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ABSTRACT 

This thesis is concerned with the utilization of the variational 

approach to the Hammerstein equation based on some general results that 

were obtained by M. Vainberg. 

In chapter 1 a summary of Hammerstein results concerning the 

existence and uniqueness of the non-linear integral equation 

.u(x) = $K(x,t)F(t,u(t))dt , tEG 

in Hilbert spaces and particularly in L2[0,1] are given, and its functional 

analytic formulation which forms the bases for the variational approach by 

M. Vainberg. Vainberg's work involves the square root of the linear integral 

operator as an argument in the functional . This leads to difficulties in 

numerical work and we resolve it by considering two other functionals, the 

first of which is based on a sequence of linear operators approximating the 

square root operator, and appears in this chapter . 

The second chapter is devoted to the second functional which is based 

on a linear perturbation in the linear operator of the Hammerstein equation. 
This chapter is not written in the usual way of definitions, theorems etc. but 

all rather in an "integrated form". 

In chapter 3 we give two algorithms for the construction of minimizing 

sequences for these functionals. The first algorithm is based on the theory 

of discretization for functionals developed by Aubin, Lion and Daniel. The 

second algorithm is based on the denseness of the piecewise polynominals 

in L2[0,11 . Some numerical results follow this chapter. 
Finally a word about the notation. (Bu) (x) means the value of a 

linear operator at the point x, i T e. if B is a linear integral operator then 

1 

(Bu) (x) = 	B(x, t) u(t)dt 

0 



The numbering of the equations is within the chapters so that if for example 

we find in chapter 3 a reference to equation 2.8 it means equation 8 of 

section 2 of this chapter, otherwise the number of the chapter is quoted. 

Remark: To make the presentation more complete, a supplement of some of 

the definitions and theorems of which use is made in the thesis is given at 

the end. If a reference is made to this supplement then it is denoted by the 

letter S . 
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Chapter 1: The Variational approach to the Hammerstein equation: 

Vainberg's theory and the problem of the square root of the linear 

operator in the equation. 

1. Historical Development 

The development of the theory of non-linear integral equations 

began in the early part of this century. After Fredholm completed 

his algebraic theory for linear system of equations, first attempts 

were made to apply results from the theory of non-linear systems to 

non-linearequations. 

The first serious studies were carried out by Liapunov in 

1906. His studies were partly motivated by problems froM 

theoretical physics such as the equilibrium of a rotating fluid. 

Generalizations of Liapunov's work were developed by E.Schmidt 

and L. Lichtenstein. But it was not until 1930 that Hammerstein 

made an important step forward. 

Hammerstein treated a class of non-linear equations of the 

form 

u(t)= 	K(t, -c )F(T,-, ,u( 	))d-r, . 
a 

These equations are aspecial case of a more general class of 

equations, the Urysohn equations: 



b 

v(t)= 	K(t,T, ,v(7.;))d i  . 

What may have motivated Hammerstein (and others) was an 

attempt to solve non-linear boundary value problems for 

differential equations. Minty and Dolph [13 ] state that two 

such problems are thought to have influenced Hammerstein most. 

The first one was a non-linear 	elliptic boundary value problem: 

4u=eu  with u=f on the boundary of a finite domain G in two or 

three dimensions. This problem arises in the theory of 

automorphic functions, the theory of surfaces of constant 

negative curvature and the theory of gas discharges. L.Bieberbach 

in 1912 and Frank von Mists in 1916 were able to invert this 

equation into a non-linear integral equation: using the solution 

to the problem Aw=0 and w=f on the boundary they obtained a 

non-linear integral equation by applying appropriate Green's 

function: 

Y(t)=- 	K(t,"c ) exp w( t  ) [exp y( r, - y( ) 
G 

where Ly=(exp w)(exp y) and y=0 on the boundary for the function 

y=u-w. 

The second problem thought to have influenced Hammerstein 

was the problem of a forced oscillation of a finite amplitude of 

2 



a pendulum, first treated by G. Duffin in 1918 and G.Hamel in 

1922. This problem can be formulated by the following non-linear 

differential equation: 
dt2 

 4. esin y=f(t), where the driving 

function f(t) is odd. Again by applying the Green's function for 

the problem y"(t)=0; y(0)=y(1)=0 they obtained the following 

Hammerstein equation: 

1 

y(t)= - 	T(t, )[f( 	a2  sin y(7)]dT,. 

0 

Hammersteinistreatment of the existence and uniqueness 

problems to these type of equations now known as 'Hammerstein's 

equations' are important to the understanding of the basis of 

this thesis and hence they will be outlined in the following 

section. 

2. 'HammeMeinrs Contribution 

The assumptions made by Hammerstein concerning the linear 

integral operator in equation (1.1) were the following: 

1) The kernel is of class d;, i.e. the composite kernel 

is bounded and continuous: 

b b 

1142= 	Cu .  K 2  (x, y)dxdy = 	A2  (x)dx<N2  

a a 	 a 

3 



,where 

b 

A(x)=[ 

	

	K2(x,y)dy]2  and N2  is a positive constant. 

a 

2) The kernel is symmetric: 

K(x y)= K(y,x) 

3) The kernel is positive definite, that is all its 

eigenvalues are positive. 

A non-linear integral equation possessing a linear integral 

operator satisfying these assumptions is said to be of Hammerstein 

type. 

Hammerstein's treatment of these equations employed the 

Hilbert-Schmidt theory of the expansion of the kernel in a Fourier 

series of its eigenfunctions corresponding to its eigenvalues. 

Let the kernel K be defined on L2[0'1]x L2[0'
1]. 	Suppose there 

exists a function yE L2[0,1] such that 

1 

y(t)= 	K(t T)g(r, ) dr, 	(2.1) 

where g(T)=- F(y(1:),-0) and g(17)E;L2[0 1]. If such a function, 

y(t) exists then according to the Hilbert-Schmidt theory y can be  

expressed by a convergent series of the orthonormalized 



0 

1 
C - X

1 
	F('t , m=- m m

( )cre. ; 	 (2.4) 

eigenfuctions of the kernel K corresponding to its eigenvalues: 

y(t)= C Q (t) Cm im 
(2.2) 

5 

where 
f

are the eigenfunctions corresponding to 
i=1 	 J i=1 

(x)  
its eigenvalues. Explicit expressions for the Ci 	are 

.. il 1=1 

obtained by taking the inner product of y with each of the 

eigenfunctions: 

1 	1 

Cm= 5 y(t)4. m.  (t)dt =- --1. 1.‘ 	F(Z ,y(% )4111(C )crt . 	(2.3) . 	Xm d 
0 	0 

Substituting the series ( 2.2) for y(-1') in (2.3), we obtain:- 

In other words the problem of solving a non-linear integral 

equation has been reduced to a problem of solving an infinite 

_ system of non-linear equations with infinite number of unknowns. 

It was quite natural therefore to approximate the solution 

y by a truncated sum; 



Yn(t)  n,m 
(2.5; 

where the constants C
n1"'' 

C
n,n ,  

equations with n unknowns 

satisfy the system of n 

C n  + A  7-  f FCC ) ,M 	0 

0 

n,i (11)i 
(2.6) 

Hammerstein showed that for every n, system (2.6) has a 

solution provided he assumed that IF(x,u)1 was majorized by a 

linear function of lul : 

kn(x,u)1 < Cl iul+ C2 	(2.7) 

where C
1 
and C2 are positive constants and Cl  is less than the. 

 

first. eigenvalue X
1 
 of the kernel K. 

This was done by considering a suitable minimum problem for 

a continuous function of n variables whose partial derivatives 

at the minimum point of the function, provided that it attained 

it, coincided with system (2.6). The function used was the 

following (continuous) function 

 

1 

m 2\. x2  + 2 j f(T 
n 

  

H(x
1 
 ,...,x

n
) x. 

1 
(U))dz (2.8) 

  



where 

f(1-, ,u)= 	r 	,v)dv. 	 (2.9) 

0 

Indeed, if H(xl,...,xn) has a minimum which it reaches then its 

partial derivatives at that point satisfy the relationship: 

1 
I all 	 0 

ax  = 	+— 	0 F(1. , 3: x.(). (1; 	= 0; m=1, ...,n m 	%.4 	
{7=71 " m m 

0 2.10) 

and hence satisfy system (2.6). 

From inequality (2.7) and from (2.9) follows: If(x,u)I 

2 C1  u2  + C2 	• 	In addition using the fundamental inequality: 

a  
ax-bx2  < 	for b>0) Hammerstein was able to show that H(x 4b 	 1./ 

Xn) 	
is bounded below and reaches its lower bound for every.n. 

Consequently, for every n there is at least one set of values 

(x 1 "'"xno) for which H becomes an absolute minimum, and at 

that point 

	

aH 	aH . 811 
1 

ax
2  = 
	

_ 
ax
n .  

7 

= 0 

so that by letting C
n,m 

= xm 
for m=1,..., n, system 2.6) is 



( 
satisfied. Having substituted the values x

m
o) 
 for C

n,m 
in 

(2.6), Hammerstein showed that if 	
3 

fy 	, the sequence of the 
L n 

truncated sums, converges to a limit function y(t) then y(t) 

is the solution to the non-linear integral equation. This he 
n 

did by showing that the sum Sn 
= 

 

X. 
n  

C2 
 ,m 

 has an upper 
m  

1 

 

bound independent of n, from which he deduced that 2(t)dt 

0 

is bounded for every n, and hence he was able to show using the 

Schwartz inequalities for infinite sum and for integrals, that 

the sum 

1 

n(t) = yn(t) 	r K(t, )F(T., ,yn( )Jd c, 
0 

approaches zero as n tends to infinity. 

Thus Hammerstein proved that if the sequence of the partial 

sums ynl. n=1 converges then the limit function is the solution 

to the non-linear integral equation. Under the assump'tton , made 

so far it is not possible in general to show that y 	
co 

il 
n  

n=1 

does converge, however Hammerstein showed that a subsequence 

ask K=1 

'IL  OD 
of [yn  

n=1 
may be extracted which converges 

to a continuous limit function y(t). This he did by applying 

the Arzela-Ascoli theorem to the sequence 

8 
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1 

wn(t); n(t)-yn(t )-- 	K(t, )F(T„yn(T))d-c, ; n=1,2,... 

This sequence is uniformly bounded and equicontinuous and therefore 

conditionally compact. Since lim iXn(t)=0, the passage to the 
n->co 

limit of yn(t) is obvious. 

Concerning the uniqueness of the solution, Hammerstein's 

result; may be summed up in the following theorem: The non-linear 

integral equation (1.1) has at most one solution provided the 

function F(x,u) satisfies uniformly a Liptschitz condition of the 

type: 

I
F(x,11/) - F(x5112)1 	a Iui 	u21 

where the positive constant a is less than the first eigenvalue 

N.1 
of the kernel K. 

A fuller account of Hammerstein's work is given in Tricomi's 

'Integral Equations' [35]. 

3. Generalization of the Hammerstein Equation 

A more general formulation of the'Hammerstein equation could 

be done using various methods of representation of mapping as is 

usually done in functional analysis. It may be pointed out that 

one may wish to solve Hammerstein's equation in different Banach 



10 

spaces: finite dimensional spaces, the space of continuous functions 

with the maximum norm or L spaces. In this thesis Hammerstein's 

equation will be investigated in L2[0,1], which is a Hilbert 

space, with the inner product 

1 

(f,g)= j f(t)g(t)4t 

0 

and the norm 

011.11 = U,U) 2  = 
	

lu(t)1 2 dt 

The generalization is obtained by noting that the operator 

involved in equation (1.1) could be separated into two parts, the 

linear part which is the linear integral operator in the equation 

and the non-linear part represented by the operator F(t,u(t)). 

Let,B represent the linear part and F represent the non-linear 

part,' then Hammerstein's equation can be written in the form 

x = BFx 	 (3.1) 

where xEiL2[0,1]. That is the operator BF must map the space 

L2[0,1] into (or onto) itself. However since BF is a composite 

operator it will be assumed that F maps the space L2[0,1] into 

itself and so does B. 

The non-variational approach to the problem of existence of 
PoiAt 

solution for equation (3.1) has been through methods such as fixed 
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theorems, resolvents of non-linear operators and so on. Generally 

it has been found necessary to assume complete continuity of theoll 

BF in order to establish the existence of a solution. A general 

investigation of complete continuity in different spaces is given 

in Krasnoselskii 	]. Krasnoselskii states that in order that 

Hammerstein operator BF be completely continuous in L2[0'I] it is 

sufficient that one of the operators be completely continuous while 

the other be continuous and bounded. It is generally easier to 

treat the case of a completely continuous linear operator and a 

bounded and'continuous non-linear operator. It is a sufficient 

condition for boundedness and continuity of the non-linear 

operator that it satisfies a Lipschitz condition. The following 

theorem is due to Nemytskii and Vain.berg: 

-Theorem 3.1: 	Let G be a domain of finite measure and let 

j K 2  (s,t)dsdt < OD 

G G 

Let the function F(t,-u), where .tE G and — co < u < CO be 

continuous in u and measurable in t, while 

IF (t ,u)1 ,< g(t )+a 1121 

where g(t)EL2[0,1]. Then the Hammerstein operator acts in 

L2[0,1] and is completely continuous. 



The conditions assumed in this theorem are much the same as 

the conditions laid down by Hammerstein, and they are present in 

the variational approach of M. Vainberg which will be presented 

in the next section. 

4. Vainberg.'s Variational Approach, [3(3 

The introduction of variational methods provided a very 

powerful technique for establishing existence of solution to 

various operator equations. These methods in fact proved valuable 

in two ways, firstly by providing a theoretical tool, as mentioned 

above, for proving existence theorems and secondly they suggest 

numerical algorithms for obtaining an extremal point for a 

functional which is directly related to the solution of an operator 

equation such as the Hammerstein one. In this thesis an attempt 

will be made to construct such algorithms that allow us to 

approximate the solution via an approximation to an extremal 

point of a functional whose gradient is closely related to our 

equation. 

Vainberg's theory relies on two main results from the theory 

of functionals in Hilbert spaces*  . The first one is that every 

weakly lower semicontinuous functional defined on a set 

r) that is weakly closed in a weakly compact space has a 

lower bound which it attains on the set. The second result is 

that a necessary condition for an inner point in a set 

1.77 	in more 	 it in the sup em 7.7  

Y2 
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D(11x . r), at which the functional has a linear Gateaux 

differential, to be an extremal point is that it be a critical 

point. To prove that an extremal point is in fact an inner point 

of some set some sort of a growth property is assumed for the 

functional. This assumption restricts the class of Hammerstein 

equations treated by Vainberg and also those treated in this thesis. 

Vainberg proves the following theorem: 

Theorem 4.1 : Let B be a positive self-adjoint operator defined 

on L2[0'
1] and let F= grad f, where f satisfies the condition 

2f(x) 	a1(x,x) + a2(x,x)Y  + a3 	• (4.1) 

where a2  ,a3  > 0 ; 0 < y < 1 	and 	I B < 1 if al> 0. 

'Suppose further, that at least one of the following conditions 

is, satisfied: 

1) f is a continuous functional, and B is completely 

continuous. 

2) f is weakly continuous (or weakly upper semi-continuous). 

Then the operator equation x=BFx has at least one solution. 

Remark: Vainberg actually proves this theorem for any separable 

Hilbert space H; in the above theorem H was taken to be L2[0,1]. 



Proof: Vainberg considers the following functional; 

T(x)=.(x,x)-2f(Ax) 

where A is the positive square root of•B(according to [3 ] p.422 

if BEL(X,X) is positive then there exists a unique positive 

operator A such that A2=B). 	If condition (1) is fulfilled, then 

the completely continuous operator A carries every weakly 

convergent sequence into a strongly convergent sequence and hence 

f(Ax) is weakly continuous. If condition (2), is satisfied, then 

the bounded self-adjoint operator A carries every , weakly 

convergent sequence into a weakly convergent sequence and since 

f is weakly upper semi-contiuous, f(Ax) is also weakly upper 

semi-continuous. Consequently, as the sum of the weakly lower 

semi-continuous functional (x,x) and the weakly lower semi 

continuous functional -2f(Ax); the functional tr is weakly 

lower semi-continuous. From inequality (4.1) satisfied by f 

we have if a1 
> 0: 

Vx)=(x,X)-2f(Ax) 	(x,x)- al(Ax,Ax)- a2(Ax,Ax)Y 

a3 	(x,x)- al  Hg(x,x)- a211Iilfr (x,x)Y 

=(x,x)Y[(1-a11IBH) (x,x)1-Y -8.2031 1 7] -a3 

14 



while if a1$ 0 then 1-a1lIBH> 1 so that 

?(x) >i  (x,x)7[(x,x)1-7  -a211B11(] -a3  

hence y is unbounded and increases with 11 x II . Consequently, 

there exists a -sphere Ilx11 = r on which tp(x)> tp(G) and so 

has a t-property , if is a weakly differentiable functional, and 

hence according to theorem .`,S8 	there exists a point x0E1,2[0,1] 

such that . 

7p(x0 ) ='Q 

and x is an inner point of the sphere of radius r. 

But 

Vy)(x0 ) = 2x0 - 2AFAx0  = G . 

Apply4.g the operator A to both sides we get 

Axo - A2 FAx0= G . 

Let Z o  =Axo  then recalling that A2=B we finally get that 

- BFZ0 = 0- 

i5 

see supplement)?.itr. 



hence z
o 

solves the Hammerstein equation. 

For uniqueness we need only demand the operator F to satisfy 

some type of Lipschitz condition: 

HF(x2) - F(xl)H 	ao II x2-xl II 

where aolIBIK l. Since if zo  and yo  are both solutions to the 

equations then 

ip3Fzo- 	 111-z o -Fy0H 

liz0 -37011  

and this is a contradiction, hence z o 
 =y

o 
 or z

o 
is the unique 

solution of x=BFx. Throughout this thesis we shall assume 

uniqueness of the solution through the assumption that the operator.  

F fulfilS' a Lipschitz condition of the type mentioned above. 

Vainberg gives a few equivalent or somewhat different 

conditions for the existence of a solution 
UT 

 one of which 	will 

be made in chapter 3 and will be presented here, without the whole 

16 

proof: 



Theorem 4.2 Let B be a positive self adjoint operator defined 

on all of L2[0,1] and let the potential operator F satisfy the 

following condition: 

(DF(x)h),h) 
	

h,h) V he L2[0,1] 

where a
1
HBIl< 1 if a

1
>O. Then the Hammerstein equation 

x=BFx has at least one solution. 

For the proof itself Vainberg constructs the same functional 

as in the proof of theorem 4.1: ke (x)-(x,x)-2f(Ax), then using the 

definitions for the first and second GateauX differentials of the 

functional 	and also inequality (4.2) we obtain that 

D2 	(x,h,h) > (1-a3:(1B11)(h,h) if al> 0 

and 

02? (x,h,h) > (h h) if al "k < 0.  

According to theorem SI 	there exists an extremal point x
o 

forte and since (f) is weakly differentiable functional the 

rest of the proof follows exactly like the proof for theorem 4.1. 



5. The_atoblem of the sapare root. 

Vainberg's variational approach to the problem of existence 

and uniqueness of a solution to the Hammerstein equation does not 

furr4sh us directly with a constructive method for finding the 

true solution itself. However from the numerical analysis point 

of view one is not so much concerned with finding the true 

solutions but approximating them. If methods such as Ritz-Galerkin 

were used 	to approximate the minimizing function and thus 

reducing the problem of.approximating the minimizing function 

to a problem of solving a non-linear set of equations, the first 

problem one would have to face in using Vainberg's functional 

would be that the square root of the original linear operator 

in the HammerStein equation appears in the argument of the 

functional. 

in order to understand the problem of. the square root 

involved, a summary of the proof by Bachman and Narici [3 ] of its 

existence will be given. The theorem, quoted in the last section 

states that if an operator BE,L(X,X) is positive then there exists 

a unique operatot AEL(X,X) such that A2=B. 

Definition 5.1: Let P and Q be two positive operators defined 

on a Hilbert space H. We say that Q>, P (in the operator sence) 

if 

(Pu,u),“Qu,u) VueH. 



For the proof itself Bachman and Narici assume that B I, 

however if not then define the following operators: C = B/111311 

\ and then A=0111/2  C 2  . Consider the sequence of operators defined 

as follows: 

Ao = 0 

An+1 = A+ 	n=0,1,... n 2  

The sequence 
	CO 	can be shown to be a monotonically 

iJ n=o 

increasing sequence, i.e. An4 A 
	for all n, which converges 

to an operator A such that A2=B. 

From the above, a simple analytical representation of the 

square root of an operator for numerical use is not available 

(there are different analytical representations for the square 

root such as in Kati'' p.21) , where the square root of a 

coercive positive operator is expressed as an infinite integral 

again not numerically feasible). 	One way to overcome this 

difficulty.would be to replace the operator A in the functional by its 

approximation, and this approach will be tested below. 

Define the following Hammerstein equations: 

19 
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(1) u= 3Fu = A2  Fu 

(2) v
n+1

= B
n+1

Fvn+1 = (A
n+1

)2Fv
n+1 

n=0,1,... 

Equation (1) is the original Hammerstein equation and equations 

(2) are Hammerstein equations based on the positive operator 

obtained by squaring the (n+l)th approximation to the square root, 

of the operator B. We shall show that these equations are closely 

related and in fact the solutions of (2) converge to the solution 

f (1) in the L2
- norm. 

First it will be shown that without changing the assumptions 

on the functional ;f and the operator B in theorem 4.1 and under 

the same conditions of uniqueness of the solution to equation (1) 

we can prove existence and uniqueness of a solution to equation (2) 

for every n. For this the following two 1:_mas are required: 

Lemma,  5.1: If B is a positve self-adjoint operator with A as its 

square ,root then 

II A112  =11B I I 	• 

Proof: If B is self-adjoint so is its square root, hence A=A*  



Now 

II AI I2  = ( sup IlAx11)2  = 	sup IlAx11 2  
11x0 =1 	 =1 

= 	sup (Ax,Ax).= sup (AAx,x) 
I6xiu=1 	 Hxii=1 

sup IIAAxI l Il x  I I =  11AAH=  liBil • 
=1 

On the other hand 

Il B II = (IAA!! 	IIA il IIAII = HAII 2  

from whic,hAtt  follows that IA112  = II B 11 • 

Lemma 5.2: 	Let Q and P be two bounded and self -adjoint operators 

defined on a Hilbert space H such that 13 Q.  . Then IIPII < 11Q II • 

Proof : From the theory of linear self -adj oint operators we have: 

I1Q11 = inf 1/1,0 t(Q-u,u) 	M(u,u) VuE: 

and similarly 

IIBII = inf LM' 01 (Pu,u) 4 mt (u,u) vti€H 

21 

From the assumption of the lemma P. 	which by definition 5.1 



implies that 

(Pu,u) 	(Qu,u) 	Vu EH 

but 

(Qu,u) < IIQII (u,u) 	Vu H 

and therefore 

(Pu,u) oC HQ II (11,u) 	VueH, 

so that 
	

HQ ! 	 such that 

(Pu,u) < 1\d' 	,u) VuC- H. 

The norm of P was the infimum of this set,hence H PH 4 NH 
From the last two lemmas and from the monotonicity of the 

sequence tA
n 

and its convergence to the square root operator 

A 	follows that: 

H Atli 	mAn+0 	... 	HAH, 

,how !I AH= i IB il and H An 	2 = 11  B+11 I 	n+111 so consequently 

prrd IPII Vu=011,2,... 

Theorem 5.1: 	Let the condition of theorem 4.1 hold true for 

the function f such that 7f=F and for the operator B. Then 

22 



for every n a solution for equation (2) exists. Moreover, 

assuming a Lipschitz condition on the operator F sufficient for 

the solution of equation (1) to be unique, implies the uniqueness 

of the solution of (2) for every n. 

Proof: 	For the existence it is sufficient to show that for every 

n theorem 4.1 is applicable to the Hammerstein equation 

v
n+1 

= B
n+1 Fvn+1 • 

Nowifa20 is such thatalUO<1 then from HBn4.111 	II B II 

for all n follows a, HB
n+1 

H < 1 for all n, so that a1,a2,a
3 

and y remain valid for this case. 	If B is completely 

continuous then from the theorem by Bachman and Narici we may 

deduce the complete continuity of Bri+1  for every n while if 

B is positive then Bri+1 	is positive for every n. Hence 

either condition one or condition two of theorem 4.1 for the 

equation v
n+1

B
n+1 

Fv
n+1 

is satisfied for every n. Thus there = 
 

exists a solution to the equation (2) for every n. 

For uniqueness ifliFxl-Fx211 < 	ajlx1-x211 where 

then by the same argument as above 	aolIBI1+111 < 1 for all n, and 

hence if the solution for (1) is unique so is the solution of (2) 

for every n . 

2 3 



With the existence and uniqueness theorems on the solutions 

of (1) and (2) in mind we may proceed to prove the convergence 

of the solutions of (2) to the solution of (1). 

Theorem 5.2: 
	

Let u
o be the unique solution of (1) and for 

every n let u
o
n+1 

be the unique solution of (2) (under the 

appropriate conditions for existence and uniqueness). Then 

f 0 	• 

Lu 11+1;  strongly converge to u
o 

in the norm of L2
[0,1]. 

Proof: If u
o is the solution of (1) and u

o
n+1 

is the solution 

of (2) then 

	

o o 	o 
= A2Fu

o
-A

2 
Fu

o 
Hu -u 114.111. = HBFuo- Bn+1'11  n+11

H  1 	n+1 	n+111 

Hi 	2 	 0 	0  
= 1RA2Fu0 -A 

1
Fuo )+(A2 n+l 	-A2

n+1
Fu n+1 

II 	

n+ 
 

HA2-A.2r1+111 gu°11 	II A2n+111 Fu0-Fu0 n+D.H 

n+1II  11A-An+1 11 IlFu0H+ II  A2H aoH uci-u°n+1 	
• 
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Denote by 6 ao= II B a hence I- 0 >0 from which follows 

Li u -u o )( A-A - 	 rim 	+ I 	, ) 	 11 	 n 	n..1 	n+1 ) 11 Flio 

but 11 A , 	 so we further obtain n+i 

2 HA-A, 

Finally 

o 0 u -u I I 
r;" 	, 	• 	t 	; 

7 	Za'a 

 

II 
A-An÷i ll 

  

Now as liFu°11 is bounded . and 	A-An+1 40 as n--> co it follows that 

o 
I ll 	-u n+11 1 as n 	o , hence 

0 	0 Lim u 	 = -d  
fl -co 



The last theorem validates the use of the (n+1)-
th approximation 

to the square root to approximate the solution. 	In practice one 

substitutes the original operator B in the* recursive formula which 

is actually a polynomial in that operator and then uses the 

polynomial as an argument in the functional. 	This method, 

although rather laboriousffieldgood results once a numerical 

algorithm is set up to reduce the problem of finding the 

.minimizing function to a problem of solving a non-linear system 

of equation or to a 'search minimum' problem. 	In fact such 

algorithms are suggested in chapter 3. 	However it is possible 

at this stage to estimate the difference in norm between A and 

This difference as we have seen appears in the proof of A
n+1.  

convergence of the solutions of equations (2) to the solution of 

(1). 	For that matter let us observe the recursive relationship 

OD 
of the sequence- 

iL  A 
	again: 
=o 

Ao = 0 

1 An+1 = An 	(B-A2):, n=0,1,... (5.1) 

Subtracting both sides of (5.1) from the operator A 

1 	 1 
A-An+1 = A-An 2 (B-A2 n )=(A-An) -  -2(A2  -An) 

= (A-An) [I- 	(A+An)] 	 (5.2) 



As A+An 
is a positive operator, if we replace it in the square 

brackets by an operator which is smaller in the operator sense, we 

only get that the right hand side of (5.2) increases in the 

operator sense.
n 

for all n implies A+A
nn

+A
n
, hence 

, 1 
I- 2n 
	2 
) < I- —(A

n 
 +A
n 
 ) = I- A

n 

thus we get 

A -An+1. (A-An (I-An)* 

Applying the same argument to the difference A-At  as we do 

to 
A-An+1 

using the recursive relationship for An 
in terms 

of A
n-1 

we obtain: 

(A-An+1 ) < (A-An) (I-An) 

(A -An-1)  (I -An
_i) (I-An) 

but 
I-An-1 

I-A
n
, hence 

A-A
n+1• 

A-A
n-1

) (I-A1  -1)2. 



Continuing this process for n-1,n-2,..0,1 we get 

A-A+1 < (A-A1  ) (1-A1  )n  n+1  

but according to the definition of the sequence < A
n n= o 

follows that 1 
A 2  =-B from which 

1 n 
. A-A 	<(A 2 	- 2-B) n+1'  

By lemma 5.2 this inequality can be written in terms of the 

norm: 

II A-At+,11 	11(A-13)(I-1B)nil 

	

A-1B II 	n  

We assumed BI so that I4“, hence 	1 	
1, in most 

cases it is a fraction, so that the error behaves like a fraction 

to the (n)th power or actually to the (11+1)
th 

since 

1 	I-ZB  
and so 

28 



1 
HA-An+p 	I A-fB/I 11I--1 	n  B 11 	111.-f-BH 	III-12B 11 n 

2 

1 n+1 
= 	I -I:13 11 a 

To recapitulate, in order to approximate the solution of the 

Hammerstein equation x=BFx we solve a 'neighbouring' equation 

Vn+1=B F  V17+1 
	This method, especially the error analysis 

involved in it reminds us very much of the 'backwards error 

analysis' used many times (in different contexts) in numerical 

analysis where we look at the approximation obtained as an exact 

solution to some neighbouring problem and carry out the error 

analysis from that point. 
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Chapter 2: The Variational approach to the Hammerstein equation: 

A perturbation technique. 

The practical problem that arises from the presence of the - 

square root of the linear operator B in the argument of the 

functional 12(x)=(x,x)-2f(Ax) leads us to attempt to construct 

a different functional which make use.of the original linear 

' operator B of the Hammerstein equation or some operator close 

in form to sit. 

Consider the following functional 

c
5(x) = (Bx,x). - 2f(Bx) g  xe.,  L2[0,1] 	(1) 

where F= vf as in theorem 4.1 of chapter 1. If this functional, 

has a critical point x
o 

then its 
	

dient at that point equals to the 

zero element of the space, 0, i.e. 3xo  L2[0,1] such that 

vo(x0) = 2Bx0 	2BFBxo 
="0. 

Let z 
o 
 =3x 

o
, then 

z
o 

- BFz
o 
 = 0, 



in other words 'zo 
is the solution to the Hammerstein equation. 

Obviously the form of the functional 
	

is easier to work with 

numerically than it is with the functional V) or ip 	suggested 
th 

in the last chapter. 

The proposed functional would therefore be satisfactory if 

it could be shown to possess a critical point. In chapter 1 we 

saw that if the functional has a suitable growth property, then 

there exists a sphere D( II x11 ,m.) such that the functional has a 

'minimum at some inner point and due to its weak differentiability 

this point is a critical point. Assuming that f satisfies 

inequality (4.4 ) of chapter 1, we have if ai>0: 

(x) = (Bx,x) - 2f(Bx) 	(Bx,x) - al(Bx,Bx) 

- a2(Bx Bx - a3  >, (Bx,x 
	alpipx,x) 

- a k H (Bx,x)Y - a3  = (Bx,x [(1-a/MBH)(Bx,x)i-Y.  

- a2 11 B  16] - a3,  

while if a <0 
1' 
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(x) 	(Bx,x)7  [(Bx,x)1 7  - a21IB  e] - a3. 3 

Now in infinite dimensional spaces not every positive 

definite operator is positively bounded below, hence in general 

we are not able to show that ‘-t.)'(x) is unbounded and increase with 

the norm of x,.i.e. (Bx,x) does not generally tend to infinity as 

Hx11 tend to infinity. 	We therefore seek a linear operator h, 

close in form to B, that will ensure the desired growth property. 

It is quite natural to take for B some sort of a perturbation of 

B. 

Let I be the identity operator in L2[0,1]. 	For every e >0 

we have 

((B+ eI)x,x) = (Bx,x) + E (Ix,x) 

= (Bx,x) + E(c,x) 	E(x,x) 

this follows from the positivity of B, Hence if we denote by 

Be  =Bi- CI then for every EX) Be  is a positive definite operator 

bounded from below: 

2 	2 
(BEX,X) 	(6 2) 	11x11 



4')  
t) 

consequently we have (Bcx,x)->co as pcM-00 	In addition 

since B and el-  are both self-adjoint operators their sum Be  

is a self-adjoint operator in L2[0,1]. 

Let n be a positive number and let [0, II ] be an interval 

from which the perturbation parameter will be chosen. In what 

follows some restriction will be imposed on the magnitude of n . 

For every cG[0,n ] consider the following Hammerstein equation 

v = (Bi-eI)Fv = B Fv. 	 (2) 

For E =0 this equation becomes the original Hammerstein equation. 

Our first concern is to establish the existence and uniqueness 

for the solution of the perturbed equation. Vainberes theorem, 

theorem 4.1 of chapter 1, allows two possibilities: either the 

linear operator is completely continuous and the functional f 

(such.  that F= Of) is continuous or the linear operator is 'positive 

self -adjoint and the functional f is weakly continuous or weakly 

upper semi-continuous. Now the operator Bc=B+EI is not a 

completely continuous operator.. Even if B is completely continuous, 

B c.  as the sum of a completely continuous operator and a non- 

completely continuous one, is not a completely continuous operator. 

Thts if we are to use Vainberes theorem f will have to satisfy 



the requirement that it be a weakly continuous functional or 

weakly upper semi-continuous (in this chapter it will be assumed 

that f is weakly continuous). 	If this condition is satisfied 

then according to Vainberg's theorem a solution will exist if 

alpEH<1 for a/>0 and will be unique if aoHB611<1. 	Now 

alpell=alpfeINal 	. 	As a1lIBM<1 if ai>0 

there exists a positive number 	such that aBH+aI 
n 
 '<1 

h.ence for all e e[0, n'] there exists a solution to the 

perturbed Hammerstein equation v=BcFv. Likewise for uniqueness, 

as ao 	
there exists a positive number n" such that 

a 
o 
 HBIfta 

 o 
 n"<1, hence if we let 	n  = min[ n', 7-1 "] then for 

every e G. [0,n ] a solution for (2) exists and is unique. 

The use of Vainberg's theorem invokes the following functional: 

y e(x) = (x,x) - 2f(Aex) 	(3) 

where A is the square root of the operator BE  . 	However 

since for every e >0 Be  is positively bounded below, we may 

construct a different functional for the proof of existence of a 

solution. 	A functional which will be closer in nature to the 

functional suggested in the, beginning of this chapter: 	Let fl 

be defined as above, i.e. n= min[ n', n"], for every EG(0,fl ] 



construct the following functional: 

e(X) = (BiX,X) 	2f(BEX) ; X €
2[°, 1] 

	
(4) 

By arguments similar to those used in the proof of Vainberes 

theorem E 
is weakly lower semi-continuous and if as in the 

conditions stated by Vainberg F= Of such that f satisfies 

2f(x) . ai(x,x) + a2(x,x) + a3  

whe-? a2,a3>0; Oq<1 and a1
11B1i<1 if a1>0 then for every 

x E  L2[0'1] we have: 

(17.56 (x) = 	x,x) 	2f(Bex) 	(Bex,x) 

- a,(B x,3 x) - a2(Bx'Bex)Y  - a3  >, (B x,x) 

- a .11B6 	(Bcx,x) - a211B E.- 	(Bex,x)7  - a3  

= ( X, X, )Y  E(-1-7 Pc11) 036x,xf -  a211Bce] - a3, 



while if a <0 then 

(x) 	(B x,x)7 [(B x,x)1-7 	a2HBE I1 7] - a3. 

Hence ";E  is unbounded and increases with jj x II for every 
 

E €(0, n J 9  from which follows that for every 6E. (0, n 	there 

exists a sphere II x II  =rE  such that 	vd,E(x)> E  (9), i.e. 

has a t-property. 	According to theorem S8 sinceis 
136-0 weakly differentiable functional, there exists a point xc  such 

that 

grad 3- 	<, .6 ()-IDE) = 

- and x is an inner point in the sphere II x 	. 	Now 

grad S; 
E 	 E 
(5,'°) = 2B -2 - 2B

E 
FB6E  = 9 

o- 	-o so if we let z = BCxE we get 

o 	 o z - B Fz = 
E 



_o 
that is zE  is a solution of the perturbed equation. Similarly, 

the conditions for uniqueness are the same as, in Vainberes 

theorems a Lipschitz condition of the form 11E'x1-Fx211 <a0!Ixfx2 H 

where a 0HB 11<1 which is fulfilled upon assuming that EE (0, -n J. 

The fact that we cannot in general use the original operator 

as in functional (1) to, obtain an extremal point that will, by 

applying the original operator to the extremal point, yield the 

solution suggests that some difficulty might arise when we attempt 

to prove convergence of the solutions of the perturbed equations 

to the solution to the original one. 	Let z° be the solution 

to the original Hammerstein equation arriyed at using Vainberes 

functional, and for every se(0,n ] let 1°  be the solution to 

the corresponding Hammerstein equation v=BEFv. 	Hence 

II z -z 	= H 	z IIar7z
o
-B 

o ,o 	o 

=liwz°-BF °  -6F2°H 

HBFz°-BFI°: 11+ 	Fee  11 

11B 11 11Fz°-Fi°€11+ clIFZe°11 

a H BH Hz°-ee H +EH Fe l! 
0 
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Since we assumed that F satisfies a Lipschitz condition of the 

form II Fx1-Fx2 	a xi--x2  11 where ao.  11B11+ao  e <1 V Ee [0, 

and hence a
o
llBil<1, so if S = aoilBll then inequality (5) becomes : 

(1- s ) liz°-411 <e II FeEll 

now' 1- (5 >0, thus 

0 - 	0 
z -z

0 	
< E  1- 6 	II Fz 	. ( 6) 

If H17,2° H is bounded for all e then it is evident that as e 

tends to zero the solutions of the perturbed equations tend to the 

sol-ution of the original one in the L2
-norm. 	To show that 

H Fe: IL is bounded in 	 - 
it is sufficient to show that zE

o  
 is 

bounded since F is Lips chitzian and therefore a bounded (non- 

linear ) operator. 	In the general case, that is when B is not a 

positive bounded below operator, we cannot es tablish the existence 

of z
o
o 
 = Bx

o
0
, since the functional k3 (x) which corresponds to 

i0 

to e =0 may not possess a growth of property of the form we 

require, and thus the product E Fz
o  H may not tend to zero as 

e tends to zero. 



The idea is to look for a different method which will enable 

o 
• us to prove that when c tends to zero the solutions 

-
will 

tend to z
o
. 	The uniqueness of the solution of the perturbed 

equations for every E>0 ensures that the solution resulting 

from the new functional and from 	will be identical.. It must 

be noted that we want to solve numerically only the perturbed 

equation and not the original one. 

Let A = (B÷cI)
1/2 

, Ac  is the square root operator of 
possesses 

Bc ,andAllthepropertiesofB_such as positive bounded below, 

self adjointness etc. 	Consider the following functionals 

?c(x) = (x,x) - 2f(A6x) 	xc L2[0,1] 

where f satisfies inequality (4A ) of chapter 1 and is weakly 

continuous, These functionals Were already introduced in 

equation (3). 	Since these functionals poSsess a t-property 

for every E and since they are weakly differentiable there 

exists a critical point for everyLrE : x
o 
. 	But 	7t.fE(xe) = 

2x
o 

- 2AE  FA E 
x
o 
= G so if z

o 
= Axc

0  
one obtains z - B E

o 
Fz = G. 

6 

If 
zo is the solution of the original Hammerstein equation then 

similar to (5) and (6) we get: 



o 

	

zo -z IIIIBFz°-B 	= IIBFz°-BF4-eFzE° 11 

II BFz0-BFz e  I 	ellFze° 11 

11B. II  ilFz°—Fz E°11 + e ll Fz: II 

Again from F being Lipschitzian 

ao 	
0 Q + 	.H 

Denote by 6 =a0I1Bil<1, thus 

( 1_d )11  z°—z° I( < sIIFZ  II 

or 

1 	II Z0 —Z0 
 < e* 	FZ0  11 c 	1- 6 

If (lFz°1! is bounded, in 6 on the interval [0, n 	then z°  

o is the limit z in the norm of L2[0 , 1] when c tends to zero. 



To show the boundedness of 1[Fz
0 
	

it is sufficient to show 

that Ilz°M is bounded since F is a bounded (non-linear) 

operator, i.e. it is sufficient that there exists a constant 

1\10 such that 

M < OD V s  e[0, n ]. 

Now z was obtained as a result of applying the OperatorA to 

the critical point of the functional 	ze  = A le 	Ex 	, hence 
C

o 

lize011 = IIA6 x0e H < 11AC  11 11x0C 11 

from which follows that in order to show the boundedness of 

0 
' 11 in 6 	

it is enough to show the boundedness of Hx
o

it or 

equivalently show that all critical points of 	, E e[O, T1  ], 
ta 

lie in some sphere of finite radius. 

For the proof we shall show that for all 6[0, n  ] there 

exists an increasing function of the norm that is majorized by 

all Lf and that does not depend on s, this will enable through 

its growth property to enclose all critical points for 	E in  

'one sphere of a finite radius. 	Suppose that ai  of theorem 5.1 
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of chapter 1 is positive. For every c E[0,7-1 	we had 

(x) = (x,x) - 2f(A x) 

(x,x))  [(1-a pc11)(x,x)1 Y  - a2 11136 11 Y 	- a3. 	(7) 

Thus k-,0  00 is bounded from below by the right hand side of c 
inequality ( 7 ) . Let 

-eb 	(x)def  (x,x). 

• [ 	11) (x,x 1-Y 
	

a211B 
	- a3 

= (x,x) - ai 	(x,x a2MBE1 7(x,X)Y - a3 ;; 3 

(8) 

a1 ' a2 are positive and ri was such that a1 t'  11B 	a1  (II 
	

+ MID 

ai (11B11+ n I I I II) = al  1 i  B 11 ± aln < 1 hence we have that 
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(x) 	(x,x) - al(114(-fn)(x,x) 

- a2( 101+ n )Y- (x,x) 7  - a3 

)Y[(l-all' -ai n )(x,x)-
1 _7 

 

- a 
def 

MY+ 	- a3  = 
2( 	3 -' 	(x) 	Vs E[0, n 

since 1-aIMBII-ai n >0, 2,1D
n  
(x) is an increasing function of 

!xi  and is majorized by all functionals 
Consider the functionals .t  '9 is a continuous L 	‘.) 

function in e for every x E L2[0 , 1] 

('I 	

(x) 

E l 

= (((x,x)-2f(A x)) - ((x,x) - 2f(AE  x))I 
Cl 	 2 

= I 2f (Ac x) - 2f (Ac  x) 	. 	( 9) 
2 	 1 

The continuity as a function of s follows from the assumption 



that f is weakly continuous functional'or from lemma 5.1 in 

[ 3 („ p. 60. 	The lemma says that if the gradient of f is 

bounded on some convex set in L, then f satisfies a Lipschitz 

condition of the form1-2 )-f(x
1  )1 < MI1x1-x2 H 

	
The set 

A x 7 where x is some function in H and 6 varies between zero 
C 

and n  can always be included in a closed sphere of a finite 

radius since HA
e
xM < ( Pk+  ri )

1/2 pc 11 and this sphere is convex. 

On F=grad f we assumed a Lipschitz condition and therefore in 

particular it is bounded on any closed and convex set. Thus 

the conditions of the lemma are satisfied and there exists a 

constant M such that 

f(x1)-f(x2)1 C  mHxl-x211 

Applying  it to (9) we get 

if(A X) — f(AE 
	1  
X)t 

El 	2 

< M 11 A x —Ae 
1 	2 

M xH 11A 6 	Aii2 1 
1 	2 

Jr SL 



From the definition of Ae for all eltfollows that 

In particular tp is a continuous function in 

for u=41  hence on a closed interval Co (0.) is bounded and 1 6 

reaches its bounds: 	e
m 

[0, n 	such that 

y (0) = max 	(G) • 
em cE[0911] (10) 

Sinceib 	 (x) is increasing with respect to the norm 
I rl  

of x, there exists a sphere of radius R; 0R<co 	such that 

ZOco (x) > c) 	(G) ) 	Ilx11 = R. 
n 	( Eta 

But from (7) and the above inequality 

A 
e(x) >,tbon (x) > 	(0) 	6E[0,n 	(11) 

and from (10): 

II Ae  - Ac 	--> 0 when 	e l  > e 2 , cej.-...en.a.t_ E is a continuous 
1 	2 

function of 

((» 	
6
(0) 6 .WE [o, n 1. 	(12) 



Thus from inequality (11) we further have for each cE[0,p, 1: 

( X) > L) (o) 	V Hx711 = R 

which implies,, as we have already seen, that the critical point 

	

for 0
E 
 lies inside the sphere of radius R. 	In this way we 

have proved that a.l critical points x lie in a sphere of 

'finite radius R if we assume that a1>O. 	
If a1'  

<0 then we 

can always find a>0 such that a1
'11231i<1 and 

f(x) < a1 
 (x x) + a2(x'',)7 

 + a3 

'(x,x) + a2(x'x)7 
 + a3  

hence 

(x) = (x,x) - 2f(A
e
x) 

>./ (x,x) [(1-ai' II 
	

II )(x,x)1  7 

a211BEHY] 	a3 



7 :2 a 

the rest of the proof is then exactly as for the case a,>0 . 

Hence 	->" 0 such that 

1, Fz o  H < M' < OD 
e „ 

:[O, ri 1 • 

Finally we have that- 

H 	 o 

i.e. the solutions of the perturbed equations v=B Fv converge 

to the solution of the original Hammerstein equation x=BFx as 

the perturbation tends to zero. 

Consider now the two kinds of functionals: 

(1)
IE 
(x) = (Bex,x) - 2f(B X) 

• 

(2) 
	x) = (x,x) - 2f(.48x) 

where in both (1) and (2) the conditions imposed on the functional 



_ 
f and the operator B are the same. If x is the critical 

point for (I) and x°  is the critical point for (2), then 

-o 
Bxi- is the solution to the perturbed Hammerstein equation 

through functional (1) and Ax° is the solution to the 

perturbed Hammerstein equation through functional (2) for the 

same value of E o 	However the solution is unique hence 

B e = P x°  
E E 

so that for a prescribed perturbation or for a prescribed rate 

of accuracy i.e. for c >0 we may use functional (1) which is 

numerically easier to deal with than functional (2)0 



CHAPTER 3: Construction of Two Algorithms for the Solution of  

the Variational Problem and a Discussion on their Applicability. 

§1. Introduction  

The results of chapters 1 and 2 provide us with two different 

fuilctionals, defined on the Hilbert space L2[0,1], that we wish 

to minimize or rather approximate their minimizing function by 

methods based on a finite number of operations, usually by posing 

the minimum problem in some finite dimensional space. 

A large amount of work has been done concerning minimization 

. problems for functionals that arise from non-linear differential 

boundary value problems. However much less has been done to 

develop algorithms for the minimization of functionals that arise 

from non-linear integral equations. There may be cases when we 

have a variational problem for a boundary value problem that we 

wish to pose. as a variational problem for integral equation. 

For instance, the use of a set of trial functions for the Ritz-

Galerkin method in a variational setting for a boundary value 

problem requires that they satisfy the boundary conditions. If 

the boundary value problem is turned into an integral equation, 

then the Green's function involved in the transformation 

"incorporates" the boundary conditions. Thus if we were to 

solve the integral equation through its variational formulation 

using the Ritz-Galerk -in method, the set of trial functions do 

not necessarily have to satisfy the boundary conditions. • 

The aim of this chapter will be to construct algorithms in 

order to approximate the minimizing function for the functionals 

introduced in earlier chapters. In other words our objective is 
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• 

• 

to construct algorithms for determining minimizing sequences 

that will give good approximations to the minimizing function 

in not too large amount of computations. 

An important result of which use is made in this chapter 

is that of Wang Shang-Wang [n], which is based on result by 

Vainberg [3(/ J and Kacuvovskii 	This result concerns 

Vainberg's functional (see theorem 4.1 of chapter 1) and hence 

applies to both functionals suggested: Due to the weak semi-

continuity of 0 and its convexity, every minimizing sequence 

foro converges strongly in L2[0,1] to the minimizing function. 

§2. An alorithm'based on some results from the "Discretization 

Theory" 

1. Daniel's Results  

The main idea in this method is to estimate the minimizing 

function for a functional by replacing the integral in the 

functional with a quadrature approximation and obtain an approx-

imation at discrete points by minimizing the quadrature formula 

with respect to the values of the minimizing function at those 

points. Once we have the values at discrete points, an inter-

polation scheme may be applied to 'obtain an approximation over 

the whole region. 

The idea to approximate the value of the functional by 

replacing the integral with a quadrature formula dates back to 

Euler 17 ]: Aubin and Lionyr:H and Daniel Hi ,10] have developed • 

a more general theory which relates the variational problem to 

aaiscrete approximation to the variational problem. Daniel's 

main results Are summarized below and will be applied to the 



functional 0 of chapter 2. gc 

Let E be a normed linear space and ip be a real valued 

functional on E. Let E be also a reflexive space, E = (E*)*. 

Definition 2.1: A discretization for a functional i on E 

consists of a family of normed linear spaces En?  a family of 

real valued functionals 	on En, a family of mappings, 

pn: En 4. E and a family of mappings rn: E 	E. We shall 

. denote the discretization by 

disc(i,E) = 

An example example for the mappings pn and rn could be when pn is a 

piecewise linear joining of values in En and rn is such that if 

• uEE then (ru)i  = 114 , i.e. r • gives the values of a function 

at discrete points. 

To ensure that the discretization will in fact give some 

kind of convergence, Daniel defines a few properties such that 

if satisfied by the discretization scheme, then we have a conver-

gence of the values at discrete points to the values of the minimi 

zing function at these points. 

Definition 2.2: A discretization for q) on E is said to be 

consistent if 

lim sup Ipn(rt) 5- 11)(fi) 
n-)-00 

where :CI minimizes 4) over a subset BCE (if we wish to minimize 

over this subset) or over the whole space, and 

lim supE-( nfi 
n
) - n(an)] f. 0 

where an minimizes 	over a set BnCIEn and pnn 



Now we wish to solve the minimization problem over B (which 

we denote by MPB) by solving a similar problem for yO
n over B. 

Let n be bounded below on a set Bn such that pnBnCB and 

rnB CB 	ThusThus we seek unE Bn such that 4)n(an) 	iji n(un)  + En 

for all unEIBn' 0 < En  +O. In this case the sequence {pnun 

forms a minimizing sequence for 	In fact we have the following 

theorem: 

Theorem 2.7: Let 4) be W.L.S. (weakly lower semi-continuous) and 

. bounded below on a weakly compact subset B of E. Let 

disc(p,E) ='.(E,En,4),4)n,rn,pnl 

be a consistent discretization for on E and also let BS- En, 

satisfying p B CB and rnBOBn, then there exist u,

• 

un▪ solving 

MPB and MPE respectively. Further 

lim Opnun) = lim Diel(un) = v(u) 

and all weak limit points of pnun, at least one of which exists 

solve -MPB. If the solution of MPB is unique then the solution 

of MPBn weakly converges to it. 

Details of the proof are to be found in DO]. Theorem 2.1 

is a "local" theorem since it deals with the minimization over a 

subset B of the space E. In order to achieve a global theorem 

Daniel requires that disc(4),E) satisfy two more conditions: 

Definition 2.3: A discretization for 4) on E 'satisfies a uniform 

growth condition if: 

lim supb,p(un) = + 	as lim sup Huri ll n  = 	00 
n.+00 	n.+00 	• 
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where H uH is the norm Lefined on E n n 

Definition 2.4: A discretization for i  on E is said to be 

stable if there exists a constant A such that 

H PnunH 	AM unM n 

for every unE.En  and for every n, and A is independent of un  

and n. 

With these additional assumptions, Daniel proves the 

following  theorem: 

• Theorem 2.2: Let IP be W.L.S. functional on a reflexive space E, 

'let '4) satisfy a t-property at 6 with t = Tb. Let disc(tj,E) be 

stable, consistent (for uniformly bounded Hu 
n  H and n 

H pnfin.11 ) and satisfy a uniform growth condition. Then 

urnIp(-‘,-) a )lim 1p (a.) 	4)(d) n  n4-00 

where U solves MPE, and all weak limit points of {pniin/, at 

,least one of which exists, solve MPE;  in particular, if la is 

unique, then pnian  weakly converges to it. 

2. An algorithm based on a discretization scheme  

In chapter 2, we introduced a perturbed Hammerstein equation 

such that its solution could be used to approximate the solution 

of the original equation. The solution to the perturbed equation 

is obtained by minimizing  the functional t195, where c is the 

perturbation parameter and belongs to some restricted interval 

[0,n1, and then applying  the perturbed operator 3. to the minimizing  
NJ 	 N) 

function of io
l 
 which is also the critical point for '.t. in 
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'17[0,11. In this section a discretization scheme for the 
d^J 

functional 	will be suggested, and if s[0,/2],  it will be 

shown to satisfy the consistency, stability and uniform growth 

condition and by so doing provide us with a practical algorithm 

based on this scheme. To make the presentation clear, we shall 

reconstruct the functional 0 from the original equation. 
k E 

Suppose we have the following Hammerstein equation: 

u(x) = .1. 13(x,t)F(t,u(t))dt. 
0 

If the kernel B(x,t) satisfies the conditions of. chapter 1 

section 2, i.e. B(z,t) is symmetric, positive and continuous in 

both arguments (and hence belongs to 2di4  ) and if F(t,u) satisfies: 

• 10.1) I := 170:4 	c2 (2.1) 

where 0 < c1  < X1, X, being the smallest eigenvalue of B and 

c2 > O,then there exists at least one solution to the equation. 

Further, if F satisfies a Lipschitz. condition of the form 

1F,(x,u7) 	F(x,u2)1 <alui  - u2  where a is smaller than Xi, then- 

the solution is unique. The assumptions on B and on F imply the 

satisfaction of the Vainberc; conditions for existence and unique-

ness of the solution to the Hammerstein equation (see theorem 4.1 

of chapter 1) and in particular the satisfaction of the inequality 

2f(u) - c (u u) 	c' 1 ' 	2 	3 

where f is a functional such that F 	Vf; 	> 0; 

B <1 (since c1  < X1) and y = 	Indeed this follows from 

the inequality 1F(x,u)1 	cu] ± c2  since 



r 5 

1 u(x) 	1 u(x) 
f(u) 	

j 	

p 	
d = 	I F(x,v)dvdx f 	IF(x,v)Idvx 

0 0 	 0 0 

P (1 	12 
f 	2  cl iu(x)1 	+ c21u(x)1)dx 
0 

= 	c, f lu x)1 2dx± c.7-[ j 	
1/2 

	

1u(x)1 2dx1 	c3 2 1 0 	0 

where c3 is an arbitrary positive constant 

= 	ci(u,u) ± c2(u,u) 2' 	± C 3 

and hence 

2f(u) 	c_(u,u) 	c' 	'(u u) 	(c' = 2c2'  c' 	2c3). 

	

2 	2 	3 

Likewise for the conditions of uniqueness. 

Thus if eEj0,n], where n is such that c111BH + c,n < 1 

then according to chapter 2, the functionalle(u) = (Bu,u) - 

2f(Bu) is W.L.S. and bounded below in L2[0,1] and possess a 

unique extremal and critical point in L2[0,1] such that the 

operation of Bc  on this point is the solution to the perturbed 

equation u = B Fu c- 

For Hammerstein's equation, the explicit expression for 

e (u) is the following.: 

Q2 
 5
(u) =u,u) - 2f (Bcu) 

	

/ 	1 	u) (x) 
r 

f''(2 u)(x)u(X)dx - 2j ' 	j' 	F(x,v)dvdx J 	6  
0 , 	0 	0 

(B u)(x) 
= f [(B_u)(x)u(x) - 2' f F(x,v)dv]dx 
• ' 	0 	• 

1 
= 	(x;u (x) ; (13 u) (x) ) dx 

6 



where 

def 

0(x;u7z) = uz - 2 f F(x,v)dv. 

0 

A trapezoidal approximation to 0 (u) can be constructed 

as follows: Let 0 = xo  < xi  <...< x
n .= 

1. Denote by 
n 

nn 
= u(x ) / 	= 071/..pin and by 	= 	

n, , 
17j = 011,...in 

1 • 
wheret1 =0„,...,nandieth.=x - x

n 
= const = - 

1 	I 	 1 	i-1  

(in practice refinement of the mesh will be carried out by. 

halving the distance between the mesh points from the previous 

partition, thus mesh points from the previous partition remain 

mesh points in the new one). The approximation to 0 (u) based 
i c  

on the trapezoidal quadrature formula using the values of the 

< < 
function u at the nodes xi, 0 - 	- n, is 	(7- ) =• 

Tn,t n 

TN-7 	
.7A-n\ ) 

k  n,E n 
= 	 1 	 O'LO°  

n-1 
-n 1  

h E(1)(x;u 	;T") + -h(D(x
n
;u 	

--n
T ) 

i 1 n, 	2 	n n,n°  n 
i=1 

whereu = (u 	,u 	...,u 	 ) is a vector formed from the n  
n,0 n,1° 	n,li 

discretevaluesofuatthepointsxr.1,0 -. i 5- n and Tn  is the 
1 	 i 

trapezoidal approximation to (B u) (x')= (Bu)  
 t 	

)(xn) + 	 n  = 
i i 	i 

f B(xn,t;u(t)dt + Eun,i  based on the discrete values of u at the 

0 	-L. 
< < 

points x
i

n
, 0 - i - n: 

n def 	 n-1 
n _ 1 - 

T 	= -hB u 	+ h E B .0 	+ 1 
n 

11B u i , 2 i3O n,0 	i1i n,j 	2 i,n n,n 
j=1 

+ eu 
n,1 



We shall proceed now to construct a discretization scheme for 
rJ 
0_ on L2[0,1], and for simplicity we shall use E' to denote the 

t-• 
following 

n 
gi  

i=o 

n-1 
+ z 

i=1 n°  

1 
Let E = L2[0,11 = sL ul 	u(x)1 dx <001 where the norm is 

0 
defined in the usual way: H u 	=.1; lu(x)1 2dxl1/2 and for each 

n let En be the (n + 1)-dimensional Euclidean space. Let . 

Ii 	 n  be a norm in En  defined by: 

fl 	n 211/2 
H =In!! n 	E 	l uil i=0 

where u is an element in En: Un = 	( this notation 

is used to distinguish between a general element in En  to a 

discretized function from E = L2[0,1] that is also an element 

in En)-  H 	
n is indeed a norm since as can be easily verified 

it satisfies all three conditions required of a norm. 

Let pnur  denote the piecewise linear function passing through 

the points (x,u1:1), 0 5  1 5  n 	Clearly p u 	2[0,1], and denote 

by rn,the mapping from E = L
2[0,11 to En such that (rnu).= un,i 

fo-r.  0 5  i 5  n. Let the functional? 	be defined on En in the n,c 

following way: 

.r.,./ 	def 	n 
E h E  n n n 

1.0  

def 	n n _ 	n n 	n where T. ,= hE'E. u + eu. 
4  --.1 	I , i i 	i =0 J  

N 
Thus we have constructed a discretization scheme for 12 

on E = L2[0,1]: 
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sJ 	 PSI N 
diSC(p_ IL2E07 1]) = {L2[0;111 Enifyin,c,Pnirnl 

which we shall prove to satisfy the stability, consistency and 

uniform growth conditions. 

1. The discretization scheme for 	on L2[0,1] is stable, 
ic 

i.e. there exists a constant A independent of n and. un  such that 

H PlaulaH 
	

u H—n n• 

Proof: n 
2 

n xj 
H Pnlinll 

= 	1(0 u '(x)1 2dx = 	f 	1 (p u )(x)1 2dx 
n—n 	n n—n 

j=1 Xj-1 

 

  

(2.2) 

n 
On each subinterval [x.

nI,j = 1,...,n the function (p u )(x) 17-n 

is linear and has the form (1 - a)113_1+ au3;  0 	a 	1. Thus if 

we perform the following  change of integration variables in the 

n (j)-th subinterval: xxj-1+ ah then dx = hda and .(2.2) becomes 

n I 
= h 	7 1 (1 - a)u 1  + aun1

2da 
j=1 

n 
h 	[(1 - a)21un 	1 2  + 2a(1 - a)lun 

!Lin! 4.aluni 2]&4. 

10 

< 
but 8,1-a - 1 and hence 

n 	 n 
h 
j1 
E 	[1u. 11 2  + 211.Lj-1H. 	u.1 + lu1 2,  j. ,n " 

= 	3-  

For all j we have: 



2 
or 	'21 1-111 	11111 	1.̀11'1'--1-  11111 1 2* 

	

j1 	3-1 	7 

Thus we get that 

H ,n_n 

	

	- 2h rEl  Elul? 11 2 	lur:123 u J 2  r 	< 
j=1 

+ h E 	1 nu.1 2  + 	) 
j=1 3  

2 

	

= 	4 	ii H un  

and hence 

1 1 P  n n 1 1 5-  2  -un H 

2. The discretization for 	on 112[01] satisfies a uniform 

growth condition, i.e.: 

lira sup 	(u ) = 	co 	as lim supHu H 	= in,c -n 	n÷co 	-n n  n4.00 

Proof: 

n n n (u,) = h 
i=0 

writing the explicit expression for 

T1  T. 
n 	-1 

= h E'[uTI -2.[F(x,v)dv] 

	

1-1 	1 

	

i=0 	0 
n T. 

n 	-1, n_ 

	

1  h 	E'[u n..1. 	-2 r IF (x1.41, 	dv ] . 

	

i=0 	O 
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Now 1F(x,u)1 	c.dul + c2  (where 0 < cl  < x1 and c2 > 0), hence 



f
< IF(x,v)Iciv 	j 

0 
 [ci lvl 	c2]dv 

0  

< 1 
2 c  

thus we further have that 

(U
n  ) 
	h E' ['a

nn 
 - c11 Ti ! 2 - 2c2  IT.1] . - i=0 

 -1 

= h E° 	- c1h E 
m12 _ 2c

2  h 	E°  1'2.1. C
0 	i0 	1=0 

(2.3) 

Let us write ex licitly each of the sums above (it is 

possible to carry the proof in a complete matrix form, however 

for the sake of clarity it will not be cone here). For the first 

sum we have: 

n n 	 n 
h E°  u112.11= h 	u [II El En .un 

i=0 	i=0 	j=0 it3 
	sun ]  

n 	n 	n. 
= h 	E° un  [h 	E°  E.n  .0

n 
 ] - 	Eh 	E° 111.n 2  1 • i 	

4 1=0 	=0 1/: i 	1=0 1  J 

n_ 	n  
Note that h 

E, u,.,[h  E, E'  .un, 4i ?- 0 since this expression is a 
i=0 	j=0 -̀ 13  --/ , 	- 

quadratic form:' u*LB'nu 	where B'" def  ((hB11•,) ) is a positive -n -n' 	=  _ 

symmetric matrix (the notation ,B'll  is to denote that some of its 

' 	. 
ele

\ 
 ments have terms equalling -2-- Bn and h  T-  Bn  in an ordered 

.y. 

fashion, verified upon careful inspection of the quadratic form). 

For the second sum we have: 

	

71 ih El 
 
En _n 	nI 2 

c1h 	E' 	= c1h 	 .u. , cu. 
I 	1 

i=0 	11 	1=0 	j=0 i'3 3  

5  h Es 1h E° Bn  .ur.1. 12  E°  ui  L r  h E°Bi,jui i  l 
'1=0 j=0  j 	i=0 	j=0  

n nI c1e
2
h El lu

2
1 . 

j=0 
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Now 
n 	- 11  n  n n c1  h E'lh E 	B. .u.I 2   = c1  h El(h E 	B. .u.

D
). 

,7 D 	1,7 

	

1=0 j=0 	1=0 j=0 

n 
'.(h El B1.1  u). k=0 I,k k 

This' expression, using various methods of proof can be shown to 

be majorized by the following expression 

	

n 	n n n n 5 c1 1  
h E' (h E'B. 

,3  
.u.
n 
 )(HB,n  H 	E 1  ukY 

. D i=0 j=0 	k=0 

where H BinH is the normal "Euclidean" norm of the matrix B' n, 

n n c1  H Bl
nH h E'  [.h El BI. 'D 

 Al.
D 
 ]. 

1=0 j=0 

As for the third part of (2.3) we have 

	

n 	n 
2c2h E' Ih EIBn un' + Eu1nl i=0 	j=0 1'3 3  

n 	 n 

	

2c2[ E'  hIB1.1 	lhlun] + 2c. Eh 	El lun l 

	

j=0 	1 j 	zi 
J 	i=0 i 

	

n 	n 	n 

	

n 	2 1/2 	n 2 1/2 	n 2 1/2 
5  2c2. { EllhBi  .1 1 	{h 	E°111.1 ) 	+ 2c2E{h Elluil } • 

i=0 '3 	j=0 D 	i=0 

5  2c2H B i nH HanH n  + 2c2cHanH n  

the last inequality follows since the norm of any vector in a 

matrix is always majorized by the norm of the whole matrix. 

Hence, combining all the estimates yields that: 

1.) 

	

n Lin  ?. [1 	c1 H Bi  

	

e () 	n il - 2c 1 n e]u 3 .11  - ../1 

	

+ HuniLn[(1 	closH u ll n  - 2c2 11B n H 	6]. . (2.4) 



H B111 11  2 = z 1 	E, 	2Bn  2 Now 	which is the trapezoidal approxi- 

	

i=0 j=0 	IrJ 
1 1  mation to f f B2(x,t)dxdt = H E H 2 . Therefore as n tends to 00, 
0 0 

1 - c H B'nH - 2c tends to 1 - c H B[[ - 2c s. For 1 	1 	1 

c410,n/2] , 1 - 	BH - 2c1s 	1 - c1II  BH - cln < 1' (see 

chapter 2), therefore the first term on the right hand side 

of (2.4) is non negative. For the second term 1 - ca.!' BH - ci6<1 

for c610, 	and hence 1 - cis < 1 thus the second term is bounded 

below and tends to 00 as H u n  H  n  tends to c0. 

It therefore follows that: 

lj..m sup 4.0 	Cu 	= +co 
n, —n as limsupH u H 	, 11+. 	—n n 

which completes the proof for the uniform growth condition of 

the discretization scheme. 

N 
3. disc(tre, L2[0,1]) = { 2(0,1], En , pn,rn}  

is a consistent discretization for 	on L2[011]. 

'Proof: 	For the first part of the consistency condition we 

have to show that: 

lim sup ?n,s (rt n  ) < 	(uc  ) 

where 	minimizes? over L2(0,1]9 .(as was pointed before, 

dtceL2[0,1] that minimizes tc? 
E 
 over L2[0,1], and ae is also a 

unique critical point forted. Let us write the expression 
N 

for nte7  • 

Yn,e(rn''s)  = h El "xii(us)n,i;Ti)  i=0 



EF 0(x;u;z) =   
dz r Luz - 2 F(x,v)dv] d 

and define by t-t5n,c  the true (exact) trapezoidal approximation i   

n 
to 	(r 	) = h 	E'cD (x ; (u e ) 	; (B 	) (x.))• ( n,6 n 	1 	cni 	cc 	1 i=0 

n,c(rue
) -• E  (a e)1 1 lyn,c(rnac) 

17  yn,c(rnile) - 	(u  c)  

(r all • n,E n C 

(2.5) 

From the definition of the integral and from the existence of 

the integralt0,(ue) follows that 

• 

iiMi tr
n , 

(x.nc) - tio c c ) 	= 0. 
n+oo 

Let us consider the first modulus on the right hand side of 

inequality (2.5): 

n 	-n 
n,e Cr e)1 = Ih E1(1)(x -(u ) 	°T ) I 	, e (rnCle) 	 it 	C n,i' i i=0 

n n  n 	—n - h E'cl)(x -(11 ) 	;(B u )(x.)1 	h .E'I(1)(xn 	) 	.;T. 
1 	6 n,i 	e e 	c n,i 

1=0 	 1=0 

t_ 	)(7. ;(11e) n , i; ( BeQ6 )(4)1 . 
	 (2.6) 

We shall prove that the expression on the right hand side of 

this inequality tends to zero as n tends to 00. From the 

definition of 0(x;u;z) follows that 
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to Nbe   (a ): 

Now 

- 2P(x,z) 

hence if we apply the mean value theorem to the right hand side 

of inequality (2.6) we get 



rn,c(rnas) 	n 	
i- ,E(rna)1 5- h E.1(us) n,i 	2F(xn,(B

66
)(xn) N =0  

\  \ 	+ T.((B C  a 61 	1 
)(x.) - T.n  ))11(B C  a C1  )(x..) - Ti(1 

where 0 < Ti < 1 for 0 	i n. Furthermore, from inequality 

(2.1), i.e. that IF(x,u)I 5- cilui + c2  we obtain 

n 
j- 

h E,  [Ka c n,i ) 	+ 2c1  I (B 
6 
 u)(xi  ) + T

n((B
e 
 )(xn) - 1i 1 	 j- i =0 

n 
+ 2c2)1(Bsac)(x11.) - Ti 	h E' 	[1(ild n,i1 + 2c11(Bcadix1P1 

i=0 

Ti  + 2c1 i  TI  (Bs6i  )(x) 	Til + 2c2]I(B e
)(xn) 	Ti I. 

Define the following expressions: 

wn(x)  dgf (Bus) (x) - Tn(x) 

where 

def n 
Tn(x) E h E' B(x,tnj)(la ) 	. e n,j 

j=0  

In particular Tfin(x1.1) = (Bil ) (1.c) — Tn(xr?.i . ((B.G. )(xl?-) + ccii ) 	.) 1 	c 	1 	1 	E 	1 	' 	6 n,i. 

-,(1-n(xi) + s(la ) 	) = (B la )(x) - Tn. Now Tn(x)- is the s n, i 	e 6 	i 	i 1 
trapezoidal approximation to (Bus) (x) = 5 B(x,t)Ue(t)dt at each 

0 
point x in the interval [0,1] and since the integral for each 

xE[0,1] exists and is finite we have that 

lim Tn(x) = (Bus) (x) 

and therefore 

lim IWn(x)I = 0 
n+00 

which implies that 

limJsuplWn(x)I] = 0. 
n+co*,[0,1] 

xE[0 1] 

xE[0,1] 



 
-Thus, taking into account that 0 < 	

. < < 1 for 0 - 	- n, we 

have that 

i‘p n,e 
Cr 

 n 
a e  ) 	n, 

(r 
 n 
 a e  )1 - [h z,i(ae)n,iI + 2c1h E° 	B 	) 

i0 	 i=0 
E 

2c1  sup 	Iwn(x)1 2°  h] sup 	Iwn(x)1. 

	

xe..[0,1] 	s i=0 1 	x[0,1] 

. 1 . 

If we turn to the expressions in the square brackets of the above 

inequality we have the following: By the Schawart'z inequality 

n 	 n 	 n 

h 	Ell(a ). 	.1 	5.{h 	E l l(fi ) 	.1
2
}
1/2

, since h 	E , 1(ii ) 	1 2 

i=0 	1'1 	i=0 	
e nil 	

1=0 	
E n,i 

tends to .b ia 
c
(x)1 2dx (an integral we know to exist, which is 

finite) as n tends to 00 there exists a constant M/  such that 

n 
h E°1(

ae)n,i1 
 -. Mi for all n. For the second term in the square 

i=0 	 n 	 n 

brackets we have 2c
1
h E°1 ( 3 a )(xn  )1 . 2c h E° 1(Bla )(x

n
) +̀- 

i=0 	
e e 	i 	1 

i=0 
E i 

c(d
e
)
n,i1 	

-. 2c1h rEll  1 
 

(Bac)(x1.3i/..)1 + 2tc1h 	E'l(iic) 12  i.  1. 	Since 

4-0 	 i=0 

(Bia
c
)(x) is a continuous function on [0,1], EM2 - 0 such that 

n 

1(Bile)(x)1 ., M2 =-,/'xE[0,1] and hence 2c1h E' 1(Bild(x11)1 	2c1M2 , 
:a 	0 i= 	1 < 

and similar to the first term, 2scih. E' Hilt  )111 - 26c1M1. 
1=0 

Hence if we denote the sum of these constants by M we get that 

(r a ) 	cla 	Cr a )1 	[1,1 	2c 	sup Iwn(x)I]sup 	Nivil(x)1 

	

‘n,e n e 	n,E.- n e -xe[0,1J 	xe,[O,l ]  

which tends to zero.as n tends to 00  since sup - lw
n
(x)I .4-  0 as 

x ELO , 

n tends to c°. Hence from equality (2.5) we get that 

,N) 

liM 
1?n,e

(r
n
u
e
) (U)1 = 0. 

ry÷oo 



Finally 

	

0 = lim 	n6(rnc) - (.0 (ia )1 = lim sup 

	

n.+co 	,  
(r n,C n E 

)  
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e (u )1 - lim sup (kfn,e(rn6)  
n±00 

) ) 

from which follows that 

lim su 
n÷co 

< " 
n,e  (rriZIE) -tfs 	 ) E 

So the first condition for the consistency is satisfied. 

For the second condition for the consistency we have to 

show that 

/./ 
'lim sup (0 (p a ) 	(a )) - 0 lc n—n 	in,6 —n 
n+00 

where a minimizes the "discrete" functionall 	over E 
—n 	 n,6 

According  to Daniel [ O , p.31], the satisfaction of the 

stability and uniform growth conditions by the discretization 

scheme implies the existence of a uniform bound for HaH n 

i.\ \e. there exists a constant M'; 0 - M' < 00 such that 

anH n < - M' for all n (this can be easily verified). We shall 

use this result to prove that the second consistency conditions 

is satisfied. Though the method of proof will be similar to 

that used to prove the first condition for consistency, in the 

present case we find it convenient to establish some (in between) 

auxiliary results. 

(i) Let us define the following  expressions: 

n 
n,e.(s1n) = h0(xnn-(13 	a )(xi  )) 6'0111.—n 

i=0 



rJ 
and show that I ) 	k,C) 	(I l )1 	0 as n n,c -n 	n,c -n 

N1  n n 

	

(Lin) 1 = 1 h E' 	(xillai; (BcPnin) (xi) ) i=0 

n• n n n < h 	(x 	- h E° I (xn;Un- (B p 	) (x.)) i1 	i 	n-n 1 i=0 	i=0 

n n 
- (D(x.;u.;T.)I • 1 -1 , 

which (again) by the mean value theorem is further majorized by 

n 

	

An 	n 	n 	fl(   .-C. h E° lu. - 2F(x.,(B p a )(.%.) +T.  T.(B p a 

	

, , 	1 	6 n-n 	1 	1 5 n-fl 	1 
i=0 . 

- (Bcpn-an)(x.)  - 

Furthermore from inequality (2.1) we have 

n 
h E°L

• .

11-1111 + 2c11(Bepn.iin)(xi)1 + c1  t, I (B P 	) ( x i 	c n-n 	.) 1 
i=0 

n - T.1 + 2c2] I  (B c  p 	) (x,) - n-n (2.7) 

Weshall also define 

def n(x) E 	(Bp) (x)Tn(x); 

de 	n  
.Tn(x) E h f B(x,tn )un . 

i=0 	j j 

In particular 

An 	-n 
vn(xn) = ((Bp la )(x

n) 	cut) - (T
n(xn) + cu) = (B p 	) x.) -91  n-n i 	i 	6 n-n 1 =i 

for all n and for all i. We shall show that Iv11(x)1 tends to zero 

as n tends to 03 for all xEi[0,1]: 

67 

CO 

x€;: [0,1],. 



1 
Ivn(x)I = ' (Bn 	)(x) 	Tn(x)I 	= If B(x,t)(p.  a )(t)dt -n-n 	 nn 

0 
rs - - h E' B(x,tn.)u.n  

1=0   

since pniin  is a piecewise linear function 

n 1 -n 	- = lh E I B(x,ti-1+  ah) (1 - a)u + aui]da 
i=1 b 

n 1 
• h 	B(x,t.n  )u.I = l[h E 5  B(x, 	

n 	da • n 	+ ah)(1 t_i 	a)ui_1  
i=0 	i=1 0 

n 1 	 h n  - 	- 
+hEf 1 1 B(x, L.. - + ah)auin 	nda] - 

1=1 0 	 1=1 

.n n -n  + 2 E B 	t. )u i-1J 
1 

I • i=1 
(2.8) 

n 	n 1 

	

ItisreadjaYseenthalt 	
n -n 

1-1 i=1 	i=1 0 

n 	n 1  h 	n -n 	n -n 
.(1. - C4)kan  ida and -2-EB(x,t.)u =hEfB(xlt.)au.da. Therefore 

i-J. 	i i 	i i 

	

1=1 	i=1 0 
we have the following inequality from (2.8) 

h I . 
i=1 0 

ah) - 	(1 - a)1.1/_11da 

n 1 
+ hEfIB(x,tifl_i  + ah) - B(x,tn)11 

1=1 0 

The kernel function B(x,t) was assumed to be continuous both in 

x and in t on [0,1] x [0,1], hence for every fixed x C[0,1], 

B(.x,t) is uniformly continuous in t, i.e. for every C-5'x  > 0 

6(6'x) > 0 such that It°  - t"1 < 6(5x) and 	,t" [0,1] implies 

IB(x,t) - B(x,t")1 <Tx  , 

Thus for a sufficiently small refinement of the mesh, that is for 
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1 	< h < 6.(0'X) and owing to Ial,11-al - 1 we obtain that 

I vn(x)1 < 	h  

i=0 
i 

and by applying Schwartz's inequality 

25x{h E' lanI2}
1/2 

= 2 H inH n. 1=0 

But for every n,H iTinH n 	mg < 	and 

ivn(x)1 <- 2M6' 	0 as n 

from which follows that 

lira [ sup 	I vn (x) I 	= 0 , 
n+00 x Eig, 

Turning back to the terms in the square brackets of (2.8) 

we have the following (recalling that I(Bgnian)(x)1 	l(Bpndh)(x)1 

+ cl (phiin)(x)I); (Bpnilh)(x) is a continuous function in x for 

every n and hence bounded, denote by M
n 
 = max 1(Bpn-n  )(x)I, 
 xE[0,1] 

thus 

, .i.  
Mn = .max I r B(x,t)(p n-n 	

< u )(t)dt1 - max 	f 1B(x,t)Hp nnu (-01dt J  
xE[0,1] 0 	xE[0,1] 0 

1 
5- max 	IB(x,t)1 f 	max 	1B(x,t)1{ f Ipnun(t)1 2  

x,tE[0,1] 	0 	x,te[0,1] 	0 

dt11/2 

= 	max 	IB(x,t)Ill priLl.n H 
x,t [0,1] 

since H pniin H 5. 2H linH 	2M'' and since 	Mu' ?*- max 	B(x,t)I 
x,t€[0,1] 

and M."'<.0.we get that I(Bpni11.1)(x)I is bounded for all x and for 

all n by some constant say N'; 0 5- N' < 00. In addition, 



n 
h E' 1 = 1 and 0 < Tn < 1 from which we obtain the following 
i=0 

estimate: 

	

I - 	 s 	< 	„ 	, 

	

U 	(12 ) 	

n
v i-ni 

,1 1  [11 4, 	 2so,h 	uil 
n ,  H1-1,6 	i=0 	i=0 

+ 9c1 sup I vn (x) 	+ 2c21  sup I vn (x) I . 
• xe[ 0,1] 	x[ 0,1] 

(2.9) 

11 .-n- 
Applying Schwartz's inequality to h Ilu,1 in (2.9) we get 

i=0 

1-n 
[{h 	n21/2 + 2c1N' + 2cc1fh. 	iu

,2}1/2  

	

i=0 	 i=0 

n 

	

+ 2c, su 	vn(x)! + 	v 2c2],  sup ,v (x)I 
xE[0,1] 

- [ (1 + 2sc-)W + 2c1N + 2c1  sup ivn(x)11 sup iv
n(x)I 

x[0,1] 	xcj 0,1] 

+ 0 	as n 	co. 

..,ence we obtain the first auxiliary result that 

	

- 	! 	0 as n 	oo. 
in,e -n 

(ii) Let us define the following expressions: 

n 
0 

	

1n,c n = h E 	( 	.(xni-1 
;(1 	coan .,3  

i-1" sPniln)(x11-1 ± c4h))61c2  
i=1 6  

n 1 

	

r 	n 	13 p u-  (xn +h + ah))dEjOkxi;alli;1/4 En-n 	1-1 	a  
i=10 

- def 

	

where T(x;u;z) 	uz -I F(x,v)dv. Thaseexpressions, as we shall 

ce later, resemble very much the expression for L2 (p u ). In n n 

this section we shall prove that 177 	(u n  ) - 7n, 	 n  (u )1 	0 as !n,c   

n 	oo. However the proof itself may not be simple as in (i) since 



it will be observed that for the proof of the second condition 

for consistency the uniform boundedness of the norm 'of the 

minimizing vectors for the approximating functionals 	is 

not sufficient and one has to show that the components are 

actually uniformly bounded, i.e. !ail' 	constant for all n and 

for all i. 

Now 

= 	n n -n (fLIr ) = h 	E ' 0 (x.; 	
t 
 (B u -pii) 1 i s n-n 1 

	

i=0 	 • 

A 	n 
(136P112-11) (x._].) 

h n  -n 	-. n 	1 n 

	

= 17 1.E 
1  [u. -i s 

_(B p u )(x.1-1  ) - 2 	f 	F(x. ,1'  v)dvi 

	

i n-n 	 1-= 	 ' 0 

(B p„.,t'l (xn) 
r  n 

	

n  - 	... n, 	--n i  -IL 1u. 03 p u ) (x . ) - 2 	j 1 c n-n 	i 	1 i=1 	 0 

(B p 1U ) (x 

	

1 	 s fl-fl 	11_1) n  -n 	n  = h E 5  [ (1-a)ui_i  .(Bepni-n) (x_1) - 	f 	F(xi-1'v)dv]da 

	

i=1 6 	 o 
(B lo a )(xn) n 	1 	• c` fl fl 	i .. 

+ 	 r 11 	 F(xn,v)dv]da E. [aialli(13P111:1 	, 
i .1_ 	n-n)(x)- 	j 1 i 	

r 
=1 o 	o 

and by the definition of T 

.n 1 
= h E5-07(xn .(1-c01-in ;(B .ou)(xn-'da 

i=1 0 

_ 
h E 	I T(xn-in;(B p 	)(xn))da. s n-n 1 1=1 b 

Thus we obtain the following estimate: 

n I -  1 	(u ) - n,s n (u )1 - h E fl cbAxi_1;(1 - coui_/;(36pn,ln)(xi_j_ 

	

in,s -n 	)  • i=1 0 

ah)) - T(x11-..:1;(1 -  



n 1 1  _ 	n 	 n 	 n -n 
+ h E. fIci) (x.;:au4(Bepn—un 	1) (x.-1  + ah)) 	(x 

1  i=1 0 

(B e- pn—ni 	1  u ) (x))Ida • 

By the use of the mean value theorem 

n 1 
h 	E 	f [(1 	a) 1I + IF(x1.1 	(B p 	)(x1.1 	+ ah) ui_, 	i-1' e n—u  n 	1-1 
i=1 0 

+ -[. •((B p n—n  u  )(x1-1  . 	+ ah) 	(B e pn—n u )(xi _,)) .I(B e  p  n—  u  n1  )(x.-1  + ah) 

- (3 e  p  unn  )(x. -1,)1  + S1 

where S1 
is a similar expression to the one before it and 

\ 	. < 
0 < T. < 	

< for all 0 - 1 - n. 1 

Now: (B E pn—n )(xi-1 + ah) - (Bs  p n—  a n )(x-1 ) = [(Bp n—  a ni-1 )(x 	+ all) 

-n 	-n 	-n 
+ e((1 - a)u 	+ aui)] - [(Bpnn)(xi-1) + eui-1

] 

= 

	

- 	- 
[ (Bp n— a n  )(xi_l 	ah) - (Bp nn 	1 )(x12?:_,)] + ca[un 	un-1  - . ,] 

and likewise in S1, from which together with inequality (2.1) 

yields 

h E f { (1 - a) (u1. _1  I + c
1 
 (B 

e  p  n—n1  ) (xr.'-1 	ah) 
i=1 0 

1  -n 	, 
c11 T.[I(Bp nu n1  )(x.  - + ah) - (Bp nun ) u 	1 	+ ealui  - ui_lij 

+ c 	1[I(Bp u )(x. 	.4.c61.
)

_ (3p i-I "xn ).i. ea l lan._ 1-2n 	1 ]  
2 nn 1-1 	n—n i-1 	1 i-1 

S2 	 '(2.10) 

where S2 is similar to the first term. Noting that a, 1 °, 
a-41 

< 
T
i 

1 and also rearranging all triangular inequalities and all 



terms like 

-n 
P1-1 -111 )  (xi-1 

± ah)1 - 1(B,
nni-1 
a )(x 	+ ah) 1  + 61(1.- a)u

i-1 -  

-nl < 	- 	n 	-n 	# -n 
+ U. 

	
- 1(Ep 

nn-  
u )(x. 

-.1.  
, #ah)1 + elui-11  + Elu

I
1, we obtain a 

further inequality for (2.10) 

11 1  n 
5  h E f [1u. 1  1 + c 	(Bo a )(xn 	+ 0,h)1 + 26c Ian 	1 

1-1 	1 '-nn i-1 	1 i-1 
i=1 0 

n 
+

i
1 + c

1
1(Bp)(xi-1 + ah) - (Bpnn 

 
u  )(x

i-1 )1 	2 c  ]. 

1 	-n 
-[1(BpnUn) (xi-1 + ah) - (Bpn1ln)(xi_1)1 + 	- Ui_il]da 

+ S3 

Where S
3 
is similar to the first term. Since 1(Bp

n 
 u 
n)(xi-1 

+ ah)1 

is easily proved to be bounded and the same applies to the 

difference 1(Bpniin)(xi_l  + ah) - (Bpnun)(xi_1)1, after cross 

multiplication we get the following basic types of terms: 

n 1  

const -h E 

0 
I 1(Bpnun)(xi_ l  + ah) - (Bpnun)(x

i-1 
 )Ida, 

i=1 

n 1 
-n 	A 

h E 	
i 

f lu 	1 1 (Bp u )(x. 
-1 	n-n 	1-1 	

ah) - (Bp nu 
ni  
)(xn 

-1 
 )1da (or lu

i
1 

i=1 0 

1 
-n 	-n 

times the difference as the case may be), const-h E f 
lu.1-1 

 11u. 
 1 

n 	i=1 0 
n, 	n n n 	 n n 

-1.1.i_ilda(orlu.11u.-u. 11) , and const•h E lu. - ui_11, (the 
i 1  J_ 	1- 	j=1 1  

same 

	

	for S
3
). We shall prove that all these expressions tend 

to zero as n tends to co. For the first term we have: 

n 1 

const.h E fl(B
pn—n1  
u )(x.

-1  + 
	

- (Bp nni-1 
u )(x 	Ida 

i=1 0 

n 1 

const- h E f [f B(x 
	

+ ah,t) - B(xt)11(o u )(t)Idt]da, 

i=1 0 0 	
i-1 	 -L n—n 

12 we apply now Schwartz' 'inequality for integrals to the. integral 

inside the square brackets we get 
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n 1 1  1 
const'hEr[C 1IB(x.-1 Ia+h,t) 	-11 2 B(x. 	1 dt.r 1./2  -0 

1=1 0 0 

f i(pnlan)(t)12dt1112 ]da. 

1 	, 
Now {11(p

n  un 
 )(t)1

2  dtf1/2  = IIP n11 	which by the stability condition- 
0 

is majorized by 211iiri l1 n  and therefore also uniformly bounded, 

hence if we denote the new constant also by const we get 

n i 1 
1 2 	1/2 

5- const •h 	f [1113(q_i  + ah, t) - B(xril._11t)1 dt] 	da.)  
i=1 0 0 

• but since B(x,t) is continuous in both variables on [0,1] 

n 1 
const!h E f 	sup IB(x. - + ah, t) 	B(x. „t) Ida • (2.11) 

i=1 0 tEE0,1] 	1 "L  

Again from the properties of the kernel function 

< 
sup IB(xn 	+ ah, 	7 B(xn 	t) I - 	sup [sup IB(x + ah, t) 

i-1 	i-1' tE[O,1] 	 xE(0,11te[0,1] 

B(x,t)1] 

which, clearly .tends to zero as n +.0 since ah 	h ± 0 as n + 00. 

Thus (2.11) becomes 

< const- 	sup 	sup IB(x + ah, t) 	B(x,t)I h E 
xE[0,1] te[0,1] 	 i=1 

Since h E 1 =1 for all n, we get that the first of the basic 
i=1 

terms tends to zero as n tends to co. 

The second basic term can be reduced to a similar one to the 

first case since: 
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n 	1 
- 	1 - 

h E 	r  1 (Bp u )(x
n  
. 	J.-  ah) - (Bp u )(x.

n 	
)11un 	Id 

J  n-n 1-1 	 n-n 1-1 i-1 
i=1 0 

n 	1 

h E 	{11B(x? 	ah,t) - B(xl 	,-
1't 	

112  f I (p
n 
 ) (t)1 2dt}1/2. 

i=1 0 	0 	
1-1 	 1-1 

0 	
7n 

A n 
Ida

i -1 

1 

	

1 	' 	< 
since ff 1 (p u

n-n 
 )(t)I 

2 
 dty 1/2 
	

constv we have that the above 

0 

1 -n 
const 	sup 	$ sup 	1B(x 	ah,t) - B(x,t)(I - h 	lu 	1. 

i-1 
xE[0,1] tE[0,1] 	 i=1 

(2.12) 

Using the'Schwartz's inequality for sums one can show that 

	

h E Ian 	1 	E 	lar.1 -1 1 211/2 
1 . 

• i=1 	i=1 

and this is majorized by {2h Efian.12}1/2 = cons-HI a-  1 

i=0 1 	
-n n 

which is uniformly bounded by the uniform bound for U. 11 1 
-n n 

.times a constant (the factor 2 enters because of the end term 1171 1). 

Thus we obtain that the right hand side of inequality (2.12) tends 

to zero as n tends to co, i.e. the second basic term tends to zero 

as n tends to 00. 

The third basic term is: 

n 1 	 n 

, Idi-111 ui - u
1.2.1._11da = const°  h E lar.1 _ Ilan Ian 'II i-  i-1 const°  h E r  

i=1 0 -II 	
-n 	

i=1 1  

We shall prove that 1u. - ui_2.1 is majorized by an expression that 

tends to zero as n tends to co, and thus using the uniform bounded- 

n la  

-1 '  
ness of h E lu. 1 their product will tend to zero as n tends 

1 
i=1 

to co. To 	
1 	

i = 0,...,n; 

,.., 

1Pu
n ' ° 

 

n = 2,3,... are uniformly bounded. Sincen,E '( 	 • • 
'
,u , 

l 
• un) = ( 

 0  

(where V is just used for clarity) are continuous in u
n 

i = 0,...,n;bounded below and attain their absolute minimum at 

i f 



7 6 

-n 	 n 
1-3-n = (u1,...,un), it follows that 

 

3., 
1...1 

= 0; 	k = 0,...,n. 
auk 

 

auk 

Now 

t NJ 

3kP 	(171 in,c -n  = a 	rh zy 	,a)(xn an mn
)

i 

auk 	3uA
n 	1=0 	

ir if 

Tn  

= h E' 
1=0 auk 

Lu Ti - 2 	1 F(x.,v)dvl. r-n 

n 	• 

• i 	V 	-n 	-n As we recall T = h 	B .3 iu + cu.11 so after differentiating and - 	j-  j=0 
collecting the terms we get that the above 

	

n 	 n 
n 	Bn,an - 	Bn Ftxn,Tral  = h[2euk + 2h V 	

2h V j 	ik i ' 
j=0 	i=0 

- 26F (xnk  Tkn) ] . 

Hence 
n 	n 

k 	V k3 3 
	Br F(xn,Tn) ik (xi ,Ti) 0 = 	126in + 2h 	Bn.an - 	V 2h 

j=0 	i=0 

n 
- 2cF(xn  Tn)1 1' 2 1 .11 1 - 2h  EnBn.H  lin' k'k 	j=01 k3  il 3 1 

n, 
- 2h E IBik 	1 "-i F(xn Tn)1 	kk ' 2sIF(xn  Tn)I. i- 

i=0 

From inequality (2.1) and by the boundedness of the kernel 

function B(x,t) on [0,1] x [0,1], a bound which will be denoted 

by D, follows 



f^n - 2sluk
i  - 2Dh E i  lar! - 2Dh E 4  (c1   1'21.111 + c ) j=0 	i=0 

-ni 	n n (c11In1 - 2c,(c11 k, + c2) - 2cluk - 2Dh E iu.i 
j=0 

n 	n 
- 2Dh E' [c1  h EIB i 	

+ c1i  + c21  i=0 	j=0 

n 
- 11311c  H 	+ 	+ c21 

j=0  3 3 

n 
- 2e(1 - c1c)1{1 1 - (2D + 4Dc1  c)h El  1u12.1. 1 

i=0 

n 
- 2D2h E°[h E°  I un 11 - 2Dc2h E°  1 - 2sc2 i=0 j=0 3 	i=0 

hence 

	

n 	n 

	

(2D + 4Dc1  6) h E ° 	1141 + 2D2h E°[11 E°  

	

i=0 	i=0 j=0 3  

1ni + 2Dc2  + 25c- - 2c(1 - c,c)l'u I. 

n 
Due to the uniform boundedness of h E°Iujland 

n 	 i=0 
h El[h El 1u.

11 
 11 which follows from the uniform boundedness of 

d.=0 j=0 3  
-n 2 1/2 

11 lin11 n =:{h 	(as we haVe seen before), the right 
i=o 

hand side of the last inequality is uniformly bounded for all n 

and the bound is independent of k. On the other hand from the 

construction of the perturbation 0 < 1 - CIE < 1 and hence 

are uniformly bounded for all n and for all k. Turning back to 

the third basic term we have the following: 

n 
-n -n ; const. h E j ui_1H ui  - ui_1 1 

i=1 

n 
= const h E 1111.1 	H (p 	)(xn 	+ h) - (p d )(x 	)1. 

i=1 	n—n 1-1 	n—n i-1 

ld 

n 



i • lim 
n+co 

Consider the family of functions {to 
nun 	which where obtained 

by the piecewise linear joining of the minimizing values for 

yn,e.Since(aswehaveproved) Iuil 	constant for 0 	i 	n 

and for n = 1,2,..., the constant being independent of i and of 

n, the functions pn-n  u are uniformly bounded in the maximum norm, 

hence we can write 

n 
, 
1
1 I- const. h L lui-1H 	n 	

ah) - (IDnn)( xi-1)  
i=1 

n 
- const. max 1(p d ) (x 	h) - (pniln)(x)1(2h Ey  lun  r  

	

x€10,1 	n-n .i 	 i=0 

- const• x[ max 	1 (pkiik) (x + h) - (pkiik) (x)I] 
k?-1 xE- L0,11 

(21( iinl1 n), 	 (2.13) 

Since Hu n m n  are uniformly bounded, the right hand side of 

inequality (2.13) tends to zero as n tends to 03, i.e. 

- 	- 
const. h. E 11711.11-1 	1 Iru.n  - n 1 	0 as n 	The fourth basic 

i=1 
term is clearly a special case of the third basic term and 

hence tends to zero as n tend to co. Thus we have proved the 

second auxiliary result that 

lim I 
00 	e (u-n 	i ) - ton c (un  )1 = 0. n.+ fn, ,  

(iii) In this part we shall prove that 

(un 	lc ) - 	(pn-n u )1 = O. -  



Now 

r\i 
1°E (Prilln ) = 50(x,(pnan )(x),(Bcpnun )(x))dx. 

0 

Performing  the change of variable in each of the subintervals: 

x xn + ah yields 
1-1 

n 
=hE 50( n + ah;(1 - a)ui-1 + au ;(B p u )(x

n 	+ -n 	-n 
x 	i 	6 n-n 	i-1 

.da = h E f{[(1 - a)n 	+ alin](B p u )(x 	+ ah) 1 	c n-n 	1-1 i=1 0 

(B p a )(xr.1 +ah) c n-n 1-1  
- 2 - 	r 	'F(xn 

-1  + ah,v)dv}da 

	

, 	i 0: 

wklich by the definition/of T becomes 

=hE 5-6-(x1-1 + ah;(1 - a)u -1; 	nn 	i-1 (Bpa)(xn 	+ ah))da  i 	6 -  
i=1 0 

	

n 1 	-n +h E 	(x +  au. ; (B p a )(x. 	a h))d. a  x 	+ ah;1-1 	i 	6 n-n 	1-1 i=1 0 

Hence: 

)1 

	

1 0E(Pnan). - LO 
	(a -n n,s 

n 1 	-n 
5 h 	fi T (xn 	+ ah,(1 - a)u. .. ;(B p a )(x. 	+ ah)) 

	

1 	1-1 n-n 1-1 
1=1 0 

n 1  
- 0

- 

(x 1. 	;(1 	a)u. 	(Bp ) 	+ ah))Ida +hE 5 1- 	1-1' 	n-n  i=1 0 
-n 

	

(D(n xi-1 +-ah;au . 	n-n  (B p u )(xn 	+ oh)) i-1 

- n -n - (1)(xi;aui;(Bepnun)(xi_l  + ah))Ida.• 

If we inspect the differences carefully we find that they differ 

only in the first argument which in turn implies differences of 

i=1 0 

n 1 

the form 



F(Xl-F 	IT(<1. 7)! or 11FOcrl_j_ 	F((1?"(v)1 

integrated from zero to the same limit (Bcprtn)(x11_1.  + ah). 

The assumptiori that q)(x;11;v) is continuous in all three arguments 

implies in particular continuity of F in the first argument x 

(which is the usual case in most Hammerstein equations) and 

hence 

+ ah,v) - F(x11_11v)1 	maxi F(x + h,v) - F(x,v)1 
xe[0,1] 

which due to the continuity of F in both arguments implies that 

this difference tends to zero as n tends to co and hence 
N 
c (pn-n u ) 	on,e(1 11)1 	0 as n 	co. Finally 

l  

ITE(P11171n)  n,s (a  -n)1  
(p 	(12 n-u n) - 	(u )1 n,c -n 

(u - n,s -n)  n  c(11n)1n c (u-n 	n,6 ) - 	(un  )1, i,  

Pa 	 PJ 
hence by (i),(ii) and (iii) 1 n6  (p nun) -11911,c ()1 .4. 0 as 

n co 0 But 

(.J 	!N.) 	 tN) 
0 = (p 	) - p tc n-n 	i n,s (d 
	p )1 = lim sup 1WlI) -n n÷ cc, 	

nn 
 

. - 	e (- 	n-  4.00
an) I - lim sup(p 

	n (pi n) s 	n,e(Ili n))) 

i.e. the second condition for consistency is satisfied. Thus the 

discretization scheme fulfils all three requirements of theorem 

2.2 of this chapter. 

In practice, we construct the functionalst nee  and differ- 

entiate with respect to the values ui  to obtain a system. of 

n + 1 equations with n + 1 unknowns, a system of which a solution 



is known to exist and then piecewise linearly join these values 

to obtain an approximation over the whole region. Alternatively, 
r•I 

having constructed the functionals
n,c 

we may use search-

minimum methods to obtain the minimizing vector (or an 

approximation to it) and then piecewise linearly join these 

values. In the appendix of numerical results to follow this 

chapter, we shall give results obtained using this algorithm. 

Remark: It is quite possible that such discretization scheme 

could be applied to the functionals y,r„.1_, of chapter 1 which were 

. based on the approximation to the square root of the operator B. 

However due to the nature of these approximations, i.e. being 

polynomials in the operator B the discretization scheme may be 

of a more complicated form to work with. 
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6 	algorithm based on a convenient choice of basis functions 

In recent years the theory and techniques of the finite 

element method have been developed and applied to various 

variational problems, mainly problems connected with elliptic 

boundary value problems. Using the fact that piecewise poly-

nomials are dense in 9[0,1] (to be proved in a following lemma) 

a similar technic2ae can be used for the variational problems 

discussed in this thesis,.i.e. variational Problems for the 

Hammerstein equation. 

In what follows we shall use piecewise quadratic polynomials. 

However it will be clear that piecewise polynomials of any degree 

may be used (and indeed, the preceding section where we used 

piecewise linear functions maybe viewed from this angle). 

Lemma 3.1: The class of piecewise quadratic polynomials defined 

on the interval [0,1] is dense in L2[0,1]. 

Proof: By [33] p.13 for every xEL2[0,1] there exists a sequence 

of,elements0.1  in cw[0,1] such that ( 	x in the norm of 

L2[0,1]. Hence for every s > 0 there exists a number k(e) such 

that 

H x - 	< 2 	k(e). 

Let s0 
- k(s). Given the interval [0,1] we partition it in the 

following way 0 	t0  < tl< ...< 	< tn  = 1, where 

ti 	1 = T  = h = const. for all j = 1,...)n and denote the 

(j)-th interval by [tj_i,ti], also denote the midpoint of the 

4j)th interval by tj  - 1• 

tj-1 tj-1/2 tj 



On [t i t] we construct a quadratic interpolation polynomial 

for 	based on the values of 	at the points tj_1, t_172, tj: 
0 	 0 

Lii(t) = E 0 (t. .)1. •(t) 
i=1 is0 113 lJ  

where ta,j  = t; t2,j  = tj_112; t3,j  = tj_i  and ti,j(t) are 

the co-ordinate functions: li,j(tk,j) = 

The error due to the interpolation to 	on the (j)-th so  
interval is then: 

(h(343) Ts t 
E.0(t) - 	 

3! 

where pi(t) = (t 	t1 ) (t - t29)  (t.- t3,j) and 	some 

inner point in [tj_i,tj] that depends on t. Since q)(3)is so  

continuous on [0,1] there exists a constant M
so
3  such that 

(3) 	< s0 (t)1 - M3  for all tE[0,1], so we have the following error s0  
bound on the (j)-thinterval 

ipl(t) 

3! 	3! 

Hence we can choose h0  = 	small enough such that 
0 

s - 3M  0 S 	J.- ,, 	'0 3 
IE

i
nt.) I < O 	 < 

	

3! 	2 

	

in each sub-interval [tj:1 ,t„] 	j=l,2,...,n. Letxj(t) be 

the characteristic function for the (j)-th interval: 

, 
1 E (t) 1 

(3) (EJ)1 	h3M3
0 

S0  t 

if  

if t f.[t 1  . 	t.] 3-' 3 
(t) = 



and form the following combination 

no  
L (t) 	E L3  COX no 	j=1 h0 

Ln is then a piecewise quadratic interpolation polynomial 
0 

for 
s
0 
 (t) on [0,1] such that 

(t) - Ln (t) 	E < 	')91-tE[0,1], 
0 	0 

and therefore 

1 , 	2 
0 (t) 	(t)I 2dt < 

0 Is0 

or 

s
0  

- L
n0 
 < 2' 

Finally we obtain 

H 	Hths 	Ln
o
H , 0  

i.e. the class of piecewise quadratic polynomials on [OW is 

dense in L2[0,1]. 

An immediate consequence of this lemma is that for every 

x€L2[0,1] there exists at least one sequence of piecewise 

quadratic polynomials that converges to x in the norm of 

L2[0,1]. Now suppose that the functional f of theorem 4.1, 

chapter 1 is either continuous or weakly continuous. Then if a 

sequence.  {xn
}
nc°=.1 E: L2[0,1] strongly converges to x in L2[0,1] 

then 

lim ly(xn ) - kp(x) I = 0, 

(an cL this statement is true for either functionals suggested in 

chapters 1 and 2). Let xo  be the unique critical point for kp in 



2[0 1]" which implies that 

min  
xEL2[ 0,11 

(see supplement). Then by the consequence of the last lemma, 

there exists a sequence of piecewise quadratic polynomials 

{C•}' 	such thatc.;.n + x in the L2-norm. Hence n n=1 	0 

+ (r(x0) as n + =, 

i.e. { 1,1.1  is a minimizing sequence for in L [0'  11 2 	' 

Consider the class of piecewise quadratic polynomials. 

defined fdr a given partitioning of the interval and denote this 

class by Cl(Ln), where L has the form: 

L (t) =(at2 at + a3)xj(t) j=1 

where aj, cL  -j  and a3 are real. It is not very difficult to show 1 2 

that Cl(Ln) form a linear subspace, provided we define the sum 

of,two elements, the multiplication of an element by a real etc.- 

in the proper way. In Ci(Ln) we shall define the following norm: 

Ln E Cl(Ln) then 

n 3 .2 i 

	

II I-.ri 1 Cl(L ) 	
{ 	, k 	la.1 

j=1 i=1 

(which is indeed a Euclidean norm with 3n elements).. We shall 

show that -0 is bounded below and tends to 03 as !IL H 
n Cl(Ln 

) tends 

to °°. Moreover, since r is easily seen to be continuous in 

aj  i = 1, 2, 3; j = 1,...,n, it attains its absolute minimum. 

Since T 4-  ("' if H Ln H L [0 11 tends to e.D)it is sufficient to show th 

	

' 	
cut 

2 - 



H implies Ln11  Cl(Ln) .4 °° 7 	Ln11  L2[0,1]÷ c°
. 	Now 

11 	n 
-3 

11  L-p 11 L2[0,11 = 	E 	(t)Xj  (t))
2dt 

' 	0. j=1 " 

n 1n 1 
= E f (LJ

_; 
 (t)X.4(t))

2dt + 2 E 	h (Li(t)Lh  j(t)xi  (t). j=1 0 	ij 0 

x.(t))dt. (3.1) 

The second sum on the right hand side is equal to zero since 

xi(t)xj(t) = 0 for all tE.- [0,1], 'hence (3.1) becomes 

n 1 

	

e 	j 	 1 	1 2 

	

= E j 	(Lh(t)xj(t)),2dt = 	f 	(a.t2  + at + a')-dt 

	

j=1 0 	j=1 t. 	2 	3 

which by inequality (2.12.1) of [16 1 p.32 majorizes 

n t. 	.; 	,2 	. 
E 53 	[a-) 2 	t2 + + a' ' 	1dt 3

2 

 
j=1 t.

3-1 
t. 	t 	t. 

n .2 3 4 	.2 3 	.2 3  
= E [a3 I t dt + 3  r t2dt + al  f dtl. D 	r 

1 	,.L., 	a2 	i 
j=1 	

., 	. 
3-1 	1 	tj...1 

(3.2) 

t. 

t , 	tj_l  j=1 . 

	

	 • ti_i  

positive numbers that does not change for each Cl(Ln) (that is 

for a fixed n), hence there exists at least one which is the 

smallest, denote it by a, thus we have further for inequality 

(3.2) 

.2 	.2 	.2 	n 3 .2 • 
a 	a33  ) =aE(E a? ) j=1 	j=1 i=1 

= 	Lull Cl 	) 

The set of numbers .D 
	

j 	dc, 	at} 	is a set of 

t. 	t. 

r3  9 	
3 
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i.e. 	limH LnH 
Cl(Ln

) rco 	implies limH Lil l! L2[0,1]÷co 

and hence limH LnH Cl (L ) + co implies that r(Ln) -,- 7. (Note! 
n 

the above could be proved using other methods usually used in 

such cases, however this one was chosen in order not to intro-

duce additional terminology). On the other hand equality between 

the norms exists when both are equal to zero (which occurs when 

ball the 	= 1,2,3; j = 1,2,...,n) and.hence 	is bounded' 

below on Cl(Lia). Thus 	attains its absolute minimum on Cl(Ln). 

Denote by wn  the Minimizing element for fin Cl(Ln): 

,a(w'n) 	min 	410(Ln) , 
Ln  Cl (Ln) 

and recall the sequence of piecewise quadratic polynomials 

n 

	

ln=1 that forms a minimizing sequence for 	in L2[0,1]. For 

all n we have that 

W ) 	r(OCII ) 
	

(3:3) 

but wn is also an element of L2[0'
1])it follows that 

	

j° x0) 5"2(wn) 	?(°Cn) 	'°(x0)  • 

Hence fw 1°3 	forms a minimizing sequence for y) in L2[0,1]. 
n n=1 

Using Wang Shang-Wang result we conclude that wn strongly 

converge to x0  in the norm of L2[0,1]. 

If we write 

n 
wn  (t)= E (a 2  + ajt 	aj) vi  ) 1 	2 	3 r 

j=1 

- then a - i = 1,2,3; j=1,...,n are obtained by differentiating 

LO(L n) with respect to 	=, 1,2,3; j = 1,...,n and solving the 

following system of 3n equations with 3n unknowns:, 



0u 

30(Ln) 	0: 	i = 1,2,3; 	j = 1,...,n. 

This system has a solution since the minimum point is also a 

critical one. Furthermore, the uniqueness of the solution follows 

from the operator F satisfying a Lipschitz condition with a proper 

constant. 

To obtain an approximation to the solution of the Hammerstein 

equation we have yet to apply the appropriate linear operator 

(see chapters 1 and 2), which due to either continuity and the 

strong convergence of wn  to xo  yields strong convergence to the 

solution. • 

In the following section we give an estimate of the rate of 

convergence of the above algorithm in certain cases and discuss 

some of the difficulties from the computational point of view. 

This algorithm yields in the case of our limited numerical experi-

ments good results which will be presented in an appendix to 

follow this chapter. We should also remark that unlike finite 

element method for differential equations with boundary conditions, 

the construction of the piecewise polynomials did not require that 

they be continuous or smooth across the boundaries of the sub-

regions. 
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§4. A rough estimate for the rate of convergence for the  

al, orithms and some discussion on the numerical problems  

in utilizing these algorithms 

The algorithms suggested in this chapter to approximate 

the critical point for the functional of chapters 1 and 2, and 

hence to obtain an approximate solution to the Hammerstein 

equation, need further investigation as to their practicality: 

how accurate are they, what difficulties occur in the numerical 

computation, etc? This work does not give a complete answer to 

all these questions. However, an attempt will be made to clarify 

• some relevant points and by so doing partially answer some' of 

these questions, 

In chapters 1 and 2 we obtained an estimate of the error due 

to the use of the functionals suggested. For instance (see 

chapter 1 section 5) if we use the functional based on the 

(n)-th approximation to the square root of the linear operator 

in the Hammerstein then we can give an approximation ie the error 

incurred due to actually solving a "neighbouring" equation to the 

original Hammerstein equation we wish to solve. Likewise we can 

do for the perturbed Hammerstein equation of chapter 2. 

Our next step is to try to estimate the error or at least 

the rate of convergence of the algorithms suggested for the 

construction ofminimizing sequences for thesefunctionals. For 

this let us make use of the following theorem in Daniel [ 10 ] 

p.21, based on complementary variational principle: 

Let /p be a real-valued non-linear functional on a real 

Hilbert space H, and let u minimize \p on the norm-closed convex 

set S. For each w in some given S CH, let a self-adjoint operator 



Pw be defined, satisfying <Pwhh> • 
	aw < h,h > for all 

h in H, with aw  > 0. Suppose that -cD is twice continuously 

Frechet-differentiable on the set of points of the form 

xv + (1 - Ä)w for yES and wIzS*, and x in [0,1]; and that 

Pw] (v - w) , (v. 	w) > 
	

0 

for all v in S, w in S* and A in [0,1]. For each w in S*, let 

vw in S be defined as the (unique) point in S minimizing 

< P v,v> + < 	(w) 	Pww,v> , 

• and let 	be defined on S* as 

4)*(w ) = 	(w) Jr- 	< vw 	w, P (v - w)> 	' -r 	< vw - w,Vip (w) >. w W  

If la is in S*, then 11)(w) is maximized by w = -(1-  and 

Ip*(d) = 4)(d). For all u in S and w in S* we have the estimates: 

>1 (u) -4)*(w) - 	< 	- vw), u - vw  > 

and 

Cu) -1p* (w) 	< 	u) , u - u>. 

We shall want to make use of these inequalities in particular 

the second one, since 

Ou) 	011 ) = Ou) 	e(d) 	< 	- U), ii - u> 

1 
A 

-2"a < 	- u, 	- u> = ± a^" 	11112 2 	u   (4.1) 

so we shall see that if we can estimate the difference p(u) - y(d) 

then in some cases we may be able to estimate the rate of conver- 

gence of an algorithms such as suggested in the preceding section. 

In chapter 1, §4, an additional condition was given for the 

existence of a solution to the Hammerstein equation x = BFx: B 

is a linear positive definite and self-adjoint operator defined 



on a real Hilbert space H and F is a potential operator 

satisfying (DF(x,h),h) < al(h,h) where all! Ell <1 if al  > 0. 

This condition implies that D2if(x,h,h) 	(h,h) (1 - al!! Bit ) 

if al  > 0 and D2tp(x,h,h) 1  (h,h) if al 	0, so that by theorem 

S.10 in the supplement there exists a critical point for 	in H 

which is unique if F is Lipschitzian with the appropriate 

constant. We shall assume the following: a) that the above 

conditions hold true for the cases being treated, which in fact 

holds true in most of the common cases; b) that D2(
1 
 which is 

the second Gateaux derivative is also the second Frechet 

derivative which again holds true in most cases. We also remark 

that the above conditions imply the "usual" Vainberg conditions 

used in this thesis (see theorem 4.1 of chapter 1), and though 

they may be a bit stronger they are usually satisfied whenever 

the "usual" Vainberg conditions are satisfied. 

To apply Daniel's theorem: Lett() be defined on H = L2[0,11, 

' and let u minimize ' over the norm-closed convex set S E H, 

i.e. we choose the convex set to be the whole space. Choose 

S* E H and for all weS* E H we take Pw to be the self adjoint 

operator p1, where I is the identity operator in L2[0,1)and p>0 

yet to be determined. Hence 

<Pwhh> ='<1,2Ih,h> = p< h,h> 	for all hEH. 

Since ' is twice Frechet differentiable on the whole space, it is 

particular twice differentiable on the set of points 

Xv 	(1 - X)w; vES = H, wES* = H,X E [0,1]. 



Now 

<[ -f x"v+(i_; 	p I] (v 	w) , v - w> 

< I Xv+ (1-X) w 	- w) v 	w> - Ti<v - w , v 	w> 

which by the above assumption 

> 	-0 - (1 -.a1H ,d ) < v - w, v - w > - 
11<v - w, v - w > 

= (1 - a
1
11 BIl - p) < v 	w, v - w>. 

Since 1 - a/ H BH >0 if al  > 0, we can choose p > 0 such that 

1- 	BH 	p - 0 and hence 

‹rou xv+(i-x)w - 	(v 	w) , v - w  > 	0 

for all vES = H wES* = 	Hence all the conditions of Daniel 

theorem are satisfied and we can construct the corresponding 

functional y* and show that it possesses the desired properties. 

Hence according to (4.1) we obtain the following estimate 

.0 	1 (u) - ?co.) > - 	u 	-an 2.  

In order to demonstrate the way in which we may apply this 

result to the two kinds of functionals, let us take the general 

result ((in the sense that Vainberg's functional was used) in 

the last section, where it was proved. that by minimizing i9 over 

a class of piecewise quadratic polynomials we obtained a 

minimizing sequence that strongly converges to the critical 

point of t. Indeed from inequality (3.3) we have that 

- ?("Ca) 	.1,0(wn) - O(u) 

wherenn lc°=1  is some sequence (or any sequence for that matter) 

of piecewise quadratic polynomials that forms a minimizing sequence 



for co. and that strongly converges to the critical point and 

00 
{w 1  is the minimizing  sequence obtained by the algorithm. 

By inequality (4.1) we have in particular for w
n 

that 

	

(w„,) - 	1311 Iwn  - 	2 
 

but from (3.3) follows that 

f(0L) - o(a) Li7 	 411 w 	- 11 2 

	

- 	2 n u . 

and hence 

	

) - o() 	wn  - 	2° 

By Vainberg  [36] p.60 in every closed ball in L2[0,1), (due to 

the differentiability of f) p  satisfies a Lagrange condition of 

the sort 

	

.p(x1) 	vx,)I 	miLxi - x211 

where M is a constant that depends on the magnitude of the bound 

for Dip  on the closed ball which_can be determined in certain cases. 

Hence (sinceyan) - y(a) 	0 and therefore If(ç) - ri). = 
yocri) - 

miloc n  	 ria) 	- 	2° 

Thus if we have any further knowledge about u such as u 

being  an.element of Ck[0,1]; k = 0,1,... then it is possible to 

construct a sequence of piecewise interpolation polynomials 

that will converge to ii in some fashion such as n n=1 

1 = 1,2,... depending  on k. But in general, all we can say, 

since we only know d to be continuous is that for every e >0 we 

can construct a sequence of piecewise quadratic polynomials 

feE 	such that n n=1 

3 

1 1 u - 	11 M 	el(h3) n 	(5) 
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where M 	= M 	of lemma 3.1 of this chapter. This does not 
(s) 

give us the precise rate of convergence of the algorithm. To 

obtain a more precise result we should have a better idea of 

the dependency of M 	on E. What we know is that on the one 
(E) 

hand the dependency is determined by the particular sequence 
s  

-( k  d) 1C:C9°[0,1] such that 0, 	a in the L2-norm and on the other  

hand by the continuity properties of E. It is hoped that in the 

future such better result will be obtained. 

(Note that the actual numerical results will appear in an 

appendix to follow this chapter). 

The algorithm based on the discretization method and the 

algorithm based on the denseness of the class of piecewise poly-

nomials in L2[0,1] both are fairly simple particularly because 

one does not require that the element "shape functions" possess 

inter element smoothness or even continuity. That is, as was 

previously mentioned in section 3 of this chapter, in contrast 

to the usual applications of the finite element method. One 

does not have to impose further conditions on the elements. Now 

if we observe the functionals suggested in chapter 1 and 2: 

(i)(u) = (u,u) - 2f(An+lu);  uEL2[0,11 n+1 

( ii) kr,(u) = .(B„u,u) 	2f(Beu); uEL2[0,1] 

where An+1 
is the (n+I)-th approximation to the square root of 

the linear operatorB in the Hammerstein equation x = BFx and B  

is a perturbation for B:B = B + 51,then we see that both function-
s 

als have as an argument an expression which involves an integration 

over the whole region, i.e, the interval :0,1]. For functional 

(ii) this is obvious and for functional (i) this follows since 



A 	is a polynomial in the operator B. Hence, owin to the 

functional being an integral over the whole region of an inte-

grand that includes as an argumnt an expression itself involving 

integration over the whole region, any reduction of the problem of 

minimizing the functional to that, for instance, of solving a 

system of non-linear equations yields full matrices. So that 

applying such methods as SOR in order to obtain an approximation 

to the solution (or the solution itself) does not give any real 

advantage over such methods as Gaussian elimination. 

Another problem that requires a further clarification is 

the dependence of the stability of the numerical process to con- 

struct a minimizing sequence for the perturbed functional
i 
 on 
s 

the magnitude of s. Clearly this greatly depends on the properties 

and behaviour of the linear operator B. The closer the operator 

B is to a positive bounded below operator the lesser we may 

expect the reduction of the minimization problem from an 

infinite dimensional problem to a finite dimensional one to be 

unstable for a small perturbation as the dimensionality is 

increased. 



Appendix of some numer:cal results 

We present here the numerical results of two problems. Both 

are nonlinear boundary value problems that were posed as nonlinear integral 

equations of Hammerstein type. 

Problem 1 

u" eu 

u(o) = u(1) =0 

Applying Green's function we get the following nonlinear integral 

equation: 

u(x) = G(x,t) eu(t)dt 

0 
where 

t(x-1) 	os(ts:›41 
G(x,t) = x(t-1) 

This equation can be further written as 

u(x) = G*(x,t)r- _eu(t)1 dt 

0 
where 

G*(x,t) = x) 0 ( 
x(1-t) 

Thus we have a positive kernel defined on t0,1 x o, 	Now F(t,u(t)) = -eu(t) 

and hence 

2f(u) = 

U1,2() 

-evdv dx 

0 

96  

eu(x)dx  



h G" n h n2 = h 	 ut,  • 
ti 

(un  

i hi 

x 	E= 0.01 	.= 0.001 	6= 0.0001 	u(x) 

0.0 ' -0.010842 -0.001948 

0.1 -0.050477 -0.043617 

0.2 -0.088874 -0.698305 

0.3 -0.122214 -0.093624 

0.4 -0. 147247 -0.113024 

0.5 -0.159753 -0.125492 

0.6 -0.154642 -0.119819 

0.7 -0.125693 -0.105506 

0.8 -0.061107 -0.087745 

0.9 -0.043256 -0.025169 

1.0 -0.000473 -0.000451 

-0.000986 

-0.041319 

-0.080338 

-0.092163 

-0.101811 

-0.116393 

-0.113121 

-0.103205 

-0.067525 

-0.417219 

-0.000346 

0.000000 

-0.041436 

-0.073269 

-0.095800 

-0.109238 

-0.113704 

-0.109238 

-0.095800 

-0.073269 

-0.041436 

0.000000 
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Since (upon calculating) G'11 I =0.106, Vainberg's conditions are satisfied 

with any a) )/o and the perturbation parameter„, must only satisfy (ai+E) 0.106<1. 

The functional we wish to minimize is then 

(11  
(u)= (G*u,u)+E(u,u).-}- 2 !exp[(G*u)(x) eu(x)  

0 
The algorithm used here is the one based on the discretization 

method for which we have to halve the maximal perturbation parameter, and 

the discrete functionals have the form 

dx. 

	

±2h > exp \ 	n n 

	

L / 	u  +ELA, • 
j 

j=° 	
• 

This problem leads to a full matrix of (i)5-Dx(h41). 

In the following table the perturbation was reduced each time to a 

tenth of the one preceeding it_starting with e = 0.01. The exact results were 
e taken from 1,5 . 



Note: One has to bear in mind that in addition to the error due to the 

perturbation there is an additional error due to the "true minimizing 

function approximated by trapezoidal quadrature rule and also the functional 

itself being approximated by such a quadrature rule. 

Problem 2: 

u" = -sinu 

u(o)  o, u(3) = 2.7 „ 

First, by defining 

u(t) = v(t) + 0.9t 

we get the following boundary value problem 

f v"(t) = - sin (v(t) + 0.9t) 

v (o)  = v(3) = o. 

and then applying Greens function to both sides of the equation we obtain 

3 

v(t)...._[Gi (x,t) sin (v(t) + 0.9t) dt 

0 

G (x.)  t) t(x-3)/3 	o;t$x,3 
x(t-3)/3 

which can be further written as 
3 

v(t )  =rG1  (x,t) sin (v(t) + 0.9t) dt 

where 

, r t(3-x)/ 3 
(x. , t) = x(t-3)/3 
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and thus we have a positive kernel defined on I0, xL0, 31 . The nonlinear 

part is then F(tsv(t)) = sin (v(t) + 0.9t) 	hence 

3 v(t) 
1 

2f(v) = 	sin (w + 0.9t)dwj dt 

3 

= -2 cos(v(t) 0 . gocit 
0 

and since the cosine is a bounded function we may choose a1  to be any 

positive number such 	a1  eG1 	N,. ° '1̀ ; 	1 	!Vow' G *'1--  0' 95 and depending 1  
on the choice of a1 we choose the perturbation parameter such that the 

maximal value satisfies (a1  -1.--1 )X 0.95(1. The functional we wish to 

minimize then is 

t.0 (v) = (01*  v, v) + 	v) + 2 1 cos ((Gi*v) (t) + v(t) + 0. 9t)dt 
J • 
0 

For this problem we used the algorithm based on the densness of the piece- 

wise polynomials in L2 	, where she interval To,.̀33 was partitioned to 

twelve subintervals (in order to compare results with 1.43) of equal length 

and a quadratic polynomial was defined on each one of them using the mid-

point of the subintervals. The approximating functionals were as follows: 

LP (L12)  = (G1*L12,L12)+E(L12,L12) 
L o 

+2 1cos ((Gi *L12)(t) + L12(t) + 0.9-t)oit 

where 

L12(t) = 	(aJt
2 
 + st-)2  t + a?, 	 1  (t) 

and 

- c  j 1) 0.25-0 t 
(t) t 	.25(j-1), 0.25j": 

This problem leads to a full matrix of 36 x 36. 
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In the following table the results appear only in the nodes that appear in 

rill and the end nodes - which gave exact answers at the boundaries to 

the boundary value problem with ze,-o at both boundaries and hence upon 

addition of 0.9t gave the exact values at the boundary. 

x = o 01 - 	• 
<4,  0.001 0.0001 

Results 
from 

0.00000 • .. . 	• 	. ... • • 	• 

0.75 1.47372 1.37871 1.36011 1.34255 

1.50 2.36888 2.26115 2.22978 2.19699 

2.25 2.730919 2.63711 2.62921 2.59880 

3.00 ... ... • • 
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SUPPLEMENT 

i. Continuity of caerators 

Much of the material from functional, analysis used in the 

thesis can be found in the book by Vainberg. For the readers 

convenience a summary of the definitions and theorems quoted 

in the thesis is given in this section. 	Most of the theorems 

are quoted without proof; these proofs can be found in many of 

the text books on functional analysis. 

Let El  and E2  be two Banach spaces and let d(E1) be the 

domain of definition of the operator F on El  and r(E2) be its 

range in E2. 	We shall also use f as a functional defined On E1 

into R I. 

Definition Sl: 	The operator F:d(E1)-->r(E2) is said to be 

continuous at a point xG d(E1) if for any sequence rx 7,iEd(E ) 

	

n) 	I 

that converges -strongly to xo 
(in the norm of E) the sequence 

(x n) 	strongly converges to F(x
o
) (in the norm of E

2 
 )' i.e. 

.  

lim
n
) 

n—>oo 
)11 = 0. 

Remark Sl: Most of the definitions given here could be 

equivalently defined in terms of neighbourhoods. 



Remark S2: 	The operator F:d(E/)4r(E2) is said to be 

continuous on a set w2d(E1) if it is continuous at even/point 

Definition S2: 
	

A functional f:d(E_)-->R' is said to be weakly 

continuous at a 7Joint x
o
‘c:c(E

1
) if for every sequence x 

that converges weakly to xo  

lim f(x ) = f(xo 
n -->oo 

Definition. S3: 
	

F:d(E )4 r(E2
) is said to be compact on a set 

wEd(E1) if it transforms every bounded set in w into a compact 

set in r(E ). 

Definition S4: The operator 2:d(E ) -r (E2)is said to be 

  

completely continuous on a set wEd(E
I
) if it is continuous and 

compact on w. 

Remark S3: 	In spaces having weakly compact spheres, weak 

continuity of an operator is a stronger condition than strong 

continuity. In finite dimensional spaces both forms of 

continuity are equivalent. 

Remark S4: 	It is important to note the folloWing theorem: 

In order that the unit sphere of a separable Bariach space be 

compact, it is necessary and sufficient that the space be reflexive. 



Due to the linearity of the space weak compactness of the unit 

sphere implies the weak compactness of the whole space. The kind 

of Hilbert spaces we deal with are separable and reflexive, hence 

they are weakly compact. 

?. 	The Gateaux and Frechet 	fferentials  and derivatives 

Definition S4: 
	

if -or some. x E d(E
1

) and every 1  Ei 

F(x+th) 7(xl 

lim 	 - 	VF(x,h) 

t —>o 

the limit exists, glen the c-parator VE(x,h) is called the Gateaux 

differential cr the weak differential of the operator F 

Theorem Si: 	If the Gateaux differential of a functional f exists 

at each point of some convex set wEd(E1) then for any point 

Ew the Lagrange formula: 

f(x+h) - f(x) 	Vf(x+' h,h), (0‹"C<l) 

is true. 

Theor em.  S2: 	If the operator F:d(E1) > r(E
2 
 ) has ‘ a Gateaux 

differential at each point of some convex set wd(E1) then for 



every x,x+hE co the corresponding Lagrange formula is: 

(F(x+h) 	F(x), e) 

(VF x+Ih,h), e), (OCC<1) 

where e is an arbitrary element of norm one in E2  and 	e (0 ,1) 

•depends on the element e 
_ Since e(-:-E2

* 	 * is an arbitrary unit vector in E2" , from 

the theory of conjugate spaces for fixed x and h?  it can be chosen 

so that 

l(F(x+h) - F(x), 01 

= 11F(x+h) - F(x) jI  

From the relationship (F(x+h) - F (x) e) = (VF(x-4-7 h,h), 

follows that 

(x+h) - F(x)11 

= 1 .(F(x7i-h) - F(x), 01 



F STh i3  

I(VF(x-1-1:1-1,h),01 

HVF(x-i-7,1-1,h)H He If 

HVF (x+ -c. h 	) 1 1 , 

i.et 	HF(x+h) - F(x)i1 	11VF(xJ.-:h,h)11 

The following theorem will deal with the question of the 

linearity of the Gateaux differential: 

Theorem S3: 	Suppose t^at the folloing conditions are satisfied: 

1) 	The Gateauk differential VF(x,h) of the operator F exists 

in some neighbourhood U(x
o
) of x

o 
and is continuous in h at 

point x 
 

2,) 	VF(xo
,h) is continuous in h at the point h=4. 

Then the Gateaux differential VF(xo,h) is a linear operator in 

and is denoted by 

VF(xo ,h) = DF(xo ,h). 

There is a stronger type of differential, the Frechet differential: 

Definition S5: 	If at a point xEd(E1) 



F(x+h) - F(x) = u(x,h) + w(x, 

where u(x,h) is a linear operator for every. h',1 	) and 

= o 

then u(x,h) is called the Frechet differential at a point 

xEd(Ei); w(x h) is called the remainder of the Frechet 

differential. 

The existence of a Frechet differential at a point x:7d(E1
) 

implies the existence of a Gateaux differential at xo  and that 

they are equal. 	The reverse is not always true. 

If the Gateaux differential exists and is linear then it is 

a member of the space of all bounded linear operators from El 

into E2, B(E,,E2), which is in itself a Banach space. We call 

this operator the Gateaux derivative and denote it by F'(x), 

thus we can write DF(x,h) = F'(x)h. 	In the same way we can define 

the Frechet derivative. 

Theorem S4: 	If the Gateaux derivative F' exists in some 

neighbourhood U(x0) and is continuous at xo  then the Frechet 



differential exists and is equal to the Gateaux differential. 

In other words a continuous Gateaux derivative is a Frechet 

derivative. 

3, 	Gradients and potential operators 

Definition S6: 	SulDpose that a functional f has a linear Gateaux 

differential Df(x,h) on some set w d(E1). 	As' we have seen 

Df(x,h) is a linear functional on the domain of definition 

Df(x,h.) = 	(x)h 

denote f'(x) by F(x), then F(x) is a mapping from w into EI . 

The operator F(x) defined by 

lim [
f(y+thL - flx 	

= (F(x) ,n) 
t ->o 

for 	1“-Ed' 	is called the gradient of the functional f: 

F = grad f = Vf 

Remark S5: 
	If f has a Frechet dif erential then the gradient 

is called 'a strong gradient, in exact analogy to previous 

terminology. 
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Example Sl: 	Let f(x)=1Ix 	in a real Hilbert space have a gradient 

at every point 	To find the gradient: 

f(x+th) 	f(x) = lj x+thl 

jlx+th i,2  -_11x!i2 
lix+th + 11X it  

2(x , t`) + 
I. th + 11 

hence 

1- LIM 
t ->o 

( x+t1-_ 72-1(2() 
t 

l 2( x , t-h ) +it-412_ 
t 	+ 

h) 

From which follows that grad lix11 = 



Example S2: 	Another example of which use is made in the thesis: 

f (x)=(x,x)=1142  

f(x+th) - f(x) 

- 2 

2(x,th) 

and hence 

	 - f(x)  lim. 
L -->0 

= lim 
t ->0 

..,t.h) 	Ilthr  
t 

= 2(x,h) = (2x,h), 

hence grad f(x)=2x. 

Definition S7: 	An operator F:E->E 	is said to be a potential 

operator on some set weH, if there exists a functional f such 

that 



grad f(x) = F(x) 

Remark S6: 	If an operator F acts on a pair of elements such 

that on each one it acts linearly then it is said to be a bilinear 

operator. 	If its values are real it is said to be a bilinear 

functional. 

n'-finition S8: 	A bilinear operator F (or a functional) is called 

symmetric if 

F(hi ,h2) = F(h2 ,h1). 

Definition S9: = D2F(x0,h2;h1) then F is called 

a symmetric operator. 

The conditions for potentialnesz, of an operator turn out to 

be closely related to the symmetry of the second Gateaux differential, 

as we should expect from the corresponding situation in finite 

dimensional spaces where the Hessian is a symmetric matrix. 

Theorem S5: 	Suppose that the following conditions are fUlfilled: 

1) F is an operator from E into its conjugate space E 

2) 	F has a linear Gateaux differential DF(x,h) at every 

point of the ball p(xx
o

x-x p<r 
o 

3) The functional (DF(x,hi)
)
h
2 
 ) is continuous for every 



• 

Then in order that the operator F be a potential operator 

in the ball p(xi x o
) it is necessary and sufficient that the 

bilinear functional be symmetric for every xep(x,x0), i.e. 

(DY(x,h)'  h2) 

- (DF(x,h2), 	for all 
111'

h
2
. 

A -11 

One can show that if the functional f whose gradient F is 

required to assume a value fo 
at some point x

o 
then it is 

unique. In other yords there is just one functional f such 

that F=Cf and f(x )=,-f c) 
and the functional is given by 

r 

f(x) = fo 
	(F(xo-Irt(x-xo)), x-xo) dt. 

As we know from elementary calculus if a function g(x) has 

a derivative g°  (x) and a is a constant then [g(a,)-]'=ag°(ax). 

Much the same occurs for a product of operators. Let A be a 

linear operator and F be an operator possessing either types of 

differentials, then D[AF(x,h)] = ADF(x,h) and hence the 



potentialness of the product AF depends on fulfillment of a 

condition of the form: 

(ADF(x
'
h
1 

= (ADF(x,h 2 ) 

If now F is a potential operator then by theorem S5 

(ADF(x,h2) 

= (DF(x 	) A h.,) ' 2 ' 

(DF(x,A h)h2 

from which one concludes that a necessary condition for the 

product AF to be potential is that 

(ADF(x,h2)  ' 

= (DF(x,A h1),h ). 	Vhf 



or more concisely that ADF(x,h) = DF(x,A h), Vh. EH. 	Using this 

result. it follows at once that a necessary and sufficient condition 

for potentialness of a linear operator A in a Hilbert space is that. 

it be a self-adjoizt operator, i.e. A=A 

Having introduced the notion of gradients of potential 

operators, we proceed one step further and establish a method for 

solving functional and operator equations. The weak compactness 

of Hilbert spaces allows us to obtain quite general results with 

'regards to functionals having an extremal point in some Weakly 

closed and bounded spheres. 

4. Weak continuity extremai and critical  points. 

Definl_tion S10: 	A functional f is said to be weakly lower semi- 

continuous at a point xo  if for any sequence 

weakly to xo  

which converges 

lLmjff(x ). 
n—>oo 

It is possible at this stage to give, necessary and sufficient 

conditions for a functional to be weakly semi-continuous. 	However, 

first we shall indicate the use of this notion and then come back 

to these conditions. 
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Definition S11: 	Let f be a real functional defined on a Banach 

space E. 	A point x0  E is called an extremal point of f if 

there exists a neighbourhood U(x
o) of x on which: f(x)4f(xo) 

or f(x);f(xo) Vx(EU(xo). 

Theorem S6: 	Let the functional f be defined on a region w of a 

Banach space E, and let xo  be an interior point of w, at which f 

has a linear Gateaux differential. Then in order that the point 

xo 
be extremal it is necessary that it be critical, i.e. vf(x

o)=G. 

This theorem suggests that in some cases when we wish to solve 

an operator equation we may seek to construct a functional whose 

gradient operator is that which appears in the operator equation 

we wish to solve and then try and establish that at some point 

in the domain or space on which our operator is defined, the 

functional has an extremal point. 

Theorem S7: 	If the functional f is weakly lower semi-continuous 

on a bounded weakly closed region w in a Banach space having weakly 

compact spheres; then f has a lower bound, which it achieves on w. 

Obviously any Hilbert space is such a space possessing weakly 

compact spheres and hence any weakly lower semi-continuous functional 

attains a minimum on every bounded weakly closed set in the space. 

We saw in theorem S6 that an extremal point.is a critical point if 

it is an inner point. 	Therefore if we can show that the functional 
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satisfies some sort of a growth condition that depends on the 

norm of the elements in the space and also that it has an extremal 

point in some neighbourhood such that as we move away from this 

point the functional is not going to decrease and by so doing 

that point is going to be an inner extremal point and hence a 

critical point. 	For this reason we introduce the t-property. 

Definition S12: 	If among those sets w which are weakly closed, 

there exists at least ones wo such that f(x)>f(x0) for every 

• xE awo, where xo 
is some point in wo 

then we say that f has 
• 

a t-property. 

Theorem S8:
. • If a weakly lower semi -continuous functional f, 

defined on a space E having weakly compact spheres, has a 

t-property, then f has at least one critical point in the 

space, provided f is weakly differentiable. 

With the aid of the t-property we may also prove the following 

results: 

Theorm S9: 	Suppose that the functional f, defined on a Banach 

space E which has weakly compact spheres, has first and second 

linear Gateaux differentials, and the latter satisfies: 

D'f(x,h,h) >i  II h II y(111111) 

where y(t) is a non negative continuous function defined for 
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t>,.0 such that 	lira y(t)=co. 	Then there exists a point at 
t 4co 

which f has a relative minimum. 

To complete this short supplement we shall give conditions 

for weak lower semi-continuity, which we use in our analysis of 

the Hammerstein equation. 

Theorem S10: Suppose the following conditions are satisfied: 

1) The ,functional f has first and second linear Gateaux 

'differentials Df(x,h) and D2f(x,h,k) for all x in some ball 

D(11x1r); h and k being arbitrary in E. 

2) For every xED(Hx11r) and heE 

D2 f(x,h,h));0. 

Then f is a weakly lower semi-continuous functional in D. 

Another theorem which gives sufficient conditions for weak 

lower semi-con 
4,1
uity through weak continuity and is generally 

easier to verify is the following: 

Theorem Sil: 	From the compactness of grad f in the ball 

D(HxUr) follows the weak continuity of f on D. 
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