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Abstra
tPrestressed stayed 
olumns are an innovative type of stru
tural system where the 
ompres-sive load-
arrying 
apa
ity 
an be enhan
ed through prestressed external 
able stays. Anonlinear analyti
al model for prestressed stayed 
olumns with multiple 
rossarm systemsalong the 
olumn length, based on the Rayleigh�Ritz method, is presented that 
apturesmodal intera
tions for perfe
t geometries expli
itly for the �rst time. It is demonstratedthat the theoreti
al 
ompressive strength enhan
ements under 
ertain 
on�gurations 
anonly be obtained at the expense of triggering a sequen
e of destabilizing bifur
ations. This
an give rise to dangerously unstable intera
tive post-bu
kling behaviour in
luding so-
alled`mode jumping' and `snaking' phenomena. Parametri
 spa
es where the system is mostsus
eptible to the modal intera
tions are identi�ed and it is for those 
on�gurations thatthe system is likely to be highly sensitive to initial imperfe
tions. The model is validatedusing a nonlinear �nite element model formulated within the 
ommer
ial 
ode ABAQUSand ex
ellent 
omparisons are obtained.Keywords: Intera
tive and 
ellular bu
kling; Mode jumping; Analyti
al and �niteelement modelling; Prestressing1. Introdu
tionPrestressed stayed 
olumns, 
omprising a slender main 
olumn element, a system of
rossarm members and pre-tensioned 
able stays, as shown in Figure 1, o�er an innovative,aestheti
 and pra
ti
al solution to the problem of low 
riti
al bu
kling loads in 
olumnswith highly slender geometries [1, 2, 3, 4, 5, 6, 7℄. This type of element has been employedin pra
ti
e where a 
olumn needs to span a long distan
e but has to be of relativelylight-weight 
onstru
tion. For example, during the 
onstru
tion of the Ro
k in Rio IIIstadium in Brazil [8, 9℄, su
h 
olumns were used to prop the in
omplete stadium roof whilethe 
onstru
tion was 
ompleted. The 
olumns were 
onstru
ted and prestressed on sitesu
h that they eliminated the need for using expensive shoring systems that would havein
reased the time and 
ost of the 
onstru
tion signi�
antly. Figure 2 shows some other
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) Triple-bayFigure 1: (a) The stayed 
olumn with a single 
rossarm system. (b)�(
) The stayed 
olumns with multiple
rossarm systems along the length. The double-bay 
ase in (b) would be essentially identi
al to theparti
ular triple-bay 
ase shown in (
) if all the 
rossarms were of equal length in the latter.real-world appli
ations of prestressed stayed 
olumns.Resear
h on su
h stru
tural 
omponents 
an be dated from the 1960s [10, 11, 12℄,although the nonlinear behaviour of prestressed stayed 
olumns with a single 
rossarmsystem, as shown in Figure 1(a), has only been studied extensively relatively re
ently.This more re
ent work has demonstrated that although for ea
h 
on�guration of 
rossarmlength, member length and stay diameter there exists a prestressing for
e, the so-
alled`optimal prestressing for
e' that maximizes the 
riti
al bu
kling load [13℄, the behaviour inthe post-bu
kling range at that level of prestress is 
onsiderably more 
omplex [14℄. Firstly,it was found that the 
on�guration that is most sensitive to initial geometri
 imperfe
tionso

urs at the aforementioned optimal prestress for
e [15℄. Se
ondly, it has been determinedthat under 
ertain 
ombinations the 
riti
al bu
kling mode swit
hes from being symmetri
to being antisymmetri
 about midspan. This mode swit
h profoundly a�e
ts the nonlinearresponse with modal intera
tions being observed numeri
ally for 
on�gurations where the
riti
al mode is antisymmetri
 [16℄. This has also been found analyti
ally from a highlysimpli�ed link model [17℄ and in physi
al experiments [18℄. The work has resulted inre
ommendations for the level of the initial prestressing for
e and a detailed pro
edure forthe design of su
h 
olumn systems [19, 20℄.In the 
urrent work, an enhan
ed analyti
al model is presented that implements theRayleigh�Ritz method to model the nonlinear elasti
 behaviour of the 
olumn as a multipledegree-of-freedom system. The bending of the main 
olumn element and the 
rossarms arein
luded, as is the expli
it response of the prestressed 
able stays. Column arrangementswith three sets of 
rossarms along the 
olumn span, as shown in Figure 1(
), are investigatedto study the enhan
ement in the 
riti
al bu
kling load followed by the detailed post-bu
kling behaviour. Numeri
al solutions of the analyti
ally derived equilibrium equationsobtained from the 
ontinuation and bifur
ation software AUTO-07P [21℄, demonstrate that,again, a 
on�guration with an antisymmetri
 
riti
al bu
kling mode is the most vulnerableto modal intera
tions [22, 23, 24, 25, 26℄ with the dire
t 
onsequen
e of in
reasing the2



(a) Chiswi
k Park, London,UK (b) London Waterloo Station, UK (
) Parkland Mall, Dalian, ChinaFigure 2: Appli
ations of prestressed stayed 
olumns in the 
onstru
tion industry; photographs (a) and(b) were taken by Daisuke Saito; photograph (
) was taken by the lead author.sensitivity to initial imperfe
tions. A sequen
e of instabilities that are intimately 
onne
tedwith stay sla
kening are found in the post-bu
kling range showing quantitatively, for the�rst time, how the post-bu
kling pro�le 
an be transformed from being antisymmetri
to symmetri
 in a natural loading sequen
e. Moreover, the parametri
 ranges where thesystems are most sus
eptible to modal intera
tions are identi�ed; these 
on�gurations arebest avoided in pra
ti
e sin
e they also exhibit e�e
ts synonymous with 
ellular bu
kling[27, 28, 29, 30, 31, 32℄, whi
h is usually asso
iated with dangerously unstable responses.The analyti
al model is validated with a nonlinear �nite element (FE) model developedwithin the 
ommer
ial software ABAQUS [33℄, whi
h has been shown in the literature toprovide an ex
ellent ben
hmark when 
ompared to a
tual physi
al experiments [18℄. More-over, it has been demonstrated that for highly slender systems, elasti
 FE models providean ex
ellent predi
tion of the load 
arrying 
apa
ity [34℄ sin
e the stresses within the sys-tem generally do not approa
h the material yield stress. The 
omparisons between theanalyti
al and the FE models are shown to be ex
ellent both qualitatively and quantita-tively. This demonstrates that the analyti
al model 
aptures the 
omplex system me
hani
sand makes viable future parametri
 studies that would allow the establishment of designre
ommendations for stayed 
olumn systems with multiple 
rossarms.
3



2. Analyti
al modellingThe 
urrent investigation fo
uses on prestressed stayed 
olumns with multiple bays.In the single-bay stayed 
olumn, as shown in Figure 1(a), a restraint is provided by the
rossarm system at the mid-span of the 
olumn. Similarly, two restraints are providedat one-thirds and two-thirds of the 
olumn length in the double-bay 
ase, as shown inFigure 1(b). Owing to the la
k of any e�e
tive lateral sti�ness at mid-span, the double-bay 
olumn 
annot resist the symmetri
 bu
kling mode as e�e
tively when 
ompared withthe triple-bay 
ase, as shown in Figure 1(
). Results obtained as part of the 
urrent studyalso indi
ate that the load 
arrying 
apa
ity is mu
h lower in the triple-bay 
ase if theedge and the middle 
rossarms have the same length. This is essentially similar to thedouble-bay 
ase due to the horizontal 
omponent of the stay for
e being zero between thetwo edge 
rossarms when the lateral displa
ements from global bu
kling are small. For theparti
ular triple-bay 
ase with equal length 
rossarms and the double-bay 
on�guration,extra struts 
onne
ting the 
rossarms to the main 
olumn at midspan, in a truss-likearrangement, would potentially in
rease their e�e
tiveness, but this 
onsideration is leftfor future work. Therefore, the study of the triple-bay prestressed stayed 
olumn withdi�erent length 
rossarms is fo
used upon ex
lusively in the 
urrent work.As shown in Figure 3, three sets of 
rossarms are rigidly 
onne
ted to the one-quarter,
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(a) (b) (
) (d)Figure 3: (a) The triple-bay prestressed stayed 
olumn with geometri
 and stay number de�nitions (1�8in
lusive); (b) symmetri
 bu
kling Mode 1; (
) antisymmetri
 bu
kling Mode 2; (d) intera
tive post-bu
kling pro�le.one-half and three-quarter length points of the simply supported 
olumn. Prestressed 
ablestays are assumed to be pinned to the ends of the 
olumn and the tips of the 
rossarms. Thelength ratio of the edge to the middle 
rossarms, γ = ae/am, is set to be between 0.5 and
1.0, otherwise at least one of the 
rossarms would initially be in tension and potentially losee�e
tiveness as bu
kling restraints sin
e the welded 
onne
tions between the main 
olumnand the 
rossarms may be
ome vulnerable to fra
ture.4



Di�erent arrangements of 
rossarms along the length in the yz-plane may be used, asshown in Figure 4 with (a) showing the simplest one-dimensional system with both (b)
z

y

Crossarm Main column
cross-section

(a) 2 bran
hes y

z (b) 3 bran
hes y

z (
) 4 bran
hesFigure 4: Di�erent numbers of bran
hes in ea
h 
rossarm system along the length. Case (a) is onlypra
ti
al if the bu
kling displa
ements are 
onstrained to be purely in the y-dire
tion; 
ases (b) and (
)would work if the 
olumn displa
es anywhere in the yz-plane.and (
) showing two-dimensional systems. Note that the 
olumn in pra
ti
e should besupported by at least three 
rossarms in the yz-plane. This would ensure that it wouldbene�t from the in
reased load 
arrying 
apa
ity by avoiding an obviously weaker bu
klingaxis, assuming that the main 
olumn element is either a 
ir
ular or square hollow se
tion.The single-bay 
ase with a three 
rossarm rosette was studied re
ently in [35℄ and as apotential unit 
ell in a latti
e material [36℄. Currently, the triple-bay system is assumedto have either the 
ase shown in Figure 4(a) with de�e
tions in the z-dire
tion 
ompletelyrestrained or, e�e
tively, the 
ase shown in Figure 4(
) where it has been demonstratedpreviously that the system has no preferred bu
kling dire
tion [15℄. These two respe
tive
ases are also represented in the photographs shown in Figures 2(b) and 2(
) respe
tively.Hen
e, a two-dimensional model in the xy-plane, as depi
ted in Figure 3(a), is studied
urrently sin
e it is simple yet pra
ti
al.Shape fun
tions of the 
olumn and the 
rossarms are introdu
ed su
h that the Rayleigh�Ritz method may be implemented to �nd the equilibrium equations from minimizing thetotal potential energy. The total potential energy V is obtained by summing the strainenergy stored in the entire system minus the work done by the external load. The result-ing nonlinear equilibrium equations 
an then be solved in the 
ontinuation and bifur
ationsoftware AUTO-07P [21℄ to reveal the 
riti
al and post-bu
kling behaviour of the 
olumn.Moreover, the bifur
ational stru
ture of the me
hani
al system is maintained whi
h pro-vides key information regarding modal intera
tions and any potential sensitivities to initialgeometri
 imperfe
tions.2.1. Ben
hmark prestressing for
eAn initial prestressing for
e is applied to the 
able stays in order to in
rease the load
arrying 
apa
ity. The left-hand graph presented in Figure 5 depi
ts the relationship5
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Figure 5: Criti
al bu
kling load PC versus initial prestressing for
e T with (left) the zone distin
tiondetermined by Hafez et al [13℄ and (right) the a
tual ultimate strengths of stayed 
olumns from experimentssuperimposed on the same graph determined by Temple [37℄.between the 
riti
al bu
kling load and di�erent levels of prestressing for
e that has beenfound in previous work [13℄. Zone 1 represents a very small prestressing for
e, T < Tmin,whi
h vanishes before or pre
isely when the 
riti
al bu
kling load of the main 
olumnelement is rea
hed (PC
min) while applying the axial external load. Zone 2 represents a largerprestressing for
e, T = [Tmin, Topt], whi
h in
reases the load 
apa
ity of the 
olumn to belarger than the 
riti
al bu
kling load of the unstayed main 
olumn element. However, thestay strains vanish pre
isely when bu
kling is triggered. Zone 3 represents an even largerprestressing for
e su
h that there are residual tensile for
es in the stays when bu
klingis triggered. The prestressing for
e Topt, at the boundary of Zones 2 and 3, has beenhistori
ally termed the `optimal prestressing for
e', sin
e it represents the prestressingfor
e that maximizes the 
riti
al bu
kling load (PC

max). The expression for the optimalprestressing for
e for the single-bay stayed 
olumn was presented by Hafez et al [13℄. By asimilar, but slightly extended, 
al
ulation for the triple-bay stayed 
olumn, an expressionfor the optimal prestressing for
e Topt 
an be expressed thus:
Topt = PCC11

C22

, (1)where:
C11 =

cos βm

2Kc

[

2

Ks2

+
cos2 βm

Kc

+
4 sin2 βm + 2γ(sin βe sin βm − sin2 βm)

Km

] ,

C22 = 1 +
cos βe cos βm

2Kc

[

1

Ks2

+
2 sin2 βm + γ(sin βe sin βm − sin2 βm)

Km

] , (2)6



with γ = ae/am and:
βe = arctan(4αe), βm = arctan [4(αm − αe)] , (3)where αe = ae/L and αm = am/L with Kc, Km and Ks2 being the axial sti�ness of themain 
olumn, the middle 
rossarm and stay number 2:
Kc =

EcAc

L
, Km =

EaAa

am

, Ks2 =
EsAs

l2
, (4)where Ec, Ea and Es are the Young's Moduli with Ac, Aa and As being the 
ross-se
tionalareas of the main 
olumn, the 
rossarm and the stays respe
tively. The length of stay 2, l2,is L

√

(αm − αe)2 + 1/16. The 
riti
al bu
kling load PC is evaluated from linear eigenvalueanalysis of the stayed 
olumn system by the 
ommer
ial FE pa
kage ABAQUS [33℄ withoutthe 
onsideration of the prestressing for
e, a pro
edure that has been su

essfully appliedpreviously [16℄. Note that the optimal prestressing for
e Topt is used as a ben
hmark inthe 
urrent study sin
e it is derived from a purely elasti
 model that does not take anygeometri
ally nonlinear behaviour into a

ount. It has been found previously [37℄ that theultimate response of the stayed 
olumn system is more 
omplex and that the a
tual failureloads of su
h systems are in fa
t maximized at initial prestressing levels that are above andbeyond T = Topt, as represented in the right-hand graph of Figure 5. In fa
t, a relativelyre
ent study was presented in [19℄ to determine the a
tual optimal prestressing for
e for thesingle-bay 
olumn 
ase. This was presented primarily in terms of the maximizing the a
tualload 
arrying 
apa
ity for geometri
ally imperfe
t stayed 
olumns; it was indeed 
on�rmedthat the initial prestressing for
e should be 
onsiderably larger than the value obtainedby linear analysis (T = Topt). In the 
urrent study, therefore, the 
ases where T > Toptare fo
used upon ex
lusively; this in fa
t allows the analyti
al model to be simpli�ed, thepre
ise details of whi
h are dis
ussed later.2.2. Shape fun
tion of the main 
olumnThe bu
kling pro�le of the main 
olumn element 
an be expressed as a 
ombination ofa symmetri
 shape W1 (Mode 1) and an antisymmetri
 shape W2 (Mode 2) thus:
W1(x) =

n
∑

i=1

Q2i−1L sin

[

(2i − 1)πx

L

]

, W2(x) =
n

∑

i=1

Q2iL sin

(

2iπx

L

)

, (5)where Qj is the generalized 
oordinate for the bu
kling mode shape 
ontribution that
ontains j half-sine waves with L being the total length of the main 
olumn. The adoptionof a larger j value allows the expressions above to des
ribe more sophisti
ated and hen
emore a

urate deformation pro�les, but of 
ourse results in more equations to be solved,thereby in
reasing the 
omplexity of the model. The generalized shape of the 
olumn maybe obtained by 
ombining the two distin
t bu
kling shapes that would break both there�e
tive and rotational symmetries if modal intera
tions are triggered, as shown in Figure3(d):
W (x) = W1(x) + W2(x) =

2n
∑

i=1

QiL sin
iπx

L
. (6)7



The normalized horizontal de�e
tions of the main 
olumn element δ1, δ2 and δ3 at the one-quarter, one-half and three-quarter length points respe
tively 
an be expressed as thus:
δ1L = W (L/4), δ2L = W (L/2), δ3L = W (3L/4). (7)Ideally, the rotation of the 
olumn about the verti
al axis θ1, θ2 and θ3 at the one-quarter,one-half and three-quarter length points 
an be expressed to leading order as:

θ1 = −W ′(L/4), θ2 = −W ′(L/2), θ3 = −W ′(3L/4), (8)where primes denote di�erentiation with respe
t to x. However, owing to the restraints pro-vided by the 
rossarms, the a
tual rotations transferred to the 
rossarms may be expe
tedto be di�erent from those obtained using the expressions in Eq. (8). Therefore the rela-tionship between the main 
olumn and the 
rossarm rotations is expressed by introdu
inga 
alibration fa
tor κ:
θai = κθi, (9)where i = {1, 2, 3} and the value of κ is evaluated with assistan
e from the FE modelpresented later.2.3. Shape fun
tions of the 
rossarmsThere are three sets of 
rossarms in the triple-bay prestressed stayed 
olumn. Firstly,sin
e a lateral point load is applied to ea
h 
rossarm from the stays, a 
ubi
 shape fun
tion

WR1(y) is assumed to des
ribe the top right 
rossarm, thus:
WR1(y) = C0 + C1y + C2y

2 + C3y
3, (10)as shown in Figure 6. Four boundary 
onditions need to be evaluated for this 
rossarm:
y

x
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θ�

Figure 6: The de�e
ted shape of the top right 
rossarm.(1) the de�e
tion at the left-hand end of the 
rossarm is zero, hen
e WR1(0) = 0; (2) thede�e
tion at the right-hand end of the 
rossarm is de�ned as QR1L, hen
e WR1(ae) = QR1Lwith QR1 being a new generalized 
oordinate; (3) the left-hand side of the 
rossarm is rigidly
onne
ted to the main 
olumn, therefore the rotation of the 
rossarm at the 
onne
tion isrelated to the rotation of the main 
olumn at the one-quarter length, hen
e ẆR1(0) = θa1as dis
ussed above; (4) the right-hand end of the 
rossarm is pinned to the stays, therefore8



there is no bending moment at the end, hen
e ẄR1(ae) = 0. Note that dots representdi�erentiation with respe
t to y and that the 
ompression in the 
rossarm from the stayis negle
ted. The latter assumption simpli�es the analysis sin
e iteration is not requiredto determine the shape fun
tion of the 
rossarm; this marks a departure from earlier work[14℄. The shape fun
tion of the top right-hand 
rossarm WR1(y) 
an be obtained by solvingfor the 
onstants C0, C1, C2 and C3 using the aforementioned boundary 
onditions. Theshape fun
tions of the other �ve 
rossarms 
an also be obtained by assuming similar 
ubi
fun
tions and boundary 
onditions with new generalized 
oordinates QRi and QLi; thedetailed expressions for all the 
rossarms are thus:
WRi(y) = κθiy −

(aiκθi − QRiL) (3ai − y) y2

2a3
i

,

WLi(y) = κθiy −
(aiκθi − QLiL) (3ai − y) y2

2a3
i

,

(11)where i = {1, 2, 3} with a1 = a3 = ae and a2 = am. Note that in the pure symmetri
bu
kling 
ase (Mode 1): |WR1(y)| = |WR3(y)| and |WL1(y)| = |WL3(y)|, while WR2(y) =
WL2(y) = 0 be
ause the 
rossarms at the middle se
tion do not bend. Similarly in thepure antisymmetri
 bu
kling 
ase (Mode 2): |WR1(y)| = |WL3(y)|, |QL1| = |QR3| and
|WR2(y)| = |WL2(y)|. However, sin
e the general 
olumn shape fun
tion in this study is
apable of des
ribing an asymmetri
 bu
kling shape, whi
h is a key nonlinear deformationpro�le des
ribing intera
tive bu
kling, the shape fun
tions of the three sets of 
rossarms
ould all in fa
t be di�erent to ea
h other; this is of 
ourse allowable within the 
urrentmodel framework.2.4. Strain energy stored within the staysFigure 7 shows the generalized deformed shape of the 
olumn. The strains in ea
h stay
an be determined, whi
h in turn allows the evaluation of the axial strain energy storedwithin them. Before applying any prestressing for
e and external load, the original lengthsof stays 1, 4, 5 and 8 are:

l1 = l4 = l5 = l8 = L
√

α2
e + 1/16, (12)while the original lengths of stays 2, 3, 6 and 7 are:

l2 = l3 = l6 = l7 = L
√

(αm − αe)2 + 1/16, (13)with the stay numbering system being de�ned in Figure 3(a). As the external load P isintrodu
ed, the 
olumn would 
ompress purely and this is denoted by the generalized 
oor-dinate δc. Sin
e the 
olumn is assumed to be very slender, δc is assumed to be su�
ientlysmall to have no signi�
ant e�e
t on the stay lengths, but it does fa
ilitate the de�nitionof the pre-bu
kling equilibrium path. When the main 
olumn begins to de�e
t laterally by
W (x), however, the stays would be a�e
ted signi�
antly and an additional variable ∆ is9
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Figure 7: The generalized de�e
ted shape of the prestressed stayed 
olumn with the de�ned variables.introdu
ed that is dependent on the de�e
ted shape and is therefore purely a fun
tion of
Qi. Hen
e, the expressions for the new lengths of ea
h stay l′i are:

l′1 = L

√

(Λ + QR1)
2 + (αe + δ1)

2,

l′2 = L

√

(Λ − QR1 + QR2)
2 +

[

(αm + δ2) − (αe + δ1)
]2

,

l′3 = L

√

(Λ − QR2 + QR3)
2 +

[

(αm + δ2) − (αe + δ3)
]2

,

l′4 = L

√

(Λ − QR3)
2 + (αe + δ3)

2,

l′5 = L

√

(Λ + QL3)
2 + (αe − δ3)

2,

l′6 = L

√

(Λ − QL3 + QL2)
2 +

[

(αm − δ2) − (αe − δ3)
]2

,

l′7 = L

√

(Λ − QL2 + QL1)
2 +

[

(αm − δ2) − (αe − δ1)
]2

,

l′8 = L

√

(Λ − QL1)
2 + (αe − δ1)

2, (14)where Λ = (1 − ∆)/4. Apart from the strains generated by 
hanging the stay lengths,there is also a pre-existing strain introdu
ed by the initial prestressing for
e that 
an be10



expressed thus:
ǫT =

T

EsAs

, (15)where T is the initial prestressing for
e applied in the stay. Therefore, the total strain inea
h stay 
an be expressed as:
ǫi = l′i/li + ǫT − 1, (16)where i represents the stay number, as shown in Figure 3(a), and ranges from 1 to 8.Of 
ourse the expression implies that tensile strain is assumed to be positive. The strainenergy of a single stay 
an then be expressed thus:
Usi =

1

2
EsAsliǫ

2
i , (17)so long as the strain ǫi remains positive. It 
an be observed that when the 
olumn beginsto de�e
t laterally, the strain energy within the stays on the 
onvex side would in
rease asthe magnitude of the bending 
urvature in the main 
olumn element be
omes larger, whilethe strain energy within the stays on the 
on
ave side would de
rease 
ommensurately.Eventually, one or more stays on the 
on
ave side of the 
olumn go sla
k when the 
olumnend displa
ement rea
hes 
ertain values. Sin
e the stays 
annot resist 
ompression orbending it implies that 
omponents of the strain energy should e�e
tively vanish when thestay strains de
rease to zero and below. To model this dis
ontinuous behaviour in terms ofthe strain energy, a series of swit
hes Si are introdu
ed into the energy formulation, hen
e:

Us =
1

2
EsAs

8
∑

i=1

Siliǫ
2
i , (18)where:

Si =

{

1 ǫi > 0,

0 ǫi < 0.
(19)Note that during the intera
tive bu
kling pro
ess, the stays on the 
on
ave side may be
omesla
k at various di�erent times owing to the broken symmetry introdu
ed as the symmetri
Mode 1 and the antisymmetri
 Mode 2 
ouple nonlinearly.2.5. Strain energy from bendingStrain energy from bending exists in the 
olumn and the 
rossarm elements. With theintrodu
tion of the respe
tive shape fun
tions, the bending energy of the main 
olumn Ucbis obtained by the expression:

Ucb =
1

2
EcIc

∫ L

0

W ′′2 dx, (20)where Ic is the se
ond moment of area of the main 
olumn element. The bending energystored in the three sets of 
rossarms on the right-hand side and the left-hand side of the11



main 
olumn are obtained from the respe
tive expressions:
URi =

1

2
EaIa

∫ ai

0

Ẅ 2
Ri dy, ULi =

1

2
EaIa

∫ ai

0

Ẅ 2
Li dy, (21)where Ia is the se
ond moment of area of ea
h 
rossarm element, whi
h are all assumedto have the same value 
urrently. In these two expressions i = {1, 2, 3} with a1 = a3 = aeand a2 = am, as before.2.6. Strain energy from axial 
ompressionAs shown in Figure 7, the main 
olumn is assumed to have a purely 
ompressive dis-pla
ement δcL and due to the high slenderness of the main 
olumn, it is assumed to beindependent of W (x). Hen
e the 
ontribution to the strain energy Uca is given by theexpression:

Uca =
1

2
EcAc

∫ L

0

δ2
c dx. (22)The 
rossarms, in turn, are assumed to be inextensional and so the model is only in fa
tvalid for the prestressed 
olumn system with an initial prestressing for
e in Zone 3 (seeFigure 5), i.e. T > Topt, where all stays are in tension at the point of initial instability.The purpose for these assumptions is to simplify a highly 
omplex system to one that isfeasible to solve numeri
ally. However, previous work has demonstrated 
on
lusively thatthe system strength is maximized where T > Topt, as shown in the se
ond graph of Figure5. For lower prestressing levels, i.e. where T < Topt, the 
olumn has been deemed to besuboptimal either in terms of the load 
arrying 
apa
ity if T were very small or in termsof the post-bu
kling stability if T were less than but 
loser to Topt, where the responsewas generally found to be more sensitive to imperfe
tions without having the maximumin
rease in the 
riti
al bu
kling load [14, 15, 20℄.2.7. Total potential energyThe total potential energy of the system 
omprises the strain energy stored minus thework done by the external load P . The strain energy 
omprises the axial energy of themain 
olumn, the bending energies of the main 
olumn and the 
rossarms alongside thestrain energy stored from stret
hing the stays. Therefore the total potential energy V isobtained thus:

V = Uca + Ucb + Us +
3

∑

i=1

(URi + ULi) − PE , (23)where E is the 
olumn end displa
ement, thus:
E = L (δc + ∆) (24)and ∆L is given by the well-known expression for the inextensional end-shortening of astrut [38℄, thus:

∆L =
1

2

∫ L

0

W ′2 dx. (25)12



Equilibrium states of the system are found by invoking the stationary potential energy
riterion, hen
e:
∂V

∂δc

= 0,
∂V

∂Qj

= 0,
∂V

∂QRk

= 0,
∂V

∂QLk

= 0, (26)where the subs
ript j ranges from 1 to 2n (in
lusive) and the subs
ript k ranges from 1 to
3 (in
lusive). The �rst equation gives the pre-bu
kling path:

δc =
P

EcAc

(27)and the e�e
tive elimination of the passive 
oordinate δc. The remaining expressions lead toa system of 2n+6 simultaneous nonlinear algebrai
 equations that are formulated within thesymboli
 
omputation pa
kage Maple [39℄ and are subsequently solved numeri
ally usingthe 
ontinuation and bifur
ation software AUTO-07P [21℄. AUTO is a well-known andpowerful nonlinear solver that has the advantage of retaining the bifur
ational stru
ture ofthe system equations, it also 
omputes how the solutions evolve with parametri
 variationsand it has the fa
ility to swit
h between di�erent solution bran
hes.3. Finite element modellingA �nite element (FE) model developed within the 
ommer
ial pa
kage ABAQUS [33℄is also implemented. The purpose of the FE model is two-fold, �rstly to 
alibrate the
rossarm shape fun
tions used in the analyti
al model for linear bu
kling analysis and,se
ondly, to validate the subsequent nonlinear post-bu
kling results from the analyti
almodel. The 
olumn and the 
rossarms are modelled with beam elements and the staysare modelled with truss elements. In the same way as the analyti
al model, the simplysupported 
olumn and its 
rossarms are 
onne
ted rigidly, whereas the stays are pinned tothe ends of the 
olumn and the 
rossarms. The `No Compression' option within ABAQUSis enabled within the software to ensure that the stays are able to 
arry only tensile for
es.To investigate the post-bu
kling behaviour, linear eigenvalue analysis is 
ondu
ted �rstto obtain the distin
t bu
kling loads and eigenmodes. The bu
kling loads are used toevaluate the theoreti
al optimal prestressing for
e Topt, as des
ribed in �2.1. The bu
klingloads are also used to 
alibrate the parameter κ that was introdu
ed in Eq. (9). With theintrodu
tion of the prestress within the stays and a small imperfe
tion that 
omprises alinear 
ombination of the eigenmodes, the nonlinear Riks ar
length method [40℄ is usedwithin ABAQUS to investigate the post-bu
kling behaviour. Comparisons are made withthe analyti
al model for a variety of di�erent 
ases for validation purposes.4. Results and dis
ussionTo 
ondu
t the parametri
 study, the material and geometri
 properties that are �xedare presented in Table 1, the numeri
al values of whi
h are primarily based on previousstudies [13, 14℄. The 
rossarm length ratio γ = ae/am = 0.8 and the prestressing for
e inthe stays T = Topt are also �xed for the most part, but are varied at spe
i�
 points in the13



Table 1: Material properties and stru
tural dimensions of the triple-bay prestressed stayed 
olumns.Young's modulus of the main 
olumn and 
rossarms Ec = Ea = 201 kN/mm
2Crossarms Young's modulus Ea = 201 kN/mm

2Young's modulus of the stays Es = 202 kN/mm
2Outside diameter of the main 
olumn and 
rossarms φco = φao = 38.1 mmInside diameter of the main 
olumn and 
rossarms φci = φai = 25.4 mmLength of the main 
olumn L = 5080 mmYield stress of the main 
olumn fy = 355 N/mm

2Normalized slenderness of the main 
olumn λ̄ = 5.94Euler bu
kling load of the main 
olumn PE = 6.38 kNinvestigation. The normalized slenderness of the main 
olumn element λ̄ is de�ned by thewell known expression [41℄:
λ̄ =

√

Py/PE, (28)with Py being the squash load and PE being the Euler bu
kling load of the main 
olumnelement, where:
Py = Acfy, PE =

π2EcIc

L2
. (29)Two parameters, the stay diameter φs and the middle 
rossarm length am, are variedextensively in the 
urrent study. While investigating the e�e
t of varying φs, the ratio 2αmis �xed to 0.2; whereas while 2αm is varied φs is �xed to 3 mm.4.1. Bu
kling loadsIn the 
urrent study, eight generalized 
oordinates are introdu
ed to des
ribe the main
olumn shape to meet both the requirements of 
omputational e�
ien
y and model a

u-ra
y (from Eq. (5): n = 4); the shape therefore 
omprises four symmetri
 alongside fourantisymmetri
 
omponent waves. The model has therefore a total of 14 degrees of freedomplus the purely 
ompressive displa
ement 
omponent δc.In previous work [14℄, the analyti
al predi
tion of the antisymmetri
 bu
kling load wasrelatively poor as 
ompared to the 
orresponding symmetri
 bu
kling load. Hen
e theparameter κ, whi
h was introdu
ed in Eq. (9), is parametrized and 
ompared numeri
allyagainst the FE model formulated within Abaqus. For the 
urrent geometry, it was deter-mined that a good predi
tion was found for κ = 0.55, where the analyti
al and FE bu
klingloads for Mode 2 �rst 
oin
ide with Mode 1 at the same values of φs and 2αm. Hen
e thisvalue is used in all the subsequent analyti
al results presented. However, if the size of themain 
olumn 
ross-se
tion were to be 
hanged relative to those of the 
rossarms, it is likelythat κ would need re-
alibration.Figure 8 shows the linear bu
kling loads with both the stay diameter φs and the middle
rossarm length 2αm varying. While φs varies, Mode 1 is 
riti
al when φs is small. Alongwith the in
rease of the stay diameter φs, the bu
kling loads of Modes 1 and 2 be
ome
loser and interse
t at approximately φs = 2.5 mm. Mode 2 then be
omes 
riti
al until

φs rea
hes 3.8 mm, where Mode 1 be
omes 
riti
al on
e again. Similarly, while 2αm varies14



(a) φs varying (b) 2αm varyingFigure 8: Bu
kling loads PC
i

for Mode i obtained from the analyti
al model with (a) the stay diameter φsand (b) the middle 
rossarm length 2αm varying.Mode 1 governs initially until 2αm is approximately 0.15; subsequently Mode 2 is 
riti
alfor higher values of 2αm.Figure 9 shows the 
omparisons of the bu
kling loads between the analyti
al and FEmodels with both φs and 2αm varying. The 
omparisons show ex
ellent agreement espe-
ially for Mode 1, owing to the fa
t that the middle 
rossarms during Mode 1 bu
kling donot bend. The results justify the numeri
al sele
tion of κ. It is also noteworthy that thestayed system in
reases the 
riti
al bu
kling load by up to a fa
tor of approximately 15 forthe 
onsidered 
on�guration. However, given that the normalized slenderness of the main
olumn is 5.94, the 
riti
al bu
kling load of the prestressed stayed system only rea
hes upto approximately 50% of the squash load Py of the main 
olumn element, whi
h in the
urrent 
ase is 225 kN. Hen
e the assumption of purely elasti
 behaviour is justi�ed as inprevious work [7, 18, 42, 34℄, and the investigation of the e�e
t of material yielding is leftfor future work.4.2. Nonlinear bu
klingThe prin
ipal fo
us of the 
urrent study 
on
erns the post-bu
kling behaviour. Apartfrom bu
kling with purely Mode 1 or Mode 2 being triggered, intera
tive bu
kling is alsoobserved in the equilibrium path espe
ially when the bu
kling loads of Modes 1 and 2are very 
lose. Figure 10 shows the equilibrium paths of the applied axial load P versusthe 
olumn end displa
ement E with φs = 3 mm while 2αm is varied. When 2αm isrelatively small, su
h as when 2αm = 0.1, Mode 1 governs throughout the post-bu
klingstage. As 2αm is in
reased, the paths of Modes 1 and 2 be
ome 
loser and both ultimateload 
apa
ities in
rease. When 2αm = 0.175, where Mode 2 is marginally 
riti
al and theultimate load 
apa
ities of both pure modes are very 
lose, intera
tive bu
kling 
an beobserved, see Figure 10(
), whi
h bifur
ates from Mode 2, then be
omes dominant beforethe equilibrium path interse
ts the path of pure Mode 1. When 2αm in
reases further,Mode 2 still governs 
riti
al bu
kling but the intera
tive path leading eventually to Mode15



(a) Mode 1 with φs varying (b) Mode 2 with φs varying

(
) Mode 1 with 2αm varying (d) Mode 2 with 2αm varyingFigure 9: Comparisons of the obtained bu
kling loads evaluated using the analyti
al and FE models forMode 1 (PC
1 ) and Mode 2 (PC

2 ) with the stay diameter φs and middle 
rossarm length 2αm varying.1 is not observed.Similarly, Figure 11 shows the equilibrium paths of the axial load P versus the 
olumnend displa
ement E with 2αm = 0.2 while φs is varied. When the stay diameter φs is small,Mode 1 governs throughout the post-bu
kling stage. As φs is in
reased, the ultimate load
apa
ities of Modes 1 and 2 be
ome 
loser and eventually Mode 2 begins to govern. Again,this time when φs = 2.5 mm, intera
tive bu
kling is observed; it dominates the behaviourfor a while before the path eventually returns to Mode 1. Cases with 2αm and φs varyingimply that when the 
riti
al loads of Modes 1 and 2 are very 
lose and Mode 2 is 
riti
al, thea
tual post-bu
kling behaviour is governed by mode intera
tion. This observation 
on
urspre
isely with previous FE studies for the single-bay [16℄ and the triple-bay 
ases [43℄.4.2.1. Mode intera
tionFigures 10 and 11 demonstrate that intera
tive bu
kling is observed when the bu
klingloads of Modes 1 and 2 are 
lose and is 
onsidered to be the most dangerous s
enario.The pro
ess for how the two modes intera
t is now dis
ussed. Initially when φs or 2αm16



(a) 2αm = 0.1 (b) 2αm = 0.15

(
) 2αm = 0.175 (d) 2αm = 0.25Figure 10: Equilibrium paths of the applied load P versus the 
olumn end displa
ement E with 2αmvarying while φs = 3 mm and γ = 0.8. All results are obtained from the analyti
al model.is small, the ultimate load 
apa
ity of Mode 2 is signi�
antly larger than that of Mode 1and only pure modes are observed during post-bu
kling. Along with the in
rease of φs or
2αm, when Mode 1 is still 
riti
al but the load 
apa
ities of the two pure modes are 
lose,a pair of passive intera
tion loops 
an be observed orbiting the pure Mode 1 bran
h, asshown in Figure 12(a). At the instan
e when the bu
kling load of Mode 1 ex
eeds thatof Mode 2, the passive intera
tion loop orbiting the pure Mode 1 post-bu
kling path isrepla
ed with a fully intera
tive bu
kling path with a 
hara
teristi
 loop that 
onne
tsthe post-bu
kling paths of both pure Modes 1 and 2, see Figure 12(
), whi
h was alsopredi
ted in a mu
h more simpli�ed model 
omprising rigid links and dis
rete springs inprevious work [17℄. The pro
ess begins by triggering Mode 2 at the �rst bifur
ation point
B1, then 
oordinate Q2 grows with Q1 = 0 until the se
ond bifur
ation point B2 beyondwhi
h intera
tive bu
kling is triggered and Q1 grows alongside Q2. The path eventuallyreturns to Mode 1 at the third bifur
ation point B3. The 
omplete pro
ess is also known17



(a) φs = 1.5 mm (b) φs = 2.0 mm

(
) φs = 2.5 mm (d) φs = 3.5 mmFigure 11: Equilibrium paths of the applied load P versus the 
olumn end displa
ement E with φs varyingwhile 2αm = 0.2 and γ = 0.8. All results are obtained from the analyti
al model.as `mode jumping' [44℄. This intera
tive post-bu
kling response is in fa
t the dominantbehaviour, even though Mode 2 is 
riti
al, and the load 
arrying 
apa
ity is seen to redu
esubstantially during this pro
ess. Moreover, there is a sequen
e of potentially explosivesnap-ba
ks in the me
hani
al response where there are dis
ontinuities in slope; these aresignatures of the stays sla
kening sequentially on the 
on
ave side of the bu
kling 
olumnand may be 
onsidered to produ
e a `
ellular bu
kling' [27, 31℄ or `snaking' response [45, 46℄.If φs or 2αm are in
reased further and Mode 2 remains 
riti
al but the di�eren
e in theload 
apa
ities of the two distin
t modes is larger, the full intera
tion between Modes 1and 2 is no longer observed. Instead, a pair of passive intera
tion loops 
an be observedorbiting the pure Mode 2 post-bu
kling path, see Figure 12(b), in pre
isely the same wayas they had existed in Figure 12(a) orbiting the pure Mode 1 post-bu
kling path.Figure 13 shows the distribution of Q1 versus Q2 with 2αm varying from 0.175 to 0.2,where the value of the Mode 1 bu
kling load just ex
eeds that of Mode 2, but is still very18
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(
) Full intera
tion: mode jumping from Mode 2 to Mode 1Figure 12: Three-dimensional plots of the equilibrium paths of P versus Q1 and Q2 with 2αm = 0.2,
γ = 0.8 and (a) φs = 1.5 mm, (b) φs = 3.0 mm and (
) φs = 2.5 mm; (a) and (b) show passive intera
tionsorbiting individual Modes 1 and 2 respe
tively, whereas (
) shows a full intera
tion loop 
onne
ting bothModes 1 and 2 with the mode jumping from Mode 2 to Mode 1 in a single pro
ess.19



(a) 2αm = 0.175, PC
1 /PC

2 = 1.039 (b) 2αm = 0.183, PC
1 /PC

2 = 1.060

(
) 2αm = 0.191, PC
1 /PC

2 = 1.059 (d) 2αm = 0.200, PC
1 /PC

2 = 1.054Figure 13: Equilibrium paths of Q1 versus Q2 when φs = 3 mm and γ = 0.8 with in
reasing 2αm showingdi�erent sizes of intera
tive bu
kling loops and paths where the mode jumping pro
ess o

urs.
lose. It 
an be seen that the size of the intera
tive loop be
omes larger, along with thein
rease of 2αm, as the pra
ti
al e�e
t of mode intera
tion be
omes less signi�
ant sin
e
2αm values are further away from the point where the 
riti
al loads 
oin
ide, as shown inFigure 8(b). The loop, in fa
t, eventually breaks at a 
ertain point, after whi
h the fullyintera
tive behaviour is not observed in the analyti
al model and only passive intera
tionswith the paths orbiting individual pure modes are observed, as shown in Figure 12(a�b).Figure 14 shows the sequen
e of behaviour that depi
ts the stage-by-stage transforma-tion of the bu
kling shape in the mode jumping pro
ess. Initially, the system hits the �rstbifur
ation point B1 and Q2 grows towards the se
ond bifur
ation point B2, see Figure14(a). Sin
e Q1 = 0 and all of the stays are in tension, the bu
kling forms as the purelyantisymmetri
 shape (Mode 2) at this stage. When the path rea
hes the bifur
ation point
B2, the strain in the �rst stay on the 
on
ave side (stay 8 as depi
ted � see Figure 3(a)for stay label de�nitions) just de
reases to zero simultaneously, it be
omes sla
k and mode20
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Figure 14: The detailed transformation of the post-bu
kling pro�le in the nonlinear mode jumping pro
ess.The solid 
ir
le shows the 
ombination of Q1 and Q2 for the 
orresponding deformation pro�le shown in(a�e).intera
tion is �rst triggered, see Figure 14(b). When the path passes the next slope dis-
ontinuity, another stay goes sla
k (stay 7 as depi
ted), as shown in Figure 14(
). On
ethe path rea
hes the top-right 
orner of the intera
tive loop, the third stay be
omes sla
k(stay 6 as depi
ted) and from this point, the bu
kling shape more or less resembles Mode1 rather than Mode 2, as shown in Figure 14(d). Finally, when the path eventually arrivesat B3, the mode jumping pro
ess �nishes and the transformation from pure Mode 2 topure Mode 1 is 
omplete, as shown in Figure 14(e) with the �nal stay going sla
k (stay 5as depi
ted).Owing to the fa
t that when intera
tive bu
kling leads to mode jumping the stru
tural
omponent has the most severely unstable response, it is of paramount pra
ti
al importan
eto determine in whi
h 
ombinations of system parameters this o

urs. Passive Mode 1intera
tion o

urs when Mode 1 is 
riti
al but the load 
apa
ities of Modes 1 and 2 are
lose, see Figure 12(a). The size of the passive loop be
omes larger along with the in
reaseof φs or 2αm and the passive intera
tion is repla
ed by full intera
tion with mode jumpingwhen Mode 2 just be
omes 
riti
al. The mode jumping intera
tion loop be
omes largeralong with the in
rease of φs or 2αm, as shown in Figure 13, and eventually breaks whereit is repla
ed by passive Mode 2 intera
tion, see Figure 12(b). Unlike the passive Mode21



1 intera
tion and the full mode jumping intera
tion, the passive Mode 2 intera
tion loopbe
omes smaller along with the in
rease of φs or 2αm. In the 
urrent study, when theamplitude of Q1 within the passive Mode 2 intera
tion loop is smaller than 0.0025, it isassumed that the 
ontribution of the symmetri
 mode is very small, the passive intera
tionis deemed to be negligible and the bu
kling mode is 
onsidered to be purely Mode 2. Thissize of lateral midspan de�e
tion, measured as Q1L, de�ned as L/400, is in a

ord withmanufa
turing toleran
es for the design of stru
tural steel 
omponents [47℄.Figure 15 shows the 
on�gurations where mode jumping and the passive intera
tions are
pure Mode 1

pure Mode 2

Mode 2 interaction

Mode 1 interaction

mode jumping

2αm

(a) γ = 0.6

pure Mode 1

pure Mode 2

Mode 2 interaction

Mode 1 interaction

mode jumping

2αm2αm

(b) γ = 0.7

2αm2αm

pure Mode 1

pure Mode 2
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Mode 1 interaction
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(
) γ = 0.8

pure Mode 1

Mode 2 interaction

Mode 1 interaction

mode jumping

2αm2αm

(d) γ = 0.9Figure 15: Parametri
 spa
es of 2αm, φs and γ showing regions where mode intera
tions that 
ause modejumping (i.e. full intera
tion between Modes 1 and 2 with 
ellular bu
kling) and passive intera
tions.signi�
ant with the stay diameter φs, the ratio 2αm and the 
rossarm length ratio γ varying.It 
an be seen that there is a wider range of 
on�gurations where intera
tive bu
kling o

urswith relatively small φs and large 2αm values. When γ = 0.6 and 0.7, the parametri
 spa
e22



of mode jumping and passive intera
tion ranges from the region with large 2αm and small
φs values to the region with small 2αm and large φs values relatively smoothly. When
γ = 0.8, whi
h is the value used for most of the presented results in the 
urrent work, it
an be seen from Figure 16 that the point of 
oin
iden
e for bu
kling loads of Modes 1 and

(a) φs = 2 mm (b) φs = 3 mm (
) φs = 4 mm

(d) φs = 4.5 mm (e) φs = 5 mm (f) φs = 6 mmFigure 16: The bu
kling loads of Modes 1 and 2 with 2αm and φs varying while γ = 0.8.2 
hanges dramati
ally from 2αm being approximately 0.15 to approximately 0.34 whilein
reasing φs from 3 mm to 4.5 mm. Therefore a signi�
ant 
hange in the parametri
 spa
eof mode jumping and passive pure mode intera
tion is observed in this range. This 
hange
an be attributed to the sudden 
hange in the position of the interse
tion of the linearbu
kling loads, as seen in Figures 16(b) and 16(d). It 
an also be seen that when γ = 0.9,intera
tive bu
kling only o

urs at very small φs and very large 2αm values, owing to thefa
t that Mode 2 is only 
riti
al for very large 
rossarm lengths. The reason for this is thatthe stay for
e 
omponent a
ting as a restraint on the main 
olumn through the midspan
rossarms is relatively mu
h lower in magnitude than for smaller values of γ presented inthe graphs in Figure 15(a�
); this is simply related to the 
ommensurate redu
tion in theangle βm as shown in Figure 3(a).4.3. Sensitivity to initial prestressing for
eThe ben
hmark prestressing for
e Topt, used in all the results presented in the studyhitherto, was evaluated through Eq. (1). As mentioned before, Topt is derived purelyfrom an elasti
 model based on linear eigenvalue analysis, whi
h may not be the a
tualoptimal prestressing for
e for the stayed 
olumn in terms of the true load 
arrying 
apa
ityand post-bu
kling stability. Figure 17 shows the equilibrium paths of the applied load P23
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ε(b) Mode 2Figure 17: Equilibrium paths of the applied load P versus E with the prestress T varying while φs = 2 mm,
2αm = 0.2 and γ = 0.8. Note the in
reasing plateau size and the higher residual load in the initial andadvan
ed post-bu
kling stages respe
tively with in
reasing T .versus the end displa
ement E with the prestressing for
e T varying while φs = 2 mm,
2αm = 0.2 and γ = 0.8. It 
an be seen that in both 
ases for Modes 1 and 2, in
reasing theprestressing for
e from Topt results in a very slight de
rease in the load 
apa
ity but makesthe post-bu
kling behaviour signi�
antly more stable. This implies that the prestressedstayed 
olumn would bene�t more from the prestressing for
e being larger than Topt. Theinvestigation of determining the a
tual optimal prestressing for
e is left for future work,but it is noted that it would be signi�
antly higher than Topt, as found for the single-bay
ase [19℄. It is worth re
alling that 
olumns with prestressing for
es less than Topt wouldhave signi�
antly less bu
kling load 
apa
ities, as depi
ted in Figure 5.Figure 18 shows the equilibrium paths of the intera
tive bu
kling 
ase with the pre-stressing for
e T varying while φs = 2.5 mm and 2αm = 0.2. It 
an be seen that theintera
tive bu
kling loops be
ome larger and the snap-ba
ks be
ome more pronoun
edalong with the in
reasing of the prestressing for
e T . When the 
olumn is loaded axiallyand begins to de�e
t laterally, the stays on the 
on
ave side of the 
olumn need more de-formation to eliminate the initial prestress and go sla
k sin
e the initial strain is larger. Asa result, the bifur
ation points, where the stays go sla
k, are further away from the initial
riti
al bifur
ation point. The identi
al phenomenon 
an also be observed in Figure 17,where the distribution of the peak load plateau is extended by in
reasing the prestressingfor
e from Topt. Of 
ourse, there is a limit on the level of the prestressing for
e T , whi
hrelates dire
tly to the intrinsi
 
ompressive 
apa
ity of the main 
olumn element, eitherfrom elasti
 instability or material failure.4.4. Validation of post-bu
kling results from analyti
al modelThe same stru
tural geometries and material properties are used in the FE model to
ondu
t both linear and nonlinear analyses. Owing to the requirement of introdu
ing24
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3Topt

2Topt
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(b) Q1 versus Q2Figure 18: Equilibrium paths of the intera
tive bu
kling 
ase with the prestressing for
e T varying while
φs = 2.5 mm, 2αm = 0.2 and γ = 0.8. Note the in
reasing plateau size and the higher residual load in theinitial and advan
ed post-bu
kling stages respe
tively with in
reasing T in (a).imperfe
tions as perturbations to obtain the near-perfe
t post-bu
kling response, an am-plitude of L/10000 is sele
ted to ensure a fair 
omparison with the analyti
al model. Amixture of the perturbations from the �rst two pure modes are used to trigger intera
tivebu
kling in the FE model. Figures 19 and 20 show the 
omparisons between equilibriumpaths of the applied load P versus the 
olumn end displa
ement E for both 2αm and φsvarying respe
tively. It is seen that the maximum load 
arrying 
apa
ity and the nonlinearpost-bu
kling response 
ompare ex
ellently for all 
ases, espe
ially for Mode 1 sin
e themiddle 
rossarms do not bend during symmetri
 bu
kling; hen
e there is less potentialerror introdu
ed into the model from the shape fun
tions of the 
rossarms.Figure 21 shows the 
omparisons of two intera
tive bu
kling 
ases with mode jumping.The results show ex
ellent agreement between the analyti
al and FE models, whi
h impliesthe 
urrent analyti
al approa
h 
aptures the intera
tive bu
kling behaviour both qualita-tively and quantitatively. Figures 22 and 23 show the 
omparisons of the post-bu
klingpro�les between the analyti
al and FE models at the peak load and when E = 20 mm for
2αm = 0.1 and 0.25 while φs = 3 mm for pure Modes 1 and 2. The 
omparisons showex
ellent visual agreement in terms of bu
kling pro�le between the two models. Figures24 and 25 show the 
orresponding 
omparisons of post-bu
kling pro�les between the an-alyti
al and FE models at the peak load and the intera
tive bu
kling region with 
ases:(1) 2αm = 0.2 and φs = 2.5 mm; (2) 2αm = 0.175 and φs = 3 mm. The 
omparisons alsoshow ex
ellent visual agreement in terms of bu
kling pro�le at the peak load and when the
olumn end displa
ement is small. Moreover, very good visual agreement is obtained whenthe 
olumn end displa
ement is relatively large. This, again, demonstrates that the ana-lyti
al model established 
urrently is quite 
apable of predi
ting the nonlinear behavioura

urately both qualitatively and quantitatively.25



(a) 2αm = 0.1 � Mode 1 (b) 2αm = 0.1 � Mode 2
(
) 2αm = 0.15 � Mode 1 (d) 2αm = 0.15 � Mode 2
(e) 2αm = 0.175 � Mode 1 (f) 2αm = 0.175 � Mode 2
(g) 2αm = 0.25 � Mode 1 (h) 2αm = 0.25 � Mode 2Figure 19: Comparisons of equilibrium paths of the applied load P versus the 
olumn end displa
ement Ewith 2αm varying while φs = 3 mm and γ = 0.8. The graphs show the 
ases where (a, 
, e and g) pureMode 1 or (b, d, f and h) pure Mode 2 perturbations are introdu
ed into the FE model.26



(a) φs = 1.5 mm � Mode 1 (b) φs = 1.5 mm � Mode 2
(
) φs = 2.0 mm � Mode 1 (d) φs = 2.0 mm � Mode 2
(e) φs = 2.5 mm � Mode 1 (f) φs = 2.5 mm � Mode 2
(g) φs = 3.5 mm � Mode 1 (h) φs = 3.5 mm � Mode 2Figure 20: Comparisons of equilibrium paths of the applied load P versus the 
olumn end displa
ement Ewith φs varying while 2αm = 0.2 and γ = 0.8. The graphs show the 
ases where (a, 
, e and g) pure Mode1 or (b, d, f and h) pure Mode 2 perturbations are introdu
ed into the FE model.27



(a) φs = 3 mm and 2αm = 0.175 (b) φs = 2.5 mm and 2αm = 0.2Figure 21: Comparisons of equilibrium paths of the applied load P versus the 
olumn end displa
ement
E for the 
ases exhibiting intera
tive bu
kling. In this 
ase, the FE model has a 
ombination of Modes 1and 2 for the initially perturbed shape and γ = 0.8.

(a) Peak load (b) E = 20 mm (
) Peak load (d) E = 20 mmFigure 22: Comparisons of post-bu
kling pro�les between the analyti
al and the FE model at the peakload and when E = 20 mm with 2αm = 0.1, φs = 3 mm and γ = 0.8 (left: FE; right: Analyti
al). Theampli�
ation fa
tor is 5 for visualization purposes; (a�b) show Mode 1; (
�d) show Mode 2.28



(a) Peak load (b) E = 20 mm

(
) Peak load (d) E = 20 mmFigure 23: Comparisons of post-bu
kling pro�les between the analyti
al and the FE model at the peakload and when E = 20 mm with 2αm = 0.25, φs = 3 mm and γ = 0.8 (left: FE; right: Analyti
al). Theampli�
ation fa
tor is 5 for visualization purposes; (a�b) show Mode 1; (
�d) show Mode 2.
29



(a) Peak load (b) E = 4 mm (
) E = 5 mmFigure 24: Comparisons of post-bu
kling pro�les between the analyti
al and the FE model at the peakload and the intera
tive bu
kling region where 2αm = 0.2, φs = 2.5 mm and γ = 0.8 (left: FE; right:Analyti
al). The ampli�
ation fa
tor is 5 for visualization purposes.

(a) Peak load (b) E = 8 mm (
) E = 12 mmFigure 25: Comparisons of post-bu
kling pro�les between the analyti
al and the FE model at the peakload and the intera
tive bu
kling region where 2αm = 0.175, φs = 3 mm and γ = 0.8 (left: FE; right:Analyti
al). The ampli�
ation fa
tor is 5 for visualization purposes.30



5. Con
luding remarksA nonlinear analyti
al model formulated with potential energy prin
iples in 
onjun
tionwith the Rayleigh�Ritz method has been presented. Shape fun
tions for ea
h part of thestru
ture were used to derive to the total potential energy stored in the entire system. Bothlinear and nonlinear analyses were 
ondu
ted with parametri
 variations. The model results
learly revealed, for the �rst time, the detailed pro
ess explaining how the two prin
ipalbu
kling modes intera
t when their 
orresponding loads are in relatively 
lose proximity. Itwas also 
learly identi�ed that mode intera
tion in prestressed stayed 
olumns is intimatelylinked to the stay sla
kening and 
rossarm bending phenomena, whi
h were su

essfullymodelled in the 
urrent study. Moreover, it is found that if the antisymmetri
 Mode 2is marginally 
riti
al, the a
tual post-bu
kling response is dominated by nonlinear modalintera
tions that feature mode jumping and, to some extent, 
ellular bu
kling. Thereforethere is a potential danger in overestimating the nonlinear load 
arrying 
apa
ity if Mode2 is 
riti
al. The parametri
 ranges where intera
tive bu
kling, in
luding mode jumpingand 
ellular bu
kling, is most signi�
ant were also identi�ed and presented for di�erentstru
tural 
on�gurations. It was not only demonstrated that the ben
hmark prestressingfor
e Topt promotes the most undesirable behaviour in terms of post-bu
kling instability,but also that this may be mitigated by simply in
reasing the initial prestressing for
e.The plan for the immediate future is to develop the analyti
al model by introdu
inggeometri
 imperfe
tions, allowing the model to investigate more pra
ti
ally realisti
 
ases.The a
tual optimal prestressing for
e in terms of the load 
arrying 
apa
ity and post-bu
kling stability will also be investigated more fully, whi
h will allow for robust guidan
eon designing su
h 
omponents to be formulated.Referen
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