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THE DRELL-YAN PROCESS IN QUANTUM FIELD THEORY

ABSTRACT

In this thesis we study two aspects of the Drell-Yan process

using perturbative methods in quantum field theory.

The first part of the thesis is an investigation of the analytic
structure of the Drell-Yan amplitude in a {3-mode1. The motivation for
this study is to obtain an understanding of the Drell-Yan process
through the method of operator product expansion (OPE) which has been
so successfully applied to the process of electroproduction. The Drell-
Yan process and the electroproduction process are very intimately
related but to date no OPE of the Drell-Yan matrix element exists.

Our analysis strongly suggests that such an expansion cannot be carried

out because of an infinite time scale hidden in our amplitude.

The infrared nature of non-abelian gauge theories is the subject
of study in the second half of the thesis. We investigate the Drell-
Yan process and find that at order 0(2 where &« is the square of the
coupling constant in the cross-section, there is no infrared cancellation
in the spirit of the Block-Nordsieck Theorem which is true in abelian

gauge theories.



CONTENTS

1.  Abstract
2. Preface
3. '~ Notation

4. ~Part I: The analytic structure of the Drell-Yan

amplitude

5. 'Part II: The infra-red nature of the Drell-Yan

process

6. References



Dedicated to my dear parents, Désiré and Gitane



- 'PREFACE

This work was carried out in the Theoretical Physics Department
of Imperial College, London, under the supervision of Dr. I.G. Halliday
between October 1977 and October 1980. Except where otherwise stated,
this work is original, and has not been submitted for a degree of
this or any other university. The material of Chapters 3 and 4 of Part
I, except for section 4.3 of Chapter 4, was carried out in collaboration
with my supervisor. Some of the work in Part II, namely that directly
connected with section 3.4 of Chapter 3 was done in collaboration with
C. D'ilieto, a student, and Drs. I.G. Halliday and C.T. Sachrajda.

I would Tike to thank Janie Coghill for typing this thesis.

I should 1ike to thank Dr. I.G. Haliday for his constant
guidance and encouragement during the course of the work and for many
valuable discussions and suggestions. I am also grateful to Dr. H.F.
Jones, John Butcher, Christine D'ilieto and Jeremy Wyndham for very

useful discussions.

I am very much indebted to the Seychelles Government for allowing

me to be away from the Seychelles to pursue this research.

The financial support of the University of London Postgraduate

Scholarships Board and that of my parents is gratefully acknowledged.



Notation

(1) The Kronecker delta function 511 is defined as

0, i#1

(2) The O -function is defined as

. ‘ {1, x >0
Q(I) =
0, x ¢0O

(3) The Scalar product of two four-vectors p = (po,,g ) and
q-= (q°, q ) is defined by p-q where

p.g = p°%° - p.q

(4) We are using the same notation as "Bjorken and Drell™ {lo] for

spinor normalization.
(5) We are using units in which h = ¢ =1

(6) We are adopting the convention that repeated indices are to

be summed over.
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PART I

The Analytic Structure of the

~ Drell-Yan Amplitude
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CHAPTER I

INTRODUCT ION

Recently there has been rapid progress in expanding the list
of genuine asymptotic freedom predictions in Quantum chromodynamics (QCD)
[(1]. For several years we only had the pioneering predictions in the
total electron-positron annihilation cross-sections and deep inelastic
scattering (DIS) {2]. These involve only 2-point and 4-point
amplitudes. The generalisations to Drell-Yan [3] and large p, -
processes, for example, seemed impossible. This impasse was broken
by leading log calculations in quantumelectrodynamics (QED) and QCD [4].
Subsequently more general arguments have been given [5]. However, in
spite of the fact that Drell-Yan and DIS are very intimﬁte]y related
the generalisation of the operator product expansion (OPE) [6]

technique to 6-point amplitudes remainsobscure to this day.

In the theory of multi-particle production by exchange of Regge
poles there was a similar problem. The structure of higher order
amplitudes such as 2— 4 and their unitarity equations seemed incompatible
with the factorized 2-— 2 and 2 — 3 amplitudes [7]. This was eventually
résolved in an elegant manner by a deeper understanding of the analytic

structure of the 2— 4 amplitude.

Since the canonical application of the OPE also requires the use
of dispersion relations in x, the Feynman scaling variable, we are led
to study the analytic properties of the Drell-Yan amplitude in its

~asymptotic large s and large Q2 region. We immediately run into

surprises. The Regge 1imits were characterised by asymptotic formulae



which would be continued round large circles and behaved smoothly as
epitomised by su(t) where & (t) is some function of t, a finite
momentum transfer. The Drell-Yan amplitude behaves totally non-
uniformly. The characteristic scaling form only appears at very
special kinematical points and away from these points the amplitude

is down by two powers of s. For example in the Euclidean region of
fig 3.1.3 where all invariants are negative, but in the asymptotic
scaling region, there is no Drell-Yan scaling term. The amplitude
thus has a very different structure from our Regge paradigm. This is
because the scaling form comes from a pinch in Feynman parameter space

rather than end-point singularities.

As we do not believe that the spin structure affects the

analyticity we study the @3-mode1 which contains only spinless particles.

In Chapter 2 we review the basic ideas and tools that will be
required in this part, and also in the last half, of this thesis.
These are the S-matrix and its representation in perturbation theory,
the differential cross-sction, the Feynman representation of amplitudes

and their analytic continuation and the generalised optical theorem.

The Drell-Yan model is recalled and its kinematics described in
Chapter 3. We will be considering only the bare ladder-type diagram
contributions to the amplitude. We demonstrate how this amplitude is

dominated by a pinch singularity.

Most of the analytic features of the general ladder diagram are
present at the one-loop diagram. In Chapter 4 we discuss in detail the
analytic properties of the latter. This of course simplifies the

the general problem considerably as we do not have to deal with the



multitude of Feynman parameters there. Here we discover an infinite
time scale hidden in the problem which turns out to have a simple
physical interpretation.” This is discussed in the conclusions. This
infinite time scale is absent in electroproduction as we will discuss,
and we believe it has profound consequences for an OPE treatment of

the Drell-Yan amplitude.

We discuss the analytic structure of the general ladder graph
in Chapter 5. Apart from a technical difficulty exactly the same

features present at the ohe-1oop level emerge.

Chapter 6 contains our conclusions.



CHAPTER II

" 'BASIC PRELIMINARIES

This chapter is essentially a brief review of some of the ideas
and tools that will be required in this thesis. It consists of four
sections in which we discuss the following topics: the scattering
matrix, the differential cross-section, Feynman's representation of
S-matrix elements and their analytic continuations from the Euclidean
region and the generalised optical theorem. Most of the contents of

this chapter are to be found in [8, 9, 10 I.

2.1 The Scattering Matrix

In using the scattering or S-matrix [8 ]to describe a scattering
experiment we will assume that the forces are sufficiently short range
that the initial and final states consist of free particles. These
states can then be specified by the momentum of each particle together
with certain discrete quantum numbers. Accordingly we assume that in
the extreme past (t —-oe) the particles may be described by states

lidwith the following properties.

(i) The Superposition Principle: if 'V& id:> and I{ﬂ iq:> are
physically occuring states so is’ktqg in +/u|4;hi>where A

and//A are any complex numbers.

(i1) The orthonormality and completeness properties: the set of
physical states is normalizable and complete so that a subset may

be chosen satisfying the orthornormality conditions



(2.1.1(a)) < m, i ] ", fﬂ:::> = éznn

and the completeness conditions
(2.1.1(b)) ZIM,fn><M,fnl - 1
m

where m and n are labels describing particular configurations of

free particles. S’mn is the usual Kronecker-delta function and ﬂ is

the unit operator.

Similarly we assume that in the infinite future (t— +¢2) the
particle may be described by states | out>>bearing corresponding labels

and with exactly similar properties as the states I in>.

We define an operator,E;, by

(2.1.2(a)) S =2 i lm, k|

so that
4
(2.1.2(b)) S

Because of the orthonormality and completeness conditions (2.1.1) on

I

z |m,m><m,1’n l

m

the states | m, fﬁ>> and the analogous ones on the states | m, oui:>

the matrix elements satisfy

(2.1.3) &

STUS =G ut [hi> = Lgont]s [that>

where the labels 42 7%’ refer to any physical state. Further the



orthonormality and completeness relations imply that § is unitary (if

one assumes these may be written)

(2.1.4) SSf: §5-1

If we assume that the matrix element (2.1.3) is a probability
amplitude from the state 1abe11ed’¥7to that 1abe11ed¢£7then the
unitary conditions (2.1.4) correspond to the physical requirement
of propability conservation i.e. the total probability of the system

ending up in some other state must be unity.

We will be considering spin-zero-type particles and use

momentum eigenstates as a complete set of physical states.

Using the standard annihilation-creation operator formalism [9 ]

we write the single particle state ' §>describing a particle with
i
moment p, mass m and energy po = [pz + mz] as

ff/
(2.1.5) P> = a'e) o>
where | O> is the vacuum state with no particles i.e.
(2.1.6) a () lo> = ©

and  a’ (p) and a (p) are creation and annihilation operators

respectively.

We shall choose the relativistic normalization

(2.1.7) .<P'|¢>: ey, dip] = A (22)



where

(2.1.8) A({g', g> = (m)g. 2p S@)(qe’- )

For discrete states with unit normalisation we have the summation

property

(2.1.9) Z_{ Sap = j{

The integration yielding the corresponding property with A Cﬂﬁg)

(2.1.10) gf(e)A(eﬁg) = fﬁﬂl}
2

is given by

(2.1.17) j;
£

H)

(+)
dp =<zn)'3jotf>5<f> )

(ﬂr) 2p

where
&) 2 2\ — g 2_' 2)
(2.1.12) S (p=mt)= Op)o(p-m
We défine the state of n-particles with momenta P1s Pos «even P, 23S

(2.1.13) ] R»H""'P> = af(a)a+(ﬁ)~--¢f<ﬁ)|0>

Because of (2.1.7) the normalisation of this state is

()

(2.1.14) < e p

{A(p,’,en)... Ac,en’,p,h)}

10



while states containing different numbers of particles are orthogonal.
In (2.1.14) the summation is over the n! ways of pairing off the
momenta in the two states. The corresponding n-particle phase space

integral is

(2.1.15) S = —',S g
m, J-...

£ 8 { A

so that the completeness relation reads

o0

7 a4 M . w o, }
(2.1.16) Lz%mﬂi! o[q,..a@qn Sqm o $Cq5m) [y q,><q'...qnl 1
A=0

For spinless particles if we insist that our S-matrix elements
are Lorentz invariant then they depend on the four momenta only
through their invariant scalar products. The elements of the S-matrix
cannot be analytic due to the occurrence of Dirac §-functions. These
occur due to overall energy-momentum conservation because of which a
matrix element <F} [S[P,> will contain a factor 8(4)(P1. - Pf). Also
note that because of the probability that the particles do not interact
at all ( due to quantum mechanics) the four-momentum of each
particle may remain unchanged.The S-matrix therefore, can be separated

into two parts by writing

(2.1.17) S= ] + iR

We then define the transition or T-amplitude by

erae CplRIp)= 00 Stag) <o T R

1

1



It is generally believed that the causalify property requires the
transition amplitudes to be real-boundary values of analytic functions
of complex variables. In perturbation theory Feynman's prescription
for obtaining physical amplitudes is giving a small negative imaginary
part (-i€£) to the mass of each particle in any internal line of a

Feynman diagram.

2.2 The differential cross-section

Cross-sections, -, are measured by experimentalists. They give
us the rate at which particles are scattered into unit volume per unit
incident flux. In terms of transition amplitudes the differential

cross-section, do, for spinless particles is

© 2

3 3 48 "
(2.21) do = S Z‘“" oLk @S (H+f)z-§ki> <k,...k,.lT P,{>

120 00p) /2 il 26

2
where

2 2 4%
2.2.2 = m
( ) g, [+ m ]
yq, ye are the velocities of the incident colinear particles Py2Py- This
expression is then integrated over all the undetected momenta of
the final states k]""kn' . The statistical factor S - is obtained by
including a factor m! if there are m identical particles in the

final state. The proof of (2.2.1) is to be found in most standard

12



texts of particle physics [9].

2.3 ' Feynman representation of S-matrix elements and their analytic

“'continuation from the Euclidean region. [?, 10]

We will be using perturbation theory to evaluate the S-matrix
as an infinite number of terms, the expansion parameter being the
coupling constant that appears in the interaction part of the
Lagrangian. We are of course assuming that the coupling constant
is small in some sense. In practice in evaluating the S-matrix
elements one represents each term in the perturbation expansion by
what is called a Feynman diagram and one then uses the Feynman rules
(given in Appendix A for q73) to write down the mathematical expression

corresponding to a given diagram.

The general Feynman diagram in a >Q3 theory,suppressing coupling

constants and other numerical factors)is of the form

1.
(2.3.1) F . g’%}ﬁf&iﬂb __
7C (8a-mp ¢ 1€)

.=

where k], ..... Kt denote £ independent loop momenta, 9y ... q, are
the momenta of the internal Tines. m, are the masses of the internal
Tines. Each a9, depends Tinearly on one or more of “the kj and possibly
on one or more of the E external momenta which we shall denote by Pa
taken to enter the graph. These dependences are a consequence of
momenta conservation at each vertex of the graph. We now introduce

Feynman parameters o(; through the identity

13



1

~
j de; § (1= Ft)
(2.3.2) = (NQ[)!II—I - Nh-.
ff;/ .[Z'O(»JCL]

where f_ # 0 which allows us to write (2.3.1)as

’ | n £&4k
(2.3.3) | =Gl Pout {'jZAx; 5U-Lixn) i{‘. J
TTEwe (i [gf’(h(?,t"";)*“{_lh

The Tinear terms in k in the quadratic form

(2.3.4) _(Jf(k, (:\/a() = Z o, (q,f— ’W’/i)
‘ J3 =i

are eliminated by a translation in momentum space. The resultant
form may be diagonalised through an orthogonal transformation of the

kr‘ The resultant k-integrals are performed using the identity:

4k _ 71
(2.3.5) - 7
(a-6k)* O-1)(-2) b
where
Ina e
(2.3.6) b > o
Re vy 2

The ko-integra] must first be done by rotating the ko-contour into the
imaginary axis by /2 in an anti-clockwise direction. We then obtain

5%:} lZn‘Co{o(; 5 —io(;) C
| (:D . e C]n-zﬁ

/

(2.3.7) IE _ (7121:) n-24-2

where

14



3 "
2
(2.3.8) D - Z% PR — Zo(” Cm,
il

"'Jll‘ A=t
%@ and C are positive-definite, linear and homogeneous functions
of the AQ’S . There exists cutting rules which allow us to write
down immediately the C and D functions for any Feynman graph. These

are given in appendix B.

In performing the ko-integral in (2.3.5) we Wick-rotated the

ko-contour:

. I'é
(2.3.9) k,— koe ., o<¢q £Th
The external momenta are inextricably linked to the kr via momentum
conservation at each vertex of the diagram. Hence, whatever trans- -

formation the Kn suffer the external momenta do as well. Thus

g r o o . ® o
(2.3.10) §J PE +eC — i}[pcS@ZQ ‘%'8} + 1[EC+%_U,“,§;“2&]

We see then from (2.3.10) that the imaginary part of D remains positive
for a1l &(; . Then (2.3.7) exists for o< ¢ (7/2 , In the limit
4’=7T/2,D becomes negative definite (i.e. we are now in the Euclidean
region) and, therefore, we have no singularities plaguing us and we
may drop the 1z term of D. The resultant expression is now valid in
the Euclidean region and is real modulo (1’)2 . To get back to the
kinematical region defined in (2.3.1) we must analytically continue

all scalar products, but not internal masses, through e . This

1



follows from (2.3.10).

In the region where D is negative definite it may be useful to

write (2.3.7) as

-]

) v/e
(2.3.11) F X [ldxi €

3

C

o

This is best seen by scaling all Feynman parameters in (2.3.11) by f

and then performing the resu]tantsf-integra1.

2.4 ~The generalised optical theorem [11]

Let us first recall how the optical theorem relates the total
cross-section C., for Pyt Py — anything to the (p] + p2)2 = s
-discontinuity of the 2 — 2 forward scattering amplitude. It follows

from (2.2.1) that

od

N o2 “ z :
(2.4.1) o - ',':LZ = [ Ldk S (’f,‘"n)-(-?Tr)4g(ﬁ*&“o'§‘¢4)<9&{T+lk,...k><k,.-.hn

T{ee
M. |J @5

nz2

where F is the flux factor. The unitarity equation (2.1.4) may be

written as
(2.4.2) R - et - iR’ = arr?

on using (2.1.17). From (2.1.18) we can write (2.4.2) as

16



1

2.0.3) <eRITIpRy —<pal™" |pRy
Z J‘L_.l S(kjL m") @n) SCppr Zb) o TR Ry Ry Ry |7t ap>

Because of (2.4.2) the order of T and T" is irrelevant in (2.4.3) .
The left hand side (1.h.s.) of (2.4.3) is defined to be the discontinuity

in s of the 2—2 forward scattering amplitude. This we denote by

[&S{Iﬁz(aé»)} where t = @rﬂ)iQLﬂk)L: d.
Since

y +
(2.4.4) Cep|TlRey = <en|TT ReY

it follows that

(2.4.5) As {T>2 (st - o)} = Qifm{f_n(s,éw)}

In the summation on the r.h.s. of (2.4.3) the n =0, ] terms are
each zero as we are assuming that all masses are identical and hence
their corresponding T-matrices cannot conserve four-momentum. By

comparing (2.4.1) and (2.4.3) we arrive at the optical theorem, namely

(2.4.6) AS {73_)2 (5,@:0)} - o F oo

2 where m are the internal masses, the 2— 2 forward

If p12 and pzz} 4m
amplitude will have branch cuts in these variables. 1In (k]...kn\T}p]p£>
these must be evaluated above their cuts and hence in <p1p2‘T+|k]..k;>
they must be eyaluated below their cuts. We saw at the very end

of section 2.3. that the T-matrix in perturbation theory is real in
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the Euclidean region where all invariants are real and negative. It
follows from the Schwarz reflection principle in the theory of '
functions of a complex variably [12} that T(-Sa—ie ) = T*(-s e’e )
where T(-s 619 ) is the analytic continuation through & off the
negative real axis into the complex s-plane. Hence the 1.h.s. of
(2.4.3) is obtained by analytic continuation. The r.h.s. of (2.4.3)
has the following graphical interpretation: it consists of all 2—2
connected graphs; each graph is cut into two in all possible ways
such that s flows into each half and the cut lines are put on mass

&) 2 2
shell through the delta-functions, $ (& - *”‘)jeverything on the

r.h.s. of the cut must be complex conjugated.

The extension of the above formalism to a one-particle inclusive

cross-section
(2.4.7) PPt P, — A + anything

requires greater care. It follows from (2.2.1) that

oo

(2.4.8) D w,avdo - N AR 4% {”@dz_ma)@ﬂ)“s“(’m_ k, - ﬁhd-)(P.P,l'r\h.lq..h,&<k,k£..h,,h~flB >
A}kA = _.q\l' J:Z (aﬂ)% d=1
nsl

If we now assume that crossing symmetry exists i.e. {kbR.klTies>
which describes the process (2.4.7) also describes the unphysical

process

(2.4.9) P'+ P1+ K ——? ov\j\'\'\;ng
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where A denotes the anti-particle of A, by an appropriate analytic
continuation then we may replace L Rak,.. R.|T \€G)
by the unphysical amplitude < PP KRa|T ki Ry > and obtain

4

(2.4.10) -'wab«)’ji;r_:_z p\“ Sck e (g ke Z“TbJ)«m A lTlk X T AR
&£k, F @’ I

n=2

where A= KA but flowing outwards.

As in the case of the total cross-section for 2— 2 scattering
amplitude we may, by using the unitarity equation, 1dent1fy the
r.h.s. of (2.4.10) with the discontinuity in s = (p1 t P, - Ka ) of
the connected part of the 3—3 forward scattering amplitude but with
the external invariants sL in {opkalTlk,. k.S evaluated above
their cuts and those s in Lk kal THpp, 2y evaluated below
their cuts. For invériants attached to both T and T' it is irrelevant
which boundary value we take. This is Muellers Theorem. We note that
two features absent in the 2—2 forward scattering amplitude have
arisen here: firstly we have to state the boundary values of the
invariants on which the s-discontinuity depends - this manifested itself
in the total cross-section of the 2—2 amplitude when this had
branch cuts in its external masses; secondly, the 3—3 amplitude
has semi-disconnected parts - for example particles 1, 2, 3 come in
but only 2 and 3 scatter off each other. 1 then interacts with the
products of the 2—3 collisions. Such disconnected diagrams do not
have an s-discontinuity and therefore cannot contribute to the cross-
section. With all these considerations in mind we arrive at the

following generalization of the optical theorem:

(2.4.11) 2658 d o 1 AS{T

(s S,sf)1
d,%k,p‘ I: .J



The + and - indicate whether the boundary value of the invariant is

to be evaluated above or below its cut respectively.

The above theorem can of course be easily extended to 2, 3, ..

particle inclusive cross-sections.

n

20



CHAPTER 3

A BRIEF REVIEW OF THE DRELL-YAN PROCESS

This chapter has three sections. The Drell-Yan process, its

kinematics and its cross-sectionare reviewed in section one. Section

two discusses the Feynman representation of the general Tadder diagram.

The dominance of the Drell-Yan amplitude by a pinch singularity in

Feynman parameter space is shown in section three.

3.1 The Drell-Yan Process, its Cross-section and its Kinematics

The Drell-Yan process [3 ]is a model for the interaction

(3.1.1) P+ p—> (/@*I/@’) + andlchcng

where Py and p, are colliding hadrons and (ﬂf, {) represents a lepton
pair. In this model, shown in fig. 3.1.1, one imagines a quark gq

from hadron Py annihilating an anti-quark q from the other hadron Py

I
<

w

Fig 3.1.1 - The Drell-Yan process. X represents anything

21



into a time-like virtual photon Q such thatt@z,} Q/Lz where/AL
represents the mass of each lepton. The amplitude describing process
(3.1.1) factorises into a hadronic part ( Py + Py — Q+x)and a
leptonic part (Q-—91+1'). The Teptonic part is given completely by
Quantum Electrodynamics (QED) and it will not concern us here. We

shall be considering the hadronic half of the process namely
(3.1.2) ot P, — Q + anything

The differential corss-section d<r/d3Q for this process is given

by the generalised optical theorem:

3
1.3) 2we@n) do | T > 3]
(3.1.3) MQKR_?AS{S_’?’(S,S,S g

T3_’3 répresents the amplitude shown in fig 3.1.2

P, — > P
) e
p,—> — B

Remember that the primed variables are equal in magnitude to their
unprimed counterparts. Our interst Ties in the analytic structure of

T3_>3 . We shall be studying this amplitude in a 4?mode1. A11 the

22



particles are identical and spinless.

come mainly from the D-function.

introduction of spin which introduces extra factors

numerator which may enhance the asymptotic behaviour.

D does not change by the

in the

be considering only ladder-type contributions to this amplitude

perturbation theory.

See fig 3.1.3.

R oo Pl,
ﬂ/ Ay S
o,
iA 4, 5
4 5 ,
A §
s ) ;
o ¥1 21
Y -1
/au L Vn. ,
A Px

Fig 3.1.3

Ladder-type contributions to T3_9

3

The analyticity properties

We shall only

in

The amplitude depicted in fig 3.1.3 is a function of the following

Lorentz scalars

TS =

S -

V-

(3.1.4)

2
(P+p.-@) =

e-@V | s/ -

w2
C P|/"’ P,_/— Q) )

= (P‘/- Q,)zl

Sl ) (F,_- Q)‘L , 51’ > (\91’_ CQ’)L'
Qz )Q’z) (‘_\7’2"’“: (P\’Pcl* QI)L) 5’.‘: (P|-p'/-<?)1'

L =

Z
P|=

-0 =0 = G- 1)

2

Pu"z ™,

L
;tll

T
2 7 p2
) P :P} _M]_.

23
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with

81 = Il sl = 18]
(3.1.5.)
g = 1t = 18 = (g

In terms of these invariants we can translate equation 3.1.3 as

3 ) 2 / L
3.1.6 2 w0 QW)O_L_"‘ = = {T Sy S @, 5 57 S Q0 Bs, G }
( ) @ d}Q F Aﬁ' 5—)3( -o-)Sz;QJ- ’ '-)S )Q2 !Q_IQ-)
where the +, - indicate that S1s Sos Q2 must be analytically
continued to their physical values fromabove their cuts whereas s;, 5.,
and Q 2 must be continued to below their cuts and the continuation of

Gz and @2 is irrelevant so long as we adopt one prescription in

evaluating the s-discontinuity.

Let us now consider the kinematics of fig 3.1.2 in order to
define the scaling regions which interest us. In the centre of mass
of Py and Py let Q have a momentum A transverse to Py and Py- If
we have a four vector (ao, ays 2y a3) then we define new co-ordinates,
called lightcone co-ordinates by (a', ays 2, a ) where
at = l-(a0 + a3). In terms of X and Xos the lightcone-cordinates

7

of Q in this frame scaled by +i where

(3.1.7) woo= (P+&)l



we have

(3.1.8) @ = (cx-wz)@l‘) A, (x\-xz)g>

(3.1.9) p = (VWag , 2)
(3.1.10) o2 (ViEg ,-p)

We will be considering u> M12 and M22v. We can then show that

2
Q = JC‘I-;U- - ../_.\1
2-
g - (P‘+PL—CP)Z:_L (\-m)(\-xz)u— A
(3.1.11) 2 T M, AY )
S| =z (Pl_@)- ~ Xy (0 LOARE ’J;(_L - m * 2, (1= ) A
* 2
s, = (2 -x.o-n)u[[ L
TS wlt-% (- U

We have dropped terms which tend to zero as u- e at fixed Xps Xo and

A 2. We are keeping away from regions where Xy Xo tend to 1 or

zero. From (3.1.11) we can show that

YR
(3.1.12) SS2 - . Mx o, MmN
S X, -\ X, -t Q-x)(i-x)
from which it follows that
(3.1.13) T = 3.251 - " O(t’,}

@'s
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But as we wish to continue 51, 52, 02 and s independently we will
have to consider T = GCCQ.

Since Q decays into a real lepton pair, each member being
of mass/u. then szz {/12. Q lies in the forward light cone. Thus
both X1 and X, are positive. Since $ must be positive (it represents
the (mass)2 of anything in (3.1;2)) then it follows that both Xy and
X, are positive and less than one in the physical region. It thus

follows that 51 and S, are negative in the physical region.

The general ladder diagram is shown in fig 3.1.3. Using the
cutting rules given in appendix B and simplifying to the case of not
keeping any distinction between invariants of identical magnitudes,

the D and C functions are given by

(3.2.1) D =J£:£5‘ +-£3Ls, +JC;_9M57_ . Squ_Qz+cl,
(3.2.2) c =% +3u)C(X,...*ém) + (f+q) € (%)

PR
(3-2.3) (& = du M» + OI,_M-: — (Z‘ f:zanrr‘an }mmma*ers) CM

°

2
2 .
(3.2.4) ph: M, P12= My, m - (inkennad mass)

fh, fL, 9y 9p» du and dL are positive-definite , linear and
homogeneous combinations of the Feynman parameters corresponding to

cuts shown in fig 3.2.1. C(K} ..... 75m) means the corresponding

2 6



C-function for the graph between the XFh, andq;th ring inclusive,
c(«

form of the coefficients of the invariants - they are to be found

, ..<¥n) is similarly defined. Here we do not give the explicit

in section 5.1. dy
P, o |
%,
'\____,/
T | A
N )
Q@ ANA v @
//;§/P\\\
'EVL» o N
Pa g

Fig 3.2.1 Diagram showing all the possible cuts corresponding to the

general ladder diagram when no distinction between invariants of the

same magnitude is kept.

Let us now turn our attention to the simplest of the ladder
diagrams, namely, the one-loop diagram shown in fig 3.2.2. The

C and D functions are given by -

& p e
i g
@rmhrn dm
Fig 3.2.2 The one-loop Drell-Yan ¢
diagram 2 Y
f 3
7 X

173 Pa.,

2 7
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| —2 a2
(3.2.5) D = A<X9+a7.¢9’+—a(v5,'+2{—fsz_+75552’ "'/‘f)?’;“ VSPI:Vf? +/_5? e d,
(3.2.6) C = x+ f+ 4 Tt eV
(3.2.7) d. -

P e (f—hS)Mlz + XQ.H-V)M;? — Cfﬂz

It follows from (2.3.7) that the amplitude, A, is essentially

(3.2.8) A

[(WJ&)S (1~ Zx)
X ot

where

(3.2.9) { (el
.2, z&

and we have used the constraint imposed by the §-function to set C = 1.

n

J«Nolfoléo{?ﬂ/qu

0(+-]0+§+ 2§+/u+\/

il

Also factors of 27, i, g coming from the Feynman rules have been
ignored.

In the case where we do not keep any distinction between Teft

and right invariants which are equal in magnitude the D-function of
(3.2.5) collapses to

(3.2.10) D= s v agpen)st 3PSV, + @ev)(f25)Q + d,

3.3 The dominanceé of the Drell-Yan amplitude by a pinch singularity
'in'Feynman'parameter'spaCe

In general if some analytic function has an integral representation
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there will be poles in the complex plane of the integration variables.
The position of these poles 15 usually well defined by is—
prescriptions when they lie close to the contour of integration.

In general one may distort.the contours away from such points by

using Cauchy's theorem. It may happen,with multidimensional integrals,
that the contour gets trapped by poles lying on opposite sides of it -
this is called a "pinch". We illustrate this by an example [13] .
Consider the integral

3.3.1) G ) = S’clx.,go‘x.,_ 1

[{Qiﬁ(z_'\' b‘x,'i' bzx;.*' C) S 4 CL + ff] 1

On doing the %o integral we get

{

(3.3.2) (G(sy = j‘[ d =,

(a+b)x,s *'(bzf‘C)S’-Hl] [hx.s‘ +cg+ i.]

The integral then has two poles at

oC ! = _..a)-"ac)

_ 1dsex
(a|+bl) S Qi-b

1]

=y e ~ < _ L dtig
b, s b

The Xy contour gets "pinched" if

¢ ke L2 (o
Qa,+b, b

' !

(3.3.3)
(x+b)b, < ©

with analogous conditions for b]e—é b2. The above conditions are
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equivalent to

(3.3.4) ax,x; '/‘6,3.’,-" 62.2‘2 +C = a’ (a=x,+ 5,)/'415 .,.6’)

If the pinch conditions are satisfied then G(s) will have an

asymptotic behaviour of 1/s, otherwise it behaves 1ike 1/32.

The asymptotic behaviour of the Drell-Yan amplitude is
determined by the D-function. It follows from (3.2.1) that if s,
Sqs Sp» 02 all have the same sign then in the scaling region defined
by (3.1.11) we must set fu and 9, (or f. and g, )equal to zero. This will
be-achieved by'settingéx1, fﬁ; S]) (orb'j,,u], V]) simultaneously to
zero. This yields a 1/s3 asymptotic behaviour. We may write (3.2.1)

as
(3.3.5) D - (frgssfe)(fegeh)s + 32 (a-9af) + d,

Then if S1» S, are negative but Q2, é are positive then (02 - 5152/5)

is finite at fixed Xq and Xy (see 3.1.12) and we have a pinch when

£+ 92/

0

(3.3.6)
£+ gk

It
0O

This pinch yields a 1/s asymptotic behaviour and will obviously

dominate over the 1/s3 term.



'CHAPTER - 4

THE ANALYTIC STRUCTURE OF THE ONE-LOOP DIAGRAM

In this chapter we discuss in detail the analytic structure of
the one-loop diagram. It proceeds in three stages. In section 4.1 we

set gq = s]', $2 = 52', sz

= 0% = 2% . This reduces
the complexity of the problem enormously. It allows us to check the
factorized Drell-Yan form of the differential cross-section. In
section 4.2 we keep sz = 52 and Q'z' = 62 but keep Q2 and 0'2
distinct. There we discover an infinite time scale hidden in our
amplitude. Finally in section 4.3 we keep the distinction between all
the Q2. We still keep s.I = s]' and 52 = 52' as we need not

continue in these variables.

4.1 Keeping no distinction between invariants of the same magnitude

We recall from (3.2.8) that our amplitude A is essentially

(4.1.1) 4 - duedpds d3dudy S0-%-2-5-%u.-v) Efwo{)g(,-z;x)

2 4
D[NxS‘ + M/[u )8, + 'K{f—f—S):,i-/(urv)(fir&)Cz-fd.] D4

where

z N
(4.1.2) C‘-(o = u(f+5)f’l.1+ ‘6944-») H; — (x+frSe¥EU4 p)m

Analogously to (3.3.5) we write the D-function which appears in (4.1.1)

31



as
4.1.3) D = (m— (45 )52/, )(n/cqw}s,/s)y e )(feS) (Ql__S;S'z./s) +d,

The second term in the above equation is finite in the scaling region

but we keep it displayed as it contains all the 02 phase information.

Our pinch conditions of (3.3.6) become
o +(Pr5)S2/s = ©
(4.1.4) {’

¥+ (urvlsfy =0

These only 1ie on the original contour of integration defined in
(4.1.1) if 51/5 and 52/5 are negative. We now scale oy f » 5 by y
and K,/x, v by % . Then (4.1.1) becomes

(4.1.5) A =J:1~24ﬁ (W)zg(,-q.ﬁ)ﬁxdfa(s5(1-«-}’-5) d¥dud v 5 (1-¥p;-p)
o o o D+

where

—

(4.] .6) D = 'h’ﬁ{(«ﬂi-«)&/s,) (8—*({—1{)3‘.@)9 + (- D()U-X)(C’Zl_ 5';,_/5)} + A_o

where

i
(4.1.7) 4o = qu@—“)Vf¥ ﬁzxo-f)wf— @+q?iwl

We perform the {, 5 VYT integrals trivially giving a factor

(1 -x)(1 -¥) in the numerator. Then (4.1.5) becomes

3 2



(4.1.8) A . a',,doﬂﬁfs(1-7-7’;)f°l°‘db/<’;;\’}<’-?f}
o o D

Our pinch conditions (4.1.4) have now become

T
o

(4.1.9)

"
O

{ & + (1= &)s3 /g

¥ + U-%)Sk

The solutions to the above equations in the scaling regions are
(4.1.10)

However, for reasons which will become apparent later we write (4.1.9)

as

_ =S2/9

X =X = e——

/—5'2/

(4.1.11) 5
-—-SI/S"

Y =¥ =

I~ S/s

Since we are primarily interested in the pinch configuration which
gives us our scaling 1/S term, we lose nothing by replacing «, ¥,
everywhere, except in the curly bracket of (4.1.6) by their pinch
values given by (4.1.11). The zeroes of the coefficient of u due
to 7=7 - o do not contribute at the 1/ s Tevel because of the ql
and ﬁz in the numberator. We do not set « and ¥ at their pinch
values in the coefficient of (Q2 - 5152/8) as we will be forced to
consider large values of this combination during the analytic

continuation of the function.
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We now define

(4.1.12) A (A = IJW &) 50 MJIMX (-2)0-5)
[Dfl]

It then follows from (4.1.8) that

(4.1.13) A= L %A
3L 2= Neo
With L(mﬁ.x,)s) now given by o(:,(o,,a,&,?) we may do the

&, %, integrations exactly in (4;1.12) using

1. do ¥ - 1 A+B+C+D][D]\
(4.1.14) Ml » ~ ULV
l il

[axv8ocye 0 [AD-c] ‘ls+illeo]
We have

A = o5 (-s5-5,4 )

B = %9 (s1-@")
(4.1.15)

C : a5 (2-@)

From (4.1.12) we have therefore

(4.1.16) /K(A} =fa{vi~7(nn"}5(x-a-w7)(;-&)(I_S') ba{[qﬁmj;)][qﬁqijdﬂ}

- 7 s
u["?’z(‘?“-‘z) o (0550 @Y) + A(s-s-500)] | D1rsitdo¥][nis, +dut )]
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So using (4.1.13) we see that the dominant contribution to A comes
from the differentiation with respect to A of the denominator in
(4.1.16) rather than the differentiation of the logarithmic term.

Substituting for x and ¥ from (4.1.11) we arrive at

1.3 =y ]
o o (sesar@) [ (BIET] | dndT 27 5C-n-7)
(4.1.17) A=x3 azgy:a% & &]Eﬁj Jﬁ o*

where
(4.1.18) D = 7 (§5-55) +d, (s-5-5+ 3%

2 - 2
(4.1.19) = mq (Q—-s‘,Sz/S)S‘ + d, ((x-S,/s.)(/—:% 51-/-(?— 5151.4))

This formula has the expected form. If (Q2 - 5152/5)__9 co then
we get an answer much smaller than 1/S (see (4.1.19). Otherwise we
pick up the phase of the logarithm. Remember that }502/5152] =1+ 0(%)

in the regions of interest.

We assume for the moment that the denominator term is innocuous
and may be ignored during the continuations. We shall consider this

problem in (c) and indeed prove that such is the case.

Thus if we start off in the Euclidean region where all invariants
are negative we clearly do not pick up any phase in the logarithm. 1In
other words there is no pinch if all the invariants are negative. As
we continue to the Drell-Yan physical region with 5 and 5, held
fixed and negative but (-S)—( - s e;iw )s (4(12)--+(-02e‘iTt ) say

‘then the log gives a phase of (-2i™ ) and 0 respectively. This gives the



s-discontinuity for all Q2 on one side of their cuts. However, for
our graph once we have taken the S-discontinuity the 02 ie's do
not matter. Thus this gives the physical cross-section as well. The

cross-section is of course positive.

We may also take the Qz-discontfnuity over all the 02 cuts.

This is finite.

The asymptotic behaviour of A at intermediate points depends
on how we continue the invariants. At the start of the continuation
}Qz - s]sz/sl is finite. Then the pinch term behaves like 1/u2 since
1og|§%_ = log(1 + 0(g))= 1/u. If we continue - S—> - se”™" and
- QZ___a- Qﬁ{ir simultaneously the bz - slsz/s —u at intermediate
points of the continuation and the pinch term behaves Tike 1/u4. At
the end of the continuation the logarithm has picked up a phase of

-2i7T and we get back the 1/u term. If however, we continue - S-»

o LI
et and - Q2——9 -Qe " simultaneously the (Q2 - 5152/5) remains

finite but the logarithm is not picking up any phase and the pinch

behaves uniformly like 1/u2 until the end of the continuation.

(b) Factorization of the cross-section in the physical region

In the Drell-Yan model [3 ]the cross-section factorises into
electroproduction structure functions when the integration of the

transverse component,A , of the momentum Q is performed.

From (4.1.17) we have

3
o Bmsmsar @) (20m) | dndi m7 505 7-5)
(1200 AL} = SIS [ L1
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where D is given by (4.1.18) or (4;1:19). Remember that we are now
in the physical region. In D we can neglect the last (Q2 - 5152/3)

term as it is down by 1/u compared to the other terms. For the same

reason the numerator may be written as

(4.1.21) §-5,-Sy+ . (1 -5/)(-5) S + @1- SS/s & (-SK)(-54)S

From (3.1.11) it follows that

(1-st) = tfo-x) + ol
(4.1.22) {

(_/.-.s‘z/,.‘) = fu-xy o+ Ok
Thus from (4.1.20) we have

2 2 :
(4.1, 23) Ag{A} J-ZA a (_2(![)(!-30) (I—XL)P.YPL% -7;25(1-11-‘53[‘ d A

3 § [mFq-a)(ex) (Qg' §i52/¢) 4';0]3

o

where

(4.1.24) d, =~ 'qzx,(:—x,)M2+ ;zzacz (- x2) le_ (‘y].,.»{«]_)inz

on making use of (4.1.7) and (4.1.70). Combinigthis with (3.1.12) we
find

2

(4.1.25) i Goae 1) 62555+ =4 9) 1 (om0 ) - 00

17



We set =+« =1 because of the 5- function in (4.1.23). We may neglect
2
the A-dependence in s. The A integral is done using
2
(4.1.26) _ah s o7
[a- b/\7']3 2 a%h

2
Note that since the residue of the pole in the A -plane is zero it does

not matter how we go round the pole. From (4.1.23) we then obtain

(4.1.27) JOIA Ag{ﬂ} ” é_rr’-(/—x,)gﬁ/—;r,)l‘[ C{%J“V—l S (1 -M-7 )

3s [v) (M,zx,(l-x,) -mz) + -ﬁ' (M:"z(l°3>_) - ML)] :

The = ,+ integrals are performed trivially using the Feynman identity

{

[ -
(4.1.28) — = (é_vév?_g_ﬁ__“’(_l’
Qb s C"')a + "TAJL

We thus arrive at the factorized form of the Drell-Yan Cross-section.

z ! haliand'} -
(4.1.29) | [;Aﬂfgq} o~ — - 9.0 x,) e L{: x,) -
w [M, 2, {t-2¢;) - m] [—Msz (-x,) —mtl
where we have used

(4.1.30) S o~ (-x,)(1-x)

from (3.1.11) in the final step.
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(c) The analytic structure of the m,»-integral

There are two problems present when dealing with the

integral.

The first stems from the 1dentity (4.1.14) and its subsequent use
in arriving at (4.1.17). We note from (4.1.14) that the denominator
(AD - BC) which appears on the r:h:s. can vanish. This apparent pole
is however killed by the behaviour of the logarithm as AD —BC. This
becomes more transparent if we substitute for D = BC/A in the integrand
on the 1.h.s.. Some elementary algebra reveals that the « and ¥
integrals factorise to give a differnent analytic form which
corresponds to the (1j§£¥£) of the log on the r.h.s.. Now in (4.1.17)
the analogue of (AD -BC) is the denominator D. But observe that there
it is to the cube and therefore the logarithmic term that appears in
(4.1.16) cannot kill this singularity - it would have had we kept all
the correction terms to (4.1.17) though. So on the face of it we
have a badly defined y-4 integral in the Euclidean region as a result

of our approximation scheme.

The second problem is the possible existence of an imaginary
part, or other analytic structure, from the term generated by the
q-ﬁ_-integral after its analytic continuation to the physical region.
This would of course change the value of the cross-section calculated

in (a).

Fortunately both of these problems may be avoided by the following

arguments:

When we reach (4.1.16) both of the poles of the denominator (note

39
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that after doing the = -integral through the 9 -Function our
denominator becomes a quadratic in‘q) may be made to lie far away from
the real 7 -contour of integration, if they iie close to it, by
continuing one or more of the invariants away from the real axis, say,
-5 -s]eiQ. It is insufficient to continue in the masses because

in our asymptotic limits the poles will still lie just off the real
axis. We have, however, paid a temporary price for this: our
logarithmic term appearing outside (4.1.17) will, in general, have
picked up a phase according to the analytic continuation of the

invariants made above.

To handle the second problem we must now perform the = -7
integral in (4.1.17) in order to determine its precise analytic structure.

This integral from (4.1.17) is of the form

(4.1.31) T - j dma 7«3 ngflnn\
L (gs-uis) +

where

P _ 2 ” - .2 2
(4.1.32) dy = n&a-2) M+ w'X (-Z)M - (r7) m

i

We now define

¢

dd SCem- i)
n[nﬁ.(@? 55t k) ¢ (9-9-5¢07))

(4.1.33) Ty =

It then follows by comparison with (4.1.31) that

\

(4.1.34) T

1

'Jj\.

7|
3')\.,)‘

*0
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In(4.1.33)we do the q-integral trivially using the § -function. We

then change variables to q_:.£+'q’ and some elementary algegra reveals

that
1
(4.1.35) Q) = { [A :lne o
_r/?_ ’7 + Y+
where
A = (s—s,—s‘“Q?)(&(:-Zc)Hll+ g(,—i)m‘) - {Q.??’—s,s,_-f',\)
(4.1.36) { 6+ (s-5-54¢") (RO-D ¥ (-5)My )

7 -, - 1r z .
. 4

where xand % are defined by (4.1.11). We write (4.1.35) as

h
d+

(4.1.37) TN = -I‘J :
AT ) )
e

The cases A = 0 and n.:7. will be discussed later and we have

2
(4.1.38) =B v E-#dc

Vlt = 2A

Doing theol-integra1 n (4.1.37) gives

)}

(4.1.39) I\ fh{LL;f(j_L_(m;}ﬁL({ Y
Ao L e Tl -

=i
]
~3
I~
+
~
N
)
-3
o
L B
+
~3
1.
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It follows from (4.1.35) that when A = 0

B} ) ]
e T0| e e

Also when M2 7. we see from (4.1.37) that

1.41) T ( - / f
(4 1 4]) I )) L:‘yz- 2 4% ((2{'722)3 (_21_ +~2I}5)

To obtain I from I we use (4.1.34). The exact form of I is
really of no relevance to us. We are only interested in its singularity
structure and it is precisely that of T(X)l;=o as the differentiation
w.r.t. A will not change that. It follows from (4.1.39), (4.1.40),(4.1.41)

that there are three types of singularities we have to worry about:

(i) there is a logarithmic branch cut running between SRR

e
VA
(ii) the ( 7,-%_ ) term translates into a square root when we use

(4.1.38) and therefore results into another branch cut in the

Ss Qz, S12 S complex planes.

(i) there are poles at 7, - 7 and € = */8

(1N

A
2
From (4.1.36) and using the constraint that A = 0 for the poles

at C = 1B, these correspond to the conditions

ZG-)ME - m e o
(4.1.42) {.

2

g ("y)M)_L - m - o

From (4.1.38) it also follows that the poles at mh.:ti correspond to

conditions (4.1.42). For M]Z, M22<.4m2 these conditions can only be

satisfied for complex values of & and¥ , that is, for complex values



Ss Sy and Sop- There we may go round the poles in some arbitrary

2 2

manner. Of course when M] s Mz are above their 4m2 threshold we then

have to take more care about their continuations. We have the case

2 2 2

M] = M2 = m® and so we never hit these poles or branch cuts on the

real axis.

We now turn our attention to the cut running betwee"'i?'7:‘i’
Having done the =%-+ 1integral we continue s, and any of the other
invariants that were continued back to the Euclidean region, tﬁus
killing all the phase picked up by the Tog {g_.gzl} term in the first
place. We may now continue s, Q2 to the physical region as may be
.desired. The term resulting from the 7-%} integral will 1in general
pick up a phase becuase of its logarithmic singularity. This phase,
if any, is however a constant independent of the invariants and
since it has to be multiplied by 109’%%: it will be down by
a factor of 1/u compared to the pinch term discussed in section (a)

and is, therefore, negligible.

Finally we deal with the square root coming from

(4.1.43) m - '? = ~/ R*~ 4AC

This comes from (4.1.38). We define

y = ;("g)ﬂ;

|
(4.1.44)
1

”
w  @$-55,

4 3



Hence from (4.1.36) and setting X = 0 we find

IA\= 'Z(x-(‘:s_)-(«)
(4.1.45) B = Z (x-y)
C

\
= {1’{2 <>c+3_4m2)+-w}

We then find that
\ 2
(4.1.46) B - 4AC = [ (w-220d) - (mz-ac)(m:ﬁﬂ & (w-2Zm?)

in our asymptotic Timit. Thus from (4.1.43) the (7.-7.) does NOT
behave 1ike a square root. Using (4.1.44) we also see that (w - ZZmz)
is negative definite in the physical region. Hence we need not worry

about this term.

Thus although the term from the 7-7 integral is a potential
source of trouble, its analytic structure is such that its contribution

is irrelevant as long as M]z, M22 < 4m2.

So to calculate in any region we first check that (Q2 - S]SZ/S)
is finite. If it is then we compute the phase of the log in (4.1.17)
and multiply by the q-ﬁ integral which we do naively. If it is not

then the answer is zero.

4.2 A more general analyti¢ continuation

We return to (3.2.5) and keep Q2 and Q'2 distinct but Tet

14
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62 = Qz and "02 = Q'Z.

We still neglect the distinctions between s, and
s]' and s, and 52'. This is a great simplification compared to the
case of keeping all the 02 distinct. The D-function may then be

written as

(4.2.1) D = (Mgu,s)szs)(pgw_\b;/?)s+j§w)(@fs,s%),,gywj(@’-s,ﬁ/;) +d

where d0 is given by (4.1.2). The amplitude is still given by (4.1.1)
i.e,

t

(4.2.2) | A 3 J( dx)$ (1- Z%)
. o*

Scale N,)P,S by " and?f,/u,ub_yq? . We get

A - fchJam_)”5<l-q-~i)jJuo!yiés"o-«-j)-s)[chs{uév5(«'3'7*-\0

(4.2.3) % 1.
[ﬁ{(m (t-x) syg)(aa- X)S/Qs +“P(x-x)((?7; SSe4)+ S(1-¥) (Q’-l 5'-‘*/;\)} + Ja /4,{,«,”} N

J

dy is now independent of {,5 S ps y. We do the/«« , v and® -integrals
trivially giving
~-x !

A =J:;nd;i(qﬁ)zgo-*}‘ﬁ)j}mj}f£o(2{ (-%)

(4.2.8) * - T 7
[ qﬁ{ (sra-g) (3 -394 )5+ P (25 +Q-“f)('-¥)(@'-ff‘%)} +d.fw'7{]*
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The difference between here and the previous section is the presence
of the explicit f-dependence due to 02 # 0'2. Performing the
j7 -integral we get

! |

s { di— -S(I_ -] ['l X
A 3 (949 L N B A " anoci
1 .
(25 7 — (Mco @e—)o,")
[,ﬁ{(«ri—am/s](n!-‘o’)s‘./s)a" - 0—«)0-8}(@-5}51/5)} +J0]
We now  set the pinch conditions (4.1.11) in do as we did in section

4.1.(a). These have not changed. Each of the two integrals in

(4.2.5) is similar to that encountered in section 4.1.(a) - see (4.1.8)
- except that our denominator is to the cube rather than to the fourth
power. We proceed in exactly analogous steps to be found from (4.1.12)

to (4.1.19)which allow us to arrive at

1

(4.2.6) A = —i——fd.laﬁs(.-q.ﬂ{[ (525 5r@7)

6(¢-@ )° 07 (@555, ) +oT,, (e-s,-5.+ Qzﬂ '
4

x%[g_@z} - bth(Qle@v'l)

S5y

The nature of the q.iintegrals are identical to those discussed
in section 4.1.(c) and hence are 1irrelevant to the continuations which

interest us.

If we take a Qz-discontihuity the first term only contributes
the second being independent of 2.and the 1/(02 - 0'2) gives us an
infinite contribution. This behaviour as we will discuss and show in

the concluding chapter has a rather trivial physical explanation and
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will lead to an infinite time scale hidden in our amplitude. The
s-discontinuity is still finite and gives the same cross-section as

before.

4.3 'The most dgeneral analytic continuation

In this section we maintain the distinction between all the Q2's.
However, we keep 51 = sl' and 52 = 52' as there is no need to continue
in these variables. If the distinction is kept the algebra does not
get more complicated. The algebra involved in this section is

extremely tedious and consequently a lot of it will be left out.

From (3.2.8) we write our amplitude A as

wd d k- P S5-%-u-
(4-3-1)/\ 2([0[ Pdsdddudv & (1-%- f- 5 -%-u-v)

4
B 1+ pe)S,+ BUS)S, g @te v5Q" "f<§2+/u$§2+d°1
where
2 2 2 2
(4.3.2) d, = &(PrS)M + (ue)My - (st fr§oXpar) 7
We start'off by scaling «,-f »o by " and Bﬁ/u,x) by i’. Hence, re-writing

the D-function using the constraints imposed by the resu]ting‘g-functions

as a result of the scaling trick we find
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A - foof’Lo[’-’-l(V"i)l S(J-ﬂ-ﬂ)[d«ifolg 5(!—&-/_5)‘/334/@’; 5(,_5_/_‘,)

1
(4.3.3) X N
[n\vi { o ¥S +x8) 30 Y0054 uPD 4 (- p N1 R+ tov I Bt} ) +J,]
where
(4.3.4) do : plao-0M s FEeowIM, - oS

We trivially do the > and integrals using the & -functions. This
causes the upper 1imits of the fand/u integrals to change to (1 -4&)
and (1 -¥%) respectively. ao is a function Ofaq, v s and ¥
We suppress its dependence on « and ¥ by substituting them for the
pinch conditions (4.1.11). We now have to make a fortunate choice
of the order of doing the integrations. We start off by doing the
M -integral followed by the X-integral and then thef -integral. The
integrals involved are elementary but the algebra extremely tedious.

The result is

(4.3.5) ¥ E@Z*@’f‘ét-ézlﬁz{ Lo+ b? JLage+by ]

(ax+b ) (abeb’)* [ﬂ§«+b§]&4§x+b;j
4 i ey {Ea’.’m by ][a-'iwbil}
(@%b J{anep)® Teya+ by ] [aan+ by |

|
i 1 ! !

- + _‘;’”—'T‘ - — o - au brl
(d¢+b)(ﬂ-/o(+ b ) ( [l + b’,’_] Edzd-'bz] Laalfbal Lageaby ]




where

@ = M (s-5a),
6 2 ’nﬁsz*’jo s

[

- 2 oA 2,2 ~1s
a = m{%(@%—@-e)-(@a —@@)},

b s (@22 EET) . (eReRtdNd,

(4-3-6) - [ 2 N
CF.:’ - 'q'rz(i,-Qz) s bl/ = "f)ﬁ@ rclu'

" - '1) " P AN

d,_ - 'qn_ (5." Q ’ bz = '777[@ +do

~2 " ALk -

a; = 77 (5,-Q J bs - 17Q +do

0f alE-T) . b a7

Some bf the x-integrals are of the type

(4.3.7) f dec v+ })
(ax +b) L?<a

These cannot be expressed in terms of elementary functions. They are
given in terms of Spence functions [14]. Had we done our integrations
in a different order these Spence functions would have appeared at a

very early stage and the subsequent integrations would have been

considerably more difficult.

To do the x-integration we will use a possible standard form of

the Spence functions, f, given by
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a(cx+d)
ad-~be

3. (asc+b) dy = a
(s e

((.x«t-&)

— ‘J('{a(cxﬂ }

< ad-~be

where

(4.3.9) j["" = - fﬁ:a"i’ dy
o U hd

for real x. As discussed in [14-Ithis may be extended to complex

values of Xx.

The next obvious step is to use (4.3.8) and 'turn the handle’
to work out the o -integration in (4.3.5). Having done that we
discovered that Spenbe-type integrals were irrelevant to the
continuations of interest. With hindsight we split (4.3.5) dinto

terms that generate these Spence-type integrals and those that do not.
The identity

2

(4.3.10) 1 - & ! aa’ / 2

= . — . - a '
@u+b)ak+§)" (@b ab)® (aars)  (wb-a¥) Gkrb]  (widl) (ameg)?

allows us to rewrite (4.3.5) as

(4.3.11) A - Z/ fa[len;l‘ M5 S((—w)-ﬁ) [A’.{- Az]

where

!

(4.3.12) Alif(ﬁlol {((sz‘elfézél)( Q,z ) aql) . QIZ i aa/)

ab’-a’b)? ax+b arb’ | (aueh’) (avu-é)

by {[«,’G(rb{’JEaiéffé"] 1

[a,’&d;’]p},’u[,;l[
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(4.3.13) A, = go&u{ ! ( © . o(@hetatE)) %{Uj*wt«f«wﬂ}
0 (a.b’—a.'L) (ao(.pb)a' T

(a.au-&’)" Cagers by JCague by

- 1 ! + - -
(aasb){ak+¥) ( (2w +b) lajxeB)  (ejarby)  (agxe 5’4’))}

It will turn out that all the phase information, insofar as

continuation to the physical region is concerned will be contained in

AZ' A.I will be irrelevant.

Let us first turn our attention to AZ' The x-integrals are done

using the following

d(X | N g . my a l:m-bj[b’j
1.3.14) | —9& _leg(ast) - b - (@et) »a” {ﬁ}
( ) j (aqa—h)’-nb% { Q”‘a (4+b) QB% (ab™ a."ls)(zva 3

[a+EIL6]

and

t .
(4.3.15) do — & %{&‘i’.}
(o +b)(aue ) (2 b+ 8) (ab-a'b)(ab’a"b) b

’

+ & a’thb
(&b -al)(ab- a’) L’{ }

L4

+ a [y { ol 5”}
(Q:lb‘ﬂ,b”)(aﬂb,‘ QIL”) bll

Some lengthy and tedious algebra eventually reveals that
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& =T CPPLIE PN -
o -l"[""_l{s(@'(em's“{e**'* O} © 3 -smsailerd e ) Q’ze'-‘@‘@“ﬂ

7L A—" L . ) - ,wL -
(5-5.)(5-52) (a.z t® %‘(Q—Qz% QIQ” (qu, ) } +~la.bi@,zé"f Q}Q’t} . bl {Q—Qﬁ-QE Q:’})

. [¢Q2+b] [a@'i—b] [aéz— b][a, Z‘éib]
X /Qa,é { nN S+ do

[/v]»"' Si+ Jo] [4] 1% J—;o]

(4.3.16) { (@Hg'—zéfét)[(qﬁ)z(@?- §52)55,4 2misal-sareddt | (58 (-5-5+6) 5 )do J

2 2 .7 2 T2
+ (0820 %) [ D) (55uler@) =83 (575 )+ 207 (- oo (5-51-50€ )do ]

(A I, §

(‘nv‘;s.+ ds )(nﬁénl) [»qﬁ(@l;-s,sz)+ J;(S-s,-s;@z)] [,,ﬁ (Q‘Q’- 88 )+ Jo (fgig’-: é’l@”):l
X L’? [n 7 @11“ d ,,]

* (dth Qne’t) - itk $687) - dizk (658
where

a = /’7‘:7-S+d-b
(4.3.17)

b = dol(s-5-5.) - 77 582

To analyse the large Qz, Q'z, ('32, 62 behaviour it is perhaps useful

to make note of one of the identities :
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96 - 38 = (Qhe'=G

(eh e 3281 - (9-@)(e-8)

vy

(4.3.18)
. (e a3 - @R e (eE)
s X ~t
: (@+eST-F)E - @-ee-@)
We then observe that the coefficient of log {’”ﬁg*ﬂé°_ _
[nis,+ d ][nijsede]

behaves smoothly as all the Qz's are made equal whereas the coefficient

of log Qz's term will contain infinite discontinuities in that limit.

We now turn our attention to A] and show that it does not
contribute anything in the physical region. If it did then it would
lead to a change in the value of the cross-section evaluated in section
4.1. It turns out, with hindsight, to make use of the property of
Spence functions, f, that for complex Z, [14].

(4.3.19) f (%) + {@) = -’Eéf -2 foroy (-2)

Making use of (4.3.8) and (4.3.19) some more 1ehgthy and tedious -

algebra allows us to write A] from (4.3.12) as

53



(as/= ar5)™ A,
[a.(meQ'z 5-8) - a.]

. ﬂ"j [ygeedsl [ (62 - 38) + (a5 Io]} o [Cona®ls Q’”J}
Crisitdd Dpis +d o] [@+ @5 - &) L 05-&30s,-2 ]

¥ )( _Lofigr-ss) +do G5 @1 |, qur,( glrg’) - Dith [g58) - Dikhe (8578
[~ J{n7s+do]

f ~[ailghssa) +do (s, -:~.+<12J]} + Db (B0 €D) Db B ) - Dito(ge>8)
[5-@ (a7 sa+d. ]

A

(4.3.20) ( L@ 1e°3 } . Dills (g

Es e -51

_:] . 15.7:— -2
. ;f ccp«e](@ €3, ook (8 >€?

T[e-§T LR R ~8 ]

. J[ — [1171544‘,1[@ @ 11..‘2 %] + Ditk (Q,LA—’ (2,1)
-¢1[n7 @185+ (53T,

) { { I R TN o (O Iraceeo (§e3")
G 10n] @ 88+ (95025 3. )

In the physical region we can write

(4.3.21) { = (@1@2@’:@‘)(%@1;)+ﬁ(@i@z)/@—@‘)

L o (6% gt 8 ) (v7erd)

where we have made use of (4.3.18). We see, using (4.3.21),that the

arguments of BOTH logarithmic terms in (4.3.20) are of order unity.
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Hence, up to corrections of 0(1/u) these will not contribute to the

cross-section.

The arguments of the Spence functions are either zero or of order

1/5. It is proved in [14] that

lCeaa

(4.3.22) f(m ) = f Sog (i- ZY@W)JP,L ’ijéon{ffme 4f

from which it follows that the imaginary part tends to zero as r—0.
Thus in the physical region the Spence functions in (4.3.20) have

negligible contributions.

Hence insofar as continuations to the physical region are

concerned A given by (4.3.11) is effectively

(4.3.23) A = fA'VLJ:/Z 7277& S (l-'\?—ﬁ) AZ

where Ag is given by (4.3.16) .
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- 'CHAPTER 5

This chapter consists of two sections. In the first one we
show that the analytic structure of the general ladder graph is identical
to that of the one-loop diagram. However, a difficulty not present at
the one-loop level will emerge. In the second section we show that the
pinch condition leads to factorization into electroproduction structure

functions.

5.1 The analyti¢ structure of the general ladder graph

Fig 5.1.1 shows the general ladder graph

R oy p’
f N O Nay S ~N
1
L d
~
X2 Fig 5.1.1 The general Drell-Yan
ﬂ &« 5, -
J 5 ladder
9 M(..,:u hafmn @
al Y, v,
/‘L \[2 Vz
x ’
X:_- { T
VN XL YL
?, A

The amplitude A is given by (2.3.7))
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. m
df)s (- Zf) C
(5.1.1) A - (@ QD""
where . n=p-=-2L-2
p = no. of internal Tines

—
{]

no. of independent loops
(g) represents collectively all the Feynman
parameters (indicated by Greek letters in Fig

5.1.1) of the graph
The D and C functions as we have seen from (3.2.1) and (3.2.2)

are given by

(5.1.2) D - f:]{_g * ;E‘J,_s. + JCL.%S" + Su‘i\_QL"'d"

(5.1.3) € =(f+g,)CE-%) » (frg) C lovma)

fu’ fL, gu and 9 are represented by the cuts of fig 3.2.1

At this stage we are neglecting all the distinction between
left and right hand invariants of equal magnitude. For undressed ladder
graphs this distinction is irrelevant insofar as the s-discontinuity

is concerned.

We define the amplitude A(A) by

ey A - fsot@éc\-z;)c;“
A [D+f/\]2

Thus from (5.1.1) we have

(5.1.5) A . et AN




We need to know the explicit form of fu’ fL’ gu, 9 to make

progress. These are obtained from the cutting rules. They allow

us to write
N N-)

(5.1.6) JQ = ke = ot Tl = fo
L L

(5.1.7) Jf_ :)755- -5 ;-/-L.bj' = ¥ f

(5.1.8) 9, =(LrO)C (K k) + di(fr4 5) Cledyctn) 4

+ itz (£, 48,0 ) C (K, o) + iy, (fir 5)

N-l

L . . N-1
(5.1.9) - z(ééoad>(ﬁ.+S‘)C(ML...o(w) +(JZ(§)(&+S°)
with
(5.1.10) £ = |

th ¢
- C{a;... x, ) is the determinant of the graph from the « to o

rung inclusive. Using the cutting rules we may write
(81001 C o) = (Korfirdn) C iy )+ Fo o 7% Gy

where fi....(N-]) and g(N-Z)....i are defined by the cuts of fig 5.1.2

.?u-l 5‘\"'
/\ Su-p
// \\**s Fig 5.1.2 Diagram defining the
.
1 .{/ \\} 5 -4 9Ny,
LT R J, jn..g_...z cuts ,
| LTI S Bl TR LT
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The reason for writing C(«..«,) in the form given by (5.1.11) is
to show explicitly ALL of its dﬂ,ﬁw and 5,; dependences. It will

become apparent later why we want to do this.

Using (5.1.11) we can re-write (5.1.9) as

N-!{ it - N-f \
(5.1.12) g ) (J/:Tové-}(ﬂéﬁMfm&)c(“f““"'*-')*fz..,,-. -1 &, E ( K

Similarly we have

L-\

(5.1.13) g.: Z(F‘A’) o+ ¥y Bb',j'/u._m‘vh)C(?fg...X,,-:).+£_.“L_l+b"__|9@_'z)w;}.,.(j/’:(_“a}) (/LJU,_)

where ALL the Xk,/xband ), dependences have been explicitly demonstrated

In (5.1.4) we scale &, , f,, and § - by " and ¥_ %/A; and v, by

and we see from (5.1.12)

G114, 4,00 = gl « f,, (-)

where
. M -

(5.1.15) gu/(ﬂ - Z’(YEE“J')(J@&)U C(“{-""‘~~);£~..,»-.‘f K- ‘3@_})...{]

'z 3: ¢

(5.1.16) £ — qe fo
5.1.17) C(f) — C(x7,5§)

Analogous expressions exist for 9 and fL' To arrive at the above we
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have made use of the fact that after scaling Rufjkfgk):l:\KEvML+1%—
The set (o, » f, » Sy )is unique in that it is the only one among
(%, f:» §;) which Teaves uswith « linear dependence in «; after

scaling. The rest have a quadratic dependence. The same is true

for (BLUW“’ ﬂ) when compared with (%1,/M;, v;). The resultant pinch
integral is then identical to the one-loop case. The difference
between the general loop and the one-loop diagram, which will lead to
a slight difficulty, is the presence of gu' (Q)(and gL'bi)) in
(5.1.14). They are zero in the.one-loop case. After scaling we can

trivially do the JQ > SN,/uband v, integrals as they have disappeared

from the D and C functions. We may then write (5.1.4) as

A0 = ﬁi;')g,g,;_@,,ifg@-q-ﬂﬂ jmm () (- )
(5.1.18) A o

n -
C L/ill'q;"l_l“/\l,xt_)

: ,
[ (eh L a0 (4f s amee)s ffu(n)f?ﬁ)(@'“‘é)wldﬁﬁf*ﬂaﬁ]

where ( %’) represents the unscaled Feynman parameters. The pinch

X

conditions (3.3.6) now read

* = 70(”£.n-n+ 3‘4(‘7—)6‘2/5‘ = ©
(5.1.19)

"ZXL..F]...L-I + gL(’V-l) S’é« = ©

<
2]

where gu(”l) and gL('i) are given by (5.1.14).thus allowing us to solve
for the pinch values oy and %1;of<xu and ¥_ respectively. These values
of o, and ¥ are substituted everywhere except where they . appear

as coefficients of the large variables or of (TQg-sﬁ/%>
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We now have our «, and ¥_ integrals of the form given by (4.1.14).

Some elementary but tedious algebra eventually yields

fdgfaﬁs (1-9-7-3¢) C (5112, 22920

[¢]

A

le

!
(- Si/g )= 53g)

(5:1.20) x [”lfl‘...ns_:* Su/("l)5‘@][71;:..;\.-:*5:({) s'/Sj &Tj E_b}
Fo bl D e
where
1C / 1 ) /) (07 5i3) + do+ A
a = [1f, .7 g/msg 1 0f 0 F 95 15+ 380 310 (@-sie24) + dot ~
bo Gadet A
(5.1.21) < =z }:q-g..u-,*gv/hl)ﬁ/sjsz + gq/(v() ((22- 5‘,52/9) F do A

d = [Af. + 9005475, + 9 (&59%4) + dov 2

' 2 -~
D - {(ﬁJﬁJ+ﬁf,_._L..)(5Jtn)+n foa)l@-554) ~ (- 5@('-5«/5)(&”)}9
- (87594) (Z4)

We may neglect the ‘A -dependence in a, b, ¢, d in our asymptotic
Timit so that when A given by (5.1.5) is evaluated only D need be
differentiated w.r.t. L.

For the one-loop diagram we have

ﬁu/ML) = 31,./{;1) = ©
(5.1.22)

and we are left with only the =, -integrals after having done the
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pinch. Then (5.1.20) reduces to (4.1.16).

It will turn out to be useful to write a, b, ¢, d in (5.1.21) in

a different form.

2
a=if £ s~ ﬂﬁ_,_ﬂ_.‘iﬁfﬁ)%ﬂ“if,,, LSdm) s+ 3[rq)g:(ﬁ) @

2
b=
(5.1.23) ®

0
1"

2
NS+ /0@

CL = /;Z-_gmL_’SJ_ + 9'_’(61"')@2'

where we have set A = 0 and neglected the finite do term.

We now wish to calculate the phase picked up by the Togarithmic
term in (5.1.20) as we continue to the physical region. This is not
as trivial as the one-loop case where the logarithmic term behaved as
log {SQZ/S‘,SZ} . Recall that to calculate the cross-section we

essentially want to know

~UiT ' i
T 2ty L

_ - -
(5.1.24) As‘{ ﬁ} = ﬂ(’):o,-s.,-;,,—Se ,~te ) - A (’)-o/-swrz;se ,~@e )

When we continue - s — -seiﬁand -QZ-——>—QZéiRwe can ALWAYS keep

02 - s]sz/s small by continuing s and Q2 simultaneously. In (5.1.21)
we may, therefore, neglect the Q2 - 5152/5 term and we see that our
Togarithmic term does behave 1ike lag 025/5152 . This term is phase-
less for the continuation s -$44Eiﬁ; - 02-——> - Qze-iﬂ: This is NOT
manifestly obvious when we write a, b, ¢, d in the form (5.1.23) whose

usefulness will become apparent shortly.
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When we continue - s—- se'izand -Qz-—+- Qze-imwe CANNOT neglect
Q2 - 5152/5 as it becomes Targe during the continuation. Fortunately
we can determine the phase picked up by the log by observing from
(5.1.23) that:
(i) the phase of b is always given by that of Q%
(11) () if £ 181 > g,/1)18%
(b) if % .. il & 9lm0) 1@
then the phase of ¢ is given by that of 59 if (a) or that of Q2 if
(b) is satisfied.
(ii1) (a) if Afo., 19 > g/(7)16¥
(b) of A fii IS < g/07) 1Y

then the phase of d is given by that of s, if (a) or that of Q2 if

2
(b) is satisfied

(iv) Since we know that for the continuation - s—- se™and - QZ__3_02€-17t

the Togarithmic term is phaseless we can determine. what phase a picks

up in the four regions defined by (ii)(a), (ii)(b), (iii)(a) and (iii)(b)

The four regions,and the phase of a in each region,are:
(1)
’UC..N-; [SN] > gu/(,,)) le[
(5.1.25) 4{

[”i)[,.-.u-; il > 4'tq) 18!

Then b/cd picks up a phase of (-irg). Hence a must pick up a phase of
(i), i.e. the phase of a is being determined by that of s. -
(2)
Vo 1817 §/C0) 187
(5.1.26)

Afrs, 150 £ g,/q) 1 ¢
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then b/cd is phaseless and so must be a. Thus the phase of a is being

R /, - - ’ R R
determined by{qfi._N_] gL(ﬂl )s] + ”lfi (L-1) gu( 7 ) Sé}wh1ch is

not being continued.

(3)

N 181 < g/ 1T

(5.1.27)
A sl s gl 1€

The argument is identical to that in (2).

(4)

"1£...~-, 151 < 9,’m) 1&%)
(5.1.28)

;i.)(l Loy 1S £ SL/(_;Z) 'Q'zl

then b/cd picks up a phase of (~ifm ). Hence a must pick up a phase of

it , i.e. the phase of a is being determined by that of Qz.

Observe that all the s-dependence is in the a term and we see
from the above that the only case the phase of a is being determined by
s is when (5.1.25)'15 satisfied. It, therefore, follows that for the
.i

continuation - s—>- se” I} - Q2~—>- Qze'vtthe logarithm only picks

up a phase of (-2i7T ) provided (5.1.25) is satisfied.

We may, therefore, write (5.1.24) as.

Ag {AOWY) - ez.ﬁ@g/)a{ﬂq § (1m-5-3¢) () mTyxey=o)
. G~3) (- %24 )

« Olnf . 190-9,0187) 6 (Af_rsil- gL'(ﬁ)rq‘/)[nf...u-r30"7)92/;][#,"‘_192»7%

£ £ D

(5.1.29)
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where the conditions (5.1.25) have been incorporated through the use

of the 8 -function defined by
[, x>0
(5.1.30) gz =

We see that as in the one-loop case we have picked up an overall
phase of (-2imw ), albeit with certain restrictions, in spite of the
more complicated looking logarithmic term. Note that in the one-loop
case the & -functions do not impose any cut offs on the range of the
integration variables. We will see in the next section that it is
precisely these restrictions that will allow us to write ‘ﬁ$$ﬁ}} in
a factorized form. Otherwise the analytic structure of the general

ladder graph is precisely that of the one-loop diagram.

We will not be considering the case of keeping any of the Qz's
distinct as we do not believe any new features other than those that

have appeared at the one-loop level will emerge.

5.2 Factorization of the cross-section into electroproduction

structure functions

Using (5.1.5) we get from (5.1.29)

AS {QE X [5‘91-52.'(’@1_}“ %/)J.?‘Jy‘l 5(1-'7—"7) CQ(%Z””’ZR/ t:y:o)
(1~ /) (-3 3

(5.2.1) x ( "1{ o G )/Q7/rc.r) 8(3f.. .- 9.9) ’@z’/fsll) [m[, w9 91/5][16%,;3:/77) 9'/5]

']f 2 Jfl Dm—v
FR (- -

\=o



D is defined by (5.1.21). The above may be written in the following

neat form ..

(5.2.2) A (A} = —Fdi\c 6 50-39) & (F+a.9%, V8 (5.+9.8%)
5t

where we have re-introduced all the Feynmam parameters present before
scaling and extracted a large s term from D as defined by (5.1.21).

The proof of (5.2.2) is best seen by scaling &w, fJu, o~ and‘KuUMk v,

in (5.2.2). We then do thef@ s O ’ﬁL ,vV_ integrals trivially picking
up (1 -¢,)(1 -9, ) in the numerator. We then do the o« and X_integrals
through the § -functions thus recovering the & -functions which appear
n (5.2.1). These cut offs will be obtained from the upper limit of

the «_ and ¥, intégra]s. A1l the other factors are reproduced faith-

fully. D in (5.2.2) is given by

(5.2.3) D =~ 99 (@-5%4) «

where a term (Q2 - s]sz/g)dols has been neglected. A1l our factors

are now as defined in 6.1.2)and (.1.3. Summarising we have

(5.2.4) A A} « L c{{)c S0-5%)8 (§,+9.8%.)0 (f ra@%,)
. : [fLﬁ,_ (Q-Ssz/s) +cl°]n“

We would 1ike to stress that the representation (5.2.2) is only

valid in the physical region where
2

(5.2.5) ® ~ 5 <« o
s, s

From the kinematics, (3.1.11), we have -

6 6
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(5.2.6) Y » - = ,
S‘l
(- 2¢

@ -~ T*
S

. I~ ¢y

From the & -function constraints in (5.2.4) we have using (5.2.6)

(5.2.7) X, = __.7(:_ , a(, = IJ(L.
3(«"3“ . jcbi—g._

Thus from (3.1.12) it follows 'that

2

[N
28 Q- sn o» Geslbol Lo mi Ly wo- 42?
s 3ede (Fera)* (eg)? J

which we use to prove that (from (.2.4))

(5.2.9) JCLA ASR] - cig ) C 5(! 5%)5@ +404%)
ﬂS (£ 9.) £+, ) D

Resorting to the exponential representation (see (2.3.11))we may

write (5.2.9) as
__I)/C
(5.2.10) f&z/ms{g (&g 5({+%@4 §(f+g) €
futd, (fw‘ﬂt.)

where

(5.2.11) (Jf +9,)(F+q.) { + 49 Mf} ¢ do
( +5‘4)z Uifﬁ)z

We now interpret, in a natural way the upper and lower halves
of the Drell-Yan diagram, fig 5.1.1, as fhe electroproduction diagrams

shown in fig 5.2.1



o ¥ v,
o x J
«, T y
/ 5 [ ~
ag 3**@ @.7{ % 1
(a) ' (b)

Fig 5.2.1: These two diagrams illustrate how we associate an electro-
production diagram to each half of the Drell-Yan diagram. «. and &,
are faked lines that have been introduced as we wish to use the

results of appendix C.

We refer to the amplitude in fig 5.2.2(a) as A: b

as At b where U and L refer to upper and Tower halves and e.p. stands

and fig 5.2.2(b)

for electroproduction in an obvious notation ' Borrowing the results

of Appendix C we write

) - clug.‘,./cu
(5.2.12) A, { Aep) = éﬁ@a)5(£+aQ%J e . 1 Ee)
] . ) S
! C. .
Ko = O
) 2 . -dse /o,
(5.2.13) A&{ﬂ@p}z.iﬁgdsgfimm)jg_ 1 Fe)

C. T

(5.2.14)

Cl,.. =f.q

where fu,guafL,gL, are identical to those that appear in (5.2.10).
F(x1) and F(x2) are obviously defined.



We prove in Appendix D that

L
dey

C,

So using the above results in (5.2.10) we immediately obtain factoriz-

4

y
(5.2.15) D . dep
| C C,

XO:O

o, =0

ation, namely,

(5.2.16) ICM AS {A} « F(z) F(x2)
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" 'CHAPTER 6

CONCLUSIONS AND DISCUSSIONS

Two features absent in electroproduction have emerged in this
analytic study of the Drell-Yan amplitude: the totally non-uniform
behaviour of the amplitude as a function of the invariants and the

presence of infinite 02 - discontinuities.

The first of these should not be totally surprising as we have
seen the dominant contributions to the amplitude is due to a pinch in
Feynman parameter space. The pinch only occurs when the invariants take
on some very special values. Infinitessimally away from these points
the pinch term behaves like ((1/$)4 or (]/S)z(for the one-Toop diagram).
The dominant contribution to the amplitude then comes from the end-point
singularities of the Feynman parameters. This results in an asymptotic

1/53 behaviour.

We now turn our attention to the existence of the infinite Qz-
discontinuities and consider their physical interpretation. One of the
Qz-discontinuities corresponds to cutting the graph as shown in fig 6.1
Because we are studying the forward scattering amplitude putting

,f and/u,on man-shell automatically forces &, v to be on-shell. The

P, !
X P
~f I
S ! ,
Q mnir] ' MA@ Fig 6.1 A QP-discontinuity of the
3 v
//' \\ one-loop diagram
d N ’
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infinity comingfﬂuﬂUR1/(Q2 - Q'2) term is related to the fact that in

this kinematical configuration_?i/A, 5> »» are on shell and can propagate

for large times. Thus the distinct collisions A, B, C and D of fig 6.2

Fig 6.2 Space-Time Structure

of the Drell-Yan one-

loop amplitude

. DISTANCE ———>
Y X
0
A,
N \

may occur at large space and time separations. The existence of these

infinite time scales hidden inside the analytic structure of our
amplitude hardly increases our confidence in the use of the operator -
product expansion for this amplitude. We will come back to this
point later. In electroproduction these infinite time and distance
scales do not exist for consider the one-loop electroproduction
diagram in fig 6.3. In electroproduction Q2 is negative and thus we

are always below the normal threshold of this

0 A

Fig 6.3 The one-loop 2—*+2

forward scattering

amplitude.

p A p
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invariant. We must look for other processes where Q2 is large and
positive. This is to be found in eTe” annihilation. The total cross-
section for this'process has been analysed by an OPE treatment but there

the amplitude of interest is the 1—1 forward scattering of fig 6.4

+
e -+
Ma Fig 6.4 1—1 forward scatter‘ing

. + -
e < in total e e

annihilation cross-section

and obviously the distinction between 02-1eft and Qz—right is irrelevant
as we are interested in the discontinuity of this variable. However,
the problem of infinite Qz-discontinuities arises in the one-particle

inclusive cross-section for
+ - .
e e —3 h + anything

The relevant amplitude for this process is fig 6.3. Now we must keep
the distinction between Q2 and Q'2 and we see that in the forward
direction wheq/A goes on-shell so does » . This will give rise to

a 'I/(Q2 - 0'2) term. Unfortunately no OPE treatment of the process

exists.

DY,
The hadronic tensor, 5u? » for the Drell-Yan process [3 ]is

essentially

-(. %

oY. N L , |
(6.]) V\}w : Z]o‘.qgﬁ“%)jdx@ ’5 (g+pz_-q-p&) <p"’z““)l;‘(o)l’b(nlJy(o)lﬂ"i’k>

- 4 T 2 4 “L‘%'x «
. jcj,(] S(C,"Q )J x e <R%‘")!%[1)JL(0HP‘PJ‘;‘,>



73

The second step follows from the compieteness relation for the inter-
mediate states[ n> . The diagram corresponding to (6.1) is shown in
fig 6.5-
I
Pl [ P,
i
:

E Fig 6.5 Diagramatic representation
§

Q /u‘ q WD-Y. .
@ of W . The dashed line

, represents the taking of
{

2
| the s = (p; +p, - Q)"-

; discontinuity.
|
{

We are interested in an OPE for the current product ‘]/4 (x) JV (o) either

as x/,“——-> 0 or >}M x*—>50. The analogous tensor for electroproduction

[15] s

. P @)
V‘ff\/P ZS (prg-p,) Lol Tul)npdnld e) Ip>
(6.2) "

L N

|4. qu
dxe ¢ P1Ju 0 Ty 1 p)

Its diagramatic representation is fig 6.6, What allows progress to be

made in electroproduction is the ability to replace the product Jumdu(e)
by the commutator [“J}L (x), J, (o)] . This is because the

tensor Wf;‘f; corresponding to sandwiching J,, (o) ‘?/* (x) between the proton

physical states gives zero as a result of the spectral properties of the

states [15]. As we now have a commutator, we may by causality only

consider values of x such that x° > 0. It is this constraint that

allows us to prove that electroproduction is a light-done dominated
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process.
1
I
1
]
P
Fig 6.6 Diagramatic represéentation Fig 6.7 Diagramatic representation
L of Wy of w;g‘

For the Drell-Yan process this is not the case. If we wish to

replace the product J, (x) J, (o) by a commutator we must subtract from

by .
W,, the tensor w;: where

~-igm

fd‘t,scq*- IR T R N
1]

"

NI B 8
wﬂw
’

(6.3)

1

“) ! =T
Z J"fzi S@E) S (pa-p-m-@) <Rg™ (Teriny B0 IRA)
]

This term corresponds diagramatically to fig 6.8 and there is no reason

why this should be zero.

0y 6
~—
: Fig 6.8 Diagramatic representation
2 A oy
AWM of Wuw
—
/__N\l




However, note the difference between fig 6.5 and fig 6.8. The former
corresponds to taking the discontinuity in s = (p1 + P, - Q)2 of the
3—3 forward amplitude where Sy = (p] - q)2, Sy =(p2 - q)2 are negative
and s, 02 are positive. The latter corresponds to taking the . '

s = (p] *py t Q)2 - discontinuity of the 3— 3 forward amplitude where
Sq = (p1 + q)z, 5, = (p2 + q)2, S, Q2 are all positive. We know from
our analysis of the 3— 3 amplitude that fig 6.8 cannot be dominated

by a pinch whereas fig 6.5 is. Consequently fig 6.8 is down by a

factor l/u'3 compared to 6.5 at least in our<93—mode1 and considering

only bare ladder diagrams. Hence to a good approximation we may write

(6.1) as

o3

-9 . i
(6.4) VAN f&ﬂql—@‘)ﬁ{‘le 0u™) [T, Te ]l 2R
* /

2

Since 9" > 0 we may go to the frame q = (q°,,g) to do the x-integral.

There we may expect that the integral would be dominated by

X, ~ L -5 o©
Jo

in the asymptotic large Q2 Timit. Moreover since we must have

X = Xe — X 2> 0

by the causality property of the commutator, then

2 2

o & ﬁ.xo__> -5 o

i
9o ™
Hence x — 0. Thus we expect the contribution to (6.4) to come mainly
from the tip of the 1ight cone x*—0 , i.e. a short-distance dominated

. + - s s .
process, as in total e e annihilation cross-section [15].

But this is as far as we can go. We are now faced with two major

15



difficulties. The first was pointed out by Drell and Yan [3]. The
limite q“> e« with fixed Py and Py in (6.1) corresponds to Qzlu-—+ © and
this is very far removed from the experimental regime of study and
interest. But it is just this region of asymptotically large Qz[u that
is probed'by taking g#— » and expanding the matrix element about the
origin in a power series of x* X and x(p1 +p2). Somehow one has to
relate the Q%/u— < 1imit to the Q%/u —> finite 1imit. In the former
region the pinch term is absent and it is very difficult to see how
these two regions can be bridged by some form of analytic continuation

like dispersion techniqhes. This is the second problem.

-

Even if this were successful somehow it seems impossible to
reconcile the existence of large time and distance scales with a short
distance expansion of the matrix element. But an observation is in line
here. If we go back to the cases where we kept the Qz's distinct we
note that the infinite Qz-discontinuties separate out in an additive
manner from the s-dependant terms yielding the cross-section. Although
a full short-distance expansion of the matrix elements seems impossible
a partial one may be successful to the ei(pT * p2)x term of

(p16;1 [gﬁ(x), Jo (o).]l p1S;> which leads to the s-dependance of the

tensor.



APPENDIX A: Feynman Rules in @[ 8]

Corresponding to a given Feynman diagram there is a contribution
to the S-matrix given by the following rules: It is an integral taken
over the four momentum of each internal line in the diagram, these

four-momenta being labelled independantly in the first instance.

The integrand contains the following factors

(1) (;7t)4 K= _1M}+ T for each internal line of four-momentum k
(2) ] for each external line

(3) (-1‘)n corresponding to the diagram being nth order in the

perturbation expansion

(4) (27t)4 5(4)(p - p' + k) for each vertex so as to give energy-
momentum conservation for each 1line p entering and p' leaving

and k entering ( or -k leaving) the vertex.

The S-matrix element for a given process is the sum of all the

Feynman integrals allowed for that process
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'APPENDIX B:  Cutting rules for graphs in 3 [8]

We first give the rules for writing down the function C(«).
A set of cuts is made in the internal Tines such that: (i) every vertex
is still connected to every other vertex by a sequence of uncut lines;
(11) no further cuts can be made without violating (i). The set of
cuts corresponds to a contribution to C that is the product of the
qi corresponding to the cut lines. The complete expression for C
arises from adding in the products of &« for every possible set of cuts

that obey (i) and (ii).

We now give the rules for writing down the D—Funciion. This
expression is a linear function of the various Lorentz scalars (but
not all of them) that can be manufactured from the external momenta p.
The rules are: By a set of cuts on the internal Tines divide the graph
into two disjoint parts such that within each part the previous rules
(i) and (ii) are obeyed and such that at least one external momentum
1ine is connected to each part. Any such set of cuts yield a product
of di for the two disjoint parts exactly as before. These products
are multiplied together and are also multiplied by the Lorentz scalar
(Z"p)2 where (Z'p) denotes the sum of the external momenta coming into
either of the disjoint parts (because of energy-momentum conservation,
(Z"p)2 is the same for both parts). Do not forget the possibility that
(z'p) may include only the four momenta in one external line for an
appropriate set of cuts. We are not including the contribution from

the internal masses in the D-function. This can be obtained from (2.3.8)
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APPENDIX C: The electroproduction structure function

There is nothing new in the following but we include it here for

the sake of completeness, [16 }

Consider the general ladder electroproduction graph in 43 of

fig. C.1. QEL‘ . ;f‘i’ . ?))z?
My

O(. vl a(o
/Uz o VL
| G P e Y,
o
o J
P oL 4

Fig C.1 The general ladder graph for electroproduction.

The right hand diagram is an obvious short hand rotation

for the 1.h. one.

Our Feynman amplitude will depend on the invariants 02 and
s = (p+ Q)2. In the electroproduction physical region QZJ( 0 and

02/5 is fixed. We define the Feynman scaling variable x by
_ 2
C.1 x = -Q%2p.Q

We will use the exponential representation for the amplitude which
is ‘

-0/,

-4

c.2 A (@59)
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where

!

D = &fs + (@ « d.

and C are given by the usual cutting rules. The cuts representing f

and G are shown in fig C.2

Fig C.2 Diagram illustrating the

cuts f and G

To obtain the asymptotic behaviour of A we shall use the Mellin
transform [17} technique. This isdefined through the following paiir of

equations

C.3
£(k) ‘-.?—‘.fF(F) L dp
<

where F(p ) is the Mellin transform of the function, f(t). The contour
C which appears in the inversion formula is parallel to the imaginary

axis and F(p ) is analytic along C.

We take Mellin transforms w.r.t. s and Qz. Let their transform

variables be j and k respectively. Then

A (jk)

nmn

j dsdq” ST @™ A e
C.4 ’ |

C LR & .
A s :,)zfa»zfac,- ' @ A ()
cl cl



where C] and C2 are inversion contours defined in C3. Substituting

forC.3andC.2 in the top equation of C.4we find
«© ;Z . k
X : 3
c.5 Al = Teprér) f(m’f)d«o “ £G e

Integrating by parts w.r.t. &, we get

~ ® . : ~dife
C.6 ARy = _ TLDFER m&n&;d*“qui. o
(3’4— k+1) - ), CJH:dz

The regions of analyticity in the j and k complex planes are

¢ < Rey <o

¢.7 \ -1 ¢ ReRr < ¢

C.7 defines the regions where our inversion contours will lie.

We first of all take the inversion w.r.t. s and for large s
the leading term comes from picking up the residue of the rightmost

pole on the left of the inversion contour which is at

j = ~-k-1
Hence
Alsk) = 1 [ & ° ey k[ ok
C.8 Alsk) = g;ff%} s AR = - f’(k“)f’('k)ﬁniz)d% ) G 2 F ]
3 . VL R
where we have set j = - k - 1 everywhere except where it appears as the

pole and as the exponent of s and where we have used the result

C.9 ! dp tF

ani _ (p-RY (n-1) ¢
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The inversion formula w.r.t. 02 gives us

2 k o~
Als,q) - E" fak(ql) A (5,k)

Hence, from C.8 we have

AL

2 § - dle R
A(s,9) o -_;[ﬁrc{{}zlx,f?; [% ]f‘tk (g:) (k) M ki)

2

Since Qz/s is fixed we are not allowed to pick up the pole at k = - 1
to get the leading large behaviour. The k-integral may be done

exactly through the formula:

B0
S‘ .
c.10 jf’(-s) Mpee) Ede = 2w (P
¥ -1 (l +t)P

O>X<Re(l—p_\l fﬂnjé[<7r

Using C10 and doing the x, integration we get

a 2) w0 -dofe
C.11 "R > L f(m({) ! e
s J, (f-t-aQ"/g) C toso
from which it follows that
o0 -a!u/c
C.12 Aggnm’s} - and ((rrclg) §(§+a9%) €
5 Jo C K,zo0

A,.{F?(s,ap‘)} is related by the optical theorem to the total forward
compton scattering of p + Q —yanything. AS, {Q(S,Qg’)} is called

the electroproduction structure function.



APPENDIX D: 'Essentially the proof of the factorization of ladder

graphs .
The notation here is identical to that of Chapter 5.

We wish to prove that

q
de.p

D . d
c

D.1

& =0 CL

0 Yozo0

We have seen from Chapter 5 (see equation (5.2.11) that

b2 D- <£+su)(£+gg>{@a&u_)sz e} b
utJy fu"ji.l

do may be written in the form

D.3 Ulo = JuM'l"' ALM: - C C§§u+§§L)MZ

M12 and M22 are the external masses and m is the mass of each internal
Tine. Z;%u , Z;SL represent sums over the all the Feynman parameter
of the upper (U) and Tower half (L) of the diagram where the photon
vertex represents the dividing line between upper and lower halves of

the diagram (ffg.3.2.1) we have

D.4 C = (£+—3u) C (25,...)’,_) + (£_+3L_) C («,... &)

o, 30

D.5 { C.
(or 5.2.14) C. - [“_ ‘g

The cuts corresponding to fu’ fL’ 9, and gL'have been defined in fig,

3.2.1. C

a Fazo
of the electroproduction graphs we associated with the general Dreli-Yan

and C

oyzo L

» we recall (fig 5.2.1) are the determinants

33



ladder graph. We can write

J-qq.p. = C’[:.p.M'z -~ Cu (?gu)'\mz

D.6 e X
CiLe.P = J’“'P‘ Mz, = CL (%?L)ml

Insofar as the internal masses are concerned we see from D.2, D.3 and
D.6 that they satisfy identity D.1. Moreover, we need only show that
this identity is true for the term proportional to M]z. The proof for

the term proportional to M22 then follows.

Hence proving D.1 is now equivalent to proving

RN GRS
K.z o fu*ju

.
D.7 d.

IO

P

)

[2Y

where we have also made use of D.1, D.2, and D.3. Substituting for C
from D.4 and Cu from D.5 we can re-write D.7 as

o

0.8 d.,

[(£-2)CE0) » (e Cornd] = (FLeg )it + o (2

o(',:o

The cutting rules with reference to fig 5.1.1 allow us to write

D.9 d.: (RfSu)\)E“NC(X....XLS +(K+Sz)3§._.uc (%,.%.) +{f+ 53))(:3....1 Clg %) +-
+ (e s )f, C (Kau¥0)

84

where
$
D.10 Foo = L%, 1yl
. . th X’ th
C(&s. .. X’L) is the determinant of the graph from the «.™" to the L
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rung inclusive. For clarity we depict the cuts corresponding to du in

fig D.1 J‘ /
P, ‘{1\” /P,
y A
/N
7
,.L / \\ ’lﬁ
ik N
.- d, A Fig D.1 The cuts corresponding
5 @
Q7 L
A QAN to d
/U/ -0 e}
~ ~

Using D.4 we have
011 C %) = (f;+9 ) C%) + (fe3) Cloki)
The cuts corresponding to g,., aredepicted in fig D.2

oo

>~ Fig D.2 The ucts corresponding

tog,. ..

We also have

= (£+8)f |+ (g+5z)£“_~(:(x.d.)l + (Pes)f _Nc(x,...%)](o::..ﬁ (8L, c(x,...«“_,){

oy do= a

D.12  dap



§ 6

The cuts corresponding to EJ;_p
[}

P N e :
(5.

are shown in Fig D.3

fa A
[ . . I
AN Fig D.3 Cuts corresponding to o,
; \
~o. T T e
d.«euf’ e T u
ft SI

Using D.5 we have

D.13 C (Koo &)

where f1 ; and 9 .i have been defined by D.10 and fig D.2

Substituting for D.13 in D.12 we find

Ay

D.14  doap.

*fpzo: (ﬁ+5')£u +(‘F1*Sz‘)£..n (£+3:) * (f3+g?’)£u (£-Z.+ j’-z-) oo
vt (futSe) (3[,,,.@/_:) + j:...é«-/))

Note that we have now reduced the proof of D.1 to proving D.8.
Substitute - for d, from D.9 into the r.h.s. of D.8 and we find
r.h.s. of D.8

= (£_+ ?L).{;ju + (fu fjll){(ﬁ‘ 8‘)£NC(3"X") * (fz\tsl))e‘"”C(A".--YLB *(@*5315...5(‘("'}") b
o (fu"‘sﬂ){,\, C CO(AM Xlﬂ) }
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Using D.11 in the above we find

r.h.s. of D.8
= (g )fs,

+ (J[:4+3u){ ( 34-5,)9(;”“ C (%..%)
f ) [Beg) OO ¢ (feg,) ()

S [(600,,) CORK ¢ (ug) Clnm]

+ ...

+ (f~+5~)£/ [(f;..-r\!—-l-'- 3:...;\:-: ) C(XIY'-) + (]{_’Lj;_) C(d""dﬂ-l )-)}
J

where C( & ) =1
We re-write the above as

r.h.s. of D.8
= (f+9.) fisa
s g ) COnNY | BN Busidf (5eg) + (e5)f (£ eq ) s
Fese ) (f g )}

- ) rd) {uen)f e sy Cltmde e Goh) e

’Tu
Qc.pl|s using D.14 we find

’ doz0

Since the first term in curly brackets is



§ 8

r.h.s. of D.8

= (£+ 3. ) [ﬁﬁu + (4+q, ) { (fg*gl){...., C(A’,)-f(f;f-ga)g”,uc{ol,d,_) ... +(fdf£,,)£, C(o/,...o(y,,)}]

+(ft9.) C (B ) d, |

/(',-.D

Comparing this with the 'l'.h.s. of D.8 we see that D.8 is proved if

ANy

D.]5 A’C.P_

Ll < g, (Fm«){ (hp8)f. Cl) +0us)f Clua)e..
o (far 8 C i) |

We re~write D.14 as follows:

D.16 g:.p. Len = (ﬁ+5,) J(':.q + (fz.""&’-) §_J[....NJ’ £...M%l}
+ ({&4—53\ {)Cl---rl-'- J(;M ?l.z.?j +oeee F (ﬁsﬂ'gN){ .£..,N+ J(’le...\/-'}
We have
D.17 Clo an) = (o u+ 3, g1+ o Cldpxy)

We iterate this to give



Clod) = (£ 00 ) 4 ot Cletzada

z C\)L;_...MFJI.,.N) + oo, (Jc3---~+35...,\g)4' ,,(la/LC(A/S,_,,,(NJ‘.

(r
= '~j‘,,...,.*’31...n) + o (f;..u +33--~M3 ooy (A---NJ. 34 ,,;)
doee o(,o(z...A’N.L(}'N.,.gN) b oy ol

Using D.16 we re-write the 1.h.s.of D.15 as

1.h.s. of D.15

= (ﬂ*gl)f:lq C (0(:---0‘(,1)

+ (fr452) {JCN . ][:Ngl} C(d. ny)
" (fﬁ%){iq...,\, + /;_MJI.J Cloty.. o0 )

£

+ (fnf—su)}; f L ](;5".“”-‘} C (.. q/,\,\

View

Using D.18 we re-write the above as follows: we leave the first
C(«...xv ) unchanged, we re-write the second C(«,...ay) using the first
of equation D.18 the third C(«,....~ ) using the second of equation D.18
and so on. We substitute for C(« ..« ) only when they appear as

coefficients of f] N
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Thus L.H.S. of D.15

= (ﬁ*-é.)f-;“” C(o(....o(,d)

+ (fu—&) {JC,,,_,\J E)cl_",p G + C(ofl...o(u)‘l + ﬁz.m* E‘C(o(l.“q’,u)}

+ (ﬂ,-?gs) {J[,__,., [zﬁl-..u + gl.__n + o, (fi"' {_33._" ) + °(,°GC(°’4-~-duﬂ+£m~3|_§("’--'a’u)}

...

ST D R AR A1 GRS, NN ERRE T WY CXUNE, )

+ &y C(A’i-.-%))] + 3.-.--1'-; Jf—;_‘.../\) C(‘V.-.-o(,\,)}
L

+ <ﬁl+ SN\' é £M [L_._.w Fﬁim,, +o) ()[3,__,‘,1'75_._,\,\’ R SR (;N*ju)]
-+ JCN 3!.-.'\;_( C(o(....owj}

We now re-arrange the above as
L.H.S. of D.15
- J("N [(_{*g,)C(O(...,D(N)J- o (fr6) € (i) b otioty (FrSy) Clogety) 4
+ Ky o ([ STYC () o+ ety Ly, (F+Sy) C(q/,\,):]
4_(.572*57-) [jcn...N (Fz,“,j‘*‘gz...»f) + 31 JC;N C (‘)(-'--0('13 :]

sgps ) LE s hiieg, e (Fs..w"ﬁ’a---@} + 3af
(D.19)
- ..

+ (fi;gi) [J(.,J ‘i C

Ja.nt ﬂz...,\, + o (Fg_._,.,"" 33_“,6} o oot

- * 3. 1-1 _F[.,.N C (e(' "(”) ]

C (- ..o(..)j

3.8

SR AN (,Cl'...u + ﬁ'i. N )

+ ..

+ (ﬁ‘-#S»J) [JCN {.ﬁl...n *92..n 4—({'('@“”+~?‘3..,N) bt oy, '-r;‘h/”ﬁ);
+ 3!...:\1-—« J(; C(”/.n.a’,\o :]{
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We now recall equation (5.1.8) and we see that the first term

in square brackets in D.19 is 9, Moreover we use D.18 in the following

form
-7€...u + ﬁ.z...u =

(

e

C (e st} = g C (%o )

~ F g:sz + o (Fg...,\; #—5;“,\,): C("(l'-"”ﬁ) —°(\°(3_C (0/3.--0(,°)

| ﬁw N VRt (;&.-N Y9am) 4 o (J(:;..ro tyn )4t oG Ay (ng"ﬁw‘

\

- C(o(,...o(N)’—c/.q/zu-Q/N-]

Hence, we rewrite D.19 as

l.h.s. of D.15

= ;---Néu

(£, 42 ﬂCz [ £ §C(u4...4,,)-qf.C(oz,~..-m)} +g3, C (oz,...«,\,)]

+(035) E L L5 {8 ) - e C(,,(g...oz,\,)% . 5,.7__C(<Y,...o<“)]

0.21 ik o W5 €k

) —od e C(a/i..-o(,\,ﬂ +3 . C(d,..-od.,)J

-1 -1

£

ANy By { o= i g €0} > 9, O]
Mw‘d}\ﬁ CCO«/M) = |

Comparing D.21 with the r.h.s. of D.15 we see that D.15 is proved
if the following can be proved:



(f( *‘3u> =(.£+§, ) Cl&,.om) - °(1‘z C (o ern)
<3Q r9u ) C(x) = (2[;.2 e ) Cety-atn) - oty C (... «)

or generally

0.2 (£ 49 Cld s (o3, 1) Cltya) - o™ el

oy’
We now proceed to prove D.22

From D.18 we have
Cloliicty) = f5 0+ Gon + C (22 )
Hence multiplying both sides by«, we get
D.23 A Clohea) = S+ g 4 C (wr )
We can write (see equation 5.1.8)

D.24 q, = (f+85)C ) + ¥ Gy

Substituting for «, 4, ., from D.24 in D.23 we get

+

o, Cletatnt = £ J - (P48 ) monn) + 0 C (A gy

2
(ot + 1+ 5 Clxnxpy) = & C R~

£ g,

jC--N * Jiw E qu*’iu

But ?r fi+ S,

i

2

D.25 S jc f-j’, :(_;:fg')C(o/I... o) - o C(Oé...d,“\)

Note that D.25 is the case of D.22 with i = 1

9 2

)
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It follows from D.25 that

.26  (fu+r9u)Ctw) = (f+9,) Ctai) T (i) ~ u C (et ale )ty k)

Using

D.27 Clet i) = fiveg, o v o Clha)
D.28 j.“_f = 9, C (o, .caq) + a(‘%---z'

we find

r.h.s. of D.26

- {f‘ (f[.z...i t ?z..x[“‘ ot Clety.. df)) + 5,.,,{ -X, 9L } C(, - o)

- "<|Z C (oo C("(:?.-“O/M)

(£ Y C(“ Ly) + 0(|2 Clety...oty) Cls . n)

' .y
— O(;ZC(A/,.A./{]C(szo(Nl

Using D.27 for C(X..«:) and C(afqu) we get
r.h.s. of D.26

= E£1 * j’ ¢ j C(o(""d"‘) - 0(‘2 L\ ('EZV-L."'gz...i )C(“z...a(",)'()g..,pﬁ 2 r)C(d..,(i)]

2
Adding and subtracting dftﬁﬁivd%(:ﬂﬁk.udu) to the above we get

r.h.s. of D.26

~ LR gaTetem) - o e Clu, )

D.29

: [ Lo o v 1€ ) - (f

| 2w o) Cloa e o)
2,
= 5. C (o(“"”““)] = LoHs A(020): (f0q )€l




9 4

Comparing the above to D.22 we find that = D.22 | js proved if the
last term in square brackets in D.29 is zero i.e. if

(-72~ G ) C (’(1--"’(\‘)

D.30

2

= i #90i) Canay) = £ Cley, . %)

Recalling that fua f]...N and 9= 91N and comparing D.30 and D.22
we see that their structure is very similar. So if we repeat all the
steps that led to D;30 from D.22 we see that proving D.30 is equivalent
to proving

(_/;N + Ja..n) Cls. . o)

2

2 it 35) Clorewn) = £y 0 C (timn )

e t

Iterating we will eventually find that proving the above is equivalent

to proving

PR
(fra 4o ) Cli ) = (foe g0 ) Clotay) - f{ oty ey

and since C(«;) = 1 we will have to prove that

D.31 (7[:1\/ "qu’--N ) = (fl~+j{ ) C("(x--"’l\)) _‘][;-ZC (‘-‘(' a(_e)

L&l

But D.31 is precisely equation D.25 with

fm = I/-,.«) —~> JC:'...N
N

1

3’---'\/ - 51'.../\;
- (Q’:~~°(~) —> C("(LG‘/N)

2 .
oty —> e

Hence, D.31 is proved and consequently all the previous equations we



wished to prove, in particular D.1.

This completes the proof of factorization of Drell-Yan .
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PART . 11

""The Infrared Nature of the

Drell-Yan Process
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'CHAPTER 1

INTROBUCT ION

Much of the phenomonology of Quantumchromodynamics (QCD) [1] is
based on the theorem that mass singularities factorize'[lé] and are
universal in all hard scattering processes. A necessary condition for
_ this theorem to be valid is that the Bloch-Nordsieck mechanism_[19]
for the cancellation of infrared (i.r.) divergences holds af least up
to the accuracy required. This has not been proved in general and
indeed recently Doria et'all:zo] have shown that the i.r. structure of
inclusive QCD processes is very different from the structure in
quantumelectrodynamics (QED). In QED the Bloch-Nordsieck mechanism
cancellation between real and virtual photon processes is known to
hold for all orders and for all powers of the Togarithmic divergences.
In QCD it is apparentiy still true for processes with no hadronic
interactions in the initial state, for example, ete” — anything [Zﬂ
or in which there is only one incoming coloured particle e.g.EH —
anything [21].__.there are certain errors in this paper because the i€
terms in prqpagators have not been taken care of properly. However,

" the results are still true according to a check by J.C. Taylor (private
communication). For processes where there are two incoming particles
2

. 1 .
which can radiate soft gluong it is false at order X whereX=g“, g

being the QCD coupling constant.

We will be investigating two such processes

P.1 quark + gquark —— QM:/f) + anything

p.2 - quark + antiquark —> ydvu') + anything
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Process P.1 is shown in fig 1.a. It will be referred to as Drell-Yan
bremsstrahlung. A lepton pair is being produced from a radiated

photon, ¥*, from a quark. In order to conserve four-moment a "hard"
gluon, g must be exchanged between the two quarks.By "hard" we mean
that the gulon is a long way off mass-shell. Process P.2 is shown in

fig 1.b and this is the usual Drell-Yan annihilation diagram. A

8;%/"_ .
quark - > guark

Uk ' /“f

3
uark —— >— quark I
Fig. 1.a: Lepton pair production Fig. 1.b: Lepton-paiir production
via photon bremsstrahlung via annihilation

quark-anti-quark pair annihilate to produce a virtual photon which then
decays into a lepton pair. Again Q is "hard" in the sense defined

"above.

Some of this second half of the thesis is a repetition of the
Doria et al calculations [20] which deals with P.1. We agree with these
authors that at ordertxzthe i.r. divergences do not cancel in the
colour averaged cross-section. However, this agreement is fortuitous
since several of the intermediate steps are marred by several major
errors. These errors are removed and by some minor miracle our answer

is identical to that of Doria et al.

In Chapter 2 we discuss the assumptions that are made to obtain

the answer. The problem of renormalization is discussed there. The



necessary tools that will be required to orgainise the graphs as to
leave us with as Tittle calculations as possible are developed in this

chapter.

The details of the calculations are to be found in Chapter 3

together with Appendix B.

Chapter 4 contains our conclusions and discussions.
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'CHAPTER 2

BASIC REQUIREMENTS

This chapter is a review of the basic assumptions that go into
the calculation and the development of certain tools that will be

required eventually.

Our basic method is to assume that we are given the cross-section
in terms of the discontinuities of some hard diagram H as shown in
fig 2.1.1 Recall from our discussion of the optical theorem [11‘]

P /

P

Fig 2.1.1:: The cross-section of a basic hard

diagram H. The dashed line indicates
that the intermediate states must be

9 Y put on mass-shell

in the first part of this thesis that fig2.1.1 pepresents a forward
scattering amplitude.Fig 2.1.2 explicitly shows the structure of our

hard diagram for P.1 and P.2. p and q represent the momentum of the
' ut

’
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incoming particles. p' and q' have the same magnitude as Pand q
respectively but the distinction between them has to be kept for reasons

dictated by the optical theorem.

By hard we mean that the cross-section of fig21.171is infrared
finite and is assumed not to have any singular behaviour as the momenta

entering the hard diagram vary s]ightly off mass-shell,

It is known that if we dress the hard diagrams to order X then the
i.r. divergences cancel. We show this explicitly in Chapter 3 using

the techniques we are about to develop.

So we dress our hard diagram to order({.by adding soft (i.e.not hard)
gluons in all-possible ways. These gluons need only interact with the
external legs. This is manifestly obvious in the case of P.2 as the
gluons have no quarks or other gluons to couple with in our specif
hard diagram. The Drell-Yan annihilation process is in this sense
a much cleaner process to study than Drell-Yan bremsstrahlung. The
argument for P.2 is basically unitarity - the i.r. divergences cancel
when a given amplitude is cut in all possible ways to give all its

contribution to the cross-section [20, and references therein ].

An example of dressing up our hard diagram with soft gluons is

given in fig 2.J1.3. Throughout this calculation we insist that our hard

t? Fig 2.1.3. Dressing up.a hard diagram H

v with 2 soft gltuons.

diagram is ALWAYS cut. From now on this will be taken as given and
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will not be indicated in the diagrams. Fig2.1.31is NOT what we wish to
calculate. Not only must the hard blob be cut but also any gluon
CROSSING it. This is illustrated in Fig 2.1.4. The asterisk means that

everything on the r.h.s of the cut must be complex conjugated.

*

R
1
!
!

Fig 2.7.4 Contribution of dressed hard

blob to the cross-section

(ii) Colour factors

The fundamental difference between calculating Feynman.diagrams
in abelian and in non-abelian gauge theories is the introduction of
a colour matrix factor at each interaction vertex because our fermions
and gauge fields have additional quantum numbers known as 'colour'.
Our hard blob will, therefore, have colour indices H:® with « , B
a, b, representing the colour of the quark lines entering the hard

blob H.

In the physical world "coloured" particles are not observed. It
is therefore natural to caicu]ate a colour averaged cross-section.
This means we perform an average over colour indices in the final
state. We are also averaging over spins. ‘The colour sums will be
incoherent ones meaning that the quarks (p, q) will have the SAME colour
as the "final" quarks (p', q'). Be careful about the meaning of "“final’
as fig2.1.31is a back-to-back amplitude and thus all our external quarks

are really initial states particles.

When we add 4-gluon vertices and perform the sum over colour we
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obtain the foi]owing group theoretic weights as a result of the colour

matrix multiplication (the Feynman rules are given in Appendix A):

o

C6) (1) 1) HAE
{rem} ™ {1 ha vl
(2.1.1) ¢, (&) M, Hil
€. )] HY,
GEFIGG) HY T

CAIC6)H

(2.1.2)
c.@) 7

Ti are the generators of the colour group SU(N).CZ(F) and CZ(G) are the

Casimir factors defined by
(2.1.3) ]/‘;hj[;g = C(q)Skg

(2.1.4) (7: 7e )ay, = CAF)Sas

fijk are the SU(N) structure constants and Sﬁ' is the usual Kronecker-

delta function. Repeated indices are to be summed over.



(2.1.1) are the colour factors associated with P.1 whereas
(2.1.2) are those associated with P.2. The reason there are fewer

types of group theoretic weights for P.2 is the quark-anti-quark pair

annihilates into a photon, a colourless object.

the hard blob they must have the same colour.

As an illustration of the calculations leading to (2.1.1) and

(2.1.2) consider, firstly, the contribution of fig2.15to P.1

105

Hence when these enter

Fig2.1.5 Colour labels for a dressed

hard blob of P.1.

The colour factor C|, ¢ for fig 2.1.5 is
(2.1.5) Cl,, = Gl l)ap(T)as Hen
Using the identity

(2.1.6) TT o= g {Tn - 4 Dol

where

iﬁ,B} T AB + BA
2.1.7
( ) [Aa,e]: Ag - BA

we find

has to be done.

The arrows
indicate the order in which

the colour matrix multiplication



cq

(2.1.8) (| =4i( Ui 1-1]( C—K/ac><{ﬂ'l"j}ﬁd—"{{:ﬂ(ﬂ)[yy)kla(g

P1,

on using
(2.1.9) (70,50 = 7y Tx

Making use of the antisymmetry properties of the structure constants

we eventually arrive at

(2.1.10) Cl,, = +{mmf, {m 7). Hs - 369 )3)ee(T ) e HE

Let us now repeat the calculations of P.2. The relevant diagram is
shown in fig 2.1.6. Note how the colour labels have changed and also

how the order of matrix multiplication has changed.

Fig 2.1.6 Colour labels for P.2 for a

given dressed hard diagram

- We now have

Cl. = (Taele (5)ea(To )l H

|
On using (2.1.4) we find

2
(2.1.11) Cl,, = NEG®IH

£,
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In Table I we list which graphs contribute to which weights using

calculations illustrated immediately above. Note that since the
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initial and final quarks are constrained to have the same colour label
then the graph shown in fig2.1.7,which is obtained from fig 21.5 by
swinging the outermost gluon from the q' to the q line, has an identical
colourfactor to that of fig 2.1.5.By continued cyclic permutation of

the gluons we can generate all the graphs of a given colour factor. It

/e

p ? .
Fig 2.1.7 An example of a graph that

has the same colour structure

) as fig 2.15.

is on this basis that we classify the graphs into the different groups
of Table 1. Care must be taken not to double count certain graphs as

a result of this classification scheme.

(iii1) The eikonal approximation

Throughout we will be using the eikonal approximation. This means
that since the infrared divergences of our integrals will be coming
from K'= 0 where K is the gluons 4-momentum then we may write a fermion

propagator like

(2.1.12) {:(F—h)z—mzm'ij A —2pk 1€

on neglecting quadratic terms and taking p2 = m2. Also we will be
neglecting all k-dependences in the numerator so that a fermion numerator
becomes (p"+ m). This allows us to replace a11.the spinology by the

rule "2p* for each fermion-gluon-fermion vertex if we are on a p-line".

A further simplification resulting from the eikonal approximation is
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to write, for a fermion on mass-shell,
X . .
(2.1.13) éH(({?-k)?:mz); Q(/Jo-k}g(@-k)-fm) ~ S(zp'k)

We will return to the problem of the eikonal approximation again.

We will be working in the Feynman gauge. This means that a

gluon propagator is -ig\,/(k14‘té) where k is the gluons 4-momentum.

We will be working in the Lorentz frame
(2.1.14) p=(M2), q = (4,09, 9
We define the following quantities

(2.1.15) K= gk - (UkIGe . g fkix

3. a,

(2.f.16) where F = 1§l ' - velocity of q relative to p
Jo

(2.1.17) x = (28

Hence

(2.1.18) Ko< Ikl

2.2 The Libby-Sterman Identity

This identity, due to Libby and Sterman [21] allows us to cancel

sets of graphs at the level of the integrands as long as we are careful
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about i€ -prescriptions in thequark propagators. Consider the diagram

shown in Fig 2.2.1. The following analysis holds as long as there is

Fig 2.2.1: An arbitrarily dressed hard

blob with at 1east one

gluon k entering it

at least one gluon k going into the hard blob H from the gluonic blob

S so that no self-energy diagrams ever arise. The latter are dealt

with in the next section.

Define
(2.2.1) @; T 2p-ky

From Cauchy's Theorem we find, provided there are at least two denominators,

20

(2.2.2) dx _ 0
(2HE) (e a2 (xea rat 1) - (X P, b by @ )15 )

-®

Hence if we pull the contour past the poles we find

1

[ari€]laram2e1[Q, @y tdy+ 30e]... [Ardur-- $8, 40 €]

H

1
i -a-1e]layr ce10as4ay+20e ] ... Lay+ay +. -+ @y +0-1)E]
+ 1
T Raeay-ae][Fag s JLagr e Lagtopte -+ a, rn-2)i]
+ -
+

[-q,-a -~ -a, -nie]... [-a,-¢7]
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These correspond precisely to the sum of diagrams shown in fig 2.2.2 in
the eikonal approximation, first with no gluons on the right, then only
k] then k1 and k2 and so on. Notice the gluon's momenta is always
outgoing from the hard blob. We have (+ i€ ) prescriptions on the left
and (- i€ ) to the right. By changing the 2i% , 3it , etc. in (2.2.2)
we may obtain many i€ prescriptions. A1l the graphs of fig(2.2.2) have

the same colour factor.

Fig 2.2.2 Graphical interpretaion of the Libby-Sterman identity

The - indicates anti-fermion i€ prescription

2.3 The Self-energy cancellation identity

Because some of our diagrams have self-energy insertions on
extrenal legs we are forced to consider the question of renormalization.
In the Libby-Sterman paper [21] this was somehow dealt with by a faked
momentum prescription. It turns out in our approach that the sign
of the i¢ in the fermion propagators is crucial. It is not at all

obvious how the faked momentum prescription deals with the i€ terms.

We have to go back to the Lehman-Symmanzik-Zimmerman (LSZ)
formalism [10] and introduce a mass counterterm renormalization

prescription.
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Implicit in the eikonal approximation is on mass-shell
renormalization. This is best seen if we return to (2.1.12). The
mass term m2 which appears in the propagator is the mass in the free
part of the Lagrangian. To write down (2.1.12) we had to assume that

2 2 2

p- =m~. But p® is the "physical" mass of the quark.

Let us recall the formula for the S-matrix, S, in the LSZ-

formalism:

5’ = <R~~-R,:°‘*‘=‘<i.---qm'*'n7

. miaay

/L T 4.1 A,?. 2 tat) (o 14 2,) .. §i%n o'é—m-: .
(2.3.1) (\é?) fﬁl.fdx‘(;/ﬁf M@m (Tt ) olT (s i) Qe - Lexa)) IO (3, )ﬁ}m

for all p, # Q,in the case of BARE scalar fields € . We are using the
same notation as in [10] . Z is the wavefunction renormalization
constant. (2.3.1) can easily be extended to our case of fermionic
fields. In (2.3.1) we have re-written the bare mass m, that appears

in the free part of the Lagrangian as
(2.3.2) m, = m + (Mg-m)

where m is the physical mass. We now have a mass counterterm which is
absorbed into the interaction part of the Lagrangian. Otherwise all
other quantities such as fields and coupling constants are bare

objects.

The full fermion propagator SF'(47) defined by



(2.3.3) Slp) = <olT [dm)Qu)) 1o

may be written as [10]

(2.3.4) S5. () = v

p-m-2p)
where -125'(y ) represents all the one-particle imeducible graphs
with external legs amputated. Near the mass shell we can write JZ§¢§)

as
(2.3.5) 5 (F) = Semlmam) ~ (Z = 1)(P-m) + o(p-m)™

where Am represents the mass counterterm introduced previously and 22
is the fermionic field wavefunction renormalization constant analogous

" to Z in (2.3.1). We now choose our renormalization condition to be

(3

(2.3.6) S (m, Bem) =0

F=m
in order to keep the pole of SF‘({r) at the physical mass. Thus
substituting for2 (B ) from (2.3.5) and using the renormalization
condition (2.3.6) in (2.3.4) we find

(2.3.7) ,,9%3 Se () =1Ffr'n Z

(2.3.6) defines our mass counterterm represented graphically by a
(-=iAm) insertion into a fermion line as shown in fig 2.3.1 to all

orders in perturbationvtheory. (2.3.7) tells us that the effect
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{_;<'An1) Fig 2.3.1: Feynman graphical representation

of mass counterterm

of self-energy insertions in a propagator near mass shell is to multiply

the bare propagator by ZZ‘ Thus the 1/1/77_; that appears outside (2.3.1)
(if we have fermion fields) for each external field is cancelled leaving

us with an overall multiplicative factor 01’-1/?2 for each external leg.

We can write

"'/L

Y, . N Lo
(2.3.8) L0 = O+ (=) T s - () i (ES)

This is a valid expansion for small « as the first term in (Zé] - 1) is

of order o,

From (2.3.5) we have

(2.3.9) Swm o= alp)2(g)up) ,

where we have made use of

a(p)y (p-m) = o
(2.3.10) {

L(p) ulp) =

Also from (2.3.5) we have

-1 - 2 '( )\L((
a1y 2 -1 = — (5@
ap) Y Up)
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Hence to calculate the contribution of a self-energy insertion
on an external leg we must work out all the one-particle irreducible
graphs that contribute to the full fermion propagator to the required orderin
® and then use (2.3.8). We will be drawing graphs with self-energy

insertions on external legs for the sake of book-keeping.

In the eikonal approximation (ZE] - 1) turns out to have a simple
graphical interpretation. This will allow us to write an identity

analogous to (2.2.3).

Consider the diagram of fig 2.3.2 having a one-particle irreducible

self-energy insertions on one of its external legs to an arbitrary

Fig 2.3.2 Our hard diagram dressed by

an arbitrary self-energy

one-particle irreducible

insertion on one of its

external leg.

order in X . /a,’/“z""'/”n are Lorentz indices of the gluons coming

from the gluonic blob S. The fermion propagators take the form

Y,

Ja LY

/‘5”/“}//'4 }/

L1}

(2.3.12) Pu iy, = ¥ 1LY
M = ry h

:\a |~
|~
X

where
- - &
(2.3.13) L = *}5& "o

Using
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(2.3.14) 52V §t;:;E;;E} ) T prR-mi va+kwﬁ&
we find
%pyig,,.../u,}
R Rk
(2.3.15) . + %:/'5 7 4J;1YV;;Z %5’3 %'“X"'E.%
‘.
m}?%.. Y”""'éﬁ,xy}%,%}

So from 2.3.11) and using the eikonal approximation it follows from the

above that
o (RS e
z-a[iz uz) [2p-k ‘Li] [2p- (& +k;)ui] [2p (k +h,.v -+k,. +t'£:]
. +_:ia‘h_ . &Pl ZP” 2 L 9\3‘4"

(2.3.16) Lapbeie]  [2p. (Reb)rE])" Gp.(okatkgtic]  [ap(orhysethan, )4 2% ]

4o

4_3f . ap, , 2 fine 2 e }5(&-0

[zp.z,ﬂ’i] [zf{(k,l-/zl)ﬂ‘i] U [Cap(krkat - f'én ) e ]

The terms in curly brackets above correspond. to respectively the graphs
obtained from fig 2.3.2 by swinging the gluons across to the p-leg,
first with only k] on the p'-leg, then k] and k2 and so on until the
last term which correspond with only kn on fhe p-leg. Note that all
these graphs have the same colour structure even though we are swinging

the gulons from the "inside" rather than from the ‘outside’as we did for
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the Libby-Sterman identity. The reason for this is self energy graphs
have an additional constraint on their colour labels, namely, the
propagator nearesf to the hard blob on the p'~leg (see fig 2.3.2) has
the same colour as the external p'-leg. Note that UNLIKE the Libby-
Sterman identity we have (+ 1€ ) in the propagators to the right AND

to the left,

and (2.3.16.)
From (2;3.8)4it follows that we can write the identity

(2.3.17)

(2.3.17) shall be referred to as the self-energy cancellation identity.

As a concrete example consider the self-energy insertion to order «

of fig 2.3.3. This will be required later. Using (2.3.5) we

Fig 2.3.3 Self-energy insertion to 0(x)

may write
ol«)
(-L'gm) y

(2.3.18) ' = - 1@

AN

where (Zél'- ])(a) means evaluating (ZE] - 1) to order X . Note that

the graphs with mass insertions are not infrared divergent. Anyway they

1

are usually cancelled by a mass counterterm (-4 m). (Zé - 1)

has the graphical interpretation of fig 2.3.4. In the eikonal

(«)
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Fig 2.3.4 Graphical interpretation

of (7, - D)

approximation the integral representation for it is given by

oy ) 4 44%2
(2.3.19) @ -y = F %;{ﬁ;ﬁwf

which is real as can be seen by working in the frame p = (M, 0). The
gluon goes on shell picking up an extra factor of i. The i€ 1in the

fermion propagator then becomes irrelevant.

2.4 Converting thé cut-graphs into Feynman amplitudes

Since we are summing over all possible intermediate states, the

inclusive cross-section is given by Mueller's Theorem [1]].

:zwcig - ;,_ Ag (8] s, =)
<2 L

where A is the forward scattering amplitude for P.1 and P.2 dressed

with two soft gluons. The kinematics are as shown in fig 2.4.1

o o Fig 2.4.1 Kinematics of P.1 and P.2
q/

S is the total missing mass squared, (p + q - Q)z. Lls is the

discontinuity in that variable. SL and SR refer to all the invariants

lying to the Teft and right of the cut C respectively. The + means
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they are evaluated above and below their cuts. Thus SL includes

2 2 )2 2

(p+4q) s p, q2’ Q2 and S, indicates (p' + q')%, p'", q-z, Q'2, In

R
[20]1t is assumed the one is below the Qz-thresho1ds. However, note
that since our hard diagram is always cut this assumption is unnecessary

for the next step which is writing

(2.4.1) L [A(S5500) = A {RET 80) - ALDs 58) - RG0S, s,z)]}
‘1‘_' XL

The term in square brackets is interpreted as the discontinuity in all

the right hand variables. One may very well ask what the discontinuities

12 2

in p'~ and q'~ are? Under normal circumstances the answer is known

but here we are sitting right where their threshold values start,

2 m2 = q'z. It is then not obvious what the answer is.

namely at p
Here we avoid this approach altogether and stick to the graphical

counterpart of (2.4.71)

Recall that in graphical language fig2J4 is the object one wants
to calculate. Moreover a cross-section is real so we only want the
real part of fig2l4. Note also that the Libby-Sterman and the self-
energy cancellation identities only apply to Feynman AMPLITUDES and not
to cut diagrams. Our aim, therefore, is to re-write all our cut

diagrams in terms of Feynman amplitudes.

We start with (2.4.1) by writing its graphical equivalent. As

an example consider (2.4.2). Consider the term in square brackets.
: K 4 M

1 -

(2.4.2)f

L ~ _
Remember that the cut hard diagram is a real number. We will then be

applying S-matrix Feynman rules to the rest of the diagram. It can be
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proved, except for the graph of fig 2.4.2, that the term in square

brackets is either zero or pure imaginary. As illustrations of the

Fig 2.4.2: The graph for which (2.4.5)

does not hold

arguments that have to be used consider the graphs of fig 2.4.3

HEES
1

, N\

-~ - — = -

)
1
'
(
'

(a) (b) (c)

Fig 2.4.3: Graphs serving as illustrations of (2.4.5)

First take fig 2.4.3(a). The term in square bracket form (2.4.2) is

1 a

(2.4.3) ; - :

The above is zero for the following reason: the term on the r.h.s. of
the cut is a tree graph. As we are using S-matrix rules this is real.
The term on the 1.h.s. of the cut does not change in both diagrams -

Thus (2.4.3) is zero.

The contribution of fig 2.4.3(b) to the square bracket of (2.4.2)

is obviously pure imaginary.

With fig 2.4.3(c) greater care is required. We have to use the

LSZ-formalism. Its contribution to the square bracket of (2.4.2) is
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_— .- -

(2.4.4) -

- —_——

The contribution of the graph to the r.h.s. of the cut is (Zél - 1)(°< )

which as we have seen from (2.3.19) is real in the eikonal approximation.

Thus (2.4.4) is zero.

So with the exception of fig 2.4.2 we can write for all graphs

an identity analogous to (2.4.5)
#

Ve - Ke

1
i
1
1

(2.4.5)

Can we now drop the cut that appears on the r.h.s. of (2.4.5)?

For graphs which do not have any gluons crossing the hard vertex -

see fig 2.4.3(b) and (c), for example-:ais is trivially done.

Otherwise we have three general cases each with its own character-

istic difficulty. These are illustrated in fig 2.4.4

(a) (b) (c)

Fig 2.4.4: Characteristic graphs used in the illustration of removal
' of -the cuts

The ko-in%egra1s for fig. 2.4.4(a).(b), and (c) are given by Aa’

Ap and A_ respectively where



121

A= d ke [ a]
( [kol-lgl+££][-1p.k+fg'ﬁt-zp.(mn’)+L'{] Xt

=-ag

(2.4.6) < A, - dk. V() : t /éa_”]
[k -k o] fap ke P L2

-

| A= B Jm dko LLLE) [AH]

').“’ 2 . - . e
To ) LR ]Dks AZese ] [Fap kvl | 2

L
-

In the above all the ko-dependeces have been explicitly shown.

AMH/2i represents cutting the hard diagram and is real.

First consider Aa‘ The fermion poles all 1ie on one side of the
ko-contour thanks to the eikonal approximation. Pulling the ko-contour
the other way puts k2 on mass-shell with positive energy. This of

course corresponds to cutting the diagram giving us the identity (2;4.7)
]

1
¢

1

(2.4.7)

In Ab again all the fermion poles 1ie on one side of the ko-
contour. V(k2) is the term obtained by doing the k'-integral. This
has a cut running along the real axis from k2 =0 to o . So when we
pull the contour in the sense opposite to the fermion poles we pick
up the k2-pole with positive energy and the mass-cut in k2 of the
triangle, V. In graphical language we have (2.4.8) /

{

Ve, /

(2.4.8)

n
+

In A_ we have had to introduce gluonic masses A, and A, in order

to treat the gluons with identical momenta as distinct. In fig 2.4.4(c)
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when we put one of the gluons on mass-shell the other one automatically
goes on shell. On the face of it we have an infinite contribution to
the cross-section. But note that from dimensional arguments U(kz),
which is obtained by doing the loop integral behaves like k2. Thus
there is no infinite discontinuity. As before all our poles lie on

one side of the ko-contour. Pulling the contour the other way we pick
up the 2 terms coming from putting the masses A, and A\, on mass-shell

2

and another term from the mass-cut in k2 of U(k™). Hence we have the

identity (2.4.9)

(2.4.9) =

R T
We may now let ?f,lL‘9 0.

Similar reasoning applies to all other graphs. The above analysis
indicates that we must be very careful about removing the cuts from the

graphs. (2.4.8) and (2.4.9) clearly show it is a non-trivial matter.

We can now write an identity analogous to (2.4.10) for all graphs

with the exception of fig 2.4.2 thanks to the eikonal approximation
[
!

(2.4.10) fe : - Ke

)

J



'CHAPTER 3

A COUNTER-EXAMPLE TO THE BLOCH-NORDSIECK THEOREM

This chapter consists of four sections. In the first section
we show how, as an illustration of the techniques developed in Chapter
2, infrared cancellation at 0(«x) is a trivial matter. Sections two,
three and four deal with the O(NZ) calculation. In the first of these
we reduce some of our graphs to simpler forms. The cancelling sector
of the graphs is dealt with in section three. There are reasons
1ike QED ones why some of the graphs should cancel and thus this
section provides a useful check on our method. In section four we

derive the analytic form of the non-cancelling sector of the graphs.

Throughout this chapter we will be making liberal use of the

identity
! ! )5 (kZm?)
3.1(a) -5 2 2z . - Cat) "
k=m3 ez Rm-i
whose graphical equivalent is
3.1(b) = +

/

The cut means the fermion line is on mass-shell and the (-) indicates

we have anti-Fenman propagators.

3.1 Infra-red Cancellation at 0(x)

The graphs which contribute at O(x) are shown in fig 3.1.1. Each

123
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of the graphs from (v) to (ix) has an inverse. Under colour averaging

they all have the same group theoretic weight.

XX

(11) (ii1) (iv)
\ <z >< ’
(v) (vi) (vii) ' (viii)

Fig 3.1.1 Graphs contributing to O(x). Each

of the graphs from (v) to (ix) has

an inverse

By the self-energy cancellation identity (2.3.17) graphs (v) to

(ix) give zero. Similarly their inverses cancel.

Applying the identity 3.1(b) to (i) and (iii) gives

(3.1.1) )(?

b
(3.1.2) X

Using the above we arrive at
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(3.1.3) Zgethsk o) = [% %}*" [232 N}L % %\

The Tast two square brackets of (3.1.3) each giveszero as a result
of the Libby-Sterman identity. We re-write the first square bracket

using 3.7(b) and get

(3.1.8) O, gl ol = % M >é T %

The last two graphs on the r.h.s. of (3.1.4) sum to zero by the Libby-

Sterman identity. The first graph is pure imaginary. Hence,
(3.1.5) le | Zgraphs ok o)} =0

(3.1.5) is the statement that i.r. divergences cancel at 0(«).

2
3.2 Reduction of some of the graphs at 0(«)

We refer to Table I and specifically to groups 1, 2, 3
and 13 which are responsible for the non-cancellation of the i.r.

divergences.

We apply the Libby-Sterman identity and also the identity 3.1(b)

to the graphs in these groups. As an illustration of this consider

.21 Q< %%}‘{
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The remaining diagrams are those of fig 3.2.1, 3.2.2, 3.2.3,

3.2.4, where these are obtained from groups 1, 2, 3 and 13

respectively.
(i1) (ii1) (iv)
(vi) (vii) (viii) (ix)

Fig 3.2.1: Graphs remaining after applying the Libby-Sterman identity

and the identity 3.1(b) to group 1

M%%%

(iiid (iv)
(vii) (viii) (ix)

Fig 3.2.2: Graphs remaining after applying the Ljibby-Sterman identity

and the identity 3.1(b) to group 2
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(1) (i) o (§id) (iv)

(+ inverses for each graph)

(v) (iv)

Fig 3.2.3: Graphs remaining after applying the Libby-Sterman

identity and the identity 3.1(b) to group 3

(+ Inverses for

each graph)
(1) (11) (i)

Fig 3.2.4: Graphs remaining after applying the Libby-Sterman identity

~and the identity 3.71(b) to group 13

In our calculation we will introduce a multiplicative factor of
2 for graphs having inverses. A priori this is NOT justified for
reasons which will become apparent soon. Usually one argues that
each graph is a Lorentz scalar. Hence in our case it can only be a
function of p2 = m2 = q2 and p.q. Thus under interchange of p and q

the answer should remain invariant. However there is a snag. Recall

that we are working in the frame p = (M, 0), q = (qo, fQ‘ After the
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eikonal approximation we still let our integration variables run between
- ® and +«© ., Consequently our graphs diverge at large k, the ultra-
violet region. We are not interested in these divergences. We therefore
impose an ultra-violet cut-off on our integrals by introducing an
exponential factor of e7k?/42for each integration variable k where A

is some arbitrary parameter. In principle therefore each graph is a
function of A a manifestly NON-COVARIANT object. Hence it is no

longer true to say that each graph is equal to its inverse. However,

it is not difficult to observe that our graphs split naturally into

two groups, one being the inverse of the other. Of course there are
graphs 1%ke.fig 3.2.2(vi) which is the inverse of itself. In that

case one uses the trivial identity 1 = } +’§ to put half of such

graphs in one group and half in the other. It turns out at the end that
the I.R. DIVERGENT part is /A -INDEPENDENT and hence is a Lorentz

scalar. So the argument of invariance unde} interchange of p and q

is only true for SETS of graphs rather than individual graphs. Moreover,
it only applies to the i.r. divergent part of the answer - the finite

bit of the answer is A -dependent.

Somé of the graphs obtained above do not give any contributions
to the cross-section as they are pure imaginary. In fig 3.2.2 (ii),
(iv) and (ix) are pure fmaginary. In fig 3.2.3 such is the case for
(ii1), (iv) and their inverses. Also (i) in Fig 3.2.4 is pure imaginary

They all can be expressed in the form 1'T1T2 where T1T2 are real.

Recall that the graph of fig. 2.4.2, unlike the other graphs,
gives a contribution to the term in square bracket of (2.4.2). A simple

calculation reveals that this is cancelled by (i) in fig 3.2.1

In fig 3.2.1 the following pairs are inverses of each other



(i1, iv), (iii, v), (vii, viii). We prove now that (v) = (vii).

Consider these as labelled in Fig 3.2.5

Fig 3.2.5. " 'Two graphs from fig 3.2.1 which are equal

From the Feynman rules and neglecting terms common to both graphs

we have

(3.2.2) o) = |dkRAR'S Gptkrk) §(29°k)
[t Ik %12 L2p-k-re JL-29- (Rrk)+CE]

(3.2.3)  (vii) = P‘*kd*k’g(zp.(mw)) S (29-k)
[:,&ﬁ“fi]l:k’ﬁ-ii] Cap-k-tgJLag-R+0e]

Using the fact that 2q.k = O from the 9-function we may re-write (3.2.2)

as

(3.2.4) ) = | kAR S(ap (keh')) §(24-k)
(R TR ie] Lrpr k- 18] L-29-p'+ (¢ ]

In (3.2.3) let ke k'. Use the § -functions then to replace 2p.k'

by -2p.k. Then let k —¥ -k and k'— -k' and we then find that (3.2.3)
= (3.2.4) |

In fig 3.2.2 the following pairs are inverses of each other
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(i1, iv), (iii, v), (vii, viii). As immediately above we can prove
Similarly it may be proved in fig 3.2.3 that (i)

(v). Also in fig 3.2.4 (ii) = (iii).

that (v) = (viii).

= (vi) and (ii) =

Bearing all the above considerations in mind we see that the
graphs of fig 3.2.6, 3.2.7, 3.2.8, and 3.2.9 are the contributions of
Groups 1, 2, 3 and 13 respectively.where labels (a), (b), etc
refer to the graph and not to the naumerical factors.

B “

2%

+lnverse

X
|

t
| S

(b) (c)

4+ tavense

~~
el
g

(d)

Fig 3.2.6: Final reduc¢tion of group 1

+ Tarense

P4

3 .
(e) (f) (9)
Fig 3.2.7: Final reduction of group 2
+ tpuers € 1x + s <

7

(h) )
Fig 3.2.8 Final reduction of group 3

(1) -
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2 x + (Laveree)

(3)

Fig 3.2.9: Final reduction of group 13

3.3 The cancel]ing»Sectorat'O(O?)

(i) Cancellation of groups 6 , 9 , 14, 15, 16 and 17

Each of these groups gives zero trivially through the self-energy

cancellation identity (2.3.17).

(ii) Cancellation of groups 7 and 8

These two groups cancel AMONG themselves. They are not really
independent of each other - note they have identical colour structure.
Also on cyclically permuting the gluons, graphs found in one group are
also found in the other. We rmust therefore be careful not to double
count the graphs. As can be seen from Table I some graphs in group 8
have two-particle irreducible self-energy insertions on their external
legs. In such cases we must exercise care in the use of the self-
energy cancellation identity. We must then take into account the term

3(Z;' - 1)? in (2.3.8). Otherwise the cancellation is trivial.

(ii1) Cancellation of groups 10, 11 and 12

These groups reduce to the graphs shown in fig 3.3.1 by a



calculation identical to that of Section 3.1. From the kinematics of

the diagram all the Qz's are negative. Hence each of these graphs

Fig 3.3.1:Reduction of graphs in groups 10 , 11 and 12

is essentia11y'an'§-matrix element whose only invariant 02 lies below

normal threshold. Thus each is pure imaginary.

(V) Cancellation of C,(F) ° and Co (LT g (T,) “P terms from

Groups 3, 4 and 5

The cancellation here is non-trivial compared to how it has been

happening in the previous three cases.

In Appendix B we calculate the mass counterterm to O(«) that
will be required in what follows. The analytic form of this is frame-
dependent and for mass insertions on the p or p' leg these must be
evaluated in the p-rest frame. As we have observed earlier, graphs with
mass insertions are not infrared divergent. We keep them because they
make the cancellation of integrands easier. Should we neglect such

diagrams then we have to isolate terms like JUJ&’J(jéé 2 which tend
(pr&)

to zero in the i.r. Tiniit, in diagrams with self-energy insertions on

internal Tegs.

From fig 3.2.8 we know what the graphs are from group 3 . Using
the Libby—Sterman.identity‘3.1.b)and neg]ecting sums of graphs which

are pure imaginary in groups 4 and 5 we find that we need to
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calculate the SUM of the graphs of fig 3.3.2.

Some of the graphs of
groups 4 and 5 are equal like those

of fig 3.2.5
. k R
k (=t
k’ k/ h /7
k/
(A) (B) (C) (D)
K
R’ Fig 3.3.2 Contribution from groups 3 ,
4 ,5, to CZ(F) 2 and
(E)

Co(F)(T3dp (T, HE,

The first three graphs come from groups

4 and 5 and the last two
from group 3 .

Inverses are not being taken into account yet.

We now evaluate the graphs of fig 3.3.2. Doing the k0 and ko'
integrals we find (see(3.410)and (3.4.11)also)

A = 1« L d’séigk’/
( T2 an)® IR LR RAILK LT LR+ K]

8 :__-L;‘_L‘ J,;L(,al,gk,
2 (am) EE’l-K“]EK'-Ci]z Isz.
3y q3p/
C Ll [ dRdR
(3.3.1) C @ﬂ‘j&au&/{_ KI‘L]El&[{- Ki-t2]
D -

_| “3&4%’
@m)‘ ) kT R/ e LK+ T

"

- o A}k 6[{3,@/
@ | CE=kI[K e PLE=-K* )

In A let k' —- k', complex conjugate the result and add to A as given
in (3.3.1) to yield



A drd

3.3.2 L H =L
( ) é?TC) 2 [&/L_K,zJEK/_('CJzC&L_er{‘{)z_‘[

Similarly for C we find that

) Hod?
3.3.3 be C = L .1 o“f; X
( ) < am}" 2 [@1_;(:11[15‘][&‘. ((’.L‘s)lj

We also note that B = B* and D = D*. Hence

4@(5 = B
(3.3.4) {

Re D = D

In D replace (K' + i) by (K' - i¢) as D = D*. Then

(3.3.5) Ke (8rD) = - B

In E first let k'- -k'. Then we find

., YL
E = —L , [&R4R
(3.3-6) (.;ZTL‘) 6 E,{,ell—xlzj L‘ K- “EJIEE’Z_K/E(%J

Complex conjugate E using (3.3.1). We find

/
* 3%
E = -1 D[, ~
(3.3.7) @n)® Lkiwr] Cii~ce ]2 [ k=Kt
Now
_ o
(3.3.8) Re £ = Re &

Comparing (3.3.6) and (3.3.7) we see that insofar as the real part of

E is concerned the sign of the iZ in {kz g + ii]is irrelevant. We,
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therefore, choose to write this propagator as k2 - (K" - 16)2 and
hence obtain

L3 dn
(3.3.9) e & = —@rlrt)" Ke i [/;\z/:l—i(:][:ft’-tii]z‘[/gz—(K'—t‘t)q}

Comparing (3.3.9) and (3.3.2) we find

(3.3.10) Re (EvA) = -ReA
Using (3.3.5) and (3.3.3) we get

(3.3.11) (e {8t cen} = KeA
So from (3.3.10) and (3.3.11) we have

(3.3.12) Re {Q+B+C+D+E}‘=O

It therefore follows that the set of inverses also gives zero.

(3.3.12) means that the contribution of the [CZ(F)J2 and

& 3
CZ(F)(Ti)dﬁ(T')abHof from groups 3, 4 and 5 is zero.

1
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This is a result to be expected from QED. THe graphs contributing

to these three groups have a unique property compared to the others

in that they pick up a minus sign when we compare the processes e e~

scattering or e'e” annihilation .
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. - 2 Y
(v) Cancellation ofLCz(F)J and Q{Ti,Tjkﬁ{Ti, Tj}a,H terms from

Groups 1 and 2

Since all the other QED-type graphs cancel (ie.graphs with no gluon
self-interation)these contributions must cancel because of the Bloch-

Nordsieck mechanism in QED

We must ADD the graphs of figs 3.2.6 and 3.2.7. In the non-
abelian case these get subtracted from each other.

We have

(3.3.13) c + e = *
:'jd*kct‘*k’&’lp-'(f’\’*k’J)S’fzq'W(‘?P-?Jz L. ]
[ ]k % e dCag hetd + ] 2p-kct 1p-keCt/

Using the 8 -function constraint we replace 2p.k by -2p.k' in the last

term in curly bracket. Using the distribution identity

| !

_——

XHLT x-1%

= -21-“.5(':()

(3.3.14)

we may replace the term in curly bracket by 27i % (2p.R'). Hence we have

‘ 2
) [dRdre 8 2p-R) S ap-k!) Sc2g-k1) (#p-9)

3.3.15 c+e = (amt L
| | (e g J[RFe1 L-29-ke 2]

In (3.3.15) we next let k— -k and adding the resultant expression to it

we find using (3.3.14) that

cre = & P'?,)LQWLJ(-lm‘)fc{'*kfm‘t §opk)Sp-k') §029-k) $ gk
—Zz [R2+18 J[ k! %02 ]



We can now do the k0 and ko' integral to give
*k S0
(3.3.16) < +e = jé }

Now consider

Ledk (4(2 7) 5(2{) R) & (24-F k)

(3.3.17) d - g 6] [aq-k+ie ] [2p (kek)¥1e |

Using steps similar to above we can prove that

) f&‘wk/@p-@z §(1pk) 8 (ap-K') S(ag-R)E (9 )
X LR+ e [LR™*+igd

(3.3.19) .- d {f‘is““ﬁ}

Next consider

(3.3.18) 4

(3.3.20) f*j

LRdK Gpq) Sapk)SCIR)F

.+
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[&+ 1Lk 1T I [apk+ig]l-ag.0%5] [2p-(hH )H"Z'][-,l]-[khi’}ﬂé

Using steps analogous to those we used to obtain (3.3.16) we find

- 2
(3.3.21) feq: - 27(2L &Bkﬁ’{)]
w kL

Now consider
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- o‘.qkdfk/S(zp.(hm’))g(lg.(kfkﬂ) (4P-q)7‘
[k1*(’i][: /Q-/;-L'i’,—lfllﬂ-k-z'ij [}Lq.k -('gj

where
(3.3.23) c > £

Thus we have

dkd%k’ S (kotkd )S (K+K')
LI ] R e ] [ ko- o kot K~19 ]

q/ =

We first do the k0 integral using the d-function and we find

a = | PkdkSKrK)
ko' ,/{"»(,'z]}:kél— e ][ ko L‘zj[ko'f—i(-('i:(

Yo d

Do k;-integra1 by closing contour in the Tower half plane. By making

use of the fact that K = -K' from the § -function and 27>5 we find

a - Gzﬂ-}fﬁ@ﬂg%ﬁﬂd)

)

" { ARl Lk k7% oz Il L (klrk]

+

1
alf! LR k= ce’10- k' JLIRTF*]

/
FETEFTEre] f
In the first term let k— -k' and -:@/-—)E It then follows that the sum of

the first two terms is imaginary. Moreover since we are only interested in

real part of a , in the third term we may let

! S I ) (K,)
-1

and find
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(3.3.24) Roa = -an? [fw]

Finally consider

b _ [ d%kd R @p) S Cp RS9 R)
(3.3.25) = k [k’;[ﬁ][k/’?(‘i] [ap-(k+k) R Fay k)]

Doing the ko integral we find

p oo [ dRd*R'SK]
L-gt]f'k/‘:“:zjEko#t‘ij[—k,’;—}(@.(‘g’]

Next closing contour in the lower half plane we get

IJ }
. 5 3 / ( + 2y~
(3.3.26) b =camilid Uk‘gm{ = K2k 10-k [k ] I8 0K HE]

The first term in (3.3.26) is pure imaginary. Since we only want the
real part of b we can replace 1/(K' + it) by -iz§(K') in the last
term. We then find

2
(3.3.27) lo b = -ar* [ d}!‘ig(l‘t):{
k>

Collecting all these results we find

Lo (4% gcm}z
Rea = Keb = - 2 L &'7"

- oo (3R st
c+e =T L)‘—“‘,;"‘]

i R [. J.d,af’lb(}()]

[ gt [rwm]

\

(3.3.28)

V1



Note that all the above have been expressed as totally symmetric
functions of p aﬁd q. Hence we are justified to introduce a factor
of 2 for inverses. Going back to fig 3.2.6 and fig 3.2.7 it dis a
trivial matter to check using 6.3.28)thaf the sum of the graphs in

these two groups gives zero.

3.4 The non-cancelling sector at 0(«?)

. We are noﬁ left with only the contributions of CéF)CZ(G) in the
case of Drell-Yan annihilation coming from groups 2 , 3 and 13 and
that of CZ(G)(Ti)KP(Tj)abHci in the case of Drell-Yan bremsstrahlung

coming from groups 1, 2, 3, 13.

(i) Contribution from groups 1 and 2 -

We have seen in section 3.3(v) that, neglecting colour factors,

(3.4.1) 2/ grflon ged 0+ Zqubls o g @ o

It, therefore, follows that

(3.4.2) | | gigmqﬂAa~3Nw¢® 2 = D gl s ek @

Let us consider the conFribution D where, neglecting colour factors,

(3.4.3) D = Slgebhs in ng“%CD - ij”fﬂﬂ“k'?””ﬁk<@

We go back to (3.3.28) and fig 3.2.6 and 3.2.7 We see that
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(3.4.4) d + twtnge - f - 3 =2°

43k §(K)
(3.4.5) Kew) + Reth) = -~ 4> [ J( s

It is trivial matter to check from (3.3.13) that

/
(3.46) c-e = fﬁg&g’w
[:K/z_ ’é”;_ l's ]L" K’1—/3""]['./(#/(/1‘('2’][;{/;{1]

It is shown in Appendix D (see D.6 and D.22)

- EN™ (n-1)/: (-3)/,
Gag) e [dhsOe L 2 (R
n-13 %’L /5 (0-3)
-4+ Y
(3.4.8) &mfﬂéJnée 2t YT (4.) {)4_@%&3(“ j}
Sy e e e kel ) z

Using these results it immediately follows that

(3.4.9) Zﬂ"“ru‘gfw@ Yyl o @ = L L Z?(L%)

(ii) Contributions from group 3

The graphs contributing are those of fig 3.2.8.

- Jci“ Ldh apg an° sapk)SC IR
T [kJ—li][k’ﬂi]&p (h+k’)rl,i—][,zpkﬂi]

(3.4.11) © - \f{f f ‘*u"k 4p-¢ 4M “S(2pe (ki K)) S (2<y-k’)
/ (R E ][k 50e] f‘;/o k’-/li][z/a.k- (]




Doing the kO and ko' integrals we find
/
] . [dkdk
Ak/& E&/’-__ K/’~] EK’I'L“Z]Z

< (%
~ ) N
SRR I e RN S|

(3.4.12)

(3.4.13) T o=

From (3.4.12) h is not i.r. divergent since the factorization of the k
and k' integrals implies that the k-integral gives a term proportional
to A where A is some i.r. cut off. In the dimensional regularization

scheme this term is regular at n = 3 although it has a pole at n = 4,

We shall evaluate it and show that this peculiar behaviour gets

killed by an identical term hiding in i. In Appendix D (see D.32)

we find that

0 . n+1(/!7-)ﬂ_3 |
(3.4.14)  Hm Gw t) - - dr ,
=3 P (1-3)

(i11) Contribution from group 13

There is only one graph to be calculated and it is shown in

fig 3.2.9. We have

q

ﬂl;hfh/

)
P

(3.4.15) /

Taking into account the factor of i to be found in Table I we find

| oy 0 P (k-k) = pg p-(k-R) ] § (2p4) S (29 (k) )
(3.4.16) = -3fd.kf{.k E. L /),?[ - i
[ & +L‘Z]Lk’f-62’]f(k+/’~) HE]EZ["(k+f<)+‘€j
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Changing variables to k where
/e/ = é—k

we find

_g [dkLE L_sz- (2k-k) - p-9 F'/*ﬁ"fz)]cSKAF-kJS(zq-g)
[ [k e]Ll-RT et ] L KroedCap-Rre]

We now do the k0 and Eo integrals using the S -functions. This gives

(3.4.17) .- j 43hd%" (K-2K)
- /. K (&= K7 (K (k)0 ) (Koe)
wehre we have set k = k'. In appendix D we evaluate the n-dimensional

ultraviolet cut-off analogue of (3.4.17) (see D.50) to get

—(/Llléll) nHz, 2 -
Lo | 4% L% K’MC)-@ 2 T (e

/
3.4.18) N
( 13 w(mﬂ) (K (R-R)%s)(Kwe)  @-3) e

(iv) the total contribution

Collecting together (3.4.9), (3.4.14) and (3.4.18) we find that

the infrared divergent part of the answer is of the form

(3.4.19) Mw 4o = 7 qH L ['@n”__'{suj(f‘_t%) _z}

p

4%q 2n* (-3

where + refers to Drell-Yan bremsstrahlung and annihilation respectively.

We have also taken into account a factor of g4/(2n')6 coming from the
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Feynman rules. Here H represents the discontinuity of our hard diagram.

We have neglected the colour factors C2(F)CZ(G) in the case of

ba

bremsstrahlung and (Ti)ab(T ¥p in the case of annihilation, and

'i%d H

factors of 1/N coming from colour averaging.

3.4 The eikonal approximation re-visited

Throughout the above calculation we have adopted the eikonal
approximation of writing Fermion numerators as (p'- m) and fermion
denominators as (2p.k + iZ) dropping higher terms in the soft gluon

momenta k.

It is rather straightforward to check that the double pole terms
coming from (3.4.5) (see 3.4.7also) and (3.4.8) will disappéar on
keeping corrections to the eikonal approximation. However we see that
the coefficients of the double pole terms involve (AZ)n-3 factors where

A2 was our k and k' u]fra-vio]et cut-off. In our final answer we

assumed that these cut-offs should be the same for all our diagrams.

We then find no Az-dependence (and hence obtain Lorentz invariance) of

the final answer even at the single pole level.

We believe this to be the current procedure. The Az-dependence
is artificial. We should be calculating the (n-3) infrared poles in
the full amplitude without the eikonal approximations. However, we know
the eikonal approximation is only valid in a given region of the momentum
integrals. Thus Azis really fixed by where we believe the eikonal to
be a good approximation to the integrand. .In all the doub]e'1og terms
- this is fixed by when we may drop k, k' in the same numberators and drop

2 2

k™, (k + k')", k'2 in the same denominators. Thus A2 will be equal

for our various terms.
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" 'CHAPTER 4

CONCLUSIONS AND DISCUSSIONS

Infrared divergences must be consistant with the Kinoshita-Lee-
Naunberg (KLN) theorem [22] which says thaf they must cancel when
degenerate initial states are taken into account - these involve
disconnected graphs as well. The Block-Nordsieck Theorem involves

only degenerate final states. This KLN cancellation has been checked

(23] .

Cross-sections are gauge invariant quantities and consequently
our divergent answer should be. In [23] the same calculations have

been done in the Coulomb gauge and the results check.

There is one immediate observation to be made. The form of our
answer implies that the existence of the i.r. divergences is independent
of the number of quark flavours. It is therefore a property of the non-

abelian nature of the theory rather than that of asymptotic freedom.

It is perhaps interesting to make the following observation: we
have seen that the i.r. divergences at 0(x) cancel (see section 3.1).
The cancellation there happens as in QED i.e. between real and virtual
gluon processes. The graphs after colour averaging are then really no
different from QED ones. If however one calculates only the virtual

graphs (or only the real ones for that matter) then one finds that the

answer is of the form X |1 [+ )-—l].
(n—s)[ /aL?(T'%

This is to be compared with (3.4.19) and we immediately see that the 1i.r.

divergences at 0(%?) is precisely that, up to colour factors, but

modified by a factor « (j%-l ) . The %scomes from graphs with NO gluon
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self-interaction whereas the other term comes from graphs with gluon
self-interactions. One immediate consequence of our answer is that one
cannot believe the results of perturbation theory in QCD at some finite
order in¥.  OQOne thing that could possibly rectify this unfortunate
state of affairs is that the i.r. divergences calculated to all orders
in« exponentiate to give a factor e-“; S-matrix element (providing
confinement?). The form of our answer would perhaps suggest that

such an exponentiation CANNOT take place because one  way this could
happen is that at each order in O(Nche i.r. divergences be of the form:
the i.r. divergences at O(b”) of only the virtual part of the ABELIAN
sector of the theory modified by a factor of (?-1)". Note that the
i.r. divergences at O(a?) obeys this ansatz: up to colour factors. It
would require a miracle for this ansatz to generalise to all orders
especially if one expects the colour factors not to mess things up. A
study of the i.r. divergences at 0(«3) may throw some 11§ht on the
matter but with the techniques available it would be a somewhat daunting
task. An attempt has been made to investigate the form of the answer
athigher orders in[24]and the preliminary results, which deals with the
Teading non-cancelling i.r. divergences, suggests that such an

exponentiation does not take place.

The existence of i.r. divergences is almost certainly related
to the problem of confinement. In using perturbation theory in QCD we
are not using the real asymptotic states to calculate the S-matrix
elements. Presumably if one took into account the fact that there are
only colour singlet states in the real world then the i.r. divergences
would vanish and manifest themselves as a TogR term where R is a
measure of the size of the hadronic system. The existence of such

terms might have serious implications for leading log calculations [4]



There one neglects c(.k1og()2 relative to 109“02 where ¥ in the running

coupling constants and behaves 1ike 1/10902 and 02 is some high energy
scale which characterizes the hadronic process. If 1ogRQ2are present

one would expect reqguiated terms 1ike ulognoz to be modified to

’ 1ogR021ognQ2 ~ logan.

A final observation we would 1ike to make is that the 1i.r.
divergences behaves 1like 1/(02)4. This in OPE language corresponds to
"higher twist" effects which in general have not been calculated. It
would be interesting to do these calculations there also a daunting

task, and compare the results.
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TABLE 1: The Group Theoretic Weight contribution of the graphs. Al1l the graphs that are obtained by .gclic
permutations of the gluons are understood to be included. In certain groups one must add inversion

graphs and mass insertion ones as well.

Legend : AN GLUONS ————  FERMIONS

—— - — — GHOSTS ><

BASIC HARD DIAGRAM

GROUP  GRAPHS GROUP THEORETIC WEIGHT FOR Q-Q

GROUP THEORETIC WEIGHT FOR Q-Q

] >@ [cptF)]?

8 8
HIThelTiTsban Ha = 3162(8) (T3 a(T5),p oo

- 17
: % ¢, ()] 16,(F1cy(0)

» B Ba
T30l T ab Hba + 262(6)(T3)oa(T5) 0y Hog

o

4
d

. 2
3 >€ €, (F)]- 16,(F)C,(6)

Ba Ba
i)ab Mpa = 2C2(6)(T3) 0 (Ti)ap Hha

CoF)(T3)gg (T

or)f
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B
CotF(T3) e (Tidab Hoa

o)
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CoF)(T3)y(T)5p Hpg
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6 >%5 [¢2 F)]- 1c,F1c,06)

. yA
[cz (F)]H‘;‘g‘ - 3C,(F)C,(G)H

—F T

. e
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GROUP  GRAPHS GROUP THEORETIC WEIGHT FOR Q-0 GROUP THEORETIC WEIGHT FOR Q-Q

- 2
8 >{ e, ) [e2 i3
9 >< c, ®] [, ¢I]ic
10 % [, (F)]° o) (T)p(Tigp g
Bo
1 >é C,(F)C,(G) C2(@) (T3 )og(Ti)ap Hap
12 >< C,(F)C,(G) C2(@)(T)ya(Ti D Hgob‘
13 >€ - Le. (F)C. (6) 10 (6)(T.) o(T.)., HE®
22 2 2 i’aB’ i’ab ba
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- Z
= N kel E e, i
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GROUP GRAPHS GROUP THEORETIC WEIGHT FOR Qfﬁ GROUP THEORETIC WEIGHT FOR Q-Q

7 GRAGE CaFIC,(6) Hoy
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The quantisation of QCD in a renormalisable gauge leads to the
Feynman rules summarised below. The solid and wavy 1lines are quarks
and vector g]uons.r.'espective’ly. The dashed 1ine represents the Faddeev-
Popov ghost particles which are introduced in the theory to preserve
unitarity and gauge invariance. Roman letters (a, b, ¢, i, j) refer

to colour indices. Greek letters are Lorentz indices

R 0
2 -y - -2 Ghost propagator = Gop(k) = _..L_S.‘i_
B +1¢
- P 1 Fermion propagator - So(q@) .18y
i '

v 3 Gauge Field o o L huby \ S
ANNNANANNANAN . - T - - R v
ot - )

Propagator
In the Feynman gauge o« = 1
xt*
vk
I L
M ghost vertex 9 Cane g
a
4 k
v g r . . - c [a (k4)r + 9, g-2)u+q(2-k)
N X gauge field triple vertex g Sabe [SwRVe® Jyo§-7) 3005

gauge field quadruple vertex

_ 1.32 [ Cabe Cede (guo.(fvf‘ 8/730&]
4 Cq_cz, Csz (guvf},f = g.f ﬂvd}
4 cad& C;Le(q/,.c-jvf'@d 35:{)]
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Fermion vertex L9

In addition

(i) We introduce u(p), u(p), v{p), v(p) for spinors corresponding
to external fermion lines
(i1) for each internal momentum not fixed by momentum conservation

constraints at vertices a factor
A1

(am)*

0) 2, 2
(iii) a factor (an) S (P-"l) for each on shell fermion of momentum p.
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APPENDIX B: 'The mass countéerterm to 0(«)

The one-particle irreducible graphs, with external legs amputated

to 0(«) are given by (see fig B.1)

A - () = o« | LRED i ¥
-1 (')@Q f (,27:)‘*J‘ R2+ LT /F-K-MH"EL

and

B.2 -¢ Z'M](P') = ¢ Am

€2)

where the colour factors have been ommitted

/MR%&

- X _

P L@ = e > p
- —~L.A\'

=1 Z@)(?) _:E- ()( i

@)

Fig B.1 One -particle irreducible graphs to 0(x)

From B.1 we find

> = o ffk Bu (g -Rrm)x”
ek @ )* Jl* i€ [p-R)* - mb+ it ]

L}
Using the eikonal approximation and working in the rest from of p we

find

— — dfk.

B.3 a(p) () ul ) I
Z(w} F P (17[.)4 E‘Qi[ﬁ][“ho”a

)

= m

From B.2 we find

o) Ty (PYUP)| = Am
@ i
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So from our renormalization condition (2.3.6) and B3 we find

B.4 — L' Am = o j qu
C

(:2?() * k31 ][—R°+i‘£]
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APPENDIX D: The integrals of Séction 3.4

In this appendix we evaluate the integrals that appear in section
3.4 using dimensional regularization. The integrals are evaluated in
[LnJfor n>3 and large. We then go back to n = 3 in a controlled

manner.

Throughout we will be working in the frame

P = (M,Q) , ? = (?"; &*v—?") c}z)
- n-1) emporeifs

th

where q, is chosen to Tie along the n combonent of g. We have defined

the following quantities in the text:

f' }’( = g,!f 3 ?Zki - Fkg
3" qo ’
ey L ,
K = ’?‘E = ¢Zk2‘ - A/
j = Rz
o (},
L
o < [g < ¢t
We will be using the following identities _
o ~— &' >¢
A = 40( 2 s X > o
: =
0 (‘O< <x+LE>
(D.2) ,._.,’..,_:*ZIclxe P L;/LQJ
x+1T ° 7
(o (xeptE)

=]
*I‘_ = —fdo( x £
(c +(7)2 o

LA Fgx 44,2
(D.3) f e F 7g[;c = «\[_IL—J Qo 4(D
— 08 P
(a) The integral I, sfoigk.gfid
EZ.

Using D.2 we find



2

o _.0(%/
D.4 I - jfkém)fidg
(e}
We now define the integral
00 -X’f\zf
D.5 Jl,k 2 5(%) dw e

wehre A2 is some arbitrary ultraviolet cut-off. Reversing the order

of integration in D.5 we find

So using D.3 we find

_ (n,—l)/l
r =" f d o
o<+’41

Doing the & -integration we find

- )2 s
Cnd [ 2 7T o<+'/7. 2
T 7(-5 (®>-n) L A ] °
thus
- Th @ -)/ (4-3)/2
e £%-3L3 _ _L-anjlmv
) n=3+g /Z (n-3)
.7 Lo (dksw) . ax
N3+ J T pe

(b) the integral I, = F}/éd%/ﬂ{/
[k g J L ] L+ K e ] kde™]

We first write 12 as
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1

D.8 1, "’zﬁz,‘idﬁk/ 2‘?;
i [ ks R% ce][ pke - k> I Ra+ke g ) Ra+E")

We define the equivalent of 12 in n-dimensions with an u.v. cutoff :

U s S /S
0.9 I - j‘i 4k e 2 ke
'3 Cie™ ’kg- ~ 15Uk’ pikg® | Ukashp+1edlkg e

Using D.2 we find

_h/Az kA (k' - faka) —/A k ﬁﬁa—la)

o1 (awd aas|dkdh e o ¢
> —‘Fjo /JV -¢ v(kzrkaﬂf,) -% (k’HEZ) )

We can replace the ZkZ' term in the numerator by writing

Re x(_Zta%

/
_[ er-fX.)E - (L +14 )}1 z,)k -(alH/J. £1+ ’ ZH' Z“X)k/:'luk
J;\«J}:JVJXZ j:u( # F jinéle RJE + (xp PR ¥Rz z

We do the k and k' integrals using D.3 and obtain

2

2 - v
0 _94,.0&‘3’)2 - V’ 4[«((-,@1).”4.1.1_,),?_)
L —WﬁuJ,-Avixa ARG ,<z 9){ 4 : ; }
2 (/“.:/A )"/2 (“*'/A )(ﬂ " VL [«0-p)+ued, /l’f]

vt
The v-integral is absolutely convergent and we can drop the e term.

We can then do the v -integral exactly. Differentiating the term in

v
2 [xl-p4 el ~ta il

curly bracket in the above brings down a factor of -

Since wvdv = io{Vz the resultant v -integral is then trivially done to

give
o1 @ - (p+e8)E
L = 2" [ dududr e (cur 1g?)

3 («*’/A‘)” " (et )™ (xepY e vk o) & (0 (B v p0-F 004 23]
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We scale LER Y by 1//\2 and rotate the/L—contour so that it runs just

to the right of the negative imaginary axis. We then find

2

s -&%
.10 L7 2x"(A%) | dxdudy 2
B? A [«4—«]("'0/2[)4“3 (-2 Coc0-p2) 14 ¥ -upr I [‘@v;.)('~r3’)+x+z]

wehre we have dropped the e term for large n. We may also drop

the e'ZLK term as the ¥- integral is convergent at large ¥ . Note that
the term [@j#)U~Pﬂ+'X+1 1 is positive definite. Thusthe i¢ term
that in principle is picked up when rotating the x-contour may be

[nl

neglected. We only want the real part of 12 This is fixed by

the argument of the square root being positive. This gives two integration

regions since we want

D.11 Y > ppi- - xC-pY)

This is automatically satisfied if

/M < [+ & (I-B%)
PZ
However if M > I+ <C-g9  then the ¥-integration must be cut

{37.
off as dictated by D.11. Hence from D.10 we find

fefz} = an’@) { LI Y iy
F 2 A @+ )@-13/2_ ] (/A:ﬁﬁ-l)/z i [A((I-FL)-FX 7(?1+']'/; [-@7‘)('_?7.) i #)

D.12 . " 0
+j dx J 4’“U+/u)a~n)/7'f dy¥ <
-y | 2 =B gt T op) -8 ) +2+
o &t 1) :_;J;_) SR (et )48 -pp'et 1% [(oop) - ) #2475

Using the identity



159

. ~te —
D.13 J’—-——il——-— = 2 Tan (‘/'\AB—AB) -\/A*BX (}" (AB-AL) >0, AtBY > 0O .

[arb¥]{Arey ) JhGe A :

D.12 becomes

L+ d(l-ExJ
[E]

anar .
{1} = 4lt) { f b, f | 1 - 0
B’ (e )P Qe 2 2 T

fﬁf__ﬁ e |

b n-3
D.14 = 47["(/\ l_ '/Tf - —fz.
[T
where
20 a0
— - d d
D.]S I, = £(a{+ol<‘)"‘—"/2 y?&l{.‘l )C“'IJ/L
l+ol(l~E")
_ ® (Pw-ot(hf&‘))/ﬁ1 , —
18 1o = Axc 2/ j ey (-/—T - Ean )
v (’“"J” * A (/u-‘)h-' 2 2 , e+ M

Consider first f]. The u-integral is easily done to give

D.17 I, = 2 e d«
) ! i (:3) (—T-E[:") [Q 1_‘1)('14)/2 (0“2)%-2)/2_

where

D.18 Z = u—p >
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Define
Vo= x4 L (1+2 )
oo o
T = d | dv (vedE) _:[a(\/z (14 1(z1))
°0+K#ﬂh(““ﬂwyz ! na(vaiﬂ”)vm%% z [ v -1(2 J‘””A
> ’(uz)

Only the first term in the numerator has a pole at n = 3. 1In the second

term we may set n = 3, Thus

[=~3
Lo T - 4 dv* F (z- /)J(
n-3 2 [v"-a((z-,)zjé’ [v™ - 4(z- /)1_’]

Larz)t L 0+2)
4
@-n)/,
= £ + Ll Z
-3 2

D.19

Hence substituting in D.17 we find

D. 20 1&%4 ii = Z [ [+ Qggz }LZ%_?é;f}

7 -> 3es (n-3)*

Now consider Tz. Using the identity

-] Py
Tan = + Coé— 2C = T[/l

, /01 X > O
we write D.16 as
o (1+=0-pH ) /g"
T, = | 4 Gt _ [ X pY gt
P

. (o(+l)("")h‘ ) | +/A

Defining

éQ— _ |+ o (-f%) - up”
l""/‘/(
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and ehmmatmg/u we get

\/H— x¢i-f7)
2\ 0-5)/2
f - Skt Gt e (ff}- £7)
2 ('z -0/a, 2y Y (n-32/2
(o( +1) E 1+ ,3 + ox(I- 1]

The region X<A4 gives no pole at n = 3. We can, therefore, treat the
region X >4 forirany large A only. Changing the order of « and 't

integrationswe get

\/H—A(t—(b’f) " e ® (n-5)/2
T o2 | edt @) Varg]| dx 4 2 |68 (BWD o't | de
2 - ?_\- x>

° 4 Vivanp)' (]

|~|-a’-
3-n ‘+A“-p (’1’5)/1 W = . @'5-)/2 - 2 \"" 3
- 2 A je&b (g3 GFE o+ 2 f&& (p+t') ot ('—&%P, )
a-3 n-3 }

©

Viacp))

These are convergent for n > 2. Thus setting n = 3 we find

o !
T, = 2 J LGt EdE
n-3 J, L£T+pT

This integral may be done by first doing a by parts integration followed

by a contour integration. This gives

.21 Lim T. = o Loy (2p)

N3 n-3

Substituting for D.20 and D.21 in D.14 gives

. Re :LcnY : /ﬂf-lmz)')‘.; . , . ,
Lim Re{1 }-am |+ (—‘3—)%({,55)) @ 5)%('_{?_)

n->3+% Pz{n-s) 2

Hence



.22 dim @{Tm}

ISP K]
"2 = 4'_71:”01) { I+L(n-3)f‘3(l_tﬁ)}
h-od+% [32 (1-3 )Z 2 - B
c) The integrals I, = 4%k Lk

RE(k™x™*) (K ie)
and I, = _foL3E43E’
» C,@,E—K’I-'I‘Z'J[&'i )(’L_]L_l('ﬂ‘z:)-’—

We first of all define the n-dimensional, ultraviolet cut-off
integrals

_(kTk?) /AT
n’l 1 LA
.23 1,7 - fl k' e 2
EL (él - Kﬂ/ [/C/*lé'}
D.24 T &

(kR EP) at
. . _fd"lgci”k e
[B~ kZce][kE Wi rre]’

First consider I [n ].

3
Jd”,@ e
@L

This factors into separate k and k' integrals

/S d - (x+ 12 kL
- fdxjqu e )

A

Ay
_ 7Zf7/2_ (/1 /)z.
(/,. ng )

<,

Hence

a1
D.25 jié e 2" p)
nl% (("‘ ”/7_,)

This is ana]ytic forn> 2

Now r oo _ k’z/z (¥ (kzifs) - o((/g/iﬁz/?f/)
L] / ~ A ] Y Vs ~ A
'k = ",,J‘J«x XJXJ{J& e ¢ Y
W’H‘fﬂ- Bl
- ¥ "
~ P 4L 7"‘}\'-] /s L A
= - fafdw( I A P
o(+4‘ [o((l-/;)+1/7-]//2- .2 BL

(0( ¥ ////‘Z}(n-/)/z
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Hence

CR)
D.26 “ € ! = CL,( 4 [:«(/— )+J]

(k = E) (KT G*“/ )

The above has a pole at n = 4, Combining D.25, D.26, and D.23 we find

("—/)
) A
D.27 T - 2x" 1 ) f i (=e-prt =) *
ﬂ (/— I?é) (0( ,.//An.)(n—/)/;_
Let us now consider D.24 ) (El*fll) %

If"z - aL"/Lo("k/ e
Lk gk e JCR™ pky JC}Sszi]
-k~ [fﬁz) - 1/&(‘2 B kzuz)hv([ah?Hi) ~ (Iu-k )/’—

_ faxa/.‘ ,avfa. £ o

(-4

on making use of D.2 Using D.3 we do the k and k' integrations giving
" Vzla'i.

N & Db AT ST
Icnjzi dpuvdv [_IT L(Tl" ) 2'7Z" e A P /Apl
* 7 curipr) \ ocrip? ] [+ ex(i-g%) _9.,,3‘]’/:.

Scaling o(,/u by ’/,\’- and doing the Y integrals gives

>

T )| ded oo gt - oprp]®
4 [3,_ (“_L/“)/l (14 ) =12

We can rotate the/u -contour until it lies just to the right of the

negative imaginary axis. This gives

)"

D.28 1—45"7 ) an(ﬂ) deJ/u (1+ x(r-la) _/u/z

(“_/L n/z. (,_,_o()m 13/s

We only want the real part of D.28. Thus the square root in the

numerator must have a positive argument. Thus we have



+°<(I

Ke{f[ﬂ} ; zn"(ﬂ) x [+ «0- Pz)"/“BZJI/)‘
o+«) P | o

Now do the/u -integral by parts This gives

n-3 i
Re {5, = — 270 j b [oveetrp 15
(' 74.)

f* (ot )P v
D.29 s % /+a(('l-/a):]/,¢?’~
+ Wn@) &{0( A/-*

7 . /
(-%) ), (/%&)Q'")/" . (“_/u)i-/(/*d(/_ﬁz} _/u/s,.)'/z.

Adding D.29 and D.27 we see that the first term in D.29 is cancelled

exactly by D.27. Thus we have

g [l+p((r-pz_)]/[31
2'07) | da d

.—-E"'j CA]
0.30 Ke{ L 437

1

164

(/ - n/z) . (“_ o()("")h' D ([r/u)(n-z)/z (l+ o([l'ﬁi.) _/M/JL) th

Let

2] - 2
D.31 o= [+ < (=p") - MpE
. /174

E]iminating/w in D.30 we find

1/!4—0((/[3)

Al ] ns, 2 )13 ” R (n-
KZ{IJ rr,,m}=27501) J’ do . 0’3)/z_fd/é (E+ )

(- nj ) o (l+o<)(" ! (:+/3 +a<u/a))

The region X <4 where 4 is large c]ea?ly gives no pole at n = 3.

We may therefore, write

 a41-p?)

Cn Nnip2 " | 2 2 m_ )/
um@{ rI Yo oan)” d fd/é (s 5) sy,
. n->3 (I n/) ,__F,IXn.»lo(n-l , }
A : .

Reversing the order of « and t integration we find

5)/2



o {552
=3 Jaa ) aq-fpy

1,_(.5')/
- Qn / MW{ jgtﬁ ,1 Ljfddna
(=) (=) ™

*° 2 n-5)/ ”
+fié(é+ﬁ2f 52f d«

qn-l
ES 2
'\r—_———AU-ﬂ‘)\ £ /(I-Fj

Doing the A -integration gives

{ Ln]
na3

n-3 AO-PZJ
= .,?Tcn(/ll) i (924, Fz)m-s_)/{é"q
(l,. "/2)(“ ﬁl)(”~3)/2 n-3
=L (-5 3-7
e[ @) Y L }
TS 1-p (n~3)

The second integral is well defined for n> 3. Setting n = 3 in the

t inegral gives

Lim 136{ I[jf‘jz—;&jj = an(/(z)’l'3 %a//é

n>3 (-nh) (n-3) J, £ gD
Now
e s
o L' p* 2p
Hence
D.32 b lze{r*” +1;f”} = -2l
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S(REED) pE
—~ Cn2 Ay /
d) The integral L, -7 - [d%d'h (x-2K)e

kY (R K2) (R (B-R) %0z ) (K +E)

Now

-(éj}ﬁ,z)//\L
033 L7 o [dhdd ('~ 2k) e

fz (,{?’L— Bz) (B4 (47 g)5 %) (ke miE)

We write this as

R -k (KR 08 (he 105)
- [dety s [ L4 e
; o (kS E W) (T

x £ 4 (kzl" 1}??_-)
& =0
where we have introduced & so that we obtain
o -(& )E‘ ;5 -(Af/z’z)//r
cn] - 2 n n
17 - |dud¥duds e E' )guke

-4

..o</2 a’(/zﬁ * 2) ,L,S(/zzuz)ﬂ/u(/?kz (k- k) +(a-/z
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[N

x &
We do the k and k' dintegral to give
/
. _;w-S)E ‘D/C/
cn
st 1,7 i [ dedvddie T(Q.—QQ)L_
L =) Cm I)/Z' 95 JU' \/CI;
5=
where
' C o= (o(+//,\ (b’f/A r‘/“ («+ X+ 3/1]
/ : 2 ol e nZY 2 1 -
0.05 4 ' = (i) (0P H pOpI ) 4
. 5°

= (ﬂ(f—(/ui-//\z) —_z/ua_-zgi
where we have kept only Tinear terms in o, We can drop the ¢'s in the

exponent since for large n the convergence of the S, integrals is
/M
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good.
Now
-0/ s
o - D/C/ N /C (
.36 L f@UQ e = s = T
N L 7
Czo IS:S:O
The £  term gives
/ A e _s” i,+x+>u)
oo B 2 4’ \ A
_ 2 2 15 e : dé$ e
L 2o ver 20

D.37 = 2p

Using D.34 to D.37 we get

cn -1+ —7’-"—(————
_T_é 3 _ f&lo(c{\xo(/“(((. L _(X_,_( "’//I\z]
v C"‘")/z\/aﬁ

Scale «, k/,/¢4, by-1//|2 and we obtain

o . n-3 .
S N, dud ¥ (- gor )|
. R K + UM+ CC'?'D/J-_‘/ET’

We can now rotate the/u-contour until it runs down just to the right

of the negative imaginary axis. Hence

4 +/4+1
LUra)ie¥) ¢ patoleyr 2) T (rasu)(rtip) #1 £ 1P ) )-p bk

/.

L]
~Lnl n-3 o~ ptl
D.38 I, - -7’1 /4“43/4/ }

Since we only want the real part of D.38 the integration region
is limited to make the last square root have positive argument. Since

the n-dependent factor has no zero in the integration region the only
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n-singularity can come from large «, 3/,/4 values. It is easily
checked (using a scaling trick) that the only regions giving a pole
at n = 3 have «, X,/«a]] large. Thus we scale «, ¥ ,/M by ﬁ

and obtain

| ,L,VL .Z;’C"J___ - (/7 ff f qlola(%f/u J(o(f-b’f/u 1)
-
N

n-3 (fo/a/dﬁ))(n—/)/z

[

GV
(“,L/ b f—\/(d%)EY(/-[JL)f-/M(/—/g’j77A—’—‘

where we have kept only the dominant Targef term and N is a Tower

cut off off.

0.39 ) Lo f:{uc{b’a‘/‘* S(r¥epor) (“"&)
Nn-3 (aCB’ *'/“(“*8))'\/@47‘) ({,7,4)(/-/1‘) /¢ oH)M

For the residue of the pole we have set n = 3 inside the integral.

D.39 may be written in the form

. /) 5 ~ /ol%‘-/u/ww)
010 nz:,; £, 71:(”2[;1) j{xd ydu € (% A\
dtp)( w/‘)(/—/; ) 7,; P +/L
That D.40 is equal to D.39 may be proved by scaling £ , % > 1 by /

and then doing the f:integral.

Now scale x , & by/u and from D.40 we can then do the/u—integral

giving

In] n-3 = N
Lem .77 gn®) fc(odX (£

D.41 -
Nn-3 (n-3) (« a’f-d+b’)—\[(/+o<)(/rx)(/~p’) -

Define



D.42 X =oeett gy = THI
o&, =nd n@z)”-g :;
w T, T xdy [x-2)
-3 (/)_3)

x (xy-1) 1/{7(/7@9-/

Define u = xy and eliminate y from the above.

This gives
3 . >
cnl 2)"n-
Lin I - 71”0‘_} dx (x-2) | du
n-3 (n-2) J, 2P W) R
Interchanging the order of the u and x integrals gives
U
. [n3 N
['(VV'.LSV:TCM) Ju~ jc{xx—z
0‘33 (/7"3) A ((,L-/) wil- 2)_, x 2
12
afp2) 3
D.43 = 7T 64 / du { Xﬁyu,-# 2 .2 }
(n-3) , @Flfﬂuaﬁﬁ-f w
-3
nry 2\
= 7C = =
pas = TN [I‘JPIL.
(-3, |
where
p.4s I, = Cjbf)
V u (/- /e) )
.46 I, = -2 #Jw
) %'VM(Pﬂﬂ_,‘
€
Define E - uL(/—-/g") ~
Hence
é +1
.47 KelT, ] f 2 ot Loy )
° et e+ /%

a8 KRe [T.T = _zjzaw - o1

0 éL-/—l
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Now from D.47 we have %
Re [E,] = f AL [,9 [ (D) a-p ]
éz‘,_ /BL

fcu_ ﬂ,? e'(lrl(:')/l zé)/(/ /5’)}

Br+E™

MJ{]# /Z*;[(/ /</4+é)

Closing contours in the upper half-plane we find

.49 KeT, = 2 KA {2”‘ z’? /1—//—;%7\/% } :ﬂ? __%)

P

n

So from D.49, D.48 and D.44 we find

__n] ort, 2y (0-3)
D.50 Low Io 7 = _’—C_/(A) J_ﬁ; By 2
)

>3 (n-3



REFERENCES

10.

1.

W. Marcianno and H.Pagels, Phys Rep. 36C, 139 (Feb.1978)

(1)
(1)

S.D.
Phys.

(1)

K.G.

I1.G.
Phys.

R.d.

D.J. Gross and F. Wilczek. Phys. Rev. D8 3633, (1978)
and Phys. Rev D9, 980, (1974)
H.D. Politzer. Phys. Rep. 14C, 129 (1974)

Drell and T.M. Yan, Phys. Rev.Lett 25, 316 (1970) and Ann.
(N.Y.) 66, 578 (1971)

Y. Dokshitzer, D. D'Yakanov and S. Troyen, Phys. Rep. 5, 58
(1980)
I.G. Halliday. Nuc. Phys. B103, 343, (1976)

Politzer H.D. Phys.Lett. 70B, 430 (1977) and Nuc.Phys B122
237 (1977)

C.T. Sachrajda, Phys Lett. 73B, 185 (1978) and Phys.Lett. 76B
100 (1978)

Wilson, Phys.Rev. 179 1499, (1969)

Halliday and L.M. Saunders, Nuovo Cimento 60, 494, (1969) and
Rev D3, 2969, (1970)

Eden, P.V. Landshoff, D.I. O%live and J.C. Polkinghorne, The

Analytic S-Matrix CUP, 1966.

S. Gasiorowicz, Elementary Particle Physics , John Wiley & Sons Inc.

(1966

J.D.
Hill

)

Bjorken and S.D. Drell, Relativistic Quantum Fields, 'McGraw
(1965)

For example see D. Horn and F. Zachariasen, Hadron Physics at very
High Energies, (Benjamin), 1973, Appendix A



12.

13.

14,

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

17 2

P.M. Morse and H. Feshbach, Methods of Theoretical Physics,
Part I, P.393, McGraw Hi1l (1953).

G. Tiktopulos, Phys. Rev. 131, 2373, (1965)
R. Mitchell, Phil. Mag. 40, 351 (1949)

P. Roy, Theory of Lepton-Hadron Processes at High Energies
(Clarendon Press - Oxford) (1975).

I.G. Halliday, Nuc. Phys B131, 477 (1977):

R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol I
Interscience, Publishers (1953)

(i) C.T. Sachrajda, Phys. Lett. 76B, 100 (1978)

(i1) D. Amati, R. Petronzio and G. Veneziano, Nuc. Phys. B140
54 (1978)

(iii) R.K. E11is, H. Georgi, M. Machacek, H. Politzer and G.Ross
Nucl. Phys. B152, 285 (1979)

F. Bloch and H. Nordsieck, Phys. Rev. 52, 54 (1937)
R. Doria, J. Frenkel and J.C. Taylor, Nucl. Phys. B168 93 (1980)
S.V. Libby and G. Sterman, Phys. Rev. D19 2468 (1979)

(i) T. Konoshita, J. Math. Phys. 3, 650 (1962)
(ii) T.D. Lee and M. Naunberg, Phys. Rev. 133, 1549 (1964)

A.Andrasi, M. Day, R. Doria, J. Frenkel and J.C. Taylor, Oxford
University Preprint 37/80 (1980)

C.E. Carneiro, M. Day, J. Frenkel, J.C. Taylor, M.T. Thomaz,
Instituto de Fisica, USP, Sao Paulo, Brasil (1980), Leading non-
cancelling infra-red divergences in perturbative QCD, rFuse/P-237





