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ABSTRACT

In this experimental study of the instability of
aircraft trailing vortices the flow far behind a delta wing in a
low speed wind tunnel was examined. The main emphasis was on
searching for a disturbance moving with the outer flow, thus only
sample profiles of the mean axial and azimuthal velocities through
the core of one of the trailing vortices are given.

A "structured disturbance" in the flow was investi-
gated using a conditional sampling technique based on velocity
measurements of the flow in the trailing vortices made using hot
wire anemometry. The "structured disturbance'' was a random
phenomenon and was not linked with the Crow instability. Besides
the "structured disturbance' which typically had a wavelength of
approximately 1 m, a longer wavelength disturbance (approximately
ten times that of the '"structured disturbance') was also discovered;
this latter disturbance was attributed to vortex meandering and not
studied in detail.

A discussion on the formation ol the "strvctured
disturbance" as a result of a distortion to the edge of the core of
a vortex unstable in the Rayleigh sense is presented. The observed
characteristics of the "structured disturbance" indicated that it is
a stationary wave; the link between the "structured disturbance'!
and the solitary wave solution of the Korteweg~de-Vries equation is

discussed.
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NOTATION

wing planform area
core radius

core radius (section 2.1)

wing span (section 2.1 and Table I)

separation between the vortices
(section 2.3 and ch. &)

wing mean chord (section 2.1 and Table I)
vortex core diameter (section 2.3)

centreline chord of the wing
(ch. % and Table VI)

lift coefficient

specific heat at constant pressure
(section 2.2 and appendix A)

cut~off distance in self-induction integral,
proportional to vortex core diameter
(section 2.3, Crow [98])

sum of the mean, E; and fluctuating, e, voltages
(appendices B, C, D and E)

distance for the trailing vortex to roll up (as
defined by Spreiter and Sacks [91)
(section 2.1 and Table I)

longitudinal, lateral and vertical unit vectors
(section 2.3, Crow [98])

stagnation enthalpy
circulation
thermal conductivity (section 2.2 and appendix A)

perturbation wavenumber
(section 2.3, Crow (98])

vi



L wing 1ift

dl line increment directed along vortex (section 2.3)
M half the number of point vortices representing

the vortex sheet (section 2.1, Moore [361)

N number of point vortices representing the velocity
field of a turn of a spiral
(section 2.1, Moore {36])

P constant boundary, value of pressure
(section 2.2 and appendix A)

pressure
R radius of the vortex ring (section 2.3, Widnall
) and Tsai [1261)
R overheat ratio (appendix B)
R separation between points on vortices

(section 2.3, Crow [981)

Rev =T,[v vortex Reynolds number

Rew = UpC /D Reynolds number based on centreline chord length
s ~ vortex radius (section 2.1, Adams [29])

T radial vortex displacement, with components (y, z)

(section 2.3, Crow [98])

xr approximate core radius
(section 2.2, Steger and Kutler [64])

r radial location of peak swirl velicity i.e. core
radius ( section 2.1, Williams [28]

ry 8,2 cylindrical coordinates with positive 2z along
downstream axis

s position of an unperturbed vortex along gy ~ axis
(section 2.3, Crow [98])

s wing semi-span at trailing edge (chapters 3 and 4)

s' vortex separation distance
(section 2.1, Spreiter and Sacks [9])



s' = L/2pUsT,
T

t

t* = tU/a
i

'|I

T

U, V, W
U, Vv, W
T, ¥, 7
Ups Uy Uy

wake semi-span (scction 2.1, Williams (281})
temperature (section 2.2 and appendix A)
time

a/U being the natural time scale

{section 2.1, Moora [36])

mean level of the oscillation
(section 2.4, Ieibovitch and Seebass [164])
total induced velocity, u - ¢, (T /27wb )

~Z
(section 2.3, Crow [98])
free stream velocity

constant, boundary, values of radiai,
circumferential and axial components of velocity
respectively (section 2.2 and appendix A)

total axial, radial and azimuthal velocity
components respectively, i.e. the sum of the mean
and fluctuating velocities, cege U = U + u

(chapters 3, 4 and 5 and appendices B and E)

mean axial, radizl and azimuthal components of
velocity respectively
(chapters 3, # and 5 and appendix E)

components of velocity, experiment (iii),

U1 in the axial direction,

U, = Veos 30° - Wsin 30°,

U, = Vsin 30° +Weos 20°

3
(chapters 3, & and 5)

perturbation velocity at vortex, with
cemponents (u,v,v) (section 2.3, Crow [98])

viii



U; vy, w
Uy Vy W

u u u
5? “n?

w* = I Iws’

X, ¥,

Xy Jr 2

Xy ¥y 2

radial, circumferential and axial components of
velocity respectively (section 2.2 and appendix A)

fluctuating axial, radial and azimuthal companents
of velocity respectively (chapters 3, & and 5)

components of instantaneous velocity in the
streamwise direction, normal to the streamline in
the circumferential direction and in the radial
direction respectively, experiment (iv)
(chapters 3, &4 and 5)

transverse velocity relative to the centre of the
spiral (section 2.2, Moore and Saffman [571)

free stream velocity (section 2.2, Batchelor [12])
axial velocity (section 2.2, Moore and Saffman [571)

peak swirl velocity about vortex centre (occurs at Th)
(8ection 2.1, Williams [28])

wake reference velocity (section 2.1, Williams ([281)

Cartesian coordinates X in the dovmstream direction,
Y spanwise and % vertical
(chapters 3, 4 and 5 and Table V)

non-dimensional axial ordirate, axial
distance/reference length

(section 2.2, Newman [55])

coordinate along unperturbed vortex
(section 2.3, Crow [98])

Cartesian coordinates x vertical, y spanwise and
% in the downstream direction (section 2.1)

Cartesian coordinates x in the downstream direction,
y spanwise and z vertical (section 2.2)

spanwise coordinate based on the mid-point between
the centres of the trailing vortices

spanwise coordinate based on the centre of a vortex

displacement of vortex core in spanwise direction
(section 2.1 and Table I)

temperature coefficient of resistivity (appendix B)

(section 2.2)



B dimensionless wavenumber, kb
(section 2.3, Crow [93])

r c¢irculation

I = 20, core circulation
(section 2.1, Williams [28])

I bound circulation at wing mid-span (section 2.1)
I wing root circulation (Fig. 10)

I,=ITI magnitude of circulation (section 2.3, Crow [98])
] yaw angle of hot-wire, see Fig. 78 (appendix B)

5 dimensionless cut-off distance, kd

(section 2.3, Crow [98])

e = 2R ratio of vortex core radius to ring radius
(section 2.3, Widnall and Tsai [126])

£ half the maximum axial disturbance value
(section 2.4, Leibovitch [168])

¢ independent radial variable
(section 2.2, Batchelor (12])

(4 trailed axial velocity
(section 2.1, McCormick et al. [22])

n transverse coordinate along wing span, origin
at wingtip
(section 2.1, Adams [29])

6 temperature (appendix B)

8, = 360°/N (section 2.1, Moore [36])

] viscosity

Y Jaminar kinematic viscosity of air

v eddy viscosity

E.n. ¢ vorticity components in the r, 6, z directions

respectively (appendix A)

P density



Subscripts

Prandtl number (section 2.2 and appendix A)

effective angle of a hot wire, see Fig. 75
(appendix B)

vorticity

components of vorticity vector

a factor relating %o the vortex Reynolds number,

-1
a = AAT/p) 2 (section 2.2)

vortex inducing a field (section 2.3, Crow [98])

vortex acted upon by that field
(section 2.3, Crow [98])

differentiation with respect to t  (section 2.4)
differentiation with respect to x (section 2.4)

portside trailing vortex
(section 2.3, Crow [98]; Fige 19)

starboard trailiag vortex
(section 2.3, Crow [98]; Fig, 19)

wire 1 (e.g. measuring U + V) of a cross-wire
anemometer (appendices B, D and E)

wire 2 (e.g. measuring U ~ V) of a cross-wire
anemometer (appendices B, D and E)
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CHAPTER 1

INTRODUCTION

With the advent of Concorde considerable interest
has been focussed on delta wings. The aerodynamic properties
of a slender delta wing set at an angle of attack are influenced
to a large extent by the vortices associated with boundary-layer
separation at the leading edges of the wing. (The boundary
layers from the upper and lower surfaces flow outwards separating
from the leading edges to yield two shear layers, which in turn
roll up into a pair of vortices situated azbove the wing). These
vortices become (when combined with a relatively small.contribution
of bound vorticity shed from the trailing edges) the trailing 7
vortices, the strength of which is directly related to the 1lift
generated by the wing and inversely related to the free stream
velocity, U ; thus, the trailing vortices from a large aircraft
may cause considerable interference to following aircraft, particu-
larly light aircraft. During take-off and lianding the relatively
low forward speed gives a high circulation for any given 1lift, and
consequently strong trailing vortices are formed with high eircum-
ferential velocities. The strength and longevity of these trailing
vortices - they may persist for maﬂy minutes after their formation -
necessitates reduced frequency of take-off and landing at airports.
Turbulence in the air helps to break up the vorticity, similarly a
cross-wind usually ensures the vorticity is swept away from the
path of following aircraft. (If the cross-wind equals the side-

ways velocity of the vorticity ome vortex will remain in



approximately the same position on the runway, the sideways velocity
of the other vortex being doubled). Thus, if the break-up decay of
trailing vortices could be enhanced, better utilization of airports'
and air-space would be made by reducing the spacing between aircraft.

The wake~vortex flowfield may be divided into three
regions: the roll-up stage as the vortex sheet leaves the wing and
rolls up; the intermediate stage, where the vortices are completely
rolled-up and may persist for some time, and the final stage when
the trailing vortices decay and finally break down. These regions
of the flowfield are discussed in further detail in sections 2,1 -
243 respectively of chapter 2. Also included in this chapter is a
section on solitary waves - these provide the basis to a theory for
the phenomenon of vortex breckdown; finallj there is a short section
oa wake vortex minimization.

This study of the trailirg vortices formed behind a
delta wing concentrates on the instability of the flow in the far.
field of the wake. Using hot-wire anemometry together with a
conditional sampling technique a 'structured disturbance' to the flow
was established. Detailcd measurcuments of the flow in the vertices
were not undertaken as these may be found elsewhere in the literature,
see chapter 2 for details. However, a few mean velocities and
turbulence measurements are included for the purposes of comparison.
The method of detection of the "structured disturbance" together
with the instrumentation use& is given in chapter 3, the observations
are presented and discussed in chapter 4 and conclusions are drawm

in chapter 5.



CHAPTER 2 -~ VORTEX PHENOMENA

2.1 Vortex Roll-Up

When an aerofoil experiences a lift force there must be a
circulation of the flow round the aerofoil sections, hence in effect
there is a line vortex or set of line vortices running along the span
of the aerofoil. These line vortices, which move with the aerofoil,
are called the bound vortices of the aerofoil. They are formed by
the boundary layer surrounding the surface of the aerofoil and continue
in the fluid as free line vortices. As indicated in Figure 1, the
free line vortices étart at the surface of the aerofoil and pass dovn-
stream along the streamlines of the flow. These line vortices are
called the trailing vortices of the aerofoil.

A simple type of vortex system occurs when the circulation
round the aerofoil sections has a constant value, K, across the span.
of the aerofoil; the bound vortex system can be thought of as a single
line vortex of strength K, and the trailing vortices will be two line
vortices of equal strength which come from the tips of the aerofoil and
pass downstream in the direction of the streamlines. These line
vortices may be assumed with sufficient accuracy to be straight lines
parallel to the direction of motion, (in fact they will be curved owing
to the variation in the downward component of velocity at different
distances behind the model). This gives rise to the simple conception
of a 'horseshoe' vortex system as shown in Figure 2.

For an aerofoil of finite span a large pressure difference
exists between the upper and lower surfaces which decreases towards the
tips of the aerofoil. The streamlines passing above the aerofoil tend
to flow inwards towards the centre, whilst the streamlines passing below

the aerofoil tend to flow outwards. On leaving the trailing edge of



the aerofoil these streamlines form a surface of discontinuity or
vortex sheet.

This formation of the vortex sheet was first recognised by
Lanchester (1], see Figure 3. The theoretical relation as given by
Lanchester that, by integrating over a transverse plane close behind
an aerofoil, the total strength of vorticity leaving a semi-span of
the aerofoil is equal to the circulaticn around the median section, was
experimentally verified by Fage and Simmons (2]. Their experiments
showed very clearly that tip vortex sheets exist in a real flow.

Their measurements were made behind a rectangular wing with an aspect
ratio of 6.

The free edge of the vortex sheet curls over under the
influence of the induced velocity field of the vortex sheet and takes
up the form of a spiral with a continually increasing number of turns.
The thickness of the vortex sheet is determined by the viscosity of
the fluid. TFigure 4 shows a sketch of vortex roll-up with the vortex
sheet curling up, beginning at the edges, into two vortices, a large
portion of the sheet's viscosity being concentrated at their cores.

Kaden [ 3] gave one of the first solutions of the inviscid
problem of roll-up of a sheet of semi-infinite breadth, the initial
streamwise vorticity corresponding to steady streaming round a semi-
infinite plate. By assuming a two-dimensional self-similar flow and
taking the circulation to be a function of radius, he found the equation
for the shape of a deforming vortex sheet to be that of a spiral, i.e.

6 = const. t .
r7

The success of Kaden's method depended on the absence of any
standard of length in the problem. However, Westwater (4] precluded

any such treatment by assuming the vortex sheet to be of finite breadth.



An aerofoil may be replaced by a "oound'" vortex, which according to
Helmnoliz' law does not move with the fluid. Thus, Westwater reduced
the problem of inviscid roll-up bshind a wing to a two-dimensional one
by ignoring the bound vortex and treating the trailing vortices as
infinite in both directions. Replacing the vortex sheet by a finite
nunber of line vortices of equal strength Westwater used a step-by-step
process to calculate the velocity field. The centre of the spirals was

found to be given by

2,

y = a - 0426 (S=E)7
. 2
X = - 0657 (—Uﬁ‘a-—“—)"3

Tha result of his calculations (solid lines) together with the purcly
spiral part of Haden's solution (dotted lines) are shown in Figure S.
The diffcrence between the two solutions as the motion proceeds becomes
very marked with‘the spiral portion changing from roughly circular to
elliptical in 'section.

Prandtl{5] developed a moael describing the inviscid
structure of the vortex wake based on the conservation of mechanical
energy; the model does not give exact details of the acitual rolil-up.
By equating the kinetic energy per unit length of wake to the induced -
drag of an elliptically loaded wing, he determined that the vortex
tube radius was approximately 8% of the wing span.

Betz [6] model for the inviscid structure of the vortex wake
overcame the pfoblem of the somewhat arbitrary choice of swirl
velocity distribution in Prandtl's calculations. By progressive
application of the Kuttquoukowsky theorem to the relationship between
airfoil 1lift and circulation Betz derived a number of formulae
concerning the conduct of vortex systems. Those pertaining to the

trailing vortex are as follows :



ie All the streamvise vorticity shed by each half of
the wing is found rolled up in the trailing vortex
behind the appropriate half of the wing.

ii. The centre of gravity of the streamwise vorticity
distributions remains at a constant distance from
the plane of lateral symmetry.

iii. The "moment of inertia" of the streamwise vorticity
shed by each half of the wing about its centre of
gravity is a constant.

For a high aspect ratio wing, having an elliptic spanwise
loading,
I=T/T-2yfb7?,

the above formulae take the following form:-

7 b

dr dar

— = t = = — ’

dydy cons 10 fdr dr

0 0

%

dr _ _=r_ Tb

f yady = const. = yI‘o- S_FO'
0

-y dlay - = | redl
i ly-¥) dydy-consf.-j; rdr dr,

where ¥ is the spanwise position of the rolled-up trailing vortex
and r the radial distance from the centre of the rolled-up vortex.
By disregarding the asymmetry stipulated by the mutual interference of
the two coiled-up vortices Betz assumed the coiled-up group to be
circular, thus presenting the circulation as a pure function of radius
ices T = f(r). The vortex group from y to % is coiled up into
a spiral which fills the circle with radius r, so0 that the circu-

lation It must be equal to the circulation of the original vortex



group, [;=T,. Likewise, the inertial moment of the vortices
coiled up in this circle must equal the original inertial moment of

the vortex group,

J =Jr(_j_l_' r2dr = Jy
odr

However, when the tip vortices have grown to a large size this

. assumption of a circular area of vorticity in the cross flow plane

is no longer valid.

Measurements made by Verstynen and Dunham [?7] behind a CVS
aircraft have been compared with the computed swirl velocity distri-
bution, the Betz model predictions being in far better agreement than
those of the Prandtl model, see Donzldson and Bilanin (8] ,

The distance, e, for the vortex sheet to become essentially
rolled-up was found by Spreiter and Sacks {9] using similarity

considerations to be the form of

el e

wnere K is a constant (K = 0.28 for wings having elliptical span
loading as given by Kaden).

They deduced that for elliptical span loading the spacing between

the vortices, s' =%¢J, since lift impulse must be preserved through-
out the rolling;up process. The rollec-up vortices far behind the
wing are not idealized line vortices of potential theory but have cores
of finite diameter. The radius of the core may be related to the
induced drag by equating the total kinetic energy per unit length to
the induced or vortex drag, which for an elliptical span loading givess
the core radius to be

201975 = 0155 3



Spreiter and Sacks applied the results of Kaden's [3] solﬁtion of
the rolling up of a vortex sheet of semi-infiniée span as approxi-
mations to the paths of the vortex cores and to the distance
required for the trailing vortices to become essentialiy rolled-up.
Introducing a new coordinate system (n, ¢) , see Figure 6, with the

n axis coinciding with the position of the flat vortex sheet aad
the origin lying at the edge of the sheet, the coordinates of the
centres of the vortex cores were found to be

z (h oz \h
no= 034 (%E]5 =055 (GRS

the circulation distribution in the vicinityvof the edge of the flat
vortex sheet was assumed to be of the form '=20Yn. From the
above equations it can be seen that N does not have an asymptote
corresponding to the lateral position of the fully rolied-up

vortex (QQ -s') = this is due to the replacing of the finite span
with a semi-infinite one. The trailing vortices were considered
to be essentially rolled-up at a distance, e, behind the wing, where

ncz(tVZ -s') « Thus for elliptically loaded wings e 1is given by
2 - o028 R\ Y],
e = onlg)iY
which compares with £ = K(JR)(QJ gained by
d Chve

similarity considerations. Generally, vortices roll-up faster if

more of the load is concentrated at the wing tips and vice versa.
The measurements by bosanjh et al. [10] in a wind

tunnel agree with the prediction of Spreiter and Sacks [9] .
Chigier and Corsiglia [11] in their measurements behind

a rectangular half-wing found that at Gﬁé =4) the vortex core radius



was 1.3% of the span, which was an order of magnitude smaller than
that predicted by Spreiter and Sacks [ 9] assuming elliptic span
loading. However, Spreiter and Sacks' prediction agrees quite
closely with Chigier and Corsiglia's measurements if the actual span
loading is used. Chigier and Coréiglia also found that the separ-
ation of the vortices centres at roll-up was 94;2% of the span
compared to the prediction of w/4 or 78.5% for elliptic loading.
Since tip vortices generate 1lift in the tip region, the span
loading on a rectangular wing differs significantly from that
predicted by linear theory; when the increase in 1lift is accouuted
for the measured increase in vortex separation and reduced size of
coire can be explained. Table I shows the distance to roll-up, the
inboard displacement of vortex core, y./b, and core radius predicted by
Spreiter and Sacks [9] for elliptic and actual loading compared with
the measurements of Chigier and Corsiglia, as taken from their report.
The efrfects of viscosity on the trailing vortex have
also to be taken into consideration.. A flow where the viscous
region may be thought of as a thin boundary layer near the wing
surface and as a thin wake downstream of the wing is considered.
This first implies that skin friction forces act along the surface of
the wing resulting in some loss of momentum in the wake far behind
the wing. Since on a lifting wing the streamlines in the region of
the trailing edge must be inclined to the direction of the mainstream,
the wake will be curved as it turns back into the mainstream direction.
This curvature of the wake implies that there is a circulation in
the viscous wake, i.e. in addition to the streamwise voriicity

component there is a vorticity component across the mainstream.



Also, the boundary layer displaces the streamlines in the
external inviscid flow outwards; the pressure along the surface
of the given wing may be taken to be the same as that in a hypo-
thetical inviscid flow along the displacement surface, obtained
by adding the displacement thickness of the boundary layer and of
the wake to the wing. This has the effect of changing the
vressure distribution over the wing surface everywhere from that
calculated for an inviscid flow.

The existence of the boundary layer and wake has two
impertant effects, namely, the drag force which is added to the
vortex drag and often referred to as ’profile drag' and the
reduction of the 1lift force and associated changes in the pitching
moment. The 'profile drag' is made up of the skin friction drag
and the pressufe drag. (Tﬁe skin friction drag may be determined
directly from the boundary layer cnce its development along the
surface has been calculated. The pressure drag, or form drag,
may be determined by integrating the streamwise component of the
pressure around the surfacé of the wing). The reduction of the
lift force by viscosity leads to a reduction of the circulation.
Kiichemann [18] gives details of the various models which have been
proposed which take account of viscous effects.

In his justification for treating the trailing vortex
far downstreém as axisymmetric Batchelor [12] made use of viscous
effects. His argument being that as the effect of viscosity
during roll-up is likely to be confined to a diffusive thickening
of the vortex sheet shed by the wing, the number of convolutions

of the spiral into which the sheet forms increases continually,.
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Ultimately, the neighbouring turns of the spiral become close
enough for viscous spreading to make the distribution of vorticity
a smooth one. Viscosity still continues to have an effect on the
vortex after the vorticity distribution has been made continuous.
Further details of Batchelor's work are given in secti;n Cele

A vortex core is-also found in the separated flow over
the leading edge of a delta wing at incidence, se; Figure 7. The
flow separates from near the leading edge to form a free shear
layer which curves upward and inboard, eventually rolling up into
a core of high vorticity, in which the velocity and pressure fields
are roughly axially symmetric, and in which very little trace
remains of the separate turns of the shear layer. The corcs, as do
most vortex cores, has an appreciable axial component of moticn
with the fluid spiralling around and along the axis.

Some aspects of separated flow behind a delta ising were
investigated by Fink and Taylor (13] . In their work the; tested
two slender delta wings with sharp leading edges with 80 degrees
sweepback. Fink [14] made some preliminary measurements behind a
yawed delta wing; the complete set of results using the same wing
being made by Harvey [15] , who took measurements of surface static
pressure, total-head surveys and flow visualisation in order to
give the forces acting on the wing and to determine the physical
nature of the flow,

The properties of vortex flows over slender wings has
been fully discussed by Kiichemann [16-19]. 'In a real flow there
is a secondary separation of the boundary layer on the upper

surface of the wing underneath the vortex cores. The cores
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induce pronounced suction peaks on the wing so that the outflow
towards the leading edges subsequently meets an adverse

rressure gradient that, in turn, causes separation of the
boundary layer. Thus a further singularity of the vortex-sheet
type is formed on each half of the wing. The cores of the
secondary vortex sheets locally increase the suction on the wing
surface, this causes measured pressures to differ from those
calculated for a flow with primary vortex sheets only. A
typical example js that of an ogee wing with pfimary separation
from the leading edges, see Figure 8. Although the flow is not
conical it nevertheless exhibits the features described above,
Between the primary attachment iines around the centre line of the
wing there is a regicn of nearly parallel flow. The air drawn
into the cores of the primary vortex shects moves sideways until
it meets the secondary separation line, from where a secondary
vortex sheet springs. This secondary vortex sheet causes a
secondary attachment line on the wing that divides air between that
drawn into the secondary vortex cores and that wnich is not. The
position of the secondary separation line is not fixed but depends
on the state of the boundary layer and on the Reynolds number.

The problem of vortex wakg roll-up has been reviewed
by McMahon [20] ; Donaldson [21] has also reviewed the trailing
vortex problem focusing on the work of Betz. Figure 9 shows
the swirl velocity in the wake of an Army O-1 aircraft as measured
by McCormick et al. [22] who made a fairly extensive set of wake
data. The load distribution on the wing has been assumed to be

elliptic and the swirl velocity has been computed with the Betz model,,
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the agreement is quite goods The circulation in the wake as
calculated by integrating the measured vorticity distribution
sometimes appears not to add up to the wing root circulation,
as only 54% of the circulation is found in r/g < 0,05, From
Figure 10 it can be seen that Betz' model has a rather large
spike of vorticity near r = O and,routward of r/g = 0,05 a long
tail. This probably contributes to the fact that both
Dosanjh et al. [10] and Grow [ 23] fail to account for the total
bound circulation on the wing.

A generalization of Betz' [6] method was made by
Mason and Marchman {24, 25] for a circular distribution repre=-
sented by a Fourier series rather than an elliiptical distribution.
They concluded that it was not possible to calculate the core
radius, as from consideration of the kinetic energy due to
swirl without including the effects of viscosity, and calculated

the core radius to be

The Betz argument assumed that vortex roll-up
proceeds monotonically from tip to wing centre, so that the
vorticity shed at the trailing edge near the wing tip goes into
the centre of the vortex located at the spanwise centroid of
vorticity. However, difficulties arise when calculating the
rcll-up of vortices that trail behind wings with arbitrary span-
load distribution. For these cases, Rossow [ 26] gave two rules
for subdividing the vortex sheet into separate segments and for

identifying the beginning points of roll-up for each segment.
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These are:-
i.  Vortex roll-up sites are located at maxima
of sheet strength and at abrupt changes in
sheet strength, and
ii. the edges of the segment of vortex sheet that

rolls into a vortex occur where the sheet

strength vanishes or changes sign, or where

the sheet strength is at a minimum.
The theory is still approximate as interactions of the vortices,
viscosity and variations in axial velocity are ignored.

Donaldson et al.[27] extended the Betz method to the
case of flapped wings. They fornd the number of vortices by
dividing the vorticity up according to where the minima of Igfl
occurred, and then calculated each vortex sheet roll-up,
assuming that the Betz invariants were preserved in detzil, but
without allowing for the interaction of vortices on each other.

A new viscous vortex model, which is matched in its
initial form to the vorticity distribution predicted by the
inviscid Betz wake model, for the trailing vortex wake system
generated by a lifting wing of finite span is presented by
Williams [28]. Figure 11 shows the downwash profile for a
typical cross-section of the wake downétream of a lifting wing.
Since the modelling techniques are derived from the Betz model,
which assumes a wing span load distribution increasing mono~-
tonically from the wing tip to the mid-span point, they are’
inapplicable to wakes generated by highly swept low aspect ratio
wing planforms. The analysis demonstrates the important

influence of the wing span load distribution on features such as

1



the peak swirl velocity and the circulation protile in the near

and intermediate wake regions. Although the trailing vortex

core is shown to be relatively independent of the win. span load
distribution, it is considerably smaller than predic . i in earlier
analytical wake models. VWilliams shows that these characteristics
have also been borne out by experimental evidence.

Adams [29] developed inviscid momentum balance
equations to predict initial vortex velocities and pressures from
given wing lift and drag distributions. Assuming that the wing
circulation distribution is accurately known, he stated that a
less complicated and more accurate prediction of an initial vortex

circulation profile than the Betz method is given by

T'(r=n) = T(n),
where n 1is the transverse coordinate along the wing span with the
origin at the wirg tip.

Nielsen and Schwind's [30] calculation of vortex roll-up
using forty equal-strength voréices checks with the experimental
results of Fage and Simmons [2] . Ir their calculations the
vortices tended to gravitate to the centre of the spiral becoming
very close to each other; when they came closer than a prescribed
distance compatible with the accuracy of calculation based on the
axial interval size, they were combined at their centre of gravity
and the calculation continued downstream. Thus Nielsen and
Schwind managed to suppress the chaotic motion experienced by
Moore {33] and Takami [32] below.

Jordan [31] disagreed with Westwater's [4] procedure for
the calculation of roll-up of a vortex sheet, claiming that he had

introduced an artificial disturbance by replacing the continuous
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sheet with twenty individuval vortices. In Jordan's opinion the
deficiency is the external disturbance which starté the rolling
up process in VWestwater's procedure. He agreed that the vortex
sheet would not remain flat in real lifé, and explained that while
ideally it is self~perpetuating, it is unstable with respect to
external disturbances. Also, viscous effects of the uwpwash out-
side the edges of the sheet would slowly start the rolling up even
in the absence of distinct disturbances.

Attempts by Takami [32] and Moore [33] to reproduce
Westwater's results were unsuccessful; the vortices moved
chaoticaliy, no spiral structure emerged and the rate of roll-up
could not be estimated. Westwater's [4] method of replacing the
continuous sheet by a finite number‘of line vortices can lead to
unreliable results. Moore {33] concluded that it was the
discretization itself which caused the chaotic motion, this being
confirmed by showing that increasing the number of vortices made
matters worse. Chorin and Bernard [34] suggested that a combi-
nation of Euler integration and large time steps, as employed by
Vestwater, would prevent chaotic motion.

This has been borne out by Clements and Maull [35] who
used a time step comparable with the orbital period of the
closest vortices. They used a model essentially similar to that
described by Westwater to investigate how the vortex sheet rolls
up under different loading conditions. They represented the
trailing vortex sheet by a series of line vortices of equal
strength with their axes parallel to the incident air flow. The
vortices were assumed to continue to infinity in the upstream

direction and the effect of the bound vortex in the wing was
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ignored, thus making the problem two-dimensional in a plane
normal to main stream velccity., The circulation distri-
bution along the span was achieved'by the spacing of the
vortices, and the wing was deéigned to give a constant 1ift by
keeping the integral of the circulaticn of the wing constant.

One explanation given by Moore [36] for the inhibition
of chaotic motion, as suggested by Chorin and Bernard [34] , was
that such an integration procedure would quickly increase the
separations between the vortices near the ends of the sheet to
much greater than their true values, thus tending to suppress the
orbiting motion of vortex pairs - this having been a prominent
feature of the chaotic motion. Crow [37] pointed out that Euler
integration when applied to vortex motion introduces a cumulative
error. By studying the finite-difference equations analytically
it can be shown that when applied to a pair of vortices of equal
strangth, Fuler integration leads to a vortex separation which
continually increases instead of remaining constant. Also,
large errors are introduced by a choice of time stev comparable
with the orbital period. Thus Clemerts and Maull's [35] results
are not accurate in the spiral region since they found that a
change in time step caused a change in the shape of the spiral
comparable with its radius. However; by introducing a tip vortex
to represent the tightly rolled portion of the vortex sheet,
Moore [36] eliminated the chaotic motion of the vortices and
calculated the details of the outer portion of the spiral. The
velocity field of the inner portion of the spiral being very

nearly axisymmetric is better represented by a single vortex at the
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centre of the spiral, than by a finite number of point vortices
scattered about on the spiral. In his study of the formation

of the leading-edge vortex over a delta wing, Smith (381 also

used this representation of a single vortex for the inner portion
of a spiral vortex sheet. TFigure 12 shows the shape of the spiral
tU/

_ a, .
0 = 1.0, where /% is

the natural time scale of the system for a vortex sheet repre-

as calculated by Moore [36] at time, t* -

sented by 120 point vortices where the time step, dt* = 2410~
with 6,=90" for initially equispaced vortices.

Guiraud and Zeytounian [39] determined the asymptotic
behaviour of a rolled-up vortex shect using a double scale
technique which relied on a process of averaging out the saw-
tooth-like behaviour of the flow variables, which generates a
continuous solution having the structure 2f a vortex fiiament.

An application to Kaden's [3) problem is worked out with the results
being in complete agreeﬁent with Moure's [40] asymptotic formulae
for the shape of the spiral. .

Butter and Hancock (41] and Hackett and Evans [42]
were able to extend Westwater's (4] numerical method. Butter and
Hancock's extension included the main effect of wing bound vorticity
and the-effect of the three-dimensiona; pattern of trailing
vorticity. They replaced the wing by a single lifting-line
bound vortex representing the circulation distribution around the
wing, and approximated the trailing vortex sheet by a number of
discrete line vortices. Starting with a nearly planar system
(i.e. bound vorticity on wing, trailing streamwise vorticity) and

following a step-by-step process, working downstream aft of the wing
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trailing edge, the deformation of the trailiag vortex sheet is
determined.

Using a similar technique to that of Butter and Hancock
(1] but truncating the trailing vortices at the upstream and
trailing edge Hackett and Evans [42] presented examples Lo show
the effect of sweep, lift coefficient and incidence, the effect of
approaching the ground, and the effect of wind-tunnel wall
constraint.

Using a '"Cloud-In-Cell'" {echnique to calculate the
time evolutién of the vortex sheet, Baker [(43] examined two cases
of initial vortex sheet strength; one relating to an elliptically
loaded wing and the other simulating a wing with a flap deployed.
Many particle simulations in plasma physics have been solved by the
"Cloud~-In~Cell!" technique and results indicate that small scale
behaviour plays an important role in vortex roll-up, the small scale
perturbations evolving into ever-increasing larger structures by
vortex amalgamation.

In order to ascertain the nature and detailed
characteristics of the formation and early development of a
trailing vortex, Francis [44] made measurements of the
incompressible flowfield in the vicinity of a rectangular,
untwisted wing having a NACA 64009 laminar flow airfoil cross-

section.

19



2.2 Vortex motion

Vorticity is transported in a viscous fluid by convection

and diffusion. At high Reynolds numbers, the large-scale vortex
structure is determined primarily by the convective transport
mechanismj; convection, though essentially a large-scale process
also partially determines the small-scale structure. At finite
Reynolds numbers vorticity diffuses; the spiral sheet becomes a
vortex layer of finite non-zero thickness with successive turns
tending to merge into each other. The small-scale structure is
determined both by convection and diffusion, the relative effects of
which depend on the relative magnitudes of their associated length
scales d and (vffb, where d is the spacing between successive
turns of the spiral. Such a vortex has three distinct regions
characterised by d>>(vt]2 , d = O(»t)2 and d << (v1)2.
In the outer region, d >>(»rW2, discrete turns of the spiral remain
evident and diffusion proceeds without constraint. Inside this
outer region, d = O(yt)2 , the turns of the spiral merge together,
the radial gradient of vorticity is reduced causing the diffusion
rate to fall. Effectively, a constraint is applied to the diffusion
precess by the close spacing of successive turns of the spiral layer.
Further in, d <<(vf)1’2 , in the immediate neighbourhood of the axis
of the vortex, the diffusive mechanism influences the entire structure.
The boundaries between these three regions lie relatively closer to
the axis of the vortex the higher the Reynolds number. For further
details of the structure within these regions see Maskell [45].

When the vortex sheet has rolled-up the vortex may be

considered as one having developed from an infinite line vortex.
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Iamb (46] was one of the first to solve the governing equations for
the laminar case with no axial velocity perturbations. Considering
a fiow in which initially the vorticity is zero everywhere, except

on the axis r = 0, vhere there is a line vortex of strength (, the

equation of motion in two-dimensional polar coordinates is given by

dw P 1dw
_ = V—— —_—— 221
at ar2+rar) (2.2,1)
.where w = dv + v = 13a{rQ) ’
ar r r or

Q(r.t) being the angular velocity of a material cylindrical shell

-~

of radius r. v = (/27mr, as initially the circulation round
- all circles centred on the avis has the same value as C.
The solution of this problem of a spreading line voriex is

gliven by

C 2

wir,t) = Tt exp (—m (2.2,2)

The velocity distribution is then given by

.
lf wrdr
i

. _ﬁ}
21n‘{1 EXD( Lyt

vir,t)

(2.2,3)

which is sketched for several values of t, see Figure 13.- At small
values of ri<< (L.vf)b) the motion is a rigid-body rotation, with

L
angular velocity C/(8mvt] , while at large values of r(>>(Lyt)?)

the motion is irrotational and as it was at the initial instant.
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24267 General equations of motion

The equations of motion for an axially symmetric flow of
a perfect, viscous, heat-conducting gas in cylindrical polar co-
ordinates, r, 0,2z, t with the radial, circumferential and axial
components of velocity denoted by u, v and w respectively, are
given by Hall [47] as follows:

the continuity equation:-

QE_’_l a(reu)+€3_(g\j_) = 0
d r or 3z (2.2,4a)

the three momentum equations:-

radial direction:

U, U, 3u v _dp 2y ,1du _u ﬁ)
p(atwarwaz r) ar+p(ar2 For R a2
+£i(g+g+ﬂ)
Jar\ar b YA
+zﬂ(_a.u_£_a_‘~')
3 or or r oz
.éu(éw _aﬂ) :
"3z \or ez (2.2,4b)
circumferential direction:
v, _1) ( Ly _ v, 2y
9'57+U¥+w—+r Hioe "7 o " T 32
. @1-1)&}1.@1
ar r r /) 9z oz (2.2,4¢)
axial direction:
(aw - - 1: NN (az_wﬁg\z az)
at ar az 3z ard  r dr  9z?
+!J_i(ﬂ+9_,,.al)
3 9z\dr ¢ 9z
+_u(_+.6_‘i)
0z r
_H(_E u zaw)
Jdz\ar r 9z (2.2,4d)
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and the energy equation:

oG (a_T ,,ua_nwéz)_ 1(_ _ae) (ga.,ugewa_o)
ot or 0z P T /p=const. ot or 3z

:k(a_zl +1 aT.q.aZT)q._a_k_a_T +‘a.~ka_qr

arZ  ror 322) or or 8z dz

o (] 2T A5 5T
[l P (o2 +l‘.+£)2]
or oz 0z 3or r 0z (2.2,ke)
where (p, T and k are the specific heat at constant pressure, the
temperature and the heat conductivity respectively. The equations
are supplemented by the equation of state popt and the whole
system is completed when viscosity, p , conductivity, k, and
specificheat, (p, are specified. Terms involving derivatives
of p and k may be neglected for small temperature variations in the
gas, and density, p , may be treated as a constant if compressibility
effects are small.
The above equations cannot be solved analytically without
simplification as they are coupled, elliptic and highly non-~linear,

Some of the different methods for solving them are as follows:-

i. Quasi-cylindrical approximation where certain terms
are regarded as small and the equations become
parabolic,

ii. Linearizing the equations, which also involves treating
some terms as small, and

iii. Similarity solutions, which allow a transformation of
the equations into ordinary differential equations for
special boundary conditions.

2e2e2. The Quasi-cylindrical approximation

The quasi-cylindrical approxsimation assumes that

variations in the axial direction may be taken to be small compared
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with variations in the radial direction. Sinc% all aircraft
vortex cores quickly beconie turbulent the approximation is applied
here to the mean motion of a turbulent flow. A laminar flow can
be regarded as a special case in which the turbulent fluctuations
are zero.

Starting from the complete equations of motion in
cylindrical polar coordinates but without the condition of axial
symmetry, Hall (47] derived the equations in the following manner.
The flow variables p, p, T and u, v, v are each replaced by the
sum of a mean value in time and a fluctuating component; for
example, u is replaced by u + U , where u is now the mean value

and u the fluctuating component. The mean value of a product of

fluctuating quantities is denoted by-a bar, for example u'w' .
Fluctustions in time of viscosity, v, conductivity, k, and
specific heat, (p, are neglected. The mean value of each equation
is written down and the following three simplications made in
succession. Firstly, the mean flow is taken to be axially
symmetric, thus derivatives of mean values with respect to 6,

the circumferential ordinate, are omitted. Secondly, the
fluctuations are considered small so that products of fluctuations
may be neglected except where the terms they are compared with are
also small: for example vZ2<< y2 but uv' & uv, as the mean
value of the radial velocity, u may be sméli compared with the
fluctuation, u', in quasi-cylindrical flow. Lastly, the quasi-
cylindrical apﬁroximation assumes that variations in the axial

direction of mean values with respect to time are small compared
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with the corresponding variations in the radial direction. The
equations are reduced to the following forms:-—

the continuity equation:-

3p 13lrpu)  13lrpd)  dlpw)

—_— +— + - + = 0

ot r or r ar ¥4 (2.2,52a)
three mcmentum equations:-

r ar (2.2,5b)

pa_vq.u.@l{.wai.’..u—v_ ;lirp(a_v__.v_)
ot dr dz r r2 or or r

_— v
T2 or PUNL - Py (6r I‘)’ (2.2,5¢)

T IR T
Paf*uar“waz) 3z " T o \ " ar
12 (T - FT
rar(rpuw) P or (2.2,54d)

and the energy equation written in terms of the mean and fluctu-

ating components of the stagnation enthalpy, I and Iy becomes:
p(a_h cudlo, 20 e
ot ar oz ot
Lot B ooy Ly 24 e
T ar[crar r o rv S ew 5] kY

13 (eoTTy gk, S 1 [y (YO0, oar
rar(erl) p“ar 3r [pr(r Y ﬂ (2.2,5¢)
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and the Prandtl number, o = pC/k.

In the derivation of the above equations for quasi-cylindrical

flow, mean values with respect to time have been taken, but time-~
variations of the mean quantities have been retained to admit "mean!
motions which vary slowly with time compared with the fluctuating

componentse.

2.2.3 Boundary conditions for steady motion

For different probleims the boundary conditions on the
axis of symmetry aré the same. However, those conditions on the
oﬁter boundaries of a core differe.

On the axis of symmetry, r = 0, of a viscous heat=-

- O

conducting vortex core u = v = Y %%— =0, In the absence

of sources or sinks, u, the radial velocity must be zero; since
there can be no steps or kinks in the profiles the circumferential
velocity, v, and the radial gradients of axial velocity and
temperature, %%— and-%}-are also zero. The above conditions imply
for a quasi-cylindrical flow that the strains in an element on the
axis are small; an element, therefore, rotates in the manner
approaching that of a solid body. As the axis is approached, the
radial and circumferential components of vorticity and the radial

gradient of the axial component tend to zero, i.e. at r =0,

[}
W = W = %?1 =0, By equating the viscous terms in the

equations of motion to zero the boundary conditions for steady laminar
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incompressible flow are:

u = -rf{z); v = constantxr; w = 2flz).
There are manj forms for the remaining boundary conditions for a
core. YFor a trailing vortex far downstream of a vody the flow
at the cutside edge of the core is irrotational like that due to
a potential vortex; whilst for a leading-edge vortex the flow at
the edge of the core is rotational and approximately inviscid.
As both the above flows are quasi-cylindrical unless breakdowm
occurss, the only other boundary conditions needed, apart from
those on the axis on an outer bounding surface of revclution, are
a set on some upstream cross-section. For those cores governed
by the general equations of motion, see equations (2.2,4), a
further set of boundary conditions is required on some downstream

cross-section.

2.2.4 Quasi-Cylindrical Flows

A solution for the growth of a line vortex with time
and the spread of a trailing vortex behind a wing due to turbulence
was presented by Squire [48]. TUsing the equation for the
vorticity component ¢ parallel to the z-axis (equation A,3c),
together with the two equations of continuity, sce Lamb [46,
section 147], and making various assumptions, he obtained the
solution for the growth of a vortex in turbulent flow by likening
it to a laminar flow with a viscosity (V +constantxK) instead of » .
His assumptions were that the eddy viscosity was proportional to the
circulation, K, of the line vortex, i.e. ¥ = constantxK, that at a
sufficient distance downstream the mean longitudinal velocity is

large compared with the circumferential component of velocity and

i
'

29 .



nearly equal to the free stream velocity, Uw , and that of the
quasi-cylindrical assumption, i,e. mixing in the longitudinal
direction is negligible ccmpared with tha® in the lateral direction.
Cwen (49] presented a solution that retained the main
features of Squire's [43] solution, the difference bLeing that
whereas in Squire's solution apparent viscosity was proportional
to the initial cifculatiOn about the vortex, Owen proposed that it
depended on the Reynolds number defined with resvect to the
circulation. It might be expected that turbulence in a trailing
vortex would be like that in an ordinary wake, modified perhaps by
a damping effect of rotation; thus the concepts of self-preservation,
mixing length and eddy viscosity would be useful, while the empirical
values of the eddy viscosity, for example, would be somewhat less
than those for a wake. lMeasurements have been collected and compared
by Owen, see Table 2, of mean-flow guantities with the solution for
laminar flow where the laminar kinematic viscosity, v, has been
replaced by an eddy viscosity i ; the above assumption is roughly
confirmed; Squire [48) had argued that ¥ = cK , where ¢ is a
constant. The measurements show that although c¢ is roughly constant
for a given cocre, at least for the rather limited length examined,
it may differ by a factor of ten from one core to the next. Owen's
proposed simple model of the turbulent flow postulated self-
preservation and argued from the equations of motion that for

sufficiently large times the eddy viscosity, y; , should be given
by

L SN -

;- A(u ), A = consf,

\
It can be seen from Table II that A only varies by a factor of twoe.
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Poppleton [50], from his experiments, obtained a 'first
approximation' to the distribution of the Reynolds stresses through
the core; this might help in obtaining a more realistic model of the
flow than Cwen's rough semi-empirical theory. Poppleton also found
that the injecfion of air into the nascent core can have a profound
effect on its subsequent development in that it accelerated the decay
of the vortex. Kantha et al. [51] have also studied the response of
a trailing vortex to axial injection into the core., They demon-
strated that it spread out the vorticity concentrated in the core and
prematurely aged it.

The existence of axial flow in aircraft trailing vortices
has been well establised experimentally, see Olsen, Goldburg and
Rogers [52] « Wind tunnel tests and free flight observations, see
Chigier and Corsiglia [53] , show there is usually a deficit of axial
velocity in the core of the vortex, although some cases of a velocity
increase have been reported. One of the first observations of a
deficit of axial velocity in the core was made bx Hilton (541 .
Chigier and Corsiglia [53] in their wind tunnel measurements found
that for a rectangular wing axial velocity changes from a defect (wake
flow) for a < 9° to an excess (jet flow) for a > 9" , where a is the
angle of attacke.

The axial flow in trailing line vortices was accounted for
in general terms by Batchelor [12] . Vhen the circumferential
velocity, v, is small compared with the free-stream velocity, W, and

the axial velocity, w, is nearly equal to W, the equations for quasi-
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cylindrical laminar flow (equations A,1) reduce, in the steady

incompressible case, to:

U o 0w
a t et T
122 1-9&,
r p or
wov o p[@v 1w 1_),
oz ar2 r or r2
W 13 Pu 1w
waz T p a2 L’(arz * rar)

A new independent variable, %, is introduced instead of r

g = MWr2

Lyz

The boundary conditions are as follows:

i.ee rv—=— K. W =W, W= constant, p =P, P

constant

constant.

(2.2,6a)

(2.2,6b)

(2.2,6¢)

(2.2,6d)

(2.2,6e)

Solving equations (2.2,6¢c), (2.2,6b) and (2.2,6d) successively,

for large z the asymptotic form of the:solution was found by



Batchelor [12] %o be:

1, _1
ve K.oY - 55—(3L)2 2012 e7%y,

r 2 vz
(2.2,61)
_ 2 - -C\2
Pp P . gsy[uce "\ 2eitc) - Zei(ZC)]
(2,2,6g)
2 2 2
W= W- (aﬁl’;—log%)e"+ B—Ii‘i—f(g) - g:’—z-e“
(2.2,6h)

where

f(£) = e¥{logZ + eil£) - 0807} + 2eilZ) - 2eil22),

eifz) = f%‘-df ,
(4

and '3' is a constant with the dimensions of arca.

From equation (2.2,6h) the axial velocity defect, W - w, is small as

2
at sufficiently large z, w— W because W%log%g- -~ 0;
since Ki~ V.fm% from equation (2.2,6f) the circumferential

2
velocity is also small, thus (%) 109"% -0,

In the axial velocity defect W - w, (equation 2,2,6h), the

2
term (8}1—"2 logvlvz-) e~ ¢ eventually dominates showing the
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effect of swirl. VWith swirl the integral of wveclecity defect
increases as log z, this increase is due to the increase in pressure
associated with the decay of the swirl; the velocity defect itself
varies as z'log z . With no swirl, the integral over a cross-
section of the axial velocity defect, would be a constant with a
sign depending on the upstream conditions, and the velocity defect

itself would decrease as z°

by diffusive spreading. The effect of
swirl is such that even if the axial velocity defect were negative
upstream, with w>W, as in a jet, a swirling wake with positive

velocity defect (w < W) would develop far dovmstream.

In an earlier solution for the trailing vortex, Newman (55]
used the same set of equations as Batchelor [12], with the exception

of the torm, _41%E , on the right-hand side of equation (2.2,6d).
p oz

By excluding this term, there is no means by which the swirl can
affect the axial velocity; the solutions for v and p are the sane as
Batchelor's, see equations (2.2,6f and g), but in the solution for

w (equation 2.2,6h) the terms involving K. are absent. Thus, as

Newman assumed, his solution is justifiable only if Kg/ﬂdvz) or

Ve [W)? is surficiently small and z is not too large.

Some local total pressure and flow direction measurements
were made by Dosanjh et als{10] 1 ~ 8 chord lengths behind a
rectangular, symmetrical half aerofoil (HACA 0009) at a Reynolds
number, based on the free-stream velocity and chord-length of the
aerofoil, of 10,000. The various experimental velocity distributions

in the vortex were in good agreement with Newman's analysis; however,
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the decay of velocity and geometry parameters was found to be
approximately eight to ten times faster than predicted by Newman (55].
In his study of the axial flow in trailing line vortices,
Batchelor [12] considered the vortex wake far downstream where it
decays under the action of viscosity and its radius is O(?z/Um)b.
The viscous effects were found to produce an axial velocity deficit.
The kinetic energy of the cross-flow is dissipatcd by the viscosity and
the induced drag effect is transferred from kinetic energy of
rotation to a momentum deficit. Batchelor's [12] caiculation of
the effect of viscosity is not applicable uﬁtil (vz/uf” ~ a , wvhere
Ya! is a characteristic radius of the inviscid rolled up vortex.
A feascnable value of 'a' is onc-tenth of the wing-spsn, thus making
the downstream distance ~ 0:01cR, K2 s Where ¢ is the choxd,
Re =Uc/v is the Reynolds number based on the chord and AR the aspect
ratio.. Tor Olsen's [56] exveriments this distance is several
thousand chord lengthsa.
Moore and Saffman [57] in their work on the axial flow 1n
Jaminar trailing vortices show thal over most of the core viscecus
effects are negligible with the excess flow in the downstream
direction, conforming with Batchelor's inviscid argument. However,
there is a viscous controlled inner core in which axial velocities
in the cpposite direction can develop. A comparable axial velocii
deficit is produced by the retardation in the boundary layer cver ths
wing. The total axial flow is obtained by summing the axial
velocity perturbation in the viscous core and the axial flow in the

viscous core due to boundary layers on the wing. Since the



assumption of inviseid roll-up leads to singularities in the
tangential and axizl velocities at the centre of the core, these
singularities being removed by viscosity, Moore and Saffman
assumed that viscous stresses were confired to an inuer region,

. 5 . . 112 -
the viscous core, whose radius is O(vt}“. The boundary-layer
approximation was used to examine the viscous core, ithe equations

are, in Moore and Saffman's (57] notation:

{2
vy . (v 1 ay ~xa)
at \arz roar r?
(2.2,7a)
_Va . _1op
ro p or
(2.2,72)
wd e e, [P 1
oF 7 7 pUw af R
(2.2,7¢)

where Vg is the transverse velocity and w the axial velocity.
The boundary conditions chosen were such that, in effect, the
detailed spiral structure of the inviscid vortex was neglected, aund
the flow field with discrete jumps reﬁlaced by a smoothed out
distribution. This procedure is valid; Maskell [45] pointed out
that the turns are thickened by viscous diffusion and the spiral
structure disappears. The equations are solved by introducing a
similarity variable together with initial conditions on vy and w

which are needed since the boundary-layer equations are parabolic.
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The contributica to w from the boundary layers on the
wings was treated as follows: if the combined momentum thickness
from the upper and lower wing boundary layers at the trailing edge
is  §,(x) , then the initial trailing vortex sheet has a flux deficit
Uewb,(x) per unit length which is spread out through the core as the
sheet rolls up. The circulation distribution wes interpreted as a
concentration of vorticity initially within a distance x of the
tip into a circle of radius x/A . The vortex lines constituting
this distribution move with the fluid, so0 that the flux at any
vortex line is unchanged in the rolling. The same similarity law
applies to the flux, and since the flux deficit originally bhetween
.x and x + 6x ends up in the core between circles of radii
xjA and x/X + 8x/A , there will be an average axial velocity

distribution

_ AUuS4Ar)

§ 2nr
' (2.2,7d)

in the core, which becomes continuous afier viscous spreading of the
turns between x/A and x/A + 8x[A is complete. This valuc, W

provides the initial and boundary values for the core equation

oW _ wo, 1 ow
T v(%%f YT ar)

(2.2,7e)

The solution of (2.2,7e) with the condition (2.2,7d) may be added to
the w profile already obtained, because the equation for W is

linear when w << Uece
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Moore and Saffman's [57] theoretical predictions cowpared.
quite reasonably with Glsen'é (56] comprehensive set of wecasurements.
Olsen towed a rectangular wing through a water channel and measured
the axial velocity by determining the speed of a dye filament. He
used various aspect ratios, angles of attack ard Reynolds numbers.
Profiles of axial velocity have also been reported by Logan (58] ,
these do not agree so well with the predictions of Moore and Safiman,
but w<< U. is violated. The Reynolds numbers for Lggan's measure-
ments are close 10 those al which transition %o turbulencercccurs in
the boundary layer on the wing, thus it is possibly iunappropriate to
compare his measurements with a laminar thneory.

The roughly axially symmetric cores of leading-cdge
vortices over slender wings was treated by Hall (59] by assuming that
the flow was axially symmetric and rotational, with viesecous effects
confined to an inner core thot was very slender in ferm. He thus
reduced the problem of solving the equations for the core to first
obtaining an inviscid outer solution for the outer part whilst
ignoring the inner core, and then using this cuvter soluticn to specify
boundary conditions to obtain a viscous solution for the inner core,
i.e. the core was divided into a convective outer part and a diffusive
subcore.

The outer solution gave results wnich agreed fairly well
with the experimental results of Earnshaw (6G] . The static
pressure profiles, outside the subcore, agreed very well and

discrepancies were attributed to the theoretical assumption that the
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flow field was inviscid, exactly axially symmetric and exactly
conical. The predictions of the inner solution were only
qualitatively correct giving results that differed appreciably

from experimental results. The theoretical velocity and pressure
gradients in the subcore were too large and the peaks too pronounced.
The difference was explained by Hall to be possibly due to the
assumption of laminar flow, and possibly due to the fact that the
flow in lhe subcore of the experiment was significantly turbuleat.
Hall's [(59] argument while shedding considerable light on the
mechanism governing the structure of the inner subcore assumes the
nature of the outer core region; the assumption is justified by
appeal to experiment but is without support of a physical argument.
A convincing argument needs to be pact of a unified physical inter-
pretation of the observed vortex structure embracing the whole of
the vortex from ihe outer spiral region to the inner diffusive
subcore.

Stewartson and Hall [61] dissatisfied with the procedure
used by Hall [59] for the inner solution, and in particular with the
matching of the inner and outer sclutions, presented a solution based
on the model of the vortex core previously proposed by Hall [59] .
This solution, in special variables, was in the form of an asymptotic
expansion containing inverse powers of the logarithm of a Reynolds
number. First, the Navier-Stokes equations were simplified by making
approximations of boundary-layer type, the appropriate independent
variables were defined and the outer solution expressed in terms of

these variables; lastly, with this as a guide, an asymptotic
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expansion for the inner solution was set dowm. Substitut;ng the
expansicn in the equations of motion and equating terus of like
magnitude a set of ordinary differential equations was obtained,
which, combined with appropriate boundary conditions gave a

selution which approached the outer solution with increcasing
distance frem the axis. When applied to a practical problem

where y>0 there was little difference between Stewartson and
Hallfs [(61] and Hall's [59) solutions. Stewartson and Hall c¢laimed
that their solution Qas easier to apply and more straightforward ir

the attainment of greater accuracy (by the calculation of extra terms).

2+2.5 Finite-differencs solutions

A numerical method of solving the parabclic differential
equations (4,1) directly for steady incompressible flow has been
developed by Hall [62] . TInitial conditions were cpecified on some
upstream cross-section, and boundary conditicns on the axis of
symnetry and on scme bovndiag suriface of revolution. The
differential equations were replaced by sets of f{inite-difference
equations, using first-order central differences in an implicii
scheme.  This method is a development of known finite-difference
methods for calculating laminar boundary layers (see, for example,
Gadd, Jones and Yatson [63] ). Explicit techniques have also been
used for boundary-layer calculatijons but they are subject to numerical
instability. Hall's [62] calculation used a marching technique that
proceeded step-by~s£ep in the axial direction; for each step an
iterative plan was followed. The finite-difference equations them-

selves were solved by straightforward matrix methods. Three examples
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of the application of the method were given by Hall [62] ; a
trailing vortex, a leading-edge vortex core with non-cunical outer
flow and a swirling pipe-flow. Figures 14 (a and b) show the
profiles of axial and circumferential velocity respectively‘in a
trailing vortex as calculated by Hall [62] . However, at a
certain point in the downstream direction he found large gradients
in the flow variables which prohibited the computations from
proceeding further. This indicated the failure of the quasi-
cylindrical approximation, i.e. the axial gradients became large
enough to invalidate the quasi-cylindrical approximation. This
failure was interpreted by Hall {62) as an indication of the onset
of breakdovn similar to the failure of the boundary layer equations
near the separvaticn point; the analogy may not be strictiy valid as
the failure of the quasi-cylindrical approximation occurs when the
axial velocity is much greater than zero.

Newman's {55]} solution for x = 10, where x 1is the
non-dimensional aﬁial ordinate, axial distance/reference length, is
also plotted in Figure 14a; it shows a much mcre marked increase in
axial velocity with increasing distance dowvmstream than is given by
the numerical solution. Tuis discrepancy is the aet result of an
augmentation of velocity in Newman's case due to his neglect of the
pressure-gradient term in the equakioﬁ of motion as mentioned
previously, and a reduction of velocity due to Newman's linearization
of the equations of motion. From Figure 14b it can Ee seen that the
linear theorigs of Beatchelor ([12] and Newman (55] give results for

the circumferential velocity that are almost identical to those
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obtained numerically.

Finite-difference procedures are potentially more povierful
methods for understanding vortex motion than theoretical models, for
example, references {8, 42], relying on tracing discrete vortices.
Computer programs based on finite-difference methods can ultimately
account for flowfield nonlinear effects with few ad hoc assumptions.
Implicit finite-difference procedures for the primitive form of the
incompressible Navier-Stokes and the compressible Euler equations
were used by Steger and Kutler (64] to compute wortex wuke flows.
Rossow [65] in his survey on the inviscid modelling of aircraft
trailing vortices divided the wake-vortex flowfield into three regions,
see Figure 15. The roll-up ragion where the vorticity shed from the
wing is rolled-up into two or more vortices is followed by the
plateau nepion where this pattern is then almost stationary and may
persist for some time until finally, in the decay region, the vortices
begin to diffuse because of wiscous and tusbulence effects.

Steger and Kutler's [64] primary difficulty in applying
finite-difference proceduresvto solve the wake-vortex plateau and
decay regions, was that changes in the gradients qf the dependent
variables in the crossflow directions are large and need resolving.
This requires a refined grid spacing. Changes of the dependent variables
in time are frequently small, so that the calculation may have to be
computed over a long time interval before the solution of interest
is obtained. These difficulties govern the choice of numerical
algorithm. So that the time step was restricted only Ly the desired

resolution of the time-varying dependent variables, an implicit
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numerical procedure was selected. TFourth-crder spatial differencing
was used and grid points were clustefed in regions containing large
changes in the gradients of the dependent variables. The clustering
transformation was written as a function of time since vortices can
translate. Computational efficiency was achieved by approximate
factorization. Steger and Kutler describe both two-dimensional and
preliminary three-dimensional. calculations.

A series of computations were run to verify the accuracy
of the finite-difference vrocedures for both compressible and
incompressible equations. The Lamb vortex - an exact solution of
the incompressible Navier-Stckes equations ~ was used to tesit the
accuracy of their procedures. If the flowfield is initialized using
a single Lamb vortex inviscid *theory requires that it remain
indefinitely. This test serves as a steady-state verification of
spatial differencing; a check on the unsteady accuracy is cbtained
by a solution of the viscous~flow case for wnich the exact solntion
is known. TFigure 16 shows o check of the accuracy of compressible
equations for a single Lamb vortex. The initial vorticity distri-
bution is generated by the super-position of Lamb (or spreading line)
vortices given by

Vg = Vicos® = w/sind

= 5F—-(‘l - erlr?y, r2= Lty
mr
see Lamb (46 p.592],

where r is the radial distance from the centre of the vortex, r is

the approximate core radius and t; the initial time. A simple

viscous decay result is shown in Figure 17, d. = 2r. . To
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demonstrate the capability of the algorithm, a multiple vortex wake
representing the flowfield behind a large commercial jet aircraft in
a landing configuration was also simulated using the compressible

equations.

2.2.6 Solutions of the Navier-Stokes equations

Theoretical work investigating the structure of the flow
in the trailing vortex has mostly been done within the framework of
a quasi-cylindrical approximation of the Navier-Stokes equations.
Jain [69) attempted to understand the structure and decay of a
trailing vortex through the numerical solutions of the full unsteady
Navier-Stokes equations. The governing equations were recast in
terms of circulation, vorticilty, and stream function as dependent
variables, and a second upwind finite-difference scheme used to
integrate them with prescribed initial and boundary conditions.
Turbulence was introduced in a simplified way through the concept of
eddy viscosity and a fully develored trailing vortex was simulated
by a swirling flow coupled with an axial flow. The essential
problems lie in prescribing the conditions at the inflow section,
either from experimental data or from some other thneoretical
considerations and computing the flow dcwnstream. Different models
of the flow were postulated and solutions obtained describing the
development of the flow as integration proceeded in time. In order
to understand the various phenomena that may occur in the trailing
vortex, Jain [69) carried out a parametric study. Using the
Hoffman and Joubert [73] law of circulation at the inflow section,

Jain's theory predicted reasonably well the experiment data of Chigier
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and Corsiglia [11]lon modals of the Convair G50 wing and a rectangular
wing. Jain did, however, experienée difficulty in obtaining
convergent solutions with high values of the swirl parameter.

Using an exponential law of circulation at the inflow section and an
adverse pressure gradient at the outer edge of the trailing vortex
led to solutions possibly depicting a vortex bursting through the
sudden expausion of the core and through stagnation and subsequent
reversal of the flow on the axis.

The moticn of a vortex in a two~dimensional incompressible
nonuniform stream as solutions of the Navier-Stokes eauations was
presented by Ting and Tung (70] . Their analysis was capable of
being extended to some three-~dimensiuvual problems, for example, the
motion and decay of a trailing-edge vortex line. Ting [71] also
presented solutions of the Navier-Stokes equations constructed as an
asymptotic expancion in terms of a small rarameter related to the
Reynolds number of the vortex. The solution for the inner viscous
core of the vortex was matched to the cuter inviscid solution. The
singularities in the inviscid theory were remcved and the velocity
of the vortex line was defined by the condition of rcgularity in the
flowfield. Ting applied this scheme to vortices in two-dimensional
axially symmetric and in three-dimens@onal flowfields. 'The solution
of this analysis can te identified with that of classical inviscid
theory with the same initial vorticity distribution for the initial
instant. After this they disagree as the inviscid theory igrores

the diffusion of wvorticity in the core.
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2¢2e7 The solution of YWeber et al.

Weber et al. [72] applied a new, general, subsonic
potential flow computational technique to solve thevthree-dimensional
flow over wings with leading-gdge vortex separation. The method
used an inviscid flow model in which the wing, the rolled-up vortex
sheets and the wake were represented by piece-wise continuous
quadratic doublet sheet distributicons. A simpler approach to that
used by Smith [38] was adopted for modelling the inner core region.
Smith's [38] model when applied to the three-dimensional nonconical
{low problem would contain two self-induced infinite forces with no
possibility of mutual cangellation. he model of Yeber et al. (72])
has been verified for predicting the flowfield about swept, sharp-
edged vings characterized by the prescnce of vortex separation at the

leading edge.

2.2.8 Similarity solutions

A similarity solution on lines similar to the methods used
in turbrlent boundary-layer theory for the incompressible, turbulent
line vortices was attempted by Hoffman and Joubert [73] . They
established that the inner region oﬁ fully turbulent vortices was
divided into three regions. In the ceutre or 'cye' of the vortex
a region of solid body rotation exists, the ciréulaiion oc 12, the
shear stresses are small as there is little slip between concentric
layers of fluid. Since there might be rapidly changing tangential
velocities as well as changing radial velocities due to wake velocity

defects in this region and a small region outside, it might be expected



that tangential inertia rorces weuld dominate. Some form of
transition curve may be expected in the transition region. Finally,
in the region of the tangential velocity peak where the tangential
inertia forces are small but the shear stresses large, the circulation
varies logarithmically with radius. The logarithmic distribution of
circulation has been confirmed by wind tunnel tests (22, 74] and
by the results of smaller scale flight tests (22] .

Saffman (75] presented a theory arguing that the turbulent
vortex has a triple structure, although his argument was fundamentally
different to that of Hoffman and Joubert (73] « In the outer region,
r>r, wiere f is the radius of maximum tangential velocity, there
is a logarithmic distribution of circulation. For r <« (P there is
an inner region and viscous core in both of which the motion iz olose
to solid body rotation. He predicted that n ~ (v[} ﬂf& , where

I3y is the circulation at r,; v the kinematic viscosity and | the
vortex age.

Long (76, 77) obtained a similarity solution for a steady
viscous vortex in an infinite cempressible fluid. He assumed that
the circulation function K = rv tended to a constant K, at large
enough distances {rom the axis; his solution way be regarded as
applying to a swirling jet in an infinite fluid which rotates as a

potential vortex.

2-249 Overshoot in circulation

An interesting phenomenon that could happen to trailing

vortices, and was first analysed by Govindaraju and Saffman (78]
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is the overshoot jn circulation, i.e. the circulation rises above I,
vhere [, is the circulation at o and then falls back to T, as r—=— oo .
They argued that the vortex must develop an overshoot of circulation
if it entrains fluid at a rate greater than that due to molecular
diffusion. In their analysis of the effect of turbulent shear on

the decay of a single vortex, Donaldson and Sullivan [79] also found

a circulation overshoot which results in instability in the Rayleigh
sense. TFigure 18 shows the circulation profiles, normalised to Ty
from which the circulation overshoot is clear. They suggested that
the instability inherent in the overshoot in the circnlation well
outside the core of a turbulent trailing vortex might be responsible
for the 'doughnut' shaped rings scmctimes observed about the trailing
vortices in the wake of a jet aircraft. The overshoot of circulation

was also reported in the measurements of Graham et al. [30] .

2.2.10 Experimental measurements

The experimental techniques used for studying trailing
vortices are usually either a wind-tunnel study, intercepting the
vortices shed by one airplane with another airplane, or measuring the
vortices shed by a low-flying airplane with ground-based instruments.
The conventional wind tunnel is suitable for the study of vortex
formation but not the long-time decay process due to the length of
working section normally available. Another problem is the simulation
of Reynolds number. Simulation of atmospheric conditions such as
temperature distribution or the relative scale of turbulence is very

difficult and wall effects may be hard to assess.



Kiang (81] used a "moving-wing facility' that consisted
of a vortex-generating wing mbving along a pair of-elevated steel
rails so that the vortices shed by the wing remained relatively fizced
with respect to ground~based instrumentation, and could be cbserved
and measured throughout their entire life-span. His general
conclusions were that the turbulence level was quite high, often
exceeding 50%. Neither Squires' [48) or Hoffman and Joubert’s [73]
theories could corrzlate the rosults of his subscale exgeriments with
those of full-scale airplanes; also the trailing vortices generated
by the moving wings lasted only a few seconds as compared with several
minutes of the full-sized trailing vortices. However, factors
affecting his measurements were the effects of starting and stopping
the wing and the residual room currents, although these are low they
are sufficient to cause irregularities in the path of the vortex centres
Kiang's [81] results were based on the photographing of bubble tizcas;
there-is a large scatter in his radial velocity measurements.

Rorke and Moffitt [82] conducted an experimental
investigation to determine the important scaling parameters for the
flow in the core region of a voritex generated by a rectangular wing tipe
They used two geometrically similar wings with chords of 26.0 and
4,25 inches, and by running at different tunnel speeds they obtained
Reynolds numbers ranging from 4.4 x 107 to 7.0 x 106 at Mach numbers
of 0.2, 0.5 and 0.6. Their results showed that for rectangular
planform wings, the measured vortex core diameter to chord ratios,

peak tangential velocity ratios and axial velccity ratics are showm
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to be functions only of wing lift coefficient and elapsed time from
vortex formation, and appear to be independent of both Mach number
and Reynolds number. HNeither Rorke and Moffitt [82] or Chigier and
Corsiglia [11] give reliable quantitative or qualitative information
concerning the structure, transport and dissipation of the trailing
vortices.

Wind tunnel tests were also performed by Chigier {83] who
vresented data for tip vortex studies. His resuits included wing
surface pressure distributions, three-dimensional velocity components
in the wake and principal vortex characteristics, such as peak
tangential velocity and core size distributions. Comparison of his
wind tunnel measurements with available flight test data showed that
the magnitudes of circumferential velocities, normalised by flight
speed and 1lift coefficient, as well as vortex core radius, normalised
by wing span, were in close agreement. Tor details of other wind
tunnel measurements, see El~Ramly (84, 85] .

When probe aircraft are used to study trailing vortices
they either follow the generating aircraft, for example, [86, 871,
or traverse its vortex system, for example, [66, 88]. Another
technique used is that of flying the aircrafi past a tower; experi-
ments are performed using ground-mounted instrwmentation, for example,
(89T, ground effects are present in the experiments and the effect of
the tower on the vortex system is unknown. The remote measuring of
the vortex system which includes using Laser Doppler (901, Doppler
Radar [91] and acoustic radar detection techniques (92, 93] are still
being developed. UMcCormick et al. [22] used a technique whereby the

aircraft was instrumented to measure its owm vortex system.
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2.3 Vortex Decay and Disintegration

A trailing vortex system may decay or disintegrate by
one of three mechanisms: a) viscous dissipation, b) mutual or
hydrodynamic instability and c¢) vortex breakdown. Atmospheric
stability causes relative buoyancy of the wake, with subsequent
effects on the vertical transport of the vortices and on their
horizontal separation. MacCready (94] concluded that atmospheric
turbulence and stability often played a major part in determining

the descent, speed, interacticn and decay of the vortices.

2.5.1 Decay Due to Viscous Dissipation

Included in viscous dissipation is any dissipation
caused by small-scale turbulence that interacts with the velocity
gradients in the vortex to produce local Reynolds stresses.

Viscous dissipation is a very slow process. The rotating flow
motion in the vortex may have a siabilising effect upon the growth
of Lhis form of turbulence and act against any significant diffusion
of momentum.

An analysis of a trailing vortex pair behind an aircraft
in a quiet atmosphere with no buoyancy was made by Nielsen and
Schwind [30] . In this situation, yiscous dissipation and the
interaction between the two vortices, when they grow in size so that
their cores start touching and overlapping, are the mechanisms avail-
ab}g for decay. Their analysis showed that the rate of circulation
decrease due to interaction between the vortices did not lead to

rapid decay of the trailing vortices. Kuhn and Nielsen [95]
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extended the analysis of Nielson and Schwind {30] to incorporate
insight gained from the experimental work of Chigier and Corsiglia [53]
who found that the axial velocity defect is confined to the core.

An approximate theory for the decay of the vortex in
the presence of a small-increment jet or wake has been developed by
Graham, Newman and Phillips {80]. The theory assumes that the jet
dominates the flow and provides a scalar eddy viscosity which may be
used to predict the growth of the vortex. At large distances down-
strean the theory becomes irvalid, as the rate of stvain in the jet-
wake falls off more rapidly than that in the outer part of the

vortex.

2.3.2 Stability of a Trailing Vortex

Vortices are sometimes seen to undergo a slow,
symmetric and nearly sinusoidal instability when the vortex cores
recede and draw together in a wavy pattern until eventually they
join together at the nearer points to form vortex rings. After the
rings are formed the wake rapidly disintegrates into a harmless
turbulent state.

Rose and Dee [65] reported the mutual interaction
observed between the two vortices during flight tests with a Comet
aircraft. Dee =nd Nicholas (96] confirmed this behaviour of the
trailing vortex with flight tests using a Hunter aircraft. Bisgood,
Maltby and Dee [(97] observed the formation of loops in the vortex
wake in their tests behind a Comet aircraft.

The first quantitative analysis of the three-dimensional
instability of a vortex pair in an ideal homogenous fluid was given

by Crow [98]1. He idealized the wake as a pair of nearly parailel
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vortex lines interacting in neutrally stable air. The vortices
are convected in their owm induced field. Gusts or flight-path
irregularities displace the two lines slightly in a random fashion,
and the displacemnents amplify under mutual induction.

The analysis began with the kinematic relation (see
Batchelor [99] p.509) between vorticity and velocity in an

inconpressible fluid:

)

‘ 2 R.. xdL
- RN =m

un - Z I-‘m A"'anls

(2.3,1)

where n takes on the values 1 and 2. The equaticn (2.3,1)
gives the velocity at a point on the nth vortex in terms of theo
relative position R, : length d|, and strength [T of all the
vortex elements in the flouw, sce Figures 19 and 20 for an
iliustration of some of the geometrical quantities.

The vector distance from an element of vorktex n ko

another of vortex m satisfies

Rmn = &x(Xm - Xa) + 2y(Sm = sp) + (€m = Cn)

(2.3,2);
the first two terms on the right involve the locations of the
unperturbed vortices, and the third rcpresents radial displacement
from their nominal positions. The primes are used to distinguish
points lying on the same vortex, in case m =n. From Figure 20
dL, dis given by

dln = (8, + 0/ d%,)dx,

(2.3,3)
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The circulaticns [, and lateral locations 5, are related as

follows:-

r, = +Tos

+bf2.

n
3}

1 "b/z L] Sz

The vorticity-transport theorem states that in an inviscid and
neutrally buoyant fluid, elements of a vortex line move with fluid

particles; in mathematical terms,

or r
a;n + Ungf:‘ = &V * Ba¥h
(2.3,4)
where (Un, Vn, Vn ) are the components of Un + e;(ls/2mb) , which

is the velocity of convection with respect to the downward moving
coorainates. Equations (2.3,1-}) provide a self~-contained
description of the vortices as they evolve in their induced field.
In squation (2,3,1) a difficulty arises with the m = n term on the
right-hand side; the line integral diverges logarithmically
around Rl = 0. This divergence is artificial, as the real
viscous vortices have finite core diameter. To solve this problem
Crow cut the integral off an arc-length d on either side of the
point [Bnn| = 0, the cut-off distance, d, was taken to be proportional
to the diameter, ¢, of the vortex cores. To determine (d/c ) he
applied the cut-off method to two probliems whose exact solutions
were known a priori, these were Kelvin's [100 pp.152-165]soiutions
for a displacement wave travelling aroﬁnd a columnar vortex and the

speed of a vortex ring [46, p.241]. For vortex displacements that
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are small compared with the separation of the vortices and

[/ << 1 and  rfox| << 1 , the equations can be

linearised. The equation relating induced velocity to vortex
displacement i.e. (2.3,4), gave rise to an eigenvalue problem for
the growth rate of sinusoidal perturbations. Stability was found
to depend on the products of vortex separation b and cut-off
distance d times the perturbation wavenumber. Depending on those
products both symmetric and antisymmetric eigenmodes can be unstable,
but only the symmetric mode involves strongly interacting long waves.
The vortex displacements are symmetric and are confined to fixed
planes inclined at 48" to the horizontal. The stability boundaries
for the symmetrical, S, and the antisymmetrical, A, modes are shown
in Figures 21 and 22, 8/p 1is used as the abscissa instead of § ,
because 6§/ equals d/b , a geometrical property of the vortices
independent of the wavenumber, k ,

The results of Crow's analysis were in good agreement
with the observations of (101, i02] of general features of aircraf:
wake instability and measurements of amplification rates.

The cut~off distance in Crow's [98] analysis removes
the fluid mechanics of the vortex core ffom the problem and the
effect of different rotational and axial velocity distribution is
not directly apparent. Widnall, Bliss and Zalay [(103] presented a
general theory for the self-induced motion of a perturbed vortex
of finite core size incorporating the effects of an arbitrary
distribution of both swirl and axial velocity. The solution is

obtained by aid of matched asymptotic expansions, see Van Dyke [104].
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Two asymptotic solutions are sought: one approximate solution
the inner solution), valid in the limit z =0, (¢ is the ratio
of the core radius to local radius of curvature) only within the
rotational vortex core and its immediate surroundings, and another
approximate solution (the outer solutica), valid in the limit ¢ =0,
in all regions of the flow except the vortex core. They
calculated the velocity field induced in the neighbourhood of the
vortex core by distant portiouns of the vortex line for a
sinuscidally perturbed vortex filament and for a vortex ring. The
effects of axial velocity on the stability of the perturbed vortex
pair are: +to reduce the most unstabie wavelength of the long waves
most often observed in flight, to decrease slightly the amplification
rate and to cause the merging of the long and short wave branchec at
lowver values of core radius. Experimental. results for the
distortion and break-up of a verturbed vortex pair are presented and
these confirm in a qualitalive manner the instability predicted by
thcory.

Widnall [105] has reviewed the work on trailing vortices
and vortex rings.

Another modification to Crow's (93] theory was that of
Parks [106], who took account of finite core radii and appropriate
distributions of vorticity within these cores, uniform vorticity
or one that is a function of radial distance; thus he avoided the
difficulty of self-induction encountered by Crow. Parks [106]
confirmed the essential features of Crow's theory; Table III, as

presented by Parks, compares his results with those of Crow.
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To solve the equations of motion Crow (98] linearised
them. Howe&er, the most unstable long waves are of amplitude
comparable to their length when they touch, thus non-linear effects
should also be examined. Hackett and Theisen [107] tried to extend
Crovw's analysié beyond the linear range using a flow mcdelling,
finite element, time-stepping technique. Their computation failed
to accormodate the "pinching-off'" process by which complete vortex
rings are formed in an old contrail thus reducing the flattering
tendency of the rings. Downward mutual convection at necking-~in
points of the vortices are instantaneously replaced in a real flow
by upward mutual convection when they break and change partners.
Moore (108] also attempted to examine non-linear effecté nsing the
same assumptions as in Crow's theory.

The results of éhe Boeing wale turbulence test program
as reported by Condit and Tracy [(109] correlated well with Crow's
theory; the theory predicted a more rapid break-up than was |
observed. Both axial flow and mutual interaction instabilities
were observed by Olsen [56] in his studies of the trailing vortex in
a towing tank. His results vere strikingly similar to flight test
data, although test Reynolds numbers were far smaller than flight
test Reynolds number (104 vS. 107).  The flow in the neighbourhood
of the core was destroyed by the instability associated with the
axial flow within the core, however the motion far from the core was
not destroyed.

Since the velocity of a vortex line depends on its

structure i.e. the shape of the cross-section and the detailed
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vorticity distribution, Moore and Saffman [110) considered the
structure of straight line vortices in a uniform two-dimensional
straining field. For irrotational sirain, steady exact solutions
of the inviscid equations were shown to exist, the boundary of the
vortex being an ellipse with principal axes at 45° to the principal
axess of strain. Of the two axis ratios pessible, provided elw,<
0-15 , where e is the maximum rate of cxtension and w, +the
vorticity in the core, the more elongated shape is unstable and the
less elongated one is stable to two-dimensional deformations.

If elw,> 015 there are no steady solutions of elliptical form.
For simple shear, one steady shape of elliptical form exists
provided the shear rotation and vorticity are in the same sense
and e > w,, where e is the rate of shear. The major axis is
paraliel to the streamlines and the shape is stable to twe-
dimensional deformations. There are two steady elliptical shapes
if e'lw,<0-21 for shear rctation and vorticity in opposite
senses, the major axes are then perpendicular te the streamlines;
the more elongated form being unstable whilst the less clongated
one is stable.

The stability of a line vortex contzining axial flow
can be treated as a problem in hydrodynamic stability. Widnall
and Bliss [111] and Moore and Saffman [112] have considered tha
stability of a vortex containing axial flow to long-wave
disturbancese. In their review of their previous work, (103],
concerning the effects of axial velocity on the motion of vortex

filaments, Widnall and Bliss [111] stated that their results
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suggested that a slender body force balance, between the Kutta-
Joukowski lift on the vortex cross-section, and the momentum flux
ﬁithin the curved filament, would give some insight into the
behaviour of the filament. They investigated the stability of a
straight vortex filament containing an axial flow to long wave
sinusoidal displacements of its centre-line and obtained the
stability boundarye. To the lowest order of ajb axial flow reduced
the self-induced rotation of a single filament, this could be
considered as changing the effectivg core radius. To the next
order of a/b , travelling waves appeared in the instability, the
instability mode for the voruex pair became non-planar but the
amplification rate of the instabiliiy was not affected. Moore and
Saffman [112] made a study of infinitesimal waves on a uniform
vortex with axial flow by obtaining a general equation for the
moticn of a vortex filament, valid for arbitrary shapc and
internal structure and in the presence of an external irrotational
flow field. Tn revising this puper, Moore and Saffman [113]
established that a vortex would be unstable in the presence of
strain if it could support non-rotating waves; no sgpscific
solutions oxr numerical results were presented.

The characteristics of vortex behaviour and instability
have been described by flight tests. as reported by Tombach [114] ,
Chevalier [115] and Jones and Chevalier [116]. The vortices were
generated by a Cessna 170 for the tests reported by Tombach and a
de Havilland Beaver DHC-2 and a Beachcraft T-34B: for tests reported

by Chevalier. Some of the conclusions were as follows:-
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(i) the existence of vortex wake instability as

predicted hy Crow [93] was verified;

(ii) the vortices were destroyed by some form of
instability and not observed to decay away due

to viscous or turbulent dissipation;

(£ii) +two modes of instability were observed; a
"localised" bursting of the core of an
individual vortex with usually no effect on
the adjacent vortex or on distant segments of
the same vortex, and the sinuous instability
of both vortices reculting in their linking

into vortex rings;

(iv) the majority of the wakes were observed to

roll to some degree, and

(v) the correlation between wake lifetime and
atmospheric turbulence, the life of tie wake
being greatly shortened by small amounts of

turbulence.
Singh and Uberoi [117] in their experiments on vortex
stability studied the tip vortex of a laminar flew wing and verified
the presence of laminar instability modes associated with large

axial velocities in the vortex core.

2e3.221 Vortex Rings

The vortex core is a region of concentrated vorticity
whereas the fluid carried along by the vortex ring may contain
little or no vorticity. Some general features of the flow field of
a typical vortex ring in nearly steady flow are shown in Figure 23.
Maxwortny [118] pointed out that in a real fluid the vorticity may

diffuse out of the boundary of the ring and be deposited into a wakej
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fInid may also be entrained, increasing the volume carried by the
ring, see Figure 24. For slight viscosity these effecis only
slowly chaﬁge the character of the flow; at any instant of time
the velocities are kinematically related to the distribution of
vorticity. Little is known about the process of formation or the
resulting properties of the vortex ring, however they are easily
created in tne laboratory by pulsing fluid through a sharp-edged
orifice. Harvey (119] suggested a mechanism for the development
of ring vortices, see Figure 25.

Vhen considering vortex rings in steady motion in an
ideal fluid, the existence of axisymmetric distributions of
vorticity (without swirl) that move without change of shape requires
that the velocity field induced by the vorticity distribution be such
that the vorticity of a fluid element convested along a streanm

surface (¢

constant) changes only in proportion to its

length: (¢ ri{¥) . The governing equation for the stream

function of axisymmetric filow is (in cylindrical coordinates r,z )iw

2 2
¢ Y 19 _ .2:
0zt ot rar " flé)

The term vortex riné commonly refers to a bounded region of
vorticity that mcves through a surrounding potential flow so that
f(¥) is nonzero only within some 5oundary_ Two types of solution
exist to this problem: general solutions for vortex rings of small
cross section but with an arbitrary distribution of vorticity, and
solutions for the special case  f(¥) = constant.

Kelvin, in 1867, presented the correct result for the

propagation velocity of a ring with 'uniform' vorticity within the
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core, V,= (T/LnR)In{8R/a} - % i , vhere 2a 1is the core size and
R the éadius of the ring; references to this early work may be
found in Lamb (46]. Saffman [120] in his solution for the propa-
gation velocity of a vortex ring of small cross section with an
arbitrary distribution of vorticity within the core used the theorems
for snergy and impulse and a transformation suggested by Iamb (46].
The experimental work of Maxworthy [118] was mostly
focussed on the structure of steady rings; he found that they
existed in two ranges of initial Reynolds number (Re)., For
Re <600 the ring was stable during the whole of its motion; when
Re 2 1000 . the ring first became unstable and then out of the dis-~
organised flow so formed a new stable vortex emerged. Rings with
very large Re (~ 2x 10°) became unstable immediately after forming.
Maxworthy (118] in his study of vortex rings found that when the
vorticity was relatively well distributed over the ring there was
definitely an exchange of vorticity between the ring and the
survounding medium. When an aircraft sheds two vortices of like
sign and magnitude from each side of the fuselage, the vorticity may
ha soon fairly widely dispersed inside each side of a descending oval;
this oval will be similar to the ideal oval shown in Figure 26.
Maxworthy [121] also observed tiie behaviour of rings at higher
Reynolds numbers. He found that after the initial instability,
which always took place, the vortex ring settled down to turbulent
propagation, the radius of the ring increased slowly and the velocity
decreased. In a further series of experiments, Maxworthy [122] used
flow visualisation and laser-Doppler techniques to re7eal several

interesting properties of high Reynolds number vortex rings.
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An experimental and theoretical study of the instability
of the voriex ring has also been carried out by Widnall and Sullivan
(123]. Both theoretical predictions and experimental resulls
indicated that the vortex ring is unstable to wavelengths that ars
not large in comparison with the size of the vortex core, as required
for the application of the cut-off method used in the analysis.

The phenomenon of azimuthal wave instabilities which was described
qualitatively by Maxworthy {118] was characterized quantitatively in
their experiments in which measurements were made of the vorticity
distribution, the self-induced velocity and circulation, and the
amplification rate for several different rings. Widnall, Bliss and
Tsai [124] re-examined the existence of short waves on straight
filaments in connection with the study of a short-wave instability
of the vortex ring, and concluded that this prediction, (Widnail and
Sullivan [1231 ), of shori-wave instability is spurious unless a
strong axial velocity exists in the core but that short-wave
instabilities having a more complex radial structure can exist.

However, the theoretical work of Widnall and Sulliven
[123] was revealing in two important respects. Firstly, the
prediction that the vortex ring was unstable at the wavenumber for
which the asymptotic analysis of Widnall, Bliss and Zalay (103]
spuriously predicts that a sinusoidally perturbed line filament
would have zero self-induced rotation (w, = 0), provided a
significant clue to the physical mechanism responsible for the
instability. Secondly, since this theory was in agreement with the

general features of the instability, the amplification rate and the
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increase in azimuthal wave numbers with decreasing core size
indicated that the instability could likely be predicted by an
inviscid analysis of the sinusoidal bending perturbations of a
slender vortex ring, without the need to incorporate more complex
features of the flow.

A physically plausible, but not mathematically rigorous
argument, that bending wéves on a vortex filament would be unstable
in the presence of a straining flow (such as that of the ring mean
velocity field itself) whenever these waves had no self-induced
rotation (z, = 0) was presented by Widnall et al. [124].  Generally,
the first radial modes of bending of a filament do not have the
property that w, =0 for some value of wavenumber, but w, = 0 does
occur for some critical wavenumber K, = ka ( a is the core radivs)
in the second radial mode, in which the centre moves in a directicn
opposite to the boundary of the core; +the higher radial modes also
have w, = 0 for yet higher valucs of Kk, =ka . Since the effects of
ring curvature are not considered, and the displaced vortex cor2 is
assumed to move with the local free stream at each section of the
wave - an invalid assumption for short waves, the analysis is not
mathematically rigorous; the mcdel does, however, agree very well
with experiment. Tsai and Widnall [125] gave some support for
their previous work with Bliss [124] finding that their strained
vortex is unstable at wavelengths for which the waves on a corres-
ponding straight filament would not rotate (w,= 0) . They
analysed the stability of short waves on a vortex filament in a

flow field with straine
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A theoretical analysis for the instability of a thin
vortex ring, with a core of constant vorticity in an ideal fluid,
to short azimuthal bending waves was presented by Widnall and
Tsai (126]. Both the mean flow and disturbance flow were found as
an asymptotic solution in &= a/R , the ratio of core radius to
ring radius. In the stability analysis only terms linear in wave
amplitude were retained; however, the solution to o(e? ) was
presented for a special class of bending waves known to be unstable
on a line filament in the presence of strain (Tsai and Widnall {125]);
Widnall, Bliss and Tsail [124] identified these bending waves as a
likely mode of instability for the vortex ring. The ring was always
found to be unstable for at least the two lowest critical wavenumbers
(ka = 2:5 and 4-35)3; good agreement was found between available
experimental vesults and the theoretical prediction of the amplitication
rate and wavenumber. Their theory [126] does not cover the
persistence of vortex rings in flows at low Reynolds number and with a
turbulent core.

There is some similarity between the stability problem
for waves on a vortex ring and waves on a straight filament. The
waves of interest for the vortex ring instability are short waves such
that ka remains constant as € = 0 so that w, remains zero. There-
fore the wavenumber, k, becomes larée in the limit & — 0, resulting in
the far-field effects from waves around the ring being asymptotically
small (as e*®) as ¢ — 0, so that only leocal effects of curvature enter
into the stability p;oblem. Thus any locally curved filament should

exhibit the same instability as the vortex ring.
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2e3e2+:2s Interactions and Merging of Iline Vortices

The merging, pairing, condensing or coalescing of two
vortices of like sign results in both the growth of a turbulent
shear layer and the rapid ageing of an aircraft vortex wake. The
merging vortices ingest or entrain volumes of nearly irrotational
fluid which then, through turbulent transport, become mixed with the
vortical material; the volume containing vortical material. is there-
by rapidly increased. From a simple model computation undertaken by
Corsiglia et al. [127] a physical description of the merging
phenomenon can be obtained, see Figure 27. If a weak vortex,
diameter d positicned at z/d = 10, of vanishingly simall strength
is placed in the velocity field of a second vortex of strength I ,
positioned at y=2z=0 , the weak vortex is simply convected zbout
the strong vortex. When two vortices of nearly the same strength
merge the axial symmetries of both vortices are destroyed by the
strain of vortex upon vortex. The initial phases of merging involve
convection; however, the vorticity is redistributed outward by the
mechanism of turbulent tramnsport. Interesting tests examining the
interaction of a small aircraft with trailing vortices near the
groﬁhd during approach to landing were reported by Crow and Murman [1281.

A theorctical and experimental study of interactions
between adjacent line vortices was carried out by Bilanin, Snedeker
and Teske [129]1. From flow visualisation experiments using smoke
as a marker they found that

(a) vortices of unlike sign do not tend to

merge;
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(b) a weak vortex will merge with a strong

vortex of the same sign;

(¢) ‘transport in a fluid eventually causes
merging of vortices (not vredicted by

inviscid analysis), and

(d) vortices of equal strength and opposite
sign do not interact strongly even at
small separation distances.

Interactions of aircraft wake vortices have also been
investigated by Bilanin et al. [130] using both inviscid and viscous
models. Viscous wake interactions were predicted using a transport
modal.

Iversen, Brandt and Pradeep [131] have studied the
merging of co-rotational vortices of equal strength using flow=-
7isualization techniques, hot-wire anemometer wind tunnel
experiments and by preliminary numerical calculation of vortex
merging. Their wind tunnel experiments and numerical calculations
indicated that the merging distance was decreased by the effects of

turbulence and viscosity from that predicted by inviscid calculations.

2.3.3 Vortex Breakdown

An abrupt and drastic change of structure in the
swirling flow of trailing vortices is commonly referred to as
‘vortex breakdown' or ‘vortex bursting'. Vortex breakdown is
usually characterized by the formation of an internal stagnation
point on the vortex axis followed by reversed flow in a region of

limited axial extent. There are predominately two forms of vortex

65



breakdown, a 'near-axisymmetric! or 'bubble-like" and a "spiral"
form, for vhotographs of these see Leibovitch (132 , Figure 1] and
Figure 28. Introducing a dye filament on the vortex axis, the
spiral form is marked by a kink in the filament followed by a
corkscrew-shaped twisting of the dye, whilst the bubble form has a
nearly axisymmetric envelope resembling a solid body of revolution.
Vortex breakdown has been observed only in highly swirling flows;
defining the angle of swirl ¢ as tan'(viv)  where v an& w are
the swirl and axial components of velocity respectively, the maximum
value ¢ upstream of brealzdown is usually greater than 4o°,

Another condition for breakdcwn is the existence of a
positive or adverse pressure gradient in the axial directioﬁ, this
need not appear in the outer part of the core away from the axis.,
Related to adverse pressure gradient ic a divergence of the stream
tubes in the vcrtex core immediately upstream of breakdown. The
occurrence of breakdown depends on a balance between the magnitude
of the swirl, the external pressure gradient and the degree of
divergence of the flow. Variations in Reynolds number appear to
have little influence on the pocition and occurrence of breakdown.

Vortex-breakdovn flow fields may be divided into three
regions:-

(a) The approach flow - this consists of a
concentrated vortex core embedded in an
approximately irrotational flow. The
flow is either laminar or has relatively

low turbulent intensities.
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(b) The breakdown region - where rapid changes
in axial direction occur, occupying an
axial interval of the order cf five vortex-
core diameters in length. This interval
may be divided into three roughly equal
parts as follows:-

1) deceleration of the approach flow

and formation of stagnation point
on the vortex axis,

2) the occurrence of flow reversal
near the axis; for bubble-like
breakdowns the radius is nearly
equal to that of the vortex core,
and

3) the restoration of the original
direction of axial flow which is
narked by a large increase in
turbulent intensity.

(¢c) The establishment downstream of the bresk-
dowvn zone of a new vortex structure with
an expanded core vhere axial variations

are gradual as in its upstream counterpart.
Vortex breakdown was {irst discovered by Peékham and
Atkinson (133] over wings with highly-swept leading edées when the
wings were set at large angles of incidence. Vortex breakdown has
been reviewed by Hall [134] and Leibovitch [132]
The explanation of vortex breakdown may ve divided into
three categories, the basic ideas being as follows:-

(1) The phenomenon is in some sense like the
separation of a two-dimensional boundary
layer, for example, Gartshore {135],

Hall [136], Bossel (1371, Mager [133] and
others.

(2) The phenomenon is a consequence of hydro-
dynamic instability, for example,

Iudwieg [139, 140].
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(3) The phenomenon depends in an essential
way on the existence of a critical
state, for exampls, Squire [141],
Benjamin (142, 143], Bossel [14é, 1451,
Leibovitch (1461, Randall and
Leibovitch [147] and others.

In the first case it was argued, as for twe-dimensional
boundary layers, that if at some location in the course of the
calculation of a quasi-cylindrical vortex core, the results show
appreciable rather than small axial gradients there must also be
appreciable axial gradients at that locaticn in the corresponding
real vortex core, even though the quasi~-cylindrical approximation
must fail there. This occurrence of appraciable axial gradients
or the failure of the quasi-cylindrical approximation was likened
to vortex brealkdown. However, this viecw of vorbtex breaxdown leaves
too much unexplained; ITfor example, there is no explaanation as to

)

the abruptness of the phenomenon, which is the essence of breakdown;
upstream influences other than those that merely modify the
boundary counditions along the outside edge of the vortex core arve
not accounted for, and no description can be given of the Tlow field
at or dowmstream of breakdown.

Ludwieg's [139, 140] propesal was that vortex breakdown,
with a local stagnation of the axial flow, 1s a direct coansequence
of hydrodynamic instability with respect to spiral disturbances.

His suggestion [140] was that after the onset of instability, which
is not necessarily breakdown, the spiral disturbances might in
suitable circumstances be amplified and induce an asymmetry in the

vortex core, which could lead to stagnation when there was a total

pressure defect in the core.
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Kirkpatrick (1481, Hummel [1491, and Sarpkaya [150]
provided some experimental support for Ludwiegis (139, 140] propesal.
Some explanation is needed as to how asymmetrié stagnation develops
from weak spiral disturbances for vortex cores that are otherwise
symmetrical and not in such a state that stagnation would occur
anyway in the solution of the axisymmetric equations of motion.
Associated with breakdown are such a range of veleccity gradients
that almost inevitably there will be instabilities somewhere thus
making Ludwieg's explanation difficult to test.

Squire [141] looked for the existence of standing waves
in the field of flow, and stated that if they existed disluroances
which are generally present downstream will spread forward along
the vortex and cause breakdown. For three different forms of
swirl distribution he found that standing waves could ha supporied
when the maximum swirl velocity is 'rathcr larger' than the axial
velocity, this he proposed as the criterion for voritex breakdowm,
However, observations of breakdowns in adverse pressure gradicnts
with maximum swirl velccities less than the axial velecity have
been made by Sarpkaya [150]. Little explanation was glven by
Squire [141] as to how an upstrean influense could lead to the
observed abrupt change in core structure. Vortex breakdown was,
according te Benjamin [142, 143],"a transition between two steady
states of axi~-symmetric swirling flcw, being much the same in
principle as the hydraulic jump in open-channel {lcw', the
transition being from a supercritical flow not able to support

standing waves to a subcritical flew which could support them.
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Certainly vortex breakdovm is like a hydraulic jump, being an
abrupt change, the occurrence and positicn of which is influenced
by conditions downstream.

Benjamin's [142, 143] finite-~transition theory did
not provide a jump condition allowing the (subcritical) wake
structure to be inferred from prescribed (supercritical) apprcach
flews. No prediction of the occurrence or position of breakdown
is made.

Finite-amplitude waves of a type predicted by
Benjamin have been observed propagating in a long cylindrical
tube by Pritchard [151], these were solitary viaves in which the
fluid was displaced inwards slightly, corresponding to a small
local acceleration of the flow and not the pronounced retardation
of breakdown. A small-perturbation solution for a solitary wave
with an outward displacement of the fluid has been obtained by
Leiboviteh [146].

Vortex breakdown was proposed by Bossel [145] as
being a necessary feature of supercritical flows having high
swirl close to the critical state, and some axial flow retardation
at and near the axis. His own examples [144] showed that break-—
down does not necessarily occur in supercritical flows that are
close to critical; he does demonstrate, however, that an abrupt
change in flow structure is consistent with the critical or nesar-
critical state.

Randall and Leibovitch [147] showed that the propagation
of finite-amplitude solitary waves was governed by a modified

Korteweg-de-Vries equation, (the K-dV equation with an additional
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term that is proportional to wave amplitude), with coefficients
that vary slowly with axial location and a term thab leads either
to wave amplification or damping. [Energy is transferred from
the basic flow to the wave through deceleration of the basic flow,
acceleratiocn causing energy transfer in the opposite direction.
A stationary-wave equilibrium in which energy gained from the
basic flow is balanced by viscous dissipation exists cnly between
two wellwdefined axial locations in decelerated portions of the
flow (adverse pressure gradient); to persist, these waves must
remain '"trapped" in this permissible zone. On applying the theory
to the flow in which Sarpkaya [15C] found a bubble form of break-~
dovm, the trapped-wave amplitude was found to be necessarily large,
resulting in formation of a stagnation point and reversed flows
the bubble shape and size were consistent with Sarpkaya's
observations. Randall and Leibovitch [147] pointed out some
deficiencies in their theory, namely that reversad zwirls predicted
in the bubble interior are rhysically impossible, and thot alihough
the theory has a rational validity for weakly non-linear
disturbances, the disturbances predicted are necessarily large.

A general theory for breskdown was presented by
Landahl [(152], who used kinematic wave theory to determine under
what conditions breakdown of a steady or unsteady laminar flow into
high frequency oscillations should occur.

Vortex breakdown behind straight high aspect ratio wings
has been observed in towing tank experiments by Olsen [56], Harvey [(119],

Whithycombe [153]and Lambourne and Bryer [154].
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The protlems cncountered in measuring vortex breakdown
flows were described oy darvey [155]; measurcments in the
vicinity of the vortex breakdowm vere difficult to make cwing to
the random variation in the position of the breakdowm, and the
introduction of measuring probes near the brealkdown can completely
change the flow as vortex breakdown is highly sensitive to external
disturbances. Thus data in the immeciate neighboutrhocd of the
breakdown was linited to that obtainable by flow-visualization
techniques i.¢. swirl-angle distributions in the coppreach flow -
determincd by the roatio of azimuthal to axial velocity compeanents
(Harvey (1551, Sarpkaya (150]), and the centre-line axial-velocity
component just upstream of Lreakdoun (Sarpkaya [(1501).

The maximum swirl angle obtained by Harvey [(155] agreed
well vith Squire's [141) prediction for the value ab whieh besak-
down occurs. Harvey [155] also ohassrved ihalt broskdown is a
division beiwcen suberitical and supercribticzal regimes, vather than
an onset of stability; this was suprorted by the theorctical
analysis of Benjamin [142], (The vortex is suversritical w
the oxial velocity is lorgsr than the syirl, upstream propsgation

. L -

{ linear waves is not possible; the voriex is suberitical whea
the axial velocity is less than fhz cwdrl, information can be
transmitted in either davection aleang ~ vortex). More recently
measurements have been made by Foler [156) aler and Leibovitch
[157] and Garg (158]; their results include power spectrn and a

e )

velocity map of the recirculation repion of the bubble type of

breakdown.
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Flight observations, using an HF115 aircraft, of
vortex breakdown by Feanell {159] showed similar characteristics

to vortex breakdown observed on models in wind and water tunnels.

2.3.3.1 Vortex Deintensification as a Result of Breakdown

From numerous observations it 1s clear that breakdown
on aircraft trailing vorticesAcan be violently turbulent.
Resulting from these observations is the question as to whether the
phenomenon aids in lessening the hazard of an aircraft vortex wake.
Bilanin, Teske and Hirsch (160] undertook a numerical approach to
define the breakdown flowfield. Their calculations showed that
the large scale structure of the vortex was not significantly altered
by the breakdown phenomenon. The breakdown phenomenon does disrupt
the viscous core in a vortex resulting in high levels ol turbulence;
however, this turbulence tends tc¢ destroy the smoke from flow
visualization tests, leaving the impression that the vortex has in
some way been desiroyed. ILandahl and Widnall (161] used eaergy
arguments to clarify the phencmenon of vortex bursting and to draw

concMusions as to what could be done to prevent or induce bursting.
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2.4 Solitary Yaves

It is known that small amplitude wave motions can be
supported in rapidly rotating fluids, see Greensran (162, chapter 41,
and it is thought by some (see previous section) that solitary
vaves exist on vortices.

Cne of the esarliest wave theories of vortex breakdown
was due to Squire [141] 3 his 'criterion' (see section 2.3.3)
described flow conditions in thé core that are 'critical' in the
sense that infinitesimal standing waves of Lnfiﬁite length can be
supported by the rotation. Since rotating flows are dispersive
media with phase wvelocity increasing with wave length, the first
possible waves to occur for a given axial flow are standing waves
of extreme length.

Tt was shown by Benjamin [143] , in his i

%‘.
[}
H
[
E
o

paper, that rotating fluids can also support long, axially
symmetric, stationary waves of finite amplitude. Furiler to this,
Leiboviteh [163]) developed a theory of long, non-lincar, stationary
waves in incompressible swirling flows and extended this,

1

Leibovitch [1681, to the case of compressible flows; the non-

or spiral wave modes of vortex breakdovn.
(K-dV) equation describes the long-time evolution of small but
finite amplitude non-linear waves, and it is found that waves are

possible with the waveforms of both axially-symmetric and spiral
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modes determined by the K-dV equation

up + avu, + Bu, = 0.

This nonlinear partial differential equation is one of the
simplest model equations in the study of nonlinear dispersive
wave phenomena; the nonlinear and dispersive terms are auu,

and fu,,, respectively.

2.4.1  Derivation of Korteweg-de-Vries equation

Wave motions can survive for long pericds and can
transmit disturbances over very long distances; they often assume
their most distinctive forms after travelling a "large" distance
from the regior in which they are generated. The equation is
derived using the '"method of multiple scales'; this metliod is
cxpected to be asymptotically corract for large times as ¢ , the
measure of amplitude, Re”! y dimensionless parameter equal to the
inverse Reynolds number, and § , dispersive paramenter, all tend
to zero. The method of multiple scales is used in this instance
systematicalliy to reduce a system of equations depending upon
several small parameters to an equation for a single unknowm
functicne. |

Systems of nonlinear equations depending upon one or
more small parameters that permit nondispersive, nondissipative
wave motions when all of the small parameters vanish are considered,

where time, t, and the single spatial coordinate, x, are independent
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rariables. It is assumed that the system may be expressed in the

following form ¢

m
,L_] + (_:(L_])'L_] = ZIJRD(L_]nle)
' St (2.4,1)

where U is the columm vector, u = (u,. ..UMT,

C is an NxN matrix that may depend on u, B, are small parawmeters

and Dy are vector=-valued operators on U that depend on U, x and t.
The motion is assumed to be a small disturbance,

measured by the parameter £, to a constant state Uc { Dylue,x,t) =0

i.€. U is assumed to be a solution); an expansion about U, in

the small parameters is attempted in the form
m
U=Ue+e{Ug® 80y + o oo v TP UL, + o s o) (2.4,2)
)=1

where omitted terms are proportional to quadratic and higher
powers of € and He -

Substituting equation (2.4,2) into equaticn (2.4,1) and neglecting
higher-order terms

+ Cludey, = 0 (2.4,3)

Yo, o,

The matrix C is assumed to have the following expansicn in order

that equation (2.4,1) allows wave motion as ¢ —~ 0 3

Clu, tef{ug + o o. ¢} = (_:0 +£g1(go,gc) e s e

where C, = Clu.) is a matrix with constant coefficients that has
N real and distinct eigenvalues

i.e. go.:l_‘ = k)l- (2-4,"")

where 4, are the right (column) eigenvectors corresponding to

the N .
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The solution to (2.4,3) is given by

ug = % Ul - Af) | (2.4,5)

0
where 1; and A satisfy equation (2.4,4).
In view of equation (2.4,4), equation (2.4,5) is a solution for
arbitrary functions U(X;) and for N=2 is the elementary
solution of the linearized wave equation. To proceed with higher-
order correchions attention is focussed upon one of the N solutions
(2.4,5); assuming one has been selected the subscripts on the
selected pair are omitted, thus (A, v) . By dealing with the
N eigenvalues one at a time, attention is confined to the asymp=-
totic bechaviour of a single mode ror large time or to inijtial data
close to the travelling wave (2.4,5). In the latter cace, the
initial data should, to lowest order, depend only on X - AP 3  this
restriction applies to most applications of multinle scale methods
to partial differential equations.

Substituting the series (2.4,2) into (2.4,1) aad
equating coefficients of &, p, » » », p, the higher-order tirus ere
found. With D lu.,x, f) =0 , O is assumed to be such that
Dk(gc + eUg, X, H) o= ggk(gc,go, X, bty + 0 a0

Thus the cquations are

Y

U+ Coely, = - Glug ugdeug (2.1.6a)

and Yj, *Co-Yj, = Djrlde, o x Tl j=2,-emei (2.5,60)

Each of the vector equations (2.4,6) may reprogent a solvable
problem for the N associated functions. Since (2.4,5) was not
gencralised to account for multiple time-scaling, the solutions are

not valid unless t << p~' where p = max (&, py, o U
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for details see Ieibovitch and Seebass [164, p.1091.

For each small paramter a slow time is defined

= et
Ty = B k=1...,m } (2.4,72)
and T3 =t is written for the fast time. (The esseuce of the
method of multiple scales is the formal introduction of this notion
with u assumed to be a function of three independent variables, X,
t and T = et , that is, x and two time variabples :
ulx, t;e) = Ulx, t,1:¢)
The method "works' when a regular verturbation series in ¢ forU,
valid to times of order ¢' may be found by appropriate choices of
the T dependence of U).
After applying the transformation X = x - At

3. LD Led L §,0
ot aTO+€aT1 +k§“|<aTk.1

(2.%4,70)

The arbitrary function U is explicitly independent of T, but may
now depend upon the Tj, j=i . Equations (2.4,6) traunsformed to
coordinates (X, Tg, Ty, Teq), K= 1«0 oom, are

!11.0 + (G - )‘I)'H'.X = ‘g:“gox - 901'1

and .
g(k*”To-& (go - Al)'!(k*ﬂx = .D_k(l-J-C' Hg, X; f)o

Since U(X, T, « =+, T is arbitrary, U is chosen so that it is

governed by

eCieygUg+ LoygUye = 0
B " (2.5,8)

é.D_k—é."lUTkH=0, k =1, .., m y

substituting for u, from equation (2.4,5).

78



Since the T, are related to t, a single equation governing the
time evolution of U may be 'reconstituted", Using equation
(2./k,7b) the reconstituted cquation is
Loy v £2.Cyunly = L[fukak(w. X, H]
le=1

whose solution venders u, valid through time O(—-+-— +oee e 4 =
(assuming that all linear quéntities in ¢ or y arc larger than
any quadratic combination of these parameters).

Shallow water waves are governed by a set of two
equations (equivaleat to the approximation of Boussinesq) for

which

im
-
c

(U Uy
(0 Uy

The ecquaticns depend upor ¢ and a single swall paraneter ¢ ,
representing the gircumstances: of the propagation and the

operator O, is

\
. (3%
91( - (Uxxx)
2xxt
The eigenvalues of (; are A =1, A=-1 (since |Cy - Al
= (X -1) =0 ), corresponding to the right column vectors

(1,17 and (1, -1)7 and to *+he left (row) eigenvectors (1,1)

and (1,-1) . Thus, selecting X =1 with l.x =2 , £.0=-2Uy,,

2.C.n = 3U , the appropriste form of equations (2.4,3) are

and Ue, +

and the reconstituted equation is the Koru‘wor~de~Vr*cs equation

Up + 30Uy + FiUgey = 0 (2.4,9)
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2.4,2. Stationary Wave Solutions of the Korteweg-de-Vries Equation

The Korteweg-de-Vries equation (2.4,9) may be

re-written (see Leibovitch and Seebass (164, chapter IV]) as

Up + UUx = 8Uxxx

(2.4,10)
1 p? h 3
where 6 = —51%-, W=7, and T= 5€7
for the case of shallow water waves, h = depth and | 1is the

length of the wave.
Stationary waves -~ waves that propagate without change
of form at a constant speed - may be found by putting
X = X - 27
(2.4,11)
where I is the unknown wavespeed.

Substituting equation (2.%4,11) into equation (2.%4,10) gives

U™ = (U - 2V
(2.5,12)

an ordinary differential equation where the prime indicates
differentiation with respect to X,
An integration of equation (2.4,12) yieldc
" 1 2 1
GU = 7U - ufU + —i-c1
(2.4,13)
wvhere ¢, is an arbitrary constant of integration.

Multiplying equation (2.4,13) by U’ and integrating again gives

(U2 = 6108 - 202 + U + ¢, )
3 o (2.4,11)
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Real solutions exist only for U such that

51PU) = 84 407 -0 v v, ] =0
(2.4,15)

The polynomial (2.4,15) may have either one or three real roots,
however, no bounded solutions exist for the case of a single real
root; thus the polynomial is assumed to have threz real roots
U < U;<U;and P = (U -UU-UNU-Uy) Figure 29 shows three
possibilities for the roots of the pdiynomial: Case A - three
distinct roots: Case B - roots U, and Uy coincident and Case © -
roots U, and U, coincident. Solutions are possible for those
portions of the curves A, B, C, for which P is non-negative
assuming 6 > 0. For the case of double roots of the polynomial,
yhich in Figure 29 correspond to valucs of U a2t either 'initial!
or 'terminal’ points of an integral curve of equation (2.4,14),
U'=0 and u;'= 0 at those points and from equation (2.4,12) all
derivatives vanish. Therefore, the coastant value of U at a
double root is an exact integral of cquation (2.4,12). A nci-
constant solution thus tends towards a double root cnly
asymptotically as X —= o or X —= -m0,

Consider a point, Up , near o single zoro of a curve

such as A, suppose U(U,) > 0 (see Tigure 29); since U'> 0

=<
5]
e
O
H
194
o]
&1
[o]
19}

in (Up, Uy), U increascs as hovwever, P has
a finite negative slope in this portion of the cuvrve, thus U < 0
and so U must decrease. At U, , U has decreased to zero; but

U remains negative; U therefore beccomes negative as X increases

and the solution 'reflects" from this point retracing its path on
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curve A. Thus curve A, with a positive portion lying hetween

two points where P vanishes with a non-vanishing slope,

represents a solution of U(X) that oscillates between U and U,;.
Explicitly, the oscillation in terms of the Jacobian

elliptic function c¢n is

1,2 ~
U=1U,- (U, ~U1)cn2[(9—31—;§!1—) >”<|mJ
(2.4,16)

Uz"U1

where m —U;——U_T

; cnfulm) is defined in Abramowitz and

Stegun [165, sections 6.1 and 7.21, cn®(ulm) oscillates between
zero and unity with a period of 2K(m), K(m) heing the complete
elliptic integral of the firsit kind. (For m = 0, cn(u]0) = cos u,
for m =1, cnlu}1) = sech u.).

The infinite wavetrain equation (2.4,16) is called a

cnoidal wave, having a wavelength  2¥128/(U; - Uj)K(m) 5 the
amplitude d , of the oscillation about the umean value U= (Uy +U,)/2
is @ = (Uy -U;)/2 ~ For waves cf small amplitude, sinusoidal

oscillaticns are recovered, since as m — 0

U,
U - dcos (2% Yo |2
U U ucos(ZX( 78

Consider case B of Figure 29 and a solution approaching

U3 as X — -0 .« As the solution traces curve B fromU; to U; ,
it decreases to U,, where it undergoes a 'reflection" returning

~

along B to U3 as X — o, Plotted against X the solution
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resembles a single, symmetrical valley (or if 6§ < 0, a peak);
the wave is of infinite length and is called a solitary wave. It

is given by

U = Us - (Us - Upsech? | X ’—“—)1,2
R | 128
(2.4,17)
The amplitude of the solitary wave peak (or dip) above (or below) U

iz given by a = (Uy - U;),

Case C has somectimes been said to lead to the hydraulic
jump - a discontinuous disturbance consisting of two joined semi-
infinite regions in which U takes different piecewise constank
values. The only solution possible in case C is the single
constant value U = U;.

Only two nonconstant waves of permanent form exist,
the cnoidal waves of case A and the solitary wave of case B, The
vave speed £ is given by & = L(Up +U, + Ugh

Substituting for X and generalizing for both positive
and negative values of 8§ the final formulae for cnoidal and

solitary waves are

2 - 0§ 2-
zrgn]lgl) (x—[U+[—6—l3—r;nu1]T)lmj|}
(2.4,18)

and

1
= Ug - %sechz[(',l‘;lgl)z()(+[%ul%l —UO]T)] (2.4,19)
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respectively., In equation (2.4,13) U,, U, and U, are replaced
by U (the me . level of the osecillation), a, (the mean~to-peak
and mean~-to-trough amplitude) and m (taking values from zero to
unity). In equation (2.%4,19) U, and U, are similarly replaced
by the undisturbed value, Ug =

Both the wave speeds and wave shapes depend upon the
amplitude of the disturbance and the background state upca which
the wave propagates. The appearance of the amplitude is a feature
due to nenlinearity. Generally, nonlinear waves cannct be super-

posed.

glgﬂg, Solitary Wave Sclutions of Lhe Korteweg-de-Vries Zquation

The Korteweg~de-Vries cquation is cf the form
Uy + Ui, + Bl = 0
Choosing o= -6 and P =1 1t becomes
Up = bUUy + Ugyx = 0

(2.4,20)

and the solitary waves have the form

ulx, t) = - Tagdsech?[ Lajx - ddt)]
(2.4,21)

Here the solitary waves propagate to the right at a speed ug

which
is proportional to the amplitude and have a width that is inversely
proportional to the square root of the amplitude. Solitary wave
solutions have a 'linear-like' behaviourj; Zabusky and Kruskal [167]

observed that two distinct solitary waves, i.c. with distinct ampli-

tudes, interact nonlinearly but emerge from the interaction unchanged.
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tThis particle-like behaviour led to the use of the word 'solitons'!
for solitary waves. These (nonlinear) solitons may be
distinguished from linear solutions in that they are shifted in
their positions relative to where they would have been if no inter-
action had occurred.
It has been shown numerically, Zabusky [167], that in
addition to (or instead of) solitons propagating to the right,
some solutions will have a dispersing oscillatory state propagating
to the left with solitons propagating to the right. The propa-
gaticn of the oscillatory state to the left is due to the negative
group velocity of the linear waves.
Leiboviteh {1681 argued that the solitary wave
providaed the basis for a very adequate theory for the phenocmenon of
vortax breakdown. His proposal, in brief, was as follows:~
1) Vortex breakdown is a solitary wave which
may carry axial velocity disturbancesz
sufficiently large to cause stagnation of
the flow; it is localized in space for

long periods of time.

2) The wave is caused by a downstream disturbaance
eog. the trailing edge of a wing.

3) Since breakdown is, by definition, localimed
in space, the lowest order axial wave speed
must vanish, and

L) A breakdown is the largest amplitude solitary
wavc that can be caused by the dcwastream
source of disturbance.

His rcasons for this wave theory were as follows:-
(a) Breakdowms seem to be closely related to
downstream conditions, and move up from

downstream positions as the flow is
started.
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(b) The occurrence of breakdowns is very
sensitive to the conditioen of the
primary flow, and occurs when it is
nearly critical.

(c¢) Viscous effects appear to be only
secondary.

(d) A second breakdown, definitely smaller
than the main breakdown and dowvmstream
from it was observed in some of
Harvey's (155] photographs. From
wave theory it would be expected that
the main and secondary breakdowns would
slouly part company. These secondary
breakdowms may be explained as smaller
solitens.

(e) Frequently, unsteady regions of flow
appear immediately in the rear of the
main brcakdovm. This feature may
possibly be explainsd as the oscillating
tail in the Korteweg-do-Vries solution.

Figures 30~37 show the flow patterns for the deecaying
vortex as calculated by Leibovitch (168] for values of the (single)
free parameter ¢ of 08 Lo 10 . (¢ represents one-half of
the maximum axial disturbance valuz). These particular choices
of ¢ were made to facilitate a comparison with the breakdovm
regions observed by Harvey [155], they are tco large to expect any
quantitative accuracy from the theory for ¢ is not small comnared
to wnity. HNevertheless, the results seem to be in accord with
the few available experimental results. The value e = 10
agrees well with Harvey's [155] observafions, coming close to the
observations of both length and maximum radial extent of the eddy.
The general features of increasing ¢ are shown in Figures 30a and
Z0b, as ¢ dincreases the closed eddy grows and becomes relatively
fatter. Figure 31 shows the total axial velocity at the midplane,

again for € = 08 and 1-0. Figure 32 shows the base flow and
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pverturbed swirl distributions in a plane through the midsection
of the eddy; the streamline dividing the eddy from the outer
flow is a surface of zero swirl, a consequence of the conservation
of anpgular momentum.

Further detailed measurements are needad of the actual
flow velocities that occur within the region of breakdowm, not
only to test existing theories of axisymmetric brealkdowns but to

lead to a better understanding in particular of spiral breakdowns.
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2,5 Wake Vortex Minimization

Many proposals have been put forward for '"getting rid"
of the vortex hazard. The severity of the hazard is dependent on
the size, geometry and operating conditions of the generator and
following aircraft, the distance between the two aircraft, the
angle and altitude of encounter, the atmospheric conditions
existing at the time and possibly other unknown factors. A fairly
comprehensive review may be found in the proceedings of the sym-
posium on wake vortex minimization [170]. Some of the schemes for
reducing the hazard are as followsiw

1) The addition of axial velocity to the
core of the vortex - for example, mass

injection at wing~tips: see references
(170-173, 24, 501,

2) The depletion of axial velocity in the
core of the vortex - for example,
vortex dissipator: see references [174-170],

3) The addition of vorticity opposing that
of the original vortex or tip-load -
see, for example, references (179-1801,

L) The introduction or increase of turbulence
into the vortex - this includes the use
of spoilers at locations other than the
tip: see, for example, references (161-
1821, and

5) Span loading variable with time: see,
for example, references (115, 133].

With the first two methods when an inherent
destabilizing feature, a jet or wake, is introduced into the vortex,

turbulence levels are enhanced; thus method 4L is also contained
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in these methods. The spoiler, in method %, besides intreducing
turbulence, may have a major effect in changing the wing load
distribution, so altering the mean structure of the wake more than
the introduction of '"turbulence'. The time-varying span load is
used in the last method to excite the Crew [98] instability and
can be effective in causing vortex linking and subsequently very
rapid diffusion and/or annihilation of vorticity for the case of
clean wings. In the case of flapped wings it is not yebt clear
whether the linking mechanism is effective. However, in
Chevalier's flight tests (115] in which the angle of attack of a
light aircraft (a Beaver DHC-2) was periodically oscillated in
order to sinusoidally perturb the vertical positions of the
trailing vorlices, thus inducing the Crow instability, vortex
hreakdown, which was made visible by smoke, was observed to ocene
regularly along the trailing vortices. The quantitative
deintensification of the wake as a result of breakdown was not
knswn, the pilot in the chase aircraft did repcrt that Lhe wake
was reduced to a mild random atmogspueric turbulence. An,
alternative method of provoking instability suggested by Crow [18%]
and tested by Bilanin and Widnall [183] in a tcwing tank, using a
medel wing, was the differentiel oscillation of two pairs of flaps
such that 1lift was held constant while the centroid cf trailed
vorticity moved periodically inboard and outboard. This was also
seen to excite the Crow instability amd the occurrence of vortex
breakdowm was also obscrved.

Humerical studies by Bilanin, Teske and Hirsh [185]

of two-dimensional. aircraft trailing vortex pairs descending in a
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neutral atmosphere have shown that dispersion is enhanced when the
atmosphere is turbulent, when crosswind shears are present and
when the vortices interact with the ground.

The detailed behaviour of the wake of a wing is very
sensitive to the 1lift and drag distributions on the wing, and to
any secondary vortices that might be shed by mounting struts or
other surfaces generating 1lifi or drag in the vicinity of the wing.
The wake behaviour observed behind an aircraft may be classified
on the basis of inviscid considerations i.e. whether the vortices
remain together and interact strongly or whether they move apart
and interact less strongly. However, for precise details it is
important tc¢ consider the viscous interacticns in the wake.

Further details of woke vortex minimization mey be

found in Ponaldson and Biianin [9].
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CHAPTER 3 ~ THE BEXPERIMEND

Vortices have bheen studied for many yéars, however much
of their behaviour is still poorly understcod. Recently, since the
advent of the wide~bodied heavy airliner, much attention has been
focussed on the formation and decay of aircraft trailing vortices.

As these vortices can be strong and persistent enough to pose a
hazard to following aircraft, a knowledge of the structure and
mechanisms by which vortex wakes are dissipated is cleariy desirable.
It is thought that structural instabilities, either in the foru of
periodic variations in the separation of the cores, i.e. the Crow
instability [98] discussed previously in section 2.3, or in the
appearance of "disc-shaped" disturbances which are thought to be

a manifestation of "vortex breakdown', are mechanisme by which the
decay of these vortices is accelerated.

These trailing vortices are produced by the rolling-up
of the vortex shecets shed irom the wing. The early stage in the
development of the vortices may be investigated by means of a wind
tunnel study; however, the long term behaviour is much less amenable
to investigation. Firstly, since the vortices arc swiftly carried
downstream, a wind tunnel with a long test section is needed in order
to study anything but the youngest of vortices. Secondly, any
phenomena associated with the vortex near the wing is likely to be
stationary with respect to the wing, whereas in the far field
developing features may move with a velocity characterised by the
fluid surrounding the vortex. Thus, in a wind tunnel this feature
will be rapidly swept past the measuring instruments, resulting in

problens of interpretatione.
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By using a water towing tank Harvey and Fackrell). {186]
were able to avoid these difficulties as the vortices could be
studied in a frame of reference stationary with resvect to the
undisturbed f£luid, thus enabling the total history of the vortices
to be observed.s In their experimént a rectengular planforn wing
cf 2' span and 4" chord was supported rigidly from a towing trolley
and fowed at two speeds (2! and 4'/sec); any fluctuation in speed
vwias considered to be no more than the equivalent unsteadiness of the
flow in a good wind tunnel, Uaing flow visuelisation (a saturated
solution of potassium permanganate mixed with acetone until the
mixture had the same density as that of the water in the towing tank
wa3 used), observations were made of an instability of the f£low which
led to a rapid destruction of the vortex. This breakdown phenomenan
was unlike the usual "vortex breakdcan" as it did not emanatc from
the vortex axis but was confined to the flow outside the core. The
breakdown resulted in the formation of toroidal vortices; the
association betwesn toroidal vortices and the Rayleigh insuability
eriterion [199] is well eslablished but the mechanism leading to
their formation has remained obscure, From the ohservations made,
for details see Harvey [(119] , some insight into the phenomencrn was
obtained and a possible explanaticii is offered in Figure 25,

The study of such a phenomenon would first require
a method of detection which could then be uscd to establish
a conditional sampling technique to determine the structure of any
phenomenon,  As this phenomenon would, in a wind tunnel context,
be convected past the observer at the speed, U, , of ths surrounding
fluid, a wind tunnel with a long working section was needed in order

to examine the structure of the phenomenon,
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301 The Wind Tuanel

The msesurements were made in the 4.5' x 4' low speed
ind tunnel at Imperial College; the rectangular working section

may be arranged either as a short one of 9.78' or a longer one of
28!, see Figure 33, To create a longer working section three
sections of the diffuser immediately following the test area are
removed, the test area is moved to the pesition of the third section
of the diffuser and three rectangular sections, having the same
crosgs-sectional dimensions as that of the teat area, are placed in
t'ront of the test aréa, These three rectangular sections are thus
placed between the contraction and the test area giving a total
working section length of 28,

So fer a detailed calibration of the longer working
section has not been carried out, however preliminary measurencnis

show the variation of pressure and veloecity across the test area to

be acceptable, For the longer working section the calibretion Lfacltor
fﬁjlfﬁ across the width of the test areaz, and the relation-
pref

ship between the pitot-static and the rererence pressures at a point
20,4 from the start of the working éection are shown in Figure 34
(2 and b) respectively. Tor details of the calibration of the
shorter 9.78' working section, see Bsarman, Harvey and Gardner [187].
The wind tunnel has a contraction ratio of 4.92.

A three-dimensional traverse mechanism has been installed
in the test area. The traverse mechanism has been designed with
a low frontal area so as to minimise the disturbance to the flowfield,
it is especially suitable for the study of trailing vortices as they
are very susceptible to disturbances in the flowfield. The main

support arm passing across the test section is 1371 mm long, and the
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length and height of the probe carriage are 95.25 and 12.7 mm
respectively, Thisg traverse has a resolution of 0.1 mm, the
absolute accuracy being lese than this due to deflection of the
mechanism through air loads which vary from one application to
enother, It is estimated that probe positions quoted in +this
thesis are accurate to better than 0.5 mm,

3.2 Delta Ving Models

A more accurate simulation of the flow btehind an
aircraft is gained by the use of delta wing models rather than
rectangular half-wing models; with the former a pair of trailing
vortices is formed, whilst from the latter only a single vortex is
formed., The delta wing models used had & chord/span ratio of 2,
which modelled the centre-line chord/spesn ratio of a Handley Page 115
aircraft, see Table IV for the principal dimensicns of an HP 115,
The Handley Page 115 research aircraft was built to eneble investigation
of th2 in-flignt characteristies 6f a slender-~wing configuraticn at
low airspeeds. The flowfield around the aireraft is generally
representative of the flow over a slender wing as deseribed in
section 2.1, Flight tests investigating the far field flow btchind
the HP 115, see Fennell [159] and Bisgood, Malthy and Dee (57! , end
wind tunnecl tests on a model of the HP 415, see Iugler and Moss [188]
have been carried out. Earnshaw [60] has made detailed measurements
of the flow behind & delta wing in a low speed wind tunnel; measure-
ments of the flow behind wings having a general resemblance 1o the
HP 115 wing planform (but not wing section shape) have been made by
Earnshaw and Lawford [189] and Elle ({190} .

In total, threo delta wing models were used in my itests,

The first delta wing, which was designed to be placed in the contraction
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of the wind tunnel was made of 1" plywood with a chord cf 63" and

2 span of 31.5" and was suspended by wires., The delta wing was
placed in the contraction of the wind tunncl in order to artificially
age the vortices as the longer werking cection had neot, at that time,
been constructed. The ageing of vortices in this way was only an
interim measure pending the ccmpletion of the long test section and
it cannot be rigorously deferded. There is thus an zlement of
uncerteinty in the data gained firem tests using this arrangement,

The other two delta wings wore designed to be used with the longer
viorking section, one was mede of 0.25" aluminium with a chord of 12,8"
and. a spen of 6,47, ghilst the other was made of 0.5" plywood having
a chord of 28" and a spen of 14". Both these mcdels were mounted in
a similar menner on the floor of the working sectiou, see Fignres 35
and 36, All tﬂe delta wings hod a chamfer of approximately 150 on
the edges of the pressure side of the model tn aid the formation of the
vorticese.

3.3 Tdentification of ihe Signal bto be used as a Triggzr for

Conditional Sampling

The wind tunnel was set up with the 9,78 worling sectiong
the longer, 287, working section being under construction, The 63"
chord delta wing was rigidly suspended at an incidence of 150 in the
contraction bty means of wives, The position of the vortices in the
test area of the wind tunnel was first checked by introducing paraffin
sroke in front of the delta wing, and the model was adjusted until the
vortices were, as near as was possible, equally spaced about the centre
of the test arca, Thus, all the walls of the working section had an
equal effect on the flow, The centres of the vortices were found

using a single hot wire anemometer (a gold-plated DISA 55 P01 wire),
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which was traversed vertically and horizontally through the flow,.
The hot wire was mounted on a DISA two-dimensional travérse gear,
for details of this traverse gear see Bradshaw [191, sgection 2,.3-2],
the measurements were made 189" (3 chord lengths) from the back edge
of the delta wing,

The hot wire anemometer was connected to a DISA gnemometer
(type 55 DO1) by a 5m cable. The mean voltage output of the DISA
anemoneter was measured using a Solartron DVH set on the 0-20V range,
the DVM is accurate to within + 0.05% of the range; the rms output
of the anemcmeter was measured with a DATRON rms meter, The ceantre
Vi
Uw’

of a vortex occurred at the highest value of details of the

caleulabion of IE? are given in Appendix E, A Kiel tube, see Figure 37,
00

connected to a multi-tube manomeber hed been used prior to the hot

wire to try to locate the cenires of the vortices, however. as 2 conge-

quence of mounting the wiug ahead of the contraciion,the drop in total

pressurs at the centres of the vortices was found toc be so swmall that

it was difficult to escertain the exagt vosition of the centre. The

depression in total head found in the core of trailing vortices results

from the action of viscosity chiefly in the formation proeess. Placing

the delta wing ahead of the contraction of the wind tunnel means that

the vortex formation ocecurs at much reduced wvelocities with comuensurately

small losses in total head, which in absolute terms arve not gignificantly

affected by the acceleration through the contraction, The centres of

the vortices for a free strzam gpesd of 33 m%ec-"1 as taken from the

static pressure tappings at eiticr end of the contraction were as follows:-

31,4 (790 nn), Z = 26,55" (674 ma)

vortex 1: Y

26,9" (683 mm).

21.35" (544 mm), 4

11

vortex 2: Y



The co-ordinats system is sketched below.,

W Trailing vortices
u /
Ueo
v Z
Velocit
Componinfs X -——Erros.s section of
esi area
Y

Sketch of the co-ordinats svstem

Figure 38 shows Jgi for a horizoantal traverse of the single hot wire
through the vortices at Y = 26.65" (676.9 mm).

Measuveneats of the mean ond fluctuating velocities of
the flow were made with a gold-vlated DISA cross-wire (55 P51) which
was traversed horizontally through the centre of voriex 2, measure-
aents being taken in both the 'U-V' and 'U-¥' plancs, the cross-wire
was mounted on the DISA traverse gear described above; a schamatic
diagram of the apparatus used is shown in Figure 39. The two wires
of the cross-wire were connected to DISA anemometers by 5m cables.
The outputs from the anemometers werz input to 2 switching box
connected to a voltmeter, this enabled both mean voltage outputs to
be rcad from the one voltmeter, Errors may be introduccd by using
two voltmeters which may not give identical readings. The tempera=-
ture in the test area was recorded for sach mcasurement takea so that
variations in the mean voltages due to temperature fluctuations could
be calculated using Bearman's formula, see Appendix B. The outputs

from the enemometers were also recorded simultaneously on Ampex analogue

1" magnetic tape, for details of the recording technique used ses
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Appendix C, The date was subsequently digitized and aralysed using
the program described in Appendix C,

Plots of the mean locael velocities U,W and the turbulence
intensities obtained by traversing the cross-wire horizontally through
the centre of vortex 2, the data being analysed using the above progranm,
are shown in Figures 40 - 41, From the plot of the mean azimuthal
velocity, W, the size of the core of the vortex may be estimated to be
approximately 1.6". Some typical plots of the components of fluctua-
ting velocity and their instantaneous product calculated by the
conditional sempling program DIG 2 are shown in Figure 42, It can
be seen from these plots, which each represent a timescale of 0,72 sec
that the instantaneous velocities remain fairly constant but their
product, uw or uv, appears to have large bursts at irregular intervals.
The magnitude of these bursts appeacs to be up to 10 = 12 times that
of the rest of the uv or uw signal, and varies in size according to the
position of thec cross-wire in the vortex.  The best position for
obtaining regular bursts in the uv or uw signal appeared io be that of
the =dge of the core of the vortex. In ordsr to study the structure
of the vortez at the occurrence uf such a burst a conditional sampling
technique was estahlished.

B it The Gonditional Sampling Technique

The !bursting® phenomenon mentioned in the ovrevious section
was more pronounced in the trace of the uw signal, The peak of a burst

in this uw trace was used az a triggering device, i.e.

flt+r,) ﬂf+Q) f(t+r,)
/\/\/\/\/VN/\/\/\/\A m/\/M uw signal
. I trigger
t=n r @ q m
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In the above sketch (%t + rn) is a short repeated solitary
wavelike signal, 1.2, the 'bursting’ phenomenon, which occurs at
random times,rn,superimposed on the 'usual' turbulent signal.
A trigger derived {rom this signal may be used to start a data
recording system each time the £t + rn) arrives; eaech (% + rn)
signal is superimposed on the previous recorded £t + rn_1) signals
using an averaging process., This technique eliminates any noise in
the resultant £(t) signal, The £(t + rh) signal was submerged in
much noise due to the turbulent naturs of the flow. It was hoped
that the timing of the start of the data iccording systen, r > Vs
reasonably accurate,

Thiz uw trace wa3 generated, in the wind tunnel set up,
by use of electronic PHI modulezs, see Figure 43, The ac output from
the two wires of a crogs-wire isu + w and u ~ w respectively depending
on the orientation of the wire. Sinee uw = % [ (u + w)z - (u ~ w)2 }
the ilnstrumentation, as sketched in Figure 43, basically squared and
differenced the outputs from tTne two anemometers, Firstly, to obitain
the correct level of input for the PHI multiplicr which squared the
u + W and U - W signals the output fron the anemometers was amplified
by a factor of 10 using date amplifier PHI modules, The data
amplificrs were ac coupled as only the fluctuating part of the signals
was required, since uw is the product of the fluctuating velocities.,
The gain of a data amplifier is within 5% of its nominal value and is
usually closer than this., The amplified u + w and u -~ w signals werse
squared; for input signals X, ¥ not exceeding + 10V (peak-to-peak)
the multiplier gives an output of-%% to within 0.05V, greater accuracy

is achieved by scaling the input signals to lie within the range
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AV < (X, Y) < 40¥, ‘The resulting signals (preportional to (u + w)z
and (u - w)z) were theh differenced using an operational amplifier,
the output from which wes reduced using an atienuator before proceeding
to the voltage comparator. The internal voltage of the comparator
was adjusted so that when the peak of a f(t + rn) signal exceeded
a certain pre-set level the data recording systemwas started. This
level was established by monitoring the uw trace on an oscillioscope.
The cross-wire used to obtain the uw trace as outlined
above was made from 52m tungsten wire, This cross-wire was mounted
on a 3" djameter steel rod, the rod being positioned as far as was
possibie, at least 4", from the core of the vortex under examination;
however, with this set-up it waa possible for this cross-wire to be
placed anywhere in the test area of tue wind tunnel., The cross-wire
was always positioned on the edge of the core of the vorte:: bacause,
a3 explained in section 3.3, this position gave the most regular
'bursting' phenomenon,

365 Examination or the Structurs of the Vurtex at the Occurreuce

of this ’Bursting'! Phenomenon

A DISA 55 P51 gold-plated cross-wire was nainly used to
study the structure of the vortex at the occurrence of the 'bursting’
phenomenon, however initially a DISA 55 P01 single gold-plated wirs
was used. The hot wires were attached to the front of the probe
carriage of the traverse mechanism (described in section 3.1);

a photograph of a DISA hot wire mounted on the traverse mechanism is
shown in Figure 44. The hot wires were mounted so that they were
positioned either above or below the arm of the traverse mechanism

and approximately 10% in front of it,so as to minimise the interference
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to the flow at the measuring position, The holders for the hot
wires were also streamlined for minimum interference to the flowfield.

Four experiments were carried out as follows:-

Length of Delta Wing Measuring DISA
Working Hot-wire
Section Anemomcter
(i) Short, 9.78! 63" chord mounted in Single wire
contraction
(ii) short, 9,78! 63" chord mounted in Cross-wire
coutraction
(iii) Long, 287 12.8" chord mounted in Cross-wire

working section
. " . .
(iv) Long, 23! 28" chord mounted in Cross-~wire

working scction

The experiments were set up, with the exception of the first, using
the same basic instrumentation, see Figure 45. In the first twn
experiments the output from the hot wires and that of the trigger
signal was recorded on magnetic tapo, see Appendix C, before being
analysed. TIor the first experiment a single hot wire replaced the
cross-wire and the sum and difference unit as cketched in Figure 45.
The output from the cross-wire used for taking velocity measurements
was fed to a DISA sum and differcnce unit, (for details of this unit
see Appendix D), which can extract signals proportional to the
instantaneous velocity components u,v from the cross-wire outputs

e € The output, e, and e from this DISA sum and difference

20
unit was fed into a Hewlett Paclkard Model 3721A digital correlator

which averaged the sigmal, e, °F €. for a selected timescale

-
[
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when triggered by the trigger signal, The correlater was used in

the signal recovery mode on the ac setting for avera2ging the signal,
the computed function was displayed on the internal cathode ray tube
using values computed for 100 discrete delays. The horizontsl axis
of the display was calibrated in time yper mm, this was elso the period
between successive samples of the aznalogue input and could be switched
from 1us to 18. The vertical axis was accurately calibrated and the
scale factor displayed beside the cathode ray tube. The averaging
method used was that of summation, in which the functicn is computed
by summing N samples with the total being divided by N, N was chosen
80 that the function being computed was a well-defined, fairly smooth
curve. The trigger signal had to bo a negative-going 6V siep on any
de level between + 100V, The timescalc was selected to give the
required display width (time displayed on the cathode ray tube

= 100 x time/mm).

Any instrument with a facility of datz storage will contain
past informetion, thus, in this case the trigger signal can be used to
instruct the system %o retzin earlier data, gay., back to -~t; and conitinue
to record for t2 into the future,

1.8,

f(t)
- - }U‘ - —
T 1 T
-1 M Fnst
| !
A —
trigger
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Thus, data gpread either side of the trigger is obtained. The
Hejlett Packerd correlator is only intended for the acquisition of

t, type data but due to a medification it retzins data of tﬁ type.

The delay offset (Option Series 01) was set at 50, this enabled the
point at which triggering occurred to be that of the cenire of the
£(t) signal as described above. The output froem the correlator, i,.e.

the averaged £(t) signal, was plotted using a Hewlett Packard plotter,

3.5.1 The methods used for examining the structure of this

Ehenomenon

A surmary of the experiments carried out to examine the
structure of this phenomenon is given in Table V, The co-ordinate
system ugsed for denoting the positions of the vortices and the position
of the trigger cross-vwire is shketched in section 3.3, The free
strzam speed quoted for the first two experiments was taken ivom tha
stetic pressure tappings at either end of the contraction. When the
model was mounted in the long working ssction, i.e, for the last two
experinents, the free stream speed was measured by a pitot-sieztic *ube
placed in the test area. The best position for the triggering cross-
wire was found by locking ati the uw sisnal on an oscilloscope, this
position wag just oulside the core of the vortex bsing studied.

A sketch of the set-up in the wind tunned for the first experiment
( (1) in Table V) is shown in Figure 46,

The measuring single hot wire in the first experiment was
traversed horizontally through the centre of vortex 2; the single wirs
was placed both vertically and horizontally. Both the output from the
3ingle wire and the trigger, uw, signal wes recorded on magnetic tape,
the taping speed was 30 ips and the data was recorded for 5 minutes at

each position., The gold-plated cross-wire used in the second experiment
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was similarly traversed horizontally through the centre of vortex 2,
the cross-wire being positioned in both U~V and U-7 planes., The
outputs from the two wires of the cross-wire were scaled up by a faclor
of two, using an operational amplifier, and recorded simultaneously
with the uw output from the triggering system on magnetic tape at
a speed of 15 ips; each position of the horizontal traverse being
recorded for 10 minutes.

The output from the measuring cross-wires in the last two
experiments was fed directly into the Hewlett Packard correlator and
the graphs of £(t) plotted on the Hewlett Packard Elotter. TFor the
third experiment the measuring cross-wire was traversed at an angle
of 600 to the horizontal from the centre of the vortex downwards, the
cross-wire was set up in-the -V and U-V planes and then rotated
clockzise through 500 about the axial axis, the positioning of the cross-
wire is shown in Figure 47. The measuring cross probe used in the last
cxperiment was traversed horizontally through the centre of the vortex,
the wire heing set up in both U~V end U-W planes and then positioned

such that it lay parellel to the streamlines of the flow.
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CHAPTER 4 - THE OBSERVATIONS

The conditional sampling technique, as described in
section 3.4, was used to study the "oursting phencmenon' (see
section 3.3) of the flow far behind a delta wing. This
"phenomenon' will henceforth be termed the "structured disturbance''
this will avoid confusion with 'wvortex bursting! and "vortex break-
down', both phrases kaving been used by other authors describing
phenonena which are considered to be different from the vortex
instability being studied in this thesis. Three delta wing models
were used; the experimental set-up in each case is described in

section 3.5.1 and outlined in Table V.

4.1 The Structurcd Disturbance - a "General Picture!

Initially, in order to obtain a ''general picture! of.
the structure of this disturbance a single hot-wire was traversed
hovizontally through one of the irailing vortices (experiment (i)
in Table V). The traces of the fluctuating voltage (which is
closely related to fluctuating velocity via King's law) at
different positions through the centre of the vortex are shown in
figure 48. The structured disturbance, which was always present
throughout the vortex, varied in shape for different positions in
the vortex, but at any position the traces were very similar for
the single hot~wire placed cither horizontally or rertically.
This confirmed the existence of the structured disturbance.

By placing the single wire at three downstream (x)
positions it was possible to calculate the speed at which the

structured disturbtance travelled; this was found to be that or
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nearly that cf the surrounding flow, i.e. Uu{1+ a), vhere

lal << 1 ¢ from Figure 49 o can be seen to vary between
i0.25. Subsequently, a check was also made to ensure that the
flow undisturbed by the trailing vortices sustained no structured
disturbance, and this was indeed the case. TFor this check a
cross-wire was used, its output signals being processed using
exactly the same method as that used to obtain the structwred
disturbance in the vortex. The resulting output from the
Hewlett-Packard correlator was a straight line with a mean of
zero, see Figvre 50, This is the result to be expected on
summing and averaging a turbulent signal.

From the above results it was thus establishad that

a sotructured disturbance existed which was a phenomenon of the
flow-Field and which moved with, or nearly with, the speed cf

the surrounding flow.

4,2 Results from Experiment (iv) - the 28'" Chord Delta Wing

veriment (iv) throws

A study of the data from ex
light on that obtained from experiments (ii) and (iii). The
28" chord delta wing was mounted in the long working section,
and the measuring cross-wire traversed horizontally through the
core of vortex 2 (see the sketch of the co-ordinate system in
section 3.3)e The cross-vire probe was positioned such that it
lay posrallel to the local streamlines of the flow. [For further
details concerning experiment (iv) see Tables V and VI. The
notation used for the components of instantaneous velocity

relative to a mean streamline is sketched on the next page,
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Us is the component in the streamline direction, U, the compcnent
normal to the streamline in the circumferential direction and u,

the radial direction.

streamline vorfex 2

The notation used for the velocity components - experiment (iv)

The mean axial. and azimuthal velocity components of the flow in
vortex 2 are shown in Figures 51 auad 52 respectively; for
comparison purposes the experimental data of Graham, Newmon and
Phillips [80] for the weak jet are also plotted. The dismeter of
the core of the vortex under study (vortex 2) was approximately

60 mm. The position of the measuring cross-wire is given in terms

of the core radius, a, as demonstrated in the following sketch:i-

r30mm
Note:
N other vortex
. at a= 873
—§a —ia -3 6 a 2% 3a
vortex 2

The positionine of the measuring cross-wire given in terms of the

core radius, .
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The wing Reynolds number based on the centre line chord, Rew,

was 1.18 x 106 and the vortex Reynolds number, Rev, was 6.53 x 104
for experiment (iv). The measuring station was 21 vortex spacings
downstream of the trailing edge of the wing.

Velocity measurements were mostly taken using the
conditional sampling technique triggered from the negative peak of
the uw triggering signal, a few mosasurenents were also taken using
the pesitive peak of the triggering signal. VWith the measuring
cross-uire set up parallel to the streamlines of the flow the ﬁ;
and ﬁ; mean components of velocity should be zero. However, any
slight error in angling tiie probe or changes in flow direction
associated with fluctuations in velocity proved especially trouble~
some in making measurements in the (Us, Ur) plane. This is
because the uaresolved and unsteady third cowponent of velocity, Un,
could be large compared with U&. For this reason the mean radial
velocities for the different cxperiments will not be presented.

The turbulence intensities obtained from the measuring cross-wire
at the various positions used for studying the structured disturbance
are shown in Figure 53.

Using the conditional sampling technique, as described
in section 3.4, measurements were taken with the cross-wire for
various positions on a horirontal traverse through the centre of
the core of vortex 2. Two different disturbances were found to
exist; the first, the structured disturbance, occurred in the
streamwise component of fluctuating velocity, (the Hewlett-Packard
correlator was set-up to admit only the ac signal), and had a
wavelength of approximately «96 m, whilst the second occurred in

the components of fluctuating velccity normal to the streamline
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in the civcumfevential directicn and in the radial direction

and had a wavelength approximately iten times longer. These
disturbances occurred randemly at a frequency of approximately
one per second, a characteristic frequency (= f@ha, y where

f is the frequency and d the vortex spacing) of 0.G11. The

uv and uw traces in Figure 42 show that the disturbances occur
approximately six times a second, a characteristic frequency of
0.045. This difference in the frequency of occurrence reflects
the high triggering level set on the voltage comparator in the
signal conditioning system. This high triggering level ensured
that data was only recorded at the occurrence of a disturbance
and aol for any highly turbulent signal.

The structured disturbance is not linked with the
Grow [98] instability; the structured dislurbance is a random
phencmenon whereas the Crow instability has a steady wavelength
which, for the case of the maximally unstable long wave (this has
a waveleugth of 8.4b), greus by a facter 'e' in a time
9 L RICIU IV, ) , vhere AR is the aspéct ratio, (, is the
Lift coefficient, V; is the speed of the aircraft and b the
separation between the vortices,

Of the three preferred modes of the Crouw jnstability,
see Crow [98] for further details, one, i.e. the maximally
unstable long wave of wavelength 8.4b, has been observed; the
other two shorter waves of wavelength 0.42b have not been observed
in practice. TIrom Table V the separation of the vortices for
experiment (iv) can be seen to be 262 mm, thus the Crow instability
wavelengiths would be 2.2 m for the maximally uncstable wave and

0.11 m for the short wave; the wavelength for the structured



disturbance of this thesis is, for experiment (iv), 0.96 m.
This further demonstrates the dissimilarity between the
structured disturbance and the Crow instability.

The structured disturbance, when triggering on the
negative peak of the ww trigger signal and using a timescale of
100 msec on the Hewlett-Packard correlator, began to form at
-1.93 core radii (a) from the centre of the vortex; at ~3.27a
there was little trace of a disturbance. This disturbance then
increased in amplitude uantil the -0.67a position; by the next
position in the core of the vortex (-0.33a) the disturbance had
begun to decay and at the centre of the vortex it had died cut
completely. The structured disturbance had reappeared by
+2.07a, and al this position in the vortex had the same amplitude
as that for the -1.43a pesition. The perturbations, triggered
from the negative peak of the uw triggering signal, in the ug
éomponent of fluctuating velocity are shown as a plot of us(y,t),
see Figure 55. This gives a helpful picture of the structured
disturbance showing its amplitude increasing towards the core of
the vortex, and with the disturbancc disapreaving in the centre of
the vortex - the perturbations at a = O are smaller, having the
same order of magnitude compared with those perturbations for the
positions between -1.7a and -0.33a. A few positions in the
vortex were studied using the positive peak of the uw trigger
signal in the conditional sampling technique. For the US
streamvise components of velocity, the positively triggered
disturbance, see Figure 56, there appears to be a mirror image of

the negatively triggered disturbance; note the ~1.43a position
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for Figures 54 and 56. In particular, compare position =1.1a
in Figure 54 with -1.43a in Figure 56; various poinits in the
structured disturbance have been distinguished by the letters
A < D to identify the disturbance and its mirror image. A
comparison at the 1.08a position is more difficult since the
negatively triggered disturbance is nearly undetectable. This
could be due to the set-up in the test area, i.e. interference to
the flow from cross-wires and their supports.

The negatively triggered disturbance in the radial,
U, and normal to the streamiine in the circumferential directicn,
Un, components cf velocity for a timescale of 100 msec is shown in
Figures 57 and 58. Unlike the US structured disturbance, the
disturbance in the Ur and Un components of velocity increases in
emplitude towards the centre cf the vortex. This increase in
amplitude is more apparert on studying the disturbance for the Ui
and Un components cver a time interval of 1 sec, see Figures 59
and 60 respectively. At the -3.27a and -1.93a positicns the
disturbance does not exist, it is forming for the U} ccmponent at
-1.43%a, but not in the Un component;  within the core of ihe
vortex the amplitude of the disturbance reaches its maximum.
This disturbance with the longer wavelength may represent the
wandering of the vortex due to the prescnce of the measuring
probe - the vortex had a tendency to 'jump! either side of the
probe.

This data, from experiment (iv), demcnstrates the
existence of a structured flow with a structured disturbance
having a wavelength of approximately .96 m mnoving with or nearly

with the speed of the surrounding flow, i.e. Uyx 3 the
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positively triggered disturbance being a mirrcr image of the
negatively triggered orne. The other, longer wavelength,
disturbance is attibuted to the 'meandering'! of the vortex. All
the measurements taken are restricted to one plane of the vortex.
Clearly, more information is needed on the three-dimensional
nature of the structured disturbance. Such measurements would
involve the use of further c¢ross-wire probes; this would increase
the problems of interference to the flow, hence reducing Lhe useful-
ness of data acquired. Three-dimensional measurements would be
extremely difficult to take and the amount of work involved too
vast an undertaking. From the available data it is not possible
to ascertain whether the structured disturbance is axisymmetric.

Having established the existence of two disturbances
it is instructive to study the data from previous experiments,

i.e. experiments (ii) and (iii).

4,3 Results from Exveriment (ii) -~ the 63" Chord Delta Wing

For experiment (ii) the 63" c¢hord delta wing was
mounted in the contraction of the wind tunnel since only the 9.78’
working section was available. This stretching of the trailing
vortices will, in a rather arbitrary manner, artificially age the
vortices. The mean axial and azimuthal components of velocity for
the vortex studied are shown in Figures 61 and 62 respectively.
The measuring cross-wire was plaéed at various positions on a hori-
zontal traverse through the centre of the ccre of the vortex. The
structured disturbance and the longer wavelength disturbance for
these positions are shown in Figures 63~65; measurements of the

fluctuating velocities were all taken using the negative peak of
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the uw trigger signal. The velocity co-ordinate system used is
that sketched in section 3.3, i.e. U,V,W, vhers U is in the same
direction as the free stream velocity, Uw , V is radial and W is
the azimuthal velocity component. The wing Reynolds number Rew,

6

based on the centre line chord, in this experiment was 1.65 x 10
and the vortex Reynolds number, Rev, was 9.22 x 104.

The axial component of velocity, U, for the cross-
wire placed in both the horizontal (X, Y) and vertical (X, Z)
planes is shown in Figure 63. The structured disturbance, which
was present throughout the range -2.%11a to +2.63a, increased in
amplitude in the core of the vortex, and had a wavelength of approxi-
mately 1 me  Similarly, the disturbance in the V and VW components
of velocity, see Figures 64 and 65 respectively, also increased in
amplitude towards the centre of the vortex, dying out rapidly
towards each end of the raange of positions examined; its wave-
Jlength was also approximately 1 m. The magnitude of the
variation in amplitude of the disturbance may be seen from the
vector diagram for the 'U - V' plane, see Figure 66. The
separation between the vorticés in this experiment wcs 242 um,
thus making the wavelengths of the Crow instability 2 m and .1 m
for the maximally unstable long wave and the shorter waves
respectively. This again demonstrates that there is no
connection between the Crow instability and the 'structured
disturbance' of this thesis. '

Since the results from experiment (iv) (see Tables V
and VI) indicated that the disturbarce of most interest, i.e.
that with the wavelength of .96 m , appeared along the streamlines of

the flow, i.e. the US component of velocity, it was hoped that by
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calculating the resultant velocity an indication would be given
as to the disturbance along the streamlines of the flow. The
resulting disturbance will be different to that obtained by
setting-up the cross-wire to lie parallel to the streamlines of
the flow. (Setting-up the cross-wire in the U, V, VW directions
and then calcuiating the resultant component in any plane will
not give the same result as setting-up the cross-wire in the Ué,
Ur and Uﬁ directions. In the Ué, U}, U, coordinate system the
flow will he normal to the wires, whereas in the U, V, W coordinate
system there will be coasiderable flow along the axis of the wires
affecting their accuracy, sec Appendix D). The resultant
disturbance, Ufes’ is shovn in Figures 67 and 68; the amplitude
again increases towards the centre of the vortex and dies away for
positions over 1.5 core radii from the centre of the vortex. In
the U - W plane the disturbance inverts in the centre of the
vortex and remeins inverted for the positions from C to 2.63z.
These results from experiment (ii) are helpful ia
establishing the existence of the structured disturbance. However,
the disturbance obtained by placing the cross-wire in the U -V
and U - VW planes from readings over a timescale of 100 msec, is
rrobably a combination of both the shorter ard longer wavslength

disturbances shown in experiment (iv), see Figures 52 - 58.

4,4t  Results from Experiment (iii) - the 12.8" Chord Delta VWing

The existence of the structured disturbance was again
verified in this experiment; most of the measurements were made
of the shorter wavelength disturbance over a timescale of 100 msec;

one measurement was made over a timescale of 1 sec which again
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resulted in the longer wavelength disturbance. The 12.8"
chord delta wing was placed in the long working section for
this experiment and the measuring cross-wire was traversed at
300 to the vertical from the centre of the vortex downwards,
see Figure 47 for the positioning of the probe in this experi-
ment; the cross-wire was also rotated clockwise (looking in
the direction of U,) through 30°. By taking mcasurements at
positions further away from the triggering cross-wire it was
possible to check that the structured disturbance was not
influenced to any large extent by the presence of this cross-
wire and its support. The components of velocity for experiment
(iii) are U1, U2 and US, vhere U1 is in the axial dircction and

equals U, U, = Vcos 300 - Wsin 300 and U, = Vsin 300 + Weos 300:

2 3

U, V and W are defined in secticn 3.3; see the following

sketch: -~

30"

. 30
///////;G;
U?.

For this experimeént the wing Reynolds number was 5.81 x 105 and,
1

and the vortex Reynolds number 1.47 x 10'. In experiment (iii)

the negative peak of the uw trigger signal was used in the

conditional sampling technique.

The structured disturbance in the U1 component of
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velocity, see Figure 69, has a wavelength of approximately 1 m;
the amplitude of the disturbance dies away for positions

further away from the core of the vortex. Tn the centre of

the core a2 disturbance is shown to exist, this ditffers from the
results for experiment (iv), Figur~ 54, where the disturbance in
the Us component dies away. The meandering of vortices in a
wind tunnel is known to occur und a vortex also tends to 'jump!
either side of any measuring probe placed in its core; either or
both of these phenomena would tend to show results indicating the
existence of a disturbance in the certre of the core of the
vortex, particularly as the core of the vortex was relatively
small (the core diameter was 27.5 mr ) compared with that in
experiment (iv) (core diamater of 6C mm ), and the measuring
cross-wire vwould represent a relatively larger interference to
the flow (the distance petween the two wires of the cross-wire is
approximately 2.3 mm ). The disturbance in the U1 component of
valocity, in the U1 - Ué nlane, in the core of the voriex appezs
to be Tupside~down' with respect to the similar disturbance for
the U A- U plane;_ with the crosu-wire in the U1 - U_ planc the

1 3 2
large U3 component of velocity acting along the wires intrcduces
Some inaccuracy into the measvrements, which could result in the
disturbance appearing to be inverted. However, the structured
disturbance for the Uﬁ component, Figure 69, outside the core of
the vortex (a=> 1) does agree fairly well with that obtained for
the Ué component (triggered from the negative peak of the uw
trigger signal) in experiment (iv), Figure 54.

The disturbance in the Us component of velocity,

see Figure 70, has a wavelength of approximately .13 m.
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However, the disturbance in the Ué component, see Figure 71, has
‘a much longer wavelength, possibly 10 m , judging from the one
position at which measureménts were taken using a timescale of
1 sec on the Hewlett-Packard correlator, see Figure 72. The
digsturbance in the U2 component of velocity compares well with
that in the U component (figure 57) from experiment (iv); there
is close agreement between the wavelengths and the maximum ampli-
tude, which occurs in the core of the vortex, decreaces with
distance from the centre of the vortex.

The resultant components, Ures’ of velocity in the
Uy - U,and U - U3 planes are shown in Figures 73 and 74
resyectivelys The disturbance in the Ufes resultent comvonent
for the two planes is in closer agrecment than the disturbance in

the U1 component for the two planes throughout the positicens at

which measurenents were taken.

4.5  Sunmary and Discussion

The structured disturbance, which is a random
phencmenon, has been showm to move at a speed equal or nearly
equal to that of the undisturbed flow, i.c. at (1 + a)U, ,
where o << 1, see Figure 49. Aunocther, Jonger wavelength
disturbance has also been found; and is attributed to the
'meandering' of the vortex. The longer wavelength disturgance
éppears to increase in amplitude towards the centre of the
vortex, whilst the shorter wavelength structured disturbance
increases in amplitude reaching a maximum at the edge of the core
before dying out completely in the centre of the vortex. The
longer wavelength disturbance is thus regarded as trivial and

not studied in detail in this thesis. The shorter wavelength
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structured disturbance when triggered from the positive peak of
the uw trigger signal is the mirror image of that obtained from
the negative peak. A summary of the wavelength of the
structured disturbance for each experiment, together with the
diameter of the core of the vortex under study and the wing and
vortex Reynolds' numbers is given in Table VI. As discussed in
section 4.2 the structured disturbance is not linked with the
Crow instability as it occurs randomly, the mean frequency not
coinciding with the Crow frequency.

Fhotographs, usiag smoke visualisation, of the flow
behind the 12.8" and 28" c¢hord delta wings in the long working
section are showm in Figurcs 35a, 75 and 76.  Although it is
realised that the introducticn of smoke could provide inierference
to the flow and show other characteristics which are not necrmally

resent, (2.g. if the smuke is introduced mevrenly the rezulting
"bursts® might be confused with vortex buesting), certain
characteristics may be observed from the pliotczraphs. he
rolling-up of the vortices from the 12.8" chord delta wing is
shovm in FTigure 35a, and the trailing vortices behiand this wing
are showm in Figure 75. TFigvre 76z shows the trailing vortices
formed behind the 28" chord delta wing, whilst the flow just
behind the 12.8" chord delta wing is shown in Figure 76b. The
axial flow in the vortices is clearly showm in Figure 76b.
Figures 75 aand 76a show the trailing vortices further dovnstream;
in Figure 75b a Crow [93] instability could be just starting to
form. Some of the characteristics showvn in the photographs of
the vapour trails behind a wide-bodied jet, Figure 28, may also

be seen in the photographs taken in the wind tunnel. The
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spiralling in the vortex is clearly shown in Figure 28b together
with possibly a Crow instability; one vortex, (the lower in

the photograph), does appear to meander. TFigure 28a
demonstrates the vortices appearing to break-up and then reform,
usually the radius of the core grows rapidly in size before the
vortex disappears, reappearing again with an enlarged core before
continuing as though undisturbed. This phenomencn is similar to
that described by Harvey and Fackrell [186] in their towing tank
cxperiments, see chapter 3; it can been seen that this phenomenon
does not cccur in connection with the Crow instability since the
phenomeno_n does not take place simultaneously in both trailing
vortices as does the Crow instability.

A possible explrnation as given by Harvey and Fackrell
is as follows: if at some instence the vortex becomes unstable in
the Rayleigh [199] sense the core will not then maiutain its true
asymmetry. If, further, its edge is distorted a reduction in
its rate of rotation will result. Thus, bundles of vortex
filaments from the vortex core will revolve less rapidly about the
vortex axis at the site of the instability, and be distorted into
a U-shaped disturbance eventually leading, after much stretching,
to quasi-ring vortices, see Figure 25.

This distortion %o the edge of the core of the vortex
might also result in the structured disturbance found in the
experiments described in this thesis. Since the disturbance
moves with the flow it seems probable that some instability in

the flowfield could account for its appearance.
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4,5.1 A possivle link between the sbructured disturbance and

a staltionary vove

From Figure 49 it appears that the structured
disturbance travels dowmstream without change of form. By
definition, see Leibovitch and Secbass [164), a stationary
wave is one thalt propagates without change of form at a constant
speed. Since the structured disiurbance seems to fit this
deiinition, see section 4.1, it is thought it may be a
stationary wave.

For long times, wave development is governcd by the
Korteweg-de-Vries (KAV) equation: oaly two stationary wave
solutions of permanent form exist, cneoidal waves and solitary
vaves, for details of these sec sechtion 2.4. The uniform wave-
train solutions, cnoidal waves, are veriodic and may be expressed
in terms of Jacobi elliptic funclions. Benjamin {142 ,  143)
constructed a "finite trancition' theory analogcus to hydrnulic
jumps in open channel flovw; the term "Tinite transition" and
"large amplitude wave of ruknem structure can be used inter-
changeably. The mechanism by whilcu a supercritical stream is
converted into a suberitical one was donoted a "finite
transition”. (Vortex flows may be =lassified, Benjamin [142],

as "supercritical' if wave propagation is only possitle with

vhase speed in the downstresam direction or "suberitical" if waves
can also propagale with phase speeds in the upstream direction.
The two catezoriecs of flow are separated by 'eritiecal flow' on
which standing waves of extreme length are possible). Cnoidal

waves, switched on by the Finite transition, were favoured by



Benjamin as an explanation of vortex breakdown. DBRenjamin's
theory appears to be valid for breakdowms of arbitrary amplitude
and to apply more to strong breakdovms. A possible connection
between solitary waves and vortex breakdovm was mentioned by
Benjamin. However, he was principally interested in providing
sipport for the finite transition theory. The suggestion of a
periodic character to the flow downstream of a breakdown referred
to as secondary breakdowns and sometimes found by Harvey [155]
have been suggested by Benjamin to be the observable remnants of
a trail of cnoidal waves. Such an explaration is not widely -
accepted and cannot be argued entirely from the KdV equation or
its stationary forms since infinitelwave trains are not
physically relevant.

The solitary wave soluticen aprears to be more
compalbible with the structured disturbance, one further reason
being that the structured disturbance occurs randomly, whilst
cnoidal waves are periodic. A small perturbation solution for
a solitary wave with an outward displacemenc of the fluid has
been obtained by Ieibowitch [163]. Like the majority of other
theories which attempt to explain breakdown the theory is
applied to vortex flows confiued in tubes, and has the
restriction of axially symmetric perturbations. Details of his
approach are presented in section 4.5.1; the basic outline of
the theory is given in section 2.4. This work has been extended
by Leibovitch and Randall (147] and Randall and Leibovitch (1921,
for details see section 2.4. Several criticisms of the Randall-

Leibovitch calculations have been raised; one is that their
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model equation is not valid for the large amplitude waves which
are computed, whilst another is that the reflection of waves
dovmstream is not possible.

A possible method of analysis for a stationary
wvave moving at small velocities with respect to the unaisturbed
fluid, i.e. the structured disturbance, is now presented,
although it is realised that many other approaches to the

solution of this problem may be possible.

4,5.2 A possible mothod of analysis for stationary waves moving

at _small velecities with respect te the undisturbed fluid

The flow far downstream of a delta wing has been
shown by means of wind tumnel experiments to support what appear
to be staticnary waveforms which travel downstream at o speed
equal or nearly equal to thal otr the updisturbed fluid. Similay
disturbances have been cbserved in the condensation trails of a
convencional wing. The general theory establishing the
existence of solitary waves on trailing vortices is presented in
section 2.4. However, workers such as Leilovitch werc especially
interested in '"wortex breakdown" and thus concentrated on waves
not moving with respect to the wing. The following is an outline
for a possible metﬂod of analysis for stationary waves moving at
small velocities with respect to the undisturbed flow in an

incompressible fluid; the method follows on from that used by

ILeibovitech [163].

4.5.2.1 Equations of motion

The axially symmetric form of the Fuler equations for

122



a constant density fluid in cylindrical (r, 8, z ) coordinates

with velocity components (u, v, w) are:-

U +uu o+ wu, -rTv2 = plp (4.5.2,1a)

Vp +uv. o+ wy, + 1y =0 &.5.2,10)

W, +UW, +ww, = -plp, (4.5.2,1¢)
and rliru), +w, = 0 (4.5.2,1d)
where the subscript denotes diffecventiation, i.e., u; = %% .

The fluid can sustain an unerturhed flow with velocity

vector, A {0, Vir), Wir) ),

and pressure, P(r) = pVOZ/r"' VAr)dr,

where V, W are arbitrary nondimensional functions of the
radius, r,

A perturbation and non~dimensional variables may
be introduced. Velocities are compared to Vo’ a typical
swirl velocity, radial distances to R, and axial disturbances
to L, a length characterising the axial scale of the
disturbsnces. ILetting unstarred quantities be dimensionless

and putting k = R/L, then

uw* = eV ku (4.5.2,2a)

<
1

* VL Vie) + ev ] (+.5.2,20)
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vt o= Y [WIR) o+ oew] {4.5.2,2¢)
0

it

and p* PIr) + ep\Zp (4.5.2,2d)

The quantity eV o is a measure of the perturbations
of the base flow, & being a Rossby number. (The Rossby
number is given by U/LQ. , where £ is the angular velocity,
U is the revresentative velocity magnitude (relative to
rotating axes), and L is the measure of the distance over which
u varies appreciably). From the equations of motion the scale
of time is LA}y in order to retain nontrivial first order
dynamic cffects in the iimit as € —~ 0. Thus, let t* = LVo"'i'.

The scale factors are chosen so that in the
limit ¢ —=— 0, k =1, and V = r the perturbation equations
veduce to the linearized case which admits dispersive wares.

A perturbation pfocedure applicable to the case of small ¢ and
k is used. Omall k impliss slow axial variations, or in the
case of wave motion, (where k is then a "wavenuvmber"), long wares.

Adopting the above set of scale factors (4.5.2,2)

equations (4.5.2,1) assume the following dimensionless form:-

2Vr'1v -p = -5r'1vz + kz(ut + Wuz) + ekz(uur + Wy, )
(h.5.2,3a)
v, + Wy, + r"(rV)ru = -e(r"u(ry)r + W) (&.5.2,3b)
W+ Wwo+uW o+ p = —elud 4 wwy) (%.5.2,%c)
(ru). + 1w, = 0 (4.5.2,3d)
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The equations governing the perturbations when they
are small and gradual, i.e. as e—=—0 and k — 0 , have now

to be derived.

4.5.2.2 The perturbation equations

It has been established, (see Leibovitch [163]) that
a uniformly valid (in time) description of finite amplitude
waves is possible only when ¢ = 0(k>).

For ¢ = 0, equations (4.5.2,3) admit a separation
of variables solution of the form

(wyvow) = (ulr)A (z,1), viriAlz,t), wir)Alz, 1)

P %(r)A(Z,T)

if A satisfies to 0(1), the equation

A, o+ A, = 0. (4.5.2,8)

[ 4
Tn equation (4.5.2,4) c, is constant and is the eigenvalue of
the gquations: for (uo, Vor Wy po).

If a separable perturbation solution exists for the
above set of equations (4.5.2,3) it must be, in a sense,
singular, i.e. this "singular' behaviour is the non-exisience
for all {z, ©) of higher order corrections; 3i.e. the wave
function, A, depends upon ¢ .

For a stationary wave solvtion, if the wave function,
A, is expressed in coordinates moving with the zeroth order

wave speed, Cot and if time is suitably scaled, a regular

perturbation of the form

N . .
4= Ag )+ Y e Y olingl(a),

n=1 j=1

4.5.2,5)
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is permissible, where B; is an operator acting upon A.
In equation (4.5.2,5) 4 (r, z, t) = q](r)A(z, B +....

where ¢b(r) = -ruo(r) is a "streamfunction',

Then A is expressed as follows:-

5 o=z - ¢t ,
T = &t )
A = AlE 1),

(4.5.2,6)

For a stationary wave analysis, where the waveform is
travelling at a constant speed equal or nearly egual to that of
the fluid surrounding the vortex, i.c. at (1 + a)Un ,

where d<<i, the frame of reference would have to be transformed
to one moving with or nearly with the fluid. Assuming that ac
time, t = 0, the two frames of reference coincide and denoting
the frame ol reference moving with the fluid by a prime, the
relationship between the two frames of reference in c¢ylindrical

coordinates (r, 8, z) is given by:-

t = ¢

r = r

5 = o 0 (4.5.2,7)
z = 2" + [(1+a)Up|t

o

Applying this Galilean transformation (4.5.2,7) to the
expression for A given by equation (4.5.2,6) the perturbation

equations would be similar in form to those for the stationary
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vave of Leibovitch [163], i.e. let

. N
w = gl r)ALET) + elul™ir) (2 A%) + uf2 (r)Agg 1w o e
v o= AT s e[ IA e Pl a, ..
wo= w(rALET) + e[ A2 + wiZir)Ag v e e s L +.5.2,8)
p = pnALE T +e[piMi A% + pl2e)Age ] + 0 o
ol (r) = -rullir), nj=12,... )

Substitutiug equations (4.5.2,8) into equations (4.5.2,3),

Leibovitch found that the condition of separability requiredi-

Ac = CAAg + CHAgg, (%.5.2,9)

vhere Cy and ¢., are constants to be determined, (for details

2

of the determination of ¢, and c, see Leibovitch [163]).

1
Equation (4.5.2,9) iz the Korteweg-de-Vries eguation; for all

initial profiles A (&, 0) = £ (&), with liim f(¢) =0, a

glemeo

finite number of solitary waves will emerge asymptotically

ags T —— o . These solitary waves will be the only surviving
nonzero disturbances as T - o . The initial distribution,

£ (& ), uniquely determines the propagation speeds amd the

number of solitary waves that emerge. The explicit solution
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for a solitary wave is found by putting A=A (& + BT ),

then if 'a' is the amplitude of the wave,

A = asechz{% /;’Cz (E + Blaq T)]

(4.5.2,10)

In equation (4.5.2,10) the ratio c1/b2 determines whether the
function A represents a wave of elevation (a > 0 ) or
depression (2 < 0 ). TFor further details of the solution to
the Korteweg-de-Vries equation and of the connection between
solitary waves and vortex breakdown, see section 2.k,

The resulting flow pattern in the vicinity of fhe
breakdown for the example of the exponential vortex, (cee

equation (2.2,3) section 2.2),

W o= K@ - emer%)
is shovn in Figures 30-32 for ¢ , the (single) free parameter
equal to 0.8 and 1.0; & has been set at half the maximum axial
disturbance. These particular values of € were chosen to
facilitate a comparison with the breakdown regions observed by
Harvey [155].

In the case of the above suggested analysis for
random stationary waves moving at small velocities with respect
to the undisturbed flow, it is hoped that a conditicn of
similarity would also emerge which could hopefully be solved to
obtain this type of stationary waveform., It may then be
possivle to link the structured disturbance with the solitary

wave solution of Leibovitch.
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CHAPTER 5 -  CONCLUSICNS

An experimental study of a structured disturbance
in the flow far behind a delta wing in a low speed wind tunnel
has been carried out. The main emphasis was on searching for
a disturbance moving with the outer flow. A conditional
sampling technique was used to study the structure of this
disturbance, with velocity measurements of the flow in the
trailiﬁg vortices being made using hot wire anemémctry.

Sample profiles of the mean axial and azimuthal velocities
through the core of one of the trailing vortices are given.

The occurrence of a disturbance to the flow was
marked by a large peak, (its magnitude was ten times that of
the rest of the turhbulent signal), in the product, uw, of the
fluctuating velocities. This peak was used as a triggering
device which initiated automatic recording of the fluctuating
velocity signals for a preset timescale. Besides the
structured disturbance, which typically had a wavelength of
approximately 1 m, a longer wavelength disturbance (approxi-
mately ten times that of the structured disturbance) was also
discovered; this latter disturbance was attributed to vortex
meandering and not studied in detail. A summary of the details
of the experiments is given in Tables V and VI, firther details
are given in chapter 4.

~ For one experiment (experiment (iv)) measurements

were also taken with the triggering level based on the positive
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peak of the uw signal as well as those measurements taken
using the negative peak. A mirror imege 6f the stfuctured
disturbance was obtained when triggering from the positive
peak as compared with that obtained using the negative peak
of the signal. It was found that the structured disturbance
moved at a constant speed equal or nearly equal to the free
stream velocity, and that it appeared to travel downstream
without change of form.

The mechanism leading to the formation of the
structured disturbance may be similar to that described by
Harvey and Fackrell (186] for the "disturbance' studied in
their towing tank experiments, for details see section 4.5.

It is proposed that the structured disturbance
is a stationary wave and may be linked with the solitary wave
solution of the Korteweg~de-Vries equation as given by
Leibovitch [163]. A possible method of analysis for
stationary waves moving at small velocities with respect to
the undisturbed flow in an incompressible fluid has been
suggested. This analysis should be pursued in further work
to find a solution for the structured disturbance.

Further experimental work is necessary to examine
the structured disturbsiice in greater detail. The use of hot
wire anemometry poses many problems, the main one being inter-
ference to the flow due to the presence of the measuring probe;
this tends to result, when making measurements in the core of

the vortex, in the vortex 'jumping' randomly either side of the
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probe. Thus in any further work ik would seem reasonable to
use a measuring technique that does not interfere with the
flow; for example, laser amemometry. Trom the available
data it is not possible to ascertain whether the structured
disturbance is axisymmetric; further data is needed to
establish any such symmetry. It would be helpful to take
more measurenments of the structured disturbance al two dcun-
stream positions to establish in greater detail the speed at
which the disturbance travelled downstream and its shape as
it progressed douwnstream. Tests to establish if the
structured disturbance is a solitary wave, l.e. examine its

propertiss, would be most valuable.
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Appendix A The Equations of Motion -- Some Special Cases

A.1  Equations fer laminar flow

Equations (2.2,5) take a simpler form for a number of
cases. For negligible temperature variations the viscosity and
conductivity are constant, and if compressibility effects are
negligible the mean density is constant and the fluctuations of
density are negligible. If the fluctuations are all zero then
the equations take the form appropriate for laminar tlow. These
equations may be derived from the Navier-Stokes eduations, in the
rmanner of boundary-layer theory, by assuming variations in the
axial direction to be vanishingly small compared with variations
in the radial direction and talzing a limit as the viscosity and
radial distance from the zxis tena to zero.

The equations for laminar flow are as follows:-

dp 1 olrpu)  dlpw) _
af +—FT + —é%—- = 0, (A""Ia)

2

eve | op ;
roo-or (A~ib)
o, v, v uv) o oy v

p(m YU Y +r) T2 N[pr(w rJJ (A-1c)

oW 0w oW _ _op 13 [ 0w
o[22 4 2 waz) -2, 12 (prar) (A-1d)
and
(a_lc)+u£g W'a—Io' ap)
Plar V% "Wz Tt
v poly ov vl 2
= FEF[Er-&—»,U(U 1)r Var‘war pv . (A=1e)



A.2  Turbulent Flow with Quasi-cylindrical Approximation

It is often assumed for turbulent flows that turbulent
diffusion dominates the structure such that all terms involving
or k in equations (2.2,5) may be neglected; these terms being only

appreciable close to solid walls. The equations then become:-

dp . 13rpu) | 1 Argu) | dlpw) _
of T T Tor Yroor T Tz =0 (A-2a)
2
Y- . QE., o
- 5 (A-20)
oV ov ov uvy 1 9,2 == T=(ov. v
p(-a_—-+u-6?— +WSE-+-—P—) —-—r—{ar(r DUV) pu(ar + r)’ (A-ZC)
oo ) L 3p 1A e o W :
p(ST"Ubr "wbz)" ST T oF (rpu'v’) - gu’ 54 (A-2d)
and
ol, 3, 8L 9p 13 oy Syl
"(ar " ”‘“az) st = Trar Ul RV g (a-2e)

A.3  Equation of Motion in Vorticity Form

The three components of vorticity, £ , n , ¢ are
defined in cylindrical polar coordinates, as
- (Law _dv - {ou _ oW = 1 ry) - L
£ - (r 36 bz) » = (bz Jr ) ) S = (ar (rv) 68)
For steady incompressible flow the equatibn of motion may be

weitten in vorticity form, see Lamb [46], section 328, as follows:-

o~

oF
Y + W

E _pdu ,ndu .00 2
..Ear +I‘ +CbZ + VVE

Q8 , 9%
af+ubr ¥ z ob

S|<
Q-

(A-3a)
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3 9 yon N - Qv Qv dv 2
U e e s Ef oM e o8 v

{(A=3b)
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F Ve ttee Ve T %w Tree tfa VS

(A-3c)

The equation of continuity being ~ Lamb (46 , section 1471

13 (egry . L3, 3C
roar ) r oo dz 0

(A-3d)
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Appendix B Calibration of Hot-Wire Anemometers

The usual method of calibration of hot-wire anemometers

operated at constant temperature uses King's law:-
B = A + BUO (B~1)

where E is voltage., A, = Eoz, is found by plotting E2 against g
(using an 'n' which gives the best straight line - n equal to 0.45 is
usuelliy found to give a good straight line in the veloecity range
5 « 50 msec-1) and extrapclating back to zero velocity., The value of
E02 actually measured at U = 0 is therefore not necessarily equal to A,
The value of B is given by the rlope of the straight line, Calibration
of the wire is zdvantageously made in low levela of turbulence, highly
“surbulens flows have t0 be avoided because of the integration time
needed to obtain a true mean value and because of the noulinear ervrors
affecting the messurements (these errors considerably affect the partial
derivatives of the calibration curves so changing the sensitivity of the
wire, for further details see Comts~Bellot {193] ).

Voltages wére corrected for variations in lemperature, as
the temperature increases the voltage decreases, using Bearman's [1%4]

formula:-

19 =0
T30 T 2R-T (B-2)

u

where o is the temperature coefficient of resistivity and has the
values

3

3.5 x 10° 6-1 for piatinum wire

and 5.2 x 1070 ¢~

for tungsten wire,
R, being the overheat ratio of the anemometer set-up, is usually

equal to 1 080
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For a crosgs-wire ths effective angles of the wires also
need to be found. Consider a wire at an engle (90 = ¥ ) to the
Xearis (Figure 77). Assuming that the wire responds only to the
component of velocity normal to its axis, (this is the most commen
assumption for the yaw response), the effective velocity is U cos¥
if V = 0, The effective angle, ¥ , is not necessarily exactly equal
to the geometrical ¢ , thus it is better practice to calibrate the wire
for yaw ratner than measure the geometric angle ¢. The cross-wire
probe is mounted in a free stream of constant velocity, and the
anemometer output voltages are messzured for.various yaw angles; the
angles uscd nere,Oo,_i 50 and + 100. Using suffices 1 and 2 for the

two wires the equations become, for a yaw angle § (Figure 78)

EZ

Eg + B[Ucos(¥ +8)]" ' (p-3)

and E2 = €2 + B Uces(y, - 8)]" (3-4)

vhere % and % are the two unkncwn effective angles. From

equation (3-3) and considering the result for § = 0
2 2 g
ES = E01 + By U cos"¥

it follows that

1
cos (¥ +6) [ EZ - Ef ]’“

cos Y, (EZ - Eg)s -0

and hence
g2 - g2 Yo
sintan %, = cosé§ - -£———~;h—— (B-5)
(E1 - E01)8=0



Plotting the right hand side of equation (B~5) against sin & gives

a straight line through the origin with a slops of tan ¢, . The
second wire is treated asimilarly, Any deviation from a straight line
after allowing for experimental errors is a measure of the error caused
by assuming a cosine-law response. Values of § up to about + 150
usually give reasonable straight lines, thus the cosine law is usually
expected to give satisfactory results for low intensity turbulence,
clearly as V¥ ‘increases the errors caused by adopting the simple cosine
law increase, if only becuase there is a higher probability of the flow
vechor being along or near to the axis of the wire.

More complicated formulae for the yaw response of a hot-
wire, most of them including a term involving the velocity component
tangential to the wire, may be adopted; howsver, so many other
uncertainties exist in the operation of hot-wires that the increase
in accuracy attainable by using one of the tangential cooling methods
would mosgt likely be lcst in the general 'background scatter' thet is

observable in the general run of published results.
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Appendix C Apparatus and Programs used for Digital Analysis of

Fluctuating Veloeities in the Flow

C.1 Recording Data on Magmetic Tapa

To record the output from the hot-wire anemometers
(DISA 55 DO1) on analogue tape it was necessary to amplify the signal
by a factor of two to obtain a suitabla voltage level for recording
purposes, If the voltage level of the signal is too low the noise
generated by the recording interieres with the signal, which is then
ill-defined. The peak-to-peak voltage of the signal being recorded
had necessarily to be less than 2 volts (for low distortion it should
he less than 1 volt), The signals were amplified by passing them
through an operational amplifier module; +the accuracy of this method
was checked by passing a sine wave through the mcdule and viewing the
output on an oscilloscope.

The tape recorder was an Ampex FR 41300 "Purtable"
analogue recorder; the taping speed mostly used was 30 ips giving
a fregquency response of 10 KHaz, During one experimsntal run a taping
speed of 15 ips with a frequency response of 6 KHz was used, however,
on feeding this data into the Hewlett Packard correlator it became
apparent that some of the wr signal, used for conditional sampling
purposes, of higher frequency had poszibly been lost. As the signals
were recorded they were simultaneously played back and constantly
monitored on an oscilloscope. The de porition of the fluctuating signal
was filtered out before recording, this improves the signal/noise ratio.
The odd and even channels on the tape recorder are on separate heads,
thus the phase relation between them is unknown and when recording more
than one channel at a time data was recorded on either all odd or all

even channels, A few seconds of known sine wave signal was recorded



cn sach chaunel for calibration purposes.

One method of filtering out the dec portion of
a fluctuating signal was to pass the signal through a paasive filter
network.e The network used, which was designed by A, J. Smits,
provided a high pass filter at approximately 0.8 Hz for each channel,
this eliminated the dc componsnt; the two channels were phase matched
to better than 1° for frequencies less than 10 XKHz., A low pass
filter with a time constant of approximately two seconds gave a reason=-
abls average of the dc output of the signal with the filter being
switched between the two channels as required. A low pasa filter aset
at 160 Hz reduced the output noise level from the anemometer - the
filter box was placed between the anemometer output and tlis tave
recorder, see Figure 39, The inputs to the filter box were designed
for pozitive voltage lavels and had to come from an instrument with
an output impedance less than 1) , e.g. & DISA anemometer, Vhen
measuring the de output from the passive filter network an instrument
with input impedance 2 10 MQ was required, i.e. a Solaricon DVH on
the 20V seale, Further details of this passive filter network may be
found in Bredshaw [495, section 6.11 , A similar three-channel version

of this network was also used.

C.2 Digital Analysis of Fluctuating Velocities

To analyse the data on magnetic tape the analogue
voltages are firat converted into 10-bit binary numbers and recorded
in pure binary form on 7 track " digital magnetic tape in "bLocFed IBM"
format compatible with the College CDC computer. The need for this
conversion arises as the digital tape format used on computers (a)

accepts only one channel per tepe and (b) has a gap between every few
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thousand binary numbers to allow the tape recorder to be stopped if
necessary. The enalogue-to-digital converter shculd preferably sample
all the input channels simultaneously and regularly, but due to (a) the
digital outputs must be presented to the tape recorder sequentially,
i.e. samples from two input channels are recorded 1, 2, 1, 2 etc,, and
due to (b) the digital outputs that appear while the tape recorder is
writing an inter-block gap must be stored until the recorder is ready
to use them,

A mini-computer, a PDP 8/L, is used to control the
converter and recorder and to store the digital data during an iuter-
block gap, see Figure 79 for a block diagram of the system. For
further details of this system see Bradshaw [(196] .

Digitizod hot-wire data was processed on the Cullege
computer using the conditional sampling program DIG 2W desecribed Ly
Weir and Bradshaw [197] - The program calculates the conventional and
conditional statistical averages cf two components of velocity and thair
higher moments; a plot of the two components of the Tluctusting
velocity, their instantaneous product and the intermittency function, I,

may also be obtained. -
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Appendix D Tho DISA Sum and Difference Unit

The DISA sum and differonce unit operates for input
signals es & in the rangs 1mV < jel < 5V and output signals

e, = A (e1 + Bez), e, = G (e,I - Dez); A, B, C and D are set by

screws in the front of the module to be compatible with the cross-

wire in uss, Usually A and C and set to 1,

tan
2 1 2
B1 T1
and D = .ﬁ;.-_-;—z-; ¥, %,,B,and B2

ars gained from the calibration of the cross-wire, see Appendix B,

E1 and Ez are the mean output voitages from the cross-wire, subscripts

1 and 2 denoting wire 1 = u + v and wire 2 = u - v respeciively,
Since for the flowfield under consideration ia = EZ it
was assuned that §1 = EZ’ thus settings of B and D were unchanged

throughout a traverse of the flow. During cne experimental run B and D

(1]

vere changed for some positions in the vortex to allow for &, % I _,
pe A 2

=

i 2; no

at the same positions data was also crllected assuming E, =
difference was found betmeen the two sets of data,

The maximum output of a DISA sum and difference unit is
+ 10V (i.e. 20V peok-to-peak), the inrut impedance is 100kQ , and the

general accuracy is about 0.5%.
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Appendix E Calculation of Meen and Fluctusting Velocitiecs from

Hot-WWire Anemometers

Hot-wire anemometers consist of thin metallic elements
heated by an electric current and cooled by the incident fiow, which
acts by virtue of its mass flux and temperature (predominantly the
effects of forced convection). The forced convection loss is
proportional to the temperature difference ond to the sguare root
of the velocity, see Ser [198] . TFor a comprehensive review on

hot-wire anemometry, see Comte-Bellot [193] .

E.1 Caleulation of HWean and FTluctuating Velocities for a Single

ﬁotAWire Anemometer

Teled Mean velocity

King's law statesi=

E2

A + BUY, (B~1)

where A = E02 and B and n are ob%ained from the calibration of the
wire, see Appendix B.

Hence, from equation (E-1) the mean velocity is given by:-

A
_ ;E'Z - 1‘3'02 n
U = e (B-2)
B

E.1.2 Fluctuating velocity

The total velocity, U, cquals the sum of the mean and
fluctuating velocities, i.e. U = U + u; similarly E = E + e.

Substituting for U and E in King's law (equation (E~1) ) gives:-
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- 2 Lo
(8 + e)2 = th + B(U + u)n

Expandiag the term B(T + u)® ugsing the binomial theorem the above

eguation becomes:=

- - 2 -
(F + &) = S+ i ( 1+ '%? + 0 (k\?)) (E-3)
o
Combining equations (E~3) ard (E-2) the fluctuating velocity, u, is
given by:-
u e (54)
n(E'AEO )

LE,2 Calculation cf the Mean and TFluctuating Velocities for

the Cross-Wire Anemometer

In Figure 77 Un1 is the velocity normal to wire 1 -
it is assumed that the wire is infinitely long so that its heat-los:z
rate depends only on the velocity cocmponent Un normnal to the wire
(U = Ucosy ).

Calibration of the wirse (single or cross-wire) is
advantsgeously made in low levels of turbulence; highly turbulent
£lows should be avoided due to the integration time needed to obtain
a true mean value and the nonlinear errors affecting these measurements,
(these errvors considerably sffect the partial derivatives of the
calibration curves so changing the sensitivity of the wire, see Comte-
Bellot [193] ). During calibration of the wire V(t) = 0, thus

U, = U cos ¥ ; however, when taking measurements, V(t) + 0, and thus

U
n

Ucos¢ +Vsing (E-5)

When calibrating the wire King's law (equation (E-1) ) becomes:-
U n
2 2 n

(E-6)

I
t=
+
o]

B



T.2.1 lHean wvelouecity weasuremneats

On taking mean volocity measuremsnts equation (8-6)

becomes: =

n
a— —— 1 ' i o
E1 22 - E02 + B1 ) U co3 ¥y V siny
’ 1,2 ? cos
- T 2 + B (I_I +V tan ¢ )
0 192 -
1,2
- 2 -2 .
) —_ - ~ B - E n
Thus, U + V tan ¢ 1,2 = 152 04 o (E-7)
3
1,2

whora subseripts 1,2 vefer to wires 1 (UsV) end 2 (U~V) respectively.

From the two inherent equations (7=7) the mean velocities U and ¥

are given as follows?e

1 1
_ 4 52-E%\n B - E° \B |
X - E - D T
o= ('t:an*}',l 4 ’canl?z) B L B 2) (1-8)
1 2
=2 =24 -2 =22
—_ 1 ‘51"‘0 - /“‘2"% \n (
- K ~an tY . l:,' T
and U= (tan by + 't-:mll’z) TR ! ‘tan/1+\ -5 = i tan ¥, A8 9)
1 \ 2 /

These e quations apply to a cross-wire positioned in the U~V planec,
similar equations exist for U and 7 for a cross-wire positioned in
the U=\ plane.

E.2.2 Fluctuating velocity measurements

From King's law (equation (E-1),

e = i) 2 + B (U +V tan ¢ )n, (5-10)
: 0 o 1,2 - 1,2
3

.



where subscripts 1 and 2 refer to wires 1 (U+V) and 2 (U-V) respectively.
NowU=U+uandV="V4+ v, i.e. the total velocity equals the sum
of the mean and fluctuating velocities, where E, V denote mean velocities

and u,v fluctuating velocities; similarly E = E + e. Substituting

for U,V and E in equation (E-10) gives:-

- 2 =2 -
(€ + «)1’2 = EO1 \ + B, ,2((ff +u) + (Vav) tenlp,l,z) (E-11)
3

For Ixl <1 the Binonial Theorem statest-
2
(1 + x)n = 1 + nx + 31_(_n_2-;_1_2x + eesaseocas (E-_12)

From equation (E-10):~

fre=g e n
31’2 ((U+u) + (V+v) tan¢1,2)

i
o
—
~

<
I+
<f
-y
v}
=
-~

= T n
= By, T+7 tan¢1’2) [1 +

2 o]
0

1
1,2
Substituting the atove expression back into equation (E-11), and

making use of equation (E-10)it can be seen that:=-

o o n(u_ivta.nwbg)

2(19)1’2 = B (U:Vtanw1’2 EERD 2)
. s
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(T+V tan¢1’2). 2 (Ee)1J2
1

thus ut v tant, =

,2 (E-13)

. 17 k3 n
By,2 (Uivtan¢1’2)

On separating out the two equations in egquation (E~13) the fluctuating

velocities are given by:-

(U-—\v tan‘l‘z) 2E292

u = Shammen o +vta.nll'2,
-
B, (-7 tanv,)
(ﬁ+7te.n¢ )Z_Ee (ﬁ-? tan ¥ )Zfe
v 1 ) 1755 % 2’2"
\ B U+ VvV i - T o n
(tanl¥1+tanu‘2) 1(U+Vtan\l’1) B, (U-Vta.n\Pz)
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Szreiter and
Sacks [9]

Chigier and

Corsiglia (11]

Rose and Dee [66]. = 10

TABLE I

Dosanjh, Gasparek and

Eskinazi [10]

Newman [55]
Templin [67]

Mabey [681

Crow [98]

8.4 &

9.4 EB_S_'

LU"'
0.42 s’

7.75 RS

¢, U

elc
Elliptic loading 11.0
Actual loading 3.6
Experimental
measurements Lo
TABLE IIL
iy vily 10°a
7 2000 0.2
2 x 10° 1 s
2x 10" 30-50 2
5 x 10" 2 1.4
5 x 10° 77 1.5
TABLE III

Most unstable long wavelength:

Grew by a factor e in time:

Most unstable short wavelength:

Grew by a factor e in time:

169

0.107

0.029

/b a./b
0.078
0.012
0.017

A
1.22
0.81
0.69~0.89
0.84
1.01
Parks [106]
7.2 §'
9.5 RS
(Ve
0.57 '
7.75 RS
(U~



TABLE 1Iv

Principal Dimensions of the Handley-Page 115 Aircraft

Cverall length 15+3m
Gross wing area Lo, 2m?
Span 6.1m
Centreline chord 12.2m
Leading cdge sweep 74° 17
Trailing edge sweep 0o°
Dihedral 0°
Mass 2280kg
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TA3LE V

Summary of the Experimen®s carried out to exemine the Structure

of the 'Bursting' Phenomenon (the Structured Disturbance)

Experiment Delta Wing, Length of Free Stream Measuring DISA
Angle of Incidence, Working Speed, Uw hot-wire Anemometer
Position of Wing Section
(1) 63" chord delta wing, 9.78! 3345 msec_1 Single wire
15, contraction of DISA 55 PO
wind tunnel.

(i1) 63; chord delta wing, 9.78! 33,6 mgoo | Cross wire
15, ccntraction of DISA 55 P51
wind tunnel,

(iii) 12,8" ghord delta wing, 28t 26.09 msec ™ Cross wire
- 12,5 (nosedown), DISA 55 P54
working section.

(iv) 28" chord delte wing, 28! 2.3l msec Cross wire

~ 12,5 (nosedown),
working section.

DISA 55 P51

Continued/.....
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TABLE V (Continved)

Summary of the Exvsriments carried out to examine the Structure

of the 'Bursting' Phenomenon (the Stmc'tured.Disturbance)

Experiment Position of Vortices Vortex Position Distances betwsen
(in mm) under study | of Trigger cross- probes and rear
wire (in mm) edge of model
(1) Vortex 1: ¥ = 795 Vortex 2 Y = 545 15,31
2 = 692.5 2 = 662.5 (2.92 chord lengths)
Vertex 2: Y = B45
Z = 700,5
(1) Vortex 1: Y = 792 Vertex 2 Y = 550 15.3"
Z = 692 (2092 chord lengths)
Z = 654
Vortex 2: ¥ = 550
Z = 692
(1ii) Vortex 1: Y = 690 Vortexz 1 Y = 705 18.67'
Z = 792.5 7 = 816 (17.5 chord lengths)
Vortex 2: Y = 585
(approx.) Z = 792.5
(iv) Vortex 1: Y = 850 Vortex 2 Y = 588 18,08*
Z = 684 . _ (7+75 chord lengtha)
2 =749
Vortex 2: Y = 588
Z = 699




VA

TABLE VI

Summary of the Characteristic Phenomena in Experiments (i) - (iv)

Experiment |Delta Wing, Wing Reynolds | Vortex Reynolds | Core diameter |Wavelengths of the
Angle of Incidence, number, number, of the Vortex Structured
Position of VWing Re = Ueo € Re = Le under study Disturbance
6= —2= e T -
w v v _ (in mm) (approx.)
(1) 633 chord delta wing,| 1.65 x 106 C,22 X 10h. 40 1o m
15, contraction of
wind tunnel,
(i1) 63" chord delta wing,| 1.65 x 106 9,22 % 10L 38 1m
15, contraction of
wind tunnel.
(1id) 12.8" chord delta 5.81 x 107 1,47 x 10" 27.5 1,04 m
wing, - 12.5
(nosedown), working
section.
(iv) 28" chord delta wing,| 1.18 x 106 .53 x 10t 60 .96 m

- 12,5° (nosedown),
working section.




Fig.1 Line vortices starting at the surface of an aerofoil .

[

h .

Fig.2 A horseshoe vortex system.

Fig. 3 Lanchester's concept of tip vortex roll-up [1].



Fig.4 Sketch of vortex roll-up.
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Fig.5 Westwater's calculation of roll-up [4].
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Fig.6 Vortex sheet and coordinate axes according to Kaden
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Vortex core

Fig.7 Vortex core over a slender delta wing
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Fig.8 Streamline pattern in the upper surface of a
slender wing af low speeds; d =15.
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Fig.9 Tangential velocity in the vortex wake of an Army
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Fig.10 The vorticity distribution for the vortex velocities
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Fig.11 Cross-sectional profile of the downstream wake.
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Fig.13 Velocity distribution associated with a spreading
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Fig.15 Flow ficld produced by liff-generated vortices.

(distances not drawn to scale.)
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Fig.16 Accuracy check of compressible equations for single
Lamb vortex: a)pressure; b)radial velocity;

I'=0-106, r.=0-15, Courant Number =5 [64].




— Exact solution

e MNumerical solution, t=5
(At =0-05)

t=0
t=5

1 Gr‘id frlom —.18<_Iys18', —1{352'518. .
0 2 4 6 8 10 12 T4 16 18
r
Fig. 17 Accuracy check of incompressible Navier-Stokes
equations for single Lamb vortex; I'=0-5,
d.=2r =0-28284, v =0-001 [6&].
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Fig. 19 Geometrical quantities entering Crow's analysis[98].

The vortices are viewed from above, so the aircraft generating them
lies beyond the upper left-hand corner of the figure.

Fig. 20 Relation between an arc length dL and a
displacement e,dx down the longitudinal axis in
Crow's analysis [98].
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Fig. 21 Stability diagram for mode S. Regions of instability are
shaded, and the !scus of vanishing self -induction is shown as a dashed
line The shaded region in the upper right-hand corner is probably a
spurious effect of the cut-off model.
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vortex core

entrainment

Fig. 23 General features of the flow field of a vortex
ring in a real fluid.

Vorticity diffusing Originally dyed
from vortex core fluid from manifold

Fluid to be

enfrairy
N

Small wake
vorticity

. v/ o gl
(b) ZBubble boundary from the unsteady
streakiine pattern of {(3)

Fig. 24 (a) Diagrammatic view of entrainment by a vortex
ring, showing fluid from upsftream being entrained
into the outer regions of the ring. (b) Diagrammatic
view of instantaneous streamlines in a frame of

reference moving with the mean velocity U of the
ring.
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Fig. 25 A suggested mechanism for the developmeni of the
ring vortices [119].
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Fig. 26 Streamlines produced by a pair of vortex fubes of
opposite sign as seen by an observer at rest
relative to the two vortices.
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Fig.27 The inviscid merging of a vortex of vanishingly
small strength with a very strong vortex [127].



Yapour trajls behind a wide-bodied jet ajrcraft.

Fig.28



Fig. 29 The cubic- P(U) that determines the character of
stationary waves.
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Fig. 30 Calculated vorftex breakdown eddies [168].
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Fig. 32 Base flow and perturbed swirl velocities for an
exponential variation of base flow circulation [168].
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Fig. 35a Trailing vortices behind the 12.3" chord delta wing.

e

Fig. 35b  12.8" chord delta wing mounted on its support.



Fig.36 28" chord delta wing mounted on its support.
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Fig. 37 Sketch of a Kiel type total head tube with
typical calibration curve.
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Fig. 38 Turbulence intensity, vGi2/U.; a horizontal traverse through the vortices at Y= 676-9mm (2665"):
63" chord delta wing. '
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Fig. 39 Schematic diagram of the apparatus used for recording velocity measurements.
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Fig. 40a  Axial velocity profile of the vertex under study,
(63" chord delta wing).
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Fig. 40b  Azimuthal velocity profile of the vortex under .
study, (63" chord delta wing).
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Fig. 43 Schematic diagram of the apparatus uszd fo generate the trigger signal.



Fig.44. Single hot wire mounted on the traverse mechanism in the test area of the 4,5' x 4' wind tunnel.
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Fig. 45 Block diagram of instrumentation for recording fluctuating velocity data.
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Fig. 46 Sketch of position of hot wire anemometers with respect to the delta wing model.
Experiment (i) of Table V, see section 3.5.1.
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Fig. 48b The structured disturbance at positions through the centre of the vortex - a horizontal traverse

with a single hot wire: experiment (i).
(hot wire horizontal)
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Fig. 75 Trailing vortices behind the 12.8" chord delta wing.
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Fig. 77 Sketch defining the effective angle, ¥, of a hot wire.

Fig. 78 Sketch defining the yaw angle, 8.
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