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Abstract

The augmented complex LMS (ACLMS) algorithm deals with second order noncircular

(improper) input signals, based on widely linear modelling and the use of full second

order statistical information. In current analyses of ACLMS, it is implicitly or explicitly

assumed that the length of the adaptive filter is equal to that of the unknown system’s

impulse response (optimal model order). In many applications, however, the length of

the adaptive filter is smaller than required, the so called deficient length case, which ren-

ders the analysis for a ‘sufficient length’ ACLMS inadequate. To this end, we examine

the statistical behaviour of the ACLMS algorithm in undermodelling situations. Exact

expressions are developed to completely characterise both the transient and steady-state

mean and mean square performances of the deficient length ACLMS for general second

order noncircular Gaussian input signals. This is achieved using the recently introduced

approximate uncorrelating transform (AUT), in order to jointly diagonalise the covari-

ance and pseudo-covariance matrices with a single singular value decomposition (SVD),

which both simplifies the analysis and enables a link between the degree of input non-

circularity and the steady state mean square error (MSE) performance of the deficient

length ACLMS. Simulations in system identification settings support the analysis.
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1. Introduction

The complex least mean square (CLMS) adaptive filtering algorithm has found appli-

cation in numerous areas, including noise cancellation, system identification and predic-

tion [1]. Standard learning algorithms in the complex domain, C, are normally considered

as generic extensions of the corresponding algorithms in the real domain, R, a consequence

of a restricted use of the available second order statistics analysis which is narrowed down

to only the M × M covariance matrix, Rx = E[x(k)xH(k)], where x(k) ∈ CM×1 [2, 3].

However, recent results in the so-called augmented complex statistics [4, 5, 6, 7] show that

the covariance matrix Rx cannot completely describe the second order behaviour of gen-

eral complex signals, and another second order moment, the M ×M pseudo-covariance

matrix, Px = E[x(k)xT (k)], should also be taken into account, especially when process-

ing second order noncircular (improper) signals. For second order circular signals, the

pseudo-covariance matrix Px = 0, and the standard adaptive filtering algorithms (based

on the covariance only) are adequate. For noncircular signals, Px ̸= 0, and complex-

valued adaptive filtering algorithms should be designed based on the 2M × 1 so-called

augmented input vector z(k) = [xT (k),xH(k)]T , for which the 2M × 2M augmented

covariance matrix is given by [4, 5, 6, 8, 7, 9]

Rz=E[z(k)zH(k)]

=

 E[x(k)xH(k)] E[x(k)xT (k)]

E[x∗(k)xH(k)] E[x∗(k)xT (k)]

=
 Rx Px

P∗
x R∗

x

 (1)

The augmented complex statistics have opened the possibility to design LMS-type

adaptive filtering algorithms based on the widely linear model [4, 6, 7, 10], leading to

the so called augmented CLMS (ACLMS) [11, 12], which is suitable for processing both

second order circular and noncircular signals. This advantage over the conventional CLMS

algorithm has led to its applications in signal processing [9, 13, 14], communications [15],

and power systems [16, 17]. In most current analyses, it is implicitly or explicitly assumed

that the filter length is equal to the length of the unknown system impulse response, an

optimal modelling situation [18, 19, 20, 21, 22, 23, 24], which is often not the case in

practical settings. Therefore, the results for the ‘sufficient length’ ACLMS do not directly

apply to the ‘deficient length’ situations; these arise in scenarios where a system with an

unknown but long impulse response is modelled with an adaptive filter of a relatively

shorter length. On the other hand, it is important for practical purposes to understand

and quantify the statistical behaviour of the deficient length ACLMS, a subject of this

work. This analysis could allow answers to more detailed performance analysis questions
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in specific contexts, such as the identification of a filter order that would allow a specific

performance criterion such as an achievable minimum MSE to be obtained.

The first attempt to address accurate performance analysis of adaptive filters in the

undermodelling situations is established in [25], where a deficient length LMS in R has

been considered for correlated Gaussian data. An insufficient length transform domain

LMS, which employs a real-valued discrete cosine transformation (DCT) to speed up

the convergence, has been discussed in [26]. This work has been implicitly extended

into the complex domain C in [27] in the sense that a complex-valued discrete Fourier

transformation (DFT) has been utilised. However, from the perspective of the augmented

complex statistics in C, the analysis in [27] is still rather limited. On one hand, it directly

extends the analyses in R [25, 26] by considering a strictly linear undermodelling problem.

On the other hand, the assumption of signal properness (second order circularity) has been

implicitly imposed on the complex-valued data after the DFT operation, which has been

justified based on central limit theorem in [28].

Therefore, in this paper, we develop a rigourous analysis of both the transient and

steady-state performances of the deficient length ACLMS, which employs the most gener-

al widely linear framework in C for the processing of complex-valued data in terms of the

full second order statistics. For rigour, this is achieved for second order correlated noncir-

cular Gaussian inputs; the corresponding results for the case of doubly white1 Gaussian

inputs are readily obtained as a special case. In order to both simplify the analysis and

explicitly link the degree of noncircularity of the input with steady state performance of

the deficient length ACLMS, we employ the recently introduced approximate uncorre-

lating transform (AUT), which jointly diagonalises the covariance and pseudo-covariance

matrices with a single singular value decomposition (SVD) [29]. The analysis shows that

for correlated second order noncircular inputs, the deficient length ACLMS exhibits a

distinctive statistical behaviour compared to noncircular doubly white Gaussian inputs.

Simulations in the system identification setting validate the theoretical results.

1For a doubly white input vector x(k), we haveRx = σ2
xIM and Px = ρxIM , where σ2

x = E[x(k)x∗(k)]

and ρx = E[x2(k)] are respectively the covariance and pseudo-covariance of x(k), and IM is an M ×M

identity matrix [6, 7].
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2. Performance Analysis

Consider a second order noncircular (improper) desired signal d(k) generated by the

following widely linear model [4, 6, 30]

d(k) = hoH
N xN (k) + goH

N x∗
N (k) + q(k) (2)

where ho
N = [ho

1, h
o
2, . . . , h

o
N ]T and go

N = [go1 , g
o
2 , . . . , g

o
N ]T are respectively the standard

and conjugate unknown (optimal) system impulse response vectors of length N , xN (k) =

[x(k), x(k−1), . . . , x(k−N+1)]T is the N×1 tap input vector to the unknown system at

the time instant k, q(k) is stationary, zero-mean, independent noise, while (·)T , (·)∗, and

(·)H are respectively the transpose, complex conjugate and Hermitian operators. The

widely linear model in (2) has provided modelling advantages in the representation of

complex-valued baseband communication signals at the receiver side which arise in real-

valued modulation schemes, e.g., amplitude-shift keying (ASK), binary phase-shift keying

(BPSK) and pulse amplitude modulation (PAM) [15, 22, 31, 32]. Improper baseband

communication signals represented by (2) can also arise due to amplitude and phase

imbalances between their in-phase and quadrature (I/Q) components [33, 34, 35]. The

utility of the model in (2) has also been demonstrated in unbalanced three-phase power

systems [16, 17]. For generality, we further assume that the input x(k) is a correlated

second order noncircular Gaussian process, i.e. the off-diagonal elements in both Rx and

Px do exist. Note that in (2), performance analysis of the deficient length ACLMS is

implicitly performed in a stationary environment, where the unknown system coefficients

ho
N and go

N are time invariant. However, in practice, nonstationary environments may

appear, where ho
N and go

N exhibit time variations, which for modelling purposes typically

assumes a random walk process. The purpose of the tracking analysis of an adaptive filter

is to study its ability to track such time variations, and we refer to [36, 37, 38] for more

detail along this direction.

In order to estimate the the unknown system impulse response vectors in (2), the

ACLMS algorithm updates its weight vectors according to [11]

h(k + 1) = h(k) + µe∗(k)x(k) (3)

g(k + 1) = g(k) + µe∗(k)x∗(k) (4)

where µ is the step-size and the output error e(k) is given by

e(k) = d(k)− hH(k)x(k)− gH(k)x∗(k) (5)
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with x(k) = [x(k), x(k − 1), . . . , x(k − M + 1)]T being the input signal vector and h(k)

and g(k) the M × 1 weight vectors of the widely linear adaptive filter. In the deficient

length case, M < N .

For compactness of the analysis, we shall employ the following form of the desired

signal in (2)

d(k) = woH
2Nz2N (k) + q(k) (6)

where wo
2N = [hoT

N ,goT
N ]T and z2N (k) = [xT

N (k),xH
N (k)]T are respectively the augmented

system impulse response vector and the augmented system input vector.

The ACLMS update in (3) and (4) can now be compactly expressed as

w(k + 1) = w(k) + µe∗(k)z(k) (7)

where w(k) = [hT (k),gT (k)]T and z(k) = [xT (k),xH(k)]T are respectively the 2M × 1

augmented weight and input vectors of ACLMS, and

e(k) = d(k)−wH(k)z(k) (8)

Since for the deficient length case M < N , it is convenient to rearrange wo
2N and z2N (k)

so as to reflect the 2M ×1 ‘modelled’, wo, and the 2(N −M)×1 ‘unmodelled’, w̄o, parts

of the system in the form

wo
2N=

 wo

w̄o

 , z2N (k)=

 z(k)

z̄(k)

 (9)

where

wo = [hoT ,goT ]T

= [ho
1, h

o
2, . . . , h

o
M , go1 , g

o
2 , . . . , g

o
M ]T

w̄o = [h̄
oT

, ḡoT ]T

= [ho
M+1, h

o
M+2, . . . , h

o
N , goM+1, g

o
M+2, . . . , g

o
N ]T

z̄(k) = [x̄T (k), x̄H(k)]T

= [x(k −M), x(k −M − 1), . . . , x(k −N + 1),

x∗(k −M), x∗(k −M − 1), . . . , x∗(k −N + 1)]T

Upon introducing the 2M × 1 augmented weight error vector

w̃(k) = w(k)−wo (10)
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from (6), (9) and (10) and after some mathematical manipulations, the output error in

(8) can be rewritten as

e(k) = w̄oH z̄(k)︸ ︷︷ ︸
unmodelled part of d(k)

− w̃H(k)z(k)︸ ︷︷ ︸
modelled part of d(k)

+q(k) (11)

while for its conjugate we have

e∗(k) = w̄oT z̄∗(k)−w̃T (k)z∗(k)+q∗(k) (12)

Observe that the output error e(k) in (11) is now governed by both the weight error part

(second term) and the undermodelling part (first term). From (7) and (12), the recursion

for the update of the augmented weight error vector w̃(k) becomes

w̃(k + 1) = w̃(k) + µ
(
w̄oT z̄∗(k)−w̃T (k)z∗(k)+q∗(k)

)
z(k)

=
(
I2M − µz(k)zH(k)

)
w̃(k) + µ

(
w̄oT z̄∗(k)

)
z(k) + µq∗(k)z(k) (13)

where I2M is a 2M × 2M identity matrix.

2.1. Convergence in the Mean

The mean behaviour of the augmented weight error vector of deficient length ACLMS

can now be determined by applying the statistical expectation operator E[·] to both

sides of (13) and using the standard independence assumptions, that is, the noise q(k)

is statistically independent of any other variable in the ACLMS and w̃(k) is statistically

independent of the filter input z(k) [39, 40], to yield

E[w̃(k + 1)] = [I2M − µRz]E[w̃(k)] + µb (14)

where Rz is the augmented covariance matrix of the input data to the ACLMS, as defined

in (1), and the 2M × 1 vector b is defined as

b = E
[(
w̄oT z̄∗(k)

)
z(k)

]
(15)

which reflects the unmodelled part of the system being modelled, that is, the scalar

product w̄oT z̄∗(k), although its dimensionality 2M × 1 is subject to the modelled part

of the system by the ACLMS adaptive filter, that is, the augmented input vector z(k).

Since as defined, z(k) = [xT (k),xH(k)]T , we further have b = [bT
1 ,b

T
2 ]

T , where b1 =

[b1,1, b1,2, . . . , b1,M ]T and b2 = [b2,1, b2,2, . . . , b2,M ]T can be expressed as

b1 = E
[(
w̄oT z̄∗(k)

)
x(k)

]
=E

[(
h̄
oT

x̄∗(k)+ḡoT x̄(k)
)
x(k)

]
(16)

b2 = E
[(
w̄oT z̄∗(k)

)
x∗(k)

]
=E

[(
h̄
oT

x̄∗(k)+ḡoT x̄(k)
)
x∗(k)

]
(17)
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The ith components of b1 and b2 can be derived as

b1,i = E

[ N∑
j=M+1

(
ho
jx

∗(k−j+1)+gojx(k−j+1)
)
x(k−i+1)

]

=
N∑

j=M+1

(
ho
jr(j − i) + goj p(j − i)

)
(18)

b2,i = E

[ N∑
j=M+1

(
ho
jx

∗(k−j+1)+gojx(k−j+1)
)
x∗(k−i+1)

]

=

N∑
j=M+1

(
ho
jp

∗(j − i) + goj r
∗(j − i)

)
(19)

where r(j − i) = E[x(k − i)x∗(k − j)] and p(j − i) = E[x(k − i)x(k − j)] are respectively

the covariance and pseudo-covariance coefficient at a discrete lag (j − i).

Recall that λmax ≤ tr(Rz), where λmax is the maximum eigenvalue of Rz and tr(·)

is the trace operator. Hence, according to (14), the convergence of the deficient length

ACLMS in the mean is guaranteed if the step-size µ satisfies

0 < µ <
2

tr(Rz)
(20)

Remark 1: From the structure of the augmented covariance matrix Rz in (1), we have

tr(Rz) = 2tr(Rx), and hence the step-size bound for deficient length ACLMS can be

found from the mean analysis in (20), as

0 < µ <
1

tr(Rx)
(21)

Observe that this form is identical to that for mean stability of the sufficient length

ACLMS in [18, 19], due to the identical transition matrix [I2M−µRz] within the recursion

of the weight error vector E[w̃(k)] in (14). It is also interesting to observe that the upper

bound on the step-size for the deficient length ACLMS is half of that for the real-valued

deficient length LMS [25].

At the steady state, from (14), for the deficient length weight error vector we have

E[w̃(∞)] = R−1
z b (22)

so that, from (10), the steady-state value for the augmented weight vector of ACLMS

becomes

E[w(∞)] = wo +R−1
z b (23)

Remark 2: Equation (23) indicates that a correlated or pseudo-correlated complex-

valued input to the deficient length ACLMS results in biased estimation of the optimal
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weight vector, wo, which is reflected in the term R−1
z b in (23). The value of this bias

depends upon the degree of undermodelling (M relative to N), the values of the weight

coefficients within wo, as well as the full second order statistics of the input signal, that is,

the covariance and pseudo-covariance coefficients contained in the augmented covariance

matrix Rz and the vector b.

When the input signal x(k) is doubly white (DW), both the covariance, r(j − i), and

the pseudo-covariance, p(j − i), coefficients in (18) and (19) vanish, since j ≥ M + 1 and

i = 1, 2, . . . ,M . Thus,

bDW = 0 and E[wDW(∞)] = wo (24)

Remark 3: For doubly white inputs, the ACLMS converges in the mean to the first 2M

weight coefficients within wo
2N in (9) in an unbiased manner.

2.2. Convergence in the Mean Square

We now consider the mean square error (MSE) performance of the deficient length

ACLMS. From (5), the MSE of the ACLMS, denoted by J(k), can be defined as

J(k) = E[|e(k)|2] = E[e(k)e∗(k)] (25)

Using the independence assumptions stated in Section 2.1, the MSE in (25) can be eval-

uated as

J(k) = E[w̄oH z̄(k)z̄H(k)w̄o]−E[(w̄oH z̄(k))zH(k)w̃(k)]

− E[
(
w̄oT z̄∗(k)

)
zT(k)w̃∗(k)]+E[w̃H(k)z(k)zH(k)w̃(k)] + σ2

q

= w̄oHRzw̄
o−2ℜ

[
bHE[w̃(k)]

]
+ tr

(
RzK(k)

)
+σ2

q (26)

where ℜ[·] is the ‘real part’ operator, Rz = E[z̄(k)z̄H(k)] is the 2(N −M) × 2(N −M)

augmented covariance matrix of the part of system input which is not considered by the

deficient length ACLMS, and K(k) = E[w̃(k)w̃H(k)] is the 2M × 2M augmented weight

error covariance matrix.

The mean square analysis rests upon the second order properties of the weight error

vector E[w̃(k)w̃H(k)] in (26). To this end, we first apply the Hermitian operator (·)H to

both sides of (13), to yield

w̃H(k+1) = w̃H(k)
(
I2M−µz(k)zH(k)

)
+µ

(
w̄oH z̄(k)

)
zH(k)+µq(k)zH(k) (27)
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Upon multiplying both sides of (13) by w̃H(k+1) and taking the statistical expectation,

the mean square evolution of the augmented weight error vector w̃(k) becomes

K(k+1) = K(k)−µRzK(k)−µK(k)Rz+µ2RzK(k)Rz

+ µ2PzK
T (k)P∗

z+µ2Rztr
(
RzK(k)

)
+µE[w̃(k)]bH

+ µbE[w̃H(k)]−µ2
(
T(k)+TH(k)

)
+µ2D+µ2σ2

qRz (28)

where

Pz = E[z(k)zT (k)]

=

 E[x(k)xT (k)] E[x(k)xH(k)]

E[x∗(k)xT (k)] E[x∗(k)xH(k)]

=

 Px Rx

R∗
x P∗

x

 (29)

is the 2M × 2M augmented pseudo-covariance matrix [21], and

T(k) = E[
(
w̄oH z̄(k)

)
z(k)zH(k)w̃(k)zH(k)] (30)

D = E[|w̄oH z̄(k)|2z(k)zH(k)] (31)

The detailed expressions of the 2M × 2M matrices T(k) and D are given respectively in

Appendix A and Appendix B. Note that expressions (26) and (28), for which the conver-

gence of E[w̃(k)] is guaranteed by (14), now completely describe the MSE convergence

behaviour of the ACLMS algorithm forM < N , for both correlated and pseudo-correlated

Gaussian input data. The impact of the degree of undermodelling on the mean-square

evolution of ACLMS, in the form of b, T(k) and D, can also be observed.

Remark 4: The MSE behaviour of the deficient length ACLMS is different from that of

its sufficient length counterpart, discussed in [18, 21], which is mainly due to the influence

of the terms T(k) and D in (28), as well as the dependence of the mean behaviour on

E[w̃(k)] in both (26) and (28), all arising from the system undermodelling.

From the above general analysis, the MSE behaviour of ACLMS for the special case

of doubly white (DW) Gaussian input can be deduced by noting that in this case, the

vector b in (15) vanishes, and (26) simplifies into

JDW(k)= w̄oH{Rz}DWw̄o+tr
(
RzK(k)

)
DW

+σ2
q (32)

For doubly white Gaussian input data, we have

{Rz}DW =

 σ2
xIN−M ρxIN−M

ρ∗xIN−M σ2
xIN−M

 (33)
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and

{Rz}DW =

 σ2
xIM ρxIM

ρ∗xIM σ2
xIM

 (34)

so that the first term on the right hand side (RHS) of (32) can be further decomposed as

w̄oH{Rz}DWw̄o = [h̄
oH

, ḡoH ]

 σ2
xIN−M ρxIN−M

ρ∗xIN−M σ2
xIN−M

 h̄
o

ḡo


=σ2

x

(
∥h̄o∥22 + ∥ḡo∥22

)
+ 2ℜ[ρxh̄

oH
ḡo] (35)

In the same spirit, for doubly white Gaussian input data, the second term on the RHS of

(32) can be decomposed as

tr
(
RzK(k)

)
DW

= σ2
x

(
∥h̃DW(k)∥22 + ∥g̃DW(k)∥22

)
+2ℜ

[
ρxh̃

H

DW(k)g̃DW(k)
]

(36)

Therefore, the MSE in (32) now becomes

JDW(k)=σ2
x

(
∥h̄o∥22+∥ḡo∥22

)
+2ℜ[ρxh̄

oH
ḡo]+σ2

x

(
∥h̃DW(k)∥22+∥g̃DW(k)∥22

)
+2ℜ

[
ρxh̃

H

DW(k)g̃DW(k)
]
+ σ2

q (37)

To establish the evolution of the variance of the weight error vector, KDW(k), note that

according to Appendix B, for doubly white Gaussian input data, the matrix D in (31)

can be simplified as

DDW =

 d1IM d2IM

d∗2IM d1IM

 (38)

where

d1 = σ4
x

(
∥h̄o∥22 + ∥ḡo∥22

)
+ 2σ2

xℜ[ρxh̄
oH

ḡo] (39)

d2 = σ2
xρx

(
∥h̄o∥22 + ∥ḡo∥22

)
+ 2ρxℜ[ρxh̄

oH
ḡo] (40)

and also bDW = 0, TDW(k) = 0. Therefore, the expression for KDW(k) in (28) can be

simplified as

KDW(k + 1) = KDW(k)−µ{Rz}DWKDW(k)−µKDW(k){Rz}DW

+ µ2{Rz}DWKDW(k){Rz}DW+µ2{Pz}DWKT
DW(k){P∗

z}DW

+ µ2{Rz}DWtr
(
RzK(k)

)
DW

+µ2DDW+µ2σ2
q{Rz}DW (41)

where {Rz}DW, tr
(
RzK(k)

)
DW

and DDW are given respectively in (34), (36) and (38),

and according to (29),

{Pz}DW =

 ρxIM σ2
xIM

σ2
xIM ρ∗xIM

 (42)
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Within the above expression for KDW(k), of particular interest are the two M × M

diagonal sub-matrices, HDW(k) = E[h̃DW(k)h̃
H

DW(k)] and GDW(k) = E[g̃DW(k)g̃H
DW(k)],

since they respectively quantify the mean square evolution of the standard weight error

vector and the conjugate weight error vector within the ACLMS. These can be derived

from (41) as

HDW(k+1) = (1−2µσ2
x+µ2σ4

x)HDW(k)+µ2|ρx|2
(
HT

DW(k)+GDW(k)
)

+ µ2σ4
xG

T
DW(k)−µ(ρxg(k)h

H(k)+ρ∗xh(k)g
H(k))

+ 2µ2σ2
xℜ[ρxg(k)h

H(k) + ρ∗xh(k)g
H(k)]

+ µ2
(
σ4
x

(
∥h̃DW(k)∥22+∥g̃DW(k)∥22

)
+2σ2

xℜ
[
ρxh̃

H

DW(k)g̃DW(k)
])
IM

+µ2
(
σ4
x

(
∥h̄o∥22 + ∥ḡo∥22

)
+2σ2

xℜ[ρxh̄
oH

ḡo]
)
IM+µ2σ2

qσ
2
xIM (43)

and

GDW(k+1) = (1−2µσ2
x+µ2σ4

x)GDW(k)+µ2|ρx|2
(
GT

DW(k)+HDW(k)
)

+ µ2σ4
xH

T
DW(k)−µ(ρxg(k)h

H(k)+ρ∗xh(k)g
H(k))

+ 2µ2σ2
xℜ[ρxg(k)h

H(k) + ρ∗xh(k)g
H(k)]

+ µ2
(
σ4
x

(
∥h̃DW(k)∥22+∥g̃DW(k)∥22

)
+2σ2

xℜ
[
ρxh̃

H

DW(k)g̃DW(k)
])
IM

+ µ2
(
σ4
x

(
∥h̄o∥22 + ∥ḡo∥22

)
+2σ2

xℜ[ρxh̄
oH

ḡo]
)
IM+µ2σ2

qσ
2
xIM (44)

Remark 5: The mean square recursions for HDW(k) in (43) and GDW(k) in (44) are not

statistically independent. This is due to the fact that the weight updates for the standard

part and the conjugate part in ACLMS, given in (3) and (4) respectively, involve the same

error e(k) which comprises both the outputs of the standard and conjugate parts, as shown

in (5).

2.3. Mean Square Stability

We shall now consider the sufficient conditions for MSE convergence of the deficient

length ACLMS. For mathematical tractability, we first need to diagonalise the augmented

covariance matrix Rz as

Rz = QΛRQH (45)

where ΛR = diag{λ1, λ2, . . . , λ2M}, λ1 ≥ λ2 ≥ · · · ≥ λ2M , is the 2M × 2M diagonal

matrix of the real valued eigenvalues of Rz, and Q is a 2M×2M unitary matrix composed

of the eigenvectors of Rz, so that QQH = QHQ = I2M .

11



For a clearer physical insight into the eigenstructure of the augmented covariance

matrix Rz, and to reduce the computational complexity, we here employ the recently

introduced approximate uncorrelating (AUT) [29], which allows us to jointly diagonalise

both the covariance matrix Rx and the pseudo-covariance matrix Px within the augment-

ed covariance matrix Rz with a single singular value decomposition (SVD). The Takagi

factorization states that any complex symmetric matrix, such as the pseudo-covariance

matrix PT
x = Px, can be diagonalised as [41]

Px = QPDPQ
T
P (46)

whereQP is anM×M unitary matrix,QPQ
H
P = QH

PQP = IM , andDP = diag{p1, p2, . . . ,

pM} is an M ×M diagonal matrix of real-valued entries, p1 ≥ p2 ≥ · · · ≥ pM . The ap-

proximate uncorrelating transform (AUT) establishes that the same matrix QP can be

used to approximately diagonalise the covariance matrix Rx, so that [29]

Rx ≃ QPDRQH
P (47)

where DR = diag{r1, r2, . . . , rM} is a diagonal matrix of real-valued entries, and r1 ≥

r2 ≥ · · · ≥ rM . The approximation in (47) is valid for univariate data, and the equality is

achieved when x(k) is real-valued, that is, maximum noncircular, or doubly white [29, 21].

Therefore, the matrices Q and ΛR in (45) can be expressed as [21]

Q =
1√
2

 QP −QP

Q∗
P Q∗

P

 (48)

and

ΛR =

 DR +DP 0

0 DR −DP

 (49)

and hence

R−1
z = QΛ−1

R QH (50)

In a similar way, the augmented pseudo-covariance matrix Pz in (29) can be diagonalised

as [21]

Pz = QΛPQ
T (51)

where

ΛP =

 DR +DP 0

0 −(DR −DP)

 (52)

12



We can now rotate the augmented weight error vector and the augmented input vector

as

ŵ(k) = QHw̃(k) and ẑ(k) = QH z̃(k) (53)

In a similar way, we can define

T̂(k) = QHT(k)Q and D̂ = QHDQ (54)

Therefore, the term tr
(
RzK(k)

)
on the RHS of (28) can be decomposed as

tr
(
RzK(k)

)
=E[w̃H(k)Rzw̃(k)]=E[ŵH(k)Λŵ(k)]=λTv(k) (55)

where the 2M × 1 vector λ = [λ1, λ2, . . . , λ2M ]T , and v(k) is the 2M × 1 second order

moment vector, the components of which are the diagonal elements of E[ŵ(k)ŵH(k)].

Then, based on (28), the evolution of v(k) can be expressed as

v(k + 1) = Av(k) + c(k) + µ2k+ µ2σ2
qλ (56)

with

A = I2M − 2µΛR + µ2Λ2
R + µ2Λ2

P + µ2λλT

= I2M − 2µΛR + 2µ2Λ2
R + µ2λλT (57)

c(k) = 2µℜ
[
YE[ŵ∗(k)]

]
− 2µ2ℜ[p(k)] (58)

Y = diag{b̂1, b̂2, . . . , b̂2M} (59)

where b̂i is the ith component of b̂ = QHb. The 2M×1 vector p(k) = [T̂1,1(k), T̂2,2(k), . . . ,

T̂2M,2M (k)]T , in which T̂i,i(k) is the ith diagonal element of T̂(k) = QHT(k)Q, and the

2M × 1 vector k = [D̂1,1, D̂2,2, . . . , D̂2M,2M ]T , in which D̂i,i is the ith diagonal element

of D̂ = QHDQ.

Remark 6: The convergence of the recursion in (56) is subject to two conditions: 1) all

eigenvalues of the 2M×2M transition matrix A are less than unity; 2) the 2M×1 vector

c(k) is bounded.

By considering (14), (30) and (58), we find that the boundedness of c(k) is guaranteed

if E[ŵ(k)] is bounded. Since E[ŵ(k)] = QHE[w̃(k)], by considering (20), condition 2) is

satisfied if 0 < µ < (2/tr(Rz)). It is well known in the literature that condition 1) results

in the following bound [42]:

0 < µ <
2

3tr(Rz)
(60)
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The upper bound in (60) is tighter than that in condition 2), and therefore, mean square

convergence of the deficient length ACLMS is guaranteed if the step-size µ satisfies (60).

As expected, this bound has an identical form to that obtained for mean-square stability

of the deficient length LMS due to the fact that the transition matrix A in (56) is identical

in both cases [25].

2.4. Steady State Analysis

To investigate the steady state performance of the deficient length ACLMS, based on

(55), we shall first rewrite the MSE in (26) as

J(k)=σ2
q+u−2ℜ

[
bHE[w̃(k)]

]
+λTv(k) (61)

where

u = w̄oHRzw̄
o (62)

Suppose that µ is chosen such that the mean square stability is guaranteed; then using

(22), (50) and b = Qb̂, the steady state MSE, that is, J(∞), can be derived as

J(∞)=σ2
q+u−2bHR−1

z b+λTv(∞)

=σ2
q+u−2

2M∑
j=1

|b̂j |2

λj
+λTv(∞) (63)

On the other hand, the minimum MSE, denoted by Jmin, of the deficient length ACLMS

can be obtained by substituting E[w̃(∞)] for w̃(k) in (61), to give

Jmin =σ2
q + u−

2M∑
j=1

|b̂j |2

λj
(64)

which provides an exact measure of the effect of the level of system undermodelling on

the minimum MSE. For comparison, the minimum MSE attained by the sufficient length

ACLMS is σ2
q [18, 19].

By definition, the steady state MSE of the LMS-type adaptive algorithm is described

by [43]

J(∞) = Jmin + Jex(∞) (65)

where Jex(∞) is the steady state excess MSE. From (63) and (64), Jex(∞) of the deficient

length ACLMS assumes the form

Jex(∞) = λTv(∞)−
2M∑
j=1

|b̂j |2

λj
(66)
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where using (64) in (56) and considering that in the steady state n → ∞, we arrive at

v(∞)= (I2M −A)−1d(∞)

= (2µΛR − 2µ2Λ2
R − µ2λλT )−1d(∞) (67)

where

d(∞)=c(∞)+µ2k+µ2
2M∑
j=1

|b̂j |2

λj
λ−µ2uλ+µ2Jminλ (68)

Upon defining

Λ = 2ΛR − 2µΛ2
R (69)

and employing the matrix inversion lemma, after a few manipulations, from (67) we arrive

at

v(∞)=

(
I2M +

µΛ−1λλT

1− λTµΛ−1λ

)
µ−1Λ−1d(∞) (70)

and hence

λTv(∞)=
µ−1λTΛ−1d(∞)

1− µλTΛ−1λ
(71)

Substituting (71) into (66) and following the analysis given in Appendix C, we obtain

Jex(∞) =

2M∑
i=1

µfi
2− 2µλi

+
2M∑
i=1

µλiJmin

2− 2µλi

1−
2M∑
i=1

µλi

2− 2µλi

(72)

where

fi = D̂i,i − 2ℜ[T̂i,i(∞)] + 2
2M∑
j=1

|b̂j |2

λj
λi + 2|b̂i|2 − uλi (73)

Equation (72) is an expression for the steady state excess MSE of the deficient length

ACLMS for correlated and pseudo-correlated Gaussian input data.

Remark 7: A complete view on the steady state MSE performance of deficient length

ACLMS can only be obtained by considering (64), (65) and (72) together. Observe that

the steady state MSE is influenced by the filter length 2M , values of the system impulse

response wo
j , j = 2M + 1, 2M + 2, . . . , 2N , which are not considered by ACLMS due

to the system undermodelling problem, full second order statistics of input data (both

covariance and pseudo-covariance coefficients), step-size and noise variance.
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For doubly white Gaussian input data, it can be verified from (73) that fi = 0, since

T̂i,i(∞) = 0, b̂i = 0, D̂i,i = uλi, and according to the eigenstructure of the augmented

covariance matrix in (45), we have2

λi =

 σ2
x + |ρx|, i = 1, 2, . . . ,M

σ2
x − |ρx|, i = M + 1,M + 2, . . . , 2M

(74)

Consider a measure, κ, of the degree of noncircularity within the complex-valued

doubly white random variable x, defined as the ratio of the absolute value of its pseudo-

covariance |ρx| to its covariance σ2
x, giving κ = |ρx|/σ2

x, which is bounded within [0, 1)

[44, 45]. Then

λi =

 σ2
x(1 + κ), i = 1, 2, . . . ,M

σ2
x(1− κ), i = M + 1,M + 2, . . . , 2M

(75)

Therefore, the first term in (72) vanishes, leading to the following expression for the

steady state excess MSE

JexDW(∞) =

2M∑
i=1

µλiJminDW

2− 2µλi

1−
2M∑
i=1

µλi

2− 2µλi

=

(
Mµσ2

x(1 + κ)

2− 2µσ2
x(1 + κ)

+
Mµσ2

x(1− κ)

2− 2µσ2
x(1− κ)

)
JminDW

1− Mµσ2
x(1 + κ)

2− 2µσ2
x(1 + κ)

− Mµσ2
x(1− κ)

2− 2µσ2
x(1− κ)

(76)

so that from (64), (62) and (35), we finally have

JminDW = σ2
q + uDW

= σ2
q + σ2

x

(
∥h̄o∥22 + ∥ḡo∥22

)
+ 2ℜ[ρxh̄

oH
ḡo] (77)

Therefore, the steady state MSE of the deficient length ACLMS for a doubly white second

order noncircular Gaussian input can be obtained as

JDW(∞) = JminDW + JexDW(∞) (78)

For comparison, the steady state performance of the ‘sufficient length’ ACLMS is given

2Note that the diagonal elements {pi}, i = 1, 2, . . . ,M in ΛP obtained by the Takagi factorization are

nonnegative square roots of PxP
H
x [41]. Therefore, for doubly white second order noncircular data, we

have PxP
H
x = |ρx|2IM , and hence pi = |ρx| for ∀i.
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by [18, 21]

JexDW(∞) =

2N∑
i=1

µλiJminDW

2− 2µλi

1−
2N∑
i=1

µλi

2− 2µλi

=

(
Nµσ2

x(1 + κ)

2− 2µσ2
x(1 + κ)

+
Nµσ2

x(1− κ)

2− 2µσ2
x(1− κ)

)
JminDW

1− Nµσ2
x(1 + κ)

2− 2µσ2
x(1 + κ)

− Nµσ2
x(1− κ)

2− 2µσ2
x(1− κ)

JminDW = σ2
q

JDW(∞) = JminDW + JexDW(∞) (79)

Remark 8: The steady state MSE of the sufficient length ACLMS increases with an

increase in noncircularity of the doubly white Gaussian input signal. This can be verified

through the first derivative of JDW(∞) in (79) with respect to the degree of noncircularity

κ, which always gives ∂JDW(∞)/∂κ > 0 for κ bounded within [0, 1) [21].

Remark 9: The relationship between the steady state MSE JDW(∞) of the deficient

length ACLMS and the degree of input noncircularity κ is more complicated. This is

because κ is implicitly, and to some extent nonlinearly, involved in the bias term uDW,

which arises within the minimum MSE JminDW in (77) due to system undermodelling.

The steady state MSE performance may therefore decrease or increase as the input non-

circularity κ increases.

To clarify this observation, consider a doubly white Gaussian input, x(k), whose

pseudo-covariance ρx is real-valued, i.e., E[xrxi] = 0. Without loss generality, we further

assume that ρx is positive, i.e. σ2
xr

> σ2
xi

[46]. In this case, the minimum MSE JminDW

in (77) can be rewritten as

JminDW = σ2
q + uDW

= σ2
q + σ2

x

((
∥h̄o∥22 + ∥ḡo∥22

)
+ 2κℜ[h̄oH

ḡo]
)

(80)

If the value of ℜ[h̄oH
ḡo] in (80) is positive, it is easily verified that ∂JminDW/∂κ > 0,

∂JexDW(∞)/∂κ > 0 and hence ∂JDW(∞)/∂κ > 0, which indicates that the steady state

MSE JDW(∞) of the deficient length ACLMS increases with the increase in the input

noncircularity. However, if ℜ[h̄oH
ḡo] is negative, we have ∂JminDW

/∂κ < 0, but the sign

of ∂JexDW(∞)/∂κ can be either positive or negative, and hence the steady state MSE

JDW(∞) may decrease as the input noncircularity κ increases. Note that this term, uDW,

vanishes in sufficient length ACLMS, due to the model matching.

17



3. Simulations

Numerical examples were conduced in the MATLAB programming environment in

order to evaluate the theoretical findings on both the mean and mean square convergence

performance of the deficient length ACLMS algorithm. Experiments were performed in a

nonlinear system identification setting [4], where the system to be identified was a strictly

linear FIR channel of length N , for which the weight coefficients ho
N were drawn from a

uniformly distributed complex-valued vector random variable, the desired signal d(k) =

2ℜ[hoH
N xN (k)] + q(k), where the system input xN (k) was assumed to be a zero-mean

complex-valued second order noncircular Gaussian process and q(k) was another zero-

mean complex-valued doubly white circular Gaussian noise with σ2
q = E[|q(k)|2]. Note

that the advantage of the widely linear model based ACLMS over the strictly linear CLMS

for this task was straightforward to justify, since the desired signal d(k) can be described

in the widely linear sense as d(k)=hoH
N xN (k)+goH

N x∗
N (k)+q(k)=woH

2Nz2N (k)+q(k), with

go
N = ho∗

N , w(k) = [hT (k),gT (k)]T and z(k) = [xT (k),xH(k)]T . The weights within the

ACLMS were initialised with zeros, and simulation results were obtained by averaging

over 1000 independent trials.

3.1. Correlated and Pseudo-Correlated Gaussian Input

In the first experiment, both the unknown system and a widely linear FIR filter

trained by the ACLMS algorithm were fed with a complex-valued correlated and pseudo-

correlated second order noncircular Gaussian signal, given by

x(k) = 0.8x(k − 1) + 0.1x∗(k − 1) + η(k)

where η(k) is a zero-mean doubly white circular Gaussian noise process with unit variance.

The real and the imaginary parts of x(k) therefore obey different first order autoregressive

processes.

We first chose N = 10, M = 8, σ2
q = 0.0001, and considered a small step-size

µ = 0.0001 and a larger step-size µ = 0.001. Fig. 1 (a) and (b) illustrate the mean

convergence behaviour, in terms of real and imaginary parts of several weight error co-

efficients, of the deficient length ACLMS, obtained from the simulations and theoretical

analysis from (14). Fig. 2 (a) and (b) show respectively the theoretical and simulated

convergence behaviours of the weight error coefficient power, tr
(
K(k)

)
, and the MSE

J(k), whose theoretical evolutions are respectively given in (28) and (61). It can be ob-

served from Fig. 1 and Fig. 2 that our theoretical analysis accurately describes both

the mean and mean square evolutions of the weight error coefficients, as well as the MSE
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Figure 1: Comparison of the theoretical and simulated curves of the mean evolution of some weight error

coefficients of the deficient length ACLMS. Both correlated and pseudo-correlated Gaussian input data

were considered, with N = 10, M = 8, and σ2
q = 0.0001. (a) Real part, and (b) Imaginary part.

performance, of the deficient length ACLMS for correlated and pseudo-correlated second

order noncircular Gaussian inputs. In the next stage, we investigated the validity of the

proposed steady state mean square performance analysis of the deficient length ACLMS.

In order to achieve the closed-form expression of the steady state MSE J(∞), given in

(65), the approximate uncorrelating transform (AUT) [29] was employed to approximate-

ly diagonalise the input covariance matrix Rx by using the same orthogonal matrix QP

from the Takagi factorisation of its pseudo-covariance Px. Within J(∞) in (65), its corre-

sponding minimum MSE, Jmin, and excess MSE, Jex(∞), were respectively evaluated by

using (64) and (72), as discussed in Remark 7. Fig. 3 illustrates both the theoretically

evaluated J(∞) and the simulated one of the deficient length ACLMS for different values

of the filter length M , where µ = 0.002, σ2
q = 0.001. In all the cases, a good agreement

between the analytical and empirical results can be observed, which also implies a high

accuracy of AUT for the joint diagonalisation task. As expected, the steady state MSE

performance of the deficient length ACLMS improved as the filter length increased, which

is mainly due to a decrease in the bias term u = w̄oHRzw̄
o within the minimum MSE

Jmin in (64), which results from the system undermodelling.

3.2. Doubly White Gaussian Input

We next considered the case where both the unknown system to be identified and

the adaptive filter were excited by a zero-mean second order noncircular doubly white

Gaussian signal x(k) with unit variance, for which both the covariance coefficient r(i) and

the pseudo-covariance coefficient p(i) vanish for lags i ̸= 0. The length of the unknown
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Figure 2: Comparison of the theoretical and simulated curves for the mean square behaviours of the

deficient length ACLMS for correlated and pseudo-correlated Gaussian input data, with N = 10, M = 8,

and σ2
q = 0.0001. (a) Weight error power, and (b) MSE.
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Figure 3: Comparison of the theoretical and simulated steady state MSE (dB) of the deficient length

ACLMS for both correlated and pseudo-correlated Gaussian input data, with N = 10, µ = 0.002,

σ2
q = 0.001, and for different filter lengths M .

channel impulse response N was fixed to N = 40. We first designed x(k) to have pseudo-

covariance ρ = 0.2, to give a degree of noncircularity κ = ρ/σ2 = 0.2, and chose the length

of adaptive filter M = 25, step-size µ = 0.001, and system noise variance σ2
q = 0.0001.

For illustration, Fig. 4 shows the mean behaviour of the fifth and twenty-fifth weight error

coefficient in terms of their real part and that of the tenth and twentieth weight error

coefficient in terms of their imaginary part, obtained from the simulations and theoretical

analysis given in (24). Note that in this case, the vector b in (24) vanishes since the

Gaussian input is doubly white, enabling the deficient length ACLMS adaptive filter to

converge in the mean sense to the first 2M weight coefficients within the unknown system

impulse response vector wo
2N , that is, wo in (9), in an unbiased manner, as discussed in
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Figure 4: Comparison of the theoretical and simulated curves for the mean behaviour of several weight

error coefficients of the deficient length ACLMS for doubly white Gaussian input data, with N = 40,

M = 25, µ = 0.001, and σ2
q = 0.0001.

Remark 3 and illustrated in Fig. 4. We next compared the steady state MSE given by

(78) and its simulated counterpart for different values of M , µ and σ2
q . As illustrated in

Table 1, a good agreement between the theoretical and simulated steady state MSE was

achieved, with the maximum performance difference of only 0.006 dB.

As discussed in Remark 8 and Remark 9, by virtue of AUT, we were able to diago-

nalise both the covariance matrix and the pseudo-covariance matrix within the augmented

covariance matrix with a single SVD, so as to build up an intuitive and explicit link be-

tween the theoretical steady state MSE of the deficient length ACLMS algorithm and the

degree of noncircularity κ of the doubly white Gaussian input data. Unlike the sufficient

length ACLMS, for which the steady state MSE always increases with an increase in the

noncircularity κ of the doubly white input, the steady state MSE of its deficient length

counterpart may even decrease as the input noncircularity κ increases, if the value of

ℜ[h̄oH
ḡo] in (80) is negative. To illustrate this phenomenon, in the final experiment,

we compared the steady state MSE performances of both the deficient length ACLMS

and its sufficient length counterpart for varying degrees of input noncircularity. Since

the doubly white Gaussian input with unit variance was used in the simulations, for a

fair comparison, the different degrees of input noncircularity κ were directly achieved by

varying its pseudo-covariance ρx. The upper and the lower panel of Fig. 5 give respec-

tively both the simulated and theoretical steady state MSEs of the deficient length and

sufficient length ACLMS for varying degrees of input noncircularity κ, which conforms

with the corresponding analysis in Remark 9 and Remark 8. The agreement between

the simulated and theoretical MSE performances can also be observed in Fig. 5 for both

the deficient length ACLMS and its sufficient length counterpart.
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Table 1: Comparison of theoretical and simulated steady state MSE of the deficient length ACLMS for

doubly white second order noncircular Gaussian input data, and for different values of M , µ and σ2
q .

µ σ2
q

Theoretical J(∞) (dB) in (78) Simulated J(∞) (dB)

M = 10 M = 20 M = 30 M = 10 M = 20 M = 30

0.0001 0.0001 14.317 12.520 10.090 14.321 12.526 10.101

0.0005 0.001 14.334 12.561 10.143 14.337 12.566 10.145

0.001 0.01 14.358 12.607 10.214 14.360 12.613 10.218
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Figure 5: Steady state MSE performances of both the deficient length ACLMS and its sufficient length

counterpart for varying degrees of input noncircularity κ with N = 40, M = 20, µ = 0.01, σ2
q = 0.0001,

and ℜ[h̄
oH

ḡo] = -0.622.

4. Conclusions

The mean and mean square convergence behaviours of the deficient length ACLMS

have been analysed for second order noncircular Gaussian input data. The analysis has

provided theoretical mean and mean square evolutions for the weight error coefficients,

as well as the MSE performance, and has shown that the deficient length ACLMS ex-

hibits a different convergence behaviour as compared with the sufficient length ACLMS

for both correlated and pseudo-correlated Gaussian input data. For doubly white Gaus-

sian input data, the deficient length ACLMS has been shown to exhibit similar mean

convergence properties to its sufficient length counterpart, in the sense that its weight

coefficients unbiasedly converge to the corresponding coefficients of an unknown system.

Mean square stability conditions and closed-form expressions for the steady state MSE

and excess MSE of the deficient length ACLMS have been derived using the recently in-

troduced approximate uncorrelating transform (AUT), which diagonalises the covariance

and pseudo-covariance matrices with a single singular value decomposition (SVD). We

have also shown that unlike the sufficient length ACLMS, for which the steady state MSE

always increases with an increase in the degree of noncircularity of doubly white Gaus-

sian inputs, the steady state MSE of its deficient length counterpart may even decrease
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as the input noncircularity increases. Simulations in system identification tasks support

the analysis.

Appendix A. The Detailed Form of T(k) in (30)

Since w̄o=[h̄
oT

, ḡoT ]T and z̄(k)= [x̄T (k), x̄H(k)]T , observe that on the RHS of (30),

the term w̄oH z̄(k) can be decomposed as

w̄oH z̄(k) =
N∑

j=M+1

(
ho∗
j x(k−j+1)+go∗j x∗(k−j+1)

)
(81)

Similarly, since z(k) = [xT (k),xH(k)]T and w̃(k) = [h̃
T
(k), g̃T (k)]T , the term zH(k)w̃(k)

can be expressed as

zH(k)w̃(k) =

M∑
i=1

(
h̃i(k)x

∗(k−i+1) + g̃i(k)x(k−i+1)
)

(82)

Using the independence assumptions, T(k) in (30) can be written as

T(k) =
M∑
i=1

N∑
j=M+1

E[h̃i(k)]E
[(
ho∗
j x∗(k−i+1)x(k−j+1)

+ go∗j x∗(k−i+1)x∗(k−j+1)
)
z(k)zH(k)

]
+

M∑
i=1

N∑
j=M+1

E[g̃i(k)]E
[(
ho∗
j x(k−i+1)x(k−j+1)

+ go∗j x(k−i+1)x∗(k−j+1)
)
z(k)zH(k)

]
(83)

Now, using the fourth order moment factoring theorem for zero mean Gaussian input

data, T(k) can be expressed as

T(k) =

 E(k) F(k)

G(k) H(k)

 (84)

in which, the (m, l)th elements of the M ×M sub-matrices E(k), F(k), G(k) and H(k)

are respectively given by

E m,l (k)

=
M∑
i=1

N∑
j=M+1

E[h̃i(k)]
(
ho∗
j

(
r(i−j)r(l−m)+r(i−m)r(l−j)+p∗(i−l)p(j−m)

)
+ go∗j

(
p∗(j−i)r(l−m)+r(i−m)p∗(l−j)+p∗(i−l)r(j−m)

))
+

M∑
i=1

N∑
j=M+1

E[g̃i(k)]
(
ho∗
j

(
p(i−j)r(l−m)+p(i−m)r(l−j)+r(l−i)p(j−m)

)
+ go∗j

(
r(j−i)r(l−m)+p(i−m)p∗(l−j)+r(l−i)r(j−m)

)))
(85)
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F m,l (k)

=
M∑
i=1

N∑
j=M+1

E[h̃i(k)]
(
ho∗
j

(
r(i−j)p(m−l)+r(i−m)p(j−l)+r(i−l)p(j−m)

)
+ go∗j

(
p∗(i−j)p(m−l)+r(i−m)r(j−l)+r(i−l)r(j−m)

))
+

M∑
i=1

N∑
j=M+1

E[g̃i(k)]
(
ho∗
j

(
p(i−j)p(m−l)+p(i−m)p(j−l)+p(i−l)p(j−m)

)
+ go∗j

(
r(j−i)p(m−l)+p(i−m)r(j−l)+p(i−l)r(j−m)

))
(86)

Gm,l (k)

=
M∑
i=1

N∑
j=M+1

E[h̃i(k)]
(
ho∗
j

(
r(i−j)p∗(m−l)+p∗(i−m)r(l−j)+p∗(i−l)r(m−j)

)
+ go∗j

(
p∗(i−j)p∗(m−l)+p∗(i−m)p∗(j−l)+p∗(i−l)p∗(j−m)

))
+

M∑
i=1

N∑
j=M+1

E[g̃i(k)]
(
ho∗
j

(
p(i−j)p∗(m−l)+r(m−i)r(l−j)+r(l−i)r(m−j)

)
+ go∗j

(
r(j−i)p∗(m−l)+r(m−i)p∗(j−l)+r(l−i)p∗(j−m)

))
(87)

H m,l (k)

=

M∑
i=1

N∑
j=M+1

E[h̃i(k)]
(
ho∗
j

(
r(i−j)r(m−l)+p∗(i−m)p(j−l)+r(i−l)r(m−j)

)
+ go∗j

(
p∗(i−j)r(m−l)+p∗(i−m)r(j−l)+r(i−l)p∗(j−m)

))
+

M∑
i=1

N∑
j=M+1

E[g̃i(k)]
(
ho∗
j

(
p(j−i)r(m−l)+r(m−i)p(j−l)+p(i−l)r(m−j)

)
+ go∗j

(
r(j−i)r(m−l)+r(m−i)r(j−l)+p(i−l)p∗(j−m)

))
(88)

Appendix B. The Detailed Form of D in (31)

Observe first that on the RHS of (31), the term |w̄oH z̄(k)|2 can be decomposed as

|w̄oH z̄(k)|2 =

N∑
i=M+1

N∑
j=M+1

(
ho
ix

∗(k−i+1)+goi x(k−i+1)
)

·
(
ho∗
j x∗(k−j+1)+go∗j x(k−j+1)

)
(89)

Again, by using the Gaussian fourth order moment factoring theorem, D in (31) can be

expressed as

D =

 O P

U V

 (90)
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in which, the (m, l)th elements of theM×M sub-matricesO, P, U andV are respectively

given by

Om,l

=
N∑

i=M+1

N∑
j=M+1

(
ho
ih

o∗
j

(
r(i−j)r(l−m)+r(i−m)r(l−j)+p∗(i−l)p(j−m)

)
+ ho

i g
o∗
j

(
p∗(i−j)r(l−m)+r(i−m)p∗(j−l)+p∗(i−l)r(j−m)

)
+ goi h

o∗
j

(
p(i−j)r(l−m)+p(i−m)r(l−j)+r(l−i)p(j−m)

)
+ goi g

o∗
j

(
r(j−i)r(l−m)+p(i−m)p∗(j−l)+r(l−i)r(j−m)

))
(91)

Pm,l

=
N∑

i=M+1

N∑
j=M+1

(
ho
ih

o∗
j

(
r(i−j)p(m−l)+r(i−m)p(j−l)+r(i−l)p(j−m)

)
+ ho

i g
o∗
j

(
p∗(i−j)p(m−l)+r(i−m)r(j−l)+r(i−l)r(j−m)

)
+ goi h

o∗
j

(
p(i−j)p(m−l)+p(i−m)p(j−l)+p(i−l)p(j−m)

)
+ goi g

o∗
j

(
r(j−i)p(m−l)+p(i−m)r(j−l)+p(i−l)r(j−m)

))
(92)

Um,l

=

N∑
i=M+1

N∑
j=M+1

(
ho
ih

o∗
j

(
r(i−j)p∗(m−l)+p∗(i−m)r(l−j)+p∗(i−l)r(m−j)

)
+ ho

i g
o∗
j

(
p∗(i−j)p∗(m−l)+p∗(i−m)p∗(j−l)+p∗(i−l)p∗(j−m)

)
+ goi h

o∗
j

(
p(i−j)p∗(m−l)+r(m−i)r(l−j)+r(l−i)r(m−j)

)
+ goi g

o∗
j

(
r(j−i)p∗(m−l)+r(m−i)p∗(j−l)+r(l−i)p∗(j−m)

))
(93)

Vm,l

=
N∑

i=M+1

N∑
j=M+1

(
ho
ih

o∗
j

(
r(i−j)r(m−l)+p∗(i−m)p(j−l)+r(i−l)r(m−j)

)
+ ho

i g
o∗
j

(
p∗(i−j)r(m−l)+p∗(i−m)r(j−l)+r(i−l)p∗(j−m)

)
+ goi h

o∗
j

(
p(i−j)r(m−l)+r(m−i)p(j−l)+p(i−l)r(m−j)

)
+ goi g

o∗
j

(
r(j−i)r(m−l)+r(m−i)r(j−l)+p(i−l)p∗(j−m)

))
(94)
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Appendix C. The Derivation of Jex(∞) in (72)

Following the approach in [26], substituting (68) into (71) yields

λTv(∞)=

2M∑
i=1

2|b̂i|2
λi

+ µD̂i,i−2µℜ[T̂i,i(∞)]+µ
∑2M

j=1
|b̂j |2
λj

λi−µuλi

2− 2µλi
+

2M∑
i=1

µλiJmin

2− 2µλi

1−
2M∑
i=1

µλi

2− 2µλi

(95)

Since

2M∑
j=1

|b̂j |2

λj
=

2M∑
j=1

|b̂j |2(2− 2µλj)

λj(2− 2µλj)
(96)

We have

Jex(∞)=λTv(∞)−
2M∑
j=1

|b̂j |2

λj

=

2M∑
i=1

2|b̂i|2
λi

+ µD̂i,i−2µℜ[T̂i,i(∞)]+2µ
∑2M

j=1
|b̂j |2
λj

λi−µuλi

2− 2µλi
−

2M∑
j=1

|b̂j |2(2− 2µλj)

λj(2− 2µλj)

1−
2M∑
i=1

µλi

2− 2µλi

+

2M∑
i=1

µλiJmin

2− 2µλi

1−
2M∑
i=1

µλi

2− 2µλi

=

2M∑
i=1

µfi
2− 2µλi

+
2M∑
i=1

µλiJmin

2− 2µλi

1−
2M∑
i=1

µλi

2− 2µλi

(97)

where fi is defined in (73).
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