problem can be shown to satisfy a (necessary
and sufficient) coupled system between advection and continuity. We first
solve this problem analytically in section 4.1.1 and establish some theoretical
results. Next, section 4.1.2 develops a completely novel variational setting
in which well-posedness is obtained and from which finite element methods

1 In fact, the advection operator needs to interpreted in sense of distributions, as the dual
operator to it 7→ −div(uit), for it ∈ I cf. [220, Definition 9] via an appropriate Green’s
theorem.
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can be derived and contains the main results of this chapter. Section 4.1.3
extends this theory and develops the machinery to describe image matching
for discontinuous image matching.

Throughout this chapter, u ∈ V will be a fixed but possibly non-constant
velocity satisfying the following assumptions:

Assumption 64.

1. Let V be a function space over both space and time such that for t ∈ [0, 1],
x 7→ ut(x) is a Lipschitz mapping in x, ut|∂[0,1]d = 0 and t 7→ ut is
L1([0, 1]), see remark 65 below.

2. Denote by ϕ the flow map associated with each u ∈ V such that for any
point x̂ ∈ Γ0, ϕ solves the following system uniquely [234]:

{
ϕ̇t(x̂) = u(ϕt(x̂), t), t ∈ [0, 1],

ϕ0 = id.
(4.3)

3. For b = (u, 1) there exists constants β0 and β1 such that 0 < β0 ≤ |b| ≤
β1 <∞.

For ease of notation we define ∂I
∂t

+ u · ∇I := b · ∇tI. Here we use the
d-dimensional row vector b = (u, 1)>, ∇t = (∇, ∂

∂t
) and − divt its adjoint.

Remark 65. The spatial regularity for admissible velocity fields prescribed by
assumption 64.1 is deserving of a remark. While the Lipschitz requirement is
obvious from classical theory we take the intersection with H1

0 ([0, 1]d) which
is kernel of the trace map on ∂[0, 1]d in H1([0, 1]d). To clarify what is mean
we give an example when d = 1: Ω is the unit square, and imposed on the
"north" and "south" boundaries are the images. A candidate velocity field
with the regularity above is Lipschitz in space and vanishes on the "east" and
"west" boundaries of Ω. This ensures that the induced ϕt does not move the
boundary of Ω which in the Eulerian setting eliminates the presence of in-flow
and out-flow boundaries. The assumption above also establishes a bijection
between Γ0 and Γ1 in the sense that for any x̂0 ∈ Γ0 there exists a unique
x̂1 ∈ Γ1 such that x̂0 = ϕ−1

1 (x1).

For a fixed velocity field u we aim to construct the image I which minimises
advection while satisfying the boundary conditions as described by problem 3
below.

Problem 3 (Inner Problem)

Find I∗ = arg inf
I∈G
‖b · ∇tI‖0,Ω (4.4a)

subject to the fixed end-point conditions I0 and I1. (4.4b)
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The rest of this section is structured as follows. First, section 4.1.1 looks at the
strong form equations resulting from applying a variational principle to problem
3. We solve this equation analytically and formulate a regularity theorem for
the solution. Next, we solve the weak equations associated to the inner problem
in section 4.1.2, and investigate the properties of the resulting bilinear operator
and the properties of G such as trace and Poincaré theorems. Section 4.1.3
studies an even weaker formulation amenable for discontinuous images.

4.1.1 Analytical Solution

To derive the analytical solution to the convex problem described by problem
3 we assume for the moment that everything is smooth and that a unique
minimiser to this problem exists then retrace our steps to impose the minimum
required regularity of our solutions. Substituting b · ∇tI = z in problem 3 and
formally applying a variational principle to problem results in the strong form
equations:

divt (bz) = 0, (4.5a)
b · ∇tI = z, (4.5b)
I0 and I1 fixed, (4.5c)

since continuity is the adjoint of advection. To solve this we need a property
of the Jacobian determinant of the flow map ϕt generated by u. Let Jt = ∂ϕt

∂x̂

denote the Jacobian of ϕt at x̂ and the Jacobian determinant by:

Φt = det Jt. (4.6)

Since ϕt ◦ϕ−1
t (x) = x, Φt is not degenerate and so the inverse function theorem

holds:

Φt(x̂) = (Φ−1
t ◦ ϕt(x̂))−1,

Φ−1
t (x) = (Φt ◦ ϕ−1

t (x))−1.

This quantity can be seen to satisfy the continuity equation since for t ∈ [0, 1]
a time slice of the space-time domain Ωt = {(x, t) | x ∈ [0, 1]d} we have:∫

Ωt

Φ−1
t dx =

∫
Γ0

Φ−1
t ◦ ϕtΦt dx̂ =

∫
Γ0

dx̂ = constant, (4.7)

implying:
d
dt

∫
Ωt

Φ−1
t dx = 0,

so the integral of Φ−1
t is conserved. By Reynold’s transport theorem [58]

(differentiation under the integral sign and using the divergence theorem) we
obtain:

divt (bΦ−1
t ) = 0, (4.8a)

Φ−1
0 = 1. (4.8b)
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Therefore, since the governing equation (4.5a) for z is the same it must be of
the form z = λΦ−1

t , where λ solves ∂λ
∂t

+ u · ∇λ = 0 as shown by the following
computation:

∂z

∂t
=
∂λ

∂t
Φ−1
t + λ

∂Φ−1
t

∂t
= −u · ∇λΦ−1

t − λdiv(uΦ−1
t )

= −div(uλΦ−1
t )

= −div(uz).

so clearly divt (bz) = ∂z
∂t

+ div(uz) = 0. λ is constant along streamlines which
we denote by λx̂ for each selection of initial x̂ ∈ Γ0. As a result:

∂I

∂t
+ u · ∇I = λx̂Φ

−1
t . (4.9)

Letting γt(x̂) =
∫ t

0
Φ−1
s ◦ ϕs(x̂) ds we define the ansatz solution as a kind of

interpolation between the boundary conditions along the streamlines of u:

I(ϕt(x̂), t) := Ĩ(x̂, t) :=
γt(x̂)

γ1(x̂)

[
I1 ◦ ϕ1(x̂)− I0(x̂)

]
+ I0(x̂) . (4.10)

For convenience later Ĩ is defined above as simply the image solution in
streamline coordinates. Now we differentiate (4.10) with respect to time yields.
On the left-hand side we get:

d
dt
I(ϕt(x̂), t) = ∇I(ϕt(x̂), t) · ϕ̇t ◦ ϕt(x̂) +

∂I

∂t
(ϕt(x̂), t)

= ∇I(x, t) · u(x, t) +
∂I

∂t
(x, t) ,

and on the right:

d
dt
γt(x̂)

γ1(x̂)

[
I1 ◦ ϕ1(x̂)− I0(x̂)

]
+ I0(x̂) = λx̂

∂γt
∂t

(x̂) = λx̂Φ
−1
t ◦ ϕt(x̂) ,

where λx̂ = 1
γ1(x̂)

[
I1 ◦ ϕ1(x̂)− I0(x̂)

]
. In summary we see that (4.10) satisfies

(4.9), so the solution to (4.5) is given in terms of x and t by:

I(x, t) = Ĩ(ϕ−1
t (x), t) (4.11a)

z(x, t) = λϕ−1
t (x)Φ

−1
t (x) . (4.11b)

(4.11) is valid for Ij ∈ L2(Γj), j = 0, 1. Next, we state conditions that imply
higher-order regularity of the solutions obtained above. Prescribing regularity
of Jacobian determinants is in and of itself a field of study, and is particularly
non-trivial when restricted to functions W 1,∞([0, 1]d), see [82, 204]. This poses
a challenge for the study of regularity of the solutions obtained here. We
provide one example below of what we can expect when restricting V to be a
sufficiently smooth subspace.
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Proposition 66 (Streamline regularity). Suppose u is such that ϕt ∈ C2([0, 1]d)d

and assume Ij ∈ H1(Γj), j = 0, 1. Then for any x̂ ∈ Γ0 the map t 7→ Ĩ(x̂, t)
has a continuous second derivative.

Proof. By using ∂Ĩ
∂t

= λϕ−1
t (x)Φ

−1
t ◦ ϕt we simply apply direct computation to

arrive at the following expression for the second derivative:

∂2Ĩ

∂t2
= λϕ−1

t (x)

d
dt

Φ−1
t ◦ ϕt

= λϕ−1
t (x)(∇Φ−1

t ) ◦ ϕt ·
∂ϕt
∂t

= λϕ−1
t (x)(∇Φ−1

t ) ◦ ϕt · u.

Now the ith component of ∇Φ−1
t , i = 1, d, can be expressed using Jacobi’s

formula (see e.g. [58]) as:

[
∇Φ−1

t

]i
= Φ−1

t trace
[
Jt
∂J−1

t

∂xi

]
.

The right-hand side is well-defined if the second derivative of the flow map is con-
tinuous i.e. ∂2ϕk,jt

∂xj∂xk
∈ C0([0, 1]d), for all k, j = 1, d. Since it is a diffeomorphism

the same regularity holds for its inverse and we are done.

4.1.2 Primal Formulation

This section studies the least-square advection problem described in problem 3.
We examine the stability of the resulting least-squares boundary value problem
for the image by differentiating the functional in this problem with respect
to a variation in the image. What we present here is not the first study of
hyperbolic equations in the (least-squares) FE literature, so we first provide
a brief historical review. Indeed, the least-squares framework has enjoyed
success for application to hyperbolic systems. The early work of [183] presents
a least-squares space-time method for the advection-diffusion equation. The
direction we take here is mostly similar to the work of Perrochet in 1995 [189].
See the textbook reference [35] for an overview of least-square FEM.

Motivated by the analysis in the preceding section we now determine a candidate
definition for the image space induced by the space-time vector field b. We
define an energy semi-norm:

‖f‖E(b;Ω) = ‖b · ∇tf‖0,Ω, (4.12)

and the graph norm:

‖f‖2
G(b;Ω) = ‖f‖2

0,Ω + ‖f‖2
E(b;Ω). (4.13)
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The solution space for the images is then given by:

G(b; Ω) = {f ∈ L2 | ‖f‖G(b;Ω) <∞}. (4.14)

It is clear that H1(Ω) ⊂ G(b; Ω). We define the boundary norm:

‖f‖2
2,Γ =

∑
i=0,1

‖f‖2
2,Γi

, ‖f‖2
2,Γi

=

∫
Γi

f 2 dx̂, i = 0, 1. (4.15)

We start by stating the following proposition which is central to the analysis
carried out in this section.

Proposition 67. G(b; Ω) is a Hilbert space in which H1(Ω) is dense.

Proof. This result is stated for general graph norms in [35, Section 10.2.1].

We now state and prove results for these spaces that are considered standard
for Sobolev spaces: a trace inequality similar to that shown for linear first-order
PDEs in [133], Poincaré-type inequality, a trace theorem and existence and
uniqueness for the inner problem. We highlight the reference [73] as a foundation
on which our work relies as we can adapt to the setting described therein with
relative ease, itself using similar techniques to [165] where a neutron transport
problem was interpreted as a least-squares problem.

Theorem 68 (Trace inequality). Given assumption 64, ∃C > 0 depending
only on Ω and u such that for any I ∈ G(b; Ω),

‖I‖2
2,Γi
≤ C‖I‖2

G(b;Ω), i = 0, 1 .

Proof. Let x̂ ∈ Γ0 and let f ∈ C∞(Ω̄) such that the following integration by
parts formula holds:

f(x, t) = f(x̂, 0) +

∫ t

0

∂

∂t
f(ϕs(x̂), s) + us ◦ ϕs(x̂) · ∇f(ϕs(x̂), s) ds .

In particular, for f = p2, where p is some smooth function we obtain:

p2(x̂, 0) ≤ p2(x, t) +

∫ t

0

| ∂
∂t
p2(ϕs(x̂), s) + us ◦ ϕs(x̂) · ∇(p2)(ϕs(x̂), s)| ds .

Now integrating in time we get:

1 · p2(x̂, 0) ≤
∫ 1

0

p2(x, t) +

∫ 1

0

| ∂
∂t
p2(ϕt(x̂), t) + ut ◦ ϕt(x̂) · ∇(p2)(ϕt(x̂), t)| dt .

(4.16)
We integrate over Γ0 on both sides of (4.16) and use p2(x, t) = p2(ϕt(x̂), t):

‖p‖2
2,Γ0

=

∫
Γ0

∫ 1

0

p2(ϕt(x̂), t) dt dx̂

+

∫
Γ0

∫ 1

0

| ∂
∂t
p2(ϕt(x̂), t) + ut ◦ ϕt(x̂) · ∇(p2)(ϕt(x̂), t)| dt dx̂ .
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Examining the first term on the right-hand side:∫
Γ0

∫ 1

0

p2(ϕt(x̂), t) dt dx̂ =

∫
ϕt◦Γ0

∫ 1

0

p2(x, t)|∂ϕ
−1
t

∂x
| dt dx ≤ Cu‖p‖2

0,Ω,

where we have used the fact that ϕt ◦ Γ0 × [0, 1] = Ω, for all t ∈ [0, 1] due
to the spatial boundary conditions (cf. remark 65) for u and where Cu =

sup(x,t)∈Ω |∂ϕ
−1
t

∂x
|, which by assumption 64 holds. Now the second term can also

be bounded by the same reasoning and an application of Hölder’s inequality:∫
Γ0

∫ 1

0

| ∂
∂t
p2(ϕt(x̂), t) + ut ◦ ϕt(x̂) · ∇(p2)(ϕt(x̂), t)| dt dx̂

≤
∫
ϕt◦Γ0

∫ 1

0

| ∂
∂t
p2(x, t) + ut(x) · ∇(p2)(x, t)||∂ϕ

−1
t

∂x
| dt dx

≤Cu‖b · ∇tp
2‖2

0,Ω

≤2Cu‖p‖0,Ω‖b · ∇tp‖0,Ω.

Now using Young’s ε-inequality on this and collecting the terms above we get

‖p‖2
2,Γ0
≤ ‖p‖2

0,Ω +
C2
u

2
(‖p‖2

0,Ω + ‖b · ∇tp‖2
0,Ω)

≤ (1 +
C2
u

2
)‖p‖2

G(b;Ω)

showing the result for Γ0. Since the ODE (4.3) is time-reversible (compose
ϕt with g(t) = −t in time and take the derivative: the same equations are
obtained), the same procedure can be carried out if we follow the streamlines
backwards in time from Γ1 so adding these proves the claim for smooth functions.
Now we simply extend this from the dense set C∞(Ω̄) to G(b; Ω) by a limiting
procedure (see appendix E).

Remark 69. The streamline integration used in theorem 68 emanate from
points on Γ0. This choice is completely arbitrary and we could have integrated
the domain from Γ1 and followed the streamlines backwards. Because there is
no important distinction between Γ0 and Γ1 in the space-time formulations here
we shall not make any further mention of this choice.

Theorem 70 (Poincaré inequality). Given assumption 64, ∃C > 0 depending
only on Ω and u such that for any I ∈ G(b; Ω),

‖I‖2
0,Ω ≤ C

(
‖I‖2

2,Γ + ‖b · ∇tI‖2
0,Ω

)
Proof. As before, let x̂ ∈ Γ0 and let f ∈ C∞(Ω̄) be such that the streamline
integration by parts formula from theorem 68 holds:

f(x, t) = f(x̂, 0) +

∫ 1

0

∂

∂t
f(ϕs(x̂), s) + us ◦ ϕs(x̂) · ∇f(ϕs(x̂), s) ds .
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Square both sides, using Jensen’s inequality:

f 2(x, t) ≤ 2f 2(x̂, 0) +

∫ t

0

| ∂
∂t
f(ϕs(x̂), s) + us ◦ ϕs(x̂) · ∇f(ϕs(x̂), s)|2 ds .

Now we multiply both sides of the equation by Φ−1
t defined in (4.6) and integrate

over time and Γ0:∫
Γ0

∫ 1

0

f 2(x, t)Φ−1
t dt dx̂ ≤

∫
Γ0

f 2(x̂, 0)Φ−1
t dx̂

+

∫
Γ0

∫ 1

0

| ∂
∂t
f(ϕt(x̂), t)

+ ut ◦ ϕt(x̂) · ∇f(ϕt(x̂), t)|2Φ−1
t dt dx̂ .

Using the results from the theorem 68 this inequality simplifies to:

‖f‖2
0,Ω ≤

∫
Γ0

f 2(x̂, 0)Φ−1
t dx̂+ ‖f‖2

G(b;Ω) ,

so can state:

‖f‖2
0,Ω ≤ (1 + Cu)(‖f‖2

2,Γ0
+ ‖f‖2

G(b;Ω))

as required, where Cu is defined as in theorem 68. The proof follows by
density.

We also have a trace theorem in the setting presented thus far.

Corollary 71 (Trace theorem). There exists a bounded surjective operator:
γG(b;Ω) : G(b; Ω)→ L2(Γ).

Proof. Proposition 67 states that H1(Ω) is dense in G(b; Ω) so the standard
trace operator γH1(Ω) : H1(Ω)→ L2(Γ) admits a continuous extension which
we denote by γG(b;Ω). Boundedness follows by theorem 68.

Note there that it is essential that V is such that the Jacobian is well-defined,
see e.g. [35, Theorem 10.3] where ut ∈ C1(Ω̄) is assumed.

This theorem does not follow from the analytical solution (4.10). Equation
(4.10) tells us that for any data gΓ ∈ L2(Γ), the analytical solution (4.10)
provides a function g ∈ G(b; Ω) such that g|Γ = gΓ. This does not on its own
guarantee that we can evaluate the trace of an arbitrary function in G(b; Ω).

Equipped with theorem 71 we can define the space
◦
G (b; Ω) of functions that

vanish on Γ as follows:
◦
G (b; Ω) = {f ∈ G(b; Ω) | γG(b;Ω)f = 0}. (4.17)
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Remark 72 (Historical comments). Theorem 70 was first called a curved
Poincaré result in the early work [189] but was not proved there. We also
mention that the theory of Friedrich systems [133] forms some of the basis
for the analysis of least-squared advection systems, or can at the very least be
applied in certain circumstances e.g. in the construction of trace theorems.

We return to show well-posedness of problem 3.

Theorem 73 (Existence of a minimiser). There exists a unique minimiser to
problem 3 and the associated necessary first-order optimality conditions are
necessary and sufficient.

Proof. The functional (4.4a) is clearly bounded from below and admits a
minimizing sequence I = {Ik}k≥0.To match the boundary conditions, for any
function ι ∈ G(b; Ω) extending the data in (4.4b) to the domain define the
sequence

◦
I= I − ι. Then by the Poincaré estimate in theorem 70,

◦
I is bounded

in G(b; Ω) which implies I is bounded in G(b; Ω). Because this space is reflexive
we can therefore find a subsequence of I that converges weakly to a minimiser
of (4.4a). Convexity implies lower semi-continuity of the functional, and the
unique minimiser is obtained.

We now assume V is such that the Jacobian of the flow map is well-defined.
With the results above we can differentiate the functional in problem 3 with
respect to an arbitrary variation δI ∈ G(b; Ω) in the image I and obtain what
we call the primal inner problem:

Problem 4 (Primal Inner Problem)

Find I ∈ G(b; Ω) such that (4.18a)∫
Ω

(b · ∇tI)(b · ∇tδI) d(x, t) = 0, ∀δI ∈ G(b; Ω) (4.18b)

I|Γi = Ii, i = 0, 1 (4.18c)

Theorem 74 (Existence, uniqueness and stability for the inner problem). For
any boundary data Ii ∈ L2(Γi), i = 0, 1, there exists a unique I ∈ G(b; Ω)
solving problem 4 such that

‖I‖G(b;Ω) . ‖I‖2,Γ.

Proof. Let g be any extension of the boundary data Ii, i = 0, 1 to the domain
via corollary 71. Thanks to theorem 70 the inner product associated to ‖·‖E(b;Ω)
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is equivalent to ‖·‖G(b;Ω) on the subspace
◦
G (b; Ω). By the Riesz representation

theorem we know that we can find a unique ξ ∈
◦
G (b; Ω) such that:

〈ξ, v〉E(b;Ω) = −〈g, v〉E(b;Ω), ∀v ∈
◦
G (b; Ω) .

By construction we have I = ξ+g. The bound is provided by the trace operator
cf. theorem 71.

We now turn to discretising problem 4 using a conforming finite element space.
Based on the results above the rest of the analysis here is trivial. The Galerkin
[42] finite element space Gh ⊂ G(b; Ω) denotes a finite-dimensional C0(Ω)-
conforming subset of G(b; Ω) spanned by the standard P1(K) shape functions
associated with the triangulation Ωh of Ω. The bilinear form in problem 4
remains coercive when restricted to Gh by conformity and hence the results
above remain valid and this finite-dimensional problem is well-posed.

4.1.2.1 Numerical Examples

We manufacture solutions to problem 4 and show convergence using a con-
forming piecewise linear finite element space. Table 4.1 shows four such
manufactured solutions with exact solution I and velocity field u (where χM
is the indicator function i.e. equal to 1 on M and 0 otherwise). Note that
forcing terms have been added to the right-hand side of the bilinear form in
problem 4 so the computed solutions match those in table 4.1. As mentioned,
we use the Firedrake software package [191] which in turns uses PETSc [19] as
a numerical back-end, see also [18, 70]. The Zenodo entry [237] for the specific
versions of the software components used. The LU decomposition from section
3.3.2 was also used to invert the discrete systems above. Figure 4.1 depicts the
computed matches for each of these manufactured solutions using Firedrake.
The intensities across the four solutions are normalised to the same colour
scale as their values are not important here and are only presented to develop
an intuition about the convergence rates we can observe in figure 4.2. These
simulations take less than four minutes on a 2014 MacBook Pro with a 2.5GHz
Intel Core i7 processor and 16GB of 1600MHz DDR3 RAM. Here we show L2

and energy convergence rates. The latter measures the semi-norm specified
in (4.12). These errors and the convergence rates for the four examples in
table 4.1 are shown in tables 4.2 through 4.5, respectively. We observe some
interesting phenomena. For example 0 the boundary data is discontinuous
along Γ, so even with a simple constant velocity field the method cannot recover
a positive convergence rate in the energy norm. Note that example 3 exhibits
some oscillations in the energy norm.

Remark 75. The results for example 0 are not contradictory to our theoretical
findings but rather indicating that a linear C0(Ω) finite element space poorly
approximates the analytical solution in this specific case.
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Some convergence in the L2 norm is recovered as this norm is somehow agnostic
to the discontinuity in the derivative. Upon inspection of example 0 in figure
4.1 we see that the continuous approximation space fails to resolve the fine
discontinuity along the streamline of u = −0.2 and the smoothing effect is
clearly seen on the interior of the domain. Examples 1, 2 and 3 provide a
manufactured solution with smooth data and the finite element space is suitable
for approximating the global smoothness of the solutions. The rates are spurious
before entering an asymptotic regime. These rates also indicate that some
higher-order convergence may be recovered with more in-depth error analysis.
We highlight that example 2 is essentially identical to example 0 albeit with
smooth data, and we clearly see that this is reflected in the convergence rate of
the method. [36, 132] look at a posteriori analysis for scalar hyperbolic and
transport problems (which are particularly difficult for L2 estimates) and it
may be of interest to investigate these further in the context above. Such an
analysis is carried out in [107] for systems of hyperbolic conservation laws. In
addition, see [186] for a review of posteriori error analysis and adaptivity for
conservation laws. We also note that for general discontinuous solutions of
hyperbolic equations (in sense of functions of bounded variation), the theory of
Krushkov [154] may be applicable to the setting here and is subject to future
investigation (see e.g. [74]).

Remark 76. The condition number of a matrix is, roughly speaking, an indi-
cator of how accurately we can solve a linear system of equations involving said
matrix [217]. As the methods in this chapter deal with matrices at a discrete
level we make a comment about their conditioning. For certain elliptic problems
it is known that the condition number of linear systems arising from finite
element discretisations depend the Poincaré constant [88, Section 3.2]. This
constant enters Céa’s result in lemma 16. Although these results are not readily
available for problem 4 we conjecture the following: since the Poincaré constant
in theorem 70 depends on the determinant of the Jacobian of the flow map
generated by the velocity, the error estimate implied by a curved Céa’s lemma
would have an explicit dependence on this constant. An understanding of this
interplay could be useful in the design of preconditioners for problem 4.

Table 4.1: Manufactured solutions to problem 4 where d = 1.

No. I(x, t) u(x, t)
0 χ[0.6−0.2t<x,x<0.8−0.2t] −0.2

1 e−100(x−t(1−t)−0.5)2
1− 2t

2 e
−(x−0.4(1−t)−0.3)2

125 −0.4

3 e−25(−4.3x+5.16x3+0.5+t)2 − 5
77.4x2−21.5

For completeness appendix A shows similar results for d = 2. Given this
numerical evidence that the inner problems are well-posed given a velocity
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Figure 4.1: Density matches computed from the manufactured solutions to problem
4 in table 4.1. Left to right: example 0 through 3.

Table 4.2: Convergence rates for example 0 from table 4.1.

h−1 L2 error Order Energy error Order CPU time (s)
4 2.4544e-01 - 1.2110e+00 - 0.043
9 1.2650e-01 0.82 1.6965e+00 -0.42 0.073
16 9.6662e-02 0.47 2.1562e+00 -0.42 0.077
25 1.2163e-01 -0.51 2.8403e+00 -0.62 0.070
36 8.8937e-02 0.86 3.3204e+00 -0.43 0.074
49 8.3665e-02 0.20 3.9564e+00 -0.57 0.079
64 8.1851e-02 0.08 4.5218e+00 -0.50 0.087
81 7.5917e-02 0.32 5.0401e+00 -0.46 0.100
100 7.9340e-02 -0.21 5.6601e+00 -0.55 0.123
121 6.9729e-02 0.68 6.1802e+00 -0.46 0.162
144 6.8222e-02 0.13 6.7847e+00 -0.54 0.247
169 6.6289e-02 0.18 7.3505e+00 -0.50 0.282
196 6.4335e-02 0.20 7.8859e+00 -0.47 0.393
225 6.4961e-02 -0.07 8.4868e+00 -0.53 0.508
256 6.0614e-02 0.54 9.0213e+00 -0.47 0.682
289 5.9747e-02 0.12 9.6137e+00 -0.52 1.422
324 5.8212e-02 0.23 1.0179e+01 -0.50 1.239
361 5.6753e-02 0.23 1.0723e+01 -0.48 1.608
400 5.6874e-02 -0.02 1.1315e+01 -0.52 2.354
441 5.4450e-02 0.45 1.1857e+01 -0.48 2.960
484 5.3689e-02 0.15 1.2443e+01 -0.52 4.515
529 5.2667e-02 0.22 1.3008e+01 -0.50 4.703
576 5.1613e-02 0.24 1.3556e+01 -0.48 5.797

satisfying assumption 64.

The next section presents a DPG version of problem 3 but the literature on
numerical schemes for hyperbolic equations is vast, so we briefly mention other
possible intermediate formulations between DPG and the primal system studied
above. The reader should also consult the references in section 2.2.2.1. Stabilised
methods could be explored for problem 3. These are, roughly speaking, methods
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Table 4.3: Convergence rates for example 1 from table 4.1.

h−1 L2 error Order Energy error Order CPU time (s)
4 1.9828e-01 - 1.6074e+00 - 0.041
9 1.2141e-01 0.60 1.4055e+00 0.17 0.072
16 9.8889e-02 0.36 9.8769e-01 0.61 0.078
25 7.5253e-02 0.61 6.2023e-01 1.04 0.158
36 5.5783e-02 0.82 3.9579e-01 1.23 0.174
49 4.1067e-02 0.99 2.5985e-01 1.36 0.129
64 3.0265e-02 1.14 1.7539e-01 1.47 0.128
81 2.2414e-02 1.27 1.2138e-01 1.56 0.123
100 1.6720e-02 1.39 8.5924e-02 1.64 0.135
121 1.2584e-02 1.49 6.2090e-02 1.70 0.165
144 9.5646e-03 1.58 4.5721e-02 1.76 0.280
169 7.3456e-03 1.65 3.4258e-02 1.80 0.313
196 5.7016e-03 1.71 2.6083e-02 1.84 0.435
225 4.4727e-03 1.76 2.0154e-02 1.87 0.649
256 3.5451e-03 1.80 1.5786e-02 1.89 0.787
289 2.8381e-03 1.83 1.2520e-02 1.91 1.056
324 2.2939e-03 1.86 1.0044e-02 1.93 1.409
361 1.8709e-03 1.88 8.1435e-03 1.94 1.987
400 1.5390e-03 1.90 6.6672e-03 1.95 2.389
441 1.2762e-03 1.92 5.5076e-03 1.96 3.080
484 1.0663e-03 1.93 4.5875e-03 1.96 3.816
529 8.9729e-04 1.94 3.8505e-03 1.97 4.588
576 7.6005e-04 1.95 3.2548e-03 1.97 6.270
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Figure 4.2: Convergence as a function of mesh resolution h−1 for the examples in
table 4.1. Left: L2 errors. Right E(b; Ω) errors.

that use penalty terms in the bilinear forms of finite element methods to enforce
some interelement continuity. For a DG method with stabilisation applied to
a scalar hyperbolic equation see the early reference [44]. This also contains
a comparison of this method with a streamline upwind DG method [136, 47].
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Table 4.4: Convergence rates for example 2 from table 4.1.

h−1 L2 error Order Energy error Order CPU time (s)
4 1.2408e-01 - 1.0790e+00 - 0.0356
9 8.5228e-02 0.46 6.9771e-01 0.54 0.079
16 6.1681e-02 0.56 3.6876e-01 1.11 0.079
25 4.1645e-02 0.88 2.0371e-01 1.33 0.095
36 2.7604e-02 1.13 1.1835e-01 1.49 0.088
49 1.8364e-02 1.32 7.2029e-02 1.61 0.092
64 1.2381e-02 1.48 4.5682e-02 1.71 0.108
81 8.4991e-03 1.60 3.0052e-02 1.78 0.126
100 5.9517e-03 1.69 2.0425e-02 1.83 0.163
121 4.2532e-03 1.76 1.4290e-02 1.87 0.165
144 3.1000e-03 1.82 1.0259e-02 1.90 0.253
169 2.3022e-03 1.86 7.5355e-03 1.93 0.327
196 1.7398e-03 1.89 5.6493e-03 1.94 0.415
225 1.3360e-03 1.91 4.3129e-03 1.96 0.507
256 1.0412e-03 1.93 3.3464e-03 1.97 0.793
289 8.2242e-04 1.95 2.6346e-03 1.97 0.996
324 6.5764e-04 1.96 2.1014e-03 1.98 1.385
361 5.3180e-04 1.96 1.6960e-03 1.98 1.765
400 4.3446e-04 1.97 1.3834e-03 1.99 2.260
441 3.5828e-04 1.98 1.1395e-03 1.99 3.329
484 2.9800e-04 1.98 9.4688e-04 1.99 3.581
529 2.4984e-04 1.98 7.9323e-04 1.99 4.647
576 2.1098e-04 1.99 6.6946e-04 1.99 5.932

[51] presents a unified setting for both continuous and discontinuous Galerkin
approximations of hyperbolic equations and also contains an excellent review
of the literature on this topic. In addition, the setting for the inner problem
in this chapter is either globally continuous or globally discontinuous. An
intermediate setting could also be explored where the finite element space is
only continuous in parts of the domain. For images that are discontinuous at a
finite number of points we mention this as a possible extension to the above.
In the next section we will see that the mixed advection/continuity structure
of the inner problem lends itself well to a DPG formulation.

4.1.3 Dual Formulation

The previous section presented a variational setting leading to a stable con-
tinuous Galerkin finite element method for the inner problem. In this section
we weaken the regularity of the solution space G(b; Ω) with the aim of de-
scribing a discontinuous Galerkin method as a mixed system for I and z.
The motivation here is to provide a set equations describing geodesic motion
for non-smooth images i.e. images that are represented by function spaces
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Table 4.5: Convergence rates for example 3 from table 4.1.

h−1 L2 error Order Energy error Order CPU time (s)
4 1.7576e-01 - 9.6060e+02 - 0.057
9 1.7620e-01 -0.00 1.9000e+00 7.68 0.103
16 1.6483e-01 0.12 1.6866e+00 0.21 0.093
25 1.4885e-01 0.23 4.0564e+00 -1.97 0.103
36 1.2681e-01 0.44 1.0990e+00 3.58 0.100
49 1.1072e-01 0.44 2.3390e+00 -2.45 0.113
64 9.2946e-02 0.66 4.3551e-01 6.29 0.132
81 7.7202e-02 0.79 3.0148e-01 1.56 0.135
100 6.5567e-02 0.78 2.5252e-01 0.84 0.176
121 5.6455e-02 0.78 3.7138e-01 -2.02 0.249
144 4.8037e-02 0.93 7.1032e+00 -16.96 0.296
169 3.9981e-02 1.15 1.0250e+00 12.09 0.368
196 3.5126e-02 0.87 1.3289e-01 13.78 0.586
225 2.8296e-02 1.57 1.1974e-01 0.76 0.653
256 2.6659e-02 0.46 1.0756e+00 -17.01 0.841
289 2.3535e-02 1.03 8.9558e-02 20.50 1.127
324 2.2196e-02 0.51 1.8030e-01 -6.12 1.626
361 1.9955e-02 0.98 1.2159e-01 3.64 2.210
400 1.8179e-02 0.91 3.9522e+00 -33.94 2.564
441 1.4424e-02 2.37 1.2082e-01 35.74 3.051
484 1.5454e-02 -0.74 9.2763e+00 -46.66 3.405
529 1.4173e-02 0.97 6.2777e-01 30.29 4.710
576 1.1319e-02 2.64 8.0891e-02 24.07 5.889

that are discontinuous on Ω. As for the primal formulation we begin with
a review of the literature for discontinuous methods for advection-type problems.

Advection-type problems often deal with discontinuous solutions with shocks
or wave-fronts. Therefore significant resources have been dedicated to applying
globally discontinuous approximation spaces for such problems with the aim
of developing stable methods that more accurately represent advection phe-
nomena. In addition to the sources cited in chapter 2 we highlight the work of
Broersen et al. [46] which analyses the stability of a DPG formulation of the
transport equation and describes how optimal test functions can be computed
for certain flows. We rely on this work for the structure of the proofs of lemma
81, corollary 82 and theorem 83. Our aim is to develop this theory further and
apply it to the mixed system for I and z. The technical work [69] analysis an
adaptive Petrov-Galerkin method for such transport equations, albeit not for
purely advective operators, see also the sequel [68] on anisotropic methods.

To pose a discontinuous method for the inner problem we begin with the
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following simple reformulation of problem 3:

Problem 5 (Dual Inner Problem)

inf
z, I

F =
1

2
‖z‖2

0,Ω

subject to b · ∇tI = z

I|Γi = Ii, i = 0, 1

We derive a weak dual version of the variational version in problem 4 formally
and later make precise which function spaces our variables of interest occupy.
Here, we will treat a system of two linear first order hyperbolic equations
in space-time. The space-time aspect has been investigated before, see [178]
wherein a space-time Trefftz-DG method is presented. We can relax the
constraints in problem 5 with multipliers φ and µ dual to the constraints and
integrate by parts in I:

F =
1

2
‖z‖2

0,Ω − 〈 divt (bφ), I〉0,Ω − 〈φ, z〉0,Ω
+ 〈η · bφ, I〉0,Γ + 〈η · bµ, I∗ − I〉0,Γ,

(4.19)

where I∗ represents the boundary data in the sense that:

〈η · bµ, I∗ − I〉0,Γ =
∑
i=0,1

〈η · bµ, Ii − I〉0,Γi .

We take variations in F in the four variables i.e. δF = 0 and inspecting the
resulting equations for z ∈ G(b; Ω), φ ∈ G(b; Ω), I ∈ L2(Ω) and µ ∈ L2(Γ):

〈z, δz〉0,Ω = 〈φ, δz〉0,Ω, ∀δz ∈ G(b; Ω), (4.20a)
− 〈z, δφ〉0,Ω − 〈 divt (bδφ), I〉0,Ω

+ 〈b · ηδφ, I∗〉0,Γ = 0, ∀δφ ∈ G(b; Ω), (4.20b)
− 〈 divt (bφ), δI〉0,Ω + 〈b · ηφ, δI〉0,Γ

− 〈b · ηµ, δI〉0,Γ = 0, ∀δI ∈ L2(Ω), (4.20c)
〈b · ηδµ, I∗ − I〉0,Γ = 0, ∀δµ ∈ L2(Γ). (4.20d)

The first equation states an equivalence between z and φ so we can reduce the
system by simple substitution. Further, choosing z|Γ = µ as ansatz we obtain
two equations instead of four:

〈z, δz〉+ 〈 divt (bδz), I〉0,Ω = 〈b · ηδz, I∗〉0,Γ, ∀δz ∈ G(b; Ω) (4.21a)
− 〈 divt (bz), δI〉0,Ω = 0, ∀δI ∈ L2(Ω) (4.21b)

Now any solution to (4.21) is also a solution to (4.20). Indeed, by equivalence
of problem 5 to the primal problem for which existence and uniqueness was
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established in theorem 73, these Euler-Lagrange equations are sufficient condi-
tions. Therefore, an ansatz solution to (4.21) is in fact the unique solution we
seek. To summarise we write (4.21) on the following form.

Problem 6 (Conforming Ultra Weak Formulation)
Find (z, I) ∈ G(b; Ω)× L2(Ω) such that:

a(z, δz)−b(δz, I) = fI∗(δz) ∀δz ∈ G(b; Ω) (4.22a)
b(z, δI) = 0 ∀δI ∈ L2(Ω) (4.22b)

where

a(z, δz) = 〈z, δz〉0,Ω
b(f, g) = −〈 divt (bf), g〉0,Ω
fI∗(δz) = 〈b · ηδz, I∗〉0,Γ

We say this is an ultra weak formulation because the operator (and therefore
regularity requirement) is shifted from the trial function I to the test function.
This idea was first presented for the Helmholtz equation in 1998 by Cessenat
and Després [53], see also [49, 126]. We recommend [98, Section 2] for a more
recent exposition of DPG with an ultra weak formulation.

Remark 77 (Comparison with the Riemannian framework). We believe that the
formulations in this section are quite close, in some sense, to the Riemannian
construction of [220], see also remark 63. According to this seminal work the
natural Riemannian way of interpreting "u ·∇I" is indeed via partial integration
onto a test function. In our space-time framework this is similar to what we do
by shifting regularity onto z.

We now recall similar notation to section 2.2, the goal being to solve the problem
6 by going along the lines of roadmap 20.

Let the operator B : G(b; Ω)→ L2(Ω)∗ = L2(Ω) and its transpose B∗ : L2(Ω)→
G(b; Ω)∗ be defined by:

〈Bδz, I〉L2(Ω),L2(Ω) = 〈B∗I, δz〉G(b;Ω)∗,G(b;Ω) = b(δz, I), (4.23)

∀I ∈ L2(Ω), ∀δz ∈ G(b; Ω).
It is not always the case that the image of an arbitrary infinite-dimensional
operator is closed in its target space. To quote from [39], "This fact (that the
image might not be closed) puts pains thousandfold upon the mathematicians"
and is truly what separates analysis of equations in infinite dimensions from
their finite dimensional relatives. An essential ingredient for the well-posedness
of problem 6 is surjectivity of B which is sufficient for the aforementioned
closedness. This condition is shown to hold for certain transport problems,
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see [69] wherein two conditions are assumed to hold. In the setting here these
conditions are: (i) injectivity of B and Im(B) is dense in L2(Ω). These conditions
are sufficient to determine that B and its formal adjoint are isometries [69,
Proposition 2.1] and thereby providing the surjectivity condition from before.
In [69] these are easier to obtain because of the presence of a reactive term
i.e. for an operator of the form v 7→ cv − divt (bv) for some c > 0. Moreover,
additional assumptions are made about the interplay between c and b. We
cannot directly apply this theory so we make the following assumption and
provide a roadmap towards a rigorous proof.

Assumption 78 (Surjectivity of B). We assume Im(B) = L2(Ω).

Roadmap 79 (Towards a proof of assumption 78). We show that a regularity
result is sufficient to validate assumption 78. Indeed, thanks to theorem 70, given
arbitrary f ∈ L2(Ω) we can solve following problem for a unique φ ∈

◦
G (b; Ω):∫

Ω

(b · ∇tφ)(b · ∇tψ) dx = −〈f,b · ∇tψ〉0,Ω, ∀ψ ∈
◦
G (b; Ω).

If we can appeal to a regularity result and say that the solution φ is such that
b · ∇tφ ∈ G(b; Ω), then we can let δz = b · ∇tφ and the problem above is
equivalent to: ∫

Ω

divt (bδz)ψ dx = 〈f, ψ〉0,Ω, ∀ψ ∈ L2(Ω),

which is exactly what we need to say that for every f ∈ L2(Ω), there is a
function δz ∈ G(b; Ω) that is mapped to this f by B.

Interestingly, proposition 66 showed that the analytical solution (4.11) to (4.5)
has some higher-order regularity depending on the smoothness of the initial
images as well as the velocity field. This is not, however, enough to state a
general result for functions in G(b; Ω). Note also that the regularity stated in
the conditions of proposition 66 need also apply for this proof strategy.

Theorem 80 (Well-posedness of problem 6). Provided assumption 78 holds
there exists a unique pair (z, I) ∈ G(b; Ω)×L2(Ω) solving (6) when Ii ∈ H1(Γi),
i = 0, 1.

Proof. First note that b is clearly continuous:

|b(f, g)| = |〈− divt (bf), g〉0,Ω|
≤ ‖b · ∇tf + f divt (b)‖0,Ω‖g‖0,Ω

≤ (1 + ‖ divt (b)‖∞,Ω)‖f‖G(b;Ω)‖g‖0,Ω

≤ (1 + ‖ divt (b)‖∞,Ω)‖f‖G(b;Ω)‖g‖G(b;Ω) .
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Here we have used that divt (b) ∈ L∞(Ω) by assumption 64. We follow a
standard strategy in the literature see e.g. [39, Theorem 4.2.1] beginning with
existence. Define the kernel of B by:

ker(B) = {δz ∈ G(b; Ω) | 〈Bδz, I〉L2(Ω),L2(Ω) = 0,∀I ∈ L2(Ω)}.

Selecting δz ∈ ker(B) we see that (4.22a) reduces to:

a(z, δz) = fI∗(δz) . (4.24)

a is naturally coercive on ker(B) since the derivative terms are mapped to zero
on this kernel, hence (4.24) has a (unique) solution z ∈ ker(B). Note that as a
consequence (4.22b) is therefore naturally satisfied. Next we show that there
exists an I such that (4.22a) is satisfied. Now that z ∈ ker(B) is fixed we can
write this equation as:

b(δz, I) = fI∗(δz)− a(z, δz) = l(δz), ∀δz ∈ G(b; Ω). (4.25)

If we define L ∈ G(b; Ω)∗ by:

〈L, δz〉G(b;Ω)∗,G(b;Ω) = l(δz),

then we can write (4.25) using (4.23):

B∗I = L in G(b; Ω)∗. (4.26)

By assumption 78 we have surjectivity of the operator B, so since l actually
vanishes on ker(B) i.e. L annihilates the kernel: L ∈ ker(B)◦. We can now
appeal to the closed range theorem for surjective operators. Indeed, from
assumption 78 we know from [39, Theorem 4.1.4] that:

ker(B)◦ = Im(B∗).

That is f = l is in the image of B∗. We can therefore solve (4.26): there exists
an I such that:

〈B∗I, δz〉G(b;Ω)∗,G(b;Ω) = 〈L, δz〉G(b;Ω)∗,G(b;Ω) , ∀δz ∈ G(b; Ω).

Now we show uniqueness. We have already proved uniqueness of z so we sketch
the argument. Coercivity of a(·, ·) on ker(B) forces uniqueness for z since by
taking z as a test function means ‖z‖G(b;Ω) . a(z, z) which shows that the
bilinear form is bounding and therefore injective. For uniqueness of I we recall
that B is surjective, so B∗ must be bounding by the closed range theorem (see
e.g. [39, Corollary 4.1.1]) and therefore injective.

The advantage of problem 6 over the primal inner formulation in problem 4 is
that we may request z ∈ G(b; Ω) and I ∈ L2(Ω) allowing for fully discontinu-
ous images at the cost of computing a source function z. This is sometimes
called an ultra weak formulation when the regularity requirement is shifted
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onto an auxiliary function. Although it may be interesting to discretise at
this level purely for mathematical novelty, we endeavour to break the global
streamline continuity requirement of z in problem 6 in the next (and final)
formulation so we pursue this avenue of research no further. Our aim is to use
this problem as a stepping stone to a DPG formulation where we can leverage
potential computational speed-ups available in this framework. These come in
the form of hybridization techniques recently added to the Firedrake package
[106]. Roughly speaking, the goal here is to compute, in parallel, solutions
to smaller local elemental subproblems that are combined to yield a global
solution. This effectively allows a space-time solution to be computed in parallel.

The final version of the inner problem transgresses the continuity requirement
(in line with the DPG framework introduced in chapter 2) for an even weaker
notion of a solution to the inner problem. The rest of this section will be
increasingly technical as we steer our analysis towards building a suitable
variational setting for the dual inner problem. It is therefore necessary for us
to construct these various formulations of the inner problem, the final of which
requires some additional notation.

Given Ω, define a triangulation Ωh of Ω. For a prescribed velocity field u we
can decompose ∂K, K ∈ Ωh as follows:

∂K = ∂Kin ∪ ∂Kout ∪ ∂K0,

where:

∂Kin = {(x, t) ∈ ∂K | b · ηK < 0}, (4.27a)
∂Kout = {(x, t) ∈ ∂K | b · ηK > 0}, (4.27b)
∂K0 = {(x, t) ∈ ∂K | b · ηK = 0}, (4.27c)

where ηK is the outward normal to K. Recall definition 11 in section 2.2.2
which defines the mesh skeleton Eh(Ωh) associated with Ωh. In view of the
decomposition above it will be convenient to define the part of the mesh skeleton
where b · η does not vanish. Indeed let:

E 6=h = Eh(Ωh) \
[
∪K∈Ωh ∂K0

]
.

Further we define the interior mesh skeleton E 6=,intth = E 6=h \ Γ. Next introduce
the function space :

G(b; Ωh) = {f ∈ L2(Ω) | b · ∇tf ∈ L2(K), ∀K ∈ Ωh} , (4.28)

We also write the second condition on the right-hand side of (4.28) as i.e.
b · ∇thf ∈ L2(Ω) using the broken operator b · ∇th, where the restriction of
b · ∇thf to K ∈ Ωh is equal to b · ∇tf |K . The broken operator divth (bf) is
defined analogously. We have an associated norm given by:

‖f‖2
G(b;Ωh) = ‖f‖2

0,Ω + ‖b · ∇thf‖2
0,Ωh

.
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In view of theorem 70 we can now make sense of local trace spaces on K via
the space G(b; Ωh). Indeed, we define:

G(b; E 6=h ) = {w|E 6=h | w ∈ G̊(b; Ω)}, (4.29)

equipped with the norm:

‖θ‖G(b;E 6=h ) = inf
w∈G̊(b;Ω)

{‖w‖G(b;Ωh) | w|E 6=h = θ}.

Breaking global continuity of z in problem 6 means supplying the bilinear form
b(·, ·) with jump terms from partial integration on K ∈ Ωh. This necessitates
an evaluation of I on E 6=,intth , which is a priori not defined for I ∈ L2(Ω). Using
the new local trace spaces designed above we may, as a result, add a "flux
variable" θ and pose a broken ultra weak formulation of the inner problem as
follows, suppressing obvious dependencies of our variables on h:

Problem 7 (Broken Ultra Weak Formulation)
Find (z, I, θ) ∈ G(b; Ωh)× L2(Ω)×

◦
G (b; E 6=h ) such that:

a(z, δz)−bh(δz, I, θ) = fI∗(δz), ∀δz ∈ G(b; Ωh), (4.30a)

bh(z, δI, δθ) = 0, ∀(δθ, δI) ∈ L2(Ω)×G(b; E 6=h ),
(4.30b)

where:

a(z, δz) = 〈z, δz〉0,Ω,
bh(f, g, l) = −〈 divth (bf), g〉0,Ωh + 〈JbfK, l〉0,E 6=,int

th
,

fI∗(δz) = 〈b · ηδz, I∗〉0,Γ.

The following technical lemma is needed to show existence of a θ satisfying the
broken formulation of the inner problem. We define the dual norm:

‖f‖ ◦
G(b;E 6=h )∗

= sup
v∈
◦
G(b;E 6=h )

|
∫
Eh
fv ds|

‖v‖ ◦
G(b;E 6=h )

, f ∈ G(b; E 6=h ).

Lemma 81. For δz ∈ G(b; Ωh) we have JbδzK ∈
◦
G (b; E 6=h )∗ and the following

bounds hold:

(‖B−∗‖(2+‖ divt (b)‖∞,Ω))−1 ≤
‖JbδzK‖ ◦

G(b;E 6=h )∗

inff∈G(b;Ω) ‖δz − f‖G(b;Ωh)

≤ (2+‖ divt (b)‖∞,Ω) ,

when δz ∈ G(b; Ωh)\
◦
G (b; Ω) and B−∗ denotes the inverse of the transpose of B.
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Proof. Let δz ∈ G(b; Ωh) and w ∈
◦
G (b; Ω) and note:∫

Eh
JδzbKw ds =

∑
K∈Ωh

∫
K

w divt (bδz) + δzb · ∇tw dx (4.31)

≤ (2 + ‖ divt (b)‖∞,Ω)‖δz‖G(b;Ωh)‖w‖G(b;Ω) . (4.32)

Hence:

‖JbδzK‖ ◦
G(b;E 6=h )∗

≤ (2 + ‖ divt (b)‖∞,Ω)‖δz‖G(b;Ωh). (4.33)

For f ∈ G(b; Ω) and g ∈
◦
G (b; Ω) we have through (4.31) that

∫
Eh

JbfKg ds = 0

which implies ‖JbfK‖ ◦
G(b;E 6=h )∗

= 0. To see why this is so, note that f and g are
smooth along streamlines, so have no jumps across the interior facets. Since g
is zero on the boundary Γ we see that the statement is true. Consequently we
can quotient out the smooth subspace G(b; Ω) and make a stronger statement
than (4.33):

‖JbδzK‖ ◦
G(b;E 6=h )∗

≤ (2 + ‖ divt (b)‖∞,Ω) inf
q∈G(b;Ω)

‖δz − q‖G(b;Ωh), (4.34)

showing the second estimate.

For the first inequality, observe that divt (b·) is invertible, so for a given
δz ∈ G(b; Ωh), let v ∈ G(b; Ω) solve Bv = − divt (bv) = − divth (bδz). We let
φ solve:∫

Ω

(b · ∇tφ)(b · ∇tψ) dx = −
∫

Ωh

divth (bδz)ψ dx, ∀ψ ∈
◦
G (b; Ω),

and letting v = b · ∇tφ. This means:

divth (b(δz − v)) = divt (b)(δz − v) + b · ∇th(δz − v) = 0, (4.35)

which implies:

‖b · ∇th(δz − v)‖0,Ω ≤ ‖ divt (b)‖∞,Ω‖δz − v‖0,Ω. (4.36)

This is a highly nontrivial statement because it means we are able to bound
the derivative of a function by its L2 norm (up to the divergence term). Now
we construct a w ∈

◦
G (b; Ω) such that B∗w = b · ∇tw = δz − v by again using

namely theorem 74 and assumption 78:

〈b · ∇tw,b · ∇tψ〉0,Ω = 〈f,b · ∇tψ〉0,Ω, ∀ψ ∈
◦
G (b; Ω), (4.37)
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giving the desired equality in the sense of L2(Ω). As a result:

‖δz − v‖2
0,Ω =

∫
Ω

(δz − v)b · ∇tw dx

=
∑
K

∫
K

(δz − v)b · ∇tw dx

=
∑
K

∫
K

divt (b(v − δz))︸ ︷︷ ︸
=0 by (4.35)

w dx+

∫
∂K

b · ηKw(δz − v) ds

=

∫
E 6=,int
th

JbδzKw ds+

∫
Γ

b · ηδzw ds

=
∑
K∈Ωh

∫
∂K

b · ηKδzw ds .

The last term does not include v because it is not from a broken space (both w
and v are smooth along streamlines). Then:

‖δz − v‖2
0,Ω ≤ ‖JbδzK‖ ◦G(b;E 6=h )∗

‖w‖G(b;Ω)

≤ ‖JbδzK‖ ◦
G(b;E 6=h )∗

‖B−∗‖‖δz − v‖0,Ω,

giving:

‖δz − v‖0,Ω ≤ ‖B−∗‖‖JbδzK‖ ◦
G(b;E 6=h )∗

.

Using (4.36) and ‖δz − v‖G(b;Ωh) ≤ ‖δz − v‖0,Ω + ‖b · ∇th(δz − v)‖0,Ω we get:

inf
w∈G(b;Ω)

‖δz − w‖G(b;Ωh) ≤ ‖B−∗‖(2 + ‖ divt (b)‖∞,Ω)‖JbδzK‖ ◦
G(b;E 6=h )∗

,

and we are done.

As a consequence we can establish an isomorphism:

Corollary 82.
◦
G (b; E 6=h )∗ ' G(b; Ωh)/

◦
G (b; Ω). The norm on

◦
G (b; E 6=h )∗ is

equivalent to the norm on G(b; Ωh) for functions in G(b; Ωh)/
◦
G (b; Ω).

Intuitively, this isomorphism makes sense: taking the boundary values out of
the equation, the norm of a broken function is related to the sup-norm of its
jumps (in the direction of b).

Theorem 83 (Well-posedness of problem 7). Let Ii ∈ H1(Γi), i = 0, 1. There
exists a unique triple (z, I, θ) ∈ G(b; Ωh)× L2(Ω)×

◦
G (b; E 6=h ) such that (7) is

satisfied.
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Proof. First we verify that B has closed range by conditions i-iii of theorem 7.

i. This is obvious from the definition of B in (4.23).

ii. Next we show uniqueness. Suppose (I, θ) ∈ L2(Ω)×
◦
G (b; E 6=h ) are such

that:
bh(δz, I, θ) = 0 ∀δz ∈ G(b; Ωh). (4.38)

Note that if δz ∈ G(b; Ω) then I ≡ 0 because on this subspace, the operator
applied to I is already an isomorphism by theorem 80, specifically we know
by (4.26) that B∗ is injective on this subspace. Next we consider δz such that
supp(δz) = K for an arbitrary K ∈ Ωh. Since I = 0 was shown on smooth
subspaces for the test function δz, it must also hold for this choice. Then,
(4.38) implies

∫
∂K

b · ηKδzθ ds = 0⇒ θ ≡ 0 and uniqueness is shown.

iii. We verify an inf-sup condition for bh directly in the form of (2.12).
Let δz ∈ G(b; Ωh). Here we use the bracket notation δz1[δz] when necessary
to make it clear how δz1 is computed: by the previous results exists δz1[δz] ∈
G(b; Ω) such that:

− divt (bδz1[δz]) = − divth (bδz), (4.39)

with:

‖δz1‖G(b;Ω) ≤ ‖B−1‖‖ divth (bδz)‖0,Ω

≤ ‖B−1‖(2 + ‖ divt (b)‖∞,Ω)‖δz‖G(b;Ωh).

This in turn implies:

‖δz1 − δz‖G(b;Ω) ≤ (1 + ‖B−1‖(2 + ‖divt (b)‖∞,Ω))︸ ︷︷ ︸
=C̃

‖δz‖G(b;Ωh). (4.40)

We can make this bound tighter through the following observation: when it
is the case that δz occupies the smooth subspace G(b; Ω) i.e. δz ∈ G(b; Ω),
δz ≡ δz1 which means that for any v ∈ G(b; Ω):

δz1[δz − v]− δz1(δz) = −v. (4.41)

This means that if we change the right-hand side of the equation Bx = y by
say y 7→ y + w then we get a change in x exactly equal to w:

divth (b(δz − v)) = divt (bδz1(δz))− divt (bv),

divth (b(δz − v)) = divt (bδz1(δz − v)),

so that:

divt (b(δz1[δz − v]− δz1[δz])) = divt (bv),

which gives us (4.41). As a result (4.40) becomes:

‖δz1 − δz‖G(b;Ω) ≤ C̃ inf
v∈G(b;Ω)

‖δz − v‖G(b;Ωh). (4.42)
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Remark 84. Another way of seeing this is that if we write a test function δz
as a sum of δzG(b;Ω) ∈ G(b; Ω) and δzG(b;Ωh)\G(b;Ω) ∈ G(b; Ωh) \G(b; Ω), then
δzG(b;Ω) − δz1 will vanish due to the equivalence in (4.39).

Applying lemma 81 to the right-hand side of (4.42) yields:

‖δz1 − δz‖G(b;Ω) ≤ C̃ inf
v∈G(b;Ω)

‖δz − v‖G(b;Ωh)

≤ Ĉ‖JbδzK‖ ◦
G(b;E 6=h )∗

, (4.43)

where Ĉ = ‖B−∗‖(2 + ‖ divt (b)‖∞,Ω)C̃.

Since the space
◦
G (b; E 6=h ) is a Hilbert space it is reflexive, so by James’ theorem

[139] we know that the operator norm ‖ · ‖ ◦
G(b;E 6=h )∗

attains its supremum. As a

result we can guarantee the existence of a θ̄ ∈
◦
G (b; E 6=h ) such that:

‖JbδzK‖ ◦
G(b;E 6=h )∗

=

∫
E 6=h

JbδzKθ̄ ds

‖θ̄‖ ◦
G(b;E 6=h )

.

We see that θ̄ is only defined up to a multiplicative constant by the nature of
the expression above, so we let θ be defined by:

θ =
θ̄

‖θ̄‖ ◦
G(b;E 6=h )

Ĉ−1‖δz1 − δz‖G(b;Ωh), (4.44)

so that, for any θ̄ we can select:

‖JbδzK‖ ◦
G(b;E 6=h )∗

=

∫
E 6=h

JbδzKθ ds

‖θ‖ ◦
G(b;E 6=h )

,

with ‖θ‖ ◦
G(b;E 6=h )

= Ĉ−1‖δz1 − δz‖G(b;Ωh) and observe that since:

‖θ‖ ◦
G(b;E 6=h )

=

∫
E 6=h

JbδzKθ ds

‖JbδzK‖ ◦
G(b;E 6=h )∗

,

and that the denominator is greater than or equal to Ĉ−1‖δz1 − δz‖G(b;Ωh) by
(4.43) then we can conclude that:

‖θ‖ ◦
G(b;E 6=h )

≤
∫
E 6=h

JbδzKθ ds

‖θ‖ ◦
G(b;E 6=h )

,

implying:

‖θ‖2
◦
G(b;E 6=h )

≤
∫
E 6=h

JbδzKθ ds, (4.45)
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for any choice of δz ∈ G(b; Ωh).

Next, there exists an I ∈ L2(Ω) for each δz1 ∈ G(b; Ω) such that :

‖Bδz1‖0,Ω =
〈− divt (bδz1), I〉0,Ω

‖I‖0,Ω

,

which holds since I 7→ 〈Bδz1I〉0,Ω attains its supremum by James’ theorem be-
cause L2(Ω) is reflexive. Note that we have, for ‖B−1‖ = supi∈L2(Ω)

‖B−1i‖G(b;Ω)

‖i‖0,Ω
:

‖B−1Bδz1‖G(b;Ω) = ‖δz1‖G(b;Ω),

‖B−1‖‖Bδz1‖0,Ω ≥ ‖δz1‖G(b;Ω),

‖Bδz1‖0,Ω ≥ ‖B−1‖−1‖δz1‖G(b;Ω),

‖Bδz1‖−1
0,Ω ≤

1

‖B−1‖−1‖δz1‖G(b;Ω)

,

so we can say:

‖I‖0,Ω =
〈− divt (bδz1), I〉0,Ω

‖Bδz1‖0,Ω

≤ 〈− divt (bδz1), I〉0,Ω
‖B−1‖−1‖δz1‖G(b;Ω)

.

Select now I such that ‖I‖0,Ω = ‖B−1‖−1‖δz1‖G(b;Ω) (by scaling similar to
(4.44)). In turn, this implies:

‖I‖2
0,Ω ≤ 〈− divt (bδz1), I〉0,Ω.

Using the fact that ∃δz1 ∈ G(b; Ω) such that divt (bδz1) = divth (bδz) for any
choice of δz ∈ G(b; Ωh) we derive:

‖I‖2
0,Ω ≤ 〈− divth (bδz), I〉0,Ω, ∀δz ∈ G(b; Ωh). (4.46)

Next, we use (4.46) and (4.45) to show that for bh on G(b; Ωh) × (L2(Ω) ×
G(b; E 6=h )):

(‖B−1‖2 + Ĉ2)−0.5‖δz‖G(b;Ωh) ≤
‖δz‖G(b;Ωh) + ‖δz1 − δz‖G(b;Ωh)

(‖B−1‖2 + Ĉ2)0.5

≤
√
‖B−1‖2‖δz‖2

G(b;Ωh) + Ĉ2‖δz1 − δz‖2
G(b;Ωh)

≤
‖B−1‖2‖δz‖2

G(b;Ωh) + Ĉ2‖δz1 − δz‖2
G(b;Ωh)√

‖B−1‖2‖δz‖2
G(b;Ωh) + Ĉ2‖δz1 − δz‖2

G(b;Ωh)

=
‖B−1‖2‖δz‖2

G(b;Ωh) + Ĉ2‖δz1 − δz‖2
G(b;Ωh)√

‖I‖2
0,Ω + ‖θ‖2

◦
G(b;E 6=h )

≤ bh(δz, I, θ)√
‖I‖2

0,Ω + ‖θ‖2
◦
G(b;E 6=h )

.
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Here,
√
‖I‖2

0,Ω + ‖θ‖2
◦
G(b;E 6=h )

is a norm on L2(Ω)×
◦
G (b; E 6=h ). We therefore have:

bh(δz, I, θ)√
‖I‖2

0,Ω + ‖θ‖2
◦
G(b;E 6=h )

≥ γ‖δz‖G(b;Ωh), ∀δz ∈ G(b; Ωh),

where γ = (‖B−1‖2 + Ĉ2)−0.5. This implies the existence result in theorem 7 so
we verify the inf-sup condition. The uniqueness argument is analogous to that
in theorem 80.

Let γ = (‖B−1‖2 + Ĉ2)−0.5 We now proceed to examine the equations in (7)
together. Define the operator Bh(I, θ) = bh(·, I, θ) ∈ G(b; Ωh)

∗, together with
its kernel ker(Bh) = {δz ∈ G(b; Ωh) | Bh(I, θ)(δz) = 0,∀(I, θ) ∈ L2(Ω)×

◦
G

(b; E 6=h )}.

Select now δz ∈ ker(Bh) in (7) so that (4.30a) reduces to a(z, δz) = fI∗(δz).
For z ∈ ker(Bh), a(·, ·) is naturally coercive since a(z, z) = ‖z‖2

2 = ‖z‖2
G(b;Ωh).

This equation is uniquely solvable by the Lax-Milgram theorem.

It remains to show that there exists a pair (I, θ) ∈ L2(Ω)×
◦
G (b; E 6=h ) such that:

bh(δz, I, θ) = fI∗(δ)− a(z, δz).

This follows immediately from the inf-sup condition we just verified.

4.1.3.1 Discrete Formulation

In this section we consider the problem of finding suitable finite-dimensional
subspaces for our trial and test functions to recover a stable discretisation.
That is, we want to find subspaces:

Uh = UI
h × Uθ

h ⊂ L2(Ω)×G(b; E 6=h ),

Vh ⊂ G(b; Ωh),

parameterised by the mesh size h. These subspace will be written in product
form e.g.:

Vh = ΠK∈ΩhVK , (4.47a)
UI
h = ΠK∈ΩhUK , (4.47b)

Uθ
h = ΠF∈E 6=h

UF , (4.47c)

where VK and UK denote a polynomial restricted to K and UF is a polynomial
space restricted to the d-dimensional facets of E 6=h . The main task in this section
is to determine the polynomial orders of these spaces as the well-posedness of
the following the discrete version of problem 7 will depend directly on this choice.
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Problem 8 (Discrete Broken Ultra Weak Formulation)
Find (z, I, θ) ∈ Vh × Uh such that

a(z, δz)−bh(δz, I, θ) = fI∗(δz) ∀δz ∈ Vh (4.48a)
bh(z, δI, δθ) = 0 ∀(δθ, δI) ∈ Uh (4.48b)

Since Uh and Vh are exterior approximations we cannot directly apply the
result from theorem 83 to show well-posedness - in particular existence. In
order to do so we verify what forms the subject of this section, namely the
following discrete inf-sup condition:

0 < γ ≤ inf
(I,θ)∈Uh\{0}

sup
δz∈Vh\{0}

bh(δz, I, θ)

‖(I, θ)‖Uh‖δz‖Vh
, (4.49)

where γ is independent of h. To this end we use the following result.

Theorem 85 (Fortin operator [97]). Suppose there exists a linear operator
F : V→ Vh satisfying the following conditions:

1. bh(δz −Fδz, I, θ) = 0, ∀(I, θ) ∈ Uh, ∀δz ∈ V

2. ‖Fδz‖V ≤ C‖δz‖V, ∀δz ∈ V

with a constant C that does not degenerate as h → 0. Then the inequality
(4.49) holds.

Proof. Let (I, θ) ∈ Uh and δz ∈ V. Then,

γ‖(I, θ)‖Uh ≤ sup
δz∈V

b(δz, I, θ)

‖δz‖V
= sup

δz∈V

b(Fδz, I, θ)
‖δz‖V

≤ sup
δz∈V

b(Fδz, I, θ)
‖Fδz‖V

.

The advantage of the element-wise construction of the broken spaces in (4.47)
is that the Fortin operator can be constructed locally. It also happens that
we can do this by constructing two operators, Π1

h and Π2
h from V to Vh. We

request that these operators satisfy:

‖Π1
hδz‖V . ‖δz‖V, ∀δz ∈ V,

‖Π2
h[id− Π1

h]δz‖V . ‖δz‖V, ∀δz ∈ V,
bh(δz − Π2

hδz, I, θ) = 0, ∀(I, θ) ∈ Uh, ∀δz ∈ V.

Then we can construct the operator F = Π1
h + Π2

h(id − Π1
h) which verifies

theorem 85. Before we construct these operators we shall make the following
assumption about the velocity:

116



Chapter 4. Space-time Metamorphosis 4.1. Inner Problem

Assumption 86. The velocity field u is a piece-wise linear polynomial in
space-time.

u remains in W 1,∞(Ω) given this assumption.

Remark 87. Note that if b were given as an element-wise constant function
then a Fortin operator for our problem would be similar to the one produced in
[91] for the stationary Stokes equation. However, a piece-wise constant b does
not generate unique streamlines as the spatial continuity is violated.

First we construct Π1
h. Interpolation of functions in V is not completely trivial

since point evaluation is not supported for this equivalence class. As such
we have the usual choice of selecting either the Clément [62] (its usage for
Fortin construction was first suggested by Verfürth in [223]) or Scott-Zhang
[200] operators. The latter is more convenient for matching Dirichlet boundary
conditions, but since we do not impose these for the test functions in V we
shall consider this option no further.

Next we construct Π2
h such that:

‖Π2
h[id− Π1

h]δz‖V ≤ C‖δz‖V, (4.50)

and such that:

bh(δz−Π2
hδz, I, θ) = −〈 divth (b(δz−Π2

hδz)), I〉+〈Jb(δz−Π2
hδz)K, θ〉E 6=,int

th
= 0 ,

for any choice of (I, θ) ∈ Uh. We want to set up a square system to determine
the polynomial orders of Uh and Vh so this condition above holds. Recall that
Jb(δz − Π2

hδz)K = (bδz)+ · η+ + (bδz)− · η−. So writing η = |η1 η2|> the jump
term can be written as

〈Jb(δz − Π2
hδz)K, θ〉E 6=,int

th
=
∑
F

∫
F

[(bδz)+ · η+ + (bδz)− · η−]θ

=
∑
F

∫
F

[(η+
1 + uη+

2 )δz+ + (η−1 + uη−2 )δz−]θ .

Let us define the integers pu, pz, pI and pθ as the polynomial orders of the
various variables on K, noting that by assumption 86, pu = 1. Note the term
(η+

1 +uη+
2 )θ is of order pu+pθ (resp. for −). We therefore define the augmented

condition: ∫
∂K

(δz − Π2
hδz)φ ds = 0,∀φ ∈ Ppu+pθ . (4.51)

Next, we look at the first term of the orthogonality condition and examine the
polynomial orders here. It is sufficient to request:

〈 divth (b(δz − Π2
hδz)), I〉 = 0 .
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Integrating by parts locally this is equivalent to:

〈 divth (b(δz − Π2
hδz)), I〉K =〈−(δz − Π2

hδz)b · ∇tI〉K +

∫
∂K

(δz − Π2
hδz)b · ηI .

The boundary term vanishes provided pI ≤ pθ by the results we just derived
for pθ. The interior integral condition then reads:∫

K

(δz − Π2
hδz)ψ ds = 0,∀ψ ∈ Ppu+pI−1 . (4.52)

because the order of b · ∇tI is pu + pI − 1 (because of the gradient). We fix pu,
so we wish to find the degree pz such that:∫

K

(δz − Π2
hδz)ψ dx = 0,∀ψ ∈ PpI , (4.53a)∫

∂K

(δz − Π2
hδz)φ ds = 0,∀φ ∈ Ppθ+1. (4.53b)

It is the subject of future work to determine the Fortin operator above - or
suitable degrees pI , pθ and pz such that the discrete inf-sup condition is met.
The goal is to leverage a technology called static condensation - or hybridisation
- where the discrete system (8) is decomposed into local subproblems on K in
terms of the trace variables θ (which can be done in parallel), and then "glued"
together to reconstruct the image I and source z. We do not attempt to explain
the details of this parallel optimisation method and simply refer to [106] for a
Firedrake abstraction of this method that we aim to apply to the system (8).

Broersen et al. [46] construct near-optimal test functions for a bilinear form
similar to bh(·, ·) above. These are derived from streamline integrals of the
test functions on each K ∈ Ωh using a piecewise constant approximation of
the velocity field. It was deemed out of scope of this project to investigate
whether such test functions could prove useful in proving a discrete inf-sup
condition. In the seminal papers [80, 77] optimal test functions for a transport
problem are also computed, although in the latter it is assumed that the field u
is incompressible which is in general not the case for the problem we treat here.
The difficulties that remain for the DPG formulation are analytical, namely the
proof of assumption 78 and those related to the discrete optimal test functions.
We are however able to compute with the DPG formulation using the Firedrake
package in certain cases. The main challenge numerically is to treat θ on those
edges where b·η = 0, where η is an outward normal of the mesh skeleton. Recall
that the function space G(b; E 6=h ) for θ in (4.29) passes via the decomposition
in (4.27), so in fact θ is not defined on subsets of E 6=h postive measure where
b · η = 0. Numerically, θ is a piece-wise polynomial defined on the edges so
a practical way of enforcing this condition is to zero the degrees of freedom
associated with θ on an edge if

∫
e
b ds = 0. It is easy to see that this method

may not be granular enough depending on the velocity field, so this approach
may constitute a variational crime that is the subject of further analysis.
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4.2 Outer Problem

The various forms of the inner problem equip us with a set of forward operators
that map the one-parameter family of velocity fields u to a solution to the
inner problem. These forward operators motivate a gradient descent method
to solve the inverse problem of finding the optimal velocity u minimising the
metamorphosis function in (4.1).

4.2.1 Gradient Descent

Central to the preceding analysis was the space G(b; Ω) which depends explicitly
on the velocity u via b. If we wish to explore the linear space V by means of a
gradient descent method perturbing a velocity u 7→ u+ δu (where δu is some
appropriate search direction) implies a change in the Hilbert space G(b; Ω).
Since a variation δu in the velocity is arbitrary, it is not straight-forward to
characterise the derivative of image I ∈ G(b; Ω) since it surely will not occupy
G(b; Ω) unless the variation δu vanishes. We do not, to the best of the author’s
knowledge, have at our disposal analytical tools to treat such a problem for the
full space G(b; Ω). We briefly remark on a possible way of taking this research
further.

Remark 88 (Analytical derivative). It may not by necessary to specify differ-
entiability of all functions in G(b; Ω) with respect to the velocity, but only for
images that are "optimal" for a given velocity field. For sufficiently smooth data
the image is given by (4.10). Despite not having a convenient computational
way of evaluating this formula, it is possible to state an explicit form of the
derivative of I with respect to a variation in the velocity field. We refer to the
work of François-Xavier Vialard for a semi-differentiation lemma for discontin-
uous image matching with (special) functions of bounded variation [224, 225].
With more work we believe that some of the analytical tools used here may be
adapted to the space-time setting.

A pragmatic solution to this problem is therefore simply to restrict the space of
images to be continuous everywhere on Ω, and importantly finite-dimensional
by using the conforming discretisation of (4). The approach we take here is
called a discretise-then-optimise strategy, where we replace the function spaces
with finite-dimensional surrogates and then apply a gradient descent method.
This is in contrast with an optimise-then-discretise scheme, where an optimality
system (sometimes referred to as the Karush-Kuhn-Tucker, or KKT, system)
is derived for an infinite-dimensional optimisation problem after which the
resulting equations are discretised together. We return to this briefly later on,
see also [125, Chapter 3] for details.

For some finite-dimensional spaces Vh and Gh we use the inner problem formu-
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lations above to pose the inverse problem as follows:

inf
(u,I)∈Vh×Gh

H =
1

2

∫ 1

0

‖u‖2
V + σ−2‖∂I

∗[u]

∂t
+ u · ∇I∗[u]‖2

0,Ω dt (4.54a)

subject to I∗[u] , arg inf
I∈Gh,
I|Γ0

=I0,

I|Γ1
=I1

‖∂I
∂t

+ u · ∇I‖2
0,Ω. (4.54b)

We write this as a reduced problem for the control variable u:

inf
u∈Vh

HR =
1

2

∫ 1

0

‖u‖2
V + σ−2‖∂I

∗[u]

∂t
+ u · ∇I∗[u]‖2

0,Ω dt (4.55a)

subject to I∗[u] solves problem 4. (4.55b)

I∗[u] is the optimal source term given u in sense of the inner problems in the
previous section2. The space Vh is described later. Remark that the inverse
problem is for u in the whole time, not just initial because we are using space-
time. In this section we treat the inverse problem directly as an optimisation
problem using a gradient descent approach. Alternative ways of solving this
inverse problem are discussed in section 4.3.

We note that (4.54) and (4.55) lead to the same stationary points, so the
reformulation is idempotent. Setting δH = 0 yields:

〈u, δu〉V = −σ−2〈b · ∇tI, δu · ∇I〉2, ∀δu ∈ Vh
〈b · ∇I,b · ∇δI〉2 = 0, ∀δI ∈ Gh

for all t = 0, . . . , 1, with the image at time t = 0, 1 fixed. Since Gh is a
globally continuous piecewise finite-dimensional space, the spatial derivative is
well-defined. Doing the same for HR we get:

〈u, δu〉V = −σ−2〈b · ∇tI
∗[u],b · ∇t

δI∗

δu
[u]δu+ δu · ∇I∗[u]〉2, ∀δu ∈ Vh,

where δI∗

δu
[u]δu is the Fréchet derivative of the solution I∗[u] at u with respect

to u. In the PDE-constrained community this is commonly referred to as
the adjoint. We notice that the reduced nature of the reformulation (4.55)
introduces a new term in the equation for u. However, since δI∗

δu
[u]δu ∈ Gh

(since the derivative is taken with respect to the inner product on Gh in sense
of Fréchet), then:

〈b · ∇tI
∗[u],b · ∇t

δI∗

δu
[u]δu〉2 = 0,

since I∗[u] solves problem 4, which is a convex problem, so the equivalence
follows.

2 Here we have used problem 4, but future work aims at replacing this with the DPG
formulations.
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We comment on possible discretisations of the space V . To this end we recall
that for u to generate diffeomorphisms it is sufficient that the map t 7→ ut is
integrable, while (for any t), x 7→ ut(x) is at least Lipschitz [234, Chapter 8].
Firedrake supports a variety of meshes e.g. triangular meshes and quadrilaterals
[130] on which function space can be built leading to different choices for the
discretisation of V . This section briefly discusses how these can be realised
numerically using Firedrake [191] as well as how knowledge of the existence of
the gradient from the previous section motivates an adjoint-based automatic
differentiation algorithm. The focus here is simply to motivate the usefulness
of the inner problem formulations.

V can be discretised with simple piecewise linear C0-conforming finite element
space leading to Lipschitz velocity fields (in space-time). This was used in
the numerical evidence shown in the previous section. Firedrake also allows
the user to define extruded quadrilateral meshes [168, 34]. These make it
possible to separate the regularity between space and time by a tensor-product
structure, therefore allowing e.g. the finite element of [231] used in the previous
chapter to be applied in the spatial direction, while time can be either a simple
C0-conforming space or possibly discontinuous. In the rest of this section we
explore the use of the piecewise linears in space-time for simplicity and leave the
investigation of tensor-product elements to future work. This section concludes
with a discussion and some numerical examples of solving the inverse problem
(4.55) for space-time u.

Automatic differentiation is a software abstraction allowing for the numerical
evaluation of the Jacobian of expressions that are given as functions in a
programming language [182]. These essentially articulate chain and product
rules for computer programmes. The implementation of such an abstraction
permits a user to evaluate gradients of for instance complex composite functions
for use in an optimisation loop. For instance, formally speaking, the derivative
of the functional in (4.55) with respect to the velocity requires some sense
to be made about the expression δz∗[u]

δu
. In the PDE-constrained optimisation

community this expression is called the adjoint and it is precisely the machinery
of automatic differentiation that (upon suitable discretisation) allows for its
numerical evaluation. This machinery is indeed necessary as no explicit gradient
can be evaluated from z∗[u]. As we have mentioned before, Firedrake supports
an automatic differentiation engine [177, 99] (we use version 2018.1). With only
a few lines of code we can express the optimisation problem (4.55) which can
then be solved by e.g. a Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm
[184]. We used the Rapid Optimization Library (ROL) (version 0.0.9), see
trilinos.github.io (Python interface version 0.0.16). For details see the previous
references. Our setup to run the simulations is identical to that described in
section 4.1.2.1 Here we provide but a few numerical examples to support our
work in section 4.1.2.

121

trilinos.github.io


Chapter 4. Space-time Metamorphosis 4.2. Outer Problem

Remark 89. The DPG system for the inner problem naturally involves globally
non-smooth functions. Numerical experiments suggest standard optimisation
tools available via Firedrake are not ideal in this setting. We observe a degrada-
tion in the speed and convergence of the optimiser and we therefore suggest that
looking further into the non-smooth optimisation literature can address some of
these issues. For this reason we only provide numerical examples for the outer
problem using the conforming discretisation of the inner problem.

Figure 4.3 and 4.4 show the image (or density) I results of a gradient descent
applied to the problem in (4.55) using Firedrake’s automatic differentiation
abstraction and the conforming discretisation from section 4. In these figures,
h = 0.025 in space and time. It took 15 minutes to compute all of these
solutions. Both the image and the velocity field is discretised using a globally
continuous piecewise linear finite element space on a spatially periodic domain.
These figures show that our method is able to compute meaningful matches
between different densities. In figure 4.3.A and E we see that transport solutions
are recovered, even in the presence of a template with a sharp spatial gradient.
For the other cases we have chosen densities which can be matched without pure
transport. In some instances, i.e. F and D, the gradient descent finds intuitive
matches between the data, while B, C and G struggle to recover the same visual
effect. For these three configurations we find that advection is recovered for some
parts of the image but we do not see a merging effect as before. This may be due
to the gradient method settling in local minima. For instance, in figure 4.3.C it
is more economical to seek an approximately constant velocity field to match
the left-most mode of the template while causing the right-most mode to vanish.

We also comment on the role of σ which we recall acts as a penalisation
parameter for advection term. In figure 4.3 the two terms in (4.55) are weighted
equally. Figure 4.4 uses the same data as in figure 4.3, albeit with σ−2 = 105.
We observe similar results as before with the exception of B and C. Adjusting
the value of the penalty parameter allows the gradient method to recover, with
moderate success, some of the density merging behaviour observed previously.
With a more complete theoretical understanding of the space-time gradient
descent method, and more expertise in numerical optimisation, we can begin to
carry out more careful parameter studies for σ. This is deferred to future work.
We also present some results for d = 2 in figure 4.5 and 4.6 for different values
of σ. These took only 9 minutes to compute as we quickly observe some error
stagnation here earlier on than for the d = 1 case and therefore simply exit the
optimisation procedure more quickly. In the spatial dimension, h = 0.025 and
extruded in time with 15 subdivisions. The observations are similar to those in
the one-dimensional case. We comment on a few of these. For transport-type
problems (the first and third rows of figure 4.5 and 4.6), the parameter σ does
not change the nature of the solutions, albeit smearing out the smooth data in
the first row when the penalty parameter is low. This behaviour is not present
for discontinuous data which we attribute the flow being almost grid-aligned
and constant in time. σ does not appear to alter the merging effect in the
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(a) (b) (c) (d)

(e) (f) (g)

Figure 4.3: Results for the outer problem for various template and target pairs
in one dimension. The vertical dimension is time and the horizontal dimension is
space, so the north and south faces of the domain represent the target and template,
respectively. Here we have taken σ−2 = 1.

(a) (b) (c) (d)

(e) (f) (g)

Figure 4.4: Results for the outer problem for various template and target pairs in
one dimension with the same template and target densities as in figure 4.4. Here
we have taken σ−2 = 105 thereby forcing the algorithm to seek more diffeomorphic
geodesics.
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example provided in the second row of the figures, though overall the intensity
values are lower whenever σ = 1. Again this can be explained by advection
being enforced to a lesser extent, but not changing the direction of the velocity
field. Lastly are the fourth and fifth rows where we truly see the influence of
σ. When σ = 1 in figure 4.5, very little advection is observed and the motion
between the template and the target can be viewed as a simple "fading in/out"
effect. In figure 4.6, however, we see some interesting results showing more
meaningful (qualitatively speaking), geodesics between the images. Although
these results are still of a toy problem nature they show clear promise for our
approach. These results can be generated in less than 24 hours on standard
consumer hardware (without using any preconditioning whatsoever). One may
therefore conjecture that, with the built-in parallelism and high-performance
support in Firedrake [191] we may be able to take this method further and
generate geodesic between high resolution images.

Figure 4.5: Results for the outer problem for various template and target pairs in two
dimensions for σ−2 = 1. Each row shows the evolution at time t = 0, 0.25, 0.5, 0.75, 1.
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Figure 4.6: Results for the outer problem for various template and target pairs in
two dimensions for σ−2 = 105 to seek more diffeomorphic geodesics. Each row shows
the evolution at time t = 0, 0.25, 0.5, 0.75, 1.

4.3 Summary

This chapter successfully casts the metamorphosis in a variational Hilbertian
space-time setting. The variational setting introduced in section 4.1 provides a
novel framework to study weakly space-time differentiable geodesics for meta-
morphosis. We identified, in various ways, three formulations of the so-called
inner problem with different interpretations of the advective operator b · ∇t.
A primal formulation in section 4.1.2 and two dual formulations in section
4.1.3 for L2 images. From the vantage points of a least-squared variational
setting and theory of Friedrich systems we derived deep theoretical results for
the inner problem in section 4.1 which essentially reinterprets what is assumed
to hold for most elliptic problems (continuity, coercivity, trace theorems) in the
least-squared advection setting. Based on this we presented a simple conforming
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finite element method. The dual formulations cast the geodesic equations in
the discontinuous Petrov-Galerkin framework. We also paved the way towards
the design of a Fortin operator for our mixed method. Finally we showed a
way to solve the inverse problem to find a suitable velocity field u.

There are many open problems and options yet to be explored for space-time
metamorphosis. The main theoretical challenges for the inner problem is show-
ing a regularity result akin to the usual elliptic regularity for H1 variational
problems. Second to show the existence of a Fortin operator for the discrete
DPG formulation. Ideally, the order of the polynomials determined in (4.53)
would open up the possibility to use static condensation for the system and
greatly reduce the computational load of the inner problem see e.g. [193]
for an example of this. The DPG formulation also highlights the need for a
non-smooth optimiser as a result of the discontinuous functions inherent in
the system. In addition, preconditioning of any of the discrete formulations
presented above would also help in accomplishing this task. For instance, [5]
offers some insights into preconditioning for a space-time wave equation and
offers excellent numerical evidence that might be useful in this endeavour.
Space-time adaptivity could also be explored in order to resolve details of im-
ages represented as finite element functions, in which case one would dispense
with the quasi-uniformity assumption that we presented in chapter 2. Based
on our numerical experiments in 2D the combination of preconditioning, static
condensation techniques and more bespoke numerical optimisers can lead to a
powerful method on par with contemporary methods.

The outer problem also presents some possibilities for future work. In this
project we have chosen to treat the outer problem with a discretise-then-
optimise approach because of the availability of the seamless adjoint framework
in Firedrake. Another approach that was attempted was to derive the Euler-
Lagrange equations for the "full" metamorphosis problem (also called EPDiff
in the literature) to solve for u, I and z simultaneously, and then discretise
this nonlinear system of equations. A Newton method could then be applied
for this system, some work has been done previously in this area for LDDMM
[123]. Also, the work [238] establishes a fast algorithm for computing finite-
dimensional velocity fields which could be used in conjunction with the inner
problem formulations above. This may be morally similar to discretising the
velocity field using finite elements but we simply mention this as a possible
avenue owing to the numerical evidence in support of the authors’ work. Finally,
a Bayesian inverse formulation is also yet to be explored. Formally one could
define a distribution ρ over the space V of velocity fields by:

ρ(u) = e
∫ 1
0 〈uϕ, uϕ〉V +σ−2‖b·∇ti‖20,Ω dt, (4.56)

subject to the boundary conditions for the image i. Letting ρ denote the
likelihood of a candidate u and define a prior on the function space V we can -
formally speaking - reason about a maximum likelihood strategy for (4.56) see
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e.g. [65, 67, 66] for an illustration of this idea and [211, 71, 72] for the theory
behind these.
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Chapter 5

Selective Metamorphosis

In this chapter we present the results of a project initially conducted in col-
laboration with Dr. Alexis Arnaudon. This generated a conference paper [37],
presented at Geometric Science of Information 2019 in Toulouse which forms
the basis of this chapter.

Remark 90 (Attribution). The new ideas presented in section 5.1.2 were
generated by both authors, the technical results done by the author. The imple-
mentation of the forward problems in section 5.1 are the work of Dr. Arnaudon,
whereas the implementation of those presented in section 5.1.2 was carried out
in collaboration. The algorithm and implementation thereof in section 5.2 were
done by the author. The two ideas represented by (5.19) in section 5.3 were a
collaborate effort, although the computations in this section were carried out by
the author.

Chapter 3 presented a framework for curve matching where the target is approx-
imated in the orbit of a subgroup of diffeomorphisms. Next, chapter 4 presented
the metamorphosis metric on image space which allowed for transgression of
the diffeomorphic constraint by allowing for intensity changes. The choice of
metric clearly depends on the application and the data. Purely diffeomorphic
matching is ill-suited for modelling certain growth phenomena. This chapter
considers the question: what if the application calls for a more granular ap-
proach in the sense that we request a diffeomorphic evolution on certain parts
of the shape while allowing for growth in other parts? This chapter presents a
framework which, in some sense, interpolates between the frameworks used in
chapter 3 and 4 which we call selective metamorphosis. Here we focus mainly
on modelling aspects using landmark data and how making changes to the
classical framework of metamorphosis lead to new insights.

5.1 Landmarks

We recall that a set of landmarks is a finite point cloud in Rd typically repre-
senting locations of particular interest sampled from some higher-dimensional
shape space. To set up the notation we present some preliminaries here and
describe the classic LDDMM and metamorphosis frameworks in section 5.1.1
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before selective metamorphosis in section 5.1.2.

We let V = L2([0, 1], V ) denote the space for our time-dependent velocities u
such that ut ∈ V ↪→ Ck0(Ω,Rd), where Ω ⊂ Rd, k ≥ 2, d = 2 is a connected set.
In this chapter, ‖ · ‖Rd denotes the standard Euclidean norm.

Definition 91 (Reproducing Kernel Hilbert Space [234, Chapter 9]). Let
X ↪→ L2(Ω, Rn), Ω ⊂ Rd be a Hilbert space where with the isometry map
denoted KX : X∗ → X. X is a reproducing kernel Hilbert space if the point
evaluation Dirac δx on X defined by δxv = v(x) is a bounded linear map i.e.
for all v ∈ X and x ∈ Ω:

(δx|v)X∗, X . ‖v‖X .

As a result there exists, for every x ∈ Ω, an element Kx ∈ X such that

(δx|v)X∗, X = 〈Kx, v〉X . (5.1)

Now letting v = Ky we define the function KX : Ω× Ω→ Rn called the kernel
of X by Ky(x) = (δx|Ky)X∗, X = 〈Kx, Ky〉X = KX(x, y) and is related to the
isometry map in the following way when a ∈ Rn:

KX(x, y)a = KX(aδy)(x). (5.2)

This is easily seen by using (5.1):

(aδy|Kx)X∗, X = 〈KX(aδy), Kx〉X
= 〈aKX(δy), Kx〉X
= 〈aKy, Kx〉X
= KX(x, y)a.

Equipped with this definition we denote by LV : V → L2(Ω,Rd) the symmetric
operator generating V which for all u ∈ V satisfies the following:

‖u‖2
V = 〈LV u, u〉2d,Ω,

〈u, u〉2d,Ω . 〈LV u, u〉2d,Ω,

with an associated inverse described by the kernel KV . It will be useful to
define an inverse L̂V = K−1

V of the isometry map L̂V : V → V ∗ taking values in
V ∗ via LV and the representation theorem:

(L̂V u|v)X∗, X = 〈LV u, v〉2d,Ω.

This is also known as the Friedrich’s extension [234, Theorem 9.8] of LV .

As usual the one-parameter curve of velocities t 7→ ut induces a curve t 7→ ϕt
on a subgroup DiffV (Ω) of diffeomorphisms [11] via the equation:

ϕ̇t = ut ◦ ϕt , ϕ0 = id. (5.3)
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In this section we are concerned with landmarks so we shall use bold variables
to ease notation. That is, we use qt to denote a collection of positions of M
landmarks {qit}Mi=1 at time t, with qit ∈ Rd, d = 2. When the time index is
omitted q refers to the one-parameter family of landmark positions. Further,
when ϕt is a diffeomorphism we understand the action of ϕt on g = {gi}Mi=1,
gi ∈ Rd as:

ϕt.g = {ϕt.gi}Mi=1,

where ϕt.gi = ϕt ◦ gi. We shall also use the notation:

q̇t = ut ◦ qt

to describe the evolution of the collection of landmarks whereby each landmark
i = 1, . . .M is governed by

q̇it = ut ◦ qit.
We also use this notation for operations such as addition and multiplication,
where the operations are understood as component-wise along the landmark
dimension i = 1, . . . ,M . With this we shall throughout this chapter assume
that the kernel KV is Gaussian and given by the following expression:

KV (x, y) = e−
‖x−y‖2

Rd
2τ2 , (5.4)

where τ > 0 is a kernel parameter that determines the interaction of the
landmarks. This is easily seen: as τ → 0, x and y may be closer in the plane
before KV (x, y) takes values away from zero. Because the kernel is smooth and
induces a diffeomorphism the parameter τ determines, in a sense, the “size” of
the landmarks.

5.1.1 Previous Work

Here we describe the classic LDDMM and metamorphosis frameworks on
landmark manifolds. These finite-dimensional objects are convenient for match-
ing experiments and can offer deep insight into new models (in particular in
stochastic landmark and bridge dynamics [205, 7, 8, 6]) since there is no need to
discretise the shape space per se. We refer to [129] for theoretical background,
and [155] for an introduction to implementation of such systems.

For completeness we derive the equation for LDDMM and metamorphosis to
set up the notation. Finally we compare some numerical experiments for these
two frameworks to highlight the goal of the proposed model in the next section.

The LDDMM matching problem between two configurations of landmarks q0

and q1 seeks to minimise the following functional:

1

2

∫ 1

0

‖ut‖2
V dt, (5.5)

130



Chapter 5. Selective Metamorphosis 5.1. Landmarks

subject to the evolution equation q̇t = ut ◦ qt and the boundary conditions
q0 and q1. Letting pt denote the conjugate momentum we can write the
Hamiltonian [224] corresponding to this constrained optimisation problem:

HLDDMM =

∫ 1

0

〈pt, ut ◦ qt〉Rd×M −
1

2
‖ut‖2

V dt,

where 〈h, g〉Rd×M =
∑M

i=1〈hi, gi〉Rd . Differentiating HLDDMM with respect to an
arbitrary variation in the velocity field gives us the familiar equation:

〈LV ut, v〉0d,Ω = 〈pt, v ◦ qt〉Rd×M , ∀v ∈ V.

Using the properties of the RKHS this variational equation has an explicit
solution in terms of pt and qt. These equations above are actually those for
measure metamorphosis [129, Section 6.1] as landmarks can be lifted to V ∗ by
the delta function and we write the right-hand 〈pt, v ◦ qt〉Rd×M as a function:

x 7→
M∑
i=1

pit · v(x)δqit(x),

where δy(x) equals 1 when x = y and is otherwise 0. Using L−1
V = KV we can

write Hamilton’s equations as follows where we seek u ∈ V and pt = {pit}Mi=1,
qt = {qit}Mi=1, qit, pit ∈ Rd for t ∈ [0, 1]:

ut(q
j
t ) =

M∑
i=1

KV (qit, q
j
t )p

i
t, j = 1, . . . ,M, (5.6a)

ṗt = −∇u>t ◦ qtpt, (5.6b)
q̇t = ut ◦ qt. (5.6c)

subject the boundary conditions q0 and q1. The motion of pt and qt are
computed from functional derivatives of HLDDMM with respect to variations in
qt and pt, respectively. The kinetic energy is therefore also given by the kernel:

‖ut‖2
V =

M∑
i=1

M∑
j=1

KV (qit, q
j
t )p

i
t · pjt .

Since KV is usually a parameter as given by (5.4) the motion of the landmarks
is fully described by qt and pt.

The metamorphosis version of landmark motion introduces a so-called template
variable ηt = {ηit}Mi=1 such that the deformation of a set of landmarks is written
as the composition of the landmark position qt and a template velocity zt:

qt = ϕt.ηt, (5.7a)
zt = ϕt.η̇t, (5.7b)
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so the governing equation for qt becomes:

q̇t = ut(qt) + zt. (5.8)

The template velocity measures the intensity changes in the coordinate qt that
is not brought on by the infinitesimal change ut in the diffeomorphism ϕt. Given
the same boundary conditions as before we solve the landmark metamorphosis
problem by minimisation of the following functional in u and z:

1

2

∫ 1

0

‖ut‖2
V +

M∑
i=1

σ−2‖zit‖2
Rd dt, (5.9)

where σ is a scalar acting as a penalisation parameter for the amount of
metamorphic action z on the motion of q. The associated Hamiltonian is then:

HMM =

∫ 1

0

〈pt, ut ◦ qt + zt〉Rd×M −
1

2
‖ut‖2

V −
1

2

M∑
i=1

σ−2‖zit‖2
Rd dt.

Differentiation of this with respect to a variation in the intensity field zt yields:

zt = σ2pt,

resulting in the Hamiltonian system where we seek u ∈ V and pt = {pit}Mi=1,
qt = {qit}Mi=1, qit, pit ∈ Rd for t ∈ [0, 1]:

ut(q
j
t ) =

M∑
i=1

KV (qit, q
j
t )p

i
t, j = 1, . . . ,M, (5.10a)

ṗt = −∇u>t ◦ qtpt, (5.10b)
q̇t = ut ◦ qt + σ2pt. (5.10c)

Note that the velocities ut above are defined everywhere on Ω but need only
be evaluated on the landmarks to compute the dynamics. We recall that the
LDDMM landmark equations can therefore be thought of as a formal limit of
metamorphosis when σ vanishes so the penalty for violating a diffeomorphic
match is infinite.

For simplicity we discretise the time derivatives in (5.6) and (5.10) with a
forward Euler scheme. Time is discretised into T time steps t ∈ [0, 1 . . . , T − 1]
of size ∆t = T−1. We therefore approximate the time derivatives of p and q as
follows:

ṗt ≈
pt+1 − pt

∆t
,

q̇t ≈
qt+1 − qt

∆t
.

Since the kernel KV is given explicitly by (5.4) we do not need to discretise LV
as in chapter 3. This approximation will be used throughout this chapter. To
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approximate the time-discrete Hamiltonian systems above we apply a shooting
method, where we replace the end-point condition q1 with a guess for p0, and
iteratively update p0 until the mismatch between the landmarks at time t = 1
and the prescribed locations of q1 below a certain tolerance measured in the
Euclidean norm. We use T := 100 and carry out a maximum of 5000 shooting
iterations allowing us to compute geodesics in roughly 5 minutes depending
on the nature of the template and target. As in the previous chapters we
use a 2014 MacBook Pro with a 2.5GHz Intel Core i7 processor and 16GB of
1600MHz DDR3 RAM to run our simulations. When replacing the endpoint
conditions for the systems (5.6) and (5.10) with an initial condition we refer to
these as forward systems. In practice, the updates to the initial momentum are
computed using automatically generated adjoint equations using the automatic
differentiation package Theano [215] (we use version 1.0.2) and they are there-
fore omitted here. The landmark equations are solved extremely efficiently as
they are simple ODEs in space and only require the gradient of the velocity
field and no other derivatives (time is approximated by forward Euler). The
Theano back-end carries out execution speed optimisations by compiling parts
of the symbolic code into executable code, allowing Theano programmes to
be potentially faster than pure Python. We can simply write down symbolic
expressions of the forward systems and minimise the mismatch as a function p0,
see e.g. [156, 155] for more examples and a discussion of deep learning libraries
for differential geometry. The authors also argue the case for GPU acceleration
and scalability of this approach for solving shape matching problems.

Although diffeomorphic (LDDMM) paths always exist for landmark problems
[119] it can be challenging to realise certain matchings numerically depend-
ing on the template and target. The conditioning of certain problems can
be degenerate and it is evidenced that problems where geodesics approach
intersection yield large kinetic energies and spurious geodesics that do not
contribute to an intuitive matching. A comparison of the LDDMM and meta-
morphosis frameworks can be seen in figure 5.1 where we carry out matchings
between sets of landmarks in Rd. A template set of landmarks (marked with
dots) are matched to their targets (crosses). The geodesic paths are marked
with lines between. In the top two panels the template and the target is
chosen to be aligned with the y-axis, and we impose a correspondence so the
geodesics must "invert" the order of the landmarks. The metamorphosis model
clearly recovers the symmetry implied by the template and target, while the
LDDMM framework struggles to align with the target. The same applies to
two bottom panels where we match a template on the unit circle to a target in
the shape of the number 8. The metamorphosis matching is able to overlap
the right and left-most points to the origin, while keeping the other points
stationary. The overlap at the origin is almost attained for LDDMM at the
cost of spurious geodesics that cause even the points that should be stationary
to move. To summarise, the diffeomorphic nature makes it impossible for the
landmarks to cross at the origin. For metamorphosis, equation (5.10c) explains
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how the momentum pt (or equivalently, the intensity variable zt) can account
for violations of the diffeomorphic orbit implied by the ϕt implied by the velocity.
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Figure 5.1: Landmark matching in the plane with diffeomorphic and metamorphic
models. Left column: inexact purely diffeomorphic matches. Right column: the same
matches where we have applied metamorphosis. These simulations were done for
landmarks with a kernel size τ = 0.7 over 100 timesteps.

The aim of the next section is to investigate a meaningful "interpolation"
between these two approaches. The σ parameter in the metamorphosis model
controls, at least formally, how far the geodesics can deviate from those of
LDDMM. In this chapter, we modify metamorphosis to include a spatially
dependent control parameter x 7→ ν(x) instead of σ−2 in order to selectively
allow non-diffeomorphic (metamorphic) matching in parts of the domain. For
ν = σ2 our theory recovers the standard metamorphosis model. However, with
a localised control penalty, we can selectively introduce metamorphosis and
model local topological effects such as growth phenomena. The key observation
here is to observe that metamorphosis does not subsume LDDMM. Indeed,
since z = σ2pi means metamorphosis cannot result in purely diffeomorphic
matching - if z vanishes then so does the momentum in which case the template
does not move. By allowing spatial control over σ2 we may combine these two
notions. The difficulty of this problem is now to infer the function ν without
prior knowledge of the location of the topological effects. This problem is
similar to the one treated in [6], where such functions were parameterising
the randomness in LDDMM matching of shapes. We will use a Markov chain
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Monte Carlo (MCMC) [67] approach to infer appropriate functions ν, such
that the topological effects are well described and a large part of the matching
remains diffeomorphic.

5.1.2 Selective Landmark Metamorphosis

We can now extend the metamorphosis setting to be able to locally control
the amount of non-diffeomorphic evolution. For this, we introduce a function
ν : Rd → R replacing the parameter σ2 such that ν(x) = σ2 corresponds to
the classic landmark metamorphosis. We now seek minimisers of the following
energy:

1

2

∫ 1

0

‖ut‖2
V +

M∑
i=1

1

ν(qit)
‖zit‖2

Rd dt, (5.11)

subject to the reconstruction equation (5.8) and the boundary conditions q0

and q1. As before this leads to the relation:

zit = ν(qit)p
i
t, i = 1, . . . ,M. (5.12)

So even as ν → 0 on, say, an open set ω ∈ Ω containing a landmark, we may
describe diffeomorphic deformation (i.e. non-zero momentum) while curtailing
metamorphic deformation on this set. Knowing this we can eliminate the
template variable zt and write an equivalent energy without the singularity as
ν vanishes:

1

2

∫ 1

0

‖ut‖2
V +

M∑
i=1

ν(qit)‖pit‖2
Rd dt. (5.13)

The problem defined by (5.13) yields the following Hamiltonian equations
for selective metamorphosis for landmarks where again we seek u ∈ V and
pt = {pit}Mi=1, qt = {qit}Mi=1, qit, pit ∈ Rd for t ∈ [0, 1]:

ut(q
j
t ) =

M∑
i=1

KV (qjt , q
i
t)p

i
t, j = 1, . . . ,M (5.14a)

ṗjt = −∇u>t ◦ qjtpjt −
1

2
∇ν(qjt )‖pjt‖2

Rd , j = 1, . . . ,M (5.14b)

q̇t = ut ◦ qt + ν(qt)pt, (5.14c)

with q0, q1 fixed. The landmark dynamics follow standard LDDMM trajectories
as ν(x) vanishes in parts of the domain.
Figure 5.2 shows the geodesics (5.14) for the previous problem instances in
figure 5.1. Here we have taken ν to be a Gaussian with mode at the ori-
gin with isotropic covariance 0.2I, where I is the identity matrix. Selective
metamorphosis has the advantage of only violating the diffeomorphic property
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Figure 5.2: This figure shows how a carefully chosen spatially dependent parameter
ν can recover the metamorphosis geodesics in figure 5.1. The dot at the origin
highlights the mode of the Gaussian function ν (with a covariance of 0.2I).

where needed in along the matching which, for these problems, is near the origin.

The aim now is to pose a Bayesian inverse problem to determine ν since
we usually have no a priori knowledge of where in the domain we require
metamorphic evolution e.g. due to intersecting geodesics. This is useful also as
a diagnostic tool since inspection of the kinetic energy as a function of, say, a
family of candidate functions ν. As we provide numerical evidence later on,
this provides, at least formally, an estimate of whether one such candidate is
accurately representing where in the domain we are likely to encounter non-
diffeomorphic paths. We return to this in section 5.2. This section concludes
with a theoretical result before we extend the landmark equations above to
image data.

Theorem 92. Let ν be such that for all x ∈ Ω, 0 < νinf ≤ ν(x) ≤ σ2

for some 0 < νinf and 0 < σ2. Then there exists a minimiser (u,q,w) ∈
V×H1([0, 1],Rd×M)× L2([0, 1],Rd×M) of (5.13) admissible to (5.14c).

Proof. The functional in (5.13) is not convex so we work with a reformulation to
ensure lower semi-continuity. Define a variable wit =

√
ν(qit)p

i
t in the problem:

inf
u∈V

q∈H1([0,1],Rd×M )

w∈L2([0,1],Rd×M )

1

2

∫ 1

0

‖ut‖2
V +

M∑
i=1

‖wit‖2
Rd dt

q̇t = ut(qt) +
√
ν(qt)wt

q0, q1 fixed

First, note that owing to the constraint equation we cannot always find a q for
arbitrary pairs of (u, w). For any continuous curve (e.g. linear landmark-wise
interpolation) q between q0 and q1 any u we define w implicitly by the following
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operator (qit, ut) 7→ q̇it−ut(qit)√
ν(qit)

, wit, i = 1, . . . ,M . Given our assumptions this

operator is clearly bounded:

‖wit‖2
Rd = ‖ q̇

i
t − ut ◦ qit√
ν ◦ qit

‖2
Rd ≤ ν−1

inf

(
‖q̇it‖2

Rd + ‖ut‖2
V

)
.

From this fact we can say that any minimising sequence (uk,qk,wk)k≥0 to
the functional in the reformulation above is bounded and is admissible to
(5.15). We show that the reformulated constraint equation is continuous
with respect to the weak topology on V×H1([0, 1], V )× L2([0, 1],Rd×M) i.e.
e(qkt , w

k
t , u

k
t ) ⇀ e(qt, wt, ut) where e(q, w, u) , q̇ − u(q)−

√
ν(q)w. Then,

〈
√
ν(qt)wt −

√
ν(qkt )w

k
t , φ〉 . νinf〈wt −wk

t , φ〉 → 0 , ∀φ ∈ L2([0, 1], Rd×M) .

Further, for φ ∈ L2([0, 1], V ),

〈ut(qt)− ukt (qkt ), φ〉 = 〈ut(qt)− ukt (qt), φ〉+ 〈ukt (qt)− uk(qkt ), φ〉 .
The first term vanishes trivially, while for the second we see

〈ukt (qt)− ukt (qkt ), φ〉 ≤ Lip(ukt )〈qt − qkt , φ〉 → 0

Linear operators such as the time derivative are naturally compatible with the
weak topology, so q 7→ q̇ is weakly continuous. Passing to subsequences where
necessary we can by classic results extract bounded subsequences converging to
weak limits where necessary to obtain a minimiser. Convexity of the functional
above implies weak lower semi-continuity concluding the proof.

Theorem 93. Assume ν ∈ W 2,∞(Ω) and V is embedded in Ck0(Ω), k ≥ 2 (con-
tinuous functions with continuous derivatives to order k vanishing at infinity).
Given p0, q0,∈ Rd×M , (5.14) with (5.4) there exists a t0 > 0 such that are these
are integrable on [0, t0].

Proof. Establishing appropriate Lipschitz conditions implies integrability of the
system akin to [65, Theorem 5]. We note that the kernel in (5.4) is Lipschitz
in (pt, qt) by assumption, so the composition (p, q) 7→ u ◦ q is also Lipschitz.
u(q) 7→ ∇u(q)T consider v, w ∈ V and x, y ∈ Rd:

‖∇v(x)−∇w(y)‖0,Ω . ‖v‖V ‖x− y‖0,Ω + ‖v − w‖V ‖y‖0,Ω (5.15)

so the mapping is Lipschitz in both the position and velocity. Given the
conditions on ν the mappings

(q, p) 7→ ν(q)p

(q, p) 7→ ∇ν(q)‖p‖2
Rd

(5.16)

are globally Lipschitz in q by assumption and ‖ · ‖2
Rd is locally Lipschitz.

Consequently we verify that for any (p0, q0) ∈ Rd×M × Rd×M , the system
(5.14) is locally Lipschitz. This implies that there exists a t0 > 0 for which we
can integrate the system (5.14).
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Since we have no a priori control of the growth on ‖p‖2
Rd in (5.16) we cannot

state a global Lipschitz result. Appealing to conservation of the Hamiltonian
does not imply boundedness of ‖p‖2

Rd since this condition only bounds the
velocity field.

Finally, the numerical results for selective metamorphosis depend on the nature
of ν. It is subject of future research to analyse how the complexity and
numerical conditioning of the system (5.14) is affected by the choice of ν and
the landmark configurations.

5.2 Bayesian Framework

We now place a stochastic model on ν and use the functional (5.11) as a measure
of the fitness, or likelihood of such candidate controls. The aim is to solve
the Bayesian inverse problem [211] of inferring the support of ν i.e. where in
the domain growth phenomena is likely to occur. The shooting system (5.14)
therefore affords a convenient way of computing the geodesics to asses the
magnitude of (5.11). See also [65, 199, 3, 4] for similar Bayesian approaches in
computational anatomy. We remark that we could have considered the function
ν as part of the variational problem in section 5.1.2 and enlarged the state in
the shooting procedure. However, because the functional (5.11) is not a priori
convex for arbitrary ν we may find several extrema corresponding to different
values of the control. Because of the implied non-uniqueness we consider it a
better option to take ν as a fixed quantity in the shooting and solve a sequence
of shooting problems given by an iterative Bayesian model such as MCMC.
Apart from the practical aspects of having a smaller system for numerical
shooting the non-uniqueness also implies a level of qualitative consideration for
what is a fitting control variable ν. As such, finding a distribution of candidates
ν is more appropriate, see. e.g. [71, Example 4.1].

Formally speaking Bayes’ rule states that the posterior distribution is pro-
portional to the likelihood times the prior and provides the foundation for a
Metropolis-Hastings algorithm [121, 169]. In the context of Gaussian measures
over function space the likelihood is appropriately described the Radon-Nikodym
derivative of the posterior with respect to the prior. The aim is not to provide
a fully-fledged analysis of function space MCMC applied to the inverse problem
above and instead refer the interested reader to [71, 67]. To avoid probability
measures defined over function space we assume a finite-dimensional parame-
terisation of ν in that we assume that all candidate functions ν are the sum of
Nν Gaussian functions:

ν(x) =
Nν∑
j=1

e−a
−2
j ‖cj−x‖

2
Rd . (5.17)

centred at cj ∈ Rd, j = 1, . . . , Nν and with a priori fixed length-scales
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a = {aj}Nνj=1. Indeed, the results in figure 5.2 correspond to taking Nν = 1 and
a1 = 0.2 in (5.17) with c1 at the origin. Functions satisfying this parameterisa-
tion adhere to the conditions of theorem 92 and 93.

Returning to Bayes’ rule we need some additional notation to define a prior on
the space of controls. For any a let:

Ξa = {ν | ν(x) =
Nν∑
j=1

e−a
−2
j ‖cj−x‖

2
Rd , cj ∈ Rd}

define the space of functions on the form (5.17). It then makes sense to talk
about points in Ξa identified by c = {cj}Nνj=1 ∈ Rd×Nν and we denote by νc
the point in Ξa whose coefficients in (5.17) are c. The prior can therefore be
specified as a probability distribution over Rd×Nν . Before making this precise
we define the likelihood associated with a point in Ξa.

For any point νc ∈ Ξa we can compute solutions q(c), p(c), u(c) to (5.14) via
(5.17) and theorem 93. These solutions define a density ρ(c) on the space Ξa

proportional to the energy (5.13) associated with its geodesics i.e.

ρ(c) ∝ e−Φc = e−
1
2

∫ 1
0 ‖ut(c)‖2V +

∑M
i=1 νc(qit(c))‖pit(c)‖2

Rd
dt. (5.18)

We call this the likelihood given c. It is easy to see that the log-likelihood
(sometimes called the potential in the literature) is precisely given, up to a
sign, by (5.18). We do not attempt to prove existence of maximum likehood
estimators and readers are advised to consult [211, Theorem 5.4] and [72] for
the relevant theory.

In light of the density (5.18) and the characterisation (5.17) we now wish to
define a suitable prior measure over Rd×Nν . Our intuition from the previous
sections tells us that the mode of the Gaussians defining ν should be in the
neighbourhood of singularities and we would like our prior to reflect this. To
validate this intuition we first take Nν = 1 and a1 = 0.2 in the definition of
(5.17) and then compute the forward equations (5.14) to plot the value of the
energy functional (5.11) as a function of the centroid c1. Figure 5.3 shows this
where c1 takes values on a grid in the neighbourhood of the template and target
providing a heatmap indicating where we should place the mode of ν to obtain
the lowest value of (5.11). An interesting feature is observed for both these
examples that were not anticipated. A bimodality appears (i.e. two “wells”)
on these heatmaps. This means that it is cheaper in sense of (5.11) to place
a single centroid slightly away from the origin rather than on top of it as our
intuition alluded to in the previous section. We can explain this feature by
noting that the mode of ν in (5.17) may be such that placing the support of
the mode at the origin is too costly (second term in (5.11)) when compared to
the purely diffeomorphic energy (first term in (5.11)). It may therefore make
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sense to misalign one such centroid away from the origin.
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Figure 5.3: Heatmap of (5.11) as a function of the position of a single centroid
c1 for a1 = 0.2 for the template and target pairs seen in figure 5.2. We see that
the functional is minimised near the origin. Here we have used Gaussian kernel of
variance τ = 0.5 cf. (5.4), 100 timesteps from t = 0 to t = 1, and a metamorphosis
kernel of variance 0.2.

Our prior distribution should therefore lead to an exploration of the domain
Ω leading to minimisers of the energy (5.11) starting with some initial guess
c0 ∈ Rd×Nν and will be a simple Gaussian random walk in Ω described later on.

We are now equipped with the ingredients to describe an MCMC algorithm of
the preconditioned Crank-Nicholson (pCN) variety [120, Algorithm 1] which is
an improvement on the standard random walk Metropolis-Hastings algorithm
(RWMH) . The aim is not to prove a law of large numbers or a limit theorem
similar to e.g. [120, Section 4], but to describe a simple algorithm to generate
a sequence of posterior densities that formally tend towards a minimiser of
(5.11). When c′ is a new proposal and c′ the current state we can define an
acceptance probability by:

min(1,
e−Φc′

e−Φc
),

where Φ is defined in (5.18). This has the usual advantage that the normalising
constant for the posterior need not be computed. Summarising these results
we describe a pCN in algorithm 2 using the following notation:

• Niter : number of iterations of the algorithm,

• cinit : a collection of Nν points in Rd representing an initial guess for the
centroids,

• β ∈ (0, 1]: a parameter (on which we elaborate later) that is tuned such
that the acceptance rate in the range 0.5− 0.8,

• Φc: measures the potential of c by (5.18),
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• ι: measures the maximum distance the proposal can move away from the
template and target.

The difference between pCN and RWMH lies in the coefficient β which scales
between the previous sample and the new step ξ and chosen according to [120].
This needs to be calibrated as a too low value may increase the acceptance rate
by taking shorter steps at the cost of slow exploration of the state space. Con-
versely, a too high value of β results in lower acceptance and thus convergence.

Algorithm 2 pCN for selective metamorphosis
procedure pCNSM(Niter, cinit, q0, q1, β, ι)

j ← 0
cj ← cinit
Solve (5.14) with νcj and q0, q1 to obtain Φcj

while j < Niter do
Sample a point ξ ∈ N (0, I)
c←

√
1− β2cj + βξ

Solve (5.14) with νc and q0, q1 to obtain Φc

λ← random number in [0, 1]
if λ < min(1, eΦ

cj
−Φc) and max{dist(c,q0), dist(c,q1)}≤ ι then

cj+1 ← c // accept
else

cj+1 ← cj // reject
j ← j + 1

return {cj}Nj=1

We have applied algorithm 2 to the previous template and target landmark
configurations from figure 5.2. The pCN results for the inverted landmarks
example are depicted in figure 5.4. First we notice that the results in the top
panels are clearly aligned with our intuition from figure 5.3, so the prior that
we have chosen (a random walk in the plane) explores the state space and
provide a sample distribution for the centroid placement. We can also say that
the autocorrelation quickly decreases as our sample size increases, although we
do not experience convergence. These preliminary results demonstrate that for
even a small number of samples the density of accepted samples corresponds at
least heuristically to the analytical density histogram obtained by computing
the value of the metamorphosis functional in (5.13).

We arrive at the same conclusion for the second example (right panel in figure
5.2) which was conducted to investigate how the presence of multiple centroids
would interact. The results are shown in figure (5.5). From the top panels
we see that both centroids are centered around the middle origin, and in
combination with the histogram shown in the middle panel we can conclude
that the random walk is able to find minimisers of the energy. The bottom
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Figure 5.4: pCN results for the configuration in the left panel of figure 5.1.
Top, left to right: a heatmap of the exploration by algorithm 2 of the space Ω i.e.
sampled positions of a centroid, a histogram indicating the number of evaluations of
the selective metamorphosis functional at different values.
Bottom, left to right: a sample autocorrelation plot as a function of the distance (lag)
between the samples. An example of the geodesics for q resulting from a centroid
being placed near the origin. Here, τ = 0.7, Nν = 1, β = 0.2, a1 = 0.2, M = 10,
Niter = 5000.
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Figure 5.5: pCN results for the configuration in the right panel of figure 5.1.
Top: heatmaps of the exploration by algorithm 2 of the space Ω for two centroids.
Middle, left to right: a histogram indicating the number of evaluations of the selective
metamorphosis functional at different values, a sample autocorrelation plot as a
function of the distance (lag) between the samples.
Bottom: an example of the geodesics for q resulting from two centroids being placed
near the origin attaining the lowest energy. Here, τ = 0.7, Nν = 2, β = 0.2,
a1 = a2 = 0.2, M = 10, Niter = 5000.

panel shows the geodesics for one such minimiser, where the centroids are
situated near the origin. We also note that the geodesic equations for p and q
are time-reversible meaning that the configuration in figure 5.5 corresponds to
both particle collapse as well as hole creation. Finally, we do not believe that
we have enough samples to recognise the bimodality in figure 5.3.

5.3 Images

We now formulate the equations for selective metamorphosis for images. These
are given as functions that reside in a RKHS H with norm ‖ · ‖H , also defined
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over Ω ⊂ Rd with similar notation to that presented in section 5.1. The images
are assumed to grey-scale so H will be a scalar-valued space. We assume that
H is equivalent to a Sobolev space Hr(Ω), r > 1 so by the Sobolev embedding
theorem Hr(Ω) ↪→ C0(Ω) and we know that H forms a Banach algebra. The
full space-time image will occupy H = L2([0, 1], H). The equations presented
here are a generalisation of those derived by Richardson and Younes in their
work [194]. The aim is to show how the choice of data (i.e. landmarks, images)
affect the nature of the geodesic equations and, in particular, how these are
much more complicated in the image case. We refer the interested reader to the
reference above as we shall not pursue any rigorous results for the equations
shown here.

In the previous section we introduced control of the degree of metamorphic
deformation given by a function ν acting on the landmark positions that are, in
effect, measures. The setting is different for image data, as these are assumed to
be supported everywhere on Ω which leaves us with a modelling choice. Either
we let ν act on the underlying field Ω, allowing metamorphosis in only certain
parts of Ω, resulting in a control similar to that of landmarks. Alternatively,
ν may act on the intensity values of the image, allowing metamorphosis only
in a chosen band of intensities. With a localised control, we may selectively
introduce or curtail metamorphosis in an image and model local topological
effects such as growth phenomena. Horizontal metamorphosis shall refer to the
case when ν acts on Ω, and vertical metamorphosis shall refer to the case when
ν acts on the image intensities. Mathematically, this leads to two functionals
Sh and Sv, defined as follows:

Sh =
1

2

∫ 1

0

‖ut‖2
V + ‖zt

ν
‖2
H dt, (5.19a)

Sv =
1

2

∫ 1

0

‖ut‖2
V + ‖ zt

ν ◦ It
‖2
H dt, (5.19b)

such that the following reconstruction equation is satisfied:

İt + ut · ∇It = zt, (5.20a)
Il = jl, (5.20b)

with the image data H 3 jl, l = 1, 2. The division by (5.19) is well-defined
by H forming an algebra when ν is not identically zero. We shall focus on
horizontal metamorphosis in this paper as we want to model control of the
metamorphosis in spatial locations, although vertical metamorphosis could
provide a useful approach if an application calls for granular control of the
image intensities.

Given images H 3 jl, l = 1, 2 and ν ∈ H for which there exist νinf > 0 such
that νinf ≤ ν(x), ∀x ∈ Ω, we now seek a minimiser (u, z, I) ∈ V×H×H of the
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following energy:

1

2

∫ 1

0

‖ut‖2
V + ‖zt

ν
‖2
H dt, (5.21)

such that the reconstruction equations (5.20) are satisfied. To avoid having to
treat spatial derivatives we propose a similar change of variables to [194] to
write PDE in (5.20) as a simple ODE amenable to a shooting procedure. We
therefore define mt = It ◦ ϕt so that:

ṁt = zt ◦ ϕt.

As a result, we can now seek a minimiser (u, z, m) ∈ V× H× H of the action:∫ 1

0

1

2
‖ut‖2

V + ‖zt
ν
‖2
H dt,

subject to:

ṁt = zt ◦ ϕt, (5.22a)
ml = jl ◦ ϕl, l = 0, 1, (5.22b)

and as usual ϕ̇t = ut ◦ ϕt. The reformulation eliminates the spatial derivative
by explicitly solving for the diffeomorphism ϕt thereby allowing for a fully
Lagrangian method.

We now use Lagrange curves γ ∈ H∗ and λ ∈ V∗ for the constraints, respectively,
and look at critical points of the following quantity:∫ 1

0

1

2
‖ut‖2

V + ‖zt
ν
‖2
H + (γt | ṁt− zt ◦ϕt)H∗,H + (λt | ϕ̇t− ut ◦ϕt)V ∗,V dt. (5.23)

Define the operator Dϕt : g 7→ g ◦ ϕt and D∗ϕt its adjoint and δwu denote
differentiation of u with respect to a variation in w. Let ∂ϕ denote a formal
derivative with respect to the diffeomorphism ϕ, see [234] for more details.
From (5.23) we obtain the following equations that hold for t ∈ [0, 1] where
we seek u ∈ V, z ∈ H, γ ∈ H∗, λ ∈ V∗, m ∈ H and such that for all t ∈ [0, 1],
ϕt ∈ Diff(Ω):

〈LV u, δu〉2d,Ω − (λt | δu ◦ ϕt)V ∗,V = 0 ∀δu ∈ V, (5.24a)

〈zt
ν
,
δz

ν
〉H = (γt | δz ◦ ϕt)H∗,H ∀δz ∈ H, (5.24b)

( ˙δmt | γ)H∗,H = 0 ∀δm ∈ H, (5.24c)

λ̇t = −∂ϕ(γ | zt ◦ ϕt)H∗,H − ∂ϕ(λ |ut ◦ ϕt)V ∗,V , (5.24d)
ϕ̇t = u ◦ ϕt, (5.24e)
ṁt = zt ◦ ϕt. (5.24f)
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γ is invariant over time by a simple integration by parts, so from now on we
omit its temporal subscript. We can write (5.24b) in a more convenient form:

(K−1
H

[zt
ν

]
| δz
ν

)H∗,H = (D∗ϕtγt | δz)H∗,H .

Now assuming that we can write this expression as

(K−1
H

[zt
ν

]
| δz)H∗,H = (νD∗ϕtγt | δz)H∗,H ,

so that (with a slight abuse of notation) νD∗ϕtγt is considered an element of
H∗ we get the explicit formula for zt given by:

zt = ν
[
KH

[
νD∗ϕtγt

]]
in sense of H.

We can in fact consider the first term of νD∗ϕtγt as the lifting of ν to H∗ by a
delta function e.g. v 7→ vδx so that the multiplication of this linear form with
D∗ϕtγt still occupies H

∗. The same reasoning yields an explicit formula for ut
and (5.24) can be written:

ut = KVD
∗
ϕtλt, (5.25a)

zt = ν
[
KH

[
νD∗ϕtγt

]]
, (5.25b)

γ̇t = 0, (5.25c)

λ̇t = −∂ϕ(γ | zt ◦ ϕt)H∗,H − ∂ϕ(λ |ut ◦ ϕt)V ∗,V , (5.25d)
ϕ̇t = u ◦ ϕt, (5.25e)
ṁt = zt ◦ ϕt. (5.25f)

In the section we showed how the order of operators in equation (5.25b) results
in an interesting interaction with the isometry map (and therefore the kernel).
For a discussion of boundary conditions for this system we refer to [194, Section
2].

5.3.1 Singular solutions

Similar to the paper [194], we now look at singular solutions of (5.25) in order
to derive an ODE system for images. We begin by developing some intuition
to better understand the RKHS framework for image data. We select M
control points {xk(t)}Mk=1 defined by xk(t) = ϕt(xk(0)). These can be thought
of as points in the domain that “store” values of the image which via the
kernel representation of H defines the image everywhere similarly to how the
velocity field ut is defined everywhere. It is important to distinguish this from
landmark data, as the latter is in fact measure-valued. To understand the
RKHS framework in the context of images it is useful to consider a purely
diffeomorphic matching framework. In this case the image intensities do not
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change, so we are only looking for control points {xk(1)}Mk=1 that move with a
diffeomorphism ϕ1 at time t = 1 such that the expression

I0 − I1 ◦ ϕ1,

is minimised in some sense e.g. point-wise or L2. As such, the kernel approach
provides a convenient way of representing a diffeomorphism on the whole space
by a finite number of control points. This is precisely expressed by the dy-
namics (5.22) whenever zt = 0, ∀t. The metamorphic version now also allows
for intensity changes and therefore considers an evolution of a scalar-valued
object mt which is associated with each control point to be thought of as the
grey-scale value at a certain point in the domain Ω.

We therefore select λ and γ of the form:

λt =
M∑
k=1

wλk(t)δxk(0),

γ =
M∑
k=1

wγkδxk(0),

with:

wλ(t) = {wλk(t)}Mk=1, wλk(t) ∈ Rd,

wγ = {wγk}Mk=1, wγk ∈ R.

Notice that wγk is time-independent as λ̇ = 0. By direct computation, (λ | δu ◦
ϕt) =

∑M
k=1w

λ
k(t) · δu ◦ xk(t), so:

ut(x) =
M∑
k=1

KV (x, xk(t)) · wλk(t). (5.26)

Similarly, (γ | δz ◦ ϕt) =
∑M

k=1w
γ
kδz ◦ xk(t) which we use in (5.25b) as follows:

zt(x) = ν(x)
M∑
k=1

ν(xk(t))w
γ
kKH(x, xk(t)) , (5.27)

To see this we use the expression D∗ϕtγt =
∑M

k=1w
γ
kδxk(t):

zt(x) = ν
[
KH

[
νD∗ϕtγt

]]
= ν

[
KH

[
ν

M∑
k=1

wγkδxk(t)(x)
]]

= ν(x)
M∑
k=1

ν(xk(t))w
γ
kKH(x, xk(t)) .
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Inserting the singular solutions in (5.25d):

M∑
k=1

ẇλk(t) · δϕ ◦ xk(0) =−
M∑
k=1

wλk(t) · ∇ut ◦ ϕt ◦ xk(0)δϕ ◦ xk(0)

−
M∑
k=1

wγk∇zt ◦ ϕt ◦ xk(0)δϕ ◦ xk(0) ,

so the singular equation for λ becomes:

ẇλk(t) = −wλk(t) · ∇ut ◦ xk(t)− wγk∇zt ◦ xk(t)

and using (5.26) and (5.27) we arrive at the forward equations for selective
image metamorphosis:

ẇλk(t) =−
M∑
j=1

∇xkKV (xk(t), xj(t))w
λ
k(t) · wλj (t)

−
M∑
j=1

ν(xj(t))∇xk

[
KH(xk(t), xj(t))ν(xk(t))

]
wγkw

γ
j , (5.28a)

ẋk(t) =
M∑
j=1

KV (xk(t), xj(t)) · wλj (t), (5.28b)

ṁk(t) =ν(xk(t))
M∑
j=1

ν(xj(t))KH(xk(t), xj(t))w
γ
j . (5.28c)

We take the analysis of these equations no further in this project and instead
comment on future research plans using these equations in a Bayesian setting
akin to that presented for the landmark case in section 5.2.

5.4 Summary

We presented an approach allowing for control over the intensity variation for
metamorphic matching. We analysed the selective metamorphosis problem, the
associated geodesic equations and demonstrated a pCN algorithm inferring a
simple parameterisation of ν. This generalises LDDMM and metamorphosis
and could provide a first-order exploratory tool for physicians to see if the
development of a biological feature stems from a few violations of diffeomor-
phic evolution. While we do not attempt to provide any convergence results
(whether of time discretisations or relating to MCMC), we believe our work on
the landmark case and the preliminary calculations in section 5.3 motivates
future work for image data. In particular we believe that the kernel operation
library KeOps1 [54] is perfectly suited for the shooting problems in this paper.

1 www.kernel-operations.io
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See [92] for an application of this framework. KeOps not only provides a con-
venient Python interface for specifying kernel products for the relevant RKHS
we shall use (such as those ubiquitous in the equations in section 5.3), it also
provides seamless graphical processing unit (GPU) acceleration known to be
well-suited to particle methods. Moreover, KeOps also includes an automatic
differentiation engine via PyTorch [187] that automatically formulates and
integrates the adjoint equations under the bonnet thereby making it ideal for
shooting. The main advantage here is therefore that the user need only specify
the forward equations and a loss function i.e. (5.11). This would seamlessly
allow for deeper experiments with a stochastic deformation framework such as
presented in [8].

The stochastic model developed in section 5.2 also requires a rigorous treat-
ment. As mentioned the inverse problem introduced here should be interpreted
through the appropriate theoretical lens of e.g. [211]. Instead of a simple
parameterisation like (5.17) treating the control as a function could also open
the possibility for discretisation of such a function via a truncated Fourier
series to produce efficient numerical methods. In the same vein we could also
investigate using a Metropolis-adjusted Langevin algorithm [195] instead of the
pCN. This essentially includes gradient information of the log-likelihood into a
stochastic differential equation exploring the state space (which here would be
a suitable function space for ν).

Finally, it is our hope that we can extend the probabilistic approach developed
here to encompass classic metamorphosis as well; that is to say, to develop
the necessary theory in order to place a stochastic model on the state space
consisting of velocities and source functions and sample from function space.
This provides a derivative-free method of solving classic metamorphosis (or
other problems in shape analysis) at the expense of interpreting the results
probabilistically.
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Chapter 6

Closure

In this thesis we studied the equations of motion associated with shape match-
ing problems using curve, image and landmark data. Our contributions pertain
mainly to theoretical or modelling aspects of these equations, in particular the
study of convergence of finite element methods. This final chapter summarises
our work and highlights several open problems subject to future research.

6.1 Summary

Chapter 2 contained a comprehensive introduction to diffeomorphometry and
how distances on nonlinear shape can be computed via integration of the norm
of tangent linearisations of a group action. These linearisations are vector
fields, and we outlined the main conditions for well-posedness of the geodesics
associated with the distance. Shape matching problems were also shown to
be posed as inverse problems with the forward motion (in time) of the shape
geodesics acting as an observation operator. We compiled several key results
from abstract variational and functional analysis and showed how some of these
can be leveraged in the finite-dimensional setting of finite element methods.

Chapter 3 contributed with a novel discretisation of the geodesic equations
for curve matching. We proved that a nonconforming H3 discretisation was
sufficient to prove a Lipschitz property for the existence of a diffeomorphism of
S1. We carefully show that under mild and, importantly, numerically verifiable
conditions we are able to integrate forward the discrete geodesic equations. We
also showed that these converge to their continuous counterparts under mesh
refinement. We investigated the convergence rate using the nonconforming
finite element space with a pathological a priori H−1 source term in the form
of the S1 integral of the momentum variable times a test function evaluated
on the curve. The limitations to a linear convergence result were traced to
a single term involving the jump of the third derivative of the continuous
velocity variable ŵt. We provided several numerical examples of the resulting
forward operator easily implemented with most standard finite element software.
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Next, chapter 4 contained a new space-time formulation for potential parallel-
in-time metamorphosis of images. We show that it is natural to cast the
equations of motion in a classical Hilbertian least-square finite element method
framework. Several key theoretical results were provided in this context such
as trace, Poincaré and well-posedness theorems. Convergence of a conforming
discretisation to the least-squared system was evidenced and we demonstrated
that a gradient descent method can provide solutions to the space-time meta-
morphosis problem. We also laid the theoretical foundation for a mixed DPG
method and highlighted the challenges that still remain for a stability proof of
a discrete system.

Finally chapter 5 explored a formal interpolation between LDDMM and meta-
morphosis primarily using landmark data. Some theoretical results were ob-
tained here and an extension to image data was sketched. We presented an
MCMC method that explores the support of the data as a way of characterising
the most areas in which metamorphosis is most likely to occur.

6.2 Open Problems

We suggest several questions to be addressed by future research.

The methods used in chapters 3, 4 and 5 make use of Lipschitz velocities to
generate diffeomorphisms. This common theme therefore deserves a comment
for completeness. At first glance this motivates research into direct discreti-
sation of the Banach space W 1,∞(Ω). There is, to the best of the author’s
ability, no obvious way of making sense of a discrete analogue of this space
or how to compute its norm. As a consequence, we (and the literature in
general) rely on the Sobolev embedding theorem to select Hilbert spaces V with
the sought-after Lipschitz properties i.e. V ↪→ W 1,∞(Ω). In most cases the
inclusion is strict, so morally we are not modelling the full space of Lipschitz
velocities that generate diffeomorphism. In other words we are "leaving out"
certain diffeomorphisms that could adequately be applied in shape matching,
so it may make sense to develop methods that allow us to represent the space
W 1,∞(Ω) without having to rely on embeddings. As mentioned in section 3.2
incorporating [157] into the variational setting here may present a path forward.

Our work on curve matching offers several paths for future research. The H3

nonconforming finite element space Ṽ d
th that we used guaranteed a key Lipschitz

property of its elements while possessing enough inter-elemental regularity in
the form of a weak continuity property. This made it possible to discretise the
6th order operator generating the velocity field. Since the system we analyse
requires the velocity ut as well as its gradient to be Lipschitz, we resorted to a
12th order system. An improvement would be to truly find a C2 conforming
finite element space which would correctly provide the Lipschitz property of
both ut and ∇ut. While it is numerically feasible to invert the 12th order
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operator with the element from [231], several proofs will simplify and the
communication of the discretisation will be much clearer. A conforming finite
element space also provides an orthogonality estimate which means the error
analysis conducted in corollary 54 greatly simplifies as well, see e.g. [50] for a
H1 example. Naturally, we also seek to improve the error estimate provided
by corollary 54, although we conjecture that the loss of regularity across the
curve is too prohibitive. In [50], a PDE is explicitly solved on the curve to
recover some regularity in this area and a similar approach could be explored
for curves given a suitable conforming finite element space. Aside from the
theoretical details, the next natural step for our research is to solve the in-
verse problem for the momentum and use our forward operator to solve curve
matching problems. As we alluded to, a Bayesian method similar in spirit to
[65] can be applied so the goal is to find a distribution of momentum that, on
average, maps the specified template to a target shape. Another interesting
path to investigate is a more local method using gradient information. Auto-
matic differentiation software (cf. section 4.2.1) already exists in the Firedrake
framework that we used to generate the curve evolution in figure 3.3, so if
we can provide loss function on the manifold of discrete curves this would
constitute an inverse problem solver. From a practical point of view, the target
will be specified as a finite-dimensional set of detector points and a loss given
as a Euclidean distance. There is currently no support for automatic code
(adjoint) generation for the derivative of an arbitrary functional with respect
to point evaluation on the curve, but this is apparently in the Firedrake pipeline.

Parameterisation-independent matching can also be explored. Since the curves
considered here are elements of Emb(S1, Rd), the shapes are invariant to diffeo-
morphisms of S1. We could therefore look at choosing Emb(S1, Rd)/Diff(S1)
as shape space as in [64, 63] and look at the consequences for this choice both
theoretically and numerically. Finally, we wish to extend our work to surface
matching problems.

While the conforming space-time methods of chapter 4 showed excellent promise,
some challenges remain for the discontinuous methods in section 4.1.3. Roadmap
79 showed that a regularity theorem is shown to be sufficient for surjectivity
of the operator B to obviate assumption 78. We also recall that the design of
optimal test functions or the existence of a Fortin operator would instantly
verify the conditions of theorem 85 and show that a inf-sup condition for the
discrete system is verified. Such a proof would likely be constructive and
therefore provide the local polynomial orders necessary for numerical exper-
iments. We also wish to explore the nascent analytical tools developed in
[224] in the space-time setting to improve the gradient descent algorithm and
our numerical results. The bilinear form in problem 4 is symmetric positive
definite on

◦
G (b; Ω) so a discrete solution to this problem can be sought via a

Krylov-type method such as the conjugate gradient (CG) method [198]. As
conjectured the conditioning of this system depends heavily on the nature of
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the field b. It may therefore be natural to consider a preconditioning method
taking this into account in a CG loop.

In chapter 5 we discussed the combination of the KeOps library with the
PyTorch autodiff engine which represents a huge step forward in making (selec-
tive) metamorphosis available to users. With the seamless GPU acceleration
advertised by KeOps, high resolution image matching problems could be solved
by users such as domain experts with very little exposure to high performance
computing. An exercise in software engineering is therefore to build a suitable
abstraction of these libraries to facilitate this functionality.

Finally we mention a more philosophical question on metamorphosis that arose
as a consequence of the exploratory modelling in chapter 5. Many resources
have been devoted to constructing smooth diffeomorphisms for shape matching.
In the context of curves such a group is extremely valuable as it preserves the
topology of the shape. Metamorphosis is also a diffeomorphometric framework
although the presence of the z term in e.g. the equation b · ∇tI = z makes
the transformation between shapes homeomorphic. One may therefore ask
whether it makes sense to model a smooth group of diffeomorphisms if the
model seeks to violate its smoothness by the additive term z. One can answer in
the affirmative if the metamorphosis truly subsumes the geodesics of LDDMM.
What we mean by this is that if the metamorphosis model is able to fully
diffeomorphic i.e. z = 0, then it is in fact a generalisation of LDDMM. However
we see that this is false upon inspection of e.g. the geodesic equations for z = 0:
for selective metamorphosis we recall (5.12) read:

zit = ν(qit)p
i
t,

for each landmark i = 1, . . . ,M . As such, pit is forced to zero whenever ν is
some positive constant. A zero momentum leads to a zero velocity so the shape
cannot move. To summarise: in the classic metamorphosis framework the only
purely diffeomorphic geodesic is the trivial case when the shape does not move
i.e. ϕt = id, t ∈ [0, 1] and the target always equals the template. It therefore
seems much more natural and mathematically elegant to seek homeomorphic
geodesics and then seek to recover diffeomorphic regularity a posteriori. We
conclude by mentioning that the field of optimal transport (OTT) [227] may
provide at least a partial answer. Indeed, several papers address this exact
problem using so-called unbalanced optimal transport where the template and
target are measure-valued objects with possibly different L1 norms [57, 164,
161, 25, 93]. See also the PhD thesis of Lénaïc Chizat [56]. We believe that the
strong theoretical foundation of OTT as well as the numerical evidence make
this framework the primary candidate in taking forward the metamorphosis
model in favour of the PDE-constrained setting introduced in chapter 4.
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Appendix A:

Inner Problem Convergence Re-
sults for d = 2

We also construct a test suite for problem 4 where d = 2 similar to what was
done in section 4.1.2.1 for d = 1. A globally continuous piecewise linear finite el-
ement space is used. Note that this finite element space is defined in space-time.

Table A.1 shows three manufactured solutions with convergence rates shown in
table A.2, A.3 and A.4. Here, we use the same setup as in chapter 4 and these
simulations take less than 8 minutes on a 2014 MacBook Pro with a 2.5GHz
Intel Core i7 processor and 16GB of 1600MHz DDR3 RAM. These rates are
also depicted in figure A.1. Similar to the d = 1 case we have added forcing
terms to the bilinear form so the computed solutions match the analytical
ones in table A.1. Again, the solutions in table A.1 are defined up to a linear
function catering for periodicity of the spatial domain.

Table A.1: Manufactured solutions to problem 4 where d = 2.

No. I(x, t) u(x, t)

0 e−25((x−0.3(1−t)−0.6t)2+(y−0.3(1−t)−0.6t)2) (0.3, 0.3)

1 e−25((x−0.3(1−t)−0.7t)2+(y−0.5)2) (0.4, 0)

2 e−25((y−0.3(1−t)−0.7t)2+(x−0.5)2) (0, 0.4)

Table A.2: Convergence rates for the examples in table A.1.

h−1 L2 error Order Energy error Order CPU time (s)
5 4.0895e-02 - 2.3317e-01 - 0.0677
10 2.2204e-02 0.88 9.7651e-02 1.26 0.091
15 1.3367e-02 1.25 5.1744e-02 1.57 0.184
20 8.7581e-03 1.47 3.1688e-02 1.70 0.645
25 6.1231e-03 1.60 2.1277e-02 1.78 1.9852
30 4.4968e-03 1.69 1.5222e-02 1.84 5.3470
35 3.4307e-03 1.76 1.1406e-02 1.87 1.2873
40 2.6977e-03 1.80 8.8536e-03 1.90 2.8791
45 2.1737e-03 1.83 7.0653e-03 1.92 6.0720
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Table A.3: Convergence rates for example 1 from table A.1.

h−1 L2 error Order Energy error Order CPU time (s)
5 3.6966e-02 - 2.1786e-01 - 0.048
10 2.0623e-02 0.84 8.9662e-02 1.28 0.092
15 1.2475e-02 1.24 4.7457e-02 1.57 0.190
20 8.1835e-03 1.47 2.9032e-02 1.71 0.622
25 5.7241e-03 1.60 1.9480e-02 1.79 1.976
30 4.2056e-03 1.69 1.3930e-02 1.84 5.508
35 3.2102e-03 1.75 1.0436e-02 1.87 13.053
40 2.5259e-03 1.80 8.0996e-03 1.90 28.917
45 2.0367e-03 1.83 6.4637e-03 1.92 66.384

Table A.4: Convergence rates for example 2 from table A.1.

h−1 L2 error Order Energy error Order CPU time (s)
5 3.6966e-02 - 2.1786e-01 - 0.062
10 2.0623e-02 0.84 8.9662e-02 1.28 0.118
15 1.2475e-02 1.24 4.7457e-02 1.57 0.250
20 8.1835e-03 1.47 2.9032e-02 1.71 0.822
25 5.7241e-03 1.60 1.9480e-02 1.79 2.563
30 4.2056e-03 1.69 1.3930e-02 1.84 6.584
35 3.2102e-03 1.75 1.0436e-02 1.87 1.680
40 2.5259e-03 1.80 8.0996e-03 1.90 4.252
45 2.0367e-03 1.83 6.4637e-03 1.92 8.924
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Figure A.1: Convergence as a function of mesh resolution h−1 for the examples in
table A.1. Left: L2 errors. Right E(b; Ω) errors.
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Appendix B:

Convergence Results for the Ro-
bust Xu-Wu Element

[149] describes a general approach to implementation of FEM for advanced
elements such as Ṽ d

th. The author of [149], Robert Kirby, carried out the imple-
mentation of Ṽ d

th in Firedrake [191, 19, 18, 70] that we use in our simulations.
The simulations below and in chapter 3 have, however, been implemented solely
by the author of this thesis. In addition to the Zenodo entry [237], table B.1
below provides branch and revision information for the packages that comprise
the Firedrake framework. The reader should refer to the previous references for
details of each of these components. The simulations below were run on a 2014
MacBook Pro with a 2.5GHz Intel Core i7 processor and 16GB of 1600MHz
DDR3 RAM.

Table B.1: Branch and revision information for the Firedrake components.

Package Branch Revision
COFFEE master 72a4464
FInAT wuxu 0a68934
PyOP2 master 99d10ca
fiat toriesz e1e3c21

firedrake master b4e9c63
h5py firedrake 6768237

libspatialindex master 4768bf3
libsupermesh master 832d3fb

loopy firedrake b9c84fe
petsc firedrake 4232e4a

petsc4py firedrake b735071
pyadjoint master aa8c92b

tsfc wuxu 862e867
ufl wuxu 56cc4ac

We verify the Firedrake implementation of Ṽ d
th via manufactured solutions to

three tri-Laplacian equations. Similar to Examples 1 and 2 from [231] we
compute discrete solutions to the following problems:

−∆3u = 0 in [0, 1]2, (B.1)

with boundary conditions given by the exact solution u = exp(πy) sin(πx), and:
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−∆3u = 0 in D := [−1, 1]2 \ [0, 1]× [0,−1], (B.2)
with exact solution u = r2.5 sin(2.5θ). Owing to the singularity, u ∈ H3+1/2(D).
The results for different mesh resolutions can be seen in tables B.2 and B.3.
The convergence rates are aligned with [231]; the solution converges linearly in
the H3 norm while the singular solution converges with order 1/2.

Table B.2: Convergence results for problem (B.1)

h−1 L2 error Order H1 error Order H2 error Order H3 error Order CPU time (s)
4 4.7406e-02 - 3.3149e-01 - 1.1401e+01 - 1.2895e+03 - 0.025
8 1.6625e-02 1.51 1.0572e-01 1.65 4.6464e+00 1.29 1.0851e+03 0.25 0.047
16 3.8320e-03 2.12 2.3924e-02 2.14 1.4645e+00 1.67 6.9968e+02 0.63 0.050
32 9.3654e-04 2.03 5.7993e-03 2.04 4.1280e-01 1.83 3.9762e+02 0.82 0.163
64 2.3363e-04 2.00 1.4435e-03 2.01 1.0968e-01 1.91 2.1195e+02 0.91 0.652
128 5.8605e-05 2.00 3.6229e-04 1.99 2.8272e-02 1.96 1.0941e+02 0.95 2.890

Table B.3: Convergence results for problem (B.2)

h−1 L2 error Order H1 error Order H2 error Order H3 error Order CPU time (s)
4 5.0748e-02 - 3.3780e-01 - 3.6276e+00 - 5.4517e+01 - 0.026
8 2.7191e-02 0.90 1.4243e-01 1.25 1.3545e+00 1.42 4.1543e+01 0.39 0.025
16 1.3709e-02 0.99 6.9938e-02 1.03 6.0983e-01 1.15 3.3153e+01 0.33 0.029
32 7.4075e-03 0.89 3.3062e-02 1.08 2.9160e-01 1.06 2.5779e+01 0.36 0.050
64 3.9324e-03 0.91 1.6324e-02 1.02 1.3826e-01 1.08 1.8807e+01 0.45 0.162
128 1.8512e-03 1.09 7.5369e-03 1.11 6.1964e-02 1.16 1.3277e+01 0.50 0.652

Table B.4 shows the convergence for the problem:

−∆3u = f in [0, 1]2, (B.3)

with exact solution u = 100x4(1− x)4y4(1− y)4 where f is computed from u.

Table B.4: Convergence results for problem (B.3)

h−1 L2 error Order H1 error Order H2 error Order H3 error Order CPU time (s)
4 9.6591e-05 - 6.5273e-04 - 6.9816e-03 - 1.4920e-01 - 0.033
8 1.6192e-05 2.58 1.3086e-04 2.32 2.0107e-03 1.80 8.8160e-02 0.76 0.042
16 3.1888e-06 2.34 3.5849e-05 1.87 5.8457e-04 1.78 4.7917e-02 0.88 0.072
32 8.6818e-07 1.88 9.8161e-06 1.87 1.6294e-04 1.84 2.4451e-02 0.97 0.263
64 2.2668e-07 1.94 2.5321e-06 1.95 4.2461e-05 1.94 1.2286e-02 0.99 1.053
128 5.7406e-08 1.98 6.3850e-07 1.99 1.0749e-05 1.98 6.1502e-03 1.00 4.531

Finally, table B.5 shows the same for the following biharmonic problem from
[150] reproduced in (B.4):

−∆2u = f in [0, 1]2, (B.4)

with homogeneous Dirichlet and Neumann conditions, where f is computed
from the exact solution u = 100(x(1− x)y(1− y))2. The finite element space
used here is simply Ṽh defined in chapter 3, but without forcing the degrees
of freedom on the boundary to be zero. This space is robust for fourth-order
equations as shown by the convergence rates. Improved L2 convergence rates
for this element are, to the best of the author’s knowledge, an open problem.

174



Table B.5: Convergence results for problem (B.4)

h−1 L2 error Order H1 error Order H2 error Order CPU time (s)
8 5.4956e-04 - 8.6657e-03 - 4.3903e-01 - 0.072
16 1.7601e-04 1.64 1.5847e-03 2.45 1.3690e-01 1.68 0.094
32 4.8253e-05 1.87 3.6481e-04 2.12 5.6496e-02 1.28 0.229
64 1.2317e-05 1.97 8.9131e-05 2.03 2.6179e-02 1.11 0.842
128 3.0887e-06 2.00 2.2129e-05 2.01 1.2728e-02 1.04 4.440
256 7.7188e-07 2.00 5.5200e-06 2.00 6.2952e-03 1.02 18.400
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Appendix C:

Tools and Techniques For Anal-
ysis of Nonconforming Elements

C.1 Proof sketches of (3.22a) and (3.22b)

We reproduce the inequalities for convenience:

|e|−1‖f‖2
0,e . h−2

K ‖f‖2
0,K + |f |21,K , f ∈ H1(K)

|e|‖JwK‖2
0,e . h2

K

∑
K∈Ke

‖w‖2
1,K , w|K ∈ H1(K).

These rely mainly on trace-type results and scaling arguments cf. appendix D.

For the first we have:

‖f̂‖2
0,ê . ‖f̂‖2

1,K̂
=
|K̂|
|K|
(
‖f‖2

0,K + h2
K |f |21,K

)
,

by the trace theorem and a scaling argument. Rearranging:
|K|
|K̂|h2

K

‖f̂‖2
0,ê . h−2

K ‖f‖2
0,K + |f |21,K .

Now since h2
K is proportional to the area of K then:

‖f̂‖2
0,ê . h−2

K ‖f‖2
0,K + |f |21,K .

Noticing that ‖f̂‖2
0,ê = |e|−1‖f‖2

0,e completes the result.

For the second:

‖JfK‖2
0,e = | detBe|‖Jf̂K‖2

0,e

≤ | detBe|
∑
K∈Ke

|f̂ |2
1,K̂

[42, Lemma 7.5.26]

≤ | detBe|
∑
K∈Ke

| detBk|−1h2
K |f |21,K

=
∑
K∈Ke

|e|
|ê|
|K̂|
|K|h

2
K |f |21,K .

Now since |e|2 ' |K| by the formula for the area of a triangle, multiplying by
|e| on both sides yields:

|e|‖JfK‖2
0,e .

∑
K∈Ke

h2
K |f |21,K .
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C.2 Error analysis for nonconforming P1 finite elements

We demonstrate how to obtain a linear convergence rate for nonconforming P1

finite elements (see [42, Equation 10.3.2]) for a simple Poisson problem in 2
dimensions where the source term is given by a mesh-aligned function. Letting
Ω denote the unit square, and Ωh a conforming shape-regular triangulation
thereof and Eh its mesh skeleton, and Q denote the subset of Eh highlighted in
figure 3.2. Then, for simplicity, we define the functional f by

v 7→ f(v) =

∫
Q

pv dx,

where p is a smooth polynomial defined on Q. In this way f is a similar object
to the sources terms observed in (3.6b) and (3.11b). The variational system
we will study here is:

〈∇u,∇v〉0,Ω = f(v), ∀v ∈ H1
0 (Ω). (C.1)

which corresponds to the strong form equation:

−∆u = 0 in Ω \Q, (C.2a)
u = 0 on ∂Ω, (C.2b)

J∇uK = p on Q. (C.2c)

where the last equation is understood in an integral sense, and jump across Q
is defined as JvKQ = η+

Qv
+ + η−Qv

− and η|∂Ω is the outward normal to Ω. Now
we define Ω− and Ω+ by the domains inside and outside Q. The connection
between these two is seen by a simple integration by parts:

−
∫

Ω

∆uv dx =

∫
Ω−
∇u · ∇v dx+

∫
Ω+

∇u · ∇v dx−
∫
Q

J∇uKv ds (C.3)

=

∫
Ω−
∇u · ∇v dx+

∫
Ω+

∇u · ∇v dx−
∫
Q

pv ds (C.4)

= 0. (C.5)

Letting Vh denote the nonconforming P1 finite element space defined over the
triangulation Ωh. The discrete problem we are looking at is:∑

K∈Ωth

〈∇uh,∇vh〉0,K = f({vh}), ∀vh ∈ Vh. (C.6)

Since functions in Vh are not globally H1 the trace is not unique on Q hence
the average operator present in the right-hand side. Skipping all well-posedness
theory we jump straight to the error analysis. Letting a, ah denote the usual
bilinear forms we have for w ∈ Vh:
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ah(u− uh, wh) =
∑
K∈Ωth

〈∇uh,∇wh〉0,K −
∫
Q

p{wh} ds

=
∑
K∈Ωth

[〈−∆uh, wh〉0,K +

∫
∂K

η · ∇uwh ds]−
∫
Q

p{wh} ds

=
∑

e∈Eh\Q

[

∫
e

∇u · JwhK ds] +

∫
Q

J∇uwK ds−
∫
Q

p{wh} ds.

Recall the following identity:

JabK = {a}JbK + JaK{b}, (C.7)

so: ∫
Q

J∇uwhK ds =

∫
Q

{∇u}JwhK + J∇uK{wh} ds,

so

ah(u− uh, wh) =
∑

e∈Eh\Q

[

∫
e

∇u · JwhK ds] +

∫
Q

{η · ∇u}JwhK ds, (C.8)

since J∇uK{wh} = p{wh} on Q. We now apply the same methods from [42,
Chapter 10]. Let e be an edge of some K ∈ Ωh. By [42, Equation 10.3.8, 10.3.9]
there exists some C > 0 such that:

|e|−1‖ξ‖2
0,e ≤ C(h−2

K ‖ξ‖2
0,K + |ξ|2H1(K)), ∀ξ ∈ H1(K).

and we also use the result:

|e|‖JwK‖2
0,e ≤ C

∑
K∈Ωth

h2
K |w|2H1(K).

The first term on the right-hand side of (C.8) now becomes:∑
e∈Eh\Q

∫
e

∇u · JwhK ds =
∑

e∈Eh\Q

∫
e

(η · ∇u− ce)∇ · JwhK ds

≤
∑

e∈Eh\Q

|e|−1/2‖η · ∇u− ce‖0,e|e|1/2‖JwK‖0,e

≤ (
∑

e∈Eh\Q

|e|−1‖η · ∇u− ce‖0,e)
1/2(

∑
e∈Eh\Q

|e|1/2‖JwK‖0,e)
1/2.

Now using the previous results and letting Ke define the elements adjacent to
e the notation :∑

e∈Eh\Q

∫
e

∇u · JwhK ds ≤ C(
∑

e∈Eh\Q

min
K∈Ke

(h−2
K ‖η · ∇u− ce‖0,e + |u|2H2(K))

1/2

× (
∑

e∈Eh\Q

∑
K∈Ke

h2
K |wh|2H1(K))

1/2.
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Selecting ce as the average of ∇u · η on K and letting ‖wh‖2
h = ah(wh, wh):∑

e∈Eh\Q

∫
e

∇u · JwhK ds ≤ Ch[
∑
K∈Ωth

‖∆u‖2
0,K ]1/2‖wh‖h.

Here we have used [89, Proposition 1.135] to say

‖η · ∇u− ce‖0,e . hK |u|2,K .
Now we treat the second term on the right-hand side of (C.8) which we write
as: ∫

Q

{∇u} · JwhK ds =
∑
e∈Q

∫
e

∇u+ +∇u−
2

· JwhK ds.

Now we apply the same technique from before to each term involving u+ and
u−, respectively. We denote by Ω+

h the set of triangles K ∈ Ωh located outside
the curve Q (Ω−h denoting those on the inside). Also let K+

e be the set of
triangles in Ω+

h having e as an edge and such that K ∈ K+
e lies on the outside

of Q with a similar definition for K−e . For u+:∑
e∈Q

∫
e

∇u+ · JwhK ds ≤ C(
∑
e∈Q

min
K∈K+

e

(h−2
K ‖η · ∇u+ − ce‖0,e + |u+|2H2(K))

1/2

× (
∑

e∈Eh\Q

∑
K∈N (e)

h2
K |wh|2H1(K))

1/2

≤ Ch[
∑
K∈Ω+

h

‖∆u+‖2
0,K ]1/2‖wh‖h.

Similarly: ∑
e∈Q

∫
e

∇u− · JwhK ds ≤ Ch[
∑
K∈Ω−h

‖∆u−‖2
0,K ]1/2‖wh‖h.

Combining these results we can write:∫
Q

{∇u} · JwhK ds ≤
C

2
h[
∑
K∈Ωth

‖∆u‖2
0,K ]1/2‖wh‖h.

Now returning to the error estimate we get:

ah(u− uh, wh) . h[
∑
K∈Ωth

‖∆u‖2
0,K ]1/2‖wh‖h.

By a Strang type argument we know that, for integers j ≥ 1:

‖u− uh‖h . hj[
∑
K∈Ωth

‖u‖2,K ]1/2 + h[
∑
K∈Ωth

‖∆u‖2
0,K ]1/2

. h[
∑
K∈Ωth

‖u‖2,K ]1/2,

because u is smooth locally on K ∈ Ωh (approximation) and convergence is
linear in h (consistency).
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Appendix D:

Scaling Arguments

Let K̂, K be convex simplices in Rd such that diam(K̂) = 1 and ψK : K̂ → K
be an affine diffeomorphism with Jacobian BK and that:

| detBK | =
|K|
|K̂|

, ‖BK‖ ≤
hK
ρK̂

, ‖B−1
K ‖ ≤

hK̂
ρK

,

where hK = diam(K) and ρK is the diameter of the largest ball inscribed
in K, see [89, Lemma 1.100] and where the norms are sup-norms over the
components of the matrices. For shape-regular meshes this means that there
exists a constant c > 0 such that ‖BK‖‖B−1

K ‖ ≤ c.

For v ∈ Hk(K) and v̂ = v ◦ ψK we have:

|v̂|m,K̂ . ‖BK‖m| detBk|−1/2|v|m,K , (D.1a)

|v|m,K . ‖B−1
K ‖m| detBk|1/2|v̂|m,K̂ . (D.1b)

We sketch the proof of (D.1b) for m = 0, 1, see the previous reference for more
details.

m = 0:

‖v‖2
0,K =

∫
K̂

|v̂|2| detBk| dx̂

= | detBk|‖v̂‖2
0,K̂
.

m = 1:

|v|21,K =

∫
K̂

[(∇xv) ◦ ψK ]2| detBk| dx̂

. | detBk|‖B>K‖
∫
K̂

[∇x̂v̂]2 dx̂

= | detBk|‖B>K‖|v̂|21,K̂ .

These estimates are typically used in estimating interpolation error. Indeed, let
πKv be the standard local interpolant of polynomial degree m− 1, for instance,
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for v ∈ Hm(K):

‖v − πv‖m−1,K . | detBk|1/2‖B−1
K ‖‖v̂ − π̂v̂‖m−1,K̂

. | detBk|1/2‖B−1
K ‖m−1‖v̂‖2,K̂ (Bramble-Hilbert)

. | detBk|1/2‖B−1
K ‖m−1| detBk|−1/2‖B−1

K ‖m‖‖v̂‖m,K̂
' ‖B−1

K ‖‖v‖m,K
. hK‖v‖m,K .
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Appendix E:

Limiting Procedure

For completeness we show a standard procedure in analysis namely the limiting
procedure also sometimes called a density argument.

For O ∈ Rd and let φ ∈ C∞(Ō) = X be dense in a Banach space G. The
following inequality holds for some φ 7→ Tφ, T : X → Y , where Y is Banach:

‖Tφ‖Y . ‖φ‖X , (E.1)

and our goal is to define T onG. By density, there exists a sequence Φ = {φn}n≥0

such that φn → ψ, for all ψ ∈ G. Formally we define the limit:

Tψ = lim
n→∞

Tφn, (E.2)

although we have yet to determine if this limit is well-defined. From (E.1) we
get:

‖Tφn − Tφn+j‖Y . ‖φn − φn+j‖X , (E.3)

for integers n, j ≥ 0. Since Φ is convergent, the right-hand side of (E.3)
converges since X is Banach. This implies that {Tφn}n≥0 is Cauchy in Y so
the left-hand side of (E.3) converges and (E.2) is well-defined. Using continuity
of the norm we verify (E.1) for this limit:

‖Tψ‖Y = ‖ lim
n→∞

Tφn‖Y
= lim

n→∞
‖Tφn‖Y

. lim
n→∞

‖φn‖Y
= ‖ψ‖Y .
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