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Abstract

Let G be a domain in the w-plane starlike with respect
to the origin. Let f(z) = 3% an:n . # 0 , be a regular
univalent function in the uni% disc whose image domain is G .
Then f(z) is called starlike univalent in jg| <1 , and
satisfies Re Zg'zgl >0 in |z] <1 . 1In this thesis we
develop the theory of starlike univalent functions from its
beginnings by means of the principle of subordination and
with the help of a theorem on bounded functions due to
G. Julia. By these means we by-pass and indeed essentially

reprove the well known representation theorem

21
-1t
zf' (2) 1 .f 1l +e 3
= 5= d V(t) (1)
f(z) 27 ! 1 e—it 2

where V(t) is an increasing function of t , (- < t < ™),
and V(t) - t has period 2=
We consider the starlike domain G , and the sectors

in G of the form

S = {w/{l <arg w < [, ;

In Chapter 1 we show that if mna 1is the angle of the largest

such sector in G then



. log M(r)
a lim _ (2)
r>1 1
log -i-_—_?
where M(r) = lgfzf if(z)| . In Chapter 3 we show that for

the same sdnber a ,

lim
r->1 (1 -

LS (3)

These two results are both due to Ch. Pommerenke who proves
them by means of the representation theorem, and where in his
proof ma 1is the size of the largest jump of V(t) . In

Chapter 2 we prove the existence of the 1limit
arg f(relt) (%)

and show that the angles of the sectors in G are just the
jumps of V(t) . We also prove the existence of similar
limits to (2) and .(3) for local maxima in a particular sector
of G , the limits in this case being % . angle of the
sector in question.

In Chapter 4 we relate the length L(r) of the image
of |zl = r to the maximum modulus M(r) and obtain sharp
agymptotic estimates. We treat the area A(r) enclosed by

the image of z; = r in a similar fashion, and go on to



consider more general integral means in the same way. In
Chapter 5 we consider the class of bounded convex functions
@
g(z) =2+ Z b 3 and show that if |g(z)| < B 1in
2 ~1-1/2B '
]z] <} <then bn = o(n ) , thus improving an earlier

result due to Pommerenke.

I should like to express my gratitude and acknowledge
my considerable indebtedness to Dr. J. Clunie for his
assistance and advice throughout the preparation of this
thesis. Numerous 1i1deas scattered through the following
pages are due to Dr. Clunie; in particular the idea of
applying subordination to the study of starlike functions

was suggested by him.

Imperial College,
London.
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On Starlike Univalent Functions

Chapter 1 The Growth of the Maximum Modulus

Section 1.1 Introduction

Suppose w = f(z) is regular and univalent in Ig| <|
and maps the unit disc on to a domain G which is starlike
with respect to the origin w = C . Suppose also that
f(o) = 0 . Suppose G contains sectors S of the form

S = gw f[l < arg w < 12 k
I f !

Then for some o satisfying O < a <'2, G contains a
sector of angle na , and no sector of greater angle.
Otherwise G contains no sectors at all, and we then write
a =20

The main theorem of this chapter is that

a = ii? log M(r,f)/log(T%?) (1.1.1)
where M(r,f) = kg?ir [f(z)‘

Christian Pommerenke (9] has proved essentially this
result as follows. It is well known (e.g. [8} page 221 or

[5} page 15) that a necessary and sufficient condition for



the function

f(z) = a,z + N A (a1 #0)

i

to be starlike univalent in |2| < | is that

Re ?%é-zy—)- > 0 (2] < 1) (1.1.2)

Hence by the Herglotz Representa’ion Theorem (e.g..[?j
page 68), the function =2f'(z)/f(3) can be represented

by means of a Poisson-Stieltjes integral

2T
. _‘t
zf'(z) 1 (1 4+e "z
> = 5 = . d v(t) (1.1.3)
(z) 2n _J 1 - -it ”
0

‘where V(t) 1is an increasing function (-® < t < o ) such
that V(t) - t has period 2n . Pommerenke proves that
with a suitable normalisation)

1im

] 8T8 f(relt) (1.1.4%)

v(t) =

He then goes on to show that (1.1.1) is true for the number
na which is the greatest jump of the function V(t)
Our method of approach is somewhat different to

Pommerenke's. We use subordination to prove (1.1.1), and

in chapter 2 we will prove that the limit (1.1.4) exists,



and relate the jumps of 7V(t) to the sectors of ¢ . We

will not use anywhere in the thesis the representation (1.1.3).

Section 1.2

The first stage in the proof of (1.1.1) is the following

result.
clr' (o)l r

M(r) = M(r,f) > (1 - r)® (1.2.1)
where ¢ 1s a positive constant. Pommerenke [9] proves
this with

a
_2' .1
c = I 2. T (1.2.2)

We will show that for f(z) schlicht (not necessarily

starlike) (1.2.1) is true with

¢ = x(a) > 2= /T

> 52 (1.2.3)

~|

where K(a) will be an explicit function of a , 0 < a < 2.

We will regain Pommerenke's result (1.2.2) in chapter 5, for
the starlike case. We do not think (1.2.3) is the best
possible value of ¢ for general univalent functions, and
conjecture that in general (1.2.1) is true with ¢ =ﬁ% .

We make no attempt to substantiate this conjecture.



Consider then f(z) univalent in [2] <} with f£(o) = 0,

and suppose the image domain G of f contains a sector S

of angle mwa > 0 where S =€‘w/)arg wl < %g } . Let G,
be the domain i :

GO =S UD
where D 1s the disc radius % centre w = 0 . Then by the

Koebe %—theorem Go is contained in the image domain of the
function f(z)/if'(o)s . By the Riemann mapping theorem 3
a unigue regular univalent function F(z) which maps |a| < |
on to G_ with F(o) =0, F'(o) > 0. By the subordi-

nation principle (e.g. {8] page 227) we then have
|£' (o)} M(r,F) < M(r,f), (0<rc<1l) (1.2.4)

The proof of (1.2.1) thus reduces to explicitly calculating
the function F(z) . The cases a =0, o = 2' are anyway

trivial, and we assume until further notice that 0 < a < 2

Section 1.3

The essential steps in the calculation of F(z) are
given in LlE} pages 221-3. We reproduce here the complete
argument.

Let us define three regions in the ¢t , s and ¢

planes as follows:



Et = ‘t/‘t{ >1+¢ U { t/ - ma < arg £ < O 5 U §‘t = aé
E, = is/( T ¢ Ims < 2n _,%_ ) and (Re s > 0) f
!
U,is/( - %ﬁ < Ims <2n - %? ) and (Re s < 0) and s
{
‘V

i

does not satisfy (0 < Im s < 2n - ma) &

B = !“; ; / Im ¢

: 5 { >0 {

Since E. and Et are simply connectecd domains by the

-

Riemann mapping theorem j a unique mapping function

t = T(f)

2

which maps E, 1:1 conformally on to Et s and which maps

f=0 on to t =1
f=1 on to t =0
§ = ® on to £ = g~ 1T (-3-1)
£=e on to t = oo

00)

% being defined by this last requirement.

Let
s =8(¢) = log T({)

-

where we take that branch of the logarithm such that the

argument of T(f ) runs from - =% to 2 - X Then

P
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12.

S(7) maps E. on to the region E - The line

K

arg t = - %? is mapped twice into ES , on to the lines

Im s = - %% and Im s = 21 - %? . The line arg t = - %g
is the image of a section of a curve in E{ running from-

1 to e . Thus this arc is mapped twioe.into E, by S(f ).

Every other point in E{ is mapped once into ES

Thus S(; ) 1is regular in Ey; except on this arc from

1l to o This arc is actually an arc of the semi-circle

Im § >0, |

To see this consider the two regions

By ={{/Im! >0 and If] <1 P
E~ = j E,. 7 !t’ -1 ¢ arg t < na%é - ’t = 04
1 z
El is the upper semi-disc in the f ~plane. E2 is that -~

part of Et to the right of the dotted liné extended as%oss
the t-plane in both directions. This line divides Eg into
two symmetric regions, Eg and its reflections through this
line. Since El and E2 are simply connected, 4 a
unique mapping function H(;‘) which maps E, on to E2

in(l-0/2)  on o ¢ = 1, 0, -1

and sends { =0, 1, e
respectively. The dotted line and its extension in the

t-plane is then exactly the image under H(§ ) of the




13.

semi-circle {f‘ =1, JM]{ > 0 . Hence by the reflection

principle we can continue H(f ) across this semi-circle

into the remainder of Ef . The image domain is then
extended to the whole of Et Further, by symmetry,
H(w) = e ", since H(c) =1 and t = e "™ is the
reflection point of t = 1 ., It follows that H(f ) = T({ )
in E- . In particular the dotted line arg t = - %? is
the image of that part of the semi-circle 5f( = 1 going
[ = 4 =
from ; 1 to f €y -
Thus
ig
€p = © where o0 < g < 7 (1.3.2)

We now determine the function S(f ) .

S(g ) is regular on the real axis except at the points
{ =0, 1, o, since it maps linear segments in the-f—plane
on to linear segments in the s-plane. S(f ) is also
regular eveprywhere in Es except on the semi-circular arc
from : =1 to f = e, -

By fthe reflection principle we can continue S(f )
across the linear segments (- oo, 0), (0, 1), (1, o). These
reflections correspond to reflections across the linear
segments in the s-~plane. We obtain in this way a mapping
of Im 5 < 0O on to a region which is a reflection of Es
through a linear segment. We can by the same argument

reflect S(f ) across another of the three linear segments



14,

on the real axis, thus returning to the upper half f’-plane.
This will give us a region in the s-plane congruent to Es
We obtain in this way another branch of the mapping function,

say Sl( g) , Where

[\

S.(§)=2as({)+ b, a, bconstants.
13 )

Sl"( .‘{ ) S”(
Hence ————%f— 2 —
s, () s (] )

An even number of such reflections always returns a

point f in E., into itself. An odd number always sends
3

¢ into Meanwhile in the s-plane we always obtain

regions congruent to Es or to a reflection of Es through

one of three lines. It is clear that all these latter

reflections, which are maps of Im £

5

< 0, are coﬂgruent

to one another.

e <
Thus the function 21%%7% is single-valued in the

whole { -plane except possibly at the points of the circular

3

arc going from Eéo to 1 to e . Now S(f') = log T(f ),

S”(
hence —_—_ =
ST

() (f) - TE(f)
T(¢) T'(S)

LN
S~

[y
N

Since T(} ) is regular, univalent and non-zero in E, ,
J

>

but oo at e, it follows that S''( f ) /st ( f) is regular

[N
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at every point of the circular arec from 1 to eOO except at

1 and € * Similarly for the lower half of the circular

arc from 1 to & . Thus s"()ﬁ )/S'(§) has its only
2

singularities at the points 0, 1, o, E&), € * Also

S'""(f£)/s'(%) 1is single-valued on the circular arc.
{
Now near e

1

T(~)=(j—e@)¢(f)

3

“

where ¢(§ ) is regular and non-zero at e

oy
S”(%) 1
Hence —=— = - = *+ regular fn at e (1.3.3)
S'({) ; ®
s"(¢ ) 1
so that —_— - remains regular at e .
1/ ¢ 4 (e 0]
s'(§) - - e
) | e

Similarly, by the relection principle, either es(f)

or e_S(f) is zero at Eﬁo’ and in either case we easily

t17 7
deduce that S‘(J) + — remains regular at e _ . (1.3.4)
S (\’) j - em (0.0]

-3 tt
It remains to consider the behaviour of ET%é% near
the three points f =0, 1, ©. S(f) maps linear segments

making angle w on each side of a (=0, 1, @) on to

linear segments making angle =\ (= %; , 0, %; ) on each

side of b (= 0, -00, 7mi(2 - a))



16.

AR <[¢ S\
e B ﬁlﬂt. ”‘\;Eiagjf
2. ,
%
f o pheni 4-1»&m£
Fradie %
1
Consider then V(f) = fs(f) - bf‘x s f near to a( # o0),
where b = S(a) . S(f) ma.ps (J, on to my , [2 on to
{ .
m, Hence V(?) maps Kl. on to n, , ﬂe on to n,

where the angle between ny and N, is n, 1i.e. ng)

remains regular at a . Therefore we have

s(§) = v(r) M+ s(a)

i

= (5 - a)" K + s(a)

where X(¢) 1is regular and non-zero at a . We deduce
P

alt/ ¢
s"(f) . Zm:-}. + vregular fj at a
s' () i - a
and so 1
Hg ?
S (?) _ ? remains regular at O {
1/ ¢ K )
s'(f) § [ (1.35)
s"'() 1 Y
: +  m— remains regular at 1 J
s'(¢)  f-n1
J
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Pl

In the case a = o0, v(j) is regular and zero at o .
&1 )
i.e. V(i) =+ 5+ ... near oo, (a; # D)
5 3
We easily deduce that
S"(f)
is regular and zero at oo. (1.3.6)
s'(¥)
3
We obtain from (.3.3-6)
s"(%) 1 1 1 1
— t T - ot =
¢ - Y ¢ -
'S (5) - Coo £- % 2§ (-1
is regular in the whole plane and zero at oo. Hence by

Liouville's theorem this function is identically zero, and

we have
s"(f) 1 1 1 1
N . T T/ - - . = (1.3.7)
s'(f) 2 £-1 [
Integrating tinis we deduce
c /7
s'(§) = i
- (§- 1)Cf-e)(f- %)
(1.3.8)
A aq a5 a3 \
= \/ﬁ' ———
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where c¢ 1is a constant of integration to be determined,

and ay., as, a} satisfy

o |
a, = , . :
! (1 - elﬁ)(l - e—lﬁ) f
|
!
!
¢ \
a, = — : — (1.3.9)
2 T RN /
i
|
i
c |
a = = - —
2 e e - )
Now
1
1 (« _ o
S (3) = Tt regular £ at e (1.3.10)
3 oo
Let U(§) = T(f) /e ear f: 1 . Then
4 3
u(¢) = (1 -¢) £)
S (-{) e
where p(&) is regular and non-zero at §' =1 . We easily
deduce that
s'(t;) = 7=+ + regular fn at f =1 (1.3.11)

Hence from (1.3.8) and (1.3.9) we obtain



Cc
a = a = T g
L (1 - ey - e )
1 - i
%o T 7% TIF_ i 0 %7

And so from (1.3.8) and (1.3.10) we have

a, = e 18/2

and so a

and therefore

o = eiy'(/2 + e'i'd/2 = 2 cos 1

5 8
We have thus proved
a oig/2
S'(¢) = - =g -
~ li—l { - e 1P 4
j i i
5 Jid/2

19.

¢ (1.3.12)
J

(1.32.13)
id/2 \
T |

hence S(¢{ ) = Jgg
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s
, T A
Let IK(f) = |/ af
l J f—.K
0
Then setting r = /?' in the integrand,
= S
A ¥ 292 4y : K
éy j b | _
L) - Po— -2 e ay
. J 'r - K / l T - X
0 0 ‘
Vi
§ 1 1 i
d

(1.3.15)

1l
nN
~
Eed Y
+
=
l.__l
(@]
0
—

Now S(0) =0, so that B =0, and we have

o o o-ig/e _ _id/e .
S(;) =0Q Il(_\') € Iei'(z'(({) hd Ie-i'd(ﬂi)
1. [ 172 _ J? o-ig/2 i
=al B | -
@ log — v ogz I, e | o 1A2 v
)
a
- log [ 1 - V? 1 + avf +f
i k 1+ 1 -a /f +

We have therefore proved that



a
/l-\/f (l+oc\/ + 5
veT) - Y, [
g 1+ Jf \ 1 - aJi +
{ Yy {
maps E; onto Et so that
3
£ =0 > ¢t =1
3
f =1 > £ =0
! = o > tg:e_iﬂ:a‘
I .
f:elﬂ{ -> £t = 00
]

=
oy
(D
2
)
Q
Il
n
Q
O
0]
N

Section 1.4

£ and 0 < & < =

We now complete the calculation of F(s%)

to see that
ina/2
I 1l e ‘
W = ?~ = e ——————
‘ a
/
1 "l 1 + ‘\I
= E i- —_—l ]
i1 - \/f/f
maps E, onto GO such that
i
¢ _ ’ _]_._ iT[(l/Q
y = O > w= T € 5
i =1 > w= o ,
A id
-ig - e
Set 7 = € - q
e 1
J
ig
S0 _ e +lz

1 - q){§ +§ ?
1+ a‘/{ +§ /
= > W o=
=ei¢—>w=

21.

(1.3.16)

It is easy

(1.4.1)



Then _E(;) maps fz[ <1 onto E

2 =

Hence w = g(f(z)) = F(g8) 1is the required function.

To calculate

set p = e1¢ + 2

0
1

o]
Il

-

-

-S>

-

F(z)

{
{
f
{

1 + el¢ 2z

_ i
=1
= 0

@

1l

explicitly,

(1 + ei¢)(l + Z)

so f =22,
) a
Then p + q =
pg =
and jcos ¢ =
Let INE))
So joie}
Let B
1
then —
i
id

Also (1 + e

™ |

= ei¢(1 + 22 cos 4 + =%)

_2)z.;.22!

-

J (b - o®)

T

f such that

e

22.

(1.4.3)

(1.4.4)

(1.4.5)

(1.4.6)

(1.4.7)

(1.4.8)

(1.%4.9)

(1.4.10)
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. 1 1+ ‘/F 1 Ja+ J/p
Consider - S
1 (J/q + \/p)z 1 (1 + eiﬁ)(l + 3) + oelf/2 A
i a-p 1 (1-e®)1 - 5)
i 1
a/B . (1 + =) + pelf/2 ( ——z ) A
_ i(l—el')
1 -3
Now
. 1 o-18/2
i(1-e¥ g
1 1+ [/ a(l + ) + 2A(2)
Hence - —*~——il- = : (1.4.11)
101 - \/\: B(1 - =)
Again ,
L -av( +{ q -a/pq + p
l+a\/§?+§ g+ ay/PT + P
2
(@ + p) - ofap p? =
= - = = (1.4.12)
(g + a/Pq + p) (1 + 2 + A)
Hence from (1.4.11) and (1.4.12) we obtain
F(eg) = 152"0‘ h(z)————'—_ (1.4.13)
5 (1- 8
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{a(lﬁ-z)-+2%(lya

where h(z) = .
il + & + %(s)%
and NZ) = \/gl + (a2 - o)z + zzf !{ (1.4.14)
{ ;
and B = \/(4 _ GE) . ‘J
Lemma 1.4.A

Le% Go be the domain in the w-plane defined by

° w/ ‘arg w{ < %? & U g w/ | wi <.% e

B

(]
I
P e S

where O < a < 2
Then w = F(z) , defined by (1.4.13) and (1.4.14), maps

{2] < | onto G, 1:1 conformally such that

=0 > w=20
g = - e1¢ > W= % eina/E
SRS 7 S % o-ima/2
and F'(0) > 0. 4 satisfies, a = 2 cos % 4, 0<g<m

Section 1.5

We continue as in sections 1.3 and 1.4 to take :a
fixed and satisfying 0 < a < 2 . We now examine the

behaviour of
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h(rsa) ‘ia(l + 1) + 2%(?i}a (0 <r<1) (1.5.1)
gl + T+ A(r)( -

We prove that for each a , 0 < a < 2, h(r;a) decreases
as r increases from O to 1. We first show that h'(r)

is non-zero for 0 < r <1 . To prove this we write

2
h(l + r + )

. (
la(l + r) + 2xt“

2
hence h'(L+r+A) +2n(1 +A")@A +r + )
1y (a-1
= a(a + 2a'") ia(l + T) + 2
)
2 . {
i.e. h'(l + r + A) ia(l + r) + 2A {

[

+2n(1 + A")(@1 + v+ ) éa(l +r) + 2x§
2

= a(a +272") h(L + r + A)

Hence if h' = 0 then, since h> 0 and 1l +r + A > 0,

we obtain

2(1 + 2 Lo+ r) 4 zx,{g = a(a+ 22)(1 + 1 + 1)
ie. a2 - a)(L +r) + (2 -a)(@ +a)h + 2(2 - a)an' =0
and since o # 2 ,

a(l + r) + (2 4+ a)h + 22" =0.
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Now 2\t = a® - 2 + 2r

hence (a+2)(A+r+a-1)=0

hence A=1-1r-a

Thus 1+ (a® -2)r+r® =14+1r%2 4+ a2 - 2r + 2ar -~ 2a
i.e. a®r = a® + 2ar - 2a
i.e. a(a - 2)r = a(a - 2)

Since a £ 0 or 2 , we obtain

This proves that h'(r) is non-zero for 0 < r < 1.

Hence h(r) either decreases or increases as r increases

from O to 1. Suppose 1 a, » 0 <o <2, such that

h(r;ao) is decreasing. Then h(r;a) is decreasing for
every value of a , 0 < a < 2. To see this suppose

- @ , 0 <o <2, such that h(r;al) is increasing.
Then

‘ .
h (r,ao) <0 Q
h'(r;al) > 0

—

As a function of a , h'(r;a) is continuous, so J Ay

between o and a; such that h'(r;ag) = 0 , and this

is a contradiction. Now consider h(r;l) . Then
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) = 2 oy 3
h(0;1) = T o h(i,1) = g <fo-
Hence h(r;l) decreases as r increases. Hence h(r;a)
decreases as r 1increases, for each a , 0O < a < 2 .
Thus
h(ls;a) < h(r;a) < h(0;a)
(4a)® (@ + 2)%
i.e. — < h(r;a) < -——— (1.5.2)
(o + 2) L
for 0<r<l, 0<Kac<?2
It follows from (1.4.13) that
2-a
M(r,F) > %(ua)a /,/ (2 - a)
vV, @+ o)t (1 - p)®
r
= K(a) - (1.5.3)
(1-n)7
It is easy to see that (1.5.3) holds for a = 0, 2 if we

define K(a) at these points as the

i.e. K(0) = éig K(a) =
lim
and K(2) = K(a) =

o=

respective limits,

==

N e —

(1.5.14)
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Section 1.6

We now determine the minimum value of K(a) for

O <<ac<2?2. We have

log K(a) = log % + a log 4a + (1 - %) log (2 - @)
- (1 + %) log (2 + a)
K'(a) hg
Hence = log
K (a) VACEEN-2)

Since K(a) > 0, if K'(a) = O then

2
@ = —— = a_ say (1.6.1)
17 ©
Also - }
1 f 1 CLO
S O _| >o
[%o o]

Hence ao is a minimum and

K(a) > K(ao) , (O <a<? )}

_1%7% _ 9- JIT
24 a %2 (1.6.2)
NY.1524
>

L
7
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Theorem 1.6.A

If w=f(z) 1is regular and univalent in {z| <|

and f(o) = 0, and ]z{ ¢ | 1is mapped onto a domain ji’
containing a sector of angle mna measured from the origin,
then
. [f'(o)f T lf (o) |
M(r,f) > K(a) ——- R ——
(1-r7) 7(1 - )

for 0 <r <1l . K(a) 1is given by (1.5.3) and satisfies
(1.6.2).

Prcof: Result follows from (1.2.4) and (1.5.3).

Section.l.7

Lemma 1.7.A

Suppose w = G(z) gives a conformal univalent map of
iz\ < 1 onto the full w-plane cut along n radial slits,

and suppose G(0) = O . Then G(z) has the form

where the K, are distinct constants satisfying
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and the Ay are positive real numbers satisfying

and c¢ 1is some non-zero constant.

Proof

2 ' is the
7

full plane cut along n radial slits. Let the angles

Let j}' be the image domain of G(z) , so

between consecutive slits be nxl R wxz 3 e e nkn s, SO
n

each x‘; is positive and Z' A = 271 . By the Riemann
vy =1
mapping theorem we can find a function T(() which maps

/Im{ > 0 § 1:1 onto 6}‘ conformally. So we set
) , and as we travel from left to right along the
real f—axis this corresponds to travelling twice along each
cut in the w-plane - once towards the origin and once away
from it, in that order moving anfi-clockwise about the origin.
Let ay Bp 5 e B be the points on the real-f-axis
which are mapped onto the pt at OO:HI,%' . There is one
such a corresponding to each slit [VH, i.e. a, corres-
ponds to oo at the end of [, . Let b, be the point on
the real f—axis corresponding to the finite end of the slit

XV , this latter point being called c, . Thus T(a,) = oo,

T(bV) =c , (V=1, ... n) . Each linear segment a b,
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c"f{
0- 5
—ol ) o\C l /
,;ﬁ2ﬁ3%33?¢? ™~ %‘ Ty 7!
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) { 2 ‘7]_ (3 (Lm
- h‘;‘ér.u'_
§ !

maps onto [V = e, . Each linear segment bV a¢4l maps

onto (g = ¢, 0, where we adopt the convention n + 1 = 1.

Thus w = T(f) maps linear segments onto linear segments,

and is regular on the real axis except at the points a, bk?
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(supposed finite for the time being). By the reflection
principle T(f) can be continued across each such segment
giving a map of Im § < 0 onto the reflection of 2;'
through a radial line ff . We can then, by the same
argument continue the function thus obtained back into

E\e , and in the w-plane this will give a map of E; onto
a domain congruent toé}‘ , still consisting of radial slits.

The new function. Tl(f) thus obtained must have the

form
: = ¢
T, (¢) = A T(f)
) )
and so —_— = -
4
™ ()T ()
T'(§) . X
Hence T is single-valued in the whole f -plane
and regular except at the points a , b, (v =1, ... n),
and the two points e, > 55 where
T(eo) = 0
Consider first the points b, , V=1, ... n . Set
1
. . { e
4 = 1 - C,
v(§) yT(f) - o
¢
Then V(S) maps the segments a, b., b,a, onto a

single linear segment through ¢ , . Hence V(i) is
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regular at bV s and

V() = (f-v,) ()
where ¢(E) is regular at b, . Thus
T'(§)
_— = at b, and is regular there. (L.7.1)
T ({) "

(1.7.1) also epplies if b, = oo, for then v(f) 1is

regular and zero at oo .

Next consider the points a ,  (V=1, ... n).
Y

1/,

———

1
t )y = V.
Le U(&) ? T(f) %

P 6 ’/

Ficuse 7

~

Then it is easy to see that U(%) is regular and zero at
a.v, in fact

() = (¢-a) ¥ ()

where \'(f) is regular and non-zero at a, .

We deduce that

T' (%) v

+
T (f) f - a,

remains regular at a

s (1.7.2)



34.

At both e and T(f) is regular, zero, and

T'(i) # 0 . Hence

7' (§) 1
. - —— remains regular at e,
T (k) { " %
| (1.7.3)
T' (%) 1
3 . —_
and - - — remains regular at eO
T (g) f - %

1
Finally g (f is zero at infinity, hence (1.7.1) - (1.7.3)
y
prove that

T'(§) 1 1 Doy
— = Tt 7 = (1.7.4)
T (§) £ - e 7% vel § T8y
Thus
) ¢ = % Ny
T(f) = K(§ - eo>(5 - eo)v__:l(f - ay) (1.7.5)
where K 1is a non-zero constant.
Set
£ - e, a; - e
f = _—-'3 KV' = —_— ° (1’7'6)
f - e, a, - e
Since aJ is real we have
[Ko] =1, K, #1. (1.7.7)

1%

Also
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e - e & e, - -Kveo

1 - g l—J\/’&/

f = §(z) maps [Sl <1 onto E, such that
i)
3 = 0 > ( = e

Hence w = Go(z)

1l

v({(2))
maps lz\ <1 onto ?:' such that

3 =0 > w=20.

Since the mapping of }z| < 1 onto Jg' with z=0 > w

is unique except for a rotation in the z-plane, which does

lt
(©)

not affect the form of the result, we may suppose Go(z) = G(z).

We then obtain by means of (1.7.8),

n 1 - K, %
6(z) = Kz Il ( ———) (1.7.9)
=1 1 - K=
This proves the lemma in the case when all the a, are
finite points of the real f-axis. To complete the proof
We Nnow suppose a; = 0. Then it is easily shown that
T'(()/T(g) =0 at .
J
Hence (1.7.5) becomes
n
T(¢) = K(§-e )(f-5) T (¢ a)_x" (1.7.10)
3T f o’y T To V=0 { 4 e
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As before we set

z - -;l—-- £,= —=2, (=2,3 ...n)

and in addition we set

&

g1 =1

This gives

z

A o A
= - ) l 1 - y
6(2) = K(eg - Fo) T gg (1-%,)

%S (1.7.11)
(1 - £,2 )

I =33

vV =1

which proves the lemma.

Section 1.8

Theorem 1.8.A

Suppose w = f(z) , f(o) =0, 1is a 1l:1 conformal map
of (z[ <1 onto a starlike domain.‘ﬁl, and let ma be
the angle of the largest sector cont;ined in 39 . Then
for each & > 0 1 a positive constant k = k(£;f) such

that

kr
- T



Proof

e st o

Choose N an integer such that

AN
v
2+

= 2 V say

We divide the w-plane into N sectors each of angle nq .
In one of the N sectors, or on the boundary of one of
these sectors there is a finite boundary point of j@ .
Choose such a point and from it construct a radial cut
away from the origin and extending to infinity. Since ;;
is starlike no point of this cut is in f'. We now
examine the neighbouring sector in an anti-clockwise
direction. Either there is a boundary point of f in
this sector or on its boundary not common to the previous
sector, or theie is no such point. In the former case we
construct another radial cut as before. In the latter
case, or after the construction if the former case, we
move on to the next sector and examine it in the same way.
We repeat this process for each of the N sectors, and

obtain in this way n radial slits in the w-plane, where

Let % ' be the whole w-plane cut along these n
/

radial slits. Then (%,C;% ' . Hence if w = G(z) 1is a

1:1 conformal map of Jz| < 1 onto ¢ ' such that G(o) =

)

o)

J
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then f(z) 1is subordinate to G(z) , and

M(r,f) < M(r,G) (!‘3.i)

From lemma 1.7.A we have

Cs
G(Z) = -.n . 7\,(
v =1
=
where lﬁyf = 1, the 4&; are distinct, . AM = 2
Sup 4 V=1 7
Let %K = 1<y <n ANg - Then for each V , 1 <V <n,
xf = xK - Ew R 5, > 0 .
Hence setting |z{ = r we have
=N
n e K
: \
o@ = pie Tk o 1T (-0
V=1 1! ¥ ZV:l Y
n S
< Ar( | il o - I

where A 1s a positive constant.

Consider

H(z) =

v =1
Since the _H%, are all distinct we can split H(z) into

partial fractions as follows



v
where the av are non-zero constants. Hence
2{ a v B
5@ < & . <
7 o1 !l-ﬂvz{ 1 -r
where B 1is a constant. We thus have
kr
{G(z)( ¢ —— (1.8.2)
- K
(1 - r)
where k 1is a positive constant. Hence from (1.8.1) we
obtain
kK r
M(l",f) < ‘—————7\—' (1.83)
- K

(1 -r)

Now the numbers nA, are the angles between the cuts of ﬁ,' .
Hence )

nKK = m nq + n? 1t n1 5
where m 1is an integer, and O S'Tl < q > O sze < 7 .

The largest sector contained in c?/ has angle nwa , and

since there is no boundary pt of }f inside the above m m~

sector, it follows that

m n’q < 7a
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Thus
nkK < ma + nn 1t nq 5
< ma + 2n1
< TQ + TE
i.e. A <o+ ¢

Hence from (1.8.3), since O < l-r < 1,

kr

(1 - r)a+£

M(r,f) <

which proves the theorem.

Section 1.9

Theorem 1

Suppose w = ©(z) , f(o) =0, idis a 1:1 conformal map

of |z{ <1 onto a starlike domain ‘}., and let ma be

the angle of the largest sector contained in c;" Then
a = lim log M(r)
T orel 1
10g i—_l’-'
Proof

Applying theorems 1.6.A and 1.8.A we have
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1 : 1
log cyr + o log 1% < log M(r) < log cor o+ (a+2)lOgT:?
where cl R 02 are constants. We obtain

lim L°8 M(r) -
r->1 1 1 -
log ==
1im
and >y ——T— < a+ ¢
log 1

Since ¢ is arbitrary the result follows.

Section 1.10

We conclude this chapter with the remark that theorem 1
is valid for a wider class of univalent functions than the
starlike ones. Indeed since theorem 1.6.A is valid for
all univalent functilions, it follows that theorem 1 is valid
wherever theorem 1.8.A is valid. This latter theorem in
turn is valid if we can encloseiﬁ» in a domahn&%' con-
sisting of radial slits in such a way that for given & > O
the largest angle of the sectors of ;i’ =C§’(£) is smaller
than w(a +§£) . In other words theorem 1 is valid if every
sector S1 of angle greater than sna 1s such that Sln j;c

contains a radial slit, where },c is the complement of }, .
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Thus for each £ > 0 we can find radial segments making
angles with each other smaller than =n(a +f ) on which

w = f(2) does not take values of arbitrarily large modulus.
The sort of functions for which we have not proved theorem 1
are éuch that in some sector of angle greater than na ,
If(z)' takes arbitrarily large values on every radial

line in the sector.
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Chapter 2 General Properties of Starlike Functions with
Sectors
Section 2.1 Introduction

As in chapter 1 we suppose
£(z) = ayz + a222 + o (ay # 0) (2.1.1)

is a starlike univalent function in |z| < 1 whose image
domain is gf . In this chapter we develop further the
properties;of f(z) by consideration of the sectors of ;; .
We obtain a representation for f(z) equivalent to the

integral representation (1.1.3). We show that the sectors

of ,@ are precisely the Jjumps of the function

1i i
v(e) = riT arg f(re’®)

where V(©) exists everywhere and is monotonic increasing
with 6 . We alsoc obtain analytic conditions on the function
?§%é§l which are necessary and sufficient for ;&'to contain
a sector of given angle na’ .

Besides using subordination as in chapter 1 we also make
use of a theorem on bounded functions due to G. Julia. This
theorem and related results are set out in full in Appendix 1.

We remark here that the main interest of our approach to

fhese functions is that only the classical results of
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Complex Function theory are involved. In particular the

Schwarz Lemma lies at the root of our investigation.

,appose now that j} contains a sector S of angle na

where { / ' o K

S = | w/ larg wl| < e (2.1.2)
and that points of the complement of jf lie in any larger
sector containing S . Then f(z) ié subordinate to a

function G(z) mapping |z| < 1 onto g : >‘§., where{}@’
Y

is the whole plane cut along N radial slits. In particular
there is a sector 8' < %' and S' > S . 3' has angle
4

n(o.}E + %) where we may suppose £ > O 1is small.
Throughout this thesis 8' = S'(£) will always be

assumed to be a sector of the superordinate domain j@'

In Appendix 2 we have set out properties of G(z) further

to thrse of lemma 1.7.A.

Section 2.2

Theorem 2.2.A

Suppose g/ contains a sector S of the form (2.1.2).
Then 3 % with {K| =1 such that
zf'(z) * 1 +Kz

Re — -
f(z)

v
i
—
o
=
]

for all gz in {z !< 1
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Proof

Let {'wné be a sequence of points on the positive real
axis in the w-plane, and suppose the sequence 1s unbounded.

Setting

it 1s clear that

Since f(z) is subordinate to G(z) it follows that
£(z) = G(o(2)) , (lz] < 1)
where o(z) 1is regular in |[z| < 1 and satisfies

(o(z)l <1 in J|z| <1

and o(o0) =0
Hence
zf' (z) z 0'(z) G'(a(2))
o = e (fz\ < 1)
£(z) G(o(z))

It follows from Pick's lemma, (c.f. lemma 3 in Appendix 1),
that

lot(z){ < .J:..:__J.O(Z){

ST (lz] < 1)
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And so we obtain

{ zf'(z) G'(o(z))
(1=(z]) | ——=1 < (1 - [a(z)]) (2.2.1)
’ £(z) | ¢ (o(2z))
in [z} <1
Now the points w_ = G(o(zn)) lie in 8' . It
immediately follows from (7) of appendix 2 that
- ¢'(o(z,.))
lim ®
taee (1= falz)]) | ——2=| < oF 4§
(o(zn))
where n(a®™ + ¢) 1is the angle of 8' . Since & is
arbitrarily small we obtain from (2.2.1)
- f"z )!
1im ‘Zn ‘T n X
nsoo (L - {an Ay L a (2.2.2)
£(z )

Now J a domain ?o C } where }o is the union of a disc
centred at w = 0 and the sector S . By lemma 1.4.A the
function F(z) defined by (1.4.13) and (1.4.14) (apart from

multiplication by a positive real constant) maps fz[ <1

onto ;40 and is subordinate to f(z) . The points w,
lie in j’/o . We may write
£(1(z)) = F(z)  (|z[ ¢ 1)

where Y (o) = 0 , jT(z){ <1 in |z|<1, and V¥ (z) is

regular.
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rher (z) 2 £'(r(2)) (2)
+'"(z) z £'(v(z z F'(z
r , S (2l <1y
(7 (z)) F(z)

Applying Pick's lemma to IT'(Z)[ we obtain

| , j £'(1(2)) zF' (z)
1 -{r()})) | — > (1 - )z]) (2.2.3)
| £(i(2))
in [z| <1 . From (1.4.13) and (1.4.14) we deduce
(1 - izi) - (lz-’ > o i-:—lil - o(1) as z ->1 .
r(z) | ~ - z

Now since w, 6?%0 it follows that ﬂ points f,n st

T(gn)zzn‘ Jé n=1, 2,
0

— (€
and W, = F(

The points W, ~are real and positive, hence we see from

(1.4.13) and (1.4.14) that the points f o are real and

positive. Thus setting T (z) = z, in (2.2.3) we obtain
‘ ] £' (=) | .
(1 - [z i) ‘ — > o - 0o(l) as n >
n‘ ¢ —
it (z)

]
since (F(? )( oo and so { _>1 as n-> .
3 in

Thus

%%%% 1 - {znt)

v
9]

(2 ® (2.2.4)
£ (=)



48.

Together with (2.2.2) this yields

e |

im g 1 - 2.2.5
oo ¢ | nl) 1 £ (z,) ¢ ( )

Now since f(z) 1is starlike in ]z{ < 1 we have

z ©'(z)
Re ———— > 0 (|z] < 1)
f(z)

Hence we may write

20z rrel) (2l < 1)
f(z) 1 - w(z)

where w(z) is regular in |z]| < 1 and satisfies
w(o) = 0 , {m(z); <1 in lz( <1

From (2.2.5) we have

iy el
il - w(zn)[

Since o > 0 it follows that
oz ) = 1 as n > oo

Hence
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And so
Iim 1 - {m(zn)[ p Tim ‘1 - w(zn)} _2
n->oo l_lzni n->0 1 - (Zn] ax

Hence the limes superior exists and equals <Yy , where

1<y <

i

Q

since {w(zn)l < !znl by the Schwarz lemma. We may suppose
without loss of generality that ﬁ'zn -1 as n = oo where
f 1is some fixed quantity st |JK| =1 . We then apply

Julia's theorem 1 of Appendix 1 and deduce

2 = | 2
1 - w(a)] . [1 -k > - kel
’y B T e— — ——n —
1 - ;m(z)(z B 1 - |z T oF 1 - |z)®
for all 2z in jz{ <1 . We then obtain
2 2
z £'(z) 1 - w(z)f oF 1 - |3
R ————— = = > ou ¢ 2
" i) - w(z) T ° (1 - el
1 o+4 8
S S (2.2.6)
2 1§ =

which completes theorem 2.2.A.
If we suppose for convenience that £ = 1 then when

z = r 1is real and positive we obtain

. ril
%%% (1 - r) Re E-—Szl > a (2.2.7)
f(r)
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Hence given ¢ > O and satisfying o - € > 8% 0 , 3 r <1

st if r <r <1l ¢then

o
£'(r) a® ¢

Re ——— >  —
£ (r) 1l -r

By the Cauchy-Riemann equations it is easy to show that

rf'(r) 3
Re —;?;3— = T 5% log 'f(r)i

Hence integrating from r to r,

o
tog [£(r)| - log [£(ry)| 2 (o -£) log $Ip - (aF-f)losyTy
and so

g 0L,
l-r
In particular we note that
’f(r)‘ > as r => 1 (2.2.9)

Consider now the curve

Co = {w/w =f(r), O0<r<il ((

Then CO is a continuous curve in the w-plane lying in.;z s
¢

and by (2.2.8) extending to infinity. Furthermore since
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£(z) is starlike C, crosses each circle v = v(M) ={w/{w(= Mé
for O < M < o0, once and only once. We show now that the
points of C_ are in §' for rp <r<l, some ry

To see this we suppose the converse, so that 1M as large

as we please such that the point P where Co crosses

v(M) does not lie in §' . If M 1is large enough v(M)
contains points of the complement of £§/ such that travelling

round v 1in either direction from P we meet these points

before meeting S' . Since P E;%, a neighbourhood U of

P is in g/ . P 1is the image of a pt Q on the positive

real axis, and a neighbourhood V of @Q 1is mapped by f
iG, i92

onto U . V contains points 1z, = pje s Zo = pot

where el > 0, 92 < 0 such that the curves
. io ,
_{ - 1 _
Cl = §w/w = f(re ) pf( r <l } and 02 = {w/w

P <r <1l E do not meet S8' , for like Co the curves C1 B

ie

f(re %

1l

3

C, are continuous and cannot cross any circle v(M) more
than once. Also as r 1increases the values M of the
circles which they do cross increase. It follows that all

curves C = Ew/w = f(relg) é for r > r, say, and 0, <9 < 6,
have the same property and do not meet S' . This ensures

that there is no sequence of points 2z, 1 such that

W, = f(zn) lie in 8" for large n , 1in contradiction to

our original sequence on the positive real w-axis. This

shows that for r > r; say the pts w = f(r) are in 8'
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It follows from (2.2.1) and the properties of G(z) that

1im
r=>1

aly

(1 - 1) I < of (2.2.10)

(2.2.7) and (2.2.10) together imply that

. £
ii? (1 - r) f;?£§l = o (2.2.11)

Consider now a sequence of points {zrl} in {z] < 1 ftending
to 2 =1 as n »> oo in such a way tha£ all the points lie
inside a sector with vertex at 2 =1, angle less than =
so that the arms of the sector lie in {zi <1 . Such a

i

sector will be called a Stolz sector, and the sequence {zn }

will be said to converge to z =1 (Stolz).

Theorem 2.2.8B

If 4, contains a sector S of the form (2.1.2) and .

is the number of theorem 2.2.A then

zf'(2) %
(i) (1 -£2) -—--— > a~ as K® > 1 (Stolz)
£(z)
and (ii) o™ is the largest number such that
zf'(z) & 1 +£s
Re —— > 5 Re —
f(z) 1 -4 2

for all 2 in |%| <1



Proof

——— - e

Assuming for convenience that £ = 1

zf'(z) 1 + w(z)
f(z) 1 - w(z)
we have by (2.2.11)
L - e
r->1 1 - p o

and setting

Hence applying theorem 3, Appendix 2 the result follows.

Corollary 2.2.C

Setting F(z) =

(1) (1 -g32)

(11) (1 -£3)

(111) (1 -g=2)
Proof

Setting L =1 ,

zf' (z)

--i,-(—z—j- we have

zF' (z)

———— > 1 as fz > 1 (Stolz)

F(z)

zf"(z) x

—~———— >1+a" as £33 > 1 (Stolz)
£'(z)

ng”(Z) % %

— > & (1 + &) as KZ > 1 (Stolz)

£(z)

from theorem 3, Appendix 2,
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2

w'(z) ~» & as oz ~>1 (8tolz).

The results are immediate from this and the theorem 2.2.B.

Section 2.3

Taking K = 1 again we now show that
arg f(r) - O(mod 2n) as r > 1 . (2.3.1)
We actually show that the curve

C, = { w/w=f(r), 0<rc<l

is such that the angle the ray to w, = f(r) makes with the

positive real w-axis as 1r => 1 converges to zero. (2.3.1)
then follows since if(r)l is increasing with r and h~ .-
cannot leave S' for large enough r < 1 . In other words

at least for r near to 1 C(r) cannot wind about the
origin so that the limit (2.3.1) exists. By - O(mod 2m)
we mean = 2nm for some integer n .

If G(z) is the superordinate function then we have
arg f(r) = arg G(o(r))

and from (6) of Appendix 2,

arg G(o(r)) = arg K + (a® +£ ) arg gy + o(1) as r 1
) (2.3.2)
where |arg K| < mg¢ . Also
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£'(r) . 1 - lo(r)‘
(L -r) | ——— < (ot +g) + o(l)
£ (r) ll - o(r)i
also from (6), Appendix 2. Hence
Ctx 1im 1l - {O(I‘){ m 1l - lO(I‘)I ‘ ]
S R g ll - o(r)l = vl ‘l - O(P)I -

It follows that arg m»:lBT?T is small with ¢ , and so
from (2.3.2) letting ¢ - 0 the result follows.

Now from (2.2.11) we have by integration,

. log lf(r”
lim X
P (2.3.3)
=08 77%
We now show that
log ‘f(z)‘ «
T - a as 2z > 1 (Stolz) (2.3.4)
log I
By theorem 2.2.B we have
r'(z) o™+ £ (z)
— = e - (2.3.5)
£ (z) 1 - z

where §¢(z) » 0 uniformly as =z > 1 in some fixed Stolz
sector. Set z = relg 5 f = re1¢ , and assume @ > O .

Then



log £(z) - log f(r) = o™ log L .+ o® log
l - a2 l -
° ) (2.3.6)
f ¢ (f)ay
+ ——
1 _.,/
S [
Hence
log | £(z)] log |£(r)] log ——
og I zZ . og (r) x ~°8 1+
T -« < T -« T
o8 TToZ7 108 11777 108 11777
°¢
+.
1 -r

where ¢ is small for r near to 1, and Tg? remains
i . .
bounded as z = re ° . 1 since the convergence is Stolz.

1
log -
Also — -— > 1 as z >1 (Stolz). Hence (2.3.4)

o8 TToaT

follows.

Also from (2.3.6) we obtain

O U N e TS
and so
arg f£(z) = o™ arg T%?' + o(l) as z > 1 (Stolz) (2.3.7)

We also have from (2.3.6)



log } £=) - o log Lo < £ i
f(r) (1 -z T 1-r
and so
lf(z) . 1 -7
log = o log ——— + 0(1) as z ->1
f(l"), ‘l—Zl
oF

‘ 1 -r
i.e. ’f(z)‘ = (Tz—i”zi. . 'f(r)‘. (1 + o(l)}

as z > 1 (Stolz).

For later reference we collect up these results in

Theorem 2.3.A

57 .

(2.3.8)

(Stolz)
(2.3.9)

(2.3.10)

Ir j&' has a sector S of the form (2.1.2) and K 1is

the number of theorem 2.2.A then as £ 2 » 1 inside a fixed

Stolz sector we have

log [ £(z)l
(i) / T > o
18 T
. . 1
(ii) arg f(z) = o arg Tz * o(1)
oF

(111)  [£(2)] = (————— | ek 0] @+ 01))
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Lemma 2.3.B

Let ﬂ ﬁn % be a sequence of points such that
L

(i) f f(zn) l > 00 as n > oo
(11) ' arg f(zn)\ > ng as n > @
(1i11) W= f(in) € 8' for n > N, where N depends
on S' = 8'(¢).
Then (1 - ("‘nl) _znft(z_r_ll > 0 as n - 00.

f(zn)
Proof

The result follows immediately from (2.2.1) and (8) of

Appendix 2.

Section 2.4

Lemma 2.4.A

Let e , € be distinct points on fz[ =1, and
suppose - w < 61 < 62 <7 . Then 3 6 satisfying 61 <8< 62
such that

1im

sl ’f(reia)' < om.
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Proof

Suppose the lemma 1is false. Then.k/ © in (61 R 62}
we have

1im 15 1 _
1 ‘f(re ) = 00.

Let T.1 be the truncated sector

TW = [ z/0, < arg z < D, , “} <lzf <1 é
Then
§(z) = w5y
z)
is regular and univalent in T? for each ? satisfying

0 S'q < 1. Let Uq be the image of Tq\ under g . Let

{Zn é be a sequence of points in To such that
izn ’ - 1 as n > .

Then for each 'q , 0 g‘n <1, 49 N = N<1) st 3, € Tw

for all n > N . It follows that for n > N(?) the points
W, = g(zn) are in UW . The domains Tﬂ are decreasing as
q increases, and since g 1s univalent the same property

holds for the Uq . For each o0 , 61 <6< 62 we have

g(reie) > 0 as r->1

[&1)
I

For given 1 > 0 the circular arc § z/]zl =n , arg z <
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is mapped by g(z) onto a continuous Jordan curve in the

w-plane. From each end pt the rays arg z = 61 , arg z = 62
drawn to |z} = 1 are mapped by g(z) onto two curves in
the w-plane with a common end pt at the origin. Neither

curve in the w-plane meets elsewhere nor meets again the
image of the above circular arc. These three curves in
the w-plane thus form a closed Jordan curve, and form the
boundary of Uﬂ . It is thus clear that w = 0 1is the
only common boundary pt of all the UV . Since Wo must

tend to the boundary of Uq for each H it follows that
g(gn) =w, > 0 as n->oo.

Thus for 'q >0, g(z) is regular in Ty, , continuous on

the boundary of T.,l , and zero on i]z{ =1 i N TH
Let
g(z) s 2 E TO
h(z) =
0 s Z & Tl
= ( - C :
where Tl = 1z/él < arg z < 52 s 'z‘ > 1 } . Then if vy

is any closed, rectifiable curve in TO U Tl our above

jh(z) dz = 0

Y

results yield

Hence h(z) is regular in T, U T; and hence identically

Zero. Hence g(z)= 0, a contradiction.
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Lemma 2.4.B

Suppose j; contains a sector S of the form (2.1.2).
Let { be the number of theorem 2.2.A. Let S' be a
sector of £ ' , the superordinate domain, where S' > S

Let &Zn& be a sequence of points in [z} <1l such that
£2, 1 as n > o

Then the sequence (wng = jf(zn)& satisfies

1 1 : )
w € 8' for n> nO(S ) (2.4.1)

’Wn‘ >0 as n =~ ® (2.4.2)

Conversely if (2.4.1) and (2.4.2) are satisfied for every
possible S' > 8, over the set of all superordinate domains,

then _Kzn > 1 as n > .

Proqg

Take £ =1 . Suppose first that z, >1 as n > .
i6
n
Let z, = 1€ so0 that r, > 1, Qn >0 as n-> .

We first prove (2.4.2). Suppose ] a subsequence jﬂ_ of
integers n such that ‘Wn‘ <W, ne/ . Since
[f(r)] >0 as r>1 3 N styn >N, |r(r))|>2w

Hence by continuity’_ﬂ 5> 0 st [f(rele)( > W for all

r>r ig)‘

-5 <09 <b, since ff(re increases with r

N B4
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for each 6 . But J n> N with n € /] ana o, sabis-

i0
fying - 5 <6 <6, and r > rg such that ]f(rne Ml < w,
a contradiction, which proves (2.4.2). To prove (2.4.1)

suppose E] a subsequence .A of integers n st for n e A B

w £ 8' . Consider the circles vy = y(M) = (w/[wl = M% .

Choose M 8o large that (M) meets the arms of S' at

points of the complement of %> . Since [f(r)l > o0 and

arg f(r) >0 as r > 1 it(}ollows that 4 N ¢ /A st

lf(rN)i > 2M and WPN = f(rN) € s <s'. Then by continuity
19)‘

and the fact that lf(re increases with r for each 6 ,

it follows that 3 © > 0 st the continuous curves

C(G) = {W’/W = f(relg) , r‘N S- r <1 é
lie in S8' , for -5 < @< 6 . Nowchoose n € /l and
1
n >N such that {6 | <5 and r > 7 . Then w € 8',
a contradiction. This proves (2.4.2).

Next suppose that (2.4.1) and (2.4.2) are satisfied for
every possible S' > S , where S <}i’ . (2.4.2) implies
that [zn[ -1 as n - oo . If Z, does not converge to 1
3 a subsequence, which we suppose without loss of generality

. i
is the actual sequence, such that Zn > et as n-> o,

v #0 . Choose © > 0O such that [vy| > 26 . By lemma
-i3

2.4.4 F 5, >0 st -05<-6, <0 and |£(re )| < Ky

O<r<l. Similarly 4 6, >0 st 0 <&, <® and
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162

,f(re )‘ <K, , 0<r<l Let
ie
c(e) =w/w="~F(re”) , 0<r<l (2.4.3)
i9
Let Zn = T, n s n=1,2, ... . Then 3 N st v/n >N
(6] > ©

Let

T(¢l, ¢2) = {Z/ + ¢1 < arg z < ¢2 , 0< [zl <1 }

and let U(¢l, & be the image under f(z) of T(¢;, ¢

2) o)
Then for n > N the points 1z are not in T( - 5, &) and

so not in T( - 61, 02) . Hence the points W for n >N ,

W= f(zn) , are not in U(—él, 52) . The arms of U(—61,6

are C(—&l) and C(d and are bounded and cross the

o)
circles v = v(M) = {w/[w{ = Mé not more than once. Hence
C(-Bl) possesses a 1imit point wl which is a boundary pt
of j& and so not in S . Similarly C(62) possessés a
limit pt w2 which is a boundary pt of jL , sonot in S

1 and W2
and obtain a superordinate domabﬁtﬁ' >1}— with a sector

We can construct radial slits to infinity from W

i

S'>S . Suppose w is a point of };0 S' st jw| > max(|w
|w2|) . We show that w ¢ U(-5y, 62)
We consider two cases. (1) W, and W, do not lie on

the same ray through the origin, i.e. arg Wy # arg Wy
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Then the superordinate domain j}' contains two sectors whose

union is the plane cut along the rays through W and W

1
from the origin. One of these sectors is S' > 8 , and

2

wé S8' . Also w € j” hence w = f(z) = f(rele) for

some pt z = ret® | lz] <1 . Consider the curve C(0)

given by (2.4.3). Since lf(reie)k increases with r ,
0<r<1l, and le > max(lwll, lwgl) , clearly o # -0,

or 62 . Hence either —61 < 0 < 62 , when =z € T(—61,62)

so wé U(—ﬁl, 5 or either 6 < -0 or © > b In

2) ? 1 2
the latter cases C(©) can never enter that part of S'

beyond the circle |w[ = max(lwl[, ‘W2f) , since C(9)

starts at the origin outside U(—él, 62) and can only enter
the above-named part of S' by crossing C(—61) s C(52) or
the boundary of the sector S' , and all three possibilities

are clearly impossible. (ii) W, and W, 1lie on the same

ray, i.e. arg wl = arg w2 . In this case the curves C(—Bl),
C(62) are the boundary together with part of the ray joining

W to W of the interior of the complement of U(-ﬁl, 62)

1 2
This latter domain is bounded by max(lwl( s Iwgi) e

w £ U(-6y, 3 The "sector" S' in case (ii) is the

5)
plane cut along one radial slit only.

Thus for n > N , wnAZ’S‘ unless lwnl < max(lwl[, IWQ{).
Since |w_ | > o0 as n > oo , it follows that w £ 8' for

n >N some Nl . This contradicts our hypothesis, and

l 2
proves the lemma.
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Section 2.5

Theorem 2
For each real o ,

lim

>l 8T8 £(ret®) (2.5.1)

v(e) =

exists and is a monotonic increasing function such fthat
v(e) - 6 1is periodic with period 2m . v(e) 1is continuous
except possibly at a countable number of points. If Vv(e)
has a jump na™ at 0 = 0, then the image domain 5% of
f(z) possesses a sector of angle na® , and the_number £
of theorem 2.2.A is given by
-i@o

K =e (2.5.2)
Conversely such a sector in j> implies V(©) has a jump
corresponding to the gggle of the sector and occurring at

-i

6 =6, where K = e © . Finally at each © , V(o)

s~tisfies

V(o) = = (V(6e + 0) + V(e - 0)) . (2.5.3)

Proof

We first prove (2.5.1) and consider two cases.

(i) Suppose ]f(rele)l is bounded as r > 1 . Since
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f(z) 1is starlike ff(rel@)‘ is increasing with r and so

tends to a limit M as r - 1 . Suppose ;i? arg f(relg)
does not exist. Then 3 two distinet limit pts Wy o, W,

on |w| = M of the curve C(@) given by (2.4.3). Since
C(e) 4is continuous and crosses each circle |[w| = m ,

m < M, once and only once, it follows that I an arc Y
of [w[ =M with end'pts Wy o, Wy st every pt on vy 1is a
limit pt of C(6) . Assume

Y = {w/arg Wy < arg w < arg w, , ‘w) =M k

and let

é;o = &w/arg wy < arg w <argw, , 0< [w] < M}
Let g(w) Dbe the inverse function of f(z) . Then g(w)
is regular and univalent in ;'o . Let { wné be a sequence
of pts in ﬁ,o st lwnf > M as n > @. The image pts
z, = g(wn)' lie in |z] <1, and have no pt of accumulation
in {z| <1 . Hence jz,] >1 as n > oco. Thus the limit

pts of g(w) as w approaches the analytic arc vy all lie
on the analytic curve |z =1 . Hence by the reflection
pri-ciple ([ﬂ th. 10 page 193) g(w) can be continued
across vy and is regular in }f)u Y , S0 by continuity
g(w) = e® on v , so g(w)= e1® , w&fo which is

absurd. Hence (2.5.1) follows in this case.
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(ii) Suppose |f(reig)i > m as r >1 . Since f is
starlike 3 a boundary pt W of j’ > (W# 0, oo), st every
pt on the radial slit f from W to infinity is in the
complement of ?'. Also 3 T, < 1 st VI’ satisfying

ro <rKL 1,

f(re ‘ >'W'
Let

c(e) = gw/w = f(reigl , r_<r<l é

o

Because of the slit [ , C(©) cannot wind round the origin

so that if w ¢ C(8) then

Iarg w - argW{ <m

1im arg f(relg) does not exist. Then I & 6]

r->1 1’ 72
with 8, < 5, , and two sequences iwn§ , {w'n_t of C(0)

Suppose

st

= 1
arg w, > 9, arg w . > 62

as n = 0o
> 00 | w > 00

(v, |

and |61 - arg wi LT, ‘82 - arg w[ LT . We may suppose

fthat every pt of the interval (61, 6] is a limit pt of the

o)
argument of some sequence -> oo on C(©) , for there is

certainly some such interval. Consider the sector

={ w/ 5
S {’w,él < arg w < 6, é
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Then S < 5}. For if a pt f in S 1is not in ;;’ then

every pt on the radial slit from f to infinity is also not

in ﬁ/, which is impossible since C(©) crosses this slit.

Let S, be the largest sector contained in 5%’ and containing
S . Suppose SO has angle nax . 3 ry <1 st for r> ry,
iQ)

w = f(re is in S_ . Hence by theorem 2.3.A and lemma

2.4.8
= arg (bisector of S, ).

i.e. the limit exists, a contradiction. Hence (2.5.1)

follows. Thus V(©) exists and is monotonic increasing with

0 since arg f(re'®) is increasing with @ for each fixed

r, O0O<r<1l. Also for each r , 0 <r <1,
arg f(rele) - 6 1is periodic in © with period 2mn . Hence
V(e) - © 1is periodic with period 2n

Before completing the proof of the theorem we prove

Lemma 2.5.A

Let f be an accessible boundary point of 59', i.e. a
finite point from which we can construct a line segment lying

in éﬁ , except for f itself. Then 3 QO » -m < GO < T,

such that
io

_1lim o)
f = I f(re )



69.

Proof

There 1s a line segment from f into}f’, and from

the end pt in L. of this segment we can construct the line

/

segment to the origin and this also is in.‘gf. This curve

4

consisting of two line segments joining O to ( we denote

by CW . Let CZ be the inverse image curve under f of
C,» so C, lies in [zl <1 . As wo~> “ along C_ ,
\z‘ > 1 along C, . Hence given £ >0 3 5>0 st

w-f{l<® and weéc, =>1>]z >1-f and z€cC, .

Since CZ is continuous this property ensures that if there

are two distinet limit pts of C, on fz] =1, then 3
an arc | of [z| =1 the whole of which consists of limit
: ie 7 _ iol
pts of CZ . For each e 7 ¢ f I a sequence [Zn} = {rne (\
of C, st r,. - 1 as n > oo. Hence
_ lim ., i@ 10
o= e, e [

Consider the domain
D, =<£z/el are Z ¢ r , 0< |z <1 é

is mapped by f onto a domain in é; , and f(z) > f’ as
|zl -1 in Do . By the reflection principle we easily
deduce f(z) = f , which is absurd. Hence C, has a

single limit pt on [z} =1, say z =1
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Suppose J r_ <1 st lf(ro)( > |{l . Then J 5> 0
st [f(ro){ > Il +26 . Hence 3 v> 0 st
le(r e > 1fl+ s
for all 6 st {6| <y . Hence
| (ret®)| > I{l+0

for all 1 >r>r lQi <y Hence there cannot be a

o s

sequence of pts 2, = 1 st f(zn) e~_f as n > oo, 1i.e.

CZ does not have 2z =1 as a limit pt, a contradiction.

Hence ii? [f(r)‘ is finite and not greater than ‘ff .
Hence

fo = i )
exists, and if Ot < !f} . To prove the lemma we show that
fo=f o et

{

C_ = {w/w =f(r) , 0<r<il (

f(reig)

I

and Cq = {w/w , 0<r« lé

Suppose (o # f . Then on the curves C_ , C_ travelling

from w = 0 there is a last pt Wy of intersection of the
two curves. Let f(zo) =W, . Then C, , the positive
real z-axis and Zg the last pt of intersection of CZ

and the axis, define a simply connected domain Do in which
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Cul 3 \‘{
N g ;
h ./,‘ U:,,\—J-f‘ -
1 R ¢
0
Fiyure &

F—
f(z) is univalent and maps D, onto jLO . Let g(w) Dbe
the inverse function mapping ;;o onto D_ . Let vy be
the boundary of %, excluding C. and C_. . Then vy is

J o W o)

bounded and a Jordan curve Jjoining f to (o . To see

this observe that as w - vy in j'o , z=g(w)>1 in Dy

If wle/fyo then

max

/wll Sw éCW ‘W'

©
N

0, _the curve C(Ql) must cross
C for some r > r; and {f(relgl)l increases with r .
Thus v 1is bounded, and is a Jordan curve (Jordan, since
every pt on vy 1is a bdy pt of the starlike domainéﬁ-). Let
W, GX?b be a pt st the disc A :lw - w2[ < p contains pts
of v . Clearly 9 W ﬁjg and p > O st this is possible.
Then the circumference of A contains points not iné.;,O and
not on v , and so a wnole arc is s0 situated. So there 1is

an angle a > %¥4, for a positive integer n , subtended by

2

this arc at w.. Let us rotate the domaindﬁfo about W,
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through successive angles
en o dn, . Blalm oy

n’ n

obtain n-1 new domains

éj, +o+ ¥y - The inter- =4

section g}’o 7/ /‘7/1 n... n}’n-l ’ T

if
o
is an open set containing w

1
Y. o]\
& S
s v
v oW )
« 3 i

2 -
I tCZVfE 7
and containing no pt of the
circle {w - Wzl = p . Consider the domainc} ' defined as

the domain containing Ws which is contained in the inter-

sectlon.;;o n:%d N ...iﬁ}bq_, and whose boundary points are
obtained by considering each ray from Wy and taking as the
bdy pt of }/‘ on this ray the first boundary pt of any of

the k=0, 1, ... n-1 . Then the boundary [ ofég'

Jx
lies in the disc [w - wy| < p . Consider

h(w) = g(w) - 1

Then ]h(w)i <2, W'ééﬁo
Consider the functions
n
h (W) = h(w, + e (w-wy)), k=0,1, ... n-1

Then hk(w) is regular in 5% , k=0,1, ... n-1.
p

Hence

n-1
H(w) = I hy ()
k=0
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is regular in ;" . Clearly

’hk(w)l <2, k=0,1, ... n-1, vve;¢k )

Let Ewnk be a sequence of pts of(} ' tending to W, WETl.

Then for one of the functions hk(w) s

hk(wn) > 0 as n = oo

H(w,) > 0 as n = o0

Since this is true for every bdy pt W € [, by the maximum

principle

H(wz) =0
But H(w2) = h(we)n , hence g(wg) =1, a contradiction.
Hence f o = { and the lemma is proved.

The above argument involving the rotation of ;@b is due
to Lindeldf (see [2} page 81).

We now complete the proof of theorem 2. Suppose first
V(6) has a jump mo at @ = 0, - Since V(©) 1is mono-
tonic the limits v(eo + 0) , V(GO - 0) exist. We may

suppose
% %
= o - = - I
Let
ot
s = {,w/ |arg w < 5 (2.5.5)



Th.

Suppose S is not wholly contained in ;&. Then 5 f € S
an accessible boundary pt of ;% . -Hence J g st

f _ lim f(reiﬁ)

r=>1

and arg f = V(d) , hence g = ©, - Now there must be
another accessible boundary pt of < in S . For consider
any ray from w=0 1in S . Either it is clear of boundary
pts or not. If not tThen the first boundary pt is accessible.
If every ray except the ray on which f lies 1is clear of
boundary pts, then the ray on which f lies consists from

§ onwards of accessible boundary pts. However if f]_ is

another such bdy pt then we obtain as before

i6

¢  lim oy _
,S[ = L. f(re ) = f
a contradiction. Hence S < § . Now by (2.5.4) and
lemma 2.4.A, given € >0 3 5> 0 st
% *
7O, . QL .
= < V(QO + 6) < 5 + £
and lim 1 i(@o+6)}'
1 lf(re < 00
since V(0) is monotonic increasing. And then
¢ lim f(rei(90+6)
{7 r>l

is a finite boundary pt of ;Q', so that 'gf contains no
¢
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sector which properly contains S . By theorem 2.3.A the
-i06
number K, is clearly e ©, and V(GO) =0 .
1f £  contains a sector S , say given by (2.5.5), of
‘ -ie
exactly angle wa”™ , and we set £ = e © , then by
theorem 2.3%.A
v(e ) =0
na®
Ir V(6O + 0) , for some & > 0, is less than —5— then
by lemma 2.4.4 we may suppose
. i(e_+6)
_lim o . -
§ = 51 f(re is finite
and then f € S, a contradiction. Hence
X
o
V(GO + O) > 5
na™
Similarly v(e, - 0) < - —5—

We thus obtain (2.5.4) since otherwise, by our previous
argument, :?f would contain a sector larger than nax con-
taining S . Thus V(@) has a jump na’ at 90

This completes theorem 2.

We remark here that we can deduce the well-known represen-
tation (1.1.3) for E%%é%l by means of theorem 2. We here
briefly indicate one possible proof. With V(@) defined

by (2.5.1) consider
27 .
-it
1 f 1+ e Y 2
F(z) = = J - , av(t)
o)

-1t
e Z



76.

Then clearly Re F_(z) > 0 in |z] <1 and Fé(z) is
regular in [z| <1 . Also we easily see that FO(O) =1

Define fo(z) by the equation

zfé(z)
% = F(z), rl(0) =1
fo(z) o ? 0
and we also assume f'(o) =1 . Our aim is to show that
£ (z) = £(z) . .We refer to [9J , page 210 where Pommerenke
shows that
1lim - ie
> 8T8 fo(re ) = v(e)
Assuming this result we have
r..,18 ie
lim ") arg fS’_\r_':._,_) - arg f(re ) § = 0
r->1 rel@ rel@
for each 9 . Since the function inside the curly brackets

is harmonic in the unit disc 1t follows that it is identically

Zero.

Thus

£ (z) £(z)
o log —— + const
Z z

(n

log
and since f/(o) =1 = f'(o) we deduce

fo(z)'f-f(z) as required.
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Section 2.6

In this section we continue with the methods we have
developed, and we obtain a representation for f(z) equiva-
lent to that of (1.1.3), and also prove another necessary and
sufficient condition for j? to contain a sector of angle

x
o .

Theorem 2.6.A

Suppose %’ contains sectors Sl’ 82, of angles
n%l, nkg, ... respectively. Then
zf' (z) 1 1+ K,z
Re —— > = 27\\/ Re — (lz] <1)
f(z) 5 1 - K,z
wherz the jc, are distinct quantities satisfying fj{V‘ =1 .

In fact for each V , ‘KV’ is the number of theorem 2.2.A

for the sector of angle n%V .

Prog£
The numbers A, are all positive and ZZAV 2. By
vV
theorem 2.2.A for each sector SV we have
zf'(z) Ao 1+ K,z
"
Re - > — Re ——— (Jz] < 1).

f£(z) 2 1 - .2

%
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where |K¢l =1 . The numbers .KQ are distinct, for by

theorem 2.3.A

arg f(&;} r) - bisecting angle of S, as r => 1

4

and the sectors SV being disjoint these limits are all

different.
Consider a finite number N > 1 of sectors SY B
V=1, ... N . Suppose we have proved
2f' (z) N1, 1+ K,z
Re —m—m—— > — Re ———— ((z| < 1).
f(Z) \7;_‘1 l - }VV'Z
Let
zf' (2) N-1 ANy 1+ Koz
G(z) = QA ({z] <1).
f(Z) \7=l 2 1 - "{VZ
so that Re G(z) > 0 in |z <1. If for some 2z in

‘zl <1, ReG(z) =0, then by the maximum principle

Re G(o) = O
N-1
i.e. A = 2
Z oy
F 1
and so Ay =0, a contradiction. Hence Re G(z) > 0 in
[z] <1 . So we may write
1 + w(z)
G(z) = ———— ([z] < 1)

1 - w(z)



where w(z) 1is regular, |w(z)| <1 in lzf| <1

sider the sector S By theorem 2.3.A we have

N -
. -1 V-1
Lim | o Ky o' (B v) \
-1 -1 -
i £(g7y v) :
hence
lim -1
ol (1 - r) a(k N r) = Ay
since ﬁ:N ¥'%¢’ V =1, ...N=-1. Thus
lim 1+ w(ﬂ_N r)
r>1 (1 -r) -1 - XN
1 -w(ﬁN r)
and so m(ﬁfé r) >1 as r > 1 Hence
1 - ot )
lim VN "7 - 2
r>l l ~-r XN
and since AN is real
-1
1 Lo ey of
>l 1 -7 My
Hence by Julia's theorem
2 2
!l - w(z)‘ 1 -K..2
2 | vl (Jz| < 1)

= <
1 - lm(z)‘ - N1 - [z]?2

79.

Con-
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and A is the largest number st this holds for every 2z

N
in |z{ <1 . Thus we obtain
A 1 + Ky 2
Re G(z) > _N Re e
o) - 4
2 1 hN Z
N .
271 (2) A 1+ K,z
i.e. Re ————— > Zf Egv Re ———— (|2}
£(z) v= 1 1- K,z

It follows by induction that for any finite set /ﬂ of

positive integers vy,

zf' (z) Ay 1+ K,
Re —m > ﬁ/ —— Re ——— (Jz| < 1). (2.6.1)
r(z) ve 2 1 - Kz

If jﬁ_ is an infinite such set then it is countable and for
every finite subset (2.6.1) holds. Each term on the right
1s positive so the infinite sum exists and is bounded above

b Re ———( This proves the theorem.
y r(z) - P

Corollary 2.6.B

Let 1@_ be any set of positive integers / corresponding

to sectors S, of f . Then the function
7\;‘
n(z) = £(z) 1| (1 -t 2) (2.6.2)
ve /\ v

is starlike in )z} < 1



81.

Proof

We easily obtain

zh'(z) z2f' (2 A 1 +%,2
Re-——(-——~=Re___(_.l_z_f.Re__i__’:_
h(z) (z) vEA 2 1 - K;z
A
v 7 2 (|2} < 1)
o2
ve
A
> E Yoy o (2.6.3)
2
ve N

Also h(o) =0, h'(o) =f'(0) #(0 .

Theorem 2.6.C

The following two conditions are necessary and sufficient
for to contain a sector S of exactly angle nax

(i) 3K , |K]| =1, such that

zf' (2) oF 1 +Kz
R¢ — > — Re —— (Jz)] < 1) (2.6.4)
£(z) 2 1 -Kz

and o is the largest number such that (2.6.4) holds

for all =z in J|z] < 1
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(ii) with the same number £ as in (i),

(1 - r) = o (2.6.5)

Proof

We have already proved the necessity of both conditions

(theorems 2.2.A and 2.2.B). Suppose (i) is satisfied, and

assume for convenience # =1 . Set
zf'(z) 1+ w(z)
f(z) 1 - w(z)

Then (2.6.4) implies

= 2 1 - zlz
< % T 2
1- oz T o 1 |2|

1 - w(z)l

where E% is the smallest number st this holds for all =z

a
in p[ <1 . As shown in the proof of theorem 2, Appendix 1,
this implies

1 - w(r)

—_— >
l - r

2

+
= as r 1
Q

Thus w(r) > 1 as r > 1 and so
1+ o(r)

(L -r) —— =>a as r > 1
1 - w(r)
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rf'(r)

i.e. Hm g _ oy D0 L ¥ (2.6.6)
r->1
£(r)
hence (ii) is satisfied. To complete the proof it is

enough to show that (2.6.6) implies é@ contains a sector

of exactly angle wa™ . From (2.6.6) we obtain

l£(r)| » o as r->1. (2.6.7)
Consider the pts w, = f(r) , 0<r<l. Letéﬁ.' be a
superordinate domain containing 5/ . Then r, <1 st

! 1 .
Vr st ro,{r<l, w, €S where S is one of the
sectors of }’ . If G(z) 4is the superordinate fn

corresponding to j}' , Then
V/

£(z) = G(a(z))

where o(z) is regular, |o(z)l <1 in |z| <1 . As in

obtaining (2.2.1) we have

(1 - |z|) iffiﬁfl < (1 - ‘O(Z)‘) Elﬁiiill
| tz) | G (o(z))
and hence
a® < a, . (2.6.8)

where S' has angle nao . Consider the set of all sectors
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S' =8'(¢) contained in the superordinate domain ag' ==:$’(E) s
which are such that they eventually contain the pts W,
By virtue of (2.6.8) the intersection of all such sectors

is a sector S of angle nB , where

B > o .

If v 1is the angle which the bisector of S makes with the

+ ve real w-axis then

1lim

e [ arg W, - Y l < e . (2.6.9)

|

Also S < j/. For 1if j £ S and .f/é'jg then a radial slit
from f ié not in j? , hence the curve W, eventually lies
on one side only of this slit, and we could construct an S'
containing the pts Wr 5, for r > r, say, and of smaller
angle than =nf . This contradicts the definition of S

Now 3 © st If(reia)) > oo and arg f(reié) >y as
r=>1. By lemma 2.4.B, & = O .

We thus obtain by theorem 2.2.B

lim re' (r)
(1-r) = B
r->1 £(r)
and so B = o

. ; . s
i.e. jV contains a sector of angle na
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Lemma 2.6.D

Consider the starlike function h(z) of (2.6.2). Let
H Dbe the image domain of h . Then H contains a sector
S of angle RQK if, and only if, (}/ contains a sector Su

of angle nax and u/g’jﬁ.

Proof
(1) Suppose t%x> Su of angle naX R u_g“/ﬁ . Then
zh'(z) ) zf' (z) Ay 1L+ K,z X if 1
e = e ——— - —— ——————— -_— V'
h(z) £(z) ven 2 1 - K,z veN 2
A, Lg K
Now (1 - r) Zf Y - %1 > 0 as r > 1.
ve A 2 1 _Kv {{’u r
To see this choose ¢ > 0 . Assume /L is infinite, since
otherwise result trivial, as 'Ku # ﬁa,, vV € 4 . For
convenience let V range over 1, 2, ... . I N st
@®
E A, < £
v =N+1
@ Ny L +f6¢f;_1r N )\V |1+K,Vf{;lr'
(1-r) &Ll h ) X St
yo 2 kK 52 gk

>¢ as r~> 1. We thus have
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-1 1o -1 -1 -1
lim £, T h (;p r) 1im Ky T f'(KLL r)
r>1 (1-7) ) r>1 (1-1) )
h(g’,u r) fUCLL r)
= ax
Hence by theorem 2.6.C, H contains a sector of angle nax
(ii) Suppose H > S , a sector of angle ma™ Then
EK«':'LK"I=15 st
- -1
PR AR (S <
(1 - r) - > o as r->1
h(k r)
-1 -1
g r £ (K ) % x
hence (1 - r) -7 >a” or a”+ A, as r>1,
£f(% "r)
o + A, 1in the case when £ =‘K; for some ve A But

if ¥ = K, then

_k—lr f'(h"lr)
(1 - r) o) >N, as r =>1
f(§ "r) Y
so o = 0 , a contradiction. Hence
Kflr f'(K_lr) %
(1 - r) e >a” as r > 1
(& r)

Hence by theorem 2.6.C )@

x

a~ , so S = Su

and XL/?JQ

contains a sector S of angle

This proves lemma 2.6.D.
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Finally we have the following theorem giving a represen-

tation for f(z)

Theorem 3

Suppose f(z) is starlike in |z{ <1, and suppose

the image domain j}’ of f contains sectors 8;, S,,

of exact angles nxl s nxz s e associated with the
numbers KJ}-Kz’ ... of theorem 2.2.A, and no other
sectors. Then we may write
-\,
£(z) = n(z) || ( (1 -, 2) Y (2.6.10)
v

where h(z) 1is a starlike function whose image domain con-

tains no sectors. h(z) satisfies
- log In(z)l
lim
RS T = 0 (2.6.11)
& Tz
. h'(z)
lim z
(1 -1{zl) —— =0 (2.6.12)
|zl =1 h(z)
Proof

(2.6.11) follows from theorem 1. We have only (2.6.12)
to prove. If (2.6.12) is false then 7§ sequence {zné > 1,

say, st
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z h'(z_)
(]__‘an) LB n > B as n > 00
h(zn)
where B > O . As in obtaining (2.2.6) from (2.2.5) we
deduce
zh'(z) B 1+ z
R¢e ——— > — R& ——— (Jz1 < 1).
h(z) 2 l -z

Hence *- theorem 2.6.C the image domain of h(z) contains
a sector of angle at least =7 , a contradiction. Hence

(2.6.12) follows.
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Appendix 1 to Chapter 2

Bounded Functions and Julia's Theorem

In this appendix we assume throughout that w(z) is a

regular function in {z] < 1 and satisfies
|o(z)] <1 (lz) < 1).

We aim to prove a theorem due to G. Julia, and related
consequences. Our work is adapted from that of Caratheodory
([2] pages 53 and 96).

Let M be the class of regular univalent functions
which map the unit disc onto itself. The following three

lemmas are well-known.

Lemma 1

w(z) € M 1if, and only if, 3§ constants a, A

satisfying
0 < A<2n
jal <1
such that
w(z) = e —f—::i— (1)



90.

Lemma 2

If z; , 2%, are two distinet points in (z| < 1 , then

w(zl) - w(zz)

I

1 - E(Zl)w(zg)

where equality occurs if, and only if, w(z) € M .

"Lemma >
1 - Jo(z)
RO —
and if w(o) = 0
, L - (o)
{w (z)l < —

Proofs

Por the sake of completeness we give brief indications
of the proofs of lemmas 1, 2, 3. First note that

-

(i) if f &€ M then the inverse function £~

(ii) if f, g ¢ M then h = f(g) €& M .
To prove functions of the form (1) are in M it is a trivial
matter to verify that J|w(z)| <1 in [zl <1 if w(z) is

given by (). Also solving () for 'z in terms of w we
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can then show ‘zl <1 forall o st ol <1 . Next

set
w(z) - o(z,)

=h
> (z) 1 - a(zo)m(z)

z - z

1l -2,z
where z_  is some pt in |z| <1 . Then k(z) € M and
[n(z)] <1 in |z] <1 . Thus

i, -1
n(z) =0 [WHE)| = &) say
and g(f) is regular, Ig(f)l <1l 1in lf[< 1. Also
g(o) = h(zo) =0 . Hence applying the Schwarz lemma we

easily obtain

[n(z)] < |x(2)]

and further it is easy to show that equality occurs if, and
only if h(z) € M, i.e. if, and only if, w(z) € M . This

proves lemma 2. Setting z_ =0, and suppos¢ing w(z) € M

so h(z) = w(z)_f w(0) € M we easily deduce the form (1)

1 - 3(0)w(z)
for w(z) . This completes lemma 1. Finally
lemma 3 1s a trivial consequence of lemma 2 and the Schwarsz
lemma for the second part of the lemma.

In preparation for Julia's theorem we prove two simple

lemmas.
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Lemma 4
Let
zZ - Z
K = z/ © <y
°© { 1 -2 z ©
o}
where |zoi <1, 0<vy <1l. Then
Ko = ~§z/ ‘z - ZO ‘ < Po %
1 - 2
where Z = ZO( Yo )
(o] 1 - 2 lz ‘2
Yo o
(1 - Jz)")
Yo .
a = - )
nd Po T =7, 1®
Yo | oj
Proof

z €K, & (z-2)(z-2) < voz(l - Egz)(l ~ z&?)

2
2 _ _ z - v.2
—_ /z[ -(22Z2_+272) + | Ol o <0
o o 1 - 222
Yoo 12,

= |z|® - (2 7+ E'ZO) + {ZOF

2502 (2 - vo2) RS

O S S BRI PN
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Lemma 5
Suppose
z -z
K. = 4z/ & ——— = vy n=11 2, ..
n g - Ehz n ’

is a sequence of sets where

[zn‘<l, 0<y, <1, n=1, 2,

And suppose I f such that § € K, for every n . Then

the sets K are circles with centres Z_ , radii o
n n n

where
Z = - zn(l _ [f)2)
- -2y F-— Eﬁf * {Zntz
— }
(f-2)0 -2 )
a = i
an pn l_ZnF—Enf'*' ’zn‘z
Proof
g - z
Clearly Yn = —i——t:ll—
1- zn§

and, as in lemma 4, K, is 2 circle with centre Zn s

radius p, where
2 2
2,1 - v®) _ V(1 - [2,]%)

7 = , =
R vnzlznlz ’n

1- Yn2 tzn(z
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To obtain the result we simply substitute for Yy in these
two relations.

We also note

Lemma_§

Suppose g(z) 1is a function defined by the equation

1 - g(z) l - z
—_——— = q (fz} <1, a real).
1+ g(z) 1 + 2

Then g(z) € M if, and only if, o > O .

Proof

Solving for g(z) we obtain

a-1
/A
a+1
L -T2

Hence by lemma 1, g(z) €& M if, and only if

a-1
a+1

& a? -2 +1 < adf + 20+ 1

&> a > 0 .

Theorem 1 (Julia)

Suppose w(z) is a function regular in |[z] < 1 and

satisfying
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tw(z){ < 1 (|z) < 1)

Suppose further j a sequence gzn.é and a number
such that

(1) jz,l <1, n=1, 2

(ii) z, >1 as n >

(iii) w(zn) »>1 as n > o

iiv) l _ Iw(zn)l > a as n > 00
L= l'an
Then
|1 - wo(z)] [1 - 2"
> £ @ —
1 - fo(z)] 1 - |z |

for all z in |z} <1 .

Before proving theorem 1 we prove

Lemma 7

|z} + w(o)]
1 + )z]\w(o)l

fote) |

Proof

———————t

z + w(o)
Set hfz) =

1 + w(o)z
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Then h(z) € M and h(o) = (o)

Hence w(z) 1s subordinate to h(z) , and so
max
[o(2) | < 5%, [n(z)|

Set z = re’® , (o) = ae™” , f - rei(G—’Y)

f + a

Then {h(reig)} = ) f
+ a

If the lemma is false then 3 ( st

f+a ¢l + @
1+ af 1+ af

Squaring both sides we then obtain

(1§ - re ) (1F1

-1)(1 - a8) > O

2 .
Since !f} <1, a% <1, |} > Re 6 this gives a

contradiction. Hence lemma 7 follows.

Proof of Julia's Theorem
ie

Set z =re DO
n e} 1\{; gn——-l, 2,
w(z, ) = |a(z )[e n j
n n

Define gn(z) in |z ] <1 by the equation

-1y -1i8
1 -e 1 gn(z) 1 - ]w(zn)! 1+ izn{ 1 -e %y
- Ty, - : ) -16 (2)

1 + e g,(z) 1 - [zn( 1+ ]w(zn)] 1+ e Z
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Then it is clear from lemma 6 that g,(z) €M . By lemma

7 we have
1 - }w(zn)] N 1 . |z, | + {w(o)|
1 - |z | Tl -z 1+ (zn{{w(o)‘

1 - Jw(o)| . 1 - Jw(o)l
1+ lzntlw(o)[ 1+ |o(o)]

Hence letting n - oo we deduce

1 - (o)l
a > > 0
T 1+ |w(o)}

As n > oo , gn(z) + g(z) where g(z) 1is defined by

1 - g(z) 1l -2z
T - a (121 < 1) (3)
1+ g(z) 1l +.z
and by lemma 6, g(z) é M .
Note also that
gn(zn) = a)(Zn) s n=1, 2, ... (%)

Let x be a point on the real axis in {z} <1 . Set

(5)
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Hence by lemmas 4 and 5, K, is the closed disc in |z| <1
whose boundary includes the point x for every n , and

whose centre is Zn s radius Pn where

_ %2 - -7
. zn(l x2) . - (x zn)(l znx) ()
n = 2’ n _ _ 2
1 -2zXx-723Xx+ (2] 1 -z, - 2,X + |z.|

Consider the mapping

w=g (z)
of Kn into the w-plane. Let the domain so defined be Cn .
Since gn(z) € M we have by lemma 2 that
g.(z) - g (z,) \ 2z ‘
1 - By(2,) 6,(2) 1 -7, 2
Hence if 2z 1is a boundary point of Kn we obtain
g,(2) - o(z,) ) \ X -z
1 - m(zn) gn(z) 1 -2, X
] ea(x) - ey(z) ) vy - e(zy) Y
- — - — ~ 'n
1 - g (z)) 8,(x) 1 - o(z,) v,
where y = gn(x) . Similarly if =z is in the interior of
K , then
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g, (2) - (z)

<
1 - B(z,) g, (2) "o

Thus if we think of w(zn) as a point in the w-plane, it is
clear that gn(z) maps K, onto C, where C,  is a disc

of centre wn » radius Rn given by

(D(Zn)(l - ‘ynlz )

w = — —
T T - B, 1
(7)
(v, - o(z,)) (1 - B(z)yy)
R, =

1 - w(z,)F, - Blz,)y, + folz)] 2

Next let 1z & Kn and consider the image in the w-plane under

the mapping

w = w(z)
By lemma 2,
w - w(zn) z -z, B
— £ = = "n
1 - a)(zn)wn 1 -2, 2

Hence w ¢C, , SO W= w(z) maps Kn into Cn

Define

K = &z/‘z -2+ x)| < 30 —x)} (8)
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Let 2z Dbe an interior point of K. Then J v > O st

1 1
lz - 5(1 + x){ < 541 - xX) -v

We note that

z. > i(l + X) as n > @

n 2

P %(1 - X) as n > ©

1

Choose £ st 0< f<zvy. Then J N, st Vo>

Hence for n > max(Ny, Ne)

‘z - 2, l = \z - %(l + X) + %(1 + X)) - Zn{
<—é—(l-x)—v+£

<Cpy - Y +28 < py

Thus if z € interior of K then I N st ¥no>N, z €K

Conversely, if z € Kn for infinitely many n , then
!z - 2y l < p, for each such n

and so

n °
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lz - %(l + x)t = ‘ Z2 -2, + 2, - %(l + x)‘

In

1
Pt lZn - §(l + X)
1
> §(1 - X) as n = 00
hence z &€ K .
In a similar manner the discs Cn have a limiting

circular region C whose centre is given by %(l +y) and

radius %(1 - y) , where

lim lim
Y % ns0o Yn T nroo gy(x) = &(x)

and so0 y satisfies

1l -y _ a l - x (9)
1 +y 1 +x
Suppose now 2z 1is an interior point of K . Then for
large n , 1z ¢& K, - Hence if w = w(z) then w € c, for
large n , and so w € C . Thus w = w(z) maps the
interior of XK into C . Since w(z) 1is regular at
sach point of K , except at 2z =1 , 1t follows that if

z 1is a boundary pt of K, not z =1, then w = w(z)

is in C . Thus if

z--;-(1+x)l - 201 - x)
then Lw(z) - %(l+y) < %(1 -y)
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where y 1is given by (9). Now consider 2z an arbitrary
point in [z) <1 . Define x by the equation

1 - x ‘1 - z'e

1+ x 1 - |2]2

Then we easily obtain

‘z - %(l + x)‘ %(l - x)

Hence *w(z) - %(l + Y)‘ < %(1 -y)

and again this implies

‘l - w(z){a 1l -y
z <
1 - Mz)& 1+y
1l -y 1 -x ‘l - zla
But = Q = 0 ————
1+ 1+ x 1 - |z

Hence we deduce theorem 1.
We show next that theorem 1 has a converse. Suppose

94 o, a real number, such that

11 - w(z)]” - 2f°
- @ — ., (]
1 - [o(z)] < 1 - |z 2l <2

where w(z) 1s regular, \w(z)l <1 in |z} ®*1 . Then

clearly 3 a, > 0 such that the above inequality is valid
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for a = a_ throughout | z{ <1, and for no smaller num-

ber a, - Choose x satisfying -1 < x <1 . Define y

by the equation

1 -y 1l -x
= a
1 +y ° 1 4+ x
Let T = 1-x s P = l;l
2 2
o.r
then p = 0

1 -r(1 - ao)

]

Let X Dbe the disc of centre %(l + X) 1 -r, radius r .
Let C be the disc of centre (1 +y) =1 - p, radius p -

Let 2z Dbe a boundary pt of K, (z # 1) . Then

tz - %(l + x)‘ = %(l - X)
hence Lo E = ‘l _ ztz
1+ x 1 - |z|
1l -y |1 - z‘z ‘1 - w(zﬂ :
Thus = Q — > =
1 + v ° 1 - Jzf 1 - {w(z)‘

In particular we may write z = x , so that

|1 - w(x)lz 1 -y

z £
1 - lw(x)‘ l+y
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and hence
lo@) -2 +y)| < 30 -v)
Therefore
)l - w(x)‘ = ‘w(X) -1+ p- pt < tw(X) -1+ p{ +p < 2p
Hence
1 - Jo(x)] . |1 - o(x)] . 2p o o,
1 - x - 1 - x T 1 - x r l—r(l-—ao)

As x->1, r >0, and so

o 1 - ‘w(x)! . T (1 - o) o
x>l 1 - x = ¥ 1 - x - 0
Next let

| lim T T ‘w(x)[

b = =T 1 - x
Then B < ao . Also by theorem 1,
2 2
|1 - w(z)] |1 - 2
= < —_— (Jz] < 1).
1 - {o(z)f 1 - |z
Hence by definition of ao )
a < B.

(o]
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Thus B = a, s and we deduce

T 1 - (w(x)‘ | = ‘l - w(xﬁ
X>1 1 - x < X>1 1 - x L %
lim T |w(x)‘ 1im ll - w(x),
- %l 1 -x x>l 1 -x
It follows that
1 L - fe)] 1im |1 - )]
x>1 1 - x T x»l L X = %

and since ao > 0O we also have

lim il - w(x)l

= 1
x>l
1 - Jo(x)|
and therefore deduce
1im L - w(x) _ .
x->1 1 - x - o °

We have thus proved

Theorem 2

Suppose w(z) 1is regular in |z} < 1, and suppose

lw(z)] <1 1in {z| <1 . Then either
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1 - {w(z)’
(1) > oo as z -1 (in any manner
1 - |z
in |z} < 1)
or (ii) 3 a, > 0 such that
1 - w(x)
— >a, as x>1, ( x real,
1 -x

jx} <1 ),

and ao is the smallest number such that

|1 - w(z)| ° 1 - 2|
= <
1 - lw(z)[

Q S,
°© 7 [z[2

for all z in |(z| <1
If (i) does not hold we can in fact prove rather more than

the conclusion of (ii). Let iznt be a sequence of points

such that
(a) [znl <1, n=1, 2,
(b) z,>1 as n > ®
lim T
(c) 500 'arg(l - zn)‘ <v <3

Then for sufficiently large values of n ¢the points z, lie
inside a triangle A, in the unit disc with vertax at 2z =1

Further we may suppose [3 has vertices A, B 1in the unit

disc such that AB is perpendicular to the real axis and
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A, B lie on opposite sides
of the real axis. We call
A a Stolz triangle.

Let h Dbe the distance

from z =1 fto AB .

Set
. Re(l - zn)
n- h
(10)
and o = aorn
n
1 - rn(l - ao)
Define t Dby the equation
(1 -z) = rn(l - t) (11)
and Jjn(t) by the equation
L - w(z) = py(1 -¢.(t)) (12)

Then %n(t) is a regular function of ¢ for all t such

that in (311) Jz] <1 . Let

K {z/,z-(l—rn)‘ <r'n(1

and C

I

(k-

We note that
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lz - (1 - rn)‘ = rn'tl from (11).
Hence 1z ¢ K, if, and only if, ltl < 1.
Consider then =z ¢ K, - Then
2
|1 - 2l 1-f
n
—_— K —=
1 - |z| 1 +§ 0
where § n is given by
1
1-r, = §(1+fn).
Hence I ( )lg
1 - w(z 1l - 1 -
> < aO n = __j__g_ say
1 - pﬂzﬂ 1 +fn 1 +Wn
Setting w = w(z) we obtain
1 1
|w - 30 ”ln)l < 30 -1y)
Set pr'1=32:(1 -1,) +  So that
1 1
v - (- ea)| <y -
Now
!
1 - 1 - T
_59_T=__1£=go_i_n=ao__rl__
1 - p, l+q1n l+fn 1L-r

We also have from

(10) that
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P r
I n
— e = Q —

1 - p, ol-r'n

Hence p; = p, » and so w¢€ c, - Now applying (12) we

have, if w = w(z) ,

v - - = e[ Fa ®]

Hence w & C_ = implies {§n(t)‘ <1 . It follows that

é L(t) is regular in [t] <1, and satisfies

& n(t)’ <1 (fe] < 1). (13)

Suppose t 1is real in |tj <1 . Then 2z 1is real in Kn s

z =X, say. Sipee from (10) and (Db) r, >0 as n~> o,

it follows from the definition of Kn that xn > 1 as

n-=>o. Hencée by theorem 2,
1 - w(x )
—_—2 5 g as n-> o
1l -x
n
1 - w(x.)
_ n
But 1 - Qn(t) =
Pn
1 - w(xn)
=(1-1t) — (1 -r (1-a)))
a (1 - x_)
o n
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Thus for each fixed real t in [t} < 1,
§ n(t) >t as n > w. (14)

Also by (13) &n(t) is bounded in |t} < 1 . Hence by
Vitali's theorem, in every compact subset of |t} < 1,

§ n(t) converges uniformly to a regular function, which is
t on the real axis by (14), and hence by analytic

continuation
jQn(‘c)»t as n > o (15)

wniformly in every compact subset of |t} < 1

Next 1let tn be defined by

rn(l - tn) = 1 - z, , n= 1, 2,
l - Z,
so that (1 - tn) = h
Re(l - Zn)
Thus
arg (1 - tn) = arg (1 - zn)
|1 -t | h -z |
and —_— =
h Re(l - zn)

Since the points 2, lie inside 4 it is clear that the
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points tn lie on AB (if we consider the same triangle in

{t] < 1). Thus the points t, all lie on a compact subset

of |t} <1, namely AB . And from (15)
gy n(t) = f n(t) -t >0 as n >
uniformly on every compact subset of }t] < 1. Hence

T n(tn) >0 as n - 00.

Now
1 - w(z,) ) a, 1 -gn(tn)
1 - Z, 1 - rn(l - ao) 1 -t
a
o (t )

= (1 - Tﬁl~£L.)

1 - rn(l - ao) 1-t,
>a, as n > . (16)

Finally we note that since ézn(t) > t uniformly on every

compact subset of |t| <1, so
éé(t)»l as n >

uniformly on every compact subset of [tf <1 . In

particular

1
_(?n(tn) >1 as n - co.



From (11) and (12) we have
d dz Y
om0 () E = pndal®)

Hence

a

w'(z,) = —— § n(t)

1 - rn(l - ag

Thus

1
w (zn) >a, as n > oo.

We have thus proved

Theorem 3

Suppose (z) 1is regular in |z} <1,

lo(z)| < 1, (1z\ < 1).
Then either
, 1 - jo(z)|
(i) > 00 as z =1
1 - |z
or (ii) i e, > O such that
1 - w(z)

—.

l -2z

>a w'(z) » a,

as 2z =+ 1 inside any fixed Stolz triangle.

112 L]

(17)

and suppose

Iz} <1
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Further ao is the smallest number such that

[1 - w(z)|” [1 -2l
< a —
1 - fo(z)® - % 1<zl

for all z in |z} <1 .
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Appendix 2 to Chapter 2

The Superordinate Function

Consider:in the w-plane the domain ;;' consisting of

the whole plane cut along n radial slits, where w = 0 1is

in j,‘ . So f,' contains n sectors measured from w = O ,
t ! 1 .

Sl’ 82, ‘e Sn of angles nxl, nxg, cee nkn respectively,

where

n
pé“v=2

We suppose that travelling anti-clockwise about the origin
!

1
S

we pass through Si, Sg, n’ Si ete. in that order.
Suppose
' A
S, = i:w/[arg w| < —=
2
i.e. Si lies astride the positive real axis. Tet G(z)

be a regular univalent function in [z] < 1 which maps

|z{ < 1 onto j}' and G(o) = O . The lower arm of Si
is the image of two arcs of |z| = 1 meeting at a point on
lz} =1 . The left-hand arc is mapped by G onto this

lower arm in such a way that as 2z moves anti-clockwise,
w = G(z) moves up the lower arm to infinity. This "point

at infinity" i1s the image of 2z = 1 say, and to the left of
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z=1, w=G(z) moves down the upper arm of Si . We can
always choose G(z) such that the point is in fact =z =1

We may write

a A
S (ke
G(z) = Kz (- ) (1)
1 - z v =1 1 - K z
vV #k
where K 1is a constant, |IK,1=1 each v # k, the K,
are distinct. This follows from lemma 1.7.A. We prove
that
Ae = A arg K = 0 (2)

Consider G(e ®) defined by (1). Tt is clear that in the

interval 0 < 6 < & , for small enough & ,

. A
arg G(elg) - PR (mod 2m)
2

Similarly in the interval —'n < ®@ <0 for small 1

. A
arg G(elg) = 1L (mod 2m)
2

Now it is easy to calculate

1 - K,
arg ——————— = = -

6 (mod 2m)
1 - K;elg

o =
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in both intervals. Also
arg ——g = (mod 2m)
1-e x4 <9 <0
2 "3 ki
Hence if 0 < © < 6 ,
A A
arg G(eie) = 0 + arg K + —k_ kg, 2? A (- =8)
2 2 v 2k 2
A
= arg K + X
2
and so
TTA TA
—1 = argx+ £ (3)
2 2
Again if -q < © < 0O we obtain
. A
arg G(elg) = arg K - _k
2
and so
TA A
-—1 = argx - X (1)
2 2
from (3) and (4) we immediately deduce (2).
Thus we can write
n A
4 7\1 ; 1 - fﬁp v
6(z) = (1) M ) Kz (5)

Y =2 1 —_K Z

where K > O .
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From (5) we deduce

log {G(z){ = N\ log Ti%ET + 0(1) as z ~>1
(6)

A arg ——%—— + o(l) as z ~>1

arg G(z) >

Now from (6) and the method of lemma 2.4.B as 2z > 1 the

!
points w = G(z) are eventually in Sl . Conversely 1if

!

1 which diverges to infinity then

&Wnk is a sequence in S

\G(zn)l > o as n -> o

where w = G(zn) , and so from (5) either z > 1 as

n-> o or 3 a subsequence gz t such that =z -> L1 :
np np nﬁ%

for some p as p > . However in this latter case we

could easily show by an argument similar to the above that

1
the points W would be eventually in sector Su of angle

p .
M\LL » & contradiction. J’G«a T, =1 & m - *.

Now n
'
¢'(z) 4 < M Ky M
—_——=+ +
G (z) joo 1 - £,2 1 - s
hence
) G'(z) 1 - |zl (1)
1 - |9 < Ay =——— +0(1l) as z~>1
¢ (2) ol BEEY

(7)

Suppose £wn§is an unbounded sequence in S1 such that
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. TA
1im ‘arg w > .-~ - ¢ for some small £ > O .
n->00 n 5
Then from (6)
. 1 1 A
o || 1ot
where w_ = G(zn) . Hence
lim L- ‘an 6(2)
n->00 ll _ l =
n
where ©6(¢) >0 as ¢ =0 .
Hence from (7)
E G'(z,)
- ) | — | < g (E) (8)
G (zn)

where 6 (&) >0 as ¢ >0 .
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Chapter 3 The Derivative of the Maximum Modulus

Section 3.1

Let
max
u(r) = w(rr) = PPE [r(2)|
ax
and Mg(r) = Mg(r,f) = 12l=r (£(z) ]
w=F(z)e8
where S 1is a sector in the w-plane. Blumenthal proved

that M(r) 1s a piecewise analytic function of r ,

0O<<r<il. Pommerenke [10] has shown that if the largest

sector in t}r has angle na then

. M (r)
lim
@ = 15 (1 - r)

M (r)
We will give another proof of this result, together with
some related results, in this chapter.

If S Céi is a sector from the origin then Ms(r) is
piecewise differentiable for r > r_ . We use a method in

0
[1%], pages 22-27, to prove this.

Lemma 3.1.A

Let S8' containing S be a sector of ;Z' , the domain
superordinate to ;} . Then J r, <1 such that for

ro <r< l, log MS,(r) is a conve¥ function of log r.
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From this it follows that MS.(r) is continuous and
possesses left and right derivatives at each r , r, <r < 1.

Furthermore

. M. :
r_M_S__(_ri < f._§_(_r)_ (r, < T <1) (3.1.1)
Mg+ (1) Mg+ (T)

|-
SI

where M is the left derivative, M

S1
derivative.

the right

Proof

On each arm of S8' 3 pts f 1 f’e the first boundary
pts of z? travelling from the origin along each arm. Thus
the two lines from w =0 *to f 1 and from w =0 ¢to f 5

are the images of two curves In |z| < 1 ¢travelling from
15, -15,
z=0 to e and from z =0 to e s wWhere

—62 < 0« 61 B

is associated with the pt 2z =1 1in the obvious sense

under the assumption that the sector S

(i.e. £ =1 of Theorem 2.2.A). Calling the curves vy
and Yo then each curve, being the inverse image of rays
from w =0 , crossygeach circle |zl =r, O0<r <1,

_1(

once and only once. For if we write g(w) = f ~(w) as

the inverse function of f then since f 1s starlike

wg'(w) ‘
Re ————— > 0, ¢ )
° g (w) " }/
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TLet D be the domain with boundary Y10 Yo and {Jz| =1

i51 —162 . ) .
between e and e s 1including 2z =1 . The circle
|z] = r intersects D and crosses Y, and Y, once and
only once each. MS,(P) is the maximum of ' f£(z) { on
{lz{ = rﬁ/] D . Wenote that 3 r_ <1 st Y ro<r<l

the maximum MS,(r) is attained in the interior of D ,
since If(z)’ 1s bounded on vy; and Y, and ,f(r)} >
as r > 1. We now apply Hadamard's Three Circle method.

Consider three circles |z| = ry, Tps Ty where

Write
#(z) = zM £(z)

where A 1s some real constant. Let DO be that part of

D cut off by the outer circles |z = ry [z]| = rs .
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#(z) 1is regular in DO and its modulus is single-valued.
Hence we can apply the maximum principle to g(z) , and
obtain that ]¢(2)| attains its maximum in DO on one of

the two circles |z|=1r; or |z} = ry . Thus

r2x MS.(re) < max!jrlx MS'(rl) s r3% MS'(PB{}

Now choose

s ) (rj) ) / logi}—

A = - ( log
(ry) ry

MSI

and we obtain

log rj—log T log re-log ry

2
log Ms'(rg) < log MS,(rl) +

< Log My (r3)
log rj-log ry log rj-log ry

the req!tired result.

Lemma 3.1.B

Under the same hypotheses as lemma 3.1.A MS'(r) is
piecewise differentiable in any interval (ro, R) where

R <1

Proof

fe'o)
Let f(z) = 2? a_ z% , and write
1
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! 1

a = an + ian , n=1, 2, ...
1 1
where a s a, are real. Then
@ 1"
il 1
u(reig) = Re f(reig) = 2> (an cos n® - a_ sin ne)r"
1
e
. o, "' . " n
and v(reie) - Im f(relg) =‘E'(an sin ne + a_ cos né)r
1

Consider the two right hand sums, and allow r, © to take

complex values satisfying

0<|rf <R<1
(3.1.3)
0< lo}<en, [m o| < [o ] < 2n .
We obtain
nje |
[cosnel| < e 1%
n e
\sin n e \ < e
And so
® ® nile |
,Z(a' cosne-a.”sinne)rnl <22|a|e ° g™
ke n =~ 3T "n

and the right sum of this expression converges provided
10l
Re ° <1 . Similarly for the other above sum of (3.1.2).

For given R < 1 we can choose o st ]Jo_| > 0 and
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te |\
Re 9 <1. Then for r, © satisfying (3.1.3) the complex

functions u(r, 9), v(r, 0) given by (3.1.2) converge uni-

formly and are regular functions of r and 6 . Let
m(r, 8) = u(r, 0)% + v(r, 0)°

Then m(r, 8) 1is similarly regular and for real r, ©
m(r, 0) = 'f(reig)‘g

Also n(r, ) = 2 m(r, ©) is similarly regular.

For fixed r < R, n(r, ©) is a regular fn of © , and so

either n(r, )= 0, (0 < [ol <en, |mef < o)
or n(r, ©) has a finite number of zeros, in particular
a finite number of real zeros. Suppose

n(r, ) = 0 for some fixed r < R .

i.e. If(relg)l =K on |z| =r, X constant.
This means that f%-ff(reig)f =0 on |z|=1r. If X=0
then f(z) 1is identically zero. If K > O then since
zf' (z) zf' (z

> is regular in |z} < r, so Im 3+ =0 in
|z] < r , and therefore E%%é%l = Re {E%%é%l} 2=0 = 1,
i.e. f(z)=a, z . Thus we may ignore this case and
assume n(r, ©) has a finite number of zeros on [Jz| =r .
We note next that each zero of n(r, 8) , r, © real,

is an accumulation pt of real zeros of n(r, ) , i.e. if

16
Zy =T, e 1 4s a zero of n(r, ©) then each disc centred
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on contains a zero of n. other than zl . To see

z
1
this we observe that if r, © are real then 5;5 in the
complex sense 1s the same as 5%5 in the real sense, and

dm _ [f(re t l£(ret )(

) ©
zlf (z )
hence if n(r,, 6;) = 0 then Im —?T——T~— 0 . By the

maximum principle the harmonic function Im 3%%é§l must
have a zero on small circle centred at Zq - In fact

Im E%%é%l must take positive and negative values on such
a circle, so in fact there are at least two zeros on every

such circle.

ie
We consider now R > r > r, and let zq =T e 1 3
R>ry >r , beapton jz] = r, and in D where the
maximum value MS.(rl) is attained. Then n(rl, 8;) =0

at such a pt. In the nbhd of (rl, Ql) we ean write

n(r, ) = 25 Oy (r- ry ) (9-91)1 (3.1.4)

We consider the equatlon
n(r‘? Q) = O (3-1-5)

as an equation to be solved for © in terms of r . By a
theorem on implicit functions due to Weierstrass (e.g. [4]
pages 233%-239) equation (3.1.5) has in a domain }r—rll < B,

lG—Ql{ < &, a finite number of solutions which are regular
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1
with respect to the variable (r - rl)p s p Dbeing a

certain positive integer. We write these solutions
1
o = o + X [(r - )P ] (3.1.6)
where X(u) 1s regular for Jul (5 . These are the only

solutions of (3.1.5) near (rl, 91) . Since we know there

are an infinity of solutions of (3.1.5) near 2z, which are

1
real, i.e. r, © are real, then any of the finite set of
functions X which covers an infinite numbeér of all these
solutions for r > r; , fr - rll < &, is real for r > 1y
and ylelds solutions for all r>r; , lr -r [< b

(See e.g. fl] page 190). Thus all real solutions, except
possibly a finite number, are covered by X's real for

r > r, , or by a similar argument real for r < ry

Assuming © chosen small enough we can exclude the possible

exceptions and assert that all solutions lie on a finite

number of analytic arcs radiating from Zy corresponding
to X's . Substituting into wm(r, ©) the value of 6
from (3.1.6) we obtain
1
m(r, ©) = m(r;, 6p) + x1[<r - rl)P] (3.1.7)
where X,(u) is regular for |ul < 8 . We repeat this
process for every value on z =71y, 2 € D, where
2

m(r;, 9) has a maximum equal to MS.(rl) . We obtain a
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finite number of expressions of the form (3.1.7) valid in
an interval (rl -8y, vy + 61). Restricting m %o being
real now we have two sets of the form (3.1.7), one valid
for r > Ty the other for r < ry . These two finite
sets yield all the values of the maximum Mé,(r) in an
interval (rl -0, , T+ 63) , since on |z| = r; out-
side the ares |6 - ;] <6, andin D, |
m(rl, 0) < M:,(rl) - v say. Hence by continuity d a
small annulus in D , ry - 63 P S 53 st in the
portions exterior to |o - Oll <6, m(r, 07) < Mg,(r) - % v
and on the portions interior to |0 - ;| < & there are
curves on which m(r, 9) > M;’(rl) - % v .

Consider now the differences taken in pairs of the set

(3.1.7) corresponding to r > r We obtain a finite

l .
number of functions zero at r = Ty and regular in the
variable (r - rl)l/s for an integer s . Each such
function is therefore identically zero, greater than zero

near r = r, or less than zero near r =r Thus we

1 °
can find an interval r; < r < r; + 95, in which one of the
functions (3.1.7) is greater than or equal to all the others.
Similarly for an interval ry - 65 LrX< rla. The functions
so obtained are thus the maximum modulus MS,(r) functions,

and the derivative exlists in [rl - 65 s Tyt 64] except

pc3sibly at ry , where by the convexity property the left



128.

and right derivatives exist. Any interval ['ro, R ] we
can cover by a finite number of such intervals as we have
obtained using the Heine-Borel theorem. This completes

the proof that MS.(r) is piecewise differentiable for

r>r .
o)
Lemma %.1.C
If z, is a point on !zl =r; and in D and 2z

lies on one of the analytic arecs (3.1.6), and the maximum

MS‘(rl) is attained at z; then

ry Mgi(r)) oz £'(z)
MS:(rl) f(zl)

1
where for definiteness we take MS' as the left derivative.

Proof

Set f£(z) = £(rel®) = Rel¥ .
From (3.1.6) we see that © = O(r) along the curve vy
on which z; lies. Thus ©O(r) 1is piecewise differentiable

with left and right derivatives at every pt.

R(r, o(r))

ali-+ Q'(r)a——J
[3r ) 0=0(r)

Ms! (I’)

Ms‘c(l‘)
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=(§—%] since3R=O at © = o(r) .
0=0(r)
zf'(z) _r )R i)R
Now =573 Ryr -~ Ry@
1
z. ' (z,) r Mo (7))
Hence A1 = 15 17 as required.

£(z,) Mgr ()

Section 3.2

Theorem 3.2.A

Suppose } contains a sector S given by (2.1.2).

Then (r)
log M,(r
(1) S . (3.2.1)
log T:'E '
. M. (1) "
(11) 1m (1 - ) 3B = o (3.2.2)
r->1 Ms(r)

(iii) the maxima Ms(r) are attained at points z ,

|zl = r , such that

arg f(z) > O k

as )zl > 1. (3.2.3)
and [1 %zl 1 g
1 - |z
Proof

Let the number A corresponding to S be 1. Let &'
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be a superordinate sector containing S , and suppose s!
has angle n(a®™ + &) where ¢ 1is small. We first show
that the points =z where Mg.(r) is attained, (lz| = r),

are such that z»1 as r >1 . Clearly
MS'(r) >0 as r > 1

so that (f(z)l > ® as r > 1 for such pts z .

Hence if 2z # 1 then by lemma 2.4%.B, w = f(z) satisfies

n(a® + &) n(a® +1)
_—_— > argw > —
2 2
for some 1> 0, r>r; . Since [f(z)l > 00 any sequence

{Wnt = if(zn)t of max. mod. pts, lzni > 1, possesses a
subsequence st we can construct a superordinate function of
f whose domain contains a sector of angle less than =€

which contains the subsequence. We then obtain

Tim log lf(zn)|

< ¢t

n->00 1 -

log i—:—TETT

n
However we know that

1im log ‘f(r), B ax (3 5 4)
r>1 1 - e

log -7

S0 ‘f(rn)‘ > lf(zn)l for large n , which is in
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contradiction to the assumption that [f(zn)' = MS‘(rn) .
This proves that 2z - 1 for pts where MS,(r) is attained,
as asserted.

Clearly we have

lim

log MS|(P) %
r>1 =

a (3.2.5)

1
log 1l -r

For the limes sup follows from subordination, and the lim inf

from (3.2.4). We also have by subordination and lemma 3.1.C
M, (r)
e r Mo (T
1im S X
1 (l - r) S . _<_ a
Ms'(r)

We show that

!
Tim r MS'(P) % A

For if the limes sup is B < o , 80 o - B=56>0,

then § R <1 st for r satisfying R<r <1,

(1 - r) < B+%50
and on integrating
1
log Mg (r) log M. (R) log ==
St ¢ S —— +B+25 - (B+30) L.H
log = log N log T
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for R<r<1l. Letting r > 1 we deduce from (3.2.5)

o < p+26 = oF - 15

i.e. % <0, a contradiction.
So (3%.2.6) follows, and 3 sequence [’rn¢'+ 1 st

lim ;. ) n Msrlrg) &
n->w n )
MS'(rn

and so > (3.2.7)

. 1
igﬂ; (1 - lzn)) z, f (Zn) = of
f(zn)
where lf(zn)‘ =Mgi(r,) , n=1,2, ...

Now suppose

Tim ’l ~ an

n->0o 1 - Izn‘

Since z, > 1 as n > o it follows by lemma 2.4.B that
either (a) the hypothesis of lemma 2.3.B is satisfied,

whose conclusion contradicts (3.2.7), or (b) the pts

w, = f(zn) are eventually inside a smaller sector contained
in S (or a subsequence has this property). But by theorem
2.3.A (ii) and the univalence of f it is clear that this

latter condition implies z 1 (Stolz), again a contra-

diction. Hence
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lim ,l - Zn,
S L S < 0o (3‘2.8)
n~>0o 1 - [zn‘

so the points 3, converge to 1 in a Stolz sector. Hence

by theorem 2.2.B (i)

1im (1 - 7]
—— = 1 (3.2.9)
n->o 1 - ‘Znt

We also observe that any sequence {’%né->1. at which the
maximum is attained, and we have 3.1.C, and (3.2.8) is

satisfied, implies (3.2.9) from theorem 2,.2.B(i), and'?ence
z. £'(z
n n

(3.2.7). To see this it is enough to note that o)
V4
n

and ax are real.

We thus have two possibilities:
¢y

r Mé:(r)

. lim ®
(1) (1 -r) —B—e—— = «
Ih)l Msl(r')
1
or (ii) 3 sequence [r n{-» 1 st
ooyl
n
S e LT R EEN
n ]
r_ Mo (r )
and (b) (1 - r'n) DS 0. ,0 as n - oo
Ms!(rn)

(b) following from lemma 2.3.B. We proceed to show that
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(ii) is impossible. Consider a Stolz sector S0 at z = 1 of positive
angle including the positive real axis. Assume (ii) is true. For
r> R1 the analytic curves containing

the sequence {zn& of (3.2.7) lie in

So’ and the analytic curves ™~ >
~

s \ . ~
containing {Z'n\ are outside So. 5; ~ \~\\
Let us call the two sets of curves T T T

Pl

i 0! [ ol respectively, both sets _ -
being non-empty. Let ( be the set ro
plus all the anélytic curves f‘j‘)rh 12

eventually in So on which the maximum is attained. Let [ ! be the set
fo' plus all the analytic curves eventually.not in So on which the
maximunm is attained. | covers an infinite set of intervals (R3, RQ),

R4 - 1 but since (ii) is satisfied [ does not cover all values of r,
1>r> R2 for any R2 < 1. Similarly r' does not cover all values of r,
1>r> R2 for any R2 < 1, but ' does cover an infinite set of intervals
(R5’ R6), Rg = 1. Consider any R, a right end pt of an interval
covered by aY € [ st (Rh’ R7) for any R7 is not covered by ay € [ .
Then (R, R8) is covered by ay' € [ ' for some Rg < 1.  The left
derivative of MS'(r) at R, is given by a ¥, and the right derivative by

aVY!. We have
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Ry Mg (Ry) Ry Mg ()
MS' (Ru) - MS' (RLI.)

by convexity. However there is an infinite sequence of
such R4 tending to 1. Since the left side corresponds

to a v we get

R, Mz+ (Ry)
(L - Ry,) b S B L 0¥ as R, > 1
4 M (R, ) it
st 4
Since the right side corresponds to a y' we get
| .
R, Mq: (Ry)
(1 - Ry,) 4 S AN O as Ry, =1
4 M (R, ) 4
st 4
We deduce aF < 0, a contradiction. Hence (ii) is

impossible, and (i) holds. We also have that the maxima
are attained at pts =z st
1 -z |
————— ~»1 as r=lz| >1.

l -r

And so 3 RO <1 st ¥Yr> RO

MS.(r) = Ms(r) .

This completes the proof f theorem 3.2.A.
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Section 3.3

Theorem 4

Suppose w = f(z) , f{(o) =0, is a 1l:1 conformal map
of |z{ < 1 onto a starlike domain ;% , and let mwa Dbe
the angle of the largest sector, measured from w = 0 ,
contained in j} . Then

lim

a = (1 -r)

Proof

If a=0, 5& contains no sectors and the result

follows from (2.6.12). Assume o > O and let S.,, S S

l, 2, v s
be the sectors in j} of angle mao . Choose a superordinate

S . Sn' where

1 1
1’ "2
i=1, ... n . Since the number of sectors of

domain j" > jV containing sectors S

1
Si > Si s
angle ma 1is finite, 3 Ro <1 st V’I* satisfying

Ro<r<l

MSi(r) = Msi(r) s i=1, ... n . (3.3.1)

Suppose {Zk § is a sequence of points in f{z| <1 st

‘Zk‘ > 1 as k > o
|f(zk) | » o as k » o

W, o= f(zk)fsi, i=1, ... n .
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Then 3 a subsequence of {zﬁ st w, = f(zk) €T
for k > ko » k 1in the subsequence, where T 1is a.sector
of ' not one of the Si . We may suppose T Ras angle

B where B < a . We then deduce

log lf(zk)l

lim
< a
koo log 1

-2 |
Hence by theorem 1 the sequence izk {cannot be a sequence
of maximum modulus points, and we deduce that the maximum
modulus points 2z are such that the image points w = f(z)
eventually lie in one or some of the sectors Si . And
then from (3.3.1) we deduce

M(r) = Mg (r) , ry R;‘>Ro (3.3.2)

i

and some i, 1 <1 <n, not necessarily the same 1 for
each r . In any case since the Si all have the same

angle moa fthe result follows from theorem 3.2.A.

Section 3.4

In this section we return to theorem 2.3%3.A (ii) and
(iii) and show that the hypothesis of the theorem that f£z > 1
(Stolz) can be dropped for (ii) and partially dropped for
(iii), i.e. we will allow gz to tend to 1 in any manner,

from inside |z} < 1 . More precisely we prove
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Theorem 3.4.A

If has a sector S of the form (2.1.2) and K =1

is the number of theorem 2.2.A then
. % 1
(i) arg f(z) = o™ arg = o(l) as z > 1

(ii) for each § , 0 < & < o*,

log £ix) > (@ -£) 1og li—:~il - o(1)
£(z) 1 -r

as z 1. In particular if 2z - 1 but not inside

any Stolz sector, (and of course [zl < 1 ), then
le(z)l = o (M(r))

for such z as Jz|l=®»21,

Proof

(i) 1is clear from theorem 2.3.A and lemma 2,4.B.

(ii) Set
g(z) = (1-2)% € 1(z)

then zg'(z) zf'(z2) a® -¢ a® -f 1+ 2z
ez) | =) = 2 1-32
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Hence ’( ) '( )
zg' (2 zf' (2 x
Re oo” = Re eom . Lo L2, £ g Ltz
g(z) r(z) 2
*
Lo - I3
2
4 1+2 o - ¢
ZERGT:-Z-+-——-2—~— > 0

applying theorem 2.2.A. Also g'(o) = f'(o) #0, g(o) =0 .
So g(z) is starlike and applying theorem 2.6.C maps dz| < 1
onto a domain D containing a sector T of angle T &

associated with the pt z =1 . We have

f(r) r) 'l -z
log = log B { + (a® -€) log I ,
£(z) g(z) 1 -7
Now by theorem 2.3.A (iii)
g(r)
—_— > 1 as r > 1
Me(r,8)

since the maximum points are attained near the centre of T .

Thus
g(r) g(r) Mn(r, ) I
log = log |[——m—mm—m——— °* ——
g(z) Mp(r,g) g(z)
> 1 5(x) 0 1
0 — -> as 1 >
= Mn(r,8) ’
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for pts z > 1. Hence

(a® - ) 1og —z—-——— - o(1)
-7

v

£(r) ‘ [1- 2|

Section 3.5

In this section we write

zf'(2)
F(z) = —
f(z)
(1z} < 1) (3.5.1)
and h(z) = 2zf'(z)
Lemma 3.5.A
For each 6, 0 <6 <2mn,
1im (L -r)F (reig) exists. (3.5.2)

>l

Proof

Suppose the limit is not zero for some © . Then :3

a sequence {rn t» 1l as n -=> o st
lim ie
50 -m) | et - 550

As in obtaining (2.2.6) from (2.2.5) we deduce
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Re P(z) > £ Re — (Jz] < 1)

n

Hence by Theorem 2.6.C j; contains a sector of angle at
least =B associated with the pt 2z = e+lg » and the

limit exists and is therefore B .

Theorem %3.5.B

Let ma , 0 < a< 2, be the angle of the largest

— ——

sector contained in j% . Then

14
oy (L -71) M(r, F)

(3.5.3)

it
Q

If a > 0 then the set of points 2z at which the maximum
is attained has a finite number of 1limit points f on

iz} =1 and

[1-f7 =l

1 - ‘Zn‘

1 as n > o (3.5.4)

for any sequence {Zn e of such pts tending to f .

Furthermore

arg F(z ) >0 as n-~>® (3.5.5)

for such points.
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Proof

If a=0 (3.5.3) follows from the proof of lemma
3.5.A. Assume a > O . Then by theorem 2.6.C the limit

(3.5.2) for some value of © is a , and so

%%% (L -r) M(r, F) > a . (3.5.6)

If {Zn & is a sequence of pts at which the maximum is

attained, and z - f s ({fl =1), as n > ®, and
lim -
Lz iz g, F) = B

then as before

1,+f -1

'I'—-—‘f—:—lz' (1Z\<l).

Re F(z) > Re

O

Hence 3;/ contains a sector of angle at least nff associated
with 2z = f , and since by (3.5.6) B > a we deduce B =a .
This proves (3.5.3). By lemma 2.4.B the points w, o= f(zn)
are eventually in S' > S, where S < ﬁ/ is the sector
angle ma associated with f , and S' a superordinate
sector, constructed in the usual manner, By lemma 2.3.B

the points Z, tend to .f from inside a Stolz sector at

, and so0 by theorem 2.2.B (i)

-1
(1 -f Zn) F(zn) > & as n = 0o
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Also (1 - (zn{) ‘F(zn)i >a as n -> .

Hence (3.5.4) and (3.5.5) follow.

Theorem 3.5.C

Let ma , 0 < a <2, be the angle of the largest

sector contained inj} . Then

, M(r, h)
oo -r) i (3.5.7)

If a > 0 fthen the set of points 2z at which the maximum
M(r,h) is attained has a finite number of 1limit points jf
on |z| =1, and the properties (3.5.4) and (3.5.5) are

also satisfied.

Proof

Since h(z) = f(z) F(z) we have

M(r,h) < M(r,f) M(r,F)

and so
— M(r,h)
lim  _p) —— < a (3.5.8)
r>1 M(r,f)

by theorem 3.5.B. Hence (3.5.7) follows for a =0 .
Assume a > O . Let {’ﬁ1é be a sequence of points at which
the maximum M(r,f) 1s attained, and where z, *> f s

(lf? =1), as n ->o00 . Then



s h
(1 -z 1) el B >
M(|z |, )
> qQ
Hence ( )
lim M(r, h
=57 (1 -r S a

and with (3.5.8) we obtain (3.5.7).
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(1 - 1zl) 1P (z)]

as n > o .

Nex: let Szn_e » lz,| »1, be a sequence of points

at which the maximum M(r,h)

20 (1 -z 0) [R(z)] = 22 Q-
lim ) MCizgl, n)
2 e (-l SR

is attained.

Then
M(lz |, h)
S T
o as n->

- Hence 1if 2, > f say then ;} has a sector of angle at

ieast na , and hence of mwa , associated with -f .

Thus it easily follows that
(1 - Yol ) lF(zn)[ > as
c =1
and (1 - f zn) F(zn) f a as

and so the theorem follows.

n-> .
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Theorem 3.5.D

Let ma , O <a <2, be the angle of the largest

sector contained in ;% . Then

T M'(r, F)
lim
(1 -1r) —_— < 1 +5.9
r>l ¥ (z, F) S (3.5.9)
d lim 2 ?
an >l (1 -r) M'(r, F) = Q (3.5.10)
If a > 0O then
. M'(r, ®)
lim
1-r) ————— = 1 (3.5.11°
Lt M (r, F)

If o =0 +then (3.5.11) does not héld in general. However
there are functions F in this case such that (3.5.9) is

sharp.

Theorem 3.5.E

Let na , 0 < a <2, be the angle of the largest

sector contained in ﬁf. Then

Iim (3 _ ) i B 1 (3.5.12)
-7 ——— < + «5.12
r>l M (r, h) "
M'(r, h)

and Lim (1 - r)2 ala + 1) (3.5.13)

>l M (r, T)

i
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If a > 0 then

. M'(r, h) ,
lim

1-r) ———— = a+ 1 (3.5.14)
r>l M (r, h)

If a =0 then (3.5.14) does not hold in general. However
there are functions h in this case such that (3.5.12) is

sharp.

Proofs

For definiteness we suppose the above derivatives are
left derivatives, which exist for sach r, 0 < r < 1.
Assume first that ao > O . On each circle |z} =r we

can find 2z st

r M'(r, F) z F'(z)
M(r, F) F(z)
and M(r, F) = |F(z)| .
Any sequence of such pt§ z as |z{| > 1 possesses a

subsequence converging to a pt f on lzj=1, and ;ﬂ

has a sector of angle mna associated with _f in the

usual sense. Furthermore the subsequence converges to -f

along the radial direction at f .  We deduce from 2.2.C(i)
zF'(z)

—_— -»> 1 as r=>1
F(z)

(1 - r)
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and this proves (3.5.11). Similarly we have

r M'(r, h) z h'(z)
M(r, ) i n(z)
and M(r, h) = | h(z) |
for some z on |z[{=r, each r, 0<r<1l. Now
h'(z) F'(
L (3.5.15)
h(z) F(z)

The points 2z have the same property as before, so that

(1 -7r)F(z) =~» « as r > 1
zF'(z)

and (1 - r) ———— > 1 as r~>1
F(z)

and so (3.5.14) follows.

In the case o = 0 these two results do not hold in
general as can be seen from the function
£(z) = z

when h(z) =z, F(z) =1 and both limits (3.5.11) and
(3.5.14) are zero. To prove (3.5.9) we note the inequality

( F'(z)[ < ————jing Re F(z) (3.5.16)
1 - (z,

whose proof we leave to lemma 4.1.C. We deduce



148.

F'(z)

(L - r) > 1 as r > 1.

I~

F (z)
This proves (3.5.9). Also if a = O then
(1 -r)PF(z) > 0 as r=>1

so (3.5.12) follows from (3.5.15) and the above inequality.

Tf we consider the function

£(z) = log T%E
_ i
then h(z) = T

is starlike, so f(z) 1is convex, and in particular starlike,
and clearly o = 0 . In this case the limits (3.5.11) and
(%3.5.14) are valid and so (3.5.9) and (3.5.12) are sharp.

If a > 0 then (3.5.10) follows from (3.5.3) and
(3.5.11).  Also (3.5.13) follows from (3.5.7) and (3.5.14).
If a =0 then (3.5.10) follows from (3.5.3) and (3.5.9).
Also (3.5.13) follows from (3.5.7) and (3.5.12).

This completes the proofs of theorems 3.5.D and E,

apart from showing (3.5.16).

Section 3.6

We complete chapter 3 with a consideration of the
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higher derivatives of M(r) = M(r, f). According to theorem

3 we may write

-\
£(z) = n(z) | (1-%3z2) "

v
where “"'v' =1, the jga are distinet, Z ?\V <2, and
v

z h'(z)
(L - |z2]) ——— > 0 as |z}]~>1.
h(z)
We set
z £'(z) z h'(z)
F(z) = —————, H(z2) = — .
£(z) h(z)
Then
A
F(z) = H(z) + Ei' —i—féaii
v 1 -% 2
v
and (1 -r) M(r, H) > 0 as r->1.

Lemma 3.6.A

Let 2z , |z, > 1 , be maximum modulus points of f .

Then

(1 - lzl)n+l 2" F(n) (z) - an! as |z{|>1
(1’1= 0, 1, 2,

where ma , 0 < a < 2, 1is the angle of the largest sector

in ;&..
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Proof

lz‘ -+ 1 such that convergent sequences {.Zkg tend to

a ﬁ;&l where xu = o for each such p , and Zk approaches
,K.;l along the radial direction at g;;l . We have
n
K
Fz) = w0y + o 2 ey
v (1 - K‘VZ)

Hence the lemma follows provided
(1 - }zl)n+l H(n)(z) -0 as |z|»1

By Cauchy's integral formula

H(n)(z) _ ot f (H(f) af

27t1 P4 - z)n+l

c

where C 1s a circle centre 2z whose circumference is

contained in |z} <1 . Let 1z = re'® and choose ¢ to
have radius 6 = %(1—r) .  Then
on. .
: o f H(rel9seP)ag
H(n)(relg) - n. .
21m - 50 elnd
0

27 . .
ol ! f H1(rel®se®)ag

elnﬁf

- on(1l-v)"
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Hence (1 - r)n+l [H(n)(reig) < 2Mh! (1 - r) M(r+8, H)
= ol 1 (1 - R) M(R, H) where R = r+bd

+0 as R=»>1, and R~»>1 as r > 1.
This proves the lemma.

/ Note our convention u(o)(z) =u(z) 7.

Corollary 3.6.B

Under the same hypothesis as lemma 3.6.A

n+l o(n+l) (z)
ORI R T L — 2L a(arl) ... (an)

Proof

The result is already proved for n =0 . S0 we assume
n > 1 and that the result is true for values up to n - 1.

According to Leibniz Theorem

n t

an _ (k) (k)
az" (ulz) v(z)) ké) k! (n-k)! . Y

We apply this result as follows. Set

zZ f'(z) = f(z) F(z)



Then

n '
n.
g p0tl) o o(n) E p(n-k) p(k)
120 k!(n-k)!
k o(k)
z- f
Let P, = —— , Q = - p(k)
£
Then n ot
P + nP = 25 —_— P Q, .
n+l n S5 k! (n-k)! n-k “k

Hence applying lemma 3.6.A and our induction hypothesis
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1i 1 n-1 a n!

|z;§1 (1- Bl)n+ Pn+l = ZE — a{a+l) ... (o+n-k-1)
koo (n-k):

+ an!
o n!
= 2 a 3
t m
o M
where o =1, o = a(a+l) ... (a+m-1) , (m > 1) .

We now proceed by a second induction argument to show that

n
Gyl T ZE ) m

m=0

Suppose for some n > 1 we know that
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Now
@ = (@ + n) o
-1 nt
= aa + EE a
1
o m

a n!
= ZE a. as required

But a; =a, o, = al(a + 1) = a2 + o satisfy our induction

hypothesis, hence

Um (- z)™ e = o«

jz|->1 n+l

and the corollary follows by induction.

Theorem 3.6.C

Let ma, O < a2, be the angle of the largest

sector in j} . Then

Remark

M''(r) is well-defined except possibly at a countable
number of isolated points. It will turn out from the proof

that M"(r) defined by continuity from the left (or from the
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right) at these points must remain finite, so tkat we can
attach a significant meaning to M"(r) for each r ,

ro <r<1.

Proof

Let v Dbe a piecewise differentiable curve on which

(f(z)l attains its maximum. We can write
y:{z/z = z(r) = reig(r) , 0<rc«< lé

where ©(r) is piecewise differentiable. Then on 7Yy we

have

r (;Lr = (1 + ir0'(r)) z ailg (3.6.1)

As equivalent operators. We also have on v

() o T _EfE
M(r) £(z)

Hence ©rP'(r} = (1 + ire'(r) z F'(z)

Therefore
2 ) )
(L -r) rP'(r) = (1L + iro(r)) ' (a + o(1)) as r =1,
by lemma 3.6.A. However the left-hand side is real, and so
2
(L-r) »P'(r) = a+ o(l) as r > 1

and the result follows by the argument of corollary 3.6.B.
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We also have proved
(1 - v)2r8'(r) 2z F'(z2) = o(1) as r>1. (3.6.2)

If a > 0 this implies
0'(r) = o(l) as r >1 . (3.6.3)

Theorem 3.6.C leads us to conjecture that

(n+1)
M (r)
lim ( n+l
r->1 M(I‘)
for n=0, 1, 2, «¢o . A proof, if the result 1s true, by

our method would need a step by step application of (3.6.1)
and we cannot see how to obtain a general result. However

by routine calculation we can carry out the next step, and

prove

Theorem 3.6.D

Let o, 0 <a <2, be the angle of the largest

sector in ﬁ,. Then
. M"'(l")
lim 3
(1 -pr)) —— = afa+ 1)(a + 2)
r>1 M(l”)
Remark

M"!Y(r) as before is well defined except at the

exceptional isolated pts where again it can be seen from
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the proof that M'"'(r) does not become infinite in

ro <r<1l.

Proof

We again apply (3.6.1) and obtain
rgls kR () =[@re' () = g ((rire' (1) 2 F'(2))

= (1+41r6" (r)) (2 P (2)+27F"(2)) + v L= (1+ire'(r)).z F'(2)

Hence

(1-v)7 rod (rP'(r)) = 2a+o(1) + 21r0' (r)(1-v) (2F' (2)+22F"(z))
-~ 120'2(r)(1-7)°(2F'(z) + 22 F"(z))

+ i(l—r)jrg'(r)zF'(z)+i(1+r)3r29"(r)zF'(z)

Since by hypothesis a > 0, we have ©0'(r) = o(1) ,

and we deduce

]

(1 -r) rg% (rP'(r)) = 20+ o(1)
o(1)

The theorem now follows easily. We would expect the theorem

} as r>l. (3.6.4)
and (1 - r) o'(r)

to hold in the case o = 0 , but the difficulty in proving
this arises from the term
-r? w2u4(1-1ﬁ3{szz)+22F"u)}

which would need to be o(l1) for the result to hold.
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Chapter 4. Estimates of Length, Area and Integral Means

Section 4.1

In this chapter we concern ourselves with the estimation

of (i) the length of the image curve of |z} = r under

the starlike mapping w = £(z) . This is given by
2n
L(r) = r j {£1(re'®) | a0 (4.1.1)
)
(ii) the area enclosed by the same image curve, This

is given by

T 27
A(r) = v[ J, {f'(peig)l2 o dp do (4.1.2)
(o] (o]

(ii1) ¢the integral means defined by
2n
1 ioe
Ip(r,f) = Ip(r) = 5= J, !f(re )[p de (4.1.3)
o

for p> 0.
We use the same notation as earlier. The following

lemma will be fundamental to our investigation.

Lemma 4.1.A

Suppose w = f(z) is a starlike map of [z} < 1 onto
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a domain 5L and suppose the largest sector with vertex at
the origin contained in 5@ has angle =a , where a > O .
Suppose there are n sectors in ﬁ— of angle mna , and
let .fl’ for oo frl be the n digtinct points on |z} =1
corresponding to the n sectors Sl’ 82, voo Sn in éi
respectively. Choose ¢ satisfying 0 < ¢ < a . Then
at §i , (1 <i<n), q astolz sector T, , which
includes the radial direction from fi to z =0, and

4 R <1 such that for all r, R <r <1l , we have
je(z)] < ¢ M(r) (4.1.4)

for all 2z on |z{ = r outside the sectors T, i=1, .. n.
Furthermore the angles of the Stolz sectors may be chosen to

depend on ¢ and tend to m as ¢ > 0 .

Proof

Let {-Zkz be a sequence of points in |}z/ < 1 such that
(1) {zk[—>1 as k > o
(11) ezl 2 e¢m(r) , k=1, 2, ...
where 1, = 2| -

We then have
¢ Mr,) < [f(z )] < M(r,)

and so



159.

log ¢ log M(rk) ) log ff(zk)l ) log M(rk)

1
log 1’lzkl

The outer terms each tend to a as k »> oo . Hence

. 1 f
llcig]o e | izk)’ = (4.1.5)
log i—:TZL_CT

For a given superordinate domain }' > j, with sectors

?
S; > 8y (i =1, ... n), as we showed in the proof of

theorem 4, (4.1.5) implies that for k > k, the points

n o
4 ) lie in the union U S, . From lemma 2.4.B
k k j=1 1

it follows that any convergent subsequence of { Zkf con-

= f(z
verges to one of the points .fi , (i=1, ... n). We may
assume for convenience that

z, > fl = 1 say as k = o0
Writing S; = S we have by (ii)
£z ) > gMr) > gug(ry)

hence
f(zk)

f(rk)

Mg (ry)

‘ ’f(rk)l > ¢

s, for k > k

Hence from theorem 3.4.A we see that

zk > 1 as k > oo inside a Stolz sector at z =1 .
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Hence we can apply Theorem 2.3.A (iii) and obtain

£(z, ) (1-r) ¢
k = (—% ) (1-0(1)) > ¢ as k>0
f(r,) 11 - 2
i.e. for k > k2 say
1
1l - r @ L
—k d > 2¢° (4.1.6)

-zl = @ o(i))&

Thus for k > k2 5 2, lies inside a Stolz sector which is
independent of the particular sequence [zké » 1l.e, depends
only on £ . We define our Stolz sector T, by (4.1.6)
and similarly for the other points .fi . We choose R <1
so that if |z| > Ro then 2z 1is either in one and only one
of the sectors Ti , or in none of them. It remains to
show that 3 R, R, <R <1, such that for the Stolz
sectors we have constructed
(4.1.4) is satisfied. Let
us call the set of points on
| N
|2} =1, Ro < r <1, which \\

{ . z
are in one of the Stolz sectors, \( 0 EEE%%I.

E =E(r) . And let E'(r) be

the complement of E(r) wrt
[z} = r . Consider Z?gﬁr)ﬁ(z)[

If the lemma were false then this el Ak
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maximum, by our previous argument, would be attained at
points inside one of the Stolz sectors and at no points out-
side nor on the boundary of any of the sectors, for r near
to 1. This is clearly impossible, and the lemma follows.

Our later estimates require

Lemma 4.1.B

Suppose ©§ satisfies 0 <O <7mt and B8 > % . Then
B
d e 1 8)
—_— J(B

J’ n-rel9[2P = VT cos % 5. (1-r)°P~1

) re - o2
where J(B) = \én 2 i

re)

Proof

1 - reig}Z = (1 -1r) + 4r 51n2% )

by sinzm% 0
= (1 ~-r) g 1+ S
L (1 -r)
o) 0]
. 5 de 1 dae
T 2B J/ ) 2 B
(8] 2 L 1 = 0
5 1 - re’ , (1-r) e 1+ rosint s é
° (1-r)2
2 Jr o 5 o
Set 4(0) =
1 -7
VT cos 5 ©
S0 %g = 2
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e 1 1 aq
hence : =
[1-ret®}2P  (1.r)°P-1 /T cos

(o]
o

i

(0.0]
1 1 . ag
Jr cos 6 (1-r)2P1 J (1492 )P
(@)

Set @4 = tan x , then

/2
J, 0052(6'1)x dx

o}

o
ag
j (1+¢2)P
o}
This is a standard integral, see e.g. fi13], page 256.

We obtain

/2
T e, L L (BB
; =T

Since f(%) = /m , this proves the lemma.

Lemma 4.1.C

Suppose F(z) 1is regular in |z| < 1 , and satisfies
Re F(z) > 0, |F(o)] < 1 in {z} <1.

Then we have
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271
. 2 l+5r’2 A
5% J {F(re™®)]” a0 < (4.1.8)
1 - r®
o
271
1 v 10 2
and 2= |Fr(re?®)| a0 < (4.1.9)
T -1 - p?
o
Proof
Let F(z) = c, * CZ + 0222 + ... (]z] <1).
It is well known that
;cn] < 2 Re F(o) , n=1, 2, ...

(e.g. [5! page 15). Hence {cof <1, Icnl <2,n=1, 2,

27
! 2 X 2 )
1 i i0
Thus o J [Pt a0 = > e A
o - n=0
- 5 1 + 3r?
n .
< 1+ 4 T = S as required.
Next write
1+ w(z)
F(z) = ————
1 - w(z)

Then (z) 1is regular, jo(z)} <1 in {z] <1
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2 w'(z)

F'(z) =
(1 - o(z))?

Hence applying Pick's lemma

2 1 - Jo(z)]?
[7'(2) | <
1 - w(z)l® 1 - |z)?
2 1+ w(z) 2
= —————— Re¢ —— = ———— Re F(z)
1 - |z}2 1 - w(z) 1 - |z)2
Thus
21 21
L 17" (re?®) (a6 ¢ —— ~ Re F(rel®) ao
27 - 2n
0 o}
2
= Re F(o)
1-r?
2 .
< , as required.
1-v2
Section 4.2 A Length Estimate
Theorem 5

If the largest sector in }r has angle ma > 0 , then

Tim  Lb(r) 2 M (z2)
S < [=] (4.2.1)
Poue S % Y e D)
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1im  (r) ()
e a— u. .
e g 2 YT D a8

For each a > 0O these estimates are sharp.

Proof

We define

L(rf G) = rf |£' (re®) | a0
G
where G 1is a measurable subset of (0, 27m). The proof

will be divided into estimating L(r; E) and L(r; E')
where E 1s the set defined in section b1, We use a
method due to Pommerenke [10] to estimate L(r; E')
Clearly

L(r) = L(r; E) + L(r;'E') .

We write

zf'(z)

F(Z) = —m 3 h(Z) = 2Z f'(Z) .

F?(z)
Then h'(z) = f(z){’ + F'(z) ?

4

By lemma 4.1.A for each ¢ > O 4 R<1 st

le(z)| < €M(r), R<r<l, z¢€BE'(r)



Hence
1 i0 EM(r) 4 i0
2| In'(re’®)fao < — = [F(rel®)|2 a0
E! E' (R<r<1l)

+ £ M(r) 5% -[ IF'(reiQ)) de

Hence applying lemma 4.1.C

1 + 2r + 3r®

é% ‘h'(reig){dg < EM(r) e (R<r<1)
El
Now T
L(r;E') = .{ [h(reig)‘dg = -f ! ‘( h'(peig)dp‘dg
E! 3! ! o
Ir ) .
< J -( |n' (pe'®)] ap a0
o JE'
R . r 1+2p+3p?
< n'(pel®)| ap a0 ong [ M(p) ——
- fo ,(E, [ el ap ro J P (1-p?)

j? 3 M(p) dp
R p(l‘P)

in
w
jos]
+
n
=]
~e

We may suppose R chosen large enough so that

(1-p) E_%_SEZ > a -§& (R <p<1).
M (p)

Then
6rng  F
L(r; E') < BR) + — M'(p) dp
a-¢ R
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< B(R) + bng M(r) , (R<r<1i). (4.2.3)

a-¢
We now estimate L(r; E) . We suppose § fixed, O < g < a,
and R < 1 chosen so that lemma 4.1.A is satisfied. We
have n sectors Sl’ ca Sn in ;% of angle =wa > O .
Let S = S1 and suppose for convenience that S 1is associated
with 2z =1 1in the usual sense, Let T Dbe the Stolz sector
at z =1 determined as in lemma 4.1.A. Then by theorem

2.%3.A (iii), for r > r, we have

Q

fe(z)f = 12 (L) fe(n)g

|1-2}

for |zl =r , z¢ T and where |1 (z)] < € .

Also for r > r. ,

1
[£(r)] ¢
2 —MS——<P) 2 . )
hence (2)
‘ Z a
0] = el (A ) () (4.2.4)

for r > max(ro, rl) , and where {4}O(z)1 <¢ , z€ET.

Also we have

(1L -2z) ——— > o as z-=>1 in T.
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Hence for r > Ty since the convergence is clearly

uniform in T ,

z £'(z) ‘ a + l(z)
£(z) B 1 -zl

where rql(z)‘ <E, for > r, , z¢& T . We may suppose
R has been chosen greater than max (ro, Ty, re) , and then

we have for r > R ,

(z)
(@ +7,(2)) &1 (1 - ) mg(r)
Z|a+l ’

(4.2.5)

|z £'(2) | =
h -

mwma}qoh)]<£ ,(ql&))<£ , zZ €™,

Let Fl’ Fg, “as Fn be the respective contributions to
E on {z] = r of the Stolz sectors Tl = T, Tg, ces Tn .
So that
n
E= U F;, 1is a union of disjoint arcs.
i=1

Write F =F, . We estimate L(r; F) . It is clear that
we may choose each arc Fi symmetric wrt the point f i

so that
5
L(r; F) = 2r J I (rel®)| a0
(o]

where 6 = 6(r) >0 as r=>1, d(r) >0, and %é%ﬁ-
remains bounded as r = 1 . Applying lemma 4.1.B, we have

for r >R,
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g . a0
L(r; F) < 2(a+¢) e Ms(r)(l-r) J TOTOFL
o Il-re '
2(a+£)e£ Ms(r) 1 1
= = .2,
~— \/r cos % 5(r) ’ (2 > 2) (+.2.6)
Hence ¢
L(r; E) < en(ort)e Mir) J(x 1) (4.2.7)
; = a+ = .2.
~ Jr cos % d(r) 2 2 !

for >R . From (4.2.3) and (4.2.7) we obtain

L(r) One

a-¢

£
< 2n(a+t)e J(% a + %) +

1lim
r->1

M(r)

Since ¢ > O can be made as small as we please, we deduce

= L(r)
ril < 2na J(% a + %)
M(r) k
(4.2.8)
L \
< b J(§ a + 5‘)
since clearly naom < 2n . This proves (4.2.1).

To complete the theorem we prove the following lemma.

Lemma 4.2.A
. Lq(r)
lim S 1 L
1 ——— = 2aJ(5a+3) (4.2.9)

Mg (r)
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where LS(r) is the length of that part of the image curve

C(r) of |zt = r which lies in the sector S .

Proof

From (4.2.6) we have

—— L(r; F)

1im
r->1
Mg (r)

That part of C(r) in S not covered by the image of F
is clearly such that ([f(z)} < LMS(r) , for R<r<1l,
over this part of C(r) . This follows from the argument
of lemma 4.1.A. We then argue as in obtaining (4.2.3) and

see that the length over this part has the order gN%(r) s
and so
T Lg(r)
r>1

< 2a J(% a + %) .

Now from (4.2.5) we have

(@ -¢) e f (1 - 1) M(r)
lz £'(z)l > T z{a+l (¥.2.10)
for ze¢T , r»r>R. Hence for r > R ,
o}
: dae
L(r; F) > 2(a -¢) et Ms(r)(l - r)a‘[ o re19|a+l

o
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2 /T sin % 5

l-r
1 ag
JT cos % ) (l+¢)é(a+I7

I

2(a-g)e“£ MS(r)

2 /T sin % 5

l-r

Ag
(l+¢2 )% (Q+17

, as in lemma 4.1.B.

> E(a—i)e'gMS(r)

Now by lemma 4.1.A the Stolz sector T depends on £ and

can be made with angle tending to m as § > 0 . And so

.1
lim 2 /r sin 5 5(r)
r->1 1

> K = K(e) ,
- I

where K(¢) > o as § > 0.

It follows that

1im Ls(v) 1im L(v; F)
r->1 r—>1
Ms(r) MS(r)
K
. dﬁ
> 2(a-£) et —
(1 + #2 50tz
Q
1 1
> 2a J(§ a + 5) as £ > 0 .

This proves the lemma.
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Now for r > ro we have
M(l”) = Ms_(r) b}
i

where i = i(r) and 1 <1 <n.

as r > 1

Hence l)

> 2a J(% a+ 3

and so (4.2.2) follows.

)
If n=1 then (4.2.2) is sharp. For n > 1 we can
easily construct functions with n sectors of angle 7w in

their image domains st
Ms(r) ~M(r) as r=>1,

for each such sector S . So (4.2.1) is best possible.

Section 4.3 An Area Estimate

Theorem 6

If the largest sector in e§’ has angle ma > 0 , then

ST A(r) 5 a/m [ (a+ %)
>l M2 (r) < [E] 2 (¢ + 1)
Lim AR aym [(a+3)
™ ) 2 T 1)

(4.3.1)

(4.%.2)

and
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For each a , 0 < a <2, these estimates are

sharp.

Proof

In the case a = 0 both estimates are trivial.

(4.3.1) is sharp for the function f(z) = z , and (4.3.2)
is sharp for the function f(z) = log T%E .
Assume a > O . With the same notation as section

4,2 we have

r amn
A(r) = A(R) + J’ %5 ‘f lo £'(pet®)] a0
R S T (4.3.3)
<AR) + mg2 ME(r) + J/ %? ‘[ lp f'(peig){2 ae
R B

Using equation (4.2.5) we have

5 5 .
o

g lpf‘(peig)\2 a0 < (arg) o2t MZ (p) (1-p)5% J/ ‘l_peig(e(a+17
@]

o

< (a+f)® et J(a+1) : T 5 (p)
Jpcos 506 1-p
Mg (p)

Now (1-p) p /p cos % d(p) >a as p->1.

My (p)

Hence we may suppose R has been chosen large enough so

that
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Mg (p)

Mg (p)

(1-p) p/p cos % 5 > a-£ , (R<p<1).

We then have

T 0

2 j’ %? J, lp f'(peig)l2 de
R o

r

[ 2 m5e) my(e) ap
R

(a+£)2 e2£ J(a+1)

IN

a- {

(a+£)% oot J(a+1)

a-¢

Mg(r) (4.3.4)

In

From (4.%.3) and (4.3.4) we easily deduce

EZT A:r) < n (oS -t J(a+l) + m¢2
e e (5.3.5)
> na J(oa+tl) as ¢ >0
< 2 J(o+l)
which proves (4.3.1).
Lemma 4.3.A
S ) (.3.6)

v (x)
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where Ag(r) 1s the area of that part of é; cut off by

C(r) and S

Proof

From (4.3.4) and the fact that [f(z)‘ < £N%(r) over
that part of the inverse image of C(r) n S not covered by

F , it is clear that

careun A
o M§§:; < a J(a+l) (%.3.7)
5
Let T 9
A(r; F) = 2 f J’ (f'(peig)l2 p dp 40
R 0
S r 5
ap [ (e-2)® ™ (1-p)° ME(p) af
2 2 o o 2(arT) ’
R o ll—pe I

applying (4.2.10). As in lemma 4.1.B,

2 /p sin % 5
1-p
o¢ | M5(p) ag
dp a+1l
1-p (1+42)

R o}

K ad T V2 (o)
5 o(a-g)? o Rt J’ — T ‘(’ ) o
o) R

o}

A(r; F) > 2(a-¢)%e”

1-p
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where K = K(¢) » 00 as ¢ >0. Assuming R chosen

large enough

r 2 (o) r
- MG (p 1 g
2 j S dp > — J 2 Mg (p) My(p) dp
1-p a+
R R
1 2 ( 2
= @z (MS(’f) - M5 (R)) .
Thus -o¢ K
1im A(r; F) (a-£)% e ag
m N o
r>1 Mg(l") = arf J (l+ﬁ2)a+l
o
. A.(r) . A(r; F)
Also clearly ii? S 2 ii? ’ Hence letting
M2 (r) M2 (r)
{ > 0 we deduce,
) Ao(r)
lim S
> a J(a+l) (4.3.8)
T ME(r)

and so with (4.3.7) the lemma follows.

Theorem 6 now is completed as we completed theorem 5.

Section 4.4

We consider now more general integral means. The idea
remains the same, namely to connect the integral means with

the maximum modulus using (4.2.4) and (4.2.5), and to show
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that contributions over E' do not affect our estimates.

We confine ourselves to proving two results.

Theorem 7

If the largest sector in i. has angle mzna > 0 , and

if pa > 1, then

T I , T 1 1 s
o L (2] — ((i - (h.4.1)
(1-r)MP(r, ) 2ym [(5 pa)
1 1
g Lim Ip(P:f) 1 r(§ po - §) (. .2)

=L (1) (e, £) . 27 (5 pa)

For each a, O < a < 2 , these estimates are sharp.

Proof

With our usual notation and R near enough to 1, we

have for R < r <1,

271
_ 1 10y|P go - L. 1 (  _
Ip(r,f) = 5= j ‘f(re )l s = &= Jf + A ‘f = I, +1I
o E E' say.

To estimate I, we use (4.2.4) and consider

0
-p)oP P
f [£(re®®)[P a0 < (14)® J S Mi(r) ae
| 0P

!l—rel

O O
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< (1+€)P (=) Mg(r) J(; ap) by lemma 4.1.B
- JT cos % 5 (1 r)P-1 e
(1+¢)P
= Y, +t T (1-r) Mg(r) J(% ap) (4.4.3)
r cos =

2

Thus (4.4.1) follows provided we can prove

I, < Kg(i-r) MP (r) + 0(1)

for some constant X . We remark that a 0(l) does not

affect matters since if A 1is any constant

A

> 0 as r>1.
(1-r) MP(r)

To see this we note that
. 1
(-r) W(r) = fQer)® WPy (°
1
- (@)% uE) @)% > o as vl

&

since pa > 1, so &> 0, and Mﬁ(r) > o , since a > 0,
and (1-v)¥ M(r) >C >0 as r > 1.

Let
(£(z))P

p £'(z) rP71(z)

h(z)

SO n'(z)
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Thus r
2nl, = J | n(re’®)| a0 - f f J( h'(peig)dp'dO
E! E' o
r .
< [ e | |n' (pe®®) | as
| JE'
r
e f dp (f (pe*®)| | £(pet ){p—l a0 + 0(1)
R -

l

= p J’ %F J’ lF(peiQ)i \f(peig)‘p de + 0(1)
R

z £'(z)
where F(z) =
f(z)
Let g(z) = F(z) P (2)
so g'(z) = F'¢P 4+ prF eP-1 o1
= fP { P!+ 2 p2 g\
Thus p
|e(pe™®) | a0 = J H g' ©1°) aolao
E' E! o)

P
< {( ( {g'(oeig)( do d@ + 0(1)
JR TE!



Y .
< 2)( Mp(c)doJ{ [Ft| + Eir

R E'

MP(s) do
< At + 0(1) , wusing lemma 4.1.C.

1 -oa
R

Now for R < o <1,

a ) M' (o)
-0 — > a -§
D P
o [ TR [ e e a
1l -o0 - €
R R
- P(p)
< M
~ p(a-¢) i
Thus

g |ape’®) [ a0 < AL MP(p) + 0(1)
El

Hence r

enI, < A3£ J Mp(p) dp + 0(1)
R

Consider
(1 - p) MP(p)

fer
—~
ko]
]

then u'(p)

I

Hence

- MP(p) + p(1-p) Mp-l(P) M'(p)

180.
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r
J/ W(p) ap = - (1-r) WP(r) + (1-R) MP(R)
R T
+p f (1-p) #°71(p) ' (p) ap
R
> (1-r) ¥® (R) - (1-r) MP(r)
r
+ D j (a-¢) MP(p) dp
R r
Hence _{p(a-{) - lé ) ‘{ MP(p) dp < (1-r) MP(r) .

R

Since pa - 1 > O we may suppose § has been choser

sufficiently small so that pa -1 > pg . We fthen have

I, < Ayg (1 -r7)uP(e) + 0(1)

2

as required. Thus (4.4.1) follows.
Using (4.4.3) the same argument as in lemma 4.2.A easily

yields an analogous result, and the rest of the theorem

follows easily.

Theorem 8

If the largest sector in (}f has angle 7a > 0 , and

if p(a + 1) > 1, then
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p-1 p 1 21
T (or)T T fY) ¢ 2] 2 Mg platd) - 5) (4.04.4)
r->1 MP(r, ) - %o /r r p(a+l))
and
lip (2-0)P7H I (r2Y) . (& pla+1) - 3) hons)
>l MP(r, ) T 27 [(3 pla+l))
For each a , 0 X a £ 2 these estimates are sharp.
Proof
For R < r <1 we have
27
I iey|p
I(r.f") = z= J/ |£' (re®®)|P a0
o
1 1l
= &= f + 5 & = I1 + 12 say
E E!
To estimate I, we use (4.2.5), so that
8] B
4 . P ’ dae
J ler@et®) ae < (aeg)® ePE-r)P 1B(r) | ——pgrprae)
fl—re l
)
(a+)P MP(r)
S J(% p(a+l)) (4.4.6)

(1-r)p—l\/F cos % 5

provided p(a+l) > 1 . Thus (4.4.4) easily follows if we

can show that



As in theorem 7 a

vP (r)
(1-r)P1
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uF (r)

W + O(l)

< K¢

0(1) term does not affect matters since

c(1-r)"9P C
‘zzf;75?T = (l_r)p(1+ay-1

>0 as r > 1, since »n(l+a) > 1 .

Consider then

2nI = —

where F(z) =

(ii) pk

(iii) pk'

J |re' (rel®)]” a0

E!

‘ ) p ) p
J [F(re®)] ~ |e(rel®)| a0 (4.5.7)
E?

ZZ . We choose k, k' to satisfy

1

o=t
> 1

1
>a.

If ap > 1 we choose k £to satisfy

k >

1
a 1, =
max ( p)



and define k' by (i). And then

pk' = P X > p > 1
Kk - 1 - a

so (i), (ii) and (iii) are satisfied.
If ap < 1 +then since p(a + 1) > 1 we have

1
1l - ap

1

and 1 < ———
1l - ap

So we choose k to satisfy
1 1
max (1, =) < k < —
P 1 - ap

and define k' by (i). We have
k(1 - ap) < 1

and so apk > k -1

\ pk 1
Hence pk = > 3
k -1

so again (i), (ii), and (iii) are satisfied.
We now apply HSlder's Inequality to (4.4.7).. We

obtain

] L

. [ ‘Ftpk dgt

1
2nI, < ;5 | J

2
E' E'

184.

(4.4.8)
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Let g(z) = (F(z))PX

so g'(z) = pk pPk-L1 p1

Hence r 27

J IFpkldg < J dpf ple(peig){pk—l(F'(pei@)fdg
E' o)

o

T en + 0(1)
" ! ST
< j E—)—m J ‘F (pe )I de + O(l)
o} 0]
"2 by 1 h.1.C
(Lom) PR T y lemma 4.1.C.

Again, consider
{ : pk' 1
J (f(relg)l @ < Ayf (1-r) P (r) + 0(1)
El
for R<r <1, as in the proof of theorem 7.

Hence from (4.4.8) we deduce

1
k' D
L Ay Ag ¢ M (r)
2 = - L
(1-r) (1-r) ®
']:'!
k' P
Ag ¢ & WM (r)
= 6(1 = , (R<r<1l).
-r

(4.4.4) now follows immediately. The rest of the theorem

is again a repeat of the argument of lemma 4.2.A.
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Qi

For values of p < for the means Ip(r,f) or

p < E%T for the means Ip(r,f') we remark that the contri-
bution to the integrals over E' then becomes significant,

and our method therefore does not work.

We state finally the following theorem without proof.

Theorem

Let f(z) be starlike in {z| < 1 , and let {m‘;gl ,
V=1, 2, ... Dbe the angles of all the sectors in £ , the
image domain of f . Let F(z) = z £'(z)/f(z) . Then for

p>1,

1 ((3(p-1))
AP (5.4.9)
2 /% [(3 p) va' v

lim -1
rs (L= )P0 I (r,F) =
This result is due to W. K. Hayman [6]. Professor Hayman
employs the integral representation (1.1.3) in his proof.
If we use theorem 3 the result follows quite easily by

Professor Hayman's method.
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Chapter 5. Bounded Convex Functions - a Coefficient Problem

Section 5.1

Let

00
g(z) = 1z + 5 b, z" (iz] < 1) (5.1.1)
n= .2
be a convex univalent function in |z[ < 1 . We suppose
w=g(z) maps 1{z| < 1 onto the convex domain D . This
means that if Wy s W, are distinct points in D then the
line segment joining Wy and Wo is in D . It is well
known (e.g. [8] page 223) that a necessary and sufficient

condition for a function g(z) of the form (5.1.1) to be

convex is that the function
£(z) = =z g'(z) (1z] < 1)

be starlike univalent in |z} < 1 . Regarding the coefficients

of g(z) it is well known (e.g. [5] page 12) that
(b, | < 1, (n=1, 2, ...)

and this inequality is sharp, since

w = g(z) =

il
N
o

noj-

maps |zf < 1 onto the convex domain Re w > -
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If g(z) 4is bounded in |z} < 1 , J. Clunie and

F. R. Keough [3] have shown that

_1)

b = of(n as n > o .

Ch. Pommerenke [9] has further proved that if

le(z)l < B ( |z| < 1)

then for each § > O

-1-(1-¢)/nB

| b < Aip , (n=2,3", ... )

n

where A depends only on B and £

In this chapter we will prove

Theorem 9

Suppose

00
g(z) = z+ 25 b z" (5.1.2)
~ n
n= 2
is a convex univalent function in [z‘ <1, and suppose
le(z)| < B, (1zl < 1) . (5.1.3)
Then 3 a constant § > O, depending on J* , Ssuch that

as n > oo . (5.1.4)

Furthermore for each ¢ > O { a convex function g(z) and
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a constant B , where g(z) has the form (5.1.2) and
lg(z)] < B in {z] <1, and 4 a sequence of increasing

natural numbers g nké s, k=1, 2, ... , such that

1+ (2"} k]
n, | b

0| > 00 as k> . (5.1.5)
k

Remarks

(5.1.4) is a sharpening of Pommerenke's result and
essentiah?,reduces his constant 7n 1in the index of n ¢to
the constant 2. (5.1.5) shows that this constant 2 cannot
be improved. However the existence of & in (5.1.4)
indicates the possibility of further improvement to the
index of n , possibly by the introduction of higher powers
- %2 ete. What is needed to completely solve the problem

is the calculation of an extremal function for each fixed B .

Section 5.2

We shall need the following theorem proved by Pommerenke
[9], and based on a result of Clunie and Keough [3]. We

give the complete proof.

Theorem 5.2.A

@
Let f(z) = 2 a_ z
1
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be starlike univalent in z < 1 , and suppose
(r) -
M{r) { ——m™m—,

(1 - )

where O < a <2 . Then

0<L<r<1l,

)C(.—l

|an | < 2(e/a)® (n + 1

for n> 1

Proof

Since f(z) 1is starlike we may write

z £'(z) 1+ w(z)
£(z) 1 - w(z)
0
where w(z) = %: w z"  and [w(z)| <1 in |z <1

We then have

{z £'(z) + f(z)écn(z) = z £'(z) - £(z)

oo \ 00 00
. f k k < k
i.e. 2 Z (k+l)ak z ( Z{ w z = L (k-1)a, z
k=1 1 =2
(5.2.1)
Equating coefficients we obtain
(n - l)an = 2a), 0 1+ 38, O 5+ eee +Na_ 5 WO

Thus in equation (5.2.1) the coefficient a, on the right
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depends only on ays 8ny eee 8y 4 OD the left. Hence we

can write (5.2.1) in the form

( n-1 & n 00
x < k : K
Z (k+l)akz w(z) = e (k—l)akz + Z 0,2
k=1 k=2 n+l

for n> 1. Squaring the moduli of both sides and inte-
grating round the circle |z| = r <1 , while using the

fact that fw(z)‘ <1, we easily deduce

n 0 . n-1 . -

z ; 2k 2k 3 2k
Zi (k~1)2[ak|2 r " + szck( r < Zi (k+1) {akl r
k=2 n+1l k=1

Letting r »1 we deduce

n n-1
Z (k-1)2]a 12 < S (k1) a,l?
k=2 k=1
n-1
i.e. (n-1)2 ja (@ < b F ok [a, |2
k=1

Adding Mn[anlg to each side we obtain

n
(n+l)2[an‘2 < 4 Zf k{aK,2 (n > 1) (5.2.2)
k=1
Suppose now a = 0 , so that |f(z)] <1 in |z| <1.
Then the image of 'z‘ <1l under f has area < 7® , SO

by the area theorem,
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and so
la | < === from (5.2.2)
n = n+l e *

Equality occurs only for f£(z) = a;% , so this proves the
theorem in the case a = 0 .

Assume now o > O . By the area theorem

C

2 2k 2
S ok la | < ME(r) (5.2.3)
k=1
and so (5.2.2) yields
n ] z
. - . 2k
(n+l)|anl < er ™ (2 kfa, i r )
k=1
< 2r® M(r) < or®(1-r)@
o _ n_ X
Setting r = ora Ve obtain
n+a
(n+1) [a | < 2 (n + a)
n' =
n_a
n a

< 2% a™?® (n +|)a
which proves the theorem.
We observe that for large values of n we can improve
theorem 5.2.A by using our estimate (4.3.1) for the area in

(5.2.3) instead of the estimate



A(r) < =«MF(r) .

In fact we have

r(k L
Alr) < { @rers o(1) é M2 (r)
[ (a +1)

- 1
n‘ £ Zr n'—}% JA(r)

Hence (n + 1) |a

e+ 3) 2
-n O.+~2- %

< 5 O Tl oM

T @ +h) %- 1

a —

< 2r—nl (.1 T2 + o(l)é 5 as

J T(3) T () (1-r)

Setting r = 2_  ye then obtain

n+a

o ol [@+5)
[T (ar1)

(n+1)jan' <

K

as n > w.

Thus for n > no(ﬁ) s

1
[2n | £ 2¢% o™ { -rl(a - 2)%5 % (n+l)a_l .
| 1(3) [(o+1)
1
1 2
Tim 1-a -a | [(a + §) [
te e (MUl F) T (i) |

o(l){ (n+11?

193.

r—>1.
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Lemma 5.2.B

Suppose 3 K > 0 such that

( ) Kr
M{r > —— , 0Lr<l1,
(1-x)°
where a > O . Suppose further that 3 B > O such that
a, = o(nB"l) as n > o .
Then
a<B .
Proof

Given ¢ > O 4 N st ¥Yn>N

| a { < £ nP-1
n
Hence
feo)
M(r) < 5 la | "
1
N 00
< Z ‘an[ o S nP-1 0
V-
1 n=N+1
) 1
< K, + $K, ———

Hence ii? (l—r)B M(r) = O . Thus o < B as required.

From this lemma it immediately follows that 3 a sequence
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o
th
o]
o
ct
o
s
o
-
3
o
=
o
o
3
2}
~
o
~
N
.
~
I
=
-
n
0
C
(@)
)
ct
oy
o
ct

for some ¢ > O .,

Section 5.3

In this section we outline Pommerenke's approach to our
coefficient problem. Let g(z) satisfy the hypotheses of

theorem 9 and write

foo)
< n
£f(z) = z g'(z) = .2 + L ey Z (lz] < 1)
2
so that f(z) is starlike and
a = nb_, n=21%1, 2, +es

Let ma be the angle of the largest sector contained in

the image domain of f£(z) . Then by theorem 1.8.A, for

—

each £ >0 I a constant k = k({) such that
k

M(r,f) < (0 <r<1).

(l _ r)a+£ ’

From theorem 5.2.A it follows that

[ag | <A € -1 , (n > 1)

where A depends on { , and also on the function f .
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Our problem therefore is to determine an upper bound
for a in terms of B . We observe incidentally that
B> 1, since if |g(z)] < B <1 in |z| <1 then by
the Schwarz lemma we would have |[g'(o)| < 1 whereas in
fact g'(o) =1 .

Let D be the image domain of g(z) , so that D is
a bounded, convex domain. It is well known (e.g. [5] page
1%3) that D contains a disc of radius % centred at the
origin. Let f be a point on the boundary of D which
we will suppose is distant B from w = 0 . From _f we
construct the two lines tangent to the circle of radius %

centre the origin. Since D

e "\'
is convex these two lines are T \\
in the closure D . If 2y i ,//:i?\»\ )

: / e\
i / / \ \\
is the angle these two lines ( { 0?“‘;—3\_“ /
(N N e o
make at f then N T e
2y > 2 si - & -
Yy22siny = 3 ”\lure 15

Assuming the existence of a tangent at each point near f? on
the boundary of D , the angle A which the directed tan-
gents make near j and on either side of f must therefore

satisfy

1 -¢
B

T - AN >
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for some small ¢ > O ., On the other hand

{ = g(e'?)
and A = arg g'(eigtjﬁl)) - arg g'(ei(t—ﬁe)
= arg f(ei(t+61)) - arg f(ei(t_ﬁz))
Hence we see that
na < T - ;éé
i.e. a < 1 - %:% ,

since ma is the largest jump of the function i

V(o) = 1im arg f(reig) This is the essential outline of

r~1
Pommerenke's argument, and we refer to [9] for a complete

and rigorous exposition.

Section 5.4

OQur apprcach to the problem is based on

Lemma 5.4.A

Suppose

h(z) = z+ S h_ z
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is starlike in |z| < 1 and satisfies

z h'(z)
Re —mm— > % (|z) < 1)
h (z)
where 0 < a < 2. Then
|n(z)| > 2 (1z] < 1)
z VA .
=1+ 1z))e®
Proof
Choose X satisfying [£!= 1, and consider
(2) h (&) ( )
T z = —_—— [zl < 1).
ko (1 -g2)?
Then differentiating we obtain
z £!' (z) z h'(z) agz
%k ___ _ +
f%(z) h (z) 1 -fz
z h'(z) a o lLtkz
= T - 2 vt 3z
h (z) 1l -Kz
Hence ' (2)
z f_ (z 1l +g2
Re —%— > Z Re —— > 0

Al =0 ' =1 .
SO ﬁm(o) , fﬁ(o) It follows that Q%(z) is
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starlike univalent and normalized in {z] <1, and there-

fore by the well known distortion theorem, ([5] page 4),

[z
£, (z)| > ,» (zf <1).
‘*K l T (1 o+ tz))?
From this we obtain
Inz)] > [2 -k — ( )
h(z 2 {1 -Kz P |z < 1).
e+ 121 |
Since this is true for every K on (K|l =1, for a
particular 2z it is true when -fgz = lz{ . Hence
o (2]
h(z) > 1l + [z
\ l - I | (I (1 + ]z{)2

which is the lemma.

Consider now our starlike function f(z) , and suppose
j} the image domain of f has a sector of angle 7
éssociated with the point 2z = 1 in the usual sense.
Then we may write

h(z) )y
£(z) = m (5. ‘-1)
where by theorem 2.2.A we obtain
z h'(z)

Re —h—(—z—)—' > g— (‘ZI(l).
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Hence applying lemma 5.4.A

. | z]
T (12 )%% J1-z |

[£(z){

(1z1 ¢ 1). (5.4.2)

We note in passing that (5.4.2) implies

M(r,r) > B — (5.4.3)
B -r)®

thus proving (1.2.2).

Now since =z g'(z) = £(z) we obtain from (5.4.2)

(&' (2)I

> (l+!z{)2-a{l—z{a , (lz) < 1) (5.h.k)
Consider now the image domain D of g(z) . By the argu-
ment of lemma 2.5.A we see that for each point on fz[ = 1

3 a unique image point on the boundary of D . Let ‘f'be
the image point of 2z =1, and let [ be the line joining
f to the origin. Then [ 1lies in D except for the point
f . Let v Dbe the inverse image of [ under g , so that

Y 1is an analytic arc going from z =0 to z =1 . Since
the image curves of the circles |[z| = r are starlike, [
crosses each such image curve once and only once. Hence vy

crosses the circles Jz{ =r, O < r <1, once and only

once. Therefore we may write
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Y = { z/z = z(r) , 0<r<1 6

where z(o) =0, z(1) =1, and z(r) is differentiable

0
at each r, 0<r«<1l. The length of f‘ is given by

f{ faw| - _{v &' (2)] laz| (5.4.5)

-

It

A(T)

Hence we obtain applying (5.4.4),

«(r) / o2
B
- = J (1+ )21 )2 "% [1-2)"

1

(=" (=)] ar I (5.4.6)
= = s, say. oA,
J’ (l+r)2'all-z(r)fa say. 15
O

We now show that I is minimised if <y 1s the positive real
axis from z =0 to z =1 . To do this we integrate I

by parts as follows. Let

1
ul(r) = (l + r)2—a
v (r) = “ 12" (p)l dp
1
fo |1-2(p)| ¢

We then have

1 1 r
e [z (p)lap ) f?( 2z (plldp | ar
Sl I e LI O B v s [ er)
O (o] 0
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' dr
T J(l+r)2_a(l—r)a

il
=

We note that

I

2@ : dz
T( (1 - z)®

1 2 1
Y
t
We now lntegrate Jl and Jl by parts similarly, as
follows. Let
1
u(r)=————:—-
2 (1+7)” "¢
r R
' '
and Vg(r) = J’ {' J[ |z (P))dp } R
a
o o | 1-2(p)]
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Then 1 _ R '
(2-a) e” | if [ (o)l do }
1 El j
{ : ll z(p‘
o o
r
(2-a) (3-a) [ 'Z (p{dp} S
+ o -Q
|1-2( )@ (1+r) @
o) o}
= I2 + J2 say
1 1
Similarly Jl = IE‘ + J2 where the expression
lz'(p) ap Lnoed & dp
—————— is replace y —.
{1-z(p)l ) @ 1-p)%

We again note that

I, > I, .

1
We again repeat this process on J2 and J2 , and in

general we set

1
un(r) = (l+ )n+l—oc
r
vn(r) = jf Vh-l(p) dp
(o]

obtaining
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and

and K

We now show that

t
J > 0 as n > oo .
n
We have
1 r r r
' Ve s 1 2 l’l dp '
Jn = (2"&)(5"&) L] (n+l—Ct) ; f { J {J a gdrnE,\. [
J2 (1-p)* {7
o o) o'*"" o
drl
(l+rl)n+2—a
Now rn 1
dp dp 1
_g (1-p)¢ ,( (1-p)% l1-a
o) o)
Hence 1 1 Th-1
' 2-a)(3-a) ... (o+l-a) [/ { 7 (
I, < — J EJ : )( dr(\drn_lj...
o) O veees O
drl
(l+rl)n+2—a
1 n-1 n-1
(n+1)! r dr n(n+l) r dr
. 1 L ¢ J 1 1
(1-a) (n-1)! (140 P2 T 1 (24, )
o o) :
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1
(1)
nin+l - r
= —— J’ un_l du , where u = 1 ,
l-a l+rl
0
n(n+l) 1 n+l 1
= = —, — 2> 0 as n > o .
1-a n2™ 2B 1.
Hence '
J = 0 as n > o .

It follows that

Hence since J 2 O we have

(o6} 00 1
I > £ 1, > £ I, = I
Y-~ HE S Forty J S
And thus
1
- dr
B >
= j (1+7)° " %(1-1)®
o 1
! 4 -a _l-r
= 5 j (1-u)™" du , where l-u = T
(]
- L 1
-2 1l-a °
And we therefore obtain
¢ < 1 - . (5.4.7)
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We now show that equality in (5.4.7) cannot occur. For
1 1

suppose that B = 5 T-q ° Then
! t
B = fF) = I = 1I,+3J = I, +J;, .
b
Clearly J; > J; Dby the same proof that I > I' .
t t . t
4 ‘dz' ! dp
ioec o = j (04 (5.4.6)
[1-z] (1-p)
Y o)

Consider the mapping

Wo-oate) - g f - et

SO

z q'(z) = e

Hence q(z) 1is a convex univalent function in (zl < 1 ,

and the image of the positive real axis from z =0 to z =1

is mapped onto the positive real W-axis from W = 0 ¢o

W = i%a . v 1s mapped onto a curve going from W = 0O ¢to
W = I%a which has length given by (5.4.8), i.e. has the
length 1%5 of the positive real W-axis. Hence vy 1is the

positive real z-axis. We therefore have that

A 1

dx
f &'l ax - f (14x)27%(1-x)%

o (o]
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Also from (5.4.4),

1
lg'(x)| > R (0 <<x < 1).
Hence .
}g'(x){ = TTa;, oy (0 < x<1)
and so (l+x? (1-x)
o) = —ot)

(1+x)° "% (1-x)®

where @(x) is analytic and real, 0 < x <1 .

Hence by analytic continuation
o 1#(-x)

(1-%)2"%(14x)%

g'( -x) =

where #(-x) is analytic and real, 0 < x < 1 .

And so
1

(1-x)2"%(1+x)®

fg'(-x)i = , (0<x<1).

Hence the length of the image of the negative real axis from
z =0 to z = -1 under the mapping g(z) is given by
1
dx
J[ (l-x)e—a(l+x)a =%

o}

since a <1 . This is a contradiction to the boundedness
of ‘g(z”

We therefore deduce that
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a < 1 - = (5.4.9)

It follows that § & > O , © depending on the function g(z) ,
such that

1
a < 1 - 55 - 29

Now as we showed in section 5.3, 3 a constant A depending

on O such that

lbnl < A n%td-2 | (n > 1)
and so
1
~1-2e25
(b, [ < An B
1 -
L-e-5
= o(n 2B ) as n > @

This proves (5.1.4).

To complete the proof of theorem 9, we consider the

function
z dt
g(z) = J; R (lz] < 1) (5.4.10)
where O < a < 1. Then
, z
£(z) = zg'(z) = )

is clearly starlike in |Jz| <1, for 0<a <1l . So g(z)
is convex univalent in {z( <1, and its upper bound B is

~-iven b
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1 1
. dat X

(1-¢2)¢ > j 2 ™ a

O O

(o¢]

It
b“"\

)

where t% = u . This last integral (see e.g. [13] page 253)

is given by

L1 [@ra-w
-2 1
r(§+l -a)

As we have shown

(L -a)B > % .
On the other hand

L -
Goas - [(3) [ (2-a)

1
r(§'+ 1-a)
> % as a =1

Thus we see that given £ > O 3 a g(z) and a B such
that |g(z)] < B, and

1
S (2-0)B

Thus applying lemma 5.2.B}(5.1.5) follows, and the proof of

theorem 9 is complete.
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