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Abstract

Modern aircraft engines are pushing established design methodologies to the limits, in

order to satisfy current environmental and economic constraints. This calls existing as-

sumptions into question, such as modelling rolling-element bearings (REB) with linear

springs, which cannot accurately predict the transmission of vibrations from one rotor

to another, known as “cross-shaft coupling”. This is further complicated by the inherent

non-linearities present in REBs. An improved understanding of the mechanisms govern-

ing this phenomenon is required, in order to be able to better diagnose such vibration

problems and develop mitigating strategies.

An in-depth numerical study was first carried out, analysing the nonlinear dynamic re-

sponse of a Jeffcott rotor supported by an REB. A physical bearing model was developed

based on the existing literature, which could capture the effect of a wide range of param-

eters, and the response was computed using a novel application of the Harmonic Balance

Method. A strongly nonlinear response was observed due to the bearing, with large shifts

in the resonance frequency with excitation amplitude. An extensive parameter study was

then carried out, with a particular emphasis on providing physical explantations for the

observed behaviour.

These results were then investigated using an existing rotordynamic rig. A well-correlated

model of the rig was first developed and parameterised with extensive component-level

testing. A separate bearing test rig was designed and built, which was used to validate

the bearing model and to identify some key parameters. The focus then moved onto the

unbalance response of the rotor rig. The bearing model was found to accurately predict

both the vibration transmission to ground, as well as some of the non-linear behaviour,

thereby validating the modelling approach in a rotordynamic setting.

The main outcome of this thesis was a fully validated bearing model, which is capable

of accurately predicting the vibration transmission, as well as the associated simulation

methods. These tools can now be applied in industry, in order to better predict cross-shaft

coupling in the future.
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Chapter 1

Introduction

1.1 Overview

Jet engines consist of an axial compressor and turbine which are connected together

by a shaft. In between the two, combustion occurs thereby energising the air. Some

of this energy is taken from the air as it passes through the turbine, which in turn

drives the compressor to draw more air into the engine. In most modern aircraft, the

turbine also drives a fan on the front of the engine to create what is known as a turbofan

arrangement. The remainder of the energy is eventually converted into kinetic energy as

the air passes through the nozzle at the rear of the engine, thus producing thrust. It is

more efficient to allow the high pressure sections of the compressor to rotate faster, so

most engines now have multiple concentric shafts, each connecting a different turbine to

a different compressor stage. This allows for a more compact design for the same thrust,

as compared to an engine with a single shaft [1]. The shafts are supported by bearings,

which are typically rolling-element bearings (REB) due to the high loads which they must

react. The rotor can either be connected to the casing via a flexible supporting structure,

or if space considerations do not allow this, the rotor may be supported by another rotor

via an inter-shaft bearing.

One of the key phenomena which must be considered in the mechanical design of a

jet engine is lateral vibration of the rotors. The different shafts rotate at speeds from

3000 rpm to 12 000 rpm for large civil engines and up to 50 000 rpm for small engines

such as those used in helicopters. Since the rotors spin at such high speeds, any small

imperfections on a rotor can lead to large excitation forces due to the eccentricity of the

centre of gravity from the axis of rotation. This can cause the shafts to vibrate, which in

turn requires the bearings to react significant loads. This is generally a well understood

problem, and is encompassed within the field of rotordynamics. The bearings are typically

modelled using linear springs and dampers, which allows the response of the system to

1
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be computed analytically. This allows any unacceptable levels of vibration to be dealt

with at the design stage.

However, it has been observed from testing on real engines that vibrations can be trans-

ferred from rotor to another rotor, both directly through inter-shaft bearings or indirectly

via the casing. As one rotor resonates due to an unbalance or some other excitation

source, this will lead to a forcing which may pass through the bearings to another rotor,

which is known as “cross-shaft coupling”. Current design techniques under-predict this

phenomenon, so that such vibration problems can only be mitigated with a more con-

servative design. For example, the natural frequencies of a rotor could be moved such

that they are no longer excited by the forcing from the other rotor, or extra dissipative

components can be added, such as fluid dampers, which reduce the maximum response of

the rotor. Since the bearings are the main transmission path of loads between the rotors,

it is believed that this phenomenon is highlighting a limitation of the simplified approach

used to model them.

Rolling-element bearings are known to display significant non-linear characteristics, but

this makes prediction of the response significantly more difficult. For a linear system, the

response of the system to any arbitrary input can be computed very efficiently, which

is why it is desirable to approximate components such as REBs with linear elements.

Although this is often a valid assumption for low excitation levels, the non-linearities in

the system can start to become significant at larger excitation levels. In this non-linear

regime, the response can become much more complex, with the introduction of extra

harmonics or even chaos in the extreme case. The influence of the non-linearities on the

transmission of vibrations through the bearing has not been investigated in detail and is

poorly understood.

This project aims to develop methods to accurately predict the transmission of vibrations

through rolling-element bearings within rotating machinery, in order to provide insight

into the cross-shaft coupling phenomenon in aero-engines. This includes both the de-

velopment of new approaches for modelling the bearings, which incorporate the most

significant non-linearities which are otherwise often neglected, as well as any associated

numerical methods required to simulate such systems. It is crucial that an improved

understanding of the physical mechanisms governing these phenomena is also developed,

in order to be able to diagnose problematic vibrations and develop mitigating strategies.

1.2 Objectives

Cross-shaft coupling is a complicated phenomenon, which spans rotordynamics, tribology

as well as non-linear dynamics. Therefore, this thesis will reduce the scope to focus on
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the transmission of synchronous vibrations in single rotor systems, which allows better

insight into the mechanisms at play. Only systems with ball bearings will be analysed,

since they are more widely used in practice. In spite of these simplifications, much of

the improved understanding will extend to multi-shaft systems, and rotors supported by

roller bearings. This project aims to achieve the following three objectives:

1. Develop a simplified REB model for rotordynamic applications and any associated

numerical methods: In order to predict the transmission of vibrations through the

bearing, a high-fidelity low-order bearing model is required. This must capture the

relevant physics, including any significant non-linear effects, whilst remaining light-

weight to evaluate, so that it is suitable for integration into models of complete

rotating machines. Due to the non-linear nature of REBs, it is expected that this

may require the novel application of advanced numerical methods, in order to reduce

the simulation time.

2. Provide physics-based explanations for the influence of REB non-linearities in rotat-

ing machines: Although the influence of rolling-element bearings on the nonlinear

dynamic response of simple rotor-bearing systems has been studied in great detail,

little attention has been paid to the transmissibility or the influence of the different

physical mechanisms. A systematic study is therefore required, where the influence

of many different bearing parameters can be investigated on a single rotor-bearing

system, which is representative of industrial rotating machines. In addition, at-

tention should be paid to providing physics-based interpretations for any observed

non-linear behaviour.

3. Experimentally validate the REB modelling approach using a rotordynamic test rig:

In order to develop confidence in the level of vibration transmission through the

bearings predicted by the model, there is a real need to experimentally validate

the approach using a representative rotordynamic test rig. It is crucial that a well-

correlated model of the system is developed in tandem to the experimental work, so

that quantitative comparisons can be made with the experimental data, unlike in

many existing studies. This will allow the contribution of any observed non-linear

behaviour from the bearings to be assessed.

1.3 Outline of thesis

This project aims to develop an improved understanding of the influence of non-linearities

on the transmission of vibrations through rolling-element bearings, and the dynamics

of rotating machines. An approach for modelling REBs and simulating rotor-bearing
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systems will be developed, which will then be validated against experiments. Based on

the results, recommendations will be made for the design of future rotating machines.

This thesis is structured as follows:

1. The state of the art relating to the response of rotor-bearing systems containing

rolling-element bearings will be presented in Chapter 2. The fundamentals of ro-

tordynamics will be introduced, before moving onto bearing modelling. The use of

experimental test rigs will be reviewed, as well as the relevant numerical techniques.

2. In Chapter 3, the necessary background theory for modelling and simulating com-

pliant rotors supported by rolling-element bearings will be introduced. A 1D finite-

element rotor model will be presented, which can capture the lateral dynamics of

flexible rotors. The quasi-static approach for modelling ball bearings will be intro-

duced. Finally, the Generalised Harmonic Balance will be summarised, which will

later be used to simulate the response of rotor-bearing systems containing REBs in

an efficient manner.

3. An in-depth numerical study will be performed in Chapter 4, considering the non-

linear unbalance response of a Jeffcott rotor supported by a deep-groove ball bear-

ing. The transmissibility of loads through the bearing will be investigated. A

parameter study will be performed to quantify the significance of the different

mechanisms within the bearing, with a particular emphasis on providing physi-

cal explanations for the observed behaviour. Both the non-linear bearing stiffness

and transmission of unbalance loads will be considered.

4. The ARES test rig will be introduced in Chapter 5. This rotordynamic rig is

representative of an aircraft engine, and will be used in later chapters to validate

the modelling approach. Over the course of this chapter, high-fidelity models of the

different subsystems will be developed, and then parameterised using results from

component-level testing. Particular effort will be put into identifying the unknown

bearing parameters using a separate test rig known as BELOS.

5. In Chapter 6, the attention will move onto the forced response of the ARES test

rig. The model will be used to optimise the setup in order to maximise the in-

fluence of the bearing non-linearity. The forced response will then be investigated

experimentally, with a particular focus on the vibration transmission through the

instrumented bearing. The results will be compared to the predictions from the

model, thereby validating the approach in a dynamic setting. The significance of

the bearing non-linearities will also be quantified.

6. The main conclusions will be summarised in Chapter 7. Areas for further research

will also be recommended.



Chapter 2

Literature review

A thorough review of the existing literature was carried out, with a focus on 3 main areas.

The first section presents a brief summary of the field of rotordynamics, with a particular

emphasis on the lateral dynamics. The next section introduces the physical phenomena

within rolling-element bearings which contribute to their stiffness and damping, as well

as existing modelling techniques. In the last two sections, the attention moves onto

existing experimental and numerical techniques for investigating the behaviour of systems

involving rolling-element bearings.

2.1 Rotordynamics

Rotordynamics is the study of dynamic behaviour of rotating machinery, including both

the motion of the different components, and the loads passing through them. All rotating

machinery consists of [2]:

• A rotor which spins at relatively high speeds, such that the rotation has an effect

on the dynamics.

• Bearings which support the rotor, while allowing it to rotate freely.

• A non-rotating stator which connects the rotor to ground via bearings.

In many rotating machines, there can be multiple rotors which are supported by many

sets of bearings. In addition, the rotors can be of varying complexity. In the simplest

case, the rotor may be quite stocky and can be approximated as rigid, which is known as

a Jeffcott rotor [3]. At the other extreme, a rotor may have many rows of bladed discs,

which introduce their own dynamics.

5
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y

x
z

Ω

Figure 2.1: Rotor co-ordinate system

2.1.1 Frames of reference

In the field of rotordynamics, the system is usually analysed in one of 2 different frames

of reference:

• Inertial frame: This is useful for axisymmetric rotors as the rotor inertia tensor is

independent of the rotation angle. Anisoptropic stators can be easily modelled in

this frame, but any asymmetry in the rotor appears as a time-varying parameter.

• Rotating body-fixed frame: The rotating frame fixed to the rotor is useful when the

rotor is asymmetric; for example, for bladed discs. Any anisotropy in the stator

appears as a time-varying parameter.

For this thesis, the focus is on the characteristics of the bearings and rotor supports,

which may include anisotropic effects. Therefore, it is more natural to work in the

inertial frame. As a consequence, it is necessary to restrict the analysis to axisymmetric

rotors, so that the rotor has constant parameters in the inertial frame, thereby allowing

a linear treatment.

Multiple coordinate systems were found to be used in the literature, but this thesis will

use the one from [2], which is depicted in Fig. 2.1. The z axis is aligned with the axis of

rotation, and then the x and y axes are set to run horizontally and vertically respectively.

2.1.2 Lateral, torsional and axial vibration

The analysis of such rotating machinery is often split into different categories depending

on the nature of motion. Torsional vibration involves rotation around the z axis, which is

of particular interest in geared machinery. Axial vibration involves translational motion

along the z axis, but the stiffness is normally high in this direction so these modes are

normally less of a concern. Lateral vibration includes both flexural and translational

motion in the x-z and y-z planes, and are often the lowest frequency modes [4]. These
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modes are most heavily influenced by the support structure characteristics [2]. In the

general case, these different types of motion can be coupled together such as through

helical gears [2,4]. However, it is often valid to assume that they are decoupled from each

other.

2.1.3 Centrifugal loading

The rotational speed of the rotor introduces centrifugal loading. This means that any

small asymmetry on the rotor leads to a net centrifugal load, which can excite the rotor [5].

Centrifugal loading can also lead to a stiffening effect in flexible discs so the stiffness

matrix will be speed dependent [2]. The net centrifugal load is known as an unbalance

(or out-of-balance) which is the most common form of lateral excitation experienced by

a rotor [4]. It can be thought of as an harmonic excitation at the rotation frequency.

The forcing will rotate with the rotor, so that there will be components with the same

magnitude in the x and y-directions, with a 90° phase difference between them [2].

2.1.4 Gyroscopic moments & whirl

As the rotor deflects about the x or y axes, it will experience gyroscopic moments. These

have a tendency to couple pairs of the lateral modes. If there are 2 orthogonal modes

when the rotor is stationary, with one horizontal mode involving motion in the x-z plane

and another vertical mode in the y-z plane, then these modes will combine into a pair

of elliptical modes as the rotation speed is increased; one mode in which the rotor whirls

in the same direction as its own spin, and another in the opposite direction. These

are termed forwards whirl (FW) and backwards whirl (BW) modes [4]. The natural

frequencies of these modes also become speed dependent; the FW modes tend to increase

in frequency with speed and the BW ones tend to decrease. Purely translational modes

involving no rotation about the x or y axis will feel no gyroscopic moment, so will not

display these effects [2]. It is often useful to plot the natural frequencies against rotation

speed to create a Campbell diagram. An example is plotted in Fig. 2.2. In this case,

modes 1 & 2 are purely translational modes with no whirl, whereas modes 3 & 4 are a

pair of FW and BW whirl modes.

Gyroscopic effects can be incorporated into the equation of motion for the rotating ma-

chine by the addition of a speed dependent term proportional to the rotation speed Ω:

Mẍ+ (C + ΩG) ẋ+Kx = f e (2.1)

where M , C and K are the conventional mass, damping and stiffness matrices respec-

tively. The matrix G in Eq. (2.1) is the gyroscopic matrix. The non-zero elements of the
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Figure 2.2: An example of a Campbell diagram for a rigid rotor

gyroscopic matrix are associated with the polar moment of inertia of the rotor. It can be

shown that this matrix will always be skew-symmetric [2], which is due to the fact that

cross-products are involved in the derivation of the gyroscopic terms. This means that

the left and right eigenvectors are not equal, so both must be computed when performing

modal analysis [6].

If a multi-rotor system operates with fixed speed ratios between the shafts, this can be

accounted for by scaling the relevant terms in the gyroscopic matrix by the speed ratio

of the respective rotor [7, 8].

2.1.5 Synchronous and Asynchronous excitation

As described in Section 2.1.3, an out-of-balance leads to an harmonic excitation at the

rotation frequency. It is also possible to have excitations at multiples or fractions of the

rotation frequency. This can arise for example when there is an out-of-balance on another

rotor coupled to the rotor of interest, rotating at a fixed speed ratio [9, 10]. Another

example is when there is a defect in the raceway of a rolling-element bearing [11, 12].

These are collectively known as synchronous excitations, because the frequency scales

with the rotation speed. The constant of proportionality is known as the engine order.

These excitations can also be plotted as lines on a Campbell diagram. For example,

the first four engine orders are plotted in black in Fig. 2.2. When an engine order line

crosses a natural frequency, this can lead to resonance and is known as a critical speed.

The response to such excitations can be encapsulated in an FRF plotted against rotation

speed, as shown in Fig. 2.3a.
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It is also possible for a rotor to experience excitations at a frequency unrelated to the

current rotor speed. This could come from a variety of sources, such as fluctuating aerody-

namic forces [4] or excitation through the supports from another structure [2]. These are

known as asynchronous excitations. It is more complex to analyse the response to such

excitations, because it is a function of both the excitation frequency and rotation speed.

The FRF can then be plotted in 3D to create a waterfall plot as shown in Fig. 2.3b. Asyn-

chronous excitations can be a useful way to experimentally extract Campbell diagrams,

as they allow the resonance frequencies at each speed to be found [13].

(a) Synchronous excitation

(b) Asynchronous excitation

Figure 2.3: Rotor FRFs for synchronous and asynchronous excitation [2]

2.1.6 Finite-element models

It has been established that the equation of motion for a rotating machine with no

centrifugal softening or stiffening effects and rotating at a constant speed Ω, can be

written in the form in Eq. (2.1). For simple rigid rotors, it is possible to specify the

mass matrix, stiffness matrix and so on analytically. However, industrial rotors, such as

those in modern turbomachinery, typically have very complex geometries for improved

aerodynamic or hydrodynamic efficiency. In addition, with a drive to reduce inertia and

material costs, the rotors are typically becoming ever more lightweight, and therefore can

not simply be modelled as rigid. Numerical techniques are therefore required to compute

these four matrices for such rotors. The most commonly used approach is the Finite

Element (FE) method, in which the components are discretised into many nodes, which

are coupled together with elastic elements.

To capture all of the dynamics of a rotating machine, a dense 3D FE model of the

rotor and stator can be created. An example of such a 3D mesh is shown in Fig. 2.4.

Such an FE model is able to incorporate localised effects such as out-of-plane bending

of the rotor, or deformation at the joint between the discs and shafts. This approach

can also capture coupling between different modes of vibration; for example, bladed
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(a) 3D FE model

(b) 1D FE model

Figure 2.4: Example of 1D and 3D FE meshes of a dual-rotor system [18]

disks can couple torsional and lateral vibrations [14, 15]. Meshing and simulating such

complex geometries requires the use of commercial finite element software [16]. Abaqus,

ANSYS, NX NASTRAN and SAMCEF have all been found to be able to simulate rotating

machinery accurately [17]. However, such models will have many thousand degrees of

freedom (DOF) so are computationally expensive to analyse.

For simpler rotors, approximations can be made to significantly reduce the number of

DOF whilst maintaining sufficient accuracy. It can often be assumed the discs are suffi-

ciently stiff so that their bending frequencies are well outside the range of interest, so that

they can be modelled as rigid bodies. Localised effects on the shaft can be neglected, so

that it can be modelled as a beam. The stator can be modelled as a separate mass-spring

system, and the bearings can also often be further simplified; for example, a self-aligning

bearing will provide little constraint against any tilting motion of the shaft, leading to

zero terms in its stiffness matrix [19]. Additionally, if it can be assumed that the lateral,

torsional and axial motion are uncoupled, then only the relevant DOFs need to be re-

tained. For example, to investigate the lateral dynamics, this requires only 4 DOF per

disc.

The shaft is a continuous component so must be somehow discretised for use in numerical
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models. In the past, this was often achieved using the Transfer Matrix method [20–22],

but with the increase in computing resources, the FE Method has become the most

common approach. Both approaches approximate the shaft with a finite number of nodes,

each with the same number of DOF as one lumped disc element. The FE method was

first applied to rotordynamics by Ruhl [23], and then extended by Nelson et al. to include

the effects of gyroscopic moments, rotary inertia and axial loads [24]. Timoshenko beam

elements are most appropriate for shafts in turbomachinery [2] which are often stocky,

so shear deformations can be significant [25]. Specialised versions of these elements can

be derived for tapered shafts [2]. An example of the equivalent 1D line model is shown

in Fig. 2.4.

2.1.7 Component mode synthesis

The Finite-Element model of the rotor or stator may have many DOF, but it is possible

to reduce the number of DOF whilst maintaining a sufficient level of accuracy by applying

model reduction techniques. One of the most commonly used approaches in the field of

rotordynamics is Component Mode Synthesis (CMS) [26]. The structure is partitioned

into boundary nodes at the interfaces, with the remaining nodes known as interior nodes.

The response is then assumed to be made up of a sum of “normal modes”, and a set

of “constraint modes” associated with the interfaces. The normal modes are the modes

of the structure with all of the boundary DOF either held fixed, known as the Craig-

Bampton method [27], or free [28–30]. The Craig-Bampton method is more widely used,

in part because it is more accurate for the same number of normal modes [29, 31]. The

free interface method is more attractive when the normal modes are to be determined

experimentally, since the results from free hammer tests can be used [31]. It is also

possible to use a hybrid approach [32], where a subset of the boundary nodes are held

fixed, whilst the remainder are kept free. An example of the application of CMS to a

plate is shown in Fig. 2.5.

In the Craig-Bampton method, the constraint modes can be computed by performing a

Guyan reduction on the interior DOF [33,34]; ie. compute the static response of the struc-

ture by perturbing each boundary DOF in turn. For the free-interface method, constraint

modes are not a requirement, because the normal modes have non-zero displacements at

the boundaries. Nevertheless, constraint modes can be included to produce solutions

closer in accuracy to the fixed-interface method [31]. However, the method of computing

the constraint modes is more involved than with the Craig-Bampton method [29, 32].

All of the methods discussed so far assume that the system is proportionally damped,

but Craig and Chang presented a complex form of CMS for non-proportionally damped

systems [35].
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(a) Example of a normal mode, with all bound-
ary DOF held fixed

(b) Example of a constraint mode, where a sin-
gle boundary DOF has been perturbed

Figure 2.5: Application of Craig-Bampton method to a plate structure [36]

Application of CMS to rotor-bearing systems is well established, and is most often ap-

plied to the rotor as this is often the most complex component. Glasgow and Nelson

applied the fixed-boundary method to analyse the whirl instability of a two-rotor sys-

tem [37]. It was found that the error in the natural frequencies was less than 6 % when

only a third of the normal modes were retained. Wang and Kirkhope applied a modi-

fied free-interface method to the same dual-rotor system, incorporating extra terms for

dissipative effects [31]. It was found that the accuracy was improved compared to the

fixed-boundary approach. Li and Gunter analysed a more complex twin-spool aircraft

engine as a benchmark, and developed rules of thumb for how many normal modes must

be retained for sufficient prediction of the natural frequencies and damping ratios [38];

it was found that modes with frequencies up to 5× the maximum rotor speed must be

included for accurate determination of critical speeds. Wang and Kirkhope applied the

complex form of CMS from [35] the same dual-rotor system, but found that conventional

CMS was sufficiently accurate as long as the damping ratio does not exceed 70 % [39].

2.2 Rolling-element bearings

Bearings are a critical component of a rotating machine, since they support the rotor and

allow it to rotate. Rolling-element bearings (REB) are widely used in heavy machinery,

and are chosen for their high load capacity and low friction [19]. Although hydrodynamic

bearings also possess these properties so are often used in turbo-generators, they are

unable to resist axial, out-of-plane or static radial loads so are not suitable for jet engines.

Therefore the focus of this review will be on REBs. Every REB consists of 3 main

components: multiple rolling elements, a cage which keeps the elements circumferentially
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separated, and finally 2 races (or rings) on which the elements rotate. If the rolling-

elements are spherical, the bearing is known as a “ball bearing”, and if they are cylindrical,

then the bearing is known as a“roller bearing”. These are depicted in Fig. 2.6. Rolling-

element bearings usually have a single row of elements, it is also possible to have a

double-row arrangement as depicted in Fig. 2.7, in order to increase the load capacity of

the bearing.

Outer ring

Cage

Inner ring

Ball

Inner Raceway

(a) Ball Bearing [40]

Outer ring

Cage

Inner ring

Roller

(b) Roller Bearing [41]

Figure 2.6: Schematic of the 2 classes of rolling element bearing

(a) Single row [42] (b) Double row [43]

Figure 2.7: Schematic of single and double row angular contact bearings

2.2.1 Load distribution

The overwhelming majority of rolling-element bearing models from the literature build

upon the work of Jones and Harris [44, 45]. This quasi-static approach models each ele-

ment explicitly, and assumes that they are always in static-equilibrium; ie. the dynamics

of the elements are assumed fast so are ignored. The contributions from each element

can then be summed to yield the total bearing load and stiffness; for example, the dis-

crete element loads are depicted in Fig. 2.8 for the case of an applied radial load. In the

case of roller bearings each element can deflect in one direction, but in ball bearings, the

elements can move in both the radial and axial directions. Ball bearings have the added
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complexity that as the balls move, the contact angle between the ball and the race can

change due to the curvature of the raceways [45], as depicted in Fig. 2.9.

fy

Q2

Q1

Q9

Figure 2.8: Depiction of element loads for an applied radial load

Considering each element like this allows the full stiffness matrix to be accurately captured

[46], which is important for capturing the transmission of flexural shaft vibrations to the

stator [47]. An approach has been presented to yield analytical expressions for the bearing

stiffness matrix [48], although the derivation is involved.

α0

(a) Initial configuration with contact angle
α0

α

θ

(b) Final configuration with contact angle
α > α0

Figure 2.9: Contact angle before and after the shaft tilts by an angle θ

If the bearing can be assumed to operate at sufficiently low speeds such that inertial loads

on the elements can be ignored, a concise analytical solution for the deflected position of

the elements can be found [46]. Some authors have proposed a further simplification for

analysing ball bearings, which is to assume the contact angle remains constant [49, 50],

which can be justified if the load variation on the balls is not too high [51].

Sjovall introduced an alternative approach where the elements are “smoothed out” over
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a continuous domain around the cage; examples of such a continuous load distribution

are depicted in Fig. 2.11. This means that the total bearing loads must be computed by

integrating the element load distribution [52]. In certain cases, this allows an analytical

expression for the bearing stiffness to be found [52]. Houpert extended this approach to

deal with out-of-plane deflections [49]. However, this analysis neglected dynamic effects,

and is unable to capture “variable compliance” effects discussed later.

2.2.2 Contact stiffness

The most significant source of compliance in a REB is from the contacts, which are often

assumed to be Hertzian. The contact force Q is related to the deflection δ by a power

law:

Q = Cδn (2.2)

where the exponent n is 10
9

for roller bearings with line contacts, and 3
2

for ball bearings

with point contacts [19]. The coefficient C will depend upon the elastic properties and

radii of the elements and races. This is simple to compute when the contact surfaces

are flat (which is the case for most roller bearings), but when the raceways are curved

(which is the case for ball bearings) a more complex formula involving elliptical integrals

must be used [19]. Houpert developed a more accurate way to tabulate these values [53].

For roller bearings, there will be an additional stiffness term as the roller rotates into the

contact. The most rigorous approach is to employ FE analysis, but a simplified method

involves splitting the roller into multiple slices and applying the standard results for line

and point contacts to each [45,54]. This is shown in Fig. 2.10.

2.2.3 Internal clearance

One of the biggest non-linearities in REBs is clearance between the elements and the

races [56–59]. The region of the bearing where the elements are loaded is referred as

the “loaded zone”, which is depicted in Fig. 2.11. When the clearance is large, some

of the elements are unloaded, so the size of the loaded zone is reduced [60], as shown

in Fig. 2.11b. However, the bearings can be preloaded in some way to counteract this,

which increases the size of the loaded zone, as shown in Fig. 2.11c. In the case of an

angular contact ball-bearing or tapered roller-bearing, this can be done by applying a

constant axial load. For purely radial bearings, this can be achieved with an interference

fit. However, in many machines such as jet engines, clearance may be necessary to

accommodate thermal expansion. It has been demonstrated that clearance can reduce

the number of loaded elements, which reduces the bearing stiffness [60].
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Figure 2.10: Roller slicing technique for predicting out-of-plane stiffness [55]

(a) No clearance or preload (b) Clearance
(c) Preload

Figure 2.11: Size of the loaded zone for different levels of clearance [19]

Harris [45], Lim and Singh [46] and Houpert [49] all demonstrated how to extend their

respective approaches to include radial clearance by including an offset when computing

the contact deformations. Such models have been used to analyse the effect of the clear-

ance on the linearised bearing stiffness. Lim and Singh showed that the bearing can be

locally unstable when the clearance is large [47]. Royston and Bosdogan showed that for

self-aligning ball bearings, the radial/axial coupling is amplified by any clearance [61],

since the balls become more heavily loaded on one row than the other.

Many studies have also focused on the non-linear effects of bearing clearance on the

dynamics of simple rotating machines. Saito simulated a model of a flexible rotor mounted

on bearings to investigate the effect of radial clearance. A simplified bearing model

was used which had a power law to model the Hertzian stiffening and a deadband to

model the clearance. This analysis showed that the clearance introduces changes in the

resonance frequencies as well as jump phenomena [62]. In the extreme case, chaotic

responses can be observed [63, 64], which are heavily dependent on the applied preload



2.2. Rolling-element bearings 17

[65]. Ehrich used a piece-wise linear bearing model to show that clearance is a possible

cause of supercritical sub-harmonic [56] and sub-critical super-harmonic [57] responses,

with chaotic regimes at frequencies between these regions [66]. The numerical model

displayed qualitatively similar behaviour to experimental vibration data from industrial

turbomachinery. Although the impact of the bearing clearance on the rotor response is

well recorded in the literature, there is only a limited understanding of the underlying

physical mechanisms that drive these phenomena.

2.2.4 Dynamic loads on the elements

As the bearing cage rotates, the elements will experience an outward centrifugal load. In

the case of ball bearings, the elements can also experience a gyroscopic moment, but these

typically have less influence than the centrifugal loads [45]. These loads are depicted for

the case of a ball bearing in Fig. 2.12a. The dynamic loads can significantly alter the

bearing stiffness [45], since they alter the load distribution between the inner and outer

contacts as well as the contact angle in ball bearings.

(a) Dynamic loads on a ball [45]
(b) Ball velocities [67]

Figure 2.12: Dynamic loads and velocities of a ball element

The most rigorous approach to incorporate the effect of these dynamic loads into the

model is to introduce extra internal states for the position of the element (1 for rollers,

2 for bearings) [44]. These internal states can then be solved for by solving for radial

and axial equilibrium of each element, using an iterative procedure like Newton-Raphson.

Once the equilibrium position of each element is found, the contact loads can be computed

using the elastic law. In the case of a ball bearing, if the loads are not too high, it

is possible to assume the contact angle remains constant and that frictional loads will

laterally restrain the balls, so that it can be analysed in the same way as a roller bearing.



18 Chapter 2. Literature review

If it is further assumed that the centrifugal loads do not change the load distribution

between the inner and outer contacts, an approximate analytical solution can be found

[51].

Computation of the dynamic loads requires knowledge of the velocities of the elements,

which are depicted in Fig. 2.12b. The orbital speed is the speed of the ball CoG around

the bearing axis, denoted by ωx. The spin speed is the speed of the ball about the

radial axis, denoted by ωz. The most rigorous approach for computing these velocities

is to incorporate them as additional internal states in the model, and explicitly model

the frictional loads at the contacts [45]. However, such a frictional model is normally

not available, so another approach is to apply a hypothesis so that these speeds can

be computed purely from kinematics. In the case of ball bearings, the most common

approach is the “Control Theory” hypothesis from Jones [44], which states that there is

either no slip at the inner or the outer contact. This choice is not always valid and should

be verified experimentally before it is used [68], but it is often a good approximation [45].

Other alternative relations have been proposed, such as assuming the same spin-to-roll

ratio at each contact [68] or by using d’Alembert’s principle [69]. This hypothesis can also

be used to distribute the frictional loads due to the gyroscopic moment on ball bearings

between the inner and outer contacts [45,68].

It has been demonstrated that these loads can lead to a reduction in the radial bearing

stiffness with increasing speed [68, 70, 71] and an increase in the effective clearance [72].

However, Noel showed that the different kinematic hypotheses used to calculate the ele-

ment speeds and ultimately dynamic loads, can lead to differences in the bearing stiffness

by up to 10% [68]. Fang et al. demonstrated that the reduction in stiffness with speed

cannot be counteracted by axially preloading the bearing [71]. A few studies have included

such dynamic loads when investigating the nonlinear dynamics of a rotor system [73–76],

but no comparison was made between the behaviour with and without them. There-

fore there is little understanding of the specific influence of these dynamic loads on the

dynamics of rotating machines.

2.2.5 Ring compliance

The inner and outer rings of the bearing are normally assumed rigid, which is often a valid

assumption if the bearing is supported by a rigid housing. However, in some machines

such as jet engines, the support structures and casings around the bearings are quite soft

in order to minimise weight, so the compliance of the housing may be significant. The

compliance of the rings can also be exacerbated by radial clearance between the rings of

the bearing and the housing. An example of the ring deflection in the case of an applied

radial load is shown in Fig. 2.13. It has been shown that ring compliance can significantly
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change the load distribution between the rolling elements [77], leading to a reduction in

the peak ball load [55,78].

Figure 2.13: Compliant ring deformation under radial load on bearing [79]

The ring compliance will couple the equations for equilibrium of all the elements making

the problem harder to solve, but characterising the ring compliance is also difficult. One

approach is to approximate the ring deformation to a point load from one of the balls

with a Fourier basis, but only include a few harmonics [78]. Wensing presented a more

sophisticated approach based on CMS which included the inertia of the outer ring [80].

Another approach is to use a FE model with a coarse mesh, so it is no longer necessary to

use model reduction techniques [81]. This analysis was entirely quasi-static, but the effect

of clearance between the outer race and housing was also considered. Leontiev showed

that if it can be assumed that the bending strains are negligible, ring compliance can be

modelled as a spring in series with each element, so the equations for each element remain

decoupled [55]. Whilst it is understood that ring compliance alters the load distribution

in the bearing, little is known about the influence in rotor-bearing systems. It has been

shown that ring flexibility can attenuate the higher harmonics in the response [82], but

the ring compliance is otherwise usually neglected.

2.2.6 Variable compliance

The global bearing stiffness is determined by the contribution from each element, and

this will be constant in a frame rotating with the cage. However, the compliance in the

inertial frame will vary due to the motion of the cage and elements, which is known as

“variable compliance” (VC). For example, the vertical stiffness is typically largest when

there is an element directly under the shaft, but is at its lowest value when there are

elements either side. This is depicted in Fig. 2.14. The compliance will vary at the Ball
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(a) Cage position
(b) Time history

Figure 2.14: Depiction of the variable compliance in REBs [94]

Pass Frequency (BPF) [83, 84], which is related to the cage speed and the number of

elements in the bearing.

Many studies have analysed the radial dynamics of a rotor supported by a REB under

constant radial load, and it has been shown that harmonics of the BPF can appear

in the rotor response [11, 75, 85, 86], and sometimes even chaotic behaviour can arise

[75, 87, 88]. Mevel et al. demonstrated that chaos can arise due to an interaction of the

2nd harmonic of the shaft speed and the BPF [87]. However, While [60] demonstrated

that if a sufficiently static radial load is applied, the variation in stiffness can be less than

0.5 % so this effect becomes negligible. It is then possible to use a Sjovall integral-based

formulation to compute the stiffness [49,52,89]. However, this is no longer the case when

there is large dynamic loading from a rotor unbalance [90].

It has been shown that in rotor-bearing systems, the variable compliance leads to a

resonance where the BPF crosses the natural frequency of the rotor. Increasing the

number of elements has been found to increase the natural frequency of the rotor due to

an increase in overall bearing stiffness [91,92]. However, the frequency of BPF excitation

also increases, so that the resonance associated with VC occurs at a lower frequency [92].

Tomović demonstrated using a purely analytical approach with a simplified bearing model

that the magnitude of the variable compliance increases with the clearance, and decreases

with the number of loaded elements [93]. In addition, it was found that increasing the

radial preload reduces the effect of the variable compliance excitation, which was also

found by Aktürk using a more conventional quasi-static bearing model [92]. However, no

studies were found to consider the influence of other parameters, such as dynamic loads

on the elements or ring compliance, on the significance of the self-excitation from variable

compliance.
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2.2.7 Damping

Rolling-element bearings are typically quite lightly damped components [5], but nonethe-

less they can still be a source of energy dissipation in a rotating machine [95]. It has been

observed that roller-bearings typically have larger levels of damping than ball-bearings,

which is attributed to the line contacts [96]. It has also been shown that the damping in-

creases with the number of elements [97,98]. However, the damping within REBs is much

less well-understood than the stiffness, so many studies either estimate an equivalent lin-

ear damping term based on the literature [65,86,99,100], or simply neglect it [92,101,102].

One of the major sources of damping in a bearing is the lubricant film around the elements,

which can introduce viscous losses [98]. The contacts then operate in what is known as

the “elasto-hydrodynamic” (EHD) regime [99]. As an approximation, the fluid film can

be assumed stiff, so its primary effect is to reduce the effective clearance between the ball

and the races [45,99]. The most common way to compute the film thickness is to use the

non-dimensionalised relations from Hamrock and Dowson [103].

To include the damping effect from the fluid film, the most common approach is to

fit a linearised damping constant to detailed simulations on a single lubricated contact

[104, 105], although load dependent models have also been proposed [75, 106]. Another

approach is to incorporate the EHD physics into the bearing model [91, 107]. Nonato et

al. showed that the EHD film has a tendency to reduce the rotor deflection to a constant

radial load, but also attenuates some higher harmonics [105]. This approach has been

used to model the bearing damping in an experimental test rig, and it was found that the

size of the orbit was accurately predicted [108]. The lubricant also leads to drag forces

and churning moments on the elements although this is mostly relevant when computing

power losses [83], and controlling cage instabilities [109–111].

In experiments, it has been found that the damping from the lubricant can reduce with

rotation speed [97,112]. However, it has also been shown that there is a strong dependence

on the bearing temperature [113]. Some studies have found that a radial preload reduces

the damping [97, 112], while others found that it was insensitive to preload [98]. In

general, it can be said while it is trivial to incorporate the damping from EHD into the

model, the effect of the lubricant appears to be complex and it remains very hard to

accurately predict the overall contribution to the bearing damping [96].

Another major source of damping are the joints between the bearing and its housing and

the shaft passing through it [96]. Walford and Stone demonstrated that a bearing model

with damping from only from the lubricant significantly under-predicts the damping

measured from experiments [114]. It was later demonstrated experimentally using a test

rig, in which the bearings could be replaced with rigid blocks, that the joints around the

bearing can provide up to 10× the damping from the bearing itself [115]. It has been



22 Chapter 2. Literature review

proposed that the other possible damping mechanism is material damping due to the

deformation at the Hertzian contacts [98, 99]. However, this is believed to have a much

less significant contribution than the lubricant and joints [98, 114].

2.2.8 Experimental investigations

There is large body of research into developing approaches for experimentally determining

the bearing stiffness and damping. There are broadly three main approaches, which will

now be explained in more detail.

2.2.8.1 Impact tests

A common approach to indirectly detect the bearing stiffness and damping is to carry

out a hammer test on the rotor it supports. Kraus used modal analysis on a stocky rotor

to determine the axial and radial bearing stiffness and damping by trying to match the

natural frequencies and damping ratios [116]. The effect of speed and axial preload were

considered. It was found that the dynamic stiffness was very similar to the static stiffness.

Zeilinger used a similar approach to quantify the sources of damping in a bearing [115]. It

was found that some damping arises from the Hertzian contacts and can be modelled with

a loss factor, whilst much more damping is due to the housing interface which increases

with preload and is more complex to model. Knaapen extracted FRFs using hammer

tests on a short shaft mounted on a single bearing for different levels of axial preload [117].

The diagonal stiffness and damping terms were found by fitting a model to the FRFs. It

was also found that the damping increased with preload. Gunduz et al. considered the

axial dynamics of a rigid rotor and examined the effect of the axial preload on the FRF

from hammer tests [118]. The limitation of this approach is that only linearised bearing

parameters can be extracted.

2.2.8.2 Harmonic excitation

Another approach is to harmonically excite the bearing. Walford applied a harmonic force

using a shaker to a shaft-bearing system with 2 bearings and measured the radial stiffness

and damping for a range of rotation speeds and forcing amplitudes [95]. Luo measured

bearing stiffness dynamically using a stocky rotor and applying an unbalance mass [119].

This was carried out for different preloads and rotation speeds, and there was found

to be good correlation with a quasi-static bearing model. Jacobs et al. measured the

radial stiffness of a DGBB using shakers [113], considering the influence of cage angular

position, rotation speed and fluid film thickness. It was found that the damping varies

by up to 24 % with speed. Royston extended this approach by applying both axial and
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radial excitation to a self-aligning REB using shakers, and considered the effect of both

axial and radial preload on the dynamics [61]. As with the experiments using impact

excitation, all of these studies identified only the local linearised bearing properties.

2.2.8.3 Static loading

Although the nonlinear bearing stiffness characteristic can be identified indirectly by

finding the variation of the linearised bearing stiffness with preload, the non-linear bearing

stiffness can be measured directly with static loading. Lacroix et al. investigated the

axial stiffness of a 4-point bearing using a compression test machine and found good

correlation with an FEA model of the housing coupled with Hertzian elements [120]. De

Mul measured the nonlinear radial stiffness of a cylindrical roller bearing by statically

loading the bearing [121]. Jin et al. applied a static radial load to a bearing on a rigid

rotor, as shown in Fig. 2.15b, to measure the non-linear load-displacement relation [122].

However, none of these studies measured the radial or axial clearance, since the bearing

was only loaded in one direction, so the clearance was taken up.

2.2.9 Summary

From the literature review, it can be seen that there is a well-established approach for

modelling the elastic behaviour of rolling-element bearings. The primary source of com-

pliance in REBs is from the contacts, which have an inherently non-linear Hertzian char-

acteristic. Clearance is another significant non-linearity, and can lead to large changes in

the number of elements contributing to the stiffness. In addition, the compliance from

the bearing elements varies as the cage rotates, which can lead to self-excitation, which

is believed to be more significant when the preload is low.

There are a wide variety of other phenomena which can alter the bearing stiffness. Dy-

namic loads of the contacts alter the load distribution between the inner and outer con-

tacts, and reduce the bearing stiffness at high speeds. The rings are normally assumed

rigid, but this is not always a valid assumption. In this case, ring compliance can signif-

icantly reduce the peak loads on the elements. However, the influence of these effects in

a rotordynamics context is unknown.

The damping within the bearing itself is usually low, but the damping from the joints be-

tween the housing and bearing is believed to be significant. There are no well established

approaches for predicting the damping from rolling-element bearings.
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2.3 Rotor-bearing test rigs

Many rotor-bearing test rigs have been developed in order to investigate the influence

of rolling-element bearings on rotordynamic systems. These studies can be split into

three categories; some studies consider the influence of the bearings only in the linear

regime, by analysing the natural frequencies of the system. Others consider the case with

larger excitation levels where the rig operates in the non-linear regime. The remainder

of the studies have used experimental data from the test rig to identify unknown bearing

parameters.

2.3.0.1 Linearised investigations

Sinou et al. experimentally tested a rotor-bearing test rig and measured the Campbell

diagram [123]. This was extended to include a flexible support and the Campbell diagram

was measured experimentally using asynchronous excitation with a shaker [13]. Very good

correlation with the FE model was obtained. However, there was no way to measure the

forces passing through the bearings. The same setup was then used to investigate the

effect of bearing temperature [124] and damping from rubber pads [125]. Guskov et al.

extended the same test rig to consider the case of a dual-shaft configuration [7] where the

rotors were co-rotating. The rotors were concentric but axially offset from one another

(see Fig. 2.16b) which has the advantage that the shaft deflections can be measured along

the whole length.

Gupta et al. looked at the unbalance response of a similar dual-shaft test rig [21] where

the rotors were counter-rotating as shown in Fig. 2.16a. The results were compared to a

numerical model using the Transfer Matrix method and a linear bearing model. Quasi-

periodic responses were observed in some regions due to the cross-excitation.

2.3.0.2 Non-linear investigations

The response of rotor-bearing systems in the lightly non-linear regime has also been

considered. Bai et al. investigated the non-linear dynamics of a rotor-bearing system

with a single disc shown in Fig. 2.15d. Sub-harmonic excitation was observed leading to

a resonance above the critical speed, which matched the predictions from a non-linear

model well [128]. This was investigated in more detail in [129]. Jin used the same test rig

as earlier static bearing experiments from Fig. 2.15b to investigate the unbalance response.

The model demonstrated a qualitatively similar non-linear response to experiments, with

similar spectra and jump phenomena [130]. A sub-critical resonance due to forcing at the

BPF was observed, and this was investigated in more detail in [131] using the same rig.
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(a) Chen et al. [126] (b) Jin et al. [122]

(c) Kahn et al. [127]
(d) Bai et al. [128]

Figure 2.15: Schematics of existing single-rotor test rigs

(a) Gupta et al. [21] (b) Guskov et al. [7]

Figure 2.16: Schematics of existing dual-rotor test rigs

Other studies have considered the behaviour in the extremely non-linear regime, by in-

troducing very strong non-linearities into the supports. Chen considered a simple 2-disk

rotor-bearing system as shown in Fig. 2.15a. This was first used to validate a rotor

model [126]. The model was then used to investigate the effect of a large clearance be-

tween the bearing and housing on the response, and this was compared to the experimen-

tal data [132]. It was found that the response of the test rig contained super-synchronous

content at the same frequencies predicted by the simulations. Mevel et al. investigated the

routes to chaos in rotors supported by very loose REBs on an experimental test rig [84].

It was found that the rig response contained components at the same sub-harmonics of

the BPF and displayed a similar transition to chaos as the simulations from [87].

It can be said that although many experimental studies have been carried on non-linear

rotor-bearing systems containing REBs, very few quantitative comparisons have been

made with numerical models. In some studies, it appears limited effort has been put into

parameterising the model first, even in the linear regime. In other studies, the behaviour



26 Chapter 2. Literature review

is analysed in a regime where the response is extremely non-linear and chaotic, so that

the behaviour is very sensitive to the parameters. This makes correlation very difficult,

and is not representative of most industrial rotating machines.

2.3.0.3 Model updating

Since the bearing properties are often difficult to estimate a priori, much attention has

been paid to methods to update the bearing parameters to match experimental data.

Edwards et al. identified the linear bearing parameters from a run down on a different

test rig [133], which was later used by Tiwari to identify the linear speed-dependent

bearing parameters [134]. Čermelj tuned the bearing stiffness to match an FRF obtained

from an impact in least-squares sense [135]. Chouksey updated the bearing stiffness and

rotor parameters using impact hammer tests [136]. Sinou and Guskov tuned the bearing

tilting stiffness in an FE model of a machine, in order to minimise the least-squares error

in the natural frequencies [7, 13].

It has also been shown to be possible to identify nonlinear bearing stiffness from experi-

mental data using simplified bearing models. Tiwari et al. used random excitation of a

single disk system to identify the unknown bearing stiffness [137], assuming the bearing

force has linear and cubic terms. This was then extended to the case where there is

additional unbalance forcing [138], and to include the effect of the shaft compliance [139].

Kahn [127] and Chatterjee [140] used the same experimental setup, shown in Fig. 2.15c

to extract the non-linear bearing stiffness using Volterra series. However, no studies were

found to identify the parameters of a physical bearing model.

2.4 Simulation methods

Once an accurate model of a rotor-bearing system has been developed, the most obvious

use is to predict the forced response of the system. If the system is linear, the frequency re-

sponse can be computed analytically from the matrices governing the equations of motion.

However, it was shown in Section 2.2 that REBs are inherently non-linear components,

so alternative techniques are required to compute the forced response numerically.

2.4.1 Time-integration

Time-integration remains the most common technique for analysing non-linear rotor-

bearing systems [11, 65, 72, 75, 82, 86–88]. This approach allows all forms of non-linear

dynamic responses to be captured, including periodic, quasi-periodic and chaotic rotor

responses since no assumptions are made about the nature of the response. In addition,
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it is simple to incorporate models which display time-dependence, which is the case

with rolling-element bearings due to their variable compliance. The most widely used

methods were found to be the Runge-Kutta [59, 72, 85, 92, 141, 142], and Newmark-Beta

[75, 101, 106, 143–145] algorithms. The time step is the only parameter which must be

selected, although care must be taken to ensure the method is stable. However, time-

integration comes at a high computational cost, especially for stiff systems where a small

time-step is required.

2.4.2 Harmonic-balance method

An alternative, more efficient approach was consequently developed, known as the Har-

monic Balance Method (HBM) [146]. This is a Galerkin method, whereby the response

is assumed to be the sum of a set of basis functions. In the case of HBM, a Fourier

basis is chosen, which thereby allows the steady-state periodic response to be found di-

rectly. However, care must be taken to include a sufficient number of harmonics. This

has been used to simulate rotors with a wide variety of types of non-linearity includ-

ing bearings with clearance [59, 62], squeeze-film dampers [147–149] and rolling-element

bearings [64, 102,150].

Conventional HBM cannot capture quasi-periodic responses, which are common in rotor-

bearing systems due to the variable compliance of the rolling-element bearing, or excita-

tion from another rotor. The Generalised HBM (GHBM) overcomes this limitation and is

able to additionally capture quasi-periodic responses very efficiently [151], by introducing

a second base frequency, but this increases the computational complexity. So far, this

technique has been applied primarily to rotor systems with simplified non-linear bearing

models [152, 153], or systems with multi-harmonic excitation [154, 155]. More recently

the GHBM has been applied to a dual-shaft system with a physical REB model, where

the two base frequencies were the speeds of the two rotors [156].

2.5 Summary

The lateral dynamics of rotors are well understood. Centrifugal forces can lead to syn-

chronous harmonic excitation, but rotors can also experience asynchronous vibration to

which the response can be speed dependent. Gyroscopic forces cause the frequencies of

the modes to bifurcate with speed. There are many techniques for modelling rotors with

compliant shafts, although the finite element method is most common, and component

mode synthesis can be applied to reduce the number of DOF.

Modelling of REBs has been the subject of much research because of their wide usage,

and most models are now based upon the same quasi-static framework. Bearings are non-
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linear in nature, primarily due to their clearance and Hertzian contacts. It has been shown

that rotor-bearing systems containing REBs can display highly non-linear responses, in-

cluding jump phenomena or even chaos. There are many additional phenomena within

the bearing which influence the bearing stiffness, such as dynamic loads on the elements

and ring compliance. However, there is a very limited physical understanding of how the

different bearing parameters influence the non-linear response of rotor-bearing systems.

There have been a few experimental studies into the dynamics of rotor-bearing systems.

However, most existing studies have focused on linear analysis. Very few of those that

have investigated the response in the non-linear regime have made any quantitative com-

parisons to numerical models. Therefore, there is a need to investigate the influence of

the bearing non-linearities experimentally using a more scientific approach.

The application of the harmonic balance method to rotor-bearing systems is now well

established. This can be used to simulate the frequency response of non-linear systems

in an efficient manner. However, the more complex Generalised HBM which can capture

quasi-periodic response is only starting to be applied within the field of rotordynamics.



Chapter 3

Background theory

This thesis aims to investigate the influence of rolling-element bearings on rotating ma-

chines, and therefore models of both rotors and the bearings which support them are

required. In Section 3.1, a rotor model based on the well-established Finite Element

method will be presented. A high-fidelity bearing model will then be presented in Sec-

tion 3.2, which is based on the widely-used quasi-static approach.

These models will require efficient numerical methods to be able to compute the forced

response of such systems in an efficient manner. The Generalised Harmonic Balance

Method (GHBM) will be introduced in Section 3.3, which is able to solve directly for

periodic and quasi-periodic responses.

3.1 Finite-element rotor model

This thesis will focus on the influence of bearing non-linearities on the lateral-dynamics

of rotating machines, rather than the dynamics of the rotor itself. Therefore, in both the

numerical and experimental studies, only simple rotors will be considered. Therefore, a

1D FE modelling approach was sufficient, which will now be briefly summarised.

3.1.1 1D Mesh

The first stage in the creation of the FE model is to specify the location of the nodes, and

the elements connecting them. Rotor, stator and joint elements will now be introduced.

3.1.1.1 Rotor elements

In this thesis, a rotor consists of zero or more compliant shaft sections, along which

discs may be mounted. Multiple nodes should be placed along each shaft, with nodes at

29
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the disc roots. Compliant shaft elements span each adjacent pair of nodes. A sufficient

number of nodes should be placed along each shaft section, in order to accurately capture

the influence of the shaft compliance and inertia. Suitable nodal locations are depicted

in Fig. 3.1.

z

Disc DiscNodes

Bearing

Stator Coupling

Stator
Support

Figure 3.1: Example of a 1D mesh of a rotor

3.1.1.2 Stator elements

Stator elements can be used to model the non-rotating components supporting the rotor.

In general, the stator can be a flexible structure with its own dynamics. However, it

was assumed here that their natural frequency was significantly higher than the running

range of the machine, so that they could be modelled as lumped masses. An example of

a stator is shown on the left within Fig. 3.1. Typically the stator node will be chosen to

align with the CoG of the stator, but this is not mandatory.

3.1.1.3 Joint elements

Joints make up the last type of element within the FE model. Within the FE model, a

joint is defined as an elastic connection between one rotor or stator to another rotor or

stator node, or to ground. This general definition means that a joint encompasses a wide

variety of components including:

• Couplings between two shafts

• Compliant structures supporting a stator element

• Rolling-element bearings

These are all depicted in Fig. 3.1. Nodes must be placed on the rotor and stator at the

points connected by each joint.
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3.1.1.4 Nodal displacements

In the most general case, each node along the shaft will have 6 DOF; there will be 2

lateral DOF in the vertical plane, a further 2 lateral DOF in the horizontal plane, and

1 axial and 1 torsional DOF. In some rotating machines, the lateral, torsional and axial

dynamics can be inherently coupled together. For example, the lateral dynamics can

couple with the torsional dynamics if the system is driven by helical gears [157, 158].

However, for the cases considered in this thesis, the lateral dynamics will be decoupled

from the torsional and axial dynamics. Therefore it is only necessary to include 4 lateral

DOF per node, as depicted in Fig. 3.2.

δx

θy

δy

−θx

z

y
x

x-z plane y-z plane

Figure 3.2: Lateral DOF at each node

The translations in the horizontal and vertical directions are denoted by δx and δy respec-

tively, and θx and θy are the rotations around each of these axes. It will be convenient

to introduce the following vector of nodal displacements:

xnodal =
[
δx δy θx θy

]T
(3.1)

Note that these coordinates have been specified in the inertial frame, and therefore the

coordinates do not rotate with the rotor. Any anisotropic joints will have constant prop-

erties within this frame of reference, which simplifies the analysis and ultimately makes

linear analysis possible [2]. For example, rolling-element bearings are typically stiffer in

the vertical direction than the horizontal direction [5]. However, this choice of reference

frame does restrict the analysis to systems with axisymmetric rotors, since asymmetric

rotors will have time varying properties in the inertial frame. Now that the nodal DOF

have been defined, attention can move onto defining the matrices of the rotor, stator and

joint elements.

3.1.2 Rotors

In this thesis, rotors were modelled with a combination of compliant shaft elements,

and rigid disc elements. Shafts are continuous entities, and therefore the process of

determining their mass and stiffness matrices is more complex, whereas the matrices for

solid discs can be specified analytically. This will now be discussed in more detail.
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3.1.2.1 Shafts

Shafts can be modelled with beam elements, each of which spans between two nodes.

There are three types of commonly used beam element, of varying complexity [159]:

• Euler-bernoulli elements which neglect shear deformations and rotational inertia

• Rayleigh elements which neglect shear deformations, but include rotational inertia

• Timoshenko elements which include both shear deformations and rotational inertia

For slender shafts, the shear deformations are small so Euler-Bernoulli and Rayleigh ele-

ments will give very similar results to the more complex Timoshenko elements. However,

the shafts in rotating-machinery are often relatively stocky so that the shear deformations

can become significant, so that it is recommended that Timoshenko elements are used [2].

Although the derivation of the matrices for the Timoshenko elements is more complex,

there is no additional computational cost when calling the resulting model. For these

reasons, Timoshenko beam elements were used to model the shaft.

Shaft coordinates Since this thesis will only consider axisymmetric shafts, it is con-

venient to analyse the flexure in the x− z and y− z planes separately, since they will be

elastically decoupled. For example, the 1D beam element in Fig. 3.3 shows the flexure in

a single plane.

δ2

θ2

δ1

θ1

Figure 3.3: 1D beam element

Since it is necessary to use quadratic element for flexural problems, there are 2DOF at

each node. The displacement vector is then defined as:

u =
[
δ1 θ1 δ2 θ2

]T
(3.2)

The displacement vectors in each plane can then be stacked together, to yield the dis-

placement for the complete shaft element:

{xs}elem =

[
ux

uy

]
(3.3)



3.1. Finite-element rotor model 33

The stiffness, mass, damping and gyroscopic matrices will now be presented.

Stiffness matrix The stiffness matrix of the Timoshenko element can be found by

performing an integral of the potential energy over the element using quadratic basis

functions. The derivation will not be reproduced here, but the final stiffness matrix has

the following form:

{Ks}elem =

[
K 0

0 K

]
(3.4)

which can be observed to be block-diagonal, since the elastic forces do not couple the

two planes. The submatrix K is the stiffness matrix of the 1D beam element in a single

plane, shown in Fig. 3.3, which is given by [2, 24]:

K =
EI

(1 + φe)l3e


12 6le −12 −6le

6le (4 + φe)l
2
e −6le −(4 + φe)l

2
e

−12 −6le 12 6le

−6le −(4 + φe)l
2
e 6le (4 + φe)l

2
e

 (3.5)

where E is the Young’s modulus of the shaft, I is the second moment of area of the

section and le is the length of the element. The non-dimensional constant φe accounts

for the shear deformations and is given by [2, 25,160]:

φe =
12EI

κGAl2e
(3.6)

where G is the shear modulus, given by G = E
2(1+ν)

where ν is the Poisson’s ratio of the

shaft. The non-dimensional constant κ depends on the cross section of the shaft. Only

cylindrical shafts will be considered in this thesis, for which κ is given by [161]:

κ =
6(1 + ν) (1 + µ2)

2

(7 + 6ν) (1 + µ2)2 + (20 + 12ν)µ2
(3.7)

where µ = ro
ri

. If the effect of shear deformations is to be neglected, the parameter φe can

simply be set to 0, which reduces the Timoshenko element to an Euler-Bernoulli element.

Mass matrix The mass matrix of the element can be calculated by performing another

integral over the element, this time on the kinetic energy. The resulting mass matrix has

the following block diagonal form, since the inertial forces, like the elastic forces, do not

couple the two planes:
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{M s}elem =

[
M 0

0 M

]
(3.8)

where the submatrix M is given by:

M = M trans +M rot (3.9)

where the first term is due to the translation of the element, and the second term is due

to the rotation of the element. This second term is neglected in Euler-Bernoulli theory,

but included in Rayleigh and Timoshenko beam theory [159]. These matrices have the

following form:

M trans =
ρAle

840(1 + φe)2


m1 m2 m3 m4

m2 m5 −m4 m6

m3 −m4 m1 −m2

m4 m6 −m2 m5

 (3.10)

M rot =
ρI

30(1 + φe)2le


m7 m8 −m7 m8

m8 m9 −m8 m10

−m7 −m8 m7 −m8

m8 m10 −m8 m9

 (3.11)

where the terms m1 to m9 depend on φe. They have not been reproduced here for brevity,

but can be found in [2].

Gyroscopic matrix Since the shaft is rotating, there is an additional speed dependent

term in the equation of motion, due to the gyroscopic forces on the rotor. Unlike the

mass and stiffness matrices, gyroscopic forces directly couple the two planes so they must

be analysed in tandem. Upon performing another integral over the element, the resulting

gyroscopic matrix has the following form:

Gs =

[
0 G

−G 0

]
(3.12)

which is skew-symmetric, since the gyroscopic forces couple the two planes. The sub-

matrix G has a dense form like the mass matrices:
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G =
ρAI

15(1 + φe)2le


g1 g2 −g1 g2

g2 g3 −g2 g4

−g1 −g2 g1 −g2

g2 g4 −g2 g3


where the terms g1 to g4 also depend on φe, and can be found in [2].

Damping matrix Since no physical shaft damping model was available, a simple pro-

portional damping model was used, so that:

Cs = αM s + βKs (3.13)

This model was found to be sufficient for this thesis, since the shaft behaviour was not

the focus of the analysis, and other sources of damping tended to dominate.

Gravitational load The load due to the self-weight of the shaft can be computed by

multiplying the mass matrix by an appropriate acceleration vector:

{
f s,g

}
elem

= {M s}elem

[
0

g

]
(3.14)

where the acceleration vector g is given by

g =
[
g 0 g 0

]T
(3.15)

and g is the acceleration due to gravity.

Transformation to nodal co-ordinates The mass, stiffness, damping and gyroscopic

matrices have now been defined for the shaft element. The last step is to convert from

the element co-ordinates xelem defined in Fig. 3.3 into nodal co-ordinates xnodal which are

defined as:

{xs}nodal =
[
xT1 xT2

]
=
[
δ1
x δ1

y θ1
x θ1

y δ2
x δ2

y θ2
x θ2

y

]T
(3.16)

The two co-ordinates are related by the following matrix transformation:

{xs}elem = Rs {xs}nodal (3.17)
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where Rs is a transformation matrix which reorders the DOF, and is given by:

Rs =



1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1

0 1 0 0 0 0 0 0

0 0 −1 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 −1 0


This transformation matrix can also be used to transform the mass, stiffness, damping

and gyroscopic matrices of the shaft element into nodal co-ordinates. For example, the

stiffness matrix in nodal co-ordinates is given by:

{Ks}nodal = RT
s {Ks}elemRs (3.18)

and similarly the gravitational force on the element is given by:

{
f s,g

}
nodal

= RT
s

{
f s,g

}
elem

(3.19)

This completes the definition of the Timoshenko shaft element.

3.1.2.2 Discs

Discs can be mounted along each shaft at one of the nodes. To incorporate the effect

of the compliance of the disc, it is possible to discretise it using an FE approach with

annular [162] or triangular [163] elements. This is necessary to analyse systems where

the discs are very thin [164–167]. However, for this thesis, only systems with thick discs

were analysed, for which it is sufficient to model the discs as rigid bodies. On the other

hand, the connection between the disc and shaft, known as the disc root, was assumed

to have some compliance. The equation of motion for the disc can therefore be written

as (in nodal co-ordinates):

[
M d 0

0 0

][
xd

xs

]
+

(
Ω

[
Gd 0

0 0

]
+

[
Cd −Cd

−Cd Cd

])[
xd

xs

]

+

[
Kd −Kd

−Kd Kd

][
xd

xs

]
=

[
f d,e + f d,g

0

]
(3.20)
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where xd is the disc CoG displacement, and xs is the displacement of the shaft node where

the disc is mounted. The disc excitation forces are denoted by f d,e, and the gravitational

load by f d,g. Since this equation of motion has already been written in nodal co-ordinates,

it will not be necessary to later transform the elemental matrices.

Mass and gyroscopic matrices Since only axisymmetric discs were considered in

this thesis, the mass and gyroscopic matrices M d and Gd have a simple form. The mass

matrix M d can be written as [24]:

M d =


md 0 0 0

0 md 0 0

0 0 Id 0

0 0 0 Id

 (3.21)

where md is the mass of the disc, and Id is the diametral moment of inertia. The gyro-

scopic matrix Gd is given by:

Gd =


0 0 0 0

0 0 0 0

0 0 0 Jd

0 0 −Jd 0

 (3.22)

where Jd is the polar moment of inertia of the disc.

Stiffness and damping matrices Assuming the disc root is also axisymmetric, the

root stiffness will also have the following diagonal form:

Kd =


kδ 0 0 0

0 kδ 0 0

0 0 kθ 0

0 0 0 kθ

 (3.23)

It was assumed the damping would have the same diagonal form.

Unbalance forces It will be assumed that any unbalances in the rotor are located at

one of the discs. Denoting the unbalance mass by mub, which is placed at an angle φub

and radius rub, the forcing from an unbalance on the disc can be written as:
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f d,e = Ω2mubrub<




1

−j
0

0

 ej(Ωt+φub)

 (3.24)

where it has been assumed that the rotor spins about the positive z axis. The unbalance

can also expressed in terms of an eccentricity of the disc CoG, denoted by ε. This is

related to the unbalance balance mass by:

ε =
mubrub
md

Gravitational load As with the shaft element, the load due to the self-weight of the

disc can found by multiplying the disc mass matrix

f d,g = M dg (3.25)

where the vector g is from Eq. (3.15). The solid disc element incorporating root compli-

ance and unbalance excitation has now been fully defined.

3.1.2.3 Assembly

Once the stiffness, damping, mass and gyroscopic matrices of each shaft and disc ele-

ment have been computed, it is then possible to assemble the matrices for the complete

rotor. The elemental displacements are related to the rotor displacement vector by the

transformation matrix S:

{x}nodal = S {xr}nodal (3.26)

which essentially selects the nodes for the given element from the complete set of rotor

nodes. The rotor matrices can then be found by summing the contribution of each

element, whilst transforming from nodal to rotor co-ordinates. For example, the rotor

stiffness matrix is given by:

{Kr}nodal =
∑
j

STj {Kj}nodal Sj (3.27)

where the sum is carried out over all shaft and disc elements. The total rotor excitation

and gravitational forces can be found in a similar way. For example, the total gravitational

load is given by:
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{
f r,g
}

nodal
=
∑
j

STj
{
f j,g
}

nodal
(3.28)

The equation of motion of the rotor can now be written in the following form:

M rẍ+ (Cr + ΩGr) ẋ+Krx = f r,e(t) + f r,g (3.29)

This completes the assembly of the rotor FE model.

3.1.2.4 Model reduction

Although the line-model of the rotor will have relatively few DOF, it is possible to main-

tain a sufficient level of accuracy whilst further reducing the number of DOF using model

reduction techniques. One of the most common methods known as Component Mode

Synthesis (CMS) was applied to each rotor, which will now be outlined. It was assumed

that the damping and gyroscopic forces have negligible effect on the mode shapes of the

rotor, so that they can be found from the following simplified equation of motion:

M rẍ+Krx = f r (3.30)

where f r is a vector of generic external forces. The structure is partitioned into boundary

DOF at the interfaces, leaving the remainder as free DOF. In this thesis, the boundary

DOF were selected to be those connected by joints. The equation of motion can then be

written in the following partitioned form:

[
M bb M bi

M ib M ii

][
ẍb

ẍi

]
+

[
Kbb Kbi

Kib Kii

][
xb

xi

]
=

[
f b

f i

]
(3.31)

where xb are the boundary DOF, and xi are the interior DOFs. The number of boundary

DOF will be denoted by where Nb, whilst the number of interior DOF will be denoted

by Ni. The response is assumed to be made up of a sum of constraint modes and normal

modes. These will now be discussed in more detail.

Constraint modes The constraint modes can be found by perturbing each interface

DOF in the vector xb, and solving for the static response. An example is shown in Fig. 3.4

for a simple rotor. The constraint mode is found by perturbing the node on the RHS,

where the flexible bearing is attached. To solve for the constraint modes numerically, it

can be noted that forces on the interior DOF f i must be zero:
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Normal ModesConstraint Mode

Complete system

Figure 3.4: Application of CMS to a simple rotor

[
Kbb Kbi

Kib Kii

][
xb

xi

]
=

[
f b

0

]

which can be rearranged to solve for the interior DOF in terms of the boundary DOF:

xi = −K−1
ii Kibxb = Ψi,bxb (3.32)

where Ψi,b is a vector of interior DOF displacements for each constraint mode.

Normal modes The normal modes are defined as the modes of the structure with

all of the boundary DOF either held fixed (so that xb = 0) or allowed to float so that

(f b = 0). It is also possible to use a hybrid approach where some boundary DOF are

held fixed, while others are allowed to float [32]. In this thesis, the most common method

will be used, which is known as the Craig-Bampton method [27], in which the boundary

DOF are held fixed. This is both simpler to implement and more accurate than the other

approaches [29].

To compute the normal modes numerically, the boundary DOF can be eliminated since

they are held fixed. This means the normal modes can be computed from the following

eigenvalue problem involving only the interior DOF:

[
Kii − ω2M ii

]
xi = 0 (3.33)

which yields a the matrix of eigenvectors denoted by Φi. The first two normal modes are

depicted in Fig. 3.4. Note that there is no motion at the node on the RHS.
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Reduced equation of motion The final stage is to assume that the response vector x

of the complete rotor can now be approximated by a linear superposition of the constraint

and normal modes, which can be written mathematically as:

x ≈

[
xb

xi

]
=

[
I 0

Ψi,b Φ̂i

][
xb

x̂i

]
= Ty (3.34)

where Φ̂i contains a truncated set of n normal modes, and x̂i contains the corresponding

amplitudes of each mode. The vector y is the reduced set of rotor DOF. Since rotating

machines typically only operate within a certain speed range, the response is typically

dominated by only a few normal modes, and therefore n << Ni. However, the accuracy

can be improved by including more higher order modes. The transformation matrix T can

be substituted in to the equation of motion in Eq. (3.30), to yield the reduced equation

of motion:

M rẍ+Krx = f r

T TM rT ÿ + T TKrTy = T Tf r

M̃ rÿ + K̃ry = f̃ r (3.35)

where M̃ r and K̃r are the mass and stiffness matrices of the reduced-order system. The

number of DOF has been reduced from Nb + Ni to Nb + n. Assuming that there are

relatively few interface nodes and only a few normal modes need to be included, this can

lead to a significant reduction in the size of the system.

3.1.3 Stators

The shaft and discs in a rotating machine are typically supported by stationary compo-

nents. In general, the stators can have their own dynamics, but for this thesis, it was

assumed that their natural frequency was significantly higher than the running range of

the machine, so that they could be assumed rigid. This means that, like the discs, the

stators only add inertia to the system. However, since they are non-rotating, they have

no contribution to the gyroscopic matrix. Assuming the stator CoG coincides with the

location of its node, the mass matrix will have a diagonal form:

{M s}nodal =


mx 0 0 0

0 my 0 0

0 0 Ix 0

0 0 0 Iy

 (3.36)
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which is very similar to the disc mass matrix, except that it is no longer assumed that

the stator is axisymmetric, since mx may not equal my and similarly for the moments of

inertia. This mass matrix is already defined in nodal co-ordinates so no transformation

is required. Like the disc elements, the self-weight of the stator can be computed using

the mass matrix:

f s,g = M sg (3.37)

where g is from Eq. (3.15). The stator element has now been fully defined. Note that

if the stator is supported by a flexible structure, this compliance can be modelled with

joint elements, which will be introduced in the next section.

3.1.4 Joints

The final pieces of the FE model are the joint elements which connect the rotor and

stator elements. The joint forces will depend on the relative displacement between the

two components connected by the joint, as well as its derivatives. As with the shafts, it is

convenient to partition the joint displacement vector, in order to separate the deflections

within the horizontal and vertical planes. The joint displacement vector is therefore

defined as:

{xb}joint =
[
δ1
x θ1

y δ1
y −θ1

x

]T
−
[
δ2
x θ2

y δ2
y −θ2

x

]T
= {x1}joint − {x2}joint (3.38)

where {x1}joint and {x2}joint are the deflections of the two components connected by the

joint, specified in joint co-ordinates. It was assumed that the joints were the only possible

source of non-linearity in the system. This means different approaches must be taken to

include them in the FE model, depending on whether a joint is non-linear or linear.

3.1.4.1 Non-linear joints

Many types of joint, including rolling-element bearings, are inherently non-linear in na-

ture, due to phenomena such as clearance or hysteresis. It will be assumed that there

are no inertial effects within the joints, so that the force purely depends on the relative

displacement and velocity, so that the non-linear joint force can be written as:

{f b}joint = f (xb, ẋb) (3.39)
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where the function f (·) comes from the joint model, such as the rolling-element bearing

model which will be presented in Section 3.2.

3.1.4.2 Linearised joints

If a rotating machine is lightly excited, even non-linear joints may remain in the regime

where they can be approximated as linear. This means the joint can be linearised about

its equilibrium point:

f b
(
xb, ẋb

)
≈ f

(
x0
b

)
+Kb

(
xb − x0

b

)
+Cbẋb

=
(
f
(
x0
b

)
−Kbx

0
b

)
+Kbxb +Cbẋb

= f 0
b +Kbxb +Cbẋb (3.40)

where f 0
b is a zero offset term andKb and Cb are the joint stiffness and damping matrices

respectively. It should be noted that the additional zero offset force term f 0
b was not

present with any of the rotor or stator elements. Each of the three terms in Eq. (3.40)

can be written in a partitioned form. For example, the stiffness matrix can be written

as:

{Kb}nodal =

[
Kxx Kxy

Kyx Kyy

]
(3.41)

where, for the special case of an isotropic joint, Kxx = Kyy and Kxy = Kyx = 0. Each

submatrix within Eq. (3.41) has the form:

Kxx =

[
kδδ kδθ

kθδ kθθ

]

The radial stiffness is given by kδδ, and the tilt stiffness by kθθ. The cross-stiffness

kδθ = kθδ determines the cross-coupling between joint rotation and translation. For the

special case of a joint with zero tilt stiffness, such as a self-aligning bearing, all of the tilt

terms are near-zero, so each submatrix has the simpler form:

Kxx =

[
kδδ 0

0 0

]
(3.42)

Now that the joint forces have been defined, it is now necessary to transform them from

joint to nodal coordinates.
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3.1.4.3 Transformation to nodal coordinates

Now that the joint stiffness and damping model has been defined, it is necessary to convert

it into nodal co-ordinates. Using the definition of nodal co-ordinates from Eq. (3.16), the

transformation to joint co-ordinates is given by:

{xb}joint =
[
Rb −Rb

]{[x1

x2

]}
nodal

=
[
Rb −Rb

]
{xb}nodal (3.43)

where the matrix Rb rearranges the nodal coordinates into joint co-ordinates and is given

by:

Rb =


1 0 0 0

0 0 0 1

0 1 0 0

0 0 −1 0


For linear joints, the stiffness and damping matrices of the joint can simply be multiplied

by this transformation to yield the joint properties in nodal co-ordinates. For example,

the stiffness matrix in global co-ordinates is given by:

{Kb}nodal =

[
RT
b

−RT
b

]
{Kb}joint

[
Rb −Rb

]
(3.44)

In addition, the zero-offset force from the joint must be transformed to nodal coordinates

{
f 0
b

}
nodal

=

[
RT
b

−RT
b

]{
f 0
b

}
joint

(3.45)

If the joints are non-linear, then the joint model must still be evaluated. However, the

transformation matrices can be introduced to allow it to be evaluated in nodal coordi-

nates:

{f b}nodal =

[
RT
b

−RT
b

]{
f
([
Rb −Rb

]
{xb}nodal

)}
joint

(3.46)

The joint forces have now been fully defined in nodal coordinates, for both linear and

non-linear joints.
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3.1.5 Complete system

The rotor, stator and joint elements have now been defined, so that it is now possible to

assemble the matrices for the complete system. The assembly process is very similar to

that applied to the rotor in Section 3.1.2.3. The first step is to introduce a transformation

matrix S, which relates the elemental displacements to the global displacement vector:

{x}nodal = S {x}global (3.47)

The contributions of the linear components can be found by simply multiplying by this

transformation. For example, the global mass matrix is given by:

{M}global =
∑
j

STj {M j}nodal Sj (3.48)

where the sum is carried out over all the rotor, stator and joint elements. The same

procedure can be applied for the other matrices and forces to yield the following equation

of motion of the complete rotating machine:

Mẍ+ (ΩG+C) ẋ+Kx+ fnl (x, ẋ) = f e(t) + f g (3.49)

where M , C, K, and G are the mass, damping, stiffness and gyroscopic matrices of

the whole system. The vectors f e and f g contain the excitation forces and gravitational

loads of the complete system. The vector fnl contains the forces from the non-linear

joints.

3.1.6 Modal analysis

In order to perform modal analysis, all of the joints must be linearised, so that the non-

linear term in Eq. (3.49) disappears. This allows the equation of motion in Eq. (3.49) to

be rewritten in the following linearised state-space form [6]:

Aż +Bz = u (3.50)

where z = [ẋ,x]T , and u =
[
f e + f g,0

]T
. The matrices A and B are given by:

A =

[
M ΩG

0 I

]
(3.51) B =

[
C K

−I 0

]
(3.52)

This state-space representation has reduced Eq. (3.49) to a first-order ODE, which allows

standard eigenvalue analysis tools to be used to compute the natural frequencies and

critical speeds. This will now be discussed further.



46 Chapter 3. Background theory

3.1.6.1 Natural frequencies

The natural frequencies can be found by first making the system autonomous, by setting

u to zero. Assuming an exponential solution of the form z = z0e
st, this can be substituted

into Eq. (3.50) to yield:

(sS +R) z0 = 0 (3.53)

This is a generalised eigenvalue problem and can be solved using the eig command in

MATLAB. In this undamped case, the eigenvalues will come in pairs of the form s =

−ζωn ± jωd, and the corresponding eigenvectors z0 will also come in complex conjugate

pairs. Each pair corresponds to a different mode. In order to compute the Campbell

diagram, this equation can be solved for multiple rotor speeds, updating the A and B

matrices each time, in order to ascertain how the modal properties vary. However, a

continuation algorithm must be used to correctly match the modes from one speed to the

next; this can be achieved in MATLAB using the function eigenshuffle [168].

The direction of rotor whirl at a given node can be determined by looking at the relative

phase between the horizontal and vertical deflections. For a rotor spinning around the

positive z axis, there is FW whirl if the y component lags the x component, and BW

whirl if it leads the x component. If the rotor spins in the opposite direction, these rules

are reversed.

3.1.6.2 Critical speeds

An unbalance on one of the rotors will lead to an excitation of the form f s = f 0e
jnΩt,

where n = 1 which is the “engine order”. Other forms of synchronous excitation can

occur at different engine orders, for which n 6= 1. If the damping of the system is small,

a harmonic response of the form x = x0e
jnΩt can be assumed. Substituting this into

Eq. (3.49) equating coefficients of ejnΩt yields:

(
−n2Ω2

[
M − j

n
G

]
+ jnΩC +K

)
x0 = f 0 (3.54)

This can again be expressed in state-space form by making the substitutions z0 =

[jΩx0,x0]T and u0 = [f 0,0]T :(
jΩ

[
n2M − jnG 0

0 I

]
+

[
nC K

−I 0

])
z0 = u0 (3.55)

At resonance, the matrix on the left must be near singular [2]. This leads to another

generalised eigenvalue problem, where the eigenvalues directly yield the critical speeds
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and the eigenvectors are the shape of the response. For an axisymmetric system on

isotropic supports, it can be shown that the FW excitation pattern from the unbalance

is orthogonal to the BW modes, so that only FW modes can be excited and only these

critical speeds need to be retained. However, in the more general case of anisotropic

supports, this orthogonality is lost, and it is then possible for unbalances to also excite

BW modes so all critical speeds have to be considered.

3.1.7 MATLAB implementation

The presented Finite Element model was implemented in MATLAB as a general rotordy-

namic toolbox known as ROLADYN (ROtating LAteral DYNamics) [169]. In contrast to

commercial FE packages which can handle highly complex rotor models, ROLADYN is

tailored to lateral shaft dynamics. Since it is written in MATLAB, it is easy to automate

tasks using scripts and integrate with other numerical tools.

ROLADYN supports systems with zero or more rotors, which are connected to zero or

more rigid stators. The rotors and stators are connected to each other or to ground by

joints, which can be linear or non-linear. The setup is entirely configurable by the user.

ROLADYN first solves for the position where the system is in equilibrium with the self-

weight, and then linearises the model about this point. There are routines to compute

the natural frequencies, mode shapes and critical speeds of the system, as well as the

synchronous and asynchronous frequency response.

ROLADYN can also be integrated with non-linear tools, such as time-marching solvers

(incl. ode45) or more advanced techniques such as Harmonic Balance which will be

presented in Section 3.3. In this case, ROLADYN no longer linearises the non-linear

joints, but evaluates their forces using the non-linear joint model.

3.1.7.1 Validation

The toolbox was validated against results from the literature; for example, shown in

Fig. 3.5 is the Campbell diagram for a flexible 2-disc rotor mounted on anisotropic bear-

ings from [2]. It can be observed that ROLADYN matches the published results well.
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(a) Results from [2]
(b) Results from ROLADYN

Figure 3.5: Validation of ROLADYN

3.2 Quasi-static bearing model

To accurately predict the response of a rotating machine supported by rolling element

bearings, a detailed bearing model is required that can capture its non-linear stiffness, as

well as the influence of features such as clearance and dynamic loading on the elements,

whilst remaining fast to evaluate. The presented bearing model is based on the well-

established quasi-static approach first introduced by Jones [44], and later developed by

Harris [45]. The bearing model will only be presented for the case of ball-bearings, since

these are more commonly used than roller bearings and only ball bearings will be analysed

experimentally in this thesis. The quasi-static approach assumes that the ball dynamics

are very fast, so that interactions between the cage and balls can be ignored, and the ball

is in equilibrium with the rings. This significantly reduces the computational complexity,

and removes unnecessary internal states [170].

Ball bearings typically consist of one or two rows of spherical elements held in place by a

cage. These bearings are primarily used to resist radial loads, but can also be configured

to have a significant axial load capacity. The balls can be arranged so that the contacts

are in plane, or rotated by some angle α0 which is known as the contact angle, as shown

in Fig. 3.6a. If the bearing has multiple rows, the elements will be offset from the central

plane of the bearing by z0. The number of bearing elements will be denoted by Z.

The elements rotate along two curved raceways within the inner and outer rings. It is

typically assumed that this curvature is constant, so that the geometry can be defined

by specifying a radius of curvature re, and the axial and radial location of the centre of

curvature, denoted by ze and Re. The subscript e is to be replaced with i for the inner

ring, and o for the outer ring. This is depicted in Fig. 3.6b.
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Figure 3.6: Definition of REB dimensions

3.2.1 Cage rotation

It is first necessary to define the angular location of each element. It will be assumed

that the elements are adequately constrained by the cage, so that they remain evenly

distributed around the circumference [44]. With reference to Fig. 3.7, the angular position

of each ball ψj is given by [86,102]:

ψj = (j − 1)∆ψ + ψc (3.56)

where ψc is the angle through which the cage has rotated from its initial position. This is

defined to be zero when the first element is directly under the bearing centre. The angle

between each adjacent pair of elements is denoted by ∆ψ = 2π
Z

. Note that the subscripts

j will be dropped in the following sections for brevity, but the equations should be applied

to each element.

3.2.2 Ring deflections

The bearing deflections δbx, δ
b
y, θ

b
x and δby are shown in Fig. 3.7. These deflections are

defined as the inner ring relative to the outer ring, so that the outer ring can be considered

fixed for the remainder of the derivation of the bearing properties [45,46]. However, this
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Figure 3.7: Angular position of elements

is without loss of generality, since the values of these deflections are equally sensitive to

movements of either ring.

In order to determine the contact deflections at the jth element, it is necessary to first

compute the radial and axial ring deflections, r(ψ) and x(ψ), around the bearing. As-

suming the ring deflections are small, this is given by [46]:

[
r(ψ)

z(ψ)

]
= T (ψ)xb −

[
cr

cz

]
(3.57)

where xb is the following bearing displacement vector in nodal co-ordinates:

xb =
[
δbx δby θbx θby

]T
(3.58)

and the transformation matrix T is given by [171]:

T (ψ) =

[
cosψ sinψ −zi sinψ zi cosψ

0 0 Ri sinψ −Ri cosψ

]
(3.59)

where the dimensions Ri and zi are the radial and axial location of the centre of curvature

of the inner race shown in Fig. 3.6b. The terms cr and cz are the radial and axial clearances

respectively. These can have positive or negative values, corresponding to a loose or tight

bearing respectively.



3.2. Quasi-static bearing model 51

3.2.3 Contact forces

The contacts are assumed Hertzian, so that the inner and outer contacts can be computed

from the following power law:

Qe = Ce [δe]n+ (3.60)

where the constant Ce is the Hertzian stiffness coefficient of the relevant contact, and [·]+
denotes saturation to positive values to ensure that there are no attractive contact forces.

The exponent n = 1.5 for the point contacts present within ball bearings. The deflection

at the contact is denoted by δe, but this has not yet been derived. The local stiffness of

each Hertzian contact can be found by differentiating Eq. (3.60):

∂Qe
j

∂δe
= Cen

[
δej
]n−1

+
(3.61)

The Hertzian stiffness coefficient Ce depends on both the material properties of the el-

ements, as well as the curvatures of the elements and races. Assuming the races and

elements are made of the same material, this coefficient has the form:

Ce =
E

1− ν2
F (re, de, D) (3.62)

where E and ν are the Young’s modulus and Poisson’s ratio of the components, and

F (re, de, D) is a geometric factor involving elliptical integrals [19, 53]. This depends on

the diameter of the elements D, as well as the diameter de and radius of curvature re of

the races.

Attention must now turn to the computation of the unknown ball deflections δe, so that

it is then possible to express the contact forces as a function of the ring deflections:

Qe (ψ) = he (r (ψ) , z (ψ)) (3.63)

where the function he(·) will be termed a “contact model”. Two different approaches will

be introduced in the following sections, which apply for different operating conditions.

3.2.4 Low-speed contact model

The simplest case to analyse is where the bearing operates at low speeds, so that the

dynamic loads can be neglected. The free body diagram under these conditions is shown

in Fig. 3.8. It can be observed that the contact loads are the only loads on the balls. This
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Figure 3.8: Free-body force diagram of ball at low-speeds

means that both the inner and outer contact loads and contact angles must be equal,

in order to maintain both radial and axial equilibrium of the balls. This simplifies the

analysis considerably.

3.2.4.1 Contact geometry

The geometry in both the deformed and undeformed cases is depicted in Fig. 3.9. It can

be observed that the ball centre and centres of race curvature are co-linear both before

and after the ring deflects. The initial contact geometry is depicted in Fig. 3.9a. The

distance between the two centres of curvature, denoted by A0, is given by [45]:

A0 =

(
ro −

D

2

)
+

(
ri −

D

2

)
= ro + ri −D (3.64)

After the rings deflect, the distance between curvature centres changes to a new value A,

which has radial and axial components given by [46]:

Ar(ψ) = A0 cosα0 + r(ψ) (3.65)

Az(ψ) = A0 sinα0 + z(ψ) (3.66)

from which A can be computed from Pythagoras:

A(ψ) =
√
Az(ψ)2 + Ar(ψ)2 (3.67)

With reference Fig. 3.9b, the contact angle can be computed directly from the radial and

axial components of A [46]:
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Figure 3.9: Bearing contact geometry at low-speeds

tanα =
Az(ψ)

Ar(ψ)
(3.68)

3.2.4.2 Contact forces

Since the loads at the inner and outer contacts must be equal, the two contacts can be

combined and treated as a single Hertzian contact. The total contact deflection δ is given

by:

δ = A− A0 (3.69)

which can then be substituted into the Hertzian contact law to yield the contact forces:

Q = Qi = Qo = C [δ]n+ (3.70)

where the parameter C is the combined Hertzian coefficient of the inner and outer race

contacts. This can be calculated from the contact coefficient of each individual contact

[19]:

C =
(
C
− 1

n
i + C

− 1
n

o

)− 1
n

(3.71)

The combined contact stiffness can be found by differentiating Eq. (3.70):

K =
∂Q

∂δ
= Cn [δ]n−1

+ (3.72)
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Now that the contact forces have been computed, the low-speed contact model is com-

plete.

3.2.5 High-speed operation

If the bearing operates at high speed, the dynamic loads on the bearing cannot be ne-

glected. In this case, it can no longer be assumed that the contact loads and contact

angles are equal, and a more complex analysis is therefore required.

3.2.5.1 Contact geometry

The deflected configuration for the case with dynamic loads is depicted in Fig. 3.10. It

can be observed that the points of contact and the centre of the ball are no longer co-

linear. In addition, the contact angles at the inner and outer contacts are now different.

It is assumed that each element moves radially by rb, and axially by zb. The distance

between the ball centre and the centre of curvature of the outer raceway will be denoted

by X. With reference to Fig. 3.10, this has axial and radial components given by:

Xr =

(
ro −

D

2

)
cosα0 + rb (3.73)

Xz =

(
ro −

D

2

)
sinα0 + zb (3.74)

The contact deflections at both the inner and outer contacts can then be expressed in

terms of A and X:

δi =

√
(Az(ψ)−Xz)

2 + (Ar(ψ)−Xr)
2 −

(
ri −

D

2

)
(3.75)

δo =
√
X2
z +X2

r −
(
ro −

D

2

)
(3.76)

where the radial and axial components of the distance between race curvatures Ar and

Az can be computed from Eqs. (3.65) and (3.66) respectively. The contact angles in the

deformed configuration at each contact can also be computed using X and A:

tanαi =
Az(ψ)−Xz

Ar(ψ)−Xr

(3.77)

tanαo =
Xz

Xr

(3.78)
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Figure 3.10: Deformed contact geometry at high-speeds

Now that the contact deflections have been defined, the contact loads can be computed

from Eq. (3.60). Unlike in the low-speed model, the inner and outer contacts can no

longer be combined, and must be treated as separate Hertzian contacts.

3.2.5.2 Equilibrium of the elements

In order to eventually solve for the values of the unknown ball deflections rb and zb, it is

necessary to introduce another set of equations. This can be achieved by enforcing radial,

axial and pivotal equilibrium on each ball:

Qi cosαi + Fi sinαi −Qo cosαo − Fo sinαo = −Fc (3.79)

Qi sinαi − Fi cosαi −Qo sinαo + Fo cosαo = 0 (3.80)

Fi + Fo =
2Mg

D
(3.81)

where Qe are the normal loads and F e are the frictional loads at each contact. The

dynamic loads F c and Mg are the centrifugal load and gyroscopic moment on each element

as shown in Fig. 3.11, which will be derived over the next sections.

3.2.5.3 Ball velocities

In order to compute the dynamic loads, it is first necessary to specify the velocities of

the balls using a kinematic analysis. Each ball orbits around the z axis of the bearing
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Figure 3.11: Free-body force diagram of ball at high-speeds
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Figure 3.12: Definition of ball velocities

with a speed ψ̇b. In addition, each elements is able to roll and spin around its own axis,

with a velocity ωb. This has a component orthogonal to the axis of rotation z, which is

known as the spin speed and is denoted by ωs, as depicted in Fig. 3.12. Although the ball

may also have some angular velocity about an axis through the page, which is termed

gyroscopic motion, this can usually be assumed negligible compared to the rolling and

spin velocities [45]. The element orbital speed linearly depends on the rotation speed of

the inner and outer rings, denoted by Ωi and Ωo.

ψ̇b = (1− νm)Ωo + νmΩi (3.82)

where the speed ratio νm can be found from kinematics [44,45]:
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νm =
1

1 + 1+γ cosαo

1−γ cosαi

cosαi+tanβ sinαi

cosαo+tanβ sinαo

(3.83)

where the ratio γ := D
dm

. The resultant ball speed ωb is also linearly proportional to the

ring speeds. In this case, it scales with the difference in ring speeds:

ωb = νs (Ωo − Ωo) (3.84)

where the speed ratio νs can again be computed from kinematics [44,45]:

νs =
1(

cosαo+tanβ sinαo

1+γ cosαo
+ cosαi+tanβ sinαi

1−γ cosαi

)
γ cos β

(3.85)

Unfortunately this does not yet allow the orbital velocity ψ̇b and rotational velocity ωb

to be computed, since the angle β is unknown. One approach is to add additional states

for the velocity of each element, and to incorporate models for the rolling-resistance and

cage interactions [172,173]. However, since the dynamics of these DOF are normally very

fast, a very small time step would be required to accurately simulate this.

An alternative approach is to add a kinematic constraint, so that it is possible to instead

solve for the angle β. The most common approach is the “Control Theory” hypothesis

from [44]. This assumes that there are only frictional loads at either the inner or outer

case, which is termed the race in “control”. It is also assumed that there is no slip at the

contact in control. In the case of outer race control, the angle β is given by:

tan β =
sinαo

cosαo + γ
(3.86)

and for inner race control:

tan β =
sinαi

cosαi − γ
(3.87)

Now that both ψ̇b and ωb are known, it is possible to compute the ball spin speed from:

ωs = ωb sin β (3.88)

After application of the control theory hypothesis, it should be verified that the rolling

moment is larger on the race which is in “control” [44]. This may also not be the same for

every ball. The conditions for inner and outer-race control depend on the loads Qe and
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some geometric parameters, and are given in [44]. One important special case is where

the bearing contact angle is 0. In this case, the speed ratio νm reduces to:

νm =
1

2
(1− γ)

and the balls do not spin so that νs = 0.

3.2.5.4 Dynamic ball loads

Now that the ball velocities have been defined, the dynamic loads on the balls can be

computed. The outward centrifugal load Fc on each ball is given by [45]:

Fc =
1

2
mbdmψ̇

2
b (3.89)

where mb is the ball mass, and ψ̇b is the ball orbital speed, given by Eq. (3.82). The

gyroscopic moment is given by:

Mg = Jbψ̇bωs (3.90)

where Jb is the ball moment of inertia, and ωs is the spin velocity. The frictional loads can

then be found directly by solving Eq. (3.81), and applying the race-control hypothesis.

For outer raceway control, all the load will be resisted at the outer contact, and vice

versa, so that the frictional forces can be written as:

Fi = λi
2

D
Mg (3.91)

Fo = λo
2

D
Mg (3.92)

where λi = 1 and λo = 0 for inner raceway control, and λi = 0 and λo = 1 for outer

raceway control.

3.2.5.5 Solution for ball deflections

In order to solve for the unknown ball deflections rb, zb, the contact loads from Eq. (3.60)

and dynamic loads from Eqs. (3.89) and (3.90) can be substituted into the equilibrium

relations in Eqs. (3.79) and (3.80) to yield an algebraic problem in the elemental deflec-

tions rb, zb. In order to solve this problem numerically, it is convenient to introduce the

following radial and axial forces residuals as:
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∆Fr = Qi,j cosαi,j + Fi,j sinαi,j −Qo,j cosαo,j − Fo,j sinαo,j + Fc,j

∆Fz = Qi,j sinαi,j − Fi,j cosαi,j −Qo,j sinαo,j + Fo,j cosαo,j

which then allow the ball deflections to be found from a Newton-Raphson approach:

[
rb

zb

]
k+1

=

[
rb

zb

]
k

−

[
∂
∂rb

(∆Fr)
∂
∂rb

(∆Fr)
∂
∂zb

(∆Fz)
∂
∂zb

(∆Fz)

]−1

k

[
∆Fr

∆Fz

]
k

(3.93)

where the derivatives in the Jacobian are to be computed numerically. This relation

is iterated until the equilibrium relations in Eq. (3.79) are satisfied to a tolerance of

1× 10−8 N. Once the ball deflections have been found, the ball deflections can be com-

puted from Eqs. (3.75) and (3.76). These deflections can then be substituted into the

Hertzian contact law in Eq. (3.60) to compute the contact loads. This completes the

derivation of the high-speed contact model.

3.2.6 Total ring loads

Once the contact and frictional Qe
j and F e

j have been found using the relevant contact

model from either Section 3.2.4 or Section 3.2.5, the total loads on the inner ring, f ib, and

outer ring, f ob can be computed. The contributions from each element can be summed

up, taking their angular position into account (see Fig. 3.7):

f eb(xb, ψc,Ωe) =


f ex

f ey

τ ex

τ ey

 =
Z∑
j=1

T (ψj)
TR(αej)

[
Qe
j

F e
j

]
(3.94)

where T is the transformation matrix from Eq. (3.59). The matrix R rotates the normal

and tangential forces at the contact into radial and axial components and is given by:

R(α) =

[
cosα sinα

sinα − cosα

]
(3.95)

It should be noted that the total ring load, f eb, depends on cage position ψc due to variable

compliance, and ring speeds Ωe due to dynamic loading on the elements. The bearing

stiffness matrix Kb could be found by summing up the contributions from each element.

However, this requires differentiation of the contact forces and contact angles w.r.t the
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bearing displacements. If certain approximations are made, it is possible to derive very

complex analytical expressions for the stiffness matrix [48]. In this thesis, the stiffness

will instead be computed by numerically differentiating the bearing forces.

3.2.6.1 Ball pass frequency

Due to the cyclic-symmetry of the cage, an element will pass a particular location at a

frequency known as the “Ball Pass Frequency” (BPF). This is also the frequency at which

the bearing load and stiffness will oscillate due to “variable compliance”, which can lead

to a harmonic forcing on the structures connected via the bearings, even without any

external excitation. The BPF is given by:

ωBPF = Zψ̇c (3.96)

where ψ̇c is the rotation speed of the cage. Since the cage will rotate with the elements,

this should be the same as the instantaneous orbital speed of the elements ψ̇b from

Eq. (3.82). However, the orbital speed of each element will fluctuate slightly due to

changes in the contact angle, so that this approach would yield Z different values for the

cage speed. To avoid this, the cage speed ratio was evaluated using Eq. (3.83) with the

elements in the setup position where αi = αo = α0, which will yield a single “average”

value for the cage speed.

3.2.7 Sjovall integral formulation

Although the effect of VC can be significant, the compliance oscillations are often ignored

in the first instance, by computing the average load and stiffness in each direction. This

decouples the influence of the bearing displacement xb, from the influence of the cage angle

ψc, on the bearing load and stiffness [49,89]. The average properties can be computed by

considering the case of an infinite number of elements where the discrete ball locations

ψj are replaced with a continuous domain ψ. The load per unit angle around the bearing

can then be computed from the contact model:

Q̄e (ψ) =
Z

2π
he (r (ψ) , z (ψ)) (3.97)

where he (r, z) is the appropriate contact model from Section 3.2.4 or Section 3.2.5. A

comparison of this continuous load distribution and the discrete element loads for the

same applied load is plotted in Fig. 3.13. It can be observed that the load is more

unevenly distributed when there are discrete elements, with those at the bottom of the
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Q̄ (ψ)

Qj

Qj−1 Qj+1

Figure 3.13: Comparison of continuous load distributions and discrete element loads

bearing being most highly loaded in this particular example. Rather than summing up

the loads, the average ring load f̄
e
b can be computed using an integral formulation [52]:

f̄
e
b(xb,Ωe) =


f̄ ex

f̄ ey

τ̄ ex

τ̄ ey

 =

∫ 2π

0

T (ψ)TR(α(ψ))

[
Q̄e (ψ)

F̄ e (ψ)

]
dψ (3.98)

where the transformation matrix T is from Eq. (3.59) and the rotation matrix R is from

Eq. (3.95). This average load smooths out any fluctuations due to cage position, and

is independent of the cage rotation angle ψc. However, it may still depend on the ring

speeds Ωe due to dynamic loads on the balls.

3.2.8 Summary

A general quasi-static model of a ball bearing has been presented which is able to capture

the influence of internal bearing clearance and dynamic loading on the elements. Two

different approaches have been presented for calculating the bearing load and stiffness; one

which is time-varying and captures the variable compliance of the bearing, and another

integral-based formulation which yields the average stiffness and is independent of cage

angle. This model can now be integrated in a model of a rotating-machine.

3.3 Harmonic balance method

The rolling-element bearing model presented in Section 3.2 was shown to be fundamen-

tally non-linear in nature. This means that once it is incorporated into the model of a

rotating machine from Section 3.1, the equations of motion will also be non-linear, so that

standard linear techniques are no longer applicable for a rigorous dynamic analysis. Such

models could be simulated in the time domain, but they can be analysed more efficiently
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in the frequency domain using the Harmonic Balance Method (HBM). A brief summary

of this approach will now be introduced.

3.3.1 Equation of motion

To begin, the non-linear equation of motion for a general rotating machine from Eq. (3.49)

will be re-written in the following form:

Mẍ+Cẋ+Kx+ fnl (x, ẋ) = f(t) (3.99)

where the non-linear forces now include both the non-linear bearing forces and the gyro-

scopic forces (which are non-linear due to the dependence on rotation speed Ω):

fnl (x, ẋ, t) = f b (x, ẋ) + ΩGẋ (3.100)

and the excitation force f(t) contains both the gravitational load as well as any harmonic

forces, such as those from unbalances on the rotor:

f(t) = f e(t) + f g (3.101)

The equation of motion for the rotating machine has now been expressed in a form to

which harmonic balance can now be applied.

3.3.2 Hyper-time representation

Conventional HBM assumes the system is excited at a single frequency denoted by ω, so

that the response is periodic. Under these assumptions, the response can be written as a

sum of harmonics of the excitation frequency [174]:

x(t) = <

MH
tot∑
0

Xk1,k2e
ikωt


where each frequency component can be written as ωk = kω0. The number of harmonics

included is denoted by MH
tot. Typically more harmonics can be included to improve the

accuracy of the solution.

If a system is excited at two frequencies ω1 and ω2, the system will no longer respond

periodically, unless the ratio between the frequencies happens to be rational. In the

general case that the frequencies are not commensurate, the system is said to respond
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quasi-periodically ; this term emphasises how the response is still harmonic but no longer

periodic. Harmonic balance can be extended to deal with such cases, which is known

as the Generalised Harmonic Balance Method (GHBM). The response can have more

frequency components than with a single base frequency. This is because the system

can respond with both harmonics of the two frequencies, as well as various cross-terms.

Mathematically, each frequency component can be expressed as follows [152,154]:

ωk1,k2 = k1ω1 + k2ω2 (3.102)

The response of the system can then be written in the following form:

x(t1, t2) = <

( ∑
k1,k2∈P

Xk1,k2e
i(k1ω1t1+k2ω2t2)

)
(3.103)

where Xk1,k2 is a complex phasor representing the amplitude and phase of the component

at the frequency ωk1,k2 . A multi-dimensional time domain (also called hypertime) has been

introduced, within which the true time domain is merely one line within hypertime; the

line corresponding to t1 = t2 = t, as depicted visually in Fig. 3.14.
t2

t = t1 = t2

t1
2π
ω1

2π
ω2

Figure 3.14: Depiction of hyper-time for quasi-periodic orbits

The set of integers P must be somehow truncated, but there are several strategies for

achieving this [151]. One possible set is given by [59]:

P =
{
k1, k2 ∈ Z : −MH

1 ≤ k1 ≤MH
1 ,−MH

2 ≤ k2 ≤MH
2 , k1ω1 + k2ω2 ≥ 0

}
(3.104)

where MH
1 and MH

2 are constants. This set is depicted in Fig. 3.15 for the case of

MH
1 = 5,MH

2 = 3. This leads to a total of MH
tot included harmonics, given by [151]:
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MH
tot =

(2MH
1 + 1)(2MH

2 + 1) + 1

2

Typically the larger the values of MH
1 ,M

H
2 , the greater the accuracy, at the expense of

computational cost.

Figure 3.15: Set of harmonics included in GHBM
(
MH

1 = 5,MH
2 = 3

)
In order to compute the time derivative whilst using this multi-dimensional time domain,

it should be noted that:

ẋ =
∂x

∂t
=
∑
i

∂x

∂ti

∂ti
∂t

=
∑
i

∂x

∂ti

since ∂ti
∂t

= 1 for all i. Upon application of these relations to the expression for the

displacement x, the following expression for the velocity ẋ can be derived:

ẋ(t1, t2) = <

( ∑
k1,k2∈P

iωk1,k2Xk1,k2e
i(k1ω1t1+k2ω2t2)

)
(3.105)

where it can be observed that the complex phasor Xk1,k2 has been pre-multiplied by

iωk1,k2 . This corresponds to differentiation in the frequency domain.

3.3.3 Imposing harmonic balance

The expressions for the displacement x and velocity ẋ can again be substituted into the

equations of motion in Eq. (3.99). The components at each frequency can be equated to

yield MH
tot equations of the form:
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[
−ω2

k1,k2
M + iωk1,k2C +K

]
Xk1,k2 + F k1,k2 = U k1,k2 (3.106)

where U k1,k2 is the complex phasor of the excitation forces which can typically be spec-

ified directly. However, the complex phasor of the non-linear forces, denoted by F k1,k2 ,

is unknown and must be computed. These MH
tot equations can be combined into one

equation by combining the phasors Xk1,k2 into the vector z:

z = [x̃T0,0 <(x̃1,0)T =(x̃1,0)T <(x̃2,0)T =(x̃2,0)T

. . . <(x̃0,1)T =(x̃0,1)T . . . <
(
x̃MH

1 ,MH
2

)T
=
(
x̃MH

1 ,MH
2

)T
]T (3.107)

similarly for F and U . The algebraic problem in Eq. (3.106) can then be rewritten in

the following form [151]:

r(z,ω) = L(ω)z + h (ω, z) + g (ω) (3.108)

where r(z,ω) denotes the residual to be minimised, and the frequency vector ω contains

the two excitation frequencies:

ω =
[
ω1 ω2

]T
(3.109)

The vector h (ω, z) in Eq. (3.108) contains the non-linear terms in F k1,k2 , and the vector

g (ω) contains the excitation terms in U k. The term involving the matrix L(ω) is due

to the linear parts of the model and has the form [151,154,174]:

L =



L0,0 0 . . . . . . . . . 0

0 L1,0 . . . . . . . . . 0
...

...
. . . . . . . . .

...
...

...
... L0,1 . . .

...
...

...
...

...
. . .

...

0 . . .
... . . . . . . LMH

1 ,MH
2


(3.110)

with L0,0 = K, but for all other k1 and k2 Lk1,k2 is given by:

Lk1,k2 =

[
K − ω2

k1,k2
M −ωk1,k2C

ωk1,k2C K − ω2
k1,k2

M

]
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The final stage of GHBM is to compute the non-linear terms F k1,k2 , which will now be

presented.

3.3.4 Alternating Frequency-Time

These non-linear phasors F k1,k2 can be computed using an Alternating Frequency Time

(AFT) approach [175]. The general idea is to convert the complex phasors representation

Xk1,k2 from the frequency domain into the time-domain, where the non-linear forces can

be evaluated explicitly using Eq. (3.100). The forces can then be converted from the

frequency domain back into the time domain to yield F k1,k2 . The AFT approach can

be extended to the general case with two base frequencies, by evaluating the non-linear

forces in the hyper-time domain. The whole AFT process can be summarised as [154]:

Xk1,k2
IFFT−−−→ x(t1, t2)→ fnl(x(t1, t2), ẋ(t1, t2))

FFT−−→ F k1,k2

where the Inverse Fast Fourier Transform (IFFT) operation can be implemented using

the harmonic series in Eq. (3.103). The Fast Fourier Transform (FFT) operation can be

implemented using a multi-dimensional Fourier series approach:

F k1,k2 =

 1
T1T2

∫ T2
0

∫ T1
0
fnl(t1, t2)dt1dt2 for k1 = k2 = 0

2
T1T2

∫ T2
0

∫ T1
0
fnl(t1, t2)ei(k1ω1t1+k2ω2t2)dt1dt2 otherwise

(3.111)

When implementing the AFT process numerically, the time domain will be discretised

with MT
1 and MT

2 points over each axis of hypertime. A sufficient number of points must

be selected to avoid aliasing of the higher harmonics present in the non-linear forces [175].

It is possible to compute the non-linear term h (ω, z) directly from the vector z, which

is discussed in more detail in Appendix A. The complete AFT process has now been

presented, and all terms within the equation for harmonic balance in Eq. (3.108) have

now been defined. The harmonic balance equation in Eq. (3.108) can now be solved for

a given set of base frequencies in ω to find the quasi-periodic response of the system.

3.3.5 Stability

In nonlinear systems, some of the periodic solutions found from HBM will actually become

unstable, and the system will diverge from the solution over time. The stability can

be assessed with Hill’s method [174], which yields approximate values of the Floquet

exponents λ using a standard HBM formulation. If these are in the right half-plane, then

the solution is unstable, and vice versa. It was demonstrated in [174] that, under the
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assumption that the perturbation varies slowly with time, the Floquet exponents for a

periodic response can be computed from the following quadratic eigenvalue problem:

Aλ2 +Bλ+
∂r

∂z
= 0 (3.112)

The terms involvingA andB arise from the linear parts of the model, whilst the Jacobian
∂r
∂z

contains additional contributions from the non-linearities. The matrix A is block-

diagonal and given by A = IMH
tot
⊗ 2M [174]. The matrix B is of a very similar form to

the matrix L in Eq. (3.110) [174]:

B =



B0 0 . . . . . . 0

0 B1 . . . . . . 0
...

... B2 . . .
...

...
...

...
. . .

...

0 . . . . . . . . . BMH


where B0 = C but for all other k:

Bk =

[
C −2ωkM

2ωkM C

]
(3.113)

where ωk denotes the kth frequency component included in the HBM problem, and MH

is the number of harmonics included.

Hill’s method is only valid for periodic responses, and there is no equivalent when the

response is quasi-periodic, so it is not possible to directly apply Hill’s method to the

solution found from GBHM in Section 3.3.2. However, it is possible to make the “ad-

justed HBM” approximation [151], where the two base frequencies are adjusted to be

commensurate so that the response becomes periodic. To begin, the ratio of the two base

frequencies ω1

ω2
can be approximated as the ratio of two integers p and q (to a specified

tolerance):

ω1

ω2

≈ p

q
(3.114)

which then means that the two base frequencies are no longer incommensurate. Using this

approximation, each frequency component from GHBM in Eq. (3.102) can be rewritten

as:
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ωk1,k2 = k1ω1 + k2ω2

≈ (k1 + k2
p

q
)ω1

≈ (k1q + k2p)
ω1

q

It can be observed that the base frequency of adjusted HBM is given by ω0 = ω1

q
, and

each approximated frequency component ωk can therefore be written as:

ωk = (k1q + k2p)ω0 (3.115)

The approximate frequencies ωk from Eq. (3.115) can then be substituted into Sec-

tion 3.3.5 to compute the value of the matrix B. They can then also be used to compute

the adjusted HBM Jacobian ∂r
∂z

using the approach in Section 3.3.2; the second base fre-

quency can be removed by setting MH
2 = 0, thereby reducing GHBM to standard HBM.

This Jacobian can then be substituted into Eq. (3.112) to solve for the approximate

Floquet exponents.

3.3.6 Frequency response

The frequency response function (FRF) characterises how the system responds to exci-

tations at each frequency. For linear-systems, this fully characterises the system, but for

non-linear systems, this function must be computed for a given amplitude. The FRF can

become multi-valued at certain frequencies for non-linear systems as will be shown later,

which leads to different responses to upward and downward frequency sweeps. Although

it is possible to solve Eq. (3.108) sequentially for each frequency [176], this can miss sec-

tions of the response curve. Instead, a solution tangential to the previous solution needs

to be found at each step, which is known as continuation.

It is first necessary to describe how the two base frequencies are to vary. In this thesis, the

two base frequencies were assumed to be proportional to each other, so could be written

as:

ω = νµ

where µ is the variable which scales the excitation frequencies, and can now be used as

the continuation parameter. This can then be substituted into Eq. (3.108) to yield:
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r(z,νµ) = 0

which is to be solved for a range of values for µ. A variety of algorithms can be found

in [177] to solve problems like this. For this work, a pseudo-arc length predictor-corrector

method was used, where the tangent at the current point is used to predict the next

solution, and then the problem is linearised in the corrector stage to find an exact solution

[178,179]. This approach will now be briefly summarised.

3.3.6.1 Predictor

The phasor vector z and frequency scale µ can first be combined into one vector z̃:

z̃ =
[
zT µ

]T
(3.116)

In the predictor stage, an approximate solution is found using the tangent ti at the

previous solution:

z̃i+1 = z̃i +4s · ti (3.117)

where 4s is the desired step size and ti is a tangent vector. This can be computed by

first computing the Jacobian w.r.t z̃:

∂r

∂z̃
=
[
∂r
∂z

∂r
∂µ

]
(3.118)

where the derivative w.r.t the frequency scale µ is given by:

∂r

∂µ
= νT

∂r

∂ω
(3.119)

The tangent vector ti can then be found from the null-space of this Jacobian in Eq. (3.118):

ti = null

([
∂r

∂z̃

]
i

)
(3.120)

where ti is normalised so that |t|2 = 1. It is shown how to compute the two terms ∂r
∂z

and ∂r
∂ω

analytically in Appendix A. This completes the derivation of the predictor.

3.3.6.2 Corrector

This solution from the predictor will not be exact, so a corrector stage is necessary.

Pseudo-inverse corrections must be applied iteratively, until Eq. (3.116) is solved to the
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required degree of accuracy as shown below [179]:

z̃i+1 = z̃i −
[
∂r

∂z̃

]+

i

r(z̃i) (3.121)

The final stage is to adjust the step size 4s in order to speed up computation, using

some heuristics. Typically the step size is increased when the corrector converges in

very few iterations. Similarly, the step size is decreased when the corrector takes many

iterations to converge or fails to converge at all. The computation is to be terminated if

the corrector fails to converge even after reducing the step size a certain number of times.

3.3.7 MATLAB implementation

The HBM presented here was implemented in a MATLAB toolbox, called HarmLAB

[180]. The open-source optimiser IP-OPT [181] was used to solve for a single quasi-

periodic response. The pseudo arc-length continuation algorithm from Section 3.3.6 was

implemented in order to allow non-linear FRFs to be computed. The toolbox was vali-

dated by computing the response of simple mass-spring-damper systems with non-linear

stiffness and damping, using both HarmLAB and time integration, and verifying that

the results from the two approaches agree. Additionally, some results from the literature

were reproduced. For example, the non-linear frequency response of a rotor mounted on

a loose bearing from [62] is shown in Fig. 3.16.

(a) Results from Saito [62] (b) Results from HarmLAB

Figure 3.16: Validation of HarmLAB

3.4 Summary

A complete approach for modelling rotor-bearing systems with flexible shafts and rigid

discs has been presented in Section 3.1, which has been implemented in the ROLADYN
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toolbox. A high-fidelity non-linear bearing model was presented in Section 3.2, which

captures the key physics in the bearing, whilst remaining quite fast to evaluate, so is

ideal for integrating into the ROLADYN model of the rotating machine.

Linearised analysis, including computing natural frequencies and mode shapes, can be

carried out using the ROLADYN model. However, for a fully non-linear treatment, the

GHBM presented in Section 3.3 can be used, which is able to directly solve for quasi-

periodic rotor responses, thereby avoiding computationally expensive time-integration.

A continuation algorithm was presented allowing non-linear FRFs to be computed.



Chapter 4

Parametric study of a Jeffcott rotor

supported by a deep-groove ball

bearing

Rolling-element bearings are a potential source of non-linearity within rotating machinery,

and hence there is a strong need to accurately predict their influence on the response of

such systems. Although the effect of rolling-element bearings on the nonlinear dynamic

response of rotor systems has been studied in great detail, little attention has been paid to

the influence of the different physical mechanisms. Previous studies have also been limited

by the available numerical techniques, and often only individual effects were investigated.

In this chapter, an in-depth study on a simplified rotor-bearing system will be carried out,

which was initially published in [182]. The high fidelity rolling-element bearing model

from Section 3.2 will be applied to the case of an unbalanced Jeffcott rotor supported by a

deep-groove ball bearing (DGBB), to study the non-linear vibration transmission through

the bearing. The Generalised Harmonic Balance Method (GHBM) from Section 3.3 will

be applied in a novel way in order to also capture the quasi-periodicity in the rotor

response due to variable compliance, which is otherwise often ignored.

An extensive parameter study will then be performed using this approach, in order to

quantify the influence of the different physical effects in the bearing. Particular attention

will be paid to providing physical explanations for the observed non-linear behaviour of

the system. The parameter study will include internal radial clearance, compliance of

the outer ring, centrifugal loading on the elements, and finally compliance in the stator

supporting the bearing.

72
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4.1 Deep-groove ball-bearing model

The bearing was chosen to be a SKF6002 deep-groove ball bearing (DGBB), which has

already been examined in the literature by multiple authors [64,73,86,144]. These bear-

ings typically consist of a single row of spherical elements held in place by a cage, and are

designed to resist primarily radial load. This bearing arrangement is depicted in Fig. 4.1.

Note that the contact angle α0 is zero.

D

cr
2

dm
2

O

cr
2

Centreline

B

Figure 4.1: Bearing dimensions

4.1.1 Parameters

This bearing has known parameters which are listed in Table 4.1. The radial clearance is

denoted by cr, but this can vary depending on the bearing. Small clearance corresponds

to the SKF designation C2, whereas large clearance corresponds to C5.

Table 4.1: SKF 6002 dimensions [144]

Symbol Description Value Units

Z Number of balls 9 -
B Outer ring width 9 mm
D Ball diameter 4.76 mm

dm
Diameter between

ball centres 23.5 mm

cr Radial clearance
2.5 (C2)
20 (C5) µm

The values of the inner and outer race contact stiffness parameters for the SKF6002

bearing considered in this paper were obtained from [144] and are shown in Table 4.2.
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Table 4.2: SKF 6002 contact parameters [144]

Symbol Description Value Units

Ci
Stiffness constant
of inner contact 1.939× 1010 N m−3/2

Co
Stiffness constant
of outer contact 2.055× 1010 N m−3/2

4.1.2 Simplified Model

The bearing model from Section 3.2 is able to accurately predict the behaviour of any

type of ball bearing, including the DGBB used in this study. However, it is possible to

make some simplifications for this type of bearing, in order to speed up the computation.

The 2 DOF bearing deflection vector will be defined as:

xb =
[
δbx δby

]T
(4.1)

4.1.2.1 Kinematics

If the bearing is only loaded radially, it can be assumed without loss of accuracy that

both the rings and elements only move in plane, as shown in Fig. 4.2. The radial ring

deflection r(ψ) around the bearing can now be written simply as [46]:

r(ψ) = δbx sinψ − δby cosψ − cr (4.2)

where δbx and δby are the relative horizontal and vertical bearing deflections. As in the

bearing model in Section 3.2, the ball is assumed to deflect radially, which is denoted by

rb,j. However, unlike in Section 3.2, the inner and outer rings of the bearing are no longer

assumed rigid, so that the elastic ring deflections vij and voj have been introduced.

With reference to Fig. 4.2, the deflections at the inner, δij, and outer, δoj , contacts can

then be expressed as:

δij = r(ψj)− vij − rb,j (4.3)

δoj = −voj + rb,j (4.4)

With all the contact deflections defined, attention can move to equilibrium of the ele-

ments.
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Figure 4.2: Contact forces and deflections

4.1.2.2 Equilibrium

Since the contact angle is zero, the elements will not spin, so there is no gyroscopic

moment on the balls. This also means that there are no frictional loads at the contacts.

However, the centrifugal load will remain, so the equation enforcing radial equilibrium of

the jth ball can be reduced to:

Qi
j −Qo

j + F c
j = 0 (4.5)

where Qe
j are the contact loads, and F c

j are the centrifugal loads on each element as shown

in Fig. 4.2. Similarly, the equations for radial equilibrium of the rings is given by:

Qe
j −N e

j = 0 (4.6)

where N e
j is the radial force reacted by the rings. Now that the contact loads and

stiffnesses have been defined, attention can move onto determining the load and stiffness

at each element.

4.1.3 Contact model

In Section 3.2.4 and Section 3.2.5, it was shown to be possible to express loads at the

contacts as a function of the ring deflections only, once the unknown ball deflections have

been solved for. However, for this simplified case with only planar motion, this can be

further simplified, since the bearing only deflects radially and there are no frictional loads

at the contacts. The contact load can now be expressed as a function of only the ring

deflection r(ψj):
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Qe = he (r(ψ))

where the subscript j has been neglected for brevity. This notation will be maintained for

the remainder of this section. The function he(r) defines what will be referred to as the

“contact model” which is consistent with Section 3.2. This expression can be substituted

into the equilibrium relation Eq. (4.5), and differentiated with respect to r to give:

K = h′i (r(ψ)) = h′o (r(ψ))

which is the total stiffness of the inner contact, outer contact, and rings in series with each

other. It can be observed that this property is the same at either ring. Unlike with the

general case where the contact angle can vary, this completely defines the contribution

of the given element to the total bearing stiffness, since the contact angle is always zero.

In the following sections, different types of contact model will be derived, based upon

different assumptions about the speed of the rotor and ring flexibility.

4.1.3.1 Low-speed operation with compliant rings

The simplest case which will be considered is where the bearing operates at low-speed,

so that the centrifugal loads can be neglected and F c = 0. As in the general case

in Section 3.2.4, the contacts can be combined into a single Hertzian contact, with a

combined deflection given by:

δ = δi + δo = r(ψ)−
(
vi + vo

)
(4.7)

and the contact loads and stiffnesses can be evaluated from the combined contact law in

Eqs. (3.70) and (3.72) respectively.

If the compliance arising from the elastic deflection of the rings is to be included in the

model, the value of the ring deflections ve in Eq. (4.7) are unknowns to be found. A

simplified ring compliance model based on the recently presented work by Leontiev et

al. [55] will be used here, where each ring is divided into Z segments of angle ∆ψ, one

for each element in the bearing. Each segment is then allowed to deflect radially by a

uniform amount ve, which leads to a deformation pattern similar to the one shown in

Fig. 4.3. Under this assumption, the radial load N e can then be computed [55]:

N e =

[
EAev

e

de/2
+

EIev
e

(de/2∓ ve)3

]
∆ψ (4.8)
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Figure 4.3: Ring compliance model from [55]

where E is the Young’s Modulus, A is the area and I is the second moment of area of the

outer ring. The first term in Eq. (4.8) is due to circumferential compression of the ring,

and the second is due to the change in the curvature; note that the negative sign applies

for the case of the inner ring (e = i), and the positive sign applies for the case of the

outer ring (e = o). For the DGBB considered here, the race radius de can be calculated

from de = dm ∓ (D + cr).

Differentiating Eq. (4.8) with regards to the radial displacement ve leads to an expression

for the ring stiffness for the segment:

∂N e

∂ve
=

[
EAe
de/2

+
EIe

(de/2∓ve)3

(
1∓ 3ve

de/2∓ve

)]
∆ψ (4.9)

Since the effect of inner and outer ring compliance will be qualitatively very similar, it

will be assumed that only the outer ring is compliant in this work, and consequently

the inner ring deflections vi will be set to zero but the outer ring deflections vo must be

computed. The outer ring cross-section will be approximated as rectangular with width

B, and an effective thickness t, as shown in Fig. 4.3, which will be varied during the

analysis. It will be assumed to be made of steel with Young’s modulus Esteel = 200 GPa.

In order to solve for the values of ve, the equations for the contact forces in Eq. (3.70)

and the ring load in Eq. (4.8) describing the contact and ring forces respectively can be

substituted into Eq. (4.6) to enforce ring equilibrium. This leads to a non-linear algebraic

equation in vo which can be solved numerically using the Newton-Raphson method:

[vo]k+1 = [vo]k +

[
Q−N o

∂Q
∂δ

+ ∂No

∂vo

]
k

. (4.10)

where the terms in the denominator can be found from Eqs. (3.72) and (4.9) respectively.
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Starting from an initial guess [vo]0 = 0 only a few iterations were needed until the

equilibrium equation in Eq. (4.6) was satisfied to a tolerance of 1× 10−8 N.

Once the ring deflections and contact loads have been found, the elemental stiffness can

be computed from:

K =

([
∂Q

∂δ

]−1

+

[
∂N o

∂vo

]−1
)−1

(4.11)

where there is one contribution from contacts, and another from the outer ring compli-

ance. If ring compliance is to be neglected, then the outer ring can simply be set to

vo = 0, and the contact loads can then be evaluated directly. The elemental stiffness

then reduces to just that of the contacts:

K =
∂Q

∂δ
(4.12)

The expressions in Eq. (4.11) and Eq. (4.12) yield an accurate estimate of the contact

stiffness when there are no dynamic loads on the balls. However, this model may give

inaccurate results if the ring compliance or centrifugal loading become significant, in

which case a more complex solution process is required. This will be introduced in the

following section.

4.1.3.2 High-speed operation with rigid rings

The rotation of the cage during operation generates an outward centrifugal load F c on

each element, given by Eq. (3.89). In this investigation it will be assumed that the balls

are made of steel with ρ = ρsteel = 7800 kg m−3. The influence of centrifugal loads will

only be considered for the case with rigid rings for which ve = 0, so that the influence of

the centrifugal loads can be studied in isolation. This has the additional benefit that it

simplifies the analysis. However, it is possible that in real applications both effects could

be significant.

In order to find the contact loads, the inner and outer contacts can no longer be combined

as the contact loads will be unequal. Instead, each contact load must be found separately

from Eq. (3.60), where the contact deflections δe come from Eqs. (4.3) and (4.4), noting

that vi = vo = 0 since the rings are assumed rigid.

In order to solve for the unknown ball deflection rb, the centrifugal load from Eq. (3.89)

and contact loads from Eq. (3.60) can be substituted into the equilibrium relation in

Eq. (4.5) to yield an algebraic problem in the ball deflection rb. As in Section 3.2.5.5,

this can be solved using a Newton-Raphson approach, except that for this simpler planar

bearing, analytical derivatives are now available:
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[rb]k+1 = [rb]k +

[
Qi + F c −Qo

∂Qi

∂δi
+ ∂Qo

∂δo

]
k

. (4.13)

where the contact stiffness terms in the denominator are given in Eq. (3.61). This re-

lation is iterated until the equilibrium equation in Eq. (4.5) is satisfied to a tolerance

of 1× 10−8 N. The initial guess [u]0 was set to the elemental deflection in case of no

centrifugal loading:

[rb]0 =
C

1
n
o

C
1
n
i + C

1
n
o

[r(ψ)]+

Once the elemental deflection has been found, the contact stiffness at each ring is simply

determined by the stiffness of the Hertzian contacts in series with each other:

K =

([
∂Qi

∂δi

]−1

+

[
∂Qo

∂δo

]−1
)−1

(4.14)

Eq. (4.14) gives a much more accurate estimate of the contact stiffness when the cen-

trifugal loading on the elements is significant.

4.1.4 Load and stiffness

Due to the cyclic-symmetric nature of rolling-element bearings, the elastic properties vary

with both rotation angle, as well as the bearing deflection. The two different methods for

computing the load introduced in Sections 3.2.6 and 3.2.7 will be applied to the simplified

case of a DGBB, which will allow these two effects to be decoupled. In addition, it is

now possible to derive analytical expressions for the total bearing stiffness.

4.1.4.1 Time-varying load and stiffness

Once the contact loads Qe
j and elemental stiffnesses Kj have been evaluated using the

appropriate elemental compliance model from Section 4.1.3, the total load on the inner

ring, f ib, and outer ring, f ob can be computed. As in Section 3.2.6, the contributions from

each element can be summed up, whilst taking their angular position into account [183]:

f eb(xb, ψc) =

[
f ex

f ey

]
=

Z∑
j=1

Qe
j

[
sinψj

− cosψj

]
(4.15)

where xb is the bearing displacement vector from Eq. (4.1). Note that this expression

is much simpler than for the 4DOF model, since the contact angles are all fixed to 0.
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This also means that, unlike in the general case, the bearing stiffness matrix Kb can

be found by simply summing up all the previously introduced contributions from each

element [183]:

Kb(xb, ψc) =

[
kxx kxy

kyx kyy

]
=

[
∂fex
∂x

∂fex
∂y

∂fey
∂x

∂fey
∂y

]

=
Z∑
j=1

Kj

[
sin2 ψj − sinψj cosψj

− sinψj cosψj cos2 ψj

]
(4.16)

With expressions for the total load f eb, and stiffness Kb, available, the bearing model is

now fully described. However, both the load and stiffness depend on the cage angle ψc,

and will therefore vary over time which is known as “variable compliance” (VC). As an

example, the variation of the horizontal, vertical and cross-stiffnesses with cage angle has

been plotted in Fig. 4.4, in the case that a constant vertical load is applied; the horizontal

stiffness is typically at a maximum when there are elements either side of the bearing

centre as shown in Fig. 4.4a, and the vertical stiffness is at a maximum when there is a

ball directly under the bearing centre shown in Fig. 4.4b.

The cross-stiffness is zero at both of these cage angles, because the elements are then

symmetrically distributed either side of the vertical plane. However, it becomes non-zero

at all other cage angles when the symmetry is broken. For this particular bearing, the

horizontal stiffness was found to vary by around 20 %, and the vertical stiffness by around

3 %, so these effects are significant.

Due to the cyclic-symmetry of the cage, it should be noted that the bearing load and

stiffness will oscillate at the BPF given in Eq. (3.96), which can excite the structures

connected via the bearings. To identify the impact of this often neglected excitation

source on the rotor dynamic response, a particular focus will be placed on this behaviour

during simulation.

4.1.4.2 Average load and stiffness

Although VC can be significant, the compliance oscillations are often ignored in the

first instance, by computing the average load and stiffness in each direction using the

Sjovall integral formulation in Section 3.2.7. The resulting average stiffnesses are overlaid

on Fig. 4.4 as dotted lines. With this formulation the average load and stiffness is

independent of the cage position, but may still depend on cage speed due to centrifugal

loading on the elements.
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Figure 4.4: Variation of bearing stiffness with cage position

4.1.4.3 Damping

REBs are typically quite lightly damped components, so the damping mechanisms are

typically not as significant as the elastic non-linearities, which have been incorporated

into the bearing model. For this reason, instead of a physical damping model, a simple

viscous bearing damping term will be included. The damping load on each ring is given

by:

f eb,d =

[
f ex

f ey

]
d

= ±cb

[
ẋb

ẏb

]
= ±Cbẋb

where Cb = cbI, and the positive sign is for the inner ring and the negative sign for the

outer ring. This completes the derivation of the simplified bearing model, incorporating

the effect of clearance, ring compliance centrifugal loads and variable compliance. The

bearing model can now be integrated into a rotor model.
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4.2 Jeffcott rotor

In order to assess the significance of the different bearing non-linearities on a rotor dy-

namic system, the response of a rigid Jeffcott rotor will be considered, as shown in Fig. 4.5.

The rotor is assumed to spin at a constant speed Ω and is supported by the DGBB from

Section 4.1. Gyroscopic effects were not included, as these could mask the influence of

the bearing. The bearing is connected to ground via linear spring and viscous damping

elements, representing a generic support structure, similar to the configuration considered

in [62]. The horizontal and vertical deflections of the rotor centroid are denoted by xr

and yr respectively in Fig. 4.5 while the stator deflection is expressed by xs and ys. The

rotation angle of the rotor is denoted by Θ = Ωt. All the relevant rotor parameters are

summarised in Table 4.3.

mr

Θ,Ω fub cos Ωt

fub sin Ωt

ks

ψc, ψ̇c

cs = βsks

kscs = βsks

mrg

xs

ys

xr

yr

ε

Figure 4.5: Jeffcott rotor mounted on a REB

4.2.1 Equations of motion

Denoting the rotor and stator displacements with vectors xr =
[
xr yr

]T
and xs =[

xs ys

]T
respectively, the equations of motion of the rotor and stator can be written as:

M rẍr +Cb (ẋr − ẋs) + f ib(xr − xs, ψ̇ct) = f r,e(t) (4.17)

Csẋs +Ksxs −Cb (ẋr − ẋs)− f ob(xr − xs, ψ̇ct) = 0 (4.18)

where M r = mrI, Cs = csI and Ks = ksI. The vectors f ib and f ob are the non-

linear bearing forces from Eq. (4.15), and the terms involving Cb are due to the bearing
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Table 4.3: Baseline Jeffcott rotor parameters

Symbol Description Value Units

mr Rotor mass 6 kg
ks Stator stiffness ∞ N m−1

βs

Stator Rayleigh
damping 1× 10−4 -

g
Acceleration due

to gravity 9.81 m s−2

damping. The vector f r,e contains the external forces on the rotor. Eqs. (4.17) and (4.18)

can then be combined to the general form:

Mẍ+Cẋ+Kx+ fnl (x, t) = f e(t) (4.19)

where M , C, and K are the global mass, damping and stiffness matrices respectively,

x =
[
xr

T xs
T
]T

is the global position vector and f e =
[
fTr,e 0

]T
is the global excitation

vector. The non-linear forces fnl depend on time due to the variable compliance of the

bearing discussed in Section 4.1.4.1.

4.2.2 External forces

The rotor in Fig. 4.5 is excited by a small mass unbalance, which will be expressed in

terms of an offset ε between the rotor Centre of Gravity (CoG) and centroid, leading to

an unbalance force fub = mrεΩ
2. The rotor also experiences a static downward load mrg

due to its self-weight. The total force on the rotor f r,e in Eq. (4.17) can therefore be

written as:

f r,e(t) = f g + <
(
fube

iΩt
)

(4.20)

where f g =
[
0 −mrg

]T
is due to the self-weight and fub = fub

[
1 −i

]T
represents the

rotating unbalance force.

4.2.3 Performance metrics

To quantify the vibration behaviour of the rotor, three different performance metrics will

be used. The first will be the synchronous transmissibility, Tx, y, defined as the ratio

between the unbalance force and the load transmitted to the stator. Mathematically,

this can be written as:
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Tx =
{f ox}1X

fub
Ty =

{
f oy
}

1X

fub

where only the synchronous component of the stator load is included, denoted by the

subscript 1X. Note that the unbalance force is synchronous by definition. If the Jeffcott

rotor were mounted on rigid bearings, this metric would be unity. If this metric is smaller

than unity, it indicates attenuation of vibrations, and if it is greater than unity, it suggests

amplification. The transmissibility will remain independent of the forcing amplitude if

a system is linear, but this will no longer be true when non-linearity is present in the

system.

The second metric assesses the self-excitation due to the variable compliance effect in

the bearing. This may excite both the rotor and stator, and in turn impact the overall

dynamic behaviour. The performance metric used here will be the load transmitted to

the stator at the ball pass frequency (BPF):

F b
x = {f ox}BPF F b

y =
{
f oy
}

BPF

If the bearing had an infinite number of elements, or the average loads from Section 4.1.4.2

were used, this forcing would be 0 and hence no response would be expected at this

frequency. However, if the time-varying loads from Section 4.1.4.1 are used, the load will

vary as the cage rotates, leading to additional harmonic forcing and this metric will be

non-zero.

The last metric is the position of the centre of the rotor orbit. This is given by the 0 Hz

component of the horizontal x, and vertical y components of the rotor response, denoted

by the subscript DC:

x̄ = {xr}DC ȳ = {yr}DC

For a linear system, this would not vary with excitation frequency or amplitude, since the

response to static loads on the structure would be independent of the dynamic response.

However, this is no longer true for non-linear systems.

4.2.4 Summary

A model of a Jeffcott rotor supported by non-linear bearings has been introduced. The

physical bearing model allows the impact of a wide range of bearing parameters on the

dynamic response of the system to be assessed, including the clearance, centrifugal loading

or ring compliance, whilst incorporating the variable compliance effect. Various metrics
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have been introduced to assess the impact of the bearings on the non-linear response of

the system. However, due to the cyclic-symmetric and non-linear nature of the bearing,

advanced numerical methods are required to analyse the frequency response in an efficient

way.

4.3 Application of GHBM

The equations of motion for the Jeffcott rotor system in Eqs. (4.17) and (4.18) have

a nonlinear form, preventing the use of standard linear solution techniques to compute

the response. Time domain solvers, such as ode15s in MATLAB, are widely used to

solve such nonlinear equations, and although they are a powerful tool for capturing all

forms of response, convergence issues can make them very slow and computationally

expensive. Alternatively the nonlinear response can be analysed much more efficiently in

the frequency domain using the Harmonic Balance Method (HBM) [176]. Due to its high

efficiency, standard HBM has been used successfully to compute the nonlinear dynamic

response of rotor-bearing systems [102, 150] under the assumption that the response of

the system will be periodic with the fundamental frequency equal to the rotation speed

Ω.

However, if the VC effect from Section 4.1.4.1 is to be included in the analysis, as is

the intention of this study, an additional periodicity is being introduced via the bearing

stiffness matrix which varies at the BPF. Unless the BPF happens to be commensurate

with the shaft rotation frequency, the response will in fact be quasi-periodic, for which

conventional HBM is inadequate. Instead of resorting to computationally-expensive time-

integration, an alternative approach is to apply the GHBM from Section 3.3 which can

capture quasi-periodic responses. To the authors’ knowledge no attempts have been made

in the literature to date to study the combined effect of unbalance and VC on a rotor-

bearing system using harmonic balance. A new approach to achieve this using GHBM

will be introduced in the following sections.

4.3.1 Base frequencies

For a nonlinear dynamic rotor system with unbalance and VC excitation, two base fre-

quencies will be present: (i) the rotation speed ω1 = Ω, arising from the synchronous

excitation, and (ii) the ball pass frequency ω2 = ωBPF . These two base frequencies can

both be expressed in terms of the rotor speed Ω:

ω =

[
ω1

ω2

]
=

[
Ω

ωBPF

]
= Ω

[
1

νmZ

]
(4.21)
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Figure 4.6: Depiction of hyper-time for the Jeffcott rotor

where the speed ratio νm can be computed from Eq. (3.83), and has the value of 0.4 for

the SKF6002 bearing in this study, so that the BPF is around 3.6Ω. The rotor speed Ω

was selected as the continuation parameter, since both base frequencies were proportional

to Ω.

4.3.2 Application of AFT to cyclic-symmetric systems

As discussed in Section 3.3.4, a common approach for computing the contribution of

the nonlinearities is to use the Alternating Frequency/Time (AFT) method [154]. One

way this can be extended to quasi-periodic problems is to introduce a multi-dimensional

time domain (or hyper-time) [153], as discussed in Section 3.3.4. This concept can be

applied to a rotor-bearing system with unbalance and VC, in such a way as to exploit

the cyclic-symmetry of the system. The rotor is assumed to spin at a speed Ω = ω1 along

the domain t1, with the cage held fixed. Conversely the cage rotates along the domain

t2 at speed ψ̇c = ω2

Z
, with the rotor held fixed. This idea is depicted in Fig. 4.6, where

the x-axis represents t1 with the rotor rotation, while the y-axis represents t2 with the

cage rotation. The true time domain, t, where both the rotor and cage will rotate but at

different speeds, is represented by a diagonal line in hyper-time where t = t1 = t2.

It should be noted that the nonlinear bearing force f b has an explicit dependence on t2

and not t1. This is because the nonlinear bearing forces vary with cage angle ψc, which

varies with t2 only according to the definition of hyper-time used here.

4.3.3 Simulation using HarmLAB

The response of the Jeffcott rotor was simulated using the novel application of GHBM

using the HarmLAB toolbox presented in Section 3.3. The stability was computed using
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Hill’s method with adjusted HBM as described in Section 3.3.5. Applying this approach

to the Jeffcott rotor in this paper, the ratio between the BPF and rotor speed νmZ was

approximated as the ratio of two integers p and q (to an accuracy of 1× 10−4), such that

Zνm ≈ p
q
.

4.3.4 Summary

The proposed application of the GHBM, in combination with the pseudo arc-length con-

tinuation and Hill’s method for stability, provides, for the first time, an efficient way to

study the nonlinear unbalance response of a rotor-bearing system whilst including the

VC effect. This therefore represents a more complete and accurate method for computing

the nonlinear dynamic response of a rotor-bearing system than previous approaches.

4.4 Baseline system

The previously introduced model of the Jeffcott rotor from Section 4.2 supported by the

non-linear time-varying DGBB model from Section 4.1 will be analysed in detail using the

GHBM approach presented in Section 4.3. The aim is to better understand the influence

of the bearing on the response of the system, with a particular focus on the effect of

variable compliance and the non-linear bearing stiffness.

The input parameters of the baseline model are shown in Tables 4.1 to 4.3. Centrifugal

loads were neglected at this stage and both rings and the stator were assumed to be rigid,

in order to keep the complexity of the baseline to a minimum. The clearance was set to

the C2 level shown in Table 4.1, corresponding to a radial clearance of 2.5 µm.

4.4.1 Validation of GHBM

The first step was to validate the novel application of the GHBM to the rotor-bearing

system from Section 4.3, in order to ensure that the predictions were accurate. For this

purpose, the solution from GHBM was compared to the solution from time integration

of the equations of motion in Eqs. (4.17) and (4.18), with use of ode15s in MATLAB.

The number of harmonics MH for each frequency ω1,2 in the GHBM computation was

chosen so that the dominant peaks in the spectrum of the response could be captured,

across a range of speeds and unbalance levels, ensuring the results would be sufficiently

accurate. The number of discrete time points NT
1,2 was set to be 4× the minimum dictated

by the Nyquist frequency for each ω1,2, in order to minimise aliasing, leading to the GHBM

parameters in Table 4.4. It is important to note that the multi-dimensional FFT/IFFT
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Figure 4.7: Comparison of the orbits obtained from integrating the ODE and GHBM

operations were evaluated over MT
1 ×MT

2 = 40 × 24 = 960 points; leading to accurate

results with relatively few points over each dimension [151].

The resulting rotor orbits from time-integration and GHBM are shown in Fig. 4.7 for three

rotation speeds Ω and three unbalance levels ε. The two methods provide identical results

for the first two excitation levels, and show a very similar behaviour at the highest exci-

tation level, although small differences are visible. Both approaches accurately capture

the clearly quasi-periodic nature of the response, which leads to the rotor never retracing

exactly the same orbit. This is due to the time-dependence introduced by the variable

compliance effect, which is in agreement with results from [90]. Based on the comparison

of the solutions from GHBM and time solution, it can be concluded that GHBM, with

Table 4.4: Harmonic balance parameters for the Jeffcott rotor

Symbol Description Value

MH
1 No. of harmonics in ω1 5

MH
2 No. of harmonics in ω2 3

MT
1 No. of time points over t1 40

MT
2 No. of time points over t2 24

ω2

ω1
Ratio between base frequencies 3.5885

p,q Rational approximation of freq. ratio 750, 209
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the selected number of harmonics, is indeed able to capture the quasi-periodic response

of the rotor system accurately.

Both solutions were found on a Windows PC with an 8-Core i7 processor and 32GB of

memory using MATLAB 2018b, where approximately 16 sec of computation time were

needed to compute the solution at a given frequency using ode15s, while only 2 sec were

needed using the GHBM approach. This 8x increase in computational speed, in combina-

tion with the ability to apply continuation to the analysis, highlighted the great potential

the GHBM has for quasi-periodic rotordynamic problems, and all of the following results

will be consequently based on the GHBM approach.

4.4.2 Bearing stiffness

The dynamic response of the rotor system is heavily dependent on the bearing stiffness,

which in turn depends on the rotor deflection, and the cage angle of the bearing. In order

to evaluate the non-linear stiffness characteristic of the baseline bearing, independent of

the cage angle, the average bearing stiffness from Section 4.1.4.2 has been computed for

different horizontal and vertical rotor positions and the results are shown in Fig. 4.8. The

variation of the time-varying bearing stiffness from Section 4.1.4.1 was then computed in

the equilibrium position, in order to quantify the variable compliance. This is plotted in

Fig. 4.9.

(a) Horizontal sweep (b) Vertical sweep

Figure 4.8: Variation of the average bearing stiffness with rotor position for the baseline
system
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4.4.2.1 Rotor displacement

The variation of the average horizontal stiffness k̄xx with rotor position was computed

by varying the horizontal rotor position, whilst maintaining vertical equilibrium. It can

be observed in the top graph of Fig. 4.8a that the stiffness increases monotonically as

the rotor moves away from the centre, x = 0, in either direction. This is due to an

increase in the size of the loaded zone, as well as the hardening characteristic of the

Hertzian contacts. The variation of the cross-stiffness k̄xy with horizontal rotor motion

x is shown in the bottom graph of Fig. 4.8a. The cross-stiffness is zero when the rotor

is in the centre, due to the symmetry of the system, but as the rotor moves horizontally

away from the centre, the load distribution becomes asymmetric and the cross-stiffness

becomes non-zero. As the rotor displaces even further, the coupling stiffness, k̄xy, tends

back to zero, since the influence of the self-weight becomes negligible compared to the

large horizontal rotor deflection, and the load distribution becomes symmetric about the

x-axis once more.

The average vertical stiffness k̄yy is plotted in Fig. 4.8b where the rotor was moved

vertically while maintaining horizontal equilibrium. The position where the rotor is in

vertical equilibrium with its self-weight is marked with a diamond. The rotor sags by

approximately 6 µm due to the self-weight. When the rotor moves further downwards, the

vertical stiffness increases due to an increase in the size of the loaded zone and Hertzian

contact stiffening. However, when the rotor moves upwards from its equilibrium position,

the stiffness initially reduces as the effect of the self weight is removed. When the rotor

is near the central position y = 0, there is a deadband where the stiffness is zero, which

is due to the radial clearance. If the rotor deflects even further upward, the stiffness

increases once more as the elements at the top of the bearing become loaded. There is

no such deadband in the horizontal stiffness, since the presence of the self-weight ensures

that there is always some contact. The cross-stiffness k̄xy remains zero if the rotor moves

vertically because the load distribution remains symmetric about the y-axis, and has

therefore not been plotted.

4.4.2.2 Cage position

The variation of the time-varying stiffness with cage angle at the equilibrium position of

the rotor is plotted in Fig. 4.9. It is clear that the stiffness strongly depends on the cage

angle, and can vary quite differently in each direction. In the vertical direction it reaches

its maximum when a ball is directly under and over the rotor, while in the horizontal

direction the maximum stiffness is reached when there are balls either side.

It is important to note that the variation in stiffness is larger in the horizontal direction

(20 %) than in the vertical direction (3 %). The horizontal stiffness has its main contri-



4.4. Baseline system 91

Figure 4.9: Variation of the stiffness with cage angle for the baseline system

bution from the elements at the edges of the loaded zone since these contact loads have

the greatest horizontal component, and the overall stiffness is consequently very sensitive

to their angular position since their contribution is proportional to sin2 ψj. The vertical

stiffness on the other hand is mainly determined by the elements underneath the rotor,

which have a small angle ψj. Their contribution to the vertical stiffness is proportional

to cos2 ψj, but this is much less sensitive to variations in ψj.

The cross-stiffness is zero when the balls are positioned symmetrically about the vertical

plane, but non-zero otherwise. This occurs when ψc = 0 or π
Z

. The strong change

in stiffness behaviour around ψc = π
Z

corresponds to a region where there is an extra

element in the loaded zone. There is a non-smooth transition when an element enters or

leaves the load zone.

4.4.2.3 Summary

The results show that the stiffness varies considerably as the rotor deflects leading to

a highly non-linear characteristic. In addition, the bearing stiffness varies as the cage

rotates, leading to the time-dependent variable compliance effect, which can further excite

the rotor.



92 Chapter 4. Parametric study of a Jeffcott rotor supported by a DGBB

Figure 4.10: Frequency response of the baseline system

4.4.3 Frequency response

With the accuracy of the GHBM implementation confirmed, and an understanding of

the bearing stiffness behaviour obtained, the frequency response of the baseline rotor was

computed for increasing levels of rotor unbalance, leading to the results in Fig. 4.10. The

displacement of the centre of the rotor orbit (x̄, ȳ) is shown in the left hand column,

the unbalance transmissibility across the bearing in the central column, and the self-

excitation due to variable compliance in the right hand column. The dashed lines denote

where the periodic solution is unstable.

It can be observed that there are distinct resonances in the horizontal (x) and vertical

(y) directions. At low excitation levels, the horizontal resonance is at 213 Hz and the

vertical resonance is higher at 376 Hz, which is consistent with the different stiffnesses in

each direction discussed in the previous section. The vertical position of the centre of

the rotor orbit ȳ moves towards 0 at resonance. The horizontal position x̄ is always zero,

and only becomes non-zero when the quasi-periodic solution loses stability. It can also

be observed that the forcing due to VC has resonances at speeds well below the primary

resonances.

In order to condense and highlight the most important information contained in the

frequency plots in Fig. 4.10 the variation of the resonance frequency, Ωmax, the peak

horizontal/vertical transmissibility, |Tx|max and |Ty|max, and the vertical position of the

orbit centre ȳmax can be plotted over the unbalance level, ε, which is shown in Fig. 4.11.

Similarly the maximum forcing amplitude at the BPF due to VC, and the frequency at
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which this occurs can be plotted over the unbalance level, ε, which is shown in Fig. 4.12.

These results will now be discussed in more detail.

4.4.3.1 Synchronous Transmissibility

The unbalance transmissibility in the central column of Fig. 4.10 shows that the horizontal

peaks start to lean to the right as the unbalance level is increased due to the horizontal

stiffness increasing as the rotor oscillates with larger amplitudes, as shown in Fig. 4.8a.

Interestingly, the vertical resonance leans to the left at low unbalance levels due to the

initial reduction in stiffness as the rotor enters the deadband region in Fig. 4.8b. At

higher unbalances, the rotor deflects so much that it passes through to the other side of

the deadband, so that the effective stiffness is actually increased and the peak starts to

lean to the right. This softening/stiffening effect of the non-linear bearing is in agreement

with the literature [102] and highlights that the system is strongly non-linear.

The stiffening effect of the bearings is so strong that “jump phenomena” start to appear

at the higher unbalance levels, where the periodic solution becomes unstable under the

peak, denoted by the dotted lines. Additionally, both resonant peaks become unstable

for certain medium excitation levels, before regaining stability at higher unbalance levels.

Using time integration, the system was found to respond chaotically in these unstable

regions which is in good agreement with the literature [64, 73, 75, 86, 101, 144]. These

unstable regions are clearly identifiable in Fig. 4.11, where they are marked as dashed

lines.

It can also be observed in Fig. 4.10 that cross-resonances start to appear at higher un-

balance levels. At the horizontal resonance frequency, a peak starts to appear in the

vertical response. In this case the cross-stiffness becomes non-zero as the rotor oscillates

horizontally, which excites the rotor in the vertical direction. As the unbalance level is

further increased, this cross-resonance becomes larger and the primary vertical resonance

becomes smaller. Eventually the cross-resonance forms the dominant part of the vertical

response, leading to a single resonance with circular orbits and equal motion in the hori-

zontal and vertical directions. In this regime, the effect of the self-weight of the rotor is

negligible compared to the dynamic loads, so the resonance frequencies and amplitudes

are identical in both directions as clearly shown in Fig. 4.11. The resonance frequency

more than doubles for the highest load case and the peak vibration transmission increases

significantly in this regime. This can be attributed to the fact that the effective damping

ratio is given by ζr ≈ cb
2mωn

, where the bearing damping cb is constant but the effective

natural frequency ωn increases due to the non-linear bearing stiffness, and therefore the

effective damping ratio is reduced.

Another feature to observe in Fig. 4.10 are the small sub-resonances in the horizontal
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Figure 4.11: Unbalance transmissibility of
the baseline system at resonance

Figure 4.12: VC forcing of the baseline sys-
tem at resonance

transmissibility around 180 Hz, which only appear at the highest excitation levels. This

is approximately half of the vertical natural frequency, so is therefore evidence of 2×
components in the response.

4.4.3.2 Centre of rotor orbit

The position of the centre of the rotor orbit is shown in the left hand column of Fig. 4.10.

The horizontal position x̄ remains near zero due to the symmetry of the system, but the

vertical position ȳ varies considerably, which can be more clearly seen in Fig. 4.11. At

higher unbalance levels, the rotor moves upward towards the centre position at resonance,

because the self-weight becomes negligible compared to the dynamic loads, and no longer

impacts the rotor motion. This is also visible on the bottom graph of Fig. 4.11.

4.4.3.3 Self-excitation due to variable compliance

Due to the novel use of the GHBM in this paper, the forcing due to variable compliance

could be computed and is shown in the right hand column of Fig. 4.10. There are

prominent peaks in the forcing in both the vertical and horizontal directions, when the
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Ball Pass Frequency ωBPF coincides with the natural frequency ωn of the underlying linear

system of either the vertical or horizontal mode. The mathematical relation is given by

Ω = ωn

νmZ
.

The frequency of maximum forcing varies very little with the excitation level, but the

magnitude of the peaks reduces slightly at very high excitation levels as Fig. 4.12 shows

more clearly. The latter indicates an influence of the unbalance forces even at these lower

frequencies and suggests that the variable compliance phenomenon is most relevant for

small unbalance levels. Surprisingly the forcing is greater in the vertical direction, despite

the fact that the horizontal stiffness was found to be more sensitive to cage position (see

Fig. 4.9). This effect could be attributed to the variations in cross-stiffness which can

also excite the rotor in the vertical direction.

4.4.3.4 Summary

The results from the baseline configuration show that the rolling-element bearing leads

to a highly non-linear unbalance response, with changes in the vibration transmission

with the amplitude of excitation. In addition the variable compliance effect introduces

further sub-synchronous forcing, leading to sub-resonances at low frequencies. In order

to identify which of the bearing features particularly influence the observed behaviour, a

parameter study will be presented next.

4.5 Parameter study

The influence of four key bearing features on the Jeffcott rotor response will now be

investigated in more detail. In each section, the parameter of interest will be varied

whilst keeping all others fixed at the baseline values, as outlined in Table 4.5. For each

parameter, the impact on the bearing stiffness will be discussed initially, which will

support the interpretation of the frequency response.

Table 4.5: Configurations for each section of the parameter study

Section Clearance Outer ring C.f. loads Stator

Section 4.4 Baseline C2 Rigid No Rigid

Section 4.5.1 Clearance Varied Rigid No Rigid
Section 4.5.2 Ring Compliance C2 Flexible No Rigid
Section 4.5.3 Centrifugal Loading C2 Rigid Yes Rigid
Section 4.5.4 Stator Compliance C2 Rigid No Flexible
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4.5.1 Clearance

The clearance is one of the largest sources of non-linearity in a bearing, so the radial

clearance cr was chosen for the first parameter study. It was increased from its nominal

C2 value of 2.5 µm to the C5 level of 20 µm, and decreased to 0 µm corresponding to a

perfect fit. In addition the effect of a radial preload on the bearing was considered by

setting cr to −2.5 µm.

4.5.1.1 Stiffness

The horizontal and vertical stiffness variation was computed in the same way as outlined

in Section 4.4. The results for the average horizontal stiffness in Fig. 4.13a show a high

sensitivity to the clearance level.

The preload case (cr = −2.5 µm) has a higher overall stiffness level as the loaded zone

encompasses the whole of the bearing as shown in Fig. 4.14. The stiffness initially reduces

as the rotor moves away from the centre as the loaded zone initially decreases in size due

to loss of preload on the lightly loaded side of the bearing. At larger displacements

the stiffness starts to increase again since the effect of the stiffening Hertzian contact

dominates. For the cases of a loose bearing (cr > 0 µm), the size of the loaded zone is

smaller as seen in Fig. 4.14. This means the overall stiffness level is reduced. However,

the stiffness increases monotonically in this case, since the loaded zone increases in size

as the rotor moves horizontally.

The cross-stiffness in Fig. 4.13a is near zero for the preloaded case, but reaches higher

values when the bearing is loose. This can be attributed to the load distribution becoming

more asymmetric as the rotor moves horizontally. It is interesting to note that the

maximum cross-stiffness is reached at a greater deflection as the clearance is increased,

but the maximum value does not seem to be affected. As was found in the baseline case,

the cross-stiffness tends back to zero for very large displacements.

The radial clearance has a very similar effect on the vertical stiffness, as shown in

Fig. 4.13b. The most noticeable difference is that for the loose bearings, a deadband

around the centre of the bearing where the stiffness is zero; the size of the deadband

depends directly on the clearance level. For the preload case, it can also be observed

that the vertical stiffness is very close to the horizontal stiffness in Fig. 4.13a. This is be-

cause the radial preload dominates over the self-weight, so the bearing stiffness is nearly

axisymmetric.

In order to understand if the clearance changes the sensitivity of the bearing stiffness to

cage angle, the stiffness in the rotor equilibrium position is plotted over a range of cage

angles ψc in Fig. 4.15. It can be seen that larger clearances lead to a greater sensitivity to
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(a) Horizontal sweep (b) Vertical sweep

Figure 4.13: Variation of the average bearing stiffness with rotor position for different
clearance levels

Figure 4.14: Variation of elemental stiffness distribution in equilibrium position for dif-
ferent clearance levels

cage angle. To explain this behaviour, Fig. 4.16 shows the number of loaded elements that

are in contact as the cage rotates. When the bearing is preloaded, all elements remain

in contact at all times, leading to a bearing stiffness independent of cage angle, while

increasing clearance leads to a smaller and a changing number of loaded elements. There

is a larger variation in vertical stiffness when the clearance is small (cr = 2.5 µm), but

a larger variation in horizontal stiffness when the clearance is large (cr = 20 µm). This

highlights a complex interaction between the clearance level and the variable compliance,

since the variations in stiffness as the cage rotates are not only determined by the number

of loaded elements at each cage angle, but also the angular positions of each element.

In general, the internal clearance appears to have a significant impact on the stiffness of
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Figure 4.15: Variation of the bearing stiffness with cage angle for different clearance levels

Figure 4.16: Variation of number of loaded elements with cage angle for different clearance
levels

the bearing, and consequently it is expected to also have a strong impact on the frequency

response of the system.

4.5.1.2 Frequency response

The frequency response was computed for all clearance levels, but only the condensed

variation of the response at resonance is shown in Fig. 4.17. Considering first the linear

response at low unbalance levels, ε, it can be seen that the resonance frequencies in both

directions, Ωmax, are reduced when the bearing is loose, and increased when the bearing

is preloaded. This behaviour can be attributed to the changes in the bearing stiffnesses

observed in Fig. 4.13.
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(a) Horizontal mode (b) Vertical mode

Figure 4.17: Variation of unbalance transmissibility at resonance with clearance

At higher excitation levels the resonance frequencies become much more dependent on

the clearance. For the preload case (cr = −2.5 µm), some softening can be observed as

the excitation increases, which is followed by a hardening effect, consistent with the more

complex stiffness variation in Fig. 4.13. The resonance frequencies of the vertical and

horizontal mode are similar for all unbalance levels, due to similar stiffness values in each

direction.

For the cases without preload (cr ≥ 0 µm), the resonance frequencies Ωmax, increase with

the excitation level, which is consistent with the hardening effect shown in Fig. 4.13.

When the clearance is very large (cr = 20 µm) the vertical mode shows a softening

behaviour. This is because the size of the deadband in the vertical bearing stiffness is

increased, so the rotor does not deflect enough to reach the stiffening regime. If the

unbalance level was increased even further, it would eventually display a stiffening effect.

An unstable region appears for all clearance cases, indicated by a dashed line, which

is caused by the deadband in the stiffness characteristic. As the clearance is increased,

these unstable regions are shifted to higher excitation levels. This can be attributed to

a smoother change in stiffness at the edges of the deadband so that the system must

be excited harder to initiate instability. If the excitation level is further increased, the
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(a) Horizontal mode (b) Vertical mode

Figure 4.18: Variation of VC forcing at resonance with clearance

system is once more stabilised by the addition of the radial preload; this has been observed

in other studies [65]. These results show that the instability induced by the bearing is

strongly influenced by the radial clearance, but that it can be controlled by applying a

preload.

The peak vibration transmission in Fig. 4.17 is reduced as the bearing clearance is in-

creased. Since the damping in the system is kept constant, this increase in response

amplitude can be directly linked to the change in resonance frequency, which is also quite

apparent from Fig. 4.17. As the resonance frequency reduces, the effective damping ratio

increases due to the simple relationship of ζr ≈ cb
2mωn

.

It can also be observed from the bottom graphs in Fig. 4.17 that the centre of the rotor

orbit at low unbalance levels moves downward as the clearance is increased. This is

because the rotor must sag in order to load the bearing and support the weight of the

rotor. However, the orbit centre moves upward towards 0 at high unbalance levels no

matter the level of clearance, since the influence of the unbalance loading starts to negate

the impact of the self-weight.

The variation of the VC forcing at resonance can be seen in Fig. 4.18 for different ex-

citation and clearance levels. The magnitude of the forcing generally increases with the

radial clearance, which can be attributed to the increased sensitivity of the stiffness to

the cage position, as shown in Fig. 4.15.

When the bearing is preloaded, there is no VC forcing at all, since the stiffness does

not vary with the cage angle. The frequency of the maximum forcing reduces with
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clearance, which is consistent with the above mentioned reduction in bearing stiffness.

The VC forcing generally remains constant for most of the excitation range, both in

frequency and amplitude. Only at very large excitation levels in the vertical direction,

some variations can be observed, where smaller clearance values (cr = 2.5 µm) lead to a

small drop in VC forcing, while a large clearance (cr = 20 µm) leads to an increase in

forcing. This is likely due to some interaction with the unbalance excitation. Another

interesting point to note is that the vertical forcing is larger than the horizontal forcing

for a small clearance (cr = 2.5 µm), whereas the converse is true for a larger clearance

(cr = 20 µm). This is likely affected by the significant changes in the cross-stiffness shown

in Fig. 4.15. Based on these results it can be observed that radial clearance generally

amplifies the significance of variable compliance, and that non-negligible forces can be

generated by it.

It has been shown that bearing clearance has a large influence on the rotor response. It

controls whether there is a stiffening or softening effect in the response, strongly impacts

the bearing stability, and it amplifies the VC forcing that a bearing experiences.

4.5.2 Ring Compliance

The influence of ring compliance on the dynamic response of the Jeffcott rotor will be

investigated next. For this purpose, the outer ring of the bearing will be made compliant,

and its thickness t will be varied from 2.5 mm to 25 mm to control its stiffness.

4.5.2.1 Stiffness

The average stiffness variation with rotor position is shown in Fig. 4.19. It can be seen

that reducing the ring thickness, and hence increasing the ring compliance, leads to only

a small reduction in bearing stiffness which applies in both the horizontal and vertical

direction. The ring compliance has a tendency to reduce the maximum elemental load,

as depicted in Fig. 4.20, which agrees with results from the literature [55,78]. When the

rotor moves very far in either direction, the contact loads and hence stiffnesses increase,

which in turn makes the rings the dominant sources of compliance. This also means that

the stiffness reduction increases as the ring thickness is reduced.

The cross-coupling reduces very slightly as the rings are made more compliant, as can be

observed in Fig. 4.19a. This stiffness term mainly arises from a transfer of load from the

most heavily loaded elements underneath the rotor to the adjacent ones, making the load

distribution around the bearing asymmetric. However, the ring compliance distributes

the loads between the elements more evenly so that the load distribution remains more

symmetric as the rotor moves horizontally.
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(a) Horizontal sweep (b) Vertical sweep

Figure 4.19: Variation of the average bearing stiffness with rotor position for different
levels of ring compliance

Figure 4.20: Elemental stiffness distribution in equilibrium position for different levels of
ring compliance

The sensitivity of the bearing stiffness to cage angle is plotted in Fig. 4.21 for different

ring thicknesses. It can be observed that the central lobes around ψc = π
Z

are wider when

the rings are more compliant. The ring compliance transfers more load to the elements at

the edge of the loaded zone as shown in Fig. 4.20, so that these elements remain loaded

for a wider range of cage angles. This can be confirmed by examining the number of

loaded elements which is shown in Fig. 4.22.

The peak horizontal stiffness kxx at ψ = π
Z

is actually increased as the rings are made

more compliant, which is again because more load is transferred to the elements at the

edges of the loaded zone by the ring compliance, so they add a greater contribution to the

horizontal stiffness. On the other hand, the horizontal stiffness ψ = 0 is reduced as the
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Figure 4.21: Variation of the bearing stiffness with cage angle for different levels of ring
compliance

Figure 4.22: Variation of number of loaded elements with cage angle for different levels
of ring compliance

rings are made more compliant, due to the general softening effect of the ring compliance.

This means that the horizontal stiffness varies over a greater range as the rings are made

more compliant. The absolute variation in vertical stiffnesses kyy is reduced as the rings

are made more compliant. However, the mean vertical stiffness also reduces with ring

compliance, so that the relative variation in vertical stiffness actually increases, like the

horizontal stiffness.

In summary it can be observed, that the bearing stiffness is reduced very slightly as the

rings are made more compliant, but this becomes more significant as the rotor deflects

further. The bearing stiffness becomes slightly more sensitive to cage position.
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(a) Horizontal mode (b) Vertical mode

Figure 4.23: Variation of unbalance transmissibility at resonance with ring compliance

4.5.2.2 Frequency response

As with the previous cases, the frequency response was computed for different ring com-

pliance levels, and the variation of the synchronous response at resonance is shown in

Fig. 4.23. The resonance frequencies for the horizontal and vertical mode reduce slightly

as the rings are made more compliant, but the effect only becomes of relevance at higher

excitation levels. This is consistent with the larger stiffness reduction due to the ring

compliance in Fig. 4.19. The peak transmissibility very much mirrors the frequency be-

haviour, which can once more be linked to the effective damping ratio in the system. The

vertical position of the rotor, ȳmax, in Fig. 4.23 is slightly lower at resonance for more

compliant rings due to an overall reduction in the bearing stiffness.

The stable region of the system is unchanged by ring compliance since the unstable

regions appear at the same excitation levels as in the baseline case. This indicates that

the ring compliance does not impact the stability of the system, and further supports

the conclusions from Section 4.5.1 that the instability is mainly driven by the bearing

clearance.

The variation of the VC forcing due to ring compliance is plotted in Fig. 4.24. The

magnitude of the forcing increases slightly as the rings are made more compliant which
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(a) Horizontal mode (b) Vertical mode

Figure 4.24: Variation of VC forcing at resonance with ring compliance

is consistent with the larger variations in stiffness with cage position shown in Fig. 4.21.

There is a drop in forcing at high excitation levels for all levels of ring compliance, due to

an interaction with the unbalance excitation. The frequency of maximum forcing drops

as the rings are made more compliant, since the linearised natural frequency of the system

is reduced by the ring compliance.

Generally it can be said that the ring compliance leads to a small drop in the resonance

frequency, which becomes more significant at higher amplitudes. It does not seem to

affect the instability of the system, and its effect on the VC behaviour of the bearing is

relatively small.

4.5.3 Centrifugal loading

No other studies in the literature were found to focus on the effect of centrifugal loading

on the bearing elements in the context of rotating machines. Consequently their impact

was investigated in some detail in this work, by artificially varying the ball density. This

was first set to the true value for steel (ρsteel = 7800 kg m−3), and then doubled and

quadrupled in order to scale the centrifugal loads. The baseline case was also included,

where the centrifugal loads were neglected, which corresponds to setting ρ = 0 kg m−3.
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4.5.3.1 Stiffness

The stiffness computation was performed at a speed of Ω = 600 Hz to ensure the centrifu-

gal loads will be strong enough to influence the bearing behaviour. The resulting average

horizontal stiffness, kxx, in Fig. 4.25a shows only a small dependence on the centrifugal

load, where higher centrifugal loading leads to a slightly softer behaviour. Looking at

the load distribution plot in Fig. 4.26 it can be seen that higher centrifugal loads have a

tendency to slightly unload the contacts at the edge of the loaded zone and hence reduce

their contribution to the horizontal stiffness. With increasing horizontal rotor displace-

ment, the reduction in stiffness becomes smaller, since the elastic loads in the bearing

dominate over the centrifugal loads.

The cross-stiffness variation is shown in the bottom graph of Fig. 4.25a and is increased

very slightly by the introduction of centrifugal loads. As the rotor moves horizontally, the

more lightly loaded side of the bearing is further unloaded by the centrifugal loading on

the elements, which increases the asymmetry of the load distribution around the bearing

(see Fig. 4.26), thereby slightly increasing the cross-stiffness.

The average vertical stiffness in Fig. 4.25b shows that the deadband around the centre

of the bearing is wider with centrifugal loads, leading to an increase in the effective

clearance. This can be attributed to an unloading of the inner contacts due to the

centrifugal forces, leading to a larger displacement of the inner ring before it comes

into contact with the elements. As an interesting side effect, the rotor sags slightly

further in the equilibrium position when centrifugal loads are introduced. Although

the effective clearance is increased, the stiffness in the equilibrium position is counter-

intuitively increased very slightly. This can be related to load distribution being more

focused on the elements underneath the bearing (see Fig. 4.26), which provide the greatest

contribution on the vertical stiffness.

The stiffness variation with the cage position is shown in Fig. 4.27. It can be seen that

the bearing stiffness is much more sensitive to cage position when centrifugal loads are

included. For the horizontal stiffness, kxx the lobe of the baseline case around ψc = π
Z

,

where an extra element becomes loaded, is replaced by a flat region with a much lower

stiffness. This behaviour can be attributed to a decrease in the number of loaded elements

due to the centrifugal loading, as shown in Fig. 4.28 where higher centrifugal loads lead

to wider areas of reduced element contact. As a result the load distribution is distorted

in the presence of centrifugal loads (see Fig. 4.26), and consequently the cage must rotate

further for the next contact to enter the loaded zone. This effect also amplifies the cross-

stiffness in this regime. The maximum horizontal stiffness values are much less affected

by the cage position.

The vertical stiffness is also heavily affected by the cage position, with a similar flat
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(a) Horizontal sweep (b) Vertical sweep

Figure 4.25: Variation of the average bearing stiffness with rotor position at Ω = 600 Hz
for different levels of centrifugal loading

Figure 4.26: Elemental stiffness distribution in equilibrium position at Ω = 600 Hz for
different levels of centrifugal loading

section around ψc = π
Z

. The maximum vertical stiffness, which occurs at ψc = 0 and

ψc = 2π
Z

, is increased by the centrifugal loads which once more can be linked to the

previously discussed more focused load distribution in this case (see Fig. 4.26).

In summary the centrifugal loading has a very limited influence on the bearing stiffness,

but it significantly increases the sensitivity towards cage position, potentially leading to

greater self-excitation due to variable compliance.
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Figure 4.27: Variation of the bearing stiffness with cage angle at Ω = 600 Hz for different
levels of centrifugal loading

Figure 4.28: Variation of number of loaded elements with cage angle at Ω = 600 Hz for
different levels of centrifugal loading

4.5.3.2 Frequency response

The variation of the response at resonance in Fig. 4.29 shows that the centrifugal loads

have a very small influence on the rotor response. As the centrifugal loading level is

increased, there is a very slight reduction in the resonance frequencies for both modes,

which is consistent with the drop in stiffness shown in Fig. 4.25. This reduction in the

resonance frequency becomes less significant at the highest excitation levels where the

elastic forces at the contacts start to dominate.

Although the resonance frequencies themselves are not affected much, the unstable regions

at medium excitation levels are influenced by the centrifugal loading. Particularly for the
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(a) Horizontal mode (b) Vertical mode

Figure 4.29: Variation of unbalance transmissibility at resonance with centrifugal loading

vertical mode in Fig. 4.29b, larger centrifugal loads lead to a loss of stability at smaller

unbalance levels. This effect is driven by the centrifugal loads increasing the effective

clearance which has previously been shown to destabilise the system (see Section 4.5.1).

On the other hand, the stability of the horizontal mode in Fig. 4.29a is unaffected, as

the self-weight of the rotor prevents the centrifugal loads from increasing the effective

clearance in this direction.

The variation of the VC forcing with the level of centrifugal loading can be seen in Fig. 4.30

where an increase in the centrifugal loading leads to an increase in the VC forcing.

The increase in forcing is smaller than might be expected from the relatively significant

changes in bearing stiffness shown in Fig. 4.27. This is because the sub-resonances occur

at low frequencies around 100 Hz, whereas the bearing stiffness in Fig. 4.27 was analysed

at a much higher speed of 600 Hz. It should be kept in mind that this is application

specific, and consequently this effect may be quite strong for other rotors and bearings.

Another feature of increasing the level centrifugal loading was a strong downward motion

of the rotor with increasing rotational speed (see Fig. 4.31). This could be once more

attributed to the speed dependent increase in clearance due to the centrifugal ball loading.

The inclusion of the centrifugal loading into the bearing model shows very small effect on
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(a) Horizontal mode (b) Vertical mode

Figure 4.30: Variation of VC forcing at resonance with centrifugal loading

Figure 4.31: Variation of mean vertical rotor position with centrifugal loading for different
speeds with ε = 1× 10−8 m

the actual dynamic response of the Jeffcott rotor, but it slightly destabilises the system

and can lead to a different equilibrium position, potentially impacting the safe operation

of the rotor.

4.5.4 Stator compliance

The final parameter study focused on the effect of a flexible stator. For this purpose the

support stiffness ks in horizontal and vertical direction was varied over a wide range. The

limiting case of a rigid stator, as in the baseline configuration, was also considered by

setting ks =∞.
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(a) Horizontal sweep (b) Vertical sweep

Figure 4.32: Variation of the average bearing stiffness with rotor position for different
levels of stator compliance

4.5.4.1 Stiffness

The overall stiffness of the bearing in series with the stator has been plotted in Fig. 4.32.

Not surprisingly, as the stator compliance is increased, the vertical and horizontal stiff-

nesses reduce considerably and become less and less dependent on the displacement since

the linear stator compliance starts to dominate. This has the additional consequence that

the cross-stiffness is also reduced and the behaviour is generally more linear. However,

it should be noted that the deadband in the vertical stiffness remains, since this purely

depends on the clearance of the bearing, which is not affected by the support stiffness.

Fig. 4.33 shows the variation of the overall bearing stiffness with cage angle. As the stator

becomes more compliant, the sensitivity of all of the stiffness terms to the cage position

is reduced. This is because the stator compliance dominates the behaviour, which is

axisymmetric and independent of the cage position.

In summary, considerable changes to the stiffness behaviour of the bearing can be observed

when the stator compliance is increased. The rotor support becomes much softer and

more linear.

4.5.4.2 Frequency response

Given the strong changes in the bearing support stiffness due to stator compliance, a

significant change in the frequency response would be expected. Fig. 4.34 shows that

as the stator becomes more compliant, the resonance frequencies reduce and the linear

regime extends to higher excitation amplitudes. For the softest case of ks = 1 MN m−1,



112 Chapter 4. Parametric study of a Jeffcott rotor supported by a DGBB

Figure 4.33: Variation of the bearing stiffness with cage angle for different levels of stator
compliance

there is no change in the resonance frequency even at the highest excitation level, which

is in agreement with the full linearisation of the stiffness characteristic in Fig. 4.32. This

also means that the peak transmissibility remains constant. Stator compliance has the

additional consequence that the mean rotor position, ȳmax, does not move upward so

much at resonance, since the static response of the linearised system is unaffected by the

unbalance response.

The unstable regions in Fig. 4.34 move to higher unbalance levels as the stator becomes

more compliant with the lowest stiffness level ks = 1 MN m−1 leading to a totally stable

system. Previous results in Section 4.5.1 have shown that the instability predominantly

depends on the clearance and its effect on the stiffness behaviour (deadband). As the sup-

port gets softer, the transition from the deadband region to the contact zone in Fig. 4.32b

becomes smoother and smoother, hence stabilising the system.

The maximum VC forcing is shown in Fig. 4.35. It reduces considerably when the stator

becomes compliant since the stator compliance dominates, making the system less sensi-

tive to the cage position (see Fig. 4.33). The frequency of maximum forcing also reduces

significantly with increasing stator compliance, since the overall system is softer.

Increasing stator compliance has a significant effect on the rotordynamic response, by

linearising the system and reducing the resonance frequency. In addition the system is

also stabilised, and VC effects become less relevant.
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(a) Horizontal mode (b) Vertical mode

Figure 4.34: Variation of unbalance transmissibility at resonance with stator compliance

(a) Horizontal mode (b) Vertical mode

Figure 4.35: Variation of VC forcing at resonance with stator compliance
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4.6 Discussion

This study on the influence of a non-linear rolling-element bearing on the unbalance

response of a Jeffcott rotor has highlighted the relative importance of different features

from a modelling perspective.

When there is a static radial load on the bearing, it can no longer be considered symmet-

ric, leading to different stiffnesses in the horizontal and vertical directions. In the case

investigated in this paper, the vertical stiffness was approximately 2× higher than the hor-

izontal direction due to the weight of the rotor, which agrees with the literature [5]. This

asymmetry led to a splitting of the resonance frequencies, where the vertical mode had

a higher frequency (376 Hz) than the horizontal mode (213 Hz). The frequency response

displayed significant non-linear behaviour, where the vertical mode initially decreased in

frequency as the unbalance load was increased, before eventually increasing significantly,

whereas the resonance frequency of the horizontal mode increased monotonically. At the

highest excitation levels, the two modes converged towards a single resonance frequency

of 674 Hz.

At medium unbalance levels, the response of the horizontal and vertical modes can become

unstable, which was attributed to the radial clearance. At very high unbalance levels the

influence of the self-weight is negligible, so that the rotor exhibits circular orbits around

the centre. This also means the effect of the clearance becomes negligible so that the

response can regain stability.

A particular feature of this investigation was the inclusion of variable compliance (VC),

and its effect on the rotor response was considered in detail. The General Harmonic Bal-

ance method proved to be an effective tool to study rotor-bearing systems which display

quasi-periodic responses due to VC. It was shown that VC led to sub-synchronous exci-

tation, which generated extra resonances at lower frequencies, where the VC frequency

coincided with the natural frequency of the horizontal and vertical modes of the under-

lying linear system. The forcing due to variable compliance was generally insensitive

to unbalance level, as it is driven purely by the cyclic-symmetry of the bearing. The

resulting forcing amplitude was in the range 10 N to 40 N, and was determined by the

sensitivity of the bearing stiffness to cage position.

4.6.1 Clearance

Clearance was found to have the largest influence on the bearing characteristic and is

the greatest source of bearing non-linearity. It was found in Section 4.5.1 that when the

bearing is loose, the response in the horizontal direction displayed hardening behaviour,

whereas the vertical response displayed an initial softening then hardening behaviour. If



4.6. Discussion 115

the bearing is radially preloaded, both modes were found to increase in frequency signif-

icantly (by around 300 Hz) and display softening then hardening behaviour. Clearance

was identified as the main driver of instability in the system, due to the sudden change in

stiffness when the clearance gap is closed. These unstable regions covered a wider range

of unbalance levels as the clearance was increased, but could be controlled by radially

preloading the bearing. It was also observed that increasing the bearing clearance mag-

nified the variation in compliance as the cage rotates, leading to a 8× increase in VC

forcing.

4.6.2 Ring compliance

Ring compliance is rarely included in bearing models, but the results in Section 4.5.2

showed that this phenomenon can lead to a small reduction in bearing stiffness (up to

7 % in the vertical direction). The reduction in stiffness became more significant as the

bearing was more highly loaded (where there can be up to a 16 % drop in stiffness),

so it is particularly important that attention is paid to how the rings are supported in

applications where the vibration levels are high. Ring compliance was also found to

increase the self-excitation from the VC effect somewhat (by up to 5 N), but was not

found to change the overall softening/hardening characteristic of the non-linearity.

4.6.3 Centrifugal loading

Centrifugal loading on the bearing elements was found to have a very small effect on the

rotor dynamic response in Section 4.5.3, and led to a very small reduction in resonance

frequency (up to 2 %) and no change to the non-linear stiffness characteristic. For very

heavy balls, the unstable region extended to higher unbalance levels due to an increase

in effective clearance, but this corresponded to non-physical ball densities. The most

significant effect of the centrifugal loading was that the rotor drifts downward as the

rotor speed was increased (up to 15 % of the static deflection), which can strongly affect

rotor and disc clearances in high accuracy applications. Centrifugal loading was found

to slightly increase the self-excitation due to variable compliance (by around 2 N), due to

the increase in effective clearance. It should be noted that centrifugal loading may have

a greater influence in bearings with angled contacts, where the dynamic loads can lead

to changes in the contact angle.

4.6.4 Stator compliance

It was found in Section 4.5.4 that increasing the level of stator compliance reduces the

resonance frequency of both modes, and more importantly, the system becomes more
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linear because the influence of the bearing is reduced. Additionally, the instability induced

by the bearing clearance was found to disappear when the supports were very soft, and

the self-excitation from variable compliance became negligible. As a result it is acceptable

to model a relatively stiff bearing on a soft support as a linear system, as long as the

support stiffness is significantly softer than the bearing stiffness; in this case, the system

behaved linearly once the stator stiffness was approximately 1
5

of the vertical bearing

stiffness.

4.6.5 Summary

From the parameter study, it can be said that support stiffness and bearing clearance

are the two most important features that need to be considered when attempting to

accurately model the response of a rotordynamic system. The effect of the centrifugal

loading on the bearing elements is most relevant for high precision or high speed appli-

cations, and ring compliance can generally be neglected as long as the bearing housing

is significantly stiff and the rotor remains reasonably well balanced. Variable compliance

can generate significant sub-synchronous excitation forces in the bearing, which may not

directly impact the rotor dynamics due to their low frequency nature, but may lead to

unexpected resonances on the rotor or support structure.

4.7 Conclusions

The bearing model from Section 3.2 was simplified for the case of a deep-groove ball

bearing, and integrated into a model of a simple Jeffcott rotor system. The Generalised

Harmonic Balance Method from Section 3.3 was applied in a novel way to predict the

response of the system in an efficient manner, whilst incorporating the influence of the

bearing non-linearities in conjunction with its variable compliance, which is otherwise

often neglected.

The rotor-bearing system was found to have distinct horizontal and vertical resonances

due to the asymmetry introduced by the bearing. The response was found to be highly

nonlinear, with both softening and stiffening behaviour present, and zones of stability loss

were identified. The application of GHBM was able to capture the sub-synchronous self-

excitation from the VC effect, which led to sub-resonances where the Ball Pass Frequency

coincided with the frequency of the horizontal and vertical modes. Such phenomena could

not be captured with a linearised bearing model.

A systematic parameter study showed that bearing clearance has by far the largest in-

fluence on the dynamic response of the rotor, leading to strong nonlinear effects and
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controlling the stability of the system. It was also found to amplify the self-excitation

due to the VC effect. Only the addition of a soft support compliance around the bearing

was found to limit this nonlinear behaviour by linearising the system. Ring compliance

and centrifugal loading had only a small impact on the nonlinear dynamic response of

the rotor, suggesting that they may generally be neglected in the analysis, although they

may become of relevance for heavily unbalanced machines and high speed applications re-

spectively. A much improved understanding of the different physical mechanisms within

the bearing was developed.

The results from this chapter have highlighted the need to use a bearing model that can

at least capture the radial clearance. However, if the support stiffness is very low, a

linearised analysis may be sufficient. It was also shown that the VC effect can lead to

significant super-synchronous forcing, which may lead to unexpected sub-resonances in a

rotating machine. In the next chapter, a model of a test rig will be developed, which will

eventually allow these phenomena to be investigated experimentally.



Chapter 5

The ARES test rig and model

development

A general-purpose rotordynamics test rig known as the “Asynchronous Rotor Excitation

System” (ARES) has been designed and built at Imperial College [184]. This can be used

to explore a wide variety of rotordynamic phenomena, but was designed with investiga-

tions relating to rolling element bearing transmissibility in mind. The capabilities of the

ARES test rig will first be described, as well as the key subsystems. It was necessary to

develop an accurate model of the rig, in order to ensure that the response predicted by

simulations would be comparable to the measured response. The results from experimen-

tal testing on each subsystem will be presented, including the bearing, rotor and stator.

Suitable models of each system will be introduced, and the unknown parameters will be

identified.

5.1 Overview of the ARES test rig

The ARES test rig consists of a single rotor supported by two self-aligning ball bearings

(SABBs) as depicted in Fig. 5.1, where the key subsystems have been highlighted in

different colours. The rotor consists of a flexible shaft, along which two rigid balancing

discs are mounted (shown in blue). The axial location of both the discs and bearings

can be varied, allowing the modes of the rig to be tuned as desired. The front bearing is

supported by a flexible structure (shown in yellow), whose flexibility can be varied. This

bearing can also be excited using an actuation system (shown in purple).

The rotor is housed within a steel containment chamber shown in Fig. 5.2a, which also

allows the rotor to be operated in a vacuum if required. The rotor is driven by a Siemens

motor as shown in Fig. 5.2b, with a maximum motor speed of 100 Hz. The drive shaft

118



5.1. Overview of the ARES test rig 119

from the motor is connected to the rotor by a flexible metal bellows coupling (shown in

green in Fig. 5.1). The key subsystems will now be discussed in more detail.
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Figure 5.1: CAD model of the ARES rig
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(a) Chamber containing rotor (b) Drive system

Figure 5.2: Photos of the ARES test rig

5.1.1 Rotor

The primary component of the ARES rotor is a 1300 mm long cylindrical shaft made

from AISI 314 Stainless steel. It has a 35 mm OD and a 22 mm bore to allow cables to

run through the shaft, as depicted in Fig. 5.3. This cabling is used to drive actuators or

connect sensors on the rotor, such as piezo-electric patches or strain gauges on bladed

discs. There are end caps at each end of the shaft, which house electrical connectors;

one can be seen in Fig. 5.3a. Note that no instrumentation was placed on the rotor

for the experimental tests in this project, although the cabling and electrical connectors

remained.

Two solid balancing discs can be mounted on the shaft. These discs are made from AISI

314 Stainless steel like the shaft, and have an outer diameter of 240 mm as depicted in

Fig. 5.4. These discs have three rows of threaded holes, which are spaced every 10°, to

which balancing masses can be attached. Note that the middle row of bolts are offset by

5° from the inner and outer rows. The discs are fixed to the shaft using steel TranTorque

GT adapters from Fenner Drives (model number 6202850UP). These are a form of keyless

bushing, and rely on friction at the interfaces to hold the discs in place. They have the

(a) Shaft with end cap
�35

�
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1300

(b) Engineering drawing

Figure 5.3: ARES shaft
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(a) Disc with TranTorque
adaptor
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(b) Engineering drawing

Figure 5.4: ARES balancing disc

additional advantage that the discs can be attached to the shaft at any axial location.

5.1.2 Rolling-element bearings

5.1.2.1 Floating bearing

The rear bearing is an SKF 1208-EKTN9 SABB. This bearing is housed within an SKF

FNL 508 B housing, which was bolted directly to an L-shape pedestal, as shown in

Fig. 5.5a. This bearing was therefore considered to be rigidly supported. The pedestal is

bolted to the test bed with T-slots, so that the bearing can be moved axially. The SKF

FNL 508 B housing fits the bearing loosely so that it is free to move axially; this bearing

was therefore referred to as the “floating” bearing. The bearing is fixed to the shaft with

an SKF H208 adaptor sleeve, which was tightened by an angle of 70° as specified by SKF.

The dimensions of this bearing were obtained from the SKF website [185], and these values

are listed in Table 5.1. However, SKF do not supply values for the radii of curvature of

the races. Noting that the bearing is self-aligning, the radius of curvature of the outer

race could be computed from geometry, as depicted in Fig. 5.5b. The outer radius of

curvature is given by:

ro =

√(
dm
2

+
D

2
cosα0

)2

+

(
z0 +

D

2
sinα0

)2

(5.1)

The inner race, on the other hand, nearly conforms to the element. This means that

the radius of curvature is very close to the radius of the elements, but has a very large

influence on the contact stiffness. This can only be determined from experiments.
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(a) Floating bearing in SKF housing
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(b) Outer race geometry for a SABB

Figure 5.5: Floating ARES bearing

Table 5.1: ARES bearing dimensions

Floating Fixed
Parameter Symbol SKF1208 SKF2208 Units

Number of balls Z 36 36 -
Outer race width B 18.0 23.0 mm
Ball diameter D 8.73 8.73 mm
Diameter between ball centres dm 60.1 60.1 mm
Contact angle α0 8.5 10.8 °
Axial separation between rows z0 4.50 5.75 mm
Radius of curvature of outer race ro 34.8 35.0 mm

5.1.2.2 Fixed bearing

The rotor is supported by another SABB, which fixes the rotor in the axial direction.

This bearing is a 2208 E-2RS1KTN9 SABB, which is very similar to the rear bearing

except that it is sealed, and has a higher load capacity. This bearing is supported by

custom designed structure, which will be introduced shortly, and was therefore considered

to be the test bearing. The bearing is fixed to the shaft with an SKF H308E adaptor

sleeve. The clearance of this bearing can be controlled with the tightening angle of the

adaptor sleeve. However, in this thesis, it was tightened by a constant angle of 45°.

As with the floating bearing, the dimensions were obtained from the SKF website [186],

and the radius of curvature of the outer race was computed from Eq. (5.1); these values

are also listed in Table 5.1. Comparing the dimensions of the fixed bearing with those of

the floating bearing, it can be observed that the only difference is that the fixed bearing

is slightly wider in the axial direction, which also leads to a larger contact angle.
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5.1.3 Bearing support structure

The fixed bearing on ARES is mounted in a custom bearing housing, which is in turn

supported by a compliant support structure, as shown in Fig. 5.6, where the key com-

ponents have been labelled. This bearing support structure is connected to the test bed

via a vertical pedestal, known as the “L-shape”. An intermediary solid block, known as

the “interface plate” is connected to this via a set of flexible rods, which prevent any

significant out-of-plane motion, but allow in-plane motion. The bearing housing is then

connected to the interface plate via another set of axial support rods. These rods can

be lengthened or shortened to vary the support compliance; they can be very long to

create the “flexible” configuration shown in Fig. 5.6, or very short to create the “rigid”

configuration shown in Fig. 5.7.

(a) Photo
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30

30

(b) Schematic

Figure 5.6: Structure supporting the fixed ARES bearing (flexible configuration)

The interface plate is also connected to ground by a pair of PiezoJena PSt 1000/35/200

VS45 piezo-electric actuators (PEA), as shown in Fig. 5.6. The PEAs are mounted at

an inclination of 45° from the horizontal, as shown in Fig. 5.8. When the PEAs are

inactive, they constrain the interface plate against any in-plane motion. However, they

can also be driven by PiezoJena RCV 1000/7 switching amplifiers in order to excite the

interface plate in the horizontal and vertical directions; thus, the interface plate acts as

a base-exciter. The piezo-electric stacks in these actuators are preloaded, so that the

PEAs are able to apply both tensile and compressive loads to the interface plate, whereas

conventional PEAs could only apply compressive loads. Each PEA is connected to the

interface plate via a stinger which contains a ball-joint; this is to minimise the bending

moment reacted by the PEA. In addition, a force gauge is placed between each stinger

and the interface plate, in order to measure the forces reacted by the PEAs. These

components are labelled in Fig. 5.8.
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(a) Photo
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Figure 5.7: Structure supporting the fixed ARES bearing (rigid configuration)

5.1.4 Excitation

The rotor can be excited synchronously with the addition of an unbalance mass to the

discs. This is achieved by screwing in bolts into holes on the disc. The magnitude of the

unbalance can be varied by choosing a longer or shorter bolt, or moving the mass to a

ring of holes at a different radius on the disc.

The rotor can also be excited by the PEAs connected to the interface plate on the fixed

bearing support, as shown in Fig. 5.8. The displacement of the actuators scales with

the applied voltage. The frequency of the PEA excitation is controlled independently

of the rotor speed. It is therefore possible to excite the rotor asynchronously with the

PEAs. The PEAs are able to excite the rotor at frequencies much higher than the rotor

speed; they are typically operated up to a maximum of 200 Hz, although the actuators

are capable of operating up to 4 kHz.

The phasing of each PEA can be varied to achieve a range of forcing patterns. The

PEA voltages on each actuator are denoted by V1 and V2, and the displacement in each

direction will scale with the applied voltage. However, it will be more convenient to rotate

the voltages by 45° into the x-y co-ordinate system of the rotor, to yield an “effective

voltage” in each direction, denoted by Vx and Vy. This can be written mathematically

as:

Vx(t) =
1√
2

(V1(t)− V2(t))

Vy(t) =
1√
2

(V1(t) + V2(t))
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Figure 5.8: PEA excitation system attached to the ARES bearing support structure

For this project, a travelling wave excitation was used, whereby the applied voltage follows

an elliptical orbit as shown in Fig. 5.9. It was assumed that the axes of the ellipse would

remain aligned with the horizontal and vertical axes, with a width and height of denoted

by V̂x and V̂y. The amplitude V̂ and phase φ of each PEA can then be written as a

function of the dimensions of the ellipse:

[
V̂1

V̂2

]
=

1√
2

√
V̂ 2
x + V̂ 2

y

[
1

1

]
(5.2)[

φ1

φ2

]
= ± arctan

(
V̂x

V̂y

)[
1

−1

]
(5.3)

where the positive sign in the phase equation is for FW excitation, and the negative

sign is for BW excitation. Some special cases are unidirectional excitation or circular

excitation, for which the corresponding PEA voltage amplitudes and phases are listed in

Table 5.2. Since the two actuators are identical, the horizontal and vertical displacement
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Figure 5.9: PEA voltage orbits

Table 5.2: PEA excitation types

Amplitude (V) Phase (°)
Excitation type PEA 1 PEA 2 PEA 1 PEA 2

Unidirectional Vertical V̂y/
√

2 V̂y/
√

2 0 0

Horizontal V̂x/
√

2 V̂x/
√

2 +90 −90

Circular Forward V̂ V̂ +45 −45

(V̂x = V̂y = V̂ ) Backward V̂ V̂ −45 +45

of the interface plate xIP and yIP will scale with Vx and Vy, although this relationship

must be determined experimentally.

5.1.5 Coupling

The ARES rotor is connected to the motor shaft by a R+W BKH/60/93/30/35 metal

bellows coupling, which is depicted along with its geometry in Fig. 5.10. This coupling

has split hubs on both ends to clamp it to both the rotor and motor shaft. This type of

coupling was chosen for its low stiffness, so as to limit the influence on the dynamics of

the rotor. It is able to accommodate both radial and angular misalignment between the

shafts.

5.1.6 Instrumentation and control

The response of each disc in the horizontal and vertical directions is measured with non-

contact laser displacement sensors (Keyence LK-H022). Accelerometers (PCB M353B17)

are fitted to the non-rotating components in the horizontal and vertical directions; in

this case, the bearing housing and interface plate. The forces applied by each PEA are

measured with force gauges (PCB 208C04) between the PEAs and the interface plate.
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Figure 5.10: BKH/60/93/30/35 coupling used to drive the ARES rotor

The rotor angle is measured with an incremental encoder (EPC Model 776), from which

the speed can also be computed. This is depicted in Fig. 5.11a and the salient dimensions

are shown in Fig. 5.11b. The encoder was mounted on the rotor, and was loosely attached

to the floating bearing support via a rubber bracket. This was mounted on the rotor

rather than the motor shaft, since the rotation speeds may differ if there are torsional

vibrations.

(a) Encoder mounted to
bearing support

109.2

27.44
34.54 35.0

(b) Schematic [188]

Figure 5.11: EPC Model 776 encoder used to measure the angle of the ARES rotor

The rig is controlled by a National Instruments cRio unit. This sends the motor speed

target to the motor servo-amplifier and the desired voltage signals to the PEA amplifiers.

The cRio also handles data acquisition, using a constant sampling rate of 5120 Hz. This

is well above the maximum excitation frequency to avoid aliasing.
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5.2 Stiffness of the fixed bearing

Since the ARES test rig is a complicated machine with many components, it was decided

that it was necessary to first validate the bearing model in a simplified setting. To this

end, a separate static bearing test rig was designed and built, which is known as the BEar-

ing LOading System (BELOS). This was used to measure the non-linear bearing stiffness

of the fixed bearing from ARES, which allowed some unknown bearing parameters to be

identified. This work has already been presented in a conference paper [189].

5.2.1 Test setup

The BELOS test rig consists of an unsealed version of the fixed bearing on ARES, with

a model number SKF 2208-EKTN9. This is fitted into a rigid steel housing block using

a J7 ISO tolerance, which is the same as the tolerance on the bearing housing in ARES.

The bearing is mounted in a horizontal orientation, so that the bearing is not axially

loaded. The steel housing block is bolted to an interface plate using 8×M12 bolts, which

is in turn bolted down firmly to a test bed using T-slots and 12×M10 bolts. This setup

is depicted in Fig. 5.12.

A short 35 mm OD solid shaft runs through the bearing and is fixed using an SKF

H308E adaptor sleeve, as used on ARES to fix the rotor. This device allows the internal

clearance within the bearing to be varied, depending on how many turns it is tightened.

The adaptor sleeve was tightened by an angle of 45° from where the nut was finger

tight. This angle was kept constant across all tests, to ensure that the bearing clearance

remained as consistent as possible. Since the bearing was self-aligning, the shaft was free

to tilt around the x and y-axes (shown in Fig. 5.12b). The shaft was also not constrained

against rotation around the z-axis, but the small amount of friction in the bearing was

found to be adequate to prevent this during loading.

Loads are applied via a cable-pulley system connected to the short shaft running through

the bearing, using calibrated weights. Loads can be applied in either the vertical or

horizontal directions, and the shaft displacements are measured with laser displacement

sensors. The acquired data allow force-displacement curves to be plotted, and the non-

linear bearing stiffness to be measured. These systems will be discussed in more detail

in the following sections.

5.2.1.1 Displacement sensors

The shaft displacement is measured by horizontally and vertically aligned sensors on each

side of the bearing, so that the displacement in both orthogonal directions was measured
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Figure 5.12: BELOS bearing housing

Table 5.3: BELOS rig parameters

Parameter Symbol Value Units

Laser separation llaser 40 mm
Shaft mass mshaft 1.57 kg
Pulley mass mpulley 0.367 kg

simultaneously. Keyence LK-H022 laser displacement sensors were used with a 0.01 µm

precision. These were connected to a Keyence LK-G5001 controller, which interfaced

with the PC over USB. Since the laser displacement sensors are designed to work on flat

surfaces, the laser spots reflect off smooth flats machined into the shaft, which maximises

the accuracy of the measurements.

5.2.1.2 Loading system

The bearing is loaded via steel rings encircling the shaft, which sit within machined

grooves. This ensured that there was a single contact on the shaft and no torque could

be applied, minimising any shaft rotation. Pre-calibrated weights applied loads to these

rings via a cable-pulley system, as shown in Fig. 5.12. The loading system was designed to

distribute loads evenly between each side of the bearing, to minimise any tilting motion.

5.2.1.3 Vertical loading configuration

The bearing was initially loaded vertically, since this was the simpler test setup, as

shown in Fig. 5.13. The rig was only able to apply upward loads to the bearing in this
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configuration, so that only the elements at the top of the bearing were in contact and

loaded, while the elements at the bottom of the bearing remained unloaded. Therefore,

the bearing never crossed the deadband due to its internal clearance, and it was not

possible to measure this parameter from these tests. However, this test was found to

have a lower uncertainty at high loads, thereby allowing any change in bearing stiffness

with load to be measured more accurately.

Instead of directly connecting both sides of the bearing to the main loading cable, an

intermediary pulley was used. This ensures that an equal load was applied to each side.

The pulley was kept well greased to minimise the influence of friction. This is shown in

Fig. 5.13.

(a) Front View

Pulley block

Loading
rings

Shaft

Baseplate

Laser disp.
sensors

Loading
cable

(b) Detail View

Figure 5.13: BELOS test rig in the vertical loading configuration

The load applied to the bearing in the vertical direction is not in fact the same as the

load applied to the loading cable. This is because a certain mass is required to offset the

weight of the pulley and shaft. This can easily be compensated for by adding an offset

to the applied load:

f by = fweights − (mshaft +mpulley) (5.4)

where the shaft and pulley masses are shown in Table 5.3. Note that the cable mass

was negligible compared to the weight of the other components. The bearing was loaded

from an initial 10 N, which slightly exceeded the weight of the pulley and shaft, up to a

maximum load of 1300 N in 50 N increments. One complete cycle of loading and unloading

was completed in each test, so that any hysteresis could be measured.
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The shaft was reinstalled 5 times, whereby the adapter sleeve was completely loosened,

and then tightened by the same 45° angle each time. Each time the shaft was installed,

two tests were carried out, whereby each test consisted of one complete loading and

unloading cycle. This lead to a total of 10 tests, which allowed the uncertainty due to

the setup and measurement error to be quantified.

5.2.1.4 Horizontal loading configuration

The rig setup was then adjusted to load the bearing in the horizontal direction. Since

cables were connected to both sides of the bearing, it was possible to apply a net load

to the bearing in both the positive and negative directions, unlike in the vertical tests.

As a consequence of this, it is possible to directly observe any internal clearance in the

bearing. However, there was a small constant vertical load due to the shaft weight in

these tests, which complicates the analysis.

In this configuration, loading beams were used to distribute the load between the front

and rear of the bearing, as shown in Fig. 5.14. Beams were used instead of a pulley

block, in order to reduce the weight of the loading system, which would otherwise cause

the loading cable to sag. Note that the horizontal loads had to be applied further out from

the central plane of the bearing than the vertical loads, since the horizontal displacement

sensors obstructed access.

A constant 10 N load was applied to each side of the bearing to maintain tension in the

cables. Additional masses were then hung from one side of the bearing from 0 N up to

1300 N in increments of 50 N, and then gradually unloaded down to 0 N. The masses were

then applied in the same way to the other side of the bearing, so that the direction of

loading was reversed, thus completing the loading cycle.

In this configuration, it was not necessary to offset the loads applied by the weights to

compute the bearing loads, since the weight of the loading beams has little influence on

the tension in the cables. However, the weight of the shaft was always present leading to

a constant vertical load of fy = mshaftg. This must be included in the numerical model,

in addition to the horizontal load fx applied by the cable system, in order to accurately

replicate the test conditions.

The shaft was fully removed, and reinstalled 5 times, like in the vertical configuration.

However, each time the shaft was installed, only a single test was carried out. However,

since both positive and negative loads were applied within each horizontal test, the total

number of data points was approximately the same as in the vertical loading configuration.
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Figure 5.14: BELOS test rig in the horizontal loading configuration

5.2.2 Data post-processing

5.2.2.1 Shaft rotation

Since the shaft displacement was measured in both the horizontal and vertical directions

on both sides of the bearing, it was possible to completely resolve the shaft translation in

the horizontal (x) and vertical (y) directions removing the effect of any rotation around

these axes. For example, in the horizontal (x-z) plane, the following transformation was

applied:

δshaft
x =

δfx + δrx
2

(5.5)

θshaft
y =

δfx − δrx
2llaser

(5.6)
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Figure 5.15: BELOS shaft compliance model

where δfx and δrx are the displacements measured by the lasers on each side of the bearing,

and δshaft
x and θshaft

y are the shaft translation and rotation respectively. The length llaser

is the axial separation between the lasers defined in Fig. 5.15a.

5.2.2.2 Shaft compliance

Although the shaft displacement was measured very close to the bearing using the laser

displacement sensors (see Table 5.3), the compliance of the shaft could not be neglected.

The bearing stiffness was predicted to be of the order of around 10× 108 N m−1, whereas

the shaft compliance was of the order of 10× 109 N m−1. This means there could be

up to a 10 % discrepancy between the deflection measured by the laser and the true

bearing deflection, as depicted in Fig. 5.15a. This effect had to be compensated for in

post-processing.

The shaft stiffness kshaft seen at the laser was derived from beam theory, by considering

the equivalent cantilevered beam model shown in Fig. 5.15b. The lateral deflection along

the beam at a given axial location is given by [190]:

δ(z) =
f/2

6EI
z2 (3lload − z)

where f is the total applied load, which is assumed to be split evenly between each side

of the bearing. The deflection at the laser can be found by substituting in z = llaser:

δ (llaser) =
f

12EI
l2laser (3lload − llaser) (5.7)

which can then be rearranged to yield the effective shaft stiffness kshaft:

kshaft =
f

δ (llaser)
=

12EI

l2laser (3lload − llaser)
(5.8)
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Table 5.4: BELOS shaft compliance parameters

Parameter Symbol Vertical Horizontal Units

Cable loading position lload 110 200 mm
Shaft stiffness kshaft 884 425 MN m−1

The shaft compliance can then be compensated for by introducing a simple load-dependent

correction, to give the bearing deflection δb:

δb = δshaft −
f

kshaft

(5.9)

where δshaft is the shaft deflection from Eq. (5.5). This correction was applied to both

the vertical and horizontal deflections. The values of the effective shaft stiffness from

Eq. (5.8) were pre-computed for the loading in each direction, and are listed in Table 5.4.

Note that the effective shaft stiffness was different in each direction, due to the different

values of lload.

5.2.3 Bearing model

The bearing was modelled using the quasi-static bearing model presented in Section 3.2,

with the geometric parameters in Table 5.1. However, some key bearing parameters re-

mained unknown. For example, the radii of curvature of the races are not typically sup-

plied by the manufacturer. These values are required in order to compute the Hertzian

stiffness coefficient of each contact using Eq. (3.62), which in turn allows the combined

Hertzian stiffness coefficient C to be computed using Eq. (3.71). The Hertzian coefficient

relates the contact deflection to contact loads, and therefore plays a key role in deter-

mining the bearing stiffness. Although the outer race curvature of the SABB could be

calculated from Eq. (5.1), the inner race curvature ri remained unknown.

In order to get an initial estimate of the bearing stiffness, the inner race curvature was set

to the value shown in Table 5.5, which was slightly larger than the ball radius D/2. The

Hertzian contact stiffness coefficient C could then be estimated, assuming appropriate

values for the material properties of steel (E = 210 GPa, ν = 0.3), and this value is also

shown in Table 5.5.

The bearing clearance also has a large influence on the bearing stiffness. This is typically

expressed in terms of a radial clearance value cr. Although manufacturers sometimes

supply typical values for the clearance, it will also depend on many other variables such

as the bearing housing tolerance and how much the adapter sleeve is tightened. Therefore,

to get an accurate value, it needs to be measured in situ. It was initially assumed that

there was no clearance (ie cr = 0 µm), as shown in Table 5.5.
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Table 5.5: Estimated values of unknown bearing parameters

Parameter Symbol Value Units

Radial clearance cr 0 µm
Radius of curvature of the inner race ri 4.5 mm
Hertzian contact stiffness coefficient C 4.6× 109 N m−3/2

It should be noted that since this bearing has many elements, it was expected that

the bearing stiffness would be insensitive to rotation angle, and the so-called “variable

compliance” would be negligible. To verify this, the vertical displacement of the bearing

was computed with a radial preload of fy = 1.25 kN over a range of cage angles ψc, using

the initial estimates of the unknown parameters in Table 5.5. From the results plotted in

Fig. 5.16, it can be observed that the variation in the vertical displacement is less than

0.01 %. Tests could therefore be carried out at a single cage position, and the influence

of the cage angle was consequently neglected in the model updating process.

Figure 5.16: Predicted variation of vertical bearing displacement y with cage angle ψc for
a load fy = 1.25 kN

In order to fully parameterise the bearing model, both the Hertzian contact stiffness

coefficient C and the radial bearing clearance cr were extracted from the experimental

data. This process will be discussed later in Section 5.2.5.

5.2.4 Results

5.2.4.1 Vertical loading configuration

The results from the vertical loading setup are shown in Fig. 5.17. The laser displacements

were converted into shaft translations using Eq. (5.5) and the bearing load was computed

from Eq. (5.4). The effect of shaft compliance was then compensated for using Eq. (5.9).

Even though great care was taken when setting up the rig, the displacements from each

of the individual tests were found to be offset slightly from each other. This was the case
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Figure 5.17: Results from vertical loading tests on BELOS

even when the shaft was left untouched between 2 tests. After taking photos of the shaft

during loading, it was found that the shaft would tilt slightly as the bearing was initially

loaded, so the shaft would never start from exactly the same position. Therefore, it was

necessary to offset each test in post-processing so that they would align at high loads

where the behaviour was more consistent.

There is a strong stiffening characteristic with increasing load in Fig. 5.17, demonstrating

that the bearing is non-linear. The bearing is also very stiff, since the maximum observed

deflection was only 10 µm. There are many points where the load is very low, which is

where the bearing is just in contact. However, since the bearing was not loaded down-

wards, these points do not necessarily cover the whole deadband region due to clearance.

Unfortunately, this meant that it was not possible to extract the radial clearance from

this data.

The experimental uncertainty was estimated by computing the standard deviation of the

bearing deflection at each load level, and assuming a normal distribution. The 95 %

confidence interval is denoted by the shaded region in Fig. 5.17. The uncertainty is

quite low at high loads, but very large at the lowest loads, where the bearing just starts

to become loaded. This is likely due to the titling motion of the shaft, as explained

previously. For a different bearing which would provide some constraint against titling,

such as a deep-groove bearing, it would be expected that this uncertainty would be

reduced.
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Figure 5.18: Results from horizontal loading tests on BELOS

5.2.4.2 Horizontal loading configuration

The load-displacement relation for this loading configuration, after post-processing the

deflections using Eqs. (5.5) and (5.9), is plotted in Fig. 5.18. The data from each test

was offset so that the data was centred around x = 0 µm. This removed the effect of any

drift in the measured displacements between each test.

The radial bearing clearance is immediately obvious in Fig. 5.18, leading to a deadband

around x = 0 µm with a width of around 8 µm where the stiffness is very low. Outside of

these regions, there is a clear stiffening characteristic. The horizontal stiffness appears to

be very similar to the vertical stiffness, since the bearing displaces from 4 µm at the edge

of clearance to around 14 µm at a load of 1300 N, which is similar to the 10 µm deflection

observed in the vertical loading case. This is as expected, since the bearing should be

approximately axisymmetric.

The experimental results do show some slight asymmetry, with a slightly higher stiffness

for loading in the positive direction than in the negative direction. This could be due to

the bearing being slightly anisotropic due to manufacturing tolerance, or that the balls

have failed to settle into their quasi-static equilibrium position. However, the asymmetry

could also stem from the rig, due to the separate loading systems used to load the bearing

in each direction.

The experimental uncertainty was estimated in the same way as for the vertical load-

ing. It can be observed that the experimental uncertainty is much higher in the case of

horizontal loading, even for the same applied loads; for example at a load of 500 N, the

95 % confidence interval is around 5 µm for the case of horizontal loading, compared to
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Table 5.6: Identified bearing parameters

Parameter Symbol Value Units

Radial clearance cr 4.1 µm
Radius of curvature of inner race ri 4.9 mm
Hertzian contact stiffness coefficient C 5.0× 109 N m−3/2

around 2 µm in the vertical direction. Unlike in the vertical loading case, the bearing

was unloaded twice within one complete loading cycle, which was found to increase the

tilting motion of the shaft. This explains why the uncertainty is particularly high around

fx = 0 N. This means the bearing clearance can only be identified with a large confidence

interval of around 0.5 µm. This highlights that the vertical loading configuration is a

more accurate setup, once the bearing is fully in contact.

5.2.5 Parameter identification

In order to estimate the unknown bearing parameters, a two stage process was applied.

The unknown Hertzian contact stiffness coefficient C was first identified by minimising

the least-squares error between the predictions from the model and the experimental data.

Only the data from the vertical loading test was used for this, since this was believed to be

the most accurate test at higher loading levels, where the stiffening effect of the Hertzian

contacts was most visible. The radius of curvature of the inner race ri, could then be

back-computed from the Hertzian stiffness coefficient. The second stage was to identify

the radial clearance using the results from the horizontal test, where the deadband due

to clearance was clearly visible. These values are listed in Table 5.6.

The bearing model was updated with the identified parameters in Table 5.6, and the

bearing stiffness was computed for the same load ranges covered in the experiments. The

results from the model are overlaid on Fig. 5.17 and Fig. 5.18. The correlation with the

experimental data will now be discussed.

5.2.5.1 Vertical loading configuration

The model and experimental data agree well at higher loads, which is also the region

where the experimental uncertainty was lowest, as shown in Fig. 5.17. However, the

model appears to stiffen more rapidly than the experimental data at lower loads. It

was found that varying the Hertzian contact stiffness coefficient did not improve the

agreement any further in this region, indicating that the model was not able to capture

all the features of the bearing loading. One explanation could be that imperfections in

the bearing races caused some elements to become loaded sooner than the idealised case
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assumed in the model. It is also possible that the elements may “jam” due to friction,

and therefore do not reach the quasi-static equilibrium position assumed by the model.

However, this is also the region where the experimental uncertainty is quite large, so this

was not deemed a concern.

5.2.5.2 Horizontal loading configuration

It can be observed from Fig. 5.18 that there is good agreement with experimental data,

with the model predicting the same clear deadband region where the bearing is in clear-

ance. It can be observed that stiffness in the clearance region is non-zero in both the

experimental data and from the model. This is due to the presence of the small vertical

load from the shaft weight. Outside of this region, the bearing stiffness rises rapidly as

the shaft moves away from the central position, which is due to the Hertzian contacts.

It is interesting to note the experimental data shows a much sharper change in horizontal

stiffness (in either direction) as the bearing starts to become loaded than in the vertical

loading case (as plotted in Fig. 5.17). The agreement was found to be poor in this region

in the vertical loading configuration, but since the agreement is now much improved in

the case of horizontal loading, there is evidence that the very soft transition observed in

the case of vertical loading may just be due to experimental uncertainty.

5.2.6 Summary

The BELOS test rig has allowed the quasi-static bearing model to be validated, and two

key unknown bearing parameters to be identified. The resulting bearing model provides

a good agreement with the experimental results. Attention can now move onto the other

subsystems of the ARES test rig.

5.3 Rotor

The rotor was chosen as the next sub-system of ARES to be analysed, since it is mechan-

ically very simple. The rotor consists of only the flexible shaft and solid balancing discs,

which means that it could be modelled very easily with the ROLADYN toolbox. This

also has the biggest impact on the natural frequencies of the rig once assembled. The

parameters of the rotor model were updated using results from hammer tests, as will now

be discussed in more detail.
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5.3.1 ROLADYN model

A 1D FE model of the ARES rotor was created using the ROLADYN toolbox outlined in

Section 3.1; the rotor model is depicted in Fig. 5.19. The rotor was left unsupported in

the model, without any joint elements fixing it to ground. The shaft was modelled with

20 shaft elements along its length. The mass of the end caps was lumped into the nodes

at the end of the shaft. This is depicted in Fig. 5.19.

It was assumed the frequencies of the discs are well above the range of the shaft, so that

they can be modelled as rigid bodies. The exact geometric properties of the discs were

extracted from the Solidworks model, so that all of the details were accounted for; this

includes the volume and radius of gyration. The inertia from the TranTorque was lumped

into the shaft node at the location of the disc root, so that it does not rotate with the

disc itself.

From the experimental data, it was observed that the discs appeared to tilt slightly

w.r.t the shaft, which was assumed to be due to some rotational compliance from the

TranTorque adapters. As the disc tilts, this induces high tensile stresses at the edges of

the disc root, which may overcome the radial preload from the tightening torque, and

lead to separation between the shaft and disc. Thus, the TranTorque adapters can never

provide a truly rigid connection, particularly in the case of rotational motion. This was

modelled as a rotational spring between the shaft and disc, as depicted in Fig. 5.19.

However, the TranTorque adapters were still assumed to provide a rigid connection in

the radial direction.

Although the shaft and disc are made of AISI 314 Stainless steel, the exact density and

Young’s modulus are unknown and must be identified. For the discs, it was only necessary

to identify their density, since they were modelled as rigid. Note that different density

values were to be identified for the shaft and discs.

There were two sources of damping in the rotor model. The material damping in the

shaft was modelled using a Rayleigh damping model. For the cases where the shaft was

fitted with the instrumentation cabling, it was assumed that the cable running through

the shaft would introduce some extra damping. This additional damping was lumped into

the shaft damping, and modelled using a different set of Rayleigh damping coefficients.

The other source of damping was frictional losses at the disc root, as the disc tilts w.r.t

the shaft. This was modelled with a viscous damping term. These damping parameters

must be identified from experiments.
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Figure 5.19: Schematic of FE model of ARES rotor

5.3.2 Component weights

The constituent components of the rotor were first weighed, and these values are listed

in Table 5.7. Since the shaft and discs are quite heavy, these components could only be

weighed with an analogue force gauge with a 1 N precision, whereas high accuracy digital

scales with 1 g resolution were used for the smaller components. These values allow the

density of the shaft and disc to be identified.

Table 5.7: Measured rotor component weights

(a) Measured using analogue force gauge

Component Weight (N) Mass (kg)

Shaft 58 5.91
Disc 70 7.14

(b) Measured using digital scales

Component Mass (g)

Shaft end cap 46
Disc TranTorque adaptor 309

5.3.3 Hammer tests

In order to provide data to allow the elastic and damping parameters of the rotor to

be identified, a hammer testing campaign was carried out. The rotor was hung from

nylon wire in two locations, and an accelerometer was placed on the shaft in a position

which was far from a node for all of the modes of interest. This test setup is depicted in

Fig. 5.20.

A roving hammer test was performed, hitting the shaft in the lateral direction at multiple

locations along its length, as indicated in Fig. 5.20b. The shaft was excited in the

horizontal direction, perpendicular to the wires holding the shaft, in order to minimise

their contribution to the stiffness of the system. For the tests with discs, additional axial

impacts were applied to the faces of the discs, thereby allowing the disc rotation to be

resolved. This is denoted by the arrows in Fig. 5.20b.
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(a) Physical setup
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Figure 5.20: ARES rotor hammer test setup

5.3.3.1 Data acquisition

A DataPhysics Quattro DAQ was used to acquire the data, which interfaces with a PC

running the DataPhysics SignalCalc software over USB. Since the structure was very

lightly damped, each impact required a long acquisition window of 32 s in order to get

sufficient resolution around the resonances. Due to the limited memory of the Quattro,

the usable bandwidth was capped to 1 kHz. SignalCalc is able to automatically compute

the FRF from each impulse response; a rectangular window was specified. Each impact

was repeated three times, and the average of the three FRFs was taken using SignalCalc,

thereby removing some of the experimental variability.

The modal properties were then identified from the SignalCalc FRFs in MATLAB. It

was assumed that the modes were sufficiently well-separated that the response around

each peak is dominated by a single mode. This means that a peak-picking method

could be used, whereby each peak can be analysed as an SDOF system [191]. The least-

squares method from [192] was used to estimate the natural frequency, damping ratio and

amplitude of each mode from each measured FRF. Note that the peak-picking method

yielded Nloc estimates of the natural frequency and damping ratio for each mode, where
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Nloc is the number of hammer test locations [191]. In order to yield a single estimate of

the natural frequency and damping ratio for each mode, any outliers were removed and

the average of these values was taken. The mode shapes were found from the amplitudes

at the given mode from each hammer test.

The modal extraction routine was implemented within a MATLAB toolbox known as

ModeLAB [193]. This was written in a generic way, so that it could also be used to post-

process hammer test data from other structures later on in this project. The geometry

of the test, as well as the frequency bands containing the modes, were specified in a

configuration file. This configuration file was then passed to ModeLAB, which then

automatically read in the SignalCalc FRFs from the ASCII files and processed the FRFs

to yield the modal properties of the system.

5.3.3.2 Rotor configurations

Tests were carried out in a variety of configurations, so that the influence of the shaft,

cabling and discs could be identified. Tests were first carried out on only the shaft, both

with and without the cabling, in order to be able to quantify the effect of the cabling

and end caps. Tests were then carried out with different numbers of discs, in order to

highlight the effect of the many disc parameters. The complete set of rotor configurations

considered in the hammer tests is listed below. The results from all the hammer tests

will be presented in Section 5.3.3.3.

• Shaft only - Plain (ie. without cabling)

• Shaft only - Instrumented (ie. with cabling and end caps fitted)

• Shaft with rear disc (with cabling and end caps fitted)

• Shaft with two discs (with cabling and end caps fitted)

The position of the discs is also shown in Fig. 5.20; both discs were placed away from

the nodes of the shaft, so that they would influence all of the modes. Note that this

configuration was chosen arbitrarily, and was not the same as the final rig configuration

considered in Chapter 6, which had not yet been chosen. Instead, it was assumed that

if the updated ROLADYN model could accurately predict the modes of the rotor in

this arbitrary configuration, then the model should be able to predict the modes in

any rotor configuration, since the system is mechanically very simple. Note that it was

only possible to detect the first 4 modes when no discs were fitted, due to the limited

sampling frequency. To allow comparison across configurations, only the first 4 modes

were analysed for the cases with discs as well.
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Figure 5.21: Comparison of the natural frequencies of the ARES rotor from experiments
and the numerical model

5.3.3.3 Results

The natural frequencies of the first four modes obtained from the hammer tests are shown

in Fig. 5.21, along with the associated damping ratios in Fig. 5.22. In Fig. 5.23, the mode

shapes have only been plotted for the two disc configuration, since the mode shape are

visually very similar for the other configurations. Smoothing splines were fitted through

the experimental data at the impact locations for improved visualisation. For the full set

of mode shapes, please refer to Appendix B.1.

Plain shaft Starting with the case of the plain shaft first, since this is the simplest

configuration, it can be observed that the gap in frequency between each pair of adjacent

modes increases with the order of the mode. This is what would be expected from a

beam-like system such as the shaft. There also appears to be a general trend that the

damping increases monotonically with the frequency of the mode. This is because there

are more bends in the shaft in the higher order modes, as shown in Fig. 5.23, which leads
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Figure 5.22: Comparison of the damping ratios of the ARES rotor from experiments and
the numerical model

to more energy dissipation from material damping in the shaft.

Effect of cabling The cabling and end caps leads to a small drop in the natural

frequencies of the shaft, starting at 3 Hz in the first mode, and slightly greater in the

higher modes, as shown in Fig. 5.21. The end caps are located at the ends of the shaft,

where there is significant motion for all modes, as can be observed in Fig. 5.23. However,

there is a much more significant increase in damping once the cabling is fitted, with the

damping ratio raising by an order of magnitude, as shown in Fig. 5.22. The material

damping in the shaft is so very low, and therefore this is easily dwarfed by the addition

of the cabling, which introduces many energy dissipation mechanisms. The damping

continues to increase with the frequency with the mode.

Effect of discs It can be observed from Fig. 5.23 that the 1st order modes have 2

nodes along the shaft, and there is an additional node for the 2nd order modes, and so



146 Chapter 5. The ARES test rig and model development

on. This behaviour would be expected from a beam-like system such as a rotor. Once

the discs are added, the extra inertia reduces the motion at the discs, so the modes look

as if there was a pin joint at the disc roots. This becomes more significant in the higher

order modes; for example, it can be observed in the 3rd and 4th modes in Fig. 5.23 that

there is a lot of shaft motion away from the discs, but very little at the disc roots. This

also means that the drop in the natural frequencies due to the discs increases with the

order of the mode, as shown in Fig. 5.21; eg. the addition of the rear disc leads to a 23 %

drop in the frequency of the 1st mode, compared to a 29 % drop in the frequency of the

4th mode.

Figure 5.23: Comparison of experimental and numerical mode shapes of the ARES rotor
with two discs

For the configurations without discs, there is a monotonic increase with damping with
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frequency. Once the discs are added, there is a reduction in the damping ratio as shown

in Fig. 5.22, which initially appears to be counter intuitive as the discs introduce extra

energy dissipation at their roots. However, the addition of the discs also reduces the

amount of shaft bending, since they increase the inertia of the system, thereby reducing

the damping contribution from the shaft. As with the shaft only configurations, there

continues to be a general increase in damping with the natural frequency of the mode.

5.3.4 Parameter identification

The next stage was to identify the unknown rotor parameters using the experimental

results. A naive approach would be to individually tune the shaft parameters to match

the shaft hammer tests, and similarly for the disc parameters. However, this has a

tendency to over-fit the data, whereby the parameters will be heavily skewed by outliers

in the experimental data. Instead, an alternative approach was used, where all of the

unknown parameters were tuned together in order to best match the identified modes

from all tests. This tends to lead to solutions which generalise better.

The unknown parameters can be split into two categories; elastic and inertial properties

(which influence the natural frequencies), and damping-related parameters. Since the two

are decoupled for lightly damped systems such as the rotor, the two sets of parameters

were identified separately.

5.3.4.1 Inertial and elastic parameters

The inertial and elastic parameters were identified first, since these control the natural

frequencies of the system. These were tuned to minimise the error in the component

weights, and natural frequencies from the ROLADYN model. Mathematically, this can

be written as the following minimisation problem:

minimize
θ

∑
i

(
{ω}Exp

i − {ω}Model
i

{ω}Exp
i

)2

+
∑
j

(
{m}Exp

j − {m}Model
j

{m}Exp
j

)2

subject to θ > 0

(5.10)

where the vector θ contains the parameters to be optimised, which included the shaft

and disc parameters in Table 5.8. The constraint on the parameters θ ensures that the

optimal parameters are positive and therefore have physical meaning. The term {ω}Exp
i

in the cost function is the natural frequency of the ith mode from the hammer test,

and {ω}Model
i is the frequency of the same mode from the ROLADYN model. The term

{m}Exp
j represents the measured weights of the shaft and disc in Table 5.7a, and {m}Model

j
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represents the corresponding terms from the model. The denominator terms normalise

each residue, so that they are all equally weighted.

This optimisation problem was solved using a Genetic Algorithm (GA) using the function

ga in MATLAB. On each iteration, the ROLADYN was updated with the current set

of parameters θ, which were then used to estimate the value of the natural frequencies,

{ω}Model
i , and component masses, {m}Model

j . This process was repeated many times by

the GA, resulting in the optimal set of parameters θ∗ listed in Table 5.8.

Table 5.8: Identified inertial and elastic rotor parameters

Property Symbol Value Units

Shaft Young’s modulus ES 211 MPa
Shaft density ρS 7815 kg m−3

Disc root stiffness kθD 17 MN m rad−1

Disc density ρD 7950 kg m−3

5.3.4.2 Damping parameters

Once the inertial and elastic properties were identified, such that the natural frequencies

and components matched the experimental data to a suitable degree of accuracy, attention

moved onto identifying the damping parameters. These were identified by solving another

optimisation problem, this time penalising the error in the damping ratio:

minimize
θ

∑
i

(
{ζ}Exp

i − {ζ}Model
i

{ζ}Exp
i

)2

subject to θ ≥ 0

(5.11)

where θ contains the damping parameters in Table 5.9. The term {ζ}Exp
i is the natural

frequency of the ith mode from the hammer test, and {ζ}Model
i is the frequency of the

same mode from the ROLADYN model. The optimal damping parameters were then

found in the same way as the inertial and elastic properties, with use of a GA. The

optimal damping parameters obtained from this procedure are shown in Table 5.9.

5.3.4.3 Correlation of updated ROLADYN model

The ROLADYN was finally updated with the identified set of parameters from Tables 5.8

and 5.9. The modes were then computed from the model, and these predictions have been

overlaid in orange on Figs. 5.21 to 5.23. In addition, the masses of the shaft and disc

were computed from the ROLADYN model. The correlation of the updated model with

the experimental model will now be discussed.
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Table 5.9: Identified rotor damping parameters

Property Symbol Value Units

Shaft (Plain) αS 0.090 s−1

βS 2.1× 10−7 s
Shaft (Instr.) αS 0.023 s−1

βS 1.8× 10−6 s

Disc root damping cθD 10 N m s rad−1

Component weights The mass of the shaft and disc were computed using the iden-

tified densities and these are listed in Table 5.10 along with the measured values. It can

be observed while the shaft weight from the model agrees very well with the measured

value, the disc mass is over-predicted by 0.3 kg. This discrepancy can partly be attributed

to experimental error, since the masses could only be measured to a precision of 0.1 kg.

However, since the error is larger than the precision of the measurements, this suggests

that the model has also compensated for some other deficiency in the model by increasing

the disc density. The most likely explanations are that the TranTorque model is overly

simplistic, or that the compliance of the discs themselves has some influence, but this

has been neglected. However, this wasn’t deemed a major concern, since the natural

frequencies and mode shapes were predicted very well, as will now be discussed.

Table 5.10: Measured rotor component weights

Mass (kg)
Component Measured Model

Shaft 5.91 5.91
Disc 7.14 7.44

Natural frequencies The natural frequencies from the ROLADYN model match the

experimental results very well for all configurations, as shown in Fig. 5.21; the maximum

error is less than 1 % across all modes. The natural frequencies of the higher order modes

are generally under-predicted by the model, but since even the 3rd order modes are well

above the critical speeds of the ARES test rig once assembled, this level of correlation

was deemed acceptable.

Damping ratios The ROLADYN model predicts the rotor damping much less accu-

rately than the natural frequencies, as shown in Fig. 5.22. The level of damping in the

plain shaft is captured reasonably well across all modes. However, the damping of the

instrumented shaft is under-predicted for the 1st and 2nd modes, suggesting that the

Rayleigh model is not sufficient to capture the frequency dependence of the damping in
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this case. This is not unsurprising given that a lot of the damping from the cabling will

be due to frictional losses, which are non-linear in nature.

For the configurations with discs, the damping ratio of the 1st modes is captured well by

the model with an error of less than 20 %, but the damping of the higher order modes is

over- or under-predicted by varying amounts, with a maximum error of around 50 % and

no general trend. It appears that the experimental damping ratios for these higher order

modes is less consistent when the discs are fitted; for example, the damping ratio of the

2nd mode for the two disc configuration is much higher than the 1st and 3rd modes, and

is not in line with the trend of an increase in damping with frequency. It is possible that

the damping from the disc root is non-linear due to the friction at the interface with the

TranTorque, and therefore it is not valid to assess the damping using the FRF approach

assumed here.

Although the ROLADYN model does not predict the damping as well as the natural

frequencies, the order of magnitude of the damping is predicted accurately, which was

deemed to be sufficient at this stage. Once the ARES rig is fully assembled, it was

expected that the bearings and supports would be much more significant sources of energy

dissipation, and therefore the rotor only has a very small contribution to the damping in

the complete system.

Mode shapes The mode shapes from the ROLADYN model have been overlaid for

the two disc configuration on Fig. 5.23. It can be observed that the ROLADYN model

predicts the general shape of each mode very well, with the same number of nodes long

the shaft for each mode, and the same localisation of motion around the discs for the

higher order modes. In the 2nd and 3rd modes, the experimental data suggests the rear

disc rotates much more than the model, which could indicate the disc root was looser

than the front disc in the experiments. However, since the rotation of the front disc is

predicted very well, and the discs were tightened in the same way, this perhaps indicates

some other error during the axial impacts on the front disc or in the post-processing

carried out using ModeLAB.

The mode shapes were assessed more quantitatively by computing the MAC [194] between

the experimental and numerical mode shapes, using the deflection along the shaft. The

MAC values from all rotor configurations are listed in Table 5.11. It can be observed that

it is above 0.95 for the first 3 modes, with a minimum value of 0.89 in the 4th modes,

which suggests that the model accurately captures the physics of the rotor.
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Table 5.11: MAC for the mode shapes of the rotor

Configuration
Mode Shaft (plain) Shaft (instr.) Rear Disc Two Discs

1 0.999 0.981 0.965 0.959
2 0.998 0.989 0.989 0.983
3 0.994 0.966 0.976 0.984
4 0.996 0.981 0.920 0.890

5.3.5 Summary

The ROLADYN model of the ARES rotor has successfully been validated using hammer

testing and weighing the components. The unknown shaft and disc parameters were

identified using a least-squares approach, and the resulting model correlates well with

the experimental results. This model is therefore now ready to be integrated into a

model of the complete ARES test rig.

5.4 Bearing support structure

The fixed ARES bearing is supported by a complex support structure, which allows the

influence of stator compliance to be investigated. In addition, this structure allows the

rotor to be excited with base excitation using the PEAs. This bearing support structure

therefore has a large influence on the dynamics of the ARES rig. For this reason, an

extensive test programme was carried out in order to develop an accurate model of this

subsystem. Hammer tests were carried out in various configurations, as well as a quasi-

static loading test using the PEAs. These tests will be explained in more detail in the

following sections. As with the rotor model, the unknown parameters were then identified

using a least-squares approach.

5.4.1 Equivalent model

To create a physical model of the support structure would require a 3D FE model of

the key components, as well as the fixtures joining them. However, such a model would

be unlikely to correlate well without significant model updating, particularly due to the

non-linear behaviour of the joints between the components. In addition, such a detailed

analysis would be well beyond the scope of this project.

Instead, a simplified approach was taken whereby the system was modelled as the 3 DOF

system depicted in Fig. 5.24a. Only the horizontal (x) DOF are depicted in Fig. 5.24,

but there will be another identical 3 DOF in the vertical (y) plane, leading to a total
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Figure 5.24: Simplified model of the bearing support structure (horizontal plane)

of 6 DOF. Since the system is completely symmetrical in the vertical (y-z) plane, it is

assumed that the motion in the horizontal and vertical directions are decoupled, and

therefore each can be analysed and modelled independently.

The interface plate and bearing housing were approximated as rigid lumped masses, with

springs representing the support rods. It is assumed that the support rods are axially

rigid, so that both the interface plate and bearing housing must rotate with the L-shape.

This means that only one rotational DOF is required, which is represented by the L-shape

rotation θL. Torsional and axial motion were neglected, since little motion was observed

in these directions in the modes of interest.

5.4.1.1 L-shape

If the L-shape were rigid, then only 2DOF for the interface plate and bearing housing

would be required, and the model would be axisymmetric; ie. the natural frequencies

would be the same in the horizontal and vertical directions. However, some asymmetry

was observed from the experimental testing, which can only arise from the L-shape. As

the interface plate displaces horizontally, the L-shape primarily twists about the vertical

axis. Similarly, the L-shape bends about the horizontal axis, as the interface plate is

loaded vertically. Therefore one rotational DOF was included for the L-shape in each

plane, with a corresponding stiffness and moment of inertia.

Since the support rods are all assumed axially rigid, both the interface plate and bearing

housing must rotate with the L-shape. The L-shape parameters therefore have an influ-

ence on the properties of the whole system. The stiffness and inertia of the L-shape will

likely be quite different in the horizontal and vertical directions, in contrast to the bear-

ing housing and interface plate. This model is therefore able to introduce the asymmetry
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observed in the experimental tests. The L-shape parameters in Fig. 5.24a have therefore

been given a superscript to denote that they apply for motion in the horizontal plane;

there will be another different set of L-shape parameters for vertical motion.

5.4.1.2 Interface plate

Since the interface plate was very thick, it was modelled as a rigid body. The inertia of

this rigid body was assumed to have two components; one due to the mass of the main

body of the interface plate, termed the “block”, which can be measured directly, as well

as an additional contribution due to the support rods:

mIP = mblock
IP +mrods

IP

IIP = IblockIP +mrods
IP h2

IP

The interface plate block was weighed using scales with a precision of 1 g, and this value

is listed in Table 5.13a. The moment of inertia of the interface plate block was then esti-

mated using the radius of gyration from the CAD model, and this is listed in Table 5.13b.

The effective rod inertia term mrods
IP cannot be measured directly, and must be identified

from the experimental data. Note that this is not simply half of the mass of the support

rods, because not all sections of the rod move fully with the interface plate. The rods

also have a contribution to the moment of inertia due to the offset of the rods from

the centroid of the interface plate, denoted by hIP, as defined in Fig. 5.24a. The key

dimensions of the rods are shown in Table 5.12a.

The rods were modelled as linear springs and dampers, with a stiffness kIP and viscous

damping constant cIP. These terms were also identified from the experimental data. It

was assumed that they were axisymmetric so that kxIP = kyIP = kIP and similarly for the

damping constants and inertia.

Table 5.12: Support rod dimensions (mm)

(a) Interface plate

Property Symbol Value

Rod separation hIP 49.5
Rod length lIP 135.0

(b) Bearing housing

Property Symbol Value

Rod separation hBH 49.5
Rod length (rigid) lBH 50.0
Rod length (flexible) lBH 150.0
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Table 5.13: Inertia of different support components

(a) Measured masses (kg)

Component Symbol Weight

Interface plate mblock
IP 4.26

Bearing housing mblock
BH 2.82

SKF bearing mbearing
BH 0.50

(b) Estimated moments of inertia (kg m2)

Component Symbol Inertia

Interface plate IblockIP 10.134× 10−3

Bearing housing IblockBH 5.548× 10−3

SKF bearing IbearingBH 0.226× 10−3

5.4.1.3 Bearing housing

The bearing housing was also modelled as a rigid body. Its inertia was assumed to have

a similar form to the interface plate:

mBH = mblock
BH +mbearing

BH +mrods
BH

IBH = IblockBH + IbearingBH +mrods
BH h2

BH

where there is now an additional term mbearing
BH due to the bearing. The “block” and

“bearing” terms are independent of the setup, but the last terms due to the rods will

depend on the setup, and will be different for the rigid and flexible configurations.

The bearing housing block and rolling-element bearing were weighed in the same way as

the interface plate, and these values are listed in Table 5.13a. The moment of inertia

of the housing was then estimated using the radius of gyration from the CAD model.

The radius of gyration of the rolling-element bearing was estimated using the diameter

between ball centres dm (defined in Fig. 3.6):

IbearingBH ≈ mbearing
BH

d2
m

4

where the value of dm can be found from Table 5.1. The estimated moments of inertia

are listed in Table 5.13b.

In the rigid configuration, the support rods were assumed to be infinitely stiff, so it was

not necessary to identify any elastic or damping rod parameters; however, an inertial

term was still identified. In the flexible configuration, it was necessary to identify both

the rod stiffness kBH and damping cBH, as well as another inertial term. The flexible

bearing housing support rods were assumed to be axisymmetric, like the interface plate

support rods. The dimensions of the support rods are shown in Table 5.12b.
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5.4.1.4 Piezo-electric actuator model

When the PEAs are fitted, they will add some stiffness to the system. These were

modelled as springs and dampers between the interface plate and ground as shown in

Fig. 5.24. Both radial springs (with stiffness kδPEA) and rotational springs (with stiffness

kθPEA) were included. Note that these springs and dampers represent not only the PEA

stacks, but also the stingers and PEA bases, as shown in Fig. 5.8. Since the PEAs are

identical, and inclined at 45°, they will add the same stiffness in the horizontal and vertical

directions. Therefore, only a single set of PEA parameters needs to be identified, which

apply in both the horizontal and vertical directions. Since the PEAs are connected to the

bottom of the interface plate, they could introduce some axial-lateral coupling. However,

it was assumed that the L-shape provides adequate constraint against axial motion, since

little axial motion was observed experimentally. Therefore, this effect was neglected.

5.4.1.5 Equations of motions

The equations of motion of the system depicted in Fig. 5.24 were derived using a Lagranian

approach. These equations will not be reproduced here for brevity, but have been derived

in Appendix D.1. These equations will be used later in Section 5.4.4 to find the modal

properties of the system using eigenvalue analysis.

5.4.2 Quasi-static loading test

In order to identify the elastic properties of the L-shape and interface support rods, as

well as the PEA voltage gain, a quasi-static loading test was carried out. The interface

plate was fixed to the L-shape, and then the two PEAs were attached, as shown in

Fig. 5.25. The actuators were then used to excite the interface plate in the horizontal

and vertical directions. The frequency of excitation was kept very low (< 20 Hz), so that

it approximated static loading and inertial loads could be neglected. The displacement of

the interface plate was measured in both directions using the Keyence laser displacement

sensors, and the loads applied to the plate were measured using the force-gauges on

the PEAs. The loads from each force gauge were converted into horizontal and vertical

components in post-processing.

5.4.2.1 Effective interface plate stiffness

The relation between the interface plate displacement and the load applied by the PEAs

was used to extract an effective interface plate stiffness. This was repeated for multiple

excitation voltages, in order to be able to verify that the measured stiffness remained
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Figure 5.25: Experimental setup to measure the interface plate stiffness

independent of the applied load. The load-displacement relation measured in the ex-

periments is plotted in Fig. 5.26. The effective interface plate stiffness clearly remains

constant, although there is a small amount of hysteresis due to friction. Linear polynomi-

als were fitted to the load-displacement relation in each direction, and these are overlaid.

The effective interface plate stiffness was found from the gradient of these lines.

(a) Horizontal (b) Vertical

Figure 5.26: Experimental results from interface plate stiffness test

It should be noted that the measured stiffness is not simply the stiffness of the flexible

rods supporting the interface plate. In Appendix D, the expression for stiffness measured

in this test was derived as follows:

ktestIP =

(
1

kIP

+
l2IP

kL + kθPEA

)−1

(5.12)
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where kL is L-shape stiffness in the direction of the loading test. It becomes apparent that

there is one component due to the interface plate rod compliance as expected. However,

there is an additional term due to the rotational compliance from the L-shape and PEAs,

which are in series with the support rods. Note that the radial PEA stiffness has no

influence on the measured stiffness, since the load was measured in series with the PEAs.

5.4.2.2 PEA voltage gain

The relation between the applied PEA voltage and interface plate displacement was also

extracted from the quasi-static tests. The interface plate displacement is plotted against

the applied voltage in Fig. 5.27 for both horizontal and vertical loading. It can be

observed that for each voltage, there is a linear relationship between the applied voltage

and interface plate displacement. Some hysteresis is visible, which is due to friction within

the joints of the bearing support structure. However, when comparing the results from

each voltage level, it can also be observed that the gain from voltage to displacement

increases varies with the voltage amplitude.

(a) Horizontal (b) Vertical

Figure 5.27: PEA voltage-displacement relation from quasi-static loading test

The voltage-displacement gain was determined at each amplitude by fitting a line through

the experimental data points. The gradient of these lines can then be plotted against

the applied voltage amplitude, as shown in Fig. 5.28. It becomes clear that the voltage-

displacement increases with the amplitude of the PEA voltage. This is a well-known

phenomenon in PEAs, and is due to the electrical hysteresis within the piezo-electric

material being overcome [195]. For this project, it was not necessary to understand the

origin of this PEA behaviour. Instead, a line was fit through the measured points on

Fig. 5.28, which is plotted in black, to yield an amplitude dependent voltage gain which

is valid for harmonic excitation. Since the PEAs are clearly non-linear, this voltage-

displacement gain will not necessarily extend to other types of excitation, but this was
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(a) Horizontal (b) Vertical

Figure 5.28: Variation of PEA voltage-displacement gain from quasi-static loading test
with amplitude of PEA voltage

not an issue since only harmonic excitation was considered in this project. It should be

noted that the voltage-displacement gain is very similar in the horizontal and vertical

directions, but differences are visible at lower voltage levels.

This amplitude-dependent gain can then be evaluated to find the corresponding gain for

a given PEA voltage amplitude. This can then be used to find the resulting interface

plate displacement. For example, the horizontal interface plate displacement is given by:

xIP(t) = Gx
PEA

(
V̂ x

PEA

)
∗ V x

PEA(t) (5.13)

where V̂ x
PEA is amplitude of the effective horizontal PEA voltage. The vertical gain can

be applied in the same way to yield the vertical interface displacement.

5.4.3 Hammer tests

Although the quasi-static test revealed some information about the elastic properties

of the system, it did not reveal how much compliance is introduced by the L-shape or

flexible rods, but only the total compliance. Moreover, no tests were carried out with

the bearing housing fitted yet, so the compliance of the bearing housing support rods

was unknown. In addition, the inertial and damping contributions from the support rods

remained unknown. Further information was therefore required.

An extensive hammer test campaign was therefore carried out, in order to identify the

remaining unknown parameters. Tests were carried out in many multiple support configu-

rations, so that it was possible to glean information about all of the different components.

Roving hammer tests were carried out in each configuration, using the same data acqui-

sition method as the rotor hammer tests explained in Section 5.3.3.1. The only difference

was that the acquisition window was reduced to 16 s, since the support structure was

much more heavily damped. The modal parameters were identified using the ModeLAB
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toolbox, as with the rotor. The different hammer tests will now be explained in more

detail.

5.4.3.1 L-shape

A roving hammer test was first carried out on the L-shape only, without the interface

or bearing housing fitted. This was to allow accurate determination of the L-shape

modal parameters, without any extra contributions from the other components. Two

accelerometers were fitted to the front face of the L-shape on the top edge, so that both

flexural and torsional modes could be detected, as shown in Fig. 5.29. There was a grid

of impact locations over the front face of the L-shape.
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Figure 5.29: Schematic of L-shape hammer tests

5.4.3.2 Interface Plate

The interface plate was then attached to the L-shape via its compliant support rods, as

shown in Fig. 5.31. The rods were tightened to a torque of 60 N m. Two accelerometers

were attached to the interface plate itself; one in the horizontal and one in the vertical

direction. A roving hammer test was then carried out, with impact locations on both the

interface plate and L-shape, as depicted in Fig. 5.30.

The mode shapes were post-processed to resolve all 6 displacements of the interface plate,

assuming it was a rigid body. The displacements at the six in-plane impact locations on

the interface plate were used to resolve the horizontal, vertical and torsional displacement

of the interface plate. Similarly, the displacement at the four axial impact locations were
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used to resolve the axial displacement and rotations about the horizontal and vertical

axes.
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Figure 5.30: Schematic of interface plate hammer tests

Tests were carried out first without the PEAs fitted, as shown in Fig. 5.31a; this was

referred to as the “free” configuration. Another hammer test was attempted with the

PEAs fitted, as shown in Fig. 5.31b, known as the “fixed” configuration. However, no

modes could be observed in the FRF for the fixed configuration, so no information could

be gleaned from this test. It was later understood that this was because the PEAs

constrained the interface plate in the horizontal and vertical directions, so the modes of

interest would have only contained out-of-plane motion. This meant that these modes

could not be detected by the horizontal and vertical accelerometers used in the hammer

test. However, sufficient information about the interface plate could be gleaned from the

“free” test.

5.4.3.3 Bearing housing

The bearing housing was then fitted, in both the rigid and flexible configurations, as

shown in Fig. 5.33 and Fig. 5.34. These rods were also tightened to 60 N m. Roving

hammer tests were carried out in the same way as with the interface plate, except there

were additional impact locations on the bearing housing, as shown in Fig. 5.32. The 6

bearing housing displacements were resolved in the same way as the interface plate. Tests

were carried out in both the “free” and ”fixed” configurations like the interface plate.

Rigid configuration The bearing housing was first installed in the “rigid” bearing

configuration, with very short support rods, as shown in Fig. 5.33. In this case, the
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(a) Free configuration (b) Fixed configuration

Figure 5.31: Experimental setup for hammer tests on interface plate
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Figure 5.32: Schematic of bearing housing hammer tests

bearing housing and interface plate move as one body, and can therefore be considered

to be rigidly connected.

Flexible configuration Flexible bearing housing support rods were then installed as

shown in Fig. 5.34. This introduces a significant amount of compliance between the

interface plate and bearing housing, so that they can no longer be considered rigidly

connected.
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(a) Free configuration (b) Fixed configuration

Figure 5.33: Experimental setup for hammer tests on rigid bearing housing

(a) Free configuration (b) Fixed configuration

Figure 5.34: Experimental setup for hammer tests on flexible bearing housing

5.4.4 Parameter identification

In order to identify the unknown bearing support parameters, the same least-squares

approach as with the rotor model in Section 5.3.4 was used. As before, a two stage iden-

tification process was adopted, whereby the inertial and elastic parameters were identified

first, followed by the damping parameters.

The cost function for determining the inertial and elastic parameters from the rotor in

Eq. (5.10) was modified slightly, as shown below in Eq. (5.14). The natural frequency

term was maintained, but the other terms were replaced using the available information

about the supports.
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minimize
θ

∑
i

(
{ω}Exp

i − {ω}Model
i

{ω}Exp
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)2

+
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(
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j
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)2

+
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(
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j

)2

subject to θ > 0

(5.14)

In Eq. (5.14) there is one term involving the effective L-shape inertia, and another in-

volving the effective interface plate stiffness. The former term encourages the model to

match the L-shape inertia measured from the hammer test, which is the most accurate

estimate of this inertia. The latter term ensures that the identified L-shape stiffness

introduces enough asymmetry to match the results from the quasi-static interface plate

test. This stiffness term was computed from the model using Eq. (5.12). To identify the

damping parameters, the same cost function from the rotor case was used as in Eq. (5.11),

involving only the damping ratios.

5.4.4.1 L-shape parameters

The L-shape was the only component for which all of its parameters had to be identified

indirectly by fitting to all of the available experimental data. In addition, the L-shape

was the only component with different properties in the horizontal and vertical directions

due its inherent asymmetry, so it was necessary to identify 2 sets of inertial, elastic and

damping parameters. The identified parameters are listed in Table 5.14.

Table 5.14: Identified L-shape parameters

Property Symbol Horizontal Vertical Units

Effective stiffness kL 10.3 1.76 MN m rad−1

Effective inertia IL 1.30 0.09 kg m2

Effective damping cL 70.2 11.2 N m s rad−1

The asymmetry between the two directions is quite pronounced, with the horizontal

stiffness approximately 6× the vertical stiffness. Since there is also much more damping

in the vertical direction, this can likely be attributed to a gap opening up between the

L-shape and test bed, which will also dissipate energy due to friction. On the other hand,

the inertia is also much larger in the horizontal direction, so the natural frequencies will

be closer than the difference in stiffnesses would suggest.
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5.4.4.2 Interface plate rod parameters

The identified elastic, damping and inertial properties of the interface support rods are

listed in Table 5.15. These properties apply in both the horizontal and vertical directions.

The identified support rod stiffness is very similar in magnitude to the stiffness measured

in the quasi-static stiffness test; this implies that the compliance from the support rods

dominates over the contributions from the L-shape and PEAs as would be expected. The

effective mass is also similar to the measured mass of the support rods which was 1.15 kg.

Table 5.15: Interface plate support rod parameters

Property Symbol Value Units

Effective mass mrods
IP 1.08 kg

Effective damping crodsIP 52.1 N s m−1

Effective stiffness krodsIP 4.68 MN m−1

The identified damping value is relatively high, and equates to 0.5 % damping of the

interface plate, if the L-shape were rigid.

5.4.4.3 Bearing housing rod parameters

The identified bearing housing rod parameters are shown in Table 5.16 for both the rigid

and flexible bearing configurations. It can be observed that the effective rod inertia is

higher in the flexible configuration, due to the increased rod length. The rod parameters

in the flexible configuration are very similar to the values for the interface plate support

rods, which would be expected since the rods has the same free length.

Table 5.16: Identified bearing housing rod parameters

(a) Rigid configuration

Property Symbol Value Units

Effective mass mrods
BH 0.60 kg

(b) Flexible configuration

Property Symbol Value Units

Effective mass mrods
BH 0.94 kg

Effective damping crodsBH 71.6 N s m−1

Effective stiffness krodsBH 4.74 MN m−1
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5.4.4.4 Piezo-electric actuator parameters

The effective stiffness and damping from the PEAs are listed in Table 5.17. The iden-

tified radial stiffness is considerably lower than the value for the actuator stiffness of

150 MN m−1 given by the manufacturer. However, the PEAs are not in fact perfectly

axially loaded by the interface plate, and there will be some additional compliance from

the stingers and the angled mounts connecting the PEAs to the test bed. Therefore it is

not entirely unexpected that the values do not agree.

Table 5.17: Identified PEA parameters

Property Symbol Value Units

Effective radial stiffness kδPEA 38.7 MN m−1

Effective rotational stiffness kθPEA 0 MN m rad−1

Effective radial damping cδPEA 857 N s m−1

Effective rotational damping cθPEA 13 N m s rad−1

The optimiser has set the rotational stiffness of the PEAs to the lower bound of 0 MN m rad−1.

Since the L-shape is very stiff, any additional rotational stiffness from the PEA has very

little influence. However, the identified rotational damping term from the PEAs is non-

zero, since this is able to account for the increase in stiffness observed once the PEAs are

fitted. This is likely due to friction in the stingers.

5.4.5 Results from the L-shape and interface plate

The results from the hammer tests on the L-shape and interface plate will now be pre-

sented, along with the predictions from the equivalent model, using the parameters from

Section 5.4.4. The results from the quasi-static loading test will also be compared to the

predictions from the model.

5.4.5.1 Quasi-static interface plate stiffness

The interface plate stiffnesses measured in the quasi-static loading test with PEAs have

been listed in Table 5.18 from both the experiments and the equivalent model. It can be

observed that the stiffness is slightly different in each direction, due to the asymmetrical

compliance introduced by the L-shape. The L-shape is in fact softer in the vertical

direction, in which the L-shape bends, than the horizontal direction in which the L-shape

twists, as shown in Table 5.14. Therefore the measured interface plate stiffness is higher

in the horizontal direction than in the vertical direction. The model predicts both this

asymmetry very well, as well as the overall stiffness level, indicating that the L-shape and

interface plate support rods stiffnesses have been identified correctly.
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Table 5.18: Comparison of effective interface plate stiffness from the quasi-static loading
test and equivalent numerical model

Stiffness (MN m−1)

Direction Experiment Model

Horizontal 4.64 4.64
Vertical 4.44 4.46

Figure 5.35: Mode shapes of the L-shape

5.4.5.2 L-shape hammer test

The mode shapes obtained from the hammer tests on the L-shape are plotted in Fig. 5.35

and the corresponding modal properties are plotted in Fig. 5.36. In order to reproduce

the full displacement field over the L-shape from the model of the support structure, a

static FE analysis was performed using Solidworks, where a moment was applied about

the x and y axes, as shown in Appendix D.3. These displacement fields were then scaled

appropriately by the L-shape rotation from the equivalent support model, in order to

reconstruct the deflection of the complete L-shape.

From Fig. 5.35, it can be observed that the L-shape displaces torsionally in the mode

which will couple with horizontal interface plate motion, and flexurally in the mode

which couples with vertical motion. Without the interface plate fitted, the frequencies

of the modes are at their highest, and are well above the running range of the rig. The

MAC has been computed over the impact locations on the front face of the L-shape from

the hammer test, and this is displayed on Fig. 5.35. Since the mode shape from the

model relies on the FE analysis from Solidworks, it is unsurprising that the MAC is high,

particularly in the horizontal mode.
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Table 5.19: Comparison of L-shape inertia from hammer test and equivalent numerical
model

Inertia (kg m2)

Direction Symbol Experiment Model

Horizontal IxL 1.22 1.3
Vertical IyL 0.15 0.09

Despite the fact that the L-shape was observed to be stiffer in the horizontal direction

from the quasi-static loading test, the horizontal mode is significantly lower than the

vertical mode, as shown in Fig. 5.36a. This is because the torsional mode engages more

of the front panel as well as the webs on the side compared to the flexural mode, which

therefore introduces extra inertia, which is reflected in the measured values from the

hammer test listed in Table 5.19.

The L-shape inertias identified from the procedure in Section 5.4.4 are close to the mea-

sured values, but show an even greater level of asymmetry than the values extracted from

the hammer test. It is possible that there are additional sources of asymmetry in the

support, which have been lumped into the L-shape during the parameter identification

procedure. However, a more likely explanation is that there is non-linear damping in the

L-shape due to friction between the L-shape and the test bed, and therefore the estimate

of the modal mass from the FRFs is not accurate. This perhaps explains why the model

under-predicts the L-shape damping ratio in Fig. 5.36b.

Overall, the model correlates quite well, with a maximum error in the natural frequencies

of 7 % in the vertical mode. The damping ratios are also well predicted with a maximum

error of 25 % in the horizontal mode. Given that the focus of this work was to be able

to accurately predict the bearing housing motion, this level of correlation was deemed

acceptable. In the next sections, it will become clear that these small discrepancies

become less significant once the other components are added.

5.4.5.3 Interface plate hammer test

Once the interface plate is fitted, the natural frequencies reduce significantly. The in-

terface plate moves in-plane with very little torsional or titling motion, as depicted in

Fig. 5.37. The L-shape deflects very slightly with the interface plate; the L-shape twists

slightly in the horizontal mode, and bends slightly in the vertical mode. This leads to

some asymmetry, with a small gap of 5 Hz between the frequencies, as shown in Fig. 5.36a.

It is interesting to note that the horizontal mode now has a higher frequency, which is the

opposite of what was observed in the L-shape hammer test; the addition of the interface

plate has brought the frequencies into the regime where the L-shape stiffness has more
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(a) Natural frequencies

(b) Damping ratios

Figure 5.36: Modal properties of the L-Shape and interface plate supports (PEAs dis-
connected)

influence than its inertia, so that the horizontal mode has a higher frequency since the

L-shape is stiffer in this direction. In addition to this, the L-shape now has a smaller

contribution to the damping, and therefore the damping ratio has reduced considerably,

as shown in Fig. 5.36b.

These modes are very well predicted by the equivalent model, both in terms of the mode

shapes and natural frequencies. The MAC was computed using the deflections of both

the L-shape and interface plate, and this is displayed on Fig. 5.37. It can be seen that

the MAC remains above 0.9 for both modes; the frequencies are also within 1 % of the

measured values. The damping in the vertical direction has reduced significantly, and

this is well predicted by the model. However, the model over-predicts the reduction in

damping for the horizontal mode, suggesting that the damping contribution from the

L-shape may in fact be higher than the model predicts. However, the overall level of

damping is captured well, with a maximum error of 50 %.
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Figure 5.37: Mode shapes of the interface plate (PEAs disconnected)

5.4.6 Results from the bearing housing hammer tests

The results from the hammer test with the bearing housing attached will now be pre-

sented, which have the most relevance for predicting the response of the ARES rig, once

fully assembled. First, the “‘free” case without the PEAs connected will be examined,

before moving on the “fixed” case with PEAs connected, which is the configuration which

will be used on ARES once assembled. Only the first order modes will be discussed here,

but in some of the configurations, a second set of modes with a higher frequency could

be observed. The full set of modes are presented in Appendix B.2.

5.4.6.1 Free case with the PEAs disconnected

The modal properties for the case without the PEAs are shown in Fig. 5.38. It can

be observed immediately that the frequencies are reduced by the addition of the extra

bearing housing inertia. However, the additional compliance between the bearing housing

and interface plate in the flexible configuration only leads to a drop in frequency of around

20 Hz from the rigid configuration. This will now be explained in more detail.

Rigid configuration It would be expected that adding the bearing housing with the

rigid support rods would reduce the frequencies due to the additional inertia. Indeed

it can be observed from Fig. 5.38a that the frequency of the first mode depicted in

Fig. 5.39 has been reduced by approximately 40 Hz. The interface plate and bearing

housing displace by approximately the same amount, validating the assumption that the

two are rigidly connected together. The frequency gap between the modes has remained
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(a) Natural frequencies

(b) Damping ratios

Figure 5.38: Modal properties of the rigid and flexible bearing configurations (PEAs
disconnected)

at around 5 Hz, with the horizontal mode slightly higher due to the increased L-shape

stiffness in this direction.

The agreement with the model is again very good, with the model predicting the same

40 Hz drop in the first pair of modes from the case with only the interface-plate. The

MAC has increased slightly to above 0.95. The model generally predicts the damping

levels well, as shown in Fig. 5.38b. The damping level remains similar to the case with

only the interface plate, since the rigid bearing housing support rods add little damping.

Flexible configuration As would be expected, the natural frequencies reduce consid-

erably when moving to the flexible bearing configuration, as shown in Fig. 5.38a. This

is due to the extra compliance introduced by the support rods, which allows the bear-

ing housing to deflect w.r.t interface plate, as depicted in Fig. 5.40. It can be observed

that the bearing housing and interface plate move in phase, with the bearing housing

displacing further.
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Figure 5.39: Mode shapes of the rigid bearing configuration (PEAs disconnected)

Figure 5.40: Mode shapes of the flexible bearing configuration (PEAs disconnected)

It is interesting to note that the frequency gap between the horizontal and vertical modes

has increased from 5 Hz for the rigid bearing housing, to around 9 Hz in the flexible

configuration. It would be expected that the frequency gap should decrease since the

influence of the L-shape will be reduced by the introduction of further compliance. This

is why the model predicts that the frequency gap should reduce to around 4 Hz. This

discrepancy suggests that some extra asymmetry was introduced during the installation

of the flexible support rods. This could also explain the large difference in the measured

damping in the horizontal and vertical modes, which is not captured by the model, as

well as the drop in the MAC down to around 0.8.
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Figure 5.41: Mode shapes of the rigid bearing configuration (PEAs connected)

5.4.6.2 Fixed case with PEAs connected

The modal properties obtained from the hammer tests with the PEAs attached are shown

in Fig. 5.42. It can be observed that the frequency gap between the rigid and flexible

bearing configurations has increased significantly, as will now be discussed in more detail.

Rigid configuration After attaching the PEAs, the frequencies of the first set of

modes has increased by over 200 Hz as shown in Fig. 5.42a. This would be expected since

the stiffness of the PEAs (shown in Table 5.17) was identified to be approximately 8×
higher than the interface plate rod stiffness (shown in Table 5.15). The horizontal mode

continues to have a slightly higher frequency due to the increased L-shape stiffness in this

direction. The damping of these modes has increased from around 0.4 % in the “free”

case to around 2 % in the “fixed”, which can likely be attributed to the joints between

the interface plate and PEA stingers, or possibly due to hysteretic losses within the PEAs

themselves.

The model predicts the increase in both frequency and damping of these modes due to

the PEAs very well. However, the MAC value of the horizontal mode has dropped signif-

icantly, most likely because the additional L-shape motions appears to have lead to some

torsional coupling which is neglected in the model. The damping of the horizontal mode

is slightly over-predicted, and the vertical mode under-predicted. This could indicate that

there is another damping mechanism in the PEAs and stingers which cannot be captured

with a simple viscous damper. However, the overall damping level is captured well. The

model was deemed to agree sufficiently well with the experimental data, especially since

these modes are unlikely to be significantly excited on the rig because their frequencies
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(a) Natural frequencies

(b) Damping ratios

Figure 5.42: Modal properties of the rigid and flexible bearing configurations (PEAs
connected)

are so high.

Flexible configuration Attaching the PEAs has a much smaller influence when the

bearing is in the flexible configuration. The natural frequencies only increase by around

50 Hz, and this increase is predicted very well by the model. The interface plate was

found to move considerably less than the bearing housing in the “free” configuration, so

that there is only a small increase in the frequency once the PEAs are attached, even

though they are very stiff. Thus, the PEAs simply constrain the interface plate and leave

the bearing housing free to deflect, as shown in Fig. 5.43. However, this will likely isolate

the bearing from base excitation with the PEAs.

Unlike with the rigid bearing housing, the vertical mode continues to have a lower fre-

quency than the horizontal mode, with a gap of around 8 Hz. This is because the frequen-

cies are much lower with the flexible bearing rods, so that they are in the regime where

the L-shape inertia has negligible effect and its compliance dominates. This asymmetry

is predicted by the model, but the frequency gap is under-predicted at 4 Hz. As was
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Figure 5.43: Mode shapes of the flexible bearing configuration (PEAs connected)

found with the rigid configuration, the MAC has dropped when compared to the “free”

configuration; for example, in the horizontal mode, the MAC was around 0.8 in the “free”

configuration, but has reduced to around 0.5 in the “fixed” configuration. This is likely

related to the large L-shape motion observed in the experimental results, which is not

captured by the model.

The measured damping level appears to have increased with the addition of the PEAs,

when comparing the damping from the “free” and “fixed” cases. This is also predicted

by the model. However, as was observed in the “free” configuration, there is a large

discrepancy between the damping in the horizontal and vertical modes, which cannot be

captured by the model because the support rods are assumed symmetric. This is further

evidence that the behaviour of the system is sensitive to how it is assembled. Despite

this, the overall damping level is captured reasonably well.

5.4.7 Summary

A simplified 6DOF model of the ARES bearing support structure has been developed,

which can accurately predict the first two modes of the system. It has been fully param-

eterised using data from multiple hammer tests and a quasi-static loading test. It is able

to accurately predict the modal properties of the bearing housing in both the rigid and

flexible configurations, and is now ready to be integrated into a model of the complete

ARES rig.
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5.5 Ancillary components

Since the shaft within ARES is both quite light and flexible, the influence of other ancil-

lary components such as the coupling and encoder cannot be neglected. Therefore some

additional tests were carried out to assess the impact of the other accessories and identify

the relevant parameters.

5.5.1 Coupling

Although the metal bellows coupling which drives the rotor was expected to have a low

flexural stiffness, it will still exert elastic forces on the end of the shaft. Since the shaft

is quite compliant, there was a concern that the forces from the coupling could still

have a significant influence on the rotor’s dynamic properties, and therefore a procedure

was developed to experimentally measure the lateral stiffness matrix of the coupling. In

addition, the coupling will add some inertia to the shaft, so the relevant inertial terms

were estimated by weighing the coupling.

5.5.1.1 Test setup

The coupling was mounted on a solid 35 mm OD shaft, which was in turn clamped to a

workbench with 2 large G-clamps. Another 30 mm shaft was connected to the motor end

of the coupling, and cantilevered off the end of the workbench. The coupling was loaded

by hanging weights from the cantilevered shaft. The loading cable could be placed at

different axial locations, where loading groves were cut into the shaft at 50 mm intervals.

Small masses were hung from the loading cable in increments of 250 g, up to a maximum

of 1.5 kg.

Since the deflections of the loading bar were large, its rotation and deflection were mea-

sured by using a Logitech C920 webcam and a point tracking algorithm from the Com-

puter Vision toolbox in MATLAB. To improve the reliability of the point tracking, a

speckle pattern was applied to the surface of the shaft, and it was placed in front of a

black background. The setup is shown in Fig. 5.44. Once the position and orientation of

the loading bar was known, the deflection at the end of the coupling could be computed

in post-processing.

5.5.1.2 Coupling Model

The coupling can exert both lateral forces and moments on the shaft, and these loads

will depend on both the translation and rotation at the coupling. This can be written in

the following matrix form:
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(a) Experimental setup
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(b) Schematic of coupling test setup

Figure 5.44: Coupling test setup
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Figure 5.45: Coupling deflections and loads during test
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(5.15)

where the loads and deflections are defined in Fig. 5.45, and K is the stiffness matrix.

It can be shown that this must be symmetric so that kθ,δC = kδ,θC . This matrix can be

inverted to give the compliance matrix C:

C = K−1 (5.16)

which allows Eq. (5.15) to be rewritten as:
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τ

]
= C

[
f

τ

]
(5.17)

With reference to Fig. 5.10, the load and moment applied to the coupling via the can-

tilevered beam is given by:



5.5. Ancillary components 177

Figure 5.46: Coupling load-displacement relation for different loading positions

[
f

τ

]
=

[
1

z

]
W

where W is the weight of the masses hung from the cantilevered beam at a distance z from

the coupling, as shown in Fig. 5.44b. This expression can be substituted into Eq. (5.17)

to yield expressions for the compliance’s measured in the test:

[
δ

θ

]
= C

[
1

z

]
W =

[
cfδ + zcτδ
cfθ + zcτθ

]
W =

[
cWδ
cWθ

]
W (5.18)

Thus it is clear that the translational and rotational compliance measured from the

cantilever test, denoted by cWδ and cWθ respectively, should vary linearly with the loading

position z. Therefore, if the compliance is measured for many different values of z, the

contribution from the terms cτδ and cτθ will vary, and it is therefore possible to determine

all the terms in the compliance matrix.

5.5.1.3 Results

The coupling was loaded and unloaded for various different loading locations, and the

corresponding coupling displacement and rotation has been plotted in Fig. 5.46. It can

be immediately observed that the coupling is very linear, with some small hysteresis due

to friction. In addition, the measured compliance appears to increase as the load was

applied further out from the coupling.
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The lateral and rotational compliance was extracted from each test by finding the gradient

of each of the lines in Fig. 5.46. These can then be plotted against the axial loading

position z to yield Fig. 5.47. It can be observed that both the lateral and rotational

compliance vary linearly with the axial loading position, as expected from Eq. (5.18).

Figure 5.47: Variation of coupling compliance with loading position

5.5.1.4 Parameter identification

There are many possible approaches for extracting the unknown stiffness matrix K from

the experimental data. One approach would be to fit linear models to the data in Fig. 5.47

to determine the terms in the compliance matrix. This can then be inverted to yield

the stiffness matrix. However, this was found to be an ill-posed problem due to the

matrix inversion. An alternative approach is to solve the following constrained non-

linear optimisation problem, which attempts to find the terms in the stiffness matrix K

directly:

minimize
K

∑
i

({
cWδ
}Exp

i
−
{
cWδ
}Model

i

)2

subject to kθ,δC = kδ,θC ,

kθ,δC < 0,

kδ,δC > 0, kθ,θC > 0

(5.19)

where
{
cWδ
}Exp

i
is the lateral compliance measured from the experiment with the loader

at zi and
{
cWδ
}Model

i
is the same compliance predicted from the model using Eqs. (5.16)
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Table 5.20: Identified coupling stiffnesses

Description Symbol Value Units

Radial stiffness kδ,δC 459 kN m−1

Cross stiffness kθ,δC , kδ,θC -26.5 kN rad−1

Rotational stiffness kθ,θC 1.56 kN m rad−1

and (5.18). This is very similar to the approach used to identify the rotor and support

parameters.

One advantage of this non-linear formulation is that it allows the parameters of the

stiffness matrix to be constrained directly. The first constraint enforces that the stiffness

matrix is symmetric, whilst the second ensures that cross-stiffness terms are of the correct

sign for the given co-ordinate system. The last constraints ensure that the coupling has

positive radial and bending stiffnesses, so the identified stiffness matrix is physical.

The values for the compliance stiffness found using this approach are shown in Table 5.20,

and the corresponding compliances are plotted in Fig. 5.47. It can be observed that the

fit between the model and the experimental data is very good. The lateral stiffness kδ,δC

is within 10 % of the manufacturer’s value of 420 kN m−1; unfortunately, this is the only

term of the stiffness matrix supplied by the manufacturer.

These tests have confirmed that the overall stiffness level is of the coupling quite low.

It would be expected that only the radial stiffness is large enough to have a significant

influence on the dynamics of the rotor. Since these tests were static, it was not possible

to identify the damping from the coupling at this stage. However, this will be considered

at a later stage, once the rig is fully assembled in Section 6.4.

5.5.1.5 Inertial properties

The coupling also adds some inertia to the shaft, so it was necessary to incorporate

this into the model. A further complication is that the coupling has different inertial

properties on each side, because the motor shaft and rotor shaft have different ODs. It

was assumed that the central bellows section is light, so that most of the inertia arises

from the end sections. The coupling inertia was therefore lumped to the two ends of the

coupling, as shown in Fig. 5.48a.

The complete coupling assembly was first weighed using digital scales to yield the com-

plete coupling mass, denoted as mtot. The clamps at each end of the coupling were then

removed from the body of the coupling, as shown in Fig. 5.48b, and each clamp was

weighed by itself. The complete coupling mass was then distributed to each end of the

coupling as follows:
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Figure 5.48: Coupling inertia

mrotor = rrotormtot

mmotor = (1− rrotor)mtot

where rrotor is the ratio of the clamp masses given by:

rrotor =
mclamp
rotor

mclamp
rotor +mclamp

motor

An estimate of the polar moment of inertia of the coupling is provided by the manufac-

turer, which was denoted by Jtot. This was also distributed to each end of the coupling

using the clamp mass ratio:

Jrotor = rrotorJtot

Jmotor = (1− rrotor) Jtot

Lastly, the diametral polar moment of inertia was estimated by summing the “disk” term

due its circular cross-section, to the “rod” component due to its length:

Irotor =
Jrotor

2
+
mrotorl

3
clamp

12

Jmotor =
Jmotor

2
+
mmotorl

3
clamp

12

where the length lclamp = 32 mm, as can be observed from Fig. 5.10b. The inertia values

obtained using this approach are listed in Table 5.21. It can be observed that the inertia
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terms are lower on the rotor side of the coupling, due to the increased bore size.

Table 5.21: Estimated coupling inertia

Inertia Symbol Motor side Rotor side Units

Mass mC 0.257 0.244 kg
Diametral moment of inertia IC 7.17× 10−5 6.83× 10−5 kg m2

Polar moment of inertia JC 1.33× 10−4 1.27× 10−4 kg m2

5.5.2 Encoder

The encoder used to measure the rotor angle is quite large, and it will therefore add some

inertia to the shaft. The encoder was modelled as a rigid body with its CoG coincident

with the centroid of the coupling, as depicted in Section 5.5.2. It was assumed that the

encoder was rigidly connected to the shaft, and therefore its diametral moment of inertia

and mass contribute to the inertia of the rotor. However, it was assumed that the encoder

has a negligible contribution to the polar moment inertia of the shaft, since the body of

the encoder does not spin. Therefore it was not necessary to estimate this value.

JE

mE

IE

Figure 5.49: Encoder inertia

The encoder was weighed using digital scales. The diametral moment of inertia was

estimated by assuming the weight of the encoder was evenly distributed over the body

of the encoder. Both of these values are listed in Table 5.22.

Table 5.22: Estimated encoder inertia

Inertia Symbol Value Units

Mass mE 0.498 kg
Diametral moment of inertia IE 4.41× 10−4 kg m2
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The encoder is loosely connected to ground via a rubber mount, and therefore adds

negligible stiffness to the system, unlike the coupling. However, it would be expected

that the rubber mount may introduce some damping to the system. It was not possible

to identify the effect of this without fully assembling the rig, but this damping will be

quantified later in Section 6.4.

5.6 Summary

In this chapter, the ARES rotordynamic test rig has been introduced. Well-correlated

models of each of the key subsystems have been developed. The fixed rolling-element

bearing was loaded statically using a separate test rig known as BELOS, and this was

used to parameterise the quasi-static bearing model from Section 3.2. The rotor was

modelled using the ROLADYN toolbox and parameterised using the modes obtained

from roving hammer tests. A simplified model of the flexible bearing support structure

was developed, and this was parameterised using results from further hammer tests.

Lastly, the properties of the ancillary components were determined; in particular, the

stiffness matrix of the flexible coupling which drives the rotor was successfully measured

using a cantilever test. This model of the ARES rig should now be able to accurately

capture the linear dynamics of both the rotor and stator, as well as any non-linear effects

due to the bearings. This will be investigated in the next chapter.



Chapter 6

Forced response of the ARES test rig

Over the course of Chapter 5, accurate models of each subsystem of the ARES rig were

developed, and fully parameterised using results from experiments. In this chapter, these

component models will be incorporated into a model of the complete rig using ROLA-

DYN, which can then be used to analyse the forced response. First, a procedure will be

developed for optimising the rig setup using the ROLADYN model, in order to maximise

the influence of the non-linearity from the fixed bearing. This was so that the rig would

operate in the non-linear regime, where it was expected the bearing transmissibility would

be most difficult to predict. It was hoped that this would also allow some of non-linear

effects from the Jeffcott rotor study in Chapter 4 to be observed in an experimental

setting.

The ARES rig will then be assembled in the optimised configuration, and the ROLADYN

model will be validated in the linear regime, both with the rotor stationary (using hammer

tests) and rotating (using PEA excitation). The forced response of the rotor will then

be investigated. The variable compliance of the bearing will be quantified by analysing

the spectrum of the response of the rig. Most significantly, the unbalance response will

be investigated over a range of excitation levels, and compared to predictions from the

ROLADYN model using HBM.

6.1 Complete rig model using ROLADYN

The models of the different sub-systems developed in Chapter 5 first had to be integrated

into a ROLADYN model of the complete ARES test rig, as depicted in Fig. 6.1. Some

of the components were already modelled using ROLADYN so this was trivial, but for

some of the other components, some work was required to implement them within the

ROLADYN framework. This will now be explained in more detail.

183
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Figure 6.1: Schematic ROLADYN model of ARES rig

6.1.1 Rolling-element bearings

The quasi-static model of the rolling-element bearing from Section 3.2.5 was implemented

as a non-linear joint element within ROLADYN. This element was dependent on the rotor

speed, due to the effect of dynamic loads on the elements, and the rotor angle due to

variable compliance.

The fixed bearing was parameterised using the values identified from BELOS in Sec-

tion 5.2.5. This includes the radial clearance (cr = 4.2 µm) and radius of curvature of

the inner race (ri = 4.9 mm). This bearing was connected to the model of the bearing

support structure, which will be discussed shortly.

On the other hand, the properties of the floating bearing were not measured directly using

BELOS, so had to be estimated. Since the two bearings contain identical ball elements,

the inner race curvature of the floating bearing was set to the same value as the fixed

bearing (ri = 4.9 mm). However, the floating bearing has a completely different housing

from the fixed bearing, so the radial clearance from BELOS will not necessarily carry

over. Since the adapter sleeve of this bearing was tightened by a larger angle than the

fixed bearing (70° compared to 45°), the clearance of the floating bearing was arbitrarily

set to cr = 0 µm. The floating bearing was assumed to be rigidly connected to ground.

6.1.2 Ancillary components

The metal bellows coupling was modelled using a linear joint element, using the mea-

sured stiffness matrix from Section 5.5.1. The rubber mount supporting the encoder was

modelled using another linear joint element to ground, except this joint had zero stiffness.

The damping of both the coupling and encoder mount were unknown at this stage. The
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inertia of both the coupling and encoder was lumped into solid disc elements at the CoG

of the coupling clamp and encoder respectively.

6.1.3 Bearing support structure

The simplified model of the fixed bearing support structure outlined in Section 5.4.1 was

implemented within ROLADYN by modelling the L-shape, interface plate, and bear-

ing housing with solid stator elements. The L-shape compliance and support rods were

represented with joint elements, which were defined such that any relative rotation be-

tween the L-shape, interface plate and bearing housing was prevented. This model was

validated against the support model derived in Appendix D, and was confirmed to give

identical results. The support model has 6 DOF for the flexible bearing configuration,

but only 4 DOF in the rigid configuration since the bearing housing and interface plate

are constrained to move as one rigid body. The effect of PEA excitation was modelled

as displacement control of the horizontal and vertical interface plate DOF.

6.1.4 Model reduction of the rotor

The rotor was already modelled within ROLADYN with shaft and disc elements in Sec-

tion 5.3.1, using a relatively fine 1D mesh with around 20 nodes along its length. This

model could have been integrated in a model of the complete rig as it was, but it was

relatively large with around 80 DOF. This is acceptable for linear modal analysis on

the rotor itself, but becomes computationally expensive when performing more advanced

analysis. To mitigate this, component mode synthesis outlined in Section 3.1.2.4 was

used to reduce the number of rotor DOF.

Since the two rolling-element bearings have negligible tilt-stiffness, they could be thought

of as pin joints supported by non-linear spring, as shown in Section 5.3.1. This leads to

2 constraint DOF at each bearing, one horizontal and one vertical; these are depicted in

Fig. 6.2a. The normal modes of the rotor were then computed with the rotor fixed to

ground at the bearing locations. The first 2 pairs of normal modes were retained, with

one horizontal mode and one vertical mode within each pair, as depicted in Fig. 6.2b.

The normal modes added another 4 rotor DOF, leading to a total of 8 rotor DOF once

the constraint DOF were included.

Note that for this analysis, the encoder and coupling were included as part of the rotor

system. This means that the coupling stiffness was included when computing the con-

straint modes due to the bearing DOF. In addition, the coupling and encoder inertia was

included when computing the normal modes. For this reason, the coupling and encoder
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Figure 6.2: Application of CMS to ARES rig

are included in the normal modes depicted in Fig. 6.2. It was therefore unnecessary to

include any extra constraint DOF for the coupling or encoder.

6.1.5 Mode pairs

Unlike the rotor, the complete ARES rig is anisotropic due to the bearing support struc-

ture and rolling-element bearings, and therefore the modes appear in pairs, with one

horizontal and one vertical mode. For example, the first and second mode shapes are

shown in Fig. 6.2b. Typically the horizontal modes have a lower frequency since the

support structure and bearings are softer in this direction. Each mode was referred to

by its mode pair, and whether it was horizontal or vertical. For example, the natural

frequencies were denoted as ω1,H , ω1,V , ω2,H , ω2,V and so on.

6.1.6 MATLAB Implementation

It has been shown how the ARES rig could be modelled using ROLADYN, with only

12 DOF, for the rigid bearing configuration (or 14 DOF in the flexible configuration).

The ROLADYN model was made re-parameterisable, so that both the bearings, discs

and ancillary components could be moved axially, and the configuration of the bearing

support structure could be varied. In addition, it allowed for the coupling, encoder or

discs, to be removed. This model could now be used to both perform modal analysis on

the rig, and to predict the forced response.
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6.2 Setup optimisation

The first use for the newly developed ARES rig model was to decide which configuration

should be used for experimental testing. It was expected that the influence of the bearing

non-linearities would be significantly smaller than in the Jeffcott rotor study Chapter 4,

due to the compliance from both the rotor and stator. Therefore, the logical first step

was to find a rig configuration that would maximise the non-linearity of the system.

It was decided that the influence of the fixed bearing non-linearities should be maximised,

since this bearing is much better understood. The stiffness of this bearing was measured

using the BELOS rig in Section 5.2, and a high-fidelity model of its support was devel-

oped in Section 5.4. In addition, the fixed bearing is more heavily instrumented with

accelerometers and force gauges, and can be excited asynchronously with PEAs. On the

other hand, the floating bearing was poorly understood by comparison, so its influence

was to be minimised. Therefore the fixed bearing was chosen as the test bearing. In

order to find a setup which satisfies these objectives, whilst ensuring that the rig can be

run safely, a setup optimisation procedure was applied. This will be explained further in

the following sections.

6.2.1 Excitation

It was first necessary to specify how the rig will be excited, in order to be able to later

impose constraints on the natural frequencies, as well as magnitude of the response. The

rotor was to be configured so that it is possible to excite the first pair of critical speeds

with an unbalance. This means that these critical speeds must lie below the maximum

motor speed of 100 Hz. This will allow the effect of the bearing non-linearity on different

modes to be observed. A maximum unbalance mass of 2.1 g in the outer ring was assumed,

which was applied to the front disc and rear disc separately.

The second pair of modes were to be excited asynchronously using the PEAs, which can

excite the rotor asynchronously at higher frequencies. An excitation voltage amplitude

of 150 V was assumed, which was within the range investigated in the quasi-static tests

on the interface plate in Section 5.4.2.2. A FW circular excitation pattern was assumed,

which would excite both the horizontal and vertical modes. This was converted into an

equivalent interface plate displacement using the relation in Eq. (5.13).

6.2.2 Rigid bearing approximation

To impose constraints on the critical speeds and natural frequencies of the rotor, as

well as the response at resonance (e.g bearing loads and shaft stresses), it was necessary
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Figure 6.3: Comparison of natural frequencies with and without the rigid bearing ap-
proximation

to perform modal analysis on each potential configuration. This is a computationally

expensive operation, and therefore it was necessary to make some approximations to

reduce the cost of the rig optimisation routine.

It was observed that the rolling-element bearings primarily introduce further asymmetry

between the horizontal and vertical mode within each pair. However, whilst the frequency

of the horizontal modes are lowered by the reduced horizontal bearing stiffness, the fre-

quency of the vertical modes reduce only very slightly. This is because the bearings have

a higher vertical stiffness due to the preload from the weight of the rotor. This means that

the frequencies of the vertical modes can be approximated by modelling the self-aligning

bearings as pin joints, which are radially rigid.

A comparison of the frequencies of the ARES rig using the physical bearing model and

simplified rigid pin model is shown in Fig. 6.3. Although the horizontal modes are over-

predicted by the rigid bearing model, the vertical modes are predicted much more accu-

rately with an error of around 2 %. This model therefore yields an accurate upper bound

on the natural frequencies of the rig, whilst being around 4× faster to evaluate, since no

calls to the expensive physical bearing model are required. Even though this simplified

model is not sufficient for an accurate forced analysis, it was sufficiently accurate to be

used to impose constraints on the critical speeds and resonance frequencies, which will

be discussed further in Section 6.2.4.
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Figure 6.4: Potential ARES configurations

6.2.3 Rig configurations

The ARES test rig has been designed to be highly configurable, and therefore many

parameters are required to uniquely define each possible setup. The axial position of both

bearings can be varied, and the discs can be moved along the shaft using the TranTorque

adaptors. In addition to this, each bearing support can be orientated to face forwards or

rearwards. Some different configurations are depicted in Fig. 6.4. In total, there are 48

possible ways in which to configure the rig.

A naming convention was developed to refer to the different rig configurations. The discs

were denoted by the letter D, the bearings were denoted by B or F, depending on whether

the bearings face backwards (B) or forwards (F). The fixed bearing was denoted by an

uppercase B or F, whilst the floating bearing was denoted by a lowercase b or f. The

configuration was then identified by listing the components from most rearwards to the

frontmost. The names of the configurations have been shown in Fig. 6.4.

In addition to the rotor and bearing configuration, the support configuration also had
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to be specified. It was assumed that the rig would be run in both the rigid and flexible

bearing configurations considered in Section 5.4. Therefore, for a given rotor setup, any

constraints must be satisfied in both the rigid bearing and flexible bearing configurations.

Note that when moving between the rigid and flexible configurations, the bearing housing

is kept in the same location, and the L-shape, interface plate and PEAs are moved to

accommodate the new bearing housing support bar length.

6.2.4 Constraints

The most complex part of optimising the setup was the specification of the different con-

straints, in order to ensure the resulting solution was safe to run and could be physically

assembled. There were various geometric, structural and practical constraints, which will

now be discussed in more detail.

6.2.4.1 Geometric constraints

The most obvious constraint on the rig configuration is that the components along the

rotor must not clash with each other. There must be sufficient separation between them

so that there is enough access to be able to assemble the rig. In addition, the components

must keep within the bounds of the rotor and chamber. Using the bDBD configuration

as an example, the rear bearing must remain a certain distance from the rear of the shaft

to avoid clashing with the coupling. The rear disc must have sufficient separation from

the two bearings so that there is access to its TranTorque adapter. The front disc must

be sufficiently far from the front end of the shaft, to ensure it can be fixed tightly on the

shaft. These constraints can be written mathematically as:

zrB > ∆1

zrD − zrB > ∆2

zfB − z
r
D > ∆3

lS − zfD > ∆4

where zfB and zrB are the axial locations of the front and rear bearings, and zfD and zrD
are the locations of the discs. These geometric constraints are depicted in Fig. 6.5. The

values of the various axial separation distances ∆ are listed in Table 6.1.

There are some additional constraints which depend on the bearing housing configuration,

due to the dependence on the L-shape position zL. The front disc must be sufficiently

far in front of the front L-shape so that there is enough space for the stands for the
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Figure 6.5: Degrees of freedom and geometric constraints in bDBD configuration

laser displacement sensors. In addition, the front L-shape must be sufficiently rearward

so that it keeps within the bound of the chamber. These constraints can be written

mathematically as:

zfD − zL > ∆5 (6.1)

lS − zL > ∆6 (6.2)

where the axial location of the front L-shape zL is given by:

zL = zfB + lBH + lIP

The values of the separation distances ∆5 and ∆6 are also listed in Table 6.1. The

complete set of constraints can be written more succinctly in vector form:



−1 0 0 0

1 −1 0 0

0 1 −1 0

0 0 0 1

0 0 1 −1

0 0 1 0




zrB
zrD
zfB
zfD

 <



−∆1

−∆2

−∆3

lS −∆4

−∆5 − (lBH + lIP)

lS −∆6 − (lBH + lIP)


(6.3)

These equations are linear in the axial disc positions zD and bearing positions zB. For a

different rig configuration, there will be a slightly different set of constraints, due to the

different ordering of the components. However, another very similar set of equations can

be derived.
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Table 6.1: Component separation distances in linear geometric constraints

Parameter Components being separated Value (mm)

∆1 Rear bearing End of shaft 63.5
∆2 Rear disc Rear bearing support 81.5
∆3 Rear disc Front bearing 55.0
∆4 Front disc End of shaft 25.0
∆5 Front disc Front bearing support 13.9
∆6 Front bearing support Edge of chamber 15.0

zStiffener

zIP

∆7

Chamber stiffeners

Figure 6.6: Non-linear geometric constraints due to chamber stiffeners

6.2.4.2 Chamber stiffeners

There were further constraints on the position of the fixed bearing, due to the vertical

stiffeners within the chamber. These restricted the range of possible locations of the

PEAs and, in turn, the fixed bearing. This is depicted in Fig. 6.6, again using the bDBD

configuration in Fig. 6.5 as an example. This constraint can be written mathematically

in the following form:

|zIP − zStiffener| > ∆7 (6.4)

where zIP denotes the centre of interface plate and is given by:

zIP = zfB + lBH

where the constants zStiffener and ∆7 are listed in Table 6.2. This constraint is a non-linear
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Table 6.2: Chamber stiffener geometric constraint parameters

Parameter Description Value (mm)

zStiffener Stiffener position 627.5
∆7 Separation distance 26

function of the design variables due to the absolute operation.

6.2.4.3 Resonance frequencies

In order to be able to excite the first pair of modes with an unbalance, it was necessary

to constrain the first critical speed Ωcrit
1,V to be within the running range of the motor.

For safety reasons, and to reduce the ramp up time, it was decided that the first pair of

critical speeds should be in the lower half of the running range, which can be written as:

Ωcrit
1,V < 50 Hz (6.5)

which constrains the critical speed where the vertical mode is excited to be within the

specified range. Note that since the horizontal mode within each pair of modes is always

lower in frequency due to the asymmetry from the bearing support, it was not necessary

to also constrain the horizontal mode.

The second pair of modes were to be excited with the PEAs only, and were therefore able

to exceed 100 Hz. A loose constraint was imposed on the second pair of critical speeds,

to ensure that it remains well below the natural frequency of the rigid bearing support

at around 300 Hz, which could otherwise lead to a lot of unwanted L-shape motion.

Assuming the damping is small, this can be expressed in terms of a constraint on the

natural frequency of the second mode, denoted by ωnat
2,V :

ωnat
2,V < 150 Hz (6.6)

Note that, for simplicity, this constraint was placed on the natural frequency of the rotor

when stationary (ie Ω = 0 Hz). However, if the rig is excited with the PEAs at a higher

rotor speed, the resonance frequency may slightly exceed 150 Hz, due to the stiffening

effect from gyroscopic loads. As with the constraint on the critical speed, this constraint

was also only applied to the vertical mode, since the horizontal mode is always lower than

this due to the asymmetry in the system.

It was only necessary to impose the constraints on the critical speed and natural fre-

quencies with the bearing support in the rigid configuration. This is because the critical
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speeds and natural frequencies will always reduce when the extra support flexibility is

added.

6.2.4.4 Shaft stresses

The most likely mode of failure in the rotor is high-cycle fatigue of the shaft. To mitigate

this, the maximum shaft stress was computed at the resonances. The bending stress

is maximum on the outer edge of the shaft, and can be calculated from the resultant

bending moment τ at a given node:

σS =
τro
Irr

(6.7)

where ro is outer radius of the shaft, and Irr is second moment of area of the shaft

cross-section. The maximum stress was then constrained to remain within the high-cycle

fatigue (HCF) limit for the shaft:

max
z
|σS(z)| < σHCF (6.8)

where the HCF stress was σHCF = 240 MPa for AISI 304 stainless steel. Since this is well

below the ultimate tensile strength of σUTS = 505 MPa, this also ensures the shaft should

not fail.

6.2.4.5 Coupling deflections

The coupling which connects the rotor to the motor shaft can only accommodate cer-

tain levels of radial and rotational misalignment. The manufacturer specifies maximum

allowable values, which are listed in Table 6.3.

Table 6.3: Maximum allowable misalignments for BKH/60/93/30/35 coupling

Parameter Description Value

θrated
C Maximum rotational misalignment 1.5°
δrated

C Maximum radial misalignment 0.25 mm

The values in Table 6.3 apply for continued operation, but can be exceeded by 50 % for

brief overloads according to the manufacturer. Since the maximum coupling deflection

will occur as the rig passes quickly through resonance, it is appropriate to treat this as a

brief overload, and therefore it is allowable for the rig to slightly exceed the rated limits:
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|θC| < 1.5 θrated
C (6.9)

|δC| < 1.5 δrated
C (6.10)

where the constraints were imposed on the coupling deflection at the resonances.

6.2.5 Objectives

It was demonstrated in Chapter 4 that the non-linearity in the bearings increases with

the applied load. Therefore, in order to maximise the fixed bearing non-linearity, the

dynamic load on the fixed bearing at resonance was to be maximised. Conversely, the

dynamic load on the floating bearing was to be minimised, so it would be more likely to

remain in the linear regime. These two objectives can be encapsulated in the following

dynamic load ratio:

rB =
f rB

f fB
(6.11)

where f fB and f rB are the loads on the front and rear bearings respectively. At resonance,

the rotor response will closely resemble the mode shape of the mode being excited, since

the system was assumed linear for this analysis. Although magnitude of the bearing loads

will depend on the method of excitation, as well as the level of damping, the load ratio

is purely a property of the mode.

This objective was computed at the first critical speed of the rotor, and second resonance

due to PEA excitation. Both of these objectives were to be minimised, yielding a multi-

objective problem.

6.2.6 Method of solution

Once that the constraints and objectives had been defined, it was necessary to express

these in a form which can be passed to an optimiser. This required the design variables

to be defined, and the constraints to be split into linear and non-linear constraints.

6.2.6.1 Genetic algorithm

This problem for finding the optimal setup is likely to have many local minima due to the

many constraints, so it necessary to use a global optimisation method. Since no analytical

expression for the Jacobian was available, gradient-based approaches like interior-point
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algorithms will be very slow. Instead, as with the rotor and support parameter identifi-

cation procedures in Sections 5.3.4 and 5.4.4, a genetic algorithm (GA) was chosen. This

is a gradient-free method for finding global minima, and is parallelisable so is fast to run.

The genetic algorithm interface gamultiobj in MATLAB was used, which solves for the

Pareto front for problems with multiple objectives.

6.2.6.2 Mathematical representation

The position of the two discs and bearings were chosen as design variables, as depicted

in Fig. 6.5. The vector of design variables is given by:

z =
[
zrB zrD zfB zfD

]T
(6.12)

Although it would have been possible to optimise the rig setup whilst considering all

possible configurations (order of discs/bearing and orientation of supports), this would

have increased the complexity of the problem. The number of geometric constraints would

be large, since every disc and bearing would have to be prevented from clashing with all of

the rest, because it cannot be known a priori which components will be adjacent to each

other. In addition, all of the geometric constraints would then be non-linear functions of

the design variables, which can only be written in the following generic form:

f (z) < 0 (6.13)

Since the genetic algorithm cannot enforce that the population satisfies the non-linear

constraints, it must explore many infeasible solutions, which therefore slow the rate of

convergence. Instead, the type of configuration (eg. bDBD or bFDD) was fixed by the

user before calling the optimiser. This reduces the number of active geometric constraints

considerably since only adjacent discs and bearings need to be considered. This also al-

lows the geometric constraints to be expressed as linear functions of the design variables.

This means the GA is able to restrict the search to solutions which meet the geometric

constraints, which increases rate of convergence. Substituting the vector of design vari-

ables in Eq. (6.12) into Eq. (6.3) allows the geometric constraints to be written more

succinctly as:

Az < b (6.14)

which are a set of linear inequality constraints. The only drawback is that the user must

find the most promising configuration manually, by running the setup optimiser for each

type of configuration, and then comparing the solutions.
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Even with this choice of design variables, the constraints on the critical speeds, shaft

stresses and so on, can only be expressed as non-linear constraints as in Eq. (6.13). In

addition, the objective also remains a non-linear function. However, it was found that the

GA was able to reliably find optimal solutions which satisfies the non-linear constraints,

now that it could restrict its solution space to geometrically feasible configurations. The

optimisation problem was now ready to be solved by the GA, to find the best rig config-

uration.

6.2.7 Optimal setup

The proposed setup optimisation algorithm was run for a variety of configurations, and

it became clear very quickly that the rated limits on the coupling deflection were the

most restrictive constraints. Therefore the optimiser chose to move the rear bearing as

rearwards as possible, in all configurations, in order to minimise the shaft deflection at the

location of the coupling. The coupling deflection can be further minimised by ensuring

that the bearing is the most rearwards component on the shaft, and mounting the floating

bearing support facing rearwards. The search therefore focused on configurations of the

form bXXX. This left three promising types of solution; one with the two discs between

the two bearings (bDDB or bDDF), placing the discs either side of the fixed bearing

(bDBD or bDFD) or placing the discs in front of the fixed bearing (bBDD or bFDD).

The Pareto front of solutions for each of these 6 types of configuration is shown in

Fig. 6.7; the solution with the lowest L2-norm are denoted with a cross. It can be

observed immediately that the bDBD and bFDD have by far the best performance with

the smallest rear-to-front load ratios. These two configurations were selected for further

consideration, and the other configurations were immediately disregarded. The bDBD

configuration has a slightly lower load ratio in mode 2, whereas bFDD has a slightly lower

load ratio in mode 1.

The mode shapes in each of the two most optimal configurations are shown in Fig. 6.8.

It can be observed that in the bDBD configuration, the two discs move out of phase

with each other whereas in the bFDD configuration, they always move in phase with

each other. In addition, the discs are much closer together in the bFDD configuration,

so that they almost behave as one single disc. However, the most significant difference is

that the second mode is more sensitive to the bearing support compliance in the bDBD

configuration, where more bearing motion is observed. On the other hand, the second

mode in the bFDD configuration is much less sensitive to the level of support compliance.

The first critical speeds and second natural frequencies in these two configurations are

shown in Fig. 6.9a. It can be observed that the first critical speed in the bDBD con-

figuration is much lower than in the bFDD configuration. This has practical benefits,
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Figure 6.7: Bearing load ratios for different rig configurations

(a) bFDD configuration (b) bDBD configuration

Figure 6.8: Mode shapes for different rig configurations (V denotes vertical mode)

since it reduces the ramp up time, which is important when balancing the rotor. The

frequency of the second mode is much more sensitive to the support flexibility in the

bDBD configuration than in the bFDD configuration, which agrees with larger change

in mode shape observed in Fig. 6.8. In the bDBD configuration, the frequency drops by

74 Hz when moving from the rigid to flexible configurations, whereas in the bFDD con-

figuration, it only drops by 45 Hz. The bearing loads on the floating bearing at resonance

have been plotted in Fig. 6.9b. It can be seen that the floating bearing is much more

lightly loaded in the bDBD configuration than the bFDD configuration, which should

significantly reduce the influence of its non-linearities.

After analysing the results, the bDBD configuration was chosen over the bFDD configu-

ration. This was primarily for practical reasons; both the lower first critical speed, and

larger separation between the discs should make it easier to balance the rotor. The re-
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(a) Critical speeds and natural frequencies
(b) Floating bearing loads

Figure 6.9: Performance metric for different rig configurations

duced load on the floating bearing should increase the likelihood that it will operate in

the linear regime, so that it is more likely any observed non-linearity can be attributed to

the fixed bearing as desired. The position of the components in the chosen configuration

are listed in Table 6.4.

Table 6.4: Position of components in chosen rig configuration (bDBD)

Component Symbol Axial location (mm)

Floating bearing zrB 64

Fixed bearing zfB 807
Rear disc zrD 738

Fronts disc zfD 1176

6.2.8 Summary

The configuration of the ARES test rig has been optimised so as to maximise the influence

of the fixed bearing whilst minimising the influence of the floating bearing. It was ensured

that the resulting solution was physically realisable and safe to run, by imposing suitable

geometric constraints on the position of the bearing and discs, and limits on the maximum

shaft stress and coupling deflection. In addition, the first pair of critical speeds were
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constrained to remain within the running range of the motor, so that they could be

excited with unbalance. This setup will now be analysed in more detail.

6.3 Prediction of frequency response using HBM

Now that the ARES setup had been chosen, it was necessary to couple the HBM approach

from Section 4.3 with the ROLADYN model, in order to compute the non-linear forced

response. Firstly, this will allow the influence of the floating bearing to be investigated,

to confirm whether the effect of its non-linearity on the rotor response has indeed been

minimised by the setup optimisation procedure in Section 6.2. In addition, this will

eventually allow the results from the model to be compared with the measured forced

response from experiments. However, it was necessary to reselect some of the HBM

parameters for analysis of the ARES rig.

6.3.1 Ball pass frequencies

The ball pass frequencies of both the front and rear bearings were first computed using

the expression Eq. (3.96), assuming outer-raceway control. Knowledge of the BPF allows

the spectrum of the rig response to be better interpreted. The computed values are

tabulated in Table 6.5. The cage speed ratios were evaluated in the setup position using

Eq. (3.83), as explained in Section 3.2.6.1.

Table 6.5: ARES ball pass frequencies

Bearing Type BPF

Fixed SKF 2208 15.433Ω
Floating SKF 1208 15.416Ω

It can be observed that the BPF of the two bearings are nearly identical. This is because

the bearings have the same number of elements, and a very similar geometry. They are

so close that it would be expected that only a single peak at around 15.4Ω would be

observed in the spectrum of the response, due to the finite frequency resolution. It can

also be observed that the order of the BPF excitation is very high, and will therefore

excite the modes of the rig at very low rotor speeds.

6.3.2 Determination of number of harmonics

In order to be able to apply HBM, it first was necessary to define which harmonics to

include. If too few harmonics were included, the accuracy of the solution would be poor,
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(a) Time response (b) Spectrum

Figure 6.10: Response of the ARES rig for mUB = 2.1 g at resonance (Ω = 27.25 Hz)

but if too many were included, this would increase the simulation time. The ROLADYN

model was set up in the optimal bDBD configuration listed in Table 6.4, with the rigid

bearing housing configuration. The response of the rotor at the first critical speed was first

computed using time integration with ode15s. An unbalance mass of 2.1 g was applied on

the front disc, which was the maximum allowable level of unbalance and should therefore

be the most non-linear case. The resulting bearing housing and front disc displacement at

resonance are shown in Fig. 6.10a. The spectra of the responses was then found using the

function periodogram in MATLAB and a Hanning window, which is shown in Fig. 6.10b.

It can be observed that for both the disc and bearing housing, nearly all of the energy

is within the first harmonic of the rotor speed. For the bearing housing, there are con-

tributions from the higher harmonics, which is due to the slightly non-sinusoidal nature

of the time response. However, these higher order harmonics have an increasingly small

contribution. There is some content in the front disc response up to the 7th harmonic, al-

though the higher harmonics are much less significant than for the bearing housing, since

this is physically further from the non-linear bearing, and the response is linearised by

the rotor compliance. It can be concluded from these spectra that a reasonably accurate

solution could be obtained using HBM with only the first harmonic of the fundamental,

since this captures nearly all of the signal power. However, it was decided that the first

7 harmonics should be included to slightly improve the accuracy, since this captures the

most significant harmonics in the bearing housing response.
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Table 6.6: Harmonic balance parameters for the ARES rig

Symbol Description Value

MH No. of harmonics in Ω 7
MT No. of time points 64

The component at the BPF in both the disc and bearing housing response is negligible,

demonstrating that variable compliance is insignificant in this regime, which explains

why the response appears to be periodic. Therefore, it can be concluded that it is not

necessary to include harmonics of the BPF within the HBM problem, which is quite

unlike the Jeffcott rotor system considered in Section 4.3. This means that GHBM is

no longer necessary, and standard HBM can be used to solve for the periodic response,

which reduces the computational cost considerably.

In order to validate the application of HBM to the ARES rig, the periodic response for

the same case as in Fig. 6.10 was computed using standard HBM. The rotor speed was

chosen as the base frequency, and 7 harmonics were included. The number of discrete

time points was set very high at 64, to guarantee aliasing should not occur. These values

are listed in Table 6.6. The resulting time histories and spectra are overlaid with the

solution from time-integration on Fig. 6.10. It can be observed that the solution from

HBM matches the ODE solution very accurately. It was found that the inclusion of the

additional harmonics increased the computation time only very slightly, likely because

their contribution is small.

6.3.3 Computation of frequency response using HarmLAB

In order to construct the complete non-linear frequency response function, the HarmLAB

toolbox from Section 3.3 was used. Since some of the nodes in the model move consider-

ably more (eg. front disc) than others (eg. interface plate), so the DOF were normalised

so that they had the same order of magnitude, which ensured the steps taken by the

predictor-corrector algorithm were not too large. Note that in this case, since standard

HBM was used, it was not necessary to adjust the base frequencies before applying Hill’s

method to assess the stability.

6.3.4 Influence of the floating bearing

In order to verify that the optimisation procedure had indeed minimised the influence

of the floating bearing, the non-linear frequency response to a front disc unbalance was

computed using HBM. The floating bearing was represented with 3 different models:
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Figure 6.11: Backbone curve for different floating bearing models

• Non-linear model: The bearing is modelled using the quasi-static bearing model in

Section 3.2, which inherently captures the non-linearities from clearance and the

Hertzian contacts.

• Linear model: The quasi-static bearing model is linearised about the rotor equilib-

rium position, and these linear properties are then assumed constant.

• Pin-joint model: The bearing is assumed radially rigid, and can therefore be mod-

elled as pin joint. This eliminates the two constraint DOF associated with the

floating bearing from the model.

The response to a front disc unbalance was computed for a range of unbalance masses at

the critical speed corresponding to the first FW mode. The resonance frequency can then

be plotted against unbalance mass to yield the backbone curve, which has been in Fig. 6.11

for all three floating bearing models. If the system were linear, the resonance frequency

would be independent of amplitude. However, it can be observed that the resonance

frequency initially drops as the unbalance mass is increased, due to internal bearing

clearance, before increasing due to the stiffening behaviour of the Hertzian contacts.

It is also possible to attribute most of the non-linearity to the front bearing, since the

behaviour is nearly identical, even if the floating bearing is linearised. Moreover, the

floating bearing also has a minimal influence on the dynamics of the underlying linear

system, since there is only a small shift in frequency when the floating bearing is modelled

as a rigid pin-joint. From these results, it can be concluded that firstly, the optimisation

routine has successfully minimised the influence of the floating bearing. This means

that any non-linearity can be attributed to the fixed bearing. In addition, the floating

bearing can be modelled as a pin-joint with only a small loss of accuracy. This reduces

the number of DOF by 2, and avoids evaluation of the quasi-static bearing model for the

floating bearing, thereby reducing the computational load.
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6.3.5 Summary

An appropriate set of harmonics has been chosen in order to accurately predict the

response of the rig using HBM, and the results have been validated against the results

from time-integration. It was demonstrated that the setup chosen in Section 6.2 has

indeed minimised the influence of the floating bearing, so much so that it can be modelled

as a pin-joint with minimal loss of accuracy. The floating bearing will now be modelled as

a pin-joint for the remainder of this chapter. Experimental testing on the chosen ARES

setup can now begin.

6.4 Hammer tests

The first type of experimental testing carried out on ARES were hammer tests, with the

rotor non-rotating. This allowed the complete ROLADYN model to be validated, as well

as the remaining unknown parameters to be identified. The test procedure will now be

explained in more detail.

6.4.1 Test procedure

Hammer tests were carried out on the assembled rig in a very similar way to the rotor

hammer tests. A roving hammer test was then carried out, with impact locations on

the shaft and discs, as well as additional axial impacts on the discs when fitted. An

accelerometer was mounted at the front end of the shaft, since there was a lot of motion

here in all of the modes of interest. However, some additional impact locations were

included on the bearing housing and interface plate, so that the effect of the bearing

support structure could be observed. Unlike the rotor which was axisymmetric, the rig

was expected to be asymmetric, so there were impact locations and an accelerometer

in both the horizontal and vertical planes. The same acquisition settings as the rotor

hammer tests in Section 5.3 were used, and the modal parameters were identified using

the ModeLAB toolbox. The hammer test setup is depicted in Fig. 6.12.

The ARES rig was gradually assembled in the configuration found from the setup opti-

misation procedure in Section 6.2. The bearings were first installed in desired locations.

The front bearing support was set up in the rigid configuration, with short rods between

the interface plate and bearing housing. The rotor was then installed without any discs.

The fixed bearing adapter sleeve was tightened by the same 45° angle used on BELOS

in Section 5.2. From this initial configuration, the rig was then assembled in stages with

hammer tests carried out in each configuration, to validate all parts of the model. The
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Figure 6.12: Experimental setup for hammer tests on fully assembled ARES test rig

(a) Rear floating bearing (b) Front fixed bearing

Figure 6.13: ARES test rig configured in optimised bDBD setup

final rig configuration with the PEAs, ancillaries and discs fitted is shown in Fig. 6.13.

The different stages of assembly will now be briefly outlined.

6.4.1.1 Installation of PEAs

The first tests were carried out with only the shaft mounted on the bearings. Tests were

then carried out with both the PEAs disconnected (in the “free” configuration), and then

connected (in the “fixed” configuration). Since no discs were fitted, the rotor frequency

was closer to that of the bearing support structure, so this highlights any deficiencies in

the bearing support model. It was found that in the “free” configuration, the support

properties have a large influence on both the first and second pairs of modes. Once

the very stiff PEAs are fitted, the first pair of modes become insensitive to the bearing

support parameters. However, the second pair of modes is still affected by the bearing

support.
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6.4.1.2 Installation of ancillary components

The next stage of assembly was to install the coupling and encoder, to verify that these

have minimal influence on the modal properties. Since only the shaft was fitted, this

amplified the effect of any additional inertia and damping added by these components,

which could otherwise be masked by the much larger disc inertia, and significant damping

from the disc roots. It was found that the coupling had a negligible effect on the both

the frequencies and damping in the system, which is desirable behaviour. Similarly, the

encoder led to a very small drop in the natural frequencies of the system. However, the

encoder was found to introduce a significant amount of damping into the system.

6.4.1.3 Installation of rotor discs

Since the rotor was the most well understood sub-system from the previous rotor hammer

testing, the balancing discs were the last components to be installed. The front disc was

installed first, followed by the rear disc. The discs were found to have by far the largest

influence on the frequencies of the rig.

6.4.2 Results

For sake of brevity, only the modes from the final stage of assembly will be presented

here, when the discs were added. The modal properties are shown in Figs. 6.14 and 6.16,

and the mode shapes for the two disc case are depicted in Fig. 6.15. For the complete

set of hammer test results from each stage of rig assembly, please refer to Appendix B.3.

The natural frequencies have been plotted in Fig. 6.14, and it can be seen that the first

pair of modes drop substantially in frequency as the front disc is fitted, but they then

drop only very slightly as the rear disc is fitted. This is because the front disc deflects

much further in the first pair of modes, whilst the rear disc is near a nodal point, as

depicted in Fig. 6.15. However, the addition of the rear disc reduces the frequency of

the second pair of modes quite significantly, since the rear disc is no longer near a nodal

point in these higher order modes.

The gap between the horizontal and vertical natural frequencies in the second pair of

modes is much larger than in the first pair of modes. This is because the bearing support

structure has more influence on the second pair of modes, which introduces asymmetry

into the system. Interestingly, the gap between the horizontal and vertical modes reduces

from 17 Hz in the shaft only configuration to 6.2 Hz once the front disc is fitted, but then

increases to 10.4 Hz once the rear disc is fitted. This is due to the influence of the discs on

the mode shapes. As the front disc is fitted, the motion is localised to the section of shaft
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Figure 6.14: Comparison of the experimental and numerical natural frequencies of the
assembled ARES rig

Figure 6.15: Comparison of the experimental and numerical modal properties of the
ARES rig

between the bearings in the second pair of modes, so the bearing support has reduced

influence. However, the rear disc counteracts this effect, so that the shape of the second

pair of modes looks much more similar to the shaft only case, as shown in Fig. B.10.

The corresponding damping ratios are shown in Fig. 6.16. It can be observed that there

is a general trend for the damping ratio to reduce as more discs are added. This suggests

that the dominant source of damping does not originate from the discs, and remains

constant. However, since the discs also increase the inertia in the system, this means

that the damping ratio reduces.
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Figure 6.16: Comparison of the experimental and numerical damping ratios of the as-
sembled ARES rig

6.4.3 Parameter identification

As with the rotor hammer testing in Section 5.3.3, these hammer tests were used to update

the ROLADYN model. All of the relevant elastic and inertial parameter were identified

from component tests in Chapter 5, and it was found that no further tuning of these

parameters was required. However, significantly higher damping levels were observed in

the experimental tests on the full assembly, than predicted by the ROLADYN model

parameterised by component-level testing. This was believed to be due to a damping

contribution from the bearings and ancillaries, which could not be determined from the

previous component-level tests. Therefore, these damping parameters were identified from

the hammer test data from the fully assembled rig. The same approach as in Section 5.3.4

was used, whereby the parameters were tuned to minimise the least-squares relative error

in the predicted damping ratios from the various configurations. The damping models

for each component will now be described.

6.4.3.1 Bearing damping

It was assumed that the joints between the outer ring of each bearing and their housing,

and between the inner ring and shaft, were sufficiently rigid so as not to introduce any

frictional losses. This meant that the primary source of damping in the bearing was the

lubricant. Since the titling stiffness of the SABBs is negligible, there is significant squeeze

flow around the elements as the shaft rotates which can introduce a lot of damping. On

the other hand, the bearing is very stiff in the radial direction that the damping in this

direction would be expected to be negligible in comparison [96]. Therefore, only tilting
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terms were included in the bearing damping matrix:

CB =


0 0 0 0

0 0 0 0

0 0 cθB 0

0 0 0 cθB

 (6.15)

It was assumed that the two bearings would have similar levels of damping, since their

construction is very similar, and therefore a common set of damping parameters was

identified for both bearings. The identified bearing damping is listed in Table 6.7.

6.4.3.2 Coupling damping

The damping from the coupling was assumed to originate from material damping within

the flexible metal bellows section. This implies that the coupling damping is proportional

to the stiffness matrix of the coupling:

CC = βCKC (6.16)

However, the parameter identification procedure yielded a value of βC = 0, as shown in

Table 6.7, indicating that the coupling introduces little damping into the system. This

is likely due to the way the rotor configuration was chosen; the rig was configured so

that the coupling deflections would remain within the rated limits, and as a consequence,

there is little relative motion between the rotor and motor shaft.

6.4.3.3 Encoder damping

The major source of damping from the encoder was assumed to be the rubber mount

connecting the encoder to the floating bearing support; this is shown in Fig. 5.11a. The

damping matrix was assumed to be diagonal, with different terms for the radial and

rotational damping:

CE =


cδE 0 0 0

0 cδE 0 0

0 0 cθE 0

0 0 0 cθE

 (6.17)

The identified encoder parameters are listed in Table 6.7. It can be observed that the op-

timiser identified negligible radial damping, which is likely because the encoders displaces

little in the radial direction as it is near the floating bearing. However, the rotational
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damping term is very large, and is responsible for around a fifth of the damping in the

rotor.

Table 6.7: Identified rig damping parameters

Parameter Symbol Value

Bearing rotational damping cθB 8.25 N s m−1

Coupling damping coefficient βC 0
Encoder radial damping cδE 0 N s m−1

Encoder rotational damping cθE 4.5 N s m−1

6.4.3.4 Correlation of updated ROLADYN model

The ROLADYN model was updated with the identified parameters, and the modes were

computed using eigenvalue analysis. The results have been overlaid on Figs. 6.14 to 6.16.

The correlation with the experimental results will now be discussed in more detail.

Natural frequencies Considering the natural frequencies in Fig. 6.14 first, the maxi-

mum error between the model and experimental results is around 3 % in the shaft only

configuration. However, the error reduces as the discs are added, and is only 1.5 % once

both discs are fitted. This is because the influence of the discs tends to dominate over

the ancillary components and any other uncertainties. This is further confirmed by ex-

amining the MAC values in Table 6.8, which generally move closer to unity as each disc

is added.

It can also be observed that the model predicts the frequencies of the first and second

pairs of modes to similar level of accuracy. The first set of modes are primarily determined

by the rotor, whereas the bearing support structure has a large influence on the second

pair of modes. Therefore, this provides evidence that both the rotor and bearing support

have been accurately modelled.

Damping ratios The damping ratios from the ROLADYN model have been overlaid

on Fig. 6.16. It is clear that the model predicts the damping much less accurately than

the natural frequency. This is consistent with the results from the hammer testing on

both the rotor in Section 5.3 and support structure in Section 5.4, the damping. However,

once the encoder and bearing damping is included, the overall damping level is captured

well. In the final configuration with two discs, the maximum error is around 50 %, which

is inline with the damping predictions from the support model in Section 5.4.



6.5. Rotating tests 211

Table 6.8: MAC for mode shapes of the assembled ARES rig

Configuration
Mode Shaft only Front Disc Two Discs

1H 0.988 0.998 0.999
1V 0.998 1.000 0.999
2H 0.969 0.995 0.990
2V 0.969 0.992 0.996

Mode shapes The ROLADYN model also appears to predict the mode shapes for the

two disc case accurately as shown in Fig. 6.15, with some small bearing housing motion

in the second pair of modes. This good correlation extends to the other cases with

different numbers of discs, as indicated by the high MAC values in Table 6.8. Therefore,

these results provide further evidence that both the rotor and stator have been modelled

accurately.

6.4.4 Summary

The ROLADYN model of the fully assembled ARES test rig has now been validated

in the linear regime using hammer tests. The unknown damping parameters have been

identified using a least-squares approach, in the same way as the rotor and bearing support

structure. The next step is to validate the model in the rotating case, thereby introducing

gyroscopic loads.

6.5 Rotating tests

The rig was now fully assembled in the chosen configuration, so that it was possible

to begin rotating testing. The rig was first commissioned for rotating tests, and then

the Campbell diagram was measured experimentally using the PEAs, which then was

compared with the predictions from the ROLADYN model. Attention will then move

onto the forced response, in both the balanced and unbalanced cases. These results will

be compared to simulations using HBM.

6.5.1 Commissioning the rig for rotating tests

It was necessary to first prepare the rig for rotating tests, by fitting additional sensors to

both the rotor and stator. This allows the response of the key components to be measured,

and then compared to the model. The rotor must also be balanced, so that the rig can

safely pass through the resonances within the speed range of the motor. However, it was
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Figure 6.17: ARES test rig instrumentation

found that, even after balancing, the response of the rotor remained significant, so the

residual unbalance and shaft runout were estimated from the data.

6.5.1.1 Instrumentation

Since the rotor spins, a contact free method for measuring its displacement was required.

Keyence laser displacement sensors were mounted on aluminium extrusion stands around

each disc, with one sensor measuring the horizontal displacement and another measuring

the vertical displacement, as depicted in Fig. 6.17a. These sensors have a relatively small

operating window of ±3 mm, so care was taken to install them in the centre of their

range.

For the non-rotating components, conventional accelerometers could be used. Accelerom-

eters were fitted to the bearing housing and interface plate in both the horizontal and

vertical directions. In addition, the force gauges between the PEAs and interface plate

were connected. The sensors on the bearing support structure are shown in Fig. 6.17b.

The rotation angle of the rotor was measured using the encoder mounted to the pedestal

of the floating bearing. This was numerically differentiated on the cRIO, which controls

the rig as explained in Section 5.1, to give an estimate of the instantaneous rotation

speed. The complete set of sensors is listed in Table 6.9.

6.5.1.2 Balancing the rotor

The rig was balanced using the Influence Coefficient method [196], using the two discs

as balancing planes, and the vertical displacement of the two discs as response terms to
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Table 6.9: List of ARES sensors

(a) Digital sensors

Channel Sensor Type Precision Range

Front Disc Disp. Keyence LK-H022 Laser disp. sensor 0.1 µm ±3 mm
Rear Disc Disp. Keyence LK-H022 Laser disp. sensor 0.1 µm ±3 mm
Shaft rotation EPC Model 776 Rotary encoder 4096 inc. per rotation

(b) Analogue sensors

Channel Sensor Type Sensitivity

Bearing Housing Acc. PCB M353B17 Accelerometer 1 mV m−1 s−2

Interface Plate Acc. PCB M353B17 Accelerometer 1 mV m−1 s−2

PEA Force PCB 208C04 Force gauge 1.2 mV N−1

be minimised. The rig was first spun up to 27 Hz, which was the maximum speed which

could be reached whilst keeping within the maximum allowable shaft displacement, and

one balancing iteration was then carried out. The rotation speed could then be safely

increased to 27.5 Hz, and another balancing iteration was carried out. The rotor was now

sufficiently balanced that the rotor could be re-balanced at the critical speed at 28 Hz,

which corresponds to the first FW mode. Balancing corrections were then applied at this

speed until no further reduction in the response at resonance could be obtained. This

yielded what was termed the “nominally balanced” condition.

6.5.1.3 Runout and residual unbalance estimation

The front disc response in the nominally “balance” case is plotted in Fig. 6.18. It can be

observed that the rig vibrates significantly, even without the addition of any unbalance

masses, and two resonances are clearly visible, which correspond to the BW and FW

modes of the rotor. This was found to be due to the runout of the shaft. Although

the rotor response at the first critical speeds was significantly reduced by applying the

balancing procedure, it is not possible to fully eradicate the runout using balancing masses

alone, and the response therefore remains significant even away from the resonances.

Unfortunately, a replacement shaft was not available.

The influence of the shaft runout and residual unbalance will be particularly significant

when the applied unbalance mass is small. This is because the response of the rotor due to

its runout and residual unbalance can exceed the response due to the applied unbalance.

Therefore, unless the runout and residual unbalance are identified, the predictions from

the numerical model will be very inaccurate in this regime. For this reason, the shaft

runout and residual unbalance had to be identified from the experimental data, and then

incorporated into the model.
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Figure 6.18: Numerical and experimental front disc response in the nominally “balanced”
case

It was assumed that the rig remains in the linear regime in the nominally “balanced”

case, so a linear-treatment can be used. Using the approach from [133], it will be assumed

that the shaft runout can be expressed as a linear supposition of the modes of the rotor.

The residual unbalance will be assumed to be lumped into the balancing discs. Under

these assumptions, the response of the rotor to runout and residual unbalance can be

written in the following form:

Z(Ω)x =
(
Krβ + Ω2M dε

)
(6.18)

where Z(Ω) is the dynamic stiffness of the complete rig. The matrix Kr is the stiffness

matrix due to the rotor and the vector β represents the shaft runout, in terms of the

complex magnitude of each normal mode. The second excitation term is due to the

residual unbalance, and therefore scales with Ω2. The matrix M d contains the mass

matrix contributions from the discs (where the unbalance is assumed to be located), and

the vector ε represents the residual unbalance in terms of the unbalance on each disc.

Only a subset of the rig displacement vector x was measured experimentally. Focusing

only on the response at the discs by substituting xd = Sdx into Eq. (6.18) and rearranging

yields:
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xd = Sdx = SdZ(Ω)−1
[
Kr Ω2M d

] [β
ε

]

=
[
SdZ(Ω)−1Kr Ω2SdZ(Ω1)−1M d

] [β
ε

]

where Sd extracts the disc response from the global displacement vector of the machine.

It should be noted that the dynamic stiffness Z and excitation matrices Kr and M d

can be computed from the ROLADYN model. On the other hand, the values of xd were

measured by the displacement sensors focused on the discs. In order to solve for the

values of β and ε, the measured disc displacements at each frequency can be stacked

together as follows:


xd(Ω1)

...

xd(ΩN)


Exp

=


SdZ(Ω1)−1Kr Ω2

1SdZ(Ω1)−1M d

...
...

SdZ(ΩN)−1Kr Ω2
NSdZ(ΩN)−1M d


Model

[
β

ε

]
Est

(6.19)

The response is measured at many more frequencies than there are unknowns, so that

Eq. (6.19) is an over-constrained problem. This equation was solved in a least-squared

sense to yield an estimate of the shaft runout β and residual unbalance ε.

The parameters identified using this approach are listed in Table 6.10. It is interesting

to note that the residual unbalance masses are of the same order of magnitude to the

masses applied during the rotor balancing procedure. This suggests that a significant

proportion of these balancing masses are in fact reducing the effect of the runout, rather

than actually counteracting any unbalance in the rotor. The shaft runout contribution

from each mode has been expressed in terms of the displacement of the front disc. The

shaft runout is mostly composed of the first rotor mode, indicating that it is the front

section of the shaft which is bent.

Table 6.10: Identified rotor runout and residual unbalance parameters

(a) Residual unbalance

Disc Mass @ 100 mm Angle

Front 11.83 g 83.16°
Rear 12.92 g 70.02°

(b) Shaft runout

Mode Amp. @ front disc Angle

1 0.1165 mm 263.26°
2 0.0004 mm 222.91°

These parameters were then used to compute the linear frequency response using the

ROLADYN model, and the results are overlaid on Fig. 6.18. There is a small frequency

offset between the experimental and numerical results, but this is only around 2 % and is
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consistent with the error in the natural frequencies from the hammer tests in Section 6.4.

The disc responds with a constant amplitude away from resonance, which is due to

the runout of the rotor, which is captured well by the model. There are significant

resonances at both critical speeds, although the response is larger at the FW mode. The

model accurately predicts the response around the dominant FW mode, but significantly

under-predicts the response at the BW mode. This is because the unbalance and runout

excitation are FW in nature, so such a large response at the BW mode is unexpected.

Between the resonances, there is a large drop in the response, which is where the residual

unbalance excitation partially cancels out the runout excitation. This feature is captured

well by the model. With the incorporation of the residual unbalance and shaft runout,

a fully valid linear model of ARES was now available, and proper dynamic testing could

commence.

6.5.2 Campbell diagram

In order to verify that the ROLADYN model captures gyroscopic effects accurately, it

was decided that the Campbell diagram should be measured experimentally using low

amplitude asynchronous excitation from the PEAs. These results could then be compared

to the predicted Campbell diagram from the ROLADYN model.

However, before the Campbell diagram could be computed from the ROLADYN model,

it was first necessary to investigate whether the stiffness of the fixed bearing was sensitive

to rotor speed due to centrifugal loading on the elements; this was investigated in detail

on the Jeffcott rotor in Section 4.5.3. If this found to be the case, it would be necessary

to re-linearise the system at each rotation speed when computing the Campbell diagram.

However, if the bearing stiffness is insensitive to rotation speed, any changes in frequency

will be purely due to gyroscopic effects.

6.5.2.1 Bearing stiffness

The average stiffness of the fixed bearing in the equilibrium position was computed for

a range of rotation speeds using the high-speed contact model from Section 3.2.5. The

horizontal and vertical stiffnesses are plotted in Fig. 6.19. The stiffness of the bearing

itself is shown in orange, whilst the stiffness of the bearing in series with the supporting

structure (in the rigid configuration) is shown in blue. The effective support structure

stiffness at the bearing housing, using the parameters identified in Section 5.4.4, was

computed to be 42.7 MN m−1.

Both the horizontal and vertical stiffnesses initially increase with speed, since the cen-

trifugal loads lead to a reduction in the contact angle, which in turn increases the radial
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stiffness of the bearing. However, at speeds above 100 Hz, both the horizontal and vertical

stiffness decrease significantly, although this is particularly significant in the horizontal

direction. This is because the centrifugal loads start to unload the contacts at the edge of

the loaded zone, which have the largest contribution to the horizontal bearing stiffness.

Even so, the drop in the total stiffness becomes much less significant once the support

compliance is included. This is because the influence of the bearing is attenuated by the

flexible support structure.

Figure 6.19: Predicted variation of ARES fixed bearing stiffness with rotor speed

It was concluded from this analysis that dynamic loading on the elements can be ne-

glected, since the rig will only operate at speeds lower than 50 Hz, where the total stiffness

remains almost constant. It is therefore acceptable to use the simpler low-speed contact

model from Section 3.2.4 to model the rolling-element bearings. The bearing stiffness can

be considered to be independent of rotation speed.

6.5.2.2 Computation of Campbell diagram using ROLADYN

Now that it had been established that the bearing stiffness is insensitive to rotor speed,

the Campbell diagram could be computed. For this analysis, the system was linearised

around the equilibrium position with the rotor non-rotating. The first two pairs of modes

are plotted in Fig. 6.20. Two engine order lines have been plotted; the synchronous

engine order corresponding to unbalance excitation denoted by 1X, and the frequency

of self-excitation due to variable compliance frequency which occurs at the BPF. The

corresponding mode shapes have been plotted in Fig. 6.21; note that the mode shapes
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Figure 6.20: Predicted Campbell diagram of the ARES rig

have been plotted at a rotor speed of 50 Hz, so that the whirl is clearly visible.

It can be observed from Fig. 6.20 that the first pair of modes show very little asymmetry,

whilst the second pair of modes are separated even at Ω = 0. This is because the fixed

bearing and its support have a much larger influence on the higher order modes, which

both have asymmetric properties in the horizontal and vertical directions. This also

explains why the first pair of modes are nearly circular, whilst the second pair of modes

are highly elliptical, as shown in Fig. 6.21. As the rotor speed increases, each pair of

modes diverge in frequency, due to the gyroscopic forces on the rotor. This effect is

equally strong in both pairs of modes; the first pair of modes diverge in frequency by

6.5 Hz at Ω = 100 Hz, while the second pair of modes diverge by 8.5 Hz.

It can be observed that the 1X engine order line only crosses the first pair of modes, and

therefore it is only possible to excite the first pair of modes with unbalance excitation,

within the speed range of the motor. However, the BPF line crosses the first pair of

modes at 1.6 Hz and the second pair of modes at 5.3 Hz, and therefore it is possible for

variable compliance oscillations to excite both pairs of modes.

6.5.2.3 Experimental measurement of the Campbell diagram using asyn-

chronous PEA excitation

The PEAs connected to the front bearing support on ARES can be used to excite the

rotor asynchronously across a range of frequencies. If the rotor speed is held constant,

this corresponds to traversing a vertical line on the Campbell diagram. This can then be
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Figure 6.21: Predicted mode shapes of the ARES rig at Ω = 50 Hz

repeated for different rotor speeds to build up the complete Campbell diagram.

The PEAs were driven with a stepped-sine sweep, ranging from a frequency of 20 Hz up

to 35 Hz, so as to cross the first pair of modes. The frequency step was set to 0.1 Hz, and

each step lasted 1 s which was found to be sufficient for the response to reach steady-state

at each excitation frequency. A vertical excitation pattern was applied by the PEAs, so

as to excite both the FW and BW modes. A very low amplitude voltage of 50 V was

applied, so that the system remains in the linear regime. Within each step, the amplitude

and phase of the response at the excitation frequency was found using the FFT of the

signal.

This was then repeated at higher-frequencies from 125 Hz up to 155 Hz in order to excite

the second pair of modes. These modes are more elliptical than the first pair of modes

due to the asymmetry from the bearing support, so a FW excitation was applied this

time, which was expected to excite both modes significantly. The voltage amplitude was

reduced to 10 V, since the front L-shape was found to vibrate considerably when passing

through these resonances. The data was post-processed in the same way.

The resulting spectra are plotted in Fig. 6.22, and the predicted natural frequencies from

the ROLADYN model have been overlaid. The disc response when passing through the

first pair of modes has been plotted in Fig. 6.22a. The two resonances corresponding to

the FW and BW modes are very clear in the experimental data. It can be observed that
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at Ω = 0 Hz, the 2 frequencies coincide as predicted, at a frequency of 27 Hz. As the

rotation speed increases, they diverge due to gyroscopic forces, which is predicted well by

the model. However, the natural frequencies are slightly offset (by around 0.3 Hz) from

the experimental values, which remains constant for all rotor speeds. This offset agrees

with the small discrepancy seen from the hammer tests shown in Fig. 6.14.

(a) Front disc displacement with vertical PEA excitation (Modes 1H and 1V)

(b) Bearing housing acceleration with FW PEA excitation (Modes 2H and 2V)

Figure 6.22: Response of the ARES rig to PEA excitation

The bearing housing response as the rig passes through the second pair of modes has been

plotted in Fig. 6.22b. As expected, there is a larger response in the horizontal direction

in the lower frequency BW mode, and a larger vertical response in the higher frequency

FW mode. Unlike the first pair of modes, there is a clear gap between the resonances,

even when the rotor is not rotating. The resonances appear to diverge as the speed is

increased, due to gyroscopic effects, like the first pair of modes.

However, the resonance due to the higher-frequency vertical mode starts at a frequency

around 4 Hz higher than what was observed from the hammer tests in Fig. 6.14. To
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further complicate things, the resonance appears to initially drop in frequency for rotor

speeds below 20 Hz, before eventually increasing at would be expected due to gyroscopic

effects. This initial drop in frequency is unexpected, but this is likely due to a frictional

non-linearity in the bearing support structure. Since this phenomenon was not believed

to be associated with the bearings, it was not investigated in more detail.

The lower frequency horizontal mode (2H) is very well predicted by the model, including

the increasing reduction in frequency with speed. Similarly, the vertical mode (2V)

appears to match the experimental data well at higher speeds. However, the model under-

predicts the resonance frequency at low speeds, which is the region where the resonance

was higher than expected from the hammer tests. Since this phenomena was believed to

be non-linear in nature, it would not be captured by the model, since a linearised analysis

was used to compute the Campbell diagram. Even so, the maximum error between the

natural frequency from the model and the resonance frequency from the experimental

data is only around 1.5 Hz, which was deemed acceptable. It can be concluded that the

physics of the rig are accurately represented.

6.5.2.4 Summary

The validation of the ROLADYN model of the assembled ARES rig in the linear regime

is now complete. The modal properties of the rig in the rotating case were investigated

using PEA excitation, and it was verified that gyroscopic effects are accurately captured

by the model. It is expected that this model is capable of predicting the transmissibility

of vibrations across the bearing in the linear regime. The forced response can now be

considered.

6.5.3 Variable compliance

The first phenomenon to be investigated was self-excitation due to the variable compliance

(VC) of the fixed bearing. It was observed in the Jeffcott rotor study in Section 4.4 that

the variable compliance of the bearing excites the rotor synchronously at the Ball-Pass

Frequency (BPF). This can lead to sub-resonances where the BPF line crosses one of

the natural frequencies of the system. In an industrial rotating machine, VC could

synchronously excite both the rotor and stators connected by the bearing, even if the

machine is perfectly balanced. To investigate whether this effect could be observed on

ARES, the sensitivity of the bearing stiffness to cage angle was analysed using the quasi-

static bearing model. The conclusions were then verified experimentally, by spinning the

rotor through the speeds where the sub-resonances should occur.
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Figure 6.23: Predicted variation of ARES fixed bearing stiffness with cage position

6.5.3.1 Bearing stiffness

The time-varying stiffness of the fixed bearing was computed over a range of cage angles

with the bearing in its equilibrium position, in the same way as in Section 4.4. It would

be expected that if the variable compliance effect is significant on ARES, then large

variations in both the bearing stiffness (and combined bearing and support stiffness)

should be observed. The results have been plotted in Fig. 6.23.

It can be observed immediately that the stiffness of the SABB on ARES is much less

sensitive to cage angle than the DGBB analysed in Section 4.4.2. The horizontal stiffness

of the ARES bearing varies by around 6 % compared to around 20 % for the DGBB sup-

porting the Jeffcott rotor. Similarly, the vertical stiffness varies by around 1 % compared

to around 6 % on the DGBB. This is primarily because the SABB on ARES has many

more elements (Z = 36) than the DGBB (Z = 9) in the Jeffcott rotor study.

The vertical and horizontal stiffness vary in a very similar way to each other, and both

reach a maximum at ψ = 0 and ψ = 2π
Z

, when there is an element underneath the shaft.

This is quite different from the case for the DGBB analysed in Section 4.4.2, where the

horizontal stiffness was at a maximum of ψ = π
Z

where there were elements either side

of the shaft centreline. The angle where the stiffness is at a maximum is determined by

the number of elements in the loaded zone, as well as the load distribution between the
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elements. This in turn depends on both the clearance and number of elements, and is

therefore highly dependent on the particular bearing.

The cross-stiffness is again very sensitive to the clearance level, but one key feature from

the Jeffcott rotor remains. The cross-stiffness is zero at ψ = 0, ψ = π
Z

and ψ = 2π
Z

,

when the elements are symmetrically distributed around the bearing. At all other cage

angles, the cross-stiffness becomes non-zero, since the symmetry is broken, as was found

in Section 4.4.2.

Once the compliance from the bearing support is included, the stiffness becomes even less

sensitive to cage angle. Since the bearings are so stiff, even the rigid bearing configuration

introduces sufficient compliance to linearise the system. Therefore, this suggests that VC

is negligible on ARES, and that the sub-resonances associated with the BPF will not be

detected.

6.5.3.2 Experimental observations of the BPF during rotor ramp-up

From the Campbell diagram in Fig. 6.20, the critical speeds from self-excitation due

to variable compliance are all below 10 Hz. The motor speed was therefore ramped

slowly from 1 Hz up to 15 Hz at a rate of 0.25 Hz s−1, which ensured that the rotor would

pass through all of the critical speeds due to BPF excitation. The spectrum of the rig

response was then computed using spectrogram in MATLAB. It would be expected that

the effect of variable compliance should be most detectable in the bearing housing and

interface plate response, since there is negligible compliance between the bearing and

these components, which would otherwise attenuate this content. Therefore the bearing

housing acceleration, and interface plate forces (measured by the PEA force gauges), have

been plotted in Fig. 6.24.

It can be observed that there is significant content at the first 3 engine orders, particularly

in the interface plate force in Fig. 6.24b. These higher order harmonics suggest that there

is some non-linearity on the rig which is excited by the runout and residual unbalance of

the rotor. However, there appears to be no content along the BPF line, and no resonances

are visible where it was expected that the variable compliance will excite the modes of

the system. Therefore, these results confirm the conclusion drawn from the quasi-static

bearing model that variable compliance is not significant on ARES.

6.5.3.3 Summary

It has been demonstrated that the instrumented bearing on ARES is much less sensi-

tive to cage angle than the previously analysed bearing in the Jeffcott rotor study in
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(a) Bearing housing acceleration

(b) Interface plate force

Figure 6.24: Spectrum of ARES response during ramp-up
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Chapter 4. This is primarily because it has many more elements, which reduces the fluc-

tuations in bearing stiffness. In addition, the bearing support structure introduces some

additional compliance in series with the bearing, which further reduces these fluctuations

and linearises the system. Therefore, it not necessary to include the VC when simulating

the forced response.

6.5.4 Unbalance response

Although it has been established that the variable compliance of the bearing is negligible

on the ARES rig, it is possible that the other sources of non-linearity in the bearing remain

significant; namely the clearance and Hertzian contacts. The bearing stiffness around the

equilibrium position was first analysed, to provide insight into the significance of these

non-linearities. The rotor was then excited with a range of unbalance masses, and the

disc response and vibration transmission through the bearing was analysed. The level

of non-linearity in the system was assessed by examining how the response varies with

the excitation amplitude. The results were compared to predictions from the ROLADYN

model, in order to determine whether the observed non-linearity could be attributed to

the fixed bearing.

6.5.4.1 Bearing stiffness

Before analysing the forced response of the system, the sensitivity of the stiffness of the

fixed bearing was analysed using the model in the same way as in Section 4.4.2, which will

provide insight into the non-linear response later on. The shaft was perturbed vertically

and horizontally, and the average stiffness was computed in each position. The shaft

tile angle was fixed to zero (ie θx = θy = 0), but the constant vertical load due to the

self-weight of the rotor was maintained throughout. The results are plotted in Fig. 6.25,

where the equilibrium position has been marked with a diamond.

The overall trends are very similar to the results from the Jeffcott rotor in Section 4.4.2.

The horizontal stiffness in Fig. 6.25a increases monotonically as the shaft is moved away

from the centre, due to the Hertzian contacts. However, there is no deadband since the

vertical preload takes up the clearance. On the other hand, there is a clear deadband in

the vertical stiffness centred around y = 0 µm, as shown in Fig. 6.25b, where no elements

are in contact. Outside this region, the vertical stiffness increases monotonically, again

due to the stiffening characteristic of the Hertzian contacts.

The cross-stiffness in Fig. 6.25a is zero in the centre, due to symmetry. It initially increases

as the rotor moves horizontally which breaks the symmetry of the load distribution around

the bearing. However, the cross-stiffness returns towards zero again for large horizontal
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(a) Horizontal sweep

(b) Vertical sweep

Figure 6.25: Predicted variation of ARES fixed bearing stiffness with displacement

displacements, because the horizontal load becomes so large that the effect of the vertical

preload is negligible, and a symmetrical load distribution returns.

The addition of the compliance from the bearing support reduces the level of non-linearity

considerably; this agrees with the results from the Jeffcott rotor study in Section 4.5.4.

Even though the bearing housing was in the rigid configuration, the bearing is so stiff

that even this small additional compliance leads to a significant drop in the combined

stiffness. The variation in the horizontal stiffness is considerably reduced as the bearing

displaces horizontally, and the stiffness converges to that of just the bearing support, as

shown in Fig. 6.25a. The same effect occurs in the vertical direction, except that the

deadband remains, as shown in Fig. 6.25b.

From this analysis, it would be expected that an initial softening effect should be observed

when the ARES rotor is excited by an unbalance, due to the internal bearing clearance.

However, at higher excitation levels, only a limited hardening effect would be expected,

which will eventually saturate due to the support compliance.
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6.5.4.2 Test procedure

To measure the unbalance frequency response of the rig, the motor speed was increased

slowly from 23 Hz up to 33 Hz which passes through the first pair of critical speeds.

The speed was increased in 0.05 Hz increments so that the resonance frequency could

be identified accurately. The response at the motor speed was then extracted from the

response using the FFT. Bolts of various sizes were attached to the front disc in order to

introduce unbalance excitation. The bolts were attached to the outer ring at 0°, up to a

maximum bolt mass of 2.1 g.

6.5.4.3 Disc response

The front disc response from the experimental results has been plotted in Fig. 6.26a.

There are two clear resonances in this speed range, with one much larger than the other.

The smaller peak at around 26 Hz is the BW mode, which is excited only very slightly

by the unbalance. The second, more dominant, peak at around 28 Hz is the FW mode,

which is excited much more by the unbalance. The disc orbits at each resonance are

plotted for the largest unbalance mass in Fig. 6.27 and it can be observed that the orbit

is approximately circular, which agrees with the predicted mode shapes in Fig. 6.21.

Returning to the frequency response, the phase of the response varies quite strangely,

with sharp jumps at 26 Hz. This is due to the interaction of the shaft runout and applied

unbalance, and has been observed in other studies [197]. The resonance frequency appears

to vary with amplitude, with the resonant peaks slightly shifting to the left or right. This

indicates that some non-linearity is present in the system.

The simulated disc response is plotted in Fig. 6.26b for the same unbalance levels consid-

ered in the experiments. The response was computed using the non-linear ROLADYN

model, coupled with the HBM approach outlined in Section 6.3. The identified shaft

runout and residual unbalance in the rotor were also included. The model displays qual-

itatively similar behaviour to the experimental results, particularly around the higher

frequency FW mode. The maximum amplitude is predicted accurately, with around

1 mm for the maximum unbalance mass. The same phase change of around 180° between

27 Hz and 29 Hz is present in both the experimental data and simulations. It was found

that the response remains stable throughout both resonances. This is expected, since the

system is only lightly non-linear and is also quite heavily damped, which tends to help

maintain stability.

The response at the lower BW mode is captured poorly by the model, and is much more

pronounced in the experimental data. The anti-resonance in the horizontal response at

around 26.5 Hz moves with unbalance level in the simulated response, and is present for all
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(a) Experiment

(b) Model

Figure 6.26: Frequency response of the front disc due to front disc unbalance
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(a) Front disc (b) Rear disc

Figure 6.27: Disc orbits at resonance with a 2.1 g front disc unbalance

unbalance levels, whilst this anti-resonance becomes less significant at higher unbalance

levels in the experimental data. In addition, the phase response is very different in the

simulated data around the BW mode. All of these discrepancies between the model and

experiments can likely be attributed to two main areas; the response in this region was

found to be very sensitive to the shaft runout and residual unbalance, which could only

be estimated in an approximate way from the data. In addition, the asymmetry from

both the front bearing and its supporting structure has a large influence on the ellipticity

of the BW and FW modes, which in turn influences how much they are excited by an

unbalance. The fixed bearing and its support and were the two most complex components

to model, some discrepancies between the model and experiments are expected. However,

neither of these phenomena were the focus of this study, and since the primary resonance

was predicted well by the model, the correlation was deemed to be good.

6.5.4.4 Bearing transmissibility

In order to assess the transmissibility through the fixed bearing, the frequency response

of the interface plate force (measured by the PEAs) has been plotted in Fig. 6.28. The

response looks very similar to the disc response in Fig. 6.26, with the same large resonance

corresponding to the FW mode. In addition, the BW mode can be observed in the

experimental data in Fig. 6.28a, but is much less prominent in the simulated response in

Fig. 6.28b.

The simulations generally predict the magnitude of the force transmitted through the

bearing to the interface plate around the primary resonance well. The numerical results

overestimate the magnitude at resonance by around 20 %, but this was deemed to be quite

an acceptable level of accuracy, given the difficulty in modelling the bearing support and
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(a) Experiment

(b) Model

Figure 6.28: Frequency response of the reacted interface plate force due to front disc
unbalance
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the damping in the system. The phase evolution is very different in the model, when com-

pared to the experimental data. Both display a 180° phase change over the resonance;

however, after the resonance, the phase returns towards 0° in the numerical results, whilst

it continues to decrease in the experimental data. This difference in behaviour is quite

unexpected, but most likely indicates some deficiency in the support model. Investigating

this phenomena further was deemed beyond the scope of this project. Nevertheless, since

the behaviour around the resonance was captured well by the model, these results demon-

strate that the quasi-static bearing model can accurately predict the forces transmitted

through the bearing.

6.5.4.5 Backbone curve

The focus then moved onto non-linear behaviour, which was assessed by considering how

the response at resonance varies with the applied unbalance. The resonance frequency,

peak disc response, and peak transmitted force has been plotted as a function of the

unbalance mass in Fig. 6.29, with results from both the experiments and numerical model.

For the simulated results, the backbone curves were computed for two different cases:

• Straight rotor: The rotor was assumed to be straight and perfectly balanced, so the

only excitation source was the applied unbalance.

• Bent rotor: The identified shaft runout and residual unbalance was incorporated

into the model, which synchronously excites the rotor in addition to the applied

unbalance.

The results from the two different cases can be compared, in order to separate the influence

of the shaft runout from the influence of the fixed bearing.

Resonance frequency The resonance frequency is plotted as a function of the applied

unbalance mass in Fig. 6.29a. The results from the model show a complex non-monotonic

variation with excitation amplitude, no matter whether the rotor runout and residual

unbalance is included (shown in orange) or excluded (shown in yellow). For the case of a

straight rotor, the resonance frequency initially drops due to the effect of clearance, before

increasing very slightly for mUB > 1.2 g due to Hertzian contact stiffening. Once the

runout is included, the frequency at very low unbalance levels is increased. This is because

the internal bearing clearance is taken up by the excitation from the shaft runout and

residual unbalance, which stiffens the bearing. However, at very high unbalance levels,

the resonance frequency from the bent and straight rotor converge, since the applied

unbalance dominates over the shaft runout and residual unbalance in this regime.
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(a) Resonance frequency

(b) Amplitude of front disc displacement

(c) Amplitude of interface plate force

(d) Centre of front disc orbit

Figure 6.29: Backbone curve for different floating bearing models
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The experimental results, on the other hand, show a significant monotonic reduction in

the resonance frequency as the applied unbalance is increased. For low unbalance levels,

there is some agreement with the simulations with the bent rotor. However, no set of

bearing parameters were able to capture the softening effect at high unbalance levels.

Although this could indicate a deficiency of the bearing model, the bearing model was

already validated using results from BELOS. Therefore, it seems much more likely that

there are other un-modelled sources of non-linearity on the rig which are more significant

than the bearing non-linearity in this regime. The most obvious candidate is the fixed

bearing support, since this contains many joints leaving a lot of potential for frictional

non-linearities. Another potential source of non-linearity are the TranTorque adapters

connecting the discs to the shaft, but the overall damping contribution from the rotor

was found to be small from the hammer tests. It also seems unlikely that this non-

linearity can be attributed to the floating bearing, since this would introduce a softening

effect which would eventually saturate, as with the fixed bearing. Given that this effect

was not believed to be associated with the bearings, and the scope of this project was

to investigate the vibration transmission through the bearing, this was not investigated

further. However, it does highlight the relatively small impact of bearing non-linearities

in a realistic rotating machine.

Disc response The synchronous frequency response function was estimated by dividing

the maximum disc response by the excitation force from the applied unbalance (excluding

the additional unmeasured excitation from the shaft runout and residual unbalance). This

is plotted in Fig. 6.29b as a function of the unbalance level. The experimental results

show a drop in the peak response as the unbalance mass is increased. This effect can be

attributed to the runout and residual unbalance of the rotor, since this drop in the peak

response is only captured by the model with the bent rotor. When the applied unbalance

is small, the response of the rotor is increased significantly by the shaft runout and

residual unbalance. Therefore, the FRF magnitude is much higher than predicted by a

perfectly straight rotor in this region. However, at larger unbalance levels, the excitation

from the applied unbalance dominates, so the FRF is very similar for a straight or bent

rotor.

Bearing transmissibility The maximum force reacted by the interface plate was di-

vided by the excitation force from the applied unbalance to yield the transmissibility ratio

plotted in Fig. 6.29c. As was found with the disc response, the peak transmissibility was

found to reduce as the unbalance level was increased. Again, this can be attributed to

the influence of the shaft runout and residual unbalance, since the transmissibility is

insensitive to unbalance level for the case of the straight rotor.
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The model with the bent rotor appears to substantially over-predict the transmitted force

at lower unbalances, but is much more accurate at higher unbalance levels. This suggests

that the model has not accurately captured the influence of the shaft runout and residual

unbalance, which would lead to a larger discrepancy at low unbalance levels. The peak

transmissibility remains constant for the case of a straight rotor (in yellow), indicating

that although the bearing non-linearity leads to changes in the resonance frequency, it

has a negligible effect on the vibration transmission.

Centre of disc orbit The average horizontal and vertical displacement of the front

disc at resonance is also shown in Fig. 6.29d. It can be observed that in the simulated

response, the rotor moves vertically at resonance, as the excitation level is increased. A

similar phenomenon was observed for the Jeffcott rotor study in Section 4.4.3, where the

rotor moved toward the central position at resonance for high excitation levels. This

is because the effective bearing stiffness increases as the unbalance load increased, due

to Hertzian contact stiffening as shown in Fig. 6.25, so that the sag due to the vertical

preload from self-weight reduces.

In the experimental results, there is some evidence that the disc moves upward for

mUB > 1 g which would agree with the predictions from the model. However, the ex-

perimental results show a downward motion for lower unbalance levels, which is not

predicted by the model. In addition, there is evidence that the disc moves horizontally

at resonance in the experimental data, which is not predicted by the model because the

rig is assumed symmetrical in the vertical plane. The experimental results suggest that

there is some source of asymmetry in the system, which is most likely from the bearing

support structure; even though a torque wrench was used to tighten all of the bolts, some

small discrepancies between the bolts will remain. This provides further evidence that

the non-linear behaviour observed at larger unbalance levels may in fact be attributable

to the support structure.

6.5.4.6 Summary

The non-linear unbalance response of the ARES rig has been investigated experimentally

at the first pair of critical speeds for a range of unbalance levels. The unbalance response

was also computed numerically using the ROLADYN model and the HBM for the same

unbalance levels, whilst incorporating the identified shaft runout and residual unbalance

of the rotor. The frequency response from the model was compared to the experimental

data, and it was found that the response of the rotor at the primary resonance (due to

the FW mode) was captured well. In addition, the model accurately predicts the force

transmitted through the bearing to the interface plate.
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The non-linearity of the system was assessed by analysing the sensitivity of the response

at resonance to the unbalance level. It was found that the resonance frequency varied

only very slightly indicating that the system was only lightly non-linear. This agrees with

the analysis of the bearing stiffness using the quasi-static bearing model, where it was

demonstrated that the non-linearity of the fixed bearing is significantly reduced by the

compliance from the support structure.

It was then assessed how much of the observed non-linearity could be attributed to the

fixed bearing. From the simulations with the ROLADYN model, an initial softening

characteristic due to clearance was expected, followed by a small stiffening characteristic

at higher unbalance levels, due to the Hertzian contacts. However, in the experimental

results, a strong softening non-linearity was observed over all unbalance levels. It was

suggested that, while the softening effect at low unbalance levels may be due to the

bearing, the softening effect at high unbalance levels likely originates from other frictional

non-linearities on the rig, which are more significant than the bearing non-linearities.

6.6 Summary

In this chapter, the ARES setup was optimised in order to maximise the influence of

the fixed bearing as explained in Section 6.2, thereby accentuating its non-linearity. The

remaining unknown damping parameters were identified from hammer testing, and the

ROLADYN was shown to accurately predict the natural frequencies of first two pairs

of modes to within 2 %. The Campbell diagram was computed numerically from the

ROLADYN model, and it was found that the modes diverged by around 5 Hz at a speed

of 50 Hz due to gyroscopic loads. These results were validated using asynchronous PEA

excitation, which allowed the bifurcation of the first two pairs of modes to be observed

experimentally. In this way, the linear dynamics of the model were fully validated in both

a non-rotating and rotating setting.

The attention then moved onto the forced response of the rig, with a particular focus

on the influence of the fixed bearing. It was demonstrated using the quasi-static bearing

model that variable compliance is negligible for the fixed bearing on ARES. This is

primarily due to the larger number of elements within the bearing, but also due to the

compliance of the support structure which is in series with the bearing. These predictions

were confirmed experimentally by examining the spectrum of the rig response during a

ramp-up, where no content at the BPF was observed. This result indicates that variable

compliance can likely be neglected as an excitation source in many applications, unless

the rotor is very rigidly supported or has very few elements.

The rig was then excited by various levels of unbalance on the front disc. Both the

response of the front disc and the force transmitted through the bearings to the interface
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plate were analysed. It was found that there was a primary resonance corresponding

to the FW mode, and that the model predicted the response in this region very well,

including the peak transmitted force. However, the BW mode was also quite prominent

in the experimental results, but this was not predicted by the model. This discrepancy

was attributed to inaccuracies in the bearing support model or identified shaft runout

and unbalance.

The influence of the bearing non-linearities was then considered, and it was found that

the rig displays a small but consistent softening characteristic, whereby the resonance

frequency reduces as the unbalance level is increased. Once the identified runout and

residual shaft unbalance were incorporated into the model, it was found that the model

could capture this behaviour at lower unbalance levels. However, the model was unable

to capture the softening non-linearity at larger excitation levels, so it was concluded that

there are other sources of non-linearity such as friction at the joints which are more

significant in this regime. This suggests that in industrial rotating machines, it may be

sufficient to model the bearings as linear elements, to predict the vibration transmission

between the rotors.

The results demonstrated that the ROLADYN model of the ARES rig, incorporating the

quasi-static bearing model, was able to accurately predict the response of the rotor, as

well as the force transmitted through the bearing. In addition, the non-linear bearing

model was partially validated, since it was able to capture some of the observed non-linear

behaviour. However, there appear to be other sources of non-linearity on ARES which

are much more significant.
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Conclusions

7.1 Summary of the thesis

The motivation behind this thesis was to investigate the non-linear transmission of vi-

brations through rolling-element bearings, with a view to developing an improved un-

derstanding of the “cross-shaft coupling” phenomenon in aero-engines. The three main

objectives were as follows:

1. Develop a simplified REB model for rotordynamic applications and any associated

numerical methods.

2. Provide physics-based explanations for the influence of REB non-linearities in ro-

tating machines.

3. Experimentally validate the REB modelling approach using a rotordynamic test rig.

The first objective was to provide the necessary tools to predict the vibration transmission

through rolling-element bearings in rotating machinery. The second objective was to

provide a better insight into the problem, and the significance of the different mechanisms

at play within the bearing, which is useful for diagnosing problems which may arise

within industrial rotating machines. The final objective was to develop confidence in the

modelling approach, by validating the predictions using a realistic rotating test rig. The

work carried out to achieve these objectives will now be summarised.

7.1.1 Modelling of rolling-element bearings for rotordynamic

applications

In order to ensure that the response of a rotor-bearing system is accurately predicted,

as well as the vibration transmission across the bearing, it is necessary to develop a

237
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sufficiently detailed bearing model. In Section 3.2, a quasi-static bearing model was

introduced based upon the existing literature. This was a physics-based model incor-

porating the influence of the internal clearance and non-linear Hertzian contacts. This

model could predict both the radial and tilt-stiffness of the bearing.

The effect of dynamic loads on the elements, due to the rolling and spin motion of the

elements, was incorporated into the model using the approach from Harris [45]. This

requires the unknown deflections of the elements to be solved for numerically, in order to

satisfy radial and axial equilibrium of the elements. On the other hand, it was demon-

strated how a simplified approach can be used [46] at low speeds, when the dynamic

loads can be neglected. Although both approaches are well-established, the physical sig-

nificance of the two models, as well as their equivalence at low speeds, has never been

highlighted before.

The model was also able to capture the time-varying nature of the bearing stiffness due to

variable compliance, which has often been ignored in previous studies, whilst remaining

fast to evaluate. However, it was shown how these fluctuations can be explicitly smoothed

out using a Sjovall-integral formulation, where the discrete bearing elements are replaced

with a continuous domain. This yields an accurate estimate of the average bearing

stiffness. Although the application of the Sjovall-integral formulation has been used

previously for static analyses, this is the first time it has been used for rotordynamic

purposes.

In the Jeffcott rotor study in Chapter 4, the modular nature of the model was highlighted.

It was shown how the same model can be reduced to a 2DOF model, for the case where

there is only planar motion. In addition, since the model is physics-based, it is simple to

augment with additional features; for example, ring compliance was incorporated into the

model in Section 4.1.3.1. This model is therefore applicable to a wide variety of rotating

machines.

7.1.2 Efficient simulation of rotor-bearing systems using HBM

Due to the time-varying nature of the rolling-element bearing model presented in Sec-

tion 3.2, efficient numerical techniques were required to be able to predict the periodic

response of the complete rotor-bearing system. This is because the variable compliance of

the bearing introduces self-excitation from the bearing at the BPF, which is not commen-

surate with the synchronous unbalance excitation in the general case, and the response

becomes quasi-periodic. For this reason, existing studies either ignore the effect, or resort

to expensive time-integration to compute the response.

In this thesis, it was demonstrated in Section 4.3 that the Generalised Harmonic Balance

Method can be applied in a novel way to predict the non-linear periodic response of
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such rotor-bearing systems, whilst incorporating the variable compliance of the bearing.

This involves the introduction of a multi-dimensional time domain, where one time axis

corresponds to rotation of the rotor, and another relates to rotation of the bearing cage.

This approach was able to predict the presence of sub-resonances due to the self-excitation

from the rolling-element bearing. At the same time, the GHBM is significantly more

computationally efficient than time-integration.

In other systems, the variable compliance is negligible. For example, the fixed bearing

on ARES was found to have negligible variable compliance, due to its large number

of elements, and the effect was further attenuated by the support compliance in series

with the bearing. It was demonstrated in Chapter 6 that the response then becomes

periodic, so that conventional HBM can be applied using the rotor speed as the single

base frequency.

The range of numerical techniques developed in this thesis will allow the forced response

of rotating machines to be analysed more accurately than was previously possible, by

incorporating fully non-linear models of each bearing. This will be a valuable tool for

future studies into cross-shaft coupling phenomena.

7.1.3 Parametric study of a rotor-bearing system

In order to develop a deep understanding of the influence of REBs on rotor-bearing sys-

tems, an in-depth numerical study was performed into the non-linear unbalance response

of a Jeffcott rotor in Chapter 4. The bearing was modelled using the high-fidelity quasi-

static bearing model from Section 3.2. The rotor parameters were chosen so that the

system remained deterministic, displaying periodic or quasi-periodic responses, which is

the regime most relevant to real industrial machines. This contrasts with much of the

existing literature which focus on the highly non-linear regime where response is often

chaotic.

The system was found to have distinct horizontal and vertical resonances due to the

asymmetry introduced by the rolling-element bearing, as shown in Section 4.4. The

response was found to be highly nonlinear, with both softening and stiffening behaviour

present, and the vibration transmission through the bearing was found to increase with

the amplitude of excitation. For the first time, these effects were explained by studying the

non-linear bearing stiffness. The periodic response was found to loose stability around the

resonance peak for certain excitation levels, which is governed by the bearing clearance.

Super-harmonic self-excitation from the VC effect was observed; this was found to lead to

sub-resonances where the BPF coincided with the frequency of the horizontal and vertical

modes. This effect could only be captured with the time-varying bearing model.
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A systematic parameter study was then carried out in Section 4.5, allowing, for the first

time, the significance of four key physical mechanisms to be quantified on the same sys-

tem. In addition, the influence of the parameters on the bearing stiffness was investigated,

which helped to interpret the changes in the forced response. It was shown that bearing

clearance has by far the largest influence on the dynamic response of the rotor, leading

to strong nonlinear effects and controlling the stability of the system. It was also found

to amplify the self-excitation due to the VC effect. Only the addition of a soft support

compliance around the bearing was found to limit this nonlinear behaviour by linearising

the system; when the stator was around a fifth of the bearing stiffness, the effect of the

bearing non-linearity was negligible. Ring compliance and centrifugal loading had only a

small impact on the nonlinear dynamic response of the rotor, suggesting that they may

generally be neglected, although they may become of relevance for heavily unbalanced

machines and high speed applications respectively. A much improved understanding of

the different physical mechanisms within the bearing was developed, and in particular the

interaction between the softening effect from bearing clearance and the stiffening effect

to the Hertzian contacts. This will aid diagnosis of future vibrations in other rotating

machines.

7.1.4 Validation of non-linear bearing model using a static bear-

ing test rig

In Section 5.2, a bearing test rig known as the BEaring LOading System (BELOS) was

presented, which was novel in its simplicity. This was a purpose-built test rig, designed

specifically for measuring the load-displacement relation of a bearing in a lab environment,

without complex machinery. The bearing was statically loaded using weights via a pulley

system, and the relative bearing displacement was measured using laser displacement

sensors.

From the experimental data, it was shown that the bearing stiffness is heavily non-linear,

with a strong stiffening characteristic due to the Hertzian contacts. Critically, unlike

existing test rigs found in the literature, it was possible to apply bi-directional horizontal

loads to the bearing, which meant that the deadband at low loads due to clearance could

be measured. To the author’s knowledge, this is the first time the internal clearance of a

bearing has been measured in this way.

The results from BELOS were used to parameterise the quasi-static bearing model from

Section 3.2. The unknown Hertzian contact stiffness coefficient and radial clearance were

identified by tuning the model parameters to match the experimental results in a least-

squares sense. The agreement of the updated model with the experimental data was

found to be very good, thereby further validating the quasi-static bearing model. It can
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now be used to analyse cross-shaft coupling phenomena with more confidence.

7.1.5 Investigations into non-linear vibration transmission on a

rotor-bearing test rig

The ARES rotordynamic rig was introduced in Chapter 5, which is an existing test

facility at Imperial College. Well-correlated models of each of the subsystems of ARES

were developed with extensive component-level testing. The test bearing from ARES

was parameterised using BELOS, as explained previously. The bearing support structure

turned out to have a particularly large influence on the vibration transmission through the

bearing, and therefore a low-order lumped-mass model was developed based on the results

from hammer tests. However, since the support structure contains many joints, there was

some inherent variability during assembly, which made parameter identification difficult.

To mitigate this, the unknown parameters were identified by tuning the model to minimise

the error with the experimental results in a least-squares sense. A similar approach was

applied to parameterise a 1D FE model of the rotor. This approach was found to be a

robust method for parameterising models of jointed structures, and may be a useful tool

in the development of low-order rotor and stator models for future investigations into

cross-shaft coupling.

The complete model of the ARES rig was then used to investigate the influence of the

bearing non-linearities on the forced response and vibration transmission over the course

of Chapter 6. After optimising the rig setup to maximise the influence of the non-linearity

from the fixed bearing, the rig was assembled and the remaining unknown damping pa-

rameters were identified from further hammer tests. The Campbell diagram was mea-

sured experimentally using asynchronous base excitation, which allowed the bifurcation

of the first two pairs of modes due to gyroscopic effects to be observed experimentally.

The numerical model was found to predict the natural frequencies with only an error of

around 2 %. It was found that the support structure had a particular large influence on

the second pair of modes, whereas the first pair of modes were rotor-dominated. This

work resulted in a fully-validated, low-order model, capable of accurately predicting the

rotor response and vibration transmission in the linear regime.

Once the linear dynamics of the numerical model had been completely validated, the

forced response was investigated. It was demonstrated using the quasi-static bearing

model that variable compliance is negligible for the fixed bearing in ARES. This was

confirmed experimentally by examining the spectrum of response of the rig, where no

content at the BPF was observed. This justifies the existing practice in industry of

neglecting the variable compliance of bearings, particularly when the bearing has many

elements or the compliance in series with the bearing is high as was the case on ARES.
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However, previous results from the Jeffcott rotor study in Chapter 4 demonstrated that

this is not true for all bearings and the designer must take extra care when deciding if

it is significant or not. As was demonstrated in Section 6.5, this can be predicted by

analysing the sensitivity of the bearing stiffness to cage angle, and does not necessarily

require a simulation of the complete rig.

The rig was then excited by various levels of unbalance. It was found that the vibration

transmission through the bearing was predicted accurately by the model, to an accuracy

of around 20 %. The non-linear behaviour was then considered, and it was found that

the rig displayed a consistent softening characteristic, whereby the resonance frequency

reduced as the unbalance level was increased. Although the non-linearity was small,

this is one of the first times that such shifts in resonance frequency have been observed

experimentally in rotating machinery. Once the runout and residual shaft unbalance were

identified from the experimental data and incorporated into the model, it was found that

the model could capture this behaviour at lower unbalance levels. This provided some

evidence that the non-linearity in this regime was due to the fixed bearing, and therefore

validated the predictions from the numerical model. However, it was suggested that non-

linearity at higher unbalance levels could be attributed to the supporting structure, due

to the many joints. This highlights that it may be more important to consider the non-

linearity from the joints in the rotor or stator rather than the bearings themselves, when

attempting to predict the cross-shaft coupling. Therefore, this suggests that the current

practice of modelling bearings with linear elements may often be sufficiently accurate for

predicting the vibration transmission between rotors.

7.2 Main contributions

The original contributions made during this thesis have been summarised below:

• The well-established quasi-periodic approach for modelling bearings was used to

develop a high-fidelity yet lightweight model of a ball-bearing in Section 3.2. This

is able to capture the influence of internal clearance, Hertzian contacts and dy-

namic loading on the elements. In Section 4.1.2, it was shown how this model can

be further simplified to study planar systems. This model was later validated ex-

perimentally using BELOS in Section 5.2, so can therefore be used to accurately

predict the non-linear bearing stiffness in rotating machines.

• A systematic parameter study was performed on a Jeffcott rotor supported by a

rolling-element bearing using this bearing model, as presented in Section 4.5. For

the first time, the relative significance of the different physical mechanisms within
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the bearing was quantified on the same system. This has been published as part of

a journal paper [182].

• A novel application of the Generalised Harmonic Balance method was presented in

Section 4.3, for efficient simulation of rotor-bearing systems whilst incorporating

the time-varying nature of the bearing stiffness. This is capable of capturing the

quasi-periodic nature of the response as well as self-excitation from the bearing.

This has also been published as part of a journal paper [182].

• The BEaring LOading test rig (BELOS) was designed and built, in order to exper-

imentally measure the bearing stiffness in a lab setting without specialised machin-

ery. In Section 5.2, it was shown to be possible to identify the Hertzian contact

stiffness and internal clearance from only the load-displacement relation. This work

has been published in a conference paper [189].

• A high-fidelity model of the complete ARES test rig was developed over the course

of Chapter 5. This was used to investigate the vibration transmission and influence

of the rolling-element bearing, but will also be an invaluable tool for studies into

other rotordynamic phenomena at Imperial College in the future.

• In Chapter 6, the effect of bearing non-linearities on the forced response, as well the

force transmitted through the bearing, was observed in an experimental setting for

the first time using the ARES test rig. The predictions from the numerical model

were found to agree well with the experimental data. This work will be incorporated

into a journal paper.

• The Generalised Harmonic Balance method presented in Section 3.3, which was

used to simulate the forced response of the systems studied in this thesis, was

implemented within a MATLAB toolbox known as HarmLAB. This was written in

a generic way, so that it is capable of simulating any system governed by a 1st or

2nd ODE. Unlike existing solvers, this is able to predict both periodic and quasi-

periodic responses. This has been released as an open-source toolbox [180], so can

be used as a basis for future research.

7.3 Future work

There are many areas for extension of the work presented in this thesis. In addition,

there were some gaps in the literature which were not chosen as the focus of this work,

but could be investigated in the future.
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7.3.1 Flexible support configuration on ARES

A low-order model of the bearing support structure was developed and parameterised in

Section 5.4. This model was able to capture the dynamics in both the rigid configura-

tion, where the bearing housing was rigidly fixed to the interface plate; and the flexible

configuration with compliant support rods between the bearing housing and interface

plate. Unfortunately, the experimental test programme on ARES was interrupted by

the COVID-19 pandemic, during which there was no access to the lab. Therefore, the

response of the rig could only be investigated with the rigid bearing configuration. It was

expected that the influence of the bearing would be attenuated by the introduction of

the support rod compliance in the flexible configuration, so the rigid configuration was

prioritised.

It was found from the Jeffcott rotor study in Section 4.5 that stator compliance linearises

the system, and reduces the influence of the bearing non-linearities on the vibration

transmission. Testing with the flexible configuration on ARES would allow this result to

be validated in an experimental setting. It may also be possible to confirm that the source

of the non-linearity observed in Section 6.5.4 with the rigid configuration was indeed the

support structure.

7.3.2 Investigate response to base excitation using ARES

In this thesis, only the transmission of synchronous vibrations was investigated, in order

to provide better insight into the problem. However, in a rotating machine with multiple

rotors, there will be excitations at different frequencies from each rotor. Therefore, it is

important to consider the transmission of asynchronous vibrations through the bearings.

This could be investigated using ARES by exciting the interface plate with the PEAs with

large voltages. The assumption that the interface displacement is linearly proportional to

the applied PEA voltage may break down, due to some interaction between the rotor and

stator dynamics as the rig passes through resonance. Therefore, it may be necessary to

control the interface plate displacement using closed-loop control. Alternatively, different

types of excitation could be considered, such as using electromagnetic shakers, which

would instead apply a constant forcing.

7.3.3 Bearing clearance study using ARES and BELOS

It was established in the Jeffcott rotor study that the internal clearance is the most

significant source of non-linearity in the bearing. In this project, only a single clearance

level was considered, since it was expected that the bearing was loose enough to display
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a significant non-linear effect. However, the support compliance was much larger than

expected, so this turned out not to be the case. However, it would be of interest to

vary the clearance of the fixed bearing on ARES, and to investigate the sensitivity of

the dynamic response to bearing clearance. No such parameter study has ever been

attempted before.

The clearance of the fixed bearing on ARES can be varied by tightening the adapter

sleeve by different amounts. The BELOS test rig could be used to measure the load-

displacement relationship for each adapter sleeve tightening angle, in order to map the

relation between adaptor sleeve angle and radial bearing clearance. Dynamic tests could

then be carried out for each clearance level on ARES. It may be advantageous to directly

measure the displacement across the bearing using additional sensors.

It would be expected that the resonance frequency at low unbalance levels should be

sensitive to the clearance level. In addition, increased clearance should both amplify

the self-excitation due to the variable compliance of the bearing, and lead to changes

in the vibration transmission through the bearing. Such an experimental study would

allow the results from the Jeffcott rotor parameter study in Section 4.5.1 to be confirmed

experimentally.

7.3.4 Development of an advanced bearing damping test rig

It was found from the literature review that the understanding of damping from rolling-

element bearings is particularly poor. Although the focus of this thesis was on the

stiffness non-linearities in REBs which are generally more significant, the damping will

also influence the transmissibility of the bearing. Many existing studies have either been

purely computational, or have only been able to investigate the sensitivity to a limited

range of parameters such as rotor speed or radial preload.

It could be beneficial to design a new advanced bearing test rig, which allows a wide

variety of parameters related to bearing damping to be controlled. In particular, it

should be possible to vary the fit of the bearing housing, since it is known that this joint

is one of the largest sources of energy dissipation. If the bearing is excited harmonically,

it may also be possible to use this rig to measure the non-linear bearing stiffness at the

same time, thereby incorporating the functionality of BELOS.

7.3.5 Modelling of jointed structures supporting the rotor

It was established in Chapter 6 that the influence of the bearing non-linearity on ARES

was small, and that the bearing transmissibility could be predicted to a sufficient level of
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accuracy using a linear model. However, there was evidence that there were other signifi-

cant sources of non-linearity on the rig, which it was proposed could be attributed to the

joints in the bearing support structure. It is essential that an improved understanding

of such systems is developed, in order to accurately predict the vibration transmission

between rotors which are supported by similar flexible structures. Unlike rolling-element

bearings, joints can introduce both a softening linearity due to micro-slip, as well as

significant damping due to frictional losses, and therefore play a large role in the max-

imum transmitted force at resonances. This also means that their behaviour is quite

unpredictable, so that stochastic approaches may be necessary.



Appendix A

HarmLAB: derivation of analytical

derivatives

The Generalised HBM was introduced in Section 3.3 for the case of two fundamental

frequencies. It was stated that is possible to write the equation enforcing Harmonic

Balance in the following algebraic form:

r(z,ω) = L(ω)z + h (ω, z) + g (ω) = 0

where z is a vector of phasors and the term h (ω, z) contains the contribution from

the non-linearities. It was demonstrated in Section 3.3.4 how this can be computed an

Alternating Frequency-Time approach. It was also shown how the frequency response

can be computed using HBM using continuation, which requires computation of the

derivatives of the residual vector r. In order to avoid numerical differentiation which

would otherwise become computationally expensive for large numbers of harmonics, it is

useful to derive analytical expressions for the required derivative terms. The approach

implemented in HarmLAB will now be presented.

A.1 Alternating Frequency-Time

The AFT approach presented in Section 3.3.4 was only expressed in terms of the phasors

Xk1,k2 . In order to eventually be able to compute analytical derivatives the residual r,

it is necessary to first re-express the AFT approach in terms of the vector z:

z
Q−→ x(t1, t2)→ fnl(x(t1, t2), ẋ(t1, t2), )

P−→ h (ω, z)

247
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This allows the non-linear term h to be computed more efficiently, and will ultimately

simplify the required analytical derivatives.

A.1.1 Converting from frequency to hyper-time domain

The first stage is to convert the vector z into the hyper-time domain to yield x(t1, t2),

which can be achieved by introducing the harmonic matrix Q [174]:

Q(t1, t2) = [1 cos (ω1t1) − sin (ω1t1) · · · cos (ω2t2) − sin (ω2t2)

· · · cos (MH
1 ω1t1 +MH

2 ω2t2) − sin (MH
1 ω1t1 +MH

2 ω2t2)] (A.1)

so that the equation for the displacements x in Eq. (3.103) can be re-expressed as [174]:

x(t1, t2) =
(
Q(t1, t2)⊗ INdof

)
z = Γz (A.2)

where Γ = Q(t1, t2)⊗INdof
is the matrix which maps the vector z to displacements x. To

compute the velocity vector ẋ, the following operator denoted by ∇i can be introduced,

where the subscript i denotes whether the differentiation is w.r.t t1 or t2:

∇i =



0

∇i
1,0

. . .

∇i
0,1

. . .

∇i
N


(A.3)

where each submatrix ∇i
k1,k2

is given by:

∇i
k1,k2

=

[
0 −ki
ki 0

]

which can be seen to swap the sin and cos components, which corresponds to differenti-

ation. The matrix ∇i can then be used to differentiate Q(t1, t2) by pre-multiplying:

Q̇(t1, t2) = Q(t1, t2)
(
ω1∇1 + ω2∇2

)
(A.4)

This then allows the velocity ẋ to be expressed in terms of z:
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ẋ(t1, t2) =
(
Q̇(t1, t2)⊗ INdof

)
z

=
(
(Q(t1, t2) (ω1∇1 + ω2∇2))⊗ INdof

)
z

=
(
ω1Γ

1 + ω2Γ
2
)
z (A.5)

where Γi =
(
Q(t1, t2)∇i

)
⊗ INdof

. Now that expression for both x and its derivative ẋ

have been derived, the response of the non-linear components can now be computed in

the hyper-time domain.

A.1.2 Converting from hyper-time to frequency domain

The final stage of the AFT process it to convert the non-linear forces f from the hyper-

time domain, into the frequency domain to yield the non-linear vector h(z,ω). This can

be achieved by introducing another harmonic matrix P (t1, t2):

P (t1, t2) =



1

2 cosω1t1

−2 sinω1t1
...

2 cosω2t2

−2 sinω2t2
...

2 cosMH
1 ωt1 +MH

2 ωt2

−2 sinMH
1 ωt1 +MH

2 ωt2



(A.6)

which can then be used to re-express Eq. (3.111) in vector form:

h (ω, z) =
1

T1T2

∫ T2

0

∫ T1

0

(
P (t1, t2)⊗ INdof

)
f (x, ẋ) dt1dt2

=
1

T1T2

∫ T2

0

∫ T1

0

Φf (x, ẋ) dt1dt2 (A.7)

where Φ =
(
P (t1, t2)⊗ INdof

)
is the matrix mapping f to h. This completes the deriva-

tion of the AFT process in terms of the vector z.
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A.2 Analytical Jacobians

Now that it has been shown how to compute the non-linear term h term directly from the

vector z, it is possible to derive expressions of the analytical derivatives of the harmonic

balance relation Eq. (3.108). The derivatives w.r.t both the vector z and base frequencies

ω will now be presented.

A.2.1 Jacobian w.r.t the vector z

Differentiating Eq. (3.108) w.r.t z gives:

∂r

∂z
= L(ω) +

∂h(ω, z)

∂z
(A.8)

The term involving the contribution from the non-linearities ∂h(ω,z)
∂z

can be found by

differentiating Eq. (A.7):

∂h(ω, z)

∂z
=

1

T1T2

∫ T2

0

∫ T1

0

Φ

(
∂f

∂x

∂x

∂z
+
∂f

∂ẋ

∂ẋ

∂z

)
dt1dt2

=
1

T1T2

∫ T2

0

∫ T1

0

Φ

(
∂f

∂x
Γ +

∂f

∂ẋ

(
ω1Γ

1 + ω2Γ
2
))

dt1dt2 (A.9)

where the term ∂ẋ
∂z

has been found from Eq. (A.5) and Γi is defined in Eq. (A.5). It can

be observed that there are two components to the Jacobian; one due to the dependence

of the non-linear force on displacement x, and another due to the dependence on velocity

x.

A.2.2 Derivative w.r.t the base frequencies ω

Since the continuation algorithm uses the derivative of Eq. (3.108) w.r.t the vector of

base frequencies ω, it will also be useful to derive analytical representations for this

term. Differentiating Eq. (3.108) w.r.t a single base frequency ωi yields:

∂r

∂ωi
= Li(ω)z +

∂h(ω, z)

∂ωi
(A.10)

where the matrix Li(ω) = ∂
∂ωi
L(ω) can be found by simply differentiating Eq. (3.110):
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Li(ω) =



0 0 . . . . . . 0

0 Li1 . . . . . . 0
...

... Li2 . . .
...

...
...

...
. . .

...

0 . . . . . . . . . LiN


(A.11)

where Lik is given by:

Lik =

[
−2ωk1,k2kiM −kiC

kiC −2ωk1,k2kiM

]

The term ∂h(ω,z)
∂ωi from the non-linearities can be found by differentiating Eq. (3.111):

∂h(ωi, z)

∂ωi
=

1

T1T2

∫ T2

0

∫ T1

0

Φ

(
∂f

∂ωi
+
∂f

∂ẋ

∂ẋ

∂ωi

)
dt (A.12)

=
1

T1T2

∫ T2

0

∫ T1

0

Φ

(
∂f

∂ωi
+
∂f

∂ẋ
Γi

)
zdt (A.13)

where the term ∂ẋ
∂ωi

has been found from Eq. (A.5). It can be observed that there are

again two components to the frequency derivative; one due to the direct dependence of

the non-linear forces on excitation frequency ωi, and another due to the dependence on

velocity ẋ.
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ARES hammer tests

B.1 Rotor

In Section 5.3, the mode shapes of the rotor were only plotted for the configuration with

two discs for brevity. The mode shapes for all four of the configurations considered are

shown below. It can be observed that the model correlates with the experimental results

very well for all rotor configurations.

(a) Shaft only - plain (b) Shaft only - instrumented

252
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(c) Rear disc (d) Two discs

Figure B.1: Comparison of the experimental and numerical mode shapes of the ARES
rotor for different numbers of discs

B.2 Bearing support structure

In Section 5.4, only the first order modes were presented in all configurations for brevity.

However, in some of configurations with the bearing housing fitted, some second order

modes were also visible in the FRFs, which were used in the parameter identification

process. The full set of identified modes will now be presented.

B.2.0.1 Free case with PEAs disconnected

In the free case, without PEAs fitted, two pair of modes were identified in both the rigid

and flexible bearing configurations.

Rigid configuration The extra inertia from the bearing housing leads to significant

coupling with the L-shape in the second pair of modes, as shown in Fig. 5.39. The

L-shape displays significant motion, and deflects in a similar pattern to its own mode

shown in Fig. 5.35. The frequencies are only very slightly lower than the modes of the L-

shape itself, suggesting that this is an L-shape dominated mode. This has the additional

consequence that the horizontal mode has a lower frequency than the vertical mode, due
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(a) Natural frequencies

(b) Damping ratios

Figure B.2: Modal properties of the bearing supports (PEAs disconnected)

to the increased torsional inertia of the L-shape. The damping level of these modes is

also very close that of the L-shape’s own modes.

The second modes do not correlate quite as well as the first order modes, with the vertical

mode being over-predicted by 17 Hz. However, since this pair of modes is dominated by

the L-shape, it would seem likely this this is highlighting the limitations of the simplified

1DOF L-shape model. However, the much larger damping in the second pair of modes is

captured well by the model.

Flexible configuration Once compliance between the bearing housing and interface

plate is added from the support rods, the second pair of modes no longer display any

significant L-shape motion, as shown in Fig. B.4. Instead, the bearing housing and
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Figure B.3: Mode shapes of the rigid bearing configuration (PEAs disconnected)

interface plate move out of with each other. The frequency of these mode is significantly

lower than the second pair of modes with the rigid bearing housing, since both the

interface plate and bearing still display significant motion. The separation between the

frequencies is significantly under-predicted by the model, was again attributed to some

error during assembly.
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Figure B.4: Mode shapes of the flexible bearing configuration (PEAs disconnected)

B.2.0.2 Fixed case with PEAs connected

Once the PEAs were attached, it was possible to identify a second pair of modes in the

rigid bearing configuration, as shown in Fig. B.5. These results will now be discussed in

more detail. Note that no second pair of modes was observed for the flexible configuration

once the PEAs were fitted.

Rigid configuration The second pair of modes display significant coupling with the L-

shape. Since this set of modes displayed little in-plane motion of the interface plate even

in the “free” configuration, the addition of the PEAs has little influence, and therefore the

frequencies remain nearly unchanged. The damping does however increase significantly

(approximately doubling) from the “free” case, which is captured by the model. However,

damping ratios of each mode is slightly under- and over-predicted. This suggests that

the simple tilt damper within the PEA model may not be sufficient, and it may no longer

be valid to assume that the damping from the PEA is symmetric. However, this mode is

even further out of the running range of the rig, so this level of agreement was deemed

sufficient.
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(a) Natural frequencies (b) Damping ratios

Figure B.5: Modal properties of the bearing supports (PEAs connected)

Figure B.6: Mode shapes of the rigid bearing configuration (PEAs connected)
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B.3 Complete rig

As explained in Section 6.4, the rig was gradually assembled into the final configuration,

with hammer tests carried out at each stage. Only the results from the final stage of

assembly, where the discs were fitted, were plotted in Section 6.4. The results from the

earlier stages of assembly will be presented here.

(a) Natural frequencies

(b) Damping ratios

Figure B.7: Comparison of the experimental and numerical modal properties of the ARES
rig with and without the PEAs connected

B.3.1 Installation of PEAs

Hammer tests were first carried out with only the shaft fitted without any discs. The

PEAs were not fitted to the bearing housing, in order to amplify the effect of the bearing
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support structure. The PEAs were then fitted, and the hammer test was repeated. The

modes for both configurations are shown in Figs. B.7 and B.8.

(a) Free (PEAs disconnected)

(b) Fixed (PEAs connected)

Figure B.8: Comparison of the experimental and numerical mode shapes of the ARES
rig with and without the PEAs connected

B.3.2 Ancillary components

The ancillary components were added next, which were expected to have only a small

influence on the structure. The natural frequencies and damping ratios are plotted in

Fig. B.9. It can be observed that the effect of the ancillaries on the frequencies was

minimal, but that damping ratio increased once the encoder was fitted. The mode shapes

have not been plotted since the impact of the ancillaries was found to be minimal.
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(a) Natural frequencies

(b) Damping ratios

Figure B.9: Comparison of the experimental and numerical modal properties of the ARES
rig with different ancillary components connected

B.3.3 Discs

The last stage of assembly was to fit the discs. In Section 6.4, the mode shapes were only

plotted for the final configuration with 2 discs. The full set of mode shapes are plotted

in Fig. B.10.
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(a) Shaft only

(b) Shaft + Front Disc

(c) Shaft + Two Discs

Figure B.10: Comparison of the experimental and numerical modal properties of the
ARES rig with different numbers of discs



Appendix C

ARES unbalance responses

In Section 6.5.4, only the unbalance response of the front disc and interface plate forces

were plotted. However, the response of the rear disc, bearing housing and interface were

also measured. These results will now be presented.
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(a) Experiment

(b) Model

Figure C.1: Frequency response of the rear disc due to front disc unbalance
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(a) Experiment

(b) Model

Figure C.2: Frequency response of the interface plate due to front disc unbalance
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(a) Experiment

(b) Model

Figure C.3: Frequency response of the bearing housing due to front disc unbalance



Appendix D

ARES support model

In Section 5.4, an equivalent model of the bearing support structure on ARES was pre-

sented. The equations of motion will be derived here, as well as some other useful results.

D.1 Equations of motion

The equations of motion for this system can be derived by first finding expressions for

the kinetic and potential energies. These are given by:

T =
1

2
(IxL + IIP + IBH) θ̇2

L +
1

2
mIPẋ

2
IP +

1

2
mBHẋ

2
BH (D.1)

V =
1

2
kxLθ

2
L +

1

2
kIP (xIP − θLlIP)2 +

1

2
kBH (xBH − xIP − θLlBH)2

+
1

2
kδPEAx

2
IP +

1

2
kθPEAθ

2
L

(D.2)

Denoting the displacement vector of the bearing support structure as:

xs =
[
θL xIP xBH

]T
(D.3)

and finding the Hessian of the kinetic energy T yields the following mass matrix M s:

M s =

I
x
L + IIP + IBH 0 0

0 mIP 0

0 0 mBH

 (D.4)

while the Hessian of the potential energy V yields the stiffness matrix Ks:

266
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Ks =

k
x
L + kθPEA + k1 k2 k3

k2 kIP + kBH + kδPEA −kBH

k3 −kBH kBH

 (D.5)

where the following stiffness terms are given by:

k1 = kIPl
2
IP + kBHl

2
BH

k2 = −kIPlIP + kBHlBH

k3 = −kBHlBH

The damping in the support structure was assumed to arise from the L-shape and support

rods. The damping matrix Cc can therefore be found by simply replacing the stiffness

terms in Eq. (D.5) with their damping counterpart.

The PEAs exert an piezo-electric force on the interface plate denoted by fxPEA. Similarly,

the rolling-element bearing exerts a force on the bearing housing denoted by fxB. These

can be written in vector form as:

f s =
[
0 fxPEA fxB

]T
(D.6)

These expressions can be assembled to yield the equation of motion for the support

structure:

M sẍs +Csẋs +Ksxs = f s (D.7)

The modes, natural frequencies and damping ratios of the system can now be found using

eigenvalue analysis.

D.2 Interface plate stiffness

In order to derive the expression for the effective stiffness at the interface plate, the

inertial and damping terms from Eq. (D.7) can be removed, and the terms in the stiffness

matrix involving xBH can be eliminated, since the bearing housing was not fitted for the

stiffness tests. This yields the following equilibrium problem:

[
kxL + kθPEA + kIPl

2
IP −kIPlIP

−kIPlIP kIP + kδPEA

][
θL

xIP

]
=

[
0

fxPEA

]
(D.8)
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The reduced stiffness matrix on the LHS can then be inverted to solve for the interface

plate deflection xIP as a function of the applied load fxPEA:

xIP =
kxL + kθPEA + kIPl

2
IP(

kxL + kθPEA + kIPl2IP
) (
kIP + kδPEA

)
− k2

IPl
4
IP

fxPEA

The load measured by the force gauge is not simply fxPEA, as this is only the piezo-electric

excitation force exerted by the PEAs. There is also another load on the force gauge due

to the mechanical stiffness of the PEA. Therefore the net load measured by the force

gauges fxIP is slightly smaller than the piezo-electric PEA load fxPEA:

fxIP = fxPEA − kδPEAxIP

which can then be substituted into the above equation to yield as expression relating the

interface displacement and force gauge load:

[(
kxL + kθPEA + kIPl

2
IP

) (
kIP + kδPEA

)
− k2

IPl
4
IP

]
xIP =

(
kxL + kθPEA + kIPl

2
IP

) (
fxIP + kδPEAxIP

)
where it can be observed that the PEA radial stiffness kδPEA will cancel out, thereby

eliminating kδPEA. Therefore the radial PEA stiffness has no influence on the measured

stiffness. This expression can then be simplified and rearranged to yield the effective

interface plate stiffness ktestIP :

ktestIP ,
fxIP
xIP

=

(
1

kIP

+
l2IP

kxL + kθPEA

)−1

(D.9)

D.3 FE Analysis of L-shape

In order to be able to visualise the full L-shape displacement field from the reduced order

support model, a static analysis was performed using Solidworks 2018. The L-shape was

fixed at four points on the base, which correspond to the locations of the bolts fixing it

to the test bed. Axial loads were then applied at the tapped holes for the support rods,

in order to replicate the moment applied by the interface plate on the L-shape. Two load

cases were considered:

• Moment about the x-axis, with opposite loads on the bottom and top holes for the

support rods. This is shown in Fig. D.1a.
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• Moment about the y-axis, with opposite loads on the left and right holes for the

support rods. This is shown in Fig. D.1b.

The results deflection shapes are depicted in Fig. D.1. The deflection perpendicular to

the front face of the support was extracted from the FEA results. The equivalent L-shape

rotation was identified from the deflections of the four support holes. Each displacement

field was normalised so that the equivalent L-shape rotation was unity.

(a) Moment about x-axis

(b) Moment about y-axis

Figure D.1: Static response of the L-shape due to moments from the interface plate
support rods



Appendix E

BELOS Technical drawings

A special test rig known as BELOS was designed and built in order to measure the non-

linear stiffness of the fixed bearing from ARES. Although an existing pulley system was

used to load the bearing, a custom bearing housing and loading shaft were designed. The

drawings of these components are presented here.
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Figure E.2: Solid loading shaft
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Figure E.4: Bracket for Keyence laser displacement sensors
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[5] E. Krämer, Dynamics of Rotors and Foundations. Berlin: Springer-Verlag, 1st ed.,

1993.

[6] J. H. Ginsberg, Mechanical and structural vibrations : theory and applications.

Wiley, 1st ed., 2001.

[7] M. Guskov, J.-J. Sinou, F. Thouverez, and O. S. Naraikin, “Experimental and

Numerical Investigations of a Dual-Shaft Test Rig with Intershaft Bearing,” Inter-

national Journal of Rotating Machinery, vol. 2007, pp. 1–12, 2007.

[8] H.-W. D. Chiang, C.-N. Hsu, W. Jeng, S.-H. Tu, and W.-C. Li, “Turbomachinery

Dual Rotor-Bearing System Analysis,” in ASME Turbo Expo 2002: Power for Land,

Sea, and Air; Volume 4: Turbo Expo 2002, Parts A and B, (Amsterdam), pp. 803–

810, ASME, 2002.

[9] H.-W. D. Chiang, C.-N. Hsu, and S.-H. Tu, “Rotor-Bearing Analysis for Turbo-

machinery Single- and Dual-Rotor Systems,” Journal of Propulsion and Power,

vol. 20, pp. 1096–1104, nov 2004.

[10] Z.-x. Fei, S.-g. Tong, and C. Wei, “Investigation of the dynamic characteristics of

a dual rotor system and its start-up simulation based on finite element method,”

Journal of Zhejiang University SCIENCE A, vol. 14, pp. 268–280, apr 2013.

275



276 REFERENCES

[11] J. Sopanen and A. Mikkola, “Dynamic model of a deep-groove ball bearing includ-

ing localized and distributed defects. Part 2: implementation and results,” Pro-

ceedings of the Institution of Mechanical Engineers, Part K: Journal of Multi-body

Dynamics, vol. 217, pp. 213–223, jan 2003.

[12] V. Parmar, V. Saran, and S. Harsha, “Nonlinear vibration response analysis of a

double-row self-aligning ball bearing due to surface imperfections,” Proceedings of

the Institution of Mechanical Engineers, Part K: Journal of Multi-body Dynamics,

p. 146441932092491, may 2020.

[13] J.-J. Sinou, C. Villa, and F. Thouverez, “Experimental and Numerical Investiga-

tions of a Flexible Rotor on Flexible Bearing Supports,” International Journal of

Rotating Machinery, vol. 2005, no. 3, pp. 179–189, 2005.

[14] C.-H. Yang and S.-C. Huang, “The influence of disk’s flexibility on coupling vi-

bration of shaft–disk–blades systems,” Journal of Sound and Vibration, vol. 301,

pp. 1–17, mar 2007.

[15] S. C. Huang and K. B. Ho, “Coupled shaft-torsion and blade-bending vibrations

of a rotating shaft-disk-blade unit,” Journal of Engineering for Gas Turbines and

Power, vol. 118, pp. 100–106, jan 1996.

[16] J. S. Rao and R. Sreenivas, “Dynamics of a Three Level Rotor System Using Solid

Elements,” in Proceedings of ASME Turbo Expo 2003; Volume 4: Turbo Expo 2003;,

(Atlanta, GA), pp. 601–606, ASME, 2003.

[17] V. Ruffini, C. W. Schwingshackl, and J. S. Green, “Prediction Capabilities of Cori-

olis and Gyroscopic Effects in Current Finite Element Software,” in IFToMM In-

ternational Conference on Rotor Dynamics (P. Pennacchi, ed.), (Milan), pp. 1853–

1862, Springer, 2015.

[18] Z. Lu, S. Zhong, H. Chen, Y. Chen, J. Han, and C. Wang, “Modeling and Dynamic

Characteristics Analysis of Blade-Disk Dual-Rotor System,” Complexity, vol. 2020,

pp. 1–13, jan 2020.

[19] T. A. Harris and M. N. Kotzalas, Rolling Bearing Analysis: Essential Concepts of

Bearing Technology. Boca Raton, FL: CRC Press, 5th ed., 2006.

[20] J. S. Rao, Rotor Dynamics. New Delhi: Wiley Eastern Ltd., 2nd ed., 1991.

[21] K. D. Gupta, K. D. Gupta, and K. Athre, “Unbalance Response of a Dual Rotor

System: Theory and Experiment,” Journal of Vibration and Acoustics, vol. 115,

no. 4, p. 427, 1993.



REFERENCES 277

[22] A. Liew, N. S. Feng, and E. J. Hahn, “On Using the Transfer Matrix Formulation

for Transient Analysis of Nonlinear Rotor Bearing Systems,” International Journal

of Rotating Machinery, vol. 10, no. 6, pp. 425–431, 2004.

[23] R. L. Ruhl and J. F. Booker, “A Finite Element Model for Distributed Parameter

Turborotor Systems,” Journal of Engineering for Industry, vol. 94, p. 126, feb 1972.

[24] H. D. Nelson and J. M. McVaugh, “The Dynamics of Rotor-Bearing Systems Using

Finite Elements,” Journal of Engineering for Industry, vol. 98, p. 593, may 1976.

[25] D. J. Inman, Engineering Vibration. Harlow, UK: Pearson Education Limited,

4th ed., 2014.

[26] M. B. Wagner, A. Younan, P. Allaire, and R. Cogill, “Model reduction methods for

rotor dynamic analysis: A survey and review,” International Journal of Rotating

Machinery, vol. 2010, 2010.

[27] M. C. C. Bampton and R. R. Craig Jnr, “Coupling of Substructures for Dynamic

Analyses,” AIAA Journal, vol. 6, pp. 1313–1319, jul 1968.

[28] S. N. Hou and Others, “Review of modal synthesis techniques and a new approach,”

Shock and vibration bulletin, vol. 40, no. 4, pp. 25–39, 1969.

[29] R. Craig and C.-J. Chang, “A Review of Substructure Coupling Methods for Dy-

namic Analysis,” in Advances in engineering science, vol. 2, pp. 1633–1635, 1976.

[30] D. Herting, “A general purpose, multi-stage, component modal synthesis method,”

Finite Elements in Analysis and Design, vol. 1, pp. 153–164, aug 1985.

[31] W. Wang and J. Kirkhope, “Component mode synthesis for multi-shaft rotors With

flexible inter-shaft bearings,” Journal of Sound and Vibration, vol. 173, pp. 537–

555, jun 1994.

[32] R. H. MacNeal, “A Hybrid Method of Component Mode Synthesis,” Computers &

Structures, vol. 1, pp. 581–601, dec 1971.

[33] R. M. Hintz, “Analytical Methods in Component Modal Synthesis,” AIAA Journal,

vol. 13, pp. 1007–1016, aug 1975.

[34] C. Bucher, “A modal synthesis method employing physical coordinates, free com-

ponent modes, and residual flexibilities,” Computers & Structures, vol. 22, pp. 559–

564, jan 1986.

[35] R. R. Craig and Z. Ni, “Component mode synthesis for model order reduction

of nonclassicallydamped systems,” Journal of Guidance, Control, and Dynamics,

vol. 12, no. 4, pp. 577–584, 1989.



278 REFERENCES

[36] H. Schmidt, D. Kriebel, and J. Mehner, “Reduced Order Component & System

Level Modelling for Fluid-Solid Interactions in Complex MEMS Devices,” Proceed-

ings, vol. 2, no. 13, p. 937, 2019.

[37] D. A. Glasgow and H. D. Nelson, “Stability Analysis of Rotor-Bearing Systems

Using Component Mode Synthesis,” Journal of Mechanical Design, vol. 102, p. 352,

apr 1980.

[38] D. F. Li and E. J. Gunter, “Study of the Modal Truncation Error in the Com-

ponent Mode Analysis of a Dual-Rotor System.,” American Society of Mechanical

Engineers (Paper), no. 81 -GT-144, 1981.

[39] W. Wang and J. Kirkhope, “Complex component mode synthesis for damped sys-

tems,” Journal of Sound and Vibration, vol. 181, pp. 781–800, apr 1995.

[40] Silberwolf, “Deep-groove ball bearing, with seals on both sides [trans-

lated from german].” https://commons.wikimedia.org/wiki/File:

Radial-deep-groove-ball-bearing_din625-t1_2rs_120.png. [Online; Ac-

cessed: 2020-08-19].

[41] Silberwolf, “Cylindrical roller bearing, with flanges on both sides [trans-

lated from german].” https://commons.wikimedia.org/wiki/File:

Cylindrical-roller-bearing_din5412-t1_type-n_120.png. [Online; Ac-

cessed: 2020-08-19].

[42] A. SKF, “Single Row Angular Contact Ball Bear-

ings.” https://www.skf.com/uk/products/rolling-bearings/

ball-bearings/angular-contact-ball-bearings/

single-row-angular-contact-ball-bearings/designs-and-variants. [On-

line; Accessed: 2020-09-11].

[43] A. SKF, “Double Row Angular Contact Ball Bear-

ings.” https://www.skf.com/uk/products/rolling-bearings/

ball-bearings/angular-contact-ball-bearings/

double-row-angular-contact-ball-bearings/designs-and-variants. [On-

line; Accessed: 2020-09-11].

[44] A. B. Jones, “A General Theory for Elastically Constrained Ball and Radial Roller

Bearings Under Arbitrary Load and Speed Conditions,” Journal of Basic Engineer-

ing, vol. 82, no. 2, p. 309, 1960.

[45] T. A. Harris and M. N. Kotzalas, Rolling bearing analysis: Advanced concepts of

bearing technology. Boca Raton, FL: CRC Press, 5th ed., 2006.

https://commons.wikimedia.org/wiki/File:Radial-deep-groove-ball-bearing_din625-t1_2rs_120.png
https://commons.wikimedia.org/wiki/File:Radial-deep-groove-ball-bearing_din625-t1_2rs_120.png
https://commons.wikimedia.org/wiki/File:Cylindrical-roller-bearing_din5412-t1_type-n_120.png
https://commons.wikimedia.org/wiki/File:Cylindrical-roller-bearing_din5412-t1_type-n_120.png
https://www.skf.com/uk/products/rolling-bearings/ball-bearings/angular-contact-ball-bearings/single-row-angular-contact-ball-bearings/designs-and-variants
https://www.skf.com/uk/products/rolling-bearings/ball-bearings/angular-contact-ball-bearings/single-row-angular-contact-ball-bearings/designs-and-variants
https://www.skf.com/uk/products/rolling-bearings/ball-bearings/angular-contact-ball-bearings/single-row-angular-contact-ball-bearings/designs-and-variants
https://www.skf.com/uk/products/rolling-bearings/ball-bearings/angular-contact-ball-bearings/double-row-angular-contact-ball-bearings/designs-and-variants
https://www.skf.com/uk/products/rolling-bearings/ball-bearings/angular-contact-ball-bearings/double-row-angular-contact-ball-bearings/designs-and-variants
https://www.skf.com/uk/products/rolling-bearings/ball-bearings/angular-contact-ball-bearings/double-row-angular-contact-ball-bearings/designs-and-variants


REFERENCES 279

[46] T. Lim and R. Singh, “Vibration Transmission Through Rolling Element Bearings.

Part I: Bearing Stiffness Formulation,” Journal of Sound and Vibration, vol. 139,

no. 2, pp. 179–199, 1990.

[47] T. Lim and R. Singh, “Vibration Transmission Through Rolling Element Bearings.

Part II: System Studies,” Journal of Sound and Vibration, vol. 139, no. 2, pp. 201–

225, 1990.

[48] J. M. de Mul, J. M. Vree, and D. A. Maas, “Equilibrium and Associated Load

Distribution in Ball and Roller Bearings Loaded in Five Degrees of Freedom While

Neglecting Friction—Part I: General Theory and Application to Ball Bearings,”

Journal of Tribology, vol. 111, p. 142, jan 1989.

[49] L. Houpert, “A Uniform Analytical Approach for Ball and Roller Bearings Calcu-

lations,” Journal of Tribology, vol. 119, no. 4, p. 851, 1997.

[50] P. Guay and A. Frikha, “Ball Bearing Stiffness: A New Approach Offering An-

alytical Expressions,” in European Space Mechanisms and Tribology Symposium,

(Bilbao), pp. 23–25, 2015.

[51] S. Jain and H. Hunt, “A Dynamic Model to Predict the Occurrence of Skid-

ding in Wind-Turbine Bearings,” Journal of Physics: Conference Series, vol. 305,

p. 012027, jul 2011.

[52] H. Sjovall, “The Load Distribution within Ball and Roller Bearings under Given

External Radial and Axial Load,” Tekniks Tidskrift Mek., no. 9, 1933.

[53] L. Houpert, “An Engineering Approach to Hertzian Contact Elasticity—Part I,”

Journal of Tribology, vol. 123, no. 3, p. 582, 2001.

[54] L. Houpert, “An Engineering Approach to Non-Hertzian Contact Elasticity—Part

II,” Journal of Tribology, vol. 123, no. 3, p. 589, 2001.

[55] M. Leontiev, V. Ivannikov, and S. Degtyarev, “Radial roller bearings with flexible

rings : application to rotor dynamics and extension to multibody simulations,”

in International Symposium on Transport Phenomena and Dynamics of Rotating

Machinery, (Maui, HI), pp. 1–9, 2017.

[56] F. F. Ehrich, “High Order Subharmonic Response of High Speed Rotors in Bear-

ing Clearance,” Journal of Vibration Acoustics Stress and Reliability in Design,

vol. 110, no. 1, p. 9, 1988.

[57] F. Ehrich, “Observations of Subcritical Superharmonic and Chaotic Response in

Rotordynamics,” Journal of Vibration and Acoustics, vol. 114, p. 93, jan 1992.



280 REFERENCES

[58] D. W. Childs, “Fractional-Frequency Rotor Motion Due to Nonsymmetric Clear-

ance Effects,” Journal of Engineering for Power, vol. 104, no. 3, p. 533, 1982.

[59] Y. B. Kim and S. T. Noah, “Bifurcation analysis for a modified Jeffcott rotor with

bearing clearances,” Nonlinear Dynamics, vol. 1, pp. 221–241, may 1990.

[60] M. F. While, “Rolling Element Bearing Vibration Transfer Characteristics: Effect

of Stiffness,” Journal of Applied Mechanics, vol. 46, no. 3, p. 677, 1979.

[61] T. Royston and I. Basdogan, “Vibration Transmission Through Self-Aligning

(Spherical) Rolling Element Bearings: Theory and Experiment,” Journal of Sound

and Vibration, vol. 215, pp. 997–1014, sep 1998.

[62] S. Saito, “Calculation of Nonlinear Unbalance Response of Horizontal Jeffcott Ro-

tors Supported by Ball Bearings With Radial Clearances,” Journal of Vibration

Acoustics Stress and Reliability in Design, vol. 107, no. 4, pp. 416–420, 1985.

[63] A. Kahraman and R. Singh, “Non-linear Dynamics of a Geared Rotor-bearing Sys-

tem with Multiple Clearances,” Journal of Sound and Vibration, vol. 144, no. 3,

pp. 469–506, 1991.

[64] M. Tiwari, K. Gupta, and O. Prakash, “Effect of Radial Internal Clearance of a

Ball Bearing on the Dynamics of a Balanced Horizontal Rotor,” Journal of Sound

and Vibration, vol. 238, no. 5, pp. 723–756, 2000.

[65] C. Bai, H. Zhang, and Q. Xu, “Effects of axial preload of ball bearing on the

nonlinear dynamic characteristics of a rotor-bearing system,” Nonlinear Dynamics,

vol. 53, pp. 173–190, aug 2008.

[66] F. F. Ehrich, “Some Observations of Chaotic Vibration Phenomena in High-Speed

Rotordynamics,” Journal of Vibration and Acoustics, vol. 113, p. 50, jan 1991.

[67] A. Leblanc and D. Nelias, “Analysis of Ball Bearings with 2, 3 or 4 Contact Points,”

Tribology Transactions, vol. 51, pp. 372–380, may 2008.

[68] D. Noel, M. Ritou, B. Furet, and S. Le Loch, “Complete Analytical Expression

of the Stiffness Matrix of Angular Contact Ball Bearings,” Journal of Tribology,

vol. 135, p. 041101, jun 2013.

[69] C. Lei, Z. Rui, J. Liu, R. Feng, and J. Zhao, “A New Method for Computing Contact

Angle of High Speed Ball Bearing,” in 2010 Third International Joint Conference

on Computational Science and Optimization, pp. 331–334, IEEE, 2010.



REFERENCES 281

[70] E. Kurvinen, J. Sopanen, and A. Mikkola, “Ball bearing model performance on

various sized rotors with and without centrifugal and gyroscopic forces,” Mechanism

and Machine Theory, vol. 90, pp. 240–260, aug 2015.

[71] B. Fang, J. Zhang, K. Yan, J. Hong, and M. Yu Wang, “A comprehensive study on

the speed-varying stiffness of ball bearing under different load conditions,” Mecha-

nism and Machine Theory, 2019.

[72] A. Liew, N. S. Feng, and E. J. Hahn, “Transient Rotordynamic Modeling of Rolling

Element Bearing Systems,” in ASME Turbo Expo 2001: Power for Land, Sea, and

Air; Volume 4 (ASME, ed.), (New Orleans, LA), p. V004T03A021, ASME editor,

jun 2001.

[73] W.-z. Wang, S.-g. Zhang, Z.-q. Zhao, and S.-y. Ai, “Effect of the Inhomogeneity

in Races on the Dynamic Behavior of Rolling Bearing,” Journal of Vibration and

Acoustics, vol. 137, p. 061015, oct 2015.

[74] H. Wang, Q. Han, and D. Zhou, “Nonlinear dynamic modeling of rotor system

supported by angular contact ball bearings,” Mechanical Systems and Signal Pro-

cessing, vol. 85, pp. 16–40, feb 2017.

[75] S. Upadhyay, S. Harsha, and S. Jain, “Analysis of Nonlinear Phenomena in High

Speed Ball Bearings due to Radial Clearance and Unbalanced Rotor Effects,” Jour-

nal of Vibration and Control, vol. 16, pp. 65–88, jan 2010.

[76] G. Sun, N. Kaushik, A. B. Palazzolo, A. J. Provenza, C. Lawrence, and K. Carney,

“An Efficient Algorithm for Blade Loss Simulations Using a High Fidelity Ball

Bearing and Damper Model,” in Volume 5: 19th Biennial Conference on Mechanical

Vibration and Noise, Parts A, B, and C, vol. 2003, pp. 1011–1020, ASME, 2003.

[77] A. B. Jones and T. A. Harris, “Analysis of a Rolling-Element Idler Gear Bearing

Having a Deformable Outer-Race Structure,” Journal of Basic Engineering, vol. 85,

p. 273, jun 1963.

[78] G. Cavallaro, D. Nelias, and F. Bon, “Analysis of High-Speed Intershaft Cylindrical

Roller Bearing with Flexible Rings,” Tribology Transactions, vol. 48, pp. 154–164,

apr 2005.

[79] Y. Mao, L. Wang, and C. Zhang, “Influence of ring deformation on the dynamic

characteristics of a roller bearing in clearance fit with housing,” International Jour-

nal of Mechanical Sciences, vol. 138-139, pp. 122–130, feb 2018.

[80] J. Wensing, On the dynamics of ball bearings. PhD thesis, University of Twente,

dec 1998.



282 REFERENCES

[81] R. R. Davis and C. Vallance, “Incorporating General Race and Housing Flexibility

and Deadband in Rolling Element Bearing Analysis,” tech. rep., NASA, Lewis

Research Centre, 1988.

[82] A. Leblanc, D. Nelias, and C. Defaye, “Nonlinear dynamic analysis of cylindri-

cal roller bearing with flexible rings,” Journal of Sound and Vibration, vol. 325,

pp. 145–160, aug 2009.

[83] P. K. Gupta and B. Paul, Advanced Dynamics of Rolling Elements. New York, NY:

Springer New York, 1st ed., 1984.

[84] B. Mevel and J. Guyader, “Experiments on routes to chaos in ball bearings,” Jour-

nal of Sound and Vibration, vol. 318, pp. 549–564, dec 2008.
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