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Abstract

Abstract

This thesis is concerned with the characterization of kegeontact problems. The research project
has been prompted by an investigation into creep, and ubisnagross sliding, of rubber tyres
fitted around steel wheels in earth moving equipment. In gnslippage between tyre and rim
is experienced in common engineering applications empiptyred systems. A general and sys-
tematic approach for investigating the interfacial bebawof tyred systems has consequently been
proposed. Classical techniques together with novel nualeapproaches based on advanced math-
ematical programming have been implemented to supporhtiestigation. Creep between mating
surfaces, frictional shakedown and measuring frictiondrtipl slip condition are the main objects
of investigation. The analytical and numerical models tgwed by the author have been comple-
mented by experimental work, whose detailed descriptiaids included in this thesis. Finally,
further studies have been performed to shed light on sonteeafésign issues offered by the three-
dimensional full-scale engineering application. The nuoa¢ approach based on finite element
modelling used to tackle these aspects of the project aneherimental work carried out by the

author to corroborate the numerical findings are also pteden
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Nomenclature

Nomenclature

a Contact semi-width

af Hertzian contact semi-width

Qr Triangular traction distribution semi-width
A=alay Dimensionless contact ratio

Ar, Br,Cr, Dr Constants of

Ap, By, Cp, D, Constants of" for a triangle of normal traction

A, By, Cy, Dy Constants of" for a triangle of shear traction

A=2(1-1%)/E

Asy =2E/ (m(k+ 1))

Apu =2E1(1—0a)/(r(k1+1) (1=5%) =2E,(1+a)/ (r (k2 + 1) (1-5%))

b Layer thickness

b, Burgers vector

B = b/a Dimensionless thickness parameter — Thickness to cordautwidth ratio

By = b/ay, Dimensionless thickness parameter

Biin, Bmax Minimum and maximum thickness to Hertzian contact semitiwigtio during
cyclic normal loading

B, Glide dislocation density

c Speed of the moving load

Cstick Stick zone semi-width

C Composite “stiffness”

Csip Slip accumulated from the centre of the contact to the stypore

Dmd = t/CL
d Net relative shift between layer and substrate
dsup Distance between adjacent supports belonging to the faystrate interface in the frame

of reference shown in Figure 5.2

D15, Dy Kernels used to find the fluence functions for a glide dislocations on the layer sabestr
interfacial stress field

e Eccentricity of the contact centre with respect to the diogcof indenter centerline

E, E,, Es Young’'s modulus

f Interfacial friction coefficient between tyre and wheell{stiate)

fyelan  Minimum friction to guarantee frictional shakedown acdogo the application of Melan’s

theorem
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Nomenclature

fshakedown ~Minimum friction to guarantee frictional shakedown acdogdto the exact solution
obtained employing the unilateral formulation

fap Linear term of the quadratic programming formulation

F,,F, Influence functions describing the contribute to the surfasplatements given by a
triangular distribution of pressuré},, and a triangular distribution of shear tractiof,

F Fy,F-  Functional of the contact problem

F.,, Fyy, Influence functions describing the contribute of a trianguistridution of glide disloca-
tion density,B,., to layer/substrate interfacial stress field

G Modulus of rigidity

Gy, Gyy Influence functions describing the contribute of a glide deslion to the layer/substrate

interfacial stress field

h(z) Tangential shift due to the distributed dislocations
hj, b, Yl Unknown tangential displacement
h(x) First derivative in time of the tangential shift due to thetdbuted dislocationgy(z)

H(zx) Heaviside step function

qu

i Imaginary unit

Square matrix of the quadratic programming formulation

I, I,, Influence function describing the lateral displacement giyea toiangle of pressure and
shear, respectively

I,,,I,, Influence function describing the vertical displacement givgra triangle of pressure
and shear, respectively

IU1, IU2Integral irfluence function describing the lateral displacement giyemtbiangle of pres-
sure and shear, respectively

IV1,1V2Integral iffluence function describing the vertical displacement givera triangle of
pressure and shear, respectively

T, In Integers related to the numeration given to the nodes usappimximate the stress dis-

tributions
Jo Second deviatoric invariant of the stress tensor
k Material yield strength in pure shear
m Trailing edge of the interfacial slip region — see (ii) in &ig 1.6(b)
n Leading edge of the interfacial slip region — see (ii) in Fay.6(b)
np Number of points at which traction and displacement fieléssampled
N Normal load per unit width

Ni2, Noo Kernels used to find the fluence functions for a glide dislocations on the layer/salbest
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Nomenclature

interfacial stress field

Np Normal force

p(z) Contact pressure

Do Interfacial uniform constant contact pressure due to thialsfit
Di Unknown surface normal stress
PH Hertzian pressure peak
Pi=pi/p

p = N/2a Average contact pressure

q(z) Contact shear traction

i Unknown surface traction stress
Q Tangential load per unit width
Qi = qi/p

Qr Tangential force

R, Surface roughness

Ri, R, Radii of rollers 1 and 2 (see Figure 1.6)

R* = R1Ry/(R:1 + R2) Equivalent contact radius

t Rigid body normal approach between indenting disc andieliaster — see Figure 1.6(b)
T,T1,T5, Ty, Tp Applied torques per unit width

usurf(x) Surface tangential displacement at the disc/layer interfa

ulayer () Layer tangential displacement at the layer/substratefate

u(z,y
v(z,y

vsurf(x) Surface normal displacement at the disc/layer interface

(
)  Tangential component of the layer displacement
)

Normal component of the layer displacement

vsubstrate () Substrate tangential displacement at the layer/substtatéace
o(z,t)  Relative surface slip velocity

V(x) Relative velocity between layer and substrate — slip valoci

Vi =wvi(z,y)/a

U =ui(z,y)/a

Vo = wva(z,y)/a

Us = uz(z,y)/a

w Semi-length of the layer in contact with roller 2
x Horizontal coordinate
T4 Auxiliary coordinate set used to identify the location of @i belonging to the layer/

substrate interface in the fixed frame of reference duriegatbplication of the moving
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Nomenclature

load
T Location of the centre of the triangles of tractignsandg;
Tp = 2j/2+ xj11/2
zj Auxiliary coordinate set used to identify the location of@m belonging to the layer/

substrate interface in a fixed frame of reference (see Fig@e

Xgp vector containing the unknown of the quadratic programnfiimgnulation

X
Yy Vertical coordinate
Z =1/(4SB)

a, B Dundurs’ constants

¢; = hj — h;41 Difference between the tangential displacement meastited @djacent supports

¢%,¢j  Unknown tangential displacement

¥ = /(2b)

£ Dummy variable

Eereep  Creepratio

10) Wander variable of the Fourier transform
o(+) Dirac’s delta function

A =po/pr Dimensionless loading parameter

Aq = Q/ (pob)
AN = N/(pob)
Atr = Pn/Po

rk = 3 — 4v Kolosov’s constant for plane strain

1 Friction coefficient between disc and tyre (elastic layes@e Figure 1.6(a)
v,v1,vo Poisson’s ratio

Psub Sign of the relative between layer and substrate

Psur f Sign of the relative velocity between layer and rigid indent

agl;’de(x, ¢) Tangential component of the layer stress field induced byde dlislocation located at

(€,0)

a%(:c) Tangential component of the layer stress field due to théebdhsolution alone at the
layer-substrate interface

ozy(x,y) Tangential component of the overall layer stress field

obil (), c% . (x) Tangential component of the layer stress field at the laylestsate interface

Ty, max » Y xy,min

due to the bilateral solution alone and evaluated at the wtremes of the loading cycle
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Nomenclature

oy res(z)Residual shear stresses nucleated at the layer/subsiréig dpplication of the normal
alternating load

og,(z,y) Interfacial shear traction - between layer and substratedietribution from the contact
load).

ot () Corrective component of the tangential component of therlatress field at the layer/substrate

ry

interface

aggide(x,g) Normal component of the layer stress field induced by a glidlchtion located at
(€,0)

a%l(x) Normal component of the layer stress field due to the bilatshution alone at the
layer/substrate interface

oyy(z,y) Normal component of the overall layer stress field

ol max(®), 00 . (x) Normal component of the layer stress field at the layer/satesinterface
due to the bilateral solution alone and evaluated at the iremes of the loading cycle

oy, (z,y) Interfacial normal pressure - between layer and substat(tribution from the contact
load).

oy " (z) Corrective component of the normal component of the layesstfield at the layer-
substrate interface

0.z (z,y) Bulk component of the overall layer stress field

oo = 0o,.(x) — oo,r(x) Difference in bulk stress between the strip ends

T Dummy variable

X Airy stress function

r Fourier transform of the Airy stress function
w Wander integration variable

AS Walking distance

25 4 1 Number of nodes used to approximate the stress distrilsition

X1 = Dina/A
Xy = eA?
Xy = A2
Xy =Ereep/A
X5 = Cyip/A
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Chapter 1
Tyre-wheel interfaces in off-highway vehicles

1.1 Introduction

The present research project has been prompted by an gatisti into creep, and ultimately,
gross sliding, of rubber tyres fitted around steel wheel htesrth moving equipment, where the
assembly is made by having what may be thought of as an irtede fit between the tyre and the

wheel rim.

The existing literature on the topic is rather limitetierefore, this chapter will not only provide
a review of the current understanding of tyre-rim mechahigsalso guide the reader through the
techniques which may be applied to modelling such a systdm.fihal paragraph of this chapter

will include the thesis outline.

Slippage between tyre and rim is experienced in common ergimg applications employing tyred
(Anscombe and Johnson, 1974), or so called layered systeumulative micro-slip mechanisms
are often observed in both pre-stressed and frictionaléylimcked components (Chang et al., 1983),
consequently such systems may be thought of as belongihg wider class of problems referred to
as frictional joints. Shrink-fitted systems are a classanegle of mechanical assemblies for which
cumulative micro-slip caused by localised loading coodisi may lead to system failures (Truman
and Booker, 2007). Engine conrods are another example dfianéal systems subject to severe
damage when bushes or conrod bearings slip with respecetohbusing (Antoni et al., 2007).

In such components, the accumulated relative motion bettheemating parts is the result of the
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1.2 Literature review Chapter 1: Tyre-wheel interfaces in off-highway vehicles

local violation of frictional laws and frequently results inbounded slip and long-term unwanted

rotations or misalignments.

It should be noted that the tyre-rim interface which prordgtee current investigation belongs to
a complex three-dimensional assembly, which is charaetgrby a number of parameters (e.g.
rim shape, surface interactions and deformation, frigtipre mechanical properties). Therefore, a
simplified model was deemed necessary to enable study dfitigamental mechanisms governing
the loss of adhesion between a tyre and the surface on whishribunted. In this chapter the
techniques employed to analyse the underlying mechanissponsible for interface slippage are
discussed in detail. The following chapters outline kewitssto illustrate a detailed overview of
the overall analytical framework. This scheme was develdpegeneralised problems involving a

layer resting or mounted on a substrate or to those frickionas that can be similarly idealised.

1.2 Literature review

Wheels are the elements that connect vehicles to the grouhdisually permit the transfer of
angular velocity of the axle to forward velocity of the vebicThey comprise a radial rubber tyre

mounted on a rim which is joined to the axle by a bolted conarct

Several experimental and theoretical studies have beeredaut to characterise tyred wheels
running on smooth and rough roads. These have led to a nurhaecurate mathematical models
(Pacejka, 2002). Off-Highway vehicle wheels (e.g. Fig.lde, however, very different when
compared to car wheels. This is because the absence of ematdd suspension system on such
vehicles leads to the use of high aspect ratio tyres. As aecumesice, high traction forces are
generated at the rim-bead interface and an incrementabstipeen rim and tyre is sometimes
observed. This phenomenon may also be accompanied by kakag and internal pressure loss.
Incremental slip is the result of the accumulation of regiohmicro-slip around the seal interface.
A thorough description of this phenomenon requires the ieinof loading transfer mechanisms

under highly variable loads. Furthermore, the deformighilf the soil has to be taken into account.
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1.2 Literature review Chapter 1: Tyre-wheel interfaces in off-highway vehicles

Figure 1.1. Example of Off-High Vehicléniage courtesy of JCBhttp://www.jcb.com

Some experimental and analytical work has been presentbe irecent literature to describe the

tyre-ground interaction as well as an enhanced tyre modmhlCet al., 2005Wille et al., 2005).

None of the existing analytical and numerical models forarad agricultural wheels found in the
literature consider the possibility of slippage occurtiegween tyre and rim (Pacejka, 2002). How-
ever, this is indeed experienced in-service. It was, tloeeeidecided to focus on this topic in the

current work.

The interface interaction to be studied is a complex thigeedsional contact problem involving
deformable bodies, the rim and the tyre bead, as well asyhighilable loads and variable friction
conditions (Lee, 20Q6Treloar, 1958 and Persson and Tosatti, 2000). A schematic representation

of the problem is given in Figure 1.2.

The complexities that must be faced when attempting to deviietailed formulation of the problem
are now evident. A sensible approach is to investigate thsystarting from a simplified model.

A first approximation was devised as follows:

1- Identification of a two-dimensional equivalent contaatipem.
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Front view

Lateral view

Tyre bead

O\

Steel rod

Front view in section

Tyre tread
A

Wheel Rim

Lateral view in section

Figure 1.2. Schematic representation of the problemage courtesy of Michelinhttp://www.michelin.coin

2- Rim considered, to a first approximation, as a half-plane.

3- Rubber bead modelled as an elastic layer resting on asigjstrate (representing the rim).

4- Friction coefficient between the mating surfaces takdretoonstant and assumed to obey Amon-

ton’s (or Coulomb’s) law.

The above assumptions allow the effects of each individapeter ifluencing the rim-tyre inter-

face to be identified and their individual effects separat@uly when a comprehensive investigation

has been carried out using this simplified model, it is sémstbmove to a more refined approach.

1.2.1 Modelling technique

Modelling the rim as a half-plane removes théuence of the boundary conditions applied far from
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Contact Angle

Figure 1.3. Contact patch schematic.

the contact area (Lee, 2006). Including thifluence would increase the modelling complexity
without adding much insight into the physics of the problemder investigation. In addition, they
could only be accounted for by employing a more refined nurakmethod, such as the Finite
Element Method (FEM). A complete three-dimensional motlat tonsiders the deformation of
the rim can already be found in the literature (Stearns e2804), but no dynamic loads were
implemented. Furthermore, air pressure distribution wasletied as an equivalent load on the
bead sedfiange. Although the problem was presented as three-dimmeaistbe system was treated

as axi-symmetric, and the contact patch was assumed tansubieonstant angle (Fig. 1.3).

Another finite element model was presented by Lee (2006). problem was taken to be axi-
symmetric and a simplified model of the tyre bead includirggghesence of the metallic rod within
the rubber matrix was adopted. Although the results weratifatively inaccurate, some relevant
features can be extracted from this contribution: first, tilve bead is a complex system which
cannot be simply modelled as an elastic rubber strip bondmhd a steel radsecond, separation

and rotation of the tyre bead with respect to the rim are ptesghird, the system can be modelled
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using a constant friction coefficient as a first approxinmatio

While modelling the rubber bead as a complex system usingadstbben demonstrated to be inef-
ficient and inaccurate, based on the results of Lee (2006 )ollowing assumptions may still be
justified: (1) the bead is an isotropic body since the maesponse of the system rather than the
interaction between each component constituting the tgesllis considered. (2) The tyre rubber
compound can be considered as elastic because of the alifdacge deformations due to the
particular configuration and composition of the bead (Tagld958). Note that this assumption
requires experimental corroboration and the effect of enapire, frequency and pre-stress must

also be considered (Persson and Volokitin, 2006a).

(3) The coefficient of friction is constant and the interfacteraction is described by Coulomb’s
law. If the surface over which a rubber element slides is hows typically the case for road-
tyre interactions, the friction is mainly due fluctuations in space and time of the viscoelastic
deformation of the rubber by the substrate asperities 8820031 Persson and Volokitin, 2006a
and Persson, 2006b). However, the rim surface can be coedids very smooth compared to a road
surface, and the friction mechanism depends on adhesamation between rim and tyre (Perrson,
2001 Persson and Volokitin, 2006and Vorvolakos and Chaudhury, 2003). In particular, Persso
and Volokitin (2006a), presented a model that takes intoautthe effect of thermdluctuations on
the depinning of small contact patches at the rubber-satiesimterface. From these results, it was
shown that the ifluence of small amplitude substrate roughness on rubbergiiclakes negligible
contribution to the interfacial response. This result wias ahown experimentally by Vorvolakos
and Chudhury (2003). Therefore, assuming that the comatfaces are smooth is a reasonable
hypothesis (Persson and Volokitin, 2006a) whereas maoddifie friction coefficient as constant is

an assumption which requires further experimental vatidat

On the basis of the above assumptions a simplified model lasdeveloped. Initially, the possi-

bility of studying the contact problem as the actual thremahsional surface profile was evaluated.
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| \ P

<

Figure 1.4. Schematic representation of pressure disitvihu

However, due to the computational cost of large 3D modelsta@dmpossibility of carrying out
parametric studies with them, two dimensional approxiomatiwere sought. Ciavarella and Deme-
lio (1999) proposed an approach which preserved informathmut the rim shape in the x-z plane
(Fig. 1.4) whilst studying the evolution of the contact gatmder the ifiuence of remote loads.
This approach allowed the pressure distribution in the lamgto be attained, assuming that either
the wheel-tyre assembly is axi-symmetric or that the loadritution can be discretised using a
piece-wise linear approximation and, therefore, studiettlices". A typical pressure distribution

is shown in the inset to Figure 1.4.

However, since the phenomenon under investigation is enadewith slip occurring locally in the

x-y plane, it was decided that a study of two dimensionalrfatgal behaviour (x-y plane through
the rim-tyre interface) was required to investigate theqigpical problem. To achieve this, the
simple model first presented by Benthall and Johnson (19&B)teen further developed by Nowell
and Hills (1988b) was employed. The model consists of twindgrs, one of which carries an

elastic tyre, as shown in Figure 1.5.
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Figure 1.5. Rolling contact of a tyred roller with a secorgidiroller.

The top roller allows investigation of different contactdrface conditions by varying the rolling
regimes between the two cylinders in terms of loading andrkitic conditions. The main charac-

teristics of the system are:

1- The roller axles allow application of static normal load,

2- Tangential loads are transmitted to the contact interfaough a torque.
3- The model is two-dimensional.

4- Information about the out-of-plane profile of the confarctblem is neglected and the problem is

studied in plane strain.

The effect of a number of parameters on the phenomenon umekestigation may potentially be
investigated in the form of a comprehensive parametricystiidis represents the main advantge of
this model together with its simplicity which renders thgexmental validation of the analytical

model feasible.

Having identified a simplified model, it is possible to focus the primary aim of the project:
investigation of slippage at the interface between therlape the substrate. This slippage is due

to the stress caused by the applied loads and the prescribgdidry conditions at the interface
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between the two rollers. In the first instance, the stresd fietlerived assuming the layer to be
perfectly bonded to the substrate (Sneddon, 1951). As deryie deformations have been allowed
within the model, it is possible to apply superposition wkhemputing the effect of various loading
conditions on the stress field at the interface between tlex knd the substrate (Porter and Hills,

2002a and 2002b).

Two different aspects must be considered: firstly, the a@rdi for which the layer starts sliding

secondly, how slippage propagates. To investigate thisl@mothe analogy with the movement of
an edge dislocation through a crystal has been adopted @dill., 1996Dundurs and Mura, 1964

and Dundurs and Sendeckyj, 1965). The very first instandeeadpplication of this analogy applied
in a simplified manner was proposed by Anscombe and John8@#A ) 1o study a test configuration
similar to that depicted in Figure 1.5. Although a good agrest with experimental results was
found, it was later demonstrated by Chang et al. (1983) tmabie rigorous analysis is required
to capture the physics of the process. The good agreemergheas to result from a fortuitous

choice of friction coefficients.

By admitting the presence of areas of micro-slip, it is ireglthat tractions must be redistributed
along the interfaces. As the problem is assumed to be liglaatic, interfacial slip may be intro-
duced by a corrective solution (Comninou et al., 1980). Tinkthod, based on distributed disloca-
tions, allows both the time-dependent load history (Commiand Barber, 1983a) and moving loads
(Chang et al., 1983and Comninou et al., 1983b) to be considered. During theghiase of the
project transient effects were neglected and various gtetatle situations were modelled. Hence,
an Eulerian reference system was adopted and attentiosddan the strip behaviour at various
points around the cylinder. Once slip regions had beenifigghtthe possibility of slip propagation
around the wheel was analysed using a Lagrangian refergatensg letting the loads move. The

next section details the use of this technique to model taegle problem shown in Figure 1.5.
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ND (1) Interfacial separation
. b S (ii) Interfacial slip
h ’ (iii) Interfacial creep

Roller 2
[ Elastic Strip (E, v)

[ Rigid or Similarly Elastic (E, v)
(a) (%)

Figure 1.6. (a) Schematic of the system - line cont@)tReduced problem and potential interfacial scenarios.

1.2.2 Layered systems - Onset of slip and interfacial slip naelling

This section is concerned with the behaviour of the contemiblpm introduced in Figure 1.5 and

illustrated in more details in Figure 1.6a.

Here roller 1 is used to control both the torque supplied ¢éodbntact, and the overall distribution
of tractions between the elastic layer, representing the gnd roller 2. In its most basic form

it mimics the characteristics of test apparatus used by é&mbe and Johnson (1974) to study
frictional interfaces in layered contacts, where the asdgia subject to an approximately constant
normal force,N, and a monotonically increasing torqug, under quasi-static conditions. The
contacting, homogeneous bodies may, in general, also Haviseasurface curvature. It is assumed
that the contact half-widthy, is small compared with the radii of both contacting bodizs, not
with respect to the tyre thickneds, so that the problem can sensibly be reduced to one in which
the interior of one bodyyiz. the rim carrying the tyre, may be thought of as a half-plamne, the
contacting body replaced by a cylinder of radier§ which is the harmonic mean of the radii of the

actual bodies (Fig. 1.6(b)).
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fﬂ (i) fﬂ (ii)

= (]

[Anscombe and Johnson,1974;
Bentalland Johnson,1968; I I
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Carter,1926; and Cattaneo,1938] and Jaffar,1988,1989 and 1991]

u (iii) ﬂ': (iv)
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(v)

Frictional and
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Refs. [Comninou et al.,1980;
Comninou and Barber, 1983a; Refs.[Comninou et al.,1983b;
and Comninou and Dundurs, 1983c] and Changetal.,1983]

Figure 1.7. Review of the approaches available in the titeesfor the case under investigation.

Considerable progress has already been made in developeigatools to analyse this simplified

problem. A review of such developments is reported belova vaference to Figure 1.7.

Figure 1.7(i) shows the classical tractive rolling problEmhomogeneous bodies, which was first
solved by Carter (1926) and later investigated by Nowell Hiild for the case of dissimilar ma-
terials (Nowell and Hills, 1988aand Nowell et al., 1988c). Carter showed that the entry side o
the contact was always adhered, whilst the trailing edged partial slip. Bentall and Johnson
(1968) analysed a similar problem, however they includeddtffiect of an elastically dissimilar
layer perfectly bonded to one of the contacting bodies, fieigu7(ii). Their seminal contribution
noted that the contact traction distribution would itsedfdagnificantly modified from the homoge-
neous body case, and they introduced a novel piecewise liegaesentation of the tractions which
is determined as part of the solution. This approach is vatigfactory and effective, but applies

rigorously only to the case where the tyre is fully bonded.

36



1.2 Literature review Chapter 1: Tyre-wheel interfaces in off-highway vehicles

The case depicted in Figure 1.7(ii) has received much &teas it corresponds to a class of contact
problems which is also solved to study the indentation ofexbaurfaces. Two methodologies are
conventionally employed to tackle these problems. Theifirgte finite element method (FEM).
This technique has been extensively used in solid mechealicslations since the 80s and it is com-
monly applied to analyse complex geometries and materiatitative laws. Many example cases
can be found in the literature and for a more comprehensiwewehe reader should refer to (Nikas
and Sayles, 2008). Komvopoulos (1988) devised a FE modetigfchsphere indenting an elastic
layered body under plane strain. More two-dimensional gomditions were investigated (lhara et
al., 1986a and 1986b) and, subsequently, three dimensiontdcts were studied (Tian and Saka,
1991a and 1991 ovell, 1998 Ye and Komvopoulos, 2003a and 2003vral et al., 1995a and
1995h and Kral and Komvopoulos, 1996a, 1996b and 1997). Anisatrgmvell, 1998), thermo-
mechanical and roughness effects have also, more redeedly,included in the models (Cole and
Sayles, 1992and Kadiric et al., 2008). Finally, more realistic modelsénheen introduced (Nikas
and Sayles, 2008 and 2009) with the intention of predictifeg dxpectancy of coated surfaces
(Oliveira and Bower, 1996and Aslantas and Tasgetiren, 2002). Many commercial stibesu
are also now available (Abaqus, 2007). The second techimsgBEM (boundary integral method)
which is generally preferred to the FE method when simplié&btic contact configurations are
treated. Interesting studies can be found in (Johnson,; 1985 et al., 1993 Jaffar, 1988, 1989
and 1991 King and O’Sullivan, 1987Polonsky and Keer, 2000 and 2QMMeijers, 1968 Chen,
1971 Chen and Engel, 197Zhen et al., 2002Eberhhardt et al., 199Keer and Guo, 1990 and
Ma and Korsunsky, 2004). In the present study, given thdivelg straigthfoward contact geome-
try (Fig. 1.6), a BIM technique was selected and validatedsfeecific cases against a commercial
FE code (Abaqus, 2007). As mentioned earlier, the BIM tegines just described imply that cases
where the tyre, or layer, is in contact but not bonded to thesisate can only be solved when: (a)

the interface is in compression at all points and (b) thetiimifriction is not violated at any point.
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A separate strand of investigation, in which the tyre/whatdrface is defined by conventional
friction (Amonton-Coulomb’s law) and the Signorini condits, was undertaken by Comninou and
others (Schmueser and Comninou, 19Z8mninou and Dundurs, 1978 and 1988omninou et al.
198Q and Comninou and Barber, 1983a). This early work, shownrsakieally in Figure 1.7 (iii)
comprised an investigation of the layer/substrate interfaonditions for the case when the elastic
layer was subject to stationary line forcdgst a normal load was applied and then a monotoni-
cally increasing shearing force was imposed. In this wdnk, concept of using a dislocation at
the interface as the kernel in an integral equation fornaab restore unilateral conditions (i.e.
Signorini-Coulomb) along the interface was first introdiicén later work, the same authors in-
vestigated scenarios in which the contact loads were hatsary in time, but moved along with
respect to the layer (Chang et al., 1988d Comninou et al., 1983b), as shown in Figure 1.7(iv).
This represented a significant advance as it allowed iryastig the "creep” of the layer along the
substrate. However, the extremely idealised nature of pipdied loads and the analysed contact

conditions limited its practical application.

The present work aims to bring together these two strandedf (vig. 1.7(v)) by including a real-
istic representation of the contact interface betweendinedgeneous roller and the layer, as well as
the possibility of slip and separation along the tyre/rdliéerface. In general, for finite coefficients
of friction, slip will always occur before separation, basa separation is characterised by the inter-
facial direct traction moving smoothly towards zero. Aftaplementation of this combined model,
an investigation of the system at loads beyond the domaimlafity of the bilateral solution (i.e.
with finite regions of slip and possibly, also, separatioaswndertaken. Problems of this type are
inherently history-dependent, and various loading hiesotould be chosen. However, most wheel
type problems are characterised by a load history of theviidig form: (1) the contact is initially
stationary with an applied normal log®) a shear load is then gradually applied, representing the

tractive effort of a vehicle, giving rise to the layered foofma Cattaneo (Cattaneo, 1938) problem.
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(3) The vehicle may then move off giving rise to a transiewfyem, and where the steady state is
the equivalent of the Carter problem (Carter, 1926). Wiileabsolute realism each of these steps
should be included, for speed and numerical efficiency (dswll@ecause it is of greater practical
relevance) the steady state tractive rolling problem idistliprincipally. Indeed, establishing the

steady state requirements constitutes an important parecfolution.

In much of the literature convering analyses of the slipfsiegarating layer problem, integral equa-
tion formulations of the dislocation densities, neededstalgish slip and separation, were obtained
and, then, solved by conventional inversion (Dundurs anchi@oou, 1979). One feature of this
approach is that it is necessary to identify a number of satelitions in order to determine the
extent of slip/separation zone. When several such regiist & becomes increasingly impractical
to find self-consistent values for the stick, slip and sejp@ameéboundaries. This sets a limit to the

complexity of the problem that can be treated using this ogkth

The present work is focused primarily on the associatedargihg formulation with the case in

which the elastic layer is mounted on a rigid substrate (®etral., 2010b). However, it should be
noted that the same strategy could be identically appli¢ghgsolution of problems when the layer
is mounted on an elastically similar substrate (Reina eR@all0a). This will be treated separately

in Chapter 3 where Carter-like contact problems are diszlss
1.2.3 Layered system - Modelling of gross sliding layers

The motivation for the current study is the observation afsgrsliding in the tyre-rim assembly.
Further work was required to enable investigation of thisutiar loading scenario (Reina et al.,
2010c). In fact, under normal conditions it would be expéddtat the tyre/wheel interface would
remain substantially stuck whilst the tyre/road approdcdhe sliding condition. However, there are
cases of severely loaded earth-moving machinery wherpiéntispinning of the tyre around the

wheel rim may also be attained.

In the pioneering theoretical studies of slipping/sepagdtyers, integral equation formulations of
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Figure 1.8. Schematic of the system, the possible interagienes, and review of the approaches available
in the literature for the case under investigation.

the dislocation densities, needed to establish slip andratipn, were obtained and, then, solved
by conventional inversion (Erdogan, 1971). This methodigractical when more than one slip or

separation areas must be detected.

Many elastic contact problems are solved using half-spaicka(f-plane) theory. This idealization
is inappropriate if one of the bodies is coated or has a tynemtaal on it, which has different elastic
properties from the substrate, and where the thicknessedagler is comparable with the contact
half-width (Bentall and Johnson, 1968). A typical schemati this kind of contact problem is

shown in Figure 1.8.

In this case it is customary to use an integral transformgmore, based on the pioneering work

conducted by Sneddon in the 1950s (Sneddon, 1951). Thigguoe has been developed and
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extended many times. One key improvement was the adoptiamiofiuence function for a triangle
of traction by Bentall and Johnson (1968). This advancenatbthe solution to many practical
contact problems which involve ‘imposed displacement’rmary conditions. The resulting surface
tractions are, of course, different from those arising veiteometrically and elastically similar
indenter pressed onto a half-plane. There have also beey ertansions designed to include the
effects of multiple layers, e.g. Kelly et al. (1999). Howe\e all these analyses it is assumed that
the layer is perfectly adhered to the substrate (Fig. 1.8e aThis is often appropriate and, when
needed, the presence of finite zones of interfacial slip neagdorporated by arranging distributions
of glide dislocations to permit localised slip (Fig. 1.8 sedl). Again, this has been described by
several authors as mentioned in the previous sub-sectidmeads no further description here.
However, the existing literature does not cover one clagsasftical problem in which the surface
loading is capable of causing the layer to move along thetsatbstherefore producing rigid body
motion between the contacting parts. The case of a layéngesh a frictionless substrate (Fig.
1.8 - case lll frictionless) was already solved to investgidie contact problem of a thin layer
clamped by two cylinders or passing between two elasticdso@ills et al., 1993). When the
interface between layer and substrate is frictional (Fig -1case lll frictional), in principle this
could be tackled by distributing glide dislocations oves #ntire interface. However, this results
in a problem that cannot be solved without iteration. A matsgactory approach is to re-work
the basic formulation for the layer problem but with a mixeddition applied along the interface.
Continuity of normal displacement is imposed and the sheation is proportional to the direct
traction at all points. This implies that the direct traatis always compressive such that there is
no tendency for separation to occur. Although this couldyrinciple, be handled by introducing

climb dislocations under the same circumstances (PorteHadls, 2002a and 2002b).

In this thesis the formulation for an elastic layer movinggstily over aigid substrate is presented

and an example application of this technique provided inpBtad (Reina et al., 2010c).
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1.2.4 Layered system - On the application of optimisation tehnique to elastic

contact problems modelled using the distributed dislocatin technique

Although the distributed dislocation technique has beenessfully used to explain “interfacial mi-
cro slip” in layered frictional contacts (Chang et al., 1988@mninou and Dundurs, 1978omni-
nou et al. 1980Comninou and Barber, 1983&@omninou and Dundurs, 1983and Reina et al.,
2010b), its applicability has been limited by the difficatiencountered when trying to simulate
complex loading conditions, as these require convolutative schemes (Reina et al., 2009) to
ensure that all Signorini inequalities are satisfied thhmug the interface. Furthermore, interfacial
micro-slip is not easily captured using standard anallyacal numerical tools, especially in the
presence of complex loading scenarios, where simultanglgusay occur at different locations
along the mating surfaces (Ahn and Barber, 2008b). Finieht or boundary element approaches
may be able to provide accurate results. However, computttime and solution convergence can
be critical aspects for this type of analysis (Reina et 809). In the approach advocated here, the
advantages of the dislocation kernel (which maintains terboundary conditions) are retained,
however the problems associated with the integral equatieraverted by formulating the contact
problem in terms of a ‘quadratic cost function’ to be minieds The problem can, therefore, be
solved using quadratic programming techniques. In mathiesnthis way of solving problems is
normally referred to as optimization or mathematical pamgming. Building on the suitability of
linear programming for solving contact problenesg. see Kalker, 1971 and 1990), optimisation
techniques have been widely applied in mechanics to sotMagms with both linear or non-linear
constraints. Its applicability to solve two and three disienal elastic contact problems has been
demonstrated by various authors in the '80s (Klarbring,6198d Klarbring and Bjorkman 1988).
Later, Nowell and Dai (1998a) used quadratic programmingptae a fretting configuration. The
technique is also well established within other areas ofieghpnechanicsfor example, by the late
'60s, Maier had already demonstrated its effectivenes®lwvirgy non-linear structural problems

(1968a), elastic-perfectly plastic structures (1968lu) mmoblems involving creep (1969a). Finally,
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the quadratic programming technique has also been applisahibination with both FEM (Chand
etal., 1976and Su et al., 2002), or BEM (Matos and Nowell, 2007), to itigase problems related

to fracture and contact mechanics.

In this thesis, the problem in which a layered system is mexioin a (elastic or rigid) substrate
in the presence of friction and subjected to loading coodgigiving rise to micro-slip or creep is
formulated for the first time using the distributed dislagatechnique within a quadratic program-
ming framework. The usefulness of this solution for rollc@ntact problems in layered systems is
then demonstrated. The development of an experimentahitpedto measure the extent of creep
in layered rolling contact problems is also presented. Aipieary comparison between numerical

and experimental results is performed to confirm the validitthe proposed numerical technique.

1.2.5 Frictional shakedown in frictional elastic contact poblems

The behaviour of elastic systems with frictional interfaemder cyclic loading may be compared
with the behaviour of monolithic bodies with elastic-plasonstituive behaviour. When slip ceases
after a few cycles, elastic frictional systems are said tehsaken down. Specifically, we refer
to frictional elastic shakedown when no cyclic slip occuteraa few loading cycles, whereas fric-
tional plastic shakedown occurs when the amount of slipaseslafter a few cycle but it does not
cease. This second scenario is commonly associated witthepne of wear and fretting. Frictional
ratchetting implies cumulative slip which may lead to seviarlures of mechanical assemblies. For
instance, cumulative micro slip has been observed in caasedmblies or in tyred systems. In this
thesis, by adopting the optimisation technique introdunetie previous sub-section, a systematic
approach to explore the applicability of plasticity theart frictional elastic systems is presented.
In fact, many authors have speculated on the applicabilitheoMelan’s theorem (Melan, 1936) to
describe the behaviour of frictional elastic systems. He®tem, which is lower bound in nature,
may be stated as follows: "If a set of time-independent tatigedisplacements at the interface

can be identified such that the corresponding residuakstsaghen superposed on the time-varying
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stresses due to the applied loads cause the interfacetratti satisfy the conditions for frictional
stick throughout the contact area at all times, then thesgystill eventually shake down to a state

involving no slip, though not necessarily to the state satified" (Klarbring et al., 2007).

A brief summary of the recent progress on the study of fri@loshakedown is reported here.
For a more comprehensive review of shakedown for frictiedastic problems the reader should
refer to (Klarbring et al., 2007). Drucker (Drucker, 1954snthe first author to note the analogy
between the elastic-plastic behaviour of a monolithic badg frictional systems. He illustrated
that the Melan’s theorem does not apply in full generality doone degree of freedom system
because of the non associative nature of fleev rule’. In fact, Coulomb’s law is non-associative
in the sense that there is coupling between tangentialatispient and normal traction. For cases
where the pressure remains unaffected by the presencativealisplacement between the mating
surfaces in the presence of cyclic loads (definition ofuacoupledfrictional system), then the
law becomes associative and the theorem holds (FredrikasdrRydholm, 1981). This is true
in the simple contact configuration investigated by Churahrand Hills (Churchman and Hills,
2006). Antoni (Antoni et al., 2007) investigated the ari#ficso called "Tresca friction criterion”,
for which shakedown theorems can be proved to hold. Howewmegdditional information was
provided for Coulomb frictional systems. The non assodifitev law in perfect elastoplasticity was
investigated by Maier (1969b). Its extension to elastiction problems was explored by Klarbring
and Bjoérkman (Klarbring, 1986and Klarbring and Bjérkman, 1988) who pointed out that the
sufficient condition based on the "reduced elastic domaitrbduced by Maier (1969b) cannot
be extended to frictional elastic problems, whereas thessry condition quoted above remains
valid. More recent rigorous and structured analyses diidnal shakedown problems can be found
in (Klarbring et al., 2007Barber et al., 2008Antoni et al., 2007and Antoni and Nguyen, 2008),
where the criteria required for Melan’s theorem to hold wesasidered, with the analysis being

restricted to complete contacts. In general, from thedite®e available on this topic, it appears that
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Melan’s theorem is not applicable to elastic frictionallpeons in full generality. However, its limit
of applicability have not been yet defined. In this thesis, dpplicability of Melan’s theorem in
predicting frictional shakedown is discussed by direct parison with the exact marching-in-time

solution (Reina et al., 2009 and 2010b), for the specific lpratunder investigation.

1.2.6 Frictional joints - on the possibility to measure the fiiction coefficient in

partial slip condition

Another important aspect to be considered, together wsthdtiability in time and space, is the
friction coefficient at the interface between mating suefad/Nith the exception of the gross sliding
case, which is the consequence of severe loading conditiomgontact configurations so far dis-
cussed are characterized by partial slip. In this genergesg it is difficult to predict the value of
the friction coefficient at the mating surfaces a-priorifdnt, it is truism in physics that quantities
cannot be measured without changing them (Heisenberg,)182dltmeter draws currenthe in-
sertion of a load cell in a load path introduces complianoé, so forth. Similarly, the coefficient
of friction is normally measured by sliding solid bodiesgwed together, and the process of sliding
normally causes significant surface modification, and, beachange in the coefficient of friction.
It could be argued that conducting tests under an even loarenad force, and extrapolating back
to zero, would circumvent the problem, but this presumetsthigacoefficient of friction is truly load

independent, and it may be desirable to measure its val@pegentative contact pressures.

In this thesis an alternative source of quantitative ewideis used to deduce the coefficient of
friction. Stationary contacts suffering partial slip ocdunl fretting experiments and merit a really
detailed knowledge of the value of the coefficient of friatiaSliding is absent, but a large body
of experimental data is readily available. It may seem @alttory to measure the coefficient of
friction without sliding the bodies, however, in fact, a €fal exploitation of the phenomenon of
partial slip may reveal the value of the coefficient of fricti One attempt at this has already been

made by Pasanen et al. (2010), who used visible evidencerfaiceudamage caused by slip to
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measure the extent of the slip annulus in a Cattaneo (19B88)exyperiment. Previous attempts to
infer the friction from the hysteretic response of contagitpsubjected to partial slip include the
work by Fouvry and co-workers (1998). A number of other atgh@mve also developed techniques
for estimating the slip zone friction coefficient from a me@sl mean values for different contact

configurations (Aradjo and Nowell, 1998nd Dini and Nowell, 2003).

The work carried out in this thesis aims at developing a newlned experimental and modelling
methodology to measure friction in partial-slip contacthe basic idea is to induce a cyclic set
of loads which alternately inject a slip region into one erfidhe contact and abstract it at the
other, so that, after each cycle of loading, there is, pi@iyta net rigid body movement of the
indenter. In many respects the idea was foreseen by Comaimbiundurs (1978) in a paper in
which they describe movement of a rug ovdtaor by inserting a ‘ruche’ or dislocation at one end
which may emerge at the other. In the present work, a clddsatdng fatigue test configuration
(Mugadu, 2002) is used to produce the net rigid body movemieah indenter by modulating the
loading histories applied to a fretting pair. The aim is talfanrange of loads which causes, at
some point during the loading cycle, every point to passujinothe slip condition (though not
all simultaneously!). If this is the case, it is importantdieeck that the slip conditions are such
that gradual rigid body displacement, or ‘creep’, occursve® this, it is possible to measure a
significant rigid body movement over many cycles of loadigg from this infer the value of the

interfacial coefficient of frictionf.

This can be achieved by comparison with a transient patt@akentact analysis. An attempt to
solve the evolution of the stick slip regime for a wide randdretting and rolling contacts was
made using the classical integral equation formulatiom&df-planes in contact (Hills et al., 2003).
However, this approach rapidly becomes unwieldy if theksslip regime is complex. A better
approach is to devise a general procedure using a numgraefihed shear traction distribution,

and, then, apply optimisation techniques, pioneered mdbntext by Kalker (1971 and 1990) to
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determine the evolving problem. This approach has beenqugly employed by Nowell and Dai
(1998a). The essential point is that the distribution ofeshigctions is spatially smooth, and falls
continuously to zero at each end of the contact. An apprigway to represent this is, therefore, a
triangular distribution of traction and a correspondinfuience function. Hence, an overlapping set
of such triangles, as pioneered by Benthall and Johnsor8j1§&es a very good piecewise-linear
representation of the true solution. This means that thiviegparray of stick and slip regions may
be found with good accuracy at relatively little computatibexpense. Itis also simple to determine
the relative surface slip displacement in slip regions, #nedassociated residual interfacial shear
tractions which remain when such regions become ‘stuckpatts within the loading cycle (Qiu

et al., 2008).

The use of a semi-analytical method allows investigatiothefcontact regimes arising at the in-
terface between two bodies under fretting conditions. Naet&form of the remote loading cycles
are unimportant and have no bearing on the solution. Thdisolis defined only by maximum
values of the applied loads at their turning points. If thierat least one particle within the contact
which never slips, the contact undergoes no rigid body degyhent. Conversely, if every particle
slips at some point during the loading cycle, then the inglemiay ‘walk’ (Mugadu et al., 20Q4nd
Nowell, 2004). There is also the possibility that there Ww#lno net movement over the cycle once
the steady state regime is achieved. These two responsasaogous to the phenomena of creep
and cyclic plasticity, respectively, in classical plaiicheory (Antoni et al., 200;7and Klarbring

etal., 2007).

Preliminary results from this analysis and possible extersswill be discussed in this thesis.

1.3 Thesis outline

This thesis summarises the advances made in the basic tamténg of layered contact problems
during the author's PhD work. New semi-analytical, nunmedremd experimental techniques have

been developed and applied to a wide range of systems, ghilmaurticular attention is focussed on
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tyre-wheel assemblies. The work is presented mostlyfteaethe chronological sequence of the
studies carried out, although adjustments have been magteup some of the material by subject

topic.
The following chapters constitute the substructure of ttesis:

- Chapter 2 presents an investigation on layered systemg asionventional method to solve elastic

contact problems modelled using the distributed dislocatechnique
- Chapter 3 investigates the onset of slip for the Carter pgréal slip rolling problem

- Chapter 4 investigates elastic contact problems in thegmee of mixed boundary conditions at

the interface between mating surfaces

- Chapter 5 presents the application of quadratic programgrtéchnique to the class of elastic

contact problems illustrated in Chapter 2
- Chapter 6 investigates the frictional shakedown problefayered elastic contacts

- Chapter 7 presents a novel technique which may be appliégetéosmine the friction coefficient in

partial slip

- Chapter 8 discusses the practicalities to be considered #ie engineering scenario that prompted

our studies is treated, and presents a 3D analysis of thetppetunder investigation

- Chapter 9 presents the main conclusions and discussegipbfeture research areas.
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Chapter 2
Interfacial Slip and Creep in Tyred systems

2.1 Introduction

In this second chapter a systematic approach for invebtg#ite interfacial behaviour of tyred
systems is proposed. A simplified two-dimensional contamiiehof an elastic strip, shrink-fitted
onto a wheel, and subjected to different rolling contactditions, has been adopted to illustrate
the method. The schematic of the contact problem is illtestran Figure 1.6. The model combines
existing techniques to explore individual elastic confaoblems and it enables us to characterise
the behaviour at the strip/substrate interface causedduslmduced by the quasi-static application
of stationary and moving loads on the surface of the layee siution is compared to the stationary
load case and regimes of local slip, full stick, separatind fictional creep are identified and

collated for a variety of loading conditions, materials gedmetries (Reina et al., 2010b).

2.2 Formulation - bilateral solution

The elastic contact problem between indenting cylinderlaper, under the assumption of Figure
1.7(ii), is first solved. This is done by following the appcbaproposed by Bentall and Johnson
(1968) for which the contact tractions are discretisedguswerlapping triangles. Hence, the first
step in the solution is to determine thdlirence function for a triangular distribution of traction,
of half-width a;, and height;, ¢;), on the surface normal displacemeny,, ;, at a pointz along

the interface between the indenting roller and the elaayiel Herep; represents the contact pres-
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2.2 Formulation - bilateral solution Chapter 2: Interfacial Slip and Creep in Tyred systems

sure andg; the shear traction applied to the layer surface and locat@diat z;. The problem
potentially includes a large number of independent vagsiaind, in order to reduce them by one,
the contact is assumed to bkding over the tyre, averting the analysis of a partial slip probk
the layer/indenter interface. The surface tangentiallaesment,u,, ¢, is therefore not needed.
Further, it is assumed that the substrate to which the lajeomnded is rigid, and that the layer has
a modulus of elasticityy and Poisson'’s ratio. Details of the calculation are given in Bentall and
Johnson (1968), and Nowell and Hills (1988b), and here tleetsfof a distribution of triangles of

traction may be simply written down in the form:

vars@) = LS e+ 2 S piea). @)

mE contact contact

whereF?P and F'¢ are given in Appendix A. Given this, it is possible to solve ttontact problem

with bilateral or adhered conditions along the interface.

In the current study it is assumed that prior to the applicatf the contact load, a shrink fit
is applied, giving rise to a constant pressusg, along the entire interface. The load from the
contacting wheel is then applied. The wheel is assumed tglek and have an equivalent radius
R*. Because of the compliance mismatch between the tyre amdthacting surface, this results in
the development of an antisymmetric shear traction digioh between the layer and the wheel in
which the central portion is adhered, but fringes of slip mbosite sign may develop at the contact
edges. However, this is not a principal concern in this asislgs the subsequent application of a

shearing force sufficiently large to cause sliding domisithe steady state problem at the interface.

At this point the solution is controlled by a number of fastafl) The ratio of the interfacial (‘shrink
fit'") contact pressure to the equivalent maximum Hertzjaressure which would be obtained under
the same geometry and loading conditioks; py/pr. (2) The geometry of the problem identified

by the ratio between the layer thickness and the contacwhdth, B = b/a, and (3) its elasticity

1|1t should be noted here that the Hertzian case has been cassereference for the normalised variables as it

corresponds to the case when the layer thickdess oo. Both ar andpy are therefore easily
computed once the geometry, the applied normal load anticeteeperties of the layer are known.
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2.3 Formulation - unilateral solution Chapter 2: Interfacial Slip and Creep in Tyred systems

by tyre Poisson’s ratioy. (4) The coefficient of friction between the tyre and the acef of the
contacting rolleru. The formulation (2.1) is such that the boundary conditioutside the contact
area between the indenting cylinder and the layer are satisfihe solution to the contact problem
is then obtained by finding the valuesgfthat satisfy the appropriate boundary conditions within
the contact. The reader is referred to Hills et al. (1993)adf@omprehensive description of the
solution to the contact problem. Once the contact tracteorsfound, the stress field within the
layer and, therefore, the interfacial stress field betwegerland substrate, can be calculated by

superposition of the stress fields associated with eaalgteaof traction.

The resulting solution represents the (numerically) esatition of the contact problem provided

that, along the tyre/substrate interface- 0, the tractions satisfy the following inequalities:

ol(x,0) < 0and

o (w,0)| /£ < ~obi(x,0), vz, (2.2)

where the superscrifitil refers to the components of the stress field evaluated sbielysing
the bilateral solution, and is the coefficient of friction between the tyre and the swistrnot
necessarily equal tp. The presence of slip at the interface between the layer lendubstrate

implies the violation of the friction law.

2.3 Formulation - unilateral solution

Consider now when the shearing traction along the tyre/htésface exceeds its limiting value at
one or more points, and regions of slip occur. At this stageusgion is not considered, and the
analysis is stopped at the point where this is incipient.rtteoto introduce slip the state of stress
induced by an edge dislocation at a layer/half-plane iaterfs first needed. As with the solution
for the element of surface contact pressure, an integregdseptation of the state of stress induced is
required. A full description of the process is provided byn@inou and Dundurs (1983c), so only
results are given here. Note that the problem is coupledise¢hse that the glide dislocation, having

a Burgers vectob,, induces both shear and direct tractions along the interfade interfacial
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2.3 Formulation - unilateral solution Chapter 2: Interfacial Slip and Creep in Tyred systems

tractionsaZZde andaﬁilyide , induced by a glide dislocation situated(&t0) are given by:

+
ot = |y gy T (297 @3
b Doy b
= Gay (2,8 bz (§)
—736 (x —
oolide (3 ) = Cb; (§) +1 o Niz é( (fx)—g)r . ) (2.4)
71 5 Jo Due cos (—b ) T
= Gyy(2,8) by (§)

where the kernelsViy, Noo, together withD,5, and Dyy, are given in Appendix A, and (-) is
Dirac’s delta function. Standard nomenclatures, , C for the Dundurs’ constants, Kolosov’s
constant and the ‘stiffness’, respectively, is retainedr the case of an elastic layer bonded to a

rigid half-plane these reduce to the following simplifie drfs:

a = -1 (2.5)
1—2v

C Y () (26)

k = 3 —4v - Kolosov’'s constant - plane strain (2.7)

oo 2G (1 — «) _ G ‘ 2.8)

(k+1)(1-p8%) (1-v)(1-p%

whereG is the shear modulus of the layer.

Note that the state of stress everywhere (and includingefibie, also the interfacial tractions)
is dependent only on the value of Poisson’s ratio of the tgrel the modulus of rigidity enters
the solution only insofar as it controls the displacemerid fiand therefore, ultimately, the slip

displacement and creep.

The tractionsy,, (x), 0., (x) present along the interface can then be written in termseoftitee
contributions - the effect of shrink fit, i.e. the contactgmere,py, the tractions induced by the

contact tractions as implied by the bilateral solutioﬁ-’ff (with i = z or y), and the ifiluence of
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2.3 Formulation - unilateral solution Chapter 2: Interfacial Slip and Creep in Tyred systems

dislocation arrays, so that:

Uyy@) = —Po + O-Ziyl(l‘a 0) + Llip regionny (ZL‘, 5) B:L" (5) dg (29)
Ouyl@) = o¥(,0)+ / o Gy () B () (2.10)

whereB, (§) (dbs (§) = By (£) d€) is the unknown dislocation density, and is physically tae\d
ative of the interfacial slip displacement with respect ésifion. Note that the solution presented
is for a single slip region as this is the simplest scenari@iwban be analysed and constitutes an
ideal vehicle for describing the salient features of theisah. The formulation can, however, be
easily extended to the case of two slip regions simultarigougleating and evolving along the

layer/substrate interface as shown by (Chang et al.,;1®8BComninou and Barber, 1983a).

The conditions at the interface are therefore:

oy(z) < 0 YV (2.11)
lozy(z)| = ZEfoyy(z) sgn(oqzy(x)) = sgn(V(z)) x € slipregions (2.12)
loay(z)] < —foyy(x) B,(z)=0 x ¢ slip regions. (2.13)

whereV (z) is the interfacial relative velocity.

Each of these conditions is necessary to determine the etenpiterfacial traction distribution,
however they are insufficient, and an extra condition is ireguto fully define the problem. The
nature of such a condition depends on the kinematics of tht@lggm which may be divided into two

distinct "scenarios":

1. When the contact is stationary, or sliding along a layéaaty, such that it is always moving into
initially unstressed virgin material, slip regions deyeio areas where, exterior to them points either
side the interface remain in the same position that they indrefore the assembly was loaded. This
means that, within each slip region, the net tangentigd)slisplacement between the tyre and the
substrate must return to zero, and, therefore, that notmmistsgn (., (z)) = sgn(h(x)) since

sgn(V(xz) = sgn(h(x)), whereh(z) is the tangential shift due to the distributed dislocatjdng
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2.3 Formulation - unilateral solution Chapter 2: Interfacial Slip and Creep in Tyred systems

additionally:

/ B, (€)d¢ =0, (2.14)
slip region
to ensure uniqueness of the displacement field.

2. Rotating wheels in contact. In this scenario, when mataroves through the contact slip regions
can develop which then leave both a residual slip displancgraed a residual state of stress. These
become the ‘starting’ conditions for material re-enterihg contact. In the steady state, material
exiting the contact and material entering this neighboadhmust be in the same state of residual
stress. Thus, it is no longer the case that particles jusinvibe tyre and just within the substrate
must remain opposite each other in the loaded state. Intfectyre is expected to have a slightly
lower rigid body velocity than the periphery of the subsiraeneath. This is the phenomenon
known as creep. In the current model, this means that, agialdtews through the contact, the
slip dislocations present become ‘locked’ as adjacent niahigasses into stick regions, and their
presence is manifested as the rigid body motion being soltghino longer true to say that, within
the stick regions, the net dislocation must vanish, but sirtiyat, in the steady state, they must be
the same at all points along the adhered part of the bound@herefore, whilst the left hand set of

requirements of Equations (2.12) is preserved, the foligwinust be replaced
sgn(ozy(z)) = sgn(h(x)) by  sgn(ogy(x)) = sgn(V(x)) z € slip regions (2.15)

where the sign of the slip velocity;(z), is given by

sgn(V(x)) = sgn <%> = c sgn(Bx(x)), (2.16)

andc is the creep velocity.

Further, the auxiliary condition stated before in ordervoid multivalued displacements is here

replaced by:
/_ B, (Qd¢=d. (2.17)
slip region
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2.4 Results Chapter 2: Interfacial Slip and Creep in Tyred systems

where the integral of the dislocation density now represémt net relative shiftj, between the
layer and the substrate. The differences between the twaufations adopted to solve the station-
ary problem and the moving load scenario have already beensked by Comninou et al. (1983b)
and are here brity summarised. In the static solutighmust vanish so that (2.14) is an auxiliary
condition required by the solution. This, together with thedified condition imposed by Equation
(2.15), implies that the conditio = 0, no longer valid in the moving load problem, needs to be
replaced by a condition obtained from the inequalities. Stoely of the asymptotics of the transi-
tion between stick and slip is essential to assess the #trehghe inequalities (Comninou et al.,
1983h and Dundurs and Comninou, 1979). Itis found that, as alrdatyssed by Comninou et al.
(1983b) for simpler configurations, the slip zone movingessn two stick areas implies that Equa-
tions (2.13) and (2.15) provide a stronger result with respethe static case at the trailing edge
of the slip zone. This enforces the shear tractions at tlisnga&dge to have continuous derivative.
This is not the case for the leading edge, where discontgdetvatives result in "hooks" which
are typical of both trailing and leading edges for the stwtry case. This will become apparent

when the two solutions are compared in Section 2.4.3.

2.4 Results

2.4.1 Limits implied by the validity of the bilateral soluti on: first point of slip

and separation

It is necessary to study the domain of validity of the bilateolution. It is very important to note
that, if the inequalities defining a bilateral responsegestdy Equation (2.2), are always satisfied,
the solution is independent of the load path. It is theref@taable to probe the limitations of this
requirement. Once the normal and tangential stresses eavedbtained along the interfage= 0,

the minimum friction coefficient needed to guarantee adimelsetween layer and substrate may be
determined by determining when the tractions at the laybstsate interface violate the inequalities

in Equation (2.2). Figure 2.1 provides a "first point of slipteshold map illustrating the minimum
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2.4 Results Chapter 2: Interfacial Slip and Creep in Tyred systems

friction coefficient needed to guarantee adhesion betweerlastic layer and the rigid substrate
when the two rollers are pressed together and are fullyngjidiith respect to each other. Figure
2.1 shows the threshold for= 0.3 and\ = 1 and Figure 2.2 for = 0.5 and\ = 1, for different
values ofu. The method developed is not restricted to sliding probldmasthis is chosen simply

to remove one independent variable.

L

o o o o9
Wb &N NN o ©
—_

L
N W

Minimum friction coefficient
= =
— EN

o

B=b/a

Figure 2.1. Minimum friction coefficierft to guarantee adhesion as a function of the normalised |hia-t
nessB for various friction coefficients andv = 0.3 — full sliding of external contact over layer surface.

The threshold maps in Figures 2.1 and 2.2 refer solely todghdihg conditions under which the
applied torque is sufficient for sliding to occur at the cglien/tyre interface (see Fig. 1.6). However,

it is also important to display these limits for differentsef loading conditions. In particular, it

is of interest to show when the "first point of slip" is reachdtken the normal loady, is applied

in the absence of torqué&,. The results shown in Figure 2.3(a) present the comparitimedn-
terfacial response both in the presence and in the abseraqgpbéd torque for a given example
set of parametersA = 1,v = 0.3. Two sets of lines are included and each shows, for a given
dimensionless layer thicknesg,a, the minimum interfacial coefficient of frictiory;, to maintain

full adhesion between tyre and wheel. The two cases lookarkda) when the bodies are pressed
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2.4 Results Chapter 2: Interfacial Slip and Creep in Tyred systems

Minimum friction coefficient - f

B=b/a

Figure 2.2. Minimum friction coefficierft to guarantee adhesion as a function of the normalised lhigk-t
nessB for various friction coefficientg andr = 0.5 — full sliding of external contact over layer surface.

together under a normal loatbne and a second line, denoted (b) for the case when the disks are
sliding contact, withu = 0.7. In case (a) the tyre-substrate interfacial shear tracsiantisymmet-
ric but the contact pressure is symmetric, whilst in caseh@®)interfacial traction possess neither

symmetry nor anti-symmetry.

At this point it is worth considering the possibility thatpseation, as implied by the violation of
the first of the two inequalities (2.2), precedes slip. FggAr3(b) shows the "separation limit",
i.e. the minimum interfacial contact pressure (usually tuiaterference), needed to maintain full
contact when the top disk is fully sliding over the elastigaa(the only case when separation may
occur). Furthermore, the limit for separation is in genarehkly dependent on local violations of
the bilateral solution and, consequently, it is here ptbtie a function of the dimensionless layer
thicknessp/a, only. By combining the results shown in Figures 2.3(a) ar3gl®), it can be noted
that the necessary value of interfacial contact pressumgaintain full contact is usually not more

than aboutl 0% of that used in the ‘no slip’ calculation, so that slip woulegpede separation by a
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2.4 Results Chapter 2: Interfacial Slip and Creep in Tyred systems

large margin.

Finally, it is useful to establish the conditions under Whim the steady statethere is no tyre-
substrate slip, and that therefore all creep ceases. Thippsirently, a less stringent condition than
(Fig. 2.3a (b)) above, and corresponds to a frictionally shaken down ¢fdte et al., 2008aand
Barber et al., 2008). However, the dislocation density ipgssut of the contact region is constant
(i.e. it does not vary witlr), and so there can be no corresponding residual stresdigsldyse there
are no gradients. A consideration of equilibrium in the- y plane leads to the same conclusion:
the state of stress for largeis independent af, and so it follows that neither,, noro,, can vary
with . Thus, as the free surface is free of shearing traction st beuthe tyre-substrate interface.
It follows immediately that, for this problem, the tyre wdither remain fixed with respect to the
substrate or it will rotate steadily with respect to its haibd there is no loading regime where there

is initially creep but which subsequently gives rise to aheadd state.

2.4.2 The use of the unilateral solution to study interfaciaslip: Stationary

loading

Turning, now, to a consideration of what happens when thelitons for the bilateral solution
to hold are violated, an example case is studied in detaitderoto gain insight into anticipated
behaviour. Start with the bilateral formulation, and assuimt a normal load, alone, has been
imposed on the contact, taking the configuration to Point A-ure 2.3 8 = 1, A = 1). An
interfacial friction coefficient 00.2 is clearly sufficient to maintain full adhesion at this stage
but suppose, now, that a shear force sufficient to causeglidimposed, and that the inter-body
coefficient of friction, i1, is 0.7. The value off is now insufficient to guarantee full adhesion
between layer and substrate when torque is applied, aneftinerthe threshold for case (Fig. 2.3a

- (b)) need to be considered as the limiting value.

The effects of slip on the stress field may be found by deptpgliatributed edge dislocations where

slip occurs. Specifically, the location and size of the gigion (and therefore its leading and trailing
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Figure 2.3. (a) Minimum friction coefficierft to guarantee adhesion with and without the application of
tangential forces (induced by an applied torque sufficiertause full sliding of external contact over the
layer surface) and (b) separation limit and as a functiomefrtormalised layer thicknessfor ¢ = 0.7 and

v =0.3.
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edge,n andm in Figure 1.6, respectively) are first estimated by ideimijythe area where the
bilateral solution is violated and then the solution is redilby solving an integral equation obtained
by substituting (2.9) and (2.10) into (2.12) over the caathdslip zone until (2.14) is satisfied. For
point A on Figure 2.3, where the normal load and the subsdcphear force are sufficient to cause
sliding, Figure 2.4 shows how the normal and tangentiatitsas at the layer/substrate interface are
modified by the presence of slip. In this case the externdbeotoad is suffering incipient sliding,
but is stationary and the specific parameters prevalent dse= 1, v = 0.3, u = 0.7, A = 1,

f = 0.2. Discontinuous derivatives appear at both edges of thefagial slip region when slip

is permitted, although the tractions are required to be #maad continuous. This is a distinctive
characteristic of the stationary loading case as the astiofitehaviour of stress and displacement
fields (@ = 0 - transition between stick and slip) is such that discomtirsuderivatives in the shear
tractions are present at both sides of the slip area (Comargénhal., 1980). The shaded area shows
the extent of the slip region and the red line shows the targjeelative slip displacement across the
interface. Results of many calculations such as the onelgsstribed, and with the sanmig v, u, f
values, but variable clamping pressuke,are summarised in Figure 2.5, which shows the extent
of slip for different values of. The results obtained using the semi-analytical technitpseribed
have been compared to the solution obtained using the cotrahEE software ABAQUS (Abaqus,
2007) to model the same contact problem. A very accuratemhatisveen the two solutions in terms

of interface stresses is achieved, Figure 2.4, confirmiag#tidity of the proposed approach.

The loading scenario and the kinematic constraints coresiida the example problem are such that
only one slip zone appears at the layer/substrate interfadterent loading regimes and geome-
tries will lead to the formation of multiple slip regions attids can also be addressed within the
current formulation (Comninou and Barber, 1983a). Howgeggira dependent variables will be
introduced and this makes the rate of convergence of théi@oldependent on the initial guess of

location and extension of the slip and opening regimes, hwvaie difficult to locate rigorously. A
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Figure 2.4. Normal, tangential tractions and tangentiid fir B=1,=0.3,=0.7,A=1 andf=0.2 - stationary
case - full sliding of external contact over layer surface.

guadratic programming formulation which enables to overedhis problem by employing optimi-

sation techniques is presented in Chapter 5 (Reina et &9)20

2.4.3 The use of the unilateral solution to study interfacislip: Moving loading

A steady state problem in which the homogeneous rollerdéngjiover the tyred roller is now con-
sidered. The formulation is, of course, quasi-static, &editame of reference is fixed in the contact
patch, so that the layered material passes through the fieidw, Figurel.6(b), at a constant ve-
locity, c. The main difference between the stationary solution aadrtbving load solution is that
the latter allows introducing the possibility of frictidnareep. The net cumulative tangential shift,
d, between the layer and the substrate induced by the retliipkacement of the indenting bodies
(see Fig. 1.6(b) — case (iii)) can be computed in closed farimgithe formulation presented above.
Figure 2.6 displays results for a contact configuration leitihig the same properties as that in Fig-
ure 2.4 (the same values 8f v, u, A, f) but with the conservation of displacement side condition

now removed, as explained earlier, and replaced with a meapeint that the material entering the
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Figure 2.5. Slip region location and extent #1, »=0.3, 4=0.7,f=0.2 and different values of the dimen-
sionless constant pressures1 - stationary caser@slational velocity=0Q - full sliding of external contact
over layer surface.

contact neighbourhood is in the same state of stress as teeahieaving it. As anticipated earlier,

it is evident how the derivatives of the shear tractions ake continuous at the trailing edge of the
slip area. The tractions are qualitatively similar (thodighno means the same), and the accumu-
lated slip displacement built up during the slip processighlighted. Figure 2.7 illustrates how
both location and extent of the slip area vary as a functidgh@foading parametek, and provides
the values of net slip displacement corresponding to a nuwifideading scenarios. The extent of
the slip area is identified (by analogy with the plot dispthye Figure 2.5 for the stationary case)
by the two curves on the plot which represent the "movingkraailing and leading edge location
respectively. It should be noted that, as already obseryd@hang et al., 1983), the value dfis

negative in the moving frame of reference as the layer crieagevards with respect to the contact.

The results obtained by the authors to reproduce the stéatdyselution in the presence of moving
loads were also checked using the FE package ABAQUS (Ab2§03,) to model the problem in

Figure 1.6(a). After initial application of the normal lotwthe top cylinder the driving torque was
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Figure 2.6. Tangential tractions, normal tractions andedisionless net tangential shift per cycle Bx1,
v=0.3,1=0.7,\=1 andf=0.2 - steady state solution for the moving load case - fidirglj of external contact

over layer surface.
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Figure 2.7. Slip region location and extent 8+1, »=0.3, 1=0.7, A=1 andf=0.2 and different values of
) - steady state solution for the moving load case - full stidifi external contact over layer surface. The
accumulated net displacement per cy€ld/(appr ), is also reported for some example cases in full sliding

condition.
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applied and then roller 2 is rotated at a constant speed, reproduce the moving load scenario
modelled above. The results are analysed at different tanddocations along the layer/substrate
interface and Figure 2.8 shows the outputs in terms of nolmraetions at the time-step when roller
one first reaches position P2 in Figure 1.6(a) during theivelaotation of the two rollers. Here two
horizontal axes are used to distinguish between the naethtoordinates: (i}4/az, represents
the location of a point belonging to the layer/substraterfate in the fixed frame of reference (and
whose origin is along the line of initial application of thermal load - see inset to Figure 2.8) and
(i) /ag, is a moving abscissa which follows the centre of the corttewdng the relative rotation
of the two rollers, and with respect to which the steadyessaiution is computed (i.e. the same

used in Figure 2.6).

In the region immediately beneath the area where the nowadl is initially applied (around P1
in Figurel.6(a)), locked-in residual stresses are gemérdtiring the first loading cycle. This is
because, before the substrate is moved (and thereforesthiésrebtained for the stationary loading
configuration apply), the layer shifts locally in the diiectcorresponding to the application of the
tangential force caused by the transmission of the torqushawn in Figure 2.4, and the interfacial
shear stresses consequently generated have oppositdatbigespect to the local tangential velocity
of the top roller at the layer surface. As soon as the bottdharrstarts moving, the layer tends to
rotate and creep around the substrate reversing the slaetiotr direction, as predicted by our
semi-analytical model. The abrupt inversion of the dimcttof the tangential stresses associated
with slip leaves some locked-in residual stresses whichbegiimodified, and ultimately removed,

during subsequent passages of the load over this region.

The second location of interest is the region around poininAgurel.6(a). This area was cho-
sen to be at a distance from P1 (approximately four contagithes) such that the residual shear
tractions developed at the beginning of the rotation oferd would not affect the stress and strain

field developed in its neighborhoods and therefore directpgarisons can be made with the semi-
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Xg/ay
-1.5 -5 -2.5 0 2.5 5 7.5 10 12.5
0.0 ‘
— FE - 1* rolling cycle
% Unilateral — steady state
S5 4 (Fig. 6)

Residual
-« —>
stresses

Dimensionless direct tractions, Gy,/py

Figure 2.8. Snapshot of the transient FE solution: nornaatitins at the layer/substrate interface Borl,
r=0.3, 1=0.7, A=1 andf=0.2 - moving load case - full sliding of external contact ol&yer surface. The
comparison with the steady state solution displayed in Eigis also presented.

analytical solution obtained for the moving load scenaBoch a comparison is shown in Figure
2.8 for the normal component of stress and it confirms theracguwof the model in reproducing the

stress field accurately already after small rotations.

Finally, Table 2.1 shows the evolution of the net displacetnper cycle obtained using the FE
code and the steady-state value calculated using the mogosnulation. The relatively small
discrepancy between the two sets of results after the figslihg cycle is caused by the locked-
in residual stresses generated at the beginning of the géeading scenario, as simulated using
FE. They affect the total cyclic net displacement as wellhaslbcal state of stress in the region
surrounding P1. In fact, the steady state solution cannc@dehed instantaneously and this results
in the discrepancy between the solution obtained usingdimadlation for the unilateral problem
proposed by the author, which represents the steady statsmapand the values obtained from the
FE model. The table also shows the value of the net displateafier the second loading cycle.

The discrepancy between the numerical and the semi-arellytisults decreases during the second
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2.5 Further Properties Chapter 2: Interfacial Slip and Creep in Tyred systems

loading cycle (to less than 5%) after that the second passfatie load over the region around
P1 has modified and almost completely removed the residuasstield generated during the first
loading cycle. A steady state condition should be, praltyicachieved after three or four passages
of the load, although this has not been fully verified due &ftitt that the finite element numerical
solution obtained using ABAQUS was very demanding in terfnsomputational resources (over
one week on a 4 CPU cluster was required to obtain an accuratéos for the two loading cycles
for the moving loading). This emphasises the usefulnedseo$¢mi-analytical method developed:
its efficiency (only a few minutes of CPU time required to stubde steady-state regime under
moving loading) and its accuracy in predicting immediatidg creep rate of the layered system

under investigation renders the tool very powerful.

Cd/pgan FE Unilateral solution
First cycle -0.39
Second cycle -0.384

Steady state | ... -0.367

Table 2.1: Evolution of the net displacement per cycle amdgarison with the steady state semi—
analytical solution obtained using the formulation for timdateral problem - full sliding of external
contact over layer surface.

2.5 Further Properties
2.5.1 Development of residual shear stresses and time hisgalependence

The results shown so far refer to combinations of geometoasling conditions and friction coef-
ficient that give an operating poing.g. point A in Figure 2.3) in the area above the threshold for
case (a) in Figure 2.3, which corresponds to loading scemarhere the layer sticks everywhere
during normal indentation. If this condition is not fulfileand the operating conditioe.g. point

B in Figure 2.3) is such that interfacial slip occurs durihg tndentation process, the stress field
is affected by the nucleation of slip areas during the noloeding phase. This implies that the

effect of the bilateral stress field modifications occurnraged to be considered in the subsequent
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application of the tangential force. The error arising bglaeting the formation of slip areas dur-
ing normal loading is non trivial, as shown in Figure 2.9, wéhihe solutions for the configuration
identified by the dimensionless parametBrs= 1 and\ = 1 and by interfacial friction coefficient

f = 0.15 (point B in Figure 2.3) are plotted for both the case when #lyel is considered adhered

to the substrate before the application of the tangentiakfand for the case when the development

of slip zones is tracked during and after indentation.

0.40 0.00
jon Fully adhered during -~~~ Slip during é
% 035 - normal loading normal loading ;;:
" 030 050
g g
= =
8 025 100 §
+~ z g
§ 020 8
Q . 5]
: 5
% 0. 1 5 -1 .5 0 %
2 -
£ 010 8
2 200 @
Q Q
g 005 2
A a
0.00 | . T -2.50
-4.00 -2.00 0.00 2.00 4.00

Figure 2.9. Normal and tangential tractions Bx1, »=0.3, x=0.7, A=1 andf=0.15 - stationary case - full
sliding of external contact over layer surface.

This example shows the importance of the "system memorytatmed in the locked-in displace-
ments stored in the stick regions, already discussed it dgtBarber and co-workers€.g. Reina

et al., 2010bBarber et al., 2008nd Klarbring et al., 2007). The overall behavior of the eysis
affected not only when loads are applied monotonically. (€ig. 2.9), but also when the system
is subjected to cyclic loading, where the steady stateisolaif the problem (e.g. frictional shake-
down or any other cyclic frictional response) induced byltdsaling history, also depends heavily
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on the locked-in residual shear stresses developed durenirst few loading cycles. This topic

will be treated separately in Chapter 6.

2.6 Summary

A general systematic approach based on existing techniuesever before combined, has been
proposed to explore the behavior of elastic layered syst@&rsgnplified contact problem was pre-
sented and solved in three different stages: (a) "first Sdiptp thresholds - the region of validity
of the bilateral solution to the problem was found and thedit@mn for incipient slip determingd
(b) monotonic application of stationary forces - the impéeration of the distributed dislocation
technique for modelling slip and separation was demormstras being suitable to model the ap-
plication of stationary loadsand (c) monotonic application of moving loads was studiedsuis
were discussed for a series of example problems focussisgsiams where only one slip region
nucleated at the layer/substrate interface and both stagicand moving loading conditions were
successfully modelled. Finally, the importance of the timstory on the solution of the problem

was emphasised.
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Chapter 3
Incipient slip conditions in rolling contact of
tyred wheels

3.1 Introduction

In this chapter, the contact problem of a driving tyred whpedssed and rolling over an elastically
similar half-plane, is considered. Although applicabletaide range of shrink-fitted assemblies,
the simplified model is solved to study the practical casenadlastically similar steel tyre mounted
on a locomotive steel wheel subjected to tractive rollingi(R et al., 2010a). A distinction between
the onsetof interfacial slip which is necessary to avoid all inteffdaegradation, and the less
restrictive requirement that the evolution of microslipilvits creep is drawn here. It would seem
possible, for the case of a tyre fitted to an elastically simitheel, to abstract the conditions needed
for the avoidance of all interfacial slip. It might be addbdtt although circumferential creep is not
necessarily disastrous in its consequences, the prestaog slip region introduces the possibility
of a more complex slip regime developing, including axiaep of the tyre, and which would have
very serious consequences, in addition to more generahdation. In Chapter 2 the general case
of a tyre mounted on a rigid disc and rolling rolling over aastically dissimilar countersurface
was studied. In such circumstances, the slip regime bettveetyre and the named counterface
would, necessarily, be rather complicated (Reina et allOBOHills et al., 1993 Barber, 2002

Carter, 1926Munisamy et al., 1991Nowell and Hills, 1988aand Nowell et al. 1988c¢), and it is
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3.2 Formulation Chapter 3: Incipient slip conditions in rolling contact gfed wheels

felt that, in practical applications of the problem to thedmotive driving wheel, the countersurface
will itself invariably be steel, and this renders the prableapable of solution in closed form. In
this chapter, the behaviour of the system at the tyre/saflesinterface is studied using closed form
solutions to calculate the state of stress within the tyrenditions leading to incipient slip and/or

plasticity are identified and mapped for different loads gadmetries.

3.2 Formulation

Figure 3.1(a) depicts the problem to be analysed. A diskabfisa?; indents a second disc, of radius
R, carrying a tyre of thickness The case corresponding iy — oo represents the idealisation
of the railway locomotive wheels scenario. Figure 3.1(lmvehthe equivalent problem of a disc
of outer radiusR* pressed into contact with an elastically similar half-gldoy a normal line load,

N. It should be noted that the layer can be transferred tdititesubstrate within a half-plane

formulation without loss of accuracy.

The application of the normal load gives rise to a classieattian contact of half-width = a,

which is given by (Barber, 2002):

SNR* (1-172)

—F : (3.1)

0y =
whereF is Young’s modulusy Poisson’s ratio, andV is the load per unit width of the disc, whilst

the contact pressure distributigr(z), is given by:

2
pl) | (= _ | NE
P 1 (aH> , where  pyg = R (1= 12) (3.2)

Let us suppose that the coefficient of friction between tihe &nd the disc (see Fig. 3.1)sthat
the tractive force developed by the locomotive at this wiie€l, and that the disk is rolling under
steady state conditions. In this case a patrtial slip regfira,analysed by Carter (Carter, 1926

and Munisamy et al., 1991) exists. A stick zone of len®th; .. is attached to the leading edge,

Cstick Q
R = -2y 1 - % .
- N (3.3)
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(@ ®)
1Tyre (layer)
frrub (substrate )
H-H
________ 1
|
|
I
Ev |
| _ X1
|
E v / 1
|
|
Ev !
__________________ |
(d) (c)

Figure 3.1. Schematic of the problem: (a) Layered cylinddenting a homogeneous cylingér) Equivalent
problem — cylinder rolling on a layered substtate) Zoom-in showing the contact area and the salient
parameters(d) Example plot of the von Mises stresses induced by theicgijgn of the external loads.
Note that forR; — oo the schematic in (a) represents a typical wheel/rail contac

and the shearing tractioqz), is given by (Barber, 2002):

2
@ =f 1— <£> — H(gj — Cstick) \/(1 _z > (—m — _CStiCk) s (34)
pH aH aH a/H aH

where H (-) is the Heaviside’s step function. The surface tractionsfalfg specified, and the

internal state of stress induced may now be found using threlatd results for the state of stress
associated with a sliding Hertzian contact (Hills et al. 939 and using superposition to make the

adjustment needed for the Carter shear traction distabulti

In addition to the contact loading, there will be a radialedirstress (which is locally in the
direction) of magnitudey, generated by the shrink fit process. Thus, the total stetregs along
the interface between the tyre and the substrate may be fmusdndard superposition as the sum

of the stress induced by contact loading and the (constaettdraction induced by shrink-fit. The
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3.3 Results Chapter 3: Incipient slip conditions in rolling contact gfed wheels

requirement that there be no interfacial slip is, therefthat:

|02y (2, )|
_(Uyy (.’E, b) + pO)

<f Y, (3.5

wheref is the coefficient of friction between the tyre and the sudtetrandr,,, ando,,, denote the

shear and normal stress components, respectively.

The stick-slip regime associated with a Carter-type plastip rolling problem is shown within
the dotted line box in Figure 3.1(c), and, finally, a schemasimple contour plot of Von Mises’
parameter is shown in Figure 3.1(d), embedded in the layets Bf this kind will be used to infer
the elastic limit. Further, due to the fact that the contaobfem is solved using linear elasticity,
a practical limitation is that the state of stress presertyavhere must be sufficiently mild for
it to remain within the yield condition. Here, Von Mises yetriterion will be used to assess
the likelihood of plasticity to occur, and the material is@®ed to have a yield strength in pure
sheark. There are three key physical locations where the elastit tiould be reached and which
must be monitored: a subsurface general point and thengadiiige of the contact at the surface,
as is well known from standard homogeneous Hertz result, inraddition, here, a point at the
tyre/wheel interface. The treatment of local plastic defations, which may occur under certain

loading conditions, is outside the scope of the presentitoion.

3.3 Results

The first result, which quoted without illustration, is thftr all practical values ofi, f, B = b/a

(a = ap), the severest interfacial tractions invariably arise ¢ N — 1, i.e. when the wheel is
in an incipient sliding state. As this is a circumstance \utdgan always arise in practice, the wheel
is assumed, from now on, to be sliding along the rail, as #saves one independent variable
from the problem. This means that the conditions which guarno interfacial slip between tyre
and substrate can be mapped out by varying the dimensicstless parametek = py/py, the

dimensionless lengttB, which carries informations about load, geometry and niedtproperties,
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and the coefficient of friction at the interface between tise dnd the tyrey.

The example corresponding to values of the paramater$).05 (a moderately high value of shrink
fit pressure) and3 = 1.5 (i.e. quite a thin tyre) is first used as a vehicle to illugtréite features of

the solution to the problem under investigation. ResultsHis case are shown in Figure 3.2.

The plot includes two lines: the solid one relates to tengdéncinterfacial slip, and should be read
in conjunction with the left hand axis, while the broken lidates to the strength condition, and
should be read in conjunction with the right hand axis. To lbeaspecific, the solid line represents
the minimum value off needed to avoid slip everywhere at the tyre/wheel interfadéle the
broken line provides the maximum dimensionless value ofdiéngatoric invariant of the stress
tensor,/J>/py, within the layer. By comparing this value and the dimenkss value of the yield
stress in pure shedt/py, one can assess if the elastic limit is locally exceededo Alsluded in
the figure are a family of five inset diagrams, which represiemtbehaviour of the contact. The
physical region of the cross section they represent is tip¢hdef the layer ¢ < y/a < 1.5),
and a short distance spanning the contaet € z/a < 4). The contours themselves represent
normalised values of the deviatoric invariant, and the lkeyhis is provided within the figure,
together with ‘spots’ which indicate where the severegestéstress arises. A second ‘spot ’ (or,
in the case of inset 1 only, two spots) is shown at the interfagtween the tyre and the substrate
at the point where the maximum ratio of the shear to directita occurs, i.e. where slip is most
likely to start. Consider, first, the case of frictionlessit@xt, where either the wheel-rail interface
is perfectly lubricated or, more likely the vehicle is rall without a tractive force being applied,
Case 1. The severest state of stress is, here, on the cemwétontact{/a = 0) and at a depth of
about ¢;/a = 0.9), whilst the antisymmetric shear tractions arising aldmg wheel-rim interface
imply two symmetrically disposed severe pointsyat ~ +2.3). If the wheel-rail coefficient of
friction (corresponding t: in Figure 3.1), is increased, the magnitude of the sheartiraction

ratio arising along the interface steadily rises, whilstdbverest state of stress remains substantially
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unchanged, untjl reaches a value of aboi305, Case 2. At that point, a second maximum in the
magnitude of the deviatoric stress, which has been stedellgloping at the surface for increasing
coefficient of frictions corresponding to larger sheartitats, starts to dominate. This is located at
the trailing edge of the contact, and for all higher coeffitseof friction (Cases 2-5) it is this which
is the controlling point the magnitude of the stress state rises steadily with cazffiof friction.

It will also be noted that the location of the maximum tyreeghtraction ratio has also moved
slightly, migrating gradually forward well beyond the I&agl edge of the wheel contact point (to
x/a ~ 2.63, Case 2) and further to (to/a ~ 3.05, Case 3), by which time the value pfhas
increased to about8. A further increase in: then causes a second maximum in the interfacial
traction ratio, located at/a ~ —3.02 to dominate, and this is the location which continues to
control the problem for subsequent increases, iwhilst the traction ratio rises very steeply. This,
then summarises the response of the contact, and gives eaberad. Overall, it may be noted
that: (a) the severity of the state of stress is rather gréae in the residual stress free cases (Hills
et al., 1993) and that, for low coefficients of wheel-raitfion, it is substantially independent of
the coefficient of friction there, and (b) with a tyre thisrthi is, for practical purposes, impossible

to inhibit the development of a slip region.

A reduction in the value of the interfacial pressurexte- 0.005, makes the problems even worse,

as shown in Fig. 3.3.

This includes lines giving the behaviour of the contact fauenber of tyre thicknesse8.p < B <

30), and, for the comparable case & 1.5) to that displayed in detail in Figure 3.2 it may be noted
that: (a) an even higher shear/direct traction ratio aldvegtyre/wheel interface arises and (b) if

1 2 0.55 the interfacial direct traction becomes vanishingly ligintd separation arises. On the

other hand, the general trend is that,/ass increased (the tyre is made thicker) the coefficient of
friction needed to maintain full adhesion becomes lowelstthe risk of separation is, of course

reduced. Nevertheless, this interference fit contact preds clearly too small in magnitude. In
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Figure 3.2. Minimum interfacial friction coefficient to guarantee adhesion f8r= 1.5, = 0.3, A = 0.05
(dimensionless constant pressure) and various surfat®fricoefficientsy.

Figure 3.4, therefore, reverting to a dimensionless isterice contact pressure bf= 0.01, the

influence of tyre thicknes$, is explored again.

Separation now occurs only at higher valuegipaind, of course, for the thinner tyres. Very high
interfacial residual stresses incur the risk of yieldingd @ sensible maximum fox might be
0.05 (see Figure 3.5). This makes a tremendous difference inetipgirement for the avoidance
of tyre/wheel localised slip and fretting. The impedimehsigp everywhere within the tyre/wheel
contact interface is clearly a real possibility. At the saimee, the likelihood of there being plastic

deformation is increased.
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Figure 3.3. Minimum interfacial friction coefficient to guarantee adhesion for= 0.3, A = 0.005 and
various surface friction coefficients, and layer thicknesses.
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Figure 3.4. Minimum interfacial friction coefficient to guarantee adhesion for= 0.3, A = 0.01 and
various surface friction coefficients, and layer thicknesses:.
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W/py (Kipy)

Figure 3.5. Minimum interfacial friction coefficient to guarantee adhesion for= 0.3, A = 0.05 and
various surface friction coefficients, and layer thicknesses:.

3.4 Summary

In this chapter, a closed form solution has been derivedvestigate the onset of interfacial slip
and the strength of the contact in tyred wheels rolling omeglastically similar body. The problem
has direct implication to the design of locomotive wheelfie Principal conclusion is that, if it
is necessary to use a replaceable tyre, its thickness sheuds great as possible in relation to
the contact size in order to avoid the possibility of fregtirAlso, the larger the shrink-fit contact
pressure achievable the better, but the other side to thissthat the strength of the contact will

be severely reduced as plasticity is more likely to takeglac
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Chapter 4
The case of an elastic layer sliding over a rigid
substrate

4.1 Introduction

In this chapter the extreme case of a tyre skidding aroundwvtiexl is discussed (Reina et al.,
2010c). In Chapter 1 this scenario has been explained ag beperienced in the tyre-rim assem-
bly for severely loaded earth-moving machinery. Using tingp$ified two-dimensional problem
described in the previous chapters as a vehicle, in thistehéipe integral transform solution of
the state of stress induced by external loading in a layg¢ingesn butsliding over a rigid sub-
strate is studied. The interface between the layer and thetrsile is considered to be frictional.
An overview of the formulation available in the literatutbackle similar problems has already
been presented in Chapter 1 and, therefore, here attenifidvevgiven to the general formulation
of the problem, which is then solved semi-analytically. TOeenonstration of the suitability of the
proposed approach to solve this class of problems is théawfed by the application of the newly

developed technique to our particular application.

4.2 Formulation for unit tractions

Consider the contact problem in Figure 1.8. The probleméaarty best considered in a frame of
reference attached to the contact itself, Figure 4.1. Thuthis axis set the contacting compo-

nent and the layer are both spatially fixed, and the layer meteadily through the figure, with
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Psurf= 1
layer

substrate X, U, Osu=1

y, v

v

Figure 4.1. Reference system and triangular traction ei&svapplied to discretise generic traction distribu-
tions at the layer surfagsign conventions are shown (positive directions).

frictional conditions maintained along the layer/sulistiaterface. Figure 4.1. also illustrates the
discretisation scheme adopted to reproduce the loadindjtemmto which the layer is subject. The
procedure, as explained in Section 1.2.3, consists of giimg@verlapping trangles of traction and
their influence functions to reproduce tractions and displacemeaite&d by an external contacting

body (Bentall and Johnson, 1968).

The first step in the solution is to establish a general rgmtesion of the state of stress within the
layer, Figure 4.1, which is of thickness and extends indefinitely in thex directions. An Airy

function, y, is employed which is connected to the stress componentetfpliowing expressions

_ Px(a,y) _ Px(2,y) _ Px(a,y)
Oua(T,y) = Tyz,ayy(l’,y) = W?Umy(xa y) = T owdy (4.1)

and automatically satisfies the equilibrium requiremenke application of Hooke’s law yields the
strain components and, if compatibility is to be satisfib, functiony must be a solution of the

biharmonic equation

Vix =0, (4.2)
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whereV? = 92 /0x% + 9%/0y>. An integral representation of the stress function is etqubto be

emplyed in order to satisfy all the boundary conditions, aedce write

“+00

I(y, ¢) = / x(x, y)eVdz. (4.3)

—00

Thus, if y is to be a solution of the biharmonic equation themust satisfy the requirement
2 L\
(52 =) M) =0, (4.4)
so that the general solution may be written as follows
L(y,¢) = (Ar+Bry) e + (Cr+Dry) 710, (4.5)

The four constantsdr, Br, Cr and Dr, are general functions af and are determined from the
boundary conditions imposed on the problem under invastiga To do this Fourier’s inversion

theorem (Sneddon, 1951) must be applied. The theorem states

—+00

X@9) =5 [ Twe) e do, (46)

—00

so that the stress components are given by:

+o0
Tle) = —5- [ FT (o) e s (4.7)
ozz(T,y) = 1 7)OM —idz g 4.8
T 7y) - 27T ayQ € ¢ ( . )
+oo
9 .
ray(o9) = 5 [ 167 2 ey @9)

whilst the displacements are found by first writing the dispiment derivatives in plane strain, for
example:

E Ou(zx,y)
1+v Oz

= 022(2,y) — V (022(x,y) + oyy(z,9y)) . (4.10)
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Hence, after multiplying by'??, integrating ovey and applying Fourier’s inversion theorem (Sned-

don, 1951), we obtain:

+00
0T L d
wo) =5 [ |GaLa-n o)=L @y
and, in a similar fashion,
+oo
1 83F s or ) 2 xd
v(z,y) = 2:;/ <# 1-v)+(v-2) ¢2¥) e'® ¢—f (4.12)

4.2.1 Imposition of the boundary conditions

Conditions along both surfaces of the layer need to be inthdse along the interface with the
substrate and along the upper surface. Along the interfsseiming that the substrate is rigid, we
may write:

v (z,0) =0

—0.v
y v { Oxy ({L‘, 0) = Psubfayy (.CL‘, O)

(4.13)

wheref is the coefficient of friction between the two surfacess the surface normal displacement
andp,,,; (Fig. 4.1) assumes the valugd depending on the sign of the relative velocity between
layer and substrate. Throughout this model a Coulomb-Aorgsitfriction law is adopted and,
hence, the coefficient of friction is independent of the-stgbocity. The value op,,,, must be taken
such that tangential tractions oppose relative slip vgto8itart by multiplying boundary conditions

(4.13) bye'®¥ to obtain, on integrating ovey,

( +o0o
/v (7,0) edx =0
y=0,Vz ¢ 1o - oo : (4.14)
/U:cy (,0) e dx = /psubfgyy (x,0) " dx
\ —OO —o

Thus, by substituting (4.5) into (4.14) and applying Fotsitheorem (Sneddon, 1951), the bound-

ary conditions become

{ L+v ( (1 =) (=|¢[* Ar + 3Brg? + |6|*Cr + 3Dr¢?)+ ) — 0
y=0,Vx

pg? +¢* (v — 2) (= |[¢| Ar + Br + |¢| Cr + Dr)
i¢(—|¢| Ar + Br + |¢| Cr + Dr) = —pf¢*(Ar + Cr)

(4.15)
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Attention is now turned to the free surface of the layer, sssienegpro temthat the surface tractions

are given everywhere. First, consider the direct tractmwl, start by writing

—-b)=0
RS . 4.16
/ Lot Lot (4.1
By multiplying by "% we obtain, on integrating over,
or
=0
y=—b,Vr { 05y dy |, , (4.17)
¢>2F\yf_b = p(¢)

wherep (¢) represents the Fourier transform of the pressure disimibutFinally, by substituting

(4.5) into (4.17), the boundary conditions become:
io(— 6] Ap—,€!?P + Brop(1 + |g| b)ell*+
y = —b,Vx +‘¢| Cr=pe Wb + Drp(1 — [¢] b)e~191P) = 0 6) (4.18)
’ _ p(o '
(Ar—p — Brpb) €l?l’ + (Cr—, — Dr—,b) e~ 191t = 5

The four constants4,,B,,C, andD,, needed to evaluate (4.5) for a given general direct tractio

distribution, can be obtained by solving the system of aqnatobtained by combining (4.15) and

(4.18), giving
—i6|¢] + pf¢? i i0|9] + pfo? i A, 8
[l ¢*(1— 2v) —|gf’ ¢*(1 - 2v) By { _)
—lglel?P (14 g|b)el?ltgleT (1~ g b)e IO Co [ 5(6) ’
eldlb _beldlb e—lolb _pe—lelb D, _19_2
(4.19)

where the subscript, added to the four constants, stands for pressure distibuSimilarly, a

general surface shearing traction distributigfy), acts over the surface, = —b, of the layer,
giving:
—i¢ || Jgpf¢2 i¢ i || + §f¢2 i¢ A, 0
@] $*(1— ) ~ 9| $*(1—2) B, | _) o
~ip |0 ig(1+ 9| b)e'¢'b iplole” 1P ig(1—|gb)e”P | ) G q(¢)
6|¢‘b be‘ e_|¢|b _be_|¢‘b Dq 0
(4.20)

where the subscript, added to the four constants, stands for shear distrihufiba eight constants
in Equations (4.19) and (4.20) depend on the functjiigs andg(¢), which represent the Fourier’s
transform (Sneddon, 1951) of the direct and shearing tnadlistributions applied to the layer

surface.
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4.2 Formulation for unit tractionshapter 4: The case of an elastic layer sliding over a rigissate

4.2.2 Influence Function for a Triangle of Surface Traction

The contact problem on the surfage= —b must, itself, be solved. Usually, the surface tractions
are not known, but the normal displacement imposed by thenited is. In order to find the contact
pressure a piecewise-linear representation of the aagt@idn, Figure 4.1, is employed, which
consists of an array of overlapping triangles whose akitpd is initially unknown. If the ifluence

function has a base width @t we may write:

X X
p(z) = tr o (4.21)
0, —>1
Gy
so that the Fourier transform of the load function is given by
—+00
p0) = [p()e s (4.22)
or, after some algebra:
_ o 2pi cos(dx)|®  2p; _Ap o [ day
p(o) = w0 | = Pay, (1 —cos (pat)) = ¢2atrsm 5 |- (4.23)

The analysis for an element of shear traction follows theesaracessnutatis mutandis

4.2.3 Results

A series of key points must be discussed before applyingahisulation to practical cases. First,
the formulation has to be validated by using a different nicaémethod, which in this case is an
equivalent FE model, using the commercial programme, AB&QS8econdly, overall equilibrium
of the system will be examined, because this shows some ao@dgproperties. In fact, the for-
mulation as described above provides a solution which i®haibusly in overall equilibriumper

se It may have been noted that conditions relating to the #ajiiim of the system are absent in
the formulation of the problem (Hills et al., 1993) and, oemsgently, remote forces must be added

to compensate the tension imbalance associated with tredirboundary condition (4.13).

Also, it has been noted that a strict proportionality betwie shear and direct tractions has been

chosen. Under some conditions, for example with the shaation triangular ifiuence function,
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4.2 Formulation for unit tractionshapter 4: The case of an elastic layer sliding over a rigissate

the direct interfacial traction can become tensile locatig, hence, the sign of the shear reversed.
Physically, this has no meaning, but when the triangle isl tsebuild up the solution for a dis-
tributed contact (and where there may also be a clampingpresmposed, as in the example to
be presented), the net direct traction may subsequenthynieoegative everywhere. Thus, it is a
legitimate procedure to use superposition, provided drdytheresultantdirect traction is negative
everywhere. This should be borne in mind when the solutiothi® effect of an individual triangle

of surface traction is considered.

A triangle of direct/shear traction was applied to the fredace, over alengthay, < z < a4, and
b/ay = 1 and the interfacial friction coefficient set @a2. Figure 4.2 shows the tractions induced

along the interface for a triangle of direct and shear toacti

=S
o)
S

N
a
)

0.20 -

0.00

Dimensionless tractions, Gij/pi,qi

-0.20 -

-0.40 -

Figure 4.2. Normal and shear tractions induced along ther{sybstrate interface by a triangle of direct and
shear traction imposed on the free surfaee,< x/b < 1 (b/ay = 1 andf = 0.2).

Similarly, Figure 4.3 shows the stress component actinglighivith the interface at two depths -

the surface and immediately above the interface.

In each case the solution obtained by using the Fourier septation agrees very well with the
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1.5 1

0xx,y=-b/ qi
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Figure 4.3. Bulk stresses associated with the tension enloal present in the system for a triangle of direct
and shear traction imposed on the free surfade< /b < 1 (b/as = 1 andf = 0.2).

finite element model. The FE solution shows oscillation$atttailing edge of the contact that we

believe due to numerical noise introduced by the full sidbondition.

For each surface loading case, equilibrium of the systenitsreamment. It is clear that, if forces
acting along the free surface and interface alone are caregidequilibrium in the-direction is not
maintained. This can be easily seen from the fact that thedrdoundary condition (4.13) intro-
duces atension imbalance. Equilibrium is restored by thegirce of direct stress, ., throughout
the thickness of the layer, which becomes more uniform witptld as the observation point be-

comes more remoter(b — +oo).

For a triangle of direct traction, the average remote vafube'bulk stress’ is defined by

1 0
Tazj, [a| o0 = /bam (00,y) dy (4.24)

with 7 = p,q. Thus, as shown schematically in Figure 4.4, the remotédreseeded to attain
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pi=1 =
@ ‘ (b) 471
| |
oulni=f(a./2b) 2 | A g./ni=f(a,/2b) | &
| r Py layer -
el o) 0,/9=(a,/2b) ’; b} G/6i=(a,/2b)
substrate 4, 0= substrate 4., 0=0
N=(pi2a,)/2 N=0
N=_p(x)dx

1/2 (Q-fN)—» layer b —1/2 (Q-fN)

substrate 4 N

(©)

Figure 4.4. (a) free body diagram for a triangle of directtitan - (b) free body diagram for a triangle of shear
traction - (c) free body diagram for a generic induced taactistribution at the layer surface.

equilibrium are clearly

Ozz,p, |x|—o00 Aty Ox2,q, |z|—00 Ay
— =% f —— = £ 4.25
Di / 2b qi 2% ( )

When the interfacial friction coefficient is set to zero, tmmtact problem illustrated in Figure 1.8
- case lll frictionlesss recovered, and the formulation for this case is given iitiglét al., 1993).
For this special case Figure 4.5 provides a further compangth the existing results (Hills et
al., 1993) and the agreement is excellent. Figure 4.6 andigtilight the effect of the interfacial
coefficient of friction on the interfacial direct tractigrexcited by both a normal surface triangle of

traction (Fig. 4.6), and a shear surface triangle of tractieig. 4.7), for the case whérla;, = 1.

When the friction coefficient increases, then the term of ganson may be the ftuence functions
for the adhered case (Figure 1.8ase | adherepdwhich are reported in (Hills et al., 1993). In this
case, the ifiuence functions for the bonded case are such that no temslmadance is generated

at the layer extremities as it is compensated by the reafttimes at the layer-substrate interface.

86



4.2 Formulation for unit tractionshapter 4: The case of an elastic layer sliding over a rigissate

Consequently, the fluence functions for the adhered case differ significantiyr néspect to the
influence functions for the frictional problem, regardlessvhkie of the interfacial friction co-
efficient, f. Figures 4.8 and 4.9 illustrate this aspect for a trianglelicéct and shear traction,

respectively. Figures 4.10 and 4.11 display the ‘diffusmfithe surface tractions outwards as the

layer thickness is increased.
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. Gxx, y:0/ q1

.. 04 -
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& /
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é’“
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5 0 ‘ ;
g -6 -4 6
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8 -0.2
=
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2 "" "\. ."'
g Il ‘ ' ‘ p=1
'E Vil A o 4 Hillsetal 1993

-0.6 ‘ == Code

™ q;~1
A 4 o Hillsetal, 1993

08 s Code

Figure 4.5. Comparison between théuence functions for a triangle of direct and shear tractiwmtilated
for the case of a layer resting on a substrate in frictionteselition and the ifiuence functions devised for

the frictional problem fof set to O.
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Figure 4.6. Normal tractions at the interface between layer substrate for a triangle of direct traction for
different values of the interfacial friction coefficiefitandy; = 0.3.
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Figure 4.7. Normal tractions at the interface between layer substrate for a triangle of shear traction for
different values of the interfacial friction coefficiefitandy; = 0.5.
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Figure 4.8. Comparison between the state of stress indudie dayer/substrate interface by a triangular
influence function of direct tractions formulated for the caszlayer bonded to a substrate and that induced
by the same ifiuence function for the sliding frictional problem fbr1.
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Figure 4.9. Comparison between the state of stress inductbe dayer/substrate interface by a triangular
influence function of shear tractions formulated for the caselajer bonded to a substrate and that induced
by the same ifiuence function for the sliding frictional problem for1.
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Figure 4.10. Normal tractions at the interface betweenrlapd substrate for a triangle of direct traction for
different values of the ratid/a;,., B, andv = 0.3.
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Figure 4.11. Normal tractions at the interface betweenrlape substrate for a triangle of shear traction for
different values of the ratid/a;,., B, andv = 0.3.
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4.3 Example Application Chapter 4: The case of an elastic layer sliding over a rigissate

4.3 Example Application

It is now clear from our considerations of the equilibriuntioé influence functions that, although
the ‘sliding layer’ ifluence function is, potentially, a very valuable generaltsoh, care needs to
be exercised in its application, and the presence of tereffents in the strip are very important.
If a partial slip contact problem is analysed which startsrfrrest, and then an overall motion is
imposed, a transient state will be experienced and theradysstate attainedhis is not associated
with inertia effects but the removal from the system of thekbxl-in residual shearing tractions as-
sociated with the initial phase of loading. When once sugfstes is in the steady state, the effects
of any pre-existing tension applied to the strip ends wilagipear, and it is only thdifferencein
bulk tension between the strip ends, which enters the solution. The most general problem solved
is therefore of the kind shown in Figure 1.8 in Chapter 1: at@ctnof width2a (wherea /b ~ 1,
and which may, in general, be adhered, in partial slip, alirglj) is applied to the upper surface
of a strip, in intimate contact with a semi-infinite rigid edar surface, along which it is sliding,
and where the difference in end tensions is= o¢ r — 0¢,z.. The formulation may therefore be
used to solve, for example, the action of the capstan and pitheel in controlling tape motion
in a traditional tape recorder, and mechanically equiateechanisms. But the motivation for the
present study was a consideration of what happens whendatyreel (this corresponds to the case
when the layer cannot undergo any tension unbalapce 0) is pressed onto a road and a torque
gradually applied to the wheel, inducing shearing tractiboth along the tyre/wheel interface, and

between the tyre and the road (see Fig. 4.12).

Under normal conditions one would expect that the tyre/vimberface would remain substantially
stuck whilst the tyre/road approached the sliding condijtlmut there are cases of severely loaded
earth-moving machinery where incipient spinning of the @ltvdthin the tyre may also be attained.
If the coefficient of friction between the tyre and the pavatris ;. (see Fig. 4.12a), whilst the

imposition of shrink fit conditions produces an interfaciahtact pressurg,, the condition for spin
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(b)

g layer
| x  half-space

Figure 4.12. (a) Schematic of the example application, Ahequivalent contact model. The inset to figure
(b) shows the problem variables and the undeformed andrdetbconfigurations.

between the tyre and wheel is
Ty = 21 R2 fpo, (4.26)

whereTy; is the applied torque per unit width, and this condition idependent of the normal
line-load carried by the wheeN, provided only that no separation occui®n the other hand, the

condition for sliding between the tyre and the pavementastttis will occur when
Tp = p(Ry +b)N, (4.27)

whereTp is the applied torque per unit width. The requirement thaepeent slip occurs before
spinning is therefore given by

1+0 N
[>+7/}%1—

4,28
% 2r poRy (4.28)

and this is an extremely easy condition to evaluate. Howevieat it does not do is to determine
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4.3 Example Application Chapter 4: The case of an elastic layer sliding over a rigissate

whether the requirement for full wheel/tyre contact is neiimed. The problem is therefore eval-
uated by the procedure described above, with a view to ge#iis condition. Also, to render the

problem simpler incipient sliding between the tyre and thegment is assumed.

The outer surface of the tyre is, of course, circular, buthasontact half-width is small compared
with the radius, it may be reduced to a straight line and tterior (the wheel) to a half-plane: this
is because the contact itself must be capable of idealmsatithin a half-plane approach (see Fig.

4.12b). Thus, exterior to the contact we have

| X| ¢ contact (> 1) (4.29)

whereX = z/a anda is the contact half-width. Within the contact, the surfaoenmal displacement
is specified by the profile of the relative curvature of thedtyroller and the countersurface and is

given by:

a a
Vi + Vo = Dipg + Xe—t — X2
12 atAep 2R*

X € contact (< 1), (4.30)
whereR* = R1Ry/(R1 + R2), Vi = vi/a, Va = va/a (= 0 - when the top roller, or pavement,
is assumed to be rig)d D;,s = t/a andea is the eccentricity of the contact (see Fig. 4.12(b)).
Subscripts 1 and 2 refer to the strip (tyre) and the ‘top rotespectively. The top roller is assumed

here to be rigid and, therefor&; is equal to zero. In such configuration (see Figure 4.12lg), th

surface (of the tyre) displacements induced by generailaligion of tractions are given by

—+o0
1 . d
Uy ($7 _b) = 2;—;11 / [Iupﬁ (¢) + Iqu~(¢)] ie_z¢$7§b> y=—bVx (4.31)
Lbo dé
v (z, =b) = 5 bfll / (1,5 (¢) + I, q(¢)] e*imﬁ,y = —b,Vz (4.32)

where the integral$,, ;, with j = p, ¢, are given in Appendix B, and the tractions are, at this stage
still general. Focussing on the normal displacement, #aitm distribution is linearised and hence

the integrals are replaced with a summation whose kernkéigfiuence function for a triangle of
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traction, thereby giving:

L xet _x2_0_ _20+wn) Szl (p—”ﬁ/w in] + L 172 i ]) (4.33)
PR 2R*p mE, oy \ P D

¢
P
whereIV1 andIV?2 are also given in Appendix B. Now, use a reference solutiomfoinfinitely

thick strip where the contact width (as in the Hertz ca3ey);, is given by

ap apR*, (4.34)

™

_ 4ANR* 1—y§+1—u§ 817
o E1 E2 77T El

whereN is the normal load per unit widtly, = N/2a the mean pressure. The mean pressure may
be rewritten as follows:

2

p="—"% 4.35
P 4AaR ( )
where:
20—
A=—7% (4.36)
Thus (4.33) can be rewritten as follows:
2R*D; dA 21 7:2 B S—1
in omop2oimog2 P IVl —i U9 .
am + S € SQ 2(1—V1) n__%_l)< n % [Zm ZTL]+QZ VvV [Zm Zn])
(4.37)

HereP, = p./p, @n = qn/P andA = a/ag. This is rewritten in a final, normalised form as:

92R* 9 i2 B el
X, Zmy, tmy, 2 P IV [iyy—in wIV2[im—in] ), (4.38
a 1+ Xo— o X3 2(1—1/1)n__%_1)< V1 i —in] + QnIV?2 [im—i ]) (4.38)

whereX; = D;uq/A, Xo = eA? X3 = A2

In a similar fashion, the tangential displacement can beasged in a linear dimensionless form as

follows:
YimR 2R B = N -
anS Xy + EXS = m E (PnIUl [Zm_ln] + QnlIU2 [Zm_zn]) ) (4.39)

whereXy = &,,..,4 andXs = Cy;,A and where/U'1 andIU2 are also given in Appendix B.

To summarise, the matching Equations (4.38) and (4.39) eagabsified throughout the contact

region which is made o2S+1 points, so that,, goes fromSto S. Finally, normal and tangential
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equilibrium requirements are expressed by the equations:

S—1 S—1 D S—1 D E
_ n o __ n _ C _
Z;lpn — Z;l;_ Z;l N =N =28 (4.40)
n==(8-1) n==(5-1) "= 5 5an 2Say,
S—1 S—1 q S—1 q Q Q
_ an n____¢cC — =
Qu = > T= X —y R ¥y (44D
n=—(S-1) n=—(S-1) n=—(S-1)

QSCL” QSatT
with N and@ representing the normal and tangential load transmittéfteatoller/layer interface.

4.4 Results

The first case treated is frictionless contact between tyer land indenter, so that all tangential

tractions vanish at the interface. The interfacial coeffitiof friction, . is set to zero and clearly:

Qn =0,Vz (4.42)

Combining Equations (4.38) and (4.40) a determinate proldebtained. The number of equations
is 2S5 + 2 in as many unknowns, vi2S — 1 values of the contact pressufg, together withD,,,4

(a measure of the rigid body indentatior) (a measure of the contact width) and the eccentricity
(which here is clearly zero because the problem is inhgregthmetrical). The equations are linear
and they can be solved with standard computer library restihe formulation has also been used
to study the case for which full sliding takes place at thetégdenter interface. In this case, the

shear traction is simply proportional to the normal pressso that, for each element:

|Qn| = 1 |Ppl,Vx (4.43)
Equations (4.38) then become:
. . 5-1
2R* 2im im?> B ~ -
Xi+——Xo— ——5Xg=——— E P, (IV1 iy, —ip IV2im—in] ) -
aH L 5 P e 2(1—wvq) G (V lim=in] % P V2[im =i ]>
(4.44)

The problem of the interfacial contact pressure distrdoutvhen a roller is slid over a second lay-
ered body has been examined already (e.g. see Nowell arg] HIB88b and Hills et al., 1993).

The solution has, therefore, first been validated usingxtstieg semi-analytical solutions by com-
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2 - — Sliding Formulation — =0, p=0
---- Sliding Formulation —f=1, u=0
) X Bentall & Johnson — =0, p=0

A7 | — Nowell & Hills — Bonded, p=0

+/Pu

Dimensionless direct tractions, oy,

Figure 4.13. Comparison between the pressure distritaifarthe sliding frictional formulation fof=0 and
f=1 and the solution for the frictionless layer problem (EBdinL968) and the bonded layer problem (Nowell,
1988b). The solutions are computed for the frictionlesgadrconfiguration = 0) and various values of
B. It should also be noted that the solution is only plotteahglthe contact half-width for the three problems

which produce symmetric distributions to improve the dieg’s legibility.

paring the contact pressure distribution for various disi@mess contact widthd), for the fric-
tionless casey = f = 0 (as already done for theflmence functions - see above). A very good
agreement (see Fig. 4.13) was achieved between the files®formulation for rigid rollers de-

scribed in (Bentall and Johnson, 1968) and the sliding féatian whenf is set to zero.

A comparison between the sliding solution in the presencrohg friction and the bonded layer
case (Nowell and Hills, 1988b) has been also performed stpthiat, as expected, the solution
for the bonded case differs significantly from that for thidisp frictional problem, regardless the
value of the interfacial friction coefficienf, especially for small values aB. This is shown in
Figure 4.13, where the bonded layer solution and the regatisthe frictional sliding formulation
for a relatively high value of friction coefficientf = 1, are also compared. In every case the
layered contact gives rise to a reduced contact patch wighehipeak pressure, and it is seen that
the localisation of contact load is greater when the tyréliwaed than when it is unconstrained from

96



4.4 Results Chapter 4: The case of an elastic layer sliding over a rigissate

lateral expansion of the rigid substrate, as might be guatied. The solutions obtained using the
present formulation have been further corroborated usingyalent FE models for the cases where
benchmark semi-analytical solutions could not be founang@a results are shown in Figures 4.14
and 4.15 for a value of the interfacial friction coefficight= 0.2 and, respectively, Poisson’s ratio
v1 = 0.3 andrv; = 0.5. Once again, the appropriate half-plane solutions arevezed for large

tyre thickness and results are satisfactorily validatédguthe equivalent FE model for the case of

B=1.

We turn, now, to an examination of the conditions along thierface, which effectively define the
conditions under which a simple limit-state analysis, adbed above, apply. This is done by tak-
ing a particular set of conditions (defining geometry andatisionless pressure), and scanning the
interface to find whem,,, incipiently becomes positive. It is this point which defities limit of the
simple ‘bilaterally’ defined spinning condition, Equati¢h28). The results of the detailed calcu-
lations using the method developed here are shown in Figife Zhe solid lines define the ‘limit
state’ sliding condition developed using the simple biatassumptions stated. If, however, the
coefficient of friction,u, is too low or the contact pressugg,/py, is too low, a region of separation
occurs (dotted lines) and the simple calculation which éingn the application of superposition
fails. Further, if the point respresenting the actual setrafitions liesabovethe relevant line in
the figure, there is partial slip at interface 1 (between yhe &nd contacting component), whilst if
the point liesbelowthe relevant line equilibrium is not maintained - eitherréhare inertia forces
present or there must be a tension gradient within the tyhe chse where interface 1 undergoes
partial slip can also be solved using the current formuhaliot its treatment is outside the scope of

the present contribution.
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Figure 4.14. Normal traction at the interface between layer indenter for a pure sliding contagt € 0.5)
for different values ofB, v = 0.3 andf = 0.2.
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Figure 4.15. Normal traction at the interface between layerindenter for a pure sliding contagt £ 0.5)
for different values oB, v = 0.5 andf = 0.2.
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Figure 4.16. “Limit state” sliding condition. The solid 8rrepresents the layer/indenter friction coefficient,
1, required to guarantee the equilibrium of the system wigilersng for B = 1, R/b = 10, and for different
values of f. The dotted lines represent the values for which separagbmeen the layer and the substrate
occurs. The behaviour of the contact problem above and bletimit states is also schematically shown.

4.5 Summary

A formulation for an elastic layer, pressed onto a rigid st#te, and slid along by a local external
contact, has been described. The output of this phase obthgos is an ifluence function for

a triangle of direct and shearing traction applied over tkteraal, free surface. Theseflmence
functions have been combined to form a piecewise lineaesgmtation of the actual contact traction
distribution. The approach has then been applied to stuegribblem of a layer pressed and sliding
onto aflat rigid surface, and indented by a rigid cylinder, with tigrader being subject to a major
torque. The torque is then steadily increased, and a coatpticsystem of slip zones develops at
the point where the tyre is in contact with the ground, andiga#ly spreads. The details of this
transition problem are not considered, but the limit statgddition, when the cylinder spins within
the tyre is studied in detail. It is shown that the formulataccurately captures the behaviour of

skidding layer mounted on rolling systems in terms of ti@ttilistribution at the layer/indenter
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interface. This proves the viability of the proposed seratgtical formulation to study layered

contact problems in the presence of sliding.
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Chapter 5

Analysis of interfacial slip using quadratic
programming

5.1 Introduction

Interfacial micro-slip is not easily captured using staxdaumerical design tools, especially if
the loading history is complicated, and where slip may siamdously occur at different locations
along the mating surfaces (Ahn and Barber, 2008b/Reina, &(f19). A semi-analytical procedure
normally referred to as the distributed dislocation teghri has been comprehesively illustrated
in Chapter 2 and successfully used to analyse microslipyiaréd frictional contacts (Reina et
al., 2010b). However, its principal limitation is that, ifa classical integral equation procedure is
adopted, it is extremely difficult to determine the locasi@f the stick/slip transition points system-
atically (Chang et al., 1983) and, if there are several soafit, long-winded iterative schemes may
be needed (Chang et al., 1983 and Reina et al., 2010b). Ippneach presented in this chapter, the
advantages of the distributed dislocation technique agegoved but the problems of the integral
equation are averted by formulating the contact probleneims of a ‘quadratic cost function’ to
be minimised. This is normally referred to as mathematicajamming, among which quadratic

programming is one of the maost important.

5.2 Stationary loads

Figure 5.1 shows a generic elastic layer problem, undeswese plane strain, that may be treated
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p(x,time

Layer, E, v,

Friction coefficientf P |
Substrate, E v, P [ T X

T - —— L -
- T ] pors
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/7 -m n o -
;__>_"r "y [‘ <>
Interfacial slip Interfacial creep

Figure 5.1. Schematic of the layered contact problem ansilpesnterface regimes.

using the formulation proposed here. This problem may ba aseyeneralization of the contact

problem extensively discussed in Chapter 2 and (Reina,&Cdl0b).

The coordinate origin is positioned on the interface, ar@oulomb-Amontons friction law is
adopted so that the coefficient of friction is independenthef slip-velocity. The solution to the
‘bilateral’ problem (coefficient of friction sufficientlyigh to prevent all slip) is found first, and
denoted witho%!! () andobil (x) for shear and direct tractions, respectively. Slip aloregittter-
face is subsequently introduced by distributing dislamaiwithin slip region(s), and the corrective
solution denoted by 27" (x) andoy;" (z) for shear and direct tractions, respectively. The direct,

oyy (2,0), and sheaw ., (x,0), tractions are then given by

and the corrective terms are given by

[Zg%:: Eiﬂ = AS]V[,DMZOOB:E (€) [gzz Ei: g] d¢ (5.2)

where A is the contact compliance, the subscriptd/ and DM refer, respectively, to similar
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(E1 = Ey andv; = vy) and dissimilar {1 # E» and/orvy # vo) material pairs,B, (§) is
the dislocation density and,,, (z, £) andG,, (z, ) are the ifluence functions associated with the
glide dislocations (see Appendix C). Conditions of sepamnabetween the layer and the substrate

are not considered.

The interface conditions are now defined. Where the frieidanv is not violated, stick occurs and

this means that
h(z)=0 (5.3)
and
|02y (2, 0)] < —foyy (2,0) (5.4)
whereh () is the relative displacement between the bodies in congditet! by
h(z) = Uayer (T) — Usubstrate (x) (5.5)

andujgyer () andugpsirate () represent, respectively, the upper body and the lower bodgice

tangential displacement. Where the friction law is viathtgip takes place and

‘O-IZJ (l’,O)‘ = f |0'yy (33', 0)| (56)

whilst the sign of the shear is dictated by the requiremedttittopposes the first derivative of slip

in time, so that
sgn (o4y (z,0)) = sgn (h (x)) : (5.7)
Here, the sign of the relative slip and its first derivativeiine coincide (Chang et al., 1983)
sgn (h (x)) = sgn (h (z)) (5.8)

so that the final expression for the shear traction in presefslip is

Ozy (2,0) = —fo,, (z,0) (5.9)
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Lastly, unigueness demands that
+00o

/ B, (€)d¢ =0 (5.10)

—0o0

although, of course, the integrand is zero everywhere éxaepe slip regions.

The classic way of solving the problem requires guessindaitetion and extent of each slip area
present and iterating the solution until Equation (5.1®&asfied, but this can easily become very
cumbersome (Chang et al., 1983), and the formulation dpeditelow relies on the use of opti-
misation strategies to avoid this. As explained in Secti@4] these strategies have been applied
to tackle contact problems (Kalker, 1971) and the quadmtigramming procedure illustrated by

Nowell and Dai (1998a) was extended to model interfaciglisliayered systems.

If both sides of the equation for slip (5.9) are multiplied/byz, 0), we have

h
oy (2,0) h (z) = —foyy (z,0) 7 Eg' h(z), (5.11)
which may be simplified to give
Ozy (2,0) h(x) + foyy (z,0)|h ()] =0, (5.12)

but it will be noted that this also applies where stick occurbus, the above boundary condition
is valid along the whole interface, with no distinction mdoween stick and slip areas (Kalker,
1971). If Equation (5.12) is integrated along the entireriface, the functional of our layered elastic

problem,F’, can be defined as follows
+00
F= / { [0y (2.0) 1 (2) + foyy (2,0) |1 (2)[]} do (5.13)
The minus sign was add;:jo in front of the integrand as this miledways positive. This property
can be easily proved, because
—0ay (2,0) h(2) = foyy (2,0) [h(x)] = —[owy (,0)[ |h (2)| = foyy (2,0)[A ()| 20 (5.14)
where the first inequality becames an equality if and onlyiff ganishes or traction has the same

sign direction as slip, whilst the second inequality turrie an equality if and only if the shear trac-

tion aref timeso,, (x,0) or slip vanishes (Kalker, 1971). Now, if the solution to thgdr problem
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is substituted in (5.13), the functional goes to zero. Orother hand, if any other combination of
pressure, tangential tractions and displacement is sutestiin (5.13), the value of the functional is
strictly positive. Hence, the solution to the problem mayfdaend by minimizing the value of the
functional, taking into account the frictional law adoptedether with the condition for uniqueness
of elastic solution. This is the principle on which the folation is built (Kalker, 1971 Nowell
and Dai, 1998aand Nowell, 2004). The attention is now focussed on how thetfanal and the

boundary conditions can be discretised.

The integral representing the functional is improper asntegration domain is unbounded. How-
ever, the integration interval may be truncated as no sleimitted as goes tot-cc. The interval

of integration may therefore be reduced until it just in@sicll slip areas. In order to compute the
value of Equation (5.13), traction and displacement fieléssampled at a finite number of points
np, indicated with the lettey, with j = 1,...,n,. The supports are equally spaced, with the dis-
tance between adjacent supports indicated with the léftgr(see Fig. 5.2). Thus, the integration
in Equation (5.13) can be replaced by a summation and, caeadlg, the functional rewritten as

follows

F

=30 (ot o) s £ (ot + o) sl (5.19)

The presence of the absolute value of the relative displanem(z), complicates the formulation.
A similar problem was first faced and solved by Kalker (197 hpwroposed that the absolute value
could be substituted with the sum of two positive quantjteesd that the term within the sign of
absolute value with the difference between the same giemtithis transformation is applied here

by replacing the displacement terfy, and its absolute valuegy;|, as follows

hyj = Iy — 1! (5.16)

|hy| = b + R (5.17)
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Whereh; areh;’ are positive quantities, so that the final discretised fofthe functional is

np

F= =3 [(ohs + o) (0 —n) + 7 (o +o5is) (5 +17)] . (518)

ji=

Attention is now focussed on the corrective terms. The dation density is related to the slip

displacement by (Hills et al., 1996)

The gradient of the slip displacement may be calculatedgutia finite difference method. The
position of a generic midpoint coordinate, where the dislocation density is sampled, can be

expressed as follows

Li | Tj+l
== 4 == 5.20
o =5 T (5.20)

and the discretised form of (5.19) is therefore

Chj—hi hi—hin

B,, = (5.21)

dsup dsup

Had the density been sampled at the supports where the aispdant is computed, the equivalent
discretised form of Equation (5.21) would have Raf,,, at the denominator, reducing the accuracy
of the numerical scheme. The integral in (5.2) is discrdtigg representing the density function
using overlapping triangles (Qiu et al., 2008), which pdas a piecewise linear approximation
of its distribution. Figure 5.2 shows a typical element vatkriangular distribution of dislocation

density, located aty.
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layer

Friction coefficient,f

substrate

Figure 5.2. Schematic of the layered system and piecewisarirepresentation of the dislocation density.

Hence, the corrective terms;>" (z) andog?™ (x) are given by

ny Tk +dsup
[02?3’;4 = Asmom Y / B, (& 1) [ny (z; ’5)} de. (5.22)
Ty, k=1 Gl“y ($j7 g)

This can be further simplified to obtain

corr

() - oo [ () [anidler e

xY,J k=1 ) dSUP
n ZTrt+dsup ( )
L Ty, Gyy (x5,€
+Asy.pvm Y B, / <1 - —) [ el ]d§
kzz:l S dsup ny (mja 5)
where the only unknowns are the triangle heights,, and hence
[Ui’%] = Asm,pm Z By, [nyjk] (5.24)
Tzy,j k=1 yyjk
whereF,, ;, andF,, ;. are
nyjk} 7 Tk {ny (5,¢ )]
= 1+ = dé + (5.25)
{Fyyjk o ( d ) Gay (25,€) :
Tr+dsup ( )
Tk ny :L“j,f
1-= dé.
* / (1-7) [Gmy (2,6 ©
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F.,;x andF,, ;. represent the fiiuence functions of a dislocation triangle centrea;aind of unit
height. These functions can be computed and stored at thet@st they depend only on the density

grid, x.

The condition for the solution of the problem to be unique &apn (5.10), can be expressed in its

discretised form as follows
> Budsup = 0. (5.26)
k=1

Now that all element of the layered elastic problem have loiesaretised, the problem to be solved

can be written as follows

I - bil corr bil corr
n€n T [(O”W + Ufﬁ?/vj) (W = hj) + f (Jyyﬂ' - Uyy,j) (n + h;'/)] ) (5.27)
j=1
where
[ai’é’ﬂ] = Asmoym Y Ba, / (1 + Tk ) [ny (), 5)} de + (5.28)
Ty, k=1 i dsup Gay (“ij §)
n Tr+dsup ( )
- Tk Gyy (x4,&
+Asm,pm ) Ba, / <1 - —> [ v ]df,
2 ; doup ) |Gy (5,6)
subject to
By, =0 (5.29)
k=1
and
h}, h;’ >0 (5.30)

The5n,, unknowns of the layered elastic problem afeh’ o>, o7, By, (= Bu,,, /2+ Bx; /2),

all over rangej = 1..n,, and which may be grouped in a vectry,, as follows

Xb= |y bl R R oS oS gt g By, ... By, (5.31)

“np Pyl Payng Cyy,l o Fyyng ST
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The typical quadratic form of the problem can be expresséddllasvs

1 T T
Iﬁ“?‘qp}[qpxqpﬂqpxqp (5.32)

where the square matri{,, includes the quadratic terms of the formulation and theordgt the
linear terms. This way of writing the problem is useful whe@menercial subroutines (MATLAB,

2009) are applied to find the solution to the problem.

5.3 Moving loads

When the applied loads are stationary, it is impossiblelfpidssplacement to accumulate, but when
the applied loads move, this is no longer true. The formuhatiiffers only in Equations (5.8) and
(5.10). In fact, the sign of the relative velocity betweeyelaand substraté,, is now the same as
the sign of the dislocation density. This implies that thectional for the moving load scenario,

F), can be written as

+o0
P = [ (=10 (2.0) By (@) + Sy, (2.0) B @)} do (5.33)

This can also be shown to be positive definite, but it requrdiferent discretisation in order for the
problem to be formulated in a quadratic programming forme ditscretised form of our functional

may be formulated as follows:

np
o bil corr bil corr
Fy =— E [(O’z%k + ny,k) By, + f (Jyy,k: + Uyy,k:> ‘Bmkq ) (5.34)
k=1
where
corr corr corr
i ovid ouna
Tayh | _ 1| Tayj | L] Tayjn (5.35)
O.bzl ) O.bzl ) ) O.bzl i . .
yyok Y. i+l
o 2l o 1l . o u .
zy,k rY,J zy,j+1

Then, the discretised form of the dislocation density (bi2 substituted into (5.33) to obtain:

Np

o bil corr hj _ hj +1 bil corr
Fu = - Z {(ka - Ul’y,k) d +f (Jyy,k + Uyy,k)
k=1 sup

hj = hjn

dsup

] . (5.36)

The differenceh; — hj11 can be replaced by; and, asdsy, is @ positive parameter, it can be
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removed from the functional, giving

Np
Pr==>" (ot + o) ¢+ £ (ol i+ o) I6]] - (5.37)
k,j=1
This time it is the presence of the absolute value of theivelaisplacement;; which complicates

the formulation and it is replaced using the same proceduttesd described in the previous section,

mutatis mutandisso that the problem can be written as follows:

Py == [(of s+ o) (¢ =)+ f (ohmu+ ook ) (¢ + )] (5.38)
min k=1
where
["ggg} — Asuon 3 2 / (1 + &) [ny (xj’g)]d& (5.39)
Ty,j k,j=1 ds“px . dsup ) [Gay (25,€)
n ¢ Tptdsup ( )
- j Tk Gyy (z5,€
+Asm DM : 1——> [ W ]df
1;::1 Y dsup ) |Gy (25, €)
subject to
ZBa:kdsup =d (540)
k=1
¢,¢7 >0 (5.41)

whered is the net slip accumulated after one passage of the loadbwhiog the same procedure
described in the previous section, the problem can be tewiih a quadratic form and solved using

commercial subroutines.

5.4 Numerical model validation

Extensive comparisons and test cases have been perfoometdk the correctness of the formu-
lation and its implementation. These include, for examgle,problem of uniform compression,
everywhere, applied to the surface of a strip pressed onéteatically similar half-plane, and with

a supplementary line force applied to the free surface eaptiyin of the coordinate system shown

in Figure 5.3.
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Layer, E, Vv,
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X
Substrate, Ev;
"y
Figure 5.3. Geometry of the present problem and loadingitiond.
The bilateral solution to the elastic problem (Timoshenkd &oodier, 1970) is
- 2N bz
bil
=4 —— 5.42
O'xy(l') + s (b2 + x2)2 ( )
obil(z) = —ﬂb—Zl — (5.43)
yy - b (b2 T .%'2)2 bo, .

whereb is the layer thicknesdy, the normal load per unit depth applied to the systemanitie

uniform constant pressure, or, in dimensionless terms

bolil (%) 2 I

Ty
S 5.44
N 7T(]_—|—j2)2 ( )
b bil ( 5
@ 21 1 (5.45)
N T(1+32)% AN

wherez = z/bandAy = N/ (bpp). It is assumed that the surface pressure is applied firstemd t
the line force increased from zero to a particular valueuféd.4 shows the slip regions predicted
with the formulation described, fgf = 0.25 and\y = 2, compared with the results achieved with

a classical iterative scheme where the symmetry Was used to avoid treating the simulatenous
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Figure 5.4. Shear tractions and relative displacementdestdayer and substrate fior0.25, Ay = 2 (IV < 0)
andf=0.4,\y = 1.1 (N < 0) - stationary case.

presence of multiple slip areas (Comninou et al., 1980).is here treated as un unknown of the
problem (Comninou et al., 1980). On the same graph, resulig fensile force, whergy = 1.1
and f = 0.4, are plotted (Comninou et al., 1980). The figure shows tharacg of the numerical
scheme in capturing the location and the extent of the siipre the local relative displacement

and the shear stress distribution at the layer/substregdace.

A variant on this problem is to apply a surface shearing f¢famoshenko and Goodier, 197@),

and this gives a state of interfacial tractions, in the sammedsionless variables, as

babil(:i) 92 72

zy

Q  raimp (549

bJZiyl(.f) _ 2 T 1 (5.47)
Q T(14+i2)? A '

where now\g = @Q/bpo. Figure 5.5 shows the results obtained with our formulafion\, = 2.36
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J=0.5-45=2.36
== Unilateral - QP
X X Unilateral - Comninou et al. (1983a)
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Figure 5.5. Shear tractions and relative displacementd®tviayer and substrate for0.5, A\g = 2.36 -
stationary case.

and f = 0.5, plotted together with the results calculated with thesitzd semi-analytical iterative
scheme. Also in this case the results were shown to matctetheanalytical results obtained using

the formulation in Comninou et al. (1980).

5.4.1 Cyclic loading - Tangential load - similar materials

So far, the load has been increased monotonically. In thewilg case, the tangential load of the
example case shown in Figure 5X&)(= 2.36 and f = 0.5) is first fully reversed {o = —2.36)

and then cycledXp = —2.36 = 2.36). This example enables us to show how the novel method
allows us to track the "marching in time" solution. The samading scenario was explored by
Comninou and Barber (1983a), who, based on the numeriaaltsesbtained during their investi-
gation, first introduced the frictional shakedown conceptd its analogy with plastic shakedown -

in the context of layered frictional systems.

The tractions at the interface when the load is monotonidatireased are given in the previous

113



5.4 Numerical model validation Chapter 5: Analysis of interfacial slip using quadraticgramming

LA LT .

@
Layer, E;, v; P x

| o, /.
Substrate, E;, v; Friction coeff, f \V \/ time
¥ 7 . 2

1Figs) 3

=]
L%
(&)
=
LY

e
=~

o
W

<
\]
X

e ‘ 3 No further slip x
0.1 (see chapter 6) g
¥ x/b
—
-4 3 -2 -1 0 1 2 3 4

1
e
p—

L

x
xX

&
o
(\®

Dimensionless shear tractions, b o,,,/Q
& o
w =]

S
=

Slip

== Unilateral - QP
¥ X Unilateral - Comninou et al. (1983a)

1

=

19
L

f-0.5 - 2g—+2.36

Figure 5.6. Shear tractions for0.5 and\g = +2.36 (cyclic tangential load) - stationary case.

case and they are here referred to with the index 1 (pointdurEi5.6). When the tangential load

is reduced, the solution to the problem (point 2 in the tghvrinset to Figure 5.6) can be written in

dimensionless form, as follows

boy, (%,0) bo,, (%,0) 2 z?2 corr,2 /~

@ || @ ] [ ARy ] + ["yy (x)} (5.48)
bo2 (£,0) | — | bol,(%,0) 2 7 corr,2 / ~ .

Q1 Q1 TI'AQ(1+5;2)2 Oy (w)

where AQ is the difference betweefy; andQ*, with Q* being2@Q: (see Figure 5.6)a;y(92, 0)
andoy, (Z,0) are the corrected stress field for the condition 1, affi* (&) andoiy"? (%) the
corrective terms to be superposed to modify the Flamantieal(Timoshenko and Goodier, 1970)
introduced for the condition 2. The solutions for successime steps can be calculated following

exactly the same procedure.

Figure 5.6 shows the results calculated with our numerica¢mse for\g = 2.353 andf = 0.5
plotted along with the results achieved with the classi@itee scheme. As can be seen from the

figure, the match between the results is very satisfactory.
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Figure 5.7. Shear tractions f6r0.5 and\g = £3.2 (cyclic tangential load) - stationary case.

As already mentioned, results reported in (Comninou and€ai 983a) were calculated for values
of pressure such that the frictional law was violated at glthe layer/substrate interface at only
limited positions throughout the cycle. Subsequentlythieirinvestigations were limited to simpli-

fied loading scenarios. This limitation is here circumvenby our numerical scheme and many
other loading regimes can be investigated. Figure 5.7 slaowexample case where multiple slip

areas are simultenously present during the loading andtlo@ding phases.

More complex regimes of frictional creep and frictional lsb@own may be now investigated and

this aspect will be extensively discussed in Chapter 6.

The numerical scheme proposed has also been applied to teepnaatical contact problem illus-
trated in Chapter 2. An example case is shown in Figure 5.8efk8.2, , = 0.7 and\ = 1. In
this case the layer is elastic whilst the substrate is rigglcan be seen from the figure, the match

between the results is also very satisfactory for this case.
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Figure 5.8. Shear tractions and relative displacementdeiviayer and substrate fBe1, f=0.2, u = 0.7,
A =1andv = 0.3 - stationary case - full sliding of external contact overlagurface.

5.4.2 Moving load

The extension of the technique described above to modelftbet ef stationary loads to model

moving load scenarios (section 5.3) was also tested.

The numerical scheme has been first validated against teeshag/n in Figure 5.3, where the com-
pressive normal load is now moved along the layer surfacerattant speed. The case was treated
by Chang et al. (1983) who showed that, in general, two sliggare always present at the inter-
face between layer and substrate. The displacements alataohin the two slip zones are opposite
in sign, and Figure 5.9 shows an example case where thegehiliined with our formulation
for Ay = 8 and f = 0.5 are plotted together with the results calculated with tlessital semi-
analytical iterative scheme (Chang et al., 1983). Moredvigure 5.10 shows the net displacement
accumulated between layer and substrate as a function dirtfensionless contact pressuig;,

for f=0.5. As can be seen from the figures, the match between thiésrsssatisfactory.

The numerical scheme has also been validated against thalkequ results in Chapter 2 achieved
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Figure 5.9. Shear tractions and relative net displacenetatden layer and substratk for A =8, forf=0.5.
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Figure 5.11. Shear tractions and relative net displacendetietween layer and substrate #+1, f=0.2,
1 =0.7,\ = 1andv = 0.3 - steady state solution for the moving load case - full stiddf external contact
over layer surface.

using a semi-analytical approach. Figure 5.11 shows thétsesbtained with our formulation for
a net displacement = 0.184, u = 0.7, f = 0.2 and\ = 1. The comparison betwen the two sets

of results shows again the accuracy of the proposed nurheciceme.

5.5 Experimental validation

The novel numerical tool has proved to be accurate and capdibbsolving different loading sce-

narios.

An experimental investigation was deemed necessary tepgha/technique here applied to model
creep between a tyre and a wheel. The experimental work todsepted was carried out in col-
laboration with Dr. Yusuke lida and Mr. Byron Po (Po, 2009)n @xperimental configuration

is described which is capable of reproducing loading caoomt simulated in our semi-analytical
model (Chapter 2). Tests were performed by modifying an &gipa conventionally adopted to
study micropitting (Lainé et al., 2008). The rig is shown iigife 5.12 and is characterised by

two main rotating shafts. The first shaft carries a large dikich drives three smaller shafts on
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5.5 Experimental validation Chapter 5: Analysis of interfacial slip using quadraticgnaamming

which layered rollers were mounted. The rollers were madailaf steel 0 78HV) and had shrink
fitted steel tyres. The tyred rollers were denoted top riefj, ring and right ring (ing internal
radius=26.30mm thickness=0.08mgwidth=5mm and average interference= 30-p@:). This
recalls the cases investigated before where an elastic @& pressed onto an elastically similar
substrate. The components were accurately manufacturedg@mrantee a well controlled inter-
ference fit between roller and tyr&{ 4;x,=0.82 um; R, ring=1.31pm). The second shaft drives
the central roller against which the three tyred rollersm@essed. Torque-meters are mounted on
the two main shafts in order to monitor and regulate the tergpplied to the three rollers and to
the central roller. The tests were run in pure rolling capndifChang et al., 1982and Anscombe
and Johnson, 1974). Frictional properties of the layessate interface have been investigated
and the interfacial friction coefficient was measured bygsi compressive test (INSTRON test
apparatus - www.instron.co.uk) adapted to press the ringsthe discs. During the fitting process,
the relative displacement between disk and ring was cdyatdorded, together with the pressing
force. The friction coefficient was then estimated by diwglthe resultant radial force found from
intereference calculations by the measured load used $sfitehe tyred disks. Figure 5.13 shows
an example case where the friction coefficient was measurgdgdthe fitting process. As can be
note from Figure 5.13, the friction coefficient levels offvards the end of the mounting process
(therefore after that the instabilities linked to the maogiprocess are overcome). The final value
corresponds to the elastic layer fully mounted on the raltet, therefore, is the coefficient of fric-
tion that characterises the coupling. Hence, this is theevl be used to simulate the system using
analytical or numerical simulations. It should be also ddtere that, in order to reduce the fric-
tion coefficient between ring and shaft, so to produce cretywden the mating surfaces under the
loading conditions that can be applied using the MPR tesaigps, a layer of dry spray coating

(Molycote D321 - www.dowcorning.com) was applied at thetachinterface

Figure 5.14 shows a series of experimental results wheréntliemental creepd obtained for
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different values of the layer/substrate friction coeffitjgf, is plotted against\y, a function of the
constant pressure uniformly applied to the laygr,The quantitied (3-4um/cycle on averageand

po (5-10 MPa on averageare normalized with respect to the normal load applied ¢octbunter-
disc,N (load=120N/mny, the Young’s modulus of the materidl, the Kolosov’s constank, and
the layer thicknes$, (0.08mm) Also reported in Figure 5.14 are the predictions obtair@dgithe
newly developed numerical techniques presented in thigstehal he qualitative agreement between
the model and the experiments demonstrates that the modeledo capture the behavior of the
system. The discrepancies in the results are mainly dueetartbertainties in the measurement
of the coefficient of friction between the layer and the stdtet Moreover, experimental results
obtained by Anscombe and Johnson in 1974 for the same kiieoaatfiguration, pure rolling, are
plotted in the inset to Figure 5.14 (Anscombe and Johnsdfg )1 As already shown by Chang et al.
(1983), Johnson's experiments are not in line with the mpdadlictions. The main causes are the
presence of plasticity effects together with misalignmesttcured during the tyre fitting process.
The latter aspect resulted being the most critical in ouegrmental work. In fact, misalignments
during the fitting process may cause permanent deformatitreiring and, consequently, creep is
accumulated at a higher rate with respect to the model giredsc This is because the interference

pressure is reduced by local increase in the ring diametetalplasticity effects.
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Disk (substrate) Ring (layer)

Figure 5.12. PCS MPRwww.pcs-instruments.com/mpexperimental apparatus consisting of three tyred
rollers and a central roller and schematic of the loadingesys
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Figure 5.13. Friction coefficient versus ring displacenmaatisured in the compression test.
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Dimensionless constant pressure, A=N/(pyb)
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Figure 5.14. Net displacemertt, per revolution as a function of the dimensionless congigggsure), and

of the interfacial friction coefficient, In the same graph, comparison with experimental resutisiarthe
inset, with Anscombe’s original data classified based og tiiickness (Anscombe et al., 1968 and Chang,
1983).

5.6 Summary

A novel numerical method previously applied to track the feching in time" solution for incom-
plete contact problems has been here modified and extendaebgtigate interfacial slip modelled
using the distributed dislocation technique. The numéscheme has been shown to be accurate
and efficient, and, therefore, it enables us to extend thécapgity of the distributed dislocation
technique to the solution of complex two-dimensional lagesystems when slip is present at the
mating interfaces. A series of complex scenarios is indeedidered in Chapter 6 to study the

frictional shakedown characteristics of these assemblies
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Chapter 6
Frictional shakedown of layered systems

6.1 Introduction

This chapter presents a preliminary investigation of iftizal shakedown in layered systems using
the quadratic programming technique outlined in ChapteAS.explained in Chapter 1, micro-
slip between mating surfaces often occurs in the preserep@efiodic loading conditions. This can
either cease after a few cycles or, eventually, lead to sy&i#ures (Antoni et al., 2007). When slip
ceases after a few cycles, the system is said to have shaken(Barber et al., 2008). Given the
potential implications to design improvements a bettereusidinding of this phenomenon would
yield, an investigation of this important aspect of the dfdgical behaviour of elastic frictional
layered systems is undertaken in this chapter. Specificallgnergy parameter has been proposed
and here adopted to analyse shakedown of such frictiontdregs The possibility of extending
plasticity theorems to frictional contact has also beertemplated. At this point it is important
to acknowledge that the energy parameter was proposed lfy Pi. Barber during our long
and fruitful discussions on the problem and most of the waodsented in this chapter has greatly

benefited from his insightful suggestions.

6.2 Description of the problem

The possibility of accumulating relative local micro-sligtween frictional surfaces depends on

the loading conditions to which the system is subjected ctiedficient of friction and the resid-

123
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ual stresses which are generated cyclically when inteffaisplacements occur. The presence of
interfacial residual stresses associated with cyclicigmpted many authors to develop an anal-
ogy between the plastic behaviour within monolithic bodiad the frictional behaviour of elastic
frictional systems (Drucker, 1954). As previously expédrin Chapter 1, this analogy has led to
the following classification of the response of contact fgots with frictional interfaces subject
to periodic loading: (i) elastic frictional shakedown: adion is recovered after relative micro-slip
occurs after a few loading cycle§i) plastic frictional shakedown: this implies the preserof
constant but confined slip at the end of every loading cyctle no rigid body motion (iii) frictional
ratchetting: micro-slip is progressively accumulatedvairg cycle. The scope of the current work
is to systematically investigate the first two responsegla@applicability of plasticity theorems to
frictional shakedown problems in layered systems. Cyaliergy dissipation is used as a measure

of the different regimes occuring during application of tseillating loads.

In order to understand the frictional behaviour of layergstams, a 2D model consisting of an
elastic layer uniformly pressed onto a half-plane and sudgedifferent loading histories has been
developed. In the current study, this model has been chastnther investigate the behaviour
of the type of mechanical couplings which have been analysé#uis thesis. Figure 6.1 shows a
schematic of the layered system under investigation tegetith the potential frictional responses

of the assembly.

The contact between layer and substrate is guaranteed @pgiieation of a uniform pressure,
po. The interface between the mating surfaces is frictiorad, @onsidered to be characterised by
a coefficient of friction,f. The Coulomb-Amonton’s frictional law is adopted and theftioient

of friction is, therefore, assumed to be independent of tipevelocity. If the frictional law is
locally violated, slip arises and may be accounted for bypohicing a dislocation distribution at the
layer/substrate interface using the optimisation tealmidescribed in Chapter 5. Separation may

also occur but this is not considered in the current modelalfeady discussed by many authors
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Figure 6.1. Schematic of the elastic contact problem anenpiat frictional shakedown responses.

(Antoni et al., 2007 and Barber et al., 2008), the final fdotl response of the assembly depends
on the inherent coupling present within the system. Cogglinthe current context is defined as
the direct ifluence of tangential displacements on the distribution ofabtractions. The system
considered in this study is inherently coupled becauseatyer lis allowed to slip and any area of
slip always modifies the distribution of normal tractiondhisTcan be explained by looking at the
change in the normal tractions at the layer interface whiele glislocations are deployed to account
for slip (see Chapter 2 - Section 2.4.2). Furthermore, forppablem different elements contribute
to the coupling, which leads to the follow simplistic cldgsition: (i) material coupling: when
there is a difference between the elastic properties of lagd substratgii) geometric coupling:
when the layer surface normal and shear tractions deperftedayter thickness. In this chapter an
attempt to single out and investigate the role of these itmrions to the coupling on the steady state
frictional response of the system in terms of "elastic" aplstic" frictional shakedown is made.
The idea is to tune the coupling by independently activatinghodifying material and geometric

effects either by changing the mechanical properties afrland substrate or by adopting loading
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boundary conditions which vary with the layer thickness.

The tribological response of the system as classified inrEiguL can be monitored using the fric-
tional energy dissipated per loading cycle. In particulae, dissipated energy is computed as the
integral of the work done by the shear tractions along therfate in the presence of relative inter-
facial displacements. Its value goes to zero when adhesiomr® at all points within the contact
and it has a finite value when slip occurs. This means that Wélastic" shakedown occurs the
energy goes to zero after a few cycles, whilst it is finite isecaf either "plastic" shakedown or
"ratchetting”. The reader should note that "ratchettinglynoccur only in presence of moving

loads.

Regarding the possibility of using plasticity theorems tedict the steady state response of the
system, the range of applicability of Melan’s lower boundlgtdown theorem to this class of con-
tacts has been contemplated. Barber et al. (2008) provedrttigeneral, for systems with coupling
between slip displacements and normal contact tractiare) as that discussed here (Fig. 6.1),
which is inherently coupled, and those in Chapters 2 and fanetheorem does not apply due to
the non associative nature of the frictional law. A countemeple, which disproves it, can always
be found. In such circumstances the error that one would dowinen applying Melan’s theorem

out of context is aimed to be measured.

The main advantage of using the theorem (if, indeed, it dpplyjis that the shakedown condition
can be determined from the bilateral solution alone. Thé&edh@vn limit may then be found fol-
lowing the same method implemented by Churchman and HillB&R where it is assumed that the
Melan’s theorem applies to frictional interfaces. A residshear tractiong,,, .s(x), is assumed
such that at a critical point the interface is about to slipme direction at one end of the loading
cycle and in the opposite direction at the other end of théecyithis point is unknowa priori but
can be located numerically following the procedure oudibelow. The minimum value of friction

coefficient, fire1an, Needed for the system to shake down to a state of no slip bettke layer and
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the substrate at a generic point along the interface cantkeieed as follows:

fMelan(x) = (UZZ,max(l‘) + ny,res(x))/(agz,max(fﬁ) +p0) (61)
_(ng,min(x) + 0-$y,Tes(x))/(O-ZZ,min($) + po) (62)

The right hand side of equation (6.1) is first found along Hyet/substrate interface to determine
ozyres(x). The residual shear stress distribution is then subdtitoéek into the same equation to

find:

fMelom(x) = (OZZ,max(x) - U?:Z,min(l.))/(agz,max(x) + O'ZZ,min(x) + 2p0)7 V. (63)

The thing which is so "useful” about this is that, unlike &lashakedown in plastically deformed
bodies, where the residual stress field postulated musifisdiie field equations, there is a free

choice ofo gy yes ().

In the following sections, a series of simplified contacthpems are presented with the aim of

guantifying the effect of the coupling on shakedown thrég$o

6.3 Results
6.3.1 Simplified loading cases - Flamant’s problem

Consider the frictional shakedown behaviour of the conpaablem illustrated in Figure 6.2. This
system is adopted to quantify the effect of coupling induogdhe material dissimilarity between
layer and substrate. In terms of elastic shakedown, thiarnsed out by first applying Melan’s
theorem "out of context” and measuring the discrepancy thighactual response of the system
computed using a marching-in-time formulation. This iddaled by the application of different
initial boundary conditions obtained by applying a predlda the system (see Figure 6.2(ii) and

6.2(iii)). This test is important in assessing if Melan'&tinem can be applied approximately and
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with a certain degree of confidence to weakly coupled systeimgact, a corollary of Melan’s
theorem is that if it does apply, the solution of the problesesinot depend on the initial boundary
or loading conditions applied to the system. However, thisutd not be the case because of the

presence of a coupled system.

The steady state response will be assessed in terms oteladtplastic shakedown. A preliminary
investigation had been carried out by Comninou and Bart8834) for the case of a concentrated
cyclic tangential force applied to an elastic layer press#to an elastically similar substrate (Fig.
6.2(i)). For that case, the bilateral solution to the carpacblem is available in closed form (Timo-
shenko and Goodier, 1970) and the frictional response cfytsiem depends on both the interfacial
friction coefficient and on the constant pressure appligdedayer (Comninou and Barber, 1983a).
The constant pressure can be expressed in dimensionlesa$ag = )/ (pob) using the notation
adopted in Chapter 5. This term sums up the loading boundargitions to which the system is
subject (Comninou and Barber, 1983a). This case providesradhtion on which to expand the
preliminary analysis of the problem. The energy parameteoduced above is here applied to

characterise the tribological response of the assembly.

In order to demonstrate the use of the energy parameter, xamm@e loading conditions were
chosen. In the first caseé = 0.5 and\g = 3.1 whilst in the secondf = 0.5 and\g = 4. Figure

6.3 shows the response of the system for the two cases in tdéienergy dissipated at the interface
between layer and substrate. It can be seen that wher- 3.1, elastic shakedown results (i.e.
no energy dissipation in the steady state), whilst the gnerofile for \o = 4 is typical of plastic
shakedown behaviour. It is interesting to note that in theeses the steady state response of the

system is reached within 3 load cycles.

Now that the ability of the energy parameter to discern thygnmes of elastic and plastic shake-
down has been demonstrated, it is important to study thedaoies of applicability of plasticity

theorems to frictional problems. More specifically, it ispantant to consider the implications of

128



6.3 Results Chapter 6: Frictional shakedown of layered systems

VoV

N(®) - p
QY § | & | 0
5 Q
layer vb X, (i) /\ / time
substrate \/\l v
o Po

\/ time

Figure 6.2. Schematic of the elastic contact problem anenpial loading histories considered here.
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using Melan’s theorem "out of context". Consider the caseshichf=0.25 andf=0.5 for both

rigid and elastic substrates. By introducing a rigid sudista dissimilarity between the layer and
the substrate is obtained. Figure 6.4 shows the frictiolzasitie shakedown limit and the plastic
shakedown behaviour in terms of energy dissipated per cgolaputed using a marching-in-time

solution following the formulation developed in Chaptefds,the cases under investigation.

Figure 6.5 shows a comparison between the elastic shakddoitocomputed using the code out-

lined in the previous chapter, and Melan’s theorem pregafistifor an elastic layer on a rigid and on
an elastically similar substrate. A very good agreemenvéen the two results is achieved and this
seems to suggest that the coupling induced by the matersahatch and by the finiteness of the

layer seems to be negligible for this specific loading coméitian.

The attention is now turned to the presence of differentalnibading conditions. As mentioned

above, if Melan applies, then the system shakes down regsardif the presence of pre-existing
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Figure 6.5. Comparison between the elastic shakedown &imé function of the dimensionless shrink-fit
pressure)g, predicted with Melan's theorem and the unilateral solufior an elastic layer resting on an
elastically similar substrate and on a rigid substrate asietion of the dimensionless shrink-fit pressuvg,

residual stresses caused by different initial loading tas. Recall the discussion in the second
chapter (see Figure 2.9) concerning locked-in tractiodscéed by relative displacement between
layer and substrate: here an example case is chosen toydisplanergy dissipation trend in the
presence of different initial conditions. Figure 6.6 shdhes energy dissipated between an elastic
layer and an elastically similar substrate when differaittal conditions are imposed\/@ = 3

with NV compressive - Figure 6.2(ii)) compared with the case wherdéangential force was simply
cycled (Vv = 0 - Figure 6.2(i)). For both casel; was set t02.5 and the interfacial friction
coefficient, f, to 0.25. The value oN/Q was chosen so that residual stresses are always generated

when the normal load is first monotonically increased.

After a few cycles the two responses cannot be distinguisHedce, our analysis was extended to
different values of the dimensionless contact pressgrend the material coupling was included

in a similar fashion to what was done for the case discussedkdh the absence of pre-load. The
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Figure 6.6. Comparison between the energy dissipated pt friyr a layer resting on an elastically similar
substrate when different initial conditions are imposed.

initial condition N/@ = 3 was maintained for all cases analysed. Figure 6.7 shows [ffewesht

initial conditions do not affect the steady state respoffieessystem. Similarly, the same behaviour
can be observed for a different set of initial conditionsfdet, for the case oiV/Q = 0.75 with

N tensile (i.e. "pinching" the layer, see Figure 6.2(iii)jgére 6.8 shows how the steady state
behaviour of the system is unaffected by the presence délimésidual stresses at the interface
between layer and substrate. The valu@/gt) was here chosen so that residual stresses are locked

in for all cases and separation never occurs.

Up to this point the results suggest that the coupling dueaterial properties may be considered
negligible for the geometry and the loading conditions stigiated here. In other words, the system

may be termed practically uncoupled from an engineeringtadiview.

So far only point forces as loading boundary conditions Haeen considered, and, therefore, the

area of application of the load is infinitesimally small wieermpared to the geometry of the assem-
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Figure 6.7. Comparison between the energy dissipated pkr (steady state) as a function of the dimension-
less shrink-fit pressure,, when different initial conditions are imposed, for a lagesting on an elastically
similar and rigid substratef=0.25 andV < 0.

bly. In the next section, the contact problem described iapgidr 2, where the coupling between
loading boundary conditions and geometry of the assemiglyeisent, is considered. This problem
will be used as a vehicle to study theflirence of geometric coupling on the system response in

terms of shakedown.

6.3.2 Rolling problem

The schematic of the contact problem investigated hereoarsin Figure 1.6(b). The rigid roller
is now subject to an alternating normal force whilst the fagenaintained in position by a constant

pressure uniformly applied to the layer surface.

The minimum friction coefficient to ensure shakedown isagaplied by the application of Melan’s
theorem. Its valuef i cian, iS plotted in Figure 6.9 as a function of alternating loatbe, here rep-
resented by the variation of the minimum thickness to cdraea ratio By, and withBy,.x = 1,

for different values ol = py/py (See inset to Figure 6.9).
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Figure 6.8. Comparison between the energy dissipated pkr (steady state) as a function of the dimension-
less shrink-fit pressure,, when different initial conditions are imposed, for a lagesting on an elastically
similar and rigid substratef=0.25 andN > 0.

Figure 6.10 also shows a comparison between Melan’s theprediction (one of the curves al-
ready plotted in Figure 6.9) and the exact resuft$axcqown, Obtained from the evolution of the
shear traction response at the interface using a marchitigié solution, obtained incrementally
from the unilateral formulation. The coefficient of frictiwequired for the avoidance of slfppm

the outsets also included in the figure. It is noted that the solutiotaoted using Melan’s the-
orem underestimates the value of the friction coefficiegued for the system to shake down in
the presence of strong coupling (low valuesi®f;,), but provides a good approximation to the
shakedown limit for large values &,.;,, i.€. in the presence of small coupling. It should be noted
that the limit solution obtained foB,,;, — oo corresponds to the case of a point load applied
to the layer surface and, therefore, restores the conditi@plored in previous sections. However,
this consideration is valid only for the given initial loadi condition investigated here (i.e. system

unstressed and undeformed before the application of thealdéndentation).
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Figure 6.9. Minimum friction coefficient required to enssreakedown under oscillating normal load and for
different values of\.

Maximum loading condition B, , =1 - Constant pressure 2=0.25

0.45
No slip from the outset
0.40 +
g 035
o= Shakedown
E 0.30
S j’;fmi.’er?au'n -
w0 - . -
E f‘leﬂn
g 0.20 -
= 0.15
s
E Cyclicslip ——Melan
0.10
o ——Unilateral
0.05
0.00
0 2 4 6 8 10 12
Bminmeax

Figure 6.10. Comparison between the shakedown limit obtHlty applying Melan’s theorem to the bilateral
solution and the limit computed using the "marching in timaflateral solution.
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A further investigation was deemed necessary to explorbehaviour of this system and, specifi-
cally, to understand better the source of the discreparteydas the exact results and the predictions
of Melan’s theorem. As explained in Chapter 2, in order t@oba solution to the rolling problem,
the shear and the normal traction distributions are dise@sing overlapping triangles which, in
turn, generate a piecewise linear approximation of thditmaalistributions. Hence, the concen-
trated load force of Figure 6.2 was replaced with a triandl@irect traction. The frictional elastic
problem shown in Figure 6.11 has been consequently imatstig Three different loading histories
have been investigated: Figure 6.11 (i): the presggiis pulsating from zero to a maximum value
while the triangular distribution undergoes a homothetiasformationFigure 6.11 (ii): the pres-
sure peakp,, is cycled between two positive limits and the triangle seuidith is left unchanged
Figure 6.11 (iii): the pressure peak,, is mantained constant and the triangle semi-widgh, cy-
cled. The reason why these load scenarios have been iratestis because for the general case,
whose solution is shown in Figures 6.9 and 6.10, contactardgressure distribution vary simul-
taneously when the normal load is cycled. Here, the two &ffe®. the variation of the contact
area and the variation of the pressure peak are checkedeindeptly by the means of a triangular

distribution, whose dimensions are easily varied and otiatt.

Figure 6.12 illustrates the elastic shakedown limit fordase shown in Figure 6.11(i). Two different
load ratios have been considered, viz, = p,,/po = 6 and )\, = 8, and the elastic shakedown
limit was plotted for different values of the ratB;. = b/ay, , specifically, 1, 1.5 and 2. This is
because these are the values for which a significant differbatween Melan’s prediction and our
exact solution for the case shown in Figure 6.10 was notiéedcan be seen from the figure, the

results obtained using Melan’s theorem match the marcinitigme unilateral solution.

However, cyclingp,, between two positive values (see Figure 6.11(ii)) to ingese the effect of
cyclic loading on the frictional shakedown response of #fstesn implies a different response. The

frictional behaviour of the system is now similar to the dhgstrated in Figure 6.10. In fact, as can
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be seen from Figure 6.13, there is now a marked differencedaet our unilateral solution (rom-
boidal symbols) and the predictions obtained using Meld@srem, which now underestimates the
elastic frictional shakedown limit. Furthermore, the ftilicles shown in Figure 6.13 represent the
limit obtained by assuming the system has elastically shdken when the dimensionless energy
dissipated at the interface between layer and substratdowas than 1le-8. This dimensionless
value was chosen arbitrarily as numerical limit below which energy dissipated can be regarded
as negligible. Such arbitrary cut-off produces a much batjeeement with the results obtained us-
ing Melan’s theorem. In this case, the energy of the systess geymptotically towards the steady
state, and it usually takes more than 6 cycles to reach is Bélaviour is very different from that
shown in Figure 6.3, where the system shakes down after amnaxiof three cycles. This example
illustrates how sensitive the solution is to the couplingheftangential and direct tractions. In fact,
regardless of the methodology adopted to determine theadbaln limit computed as an exact limit
- romboidal symbols - or as approximated value obtainedguaiout-off energy as a lower bound
to plastic shakedown for the system - circles, the appboadf Melan’s theorem to find the elastic
shakedown limit fails. The margin of error committed whileowgly applying Melan’s theorem to

find the shakedown threshold seems to vary with the probleteruronsideration.

The effect of the variation of the triangle semi-width wasoadxplored (see Figure 6.11(iii)). Figure
6.14 illustrates the elastic frictional shakedown limiegsinction of the variation of the dimension-
less layer thickness to contact area raB@, for A\, = 6. As in the previous case, two different
limits have been defined and a marked difference betweenndedeediction and the exact numer-

ical solution found.

The results presented in this section show that the vamiatfdhe contact area and of the pres-
sure distribution represent an equally important sourceoopling. Future work will include an
investigating of the possibilty to define a universal par@meapable of quantifying the degree of

coupling present in the system and, consequently, to pmdaestimate of the error committed by
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using Melan’s theorem to predict the shakedown limit foelad elastic systems in the presence of

friction.

6.4 Summary

The possibility of a layered system shaking down in a frizdiicsense was treated and Melan’s the-
orem tested as a means of deriving frictional shakedowrslhiotds. It was confirmed that Melan’s
theorem cannot be rigorously applied when coupling is mites€he application of Melan’s the-
orem to weakly coupled systems seems, however, to prodtiséastory results. Conversely, the
shakedown threshold is underestimated in strongly cougystems. Furthermore, increased cou-
pling suggests an increased sensitivity of the system hatnawn initial boundary conditions and

pre-existed, locked-in, residual stresses.
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Chapter 7
Measuring friction in partial slip

7.1 Introduction

This chapter addresses the problem of determining theodinicioefficient under partial slip condi-
tions (Reina et al., 2010d). Apart from the case discussé&thapter 4, all elastic contact problems
which have been investigated in this thesis deal with canmtierfaces where the frictional law is
locally violated and there is no gross sliding between themanents in contact. In such context,
and within the Coulomb’s friction framework, the value oéthiction coefficient is a key parameter
to be determined as there is very often great uncertaintcaged with the friction value as input
for semi-analytical and FE models. In Chapter 5 an examplielem where the value of the friction
coefficient was related to the amount of net relative disptaent between mating surfaces in the
"partial-slip" condition has been shown. The net displageivas shown to be a strong function of
the friction coefficient. In that case, its value was deteediusing a compression test where gross
sliding actually occurs between the mating surfaces. kdhapter a novel method for measuring
the interfacial coefficient of friction between two solidghich avoids sliding, is described, and ex-
ample results are given. The technique makes use of thentetch tarefully controlled sequence of
partial slip states between contacting bodies may be uspthice relative motion whose extent
is a strong function of the coefficient of friction. This sjudias also prompted by the fact that a
quadratic programming technique similar to that employe€lhapters 5 and 6 to study layered

systems is required here to track the evolution of the coimsarfaces.

141



-— =

[ Walkingdisance 4s |

=1 \1/\1

%

£\

ol Voo N Forces
| [ IQ b : A‘} .. S i
e LVDT
e time] QIIN time}

Figure 7.1. Schematic of the test apparatus used to perfariwialking” test.

This work is a combined experimental and numerical invesitig carried out using a fretting fa-
tigue test apparatus available at the University of Oxfdiddgadu et al., 2002and Nowell et al.,
2006) and performing a full marching-in-time solution tgt&e the evolution of the contact area
in fretting tests (Kalker, 197%Jand Nowell and Dai, 1998a). The apparatus with its key festis
shown in Figure 7.1. The reader may refer to (Dini, 2004) fopmprehensive description of the
test rig. Although, in principle, a wide range of differenatling histories might be exploited, to
reduce the number of possibilities which might be inveséigdhe following was chosen (Reina et
al., 2010d): first, the indenter is pressed into contact byrenal force,NV, so as to produce contact
over a strip, and where the contact pressure distributi¢n), taken as positive when compressive,
is given explicitly by the usual Hertz formula (Johnson, 398A shear force(), insufficient to
cause sliding, is then applied and held constant. A bulkidens.., is now developed, and it is
assumed that this varies cyclically between limif$ 1ax ando ., min, Where, for reasons of ensur-
ing stability of the specimen, the latter would be prefet@bte positive. It is here argued that this

approach induces much less surface damage in the compoaeditherefore yields a value for the
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coefficient of friction which is much more representativeted unmodified materials and surfaces

under investigation.

In this chapter, after brity describing the numerical algorithm used to study the diaiwof trac-
tions and displacements at the contact interfaces, theiexgratal set-up adopted by the author is
shown and the inferred value of the coefficient of frictiortadbed for a specific contact pair are

illustrated and discussed.

First, a partial slip analysis needs to be conducted. ItlsHminoted here that the formulation of the
contact problem, which is presented in the next sectiolgvicl the same mathematical principles
used to develop the numerical scheme presented in Chapldresefore, the formulation will be
only briefly introduced within the context of the contact problem to bkvesd, highlighting the
changes in terms of notation and discretisation implentkantth respect to the technique presented

in Chapter 5.

7.2 Optimisation techniques applied to contact problems

The contact model here described is related to the lineacbpiroblem illustrated in the inset to

Figure 7.1. Throughout this model a Coulomb-Amonton’stiic law is adopted and, hence, the
coefficient of friction is independent of the slip-velocijhus, when slip occurs, the shear traction,
q(z,t), can be expressed as a fractign,of the normal pressure, which is taken positive when

compressive, as follows:
q(z,t) = —pup (x) sign (v (z,t)) x € slip zones (7.2)

wherev (z,t), represents the relative surface slip velocity, amslthe coefficient of friction adopted
for a pointwise description of the frictional law. The ditien of the shear traction opposes the slip
direction, so a minus sign was added befpfe) in (7.1). Where the friction law is not violated,

the slip velocity,o (z, t), is equal to zero and, hence:
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lg (x,t)] < pp(x),v(x) =0 x € stick zones (7.2)

A function which simultaneously includes the boundary dtous for the stick and slip areas needs
to be formulated. This can be achieved by multiplying bothhtbers of the boundary condition

associated with the slip regions by the slip velocity so:that
q(z,t)0(z, t) + pp (z) |0 (z,t)] =0 everywhere, (7.3)
and the following inequalities apply (Kalker, 1990):

q(z, t)0(z) + pp (2) [0 (2, 1) = = |q (z, )] |0 (z, )] + pp () [0 (z, )] = 0, (7.4)

where the firsequalityholds if and only if slip vanishes or the shear traction hasstime direction
of slip velocity, and the secorejualityholds if and only if— |¢ (x, t)| equalsup (=) in the slip areas
or slip vanishes. The importance of this additional changstic will become clearer shortly. The
object of the technique is to determine the location of gigions within the contact automatically,

and to this end we construct the following integral function

a

Fe (a,t) = / la(z, )i, )+ pp () |6 (2, 8)]) de, (7.5)

—a

wherel (z,t) will be referred to as the functional of the elastic contacioglem. This functional
has been devised like the functional introduced in Chapter $he distributed dislocation tech-
nique. The main difference between the formulations is #fendion of the relationship between
shear tractions and displacement field (see Chapter 5 an@IlNd®98a). Also in this case, if the
values of slip and shear tractions are the exact solutiometaantact problem, then the value of the
integral is zero. If not, the value of the functional will bigictly positive. The best approximate
solution to the contact problem can be achieved by minirgidie value of the integral, and the re-

lated minimum principle can be formulated as follows: "miite the difference between the power
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dissipated by the Coulomb friction generated by the slip thiedpower dissipated by the traction

generating the slip" (Kalker, 1971).

The above principle was first proposed by Kalker (1971) and gtompletely general. Kalker
has shown how it can be applied to solve stationary and masimgact problems by adopting
a linear minimization technique (Kalker, 1971). Detailstlof procedure adopted for the specific
contact problem under investigation can be found in Katkbdok (1990), and a piecewise-linear
representation of the shearing traction distribution @kand Johnson, 196&nd Johnson, 1985)
is used here as already done in Chapter 5 with the distributfaglide dislocations (Qiu et al.,
2008). This permits a smooth solution to be found and evob&a function of time. Clearly,
because frictional contact problems are history-depenitiésm important to track the solution in
the time domain. The excitation is, here, periodic in forrd #mere is an initial transient problem
which is not of interesta steady state is always established within a few cyclesalitg. The two
dimensionless groups which quantify the performance oyiséem are the dimensionless shearing
force,@Q/uN (for the time being the coefficient of friction is assumed &known) and the bulk

tension, captured by the ratios; min/pr aNAo 4z max /1P -

Extensive sets of results have been evaluated and first éxapgults tracked out as a function
of time are displayed. First, the boundary between walkimgj @o-walking has to be calculated.
In the example case shown in Figure 7.2 the r&iquN was set t0).7. The figure shows the
results foro e min/ppg = 0 AN 04y max/pupr = 1.8. This shows how the interfacial shearing
tractions evolve over a loading cycle by looking at the tagpoints once the steady state condition
is reached. The loading history plot shows how the bulk log@ gradually increased in amplitude,
and the transient response permitted to decay. The shdeotgn distributions experienced at the
turning point in the loading cycle, viz. the maximum bulk $&m at point (1) and the minimum
at point (2), are also plotted. The hatching below the axtswshthe extent of the stick region at

point (1) in the loading cycle and the hatching above the slx@wvs the extent of the stick region
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at point (2). It will be noted that there is a region of contattich always remains stuck, and,
therefore, it is clear that there is no rigid body motion. Soge now, that the parameters are
adjusted slightly and that, whil€/uN and o, min/ppm are maintained at the same value, we
chooser ., max/ppr = 2.2; @ modest change. The response of the system is displayedureFi
7.3. The loading history is generally quite similar in formtlit will be noted that there is now
an overlap of the two slip zones at a point near the origirp isliinjected from one side while
just under a half of the contact remains stuck, and when thetension is relaxed slip penetrates
from the other contact edge and includes a small portioneptievious slip region (now locked).
It follows that a small slip displacement has been ‘lockednihen the initial slip zone became
locked and this subsequently emerges at the opposite t@ualge. It is therefore equivalent to the
passage of a dislocation of Burgers vector equal to the stitatlisplacement within the common
slip region, and is the ‘ruche’ that Comninou and Dundurg 89%eferred to in their prescient paper
on moving a rug without sliding it. The limiting condition tve2en walking and no-walking can
be now refined by iterating the solution to the contact probbetweens ., max/ppr = 1.8 and
Oz max/pH = 2.2. For this particular value of the shear force and the minimuik tension set

to zero, the value of ;, max/ppm for which the system is on the verge of walkin@ig25.

146



7.2 Optimisation techniques applied to contact problehapter 7: Measuring friction in partial slip

0.8 r 3.0

0.7 -

8o 5 } o4 & &2 2 &2 2 2 0 @ 4
PR S S At T ¢ T R S .1 |

0.5

Q/nN
6/M Py

04 A

03
1 1.0

B i
e S e A oo L
sl e A e

0_1 8

0_0.__/\1 ¥ ‘0 ¢ ¥ ¢

02 - ﬁ. :
: U Loes

PRRPTRTS SR TR S

| 2
L)
az

S

g

s
o, -l

- 0.0

q/ppy

-10

Figure 7.2. Loading history and shear traction distridiafter loading (point 1) and unloading (point 2) in
the steady-state cycle f6Y/uN = 0.7, 04z min/ P = 0 @NA0 40 max/ppr = 1.8.

147



7.2 Optimisation techniques applied to contact problehapter 7: Measuring friction in partial slip

0.7 -

13=1
0.6 ? e

& A& & & & & & & H
ORI S T LN THENE AN | B T R | T T
05 e b b ‘b ‘o b e 1 e ' be 4
5 1 i ! : i i i Y
£ H| L $e R) X3 "o 'z e ) [ .4 L]
H (3] [ ] ‘4 » & ‘5 + b s 4 (3 (] 5 el
' i i : {7 ! i i} i
Z. 0.4 [ aip g& &8 44 Shobs bw 4 $ =8
= Va4 B e A BE (L 44 ad BE Ly &4
5 + I R GO R B G S S B =
a Ao e N R S S e
¥ flod.l £ EEILdd L BoH & gl HUaL JE
Paprgog ek BR gk oF e g Bie ol g g o |
03 o gt 4 B g0k pd dpd g B OE R O Eg o F R - 1.0 B“
- T4 Rov g FEboogE R EE RN K e Y Ny
I ! £ 41 . Ea
§ 8 v b i o & of 8 -
T e ol ; i 5 Sagn ol i
02 S A S L sy . »
- TEESNIEINIE BN ]
IELR T HRIBIN (N BERE ) - 0.5
SR TR T IR PR Y 2
0.]. N o T S Fe T ‘e - v ‘s ‘ 4
s b (B4 i td 14 b
1 T4 it L84 41 i 144 9 4y & B, 4
4 181 o o 1 i + + & i . 't
3 ; i b v & 1 0.0

5
ey
s
g
LS
LS
Ld !
L
L
&

Cycles

G/ py

-10 -

Figure 7.3. Loading history and shear traction distritndiafter loading (point 1) and unloading (point 2) in
the steady-state cycle f6}/ P = 0.7, 044 min/1Po = 0 @NA0 15 max/ ppo = 2.2.

148



7.2 Optimisation techniques applied to contact problehapter 7: Measuring friction in partial slip

If different ratios forQ) /N are chosen whilst,, min/ppm is maintained fixed, the onset of walk-
ing can be calculated as a functiorgf, max/ppr. Figure 7.4 summarises the results of many such
calculations, and shows clearly the boundary between ngland no-walking. In fact, the result
can immediately be generalised slightly by noting that thertdary depends not separately on the
turning-point (or extreme) values of the bulk tension, by on its rangeAo .., (and therefore
0zz,max NEre). The example transition poi/ uN = 0.7, 042 max/ppr = 2.125 is highlighted.
For this value of the dimensionless shear force, Figure Rovs the normalised distance walked
per cycle,EAs/(4pappu(1 — v?)), for values ofo .y max/1pg = Aoy /upn = 2.5,2.75,3.0.
The relative increase in step length with bulk tension raisggear. The plot in Figure 7.5 can
therefore be used to infer the coefficient of friction onaewalking distance per cycle is measured

by tuning the value of: until the computed walking distance matches the measutad.va

The calculations summarised above are valid as long asqitasioes not occur. At the same time,
the step length is seen to depend on the contact half-widtrsanin order to make the distance
moved as easily measurable as practicable, it is desiralbilavie the largest possible contact and,
hence, the normal contact load must be moderately high. Bsécelimit for the system defines
the highest sustainable load whilst maintaining a fullystacontact field, and this depends on the
interfacial friction coefficient and on the loading condits. These are defined by the load ratio
Q/uN, the coefficient of frictionyu, and by the maximum bulk rati®.x/1px. It turns out that
the elastic limit,py /k, wherek is the yield stress of the material in pure shear, depengitkfi
on x ando ., max, but only weakly on)/uN. Figure 7.6 therefore shows the elastic limit for the
case characterised I6y/ N = 0.7 ando ;. max/ppr = 2.125, 2.2 and2.4, which is found to be a
practically useful range. It is important that plasticjparticularly at the surface, is avoided for the

solution to remain fully valid.
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7.3 Experiment

An inherent property of the experiment is that the real umkmquantity is, of course, the coefficient
of friction, u, whilst the two parameters which can be controlled are tinstemt shearing force and
the bulk tension range. The bulk tension range is pracyidatiited on the lower side by zero
(to avoid all possibility of buckling) and on the upper sidethe elastic limit. The results of the
analysis are, of course, displayed in terms of dimensisrdeantities incorporating the coefficient
of friction, but, when the tests are carried out, there isrtageamount of ‘feeling our way around’
needed in order to get the load parameters in the right regilso, probing the walking/no-walking
boundary proved not to be the best way to determine the cieeffiof friction. A much more
sensitive measure turned out to be determining the walléngth, and this will be apparent from

the following description of the experiment itself.

Some preliminary tests have been carried out on mild stéwl.tdsts were carried out in collabora-

tion with Mr. Robert Paynter and Mr. Zhaohan Wang (2009). @étral ‘dogbone’ (see schematic
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Figure 7.7. Experimental results for a mild steel dogbomespen (0mm x 10msm cross-section) in contact
with a mild steel cylinder of the same width and radi0émm, and pressed by a normal fordg- = 1.57kN.

The graph shows the accumulated walking dista@As/aH, and the evolution of the friction coefficient
during the test as calculated using the quadratic progragnoiutine.

in Figure 7.7) has a section d®mm x 10mm and cylinders of the same width and radi@®mm
are pressed in with a normal foréé-(= N - 10mm) = 1.57kN. The corresponding contact semi-
width is agy = 0.419mm. The surfaces of both the dogbone and the pads were grouddhan
surface roughness is characterisediyy= 313nm across the grinding direction arft}, = 54nm
along the grinding direction, which also corresponds toxhtking direction. The results to be de-
scribed should be read in conjunction with Figure 7.7, whieesupper points are the coefficient of
friction, to be read with the left hand scale, and the brokeaik the accumulated distance walked,
to be read off the right hand scale. The loads (givek/N) annotated on the broken line are the
tangential force@r(= @ - 10mm). The walking distance per cyclé\s, was measured using a
standard LVDT mounted on a pad assembly of the kind shown ug@du et al., 2002) and with the
tip bearing on a ‘step’ fixed to the tensile test specimen. t€hbnique is capable of measuring the

creep distance per loading cycle to the required accurattyaniesolution of about 20 nanometres.
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The tangential force was set to a constant value (initially) land the bulk force in the dogbone was
ramped up ta0.4kN and set oscillating between the valWesk N and40.4k N at the frequency of
1Hz. The test was continued but, approximately every fifty cydlee tangential load was increased
until walking was detected: thus the fiBf7 cycles were used up with the pads stationary. At this
point the shearing force had been increaséddb/N, and some movement of the pads was detected.
Subsequently, small increase in the value of the shear feece applied until, by cycl&97, a shear
force of 1kN was reached and, from the walking distance measured, aaieeffof friction is
inferred, at this point, of aboui.83. Over the nextl0 cycles the distance walked per cycle fell
slightly, as the coefficient of friction increased. As anesment, at this point the shearing force
was reduced t6.9k N, whereupon walking stopped. At cyclg25 the shearing force was restored
to the value ofl .0k N and walking resumed, but the pace length reduced furtrgicéating another
small increase in the coefficient of friction, to ab@u65. At cycle 1500 the shearing force was
increased tal.1kN permitting the pad to take ‘a pace’, and reducing it back.tc/N caused
walking to cease. Further increases in the shearing forte taV and subsequently.2kN were
imposed and the walking length increases significantlyJstitiie coefficient of friction fell very
slightly (from a maximum 00.867 to about0.85). This was believed to be because key parts of
the contact were now moving onto less heavily modified malteli should be noted here that the
values of coefficient of friction obtained using the newlyeleped technique compare reasonably
well with those resulting from fully sliding tests carriedtamposing a sliding distance dfnm

per cycle, and which produced values of coefficient of folctranging betweef.7 and0.83 (note
that it is very hard to justify quoting coefficients of frioti to more than one significant figure in a

conventional sliding test, because of the variability eiqgreced during the test).

As has been stated, the walking ‘rate’ is a very strong fomotif the coefficient of friction, and so
this test is a precise tool for measuring its value. In thes@méexperiment the maximum walking

distance per cycle, and therefore the maximum slip disterb#ited, wa$).85,m. It follows that,
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in order for the contact to move by a rigid body displacemepiag to one contact patch width a
total of 490 cycles must be made. Also, the contact pressure presengdtie motion is known,

and this gives a quantitative idea of the amount of surfacead iflicted.

In due course it is hoped to evolve the experimental pro@tiuenable the fituence of contact
pressure and number of cycles of load on the coefficient afidn to be found explicitly and sys-
tematically. This seems feasible because the problemiiggrtontrolled by elastic stress, strains
and displacement, and, hence, these are known to greataagonithout the need for external

transducers.

7.4 Summary

The procedure described in this chapter seems a viable thefirmeasuring, with precision, the
coefficient of friction between solids. Modest changes m lited range cause sufficient change
in the walking distance for the coefficient of friction, aa# on aggregate, to be quoted to two
significant figures with confidence. The test does not cawsartiount of surface damage usually
associated with sliding (Vingsbo and Séderberg, 19981 Fouvry and Kapsa, 2001). Also, the
damage which has been caused is well documented becausedtse gontact pressure distribution
and slip displacement are fully known during the test. Ilnklékis possible that this could be
exploited by putting very carefully controlled amounts afface modification into the specimen
before a test is conducted - for example by deliberatelyimmthe specimen in the equivalent of
a ‘cyclic plasticity’ (walking back and forth) regime of snse. Further work should permit the
instantaneous variation of the coefficient of friction asthe contact patch to be deconvolved, and

this will form part of a future investigation.
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Chapter 8
Investigation on 3D tyre/wheel assembly

8.1 Introduction

In the introduction to this thesis, the salient featureshefihdustrial case that prompted our inves-
tigation have been described lte Then the structure of the theoretical investigationiedrout

to explore the practical problem of interfacial creep fdshar tyres fitted on steel wheels, starting
from a simplified description of layered frictional jointgs been illustrated. In this chapter the 3D
prototypical assembly is studied in detail to remove somtheffirst order approximations made
in studying the simplified 2D problem in Chapters 2-6. The kvoovers different aspects of the
problem based on the findings that emerged during our imgaggin. In fact, not only it discusses
the problem of the onset of slip in this type of mechanicakaddies, but it also focuses on the
investigations carried out to shed light on various phenmane number of issues were tackled,
from the lubrication of the interface between the matindasies to the stress field generated in the
wheel due to different loading conditions and tyre struesusind, eventually, to the consequences
associated with tyres misfit. The discussion is here sup@dry numerical results generated using
the FE commercial code ABAQUS (Abaqus, 2007), whose rebalte been corroborated by ex-
perimental results provided by our industrial partnerscfpiin, GKN, JCB and Corus). Finally,
considerations about potential future work to be carriddrocollaboration with the project partners

are discussed.
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(b)

Figure 8.1. (a) Michelin XMCL: radial tyre object of our irstigation {mage courtesy of Michelin
www.michelin.coly (b) JCB 4CX: Backhoe loader dedicated to the projéctage courtesy of JCB -
www.jch.com

8.2 Onset of slip-Preliminary considerations

The onset of slip for rubber tyres fitted on steel wheels isfits¢ problem that was addressed
with respect to the 3D assembly. The semi-analytical magdiaustively discussed in previous
chapters, gave us a thorough understanding of the phyding raterfacial creep in shrink fitted
systems. However, as explained in the introduction to tinésis, the real engineering case is far
more complex than the simplified scenario which has beetetieso far using semi-analytical and
numerical approaches. Hence, a purely numerical approasédbon FE was deemed necessary.
Figure 8.1a illustrates the tyre that was adopted in oursitigation. It is a common Michelin
XMCL Radial tyre which was mounted on a JCB 4CX backhoe logBgyure 8.1b) that was one

of the resources dedicated by JCB to our project.

Even if a comprehensive discussion of the structure of theig/outside the scope of our inves-
tigation, a brief description is only provided here. Theetig made of vulcanised rubber, which
is obtained by adding sulphur to natural rubber. This pecggnificantly improves the mechan-

ical properties of rubber (Treloar, 1958). Other substarare also added to rubber compound to
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Figure 8.2. Schematic of the tyre cross-section and of tteerginforcements.

achieve the desired mechanical properties. The materahcterisation for the tyre under investi-
gation was performed at Michelin’s laboratories. Theiriimgs$ were implemented in our material
model. Specifically, the viscoelasticity of our compound bhaen modelled using the Mooney-
Rivlin model, which is a generalization of the neo-Hookiaadwal that is obtained from strain en-
ergy functions (coefficient€y; =1, Cy1=0, D1=0.1) (Abaqus, 2007). Furthermore, the elastomeric
behaviour of the rubber compound has been considered byilnlagahe time domain response of
the rubber relaxation modulus using a Prony series expastefficients coefficientgp,.,,,,=0.3,
kpProny=0, TpProny=0.1/ relaxation modulusgrys(time) = 1 — gprony(l — exp(—time/71)))
(Abaqus, 2007). The latter response models the dissipeffigets associated with the elastomeric
behaviour of the rubber compound. A complete descriptiah@fubber material model is outside

the scope of our work and the reader may refer to (Treloa8)Lfe6 further details.

In general, the desired mechanical characteristics ofytteedre obtained by reinforcing the tyre
structure using textile fabrics and metal crowns. FiguBesBows a schematic of the main elements
used as reinforcements and embedded in an agriculturall . A detailed description of the
material properties and geometric features charactgriemreinforcements of the named Michelin

tyre can be found in Table 8.1. The reader may refer to Aba2@@7) for more details related to
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tyre reinforcements, and their characteristics and impleation.

crown 1 and crown 2 are fabrics made of steel (E=220 GP=0-3) where
crown 1: area per bar 1.48 ndm spacing 2.8 mm — orientation angle°70
crown 2: area per bar 1.48 ndm spacing 2.8 mm — orientation angle 210

carcass is a polymeric (PET E=16.1 GP=z=0.3) textile fabric made of two layers of different orietida
layer 1: area per bar 0.65 nim spacing 1.16 mm — orientation angfe 8
layer 2: area per bar 0.65 nim spacing 1.16 mm — orientation angfe 8

steel rod is a steel cable made of steel wires wrapped arocental wire.
It is modelled as an isotropic cable whose Young’s modul@i&Pa and Poisson’s ratio is 0.3.

Table 8.1: Technical characteristics of the main tyre mitément elements (see Figure 8.2).

As mentioned in the introduction to this chapter, the FE camuial software chosen for our inves-
tigation is ABAQUS. The reason for this is that ABAQUS hagalty been extensively used by our

sponsors for other projects and it has a specific sectiorcatisdi to tyre modelling (Abaqus, 2007).

To address the problem of the onset of slip the followingtsgyawas implemented:

1) The first step was to explore the accuracy of ABAQUS in capduthe interfacial pressure
between tyre and rim. A 3D FE model of a tyre mounted on a rigidwas consequently devised.
The deformability of the wheel was, therefore, initiallyghected. This is a reasonable assumption
given the difference in stiffness between the tyre and thel stheel. Furthermore, material history
effects are neglected at this stage. This is a realistic@stson as there is no interest in analysing
the tyre transient behaviour typical of the tyre respongetoonic loadings commonly associated
with the dynamics of the vehicle at this stage (Abaqus, 20@M) numerical results have been

compared with experimental data provided by Michelin.

2) After the FE model had been developed, the capabilityefibdel to assess the onset of slip was
investigated. Again, Amonton-Coulomb’s friction law wagglemented in the FE. This assumption
is acceptable given the fact that the onset of slip is ingastid. Since no net displacement occurs
between the mating surfaces, the effect of the rubber defoitity on the tribological performance

of the coupling does not need to be taken into account withensophisticated friction models
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(Pacejka, 2002). The onset of slip was determined for twditapconditions: (i) static loading in
absence of rolling and (ii) steady state rolling. This lattendition, important to assess the per-
formance of the assembly during in-service loading, wasoegd using the rigid rim configuration
because ABAQUS does not allow to efficiently model the re¢athotion between the ground and
the tyre when the rim deformability is introduced and tyrd @m are not tied but free to move with

respect to each other (Abaqus, 2007).

3) After the onset of slip had been determined, the effectiodel deformability on the interfacial
pressure distribution was explored. This was done by dayiai3D FE model of a tyre mounted
on a deformable rim. This FE model has been proven very usdfeh the stress field induced by
various loading conditions had been computed to assesshiel fiatigue performance (although

this is outside the scope of the research presented in #sgs)h

4) A new rim profile has been also introduced by GKN as a plarowdome of the research
collaboration. Consequently, a second FE model of a tyrenteoluon a rigid rim was devised
and a comparison between the existing and the new rim profitepgrformed in terms of pressure
distribution at the interface between tyre and wheel. Furttore, similarly to what already done
with the original rim profile, a new FE model was devised tdude the deformability of the wheel

in our investigation.

In the following section the FE models developed by the auttith be presented and a detailed

discussion of the numerical results provided.

8.3 FE models and numerical results

The model of a tyre mounted on a rigid rim was the first to be s\ In order to generate the FE
model, an axysimmetric model of the assembly was create@AQRIS CAE. Once the generation
of the axi-symmetric model had been completed, the 3D modslgenerated by fully revolving the

tyre section. This was done using the ABAQUS command SYMMETRRODEL GENERATION
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(Abaqus, 2007). Figure 8.3 shows a series screenshots girenmodel where all elements used as

reinforcement have been highlighted individually.

8.3.1 Loading conditions

The parameters that can be varied in our model are tragiom pressure and the loading conditions
to which the tyre is subjected. In general, there are thréa difierent loading configurations that
can be superposed to obtain the desired loading condifigpure vertical loading(ii) application

of a camber angle in combination with vertical loadifid) application of slip angle in combination
with vertical loading. The three configurations can be déffgiated based on the tyre position with
respect to the normal direction to the ground, as schenfigttitastrated in Figure 8.4, whergis

the direction of motion coming out of the page (see the tyferemce system in Figure 8.4).

Each simplified configuration can be reproduced either iddadly or in different combinations
using the full scale in-house test rig available at GKN-FAOtaly and at the Michelin R&D site

in France.

8.3.2 Mesh optimisation, convergence issues and model sgt-

Before proceeding to show the results obtained using theBm&del, further details related to the
convergence of the FE model are needed. Solving a contdaepnavhere one of the bodies is not
purely elastic and, most importantly, reinforced by eletredrdifferent stiffness, creates a number
of convergence issues. The critical element that rulesdheargence and, equally important, the
computational cost of our model is the mesh of the tyre. Edub shows the mesh of the tyre
bead, which was adopted after a mesh-size parametric igatsh was carried out. This is the

most critical part of the tyre since it is the part in contadttmthe wheel where our attention is

focussed. The mesh illustrated in Figure 8.5 guaranteesotingergence of the model together with

an acceptable resolution of the interfacial contact pressetween tyre and wheel.

Another important aspect related to the convergence of thaelris the tyre fitting process. The
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Figure 8.3. FE model of a tyre mounted on a rigid;rofetail of all tyre reinforcements.
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Figure 8.4. Main tyre loading configurations: (i) pure veatiloading (ii) application of a camber angléii)
application of a slip angle.
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Figure 8.5. Detail of the tyre bead mesh.

fitting process has to be realistically reproduced in ordenbunt the tyre on the wheel and, con-
sequently, generate the interference pressure needediitamahe tyre in place. In fact, this
coupling is a shrink fitted system where the components grtikelace thanks to the combined
effect of contact pressure and friction. The numerical timtuthat was chosen to make the model
converge was to split the wheel hub into two parts as showigur€ 8.6. This does not fiect the
real fitting process that implies moving the tyre beads inswand, subsequently,fiating the tyre
up to a maximum of 2.5 bar (Michelin, 2004) until the beadsmadectly seated against the rim
sidewalls. However, this method guaranteed convergercevas the easiest to implement. A simi-
lar procedure is described in the Abaqus on-line documientéAbaqus, 2007). For the purpose of
our analysis, this different fitting process does not affeetfinal outcome of our analysis. In fact,
the position of the tyre with respect to the rim sidewallsriaffiected by the different fitting process
as this is performed in frictionless condition in order tesg-up the convergence and enabling the
fitting process to be completed. The role of the friction &oieht in the fitting process will be
discussed at a later stage in this chapter as it is at thenafgiome specific in-service failures of

the tyre-wheel assembly.
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Figure 8.6. Schematic of the tyre fitting process.

After the tyre has been fitted on the wheel, the friction coigffit can be reinstated to the desired
value. The value of the friction coefficient between tyre arbel has been experimentally inves-
tigated and results will be shown later in this chapter. Siogr first task is to monitor the onset of
slip in terms of minimum friction coefficient required to pest the tyre from slipping locally, the

friction coefficient was initially set to 10 to literally “gk” the two surfaces. This is equivalent to
enforce bilateral boundary conditions to the contact mobio be solved, analogously to what was

done in Chapter 2 to find the bilateral solution to the simgdifiayered configuration.

8.3.3 Interfacial pressure: model vs experiment

As explained in the previous sub-section, the first aspgestigated with our model is the capabil-

ity of Abaqus to capture the interfacial pressure betwesnapd rim. Figure 8.7 shows the pressure
obtained for an ifiation pressure of 2.5 bar plotted against the curvilineardioate aligned with

the wheel rim profile. On the same graph, the experimentalteesollected by Michelin are plot-

ted (Michelin private communicatign The experimental pressure was measured using Tekscans

(http://wvww.tekscan.com), a pressure sensitive foil medmn the rim inner surface to measure the
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interfacial contact pressure between the tyre and the rim.

As shown in Figure 8.7, the FE numerical results are in linéhwhe experimental data provided
by Michelin. Both the pressure peak and the pressure tremdvall captured. The reason for
which the pressure goes to zero in the FE model is due to ttkedamesh refinement of the
tyre bead. This has been demonstrated by performing méislemeent using a 2D model as also
shown in Figure 8.7. Performing the same refinement for thariéidel would, however, result
in increased computational costs and cause further issl&®d to the convergence of the 3D
analysis. Moreover, an interesting experimental invasiog carried out by MichelinMichelin
private communication, 2008howed that the position of the tyre may affect the inteéalgwessure
distribution largely. The main pressure peak, located atctimtre of the bead seat, can reduce to
60 bar while the second peak, corresponding to the rim eddess$ affected by the randomness
in the variation of the configuratioMichelin private communication, 20R9This can be caused
by variation in the rim profile due to the very large tolerasicé the mass production process or
by an incorrect lubrication of the tyre and wheel surfadéiljelin private communication, 20D9
Finally, even the mounting process of the pressure sendgtt affect the rim profile locally and,
consequently, the pressure distribution. Based on alktkessiderations, the numerical results
were deemed as satisfactory. However, the reader sho@dteethem as related to the idealised

case of a tyre perfectly seated against the wheel profilesial ichounting conditions.

In the absence of experimental results for the interfadiesgure distribution of an flated tyre
subject to loading conditions but the internal air pressiimemodel has been assumed to accurately
represent the loaded assembly also when in-service loadinditions are applied. The exper-
imental validation of these scenarios will constitute parthe future work to be carried out in

collaboration with Michelin.
8.3.4 Determination of the onset of slip

Once the FE model was consolidated, the onset of slip wasni@ted. As explained in Chapter 2,
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this may be done by checking for potential violations of thetibnal law, everywhere within the
contact, in the bilateral solution. This is obtained by asgiLthe absence of interfacial slip between
tyre and wheel, enforced numerically by setting the frictoefficient to 10. First, the case of a tyre
subjected to a vertical load was considered (Figure 8.4(Bg range of loads chosen was between
3 and 8.5 tons. Figure 8.8 shows the minimum friction coeffitiheeded to guarantee full adhe-
sion between tyre and wheel for different values of the gattioad. Two lines are plotted on the
graph, which constitute upper and lower bounds to the swiuif the problem and account for the
uncertainty linked to the noise in the numerical resultstduack of mesh refinement. By checking
potential violations of the frictional law, it was noted titlae bottom part of the wheel takes most of
the load whereas the remaining part of the assembly presetdse of stress very similar to the one
detected after the ftation process. This can be shown by plotting the pressutebdison before
and after loading the tyre. Figures 8.9 and 8.10 show how ttespre distribution varies with the

respect to the circumferential position around the wheel.

8.3.5 Effect of speed on the onset of slip

The effect of rolling speed on the onset of slip was then eeplo The problem of a tyre moving
along thex-direction (see Fig. 8.4) at a rotational speed of 5 rad/ssaiect to vertical loads
between 3 and 7 tons was investigated. The speed was chosmresenting the average speed of
the vehicle when subjected to loads larger than 2 tons (detbaondition normally referred to as
driving condition). The effect of speed was taken into actdny modelling the tyre in an Eulerian
reference system using the STEADY STATE TRANSPORT commabddqus, 2007). The explicit
time dependence associated with the purely Lagrangiamagpipiis removed from the problem and
a more time-efficient analysis can be performed. The reberéname does not spin with the rolling
body, so the mesh remains stationary. This kinematic dagmmi of the problem is such that the
rigid body rotation can be described in an Eulerian refezegystem and the material deformation

in a Lagrangian manner. Furthermore, this implies that agdfimesh is only required where high

165



8.3 FE models and numerical results

Contact pressure [bar]

120 Michelin—- TEST A

——— Michelin—- TEST B
—e— FE3D
= === FE 2D refined mesh

100

80 -

60 -

40 -

20 -

= : ‘ = ‘ e R
0 10 20 30 40 50 60 70

Curvilinear coordinate, X, [mm]

Figure 8.7. FE 3D model of a tyre mounted on a rigid rim — Tyracdimterfacial pressure.
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Figure 8.9. FE 3D model of a tyre mounted on a rigid rim — Tyracbmterfacial pressure (normal load only
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stress gradients are expected.

Modelling the assembly using a Lagrangian reference systasruled out because, despite the
accuracy of the results, the computational expense as$sdaidgth the numerical simulations using
a transient analysis in the Lagrangian reference systelreesdy prohibitive for a simple 2D model
if the steady-state regime in the presence of creep is tcdobeel (see Chapter 2). It should be noted
here that the presence of interfacial creep has never bgdored using this mixed Lagrangian-
Eulerian technique (Abaqus, 2007). Hence, with the aim terekour analyses to such a complex
3D geometry, and, therefore, overcome the limitation ofissmalytical and numerical techniques
adopted to solve simplified 2D configurations, the suitgbdif the FE technique was questioned.
To investigate this aspect, first the example problem iiyat&d in Chapter 2 with this Lagrangian-
Eulerian technique was modelled and the results were cadpeith the semi-analytical solutions
obtained in Chapter 2, already validated against a FE moglébeld in a Lagrangian reference
system. In the results the Lagrangian-Eulerian solutioefesred to as SST which is the acronym of
the Abaqus command. Figure 8.11 shows the tangentialdresctialculated using the SST together
with the bilateral solution (see Chapter 2) in the absencsipfat the layer-substrate interface. It
can be concluded that FE results are in line with our semliytioal model as long as creep is not

present.

Essential information can then be obtained from a no-sliglyais in terms of the value of the
minimum friction coefficient associated with the incipietip condition. Based on the satisfactory
agreement found between the SST Abaqus analysis and therdilsolution, the minimum friction
coefficient needed to guarantee full adhesion between myarsubstrate was calculated for the
specific loading conditions already illustrated in ChagteFigure 8.12 shows that results obtained
with the SST technique are again in agreement with our seatliiical results. This means that
the SST methodology can be satisfactorily adopted to extriarmation regarding the possibility

of having slippage in tyred systems. Another positive aspated to the application of the SST
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Figure 8.11. Tangential tractions f&=1, »=0.3, ,=0.7,A=1 and f=0.2 - full sliding condition — absence of
slip at the layer-substrate interface.

technique regards the significant computational time réaluc This advantage, together with the
accuracy in the stress field computation, represents tteamemr which this technique can be
adopted to model the tyre-wheel assembly during rollingndge conditions for the onset of slip
were determined for the tyre-wheel assembly when speedlisded in the simulation. This part

of the work was carried out in collaboration with Mr. Shufaang (2009). Figure 8.13 displays
the minimum friction coefficient needed to prevent the tymanf slipping plotted together with

the results obtained for the static case. By comparing tineenical results, the little discrepancy
between the two scenarfosmplies that rotational speed can be neglected when the/siaas

concerned with determing the onset of slip.

Despite the promising results discussed above, this melbgy presents two main limitations. The
peculiar kinematic description introduced by the mixeddfah-Lagrangian representation can be
only adopted to model one deformable body (i.e. one of théaoting surfaces needs to be rigid),

which means that if the two bodies need to be considered asndalble, one of them has to be

2 Note that the discrepancy is less than the numerical uringrand, therefore, is not significant.
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Figure 8.12. Minimum friction coefficient to guarantee adhesion as a function of the normalised layer
thicknessB for various friction coefficien, andv=0.3 — full sliding condition.
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Figure 8.14. Tangential tractions f&=1, »=0.3,=0.7,A=1 and f=0.2 - full sliding condition - presence of
slip at the layer-substrate interface.

described using a Lagrangian formulation (Abaqus, 200§ decond limitation concerns the fact
that the SST analysis does not produce accurate results slipes allowed between the tyre and
the rim. Our studies show that incremental creep cannot vectty identified and monitored using
this technique. Figure 8.14 depicts the difference betwhersemi-analytical unilateral solution
calculated for the problem described in Chapter 2 in thegmes of interfacial creep and the solution
obtained from the SST finite element model when slip is péechibetween the mating surfaces.
This made us conclude that the SST cannot be used to modealgsenge of moving loads which

give rise to creep. Therefore, only non-slipping condiican be studied with this technique.

8.4 Effect of wheel deformability on pressure

The deformability of the rim was then introduced. Basigahys considers a different geometrical

configuration of the assembly caused by the introductiorhefdeformability of the wheel and
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its influence on the pressure distribution. Figure 8.15 shows thgparson between the contact
pressure for a tyre mounted on a rigid and on a deformable filme case is related to a tyre
inflated to an internal pressure of 2.5 bar in the absence ofefulblads. The figure shows that
the deformability of the rim introduces a modest variatidrin@ pressure profile well within the

numerical noise. This is very unlikely to cause consideralariations to the onset of slip map
obtained from the rigid model. However, the presence in tbdehof the deformable components

makes it suitable to investigate the wheel stress field. White discussed later in this chapter.

120 -
—&— FE - Rigid Rim

—&— FE — Deformable Rim
100 -

40 -

Contact pressure[bar]
z

20

0 10 20 30 40 50 60 70
Curvilinear coordinate, Xy, [mm]

Figure 8.15. Contact pressure distribution between tyderemn for a rigid (blue line) and a deformable rim
(red line).

8.5 Alternative rim profile

A new rim profile has been introduced by GKN as a developmetiteoproduct currently available
on the market. Figure 8.16 shows the comparison betweenldhend the new profile modelled
using Abaqus. The modifications were performed with the dimeducing the weight of the rim
and, consequently, the production costs were reduG&d(private communication, 2009 The

real geometries cannot be disclosed.
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Modification

Old profile New profile

Figure 8.16. Comparison between the old and the new wheflepro

The variation of the profile did not interest the part of tha which is in contact with the tyre. For
this reason no significant changes of the pressure distibare expected and, consequently, of
the onset of slip. Hence, the onset of slip has not been detednfior the new rim profile. Only
minor variations are expected between the original and &ve FE description of the assembly
because the tyre bead mesh was improved to eliminate thendiisgity corresponding to separation
along the bead seat. However, it is interesting to plot thearical results against the FE results
generated with for the original geometry and the experialetdta provided by Michelin for the
new rim profile Michelin private communication, 20D9Such comparison is shown in Figure 8.17.
The pressure profile generated with the new FE model seen@/&dolved the problem with the
separation but there is now a marked difference between #ie pnessure peak obtained from the
model and the one experimentally measured by Michelin. Blinthas already anticipated that the
pressure measurements have been affected by set-up issuiesther investigation will be carried
out to understand whether this affected the experimergaltsee Moreover, as previously explained,
many factors may affect the real pressure distribution betwtyre and wheel and, consequently,
the reader should not be surprised by the apparently maiKedetice between the experimental

and the numerical results.
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Figure 8.17. Comparison between the numerical and expetaheontact pressure distribution between tyre
and wheel.

8.6 Tyre-Rim friction coefficient

As mentioned in the previous sections, the Amonton-Coulstaly was chosen to model the fric-
tional behaviour at the interface between tyre and rim. Tesins that the friction coefficient has
been modelled as independent from the contact pressuréhandlative speed between the mat-
ing surfaces. It is well known that rubber presents a pre¢speed dependent behaviour which
is even more marked when harmonic loads are present (Trel6&8 and Persson and Tosatti,
2000). In our specific case there is no relative speed betiteemating surfaces and the range
of contact pressure varies between 20 and 100 bar dependlitig docation of the contact points
at the tyre-rim interface (see Figure 8.17). Since the fésws the onset of slip, potential lateral
displacements of the tyre bead with respect to the wheela@reamsidered. Consequently, the lo-
cal pressure variation that rubber may experience at amt depends only on the location of the
point within the contact. In absence of rotation, the cangaessure is space and time invariant.
Therefore, apart from the case where significant rotatiggrésent, which is in general limited to

applied normal loads below 3 tons, the pressure distributaes not vary with time as the tyre can
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Data acquisition system
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Figure 8.18. Bowden-Leben test apparatus and detail oftiger holder (rubber pad 3x3 mm).

be considered practically stationary for a significant péits duty-life. This was considered when
developing an experimental protocol to estimate the ictoefficient between the rubber com-
pounds of which the tyre is made and the wheel under diffédoarting and lubricating conditions.
The value so obtained have been then compared to the valoas $h Figure 8.13 to determine

whether conditions for the tyre to slip with respect to thma are met.

The measurements were done using a Bowden-Leben recipigp¢ast rig available at Imperial
College London (see Figure 8.18). The apparatus is basdueaxperimental set up described by
Bowden and Leben (1939) and it has been widely used sincedhevestigate several tribological
applications (Blau, 1995tachowiak and Batchelor, 200#hd Edge, 2008). The test rig is powered
by a servo-controlled DC motor. Rotary motion was convetwgdciprocating motion via a gearbox

and a linear screw-drive assembly. A slider (reciprocatide in Figure 8.18) is connected to the
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linear-screw assembly which hold the sliding sample. Timepdas, represented here by a sheet of
rim material, are then loaded normally and reciprocateckutite rubber pads. All the specimens
were provided by GKN and Michelin. A LABVIEW program (LabWie2003) was coded and used
to control the test and set the sliding speed to the value iiciwlocal instabilities were not present
in the signal (Persson, 2001). In fact, a marked stick apdoglhaviour is present at low speeds and
this in turn makes the friction measurements unreliables gignal coming from the strain gauge
placed on the instrumented arm was recorded by the progrdriramsformed into frictional force
output after amplification. A MATLAB routine (MATLAB, 2009)vas written to post-process the
experimental data results acquired during the tests. IiFimdlthe beginning of each test and every
time a modification was made to the rig set-up, the signal wdibrated using known tangential

forces applied in the reciprocating direction.

The wheel rim specimens used for the friction tests are showigure 8.19. Three different spec-
imens, corresponding to three different surface finishesewested following GKN requirements.
Wheels are, in fact, commonly coated in order to protect stgainst corrosion and for aesthetic
reasons. In particular, here, specimen A is electricalptes, specimen B is simply painted and

specimen C is uncoated.

Figure 8.19. Rim specimens: (A) electrically coated, (Bpped and (C) uncoated.

The rubber pads were obtained from a section of a tyre prdvideMichelin. The size of the
rubber pad was dictated by the maximum pressure that can Bsumegl using the experimental

apparatus. In our case the specimens were 2.5x2.5mm aredh givestimate of the interfacial
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friction coefficient between 1 and 2 (Treloar, 1958), the imaxn contact pressure was limited to

2.7 bar.

First the tests were carried out in dry condition and, thebyitant was applied to the sample
surface. This is because lubricant is commonly used to éeseyte fitting process. GKN and
Michelin suggested to test three common lubricants whiehadiopted to mount tyres (see Figure

8.20).

A further objective of the investigation carried out by theteor was to estimate the drying time of
the lubricants since this was originally thought to be on¢hefmajor causes of tyre-rim slipping

problem. The pressure which can be achieved with our rig isepresentative of the pressure at
the tyre-rim interface. However, results will be used as alitative indication of the tribological

behaviour of the coupling in the presence and in the absdrecibricant film.

neia

LIQUID BEAD

DE MONTAJE - W
Skg Art.-Nr. 593 0508

Figure 8.20. Lubricantshftp://www.rema-tiptop.co.Qksuggested by Michelin for the tyre-fitting process .

Figure 8.21 shows the results obtained in dry condition. Jlng speed was set to 0.03 cm/s
(slowest speed that avoid signal oscillations due to stligkphenomena) and the tests were per-
formed at room temperature. All the values are well abové<e8 Figure 8.13)), therefore it seems
that there is no reason for a tyre to slip in dry condition whesunted on the wheel correctly. The
rubber pad and the rim specimens were thoroughly cleanad iss-propanol to remove all conta-
minants that might have been deposited to the mating suafaaeonsequence of the manufacturing
process. As can be seen from the figure, sample B showed theshifjiction coefficient and the

uncoated specimen the lowest. This could be attributecetdifference in compliance between the
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Figure 8.21. Variation of the coefficient of friction betwegre and rim specimens as a function contact
pressure for different rim surface specifications and fdiding) speed of 0.03 cm/s. The error bars identify
two standard deviations from the mean.

tyre rubber and the steel surfaces. In order to corroban&eypothesis, a 3D picture of the sur-
face profile of the three specimens was taken using a Vee@mabptofilometer (www.veeco.com),

available at Imperial College London. As can be seen fronufei@.22, the painted specimen is
smoother and this could be responsible for increased amthésitween rubber and rim samples

which is, in turn, responsible for the increased value ofcivefficient of friction.

To complete the characterisation of the mechanical andltgical properties of the coupling, the
hardness of the uncoated specimen was measured and fouithione with the standard properties
of low carbon steel (145HV20). The value is reported in Fig&r22 together with the roughness

parameters which characterise the surfaces.

Tests in wet conditions were also carried out in order tostigate the effect of each lubricant
on the friction coefficient of the coupling. This is an impont factor as lubrication is strongly

recommended to mount the tyre on the wheel correctly (Mioh@004). The drying time of the
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Uncoated sample - C Type B Coating

um
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R,=0.2721+ 0.0529um R,= 0.0362+ 0.0044um
Ry=0.3893t 0.0579um Ry= 0.0516+ 0.0050um
Hardness = 145 HV20

Figure 8.22. Surface topography for the uncoated rim spatiamd the rim specimen coated with white paint
(area 10x10 mm).

lubricant was also investigated, as this might constitae af the most important factors governing
the tyre spinning problem. In order to investigate this agpthe friction test was carried out
immediately after the application of the lubricant (Ohhen after 24hrs, 48hrs and, eventually,
96 hrs. Between each test, the equipment was adequategcf@odtirom external contamination
and kept in a controlled environment. Figures 8.23, 8.248#88 show, respectively, the effect of
lubricants A, B and C on the friction coefficient of the comgli The results suggest that conditions
for the tyre to slip are met whether the tyre is used immegitier it has been mounted on the
wheel (see Figure 8.13 for comparison). This suggests thatlaquate time may be required for

the lubricant to dry out.

Figure 8.26 shows the variation of the friction coefficienthatime. The lubricant does not seem
to have dried out after 96 hrs and did not show a consistemd to& increasing friction over time.
Discussion with Michelin and the lubricant supplier ledab¢lieve that the reason behind this kind
of unexpected behaviour may be due to the fact that the apptiEssure is not enough to generate
a lubricant film thickness which is representative of thesémvice conditions. Lubricant ageing

effects associated which a much thicker film thickness tharone related to the real application
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Figure 8.23. Measure of the coefficient of friction betwegm tand rim specimens as a function of contact
pressure for different rim surface specifications in presef lubrication (lubricant type AlValues obtained
immediately after lubricant application.
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Figure 8.24. Measure of the coefficient of friction betwegm tand rim specimens as a function of contact
pressure for different rim surface specifications in presesf lubrication (lubricant type Byalues obtained
immediately after lubricant application.
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Figure 8.25. Measure of the coefficient of friction betwege tand rim specimens as a function of contact
pressure for different rim surface specifications in presef lubrication (lubricant type Cyalues obtained
immediately after lubricant application.

may, therefore, be responsible for the results obtainedyubie Bowden-Leben test apparatus.

A similar behaviour was shown by the other two lubricantsorder to improve the fidelity of our
measurements and to better replicate the mounting chasdicte of the assembly, the development
of a new rig was deemed necessary. The new test apparatugdasiesigned to enable us to
increase the applied pressure at the contact interfaceastimate the optimum drying time which
is needed to guarantee perfect adhesion between tyre amd (8be Figure 8.13). This aspect will
be covered in the next section together with the study of tfeeteof knurling on the tribological

performance of the tyre-wheel coupling.
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Figure 8.26. Variation of the coefficient of friction betwetyre and rim as a function of contact pressure
and time passed after the lubricant application for difiemm surface specifications - Rim specimen A -
Lubricant type A.

8.7 Effect of knurling on tyre-rim interface slip

Knurling is a surface profile corresponding to an "artific@ighness" which is added to wheel rim
profile in order to improve the tyre bead grip in the area wileeepeak pressure occurs and most

of the load is transmitted (see Figure 8.27).

Based on an internal investigation carried out by Michetid &KN, knurling was introduced about
40 years ago to prevent large tyres (above 24 inches in déjrfedbm slipping. Since then, tyre
and wheel hub have changed significantly and a thoroughtige¢isn has never been carried to
explore the effect of knurling from a quantitative point aéw. Meanwhile, different knurling
profiles have been introduced and standardised (wwwetglo. Hence, the need to explore the

effect of lubricants by generating more realistic conditidor testing the tyre-rim interfaces in the
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Figure 8.27. Example of knurled wheéh@ge courtesy of GKN - http://www.gkn.com

presence of lubricant films (see previous section) and totifyahe effect of knurling prompted the
development of a new experimental apparatus. The condeafssign of the apparatus is shown in
Figure 8.28, 8.29 and 8.30 together with its salient featLife idea is the result of the collaborative
efforts of the project partners. The drawings have been riradellaboration with Mr. Sun Yu

(2010), MSc student working on the knurling characterigatinder Dr. Dini’s and my supervision.

The main specification for the new rig design is to try to mithie prototypical application in terms
of pressure peak and local distribution at the tyre-rimrfatee. The vertical load will be applied
using a lever system and a dead weight (Fig. 8.29) and thenijirbe kept in place, once seated
on the rim equivalent profile, by using a moving pad, whicklesdi along a dovetail joint and is
connected to a dead weight via a pulley system (Fig. 8.29 Mimics the effect of the internal
pressure induced by thefiation on the tyre walls. Figure 8.30 shows the test pad whodace
can be machined to reproduce the knurled profile to be tesibd. pad will be connected (Fig.
8.28) to an actuator via a test sample holder. The relats@atement between the knurled sample
and the tyre will be induced by torque applied via the actuatothe driving shaft connected to
the sample holder (see Figure 8.28), and force and dispkdewill be recorded by the means of

a data acquisition system. The test apparatus should efaglilee comparison of the effect of the
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dueto inflation
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Figure 8.28. Rig concept design to investigate the effednofling on the tyre-rim interface (tyre "slice”
width=20 mm).

Dead Weight

Actuator+Load Cell

Linear frictionless bearing or
solid/spray lubricant + Load Celll

Figure 8.29. Lateral view of the rig concept design to ingedé the effect of knurling on the tyre-rim
interface.
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Moving test
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Knurled Pad

Dovetail

Figure 8.30. Explosion of a sub-assembly of the rig concegpigh to investigate the effect of knurling on the
tyre-rim interface.

knurling on the response of the system by testing variousl&dwand an unknurled profiles, (b)
discerning the behaviour of different knurling profiles) ¢ptimising the knurling profile and (d)

testing the effect of lubricants in more realistic configimas. The completion of the rig design, its
manufacturing and the performance of the tests for a bdtaacterisation of the tyre-rim interface

will constitute the object of future work.

8.8 Tyre misfit and effect of improper lubrication

A visit to the Michelin facilities in Stoke on Trent highliggd the following problems: (a) if the
lubricant is not applied following Michelin's best praaisuggestions, the tyre may not be seated
properly during the fitting process and this cannot be edddwtified by the tyre fittetgb) if the
tyre is not adequately fitted, the tyre bead tends to rock wagipect to the rim and the pressure
distribution between tyre and rim is significantly modifigdtbe new contact geometrfc) the tyre

bead could twist under the effect of high loads and the desigmerference between tyre and rim
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may be lost during operatioiid) the tyre bead wears out as the tyre bead rocks over thédirkgur
This has led to an investigation of the problems associatédthe tyre-rim fitting process. This
links directly to the the reasons for which the tyre is obedrto spin around the wheel rim. In
fact, tyre misfit may lead to a reduction of interference pues between tyre and rim due to the
"rocking" effect which takes place at the tyre bead. Thisisianatural rotational movement (see
Figure 8.31) that induces permanent deformation in the stdewhich constitutes the core of the
tyre bead (see Figure 8.2 and 8.3). This causes a reductiotedference pressure between tyre
and rim and may be responsible for interfacial creep anditeedly, lead to the disengagment of the
tyre-wheel assembly. The numerical model of the tyre-ristesyn has been modified to consider
the issue related to such process. So far, this problem leasdmdressed by modelling the tyre
as fitted on the rim in ideal circumstances, with the rim betraylelled as rigid. Moreover, in the
FE models presented in the previous sections, the fittinggshas been simulated in absence of
friction between the tyre and the rim, with the friction bgirestored once the fitting process had
been completed successfully. Hence, these models do nmtssdthe problems associated with
the tyre fitting process. Therefore, a further FE model wagldg@ed to thoroughly investigate the
phenomena which occur during the mounting of the tyre-riseasbly. The new axy-simmetric
FE model simulates the fitting process by adding a frictiom&rface between tyre and rim. This
complicates the model and several numerical problems late taddressed. Figure 8.32 shows
the difference between a tyre properly fitted (Fig. 8.324n}l a tyre bead which is not perfectly
seated due to fitting problems in the presence of high frictioefficient at the tyre-rim interface
(Fig. 8.32(ii) friction coefficient=0.2 and 8.32(iii) frion coefficient=0.6). The numerical model
confirms that an incorrectly seated tyre bead (Figure 8)B&nds to rock with respect to the rim
(see Figure 8.31), and this explains how the tyre bead arageanand, eventually, severely worn
out. This additional investigation places the emphasisherfact that controlling the tribological
performance of the coupling is not only linked to the probl&timiting the interfacial slip between

tyre and wheel, but is also related to many other issues iassdavith the mounting process and

186



8.9 WFT and Rim stress field Chapter 8: Investigation on 3D tyre/wheel assembly

(ii) (iii)

Figure 8.32. Tyre bead final position when seated as a fundfiche friction coefficient between tyre and

rim (i) friction=0, (ii) friction=0.2 and (iii) friction=06

the operating conditions.

8.9 WFT and Rim stress field

A description of the in-service vehicle load history wasuiegd to complete the investigation on
the tyre-rim assembly. The load history is needed as an topghte FE models, to provide essential
information for achieving improved design against fatigaethe wheel, and to extract the load
characteristics to be reproduced in the in-house test oigetform design validation using GKN
and Michelin existing facilities. To do so, the wheel diagshattachment of the JCB loader 4CX
was equipped with a wheel force transducer (WFT) purchased KISTLER (www.kistler.com).
Figure 8.33 shows the load force transducer mounted on ¢ ivheel hub. The device enables

the collection of forces and moments along the three destdepicted in Figure 8.33.

A total of six signals were recorded, corresponding to thhegHorces and the three moments along
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Figure 8.33. JCB 4CX Backhoe loader equipped with the whemtef transducer (WFT -
http://www.kistler.commmounted on the front wheelhfage courtesy of JCB - http://www.jcb.com

1 year—8760 hrs
Breakdown

[l Excavating
B Loading

@ Roading

Figure 8.34. Breakdown of the vehicle duty cycle.
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the axes, with respect to the steering angle and the rolpegd The measurements were carried
out at both the front and the rear wheel. Because of the aathite of the vehicle, the front wheel
was found to be subject to the highest loadings and, conatlguthe discussion and the results that

follow here are related to the front axle.

After a first series of preliminary calibration tests, a eerof activities have been performed at
the JCB premises in order to collect data based on the vethityeprofile. The typical profile was
defined by JCB based on the vehicle duty-cycle. Figure 8.84/skthe three main types of operation
for the type of vehicle under investigation (JCB 4CX). Sfieally, excavating and loading, which
count for 79% of the life of the vehicle, are normally clagsifas static operations. This means that
the vehicle is stationary and the rolling speed is zero. €hwining 21% is classified as roading and
this implies presence of significant rolling speed. Eachraipen can be divided into subactivities as
shown in Table 8.2. A comprehensive description of eaclvicts outside the scope of this thesis
and more details can be found in the internal project reuitsnitted to TSBconfidential datx
The data has been classified based on the information thapdwigled (Figure 8.34 and Table 8.2)
and a typical loading history profile generated. Figure &3%8.36 show examples load history for
the vehicle under investigation in static and dynamic cbowlj respectively, for one of the forces
recorded by the WFT. The stories include all operations dhathicle may experience and it was
originated by data recorded and re-organised over a pefitiichrs. The following procedure was
devised to generate the load history: first, each singleigctias classified based on its occurrence
probability provided by JCB. Then, each force and momentpgmment was separated from the
relative signal and, subsequently, filtered to remove thetetal noise incorporated in the signal
during the field test. An important aspect which was noticedng) the data analysis is that there
was drift on the lateral force signal. The drift was compeegas its effect is due to the increase
in temperature generated by the operation performed ansljcs is linear. The WFT was then

re-calibrated to compensate for temperature drifts auicaily. Once all signals were classified
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Duty profile | Activity breakdown % Split %
Excavating | Site stripping 62.8| 100
Loading Rehandling 37.2| 60
Rehandling severe 16
Basement dig 20
Pry post - Normal, severe and very sevére 4
Roading Brookleys 100 | 23
Quarryfloor laden SRS on 235
Quarryfloor laden SRS off 235
High speed oval track clock 115
High speed oval track anti-clock 115
Slalom 3
Reversal - gearl, gear 2 and gear 3 4

Table 8.2: Vehicle activity breakdown.

and the noise removed, each signal was processed in ordegle sut potential periodicities using
auto-correlation. This is because each activity can beacenized by a basic load history which
is representative of the corresponding activity/operatithe information associated with the basic
time period of each force and moment was linked to all thessponding signal components. Then,
all basic load histories were combined together based dnaaurrence probability to produce the
equivalent vehicle duty cycle. This information constfsithe main outcome of the data analysis as
it summarises all the loads applied to the assembly andpleeindicity over a representative time,
which, in turn, can be associated with the periodicity ofltrading history. Such loading profiles

have been captured and condensed in duty-cycles maps ndabdv#o the project partners.

As mentioned at the beginning of this section, the loadistphny data are to be used as an input for
the analyses performed to asses the fatigue performanice witeels. However, the GKN in-house
test rig only capable of reproducing simplified loading dtinds such as the ones shown in Figure
8.4. Consequently, the loading histories as shown in Fg8r&5 and 8.36 are too complex to be
implemented on that apparatus. Future work will includerthter investigation of the possibility to
further simplify and reduce the loading history maps acicwydo the requirements of the in-house

testing.
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Finally, although this is outside the scope of the work pné=e in this thesis, the FE model de-

veloped by the author will be also used to predict the stretd finduced by in-service loading

conditions while replicating the load path through the tyflae preliminary results obtained using

the FE model of a tyre mounted on a deformable wheel (Fig@®® & extract the stress field at the

rim-tyre interface align with the data obtained with theastrgauged wheel3KN private commu-

nication, 2009. This will constitute a very powerful design tool and thélmation of the FE model

results against strain gauged wheel data acquired at GKNtBARplore the different response of

the wheel due to various tyre architectures and loadingitond will constitute part of the future

work to be carried out in collaboration with the project pars.
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Figure 8.35. Example of vehicle load history - static caodif{excavating and loading) - front wheel.
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8.10 Summary

A description of the work carried out on the prototypical 3&ambly was presented. A 3D FE
model of a tyre mounted on a rigid and on a deformable rim haa peesented and proved capable
of capturing the tyre-wheel pressure spatial distributiorrectly. The model enabled the determi-
nation of the onset of slip in terms of minimum friction coeiffict needed to guarantee adhesion

between tyre and wheel for the prototypical application.

The tribological characteristics of the tyre-wheel inded were also the subject of our investigation.
A Bowden-Leben apparatus was employed to measure theofrictefficient between tyre and
wheel in dry and wet conditions. Considerations on the &tions of the apparatus to obtain reliable
values of the friction coefficient in presence of lubricatrompted to the design of a new test rig.
The design of the apparatus, to be also adopted for the ayatiimn of the knurled profiles used to

avoid tyre-wheel slip for large wheels, has also been ptedeand discussed.

Finally, the loading history of the assembly was determibasied on field measurements carried
out on the JCB 4CX based on duty-cycle information. The aptibn of the 3D models developed
by the author for the assessment of the wheel fatigue pediacmhas also been proposed and will

constitute the object of future investigations.
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Chapter 9

Conclusions and future work

The work presented in this thesis was prompted by an inagiig of creep and, ultimately, gross
sliding, of rubber tyres fitted around steel wheels. In thutuction to the thesis, it was explained
how this engineering problem can be idealised and simplifiditst approximation as a layered
contact problem. Consequently, the class of elastic coptablems commonly referred to as lay-
ered contacts has been investigated in depth aiming toilbotgrto the physical understanding
of the phenomenon of interfacial creep in frictional laykesystems. Several authors have already
analysed this class of mechanical assembly and a comprebemgew was presented in Chapter 1.
Only a few authors have, however, proposed effective seiytical solutions to model interfacial
creep (Hills et al., 1996). Hence, after indenting the magable techniques to model relative dis-
placement between mating surfaces, an investigation girtbldem was sistematically performed.
A through numerical (using FE models) and experimentalatmration of the analyses performed
by the author has been also carried out. The main theoratickéxperimental achievements of this

thesis are summarised in the next section.

9.1 Theoretical and experimental investigation

(i) The first step was to frame our approach on the basis ofiegitechniques which have never
been combined before to model the frictional interfacighdgour of layered systems. The dis-

tributed dislocation technique was chosen to model redatigplacement between mating surfaces
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since it had been proven to be very accurate in measurinddoigl creep. The implementation of
the technigue was not modified at this stage and it was apaliedrding to classical schemes. A
simplified contact problem was then presented to mimic tisechmehaviour of the shrink fitted sys-
tem under investigation. A series of example cases wertetteand the phenomenon of interfacial
creep in layered systems fully explained. Moreover, a piielary investigation of the importance

of time history on the solution to the problem was carried out

(ii) In Chapter 3 a simplified layered form of a very common ieegring contact problem, the
Carter driving wheel problem, was analysed. This additionaestigation was performed in order
to give practical advice to engineers for cases where datenterfacial slip could lead to system
failures. The main conclusion of this analysis is that wheerepleaceble tyre has to be used, its
thickness should be as great as possible in relation to titacisize in order to avoid the possibility
of fretting. Also, the larger the shrink-fit contact pregsachievable the better, but the other side
to this coin is that the strength of the contact will be selyereduced as plasticity is more likely to

take place.

(iii) The case of a layer sliding over a rigid substrate haanbeeated in Chapter 4. A novel formu-
lation for an elastic layer, pressed onto a rigid substiexid,slid along by a local external contact,
has been described. The principle adopted by the authoréptesent the actual contact tractions
using a piecewise linear distribution of overlapping tgkes. The ifiuence functions correspond-
ing to the triangular tractions have been derived from firstgiple and a series of example cases
have been investigated. The accuracy of the semi-andljgivaulation was also tested. In fact, the
output of this phase was to provide a fast and accurate seahytical tool to compute the stresses

between layer and substrate for this unusual, but realleading configuration.

(iv) Chapter 5 presented the application of quadratic @agning optimisation techniques to the
solution of 2D layered systems in the presence of localisipdvathin the distributed disloca-

tion framework developed in previous chapters. This nuca¢@approach enables us to track the
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marching-in-time solution to layered contact problemscifitly and accurately, overcoming the
main limitation to the classical schemes available in thexditure. The newly developed scheme
was therefore adopted to investigate frictional shakedovayered systems. This interesting topic
was treated in Chapter 6. Moreover, an experimental iryatsin was carried out to corroborate
our numerical findings. This was made possible by the fattiieenovel numerical approach allows
modelling complex loading scenarios in real assemblies emsequently, to predict the outcome
of tests characterised by different geometries and vaiimading conditions. The experimental
work, carried out using a micropitting testing machine nfiedi for the purpose of probing inter-
face slip and the presence of net displacement betweendagksubstrate, proved the developed

technique to be accurate and reliable.

(v) The phenomenon of frictional shakedown in layered systbas been treated in Chapter 6. The
topic is not novel as it has been investigated since the BAdyHowever, a systematic approach has
never been established to investigate the problem becailseomplexity, and the lack of accurate
and fast numerical schemes to compute interfacial slip. apmicability of the novel numerical
scheme presented in Chapter 5 to this type of frictionalaxirthenomenon has been shown. An
energy parameter has been proposed to classify the fridti@haviour of the systems under inves-
tigation. Moreover, the applicability of plasticity priiptes has been considered and, particularly,
the use of Melan’s theorem to predict the frictional behawiaf coupled layered contacts has been
considered. It has been clearly shown that Melan’s theoraghnunderstimatehe elastic frictional
shakedown limit. A systematic investigation of the caudesioh limitation have been framed and

some preliminary conclusions drawn.

(vi) A novel experimental method to measure the frictionfioient under partial slip conditions
has been presented in Chapter 7. This is an interesting aggige friction coefficient is usually a
critical input to our simulations, but its value has alwaggeh assumed givenpriori. In this work a

novel methodology to determine the friction coefficientjiting the damage to the rubbing surfaces
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caused by sliding, has been proposed. In fact, the test dneaunse the amount of surface damage
usually associated with sliding and it seems a viable metiiogeasuring, with great precision, the

coefficient of friction between solids.

(vii) The final chapter presents the work which has beenedwut to study the engineering pro-
totypical application. The approach combined both nuna¢gad experimental investigations and
comprised a 3D FE model of the tyre-wheel assembly, datysisain the real forces to which the
system is subjected, and a comprehensive characterigdtibe tribological properties of the tyre-
wheel interface. As main investigators of the problem, ole has also been to collate and interpret
all the information collected by the project partners angrmvide guidelines for improved design

of wheels and tyre-wheel interfaces for off-highway vebscl

The theoretical and experimental findings presented irthleisis and summarised above have wide
engineering impact. The work carried out by the author hehgsiding light on the frictional be-
haviour of tyre/wheel assemblies and, more in general, onlsfitted systems whose performance
are potentially affected by the relative motion between rireting surfaces. The newly devel-
oped semi-analytical and numerical methodologies hava beecessfully applied to the solution
of complex tyred systems. The numerical scheme based orpfieation of quadratic program-
ming and distributed dislocations to resolve localisedroslip and frictional creep at the contact
interface between shrink-fitted components as been pravée fast, accurate and reliable. By
tracking in time the interfacial stress field and the relatiNsplacements between the tyre and the
wheel, this technique enables to produce behavioural miaghe dnterfaces under investigation.
Of particular engineering relevance are the evaluatiomm@sholds for the avoidance of microslip
in two-dimensional assemblies. The accurate predictiocre&ép and creep rates which the com-
ponents undergo in case such limits are exceeded whenetifferading scenarios are considered
is also noteworthy. The experimental evidence providedhieyauthor demonstrates the validity

of the proposed approach and shows how a much better unudirgjeof the frictional behaviour
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of shrink-fitted systems has been achieved. The fundamentél carried out of two-dimensional
systems has also enabled to extend the threshold concepnidex three-dimensional tyre/wheel

assemblies and to issue guidelines for the improved desitew interfaces.

Of even more general interest and applicability is the tepledeveloped to measure the friction
coefficient between bodies which do not undergo full sliddg are characterised by local (or par-
tial) slip. This methodology can be effectively applied &l problems to infer the value of the
friction coefficient in shrink-fitted systems when locatisdip or creep take place. This is a key
input parameter in our model. Finally, the occurrence dtftiishal shakedown has been also in-
vestigated to understand its relevance to the engineeystgras under investigation. This peculiar
frictional behaviour always occurs when surfaces are ililasary contact and the preliminary in-
vestigation carried out in this thesis shows that a bettderstanding of this phenomenon is needed.

Its exploitation may result in a competitive advantage whew products are designed.

9.2 Future work

In this section, a summary of the suggestions for furtheelbgpments of the semi-analytical and
numerical techniques proposed by the author and for fuekperimental corroboration, is pre-
sented. The reader should also refer to the individual enagptmmaries for the discussion of some

of the proposed investigations.

() More experimental work is required to fully corroboratee proposed approach to model in-
terfacial slip in layered systems. In fact, despite the sgsdn corroborating the results obtained
using the newly developed numerical methodology discugsé&thapter 5, more tests should be
performed to confirm the validity of the approach when agpledifferent loading conditions and

material pairs.

(i) The quadratic programming technique, together with dirstributed dislocation technique, has

enabled us to explore the frictional shakedown problemdgeted systems. However, the numer-
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ical investigation has been limited to a series of simplif@atiing scenarios which are not always
representative of practical problems. Moreover, the nigakfindings need to be corroborated
experimentally. In fact, despite many researchers hawstigated the problem using analytical,
semi-analytical or purely numerical tools, experimentaiestigations of elastic and plastic fric-
tional shakedown of layered systems have never been cautedhis is a very challenging aspect

which should be explored in the near future.

(iii) On the novel technique to measure friction in partigd sturther work should permit the instan-
taneous variation of the coefficient of friction across tbatact patch to be deconvolved, and this
will form part of a future investigation. Modest changeshie toad range cause sufficient change
in the walking distance for the coefficient of friction, at# on aggregate, to be quoted to two
significant figures with confidence. Also, the damage whichlbeen caused is well documented
because the precise contact pressure distribution andisfifacement are fully known during the
test. Indeed, it is possible that this could be exploited lyipg very carefully controlled amounts
of surface modification into the specimen before a test islgoted - for example by deliberately
putting the specimen in the equivalent of a ‘cyclic plasyiciwalking back and forth) regime of

response.

(iv) Various suggestions for the work to be performed to iowerthe characterisation of the pro-
totypical assembly have also been reported in Chapter 8y iflwude:(a) calibration of the FE
model results against strain gauged wheel data to invésttba different response of the wheel
due to various tyre architectures and loading conditigb} completition of the proposed testing
apparatus for a better characterisation of the tyre-rimrfate (c) simplification and reduction of
the load history maps according to the requirements of tH®irse testingand (d) application of

3D FE models for the assessment of the wheel fatigue perfaena

199



Reference

Reference

Abaqus User’'s Manual (2007), version 7.7.1, Karlsson arrér&en, SIMULIA.

Ahn, Y.J., Bertocchi, E., and Barber, J.R. (2008a), "Shatadbf coupled two-dimensional discrete
frictional systems"Journal of the Mechanics and Physics of Sqlii, p. 3433.

Ahn, Y.J. and Barber, J.R. (2008b), "Response of frictimeakding contact problems to cyclic
loading", International Journal of Mechanical Scien¢é®, p.1519.

Anscombe, H. and Johnson, K.L. (1974), "Slip of a thin safie fpress-fitted on a wheel", Interna-
tional Journal of Mechanical Sciences, 16, p. 329.

Antoni, N., Nguyen, Q. S., Ligier, J. L., Saffré, P., Pastbr2007), "On the cumulative microslip
phenomenon'European Journal of Mechanics - A/Solids, 626.

Antoni, N. and Nguyen, Q.S. (2008), "Shakedown theoremsoint&t Mechanics'Comptes Ren-
dus Mécaniquge336, 341.

Araujo, J. A., and Nowell, D. (1999), "Analysis of pad sizéeefs in fretting fatigue using short
crack arrest methodologieghternational Journal of Fatigug21(9), pp. 947-956.

Aslantas K. and Tasgetiren, S. (2002), "Debonding betweating and substrate due to rolling-
sliding contact"Materials & Design 23, 571.

Barber, J.R. (2002Elasticity,2nd ed., Kluwer Academic Publisher.

Barber, J.R., Klarbring, A. and Ciavarella, M. (2008), "&bdown in frictional contact problems
for the continuum"Comptes Rendus Mécaniqus6, 34.

Bentall, R.H. and Johnson, K.L. (1968), "An elastic strigplane rolling contact”|nternational
Journal of Mechanical Science$0, 637.

Blau, P.J. (1995), Friction Science and Technology, CRG$re

Bowden F. P. and Leben L. (1939), "The Nature of Sliding ardAhalysis of Friction"Proceed-
ings of the Royal Society of Londd®eries A, Mathematical and Physical Sciendd®, pp.
371-391.

Carter, F.W. (1926), "On the action of a locomotive drivinigee!",Proceedings of the Royal Society
of London Series A, 112, p. 151.

Cattaneo, C. (1938), "Sul contatto di due corpi elastigtribhuzione locale degli sforziRendiconti
dell’Accademia Nazionale dei Lingél7(6), pp. 342—-348.

Chand, R., Haug, E.J. and Rim, K. (1976), "Analysis of untezhdontact problems by means of
quadratic programmingJournal of Optimization Theory and Applicatiqrd, 171.

Chang, F.K., Comninou, M., Barber, J. R. (1983), "Slip betwa layer and a substrate caused by a

normal force moving steadily over the surfacternational Journal of Mechanical Scierge
25, 803.

200



Reference

Chen, Y.H., Polonsky, I.A., Chung, Y.W. and Keer, L.M. (2002Tribological properties and
rolling-contact-fatigue lives of TiN/SiNx multilayer ctiags", Surface and Coatings Technol-
ogy, 154, 152.

Chen, W.T. (1971), "Computation of stresses and displanesmie a layered elastic mediunih-
ternational Journal of Engineering Scien& 775.

Chen, W.T., Engel, P.A. (1972), "Impact and contact stresdyais in multilayer media'interna-
tional Journal of Solids and Structure8, 1257.

Churchman, C. M., and Hills, D.A. (2006), "General resuttsdomplete contacts subject to oscil-
latory shear"Journal of the Mechanics and Physics of Sqlii$, p. 1186.

Ciavarella, M. and Demelio, G. (1999), "On non-symmetratahe contacts'International Journal
of Mechanical Scienced1(12), p. 1533-1550.

Cole, S.J. and Sayles, R.S. (1992), "A Numerical Model ferGwontact of Layered Elastic Bodies
With Real Rough SurfacesJpurnal of Tribology 114, 334.

Comninou, M. and Dundurs, J. (1978), "Can two solids slidéhauit slipping?”,International
Journal of Solids and Structure$4(4), pp. 251-260.

Comninou, M., Schmueser, D. and Dundurs, J. (1980), "brieti slip between a layer and a sub-
strate caused by a normal loatfiternational Journal of Engineering Sciends, 131.

Comninou, M., and J.R. Barber (1983a), "Frictional slipwextn a layer and a substrate due to a
periodic tangential surface forcahternational Journal of Solids and Structsel9, p. 533.

Comninou, M., Barber, J.R. and Dundurs, J. (1983b), "latafslip caused by a surface load mov-
ing at constant speedhternational Journal of Mechanical Scienc@$, 41.

Comninou, M. and Dundurs, J. (1983c), "Partial closure atks at the interface between a layer
and a half spaceEngineering Fracture Mechanic48, 315.

Comninou, M. (1978), "The interface crack in a shear fieldyrdal of applied mechanics, 45(2),
p. 287-90.

Dini, D. (2004), "Studies in fretting fatigue with parti@ulapplication to almost complete contacts",
Ph.D. Thesis, Department of Engineering Science, Uniyeo$iOxford.

Dini, D., and Nowell, D. (2003), "Prediction of the slip zofrtion coefficient inflat and rounded
contact" Wear, 254(3-4), pp. 364-369.

Dundurs, J. and Mura, T. (1964), "Interaction between edg®ahtion and circular inclusion",
Journal of Mechanics and Physics of Sojid&(3), p. 177-189.

Dundurs, J. and Sendeckyj, G.P. (1965), "Edge dislocatisité circular inclusion"Journal of
Mechanics and Physics of Soljds3(3), p. 141-147.

Dundurs, J. (1967), "Effect of elastic constants on stressdomposite under plane deformation”,
Journal Composite Materiall, pp. 310-322.

Dundurs, J. and Comninou, M. (1979), "Some consequancée dfi¢quality conditions in contact

201



Reference

and crack problemsJ. Elasticity 9, p. 71.

Drucker, D.C. (1954), "Coulomb friction, plasticity, anichit loads ", ASME J. Appl. Mech21,
71-74

Eberhardt, A.W., Lewis, J.L. and Keer, L.M. (1991), "Norn@antact of Elastic Spheres With Two
Elastic Layers as a Model of Joint Articulatiordurnal of Biomechanical Engineerin@13,
410.

Edge, J. (2008), 4th Year Project Thesis, Mechanical Ewging Department, Imperial College
London.

Erdogan, F.F. (1971), "On the numerical solution of singultegral equations'Quarterly of ap-
plied mathematic29, p. 525-534.

Fouvry, S., Kapsa, Ph., Vincent, L. (1998), "Developmeritiaiting sliding criteria to quantify
the local friction coefficient evolution under partial skpndition”, Tribology Series34, pp.
161-172.

Fouvry, S., and Kapsa, Ph. (2001), "An energy descriptiohastl coating wear mechanisms",
Surface and Coatings Technolodys8(2-3), pp. 141-148.

Fredriksson, B. and Rydholm, G. (1981), "Shakedown inifsicdl systems - some considerations”,
In: Rydholm, G. (ed.), On Inequalities and Shakedown in @cinProblems, Diss. No. 61,
Linkoping Studies in Science and Technology, F1-F21.

GKN (2009),Private communicatian

Gladwell (1980) Contact problems in Classical Theory of ElasticiBjjtoff and Noordhoff, Mary-
land, USA.

Gobbi, M., Aiolfi, M., Pennati, M., Previati, G., Levi, F., Raldone, M. and Mastinu, G. (2005),
Measurement of the forces and moments acting on farm trpnrmatic tyresyehicle System
Dynamics 43, p. 412-33.

Heisenberg, W. (1927), "Uber den anschaulichen Inhalt dantgntheoretischen Kinematik und
Mechanik", Zeitschrift fir Physik 43: 172-198.

Hills, D.A., Kelly, P.A., Dai, D.N. and Korsunsky, A.M. (199, Solution of crack problems: the
distributed dislocation technique, Kluwer Academic Psifdir.

Hills, D.A., Nowell, D. and Sackfield, A. (1993), Mechanidsatastic contacts, Butterworth Heine-
mann.

Ihara, T., Shaw, M.C. and Bhushan, B. (1986a), A finite eldraralysis of contact stress and strain
in an elastic film on a rigid substrate -Part I: zero frictidnansactions of ASMBournal of
Tribology, 108, 4, pp. 527-533.

Ihara, T., Shaw, M.C. and Bhushan, B. (1986b), A finite eleraealysis of contact stress and strain
in an elastic film on a rigid substrate -Part II: with frictiocfransactions of ASMBlournal of
Tribology, 108, 4, pp. 534-539.

Jaffar, M.J. (1988), "A numerical solution for axisymmetdontact problems involving rigid in-

202



Reference

denters on elastic layersJournal of the Mechanics and Physics of Salig, p. 401.

Jaffar, M.J. (1989), "Asymptotic behaviour of thin eladtagers bonded and unbonded to a rigid
foundation”,International Journal of Mechanical Scien¢céd, p. 229.

Jaffar, M.J. (1991), "Elastic strips in sliding contadthe Journal of Strain Analysis for Engineering
Design 26, p. 193.

Johnson, K. L. (1985), Contact Mechanics, Cambridge UsityePress, Cambridge.

Kadiric A., Sayles, R.S. and loannides, E. (2008), "Theivtexzhanical Model for Moving Layered
Rough Surface ContactsJpurnal of Tribology 130, 011016.

Kalker, J.J. (1971), "A minimum principle for the law of dryidtion with application to elastic
cylinders in rolling contact. Part 1: fundamentals, aptian to steady state rollingTransac-
tion ASME Journal of Applied Mechani¢88, 875.

Kalker, J.J. (1990)Three-dimensional elastic bodies in rolling contgspringer.

Kelly, P.A., Hills,D.A. and O’Connor, J.J. (1999), "Elastiontact on a double-layered substrate”,
Proceedings of the Institution of Mechanical Engine®art C Journal of Mechanical Engi-
neering Science213, 331.

Keer, L.M. and Guo, Q. (1990), "Stress analysis for symroellf loaded bonded layerdhterna-
tional journal of fracture 43, 69.

King, R.B. and O’'Sullivan, T.C. (1987), "Sliding contactesdses in a two-dimensional layered
elastic half-space’international Journal of Solids and Structure23, 581.

Klarbring, A. (1986), "A mathematical programming approdc three-dimensional contact prob-
lems with friction", Computer Methods in Applied Mechanics and Engineeru®g 175.

Klarbring, A. and Bjorkman, G. (1988), "A mathematical pragnming approach to contact prob-
lems with friction and varying contact surfac€pmputers & Structures80, 1185.

Klarbring, A., Ciavarella, M. and Barber, J.R. (2007), "&bdown in elastic contact problems with
Coulomb friction",International Journal of Solids and Structsied4, p. 8355.

Komvopoulos, K. (1988), "Finite element analysis of a l&gkelastic solid in normal contact with
arigid surface"Trans. ASMEJ. Tribology, 110(3), 477.

Kral, E.R. Komvopoulos, K. and Bogy, D.B. (1995a), "FiniteeEBent Analysis of Repeated Inden-
tation of an Elastic-Plastic Layered Medium by a Rigid Sgh&art 1l: Subsurface Results",
Journal of Applied Mechani¢$2, 29.

Kral, E.R., Komvopoulos, K. and Bogy, D.B. (1995b), "FinEéeement Analysis of Repeated In-
dentation of an Elastic-Plastic Layered Medium by a Rigith&p, Part |: Surface Results",
Journal of Applied Mechani¢$2, 20.

Kral, E.R. and Komvopoulos, K. (1996a), "Three-Dimensidraite Element Analysis of Sub-
surface Stresses and Shakedown Due to Repeated Sliding ayeeed Medium" Journal of
Applied Mechanics3, 967.

203



Reference

Kral, E.R. and Komvopoulos, K. (1996b), "Three-Dimensidriaite Element Analysis of Surface
Deformation and Stresses in an Elastic-Plastic LayerediMie&ubjected to Indentation and
Sliding Contact Loading"Journal of Applied Mechani¢c$3, 365.

Kral, E.R. and Komvopoulos, K. (1997), "Three-DimensioRalite Element Analysis of Subsur-
face Stress and Strain Fields Due to Sliding Contact on astiElRlastic Layered Medium”,
Journal of Tribology 119, 332.

Krenk, S.S. (1975), "On the use of interpolation polynorfoalsolutions of singular integral equa-
tions", Quarterly of applied mathematic82(4), p. 479-84.

Lainé, E., Olver, A.V and Beveridge, T.A. (2008), "Effectlobricants on micropitting and wear",
Tribology International 41, 1049.

Lee, C. (2006), "Rim Slip and Bead Fitment of Tires: Analyaisd Design",Tire Science and
Technology34(1), p. 38-63.

Lovell, M. (1998), "Analysis of contact between transvéydeotropic coated surfaces: develop-
ment of stress and displacement relationships using FEN4r, 214, 165.

Lovell, M.R., Khonsari, M.M. and Marangoni, R.D. (1996), fiite element analysis of the fric-
tional forces between a cylindrical bearing element and Ro&ted and uncoated surfaces"”,
Wear, 194, 60.

LabView User Manual (2003), National Instruments.

Ma, L.F. and Korsunsky, A.M. (2004), "Fundamental formigatfor frictional contact problems of
coated systems", International Journal of Solids and &tres, 41, 2837.

Maier, G. (1968a), "A quadratic programming approach fotaie classes of non linear structural
problems"Meccanica3, 121.

Maier, G. (1968b), "Quadratic programming and theory ofttaperfectly plastic structuresViec-
canicg 3, 265.

Maier, G. (1969a), "A method for approximate solutions afisihary creep problemsheccanica
4, 36.

Maier, G. (1969b), "Shakedown theory in perfect elastdjliyg with associated and nonassociated
flow-laws: A finite element, linear programming approadieccanica 4, 250.

MATLAB Documentation (2009), v.R2009a, The MathWorks.

Matos, P.F.P. and Nowell, D. (2007), "On the accurate assa#sof crack opening and closing
stresses in plasticity-induced fatigue crack closure lprok", Engineering Fracture Mechan-
ics, 74, 1579.

Meijers, P. (1968), "The contact problem of a rigid cylinderan elastic layer’Applied scientific
research 18, 353.

Melan, E. (1936), "Teorie statisch unbestimmter Systensedral-plastichem"”, Baustofsitzungs-
ber.d.Akad.d.WissWien 2A, 145, 195.

204



Reference

Michelin (2004), "Maintenance guide for Earthmover Tyres"
Michelin (2009),Private communicatian

Mugadu, A., Hills, D. A., and Nowell, D. (2002), "Modificams to a fretting-fatigue testing ap-
paratus based upon an analysis of contact stresses at teraptenearly complete contacts”,
Wear, 252(5-6), pp. 475-483.

Mugadu, A., Sackfield, A. and Hills, D.A. (2004), "AnalysitaRocking and Walking Punch—Part
I: Initial Transient and Steady Statdyurnal of Applied Mechani¢c§1, 225.

Munisamy, R., Hills, D.A. and Nowell, D. (1991), "Brief nota the tractive rolling of dissimilar
elastic cylinders"|nternational Journal of Mechanical Scien¢&s3, 225.

Muskhelishvili (1946), Singular Integral Equations, P.dxdhoff Ltd.

Nikas, G.K. and Sayles, R.S. (2008), "Finite-element aislgf layered rolling contacts", Proceed-
ings of the Institution of Mechanical EnginegPart J Journal of Engineering Tribology222,
865.

Nikas, G.K. and Sayles, R.S. (2009), "Surface coatings aitg-felement analysis of layered fret-
ting contacts", Proceedings of the Institution of MechahkngineersPart J Journal of Engi-
neering Tribology 223, 159.

Nowell, D. and Hills, D.A. (1988a), "Tractive rolling of dimilar elastic cylinders"International
Journal of Mechanical Science30, 427.

Nowell, D., and Hills, D.A. (1988b), "Tractive rolling of tged cylinders"International Journal of
Mechanical Science80, p. 945.

Nowell, D., Hills, D.A. and Sackfield, A. (1988c), "Contact dissimilar elastic cylinders under
normal and tangential loadingJpurnal of the Mechanics and Physics of Sqli@g, 59.

Nowell, D. and Dai, D.N. (1998a), "Analysis of Surface Tianos in Complex Fretting Fatigue
Cycles Using Quadratic ProgrammingdSME - Journal of Tribologyl120, 744.

Nowell, D. (2004), "Analysis of a Rocking and Walking PuncPRa#t II: General Numerical Solu-
tion Using Quadratic ProgrammingIournal of Applied Mechani¢§'1, 234.

Nowell, D., Dini, D. and Hills D.A. (2006), "Recent developemts in the understanding of fretting
fatigue",Engineering Fracture Mechanicg3, 207.

Oliveira, S.A.G. and Bower, A.F. (1996), "An analysis ofdiare and delamination in thin coatings
subjected to contact loadingfear, 198, 15.

O’Sullivan, T.C. and King, R.B. (1988), "Sliding Contactess field due to a spherical indenter on
a layered elastic halfspacelgurnal of Tribology 110, 235.

Pacejka, H.B. (2002), Tyre and Vehicle Dynamics, 2002, @utbrth Heinemann.
Pasanen, A., Lehtovaara, A., Rabb, R. and Riihimé&ki (20B0),Friction behavior of quenched

and tempered steel in partial and gross slip conditionseitifig point contact"Weatr, In Press,
Corrected Proof.

205



Reference

Persson, B.N.J. and Tosatti, E. (2000), "Qualitative thedrubber friction and wear'Journal of
Chemical Physigsl12(4), p. 2021-9.

Persson, B.N.J. (2001), "Elastic instabilities at a stidimerface" Physical Review B (Condensed
Matter), 63(10), p. 104101-1.

Persson, B.N.J. and Volokitin, A.T. (2006a), "Rubber fdoton smooth surfacesEuropean Phys-
ical Journal E 21(1), p. 69-80.

Persson, B.N.J. (2006b), "Contact mechanics for randoough surfaces"Surface Science Re-
ports 61(4), p. 201-27.

Po, B. (2009), 4th Year Project Thesis, Mechanical Engingddpt., Imperial College London.

Polonsky, I.A. and Keer, L.M. (2000), "A Fast and Accuratetivtal for Numerical Analysis of
Elastic Layered ContactsJpurnal of Tribology 122, 30.

Polonsky, I.A. and Keer, L.M. (2001), "Stress Analysis ofyeeed Elastic Solids With Cracks
Using the Fast Fourier Transform and Conjugate Gradienhiigoes",Journal of Applied
Mechanics68, 708.

Porter, M. I., and Hills, D.A. (2002a), "Alat punch pressed against an elastic interlayer under
conditions of slip and separatiorihiternational Journal of Mechanical Sciencdsgl, 465.

Porter, M. I., and Hills, D.A. (2002b), "Note on the completntact between #at rigid punch
and an elastic layer attached to a dissimilar substrétégrnational Journal of Mechanical
Sciences44, 5009.

Qiu, H., Dini, D., Hills, D.A. (2008), "Torsional contact @in elastidlat-ended cylinderJournal
of the Mechanics and Physics of So)ié§, 3352.

Reina, S., Dini, D. and Hills, D.A. (2009), "On the accuratediction of interfacial micro-slip in
frictional joints using distributed dislocations and qregtét programming techniquedProce-
dia Engineering1, 181.

Reina, S., D. Dini, and D.A. Hills (2010a), “Incipient slipeditions in rolling contact of tyred
wheels”, Proceedings of the Institution of Mechanical Eegirs, Part C: Journal of Mechanical
Engineering Science, doi:10.1243/09544062JMES2075.

Reina, S., D. Dini, and Hills, D.A. (2010b), “InterfacialiBland Creep in rolling contact incorpo-
rating a Cylinder with an Elastic Layer”, European Jourrfallechanics A/Solids,

doi:10.1016/j.euromechsol.2010.02.009.

Reina S., Hills D.A. and Dini D. (2010c), “Contact of a rigiglinder indenting an elastic layer
sliding over a rigid substrate”, European Journal of Medt®A/Solids,

doi:10.1016/j.euromechsol.2010.02.006.

Reina S., Hills D.A. and Dini D., (2010d), “Determining theefficient of friction without sliding”,
Wear (2010), Wear (2010), doi:10.1016/j.wear.2010.04.01

Schmueser, D.D. and Comninou, M. (1979), "The interfaceldraa combined tension-compression

206



Reference

and shear field"Journal of applied mechanicd6(2): p. 345-8.
Sneddon, I.N. (1951 Fourier TransformsMcGraw-Hill, New York.
Stachowiak, G. and Batchelor, A.W. (200&xperimental Methods in Tribologilsevier.

Stearns, J., Srivatsan, T.S., Prakash, A. and Lam, P.C4)20@odeling the mechanical response of
an aluminum alloy automotive rimMaterials Science and Engineering 266(2), p. 262-268.

Su, R.K.L., Zhu, Y. and Leung, A.Y.T. (2002), "Parametricadtatic programming method for
elastic contact fracture analysistiternational journal of fracture117, 143.

Sun, Y. (2010), MSc Project Thesis, Mechanical Engineebegartment, Imperial College Lon-
don,to be submitted in September 2010

Tian, H. and Saka, N. (1991a), "Finite element analysis oflastic-plastic two-layer half-space:
sliding contact"Wear, 148, 261.

Tian, H. and Saka, N. (1991b), "Finite element analysis oélastic-plastic two-layer half-space:
normal contact"Wear, 148, 47.

Timoshenko, S. and Goodier, J.N. (1970heory of ElasticityMcGraw-Hill, New York.
Treloar, L.R.G. (1958)The physics of rubber elastici?¢ ed., Oxford University Press.

Truman, C.E. and Booker, J.D. (2007), "Analysis of a shffibkailure on a gear hub/shaft assem-
bly", Engineering Failure Analysjsl4, 557.

Vingsbo, O., and Séderberg S. (1988), "On fretting map&ar, 126(2), pp. 131-147.

Vorvolakos, K. and Chaudhury, M.K. (2003), "The effects aflaecular weight and temperature on
the kinetic friction of silicone rubbersltangmuir, 19(17), p. 6778-6787.

Yang, S. (2009), 4th Year Project Thesis, Mechanical Ergging Department, Imperial College
London.

Ye, N. and Komvopoulos, K. (2003a), "Effect of Residual S¢rn Surface Layer on Contact De-
formation of Elastic-Plastic Layered Medialburnal of Tribology 125, 692.

Ye, N. and Komvopoulos, K. (2003b), "Indentation Analysisetastic-Plastic Homogeneous and
Layered Media: Criteria for Determining the Real Materiartiness"Journal of Tribology
125, 685.

Wang, Z. (2009), 4th Year Project Thesis, Department of Bgwying Science, University of Ox-
ford.

Wille, R., Bohm, F. and Duda, A. (2005), "Calculation of ttaling contact between a tyre and
deformable ground'Vehicle System Dynamic$3, p. 483-92.

http://www.jcb.com

http://www.tekscan.com

207



Reference

http://www.veeco.com
http://www.kistler.com
http://www.michelin.com
http://www.etrto.org
http://www.instron.co.uk
http://www.dowcorning.com
http://www.pcs-instruments.com/mpr

http://www.rema-tiptop.co.uk

208



Appendix A

The influence functions for a triangular distribution of tractiohhalf-width a,,., height p;, ¢;), and
located atr;, on the surface normal displacememntat a pointz along the interface between the

indenting disc and the elastic layer are given by:

wb — 1(3 — 4v) sinh(2wb)

Fe) = [(wb)2 + (1= 2v)2 + (3 — 4v) cosh?(wb)

] 2 sin? (w53 ) cos (w (@ = 22)) =

G2

yi (1 —2v)(3 —4v) (1 — cosh?(wb)) | 2 9 r dw
(z, ;) / 5 5 sin (w—) sin (w (x — x;)) —
/ (1 —2v)%2 + (3 —4v) cosh®(wb) | apw w
(A.2)
The kernels to be used in conjunction with equations (2.8)(@m) are:
Nig=4[(1+ )7+ 8] e” —28(1+ a)e " (A.3)

Nop =2{2(1+B)[(1+B8)7—(1=B)7+1+p*}e” —2(a+%)e " (A.4)

D1y =Doy = (1— 52) X+ (a2 - 62) e 2T —4(1+ B)(a — B)T* — 2(a — 7). (A.5)
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Appendix B

The irfluence functions for normal and tangential displacements fiayer sliding over a rigid

substrate are given by:

Ly = € [4,6> + B,(2[¢] (11—1) — D)) + (8.1)

+e 1P [CLp? + Dp(2]] (—v1 + 1) — ¢?b)]

Ly = el/P[A,6% + B,(2]¢] (vi—1) — ¢?b)] + (B.2)

+e 1P [Cod? + Dy(21¢] (—v1 + 1) — 6%0)]

Ly = e?P[4,6% ¢ + Bpp(1 — 2v1 — |¢|b)] + (B.3)

+e 9 [—Cp6? 6] + Dpo(1 — 201 + |6]D)]
qu _ e|¢|b [Aq¢2 |¢‘ + Bq¢2(1 — 21/1 — ‘d)| b)] + (B4)
+e 19 [~Cy6? |6] + Dyg*(1 — 201 + |9 b)]

where the eight additional constant$,, B,,, C,, D,,, A4, By, Cy, D, are found by imposing the

boundary conditions. For the normal traction components:

Ap IAp

By, _i Ipp | -

| =3p | 12 |79) (B.5)
Dy, IDp
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Appendix B

with

AP — ¢2z’(—1+e%‘¢|)2f¢3(—1+2u1)psub—(—1+e4b|¢|)¢2\¢\(—1+2y1)+(5.6)

Al (1 2) - (<14 €190 62 0] + 489l (1~ b 0pa)

Iip = —(M(14 2 4 b[g] (14 c2H)) « ®7)

#(1f 2Py (—1 +201) + ¢% 8] (1 — 20v1) + 6% |9]))

Ig, = —"?g| (i (1 + e2b‘¢‘) FO* (=14 201) poy + (B.8)
— (—1+e) 7 gl (~1+201) +

—2ifpa®” + % 0] (—1 + €1 + 2ibf Pp,,))

Iop = —(M(=14 e +b]g] (14 ™))+ (8.9)

#(if 0 poun (1 = 201) + 6% 9] (1 — 201) + 67 [@]))

Iop = =iE16] (= (1+6™17) 167 (=1 200) ps + (8.10)
—i¢” || (—1 - e%“ﬂ) (—1+2v1) + 2¢° f p el

+0? 6] (—i + 1?16 + 2bf dpoup))))

and for the tangential tractions:

Aq IAq
Bq 1 IBq -

= — B.11
D, IDq
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with

AQ = (LI (—14201) oyt (=1 -+ 190) 62 6] (<1 + 201) +
F4ibe?!910 (=1 4 201) — id? | B] (=1 4 e®I91) — 4be®l9l (i 1+ bfop,,,) ¢

(B.12)

Lig = —be? (<14 9) (if6* (<1 4+ 201) poy + 6716 (1~ 21) + 7 [])  (B.13)

Is, = —eMl( (—1+e2bl¢‘) F& (=14 201) pouy + (B.14)

_ (1 n e2b\¢>\) O o] (=1 +2v1) + &2 o] (1 + €29 — 2ibfdp.p))
ICq = —beb“ﬁ' <_1 + €2b|¢‘) (Zf¢3 (1 - 2”1) Psub T ¢2 ‘(b’ (1 - 21/1) + ¢2 ’¢D (B'15)

Ip, = —ebll(— ( 1+e2bl¢|> F3 (=1 + 201) payp + (B.16)

(1 M) 6 Jo] (<14 201) + 62 [9] (~1+ 191+ 2ib ).

Also

—+00

11— /IVPSanE/}Z2¢> —i 2 Z (i —in j}é’ (B.17)
+0o0

179 — /IVQSHIZ;Z;Z)) —i2Z (i —iin) ‘j;ﬁ (B.18)
+oo

101 = /IﬁPSIHZEbZZw) —120Z (i —in )CZ(}/} (B.19)
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+oo
T sin (Zw) —de;Z zm—zn)dw
1U2 __4 IQ—=-- 702 v
e = [wwm’ pr( 2(1—2v1) — [y | +
T I
|¢|w2 Lyl Dp( 2(1—201) + [¢])
. el?l I I
wQ = [I¢|w31Aq +¢° B"( 2(1—2v1) = [9])| +
AQ Iaqg
gt 2L Log o100 (5.1~ 3y) 1 )
Iaq Iaq

4 Tap Y2 Ipp

2[ j 2
Se i (ma-w - )
4 Iap V2 Ipp 4 |

10Q = e [d} IAq +¢IBq <W\ vi—1 —W) +

IUP = ¢l V Lay +Mﬁ <W\(vl—1) ¥

_l’_

4 1nq Ing 4
G487 (i) - %)]
Inp = %ipsubf (—1+2v1) (—1 + eW")z +
—% (<14 ™) (—1+v0) + %46'7“(2 (1-w1)— ifpsub%)

Tap= ( et 2 (1 e'¢')> (Pruat 16 (1 201) + 28] (1 — 1))

= ( B0 f Py (—3 + 201 — el (1 - 201)) + )
g +2 9] (1 —v1) (eT = 1) + £ fpu0)

Iop = — < L (1 + e|w|>) (Psuptf P (1= 2v1) + 29[ (1 — 1))

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)
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3
Ippy = %ifpsub (—1 vy — el (3 - 21/1)) + (B.29)
2
+¢T|¢’ (2 (1—rv1) <€|w| - 1> - ifpsubwew}‘)
3

Isa = panf (-Lrom) (1 4el) (8.30)

w00l (1= ) (1) 0t (W (2001) = Fray )

Tag = (1= el"1) (i puugt (=1 + 201) + 210l (1 = 1)) (B.31)

Tpg = = (ifpeants (=14 ) (=14 200) + ol (200 =) (14 ) —ifp00)) (B32)

Iog = (1= ™) fpaunts (1 = 201) + 2[86] (1 = v1)) (B.33)

Ipg = ifpeut) (—1 + €|w|> (=1+2v1) + (B.34)

— 0] (201-1) (14 el) +ifp e
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Appendix C

When the materials are similar, with similar meaning hathmgsame Poisson’s ratio and the same

Young’s modulus, the expressions for theuence functions and the constaty,, to be substituted

into (5.2) are

3b° 16b°
Gyy (z,§) =16 | — + (C.1)

[4192 +(z - g)ﬂ : [4b2 +(z - 5)2} ’

1 r—

= T o

Gy (2,8) =2 X 121?2(5375)41) i(x 6%4(1«75) (C.2)
[4b2+(z—£)2]"  [ab24(z—8)*]”

2F
Asy = m (C.3)
where
k=3—4v (C.4)

When the materials are dissimilar, if the layer is indicatétth 1 and substrate witB, the influence

functions and the material constatt,;; can be expressed as follows
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where

Nip=4[(14+8*) 72 +8]e" —28(1+a)e "

Npo=2{2(1+B)[1+B8)7—(1=B)7+1+p*}e —2(a+ B?)

Dis = Doy = (1—52)627—4-(042—,32)6_27——4(1+5)(a_5)72—2(04—

/€2:3—4V2

(C.5)

(C.6)

(C.7)

(C.8)

e T (C.9)

5% (C.10)

(C.11)

« andg are the Dundur’s parameters (Dundurs, 1967), which can jpessed as follows

FEs (I{l —1—1) —FEr (/{24—1)

o =
Es (k1 + 1) + By (k2 + 1)

(C.12)
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Es (K,l — 1) —FE; (/€2—|—1)

b= Es(k1+ 1)+ Ep (ko + 1)

(C.13)
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