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The body forces imposed on flows in pipes induce secondary flows 

in planes perpendicular to the axes, resulting in non-symmetrical 

axial-velocity and temperature profiles which modify the resistance to 

the flow and the rate of heat transfer. Two different test-cases have 

been studied: the first being the flow in a rotating pipe, of circular 

cross section, about an axis parallel to the centre line; the second 

being the isothermal flow in 90 degree bends with mild and strong 

curvature. 

For the rotating pi pe flow, a computer code using a 

finite-difference method has been developed to solve the conservation 

equations governing three-dimensional turbulent flow including the 

effects of body force and heat transfer. Two different turbulence 

models have been used: the first model is based on transport equations 

for the kinetic energy of turbulence k and its rate of dissipation e, 

which are solved simultaneously with the mean flow momentum, 

continuity and enthalpy equations. This model has been applied to 

developing pipe flows. The second model is based on a set of 

algebraic Reynolds stress and heat flux equations which have been 

applied to the prediction of fully-developed flows. The results 

obtained have been compared where possible with available experimental 

data. 

The flow in the 90 degree bend has been investigated 

experimentally and numerically. A water rig with a 90 degree bend of 

circular cross-section was constructed with a ratio of radius of 

curvature to pipe diameter equal to 2.8. The axial velocity contours 

with developing flow were measured using a laser Doppler anemometer 



for both laminar and turbulent flows. The wall static pressure 

distribution has also been measured. Experimental results have also 

been obtained for turbulent flow in a square cross section duct with a 

90 degree bend in which the ratio of radius of curvature to 

cross-sectional width has been 7. Another computer program has been 

developed to solve the flow in curved pipes, using two solution 

procedures. A so-called "parabolic" calculation procedure has been 

used for mildly curved pipes. For the case of strongly curved ducts, 

a so-called "partially-parabolic" calculation procedure was found to 

be necessary. 

The principal results of the research are: 

1- Computer codes intended for practical calculations of laminar and 

turbulent flow with heat transfer in 

a) tubes rotating about a parallel axis 

b) tube bend of arbitrary curvature. 

2- Velocity data for laminar and turbulent flow in pipe bends 

suitable for calibration and testing calculation methods. 
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CHAPTER 1 

INTRODUCTION 

1.1 The Problea Considered 

When the flow in pipes is subjected to a body force a secondary 

flow in the plane perpendicular to its centre line will be induced. 

This secondary flow modifies the flow behaviour so as to increase the 

resistance to flow and the rate of heat transfer. Many important 

types of flow in engineering applications are subjected to body 

forces, such as flow in pipes with gravitational effects, flow in 

bends and flow in rotating pipes. 

The present study describes two types of flow in pipes with body 

forces; the first is the flow with heat transfer in circular 

cross-section ducts rotating about an axis parallel to its centre 

line. The second type of flow is isothermal flow in 90° bends with 

both circular and rectangular cross-sections. 

The increasing demand for efficient cooling techniques for 

rotating machinery indicates the practical significance of the problem 

of heat transfer and fluid flow in the entry region of a heated tube 

which revolves about a displaced and parallel axis. As service 

conditions become more arduous, more accurate understanding and 

prediction of heat transefer in such passages become more important. 

The power output from electrical generators is partially restricted by 

the permissible operating temperature of the insulation which 

surrounds the armature windings. To prevent thermal break-down of the 

insulation there are clear advantages to be obtained by circulating a 

suitable coolant along passages located within the rotor conductors. 
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Gas cooling, notably by hydrogen, has been adequate for generators of 

moderate power output, but designs involving water cooling have become 

more attractive and suitable for machines rated in excess of about 500 

MW (Anon, 1968). For generators nominally rated at 1000 MW, water 

cooling can produce an improvement of 0.5^ in the effecienpy. 

As a fluid flows through a straight duct and into a bend the 

pressure, which -in the straight section- is uniform across the flow, 

must adjust in the bend to counter centrifugal forces. The pressure 

is greatest at the outer wall farthest from the centre of curvature 

and least at the inner wall and the cross-stream pressure gradient in 

the bend has two well known effects on the flow. At the bend inlet 

the bcjjidary layer on the outer wall experiences the effects of a 

positive streamwise pressure gradient which may in a tight bend be 

strong enough to produce local separation; conversely, the inner wall 

boundary layer is accelerated. The reverse occurs at the pipe exit 

where local pressure gradients of the opposite sign appear as the flow 

adjusts to uniform pressure conditions downstream. Inside the bend, 

the presence of side wall boundary layers ensures that the conditions 

for radial equilibrium cannot be satisfied exactly over the entire 

field. The slow-moving fluid in these layers is forced inwards 

towards the centre of curvature, and continuity ensures that the high 

speed fluid near the axis is driven outwards. The result is a 

secondary flow superimposed on the main flow. 

If the bend is of circular cross section, the effect of the 

secondary flow is to displace the region of maximum velocity from the 

centre towards the outer wall. If, however, the boundary layers are 

thin and the secondary flow is weak the velocity distribution in the 

inviscid central core approximates to that of a free vortex with 
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velocity increasing towards the centre of curvature. The effects of 

longitudinal curvature on the boundary layers on the inner and outer 

walls also tend to counteract the effects of pressure-driven secondary 

flow. In the inner boundary layer the shear stress is reduced by 

curvature and the boundary layer grows relatively slowly. In the 

outer boundary layer the shear stress is increased and the layer is 

retarded and thickened. The effects of curvature on the turbulence in 

turbulent boundary layer flow are an order of magnitude greater and 

may be large enough to counteract the effects of secondary flow and to 

play a significant role in determining the flow structure, (Bradshaw, 

1973). 

The presence and origin of secondary flow in bends have been 

known and understood although obvious measurement difficulties 

associated with probe explorations have hindered detailed 

investigation and have largely restricted experiments to flow 

visualization studies and overall pressure loss measurements. The 

total friction loss of energy near the wall of the pipe increases due 

to secondary flow. This increase in resistance is rather small when 

the curvature of the pipe is small, but may be considerable if it is 

sufficiently curved. 

1.2 Previous Work On The Flow Through Ducta Rotating 

About A Parallel Axis 

In recent years a number of theoretical, numerical and 

experimental studies have been undertaken on flow and heat transfer in 

tubes which rotate about an axis parallel to the centre line of the 

tube with uniform angular velocity n. The arrangement and notation 

are shown in Fig.1.1. 



HEAT 
FLUX 

Fig.1.1 Flow through a rotating duct about a parallel axis. 
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1.2.1 Analytical Solutions 

A) Laminar Flow: 

I- Isothermal Flow: 

Morris (1965a) studied isothermal fully-developed case using the 

cylindrical polar co-ordinate system with reference to rotating frame. 

The momentum and continuity equations used are as follows: 

V(3V/8r) + U(3V/r3e) + W(3V/3z) - U
2

/r = -(3p/3r)/p 

+ v{V^V - V/r
2

 - 2(3U/r36)/r) 

+ 2U.fi + (r+H.cosO). fi
2

 (1.1) 

V(aU/3r) +
 T

J(3U/r39) + W(3U/3z) + U.V/r = -(3p/r36)/p 

+ vjv
2

U+2(3V/r39)/r - U/r
2

) 

- 2U.fi - H.sinQ. fi
2

 (1.2) 

V(3W/3r) + U(3W/r30) + W(3W/3z) = -(3p/3z)/p + v.V
2

W (1.3) 

3(rV)/3r + 3U/36 + 3(rW)/3z = 0 (1.4) 

where: V
2

 = (3
2

/3
r

2

) • (3/3r)/r + (3
2

/39
2

)/
r

2

 + (3
2

/3z
2

) 

and v is the kinematic viscosity. 

The continuity equation may be satisfied by defining a 

dimensionless stream function by the following relationship: 

U = v(34'/30)/r and V = - v(3"F/ar) (1.5) 

Elimination of the pressure terras in equations (1.1 and 1.2) 

eliminates the dependency of Y, and hence the secondary flow, on 

rotational speed. Thus secondary flow is not induced, and the 

pressure distribution must take the form: 
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P = Yz + p(r, 6) (1.6) 

where Y is the axial pressure gradient, and p(r,0) is obtained from 

equations (1.1 and 1.2) thus: 

where A is some arbitrary constant. 

Thus the modification to flow conditions as a consequence of 

rotation is made manifest solely as a pressure distribution in the 

(r,0) plane which is superimposed on the pressure field present with 

zero rotation. 

II- Flew Vith Heat Transfer: 

Morris (1965b) continued his study to see the influence of 

rotation on the fully-developed flow with heat transfer. The geometry 

used was a rotating vertical cylindrical tube similar to that shown in 

Fig.1.1. While the tube rotates, fluid is pumped through in an upward 

direction and the tube wall is subjected to a uniform temperature 

gradient. The conservation equations (1.1 to 1.4) were solved using a 

series expansion in ascending powers of the rotational Rayleigh 

number, defined as: 

where: 0 is the coefficient of expansion, a is the thermal 

diffusivity and x is the axial temperature gradient. 

The terms containing fi in equations (1.1 and 1.2) produce 

"centrifugal-buoyancy" effects when fluid temperature gradients are 

present, and the fluid density must vary with temperature. Morris 

assumed that this variation is small, however, to be ignored in all 

terms except the buoyancy force in the momentum equations. It was 

p(r,0) = p. fi
2

.r
2

/2 + H.r.p. fi
2

.cos9 + A 
2 2 

(1.7) 

O A 
Ra = 3. fi . T.H. r /( a. V ) 

r o 
(1.8) 
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assumed that the wall material is of high thermal conductivity so that 

any circumferential temperature variations could be ignored. The 

resulting solution was an approximate one and valid only for low rates 

of heating. It was shown that rotation produces secondary flow in the 

plane perpendicular to the axis resulting in non-symmetrical 

axial-velocity and temperature profiles and changes in the resistance 

to flow and rate of heat transfer. It was shown that the resistance 

coefficient C^ and the Nusselt number Nu were greater than the values 

obtained with stationary tube. It was also shown that the percentage 

increase in resistance was greater than the corresponding increase in 

heat transfer. In this type of flow three components of convection 

may be identified. Circulation of the fluid through the tube is 

maintained by an axial pressure gradient, so that forced convection 

results in a constant value of Nu. Owing to gravitational buoyancy in 

the axial direction, this Nu was modified, the magnitude of the 

alterations being characterized by the gravitational Rayleigh number, 

defined as: 

Ra = B. T .g.rV( a . v) (1.9) 
g o 

where g is the gravitational acceleration. 

Rotational buoyancy due to centrifugal and Coriolis forces causes 

convection currents across the tube section, and Nu was modified 

K 

again. The cejtrifugal buoyancy was seen to depend on the product of 

Ra
y
 and Reynolds number, defined as: 

Re = -r^(3p/az)/(4v
2

.p) (1.10) 

Another attempt has been made, by Mori and Nakayama (1967), to 

solve the fully-developed case for rotating pipe with large angular 

velocity by assuming secondary flow due to buoyancy. Flow and 
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temperature fields were analyzed by dividing the fields into a core 

region, where the effect of the secondary flow is predominant as shown 

in Fig.1.2, and a thin boundary layer along the wall. In addition to 

the axial pressure gradient, there exists the pressure distribution in 

the cross section due to the body force. The pressure distribution in 

the core region is in balance with the body force, and the secondary 

flow was regarded as being uniform. However, in the boundary layer, 

the force balance between the body force and the pressure gradient in 

the cross section breaks down so that the difference between these 

forces causes a secondary flow along the pipe wall. When the 

secondary flow is set up, some of the work done by the axial pressure 

gradient is transferred to the secondary flow, and dissipation by 

viscous diffusion near the wall. The specific relation for the flow 

in a rotating pipe is obtained from the momentum eqation in the 

circumferential direction which expresses force balance between the 

body force in the strong centrifugal field and viscous resistance 

against the secondary flow at the pipe wall. The resistance 

coefficient ratio
 C

f
/ C

f 0
 (where C

fo
=64/Re for a Poisieulle profile for 

stationary pipe flow) and the Nusselt number ratio N U / N U
q
 (where 

Nu
o
=48/11 for constant temperature gradient for stationary pipe flow) 

were obtained as functions of Prandtl number Pr and Re.Ra^. They are 

1 /3 

proportional to (Re.Ra^) in the region of large values of Re.Ra^, 

when the Coriolis' effect is disregarded. It was shown that the 

effect of Coriolis' force appears through the non-dimensional 

parameter J, which was defined as follows: 

J = 2r
2

. n / v (1.11) 
o 

and the corrections due to Coriolis' effect were applied to C^/C^ and 

Nu/Nu as shown in Fig.1.3. 
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Fig.1.2 Flow and temperature fields 
under the effect of secondary 
flow. 

(From: MORI and NAKAYAMA, 1967) 

Fig.1.3 Effect of Coriolis force for 
rotating laminar pipe flow. 
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Fig. 1.4 Nusselt number and resistance coefficient ratios for rotating 
turbulent pipe flow. (From: NAKAY A<iA, 1968). 



18 

B) Turbulent Flow; 

Heat transfer in turbulent fully-developed flow with constant 

heat flux was studied by Nakayaraa (1968). The same analysis used for 

laminar flow by Mori and Nakayama (1967) was carried out for turbulent 

flow. The increases in C^. and Nu due to secondary flow were obtained 

in terms of Re/r ' , where T is the ratio of the inertia force to the 

body force. It was found that various parameters appearing in 

different secondary flow problems could generally be expressed by 

Re/r
m/

^
2

 in either laminar flow (where m=1 ) or turbulent flow (where 

m=4 for gases and m=5 for liquids for the type of flow considered 

here). The increases in C^. and Nu in turbulent flow due to rotation, 

as shown in Fig.1.4, were not so remarkable as those encountered in 

laminar flow. The effect of Coriolis force was expressed in terms of 

the ratio of Coriolis force to body force. However, this effect in 

turbulent flow was so small that it was neglected in the analysis. It 

was shown that the effect of secondary flow increases remarkably with 

increasing angular velocity, if the other factors are kept constant, 

and decreases with increasing mean velocity. 

1.2.2 Experimental Work 

Most of the experimental work carried out for rotating pipes has 

been done using rigs similar to that shown in Fig.1.5* Heat transfer 

measurements are available for different flow conditions and test 

section geometries. 

A) Laminar Flow Measurements: 

Morris (1968 and 1969) studied the influence of rotationally 

induced buoyancy on heat transfer in rotating tubes. Data for both 
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THERMOCOUPLES 

Fig.1.5 Schematic layout of the parallel rotating pipe flow apparatus. 

Fig.1.6 Schematic layout of rotating thermosyphon test loop. 

(From: MORRIS, 1968) 
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water and glycerol were obtained using a rotating thermosyphon 

apparatus as shown in Fig.1.6. Experiments showed much greater 

sensitivity to rotation than was suggested by theoretical studies. 

Morris and Woods (1974) obtained data for fully-developed air 

flow in rotating pipes with uniform heat flux through the wall. The 

apparatus used was similar to that shown in Fig.1.6, and the 

experiments were carried out using two different test sections. Data 

for air and data for water taken from Morris (1964) and used in this 

paper, are shown in Fig.1.7. Morris and Woods (1977) continued this 

work, using the same apparatus and test sections. They studied the 

effect of rotation on heat transfer in the entrance region of the 

rotating test sections. Each test section was electrically heated and 

the axial wall temperature distribution was measured. The heater 

power was measured with a conventional wattmeter. The external 

convective loss varies with speed of rotation, and was estimated from 

a series of heat loss calibrations. The conduction loss at each end 

of the test section was estimated from knowledge of the tube wall 

temperature distribution together with details of the cross sectional 

dimensions and the material used. The local heat flux distribution 

along the tube was determined by dividing the test section into a 

number of segments and performing an energy balance on each segment. 

The effect of rotation on wall temperature and heat transfer are 

depicted in Fig.1.8. The authors concluded that the mean Nusselt 

number is a function of both Re and rotational Reynolds number J 

defined as: 

J = fi.r2/(2 v ) (1.12) 

= Coriolis force/viscous force. 

Two separate equations were needed to correlate the data obtained 
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with the two rotating geometries used. Wide scatter was evident 

implying a complex interaction between Coriolis force and centrifugal 

buoyancy. 

B) Turbulent Flow Measurements: 

The influence of rotation on heat transfer to turbulent air flow 

in the entrance region of a tube was studied by Barrow et al (1967). 

The test section length-to-diameter ratio was small (L/d=12 and 

H/d=6). Reynolds number of 5000, 10 000, 15 000 and 20 000 were used 

with rotational speeds of 0, 200 and 500 r.p.m. These speeds 

corresponded to a tube centre line acceleration ratio ranging between 

0-42.6g. Results showed that for a given speed of rotation the 

increase in heat transfer over that achieved under non-rotating 

conditions was greater at lower Re. The increase in heat transfer had 

been raised because of two effects. First, the entry swirl, which was 

characterized by the Rossby number defined as: 

Ro = W /(H. fi) (1.13) 
m 

This swirl caused a step-like change in the heat transfer. Secondly, 

centrifugal buoyancy causes further increase in heat transfer, the 

amount of change being characterized by the slope of the (Nu-Ra ) 
8 

curves. In the entry region it appeared that the inlet swirl was the 

more dominant term. No attempts to fit a correlating equation to the 

data were made because the complex interaction between upstream 

geometry, flow conditions, and rotary geometry would not give 

generally applicable results. 

Humphreys (1968) extended the work done by Barrow et al (1976). 

The effects due to swirling flow at the inlet to the test section 

caused by rotation were reduced by flow straighteners. The results 



showed Nu to be reduced when straightners were used. 

Morris and Woods (1977) showed that buoyancy affects only the 

centrifugal terms and not the Coriolis terms. They concluded that the 

effects of rotation may be taken into account in terms of J, as 

defined in equation (1.12). Physically, this means that 

Coriolis-induced secondary flow increases radial mixing with 

consequential benefit to the heat transfer mechanism. For flows in 

two test sections the authors concluded that Nu was a function of 
m 

both Re and J, as shown in Fig.1.9, and that one equation correlated 

all data to within ±12$. 

Recently, Stephenson (1982) studied air flow with heat transfer 

in rotating ducts under conditions found in the cooling system of the 

rotors of large turbogenerators. A rig similar to that shown in 

Fig.1.5 was used. A tenth order polynominal expression was fitted to 

the measured wall temperatures, from which the axial variation of air 

temperature and heat input into the air were calculated. The axial 

heat loss was calculated from the tube dimensions, and the radial loss 

from preliminary experiments with zero flow rate. The local values of 

Nu were calculated, and the mean Nusselt number for the first quarter 

of the test section (described as "inlet value") was also found. The 

pressure rise due to rotation was allowed for in calculating the 

overall pressure loss coefficient, which was defined as follows: 

C
T
 = (2.AP + p.fi

2

.H
2

)/(p.W
2

) (1.14) 

The results are shown in Fig.1.10. The tests covered values of Re 

between 5500 and 33 000, J between 600 and 4000, swirl number Sw 

between 0.4 and 19 and rotational Grashof number Gr between 1700 and r 

740 000. The eccentricity parameter e was 0.0397 and test section was 
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77.2 diameters long. The dimensionless groups used in this paper 

were: 

Tests showed that the increase in heat transfer were greatest in 

the developing flow region and for lower flow rates. The overall 

pressure-loss coefficient increased with increasing rotation. 

However, at high rotational speeds and low flow rates it decreased 

with increasing rotation. Measurements of heat transfer and pressure 

drop did not show a significant variation with maximum test section 

temperature. The only exceptions were for low flow rates and high 

rotational speeds. This results showed that rotational buoyancy was 

not important, so that the dominant effect was of inlet swirl induced 

by rotation, combined with Coriolis accelerations. 

1.2.3 Numerical Solutions 

A) Laminar Flow 

The first attempt to solve the flow through a rotating duct using 

a finite difference method was made by Morris and Woods (1971, 1974). 

The calculations were limited to fullly-developed laminar flow. The 

motion of the fluid was referred to a cylindrical polar co-ordinate 

frame (r,9,z) rotating with the duct as shown in Fig.1.1. To reduce 

the conservation equations to a tractable form the following 

assumptions were made: 

a) The flow was laminar and steady. 

b) All the fluid properties were constant, except p which varies 

J = ftd
2

/v (1.15) 

(1.16) 

(1.17) 

(1.18) 

Sw = fi.H/W 
m 

Gr = B.fi
2

.x.H.d
4

/v 
r 

e = d/H 
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with temperature T according to 

p/p
Q
 = i-e(T-T

Q
) (1.19) 

where subscription "o" referes to a reference datum. 

c) The thermal conductivity of the tube material was high enough to 

smooth out circumferential variations in wall temperature. 

d) Variable density was accounted for in the body force terms only 

(the Boussinesq approximation). 

e) The heat flux at the wall was uniform. 

A set of two-dimensional elliptic equations was solved 

numerically and the results were compared with experimental data. It 

was concluded that the influence of Coriolis acceleration 

characterized by J, as defined in equation (1.12), had little effect 

on the solution, and it was neglected. It was demonstrated that both 

Nu and Ĉ . increased with eccentricity. The largest increases occurred 

for fluids of high Prandtl number. For d/H >0.2 it was found that the 

effect of eccentricity could be neglected. The results were compared 

with the experiments, and the predicted improvement in heat transfer 

was about 25$ greater than the "best fit" line drawn as shown in 

Fig.1.7 for air. For Re.Ra
r
>10 ^ the predicted result sustained 

improvement in the heat transfer, while the measurements did not. For 

water the comparison was made for fluid Prandtl numbers between 4 and 

6. The experimental results tended to confirm the predicted trends 

over a large portion of the experimental range covered. The analysis 

tended to underestimate the increase in heat transfer by about 35$ in 

3 5 6 
the range Re.Ra

r
< 5x10 • Again in the vicinity of Re.Ra

 r
=10 , 

the increase in heat transfer leveled off and subsequently declined in 

a manner similar to that found with air. The authors did not take 

into account the temperature dependence of viscosity. For air the 



viscosity increases with temperature, so that the secondary flow in 

the near-wall region might be suppressed in relation to the 

theoretical prediction, a result which could account partially for the 

observed overestimation. The converse argument appllies to the water 

data. The theoretical analysis treated a fully-developed flow, when 

investigating convection in stationary ducts the length of the test 

section may be arranged to approach the fully-developed flow. This is 

not easily accomplished if the duct is rotating. Futher the entry 

region will itself be related to the rotational speed as well as the 

usual Re. The predictions are shown in Fig.1.11. 

Skiadaressis and Spalding (1976) assumed, in their analysis, that 

downstream effects of the flow are not transmitted upstream; so that 

the flow may be described by parabolic transport equations (the 

implications of this assumption will be discussed later in chapter 3). 

It was concluded that a secondary flow is generated, as a result of 

the interaction of density gradients with centrifugal forces. The 

effect of Coriolis force for the range of Re and rotational speeds 

considered was negligible. The results are shown in Fig.1.12a. 

B) Turbulent Flow: 

Majumdar et al (1976) used the same solution procedure as 

Skiadaressis and Spalding (1976) for laminar flow to predict turbulent 

flow using the k-e turbulence model. Predictions for fully-developed 

flow were obtained for two values of Reynolds number (Re-10 000 and 

20 000) and a rotation speed range from 0-4000 r.p.m. It was 

concluded that the increase of heat transfer was relatively smaller 

than in the laminar case. The effects of Coriolis force were 

neglected for the range of Re and rotational speeds considered. The 
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Fig.1.12b Turbulent heat transfer in rotating ducts. 
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results are shown in Fig.1.12b. 

1.2.4 Concluding Remarks: 

The above review reveals discrepancies between theoretical 

predictions and experimental data for parallel rotating duct flow. 

The discrepancy at the inlet part of the rotating pipe is mainly due 

to the difficulty in specifying the exact inlet conditions for 

theoretical calculation. Thus the effect of inlet swirl has not been 

taken into account in the theoretical studies and uniform inlet axial 

velocity and temperature profiles have always been assumed. In 

addition, the temperature dependence of viscosity has been neglected 

in the calculations with consequential effects on the predictions at 

high Reynolds number. For turbullent flow, more advanced turbulence 

models may well be required in order to deal with the complications 

introduced by rotation. 

1.3 Previous Work On The Flow Through Curved Ducta 

Of Circular Cross-Section 

1.3.1 Theoretical Studies 

A) Laminar Flow: 

The first theoretical studies of bend flow appear to have been 

made by Dean (1927, 1929), who pointed out that dynamical similarity 

of the flow depends on the Dean number: 

K = Re /r
Q
/R (1.20) 

where r
Q
 and R are pipe radius and radius of curvature respectively as 

shown in Fig.1.13. Dean analysed the secondary flow and calculated 

the resistance to the main flow in bends for small values of K. 

Barua (1963) studied the flow through bends for large values of 
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Flow pattern of the secindary flow 

Fig.1.14 Effect of curvature and heat transfer on laminar flow in bends. 

(From: MORI and NAKAYAMA, 1965) 



K. He assumed that the flow consists of two zones, a potential core 

moving slowly outward surrounded by an inward moving boundary-layer 

adjacent to the wall. The ressult is to increase the resistance 

coefficient C- of the bend relative to the coefficient C_ of the same 
f fo 

pipe if it were straight. The ratio Cf/
C

f
0
 was found to be 

proportional to K, and an equation was obtained for the range 

30 <K< 2000 which gave good agreement with the observed results. An 

arbitrary distribution of velocity was assumed in the boundary-layer, 

which satisfied the boundary conditions at the wall and at the edge of 

the boundary-layer, and also satisfied the boundary-layer momentum 

integral equation. 

Mori and Nakayama (1965) studied the case of fully-developed flow 

using the same concept as Barua (1963). This study gave satisfactory 

results for resistance coefficient and heat transfer for uniform heat 

flux at large K. The ratio of Nu for bend flow to that for straight 

flow was obtained as a function of K and Pr, as shown in Fig.1.14. As 

K increases, the effect of curvature on flow resistance and heat 

transfer increases, but the Nu ratio approaches an asymptotic value 

with increasing Pr. The same assumption was used by Ito (1969) and 

for quantitative comparison a closer approximation was made and a 

formula for the friction factor was derived. 

B) Turbulent Flow: 

Mori and Nakayama (1967) studied the effect of curvature on heat 

transfer in fully-developed flow with constant heat flux, using 

Barua's method (1963). Local shear stresses and local heat fluxes at 

the wall were given on the basis of reducing and NU
q
 formula for 

straight pipes to the local relation of friction and heat transfer. 
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When the formula for straight pipes were given as 

(1.21) 

(1.22) 
o 

It was shown that the dynamical similarity and also the 

similarity for heat transfer in curved pipes depend upon Re(r
o
/R)

m

^
2

. 

The resistance coefficient and the Nusselt number for curved pipes 

were obtained by putting m=4 for gases and m=5 for liquids to give 

Nusselt number in good agreement with experimental data for air for 

R/r =40 and 18.7. The results are shown in Fig.1.15. 

1.3.2 Experimental Work 

A) Laminar Flow; 

Friction and heat transfer were measured by McLaughin and Seban 

(1963) for oil flow with constant-heat-fux in tube coils having ratio 

of coil to tube diameter of 17 and 104. The friction factors 

corresponded to the results of Ito (1959) and were predictable when, 

for heated flow, the fluid properties were evaluated at the mean film 

temperature. The heat-transfer coefficient varied during the initial 

developing flow, but except for certain anomalous runs, the entry 

effect terminated and asymptotic coefficients could be estimated. 

Measurements were made for fully developed air flow in a curved 

pipe of R/r
Q
=40 by Mori and Nakayama (1965). Velocity and temperature 

profiles were obtained consistent with the results of boundary-layer 

calculations. Nusselt number values calculated from the experimental 

data were shown to agree with those predicted as shown in Fig.1.14. 

Brian et al (1971) conducted experimental and theoretical studies 

of the heat transfer in helically coiled tubes. It was shown that at 

0 
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Fig.1.15 Forced convective heat transfer in curved pipes for 
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for laminar flow in bends. 



very short distance from the start of the heat transfer zone, the 

thermal boundary layer was too thin to be affected by the secondary 

flow field, which reaches its maximum intensity at some distance away 

from the tube wall. Near the tube inlet the ratio of heat transfer 

coefficient in a coiled tube to that in a straight tube varied as a 

function of (K)^^, while for greater axial distances, this ratio 

increased progressively and reached a value corresponding to a 

1 /2 

function of (K) for fully developed region. The local heat 

transfer coefficient changed cyclicly with increasing axial distance. 

These oscillations were damped out as the region of fully developed 

temperature field was approached. The oscillations arose because the 

fluid core was not well mixed even for high Dean numbers. A 

correlation for the asymptotic value of Nu, as a function of K and Pr, 

was shown to be applicable for values of K between 5 and 175. 

Hummel et al (1975) studied the two-dimensional flow and pressure 

field in the central plane of a 90 degree bend of R/r
Q
=4 and Re of 

944. The test section was a circular bend made from a Pyrex tube. 

The flow at the inlet was fully developed. The non-intrusive 

photo chromic tracer technique was used to visualize the motion of 

fluid elements in the central plane of the bend. The identification 

of fluid elements in the central plane was achieved by introducing 

traces vertically in the plane of the bend and then making use of the 

flow symmetry in the upper and lower half of the bend. Optical 

distortion at the walls of the round glass tube was eliminated by 

using a liquid both inside and outside the pipe with the same 

refractive index as glass. The liquid used was a mixture of methyl 

benzoate and Imperial Oil Varsol DX-3135 in equal parts by volume. 

An investigation was carried out by Agrawal et al (1978) into the 



development of flow in 180 degree bend with uniform inlet axial 

velocity. Two semi-circular pipes of radius ratio 20 and 7 were used, 

and the experiments covered a Dean number range from 138 to 679* The 

axial velocity and the component of secondary velocity parallel to the 

plane of curvature of the pipe were measured by laser Doppler 

anemometry. The circulating liquid employed was a mixture of 

glycerine and water, in proportions chosen to match closely the index 

of refraction of Plexiglas. Exact matching was not possible, so that 

corrections were needed in processing the data, but approximate 

matching was required to ensure that the laser beams intersected 

within the flow. It was observed that, in the upstream region where 

the boundary layers were thin compared with the pipe radius, the axial 

velocity within the irrotational core first developed to form a 

vortex-like flow. In the downstream region, characterized by viscous 

layers of thickness comparable with the pipe radius, there appeared to 

be three-dimensional separation at the inner wall. There was also an 

indication of an additional vortex structure embedded within the 

secondary motion. The experimental axial velocity profiles were 

compared with those obtained by theoretical analysis. The 

quantitative agreement between theory and experiments was found to be 

poor. The results are shown in Fig.1.16. 

B) Turbulent Flow: 

Ito (1959) studied the effect of curvature on the friction factor 

for smooth bends. A wide range of bends was used with radius ratios 

from R/r
Q
=16.4 up to 648. All The results collapsed satisfactorily on 

a single curve for fully-developed flow, and empirical formulae were 

deduced from the results. Friction and heat transfer were measured by 

McLaughin and Seban (1963) for water flow in tube coils having ratios 



of ooii-to-tube diameter of 17 and 104 for Re up to 65 000, with 

nominally constant heat flux. Mori and Nakayama (1967) measured Nu, 

velocity and temperature distributions for air flow through the curved 

pipes of R/r
Q
=40 and 18.7. Theoretical predictions agreed well with 

the data. Measurements of total pressure and yaw relative to the pipe 

axis of flow in various bends attached to the end of a long straight 

pipe were given by Rowe (1970) for Re=2.36x10^. The behaviour of the 

induced secondary flow was studied in detail. The results are shown 

in Fig.1.17. 

1.3*3 Numerical Solutions 

A) Laminar Flow: 

Brian et al (1971) studied the heat transfer for flow in 

helically coiled tubes, with r
o
/R

< <

1.0. The results were limited to 

Dean numbers greater than 100. A finite-difference solution was 

presented, for fully-developed flow subjected to axially uniform wall 

heat flux and peripherally uniform wall temperature, by Akiyama and 

Cheng (1971). The effect of Pr on heat transfer .was clarified. It 

was shown that all heat transfer results for Pr >,1.0 could be 

correlated by a single curve with reasonable tolerance. The results 

were compared with other experimental and theoretical data. The 

numerical results showed that the perturbation method diverges quickly 

with the increasing K. It was shown that the boundary layer 

calculation method predicted incorrect Prandtl number effects, and 

that it was valid only near Pr=1.0. 

Kalb and Seader (1972 and 1974) studied fully-developed flow with 

uniform axial heat flux and peripherally uniform wall temperature. 

The solutions were presented for K range from 1 to 2000, Pr from 0.005 



2 
Fig. 1.17 Contours of .measured total pressure (P-P }/»jpW , in a 180 degree pipe bend and at various 

o max 

distances (pipe diameters) in a straight section downstream of the bend. Dashed lines show the 

estimated secondary flow pattern. (From: ROWE, 1970). 



to 1600 and R/r from 10 to 100. It was concluded that Nu could be o 

correlated as a function of K and Pr only, but when the peripheral 

variation of Nu was considered, the curvature ratio entered as an 

additional parameter. 

Austin and Seader (1973) studied isothermal fully-developed flow 

in bends for values of K between 1 and 1000, and values of the 

curvature ratio between 5 and 100. As shown in Fig.1.18 at K=1 and 

R/r
Q
=100, the centre of the secondary vortex lies somewhat closer to 

the symmetry line than to the upper wall. As K was increased, concave 

regions developed from the formation of dimples in the streamlines, 

which also departed from their symmetrical nature in the half plane. 

In addition, the vortex centre shifted toward the upper wall and 

toward the inside wall. When K was held constant while the curvature 

ratio was reduced, the nature of the secondary flow was slightly 

altered. The results were compared with those obtained using Mori and 

Nakayama's assumption of uniform secondary flow outward in the 

central-core region as shown in Fig.1.18. Tow calculations of the 

location of the centre of the secondary-flow circulation differed 

significantly. The friction factor for the curved tube was obtained 

and a slight dependence on the curvature ratio was noticed. 

Greenspan (1973) studied the flow in bends for R/r
o
=31-9 and 

values of K ranging from 0 to 5000. A finite difference method was 

used to calculate the behaviour of isothermal fully-developed flow. A 

calculation procedure for three dimensional laminar flow described by 

parabolic equations was used by Patankar et al (1974) to predict the 

velocity and temperature fields in helically coiled pipes. 

Predictions were presented for developing and fully developed flow. 

Only large curvature ratios R/r
Q
 >15 were considered. Elliptic 
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Fig.1.18 Numerical results of AUSTIN and SEADER (1973). 
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equations in toroidal coordinates (r,6,4>) have been solved numerically 

for isothermal flow in a 90° bend of small radius by Humphrey (1978). 

The calculations showed that the cross-stream flow in a strongly 

curved pipes was as large as 80$ of the bulk average velocity at 40° 

o 

and 90 as shown in Fig.1.19* 

B) Turbulent Flow: 

A finite-difference procedure was employed to predict the 
development of turbulent flow in bends by Patankar et al (1974) and 

Pratap (1975) using the k-e turbulence model. The predicted velocity 

o 

contours for developing flow in a 180 bend were compared with the 

experimental data. Fully-developed velocity profiles of the flow in 

long helically-wound pipes were presented and compared with 

experimental measurements as shown in Fig.1.20. 

1.3-4 Concluding Remarks: 

Most of the theoretical studies of bend flow have been based on 

the assumption that the main secondary flow consists of a core region 

moving uniformly outwards surrounded by an inward moving boundary 

layer. The results obtained have been limited to fully-developed flow 

at high Dean numbers; they also differ significantly from the 

numerical predictions, particularly for larger values of K. 

Boundary-layer type approximations to the Navier-Stokes equations 

break down when the bend is strongly curved. While the flow in mildly 

curved bends can be treated satisfactorily, and with considerable 

saving in computer storage and time, by the use of parabolic 

differential equations, strongly curved flows require the solution of 

the full, elliptic, equations of motion or, as a compromise, treatment 
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by the so-called "partially parabolic" method to be described later. 

1.4 Previous Work On The Flov Through Curved Ducts 

Of Rectangular Cross-Section 

1.4.1 Theoretical Studies 

Mori et al (1971) studied fully-developed laminar flow in a bend 

of square cross-section with constant heat flux, shown in Fig.1.21, in 

which secondary flows were generated by centrifugal forces. The 

intensity of the secondary flow increased with the increase of K, and 

it was possible to consider the existence of the secondary flow 

boundary layer for the range of the large K when the effect of 

curvature of the channel cannot be neglected. The flow velocity and 

temperature fields were divided into two regions, the core and the 

boundary layer region, and analytical results were obtained. Values 

of C^, and Nu were significantly increased by the effects of secondary 

flow. Analytical and experimental results were compared, and it was 

found that they was in good agreement. 

1.4.2 Experimental Work 

A) Laminar Flow: 

Humphrey (1977) and Humphrey et al (1977) studied laminar flow in 

strongly curved square duct. The axial velocity component was 

o 

measured for the water flow in a 90 bend fitted with downstream and 

upstream straight sections. The experiments were carried out at 

Reynolds number based on the hydraulic diameter and bulk velocity of 

790 (corresponding to K=368). Flow visualization was used to identify 

qualitatively the chatacteristics of the flow and laser-Doppler 

anemometry to quantify the velocity field. The results confirmed that 

the location of maximum velocity moves from the centre of the duct 



Secondary 
flow 

Fig.1.21 Flow through rectangular curved ducts. 
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o 

towards the outer wail and, in the 90 plane, is located around 85$ of 

the duct width from the inner wall. The principal results are shown 

in Fig.1.22. 

The same test section was used for experiments with thin boundary 

layers at the inlet (approximately 25$ of the hydraulic diameter) by 

Taylor et al (1980). The maximum cross-stream component measured was 

60$ of the bulk velocity. The axial velocity contours showed that 

large velocities were found progressively nearer to the outer radius 

of the bend and along the sidewalls. The principal results are shown 

in Fig.1.23. 

B) Turbulent Flow: 

Humphrey and Whiteiaw (1978), Humphrey (1977) and Humphrey et al 

(1981) reported the results of laser-Doppler measurements in the 

developing flow in the same square-section bend with smooth walls at a 

4 

Reynolds number of 4x10 . Measurements of the longitudinal and radial 

components of mean velocity and corresponding components of the 

Reynolds-stress tensor were obtained in various cross-stream planes. 

The secondary mean velocities, driven mainly by the pressure field, 

attained values of up to 28$ of the bulk velocity, and were largely 

responsible for the convection of Reynolds stresses in the 

cross-stream plane. Production of turbulent kinetic energy 

predominated close to the outer-radius wall and regions with negative 
o 

production were identified. Thus, at a bend angle of 90 and near the 

inner-radius wall, uv(3U/3r) was positive and represented a negative 

contribution to the generation of turbulent kinetic energy. This 

result is in accord with the stabilizing effect of curvature near the 

inner wall. 
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«*>= 77.5 

Laminar flow: axial velocity contours (W/W ) 
m 

L/d= 0.25 

<p= 77.50 L/d=0.25 

Turbulent flow: axial velocity contours (W/W
m
) 

Fig.1.23 Measurements of laminar and turbulent flow in a curved duct 

with thin inlet boundary layers. (From: TAYLOR, WHITELAW and 

YIANNESKIS, 1980). 



Using the same test section Taylor et al (1980) studied the flow 

with thin inlet boundary layers (approximately 15$ of the hydraulic 

diameter). The maximum cross-stream velocity component measured was 

40$ of the bulk velocity. Contours of the streamwise velocity showed 

that large velocities moved towards the inner radius under the action 

of pressure gradients until about 60° around the bend where the 

influence of the strengthening secondary motion became evident. 

Turbulence level and shear stress measurements were also presented. 

The results are shown in Fig.1.23. 

1.4*3 Numerical Solutions 

A) Laminar Flow: 

The three-dimensional flow of a viscous fluid in a duct has been 

analyzed by Ghia and Sokhey (1977). A mathematical model was 

formulated using a three-dimensional approximation to the 

Navier-Stokes equations. Solutions were obtained for a number of duct 

geometries and flow parameters: R/d ranging from 3 to 100 and K 

varying between 55 and 350. Detailed results for developing flow in 

rectangular bends were obtained and the effect of longitudinal 

curvature on secondary flow was also analyzed. 

A numerical solution was compared with experimental data by 

Humphrey (1977) and Humphrey et al (1977). Calculated values of the 

three velocity components were obtained by solving the Navier-Stokes 

equations in cylindrical co-ordinates. The results exhibited the same 

trends as the experimental data with reasonable quantitative 

agreement, even though the number of grid nodes used for the 

finite-difference solution of the differential equations was limited 

by the computer time and storage available. The region of 



recirculation observed experimentally appeared also in the 

calculations. The magnitudes of the various terms in the equations 

were examined to determine the extent to which details of the flow 

could be represented by reduced forms of Navier-Stokes equations. The 

implications of the so-called "partially-parabolic" equations and 

potential- and rotational-flow analysis of an ideal fluid were 

examined. The results are shown in Fig.1.22. 

A study of heat transfer in a 90 degree bend was presented by 

Humphrey and Yee (1979), based on fully elliptic forms of the 

transport equations. The effects of duct geometry on heat transfer 

were examined by considering the role of secondary motion during the 

developing period of the flow. Attention was given to varying initial 

conditions of velocity and temperature at the entrance section to the 

duct, as well as to the duct geometry, and an assessment was made of 

the relative contributions of individual duct walls to heat transfer 

in the flow. In general, the heat transfer increased with K, with the 

largest rates occuring through the duct side walls and outer curved 

wall. The results are shown in Fig.1.24. 

B) Turbulent Flow 

Humphrey et al (1981) made laser-Doppler measurements in the flow 

in a square duct with strong curvature and compared the results with 

previously cited experimental work. In spite of the complex mean flow 

and Reynolds stress distributions, the cross-stream flow was 

controlled mainly by the centrifugal force-radial pressure gradient 

imbalance. As a consequence, calculated mean velocities obtained from 

the numerical solution of elliptic differential equations were not 

strongly dependent on the two-equation turbulence model used since 
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numerical errors were considerable. 

1.5 Present Contributions 

a) Obje ctive 

The main objective of the work has been to devise an accurate and 

eeconomical computer methods for the calculation of laminar and 

turbulent flow with heat trnsfer in tubes rotating about a parallel 

axis, and to verify numerical predictions by comparison with 

experimental data. 

b) Principal Results Of The Work 

(i) Theoretical And Computational 

An existing "TEACH" computer code for duct flows has been 

modified for circular cross section, the effects of rotation, and 

turbulent flow with heat transfer. Numerical accuracy checked 

have been carried out for stationary laminar pipe flow. 

Predictions for laminar flow in rotating tubes have been compared 

with the results of theoretical analyses and with the limited 

amount of experimental data currently available. Turbulent flow 

predictions, based on two closure methods, have been compared with 

experimental data supplied by the Central Electricity Board and 

with the very limited number of published measurements. 

Because the data from rotating flow are so sparse, and lack the 

detail needed for proper validation of the method, the same 

methods have been applied to the calculation of laminar and 

turbulent flow in pipe bends. The effects of curvature are 

similar in many ways to the effects of rotation and are much 

better documented in detail. The calculation method produces 

results in fair agreement with the data, which have also been 
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augmented in the course of the present work. 

The result is a tested computer code which is generally 

applicable to the calculation of these two types of flow and which 

is capable of future development for different geometries and 

turbulence models. 

A simplified second-order turbulence closure has been developed 

for rotating tube flow. Calculations for fully developed flow 

shew significant differences in results obtained with this and 

with a two-equation eddy-viscosity model. 

(II) Experimental 

Laser Doppler measurements of mean flow and turbulence 

quantities have been made in water flow through two 90 degree 

bends. The results, which are intended for use in the validation 

of turbulence models and calculation methods, are a significant 

addition to the limited quantity of data currently available for 

this purpose. 

1.6 Layout Of The Thesis 

The remaining sections of the thesis describe the present work in 

more detail. The partial-differential equations governing the flows 

are described in Chapter 2 with the turbulence models used for 

closure. Chapter 3 deals with the numerical methods used, and the 

experimental program is described in Chapter 4. The experimental data 

o 
obtained are presented for the strongly curved, 90 circular bend and 

o 

the mildly curved, 90 square bend. The application of the numerical 

procedures to compute laminar and turbulent flows for rotating ducts 

is explained in Chapter 5, and for circular cross-section bends in 



Chapter 6. The results of the computations are presented and compared 

with experimental data. Chapter 7 summarizes the main contributions 

of the present study, the conclusions arrived at and suggestions for 

future work. The last part of the thesis contains a list of 

references, a list of symbols and six appendices. The appendices 

provide supplementary details regarding the governing differential 

equations, turbulence models, the application of the Reynolds stress 

and heat flux models to stationary circular pipe flow, the correction 

method used for determining the the position of the measuring point in 

the cross section of the circular bend, and two published papers about 

flow in 90 degree bends. 
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CHAPTER 2 

MATHEMATICAL DESCRIPTION OF THE FLOW 

2.1 The Governing Differential Equations 

For a Newtonian fluid of uniform density P and kinetic viscosity 

v , the conservation equations of mass, momentum and energy, which 

govern the instantaneous turbulent motion, can be expressed as 

Mass: 3U./3X. = 0 (2.1) 
^ 3 

Momentum: (3U./3t) + 3(tJ.U.)/3X = -(3P/aX.)/p + v(3
2

U./3X
2

.) (2.2) 
^ 3 3 i J 

2 
Energy: ( 3 S/3t) + 3(U.i)/3X .= S + r .(3

2

i/3X.) (2.3) 
i 3 $ $3 3 

where r is the kinematic diffusivity of the scalar • and S^ is the 

generation of $ per unit volume. 

The mathematical expression of the instantaneous variables, as 

suggested by Osborne Reynolds, can be put in the form: 

\ = U. • u. (2.4) 

$ = $ + < { > (2.5) 

where U and $ are the time-averaged values and u and <f> are the 

fluctuating values of the velocity component U and $ respectively. 

Theoretically, it should be possible to predict turbulent flow 

directly by solving the unsteady set of equations (2.1) to (2.3). 

Such a solution would yield all the details of the instantaneous 

turbulence motion and the time mean motion. In practice, the 
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analytical solution is not possible, because the equations are 

non-linear, simultaneous and partial differential. Numerical solution 

is not practically possible, because the turbulence is 

three-dimensional with some of the important processes taking place at 

very small distances and very small times, (Hinze 1959> Bradshaw 1972, 

Launder and Spalding 1972). Even if the expense of the small time 

steps could be tolerated, the computational storage requirement would 

far exceed the capacity of the largest existing computers. 

Fortunately, engineers are interested in the time averaged properties 

of turbulence, thus, time-averaging equations (2.1), (2.2) and (2.3) 

could be expressed as: 

3U.^X . = 0 (2.6) 
J 

3(U.U,)/3X. = -(9P^X.)/p + J L { v(3U./9X.) - u.u,} (2.7) 
1 J J l i

 1

 J
 1

 0 
J 

8 
3(w.)/ax. = s. + 1 r(3*/3x.) - u .<$>} (2.8) 

J J V O J J 

The new terms u.u. and u are the turbulent or Reynolds stress 1

 J J
 J 

and turbulent scalar flux in direction X^. respectively. These 

correlations introduce additional unknown in each equation. In order 

to solve these set of equations (2.6) to (2.8), additional equations 

or expressions are required to evaluate u.u. and u.<J>« 
i j j 

2.2 Mathematical Modelling Of Turbulence 

In principle, one can deduce further differential equations u^u^. 

and u.<f>, but these contain further correlations of higher order, so 

that closure cannot be achieved in this way. To close the system of 

time averaged equations, an appropriate "level of closure" must be 

chosen, and the still unknown correlations must be approximated in 
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terms of known quantities, or neglected if they are not important. 

This process is known as "Turbulence Modelling". 

Many researches have been made concerning turbulence models and 

their deveiopmens, extensive reviews are available in many references, 

such as in Launder and Spalding (1972), Rodi (1973), Reynolds (1976) 

and Rodi (1980). A convenient classification of turbulence models 

uses the number of additional partial differential equations to be 

solved with continuity and momentom equations. For zero-, one- and 

two-equation models u.u. is approximated using Bossinesq's suggestion 

(1877): 

-uTuT = v l(3U./3X.) + (3U./3X.)} - (2k/3).«. . (2.9) 

where v^ i s the kinematic turbulent, or eddy, viscosity, and k is the 

turbulent kinetic energy (where k=u^/2). 

As an analogy to the turbulent viscosity concept, the turbulent 

heat or mass transport is often assumed to be related to the gradient 

of the transported quantity (Rodi 1980): 

-u .4> = r. .( 3* /3X .) (2.10) 
J t j 

where r^ is the turbulent diffusivity of In practice, it is often 

the ratio of turbulent viscosity and turbulent Prandtl or Schmidt 

number o^ that is used in describing the scalar fluxes 

r
t
 - V° t

 ( 2

"
1 1 ) 

Zero-equation models express as a product of length scale 1 

which is prescribed in algebraic form, and a characteristic velocity 

scale, which is equal to 1 |3U/ay | 

v
t
 = l

2

 |3U/3y | (2.12) 

On the other hand, 4 T is chosen as velocity scale for 



59 

one-equation models, where k is to be found by solving its transport 

equation, thus the expression of v̂ . yields 

v
t
 - l . ^ T (2.13) 

For two-equation models an additional partial differential 

equation for the length scale or a related variable is introduced. 

Only the two models of turbulence used in the present study will 

be explained in the following sections; the resultant governing 

differential equations of the cases considered here are given in 

detail in Appendices A1, A2 and A3-

2.3 The k-f Turbulence Model 

For high Reynolds numbers, the length scale is expressed as 

following (Launder and Spalding 1972, Rodi 1980): 

1 = C^.k.^/e (2.14) 

where e is the rate of dissipation of the turbulence energy and C^ is 

an empirical constant. The turbulent viscosity is expressed as: 

v
t
 = .k

2

/e (2.15) 

The partial-differential equations governing the transport of k 

and e, as described in Launder and Spalding (1974), are expressed as: 

Dk/Dt= 3|(v
e f f

/o
k
)Ok/3X )!/ax 

+v.f (3U, /3X >(3U,/3X. ) )(3U. /3X )-
e
 (2.16) 

w 1 .J .J J 1 .J 

De/Dt= 3{(v
e f f

/o
c
)(3e/3X )1/3X 

+C
e 1 t

(e/k){(3U./3X
J
)+(3U

J
/3X

1
)l(3U

i
/3X

j
)- C

G 2
e

2

/k (2.17) 

where:
 v

e
f f

 = v + v

t (2.18) 

and : o^, a
£
, C

£
,j and C^^ are empirical constants. 
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2.3.1 Wall Influence 

Close to solid walls, there are regions where the local Reynolds 

number of turbulence (k / ve ) is so small that viscous stresses are 

important effects predominate over turbulent ones. The variations of 

flow properties are much steeper than that in the central region of 

the flow, thus necessitating an extremely fine finite-difference grid 

for accurate computation. There are two methods of accounting for 

this region in numerical methods for computing turbulent flow: 

equations (2.16) and (2.17) valid for high Reynolds number turbulence 

may be modified for low Reynolds number conditions or numerical 

solution for the flow away from the wall may be fitted to the "law of 

the wall". The second method permits real savings in computer time 

and storage, and has been used for this reason. The logarithmic 

velocity-profile is: 

u
+

 = (l/<).ln(y
+

) • B = (1/K).ln(E.y
+

) (2.19) 

where: 

u
+

 = U/u = local mean veloci ty/fri ction velocity 
T 

= U//( T/p) (2.20) 
w 

y
+

 = y.u
T
/v (2.21) 

and K is the Von Karman constant, and E or B are integration constants 

which depend on the magnitude of the variation of shear stess across 

the layer, and on the roughness of the wall. These constants are 

determined experimentally and there are slight variations in these 

quantities as reported in the literature. K and B were given by 

Clauser (1956) as 0.41 and 4.9 respectively. 

At the near-wall region, where local equilibrium prevails and the 
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shear stress can be considered uniform, the following relation for 

shear stress can be obtained 

u
2

 = x /p = k / T (2.22) 
x w y 

From equations (2.22) and (2.19) the shear stress can be expressed as: 

x /p = K.(C)
l / 4

./OO.U/ln(E.y
+

) (2.23) 
W M 

Equation (2.22) is used as boundary condition for k at the grid 

node adjacent to the wall, and the boundary condition for e is 

expressed as follows: 

e = u^/(y.<) (2.24) 

More details are given by Launder and Spalding (1972) and Rodi (1980). 

The near-wall variation of temperature is also assumed to be 

logarithmic, the expression being: 

T
+

 = c
t
(u

+

 • P4o/o
t
}} (2.25) 

where: 

T
+

 = p.u
x
.C

p
.(T

w
-T)/q^ (2.26) 

is the specific heat of the fluid at constant pressure and 
II 

^w is the wall heat transfer rate per unit area. 

P i s a function of laminar and turbulent Prandtl numbers of 

the fluid, and represents the additional resistance caused by the 

laminar sublayer to the transport of heat. There are many forms of 

P-function, but here in this work the empirical form by Jayatillaka 

(1966), which is valid for smooth wall, has been used. This form is 

expressed as: 
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P W o
t
) = 9.24((a/a

t
)

0

'
7 5

-l} (2.27) 

2.3.2 Evaluation Of The Model Constants 

The value of C ^ , which appears in equation (2.17), can be 

deduced from experimental data on the decay of homogeneous turbulence 

behind a grid, where diffusion and production are zero (Launder and 

Spalding, 1972). C
e 2
 lies between 1.8 and 2.0. 

Local equilibrium shear layer measurements show that the ratio of 

shear stress u^u^ and k is nearly constant and approximately equal to 

0.3 (Rodi 1980). For this type of flow where the energy production 

rate P is equal to the dissipation rate e, equations (2.15 and 2.16) 

give C
| j
=(u^u

2
/k)

2

, C
p
=0.09. 

In near-wall tubulent flows, P is approximately equal to e, and 

the convection of e is small, accordingly one may arrive at the result 

(Rodi 1980): 

C
e l
 = C ^ - k

2

/ ( o
e
/ F ) (2.28) 

Equation (2.28) gives the value of C ^ if the other constants are 

known. According to the recommendations of Launder et al (1972), Rodi 

(1980), made after extensive examination of free turbulent flows, the 

constants take the values shown in table (2.1). 

For turbulent heat transfer calculations, the thermal diffusivity 

in the temperature equation for laminar flow is replaced by its 

effective (molecular + turbulent) equivalent, the turbulent 

contribution being obtained from the eddy viscosity by assuming a 

uniform turbulent Prandtl number o =0.9« 
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c 
u C 1 e1 

C

e2 °k 
a 
e 

0.09 1.44 1.92 1.0 1.3 

Table 2.1 The values of the constants used 
in the k-e model. 

Type of flow u*/k u
2

/k u
2

/k -UjUg/k 

Plane homogeneous shear layer 
(Champagne et al 1970) 

0.97 0.54 0.49 0.33 

Near wall turbulence 
a consensus of data 
(Launder et al 1975) 

1.17 0.59 0.24 0.24 

Table 2.2 Reynolds stresses in plane equilibrium shear flow. 

C

1 
C

2 1 w 
C

0 2w 
C

1T 
C

2T 
C

1Tw 
C

2Tw 
c

i 

1.8 0.6 0.5 0.3 3.0 0.33 0.5 0 1.6 

Table 2.3 The algebraic Reynolds stress and heat flux models constants. 
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2.4 Reynolds Stress Equation Modelling 

The simple k-e model described above gives good results for 

stationary tube flow with axial symmetry, but is limited in its 

application to more complex flows. For flow in rotating tube the rate 

of turbulent energy production is affected by the appearance of 

secondary flow while terms involving the angular velocity appear as 

sources in the individual Reynolds stress equations, as shown in 

Appendix A2, affecting the partition of energy between components, 

directly influencing the shear stresses, and hence invalidating the 

assumption of the k-e model that the eddy viscosity is isotropic. 

With respect to heat transfer it has been pointed out that the 

conventional turbulent Prandtl number approach is grossly inadequate 

to predict turbulent heat fluxes in other than the cross-stream 

direction (Bremhorst et al 1981). The measurements made by Quarmby 

and Quirk (1974) in tube flow with assymetrical heating, a situation 

in some ways analogous to the flows through rotating tubes considered 

here, reveal tangential eddy diffusivities many times larger than 

those in the radial direction. 

In our view, a more satisfactory method is to approach the 

problem through the transport equations for the Reynolds stresses and 

turbulent heat fluxes. A brief account of a proposed Reynolds stress 

model will be given, omitting most of the algebraic detail, given by, 

for example, Launder (1971), Rodi (1972) and (1980). 

The transport equations for the Reynolds stresses may be obtained 

from Navier-Stokes equations by multiplying the equation for ( u . } 1

 i' 

by u . and the equation for (u.+U.) by u., adding the results and 
J J J ^ 

averaging. The Reynolds number is assumed to be high enough for the 
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fine-scale turbulent motion to be isotopic (Kolmogorov 1942), and 

viscous diffusion to be negligibly small. The turbulent energy 

2 

dissipation rate e is then distributed equally among components u^ and 

all the viscous terms disappear from shear stress equations. With 

these assumptions, the transport equations for the Reynolds stresses 

may be written, as reported by Rodi (1970), as following: 

u. . 3(u.u .)/3X. + ™ {u.u .u. — v • 3 (u. u .) /3X. + (6., u. + 6 u .) .p/pl 
k l j k

 1

 J *
 1

 J
 k

 lk l jk j
 r K 

' v-- J V 
Convection Diffusion 

- ( u . y a y a x + u . y a u . / a x ^ 

Stress Production P. . 
iJ 

- 26. ..e/3 
ij 

v ' 
Dissipation 

l(3u./3X ) + (3u /3X.)!.p/p (2.29) 

Redistribution or Pressure-strain 

where p is the fluctuation of static pressure about its mean value. 

The last terra in equation (2.29) is the mean product of 

fluctuating pressure and the fluctuating strain fields, and is called 

the pressure-strain term. Its effect on normal stress components is 

to diminish the difference between them (Hinze 1959). The explicit 

appearance of the fluctuating part of the pressure in the correlation 

is eliminated (Chou 1945) by taking the divergence of the equation for 

the fluctuating velocity u^, thus obtaining a Poisson equation for p. 

This Poisson equation suggested that two distinct types of interaction 
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contributed to the pressure-strain correlation; one involving only 

fluctuating quantities, and the other resulting from the interaction 

of the turbulence field with the mean rate of strain. In modeling the 

former most workers have made use of Rotta's hypothesis (1951), that 

for flows with negligible mean strain, the rate of return of 

anistropic turbulence to isotropy is proportional to the anisotropy. 

If the characteristic decay time is taken as (k/e), the wholly 

turbulent contribution to the pressure strain may then be written as: 

|(9u /9X + 8u /3X ).p/p) = -C (e/k)(u u - 2<5 k/e) (2.30) 
t) (I ^ » ' »J * il 

j 
V 

where C^ is a coefficient to be evaluated by reference to the 

experimental data. 

With the assumption of small departures from homogeneity, Launder 

et al (1975) concluded that the rapid part of pressure strain simple 

form produced could be approximated by: 

((au./ax^ - a u J / a x . ) . p / p ) 2 = - c 2 ( P i J - 2 P 6 1 J / 3 ) ( 2 . 3 1 ) 

$ 
j 

iJ2 

where P ^ and P are the rates of production of
 a n <

* k respectively 

and the coefficients C
2
 is supposed to be constants for high Reynolds 

number. Following the recommendation of Gibson and Launder (1978) and 

Samaraweera (1978), C^ and C
2
 are taken as 1.8 and 0.6 respectively. 

2.4.1 Wall Effects In The Pressure-Strain Terms 

Experiments, as shown in Table (2.2), show that near a wall the 

streamwise normal stress component is appreciably larger and the 
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transverse component much smaller, than in typical free shear layers. 

The effect of a wall on turbulence must be included in modelling 

the wall region. Gibson and Launder (1978) added a wall correction, 

obtained by generalizing Shir's (1973) proposal, to their model. The 

wall effects modify the fluctuting pressure field so as to impede the 

transfer of energy from the streamwise direction to that normal to the 

wall. The relative magnitude of the shear stress is also reduced. By 

introducing the unit vector n^ normal to the surface and the position 

vector r^, Shir (1973) advanced the following near-wall addition to 

producing generally the desired behaviour: 

-Z 
.. =C, ( e/k)(u. u n, .n 6. .-RU. u.n. .n .u. n. .n. ).f(l/n.r. ) (2.32) 

ij1w 1w k m k m IJ 2 k I k J 2 J K K I I I 

where the wall-damping function f takes the values unity and zero in 

wall and free shear flows respectively. Launder et al (1975) 

suggested the following expression: 

f«(i/y) (2.33) 

where 1 is the length scale of energy-containing eddies and can be 

taken as (k
3 / / 2

/e) or ( U 1 U 2 
3/2 

/e), with appropriate normalisation to 

unity value near the wall, 

Gibson and Launder (1978) applied the idea expressed by (2.29) to 

the mean-strain component
 a s 
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where and are constants, chosen to give the right stress 

levels in the uniform-stress layer close to a plane wall, are taken as 

0.5 and 0.3 respectively. 
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For the case of a round pipe, the effect of near-wall terras 

should be more clear in positions away from the wall, especially for 

the fully-developed case, as is shown by Lawn's (1971) measurements 

that there is substantial anisotropy in the stresses near the axis of 

the pipe. Equation (2.34) was extended, by Samaraweera (1978), to the 

case of circular pipe, and he derived an expression for the 

wall-damping function f. In this study, the case of fully-developed 

pipe flow has been considered for stationary and rotating pipes, the 

effect of f on the results will be shown later. 

2.5 Algebraic Model 

In order to obtain an algebraic expression for the Reynolds 

stresses, the triple correlation whose gradient represents turbulent 

transport of u.u. must be modelled. Rodi (1972) proposed the use of 

the following relationship for û .û . transport: 

Transport of (u.u.) = (Transport of k).(u.u.)/k 
i J i J 

= (P-e).(u7iT.)/k (2.35) 

The same assumption was used by Rodi (1976), Gibson and Launder 

(1976) and Gibson (1978) for different types of flows. Equations 

(2.29) and (2.35) may then be combined to yield a formula for the 

Reynolds stresses. This formula together with the k and e equations 

form a complete turbulence model. The application of this model to 

fully-developed pipe flow for stationary pipe, rotating pipe and 

curved bends will be described later in Appendices A2, A3 and A4. 

2.6 Heat Flux Model 

The transport equations for the heat fluxes are obtained by 
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multiplying the equation for the instantaneous temperature (T+t) by u^ 

and that for by t. The resulting equations are added and 

averaged to yield the following equations for u^t given by Launder 

(1973): 

u k . a(u.t ) / a x k - i-j fu.tu
k
 +6

i k
.pt/P - r u . ( 3 t / a x k ) - v t ( a u . / 3 X

k
) ) 

« y J V IS y ' 

Convection Diffusive transport 

=-(u.u
k
.aT /9x k + i ^ t . a u . / a x ^ 

V 
Mean-field generation 

-(r+ v)(a t /9X
k
).(9u./a x k ) + ( a t / a x . ) . P / P ( 2 . 3 6 ) 

V R ) V Y > 

Dissipation Pressure scrambling 

where T and t represent the mean and fluctuating temperatures 

respectively. At high Reynolds number the dissipation rate is 

approximately equal to zero, assuming that the small scale eddies are 

isotropic (Launder 1975)• The second term to be modelled is the 

pressure-temperature gradient correlation (3t/aX^).p/p which is the 

counterpart of the pressure-strain correlation in the stress equation. 

This term provides the mechanism which limits the growth of the heat 

fluxes. Launder (1975) suggested the following apprximation: 

( a t / a x . ) . p / p = - c
1 T
. u . t . ( e / k ) - c 2 T . P i T + s i T (2 .37) 

« V — " — r > 

(J> $ 
iT1 iT2 

where S ^ is
 a

 surface integral included for near-wall regions, and 

C ^ and C
2r
j, are constants. P ^ represents the part of the production 

rate of u^t which contains a component of mean strain, i.e.: 
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P

iT
 =
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( 8 U

i
/ 8 X

k
) ( 2

'
5 8 ) 

The near-wall effect is introduced in S ^ term in equation 

(2.37). The turbulent and mean-strain parts can be identified and 

modelled in a similar manner to that of the wall effects on the 

pressure-strain correlation. As suggested by Gibson and Launder 

(1978), the wall effect can be written as: 

S

iT
 =

 -C
1 T w

(^)(n..n
k
)(e/k).f *

 C

2Tw
( C

2T'
P

kT
)

 ̂ i ' V
 , f ( 2

'
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v

 y '
 v

 y ' 

$ $ 
iTwl iTw2 

where and ^ T w are constants, and may be fixed, as well as C ^ 

and O^^t by reference to heat transfer data for high Reynolds number 

turbulent flow. 

The transport terms are treated by the technique known as 

algebraic heat-flux modelling. Gibson and Launder (1976) assumed the 

following approximation, in a precisely parallel way to the Reynolds 

stress equation: 

Transport of (u.t) = (Transport of k.t
2

) l.(u.t)/ ^ k . t
2

) 

= (P-e).(ii~t)/2k • (P
T
-E

T
).(rt)/(2t

2

) (2.40) 

where P,p and e,p denote the rates of production and destruction of the 

temperature fluctuations respectively, and were assumed nearly in 

balan 

ce. Thus, equation (2.40) simplifies to: 

Transport of ( S ^ ) = (P-E).(j^t)/
2k
 (2.41) 

2 2 
The dissipation rate of t was assumed to be proportional to t . (e/k), 
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so that when mean flow and turbulent transport are negligible, 

* = -C^(u
k
t)(k/e)(8T/dX

k
) (2.42) 

where C,j, is a constant. 

The corresponding heat flux model equations, for the cases 

studied in this work, will be shown in Appendices A2, A3 and A4. 

2.6.1 The Choice Of The Heat Flux Model Constants 

This model contains several constants to be chosen by reference 

to experimental data. C ^ and Ĉ rp are evaluated by reference to 

turbulent Prandtl number values typical of free and wall flows. For 

local equilibrium in plane flow, shear stress and vertical heat flux 

can be put as follows: 

- ^ u
2
 = 6(k/

E
).u

2
.(9U

1
/3X

3
) (2.46) 

-u
2
t = n(k/e).u

2
.(3T/8X

3
) (2.47) 

whe re: 

6 = (l-C
2
+(3/2).C

2
.C

2 w
.ft/(C

1
+(3/2).C

1 w
.f) (2.48) 

n - 1/(C
l T
+C

l T w
.f) (2.49) 

It is convenient to denote the ratio of the turbulent exchange 

coefficients by turbulent Prandtl number as: 

o
t
 = 3/n = {l-C

2
+(3/2).C

2
.C

2 w
.f}(C

l T
+C

1 T w
.f)/{C

1
+(3/2).C

1 w
.f} (2.50) 

Substitution of C^,p=3.0 and C ^
w
= 0 . 5 together with the other 

constants already specified produces values of a^.
=

0*67 and 0.92 for 

free and wall flow respectively. The coefficient C,j, is chosen by 



reference to the decay of temperature fluctuations behind a grid, and 

Launder (1975) suggested that its value to be approximately 1.6. The 

calculations for curved and buoyant flow show that the wall 

modification involving the mean strain rate appears to exercise little 

influence and so, in the absence of more definite information, ^ T w is 

set to zero (Gibson 1978). The constants used here in the algebraic 

Reynolds stress and heat flux models are shown in Table 2.3* 
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CHAPTER 3 

NUMERICAL METHODS OF SOLUTIOH 

3.1 Introduction 

From the computational point of view, the numerical solution 

method depends on the type of equations describing the flow: some 

flows can be described by parabolic equations and some others, 

governed by elliptic equations, can be treated by approximate marching 

methods. A general numerical, marching procedure is used for the 

calculation of flows in which physical influences are almost exerted 

in only one direction; as for example, in a boundary layer. Such 

flows are described by parabolic differential equations. For flows 

described by elliptic differential equations, perturbations at any 

point in the flow domain can influence conditions at any other point. 

The mechanisms of these interactions are usually: convection 

(downstream transmission along stream line), conduction, diffusion and 

viscous action (propagation in all directions by molecular 

inter-mixing), and pressure transmission. Flows with recirculation 

are clear examples of this type of flow, governed by elliptic 

differential equations which require iterative solution methods. For 

flows without recirculation so that convection operates mainly in the 

downstream direction, but with significant curvature of the 

streamlines (e.g. flows in strongly-curved ducts) causing pressure 

transmission from downstream regions to upstream ones, the solution 

procedure was described by Spalding (1975) as "Partially-Parabolic". 

This procedure has been adapted by Pratap (1975) for prediction of 

flow in strongly-curved ducts. 

The present work is concerned with "partially-parabolic" and 
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"parabolic" solution procedures, applied to equations written in 

cylindrical polar coordinates. The two solution procedures used were 

similar in many aspects, but differed in the way in which they 

calculated the pressure field. The partially-parabolic procedure 

employed a single pressure field common to all the three 

momentum-equations, while in the parabolic method, two separate 

pressure fields were calculated, one for the solution of the lateral 

momentum equations and the other for the longitudinal momentum 

equation. 

A calculation procedure suitable for parabolic equations has been 

described in detail by Spalding (1974) and Pratap (1975); the 

"partially-parabolic" method has been described by Pratap (1975), 

Spalding (1975) and Majumdar and Spalding (1977). Only the main 

features will be mentioned here. 

These methods were embodied in a modified version of the basic 

"TEACH" computer code (ideriah and Gosman 1976). The basic program 

had first to be adapted to cylindrical polar coordinates (r,0,z) for 

the rotating pipe flow, and additional modifications had to be made 

for the effect of longitudinal curvature in toroidal coordinates 

(r,9,4>) for curved pipes. 

Algebraic finite-difference equations were derived by a 

combination of formal integration and approximation (applied for 

continuity, momentum and energy equations 2.1, 2.2 and 2.3) over a 

small control volumes across the flow field. The algebraic set of 

equations obtained was then solved as will be shown later. 



3.2 "Partially-Parabolic" Calculation Procedure 

The first step is to construct a finite-difference grid, 

consisting of orthogonal, intersecting lines, arranged over the flow 

domain along directions parallel to the toroidal coordinate axes 

(r,0,<f>) for the flow through circular bends. The spacing of the grid 

lines can be varied to locate more grid nodes in regions of steep 

variations of the flow variables. Scalar properties such as pressure, 

temperature, viscosity etc. are calculated at the grid nodes, while 

the velocity-components are calculated at points midway between 

adjacent grid nodes, as shown in Fig.3.1. In this "staggered grid" 

system, velocity-components are conveniently located for calculating 

the convective fluxes of flow properties stored at the grid nodes. 

The pressures are located so as to make it easy to calculate the 

pressure gradients that affect the velocity components. As shown in 

Fig.3.1, the "control volumes", which represent regions over which the 

partial-differential equations (2.3) are integrated to obtain their 

finite-differences form, are different for each flow variable. The 

integration is performed with a few assumptions regarding the 

variation of over the grid spacing. For convection in the lateral 

directions, the value of $ is assumed to vary linearly between grid 

nodes. However, this value is modified if the convective flux is much 

larger compared to the diffusive flux in the same direction. This 

modification, called the "high-lateral-flux modification" removes 

certain numerical difficulties (Patankar and Spalding, 1972). In the 

axial direction, the value of <P, which is convected, is assumed to be 

equal to its upstream value <t>
u#
 The variation of the upstream value 

of $ in the lateral plane (r,6) is assumed to be stepwise. For 

diffusion in the lateral plane, $ is assumed to be linear; but is 
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Fig.3.lb Computational grid in detail, (for curved ducts). 

4 
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also altered later, by the high-lateral-flux modification. 

The integrated form of equation (2.3) may be expressed as: 

i j (u. * - r
A
. . as/ax .).dA) + 1

 i j 
S ..dV = 0 (3.1) 

A vol 

where the summation represents the combined flux due to convection and 

diffusion at the six faces of the control volume, where A is surface 

area and i stands for east, west, north, south and upstream nodes 

surrounding the grid node considered p. The integral of the second 

term in equation (3.1) is expressed in linearized form as: 

S .dV = Su + Sp.O (3.2) 
$ p 

vol 

This linearization has been found to promote stability, especially 

when S^ is itself a function of as shown in the treatment of k 

equation. The source term, (P- e), in equation (A1.4) has been put in 

the finite-difference equation as a function of k as follows: 

S. = P - c = P - C .k
2

/v, (3.3) k p t 

= Su + Sp.k (3.4) 

where: Su=P and Sp^-C^.k/v 

The resultant finite-difference equation has the form: 

( I A - Sp).$ = E (A.. $.) • Su (3.5) 
i
 1

 P i
1 1 

where A is positive quantity. 

One such equation (3.5) exists for every scalar variable at every 

grid node. For velocities, similar equations apply but the control 

volumes are displaced, as shown in Fig.3.2, necessitating minor 

changes to the coefficient expression A. The finite-difference 
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(R+r) 

Fig.3.2 Control volumes in detail. 
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equations for the velocity components can be written as: 

( I A.- Sp).t^ = I (A.U.)
+
 Su + D^(p

p
-p

w
) (3.6) 

( I A.- Sp).V
p
 = I (A.V.) + Su + Dp(p

p
-p

s
) (3.7) 

( I A.- Sp).W = I (A.W.) + Su + D*(p
D
-p ) (3.8) 

i i P P 

where p's are the pressures at different nodes and D's are areas. 

The continuity equation can be expressed as following, by making 

a mass balance over the $ control volume: 

U .a + V .a + W
TT
.a

Tr
 - U_.a - V

M
.a - W .8, = 0 (3.9) 

p w p s U U E e N n p D 

where: 

a = Ar.A<{>.i^
2

+(r-r.Ae/2)
2

+2(r-r.A9/2) .R. cose (3.10) 

a
g
 = Ar.A<J>./R

2 +

 (r+r.Ae/2)
2

+2(r+r.Ae/2).R. cose (3-11) 

a

U
 = a

D
 = r , A e , A r

 (3.12) 

rp 0 
a = r„ .A6./R +r„ +2r,

r
 .R.cosQ (3.13) 

n — - ' V
H
- V

H 

.A0./R
2

+r
2

 +2r.. .R.cosQ (3.14) 83 * V V " v s 

Starting with the continuity equation (3*9), one can derive the 

pressure correction equation: 

p' YA .= A p' + A p' + A pi + A pi + Su (3.15) 
p L J w

r

W s*s e^E n*w 
j 
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where: 

Su = a U + a V + a
IT
W - a U - a V - a-W 

w p s p U p e E n N ^ P 
( 3 . 1 6 ) 

and j stands for east, west, north, upstream and downstream nodes. 

The coefficients A's of the equations of U, V, W and p' are shown 

in Table (3.1). 

3.2.1 The Partially Parabolic Solution Procedure 

The finite-difference equations are solved by an iterative 

procedure. All variables, except the pressure, are stored in 

two-dimensional arrays and are evaluated, over cross-stream planes, by 

marching in the predominant flow direction. The sequence of 

calculation steps is as follows: 

1) The three-dimensional pressure field is first assigned guessed 

values 

2) A march through the flow domain is initiated; and, from the inlet 

distribution of velocity components, their distribution at the 

next downstream location are calculated. The pressure gradients 

are evaluated from the guessed pressure field ; the coefficients 

in the equations are evaluated on the basis of flow properties at 

the upstream station. The finite-difference equations are solved 

by a tridiagonal matrix algorithm, along lines in the lateral 

directions. 

3) The newly calculated distribution of velocity components are 

checked for satisfaction of mass continuity at all the grid 

locations in the cross stream plane. The pressure and velocity 

fields are then corrected by solving a pressure-correction 

equation so as to remove errors in mass continuity. 

4) The equation for property $ is solved so as to provide 
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Table 3«1 The finite-difference equation coefficients "A" for the flow through bends, 

(f's stands for the weighting factor and a's are areas) 



83 

distribution appropriate to the new downstream axial station, 

5) Another new downstream axial station is chosen and the momentum, 

continuity and $ equations are solved as described above. This 

step-wise march is continued until the end of the flow domain is 

reached. By the end of one complete marching sweep, a new 

three-dimensional distribution of pressure is obtained. 

6) Steps 2, 3» 4 and 5 are then repeated until the pressure 

corrections, or the continuity errors which give rise to them, 

become smaller than a preassigned value. 

3.2.2 The Boundary Conditions 

The boundary conditions are such that either the value of the 

variable at the boundary is specified, or a prescription of the 

gradient of the variable normal to the boundary is made. For example, 

the velocities are zero at a stationary wall, but at planes of 

symmetry, their gradients normal to the boundary are zero. The 

incorporation of boundary conditions into the calculation procedure is 

achieved by modifying either the source terms or the exchange 

coefficients in the finite-difference equations for the near-boundary 

variables. At boundaries where the velocities are fixed, the 

gradients of the pressure-corrections normal to that boundary are 

equal to zero; and if the values of the pressure themselves are 

prescribed; the corrections to the pressure at that boundary are put 

to zero. As for other variables, the incorporation of either 

condition is straightforward. 

3«3 "Parabolic" Calculation Procedure 

For the flow described by parabolic equations a calculation 



procedure is used, in which the pressure field is stored in a 

two-dimensional array, as well as other variables, and all variables 

are calculated in one single sweep through the flow domain. 

In this procedure we consider the influences travel only from 

upstream to downstream and not vice versa. Thus, diffusion and 

pressure transmission are assumed to be negligible along the 

predominant flow direction; and convection exerts influence considered 

only along the flow direction. The difference between the parabolic 

and partially-parabolic methods is that, in the parabolic case, the 

pressure field in the longitudinal momentum equation is simplified and 

is represented by a value P which is constant over a cross-sectional 

plane for confined flow. The use of a P field permits a 

"once-through" marching procedure through the flow domain and does not 

introduce large errors in the solution for small forward steps and 

with no strong curvature in the stream lines. 

The finite difference grid, the location of the flow variables 

and the definition of the control volume are the .same as those 

explained before, except that the axial velocity component is placed 

directly at the grid nodes where the pressure is stored. The control 

volumes slightly differ in (r,z) plane as shown in Fig.3*3« 

The finite-difference equations are derived in the same way as 

explained for the partially-parabolic procedure except for the axial 

momentum equation which becomes: 

( I A. - S p ) = I (A.W.) • Su - D
W

(8P?az) (3.17) 
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3.3*1 The Parabolic Solution Procedure 

Finite-difference forms of the differential equations of motion 

are solved by "marching" from an upstream station, where the flow 

cinditions are known, to successive stations downstream. The main 

steps are: 

1) At a given section z, the velocity field and the gradient 3P/3z 

are estimated 

2) The axial-velocity distribution is calculated. 

3) The axial-velocity and 3P/9z are corrected using the continuity 

condition. 

4) The pressure field P(r,e) is estimated. 

5) Lateral velocity components U and V are calculated. 

6) The pressure field is corrected to satisfy locally the continuity 

condition, and improved values of U and V are calculated. 

7) The temperature field is calculated. 

8) A forward step is taken to the new downstream station, z+Az, and 

calculation steps 1 to 7 are repeated. 

The process is repeated until the end-plane of the flow domain is 

reached. 

3-4 Concluding Remarks 

In this chapter, the two calculation procedures used in the 

present work have been described. The two procedures are based on the 

same finite-differace method and share several important features. 

The calculation procedures are general and flexible, and may be 

applied to the calculation of various similar flows with different 

boundary conditions. 

From the computational point of view, it is seen that the method 
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used for solving parabolic equations, used here for parallel rotating 

ducts and mildly curved pipes, employs a marching technique and in one 

sweep the problem can be solved and iterations are not required. But 

this can proceeds only with relatively small forward steps, 

particularly in the enterance region. In this method all the 

variables are stored in two-dimensional arrays. The 

"partially-parabolic" method, used here for strongly curved pipes, 

permits the use of larger forward steps but several iterations are 

required to obtain converged stable solutions. These iterations are 

used to update the three-dimensional guessed pressure field in order 

to obtain the actual pressure field required. The results of the 

calculations by both methods and the computational details will be 

presented in Chapters 5 and 6. 
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CHAPTER 4 

EXPERIMENTAL INVESTIGATION 

4.1 Introduction 

The flow in bends is similar in some respects to the flow through 

parallel rotating ducts. For both types of flow, centrifugal forces, 

due to curvature in bends and due to rotation in rotating ducts, 

affect the flow field, and the same type of secondary flows is 

obtained. The aim of this experimental work is to provide data for 

the development and evaluation of numerical prediction methods in 

bends as well as to obtain data for use in checking the calculation 

method used for similar type of flow through rotating ducts where 

detailed measurements are unobtainable. 

The present Chapter presents the measurements of velocities in 

bends. Two test-sections were used: 

a) The first test-section was a 90° bend of circular cross-section 

with ratio of centre line radius of curvature to pipe diameter was 

2.8. The maximum obtainable Reynolds number, based on flow rate 

and pipe bore, was 43 000. Three sets of measurements were 

obtained: in laminar flow at Re=500 and 1093 and in turbulent flow 

at Re=43 000. The measurements were made in cross-stream planes 

o _ o o 

set at 30 , 60 and 75 to the bend entry plane and at one and six 

diameters downstream of the bend exit plane. 

b) The second test-section was a 90° bend with square cross-section 

with ratio of centre line radius of curvature to duct width was 

7.0. The maximum obtainable Reynolds number, based on flow rate 

and duct width, was 35 200. Turbulent flow measurements were 
o o 

obtained in the 45 and 90 planes. 
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The instrumentation consisted of a forward-scatter fringe-mode 

laser Doppler anemometer with a frequency-tracking processing system. 

This system is described in detail in section 4.3. The flow was first 

checked carefully for symmetry at each station and in the entry 

length. 

The present experimental work is an extension of that reported in 

Humphrey et al (1977 and 1981) and Taylor et al (1980) on the flow in 

curved ducts of rectangular cross-section. The entry flow has thin 

boundary layers, and in this respect differs from the fully-developed 

flow studied by Rowe (1970), while the bend of circular cross-section, 

is considerably tighter than those employed for the developing laminar 

flow measurements reported by Agrawal et al (1978). 

4.2 Description Of The Rig 

e 
4.2.1 Genial Layout 

The test sections used in the present investigation were set up 

in two water rigs which were similar to that described by Taylor et al 

(1980). A diagram of the present experimental apparatus for the 

circular cross-section bend is shown in Fig.4.1; Fig.4.2 shows the 

overall view of the apparatus. The closed circuit water system 

consisted of a sump tank from which water was pumped into a constant 

head tank from which it flowed by gravity into a large plenum chamber, 

then through a contraction with a honeycomb, the test section, 

flowmeters, and to the sump. The flow rate was monitored by means of 

two flowrators (Type: Fischer-Parter series 10A3500), one for 

turbulent flow and one for laminar flow, with standard accuracy of ±2% 

of maximum flow. The flow system was operated for the conditions 

shown in Table 4.1. 
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Fig.4.1 Schematic plan of 90 bend water rig. DRAIN 
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Fig.4.2 Overall-views of the rig. 
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Flow m (kg/s) W (m/s) Re 

laminar 
laminar 
turbulent 

0.019 
0.042 
1.660 

0.0105 
0.0230 
0.9200 

500 
1 093 

43 000 

Table 4.1 Laminar and turbulent flow conditions 
for circular cross-section bend. 

Focal length of imaging lenss (f) 300 mm 
Half-angle of beam intersection in air ( V ) 9. 11 
Half-angle of beam intersection in water ( V ) 6. 84 
Fringe separation (line-pair spacing) (Ax) 1. 9 m 
Number of fringes in measuring volume 84 
Intersection volume diameter calculated at 
1/e

2

 intensity (2z) 0. 167 mm 
intersection volume length calculated at 
1/e

2

 intensity (2y) 1. 931 mm 
Photomultiplier pinhole diameter (D . ) 
Transfer constant

 p 0. 5 mm Photomultiplier pinhole diameter (D . ) 
Transfer constant

 p 

0. 5 MHz/m.s 
Laser beam wavelength ( X ) 0. 6328 

Table 4.2 Optical characteristics of the lasser 
Doppler anemometer. 

(m
2
 -m^)/m

1 

Re=500 Re=1093 Re=43000 

30 
60 
75 

-3.84$ 
-2.48$ 
-5.18* 

+1.55* 
+0.34* 
+2.40* 

-1.06* 
-0.55* 
+0.73* 

Table 4.3 The difference between calculated 
mean flow rate using velocity 
measurements (n^) and flowmeter 
reading (m^). 
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The working fluid used was water, because high Reynolds number 

flows are difficult to obtain with viscous fluids of the desired 

refractive index matching the perspex walls of the bend. For the 

circular cross-section bend the consequent change in refractive index 

across the perspex/water interface effectively limits the measurements 

to the streamwise component of velocity only. 

The plenum chamber was connected to the test section by a smooth 

contraction entrance of circular cross-section and area ratio 8:1, 

made of fibreglass and containing impregnated paper honeycomb placed 

in the large end of the contraction. Two metal screens were placed 

within the plenum chamber, preliminary measurements showed that after 

passing through the honeycomb and gradual contraction, the flow 

entering the test section was steady and symmetrical. 

Another similar water rig of smaller dimensions was used for the 

square cross-section bend. 

4.2.2 The Test Sections 

Fig.4.3 shows the geometry and dimensions of the 90° test bend of 

circular cross-section. The internal diameter d was 48 mm and the 

radius of curvature R meaured to the axis was 134.4 mm (R/d=2.8). The 

bend was machined accurately as suggested by Agrawal et al (1978) from 

two halves of a rectangular perspex block split in the plane of 

symmetry. This method was adopted because of the near impossibility 

of bending a tube to this radius while still maintaining accurate 

circularity of the cross section. The effects of refraction on the 

the path of the laser beam must, however, be taken into consideration. 

A method for the calculation of these effects, in the complex three 

dimensional view, is given by Enayet et al (1981)• In the present 



o 

Fig.4.3 Bend dimensions and nomenclature,(dimensions in mm). 

0 

Fig.4.4 Pressure tapping locations. 



study a simplified two dimensional analysis was used. This will be 

discussed later. The bend was fixed in the horizontal plane and 

fitted with a short straight tube 24 an long at the inlet and another 

straight length of 48 cm downstream. Wall pressure measurements were 

obtained by means of pressure tappings let into the walls of the test 

section, as shown in Fig.4.4. Pressure measurements were made with a 

water micromanometer. In laminar flow the pressure differences of 

water were too small for reliable measurements. Views of the details 

of the test section are shown in Fig.4.5. 

The other test section used consisted of a 90° square 

cross-section bend of mean radius 280 mm and of radius to duct width 

ratio 7.0, as shown in Fig.4.6. A short upstream straight duct 

(length/width=7.5) is fitted to get thin inlet boundary layers in the 

bend and 2 metres straight duct at downstream of the bend was also 

fitted. 

4.3 Laser Doppler Veloqjetiy 

The optical arrangement used in this investigation is shown in 

Fig.4.7 and the principal characteristics of the anemometer are given 

in Table 4.2. The anemometer unit consisted of a 5 mW helium- neon 

laser which provided light focussed on to a diffraction grating, 

collimated in order to reduce spherical aberration, and focussed to 

form the scattering volume within the bend. Forward scattered light 

collected by the objective lense was focussed on a pinhole in front of 

an EMI9658 photoraultiplier. The mirror shown in Fig.4.7 which is used 

to turn the optical axis through 90 degrees was optically flat within 

one tength of the wavelength of light. The photomultiplier output is 

processsed using a Cambridge Consultants CC01 frequency-tracking 
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F i g . 4 . 5 V i e w s o f t h e t e s t s e c t i o n . 
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40x40 

<t> =90 

<t>=0 

Fig.4.6 Square cross-section bend geometry (dimensions in mm). 
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Y / / / / / / / / / X 
OPTICAL BENCH (ATTACHED TO 3D TRAVERSE) 

Fig.4.7 Details of the optical arrangement. 

Fig.4.8 Interference fringe mode. 
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demodulator. More details are reported by Durst et al (1976). 

All the optical system components were mounted on an optical 

bench which in turn was fixed to a three dimensional traversing 

arrangement. The entire optical system could be traversed relative to 

the test section while keeping the components aligned at all times. 

4.3.1 Doppler Signal Generation And Interpretation 

When two light beams with wavelength A intersect at an angle 2 y , 

an interference pattern of stationary fringes parallel to the bisector 

of the two beams is formed. A particle moving through the fringe 

pattern with instantaneous velocity component W
p
 (normal to the 

bisector of the angle 240 as shown in Fig.4.8, will scatter varying 

intensity light. The Doppler shifted frequency is given as follows: 

For the square bend, in addition, the optical system can be 

adjusted for measuring both strearawise and transverse components of 

velocity, using an optical axis adaptor to rotate the plane of the 

incident laser beams. When measuring the axial velocity component W 

the incident beams of the anemometer are arranged to lie in (r,9) 

plane. For transverse velocity component V in z direction, 

measurements are made with the fringe system orientated in such a way 

that the normal to the fringe is inclined successively at angles of 0, 

45 and -45 degrees to the axial direction as shown in Fig.4.9. The 

velocity components are derived from the measured Doppler frequencies 

using the following equations derived by Melling and Whitelaw (1976): 

v- = 2.W .sin T/X 
D P 

(4.1) 

W = K )n/K D '0 
(4.2) 
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w 

velocity component 

normal to fringe 

V.COSTT/4 = W s i n ( T r / 4 . ) -V C O S ( T T / 4 . ) 

(c) fringe 

V . COS (TT/4) W.sin ( TT/4) 

Fig.4.9 (a)Orientation of fringes for sensitivity to two velocity 
components. 

(b)Vector diagram for case B. 
(c)Vector diagram for case C. 
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W = K )n/K 'D 0 (4.3) 

D -45 (4.4) 

(4.5) 

>45
 }

-45
 t / ( 2

-
K 2 ) (4.6) 

where: K =2.sin V/X (4.7) 

and (v
n
 )

 A (
. are the frequencies at 0, 45 and -45 

degrees respectively. W, V and v represent local mean values, while 

w, v and 0 are the corresponding fluctuating values. 

4.3.2 The Laser Doppler Velocimeter Control Volume 

Fig.4.10 shows an laser Doppler velocimeter operating in the 

fringe mode. Two beams are focused at the measuring point P by the 

lens L^ of focal lenth f. The intensity distribution of the fringe 

pattern, which is formed at their crossing region, is an ellipsoid. 

The dimensions of the ellipsoid are dependent on the arrangement of 

the optical components which observe the Doppler signal and transmit 

it to the photomultiplier. Considering a pinhole diameter D ^ and a 

light-collecting lens magnification M, the diameter of the control 

volume and the number of fringes that can be viewed by the pinhole are 

given by: 

(4.8) 

(4.9) 
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THE LDV OPERATING IN FRINGE MODE 

THE FRINGE PATTERN 

Fig.4.10 The LDV control volume. 

Fig.4.11 Refraction of laser beam during streamwise velocity measurements. 
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4«3«3 Control Volume Displacement Correction 

Refraction of the laser beam at the water/perspex interface not 

only displaces the measurement volume by an amount which can be 

readily calculated but also, and more importantly, prevents the 

measurements of cross-section velocity components. The method 

employed successfully for the latter in the rectangular bend 

experiments as shown in Humphrey et al (1977 and 1981) fails for the 

round pipe, because, unless the refractive indices of the fluid and 

pipe wall are equal, the twin laser beams entering the pipe in a plane 

o 

at 45 to the axis cannot converge. Consideration was given to the 

use of fluids other than water which would allow the indices to be 

equalized. Unfortunately, it turns out that such fluids either 

possess highly unpleasant or toxic properties, or are so viscous that 

it is difficult to obtain Reynolds numbers high enough for turbulent 

flow. A case in point is the experiment described by Agrawal et al 

(1978) where the use of a glycerine-water mixture to match the indices 

limited the investigation to laminar flow. 

The measurements were made at points along the optical axis which 

is refracted at the pipe wall at an angle to the plane of symmetry to 

which it was originally parallel. A straightforward calculation 

produced the beam trajectories shown in Appendix A5. The corrections 

described by Boadway and Karahan (1981) and Bicen and Whitelaw (1981), 

for the effects of refraction due to the bend curvatures, were applied 

to the streamwise velocity component data. The corrected velocity 

component was obtained by multipling the velocity calculated from 

equation (4.1), by a correction factor C^, given by the following 

relation: 
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1 /C
f
=
 V
( r

a
/ R

o
) l (R

o
/R.)(n

f
/n

w
-1 )•(

 V
1 ) . n / n j (4.10) 

where: 

n^=refraction index of the fluid 

n =refraction index of the wall 
w 

R =outer radius of the curved wall 

r
Q
= radius position of the virtual intersection of beams with no 

refraction (as shown in Fig.4.11) 

(note that r is positive for positions beyond the centre of 
d 

curvature with respect to the laser source) 

The true radius of beam intersection and corrected fluid velocity are 

given by the following equations: 

It was found that signal quality was only slightly impaired by 

refraction effects and that measurements were feasible for points in 

the flow distant more than one tenth of the radius from the wall in 

the vertical plane. 

4.3.4 Doppler Signal Processing 

The scattered light was collected by the photomultiplier, from 

which the output was processed in a frequency tracking demodulator and 

associated equipment shown in the block diagram of Fig.4.12. Since 

the maximum velocity of the flows investigated here produced Doppler 

frequency much less than one MHz, with continuous signals of high 

signal-to-noise ratio, the tracker is well-suited for the present 

o 

R.=inner radius of the cueved wall 
1 

(4.11) 

(4.12) 
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Fig.4.12 Block diagram of Doppler signal processing system. 
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measurements. Frequency trackers, their characterictics, performance, 

limitations and comparisons with alternative signal processing 

technniques, are reviewed and discussed by Durst et al (1976). For 

turbulent flow measurements, the flow is seeded (Durst et al 1976) 

with minute quantities of milk to increase the scattering particle 

concentration and thereby increase the particle arrival rate. 

The output from the tracker was presented in parallel to the true 

time integrator and rms meter from which the mean velocities and 

turbulence intensities were found. The normal measuring procedure 

consisted in recording not less than three values of the average and 

rms voltages directly from the digital voltmeters. The rms meter was 

allowed sufficient time to stabilise after changes in the measuring 

volume position. 

4.4 Scope And Accuracy Of The Measureaents 

For each cross-section in the bend the mean axial velocity was 

calculated from the measurements by dividing the flow domain into 

small areas, as shown in Fig.4.13, for circular cross-section, and 

Fig.4.14, for square cross-section, and assuming that the axial 

velocity is uniform along every cell. The percentage increases in 

mass flow rate with respect to the reading of the flowmeters are given 

in Table 4.3, for the circular cross-section, while for square 

cross-seection -1.67* increase, for 4>=45°, and -0.6*, for 4
,

=90°, are 

obtained. The changes in mass flow rate lie in an acceptable range. 
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POINTS 

Fig.4.13 Flow measuring locations for the 90 degrees circular bend. 

Fig.4.14 Flow measuring locations for the square bend. 



4.5 Results And Discussion For Circular Cross Section Bend 

4-5*1 Flow Visualization 

Observation of hydrogen bubble paths in low speed flow revealed 

no unusual features such as the local separation reported by Humphrey 

et al (1977) for fully developed flow through the square section bend. 

The visual observations were entirely consistent with large scale 

secondary flow patterns detected by laser Doppler anemometry. 

Hydrogen bubbles were generated in the flow by a thin wire electrode 

inserted through the static pressure tappings and the trajectories 

were photographed with typical results shown in Fig.4.15. Figs.4.15a 

o o 

and 4.15b show bubble paths at the 15 and 30 stations where the 

inward movement of low velocity fluid in the upper part of the bend is 

clearly visible. The secondary flow appears to be directed inward at 
o o 

a greater angle at the 15 station than further downstream at 30 . 

The corresponding outward movement of the core flow is shown by the 

distinct trace from the electrode tip. Fig.4.15c shows the hydrogen 

o 

bubble sheet generated near the wall at the 30 station; the flow here 

is upward and along the wall toward the inside of the bend. 

4.5.2 Laminar Flow Measurements 

The results of velocity measurements at Re=500 are presented in 

Figs.4.16 and 4.17. Fig.4.16 shows the inlet conditions: horizontal 

and vertical velocity profiles 0.58 diameters upstream of the bend. 

The boundary layer thickness is about 0.27 times the pipe diameter so 

that there is a significant potential core. The apparent slight 

asymmetry shown in the results is within the estimated error band. 

Contours of the streamwise velocity in four cross-stream planes are 

presented in Fig.4.17, and show the effects of strong secondary flow 
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F i g . 4 . 1 5 b F l o w v i s u a l i z a t i o n : R e = 1 0 9 3 . F l o w d i r e c t i o n from t o p 

left to top right; w i r e i n s e r t e d a t <J>=30°, y / r = 0 , z / r = l . 



liO 

F i g . 4 . 1 5 c F l o w v i s u a l i z a t i o n : R e = 1 0 9 3 . F l o w d i r e c t i o n from 

top r i g h t to to 

y / r = 1 . 0 , z / r = 0 . 

o 
top r i g h t to top left; w i r e i n s e r t e d a t <J>=30 , 
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Fig.4.16 Profiles of mean axial velocity in the laminar approach 

flow 0.58 diameters upstream of the inlet plane. 
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Fig. 4.17 Contours of mean velocity W/W
m
 in the bend laminar flow. (Re=500) 



which displaces the region of maximum velocity to the outside of the 

bend. The secondary flow develops gradually: in the 30° plane the 

only visible effect is a thickening of the shear layer on the inside 

of the bend. By 60° the secondary flow becomes almost fully developed 

as is shown by the distortion of the contours. The fourth set of 

contours, in the plane one diameter downstream, shows that the 

secondary motion persists without significant decay to this distance. 

The effect of doubling the Reynolds number to 1093 is shown in 

Figs.4.18 and 4.19. The inlet boundary layers are reduced in 

thickness by about 15* to 0.23 d, the transverse pressure gradient is 

increased and the secondary flow is intensified. The peak velocity in 

the 30° plane is displaced from the plane of symmetry but remains 

closer to the centreline. This displacement, which persists 

downstream, is also observed in the flow in a square bend (Taylor et 

al 1981). The shape of the contours near the outside of the bend 

reflect scatter in the data attributable mainly to difficulties in 

locating accurately the measurement volume near the wall and partly, 

perhaps, to slight asymmetry in the flow. 

In neither case do the measurements show any unexpected feature: 

the secondary flow is superimposed on the main motion; it develops 

gradually and persists downstream after the removal of the transverse 

pressure gradient responsible for its generation in the bend. The 

strength and location of the pressure-driven secondary flow depend on 

the inlet conditions and Re which cannot be varied independently in 

the present experiments. The stronger secondary flow observed at 

Re=1093 must be attributable mainly to the increased centrifugal 

forces and transverse pressure gradient rather than to the relative 

small changes noted in the initial conditions. The present 
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Fig.4.18 Profiles of mean axial velocity in the laminar approach flow 

0.58 diameters upstream of the inlet plane. 
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Fig.4.19 Contours of mean velocity W/W^ in the bend laminar flow.(Re=1093) 
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contribution is of quantitative velocity data in the bend: these are 

considered to be accurate enough to be useful in checking the 

numerical accuracy of flow prediction methods. 

4.5-3 Turbulent Flow Measurements 

At the maximum flow velocity of 0.92 m/s, Reynolds number 43000, 

the inlet boundary layers are turbulent. The static pressure 

variation on the bend wall is large enough to be measured accurately 

with the results shown in Fig.4.20. At the bend inlet the negative 

^i^i'xv.i-
pressure / on the inner wall is roughly twice the positive gradient on 

A 
the outside. These initial gradients resulting from the change from 

o 
straight to curved flow disappear at about 25 , so that in the 

/ o
 0

 \ 

mid-section of the bend (25 < <P
<

 75 ) a quasi equilibrium condition is 

reached with an almost uniform pressure on the inner and outer walls. 

The transition to straight flow downstream is signalled by the o 

appearance of strong gradients for <{> >75 . The overall pressure drop 

2 is about 0.3PW . m 

Laser Doppler measurements of the mean and rms fluctuation of the 

streamwise velocity at inlet are shown in Fig.4.21, and contours of 
in 

these quantities at downstream stations are shown^Figs.4.22 and 

4.23. The inlet boundary layers of Fig.4.21 are much thinner, 0.09d, 

than in the two laminar flows investigated and the presence of a large 

central region of uniform velocity flow influences significantly the 

development of secondary flow downstream. The mean velocity contours 

o 

presented in Fig.4.22 show that by the 30 plane the potential core 

has adjusted to the cross-stream pressure gradient imposed by the bend 

and the region of maximum velocity is displaced toward the inside. 

The results also differ from the corresponding laminar flow 
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inside 
<t> =30 

Fig.4.22 (a)-(c) Contours of mean axial velocity W/W in the 
m 

bend for turbulent flow. 

(Re=43 000) 
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Fig.4.22 (d)-(e) Contours of mean axial velocity W/W
m
 downstream 

of the bend for turbulent flow. 

(Re=43 000) 



121 

inside 
cj) =30 

<t> =60 

<t>=75 

Fig.4.23 (a)-(c) Contours of turbulence intensity (w/W )xlOO% in 

the bend for turbulent flow. 

(Re=43 OOO) 
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.23 (d)-(e) Contours of axial turbulence intensity (w/W )xlOO% 
M 

downstream of the bend for turbulent flow. 

(Re=43 OOO) 



measurements in that the thickness of the outer wall boundary layer is 

increased relative to that on the inside of the bend due mainly to the 

effects of the potential flow adjustment and the wall pressure 

gradient of opposite sign but also, quite possibly, to the effects of 

longitudinal curvature on the turbulence structure. In the 60° plane 

distortion of the contours suggests the presence of strong secondary 

flow largely confined to the region of steep velocity gradients near 

the inner wall. This secondary flow grows with distance through the 

o 

bend and by the 75 plane extends over and beyond the inner half of 

the section. The removal of the transverse pressure gradient in the 

straight flow downstream results in a shift of the velocity maximum 

toward the outside. A large secondary flow, comparable with those 

observed in the laminar flow experiments, now extends over the entire 

flow area and persists in the plane 6 diameters downstream of the bend 

where, however, the transverse velocity gradients decay to about one 

half of their values one diameter downstream. 

The contours of turbulence intensity presented in Fig.4.23 are 

consistent with those of mean velocity. As is to be expected high 

values of the velocity fluctuation are associated with steep mean 

velocity gradients and with the distortion of the symmetrical inlet 

flow. 

These results may be compared with the measurements made by 

Humphrey et al (1981) in a tight bend of square cross-section. The 

inlet boundary layers of that flow are substantially thicker than in 

the present flow and contain stress-driven secondary flows towards the 

corners. As a result the pressure-driven secondary flow in the bend 

extend over the entire flow area as in the two laminar flows of the 

present study. 



4.5-4 Closure 

The measurements show , as expected, the presence in bend flow of 

strong cross-stream flows produced by the inward motion of slow moving 

fluid in a radial pressure gradient. The strength of the secondary 

flow is influenced by the initial inlet flow conditions: when the 

inlet boundary layers are thin, as in the turbulent flow case reported 

here, the initial flow adjustment is an inward shift of the velocity 

peak in the potential core. The secondary flow then develops 

initially in the inside of the bend. For all cases the secondary flow 

takes some time to develop and its effects are still increasing by the 

exit and persist downstream. 

The effects of refraction at the doubly curved fluid-wall 

interface prevent the measurement of cross-stream velocity components. 

The investigation of flows in the round bend to the same level of 

detail as is achieved previously in square bends will require 

refractive index matching. For the streamwise velocity measurements 

reported here simple geometrical corrections allowed for the 

displacement of the measurement volume by refraction as shown in 

Appendix A5* 

4.6 Results And Discussion For Square Cross Section Bend 

Because the flow is symmetrical, only the lower half of the duct 

need be considered; the measurements locations are shown in Fig.4.13. 

The bulk velocity was 0.88m/s giving Re=35200 (based on the bulk 

velocity and duct width). The boundary layers in the bend inlet plane 

were turbulent and about 0.14 duct widths thick. Measurements were 

made in 45° and exit (90°) planes, the optical axis being vertical. 



The results consist of the streamwise and radial mean velocity-

components ¥ and V, the corresponding turbulence intensities w and v 

and the Reynolds shear stress wv. Measurements in the inlet plane for 

Re=40000 were made by Taylor et al (1981) when an S bend was fitted to 

the water rig. It was supposed that the inlet conditions did not 

differ significantly in the present bend flow and the data from Taylor 

et al (1981) are reproduced in Fig.4.24. These show fairly uniform 

inlet boundary layers with an appreciable potential core. The radial 

component of the mean velocity, which is not presented, nowhere 

exceeded 0.07 w \ and the shear stress levels, also not presented, 
m \ 

appear to be consistent with the intensities, but the boundary layers 

are too thin for more detailed measurements of the cross-correlation 

in the high shear regions adjacent to the walls. The measurementss in 

o 

the 45 and exit planes, presented in Fig.4.23 to Fig.4.27, may 

usefully be compared with the equivalant data from the more stongly 

curved bend reported by Humphrey et al (1981) and Taylor et al (1981). 

As in the previous experiments, the flow responds in two ways to the 

imposition by the bend of a radial pressure gradient. Initially, the 

peak velocity in the core moves towards the inside of the bend as 

required for radial equilibrium in the centre, but further downstream 

the development of secondary flows results in a shift of this peak to 

the outside region. Both these effects are very evident in the tight 

bend flow, see Humphrey et al (1981) and Taylor et al (1981), but the 

former is not apparent in the present measurements where the 

transverse pressure gradients are considerably smaller and less 

influential. The secondary flows, whose presence is evident in the 

mean velocity contours at 45°, effectively displace the velocity 

maximum to the outside of the bend and result in an accumulation of 

slow moving fluid on the inner wall. The inward flow at the side 
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Fig.4.24 Contours of mean axial velocity and rms turbulence 
intensity in the inlet plane of the square duct. 
(a) axial velocity W/W^ 
(b) axial turbulence intensity (w/W )xlOO% 
(c) radial turbulence intensity (v/Wm)xlOO% 
(Data from Taylor, Whitelaw and Yianneskis

f
 1981 

for Re=40 000) 



(a) 

Fig.4.25 Contours of mean velocity in the 45 degree plane 

(a) axial velocity component W/W 
m 

(b) radial velocity component (V/W
m
)xlOO% 

(Re=43 000) 

* # 

(a) 

(b) 

Fig.4.26 Contours of mean velocity in the exit plane? 

90 degree plane: 

(a) W/W (b) (V/W)xl00% 
m m 

(Re=43 000) 
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(a) 

(b) 

-I : 0.2 V/W, m 

4.27 Profiles of radial velocity V/W for turbulent flow 
m 

(Re=43 000): 

(a) 45 degree plane 

(b) 90 degree plane 



walls ensure that the boundary layers there remain thin. As the flow 

approaches the bend exit, it is accelerated on the outer wall and 

retarded on the inner one. The adjustment to rectilinear flow is 

rapid: the measurements of Fig.4.26 show that in the exit plane the 

transverse mean velocities fall to roughly half their values at 45°, 

while the much-distorted contours of W simply record the history of 

the flow. Profiles of the transverse component V, plotted in 

Fig.4.25, show strong inward flow in the inner part of the duct, and 

also suggest the presence of a weak secondary circulation of the 

opposite sense in the outer part of the duct. These circulations, 

presumably, arise from the destabilising action of concave curvature 

on the outer wall boundary layer, and persist because the curvature is 

sufficiently mild for it not to be swept into the main pressure-driven 

secondary motion of the opposite sense. Weak secondary circulations 

of this nature are also reported in Rowe (1970) and Cheng, Nakayama 

and Akiyama (1979). 

Contours of the rms turbulence intensities w and v and the 

Reynolds shear stress wv" are plotted in Figs.4.28 and 4.29. The 

distortion of the nearly symmetrical inlet contours, Fig.4*24, is very 

evident and generally consistent with the development of local high 

shear zones in the mean flow. The high level of v measured near the 

inner corner in the exit plane are rather surprising, and is in 

contrast with the strong curvature results of Humphrey et al (1981), 

where peak values of v, of the same order as w are distributed in the 

outer part of the exit plane. The shear stress plots contain less 

detail but show higher levels on the whole near the inside of the bend 

consistent with high shear and turbulence activity there. There 

appears to be no evidence of significant damping or amplification of 



130 

Q1 
LU 

(a) 

(b) 

(c) 

Fig.4.28 Turbulence measurements in the 45 degree plane: 

(a) axial turbulence intensity (w/W )xlOO% 
m 

(b) radial turbulence intensity (v/W )xlOO% 
— 2 3

 m 

(c) shear stress (vw/W ) xlO m 
(Re=43 OOO). 
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(a) 

r± 

QL 

(b) 

(c) 

Fig.4.29 Turbulence measurements in the exit plane; 90 degrees 

(a) axial turbulence intensity (w/W^)xlCX)% 

(b) radial turbulence intensity (v/W )xlOO% 
—— 2 3

 m 

(c) shear stress (vw/W )xlO ra 
(Re=43 OCX)) 
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turbulence due to longitudinal curvature as observed in the 

strongly-curved bend by Humphrey et al (1981) and the position of zero 

shear stress coincides approximately with that of the maximum mean 

velocity. 

¥ 

4 
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CHAPTER 5 

PREDICTION OP PLOW THROUGH ROTATING DUCTS 

5.1 Laminar Flow 

5.1.1 Laminar Isothermal Flow 

We consider laminar flow of a uniform-property fluid. U, V and W 

are velocity components in the tangential, radial and axial directions 

respectively as shown in Fig.1.1. The equations of motion given by 

Morris (1965) are reproduced in Appendix A1. The effects of rotation 

appear in radial and tangential momentum equations as Coriolis and 

centripetal acceleration terms. Elimination of the pressure-gradient 

terms between radial and tangential momentum equations shows that the 

Coriolis terms can sustain a secondary flow in the (r,0) plane if 

9W/8z is non-zero; that is if the flow field is still developing 

(Morris and Woods 1977). For fully-developed flow, 3W/9z=0, secondary 

flow is not induced and the Coriolis terms are identically zero 

(Morris 1965a). The centripetal terms can be combined with the 

pressure gradient by defining 

Calculations have been performed for fully-developed flow in a 

rotating tube. Fig.5.1 shows the effect of grid size and geometry of 

the calculated pressure distribution in the (r,e) plane compared to 

the exact result, equation (5.1), where the dimensionless groups used 

are: 

P' 

2 
aP'/3r = 3p/ar - p.ft (r + H.cos9) 

2 
ap'/be = 8p/ae - p.n .r.H.cose 

(5.D* 

(5.2) 

(5.3) 

a) = n.d/w 
m 

(5.4) 



134 

Fig.5.1 Effect of grid size and distribution on pressure in fully-developed 

laminar flow without heat transfer. (Re=1000, u>=ftd/W =0.111, 
« m 

J=J2r /2v=13.875). 
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J r^/(2 v) (5.5) 

and the points represent the values calculated at the grid nodes and 

it is shown that irregular spacings, with nodes concentrated near the 

wall and centre line, gives the best results. 

5.1.2 Laminar Flow With Heat Transfer 

For flow with heat transfer, we make the usual Boussinesq 

approximation that the effects of temperature on density are 

significant only in the body-force terms in the momentum equations, as 

shown in Appendix A1. The results of calculations for the case of 

uniform surface heat flux in fully-developed flow have been 

illustrated in Fig.5*2. The conditions were chosen to correspond 

approximately to those reported by Morris and Woods (1977) and 

Skiaderessis and Spalding (1976) with which the present results are 

compared. Fig.5.2 shows the dependence of the average Nusselt number 

on the product of Reynolds and rotational Rayleigh numbers (Re.Ra
r
) 

where: 

Ra = Gr .Pr (5.6) 
r r 

and the rotational Grashof number Gr is defined as: 
r 

Gr = n
2

.B.H.r
4

.(9T/3z)/v
2

 _ (5.7) 
r 0 CI 

and NU
q
 represents the mean Nusselt number for/stationary tube for the 

same Reynolds number and heat flux. Good agreement with the 

Skiadaressis and Spalding results is obtained. It is shown that 

rotation increases the heat transfer. For the present prediction, as 

shown in Fig.5.2, the correlation between the fully-developed mean 

Nusselt number and the product of the Reynolds and Rayleigh numbers 
4 6 

can be obtained, for 3x10 <(Re.Ra ) $2x10 , as following: 

Nu/Nu = 0.335x(Re.Ra )
0

'
1 5 4

 (5 .8) 
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Nu0 6 5 
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• Present predictions 
Prediction by Morris & Woods 
Prediction by Skiadaressis & Spalding 

2-

1 
2x10 10 10 

Re x Ra, 
5x10 

Figsi Dependence of Nusselt number for air on rotation and heat 
transfer in fully-developed laminar flow. 



Contour plots of axial velocity component are shown in Fig.5.3 

and the equivalent temperature contours are shown in Fig.5.4. The 

secondary flow effects are very evident. It can be seen that the 

maximum axial-velocity and maximum dimensionless temperature 

(T -T)/(T -T ) are shifted from the centre-line to the outside of the w w m 

pipe. 

Tangential and radial velocity contour plots are shown in Fig.5.5 

It can be seen that the direction of the tangential velocity component 

in the outer region of the pipe is opposing that in the inner region 

and the maximum value of tangential velocity is 6% of the mean axial 

velocity W . The direction of the radial velocity in the outside half 
m 

of the pipe with respect to the centre of rotation is opposing that in 

the inside half and the maximum value of radial velocity is 2.5$ of 

W
m
» Taking into consideration the directions of the velocity 

components it is concluded that the secondary flow in the cross 

section plane form two vorticies going from inside to outside of the 

centre of rotation as shown in Fig.5.6. All the previous results are 

shown for fully-developed pipe flow. 

5.2 Turbulent Flow 

5.2.1 Isothermal Turbulent Flow With The k-e Model 

It has been noted in section (5*1) that the characteristic 

feature of the isothermal, fully-developed laminar flow in a rotating 

tube is that there are no secondary flows in the cross-stream plane. 

This situation does not obtain for isothermal fully-developed 

turbulent flow where additional Reynolds-stress gradients appear in 

the equations of the mean motion. The appearance of secondary flows 

in the turbulent case is shown in the calculated velocity profiles of 
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Fig.5.3 Velocity contours (W/W ) m 

(Re=2200, Pr=0.7, H/d=24, Gr=230.3, J=3.125 and U>=0.05) 

(where: 

w = .Qd/W , J= fi r
2

/ 2 vE
W
.Re/8) 

m o 

7 I 1 

Fig.5.4 Temperature contours (T -T)/(
T

w
-

T

m
> 

(Re=2200, Pr=0.7, H/d=24, Gr=230.3, J=3.125 andw =0.05) 
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TANGENTIAL VELOCITY CONTOURS (U/W ) 
ID 

RADIAL VELOCITY CONTOURS (V/W ) 
m 

Fig.5.5 Lateral velocity components for fully-developed flow 

(Re=22oo, Pr=0.7, H/d=24, Gr=230.3, J=3.125 and U)=0.05), 

Fig.5.6 Secondary flow in parallel rotating pipes for fully-developed 
flow. 
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Fig.5.7. The contour plots of Fig.5.8 clearly show that the 

assumption of symmetry is valid, since flow through the full pipe 

section has been calculated (with 15 tangential and 11 radial grid 

nodes) with identical results for half pipe calculations (with 10 

tangential and 10 radial grid nodes). The average coefficient of 

friction C^ increases with increasing rotational speed as shown in 

Fig.5-9, where: 

"C = T /(P.W
2

/2) (5.8) 
I m m 

Rotation also produces a circumferential variation in C^. in 

developing flow and the maximum value is moved to the outside of the 

pipe, as shown in Figs.5.10 and 5.11. The pipe length required for 

fully-developed flow increases with rotational speed. This length is 

around 40 diameters for small rotation and around 55 diameters when 

the rotational speed is doubled. 

Tangential and radial velocity contours are plotted in Fig.5-12, 

showing that the same type of secondary flow, similar to that of the 

laminar case with heat transfer reported in Fig.5.6,- is induced. The 

secondary flow is not stronge and the maximum value of the tangential 

velocity component is about 2.5$ of W
m
 and that of the radial 

component is about 1.5$ of W^ for the larger value of rotation with 

dimensionless number J is equal to 277.8. The corresponding 

1 2 
dimensionless static pressure contours (P-P

riT
)/sW Pare shown in 

Ob d m 

Fig.5.13* High pressure regions move outside and low pressure regions 

move inside with respect to the centre of rotation. Fully-developed 

dimensionless turbulence energy contours (k/u
T m
)

 a r e
 shown in 

Fig.5.14. The corresponding minimum values have been moved outside of 

the pipe as that of the maximum axial velocity as shown in Fig.5*8. 
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Fig.5.7 Fully-developed axial velocity profiles at various rotational speeds for isothermal flow. 
(Re=50 OOO, H/d=25, k-e model used). 



symmetry 
line 

Fig.5.8 Isothermal fully-developed axial velocity contours (W/W ) m 
(a) results obtained by solving the full pipe? 360* 

0 
(b) results assuming symmetry and solving half pipe; 180 

(k-£ model used, Re=50 000, J=277.8 and u> =0.044). 
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L/d 

Fig.5.9 Developing of the average coefficient of friction at various rotational 
speeds for isothermal flow for Re=50 000 and H/d=25. 

0 10 20 30 40 50 60 
L/d 

Fig.5.10 Developing of the coefficient of friction at different angles for isothermal 
flow for Re=50 000 and H/d=25. 



7xlO 
-3 

0=11 

6 . 0 

5.0 

4.0 
J=0, U) =0 

J=277.8, a) =0.044 

-U 

3.0 

10 20 30 40 50 60 70 

L/d 

Fig.5.11 Developing of the coefficient of friction at different angles for isothermal flew. 

(Re=50 000, H/d=25) 
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TANGENTIAL VELOCITY CONTOURS (U/W ) 
ID 

RADIAL VELOCITY CONTOURS (V/W ) 
m 

Fig.5.12 Lateral velocities for fully-developed isothermal flow. 

(Re=50 OOO, H/d=25, J=277.8, U)=0.044, k &
e
 model used) 

high 
pressure 
side 

ylow pressure 
\ side 

m 
o 
0 
1 V 

Fig.5.13 Dimension less pressure contours ( p - p ^ A p W* for fully-developed 

isothermal flow (Re=50 OOO, H/d=25, J=277.8, U> =0.044 and Jc»€ model 

used). 
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2 
Tig.5.14 DIMENSIONLESS TURBULENCE ENERGY CONTOURS (k/u ) fo* fully T

m e a n 

developed isothermal flow. (Re=50 OOO, H/d=25, J=277.8, 0)»=O.O44 

k-e model used). 

Fig.5.15 Isothermal fully-developed axial velocity contours (W/W ) 
m 

(Re=50 000, OJ=0.044, H/d=25, J=277.8) 

k-e model algebraic model with P/e=l. 



5.2.2 Isothermal Turbulent Flow With The Algebraic Model 

Applying the procedure mentioned before in Chapter 2, for 

turbulent flow in rotating ducts, a set of algebraic equations for 

different Reynolds stresses were obtained, which are shown in detail 

in Appendix A2. The algebraic Reynolds stress model and computation 

method were first tested for stationary pipe flow. Typical results 

are shown in Appendix A4. The results agree reasonably well with the 

experimental data but are not expected to be noticeably superior to 

the k-e predictions for this simple flow. Fig.5.15 shows contours of 

mean axial velocity W / W i n a rotating tube, using the algebraic 

Reynolds stress model, with the assumption P/e=1, compared with the 

results obtained from k-e model calculations. This is a situation in 

which the Reynolds stress method would be expected to give results 

superior to those of the simpler k-e method used before snd indeed the 

figure shows quite significant differences. The main point of 

difference in the algebraic stress model calculations is that the 

velocity profile is appreciably more distorted and less peaked. The 

corresponding lateral velocity components are shown in Fig.5.16. When 

they are compared with the k-e model results the same trend is 

obtained but higher values of tangential and radial velocities are 

observed. This means that the algebraic model is able to predict more 

distorted flow than the k-e model. The pressure distribution, shown 

in Fig.5«17, seems to be almost the same as that reported in Fig.5.13 

for the k-e prediction. The corresponding dimensionless turbulence 

energy contours are shown in Fig.5.18. The contours show less 

distortion than k-e model results of Fig.5.14. In addition to those 

results the effect of rotation on different turbulence intensities and 

Reynolds stresses are obtained as shown in Figs.5«19 and 5.20. All 
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TANGENTIAL VELOCITY 
CONTOURS (U/W ) 

m 

Fig.5.16 Lateral velocities for fully-developed isothermal flow. 

Re=50 OOO, H/d=25, J=277.8, aj=0.044 ,algebraic model used. 

isothermal flow. 

Re=50 000, H/d=25, J=277.8, U) =0.044 , algebraic model used. 
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i s o t h e r m a l f l o w . (Re=50 0 0 0 , H / d = 2 5 , J = 2 7 7 . 8 , w = 0 . 0 4 4 , 

a l g e b r a i c m o d e l u s e d ) . 
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TANGENTIAL COMPONENT (u/W )xlOO% 
m 

RADIAL COMPONENT (v/W )xlOO% 
m 

AXIAL COMPONENT (w/W )xlOO% 
m 

Fig.5.19 Contours of rms turbulence intensities for fully-developed 
isothermal flow. 

t _ r ^ A A A »» / 1 ^ r-
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(uv/u ) v

 T mean ' 

- f i 

- f f 

( vw/u_ ) T mean ' 

(uw/u ) 
T mean' 

4 

Pig.5. 20 Contours of the Reynolds shear stresses for fully-developed 
isothermal flow. 
(Re=50 000, H/d=25, J=277.8,u> =0.044, algebraic model used) 



the results are obtained for fully-developed flow. 

5.2.3 Turbulent Flow With Heat Transfer Using the k-e Model 

Turbulent flow in parallel rotating ducts with heat transfer was 

studied, at first using the k-e model of turbulence. The results of 

calculations are compared with four experimental data sets supplied by 

h 

Step^nson (1982). The values of the dimensionless groups used in both 

the experimental data and the present prediction are shown in Table 

5.1. The axial wall temperature distribution was used as a thermal 

boundary condition for the present prediction, and it was obtained as 

a continuous curve passing through the experimental measurements for 

each case. The inlet fluid temperature was taken from measurements, 

and was assumed with other variables and properties to be uniform in 

the inlet plane. This assumption is probably not very accurate, but 

unfortunately there are no mesurements of velocity, pressure or 

temperature fields for this type of flow in rotating ducts. The 

assumption of uniform inlet conditions affects the calculated flow in 

the entrance region of the duct. The grid used for the numerical 

calculation consisted of 10x10 uniformly spaced nodes in the radial 

and tangential directions respectively. The number of axial steps was 

chosen according to the rotational speed. For zero rotation and for 

case II of small rotation, the axial step was chosen to be 0.02 of the 

duct diameter at the inlet and was increased gradually up to 0.1 of 

the diameter. But for higher rotations, very small axial steps were 

necessary; these were chosen as 0.02 of the diameter along the duct 

length for case III, and 0.015625 of the diameter for case IV. A 

small step length is usually required for this type of flow with high 

body forces to overcome numerical instabilities associated with the 

use of upstream quantities in the parabolic solution procedure. 
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case number Re apn.d/w m 
H/W m H/d 

T 

experiment 34 930 0 0 25.2 

predi ction 33 333 0 0 25.2 

II 
experiment 

prediction 

33 200 

33 333 

0.060 

0.069 

1.523 

1.745 

25.2 

25.2 

III 
experiment 

prediction 

32 790 

33 333 

0.094 

0.112 

2.366 

2.834 

25.2 

25.2 

IV 
experiment 

prediction 

32 160 

33 333 

0.125 

0.153 

3.145 

3.860 

25.2 

25.2 

Table 5.1 Values of the dimensionless groups used for the 
experimental data of STEPHENSON (1982), and the 
present prediction of turbulent flow in parallel 
rotating ducts. 



CORRECTIONS 

p a g e 

n o . 

line 

n o . 

w r o n g c o r r e c t 

154 2 1 d e c r e a s e d . d e c r e a s e d , and is d i s p l a c e d away from t h e 

s y m m e t r y line for the cases III a n d IV due 

to s t r o n g b o d y forces e f f e c t . 

154 29 is i n c r e a s e d . is i n c r e a s e d . T h e m a x i m u m d i m e n s i o n l e s s 

t e m p e r a t u r e is d i s p l a c e d away from t h e 

s y m m e t r y l i n e for case I V . 



Fig.5.21 displays the calculated axial temperature distribution 

compared with the experimental data. These results are depicted for 

cases I and IV; for the other two cases only the inlet and outlet 

temperatures were available. Good agreement is shown in the figure, 

even for very high rotation case IV. The corresponding Nusselt number 

variation with axial distance is shown in Fig.5.22. The comparison of 

the predicted Nu with the experimental data shows good agreement in 

the regions far enough from the two ends of the test section. The 

larger discrepancies are found in the inlet region of the duct, where 

the inlet boundary conditions were assumed to be uniform. These 

uniform distributions affect the calculation of the heat flux and 

Nusselt number. The fully-developed cases are considered at L/d=60 

for cases I and II, and at L/d=55 for cases III and IV. For 

fully-developed flow, the maximum difference between the predicted Nu 

and the experimental value is around 12% for case IV as shown in 

Fig.5-22. The corresponding predicted fully-developed axial velocity 

contours for the four cases considered are shown in Fig.5.23. The 

maximum axial velocity is displaced to the outside of the centre of 

rotation. When the rotational speed is increeased, the axial velocity 

distortion is increeased, while the maximum axial velocity is slightly 

decreased. The corresponding tangential and radial velocity 

components are shown in Fig.5.24 and 5.25 respectively. The lateral 

velocity components are increased when the rotational speed is 

increeased. The maximum tangential velocity component is U/W
m
=l7$, 

and the maximum radial velocity componenet is V/W
m
=19$, as shown in 

figures for case IV. The dimensionless temperature contours are shown 

in Fig.5«26. The minimum temperature is displaced to the outside of 

the centre of rotation as shown in the figure, and its value is 

slightly increased when the rotational speed is increased. The 



155 
130 

120 

100 

C A S E (I) 

r* 

o 
U 

d) 
U 

is 8° 
a) & 
E 
<1) EH 

60 

40 

/ 

20 

lO 

kP 

iV 0>
L 

f u l l y - d e v e l o p e d 

120 

°u
 1 0 0 

o> 
n 
4-> 
03 
a 80 
& 
<1) EH 

60 

C A S E (II) 

40 

30 

Fig.5.21 F o r l e g e n d see f o l l o w i n g p a g e . 
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C A S E (III) 

CASE (IV) 

10 20 30 40 50 60 70 

L/d 

Fig.5.21 Variation of temperature with axial distance for turbulent flow in 

parallel rotating ducts for different rotational speeds. 

present prediction using k-e model 

• • data of STEPHENSON (1982) 

» boundary condition used for the present prediction. 
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V a r i a t i o n o f the m e a n N u s s e l t n u m b e r w i t h a x i a l d i s t a n c e for t u r b u l e n t 

flow in p a r a l l e l r o t a t i n g d u c t s for d i f f e r e n t r o t a t i o n a l s p e e d s . 

. p r e s e n t p r e d i c t i o n u s i n g k - e m o d e l 

• • d a t a o f S T E P H E N S O N (1982). 
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F i g . 5 . 2 3 F u l l y - d e v e l o p e d a x i a l v e l o c i t y c o n t o u r s (W/W^) for t u r b u l e n t 

flow w i t h h e a t t r a n s f e r u s i n g k-e m o d e l . 

(Re=33 3 3 3 , H / d = 2 5 . 2 , , Sw=fi.H/W ) 
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F i g . 5 . 2 4 F u l l y - d e v e l o p e d t a n g e n t i a l v e l o c i t y contours ( U / V M 

for t u r b u l e n t flow w i t h h e a t t r a n s f e r u s i n g k-e m o d e l . 
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F i g . 5 . 2 5 F u l l y - d e v e l o p e d radial v e l o c i t y c o n t o u r s ( V / v M for 

t u r b u l e n t flow w i t h h e a t t r a n s f e r u s i n g k-e m o d e l . 
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CASE (I) 

CASE (II) 

- 4 

- 4 

- - • 4 
F i g . 5 . 2 6 F u l l y - d e v e l o p e d d i m e n s i o n l e s s t e m p e r a t u r e c o n t o u r s T - ( T

w
 T ) / ( T ^ T j 

for t u r b u l e n t flow w i t h h e a t t r a n s f e r u s i n g k-r m o d e l . 



dimensionless preessure contours are shown in fig.5*27. There is a 

little disturbance in the region near the centre of the duct for case 

III, and this is may be due to the coarse grid chosen for the 

numerical solution. The predicted pressure, in general, behaves as 

expected; the lateral pressure difference is increased with the 

rotational speed, with the higher pressures outside the centre of 

rotation. Fig.5.28 shows the dimensionless kinetic energy of 

turbulence contours. 

5.2.4 Turbulent Flow With Heat Transfer Using The Algebraic Heat Flux 

Model 

The same four cases were recalculated using the algebraic 

Reynolds stress and heat flux models. The theoretical details are 

given in Appendix A2. Initially the algebraic models were tested for 

stationary pipe flow. Typical results are shown in Figs.A4.5 and A4.6 

in Appendix A4. The grid used in prediction consisted of 10 uniform 

spaced nodes in both tangential and radial directions. The smaller 

number of nodes used permitted extra storage for the extra variables 

(e.g. different Reynolds stresses and heat fluxes). Due to the 

absence of full information of the different Reynolds stresses and 

heat fluxes at the inlet of the parallel rotating ducts, the 

fully-developed case was solved using an iterative procedure. The 

repeated converged solution was obtained approximately after 400 

iterations, as shown in Fig.5.29. The under-relaxation factor for the 

different velocity componenets (U, V and W) was taken as 0.5, while 

the under-relaxation factor used for the scalar variables such as 

presure, temperature, kinetic energy of turbulence and dissipation 

rate of turbulence kinetic energy was 0.8, and no under-relaxation was 

used for the turbulent viscosity. Fig.5.29 shows the comparison of 
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Fig.5.27 Fully-developed dimensionless pressure contours 
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(P-Pc ) /~pW for turbulent flm" with heat transfer 
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using k-f model. 
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Fig.5.28 Fully-developed dimensionless turbulence energy contours 
2 

(k/u ) for turbulent flow with heat transfer using k-( model. 
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Fig.5.29 Variation of Nusselt number and wall temperature with number of iterations 

Cheat flux TOodel used* and comparison with data of stephenson, i<*82 is shown, 



the predicted wall temperature and Nusselt number with the 

experimental data for different cases. Good agreement is obtained for 

the wall temperature; the maximum difference is 2.3% for case II. For 

the Nusselt number the maximum difference is 4.8$ for case II. The 

algebraic Reynolds stress and heat flux models appear to give better 

results than the k-e model for this complex flow. The corresponding 

predicted fully-developed axial velocity contours are shown in 

Fig.5.30. When comparing the axial velocity contours with the results 

using the k-e model which are shown in Fig.5.23, it was noticed that 

the algebraic and heat flux models give more distorted contours, 

especially for high rotation, which means that the more complex 

turbulence models are able to predict high steep gradients of the flow 

due to high body forces effects as is expected because these models 

take into consideration the anisotropy behaviour of the turbulent 

diffusivities in the different directions in the flow. A similar 

result is clearly shown for the dimensionless temperature contours in 

Fig.5.31 compared with that of Fig.5.26 for the k-e model. The 

maximum value of the axial velocity and the dimensionless temperature 

are displaced from away the symmetry line for case IV with very high 

rotation, due to the effect of strong body forces. This displacement 

is also observed in the k-e model results. The corresponding lateral 

velocities are shown in Figs.5*32 and 5.33 for tangential and radial 

componenets respectively. For case IV, the maximum tangential 

velocity near the centre of the duct is 20% of the mean velocity, 

which is about l8% higher than the k-e model result, and the maximum 

radial velocity is 24% of the mean velocity, which is 26% higher than 

the k-e model value. For the other cases, no considerable changes are 

shown. Different variables (such as pressure, turbulence energy, 

different Reynolds stresses and different heat fluxes) are shown, as 



CASE (I) 

CASE (II) 

CASE (III) 

CASE (IV) 

- f t 
Fig.5.30 Fully-developed axial velocity contours (W/W ) 

m 
for turbulent flow with heat transfer, 

(heat flux model used) 



CASE (I) 

CASE (II) 

CASE (III) 

CASE (IV) 

f 
Fig.5.31 Fully-developed dimensloriess temperature contours 

•• * 

T =(T -T)/(T-T ) for turbulent flow with heat w w- m 
transfer. (heat flux model used) 
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CASE (II) 

- f t 

CASE (III) 

CASE (IV) 

10% 

- f 
Fig.532 Fully-developed tangential velocity countours (U/W^ )xloo% 

for turbulent flow with heat transfer-

heat flux model used. 
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CASE (II) 

- • H 

CASE (III) 

CASE (IV) 

Fig.5.33 Fully-developed radial velocity countours (V/W )xlOO% 
m 

for turbulent flow with heat transfer, 

heat flux model used. 



dimensioniess contours, in the remaining figures from 5*34 to 5«44. 

The final plot, Fig.5.45, shows the tangential/radial ratio of 

turbulent heat diffusivities for the rotating ducts. This ratio, 

which is assumed to be unity in the k-e, uniform turbulent Prandtl 

number model, reaches higher values, in the outside region of the 

duct, which account, no doubt, for many of the differences in model 

predictions shown in previous figures. This ratio is not a 

well-behaved two-dimensional function, but a complex three-dimensional 

function strongly dependent on the boundary conditions. 

5.3 Concluding Remarks 

It is seen that there is large discrepancy between predicted 

results and measurements in the entrance region of the duct. This 

discrepancy is due to the assumption of the inlet boundary conditions 

which are far from reality, but unfortunately there is no detailed 

measurements for this type of flow. At the same time the inlet 

conditions are dependent on the geometry of the plenum chamber and the 

entrance to the test section, which vary for different experimental 

arangements, and it is difficult to generalize the inlet profile. 

Thus it is better to solve the fully-developed case with initial 

guesses for velocity, pressure, temperature etc. 

The algebraic Reynolds stress and heat flux models are probably 

superior than k-e model with uniform turbulent Prandtl number for this 

type of complex flow, because they take into consideration the 

variations of shear stresses and heat fluxes in different directions. 

But in the same time, these models require more storage space in the 

computer, and to obtain better results fine grids are required, hence 

extra storage space is required. 
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CASE (II) 

CASE (III) 

CASE (IV) 

Fig.5.34 Fully-developed dimensionless pressure contours 
2 (P-P l/'jpwj for turbulent flow with heat transfer. m 

(heat flux model used) 



CASE (I) 

CASE (II) 

CASE (III) 

CASE (IV) 

Fig.5.35 Fully-developed dimensionless turbulence energy contours Ck/u^. ) 

for turbulent flow with heat transfer. 

/ V O mni^o 1 nco^^ 
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CASE (II) 
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CASE (IV) 

£ 
_ 2 

Fig.5. 36 Fully-developed Reynolds stress contours (vw/u ) 
m for turbulent flow with heat transfer. . . - .u i .c 
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CASE (II) 

CASE (III) 

CASE (IV) 

m 
Fig.5.37 Fully-developed Reynolds stress contours (uv/U ) 

T m 

for turbulent flow with heat transfer • 

(heat flux model used) 
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CASE (II) 

CASE (IV) 

Fig.5.38 Fully-developed Reynolds stress contours (uw/u ) 
T 

for turbulent flow with heat transfer. 
m 

(heat flux model used). 



CASE (I) 

CASE (II) 

- f 

CASE (III) 

CASE (IV) 

Fig.5.39 Fully-developed tangential turbulence intensity contours 

(u/W )xlOO% for turbulent flow with heat transfer, m 
f 1 iiv modpl iispd) 
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CASE (II) 

~ e 

CASE (III) 

- - f t 

CASE (IV) 

£ 
Fig.5. 40 Fully-developed radial turbulence intensity contours 

(v/W )xl00% for turbulent flow with heat transfer. 
ID 



CASE (I) 

CASE (II) 

CASE (III) 

ft 

CASE (IV) 

t 
Fig.5. 41 Fully-developed axial turbulence intensity contours 

<W/W
m
)

x
ioo% for turbulent flow with heat transfer. 
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CASE (II) 

4 

CASE (III) 

•4-

CASE (IV) 

Fig.5.42 Fully-developed ratio of diffusivity of heat in 

tangential to radial direction contours ( T q / T ) 

for turbulent flow with heat transfer, 

(heat flux model used) 



CASE (I) 

CASE (II) 
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CASE (III) 

CASE (IV) 

Fig.5.43 Fully-developed dimensionless axial heat flux contours 

T (wf/'Uj. •
 c

 _ ) turbulent flow with heat transfer 

( hpat. fin* mod^l) 
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CASE (III) 

CASE (IV) 

ft 

Fig.5.4 4 Fully-developed dimension less radial heat flux contours 

(vt/u ,c )
 f o r

 turbulent flow with heat transfer, 
T T 1 .. . . . •» a\ 
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CASE (II) 

CASE (III) 

CASE (IV) 

F I G . 5 . 4 5 FULLY-developed dimensionless tangential heat flux contours 

(ut/u
T
.C

T
) for turbulent flow with heat transfer, 

(heat flux model used). 



The detailed solution for the flow in parallel rotating ducts is 

useful to illustrate the similarity with the flow in bends which are 

shown in the next chapter. The analogies with similar flows, 

particularly asymmetrically heated pipe flows (with secondary flows 

due to buoyancy) are noticed. The main feature is the relative 

magnitude of the tangential thermal diffusivity with respect to the 

radial one. Ad-hoc assumptions were made in previous works in order 

to treat the ratio of the tangential to radial thermal diffusivities 

for this type of flow; Reynolds (1963) assumed that the tangential and 

radial diffusivities were equal throughout the flow, while Quarmby and 

Quirk (1972) found experimentally that the tangential to radial 

thermal diffusivities ratio was much greater than unity near the wall 

and appeared to be at least ten there, and fall steeply to become 

unity over the greater part of the flow. Chieng and Launder (1979) 

assumed, in their calculation, that the ratio of tangential/radial 

thermal diffusivities was equal to the ratio of the mean square 

velocity fluctuations in these directions. Samaraweera (1978) solved 

the transport equations for the turbulent fluxes and the thermal 

diffusivities were an outcome of the calculation rather than an input, 

and he found that the ratio of the diffusivities was a strongly 

three-dimensional function under conditions of strong 

three-dimensionality. These researches support the present result of 

non-isotropic eddy diffusivities in the rotating pipe flows. 
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CHAPTER 6 

PREDICTION OF FLOW THROUGH BENDS OF 

CIRCULAR CROSS-SECTION 

6.1 Introduction 

The object of this part of the investigation is to check out the 

numerical solution method and the turbulence models against data from 

flow in stationary bends. A computer code was set up and tested first 

for laminar flow in mildly-curved ducts, using the marching solution 

procedure. Modifications were made to the marching procedure in order 

to take into consideration the axial pressure effects from downstream 

to upstream, and a so-called "partially-parabolic" solution procedure 

was obtained. This procedure was checked for laminar flow in 

strongly-curved ducts. The computer code was modified again to solve 

the turbulent flow in strongly-curved ducts using the k-e model of 

turbulence. 

The correct choice of method to be used for calculating the flow 

in bends is strongly dependent on the bend geometry. When the bend 

radius is large compared to the pipe diameter the thin shear layer 

approximation may be applied to the equations of motion and the 

equations solved by a "once-through" marching method (the parabolic 

procedure). For strongly curved bends the discarded terms must be 

retained, the flow conditions are dependent on downstream events, and 

consequently more elaborate iterative solution methods must be used. 

A useful time saving approximation to the full numerical treatment is 

provided by the so-called "partially-parabolic" method described 

earlier. The present calculations, and those of Pratap (1975), 



suggest that a marching or parabolic procedure suffies only for bend 

flows with a radius ratio R/r > 15 and that for smaller values the 
o 

partially-parabolic method at least is necessary. 

The bend geometry used is illustrated in Fig.1.13. The governing 

equations are represented in the (r,0,<J>) coordinate system, as shown 

in Appendix A1. 

6.2 Laainar Flow 

6.2.1 Laminar Flow In A Wildly-Curved Duct 

In this case, some data from Austin (1971), with R/r
Q
=29.1, were 

available for comparison with the results of computaion. With this 

mild curvature the marching method was appropriate. The fluid 

viscosity and density were assumed to be uniform throughout the flow 

o 

domain. The computations were started at the 0 plane of the bend 

with the inlet conditions prescribed to be those of a fully-developed 

pipe flow. Because the flow is symmetrical about the diameter in the 

plane of curvature, the finite-difference grid covered only a 

semi-circular sector of the cross-section, as shown in Fig.3.1. The 

finite-difference grid in the cross-sectional plane possessed 15 

non-uniform intervals in the r-direction, and 11 uniform intervals in 

the 0-direction. The forward-step was chosen to be 0.05 degrees at 

the inlet of the bend, and was increased gradually up to a maximum 

value of 0.2 degrees. This grid gave sufficient accuracy by 

comparison with the results obtained using finer and coarser grids as 

shown in Fig.6.1. 

Fig.6.2 displays the development of the axial-velocity field 

along the ^-direction for two Reynolds numbers compared with the 
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r / r
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F i g . 6 . 1 E f f e c t o f t h e f i n i t e - d i f f e r e n c e g r i d s i z e o n t h e axial 
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0
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(b) Re=2006.7 
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Fig.6.2 Development of axial velocity in mildly curved ducts (R/r
Q
=29.1, 

K=Re./r /R) 
o 

r

 a data of AUSTIN, 1971 

present prediction. 
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experimental data of Austin (1971). The agreement is quite good 

considering the fact that the inlet velocity-profiles in the 

experiments were not exactly parabolic. Fig.6.3 shows the predicted 

velocity contours at different six planes in the bend for Re=1068.1 

corresponding to a Dean number, K, of 198. The effect of curvature on 

the flow is shown as a distortion of the axial-velocity contours from 

the symmetrical position along the centre of the duct. As shown in 

the figure, the maximum velocity is displaced forwards the outside of 

the bend along the symmetry line. The distortion is continued from 

o 

the inlet plane of the bend, increases to a maximum level at about 30 

(W
m a x

~1.7W
m
), and then decreases slightly up to about 60 

where profiles of fully-developed flow are shown. The same trend is 

shown in Fig.6.4 for Re=2006.7 (corresponding to K=372), with larger 

distortion of the velocity contours. Figs.6.5 and 6.6 show the 

tangential and radial velocities respectively for both Re=1068.1 and 

o o 

2006.7 at 0=45.2 and 89*2 . The secondary velocities increase 

slightly with the axial direction, and the maximum absolute value of 

the tangential and radial velocities are about \0% and 5$ of the mean 

axial velocity respectively for Re=2006.7 at <J>=89.2°. Fig.6.7 
2 

displays the dimensionless pressure contours (P-P_
T
)/(p.W /2) for the 

uii m o o 

two Reynolds numbers at $=45.2 and 89.2 . The pressure is nearly 

the same for the two planes, with higher pressure outside and lower 

pressure inside. The satisfactory measure of agreement with the data 

justifies the use of the marching method. 

6.2.2 Laminar Flow In A Strongly-Curved Duct 

For the flow in a strongly-curved duct, the partially-parabolic 

solution procedure was applied. The geometry of the bend used was 

that of the experimental test-section described in Chapter 4. The 
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outside 
6=0 

(a) 

(b) 

Fig.6.3-(a),(b) Development of axial velocity contours W/W for laminar flow 
m 

in mildly curved ducts. 

(Re=1068.1, R/r =29.1, K=198) . 
o 
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(c) 

Fig.6.3-(c),(d) Development of axial velocity contours W/W for laminar flow m 
in mildly curved ducts. 

(Re=1068.1,R/r =29.1, K=198). 
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(f) 

Fig.6.3-(e), (f) Development of axial velocity contours W/W for laminar flow 
m 

in mildly curved ducts. 

(Re=1068.1, R/r =29.1, K=198) . 
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Fig.6.4-(a),(b) Development of axial velocity contours W/W
m
 for laminar flow 

in mildly curved ducts. 

(Re=2006.7, R/r =29.1, K=372). 
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(c) 

(d) 

Fig.6.4-(c),(d) Development of axial velocity contours W/W for laminar flow 
m 

in mildly curved ducts. 

( R e = 2 0 0 6 . 7 , R / r = 2 9 . 1 , K = 3 7 2 ) . 
o 
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(e) 

(f) 

Fig.6.3-(e), (f) Development of axial velocity contours W/W for laminar flow m 
in mildly curved ducts. 

(Re=2006.7, R/r
Q
=29.1, K=372). 



(a) Re=1068.1 
K =198 

Fig.6. 5 Tangential velocity contours U/W
m
xlOO% for mildly curved ducts 

R/r
0
=29.1. 

(b) R e = 2006.1 
K = 372 
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(a) Re=1068.1 
K =198 

Fig.6.6 Radial velocity contours (V/W
m
)xlOO% for 

# * 4 * 

0=45.2 

(b) Re=2006.7 
K =372 

mildly curved ducts (R/r
Q
=29.1) 



<J> =45.2° 

Outside Inside 

(a) Re=10681 

K =198 

>o 
00 

Pig.6-7 Dimensionless pressure contours (P-P
c l
)/^W^ for mildly curved 

(b) Re=2006/7 

K =372 

ducts. (R/r
Q
=29.1) 



finite-difference grid used in the present prediction possessed 15 

non-uniform intervals in the radial direction, and 11 uniform 

intervals in the tangential direction (similar to that grid used for 

mildly curved ducts). The forward-step was uniform along each part of 

the test section. For the upstream straight duct, 10 uniform axial 

intervals was chosen, and the forward step was equal to the pipe 

o 

radius. For the 90 bend, 30 uniform intervals in the axial direction 

was used, and the forward step was 3°. For the downstream straight 

part, 24 uniform intervals was used, and the forward step was equal to 

0.5t
q
. For the partially-parabolic procedure, the pressure field was 

under relaxed, and it was found that an under-relaxation factor equal 

to 0.4 was required to give stable solution. No under-relaxation was 

used for the velocity components, k and e fields. The final solution 

was obtained after twenty iterations, where the axial velocity and the 

pressure of a specified point in the flow domain was unchanged. 

Fig.6.8 displays the development of the predicted axial-velocity 

contours (the solid lines), and the comparison with the present 

experimental data (the dotted lines) is also shown for Re=500 

(corresponds to K=211.3). Although the agreement of the prediction 

with the experimental data, in general, is fairly good, and the 

behaviour of the flow is the same, the experimental data show more 

distorted contours, and the maximum velocity is greater than the 

predicted one. The maximum difference between the two values is about 

7$. The figure shows that the maximum velocity is displaced outside 

the bend at the same distances for both the experimental and predicted 

contours. Figs.6.9 and 6.10 show the corresponding tangential and 

radial velocity contours respectively. The maximum absolute values of 

the tangential and radial velocities are approximately 38$ and 25$ of 
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outside 4>=30 

4) =60° 

Fig.6.8-(a),(b) Contours of axial velocity W/W for laminar flow ro 
in strongly curved ducts. 

(Re=500, R/r =5.6, K=211.3) 
o 

(. prediction, experimental results) 
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o u t s i d e 

(c) 

4> =75 

(d) 

L/d=l.0 

Fig.6.8-(c), (d) Contours of axial velocity W/W for laminar flow 
m 

in strongly curved ducts. 

(Re=500, R/r
Q
=5.6, K=211. 

( — — prediction, experimental results) 
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L/d=l.0 

Fig.6.9 Tangential velocity contours (0/W )xl00% 
in 

for laminar flow in strongly curved ducts 

(Re=500, R/r =5.6, K=211.3) 
o 
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Fig.6.10 Radial velocity contours V/W xl00% 
m 

for laminar flow in strongly curved ducts. 

(Re=500, R/r =5.6, K=211.3) 



W
m
 respectively at 0=30°. The lateral velocities are decreased again 

inside the bend and in the downstream section as the flow slowly 

reverts to Poiseuille flow in a straight pipe. The maximum tangential 

and radial velocities at L/d=1 are approximately 11$ and 5$ of W
m 

respectively. Fig.6.11 shows the corresponding dimensionless pressure 

contours with maximum pressure differences between outside and inside 

o 
occur at 0=30 . 

Fig.6.12 shows the measured and predicted axial-velocity contours 

for the second laminar test-case (Re=1093, K=461.9). The agreement 

between the prediction and the experimental data is not as good as 

that obtained for the results of the first test-case (Re=500). The 

maximum difference, of the maximum axial-velocity, between 

. o 

experimental data and prediction is about 13% at 0=75 • The maximum 

velocity is displaced outside the bend for both the experimental data 

and the prediction, but the maximum velocity of the experimental data 

is positioned off the symmetry line in the bend, and these trend are 

not observed in the predicted contours. The discrepancy may arise 

because the grid used in the prediction is not fine enough, especially 

in the tangential direction, to let the solution follow the very steep 

changes in the velocity which occur in the inside region of the 

test-section, but finer grids require more nodes which means more 

computing time and storage space. The agreement between the 

experimental data and the prediction is fairly good for the flow in 

the downstream section at L/d=1. Fig.6.13 displays the tangential 

velocity contours. The maximum value observed is higher than the 

first test-case result, and is equal to 40$ at 0=30 . The radial 

velocity contours are shown in Fig.6.14. The maximum radial velocity 

is less than that of the first test-case and is equal to 20$ of W at 
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4) =75 

L/d=l.o 

Fig.6.11 Dimensionless pressure contours (P-P ) A
p w

2 

for laminar flow in strongly curved ducts. " 

(Re=500, R/r
O
=5.6, K=211.3) 
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Outside <t> =30 

4) =60 

Fig.6.12-(a),(b) Contours of axial velocity W/W for laminar 
m 

flow in strongly curved ducts. 

(Re=1093, R/r =5.6, K=461.9) 
o 

(. prediction, experimental results) 
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O u t s i d e (J) = 7 5 

TGI (d) 

» v 
V \ L 7 / 

L / d = l . 0 

F i g . 6 . 1 2 - ( c ) , ( d ) C o n t o u r s o f a x i a l v e l o c i t y W / W f o r l a m i n a r 
m 

f l o w i n s t r o n g l y c u r v e d d u c t s . 

( R e = l 0 9 3 , R / r = 5 . 6 , K = 4 6 1 . 9 ) 
o 

(. prediction, experimental results) 
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o u t s i d e i n s i d e 

F i g . 6 . 1 3 T a n g e n t i a l v e l o c i t y c o n t o u r s U / W xl.OO% f o r l a m i n a r f l o w 
ID 

in s t r o n g l y c u r v e d d u c t s . 

( R e = l 0 9 3 , R / r = 5 . 6 , k = 4 6 1 . 9 ) 
o 
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o u t s i d e i n s i d e 

-11% 

F i g . 6 . 1 4 R a d i a l v e l o c i t y c o n t o u r s V / W x l O O % f o r l a m i n a r f l o w i n s t r o n g l y 

c u r v e d d u c t s . 

( R e = 1 0 9 3 , R / r = 5 . 6 , K = 4 6 1 . 9 ) 
o 



0=30°, but the radial velocity contours are more distorted for the 

second test-case. Fig.6.15 displays the dimensionless pressure 

contours. The maximum value is slightly less than that of Re=500. 

6.3 k-f Model Predictions Of Turbulent Flow In Strongly-Curved Ducts 

The turbulent flow in a strongly-curved duct was calculated using 

the k-e model of turbulence, described in Chapter 2, with the 

partially-parabolic solution procedure. The same number of grid nodes 

and iterations was used as in the laminar flow calculations after 

comparing with the results obtained using finer and coarser grids as 

shown in Fig.6.16. One test-case was studied and the predicted 

axial-velocity is compared with the present experimental data for 

Re=43 000, K=18 171, as shown in Fig.6.17. The maximum axial-velocity 

difference, between the experimental data and the prediction, is about 

8% in the downstream straight part at L/d=1. The general trend of the 

flow is similar in both experimental and prediction results; and the 

maximum axial-velocity is moved inside towards the centre of the 

curvature in the 90 bend, as shown for <fr=30 , 60° and 75 , and after 

that it is moved outside in the opposite direction, as shown for L/d=1 

and 6. The predicted axial-velocity contours are less distorted than 

the experimental data. Considering that very steep changes in the 

velocity contours are well predicted for the chosen grid size, the 

discrepancy between experimental and predicted results for turbulent 

flow may be mainly due to turbulence model used. The results draw 

attention to the defect in simple eddy-viscosity modelling used in the 

present prediction, and the more advanced algebraic Reynolds stress 

model, mentioned in Appendix A3, is suggested to obtain better results 

for turbulent flow in bends. The tangential velocity contours are 

shown in Fig.6.18. The value of U reaches a maximum of 0.3W at <J>=75° 
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i g . 6 . 1 5 D i m e n s i o n l e s s p r e s s u r e c o n t o u r s ( P - P ^ J A p f o r l a m i n a r f l o w 

i n s t r o n g l y c u r v e d d u c t s . 
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O u t s i d e 0 = 3 0 

0 =60 
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( R e = 4 3 0 0 0 , R / r = 5 . 6 , K = 1 8 1 7 1 ) 

(. prediction, experimental results) 
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(. prediction, 
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o 

experimental results) 
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Fig.6.1 8 Tangential velocity contours U/W^xlOO
5

*, for turbulent flow in strongly curved ducts. 
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and decreases downstream. The maximum values of the tangential 

velocity contours are shifted from the line passing through the centre 

of the duct and perpendicular to the symmetry line to the inner region 

of the duct. This shift is also shown for the radial velocity 

contours in Fig.6.19* The maximum radial-velocity value of 0.11W 
m 

o 

occurs at 0=75 • The corresponding dimensionless pressure contours 

are shown in Fig.6.20. The cross-stream pressure field is uniform 

throughout the bend, but decreases quickly in the recovery straight 

section to nearly zero at L/d=1. The corresponding dimensionless 

turbulence energy contours are shown in Fig.6.21. Fig.6.22 displays 

the comparision between the predicted wall static pressure variation 

with the axial length and the present experimental data. It is shown 

that the pressure is uniform along the upstream section up to L/d=-1, 

then the difference between the outside and the inside values 

increases rapidly in the end of the upstream straight section and in 
o o 

the inlet part of the 90 bend up to around 0=20 , then it becomes 

o 

approximately uniform up to around 0 =75 , then it decreases again 

rapidly in the end part of the 90° bend as well as the inlet region of 

the downstream section up to L/d=1, then the pressure field becomes 

uniform again. There is good agreement between the predicted wall 

static pressure variation and the experimental data. 

6.4 Concluding Reaarks 

The laminar flow calculations constitute a test of the numerical 

method used in the present study. From the results shown above, it is 

observed that at some locations, for the strongly-curved ducts, the 

predicted contours do not follow exactly the steep measured velocity 

gradients. It is probable that a finer grid is required in this case, 

with consequential uneconomical computer times and storage. It may be 
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possible to obtain more accurate results by programming fully-elliptic 

equations without approximation, but in this case all the variables 

must be stored in three-dimensional arrays and more iterations must be 

used at great expense on a fine grid. The partially-parabolic method 

is considered to be the most suitable for this type of the flow, with 

reasonable computational time and storage space. Some discrepancies 

between the predicted and measured values for turbulent flow are 

probably due to the limitations of the k-e turbulence model used. It 

appears from the present calculations that turbulence models based on 

the eddy viscosity concept do not completely represent the turbulence 

structure in curved ducts. It is necessary to develop either 

more-complex turbulence-models based on the stress transport equations 

or to devise empirical modifications to the k-e turbulence model. 

Both these refinements to the turbulence model will need more 

experimental information on the turbulence structure in curved ducts 

which, at the moment is lacking. 

Turbulent shear flows in practical engineering may be subjected 

to complicating influence such as the effects of body forces due to 

buoyancy (e.g. in asymmetrically heated pipe flows), rotation (e.g. 

in parallel rotating pipe flows, mentioned in Chapter 5) or curvature 

(e.g. in bend flows, mentioned in this chapter). The same type of 

secondary flows are observed in these complex types of flows. The 

failure of the calculation methods based on the simple eddy viscosity 

concept (e.g. k-e turbulence model) to predict the exact observed 

response of the turbulence structure effects, unless modified fairly 

severly in some respect, draws attention to the importance of 

including anisotropy effects in turbulence models. Most of the 

turbulence models which are used to predict these complex flows 
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include the Corilis and centrifugal forces in the momentum equations 

but not in the turbulent energy and dissipation rate equations. 

Better predicted results have been obtained, by Brodynuik et al 

(1980), when the effects of Coriolis force were included in the 

turbulent energy and dissipation rate equations for the flows in 

radial rotating channels. Samaraweera (1978) also concluded that the 

weak point in his work of the numerical study of turbulent heat and 

mass transport processes in two- and three-dimensional flows seemed to 

lie in the modelling of the dissipation rate. 
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CHAPTER 7 

CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH 

1 Con elusions 

The main conclusions that can be drawn from the present study 

follows: 

1) The study has shown that calculations of rotating and 

curved pipe flows are practicable. The computed detailed 

distributions of mean velocities, lateral velocities, static 

pressure and temperature facilitate understanding of the 

response of the flows to body forces. Fairly good agreement 

with the experimental data has been obtained. 

2) Data from rotating pipe flows are insufficiently detailed 

to test thoroughly the turbulence model predictions. The 

analogous case of bend flow provides such a test for the 

velocity field. 

3) The calculations draw attention to the defects in simple 

eddy viscosity modelling. Predictions for turbulent flow and 

heat transfer in parallel rotating ducts agree reasonably well 

with the experimental data. Modifications to account for the 

effects of the secondary flow on the turbulence-structure have 

been made using an algebraic Reynolds stress and heat flux 

model, to obtain better agreement . with experiment. For a 

strongly-curved duct, the results obtained using the k-e model 

did not agree too well with the data, although the general 

trend of the flow was predicted. 

4) The main result is a series of computer codes for the 
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numerical solution of the laminar and turbulent flows in bends 

and rotating tubes. A parabolic calculation procedure has 

been applied to predict laminar flow in mildly-curved circular 

ducts, and laminar and turbulent flow in parallel rotating 

circular ducts. A partially-parabolic procedure has been 

applied to the calculation of laminar and turbulent flow in 

strongly-curved ducts in order to take into consideration the 

influence of downstream pressure which travels upstream. 

5) The experimental study provides a useful addition to the 

data available for testing calculation methods. An 

experimental program has been successfully completed; 

measurements have been made of the contours of the developing 

o 

axial velocity in 90 bends for laminar and turbulent flows 

using non-intrusive laser Doppler methods. 

6) The measurement technique used covered all the circular 

cross-section, a simple method has been deviced to calculate 

the position of the measuring point in the flow domain. Also 

a correction method of taking into account the effects of 

curvature on the beam path, has been applied to the measured 

axial velocity at every point. 

7.2 Suggestions For Future Work: 

The present work suggests a few areas where future research is 

needed to improve the present capabilities to investigate flows in 

curved ducts and parallel rotating ducts; these areas are as follows: 

1) The use of finer grids with more nodes in the cross section 

of the duct to study the effects of grid size on the different 
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predictions, and improvements in the solution procedure so as 

to be able to use these grids within the computer time 

limitations. 

2) Improvements in the k-e model of turbulence, first in eddy-

viscosity changes based on the algebraic Reynolds stress 

model, and second in curvature and rotation modifications in 

the e equation. 

3) The incorporation of Reynolds stress models known to give 

good results in curved duct flows. 

4) The development of new ideas in turbulent heat flux 

modelling. Further research is required to be directed 

particularly to modelling the pressure term interactions, 

turbulent diffusion and the temperature variance dissipation 

rate. 

5) Experiment on heat transfer in laminar and turbulent flows 

in curved and rotating ducts for different test-sections with 

different geometeries to obtain the effects of the body forces 

on the flow structure (e.g. turbulence structure). 
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NOMENCLATURE 

* 
Location of 

Sympol Meaning first occurence 

A constant Eqn. 1.7) 

surface area Eqn. 3.1) 

A. 
l coefficient in the finite-difference eqn. Eqn. 3 . 5 ) 

a duct width Fig. .21 

area Eqn. 3 .9 ) 

B constant in the logarithmic wall function Eqn. 2.19) 

b duct height Fig. .21 

c

f 
1 2 

resistance coefficient (x /^pW ) 
w 2 m 

Sec. 1 .2 .1 ) 

* correction factor Eqn. 4.10) 

C 
P 

specific heat at constant pressure Eqn. 2.26) 

dimensionless pressure Fig. *.20 

* 
C

T 
overall pressure loss coefficient Eqn. 1.14) 

C

T 
constant in the turbulence model Eqn. 2.42) 

c r c 2 constants in the turbulence model Eqn. 2.17) 

c

r
c

2 constants in the turbulence model Eqns (2 .30) 
% 

c

r
c

2 

and 2.31) 

C

1T'
C

2T constants in the turbulence model Eqn. 2.37) 

constant in the turbulence model Eqn. 2.14) 

D coefficients of pressure gradient terms Eqns (3.6-3.8) 

diameter Eqn. 4.8) 

d diameter Eqn. 1.15) 

• E constant in the logarithmic law Eqn. 2.19) 

f wall-damping function Eqn. 2.32) 

focal length Fig.4.7 

g gravitational acceleration Eqn.(l.9) 



235 

Location of 

Sympol 

Gr 
r 

H 

J 

K 

k 

L 

1 

M 

N

fr 

Nu 

n. 
1 

w 

P. . 
ij 

P

iT 

Pr 

P 
^ 

R 

Meaning 

rotational Grashof number 

radius of rotation 

rotational Reynolds number 

Dean number 

constant 

kinetic energy of turbulence 

pipe length 

length scale 

lens magnification 

constant 

mass flow rate 

number of fringes 

Nusselt number 

refraction index of the fluid 

unit vector normal to the surface 

refraction index of the wall 

local mean pressure 

production rate of turbulence energy 

production rate of 

Ra 
g 

Ra 

production rate of u^t contains mean strain 

Prandtl number 

local fluctuating pressure 

wall heat transfer rate per unit area 

radius ratio r/r 
o 

radius of curvature 

gravitational Rayleigh number 

rotational Rayleigh number 

first occurence 

Eqn.(1.17) 

Fig.1.1 

Eqn.(1.11) 

Eqn.(1.20) 

Eqn.(4.7) 

Eqn.(2.9) 

Fig.1.5 

Eqn.(2.13) 

Eqn.(4.8) 

Sec.O .2.1) 

Table (4.1) 

Eqn.(4.9) 

Fig.1.3 

Eqn.(4.10) 

Eqn.(2.32) 

Eqn.(4.10) 

Eqn.(1.1) 

Sec.(2.3.2) 

Eqn.(2.29) 

Eqn.(2.37) 

Fig.1.4 

Eqn.(2.29) 

Eqn.(2.26) 

Sec.(1 .2.1) 

Eqn.(1.20) 

Eqn.(1.9) 

Eqn.(1.8) 
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Location of 

Sympol Meaning first occurence 

• 
Re Reynolds number Eqn. 1 .10) 

Ro Rosby number Eqn. 1.13) 

r coordinate in the cylinderical polar system Eqn. 1.1) 

r. 
1 position vector Eqn. 2.32) 

r 
0 

pipe radius Eqn. 1.8) 

S

iT surface integration includes wall effect Eqn. 2.37) 

Sp,Su linearlisation terms Eqn. 3.2) 

Sw swirl number Eqn. 1.16) 

S * generation of $ per unit volume Eqn. 2.3) 

T local mean temperature Fig. .2 

< * T
+ 

dimensinless temperature Eqn. 2.25) 

t time Eqn. 2.2) 

fluctuating temperature Eqn. ro
 

cr\
 

* U. 
L 

instantaneous velocity Eqn. 2.1) 

U. l local mean velocitty components Eqn. 2.4) 

U,v,w local mean velocity components Fig. .1 

+ 
u local mean velocity/friction velocity Eqn. 2.19) 

* u. 
L 

fluctuating velocity components Eqn. 2.4) 

u,v,w fluctuating velocity components Sec. 5.2.1) 

u 
T 

friction velocity Eqn. 2.20) 

X . 
J 

general coordinates Eqn. 2.1) 

X coordinate in the cartesian system Fig. .21 

y distance from the wall Eqn. 2.21) 

* 
coordinate in the cartesian system Fig. .21 

+ y dimensionless distance Eqn. 2.19) 

z coordinate in the culinderical polar system Eqn. 1.1) 
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Greek letters; 

Location of 

symbol Meaning first occurence 

a thermal diffusivity Eqn.(1.8) 

coefficient of expansion 

eddy-viscosity coefficient 

Eqn.(1.8) 

Eqn.(2.46) 

Y 

6. . 
10 

axial pressure gradient 
y u<y 

^/kronecker delta ( = 1 for i=j, =0 for i^j) 

Eqn.(1.6) 

Eqn.(2.9) 

A difference of Sec.(l .2.1 ) 

e eccentricity parameter 

dissipation rate of turbulence K.E. 

Eqn.(1.18) 

Sec.(1.2.3) 

r ratio of inertia force to body force 

ex change co e ffi ci ent 

Sec.(1.2.1) 

Eqn.(2.3) 

p fluid density Eqn.(1.1) 

n eddy-diffusivity coefficient Eqn.(2.47) 

e coordinate in the cylinderical-polar system Eqn.(1.1) 

K Von Karman constant Eqn.(2.19) 

V kinematic viscosity 

frequency 

Eqn.(1.1 ) 

•Eqn.(4.1 ) 

\ wave length Eqn.(4.1) 

4> local mean scalar property Eqn.(2.5) 

pressure-strain correlation Eqn.(2.30) 

*iT 
pressure-temperature gradient correlation Eqn.(2.37) 

<t> coordinate in the toroidal system (r, e,<j>) Fig.1.13 

scalar property fluctuation Eqn.(2.5) 

dimenssionless stream-function 

angle 

Eqn.(1.5) 

Eqn.(4.1) 

T axial temperature gradient 

shear stress 

Eqn•(1.8) 

Eqn.(2.20) 
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symbol Meaning 

a Prandtl or Schmidt number 

ft rotational speed 

Subscripts: 

c curved 

CL centre line value 

oorr corrected value 

D downstream 

Doppler 

E east grid node 

e east interface 

eff effective 

k kinetic energy of turbulence 

m mean value 

max maximum value 

N north grid node 

n north interface 

o reference datum 

stationary pipe flow 

P at point P 

ph pinhole 

ref reference 

S south grid node 

s south interface 

t turbulent 

U upstream 

W west grid node 

Location of 

first occurence 

Eqn.(2.11) 

Eqn.(1.1) 

Eqn.(A1.10) 

Fig.1.20 

Eqn.(4.12) 

Eqn.(3.8) 

Eqn.(4.1) 

Eqn.(3.9) 

Eqn.(3.9) 

Eqn.(2.16) 

Eqn.(2.16) 

Sec.(1 .2.1) 

Fig.A4.1 

Eqn.(3.9) 

Eqn.(3.9) 

Eqn.(1.21) 

Sec.(1.2.1) 

Eqn.(3.2) 

Eqn.(4.8) 

Fig.4.20 

Eqn.(3.7) 

Eqn.(3.9) 

Eqn.(2.9) 

Eqn.(3.9) 

Eqn.(3.6) 
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b Location of 

Sym L Meanig first occurence 
f 

w wall value Fig.1.2 

west interface Eqn.(3«9) 

e dissipation rate of turbulence K.E. Eqn.(2.17) 

Superscripts: 

u,v,w velocity components Eqn.(3.6 - 3.8) 

' correction Eqn.(3*15) 
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APPENDIX Al 

THE GOVERNING DIFFERENTIAL EQUATIONS 

A1.1 Introduction 

In this appendix, the partial-differential equations governing 

the steady, three-dimmential incompressible flow and heat transfer 

phenomena in circular ducts rotating about an axis parallel to itself, 

as well as the flow in curved ducts are described in their full form. 

The equations are expressed in the two coordinate systems mentioned 

before, namely the (r, 0, z) coordinates for rotating ducts and 

(r, 9, <t>) coordinates for bends. The equations stated here are 

identical for laminar and turbulent flows except that for turbulent 

flow, the shear stresses are calculated from an "effective" 

ex change-coefficient which is the sum of the laminar and turbulent 

exchange coefficients, as mentioned in Chapter 2 for the k-e model of 

turbulence. The k-e turbulence model is introduced in this appendix; 

the algebraic Reynolds stresses and heat flux models will be described 

in the Appendices number A2, A3 and A4. 

A1.2 The (r»0»8) Coordinate Systea 

The partial-differential equations governing flow and heat 

transfer phenomena in a rotating pipe flow, as shown in Fig.1.1, are 

as follwing: 

Continuity 

a(rV)/8r + 9U/86 + 8(rW)/3z = 0 (A1.1) 
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Radial momentum 

p (V. 3V/3r + U. 3V/r38 + W. 3V/3z - U
2

/r)= -3p/3r 

+ 3(r.x
r r
 )/r3r + 3i

r 0
/r30 - T

0 0
/r 

2 
+ 2U. p.ft + (r+H. cos 6 ).p . ft (A1.2) 

Tangential momentum 

P (V. 3U/3r + U. 3U/r30+ W. 3U/3z +U.V/r) = -3p/r30 

+

 3(r.T
r0
)/r3r + ^

e 0
/ r 8 e + x ^ / r 

- 2U. p.ft + H. P . ft
2

.sine (A1.3) 

Axial momentum 

p(V. 3V/3r + U. 3W/r30 + ¥. 3W/3z) = -3p/3z 

+ 3(r.x )/r3r + 3r /r30 (A1.4) 
rz 6z 

Kineti c energy of turbulence 

V. 3k/3r + U. 3k/r39 + W. 3k/3z = 3(v .r.3k/3r)/r3r 
el i k 

+
 9

(
v

e f f
/ o

k
 -3k/rae )/r3 0 

+ P - e (A1.4) 

Dissipation rate of kinetic energy of turbulence 

V. 3e/3r + U. 3e/r30 + W. 3e/3z = 3(v .r.3e/3r)/r3r 
eff

 G 
+

 3(v .3e/r30 )/r30 elf e 

+C
e 1
.P. e/k - C

e 2
.e

2

/k (A1.5) 

Energy 

V. 3T/3r • U. 3T/r3e
 +

 W.
 9
T /

9
Z = 3 ( R - V

E F F
/ O

T
- 9T/

a
r)/r

8
r 

+ 8

^
V

eff
/ a

t
# 8 T / r 9 e 

+

S
m
 (A1.6) 
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The shear stresses are expressed below, after they have been 

simplified by the neglect of gradients in axial direction: 

T
r r

/ p = 2 v
e f f

- 3 V / 8 r 

x
0 0
 /p = 3U/r30 • V/r) 

eff 

T

r 0
/ p

 *
T

e r
/ p = V

eff
( 3 U / & r + 9 V / r 9 e

 ~
 U / r

) 
T

0 z
/ p = T

z 0
/ p = v

eff(
 9 W / r 9 e +

 9
u

/
9 z

) 

T

r z
/ p = T

z r
/ p = v

eff
( + 9 W / 8 r ) 

where: 

v „„ = v for laminar flow 
eti 

eff - ( v ) for turbulent flow 

v
t
 = C

y
.k /

E 

(A1.7) 

Production of the kinetic energy of turbulence, for 

three-dimensional flow, is expressed as follows: (see MEGAHED, 1979 

for detail) 

P=l(T
r r
/p)

 +

(T
e e
/p)

2

+2(T
r 0
/p)

2

+2(T
0 z
/p)

2

+2(T
z r
/p)

2

)/(2v
t
) (A1.8) 

From equations (A1.7) and (A1.8) we get: 

P = v
t
f2(3V/3r)

2

+2(3U/r30)
2

+2(V/r)
2

+(U/r)
2

+4(V/r)(aU/r30) 

-2(U/r)(3V/r3 0+3U/3r) + (3U/3r+3V/r30)
2

+(3W/3r)
2

+(3W/i9 8)
2

} 

The fluid density P was considered invariant with exception of that 

included in the body force terms in equations (A1.2 - A1.3) which 

expressed as: 

p/p
Q
 = 1 • 3(T

w
 - T) (A1.9) 

where 3 is a function of temperature and is taken as 1/T for gas 

flow. The results obtained using this coordinate system are shown in 

Chapter 5-
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A1.3 The (r
t
e,<?) Coordinate Systea 

The governing differential equations for the (r,e,<f>) c»ordinate 

system used for the flow in bends are as follows: 

Continuity 

3 (r.V)/i9 r + 3U/r30 + 3W/R 3<J> + (V.cos9 - U.sin0 )/R =0 (A1.10) 
c c 

where: 

R
2

 = r
2

 + R
2

 + 2. r.R. cos6 (A1.11) 

Radial momentum 

p (V.3V/3r + U.3V/r3e + W.3V/R 3<{> - U
2

/r - W
2

.cos6/R = -3p/3r 
c c 

+

 9(r.T
rr
)/r3r + 3T

r Q
/r3e - T

e 0
/r 

+ t .cos9/R„ - x
 Q
.sin9/R„ (A1.12) rr c r0 c 

Tangential monentum 

p (V.3U/3r + U.3U/r39 + W.3U/R 3<J> + U.V/r + W
2

.sin9/R = -3p/r39 
c c 

+

 9(r.T
r9
)/r3r + 9T

0 0
/r39 + x ^ / r 

+ T
0 r
.cos9/R

c
 - T

0 0
.sin9/R

c
 (A1.13) 

Axial momentum 

p (V.3W/3r + U.3W/r39 + W.3W/R 3<j> + W.V.cos9/R - W.U.sin9/R 
C C O 

-3p/R 3<fr + 3 (r.x )/r3r + 3x /r39 
c <{>r <})0 

+ T .cos0/R - X -.sin0/R (A1.14) d>r c ©9 c 
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Kinetic energy of turbulence 

V. 3k/3r + U.3k/r39 + W. dk/R^^, = 3(r. v
e f f

/ o
k
. 3k/3r)/r3r 

+ 3(v
e f f
/a

k
.3k/r36)/r36 

+(v
e f f
/a

k
)(oosO.3k/3r - sin0.3k/r3e)/R

c 

+ P - e (Al.15) 

Dissipation rate of the kinetic energy of turbulence 

V.3e/3r + U.3c/r30 + W.3e/R 3d> = 3(r.v ~ J o .3c:/3r)/r3r 
c eii e 

+ 3(v
e f f
/a

e
.3c/r30)/r30 

+

(
v

e
ff/°

G
)(oos0.3e/3r - sin0.3e/r30)/R

c 

+ C
 1
.P.e/k - C

 9
.e

2

/k (A1.16) 

Energy 

V.3T/3r + U.3T/r30 + W.3T/R
c
3<}> = 3(r.v

 f f
/c

t
.aT/3r)/r9r 

+ 9

 (
v

e
f f /

a

t
, a T

/
r 9 e

^
r a e 

+ (v _./a . )( oos0.3T/3r - sine.3T/r3e)/R 
ei i t c 

(A1.17) 

The shear stresses are expressed below, after they had been simplified 

by neglecting the gradients in the axial direction: 

T

r r
/ p =

 2.v
e f f

.DV/3r 

T
0 0

/ p = 2 . v
e f f

 (3u/r30+ V/r) 

T

r0^
 = T

e r
/ P = v

e f f ^
8 U

/
a r

 *
 a V

/
r 8 e

 "
 U

/
r

) 
T

r /
P =

 V
/ p = v

e f f
( 9 W / 8 r

 " *.cos0/R
c
 ) 

t

aa /P =
 T

4>e/p
 =

 v„^(3W/r30 + W.sine/R^ ) eff 

(A1.18) 

The production of the kinetic energy of turbulence can be 

obtained from equation (A1.8) and (A1.18) as following: 
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P = v
t
l2(3V/8r)

2

^2(aU/rae)
2

+2(V/r)
2

+(U/r)
2

+4(V/r)(3U/rae) 

-2(U/r)(3V/r3e+3U/3r)+(3U/3r+3Y/r3G)
2

+(3W/3r)
2

+(3W/r3e)
2 

+ (W/R )
2

+2.W(sin 9.3W/r3 9-cos 9.3W/3 r)/R t 

The results of the curved ducts using this (r,9,<f>) coordinate 

system are shown in Chapter 6. 
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APPENDIX A2 

ALGEBRAIC REYNOLDS STRESS AND HEAT FLUX MODEL EQUATIONS 

FOR THE FLOW IN PARALLEL ROTATING PIPES 

The transport equations for the Reynolds sresses in the flow in a 

tube rotating about a parallel axis may be obtained in the usual way 

from Navier-Stokes equations by multiplying the (U.+u.) equation by u. 
3 

and averaging. U, V and W are the components of the local mean 

velocity in tangential, radial and axial directions respectively as 

shown in Fig.1.1. The corresponding fluctuating components are u, v 

and w. After seme manipulations and ignoring triple correlations the 

transport equations may be written as follows: 

T — = -2.uu.V/r -2.uu\(3U/3X^) -2.uv".U/r -4.uv.ft -2.e/3 (A2.1) 

T — = -2.u .v(
9
V/8X .) +4.uv.U/r +4.uv.fi -2.e/3 + <i> (A2.2) 

vv J J 22 

T — = -2.u
j
w(

3
W/

3
X

j
) -2. e/3 + (A2.3) 

T — = 2.uw.U/r -u .w(aV/3X .) -u.v(3W/3X.) +2.uw.ft+4> (A2.4) 
vw j 3 3 3 23 

T — = -u.u(3V/3X.) -u.v(3U/3X.) +(2.uu-vv) .U/r -vu.V/r 
uv 3 3 J J 

-2(w-uu).ft +$
1 2
 (A2.5) 

T — = -u.w(3U/aX.) -u.u(3W/3X.) -vw.U/r -uw.V/r -2.vw. ft +4> (A2.6) 
uw j j j j i j 

The transport (convection + diffusion) terms are denoted by T and the 

<j>'s represent the pressure strain correlations. The transport 

equation for general Reynolds stress u.u. can be put in the form: 
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T = P. . + . -2.6...e/3 (A2.7) 
UjUj 1J IJ ij

 v 

The k equation is obtained as one half the sura of equations A2.1-A2.3: 

T = P - e = -u7u~.(9U ./3X .) -uu.V/r +uv.U/r - e (A2.8) 
K 1 J J J 

It is noticed that the stress equations contain contributions 

from the Coriolis terms but that the centripital components (which 

contain H) formally do not appear. 

Using Rodi's proposal mentioned in equation (2.39) the algebraic 

Reynolds stress equations can be obtained as follows: 

T- = T. (uTuT/k) = uTTr.(P/c -1). e/k (A2.9) 
u.u. k i j i J 
i j

 v

 ° 

from equations (A2.8) and (A2.9) we obtain: 

i n r . ( P /
E
 -1). e/k = P. . -2.6. ..e/3 + $. . (A2.10) 

where: 

. = $. .. + + + <J>. (A2.11) ij ij1 ij2 ij1w l j2w
 x

 ' 

For tube flow the Gibson-Launder model with wall damping applied 

to the v component, as shown in equations 2.31, 2.32, 2.33 and 2.35, 

will be as follows: 

= -C, .u.u .(e/k) +2.C..6. ..e/3 
ij1 1 i J 1 ij 

^ (A2.1; 
*ij2 - -

C

2'
P

ij
 + 2 C

2 '
6

i j -
P / 5

 M A 2 . 1 2 ) 

*ij1w
=

 -3viT.(n
2
.n.)/2 -3iTT. (n

2
.n.)) .C^.f. e/k 

*i j2w = ^222 •«
i j
-3.*

i 2 2
.(n

2
.n

j
)/2 (n

2
.n.)/2) .C^.f ^ 

where: 

u =u, UP=v, u =w, n..n.=1 for i= j and n..n.=0 for i^j. 

Simplifying the transport equations (A2.1-A2.6) by considering 

only gradients in radial direction to be significant and neglecting 
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production terms containing secondary-flow components U and V will 

lead to: 

(A2.13) 

# 

T — = 
uu 

-4.uv.ft + -2.e/3 

* 
T — = 
vv 

-2.vv(3V/3r) +4.uv.ft -2.e/3 + $
2 2 

2.P +2.vw(3¥/3r) +4.uv.fi -2.e/3
 +

$
2 2 

T — = 
W W 

-2.vw(3¥/3r) -2. e/3 +<t>
33 

0 

T — = 
V W 

-widV/dr) -vv(3¥/3r) +2.uw".ft 

0 T — = 
uv 

-vv". (2. ft + 3U/3r) +2.uu".ft + $
1 2 

T = 
W U 

-vw. (2.ft + 3U/3r) -uv(3¥/3r) + 

* 
whe re: 

<t> 
111 2C

1
.e/3 -C

1
.uu.e/k 

*221 
2C

1
 .e/3 -C

1
 ."vv.e/k 

* $ = 331 20^e/3 -C^ww.e/k 

-C, .uF.e/k 

*231
 = -C

1
.vw.e/k 

0 *131
 = -C..uw.e/k 

<J> = 4.uv.C
2
.ft +2C

2
.P/3 

*222
 = -2C

2
.vw(3¥/3r) -4C

2
.uv.ft -4C

2
.P/3 

0 
$332

 = 

2C
2
.vw(

9

¥/3r)
 +

2C
2
.

p
/3 

*122
 = C

2
.vv(2ft + 3U/3r) -2C

2
.uu.ft 

$

232
 = C

2
.vw(aV/3r) +C

2
.vv(3¥/ar) -2C

2#
uw.ft 

(A2.14) 

(A2.15) 

(A2.16) 

(A2.17) 

(A2.18) 

$

132
 S c

2 '
v w

(
2

"
 + 9 U

/3r) +C
2
.vu(8W/3r) 
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11 w
 =

 c
l w
. f . W .

E
/ k 

*221w
 =

 -2C
lw
-f.vv.E/k 

*331w
 =

 C
l w
.f.W.c/k 

*121w
 =

 -(3/2).C
1w
.f.uv.e/k 

$231
 w
 = -(3/2).C

lw
.f.vw.e/k 

$

1 3 1 w
= C

1 w '
f

-
( 0 )

-
E / k = 0 

12w
 C

2w'
f

-
( $

222 > 

= -2.C
2
.C

2w
.f.vw(8W/3r) -4.C

2
.C

2w
.f.uv".fi -4

C

2
-

C

2w'
f 

<1>

222w
 = C

2w'
f

'
(

-
2<1)

222
 } 

= 4.C
2
.C

2w
.f.vw(3W/8r) +S.C

2
.C

2 w
. f .uv". ft +8C

2
.C^.f .P/3 

*332w
 = C

2w'
f

-
(

*222
 } 

= -2.C
2
.C

2w
.f.Vw(3W/3r) ^.C^C^.f.uv'.n -4C

2
.C

2 w
.f.P/3 

22w "
 C

2w-
f

-
(

-
3

'*122
 / 2 ) 

= -3C
2
.c

2w
.f.77.(l+2 n)/2 +3.c

2
.c

2w
.f.inr.ft 

*232w
 = C

2w-
f

'
(

-
3

^232
 / 2 ) 

=

 -5C
2
.C

2w
.f."^(3V/3r)/2 -3C

2
.C

2 w
.f 3W/3r)/2-3C

2
.C

2 w
.f ft 

4> = 0 
132w

 u 

Substituting in equation (A2.10) we get the required algebraic 

Reynolds stress equations, as function of P/e and f, as shown below: 

uu.(P/
c
 -1+C^/k = C

1 w
.f.vv/k -2C

2
.C

2w
.f.Vw".(3W/9r)/e 

+2{C
2
(l-2C

2 w
.f).P/

e
 + c

r
1 1/3 

-4.n.^(i.c2+c2.c2w.f)/c ( 
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vv.(P/e -1+^-2C
1 w
.f)/k = 2.vw.(3W/3r)0-C

2
+2C

2
.C

2 w
.f) 

H.W.ft (l-C
2
+2C

2
.C

2 w
.f) 

+2{C
1
-1+(l-2C

2
-4C

2
.C

2 w
.f).P/e}/3 (A2.20) 

ww.(P/e -1+C^/k = C
1
 .f.vv/k +2.vw. ( 3W/3r) (Cg-1 -Cg.Cg .f) 

-4C
0
.C~ .f. ft.uv/e 

+ 2(C
1
-1+C

2
.(l-2C

2w
.f).P/et/3 (A2.21) 

-vwfP/e -1+C
1
+3C

1 w
.f/2+(8V/8r)(l-C

2
+3C

2
.C

2 w
.f/2).k/e} = 

+vv.(3W/3 r)(1 -C
2
+3C

2
.C

2 w
.f/2).k/e 

-2.uw.k. ft(l-C
2
+3C

2
.C

2w
.f/2)/e (A2.22) 

•uv.(P/g - 1 + 0 ^ 3 ^ .f/2) - +w.(2ft + au/3r)(l-C
2
+3C

2
.G

2w
.f/2).k/e 

-2.uu. ft.k(l-C
2
+3C

2
.C

2w
.f/2)/e (A2.23) 

-uw. (P/e -1+C^ = vw.(2ft +3U/&r)0-C
2
).k/e 

+ uv.(l-C
2
)(3W/3r).k/e ( A 2 . 2 4 ) 

The equation (A2.22) can be put in the following expression: 

-vw = B.vv.(3W/3r).k/e =v
t
«(3W/3r) 

where: 

(A2.25) 

3 = 

(1-C
2
+3C

2
.C

2
 .f/2)(l-2(uw/vv).ft /(3W/3r)} 

-C
1
+3C

1 w
.f/2 +P/e -1 +(3V/3r)(l-C

2
+3C

2
.C

2w
.f/2).k/e . 

(A2.26) 

and v^ is the turbulent viscosity defined in equation (2.15) as: 

v,
 =

 C .k/e 
t u 

thus: 

C = p.vv/k (A2.27) 
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The algebraic Reynolds srtress model is now complete and the 

solution of U, V, W, p, k and e equations is as normal but with the 

original constant C replaced by the function of P/e and f as shown in 

equation (A2.27). Then the different Reynolds stresses can be found 

easily from the solution of the algebraic set of equations 

(A2.19-A2.24). 

For the heat flux model, the transport equations can be obtained 

by multiplying the (U.+u.) equation by fluctuating temperature t and 
J J 

the instantaneous temperature equation of (T+t) by u . and averaging, 
J 

the results will be as follows: 

T — = -u.u(3T/9X.) -u.t(9U/3X.) -ut.V/r -vt.U/r -2.vt.fi +<P
1rp
 (A2.28) 

u t j j J J 1 1 

T — = -u.v(9T/3X.) -u.t(3V/3X.) +2ut.U/r +2.ut.fi +<i>
 m
 (A2.29) 

vt J J J J 2T 

T — = -u.w(dT/dX.) -u.t(dW/BX.) +<I>
3T
 (A2.30) 

The general heat flux equation can be put as following: 

T — - = -u.u .(aT/aX .) +P.
m
 +<i> CA2.31) 

u
i
t l j j lT it 

Using Gibson-Launder approximation as shown in equation (2.43 and 

2.46) the following algebraic equation of heat flux u^t can be 

obtained: 

u^t.(P/e -l).e/(2k) = -u.u^(aT/aX ) +P.
T
 (A2.32) 

where: 

$ =d) +d> +& +<I) 
iT iT1 iT2 iT1w iT2w 

For tube flow with wall damping applied to the v component, as 

shown in equations (2.37 and 2.39), and with C
 i s a S 3 U i n

ed to be 
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zero as suggested by Gibson (1978), the <$>' s will be as following: 

•iT1
 =

 - C
1 T

- V
e / k 

$.
T 2
 = - C

2 T
. P

i T
 (A2.33) 

$

iT1w
=

 "C
1 T w

.'^.(n
i
.n

2
).f.c/k 

<j> = o 
iT2w 

Substituting in the equation (A2.32), we get the following 

equations: 

^tiC
1T
-(l-C

2T
)(V/r-8U/r3e)+(P/e-l)/2! = - uuT. (3T/aX..).k/e 

- Vt.(l-C
2
 ).(3U/3r-U/r-2 ft).k/e (A2.34) 

vt{c
i T
+(P/e-l)/2

 +

C
1 T w

. f +(3V/3r)(l-C
2T
).k/e) = -vu.(3T/3X ).k/e 

d J 

+ (2 n+U/r-3V/i9e)(l-C
2T
)."ut.k/e (A2.35) 

wtfC
1 T
+(P/e-D/2) = -u w(3T/3X ) .k/e -vt( 1 -C

2 T
)( 3W/3r) .k/e 

-ut(l-C
2T
)(3W/r36).k/e (A2.36) 

solving the three equations (A2.34 to A2.36) simultaneously will lead 

to the three components of the heat flux required. 

From equation (2.44), the temperature fluctuation can be obtained 

as follows: 

t = -C^fut^T/rae) +vt(3T/3r) +wt(3T/3z)}.k/e (A2.37) 

Tangential and radial heat flux components ut and vt can be put in the 

form: 

UT = -r
T e
.(3T/rae) (A2.38) 
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vt = -r
T r
.(8T/8r) (A2.39) 

where r,p and are the diffusivity of heat in tangential and radial 

directions respectively. Its ratio is required to see the effect of 

body force on heat transfer in different directions in the flow as 

discused in Chapter 5 with the other results of algebraic Reynolds 

stress snd heat flux models applied to rotating pipe flow. 



254 

APPENDIX A3 

ALGEBRAIC REYNOLDS STRESS AND HEAT FLUX HODEL EQUATIONS 

FOR THE FLOW IN BENDS 

The transport equations for the Reynolds stresses for the flow in 

bends can be written as: 

T — = -2uu .(8U/8X .) -2vu.U/r -2uu.V/r -4uw.W.sin9/R 
uu J J C 

-2e/3 + *
n
 (A3.1) 

T — = -2vu .(3V/3X .) +4uv.U/r +4vw.W.cos6/R -2e/3 +4>
00
 (A3-2) 

vv j j c 22 

T — = -2wu .(aW/a X .) -2ww(V. cosG-U.sine)/R -2vw.W. cose/R 
ww j J

 c c 

+2uw.W.sin6/R -2e/3 (A3.3) 
c 

T — = -uu.(3V/3X.) -vu.(3U/3X.) +2uu.U/r -uv.V/r -w.U/r 
uv j j j j 

+2uw.W.cose/R -2vw".W.sine/R (A3.4) 
C C 1 c 

T — = -vu.(3W/3X.) -wu.(3V/3X.) -vw(V. cose-U.sine)/R +2uw.U/r 
vw J J J J c 

+uv.W.sine/R
c
 +(2ww-vv).W. cos0/R

c
 +<I>

25
 (A3.5) 

T — = -uu.(3W/3X.) -wu.(3U/3X.) -uw((V/r) +(V. cos6-U. sine) /R ) 
uw J J J J c 

-"vw.U/r -uv.W. cose/R +(uu-2ww).W.sine/R + (A3-6) 
C C \ j 

The general Reynolds stress equation can be written as: 

T = P. . -2.6. . .e/3 +$. . (A3.7) 
u.u 1J 1J ij 

i J 

The k equation is obtained as on half the sum of equations (A3• 1 

- A3.2) as following: 
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T = P - e = -u.u (3U/3X.) +uv.U/r -uu.V/r -ww(V.cos0 -U.sin0)/R 
^ J J c 

+vw.W. cos0/R
c
 -"uw.W.sin0/R

c
 - e (A3.8) 

As an approximation, one can ignore all production terms 

containing secondary flow components U and V and consider only 

gradients in the radial direction to be significant. The transport 

equations will reduce to: 

T — = -4uw.W.sin0/R
c
 -2e/3 *$

1 1
 (A3.9) 

T — = 4vw.W.cos0/R
c
 -2e/3 + $

2 2
 (A3.10) 

T — = -2vw((3W/3r) +W.cos0/R ( +2uw.W.sin0/R -2e/3 + $,, 
W W C C J J 

= -4vw(3W/3r) -2P -2E/3 (A3.11) 

T — = 2uw.W.cos0/R -2vw.W.sin0/R (A3.12) 
uv c c 12

 x

 ' 

T ~ = -w((3W/3r) +¥. cos0/R
c
) +2ww.W.cos0/R

c 

+uv.W.sin0/R
c
 +<I>

25
 (A3.13) 

T — = -uv((3W/3r) +W.cos9/R } +(uu-2ww) .W. sin0/R (A3.14) 
U W C 0 1 ^ 

where . is the pressure-strain correlations given in detail by 
i J 

equations (A2.11) and (A2.12): 

<J>
111
 = -C^uu.e/k +2C

1
.

e
/3 

4>
221
 = -C^vv.e/k +2C

1
.e/3 

$331
 =

 " V ^ - e A
 +

2C
1
.

e
/3 

$
1 2 1

 = -C
1
 .uv.e/k 

$231
 =

 "C^.vir.E/k 
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,« = —C. .uvr.e/k 
1 pi l 

<I> _ = 2C_.P/3
 +

4C
0
."uvT.W.sin9/R 

1 1 £ £ ^ c 

$ 2 2 2
 =

 2C
2
.P/3 -4C

2
.VW.W.COS9/R

c 

$
5 5 2

 = 8C
2
.P/3 +4C

2
.vw(8¥/8r) 

= 2C_.vw".W.sin9/R -2C_.uw.W.cos9/R 
1 dd d C d C 

<!>_„ = C
0
.vv( (aW/ar) +W.C0S9/R } -2C~.ww.W. cos9/R -C

0
.uv.W.sin9/R 

djd d c d c d c 

$
1 3 2

 = C
2
.uvj(aw/ar) *W.C039/R

c
} +(2ww-uu).C

2
.W.sin0/R

c 

$
4 4 4
 = C

4
 . f.vv". e/k 

111w 1 w 

$
0 0 1

 = -2C
1
 .f.vv.e/k 

221w 1w 

= C
4
 .f.vv.e/k 

331w 1w 

*121w
 =

 "3C
lw
.f.uv.(e/k)/2 

*231w
 =

 -3C
lw
.f.7w.(e/k)/2 

*131w
 = 0 

*112w
 = 2 C

2-
C

2w-
f

'
P

 -4C
2
.C

2 w
.f.^.W.cos9/R

c 

$

222w
 =

 "
4 C

2*
C

2w*
f +

8C
2
.C

2 w
.f ."vw.W. cos9/R

c 

= 2C
2
.C

2 w
.f.P/3 -4C

2
.C

2 w
.f.vw.W.cos9/R

c 

$

122w
 =

 -3C
2
.C

2 w
.f.^.W.sin

0
/R

c
 +3C

2
.C

2 w
.f.uw.W.cos9/R

c 

= -3C
?
.C

?
 .f.vv((aW/ar) +W.C0S9/R }/2 +3C

p
.ww.W.cose/R 

232w 2 2vr 

*132w
 = 0 

+3C
2
.C

2 w
.f.uv.W.sine/R

c 

Substituting in equation (A2.10) the Reynolds stresses required can be 

obtained as: 

uu(p/e -1+C^/k = C
1 w
.f.w/k +2ic

2
(l+C

2 w
.f).P/e +(^-11/3 

~
4 C

2-
c

2 w
'f.vW'W.cos9/( e.R

c
) 

-4(l-C
2
).uw.W.sin9/R (A3.15) 
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vv(P/e -1+C +2C, .f)/k = 4(1 -C
0
+8C

0
.C

0
 . f) .vw.W. cos e/( e.R ) 

1 1 W d d dW C 

2fC
2
(l-2C

2w
.f).P/e

 +

C
r
1 f/3 (A3.16) 

ww(P/e -1+Cj/k = 4vw((3W/9r)(C
0
-1 ) -C

0
.C

0
 .f.W. cose/R J / e 

1 d d dV c 

-C
1w
.f.vv/k + 2{(4C

2
-3+C

2
.C

2w
.f).P/e + C

r
1 1/3 (A3.17) 

uv(P/
e
 -1+C

1
+3C

lw
.f/2)|» -2(1-C

2
+3C

2
.C

2w
.f/2).uw.W.cose/R

c 

+2(l-C
2
+3C

2
.C

2w
.f/2)."vw.W.sin6/R

c
 (A3.18) 

^vw(P/e -1+C
1
+3C

1
 .f/2) = "vvf (3W/3 r)+W. cos6/R

c
) (1 -C

2
+3C

2
.C

2 w
.f/2) .k/e 

-2(l-C
2
+3C

2
.C

2w
.f/2)(k/e).ww.W.cos6/R

c 

-uv(k/e)(l-C
2
+3C

2
.C

2w
.f/2).W.sin0/R

c
 (A3.19) 

-uw(P/e uvj(3W/3r)+W. cose/R
c
l(l-C

2
) 

+ (2ww-uu) (1 -C
0
) .W. sine/R (A3-20) 

d c 

The equation (A3-19) can be put in the following form: 

-vw = &.(k/e)(3W/b r).vv = v (3W/3r) 

where 

3 = (1
 +

a1 +a2 +a3)(l -C
2
+3C

2
.C

2 w
.f/2) / (P/e - 1 + ^ + 3 0 ^ ^ / 2 ) 

and 

a1 = (W. cose/R ) / (3W/3r) 
c 

a2 = -2(ww/vv)(W.cose/R ) / (3W/3r) 

a3 = -(uv/vv)(W.sine/R
c
) / (3W/3r) 

Thus the coefficient C can be put as: 
u 
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For heat flux model the transport equations for different heat 

flux componenets are: 

T-r- = -uu~.(3T/3X .) -"u7t(3U/3X .) -2wt.W.sin6/R (A3.21) 
ut y j J J c 1T 

T7t  = -vUjtdT/dXj) -u]t(aV/3Xj) +2^t.W.cose/R
c
 +<1>

2T
 (A3-22) 

T

wt
 =

 - " ^ (
9 T

/
3 x

j ) -u^av/ax^) +(ut-vt).w.cose/R
c
 +$

3 T
 (A3.23) 

where $'s are the pressure-temperature gradients given by equation 

(A2.33) as: 

*1T1
 =

 -
c

1 T
-

u t

'
e

/
k 

*2T1
 =

 -
c

1 T
-

:

^ -
e

/
k 

= -C
1 T
.wt. e/k 

$
1 T 2

 = C
2 T
.vt( 3U/3r) +2C

2T
.wt.W.sin0/R

c 

^T2
 = C

2 T - ^
9 V / 3 r

) -2C
2T
."vrE.V.cose/R

c 

*3T2
 = +

C
2 T
(vt-ut).W.cos6/R

c 

*1T1w "
 0 

*2T1w
 =

 "C
1 T w

.Tt.f.e/k 

*3T1w =
 0 

Substituting in equation (A2.32) we get the required heat flux 

equations: 

ut { (P/e-1 )/2 +C
1 T
} = -~^T.(dT/dX.) -Tt( 3U/3r) (1 - C

2 T
) .k/e 

-2(1 -C2T)(k/e) .W.sine/Rc (A3.24) 



vtf (P/e-1 )/2 +C
1 T
 +d-C

2 T
)(3V/&r)

 +

C
1 T
.f| = -vu ..(aT/aX ) .k/e 

+2(l-C
2T
).wt.W. cx)s6/R

c
 (A3.25) 

wt((P/e-l)/2 +C
1 T
! = -wu^BT/aX ).k/

e
 +St(l -C

2 T
)(k/e) .W. cos8/R

c 

^vt(1-C
2T
)I(3 w/a r)+W.CO se/R

c
|(k/E) (A3.26) 

The algebraic and heat flux models mentioned in this appendix are 

needed to be put in a program to solve numerically the flow in bends. 

Due to lack of time, this has not been done in the thesis, and it is 

left as a suggestion for future work. It is iteresting to see the 

comparison between the solution using k-e model and the solution using 

these more advanced models for this type of complex flow. 
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APPENDIX A4 

ALGEBRAIC REYNOLDS STRESS AND HEAT FLUX MODELS 

APPLIED TO STATIONARY PIPE FLOW 

As a preliminary calculation, the algebraic and heat flux model 

have been applied to fully-developed stationary pipe flow. Comparison 

with the measurements and with the k-e model prediction has been 

performed to check the computer code used for complex rotating pipe 

flow. 

Taking into consideration that for symmetrical fully-developed 

pipe flow in which the lateral velocity components U and V and axial 

and tangential velocity grdients are equal to zero, the transport 

equations of the Reynolds stresses can be written as follows: 

T — = . - 2 e/3 
uu 11 

T = <J> - 2 e/3 
vv 22 'J 

T — = -2vw.(9W/9r) - 2
 c
/3 

T — = -w.( 9W/9r) + 2uw + 4> 
vw 23 

T = <J> 
uv 12 

T — = -vu. ( 9W/9r) + $,-
uw

 v

 13 

> (A4.1) 

The equation of the kinetic energy of turbulence is obtained as; 

T
k
 = P - e = -vw. (9¥/3r) - e (A4.2) 
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4»'s can be obtained using equations (2.31) - (2.34) as follows 

$
i n

= -(uu-2k/3).C
1
.e/k 

= -(W-2k/3).C
1
 .e/k 

=

 -uv-C^.e/k 

<J>
131
 ~ -uw-C^ .e/k 

A = 
112 2C

2
.P/3 

$ = 222 2C
2
.P/3 

$ = 332 -2C
2
.™:( 3W/3r) + 2C

2
. P/3 = -4C

2
.P/3 

*122
= - c 2 (o )=o 

$ = 232 C
2
.vw".(a¥/3r) - 2 C

2
. W 

*132
= C

2
."vT.(3W/3r) 

111w = C 1 w
(vv)e.f/k 

*221w = C 1 w
(w-3^F)e.f/k = -C

1 w
(2^)e.f/k 

<J> 
331 w 

= C
w
(vv)e.f/k 

M21 w • C
l w
(-3w/2)c.f/k 

$

231w = Cl¥
(-3vw/2)e.f/k 

*131w 
= C

1w
(0)e.f/k= 0 

$

112w
 = c2w($222).f 

a> = 
222 w C2w(-2$222).f 
<t> = 
332 w c2w(^222).f 
<j> = 122w C

2 w
(

- ^ 1 2 2
/ 2 )

'
f 

$

232w
 = 

C

2w
(

-
5

»232
/ 2 )

'
f 

$

132w
 = 0 
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With this simplifications, the algebraic Reynolds stress equations 

will be as follows: 

uu7 k = [(2/5){c
l
-1+C

2
(l+C

2w
.f).P/e}+C

1tf
.f.vv/k]/(C

1
-1+P/e) (A4.3) 

vv/k = (2/3)iC
r
1+C

2
(l-2C

2 w
.f).P/e)/(C

r
1+2C

1 w
.f+P/e) (A4.4) 

ww/k = [(2/3)(c
1
-1+(3-2C

2
+C

2
.C

2w
.f).P/el+C

1w
.f.

;

^r/k]/(C
1
-1+P/e) (A4.5) 

vw = J (1 -C
2
+3C

2
.C

2
 .)/(C

1
 -1 +3C

1 w
.f/2+P/e)}.( W/ r) ."vv.k/e (A4-6) 

uw = "uv" = 0 (A4.7) 

In addition to these equations, relation (2.37) yeilds for the 

shear stress -vw a combination of the eddy viscosity concept (2.9) and 

the Kolmogorov-Prandtl formula (2.13) but with the original constant 

C^ replaced by the following function of P/e and f: 

C = 
V 

r- (2/3)lC
1
-1+C

2
(l-2C

2w
.f).P/e:}(l-C

2
+3C

2
.C

2w
.f/2) 

(C
l
-1+2.C

1w
.f+P/e)(C

1
-1+3C

1w
.f/2+P/e) 

(A4.8) 

Using the relation (A4.8) of C^ in the calculations instead of 

the constant value 0.09 used in the k-e model, we can get the results 

shown in Figs.A4.1 to A4.4. These results agree reasonably well with 

the experimental data but are not noticeably superior in this respect 

to the k-e predictions for this simple flow. The pipe flow does not 

discriminate between the local equilibrium model (energy production 

P = disspation e) and the mere general algebraic form where P/e is 

allowed to vary. 

For the heat flux mosdel: 

1 T

^t
 =

 - V
( 3 T / 3

V
 +

*2T ^
 ( A 4

'
9 ) 
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tfs can be obtained with reference to equations (2.39) and (2.41) as 

follows: 

*
1 t
 = -ut.C

1 T
.e/k 

<D
2T
 = -7t".C

1T
.e/k - C

1 T w
.vt.f.e/k 

= ^wt".C
1T
.e/k + C

2 T
 vT.(9W/8r) 

For fully-developed symmetrical pipe flow the following equations 

can be obtained: 

ut = 0 (A4.10) 

7t»-(k/e) |vv. ( 3T/9r) ( 3T/3z) 1 / ( C , ^
 T w

. f + (P/e-1)/2} (A4.11 ) 

wt--(k/e){vw( 3T/3r)+™( 3 T / 3 Z ) - ( C
2 T
- 1 ) .Tt(3W/3r)L/JC

iT
+(P/e-1 ) / 2 ) 

(A4.12) 

The model suggests that the ratio of tangential to radial thermal 

diffusivities in stationary pipe flow is proportional to (uu/vv) and 

reaches a value of around 3 close to the wall. This result is broadly 

in accord with observations in asymetrically heat pipes (see Launder, 

1977) and is likely to be very important when heating asymetries are 

combined with secondary flow effects due to rotation. Figs.A4.5 and 

A4.6 show typical predictions of temperature and heat flux in 

stationary fully-developed pipe flow both in good agreement with the 

data. There is no considerable difference between the prediction 

which has been done using the local values of P/e and f varies with 

radial distance, as suggested by Smaraweera (1978), and that 

prediction using the assumption that P/e and f are to be unity 

throughout pipe flow. For fully-developed pipe flow, the effect of 

the wall reahes the centre line and it seems to be a reasonable 

assumption that f=1, and will be considered in the prediction of 

rotating tube. 
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APPENDIX A5 

THE DETERMINATION OP THE LASER BEAM BATH THROUGH 

A DUCT OF CIRCULAR CROSS-SECTION 

The position of the measuring (scattering) volume of the laser 

Doppler velocimeter and the transfer function is affected by-

re fraction of the laser beam at the Perspex/air and Perspex/water 

interfaces. 

It is essential that we determine the position of the measuring 
* * 

volume as a function of the traverse co-ordinate Z and 1 . The 

* * 

origin of co-ordinates for Z and 1 is shown in Fig.A5.1. The first 

part in this appendix describes the calculation procedure used for 

bend cross-section. The second part describes the situation of the 

straight pipe cross-section. 

A5.1 Bend Cross-Section 

Fig.A5.1 shows a section in the circular bend in a plane whose 

normal is in the local streamwise direction and which contains the 

optical axis EDCG of the laser Doppler velocimeter. Fig.A5.2 shows 

the view along section J-J. The beam enters the Perspex bend at A and 

is refracted at B, the Perspex/water interface. The measuring volume 

is formed at point P. Three-dimensional analysis is shown in detail 

in Enayet et al (1981)• In the present work more simplified method 

has been adopted. 

Now let us direct our attention to the refraction of the laser 

beam in its path through the wall and the fluid. If a single beam 

passes through the bend cross-section, it will refract as shown in 

Fig.A5»3« The different angles required in the analysis are also 
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Fig.A5.3 Laser beam path details for bend cross-section. 
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shown in the same figure. Applying Snell's law at point I and II will 

give the following: 

n .sin9 = n«.sin9 (A5.1) 
w 1 f 2 

where n
w
 and n^ are the refractive indecis of water and Perspex 

respectively and are equal to 1.33 and 1.49. 

The angle can be determined from the relation: 

sine. = H /r (A5.2) 
1 o o 

where H
q
 is the outer height controlled by the traversing table and is 

considered as input data. From geometry the following relations are 

obtained: 

h
1
 = r

o
.sin(29

2
-6

1
 ) (A5.3) 

X = r
Q
. cos(2 9

2
-9^) (A5.4) 

h
2
 = (b-X).tan(2 9

2
-2 9

1
 ) (A5.5) 

where the inner height H^ is given by: 

H

i - V
 h

2
 ( A 5

*
6 ) 

The length of the laser beam path through the fluid is given by: 

1 = 2r
Q
.cos9

2
 (A5.7) 

Using test section geometry and the chosen hight H
q
 the height H^ 

can be obttained, and its calculated values are compared with the 

measured values
 H

j )
m e a s u r e (

j
 a s

 shown in Table(A5.l) which shows good 

agreement. 

By using the previous method the path of the laser beam can be 

determined. Now let us locate the position of the measuring volume on 

the determined laser beam path. The position of the measuring point P 

is described by the length 1 measured from point of intersection of 

the laser beam with the inner surface. The reading of the traversing 

mechanism movement from the point pf intersection with inner surface 
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* 

is denoted as 1 and assumed to be proportional to the calculated one 

linearly as: 
1/1 = 1 / 1 (A5.8) 

P P 

thus 

1 /r = (1/r ).l*/l* (A5.9) 
p o o p 

Thus we can locate the point P at different readings of the 

traversing mechanism at every line as shown in Table(A5«l) and 

Fig.4.13. 

A5.2 Straight Pipe Cross-Section 

Fig.A5»4 shows a cross-section in the straight pipe in the plane 

contains the optical axis, as mentioned before for bend cross-section. 

For this case, we must calculate the position of intersection of laser 

beam with inner interface twice as shown in the figure. 

Applying Snell's law at the points I, II and III and using 

geometry relations will give the following: 

sine, = H /r , (A5.10) 
1 o out 

n .sine. = n .sine
0
 (A5.11) 

a i w d 

where
 r

o u
^. is the average outer radius of the straight pipe and equal 

to 30.175 mm, and n is the refractive index of air and equal to 
a 

unity. 

From geometry the following relations can be obtained: 

<j>
1
 = e

2
 + A6 (A5.12) 

r
o
/sine

2
 = Al/sin( A6 ) = r ^ / s i n ^ (A5.13) 

Thus and A6 can be obtained, hence: 

y = r
o
.sin(A6 + ^ ) (A5.14) 

n^.sin^ = n^.sin<f>
2
 (A5.15) 
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H /r 
0 0 

0 
6

1 
o 

0

2 V
r

o 

v r

o 
l / r

o 1 /r 
P o 

H /r 
0 0 

0 
6

1 
o 

0

2 V
r

o 
calculated measured 

l / r

o 1 /r 
P o 

0 0 0 0 0 0 2.00 l*/20.80 
P 

0.125 7.181 8.048 0.155 0.173 0.167 1.980 l*/20.66 
P 

0.250 14.478 16.260 0.310 0.349 0.354 1.920 l*/20.83 
P 

0.375 22.024 24.834 0.464 0.533 0.521 1.807 1*/20.81 
P 

0.500 30.000 34.056 0.617 0.731 0.750 1.657 l*/20.94 

0.625 38.680 44.427 0.768 0.960 0.979 1.428 l*/20.80 
P 

0.750 48.590 57.140 0.911 1.272 1.292 1.085 1*/19.91 

0.802 53-330 63.942 0.964 1.475 1.521 0.879 1*/19.92 

Table A5.1 Laser beam path details for bend cross-section. 

H /r 
0 0 

o e

1 
o e

2 
o 
•1 

o 
<f>2 y/r

o 
z/r 

0 
l / r

o 1 /r 
P o 

0 0 0 0 0 0 0 2.0 1*/17.50 

0.208 9.538 6.38 8.04 9.01 0.194 0.119 1.975 1*/17.59 

0.417 19.350 12.83 16.24 18.26 0.387 0.238 1.899 1*/17.85 

0.625 29.810 19.49 24.80 28.03 0.575 0.357 1.765 1*/17.48 
P 

0.833 41.514 26.41 34.00 38.79 0.756 0.477 1.559 1*/17.25 

1.042 55.950 33.78 44.35 51.55 0.917 0.596 1.244 1*/17.28 
P 

1.208 73.960 40.17 54.19 65.30 1.000 0.677 0.835 1*/17.37 

Table A5.2 Laser beam path details for straight pipe cross-section. 
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thus 4»2 can he obtained, and 

1 = 2 T
Q
. C O S 

Z = r
Q
.sin(2<|)

2
 - ^ - ^ + 0

2
) 

(A5.16) 

(A5.17) 

The different locations of the measuring points are shown in 

Fig.A5»5 and Table(A5«2). The previous results obtained for the bend 

cross-section show that this simple method agrees well with 

experiments, as shown from the comparison of H^ in Table(A5*l)« So it 

is recommended to use this simple procedure rather than three 

dimensional analysis mentioned in Enayet et al (1981) which need 

verification before use. 
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PUBLICATIONS 

Laser-Doppler measurements of 
laminar and turbulent flow in a 
pipe bend 
M. M. Enayet, M. M. Gibson, A. M. K. P. Taylor 
and M. Yianneskis* 

Laser-Doppler measurements are reported for laminar and turbulent flow through 
a 90° bend of circular cross-section with mean radius of curvature equal to 2.8 
times the diameter. The measurements were made in cross-stream planes 0.58 
diameters upstream of the bend inlet plane, in 30, 60, and 75° planes in the bend 
and in planes one and six diameters downstream of the exit plane. Three sets 
of data were obtained: for laminar flow at Reynolds numbers of 500 and 1093 
and for turbulent flow at the maximum obtainable Reynolds number of 43 000. 
The results show the development of strong pressure-driven secondary flows in 
the form of a pair of counter-rotating vortices in the streamwise direction. The 
strength and character of the secondary flows were found to depend on the 
thickness and nature of the inlet boundary layers, inlet conditions which could 
not be varied independently of Reynolds number. The quantitative anemometer 
measurements are supported by flow visualization studies. Refractive index 
matching at the fluid-wall interface was not used; the measurements consist, 
therefore, of streamwise components of mean and fluctuating velocities only, 
supplemented by wall pressure measurements for the turbulent flow. The dis-
placement of the laser measurement volume due to refraction is allowed for in 
simple geometrical calculations. The results are intended for use as benchmark 
data for calibrating flow calculation methods. 

Keywords: flow measurement, turbulence, flow visualization, 
pipe bends 

As a fluid flows through a straight pipe or duct and 
into a bend the pressure, which in the straight section 
is uniform across the flow, must adjust in the bend 
to counter centrifugal forces. The pressure is greatest 
at the outer wall farthest from the centre of curvature 
and least at the inner wall nearest the centre of 
curvature and the cross-stream pressure gradient in 
the bend has two well known effects on the flow. At 
the bend inlet, the boundary layer on the outer wall 
experiences the effects of a positive streamwise 
pressure gradient which may in a tight bend be 
sufficiently strong to produce local separation; con-
versely, the inner wall boundary layer is accelerated. 
The reverse occurs at the pipe exit where local press-
ure gradients of the opposite sign appear as the flow 
adjusts to uniform pressure conditions downstream. 
Inside the bend, the presence of side wall boundary 
layers ensures that the conditions for radial equili-
brium cannot be satisfied exactly over the entire field. 
The slow moving fluid in these layers is forced 
inwards towards the centre of curvature and con-
tinuity ensures that the high speed fluid near the axis 

* Fluids Section, Mechanical Engineering Department, Imperial 
College of Science and Technology, Exhibition Road, London, 
UK, SW7 2BX 
Received 5 March 1982 and accepted for publication on 
14 June 1982 

is driven outwards. The result is a secondary flow 
superimposed on the main flow. 

If the bend is of circular cross-section, or its 
height is not significantly greater than its width 
measured in the radial direction, the effect of the 
secondary flow is to displace the region of maximum 
velocity from the centre towards the outer wall. If, 
however, the boundary layers are thin and the secon-
dary flow is weak, the velocity distribution in the 
inviscid central core will approximate to that of a 
free vortex with velocity increasing towards the 
centre of curvature. The effects of longitudinal cur-
vature on the boundary layers on the inner and outer 
walls also tend to counteract the effects of pressure-
driven secondary flow. In the inner boundary layer, 
the shear stress is reduced by curvature and the 
boundary layer grows relatively slowly. In the outer 
boundary layer the shear stress is increased and the 
layer is retarded and thickened. Thus, in the flow in 
a high narrow curved channel, where the secondary 
flows are weak and confined to the edge zones, the 
region of maximum velocity is found closer to the 
inner wall1. The effects of curvature on laminar 
boundary layers are weak in ducts of moderate aspect 
ratio and are masked by the secondary flow; the 
fractional change in shear stress is of order S/R 
(where S, boundary layer thickness and R, radius of 
curvature). The effects of curvature on the turbulence 
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in turbulent boundary layer flow are an order of 
magnitude greater2 and may be sufficiently large to 
counteract the effects of secondary flow and to be 
significant in determining the flow structure. 

The presence and origin of secondary flow in 
bends have long been known and understood 
although obvious measurement difficulties associ-
ated with probe explorations have hindered detailed 
investigation and have largely restricted experiments 
to flow visualization studies and measurements of 
overall pressure loss. The former show that a 
laminar boundary layer in a 90° pipe bend is 
deflected through 45° while the deflection of a tur-
bulent layer does not exceed 30°. Work carried out 
prior to 1970, which consists almost entirely of 
measurements of wall pressure and pressure probe 
surveys of the outlet plane, is summarized and 
reviewed by Ward-Smith4. These data provide a basis 
for empirical pressure decrease correlations but are 
necessarily too limited to be used for the validation 
of flow calculation methods. The development of 
these methods to the point where they can be used 
as standard design, tools has, fortunately, been 
paralleled by the development of the laser-Doppler 
anemometer which, by obviating the need for probe 
insertion, has made possible more detailed measure-
ment of complex flows including those in bends. 
Humphrey et al& report measurements of the longi-
tudinal velocity component in laminar flow through 
a strongly curved duct of square cross-section. This 
work has been extended6 to the measurement in 
turbulent flow of two components of mean velocity, 
two components of turbulent energy and one shear 
stress component; similar measurements also have 
been reported7 for laminar and turbulent flow with 
thin inlet boundary layers. 

The problem of flow in a round pipe, which 
is examined in this paper, presents additional 
measurement difficulties and has consequently 
received less attention. Rowe8 reports total-pressure 
measurements in a mildly curved pipe bend while 
laser-Doppler measurements appear to be limited to 
the laminar flow experiment described by Agrawal 
et alThe difficulties arise because in off-diameter 
planes, the laser beams are refracted at the fluid-wall 
interface unless care is taken to match the refractive 
indices. If this is not carried out, the measurements 

will be limited to longitudinal components of mean 
and fluctuating velocity. The measurement volume 
is displaced but to a position which can be located 
reasonably accurately by simple calculation10. 

In this paper, measurements are reported of 
laminar and turbulent flow in and downstream of a 
tight 90° pipe bend. The results, which complement 
and extend those of previous investigations5" are 
seen as a useful contribution to the 'data bank' avail-
able for the further testing and development of 
numerical flow calculation methods. 

Experimental 
Test bend 

The geometry and dimensions of the test bend are 
shown in Fig 1. The dimensions are similar to those 
of the square-sectioned bend used previously6 ,7 with 

0" 

| 48-01 j 
' ' oore ' 

Section tnrouqn 
beno 

Fig 1 Bend dimensions and co-ordinate system 
(dimensions in mm) 

Notation u' rms streamwise velocity fluctuation 
c P Pressure coefficient (Fig 7) X Distance measured along the pipe and 
d Pipe diameter bend centreline 
I Distance of control volume from pipe y Distance measured horizontally from 

wall along refracted beam path centreline (Fig 1) 
m Mass flow rate z Distance measured vertically from 
P Static pressure centreline (Fig I) 
Pr.f Static pressure one diameter upstream of 13 half-angle of beam intersection Pr.f 

pipe bend S Boundary layer thickness 
R Radius of curvature of the bend 0 Bend angle (Fig 1) 
r Internal radius of pipe = kd 4> Angle subtended at pipe centreline 
Re Reynolds number U^dlv (Fig 7) 
U Streamwise local mean velocity u Kinematic viscosity 

Bulk velocity 4mKirpd 2 ) P Density 

214 Vol 3, No 4, December 1982 



277 

laser-doppler measurements 

radius of curvature equal to 2.8 times the internal 
diameter. The bend was machined accurately from 
two halves of a rectangular perspex block, split in 
the plane of symmetry. It was thus possible to maint-
ain a tolerance of ±0 .1 mm on the internal diameter 
and to minimize refraction problems at the external, 
air-perspex interface by the retention of a rectangular 
external section. The bend was fixed in the horizontal 
plane downstream of a straight tube of the same 
diameter (48 mm) and 240 mm long; a second 
straight tube, 480 mm long, was fitted downstream. 

The bend was fitted in a water flow rig iden-
tical to that described by Taylor et al1. The flow rate 
was constantly monitored using Fischer and Porter 
precision flowmeters. The maximum obtainable 
Reynolds number, 4 m/trvd, was 43 000, For the 
turbulent flow measurements the water was seeded 
with minute quantities of milk to increase the scatter-
ing particle concentration and, consequently, the 
particle arrival rate11. 

Instrumentation and signal processing 
The optical arrangement is similar to that described 
by Taylor et al7. The light beam generated by a 5 mW 
helium-neon laser is focussed on to a radial diffrac-
tion grating, collimated to reduce spherical aberra-
tion and then focussed to form the scattering volume 
at the point of measurement in the bend. Measure-
ments in the vertical plane were made in the straight 
pipe sections at each end of the bend. For these the 
light beam was turned through 90° using a mirror 
which was optically flat to within one tenth of the 
wavelength of light. Forward scattered light collec-
ted by the objective lens is focussed on and passes 
through a pinhole to an E M I 9658 photomultiplier, 
the output from which is processed in a Cambridge 
Consultants CC01 frequency tracking demodulator. 
The principal characteristics of the laser-Doppler 
anemometer are given in Table 1. 

Scope and accuracy of the measurements 
Refraction of the laser beam at the water-perspex 
interface not only displaces the measurement volume 
by an amount which can be readily calculated but 
also, and more importantly, prevents the measure-
ment of cross-section velocity components. The 

Table 1 Optical characteristics of the laser-
Doppler anemometer 

Focal length of imaging lens 
Half-angle of beam intersection 
Fringe separation (line-pair 
spacing) 
Number of fringes in measuring 
volume 
Intersection volume diameter 
calculated 
at 1/e2 intensity 
Intersection volume length 
calculated at 
1/e2 intensity 
Photomultiplier pinhole diameter 
Transfer constant 

300 mm 
9.11° 
1.9 M.m 

84 

0.167 mm 

1.391 mm 
0.50 mm 
0.500 MHz/ms 

method used successfully for the latter in the rec-
tangular bend experiments6- ' fails for the round pipe 
because, unless the refractive indices of the fluid and 
pipe wall are equal, the twin laser beams entering 
the pipe in a plane at 45" to the axis cannot converge. 
Consideration has been given to the use of fluids 
other than water which would allow the indices to 
be equalized. Unfortunately, it appears that such 
fluids either possess highly unpleasant or toxic 
properties or are so viscous that it is difficult to realize 
Reynolds numbers high enough for turbulent flow. 
An example of this is given in the experiment 
described by Agrawal et al9 where the use of a 
glycerine-water mixture to match the indices limited 
the investigation to laminar flow. As the main objec-
tive here is the study of turbulent bend flow, the 
limitation on the scope of the measurements to 
streamwise velocities only has had to be accepted 
at this stage. 

There is no difficulty in measuring the stream-
wise velocities or in calculating the displaced posi-
tion of the measurement volume. The measurements 
are made at points along the optical axis which is 
refracted at the pipe wall at an angle to the plane of 
symmetry to which it was originally parallel. A 
straightforward calculation produces the beam 
trajectories shown in Fig 2. The actual location of 

Outside 

b 
Fig 2 (a) Beam paths through test section. Bend 
section in 8-y plane. Point P marks location of scat-
tering volume (b) Cross-section through upstream 
and downstream tangents 
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the measurement points along the optical axis is 
obtained by applying the correction described by 
Boadway and Karahan10 for the effects of refraction 
due to the bend curvatures. These two corrections 
have been applied independently to the results pres-
ented here. It was also found that signal quality was 
only slightly impaired by refraction and that 
measurements were feasible for points in the flow 
distant more than one tenth of the radius from the 
wall in the vertical plane. 

Estimated measurement errors are summar-
ized in Table 2. Corrections were not applied for the 
effects of finite transit time and instrument noise 
broadening. Systematic errors of up to 2.5% are 
mainly associated with velocity gradient effects near 
the walls and have been included in the Table. 

The measurements were made in cross-stream 
planes 0.58 diameters upstream of the bend inlet 
plane, in 30, 60, and 75° planes in the bend and in 
planes at one and six diameters downstream of the 
exit plane. Three sets of data were obtained: for 
laminar flow at Reynolds numbers of 500 and 1093 
and for turbulent flow at the maximum obtainable 
Reynolds number of 43 000. 
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Fig 3 Horizontal, O, and vertical, A, profiles of 
mean velocity in the laminar approach flow 0.58 
diameters upstream of the inlet plane. Re = 500 

Results and discussion 

Flow visualization 

Observation of hydrogen bubble paths in low speed 
flow revealed no unusual features such as the local 
separation reported5 for fully developed flow 
through the square-section bend. These observations 
were entirely consistent with large-scale secondary 
flow patterns detected by laser-Doppler anemometry. 

Laminar f low measurements 

The results of velocity measurements at a Reynolds 
number of 500, mean velocity 10-5 mm/s, are shown 
in Figs 3 and 4. Fig 3 shows the inlet conditions: 
horizontal and vertical velocity profiles 0.58 
diameters upstream of the bend. The boundary layer 
thickness is = 0 . 2 7 d so that there is a significant 
potential core. The apparent, slight asymmetry 
shown in the results is within the estimated error 
band. Contours of the streamwise velocity in four 
cross-stream planes (Fig 4) show the effects of strong 
secondary flow which displaces the region of 
maximum velocity to the outside of the bend. The 
secondary flow develops gradually: in the 30° plane 
the only visible effect is a thickening of the shear 
layer on the inside of the bend. By 60° the secondary 
flow has become almost fully developed as is shown 
by the distortion of the contours. The fourth set of 

Table 2 Measurement errors 

Systematic Random 
Quantity error error 

X ±0.5 mm ±0.02 mm 
Y.Z ±0.2 mm ±0.02 mm 
9 ±0.3° • ±0.17° 
& ±0.05° nil 
UB (laminar) ±0.8% ±0.8% 
UB (turbulent) ±1.5% ±0.5% 
U/UB up to 2.5% ±1.5% 
U'/UB up to 3% up to ±3% 

75° 

Fig 4 Contours of mean velocity U/UB in the bend, 
laminar flow Re = 500 
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contours, in the plane one diameter downstream, 
shows that the secondary motion persists without 
significant decay to this distance. 

The effects of doubling the mean velocity and 
Reynolds number to 23 mm/s and 1093, respectively, 
are shown in Figs 5 and 6. The inlet boundary layers 
are reduced in thickness by ^«15% to 0.23 the 
transverse pressure gradient is increased and the 
secondary flow is intensified. The peak velocity in 
the 30° plane is displaced from the plane of symmetry 
but remains closer to the centreline. This displace-
ment, which persists downstream, has also been 
observed in the flow in a square bend7. The shape 
of the contours near the outside of the bend reflect 
scatter in the data attributable mainly to difficulties 
in locating accurately the measurement volume near 
the wall and partly, perhaps, to slight asymmetry in 
the flow. 

In neither case do the measurements show any 
unexpected feature: the secondary flow superposed 
on the main motion is essentially as described quali-
tatively elsewhere1"3; it develops gradually and per-
sists downstream after the removal of the transverse 
pressure gradient responsible for its generation in 
the bend. The strength and location of the pressure-
driven secondary flow depend on the inlet conditions 
and the Reynolds number which could not be varied 
independently in these experiments. The stronger 
secondary flow observed at Re * 1093 must be 
attributable mainly to the increased centrifugal 
forces and transverse pressure gradient rather than 
to the relatively small changes noted in the initial 
conditions. These quantitative data of velocity in the 
bend are considered to be sufficiently accurate to be 
useful in checking the numerical accuracy of flow 
prediction methods. 
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Fig 5 Horizontal, O, and vertical, A, profiles of 
mean velocity in the laminar approach flow 0.58 
diameters upstream of the inlet plane, Re 1093 

Turbulent flow nneasurements 
At the maximum flow velocity of 0.92 m/s, Reynolds 
number 43 000, the inlet boundary layers are tur-
bulent. The static pressure variation on the bend 
wall is large enough to be measured accurately with 
the results shown in Fig 7. At the bend inlet, the 
negative pressure gradient on the inner wall is 
approximately twice, the positive gradient on the 
outside. These initial gradients resulting from the 
change from straight to curved flow disappear at 
«?25® so that in the mid-section of the bend (25° < 6 < 
75°), a quasi-equilibrium condition is reached with 
approximately uniform pressure on the inner and 
outer walls. The transition to straight flow down-
stream is signalled by the appearance of strong 
gradients for 0 > 7 5 ° . The overall pressure decrease 
is about 0.3pC|. 

Laser-Doppler measurements of the mean and 
rms fluctuation of the streamwise velocity at inlet 
are shown in Fig 8 and contours of these quantities 
at downstream stations in Figs 9 and 10. The inlet 
boundary layers of Fig 8 are much thinner, 0.09 d, 
than in the two laminar flows investigated and the 
presence of a large central region of uniform velocity 
flow influences significantly the development of 
secondary flow downstream. The mean velocity con-
tours (Fig 9) show that by the 30° plane the potential 

8 • 75" * • <* 
C b 
Fig 6 Contours of mean velocity U/UB in the bend, 
laminar flow. Re = 1093 

core has adjusted to the cross-stream pressure 
gradient imposed by the bend and the region of 
maximum velocity has been displaced toward the 
inside. The results also differ from the corresponding 
laminar flow measurements in that the thickness of 
the outer wall boundary layer is increased relative 
to that 

on the inside of the bend due mainly to the 
effects of the potential flow adjustment and the wall 
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pressure gradients of opposite sign but also, quite 
possibly, to the effects of longitudinal curvature on 
the turbulence structure. In the 60° plane, distortion 
of the contours suggests the presence of strong secon-
dary flow largely confined to the region of steep 
velocity gradients near the inner wall. This secon-
dary flow grows with distance through the bend and 
by the 75° plane extends over and beyond the inner 
half of the section. The removal of the transverse 
pressure gradient in the straight flow downstream 
results in a shift of the velocity maximum toward 
the outside. A large secondary flow, similar to that 
observed in the laminar flow experiments, now 
extends over the entire flow area and persists in the 
plane six diameters downstream of the bend where. 

however, the transverse velocity gradients have 
decayed to approximately one half of their values 
one diameter downstream. 

The contours of turbulence intensity (Fig 10) 
are consistent with those of the mean velocity. As 
expected, high values of the velocity fluctuation are 
associated with steep mean velocity gradients and 
with the distortion of the symmetrical inlet flow. 

These results may be compared with the 
measurements made by Humphrey et al* in a tight 

o a o a o a o i o a o a o a 

02 

00 

- 0 2 

^ J • — ^ 0 ° Outside 

9 0 * n n \ 

08 

06 h 

5 -04 y 

- 0 6 

I 9 0 " \ 
135° 

180° .4; • 
0 

- 2 - I 0 

x/d 

-i0 
3 0 4 5 5 0 

3 , degrees 
T5 9 0 

0 
05 

Fig 7 Wall static pressure variation. Turbulent 
flow Re = 43 000 

-05 0 
yir _ i/r 

Fig 8 Profiles of mean velocity U / U a and tur-
bulence intensity U'/Ug in the turbulent approach 
flow 0.58 diameters upstream of the bend. O horizon -
tal, A vertical, Re = 43 000 

Fig 9 (a-c) Contours of mean velocity U/Ub in the 
bend. (d-e) Contours of mean velocity U/U3 down-
stream of the bend. Turbulent flow, Re =43 000 

Fig 10(a-c) Contours of turbulence intensity (u'/UB) 
in the bend, (d-e) Contours of turbulence intensity 
(u'/Ufl) downstream of the bend. Turbulent flow. 
Re = 43 000 
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bend of square cross-section. The inJet boundary 
layers of that flow were substantially thicker than 
the flow here and contained stress-driven secondary 
flows towards the corners. Consequently, the press-
ure-driven secondary flow was similar to those obser-
ved in the two laminar flows and extended over the 
entire flow area. 

Conclusions 
The measurements show, as expected, that in bend 
flow, strong cross-stream flows occur which are pro-
duced by the inward motion of slow moving fluid 
in a radial pressure gradient. The strength of the 
secondary flow is influenced by the initial inlet flow 
conditions: when the inlet boundary layers are thin, 
as in the turbulent flow case reported here, the initial 
flow adjustment is an inward shift of the velocity 
peak in the potential core. The secondary flow then 
develops initially in the inside of the bend. The 
secondary flow always takes some time to develop 
and its effects are still increasing by the exit and 
persist downstream. 

The effects of refraction at the doubly-curved 
fluid-wall interface prevent the measurement of 
cross-stream velocity components. The investigation 
of flows in the round bend to the same level of detail 
that has been achieved previously in square bends, 
will require refractive index matching. For the 
streamwise velocity measurements reported here, 
simple geometrical corrections allow for the dis-
placement of the measurement volume by refrac-
tion. 

The laminar flow data may be used to check 
the numerical accuracy of flow prediction methods; 
the turbulent flow measurements provide the addi-
tional information needed to validate mathematical 
models of turbulence. 

laser -doppler measurements 
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TECHNICAL NOTE 

Measurements of turbulent 
developing flow in a moderately 
curved square duct 
M. M. Enayet, M. M. Gibson and M. Yianneskis* 

Laser-Doppler measurements in the turbulent flow in a right-angled bend of 
square cross-section, radius/duct-width ratio 7.0, are presented and show the 
development of secondary circulation in cross-stream planes. Distributions of the 
streamwise and radial components of the mean velocity and turbulence intensity, 
and the corresponding Reynolds shear stress, are presented as contour plots and 
are intended for use in the further development of numerical flow prediction 
methods 

Key words: flow measurement, turbulence, ducting 

This note is a postscript to the longer and more 
detailed account of laser-Doppler measurements of 
laminar and turbulent flow in a strongly curved pipe 
bend1. Measurements are reported here of turbulent 
flow in a more moderately curved bend of square 
cross-section which were made using the same 
experimental arrangements and instrumentation as 
previously1. A principal objective of this research 
has been the recording of basic data suitable for 
testing numerical calculation methods; in addition, 
the flow exhibits a number of interesting features. 

Detailed measurements of the flow in strongly 
curved bends1"4 show that the main secondary 
motion develops over an appreciable distance and 
that it is more complicated than originally expected 
or suggested by the idealized diagrams of the 
textbooks. Investigations of laminar and turbulent 
flow in right-angled bends of square section have 
been carried out and the effects of changes in inlet 
conditions have been established4. Details of the 
flow in an equivalent round bend have been pub-
lished1 and these studies recently have been exten-
ded to flow in an S-bend of moderate curvature3. 
This note contains the results of similar measure-
ments in turbulent flow in a right-angled square bend 
of lesser curvature, with a radius/duct-width ratio 
of 7.0 compared to that of 2.3 in the previous experi-
ments. 

Experimental 
The geometry and dimensions of the test bend are 
shown in Fig 1. It was manufactured from 20 mm 
thick perspex with a cross-section of 4 0 x 4 0 mm2. 
The curved surfaces were machined from solid per-

* Mechanical Engineering Department. Imperial College of 
Science and Technology, Exhibition Road, London, UK. SW7 2BX 
Received 5 March 1982 and accepted for publication on 
14 June 1982 

spex to radii of 260 and 300 mm. The tolerance on 
each of these dimensions was ± 0 . 1 mm. The bend 
was fixed in the horizontal plane at the end of a 
straight duct 300 mm long and discharged into 
another straight duct 200 mm long. The complete 
assembly was attached to the water flow rig described 
previously1. The bulk velocity was 0.88 m/s giving 
a Reynolds number based on the bulk velocity and 
duct width of 35 200. The boundary layers in the 
bend inlet plane were turbulent and ^ O . H duct 
widths thick. Measurements were made in the 45° 

Fig 1 Duct bend geometry (dimensions in mm) 
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Notation C/
B 

Bulk viscosity 
V Radial component of mean velocity 

r, Inside radius of curvature of bend u o ' rms fluctuating velocity components 
r0 Outside radius of curvature of bend uv Reynolds shear stress 
U Circumferential component of mean 0 Angle subtended at centre of cur-

velocity vature 

and exit (90°) planes, the optical axis being vertical. 
Measurements in the inlet plane were made with an 
'S'-bend fitted to the rig as reported previously . The 
laser-Doppler anemometer system and associated 
equipment have been fully described elsewhere1. 

Results and discussion 
The results consist of the streamwise and radial mean 
velocity components U and V, the corresponding 
turbulence intensities u' and v' and the Reynolds 
shear stress uv. Measurements in the inlet plane for 
a Reynolds number of 40 000 were made by Taylor 
et al5 when an 'S'-bend was fitted to the water 
rig. It is assumed that the inlet conditions do 

not differ significantly in the present bend flow and 
the data from Taylor et al5 are reproduced in Fig "2. 
These show reasonably uniform inlet boundary 
layers with an appreciable potential core. The radial 
component of the mean velocity, which is not presen-
ted, never exceeded 0.07UR and the shear stress 
levels, also not presented, appear to be consistent 
with the intensities, but the boundary layers were 
too thin for more detailed measurements of the cross-
correlation in the high shear regions adjacent to the 
walls. The measurements in the 45° and exit planes 
(Figs 3-7) may usefully be compared with the 
equivalent data3 4 from the more strongly curved 
bend. As in these previous experiments, the flow 
responds in two ways to the imposition by the bend 
of a radial pressure gradient. Initially, the peak veloc-
ity in the core moves towards the inside of the bend 
as required for radial equilibrium in the centre, but 
further downstream the development of secondary 
flows results in a shift of this peak to the outside 
region. Both these effects are very evident in the tight 
bend flow3'4 but the former is not apparent in the 
measurements made here where the transverse press-
ure gradients are considerably smaller and less 
influential. The secondary flows, the presence of 
which is evident in the mean velocity contours at 
45°, effectively displace the velocity maximum to the 
outside of the bend and result in an accumulation 

Fig 2 Contours of medn velocity and rms tur-
bulence intensity in the inlet plane: (a) V/\JB (b) 
u'/Ufl x 102 fc/v'/Ufl x 102. (Data from Taylor et a l 5 

Re = 4 0 000) 
Fig 3 Contours of mean velocity in the 45° plane: 
(a) \J/U8(b) V / U 0 x 102 
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of slow moving fluid on the inner wall. The inward 
flows at the side-walls ensure that the boundary 
layers there remain thin. As the flow approaches the 
bend exit it is accelerated on the outer wall and 
retarded on the inner one. The adjustment to 
rectilinear flow is rapid: the measurements in Fig 4 
show that in the exit plane the transverse mean 
velocities have decreased to approximately half their 
values at 45° while the much distorted contours of 
U simply record the history of the flow. Profiles of 
the transverse component V, plotted in Fig 5, show 
strong inward flow in the inner part of the duct and 
also suggest the presence of a weak secondary circu-
lation of the opposite sense in the outer part of the 
duct. These circulations presumably arise from the 
destabilizing action of concave curvature on the 
outer wall boundary layer and persist because the 
curvature is sufficiently mild for it not to be swept 
into the main pressure-driven secondary motion of 
the opposite sense. 

Contours of the rms turbulence intensities u' 
and o' and the Reynolds shear stress uv are plotted 
in Figs 6 and 7. The distortion of the nearly sym-
metrical inlet contours, Fig 2, is very evident and 
generally consistent with the development of local 
high shear zones in the mean flow. The high levels 
of v' measured near the inner corner in the exit plane 
are rather surprising and in contrast with the strong 
curvature results3'4 where peak values of v', of the 
same order as u', were distributed in the outer part 
of the exit plane. The shear stTess plots contain less 

detail but generally show higher levels near the 
inside of the bend consistent with high shear and 
turbulence activity there. There appears to be no 
evidence of significant damping or amplification of 
turbulence due to longitudinal curvature as observed 
in the strongly-curved bend3 and the position of zero 
shear stress coincides approximately with that of the 
maximum mean velocity. 

Conclusions 

The measurements show the development and decay 
of cross-stream flows in a 90° moderately curved 
bend. The flow behaviour is consistent with that 
previously observed in more strongly curved bends 
and differences in the details of the two flows are 
accounted for by the differences in curvature: here, 
the secondary cross-stream velocities are only one 
half of those measured in the strongly curved bend. 
The results are seen as a contribution to the data 
base available to developers of turbulence models 
and computer flow prediction methods. 
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Fig 6 Turbulence measurements in the 45° plane: 
contours of (a) u'/UB * 10" 
(c) u v / U f l X 103 

(b) V ' /UB X 10' 
Fig 7 Turbulence measurements in the exit plane: 
contours of (a) u'/U B*102 (b) v'/U BxlO* 
(c) uv/U B*103 
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