CORRECTIONS

rpage line wrong correct
no. |no.
4 10 cencerely sincerely
10 12 bondary boundary
15 26 rotating this rotating
20 6 Fig.l.6 Fig.l.5
22 9 r.p.m. rev/min
26 |eq(l.17) » v
26 | 21 fullly fully
28 24 r.p.m. rev/min
32 |Fig.l.14 | secindary secondary
45 23 Reynolds a Reynolds
46 |Fig.l.21| 2 X
53 5 methods method
53 13 checked checks
54 8 shew show
57 18 these this
57 21 equations equations for
58 4 developmens developments
58 8 momentom momen tum
60 3 are have
60 21 stess stress
6l 6 as as a
69 18 apprximation approximation
84 4 the that the
84 7 influence influence that
86 4 cinditions conditions
87 4 proceeds proceed
88 7 flows flow
89 14 Genral General
90 |[Fig.4.1 | SCREAN SCREEN
95 26 tength tenth
101 1o an a
105 |Fig.4.12 | FRECUANCY FREQUENCY
108 | 10 weere were g
116 19 in are shown are shown in
133 16 centripetal centripetal
135 13 Skiaderessis Skiadaressis
152 |" "6 Stevenson - Stephenson
154 21 decreased. decreased, and is displaced away from the symmetry
line for the cases III and IV due to strong body
forces effect.
154 | 24 U/W,=22% U/W,=17%
154 | 25 V/Wp=15% V/W=19%
154 29 is increased. is increased. The maximum dimensionless temperature
is displaced away from the symmetry line for case IV.
166 21 not also
166- | 25 50% 18%
166 26 60% 26%
204 16 these trend are this trend is
227 HUMPHREY HUMPHREYS
233 | 26 SPLDING SPALDING
237 25 dimenssionless dimensionless




TURBULERT FLOW IN CURVED

AND ROTATING TUBES

BY

MOHSEN MOHAMED ENAYET

Thesis Submitted For The Degree Of
Doctor Of Philosophy
In The Faculty Of Engineering
University Of London
And
For The Diploma Of Membership

Of Imperial College

Fluid Section
Mechanical Engineering Department

Imperial College Of Science And Technology

LONDON SW7 2BX

April 1983



2

ABSTRACT

The body forces imposed on flocws in pipes induce secondary flows
in planes perpendicular to the axes, resulting in non-symmetrical
axjal-velocity and temperature profiles which modify the resistance to
the flow and the rate of heat transfer. Two different test-cases have
been studied: the first being the flow in a rotating pipe, of circular
cross section, about an axis parallel to the centre line; the second
being the isothermal flow in 90 degree bends with mild and strong

curvature.

For the rotating pipe flow, a computer code using a
finite-difference method has been developed to solve the conservation
equations governing three-dimensional turbulent flow including the
effects of bcdy force and heat transfer. Two different turbulence
models have been used: the first model is based on transport equations
for the kinetic energy cof turbulence k and its rate of dissipation ¢,
which are solved simultanecusly with the mean flow momentun,
continuity and enthalpy equations. This model has been applied to
developing pipe flows. The second model is based on a set of
algebraic Reynolds stress and heat flux equations which have been
applied to the prediction of fully-developed flows. The results
obtained have been compared where possible with avajlable experimental

data.

The fiow in the 90 degree bend has been investigated
experimentally and numerically. A water rig with a 90 degree bend of
circular cross-section was constructed with a ratio of radius of
curvature to pipe diameter equal to 2.8. The axial velocity contours

with developing fliow were measured using a laser Doppler anemometer



for both laminar and turbulent <flows. The wall static pressure
distribution has also been measured. Experimental results have also
been obtained for turbulent flow in a square cross section duct with a
90 degree bend in which the ratio of radius of curvature to
cross-sectional width has been 7. Another computer program has been
developed to solve the flow in curved pipes, using two solution
procedures. A so-called "parabolic" calculation procedure has been
used for mildly curved pipes. For the case of strongly curved ducts,
a so-called "partially-parabolic" calculation procedure was found to

be necessary.
The principal results of the research are:

1~ Computer codes intended for practical calculations of laminar and
turbulent flow with heat transfer in
a) tubes rotating about a parallel axis
b) tube bend of arbitrary curvature.
2- Velocity data for 1laminar and t{urbulent flow in pipe bends

suitable for calibration and testing calculation methods.
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CHAPTER 1

INTRODUCTION

1.1 The Problem Considered

When the flow in pipes is subjected to a body force a secondary
flow in the plane perpendicular to its centre line will be induced.
This seccndary flow modifies the flow behaviour so as to increase the
resistance to flow and the rate of heat transfer. Many important
types of flow in engineering appiications are subjected to body
forces, such as flow in pipes with gravitational effects, flow in

bends and flew in rotating pipes.

The present study describes two types of flow in pipes with body
forces; the first is the fliow with heat transfer in circular
cross-section ducts rotating about an axis parallel to its centre
line. The seccnd type of flow is isothermal flow in 90° bends with

both circular and rectangular cross-sections.

The increasing demand for efficient cooling techniques for
rotating machinery indicates the practical significaﬂce of the problem
of heat transfer and fluid flow in the entry region of a heated tube
which revolves about a displaced and parallel axis. As service
conditions become more arduous, more accurate understanding and
prediction of heat transefer in such passages become more important.
The power output from electrical generators is partially restrictéd by
the permissible operating temperature of the insulation which
surrounds the armature windings. To prevent thermal break-down of the
insulation there are clear advantages to be obtained by circulating a

suitable coolant along passages located within the rotor conductors.



10

Gas cooling, notably by hydrogen, has been adequate for generators of
moderate power output, but designs involving water cooling have become
more attractive and suitable for machines rated in excess of about 500
MW (Anon, 1968). For generators nominally rated at 1000 MW, water

cooling can produce an improvement of 0.5% in the effeciency.

As a fluid flows through a straight duct and into a bend the
pressure, which -in the straight section- is uniform across the flow,
must adjust in the bend to counter centrifugal forces. The pressure
is greatest at the outer wall farthest from the centre of curvature
and 1least at the inner wall and the cross-stream pressure gradient in
the bend has two well known effects on the flow. At +the bend inlet
the b;%dary layer on the outer wall experiences the effects of a
positive streamwise pressure gradient which may in a tight bend be
strong enough to produce local separation; conversely, the inner wall
boundary layer is accelerated. The reverse occurs at the pipe exit
where local pressure gradients of the opposite sign appear as the flow
ad justs to uniform pressure conditions downstream. Inside the bend,
the presence of side wall boundary layers ensures thdat the conditions
for radial equilibrium cannot be satisfied exactly over the entire
field. The slow-moving fluid in these 1layers is forced inwards
towards the centre of curvature, and continuity ensures that the high
speed fiuid near the axis is driven outwards. The result is a

secondary flow superimposed on the main flow.

If the bend is of circular crossksection, the effect of the
secondary flow is to displace the region of maximum velocity from the
centre towards the outer wall. If, however, the boundary layers are
thin and the secondary flow is weak the velocity distribution in the

inviscid central core approximates to that of a free vortex with



velocity increasing towards the centre of curvature. The effects of
longitudinal curvature on the boundary layers on the inner and outer
walls also tend to counteract the effects of pressure-driven secondary
flow. In the inner boundary layer the shear stress is reduced by
curvature and the boundary 1layer grows relatively slowly. In the
outer boundary layer the shear stress is increased and the 1layer is
retarded and thickened. The effects of curvature on the turbulence in
turbulent ©boundary 1layer flow are an order of magnitude greater and
may be large enough to counteract the effects of secondary flow and to
play a significant role in determining the flow structure, (Bradshaw,

1973).

The presence and origin of secondary flow in bends have been
known and understood although obvious measurement difficulties
associated with  probe explorations have hindered detailed
investigation and have 1largely restricted experiments to flow
visualization studies and overall pressure loss measurements. The
total friction loss of energy near the wall of the pipe increases due
to secondary flow. This increase in resistance is rather small when
the curvature of the pipe is small, but may be considerable if it is

sufficiently curved.

1.2 Previous ¥Work On The Flow Through Ducts Rotating

About A Parallel Axis

In recent years a number of theoretical, numerical and
experimental studies have been undertaken on flow and heat transfer in
tubes which rotate about an axis parallel to the centre 1line of the
tube with uniform angular velocity Q. The arrangement and notation

are shown in Fig.tl.1.
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1.2.1 Analytical Solutions

A) Laminar Flow:

I- Isothermal Flow:

Morris (1965a) studied isothermal fully-developed case using the
cylindrical polar co-ordinate system with reference to rotating frame.
The momentum  and continuity egquations used are as follows:
V(3V/ar) + U(aV/rao) + W(3V/az) - U2/r = -(3p/ar)/p

+ wivV - v/r% - 2(30/r36)/r}

+ 20.Q + (r+H.cos6). 02 (1.1)

+

V(au/ar) + U(3U/rap) + W(3U/3z) + U.V/r = -(3p/rd3d)/p

+ v{V2U+2(aV/r30) /r - U/r%)

- 2U.Q - H.sinB. Q2 (1.2)
V(3w/ar) + U(3W/r3e) + W(3wW/3z) = -(3p/3z)/p + v, V% (1.3)
3(rV)/3r + 3U/36 + 3(rW)/3z = O (1.4)

where: V° = (32/3r2) + (3/3r)/r + (32/862)/r2 + (82/822)

and v is the kinematic viscosity.

The continuity equation may be satisfied by defining a

dimensionless stream function V¥, by the following relationship:
U = v(ay/36)/r and vV = - v(3y/er) (1.5)

Elimination of the pressure terms in equations (1.1 and 1.2)
eliminates the dependency of Y, and hence the secondary flow, on
rotational speed. Thus secondary flow is not induced, and the

pressure distribution must take the form:
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P=vyz + p(r,6) (1.6)
where % is the axial pressure gradient, and p(r,8) is obtained from

equations (1.1 and 1.2) thus:

p(r,8) = o. Qz.r2/2 + Herape 02, c0s8 + A (1.7)

where A is some arbitrary constant.

Thus the modification to flow conditions as a consequence of
rotation is made manifest solely as a pressure distribution in the
(r,6) plane which is superimposed on the pressure field present with

zero rotation.

II- Flcw With Heat Transfer:

Morris (1965b) continued his study to see the influence of
rotation on the fully-developed flow with heat transfer. The geometry
used was a rctating vertical cylindrical tube similar to that shown in
Fig.1.1. While the tube rotates, fluid is pumped through in an upward
direction and the tube wall is subjected to a uniform temperature
gradient. The conservation equations (1.1 to 1.4) were solved using a
series expansion in ascending povers of the £otational Rayleigh

number, defined as:

Ra_ = 8. 02.7.H.r'/(a.v) (1.8)
r 0
where: B is the coefficient of expansion, o is the thermal

diffusivity and 1 is the axial temperature gradient.

The terms containing £ in equations (1.1 and 1.2) produce
"centrifugal-buoyancy" effects when fluid temperature gradients are
present, and the fluid density must vary with temperature. Morris
assumed that this variation is small, however, to be ignored in all

terms except the buoyancy forece in the momentum equations. It was
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assumed that the wall material is of high thermal conductivity so that
any circumferential temperature variations could be ignored. The
resulting solution was an approximate one and valid only for low rates
of heating. It was shown that rotation produces secondary flow in the
plane perpendicular to the axis resulting in non-symmetrical
axial-velocity and temperature profiles and changes in the resistance
to flow and rate of heat transfer. It was shown that the resistance
coefficient Cf and the Nusselt number Nu were greater than the values
obtained with stationary tube. It was also shown that the percentage
increase in resistance was greater than the corresponding increase in
heat transfer. In this type of flow three components of convection
may be identified. Circulation of the fluid through the tube is
maintained by an axial pressure gradient, so that forced convection
results in a constant value of Nu. Owing to gravitational buoyancy in
the axial direction, this Nu was modified, the magnitude of the
alterations being characterized by the gravitational Rayleigh number,

defined as:

Rag = B. T.g.rg/( a, v) . (1.9)

where g is the gravitational acceleration.

Rotational buoyancy due to centrifugal and Coriolis forces causes

convection currents across the ¢tube section, and Nu was modified
"

again. The citrifugal buoyancy was seen to depend on the product of

Rar and Reynolds number, defined as:

Re = -1 (3p/32)/(4V°.0) (1.10)

Another attempt has been made, by Mori and Nakayama (1967), to
solve the fully-developed case for rotating pipe with 1large angular

velocity by assuming secondary flow due to buoyancy. Flow and
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temperature fields were analyzed by dividing the fields into a core
region, where the effect c¢f the secendary flow is predominant as shown
in Fig.1.2, and a thin bcundary layer along the wall. 1In addition to
the axial pressure gradient, there exists the pressure distribution in
the cross section due to the body force. The pressure distribution in
the core region is in balance with the body force, and the secondary
flow was regarded as being uniform. However, in the boundary layer,
the force balance between the body force and the pressure gradient in
the cross section breaks down so that the difference between these
forces causes a secondary flow along the pipe wall. When the
secondary flow is set up, scme of the work done by the axial pressure
gradient is transferred to the secondary flow, and dissipation by
viscous diffusion near the wall. The specific relation for the flow
in a rotating pipe is obtained from the momentum eqation in the
circumferential directicn which expresses force balance between the
body force in the streng centrifugal field and viscous resistance
against the secondary flcw at the pipe wall. The resistance
coefficient ratio Cf/cfo (where Cfo=64/Re for a Poisieulle profile for
stationary pipe flow) and the Nusselt number ratio Nu/Nuo (where
Nuo=48/11 for constant temperature gradient for stationary pipe flow)
were cbtained as functions of Prandtl number Pr and Re.Rar. They are
proportional to (Re.Rar)1/3 in the region of large values of Re.Ra ,
when the Coriolis' effect is disregarded. It was shown +that the
effect of Coriolis' force appears through the non-dimensional

parameter J, which was defined as follows:

J=2r2. 9/ (1.11)
and the corrections due to Coriolis' effect were applied to Cf/Cfo and

Nu/Nuo as shown in Fig.1.3.
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B) Turbulent Fiows

Heat transfer in turbulent fully-developed flow with constant
heat fiux was studied by Nakayama (1968). The same analysis used for
laminar flow by Mori and Nakayama (1967) was carried out for turbulent
flow. The increases in Cf and Nu due to secondary flow were obtained
in terms of Re/Tm/Z, where T is the ratio of the inertia force to the
body force. It was found that various parameters appearing in
different seccondary flow problems could generally be expressed by
Re/Fm/2 in either laminar flow (where m=1) or turbulent flow (where
m=4 for gases and m=5 for liquids for the type of flow considered
here). The increases in Cf and Nu in turbulent flow due to rotation,
as shown in Fig.1.4, were not so remarkable as those encountered in
laminar flow. The effect of Coriolis force was expressed in terms of
the ratio of Coriolis force to body force. However, this effect in
turbulent flow was so small that it was neglected in the analysis. It
was shown that the effect of secondary flow increases remarkably with

increasing angular velocity, if the other factors are kept constant,

and decreases with increasing mean velocity.

1.2.2 Experimental Work

Most of the experimental work carried out for rotating pipes has
been done using rigs similar to that shown in Fig.1.5. Heat transfer
measurements are available for different flow conditions and test

section geometries.

A) Laminar Flow Measurements:

Morris (1968 and 1969) studied the influence of rotationally

induced buoyancy on heat transfer in rotating tubes. Data for ©both
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water and glycerol were obtained using a rotating thermosyphon
apparatus as shown in Fig.1.6. Experiments showed much greater

sensitivity to rotation than was suggested by theoretical studies.

Morris and Woods (1974) obtained data for fully-developed air
flow in rotating pipes with uniform heat flux through the wall. The
apparatus used was similar to that shown in Fig.1.6, and the
experiments were carried out using two different test sections. Data
for air and data for water taken from Morris (1964) and used in this
paper, are shown in Fig.1.7. Morris and Woods (1977) continued this
work, using the same apparatus and test sections. They studied the
effect of rotation on heat transfer in the entrance region of the
rotating test sections. Each test section was electrically heated and
the axial wall temperature distribution was measured. The heater
power was measured with a conventional wattmeter. The external
convective loss varies with speed of rotation, and was estimated from
a series of heat loss calibrations. The conduction loss at each end
of the test section was estimated from knowledge of the tube wall
temperature distribution together with details of the cross sectional
dimensions and the material used. The local heat flux distribution
along the tube was determined by dividing the test section into a
number of segments and performing an energy balance on each segment.
The effect of rotation on wall temperature and heat transfer are
depicted in Fig.1.8. The authors concluded that the mean Nusselt
number Num is a function of both Re and rqtational Reynolds number J
defined as:

J Q.ri/(z v) (1.12)

Coriolis force/viscous force.

Two separate equations were needed to correlate the data obtained
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Pig.l.7 Comparison of experimental data with predictions.

(From: MORRIS and WOODS, 1974)
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with the ¢two rotating geometries used. Wide scatter was evident
implying a complex interaction between Coriolis force and centrifugal

buoyancy.

B) Turbulent Flow Measurements:

The influence of rotation on heat transfer to turbulent air flow
in the entrance region of a tube was studied by Barrow et al (1967).
The test section length-to-diameter ratio was small (L/d=12 and
H/d=6). Reynolds number of 5000, 10 000, 15 000 and 20 000 were used
with rotational speeds of O, 200 and 500 r.p.m. These speeds
corresponded to a tube centre line acceleration ratio ranging between
0-42.6g. Results showed that for a given speed of rotation the
increase in heat transfer over that achieved under non-rotating
conditions was greater at lower Re. The increase in heat transfer had
been raised because of two effects. First, the entry swirl, which was
characterized by the Rossby number defined as:
Ro = W_/(H. @) (1.13)
This swirl caused a step-like change in the heat transfer. Secondly,
centrifugal buoyancy causes further increase in‘heat transfer, the
amount of change being characterized by the slope of the (Nu-Rag)
curves. In the entry region it appeared that the inlet swirl was the
more dominant term. No attempts to fit a correlating equation to the
data were made because the complex interaction between upstreanm
geometry, flow conditions, and rotary geometry would not give

generally applicable results.

Humphreys (1968) extended the work done by Barrow et al (1976).
The effects due to swirling flow at the inlet to the test section

caused by rotation were reduced by flow straighteners. The results
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showed Nu to be reduced when straightners were used.

Morris and Woods (1977) showed that buoyancy affects only the
centrifugal terms and not the Coriolis terms. They concluded that the
effects of rotation may be taken into account in terms of J, as
defined in equation (1.12). Physically, this means that
Coriolis-induced secondary flow increases radial mixing with
consequential benefit to the heat transfer mechanism. For flows in
two test sections the authors concluded that Num was a function of
both Re and J, as shown in Fig.1.9, and that one equation correlated

all data to within *12%.

Recently, Stephenson (1982) studied air flow with heat transfer
in rotating ducts under conditions found in the cooling system of the
rotors of 1large turbogenerators. A rig similar to that shown in
Fig.1.5 was used. A tenth order polynominal expression was fitted to
the measured wall temperatures, from which the axial variation of air
temperature and heat input into the air were calculated. The axial
heat loss was calculated from the tube dimensions, apd the radial loss
from preliminary experiments with zero flow rate. The local values of
Nu were calculated, and the mean Nusselt number for the first quarter
of the test section (described as "inlet value") was also found. The
pressure rise due to rotation was allowed for in calculating the

overall pressure loss coefficient, which was defined as follows:

Cp = (2.4P + p.ﬂz.Hz)/(O-Wi) A (1.14)
The results are shown in Fig.1.10. The tests covered values of Re
between 5500 and 33 000, J between 600 and 4000, swirl number Sw
between 0.4 and 19 and rotational Grashof number Grr between 1700 and

740 000. The eccentricity parameter € was 0.0397 and test section was
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77.2 diameters long. The dimensionless groups used in this paper

were:
2
J =qd/v (1.15)
Sw = Q.H/wm (1.16)
e 02 4
Gr = B.Q%.T.H.d'/V (1.17)
e = d/H (1.18)

Tests showed that the increase in heat transfer were greatest in
the developing flow region and for lower flow rates. The overall
pressure-loss coefficient increased with increasing rotation.
However, at high rotational speeds and low flow rates it decreased
with increasing rotation. Measurements of heat transfer and pressure
drop did not show a significant variation with maximum test section
temperature. The only exceptions were for low flow rates and high
rotational speeds. This results showed that rotational buoyancy was
not important, so that the dominant effect was of inlet swirl induced

by rotation, combined with Coriolis accelerations.

1.2.3 Numerical Solutions

A) Laminar Flow

The first attempt to solve the flow through a rotating duct using
a finite difference method was made by Morris and Woods (1971, 1974).
The calculations were limited to fullly-developed laminar flow. The
motion of the fluid was referred to a c¢ylindrical polar co-ordinate
frame (r,0,z) rotating with the duct as shown in Fig.1.1. To reduce
the conservation equations to a tractable form the following
assumptions were made:
a) The flow was laminar and steady.

b) All the fluid properties were constant, except p which varies
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with temperature T according to
/o, = 1-8(T-T ) (1.19)
where subscription "o" referes to a reference datum.

c) The thermal conductivity of the tube material was high enough to
smooth out circumferential variations in wall temperature.

d) Variable density was accounted for in the body force terms only
(the Boussinesq approximation).

e) The heat flux at the wall was uniform.

A set of two-dimensional elliptic equations was solved
numerically and the results were compared with experimental data. It
was concluded that the influence of Coriolis acceleration
characterized by J, as defined in equation (1.12), had 1little effect
on the solution, and it was neglected. It was demonstrated that both
Nu and Cf increased with eccentricity. The largest increases occurred
for fluids of high Prandtl number. For d/H >0.2 it was found that the
effect of eccentricity could be neglected. The results were compared
with +the experiments, and the predicted improvement in heat transfer
was about 25% greater than the "best fit" 1line drawn as shown in
Fig.1.7 for air. For Re.Rar >10 6 the predicted result sustained
improvement in the heat transfer, while the measurements did not. For
water the comparison was made for fluid Prandtl numbers between 4 and
6. The experimental results tended to confirm the predicted trends
over a large portion of the experimental range covered. The analysis
tended to underestimate the increase in heat transfer by about 35% in
the range 103\< Re.Rar< 5x105. Again in the vicinity of Re.Ra r=106,
the increase in heat transfer leveled off and subsequently declined in
a manner similar to that found with air. The authors did not take

into account the temperature dependence of viscosity. For air the
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viscosity increases with temperature, so that the secondary flow in
the near-wall region might be suppressed in relation to the
theoretical prediction, a result which could account partially for the
observed overestimation. The converse argument appllies to the water
data. The theoretical analysis treated a fully-developed flow, when
investigating convection in stationary ducts the length of the test
section may be arranged to approach the fully-developed flow. This is
not easily accomplished if the duct is rotating. Futher the entry
region will itself be related to the rotational speed as well as the

usual Re. The predictions are shown in Fig.t.11.

Skiadaressis and Spalding (1976) assumed, in their analysis, that
downstream effects of the flow are not transmitted upstream; so that
the flow may be described by parabolic transport equations (the
implications of this assumption will be discussed later in chapter 3).
It was concluded that a secondary flow is generated, as a result of
the interaction of density gradients with centrifugal forces. The
effect of Coriolis force for the range of Re and rotational speeds

considered was negligible. The results are shown in Fig.1.12a.

B) Turbulent Flow:

Majumdar et al (1976) wused the same solution procedure as
Skiadaressis and Spalding (1976) for laminar flow to predict turbulent
flow using the k-€ turbulence model. Predictions for fully-developed
flow were obtained for two values of Reynolds number (Re=10 000 and
20 000) and a rotation speed range from 0-4000 r.p.m. It was
concluded that the increase of heat transfer was relatively smaller
than in the 1laminar case. The effects of Coriolis force were

neglected for the range of Re and rotational speeds considered. The
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results are shown in Fig.1.12b.

1.2.4 Concluding Remarks:

The above review reveals discrepancies between  theoretical
predictions and experimental data for parallel rotating duct flow.
The discrepancy at the inlet part of the rotating pipe is mainly due
to the difficulty in specifying the exact inlet conditions for
theoretical calculation. Thus the effect of inlet swirl has not dbeen
taken 1into account in the theoretical studies and uniform inlet axial
velocity and temperature profiles have always been assumed. In
addition, the temperature dependence of viscosity has been neglected
in the calculations with consequential effects on the predictions at
high Reynolds number. For turbullent flow, more advanced turbulence
models may well be required in order to deal with the complications

introduced by rotation.

1«3 Previous Work On The Flow Through Curved Ducts

0f Circular Cross-Section

1.%.1 Theoretical Studies

A) Laminar Flow:

The first theoretical studies of bend flow appear to have been
made by Dean (1927, 1929), who pointed out that dynamical similarity
of the flow depends on the Dean number:

K=Re/r /R . (1.20)
vhere T, and R are pipe radius and radius of curvature respectively as
shown in Fig.1.13. Dean analysed the secondary flow and calculated

the resistance to the main flow in bends for small values of K.

Barua (1963) studied the flow through bends for large values of
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K. He assumed that the flow consists of two zones, a potential core
moving siowly outward surrounded by an inward moving boundary-layer
adjacent to the wall. The ressult is to increase the resistance
coefficient Cf of the bend relative to the coefficient Cfo of the same
pipe if it were straight. The ratio Cf/cfo was found to be
proportional to K, and an equation was obtained for the range
30 ;K< 2000 which gave good agreement with the observed results. An
arbitrary distribution of velocity was assumed in the boundary-layer,
which satisfied the boundary conditions at the wall and at the edge of

the boundary-layer, and also satisfied the boundary-layer momentum

integral equation.

Mori and Nakayama (1965) studied the case of fully-developed flow
using the same concept as Barua (1963). This study gave satisfactory
results for resistance ccefficient and heat transfer for uniform heat
fiux at 1large K. The ratio of Nu for bend flow to that for straight
flow was obtained as a function of K and Pr, as shown in Fig.1.14. As
K increases, the effect of curvature on flow resistance and heat
transfer increases, but the Nu ratio approaches an asymptotic value
with increasing Pr. The same assumption was used by Ito (1969) and
for quantitative comparison a closer approximation was made and a

formula for the friction factor was derived.

B) Turbulent Flow:

Mori and Nakayama (1967) studied the effect of curvature on heat
transfer in fully-developed flow with constant heat flux, using
Barua's method (1963). Local shear stresses and local heat fluxes at

the wall were given on the basis of reducing C_. and Nuo formula for

fo

straight pipes to the local relation of friction and heat transfer.
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When the formula for straight pipes were given as

cp.—1/m
Cfo Re (1.21)

Na =pe(m1)/m (1.22)

It was shown that the dynamical similarity and also the
similarity for heat transfer in curved pipes depend upon Re(ro/R)m/Z.
The resistance coefficient and the Nusselt number for curved pipes
were obtained by putting m=4 for gases and m=5 for liquids to give

Nusselt number in good agreement with experimental data for air for

R/r°=40 and 18.7. The results are shown in Fig.1.15.

1.3.2 Bxperimental Work

A) Laminar Flow:

Friction and heat transfer were measured by McLaughin and Seban
(1963) for oil flow with constant-heat-fux in tube coils having ratio
of coil to tube diameter of 17 and 104. The friction factors
corresponded to the results of Ito (1959) and were predictable when,
for heated flow, the fluid properties were evaluated at the mean film
temperature. The heat-transfer coefficient varied during the initial
developing flow, but except for certain anomalous runs, the entry

effect terminated and asymptotic coefficients could be estimated.

Measurements were made for fully developed air flow in a curved
pipe of R/r°=40 by Mori and Nakayama (1965). Velocity and temperature
profiles were obtained congsistent with the results of boundary-layer
calculations. Nusselt number values calculated from the experimental

data were shown to agree with those predicted as shown in Fig.1.14.

Brian et al (1971) conducted experimental and theoretical studies

of the heat transfer in helically coiled tubes. It was shown that at
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very short distance from the start of the heat transfer zone, the
thermal boundary 1layer was too thin to be affected by the secondary
flow field, which reaches its maximum intensity at some distance away
from the tube wall. Near the tube inlet the ratio of heat transfer
coefficient in a coiled tube to that in a straight tube varied as a
function of (K)1/6, while for greater axial distances, this ratio
increased progressively and reached a value corresponding to a

1/2

function of (K) for fully developed region. 'The 1local heat

transfer coefficient changed cyclicly with increasing axial distance.
These oscillations were damped out as the region of fully developed
temperature field was approached. The oscillations arose because the
fluid core was not well mixed even for high Dean numbers. A
correlation for the asymptotic value of Nu, as a function of K and Pr,

was shown to be applicable for values of K between 5 and 175.

Hummel et al (1975) studied the two-dimensional flow and pressure
field in the central plane of a 90 degree bend of R/ro=4 and Re of
944. The test section was a circular bend made from a Pyrex tube.
The flow at +the inlet was fully developed. The non-intrusive
photochromic tracer technique was used to visualize the motion of
fluid elements in the central plane of the bend. The identification
of fluid elements 3in the central plane was achieved by introducing
traces vertically in the plane of the bend and then making use of the
flow symmetry in the upper and 1lower half of the bend. Optical
distortion at the walls of the round glass tube was eliminated by
using a 1liquid both inside and outside the pipe with the same
refractive index as glass. The liquid used was a mixture of methyl

benzoate and Imperial 0il Varsol DX-3135 in equal parts by volume.

An investigation was carried out by Agrawal et al (1978) into the



37

development of flow in 180 degree bend with uniform inlet axial
velocity. Two semi-circular pipes of radius ratio 20 and 7 were used,
and the experiments covered a Dean number range from 138 to 679. The
axial velocity and the component of secondary velocity parallel to the
plane of curvature of the pipe were measured by laser Doppler
anemometry. The circulating 1liquid employed was a mixture of
glycerine and water, in proportions chosen to match closely the index
of refraction of Plexiglas. Exact matching was not possible, so that
corrections were needed in processing the data, but approximate
matching was required to ensure that the laser bYeams intersected
within the flow. It was observed that, in the upstream region where
the boundary layers were thin compared with the pipe radius, the axial
velocity within the irrotational core first developed to form a
vortex-like flow. In the downstream region, characterized by viscous
layers of thickness comparable with the pipe radius, there appeared to
be three~dimensional separation at the inner wall. There was also an
indication of an additional vortex structure embedded within the
secondary motion. The experimental axial velocity profiles were
compared with those obtained by theoretical analysis. The
quantitative agreement between theory and experiments was found to be

poor. The results are shown in Fig.1.16.

B) Turbulent Flow:

Ito (1959) studied the effect of curvature on the friction factor
for smooth bends. A wide range of bends ﬁas used with radius ratios
from R/rb=16.4 up to 648. All The results collapsed satisfactorily on
a single curve for fully-developed flbw, and empirical formulae were
deduced from the results. Friction and heat transfer were measured by

McLaughin and Seban (1963) for water flow in tube coils having ratios
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of coil-to-tube diameter of 17 and 104 for Re up to 65 000, with
nominally constant heat flux. Mori and Nakayama (1967) measured Nu,
velocity and temperatufe distributions for air flow through the curved
pipes of R/r°=40 and 18.7. Theoretical predictions agreed well with
the data. Measurements of total pressure and yaw relative to the pipe
axis of flow in various bends attached to the end of a long straight
pipe were given by Rowe (1970) for Re=2.36x105. The behaviour of the
induced secondary flow was studied in detail. The results are shown

in Fig.1.17.

1.3.3 Numerical Sclutions

A) Laminar Flow:

Brian et al (1971) studied the heat transfer for flow in
helically coiled tubes, with rO/R<<1.O. The results were limited to
Dean numbers greater than 100. A finite-difference solution was
presented, for fully-developed flow subjected to axially uniform wall
heat flux and peripherally uniform wall temperature, by Akiyama and
Cheng (1971). The effect of Pr on heat transfer was clarified. It
was shown that all heat transfer results for Pr>1.0 could be
correlated by a single curve with reasonable tolerance. The results
were comvared with other experimental and theoretical data. The
numerical resuits showed that the perturbation method diverges quickly
with the increasing K. It was shown that the boundary layer
calculation method predicted incorrect Prandtl number effects, and

that it was valid only near Pr=1.0.

Kalb and Seader (1972 and 1974) studied fully-developed flow with
uniform axial heat flux and peripherally uniform wall temperature.

The solutions were presented for K range from 1 to 2000, Pr from 0.005



outside

L/d=61

Fig.1l.17 Contours of measured total pressure (P-Po)/ﬁpw;ax, in a 180 degree pipe bend and at various

distances (pipe diameters) in a straight section downstream of the bend. Dashed lines show the

estimated secondary flow pattern. (From: ROWE, 1970).

6t



40

to 1600 and R/rO from 10 to 100. It was concluded that Nu could be
correlated as a function of K and Pr only, but when the peripheral

variation of Nu was considered, the curvature ratio entered as an

additional parameter.

Austin and Seader (1973) studied isothermal fully-developed flow
in bends for values of K between 1 and 1000, and values of the
curvature ratio between 5 and 100. As shown in Fig.!1.18 at K=1 and
R/ro=100, the centre of the secondary vortex lies somewhat closer to
the symmetry line than to the upper wall. As K was increased, concave
regions developed from the formation of dimples in the streamlines,
which also departed from their symmetrical nature in the half plane.
In addition, the vertex centre shifted toward the upper wall énd
toward the inside wall. When K was held constant while the curvature
ratio was reduced, the nature of the secondary flow was slightly
altered. The results were compared with those obtained using Mori and
Nakayama's assumption of wuniform secondary flow outward in the
central-core regicn as shown in Fig.1.18. Tow calculations of the
location ¢f the centre of the secondary-flow circulation differed
significantly. The friction factor for the curved tube was obtained

and a slight dependence on the curvature ratio was noticed.

Greenspan (1973) studied the flow in bends for R/ro=31.9 and
values of K ranging from O to 5000. A finite difference method was
used to calculate the behaviour of isothermal fully-developed flow. A
calculation procedure for three dimensional laminar flow described by
parabolic equations was used by Patankar et al (1974) to predict the
velocity and temperature fields in  helically coiled pipes.
Predictions were presented for developing and fully developed flow.

Only 1large curvature ratios R/ro >15 were considered. Elliptic
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equations in toroidal coordinates (r,6,¢) have been solved numerically
for isothermal flow in a 90o bend of small radius by Humphrey (1978).
The calculations showed that the cross-stream flow in a strongly
curved pipes was as large as 80% of the bulk average velocity at 40o

o]
and 90 as shown in Fig.t1.19.

B) Turbulent Flow:

A finite-difference procedure was employed to predict the
development of turbulent flow in bends by Patankar et al (1974) and
Pratap (1975) using the k-e turbulence model. The predicted velocity
contours for developing flow in a 180° bend were compared with the
experimental data. Fully-developed velocity profiles of the flow in
long helically-wound pipes were presented and compared with

experimental measurements as shown in Fig.1.20.

1.3.4 Concluding Remarks:

Most of the theoretical studies of bend flow have been based on
the assumption that the main secondary flow consists of a core region
moving uniformly outwards surrounded by an inward moving boundary
layer. The results obtained have been limited to fully-developed flow
at high Dean numbers; they also differ significantly from the

numerical predictions, particularly for larger values of K.

Boundary-~layer type approximations to the Navier-Stokes equations
break down when the bend is strongly curved. While the flow in mildly
curved bends can be treated satisfactorily, and with considerable
saving in computer storage and time, by the use of parabolic
differential equations, strongly curved flows require the solution of

the full, elliptic, equations of motion or, as a compromise, treatment
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by the so-called "partially paraboiic” method to be described later.

1.4 Previous Work On The Flow Through Curved Ducts

Of Rectangular Cross-Section

1.4.1 Theoretical Studies

Mori et al (1971) studied fully-developed laminar flow in a bend
of square cross-section with constant heat flux, shown in Fig.1.21, in
which secondary flows were generated by centrifugal forces. The
intensity of the secondary flow increased with the increase of X, and
it was possible to consider the existence of the secondary flow
boundary layer for the range of the 1large K when the effect of
curvature of the channel cannot be neglected. The flow velocity and
temperature fields were divided into two regions, the core and the
boundary layer region, and analytical results were obtained. Values
of Cf and Nu were significantly increased by the effects of secondary

fiow. Analytical and experimental results were compared, and it was

found that they was in good agreement.

1.4.2 Experimental Work

A) Laminar Flow:

Humphrey (1977) and Humphrey et al (1977) studied laminar flow in
strongly curved square duct. The axial velocity component was
measured for the water flow in a 90° bend fitted with downstream and
upstream straight sections. The experiments were carried out at
Reynolds number based on the hydraulic diameter and bulk velocity of
790 ( corresponding to K=368). Flow visualization was used to identify
qualitatively the chatacteristiecs of +the flow and laser-Doppler
anemometry to quantify the velocity field. The results confirmed that

the 1location of maximum velocity moves from the centre of the duct



Secondary
flow

Fig.l.21 Flow through rectangular curved ducts.
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- . (o]
towards the outer wall and, in the 90 plane, is located around 85% of

the duct width from the inner wall. The principal results are shown

in Fig.1.22.

The same test section was used for experiments with thin boundary
layers at the inlet (approximately 25% of the hydraulic diameter) by
Taylor et al (1980). The maximum cross-stream component measured was
60% of the bulk velocity. The axial velocity contours showed that
large velocities were found progressively nearer to the outer radius
of the bend and along the sidewalls. The principal results are shown

in Fig.1.23.

B) Turbulent Flow:

Humphrey and Whitelaw (1978), Humphrey (1977) and Humphrey et al
(1981) reported the results of laser-Doppler measurements in the
developing fiow in the same square-section bend with smooth walls at a
Reynolds number of 4x104. Measurements of the longitudinal and radial
components of mean velocity and corresponding components of the
Reynolds-stress tensor were obtained in various croés-stream planes.
The secondary mean velocities, driven mainly by the pressure field,
attained values of up to 28% of the bulk velocity, and were largely
responsible for the convection of Reynolds stresses in the
cross-stream plane. Production of turbulent kinetic energy
predominated close to the outer-radius wall and regions with negative
production were identified. Thus, at a bend angle of 9d° and near the
inner-~radius wall, 9v{3U/dr) was positive and represented a negative
contribution to the generation of turbulent kinetic energy. This
result is in accord with the stabilizing effect of curvature near the

inner wall.
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P=71.5 L/d= 0.25
Laminar flow: axial velocity contours (W/wm)

I
—_—
i

¢P= 77.50 L/d=0.25

Turbulent flow: axial velocity contours (W/Wp)

Fig.l.23 Measurements of laminar and turbulent flow in a curved duct
with thin inlet boundary layers. (From: TAYLOR, WHITELAW and
YIANNESKIS, 1980).
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Using the same test section Taylor et al (1980) studied the flow
with thin inlet boundary layers (approximately 15% of the hydraulic
diameter). The maximum cross-stream velocity component measured was
40% of the bulk velocity. Contours of the streamwise velocity showed
that large velocities moved towards the inner radius under the action
of pressure gradients until about 60° around the bend where the
influence of the strengthening secondary motion became evident.
Turbulence 1level and shear stress measurements were also presented.

The results are shown in Fig.1.23.

1.4.3 Numerical Solutions

A) Laminar Flow:

The three-dimensional flow of a viscous fluid in a duct has been
analyzed by Ghia and Sokhey (1977). A mathematical model was
formulated using a three-dimensional approximation to the
Navier-Stokes equations. Solutions were obtained for a number of duct
geometries and flow parameters: R/d ranging from 3 to 100 and K
varying between 55 and 350. Detailed results for developing flow in
rectangular bends were obtained and the effect of 1longitudinal

curvature on secondary flow was also analyzed.

A numerical solution was compared with experimental data by
Humphrey (1977) and Humphrey et al (1977). Calculated values of the
three velocity components were obtained by solving the Navier-Stpkes
equations in cylindrical co-ordinates. The results exhibited the same
trends as the experimental data with reasonable quantitative
agreement, even though +the number of grid nodes used for the
finite-difference solution of the differential equations was limited

by the computer time and storage available. The region of
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recirculation observed experimentally  appeared also in the
calculations. The magnitudes of the various terms in the equations
were examined to determine the extent to which details of the flow
could be represented by reduced forms of Navier-Stokes equations. The
implications of the so-calied "partially-parabolic" equations and
potential- and rotational-filow analysis of an ideal fluid were

examined. The results are shown in Fig.1.22.

A study of heat transfer in a 90 degree bend was presented by
Humphrey and Yee (1979), based on fully elliptic forms of the
transport equations. The effects of duct geometry on heat transfer
were examined by considering the rocle of secondary motion during the
developing period of the flow. Attention was given to varying initial
conditions of velocity and temperature at the entrance section to the
duct, as well as to the duct gecmetry, and an assessment was made of
the relative contributions of individual duct walls to heat transfer
in the fiow. In general, the heat transfer increased with K, with the
largest rates occuring through the duct side walls and outer curved

wall. The results are shown in Fig.1.24.

B) Turbulent Flow

Humphrey et al (1981) made laser-Doppler measurements in the flow
in a square duct with strong curvature and compared the results with
previously cited experimental work. In spite of the complex mean flow
and Reynolds stress distributions, the .- cross-stream flow was
controlled mainly by the centrifugal force-radial pressure gradient
imbalance. As a consequence, calculated mean velocities obtained from
the numerical solution of eliliptie differential equations were not

strongly dependent on the two~equation turbulence model used since
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numerical errors were considerable.

1.5 Present Contributions

a) Objective

The main objective of the work has been to devise an accurate and
ecconomical computer methods for the <calculation of 1laminar and
turbulent flow with heat trnsfer in tubes rotating about a parallel
axis, and to verify numerical predictions by comparison with

experimental data.

b) Principal Results Of The Work

(I) Theoretical And Computational

An existing "TEACH" computer code for duct flows has been
modified for circular cross section, the effects of rotation, and
turbulent flow with heat +transfer. Numerical accuracy checked
have been carried out for stationary laminar pipe fiow.
Predictions for laminar flow in rotating tubes have been compared
with the resuits of theoretical analyses and with the 1limited
amcunt of experimental data currently available. Turbulent flow
predictions, based on two closure methods, have been compared with
experimental data suppiied by the Central Electricity Board and

with the very limited number of published measurements.

Because the data from rotating flow are so sparse, and lack the
detail needed for proper validation of the method, the same
metheds have been applied to the calculation of laminar and
turbulent flow in pipe bends. The effects of curvature are
similar in many ways to the effects of rotation and are much
better documented in detail. The calculation method produces

results in fair agreement with the data, which have also been
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augmented in the course of the present work.

The result is a tested computer code which is generally
applicable to the calculation of these two types of flow and which
is capable of future development for different geometries and

turbulence models.

A simplified second-order turbulence closure has been developed
for rotating tube flow. Calculations for fully developed flow
shew significant differences in results obtained with this and

with a two-equation eddy-viscesity model.

(II) Experimental

Laser Doppler measurements of mean flow and turbulence
quantities have been made in water flow through two 90 degree
bends. The results, which are intended for use in the validation
of turbulence mcdels and calculation methods, are a significant

addition to the limited quantity of data currently available for

this purpose.

1.6 Layout Of The Thesis

The remaining sections of the thesis describe the present work in
more detail. The partiai-differential equations governing the flows
are described in Chapter 2 with the turbulence models used for
closure. Chapter 3 deals with the numerical methods used, and the
experimental program is described in Chaptér 4. The experimental data
obtained are presented for the strongly curved, 90o circular bend and
the mildly curved, 90o square bend. The application of the numerical
procedures to compute laminar and turbulent flows for rotating ducts

is explained in Chapter 5, and for circular cross-section bends in
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Chapter 6. The results of the computations are presented and compared
with experimental data. Chapter 7 summarizes the main contributions
of the present study, the conclusions arrived at and suggestions for
future work. The 1last part of the thesis contains a 1list of
references, a 1ist of symbols and six appendices. The appendices
provide supplementary details regarding the governing differential
equations, turbulence models, the application of the Reynolds stress
and heat flux models to stationary circular pipe flow, the correction
method used for determining the the position of the measuring point in
the cross section of the circular bend, and two published papers about

flow in 90 degree bends.
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CHAPTER 2

MATHEMATICAL DESCRIPTION OF THE FLOW

2.1 The Governing Differential Bquations

For a Newtonian fluid of uniform density o and kinetic viscosity
v, the conservation equations of mass, momentum and energy, which

govern the instantaneocus turbulent motion, can be expressed as

Mass: 3Ui/8Xj =0 (2.1)
. - ) 25, 2
Momen tum: (an/at) + a(Uin)/an— -(aP/axi)/p + (s Ui/axj) (2.2)
(3d/5 0.4) 224 /3%
: + 3(U.%)/3X = r . X. .
Energy /3t) ( 3 / XJ S¢ + ¢J( / J) (2.3)

where r@j is the kinematic diffusivity of the scalar ¢ and S¢ is the

generation of ¢ per unit volume.

The mathematical expression of the instantaneous variables, as
suggested by Osborne Reynolds, can be put in the form:

ﬁi = U, + u, (2.8)
=9+ ¢ (2.5)

where U and ¢ are the time-averaged values and u and ¢ are the

fluctuating values of the velocity compongnt U and & respectively.

Theoretically, it should be possible to predict turbulent flow
directly by solving the unsteady set of equations (2.1) to (2.3).
Such a solution would yield all the details of the instantaneous

turbulence motion and the time mean motion. In practice, the
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analytical solution 3is not possible, because the equations are
non-linear, simultaneocus and partial differential. Numerical solution
is not practically possible, be cause the turbulence is
three-dimensional with some of the important processes taking place at
very small distances and very small times, (Hinze 1959, Bradshaw 1972,
Launder and Spalding 1972). Even if the expense of the small time
steps could be tolerated, the computational storage requirement would
far exceed the capacity of the largest existing computers.
Fortunately, engineers are interested in the time averaged properties
of turbulence, thus, time-averaging equations (2.1), (2.2) and (2.3)

could be expressed as:

an/a xj =0 (2.6)

a(UiuJ.)/axJ. = -(3Ph Xi)/p + -S—XJI v(aui/axj) - u_iu'j} (2.7)
a —

a(¢uj)/axj =5, + s—ij{ r (a¢/axj) - uj¢} (2.8)

The new terms uiuj and uj¢ are the turbulent.or Reynolds stress
and turbulent scalar flux in direction Xj respectively. These
correlations introduce additional unknown in each equation. In order
to solve these set of equations (2.6) to (2.8), additional equations

or expressions are required to evaluate uiu'j and uj¢.

2.2 Mathematical Modelling Of Turbulence

In principle, one can deduce further‘differential equations E;ﬁg
and E;$: but these contain further correlations of higher order, so
that closure cannot be achieved in this way. To close the system of
time averaged equations, an appropriate "level of closure" must be

chosen, and the still unknown correlations must be approximated in
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terms of known quantities, or neglected if they are not important.

This process is known as "Turbulence Modelling".

Many researches have been made concerning turbulence models and
their developmens, extensive reviews are available in many references,
such as in Launder and Spalding (1972), Rodi (1973), Reynolds (1976)
and Rodi (1980). A convenient classification of turbulence models
uses the number of additional partial differential equations to be
solved with continuity and momentom equations. For zero-, one- and

two-equation models uiu.j is approximated using Bossinesq's suggestion

(1877):

wju, = vt{(auj/axj)+(auj/axi)} - (2k/3).6ij (2.9)
where vy is the kinematic turbulent, or eddy, viscosity, and k is the

turbulent kinetic energy (where k=u§/2).

As an analogy to the turbulent viscosity concept, the turbulent
heat or mass transport is often assumed to be related to the gradient

of the transported quantity (Rodi 1980):

-u b = T,.(90/3X, 2.10)
& = T (a8 /aK)) | (2.10)
where Ft is the turbulent diffusivity of ¢. In practice, it is often
the ratio of turbulent viscosity and turbulent Prandtl or Schmidt
number Oy that is used in describing the scalar fluxes

ry = vt/ot (2.11)

Zero-equation models express v, as a product of length scale 1

which is prescribed in algebraic form, and a characteristic velocity

scale, which is equal to 1 |3U/ay |
vy = 1% Jou/ay | (2.12)

On the other hand, Yk is chosen as velocity scale for
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one-equation models, where k is tc be found by solving its transport

equation, thus the expression of v, yields

v, = 1.4 (2.13)

For two-equation models an additional partial differential

equation for the length scale or a related variable is introduced.

Only the two models of turbulence used in the present study will

be explained in the following sections; the resultant governing
differential equations of the cases considered here are given in

detail in Appendices A1, A2 and A3.

2.3 The k-¢ Turbulence Nodel

For high Reynolds numbers, the 1l1length scale is expressed as
following (Launder and Spaiding 1972, Rodi 1980):
1= Cu.k./Eyc (2.14)
where € is the rate of dissipation of the turbulence energy and Cu is
an empirical constant. The turbulent viscosity is expressed as:

_ 2
v, = C, -k/¢ (2.15)
The partial-differential equations governing the transport of k

and €, as described in Launder and Spalding (1974), are expressed as:

Dk/Dt= a{(veff/ok)(ak/axj)}/axj

+vt{(aui/axj)+(auj/axj)}(auj/axj)-e (2.16)
De/Dt= a{(veff/oe)(ae/axj)}/axj

+C, t(e/k){(an/axj)+(an/axi)}(aui/axj)- C€252/k (2.17)
where: Vepg = V* V4 (2.18)

and: 0, , O, Ce1 and 082 are empirical constants.

k’
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2.%.1 Wall Influence

Cilose to solid walls, there are regions where the local Reynolds
number of turbulence (kz/ ve) is so small that viscous stresses are
important effects predominate over turbulent ones. The variations of
flow properties are much steeper than that in the central region of
the flow, thus necessitating an extremely fine finite-difference grid
for accurate computation. There are two methods of accounting for
this region in numerical methods for computing turbulent flow:
equations (2.16) and (2.17) valid for high Reynolds number turbulence
may be modified for low Reynolds number conditions or numerical
solution for the fiow away from the wall may be fitted to the "law of
the wall". The second method permits real savings in computer time
and storage, and has been used for this reason. The 1logarithmic

velocity-profile is:

w = (/) an(y’) + B = (1/).n(E.yT) (2.19)
where:
u+ = U/u = local mean velocity/friction velocity

T

= w5 /o) (2.20)

4

y = y.ur/v (2.21)

and x is the Von Karman constant, and E or B are integration constants
which depend on the magnitude of the variation of shear stess across
the 1layer, and on the roughness of the wall. These constants are
determined experimentally and there are slight variations in these
quantities as reported in the literature. « and B were given by

Clauser (1956) as 0.41 and 4.9 respectively.

At the near-wall region, where local equilibrium prevails and the
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shear stress can be considered uniform, the following relation for

shear stress can be obtained
2
u_ =1t /o = k/T (2.22)
From equations (2.22) and (2.19) the shear stress can be expressed as:
1 +
Tw/p = K.(Cu) /4./(k).u/1n(E.y ) (2.23)

Equation (2.22) is used as boundary condition for k at the grid
node adjacent to the wall, and the boundary condition for € is

expressed as follows:

e = uf/(y.z) (2.24)

More details are given by Launder and Spalding (1972) and Rodi (1980).

The near-wall variation of temperature is also assumed to Dbe

logarithmic, the expression being:

T = ot{u+ + Péo/a,3} (2.25)
where:
o= p.uT.Cp.(Tw-T)/i; (2.26)

C_is the specific heat of the fluid at constant pressure and

9y is the wall heat transfer rate per unit area.

Péa/ot) is a function of laminar and turbulent Prandtl numbers of
the fluid, and represents the additional resistance caused by the
laminar sublayer to the transport of heat. There are many forms of
P-function, but here in this work the empirical form by Jayatillaka
(1966), which is valid for smooth wall, has been used. This form is

expressed as:
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0075_1 }

P(o/ot) = 9.24{(o/ot) (2.27)

2.3.2 BEvaluation Of The Model Constants

The value of Cez’ which appears in equation (2.17), can be
deduced from experimental data on the decay of homogeneous turbulence
behind a grid, where diffusion and production are zero (Launder and

Spalding, 1972). C., lies between 1.8 and 2.0.

Local equilibrium shear layer measurements show that the ratio of
shear stress ETG; and k is nearly constant and approximately equal to
0.3 (Rodi 1980). For this type of flow where the energy production
rate P is equal to the dissipation rate e, equations (2.15 and 2.16)

. — 2 -
give Cu—(u1u2/k) ' C 0.09.

In near-wall tubulent flows, P is approximately equal to €, and
the convection of € is small, accordingly one may arrive at the result

(Rodi 1980):

C,=C, - 2/(o€vf6;) (2.28)

Equation (2.28) gives the value of C_, if the other constants are
known. According to the recommendations of Launder et al (1972), Rodi
(1980), made after extensive examination of free turbulent flows, the

constants take the values shown in table (2.1).

For turbulent heat transfer calculations, the thermal diffusivity
in the temperature equation for laminaf flow is replaced by its
effective (molecular + turbulent) equivalent, the turbulent
contribution being obtained from the eddy viscosity by assuming a

uniform turbulent Prandtl number °t=0‘9'
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CeZ

%%

0009

1.44

1.92

1.0

1.3

Table 2.1 The values of the constants used
in the k-t model.

Type of flow uf/k ug/k ug/k -u1u2/k
Plane homogeneous shear layer 0.97 0.54 0.49 0.33
(Champagne et al 1970)

Near wall turbulence 1.17 0.59 0.24 0.24
a consensus of data
(Launder et al 1975)
Table 2.2 Reynolds stresses in plane equilibrium shear flow.
L
¢ €2 Ciw | Cou Cie | Cor | Ciow | Corw | Cn
1.8 0.6 0.5 0.3 3.0 0.33 0.5 4] 1.6

Table 2.3 The algebraic Reynolds stress and heat flux models constants,
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2.4 Reynolds Stress Equation Modelling

The simple k-¢ model described above gives good results for
stationary tube flow with axial symmetry, but is limited in its
application to more complex flows. For flow in rotating tube the rate
of turbulent energy production is affected by the appearance of
secondary flow while terms involving the angular velocity appear as
sources in the individual Reynolds stress equations, as shown in
Appendix A2, affecting the partition of energy between components,
directly influencing the shear stresses, and hence invalidating the
assumption of +the k-€ model that the eddy viscosity is isotropic.
With respect to heat transfer it has been pointed out that the
conventional turbulent Prandtl number approach is grossly inadequate
to predict turbulent heat fluxes in other than <the cross-stream
direction (Bremhorst et al 1981). The measurements made by Quarmby
and Quirk (1974) in tube flow with assymetrical heating, a situation
in some ways analogous to the flows through rotating tubes considered
here, reveal tangential eddy diffusivities many times 1larger than

those in the radial direction.

In our view, a more satisfactory method is to approach the

problem through the transport equations for the Reynolds stresses and
turbulent heat fluxes. A brief account of a proposed Reynolds stress
model will be given, omitting most of the algebraic detail, given by,

for example, Launder (1971), Rodi (1972) and (1980).

The transport equations for the Reynolds stresses may be obtained
from WNavier-Stokes equations by multiplying the equation for (ui+U_)
i

by uj and the equation for (uj+Uj) by u,, adding the results and

averaging. The Reynolds number is assumed to be high enough for the
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fine-scale turbulent motion to be isotopic (Kolmogorov 1942), and
viscous diffusion to be negligibly small. The turbulent energy
dissipation rate € is then distributed equally among components_zg_and
all the viscous terms disappear from shear stress equations. With

these assumptions, the transport equations for the Reynolds stresses

may be written, as reported by Rodi (1970), as following:

- 3 - -

uk.a(uiuj)/axk + 7;ik{uiujuk-v a(uiuj)/axk + (Gikui+6jkuj).p/p}

L - J - v J
Convection Diffusion

= -(ujuk.aui/axk + uiuk.auj/axk)

(6 -

N
Stress Production Pij

- 26ij.s/3
\'ﬂ_/
Dissipation
+{(aui/axj) + (3uj/3xi)}-p/p (2.29)
\ _J

v

Redistribution or Pressure-strain
where p is the fluctuation of static pressure about its mean value.

The 1last term in equation (2.29) is the mean product of
fluctuating pressure and the fluctuating strain fields, and is called
the pressure-strain term. Its effect on normal stress components is
to diminish the difference between them (Hinze 1959). The explicit
appearance of the fluctuating part of the fressure in the correlation
is eliminated (Chou 1945) by taking the divergence of the equation for
the fluctuating velocity u,, thus obtaining a Poisson equation for p.

This Poisson equation suggested that two distinct types of interaction
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contributed to the pressure-strain correlation; one involving only
fluctuating quantities, and the other resulting from the interaction
of the turbulence field with the mean rate of strain. In modeling the
former most workers have made use of Rotta's hypothesis (1951), that
for flows with negligible mean strain, the rate of return of
anistropic turbulence to isotropy is proportional to the anisotropy.
If the characteristic decay time is taken as (k/e), the wholly

turbulent contribution to the pressure strain may then be written as:

{(aui/axj + zmj/axi).p/o}1 = -C1(€/k)(ujuj- 25ijk/e) (2.30)
| V -7
&3 31

where C1 is a coefficient to be evaluated by reference to the

experimental data.

With the assumption of small departures from homogeneity, Launder
et al (1975) concluded that the rapid part of pressure strain simple

form produced could be approximated by:

[(aui/axj + auj/axi).p/p}2= ~Co(P, - 2Ps, /3) (2.31)

( J
4

°o .
ij2

where ij and P are the rates of production of uiuj and k respectively

and the coefficients C, is supposed to be constants for high Reynolds

2

number. Following the recommendation of Gibson and Launder (1978) and

Samaraweera (1978), C, and C, are taken as 1.8 and 0.6 respectively.

2.4.1 Wall Effects In The Pressure-Strain Terms

Experiments, as shown in Table (2.2), show that near a wall the

streamwise normal stress component is appreciably larger and the
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transverse component much smaller, than in typical free shear layers.

The effect of a wall on turbulence must be included in modelling
the wall region. Gibson and Launder (1978) added a wall correction,
obtained by generalizing Shir's (1973) proposal, to their model. The
wall effects modify the fluctuting pressure field so as to impede the
transfer of energy from the streamwise direction to that normal to the
wall. The relative magnitude of the shear stress is also reduced. By
introducing the unit vector n, normal to the surface and the position
vector TSy Shir (1973) advanced the following near-wall addition to

¢ij1 producing generally the desired behaviour:

Qij1w= (e/k)(ukumnx.n 8. i3 gukulnk guJuknk.ni).f(l/niri) (2.32)
where the wall-damping function f takes the values unity and zero in
wall and free shear flows respectively. Launder et al (1975)
suggested the following expression:

£ «(1/y) (2.33)
where 1 is the 1length scale of energy-containing eddies and can be

taken as (k3/2/6) or (lu u 3/2 /e), with appropriate normalisation to

unity value near the wall.

Gibson and Launder (1978) applied the idea expressed by (2.29) to

the mean-strain component ¢ij2 as follows:

- 3 3
¢132_C2w{¢km2(nk'"m)6ij-(§)¢ik2(nk'ni)-(§)¢,jk2(nk'nj) bor (2.34)

where C1H and C2w are ccnstants, chosen to give the right stress

levels in the uniform-stress layer close to a plane wall, are taken as

0.5 and 0.3 respectively.
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For the case of a round pipe, the effect of near-wall terms
should be more clear in positions away from the wall, especially for
the fully-developed case, as is shown by Lawn's (1971) measurements
that there is substantial anisotropy in the stresses near the axis of
the pipe. Equation (2.34) was extended, by Samaraweera (1978), to the
case of circular pipe, and he derived an expression for the
wall-damping function f. In this study, the case of fully-developed
ripe flow has been considered for stationary and rotating pipes, the

effect of f on the results will be shown later.

2.5 Algebraic Nodel

In order to obtain an algebraic expression for the Reynolds
stresses, the +triple correlation whose gradient represents turbulent
transport of uiuj must be modelled. Rodi (1972) proposed the use of

the following relationship for uiuj transport:

Transport of (uiuj) (Transport of k).(uiuj)/k

(P-e).(ﬁIﬁ})/k (2.35)

The same assumption was used by Rodi (1976), Gibson and Launder
(1976) and Gibson (1978) for different types of flows. Equations
(2.29) and (2.35) may then be combined to yield a formula for the
Reynolds stresses. This formula together with the k and € equations
form a complete turbulence model. The application of this model to
fully~developed pipe flow for stationaty pipe, rotating pipe and

curved bends will be described later in Appendices A2, A3 and A4.

2.6 Heat Flux Model

The transport equations for the heat fluxes are obtained by
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multiplying the equation for the instantaneous temperature (T+t) by u,

and that for (Ui+ui) by t. The resulting equations are added and

averaged to yield the following equations for uit given by Launder

(1973):
— a —
uk.a(uit)/axk - 5% {uituk +6ik.pt/o - rui(at/axk)-\»t(aui/axk)}
-/ k 7
\4 \
Convection Diffusive transport

=-(uiuk.a'r/axk + ukt.aui/axk)

\ J
'

Mean-field generation

-(rev)(3t/3K, ). (3u, /X, )+(2t/3K, ) .p/p (2.36)
“ J \ J
Y Y
Dissipation Pressure scrambling

where T and t represent the mean and fluctuating temperatures
respectively. At high Reynolds number +the dissipation rate is
approximately equal to zero, assuming that the small scale eddies are

isotropic (Launder 1975). The second term to be modelled is the

pressure~-temperature gradient correlation (at/axi).p/o which is the
counterpart of the pressure-strain correlation in the stress equation.
This term provides the mechanism which limits the growth of the heat

fluxes. Launder (1975) suggested the following apprximation:

(Bt/BXi).p/p = -C1T.uit.(€/k) - CopePin * S0 (2.37)
L _J O
Y Y
o o
i™ iT2

where S.n is a surface integral included for near-wall regions, and
C1T and C2T are constants. PiT represents the part of the production

rate of u ¢ which contains a component of mean strain, i.e.:
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PiT = -ukt.(aui/axk) (2.38)

The near-wall effect is introduced in SiT term in equation
(2.37). The turbulent and mean-strain parts can be identified and
modeiled in a similar manner to that of the wall effects on the

pressure-strain correlation. As suggested by Gibson and Launder

(1978), the wall effect can be written as:

Sip = ~Chpg(yt)(ngen )(e/k)of + Cop (ComeP p)(n,om ) f (2.39)
\ / A\ J
Y Y
¢ d
iTwi iTw2
where C1Tw and CZTw are constants, and may be fixed, as well as C1T
and CZT’ by reference to heat transfer data for high Reynolds number

turbulent flow.

The +transport terms are +treated by the technique known as
algebraic heat-flux modelling. Gibson and Launder (1976) assumed the
following approximation, in a precisely parallel way to the Reynolds

stress equation:
Transport of (ﬁ;E) = {Transport of V(k:ZE) }.(;;%)/ /(k.1°)

- (P-0). (W) /2k + (Ppme)(E)/(267)  (2040)

where PT and €, denote the rates of production and destruction of the

T

temperature fluctuations respectively, and were assumed nearly in

balance. Thus, equation (2.40) simplifies to:

Transport of (u;t) = (P-€). (1 t) /2K (2.41)

[ -

The dissipation rate of t2 was assumed to be proportional to tz.(c/k),
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so that when mean flow and turbulent transport are negligible,

€ = (a0 (i/ 9 (a1/0K,) (2.42)

where Cé is a constant.

The corresponding heat flux model equations, for the cases

studied in this work, will be shown in Appendices A2, A3 and A4.

2.6.1 The Choice Of The Heat Flux Model Constants

This model contains several constants to be  chosen by reference
to experimental data. C1T and CZT are evaluated by reference to
turbulent Prandtl number values typical of free and wall flows. For

local equilibrium in plane flow, shear stress and vertical heat flux

can be put as follows:

Jﬁghz = alk/e). S.(au1/ax3) (2.46)
Sugt = n(k/s).—g.(afr/ax3) (2.47)
where:

g = i1-02+(3/2).c2.c2w.f}/{c1+(3/2).c1w.f} (2.48)
n = 1/(C1T*C1Tw.f) (2.49)

It is convenient to denote the ratio of the turbulent exchange

coefficients by turbulent Prandtl number as:

o, =8/n= {1—02+(3/2).02.C2w.f}(C1T+C1Tw.f)/{c1+(3/2).C1w.f} (2.50)

Substitution of C1T=3'O and C,, =0.5 together with the other

1Tw

constants already specified produces values of gt=0.67 and 0.92 for

free and wall flow respectively. The coefficient C& is chosen by
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reference to the decay of temperature fluctuations behind a grid, and
Launder (1975) suggested that its value to be approximately 1.6. The
calculations for curved and buoyant flow show +that the wall
modification involving the mean strain rate appears to exercise little
influence and so, in the absence of more definite information, CZTw is
set to zero (Gibson 1978). The constants used here in +the algebraic

Reynolds stress and heat flux models are shown in Table 2.3.
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CHAPTER 3

NUMERICAL METHODS OF SOLUTION

3.1 Introduction

From the computational point of view, the numerical solution
method depends on the type of equations describing the flow: some
fiows can be described by parabolic equations and some others,
governed by elliptic equations, can be treated by approximate marching
methods. A general numerical, marching procedure is used for the
calculation of flows in which physical influences are almost exerted
in only one direction; as for example, in a boundary 1layer. Such
flows are described by parabolic differential equations. For flows
described by elliptic differential equations, perturbations at any
point in the flow domain can influence conditions at any other point.
The mechanisms of these interactions are usually: convection
(downstream transmission along stream line), conduction, diffusion and
viscous action (propagation in all directions by molecular
inter-mixing), and pressure transmission. Flows with recirculation
are clear examples of this type of flow, governed by elliptic
differential equations which require iterative solution methods. For
flows without recirculation so that convection operates mainly in the
downstream direction, but with significant curvature of the
streamlines (e.g. flows in strongly-curved ducts) causing pressure
transmission from downstream regions to upstream ones, the solution .
procedure was described by Spalding (1975) as "Partially-Parabolic".

This procedure has been adapted by Pratap (1975) for prediction of

flow in strongly-curved ducts.

The present work is concerned with "partially-parabolic” and
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"parabolic" solution procedures, applied to equations written in
cylindrical polar coordinates. The two solution procedures used were
similar in many aspects, but differed in +the way in which they
calculated the pressure field. The partially-parabolic procedure
employed a single pressure field conmon to all the three
momentum-equations, while in the parabolic method, two separate
pressure fields were calculated, one for the solution of <the 1lateral
momentum equations and the other for +the 1longitudinal momentum

equation.

A calculation procedure suitable for parabolic equations has been
described in detail by Spalding (1974) and Pratap (1975); the
"partially~-parabolic” method has been described by Pratap (1975),
Spalding (1975) and Majumdar and Spalding (1977). Only the main

features will be mentioned here.

These methods were embodied in a modified version of the basic
"TEACH" computer code (Ideriah and Gosman 1976). The basic program
had first to be adapted to cylindrical polar coordinates (r,9,z) for
the rotating pipe flow, and additional modifications‘had to be made
for the effect of 1longitudinal curvature in toroidal coordinates

(r,0,¢) for curved pipes.

Algebraic finite-difference equations were derived by a
combination of formal integration and approximation (applied for
continuity, momentum and energy equations 2.1, 2.2 and 2.3) over a
small control volumes across the flow field. The algebraic set of

equations obtained was then solved as will be shown later.
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3.2 "Partially-Parabolic” Calculation Procedure

The first step is to construct a finite-difference grid,
consisting of orthogonal, intersecting lines, arranged over the flow
domain along directions parallel to the +toroidal coordinate axes
(r,0,¢) for the flow through circular bends. The spacing of the grid
lines can be varied to locate more grid nodes in regions of steep
variations of the flow variables. Scalar properties such as pressure,
temperature, viscosity etc. are calculated at the grid nodes, while
the velocity-components are calculated at points midway between
adjacent grid nodes, as shown in Fig.3.1. In this "staggered grid"
system, velocity-components are conveniently located for calculating
the convective fluxes of flow properties stored at the grid nodes.
The pressures are located so as to make it easy to calculate the
pressure gradients that affect the velocity components. As shown in
Fig.3.1, the "control volumes”, which represent regions over which the
partial-differential equations (2.3) are integrated to obtain their
finite-differences form, are different for each flow variable. The
integration is performed with a few assumptions regarding the
variation of ¢ over the grid spacing. For convection in the lateral
directions, the value of ¢ is assumed to vary linearly between grid
nodes. However, this value is modified if the convective flux is much
larger compared to the diffusive flux in the same direction. This
modification, called the "high-lateral-flux modification”" removes
certain numerical difficulties (Patankar apd Spalding, 1972). 1In the
axial direction, the value of ¢, which is convected, is assumed to be

equal to its upstream value ¢;, The variation of the upstream value

of & in the lateral plane (r,®) is assumed to be stepwise. For

diffusion in the lateral plane, ¢ is assumed to be 1linear; but is
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also altered later, by the high-lateral-flux modification.

The integrated form of equation (2.3) may be expressed as:

L J(ui¢ - Ty +30/3K).an} + JS¢.dV =0 (3.1)
A vol

where the summation represents the combined flux due to convection and

diffusion at the six faces of the control volume, where A is surface

area and i stands for east, west, north, south and upstream nodes

surrounding the grid node considered p. The integral of the second

term in equation (3.1) is expressed in linearized form as:

J S¢.dV = Su + Sp.¢>p (3.2)
vol
This linearization has been found +to promote stability, especially
when S¢ is itself a function of ¢, as shown in the treatment of k
equation. The source term, (P- £), in equation (A1.4) has been put in

the finite-difference equation as a function of k as follows:

S =P-c=P-C .kMN (3.3)
M t .

Su + Sp.k (3.4)

where: Su=P and Sp=-Cu.k/\%

The resultant finite-difference equation has the form:

( EAi - Sp).¢p = g(Ai. ¢i) + Su (3.5)

where A is positive quantity.

One such equation (3.5) exists for every scalar variable at every
grid node. For velocities, similar equations apply but the control
volumes are displaced, as shown in Fig.3.2, necessitating minor

changes to the coefficient expression A. The finite-difference
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equations for the velccity components can be written as:

( E Ay- Sp).up % (AU )+ Su + Dg(pp-pw)

v
Z (Aivi) + Su + Dp(pp-ps)

A,- Sp).V
P,

. W
( Z A - Sp).wp Z (Ajdi) + Su + Dp(pD-pp)
1 1

(3.6)

(3.7)

(3.8)

where p's are the pressures at different nodes and D's are areas.

The continuity equation can be expressed as following, by making

a mass balance cver the ¢ control volume:

8] E

Up.aw + Vp.as + dU.a - U -a, - VN.an - Wp.aD

where:

a Ar.A¢./§2+(r—r.A6/2)2+2(r-r.Ae/2).R.cose

w

a_ = Ar.A¢./R2+(r+r.Ae/2)2+2(r+r.Ae/2).R.cose

aU = aD = r.AB.AT

an = rv .Ae./§2+r$ +2rV .R.cosf
N N N

as = rv .Ae./§2+r$ +2rv .R.cosd
S S S

Starting with the continuity equation (3.9),

pressure correction equation:

1 ] - L} L] L] 1
Pp LA;= Apy + Ay + App * Apy + Su
3

=0

one

can

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

derive the

(3.15)
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where:

= - - - \f
Su awUp + aSVp + anp anE anvN anp (3.16)
and j stands for east, west, north, upstream and downstream nodes.
The coefficients A's of the equations of ¢, U, V, W and p' are shown

in Table (3.1).

3.2.1 The Partially Parabolic Solution Procedure

The finite-difference equations are solved by an iterative
procedure. All variables, except the pressure, are stored in
two-dimensional arrays and are evaluated, over crogss-stream planes, by
mar ching in the predominant flow direction. The sequence of
calculation steps is as follows:

1) The three-dimensional pressure field is first assigned guessed
values

2) A march through the flow domain is initiated; and, from the inlet
distribution of velocity components, their distribution at the
next downstream location are calculated. The pressure gradients
are evaluated from the guessed pressure field ; fhe coefficients
in the equations are evaluated on the basis of flow properties at
the upstream station. The finite-difference equations are solved
by a +tridiagonal matrix algorithm, along lines in the lateral
directions.

3) The newly calculated distribution of velocity components are
checked for satisfaction of mass continuity at all the grid
locations in the cross stream plane. The pressure and velocity
fields are +then corrected by solving a pressure-correction

equation 80 as to remove errors in mass continuity.

4) The equation for property ¢ is solved so as to provide



L - ¢ ’ > &
variable coefficient
and

equation AE Aw AN AS AU AD

number

Up (3.6) (a.v)e/rAG (a.v)w/rAe (a.v)n/Ar (a.v)s/Ar (w.a)U 0
-(1-fe)(U.a)e +fw.(u.a)w -(V.a)n/Z +(V.a)s/2

Vp (3.7) (a.v)e/rAe (a.v)w/rAe (a.v)n/Ar (a.v)s/Ar (w.a)u 0
-(U.a)e/2 +(U.a)w/2 -(1-fn)(V.a)n +fs.(v.a)s

wp (3.8) (a.v)e/rAe (a.v)w/rAe (a.v)n/Ar (a.v)s/Ar (W.a)U 0
-(U.a)e +(U.a)w -(V.a)n +(V.a)s

Tp (3.5) (a.v)e/rAO (a.v)w/rAe (a.v)n/Ar (a.v)s/Ar (W.a)U 0
—(U.a)e/2 +(U.a)w/2 -(V.a)“/2 +(V.a)s/2

kp (3.5) (a.v/ok)e/rAe (a.v/ok)w/rAB (a.v/ok)n/Ar (a.v/ok)s/Ar (W.a)U 0
-(U.a)e/2 +(U.a)w/2 -(V.a)n/2 *(V.a)s/Z

€5 (3.5) (a.v/oe)e/rAe (a.v/o&)w/rAe (a.v/os)n/Ar (a.v/oE)S/Ar (W.a)U 0
-(U.a)e/2 +(U.a)w/2 -(V.a)n/2 +(V.a)s/2

p; (3.15) ae.Dg aw.Dg an.Dg as.Dg aU.Dg aD.Dg

Table 3.1 The finite-difference equation coefficients "A" for the flow through bends.

(f's stands for the weighting factor and a's are areas)

8

Mt 19
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distribution appropriate to the new downstream axial station.

5) Another new downstream axial station is chosen and the momentum,
continuity and ¢ equations are solved as described above. This
step~wise march 1is continued until the end of the flow domain is
reached. By the end of one complete marching sweep, a new
three-dimensional distribution of pressure is obtained.

6) Steps 2, 3, 4 and 5 are then repeated until the pressure
corrections, or the continuity errors which give rise to then,

become smalier than a preassigned value.

3.2.2 The Boundary Ccnditions

The boundary conditions are such that either the value of the
variable at the boundary is specified, or a prescription of the
gradient of the variable normal to the boundary is made. For example,
the velocities are =zero at a stationary wall, but at planes of
symmetry, their gradients normal to the boundary are gzero. The
incorporation of boundary conditions into the calculation procedure is
achieved by modifying either the source terms or the exchange
coefficients in the finite-difference equations for the near-boundary
variables. At Dboundaries where the velocities are fixed, the
gradients of the pressure-corrections normal to that boundary are
equal to zero; and if ¢the values of the pressure themselves are
prescribed; the corrections to the pressure at that boundary are put
to gzero. As for other variables, the incorporation of either

condition is straightforward.

3.3 "Parabolie” Calelation Procedure

For the flow described by parabolic equations a calculation
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procedure is used, in which the pressure field is stored in a
two-dimensional array, as well as other variables, and all variables

are calculated in one single sweep through the flow domain.

In this procedure we consider the influences travel only from
upstream to downstream and not vice versa. Thus, diffusion and
pressure transmission are assumed to be negligible along the
predominant fiow direction; and convection exerts influence considered
only along the flow direction. The difference between +the parabolic
and partially-parabolic methods is that, in the parabolic case, the
pressure field in the lengitudinal mcmentum equation is simplified and
is represented by a value P which is constant over a cross-sectional
plane for confined flow. The use of a P field permits a
"once-through"” marching procedure through the flow domain and does not
introduce large errors in the solution for small forward steps and

with no strong curvature in the stream lines.

The finite difference grid, the location of the flow variables
and the definition of the control volume are the .same as those
explained before, except that the axial velocity component is placed
directly at the grid nodes where the pressure is stored. The control

volumes slightly differ in (r,z) plane as shown in Fig.3.3.

The finite~difference equations are derived in the same way as
explained for the partially-~parabolic procedure except for the axial
momentum equation which becomes:

C LAy -sp)ew = T (AW;) + Su - D"(3%/52) (3.17)
i i
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3+3.1 The Parabolic Solution Procedure

Finite-difference forms of the differential equations of motion
are solved by '"marching"” from an upstream station, where the flow
cinditions are known, to successive stations downstream. The main
steps are:

1) At a given section z, the velocity field and the gradient 3P/
are estimated

2) The axial-velocity distribution is calculated.

3) The axial-velocity and 55782 are corrected using the continuity
condition.

4) The pressure field P(r,e) is estimated.

5) Lateral velocity components U and V are calculated.

6) The pressure field is corrected to satisfy locally the continuity
condition, and improved values of U and V are calculated.

7) The temperature field is calculated.

8) A forward step is taken to the new downstream station, z+Az, and
calculation steps 1 to 7 are repeated.

The process 1is repeated wuntil the end-plane of the flow domain is

reached.

3.4 Concluding Remarks

In this chapter, the +two <calculation procedures used in +the
present work have been described. The two procedures are based on the
same finite-differace method and share several important features.
The calculation procedures are general and flexible, and may be
applied to the calculation of various similar flows with different

boundary conditions.

From the computational point of view, it is seen that the method
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used for solving parabolic equations, used here for parallel rotating
ducts and mildly curved pipes, employs a marching technique and in one
sweep the problem can be solved and iterations are not required. But
this can proceeds only with relatively small forward steps,
particularly in the enterance region. In this method all the
variables are stored in two-dimensional arrays. The
“partially-parabolic” method, used here for strongly curved pipes,
permits the use of 1larger forward steps but several iterations are
required to obtain converged stable solutions. These ijterations are
used to update the three-dimensional guessed pressure field in order
to obtain the actual pressure field required. The results of the
calculations by both methods and the computational details will be

presented in Chapters 5 and 6.
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CHAPTER 4

EXPERIMENTAL INVESTIGATION

4.1 Introduction

The flow in bends is similar in some respects to the flow through
parallel rotating ducts. For both types of flow, centrifugal forces,
due to curvature in bends and due to rotation in rotating ducts,
affect the flow field, and the same type of secondary flows is
obtained. The aim of this experimental work is to provide data for
the development and evaluation of numerical prediction methods in
bends as well as to obtain data for use in checking the calculation
method used for similar type of flow through rotating ducts where

detailed measurements are unobtainable.

The present Chapter presents the measurements of velocities in
bends. Two test-sections were used:

a) The first test-section was a 90° bend of circular cross-section
with ratio of centre line radius of curvature to pipe diameter was
2.8. The maximum obtainable Reynolds number, baéed on flow rate
and pipe bore, was 43 000. Three sets of measurements were
obtained: in laminar flow at Re=500 and 1093 and in turbulent flow
at Re=43 000. The measurements were made in cross-stream planes
set at 300, 60° and 750 to the bend entry plane and at one and six
diameters downstream of the bend exit plane.

b) The second test-section was a 90o bend with square cross-section
with ratio of centre line radius of curvature to duct width was
T.0. The maximum obtainable Reynolds number, based on flow rate

and duct width, was %5 200. Turbulent flow measurements were

o
obtained in the 45 and 90o planes.
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The instrumentation consisted of a forward-scatter fringe-mode
laser Doppler anemometer with a frequency-tracking processing system.
This system is described in detail in section 4.3. The flow was first
checked carefully for symmetry at each station and in the entry

length.

The present experimental work is an extension of that reported in
Humphrey et al (1977 and 198%1) and Taylor et al (1980) on the flow in
curved ducts of rectangular cross-section. The entry flow has thin
boundary layers, and in this respect differs from the fully-developed
flow studied by Rowe (1970), while the bend of circular cross-section,
is considerably tighter than those employed for the developing laminar

flow measurements reported by Agrawal et al (1978).

4.2 Description Of The Rig

e
4.2.1 Gernyal Layout
A

The test sections used in the present investigation were set up
in two water rigs which were similar to that described by Taylor et al
(1980). A diagram of the present experimental apparatus for the
circular cross-section bend is shown in Fig.4.1; Fig.4.2 shows the
overall view of the apparatus. The closed circuit water sgsystem
consisted of a sump tank from which water was pumped into a constant
head tank from which it flowed by gravity into a large plenum chamber,
then through a contraction with a honeycomb, the test section,
flowmeters, and to the sump. The flow rate was monitored by means of
two flowrators (Type: Fischer-Parter series 10A3500), one for
turbulent flow and one for laminar flow, with standard accuracy of 2%
of maximum flow. The flow system was operated for the conditions

shown in Table 4.1.
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Flow m (kg/s) W (m/s) Re

laminar 0.019 0.0105 500
laminar 0.042 0.0230 1 093
turbulent 1.660 0.9200 43 000

Table 4.1 Laminar and turbulent flow conditions

for circular cross-section bend.

Focal length of imaging lenss (f)

Half-angle of beam intersection in air (V¥)
Half-angle of beam intersection in water ( Y )
Fringe separation (line-pair spacing) (Ax)
Number of fringes in measuring volume
Intersection volume diameter calculated at
1/e2 intensity (2z)

intersection volume length calculated at

1/e2 intensity (2y)

Photomultiplier pinhole diameter (D
Transfer constant

Laser beam wavelength ( A )

ph)

300 mm
9.11
6.84
1.9 m
84

0.167 mm

1.931 mm
0.5 mm

0.5 MHz/m.s
0.63%28

Table 4.2 Optical characteristics of the lasser

Doppler anemometer.

4° (ﬁz ‘ﬁ1)/ﬁ1

Re=500 Re=1093 Re=43000
30 -3.84% +1.55% -1.06%
60 ~2.48% +0.34% -0.55%
75 -5.18% +2.40% +0.73%

Table 4.3 The difference between calculated
mean flow rate using velocity
measurements (ﬁ2) and flowmeter

reading (ﬁ1)_




93

The working fluid used was water, because high Reynolds number
flows are difficult to obtain with viscous fluids of the desired
refractive index matching the perspex walls of the bend. For the
circular cross-section bend the consequent change in refractive index

across the perspex/water interface effectively limits the measurements

to the streamwise component of velocity only.

The plenum chamber was connected to the test section by a smooth
contraction entrance of circular cross-section and area ratio 8:1,
made of fibreglass and containing impregnated paper honeycomb placed
in the 1large end of the contraction. Two metal screens were placed
within the plenum chamber. preliminary measurements showed that after
passing through +the honeycomb and gradual contraction, the flow

entering the test section was steady and symmetrical.

Another similar water rig of smaller dimensions was used for the

square cross-section bend.

4.2.2 The Test Sections

Fig.4.3 shows the geometry and dimensions of the 90° test bend of
circular cross-section. The internal diameter d was 48 mm and the
radius of curvature R meaured to the axis was 134.4 mm (R/d=2.8). The
bend was machined accurately as suggested by Agrawal et al (1978) from
two halves of a rectangular perspex block split in the plane of
symmetry. This method was adopted because of the near impossibility
of bending a tube to this radius while still maintaining accurate
circularity of the cross section. The effects of refraction on the
the path of the laser beam must, however, be taken into consideration.

A method for the calculation of these effects, in the complex three

dimensional view, is given by Enayet et al (1981). In the present



e

o ‘; : ‘, 30

TIT

{ {

1 . I

[ !
| | X

! |

o

=l

U =-

INSIDE

4840.1
BORE
76

ot e ——

—

SECTION THROUGH BEND

Fig.4.3 Bend dimensions and nomenclature, (dimensions in mm) .

SECTION AA

TAPPING POINTS

:
—

SECTION THROUGH BEND

Fig.4.4 Pressure tapping locations.



95

study a simplified two dimensional analysis was used. This will be
discussed later. The bend was fixed in the horizontal plane and
fitted with a short straight tube 24 m long at the inlet and another
straight length of 48 an downstream. Wall pressure measurements were
obtained by means of pressure tappings let into the walls of the test
section, as shown in Fig.4.4. Pressure measurements were made with a
water micromanometer. In 1laminar flow the pressure differences of

water were too small for reliable measurements. Views of the details

of the test section are shown in Fig.4.5.

The other test section used consisted of a 90o square
cross-section bend of mean radius 280 mm and of radius to duct width
ratio 7.0, as shown in Fig.4.6. A short upstream gstraight duct
(length/width=7.5) is fitted to get thin inlet boundary layers in the
bend and 2 metres straight duct at downstream of the bend was also

fitted.

4.3 Laser Doppler Velocimetry

The optical arrangement used in this investigation is shown in
Fig.4.7 and the principal characteristics of the anemometer are given
in Table 4.2. The anemometer unit consisted of a 5 mW helium~ neon
laser which provided 1light focussed on to a diffraction grating,
collimated in order to reduce spherical aberration, and focussed to
form the scattering volume within the bend. Forward scattered light
collected by the objective lense was focussed on a pinhole in front of
an EMI9658 photomultiplier. The mirror shown in Fig.4.7 which is used
to turn the optical axis through 90 degrees was optically flat within
one tength of the waveléngth of light. The photomultiplier output is

processsed using a Cambridge Consultants CCO1 frequency-tracking
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Fig.4.5 Views of the test section.
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40x40

Fig.4.6 Square cross-section bend geometry (dimensions in mm).
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demodulator. More details are reported by Durst et al (1976).

All the optical system components were mounted on an opticsal
bench which in turn was fixed to a three dimensional traversing
arrangement. The entire optical system could be traversed relative to

_the test section while keeping the components aligned at all times.

4.3.1 Doppler Signal Generation And Interpretation

When two light beams with wavelength X intersect at an angle 2 v,
an interference pattern of stationary fringes parallel to the bisector
of the two beams 1is formed. A particle moving through the fringe
pattern with instantaneous velocity component Wp (normal to the
bisector of the angle 2Y¥) as shown in Fig.4.8, will scatter varying

intensity light. The Doppler shifted frequency is given as follows:

vy = 2.wp .sinV¥ /X (4.1)

For the square bend, in addition, the optical system can be
ad justed for measuring both streamwise and transverse components of
velocity, wusing an optical axis adaptor to rotate the plane of the
incident laser beams. When measuring the axial velocity component W
the incident beams of the anemometer are arranged to lie in (r,8)
plane. For transverse velocity component V in z direction,
measurements are made with the fringe system orientated in such a way
that the normal to the fringe is inclined successively at angles of O,
45 and -45 degrees to the axial direction as shown in Fig.4.9. The
velocity components are derived from the measured Doppler frequencies

using the following equations derived by Melling and Whitelaw (1976):

RN W (4.2)
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Fig.4.9 (a)Orientation of fringes for sensitivity to two velocity
components.
(b) Vector diagram for case B.
(c)Vector diagram for case C.
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v o= (9 ) /K (4.3)
Vo= 0 )5 (9 )}/ (KYD) (4.4)
v ey 02, #9129, 2 K (4.5)
v oy s =5y )35 V(2% (4.6)
where: K =2.sin ¥ /A (4.7)

and (vD )0'(“D )45 and (“D )_45 are the frequencies at 0, 45 and -45
degrees respectively. W, V and v represent local mean values, while

W, v and v are the corresponding fluctuating values.

4.3.2 The Laser Doppler Velocimeter Control Volume

Fig.4.10 shows an laser Doppler velocimeter operating in the
fringe mode. Two Dbeams are focused at the measuring point P by the
lens L1 of focal lenth f. The intensity distribution of <the fringe
pattern, which is formed at their crossing region, is an ellipsoid.
The dimensions of the ellipsoid are dependent on the arrangement of
the optical components which observe the Doppler signal and transmit
it to the photomultiplier. Considering a pinhole diameter Dph and a
light-oollecting lens magnification M, the diameter of the control

volume and the number of fringes that can be viewed by the pinhole are

given by:
dph= Dph/M (4.8)
N, =4d /Ax (4-9)
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4.3.3 Control Volume Displacement Correction

Refraction of the laser beam at the water/perspex interface not
only displaces the measurement volume by an amount which ecan be
readily calculated but also, and more importantly, prevents the
measurements of cross-gsection velocity components. The method
employed successfully for the latter in the rectangular bend
experiments as shown in Humphrey et al (1977 and 1981) fails for the
round pipe, because, unless the refractive indices of the fluid and
pipe wall are equal, the twin laser beams entering the pipe in a plane
at 45o to the axis cannot converge. Consideration was given to the
use of fluids other than water which would allow the indices to be
equalized. Unfortunately, it turns out that such fluids either
possess highly unpleasant or toxic properties, or are so viscous that
it is difficult to obtain Reynolds numbers high enough for turbulent
flow. A case in point is the experiment described by Agrawal et al
(1978) where the use of a glycerine-water mixture to match the indices

limited the investigation to laminar flow.

The measurements were made at points along the optical axis which
is refracted at the pipe wall at an angle to the plane of symmetry to
which it was originally parallel. A straightforward calculation
produced the beam trajectories shown in Appendix A5. The corrections
described by Boadway and Karahan (1981) and Bicen and Whitelaw (1981),
for the effects of refraction due to the bend curvatures, were applied
to the streamwise velocity component data. The corrected velocity
component was obtained by multipling the velocity Wp, calculated from
equation (4.1), by a correction factor Cf given by the following

relation:
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1/Cf= nf+(ra/Ro){ (Ro/Ri)(nf/nw-1 )+(nw—1 ).nf/nw} (4.10)

where:

nf=refraction index of the fluid

nw=refraction index of the wall

Ro=outer radius of the curved wall

Ri=inner radius of the cueved wall

r.= radius position of the virtual intersection of beams with no
refraction (as shown in Fig.4.11)

(note that r, is positive for positions beyond the centre of

curvature with respect to the laser source)

The true radius of beam intersection and corrected fluid velocity are

given by the following equations:

£ Coery (4.11)

wp)corr wp'Cf

r

(4.12)

"

It was found that signal quality was only slightly impaired by
refraction effects and that measurements were feasible for points in
the flow distant more than one tenth of the radius from the wall in

the vertical plane.

4.3.4 Doppler Signal Processing

The scattered light was collected by the photomultiplier, from
which the output was processed in a frequency tracking demodulator and
associated equipment shown in the block diagram of Fig.4.12. Since
the maximum velocity of the flows investigated here produced Doppler
frequency much less than one MHz, with continuous signals of high

gignal-to-noise ratio, the tracker is well-suited for the present
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measurements. Frequency trackers, their characterictics, performance,
limitations and comparisons with alternative signal processing
technniques, are reviewed and discussed by Durst et al (1976). For
turbulent flow measurements, the flow is seeded (Durst et al 1976)
with minute quantities of milk to increase the scattering particle

concentration and thereby increase the particle arrival rate.

The output from the tracker was presented in parallel to the true
time integrator and rms meter from which the mean velocities and
turbulence intensities were found. The normal measuring procedure
consisted in recording not less than three values of the average and
rms voltages directly from the digital voltmeters. The rms meter was
allowed sufficient +time to stabilise after changes in the measuring

volume position.

4.4 Scope And Accuracy Of The Neasurements

For each cross-section in the bend the mean axial velocity was
calculated from the measurements by dividing the flow domain into
small areas, as shown in Fig.4.13, for circular cross-section, and
Fig.4.14, for square cross-section, and assuming that <the axial
velocity is uniform along every cell. The percentage increases in
mass flow rate with respect to the reading of the flowmeters are given
in Table 4.3, for the «circular cross-gsection, while for square
cross-seection -1.67% increase, for ¢=45°, and -0.6%, for ¢=90°, are

obtained. The changes in mass flow rate lie in an acceptable range.
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4.5 Results And Discussion For Circular Cross Section Bend

4.5.1 Flow Visualization

Observation of hydrogen bubble paths in low speed flow revealed
no unusual features such as the local separation reported by Humphrey
et al (1977) for fully developed flow through the square section bend.
The visual observations were entirely consistent with large scale
secondary flow patterns detected by laser Doppler anemometry.
Hydrogen bubbles were generated in the flow by a thin wire electrode
inserted through the static pressure tappings and the trajectories
were- photographed with typical results shown in Fig.4.15. PFigs.4.15a
and 4.15b show bubble - paths at the 15° and 30o stations where the
inward movement of low velocity fluid in the upper part of the bend is
clearly visible. The secondary flow appears to be directed inward at
a greater angle at the 15° station than further downstream at 300.
The corresponding outward movement of the core flow is shown by the
distinct trace from the electrode tip. Fig.4.15c shows the hydrogen
bubble sheet generated near the wall at the 30o station; the flow here

is upward and along the wall toward the inside of the bend.

4.5.2 Laminar Flow Measurements

The results of velocity measurements at Re=500 are presented 1in
Figs.4.16 and 4.17. Fig.4.16 shows the inlet conditions: horizontal
and vertical velocity profiles 0.58 diametgrs upstream of the bend.
The boundary layer thickness is about 0.27 times the pipe diameter so
that there is a significant potential core. The apparent slight
asymmetry shown in the results is within the estimated error band.

Contours of the streamwise velocity in four cross-stream planes are

presented in Fig.4.17, and show the effects of strong secondary flow
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Fig.4.15a Flow visualization: Re=1093. Flow from top left

o
to top right; wire inserted at ¢=15 , y/r=0, z/r=1.

Fig.4.15b Flow visualization: Re=1093. Flow direction from top

left to top right; wire inserted at ®=30°, y/r=0, z/r=1.
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Fig.4.15c Flow visualization: Re=1093. Flow direction from
o
top right to top left; wire inserted at ¢=30",

y/r=1.0, z/r=0.
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which displaces the region of maximum velocity to the outside of the
bend. The secondary flow develops gradually: in the 30° plane the
only visible effect is a thickening of the shear layer on the inside
of the bend. By 60° the secondary flow becomes almost fully developed
as 1is shown by the distortion of the contours. The fourth set of
contours, in the plane one diameter downstream, shows that the

secondary motion persists without significant decay to this distance.

The effect of doubling the Reynolds number to 1093 is shown in
Figs.4.18 and 4.19. The 1inlet boundary 1layers are reduced in
thickness by about 15% to 0.23 d, the transverse pressure gradient is
increased and the secondary flow is intensified. The peak velocity in
the 30° plane is displaced from the plane of symmetry but remains
closer to the centreline. This  displacement, which persists
downstream, is also observed in the flow in a square bend (Taylor et
al 1981). The shape of the contours near the outside of the bend
reflect scatter in the data attributable mainly to difficulties in
locating accurately the measurement volume near the wall and partly,

perhaps, to slight asymmetry in the flow.

In neither case do the measurements show any unexpected feature:
the secondary flow is superimposed on the main motion; it develops
gradually and persists downstream after the removal of the transverse
pressure gradient responsible for its generation in the bend. The
strength and location of the pressure-driven secondary flow depend on
the inlet conditions and Re which cannot be varied independently in
the present experiments. The stronger secondary flow observed at
Re=1093 must be attributable mainly to the increased centrifugal

forces and transverse pressure gradient rather than to the relative

small changes noted in the initial conditions. The present
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contribution is of quantitative velocity data in the bend: these are
considered to be accurate enough to be useful in checking the

numerical accuracy of flow prediction methods.

4.5.3% Turbulent Flow Measurements

At the maximum flow velocity of 0.92 m/s, Reynolds number 43000,
the inlet boundary layers are turbulent. The static pressure
variation on the bend wall is large enough to be measured accurately
with the results shown in Fig.4.20. At the bend inlet the negative

st
pressure /on the inner wall is roughly twice the positive gradient on
the outside. These initial gradients resulting from the change from
straight to curved flow disappear at about 250, so that in the
mid-section of the bend (25°<¢< 750) a quasi equilibrium condition is
reached with an almost uniform pressure on the inner and outer walls.
The transition to straight flow downstream is signalled by the

appearance of strong gradients for ¢>75°. The overall pressure drop

is about 0.30Wi.

Laser Doppler measurements of the mean and rms fluctuation of the
streamwise velocity at inlet are shown in Fig.4.21, and’ contours of
these quantities at downstream stations ‘- are showng%igs.4.22 and
4.23. The inlet boundary layers of Fig.4.21 are much thinner, 0.09d,
than in the two laminar flows investigated and the presence of a large
central region of uniform velocity flow influences significantly the
development of secondary flow downstream. The mean velocity contours
presented in Fig.4.22 show that by the SOP plane the potential core
has ad justed to the cross-~stream pressure gradient imposed by the bend

and the region of maximum velocity is displaced toward the inside.

The results also differ from <the corresponding laminar flow
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Fig.4.22 (a)-(c) Contours of mean axial velocity w/wm in the
bend for turbulent flow,.
(Re=43 000)
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downstream of the bend for turbulent flow.
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measurements in that the thickness of the outer wall boundary layer is
increased relative to that on the inside of the bend due mainly to the
effects of the potential flow adJjustment and the wall pressure
gradient of opposite sign but also, quite possibly, to the effects of
longitudinal curvature on the turbulence structure. In the 60° Plane
distortion of the contours suggests the presence of strong secondary
flow largely confined to the region of steep velocity gradients near
the inner wall. This secondary flow grows with distance through the
bend and by the 75° plane extends over and beyond the inmer half of
the section. The removal of the transverse pressure gradient in the
straight flow downstream results in a shift of the velocity maximunm
toward the outside. A 1large secondary flow, comparable with those
observed in the laminar flow experiments, now extends over the entire
flow area and persists in the plane 6 diameters downstream of the bend
where, however, the transverse velocity gradients decay to about one

half of their values one diameter downstream.

The contours of turbulence intensity presented in Fig.4.23 are
consistent with those of mean velocity. As is to be expected high
values of the velocity fluctuation are associated with steep mean

velocity gradients and with the distortion of the symmetrical inlet

flow.

These results may be compared with the measurements made by
Humphrey et al (1981) in a tight bend of square cross-section. The
inlet boundary layers of that flow are subsfantially thicker than in
the present flow and contain stress-driven secondary flows towards the
corners. As a result the pressure-driven secondary flow in the bend
extend over the entire flow area as in the two laminar flows of the

present study.
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4.5.4 Closure

The measurements show , as expected, the presence in bend flow of
strong cross-stream flows produced by the inward motion of slow moving
fluid in a radial pressure gradient. The strength of the secondary
flow is influenced by the initial inlet flow conditions: when the
inlet boundary layers are thin, as in the turbulent flow case reported
here, the initial flow adjustment is an inward shift of the velocity
peak in the potential core. The secondary flow then develops
initially in the inside of the bend. For all cases the secondary flow
takes some time to develop and its effects are still increasing by the

exit and persist downstream.

The effects of refraction at the doubly curved fluid-wall
interface prevent the measurement of cross-stream velocity components.
The investigation of flows in the round bend to the same 1level of
detail as 1is achieved previously in square bends will require
refractive index matching. For the streamwise velocity measurements
reported here simple geomeitrical corrections allowed for the
displacement of the measurement volume by refraction as shown in

Appendix AS.

4.6 Results And Discussion For Square Cross Section Bend

Because the flow is symmetrical, only the lower half of the duct

need be considered; the measurements locations are shown in Fig.4.13.

The bulk velocity was 0.88m/s giving Re=35200 (based on the bulk
velocity and duct width). The boundary layers in the bend inlet plane
were turbulent and about 0.14 duct widths thick. Measurements were

made in 45° and exit (90°) planes, the optical axis being vertical.
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The results consist of the streamwise and radial mean velocity
components W and V, the corresponding turbulence intensities w and v
and the Reynolds shear stress wv. Measurements in the inlet plane for
Re=40000 were made by Taylor et al (1981) when an S bend was fitted to
the water rig. It was supposed that the inlet conditions did not
differ significantly in the present bend flow and the data from Taylor
et al (1981) are reproduced in Fig.4.24. These show fairly uniform
inlet boundary layers with an appreciable potential core. The radial
component of the mean velocity, which is not presented, nowhere
exceeded 0.07 ;3\\and the shear stress 1levels, also not presented,
appear to be consistent with the intensities, but the boundary layers
are too thin for more detailed measurements of the cross-correlation
in the high shear regions adjacent to the walls. The measurementss in
the 450 and exit planes, presented in Fig.4.23 to Fig.4.27, may
usefully be compared with the equivalant data from the more stongly
curved bend reported by Humphrey et al (1981) and Taylor et al (1981).
As in the previous experiments, the flow responds in two ways to the
imposition by the bend of a radial pressure gradient, Initially, the
peak velocity in the core moves towards the inside of the bend as
required for radial equilibrium in the centre, but further downstream
the development of secondary flows results in a shift of this peak to
the outside region. Both these effects are very evident in the tight
bend flow, see Humphrey et al (1981) and Taylor et al (1981), but the
former is not apparent in the present measurements where the
transverse pressure gradients are considerably smaller and less
influential. The secondary flows, whose presence is evident in the
mean velocity contours at 45°, effectively displace the velocity
maximum to the outside of the bend and result in an accumulation of

slow moving fluid on +the inner wall. The inward flow at the side
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walls ensure that the boundary layers there remain thin. As the flow
approaches the bend exit, it is accelerated on the outer wall and
retarded on the inner one. The adjustment to rectilinear flow is
rapid: the measurements of Fig.4.26 show that in the exit plane the
transverse mean velocities fall to roughly half their values at 450,
while the mnuch-distorted contours of W simply record the history of
the flow. Profiles of +the transverse component V, plotted in
Fig.4.25, show strong inward flow in the inner part of the duct, and
also suggest the presence of a weak secondary circulation of the
opposite sense in the outer part of the duct. These circulations,
presumably, arise from the destabilising action of concave curvature
on the outer wall boundary layer, and persist because the curvature is
sufficiently mild for it not to be swept into the main pressure-driven
secondary motion of the opposite sense., Weak secondary circulations
of this nature are also reported in Rowe (1970) and Cheng, Nakayama

and Akiyama (1979).

Contours of the rms turbulence intensities w and v and the
Reynolds shear stress wv are plotted in Figs.4.28‘ and 4.29. The
distortion of the nearly symmetrical inlet contours, Fig.4.24, is very
evident and generally consistent with the development of local high
shear zones in the mean flow. The high level of v measured near the
inner corner in the exit plane are rather surprising, and is in
contrast with the strong curvature results of Humphrey et al (1981),
where peak values of v, of the same order as w are distributed in the
outer part of the exit plane. The shear stress plots contain 1less
detail but show higher levels on the whole near the inside of the bend
consistent with high shear and 4turbulence activity there. There

appears to be no evidence of significant damping or amplification of
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turbulence due to longitudinal curvature as observed in the
strongly-curved bend by Humphrey et al (1981) and the position of zero

shear stress coincides approximately with that of the maximum mean

velocity.
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CHAPTER 5

PREDICTION OF FLOW THROUGH ROTATING DUCTS

5.1 Laminar Flow

5.1.1 Laminar Isothermal Flow

We consider laminar flow of a uniform-property fluid. U, V and W
are velocity components in the tangential, radial and axial directions
respectively as shown in Fig.1.1. The equations of motion given by
Morris (1965) are reproduced in Appendix Al. The effects of rotation
appear in radial and tangential momentum equations as Coriolis and
centripetal acceleration terms. Elimination of the pressure-gradient
terms Dbetween radial and tangential momentum equations shows that the
Coriolis terms can sustain a secondary flow in the (r,0) plane if
aW/3z is non-zero; that is if the flow field is still developing
(Morris and Woods 1977). For fully-developed flow, 9W/9z=0, secondary
flow is not induced and the Coriolis terms are identically zero
(Morris 1965a). The centripetal terms can be combined with the

pressure gradient by defining

P' = p- .S?(r2/2 + Hor.cos?b) (5.1)
3P'for = 3p/ar - p.QZ(r + H.cos9) (5.2)
3P' 6 = 3p/fae - p.n2.r.H.cose (5.3)

Calculations have been performed for fully-developed flow in a
rotating tube. Fig.5.1 shows the effect of grid size and geometry of
the calculated pressure distribution in the (r,p) plane compared to
the exact result, equation (5.1), where the dimensionless groups used
are:

w = Q.d/Wm (5.4)
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2
J =gq.r /(2v) (5.5)
and the points represent the values calculated at the grid nodes and

it is shown that irregular spacings, with nodes concentrated near the

wall and centre line, gives the best results.

5.1.2 Laminar Fiow With Heat Transfer

For flow with heat transfer, we make the usual Boussinesq
approximation that the effects of temperature on density are
significant only in the body~-force terms in the momentum equations, as
shown in Appendix Al. The results of calculations for the case of
uniform surface heat fliux in fully-developed flow have been
illustrated in Fig.5.2. The conditions were chosen to correspond
approximately to those reported by Morris and Woods (1977) and
Skiaderessis and Spalding (1976) with which the present results are
compared. Fig.5.Z shows the dependence of the average Nusselt number
on the product of Reynolds and rotational Rayleigh numbers (Re.Rar)
where:

Ra_, = Gr_.Pr ' . (5.6)
and the rotational Grashof number Grr is defined as:
Gr_ = 2°.8.H.rr. (31/02) /v - (5.7)

/
same HReynolds number and heat flux. Good agreement with  the

—

and Nuo represents the mean Nusselt number foi/stationary tube for the
Skiadaressis and Spalding results is obtained. It is shown that
rotation increases the heat transfer. For the present prediction, as
shown in Fig.5.2, the correlation between the fully-developed mean
Nusselt number and the product of the Reynolds and Rayleigh numbers

can be obtained, for 3x1o4 <(Re.Ra ) s2x106, as following:

Nu/Nu_ = 0.335x(Re.Ra )7 > (5.8)
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Contour pilots of axial velocity component are shown in Fig.5.3
and the equivalent temperature contours are shown in Fig.5.4. The
secondary flow effects are very evident. It can be seen that the
maximum axjal-velocity and maximum dimensionless temperature

(Tw-T)/(Tw_Tm) are shifted from the centre-line to the outside of the

pipe.

Tangential and radial velocity contour plots are shown in Fig.5.5
It can be seen that the direction of the tangential velocity component
in the outer region of the pipe is opposing that in the inner region
and the maximum value of tangential velocity is 6% of the mean axial
velocity Wm. The direction of the radial velocity in the outside half
of the pipe with respect to the centre of rotation is opposing that in
the inside half and the maximum value of radial velocity is 2.5% of
Wm. Taking into consideration the directions of the velocity
components it is concluded that the secondary flow in the cross
section plane form two vorticies going from inside to outside of the
centre of rotation as shown in Fig.5.6. All the previous results are

shown for fully-developed pipe flow.

5.2 Turbulent Flow

5.2.1 Isothermal Turbulent Flow With The k-€ Model

It has been noted in section (5.1) that the characteristic
feature of the isothermal, fully-developed laminar flow in a rotating
tube is that there are no secondary flows in the cross-stream plane.
This situation does not obtain for isothermal fully-developed
turbulent flow where additional Reynolds-stress gradients appear in
the equations of the mean motion. The appearance of secondary flows

in the turbulent case is shown in the calculated velocity profiles of
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Fig.5.3 Velocity contours (W/Wm)
(Re=2200, Pr=0.7, H/d=24, Gr=230.3, J=3.125 and w=0.05)
(where:

w= Qd/wm, J=§ rf)/z vZ.Re/8) .

Fig.5.4 Temperature contours (TW—T)/(TW—Tm)
(Re=2200, Pr=0.7, H/d=24, Gr=230.3, J=3.125 and=0.05)
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RADIAL VELOCITY CONTOURS (v/wm)

Fig.5.5 Lateral velocity components for fully-developed flow
(Re=2200, Pr=0.7, H/d=24, Gr=230.3, J=3.125 and w=0,05),

QD

Fig.5.6 Secondary flow in parallel rotating pipes for fully-developed
flow.
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Fig.5.7. The contour plots of Fig.5.8 clearly show that the
assumption of symmetry is valid, since flow through +the full pipe
section has been calculated (with 15 tangential and 11 radial grid
nodes) with identical resuits for half pipe calculations (with 10
tangential and 10 radial grid nodes). The average coefficient of

friction Cf increases with increasing rotational speed as shown in

Fig.5.9, where:

T, = 7 /(p.W2/2) (5.8)

Rotation also produces a circumferential variation in Cf in
developing flow and the maximum value is moved to the outside of the
pipe, as shown in Figs.5.10 and 5.11. The pipe 1length required for
fully-developed flow increases with rotational speed. This length is
around 40 diameters for small rotation and around 55 diameters when

the rotational speed is doubled.

Tangential and radial velocity contours are plotted in Fig.5.12,
showing that the same type of secondary flow, similar to that of the
laminar case with heat transfer reported in Fig.5.6, - is induced. The
secondary flow is not stronge and the maximum value of the <tangential
velocity component is about 2.5%¢ of Wm and that of the radial
component is about 1.5% of Wm for the larger value of rotation with
dimensionless number J is equal to 277.8. The corresponding
dimensionliess static pressure contours (P'PCL)/%Wip are shown in
Fig.5.13. High pressure regions move outside and low pressure regions
move inside with respect to the centre of rotation. Fully-developed

dimensionless turbulence energy contours (k/u?m) are shown in
Fig.5.14. The corresponding minimum values have been moved outside of

the pipe as that of the maximum axial velocity as shown in Fig.5.8.
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(a)

symmetry
line

(b)

1.18
1.15

Fig.5.8 Isothermal fully-developed axial velocity contours (W/wm)
(a) results obtained by solving the full pipe; 360°

(b) results assuming symmetry and solving half pipe; 180°
(k- € model used, Re=50 000, J=277.8 and y =0.044).
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Fig.5.9 Developing of the average coefficient of friction at various rotational
speeds for isothermal flow for Re=50 000 and H/d=25,
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Fig.s.llo Developing of the coefficient of friction at different angles for isothermal
flow for Re=50 000 and H/d=25.
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Fig.5.11 Developing of the coefficient of friction at different angles for isothermal flow.
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RADIAL VELOCITY CONTOURS (V/Wm)

Fig.5.12 Lateral velocities for fully-developed isothermal flow.
(Re=50 000, H/d4=25, J=277.8, w=0.044, k&g model used)

low pressure

side
high
pressure /
side -

Fig.5.13 Dimensionless pressure contours (p-pcl)/‘zp wfl for fully-developed

isothermal flow (Re=50 000, H/d=25, J=277.8, w =0.044 and ka € model
used) . R :
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Fig.5.14 DIMENSIONLESS TURBULENCE ENERGY CONTOURS (k/u ) for fully

mean
developed isothermal flow. (Re=50 000, H/d=25, J=277.8, w=0.044,

k-t model used).

Fig.5.15 Isothermal fully-developed axial velocity contours (W/W )
m
(Re=50 000, w=0.044, H/d=25, J=277.8)

k-e model

- e -

algebraic model with P/e=1.
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5.2.2 Isothermal Turbulent Flow With The Algebraic Model

Applying the procedure mentioned before in Chapter 2, for
turbulent flow in rotating ducts, a set of algebraic equations for
different Reynolds stresses were obtained, which are shown in detail
in Appendix A2. The algebraic Reynolds stress model and computation
method were first tested for stationary pipe flow. Typical results
are shown in Appendix A4. The results agree reasonably well with the
experimental data but are not expected to be noticeably superior to
the k-¢ predictions for this simple flow. Fig.5.15 shows contours of
mean axial velocity W/Wm in a rotating tube, using the algebraic
Reynolds stress model, with the assumption P/e=1, compared with the
results obtained from k-e model calculations. This is a situation in
which the Reynolds stress method would be expected to give results
superior to those of the simpler k-e method used before snd indeed the
figure shows quite significant differences. The main point of
difference in the algebraic stress model calculations is that the
velocity profile is appreciably more distorted and less peaked. The
corresponding lateral velocity components are shown in Fig.5.16. When
they are compared with the k-¢ model results the same trend is
obtained but higher values of tangential and radial velocities are
observed. This means that the algebraic model is able to predict more
distorted flow than the k-¢ model. The pressure distribution, shown
in Fig.5.17, seems to be almost the same as that reported in Fig.5.13
for the k-¢ prediction. The corrésponding dimensionless turbulence
energy contours are shown in Fig.5.18. The contours show less
distortion than k-g model results of Fig.5.14. In addition +to those
results the effect of rotation on different turbulence intensities and

Reynolds stresses are obtained as shown in Figs.5.19 and 5.20. All
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Fig.5.16 Lateral velocities for fully-developed isothermal flow.
Re=50 000, H/d=25, J=277.8, w=0.044 ,algebraic model used.

Fig.5.17 Dimensionless pressure contours (p-pcl)/%p W; for fully-developed
isothermal flow.

Re=50 000, H/d=25, J=277.8, Ww=0.044 ., algebraic model used.
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Fig.5.18 DIMENSIONLESS TURBULENCE ENERGY CONTOURS (k/uT nean) fOT fully-developed

isothermal flow. (Re=50 000, H/d=25, J=277.8, w=0.044,

algebraic model used).
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Fig.5.19 Contours of rms turbulence intensities for fully-developed
isothermal flow, .
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Fig.5. 20 Contours of the Reynolds shear stresses for fully-developed
isothermal flow.

(Re=50 000, H/d=25, J=277.8,Ww =0.044, algebraic model used)
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the results are obtained for fully-developed flow.

5.2.3 Turbulent Flow With Heat Transfer Using the k-t Model

Turbulent flow in parallel rotating ducts with heat transfer was
studied, at first using the k-e model of turbulence. The results of
calculations are compared with four experimental data sets supplied by
Stey%nson (1982). The values of the dimensionless groups used in both
the experimental data and the present prediction are shown in Table
51 The axial wall temperature distribution was used as a thermal
boundary condition for the present prediction, and it was obtained as
a continuous curve passing through the experimental measurements for
each case. The inlet fluid {emperature was taken from measurements,
and was assumed with other variables and properties to be uniform in
the inlet plane. This assumption is probably not very accurate, bdbut
unfortunately there are no mesurements of velocity, pressure or
temperature fields for this type of flow in rotating ducts. The
assumption of uniform inlet conditions affects the calculated flow in
the entrance region of the duct. The grid used for +the numerical
calculation consisted of 10x10 uniformly spaced AOdes in the radial
and tangential directions respectively. The number of axial steps was
chosen according to the rotational speed. For zero rotation and for
case II of smalil rotation, the axial step was chosen to be 0.02 of the
duct diameter at the inlet and was increased gradually up to 0.1 of
the diameter. But for higher rotations, very small axial steps were
necessary; these were chosen as 0.02 of the diameter along the duct
length for case III, and 0.015625 of the diameter for case IV. A
small step length is usually required for this type of flow with high
body forces to overcome numerical instabilities associated with the

use of upstream quantities in the parabolic solution procedure.

1
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case number Re m=Q.d/Wm Sw=Q.H/Wm H/d
experiment 34 930 0 0 25.2
' prediction 33 333 0 0 25.2
experiment 33 200 0.060 1.523 25.2
H prediction 33 333 0.069 1.745 25.2
experiment 32 790 0.094 2.366 25.2
H prediction 33 333 0.112 2.834 25.2
experiment 32 160 0.125 3.145 25.2
H prediction 33 333 0.153 3.860 25.2

Table 5.1 Values of the dimensionless groups used for the
experimental data of STEPHENSON (1982), and the
present prediction of turbulent flow in parallel

rotating ducts.




CORRECTIONS

page line wrong correct

no. no.

154 21 decreased. decreased, and is displaced away from the
symmetry line for the cases III and IV due
to strong body forces effect.

154 29 is increased. is increased. The maximum dimensionless

temperature is displaced away from the

symmetry line for case IV.




154

Fig.5.21 displays the calculated axial temperature distribution
compared with the experimental data. These results are depicted for
cases I and IV; for the other two cases only the inlet and outlet
temperatures were available. Good agreement is shown in the figure,
even for very high rotation case IV. The corresponding Nusselt number
variation with axial distance is shown in Fig.5.22. The comparison of
the predicted Nu with the experimental data shows good agreement in
the regions far enough from the two ends of ¢the test section. The
larger discrepancies are found in the inlet region of the duct, where
the inlet boundary conditions were assumed to be uniform. These
uniform distributions affect the calculation of the heat flux and
Nusselt number. The fully-developed cases are considered at L/d=60
for cases I and II, and at L/d=55 for cases III and IV. For
fully-developed flow, the maximum difference between the predicted Nu
and the experimental value is around 12% for case IV as shown in
Fig.5.22. The corresponding predicted fully-developed axial velocity
contours for the four cases considered are shown in Fig.5.23. The
maximum axial velocity is displaced to the outside of the centre of
rotation. When the rotational speed is increeased, ¥he axial velocity
distortion is increeased, while the maximum axial velocity is slightly

~— decreased. The corresponding  tangential and radial velocity
components are shown in Fig.5.24 and 5.25 respectively. The lateral
velocity components are increased when the rotational speed is
increeased. The maximum tangential velocity component is U/Wm=17%,
and the maximum radial velocity componehet is V/Wm=19%, as shown in
figures for case IV. The dimensionless temperature contours are shown
in Fig.5.26. The minimum temperature is displaced to the outside of
the centre of rotation as shown in the figure, and its value is

— slightly increased when the rotational speed is increased. The
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Fig.5.21 Variation of temperature with axial distance for turbulent flow in
parallel rotating ducts for different rotational speeds.
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CASE (IV): ¢»=0.153
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Fig.5.23 Fully-developed axial velocity contours (W/Wm) for turbulent
flow with heat transfer using k-& model.

(Re=33 333, H/d=25.2, m=Q.d/Wm, Sw=Q.H/Wm)
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CASE (II)

CASE (III)

CASE (IV)

Fig.5.24 Fully-developed tangential velocity contours (U/Wm)

for turbulent flow with heat transfer using k-€ model.
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CASE (II)

CASE (III)

™=

CASE (1V)

Fig.5.25 Fully-developed radial velocity contours (V/Wm) for

turbulent flow with heat transfer using k-€ model.
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* E
Fig.5.26 Fully-developed dimensionless temperature contours T =(Tw—T)/(Tw-Tm)

for turbulent flow with heat transfer using k-¢& model.
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dimensionless preessure contours are shown in fig.5.27. There is a
little disturbance in the region near the centre of the duct for case
IIT, and this is may be due to the coarse grid chosen for the
numerical solution. The predicted pressure, in general, behaves as
expected; the 1lateral pressure difference is increased with the
rotational speed, with the higher pressures outside the centre of
rotation. Fig.5.28 shows the dimensionless kinetic energy of

turbulence contours.

5.2.4 Turbulent Flow With Heat Transfer Using The Algebraic Heat Flux

Model

The same four cases were recalculated using the algebraic
Reynolds stress and heat flux models. The theoretical details are
given in Appendix A2. 1Initially the algebraic models were tested for
stationary pipe flow. Typical results are shown in Figs.A4.5 and A4.6
in Appendix A4. The grid used in prediction consisted of 10 uniform
spaced nodes in both tangential and radial directions. The smaller
number of nodes used permitted extra storage for the extra variables
(e.g. different Reynolds stresses and heat fluxes). Due to the
absence of full information of the different Reynolds stresses and
heat fluxes at the inlet of the parallel rotating ducts, the
fully-developed case was solved using an iterative procedure. The
repeated converged solution was obtained approximately after 400
iterations, as shown in Fig.5.29. The under-relaxation factor for the
different velocity componenets (U, V andxw) was taken as 0.5, while
the under-relaxation factor used for the scalar variables such as
presure, temperature, kinetic energy of turbulence and dissipation
rate of turbulence kinetic energy was 0.8, and no under-relaxation was

used for the turbulent viscosity. Fig.5.29 shows the comparison of
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CASE (IV)

Fig.5.27 Fully-developed dimensionless pressure contours

(P-PCL)/%pwi for turbulent flow with heat transfer

using k-¢ model.
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CASE (III)
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\\ ]

CASE (1IV)

Fig.5.28 Fully-developed dimensionless turbulence energy contours

2
(k/u1 ) for turbulent flow with heat transfer using k-e¢ model.
m
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Fig.5.29 Variation of Nusselt number and wall temperature with number of iterations
(heat flux model used) and compavison with data of STEPHENSON, 1982 is shown.
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the predicted wall temperature and Nusselt number with the
experimental data for different cases. Good agreement is obtained for
the wall temperature; the maximum difference is 2.3% for case II. For
the Nusselt number the maximum difference is 4.8% for case 1II. The
algebraic Reynolds stress and heat flux models appear to give better
results than the k-ec model for this complex flow. The corresponding
predicted fully-developed axial velocity contours are shown in
Fig.5.30. When comparing the axial velocity contours with the results
using the k-e¢ model which are shown in Fig.5.23, it was noticed that
the algebraic and heat flux models give more distorted contours,
especially for high rctation, which means that the more complex
turbulence models are able to predict high steep gradients of the flow
due to high body forces effects as is expected because these models
take into consideraticn the anisotropy behaviour of +the turbulent
diffusivities in the different directions in the flow. A similar
result is clearly shown for the dimensionless temperature contours in
Fig.5.31 oompared with that of ¥Fig.5.26 for the k-¢ model. The
maximum value of the axial velocity and the dimensionless temperature
are displaced from away the symmetry line for case IV with very high
rotation, due to the effect of strong body forces. This displacément
is also cbserved in the k-¢ model results. The corresponding lateral
velocities are shown in Figs.5.32 and 5.3%3 for tangential and radial
componenets respectively. For case IV, the maximum tangential
velocity near the centre of the duct is 20% of the meén velocity,
which is about 8% higher than the k-e modél result, and the maximum
radial velocity is 24% of the mean velocity, which is Z6% higher than
the k-€ model value. For the other cases, no considerable changes are
shovwn. Different variables (such as preséure, turbulence energy,

different Reynolds stresses and different heat fluxes) are shoﬁn, as
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Fig.5.30 Fully-developed axial velocity contours (W/W )
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for turbulent flow with heat transfer.
(heat flux model used)
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Fig.5.31 Fully-developed dimensioriess temperature contours
B ) '
T =(T;-T)/(T;fTb) for turbulent flow with heat

transfer, . (heat flux model used)
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Fig.5.32 Fullv-developed tangential velocity countours (U(ﬁh)xloo%
for turbulent flow with heat transfer- ’

heat flux model used,
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Fig.5.33 Fully-developed radial velocity countours (V/Wm )x100%

for turbulent flow with heat transfer.

heat flux model used.
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dimensionless contours, in the remaining figures from 5.34 to 5.44.
The final plot, Fig.5.45, shows the tangential/radial ratio of
turbulent heat diffusivities for the rotating ducts. This ratio,
which is assumed to be unity in the k-¢, uniform turbulent Prandtl
number model, reaches higher values, in the outside region of the
duct, which account, no doubt, for many of the differences in model
predictions shown in previous figures. This ratio is not a
well-behaved two-dimensional function, but a complex three-dimensional

function strongly dependent on the boundary conditions.

5.3 Concluding Remarks

It is seen that there is 1large discrepancy between predicted
results and measurements in the entrance region of the duct. This
discrepancy is due to the assumption of the inlet boundary conditions
which are far from reality, but unfortunately there is no detailed
measurements for this type of flow. At the same time the inlet
conditions are dependent on the geometry of the plenum chamber and the
entrance to the test section, which vary for different experimental
arangements, and it is difficult to generalize the inlet profile.
Thus it is better to solve the fully-developed case with initial

guesses for velocity, pressure, temperature etc.

The algebraic Reynolds stress and heat flux models are probably
superior than k-e¢ model with uniform turbulent Prandtl number for this
type of complex flow, because they take into consideration the
variations of shear stresses and heat fluxes in different directions.
But in the same time, these models require more storage space in the
computer, and to obtain better results fine grids are required, hence

extra storage space is required.
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CASE (IV)
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N

Fig.5.34 Fully-developed dimensionless pressure contours
(P-Pcl)/(lzp Wrzn) for turbulent flow with heat transfer.
{heat flux model used)
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Fig.5.35 Fully~developed dimensionless turbulence energy contours (k/u,r )

for turbulent flow with heat transfer.
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Fig.5.36 Fully-developed Reynolds stress contours (W/u.t )

m
for turbulent flow with heat transfer. ~ ...
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CASE (II)

CASE (III)

15%
CASE (IV)
18% 20%
(N 4

— 2
Fig.5.37 Fully-developed Reynolds stress contours (UV/QT )
m

for turbulent flow with heat transfer-.

{heat flux model used)
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Fig.5.38 Fully-developed Reynolds stress contours (uw/u )

T
m
for turbulent flow with heat transfer. .

(heat flux model used).
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Fig.5.39 Fully-developed tangential turbulence intensity contours

(u /Wm) x100% for turbulent flow with heat transfer,

thaat flux model nged)



CASE (I)

5%
4.5% D

CASE (II)
4.5%

4%

CASE (III)

6%

4%

2.5% 3% CASE (IV)

3 ] ) -
| C

Fig.5. 40 Fully-developed radial turbulence intensity contours

(v/wm) x100% for turbulent flow with heat transfer .
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Fig.5. 41 Fully-developed axial turbulence intensity contours .

(V/Wm) x100% for turbulent flow with heat transfer .



180

CASE (II)

CASE (III)

CASE (1IV)

Wl
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Fig.5.42 Fully-developed ratio of diffusivity of heat in

tangential to radial direction contours (Fe/I‘r)
for turbulent flow with heat transfer.

(heat flux model used)
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Fig.5.43 Fully-developed dimensionless axial heat flux contours

(w"t"/‘u_r. c T) for turbulent flow with heat transfer -
' { heat flux model)
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Fig.5.4 4 Fully-developed dimensionless radial heat flux contours
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CASE (II)

CASE (III)

CASE (IV)

Fig.5.4 5 Fully-developed dimensionless tangential heat flux contours

(GE/uT.CT) for turbulent flow with heat transfer.

(heat flux model used).
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The detailed solution for the flow in parallel rotating ducts is
useful to illustrate the similarity with the flow in bends which are
shown in the next chapter. The analogies with similar flows,
particularly asymmetrically heated pipe flows (with secondary flows
due to buoyancy) are noticed. The main feature is the relative
magnitude of the tangential thermal diffusivity with respect to the
radial one. Ad-hoc assumptions were made in previous works in order
to treat the ratio of the tangential to radial thermal diffusivities
for this type of fiow; Reynolds (1963) assumed that the tangential and
radial diffusivities were equal throughout the flow, while Quarmby and
Quirk (1972) found experimentally that the tangential to radial
thermal diffusivities ratio was much greater than unity near the wall
and appeared to be at 1least ten there, and fall steeply to become
unity over the greater éart of the flow. Chieng and Launder (1979)
assumed, in their calculation, that the ratio of tangential/radial
thermal diffusivities was equal to the ratio of the mean square
velocity fluctuations in these directions. Samaraweera (1978) solved
the transport equations for the turﬁulent fluxes and the thermal
diffusivities were an outcome of the calculation rather than an input,
and he found that the ratio of the diffusivities was a strongly
three-dimensional function under conditions of strong
three-dimensionality. These researches support the present result of

non-isotropic eddy diffusivities in the rotating pipe flows.
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CHAPTER 6

PREDICTION OF FLOW THROUGH BENDS OF

CIRCULAR CROSS-SECTION

6.1 Introduction

The object of this part of the investigation is to check out the
numerical solution method and the turbulence models against data from
flow in stationary bends. A computer code was set up and tested first
for laminar flow in mildly-curved ducts, using the marching solution
procedure. Modifications were made to the marching procedure in order
to take into consideration the axial pressure effects from downstream
to upstream, and a so-called "partially-parabolic” solution procedure
was obtained. This procedure was checked for laminar flow in
strongly-curved ducts. The computer code was modified again %o solve
the turbulent flow in strongly-curved ducts using the k-t€ model of

turbulence.

The correct choice of method to be used for calculating the flow
in bends is strongly dependent on the bend geometry. When +the bend
radius is large compared to the pipe diameter the thin shear layer
approximation may be applied to the equations of motion and the
equations solved by a "once-through" marching method (the parabolic
procedure). For strongly curved bends the discarded terms must be
retained, the flow conditions are dependent on downstream events, and
congsequently more elaborate iterative solution methods must be used.
A useful time saving approximation to the full numerical treatment is
provided by the so-called "partially-parabolic" method described

earlier. The present calculations, and those of Pratap (1975),
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suggest that a marching or parabolic procedure suffies only for bend
flows with a radius ratio R/ro> 15 and that for smaller values the

partially-parabolic method at least is necessary.

The bend geometry used is illustrated in Fig.1.13. The governing
equations are represented in the (r,8,¢) coordinate system, as shown

in Appendix Afl.

6.2 Laminar Flow

6.2.1 Laminar Flow In A Mildly-Curved Duct

In this case, some data from Austin (1971), with R/r°=29.1, were
available for comparison with the results of computaion. With this
mild curvature the marching method was appropriate. The fluid
viscosity and density were assumed to be uniform throughout the flow
domain. The computations were started at the Oo plane of the bend
with the inlet conditions prescribed to be those of a fully-developed
pipe flow. Because the flow is symmetrical about the diameter in the
plane of curvature, the finite-difference grid .covered only =a
semi-circular sector of the cross-section, as shown in Fig.3.1. The
finite-difference grid in the cross-sectional plane possessed 15
non-uniform intervals in the r-direction, and 11 uniform intervals in
the © -direction. The forward-step was chosen to be 0.05 degrees at
the inlet of the bend, and was increased gradually up to a maximum
value of 0.2 degrees. This grid gave sufficient accuracy by
comparison with the results obtained using finer and coarser grids as

shown in Fig.6.1.

Fig.6.2 displays the development of the axial-velocity field

along the ¢-direction for two Reynolds numbers compared with the
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W/Wm

r/rqg

Fig.6.1 Effect of the finite-difference grid size on the axial

velocity for laminar flow in curved ducts.

(Re=1068, R/ry=29.1, 6=0 and ¢=90°)

NI

X

X

X

X

X

X

NJ
15
15
15
20
10

(non-uniform spacing in the radial direction)
(uniform spacing)
(uni form snacing)

(uniform spacing)

® ©® rustin data, 1971 (experimental data)

where:

NI is the number of nodes in the tangential direction

NJ is the number of nodes in the radial direction.
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Fig.6.2 Development of axial velocity in mildly curved ducts (R/rg =29.1,
K=Re.¥r°/R)
© &a  data of AUSTIN, 1971

present prediction.
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experimental data of Austin (1971). The agreement is quite good
congidering the fact that the 1inlet velocity-profiles in the
experiments were not exactly parabolic. Fig.6.3 shows the predicted
velocity contours at different six planes in the bend for Re=1068.1
corresponding to a Dean number, K, of 198. The effect of curvature on
the flow is shown as a distortion of the axial-velocity contours from
the symmetrical position along the centre of the duct. As shown in
the figure, the maximum velocity is displaced forwards the outside of
the bYend along the symmetry line. The distortion is continued from
the inlet plane of the bend, increases to a maximum level at about 30°
(Wmax=1.7wm), and then decreases slightly up to about 60° (whax=1'6wm)
where profiles of fully-developed flow are shown. The same trend is
shown in Fig.6.4 for Re=2006.7 (corresponding to K=372), with larger
distortion of the velocity contours. Figs.6.5 and 6.6 show the
tangential and radial velocities respectively for both Re=1068.1 and
2006.7 at ¢=45.2° and 89.2°, The secondary velocities increase
slightly with the axial direction, and the maximum absolute value of
the tangential and radial velocities are about 10% and 54 of the mean
axial velocity respectively for Re=2006.7 at ¢=89.2°. Fig.6.7
displays the dimensionless pressure contours (P-PCL)/(p.wi/Z) for the
two Reynolds numbers at ¢=45.2° and 89.20. The pressure is nearly
the same for the two planes, with higher pressure outside and 1lower
pressure inside. The satisfactory measure of agreement with the data

justifies the use of the marching method.

6.2.2 Laminar Flow In A Strongly-Curved Duct

For the flow in a strongly-curved duct, the partially-parabolic

solution procedure was applied. The geometry of the bend used was

that of the experimental test-section described in Chapter 4. The
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(a)

Fig.6.3-(a), (b) Development of axial velocity contours w/wm for laminar flow
in mildly curved ducts.

(Re=1068.1, R/ro=29.l, K=198) .



Fig.6.3-(c), (d) Development of axial velocity contours W/Wm for laminar flow
in mildly curved ducts.
(Re=1068.l,R/ro=29.1, K=198) .
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(£)

Fig.6.3-(e), (f) Development of axial velocity contours w/wm for laminar flow

in mildly curved ducts.

(Re=1068.1, R/ro=29.l, K=198) .



(b)

Fig.6.4-(a),(b) Development of axial velocity contours W/Wm for laminar flow

in mildly curved ducts.

(Re=2006.7, R/ro=29.1, K=372).
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Fig.6.4-(c),(d) Development of axial velocity contours W/W for laminar flow
m

in mildly curved ducts.

(Re=2006.7,R/ro=29.1, ¥=372) .



Fig.6.4-(e), (£f) Development of axial velocity contours w/wm for laminar flow

in mildly curved ducts.

{Re=2006.7, R/ro=29.l, K=372).
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(a) Re=1068.1
K =198

Fig.6. 5 Tangential velocity contours
R/ro=29.l.

U/Wyx100% for mildly curved ducts.
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(a) Re=1068.1 (b) Re=2006.7
K =198 K =372

Fig.6.6 Radial velocity contours (V/Wm)xloo% for mildly curved ducts (R/xy=29.1)

o=45.2°
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Fig.6.7 Dimensionless pressure contours
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(P-P.y) /lpw,% for mildly curved ducts.

(R/ro=29.l).
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finite-difference grid uséd in the present prediction possessed 15
non-uniform intervals in the radial direction, and 11 uniform
intervals in the tangential direction (similar to that grid used for
mildly curved ducts). The forward-step was uniform along each part of
the test section. TFor the upstream straight duct, 10 uniform axial
intervals was chosen, and the forward step was equal to the pipe
radius. For the 90° bend, 30 uniform intervals in the axial direction
was used, and the forward step was 3°. For the downstream straight
part, 24 uniform intervals was used, and the forward step was equal to
O.5r0. For the partially-parabolic procedure, the pressure field was
under relaxed, and it was found that an under-relaxation factor equal
to 0.4 was required to give stable solution. No under-relaxation was
used for the velocity components, k and e fields. The final solution
was obtained after twenty iterations, where the axial velocity and the

pressure of a specified point in the flow domain was unchanged.

Fig.6.8 displays the development of the predicted axial-velocity
contours (the solid 1lines), and the comparison with the present
experimental data (the dotted 1lines) is also sﬁown for Re=500
(corresponds to K=211.3). Although the agreement of the prediction
with the experimental data, in general, is fairly good, and the
behaviour of the flow is the same, the experimental data show more
distorted contours, and the maximum velocity is greater than the
predicted one. The maximum difference between the two values is about
T%. The figure shows that the maximum velocity is displaced outside
the bend at the same distances for both the experimental and predicted
contours. Figs.6.9 and 6.10 show the corresponding tangential and
radial velocity contours respectively. The maximum absolute values of

the tangential and radial velocities are approximately 38% and 25% of
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(a)

outside

(b)

Fig.6.8-(a), (b) Contours of axial velocity w/wm for laminar flow
in strongly curved ducts.

(Re=500, R/r°=5.6. K=211.3)
¢

prediction, --==-- experimentallresults)
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Fig.6.8-(c),(d) Contours of axial velocity W/W_ for laminar flow

in strongly curved ducts.

o :
prediction, ------ experimental results)

{Re=500, R/r =5.6, K=211.3)
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Fig.6.9 Tangential velocity contours (U/Wm)xIOO%

for laminar flow in strongly curved ducts
(Re=500, R/r°=5.6, K=211.3)
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outside inside

L/d=1.0

Fig.6.10 Radial velocity contours V/wmx100%

for laminar flow in strongly curved ducts.

{Re=500, R/ro=5.6, K=211.3)
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Wm respectively at ¢=30°. The lateral velocities are decreased again
inside the bend and in the downstream section as the flow slowly
reverts to Poiseuille flow in a straight pipe. The maximum tangential
and radial velocities at L/d=1 are approximately 11% and 5% of W,
respectively. Fig.6.11 shows the corresponding dimensionless pressure

contours with maximum pressure differences between outside and inside

occur at ¢=30°.

Fig.6.12 shows the measured and predicted axial-velocity contours
for the second laminar test-case (Re=1093, K=461.9). The agreement
between the oprediction and the experimental data is not as good as
that obtained for the results of the first test-case (Re=500). The
maximum difference, of the maximum axial-velocity, between
experimental data and prediction is about 13% at ¢=75°. The maximum
velocity 1is displaced ocutside the bend for both the experimental data
and the prediction, but the maximum velocity of the experimental data
is positioned off the symmetry line in the bend, and these trend are
not observed in the predicted contours. The discrepancy may arise
because the grid used in the prediction is not fine énough, especially
in the tangential direction, to let the solution follow the very steep
changes in the velocity which occur in the inside region of the
test-section, but finer grids require more nodes wvwhich means more
computing time and storage space. The agreement between the
experimental data and the prediction is fairly good for the flow in
the downstream section at L/d=1. Fig.6.13 displays the tangential
velocity contours. The maximum value observed is higher +than the
first test-case result, and is equal to 40% at ¢=30°. The radial
velocity contours are shown in Fig.6.14. The maximum radial velocity

is 1less than that of the first test-case and is equal to 20% of Wm at
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Fig.6.11 Dimensionless pressure contours (P-P )/lzfl)W2
for laminar flow in strongly curved ducts.
{Re=500, R/r°-5.6, K=211.3)
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Fig.6.12-(a), (b) Contours of axial velocity W/W_ for laminar

flow in strongly curved ducts.

o .
prediction, ------- experimental results)

1093, R/r =5.6, K=461.9)
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Outside

for laminar

Fig.6.12-{(c), (d) Contours of axial velocity W/W

m

flow in strongly curved ducts.

5.6, K=461.9)

o
Prediction,

1093, R/r

(Re=

------ experimental results)
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outside inside

Fig.6.13 Tangential velocity contours U/w[xloo% for laminar flow
1]

in strongly curved ducts.

(Re=1093, R/ro=5.6, K=461.9)
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outside I inside

Fig.6.14 Radial velocity contours V/wmxloo% for laminar flow in strongly
curved ducts.

(Re=1093, R/ro=5.6, K=461.9)



210

¢=30°, but the radial velocity contours are more distorted for the
se cond test-case. Fig.6.15 displays the dimensionless pressure

contours. The maximum value is slightly less than that of Re=500.

6.3 k-¢ Model Predictions Of Turbulent Flow In Stromgly-Curved Ducts

The turbulent flow in a strongly-curved duct was calculated using
the k-¢ model of turbulence, described in Chapter 2, with the
partially-parabolic solution procedure. The same number of grid nodes
and iterations was used as in the laminar flow calculations after
comparing with the results obtained using finer and coarser grids as
shown in PFig.6.16. One test-case was studied and the predicted
axial-veiccity is compared with the present experimental data for
Re=43 000, K=18 171, as shown in Fig.6.17. The maximum axial-velocity
difference, between the experimental data and the prediction, is about
8% in the downstream straight part at L/d=1. The general trend of the
flow is similar in both experimental and prediction results; and the
maximum axial-velocity is moved inside towards the centre of the
curvature in the 90° bend, as shown for ¢=30°, 60° and 75°, and after
that it is moved outside in the opposite direction, as shown for L/d=1
and 6. The predicted axial-velocity contours are less distorted than
the experimental data. Considering that very steep changes in the
velocity contours are well predicted for the chosen grid size, the
discrepancy between experimental and predicted results for turbulent
flow may be mainly due to turbulence model used. The results draw
attention to the defect in simple eddy-viscosity modelling used in the
present prediction, and the more advanced algebraié Reynolds stress
model, mentioned in Appendix A3, is suggested to obtain better results
for turbulent flow in bends. The tangential velocity contours are

shown in Fig.6.18. The value of U reaches a maximum of O.3Wm at ¢>=75°
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Fig.6.15 Dimensionless pPressure contours (P—PCL)/%p wm for laminar flow

in strongly curved ducts.
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Fig.6.16 Effect of the finite-~difference grid size on the average coefficeint of friction Ce for
turbulent flow in bends. (Re=43 000, R/ro=5.6, k=18 171, Cf=1a/%’W%, NI and NJ are the

number of nodes in the tangential and radial directions respectively).
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Outside

Fig.6.17-(a),(b) Contours of axial velocity w/wm for turbulent flow
in strongly curved ducts.
(Re=43 000, R/ro=5.6, K=18171)

(=—~———— Prediction, ------= experimental results)
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Qutside

L/d=1.0

Fig.6.17-(c), (d) Contours of axial velocity W/Wm for turbulent flow
in strongly curved ducts.
(Re=43 000, R/ro=5.6, K =18171)

(——— prediction, -------- experimental results)
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L/d=6.0

Fig.6.17-(e) Contours of axial velocity w/wm for turbulent flow
in strongly curved ducts.
(Re=43 000, R/ro=5.6, K=18171)

(——————— prediction, -------- experimental results)



Fig.6.1 8 Tangential velocity contours U/wmxloo% for turbulent flow in strongly curved ducts,
(Re=43 000, R/ro=5.6, K=18171)
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and decreases downstream. The maximum values of the tangential
velocity contours are shifted from the line passing through the centre
of the duct and perpendicular to the symmetry line to the inner region
of the duct. This shift is alsoc shown for the radial velocity
contours in Fig.6.19. The maximum radial-velocity value of O.11Wm
occurs at ¢=75°. The corresponding dimensionless pressure contours
are shown in Fig.6.20. The cross-stream pressure field is uniform
throughout the bend, but decreases quickly in the recovery straight
section to nearly zero at L/d=1. The corresponding dimensionless
turbulence energy contours are shown in Fig.6.21. Fig.6.22 displays
the comparision between the predicted wall static pressure variation
with the axial length and the present experimental data. It is shown
that the pressure is uniform along the upstream section up to L/d=-1,
then the difference between the outside and the inside values
increases rapidly in the end of the upstream straight section and in
the inlet part of the 90° bend up to around ¢=20°, then it Dbecomes
approximately uniform up to around ¢=75°, then it decreases again
rapidly in the end part of the 90° bend as well as the inlet region of
the downstream section up to L/d=1, then the pressure field becomes
uniform again. There 1is good agreement between the pr;dicted wall

static pressure variation and the experimental data.

6.4 Concluding Remarks

The laminar flow calculations constitute a test of the numerical
method used in the present study. From the‘results shown above, it is
observed that at some locations, for the strongly-curved ducts, the
predicted contours do not follow exactly the steep measured velocity
gradients. It is probable that a finer grid is required in this case,

with consequential uneconomical computer times and storage. It may be
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Fig.6.19 Radial velocity contours V/melOO% for turbulent flow in strongly curved ducts.
(Re=43 000, R/ro=5.6, K=18171)
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possible to obtain more accurate results by programming fully-elliptic
equations without approximation, but in this case all the variables
must be stored in three-dimensional arrays and more iterations must be
used at great expense on a fine grid. The partially-parabolic method
is considered to be the most suitable for this type of the flow, with
reasonable computational time and storage space. Some discrepancies
between the predicted and measured values for turbulent flow are
probably due to the limitations of the k-¢ turbulence model used. It
appears from the present calculations that turbulence models based on
the eddy viscosity concept do not completely represent the turbulence
structure in curved ducts. It is necessary to develop either
more-complex turbulence-models based on the stress transport equations
or to devise empirical modifications to the k-e& turbulence model.
Both these refinements to +the turbulence model will need more
experimental information on the turbulence structure in curved ducts

which, at the moment is lacking.

Turbulent shear flows in practical engineering may be subjected
to compiicating influence such as the effects of body forces due to
buoyancy (e.g. in asymmetrically heated pipe flows), rotation (e.g.
in parallel rotating pipe flows, mentioned in Chapter 5) or curvature
(e.g. in bend flows, mentioned in this chapter). The same type of
secondary flows are observed in these complex types of flows. The
failure of the calculation methods based on the simple eddy viscosity
concept (e.g. k-& turbulence model) to predict the exact observed
response of the turbulence structure effects, unless modified fairly
severly in some respect, draws attention to the importance of
including anisotropy effects in turbulence models. Most of the

turbulence models which are used ¢to predict these complex flows
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include the Corilis and centrifugal forces in the momentum equations
but not in the turbulent energy and dissipation rate equations.
Better predicted results have been obtained, by Brodynuik et al
(1980), when the effects of Coriolis force were included in the
turbulent energy and dissipation rate equations for the flows in
radial rotating channels. Samaraweera (1978) also concluded that the
weak point in his work of the numerical study of turbulent heat and
mass transport processes in two- and threé-dimensional flows seemed to

lie in the modelling of the dissipation rate.
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CHAPTER 7

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

7.1 Conclusions

The main conclusions that can be drawn from the present study are
as follows:

1) The study has shown that calculations of rotating and

curved pipe flows are practicable. The computed detailed

distributions of mean velocities, lateral velocities, static

pressure and temperature facilitate understanding of the

response of the flows to body forces. Fairly good agreement

with the experimental data has been obtained.

2) Data from rotating pipe flows are insufficiently detailed
to test thoroughly the turbulence model predictions. The
analogous case of bend flow provides such a test for the

velocity field.

3) The calculations draw attention to the defects in simple
eddy viscosity modelling. Predictions for turbulent flow and
heat transfer in parallel rotating ducts agree reasonably well
with the experimental data. Modifications to account for the
effects of the secondary flow on the turbulence-structure have
been made using an algebraic Reynolds stress and heat flux
model, to obtain better agreement .with experiment. For a
strongly-curved duct, the results obtained using the k-¢ model
did not agree too well with the data, although the general

trend of the flow was predicted.

4) The main result is a series of computer codes for the
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numerical solution of the laminar and turbulent flows in bends
and rotating tubes. A parabolic calculation procedure has
been applied to predict laminar flow in mildly-curved circular
ducts, and laminar and turbulent flow in parallel rotating
circular ducts. A partially-parabolic procedure has been
applied to the -calculation of laminar and turbulent flow in
strongly-curved ducts in order to take into consideration the

influence of downstream pressure which travels upstream.

5) The experimental study provides a useful addition to the
data available for testing caléulation methods. An
experimental program has been successfully completed;
measurements have been made of the contours of the developing
axjal velocity in 9d° bends for laminar and turbulent flows

using non-intrusive laser Doppler methods.

6) The measurement technique used covered all the circular
cross-section, a simple method has been deviced to calculate
the position of the measuring point in the flow domain. Also
a correction method of taking into account the effects of
curvature on the beam path, has been applied to the measured

axial velocity at every point.

7.2 Suggestions For Future Work:

The present work suggests a few areas where future research is
needed to improve the present capabilities to investigate flows in
curved ducts and parallel rotating ducts; these areas are as follows:

1) The use of finer grids with more nodes in the cross section

of the duct to study the effects of grid size on the different
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predictions, and improvements in the solution procedure so as
to be able to use these grids within the computer time

limitations.

2) Improvements in the k-e model of turbulence, first in eddy
viscosity changes based on the algebraic Reynolds stress
model, and second in curvature and rotation modifications in

the € equation.

3) The incorporation of Reynolds stress models known to give

good results in curved duct flows.

4) The development of new ideas in turbulent heat flux
modelling. Further research is required to be directed
particularly to modelling the pressure term interactions,
turbulent diffusion and the temperature variance dissipation

rate.

5) Experiment on heat transfer in laminar and turbulent flows
in curved and rotating ducts for different test-sections with
different geometeries to obtain the effects of the body forces

on the flow structure (e.g. turbulence structure).
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NOMENCLATURE

Sympol  Meaning

A constant
surface area

Ai coefficient in the finite-difference eqn.

a duct width
area

B constant in the logarithmic wall function

b duct height

Cp resistance coefficient (T"/%DWi)
correction factor

Cp specific heat at constant pressure
dimensionless pressure

CT overall pressure loss coefficient

C& constant in the turbulence model

C 1,C > constants in the turbulence model

C1,02 constants in the turbulence model

C1T’C2T constants in the turbulence model

qj constant in the turbulence model

D coefficients ¢f pressure gradient terms
diameter

d diameter

E constant in the logarithmic law

f wall-damping function

focal length

gravitational acceleration

Location of

first occurence

Eqn.(1.7)

Eqn.(3.1)

_Eqno(305)

Fig.1.21
Eqn.(3.9)
Eqn.(2.19)
Fig.1.21
Sec.(1.2.1)
Eqn.(4.10)
Eqn.(2.26)
Fig.4.20
Eqn.(1.14)
Eqn.(2.42)
Eqn.(2.17)
Eqns.(2.30)
and (2.31)
Eqn.(2.37)
Eqn.(2.14)
Eqns.(3.6-3.8)
Eqn.(4.8)
Eqn.(1.15)
Eqn.(2.19)
Eqn.(2.32)
Fig.4.7

Eqn.(1.9)
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Meaning

Gr
r

Ra
r

rotational Grashof number

radius of rotation

rotational Reynolds number

Dean number

constant

kinetic energy of turbulence

pipe length

length scale

lens magnification

constant

mass flow rate

number of fringes

Nusselt number

refraction index of the fluid

unit vector normal to the surface
refraction index of the wall

local mean pressure

production rate of turbulence energy
production rate of i;ﬁg'

production rate of Gzz-contains mean strain
Prandtl number

local fluctuating pressure

wall heat transfer rate per unit area
radius ratio r/ro

radius of curvature

gravitational Rayleigh number

rotational Rayleigh number

Location of

first occurence

Eqn.(1.17)
Fig.1.1
Eqn.(1.11)
Eqn.(1.20)
Eqn.(4.7)
Eqn.(2.9)
Fig.1.5
Eqn.(2.13)
Eqn.(4.8)
Sec.(1.2.1)
Table (4.1)
Eqn.(4.9)
Fig.1.3
Eqn.(4.10)
Eqn.(2.32)

Eqn.(4.10)

" Eqn.(1.1)

Sec.(2.3.2)
Eqn.(2.29)
Eqn.(2.37)
Fig.1.4
Eqn.(2.29)
Eqn.(2.26)
Sec.(1.2.1)
Eqn.(1.20)
Eqn.(1.9)

Eqn.(1.8)
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Meaning

Re

Ro

Sp,Su

Sw

Reynolds number

Rosby number

coordinate in the cylinderical polar system

position vector

pipe radius

surface integration includes wall effect

linearlisation terms

swirl number

generation of ¢ per unit volume
local mean temperature
dimensinless temperature

time

fluctuating temperature
instantaneous velocity

local mean velocitty components
local mean velocity components
local mean velocity/friction velocity
fluctuating velocity components
fluctuating velocity ccmponents
friction velocity

general coordinates

coordinate in the cartesian system
distance from the wall

coordinate in the cartesian system

dimensionless distance

coordinate in the culinderical polar system

Location of

first occurence

Eqn.(1.10)
Eqn.(1.13)
Eqn.(1.1)
Eqn.(2.32)
Eqn.(1.8)
Eqn.(2.37)
Eqn.(3.2)
Eqn.(1.16)
Eqn.(2.3)
Fig.1.2
Eqn.(2.25)
Eqn.(2.2)
Eqn.(2.36)
Eqn.(2.1)
Eqn.(2.4)
Fig.1.1
Eqn.(2.19)
Eqn.(2.4)
Sec.(5.2.1)
Eqn.(2.20)
Eqn.(2.1)
Fig.1.21
Eqn.(2.21)
Fig.1.21
Eqn.(2.19)

Eqn.(1.1)
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Greek letters:

symbol Meaning

a thermal diffusivity
B8 ccefficient of expansion

eddy-viscosity coefficient

Y axial pressure gradient
/LLO
Gij _Kronecker delta (=1 for i=j, =0 for i#3)
A difference of
€ eccentricity parameter

dissipation rate of turbulence K.E.
T ratio of inertia force to body force

exchange coefficient

p fluid density
n eddy-diffusivity coefficient
6 coordinate in the cylinderical-polar system
K Von Karman constant
v kinematic visccsity
frequency
A wave length
® local mean scalar property
¢ij pressure-strain correlation
¢iT pressure~temperature gradient correlation
¢ ccordinate in the toroidal system (r,0,¢)
scalar property fluctuation
¥ dimenssioniess stream-function
angle
T axial temperature gradient

shear stress

Location of

first occurence

Eqn.(1.8)
Eqn.(1.8)
Eqn.(2.46)
Eqn.(1.6)
Eqn.(2.9)
Sec.(1.2.1)
Eqn.(1.18)
Sec.(1.2.3)
Sec.(1.2.1)
Eqn.(2.3)
Eqn.(1.1)
Eqn.(2.47)
Eqn.(1.1)
Eqn.(2.19)

Eqn.(1.1)

Eqn.(4.1)

Eqn.(4.1)
Eqn.(2.5)
Eqn.(2.30)
Eqn.(2.37)
Fig.1.13
Eqn.(2.5)
Eqn.(1.5)
Eqn.(4.1)
Eqn.(1.8)

Eqn.(2.20)
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Meaning

(o]

Q

Prandtl or Schmidt number

rotational speed

Subscrints:

c
CL

oorr

ph

ref

curved

centre line value
corrected value
downstream
Doppler

east grid node
east interface
effective
kinetic energy of turbulence
mean value
maximum value
north grid node
north interface
reference datum
stationary pipe flow
at point P
pinhole

reference

south grid node
south interface
turbulent
upstream

west grid node

Location of

first occurence

Eqn.(2.11)

Eqn.(1.1)

Eqn.(A1.10)
Fig.1.20
Eqn.(4.12)
Eqn.(3.8)
Eqn.(4.1)
Eqn.(3.9)
Eqn.(3.9)
Eqn.(2.16)
Eqn.{(2.16)
Sec.(1.2.1)
Fig.Ad.1
Eqn.(3.9)
Eqn.(3.9)
Eqn.(1.21)
Sec.(1.2.1)
Eqn.(3.2)
Eqn.(4.8)
Fig.4.20
Eqn.(3.7)
Eqn.(3.9)
Eqn.(2.9)
Eqn.(3.9)
Eqn.(3.6)
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Symﬁgl Meanig

w wall value
VJ — west interface
3 dissipation rate of turbulence K.E.
Superscripts:
u,v,w velocity components
! correction

Location of

first occurence

Fig.1.2
Eqn.(3.9)

Eqn.(2.17)

Eqn.(3.6 - 3.8)
Eqn.(3.15)
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APPENDIX At

THE GOVERNING DIFFERENTIAL EQUATIONS

A1.1 Introduction

In +this appendix, the partial-differential equations governing
the steady, three-dimmential incompressible flow and heat transfer
phenomena in circular ducts rotating about an axis parallel to itself,
as well as the flow in curved ducts are described in their full form.
The equations are expressed in the two coordinate systems mentioned
before, namely the (r, 8,z) coordinates for rotating ducts and
(r, 8, ¢) coordinates for bends. The equations stated here are
identical for laminar and turbulent flows except that for turbulent
flow, the shear stresses are -calculated from an "effective"
exchange-coefficient which is the sum of the laminar and turbulent
exchange coefficients, as mentioned in Chapter 2 for the k-t model of
turbulence. The k-e turbulence model is introduced in this appendix;
the algebraic Reynolds stresses and heat flux models will be described

in the Appendices number A2, A3 and A4.

A1.2 The (r,0,%) Coordinate System

The partial-differential equations governing flow and heat
transfer phenomena in a rotating pipe flow, as shown in Fig.1.1, are

as follwing:

Continuity
a(rV)/ar + 3U/36 + 3(rW)/3z = O (A1.1)
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Radial momentum

p (V. 3V/3r + U. 3V/rae + W. av/az - Uz/r)= -3p/ar

+ S(r.'rrr )/ror +atre/r86 - ree/r

+2U.p.Q + (r+H.cos6 ).p .92 (A1.2)
Tangential momentum
p (V. 3U/3r + U. 3U/r3e+ W. 3U/3z +U.V/r) = -3p/rae
+ a(r.rre)/rar + Bree/rae + Tre/r
-2U.p.Q + H.p. o?.sind (A1.3)
Axial momentum
p (V. oW/dr + U. 3W/rde + W. oW/3z) = -3p/az
+ a(r.rrz)/rar + arez/rae (A1.4)
Kinetic energy of turbulence
V. 3k/ar + U. 3k/rae + W. 3k/sz = a(veff/ok .r.3k/3r)/rar
+ a(veff/ok 3k/rae )/rae
+ P -c¢ ’ (A1.4)
Dissipation rate of kinetic energy of turbulence
V. oe/or + U. 3e/rde + W. 3e/0z = (v pefo  .rede/dr)/rOT
£
+ 8(veff/0€ .de/r38 )/rae
2
Energy
V. 3aT/3r + U. 3T/r3g + W. 3T/3z = a(r'Veff/Ot' 3T/3r)/ryr
+ B(veff/ot. 3T/rde )/rd6
+S (A1.6)

T
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The shear stresses are expressed below, after they have been

simplified by the neglect of gradients in axial direction:

Trr/p = 2\’eff° Bv/ar B

Tgg /o = zveff( oU/r3e + V/r)

Tre/p =Ter/p = veff( 3U/sr + 3V/rae - U/r) > (A1.7)
Tez/p = rze/p = veff( aw/rae + 3U/oz)

1,/ = T, /0= voo( 3W/3z + 3W/er) )

vhere:

Vepr = V for laminar flow

Vops = (v+ vt) for turbulent flow

v, = Cu.kz/e

Production of the kinetic energy of turbulence, for
three-dimensional flow, is expressed as follows: (see MEGAHED, 1979

for detail)

P={(ry/0) %4 (xy /o) P2 (r, J0) 20201, /)22, /03P /(20,) (A1.8)
From equations (A1.7) and (A1.8) we get:
P = vtiz(av/ar)2+2(au/ra e)2+2(v/r)2+(u/r)2+4(v/r)(aU/rae)

~2(U/r)(aV/rae+aU/ar)+(8U/ar+sV/ra0) 2+ (aW/ar)2+( oW/ 8)°}

The fluid density p was considered invariant with exception of that
included in the body force terms in equations (A1.2 - A1.3) which
expressed as:

plog =1+ (T, -1T) (A1.9)
where B is a function of temperature and is taken as 1/T for gas
flow. The results obtained using this coordinate system are shown in

Chapter 5.
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A1.3 The (r,9,?) Coordinate System

The governing differential equations for the (r,9,¢) coordinate

system used for the flow in bends are as follows:

Continuity
3(r.v)/mdr + 3U/roe + aw/Rc 3¢ + (V.cos6 - U.sind )/Rc =0 (a1.10)

where:

Ri = r2 + R2 + 2.r.R.cos8 (A1.11)

Radial momentum

p (V.oV/3r + U.3V/rss + W.aV/Rca¢ - U2/r - w2.cose/Rc = -ap/or
+ 3(ret, )/eor + 31, /736 - Tgq/r

+ 7 r.cose/Rc -1

r .sine/Rc (A1.12)

b o]

Tangential monentum

p (V.3U/ar + U.3U/r36 + w.aU/Rca¢ + U.V/r + Wz.sine/Rc = -3p/r3e

+

B(r.rre)/rar + 3ree/r89 + Tre/r

+

Ter.COSG/Rc - T .sine/Rc ‘ (A1.13)

6o

Axial momentum

p (V.OW/3ar + U.3W/r39 + w.aw/Rcaqs + W.V.cose/Rc - W.U.sine/Rc =
-ap/Rca¢ + 8(r.r¢r)/r3r+ 31¢e/r36

+ 1, _.cos0/R_ -1
r c

6 .sine/Rc (A1.13)

0
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Kinetic energy of turbulence

V.ok/ar + U.ok/rae + W.3k/R 3¢ = 8(rev oo/ 0, 3k/5r)/ror
+ a(veff/ok.ak/rae)/rae
+(veff/ok)(cose.8k/ar - sine-ak/rBS)/Rc

+ P - ¢ (A1.15)

Digsipation rate of the kinetic energy of turbulence

V.3e/or + U.9e/rdg + W.ae/Rc3¢ = a(r.veff/oe.as/ar)/rar

+ 3(v /cE.ae/rae)/rae

eff
+(veff/0€)(cose.ae/ar - sine.ae/rae)/Rc

2
+ CE1.P.£/k - C_ /k (A1.16)

2.6

Energy
V.3T/0r + U.0T/rde + W.aT/Rc3¢ = a(r.veff/ot.aT/ar)/rBr

+ a(veff/ct.aT/rae)/rae

+ (v )(c0s808.3T/3r - sine-aT/r'ae)/Rc

eff/ot

+5, (A1.17)

The shear stresses are expressed below, after they had been simplified

by neglecting the gradients in the axial direction:

Trr/ p= 2.veff.8V/8r

7
'%e/o = 2.V _sp (3U/rd0+ V/x)

Toof = Tgp/P = vegp(aU/ar + aV/rae - U/r) - (A1.18)
tr¢/p = T¢r/p = veff(aw/ar - W.cose/Rc )

Tog /o = T¢9/p = veff(aW/rae + W.sine/Rc ) J

The production of the kinetic energy of turbulence can be

obtained from equation (A1.8) and (A1.18) as following:
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P = vtiz(av/ar)2+2(au/rae)2+2(v/r)2+(u/r)2+4(V/r)(au/rae)
-2(U/r)(8V/r89+3U/8r)+(aU/ar+BV/r39)2+(8W/3r)2+(aW/r36)2

+(W/R_ )2+2.w(sine.aw/rae-cose.aw/ar)/nc }

The results of the curved ducts using this (r,0,¢) coordinate

system are shown in Chapter 6.
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APPENDIX A2

ALGEBRAIC REYNOLDS STRESS AND HEAT FLUX MODEL EQUATIONS

FOR THE FLOW IN PARALLEL ROTATING PIPES

The transport equations for the Reynolds sresses in the flow in a
tube rotating about a parallel axis may be obtained in the usual way
from Navier-Stokes equations by multiplying the (Ui+ui) equation by u'j
and averaging. U, V and W are the components of the 1local mean
velocity in tangential, radial and axial directions respectively as
shown in Fig.1.1. The corresponding fluctuating components are u, v
and w. After scme manipulations and ignoring triple correlations the

transport equations may be written as follows:

T~ -2-0u.V/r -2.ﬁij(au/axj) -2.0v.U/r -4.uv.Q -2.¢/3 +¢,, (A2.1)
T -2.ijG(aV/axj) +4.0v.U/r +4uv.Q -2.¢/3 +0, (A2.2)
T -23?(3"1/3)(3) -2.¢/3 *+o55 (A2.3)
o= 2.uw.U/r -@( av/axj) -I{j—v( aw/axj) +2.uw. Q +0ys (A2.4)
= -Tju( V/3X ) -@( /3K ) +(2.uu-vv).U/r -vu.V/r

-2(vv-uu).q *oy (A2.5)
7" -'ﬁ;.;( aU/aXJ.) -Ej_u(aw/axj) ~vw.U/r -uw.V/r -2.v%. Q o (A2.6)

The transport (ccnvection + diffusion) terms are denoted by T and the
¢ s represent the pressure strain correlations. The transport

equation for general Reynolds stress uiu'j can be put in the form:
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Tﬁzﬁs= Pij +¢ij -2.aij.e/3 (A2.7)

The k equation is obtained as one half the sum of equations A2.1-A2.3:

Tk =P - ¢ = -uiuj(BUj/axj) -wu.V/r +uv.U/r - € (A2.8)

It is noticed that the stress equations contain contributions
from the Coriolis terms but that the centripital components (which

contain H) formally do not appear.

Using Rodi's proposal mentioned in equation (2.39) the algebraic

Reynolds stress equations can be obtained as follows:

u.u

T—;—3= Tk(EZES/k) = ujuj.(P/c -1). e /k (A2.9)

from equations (A2.8) and (A2.9) we obtain:
uiuj.(P/e “1).e/k = Pij -2.6ij.e/3 +®ij (A2.10)
where:

%5 T% 31 T%g2 T%is1utigow (a2.11)

For tube flow the Gibson-Launder model with wall damping applied

to the v component, as shown in equations 2.31, 2.3%2, 2.33 and 2.35,

will be as follows:

¥ 5p = “CpePy; +2C5. 8 5.P/3 (A2.12)

0 504~ 1029 +85573+ 05900 (0yem3)/2 <3055 (nyen;) /200, o8
where:

u,=u, u,=V, u3=w, ni.nj=1 for i=j and ni.nj=0 for i#j.

Simplifying the transport equations (A2.1-A2.6) by considering

only gradients in radial direction to be significant and neglecting
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production terms containing secondary-flow components U and V will

lead to:
T7;i= -4.av.q + =2.¢/3 +o,, (A2.13)
TW = -2.W(3V/8r) +4-W'Q -2.8/3 +¢22
= 2,P +2.vw(oW/or) +4.uv.q =-2.¢/3 *055 (A2.14)
—_— = - -— a - ] -
Tww 2.vw(oW/ar) -2.¢/3 +¢33 (A2.15)
T— = vw(aV/or) -vv(aW/ar) +2.uw.Q *+o, (A2.16)
vw 3
TEV = —yv.(2.Q + 3aU/sr) +2.0u.Q *o,, (A2.17)
T;ﬁi= -vw.(2.0 + 3U/3r) -uv(aW/>r) I (42.18)
where:
®111 = 2C1-E/3 -01-3606/1(
Opy = 201.5/3 -C1.vv.c/k
¢121 = -C1 oUVoe/k
¢231 = -C1.vw.e/k

®131 = -C1.ﬁﬁ.e/k

¢112 = 4.uv.02.Q +202.P/3

%op = -202.vw(aW/ar) -4C . uv.Q —4C2.P/3

332 = 2C,.vu(%W/or) *2C,.p/3

¢122 = Cz.vv(ZQ + 3U/ar) -202.uu.Q

— 02.$§(3V/3r) +02.VV(8W/3r) -2C,.uv.q

935 = Cz.vw(2n + 3U/5r) +02.vu(aW/ar)
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¢111w C1w.f.vv.s/k

¢221w = -201w.f.vv.c/k
¢331w = C1w.f.vv.e/k
O1opy = -(3/2).C1w.f.uv.c/k
¢231w = -(3/2).C1w.f.\rw-€/k
¢131w = C1w.f.(0).s/k =0
®ri2w = Cope T (955, )

= -2.02-C2w.f.VW(BW/aI‘) -4.C2-C2w.f-uV.Q ‘402.c2w0f-P/3
00w = Coye (=205, )

= 4.C5.C, . £.W(3W/T) +8.0,.Cp - £TV. R 48C,,.C, o £.P/3
3304 = Cpyp (055, )

= -2.02.02w.f.vw(3W/3r) -4.02.02w.f.uv.9 -402.C2w.f.P/3
Y1oow = Coyefe(=3.0,,5 /2)

= -302.02w.f.vv.(1+252)/2 +3.02.Czw.f.uu.9
s = c2w.f.(-3.¢232 /2)

= -302.02w.f.vw(8V/Br)/2 -302.02w.f.vv(BW/ar)/2-302.02w.f.uw.9
a0 = O

Substituting in equation (A2.10) we get the required algebraic

Reynolds stress equations, as function of P/e and f, as shown below:

uu. (P/e =1+C,)/k = C, . £.9/k -2C,.C, .f.vw.(dW/3r)/¢

2° 72w
+2{02(1—202w.f).P/5 +C,-11/3

<4. Q.uv(1-C .
4. Q.uv( 2+02'C2w £f) /e (A2.19)
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wv.(P/¢ -1+C,-2C, )k = 2.vw. (3W/dr)(1-C +2c .f)
+4oav.0 (1-C 5*2C,. 2w.f)
+2{c -1+(1-2c -4C,,.C, .f) p/el/3 (A2.20)

ww. (P/e -1+C1)/k = C, .f.vv/k +2:?§Z(aw/ar)(cz-1-c .C,, .f)

1w 2 2w

-402.02 .f. Quv/e

+ 2{01-1+c (1-20 .f) P/el/3 (A2.21)

:;;{P/e -1+C1+301w.f/2+(8V/ar)(1-CZ+302.02w.f/2).k/e} =
43?.(aw/ar)(1-cz+302.c2w.f/2).k/e

-2.uw.k. Q(1-Cz+302.C2w.f/2)/e (A2.22)

-uv.(P/e -1+C1+3C1w.f/2) = +yv.(2 Q+ au/ar)(1-C +302.02w.f/2).k/€

-2.uu. 0 .k(1-C +302 ou .£/2) /e (A2.23)

—uw. (P/e -1+c1) = V. (20 +8U/Br)(1-02).k/s

+'ﬁV.(1-02)(3W/ar).k/e (A2.24)

The equation (A2.22) can be put in the following expression:

-vw = gV.(aW/ar) .k/¢ =vt-(aW/8r) (A2.25)

where:

(1-C,+3C,.C, .£/2){1-2(uw/vv).2 /(3W/or)}

(a2.26)

w0
L}

C1+3C1w.f/2 +P/e -1 +(8V/ar)(1-02+3C2.C .£/2).k/¢e

2w

and v, is the turbulent viscosity defined in equation (2.15) as:

\Y = Cu.kz/s

c, - 8. 7V/k | (a2.27)
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The algebraic Reynolds srtress model is now complete and the
solution of U, V, W, p, k and € equations is as normal but with the
original constant C replaced by the function of P/e and f as shown in
equation (A2.27). Then the different Reynolds stresses can be found
easily from the solution of the algebraic set of equations

(A2.19-A2.24).

For the heat flux model, the transport equations can be obtained
by multiplying the (Uj+uj) equation by fluctuating temperature t and
the instantaneous temperature equation of (T+t) by uj and averaging,

the results will be as follows:

TE{ = -uju(aT/BXj) -ujt(BU/BXj) -ut.V/r -vt.U/r -2.vt.Q +¢1T (22.28)
Top = -uyv(aT/aK ) -u t(3V/eX ) +2ut.U/r +2.ut.q +o,, (A2.29)
— = . ] . -U. .

th qu( T/BXJ) th(SW/BXJ) +®3T (A2.30)

The general heat flux equation can be put as following:

u.t it

T—:— = -uiuj(aT/BXj) +PiT +0, (a2.31)

Using Gibson-Launder approximation as shown in equation (2.43 and
2.46) the following algebraic equation of heat flux uit can be

obtained:

uit.(P/s -1).¢/(2k) = -uiuj(aT/GXj) *Pip *oi0 (A2.32)
where:

LU IRLFL TRAST FAFT TILEt P
For tube flow with wall damping applied to the v component, as

shown in equations (2.37 and 2.39), and with C,. j5 agsumed to be
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zero as suggested by Gibson (1978), the &'s will be as following:

Smq = -C1T.uit.e/k
%m0 = “Cope Py (A2.33)
¢iT1w= "C1Twovto(nion2)ofoe/k

5 moy” O

Substituting in the equation (A2.32), we get the following

equations:

'GE{C1T-(1-CZT)(V/r.aU/rae)+(p/e-1)/2} = - Eﬁ;.(aT/an).k/e

-'G?.(1-02T).(3U/ar-u/r-2sz).k/e (A2.34)

vi{c, +(P/e-1)/2 +Cypo £ +(3V/r)(1-Cop) /e = :;ES(BT/BXj).k/e

+(2 Q+U/r-av/xae)(1-02T)IE€.k/e (A2.35)

'EE{C1T+(P/5-1)/2} = :Eg;(aT/an).k/e :v¥(1-02T)(aw/ar).k/e

-ut(1-C ) (aW/ra0) .k/e  (A2.36)

solving the three equations (A2.34 to A2.36) simultaneously will lead

to the three components of the heat flux required.

From equation (2.44), the temperature fluctuation can be obtained

as follows:

42 = -Cp{ut(a1/rae) +vt(ar/3r) +wt(37/32)}.k/e (A2.37)

Tangential and radial heat flux components'az and vt can be put in the

form:

ut = .(37/r30) (A2.38)

=T
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vt = -1, - (81/3r) (A2.39)

where rTe and FTr are the diffusivity of heat in tangential and radial
directions respectively. 1Its ratio is required to see the effect of
body force on heat transfer in different directions in the flow as

discused in Chapter 5 with the other results of algebraic Reynolds

stress snd heat flux models applied to rotating pipe flow.
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APPENDIX A3

ALGEBRAIC REYROLDS STRESS AND HEAT FLUX MODEL EQUATIONS

FOR THE FLOW IN BENDS

The transport equations for the Reynolds stresses for the flow in

bends can be written as:

5 - -2uuj(3U/3Xj) -2vu.U/r -2uu.V/r -4uw.w.sine/Rc
T = -2v—uj(av/axj) +4uv.U/T +47;.w.cose/Rc -2e/3 +0,, (A%.2)

T;; = —2wuj(aWA;Xj) —2ww(V.cose-U.81ne)/Rc -2vw.W.cose/Rc

+2uw.ﬂ'.s:n6/Rc-2e/3 oz (A3.3)
P = —uu_(3V/3X.) -vu.(8U/3X.) +2uu.U/r -uv.V/r -w.U
e ou(a /3 J) vuJ( / J) uu.U/r -uv.V/r -vw.U/r
+2uw.W.cosO/Rc -2vw.W.sin8/Rc +¢12 (A3.4)
T = -vuj(aW/an) -'wTj(av/axj) -W(v.cose-u.sine)/ﬁc +2uw.U/r
+uv.w.sine/Rc +(2ww-vv).W.cos9/Rc +¢23 (A3.5)
T = -uuj(aW/an) -wuj(aU/axj) “awi(V/r) +(v.cose-u.sine)/nc}
~-vw.U/r -uv.¥. cose/Rc +(uu-2ww) .W.sine/Rc +0,5 (A3.6)
The general Reynolds stress equation can be written as:
= - . - / .
T“i“j Pij 2 Gij e/3 +¢ij (A3.7)

The k equation is obtained as on half the sum of equations (A3.1

- A3.2) as following:
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Tk =P -¢= -uiuj(au/axj) +uv.U/r —uu.V/r -ww(V.coso —U.s1n9)/Rc

#VEZw.cose/Rc :Eﬁ.w.sine/Rc - ¢ (A3.8)

As an approximation, one can ignore all production terms
containing secondary flow components U and V and consider only
gradients in the radial direction to be significant. The transport

equations will reduce to:
Tﬁﬁ = -4uw-W.sin9/Rc -26/3 +¢11 (A3.9)

T.__ = 4V§:w.cose/Rc -2¢/3 0, (A3.10)

T = -2vwi{(aW/ar) +w.cose/nc} +2ﬁw.w.sine/nc -2e/3 +¢

= ~4vw(aW/ar) -2P -2¢/3 *yz 7 (A3.11)

T = 2ﬁﬁ.w.cose/ac -2V§;w.sine/ac 2P (43.12)
T w{(aw/ar) +w.cose/Rc} +2§§.w.cose/nc

UV W.8in0/R +0,5 | (A3.13)

T— = sav{(aw/ar) +w.cose/Rc} +(ﬁﬁ-2ﬁﬁ).w.sine/ac s (A3.14)

vwhere ¢ij is the pressure-strain correlations given in detail by

equations (A2.11) and (A2.12):

¢111 = —C1 .uu.g/k +201 .5/3

¢221 = -C1 -VV-E/k +2c1 05/3

331 = -Cy.ww.e/k +2C, e /3
¢121 = -C1 ouVOE/k

¢231 = _C1 .W.E/k
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5 = -c1.ﬁw.e/k

4p = 202.P/3 +4c2:ﬁw:w.sine/Rc

Orppy = 2c2.P/3 —402:$w.w.cose/nc

O35p = 802.P/3 +402:V§(aw/ar)

¥y0p = 202.v—w.w.sin6/Rc -2C2.T17.W.cose/Rc

pzp = cz;vvi(aw/ar) +w.cose/Rc} -2, W W. cos8/R | -cz:av.w.sine/nc

8432 C,.uv{(aw/ar) +w.cose/Rc} +(2ww-uu).C,.W.sin0/R

1w - c1w.f.$71e/k

ooty = -2c1w.f.VV.e/k

Oxziy C1w.f.VV.e/k

o1y = -301w.f.ﬁV.(s/k)/2

gy " -3c1w.f.vw.(e/k)/2

%31 = O

O oy = 2C5eCy o f.P -402.02w.f.5?.w.cose/Rc

®rnoy = -4C2.C2w.f.P/3 +802.02w.f:7§.w.cose/nc

P3z0y = 202.02w.f.P/3 -402.02w.f:7§1w.cose/Rc

ooy = -3c2.02w.f.73.w.sine/nc +3c2.02".f.ﬁi.w.cose/nc

%30y = -302.02w.f.76{(aw/ar) +w.cose/Rc}/2 +3C, W .W. cos8/R
+302.02w.f.67.w.sine/nc

130w = 0

Substituting in equation (A2.10) the Reynolds stresses required can be

obtained as:

vu(p/¢ —1+C1)

/k = C, .f.9V/k +2{C2(1+02w.f).P/E +c1-1}/3

‘4C2.02".f.W.Wo cos 6/( C'Rc)

-4(1-c2)56§1w.sine/nc (A3.15)
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v(P/e -1+C +2C

1 1w.f)/k = 4(1-C2+802.C

2w.f).vw.w.cose/(e.Rc)

2102(1-202w.f).P/s +c1-1}/3 (A3.16)

wi(P/e -14C,)/k = 4] (W/31) (Cp=1) =C,.C,, . £.W.coso/R }/e
~C, £ WV/k + 2{(4C,-3+C,.Co o £) P/ +C,-1}/3 (A3.17)

— e -
-uv(P/¢ -1+C1+3C1w.f/2)i— -2(1-02+302.c .f/2).uw.w.cose/Rc

2w

+2(1-02+3c2.c .f/2):W.w.sine/Rc (A3.18)

ow

—vw(P/e -1+C1+3C1w.f/2) ='VGi(aw/ar)+w.cose/Rc}(1-cz+3cz.c £/2).k/¢

oW
-2(1-02+3c2.c2w.f/2)(k/e):EE.w.cose/Rc

JEV(k/e)(1-02+302.c2w.f/2).w.sine/Rc (A3.19)

—uw(P/e -1+c1)§= E?{(aw/ar)+w.cose/nc}(1-cz)

+(2§§-Gﬁ)(1-cz).w.sine/ﬁc (A3.20)

The equation (A3.19) can be put in the following form:

-vw = B.(k/e)(3Wh ). v = vy (aw/ar)

B = (1 +al +a2 +a3)(1-02+30 C., .£/2) / (P/e -1+C1+3C1w.f/2)

2o
and
al = (W.cose/R ) / (3W/3r)
a2 = -2(ww/vv)(W.cos0/R ) / (aW/ar)
a3 = -(uv/¥v)(W.sine/R ) / (aW/ar)

Thus the coefficient Cu can be put as:

C = B.vw/k
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model the transport equations for different heat

o T -u b ~2wt.W.sind/R_ +¢ _
Tut uuj(BT/BXj) ujt(aU/BXj) 2wt.W.sin /Rc + 17 (A3.21)
Top = -vu;(aT/a% ) ~u (aV/0X ) +2wt.W.cos8/R, +0,y (A3.22)
—_— __ -’_— a a .__.-_ . )
e Wuj(BT/an) ujt( W/ xj) +(ut-vE).W. cos6/R, +o5 (43.23)
where ¢'s are the pressure-temperature gradients given by equation
(A2.33) as:

®1T1 = -C1T-uto€/k

¢2T1 = —C1T-Vt-€/k

¢3T1 = _C1T.Wt. E/k

gy = Cop-vE(3U/3r) +2C,0.WE.W.sind/R

Spo = C2T.vt(BV/3r) -2cZT:§f.w.cose/Rc

T.vt(aw/ar) +C2T(vt-ut).w.cose/Rc

®zmp = Cp
gy = O
¢2T1w = _C1Twovt.fu e/k
¢2p1y = O

Substituting in

equations:

ut{(p/e-1)/2 +c, .}

equation (A2.32)

we get the required heat flux
= -uuj(aT/axj) -vt(au/ar)(1-c2T).k/e
-2(1-CZT)(k/e)IGE.w.sine/Rc (A3.24)
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vt{(p/e-1)/2 +Cyp +(1-Co )3V /1) +C, ot} = 4VGS(ST/8XJ).k/e

+2(1-02T)f;§.w.cose/ﬁc (A3.25)

wt{(P/e-1)/2 +c1T} = JGGB(BT/BXJ).R/E +ut(1-C,p ) (k/e) W, coso/R

33?(1-c2T){(aw/ar)+w.cose/nc}(k/e) (A3.26)

The algebraic and heat flux models mentioned in this appendix are
needed to be put in a program to solve numerically the flow in bends.
Due to 1lack of time, this has not been done in the thesis, and it is
left as a suggestion for future work. It is iteresting to see the
comparison betweeﬁ the solution using k-¢ model and the solution using

these more advanced models for this type of complex flow.
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APPENDIX A4

ALGEBRAIC REYNOLDS STRESS AND HEAT FLUX MODELS

APPLIED TO STATIONARY PIPE FLOW

As a preliminary calculation, the algebraic and heat flux model
have been applied to fully-developed stationary pipe flow. Comparison
with the measurements and with the k-e¢ model prediction has been
performed to check the computer code used for complex rotating pipe

flow.

Taking into consideration that for symmetrical fully-developed
pipe flow 1in which the lateral velocity components U and V and axial
and tangential velocity grdients are equal to 2zero, the +transport

equations of the Reynolds stresses can be written as follows:

s T4 - 23 A

T—= =0, = 2¢/3

T— = -2Vw.( 9W/3r) togg - 2¢/3 . N (A4.1)
Tg = -vw.(aW/ar) + 2uw +0ys

T “%e2

T = -vu.(3W/3r) +o3 y

The equation of the kinetic energy of turbulence is obtained as:

T, = P-e= -vw.(3W/3r) - € (A4.2)
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¢'s can be obtained using equations (2.31) - (2.34) as follows:

®44q" -(Eﬁ;zk/B).c1.s/k

5p1 = -(VV-zk/3).c1.e/k

- -(iw:zk/s).c1.e/k

TP -717.01.:/1(

03¢ = —W'.C1.s/k

¢131= -E.C1.€/k

0145~ 2C,.P/3

®555= 2C,.P/3

Pg55" -202:$§Z(aw/ar) + 20,.P/3 = -4C,.P/3
012" =C,(0)=0

P50 CZIVE:(aw/ar) - 2C,.uw

0y35= C,evu.(3W/ar)

1w = C1H(VV)e.f/k

oogw = c1w($V-3GV)e.f/k = -C1W(ZVV)e.f/k
bxzy 0 = c1w(36)e.f/k

LIPS c1w(-3ﬁ?/2)s.f/k

Y 3p = C1w(0)c.f/k= 0
U12w " Coul%pp) -t
ta22w = Coul-29,).f
5320 = Copl9pp) £
22w ™ Coul-38,,/2).1
32w = Coul B3 0y35,/2)

Y320 = O
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With this simplifications, the algebraic Reynolds stress equations

will be as follows:

w/k = [(2/3){c,-1+c(1+C, .£).P/e}+C, £ 3V/k]/(C -1+P/¢) (A4.3)
W/k = (2/3){c -1+C,(1-2C, .£).P/e}/(C -142C, .£+P/€) (a4.4)
wi/k = [(2/3){c,-14(3-2C,+C,.C,, . £) . P/e}+C, . £.9%/k]/(C,-1+P/€)  (A4.5)
v = {(1-c#30,.0, .)/(C,-143C, . £/2+p/e)}.( W/ r)vvik/e (A4.6)
uw =uv =0 (A4.7)

In addition to these equations, relation (2.37) yeilds for the
shear stress -vw a combination of the eddy viscosity concept (2.9) and
the Kolmogorov-Prandtl formula (2.13) but with the original constant

Cu replaced by the following function of P/e and f:

(2/3){01-1+02(1-2C2w.f).P/e}(1-C2+3C2.02w.f/2)

c = (A4.8)

(01-1+2‘c1w.f+P/e)(c1-1+301w.f/2+P/e)

Using the relation (A4.8) of Cu in the calculations ingtead of
the constant value 0.09 used in the k-¢ model, we can get the results
shown in Figs.Ad4.1 to A4.4. These results agree reasonably well with
the experimental data but are not noticeably superior in this respect
to the k-¢ predictions for this simple flow. The pipe flow does not
discriminate between the 1local equilibrium model (energy production
P = disspation ¢) and the mcrs general algebraic form where P/e is

allowed to vary.

For the heat flux mosdel:

T-l_th- = -uku-(aT/BXk) +¢1T
Tos = —ukV-(aT/BXk) +0,m (44.9)
T— = =_ukw.(aT/3Xk) - vt.(3W/ar) o0
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for Rg=50000.
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Fig.A4.4 (production/dissipation) of turbulence for fully-developed pipe
flow for Re=50000.
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¢s can be obtained with reference to equations (2.39) and (2.41) as

follows:

¢1t = -ut.C1T.e/k

¢2T = ‘VtoC1ToE/k - C1TwovtofoE/k
¢3T = -wt.C1T.e/k + Cop vt.(dW/or)

For fully-developed symmetrical pipe flow the following equations
can be obtained:
ut = 0 (A4.10)

7%=-(k/e){66.(a'r/ar)n‘r?.(a'r/az)}/{c1 £+(P/e-1)/2} (A4.11)

+C
T 17w
§¥=-(k/s){F§(aT/ar)+§§(aT/az)-(c2T-1).V?(aw/ar)!/{c1T+(P/e-1)/2}

(A4.12)

The model suggests that the ratio of tangential to radial thermal
diffusivities in stationary pipe flow is proportional to (uu/vv) and
reaches a value of around 3 close to the wall. This result is broadly
in accord with cbservations in asymetrically heat pipes (see Launder,
1977) and is likely to be very important when heating asymetries are
combined with secondary flow effects due to rotation. Figs.A4.5 and
A4.6 show typical predictions of temperature and heat flux in
stationary fully-developed pipe flow both in good agreement with the
data. There is no considerable difference between +the prediction
which has been done using the local values of P/e and f varies with
radial distance, as suggested by Smaraweera (1978), and that
prediction using the assumption that P/e and f are to be unity
throughout pipe flow. For fully-developed.pipe flow, the effect of
the wall reahes the centre line and it seems to be a reasonable
assumption that f=1, and will be considered in the prediction of

rotating tube.
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APPENDIX A5

THE DETERMMINATION OFP THE LASER BEAM BATH THROUGH

A DUCT OF CIRCULAR CROSS-SECTION

The position of the measuring (scattering) volume of the laser
Doppler velocimeter and the transfer function is affected Dby
refraction of the laser beam at the Perspex/air and Perspex/water

interfaces.

It is essential that we determine the position of the measuring
volume as a function of the traverse co-ordinate Z* and 1*. The
origin of co-ordinates for Z* and l* is shown in Fig.A5.1. The first
part in this appendix describes the calculation procedure used for
bend cross-section. The second part describes the situation of the

straight pipe cross-section.

A5.1 Bend Cross-Section

Fig.A5.1 shows a section in the circular bend in a plane whose
normal is in the local streamwise direction and which contains the
optical axis EDCG of the laser Doppler velocimeter. Fig.A5.2 shows
the view along section J-J. The beam enters the Perspex bend at A and
is refracted at B, the Perspex/water interface. The measuring volume
is formed at point P. Three-dimensional analysis is shown in detail
in Enayet et al (1981). In the present work more simplified method

has been adopted.

Now 1let wus direct our attention to the refraction of the laser
beam in its path through the wall and the fluid. If a single beanm
passes through the bend cross-section, it will refract as shown in

Fig.A5.3. The different angles required in the analysis are also
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shown in the same figure. Applying Snell's law at point I and II will

give the following:
3 = .einb ot
nw.sme1 n..sinb, (A5.1)

where n, and n, are the refractive indecis of water and Perspex
respectively and are equal to 1.33 and 1.49.
The angle 8, can be determined from the relation:

i = .2
siné, Ho/ro (45.2)
where Ho is the outer height controlled by the traversing table and is

considered as input data. From geometry the following relations are

obtained:

hy = ro.sin(292-61) (A5.3)
X = ro.cos(262-91) (A5.4)
h, = (b—X).tan(262-291) (45.5)
where the inner height Hi is given by:

Hi = h1+ h2 (A5.6)

The length of the laser beam path through the fluid is given by:

1 = 2r_.cost, (A5.7)

Using test section geometry and the chosen hight Ho the height Hi
can be obttained, and its calculated values are compared with the

measured values Hj) as shown in Table(AS5.1) which shows good

measured

agreement.

By using the previous method the path of the laser beam ecan be
determined. Now let us locate the position of the measuring volume on
the determined laser beam path. The position of the measuring point P
is described by the length 1 measured from point of intersection of
the laser beam with the inner surface. The reading of the traversing

mechanism movement from the point pof intersection with inner surface
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*
is denoted as 1p and assumed to be proportional to the calculated one

linearly as:

* *
1/1p =1 /1p (A5.8)
thus
1 /7, - (1/r°).1;/1* (A5.9)

Thus we can locate the point P at different readings of the

traversing mechanism at every line as shown in Table(A5.1) and

Fig.4.13.

A5.2 Straight Pipe Cross-Section

Fig.A5.4 shows a cross-section in the straight pipe in the plane
contains the optical axis, as mentioned before for bend cross-section.
For this case, we must calculate the position of intersection of laser

beam with inner interface twice as shown in the figure.

Applying Snell's law at the points I, II and TIII and using

geometry relations will give the following:

sing, = H /r_ . (A5.10)
n,.siné, = n_.sine, (A5.11)
where ot is the average outer radius of the straight pipe and equal

to 30.175 mm, and n, is the refractive index of air and equal to

unity.

From geometry the following relations can be obtained:

¢y = 6, + 4B ‘ (A5.12)

ro/sin92 = Al/sin( A8 ) = rout/sin¢1 (A5.13)

Thus 2 and A6 can be obtained, hence:
y = ro.sin(Ae + ¢1) (A5.14)

n_.sing, = ng.sing, (A5.15)
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0 ) Hi/ro

Ho/ro % (% h1/r° calculated | measured l/ro 1p/P°
0 0 0 0 0 0 2.00 ;/20 80
0.125 7.181 |8.048 | 0.155 0.173 0.167 1.980 ;/20 66
0.250 | 14.478 |16.260 | 0.310 0.349 0.354 1.920 ;/20 83
0.375 1 22.024 |24.834 | 0.464 0.533 0.521 1.807 ;/20 81
0.500 | 30.000 [34.056 {0.617 0.731 0.750 1.657 ;/20 94
0.625 | 38.680 [44.427 | 0.768 0.960 0.979 1.428 ;/20 80
0.750 | 48.590 [57.140 | 0.911 1.272 1.292 1.085 ;/19 91
0.802 | 53.330 |63.942 [ 0.964 | 1.475 1.521 0.879 ;/19 92

Table A5.1 Laser beam path details for bend cross-section.
Ho/ To et: e% 4"; ¢; y/ To z/ To 1/ To 1p/ To
0 0 0 0 0 0 0 2.0 ;/17 50
0.208 | 9.538] 6.38 | 8.04 9.01 | 0.194 | 0.119 '1.975 ;/17 59
0.417 | 19.350 1 12.83 {16.24 | 18.26 | 0.387 | 0.238 ]| 1.899 ;/17 85
0.625 | 29.810 | 19.49 |24.80 | 28.03 | 0.575 | 0.357 | 1.765 | 17/17.48
0.83%33 | 41.514 | 26.41 | 34.00 | 38.79 | 0.756 | 0.477 | 1.559 ;/17 25
1.042 | 55.950 | 33.78 |44.35 | 51.55 | 0.917 [ 0.596 | 1.244 ;/17 28
1.208 | 73.960 | 40.17 |54.19 | 65.30 | 1.000 | 0.677 | 0.835 ;/17 37
Table A5.2 Laser beam path details for straight pipe cross-section.
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Fig.A5.4 Laser beam path details for straight nipe cross-section.

0.083r,
0.323r, O0.lélr,
] 0.181r 4
0,08lr, y
0,119
$——0 0.188r,
0.120r, \
O,El9rO 0.193r
A
O.tl9rO Y
O:Sléro X 0.194r,
T inside I | O.erI \\\ExL/ outside
r, .
~ measuring
points symmetry line
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thus ¢2 can be obtained, and

1 = 2r .cos¢, (A5.16)

Z ro.sin(2¢2 -4 -8 ¢ 92) (AS5.17)

The different locations of the measuring points are shown in
Fig.A5.5 and Table(A5.2). The previous results obtained for the bend
cross-section show that this simple method agrees well with
experiments, as shown from the comparison of Hi in Table(A5.1). So it
is recommended to wuse this simple procedure rather than three
dimensional analysis mentioned in Enayet et al (1981) which need

verification before use.
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APPERDIX A6

PUBLICATIONS

Laser-Doppler measurements of
laminar and turbulent flow in a
pipe bend

M. M. Enayet, M. M. Gibson, A. M. K. P. Taylor
and M. Yianneskis*

Laser-Doppler measurements are reported for laminar and turbulent flow through
a 90° bend of circular cross-section with mean radius of curvature equal to 2.8
times the diameter. The measuremants werea made in cross-stream planes 0.58
diameters upstream of the bend inlet piane, in 30, 60, and 75° planes in the bend
and in planes one and six diameters downstream of the exit plane. Three sets
of data wera obtained: for l[aminar flow at Reynolds numbers of 500 and 1093
and for turbulent flow at the maximum obtainable Reynoids number of 43 000.
The resuits show the develoapment of strong pressure-driven secondary flows in
the form of a pair of counter-rotating vortices in the streamwise direction. The
strangth and charactar of the secondary flows were found to depend on the
thickness and nature of the inlet boundary layers, inlet conditions which could
not be varied independently of Reynoids number. The guantitative anemomaeter
measuraments are supported by flow visualization studies. Refractive index
matching at the fluid-wall interface was not used; the measuremeants consist,
therefore, of streamwise components of mean and fluctuating velocities only,
supplementsed by wall pressure measurements for the turbulent flow. The dis-
placement of the laser measurement volume due to refraction is ailowed for in
simple geomatrical calculations, The results are intended for use as benchmark

data for calibrating flow calculation methods.

Keywards: flow measuramant, turbulence, flow visualization,

pipe bends

As a fluid flows through a straight pipe or duct and
into a bend the pressure, which in the straight section
is uniform across the flow, must adjust in the bend
to counter centrifugal forces. The pressure is greatest
at the outer wall farthest from the centre of curvature
and least at the inner wall nearest the centre of
curvature and the cross-stream pressure gradient in
the bend has two well known effects on the flow. At
the bend inlet, the boundary layer on the outer wall
experiences the effects of a positive streamwise
pressure gradient which may in a tight bend be
sufficiently strong to produce local separation; con-
versely, the inner wall boundary layer is accelerated.
The reverse occurs at the pipe exit where local press-
ure gradients of the opposite sign appear as the flow
adjusts to uniform pressure conditions downstream.
Inside the bend, the presence of side wall boundary
layers ensures that the conditions for radial equili-
brium cannot be satisfied exactly over the entire field.
The slow moving fluid in these layers is forced
inwards towards the centre of curvature and con-
tinuity ensures that the high speed fluid near the axis

* Fluids Section, Mechanical Enginearing Departmant, Imperial
College of Science and Technoiogy, Exhibition Road, Landon,
UK, SW7 28X

Receivad 5 Marzh 1982 and accepted for publication on

14 June 1982

is driven outwards. The result is a secondary flow
superimposed on the main flow.

If the bend is of circular cross-section, or its
height is not significantly greater than its width
measured in the radial direction, the effect of the
secondary flow is to displace the region of maximum
velocity from the centre towards the outer wall. If,
however, the boundary layers are thin and the secon-
dary flow is weak, the velocity distribution in the
inviscid central core will approximate to that of a
free vortex with velocity increasing towards the
centre of curvature. The effects of longitudinal cur-
vature on the boundary layers on the inner and outer
walls also tend to counteract the effects of pressure-
driven secondary flow. In the inner boundary layer,
the shear stress is reduced by curvature and the
boundary layer grows relatively slowly. In the outer
boundary layer the shear stress is increased and the
layer is retarded and thickened. Thus, in the flow in
a high narrow curved channel, where the secondary
flows are weak and confined to the edge zones, the
region of maximum velocity is found closer to the
inner wall'. The effects of curvature on laminar
boundary layers are weak in ducts of moderate aspect
ratio and are masked by the secondary flow; the
fractional change in shear stress is of order /R
{where 8, boundary layer thickness and R, radius of
curvature). The effects of curvature on the turbulence

Int. J. Heat & Fluid Flow 0142~-727X/82/030213~-07303.00 © 1982 Butterwarth & Co (Publishers) Ltd 213
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in turbulent boundary layer flow are an order of
magnitude greater’ and may be sufficiently large to
counteract the effects of secondary flow and to be
significant in determining the flow structure.

The presence and origin of secondary flow in
bends have long been known and understood
although obvious measurement difficulties associ-
ated with probe explorations have hindered detailed
investigation and have largely restricted experiments
to flow visualization studies and measurements of
overall pressure loss. The former® show that a
laminar boundary layer in a 90° pipe bend is
deflected through 45° while the deflection of a tur-
bulent layer does not exceed 30°. Work carried out
prior to 1970, which consists almost entirely of
measurements of wall pressure and pressure probe
surveys of the outlet plane, is summarized and
reviewed by Ward-Smith*. These data provide a basis
for empirical pressure decrease correlations but are
necessarily too limited to be used for the validation
of flow calculation methods. The development of
these methods to the point where they can be used
as standard design. tools has, fortunately, been
paralleled by the development of the laser-Doppler
anemometer which, by obviating the need for probe
insertion, has made possible more detailed measure-
ment of complex flows including those in bends.
Humphrey et al® report measurements of the longi-
tudinal velocity component in laminar flow through
a strongly curved duct of square cross-section. This
work has been extended® to the measurement in
turbulent flow of two components of mean velocity,
two components of turbulent energy and one shear
stress component; similar measurements also have
been reported’ for laminar and turbulent flow with
thin inlet boundary layers.

The problem of flow in a round pipe, which
is examined in this paper, presents additional
measurement difficulties and has consequently
received less attention. Rowe® reports total-pressure
measurements in a mildly curved pipe bend while
laser-Doppler measurements appear to be limited to
the laminar flow experiment described by Agrawal
et al®. The difficulties arise because in off-diameter
planes, the laser beams are refracted at the Auid-wall
interface unless care is taken to match the refractive
indices. If this is not carried out, the measurements

will be limited to longitudinal components of mean
and fluctuating velocity. The measurement volume
is displaced but to a position which can be located
reasonably accurately by simple calculation'®.

In this paper, measurements are reported of
laminar and turbulent low in and downstream of a
tight 90° pipe bend. The results, which complement
and extend those of previous investigations® are
seen as a useful contribution to the ‘data bank’ avail-
able for the further testing and development of
numerical low calculation methods.

Experimental
Test bend

The geometry and dimensions of the test bend are
shown in Fig 1. The dimensions are similar to those

of the square-sectioned bend used previously®” with
o

Section througn
bena
Fig 1 Bend dimensions and co-ordinate system

(dimensions in mm)

Notation

C,  Pressure coefficient (Fig 7)

d Pipe diameter

l Distance of control volume trom pipe
wall along refracted beam path

m Mass flow rate

p Static pressure

Drof  Staticpressureonediameter upstream of
pipe bend

R Radius of curvature of the bend

r Internal radius of pipe = id

Re  Revnolds number Upd/v

U Streamwise local mean velocity

Us Bulk velocity 4m/(mpd?)

u rms streamwise velocity fluctuation

x Distance measured along the pipe and
bend centreline

Distance measured horizontally from
centreline (Fig 1)
Distance measured
centreline (Fig 1)
half-angle of beam intersection
Boundary laver thickness

Bend angle (Fig 1)
Angle subtended at
(Fig7)

Kinematic viscosity
Density

o

from

n

vertically

LSRR v

pipe centreline

T v
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radius of curvature equal to 2.8 times the internal
diameter. The bend was machined accurately from
two halves of a rectangular perspex block, split in
the plane of symmetry. It was thus possible to maint-
ain a tolerance of £0.1 mm on the internal diameter
and to minimize refraction problems at the external,
air~perspex interface by the retention of a rectangular
external section. The bend was fixed in the horizontal
plane downstream of a straight tube of the same
diameter (48 mm) and 240 mm long; a second
straight tube, 480 mm long, was fitted downstream.

The bend was fitted in a water flow rig iden-
tical to that described by Taylor et al”. The flow rate
was constantly monitored using Fischer and Porter
precision flowmeters. The maximum obtainable
Reynolds number, 4 m/mvd, was 43000. For the
turbulent flow measurements the water was seeded
with minute quantities of milk to increase the scatter-
ing particle concentration and, consequently, the
particle arrival rate'.

Instrumentation and signal processing

The optical arrangement is similar to that described
by Taylor et al”. The light beam generated by a5 mW
helium-neon laser is focussed on to a radial diffrac-
tion grating, collimated to reduce spherical aberra-
tion and then focussed to form the scattering volume
at the point of measurement in the bend. Measure-
ments in the vertical plane were made in the straight
pipe sections at each end of the bend. For these the
light beam was turned through 90° using a mirror
which was optically flat to within one tenth of the
wavelength of light. Forward scattered light collec-
ted by the objective lens is focussed on and passes
through a pinhole to an EMI 9638 photomultiplier,
the output from which is processed in a Cambridge
Consultants CCO! frequency tracking demodulator.
The principal characteristics of the laser-Doppler
anemometer are given in Table 1.

Scope and accuracy of the measurements

Refraction of the laser beam at the water-perspex
interface not only displaces the measurement volume
by an amount which can be readily calculated but
also, and more importantly, prevents the measure-
ment of cross-section velocity components. The

Table 1 Optical characteristics of the laser—
Doppler anemometer

Focal length of imaging lens 300 mm
Half-angle of beam intarsaction 9.11°
Fringe separation (line-pair 1.9 um
spacing)

Number of fringes in measuring 84
volume

Intersection volume diameter

calculated

at 1/6? intensity 0.167 mm

Intersection volume length
cailculated at

1/e? intensity 1.391 mm
Photomultiplier pinhole diameter 0.50 mm
Transfer constant 0.500 MHz/ms
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method used successfully for the latter in the rec-
tangular bend experiments®’ fails for the round pipe
because, unless the refractive indices of the fluid and
pipe wall are equal, the twin laser beams entering
the pipe in a plane at 45° to the axis cannot converge.
Consideration has been given to the use of fluids
other than water which would allow the indices to
be equalized. Unfortunately, it appears that such
fluids either possess highly unpleasant or toxic
properties or are so viscous that it is difficult to realize
Reynolds numbers high enough for turbulent flow.
An example of this is given in the experiment
described by Agrawal et al® where the use of a
glycerine-water mixture to match the indices limited
the investigation to laminar flow. As the main objec-
tive here is the study of turbulent bend flow, the
limitation on the scope of the measurements to
streamwise velocities only has had to be accepted
at this stage.

There is no difficulty in measuring the stream-
wise velocities or in calculating the displaced posi-
tion of the measurement volume. The measurements
are made at points along the optical axis which is
refracted at the pipe wall at an angle to the plane of
symmetry to which it was originally parallel. A
straightforward calculation produces the beam
trajectories shown in Fig 2. The actual location of

Insude Qutside

<IN | o
[ TNk

Ptaxiglass

Section A-A

b

Fig 2 (a) Beam paths through test section. Bend
section in 8-y plane. Point P marks location of scat-
tering volume (b) Cross-section through upstream
and downstream tangents
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the measurement points along the optical axis is
obtained by applying the correction described by
Boadway and Karahan'® for the effects of refraction
due to the bend curvatures. These two corrections
have been applied independently to the tesults pres-
ented here. It was also found that signal quality was
only slightly impaired by refraction and that
measurements were feasible for points in the flow
distant more than one tenth of the radius from the
wall in the vertical plane.

Estimated measurement errors are summar-
ized in Table 2. Corrections were not applied for the
effects of finite transit time and instrument noise
broadening. Systematic errors of up to 2.3% are
mainly associated with velocity gradient effects near
the walls and have been included in the Table.

The measurements were made in cross-stream
planes 0.58 diameters upstream of the bend inlet
plane, in 30, 60, and 75° planes in the bend and in
planes at one and six diameters downstream of the
exit plane. Three sets of data were obtained: for
laminar flow at Reynolds numbers of 300 and 1093
and for turbulent flow at the maximum obtainable
Reynolds number of 43 000.
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Fig 3 Horizontal, C, and vertical, A, profiles of
mean velocity in the laminar approach fow 0.58
diameters upstream of the inlet plane. Re = 500
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Results and discussion

Flow visualization

Observation of hydrogen bubble paths in low speed
Aow revealed no unusual features such as the local
separation reported® for fully developed fow
through the square-section bend. These observations
were entirely consistent with large-scale secondary
flow patterns detected by laser-Doppler anemometry.

Laminar flow measurements

The results of velocity measurements at a Reynolds
number of 5300, mean velocity 10-3 mm/s, are shown
in Figs 3 and 4. Fig 3 shows the inlet conditions:
horizontal and vertical velocity profiles 0.58
diameters upstream of the bend. The boundary layer
thickness is =0.27 d so that there is a significant
potential core. The apparent, slight asymmetry
shown in the results is within the estimated error
band. Contours of the streamwise velocity in four
cross-stream planes (Fig 4) show the effects of strong
secondary flow which displaces the region of
maximum velocity to the outside of the bend. The
secondary flow develops gradually: in the 30° plane
the only visible effect is a thickening of the shear
layer on the inside of the bend. By 60° the secondary
flow has become almost fully developed as is shown
by the distortion of the contours. The fourth set of

Table 2 Measurement arrors

Systematic Random
Quantity error error
x 0.5 mm +0.02 mm
Y. 2 0.2 mm =0.02 mm
8 +0.3° . +0.17°
3 +£0.05° nil
Us (laminar) +0.8% +0.8%
Usg (turbulent) +=1.5% +0.5%
UllUg up to 2.5% =1.5%
u'/lUg up to 3% up to 3%

Figd4 Contours of mean velocity U/Ug in the bend,
laminar low Re =300
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contours, in the plane one diameter downstream,
shows that the secondary motion persists without
significant decay to this distance.

The effects of doubling the mean velocity and
Reynolds number to 23 mm/s and 1093, respectively,
are shown in Figs 5 and 6. The inlet boundary layers
are reduced in thickness by =15% to 0.23d, the
transverse pressure gradient is increased and the
secondary flow is intensified. The peak velocity in
the 30° plane is displaced from the plane of symmetry
but remains closer to the centreline. This displace-
ment, which persists downstream, has also been
observed in the flow in a square bend’. The shape
of the contours near the outside of the bend reflect
scatter in the data attributable mainly to difficulties
in locating accurately the measurement volume near
the wall and partly, perhaps, to slight asymmetry in
the flow.

In neither case do the measurements show any
unexpected feature: the secondary flow superposed
on the main motion is essentially as described quali-
tatively elsewhere'?; it develops gradually and per-
sists downstream after the removal of the transverse
pressure gradient responsible for its generation in
the bend. The strength and location of the pressure-
driven secondary low depend on the inlet conditions
and the Reynolds number which could not be varied
independently in these experiments. The stronger
secondary flow observed at Re =1093 must be
attributable mainly to the increased centrifugal
forces and transverse pressure gradient rather than
to the relatively small changes noted in the initial
conditions. These quantitative data of velocity in the
bend are considered to be sufficiently accurate to be
useful in checking the numerical accuracy of flow
prediction methods.

Turbulent flow measurements

At the maximum flow velocity of 0.92 m/s, Reynolds
number 43 000, the inlet boundary layers are tur-
bulent. The static pressure variation on the bend
wall 1s large enough to be measured accurately with
the results shown in Fig 7. At the bend inlet, the
negative pressure gradient on the inner wall is
approximately twice, the positive gradient on the
outside. These initial gradients resulting from the
change from straight to curved flow disappear at
=25° so that in the mid-section of the bend (25° <4 <
75°), a quasi-equilibrium condition is reached with
approximately uniform pressure on the inner and
outer walls. The transition to straight flow down-
stream is signalled by the appearance of strong
gradients for ¢ >75° The overall pressure decrease
is about 0.3p U3,

Laser~-Doppler measurements of the mean and
rms fluctuation of the streamwise velocity at inlet
are shown in Fig 8 and contours of these quantities
at downstream stations in Figs 9 and 10. The inlet
boundary layers of Fig 8 are much thinner, 0.09d,
than in the two laminar flows investigated and the
presence of a large central region of uniform velocity
flow influences significantly the development of
secondary flow downstream. The mean velocity con-
tours (Fig 9) show that by the 30° plane the potentia]
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Fig 3 Horizontal, O, and vertical, A, profiles of

mean velocity in the laminar approach flow 0.58
diameters upstream of the inlet plane, Re = 1093

[ b
Fig6 Contours of mean velocity U/Ug in the bend,
laminar flow, Re = 1093

core has adjusted to the cross-stream pressure
gradient imposed by the bend and the region of
maximum velocity has been displaced toward the
inside. The results also differ from the corresponding
laminar flow measurements in that the thickness of
the outer wall boundary layer is increased relative
to that on the inside of the bend due mainly to the
effects of the potential low adjustment and the wall
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pressure gradients of opposite sign but also, quite
possibly, to the effects of longitudinal curvature on
the turbulence structure. In the 60° plane, distortion
of the contours suggests the presence of strong secon-
dary flow largely confined to the region of steep
velocity gradients near the inner wall. This secon-
dary flow grows with distance through the bend and
by the 75° plane extends over and beyond the inner
half of the section. The removal of the transverse
pressure gradient in the straight flow downstream
results in a shift of the velocity maximum toward
the outside. A large secondary flow, similar to that
observed in the laminar flow experiments, now
extends over the entire flow area and persists in the
plane six diameters downstream of the bend where,

04

Q°  Qursde

P UR

1
H

Coslp~pa)/

15 30 45 0 75 0
2, degroes o]
x/a x/e

Fig 7 Wall static pressure variation. Turbulent
fow Re =43 000

x =‘Gd

Fig9 (a—) Contours of mean velacity U/Ug in the
bend. (d-e) Contours of mean velocity U/Uz down-
stream of the bend. Turbulent flow, Re =43 000
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however, the transverse velocity gradients have
decayed to approximately one half of their values
one diameter downstream.

The contours of turbulence intensity (Fig 10)
are consistent with those of the mean velocity. As
expected, high values of the velocity fluctuation are
associated with steep mean velocity gradients and
with the distortion of the symmetrical inlet flow.

These results may be compared with the
measurements made by Humphrey et al® in a tight
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Fig 8 Profiles of mean velocity U/Ug and tur-

bulence intensity U'/Ug in the turbulent approach
flow 0.58 diameters upstream of the bend. O horizon -
tal, A vertical, Re = 43 000

Fig 10(a~) Contours of turbulence intensity (u’/Us)
in the bend. (d-¢) Contours of turbulence intensity
(u'/Ug) downstream of the bend. Turbulent flow,
Re =435000
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bend of square cross-section. The inlet boundary
layers of that low were substantially thicker than
the Aow here and contained stress-driven secondary
flows towards the corners. Consequently, the press-
ure-driven secondary flow was similar to those obser-
ved in the two laminar lows and extended over the
entire flow area.

Conclusions

The measurements show, as expected, that in bend
flow, strong cross-stream flows occur which are pro-
duced by the inward motion of slow moving fluid
in a radial pressure gradient. The strength of the
secondary flow is influenced by the initial inlet flow
conditions: when the inlet boundary layers are thin,
as in the turbulent flow case reported here, the initial
flow adjustment is an inward shift of the velocity
peak in the potential core. The secondary flow then
develops initially in the inside of the bend. The
secondary flow always takes some time to develop
and its effects are still increasing by the exit and
persist downstream.

The effects of refraction at the doubly-curved
fluid-wall interface prevent the measurement of
cross-stream velocity components. The investigation
of Alows in the round bend to the same level of detail
that has been achieved previously in square bends,
will require refractive index matching. For the
streamwise velocity measurements reported here,
simple geometrical corrections allow for the dis-
placement of the measurement volume by refrac-
tion.

The laminar flow data may be used to check
the numerical accuracy of flow prediction methods;
the turbulent low measurements provide the addi-
tional information needed to validate mathematical
models of turbulence.

Laser—doppler measurements
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TECHNICAL NOTE

Measurements of turbulent
developing flow in a moderately

curved square duct

M. M. Enayet, M. M. Gibson and M. Yianneskis*

Laser~Doppler measurements In the turbulent flow in a right-angled bend of
square cross-section, radius/duct-width ratio 7.0, are presented and show the
development of secondary circulation in cross-stream planes. Distributions of the
streaamwise and radial components of the mean velocity and turbulence intensity,
and the corresponding Reynolds shear stress, are presentad as contour plots and
are intended for use in the further development of numerncal flow pradiction

methods

Key words: flow measuremant, turbulence, ducting

This note is a postscript to the longer and more
detailed account of laser-Doppler measurements of
laminar and turbulent flow in a strongly curved pipe
bend'. Measurements are reported here of turbulent
flow in a more moderately curved bend of square
cross-section which were made using the same
experimental arrangements and instrumentation as
previously'. A principal objective of this research
has been the recording of basic data suitable for
testing numerical calculation methods; in addition,
the flow exhibits a number of interesting features.

Detailed measurements of the flow in strongly
curved bends'™ show that the main secondary
motion develops aover an appreciable distance and
that it is more complicated than originally expected
or suggested by the idealized diagrams of the
textbooks. Investigations of laminar and turbulent
flow in right-anzgled bends of square section have
been carried out“™, and the effects of changes in inlet
conditions have been established*. Details of the
flow in an equivalent round bend have been pub-
lished' and these studies recently have been exten-
ded to flow in an S-bend of moderate curvature’.
This note contains the results of similar measure-
ments in turbulent low in aright-angled square bend
of lesser curvature, with a radius/duct-width ratio
of 7.0 compared to that of 2.3 in the previous experi-
ments.

Experimantal

The geometry and dimensions of the test bend are
shown in Fig 1. It was manufactured from 20 mm
thick perspex with a cross-section of 40x40 mm?.
The curved surfaces were machined from solid per-

* Machanical Enginaering Department. Impaerial College of
Science and Tachnaology, Exhibition Road, Landon, UK, SW7 2BX
Received 5 March 1982 and accepted for publication on

14 June 1982

spex to radii of 260 and 300 mm. The tolerance on
each of these dimensions was +0.1 mm. The bend
was fixed in the horizontal plane at the end of a
straight duct 300 mm long and discharged into
another straight duct 200 mm long. The complete
assembly was attached to the water flow rig described
previously'. The bulk velocity was 0.88 m/s giving
a Reynolds number based on the bulk velocity and
duct width of 35200. The boundary lavers in the
bend inlet plane were turbulent and =0.14 duct
widths thick. Measurements were made in the 45°

l 40140
!
i

Fig 1 Duct bend geometry (dimensions in mm)
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Notation
r, Inside radius of curvature of bend
ro Outside radius of curvature of bend
U Circumferential component of mean
velocity

Uy Bulk viscosity

v Radial component of mean velocity

u’, v’ rms fluctuating velocity components

a0 Reynolds shear stress

o Angle subtended at centre of cur-
vature

and exit (90°) planes, the optical axis being vertical.
Measurements in the inlet plane were made w1th an
‘S"-bend fitted to the rig as reported previously®. The
laser-Doappler anemometer system and assoctated
equipment have been fully described elsewhere'.

Results and discussion

The results consist of the streamwise and radial mean
velocity components ' and V, the corresponding
turbulence intensities u’ and v’ and the Reynolds
shear stress ao. Measurements in the inlet plane for
a Reynolds number of 40 000 were made by Taylor
et al® when an ‘S’-bend was Gtted to the water
rig. It is assumed that the inlet coumditions do
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Fig 2 Contours of medn velocity and rms tur-
bulence .ntenszty in the mlet plane: (a) U/Ug ¢ b)
w'/Ug x 10% (¢)v'/Ug x 10°. { Data from Taylor et al
Re =40 000)
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not differ significantly in the present bend flow and
the data from Taylor et al® are reproduced in Fig 2.
These show reasonably uniform inlet boundary
layers with an appreciable potential core. The radial
component of the mean velocity, which is not presen-
ted, never exceeded 0.070Us and the shear stress
levels, also not presented, appear to be consistent
with the intensities, but the boundary layers were
too thin for more detailed measurements of the cross-
correlation in the high shear regions adjacent to the
walls. The measurements in the 43° and exit planes
(Figs 3-T) may, usefu”y be compared with the
equivalent data’* from the more strongly curved
bend. As in these previous experiments, the flow
responds in two ways to the imposition by the bend
of aradial pressure gradient. [nitially, the peak veloc-
ity in the core moves towards the inside of the bend
as required for radial equilibrium in the centre, but
further downstream the development of secondary
flows results in a shift of this peak to the outside
region. Both these effects are verv evident in the tight
bend Row™* but the former is not apparent in the
measurements made here where the transverse press-
ure gradients are considerably smaller and less
influential. The secondary fows, the presence of
which is evident in the mean velocity contours at
45°, effectively displace the velocity maximum to the
outside of the bend and result in an accumulation

Ouler woll

Fig 3 Contours of mean velocity in the 45° plane:

‘fa) UjUg (b) ViUgx 10*
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of slow moving fluid on the inner wall. The inward
flows at the side-walls ensure that the boundary
layers there remain thin. As the flow approaches the
bend exit it is accelerated on the outer wall and
retarded on the inner one. The adjustment to
rectilinear flow is rapid: the measurements in Fig 4
show that in the exit plane the transverse mean
velocities have decreased to approximately half their
values at 45° while the much distorted contours of
U simply record the history of the flow. Profiles of
the transverse component V, plotted in Fig 3, show
strong inward flow in the inner part of the duct and
also suggest the presence of a weak secondary circu-
lation of the opposite sense in the outer part of the
duct. These circulations presumably arise from the
destabilizing action of concave curvature on the
outer wall boundary layer and persist because the
curvature is sufficiently mild for it not to be swept
into the main pressure-driven secondary motion of
the opposite sense.

Contours of the rms turbulence intensities u’
and v’ and the Reynolds shear stress 4o are plotted
in Figs 6 and 7. The distortion of the nearly sym-
metrical inlet contours, Fig 2, is very evident and
generally consistent with the development of local
high shear zones in the mean flow. The high levels
of v’ measured near the inner corner in the exit plane
are rather surprising and in contrast with the strong
curvature results™ where peak values of v’, of the
same order as u’, were distributed in the outer part
of the exit plane. The shear stress plots contain less

-

Ouler woll
Inner walt

Fig 4 Contours of mean velocity in the exit plane,
8 =90% (a) U/Ug (b) V/Ug x 10°
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detail but generaily show higher levels near the
inside of the bend consistent with high shear and
turbulence activity there. There appears to be no
evidence of significant damping or amplification of
turbulence due to longitudinal curvature as observed
in the strongly-curved bend® and the position of zero
shear stress coincides approximately with that of the
maximum mean velocity,

Conclusions

The measurements show the development and decay
of cross-stream flows in a 90° moderately curved
bend. The ARow behaviour is consistent with that
previously observed in more strongly curved bends
and differences in the details of the two flows are
accounted for by the differences in curvature: here,
the secondary cross-stream velocities are only one
half of those measured in the strongly curved bend.
The results are seen as a contribution to the data
base available to developers of turbulence models
and computer flow prediction methods.
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