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ABSTRACT

The work presented in this thesis concerns the study, by meeans
of trocer signels, of flow system of uniform crcss-section in which
flow is fully developed., Theoreticol studies in this field have
previously been mede by Taylor, Aris snd Philip (references 4 to 8).
In the present work, the solutioms which govern the behaviour of
dispersed substances in such flow systems are sovlved by a method
developed from the work of Philip, It is shown that the result of
tracer studies of uniform flow systems are only meeningful when the
'convergence'! condition is satisfieds This conditicn is releted to
the transverse distribution of treocer materizl in the flow system. A
genersl expression is also derived for the dispersion coefficient employed

by Taylcer and Aris.

Experimental work was corried cut using =n annuleor flow system with
water as the fluid. Traocer studies were cerried out at eight different
flow velocities in the turbulent regime. The trocer employed wes sodiunm
chloride, the concentration of which was found from conductivity measure~
nents. Two mathemetical models of the flow system are proposed. These
nodels differ meinly in the diffusivity values they predict for the flow
system, The mcdels sre examined in the light of experimentel tracer
respouse dota, it being shown how the predicted diffusivity pattern in
each case might be improveds The exrerirentel date elso furnish evidence
of the existence of a 'leminar sub-leyer', the thickness of which is

calculated for each flow veloeity.

It is also shown how the degree of conversion in a chemical resctor,
end the dyneric response of reoctent concentrotion te disturbences, may
be predicted for a first order reanction fron tracer studies. These
studies are best carried ocvt using trocer signals of the pulse form.

The 'cconvergence' condition must be satisfied for both the tracer signels

and the transverse éistribution of reactant in the reactor.
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Corrigendum

for system read systems
" signal read signals
" pgneeral read general
" analoyy read analogy
" indepdenently read independently
After factor insert vhich
for approxirate read appropriate
" € read Tp
" qguari® read quasi
" significane read significance
" expression Tread expansion
" periphy read periphery
" figure £,2 read figure f.6

" ci-cuit read circuit

' thermoionic read thermionic

" alternatively read alternately
" epxeriment read experiment

" calulcated read calculated

"  experimenta- read experimental
" appropraite read appropriate

after exponential insert decay
could be assumed, was found by

for conetimetres read centimetres
" tracer read trace
" is read in
" include read exclude
alter part, insert B,
for Kt read K,
" th read the

" clearly read closely
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Corrigendun

for X3 recad &;

311 read 300
112 read 109
(1968) read (1759)
limite read limits
tepol read teepol

chlbrplatanic read chloroplatinic

binominal read binomial
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CHAPTER I

1. TRACER STUDIES IN FLOW SYSTEVMS

Information may be obtainced about fluid flow systems
by studying the behaviour of tracer simmels ir such systems.
Danckverts1 and other workers have derived and used the concept
of 'residence time distribution' for these studies. The
residence time distribution may be found directly from the way
in which tracer concentration cheanges in the stream leaving
the flow system after a sudden chenge hes been made in the
tracer concentration in the inflowing stream. Some knowledre
%g gained concerning the internsl flow patterns and mixing
characteristics of the system through comparing the residence
time distribution found in experiment with those predieted for
the extremes of 'plup flow' and 'perfect mixing' in the flow
systems The residence time distribution is also used to find
tha conversion for first order reactions in chemical reactors.

Additional informetion is reauired for resctions of hisher order.

Fully developed fluid flow in ducts of uniform cross-section
is of & less complicated nature than thoet in erbitrery flow systems.
For such well defined systems informetion of a more definite nature
cen be obteined from the results of trocer studies, Griffith52
observed that e sluz of dye injected into weter flowing in e gless
tube tended to travel at the mean velocity of flow and to spread
out evenly elong the exis of flow. Flow in the tube wes thus shown
to comply with & plug flow model with a degree of longitudinal
mixing superimposec. At en esrlier date, Stewart3 assumed the
validity of & plug flow model for the purposes of mzesuring the flow
in small blood vessels.
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The first theoretical analysis of the btehaviour of trecer
signels in uniform ducts wes carried out by Teylor. EHe found
approximate solutions of the fundamental transport equations
for pulse tracer signals in leminerh’5 and in turbulent6 flow
inside tubes, He showed thst, provided two conditions are
setisfied, the pulse behaviour cen be deseribed by the 'plug flow
with mixing' model. Teylor elso showed thet the longitudinal
mixing is of the Fickion diffusion type, ond derived expressions
for en effective longitudinal diffusion or 'dispersion' ccefficient
The first condition is that o quesi-equilibrium redicl concentration
vrofile should be estoblished. This condition is termed the
'convergence' condition in this thesis, Torylor's second condition
is that the dispersion coefficient should be very much grecter than
the diffusivity of the tracer material,
T

In a more rigorous analysis, Aris’' showed that the genercl
conclusions of Trrlor's annlysis were sound. Ee estsblished
Taeylor's first condition on o firmer hesis. Aris modified the
expression for the dispersion coefficient derived by Taylor, so
removing the necessity for Taylor's second conéitivn. He
introduced 2 'minimum disperscl time', sfter which the effect

of tine derivetive terms in the equations which are of second order
inportence may be neglected. Aris also extended the equetions to

describe trecer hehaviour in uniform ducts of genercl geametry.

As gpplied to pulse tracer signals, the plug flow model
postulates that the centre of gravity (with respect to the
longitudinel axis) of the pulse should move et the mean velocity
of flow. The Fickinn tyme nmixing 2lso demands thot the second
moment of the erea of the rulse should increczse ot e constant rete

proportionel to the dispersion coefficient. For these inteegrel
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quantities to be calculated, measurements of mean tracer
concentrations should have to be made at fixed intervals of

time over the length of flow system in which tracer is present.
Because such meagurements cannot conveniently be made, the

practical value of the Taylor/Aris analysis is not very gresat.

Its value is further diminished by the impossibility of satisfying the

"minimum dispersal time' conditions.

In a fully rigorous analysis developed by Philipe, the
dispersion concept was entended to cover the case in which
time differential terms could not be neglected and in which
time based tracer concentration measurements at fixed points in the
flow system were of interest. The resulting dispersion coefficient
is a complex quantity and thus does not impart a physical picture
of the process of dispersion. The analysis is in terms of Fourier
transforms and is consequently easily related to experimental frequency
response data., Fhilip also proved that the 'dynamic'dispersion

model could only hold if the 'convergence' condition were satisfied.

The main purpose sought by Philip in his esnalysis was to
describe the dsmping of concentrestion fluctuations in sampling tubes.
His equations were thus only written for leminar flow in circular ducts.
The method by which he derived numerical solutions to these equations

is suitable for hand computation in laminar flow problems only.
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2,1 PRESENT THEORETICAL WORK

The analysis developed in this thesis (in Chepter II)
describes the behavicur of tracer signals in fully developed
flow in uniform ducts of genersl geometric configurestizn. The
method of enalysis is largely an extension of that of Philip8 with
some useful modifications. A simple and repid computer solution
to the equetions for a persllel wall flow system is developed.
This numericel solution is suitahle for =211 flow systems in which
the geometry of the cross-section permits point velues of velocity
and diffusivity to be described in terms of a single trensverse
coordingtes A genernl expression for the Taylor/Aris dispersior

coafficient is =lso derived.

The concept of a 'varieble reference plone dispersion
coefficient' is developed in this thesis, This coefficient is the
epparaent dispersion ccefficient reletive to z reference plaone
sinilar to that of the plug flow model, but moving ot a speed different
from the mean flow velocity. The speced of the reference plane is
auch thet the dispersion coefficient is = reel quantity (es
opposed to the complex ccefficient in the dispersion rodel due to
Philip). As the tracer siemrl frequency cpnrocches zero, the
refer=nce plane speed approeches the mecn flow velocity and the
dispersion coefficient apmroeches the velue of the Toylor/Aris
coefficient, The dispersion coefficient based upon the veriecble
reference plene hes the advantage over that besed uvon the resn
flow in that it carries with it & physicel picture.

The study of the dynamic response of o flow system tc tracer
signals produces a ruch greater quentity of experimentel dsta then
similer dispersion or residence time studies, A similerly grester
quantity of informstion concerning the flow systen may therefore

be derived fronm the trccer response data. In the case of a flow



13.

system of uniform cross-section in which the conversence

condition is satisfied, trocer response is shown to be

determined solely by the tronsverse fluid velocity and

diffusivity profiles. These profiles ray therefore be

derived from the response data in a flow system in which thev

(the velocity snd diffusivity profiles) ere deseribed in terms

of 2 single transverse coordinate, If =z direct rethod were

found by which this mey be done, trocer response studies would becore

o useful tool in the study of turbulent flow.

In generol cases, where the flow system is not wniforn
or where the convergence condition is not satisifed, the data
from dynemic trecer studies are less conclusive, It is shown
how useful information concerning flow patterns end mixing
characteristics may be derived from such studies, It is clso
shown how, for o chemical rezetor, the conversion for o
reaction of first order and clso the response of the conversion
to chenges in the reactont feeds, may be nredicted from tracer

response experiments,
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2.2 PRESENT EXPEPIMOCNTAIL WORK

With the object of studying exisl dispersion in turbulent
flow, z series of tracer experirents woere cerrizd out using water
es the fluid in on annuler flow system. The flow systenm wog
forrad by the cnnuler ssp batween two concentric tubes. The
ragronse theory develcped in this thesis describes the behsviour
of the tracer concentration with respect to the cross-section of
the flow system. Therefors, the geometriccl configuration of the
flow system hed to be such that this quentity could be measured
directly. Because the mize of the ennular gop was smell compered
with the tube diameters, the geometry of the flow system approximeted
closely to that of a porallel wall flovr systen, ond o straight
concentration meesurement between the wells wes o representstive

cross-gsectional mesn,

The experiments were carried out over & ranme of low
Reynold's numbers in the turbulent flow regirme., Sodiun
chloride wes employed as the tracer, the concentration of which
wes found from conductivity meesurement. Conductivity cells
were forrmed by electrodes set into the walls of the annulus ot
either end of the experimentsl section of the flow system. Tracer
signels of both the sinusoidal and the nulse type were used,
Frequency response deote were obtained directly frorm the sinue

goidel signsls end by Fourier nnslveis from the vulse signels,

Theoreticzl tracer response date were obtained from full
golution of the tronsport equctions with eddy diffusivity
predicted by two different models. In the first model, the’
direct snslosy botween moss and momentw: tronsfer (commonly called
Reynolds'! eneclogzy) wes cssurmed to hold over the vhole cross—section

of the flow system. In the second rodel, the asnalovy was essumed
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to be true in the turbulent ecore of flow only, mass tronsfer

in the 'laminor sub-layer' being confined to molecular diffusion.
Weither model sztisfactorily exrleined sll the features of

the experimental response dotse The leminar sub-loyer model

wes, however, o significant irproverent upon the first model,

Tor practicel reosons, the annular gep which formed the
flow system hod to be smcll. Conszquently, relicble mensurements
of roint veloeity in the cross-szcticn were not possible-
Veloeity profiles were therefore sssurad to be predicted by o
rethod due to Pai9. Becouse this rmethod hos not bheen tested
for turbulent woter flow ot low Reynolds' number in a rprrallal
well flow system, theoreticeol response dcote derived from the

velocity profiles sre subject to some doubt.

The experimental dabta were acnelysed in terms cof the
verisrble reference plene concent, In this wov, the usefulness
of the Taylor/Aris disrersion model wos tested under the nmcst
severc conditions possible, the effect of the lamincr sub-leyer
baing greater in flows at low Reynolds' nurbers. It wos found that
assumption of the veloeity of the Toylor/Aris model couléd lecd
to un to o four per cent error in r flow velocity reasurerment.
A large error twcs also vossible in the measurement of low

frequency mixing cheracteristies.
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CHAPTER II

1. THE BASIC EQUATIONS

Selution is sought to the eguations which govern the
behaviour of dissolved materiel in a flow system. The flow system
consists of a duct of infinite length completely enclosed by impermeable
walls, in which flow is fully developed. The cross=section of the
duct (i.e. the domain occupied by the duct in the plane to which
flow is normal) is uniform throughout the length of the duct and
mey be of any geometrical configuration. Under these conditions,
the behaviour of the dispersed species of concentration, CA’ is
described by a partial differential equation in four independent

variables,

C C
Vx(Dchn)"U%?g," %‘Ea =0

ooooaoooo(CII, 1;1)

In this equation, diffusion is described by a 'Fickian'
coefficient, D, which in turbulent flow is the sum of
molecular and eddy diffusivity. As the cross-section of the
duct is uniform and flow fully developed, diffusivity end

point velocity are functions of cross-sectional position only.

D = D (xa, x3)

U = U (x2, x.)

3
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The walls of the duct are denoted by the symbol, M. as
the walls ere impermesble, the trensfer rate normel to them at

their surfeces is zero.

QL
m
b

On [, D

@
]
2

l...ll..(CII’ 1;2)

A further boundery condition is specified in the cross-section

of the duct in which the origin of the longitudinal exis lies,

x, = 0 , Cn(o, X, 9 X3 t) = Cp, (xzs'xsat)
-.-....(CII, 1;3)

Equation (1;1) cannot be solved before a further boundery
condition is defined. Such a condition will arise from e restriction
in the structure of concentration disturbances for which this

equetion is solved.

In equetion (131) diffusivity is assumed to be an isotropic
property. This assumption is not made through necessity, but in
order to allow equations to be es simple as poscible. Every step in the
enolysis of this equation would equelly be justified if diffusivity

were treated ses an anisotropic property.of the flow system.
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2, TIME INTEGRAL TRANSFORMS

Equation (131) is solved for well defined perturbations ir
concentration. These disturbences may be placed into two
categories. The first category is that in which the disturbances

are of a cyclicel nature with respect to tinpe.

Ca (xl s Xy 5 3 :t) = C (xloxzsxaat"'T)

n.o.lo-(CII3 2;1)

vhere T is the period of the cycle.

The second category of perturbation is one in which the
disturbance in concentration, or any derivative of concentration

with respect to time, has a limited duration, T'.
?
téo 5 t;T,

n
é-fETL c:g ( 9cl 9 jcz_ 3 3C3 3 t ) =0

o...oona(CII; 2;2’3)

2.1 CYCLICAL DISTURBANCES

Cyclical disturbances moy be broken down into sinusoidel

components end represented by o 'Fourier' series.,
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hd irwkt
Cn(x,,x2,x3,t)=Z-'R{C,.(x.:xz:x3)e- }

rso

OOOOII.(CII; 2;&)

where 5 T
W = —:Tr-

000‘000(01132;5)

and, i, denotes the square root of minus one. The letter, R,
signifies that only the real pert of the expression enclosed in
the brackets which it preceeds, is equated. The complex spotianl
functian, Ces is termed the 'tronsient function' and is defined

os follows in equations (236) and (2;7)

b+ T
1
F=o0 ? Co(xl.)x?.)x.?) =_"|:..{ Cn(xn)xzix!l:t)dt
s o7 cirwt
"‘7‘03 Cr(xn,xznxs);-'? Cﬂ("uz"a:xavt)e’ dt
to

ootolaoo(CII; 2;657)

The right hand side of equation (234) moy be used cs a
substitution for concentration, CA’ in the mass tronsport
equation (1341) end in the boundary conditions (1;2) end (133).
If each of the terms of these equations is then subjected to =
Fourier trensform of the type in equations (236) end (237), a set
of independent equetions and boundary conditions is formed.,
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0 C .
\V; (:DVC,.)‘- Ué—gf' —(rwl-=o0

'ltuoonn(CII; 2;8)

Q
)
Y

e,

g
-
o
Q-
R

x, =0 , C, (O,xz:x3)=cro(7‘-11x3)

oooooco-(CII; 2;9, 10)

as there is a separste equation snd separate boundary conditions
for each 'harmonic', ¥, it follows that each harmonic hehaves
indepdenently of all others within the limitations of the

original equations.

2.2 DISTURBANCES OF LIMITED DURATION

Perturbations of this type mey be treated in o menner similer
to cyclicel disturbances, As the perturbation is of limited duration,
it may be considered as one of a sequence of identical perturbations.

A Fourier series may thus be written

m o0
'é—'CH(x”x,_,xi,,f) = ZR[C*(x' 222 ) x3)e

irwt}
LM Fro

oovooluno(CII; 23 11)
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where

N

TT

[

g
I

oonlonc(CII; 2 H 12)

The transient function is elso defined in a woy similar to that

for periodic disturbances.

T'ah
}
= O 3 CQ - Tl fo at‘hcn dt

T . n
2 -irwt 4
rdo0, C==[ e JEn Cp dE

aoooooo-(CII; 2;13,1h)

The terms of equetion (131) and the boundery conditions (13;2) end

(133) are differentiated with respect to tiwm: the number of times, n,
determined by the order of the perturbed derivative., Then by arguments
identical to those used in the case of cyclical disturbences, equation (2;8)
end the boundery conditions (239) and (2310) are shown to be valid for

disturbances of limited duration,

Becouse no linit is set upon the durstion, T', it mey in principle

be infinite. In this cese the alternative statement of the Fourier

tran#)m and series nust be used.

l'll!oat-(CII; 2;15)
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where the modified treznsient function is defined ;—

—iw’e 9"
C, = _/; e JEn C, d¢t

'oocaop(CII; 2;16)

The modification of the integral transforms does not effect the
validity of equation (2;8).

Perturbotions of both the cyeclical and limited duration
type are shown to be governed by the same basic equations. These
types include 21l useful tracer signal forms. Perturbations of
the second type include pulses where n = o, and step changes,

where n = 1,
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2.3 DIMENSIONLESS FORM OF THE EQUATIONS

It is convenient at this point to intrnduce dirensionless

variebles to equation (238) ond the boundory condition (239).
et

¥,
Y

N =

where a is o characteristic dimension in the cross=section of

ete.

cic bl oIR8

the duct and D and U the meen values of diffusivity and velocity
with respect to the cross-section. Further, let

= Va
@ D

. waol
0 o= S

Equation (238) and the boundary conditions (2;9) and (2;10) may
now bhe rewritten

t

v (Yve,)-8% ﬁ—arncﬁo

.!..ICOCC(CII; 2;17)

where the differential operator, VV, now refers to the dimensionless

coordinates. dCr
On Fs’yl"cr}:—,.:o

Fi=o s Crles¥asFs) = Coo (Fas¥a)

.......... (c11;2;18,19)
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2.4 IIMITATIONS TO THE MASS TRANSPORT EQUATIONS

Equetion (131) cssumwes that the flux of dispersed material in
turbulent flow is described by a Fickion eddy diffusion coefficient.
This essumption cannot be justified where the period of tracer
signals is smell enough to be of the order of the time scale
of turbulence. This factor places o limitation upon the validity
of the equations, is discusséd in. Chepter V.

3, SERIES SOLUTION OF EQUATION (2:17)

At this stage it is necessery to use mathematical induction
in order to proceed with the analysis. It is assumed that any
solution of equation (23;17) mey be represented as the sum of a
series of solutions of this equation, each one of which is the
product of a function of longitudinal position, X e ( f 1),
ond a function of cross-sectional position, frs(} 0 f 3).

Cro= % X (5D fu(Fasfa)
sesseee(CIT; 3;1)

The function of cross~sectionel position is so defined that its

integrsl with respect to the cross-section is unity.
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hofodpedp =

otuoouo(CII; 3;2)

Any functional product may be used as a substitution in equation
(2517) thus:=

7£Ls y} g%i%;fs * >(rs ;g;;f%; (;&' g_ﬁéf )

X
1
™
b
S
X
&
~
w
]
2]

d
-8 T
noooooo(CII; 3;3)

Boundery conditions (2318) and (2;19) must also be satisfied.

ar:_
On r ) 9} ;t§i = 0

Fir=° > Xes (0) = Xiso

coooo-o(CII; B;h.5)
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Each term of equation (333) is integrable with respect to the
cross=-section. The integral of the second term is evaluated

by the use of Green's lemma as applied to & surface integral.

-oo.o-(CII; 3;6)

vhere the length, d f_,_ s 18 en infinitessimal part of the
veriphery of the flow system. The integral of the second term
of equation (3;3) is thus seen to be zero on sccount of the
bhoundary condition (334).

Equation (3;3), after each term has been integrated, is

reduced to an ordinary second order differential equation.

‘oo.oco(CII; 3;7)

wvhere the coefficients of this equation are defined by cross-

sectionel integrals.

boo = L ¥ fudpds
ks j,; '\/"f"s dfz de

--loon(CII; 3;8’9)

d



2T,

The values of the coefficients in equation (3;7) are fixed
for each perticular cross-sectional function. Equetion (3;7)
is thus a linear equation with constant coefficients end has
an exponential solution,

X ps }:
X»—s = X"$° €

-on'o(CII;3;10)

In equation (3310), boundary condition (3;5) is teken into
account. The complex exponential coefficient,a&g, is the
Nogarithmic trensfer factor' associnted with the perticular
cross-sectional function. For a sinusoidel tracer signel, the
reel part of the transfer factor is the logarithm of the
amplification of the signal over one dimensionless unit of length
in the direction of flow. Likewise the imsginary part of the
transfer factor is the phase shift (in radiews) of the sinusocidel
signcl over this length.

Equations (337) end (3310) are combined to form on auxiliary
equation, one solution of which is the logarithmic transfer factor.

2 . _
¢:—s°° - trsé‘xa-s — trfl = o

s

olloo-(CII', 3‘,11)

Tracer signals must *travel' in the direction of flow. Therefore

the phese shift of a sinusoidal tracer signal increases negatively
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in the direction of flow and the logerithmic trensfer factor
has a negative imeginary part.

I fe<,,} <o
seeese(CII; 3312)

The correct solution of equation (3;11) is now deduced from
the condition (3312)

. =N
K, = -—%‘ﬁ%[/l*-dl-l-';t:?""]
ceenss(CII; 3313)

It is seen from equetion (3313) that the harmonic components

of tracer signals must also decay in the direction of flow,

Riw=,} <o

llll...l(cII; 3;1,4)

This condition could elsoc have been derived from physical
considerations.,

The right hand side of equation (3310) is used es a
substitution in equation (33;3) to obtain a second order partial

differential equetion which governs the cross=sectional function.
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Zah(sl'—ﬁ') + (o2 8o, —irQ)f=o0

ool'co(CII; 3;15)

BEquation (3315) cannot be derived from equation (2317) without
the previous assumption of the serial solution (3;1). The

serial solution is not therefore a genersl solution for equation
(2317). However, each solution of equaetion (3315) individuelly
satisfies equation (2317). Hence, if the form of a harmcnic is
such that it is fully demcribed by a single splution of equation
(3315), this soclution is the relevent solution of equation (2317).

The logarithmic transfer factors sssociated with the different
solutions of equation (3315) will each be of different velue.
Therefore the components of each solution will decey at different
rates in the direction of flow. The solution which deceys least
repidly is called here the 'primery' solution and is signified by
the subscript, s, being unity. The transicr factor associated
with this scluticn is that with the smallest negative real part.

At some cross-section in the flow system, the component of primary
solution will be dcminant, ell other components having decayed to
insignificant levels. At this point the primary solution of equeation
(33;15) is the relevant solution of equation (2;17).

In the exect analysis of equetion (2317) only the first term
of the seriel sclution (331) is of significence, If, however,
the term in equation (2317) which describes diffusion in the direction
of flow is smell, the serial sclution represents e useful approximetion.
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to a full solution of equation (23;17). With this term
disregarded, a modified form of equation (3315) is derived
from equation (2317) by the method of separation of variables

gfi(%g’%) - (@'f X, +£r.Q)f;,= o

nnonoooQ(CII; 3;16)

Squation (3316) has a set of solutions which are orthogonal

with respect to the cross-section of the flow system.

A condition for the approximation is based upon the
difference between eauations (3;15) and (3;16). If the transfer
factors in these two equations are assumed to be identical, the
difference between the equations lies only in the term containing
thz square of the transfer factor. The condition is thet
the cmission of this term should not significantly effect the
value of the real part of the total coefficient.

R{w?} & & R{,]}

caaoclo.(CII. 3;17)

A similar expression might be derived for the imaginary part of

the coefficient.
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3.1 THE CONVERGENCE CONDITICN

The series solution (331) enables & condition to be defined
for the case where only the primary solution of equation (3315)
is of significance. This condition, which is called here the
'convergence condition' demands thet the contribution of the
primery solution to & harmonic component should be much greater

than that of eny other solution.

s # 1 X, (7,) == X (F)
veseeos (CIT; 3;18)

The condition is more usefully expressed if it is assumed thet

at some cross-section, ", in the flow system:.cll solutions are
of approximately equal importance, In this case only the solution
which decays second least rapidly in the direction of flow need

be compeored with the primary solution.

The condition (3319) is derived from eguation (3;18) through
*“e: exponential relationship of equation (3310).

/ | _
JF' -.}:' == 12'{"‘r| - X5 }
vessss(CII3 3;19)

If the convergence condition is satisfied, the Fourier series

(234) is rewritten (in dimensionless space coordinates),
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cth'}.q-ira>b
[

C, (fnfz 1§30 t) = 2R{x*'°e (j“}-")}

Aoooooo(CII; 3;20)

Meen concentration with respect to the cross-section, Cps is
found by integreting the right hand side of equation (3;20)

taking the relationship (33;2) into account.

-no.--o(CII; 3;21)

A similer equation moy be derived from equation (2;11) under

the same conditions.

The terms of the harmonic series in equation (3321)
are separable by Fourier analysis. The logerithmic transfer
tactors associested with primary solutions of equation (3;15)
are therefore measurable in tracer experiments in which cross-
sectional meen concentration is measured end in which the
convergence condition is satisfied. From the behaviour of the
meen concentration in any cross—section,.}' » & set of complex
coefficients, E; s 1s derived using the approximate Fourier

trensform. These coefficients are the terms of equation (3321).

C-l- (f') = xﬂoe“”},

||ooco(CII; 3;22)
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The logarithmic tramsfer factor,oc,,, is calculated from the

coefficients for the relevant hermonic found at two different
cross=sections.

&y '60'3e (C (o) )

nooco-(CII; 3;23)

If the tracer signel is sinusoidal and the response meesurement
in terms of phase lsg, @, in degrees, and the logsrithm of the

amplitude ratio,nf » the two parts of the logarithmic transfer
factor are found separately.

R{«} =1F

T a
I {¢,} == Ts0L
Olll'OOOO(CII; 3;2&,25)

3.2 'ZERO FREQUENCY' SOLUTIONS OF EQUATION (3315)

In the genersl cese, equetion (33;15) cannot be solved without
the geometrical, flow and diffusion characteristics of the flow
system being first fully specified. However, for the static, or
'zero frequency' component of o tracer disturbance a solution of
equation (3;15) is available. If the frequency term is zero,
equation (3315) is satisfied by a constant,

7€s (fa’}a) = A
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The logarithmic transfer factor associated with this solution
is zero. As & transfer factor with & negative real part smaller
than zero will not satisfy condition (3314) this solution must

be primary. Thus,

uOl = o

fo (§22Fs) = !

eesseesf{CII; 3326, 27)
Bquation (332) is teken into account in equation (3327).

Consideration of equations (33;26) and (3327) shows that
if the convergence condition (33;19) is satisfied, distribution
of the time integral of tracer disturbance as defined in
equations (236) or (2, 13) is uniform in the flow system.
Noneprimary solutions of equation. (3;15) must therefore refer to
vhare distribution of this integral quantity is not uniform. It
may also be shown thet primary solutions of equation (3315) in
general refer to the most uniform distribution of tracer disturbance

in the cross-section of the flow system.
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4. THE DISPERSION MODEL

45556 end ArisT have shown that the behaviour of

Taylor
dissolved material in a tubular flow system conforms to a 'plug
flow with mixing' model under certain conditions. They also showed
that the mixing is of the Fickian type and derived expressions for
an axial diffusion or 'dispersion' coefficient. In this section
a simpler and more satisfactory derivation of the dispersion model
is presented. The model is also modified so as to remove one of
the qualifying conditions of the Taylor/Aris model. The arguments
apply to all flow systems of uniform cross~-section (see section 1).

and are not limited to tubular flow systems.

If the dispersion model holds, the behaviour of the cross-
sectional mean concentration of the dissolved material, EA’ is
governed by a second order partial differential equation in

longitudinal space and time.

R —~dC _ 9G _
k 33z — Ujgx, Je — °

sesss s e (CII. )4;1)

where the coefficient of the first term, k, is the 'Taylor/Aris’'

dispersion coefficient.

Of the two boundary conditions necessary to equation (431),
the first specifies the behaviour of mean concentration in the

plane of the origin of the longitudinal axis.



36.

’ E} (o, t) = E;o (t)

sesessse (CII, h;2)

The second condition erises from the assumption of the uniimited
length of the flow system. In this case, all concentration

gradients must decay to zero.

3 Cq
xl

i
o

'

essnpenca (CII’ h;3)

The terms of eguation (l43j1) end the boundary conditions (k43;2)
end (433) mey be subjected to the seme transformations as were
the terms of equation (131). Equation (L31) is transormed by this

weens to an ordinery second order lineer equation.

FL¥d _E._ . -
KS_:E?- - Ug—;" - (rwtC = o

The terms of this equation are reduced to a dimensionless form
through the introduction of the same groupingsas those in equation
(2517).
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%—g{?&-{-é-d—f;"—i_rﬂf,=o

QOOOCDO(CII | ] h;h’)

The boundary conditions (4;2) and (43;3) mey be treated in the

S&me wWay.
}, = 0 E,_(o) = Cl—o
d C,
Limik  TF = o
Fo 5“

ll..cl”(CII. h;S,G)

It is convenient to consider the validity of equation (4;4) to

be based upon two separate agssumptions. The first of these
assumptions is that the behaviouwr of the cross-sectional meen
transient gquentity, Et' is described by a single exponentisal
function. It has been shown, in the previous section. that this

is only true when the convergence condition (3;19) is satisfied.

One of the conditions for the dispersion medel (stipulated by
Taylor end Aris) is that 2 quari-equilibrium concentration profile
should be esteblished in the cross-section of the flow system. This

condition is identical to the convergence condition.

The second assumption underlying equation (4;k4) is that there
exists a real dispersion coefficient which is the seme for all
hermonic components of concentration signals. The behaviour of
the cross-sectionsl mean transient quantity is, however, described
by equetion (33;22), (provided the convergence condition is satisfied).
The complex transfer :E‘s.ctor‘,t:(l_15 is determined from primary solutions

of equation (33;15). Equetion (4;4) can only be setisfied by exponential
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functions in which the transfer factor is reel, end is thus only

true for the zero frequency component of a tracer signal, Because

the behaviour of the zero frequency component has no dynamic significeane
the usefulness of the Taylor/Aris coefficient is confined to its being
the limiting value of the two genersl dispersion coefficients developed

in the next two sections of this chapter.

L,1 COMPLEX DISPERSION COEFFICIENT

The Taylor/Aris dispersion coefficient in equation (4;l) may
be replaced by a complex coefficient the value of which is such that

equation (3322) satisfies equation (L3lk).

a.
0.
O
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cesens(CII, b;7)

The complex dispersion coefficient, Kris a frequency dependent
quentity. An expression for it in terms of the integral quantities
of equation (33;7) is derived through comparing the suxiliary

equation of this equation with that of equation (437).

b, - = (z,-1)

]

o
n

cooo.o(CII’ h;B)
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The complex dispersion coefficient at the limit of zero
frequency is equal to the Taylor/Aris dispersion coefficient,

X
5
"

K

oo-aooo(CII. h;g)

Philip8 was able to verify equation (4;9) in the case of laminar
flow in tubes through computed values of the complex dispersion
coefficient. Equation (43;9) is, however, a definition of the
Taylor/Aris coefficient. An expression for the Taylor/Aris
coefficient is derived from this equation (see section 4.3 of
this chapter), which yields results identical to those of the
enalysis of Tsylor and Aris.

4.2 VARIABIE REFERENCE PLANE DISPERSION COEFFICIENT

The variable reference plane dispersion coefficient is derived
in a menner similar to that of the complex dispersion coefficient.,
The coefficients of both the first end the second terms of
equation (4;4) may be adjusted such that equation (3322) becomes
a solution of this equation with both coefficients remaining real.
The resulting differential equation is written,

2 F C -
%;if; - @.—%’% - i+ C = o

o-uoooo(CII, h;10)
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vhere kr is the variable reference plane dispersion coefficient.

The coefficient of the second term of equation (4310), &, ,
is related to the velocity, Ves of & moving plane of reference.
é - V,.a
Sl
The velocity of the reference plane is a function of frequency
end is always greater than the mean flow velocity. The reference
plane velocity approaches the mean flow velocity as frequency tends

to zero.

Ci

dimik V., =

Sl—o

.ooo.oo(CII' h‘,11)

As with the complex dispersion coefficient, the variable reference
plane coefficient msy be expressed in terms of the integral quantities

of equation (337).

:qux
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oonolla(CII. h;12)

Because the left hend side of equation (k43;12) must, by definitionm,
be completely real, the reference plane velocity is also determined
by this equation. The Taylor/Aris dispersion coefficient is, as may
be demonstrated through equations (43;11) and (4312), the limiting

value of the variable reference plane coefficient for zero frequency.

S Limir K, = k

51—-0 .o.coo-(CII, l“;13)
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The variable reference plane dispersion coefficient has an
important sdvantage over the complex coefficient in that it conveys
a physical picture of the dispersion process. The picture conveyed
is one of 'plug flow with axial diffusion' in which both the diffusion
coefficient and the flow velocity are functions of frequency.
Frequency response data may be derived from the reference plane
velocity and dispersion coefficient date in a reasonably straight
forwerd fashion. The complex dispersion coefficient neither offers
a2 physical picture nor a= simple method by which response data
may be obtained.

The reference plane velocity and dispersion coefficient are

more conveniently expressed in terms of the logarithmic tramsfer
factor than in the form of equation (L312).

_\_/_,: _ r L . /31»-2 - _‘1#2
0 B 7" Q ﬁrz + L,l-a
K B,
-]—_D'-'- = + 0 y (RE+ ,7'_2)
oo-n.cs(CII. h;1h,15)
where X, = e + LYy

If the real part of the transfer factor is much smaller than the
imaginary part, equations (L43;1L4) and (L315) are usefully simplified.

V, _
]ﬁ’_l<<ll1,_', _O—' = (”_é
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Ky F 3,
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esnvnas(CII, L316,17)

L,3 THE TAYLOR/ARIS DISPERSION COEFFICIENT

There are two alternative definitions of the Taylor/Aris
dispersion coefficient. The first arisés frem the work of Teylor
end Aris where the coefficient deseribes the rate of spreading out
of pulse tracer signals wnder very restricted conditions. In the
second alternative, the coefficient iz the limiting value of the
complex or the variable reference plene dispersion coefficients
which are derived from dynemic response data as in the work of
Philip and in this work. The fact that the coefficients arising
from these two definitions are identicel is demonstrated through
~~nparing expressions for them for particu’~r flow systems.
Comparison of generel expressions is not possible as one was not
developed for the Taylor/Aris analysis. A generel exyression for
the dispersion coefficient as defined by the complex or the varisble

reference plane coefficients is developed in this section.

Equaticns (143;8) and (%39) may be combined to form a limiting

expression for the Taylor/Aris dispersion coefficient,

K o Limit | $ o= (7= 1) ]

D n—»o

00..0;.(CII. h;18)
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The solution of equetion (3;15) at the limit of 'zero frequency' is
expressed in equation (3327). The velues of the integral quantities
of equation (L43;18) (defined in equations (338) end (339) ) =t this
limit ere therefore unity.

R
R Limik =
e qb,, !

SL—o0

[ fiwm/t c,, = 1
— 0

The first term of the right hand side of equation (L4;18) is thus
eveluated directly and the equation rewritten.

Ko - Lomt {2 (r- 1))

HL—>0 F
ooo-oou(CII. )-‘519)

The limiting value of the second term on the right hand side of
equation (4;19) cennot be found by direct meens., It is necessary
to use en alternstive expression for the zero frequency solution of
equaetion {3;15) to that of equation (33;27). This expressiocn must
contein the logaritbmic trensfer factor as a multiplying factor
for every term. Such an expression is derived from the Macleurin:
expression (for two independent variables).

fu(Fopa) = 2 2 &% : %’ T, D] fu(o,0)

m=s=o M=o

..--c.o(CII’ ‘4;20)
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where the differential operator, Dj’ is that with respect to space

in the axis, 3’: 3

The auxiliary equation relsted to equation (437) may be used to

eliminate the frequency term in equation (3315),

A 2 AR (AL LS RNILS

||-nooo(CII. h;21)

with the maclaurin series used as a substitution in the right hand
side of equation (4321), both sides of this equation become integrable

with respect to the cross-section of the flow system,

Equation (43;21) is first integrated over a certain part of the
area of cross-section, A', the periphery of which is denoted PT'
The left hand side of equation (4321) is integrated by means of

Green's lemma, as expressed in equation (336).

4 3& Jf-r ct = T %w ‘»\Z=o §° D:D:f,.,(o,o)

Ly - e - - N BIEE e e

vesseas(CII, h;22)

where f’l‘ signifies length normel to the periphy of the area over which

integration takes place.
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The area, A', is determ;ned in such a manner that the

1

} 3

differential quant:.ty,a normal to its periphery is constant

round the periphgry.
)
Oh Pr __£ﬂ = W‘:‘

o.o-ooo(CII. h;23)

Since the periphery of the flow system satisfies this definitien

(see boundary condition (334) ), and since the cross-sectional
function is continuocus, all such sreas must be completely included
within the cross-section of the flow system. The area of integration
refers to both the real and the imaginary parts of the complex

differential quantity, 3 s Separately.

For an area as deflned in equation (4;23) equation (L43;22)
may be rewritten to form an expression for the differentiel quantity.

s . o .
T T Lvdr Z Z T i)

cc-o-co(CII. 1&;21&)

This expression may be integrated with respect to the path between
the point, (0,0), and any point, cy;,f;L in the cross-section of the
flow system.
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ooooo.l(CII, h;25)

The limiting value of the second term on the right hand side of
equation (43;19) is found using equation (4325) as = substitution

for the cross-sectional function.

Limiz (£ (2=} = dimit (£ ] £ (3= d5.d5]

H—>»o0 QL—>o0
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me=06 MNco

= o{t’f
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.o-ccoo(CII’ h§26)

The limiting values of the differential terms of equation (L4;26)
are found through equations (3326) and (3327).
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Therefore there is only one non-=zero term in equation (l;26).
Combining equation (4319) and the limiting value of equation (L;26),
a general expression for the Taylor/Aris dispersion coefficient

is derived.

(5:,};'de
- -84 dfidf=’4>4,,,;:=
> T

'4? (1P"')‘iji‘%jﬁ

9=

sessaea(CII, b327)

From equation (3;27), it is seén that the definition of the
area of integration, A', as expressed in equation (43;23) is not
definitive at the limit of zero frequency. The most convenient
definition of this area may therefore be used., For the flow systems
considered, the most convenient definition of the area of integration
is that which states that the diffusivity at the periphery of this

area must be constant.

on P :/r=wmt'anvt‘

(%3 s.fs' )
T

2 ] ’ f
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u-oaooo(CII. h;28)
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Lk The Taylor/Aris Dispersion Coefficient for verious flow systems

Explicit expressions are found for the Teylor/Aris dispersion
coefficient of flow systems of parallel walls, tubuler and of
annular geometry. In all of these flow systems the point properties,
fluid velocity and diffusivity, can be expressed as functions of a
single co-ordinate.

Parallel Wall Flow System

Because equation (43;28) is written in cartesian co-ordinates,
the deviation of the expression of the Taylor/Aris coefficient for
e parallel wall flow system is streight forward. The geometrical
properties of a parallel wall flow system are described in section
five of this chepter. For convenience, the width of the flow
system cross-section in the axis parallel to the walls (x3 axis) is
limited to one dimensionless unit. The intermediate area of
integration, A', is rectangular in shape, and is symmetrical asbout
the axis of the flow system, its perimeter being represented by the

o= -F & R o= R

The limit point of the path integrel is similarly represented by :-
’ L)

.fz = .fz

Equetion (4;28) for a parcllel wall flow system becomes:-

liness=

2 Py R
R LR 6 FCARE



hg,

In this expression, it is only necessary to integrate over
one half of the flow system because the system is symmetrical.
If also the semi-gap width of the flow system, b, end the
dimensionless trsnsverse co-ordinate,11 » are used as is

conventionzl, this expression becomes:-

o2 2 [ J o
£ - - ag-nan Fu-na

sesa0e s (CII,h§29)

A simple expression for the Taylor/Aris dispersion coefficient
under leminar flow conditions is derived from equation (4329). 1In
laminar flow:e-

ootao.o(CII, h;30)

Equetion (4330) is in complete egreement with the expression found
by Wooding B for the Teylor/Aris coefficient in leminar flow in a
parallel well flow system, Wooding adapted the method of analysis
due to Aris to derive this result.
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Tubuler Flow Systems

The properties of a tubular flow system are dependent only
upon the distance from the axis of flow. Equation (4;28) is
therefore converted to a polar co~ordinate system in which the
angular co-ordinate is elimineted for such a flow systen,

252 [ Py
= | =2 !iéégis_ér(7b - l)/o'c{/o'{{'éégiéf-(7b-ll/o d?o

o x

oocaoon(CII| h;31)

where the dimensionless radial co—ordinate,/o » i8 relative to the
radius, R¢,6f the flow system.

For laminar flow in a tubular flow system:-

¥

+ = 2 ('_/)?.)
K 02 RE
D, | T a8D;

.llt..!(CII. h;32)

Equation (4332) is in agreement with the expression for dispersion
7

coefficient in leminar flow in a tube found by Aris’.
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Annular Flow Systems

Because the central reference point of an annular flow system
is outside the area of flow, the first limit of integration in
equation (43;28) must be taken at the inner wall of the flow system.

For simplicity the converted form of this expression is not written
in dimensionless co-ordinates. '

K 202 "Ro . . '-l’dr' "l
-]_-,D- = | - 1..:,_“?:_“?).4(7(,—1)rdr(’:ﬁ,éi(‘f,-n)t—dr

eeenes (CIT, 4333)

where radial position is expressed as the distance, r, from the

centre of the flow system, the walls being denoted:-

PB-R"_

F = R

©

To facilitate comparison between a parallel wall and an annular flow

system, a dimensionless radial co—ordinate,qé, is adopted for the
annular flow systom.

R = '12-(-RQ+PL)
|

b - _Z(-R -RL)
r-R

T Tp
The dimension, b, is equivalent to the semi-gap width of the

parallel wall system. The aspect ratio of the annular flow system

is the ratio of this dimension to the mean wall radius,'ﬁ.

The velocity profile and mean velocity for laminar flow in an
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annular flow system may be expressed as power series of the

aspect ratio.
1D'b1 2 b2
0= =Tl n - gl D v ol ]

- P b2 I b n b4
O = - E?;:-{l 4..r§. qsi + ET; '?51 ....}

where); is the viscosity of the fluid and P' is the pressure
gradient in the direction of flow. An expression for the Taylor/
Aris dispersion coefficient is therefore derived elso in the form

of a power series.

K _ ot b? }
5.-“ = 1 E_z._s—,? i =+ '.4ﬁz . e

ocloaa-(CII, h;3h)

Tquetion (h334h) is expanded to the first ¥ wr vowers of the aspect
retio, the second and fourth terms being zero. As the aspect ratio

of an annular flow system tends to zero, the flow system geometry tends
to thet of a parallel wall flow system, and equation (43;34) tends
towvards equetion (4;30).
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5. THEORETICAL RESPONSE DATA FOR A PARALLEL WALL FLOW SYSTEM

In the work described in this thesis, experimental tracer
response data for turbulent flow in an annular flow system are
compared with theoretical data prepared through the computer solution
of equation (3315). Because the aspect ratio of this flow system
was small, it was assumed that its properties differed little from
those of a parallel wall flow system. The theoretical response data
were therefore computed for a parallel wall flow system. The advantage
in solving equation (3315) for such a flow system arises from the
symmetry of the flow system about its centrc line., The equation has
therefore only to be solved over half the cross—section of the flow
system. The amount of computer time required for a solution of given

detail is thereby reduced by more than one half,

The closcness of the approach of the annular flow system to a
parallsl wall flow system for laminar flow is apparent in tho expressions
for the Taylor/Aris dispersion coefficient. Tho difference between the
right hand side of equation (4334) and that of eguation(43;30) is of
no significance in this particular case,

For the system studied:-

b i

R ~ 7
7 b )
5 W 200

Because turbulent flow in an annular flow system is more

uniformly distributed than laminar flow, the effoct of the curvature

of this flow system must be oven smaller under turbulent conditions.
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The cartesian coordinate system within which the parallel
well flow system is described, is arranged such that the X,
axis is normel to the walls of the flow system. The distribution
of dissolved material is uniform in the direction of the exis
transverse to the flow and parallel to the walls of the flow
system (x3 exis).

ofs

6}:3

Equetion (3315) and the boundary condition (3,4) are rewritten
for such a flow system using the dimensionless transverse coordinste, s
which is based upon helf the distamce between the walls,

Ll 4h) v flped - @m0 o

d £
')L= l’ I?él-:o

-ocoocuoo(CII; 5; 1’2)
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5.1 MATRIX REPRESENTATION OF EQUATION (5;1)

Numericel solutions of equation (53;1) are obtained through
'eigen value' anelysis of the finite difference representation of
this equation. Point values of the differentisl terms of the
equation are fixed in the manner conventional to finite difference
techniques, For e particular point, the values of these terms are
determined by parsbolie interpolation between the cross-sectional
function, fr g Bt this point and that at the two points adjacent
to it in the cross-section of the flow system., Exceptions to
this exist at the centre of the flow system end at the wall where
the values of the terms are determined by the boundary condition.

For simplicity, the suffices are dropped fron the cross~sectional
function. The differential term of equation (5;1) must first be

expanded to two terms.
( M .yt de df
dn¢ Van * an

Then by parabolie interpoletion for the jth point ;-

d.__;[ o 4; . B!' -ﬂ-!,, | 8;-
d"l )J B )J[:.' ﬂ'-.(ﬂ'i“'ﬂd‘) * 75 ﬂ"‘-. A_j " 7{' D"'(a‘i-."'u,J)
d? _ 2 2 2
dn? )J 7[" AJ_,(a - J) 7{} 4.4 75" AJ(BJ-V"AJ)

= LA+ 7‘;-'54.' + fﬂc‘;
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where AJ: = TU'" - 'f“

At thfl P int adjacent to the wall, j = J =1, boundery condition
(5352 ‘. The value of the differential terms are here determined
by the cross-sectionzl function =t this point and at that next

in from the wall of the flow system,

24,
i—% )3-‘ = { - 7[;;.:. * 7{14}. o (g, +24a,))

= 7[:1'-7. A:—u * /:!.'-l B3"

2
(£, -£.1 a_(a, +28,)

d."/)
dn®

B,

’
-
3-2 AJ-I J=-1

At the centrel point of the flow system, j = 1, there exist
two elternative velues of eech differentiol term. These alternatives
arise because solutions of equation (5;1) mey be either symmetrical
or assymmetrical about the centre of the flow system. The tyvpe of
solution which is sought must therefore be specified. Primary
solutions of equation (531) are of the symmetricel type. For a
symmetrical solution:-

df
:L-;L)
21
dof

= 0

{"7[."’7[1}"2"5

fomow e
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and for an assymmetricel solution:-

dn*
Equation (5;1) is thus rewritten in finite difference form,
for the central point of the flow system:-

A d.¢' ¢ d¥
@+(¢,B + — B)/ * +(¢c,+dqc,)fz

+ﬂ(w °‘rs - “'Q')/: = °Lrs7[|
for eny point, j:-
; 4 ,
‘i;-(_(tﬁ-A}-r-—AJ)/ +(¢'B}+—B*)/
r dy : .
+$4-:7'(|)[/C*+ C—L:lci)/éj“-l- g‘:i'(llrotl_s- Lpﬂ)/:i =
and for the point adjecent to the wall:-
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These equations moy be represented by a single matrix equetion:

TF =“rsF

esessess(CII, 533)

where F is a vector matrix (single column), the elements of which
are point values of the cross-sectional function, and where T is

a tridiagonal matrix. The diagonal element in the Jth

row of
the tridiasgonsal metrix is:-

4. ' d'\b ) 2 .
_— B: + — B ) d — o . —L r‘fl
Q?TF (yb + cL?] ¢ ép”f_ (F? rS )
The element in the lower triangle of the tridiegonsl matrix is:

_i/r
cI,7L(;M ety

and the element in the jth row of the upper triengle:-

_1‘:.
<1>+('/'C )
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5,2 SOLUTIONS OF THE MATRIX EQUATION (53:3)

Solutions of equation (5;3) are found through snalysis of
this equetion for its two smallest eigen values. This enalysis
is not straight forward as the coefficient, o< o 0n the right
hand side of the equation also occurs in the diagonal elements
of the tridiagonal metrix on the left hand of the equation.
Equation (5;3) is therefore not exactly of the right type for
eigen velue anelysis. For this resson, an iteratweform of snalysis
is used in which the coefficient is first neglected on the left
hend side of the eaquation. In subsequent iterations the value
of the coefficient found from the previous iteration is then used
in the tridicgonsl matrix. In the flow system under investigation,
the coefficient after one iteration was insignificently different
from that of the first onelysis. It was infered from this that
diffusion in the direction of flow, from which the term in the
tridiagonel metrix erocse, did not significantly effect the process

of dispersion.

The primary solution of equation (5;3) is thet corresponding to
tne eigen velue with the smellest negative real part (and consequently
smallest modulus): In the enalysis for this eigen value an arbitrary
vector metrix is premultiplied by the inverse of the operating matrix, T,
till the vector matrix reaches an 'equilibrium' form. The form of the
equilibrium vector is not changed by further premultiplicetion.

Because the operating matrix is tridiasgonel, there is & grest oadvantage
in the use of the 'LU' inversion method, which is described in
Appendix II (section 1). The logarithmic transfer factor, rgd DO
either be found direct from eigen value analysis or by wey of the
integrel quentities defined in equaticns (338) end (3;9). For

primery solutions in the flow system under investigstion, the latter
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nethod was found to give better convergence with respect to the

size of the opersting matrix.

As equation (533) presents only spproximetely an eigen value
problem, there exists a set of vector matrices which are solutions
of this equation and which ere only approximately self-orthogonzl.
The secondary solution of equation (533) is the vector matrix
associeted with the eigen value with the second smallest negative
real part. It is found in a manner similar to that of the primary
solution. Because the value of the second eigen velue is only
necessary on account of condition (3319) the epproximate nature of
the solution is of little consequence.

The true secondary solution for & parallel wall flow system is
essymmetrical., In consequence, it is of no significence if only
those solutions which possess non-zero cross-sectional mean quantities
are of interest., In this case, the next symmetrical solution must

be found. This solution is termed the secondery symmetrical solution,
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CHAPTER IIT

1.1 THE GEOMETRY OF THE EXPERIMENTAL FLOW SYSTEM

An experimental tracer study was cerried out in a flow
gystem of uniform cross-section in which flow was turbulent.
In the theory developed in Chapter II, it is shown that, for
such & flow system in which the 'convergence' condition is
setisfied, the cross-sectional mean concentretion of tracer is
governed by an exponential function of length in the direction
of flow. Therefore a definite and reproducible relationship
exists between tracer response meogurements at different cross-
gections of the flow system. Complete treocer response date for
the whole flow system is thus obtained from cross-sectional mean

concentration measurerments at tito different eross-sections.

The geometricel configuration of the cross-section of the
experimental flow system must be such that direct measurement of
the cross-sectional mean tracer concentration is possible.s In o
vobular flow system, such a measurement mu.{ be mede over a
gegment which is representetive of the whole cross=section.
Tracer concentration in this case mey be measured by the photo-
extinction technique in which the light beem is focussed on the
axis of the tube. This method was not used on account of the

insensitivity of the photo~-extinction technique.

The simplest and most comménly used nmethod of tracer
concentration meaesurements (in liquids) is through electrical
conductivity, Because the path of an electrical current is
normally streight, the meen trager concentration derived frcen

such & measurement will be & cross-sectional meen only in a flow
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system enclosed between parallel walls. However, a true parallel
wall flow system cennot be realised in practice as the width of
the flow system in the direction parallel to the walls should
have to be infinite. There are two flow systems vhose geometrical
configurations may approximate to thet of & parallel wall flow
system. There are the flow systems of annular and of rectangular
cross-section. An ennulsr flow system was chosen for the
experimental work beceuse the fluid dynamics of this system is
less complicated than that of a rectangular systems It is also
easier to obtain uniform tracer distribution in an annular flow

systenm,

It has been implied that a liquid was to be used a&s the
fluid. Because of the quantity needed, water from the main supply
wos emploved. The deviation of the physical properties of this
water from those of pure water were neglecteds In calculations
of tracer concentrations, a residual conductivity was allowed

for. Sodiun chloride was uged os the tracer meterisl,
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1.2 Dimensions of the Annular Flow System

The annular flow system was formed in the space between two
concentric tubess In order that the geometry of the flow system
should be close to that of a parallel wall system, the relative
difference between the sizes of the tubes was as small as was
practicable, The linitations.lay in the maximum possible gap
width between the concentric tubes, and in the length of precision
tube aveilable. It was decided, for reasons of continuity, to
have the experimental section of the flow system in one length
of tube,

Concerning the gap width, the problem was to meintein
uniformity throughout the flow gystem. Precision drawn brass tube
was chosen on account of its aveilebility end the ease with which
phosphor bronze could be soldered to its The two tubes were held
apert by meens of phosphor bronze ball-bearings which acted as
spacers, Taking into account the tolerances of the tubes, ond
the estimated magnitude of distortion from soldering, it was
decided that a gap width of 3/16 inch was the minimum practicable.

Inner and outer tubes of two and two and a half inch nominal
diometer respectively, with the same wall thickness of 0,064 inch,
were the most convenient availables The tubes were both approximately
twelve feet in length, which wes sufficient for the purposes of
experiment., The ratic of the gap size to tube diemeter was also
sufficiently small for the flow system geometry to be reasonably

close to that of & perallel woll flow system.

A sufficient length of annuler flow system upstream of the
experimentel section must be provided for the velocity profile to
become fully developed, and also for the convergence condition
(C.II; 3.19) to be satisfieds A flow systenm length of 130 gap widths
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(67 cm) wes sufficient to satisfy these conditions. In order to
satisfy the convergence conditions for laminar flow, the entry
length of the flow system should heve been approximotely 100 metres

The length of flow system between the downstreom end of the
experimental section and the outlet is also of importance. It is
necessary that this section of ennulas should be of sufficient length
so that the influence exerted upon experimental results by its ectuel
length should be insignificent. Because an exact boundary condition
for the outlet point cemnot be defined, a precise length for this
section cannot be calculateds A length of 70 centimetres was

nonsidered suffiecient for the section,
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143 Construction of the Annuler Flow System

The two concentric tubes were held apart by 3/16 inch diemeter
phosphor-bronze ball bearings, brazed in sets of three evenly spaced
round the inner tube, at intervals of one foot (see vhotograph 2)
end figure fu1), To minimise distortion of the inner tube, as
little heat as possible was used during brazing. Each ball bearing
was filed slightly to enable the inner tube to slide smoothly into
the outer tube,

The sections of annulus upstream and downstreem of the experi-
mental section were all constructed in & manner identical to that
of the experimental section. The inner and outer tube sections were
each joined by comnection pieces machined from 'delrin', & plastic-
similer to nylon (see photographs 2 end 3 end figures f£.2 and £.3)
The use of an electrically insulating material in the connection
pieces at either end of the experimentad section was necessary since
electrodes had to be mounted upon them for conductivity measurements
to be mede.

The comnection pieces for the inner tube (shown in Figure f.3)
«ad a mele thread at each end by which the; were screwed into threaded
discs brazed inside the inmner brass tube. The points were made water
tight with rubber '0' rings. A hole 3/8 inch in diameter was drilled

through each inner comnection piece for electrical leads.

Joints between the outer brass tube sections and the outer
connection pieces (see figure f.2) were held by fixed flanges brazed
to the former and split backing flanges: on the latter. The backing
flanges eallowed freedom of rotetionsl position: Sealing was effected
by rubber gaskets inserted and compressed between the pipe flenges.
and the flanges of the connection pieces The drawing, F.2 shows an
outer connection piece on which an electrode is mounted. For the outer
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connection pieces without eleétrodes, the dimensions are
identical except that oversall length is 2 inches shorter.

The emnulus was supported by pipe holders machined to fit the
outer tubes These supports were mounted on lengths of mild steel
channel, which were themselves screwed to the laboratory bench,
The height of each support was adjusted by mesns of lock nuts
on its threaded piller.

The inlet aid outlet points of the annulus were designed so
a8 to encoursge circumferential uniformity of flow in the flow
systems At the upstream end of the flow system, & cone was
fixed to the inner tube and a divergent pipe section fixed to the
outer tube to form a smooth entry (see photograph 4 ond figure folt)
The cone, which was mechined from delrin, was screwed to the inner
connection pieces. The divergent pipe section, which was made up
from stendard divergent pieces in high density polythene, gave en

even taper from 1 to 23 inches diameter.

A similor design was not possible at the dowvnstream end of the
annulus. This was on account of the necessityto support the inner
tube against drag, and also to allow access for the leads to the
electrodes. Water left the annulus through holes evenly spaced
around the outer tube in two rows of thirty six each. The holes,
which were of 3/16 inch in diemeter, were staggered in the two rows
relative to each other and led to a space of comparatively large
capecity fabricated around the outer tube (see photogzmaph 5 and
figure £.5), The end of the annulus gep was secled by a gland
in which a rubber '0' ring formed the packing.

Facilities for draining, and for temverature and pressure
measurement were provided by brazing smell bross tubes to the outer
tube of the snnulus (see figure f.1)e To avoid disturbances to flow,

none of these were in the experimental sections The tempersture of
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weter entering this section was mensured with a mercury in glass
thermoreter at & point close to its upstresm end. The thernmometer
was fixed in a position such that its bhulb just did not protude

into the annular gap. Because temperature changes alonz the
experimentel section never exceeded O.2°C, the provision of a gecond

thermometer was not necessary.
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2.1 Trecer Concentration Measurement and Recording

The cross-sectional mean concentration of the sodium chloride
tracer was derived from the water conductivity messured between
electrodes set in the inner end outer walls of the ennulus,

Two difficulties crise from the use of conductivity messurement.
The first lies in the fact that an inverse rether than a direct
mean corductivity is measured over the volume of liquid enclosed
between the electrodes. However, the errors erising from this
source are shown (in section 3 of Appendix II) to be very small
under the prevailing experimentsl conditions. The other difficulty
is caused by the electrieal current peths between the electrodes
not being strictly econfined to the enclosed volume of liquid.

The error due to this is minimised where the electrodes sre close’
together relative to their size.

The two conductivity cells were each formed by & pair of
platinum electrodes incorporated in the plastic connection pieces
at either end of the experimental section. The inner electrodes
were glued into suitable recesses on the surfdces of tke inner
connection pieces (see photograph 2 and figure £,3), fae outer
electrodes were mounted on retractable threaded plugs machined
from delrin which screwed through the walls of the euter connection
pieces (see photographs 2 and 3 and figure f£.2). iach electrode
was filed down so as to be flush with its surrounding surface.
'Araldite' epoxy resin glue was used for fixing the electrodes.

To.avoid corrosion, platinum was used as the electrode
materiels A special eell was made in which the electrodes could
be platinised in the conventional mamner with the inner electrode
in position. It was found necessary to maintain the platinised
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surface on the electrodes in good condition and never allow them to
become dry. The electrodes were replatinised twice during experimental
work over a period of two months. Deterioration in the platinising
introduced & large capacitence effect between the electrodes, eand also

caused the cell constants to inecrease.

Conductivity Measuring Circuits

DC electrical signals releted to the conductivity of the water
in each of the conductivity cells were produced by the bridge/detector
circuits (see figure f.2). Esdch conductivity cell was connected to an
arm of an AC wheststone bridge ci-cuit. Each bridge circuit was
supplied with a 5 volt 1000 ¢/s signal from a source of low impedence,
The wheatstone bridge circuits were designed so that the peek potential
difference between the electrodes of the cells could not exceed one volt,

The output signal from each bridge was first amplified in a two
stage emplification circuit end then converted to DC in a 'phase
sensitive detector' circuit., The signals from the detector cireuits,
which were recorded with e two channel quick response recorder, were
thus directly proportional to the cut-of-bslance AC signaels from the
bridge eircuits. The resistance of each conductivity cell could there-
fore be calculated from the detector circuit output and from the
resistance of the other components in eech bridge circuit. The use
of the phese sensitive detector circuits largely eliminated the effect
of the inductive elements (inter-electrode capacitance etc,) in the

bridge circuits,

Each amplification stage was of the 'catbode follower' type to
ensure e high degree of stability. The bridge, emplification and
detector circuits were ell incorporated on the same chassis. The AC
supply signal to the bridge circuits and the reference signal to the
vhege sensitive detector circuits were supplied from sn 'Advance’
signal generator (type J.1)s The thermoionic valves of the emplification
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circuits were supplied from a 'power-pack'.

The Recorder

The DC signals from the bridge/detector circuits were recorded
on a two channel 'Evershed' quick response recorder (type QU/CRD 21)
The pens of this recorder had s full scele (chart width) traverse time
of 1/50 second and & linear time constant of 1/60 second. The recorder
chart was the ’telzdeltos' electrically merked type on which each
recorder channel occupied & separcte strip three inches wide. With
four speed ranges and ¢ choice of two geer boxes, chart speeds of
between two inches per minute and six inches per second were avoiloble.

An event marker pem was also provided.

The recorder had a separate driving smplifier which possessed a
range of sensitivities, only the highest of which wes used. A pre=-
omplifier was also included in the downstresm cell chennel to compensate

for the anttenuation of tracer signals.

A view of the electricol epparatus is shown in the photograph (6).
On the left there is the main switch board. Then on the shelf, from
left to right, there ere the recorder, recorder driving amplifier end
the pre-gmplifier., Below on the bench, there cre the signel generator
the 'time morker!, the power pack end the bridge/detector circuits. All
connections between these units were by electro-steticelly screened lead
ond ceble, except where distonces were very short. The time morker was
a device which genercted synchronised electricol pulses (24 per minute)

for the messurement of recorder chart speed.
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2¢2s The Tracer Injection System

The trecer injection system (see figure f.8) was designed to
impose sinusoidal concentration signels of sodium chloride upon the
experimental section by the addition, at a point upstresm of the
annulus, of & continuously fluctuating stream of the concentrated
salt solution. Pulse tracer signals could also be generated by this
system. The system operated by inducing sinusoidel variations on top
of a steady tracer flow using e 'sine wave generator' consisting of o
reciprocating piston and cylinder arrangement. The trecer was then
mixed into the weter at o suitable point upstreem of the annular
flow system in a two stage mixing cell.

The concentrated tracer solution was fed from the tracer reservoir
(a2 stainless steel oxygen cylinder) to the control valve at a pressure
of 55 pe8eis The pressure in the reservoir wes mointsined under
nitrogen from a gas cylinder. A vhotograph (7) shows the cylindricel
tracer reservoir above bench level with the control velve connected
immediately beneath it,

The 'sine ‘wave generator' (see photograph 8 end figure f£.10), which
was connected between the needle valve and the mixing cell, consisted
of a glass syringe, the plunger of which was driven by a eronk end
connecting rod. The ratio of the connecting rod length to the plunger
stroke was lerge enough to ensure that the plunger never deviated
more than one per cent from sinusoidel motion. By alternatively
withdrawing and returning tracer solution to the feed line in a
sinusoidel fashion, the syringe imposed a sine weve upon the flow
from the tracer reservoir, The pressure chonges caused by these
fluctuations in flow were not large enough to affect simmificently
the steady nature of the flow through the needle valve.

The use of glass syringes geve rise to adventages of sinmple
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replacement and flexible capacity and the visual detection of trapped
gas bubbles. It was considered safe to use glass syringes, &s‘'the
stresses experienced by them in the sine wave generator could not
greatly exceed those for which they were designed., The syringe

was clamped between two brass plates in which tapered holes had

been drilled to receive the metal ends of the syringe (see figure

f, 11). The tapered holes were such that all required sizes of
syringe could be accomodateds With this method of mounting, only
metallic parts of the syringe were subjected to direct forces.
Because of the risk of misalignment, no supporting guide was provided
for the plunger rod.

The syringe plunger rod wes joined to the connecting rod by
a pin coupling., The connecting rod was itself joined to the 3 inch
diameter brass crank vheel by a screw. A selection of holes for this
screw on the crank wheel provided a choice of plunger strokes. The
crank wheel could either be mounted directly to the drive motor, =
"Citenco' &t H.P. governor controlled notor (type AB,) or through different
arrangements of toothed 'timing belts' and a gear box. In this wey
sinusoidal trocer signal frequencies of between 0,2 and 187 cycles per
minute were possible.

The syringe mounting was bolted directly to the wooden bas2 board
of the sine wave generstor asssembly., The drive mechanism components
were mounted on a & inch mild steel plate. This plate was drilled to
toke all useful arrangements of timing belts and gear box. A Length
of mild steel channel, firmly bolted to the syringe holder and to the
drive mounting plate, prevented tbe base board from flexing.
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The Two Stege Mixing Cell

The design of the two stage mixing cell (see figure f£.9) was
verfected by triel and errors The criterion for satisfactory
performance was the sbility to inject a reasonsably srmooth steady
tracer signal. The cell was situated (as can be seen in photogreph L)
Just in front of en elbow in the feed pipe, the elbow being sbout one
foot from the inlet to the annuluss A right angled bend was found to
greatly improve mixing,

An 1/8 inch diemeter tube, in which the first stege of mixing
tock place, was fixed in a position elong the axis of and inside the
one inch diameter feed pipes The second mixing stege was in the region
of baffles downstreem of the concentric tube. These baffles were in
the form of fixed impellers, The optimum number and positioning of
these baffles was elso found by triasl and error.

All connections in the trecer injection system, except that to the
mixing cell, were made with copper tube, To give a degree of flexibility
and also to enable gas bubbles in the tracer to be detected, the mixing
cell wos connected to the nest of the system by o short length of
polythene tubing. The tracer reservoir was cherged, after evacuntion
by a leboretory filter pump, by drawing in concentrated brine through
a sintered glass filter,
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3. _Ancillary Equipment

Water was pumped from an 100 gallon tank to the annular flow
system and thence returned to the tank by way of a rotameter (see
figure £.12). The tank which was of galvanised steel, was further
protected from corrosion by a coating of polyvinyl chloride, The
pump was of the centrifugel type, the chamber and impeller of which
were made of bronze. Driven by a ¢ H.P. electric notor, the pump
wes capsble of maintaining a flow rate of 800 gallons per hour
through the annuler flow system, which was sufficient for the purposes
of experiment,

Flow rates could be measured using one of two alternative
rotameters. The larger rotameter (140 to 1,300 gallons per hour)
completely covered the range of turbulent flow used in epxeriment.

A smaller rotsmeter (10 to 90 galloms per hour) wes provided for

leninar flow experiments. Flow was controlled by meens of e by-pass
which returned weoter to the tank from a point downstreem of the pump
to the tank, and also by a valve between the by-pass and the annular
flow system. This valve and the valve in the by-pass were of the one
inch gete velve type. All pipe work was of one inch diemeters Where

possible, polythene piping was employed.
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4.1 Preliminery Investigeations

Because of the small size of the annular flow system, there
wes no direct method by which the gep width between the two concentrie
tubes could be measured. Therefore an indirect method had to be
enployed to esteblish the mean dimensions and the uniformity of the
cross-section of the flow system. The mean diareter of the inner
wall of the annulus was calculated from a series of measurements on
the brass inner tube of the experimentol section. The mean diameter
of the outer well was thencelculated from thi&t of the inner wall and
the mean cross-sectional aree of the annulus, The cross=-sectional
area of the annulus was found from the volumetrie copacity and the

length of the experirental section,

The dinmeter measurements on the inner tube of the annulus showed
there to be e variation of 0.015 inch from the reen diometer. This - .
veriation, which was greater thon hsd been hored for, arose rracticolly
entirely from the brozing of the rhosvhor-bronze spacing bsll hearings,
The outer brass tube of the exrerimentsal sectiocn had, s hed the inner
tube, been menufactured to British Standerds Srecification 885. Becsuse
this tube hed had very little treactment efter deliv-ry, it was assumed
ti.at the specified naximum varietion in bor. of 0.010 inch was still
valid, There was thus & maximum nossible varietion in ennular zap
width of 0.0125 inch (half the verietion in diareter difference), or
t 3,3 per cent of the mean gep width, The dimensions of the annuler flow

systen are set cut in table 1 of aprendix III.
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ROTAMETER CALIBRATION AND FRICTION FACTOR MEASUREMENT

The rotemeters were calibrated using a stop-watch and weigh=tenk,
Care wes teken to ensure that conditions were as close as possible to
those preveiling in the experimental runs. At any particular flow
rate calibration runs were repeated until the results were reproducible
to 041 per cent.

Friction factors were calulcated from pressure drop mecsurements
over a length of annular flow system which consisted mostly of the
experimental section., For the lower flow rates, including all those
in the laminor regime, o water menometer was convenient for this

measurement, For the higher flow rates, a mercury manometer was used,

Friction factors (see figure m.2) closely followed the curve
equivalent to e pipe 'roughness factor! of 0.006 over the experimente-
renge of flow rates. Reynold's nunbers for en annulus are besed on twice
the width of the annular gap, which is equal to the hydrsulic diameter of
the flow systen.

Pressure drop measurements in the laminar regime (see figure m.1)
fell very close to the theoretical line in the rmnge of flow rates up
to o Reynold's number of 1000, Above this they exceeded the calculated
values to an incressing degree. The transition point in an annular flow
system is normally lower than that in a tubular flow systems It is also
possible that the ball bearing spaces and the varistion in annular gep
width promoted eerly turbulence,
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CALIBRATION OF THE CONDUCTIVITY MEASURING SYSTEM

The conductivity of the water between the electrodes of each
conductivity cell wes calculated from the deflection of the appropriate
recorder pen and & mathematical model of the conductivity measuring
systems This mathematical model (see section 2 of Appendix II end
figure f.7) consisted of a non-inductive vheatstane bridge.cireuit,
the detector arm of which had & finite resistance, end an omplifier and
recorder. The amplifier was non-linear to a small degree through the
inelusion of & third power term.

The parameters for the model of each meessuring system chennel were
found from direct measurement of the appropreite components of the actual
systems The relisbility of the mathematicel model was then tested in a
number of celibration runs in which the conductivity cells wexe.replaced
by known resistences. The results of these colibration runs, in the form
of graphs of memsured against actual cell conductonce (inverse of resistance)

are given in Appendix IV (figures me3 to m.7)

4,2, DAILY PROCEEDURE

Because all experimental runs were carried out at water temperatures
between 19.5°C and 20.5°C, the water in the tank had to be at a temperature
of 19.0°C before experiments could commence, Water from the main supply
was of too low o temperature (between 7°C and 9°C) and had too great a
degree of eiration for immediate use, and had to be left standing in the
tenk for a period of at leest twelve hours, A considersble restriction was

thus placed upon the operation of the epparsatus.

Trapped aeir was driven from the flow system by the pumping of water
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througgﬁt. With the centrifugel purmp running, the control velves
were opened slowly until bubbles ceased to be observed passing
through the rotameters., The valves were then opened fully to emsure
that no trapped nir remacined. The control valves were opened slowly
to avoid damage to the electrode platinising through the fast passeoge
of bubbles close to the electrcdes.

All electronic apraratus was sllowed to warm up for two hours
prior to use. The resistance value of the selected resistor, RB’ in
the bridge circuit of the downstream electrode chennel, wes measured
every day. This wos done to detect any drift resistance which might be
expected in a carbon resistor. The porticular resistor selected for
RB was governed by the necessity of maintaining the voltage between
the electrodes at less then one volt veak. The varishle resistor, Rh’
in the bridge circuit of the upstream electrode channel was adjusted so
08 to be roughly equel to that in the downstreem channel (R8). and then

measured nccurately.

THE CONDUCTLVITY CELLS

The cell constant of each conductivity cell was measured every day
from the output of the conductivity measuring system for when water
of known conductivity wes pumped throush the flow system. Deterioration
in the electrode pletinising was associated with increasing cell constant
(expressed as reciprccal centimeters) and the appearsnce of esn effect
similar to that of inter-electrode ceopacitance. It was desircble to
replatinise the elecctrodes before this effect became significant. It
was found to be sufficiently frequent to replatinise after the cell
constants had changed by more than one per cent from their values
immediately after replotinising. The platinising process is described

in section 3 of Appendix II.
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4,3, EXPERIMENTAL TECHNIQUE

Experimental runs were carried out st temperatures between the
limits of 19.5°C and 20.5°C, but prefercbly as close to 20°C as wes
practicobles The temperature rise through the centrifugsl pump was of
between 0,5°C ot the highest flow rctes, and 1.5°C at the lowest. It
was therefore necessary thet the water in the tenk should be of =
temperature of 19.0°C before experiment commenced. Becwase water was
recycled, the tank water temperature rose slowly while the apparotus
was rumnings This rise in temperature was compensated for by the
occasionel addition to the tenk of fresh cold wszter from then mein

supply.

A maximum limit of 0.03 gram-molecules per litre wes set upon
the concentration of scdium chloride tracer in the tenk, above which
no experinental work wos dones Above this concentration the chenges
in the physieal properties of the woter (viz. density and viscosity)
were becoming significant. Alsc the concentration messuring system was

less sensitive and less linear sbove this limit,.

Course adjustments to water flow rate were made using the main
control valve 'A' (see figure f.12), The by-poss valve 'B! wes useful
for improving the stability at low flow rates only, and was otherwise
kept closed. Fipne aodjustments to flow were made using the valves in
the rotameter arms, which. were also used for shutting off flow from
either rotameter. It was possible to control ell flow rctes associsted
with turbulent flow in the annulus with great sccuracy and stsbility.
Trouble was experienced with the laminar regime flow rates when the small
rotemeter was in use., However, experimentsl runs in this flow

regime were of no consequence.
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RUNS WITH SINUSOIDAL TRACER SIGNAIS

A suitoble corbination of syringe size, plunger stroke and
needle valve setting in the tracer injection system was found for
each experimentsl run by calculation beforehand. The desired
amplitude of the tracer concentration signel was that which would give
a recording of sufficient amplitude (approximetely one helf of the
chart width) from the upstream electrode conductivity measuring systen
channel (channel 1), The sensitivity of this channel wes always at
its maximum so thet tracer signals could be kept as small as possible,

The principle upon which the tracer injection system worked demended
that tracer flow from the reservoir should alwsys be greater than thet
induced by the action of the syringe. The needle valve was alweys set
so that the flow of the tracer should be sbout 10 per cent grester than
the minimum dictated by this requirement. The effect of insufficient
tracer flow was to flatten the peeks of the sinusoidal trecer signeal.

With the desired weter flow rate snd sinusoidal tracer signsal
frequency, the upstreem conductivity measuring system (channel 1) wes
set into operation. The periodic oscillations of the recorder pen were
centralised on the chart by adjustment of the bridge potentiometer (Ra).
A few cycles were recorded so that the quuaiity of the concentration
signel might be judged. In this, an allowance for the non=linesr nature
of the measuring system had to be made,

There were two weys in which the amplitude of the recorded signel
could be enlarged, if so desired. The first method was to increase the
amplitude of the concentration signel through the use of a larger
syringe or longer plunger stroke. However, if the mean concentration of
tracer was such that the bridge potentiometer setting was less than 0.061
it was possible to chenge to lower values of the bridge resistors (Rh
and RB) without applying too great en AC voltege between the conductivity
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electrodes. This method was prefered as it permitted tracer

accumulation in the tenk to be kept as low as possible.

With all equipment functioning setisfsctorily, the downstream
conductivity measuring system (channel 2) wes set into operation.
The recorder pen oscillations were centred on the recorder chart
as in channel one (using potentiometer R1), with the pre-smplifier
at the minimum sensitivity setting. The sensitivity was then set
at o suitable velue at which there was no risk of the recorder

pen moving off the chart.

A simulteneous recording of the outputs of both channels, and
thus the tracer concentration fluctuations in each ecell, could
now be mades The recorder chert speed was selected so that each
cycle occupied a length of about four centimeters of chart. Because
the two recorder pens were not exactly coincident in longitudinal
position, it was necessaxy to make a simultaoneous merk with each one,

to which phase engle measurements were referred.

A recording of cbout aix tracer signal cycles, or mcre for
when the signals were of low quality, wos then token. The recorder
“races were terminated by the turning of t-: bridge/detector unit
control switch to the 'zero'setting, Reference marks corresponding
to the null setting of the bridge potentiometers were thus mede on the
chart. The electric current to the recorder pens was then switched off
and the chert motor stoppeds At this point,all useful date such as bridge
potentiometer and recorder settings end chert speed were noteds Then, if

so desired, the injection of tracer terminated.



RUNS WITH PULSE TRACER SIGNALS

Pulse signels were introduced by the addition of slugs of
concentrated tracer solution from the injection system. The tracer
reservoir stop-cock was opened for a short period of time, The
length of this period and the setting of the needle valve were found

by experiment,

With water flow rate ot the desired velue, the effect of these
two verisbles (injection period and needle valve setting) was assessed
from the tracer signels recorded at the upstream electrodes. When
the best combination of the two varisbles had been found, a pulse was
injected with both recorder channels in operations. Recording wes
continued till both pens had returned to the positions which they
occupied before the pulse entered the experimental section of the
flow systems The chart spead was selected so thet the relevent length
of chart was sbout thirty centimetres, As in the sinusoidal runs, the
pen traces were terminated by bridge null reference marks., Reedings
of flow rate and tempersture were taken during actusl recording, ocnd the

bridge potentiometer snd recorder settings noted afterwaords.,
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L4, ANALYSIS OF THE CHART RECORDINGS

Sinusoidal Tracer Signals

The dynamic response of the annuler flow system to tracer signals
was described, es is coventional, in terms of frequency response. Thus
the employment of sinusoidal tracer signals meant that measurements
of pulse shift and amplitude ratio could be made more or less directly

from the recorder treaces.

Because water wes recycled, there was a continuous asccumulation of
tracer in the tank, The drift in concentration which this gave rise to
during runs; wes allowed for by assuming it to be steady end that it could
be represented by a straight line on the recorder chart. This 'response'
line was drawn for each trace so es to be on average parallel to the
'best' lines drewm through each of the two sets of signal peeks (mexime
end minima). This line was positioned so that the intervals betwesn
each of the intersections with the trace were of approximately equal
length. Alternate intersection points were thus in an identicel position
relative to each cycle, The intervening points were approximately 180°
out of phaese relative to the first, A recorder trace with the reference
Jine constructed is given in Appendix IV (figure g.1),

Least squares formulse (see Appendix II section 5.1) were applied
to meesurements of the intersection points of each trace from a common
reference point., That for the channel one trace y#lded & mean cycle length
and & meen phase shift relative to the common reference point. The tracer
signel frequency was celculated from the mean cycle length and the chart
speeds The formula for the other channel employed the cycle length from
the first to find e mean phase shift alone. The frequency messurement
was based upon the chennel one trace because the signal quality was
generally better than that of the other channel,

The phase shift between the two treces was thus calculated, allowing
for a small error erising from the longitudinal displacement Sf the
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recorder pens relative to each other. The total angular lag, the

sum of the negative phase shift and an unknown number of cycles, was
assumed to be less than but not by more than one cycle, the distence
velocity lag. Any exception ta this rule became obvious in the plotting

of the response curves..

The celculetion of tracer concentration from the recorder chart
readings (see Appendix II section 2) was carried out in three seperate
stages. First the conductivity in the relevant cell was found from
the chart reading end the mathemoticel model of the measuring system.,
For this, the bridge potentiometer setting, 2 number of perameters and
in the case of channel two, the preamplifier sensitivity setting had

to be known.

From this conductivity, the conductivity of the mein supply weter,
corrected for the run tempererure, was subtracted. This quentity, which
did not very very much, wes measured every dey. The remaining con=-
ductivity, that due to the presence of the tracer, was itself then
corrected to 20°C. The temperetudre corrections were of the exponetial
type, that for sodium chloride in water being well known (12), and

that for the main supply water found by experiment,

The tracer concentration was then fou.l by the use of the empirical
relationship between conductivity end concentration due to Kohlrausch.
The parsmetezs for this relationship were found for aqueous solutions of
sodium chloride at the prescribed temperature from reasurements given in
literature (12)., A choice of three sets of perometers was employed for
different ranges of conductivity, thereby keeping errors very small,

The Kohlrausch reletionship was solved by iterations of the Newton type.

A formule was then used to find least squares mean values of
sinusoidal tracer signal amplitude and mean concentretion from the

peek values of eech trace. This formule also found the mean rate of
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drift of each trace as a proporiion of the smplitude per cycle. This could
then be compered with the slope of the reference lines used in the

measurement of phase shift.

The date for all runs were processed by computer., The mean square
errors in all results of frequency, phase shift, meaon concentration and
amplitude, were calculated, from thege, the presence of mistakes in the
originel chart measurements could be detected. The regularity of the

sinusoidal tracer signals was’. also assessed from these figures.,

RUNS WITH PULSE TRACER SIGNALS

Pulse signels presented & less direct, but possibly more successful
means of measuring the dynamic response of tracer signals in the annular
flow system. The recorder trace of each channel was subjected to
Fourier enelysis, as defined in equations (CII; 2;13) and (CII; 2314) on
the same time basis. A set of response date was then derived from the

two sets of complex integral trensforms,

The longitudinal (time axis) scele on the recorder chert, graduated
et quarter inch intervels, was not suitable for the ecccuracy demanded.
The charts for the pulse tracer signal rune -rere analysed upon a speeial
chart reader, which had also been used for frequency and phase shift
measurements in the sinusoidal runs. This chart reader wes mede up
from & drowing board with a built in sliding persllel rule. The position
of the parallel rule could be meansured accurately on a steel centimetre
scale fixed at the side of the board.

The method of quedrature (see figs g.2) by which the integral
trensforms of the pulse signals from each channel were found, wes
fundementally thet of Simpson's rule. Points on each recorder trace
were chosen between which the trace was judged to be of parabolic sheope.
Each of these points was .t either o whole or a half nillimetre gradation
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of the chart recorder scele, Chart readings were teken at these
points, and &t points halfwey between them.

Because of its relative unimportance, the concentration signal
at the tail of & pulse was assumed to decay exponentielly. The
position of a point after which exponential triasl and error. This
point was generally such that the recorder trace had declined to
about one fift:’.e\‘hlof its maximum smplitude. The position of the
point at which the trace had decayed a further 1/e relative to the
first point was also found, so completing the definition of this region.

Efforts were made to restrict the length of recorder chart occupied
by the relevant traces to thirty conetimetres. If this length was
exceeded, it was necessary to reset the chart on the chart reader so
that the remaining parts of the tracer could be read. To preserve

accuracy in the time scale, detum lines were drawm across the chort.

The trecer concentrzotion value for each point was calculated from
the chert reading in a manner identicel to that used in the sinusoidal
tracer runs. By subtracting from this the initial tracer concentration,

the concentretion value relevant to the pulse was found.

Before Fourier cnalysis could commence, it was necessary to fix
the limits of the period of time over which the analysis was to be
conducted, This period, defined in the boundery conditions (CII; 2;2)
end (CII; 233), was that at the commencement of which no trecer material
had entered, and at the termination of which all matericl had left the
experimentel length of flow system. The initiel 1limit wes fixed at
the point on the recorder chart at which the channel one trace first

showed a detectable change.

In most runs, especially those at low flow rates, the tails of the
recorded pulses could not be completely inecluded within the time limits
of the-.period of analysis on account of their long length. The assumption



91.
of exponential decay implied that this length wes infinite, which
however, was not the case., The response date for various runs
were worked out with different proportions of the channel two pulse
excluded, first 1/100 of the total aree, then 1/1000 snd then
1/10,000., No significant change in the response data was observed.

The integral transforms of the incrementel strips and the regions
of exponentisl decsy were found from integration formulse (see Appendix
II section 5.2). The effect of differences in the sensitivity between
the two channels were eliminated by dividing the integrel transform
of the pulse recorded on each channel by the time integral of that
mulse. As in the sinusoidal tracer signal runs, data for pulse tracer
signals were processed by computer.
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CHAPTER IV

1. TRACER SIGNAL FREQUENCY IN EXPERIMENT

Dynamic tracer studies were carried out on the annuler flow system
at eight flow rates in the turbwlent flow regime., The main object of
these tracer studies was to test the validity of two mathematical models
that were developed during the course of this research project to
describe the flow systeme The first of these models was based upon
flow velocity profiles proposed for turbulent flow in o parallel wall
flow system by Pai(g), end a literal interpretation of Reynold's analogy
The second model was developed from a separate consideration of the

properties of the laminor sub=-leyer and of the turbulent cege of flow,

Tracer signals of both the sinusoidal and the pulse type were used
'in compiling response curves for each flow rate. The tracer signel
type end frequency was organised such that response information of
sufficient detail was cbtained as economically as possible. Experimentel
runs in which pulse tracer signals were employed yielded response
information for an harmonic series of tracer signal frequencies. Those
in which sinusoidal signals were used yielded data for z single frequency
walys. However, the use of sinusoidsl tracer signals hod two advantages.
Firstly, the analysis of recorder charts was quick and simple. Secondly,
it wes possible to choose the tracer signal frequency precisely, and

furthermore, use lower frequencies than were possible with pulse E??ceﬁ
signals.

Experimental study of the flow system with respect to the first
model demanded thet response data should be evenly spaced throughout
the availsble tracer signel frequency range. For this study, the
exclusive use of pulse tracer signals would have been suiteble. However,

in the cese of the second mathematical model, a high density of low
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tracer signal frequency dates were necessary for the study of the
laminar sub-layer. Hence, & number of sinusoidel tracer signal runs were

necessary.

For each flow rate, the distribution of the tracer signal
frequencies of the sinusoidal tracer signal runs wes logarithmic. The
response data from these runs wers supplimented by that from o single,
or in some cases two, pulse tracer uvignal runs. The reproducihility of
the response data could therefore be confirmed through comperison of the
data from both types of tracer signal. An upper limit on tracer
signal frequency with sinusoidal signels existed on sccount of the
deterioration of simmal quality with frequencys Response dota
obtained from pulse signals for frequencies above this 1limit were
subject to uncertainty.

Presentation of Experimentsl Date

A1l experimental response date are presented in grephical form.
Amplitude ratio (see figures al to 08), the proportional decay of the
amplitude of & tracer signal over the experimentel section of the flow
system, is plotted sgeinst & logarithmic scale. Phase shift (see
figurea b1 to b8), as angular vhaze lag in degrees, is plotted against a
linear scale. In order to accentuate the non~linesrity of the relotion~
ship between phase shift end trecer signal frequency, an angle proportional
to the perticuler frequency is subitracted from each phase shift., A

linear tracer signal frequency is used in all response disgrams.

Phase shift disgreams covering the lower end of the tracer sipgnal
frequency range for each water flow rate are also included (figures C1 to
C8)s These diegrems sre used to show divergences from the plug flow model
at low frequency, and hence ensble the thickness of the lominar sub-layer
to be measured. No modificetion of phase shift to ccecentuete curvature

is necessary in these diegrams.
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2+1 The Unified Mathematical Model

The 'unified' mathematicel model seeks to prediet the dynamie
behaviour of tracer signals over an unlimited range of signal
frequency. Full numeriecal solutions of the parallel wall flow
systen equation (CII; 5;1) must be found. Before these solutions
can be found, veloeity profile and diffusivity dato must be aveileble
for the flow system, In this case, the data are derived from a

theoretienl anclysis for incompressible turbulent flow due to Pni(g).

Pai solves Reymold's equations using several assumptions, the
most important of which being that of anisotropie turbulence, His
velocity profile is expressed in the form of a polynominel.

U= 1s50(i-—7o- _"l)

censeess(CIVy 2;51)

where the constant, n, is the inteper most closely satisfying the

equation:-

n = 0.5(0.3168fRe = 1)

.t.ocnllo(CIV; 2;2)

The constant, b’, is chosen such thet the laminar Plow profile should
satisfy equation (231),
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) n
1.40

loolooa(CIV; 2;3)

Diffusivity data cre derii=d from a literesl interpretation
of Reynolds analoe;r(w). This analogy essumes thet the mechanisms
of momentum end mass transfer srising from turbulence are identiccl.
Consequently, £, the eddy kinematic viscosity rust be equal to the

eddy mess transfer coefficient, DE'

E=D£

The total shear force, R, in any plane is assumed to be the sum of
that arising from moleculer viscous forces, and that from eddy viscous

forces.,

R = (v + €)= (pU)

Similer assumptions apply in the case of the total mess flux, I‘IA.

0C,
N, = (D, + D T x
diffusivity
Hence, totzol wiesessds may be expressed:-
Rr
D =Dy +Dg = Dy ¢+ -y
.a_.(f;U)
ox

svenasae (CIV; E;h)

and in terms of equation (231)

21‘\-1)

n(b-1)(1-7M

D =D + Y ' n
A [n-b +n(b-1)P™]

seasease (CIV; 2;5)
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Theoretical response data besed upon the unified mathemetical
model and the Pai velocity profile were computed for three water
flow rates only; viz. 300, U400 and 700 gallons per hour. The whole
renge of experimental flow rates in the turbulent regime was thus
covered, The dete are preserted on the amplitude rotio diagrems ('a!
diagrams), end the full frequency range phese shift dicgrems ('b' disgrams),

2.2 'The Compound Mathematical Model

The theoretical onclysis due to Pai, by which turbulent flow
velocity profiles were deduced, essumes that turbulent conditions
exist at the wall of the flow systems Hence the 'unified' mathematicol
model does not teke into account the effect of the 'leminar sub-loyer!.
An ottempt to allow for the effect of this layer is made in the 'compound'
methemeticsl models In this model the flow system is divided into two
regions, that of the leminecr sub-layers (at either wall), and that
of the turbulent core of flow. Trecer response data for this model were
found through consideration of the properties of the sub-layer, and
through solution of equation (CII; S531) for the turbulent cors,

e Laminar Sub-Layer

The lominer sub-layer is defined (in the context of the ccmpound
mathematicol model), o8 & layer adjacent to the wells of the flow
system over which the liquid veloeity gredient is constent and in which
diffusion is only of the molecular type. For each flow rate, the thickness
of this sub-layer was determined from the experimentsl phase shift data
for low tracer sipgnal frequencies (see Pigures C1 to C8). It is apparent
from these data that phase shift approaches the 'plup flow line'
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assymptotically as tracer signal frequency tends to zero, &s would
be consistent with the dispersion model.

In the compound mathemeticol model of the flow system, the
nmegnitude of diffusivity in the turbulent core, as predicted in equatior
(235), is many times greeter then that in the leminar sub=lsyer. Hence the
response of tracer concentration in the core will be ruch more rapid :
than it will be in the sub-lgyer., There exists, therefore, & minimum
tracer signal fraquency above which concentretion signels, while they are
fairly uniformly distributed in the turbulent core, do not penetrate
the sub-leyer to eny significent extent., Such tracer signals will
behave as though the interface between core and the sub-lgyer were on
impermeeble wall,

Vhere trocer signels are of sufficiently high frequency, the
dispersion model will be appliceble to the turbulent core, A plug
flow line, or 'core flow line', besed upon the turbulent core will
exist to which phase shift will appronch essymptoticelly. The slope of
this line is determined by the mean flow velocity, U“ s in the turbulent
core.

ceesres(CIV; 236)
L]

A core flow line for each flow raote in the annuler flow system
was constructed from the experimental phcse shift detes The mean flow
velocity in the turbulent core associcted with each flow rate was
calculated from the slope of the core flow line by wey of equetion
(236)« The thickness of the lominer sub-loyer could then be calculated
from the overall mean flow velocity, the mean velocity in the core and
the shear force, R, at the walls of the flow systen.
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The meon flow veloelty in the turbulent core is defined,

N
- i
. LLC = ;ﬂ_ !ﬁ U Cl7l

occ.a;(CIV§ 2;7)

where the interfance between the turbulent core and the laminar sub-leyer
is denoted,

T M

The velocity gredient in the laminar sub-layer is assumed to be constont
and is expressed,

du aR
d.11 L Z/a.
......(CIV; 2;8)

The volumetric flow rate of liquid flowing in the leminsr sube
lgyer is,

2 ydvu
-z (T 3

This must be equal to the difference between the total flow rate and

thet in the turbulent core. Hence,

2 ,dvu —_

"-"2_("7(,_) (Z-';i‘- = U - Grc"lu.
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vhich may be rearranged to,

U, U _ 2(0-GJ
| - . T - e— # 1U.2 §£9
L Gy, /&y (&)

The ripht hand side of this equeation is then expended.

R R e e Rl - - VAR

where, 6 =

The calculated values of laminar sub=lesyer thickness are given
in graphical form (see figure d1). There has been no experimentcl
meesurement of sub=leyer thickness performed in a flow system of
similar geometry end in a similar renge of Reynolds number by any
other worker. Hence the comparison of the present experimental data
with those from another source is not possible. However, Nikuradse(13),
in his work on a pernllel wall flow system of the rectangular type
at Reynolds numbers between 60,000 end 120,000, correlsted sub-lsyer

thickness with Reynolds number. He found an expression,

120

l—TlL= ‘Reﬁ-

o.cioo.(CIV; 2;10)
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In the range of Reynolds numbers used in this work, 4,000 to 11,000,
this expression predicts sub-layer thickness of sbout ten times those
found by exveriment.

The effect of the laminar sub-layer upon the.raste of decay of
tracer signals (for the compound mathematical model) is predicted
through the varisble reference plane dispersion model. As has previously
been shown, the subelsyer only influences the behaviour of tracer signeals
of low signal frequency. Hence, the effect of the sub=leyer will only
be epparent in the initial trend of theoretical smplitude ratio data.
This trend is predicted using the Taylor/Aris dispersion coefficient
in place of the true variable reference plone coefficient is the manner

described in Chapter II.

The Teaylor/Aris dispersion coefficient for the model of the flow
system is derived from equation (CIIj; 4;29). Becsuse diffusivity is
very much grester in the turbulent core than in the laminar sub-leyer,
the limits of integretion in this equation mey be modified so as to
include the turbulent core.

‘—D>>:DA 3

itcoooln(CIV; 2;11)

The modification of equation (CII; 43;29) to equation (2311) suggests thot

the effect of the sub-layer is persmount st low tracer signal frequencies.

With the assumption of a constant velocity gradient in the laminer
sub-layer, equation (2311) is reduced to a polynomiel

= — U%a? (l_'rlL {l - 0.75(%5) + O.lS(—%"-)z...}

K i
D 12D

L(c1viesie)
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where the flow velocity, Ups ig that at the boundary between the
laminar sub-layer and the turbulent core, The cross-sectional mean
" diffusivity, D, in equetion (2;12) is teken to be equal to that

predicted in the 'unified' mathematical model.

The rate of decay of a tracer signal (with length in the
direction of flow), is directly proportional to the real part,
of the logarithmic transfer factor. An expression for this quantity
is derived through resrrengement of equation (CII; 4;17), using equstion
(CIT; 4316) to eliminate the imaginary part, Y}_ s of the transfer
Tactor.

/3

This expression is simplified by essuming that the variable reference
plane dispersion coefficient, kt’ may be replaced by the Taylor/Aris
coefficient, end that the reference plane velocity, Vt, is equel to
the mean flow velocity. The logarithm of the ratio of the amplitudes
of tracer signals leaving to those entering the experimental section
of flow system, \r y 18 written,

ﬁrL

k rt =
'f a D 3 a

onooo-(CII; 2;13)

Therefore the initial trend of amplitude ratio is parsobolie.
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THE TURBULENT CORE

When tracer signel frequency is gregter thon & certein minimum,
the turbulent core of the flow system is effectively isolsted from the
leminar sub-=layer and becomes & separstely identifieble flow system,

As such, the core is trested in a menner similor to thet in which the
whole cross-section of the flow system was treated in the "unified!
methematical model. Equetion (CII; 533) is solved for the core, the
flow velocity and diffusivity data necessary being derived by the Pei
enalysis for perallel walled flow systems. Theoretical trocer response
deto are then found from the logarithmic trensfer faoctors associated

with solutions of this equation.

'Slip' occurs at the 'walls' of the turbulent core. This slip is

in the direction of flow at velocity, U the flow velocity at the

L’
boundary between the sub=layer and the core. Therefore the definition
of both Reynolds number and friction fector must be modified for the
purposes of the Pai an=lysis. The Reynolds nurber for the turbulent

core, Re is defined in terms of the difference between the mean flow

T,Ce1
velocity in the core and the'velocity of slip'.

2am,
)

‘Re_r‘ = ( UTC_ GL)

The shear force at the boundory of the core, s 1s lower thon that

gt the walls of the flow system.

Br.c. - R
MR
Tr.ca P (G- )

Bo,c,

The friction factor for the turbulent core, fT c sand the Reynolds

nunber, Re are employed in equation (232). The flow velocity profile

T.C.? 9%
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represented by equation (2;1) now refers to velocity in excess of

the velocity of slip, Ur.

Complete theoretical tracer response curves based upon the
'compound' methematical model are only drawn for water flow rates of
300, 400 end TOO gellons per hour. However, for all flow rates the
assymrtotic 1line for phase shift, and the sssymptotic perabola for
amplitude ratio ere given for the renge of frequency over which the

laminsr sub”layer exerted an influence.
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2.3 SOLUTION OF EQUATIOF (CII: 5:3)

The method by which computer solutions of the meatrix equation
(CII; 533) were generated is described in section 5 of chepter II.
Two problems arise in the solution of this equetion. Firstly there is
that concerning the number of increments into which the flow systen
cross-gection must be divided for values of the logerithmie transfer
factor of sufficient accuracy to be found. The second problem concerns
the velidity of these solutions themselves. An important assumption
underlying the experimental work was thot the convergence condition
(CIT; 339) was sctisfied in the flow system. Solutions of equation
(CIT; 5;3) ere tested for this condition.

CONVERGENCE WITH INCREMLNT SIZE

The minimum number of increreants necessery to produce solutions
of equation (CIIj 533) to the required ececursey wes found by trial and
error. Both the rumber of increments into which the flow system cross-
section wes divided and the distribution of the sizes of these increments
could be varied. The most advantageous distribution of inecrement size
<23 found to be thet in which the ratio of “he sizes of successive
increments was constent, the largest inerements being ot the centre of the

flow system. The length of any increment, DJ" is written:-~

J',-l l=h
h < 1 s AJ = hﬂj_' = h ""'_—""j':'.

The optimum value of the ratio, h, wos thet for which helf the increments
were concentrated within th eisht per cent of the flow system cross-secticn
closest to the walls.

For ell fiuw retes cnd tracer signal frequencies, forty increments
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(over half the flow system cross-section) enebled sufficiently
accurate values of the logarithmic trensfer factor to be found

from solutions of equation (CII; 533). The accuracy sought from
computed velues of smplitude ratio was one per cent, while thet
for phase shift was one tenth of one ver cent., In Appendix IIT
(table 2) semples of smplitude ratio end phase shift ere given for
various flow rates and trecer signal frequencies, using different
numbers of increments in the solution of equetion (CIIj 5:3).
Amplitude retio is expressed in terms of its natural logarithm, and

vhage shift is expressed in radiens.

THE CONVERGENCE CONDITION

In chapter II (section 3), it is shown thet trocer experiments
in which the cross=-sectionel meen concentration of the trecer is
meesured are only meeningful when the counvergence condition (CIIj 3319)
is satisfied. If this condition is not satisfied, the experimental
data from such an experiment will not be reproducible, Therefore,
if cross-gsectional mean messurements are perfectly reproducible it
mey be concluded thet the convergence condition is satisfied in the
flow system. In ectusl experiment, hovever, o degree of irreproducibility
2riges from the technique by which meen ti:2er concentration is measured.
Hence, it is impossible to determine how clearly the convergence condition

is satisfied from the experimental meesurements alone.

A theoreticel epprcach to this problem is availsble through the
testing of solutions of equation (CII; 5;3) for the convergence condition.
To this end, the real pert of the logarithmic trensfer factor relcted to
the second nost importent soluticn of this equation must be found.

Since it is only the order of this quantity which is of significance, it
is safe to assume that conclusions dravm by this method will not be

subject to large errors,
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For the purpose of equetion (CII; 533), the annuler flow system
is treeted as though it were & parallel well flow systems Since it is
the behaviour of the crosg-sectional meen of tracer concentration which
is of interest, the assyrmetrical solutions of this equaticn ore not
relevent., The solution to which the convergence conditicn refers is
the symmetrical non-primery solution with the logerithmic transfer
fector which has the smallest negetive real part. The method by which

this solution is genercted is described in Appendix III (seetion 1).

Some typical values of the right hand side of the convergence
condition (CII; 3319) are given in taeble 3 of Appendix III. These
values, which are in units of dimensionless length (bosed upon the
width of the flow system), esre compared with the length of the flow
systen upstream of the experimental section of 117 dimensionless units.
The convergence condition is ensily satisfied for all flow rates (where
flow is turbulent).

3. FXPERIMENTAL ERRORS

The experimental mecsurements of the response of the gnnulor flow
system to trocer sigmels ere subject to the =ffects of imperfecticns
both in the flow system and in the tracer concentrotion reasuring systen.
The annular flow system was formed in the gep between two concentric
tubes. Veristions in the width of this gep of up to six per cent were
found. These variations would most probebly have ceaused chennelling
in the flow system. The presence of the ball beering speces in the gop
would also have given rise to channelling. However, there wes no evidence
of chennelling in the experinental results. Low trucer signel frequency
phese shift date assymptotically avprosched the 'plug flow line' within

the limits of error (see figures C1 to C8).
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The magnitude of experimental errors attributable to the
tracer concentration measuring system could have been essessed
through consideration of each individual component of this system.
However, the system was of too great complexity for this method to be
useful. The experimental work was arrsnged in such a wey as to reduce
systematic error to a minimm. In this way, the magnitude of error
in the concentration measuring system could be found from the scatter
of experimentsal data.

A rendom method of experimentation wes employeds The order in
vhich rurns were carried out was chosen so o8 to avoid eny sequences
with respect to water flow rate and tracer signal freguency. Hence,
the effect of any pert of the systen which choanged with tire would be
88 o purily rendom factor. The settings of the controls in the trocer
concentretion measuring system were also frequently chonged. This
ensured that errors essociuted with the setting of any porticular control

would be rondom with respect to experimentel results.

The relisbility of the reasurerents of the response of the flow
systen to tracer signsls is estinnted fror the scatter of experimental
data. It is assured for this purpose thet all systenctic errors mey
be neglected. FPhase shift messurements were found to be subject to a
'standerd error' of the preater of either 0,2 per cent or ons degree
(of arc). For arplitude ratio the standard error was found to be five

per cent.,
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CHAPTER V

1, INTERPRETATICON OF EXPERIMENTAL RESULTS

Two different sspects of the experimental data are considered.
The first aspect concerns the respense of the annular flow systen to
tracer signals of relatively low frequencys Fron the initial slope of
plots of phase shift egainst tracer signal frequency, the uniformity of
the annular flow system is assessed and the thickness of the 'leminer
sub=layer' meesured. Also, from the low frequency amplitude ratio
data, the validity of the Taylor/Aris dispersicn model is examined.

The second aspect concerns response at higher tracer signal frequencye
Theoretical response deta, derived for two mathemctical models of the
flow system,; ere compared with that found by experiment. The two
models, s 'unified' and a 'compound' rodel, are desecribed in Chapter IV.
Use of these models enables various deductions to be made concerning
the flow patterns and diffusionel properties of the snnulsr flow system.

1,1 RESPONSE AT LOW FREQUENCY

It is deduced from equations (CII; 4311) and (CII; 4316) that,
provided tracer signsl frequency is sufficiently low, the 'plug flow
model' relationship between frequency and phase shift must hold.

96 . — e W L

U
.......(CV; 1;1)

vhere phase shift, ¢ s 1s in deprees, frequency, W, in cycles per
nminute, length, L, in centimetres and mean flow velocity, U, in

centinetres p:r second. On the low frequency phase shift diegrem for
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each water flow rate (figures C1, to C8: in Appendix I), a 'plug flow
line' is drawn, the slope of which is determined by equation (131).
Below a certain limiting tracer signal frequency, experimental phase
shift measurements lie within their scatter of this line. Hence it
is concluded that channelling did not take place to e significant
extent in the annular flow system. Channelling in the flow system
would cause the measured phase lags of tracer signals to be smaller
then expected.

1HS LAMINAR SUB-LAYER

Tracer signals of ebove a certain minimum frequency do not penetrate
the laminar sub-layer to any significant extent. Hence, for such tracer
signals, the turbulent core of the flow system becomes, in affect, a flow
system on its own. From consideration of the 'plug flow model', it is seen
thet there is & range of tracer signal frequency over which phase shift
measurements should follow an assymptote associsted with the turbulent
core of the flow system. The phase shift disgrems (figures C1 to C8)
show that such a trend is discernible. On each diagram the assymptote

(referred to es the 'core flow line') is drewn in.

The thickness of the laminar sub-laye:. is celculated from the slope of -
the 'core flow line' for each water flow rate by meens of equations
(CIV; 236) and (CIV; 239). The thickness of the sub-lsyer is plotted
against Reynolds number in diasgram 41 (Appendix I). Measured thickness
differed considersbly from that predicted by a correlation (equetion
(CIV; 2310) ) proposed by Nikuradse(13). Nikuradse's work wes, however,
confined to flows of high Reynolds number (40,000 to 120,000) in perallel
walled flow systems end cannot justifisbly be compared to the present
work. His expression (equation (CIV; 2310) ) predicts laminnr sublsyer

thickness of up to 50 per cent of the total cross-section of the flow
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system for the low flow rates. Measured leminer sub-layer thicknesses

are expressed approximately as a function of Reynolds number,

1 -mn = o0.2412 - 0.02483 Los-e(‘Re-Zooo)

esennes(CV; 132)

1.2 COMPARISON OF THE MATHEMATICAL MODELS

Two mathematical models are proposed for the anhnular flow system.
These models predict the hydrcdynamical properties of the flow system
to enable solutions of the metrix equetion (CII3 533) and hence theoretiecal
response dats to be founds The 'unified' nodel is besed upon a thecretical
method for predieting velocity profiles in parsllel wall flow systems
proposed by Pai(g). The 'conpound' model treats the laominar sub-lsyer
as a seporate entity from the remninder of the flow system. Veloeity
profiles in the turbulent core are then found using Poi's method. Both
models employ the literal form of Reynold's analogy os in equation (CIV; 23k).
The models are described in detail in Chapter IV, section two. Theoretical
response data for them are plotted on the response diagrams for water
flow rates of 300, 40O and TO0 gallons per hour (see Appendix I),

Experimental phase shift data (see figures by, by end bT) are of
significantly lower magnitude than those predicted ty either methemetical
model of the flow system., From this fact it is deduced that trensfer signels
did not pencstrate as close to the walls of the flow system ss is implied
by either of the two models. Hence the diffusivity values predicted
for the region of the flow system close to the walls must have been too
greaty, The theoretical data derived from the 'compound' mathematical
model fit the experimental data better than those from the 'unified'
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model. Therefore recognition of the presence of the laminar sub-
layer wag fully justified.

AMPLITUDE RATIO DATA

Theoretical amplitude ratio date based upon the Taylor/Aris dispersion
model are presented in addition to those based upon the 'unified' and
the 'compound' methemoticel models of the flow system (see figures =2, o5,
and a7). Data derived by means of the Taylor/Aris model represent the
assymptote to which amplitude ratio measurements are expected to approach
es tracer signal frequency epproaches zZero if the compound model were to
hold (see Chepter IV section 2). The psrsbolic assyrptote is generated
ising equation (CIV; 2313), the velue of the Teylor/Aris dispersion coefficient
for which is coleuleted using the velocity and diffusivity profiles of the
' compound' model, Experimentel omplitude retio datr were, however, too
inaccurate for the existence of such en cssyrptotic trend to be observekhle.

It is necessery to adopt o simplificotion to enoble experimentel
emplitude rotio dsto to be interpreted in terms of physical cheracteristics
of the emnular flow systems The simplificaotion chosen i1s thut of the

Teylor/Aris dispersion model.

Equetion (CII; 4328) shows thot, vrovided the term reloted to longi-
tudinnl diffusion (equsl to the cross-sectionel meen diffusivity) can be
neglected, and provided the cross-sectional profile of diffusivity does not
chenge, the Toylor/Aris dispersion coefficient, k, is inversely proportionsl
to the magnitude of diffusivity sos represented by the meon diffusivity, D.
If it is assumed that the rcte of decay of tracer signels is proportional to
the Toylor/Aris coefficient, this rcte will be inversely proportional to the
diffusivity in the cross-section of the flow system. This simplificetion is
only completely true in the non-dynemic cgse (for 2 tracer signel of 'zero'

frequency).
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Experimental meesurements of amplitude ratio at the lower tracer
signal frequencies are sraller than those predicted for the 'unified!
model while at the higher frequencies they are greater. Since the regions
of the flow svstem close to the walls are relatively less important at
high than at low tracer signal freouency, the 'unified' model must assume
too high values of diffusivity close to the walls and too low values
in the centre of the flow system. The fact that this model tends to
over-estimate diffusivity values in the wall regions of the flow system
has already been found from the examination of experimental phase
shift data. Using the same arguments, it is seen that. the diffusivity
velues at the centre of the flow system predicted by the 'compound! model

are too great.

Since actual measurerments of diffusivity are not made in the experimental
work described in this thesis, comparison with the results found by other
workers can only be on a qualitative basis. Sherwood and Towle (15) and

(17)

studied radial mess transfer in turbulent gaseous
(18)s Dhanakhs) (1h)

out similar studies in rectanguler end annular flow systems. They all found

Schwarz and Hoelscher

flow in tubes, Sherwood and Woertz and Cataneo carried
that 'eddy mess diffusivity' tended to be greater then 'eddy momentum
diffusivity' (eddy viscosity) in the turbulent core of each flow system, but
sualler close to the wells, Since Reynold's analogy essumes eddy diffusivity
to be equal to eddy viscosity, it is seen that the conclusions drewn from

the present work are in eccord with those of previous workers.

244, IMPROVEMENTS TO THE PRESENT INVESTIGATLCN

The usefulness of the experinental work would be increased if it hed
been possible to find values of diffusivity for the flow system cross-section.

To find these values it is necessery to know flow velocity profiles in the
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flow system with a considerable degree of sccuracys Then s diffusivity
profile could be adjusted till the response curves derived for it fitted

the experimental curves within the limits of error in measurement.

The difficulties involved in measuring velocity profiles in the
annular flow system have anlready been described. To overcome them it
would be advisable to employ a flow system in which the gap between the
concentric tubes was of larger width. Diffusivity profiles could best
be adjusted using the rules described in the first part of this chepter.,
By this means the number of computer solutions of the matrix equation

(CIT; 532) necessary could be kept at a minirum,

The profiles of diffusivity values found for the flow system by
this means will be based solely on the response cf the flow system to
trocer signals of verying frequency. It would be of great interest
to compare these profiles with those discovered in experiments in which
diffusion in the direction tronsverse to flow is directly recsured
(14, 15, 16, 17, 18). These experinents are not subject to eny time
element ags they are carried out in the steady stcte. In the tracer
experiments, the frequency of the tracer signels is a fector, Hence,
it could be discovered whether frequency has en effect upon the phenomenon
of eddy diffusion.

2.2, TRACER STUDIES AND FIRST ORDER REACTIOHS

The conversion for a Tirst order chemiccl reaction and the dynamie
behaviour of the reactant in o resctor of uniform cross-section may be
predicted from the results of tracer studies carried out under certain
conditions. The response of the reacctor to tracer signels of pulse
forn i1s analysed by means of suitable integrel transforms. The eonditions
which must be met ore the scrme as those relating to the solution of
eouation (CIL; 2317), namely that flow in the reactor should be fully

developed and that the distribution of the reactant in any cross-section
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18
shouM be such that the 'convergence'! condition (see Chapter II section 3)

is satisfied.

STEADY STATE CONVERSION

The behaviour of the reactant (of concentretion CB) in the reactor
is governed by o portial differentiel equetion differing from eguation
(CITs 131) in thet o reoction term is added and in thot the time derivaotive

term is dropped (since steedy state conditions prevail).

2
v(y vcg) - ppie - T

C,. =
%, D ®° °

eeeens (V3 251)
This equation uses the dimensionless quantities of equation (CIIj 2317).
The first order reaction constent is denoted, kr+ The boundary condition
related to equation (2;1) are basically the same as those related to
equation (CIT; 1:1).

9
On T' 3 y} —155 = 0

IQ.I(CV; 2;2)

§ =95 Czg (0sF0F3) = Cao (Fo0 §s)
.ooc(CV; 2;3)
Equotion (2:1) is solved by the analytical method used in the

solution of equation (CII; 2317) (see section 3,of Chepter II). A series

solution for this equation is first propcsed. Each ternm of this series
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is the product of a function of longitudinal position, EBs ( }'. )

end a function of cross-sectional vosition, €y (fz’fS) .

c = Z 685 gs

B S=1

o-oo.on(CV; 2§h)

The crossesectional function is chosen such that the integrsl of it with

respect to the cross-section is unity.

/A Bs dfz df3 =7

It is proposed thet each term of the series solution (2;h) itself setisfies
equation (231) indenendentlr. Hence such @ term mcy be substituted into

this equstion, and into the boundary conditions (232) and 2;3)

dz—s = i3 P} 9 g d‘axs c o
65% EF + Cstzz 3‘—;'1(')&3—5) - 657(’5 I}' - D %scss

Quaoocov-o(CV; 2;5)

.-........(CV; 2;6)

5,50 s Cye () = oo

n.osooaao(CV; 2;7)
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The terms of equation (23;5) are integrated with respect to the

cross~section of the reactor. OGreen's lemma (see equation {CII; 336) )

and the boundery condition (2:6) enable the second term of equation
(235) to be eliminated.

f&ij;}ii - L éb gLf;EE = Gﬁi"z Bs
d}|z s d}l D

¢,
ceeeas(CV; 238)

Jﬁ & ¢; cij% C{fﬁ

t's '/R 95 + d'ja df:

where, ¢s

Equetion (238) is a linear second order equation with constent

coefficients; and therefore has en exponential solution.

- “sfs
Bso €

(8l
]
O

Bs

vesness(CVs 2;9)

Boundary condition (23;7) hes been taken into sccount in eouation (239).

The conversion, y, in the resctor is defined in terms of the
cross-sectional mean concentretion, EB s Of reesctant at upstreom end

downstream boundaries of the reactor.

G (3)
l—y = C-B(o)

tasenes(CVy 2310)
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Substituting the series solution (2;4) (inteprsted with respect to
cross=-section) combinzd with the exnonentizl solution (23;9) in the

right hand side of cquction (2310).

o0

’
1 ESso e“#};
” —
E CBSO

.-......(CV'; 2;11)

“w

1 -y =

If the distribution of reeetant concentration in the urstream beundary
cross-section is such that sll terms of the series solution (234) other
then the first may be neglected, the conversion in the re=actor will depend
solely upor its flow snd diffusionel chorscteristics.

14
e F

Ol
g]]

Bi1o >> B2o ’ 1= y -

-.-nn.o(CV; 2;12)

Fquation (2312) is the ‘primary' solution of equetion (231), the
qualifying condition being equivelent to the !'convergence' condition
(cII; 3319).

Fauation (CII; 1;1) end boundery conditions (CIIj 132) and (CII; 1;3)
govern the behaviour of » non-reactive trocer in = flow system of uniform
crocs-section, The terms of this cquation mny be subjected to the 'Laplace!
integrsl transform.

;.......(CV; 2;13)
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oa-uo-o(cv§ 2;1,4)

The transformed equation (2314) (in dimensionless fcrnm) differs from
equetion (231) only that it is written for the trensform of trocer
concentration, Cp, os orposed to reactent concentration, Cye Hence o

series solution may be derived for equestion (2314) in the same nonner as that

for equetion (231)

. = X Copse i %s

P 1T

“s e .(CV; 2;15)

If the distribution of the transform gquantity, Cp, in the upstream
boundery cross-section of the reactor is such that the 'convergence'
condition is satisfied, en expression similar to equation (2312) may be written
For the decsy of the cross-gectional mean -~ the tronsform through the

reactor,

- , ’
Co (E\) - e“xnjl

Pto 2 E’P ‘O)

gl
(gl

Pra >

nu.(CV; 2;16)

The left hand side of this equation may be quontified experimentally since
the cross~sectional mean of the transform of trecer concentration signal
is identical to the transform of the cross-sectionzl mean signel.

_ . -t
CP=‘[CAe dt
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Provided the Laoplace integration cozstont, P, is chosern so as to be
equal to the reaction constant, kI’ the exponentiasl decay factor, Xqs
will be the same for both equations (2312) ond 2316). Therefore o
simple relationship exists between the observed deczy of the trensform

quontity and the conversion of the reactant.

“"fl’ EP(E:)
‘P=KI, y = 1- e =1-(_:P(°)

eeeee(CVy 2317)

Equation (2317) demonstretes that in o chemiesl recctor of uniform
cross~section in which flow is fully developed, the conversion of o first
order reaction may be predicted from o tracer study, provided the
'convergence' condition is satisfied for both tracer signal end reactant.

The question of whether this condition is sotisfied ir the case of the

tracer study may be resolved by examinstion of the reproducibility of
results. With sufficient reproducibility, it mey be assured that the
condition holds for tracer simnols in the reactor. If this is so it mey also
be cssumed théat the 'convergence' condition will hold with respect to the
reactant since the secondary terms of the series solutions for both cases

behave in the same manner.

Trocer signels of pulss form are recormended for tke trecer study since
only these are of lirited duration, For ~ther sieonsl forms, integration
to obtain Laplace tronsforms (defined ir equation (2313) ) must of
necessity be lengthier and more complicateds The ratio of the numerical
value of the oppropricte transform, as found at the downstrean boundary
of the reactor, to thet found ot the upstreem boundecry is equul te the
right hond side of equation (2316).
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DYNAMIC RESPONSE 1N THE REACTOR

Equation (2318) governs the behaviour of rezctont in the reaoctor

at unsteady state.

3¢, a* 3¢, of K )
v(¢'ch)-+§)é_£_§-a—t-— _DC.B..o

..-e..(CV; 2;18)

The wall boundary condition (232) applies directly to equation (2;18).
The upstrean boundary condition (23;3) must, however, be modified since

reactont concentration is a function of time in this case.

To eliminate the stecdy stcote solutions of equotion (2318), the
terms of this equotion and of its related boundary conditions cre

differenticted once with respect to tice,

’ ac; ot BC; a? Ky 7
- — P — C -
v(pvCy) -9 5 3¢ = Ce o

Or

.....(CV; 2;20)

5;' = O C-; (°:j:13}3:£') = C;o(fi’}a-’t)

oonoo(CV§ 2321)
where:- P ) C‘B

B 3"[_:

~
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If the disturbances in reactant concentrotion are of either limited

duretion or are repetitive, they moy be represented by Fourier series

(see Chapter II section 2).

C'B = 2 R { C: (j',}z,fs) e':l'ob}

IOOOODO'(CV; 2;22)

Equation (23;19) and the boundary conditions (2320) ana (2;21) are

transformed for the series solution (2;22)

o
o

’ 2
G _(2& L)

V(S&VC;)“f’Qaj,l D

.Illll.(cv;g;gs)
Or 3¢:'
Ohr', z{ra—}:=o
n

ouc--uo(CV; 2;2&)

5omey  Coleifagd) = Cuh)

..--.-.(CV; 2;25)

A series solution for equction (2323) is derived in the same menner os

those for equetions (CIIy 2317) end (231).

T S e

r s=1

..o-..-(CV; 2;26)
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If the 'convergence' condition is satisfied, the ccmplex tronsfer factor, Y,
through the reactor is dependent on the flow and diffusioncl characteristies

of the reactor alone.

- _ E: (%) “+t}|
Xl-lo == xrzo 3 v = C' (o) -

n‘nuloo(CV; 2;27)

The complex transfer factor is the quantity whose modulus is equel to
the decoy and whose argument is equal to the phese shift (in radions)
os experienced by a sinusoidel tracer signal upon passing through the

reactor.

The terms of the nonereactive trecer equations, equation (CIIy 131)
and boundary conditions (CII; 1:2) cond (CIIy 133) are subjected to a
speciacl integral transform.

T (ptirw)t
/]
Cr /; Cn € de

ofuooe.o(CV; 2;28)

ac, a?

v (¢ vC)) -"/v‘i’;?: - ( 1-: + irQ)c, = o

nlllnnao(cv; 2;29)

[

ac!

35,

.. .(cvs 2530)

= O

on I' , ¥
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j\ = O C: (°a}z 3}3) = C:o (jz’fs)

ou.oncn(CV§ 2;31)

Equation (2329) has a series solution similar to that of equation (2;23).

n

Resa® 5 fil5,05s)

-......(CV; 2;32)

O
&
i
*M3

With the 'convergence' condition satisfied, the response is determined

by the reactor alone,

- ’ 1/ ’,
” — C,, (51 ) bl }l
rio >> xr!o 3 E e

bl

ovo..l.-l(CV; 2;33)

If the integration constent, P, is chosen so as to be equal to the
reaction constant, ks the logarithmic transfer factors, o(.:,, and cx:', s
of equations (2327) and £;33) respectively are the same. Hence the
response of the reactor with respect to the transform of a tracer signal
(defined in equation (2328) ) is egual to the response of the reactor

to a disturbance in reactant concentration.,

R | EGD
1: = "I ] ” - Eit (O) = E;r (O)

...o.-...(CV; 2;3h)
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This relationship is subject to the same conditions ss thet concerning

the conversion in the first order reaction (equation (2317) ).
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LIST OI" SYMBOLS

Characteristic dimension of flow system. (Width of parasllel
wall flow system).

Half the width of parallel wall flow system.
Concentration of tracer

Concentration of reactent

Integrel transforms of concentration

Total diffusivity

Molecular diffusivity

Eddy diffusivity

Differential operasor

Weter flow rate (gallons/hour)

Vector solution of equation (CIIj 533)

Fenning friction factor

Function of position in flow system cross-section
As frs

V=1

Integer

Complex dispersion coefficient

Teylor/Aris dispersion coefficient

Variable reference plane dispe.sion coefficient
First order chemicel reaction constant

Length of experimental section of flow system
Integration constant in Laplece transform
Shear stress in flow system

Reynolds number

Radius of inner well of annuler flow system
Radius of outer wall of annular flow system
Radius of turbulor flow system

Average of radii, R, and Ro

Integer

Integer
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T Limite of time in integral

T, Transfer matrix of equation (CII; %33)
t Time

U Point fluid flow velocity

Vr Reference plene velocity

W Tracer signal frequency (cycles/minute)
er Function of longitudinal position in flow systenm
xj Certesian space coordinate

gr Redius in polar coordinate system

sy Transfer factor in chemical reactor

n Y Conversion in chemical reactor

o¢,s Logerithmic transfer factor
B Wall boundary of flow system

v Differential operator in three dimensional cartesian coordinate
system (dimensionless).

Eddy viscosity

Quentity defined by equetion (CII; 3;9)

Dimensionless transrerse coordinate in parellel well flow system

NN m

h i
[T}

Logarithm of attenuation of trecer signal
Viscosity
Kinematic viscosity

Dimensionless cartesian spece -cordineate

N eF €3

-~

Longitudinal coordinste of downstream boundary of flow system
Density -
. . . Vo
Dimensionless quantity, 15;
Phase of 1lag of trecer simol
Quantity defined by equation (CIIj; 338)

Dimensionless point flow velocity

0.0 WY twy

-

Dimensionless diffusivity 2
o

Dimensionless quentity,

o

£ b
£

Trecer signal frequency (radians/second)

N.Bs. Line over symbol denotes mean of quantity with respect to cross-

section of flow system,



Real part of quantity enclosed between brackets
Imaginary part of above

128.
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APPENDIX II

141 'L - U' MATRIX INVERSION

This is a fast method (suiteble for digitel computers) by
which any metrix mey be premultiplied by the inverse of another
metrix, In this particuler case the matrix, T, is a tridiagonel

[b. ¢,
a, b, c,
]

|

metrix,

o, th
The 'L-U' method does not involve actual inversion of the matrix,
but merely evolves a set of instructions by which the matrix mey be
inverted. The 'operating' matrix conteins an instruction in place
of each element of the originel tridiagonsl metrix. Hence, a
considerable saving is achieved over full inversion where the

inverted matrix has = full set of elements.

Sinece it is assumed that diagonal elements have values of
the same order of magnitude as non-disgonal elements, no row or

column exchanges are necessary. The operating nmetrix is written:=-



vhere,

The vector motrix:e

is premultiplied by the inverse

The first stage is:-

vhere

1554

’
bpn Cn
! -]
= ( b-n = Chna a"r\.)

fr

of matrix, T, in two steges.

L

£
( fn

bl

n - ‘111/2:-. )
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In the final stage, the vector:=

where

”

nFEFN f:’/-r:"c;t-nfnﬂ
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1.2 SECONDARY SOLUTIONS OF EQUATION (CII; 5;,31

These solutions are generated by the scme method as thot of
the primary solutions (see Chapter II section 5.2), with an additional
stage in which the primery solution is eliminated. The primary
solution is elimincted by using the fact that it is epproximately
orthogonal to the secondary solution.

‘/?{s’{s'w‘iqcl’ s =8

1]
o
"
"
.
7]
-

The weighting function, w, in the case of equation (CII; 533) is the
flow velocity profiles Orthogonality in terms of the vector solutions
of this equation: is expressed:=

T 7

R W Fy = 1 § = §

]
0

s s # 8
where the elements of diagonal weighting matrix,Ww) represent the
velocity profile,

During solution of equation (CII; 5;3), the genernted vector, Fr’
nay be represented by o series of orthogonal vectors.

F. = e F, + e, F, + €,F, + ...
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The primary vector, Fr1’ is already known, wWhen the terms of the
series ere premiltiplied by the combinstionm, F, TW, the coefficient,
ey ds isolated.

T
e, = F

rt w Fp

Hence, the component of the primary vector is eliminated from the

originel vector.

F. = F_ - e, F,

The components of the vectors less important than the secondery
vector will decay as solution progresses. The secondsry solution
of equation (CIIj 533) is thus isolated.
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2+ TRACER CONCENTRATION FROM RECORDER CHART READING

Valucs of tracer concentration are calculated from the readings
on the recorder chert in three stagess First the conductivity
in the conductivity cell is found: Then the contribution of the
tracer to the conduetivity is found. Finally the traccr concentration
is caleuloted from this contribution.

CELL CONDUCTIVITY

The voltage output from the wheatstone bridge circuits is
found from the recorder chart rcadings and the known cheracteristics
of the phase sensitive detector circuits, end the preamplifier and
armplifiers, (see figurec f T).

" /
v = m lr‘” = M 2

VI - /(U'”)

The cell conductivity, q, is then calculated assuming there to be

finite resistance in the detector arm of the wheatstone bridge

circuits.
K{1+ A'%;)
17 R»-BY)
where A = (I-l-%-:)(l...?)z +-P.%':

B = (1 +7P )2 + P I



16 0.

and cell constant, K, is expressed in reciprocel centimetres.

¥.Bs the ratio, P, is that of the resistance in the lower arm of the

potentiometer, Rp, to that in the upper arm (as in diamgram £ T).

Contribution to Conductivity by Tracer

The conductivity contributed by the sodium chloride tracer, q',
is found by subtracting the known residual conductivity, %, (corrected
to the temperature of the run) from the setual conductivity, and correcting
the resulting conductivity to 18°¢C.

’

¥ = (g - =qu)

o.o217 (@ -18)
where ot = @

0.0227 (6 ~1¥8)
ﬁ = e (
end 6 is the tenmperature of the run (degrees centigrade).

Tracer Concentration

The tracer concentration, CA’ is found by solution of the

'Kohlrausch' rclationship by means of the 'Newton-Rephson' techniquc,
-6
q' = 1o (A”“SJCA)CA

where, for sodium chloride at 18°C
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¢ < 10 millimoles per litre, N = 108.50
6§ = 2.167

3+ PLATINISATION CF FELFCTRODES

The platinum electrodes forming the unstrecam end downstream
conductivity cells were platinised ueing e veriation of the
conventional methods Since plastie and epony resin were involved
in their construction, o solution of dectergent ('teonol') and hot
water rather then aqua regic wes used for clecning the electrode
surfaces, A special cell wes madc so that tha outer and inner
electrodes of each conductivity cell could bz platinised simult-
aneously.

Platinisation involved four stages.

1 Ten minutes degreasing of electrodes in hot tepol solution
Washing with distilled watcer
. . . s .+ .
Flectrolysis in pletinising solution : current of 30 mA five

minutes in each dircction.

L Thorough washing ond electrolysis in 57 sulphuric acid: two volts

short=circuited across cell, three minutes each wayr,

+ o
Platinising solution:-

Lead acetote 209 by woisht
Chlorplatanic neid 2,57 by weight in @istilled woter.
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4, INVERSE VERSUS DIRECT CROSS-SECTIONAL MEAN CONCENTRATION

The cross-sectional mean value of tracer concentration derived
from o conductivity measurement is an inverse rather than o
direct mean. The case of a sinusoidal tracer signael in a parallel
walled flow system in turbulent flow is considered. Since any
tracer signel ney be resolved into simusoidal components, the
results of this analysis will apply to all tracer signels. The
largest possible differences between the response measured through
direct mean and that measured through inverse meen are calculated.
These differences are shown to be insignificent, even under the

worst possible conditions.

The concentration in any cross-section, CA’ noy be expressed

o3 the sum of its cross-sectional mean, C

s 00d o variaoble element, Ce

enncentration for this purpose is the sum of that of the tracer and
that equivalent to the residunl conductivity of the water. The

inverse cross-sectional mesn is defined:-

o}
>
] I
[ smme | "~
i -
“~
1
o
~
[ e—}

The term to be integrated may be expressed as 2 binominal series.
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[

v . c c B
AN AN LY
t -1
- ! 2
= C = _/ c™ d + ]
A [|+ 'Z.C: -1 T‘.

Since variaticns in concentretion sre much smaller than the mean,
all further terms of the series are neglecteds The resulting
expression is agein subjected to a binomial expansion,

C = C - -Lr J[

A A 2¢,

c? d‘q +

With the convergence condition (CII; 33;19) satisfied, concentrstion,

CA’ at any point in the parallel Wulle@ flow system 1B expressed:=

Z “f J
Cyh = C4 + R { Xio € n (11)
For convenience, the amplitude, X100 is assumed to be reel end

positive.

C = En + XHO-R { ecwr%n(r{)}

ol

= EA + X"o R { ei”t}
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¢ = X R{e“ LA -11]}

e

= & - zfc‘,,/ [R{“[ A - 11}] dy

DIFFERENCE IN AMPLITUDE MEASUREMENT

The emplitude of a sinusoidal tracer signal, A, is helf the
difference between the mean concentration at its méximum and at its

minimum.

)] = X

Eld

A= sl Ete0) = G (k-

The smplitude measured through the inverse mean, A', is written:-

o

]
~
~
™
h” x
L
X
O
~—
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An expression for the proportional difference is this derived:

2

A’-—A xuo /' [‘R{/"(-yl) —|}sz12

Xwo  2(EF-x) 4

The largest differences will be at low flow rates (where
concentration profiles are most curved), end at high tracer signsl
frequencies.: At e flow rate of 280 gallons per hour and o Bignal
frequency of 48 cycles per minutej-

'%[ [R{f(p - 111" dn

"
(o]

.109

Since I-zi'—'?-l < 0.2
A
4
\A _A‘ < 0.004
xllO

Hence, the maxinum possible difference between the measured and the

actual amplitude, orising from the use of conductivity measurement, is
0.4 per cent.

DIFFERENCE IN PHASE ANCLE MEASUREMENT

Phose angle @, is mecsured from the point at which cross-

sectional mean tracer concentrction is equal to its time-nean value,
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At this point, the inverse cross-sectional mean will be different
from the direct time mean value.

2 '
G Z - & - - L U Aw]r

By considering the triangle formed between the curves of direect and
inverse cross-sectional mean concentration agoinst time, this
amplitude difference is tronslsted into an angular difference, @' .

o
=\
ks
M

¢, E,,(L-=ET£) - ¢, C,(t=72) - En
iy X oo
dewt
XIIO

For a flow rate of 280 gallons per hour and a tracer signal
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frequency of 48 cycles per minute:e

Lt PP ag - e

Hence, ¢' - o0.0214 rad

1.2

vwhich is negligibles
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5.1 LEAST SQUARES FORMULAE FOR SINUSOIDAL TRACER SIGNALS

Frequency and Phese

A refcrence line is drawn on the recording of the sinusoidel
signal, as shown in diogram 81 (Appendix IV). This line is
paraellel to the peaks and troughs and approximately centrally
between them. The positions of the intercepts between the trace end
this line, labelled X
These positions are represented nothematically as:=

1 B0 X (over N cycles), are measureds

X, = %, + nE + (-)x + F(

where xo is the reference point, ilthe helf wave=length, %' the
error length arising from the reference line not being truly
central, and }'(n) is the random eleument.

Least squares formulae for the unknowns, i,,xo and x', ere derived

in the conventional menner.

3 n

Ri
1]
1>
;rq'.f"‘q

R\
"
>
|
| R
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2N
v !
vhergt=- X = -é—N Z:' Xn
A . 2N
n

X = 77 2 (=) Xa

2N A
A2 2 -2 2
22 _ - - P
5. = nz X, 2N X 2N
Al ZN - ~
—x'n.= Z;"nxn_N(ZN-PI)X - N X
3: - %N(NH)(N_.)

The tracer signal
one recorder trace.

frequency, W, is derived from the channel

';:ll <

where frequency is in cycles per minute, chert speed, s, in
centimetres per minute and holf wave~lenzths X in centimetres.
Phase leg, @, (in degrmes) is calculsted from the treces of

both channels (the half wave-length from channel one is used
in channel two).

1Ko = Ko — 2

75 T 180

x

The correction, z, allows for displecement between the recorder
pens,
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The accuracy of the least squares correlation is expressed

as the standard deviation, € »

The standard deviation is in units of length along the time
axis of the recorder chart. Where standard deviation is much
greater than that expected from the quality of the tracer
signals, measurements ere checked for mistakes.

AMPLITUDE
Concentration measurencnts at successive peaks and troughs, C, to

CQN, ere represented;

Ch = Co * (- Cy + nC o+ f’tw

where C_ is the central concentration velue, C a the amplitude of
the concentretion signale, C' en allowance for a steady drift

» . ’
in concentration, and } a rondem element.

nqb
b

>
Fﬁn
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Cc

where ® represcnts the

vhere:

Co

Ca

8]
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rate of drift of tracer concentretion.

C—.'. - (N+-%)C’

|-
™
()
3

B
(@)

|
N
Z
N

i
»
4
2

PAN]

= 2. nCy, -N(2n+1)E ~ NC

The stendard deviation of the correlation expressed ns concentrabion

is written:=

~

/'.‘zﬁ‘ Ay
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542«  FOURIER ARALYSIS OF PULSE SIGNALS

For the purpose of Fourier anaclysis, a pulse signal is
divided into strips for the main pert, end a teil in which
the signal decays approximately exponentially (see figure 25
in Appendix IV), The size of each strip is chosen such that
the shape of the tracer signal which it covers epproximates
t0 being parabolics The intesgrastion procedure is the same
a8 thet of Simpson's rules The Fourier integral for the

strip covering the time period from t to t + 2h is written:=

t+2h . .
- = ~Lro b
-/ Cc e“-w cd & = € N [ Bocn + B| Cnﬂ+ Bf-c‘“’z-.'

where the tracer concentration values, C and Cn +p9 ore

n? cnrl-1
the initial, centre and final concentrations for the strip.

The coefficients Bo B1 anl B2 are defined:=

L 3 L -zimh( 1 L )
Bo= - 7% * Thewer T Wew Zh o el
2 2L ~2(rwh 2 2¢c
B = -7 - =333 ~ ¢ (=~ ma)
: h +%w? h2w h e h* ¥ w
! -?.il-l-oh( L . 3 L )
Bt hre T e ¢ 0 e T IR T WAL

rFw
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These formulae are derived for parabolic interpolation.

The tail of each pulse signal is assumed to be of
exponential form,

ghere concentration, Cyps is that at time, Ty at which the tail
egins . . . .

h-gig:, and t' represents the time elapse during which the signol
concentration decays to 1/e of its value at time tM' The Fourier

integral is expressed:=

t ~F
T’ - = _irwt
/ C,., e t e dt =
tp
. T'“tn LT
—Ll'w(-.n - tl -
Cr [ e - e ]
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APPENDIX IIX




S
TABLE 1, DIMENTONS OF ANNULAR FLOW SYSTEM
N

Internal dieneter of outer tube (2 3/8 in)
Externel diameter of inner tube (2 in )
Width of ennuler zop

Cross-sectional area cf flow (calculeted from volune)

Lenztk between conductivity measuring cells

Length of onmlar flow sectien above upstream cell

Length of enmular flow secticn below downstrean cell

6,03 cm.

5.08 cme
0.476 £ 0.030 e

8,18 cm®

333.4 cm

56 cn

71 e

s21



TABLE 2, SOLUTIOF OF EQUATION (CIX; 533) WITH RESPECT TO INCREMENT SIZE

N.B, This sempfe of convergence data covers most cases.

. Flow Rate Frequency % error in phase shift % error in amplitud: ratio
Gal/Hr, Cyc /min incremants increments
20 4o 60 100 20 40 60 100
300 12 -0,18 =-0,11 -0.07 -0,0k +0,90 +0.,50 +0.30  +0.16
400 6k 0430 =0,10 =0,05 =0,02 +3.4 +1.7 +141 +0.6
780 14 <0.11 =0,03 =~0,02 -0,01 +0.11 +0.,04 +0,03 +0,01
600 T 10k ~0.26 <0412 «0,08 =0.05 +5.4 +2.4 +1,2 +0.6
340 5 «0,15 =0.,05 =-0,03 =0.01 +0,33 40,16 +0,0)  +0.05
T00 22k ~0,35 =0,1% -0,08 -0.05 +h0  +1,6 40,9 +0,4

9.1l



TABLE 3. DECAY OF SECONDARY SOLUTIONS OF EQUATION (CII; 533)
Flow Rate ‘Frequency Transfer Factor
Gal/Hr, Cyele/Min em™
3ko 80 -0,211
700 22y, ~0.27h
300 6 ~C,162
Lco 8 ~C4207
780 28 -0,249
500 bh -0,235

Decay in initiel length (56 cm)

of ennilar flow systenm

1/140,000

1/4,200,000

1/5,800
1/110,000
1/1,300,000

1/382,000

LLl



b, MEASURED FLOW RATES

Flow Meter Reading Actual Flow Rate Flow Velocity Reynolds Number

Gal/Hr, gel/Hr. cm/secs LTb

280 272 42,0 3,540
300 293 ks, 2 4,240
340 333 51¢4 4,820
400 393 60,7 5,680
500 ko1 75,7 7,090
600 591 91,3 8,550
T00 691 106.8 9,990
780 771 119.0 11,150

8Ll



9. 280 GAL/HR. 1.90 CYC./MIN.
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THERMOMETER
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GEAR BELT

YARIABLE SPEED SYRINGE MOUNTING
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Fig. f 10 Sine Wave Generator :

(low frequency arrangement )
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SYRINGE EXTENSION

SYRINGE PLUNGER ROD- . CONNECTION
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