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1 Introduction

String theory in AdS3x .83 xT* preserving 16 supersymmetries is classically integrable! [2-6]
and is expected to be integrable also at the quantum level. If this is indeed the case it should
be possible to determine the spectrum along similar lines as for the string in AdS5 x S° [7].
Here we will consider the type IIB AdSs x S3 x T* solution supported by Ramond-Ramond
three-form flux. An important first step in solving the model is to find the exact S-matrix.
Up to phase factors the S-matrix can be completely determined by the symmetries [8]. Since
the BMN string has both massive and massless excitations the (2-particle) S-matrix splits
into three sectors: massive-massive scattering, massive-massless scattering and massless-
massless scattering. Each sector comes with phase factors which should be determined
by crossing symmetry together with some input from perturbation theory. In the massive
sector there are two phases whose all-loop crossing symmetric solution was conjectured
in [9] and agrees with perturbative worldsheet calculations at one and two loops [10-14].
Here we complete the one-loop analysis of the S-matrix by computing the full one-loop
2-particle S-matrix including mixed and massless sectors. The structure of the S-matrix is
found to agree with that of [8]? and the one-loop phases we find in the mixed and massless

IThis is a general property of superstrings in symmetric space backgrounds that preserve some super-
symmetry [1].
2A change in the normalization of the mixed sector S-matrix of that paper is needed for agreement.



sectors are shown to respect crossing symmetry. In the mixed sector we show that one-loop
scattering is consistent with integrability by verifying that the amplitudes for scattering
processes where the particles change their momenta vanish. We are further able to show
that the scattering of massless bosons is trivial at two loops, as was argued for a particular
process in the type ITA setting in [15]. Our perturbative calculations suggest that the extra
su(2) S-matrix appearing in the massless sector in [8] trivializes. The perturbative findings
we present in this paper were recently used in [16] to conjecture all-loop expressions for
the mixed and massless sector phases together with the corresponding Bethe equations.?

In addition to the S-matrix the exact dispersion relation for the massive and massless
modes is also determined by the symmetry analysis of [8]. For the massive bosons the
dispersion relation agrees with perturbation theory up to two loops, as earlier shown in the
type IIA setting in [15, 18]. However, there a discrepancy in the two-loop correction for the
massless bosons was found. Here we repeat these calculations for the type IIB string and
also include the fermionic modes finding the same result. While our findings are consistent
with worldsheet supersymmetry to the two loop order an explanation for the mismatch is
still lacking.

The outline of the paper is as follows. In section 2 we describe the Green-Schwarz
string action in AdSs x S% x T* to quartic order in fermions, its light-cone gauge-fixing and
BMN expansion. In section 3 we describe our regularization scheme for the relevant one-
loop integrals. Section 4 gives the results of the two-loop two-point function calculations
and correction to the dispersion relations. In section 5 we give the form of the S-matrix
and section 6 contains a discussion of the mixed and massless sector phases and crossing
symmetry. We end with some conclusions and an appendix containing some details of the
basic one-loop bubble integrals.

2 Green-Schwarz string in AdS3 x S§% x T* with RR flux

The Green-Schwarz superstring action can be expanded order by order in fermions as
S = g/d2§ (LO 4 £ 4y, (2.1)

where we let g denote the string tension. In a general type II supergravity background the
form of this expansion is known explicitly up to quartic order in fermions [19]. This is the
action we will use for the string in type IIB AdSs x S x T*. The purely bosonic terms in
the Lagrangian are given by

1 .. y i
£O = Soletetnay, A7 =V/=hh", (2:2)

where e* (a = 0,...,9) are the (bosonic) vielbeins and we used the fact that the bosonic
B-field vanishes in our case. The vielbeins can be read off from the metric which we

3For some reservations about the usefulness of said equations see [17].



take to be

2 2
1+ 122 2|dz|? 1= 3lyl? 2|dy
dslye = — [ — 22 ) a2+ —=20 g2 = (22 ) g2y SOV
’ 1— gz (1—3l2)2 5 1+ 5ly|? (1+ 5ly[*)?

(2.3)

for complex transverse coordinates z,y while the metric of T is 2|du1|? + 2|duz|?.
The terms quadratic in fermions take the form

L3 = je;0 OIfyaKgD}]KQK, KZJ =177 — Yo}y, (2.4)

where 07 (I = 1,2) are the two 16-component Majorana-Weyl spinors of type IIB and the
Killing spinor derivative operator is given by

1

1
eﬂa}JPsvm%)e% Py =5 (1+9725), (25)

ol — 1Jq. Iy,
DZH (6 87, 5 fYab 2 2

where w® is the spin connection and Pg projects on the 2 x 8 supersymmetric fermionic
directions. The last term comes from the coupling to the RR three-form flux F®) ~
Q AdSs T Q S3.

Finally the quartic terms in the Lagrangian take the form (suppressing the SO(2)-
indices)

LW = %eyame 07, KD;6 + %e 07, KT MD;0

- iei“ejb 07 K9 (M + 0® Mo®) o' Pgy?12 4,0

12
1 1 )
16 —e; ejd 0~ P K0 0T yU v — 16 eicejd 0.3 K0 0303 Unpv
1 g 1 g
— ﬂeicejd 0.2 K90 0, Upqu — ﬂeicejd 0.3 K0 0,02 Upqu (2.6)
where 1 1
v=01-P)0,  Un=5Ps7"*1aPsr" 0 = 7 Rat™ vea (2.7)
and

1
MOJ,BJ :MOJ,BJ + (0_3M0_3)QIBJ o *(0'17)87012'Ya‘9)a1 (G’Ya)ﬂj

2
7
+ 1( Y2 0) (070 Psy™ 20t ) 5.
Mt 8J —70017012 5/03‘51J — 0 (U701201)5J + z(al'yavom ) (0va)87 - (2.8)
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Equipped with this string action the next step is to expand around the point-like BMN
string solution given by [20]
1
x+:§(t+g0):7'. (2.9)
At the same time we fix the light-cone gauge and corresponding kappa symmetry gauge

st =71,  ATel=0. (2.10)



z Y ur U2 Xl X2 X3 X4

U1y, -1 0 0 0 -1/2 1/2 1/2 1/2
g 0 -1 0 0 1/2 -1/2 1/2 1/2
Ul)s 0 0 -1 0 1/2 1/2 -1/2 1/2
), 0 o0 0 -1 1/2 1/2 1/2 -1/2

Table 1. Summary of U(1) charges for AdS; x S x T*.

The Virasoro constraints can then be used to solve for ™ in terms of the other fields.
In this gauge the worldsheet metric defined in (2.2) takes the form v = n + 4, where ¥
denotes higher order corrections determined by the following conditions on the momentum
conjugate to x~

1 0L oL
t—_ -7 -1 ——= =0. 2.11
P 206~ 0 on " (2.11)
This is often referred to as uniform light-cone gauge.

~1/2

Rescaling the transverse fields by a factor g yields a perturbative expansion in the

string tension*

1 1
£:£2+,£4+72£6+.”
g g

where the subscript denotes the number of transverse coordinates. The quadratic La-
grangian takes the form (01 = 0y £ 01)

Lo =[0z* = [2* +10y[* = ly|* + |0us|* + [Oua|” +iXLO-XL, + iXRO+ Xk — XLXR — XRXL
+IXEO-XL +iXROs Xk — XiXRk — XRXT +iXL0-X] +iXR01 Xk
+IXLO-XL, + iXRO+ Xk (2.12)
The spectrum consists of 4+4 massive and 4+4 massless modes. They are charged under
four U(1)’s and the charges are given in table 1. The interaction terms in the Lagrangian

are quite complicated and we will not give them here since they are straight-forwardly
found by expanding the original Lagrangian.

3 One-loop regularization

At one loop one encounters two types of integrals: Bubble integrals

. %k K kS
i) = | G i PRy

(3.1)

coming from the diagrams in (5.1), and Tadpole integrals

d%k k" kS
) = [ G pp (32

4The fact that only even orders appear in this expansion for AdS x S x T backgrounds greatly simplifies
a perturbative treatment.



coming from the diagrams in (5.2). Here P is a combination of external momenta. Many of
these are power-counting UV divergent,® eg. B"® for 7 + s > 1 and need to be regularized.
In [14] it was shown that standard dimensional regularization gives the wrong answer. It
leads to an S-matrix not compatible with the symmetries due to the introduction of extra
rational terms. In the same paper a different regularization scheme, essentially using tensor
reduction in strictly two dimensions instead, was introduced which was shown to give a
result consistent with the symmetries of the BMN vacuum. The same procedure has been
shown to give the right answer also at two loops [18] as well as for the spinning GKP
string [21].
The idea is to use the algebraic identity

1 1 kP 4k P P tmi-mi
(k—P)2—m3 kK -—mi (K —md((k—P)?—mj)

(3.3)

to reduce all bubble integrals to the (UV) finite integral B plus tadpole integrals. Once
all divergences are isolated in tadpole integrals these can be evaluated in dimensional
regularization without introducing unwanted rational terms. Multiplying the above identity
by k7 k* and integrating we find®

P_Br—i-l,S(P) + P+Br,s+1(P) + (m% _ m% _ PQ)BTS(P) = [7;22}(13) — [7:“}(0) , (3'4)

where we have indicated explicitly the mass in the tadpole integrals. We also use the very
simple fact that for r,s > 1

B™(P) = m?B" "7 1(P) + T{;nj]’H(P) : (3.5)
which follows by writing k; k_ = k% = k* —m? +m? and simplifying the integrand. Finally
B' and BY, which are UV finite, can easily be computed by the following trick. First we
note that B'%(P) and B%(P) are odd functions of P as follows by shifting the integration

variable. But since P_B!(P) + P, B (P) is Lorentz invariant they must in fact be of
the form

B%(P) = P, f(P%,my,ms), BYY(P) = P_f(P? my,ms), (3.6)

where f is some function that must be the same for the two integrals by symmetry. Using
this in (3.4) with 7 = s = 0 we can determine the function f and finally we find”

BU(P) = S (P +md —m3)BY(P) + TR0~ TR, 0], (37)
BU(P) = o (P 4 md —m)B(P) + TR, 0) - T, 0], (38)

®Due to the presence of massless modes there are also IR divergences. These are dealt with by introducing
a small regulator mass p for the massless modes which is taken to zero at the end.

SWe will suppress the mims subscript on the bubble integrals when there is no risk of confusion.

"We have shifted the integration variable in the first tadpole integral.



Using (3.4) and (3.5) we also find (again we have used shifts of the integration variable and
Lorentz invariance to simplify the tadpole contributions)

BY(P) = —-[(m} — m} — P)B(P) + PamiBY(P)], (39)
BY(P) = = -l(m} = md = P (P) + Pmd B (P)]. (3.10)
BX(P) = —-[(m} — m? — P)BY(P) + PymiB®(P)], (3.11)
BY(P) = - l(m —m? = P (P) + P-miB(P). (3.12)

These are all the relations we will need for our one loop calculations.® The integrated result
for the basic bubble integral B is presented in appendix A.

4 Two-point functions and two-loop correction to dispersion relations

To be able to calculate the 2-particle S-matrix we must first compute the off-shell one-loop
two-point functions. One finds that only the massive bosons receive a correction which
takes the form of wave function renormalization [14]

_ 17, _9 _ i Zy _9
<ZZ>=p2_1+0(9 ) <yy>=p2_1+0(9 ) (4.1)
with the renormalization factors given by
11 2 11 2
Z, = 1+< +log7r+7E> , Zy = 1<+10g7r+’yE> , (4.2)
AT g € dm g €

where the contributing tadpole integral has been evaluated in dimensional regularization
in d = 2 — € dimensions. This wave function renormalization must be taken into account
to get a finite S-matrix.

8These integral identities can also be used to compute the one loop correction to the two-point function
for the BMN modes in AdSs x S® x S x S* originally done in [3]. In contrast to the T* case the excitations
now have four different masses (1,a, 1 — a,0) where « controls the relative size of the two S3-factors and
lies in the interval 0 < a < 1. For the lighter excitations with mass o and 1 — « one finds,

<?7iyi>(1) = <XiXi>(l) = —210% (Tloo(o) - anjO(O) -(1- a)nga(O)) = %(a loga + (1 —a)log(l — a))pf )
where we used dimensional regularization in the last step. If desired one can choose a different regulator
for tadpole integrals with different masses in the loop. While not very natural from the point of view of
the sigma model, it is possible to make the entire one-loop contribution vanish in this way.

The exact solution indicates that the heavy mode from AdSs of mass 1 should be a composite state
made out of two lighter ones. The way this can happen in the one-loop worldsheet theory is if the bubble
contribution to the propagator replaces the pole in the propagator with a branch cut [22]. However, in the

regularization outlined above we find
_ 1
<y1y1>(1> = *5(1 —a)a(py+ *Pf)Q(PQ - 1)32(,)1—a + ...

where the dots denote tadpole contributions. Once we go on-shell, p*> = 1, the entire bubble contribution
vanishes so we are lead to the conclusion that in order to see any indication of a composite state we need
to go to higher loop order.



Before we move on to the S-matrix however we will compute the two-loop correction
to the on-shell two-point function, i.e. to the dispersion relation. This was done for bosonic
modes in [15, 18] (in the type ITA context) and here we will extend that analysis to include
also the fermionic modes.

The perturbative result should be compared with the exact dispersion relation fixed
by the underlying symmetries. For an excitation of mass m the exact dispersion relation
was found to take the form [2, 8, 23-26]

e = \/m2 + 4h2 sin? (g) . (4.3)

By scaling the momenta as p/h, together with the identification h = g, the large coupling

expansion should agree with perturbative calculations.
For this calculation we have to sum three distinct classes of Feynman diagrams. The
first one is the sunset-type diagrams

giving rise to integrals of the form

o o / Phd? KLk
mymams = (2m)* (k2 — m%)(l2 _ m%)((p —k—1)2- m%) .

The sunset contribution contains the meat of the calculation since they constitute the only
class of diagrams that can give a (regularization independent) finite contribution to the
amplitude.

The other two types of diagrams are the bubble-tadpole

and six-vertex double tadpoles”

and they are both UV-divergent and give rise to 1/e-terms that cancel divergences coming
from the sunset diagrams.

In order to evaluate the sunset integrals we use a tensor reduction scheme similar to
the one described for the one-loop bubble integrals in the previous section. We won’t give
the details here but rather refer to [15, 18]. Here we will only state the final result.

9Since we do not have the 6%-terms in the Lagrangian we can only compute these contributions for the
bosons. For the fermions we will simply assume that all divergences cancel.



For the massive modes we find a correction

4
(z2)® = () = (x'xHP = (PP = —?;ip%f???o(p) lp2=1 = —%;2- (4.4)
The fact that the two-loop correction is the same for bosonic and fermionic modes is a
strong indication that the worldsheet theory is, as expected, supersymmetric to this loop
order and that the regularization employed is consistent with this. It is easy to see that
this correction precisely agrees with the exact dispersion relation (4.3).
The situation becomes more interesting in the case of massless modes. The calcula-

tion gives

pi

———. (45
271'292 ( )

(@) ® = ()@ = () = ) =~ I oo =
While this result is again consistent with worldsheet supersymmetry it disagrees with the
expansion of the exact dispersion relation (4.3). This mismatch of 6/72 was already found
for the bosonic modes in [18] but here we demonstrate for the first time that the same
result appears also for the fermionic modes. Although expected this is nevertheless an
important consistency check.

5 One-loop S-matrix

Here we compute the two body S-matrix up to the one loop level. The S-matrix splits into
three sectors according to whether the external particles are both massive, one massive and
one massless or both massless. For each sector the contributing diagram topologies are a
tree-level contact diagram, one-loop s,t and u-channel diagrams

and a six-vertex tadpole diagram

(5.2)

When calculating the S-matrix we must take into account the wave function renormal-
ization of the massive bosons (4.2) and the Jacobian from the energy-momentum conser-
vation delta functions and external leg factors which give a factor

1 1
s ! 7 _ Jm2 12 5.3
FRr—— wp mz +p (5.3)



and similarly for w, where m, and m, denote the masses of the corresponding external

particles. We write

S=1+4+:T

and compute the action of T on generic'” two-particle states.

5.1 Massive sector

For scattering up to one loop we find!'!

Boson-Boson:

7
60+ A0 + 26 ) )=o)

() 264 ) o)y o).

st = (47 + 50572 + 268 ) owia).
0+ 0+ 2 ) )=o)
(6577 +2(7)) + 292%) =(0)2(@) — (") 5(p)y(
(4 = 4740 ) I X @) + IR
Tly(p)ia)) = (eé‘” + I + 200+ 26%) ly(®)3(@) — (6 2(p)2(0))
# (- 80— S0 ) K @) + @),
Tl(p)7(0)) = (450) ol + 200+ 2092) 2(0)3(p)) + it )|9(p)=(a)

+ <€(°) L ’£(0)> [ (2)x* (@) = IX*()x" (9)]

(5.4)

(5.5)

Tly(p)2(a) = ( )4 L) 20 + 2082) [y(®)2(p)) + (8" 2(p)y(a))

+ (@ - 2) 19 (0 - W @]

1076 save some space and time we will give only the action on either BF or FB in-states but not

both.

We will also omit the action on FF in-states for the most part. These additional amplitudes contain no

new information and are sometimes tedious to compute.

11 Additional S-matrix elements can be obtained from the fact that the theory is symmetric under inter-

change of fields with their complex conjugates.



Boson-Fermion:
Tlatpin' @) = (= &7 + S + (@)% + 26 ) 0)
b (= S+ ) 0
Tl o) = (67 + 172 + (6021 20 ) ) o)
(604 DA+ 6o,
Tlato (o) = (6 + 172 + (6021 +20 ) )
+ < -5 - é[féo)ﬁgo) + 550)550)]> X (0)y (),
Tletp)e?@) = - & + S + (@)% + 26 ) ) o)
b (-4 SR ) R0,
Tl @) = (47 + 1672+ 6P+ 26 ) oéia)
(A7 + S0+ AP ) hvta)
Ty @) = &7 + U7 + (6021 + 268 ) o) Pl
# (- S+ ) IR w0
Tly(p)x' (q)) = < — £ + %[(ﬁéo))Q + (677 + 29(;%) ly(p)x' ()
N G AR [P R O]

_ 0) , T ,0 0 1 _
Ty @) = (47 + S+ 671+ 20 ) o) )
0) , ¥,(0),(0 0) )(0)1 ) |
+ <f§ D S0 + )]> X' (P)y(a)),
where the superscript denotes tree-level or one-loop contributions and we have used (A.1).
The phase factor, 8, only contributes to diagonal scattering elements. At the one-loop level,

where the phase and matrix factors come with different powers of i, we have separated the
contributions in different expressions.

~10 -



The tree-level elements are given by

2 2 _ 2 N2
Ego) _ LM7 ego) _ iu’ ﬁz(:,o) _ iuy (5:6)
29 wgp — wpq 29 wgp — wpq 29 WP — Wy
/0 — 1 alp+a) o _ 1 plpta) /O _ 1 qp—q)
: 29 qu“*’pQ’ 5 29 wqp—wpq’ 6 29 WP — Wpq
o_ L a _ B -
l;" = 29 wab — <\/(wp p)(wg + q) \/(wp+p)(wq q)> :
Lo o _ 1 plp—q)
V= i WD+ oo -a)) 4= oo mE

where Eéo) and &(90) appear at tree-level only in FB processes which we have not listed. The
two one-loop phases are given by

11 (pPPéP(p-a+l 1 2
o) - L1 (ralpratl)) o lplp+a?) (5.7)
dm g (wqp - pr) b— 2 Wqp — Wpq
1) 11 (p’¢(p-a-1), ¢ 1pglp—q)?
Obr=—7—= |\ 7, o 08 —— 5 ———— | .
dm g (Wep — wpq) P—  2wWpq — wep

While we do not present the details here, it is straightforward to compare and see that our
findings fit perfectly with the exact S-matrix proposed in [27] and phases proposed in [9]
(this was mostly checked already in [14]).12

5.2 Mixed sector

Next we turn to the sector where we scatter one massive and one massless particle. For
simplicity we will restrict to in-states where the first particle is massive and the second
massless. When the masses of the scattered particles are different, the energy-momentum
constraints allow also for a more complicated solution where the momenta of the particles
in the final state differ from those in the initial state. However, only the trivial solution
where each particles momentum is unchanged is compatible with higher conserved charges
and integrability. This means that if we were to find any non-zero on-shell amplitudes
where the particles have changed their momenta integrability would be broken at one loop.

To be a bit more explicit, let us call the non-trivial solutions of the energy-momentum
constraints p(p,q) and §(p,q), where as before p and ¢ are the in-coming momenta. We
furthermore introduce the notation X; and x; for arbitrary i, j-flavored massive / massless
particles. The statement above then implies that if we find a non-zero scattering element,

T|X;(p)x;(a) = Al (p, )| Xk(P)21(d))

with p # p then integrability is broken. We have verified numerically for a large class of
kl

scattering processes that Al]

(p,q) = 0, consistent with integrability at the one-loop level.

2T heir excitations are related to ours as follows:

=2, Zz'=z, Yi=g, Y=y, af=x', m=x", n'"=x". ="

- 11 -



The non-zero amplitudes we find, in the kinematic regime (p > 0 > q), are:

Boson-Boson (5.8)

Tlstpun(a)) = (47 + SUE)? + (6721 + 60 ) oyus (o)

i PN
+ < — 0+ [ - 240)[{(50)}) ()X (a))

7

Tlstpun(a) = (4 + 5

(A0 + ) +60 ) oy (o)
+ (7 - I8P 200 ) ) a).
T2(p)uz(a)) = (40) ol + (@) + e“)) [2(p)us(q))

7
+ (47 G876 200 ) @),
1

Tlstp)ua(o) - (47 + 5

()2 1 (607 + e“)) 2 (p)iis(a))
+ (7 I8P 200 ) o).

Tlyoyur(a) =~ 47 + 517 + @)+ 60 )l (a)

1
() SH0E 247 I (o)

Ty (@) = - 47+ SIE7 + @+ 60 )l (a)
S G G T ) Ay

T|y(p)uz(q)) = <_ 40) + :

()2 4 (1)) 0“)) y(p)ua(a))

1 _ _
# (- - A 2040 IR o,

Tly@na(a) = - 47+ SEF + @7+ 60 ) lno)eala)

7
+ (87 + 51876 - 200 )@,

Boson-Fermion

Tl (@) = = 67 + SR + 2677+ 00 ) (0 0)
#67) = 3860 (1 @) + [Pl ) + i) @).

Tl(p)%*(0)) = (eé,” G e“)) ()X (@)

~12 -



Tlz(p)x (@) = ( — 64 L) + 260 + e“)) ()X ()
#3800 (1 (e - 1RO (@) ) = iP5 @),
Ty’ (@) = (67 -+ JED2 +20687 71+ 09 ) lyon*(a)
#4386 (@) - W sl ) - i x @),
Tly(p)¥* (@) = ( )+ ()R 9“)) v (@)

Tly(p)x*(q))

(6 + 12 42671+ 09 ) o)
#4386 (@) + [V (e ) + i 1x @)
Tlx! (p)ui(q)) = (z'wé“)ﬁ + e“)) X (p)ur (@) +i(63)2 1% (p)aa ()

# (8- 380 @) + (87 + 3878 ) lgox' @),
TIx! (p)uz(q)) = (i(é‘”ﬂ + 9“)) X (p)uz(@)) — i(63))2I%2 (p)aa (a)

# (87 - 58 @) + (- 4 - 584 e @).
T|x*(p)ui(q)) = (Mgw + e<1>) 2 (p)ur(@) — i(3)2Ix (p)aa ()

+ (8 560 wone @ + (- 87+ S8 ) lsxt @),
T|x*(p)uz(q)) = (MS”V + 6“)) X (p)uz(@) +i(65))2 1% (p)us (a)

7
+ (8 + 586 vont@) + (67 - 3874 )lsx@).

T|x' (p)ar(q)) =00 |x" (p)ua(q)),
T|x*(p)t2(q)) =00 |x*(p)u2(q))

where we have used (A.2) and (A.3). The tree-level amplitudes involve

I q o 1 o 1 ptgq
IO 0 — — o — 0y = -2 = 5.9
1 2gp+wp’ 2 2gp (p wP)Q7 3 2gp+wp’ ( )
0 _ 1 p-q o_1 p
4 T 5 > 6 - 5. _ .

29p+wp 29p+wp

where Eéo) is related to purely fermionic tree-level scattering. The one-loop phase in the

mixed sector is given by
1 1 (1—log 2=)p?q

o) — _
2 P+ wp

5.10
57 g (5.10)

~13 -



Ignoring for the moment the one-loop phase, which will be discussed in the next section,

the S-matrix in the mixed sector does not agree with the exact S-matrix proposed in [8] if

one assumes their dressing phase is trivial at tree-level.'> However, this disagreement can
be removed by making the dressing phase non-trivial at tree-level or, equivalently, changing
the normalization of their S-matrix, which is not fixed by the symmetries, by a (crossing

invariant) rational phase!*
_ 1

A

- y+ 1 _ N

le ‘@

x
_l’_
x T

5.3 Massless sector

(5.11)

We now turn to the massless sector. Since the S-matrix is defined with respect to asymp-
totic states, determined by the leading order relativistic Lagrangian, we will assume that

the transverse momenta satisfy p > 0 > ¢ throughout this section.
Summing all the diagrams one finds

Boson-Boson (5.12)
T (p)u;(q)) =0V |ui (p)uj(q))
Tlui(p)ui(q)) = (9(1 +Z(€(0 )2) Jur (p)ar () + i(€0)?|az(p)uz(q)) — €V1* ()X (a))
D% )x*(9))
Tluz(p)uz(q)) = (9(1) +i(09)?) lua(p)a2(q)) + i(¢V)? [t (p)ur () + £0x* (0)x*(2))
D12 0)x* () .
Tlui(p)uz(q)) = (9(1) +i(09)?) Jur (p)a2(q)) — i(¢V)?[a2(p)us(q)) — £V1x* (0)x*(2))
(Ot (p)x*(0))
Tluz(p)iin (q)) = (00 +i(¢0)?) [ua(p)a1 (q)) — i(¢V) 2|1 (p)ua(q)) + £0x* (0)x*(9))

+ O3 (p)x*(q)),

Boson-Fermion

T|u1 (p)x*(q)) = <9(1) +
Tlui(p)x*(q)) = — (O3 (p)uz(q)),
+ (O (p)ui (9)),

X1 (@) + (O (p)uz(q)),

Tluz(p)x*(q)) = <9(1) +
Tuz(p)x*(q)) = <

1 . . .
3Their massless excitations are related to ours as follows:

12 21 —
T° =w 5 T = - B
2 _4 ~1

X (») =

11
T = Uu2,

x'(p) = —sign(p)x*(»), X —sign(p)x*(p) ,

Note the sign changes between left and right-moving massless fermions.
14We thank Olof Ohlsson Sax for discussions of this.
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T ) ) = (60 + 5607 )l (0@} - €01 (o)
Tl () ) = (0 + 5 ) (T (@) + O (P (@)
Tlua ()7 (a) = <9<1 (O 1)) ~ EO1 Bl
Tlua) ) = (60 + 5607 ) o) @) + 61 0 (),

Fermion-Fermion
T ()% (@)) =0V ¥ (9)x’ (a)),
T ()% (@) = (01 +i(¢9)?) X' (0)X (q)) + - -

where ¢, = 3,4. Note that for fermionic four-point functions we have ignored potential

divergent tadpole diagrams. In order to check that the amplitude is finite we would need

the 6 terms of the Lagrangian (which we do not have). Furthermore, for fermion in-states

we have only computed the diagonal element (due to the complexity of the computation).
The tree-level amplitudes involve

1
00 — %\/—Tvq, (5.13)

while the one-loop phase in the massless sector is given by

11
o) = —— (1 —log(—4 : 5.14
pra (1 —log(—4pq))pq (5.14)
Ignoring for the moment the one-loop phase, which will be discussed in the next section,
the structure of the S-matrix in the massless sector matches precisely with that proposed

in [8] (see footnote 13 for the identification of excitations).

Two-loop boson-boson scattering. In fact, we can push the analysis to the two-loop
level for purely bosonic processes,

|B1(p)Ba(q)) — |Bs(p)Ba(q)) » (5.15)

which feel the presence of the extra su(2)-factor of [8]. In [15] one specific element,
uiu; — uiuy was computed in the type ITA setting. Here we generalize the correspond-
ing computation for type IIB to include all external massless bosons. The computation is
rather complicated and involves the four-vertex wineglass diagrams

N O O
J
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plus permutations. We also have double bubbles

X B B

and finally bubble tadpole type diagrams

X ) O

There are additional diagrams involving six-vertices. The sole purpose of these types of
diagrams is to render the amplitude finite. For simplicity we will ignore them here, but
for the forward scattering element investigated in [15] it was demonstrated that the full
amplitude was indeed finite.

It turns out that each contributing integral from the diagrams listed above comes
multiplied with high enough powers of p? and ¢ to render everything zero once we go
on-shell by setting p? = ¢®> = 0. We therefore conclude that!'®

T®ui(p)uj(@)) =0, T|ui(p)u;(g)) = 0. (5.16)

This is compatible with the S-matrix of [8] but it also implies that the total phase should
vanish at two loops. For a more detailed discussion for the massive example of AdS5 x S°
we point the interested reader to [28].

6 Phases and crossing symmetry

The crossing equation for the mixed sector phase is (for massive-massless) given by [§]

1
.'L'+ o — $+ 1-— ¥ F
2 2 Ty
(05g)" (opg)” = :U%a:i — 333' = T (6.1)
p Tp q P

where p = (—wjp, —p). Expanding this expression we find

Yopa)? =1 1 P o 6.2
(05g)"(opg)” = 727h2p—|—wp+ (h7). (6.2)

It is an easy exercise to verify that the phase found from the worldsheet computation

o2 = e~V with o) given in (5.10), satisfies this equation.

Next we turn to the crossing equation in the massless sector. It reads

R ——

2 2 Spg — 1 T xd Tp Tq
(7502 0)* = P T T (63)

P efag T wpag

15Note that we ignore out-states involving two massless fermions on the r.h.s. .
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where ¢, is a scalar function of the rapidities not determined by crossing or the underlying
symmetries. Expanding for large h gives
Spg — 1

(050 oy = 22 (1= B ) + 07, (6.4

This is satisfied by the one-loop massless phase 02 = e*w(l), with 81 given in (5.14), only if
the pre-factor (spq—1)/spq equals 1+O(h™3). A natural way to make this happen is to take
Spg = 00. The crossing equation is clearly also consistent with a vanishing two-loop phase.

This choice of g, is further motivated by the worldsheet scattering processes we have
computed. This function enters the su(2) S-matrix that acts on the massless modes and is
given by [8]

Ssu(2) = (gqu1 + H) ) (6'5)

gt 1
where II denotes the permutation operator. However, since all one-loop elements, modulo
the phase, are reproduced by the psu(1]1)* factors, the IT operator must drop out. Fur-
thermore, since the two-loop S-matrix vanished for purely bosonic in- and out-states we
can conclude that the su(2)-factor must be trivial to order h=3 in perturbation theory. As
before, the most natural way to make this happen is to assume that ¢ = oco.

We will now demonstrate that the phase we found on the worldsheet can, up to an
IR-divergent term, be obtained from the massive HL-phase. Introducing general masses
my and my it is given by (this comes from the expression of the phase as a sum of charges)

11 p’ép-q mpg— 11 p*¢
= o I A S
27 g% (wgp — wpq)? " mgp— 2T g2 wep — wpq

(6.6)

where w, = 4 /m% + p? and similarly for w,. For m, = m, = 1 this phase is identical to the
sum of the LL and LR phases of the massive sector (5.7), Oy = 01 + O1R.

However, taking the appropriate massless limit to reach the mixed and massless sectors
we find

11 (1 — log :pﬁ) P2q

Mixed sector:  Opr(mp=1,mg = p) = ~5-7 - : (6.7)
Tg p+wp
11 4
Massless sector: Oprr(my=mg=p) = = <1 —log (_qu> )pq.
™™g o

Up to an IR-divergent term as p — 0, the massless limit of the HL phase thus completely
reproduces the mixed and massless sector phases (5.10) and (5.14).

The reason that the mixed and massless sector phases arise as a limit of (the sum of)
the massive phases is that the contributing integrals are just massless limits of the massive
ones, see appendix A. The IR-divergences that appear in the cases with massless modes
are canceled by tadpole contributions. To see in detail how this happens we can look at
a specific scattering element, uju; — ujug, in the massless sector. Since the IR-divergent
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term comes from the log-piece, it is enough to consider the s and u-channels (the six-vertex
tadpoles are all IR-finite). The contributing integrals are

pq [B(p —q) — 2pgBpp(p —q)] + . .. (6.8)

where we have put the external momenta on-shell. Rewriting the UV-divergent bubble in-
tegral as B}L}L = ;1,2322 —&—TSO it’s easy to see, using appendix A, that the above combination
is IR-finite.

However, this analysis also shows that the numerical factor inside the log in the mixed
and massless sector phases is mildly regularization dependent. In principle we could use
the IR-regulator u for bubble integrals and bu, where b is a constant, for tadpole integrals
in which case we would get instead

1
= log(—4b%pq)pq + . ... (6.9)
T

for the massless sector phase and one factor of b in the log in the mixed sector phase.
Although this regularization scheme does not seem natural from the worldsheet perspective
it appears to be important in comparing to the minimal all-loop phases proposed in [16].

7 Concluding remarks

In this paper we have computed the full worldsheet two-particle S-matrix for the type IIB
BMN superstring in AdSs x 83 x T at one loop. By using integrability and the underlying
symmetries of the model the full S-matrix, modulo phase factors, can be determined [8] and
our findings are in complete agreement with these results. We have also demonstrated that
the phase factors in the mixed and massless sectors satisfy the crossing equations of [8, 16]
and can in a sense be seen as limits of the massive one-loop HL-phase. Furthermore, in
the massless sector of the theory there is an additional su(2)-factor in the S-matrix of [8]
which we find to act trivially.

We have also pushed the analysis to the two-loop order. The symmetries of the model
can be used to write down an exact form of the dispersion relation for the fundamental
excitations in terms of the central charges [29]. The latter have been computed at the
classical level. The corresponding exact dispersion relation is expected to coincide with the
pole of two-point functions of the string modes. In this paper we have extended the analysis
of [15, 18] by including the two-point function of the fermionic modes using the type IIB
string. Again we have found that the massive sector agrees with the exact proposal while
there is the same mysterious disagreement in the massless sector as was found earlier.

Restricting to purely bosonic external particles we have also computed the two-loop
massless S-matrix and find that it is trivial, in agreement with a similar calculation for the
type IIA string where a single scattering processes was considered in [15].

There are several natural extensions of this work. Most important is of course to
understand the reason for the apparent disagreement between perturbative calculations and
symmetry arguments for the two-loop dispersion relation of massless bosons and fermions.

Another interesting line of research is to consider the more general background of
AdS3 x S x 83 x S'. Many novel features such as several distinct masses and a non-trivial
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interpolating function h(g) appears in this model [2, 3, 12, 30-33]. While the integrability
story is similar to the 7 case, the perturbative analysis is significantly more involved since
the string Lagrangian has interaction terms with an odd number of fields as well [3, 34].

Acknowledgments

It is a pleasure to thank M. Abbott, G. Arutyunov, R. Borsato, O. Ohlsson Sax, A.
Sfondrini and B. Stefanski for interesting discussions and feedback on this work. We would
furthermore like to thank the organizers of the workshops All About AdSs at ETH Ziirich
and Holography and Dualities 2016 at Nordita where part of this work was carried out.
The work of LW was supported by the ERC Advanced grant No.290456.

A The basic one-loop bubble integral

Here we list the integrated expressions for the basic bubble integral B% that appears
in the computations for different configurations of external and internal particles. In the
massive sector, where the external particles satisfy p.p_ = g;.q— = 1, we have the following
u-channel integral

i log (2=)p—q-

Massive sector: B(l)?(pv q) = py-
s p_ — q_

(A1)
For the t-channel, where p = ¢, the divergent piece is canceled by pre-factors of external
momenta multiplying the integrals. To obtain the s-channel one sends p — —p and the
integral has both real and imaginary terms. The real terms combine into the matrix
elements 61(0) determined by the underlying symmetries of the model.

For the mixed sector we have several distinct integrals depending on the channel. For
the t-channel both particles have the same mass: either pip_ = grq- = 1 or pyp_ =
q+q— = 0. The explicit form of the integrals are

Mixed sector (t-channel) (A.2)
P+P— =q+q- =1:
‘ p- : (p-=a-)*
B ) — Llog (qf)p—Q— B () — i (2 log 11 — log ( - ))p_q_
11D, 4q o p% — q% ) o\ ot (p_ — q_)3

P+P— =q+q- =0
i 1 log (%= )p-q-

i
B v BUO
11<p7 ) 4n’ up,(pa q) 27_‘_'“ p_ _q_
In the u-channel the kinematics are pyp_ = 1 and gyq— = 0 with contributing integrals
; log (u2=)p-
Mixed sector (u-channel): ng = —L¥ (A.3)

27 q—

As before we send p_ — —p_ to obtain the corresponding s-channel integral.
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For the massless sector we again have distinct integrals depending on the channel. For

the ¢t-channel we have

Massless sector (t-channel) (A4)

i1 log (B)piqs

00 i1 q+

pip-=0q+q-=0: B, (p,Q)=-—5—5 5 —
o 2rp® pi—ai

where + indicates the two regimes where the sign of the momentum is positive or negative.

Finally, in the u-channel we have

Massless sector (u-channel) (A.5)
P+P— =q4+q- =0:

—1 4
i tanh™" /1 — T

i \/p+q7 (4+prq-)

i (2logp —logpiq-)

BY(p,q) = -
" 2 Prq-

, BY(p.q) =

where the momenta satisfy p > 0 > ¢. Again the s-channel is obtained by changing the
sign for the in-coming particle.
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