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ABSTRACT

This thesis is concerned with the utilization of the variational
approach to the Hammerstein equation based on some general results that
‘ were obtained by M. Vainberg.

In chepter 1 a summary of Hammerstein results concerning the

existence and unigueness of the non-linear integral equation

ux) = JK(x,t)F(t,u(t))dt , tEG

@
in Hilbert spaces and particularly in L_Q[O,ﬁ are given, and its functional
analytic formulation which forms the bases for the variational approach by |
M. Vainberg. Vainberg's work involves the square root of the linear integral
operator as an argument in the functional. This leads to difficulties in
numerical work and we resolve it by considering two other fun‘ctionéls, the
first of which is based on a sequence of linear operators approximating the
square root operator, and appears in this chapter. |

The second chapter is devoted to the second functional which is based
on a linear perturbation in the linear operator of the Hammerstein equation.
This chapter is not written in the usual way of definitions, theorems etc. but
" all rather in an “integrated form™, |
. In chapter 3 we give tWo algorithms for the construction of minimizing
sequences for these functionals. The first algorifhm is based on the theory
of discretization for functionals developed by Agbin, Lion and Daniel . The
second z;xlgorithm is based on the denseness of the piecewise polynominals
in LQ[O, 1] . Some numerical Pesuits follow this chapter.
Finally a word about the notation. (Bu)(x) means the value of a
linear operator at the point x, i,e. if B is.a linear integral opér‘ator* then
1
Bwx) = 5 B(x,t)ut)dt,
o,



The numbering of the equations is within the chapters so that if for example
we find in chapter 3 a reference to equation 2.8 it means equation 8 of

section 2 of this chapter, otherwise the number of the chapter is quotéd .

Remark: To make the presentation more complete, a supplement of some of
the definitions and theorems of which use is made in the thesis is given at

the end. If a reference is made to this supplement then it is denoted by the
letter S.
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Chapter 1: The Variational approach to the Hammerstein equatibn:

Vainberg's theory and the problem of the square root of the linear

operator in the equation.

l. Historical Development

The development of the theory of non-linear integral equations
began in the eafly part of this century. After Fredholm completed
his algebraic theory for linear system of eqﬁations, first attempts
were made to apply results from the theory of non-linear systems to
non-linear-equations. |

Tﬁe first serious studies were carriéd out by Liapunov in
1906. His studies were partly motivated by problems from
theoretical physics such aé‘phe equilibrium of a retating fluid.
Generalizations of Liapunov's work were developed by E.Schmidt |
and L. Lichtenstein. But it was not until 1930 that ﬁammérstein
ma&é an important step forward. '

Hammerstein treated a class of non-linear equations of the

form

u(t)= jK(t,t)F(z’,uw))dt. o (1.1)
J |

These equations are aspecial case of a more general class of

equations, the Urysohn equations:



b
v(t)= jK(t,t wv(T))AT.

[

a

what may have motivated Hammerstein (and others) waslan'.
attempt to solve mon-linear boundary value problems for
differential equations. Minty and Dolph [[3 ] state that two
such problems are though; to have influenced Hammerstein most.
The first ome was a non-linear -elliptic boundary value problem:
AUéeu with uv=f on the boundary of a finite domain G in two Or
three dimensions. This problem arises in the theory of
automorphic functidns, the theory of surfaces 0f constant
negative curvatﬁre and the theory of gas discharges. L.Bieberbach
in 1912 and Frank von-Mises in 1916 were able to invert this
equation into a non-linear integral equation: wusing the Sélution
to the problem Aw=0 and w=f on the boundary they obtained a

L4

non-linear integral equation by applying appropriate Green's

function:
y(e)= | R(e,T) exp w(T) [exp y(T) - y(T)]dT
G

where Ay=(exp w)(exp y) and y=0 on the boundary for the function
Y='L1 ~We
The second problem thought to have influenced Hammerstein

was the problem of a forced oscillation of a finite amplitude of



a pendulum, first treated by G. Duffin in 1918 and G.Hamel in
1922, This problem can be formulated by the following non-linear

a2 :
differential equation: %E%-+ ¢*sin y=£(t), where the driving

function £(t) is odd. Again by applying the Green's function for .
the problem y''(t)=0; y(0)=y(1)=0 they obtained the following
Hammerstein equation:

1
y(e)= - [ T(e,TIE(TI- & sin y(TIIAT.
0

Hammerstein$treatment of the existence and uniqueness
problems to these type of equations now known as 'Hammerstein's
equations' are important to the understanding of the basis of

this thesis and hence they will be outlined in the following

section.

2. 'Hammexstein's Contribution

The assumptions made by Hammerstein concerning the linear
integral operator in equation (1l.1) were the following:

' 1
1) The kernel is of class d:, i.e, the composite kernel

is bounded and continuous:

b
) ~
K?(x,y)dxdy = J A? (x)dx<N?

a

N} ==

W

P by, T



.where
b

" %
Alx)=[ J K®(x,y)dy]® and N® 1is a positive constant.
A :

2) The kernel is symmetric:

K(x,y)= K(y,x)

3) The kernel is positive definite, that is all its
elgenvalues are positive.

A non—iinear integral equation possessing a linear integral
operator satisfying these assumptions is'said to be. of Hammerstein
type.

.Hammerstein;s treatment of these equations employed the
Hilbert-Schmidt theory of the expansion of the Eernel in a Fourier
series of'its‘eigenfunctions corresponding to its eigenvalues. .
Let the kermel K be defined on L2[O,l]x L2[O,l]° Suppose there

k]

exists a function yg L2[O,l] such that

1
LOSEICEPEEIR LA (2.1)
) | |

“where g(¢)=- F(y(g),T) and g(T)E L2[Q_,'l].‘ If such a function
y(t) exists then according to the Hilbert-Schmidt theory y can be

expressed by a convergent series of the orthonormalized



eigenfuctions of the kernel K corresponding to its eigenvalues: .

- |
()= Gy 9ue) . (2.2)

m=1

o OO co
where {éé} are the eigenfunctions corresponding to {:@{}
i=1 ' A i=1

. O
its eigenvalues. Explicit expressions for the‘{?i}' are
/ i=1

obtained by taking the inner product of. y with each of the

eigenfunctions:
1 1 |
o Jydue - TR e ng o, (2.3)
0 0

Substituting the series (2.2) for y(~ ) in (2.3), we obtain:

1 1 = oL ;
o 5, i P Y S (DT 2 (2

In other words the problem of solving a non-linear integral
equation has been reduced to a problem of solving an iﬁfinite

. system of non-linear equations with infinite number of unknowns.
It was quite natural therefore to approximate the solution

y by a truncated sum;
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n

\ TR = ) g ¢ () . @

where the constants Cn 1200 Cn 0 satisfy the system of n
9 - '

J

~equations with n unknowns

.

1 a '
ot = | P, 3 Cas 0, TNEmDdT=0 (2.6)
0

Hammerstein showed that for every n, system (2.6) has a
solution provided he assumed that ]F(x,u)l was majorized by a

linear function of lu}

IF(x,u)] < Cpjul+ ¢, (2.7)

where C. and C, are positive constants and C

1 is less than the.

1

firsg eigenvalue hl of the kernel K.

This was done by considering a suitable minimum problem for
a continuous function of n variables whose partial derivatives
at the minimum point of the function, provided that it attained
it, coincided with system (2.6). The function used was the
following (continuous) function
1
n . {\ . n .
LN = v 2 .é. L L4
H(x ,eoesx ) = > AXE+2 | £(T, 2, b @aw 2.9
o .

m=1



where
u

£(p ,u)= ; F(T ,v)dv. ‘ (2.9)
\

Indeed, if H(Xl,o-o,xn> has a minimum which it reaches then its

partial derivatives at that point satisfy the relationship:

§s)
F(T, > x0,(3))dT= 05 m=l,...,n
i=1

Xm +X;
(2.10)

l——l
Q
s

" and hence satisfy system (2.6).

From inequality (2.7) and from (2.9) follows: [f(x,uﬂ £
% C v + G, [ul . In addition using the fundamental inequality:

2 .
ax-bx* NS 23 for b>O; Hammerstein was able to show that H(xl,...d'

xn) is bounded below and reaches its lower bound for every.n.

[ 4

1

Consequently, for every n there is at least one set of values

o o . ' - '
(xl seve s X ) for which H becomes an absolute minimum, and at

-that point

sH  oH . oH
'é‘;(" = 'é—;(__ = 00 = . 0
1 72

i

so that by letting C, X; for m=l,..., 0, system (2.6) is

ppul



(o)

satisfied. Having substituted the values X for‘Cn o in

H
(2.6), Hammerstein showed that if fyn:}, the sequence of the
_ L .

truncated sums, converges to a limit function ‘;(t) then ;(t)

is the solution to the non-linear integral equation. This he

n
. s - 2
did by showing that the sum Sn = é;km Cn,m has an upper
1
bound independent of n, from which he deduced that xf y;(t)dt
0

is bounded for every n, and hence he was able to show using the
Schwartz inequalities for infinite sum and for integrals, that

the sum

X (8 =y (£) + | K&, TIF(T .y, (T )T

1
P
J
0]
- approaches zero as n tends to infinity.

Thus Hammerstein proved that if the sequence of the partial

‘ w . . . . .
sums {Yn}- converges then the limit function is the solution
. n=1 .

A
to the non-linear integral equation. Under the assumpﬁwh; . made

Co s . . : e}
-so far it is not possible in general to show that i;y%}
: n=1

does converge, however Hammerstein showed that a subsequence

® ( y
{}Qﬁ;}l - of {:yﬁ}' © may be extracted which converges
K:l . ) n:]_ A i A

£o a continuous limit function y(t). This he did by applying

the Arzela-Ascoli theorem to the sequence



L
W (e)p (B) -y (£)= f R(t, TIF(T,y (T)dT 5 n=1,2,.00

This sequence is uniformly bounded and equicontinuous and therefore

conditionally compact. Since lﬂnjﬁn(t)=0, the passage to the
n >0

limit of yn(t) is obvioﬁs.

Concerning the uniqueness of the solution, Hammerstein's
results may be summed-up in the folloWiné theorem: The nonQIinear
integral eqéation (1.1) has at most one solution provided the
" function F(x,u) satisfiés uniformly a Liptschitz condition of the

type:
F(x,ui) - F(x,uz)i £ a ’ul - uZ}

where the positive constant o i1s less than the first eigenvalue

I

'kl of the kermel K.

.‘
A fuller account of Hammerstein's work is given in Tricomi's
"Integral Equations' [35 ].

3. Generalization of the Hammerstein Equation

A more general formulation of the Hammerstein equation could
be done using various methods of representation of mapping as 1is
usually done in functional analysis. It may be pointed out that

one may wish to solve Hammerstein's equation in different Banach



P
D

spaces: finite dimensional spaces, the space of continuous functions

with the maximum norm or Lp spaces. In this thesis Hammerstein's

equation will be investigated in L2[O,l], which is a Hilbert

space, with the inmer product

1
(£,0)= | £()gle)de
0
and the norm 1 L
1 ¥
Nu]{=l(u,u)6 = {??biu(t)§2dtg .
i . Ay J

The generalization is obtained by noting that the operator
involved in equation (l.1) could be separated into two parts, the
linear part which is the linear'integfal operator in the equation
and the non-linear part represented by the operator F(t,u(t)).
Let B represent the linear part and F represent the non-linear

part, then Hammerstein's equation can be written in the form
A :

x = BFx ; | .(3.1)
whe?e’xEELz[O,l]. That;is_the operator BF must map the space
g LZEO,l] into (or onto) itself. However since BF is a composite
operator it will be assumed that F maps the -space Lz[b,l] into
itself and so does B.
fhe non-variational approach to the problem_of existence of

paint
.~ solution for equation (3.1) has been through methods such as fixe%<



it

theorems,'resolvents of non-linear operators and so on. Genérally'
it.has been found necessary te assume complete continuit& of the opavaty
BF in order to establish the existence of a solution. A general
investigation of complete continuity in different spaces is given
in Krasnoselskii [} ]. Krasnoselskii 'states that in order that
Hammerstein operator BF be completely continuous in LZ[O,l] it is
sufficient that one of the operators be completely continuous while
the other be continuous and bdunded. It is generally easier to
treat the case of a completely continuous linear operator and a
bounded and'continuous non-linear operator. It is a sufficient
condition for boundedness and continuity of the non-linear

operator that it satisfies a Lipschitz condition. The following

theorem is due to Nemytskii and Vainberg:

* Theorem 3.1: Let G be a domain of finite measure and lét
| np
. J‘f K?(s,t)dsdt < @ ’
: G G :
Let the function F(t,u), where t&¢G¢ and - ®< u < ® be

continuous in u and measurable in t, while -

[F(t,u)| ¢ glt)+a fu]

where g(t)EiLz[O,l]. Then the Hammerstein operator acts in

L2[0,1] and is completely continuous.



The conditions assumed in this theorem are much the same as
the conditions laid down by Hammerstein, and they are pmsent in
the variational approach of M. Vainberg which will be presented

in the next section.

4, Vaiﬁbergﬂs Variational Approach,[3(]

The introduction of variational methods provided a veéry
powerful technique for establishing existence of solution to
various operator equations. These methods in fact proved valuable
‘in two ways, firstly by providing a theoretical tool, as mentioned
above, for proving existence theorems and secondly they suggést
numerical algorithms for obtaining an extremal point for a
functional which is directly related to the solution of an operator
equation such as the Hammerstein one. In this thesis an attempt
will be made to comstruct such algorithms that allow us to
approximate the solution via an approximation to an extremal -
point ?f a functional whose gradient is closely related to our
equation.

Vainberg's.theory relies on two main results from the theory
of functionals in Hilbert spaces* . The first ome is that every
weakly lower semicontinuous functional defined on a set
D{ix|I€ r) that is weakly closed in a weakly compact space has a :
lower bound which it attains on the set. The second result is

that a necessary condition for an immer point in a set

wla
Yy

smwnear in more detail in the supplemeni.
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D{|x} < r), at which the functional has a linear Gateaux

differential, to be an_extremal point is that it be a critical

point. To prove that an extremal point is in fact an inner point

of some set some sort of a growth property is assumed for the

functional. ‘This assumption restricts the class of Hammerstein

equations treated by Vainberg and also those treated in this thesis.
Vainberg proves the following theorem:

Theorem &.1 : let B be a positive self-adjoint operator defined

on L2[O,1]; and let F= grad f, where f satisfies the condition
2£(x) < al(x,x) + az(x,x)Y + ay o (4.1)

-

where‘az,a3 >030<y <1 and a|B||< 1 1f a,> 0.~

1 1

*Suppose further, that at least one of the following cdnditiohs.
is.safisfied:

1) £ is a continuous functional, and B is completely
continuous.

2) f is weakly continuous (or weakly upper semi—continﬁous).

Then the operator equation =x=BFx has at least one‘solution.
Remark: Vainberg actually proves this theofem.for any separable

Hilbert space H} in the above theorem  H was taken to be Lz[O,l].
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Proof: Vainberg considers the following functional;
kp(x)=(x,x)—2f(Ax)

where A is the positive square root of-B(according to L3 ] p.422
if BE{L(X,E) is positive then there exists a unique positivé
operator A such that A®=B). If condition (1) is fulfilled, then
the completely continuous operator A carries every weakly
convergent sequence into a strongly convergent sequence and hence
f(ax) 1is we;kly continucus. If condition (2). is satisfied, then
the bounded self—adjoint.operator A carries évery,weakly
“convergent sequencé into a weakly convergent sequence and since

f 1is weakly upper semi-contiuous, f£(Ax) 1is also weakly upper
semi-continuous. Comsequently, as the sum of the weakly lower
semi-continuous functional (x,x) and the weakly lower semi-

-
v

continuous functional -2£(Ax); the functional KP‘ is weakly

lower semi-continuous. From inequality (4.1) satisfied by £

we have if a; > 0:

?<X>=<sz>_2f(Ax> >/ <X7X>_ al(AX,AX>" az(Ax,Ax)Y

ay 3 (e,x)- a; IBIGox) - Bl Ge,x)Y

=G, Ly B Gepx) Y g BT -ay



while if a.£ O then l—alHBH> 1 so that

l\

Y)Y o)V Gx) Y Bl -y

. Consequently,

hence \g is unbounded and increases with | x|
there exists a -sphere ||x|| = r on which %?(x)> ‘P(G) and so
has a t—property*, Yj is a weakly differentiable functional, and

hence according to theorem .38  there exists a point xgELz[O,l]

such that

V‘f(xo) =0

and xo'is an inner point of the sphere of radius «=.

4But

§7%3(xo) = 2x - 2AFAX =0 . -
'Applyigg the operator A to both sides we get
-_— 2 =
AXO A FAXO G .

Let ZO=AXO then recalling that A®=B we finally get that

7 - BFZ =0,
O, (o]

ot

“see supplement,p.ils.
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hence z solves the Hammerstein equatiom.
For uniqueness we need only demand the operator F to satisfy

some type of Lipschitz condition:

IF(xy) = F(xp)| € a [1%,-xq ||

where aOHBH< l.- Since if z_  and y  are both solutions to the

equations then

|z, - ¥ ol|= |IBFz - BFy |I< || Bl [Fz, Fy |
< aglBllizgy | < 1yl

and this is a contradiction, hence z2,7Y, °r 2z is the unique .
solution of x=BFx. Throughout this thesis we shall assume
uniqueness of the solution through the assumption that the operator .
F fulfil¢ a Lipschitz condition of the type.mentioned‘above.
Vainberg gives a few equivalent or somewhat different
' . . ueof o .
conditions for the existence of a solutlonuﬂone of which -~ will

be made in chapter 3 and will be presented here, without the whole

proof:



1A

Theorem 4.2 Let B be a positive self adjoint operator defined

" on all of LZ[O,I] and let the poten;ial operator F satisfy the

following condition:

(DF(x,h) ;) § a;(h,h) ¥ h&1,[0,1]

where alHBH< 1 if a;20. Then the Hammerstein equation

x=BFx has at least one solution.

For thé proof itself Vainberg constructs the same functional
as in the proof of theorem 4.1:\P (x)=(x,x)-2£(Ax),. then using the
definitions for the first and second Gateaux diffefentialé of the
functional tf and also inequality (4.2) we obtain that

' D? ¢ (x,h,h) 3 (1-a)|jB)(h,h) if a;> 0

il 1

and

DQ\F (x,h,h) > (h,h) if ay < 0.
According to theorem 5“7 there exists an extremal point X,

for %j and since %9; 1s weakly differentiable functiomnal the

rest of the proof follows exactly like the proof for theorem 4.1.
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5. The problem of the square root.

Vainberg's.variational approach to the problem of existence
 and uniqueness of a solution to the Hammerstein equation does not
furnish us directly with a constructive method for finding the
true solution itself. However from the numerical analysis point
of view one is mnot so much concerned with finding thg true
_soiutions but approximating them. If methods such as Ritz-Galerkin
were used to approximate the minimizing function and thus
feducing' the problem of -approximating the minimizing function
to a problem of solving a non-linear set of equations, the first
problem one would have to face in using Vainberg's functional
would be that the square root of the original. linear operator
in the Hammerstein equation appears in the argument of the
functional.

. In order to understand the problem of the square root
involved, a summary of the proof by Bachman and Narici [ 3 ] of its

; _ 4 :

existence will be givgng The theorem, quoted in the last‘section-
states that 1f an operator BE;L(Z,Z) is positive tﬁen there exists

a unique operator AEL(X,X) such that A®=B.

Definition 5.1: Let P and Q be two positive operators defined

on a Hilbert space H. We say that Q2P (in the operator sence)
if

(Pu,u)(Qu,u) VugH.



el
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For the proof itself Bachman and Narici assume that B { I,

\
however if not then define the following operators: C = B/ |B]]
1 ’
2

\ and then A—-—ﬁBH

1
Py .
C® . Consider the sequence of operators defined

as follows:

A =20
o
A g =A +§(B-—A2); n=0,1,...
(o1 @
The sequence {An$ cann be shown to be a monotonically
Jn=o0

increasing sequence, i.e. A < A for all n, which converges

n- = ntl

to an operator A such that A®=B.

From the above, a simple analytical répresentation of the
square root of an operétor for numerical use 1s mnot available
(theré are different analytical representations for the square
root éuch as in Kata}%p.;},g} , where the square root of a
coercive positive operator is expressed as an infinite integral
agéin not numerically feasible). One way to overcome this
difficulty would be to replace the operator A in the functional by its
approximation, ahd this approach will be tested below.

Define the following Hammerstein equatlons:



(1) u= BFu = A®Fu

(2) v =B _F

— 2
a1 Tkl Vol T (A )°F

n+]_ ; 1’1‘—‘0,1,--. .

vn+l

Equation (1) is the original Haﬁmerstein eduation and equations
(2) are Hammerstein equations based on the positive operator
obtained by squaring the (n+l)th approximation to the square footf
of the operator B. We shall show that these equations are closely
related and in‘fact the solutions of (2) converge to the solution
of (1) in tﬁe L,- norm.
First it will be shown that without changing the assumptions
on the functional: f and the operator B.in theorem 4.1 and under
the same conditions of upiqueness of the solution to equation (L)
we can prove existence and uniqueness of a solution to equation (2)

-

for every n. For this the following two lc=mas are required:

’

Lemma >.,1: If B is a positve self-adjoint operator with A as 1its

4
square root then

IAIF =[BI] -

wle
EAl

Proof: 1If B 1s self-adjoint so is its square root, hence A=A . .

~
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Now

il

AP = (sup [ax|P® = sup [|ax)|®

Cxil=1 ixil=1

= sup (Ax,Ax)= sup (AAx,X)

ixii=1 xij=1
< sup |jAAx || ||x || = [|Aall= [[B]] .
ixii=1 _
On the other hand

[ Bl = [laall< [l (Al = A7

from whichffollows that |A|F =|[B}| .
Lemma 5.2: ‘Let Q and P Dbe two bounded and self-adjoint operators
- defined on a Hilbert space H such that PgQ .. Then ||P|| & |IQ]] -

Proof: From the theory of linear self-adjoint operators we have:

.

.% 1ol = int gMZO (Qu,u) & M(u,u) Vuéf{}

%

and similarly

|P|| = inf Jg}_M‘;Of (Pu,u) & M'(u,u) Vue“H}

s -

From the assumption of the lemma P£Q, which by definition 5.1



implies that

(Pu,u) & (Qu,u) VugH

but

(Qu,u) & ||Q|(u,u) VugH

and therefore

(Pu,u) < Q)] (wyu)  vueH,

so that i ”Q”(-}‘{M'}Oj such that
\

(Pu,u) & M'(u,u) WVugH.

- The norm of P was the infimum of this set,hence || P|| < [|Q]

From the last two lemmas and from the monotonicity of the

F
sequence {_An} and its convergence to the square root operator

A ~follows that:

&
]

A€ A ]l € «oe S A]],

=B so cénsequently

Now ||A|f= |B|| and || gl

2
_ An+ ll l

1B.qll € IB]l Ww=0,1,2,... .

Theorem 5.1: Let the condition of theorem 4.1 hold true for

the function £ such that Vf=F and for the operator B. Then



for every n a solution for equation (2) exists. Moreover,
‘aséuming a Lipschitz condition on the operator F sufficient for
the solution of equation (1) to be unique, implies the uniqueness
of the solution of (2) for every n.

Proof: For the existence it is sufficient to show that for every

n theorem 4,1 1is applicable to the Hammerstein equation

Now if a.>0 is such thatéﬁHBﬂ<l then from ”Bn+lH IR
for all n follows a, |Bn+l” < 1 for all n, so that ay528,,a,
and y remain valid for this case. If B 1s completely

continuous then from the theorem by Bachman and Narici we may

deduce the complete continﬁity of B for every n while if

n+l

B 1is positive then B is pbsitive for every n. Hence

n+1

either condition one or condition two of theorem 4.1 for the

ation v, = F is satisfied for er . s there
egu 1An ) Bn+l PV i1 isfi £ ’ every n Thus the

exists a solution to the equation (2) for every n.

For uniqueness LE || Fxq-Frol| € aA{xl—xz{! where aOHBH<j
then by the same argument as above go“Bn+l“ <1 for all‘n, and

hence if the solution for (1) is unique so is the solution of (2)

for every n .



With the existence and uniqueness theorems on the solutions
y
of (1) and (2) in mind we may proceed to prove the convergence

, of the solutions of (2) to the solution of (1).

Theorem 5.2¢ Let u° be the unique solution of (1) and for

every n let u° be the unique solution of (2) (under the

n+l

appropriate conditions for existence and uniqueness). Then

J.

Luo ) strongly converge to u® in the norm of LZ[O,lJ.

n+;j
Proof: If po is the solution of (1) and uon+1 is the solution
of (2) then
o_o o _ o _ 20,0 L2 o
o8y IBFUG =B 1 T sl [ A7Fe =A% T sl
- 2p O 42 o O 2 o, o
. [(a"Fu”-a k1t 1>+(A n+lFuv’ A n+lFu n+l)“
i
- 0 o o o
¢ Naf-al gl fFu AT gl ] Fu “Fu Sl
o, o ©
& Nara_ 1 lasa g IFHF®) + f A% ag ) u®®
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<0 as n—» ®© it follows that -
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The last theorem validates the use of the Uﬁﬂ)—ﬂlapproxhnaﬂon
to the square root to approximate the solution. In practice one
substitutes tﬁe original operator B in the recursive formula which
~is actually a polynomial in that operator and then uses the
polynomial as an argument in the functional. This metheod,
although rather laborious,yieldsgood results once a numerical
algorithm is set up to reduce the problem of finding the
minimizing function to a problem of solving a non—linear system
of equation or to a 'search minimum' problem. In fact such
"algorithms are suggested in chapter 3{ However it is possible
at this stage to estimate the differenée in norm between A and
Ah+l' This difference.as we have seen appears in the proof of
convergence of the solutions of equations (2) to the solution of

(L). For that matter let us observe the recursive relationship

k) cx) .
of the sequence {A ~«€. again:
n)ﬂ
\ =0

L4

. L |

Subtracting both sides of (5.1) from the operator A

]. P l 2
A An_Jrl A-A 5 (B-A% )=( ) Z(A A )

- 1 -
= (A—An) El- 3 (A+An)3 . | (5.2)_'



e
As A—E-A.n is a positive operator, if we replace it in the square
brackets by an operator which is smaller in the operator sense, we

only get that the right hand side of (5.2) increases in the

operator sense. A)An for all n implies A+An2Athh, hence

1 1 3 .
I- 2(A+An) L I- Z(An+An) = 1- A

thus we get

A-A g < (A-a_) (I-4_).

Applying the same argument to the difference A-An as we do.
to A—An+1 using the recursive relationship for A.n in terms

of A we obtain:
n-1

V(A—An_l_l) < (A—An) (I—An)

§ (A=A ) (T-a 1) (T-a)

but I-A > I-A , hence
pa) jul

-1

)* .

Ay € (amh ) (Toa

n+1

/



Continuing this process for n-1,n-2,...,1 we get
A-A . & (A-AL) (T-A )"
ntl 1 1

: ®
but according to the definition of the sequence {ﬁx-l T,

1
follows that A;=5B, from which

1 1. n
A—An+l$(A-2B)(1—2B) .

By lemma 5.2 this inequality can be written in terms of the

norms:

’ H A—Ah+l

| < l1Ca~5B) (1-58)7

. 1 1
$ |jA5B| IT-gB T .

. We assumed BKI so that 1—%8&1, hence ”I—%B” &< 1, in most

cases 1t 1s a fraction, so that the error behaves like a fraction

to the (n)th power or actually to the (n+l)th since
L ,

L L |
A—QB 1 2B ané‘so



a-a_ 1€ [lagey =58 " < gr-de gt

LS

To recapitulate, in order to approximate the solution of the
Hammerstein equation =x=BFx we solve a 'neighbouring' equation

Vi1 BanF Voo *

This method, especially the error analysis
involved in it reminds us very much of the 'backwards error :-
analysis' wused many times (in different contexts) in numerical
analysis where we look at the approximation obtained as an exact

solution to some neighbouring problem and carry out the error

analysis from that point.

[
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Chapter 2: The Variaiional approach to the Hammerstein equation:

A perturbation technique.

‘The 1pfactical problem that aJ':ises from the presence of the -
Square‘ f-oot_of the linear operator B in the argument of the
functional \{J(x)=(x,x)-—2£(A’x) leads us to attempt to construct
a different functional which make use.of the original linear
" operator B of the Hammerstein equation or some Operator close
in form to it.

Consider the following functional S

\'5 (x) = (Bx,x) - 2£(Bx) 3 x.cw:LZ]:O,l] ‘(l)

where F= yf as in theorem 4.1 of chapter 1. If this fimction.al,

has a critical point X then its gfadient_ at that point equals to the

zero element of the space, ©, i.e. EXO%LZEO"]'] such that

vk;a(xo) = 2Bx . - 2BFBx_ = 0.

Let z =Bx , then
o o

1l

z - BrFz e,
o} o}



in other words‘zO is the solution to the Hammerstein equation.

Obviously the form of the functional $§ is easier to work with

numerically than it is with the functionmal O or %9 suggested
. o ) .

in the last chapter.

The proposed functional would therefore be satisfactory if
it could be shown to possess a critical point. In chaptef 1 we
saw that if the functional has a suitable growth property, then
there exists a sphere D( || x]| &r) such that the functional has a
‘minimum at some inner point and due to its weak differentiab;}ity -
this point is a critical point. Assuming that £ satisfies

- inequality (4.4 ) of chapter 1, we have if a, >0:

\{)(X) = (BX,X) - Zf(BX) Z'(BXsX) - al(BX?B};)

az(Bx,ijY - ag > (Bx,x) - a

BB, %)

aZHB'HY(Bx,x)Y - ay = (Bx,x)% [(l—élllB“)-(Bx,x)l-_-Y_

a, | BIP1 - a5,

while 1f aI$O



¢
(A

5 G0 % (x0" (0™ - ay B - ey
i . :

Now in infinite dimensional spaces not every positive
definite operator 1s positively bounded below, hence in'general
we are not able.tO‘show that %(x) is unbounded and increase with
the norm of X, i.e. (Bx,x) does not generally tend to infinity as
||| tend to infinity. We therefore seek a linear operator B,
close in form to B, that will ensure the desired growth property.

"It is quite natural to take for B sdme.sort of a perturbation of
B.
Let I be the identity operator in L2[O,l]. For every e >0

~

we have
((B+ eI)x,x) = (Bx,x) + ¢ (Ix,x)
= (Bx,x) + &(x,x) 3 e(x,x)

this follows from the positivity of B,'Hence if we. denote by

B. =B+ €I then for every € >0 B, is a positive definite operator

€

bounded from below:

(Bex,x) » (e 3) [l



W)
¢

consequently we have (Bgx,x)>® as |[x|->oo . In addition
since B and ¢I are both self;adjoint 0pe%ators their sum B
is a self-adjoint operator in Lz[o,l].

Let n Dbe a positive number and let [o, nl] be an interval
from which the perturbation parémeter.will be chosen. In what
follows some restriction will be imposed on the magnitude of n .

For every €&[0,n ] consider the following Hammerstein equation

v = (B+el)Fv = B_FV. - | C(2)

For € =0 this equation becomes the original Hammerstein equation.
Our first concern is to establish the existence and uniqueness
for the solution of the perturbed equation. Vainberg's theorem,

theorem 4.1 of chapter 1,allows two possibilities: either the

”

linear operator is completely continuous and the fgnctional £

(such 'that F=v£) is continuous or the linear operator is positive
self-adjoint and the functional £ is weéklf continuous or weakly
upper semi-continuous. Now the operator B_=B+¢€l is not a
completely continuous operator.. Even 1f B is completely continuoug,

B

¢ @as the sum of a completely continuous operator and a non-

-completely continuous one, 1s not a completely continuous operator.

\

Thus if we are to use Vainberg's theorem f will have to satisfy



the requirement that it be a weakly continuéus functional or
weakly upper semi-continuous (in this chapter it will bg assumed
that £ is weakly continuous). If this condition is satisfied
tﬁen according to Vainberg's theorem a solution will exist if

alﬁB£H<l for a1>0 and will be unique if aO“B€“<l. Now

a)[B]] =a, [[B+el|i<a;

(B[ | Tl=ay) B“+al€‘. . As a|[B<1 if a0
there exists a #osi:ive number n' such that alHBH+a1 n'<L,
hence for all €€[0, n'] there exists a solution to the
perturbed Hémmerstein equation wv=BgFv. Likewise £for uniqueness,
as aOHBH<l, there exists a positive number n'' such that
a_|Bffra, n''<l, hence if we iet = = min[ n', n''] then for

every ee[0,n ] a solution for (2) exists and is unique.

The use of Vainberg's theorem invokes the following functional:
%7€(X> = (x,x) - 2f<A€X> (3)

where A8 is the square root of the operator B, . However
since for every €20 Be is positively bounded below, we may
construct a different fun;tional'for'ﬁhe proof or existence'of a
solutiono. A functionmal which will be closer in nature to the

functional suggested in the beginning of this chapter: . Let n

be defined as above, i.e. n=.min[ n', n''], £for every ec(0,n ]



construct the following functicnal:

\?E(x) = (B.x,x) - 2£(B¢x) 3 xeLz[O,l]. (4)

By arguments similar to those used in the proof of Vainberg's

theorem e is weakly lower semi-continuous and if as in the

e

conditions stated by Vainberg F= yf such that f satisfies

wheaie a,,a5>05 O<Y<L and alHBH<l if a;>0 ‘then for every

X €L2[O,l] we have:

. (I;€<X> = (Béx,x) - 2£(B.x) > (B.x,x)

Y
- al(BsX’Bs X) - az(Bsx,Bsx,) -as y (Bsx,x)

- ap|Be || (Bex,x) - 2, Be " (Bx,x)" - a,

= .(BEX9X>Y‘ E(l,_alHBgHj (BEX,XT‘Y' - azﬂBEZH‘Y] = a3



" 1- -
Fe() » (Bae,x) 1B, T - aglB "] - ag.

Hence ?E is unbounded and increases with || x || for every
€e(0,n ], from which follows that for every ee(Q,n] there
existé a sphere || x| =r_ such that @E(x)>i§

‘has a t-property. According to theorem $8  since ;%g is

- e e X : . . ~o
weakly differentiable functional, there exists a point X, such

- that
" 40
gradzﬁg(xe) = G
,, ~0 . . ) . '
and’ X_ 1s an inner point in the SPhere]]X{]\Q‘g .  Now
;i .
' .0 o) ~ 0
] 7 = e -— I =
grad XE(}&E’) ZBEAE ZBELBEXE e ,
so if we let 2° = B.X0 we get
e . = BX, we g
~0 ~0
z - BFz =606,
€ 3



~

that is 2 is a solution of the perturbed equation. Similarly,
the conditions for uniqueness are the same as in Vainberg's
theorem: a Lipschitz condition of the form HFxl—FXZHQaOHxIsz

where aOH%J|<l which is fuifilled upon assuming that e€e (0, n ].

The fact that we cannot in general use the original operator
as in functional (1) to obtain an extremal point that will, by
applying the original operator to the extremal point, yield the
solution suggests that some difficulty might arise when we attempt
to prove convergence of the solufions of the perturbed equations
to the solution to the original one. Let 2z° be the solution
to the criginal Zammerstein equation arrived at using Vainberg's

. ; ~ 0 . :
functional, and for every e€(0,n ] let z be the solution to

€
the corresponding Hammerstein equation v=B€Fv° Hence
‘ 0 ~0 - O _"_~0 ’
| 2 —zg“ = ||BFz —Ber i

TR R I
=|BFz -BFz_ -eFz_ ||

0 __~O e
< [|BFz”-Brz _ ||+ e||FZ_ ||

0 ¢] ~Q ~ 0
< 1B Il F2°=Fz0 )| + ellw2l)

< agisl 22l el w2l . (5)

@I



Since we assumed that F satisfies a Lipschitz condition of the

form || Fx,-Fx, || < a |x; =, where a|[Blta e<l ¥ecelO,n"]

and hence aO{BH<1, so ifé= aOHBH then inequality (5) becomes:
o -0 ~0
(1-8) llz7 -zl €ef[Fz_]] ,

.now 1-¢6 >0, thus

[ 0 ~0 1 ~0 ‘
2"z Wl e-7775 NF=ll . (6)
If Il?izli is bounded for all € then it is evident that as ¢

tends to zero the solutiogs of the perturbed equations tend to the
solution of the original one in the L,-norm. To show that
“F£ZIL‘15 bounded in € 1t is sufficient to show that %g is
bounded since F is Lipschitzian and therefore a bounded (non-
linear) operator. In the general case, that is when B is not a -
positive bounded below operator, we cannof establish the existence
of z = Big, since the functional %%(x) which corresponds to
to € =0 may not possess a growth of property of the form we

. . . ) ~0
require, and thus the product EILFzsﬂ may not tend to zero as

¢ tends to zero,



G2
(o)

The idea is to look for a different method which will enable
us to prove that when ¢ tends to zero the solutions EZ will
tend to 2°. The uniqueness of the solution of the perturbed
equations for every e>0 ensures that the solution resulting
from the new functional and from ;8 will be identical.. It must
be noted that we want to solve numerically only the perturbed
eguation and not the original one.

Let A, = (eren)? | A

ossesses
P

B_, an@{éll the properties of B. such as positive bounded below,
€ * > €

. 1s the square root operator of

self adjointness etc. Consider the following functionals

v .(x) = (x,x) - 2£(A %) 5 xe L,[0,1]

where f satisfies inequality (41 ) of chapter 1 and is weakly
continuous, These functionals Wwere already introduced in
équathn (3). Since these functionals possess a t-property

for every € and since they are weakly differentiable there

. L. . _ ~ o) L0
exists a critical point for every S But v X =
: p e £ fete

O

ZXO - 2A FA xO = @ so if zO = Axo one obtains zo - B Fz = G.
e e e £ £ £ £

M

o . - . . .
If =z is the solution of the original Hammerstein equation then

similar to (5) and (6) we get:



o o, _ 0 Oy _ 11om O o o
|z -z _|| = [|BF2z -B Fz || = ||BFz ~BFz_-¢Fz_ ||
< | BF2 O -BR2 || + e||Fz.||

(6] o] e}
< Bl Fz"-Fz ]l + el[Fz |

‘Again from F being Lipschitzian

R B o o)
< aiBll 112°-201 + elF2]].

Denote by ¢ =aOHBH<1, thus
., 0 0 o,
(I-68)] 2 -—ZEH\< E:HFZEH

or

Oy 1 0
2"z li¢ egrllFz |l

[

| If'HFzzH is bounded in ¢ on the interval [0, n ] then z°

. . . o . -
is the limit z_ in the norm of Lz[O,l] when € tends to zero.

]
(v



3 ] ™ o k3 - ~ * - :
To show the boundedness of [[Fz_|| it is sufficient to show
e oy - s a s . .
that llzaﬂ is bounded since F is a bounded (non-linear)
operator, i.e. it is sufficient that there exists a constant

M>0 such that

. O -
2]l € M <o ¥e el0,n ]

o . . - v
*Now z_  was obtained as a result of applying the operatorA to
. €

1 -4 2 ‘_! : i £ . " O O
the critical point of the functional Yooz, = AX

e > S hence

°l

IS

R RN

from which follows that in order to.show the boundedness of
HZZH. in e it is enough to show the boundedness of [IXSH or
equivélently ;how that all critical points of K?g , e€l0,n 1,
lie in some sphere of finite radius. |

For the proof we shall show that for all g:e[d,n 1 there
exists an increasing function of the norm that is majorized by
all Ye and th@t &oes not deperid on e, this will enable ;hrough
its growth pr0per§y to enclose all critical points for ¥e in

‘one sphere of a finite radius.  Suppose that ay

of theorem 5.1.

e
N



300
AN

of chapter 1 1is positive. For every e€[0,n | we had
Y (x) = (x,%x) - 2£(A_x)
€ €
Y 1-y ¥
>/ (X,X) [(1_alllB€H)<X’X) - aZHB‘EH ] - a3' (7)

Thus \{EQX) is bounded from below by the right hand side of

inequality-(7). Let

,Qb%g (x) €% (x, 0%
v[(l'inBen><x,x>l‘Y gl "] - g
= (%) : alanl(X,X)“ 32H§¢Hykx’*)T T ags
e€l0,n ] | ‘. - (&)

a,,a, are positive and n was such that alHBgH R al(HBH + e JJIiD)

< al(HBH+ nllZ}]) = a,||B|| + a;n < 1 hence we have that
. 4



bl () » (x,x) - a (| Bll+ n)(x,%)

= (6,30 [(L-ay |[B]i~ay n ) o) T
- az(HBy+ n)Y] - ag dgf zb%ﬁ(x) Ve g[0,n ].

since l—alHBH—a1n >0, Qbapn(x) is an increasing function of
i ! '
i
I|x|| and is majorized by all functionals joe’ [O, nl. .
Consider the functionals gjxhv%eiovzbf’ 1s a continuous
e

function in e for every xengﬂO,lji

}w (X) LP (X)}

[ (Gex)-2ECa_ %)) = ((Gex) - 2£CA %))]

1 2

| 26(A, x)- 2£(A, x) | . 4 (9)

2

The continuity as a function of ¢ follows from the assumption

/



that f is weakly continuous functional or from lemma 5.1 in

,

[36 ] p. 60,

The lemma éays that if the gradient of f is

bounded on some convex set in L, then f satisfies a Lipschitz

condition of the form

. 7
TA X
AN €U

[£(x) -£(x )| < My, ]

The set

where x is some function in H and e wvaries between zero

and n can always be included in a closed sphere of a finite

radius since ||A x| (HBH+T1)1/2 [RS
) €

| and this sphere is convex.

On F=grad £ we assumed a Lipschitz condition and therefore in

particular it is bounded on any closec¢ and convex set.

Thus

the conditions of the lemma are satisfied and there exists a

g g
hat

constant M such

[f(xl)—f(xz)[ € My =2l

\
Applying it to (9) we get

4

[£(a_ x) - £(a_ %)}

SMPA x - A x|

1 2
SMx| A - A
2

Y
ESRa

.
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From the definition of A€ for all eiwtfollows that

fa, - A || > 0 when e, e,, 0. that (f’“ is a continuous
1 €2 4 2 ) <

function of & . In particular Kf
.

is a continuodus function in
c )

¢ for wu=6, hence on a closed interval lfje (6) is bounded and

reaches its bounds: 4 eme [0, n ] such that

w (6) = max W (6) .
\\ ‘o e€lo,n] '€ : (10)

A
Al
Since b kon(x) is increasing with respect to the norm
| .

of x, there exists a sphere of radius Rj; O&R<w such that

LA
ol

-,n(X) 7 0. (@), v lixll = R,

m

But from (7) and the above inegquality

Y (%) >,zb(f§n(x> >y, (@) veelo,n] (11)

! m

and from (10):

LFC’(@ 2 ?€(9>€ ¥ee [0, ] ' (12)
mo ,
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Thus from inequality (11) we further have for each e€[0,n It

é\f LX) > z.ég;}e(@ , Vx|l = R

which implies, as we have already seen, that the critical point
for 75 lies inside the sphere of radius R. In this way we
3 E i T 3 3w 2 T 2 o 3 1
have proved that all critical points x  1lie in a sphere of
€
" finite radius R if we assume that a1>0. If algO then we

can always find a£>0 such that al'HBH<l and

& E(x) < al(x,x) + az(x;x5Y + aj

-hence

Y (x) = (x,x) - 2£(A %)
iE . I

B Geox) T

> (:><,X)Y[(l-al .

Y.
- a?_HBSH J - a3
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the rest of the proof is then exactly as for the case a, >0 .
' L

Hence V:ﬁﬂﬁ'%’@ such that

F2o ¢ M < o v e&[0,n 1.

H
i

|

Finally we have that

z —z%§i$ == M-e> 0 (e Q)

F—.«!

i.e. the solutions of the perturbed equations v=B€Fv converge
to the solution of the original Hammerstein equation x=BFy as
the perturbation tends to zero,

Consider now the two kinds of functionals:

v

(1) ﬁ?g(x) = (ng,x) - 2f(B€X)
(2) %&(x) = (x,x) - 2£(A x)

where in both (1) and (2) the conditions imposed on the functional



™
(@78)

f and the operator B are the same. If iz is the critical .
point for (1) and XZ is the critical point for (2), then
BS%? is the soclution to the perturbed Hammerstein equation
through functional (1) and %:Xz is the solufiqn to the

per turbed Hammerstein equation through functional (2) for the

same value of ¢ o However the scolution 1s unique hence

so that for a prescribed perturbation or for a prescribed rate
of accuracy i.e. for e >0 we may use functiomal (1) which is

.

numerically easier to deal with than functional (2).



CHAPTER 3: Construction of Two Algerithms for the Solution of

the Variational Problem and a Discussion on their 2Applicability.

§1. Introduction

The results of éhapters 1l and 2 provide us with two different
fuhctionals, defined on the Hilbert space szo,l], that we wish
to minimize or rather approximate their minimizing function by‘
methods based on a finite number of operations, usually by posing
the minimum rroblem in some finite dimensional space.,

A large amount of work has been done concerning minimization
problems for functionals that arise from non-linear differential
boundary value problems. However much less has been done to
develop élgorithms for the minimization of functionals that arise
from non-linear integral equations. There may be cases when we
have a variational problem for a boundary value problem that we
wish to pose as a variational problem f£or integral eguation.

For instance, the use of a set of trial functions for the Ritz-
Galerkin method in a variational setting for a boundary value
prbblem requires that they satisfy the boundary conditions. If
the~houndary value probliem is turned into an integral equation,
then the Green's function involved in the transformation
"incorporates" the boundary conditions. Thus if we~were to
solve the integral equation through its variational formulation
using the Ritz-Galerkin method, the set of trial functions do
not necessarily have to satisfy the boundary conditions.

The aim of this chapter will be to construct algorithms in
order to approximate the minimizing function for the functionals

introduced in earlier chapters. In other words our objective is
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tO construct algoritims for determining minimizing sequences
that will give gocd approximations to the minimizing function
in not too large amount of computations.

An important résult of which use is made in this chapter
is that of Wang Shang-Wang [37], which is based on results by
Vainberg [3%;] and Xacuvoveskiil [??3. This result concerns
Vainberg's functional (see theorem 4.1 of chapter 1) and hence
applies to both functionals suggested: Due to the weak semi-
continuity of \w and itz convex;ty, every minimizing sequence

{
for % converges strongly in L2{O,l] to the minimizing function.

§2. An algorithm based on some resul.ts from the "Discretization

Theory" )

i. Daniel's Results

The main idea in this method is to estimate the minimizing -
function for a functional Yy by replacing the integral in the
functional with a guadrature approximation and obtain an approx-

imation at discrete points by minimizing the guadrature formula

with respect to the values of the minimizing function at those
points. Once we have the values at discrete points, an inter-
polation scheme may be applied to obtain an approximation over
the whole regién.

The idea to approximate the value of the functional by
replacing the integral with a quadrature formula dates back to
Euler [ ]+ Aubin and Liong[., ] and Daniel [gq ,;¢] have developed
a more general theory which relates the variational problem to
a\éiscrete approximation toc the variational problem, Daniel's

main results are summarized below and will be applied to the



5 1

~
functionaltg?8 of chapter 2.

Let E be a normed linear space and ¥ be a real valued

functional on E. Let E be also a reflexive space, E = (E*¥)¥*,

scretization for a functional ¥ on E

[SS

Definiticn 2.1: A &

consists of a family of normed linear spaces-En, a family of
real valued functionals wn on Eﬂ, a family of mappings .

: E_+ E an
Pn n

<

o
o)
Ip
o
=
*!

ily of mappings ot E + Eq. We shall

4

denote the discretization by

An examplg for the mappings P, and L coﬁld be when P, ié a
plecewise linear joining of values in E and r, is such that if
u€E then (rnu?i = Uy i.e. r, gives the values of a function
at discrete points.

To ensure theat the discretization will in fact give some
kind of convergence, Daniel defines a few properties such that
.if satisfied by the discretization scheme, then we have a conver-
gence of the values at discrete points to the values of the minimi=

zing function at these points.

De“initiorn 2.2: A discretization for V¥ on E is said to be

consistent if

L8 S (@)

where U minimizes y over a subset B{E (if we wish to minimize

over this subset) or over the whole space, and

. 1T - , - = <
&;m supL¢(pnﬁn) wn(un)] S0
1--00

inimig W e s B E_a a_€B.
where 4 minimizes y  over a set nC; L and p G €
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Now we wish to solve the minimization problem over B (which
we denote by MPB)} Iy solving a cimilar problem for wq over Bn'
- . I

Let y_ be bounded below on a set B_ such that p_B_((B and
n n nn

- M1 o = o H 3 <
an(:Bn° Thus we seek &nC,B such that yn(un) wn(un) + e,

for all quiBn, O < gn¢o. In this case the-sequence'{pnﬁn}
4 4

forms a minimizing sequence for y. In fact we have the following

theorem:

Theorem 2.1: Let ¥ be W.L.S. (weakly lower semi-continuous) and

bounded below on a weaxly compact subset B of E. Let

i (v,,2) = = r
dlSCw), J {E&, nﬂl)fd)nr ann}

be a consistent discretization for y on E and aiso let Bn(:En,

satisfyving pnB%CfB ang r BUUB_ , then there exist ﬁ,un solving

MPB and MPBq respectively. Further

-

im o(p 8.) = lim y_(3)) = 3 ()

o N0

o

and all weak limit points of
P

i

Dnﬁn, at least one of which exists
solve MPB., If the solutiocn of MPB 1is unique then the solution
oL MPBn weakly converges to it.

Details of. the proof are to be found in [}0]. Theorem 2.1
is a "local" theorem since it deals with the minimization over a
subset B of the space E. In order to achieve a global theorem

Daniel requires that disc(¢,E) satisfy two more conditions:

Definition 2.3: A discretization for ¢ on E satisfies a uniform

growth condition if:

\

Tim su (u\=+ooaslimsu u =+ ®
ni: P Wn n’ e P H nH n



where || u

Il _ is the norm cefined on E .
II a1
n n n

Derinition 2.4: A discretizaticn for ¢ on E is said to be

stable if there exists a constant 2 such that

o |l Sallu

n n” n}ln
for every unéfEn and for every n, and A is independent of u,
and n.

With these additional assumptions, Daniel proves the

following theorem:

Theorem 2.2: Let ¢ be W.L.S. functional on a reflexive space E,

let @ satiéfy a t-property at O with t = Td.

stable, consistent (for uniformly bounded l]ﬁrf}n and
i

Let disc(Y,E)} be

o @ |l ) and satisfy a uniform growth condition. Then
n n .

lim $(p, G.) = im ¥_(G.) = ¥ (@)
=00 B n-+>w = :

where (i solves MPE, and all weak limit points of {pnﬁn}, at
- least one of which exists, soive MPE; in particular, if { is
4 .
unique, then pqﬁn weakly converges to it.
N 4

4

2. An algorithm based on a discretization scheme

In chapter 2, we introduced a perturbed Hammerstein equation
such that its solution could be used to approximate the solution
of the original equation. The solution to the perturbed edquation
is obtained by minimizing the functional ?é,'where e is the
perturbation parameter and belongs to some restricted interval

[0,n], and then applyin

te}

the perturbed operator Be to the minimizing

»9 ) . . N
function of‘%s, which is also the critical point for fe in

€O
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7,[0,17. In this section a discretization scheme for the
S
functional{g€ will be suggested, and if £&[0,n/2], it will be
shown to satlsfy the consistency, stability and uniform growth
condition and by so doing provide us with a practical algorithm
based on this scheme. To make the presentation clear, we shall
I3 s\) - - » ] ]
reconstruct the funct;onalnge from the original equation.
- :

q

Suppose we have the following Hammerstein equation:

Culx) = ["B(x,t)F(t,u(t))dt.

o Gt fned

th

[
Fh
(U

kernel B(x,t) satisfies the conditions of chapter 1
section 2, i.e. B{x,t) is symmetric, positive and continuous in

5
both arguments (and hence belongs toéLz) and 1f F(t,u) satisfies:
cl!ul+ cy (2.1)

where 0 < cq < *1'-K1 being the smallest eigenvalue of B and

c, > O, then there exists at least ope'solution to the equation.
Further, if F satisfies a Lipschitz.éOﬁdition of the form
IFJx,ul) - F(x,uz)[ <a§u1 - uzl where a is smaller than A, then-
the solution is unique. The assumptions on B and on F imply the
satiéfaction of the Vainber: conditions for existence and unigue-
ness of the solutién to the Hammerstein e@uation (see theorem 4.1

of chapter 1) and in particular the satisfaction of the inequality

2 (u) = cq (u,u) -“r-cé(u,u)Y + cg

’J;

unct

(3}

where £ is a onal such that ¥ = VI; cl,cé,cé > O3

-

c 1l B [ <1 (since ¢; < i) and y = %. indeed this follows from

Tl
the ineguality |F(x,u)]| * clfuj + ¢, since

N
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ﬁ(x)

1 uix) %
fw) = [ F(x,v)dvax S | [ |P(x,v)|avax
0 O 0 C
< (% cliu(x)i2 + cylulx)|)ax
O -
. 1 ' 1 1/2
$ 2, [ lueo|fax + ool [Juw]®axr T 93
O -0

where Cqy is an arbitrary positive constant

{

b i

cl(u,u} + cz{u,u)‘“/2 + Cy

and hence

1/2 '

f - ! § § ¢
u,u) + chy{u,u + C = 2 = 2
Likewise for the conditicns of unigueness.

: r

Thaus 1f gE[O,nl, where n is such that cl[ﬁBi[ +cyn <1

: ~J
then according to chapter 2, the Iunctionali?e(u} = (Beu,u) -

Zf(Beu) is W.L.S. and bounded below in Lzﬁo,l] and possess a
unique extremal and critical point in L,{0,1] such that the
operation of B€ on this point is the solution to the perturbed
eéuation u_ = BeFue'

For Hammerstein's eguation, the explicit expression for
o/ R :
%9€(u} is the following:

N
L? E(u) = (Bou,u) - Zf(Bsu)'
A l :'(Bg.u) (X)
=‘f*(B€u)(X)u(X}dx - 2'{ 3 F(x,v)dvdx
0. O O
i S ' ) (Bgu}(x)
= { (B (®ux) -2 ~[ Fx,v)avidk
,"O=_1,» S N O - N O i i,
' L= L exyulxi; (B (x))dx
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()

where

1))

o (x:uzz) = uz - 2 F(x,v)dv.

z
!

b -
NS
A trapezoiial approximaticn to v (u) can be constructed

- ' n n .
as follows: Let O = Xy < xl <eaol xg = 1. Denote by

n, . Y n n o .n, . .
u_ . = u(x. i=0,1,...;n and by B, . = B(x.,t.) i = 0,1l,...,n
n,i ( l) rLs e Y i,3 (vl' ]) 7] P ’
' n n . - . n n 1
where t; = x, 1 = 0,.,¢..,n and let h. = X, - X. .= const = =
i i i i i-1 n

(in practice refinement of the mesh will be carried out by
halving the distance between the mesh points from the previous
partition, thus mesh points from the previous partition remain
. . . 1 . . N
mesh points in the new one). The approximation to we(u) based
N ; i

on the trapezoidal guadrature formula using the values of the

functicn u at the nodes xn 0 £ s n, is 51‘ (a ) :
ci es i? i y 4 lfn,e n ..
~ -
. — S n =38}
L i = =hd (x 30 ;T
Lf]ﬁli’lh&-‘”") p o 0'\111:0’*0)
n-1
n =N 1 n n
-+ : X e A + =h H ;T
i E q’( 1'un,1’ }_) ) Q(anun,nl n)

u = i t '
wherg u, (un,o’un,l’ ’un,n) is a vector formed from the
. . - . n < ., < =n
discrete values of u at the points X1 0O - 1i - n and Ti is the
. s n n n
trapezoidal approximation to (Bgu)(xi) = (Bu)(xi) +,eu(xi) =
1
j B(x?,t}u(t)dt + e:uyl i vased on the discrete values of u at the
0 : L
. n < L, <
points X O - i = n:
def : n-1 ,
=1 1, _n n 1l .n
l-'1. E g o +h 4 N . +"‘hB.
T4 . 4HB1,Oun,O jil Bl,3un,3 2 1,nun,n
+ eu N



We shall prcceed now L0 construct a discretization scheme for

~
w}g on LZ[O,l], and for simplicity we shall use X' to denote the
i

following
n ; n-1 1.
St g, =F gyt g, tF g .
2o % 2 20 sm1 2 "n
: 2
Let = = L,{0,i] = {u] | |u(x)|“dx <=} where the norm is
2 5T 1
: O L .
defined in the usual way: |l ul' =.J7 'u(x}‘zdx}l/2 and for each
[ ii ‘2%6' |

n et E be the {(n + l)-dimensional Euclidean space. Let

]}EHH , be a norm in E_ defined Dby:
' n
s . ny2,1/2
L el =ta oz iR
BOE i=0
where u. is an elementc n E_: u_ = ul u? ...,un) ( this notation
=n n°® —n o1’ n’

=y

is used to distinguish between a general element in En to a

discretized function from E = 12[0,13 that is also an element

in Er)° 1;1 ]% iz indeed a norm since as can be easily verified
y n

it satisfies all three conditions required of a norm.

Let Pl denote tne piecewise linear function passing through

: -

the points (X?,u?), 0% i %n, Clearly pngnEELZ[O,ll, and denote
- = 3 £ == B
by r_.the mapping from E L2[0,1] to E_ such that (rnu);.L Uy s
: o~
for 0 * 1 € n. Let the functional {  ~ be defined on E_  in the

E 1€

folliowing way:

N def n ‘
o (@) = h 3 o(ulTh
y n,e —n = 120 i77ir=1i
cef n
n. v o0 n n
re T, = B, .u. + eul.
where T. h 45 i,5%5 euy;

. o o/
Thus we have constructed a discretization scheme forx?e

on E = L2[O,l]:



~J NN
T4 = : I Y o= L m‘! Xy ] ¥
Gisc (?E letorl] i { 2[Oi-iu ¢ En"ije r\gjn’E lpnlrn}
which we shall prove'to satisfy the stability, consistency and
uniform growth conditions.

1. The discretization scheme for'i?€ on LZ[O,l] is stable,

i.e. there exists a constant A independent of n and.p._n such that

i <
o u ll = aligll 4-
Proof: . "
2 7 2 By 2
low || =] [(puy @ %ax = 5 [ () eoffax  (2.2)
j-1

On each sﬁbinterval {x?_j,x?], 5 = 1,...,n the function (pngn)(x)

o £ e - 3 K3 L2 ey {3 n l n < < 4

is linear and has the form {1 - a)u{_l+ uuj; O ~aoa - 1. Thus if

o

we perform the following change of integration variables in the

(3)-th subinterval: x ~ x?_i+ ah then dx = hdo and (2.2) becomes

=h I ? (1 - u)u?_l+ auglzda
5=1 0 J J
< nod 2, n 2 n n ni2q .
. =n oz 0@ - {u;_ll + 20 (1 - a)lu._ih.l +a|ul|*ldss
521 b 3 3-173 ]

N kS < .
but g,1=-a - 1 and hence

< 2 n 2 n n n,2,
S h j§1 L[uj_ll + Ziuj_ﬂ]ujl + [uj} 1.
For all j we have
;2 n,2
o B = et 2 uh ;2 < luj_l] N lu4|
| s=1b7s b l j—l[ |u™s 5
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o

or A2|u?_l]!u?, E Iﬁ.

Thus we get that

n
t H 2 <L “ -~ -
ipgugll 2 % 2n 3 el 1%« [uE)2
J=1
h, n;2 - n;2 h 2
SR R I P L R
=1
; o2
= 4ilu Il 4

and hence

I il < 2llull,.

- aJ
2. The discretization for 0. on LZ(O,l] satisfies a uniform
growth condition, i.e.:
. [t .
lim sup ¢ (0u.) = +o as lim sup|lu || = + =.
oo Yn,e =n n->w —hoen
Proof:
N a
\ - ,.n . n..n
) ; u =h ' ®(x.;u.;T. -
%ﬂn,a(—n) o (x5u.:T))
—\J

1

writing the explicit expression for &

n Iy
=h I [ulT! -2 [ F(x,v)av]
. 3~ 1
i=0 o}
’ I
2 g n.n 7 i_. o N
=h gyptlu/T. -2 [ F(x,v)dv].

Now |F(x,u}[ S cllul + (where O < Cq < Ay and cy > o), hence



-
]

|93 [
[ JFx,vyav = [ [cy|v] + cylav
\ 0 0
< i a2 P
thus we further have that
~J n
At ] coonon Lo =i 2 n
“{)n,e ('\J,n) - h § Ldlzl \,11_.};1] - 202]T l ]
1=0
- n.n a n, 2 o l n
=h £ u.T, - c,h ' |T|° - 2c,h ET T, (2.3)
i=o 1 iep 2" 4=0 7 -

Let us woite exolicitly each of the sums above (it is
possible to carry the proof in a complete matrix Lorm, however
for the sake of clarity it will not be done here). For the first

sum we have:

. 2usl- -+ ¢eh Z?[u?|2
o *r7 i=o *

o2
I~
v
[}
.{-

n 1
Note that hr ' u , juj‘ O since this expression is a
i= j:o -7 .
- - . an def
quadratic Zform: © B '

o' ® 3 bt -

jox
Mﬂ
td
vy
3
o
v

((hB?'j) ) is a positive

<

symmetric matrix (the notation‘Bgn is to denote that some of its

elements have terms ecualiing %— g and %— B in an ordered
o g-8 3 o 7. »

fashion, verified upon careful inspection of the quadratic form).

For the second sum we have:

H n,2 2 Dln n n, 2z
c;h r' T = e.h r'ih 'B, Lul + euy|
Poiso Y i=0 3=0 ‘I3 *
n n n n
s clh ' |n $iBY ;L?iz + 2c.eh T' o [ p'RT LWl
1=0 j=0 T19 Y i=0 * j=0 trd 3
2
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Now
' n n n n,2 n n n | n
c.h ITh - B, .ul = c.h t(h B, .ul)
SN j20 Led j! 1® 50 o Paaty
n n n

This expression, using various methods of proof can be shown to
be majorized by the followihg expression
n n n

< n n
Sch o3’ (b 1'B, ul
' c; I 520 1,393 Uil

n
ukh

il

]
k=0

where ||B“ﬂ]is the normal "Euclidean" norm of the matrix B’ %,

) n n n
‘fTh g+ B 1.

= B' | h Lol
cy|] _ IR0 o 320 1,995

i

B3

As for the third part of (2.3) we have

n

2¢oh ' (b r'sY Lul + eul
2 i=0 j_-:o 1,3 3 1

< n n n n n

= 2 h|B, .|h . + 2c~ch 1 :

R e

’ ‘ i,—_—o ’J j=0 i=o
VoS 20yl B ugll , + o 2epe ]l wgll

the last inequality follows since the norm of any vector in a
matrix is always majorized by the noim of the whole matrix.

Hence, combining all the estimates yields that:
Vo
> - 'ny T _n
Pn, M) 2 [1 -l B2 - 208lu” B8 ™y

gl gl = cpedelluyll ) - 20,01 B Pl - 2058l (2.0)

[\
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n
Now || BR[| ¢ = z'. $' h2e" g which is the trapezoidal approxi-

i=0 j=0 = !

mation to B2 (x,t)axdt = || B|| 2 Therefore as n tends to «,

8 O
O

I -cyllB*'7|] - 2¢; tends to 1 - ¢,|| B]|] - 2¢c,e. For

1
<
a{?,n/% ;1= clH B|| - 2cie = 1 - Cl” B|] - oy

chapter 2), therefore the first term on the right hand side

n < 1 (see

of (2.4) is non negative. For the second term 1 = clllB]! - clEfl
for sﬂ?,ﬂ' and hence 1 - cq € < 1 thus the second term is bounded‘
below and tends to ® as i]gn}[n tends to «,

It therefore follows that:

~ .
lim sup @ (u, ) = te as lim su u = 4o
. p n,e —m oo p I l ] } n 7

which completes the proof for the uniform growth condition of

the discretization scheme.

~ . : N '
3. disc(Y%, szo,l]) = {tho,ll, En,?%,?h cr pn,rn}
is a consistent discretization forf% on L [O 1].

" Proof: For the first part of the consmstency condition we

have to show that:
’ ~
A i &
Lim sup *rn e (Fn8c) & Ve (Be)

where u8 minimizes ? over L {o, l] {as was pointed before,

;ju CL [0,1] that minimizes Y over L2[O 1], and u is also a

unlque critical polnt for f ). Let us write the expression
for YH,S :
, . n . o
PO ' o -
an’e(rnug) =h Dol @)y, ;T



and define by p the true (exact) trapezoidal approximation

- o — [ e . 1 n
»"J (r.u ) = h 2<I>(x ;{u’) -,(Beue)(xi))-

n,e n e i=0 €' n,l
Now
I R ~
ifnle(ruue) - 705 (@) ‘fn c(r G|
= ~ ~o
l?n,e(rnue) - fe(ue)" ' (2.5)

From the definition of the integral and from the existence of

[V
the integral%fe(ﬁe)'follows that

Let us consider the first modulus on the right hand side of

inequality (2.5):

N
- = Il _""n
IY%IE( , t]On,e ne Y| = |h 1EO®( \ue)n,i’Ti)
n n
. ~ n S n. . .___n
. - h I'olx; Py (BRG] SR ey @), Ty
i=0 i=0
- n,_ . o -
é(xi'(uE?n,i’(Beue (2.6)

We shall prove that the expression on the right hand side of
this inequality tends to zero as n tends to «». From the

definition of ¢ (x;u;z) follows that
d susz) = S [ -2'ZF( av]
I ¢(xjusz) = 3o luz é x,v)dv

=y - 2F (x,2)

hence if we apply the mean value theorem to the right hand side

of inequality (2.6) we get
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lﬁl (r.a) -%_  (r4)] *n ?'l(“ ) . = 2P (x5, (B.4) (%2
T%,e Tnte Tn,e Tnle i=0 Ue n,i KiriBgHe (Xi)
\ _ —

b+ T ((BR) (k) - T egg) G5 - T

where O <« T? < 1l for 0 £ i * n., Furthermore, from inequality

ﬁ2.l), i.e. that |F(x,u)1 B cl}u] + C, we obtain

IA
sy

-~ n n ~ n =N
a1l *2ep[ (B E)(xD) + o (B (x]) - T

n
+ 20, (8 8) (x3) - Ty n I ), 4]+ 2e) | (BO) &) |
+ 20,1 (B G ) (x3) ~ T}

5

n ~ n
2clTil(B€u Y (%)

i
g’ i

- T,
i

Define the following expressions:

W 985 ) 0 - T x)

where
def n A o~
= h B(x,t5) (u ..
2 (x,£5) (@)

In particular Wn(x?) = (Bﬁe)(x?) - fn(xgi = ((Bﬁe)(x?) +‘€(ae)n,i)

- (T(x)) + e(G)

. ~ e _-—-n =N s
e n,i) = (Beue)(xi) Ti’ Now T (x) is the

1 ,

trapezoidal approximation to (Bﬁg)(x) = f B(x,t)ue(t)dt at each
s . O ‘

point x in the interval [0,1] and since the integral for each

x€[0,1] exists and is finite we have that
iim Th(x) = (Bu ) (x)  xX€[0,1]
N €

and therefore

lim |[Wh(x)| =0 x€[0,1]

N0

which implies that

lim[sup|w™(x)|] = o.
n+wxc(0, 1]



‘Thus, taking into account that 0 < Tg <1 foroSit% n, we

have that
- - < . 0 o «
1\‘\:}n,a nue) ~i€n,e(rnue)l = b lZél(u )n,i! * 20lh iié (Beue)
(x§)| + 2c; sup |w™ (x) | g" h] sup  |w"{

x¢[0,1] L1200, xg[0,1]
, =1 .

If we turn to the expressions in the square brackets of the above

inequality we have the following: By the Schawart'z inequality
n n

nozi@), | Sh 3| 1o, 1l 512, since n zij@), 17
i=0 Ei 210 i=0

tends to -é ]u (x) ] 7dx (an integral we know to exist, which is

n, i{

finite) as n tends to « there exists a constant Ml«such that

n
h [(u )p ii < My for all n. For the second term in the square

i=0 ! n n ,

brackets we have 2c,;h r'|(B & )(x?)| h T }(Bﬁ ) (x™) 4+
L i=0 € € . "1 i=0 € *

- < SN, s n : LS .
E(ue)n,il 2clh 4£é|(Bu€)(xi)| + chlh lzo}( E)l]. Slnc§
'(Bﬁe)(x) is a ¢ontinuous function on [0,1], EEMZ Z 0 such that

n

A < . a n <
[(Bue)(x)’ = M, % x€[0,1] and hence 2¢cqh izéi(Bue)(x.)} = 2¢qM,,
and similar to the first term, 2ecc-h. g‘ | (Q ')?} S 2ec M ’

: 1 120 g 1 171"

Hence 1if we denote the sum of these constants by M we get that

1

ﬁ%n,e(rnﬁe) - %5’érnﬁ€)] < [M + 2c sup jwn(x)!]sup %wn(x)l

1xelo,1 glo,1
which tends to zero-as n tends to « since sup {wn(x){ + O as
x €[0, 1]

n tends to *®. Hence from equallty (2.5) we get that

~ -
lim l&r ey u.) —?E(ﬁe)i = 0.

n+00

[\



Finally
[z 0, (@) ] &
0 = lim® (r u Yy @ (. )| = lim sup] i (r_u_J
Tie>co \f) ES € N->»oe ‘T?n'a n c'
N ~ .
xfag (B, )| 2 1im sup (‘;gn,e (x &) -\,‘08 (&)

N>«

from which follows that
[o )
lim sup{V (r.u.) i‘F (u.) .
oboo ‘fn,e n e g ' €
so the first condition for the consistency is satisfied.
For the second condition for the consistency we have to

show that

~
! . <
rjiiil =UP ((f (Pply) Ltg’n,e(‘-l-n” °

- ~
where gn minimizes the "discrete” functionalifn e over B -
- 1

According to Daniel [j0 , p.31], the satisfaction of the
stability and uniform growth conditions by the discretization
scheme implies the existence of a uniform bound for ]]gnH n
iée. there exists a constant M', O S M' < w such that .

{(gnH n S M' for all n (this can be easily verified). We shall
use this result to prove that the second consistency conditions
is satisfied. Though the method of proof will be similar to |
that used to prove the first condition for consistency, in the
present case we find it convenient to establish some (in between)
auxiliary results.

(1) Let us define the following expressions:

= : .. ..n
?n,g(En) =h L ? (%} (Bepngn)(xi))

o

(Eh]



- ~
and show that anig(gn) - Fn,a(gﬁ)l ~ 0O as n -+ =,

n

— ~ .

g -~ _: -~ = 1 naf»n- ~ n

lfn,g(in) fn,g(gn)l | h iio @ (x50 (Bop,b ) (%))
o n.n .n < n n ~n n

- h ;30T >h 1 RV U ‘
iz___’o ¢ (x170,3T )| iZ=O |o x50y (Bopua,) (x))
o o.n n

- o (x0T

n
< v S N ey A { - Ln n ~ n
h iio lgi 2P (x;, (B_p B ) () + 13 ((B_p u.) (x)
n - e hod n - n
T (B.pyd) (=) - I .

Furthermore from ineguality {(2.1) we have

n
< I ¢ - n . n . n
h iEOL]uil + ZClX(Bsann)(xi)l + A“lTil(ngnEn)(xi)

n l n

~ . n :
Tl + 2c,1[ (B_p,u,) (x3) = T/, | (2.7)
We ‘shall also define
a def ~ n
vi(x) = (Bpyu )(x) - T (x)3 xg (0,1,
n def n n, ~n |
T (x}) = h g Bx,tl)u,.
i=0 33
In particular
n,.n, _ - n . oany n, n SNy ~ .. Ny N
v (Xi) = ((Bpngn}(xi) + eui) (T (xi) + sui) (Bepngn)(xi) Iy

for all n and for all i. We shall show that |v©(x)]| tends to zero

as n tends to « for all xe& [0,1]:



v 0 |

b mn —
(Bp, b)) (x) - Tx)] = |

O et

B(x,t) (pi,) (£)dt

n
- h v B(x,tHad],
: il 7!
i=0
0

since p_u

nn is a piecewise linear function

l .
= |h il é B(x,t;{_q+ o) [ (1 - a)ﬁz_l + aﬁﬁ]da

n n 1 .
- h 3 B(,tDEY] = [[h I [ B(x,t] 3 +ah) (1 - a)d;_; da
A i _ i-1
i=0 i=1 O .
+ h ? R B(x o + uh‘aﬁnda} - [E g B(x £ )ﬁn
21 TEi-1 1GRy Z .z P -1/ Tl
i=1 =1
h n n
+ % £ B(x,ty)4;_ ]]. (2.8)
2 im1 i77i-1
n n 1
It is readily seen that 2 T B(x,tn )ﬁ? h I f B(x,t? ¥
2 . 17 7i=-1 i-1
i=1 i=1 O
n h H n, ~n n 1 n n
(1 - @)d, .do and % T B(x,t.)d. =h I [ B(x,t;)al da. Therefore
i-1 2 1= i’ 74 i=1 O i i
we have the following inequality from (2.8)
< n 7 I n . n L ~n .
© = h I JoiBGx,E g ¥ oh) - B(x,t,_{) || (1 - o)uy_;ldo
i=1l O .
' n 1 n n ~n
+ h I f IB(x,t._l + oh) - B(x,t.)‘iuu.ldu.
i=1 0 R i i

The kernel function B(x,t) was assumed to be continuous both in
x and in t on [0,1] x [0,1], hence for every fixed x¢ [0,1],
Bcg,t) is uniformly continuous in t, i.e. for every Gk > 0

6(6;) > O such that [t' - t"| < §(G,) and t',t" = [0,1] implies
|B(x,t) - B(x,t")| <O .

Thus for a sufficiéntiy small refinement of the mesh, that is for
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h < &(G;))and owing to lal,|l-a] S 1 we obtain that
n < 2 en
v (x)] = ZG%h ' ul

and by applying Schwartz's inequality

n, 1/2 ;
< ~ n 2 _ ~
g in IR = aGllal .
i=0
But for evéry n,I]énH n M < e and -hence

| | v (x) | = 2MG; - O0as n > ®,
\\\

from which follows'that

lim [sup ]V (=) ] o,

n+e x€[0, 1}

Turning back to the terms in the sguare brackets of (2.8)
we have the following (recalling that ](BE nun)(x)] [(Bpnﬁn)(x)[

+ €|(pngn)(x)|)7 (Bpngn)(x) is a continuous function in x for

every n and hence bounded, denote by Mn = max %(Bpngn)(x)l,
x¢[0,1
thus
. G ~ < ’ }_ _ ‘t”
" M = | max [ B(x,t) (p_u ) (t)dt| = max |B(x,t)||p u_(Pidt
n xelo,1] 0 o= xeclo,11 & nn
i L { 1 2
2 max B(x,t)| | |p 4, (t)]dt = max ]B(x t) |{ ; |pu, (£) |
x,t€[0,1 O X, t€[
dt}l/z
= max |B(x, t)l[lp a_ ||
X,t [0,1] e
since ];pnén][_s 2]}én{[ S 2M' and since § M™ 2 max B(x,t) |

x,t€{0,1
and M"™ < « we get that ](Bpnén)(x)l is bounded for all x and for

all n by some constant say N', C SN < e, In addition,



n

h £* 1 =1and O0< 7, < 1 from which we cbtain the following
i=0

estinate:

— . t ko)
- o . < e Al - . ~ N
O, @) v &l =[h z'|ufl + 204N' + 2ecih ' ull
i il i - . i RS .
L in,e i=0 i=0
4 2 Su it (s | + 2 1 s ALy
- 2 ap |V (X) c.]rsup |vi(x)]. (2.9)
loca qn 2} AT _
xE[ 0, 1] x& 0, 1]
no__
. o . . - . - ¥ il
Applyving Schwartz's Inequality to h I {uiI in {(2.9) we get
i=G
S cen owe o 1aDy2-1/2 . . monn2,1/2
Sih foqul| s £ 2c,N' + 2ecy{h. ¥ [u;|"}
i=0 - i=0

+ 2¢c, sup |[vi(x)| + 2¢,] ¢« sup |
$e[0,1] x¢[ G, 1}

S+ Zec)M' + 2¢,N' + 2c; sup (v ) |1 sup | vP(x) |
- xg[0,1] xz[0,1]

- O as n - o,

ance we obtain the first auxiliary result tnat

- n 1
" - n ~n - n .
% 5! = h { x, .3{1 - Ch (B u_ ) {x + an))da
‘n, e n) .Ej e bk @)Uy 7 (BePpuy) (xy y + aa)ida
i=1 ©
no1l. N ~n ~ n
+h v o (xijau.;(B p u)(x; + gh))dax
4 . L 3 (D y liOv ll { €Pn__n) ( l_l ity )
i=l © :
_ def z
where o(x3;usz) = uz - | F{x,v)dv. Theseexpressions, as we shall
O ol R
zee leter, resemble very much the expression for L;’i(pnun)o In

i

O

“his section we shall prove that i?n,a (w,) - ?‘

r. + ©, However the prooi itself may not be simple as in (i) since



.,

it will be observed that for the proof of the second condition

!

or consistency the uniform boundedness of the norm of the
%
N

minimizing vectors for the approximating functionalst{/r is
yily g
not sufficient and one has to show that the components are
e . 2 . ~n
actually uniformly bourded, i.e. ]ui] S constant for all n and

for all 1i.

Now
S o _ LE I S o - n
n(nle(gn) = h lio @(xi,ui,(Beann)(xi})
’ AN n
h ¢ ~N ~ n \ngn3n1 (Xi"l) n
n (B p a (x™
h - 4 :
) {u?(B pqu)(x?) -2 &7 Bt F(X?;V)dVJ
1=1L B O
' n
n 1 . i . (B_ppu ) (x;_3) i
=h I 5 [(l—@)ui ?(B pngn)(xi_l) - I F(Xi_llv)dV}dd
i=1 O O

~T - n v
-1 u)un_l,(Bepngn)(xi_l,)du

| Bt _ (1 - a)ul_ (B p u o

I -~ - ,= - S_ 19
} (u.)) % (u )1 h i-1 i-17 "¢ nin)(xi-l

=
O [

i=1

i n . -~ n

# ah)) - B(xi y5 (1 - w)ul_q5 (Bopouy) (xy_ 1)) |ae+



L]
')

1 -
= n -~n . ~ n n -~n
é[ o (x.,aui.iBspngn)(xi_l + qh)) & (xiiouy;

‘ Sy ey
(B ppyu) (x3)) [da.

n 1
< _ -1 n ~ n
S h iil é [(1 = a)|uy_y] * !F(xi_l,(Bspngn)(xi_l + gh)
n -~ LiL 3 - -~ n : -~ n
+ Ti((Bsann)(Xi-l + aqh) (ngngn)(xi_l))}.](ngngn)(xi_l + ah)
. ~ n
- (Bsann)(xi—l)| * 5

where Sl is a similar expression to the one before it and

\
¥

Y n < . <
C < Ty < 1 for all O - i - n.

~ n -~ Fe! _ ~ n
Now: (B_p,u.) (xy_; + ah) - (ngngn)(xi_l) = [(Bpngn)(xifl+ ah)
~T ~11 -~ n ~Nn
+ e((1 - a)ui_l + aui)] - [(Bpngn)(xi_l) + sui_l]
-~ n ~ n -1 ~n
= (00,8, G5y + b = gy 6] + eald] - 81 )

and likewilse in Sl’ from which together with inequality (2.1)

yvields

%< n i - ' R 0

Sho3 [ - RG]+ ep (Bp G (kG + ab) |

i=1 0O
- n a 5 - - n ~n _ -~n =
+oepTil [ (Bp G ) (k7 y +ah) = (BogR) Gy p |+ eal8y - 8]
~ n ~ n -~ ~n

* ey Mi(Bp U ) (x7_5 + oh) - (Bp U) (xy_y)  + eal uy - u; 4]l

+ 82 N -(2010)
where S, is simllar to the first term. Noting that a, 1 - o &1,

n <

5 1 and also rearranging all triangular inequalities and all



terms like

n

; o n g
L(Bepngn)(xi—l + @h)l s l(b9 i-1

- n -
ud(x; ;4 +oh)| + el(l - a)u

n

IS

~n SN o1 . ~n ol .
+ auy | [(upngn)kxi_l + gh) | + efu; ;| + gfuil, we obtain a

further inequality for (2.10)

n

Sh ¥
i=1

-~

1
-n. n
é [Juj ;] + ¢y (Bpu :

n -~
*n—n)(xi—l + ah) | + 2€cl!ul_l]

, ~1 ~ n , _ - n .
+ 2eq|uy| + cll(Bpngn)(hi_l + ah) (Bp u ) (x5 ;)| + ¢,

-~

- .n n pon ~I
LlBp o) (k7 3 + ah) = (Bpu)(xy 4)| + eluy - uy_;]lda

+ S3

vhere Sy 1is similar to the first term. Since ](Bpnén)(x?_l + ah) |
is easily proved to be bounded and the same applies to the
. . A n _ - n
gllference I(Bpng_n)(xi_l + ah) (Bpngn)(xi_l)l, after cross
multiplication we get the following basic types of terms:

n 1

e O n _ A n

const-h 151 g | (Bp ) (xy_, + ah) (Bp,u,) (x;_;) [day
~n

‘da (or ]ui[

n i A .
n iEl é [u?—lii(Bpngn)(X?—l T oab) - (Bpngn)(xg—l)

n 1
times the difference as the case may be), const-h 71 { 1u2_l||uf
n i=10
~n, . n,,°n _ -°n . “n T *n
= u;l;|da (or |ujjluy - u;_;]), and const hiéllui u;_ |, (the
same - for 83). We shall prove that all these expressions tend

to zero as n tends to . Por the first term we have:

| (Bp u,) (x_; + oh) - (Bp_u ) (x_,|da

n 1 1 '
< n . ial -
= const*h E g [é B(Xi_l + gh,t) - B(Xi_l,t)ll(pngn)(t?ldt]da«

i we apply now Schwartz® inequality for integrals to the integral

inside the sqguare brackets we get

@
=)

G



«J
Bl

n 1 1
S const*h % [[{f !B{X?_u + gh,t) - B(x" ,t)lzdt}L/Z
i=1 0 0 i i-1 |
f a1 2ae3t/ 2 1aa.
0 B :
: ]F ~ 12 1/2 ~
Now {][|(p u ) (t)]“at} = Hpngn|| which by the stability condition.
O .

is majorized by'2H§ﬂ{{n and therefore also uniformly bounded,

_hence if we denote the new constant also by const we get

n

1 1 |

[ [[|B(x"_, + ah,t) - B(x"
J - 7

&5 b i-1

24,.1/2
i—l't)l dt] ‘ duu

1 ,
’f sup }B(x?_l + ah,t) - B(x?_l,t){du~ (2.11)
o

Again from the properties of the kernel function

sup |B(x"_, + ah,t) - B(xi_,,t)| $ sup [sup |B(x + oh,t)
tefo,1]  T* 1o x6f0,11£€[0,1] ’

- B(Xrt)[]

. \ ] <
which clearly.tends to zero as n »®» since ch - h > 0 as n =+ «,

Thus (2.11) becomes

n
'»5 conste sup sup B{x + gh,t) =~ B(x,t)] hZl,
xe¢l0,1] telo,1] o i=1
n .
Since h § 1 =1 for all n, we get that the first of the basic
i=1 '

terms tends to zero as n tends to .,

The second basic term can be reduced to a similar one to the

" first case since:



n 1
: S (D _ - n ~n
h R | (Bp G ) (x;_; +ah) - (Bpyu) Gy )llu]_ |l
n 1 1 1
< . > n N 24,.01/2,F Aoy ey 25,0 1/2
*nor o] é|B(X _y *oh,t) - B _ ¥ “aed {é | (p 4, ()] “ae} =/~
Al
{4, _;lda

L 2...1/2 <
since {{ | (pu.) (t)]“ac} =~ const: we have that the above
O .

~n
o5 a0
(2.12)

!B(X + ah,t) - B(x,t) ]]“

e

i

Using the Schwartz's inequality for sums one can show that

n
hoz |&® | S{n z |& 1_l|2}1/2
i=1 i-1 i=1
and this is majorized by {2h I'| n}2}l/2 = const* | én” I

i=0
which is uniformly bounded by the uniform bound for H'g

n'n

.times a constant (the factor 2 enters because of the end term 1&2])
Thus we obtain that the right hand side of inequality (2.12) tends
to zero as n tends to ©, i.e. the second basic term tends to zero

as nqtends to o,

The third basic term is:

n l n
n n _ . Pogh
conste h Zl é |4, _ l]|al u;_;|de = constr h iilE i-1llu
We shall prove that |d% - ﬁ?—l' is majorized by an expression that

=

tends to zero as n tends to «, and thus using the uniform bounded-

n -
ness of h 3 |4% .|,
i=1 71

to », To show this we shall first prove that Iu

their product will tend to zero as n tends

nll =Opo'¢ln;
= . , n n

n=2,3,... are uniformly bounded. Slnce\Fnls(En) = ¢(uo,...,un).

(where ¥ is just used for clarity) are continuous in u?,

i = 0,...,n bounded below and attain their absolute minimum at



én = (ﬁi,...,ﬁi), it follows that
™ - N o
P elEy) AT )
= —O; kzo,-’°’n’
vy e th
k k
Now
r\N
o\ (ﬁ.) n .
ot 0 O [n ' e(x®, 4%, ]
i Xohy 1=0 oo T
k ] -
P'nn
n =i
i=0 3ay e *
X
n

n

o r ~T1 ~Ti e s
As we recall 22 =h I’ B..uj + eu}, so after differentiating and.

. ij
3=0
collecting the terms we get that the above

n n
N ~I ¥ n ~n ¥ 12 n n
= n[2ed + 2n ' BRLGY - 2n I'BY F(xD,TH)
k 5=0 k373 1=0 ik i7=1i
n n
Hence .
0 = nf|2ea + 2n B oER.ER - 2n I BR PGR, T
A k . ki3 . ik i7=1
] \ j-—o l—O
- 2er(x®, ™Y | 2 2¢|GB] - 2n g’lsn IR
1 k’=k Uy - kj 3
3=0
- 2h K | g2 )H F(xD, | - 2e|F(x),T)
ioo | ik 1724 k’=k’ "

From inequality (2.1) and by the boundednesé of the kernel

function B(x,t) on [0,1] x [0,1], a bound which will be denoted

by D, follows



> ~n nl ~7 n#
- 2s[uk - 2ph ' QY] - 2pn Z (clIT |+ cy)
=0 i=0
- 2¢(c |T?] + ¢) 2 2¢]|a®| - 2pn g'l‘nl
eIzt + ¢ Sl o iy
j=0
n' 2 |82, |82 182] + o]
- 2Dh I [eyh I (B .|iG.| + cieiu.l 4 ¢
i=0 1 5=0 i | 1 2
n’ n R
- 2¢[cqh I !Bk.H At + ¢ Elu | + ¢.]
j=0 *J
> Roo.n
2 28(1 - ¢, s)[u | - (2D + 4peye)n 7 |G
. 1
i=0
2 n n ~n n
- 2p°n 2°[h ' jui|l - 2De,h B' 1 - 2ec,
i=0 4=0 9 1=0
hence
~n 2, o % an
(2D + 4Dcye) h z' |ay] + 2p“h z'ln 2" |us]l
i=0 + i=0  j=0

+ 2Dc, + égc2 Z 2¢(1 - ¢, s)lu | .

, n
Due to the uniform boundedness of h ]u [and of
n n i=0
h zr[h zI]u |] which follows from the uniform boundedness of
1=0 j =0

||u 1/2

n ~
?]2 (as we have seen before), the right

= {h ZI Iu }
i=0 _
hand 'side of the last inequality is uniformly bounded for all n

nlln

and the bound is independent of k. On the other hand from the

construction of the perturbation O < 1 - cye < 1 and hence ]uk]

are uniformly bounded for all n and for all k. Turning back to

the third basic term we have the following:

1~ ~It

const+ h I |Gy |0y - 4y 4|

i=1

s

n
= const h Z

. 18511 pp8) (xf_q + B) = (pd) (xy_

1

7
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Consider the family of functions'{pnén}év which where obtained
n=1
by the piecewise linear joining of the minimizing values for
<

» . ~ny < < L
‘fn c Since (as we have proved) |ui! - constant for O - i - n
?

and for n = 1,2,..., the constant being independent of i and of

n, the functions pLu, are uniformly bounded in the maximum norm,
\ -

\
hence we can write

n .
-1 ~ n ~ n
const. h iil!ui_lH (ppu,) (xy_ + ah) - (pngn)(xi_l)l
S const. max | (p.0 ) (x + h) - (p.u.) (x)]|(2h g‘!ﬁn|)
xefo, ] R n=a i=o0 *
. s ) )
S const. Jnfg%{ max _ | (Pypuy) (x + h) - (p, 1) (x)]]
k21 x¢ [0,1]
< @]l ayll . (2.13)
Since ”gnl!n are uniformly bounded, the right hand side of
inequality (2.13) tends to zero as n tends to «, i.e.
n o
11 -0 -n v ;
const. h. 'E lu;_qlluy = vy ] » 0 as n+ . The fourth basic

term is clearly a special case of the third basic term and
hence tends to zero as n tend to «». Thus we have proved the
second auxiliary result that

lim | (@) -

o 1D,E°=R (W) | = o.

n,e =n

-

(iii) In this part we shall prove that



Now

o (x, (p,8,) (x), (Bp U ) (x))dxe

O\‘W‘Q_l

s ~
fa (Pn}-l-n) -

Performing the change of variable in each of the subintervals:

X X?—l + ah yields

n 1 :
= [ & e (1 An- 0 : ’
h iil 6 ®(x;_q + oh; (1 - aluy_; + ouy;(Bopu) (x4 + ah))
n 1 ~n ~1 ~ n
‘4o = h izl é{[(l - o)uy_; + aui](Beann)(xi~1 + ah)

a ﬁ
i-1 t oh,v)dvlida

which by the definition ,of @ becomes

n

n i
= 3 . - TR 3 n :
= h 121 é ¢ (x,_; *oh;(l - )8 _;7(B_pE)(x; ; + oh))da
n 1 —- n ~T1 -~ n
+ h iil é o (x5 _q + ahjouy; (Bp u) (x;_, + ah))da.
Hence: -
N -~ '— -~
- ©
.& lﬁoe(pnun), ln,a(ll"n) |
$hoz [ 3 (x?_, + ah, (1 - a)05_;5 (B p 4 ) (xi_; + ah))
4 [l @ (x5_5 * ab, o P Ty I
i=1 O
— n n n n 1
- o(xy_ (L - a)ui—l;(Baanﬂ)(xi—l + ah)) |da + h oz I
i=1 O
-0 R 5 ~ .0 ,
®(xi_l + uh,qui,(ngngn)\xi_l + uh))
o TaLn, sn, - n oy :
e (x jouy; (Bopou ) (xy ¢ + ah)) |da.
\ A

If we inspect the differences carefully we find that they differ
only in the first argument which in turn implies differences of

the form

2



n

|F(x2_l + gh,v) - F(xi_l,v)l or [F(x? + ¢h,v) - F(x?,v}l

-1

;-1 T oh).

The assumption that ®(x;u;v) 1is continuous in all three arguments

integrated from zero to the same limit (Béprﬁn)(xp

implies in particular continuity of ¥ in the first argument X
(which is the usual case in most Hammerstein equations) and

hence

n

n
]F(xi

+ Uwh’v) - F(Xl 17

v)| S max|_F(x + h,v) - F(x,v) |

-1 xelo,1]

which due to the continuity of F in both arguments implies that

this difference tends to zero as n tends to « and hence

~ - = . | ‘
|¥%(pn3n)'_ \?n,e(En)l +~ O as n » »., Finally
;.!\J a o :_: -~
e (Pply) - &ian,e a)| = l\g (p o) - \Fn,e(’l—ln)
= . _
l n,e(En) %% e (8n) lf S(En) - ‘?nre(En)lr

~ ~ ~ R
hence by (i), (ii) and (ii1) [¥_(p u)) —ifnre(gn)l + O as
n + w, But

~ ~
- %9 ' (A )] = 1lim sup iYE(pnén)

n-e

~ - > ~ -
_\fn,e(gn)l - }lm sup(@ P u.) flfn’e(un))>

n-rce
i.e. the second condition for consistency is satisfied. Thus the
discretization scheme fulfils all three requirements of theorem
2.2 oI this chapter.
] . N .
In practice, we construct the functlonalstfn c and differ-
. 7

: - “n : N

entiate with respect to the values Uy to obtain a system of

n + 1 equations with n + 1 unknowns, a system of which a solution



is known to exist and then piecewise linearly join these values
to obtain an approximation over the whole region. Alternatively,
Y + . el > - ~/
having constructed the functionals %% ¢ We may use search-

, .
minimum methods to obtain the minimizing vector {(or an
approximation to it) and then piecewise linearly join these

values. In the appendix of numerical results to follow this

chapter, we shall give results obtained using this algorithm.

Remark: It is quite possible that such discretization scheme
could be epplied to the functionals ?n+l df chapter 1 which were
based on the approximation to the square rcot of the operator B.
However due to the nature of these approximations, i.e. béing
polynomials in the operatcr B the discretization scheme may be

of a more complicated form to work with.



§3. An algorithm based on a convenient choice of basis functions

In recent yéars the theory and techniques of the finite
element method have been developed and applied to various
variational problems, mainly problems connected with elliptic
boundary value problems. Using the fact that piecewise poly-
nomials are dense in L2[0,1] (to be proved in a following lemma)

a similar technicue can bé used for the variational problems
discussed in this thesis,.i.e. variational problems for the
Hammerstein eqﬂation.

In what follows we shail use piecewise quadratic polynomials.
However it will be clear that piecewise polynomials of any degree
may be used (and indeed, the preceding secﬁion where we used ]

piecewise linear function;)may be viewed from this angle).

Lemma 3.1: The class of piecewise guadratic polynomials defined

on the interval [0,1] is dense in L2[O,l].

Proof: By [331] p.13 for every xeino,l] there exists a sequence
of,elements’@&}§=l in ¢¥[0,1] such that @k + x in the norm of
LZ[O,l]. Hence for every € > O there exists a number k(e) such

R
that

i
&
n

i
.
~
m
N

I| = - ¢g§l <%

Let s. 2 k{g). Given the interval io,l] we partition it in the

0
fo%lowing way O = tg < tl< RS tn—l <t, = 1, where
tj'" tj—l = % = h = const. for all j = 1,...n and denote the

(3)-th interval by [tj_l,tj], also denote the midpoint of the
(3)th interval by tj - %
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On [tj_l,tj} we construct a quadratic'interpolation polynomial

for ¢SO based on the values of (?SO at the points t. ;. tj—l/2’ t.

B 3]
L? t = % t., .31, .(t
ﬂ( ) iil $SO( 1,3) 1,3( ) ,
F3
- where tl,j = tj—l; t2,j = tj-l/2; t3,j = tj—l and Li'j(t)vare
the co-ordinate functions: 1. . (t Yy = 8. ..

i,3 7k,3 i,k
The error due to the interpolation to ?s on the (Jj)-th
O »

interval is then:

s &
E4O(t) - 0
- 31
jaz«;-.. -— £ w4 3
where p3(u) (t tl,j)(t t2,j)‘“‘ t3,j) and gt,}s some
inner point in {tj_l,tj] that depends on t. Since (Pé3)is
S e}
continuous on [0,1] there exists a constant MBO such that

- s
]d}é°>(t)| S M3O for all %¢£[0,1], so we have the following error
0 . -

bound on the (j)-th interval

. S
Co (3) ,..3 3,, 0
N
. |E.7(2) ]| = - .
J : 3%
Hence we can choose ho = %- small enough such that
' 0
s
8 . < thBO
lE.(8) | = <&
J 3!

in each sub-interval [tj;l’tﬁ] H j=l,2,...)n. Let Xj(t) be

the characteristic function for the (j)-th interval:

1 if £¢& [t._l,tj]

3
Xﬁ(t) = { . ‘ : .
0 if tflry .t (



and form the following combination

0
L (t) =
o 3

nes B

L] (£)x. (E) .
1 Bg J

Ln is then a piecewise guadratic interpolation polynomial

0]
 for ¢)S (t) on [0,1] such that
0]

| :LS (6) =L (B)] < %JVLtEEO,l],
- 170 o

and therefore

% ! 2 €2
O, () = L_ (t)|%dt < =—
‘or

I]Cé -1 ] < £,

: So ny 2
Finally we obtain

- - E 4 E =
P = mg 1 Sl = Qe b+ 1%, =l <5+ 5= e

i.e. the class of piecewise guadratic polynomials on [0,1] is
dense in LZ[O,l].

" an immediate consequence of this lemma is that for every
>{€i2[o,l] there exists at least one sequence of piecewise
éuadratic polynomials that converges to x in the norm of
LZ[O,l]. Now suppose that the functional £ of theorem 4.1,
chapter 1 is either continuous or weakly continuous. Then if a
sequence'{Xn}:=lEiL2{O,l] strongly converges to x in L2[O,l]

then

lim [Y(x) - Y| = 0,

n->c
(an& this statement is true for either functionals suggested in

chapters 1 and 2). Let x

o be the unique critical point forig in
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b}

LZ[O,l], which implies that

Wix.) = min W),
T T ot
(see supplement). Then by the consequence of the last lemma,

there exists a sequence of piecewise quadratic polynomials

. [o's) 1 . N - l‘f‘ . -
{Jg}n=l suci tnato\n > X4 in the L2 norm. Hence

\?(ih) +(€(xo) as n » «,

s : =@ s s g e 4 P ;m :
i.e. {&£’ﬂ=l is a minimizing sequence for\f in Lz[o,l].

Consider the class of piecewise quadratic polynomials.
defined for a given partitioning of the interval and denote this

class by Cl{Ln), where L

o]

has the form:

: n . . ’
— 4 j.x_z ' j d
Ln(t) = -E \alu -+ a2t + a3)xj(t)
j=1
where ai a% and ag are real. It 1s not very difficult to show

that Cl(Ln) form a linear subspace, provided we define the sum
of, two elements, the multiplication of an element by a real etc.-
in the proper way. In Cl(Ln) we shall define the followinq norm:

Ln € Cl(Ln) then

3 .2
(T Jaif) /3
1 i=1

r
= 1

3

I~

lanllcl(Ln)

{(whirich is indeed a Euclidean norm with 3n elements). We shall

show that @ is bounded below and tends to © as IILnI!Cl(L y tends
nE

to ®. Moreover, sinceﬁf is easily seen to be continuous in

ai i=1,2,3; 3j=1,...,n, it attains its absolute minimum.

] tends to &0

Sincekf - ® if}l!L | )

n'n,l0,1 it is sufficient to show Thgt



H Ln” Cl (Ln) - @ lmplies H Ln” Lz[oll]—)' <, Now

[\
-

o ,
all 220,27 =2 (2 Lo ()5 (£)) “at

P @l ioy 2 P T aiwnd

= T (L3 (£)x. (£))2aE + 2 % aleynd @y, ) -
s=10 B 73 i3 0 B RO

oy (B))at. " (3.1)

The second sum on the right hand side is equal to zero since

Xi(t)xj(t) = 0 for all t&[0,1], hence (3.1) becomes

(W B

3 (s £1)23: = 2 Jo Jy2
(Lh(t)xj(u))_dt + a2t + a3) at

(adt
’ ’ i
j=1 _ 3

il
e
Q=
I ac e}
o t

1

5-1

which by inequality (2.12.1) of [16 ] p.32 majorizes

> ‘'n ot 12, =2 5 .2 _ .
2 3 [ lal £+ ay % + a3 lat (3.2)
j=1 t, —
-1
t t t
n .2 3 .2 3 .2 3
= Z [ai {J t4dt + a% ; t2dc + a% f atl. '
j=1 tj—l tj-l tj-l
| t t. t
" 4 J .2 J n
The set of numbers {[ <t*dt, [ <<%dt, [ dt} is a set of
., E, . 3=1
j~i j-1 j=1

positive numbers that does not change for each Cl(Ln) (that is
for a fixed n), hence there exists at least one which is the

smallest, deriote it by a, thus we have further for inequality

(3.2)
S n 22 42 2 n 3 j2
20 1 (a3 +ay +a}) =a3x (I aj)
=1 j=1 i=1
9
= ol bl o1 o



i.e. lim|| L + o implies 1lim||L e

nIILZ[O,l
+ © implies thatif(Ln) + », (Note!

I
n Cl(Ln)
| L

and hence lim n}lC1(Ln)

the above could be proved using other methods usually used in
such cases, however this one Qas chosen in order not to intro-
duce additional terminology). On the other hand equality between
the norms exists when both are equal to zero (which oc¢curs when

5 :

1 i=1,2,3; 3= 1,2,...,n) and hence ¥ is bounded
}

(€3]

+all the a
below on Cl(Ln). Thus&? attains its absolute minimum on Cl(Ln).
Denote by w_ the minimizing element forif in C1(L):
&I{j(w ) = min \P(L )
n ~ n
Lnt,Cl(Ln)

and recall the sequence of piecewise guadratic polynomials
‘ﬁin}§=1 that forms a minimizing segquence for‘f in LZ[O,l]. For

all n we have'that
o iy < (Q f e

but W, is also an element of LZ[O,l]}it follows that

\Pixg) = Plug) = Pl > pieg)

e}

Hence'{wn} forms a minimizing sequence forif in L2[O,l}.

n=1
Using Wang Shang-Wang result we conclude that Wi strongly

converge to x

o in the noxm of LZ[O,l].
If we write

~J o 23
t A+ a2t + a3)Xj(t)

then ég; i=1,2,3; i3=1,...,n are obtained by differentiating
,i{(Ln) with respect. to ag: i=1,2,3; Jj=1,...,n and solving the

following system of 3n equations with 3n unknowns:

[



Qo
o

= O: i=1,2,3; 3= l;000,m.

This system has & solution since the minimum point is also a
critical one. Furthermore, the uniqueness of the solution follows
from the operator F satisfying a Lipschitz condition with a proper
constant;

To obtain an approximation to the solution of the Hammerstein
equation we have yet to apply the appropriate linear operator
{see chapters 1 and 2), which due to either continuity and the
strong convergence of W, to xg yields strong convergence to the
solution.

In the following section we give an estimate of the rate of
convergence of the above algorithm in certain cases and discuss
some of the difficulties from the computational point of view.
This algorithm yields in the case c¢f our limited nuﬁerical experi-
ments good resulis which will be presented in an appendix to
follow this chapter. We should also remark that unlike finite
elément method for differential equations with boundary coﬁditioﬁs,-
the construction of the piecewise polynomials did not require .that
. N .
they be continuous or smooth across the boundaries of the sub-

regions.



§4. A rough estimate for the rate of convergence for the

algorithms and some discussion on the numerical problems

in utilizing these algorithms

The algorithms suégested in this chaptér to.approximate
thé critical point fér the functional of chapters 1 and 2, and
hence to obtain an approximate solution to the Hammerstein
equation, need further investigation as to their practicality:
how accurate are they, what difficulties occur in the numerical
computation, etc? This work does not give a éomplete answer to
all these guestions. However, an attempt will be made to clarify
some relevant points and by so doing partially answer some of
these éues%ions, .

In chapters 1 and 2 we obtained an estimate of the error due
to the use of the functionals suggested. TFor instance (see
chapter 1 section 5) if we use the functional based on the
(n)-th approximation to the square root of the linear operator
in the Hammerstein then we can give an approximation +&¢ the error
incurred due to actually solving a “"neighbouring" equation to the

y
original Hammerstein equation we wish to solve. Likewise we can
co fof the perturbed Hammerstein egquation of chapter 2.

Our next step is to try to estimate the error or at least
the réte of conVerqence of the algorithms suggested for the
construction of minimizing secuences for these functionals. For
this let us make use of the following theorem in Daniel [ {0 ]
p.21, based on complementary Variatiopal principle:

Let ¢y be a real-valued non-linear functional on a real
Hi%bert space H, and let u minimize y on the norm-closed convex

\ '3 :
set 8. For each w in some given S CH, let a self-adjoint operator

9
s

€5



L be defined, satisfying <Pwh,h> -?‘ a, < h,h > £for all
h in H, with a,, > 0. Suppose that w is twice continucusly

Prechet-differentiable on the set of points of the form

AV + (1 - 3)w for veS and weS*, and ) in [O,l]; and that

no _ _ - >
LUy (1-yw ~ Bl (V - Wl (v = w) > 0

for all v in S, w in 8% and X in [0O,l1]. For each w in S¥*, let

Ve in S be defined as the {unique) point in S minimizing

[

i
i

< P Vav> + < Vylw) - Pow,v>,

N

and let Y% be defined on S¥% as

: : ) 1. 1
pFw) = ylw) + F <V, T W, PW(VW - w)? Ty < v, - w, VY {w)>.

If U is in S#%, then ¥#{w) is maximized by w = u and

Y#(d) = Y{d). For all u in S and w in S* we have the estimates:
VW) —yrn 22 <P (@ -v),d-v, >
/ 2 w wi! CwW
and
(@) —p#(w) 25 < Pg(d - w), 4 - w
4 k4 ) 4 ’ :

We shall want to make use of these inequalities in particular

the second one, since

\ - ~ > 1 - ~ -
pu) - @ = y) - yg*a) =5 < Pa(u - u), u - u>
2 —:i'.'.a/\ a9 -u, u-u = ;L-a/\ U - u 2 (4.1)
70 < 7 > 2 u” . H ’ .
so we shall see that if we can estimate the difference w(u) - w(ﬁ)

then in some cases we may be able to estimate the raﬁe of conver=-

gence of an algorithmé such as suggested in the  preceding section.
In chapter 1, §4, an additional condition was given for the

existence of a solution to the Hammersteiln équdion x = BFx: B

is a linear positive definite and self-adjoint operator defined

e



D

s
}::z:.s.

on a real Hilbert space H and I is a potential operator

satisfying (DF(x,h),h) £ al(h,h) where al{]B}[<l if a; > 0.

pY

This condition implies that D°@(x,n,h) 2 (h,h) (1 - a || BJ| )

S

if a, > O and D2V(x,h,h) % (h,h] if a

(4N

1 0, so that by theorem

—_—

S$.10 in the supplement there exists a critical point for 4 in H
which is unique if F is Lipschitzian with the appropriate
constant. We shall assume the following: a) that the above
conditions hold true for the cases being treated, which in fact
holds true in most of the common cases; b) that DZ? which is
the second Gateaux derivative i1s also the second Frechet
derivative which égain holds true ih ﬁost cases. We also temark
that the ébove conditions imply the "usual" Vainberg conditions
used in this thesis (sees theorem 4.1 of chapter 1), and though
they may be a bit stronger thevy are usually satisfied whenever

- the "usual" Vainberg conditions are satisfied.

i

To apply Daniel's theorem: Let(( be defined on H Lz[o,l],
and let ﬁ minimize Y over the norm-closed convex set S = H,
i.e. we choose the convex cset to be the whole space. Choose

S# = H and for all weS#* = H we take P, to be the self adjoint
operator uI, where I is the identity operator in LZEO,L}and Hyo

yvet to be determined. Hence

<Pwh,h> =" <yIh,h> = p< h,h> for all heéH.

Since\P is twice Frechet differentiable on the whole space, it is

particular twice differentiable on the set of points

Av o+ (1 - Ayw; veS = H, wegS*¥ = H,x ¢ [0,1].
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Now
<[?iv+(l—h)w - puIl{v - w), v - w>

P < i}
[y

Av+(7—k)w]{v - W), V- w> - u<v - w, v - w>

which by the above assumptiocn

z

(1 —-alH Bll) < v-w, v-w>=-uwv-w,v-w?>
= (1 - alH Bl - ) < v —w, v - w.
since 1 - a;|| B]] >0 if a; > O, we can choose u > O such that
1 - a.| Bl -u 2 0 and hence
: >
VLl . — - — — >
<[\io>\v+{l"')\)w ll-!-} (V w)i v W o
for all veéS = H, w&sS¥ = . Hence all the conditions of Daniel

theorem are satisfied and we can construct the corresponding
functionalkp* and show that it possesses the desired properties.

Hence according to (4.1) we obtain the following estimate

2

\P(u) -~ ?(ﬁ) Z %ﬁifu - 4l
Irr order to demonstrate the way in which we may apply this i
result to the two kinds of functionals, let us take the éeneral
resuit ({in the sense that Vainberg's functional was used) in
the last section, where it was proved that by minimizingif over
a class of piecewise guadratic polynomials we obtained a
minimizing segquence that strongly converges to the critical

point of\F. Indeed from ineguality (3.3) we have that
Y- 5y 24 - 3
j@ (oy) &jo(u) Kf(wn) KIO(u)

“ '
where 1¥ . is some sequence (or any sequence for that matter)
n n=1

of piecewise quadratic polynomials that forms a minimizing sequence
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forif and that strongly converges to the critical point and

{wn}zzl_is the minimizing sequence obtained by the algorithm.

By inequality (4.1) we have in particular for W that

~ >

. R \ l - 2
‘\?(wn) —\f(u; §“Hwn - u]

but from (3.3) follows that

Pl - @ S - e@ = lle, - Gll2

and hence

AL 0oy = L -T2

\‘9 (o) Li’9(u) Sullw, —uj] %
By Vainberg [35] p. 60 1in every closed ball in Lz[p,l], (due to
the differentiability ofif) %7 satisfies a Lagrange condition of
the sort

i) - Plxy) | <

»

Ky = x2”

whére M is a constant that depends on the magnitude of  the bound
for D? on the ciosed ball which. can be determined in certain céses.
Hence (since'?&ﬁn) - f%ﬁ) 2 0 and therefore ]?Qﬁn) - %%ﬁ)[ =
by - wa) ~
EE R AR CRE IR R
Thus if we have any further knowledge about u such as u
being an element of Ck[O,i]; k=20,1,... then it is possible to
construct a sequence of piecewise interpolation polynomials
'ﬁﬁn}zzl that will converge to u in some fashion such as @th};

1 =1,2,... depending on k. But in general; all we can say,
since we only know U to be continuous is that for every e >0 we
can construct a sequence of piecéwise guadratic polynomials
'{&%}gzl such that |

3 .1
E%h ) (h = =)

Il < e + M(e)
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where Mooy =’Mg‘ of lemma 3.1 of this chapter. This does not i
A

NS

give us the precise rate of convergence of the algorithm. To
obtain a more precise result we should have a better idea of
the dependency of M(e) on €. What we know is that on the one
hand the dependency is determined b§ the particular sequence

i

{¢k}(:C?[O,l] such that @k £ 3 in the L,~norm and on the other
hand by the continuity properties of u. © is hoped that in the
future such‘better_result will be obtained.
(Note that the actual aumerical results will appear in an
appendix to follow this chapter). |

The algorithm besed on the discretization method and the
algorithm based on the densengss of the class of piecewise poly—'
nomials in 12[0,1] both are fairly simple particularly because
one does not recguire that the element "shape functions" possess
inter element smoothness or even continuity. That is, as was
previously mentioned in section 3 of this chapter, in contrast
o the usual applications of the finite element method. One

does not have to impose further conditions on the elements. Now
’

if we observe the functionals suggested in chapter 1 and 2:

(1) \fn+l(u) = (u,u) - 2£(a . u); UgL,[0,1]

o
(i1) ¥ () = (B.u,u) - 2£(B.u); uel,[0,1]
where Aq is the {(n+1)~th approximation to the square root of

the linear operatorB in the Hammerstein equation x = BFx and B€
is a perturbation for B:B€v= B + EI,then we see that both function-
als have as an argument an expression which involves an integration
over the whole region, i.e. the interval ;5,1}. For functional

(ii) this is obvious and for functional (i) this follows since

<



An+l is a polynomial in the operator B. Heénce, owinz to the
functional being an integral over the whole region of an inte-
grand that includes as an argum.nt an expression itself involving
integration over the whole region, any reduction of the problem of
mihimizing the functional to that, for instance, of solving a
system of non-iinear equations yields full matrices. So that
applying such methods as SOR in order to obtain an approximation
ﬁo the solution (or the solution itself) does not give any real
advantage over such methods as Gaussian elimination.

Anothexr problem that reguires a further clarification is
the depenéence of the stability of the numerical process to con-

" ~

struct a minimizing seguence for the perturbed functionaltfe on
the magnitude of e. Clearly this greatly depends on the properties

and behaviour of the linear operator B. The closer the operator

B is to a positive bounced below operator the lesser we may
expect the reduction of the minimization problem from an
infinite dimensional problem to a finite dimensional one to be
unétable for a small perturbatlon as the éimensionality is

increased.



Appendix of some numerical results

We present here the numerical results of two problems. Both
are nonlinear boundary value problems that were posed as nonlinear integral
eguations of Hammerstein type.

Problem 1:

rult = el

/

1 u@ =u =o

Applying Green's function we get the following nonlinear integral

equation;
1
RSE j G(x,t) e“tdt
<
where
ft{x—-") ogtgxy1
G(x,t) = <=1 ogxgt&1.

This equation can be furtner written as

]
&

H

u() =J G*(x,t}[ —eui(t;_l at

* O
where
- r »
< (- {t4 1

Grooty ={ )OS

. x(1-t) o&xgtLl.
Thus we have a positive kernel defined on [O, 1, x[o,,‘lﬂé . Now F(t,u®)) = —eu(®
and hence

U



Since (upon calculating) }G ;l =0.108, \/amber\g S conditions are Satleled
with any &,%0 and the perturbation parameter £, must only satlsry (aq4tg ) 0.1086<1.

The functicnal we wish to minimize is then

;
P . ¥
‘ \@(u) = (CGTu,w) + £ (u,uw) + 2U.§ expL(G W(x) + é’u(xjj dx .
c o
The algorithm used here is the one besed 'on the discr;etization
‘method for wnich we have to halve the maximal perturbation pakameter‘, and

the discrete functionals have the form

.N N n
0 (Up)=h Z h>Gm ‘\u -Lgh? u
g

) [

‘ s

+2‘nZex:>rh s el
( LT ] (S
=0 J=0

This problem leads to a full meairix of (1) x{m;}
In the following table the perturbaticn was reduced each time to a
tenth of the cne preceeding it. Vtammg with £ = 0.01. _ The exact results were

taken from LO}

X £=0.01 &= 0.001 &= 0.0001 u(x) 1
0.0 * -0.010842 ~0.001948 -0.000986 0.000000
0.1 ~0.050477 —0.043617 -0.041319 -0.041486
0.2 -0.088874 ~0.698305 -0.080338 -0.073269
0.3 -0.122214 -0.083624 -0.092163 ~0. 095800
0.4 ~0. 147247 -0.118024 -0.101811 ~-0.109238

10.5 -0.1597583 -0.125492 ~0.116393 ~0.118704
0.6 © =0, 154842 ~0.199819 -0.113121 ~0.109238
0.7 -0.125693 -0.105506 -0.103205  —0.095800
0.8 -0.061107 ~0.087745 -0.067525 ~0.073269
io.g ~0.043256 -0.035169 -G.417219 ~0.041436
.o ~0.0C0473 ~-0.000451 ~-0.000346 . 0. 000000




Note: One has to bear in mind that in addition to the error due to the

3

perturbation there is an additional error due to the "true' minimizing

\\ . v . .
function approximated by trapezoidal cuadrature rule and also the functional
itself being approximated by such a quadrature rule.

Problem 2

f Ut = —sinu

L uc) =0, U@y =2.7 ,

O
]
-h

First, by ining

ult) = v(t) + 0.8t
we get the following boundary value problem

jv”("f;) = - sin (v({@) + 0.5
Lv (&) = v(8) = o.

and then applying Green's function to both sides of the equation we obtain
3
v(t) = - (Gﬂx,t) sin (v(t) + 0.8t) ¢t

[
© -~
[ tx-3)/3 0Lt ¢x <3

which can be further written as

2
~
v(t) = {61* (x,t) sin (W) + 0.5t) dt..

where

e @/ ogiieg
i BT (88 RS RGREE
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s - 5 7 .
and thus we have a positive kernel defined on EO, Sj an,S_} . The nonlinear

part is then F(t}v(t)) = sin (v{) + 0.9t) - =, hence
Ty ‘V’ f"’"
)‘:2'_ :f"“\\b:) "
2f(V) =2 ; é-)sm (w + 0. Qt)dwj dt
S 3¢
- -2 %cos(v( Y + 0.9t)dt

Q

and since the cosine is a bounded function we may choose a, to be any
positive number such that a,i G ”E; 1. Nowé?;G,] >§§= 0.95 and depending
cn the choice of a4 we cnoose the perturbation parameter such that the
maximal value }, satisfies (a4 +i4)X 0.95 {1. The functional we wish to

; )
minimize then is ) ¢

o

N
(v) = (C{* v,V +E(v, V) + EJ cos ((61"‘v) () + Wi + 0.8t)dt

6L

3

1

For this problem we used the algorithm based on the densness of the piece—
wise polynomials in L, ;10,3;; , Where tne interval 1;0,6“’} was partitioned to
twelve subintervals (in order tc compare results with {43) of equal length
~and a quacratic polynomial ‘was defined on each one of them using the mid-

point of the subintervals., The approximating functionals were as follows:

\ij <L12> = (G L—ﬂgp g) +§ \L'IQ:!-—'] J)

cos ((Gq” L12J<t> + Lqo) + 0.8t)dt

;f
J
o

where
i
Lp(® =5 @ +alt+al )Y.®
12 i 2 CR At had
and

-1, O 20??
1), O. 253¢ .

b

1 te&l0.25(0
/’3 ()—f B o
g. t¢;_o 0(

This problem leads to a full matrix of 38 x 36.
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In the following table the results appear only in the nodes that appear in

- . . .
(i3] and the end nodes - which gave exact answers at the boundaries to

the boundary value problem with ze o at both boundaries and hence upon

addition of 0.9t gave the exact vaiues at the boundary.

% = o.01 &= 0.001 C= 0.0001 iii:ltszw
J
0.00000 ...
0.75 1,47372 1.37871 1.86011 1.34255
1,50  2,36888 2,06115 2.02678 - 2.19699
2,25 2.780919 2.63711 2.62021 2.59880

3.00 ‘e oo e “oe




SUPPLEMENT

1. Continuity of cpexrators

Much of the material from functional analysis used in the
thgsis can be found in the book by Vainberg. For th@ readers
convenience a summary of the definitions and theorems quoted
in the thesis is given in this section. Most of the theorems
are quoted without prooZ; these proofs can be found in many of

the text books on functional analysis.

T

Let Ei and E2 be two Banach spaces and let d(El) be the

-

domain of definition of the operator F on E, and r(E be its
< 2

1
range in Ez. We shall z2lso use £ as a functional defined on El
into R'.
Definition S1: The operator F:d(El)~>r(E2) is said to be

continuous at a point x & d(E,) 1if for any sequence g:xn¥€d(El)

)

that converges strongly to X (in the norm of El) the sequence

\

{F(xﬁ)z strongly converges to F(Xoj (in the norm of E2), i.e.
- o .

i
o
L

tim [F(x ) - F(x )|
n—>m *

St s .

Remark S1: Most of the definitions given here could be

equivalently definec in terms of neighbourhoods.
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Remark S2:  The operator F:d(El)-%r(EZ) is said to be

continucus on a set wﬁd(Ei} if it is continucus at everypoint

X‘iﬁ' U.)c

Definition S2: A functional f:d(E.) >R’ 1is said to be weakly

o~ o
o

continuocus at a weint x & d(E,) if for every sequence §x_ i
£ o 1 1 n_|
that converges weakly to X

lim f£(x ) = f(xo) .
‘n oo H D

Definition S83: Fid(E,) = r(EZ) is said tc be compact on a set
A

wed(El) 1f it transforms every bounded set in w intc a compact
set in r(Ez)o

Definition S&: The operatcr F:d(E,) »r(E,) is said to be

completely continuous on a set wéd(El) if it is continuocus and

v

compact on W,

Remark S3: In spaces having weakly compact spheres, weak
’continuity of an operator is a stronger Condition.than«strong
continuity. In finite dimensional spaces both forms of
continulty are equivaient.

Remark S#: It is important to note the  following theorem:
In order that the unit sphere of a separable Banach space be

compact, it is necessary and sufficient that the space be reflexive.



Due to the linearity of the space weak compactness of the unit
sphere implies the weak compactness of the whole space. The kind
cf Hilbert spaces we deal with are separable and reflexive, hence

they are weakly compact.

2, The Gateaux ancd Frechet cifferentials and derivatives
Definition S&: If Zor some x&gd(El) and every h &Ey

Flotth) = F
Lim  EGd “?E 2x) - r(x,h)

. t—=>o.

the limit exists, then the cperator VF(x,h) is called the Gateaux

differential or the weak cifferential of the operator F .

[l

Theorem S1l: f the Gateaux differential of a functional f exists

at each point of some convex set wEd(E, ) then for any point
4 .

!
x,xth €w the Lagrange formula:

%

£(x+h) - £(x; = VE(x+*Th,h), (0<TLL)

is true,

Theorem S2:@ If the operetor F:d(E1)~9 r(Ez) has a Gateaux

differential at -each point of some convex set w&d(El) then for



et

b
i

w the corresponding Lagrange formula is:

(F(xt+th) - F(x), e)

= (VF(x+ih,h), e), (0<L<K1)

where e is an arbitrary element of norm one in EZ‘ and Tw&(0,1)

‘depends on the element e.

o

"

Since e«&E 9 from

2 is an arbitrary unit vector in E

the theory of conjugate spaces, for fixed x and 'n; it can be chosen

so that
[(F(x+a) - F(x), e)]
= ||F(x+h) - F(x)|| .
. |
From the relationship (F(x+h) - F(x), e) = (VF(x+Th,h), e)

folliows that

[T(xth) - F(x)||

= | (F(x+h) - F(x), e)]



Y
<o

I

| (VF(x+T h,h),e) |

N

HV‘F(X-&-T,hyh)H Ile ||

|

VF(x+Th,h)]| ,

Fxth) - F(x) || < [[VEGThR,B)|| -

l—J.
°
[}
oo

|

The following theorem will deal with the question of the

linearity ©of the Gateaux diiferentiai:

Theorem S3: Suppose that the following conditions are satisfied:
1) The Gateaux differential VF(x,h) of the operator F exists

in scme neighbourhood U(xo) of Xo and is continuous in h at

oint x_ .
P o
2) VF(xo,h> is continuous in h at the point h=06.
Then the Geteaux differential VF(xo,h) is a linear operator in hj

and is denoted by

"

VF(x_,b) = DF(x,h).

™

There

}v.l .

s a stronger type of differential, the Frechet differential:

Tefinition S35 If at a point Xfid(El)

S



F(y+h5 - F(x) = u(x,h) + w(x,n)

where wu{x,h) is a linear operator for every hé;d(El) and
} 1 N
lim ‘J_Uig.,:i«:;ﬁ_ =0
: b
I
then wu(x,h) is called the Frechet differential at a point :

xggd(El); w(x,h) is called the remainder of tae Frechet
dififerential.

The existence c¢f a Frechet differentiel at a point xgzd(El)
implieé the existence of a Gateaux differential at X and that

i)

they are equal. The reverse is not always true.
.

Tf the Gateaux differential exists and is linear then it 1is
a member oF the space oZ all bounded linear operators from El
into EZ’ B<E1’E2>’ which is in itself a Banach space. We call

this operator the Gateaux derivative and denote it by F'(x),

%

thus we can write DF(x,a) = F'(x)h. In the same way we can define

\

\

6

tie Frechet derivative.

Theorem S&: If the Gateaux derivative F' exists in some

neighbourhood 4 U(XO) and is continuous at X then the Frechet

N



Y
<o

e

differential exists and is equal to the Gateaux differencial.

\

In other words a continuous Gateaux derivative is a Frechet

derivative.

(o

3. Gradients an

operators

Definition Sé&:

e

3
G L

fferential DIi(x,h

Suppose theat

) on some

a funccional £ has a linear

set w.d(El)a

Gateaux

As we have seen

Di(x,h) '1s a linear functional on the domain of definition

. DE(x,n) = £' ()t h< @ El>

denote f£'(x) by F(x), then F(x) is a mapping

The operator F(x)

1im
L >0

L

Remark S>:

is called a strong gradient, in exact

terminology.

defined by

i £(x+th)

e

o=

h_j
I
aQ
ty
o

(6N

IOV

Fh
s
O
=
£

into E? .

for any h¢ d(Z,) 1s called the gradient of the functional £:

If £ has a Frechet differential then the gradient

analogy to previous



Example S1: Let £(x)=|x !l in a real Hilbert space have a gradient
at every point x#&. To find the gradient:

f(x+th) - £(x) = ||=+th] -] x|

_ 2(x,th) = llgal®

§a+th 1x

B
i

hence

lim F(x+ch) - £(x)

£ >0 t
— 1 2
: - gim L ZGtch) t UENLC
HTE Qeeoal ¢ =)
(%.h < .
= "‘—"-""—' = <'.’..m“j_ y .h.)

= =l

From which follows that grad ||x||= —or
%]



Example S2: Another example of which use is made in the thesis:
f(x)=(x,x)=|x||®
f(x+th) - £(x)
=li=renll® - (14?0
= 2(x,th) + [kk|f
and hence
_ f{xtn) - ¢
15 EC )t £(3)
t =20
: 2(x,th) + |lth||®
= 1im ( 2 hlt }l H
’ £t =20 :
= 2(x,h) = {2x,h),
hence grad £(x)=2x.
Definition S7:  An operator 7:E-E- 1is said to be a potential

operator on some set wE€H, 1if there exists a functional f such

that : ‘\

Y

<

Vo



s

grad £(x) = F(x) VX EWw .

Remark S6: If an operatur F acts on a pair of elements such

that on each one it acts linearly then it is said to be a bilinear

operators, If its values are real it is said to be a bilinear
functional,
Definition S8: A bilinear operacor F (or a functional) is called

symmetric if

F(hljhz) = F(hz,hl)¢

™
s

e
~
e
>
jon
i
e
o)
~r
it

i

Definition S9: I

DzF(Xo’hZ;hl) then F is called
a symmetric operator.

The conditions for potentialness of an operator turn out to
be clgsely related to the symmetry of the second Gateaux differential,

as we should expect from the corresponding situation in finite

!
dimensionel spaces wherg the Hessian is a symmetric matrix.

Theorem S5: Suppose that the following conditions are fulfilled:

)

1) F is an operator from E into its conjugate space E .

2) F has a linear Gateaux differential DF(x,h) at every

point of the ball p(x,xo)=ﬁx—xoﬁ<t .
3) The functional (DF(X,h1lh2) is continuous for every
4 .

xep(x,x ).



Then in order that the operator F be ¢

w

. potential operator

in the ball p(X7X0> 1t 1s necessery and sufficient that the

bilinear functional be symmetric for every xxfp(x,xo), i.e.

(DF(x,h.), h

3
1
.

2>

= (DF(xahZ), hl> for all h,,h,.

One can show that 1f the

th

functional £ whose gradient ¥ is-

requlired to assume a value fo at some point X, then it 1is

unigue. In other words there is just cne functional f-such

that F=¥v and f_xo)=f03 end the functional is given by

-
L N

i

e
ﬁ(x) = fo + j (F(xo+t(x—xo)), X—XO> dt.
' 0]

As we know from elementary calculus if a function g(x) has

a derivative g'(x) and a is a constant then [g(ax)]'=ag'(ax).

-~

Much the same occurs for product of operators. Let A be a

(4]

i

)

b=t

ear coperator and T be an operator possessing either types of

differentials, then D[AF(x,h)] = ADF(x,h) and hence the

prs

s



‘potentialness of the product AF depends on fulfillment of a

condicion of the forms

(ADF(x,h,),h,)

= (4DF(x,h,) b)),

'1f now F is a potential operator then by theorem S5

.
\\
\
\

(ADF<X9h2> 911’3-1>

= (DF(X,hz), A“h?)

= (DF(X;Axhj),h2)
4

from which one concludes that a necessary condition for the

=51

product AF to be potential is that

= (DF{X,AKh Y,h. ) Vhl,h2E}%

AW

‘!Z’A‘.‘\h
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or more concisely that ADF(x,h) = DF(x,A’ h), Vh H. Using this

cr

result it follows at once that a necessary and sufficient condition

@]
t
Q

for potentialness e iinear operator A in a Hilbert space 1s that .

"~

ic be a self-adjoint operator, il.s. A=A .

Having introduced the notion of gradients of potential
operators, we proceed one step further and establish a method for
solving functiomal and operacor equations. The weak compactness
of Hilbert spaces allows us to obtain quite general results with

regards to functionals having an extremal point in some weakly

cliosed and bounded spheres.

L, eak continuity, extremsi and critical points.
Definiticn S1i0: & functional £ is saild to be weakly lower semi-

'Y

continuous at a point £ if for any sequence which converges

(@.,&J

weakly to X

o

3 £(x_) $ iim is4¢f<}\ ) o
O
n~>00

It is possibie at tnis stage to give necessary and sufficient
conditiocns for a functional to be weakly semi-continuous. However,

first we shall indicate the use of this notion and then come back

to these conditions,
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Definition S11: Let £ be a real functional defined on a Banach

space E. A point X € E 1is called an extremal point of £ if
there exists a neighbourhood U(xo) of x, on which: f(x)éf(xo)

or f(x)}f(xo) ¥x € U(xo) .

Theorem S6: Let the functional £ be defined on a region w of a

o

Banach space E, and'let X be an interior point of w, at which £
has a linear Gateaux differential. Then iﬁ order that the point
X be extremal it is mecessary that it be critical, i.e. vf(xo)=9.
This theorem suggests that in some cases when we wish to solve
an operator equation we may seek to construct a functional whose
gradient operator is that which appears in the operator equation
we wish to solve and then try and establish that at some point
in the domain or space on which our operator is défined,.the

functional has an extremal point.

’

Theorem S7: If the functional f is weakly“lower semi-continuous

on a bgunded weakly closed region w in a Banach space having weakly

compact spheres, then f has a lower bound, which it achieves on w.
Obviously any Hilbert space is spch a space possessing weakly

compacf spheres and hence any weakly lower semi-continuous functional

‘attains a minimum on every bounded weakly closed set in the space.

We saw in theorem S6 that an extremal point.is a critical point if

it is an inner point. Therefore if we can show that the functional
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satisfies some sort of a growth condition that ﬁepends on the

norm of the elements in the space and also that it has an extremal
point in some neighbourhood such that as we move away from this
:point the functional is not going to decrease and by so doing

that point is going to be an inner extremal point and hence a
‘critical point. For this.réason we introduce the t-property.

Definition S12: If among those sets w which are Weakly closed,

there exists at least ome, W, such that f(x))f(xo) for every
.Xegawo, where X is some point”in wo‘"fhen we say that f has

a t-property.

Theorem S8: If a weakly lower semi-continuous functional £,
defined on a space E having weakly éompact spheres, has a
t—pioPerty, then f has at least one critical point in the
space, provided f 1is weakly differentiable.

With the aid of the t-property we may also proveAthé foliowipg

results:

Theorem $9: Suppose that the functional £, defined on a Banach

space E which has weakly compact spheres, has first and second

linear Gateaux differentials, and the latter satisfies: K

D £(x,h,h) [k | y(IRID

where y(t) is a non-negative continuous function defined for
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£>0 such that lim y(t)=w. Then there exists a point at
Lt 2w

which £ has a relative minimum.

To complete tﬁis short supplemeﬁt.we shall give conditions
for weak lower semi-continuity, which we use in our analysis of
the Hammerstein equation. |

Theorem S10: -Suppose the following conditions are satisfied:

1) The ,functional f has first and second linear Gateaux
'differentials Df(x,h) and D*f(x,h,k) for all x in some ball
D(||x|l<r)3 h and k being arbitrary in E. |

2) For every x€D(||x|/¢r) and h€E
D*£(x,h,h)30.

Then £ is a weakly lower semi-continuous functional in D.
Another theorem which gives sufficient conditions for weak
lower semi—con&ﬁity through weak continuity and is generally

ecasier to verify is the following:

Theorem S11: From the compactness of grad £ in the ball

D(||x||¢r) follows the weak continuity of £ on D.
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