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THE DRELL-YAN PROCESS IN QUANTUM FIELD THEORY 

ABSTRACT 

In this thesis we study two aspects of the Drell-Yan process 

using perturbative methods in quantum field theory. 

The first part of the thesis is an investigation of the analytic 

3 

structure of the Drell-Yan amplitude in a ^ -model. The motivation for 

this study is to obtain an understanding of the Drell-Yan process 

through the method of operator product expansion (OPE) which has been 

so successfully applied to the process of electroproduction. The Drell-

Yan process and the electroproduction process are very intimately 

related but to date no OPE of the Drell-Yan matrix element exists. 

Our analysis strongly suggests that such an expansion cannot be carried 

out because of an infinite time scale hidden in our amplitude. 

The infrared nature of non-abelian gauge theories is the subject 

of study in the second half of the thesis. We investigate the Drell-

2 

Yan process and find that at order cx where U is the square of the 

coupling constant in the cross-section, there is no infrared cancellation 

in the spirit of the Block-Nordsieck Theorem which is true in abelian 

gauge theories. 
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Notation 

(1) The Kronecker delta function § ..j is defined as 

f 1 > i = 1 
I 

' 0 , 1 t 1 

(2) The 0 -function is defined as 

p , x ? 0 

[ o , x C O 

(3) The Scalar product of two four-vectors p = (p°, jg, ) and 

q = (q°, ĉ  ) is defined by p.q where 

o o 
p.q = p q -

(4) We are using the same notation as "Bjorken and Drell" lo 

spinor normalization. 

(5) We are using units in which h = c = 1 

(6) We are adopting the convention that repeated indices are to 

be summed over. 

w r ' ^ 
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CHAPTER I 

INTRODUCTION 

Recently there has been rapid progress in expanding the list 

of genuine asymptotic freedom predictions in Quantum chromodynamics (QCD) 

[l]. For several years we only had the pioneering predictions in the 

total electron-positron annihilation cross-sections and deep inelastic 

scattering (DIS) [2]. These involve only 2-point and 4-point 

amplitudes. The generalisations to Drell-Yan £3] and large p ^ -

processes, for example, seemed impossible. This impasse was broken 

by leading log calculations in quantum electrodynamics (QED) and QCD [4], 

Subsequently more general arguments have been given [5]. However, in 

spite of the fact that Drell-Yan and DIS are very intimately related 

the generalisation of the operator product expansion (OPE) [6] 

technique to 6-point amplitudes remains obscure to this day. 

In the theory of multi-particle production by exchange of Regge 

poles there was a similar problem. The structure of higher order 

amplitudes such as 2—> 4 and their unitarity equations seemed incompatible 

with the factorized 2 — • 2 and 2 — > 3 amplitudes [7]. This was eventually 

resolved in an elegant manner by a deeper understanding of the analytic 

structure of the 2 — > 4 amplitude. 

Since the canonical application of the OPE also requires the use 

of dispersion relations in x, the Feynman scaling variable, we are led 

to study the analytic properties of the Drell-Yan amplitude in its 
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asymptotic large s and large Q region. We immediately run into 

surprises. The Regge limits were characterised by asymptotic formulae 



which would be continued round large circles and behaved smoothly as 

epitomised by s * ^ where &<(t) is some function of t, a finite 

momentum transfer. The Drell-Yan amplitude behaves totally non-

uniformly. The characteristic scaling form only appears at very 

special kinematical points and away from these points the amplitude 

is down by two powers of s. For example in the Euclidean region of 

fig 3.1.3 where all invariants are negative, but in the asymptotic 

scaling region, there is no Drell-Yan scaling term. The amplitude 

thus has a very different structure from our Regge paradigm. This is 

because the scaling form comes from a pinch in Feynman parameter space 

rather than end-point singularities. 

As we do not believe that the spin structure affects the 

3 
analyticity we study the <? -model which contains only spin!ess particles 

In Chapter 2 we review the basic ideas and tools that will be 

required in this part, and also in the last half, of this thesis. 

These are the S-matrix and its representation in perturbation theory, 

the differential cross-sction, the Feynman representation of amplitudes 

and their analytic continuation and the generalised optical theorem. 

The Drell-Yan model is recalled and its kinematics described in 

Chapter 3. We will be considering only the bare ladder-type diagram 

contributions to the amplitude. We demonstrate how this amplitude is 

dominated by a pinch singularity. 

Most of the analytic features of the general ladder diagram are 

present at the one-loop diagram. In Chapter 4 we discuss in detail the 

analytic properties of the latter. This of course simplifies the 

the general problem considerably as we do not have to deal with the 



multitude of Feynman parameters there. Here we discover an infinite 

time scale hidden in the problem which turns out to have a simple 

physical interpretation/ This is discussed in the conclusions. This 

infinite time scale is absent in electroproduction as we will discuss, 

and we believe it has profound consequences for an OPE treatment of 

the Drell-Yan amplitude. 

We discuss the analytic structure of the general ladder graph 

in Chapter 5. Apart from a technical difficulty exactly the same 

features present at the one-loop level emerge. 

Chapter 6 contains our conclusions. 



CHAPTER II 

BASIC PRELIMINARIES 

This chapter is essentially a brief review of some of the ideas 

and tools that will be required in this thesis. It consists of four 

sections in which we discuss the following topics: the scattering 

matrix, the differential cross-section, Feynman's representation of 

S-matrix elements and their analytic continuations from the Euclidean 

region and the generalised optical theorem. Most of the contents of 

this chapter are to be found in [8, 9, 10 ]. 

2.1 The Scattering Matrix 

In using the scattering or S-matrix [ 8 ] to describe a scattering 

experiment we will assume that the forces are sufficiently short range 

that the initial and final states consist of free particles. These 

states can then be specified by the momentum of each particle together 

with certain discrete quantum numbers. Accordingly we assume that in 

the extreme past (t—»-°o) the particles may be described by states 

|iri>with the following properties. 

(i) The Superposition Principle: if i n > and Jf, in^> are 

physically occuring states so where "X 

and ̂ u are any complex numbers. 

(ii) The orthonormality and completeness properties: the set of 

physical states is normalizable and complete so that a subset may 

be chosen satisfying the orthornormality conditions 



(2.1.1(a)) yy\ , | VI, — S^mn 

and the completeness conditions 

(2.1.1(b)) |nn,tn><m,in| = J 

m 

where m and n are labels describing particular configurations of 

free particles. £
 m
 is the usual Kronecker-delta function and 1 is 

the unit operator. 

Similarly we assume that in the infinite future the 

particle may be described by states | ou£>bearing corresponding labels 

and with exactly similar properties as the states | in> . 

We define an operator, by 

(2.1.2(a)) S
 E

 2 b > > < X ^ 
rv» 

so that 

t 
(2.1.2(b)) £

 S

 2 

Because of the orthonormality and completeness conditions (2.1.1) on 

the states | m, in^> and the analogous ones on the states I m, out£> 

the matrix elements satisfy 

(2.1.3) 

where the labels ~ly refer to any physical state. Further the 



orthonormality and completeness relations imply that S is unitary (if 

one assumes these may be written): 

(2.1.4) J 

If we assume that the matrix element (2.1.3) is a probability 

amplitude from the state l a b e l l e d ^ to that labelled then the 

unitary conditions (2.1.4) correspond to the physical requirement 

of propability conservation i.e. the total probability of the system 

ending up in some other state must be unity. 

We will be considering spin-zero-type particles and use 

momentum eigenstates as a complete set of physical states. 

Using the standard annihilation-creation operator formalism [9 ] 

we write the single particle state | ^describing a particle with 

o r 2 ? i'^ 
moment mass m and energy p = [p + m l as 

(2.1.5) | r C L ( # ) | o > 

where I 0/ is the vacuum state with no particles i.e. 

( 2 . 1 . 6 ) 0 . ( 4 ) 1 0 > = 0 

-f. 

and a (jd) and a (jd) are creation and annihilation operators 

respectively. 

We shall choose the relativistic normalization 

(2.1.7) < p ' | f > = [ W ) , < M S ) ] = A U ^ ) 
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where 

(2.1.8) A i z ' . i ) = 

For discrete states with unit normalisation we have the summation 

property 

(2.1.9)
 r

 £ 

b 

The integration yielding the corresponding property with 

(2.1.10) C A (£',£) = f (/) 

is given by 

4 " 

where 

(2.1.12) S
M

( P
t

-
m t

) " 6 

We define the state of n-particles with momenta p-j, p^, p
n
 as 

(2.1.13) | P . , * O L M a t c z y J c t ) |o) 

Because of (2.1.7) the normalisation of this state is 

(2.1.14) </>;/>',••• >Pn'\?,,PLr:,?\>= ) {a<A)~ A ^ ) } 
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while states containing different numbers of particles are orthogonal. 

In (2.1.14) the summation is over the n! ways of pairing off the 

momenta in the two states. The corresponding n-particle phase space 

•integral is 

(2-Kl5) S = 
f . . i i 4 

so that the completeness relation reads 

( 2 . i . i 6 ) y ^ i P a - A l v - v > < H - 1 

^ * U 
rv«o 

For spinless particles if we insist that our S-matrix elements 

are Lorentz invariant then they depend on the four momenta only 

through their invariant scalar products. The elements of the S-matrix 

cannot be analytic due to the occurrence of Dirac S-functions. These 

occur due to overall energy-momentum conservation because of which a 

matrix element will contain a factor P. - P
f
). Also 

note that because of the probability that the particles do not interact 

at all ( due to quantum mechanics) the four-momentum of each 

particle may remain unchanged.The S-matrix^therefore, can be separated 

into two parts by writing 

(2.1.17) 5 = 3 +. i R 

We then define the transition or T-amplitude by 

4. 
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It is generally believed that the causality property requires the 

transition amplitudes to be real-boundary values of analytic functions 

of complex variables. In perturbation theory Feynman's prescription 

for obtaining physical amplitudes is giving a small negative imaginary 

part (-i £ ) to the mass of each particle in any internal line of a 

Feynman diagram. 

2.2 The differential cross-section 

Cross-sections, <r , are measured by experimentalists. They give 

us the rate at which particles are scattered into unit volume per unit 

incident flux. In terms of transition amplitudes the differential 

cross-section, do
-

, for spinless particles is 

oo 

, 2 2 n j r : s . . . i i 

ftti 

where 

( 2 . 2 . 2 ) c j f = V " ] 
'L 

V_-|, V^ are the velocities of the incident colinear particles p-ppg. This 

expression is then integrated over all the undetected momenta of 

the final states kj,...k . .The statistical factor S is obtained by 

including a factor m! if there are m identical particles in the 

final state. The proof of (2.2.1) is to be found in most standard 
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texts of particle physics [9]. 

2.3 Feynman representation of S-matrix elements and their analytic 

continuation from the Euclidean region. [8, l o ] [ 

We will be using perturbation theory to evaluate the S-matrix 

as an infinite number of terms, the expansion parameter being the 

coupling constant that appears in the interaction part of the 

Lagrangian. We are of course assuming that the coupling constant 

is small in some sense. In practice in evaluating the S-matrix 

elements one represents each term in the perturbation expansion by 

what is called a Feynman diagram and one then uses the Feynman rules 

3 

(given in Appendix A for ) to write down the mathematical expression 

corresponding to a given diagram. 

The general Feynman diagram in a theory^suppressing coupling 

constants and other numerical factors, is of the form 

(2.3.1) F = ^ 

r 1 
i->o r /»* 2 • \ 

where k-j, k^ denote I independent loop momenta, q-j ... q
n
 are 

the momenta of the internal lines, ny are the masses of the internal 

lines. Each q
r
 depends linearly on one or more of 'the k^ and possibly 

on one or more of the E external momenta which we shall denote by p
a 

taken to enter the graph. These dependences are a consequence of 

momenta conservation at each vertex of the graph. We now introduce 

Feynman parameters through the identity 
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Ch 
(2.3.2) 

£'' Ji* 
= ("-0! 

TCd*: S 0 - Z « » ) 

• W U 7»s I 

where f f 0 which allows us to write(2.3.1)as 

r I 
( 2 . 3 . 3 ) p - C - n - O l f ^ 

1 c 
i&k S o - S M 

./£ (tk; 

The linear terms in k in the quadratic form 

( 2 . 3 . 4 ) " l ink , P / « ) s 2 1 ^ ' 

are eliminated by a translation in momentum space. The resultant 

form may be diagonalised through an orthogonal transformation of the 

k . The resultant k-integrals are performed using the identity: 

( 2 . 3 . 5 ) 

where 

r 
(a,-L/C2) 

_ 2 • 

li I 
2 V 2 

(2.3.6) 

J/̂ 7 fit- <1 O 

6 > ^ 

> I 

The k
Q
-integral must first be done by rotating the k

Q
-contour into the 

imaginary axis by7C/2 in an anti-clockwise direction. We then obtain 

( 2 - 3 - 7 ) F = w ' i 7 r 

where 

-zl-2 
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e « 

(2.3.8) ~ 

and C are positive-definite, linear and homogeneous functions 

) 

of the o({ s . There exists cutting rules which allow us to write 

down immediately the C and D functions for any Feynman graph. These 

are given in appendix B. 

In performing the k
Q
-integral in (2.3.5) we Wick-rotated the 

k -contour: 
o 

(2.3.9) k
0
— > k

o
e , 0 

The external momenta are inextricably linked to the k^ via momentum 

conservation at each vertex of the diagram. Hence, whatever trans-

formation the k^ suffer the external momenta do as well. Thus 

(2.3.10) 
ii M 

-t t£ c 
i , [ p ; ^ * - % J + 4 c + ^ p; j p * 

We see then from (2.3.10) that the imaginary part of D remains positive 

for all oCi . Then (2.3.7) exists for o < f C~n/i . i
n
 the limit 

= 7 r

/2,D becomes negative definite (i.e. we are now in the Euclidean 

region) and, therefore, we have no singularities plaguing us and we 

may drop the it term of D. The resultant expression is now valid in 

I 
the Euclidean region and is real modulo (i) . To get back to the 

kinematical region defined in (2.3.1) we must analytically continue - i 7 C 
all scalar products, but not internal masses, through e . This 
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follows from (2.3.10). 

In the region where D is negative definite it may be useful to 

write (2.3.7) as 

(2.3.11) F 0< 

^ n b / C 

7Tch i £ 
Csl 

c
1 

This is best seen by scaling all Feynman parameters in (2.3.11) by J
7 

and then performing the resultant J
7

-integral. 

2.4 The generalised optical theorem [ll] 

Let us first recall how the optical theorem relates the total 

cross-section <£,, for p^ + p
2
 — y anything to the (p-j + p

2
) = s 

-discontinuity of the 2 — > 2 forward scattering amplitude. It follows 

from (2.2.1) that 

P / n! 

,(•*) % 

n = l 

where F is the flux factor. The unitarity equation (2.1.4) may be 

written as 

(2.4.2) 

on using (2.1.17). From (2.1.18) we can write (2.4.2) as 



(2.4.3) <fift|r||iB> -<R/1|T-
+

|P,8> 

CO 

+ 
Because of (2.4.2) the order of T and T is irrelevant in (2.4.3) . 

The left hand side (l.h.s.) of (2.4.3) is defined to be the discontinuity 

in s of the 2-v 2 forward scattering amplitude. This we denote by 

A
s
{
T

2^z where t = (/>,-pjVfc-pJ% o . 

Since 

(2.4.4) <CP,PJT|P,Pz> = <RP,|T
f

 |RP
X
> 

it follows that 

( 2 - 4 - 5 ) 4 c m - ) } = ( « , « • . . ) } 

In the summation on the r.h.s. of (2.4.3) the n = 0, 3 terms are 

each zero as we are assuming that all masses are identical and hence 

their corresponding T-matrices cannot conserve four-momentum. By 

comparing (2.4.1) and (2.4.3) we arrive at the optical theorem, namely 

(2.4.6) A
s
(r

2
_
yl
 (s,t

S
o)} r ; V- ^ 

2 2 2 

If p-j and pg > 4m where m are the internal masses, the 2 - » 2 forward 

amplitude will have branch cuts in these variables. In .. .kJ T |P-|P̂ > 

these must be evaluated above their cuts and hence iri ^p^|T
+

1k.-j.. 

they must be evaluated below their cuts. We saw at the very end 

of section 2.3. that the T-matrix in perturbation theory is real in 
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the Euclidean region where all invariants are real and negative. It 

follows from the Schwarz reflection principle in the theory of 

r "I -t* •# ie 
functions of a complex variably [12J that T ( - S & ) = T(-s e ) 

1 '9 

where T(-s £ ) is the analytic continuation through 9 off the 

negative real axis into the complex s-plane. Hence the l.h.s. of 

(2.4.3) is obtained by analytic continuation. The r.h.s. of (2.4.3) 

has the following graphical interpretation: it consists of all 2 — > 2 

connected graphs; each graph is cut into two in all possible ways 

such that s flows into each half and the cut lines are put on mass 

shell through the delta-functions, s (fef- : everything on the 

r.h.s. of the cut must be complex conjugated. 

The extension of the above formalism to a one-particle inclusive 

cross-section 

(2.4.7) + p
2
 > A + anything 

requires greater care. It follows from (2.2.1) that 

oO 
(2.4.8) l a ^ ^ r

 =
 V j A 

d% F / _ V 

If we now assume that crossing symmetry exists i.e. O^-U tIp.p^ 

which describes the process (2.4.7) also describes the unphysical 

process 

(2.4.9) p
 +
 p^

 4
 a ^ oy^VW^ 
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where A denotes the anti-particle of A, by an appropriate analytic 

continuation then we may replace -

by the unphysical amplitude < and obtain 

OO . 

(2.4.10) J _ V i Yfc^k " ^ f e j / / I ^ - > 

f / ^ i-'1 

n-z 

where K^ = K^ but flowing outwards. 

As in the case of the total cross-section for 2-^-2 scattering 

amplitude we may, by using the unitarity equation, identify the 

? 
r.h.s. of (2.4.10) with the discontinuity in s = (p^ + p

2
 - k

0
 ) of 

the connected part of the 3 — > 3 forward scattering amplitude but with 

the external invariants s
L

 in -Ky evaluated above 

their cuts and those s
R

 in ^ k v M
 T +

1 P.P^*^ evaluated below 

their cuts. For invariants attached to both T and T
+

 it is irrelevant 

which boundary value we take. This is Muellers Theorem. We note that 

two features absent in the 2 — > 2 forward scattering amplitude have 

arisen here: firstly we have to state the boundary values of the 

invariants on which the s-discontinuity depends - this manifested itself 

in the total cross-section of the 2 — * 2 amplitude when this had 

branch cuts in its external masses; secondly, the 3 — > 3 amplitude 

has semi-disconnected parts - for example particles 1, 2, 3 come in 

but only 2 and 3 scatter off each other. 1 then interacts with the 

products of the 2—>3 collisions. Such disconnected diagrams do not 

have an s-discontinuity and therefore cannot contribute to the cross-

section. With all these considerations in mind we arrive at the 

following generalization of the optical theorem: 

(2.4.11) 1 J _ S,s-*jj 



The + and - indicate whether the boundary value of the invariant 

to be evaluated above or below its cut respectively. 

The above theorem can of course be easily extended to 2, 3, 

particle inclusive cross-sections. 
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CHAPTER 3 

A BRIEF REVIEW OF THE DRELL-YAN PROCESS 

This chapter has three sections. The Drell-Yan process, its 

kinematics and its cross-section are reviewed in section one. Section 

two discusses the Feynman representation of the general ladder diagram. 

The dominance of the Drell-Yan amplitude by a pinch singularity in 

Feynman parameter space is shown in section three. 

3.1 The Drell-Yan Process, its Cross-section and its Kinematics 

The Drell-Yan process [3 ]is a model for the interaction 

(3.1.1)
 r P g

_ _ >
 +

 ^ ^ 

where p^ and p
2
 are colliding hadrons and /") represents a lepton 

pair. In this model, shown in fig. 3.1.1, one imagines a quark q 

from hadron p-| annihilating an anti-quark q from the other hadron p
2 

Fig 3.1.1 The Drell-Yan process. X represents anything 
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into a time-like virtual photon Q such that Q ?/ 4/t wherejuu 

represents the mass of each lepton. The amplitude describing process 

(3.1.1) factorises into a hadronic part ( p^ + p ^ — > Q + x) and a 

+ -
leptonic part ( Q — I ). The leptonic part is given completely by 

Quantum Electrodynamics (QED) and it will not concern us here. We 

shall be considering the hadronic half of the process namely 

(3.1.2) p.j + > Q + anything 

The differential corss-section d cr/d Q for this process is given 

by the generalised optical theorem: 

(3.1.3) 2 u W - A £ l - _ - ± A
s
 f - T s, s / ) ? 

F 1 J 

3
 r e

P
r e s e n t s

 the amplitude shown in fig 3.1.2 

P, — — P. 

Fig 3.1.2 The 3->3 forward scattering Mueller amplitude for the 

differential cross-section of 3.1.2 

Remember that the primed variables are equal in magnitude to their 

unprimed counterparts. Our interst lies in the analytic structure of 

o T

3->3 *
 W e s h a 1 1 b e

 studying this amplitude in a ^ model. All the 
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particles are identical and spinless. The analyticity properties 

come mainly from the D-function. D does not change by the 

introduction of spin which introduces extra factors in the 

numerator which may enhance the asymptotic behaviour. We shall only 

be considering only ladder-type contributions to this amplitude in 

perturbation theory. See fig 3.1.3. 

I 

A 

/ 

fa 

d, 

i , 
ll 

hl Vl 

?fp; 

Si 
S, 

Fig 3.1.3 Ladder-type contributions to T ^
 3 

The amplitude depicted in fig 3.1.3 is a function of the following 

Lorentz scalars 

0 S ( p,+ p^-cef = C pA p J -

(3.1.4) 
- (p,-®! , - cp/-*')

2

, 

^ ( P r f / P r * ^ - t a , 

2- 1 .. . 1 2- / I2-
V. P, = p.' =. H , , P^ s ^ z . 



with 

f |s,i ^ is;! . 1 ^ 1 = k/i 
( 3 . 1 . 5 . ) 

\qlI - 1 ^ 1 - (CI z 

In terms of these invariants we can translate equation 3 . 1 . 3 as 

(3.1 .6) Z ^ & f i s T -- ^ A ^ i j ^ V , ? : , ? ! : , ^ ? - ! ^ ^ ) ) 

? 
where the +, - indicate that s^, s2> Q must be analytically 

/ f 
continued to their physical values from above their cuts whereas s^, s2 > 

' 2 
and Q must be continued to below their cuts and the continuation of 
-9 <~2 

Q and Q is irrelevant so long as we adopt one prescription in 

evaluating the s-discontinuity. 

Let us now consider the kinematics of fig 3 ' 1 . 2 in order to 

define the scaling regions which interest us. In the centre of mass 

of p-j and p2 let Q have a momentum A transverse to p̂  and p2- If 

we have a four vector (aQ, a^, a 2 , a^) then we define new co-ordinates, 

called lightcone co-ordinates by (a+, a-j, a 2 , a") where 

a* = ^ (aQ + a^). In terms of x-j and x 2 , the 1ightcone-cordinates 

of Q in this frame scaled by Vu where 

(3.1 .7) U. - ( p ^ / ^ ) 1 



we have 

(3.1 .8) Q = ( C«>-"e*>e , A , f=c-*i.)V7 ) 

1 5 

(3.1 .9) p H . V , - ? ) 

(3.1 .10) o s ( V S 3 ? 

2 2 We will be considering u ^ M-j and M2 . We can then show that 

( 3 . 1 . 1 1 ) 

S 

- - A 

- ( p + p ^ A -

S, = ( p,-<?) - ^O-*.)1* 

^ S 2 - C 1 -

. M,1 _ M, 
u*. 

I - Mi M< 

-h A 

+-
Utfj i-*V)u 

We have dropped terms which tend to zero as <*> at fixed x^, x^ and 
2 

A . We are keeping away from regions where x-j x2 tend to 1 or 

zero. From ( 3 . 1 . 1 1 ) we can show that 

(3 . 1 . 12) - -
S 

-f-
X. - l -C.-l Q-x,)Cl-XJ 

from which i t follows that 

(3 . 1 . 13) r - , i -t- o ( r , 
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i 

But as we wish to continue s^s s'^, Q and s independently we will 

have to consider L - <2 

Since Q decays into a real lepton pair, each member being 
2 2 of m a s s t h e n Q > . Q lies in the forward light cone. Thus 

both x-j and are positive. Since s must be positive (it represents 
2 

the (mass) of anything in ( 3 . 1 . 2 ) ) then it follows that both x-j and 

x2 are positive and less than one in the physical region. It thus 

follows that s-| and are negative in the physical region. 

3.2 Feynman representation of the Drell-Yari Ladder Diagram 

The general ladder diagram is shown in fig 3 . 1 . 3 . Using the 

cutting rules given in appendix B and simplifying to the case of not 

keeping any distinction between invariants of identical magnitudes, 

the D and C functions are given by 

(3 .2 .1) D +-,£3l*' t S U ^ 2 " * ^ 

(3.2.2) 6 - r X M j C U - ^ ) - ( f s t i * 

(3.2.3) i = ^ + W * ~ 

(3.2.4) R S H , \ H i , ^ 

fu* j v 9u' 9|_» d
u

 a n d a r e positive-definite , linear and 

homogeneous combinations of the Feynman parameters corresponding to 

cuts shown in fig 3 . 2 . 1 . ^ ) means the corresponding 
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C-function for the graph between the tff11, andV^*1 ring inclusive. 

C K • • • ^ O 1 S similarly defined. Here we do not give the explicit 

form of the coefficients of the invariants - they are to be found 

Fig 3.2.1 Diagram showing all the possible cuts corresponding to the 

general ladder diagram when no distinction between invariants of the 

same magnitude is kept. 

Let us now turn our attention to the simplest of the ladder 

diagrams, namely, the one-loop diagram shown in fig 3 .2 .2 . The 

C and D functions are given by ; 
p' \ « v / 

Fig 3.2.2 The one-loop Drell-Yan 

diagram 

^AAAAt* 



2 

(3.2.5) 0 * + +>dt 

(3.2.6) C - ^ 

(3.2.7) d 0 = * ( f + & rA 

It follows from (2.3.7) that the amplitude, A, is essentially 

r 
(3.2.8) A = (TTCK)S ( L - Z * J 

D4 

where 

f (jTclec) s <UJ>PJS<lXdljuJ,v> 
(3.2.9) J 

\ ^ = hl'K+JX + V 

and we have used the constraint imposed by the 8-function to set C = 1 

Also factors of 2%, i , g coming from the Feynman rules have been 

ignored. 

In the case where we do not keep any distinction between left 

and right invariants which are equal in magnitude the D-function of 

(3.2.5) collapses to 

(3.2.10) D= -tel. 

3.3 The dominance of the Pre!1-Yan amplitude by a pinch singularity 

in Feynman parameter space 

In general if some analytic function has an integral representation 



there will be poles in the complex plane of the integration variables 

The position of these poles is usually well defined by i s -

prescriptions when they lie close to the contour of integration. 

In general one may distort.the contours away from such points by 

using Cauchy's theorem. It may happen,with multidimensional integral 

that the contour gets trapped by poles lying on opposite sides of it 

this is called a "pinch". We illustrate this by an example [l3] . 

Consider the integral 

(3 .3 .1) G ( 5 ) 
'o [ ( w c ^ W W c ) s -V-cUvfJ 

On doing the x« integral we get 

(3.3.2) Q ^ 

The integral then has two poles at 

^K* _ i cl+ I'C 

c - x 4 + i j 
k * h 

The x1 contour gets "pinched" if 

f - l < - < o 
a,+b, b, 

(3.3.3) { 
(*.+ b,) b, < o 

with analogous conditions for b,<—> b9. The above conditions are 



equivalent to 

(3.3.4) ax,*! b 3 z z + c = b,) f Q 3 C i 

If the pinch conditions are satisfied then G(s) will have an 
2 

asymptotic behaviour of 1/s, otherwise it behaves like 1/s . 

The asymptotic behaviour of the Drell-Yan amplitude is 

determined by the D-function. It follows from (3.2.1) that if s, 
2 

s-j, S£» Q all have the same sign then in the scaling region defined 

by (3 . 1 . 1 1 ) we must set f and gu (or f*. and gL)equal to zero. This will 

be achieved by setting^ 1 , S^) ( o r ^ , / ^ , simultaneously to 3 

zero. This yields a 1/s asymptotic behaviour. We may write (3.2.1) 

as 

(3.3.5) 3 - ( £ + V * t ' ) ( f s i H ) s " + do 

2 ? Then if s-j, s2 are negative but Q , s are positive then (Q - ^- j^/ 5 ) 

is finite at fixed x̂  and x2 (see 3 . 1 . 12) and we have a pinch when 

f £ + - o 
(3.3.6) J 

[ £ SLVff - o 

This pinch yields a 1/s asymptotic behaviour and will obviously 
3 

dominate over the 1/s term. 



CHAPTER 4 

THE ANALYTIC STRUCTURE OF THE ONE-LOOP DIAGRAM 

In this chapter we discuss in detail the analytic structure of 

the one-loop diagram. It proceeds in three stages. In section 4.1 we 

set 5-j s S ] ' . s 2 = s21» Q2 = Q'2 = Q2=- Q2. This reduces 

the complexity of the problem enormously. It allows us to check the 

factorized Drell-Yan form of the differential cross-section. In 

section 4.2 we keep Q2 = Q2 and Q|2 = Q2 but keep Q2 and Q'2 

distinct. There we discover an infinite time scale hidden in our 

amplitude. Finally in section 4.3 we keep the distinction between all 
2 

the Q . We sti l l keep ŝ  = ŝ  ' and $2 = s^' as we need not 

continue in these variables. 

4.1 Keeping no distinction between invariants of the same magnitude 

(a) The Drell-Yan analytic structure and its cross-section 

We recall from (3.2.8) that our amplitude A is essentially 

i i 
(4 . 1 . 1 ) ft = L j p j s j ^ ^ £ f(n<Jx) S ('- %<) 

where 

z. 
(4.1 .2) d0 = - f ^ / ^ t + i ; ) ^ 

Analogously to (3.3.5) we write the D-function which appears in (4 . 1 . 1 ) 
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as 

(4.1.3) I) = (*+ (f+S)Ws •fy+vVM) ( t ' ^ / s ) ^ 

The second term in the above equation is finite in the scaling region 
2 

but we keep it displayed as i t contains all the Q phase information. 

Our pinch conditions of (3.3.6) become 

(4.1.4) J 

I Y + V * " ° 

These only lie on the original contour of integration defined in 

(4 . 1 . 1 ) if s^/'s and s^/s are negative. We now scale , S by r, 

and X , u , by ^ . Then ( 4 . 1 . 1 ) becomes 

where 

(4.1.6) 0 = + (/-*)(«-*)(<£ + Jo 

where 

(4.1.7) d!0 : ^ O - ^ M . S ^ ( l - * ) ^ - fyf)^ 

We perform the j s s - integrals trivially giving a factor 

(1 - - t f ) in the numerator. Then (4.1 .5) becomes 
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i I 
(4.1.8) . fyirtov'SU-Ti) f c k f r ( i - y ) ( / - r j 

I I D* 

Our pinch conditions (4.1.4) have now become 

r oc +- (i- "f) s^/g = o, 
(4.1.9) 

I ^ -- o 

The solutions to the above equations in the scaling regions are 

(4.1.10) 

However, for reasons which will become apparent later we write (4.1.9) 

as 

r cx •=. c< "2 

(4 . 1 . 1 1 ) { 

I y = x = 

/ - ^ 
- S./s-

Ws 

Since we are primarily interested in the pinch configuration which 

gives us our scaling 1/s term, we lose nothing by replacing X, 

everywhere, except in the curly bracket of (4.1.6) by their pinch 

values given by ( 4 . 1 . 1 1 ) . The zeroes of the coefficient of u due 

to _ o do not contribute at the 1 /s level because of the 

and in the numberator. We do not set <x and ft at their pinch 
p 

values in the coefficient of (Q - s ^ / S ) as we will be forced to 

consider large values of this combination during the analytic 

continuation of the function. 



We now define 
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(4.1.12) A CM = j j ^ c ^ j ^ ' - r n ) 

It then follows from (4.1.8) that 

(4.1 .13) A = ± ^ 
3 [ 5 ^ 

With Joh, now given by d, 

, integrations exactly in (4.1 .12) using 

we may do the 

(4.1.14) cU itf 

[a^ * b« * of M [ C , D ] J 

We have 

(4.1.15) 

A = r f ( s - s . - S z . 4 32J 

6 = ^^ 

C -- - Q2) 

D z A0+% 

From (4.1.12) we have therefore 

i 
(4.1.16) ^ , r A g i s t o r ) S 0- S ) (i - y ) 1]] 
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So using (4.1 .13) we see that the dominant contribution to A comes 

from the differentiation with respect to \ of the denominator in 

(4.1.16) rather than the differentiation of the logarithmic term. 

Substituting for * and t from (4 . 1 . 1 1 ) we arrive at 

i 

(a i 1 7 \ a /v J ft-yW/uTiigj) ^ . i . i / j - 3 n w M ) J 

where 

(4.1.18) D = vv + A ls-s r?L+Qz) 

(4.1.19) = ™ fa-**/;)* - L ( o - w - W f c 2 - S ' H ) ) 

p 

This formula has the expected form. If (Q - s^s^/s)—> oo then 

we get an answer much smaller than 1/S (see (4.1.19). Otherwise we 

pick up the phase of the logarithm. Remember that jsQ2/s^s^j = 1 + O(^) 

in the regions of interest. 

We assume for the moment that the denominator term is innocuous 

and may be ignored during the continuations. We shall consider this 

problem in (c) and indeed prove that such is the case. 

Thus if we start off in the Euclidean region where all invariants 

are negative we clearly do not pick up any phase in the logarithm. In 

other words there is no pinch if all the invariants are negative. As 

we continue to the Drell-Yan physical region with ŝ  and ŝ  held 

fixed and negative but ( - 5 ) — » ( - s e ) , ( - Q 2 ) - » ( - Q 2 e ~ ) say 

then the log gives a phase of ( - 2 o c ) and 0 respectively. This gives the 
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i 

s-discontinuity for all Q on one side of their cuts. However, for 
2 

our graph once we have taken the s-discontinuity the Q is 's do 

not matter. Thus this gives the physical cross-section as well. The 

cross-section is of course positive. 
2 2 We may also take the Q -discontinuity over all the Q cuts. 

This is finite. 

The asymptotic behaviour of A at intermediate points depends 

on how we continue the invariants. At the start of the continuation 
,2 |Q - s - ^ / s is finite. Then the pinch term behaves like 1/u2 since 

i i ^ 
f f = log(1 + 0( i ) )~ 1/u. If we continue - s _ > - se" 1 and 

2 a - t'T . 2 | 

- Q • — s i m u l t a n e o u s l y the |Q - s |S2/Sj —>u at intermediate 

points of the continuation and the pinch term behaves like l/u^. At 

the end of the continuation the logarithm has picked up a phase of 

-2i7T and we get back the 1/u term. If however, we continue - s-v 

-se*i7U and - Q2—> -Qe~,nr simultaneously the (Q2 - s
1

s
2 / s ) remains 

finite but the logarithm is not picking up any phase and the pinch p behaves uniformly like 1/u until the end of the continuation. 

(b) Factorization of the cross-seetion in the physical region 

In the Drell-Yan model [3 ] the cross-section factorises into 

electroproduction structure functions when the integration of the 

transverse component,A , of the momentum Q is performed. 

From (4.1 . 17) we have 

i 3 r 
(A 1 20} A [A] es ^ yif) 



where D is given by (4.1.18) or (4.1 .19). Remember that we are now 
p 

in the physical region. In D we can neglect the last (Q - s-^/s*) 

term as it is down by 1/u compared to the other terms. For the same 

reason the numerator may be written as 

(4.1.21) S ' - s . - s ^ ? = * 

From ( 3 . 1 . 1 1 ) it follows that 

f (t - S , / s ) Cr ' / » - * * ) + OC/J 
(4.1.22) I s 

Thus from (4.1.20) we have 

(4.1.23) 
3 

2f CL ' A 

$ ["IVC'-X,)̂ ) (Q-S'Si/s) Jo]3 

where 

(4.1.24) o/0 i ^O-acJM.^ tj'xz 0~ x,.) Mi - (-yj+><jJ%Z 

on making use of (4.1.7) and (4.1 . 10). Combininjthis with (3.1 .12) we 

find 

(4.1.25) y^O-^'-m^-^l^+L - m̂  + il&d'-*! - ^ A 
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We set v i " i because of the S - function in (4.1.23). We may neglect / the A-dependence in s. The A integral is done using 

(4.1.26) 
r f A - / ( . 

[ a - b A 1 ] 3 Z M 

Note that since the residue of the pole in the A -plane is zero it does 

not matter how we go round the pole. From (4.1.23) we then obtain 

(4.1.27) J A A f { * } o Cn1Q-xfo-xxf 
3 S 

ci^cL-^ S ( I - •>] - ) 

The ^ , ^ integrals are performed trivially using the Feynman identity 

(4.1.28) 

i 
- L = Ccl^l^S c»-
ai> Je [-yja + ]*• 

We thus arrive at the factorized form of the Drell-Yan Cross-section. 

(4.1.29) J-'AAJR] (7- fi-^n) 
11 [ m N , ^ , - [mX('-XL) -m j 

where we have used 

(4.1.30) s ^ (L- JC,)CJ-JCZ)LL 

from (3 . 1 . 1 1 ) in the final step. 
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(c) The analytic structure of the ^,^-integral 

There are two problems present when dealing with the 

integral. 

The f i r s t stems from the identity (4.1.14) and its subsequent use 

in arriving at (4 . 1 . 17) . We note from (4.1.14) that the denominator 

(AD - BC) which appears on the r.h.s. can vanish. This apparent pole 

is however killed by the behaviour of the logarithm as AD—^BC. This 

becomes more transparent if we substitute for D = BC/A in the integrand 

on the T.h.s.. Some elementary algebra reveals that the and t 

integrals factorise to give a differnent analytic form which 

corresponds to the (limit) of the log on the r .h.s. . Now in (4.1 .17) 

the analogue of (AD -BC) is the denominator D. But observe that there 

i t is to the cube and therefore the logarithmic term that appears in 

(4.1.16) cannot kill this singularity - it would have had we kept all 

the correction terms to (4 . 1 . 17) though. So on the face of it we 

have a badly defined integral in the Euclidean region as a result 

of our approximation scheme. 

The second problem is the possible existence of an imaginary 

part, or other analytic structure, from the term generated by the 

-integral after its analytic continuation to the physical region. 

This would of course change the value of the cross-section calculated 

in (a). 

Fortunately both of these problems may be avoided by the following 

arguments: 

When we reach (4.1 .16) both of the poles of the denominator (note 
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that after doing the ^ -integral through the S-Function our 

denominator becomes a quadratic i n ^ ) may be made to lie far away from 

the real ^-contour of integration, if they lie close to i t , by 

continuing one or more of the invariants away from the real axis, say, 

-s-j—^ -s-je1'^. It is insufficient to continue in the masses because 

in our asymptotic limits the poles will still lie just off the real 

axis. We have, however, paid a temporary price for this: our 

logarithmic term appearing outside (4.1.17) will, in general, have 

picked up a phase according to the analytic continuation of the 

invariants made above. 

To handle the second problem we must now perform the ^ - ^ 

integral in (4.1.1V) in order to determine its precise analytic structure. 

This integral from (4.1.17) is of the form 

(4.1.31) T ci - S ( I- m - vi } i - n ; 

where 

(4.1.32) do = " iZU-u) H,Z+ (i-v)M?-

We now define 

(4.1.33) T(A) J^icL^x So - v - v ) 

It then follows by comparison with (4.1.31) that 

(4.1.34) r = - J j l 
2 
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In(4.1.33)we do the ^-integral trivially using the £-function. We 

then change variables to ^ - a n d some elementary algegra reveals 

that 

'/l r 
(4.1.35) 1 ( 1 ) = ol. 

where 

vO'tWi) - (Qf-s,**.**) 

(s-si-st.*^2) ( z o - z ^ - x P ' t W i ) 

A « 

(4,1.36) < 6 

where <*and ^are defined by ( 4 . 1 . 1 1 ) . We write (4.1.35) as 

(4.1.37) 1 ( 1 1 , j l 
r ± 

X 

The cases A = 0 and will be discussed later and we have 

(4.1.38) 1 t 
- S i J 4-4C 

2A 

Doing the -integral in (4.1.37) gives 

(4.1.39) ra)-- -l1 f + 
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It follows from (4.1 .35) that when A = 0 

(4.1.40) 
A = o ( C + i 6 ) ( C " i S ) 

Also when ^ we see from (4.1 .37) that 

To obtain I from I we use (4.1 .34) . The exact form of I is 

really of no relevance to us. We are only interested in its singularity 

structure and it is precisely that of l ( X ) as the differentiation 

w.r.t. X will not change that. It follows from (4.1 .39), (4.1 .40),(4.1 .41) 

that there are three types of singularities we have to worry about: 

(i) there is a logarithmic branch cut running between £ i 

( i i) the ( ) term translates into a square root when we use 

(4.1.38) and therefore results into another branch cut in the 
? 

s» Q » s-jj s 2 complex planes, 

( i i i ) there are poles at = and C ' 

From (4.1.36) and using the constraint that A = 0 for the poles 

at C = these correspond to the conditions 

_ . z 2. 
ex. (I-XJM, - rn - o 

(4.1.42) 2. 
- O 

From (4.1.38) i t also follows that the poles at correspond to 
2 2 2 

conditions (4.1 .42). For M̂  , M2 < 4m these conditions can only be 

satisfied for complex values o f £ andX , that is , for complex values 
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s, s-| and s^. There we may go round the poles in some arbitrary 
2 2 2 manner. Of course when M-j , M2 are above their 4m threshold we then 

have to take more care about their continuations. We have the case 
2 2 2 

M-| = M2 = m and so we never hit these poles or branch cuts on the 

real axis. 

We now turn our attention to the cut running between ^ y j J . 

Having done the integral we continue s-j, and any of the other 

invariants that were continued back to the Euclidean region, thus 

killing all the phase picked up by the log f l i } term in the f i r s t i j 
2 

place. We may now continue s, Q to the physical region as may be 

desired. The term resulting from the y i n t e g r a l will in general 

pick up a phase becuase of its logarithmic singularity. This phase, 

if any, is however a constant independent of the invariants and 
since i t has to be multiplied by log £2 if" will be down by 

a factor of 1/u compared to the pinch term discussed in section (a) 

and is, therefore, negligible. 

Finally we deal with the square root coming from 

(4.1.43) <v\ ^ -a = V 4Ac 

" A 

This comes from (4.1.38). We define 

! 2. 
| x : o< (i- Oi) Mr 

(4.1.44) J 

t 
V. u> : -
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Hence from (4.1.36) and setting *X = 0 we find 

(4.1.45) 
r A = 

6 = 

c = 

We then find that 

(4.1.46) + A C [ { l O - l Z r ? ) ' - Sr ( t K i - l l r f - f 

in our asymptotic limit. Thus from (4.1.43) the Cc\+-'rl-) does NOT 

behave like a square root. Using (4.1.44) we also see that (w - 2Zm )̂ 

is negative definite in the physical region. Hence we need not worry 

about this term. 

Thus although the term from the integral is a potential 

source of trouble, its analytic structure is such that its contribution 
2 2 ? is irrelevant as long as M-j , M2 <. 4m . 

p 

So to calculate in any region we f i r s t check that (Q - s^s^/s) 

is finite. If it is then we compute the phase of the log in (4.1.17) 

and multiply by the integral which we do naively. If it is not 

then the answer is zero. 

4.2 A more general analytic continuation 

We return to (3.2.5) and keep Q2 and Q'2 distinct but let 
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P p ^p 2 
Q = Q and Q = Q' . We st i l l neglect the distinctions between s-j and 

s^' and s 2 and s2 ' • This is a great simplification compared to the 
2 

case of keeping all the Q distinct. The D-function may then be 

written as 

2 
(4.2.1) D = + 

where dQ is given by (4 . 1 .2) . The amplitude is still given by (4 . 1 . 1 ) 

i .e. 

(4.2.2) A _ f 

X D* 

Scale or, p , J by ^ and ^ , j by ^ . We get 

(4.2.3) * i. 

( , . " + PM(<?" 4 SOiOte'- 4- d/rj^V) 

d0 is now independent of j> ,£ y * 5 y . We do the^ , ^ and S -integrals 

trivially giving 

' J-K I 

(4.2.4) 

A = V ^ N J ^ O - T ^ P * ^ / F ^ * M ) 

•'c? 'o • 

, 1 f 1 T -
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The difference between here and the previous section is the presence 
2 2 

of the explicit f-dependence due to Q ^ Q' . Performing the 

j 7 -integral we get 

(4.2.5) 

A ! 
A " 3 J 

^ SO-r^) CLocdtf 

1 
r 1 — r ^ r r ~ ^ C ) 

We now set the pinch conditions (4.1 . 1 1) in do as we did in section 

4.1 . (a) . These have not changed. Each of the two integrals in 

(4.2.5) is similar to that encountered in section 4.1 . (a) - see (4.1.8) 

- except that our denominator is to the cube rather than to the fourth 

power. We proceed in exactly analogous steps to be found from (4.1.12) 

to (4.1.19)which allow us to arrive at 

(s-s,- s^+Q-) 

nn&S'S^o (̂ '.-s.-f- q1)"! 1 clStSl 

The nature of the integrals are identical to those discussed 

in section 4.1 .(c) and hence are irrelevant to the continuations which 

interest us. 

2 
If we take a Q -discontinuity the f irst term only contributes 

2 2 2 the second being independent of Q .and the 1/(Q - Q ) gives us an 

infinite contribution. This behaviour as we will discuss and show in 

the concluding chapter has a rather trivial physical explanation and 
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will lead to an infinite time scale hidden in our amplitude. The 

s-discontinuity is still finite and gives the same cross-section as 

before. 

4.3 The most general analytic continuation 

In this section we maintain the distinction between all the Q2,s, 

However, we keep s^ = s^' and s 2 = s ^ as there is no need to continue 

in these variables. If the distinction is kept the algebra does not 

get more complicated. The algebra involved in this section is 

extremely tedious and consequently a lot of it will be left out. 

From (3.2.8) we write our amplitude A as 

« 

(4.3.1) A 7+ 

where 

(4.3.2) ol0 - ^ ( f + S j M ^ - f - - ( * t f + 
2 Z 
m 

We start'off by scaling by ^ and Y, by j . Hence, re-writing 

the D-function using the constraints imposed by the resulting^-functions 

as a result of the scaling trick we find 
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(4.3.3) 
1 

-t 4* 

where 

(4.3.4) J* - ocO-oOM, + H2
Z - ™ 

We trivially do the $> and ^integrals using the $ -functions. This 

causes the upper limits of the / andyw integrals to change to (1 -/V) 

and (1 respectively. dQ is a function of-vj, ^ , « and V , 

We suppress its dependence on <x and X by substituting them for the 

pinch conditions ( 4 . 1 . 1 1 ) . We now have to make a fortunate choice 

of the order of doing the integrations. We start off by doing the 

/ - i n t e g r a l followed by the ^-integral and then the ^ -integral. The 

integrals involved are elementary but the algebra extremely tedious. 

The result is 

(4.3.5) y J 2 Z ] p r f 1 

i 
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where 

( a - ^ (s - s z ) t 

t I f a + I o , 

a! = m { t e W * - V - S Y 1 ) } , 
f _ / 2, 2. Z. £ / "V 7 

b - n -&<5> 3 4. [ ( & + - Q ) * • , 
tt — z \ i , f ~ 7 a { -- £ ; j b, = ^ i ^ d o ^ 

a l - J ' b* - n^QrJc 
"2. ^ 

2. -
o 
r 
0 

Some of the ^-integrals are of the type 

r 
(4.3.7) jLt (aWfc'j 

These cannot be expressed in terms of elementary functions. They are 

given in terms of Spence functions [l4j . Had we done our integrations 

in a different order these Spence functions would have appeared at a 

very early stage and the subsequent integrations would have been 

considerably more difficult. 

To do the tf-integration we will use a possible standard form of 

the Spence functions, f , given by 



(4.3.8) 

where 

(4.3.9) 

-1 b - ai JLj, 
aA -bd. C [ aA-tc 

3 

1 0 

for real x. As discussed in [ l 4 ] t h i s may be extended to complex 

values of x. 

The next obvious step is to use (4.3.8) and 'turn the handle' 

to work out the #-integration in (4.3.5). Having done that we 

discovered that Spence-type integrals were irrelevant to the 

continuations of interest. With hindsight we split (4.3.5) into 

terms that generate these Spence-type integrals and those that do not, 

The identity 

(4.3.10) a 
(at(+b)(a'*+l>')L ( a A ' - a ' l ) 1 l*«,b) [abWt,)' fab') (ab'-a%) (akH')z 

allows us to rewrite (4.3.5) as 

(4.3.11) /J - 1 f j i ^ i j j ^ S ( l - i - j ) 

/ 

where 

(4.3.12) A, a U 
(afc'-a'tO* 

(W -Q-t) a* + 1 ao f \ 
n M 



(«*+ b)1 

* -1- —- - : _ 
Ci^bK^b') \ + K * ^ ) 

It will turn out that all the phase information, insofar as 

continuation to the physical region is concerned will be contained in 

A^. A-j will be irrelevant. 

Let us f i r s t turn our attention to A2« The cx-integrals are done 

using the following 

r 
(L,fi>b3Cb''31 

(4.3.14) H (<z<*vfe,) 2.
 0 a, b U+b) 

and 

r 
(4.3.15) <t« 

Some lengthy and tedious algebra eventually reveals that 
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v - i 

-r-l 

X 

oqô 5̂ -t- do 1 

JoJ 

(4.3.16) 

where 

c — i 

+ [ m l ^ w j - fau* fiW) ( < £ » £ ) 

(4.3.17) 

-=- ^ -v^ s -t-

To analyse the large Q2, Q'2, Q2, Q2 behaviour it is perhaps useful 

to make note of one of the identities ; 
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(4.3.18) / 

1 , a , -1 2. _•«- 2- / 2. ^ 2 . , , 2 -X") 

We then observe that the coefficient of log J 

,2, behaves smoothly as all the Q s are made equal whereas the coefficient 
2 of log Q s term will contain infinite discontinuities in that limit. 

We now turn our attention to A-j and show that it does not 

contribute anything in the physical region. If it did then it would 

lead to a change in the value of the cross-section evaluated in section 

4 . 1 . It turns out, with hindsight, to make use of the property of 

Spence functions, f , that for complex Z-, [14]. 

(4.3.19) / ( i ) + - - ^(-z) 
to 

Making use of (4.3.8) and (4.3.19) some more lengthy and tedious 

algebra allows us to write A, from (4.3.12) as 



^b)2- A, 

- a ' ] 

[ v M ] M ^ V - i f f ) + U W ^ s U ] 
I ^ N + - M « ^ J - i p . - ^ l C s , - ^ 

(4.3.20) 

I 

[ S r ^ J C ^ + j - J J / 

\ 
i /i 

y 

4 oat (?-> r ) 

+ 
s^j^I ft 4 IKfet- ( Cĝ j 

- <£] [if + ti* <?'?- (?) J 

! 
^ j I Cv^] cv\> - tt) ^ ^ V - * - 3) ) 

In the physical region we can write 

(4.3.21) + m & t ) ( £ - ' £ ) 

where we have made use of (4.3 . 18) . We see, using (4.3.21) Jthat the 

arguments of BOTH logarithmic terms in (4.3.20) are of order unity. 
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Hence, up to corrections of 0(l/u) these will not contribute to the 

cross-section. 

The arguments of the Spence functions are either zero or of order 

1/S. It is proved in [ 1 4 ] that 

n •n 

(4.3.22) j / W * ) s 1 J - t f a o + f - ) ^ A l 

f / 

from which it follows that the imaginary part tends to zero as r—>0. 

Thus in the physical region the Spence functions in (4.3.20) have 

negligible contributions. 

Hence insofar as continuations to the physical region are 

concerned A given by (4.3.11) is effectively 

1 

(4.3.23) A = j f ^ ^ ^ ^ S (l-̂ -̂ J A2 

where Ag is given by (4.3.16) . 
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CHAPTER 5 

The Analytic Structure of the General Ladder Diagram 

This chapter consists of two sections. In the f i rst one we 

show that the analytic structure of the general ladder graph is identica 

to that of the one-loop diagram. However, a difficulty not present at 

the one-loop level will emerge. In the second section we show that the 

pinch condition leads to factorization into electroproduction structure 

functions. 

5.1 The analytic structure of the general ladder graph 

Fig 5 . 1 . 1 shows the general ladder graph 

P l \ 

rt 

A 
I / 
/ 

M 

v, 

h 

oC*. 

<*3L a. 

Vi 

2 k ' 

h • 
s, 
'WV̂AA. 

Fig 5 . 1 . 1 The general Drell-Yan 

ladder 

w 

p,' 

The amplitude A is given by (2.3.7) 
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i 

(5.1.D A - c 

where . n = p - 2L - 2 

p = no. of internal lines 

L = no. of independent loops 

represents collectively all the Feynman 

parameters (indicated by Greek letters in Fig 

5 . 1 . 1 ) of the graph 

The D and C functions as we have seen from (3.2.1) and (3.2.2) 

are given by 

(5.1 .2) b -- £ £ * + - + g^JS2-

(5.1 .3) C = ( £ + 5«) ° 

f , f L , gu and gL are represented by the cuts of fig 3.2.1 

At this stage we are neglecting all the distinction between 

left and right hand invariants of equal magnitude. For undressed ladder 

graphs this distinction is irrelevant insofar as the s-discontinuity 

is concerned. 

We define the amplitude A(X) by 

j 

m ) stN-rfjc" 
r 

(5.1.4) A ( ^ ) 

Thus from (5 . 1 . 1 ) we have 

(5.1 .5) A = 
(n+fy. 2 % - v 
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We need to know the explicit form of f u , f^, gu» gL to make 

progress. These are obtained from the cutting rules. They allow 

us to write 

f zr 7 T < r ^ f i c<C s. ^ lA. ( r t 
M - ) 

(I 

I - I 

L-1 
(5.1.7) £ r 7 T $ - : K £ ^ 

J-' r - x 

• ^ - . . - w ( 4 , + ^ ) c c v , < > ( f a f j 

(5.1.9) 

with 

(5.1.10) 

1 = . 0 

c/ -

* K 

e(N ) is the determinant of the graph from the c( to ^ 

rung inclusive. Using the cutting rules we may write 

(5 . 1 . 1 1 ) C = M ^ J C + 

where f^ (N-l) anc* ^(N-2) i a r e defined by t h e c u t s 5 . 1 .2 

L , / 

» 
'l^i-a... i 

Fig 5.1 .2 Diagram defining the 

—i.. (N-2)—^-^(N-2).. i 
cuts , 

f i . . . N - l = aN-lfi...N-2 

A... N-l 
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The reason for writing in the form given by ( 5 . 1 . 1 1 ) is 

to show explicitly ALL of its c(hJf and dependences. It will 

become apparent later why we want to do this. 

Using ( 5 . 1 . 1 1 ) we can re-write (5.1.9) as 

M-l 

i r i ^ <)'1 

Similarly we have 

(5.1.13) V Z T ) ^ 5 ^ C - ^ - - f - 2 C . - . - ) 

•t-1 d 

where ALL the \yyUuand v£ dependences have been explicitly demonstrated 

In (5.1 .4) we scale ^ , f ^ and ^ by ^ and 9 ^ and v>u by 

and we see from (5 . 1 . 12) 
t 

where 

(5.1.15) j / c ^ = ( f i + S i ) [ " J c ( < • • • • * , . - , ) * » - < J 
I ~ ' o 

(5.1.16) £ T < « 

(5.1.17) C C f ) C ( M j ) 

Analogous expressions exist for gL and f. . To arrive at the above we 
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have made use of the fact that after scaling ^rf^-tS^ - / i;u 

The set ( ^ , f , ^ )is unique in that it is the only one among ~ 

( , which leaves us wiM. <t linear dependence in after 

scaling. The rest have a quadratic dependence. The same is true 

for \>J when compared with The resultant pinch 

integral is then identical to the one-loop case. The difference 

between the general loop and the one-loop diagram, which will lead to 

a slight difficulty, is the presence of g 1 (vj)(and g L ' ( ^ ) ) in 

(5 . 1 . 14) . They are zero in the-one-loop case. After scaling we can 

trivially do the JN , and v>L integrals as they have disappeared 

from the D and C functions. We may then write (5.1.4) as 

(5.1 .18) Jo Jo 

C (.?/ v., v., «<«j, tfu j 

-i 
where ( ) represents the unsealed Feynman parameters. The pinch 

conditions (3.3.6) now read 

(5.1 .19) 

3 'S 
- O 

where 9U(^ ) and g L ( ^ ) a r e given by (5.1.14)-thus allowing us to solve 

for the pinch values and T u of and respectively. These values 

of d^ and 1fL are substituted everywhere except where they appear 

as coefficients of the large variables or of ( t t - s & f e ) 



We now have our and X. integrals of the form given by (4.1 .14). 

Some elementary but tedious algebra eventually yields 

— o 

(5.1.20) 

where 

l -iii...M-, * I r t - - * ^ ^ faS job 1 

/ 2 0 (•/••• aJ- I J /••• L-l — 

/ 4 

(5.1 .21) 

6 ~ J® f % 

j. r C a l l , , * tiVVrJSj. + ^ * ^ f ^ 

We may neglect the 'X-dependence in a, b, c, d in our asymptotic 

limit so that when A given by (5 . 1 .5) is evaluated only D need be 

differentiated w.r.t. X . 

For the one-loop diagram we have 

(5.1.22) 
s / ' i ) - s j ' n ) = ° 

•• IS/-, ~~ L - l ' 

and we are left with only the -integrals after having done the 



(5.1 .23) < 

pinch. Then (5.1.20) reduces to (4.1 . 16) . 

It will turn out to be useful to write a, b, c, d in (5 . 1 .21) in 

a different form. 

t =• <zz 

c = - g ^ n ) * 2 , 

where we have set X = 0 and neglected the finite d0 term. 

We now wish to calculate the phase picked up by the logarithmic 

term in (5.1.20) as we continue to the physical region. This is not 

as trivial as the one-loop case where the logarithmic term behaved as 

log • R e c a ^ t h a t t 0 calculate the cross-section we 

essentially want to know 

_ i i — / x 

(5.1.24) BJ = flh^-v^r^ - h - ' r ' T ' i r * * r ? e 

When we continue - s -se1/Land -Q2—^-Q^e^we can ALWAYS keep 
2 2 Q - s - ^ / s small by continuing s and Q simultaneously. In (5 . 1 .21) 

2 

we may, therefore, neglect the Q - s^s^s term and we see that our 

logarithmic term does behave like Itog Q s/s^s^ . This term is phase-

less for the continuation s-s^-re 1 ^, - Q2—v - Q2
e"i7r. This is NOT 

manifestly obvious when we write a, b, c, d in the form (5.1.23) whose 

usefulness will become apparent shortly. 
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When we continue - s — s e ' ^ a n d -Q2—v- Q ê"1"̂ we CANNOT neglect 
o 

Q - s i s 2 ^ s a s ^ becomes during the continuation. Fortunately 

we can determine the phase picked up by the log by observing from 

(5.1.23) that: o 
(i) the phase of b is always given by that of Q. 

(ii) (a) Ml > fo'WlQ*' 

(b) if *i lTil < \<f) 
2 

then the phase of c is given by that of ŝ  if (a) or that of Q if 

(b) is satisfied. 

( i i i ) (a) if ^J,..,., Iffcl > g L
f ( V ^ 

(b) <f \ /**/ c ^ ( n ) 
p 

then the phase of d is given by that of s 2 if (a) or that of Q if 

(b) is satisfied i7t 7 2 • 
(iv) Since we know that for the continuation - s — s e and - Q—5>-Q e 

the logarithmic term is phaseless we can determine, what phase a picks 
up in the four regions defined by (ii)(a), (ii)(b), (iii)(a) and (iii)(b) 

The four regions^and the phase of a in each region^are: 

(i) 

> 3 / ( 1 ) i f 
(5.1.25) ^ 

Then b/cd picks up a phase of (-1 ft). Hence a must pick up a phase of 

(i TC)» i .e. the phase of a is being determined by that of s. 

(2) 

P £ . . « - , HI > It* 1 

(5.1.26) J 
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then b/cd is phase!ess and so must be a. Thus the phase of a is being 

determined b y ^ f . g ^ )s., + ^ f ^ ^ ) 9U'( 7 ) S^which is 

not being continued. 

(3) 

(5.1.27) 

The argument is identical to that in (2) 

(4) 

(5.1.28) 

i L u ; I Sxl < 

then b/cd picks up a phase of (~i7T). Hence a must pick up a phase of 
2 iic s i .e. the phase of a is being determined by that of Q . 

Observe that all the s-dependence is in the a term and we see 

from the above that the only case the phase of a is being determined by 

s is when (5.1.25) is satisfied. I t , therefore, follows that for the 
— T7P 2 2 — 17T 

continuation - s->- se , - Q — Q e the logarithm only picks 

up a phase of (-2i7C ) provided (5.1 .25) is satisfied. 

We may, therefore, write (5.1.24) as 
i 

A s { l e x ) } i s o - n - T - s y ) 
J* (/ - * / s ) ( / - S^J 

(5.1.29) , 
v S h j L u , /a/ - i f a M l ) & C ^ L j ^ - s f o ^ ^ - . 



6 5 

where the conditions (5.1.25) have been incorporated through the use 

of the 9 -function defined by 

We see that as in the one-loop case we have picked up an overall 

phase of (-2in ), albeit with certain restrictions, in spite of the 

more complicated looking logarithmic term. Note that in the one-loop 

case the & -functions do not impose any cut offs on the range of the 

integration variables. We will see in the next section that it is 

precisely these restrictions that will allow us to write ^ - f f t j in 

a factorized form. Otherwise the analytic structure of the general 

ladder graph is precisely that of the one-loop diagram. 

o 

We will not be considering the case of keeping any of the Q 's 

distinct as we do not believe any new features other than those that 

have appeared at the one-loop level will emerge. 

5.2 Factorization of the cross-section into electroproduction 

structure functions 

Using (5.1 .5) we get from (5.1.29) 

(5.2.1) > ' h t s & ) 9 ' ' ^ ' - ah' ^ l E i f u . ^ J l ) 

(5.1.30) 

£1 , 
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D is defined by (5 . 1 .2 1 ) . The above may be written in the following 

neat form 

(5.2.2) (dj) c \ ) £(»-#) s 

•where we have re-introduced all the Feynmam parameters present before 

scaling and extracted a large s term from D as defined by (5 . 1 .21) . 

The proof of (5.2.2) is best seen by scaling S»/ and 

in (5.2.2). We then do thej7* , 9 ,\?u integrals trivially picking 
/ 

UP (1 " ) l n ^ e numerator. We then do the and XL integrals 

through the £ -functions thus recovering the 9- -functions which appear 

in (5 .2 . 1) . These cut offs will be obtained from the upper limit of 

the and \ integrals. All the other factors are reproduced faith-

fully. D in (5.2.2) is given by 

(5.2.3) D r̂ (<?*- S f y s ) +" 

o 
where a term (Q - s-js2/s)d0/s has been neglected. All our factors 

are now as defined in (5.1.2)and p. 1.3). Summarising we have 

(5.2.4) A { 0 } « ' $ \ i i ) C ° So-SP?) s (f„ * g// s .)S j 

We would like to stress that therepresentation (5.2.2) is only 

valid in the physical region where 

2. 

(5.2.5) § - % < O 

From the kinematics, ( 3 . 1 . 1 1 ) , we have 
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(5.2.6) Q - - * £ -
( -

- PC, 
/ - 3C. 

From the £-function constraints in (5.2.4) we have using (5.2.6) 

(5.2.7) £ j * 
/m-9. 

L 

Thus from (3.1 . 12) i t follows that 

(5.2.8) Q - SjSz. -
sy 

. M l k k ^ T (T^i) 2 j 

which we use to prove that (from (5.2.4)) 

(5.2.9) 

" 5 I ( f s M s k ) D ' 

Resorting to the exponential representation (see (2.3.11))we may 

write (5.2.9) as 

(5.2.10) 

where 

r n 
<30 

( f » * h ) ( f < . + 3L 

(5.2.11) D - ( M 2 2 ) i 

We now interpret, in a natural way the upper and lower halves 

of the Drell-Yan diagram, fig 5 . 1 . 1 , as the electroproduction diagrams 

shown in fig 5.2.1 
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Fig 5 . 2 . 1 : These two diagrams illustrate how we associate an electro-

production diagram to each half of the Drell-Yan diagram, tf. and 

are faked lines that have been introduced as we wish to use the 

results of appendix C. 

We refer to the amplitude in f ig 5.2.2(a) as A" and fig 5.2.2(b) 
r 

as A^ where U and L refer to upper and lower halves and e.p. stands c • u 
for electroproduction in an obvious notation Borrowing the results 

of Appendix C we write 

(5.2.14) 

- J.«.p./cu 

(5.2.12) = ̂  (Wi s a* gy/o e-
^ U 

c* 
(5.2.13) fl^-p.} -- ^ fojSCJL+a&s,) 

C » £ 

C J = x- L-

= i PC*.) 
5 

<Ko = C> 

- JL R*») 

where L>9|_> a r e identical to those that appear in (5.2.10). 

F(x-j) and F(x2) are obviously defined. 
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We prove in Appendix D that 

(5.2.15) D - (L g.p 

c " cu 
cL <2. 

z Ho'0 

So using the above results in (5.2.10) we immediately obtain factoriz-

ation, namely, 

(5.2.16) 



CHAPTER 6 

CONCLUSIONS AND DISCUSSIONS 

Two features absent in electroproduction have emerged in this 

analytic study of the Drell-Yan amplitude: the totally non-uniform 

behaviour of the amplitude as a function of the invariants and the 
? 

presence of infinite Q - discontinuities. 

The f i r s t of these should not be totally surprising as we have 

seen the dominant contributions to the amplitude is due to a pinch in 

Feynman parameter space. The pinch only occurs when the invariants take 

on some very special values. Infinitessimally away from these points 
4 2 

the pinch term behaves like ((l/S) or (1/S) (for the one-loop diagram). 

The dominant contribution to the amplitude then comes from the end-point 

singularities of the Feynman parameters. This results in an asymptotic 3 1/S behaviour. 

o 

We now turn our attention to the existence of the infinite Q -

discontinuities and consider their physical interpretation. One of the 

Q -discontinuities corresponds to cutting the graph as shown in fig 6.1 

Because we are studying the forward scattering amplitude putting 
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2 2 

infinity c o m i n g - Q' ) term is related to the fact that in 

this kinematical configuration are on shell and can propagate 

for large times. Thus the distinct collisions A, B, C and D of fig 6.2 

may occur at 1arge space and time separations. The existence of these 

infinite time scales hidden inside the analytic structure of our 

amplitude hardly increases our confidence in the use of the operator 

product expansion for this amplitude. Vie will come back to this 

point later. In electroproduction these infinite time and distance 

scales do not exist for consider the one-loop electroproduction 
2 diagram in fig 6.3. In electroproduction Q is negative and thus we 

are always below the normal threshold of this 
9 

< ? 

Fig 6 .3 The one-loop 2—h2 

forward scattering 

amplitude. 



3 2 

? 
invariant. We must look for other processes where Q is large and 

positive. This is to be found in e+e" annihilation. The total cross-

section for this process has been analysed by an OPE treatment but there 

the amplitude of interest is the 1—>1 forward scattering of fig 6.4 

Fig 6.4 1—>1 forward scattering 

in total e+e" 

annihilation cross-section 

2 2 

and obviously the distinction between Q - l e f t and Q -right is irrelevant 

as we are interested in the discontinuity of this variable. However, o 

the problem of infinite Q -discontinuities arises in the one-particle 

inclusive cross-section for 

e+e ) h + anything 

The relevant amplitude for this process is fig 6.3. Now we must keep 
2 2 the distinction between Q and Q1 and we see that in the forward 

direction when/x goes on-shell so does v . This will give rise to 
2 2 

a 1/(Q - Q1 ) term. Unfortunately no OPE treatment of the process 

exists. 
f. , 

The hadronic tensor, W^ , for the Drell-Yan process [3 J is 

essentially 

D.Y. f -ttfj.ac 
(6.1) i £ J S l f i ^ - . , . P ^ O . ^ ' l ^ w l n V n i a - Z o M P , ^ 

~ iq-X | -r — 
d c\ S f ) ^P, P^'l ^ UJ T j o ) | P( 
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The second step follows from the completeness relation for the inter-

mediate states The diagram corresponding to (6.1) is shown in 

as x .̂1—> 0 or yy x ^ — ? 0 . The analogous tensor for electroproduction 

[ i s ] is 

ift.P. 
v y s = A ® ( p M - P J ip> 

( 6 . 2 ) 
- IxJZ <£ p) 

Its diagramatic representation is f ig 6.6, What allows progress to be 

made in electroproduction is the ability to replace the product fyw'Jvfa) 

by the commutator [ J^ (x), J v (o) ] . This is because the 

tensor W*,ft corresponding to sandwiching J^ (o) J^ (x) between the proton 

physical states gives zero as a result of the spectral properties of the 

states [l5]. As we now have a commutator, we may by causality only 
p 

consider values of x such that xc > 0. It is this constraint that 

allows us to prove that electroproduction is a light-done dominated 
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process 

Fig 6.6 Piagramatic representation Fig 6.7 Diagramatic representation 

• of WhJ 
7 of W 

e.p. 

For the Drell-Yan process this is not the case. If we wish to 

replace the product J w (x) J (o) by a commutator we must subtract from 

w:; the tensor W^ where 

Wj J* 

(6.3) 

9 

vi) 

This term corresponds diagramatically to fig 6.8 and there is no reason 

why this should be zero. 
7 ( f , 

/vAM 
Q vâ VA 

Fig 6.8 Diagramatic representation 

of W £>y. 
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However, note the difference between fig 6.5 and fig 6.8. The former 
? 

corresponds to taking the discontinuity in s = (p̂  + p2 - Q) of the 
2 2 

3—>3 forward amplitude where s-j = (p^ - q) , s 2 =(P2 - q) are negative 
2 

and s, Q are positive. The latter corresponds to taking the _ 
2 s = (p-j + p2 + Q) - discontinuity of the 3—* 3 forward amplitude where 

2 2 2 s-j = (P-j + q) » s 2 = (p2 + q) , s, Q are all positive. We know from 
our analysis of the 3 —» 3 amplitude that fig 6.8 cannot be dominated 

by a pinch whereas fig 6.5 is . Consequently fig 6.8 is down by a 
3 3 factor I/u compared to 6.5 at least in our <p -model and considering 

only bare ladder diagrams. Hence to a good approximation we may write 

(6.1) as 

{6.4) * 

Since q > 0 we may go to the frame q = (q°, to do the x-integral 

There we may expect that the integral would be dominated by 

—> o % 
2 

in the asymptotic large Q limit. Moreover since we must have 

z ->~ OC - Xt, - > o 

by the causality property of the commutator, then 

a * DC < JC0 > -i o 

Hence x 0. Thus we expect the contribution to (6.4) to come mainly 

from the tip of the light cone x ^ — , i .e. a short-distance dominated 

process, as in total e+e~ annihilation cross-section [ l 5 ] . 

But this is as far as we can go. We are now faced with two major 
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difficulties. The f i r s t was pointed out by Drell and Yan [ 3 ] . The 
p 

limite with fixed p̂  and p2 in (6.1) corresponds to Q /u — a n d 

this is very far removed from the experimental regime of study and 
2 

interest. But it is just this region of asymptotically large Q /u that 

is probed by taking q ^ — a n d expanding the matrix element about the 

origin in a power series of x^ x* and +P2). Somehow one has to 2 2 relate the Q limit to the Q /u —> finite limit. In the former 

region the pinch term is absent and it is very difficult to see how 

these two regions can be bridged by some form of analytic continuation 
$ 

like dispersion techniques. This is the second problem. 

Even if this were successful somehow it seems impossible to 

reconcile the existence of large time and distance scales with a short 

distance expansion of the matrix element. But an observation is in line 

here. If we go back to the cases where we kept the Q 1s distinct we 
2 

note that the infinite Q -discontinuities separate out in an additive 

manner from the s-dependant terms yielding the cross-section. Although 

a full short-distance expansion of the matrix elements seems impossible 

a partial one may be successful to the e 1 ^ ! + term of 

<P-jP21 [ j . ( x ) , J^ ( o ) ] l P-|P2) which leads to the s-dependance of the 

tensor. 



APPENDIX A: Feyrimari Rules in ff3 [ 8 ] 

Corresponding to a given Feynman diagram there is a contribution 

to the S-matrix given by the following rules: It is an integral taken 

over the four momentum of each internal line in the diagram, these 

four-momenta being labelled independantly in the f i r s t instance. 

The integrand contains the following factors 

(1) T ^ - T ^ r r i T e a c ' 1 internal line of four-momentum k 

(2) 1 for each external line 

n L̂ 

(3) ( - i ) corresponding to the diagram being n order in the 

perturbation expansion 

4 r(4) 

(4) (2TI ) o (p ~ P* + k) for each vertex so as to give energy-

momentum conservation for each line p entering and p' leaving 

and k entering ( or -k leaving) the vertex. 

The S-matrix element for a given process is the sum of all the 

Feynman integrals allowed for that process 
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APPENDIX B: Cutting rules for graphs in f 3 [8 ] 

We f i r s t give the rules for writing down the function C ( « ) . 

A set of cuts is made in the internal 1 ines such that: (i) every vertex 

is sti l l connected to every other vertex by a sequence of uncut lines; 

( i i) no further cuts can be made without violating ( i) . The set of 

cuts corresponds to a contribution to C that is the product of the 

corresponding to the cut lines. The complete expression for C 

arises from adding in the products of oc' for every possible set of cuts 

that obey (i) and ( i i ) . 

We now give the rules for writing down the D-function. This 

expression is a linear function of the various Lorentz scalars (but 

not all of them) that can be manufactured from the external momenta p. 

The rules are: By a set of cuts on the internal lines divide the graph 

into two disjoint parts such that within each part the previous rules 

(i) and (ii) are obeyed and such that at least one external momentum 

line is connected to each part. Any such set of cuts yield a product 

of c{. for the two disjoint parts exactly as before. These products 

are multiplied together and are also multiplied by the Lorentz scalar 

(F'p)2 where (£'p) denotes the sum of the external momenta coming into 

either of the disjoint parts (because of energy-momentum conservation, 

(r'p) is the same for both parts). Do not forget the possibility that 

(27'p) may include only the four momenta in one external line for an 

appropriate set of cuts. We are not including the contribution from 

the internal masses in the D-function. This can be obtained from (2.3.8) 
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APPENDIX C: The el6ctr6prbducti6ri structure function 

There is nothing new in the following but we include it here for 

the sake of completeness, [ 16 ]. 

Consider the general ladder electroproduction graph in of 

f ig. C.l . 
k 

A 

A 

£ 

Fig C.l The general ladder graph for electroproduction. 

The right hand diagram is an obvious short hand rotation 

for the 1.h. one. 

2 
Our Feynman amplitude will depend on the invariants Q and 

2 2 s = (p + Q) . In the electroproduction physical region Q C 0 and 
2 

Q /$ is fixed. We define the Feynman scaling variable x by 

C.l x = - Q2/2p.Q 
We will use the exponential representation for the amplitude which 

is 

C.2 

-DZ C. 

A ( < £ * ) (TT^)CU e 

c2 



where 

b = tf.f? + rto^Q1 + a . 

and C are given by the usual cutting rules. The cuts representing f 

and G are shown in fig C.2 

Fig C.2 Diagram illustrating the 

cuts f and G 

To obtain the asymptotic behaviour of A we shall use the Mellin 

transform [ l 7 ] technique. This is defined through the following pair of 

equations 

C.3 

f ( « = J7(y f "jfc 
"a 

f ( f c ) F ( ? ) t F d p 

where F(f ) is the Mellin transform of the function, f ( t ) . The contour 

C which appears in the inversion formula is parallel to the imaginary 

axis and F(p ) is analytic along C. 

p 

We take Mel!in transforms w.r.t. s and Q . Let their transform 

variables be j and k respectively. Then 

C.4 

oo 
A 5 j I s l s t s'*" (C?)'k" R 

r ^ A 
J A : ~ 2 cik J/ S1 (Q*) Af/,k) 



where C-j and C^ are inversion contours defined in C3. Substituting 

for C.3 and C.2 in the top equation of C.4 we find 

C.5 P(-jJPC-fe) frJfJok f V " £ 

Integrating by parts w.r.t. <X0 we get 

C.6 AU.W 
r -l/c <=• \ 

* C J _ + M Z ; 

The regions of analyticity in the j and k'complex planes are 

C.7 
r < it* j < o 

\ -1 C (?<zk < c 

C.7 defines the regions where our inversion contours will lie. 

We f i r s t of all take the inversion w.r.t. s and for large s 

the leading term comes from picking up the residue of the rightmost 

pole on the left of the inversion contour which is at 

j = - k - 1 

Hence 

C.3 - -ki ^ > J dot' 

-

e 
c. 

where we have set j = - k - 1 everywhere except where i t appears as the 

pole and as the exponent of s and where we have used the result 

C.9 r e i k i s s t h (h^r 
^ J c ( p - h f cn-/)r 



2 
The inversion formula w.r.t . Q gives us 

AM*) - —: 2-ttL <ik(<f) A M ) 

Hence, from C.8 we have 

a is,?} * - r ~i/ci f 

^ J - ̂  j«„L c . ifs ; 
IS ^ 

Since Q / s is fixed we are not allowed to pick up the pole at k = - 1 

to get the leading large behaviour. The k-integral may be done 

exactly through the formula: 

C.10 2ni F(f>) 

X - »«> 

° > ¥ <: (•- p>) , ( < 7T 

Using CIO and doing the or. integration we get 

C.ll A M * ) 
-<Vc 

= O 

from which i t follows that 

r 

C.12 / ^ [ f l C ^ ) ] * - ^ L i frrd^) 

is related by the optical theorem to the total forward 

compton scattering of p + Q->anything. A ^ is called 

the electroproduction structure function . 
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APPENDIX D: Essentially the proof of the factorization of ladder 

graphs 

The notation here is identical to that of Chapter 5. 

We wish to prove that 

D.l 
A = 
c c 

/ + - c t p . p . 

We have seen from Chapter 5 (see equation (5.2.11)) that 

D.2 D « i t m,2" * u -

dQ may be written in the form 

D.3 d - CLm,\ J X - c ( n + 2 0 

2 2 
M̂  and M2 are the external masses and m is the mass of each internal 

line. 2Ti ; 27?, represent sums over the all the Feynman parameter 

of the upper (U) and lower half (L) of the diagram where the photon 

vertex represents the dividing line between upper and lower halves of 

the diagram (f ig .3 .2 . 1 ) we have 

D.4 C = <:(*,...*,) 

D.5 f C u 

(or 5.2.1+) \ ^ 

= f + Ju 

- £ + J , 

The cuts corresponding to f u , f L , gu and gL have been defined in fig 

3 . 2 . 1 . C u and C, , we recall (fig 5.2.1) are the determinants 
IS a s_o 

of the electroproduction graphs we associated with the general Drell-Yan 
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ladder graph. We can write 

M, - vn 

D.6 

Insofar as the internal masses are concerned we see from D.2, D.3 and 

D.6 that they satisfy identity D.l. Moreover, we need only show that 
2 

this identity is true for the term proportional to M̂  . The proof for 
2 

the term proportional to N̂  then follows. 

Hence proving D.l is now equivalent to proving 

D.7 C 
(fu* + du 

where we have also made use of D.l, D.2, and D.3. Substituting for C 

from D.4 and Cu from D.5 we can re-write D.7 as 

d* O L 

The cutting rules with reference to fig 5 .1 . 1 allow us to write 

i 

where 

D.10 -f '=• 1 1 °<n Jn... s> • _ n ) - ri 

Y l ) is the determinant of the graph from the to the ^ L
t h 
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rung inclusive. For clarity we depict the cuts corresponding to du in 

fig D.l A* 

Y I 
Fx- fa' 
/ v 

7 \ 

q f , AM)W/A • 

\ f 

h <52 

V/ 

A' 

/ 

Fig D.l The cuts corresponding 

to d. 

Using D.4 we have 

D.ll C = - + ( £ + j J 

The cuts corresponding to gt ^ are depicted in fig D.2 

Fig D.2 The ucts corresponding 

We also have 

0V-O {<»-£, M 
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/•cU 
The cuts corresponding to d are shown in Fig D.3 e~P 

Fig D.3 Cuts corresponding to clfi 

Using D.5 we have 

D.13 C U •f . 1 

where f., . and g, . have been defined by D.10 and fig D.2 
i . . . i I . . .1 

Substituting for D.13 in D.l2 we find 

D.14 ^ ( W L ^ ^ L * ( H ) * M L f f ^ J,.:.) 

Note that we have now reduced the proof of D.l to proving D.8. 

Substitute for du from D.9 into the r.h.s. of D.8 and we find 

r.h.s. of D.8 



Using D.l1 in the above we find 

r.h.s. of D.8 

+ •• • 

where C( <X( ) ' = 1 

We re-write the above as 

r.h.s. of D.8 

- Cfu+3u)/uv3« 

-a )/ 

u 
Since the f i r s t term in curly brackets is , using D.14 we find 
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r.h.s. of D.8 

= ( £ * 3 J [ u * tfca.) { ( f ^ ) £ u c w f a j ^ c w j 

Comparing this with the 1 .h.s. of D.8 we see that D.8 is proved if 

We re-write D.14 as follows: 

D.16 £1.p,| - + 

We have 
« 

D.17 C o , . . . * * ) - + * e c , C L # * - « » ) 

We iterate this to give 
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0.18 < 

Using D.16 we re-write the l .h .s .of D.15 as 

1.h.s. of D.15 

= ( M M L t C f * , . . 

+ [ L , * 

Using D.18 we re-write the above as follows: we leave the f i r s t 

unchanged, we re-write the second using the f i r s t 

of equation D.18 the third C{<*,... ) using the second of equation D.18 

and so on. We substitute for C(a;...*^ ) only when they appear as 

coefficients of f , M. 
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Thus L.H.S. of D.15 

+ { L c l „ + ) + ^ ^ • ^ L a . S ^ } 

i-.... 

+ 3 C (<*.-«., j } 

We now re-arrange the above as 

L.H.S. of D.15 

^ ( f z ^ K L J L ^ . . . ^ * C K - . - ' - O 

(D.19) 

^ ffsrf?) I X - 1 L ^ g , . . . ^ < 3 3 . .«) + - + ^ . . . o f ^ ) 

+ 31... i - , J 

+ ( j V S . ) C A - 1L. * j , . . . , * ^ , ^ ) ,.. ; 
j 



We now recall equation (5.1 .8) and we see that the f i r s t term 

in square brackets in D.19 is gu. Moreover we use D.18 in the following 

form 

D.20 < 

^ - C ) -

Hence, we rewrite D.19 as 

l .h.s. of D.15 

+ . . . . 

f . . . 

cJ^je C(V,o) - I 

Comparing D.21 with the r.h.s. of D.15 we see that D.15 is proved 

if the following can be proved: 
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'£<-%) Jf.+ija*....*,) - ctfefa...^) 

( £ ) C M = ^ j j _ v c ^ . . . 

or generally 

We now proceed to prove D.22 

From D.18 we have 

C ( c / ,
+
 4- ^ e c w - ^ ) 

Hence multiplying both sides by«\ we get 

D.23 £ - ^ + 

We can write (see equation 5 . 1 . 8 ) 

D.24 ^ , (J>+ f t ) C « . . c „ ) + <*, ... NJ 

Substituting for ^. .M ^r o m i n D « 2 3 w e 9 e t 

But <** + fi + $/ - £ Si 

Note that D.25 is the case of D.22 with i = 1 



It follows from 0.25 that 

Using 

0.27 c: ( ~ ... oil ) = r . +- a . +- ~ c. ( «' .l. - •• «" i ) 
jl---7 J_l.-1. I 

0.28 3 .... 1 

we find 

r.h.s. of 0.26 

CJ. ... i +-J, ___ l· )C(~ .... o<,..,) f- o<',
2 

C{o<J..···ol,·) C(o<J···dN) 

Using 0.27 for C(~ ... d
1
·) and C( ~- .. dN) we get 

r.h.s. of 0.26 

_ ot1 
2 
C { ot, . .. CJ!i }C (c(2 . .. <X'"'J 

Adding and subtracting 

r.h.s. of 0.26 

1. '2.. 2 ) 
tXr ot~ . .. o~,. C ( o( · ... o/1\J to the above we get 

l t-1 

0.29 

9 3 

=. L. I{ S. -./ (D~:Z.t, ) = {J
11 

+ :]
11 

) C {ex, ... c<',_-) 
\...; 



Comparing the above to D.22 we find that D.22 , j s proved if the 

last term in square brackets in D.29 is zero i .e. if 

D.30 

- - ( L i ^ n c ^ 

Recalling that fu= f^ ^ and 9U = 9-j N and comparing D.30 and D.22 

we see that their structure is very similar. So if we repeat all the 

steps that led to D.30 from D.22 we see that proving D.30 is equivalent 

to proving 

a . 

C («!...«„) - fB t C k v , . - ^ ] 

Iterating we will eventually find that proving the above is equivalent 

to proving 

r 

a* ) - ( f i <-Jc ) C ^ z - - ^ ) - j~{ C(oCi„ ...Jx 

and since C ) = 1 we will have to prove that 

But D.31 is precisely equation D.25 with 

/la - "O f r... AJ 

5<* ~ 3/--/V —> 

C (as,.-**,) —> 

-—> V 

Hence, D.31 is proved and consequently all the previous equations we 
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wished to prove, in particular D.l. 

This completes the proof of factorization of Drell-Yan . 
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CHAPTER 1 

INTRODUCTION 

Much of the phenomonology of Quantumchromodynamics (QCD) [ l ] is 

based on the theorem that mass singularities factorize [l8] and are 

universal in all hard scattering processes. A necessary condition for 

this theorem to be valid is that the Bloch-Nordsieck mechanism [ 1 9 ] 

for the cancellation of infrared ( i . r . ) divergences holds at least up 

to the accuracy required. This has not been proved in general and 

indeed recently Doria et al [ 2 0 ] have shown that the i . r . structure of 

inclusive QCD processes is very different from the structure in 

quantumelectrodynamics (QED). In QED the Bloch-Nordsieck mechanism 

cancellation between real and virtual photon processes is known to 

hold for all orders and for all powers of the logarithmic divergences. 

In QCD it is apparently sti l l true for processes with no hadronic 

interactions in the initial state, for example, e+e~—» anything [21] 

or in which there is only one incoming coloured particle e.g.tf^—* 

anything [ 2 l ] , there are certain errors in this paper because the i€ 

terms in propagators have not been taken care of properly. However, 

the results are st i l l true according to a check by J.C. Taylor (private 

communication). For processes where there are two incoming particles 

which can radiate soft gluon$ i t is false at order <x whereK= g , g 

being the QCD coupling constant. 

We will be investigating two such processes 

P.l quark + quark > ^ + a ny t hin9 

P.2 quark + antiquark—^ + anything 
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Process P.l is shown in fig l . a . It will be referred to as Drell-Yan 

bremsstrahlung. A lepton pair is being produced from a radiated 

photon, y * , from a quark. In order to conserve four-moment a "hard" 

gluon, g must be exchanged between the two quarks.By "hard" we mean 

that the gulon is a long way off mass-shell. Process P.2 is shown in 

fig l.b and this is the usual Drell-Yan annihilation diagram. A 

Fig. l .a: Lepton pair production Fig. l.b: Lepton-paiir production 

via photon bremsstrahlung via annihilation 

quark-anti-quark pair annihilate to produce a virtual, photon, which then 

decays into a lepton pair. Again Q is "hard" in the sense defined 

'above. 

Some of this second half of the thesis is a repetition of the 

Doria et al calculations [20 ] which deals with P.l. We agree with these 
z 

authors that at order* the i . r . divergences do not cancel in the 

colour averaged cross-section. However, this agreement is fortuitous 

since several of the intermediate steps are marred by several major 

errors. These errors are removed and by some minor miracle our answer 

is identical to that of Doria et al. 

In Chapter 2 we discuss the assumptions that are made to obtain 

the answer. The problem of renormalization is discussed there. The 
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necessary tools that will be required to orgainise the graphs as to 

leave us with as l i t t l e calculations as possible are developed in this 

chapter. 

The details of the calculations are to be found in Chapter 3 

together with Appendix B. 

Chapter 4 contains our conclusions and discussions. 
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CHAPTER 2 

BASIC REQUIREMENTS 

This chapter is a review of the basic assumptions that go into 

the calculation and the development of certain tools that will be 

required eventually. 

2.1 Basic assumptions and the necessary preliminaries 

(i) The Cross-section 

Our basic method is to assume that we are given the cross-section 

in terms of the discontinuities of some hard diagram H as shown in 

fig 2 . 1 . 1 Recall from our discussion of the optical theorem [ l l ] 

in the f i r s t part of this thesis that fig2..1.1 represents a forward 

scattering amplitude. Fig 2 . 1 . 2 explicitly shows the structure of our 

hard diagram for P.l and P.2. p and q represent the momentum of the 

P 
Fig 2 . 1 . 1 : ; The cross-section of a basic hard 

diagram H. The dashed line indicates 

that the intermediate states must be 

put on mass-shell 

Fig 2.1.2The corresponding hard diagrams for P.l and P.2 
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incoming particles, p' and q' have the same magnitude as Pand q 

respectively but the distinction between them has to be kept for reasons 

dictated by the optical theorem. 

By hard we mean that the cross-section of fig 2.1.T is infrared 

finite and is assumed not to have any singular behaviour as the momenta 

entering the hard diagram vary slightly off mass-shell. 

It is known that if we dress the hard diagrams to order* then the 

i . r . divergences cancel. We show this explicitly in Chapter 3 using 

the techniques we are about to develop. 

So we dress our hard diagram to order tf by adding soft (i.e.not hard) 

gluons' in all-possible ways. These gluons need only interact with the 

external legs. This is manifestly obvious in the case of P.2 as the 

gluons have no quarks or other gluons to couple with in our specif 

hard diagram. The Drell-Yan annihilation process is in this sense 

a much cleaner process to study than Drell-Yan bremsstrahlung. The 

argument for P.2 is basically unitarity - the i . r . divergences cancel 

when a given amplitude is cut in all possible ways to give all its 

contribution to the cross-section [^20, and references therein]. 

An example of dressing up our hard diagram with soft gluons is 

given in fig 2.1.3. Throughout this calculation we insist that our hard 

Fig 2 . 1 . 3 . Dressing up .a hard diagram H 

with 2 soft gluons. 

diagram is ALWAYS cut. From now on this will be taken as given and 



1 0 3 

will not be indicated in the diagrams. Fig2.I.3is NOT what we wish to 

calculate. Not only must the hard blob be cut but also any gluon 

CROSSING it. This is illustrated in Fig 2.1.4. The asterisk means that 

everything on the r.h.s of the cut must be complex conjugated. 

!' 
Fig 2.1.4 Contribution of dressed hard 

blob to the cross-section 

(ii) Colour factors 

The fundamental difference between calculating Feynman diagrams 

in abelian and in non-abelian gauge theories is the introduction of 

a colour matrix factor at each interaction vertex because our fermions 

and gauge fields have additional quantum numbers known as 'colour1. 

Our hard blob will, therefore, have colour indices with 

a, b, representing the colour of the quark lines entering the hard 

blob H. 

In the physical world "coloured" particles are not observed. It 

is therefore natural to calculate a colour averaged cross-section. 

This means we perform an average over colour indices in the final 

state. We are also averaging over spins. The colour sums will be 

incoherent ones meaning that the quarks (p, q) will have the SAME colour 

as the "final" quarks (p 1, q ' ) . Be careful about the meaning of "final 1 

as f i g 2 . 1 . 3 i s a back-to-back amplitude and thus all our external quarks 

are really initial states particles. 

When we add 4-gluon vertices and perform the sum over colour we 
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obtain the following group theoretic weights as a result of the colour 

matrix multiplication (the Feynman rules are given in Appendix A): 

r C ^ P i / f r O u H l l 

(2 . 1 . 1 ) / q c r ) C n ) * C r r i u H ' a t 

[ c . c n ] 1 H -

I Z t F i c M hi ' * X A A 

(2.1.2) 

C 2 ( r ) C j K ) H 

I L ^ J ^ h 

J . are the generators of the colour group SU(N). C2(F) and C2(G) are the 

Casimir factors defined by 

(2.1.3) f ' j k f r j j i = Q V S x Z 

(2.1.4) 

f . . . are the SU(N) structure constants and is the usual Kronecker-
I J K J 

delta function. Repeated indices are to be summed over. 
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(2 . 1 . 1 ) are the colour factors associated with P.l whereas 

(2.1 .2) are those associated with P.2. The reason there are fewer 

types of group theoretic weights for P.2 is the quark-anti-quark pair 

annihilates into a photon, a colourless object. Hence when these enter 

the hard blob they must have the same colour. 

As an illustration of the calculations leading to (2 . 1 . 1 ) and 

(2.1 .2) consider, f i r s t l y , the contribution of fig 2.1.5 to P.l 

F i g 2 J . 5 Colour labels for a dressed 

hard blob of P.l. The arrows 

indicate the order in which 

the colour matrix multiplication 

has to be done. 

The colour factor C |p y for f ig 2 . 1 . 5 is 

(2.1 .5) C|fti - CnO.b^^Cn-LpCTj)^ H 

Using the identity 

(2.1.6) 

where 

(2.1 .7) 

AS 6 A 

C^fi] • AB - 6 A 

we find 
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on using 

(2.1.9) l r < ) T j 1 v J v ; K T K 

Making use of the antisymmetry properties of the structure constants 

we eventually arrive at 

(2.1 .10) c L ^ l ^ ^ j n - r ^ H : ; - ^ C ^ K T . U T C ^ H : ; 

Let us now repeat the calculations of P.2. The relevant diagram is 

shown in fig 2.1.6. Note how the colour labels have changed and also 

how the order of matrix multiplication has changed. 

Fig 2.1 .6 Colour labels for P.2 for a 

given dressed hard diagram 

We now have 

On using (2.1.4) we find 

(2.1.11) c L -

In Table I we l ist which graphs contribute to which weights using 

calculations illustrated immediately above. Note that since the 
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initial and final quarks are constrained to have the same colour label 

then the graph shown in fig2.1.7,which is obtained from fig 2.1.5 by 

swinging the outermost gluon from the q' to the q line, has an identical 

colourfactor to that of fig 2 . 1 .5 . By continued cyclic permutation of 

the gluons we can generate all the graphs of a given colour factor. It 

is on this basis that we classify the graphs into the different groups 

of Table 1. Care must be taken not to double count certain graphs as 

a result of this classification scheme. 

( i i i) The eikonal approximation 

Throughout we will be using the eikonal approximation. This means 

that since the infrared divergences of our integrals will be coming 
M- M 

from k 0 where k is the gluons 4-momentum then we may write a fermion 

propagator like 

2. 2. ' 
(2.1.12) [ C r k ) - it J Or - a p - k n e 

2 2 

on neglecting quadratic terms and taking p = m . Also we will be 

neglecting all k-dependences in the numerator so that a fermion numerator 

becomes + m). This allows us to replace all the s pi no logy by the 

rule "2|f for each fermion-gluon-fermion vertex if we are on a p-line". 

A further simplification resulting from the eikonal approximation is 

/ 

Fig 2.1.7 An example of a graph that 

has the same colour structure 

as fig 2.15", 
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to write, for a fermion on mass-shell, 

(2.1.13) s - S(zp-k) 

We will return to the problem of the eikonal approximation again. 

(iv) The frame of reference and the gauge 

We will be working in the Feynman gauge. This means that a 

gluon propagator is - i ^ / f k where k is the gluons 4-momentum. 

We will be working in the Lorentz frame 

(2.1 .14) p - (M,£) > <\ = f 0)°/ %) 

We define the following quantities 

(2 . 1 . 15) tf 

(2.1 .16) fahere 

(2 .1 . 17) 

Hence 

(2.1 .18) 

2.2 The Libby-Sterman Identity 

This identity, due to Libby and Sterman [2l] allows us to cancel 

sets of graphs at the level of the integrands as long as we are careful 

= w&ifae - R iku 
% ^ 

/2 = IJJ - velocity of q relative to p 

x. - 0^9 

K * ' 
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about ie -prescriptions in the quark propagators. Consider the diagram 

shown in Fig 2 .2 . 1 . The following analysis holds as long as there is 

Fig 2.2.1 : An arbitrarily dressed hard 

blob with at least one 

gluon k entering it 

at least one gluon k going into the hard blob H from the gluonic blob 

S so that no self-energy diagrams ever arise. The latter are dealt 

with in the next section. 

Defi ne 

(2.2.1) o-i ~ 2f>-kc 

From Cauchy's Theorem we find, provided there are at least two denominators, 

CO 
(2.2.2) f J * 

-<ja 

0 

Hence if we pull the contour past the poles we find 

0 = 1 ^ 

i 
C - V . . CaJ_H3b -hCo-O1*! 

+ i ^ 

+ 
- lit J... £>«, -i'f a 
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These correspond precisely to the sum of diagrams shown in fig 2.2.2 in 

the eikonal approximation, f i r s t with no gluons on the right, then only 

kj then k-j and k2 and so on. Notice the gluon's momenta is always 

outgoing from the hard blob. We have (+ i£ ) prescriptions on the left 

and (- i f ) to the right. By changing the 2i£ , 3i ? , etc. in (2.2.2) 

we may obtain many i e prescriptions. All the graphs of fig (2.2.2) have 

the same colour factor. 

Fig 2.2.2 Graphical iriterpretaion of the Libby-Sterman identity 

The - indicates anti-fermion i e prescription 

2.3 The Self-energy cancellation identity 

Because some of our diagrams have self-energy insertions on 

extrenal legs we are forced to consider the question of renormalization. 

In the Libby-Sterman paper [21 ] this was somehow dealt with by a faked 

momentum prescription. It turns out in our approach that the sign 

of the i e in the fermion propagators is crucial. It is not at all 

obvious how the faked momentum prescription deals with the ie terms. 

We have to go back to the Lehman-Symmanzik-Zimmerman (LSZ) 

formal ism hoi and introduce a mass counterterm renormalization 

prescription. 
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Implicit in the eikonal approximation is on mass-shell 

renormalization. This is best seen if we return to (2 . 1 . 12) . The 
2 mass term m which appears in the propagator is the mass in the free 

part of the Lagrangian. To write down (2.1 .12) we had to assume that 
2 2 2 p = m . But p is the "physical" mass of the quark. 

Let us recall the formula for the S-matrix, S, in the LSZ-

formalism: 

5 - ^ 

for all p. t q> in the case of BARE scalar fields . We are using the 

same notation as in [loj . Z is the wavefunction renormalization 

constant. (2.3 .1) can easily be extended to our case of fermionic 

fields. In (2.3 .1) we have re-written the bare mass mQ that appears 

in the free part of the Lagrangian as 

(2.3.2) on0 = m + (>v0 - m) 

where m is the physical mass. We now have a mass counterterm which is 

absorbed into the interaction part of the Lagrangian. Otherwise all 

other quantities such as fields and coupling constants are bare 

objects. 

The full fermion propagator S p ' ( ^ ) defined by 
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(2.3.3) - .40IT ( < ? « ) < g « 0 ) i ° > 

may be written as [ lo] 

(2.3.4) 5 P ( p J = 
f - r n - Z c p ) 

where - i ^ ' ( ^ ) represents all the one-particle imeducible graphs 

with external legs amputated. Near the mass shell we can write X X ' f ) 

as 

(2.3.5) = ^ ( r v ^ r v , ) - I )( p'-m) 

where Am represents the mass counterterm introduced previously and Z^ 

is the fermionic field wavefunction renormalization constant analogous 

to Z in (2.3 . 1) . We now choose our renormalization condition to be 

(2.3.6) Srvy {m, N ) = O 
i f - m 

in order to keep the pole of S p ' ( f ) at the physical mass. Thus 

substituting f o r ? Cp" ) from (2.3.5) and using the renormalization 

condition (2.3.6) in (2.3.4) we find 

(2.3.7) J t 

(2.3.6) defines our mass counterterm represented graphically by a 

(-iAm) insertion into a fermion line as shown in fig 2.3.1 to all 

orders in perturbation theory. (2.3.7) tells us that the effect 
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f-t'Am) Fig 2.3 .1 : Feynman graphical representation 
X 

of mass counterterm 

of self-energy insertions in a propagator near mass shell is to multiply 

the bare propagator by Thus the 1/-/z^ that appears outside (2.3.1) 

(if we have fermion fields) for each external field is cancelled leaving 

us with an overall multiplicative factor of Vz^ for each external leg. 

We can write 

(2.3.8) - t - k - ' - ' i f ^ , - x ( * : • - . ) - ' ^ s ' - o V -

This is a valid expansion for small U as the f irst term in (Z^ - 1) is 

of order oc. 

From (2.3.5) we have 

( 2 . 3 . 9 ) = cLCp)Z(p) ULp) ^ 

where we have made use of 

(2.3.10) 

l l C p) C-fr- oo 

U-Cp) UCp) 

Also from (2.3.5) we have 

(2.3.11) - 1 
Cap) ucp) 

^r-tYI 
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Hence to calculate the contribution of a self-energy insertion 

on an external leg we must work out all the one-particle irreducible 

graphs that contribute to the full fermion propagator to the required orderin 

c< and then use (2.3.8). We will be drawing graphs with self-energy 

insertions on external legs for the sake of book-keeping. 

In the eikonal approximation { i ^ - 1) turns out to have a simple 

graphical interpretation. This will allow us to write an identity 

analogous to (2.2.3). 

Consider the diagram of fig 2.3.2 having a one-particle irreducible 

self-energy insertions on one of its external legs to an arbitrary 

order in (X . are Lorentz indices of the gluons coming 

from the gluonic blob S. The fermion propagators take the form 

Fig 2.3.2 Our hard diagram dressed by 

an arbitrary self-energy 

one-particle irreducible 

insertion on one of its 

external leg. 

(2.3.12) Pu,.,„ -- Vu. -L -L - L Y 
' n— f 

where 

z 

(2.3.13) 

Using 
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(2.3.14) 
i> r 

J jr+Jt-mHi f + k - m H l 

we find 

l 
rt P 

(2.3.15) . r Px A r 

£ . y J- X'-L 

So from 2-3.11) and using the eikonal approximation it follows from the 

above that 
r 

& -1) v M i & f f c i • • • • 
j 

(2.3.16) ^ c k t h k t ) H ' £ l L kp-^M^nVJ C*p ( W - + ) + i t l 
+ . . . . 

4 a f t , aft,, . 

The terms in curly brackets above correspond to respectively the graphs 

obtained from fig 2.3.2 by swinging the gluons across to the p-leg, 

f i r s t with only k̂  on the p'-leg, then k-j and k̂  and so on until the 

last term which correspond with only on the p-leg. Note that all 

these graphs have the same colour structure even though we are swinging 

the gulons from the "inside" rather than from the "outside" as we did for 
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the Libby-Sterman identity. The reason for this is self energy graphs 

have an additional constraint on their colour labels, namely, the 

propagator nearest to the hard blob on the p'-leg (see fig 2.3.2) has 

the same colour as the external p'-leg. Note that UNLIKE the Libby-

Sterman identity we have (+ i € ) in the propagators to the right AND 

to the left. 
O.RYI (Z.3./6.) 

As a concrete example consider the self-energy insertion to order * 

of fig 2.3.3. This will be required later. Using (2.3.5) we 

Fig 2.3.3 Self-energy insertion to 0(fl) 

may write 

(2.3.18) 

,-1 

- i ^ ' - ' l 

,-1 where (Z2 - means evaluating (Z2 - . 1 ) to orders . Note that 

the graphs with mass insertions are not infrared divergent. Anyway they 

are usually cancelled by a mass counterterm (-i^m). (Z^ -

has the graphical interpretation of fig 2.3.4. In the eikonal 
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Fig 2.3.4 Graphical interpretation 

approximation the integral 
representation for it is given by 

(2.3.19) fc'-Otec) = 1 \ f } . t r \ • i z 

which is real as can be seen by working in the frame p = (M, 0). The 

gluon goes on shell picking up an extra factor of i . The i ? in the 

fermion propagator then becomes irrelevant. 

2.4 Converting the cut-graphs into Feynman amplitudes 

Since we are summing over all possible intermediate states, the 

inclusive cross-section is given by Mueller's Theorem [ l l ] . 

Fj&A*dcr z J~ A s ( S ^ s , * ^ ) 

where A is the forward scattering amplitude for P.l and P.2 dressed 

with two soft gluons. The kinematics are as shown in fig 2.4.1 

r P ' 
Fig 2.4.1 Kinematics of P.l and P.2 

£ is the total missing mass squared, (p + q - Q)2. & s is the 

discontinuity in that variable. SL and SR refer to all the invariants 

lying to the left and right of the cut C respectively. The + means 
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they are evaluated above and below their cuts. Thus S^ includes 

(p + q) 2 , p2, q 2 , Q2 and SR indicates (p' + q ' ) 2 , p ' 2 , q ' 2 , Q'2. In 

[20] it is assumed the one is below the Q2-thresholds. However, note 

that since our hard diagram is always cut this assumption is unnecessary 

for the next step which is writing 

The term in square brackets is interpreted as the discontinuity in all 

the right hand variables. One may very well ask what the discontinuities 
2 2 in p and q1 are? Under normal circumstances the answer is known 

but here we are sitting right where their threshold values start, 
2 2 2 

namely at p' = m = q' . It is then not obvious what the answer is. 

Here we avoid this approach altogether and stick to the graphical 

counterpart of (2.4."I) 

Recall that in graphical language fig2.1.4 is the object one wants 

to calculate. Moreover a cross-section is real so we only want the 

real part of fig 2.1.4: Note also that the Libby-Sterman and the self-

energy cancellation identities only apply to Feynman AMPLITUDES and not 

to cut diagrams. Our aim, therefore, is to re-write all our cut 

diagrams in terms of Feynman amplitudes. 

We start with (2.4.1) by writing its graphical equivalent. As 

an example consider (2.4.2). Consider the term in square brackets. 

Remember that the cut hard diagram is a real number. We will then be 

applying S-matrix Feynman rules to the rest of the diagram. It can be 
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proved, except for the graph of f ig 2.4.2, that the term in square 

brackets is either zero or pure imaginary. As illustrations of the 

Fig 2.4.2: The graph for which (2.4.5) 

does not hold 

arguments that have to be used consider the graphs of fig 2.4.3 

! * K 
(a) (b) (c) 

Fig 2.4.3: Graphs serving as illustrations of (2.4.5) 

The above is zero for the following reason: the term on the r.h.s. of 

the cut is a tree graph. As we are using S-matrix rules this is real. 

The term on the l.h.s. of the cut does not change in both diagrams -

Thus (2.4.3) is zero. 

The contribution of fig 2.4.3(b) to the square bracket of (2.4.2) 

is obviously pure imaginary. 

With fig 2.4.3(c) greater care is required. We have to use the 

LSZ-formalism. Its contribution to the square bracket of (2.4.2) is 
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(2.4.4) 

The contribution of the graph to the r.h.s. of the cut is (Zl^ - 1) 

which as we have seen from (2.3.19) is real in the eikonal approximation 

Thus (2.4.4) is zero. 

So with the exception of fig 2.4.2 we can write for all graphs 

an identity analogous to (2.4.5) 

Can we now drop the cut that appears on the r.h.s. of (2.4.5)? 

For graphs which do not have any gluons crossing the hard vertex -

see fig 2.4.3(b) and (c), for example-this is trivially done. 

Otherwise we have three general cases each with its own character-

istic difficulty. These are illustrated in fig 2.4.4 

Fig 2.4.4: Characteristic graphs used in the illustration of removal 
of the cuts 

The k -integrals for f ig . 2.4.4(a),(b), and (c) are given by A . o a 
Afo and Ac respectively where 

/ 

(a) (b) (c) 



1 

dA. 

(2.4.6) < Ab - ife* VOt1) 

u 

A o 

ZLt 

-

AH 

In the above all the kQ-dependeces have been explicitly shown 

A^H/2i represents cutting the hard diagram and is real. 

First consider A . The fermion poles all lie on one side of the a 
kQ-contour thanks to the eikonal approximation. Pulling the kQ-contour 

2 

the other way puts k on mass-shell with positive energy. This of 

course corresponds to cutting the diagram giving us the identity (2.4.7) 

(2.4.7) 

In Ab again all the fermion poles lie on one side of the k -
2 

contour. V(k ) is the term obtained by doing the k'-integral. This 

has a cut running along the real axis from k = 0 to ^ . So when we 

pull the contour in the sense opposite to the fermion poles we pick 
2 2 up the k -pole with positive energy and the mass-cut in k of the 

triangle, V. In graphical language we have (2.4.8) 
i 

(2.4.8) -h 

In Ac we have had to introduce gluonic masses and ^^in order 

to treat the gluons with identical momenta as distinct. In f i g 2.4.4(c) 
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when we put one of the gluons on mass-shell the other one automatically 

goes on shell. On the face of it we have an infinite contribution to 
2 

the cross-section. But note that from dimensional arguments U(k ), 
2 

which is obtained by doing the loop integral behaves like k . Thus 

there is no infinite discontinuity. As before all our poles lie on 

one side of the kQ-contour. Pulling the contour the other way we pick 

up the 2 terms coming from putting the masses and on mass-shell 2 2 and another term from the mass-cut in k of U(k ). Hence we have the 

Similar reasoning applies to all other graphs. The above analysis 

indicates that we must be very careful about removing the cuts from the 

graphs. (2.4.8) and (2.4.9) clearly show it is a non-trivial matter. 

We can now write an identity analogous to (2.4.10) for all graphs 
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CHAPTER 3 

A COUNTER-EXAMPLE TO THE BLOCH-NORDSIECK THEOREM 

This chapter consists of four sections. In the f irst section 

we show how, as an illustration of the techniques developed in Chapter 

2, infrared cancellation at 0(#) is a trivial matter. Sections two, 
z 

three and four deal with the ) calculation. In the f irst of these 

we reduce some of our graphs to simpler forms. The cancelling sector 

of the graphs is dealt with in section three. There are reasons 

like QED ones why some of the graphs should cancel and thus this 

section provides a useful check on our method. In section four we 

derive the analytic form of the non-cancelling sector of the graphs. 

Throughout this chapter we will be making liberal use of the 

identity 

3.1(a) - C-^Lfli ) S ( k Z - m 2 ) 
t - m l c f k^-tA-ti 

whose graphical equivalent is 

3.1(b) 
-h 

The cut means the fermion line is on mass-shell and the (-) indicates 

we have anti-Fenman propagators. 

3.1 Infra-red Cancellation at 0Q>Q 

The graphs which contribute at 0(^) are shown in fig 3 . 1 . 1 . Each 
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of the graphs from (v) to (ix) has an inverse. Under colour averaging 

they all have the same group theoretic weight. 

( V ) 

(-t'a») 

( i i i ) 

( v i ) (vii) ( v i i i ) 

Fig 3 . 1 . 1 Graphs contributing to 0(*). Each 

of the graphs from (v) to (ix) has 

an inverse 
(ix) 

By the self-energy cancellation identity (2.3.17) graphs (v) to 

(ix) give zero. Similarly their inverses cancel. 

Applying the identity 3.1(b) to (i) and ( i i i ) gives 

(3 . 1 . 1 ) 

(3.1 .2) 

•h 

Using the above we arrive at 
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(3 . 1 .3) = 
/ 

4- -h 
/ \ y 

The last two square brackets of (3 . 1 .3) each gives zero as a result 

of the Libby-Sterman identity. We re-write the f i r s t square bracket 

using 3.1(b) and get 

(3.1 .4) = 
4 -

The last two graphs on the r.h.s. of (3.1.4) sum to zero by the Libby-

Sterman identity. The f i r s t graph is pure imaginary. Hence, 

(3 . 1 .5) U { ^ } 

(3 . 1 .5) is the statement that i . r . divergences cancel at 0(tf). 

3.2 Reduction of some of the graphs at 0(ff) 

We refer to Table I and specifically to groups 1 , 2 , 3 

and 13 which are responsible for the non-cancellation of the i . r . 

divergences. 

We apply the Libby-Sterman identity and also the identity 3.1(b) 

to the graphs in these groups. As an illustration of this consider 
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The remaining diagrams are those of fig 3 . 2 . 1 , 3 .2 .2 , 3 .2 .3 , 

3 .2 .4, where these are obtained from groups 1 , 2 , 3 and 13 

respectively. 

Fig 3 . 2 . 1 : Graphs remaining after applying the Libby-Sterman identity 

and the identity 3.1(b) to group 1 

Fig 3.2.2: Graphs remaining after applying the Libby-Sterman identity 

and the identity 3.1(b) to group 2 
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X X 
( i i i ) (iv) 

(+ inverses for each graph) 

Fig 3 .2 .3 : Graphs remaining after applying the Libby-Sterman 

identity and the identity 3.1(b) to group 3 

Z ^ A (+ Inverses for 

each graph) 
(i) ( i i ) ( i i i ) 

Fig 3.2.4: Graphs remaining after applying the Libby-Sterman identity 

! ; and the identity 3.1(b) to group 13 

In our calculation we will introduce a multiplicative factor of 

2 for graphs having inverses. A priori this is NOT justified for 

reasons which will become apparent soon. Usually one argues that 

each graph is a Lorentz scalar. Hence in our case i t can only be a 
2 2 2 

function of p = m = q and p.q. Thus under interchange of p and q 

the answer should remain invariant. However there is a snag. Recall 

that we are working in the frame p = (M,JQ.), q = (q09 jjj* After the 

(i) 

(iv) 
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eikonal approximation we s t i l l let our integration variables run between 

- <*> and +co . Consequently our graphs diverge at large k, the ultra-; 

violet region. We are not interested in these divergences. We therefore 

impose an ultra-violet cut-off on our integrals by introducing an 
- k 2 / / 

exponential factor of e ^ for each integration variable k where A 

is some arbitrary parameter. In principle therefore each graph is a 

function of h} a manifestly NON'COVARIANT object. Hence it is no 

longer true to say that each graph is equal to its inverse. However, 

i t is not di f f icult to observe that our graphs split naturally into 

two groups, one being the inverse of the other. Of course there are 

graphs like fig 3 .2 .2(vi) which is the inverse of i t s e l f . In that 

case one uses the trivial identity 1 = \ + \ to put half of such 

graphs in one group and half in the other. It turns out at the end that 

the I.R. DIVERGENT part is A -INDEPENDENT and hence is a Lorentz 

scalar. So the argument of invariance under interchange of p and q 

is only true for SETS of graphs rather than individual graphs. Moreover, 

i t only applies to the i . r . divergent part of the answer - the finite 

bit of the answer is A -dependent. 

Some of the graphs obtained above do not give any contributions 

to the cross-section as they are pure imaginary. In f ig 3 .2 .2 ( i i ) , 

(iv) and (ix) are pure imaginary. In f ig 3 .2 .3 such is the case for 

( i i i ) , (iv) and their inverses. Also (i) in Fig 3.2.4 is pure imaginary 

They all can be expressed in the form iT^T^ where T . ^ are real. 

Recall that the graph of f i g . 2 .4 .2 , unlike the other graphs, 

gives a contribution to the term in square bracket of (2.4.2). A simple 

calculation reveals that this is cancelled by (i) in f ig 3.2.1, 

In fig 3.2.1 the following pairs are inverses of each other 
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( i i , iv) , ( i i i , v), (vi i , v i i i ) . We prove now that (v) = (vii) . 

Consider these as labelled in Fig 3 .2 .5 

Fig 3 . 2 . 5 . Two graphs from f i g 3 .2 . 1 which are equal 

From the Feynman rules and neglecting terms common to both graphs 

we have 

(3.2.2) (y) --

(3.2.3) (yii) r 'cl*UVS(2p-(W)) Sfzfk) 

CMS- a1Ck' U t l £> p-k - H 1 [> v + i t 1 

Using the fact that 2q.k = 0 from the S-function we may re-write (3.2.2) 

as 

(3.2.4) (v) -
DfrceiCK'ttiJ&p-k' i t l i ^ - k ' - h t c ] 

In (3 .2 .3) let Use the S -functions then to replace 2p.k' 

by -2p.k. Then let k —£-k and k '—>-k* and we then find that (3 .2 .3) 

= (3.2.4) 

In fig 3.2.2 the following pairs are inverses of each other 
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( i i , iv), ( i i i , v), (vii, v i i i ) . As immediately above we can prove 

that (v) = (viii). Similarly i t may be proved in fig 3.2.3 that (i) 

= (vi) and (ii) = (v). Also in fig 3.2.4 (ii) = ( i i i ) . 

Bearing all the above considerations in mind we see that the 

graphs of fig 3.2.6, 3 .2 .7 , 3 .2 .8 , and 3.2.9 are the contributions of 

Groups 1 , 2 , 3 and 13 respectively.where labels (a), (b), etc 

refer to the graph and not to the numerical factors. 

(b) 

-h inirtn&C 

2* +- inverse 

(C) 

Fig 3.2.6: Finalreduction of group 1 

2 4. 

(e) (f) (g) 

Fig 3.2.7: Final reduction of group 2 

2 * +• tnUifiZ 

(h) " (1) 

Fig 3.2.8 Final reduction of group 3 
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(3) 

Fig 3.2.9: Final reduction of group 13 

3.3 The cancelling Sector at 'O(^) 

(i) Cancellation of groups 6 , 9 , 14 , 15 , 16 and 17 

Each of these groups gives zero trivially through the self-energy 

cancellation identity (2 .3 . 17) . 

(ii) Cancellation of groups 7 and 8 

These two groups cancel AMONG themselves. They are not really 

independent of each other - note they have identical colour structure. 

Also on cyclically permuting the gluons, graphs found in one group are 

also found in the other. We must therefore be careful not to double 

count the graphs. As can be seen from Table I some graphs in group 8 

have two-particle irreducible self-energy insertions on their external 

legs. In such cases we must exercise care in the use of the self-

energy cancellation identity. We must then take into account the term 
-1 2 

1(Z2 - 1) in (2.3.8). Otherwise the cancellation is trivial. 

( i i i ) Cancellation of groups 10, 11 and 12 These groups reduce to the graphs shown in fig 3.3.1 by a 
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calculation identical to that of Section 3 . 1 . From the kinematics of 
2 

the diagram all the Q s are negative. Hence each of these graphs 

Fig 3.3.1:Reduction of graphs in groups 10 , 11 and 12 

is essentially an 'S-matrix element whose only invariant Q2 lies below 

normal threshold. Thus each is pure imaginary. 

(iV) Cancellation of C2(F) 2 and Cg(F)(T.)yg (T..)abH ^ terms from 

Groups 3 , 4 and 5 

The cancellation here is non-trivial compared to how it has been 

happening in the previous three cases. 

In Appendix B we calculate the mass counterterm to 0(<x) that 

will be required in what follows. The analytic form of this is frame-

dependent and for mass insertions on the p or p1 leg these must be 

evaluated in the p-rest frame. As we have observed earlier, graphs with 

mass insertions are not infrared divergent. We keep them because they 

make the cancellation of integrands easier. Should we neglect such 

diagrams then we have to isolate terms like U k ! C w h i c h tend 
J J (r-u

z 

to zero in the i . r . limit, in diagrams with self-energy insertions on 

internal legs. 

From fig 3.2.8 we know what the graphs are from group 3 . Using 

the Libby-Sterman.identity(3.1,b)and neglecting sums of graphs which 

are pure imaginary in groups 4 and 5 we find that we need to 
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calculate the SUM of the graphs of f ig 3.3.2. Some of the graphs of 

groups 4 and 5 are equal like those of fig 3.2.5 

k. * 

(E) 

(B) (C) (D) 

Fig 3.3.2 Contribution from groups 3 , 

4 » 5 , to C2(F) 2 and 

The f i r s t three graphs come from groups 4 and 5 and the last two 

from group 3 . Inverses are not being taken into account yet. 

We now evaluate the graphs of fig 3 .3 .2. Doing the kQ and k 1 

integrals we find (see (3.4.10) and (3.4.11) also) 

r A - f [ N X Ux) J Ikl Ck'"-K'z]LK'-ill1OtlH-(C'-

(3.3.1) 

6 = 

C 

J) 

- i . i J A ^ V 
* M J tk^-K^JCK'-it-]2 k z 

- ^ : f c f l u y 
i to*) J k*t:k'2~K'LJZi&+ Kj'-iitl 

(Ac)' -
r cLskd3k' 

V t - _ ! 

A/ ^ 

V m V 

In A let k ' — k ' , complex conjugate the result and add to A as given 

in (3 .3 . 1) to yield 
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(3.3.2) Ccd f A W 
(2k) 1 J a ' l ' K ' l J C ^ - < ' ^ C k l - c i r - u y ] 

Similarly for C we find that 

(3.3.3) * [ J M L 
W 1 J [^-JC'JEk1]Ck'-(*"-*?] 

We also note that B = B* and D = D*. Hence 

f He 6 -- 6 
(3"3-4) 1 D > * 

In D replace (K' + it) by (K' - it) as D = D*. Then 

(3.3.5) /fe ( SrO) = - 6 

In E f i rst let k'-^-k'. Then we find 

(3.3.6) b ~~ J L j e > i ^ j C K ' - t t ^ i g - t c i c t ] 

Complex conjugate E using ( 3 . 3 . 1 ) . We find 

( 3 3 7 ) e * -- - j l / A M 
( a n ) U J Zk^-tC^CW-CtliZg-K'teJ 

Now 

_ - ^ (3.3.8) - t 

Comparing (3.3.6) and (3.3.7) we see that insofar as the real part of 

E is concerned the sign of the i t in [ k2 - K'2 ± is]is irrelevant. We, 
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2 2 

therefore, choose to write this propagator as k - (K1 - i t ) and 

hence obtain 

(3.3.9) - 1 , & 
ik^-K'^CK'-^lk 1- CK'-CxfJ 

Comparing (3.3.9) and (3.3.2) we find 

(3.3.10) = - t o A 

Using (3.3.5) and (3.3.3) we get 

(3 .3 . 1 1 ) £ e [ & + C - f 7 ) j = 

So from (3.3.10) and (3 .3 . 1 1 ) we have 

(3.3.12) &e { + - ° 

It therefore follows that the set of inverses also gives zero. 

(3.3.12) means that the contribution of the F)] 2 and 

c
2 ( F ) ( T i ) ^ ( T i ) a b H ^ f r o m g r o u p s 3 ' 4 and 5 is zero. 

This is a result to be expected from QED. The graphs contributing 

to these three groups have a unique property compared to the others 

in that they pick up a minus sign when we compare the processes e"e" 

scattering or e+e~ annihilation . 
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(v) Cancellation of[C2(F)]2 and fT\, T,.]^ H terms from 

Groups 1 and 2 

Since all the other QED-type graphs cancel (i.e,graphs with no gluon 

self-interation)these contributions must cancel because of the Bloch-

Nordsieck mechanism in QED 

We must ADD the graphs of figs 3.2.6 and 3.2.7 

abelian case these get subtracted from each other. 

We have 

In the non-

(3.3.13) c + e -f-

* j - . i 2/3'k-cZ Xf>-k-itJ 

Using the $-function constraint we replace 2p.k by -2p.k' in the last 

term in curly bracket. Using the distribution identity 

(3.3.14) JC-hlt 
t — 

we may replace the term in curly bracket by 2xi S (2p."k'). Hence we have 

(3.3.15) c + e = Caici) 
r c f k ^ k ' $ (zp'V $ k i ) 

In ,(3.3.15) we next let k—* -k and adding the resultant expression to it 

we find using (3.3.14) that 

r . , m • 
c-t-e -
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We can now do the kQ and k 1 integral to give 

(3.3.16) c + e 3 re 

Now consider 

f x. 

(3.3.17) d --

Using steps similar to above we can prove that 

Dt«i} Dl'Vaj r ^ t / s ] |>/>. fatk'hit ] 

(3.3.18) 

(3.3.19) /. 

- n' 

cL 

2 
_ JL l * k s o t ) 

Next consider 

(3.3.20) f 

Using steps analogous to those we used to obtain (3.3.16) we find 

z 

(3.3.21) / +- <7 = - 2tt 

Now consider 



(3.3.22) a. 

where 
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(3.3.23) E > £ 

Thus we have 

CL 
rJL*kJ. 4k'S(ko+kan&tKi-K') 

L/cVt^C^V^J c ko-CtlC-kot-K -L^ 

We f irst do the kQ integral using the ^-function and we find 

a >fcdt4Jt/ S I M ) 
CM1- frCilZk?- k'+ii'lEko-

Do kQ-integral by closing contour in the lower half plane. By making 

use of the fact that K = -K' from the ^-function and z ' y f we find 

a s c - i m U ' U t ' S C M ' J 

I i/fei fric-ikijEfeff-ia 

•h 

+ L 

In the f irst term let k—> -Jk' and -fe-^k It then follows that the sum of 

the f i rst two terms is imaginary. Moreover since we are only interested in 

real part of a , in the third term we may let 

I f - i f 
-i? i'/L SCK,) 

and find 
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(3.3.24) ^e (L art2 L W k . ) 
k z 

Finally consider 

(3.3.25) b = 

Doing the kQ integral we find 

b =• 
L - p i l k ' + c t i c k . u - t i E ' k / i - K ' + K J 

Next closing contour in the lower half plane we get 

k - ( r x n i ' l f i ^ l ^ w l [ — (3.3.26) 6 -e^/TMj ^ „ | C-CaJfe'JC-fe'3 
•h 1 

1 Q-^t'^CK'Htl 

The f i r s t term in (3.3.26) is pure imaginary. Since we only want the 

real part of b we can replace 1/(K' + it) by - i ^ ( K ' ) in the last 

term. We then find 

r r .— > 
(3.3.27) L b - - Z * 2 ' c i l k SCK) 

k x 
A/ 

Collecting all these results we find 

r Hecx ^ - t a ^ ' i 

C+ L J — v r -
(3.3.28) < 

d - f t r ( W 
u J UL 

f * 3 
- i t l z r r w w 

J 

11 
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Note that all the above have been expressed as totally symmetric 

functions of p and q. Hence we are justified to introduce a factor 

of 2 for inverses. Going back to fig 3.2.6 and fig 3.2.7 it is a 

trivial matter to check using (3.3.28) that .the sum of the graphs in 

these two groups gives zero. 

2 
3.4 The non-cancel ling sector at ) 

. We are now left with only the contributions of C^fJC^CG) in the 

case of Drell-Yan annihilation coming from groups 2 , 3 and 13 and 

that of C2(G)(T if^ (T-)abH^ in the case of Drell-Yan bremsstrahlung 

coming from groups 1 , 2 , 3 , 13 . 

(i) Contribution from groups 1 and 2> 

We have seen in section 3.3(v) that* neglecting colour factors, 

Let us consider the contribution D where, neglecting colour factors, 

It, therefore, follows that 

(3.4.2) 

(3.4.3) 

We go back to (3.3.22) and fig 3 .2.6 and 3.2.7 We see that 
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(3.4.4) d * - $ ' 3 = ° 

(3.4.5) h ^ + M = 
I. f 

L - k2- • 

It is trivial matter to check from (3.3 .13) that 

(3.4.6) c~ e = 
J 

It is shown in Appendix D (see D.6 and D.22) 

(3.4.7) U f i V M * - ^ 1 } 
o->3 J fei ji (n-3) 

/I I 

r , , , '(&&*)/A1 O + ' A ^ r 
0 4 8) u W k * = f i H M ^ f ^ ; 

Using these results i t immediately follows that 

0 . 4 . 9 ) Z r ^ i r + O ' - T r V - l * - * * 

(ii) Contributions from group 3 

The graphs contributing are those of fig 3.2.8. 

(3 .4.11) t , X f 
1 

r u V Tf4M ls(2r(ktk') jsdr*-') 
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Doing the k and k ' integrals we find 

(3.4.12) i = 
J kl I'k' - K'x 

(3.4.13) - U U ' k 

A/ ~ /V 

/ 
'/\J 

From (3.4.12) h is not i . r . divergent since the factorization of the k 

and k' integrals implies that the k-integral gives a term proportional 

to A where A is some i . r . cut off . In the dimensional regularization 

scheme this term is regular at n = 3 although it has a pole at n = 4. 

We shall evaluate i t and show that this peculiar behaviour gets 

killed by an identical term hiding in i. In Appendix D (see D.32) 

we find that 

y / 2. ) 
(3.4.14) i ( ! l f t ) -- - ft J 

jh(n-z) 

( i 1 i ) Contribution from group 13 

There is only one graph to be calculated and it is shown in 

fig 3.2.9. We have 

(3.4.15) j = 

Taking into account the factor of i to be found in Table I we find 

(3.4.16) / = - J ^ V f j c f c ' t o j r c ^ o w g t t z p - a v v j + i t i 
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Changing variables to k where 

k. 

we find 

, k-k 

J 
s [ M i - * 

We now do the kQ and kQ integrals using the S -functions. This gives 

r 

(3.4.17) 

wehre we have set k = k'. In appendix D we evaluate the n-dimensional 

ultraviolet cut-off analogue of (3.4.17) (see D.50) to get 

(3.4.18) ^ ^ 
«-•> I 
L J m I M > * 

- a H " ) / ^ 

k l W l - K * ) t K ' 1 - lk'-kUi)lK'Hi) Cn-3) 

/I Hf -L)"' i
r 

K (A J I 1 
L /» 

P '
2 

(iv) the total contribution 

Collecting together (3.4.9), (3.4.14) and (3.4.18) we find that 

the infrared divergent part of the answer is of the form 

(3.4.19) !Lk if ^ i <SH _L 
( W " t p ' r n - 3 ) 

i -I p 

where + refers to Drell-Yan bremsstrahlung and annihilation respectively 
4 6 We have also taken into account a factor of g /{2k) coming from the 
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Feynman rules. Here H represents the discontinuity of our hard diagram. 

We have neglected the colour factors (FJC^CG) in the case of 
ba 

bremsstrahlung and ( T . . ) a b ( T . j H ^ in the case of annihilation, and 

factors of 1/N coming from colour averaging. 

3.4 The eikonal approximation re-visited 

Throughout the above calculation we have adopted the eikonal 

approximation of writing Fermion numerators as ( j/- m) and fermion 

denominators as (2p.k + it) dropping higher terms in the soft.gluon 

momenta k. 

It is rather straightforward to check that the double pole terms 

coming from (3.4.5) (see 3.4.7also) and (3.4.8) will disappear on 

keeping corrections to the eikonal approximation. However we see that 
2 n 3 

the coefficients of the double pole terms involve (A ) " factors where 

A was our k and k' ultra-violet cut-off. In our final answer we 

assumed that these cut-offs should be the same for all our diagrams. 

We then find no A -dependence (and hence obtain Lorentz invariance) of 

the final answer even at the single pole level. 

2 
We believe this to be the current procedure. The A -dependence 

is arti f icial . We should be calculating the (n-3) infrared poles in 

the full amplitude without the eikonal approximations. However, we know 

the eikonal approximation is only valid in a given region of the momentum 

integrals. Thus A is really fixed by where we believe the eikonal to 

be a good approximation to the integrand. In all the double log terms 

this is fixed by when we may drop k, k1 in the same numberators and drop 
2 2 2 2 k , (k + k') , k1 in the same denominators. Thus A will be equal 

for our various terms. 
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CHAPTER 4 

CONCLUSIONS AND DISCUSSIONS 

Infrared divergences must be consistant with the Knnoshita-Lee-

Naunberg (KLN) theorem [22] which says that they must cancel when 

degenerate initial states are taken into account - these involve 

disconnected graphs as well. The Block-Nordsieck Theorem involves 

only degenerate final states. This KLN cancellation has been checked 

[ 2 3 ] . 

Cross-sections are gauge invariant quantities and consequently 

our divergent answer should be. In [ 2 3 ] the same calculations have 

been done in the Coulomb gauge and the results check. 

There is one immediate observation to be made. The form of our 

answer implies that the existence of the i . r . divergences is independent 

of the number of quark flavours. It is therefore a property of the non-

abelian nature of the theory rather than that of asymptotic freedom. 

It is perhaps interesting to make the following observation: we 

have seen that the i . r . divergences at 0(oc) cancel (see section 3 . 1 ) . 

The cancellation there happens as in QED i.e. between real and virtual 

gluon processes. The graphs after colour averaging are then really no 

different from QED ones. If however one calculates only the virtual 

graphs (or only the real ones for that matter) then one finds that the 

answer is of the form a 
(n-v) 

]±L -Z 

This is to be compared with (3.4.19) and we immediately see that the i . r . 
2 

divergences at 0(^c ) is precisely that, up to colour factors, but 

modified by a factor od j • The i/̂  comes from graphs with NO gluon 
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self-interaction whereas the other term comes from graphs with gluon 

self-interactions. One immediate consequence of our answer is that one 

cannot believe the results of perturbation theory in QCD at some finite 

order ino/. ' One thing that could possibly rectify this unfortunate 

state of affairs is that the i . r . divergences calculated to all orders 
- oo 

in<* exponentiate to give a factor e x S-matrix element (providing 

confinement?). The form of our answer would perhaps suggest that 

such an exponentiation CANNOT take place because one way this could 

happen is that at each order in ^ the i . r . divergences be of the form: 

the i . r . divergences at O(^) of only the virtual part of the ABELIAN 

sector of the theory modified by a factor of l ) n . Note that the 

i . r . divergences at 

O(^) obeys this ansatz up to colour factors. It 

would require a miracle for this ansatz to generalise to all orders especially if one expects the colour factors not to mess things up. A 3 

study of the i . r . divergences at ) may throw some light on the 

matter but with the techniques available i t would be a somewhat daunting 

task. An attempt has been made to investigate the form of the answer 

athigher orders in[24]and the preliminary results, which deals with the 

leading non-cancelling i . r . divergences, suggests that such an 

exponentiation does not take place. 

The existence of i . r . divergences is almost certainly related 

to the problem of confinement. In using perturbation theory in QCD we 

are not using the real asymptotic states to calculate the S-matrix 

elements. Presumably if one took into account the fact that there are 

only colour singlet states in the real world then the i . r . divergences 

would vanish and manifest themselves as a logR term where R is a 

measure of the size of the hadronic system. The existence of such 

terms might have serious implications for leading log calculations [ 4 ! 
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*k 2 n 2 
There one neglects logQ relative to log Q where oMn the running 

2 2 coupling constants and behaves like 1/logQ and Q is some high energy 
2 

scale which characterizes the hadronic process. If logRQ are present 
n 2 

one would expect regulated terms like 0(log Q to be modified to 

logRQ2lognQ2 ^ lognQ2. 

A final observation we would like to make is that the i . r . 
2 4 

divergences behaves like 1/(Q ) . This in OPE language corresponds to 

"higher twist" effects which in general have not been calculated. It 

would be interesting to do these calculations there^also a daunting 

task, and compare the results. 



TABLE 1: The Group Theoretic Weight contribution of the graphs. All the graphs that are obtained by .cyclic 
permutations of the gluons are understood to be included. In certain groups one must add inversion 
graphs and mass insertion ones as well. 

Legend : A A A A A GLUONS FERMIONS GHOSTS BASIC HARD DIAGRAM 

GROUP GRAPHS GROUP THEORETIC WEIGHT FOR Q-Q GROUP THEORETIC WEIGHT FOR Q-Q 

[C2(F}] ( V j U V j l a b » 5 " » C2< 6> W V a b C 
Ba 

[C2 (F)]- |C2(F)C2(G) i V o W V a U Hba + I V ^ W V a b C 
Pa 

^ f [ c 2 (F)]- |C2(F)C2(G) C
2(FHTi>aB<Ti)ab H l l - i C 2< G X T i W V a b Hba 

[C 2(F)| 
£a 

M O O " . ) 0(T.) . H^ 2 M vaB vab ba 

[C2(F)J 
3a 

C 2 < F > < T l W T 1 > a b Hba 

[C 2 (F)L - |C 2(F)C 2(G) [c2 (F)]H«« - IC2(F)C2(G)H 
ota 
aa 

[C 2 (F)] [c2 (F)]H .aa 
aa 



GROUP GRAPHS GROUP THEORETIC WEIGHT FOR Q-Q GROUP THEORETIC WEIGHT FOR Q-Q 

8 X 
[C2 (F)]

2 ( F ) ] C 

• X 

[C2 ( F F 
[

C
2 

(F)]H-

,0 ^ [C2 ( F F M ^ i W V a b ba 

" X 
C 2(F)C 2(G) C 2 < G > < T i W V a b 

( 

„ga 
ab 

1 2 

C 2(F)C 2(G) M ^ i W V a b HPK ab 

,3 • ^C 2(F)C 2(G) |C 2(G)(T.) A 6(T I ) A B H? A 

ba 

- X 
TC 2(F)C 2(G) JC 2(G)C 2(F) H ^ 

„ x 
< F > f c 



GROUP GRAPHS GROUP THEORETIC WEIGHT FOR Q-Q GROUP THEORETIC WEIGHT FOR Q-Q 

16 

17 

X C2(F)C2(G) 

C2(F)C2(G) 

C2(F)C2(G) H ota 
aa 

C2(F)C2(G) H aa 

aa 
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APPENDIX A: QCD Feyrimari"rules 1 

The quantisation of QCD in a renormalisable gauge leads to the 

Feynman rules summarised below. The solid and wavy lines are quarks 

and vector gluons respectively. The dashed line represents the Faddeev-

Popov ghost particles which are introduced in the theory to preserve 

unitarity and gauge invariance. Roman letters (a, b, c, i , j ) refer 

to colour indices. Greek letters are Lorentz indices 

fe. k o ^ 
- - - y Ghost propagator : C t f t ) = — — — 

lt> i t 

P CP Fermion propagator - o (f) - iSV; 

Gauge Field 

Propagator 

In the Feynman gauge oc = 1 

ghost vertex 

gauge field triple vertex 

gauge field quadruple vertex 

- i 

4-
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Fermion vertex 

In addition 

(i) We introduce u(p), u(p), v(p), v(p) for spinors corresponding 

to external fermion lines 

(ii) for each internal momentum not fixed by momentum conservation 

constraints at vertices a factor 

f c L ^ i 
J + 

CL ) f ^ x \ ( i i i ) a factor (an) o ( p - ^ ) for each on shell fermion of momentum p. 

* 
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APPENDIX B: Th6 mass counterterm to OM 

The one-particle irreducible graphs, with external legs amputated 

to 0((%) are given by (see fig B.I) 

B.l Cf) = = cc_ ( -0 , c ' v ^ i t " 
w j it 

and 

B . 2 -C I*)(PI = - ' A 
(Z) 

where the colour factors have been ommitted 
A 

V? p 

(-t'Aryl) 

Fig B.l One -particle irreducible graphs to 0(ff) 

From B.l we find 

2 
<0 

CpO ^ z j _ M 

Using the eikonal approximation and working in the rest from of p we 

find 

B.3 UCp) % If)  U CP) __ - I o( 

no 

From B.2 we find 

Ci-tt)' 

J i \ 

— 
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So from our renormalization condition (2.3.6) and E[3 we find 

B.4 - C Am - oc cfk 

J 
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APPENDIX D: The integrals of Section 3.4 

In this appendix we evaluate the integrals that appear in section 

3.4 using dimensional regularization. The integrals are evaluated in 

Cn"]for n>3 and large. We then go back to n = 3 in a controlled 

manner. 

Throughout we will be working in the frame 

f> * t M j O ) f y - , J ^ J X 

• (n-i) conl#*iJs' 
f*h 

where q is chosen to lie along the n component of q.. We have defined 

the following quantities in the text: 

f *< * 

(D.l) 

.k 

) k ' = r 
% f . 

° < ft < ' 

p k t 

We will be using the following identities 
— 

/ cioL (Z } DC > a 
J o 

« Ld^st+Lt) 

r m =z 
JL 

(D.2) < 1 = -i' e 

3C-+lZ Jo 
on 

y 
x. £ A g j J L 

L <X 
I 

(JC + T € J Z 

(D.3) f 
(a) The integral I, z j f c b S W 

r - \ A* oc Jl 
do 

( X f - c t ) 

r n J e, dx. - r sz, 
- 03 jD 

Using D.2 we find 



r 
D.4 1 , lot Q. 

We now define the integral 

D.5 I 
, - feVAX r 
<Ck e S W j Uof e 

V a 

2 
wehre A is some arbitrary ultraviolet cut-off. Reversing the order 

of integration in D.5 we find 

X, 
Cnl r ̂

 pi k e 
-oO 

So using D.3 we find 

__ DO r. 
r 

< k o t ( j Z _ ^ 
(a-0/2. 

Doing the (X-integration we find 

7C 
(5 - n . ] 

frwl/l 

thus 

„ . , A . _ j . J r ' ^ ' A ' * 

D.7 A * d."k X t i <2/1 
n + i+t J 

(b) the integral I 2 = fd 3 kd i k / aK / 

We f i r s t write I0 as 
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D.8 T 
-V V 

We define the equivalent of I^ n-dimensions with an u.v. cutoff 

D.9 1 A i t 2 kz 

Using D.2 we find 

, -*W lf k* X) 

x e . e . ( z k z ) . 

We can replace the 2kz
1 term in the numerator by writing 

rJ 
dvdjulv'cty • jn. 

Z 2 2 'Z I 

We do the k and k' integrals using D.3 and obtain 

2. 
_ ( p + v i t t - ^ 

Pl I r 

-Ot 
The v-integral is absolutely convergent and we can drop the e term. 

We can then do the ^-integral exactly. Differentiating the term in 

curly bracket in the above brings down a factor of 

Since 

give 

i i f the resultant u-integral is then trivially done to 

f")/z (*«-?>+ 
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We scale tf, Y yn. by 1/A and rotate theyi-contour so that it runs just 

to the right of the negative imaginary axis. We then find 

D.10 
Jn - i r 

2x n (A z) 

f J0 ^ O - p ^ ^ ^ ^ v p ^ 

wehre we have dropped the e"/E term for large n. We may also drop 

the e term as the a- integral is convergent at large tf . Note that 

the term 

U is positive definite. Thus the is term 

that in principle is picked up when rotating the ju -contour may be 

neglected. We only want the real part of This is fixed by 

the argument of the square root being positive. This gives two integration 

regions since we want 

D.ll Y > fSz - i - * O - p*) 

This is automatically satisfied if 

r r 

However if lx > i +- ^ c i- pV then the V-integration must be cut 

off as dictated by D.ll. Hence from D.10 we find , 
f>\•+ ocg-p?-) f 

U P ? 1 } --
r 

cU 
t-vk -̂ pVi] L [fry*)(,-!?•) a 

D.12 
r 

cL<* 

J0 C«HJ 

Using the identity 

M i 

60 

r 

cO 
Cz-nl/l 

juji-f- rthjf 
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D.13 j v AI; >0 At6V>o 

D.l2 becomes 
n-3 r r 

L v/£7 i r -,<n-.yz :(L - Tan I + 
HyZ 

-f- JL 
Z 

cU. . 

aX 

D.14 4 c 
n-3 

7cr, -

where 

<30 

D.15 

D.16 

J 71 Act . 
(tfn J f^+i fn-O/2. 

J * 

p*" 
( w U - p 1 ) ) / ^ 

d U [ l 
A _ 

Consider f irst The ^-integral is easily done to give 

D. 17 I , 
fr-3) ± L i i ^ (n-3) l .-ya-2-. 

where 

D.18 2 - Lt-P > 
1 -
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Define 

T -

v> -

d°< 

a + ± C J 

.iv ( v + l d - i ) ) = J [ d S f t + i t e - ' f r ) 
(I**?-1*-CMjW* ^ ^ ( A i f r O 1 ^ 2 J J v ' - H z - O 2 - ] ^ 

Jew; 

Only the f i rst term in the numerator has a pole at n = 3. In the second 

term we may set n = 3. Thus 
ART 

icW J ; -2. 
r 

17 -s>3 
dLv̂  (?-,J Jv 

den*) -f 

(3>-n)/x 

- J L + -i 

D.19 

>7- 3 

I 
~3; 

a s 

h 2 

Constant ctirsC-eJ. jhrti^ r\-y I 

Hence substituting in D.l7 we find 

D.20 ^ r, 

Now consider I^. Using the identity 

T<xn x. ~h Co(r - 77// j JU x. > o 

we write D.16 as 

^ (l-hcCCl-p2))/? r r 
<U 

_ / 

I + / 
Defining 

I 
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and eliminatingy we get 
0 

- ' ^ 
y/i*- <xo-f?*) 

i 7. 
_ ztJUt Gri b . C f t - b ) 

( « t I J J ^ , ̂  p 1 J 

The region gives no pole at n = 3. We can, therefore, treat the 

region fomany large A only. Changing the order of a and t 

integrations we get 

I - 2 bJLfcCp^J Ofr-'fe 
Vb 

o(o( + 2. 
J Of a-"J. 

a Cn-SJA , Jl« 

•4»+-

tii 
n-x 

- Z A 

r- J 
t ^ - C ^ t T " " W t + J . lUfcfP^ 1 ) ^fc't ( i ; 

A-3 ) • | 
-V (H-AH-jB1) ) 

These are convergent for n > 2 . Thus setting n = 3 we find 

r 

r. 
n- 3 

fc G-if'fcii: 
2. . .-."i-

This integral may be done by f i r s t doing a by parts integration followed 

by a contour integration. This gives 

D.21 ix 
/}-> 3 

JT" 
n-5 

'"L 

Substituting for D.20 and D.21 in D.14 gives 

1 * ^ H i Q + ^ f ) 

Hence 
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ft -o l-hf 
D.22 A m M ^ } , 

' c f k c L ' k ' 

I +• J- (n-O 
Z 

1-hjS 
I-(5 

c) The integrals Ig = 

and I, 
It*'**! 2-

We f irst of all define the n-dimensional, ultraviolet cut-off 

integrals 

-aU'^/A1 

D.23 r 3 
r k ^ k e 

t K'V OC'**)* 

D.24 X £nl r . . . ' - ( & + £ ' * ) / a x 

rkd nk e 

K'l cc 2 Z k ' l n / 2 l £ Kf+CtlZ 

First consider Ig^"1. This factors into separate k and k' integrals 

4 7 A 1 

f<A« [<Lnk e 
Jc - n ^ l K f ' ' 

d 

Hence 

D. 25 <L'k e 
-iVA 

This is analytic for n > 2 

Now 

fk'e 

( k ' W X k k t ) 1 -

CO 
- - j f Ji«vJvf_7r 

J* v i * 
<Jo 

Ahk'e. i % 

Ln-0/2. n i C r t f f y l 
CO 

1z e _ - I 

I P 
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Hence 

D.26 

r 
n e 

-V/A 
_ - TC n/i ,L 

ZjZ' K W 
ii-Oi 

The above has a pole at n = 4. Combining D.25, D.26, and D.23 we find 

D.27 3 
r o 12. I r 

dec (««-/?)+ fr) 

Let us now consider D.24 i , , 

I * " a - f ^ ^ V 

— 2, 

c r - A r - ^ c r - f k ' t i c / i k ^ j ^ 

r ^ - _ «/ ( \ i i ) ^ t ) - V/1 
r u \ e. 

on making use of D.2 Using D.3 we do the k and k' integrations giving 
V> p 

/ \Cn")/2- p -t f 'p 1 ! 
= i W - J L - 1 ^ ^ ,/7

 / - 1 

Scaling tf^M 'z^2-and doing the V integrals gives 

X^ - ZcQA ) 7U 
a H X 

We can rotate t h e ^ -contour until it lies just to the right of the 

negative imaginary axis. This gives 

D.28 r / " 7 2 n «(/f) 

r 

n-i 
JkJ/A - y U / 3 2 ) 

(I ^ f 2 - (\+-oi)Ln-,)/>-

>h 

We only want the real part of D.28. Thus the square root in the 

numerator must have a positive argument. Thus we have 



C6 

n-3 r 
d c 

l+ <x(t-p lJ 

1 6 1 

( I V ) " 1 

Now do the^ -integral by parts This gives 

rt 3 °° 
= - V f l * / " I f Joe Cn-xci-F)!^ 

D.29 

+ 7C V J 
n-i 

d « 

Adding D.29 and D.27 we see that the f irst term in D.29 is cancelled 

exactly by D.27. Thus we have 

r 

D.3O 

C n-rtf-fil/p 

jyU 

- u a ^ ' L 

Let 

D.31 h I -h oc ( / - j3ZJ ~yU J3 

I i y A 

Eliminating m in D.30 we find / 
0 -"&) 

>7-3 
<30 

J * 
,1, 1^3)4. 

-i/i-h (XCf-p1)' 

" & ( y \ f f 5 ) / z 

u 

The region ^ ^ ^ where A is large clearly gives no pole at n = 3. 

We may therefore, write 

U v h f f l l * 7 s 2n"(A z) 

1-3 

/I 3 

r V 
O - p P ' M c f ' 1 Jo 

Reversing the order of <K and t integration we find 
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l̂ rvx il <2 | Tj ̂  \ X̂  

- -ca"; 
n-3 

<x> 

M H I J 
I t te+f) 

-L Jc< 

n-2. 

f r dot 

V AO-pV 

0 - 2 . 

Doing the 4-integration gives 

I^M CnJ 

M z H ' - p 2 ) ™ ' * 

/ 2 yfi-J/l A 3 " 0 

n - 3 

+ v f ^ v ) / 
f V ( f l - 3 ) 

VAO-p 

The second integral is well defined for n > 3. Setting n = 3 in the 

t inegral gives 

/} 3 

n-2 06 

on ctt 

Now 

<0: 7Z~ 
2/3 

Hence 

D.32 ^ ; r 

'7-2 

ft ( « - 3 j 



16 e 

- ( £ & " ) / a 
_ M 

d) The integral 
k z ( k ' - K,'X)U<*- (k''h)>+iz)lt'+tz) 

Now 

D.33 r™ , f l M t l h ' - e  

j f ( k ' -

We write this as 

X 
T 

i H h H t ) 
I 

X £ z ( k * - z k i ) 
<s-=o 

where we have introduced o* so that we obtain 

cij 

x e 

We do the k and k' integral to give 
<r= 

D.34 T - - J D 

ft/ / 
r JL^JxJ^JSjz 7u n/j 2 2 ] e 

where 

D.35 c ' -

7) - 2 
1 

where we have kept only linear terms in®". We can drop the e's in the 

exponent since for large n the convergence of the^ integrals is 
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good. 

Now 

Ct) 
D.36 d S 2 e 

9 i 

-
-Vc' 

<2, 

z 
O 

The 3. term gives 

06 'C-
i 2 J S e _ 
L A. ^ ^ A 

<*> - [ _L t-od-fu) 
f , f U 1 y 

CT"- o 

D.37 

Using D.34 to D.37 we get 
<s>6 / 

c 5 * * 

2 Scale , V , by 1/^ and we obtain 

n 

- -t'TC'OlV UccAYJ 

c 

Jm ( ) > I 

/ c 0 -i/c? 

We can now rotate the^-contour until it runs down just to the right 

of the negative imaginary axis. Hence 

D.38 I r -/(. 

ah 

<Jn i~(n-eilf H-y) + MUj. Y+ 3 T-l 

Since we only want the real part of D.38 the integration region 

is limited to make the last square root have positive argument. Since 

the n-dependent factor has no zero in the integration region the only 



1 5 58 

n-siregularity can come from large Y y * values. It is easily 

checked (using a scaling trick) that the only regions giving a pole 

at n = 3 have , y ,y<a.l l large. Thus we scale , x , ~ by ^ 

and obtain 

dO 

I w i r / n l = - r ' f r V j J ^ f h 

x i^Z 1 ) * " — 1 — 
; J -J ZrU-p"-) 

where we have kept only the dominant large f term and N is a lower 

cut off of J 7 . 

i 
D.39 ^ ^ ^ ( A V " 3 ^ ^ 

A-yi> ( n - z ) 
tf- £ 

For the residue of the pole we have set n = 3 inside the integral. 

D.39 may be written in the form 
<*> - (oiY-h 

, 7c 2(A J I t p r i p t ( 
D.40 , , 

n->3 (n-3 J 

That D.40 is equal to D.39 may be proved by scaling , Y y * by J 

and then doing the /'integral. 

Now scale 9 Y b y j a and from D.40 we can then do theyJ-integral 

giving 

Lc«i T 6 " = ^ 
D 41 ^ -

(PS) 

Define 
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D.42 •X =r or t- ( - I 

JLt'rvt. " 

( 1 - 3 J 

cxb 

Define u = xy and eliminate y from the above. 

This gives 

CO i-3 06 

A'rvi Ar - 7L " /" J x C*-i) I ^ 

Interchanging the order of the u and x integrals gives 

LkM J~ 
A703 

7Z (a^- y j 
co U 

U 
dx X - z 

X 

D.43 - 7L (A V f flkt 
f f - 3 J J , 

n-3 
/ A? u -h 2r - 2 

D.44 - 7X 

Qa-i ) -r I J Zt 

^ ^ 

where 

D.45 = 
oi 

( " - ' W h u ^ f p 
ot> 

D.46 r L - 2 LL 

Define 

Hence 

i ^ v W ^ j i y 

u L U - j ^ ) _ I 

oO 

.47 ^ L r 7 * f 

D.48 /^e / T r 2 7 n - 2 M L 
t V / 

- - 2 T 
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Now from D.47 we have 

( l e t r , l = 

-o* 
n 

JJr J^ Z C t ^ X / a - f ' ) ! 
! 2 ~ 

— 0O 

dJr fy I 

- 2. 
ct> 

M I cUr 

- oO 

L z l k 
V,T=jF 

U * ) 

Closing contours in the upper half-plane we find 

D.49 He. r, 1 U 
2.7T 1  

7C U (J + P 
p \ ' - p > 

So from D.49, D.48 and D.44 we find 

D.50 
_ CnJ / , 2 . 

76 
ft-JO 

P 
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