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– Abstract –

This thesis studies functions and topologies on unparameterised path space,
obtained as the quotient of parameterised path space by tree-like equivalence.
This space has gained prominence in recent years through its connection to the
signature transform, a key tool in modern machine learning.

We introduce and analyse candidate topologies for unparameterised path space
in both bounded-variation and rough-path settings, focusing on separability,
metrisability, and Polishness. We also investigate how the choice of topology
influences uniform approximation with linear functionals on the signature and
the expected signature model.

Turning to functions on unparameterised path space, we examine two examples:
scaling limits of randomised path developments and signature asymptotics. For the
former, we generalise a recently established link between randomised general linear
group path developments and the ordinary signature kernel to a broader class of
randomisations. We also extend this framework to randomised unitary path devel-
opments, where connections with non-commutative probability emerge. For the
latter we extend a result of Hambly & Lyons, who showed that the Hilbert–Schmidt
norms of suitably rescaled signature terms recover a weighted curvature of the
tree-reduced representative of each equivalence class. By exploiting connections
between Wasserstein distances and expected fluctuations of Brownian bridges,
we establish this result for a class of C2 curves improving on the original C3

assumption.

Finally, we propose LévyGAN: a generative modelling approach for producing
approximate samples from the Lévy area of multi-dimensional Brownian motion,
a quantity central to high-order SDE solvers. Our method leverages symmetries in
the joint distribution of Brownian increments and Lévy area, removing the need
for training data. We demonstrate its application through multilevel Monte Carlo
simulation of the log-Heston model.
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– Preface –

An unparameterised path is the object one obtains by starting from a paramet-
erised path γ : [0, T ]→ Rd and forgetting all the information that leaves terminal
time solutions to controlled differential equations driven by γ unchanged. Such
information includes not only the parameterisation [0, T ] but also any parts of γ
that retrace themselves. When two parameterised paths lead to the same unpara-
meterised path, they are called tree-like equivalent. The space of unparameterised
paths has become increasingly relevant in the past decade due to the popularity
of the signature transform as a tool in modern machine learning. Indeed, the
seminal 2010 paper [HL10] of Hambly & Lyons proved that two paths are tree-like
equivalent if and only if their signatures are equal. The signature of a path is a
graded collection of tensors given by the set of all iterated integrals of the path. The
first level of the signature is the increment γT − γ0, while the second level is related
to the area captured between coordinates of the path with higher order terms also
having geometric interpretations. The signature transform is the analogue to paths
for what the collection of monomials is for vector valued data. In particular, the
usage of the signature transform in applications is motivated by the following two
facts which hold under suitable assumptions:

1. Any continuous function from a compact set of unparameterised paths to the
real numbers may be uniformly approximated by a linear functional on the
signature – polynomials are dense in continuous functions on compact sets of Rd;

2. The law of a random variable on unparameterised path space is characterised
by its expected signature [CL16; CO22] – a vector valued random variable is
characterised by its moment sequence.

We address the question of finding a suitable topology on unparameterised path
space in Chapter 2. We study a collection of candidate topologies, each motivated
by privileging different aspects of the signature transform, tree-like equivalence or
the underlying path space. Motivated by applications to probability theory, we
concentrate on whether any of the candidate topologies are Polish. Unfortunately,
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our main result (loosely) states that for topologies under which the quotient map
is continuous, there exists no Polish topology on the space of unparameterised
p-variation rough paths that extends (in a natural fashion) to a Polish topology on
unparameterised q-variation rough paths for q > p. However, in the case p = 1

we identify a Polish topology generated by an explicit metric between specific
representatives of the equivalence classes. We also prove that the quotient topology
inherited from the underlying p-variation topology is not metrisable.

Chapter 3 considers an important example of a function on unparameterised path
space: the terminal time solution of the controlled differential equation

dZγ
t =

d∑︂
j=1

Zγ
t Ajdγ

j
t , where Zγ

0 = id,

where bothZγ and eachAj areCN×N -valued. When the matricesAj are constrained
to live in a Lie algebra gN , the solution Zγ is called the development of γ into the Lie
groupGN = exp(gn). When the matricesAj are also randomised according to some
distribution, we term Zγ a randomised path development into GN . A recent result
of [MLS23] showed that when the entries of each Aj are i.i.d. N (0, 1

N
) random

variables, the inner product 1
N
⟨Zγ

T , Z
σ
T ⟩ converges in L2 to the inner product of

their signatures as N →∞. By leveraging techniques from random matrix theory
we show that the Gaussian and identical distribution assumptions may be relaxed
in favour of mild moment conditions, and that independence between certain
entries may be replaced by a zero covariance assumption. Motivated by the use of
randomised path developments as a discriminator between probability measures
on path space, we prove that the scaling limit of suitably randomised unitary path
developments solves a novel quadratic functional equation. The derivation of
this equation relies on the Schwinger-Dyson equations arising from mathematical
physics and non-commutative probability theory. We also study various extensions
concerning sparsity of the driving matrices and randomisation of these matrices
by perturbations of the Gaussian potential on the space of Hermitian matrices.

In Chapter 4 we examine another function on unparameterised path space that
has recently received extensive study. Letting S(γ)n denote the nth term of the
signature of γ, we study the limit limn→∞

n!∥S(γ)n∥
Length(γ)n

. The study of this limit sits
within a broader literature that attempts to recover properties of the representative
of each equivalence class of minimal length – called the tree-reduced representative
– from its signature. For example, if the norm∥·∥ is in a class of admissible tensor
norms, then whenever the tree-reduced representative is C1 (when parameterised
at unit speed) the limit is equal to 1. Whether this holds for all equivalence classes is
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an open question, known as the length conjecture. We are interested in a variation
where the tensor norms are instead given by the Hilbert-Schmidt norm. In this
case if γ is of unit length and C3 when parameterised at unit speed, the limit was
shown in [HL10] to be given by

lim
n→∞

n!
⃦⃦
S(γ)n

⃦⃦
= E

⎡⎣exp(︄∫︂ 1
0

(︁
B0,s

)︁2 ⟨︁
γ′s, γ

′′′
s

⟩︁
ds

)︄⎤⎦1/2

,

where B is a Brownian bridge. We prove that the C3 assumption may be relaxed to
C2 with some restrictions by showing that the left-hand-side may be expressed as
a sequence of sums of Wasserstein distances between copies of a specific measure
related to the path γ. The right-hand side follows by applying results of [dBGU05]
that relate the asymptotics of these Wasserstein distances to the fluctuations of
Brownian bridges.

The final chapter of this thesis is less directly related to the others and concerns
the task of generating faithful samples from the joint distribution of a Brownian
increment and its Lévy area. Typically such estimators fall into two camps:
truncated Fourier series expansions of Brownian motion, or custom random
variables that attempt to match the low order moments of the joint distribution.
We introduce a third option in Chapter 5 that we call LévyGAN. We leverage the
power of generative modelling to learn the joint distribution without requiring
access to any approximate sample from the distribution. To do this, we first
prove that the joint distribution of a Brownian increment and its Lévy area is a
fixed point of an explicit map on the space of distributions. We then construct
a generative adversarial network (GAN) that attempts to minimise the distance
between successive applications of this map. The resulting generator helps
bridge the gap between the cheap-to-sample moment matching estimators and
the expensive-to-sample truncated Fourier series. We finally show that estimators
such as LévyGAN have applications to multilevel Monte Carlo (MLMC) simulation
of high order SDE solvers that use approximate samples of Lévy area. Indeed,
the coupling performed at each level of MLMC with Lévy area requires that the
Lévy area samples satisfy the fixed point relation that our generator is trained to
minimise.

While most chapters share a common theme, they cover distinct topics that have
been separately published or released as preprints. Most chapters are light edits of
their published or preprint version, but we have unified the notation across the
thesis to allow it to be read in its entirety. At the start of each chapter we include a
brief introduction and a comment on how the chapter falls under the umbrella

9



of functions on unparameterised path space. In Chapter 1 we rigorously introduce
unparameterised path space, signatures, tensor algebras and rough paths. Other
than unparameterised path space, we do not attempt to provide a comprehensive
overview of each topic and introduce only the notions that are required for this
thesis.
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Chapter 1

Signatures, rough paths and tensor
algebras

Throughout this thesis, V and W will denote finite-dimensional vector spaces
equipped with inner products. A common task in applications is to model the
terminal-time response of a non-linear dynamical system to a given control path.
Controlled differential equations (CDEs) of the form

dyt = f(yt) dγt, started at y0, (1.1)

with a non-linear map f : W → L(V,W ) and a control γ : [0, T ] → V , provide a
natural framework for describing many real-world phenomena while also offering
a setting in which these interactions can be analysed theoretically.

If γ is smooth, Eq. (1.1) reduces to an ordinary differential equation (ODE), but
many real-world signals —- such as stock prices —- are far from smooth. In such
cases, it is convenient to view Eq. (1.1) as an integral equation:

yt = y0 +

∫︂ t

0

f(ys) dγs.

To see how iterated integrals naturally arise in this context, we briefly review an
example from [CS24, Chapter 1]. Assume f is linear, i.e., f ∈ L(W,L(V,W )), and
that γ is continuously differentiable. Consider the Picard iterates

y
(0)
t = y0, y

(n+1)
t = y0 +

∫︂ t

0

f
(︁
y(n)s

)︁
dγs.
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CHAPTER 1 - SIGNATURES, ROUGH PATHS AND TENSOR ALGEBRAS

The n-th Picard iterate can be written as

y
(n)
t =

n∑︂
k=0

∫︂

0≤t1≤···≤tk≤t
f⊗k(y0)(γ̇t1 , . . . , γ̇tk)dt1 . . . dtk,

where f⊗k(y0) : V
k → W is recursively defined by

f⊗k(y0)(v1, . . . , vk) := f
(︂
f⊗(k−1)(y0)(v1, . . . , vk−1)

)︂
(vk), f⊗0(y0) = idW .

By the universal property of the tensor product, there exists a unique linear map
˜︂f⊗k(y0) : V

⊗k → W such that

f⊗k(y0)(v1, . . . , vk) = ˜︂f⊗k(y0)(v1 ⊗ · · · ⊗ vk).

Hence, using the linearity of the integral,

y
(n)
t =

n∑︂
k=0

˜︂f⊗k(y0)

(︄
∫︂

0≤t1≤···≤tk≤t
γ̇t1 ⊗ · · · ⊗ γ̇tk dt1 . . . dtk

)︄
.

Define
S(γ)k :=
∫︂

0≤t1≤···≤tk≤T
γ̇t1 ⊗ · · · ⊗ γ̇tkdt1 . . . dtk ∈ V

⊗k,

then the signature of γ is given by

S(γ) := (1,S(γ)1,S(γ)2, . . . ) ∈ T ((V )) :=
∞∏︂
k=0

V ⊗k.

Suppose for simplicity we are interested in ⟨u, yT ⟩ for some u ∈ W . Setting

ℓk :=
⟨︁
u, ˜︂f⊗k(y0)(·)

⟩︁
∈ (V ⊗k)∗,

and

ℓ(n) := (ℓ0, . . . , ℓn, 0, . . . ) ∈ T (V ∗) ∼=
∞⨁︂
k=0

(︁
V ⊗k)︁∗ ⊂ T ((V ))∗,

we see that
⟨u, yT ⟩ = lim

n→∞
ℓ(n)
(︁
S(γ)

)︁
. (1.2)

That is, the terminal-time solution of a (linear) CDE can be expressed as the
pointwise limit of linear functionals on the signature. Under suitable regularity
assumptions, the same holds for a broad class of non-linear CDEs. Consequently,
studying the CDE in Eq. (1.1) can be reduced to studying linear functionals on the
signature. This perspective is further validated by the following result.
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CHAPTER 1 - SIGNATURES, ROUGH PATHS AND TENSOR ALGEBRAS

Lemma 1.0.1. Let

Λ := {Φℓ : C
1 → R | Φℓ(γ) := ℓ(S(γ)), ℓ ∈ T (V ∗)}.

Then Λ is an algebra.

By an application of the Stone-Weierstrass theorem, one might hope that Λ is
dense in C(K,R) in the uniform topology for compact K ⊂ C1. If true, learning
a non-linear dynamical system could be reduced to linear regression on the
signature.

However, several gaps remain:

1) The assumption γ ∈ C1 is too restrictive. In fact, Eq. (1.2) actually holds
for all continuous paths of finite length – and even this assumption may be
further relaxed.

2) For Λ to be dense in C(K,R), it must first be contained in C(K,R). We will
see below that equipping K with the uniform topology is insufficient.

3) The signature is not injective; it is invariant under “tree-like equivalence”,
which is a generalised notion of reparameterisation. Any function not
invariant under reparameterisation cannot then be well approximated by a
linear functional on the signature.

We now demonstrate the difficulty of defining a topology on path space which
makes γ ↦→

∫︁

dγ ⊗ dγ continuous. Let γ, σ : [0, 1] → R be smooth. Standard
Riemann-Stieltjes integration gives

∫︂ t

0

γsdσs = lim
|P|→0

∑︂
ti∈P

γti(σti+1
− σti).

If γn → γ and σn → σ uniformly, one may hope to be able to define the integral of
γ against σ by

∫︂ t

0

γsdσs := lim
n→∞

∫︂ t

0

γns dσ
n
s .

However, the following example shows that this fails.

Example 1.0.2. Let ot ≡ 0 and define

γnt =
1

n
√
π
cos(2πn2t), σnt =

1

n
√
π
sin(2πn2t).
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CHAPTER 1 - SIGNATURES, ROUGH PATHS AND TENSOR ALGEBRAS

Then γn, σn → o uniformly, but

∫︂ t

0

γns dσ
n
s → t ̸= 0.

Thus, integration is not continuous in the uniform topology. Any theory requiring
continuity of integration must use a stronger topology, and we will use the p-
variation topology. Once the path space is appropriately defined, the non-injectivity
of the signature must also be addressed.

Since we are interested in the response of dynamical systems to a control path, it is
natural to quotient path space by all equivalence relations that leave the system
response unchanged. For CDEs the signature fully characterises this response,
and so we define the space of unparameterised paths as

C := {γ : γ is continuous of finite length}/ ∼, γ ∼ σ ⇐⇒ S(γ) = S(σ).

Equipping C with a topology that makes the signature continuous, we obtain the
following universal approximation theorem.

Theorem 1.0.3 (Uniform Approximation by the Signature). Let (C, χ) be the space of
unparameterised paths equipped with a topology χ. Assume that K is a compact subset of
C and for ℓ ∈ T (V ∗) denote by Φℓ the function given by

Φℓ : C → R;

[γ] ↦→ ℓ ◦ S([γ]).

Let C(K) denote the space of continuous functions on K with the topology of uniform
convergence. If the set ΦK := {Φℓ : ℓ ∈ T (V ∗)} is contained in C(K), then it is a dense
subset.

The preceding approximation result has appeared in various guises over the
years, perhaps most prominently in [LLN16]. This thesis primarily addresses the
following questions:

1) What topology χ should be placed on the space of unparameterised paths?

2) What functions are there on C that are either of practical relevance, or
help us recover geometric information about certain representatives of the
equivalence classes [γ]?
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Paths of infinite length

Real-world signals are often highly irregular, and the assumption of finite length
breaks down. Returning to Example 1.0.2, we see a simple case of how such paths
arise. Consider the two dimensional path xn = (γn, σn), where γn and σn are as
defined in Example 1.0.2. For each n, xn winds round a circle of radius 1

n
√
π

a
total of n2 times over the time interval [0, 1]. As such, the length of xn diverges
to∞while its supremum norm∥xn∥∞ converges to 0. Finally, over the course of
its winding, xn always accumulates a constant area of 1. It is for this reason that
the integral

∫︁

γndσn does not converge to zero; this indicates the importance of
keeping track of area terms for highly oscillatory paths. The theory of rough paths
[Lyo98] allows us to deal with the case of a path Xt evolving in V which only has
finite p-variation for some p ≥ 2. For the case p ∈ [2, 3), one must first postulate
the value of the iterated integrals

X2
s,t :=

∫︂

s≤t1≤t2≤t

dXt1 ⊗ dXt2 ∈ V ⊗2, s ≤ t ∈ [0, T ]

before one is able to give a proper meaning to (rough) differential equations of the
form

dYt = f(Yt)dXt, started at Y0 = y.

While there is some flexibility in the choice of X, it must obey certain algebraic
and analytic constraints. The algebraic condition is commonly known as Chen’s
identity. It turns out that the more irregular the underlying path, the more iterated
integrals must be postulated. Once sufficiently many iterated integrals have been
postulated, one is able to define iterated integrals of any order, i.e. define

Xn
s,t :=

∫︂

s≤t1≤···≤tn≤t

dXt1 ⊗ · · · ⊗ dXtn ∈
(︁
Rd
)︁⊗n

for any n. The sequence of all iterated integrals X<∞ := (1,X1,X2 . . . ) is then the
signature of the rough path X. The framework of unparameterised path space
and uniform approximation naturally extends to the case of rough paths. While
we will not require the full machinery of rough paths or the general solution
theory to rough differential equations (RDEs), we will investigate how one may
choose to topologise unparameterised rough path space. The next section gives a brief
introduction into signatures, rough paths and the required algebraic structures.
We will emphasise the definitions and properties required for this thesis and refer
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the reader to [Lyo98; FV10; FH14; CS24] for excellent comprehensive introductions
to rough path theory and signatures.

1.0.1 Tensor algebras and group-like elements

As previously mentioned, V will denote a real finite dimensional vector space
of dimension d ≥ 2 equipped with an inner product ⟨·, ·⟩, its associated norm |·|
and an orthonormal basis e1, . . . , ed. Let the tensor powers of V ,

(︁
V ⊗n, n ≥ 1

)︁
be

equipped with a family of admissible norms∥·∥V ⊗n that satisfies the following.

1) For all m,n ∈ N and u ∈ V ⊗m, v ∈ V ⊗n it holds that

∥u⊗ v∥V ⊗(m+n) ≤∥u∥V ⊗m∥v∥V ⊗n ;

2) For any permutation σ ∈ Σn and u1, . . . , un ∈ V

∥u1 ⊗ · · · ⊗ un∥V ⊗n =
⃦⃦
uσ(1) ⊗ · · · ⊗ uσ(n)

⃦⃦
V ⊗n .

We will write ⟨·, ·⟩ := ⟨·, ·⟩V ⊗n for the Hilbert-Schmidt inner product on V ⊗n derived
from the inner product on V .

Definition 1.0.4 (Tensor algebras). Define the tensor and extended tensor algebra over
V respectively as

T (V ) :=
∞⨁︂
n=0

V ⊗n;

T ((V )) :=
∞∏︂
n=0

V ⊗n.

We endow both T (V ) and T ((V )) with a pair of binary operations: addition and multiplic-
ation. For x = (x0, x1, . . . ) and y = (y0, y1, . . . ) we define

x+ y := (x0 + y0, x1 + y1, x2 + y2, . . . )

x⊗ y := (z0, z1, z2, . . . ),

where

zn :=
n∑︂
k=0

xk ⊗ yn−k.

Let 1 := (1, 0, 0, . . . ) be the identity element of both T (V ) and T ((V )) under the tensor-
product.
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Any element of T ((V )) can be written in the form

x =
∑︂

w∈Wd

xwew,

whereWd is the set of all words in d letters and ew := ew1 ⊗ · · · ⊗ ewn for a word
w = w1 . . . wn. We will commonly write

⟨x,w⟩ := ⟨x, ew⟩ = xw.

Certain finite-dimensional subspaces of the tensor algebra are important to the
study of signatures.

Definition 1.0.5 (Truncated tensor algebra). Define the truncated tensor algebra
T (n)(V ) through an associated projection π(n) by

π(n) : T ((V ))→ T (n)(V ) :=
n∏︂
i=0

V ⊗i.

We also define the projection onto each level of the tensor algebra as πn : T ((V ))→ V ⊗n.
Let ι(n) : T (n)(V ) denote the inclusion map T (n)(V ) ↪−→ T ((v)).

In the following, we require the subsets of T ((V )) given by

Ti((V )) := {x ∈ T ((V )) : x0 = i} for i = 0, 1.

Definition 1.0.6 (Functions on tensor algebra). Define the exponential exp as

exp : T ((V ))→ T1((V ))

x ↦→
∞∑︂
n=0

x⊗n

n!
.

The logarithm of an element of T1((V )) is defined as

log(x) := log(x0)1+
∞∑︂
n=1

(−1)n

n

(︂
1− x

x0

)︂⊗n
.

Finally the inverse of x ∈ T ((V )) is given by

x−1 :=
1

x0

∞∑︂
n=0

(︂
1− x

x0

)︂⊗n
. (1.3)
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Remark 1.0.7. The above definitions of the exponential, logarithm and inverse are defined
purely algebraically, and it can be checked that each series is locally finite.

We summarise various properties of these operations below; see [Lyo+07, Chapter
2] for details.

Proposition 1.0.8. The maps exp : T0((V )) → T1((V )) and log : T1((V )) → T0((V ))

are inverses. Moreover, the map given by Eq. (1.3) is the inverse of the tensor-product on
the space T ((V )) \ T0((V )).

The subspace of T (n)(V ) where truncated signatures will reside is of equal import-
ance.

Definition 1.0.9 (Step-n free Lie algebra and free nilpotent Lie group). Consider the
commutator [x,y] = x⊗ y − y ⊗ x. For subspaces X, Y ⊆ T ((V )) we define

[X, Y ] := span
{︁
[x,y] : x ∈ X, y ∈ Y

}︁
.

The step-n free Lie algebra g(n) is the smallest sub-algebra of T (n)(V ) that contains V and
is closed under the commutator [·, ·]. That is

g(n) := V ⊕ [V, V ]⊕ · · · ⊕ [V, [. . . , [V, V ]]⏞ ⏟⏟ ⏞
n−1 brackets

.

The step-n free nilpotent Lie group is then given by

G(n) := π(n) ◦ exp ◦ι(n)
(︂
g(n)
)︂
.

Note that g(1) ≡ G(1) ≡ V . The above definitions can be extended to T ((V )) to
define the free Lie algebra g(⋆) and the free Lie group G(⋆).

Definition 1.0.10 (Free Lie algebra and free Lie group). Define the free Lie algebra as

g(⋆) :=
{︁
x ∈ T ((V )) : π(n)(x) ∈ g(n) for all n ≥ 0

}︁
,

and the free Lie group by
G(⋆) := exp

(︁
g(⋆)
)︁
.

From now on, to ease notation, we will write xy := x⊗ y.

1.0.2 Rough paths and signatures

Central to the concept of rough paths is the notion of p-variation.
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Definition 1.0.11. Let (E, ρ) be a metric space, then we say that γ : [0, T ]→ E has finite
p-variation for p ≥ 1 if

∥γ∥p-var;[0,T ] := sup
P

⎛⎝∑︂
ti∈P

ρ
(︁
γti , γti+1

)p

⎞⎠ 1
p

<∞, (1.4)

where P is a partition of [0, T ]. When γ possesses finite 1-variation, we say that γ
is of finite, or bounded, variation. For paths of finite variation evolving in V , the
iterated integrals of γ are well defined as Young-integrals. The collection of all
iterated integrals of γ is called its signature.

Definition 1.0.12 (Continuous paths of bounded variation). Let C1-var(︁[0, T ], V )︁ be
the space of continuous paths γ : [0, T ]→ V for which∥γ∥1-var;[0,T ] <∞ with γ0 = 0.

Definition 1.0.13 (Time-Simplex). For any n ∈ N, define the n-simplex over an interval
[a, b] by

∆n
[a,b] :=

{︁
(t1, . . . , tn) : a ≤ t1 ≤ · · · ≤ tn ≤ b

}︁
.

Definition 1.0.14 (The signature). Let γ ∈ C1-var(︁[0, T ], V )︁ and define the signature
map

S·,·(γ) : ∆2
[0,T ] → T ((V )),

where Ss,s(γ) = (1, 0, . . . ) for all s ∈ [0, T ] and

Ss,t(γ)n :=

∫︂

∆n
[s,t]

dγt1 ⊗ · · · ⊗ dγtn ∈ V ⊗n,

for n ≥ 1 with Ss,t(γ)0 := 1 ∈ R. For a word w = w1 . . . wn ∈ Wd with |w| = n, we also
define the coordinate iterated integral

Sw
s,t(γ) :=

∫︂

∆n
[s,t]

dγw1
t1 . . . dγwn

tn ∈ R,

where S∅
s,t(γ) := Ss,t(γ)0 = 1. The truncated signature map is defined by Ss,t(γ)(n) :=

π(n)Ss,t(γ). Finally, we call S(γ) := S0,T (γ) the signature of γ.

In an applied situation dealing with streamed data, one often has to deal with the
(infinite dimensional) group of symmetries known as reparameterisations. For
example, the rate at which a letter is drawn will not change whether it is the letter
a or the letter b. The signature has the benefit of being invariant under this group
of symmetries; see [Yan+16] for the application of reparameterisation invariance to
the task of recognising hand-drawn Chinese characters.
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Definition 1.0.15. A function α : [0, T ]→ [0, T ] is a called a reparameterisation if α is
a non-decreasing surjection.

Lemma 1.0.16 (Lemma 1.2.1 [CS24]). Letα be a reparameterisation andγ ∈ C1-var(︁[0, T ], V )︁,
then S(γ) = S(γ ◦ α).

Depending on the context, reparameterisation invariance allows the signature
map to remove an infinite dimensional group of undesired symmetries. Another
key property of the signature is that the product of two linear functionals on
the signature is itself a linear functional. This fact is derived from the ordinary
integration by parts rule satisfied by continuous paths of bounded variation. This
is encoded in their signatures through the shuffle identity.

Definition 1.0.17. The shuffle product� : T (V )× T (V )→ T (V ) is the commutative
operation on tensors defined by u�∅ = ∅� u = u and the recursive definition

ui� vj = (u� vj)i+ (vi� u)j,

for all words u and v ∈ Wd and extended to T (V ) by linearity. We say that an element
x ∈ T1((V )) satisfies the shuffle identity if

⟨ℓ1,x⟩⟨ℓ2,x⟩ = ⟨ℓ1� ℓ2,x⟩, (1.5)

for every ℓ1, ℓ2 ∈ T (V ).

Proposition 1.0.18. Let γ ∈ C1-var(︁[0, T ], V )︁. Then S(γ) satisfies the shuffle identity.

The signatures of continuous finite variation paths and the shuffle identity provide
alternative characterisations of the step-n free nilpotent Lie group.

Proposition 1.0.19. The following spaces are identical.

1) G(n);

2)
{︁
S(γ)(n) : γ ∈ C1-var(︁[0, T ], V )︁}︁;

3)
{︂
x ∈ T (n)(V ) : x∅ = 1 and x satisfies the shuffle identity

}︂
;

4) π(n)
(︁
G(⋆)

)︁
.

Note that as a consequence, the projection π(n)(x) of any x ∈ G(⋆) is the truncated
signature of some path γ ∈ C1-var(︁[0, T ], V )︁.
Remark 1.0.20. The characterisation of G(n) in terms of the shuffle identity extends to
G(⋆), that is x ∈ T1((V )) is group-like if and only if it satisfies the shuffle identity. We
refer the interested reader to [Gen] for further characterisations of group-like elements.
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In order to define the space of rough paths elegantly, we will require a metric
on G(n). An important concept is that of a symmetric, sub-additive homogenous
norm.

Definition 1.0.21. A norm∥·∥ : G(n) → [0,∞) is symmetric, sub-additive and homogen-
ous if

1) ∥g∥ = 0 if and only if g = 1 ∈ G(n);

2) ∥g∥ =
⃦⃦
g−1
⃦⃦
;

3) ∥gh∥ ≤∥g∥+∥h∥;

4) ∥δλg∥ = |λ|∥g∥, where δλ is the dilation operator defined by

πn(δλg) = λnπn(g), λ ∈ R.

To every symmetric sub-additive homogeneous norm we may associate a metric.
For more details and examples of homogenous norms see [FV10, Chapter 7].
We record here only the Carnot-Caratheodory norm which we require for our
purposes.

Definition 1.0.22 (Carnot-Caratheodory norm). For g ∈ G(n) define

∥g∥CC := inf
{︁
∥γ∥1-var;[0,T ] : g = S(γ)(n)

}︁
.

Proposition 1.0.23 (Proposition 7.40 of [FV10]). The Carnot-Caratheodory norm is
symmetric, sub-additive and homogenous.

Definition 1.0.24. Let dCC be the metric on G(n) associated with the Carnot-Caratheodory
norm, which is given by

dCC(g,h) :=
⃦⃦
g−1h

⃦⃦
.

Remark 1.0.25. Note that on G(1), dCC reduces to the Euclidean metric.

We may now equip G(n) with dCC and define the space of weakly geometric rough
paths.

Definition 1.0.26 (Weakly geometric rough paths). We let Cp-var(︁[0, T ], G(n)
)︁

be the
space of continuous paths of finite p-variation which start at the unit element of G(n). The
space of weakly geometric rough paths WGΩp(V ) is defined to be Cp-var([0, T ], G(⌊p⌋))

Remark 1.0.27. We will typically use the letters γ, σ to denote paths in C1-var(︁[0, T ], V )︁
when we do not need to consider lifts into Cp−var

(︁
[0, T ], G(n)

)︁
. Additionally, we will use
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X,Y for paths in Cp−var
(︁
[0, T ], G(n)

)︁
with p > 1 or paths in C1-var(︁[0, T ], V )︁ whose lifts

we will require.

An important consequence of the Carnot-Caratheodory metric is the following
result.

Proposition 1.0.28. Let X≤n ∈ Cp−var
(︁
[0, T ], G(n)

)︁
, then the p-variation norm of X≤n

in Cp−var
(︁
[0, T ], G(n)

)︁
is greater than or equal to the p-variation norm of the projection

X≤m ∈ Cp-var(︁[0, T ], G(m)
)︁

for all m ≤ n.

We now proceed to topologise the space of weakly geometric rough paths.

Remark 1.0.29. This is straightforward in the case n = 1, since Cp-var([0, T ], V ) is a
linear space, and so we may define

d(1)p-var
(︁
X≤1,Y≤1

)︁
:=
⃦⃦⃦
X≤1 − Y≤1

⃦⃦⃦
p-var;[0,T ]

.

SinceG(n) is not a linear space, we require a more general notion of the “increments”
of a path evolving in G(n).

Definition 1.0.30. For X≤n ∈ Cp−var
(︁
[0, T ], G(n)

)︁
we define its increments for s, t ∈

∆2
[0,T ] by

X≤n
s,t :=

(︁
X≤n
s

)︁−1(︁X≤n
t

)︁
.

Definition 1.0.31 (Inhomogenous p-variation distance). ForX≤n,Y≤n ∈ Cp−var
(︁
[0, T ], G(n)

)︁
we define the inhomogenous p-variation distance by

d(n)p-var
(︁
X≤n,Y≤n)︁ = max

1≤i≤n
sup
P

⎛⎝∑︂
tj∈P

⃦⃦⃦
πi
(︁
X≤n
tj ,tj+1

− Y≤n
tj ,tj+1

)︁⃦⃦⃦ p
i

⎞⎠ i
p

. (1.6)

Definition 1.0.32 (Homogenous p-variation distance). ForX≤n,Y≤n ∈ Cp−var
(︁
[0, T ], G(n)

)︁
we define the homogenous p-variation distance by

d̃
(n)

p-var
(︁
X≤n,Y≤n)︁ = sup

P

⎛⎝∑︂
tj∈P

dCC
(︁
X≤n
tj ,tj+1

,Y≤n
tj ,tj+1

)︁p⎞⎠ 1
p

. (1.7)

By [FV10, Theorem 8.10], both the inhomogenous and homogenous distances
generate the same topology and notions of Cauchy sequences. This allows us to
use the two metrics interchangeably in Chapter 2. For two weakly geometric rough
paths X≤⌊p⌋,Y≤⌊p⌋ ∈ WGΩp(V ), we will omit the dependence on n and simply
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write dp-var
(︁
X≤⌊p⌋,Y≤⌊p⌋)︁ := d

(⌊p⌋)
p-var

(︁
X≤⌊p⌋,Y≤⌊p⌋)︁. Additionally, when the level to

which a path is defined is clear from the context, we will write X ≡ X≤⌊p⌋. The
following theorem of Lyons informally states that for a continuous path of finite
p-variation, if the first ⌊p⌋ iterated integrals are provided as input (subject to certain
algebraic and analytic constraints) then the remaining stack of iterated integrals
is uniquely determined. This result may be found in [FV10, Theorem 9.5] for
finite-dimensional V and [Cas+16, Corollary 3.9] for infinite dimensional V , see
also [Lyo98, Theorem 2.2.1].

Theorem 1.0.33 (Lyons’ Extension Theorem). Let X≤⌊p⌋ ∈ WGΩp(V ), then there
exists a unique path S0,·

(︁
X≤⌊p⌋)︁ : [0, T ]→ G(⋆) such that

1) S0,0
(︁
X≤⌊p⌋)︁ = 1;

2) π(n)
(︂
S0,t
(︁
X≤⌊p⌋)︁)︂ defines a continuous map fromWGΩp(V ) toCp−var

(︁
[0, T ], G(n)

)︁
;

3) π(⌊p⌋)
(︂
S0,t
(︁
X≤⌊p⌋)︁)︂ = X≤⌊p⌋

t .

We call S
(︁
X≤⌊p⌋)︁ := S0,T (︁X≤⌊p⌋)︁ the signature of the rough path X≤⌊p⌋.

We note that the Lyons’ lift defines a canonical mappingWGΩp(V ) ↪→ Cp−var
(︁
[0, T ], G(n)

)︁
for n ≥ ⌊p⌋ given by

X≤⌊p⌋ ↦→ X≤n := π(n)
(︂
S0,·
(︁
X≤⌊p⌋)︁)︂.

Additionally, we will write X<∞ := S0,T
(︁
X≤⌊p⌋)︁. We denote by Sp the image of

WGΩp(V ) in G(⋆) under the map S and write

S :=
⋃︂
p≥1

Sp ⊆ G(⋆),

for the space of all signatures. An important subset of weakly geometric rough
paths are the geometric paths. This is the subset of paths of WGΩp(V ) which may
be approximated in dp-var by paths of finite q-variation for some q < p. Formally,
we use the following definition.

Definition 1.0.34. The space of geometric rough paths GΩp(V ) ⊂ WGΩp(V ) is the set
of continuous paths X≤⌊p⌋ : [0, T ]→ G(⌊p⌋), starting at the unit, for which there exists a
sequence of paths

(︁
X≤1
n

)︁∞
n=1
⊂ WGΩ1(V ) with

dp-var

(︂
X≤⌊p⌋
n ,X≤⌊p⌋

)︂
→ 0.
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Remark 1.0.35. Clearly in the case p = 1, we have by definition that WGΩ1(V ) =

GΩ1(V ). However, the equivalent notion of “geometric” rough paths is the space
C0,1−var(︁[0, T ], V )︁ of absolutely continuous paths, given by the closure of smooth paths in
the 1-variation topology.

We now record several standard (but important) facts concerning the spaces
GΩp(V ), WGΩp(V ) and their signatures. First, we note that GΩp(V ) is a closed
and separable subset of WGΩp(V ), see [FV10, Proposition 8.25, Corollary 1.35] for
a proof.

Lemma 1.0.36. The spaces GΩp(V ) for p > 1, and C0,1−var(︁[0, T ], V )︁ for p = 1, are
Polish spaces with the lifts of piecewise linear paths forming a dense subset.

Lemma 1.0.37 (Properties of the p-variation metric). Fix q ≥ p.

1) Suppose X≤n,Y≤n ∈ Cp−var
(︁
[0, T ], G(n)

)︁
, then

d(n)q-var
(︁
X≤n,Y≤n)︁ ≤ d(n)p-var

(︁
X≤n,Y≤n)︁;

2) If X≤⌊p⌋
n → X≤⌊p⌋ in WGΩp(V ), then X≤⌊q⌋

n → X≤⌊q⌋ in WGΩq(V );

3) We have the strict inclusions GΩp(V ) ⊂ WGΩp(V ) ⊂ GΩq(V ).

Proof. The first item is a consequence of the definition of Eq. (1.6) and the inequality

(︂∑︂⃓⃓
aj
⃓⃓ q
i

)︂ i
q ≤

(︂∑︂⃓⃓
aj
⃓⃓ p
i

)︂ i
p
.

For the second item, Lyons’ lift defines a continuous map from WGΩp(V ) ↪→
Cp−var

(︁
[0, T ], G(n)

)︁
forn ≥ ⌊p⌋, see [FV10, Corollary 9.11]. The claimed convergence

is a consequence of this continuity and the first item. The final item is standard;
see [FV10, Corollary 8.24].

Definition 1.0.38. For every X ∈ WGΩp(V ), we define the control ωX,p(s, t) :=⃦⃦
X
⃦⃦p

p-var;[s,t]. Let

φ(t) :=
ωX,p(0, t)

ωX,p(0, T )
T,

and X̃ the path implicitly defined by the relation X = X̃ ◦φ. We call X̃ the “Hölder-control
reparameterisation” of X.

Proposition 1.0.39. For any X ∈ WGΩp(V ), its Hölder-control reparameterisation X̃
satisfies

1)
⃦⃦
X̃
⃦⃦p

p-var;[0,t] =
t
T

⃦⃦
X̃
⃦⃦p

p-var;[0,T ];
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2) X̃ is 1
p
-Hölder continuous with

⃦⃦
X̃
⃦⃦

1
p

-Höl ≤
1

T 1/p

⃦⃦
X̃
⃦⃦

p-var;[0,T ].

Proof. Both points are well-known and can be found in [FV10, Proposition 5.14],
[Lyo+07] or [Che16, Lemma 3.2.2].

Remark 1.0.40. Note that if X ∈ WGΩp(V ) satisfies∥X∥pp-var;[0,t] =
t
T
∥X∥p-var;[0,T ], then

X = X̃ since ϕ(·) will be the identity.

Remark 1.0.41. In the case p = 1, Hölder-control parameterisation is equivalent to
constant-speed parameterisation, i.e. |γ′t| = 1

T
∥γ∥1-var;[0,T ] almost-everywhere. Indeed, if γ

has Hölder-control parameterisation then its weak derivative γ′ ∈ L1([0, T ], V ) is uniquely
defined and must satisfy

t

T
∥γ∥1-var;[0,T ] =∥γ∥1-var;[0,t] =

∫︂ t

0

|γ′u|du.

Hence |γ′u| = 1
T
∥γ∥1-var;[0,T ] almost-everywhere by the Lebesgue Differentiation Theorem.

An important concept in the study of signatures is that of path-concatenation and
reversal.

Definition 1.0.42. Given X,Y ∈ WGΩp(V ), we define their concatenation as

(X ⋆ Y)(t) :=

⎧⎨⎩X
(︁
2t
T

)︁
, t ∈

[︁
0, T

2

]︁
,

X
(︁
T
)︁
Y
(︁
2t−T
2

)︁
, t ∈

[︁
T
2
, T
]︁
,

and the reversal of a path by
←−
X t :=

(︁
XT

)︁−1XT−t.

The following result is commonly known as Chen’s identity [Che54] and states that
the set of signatures is closed under multiplication and inverses. We will denote
by o the constant path in WGΩp(V ) for which o(t) = 1 for all t ∈ [0, T ].

Proposition 1.0.43. For X,Y ∈ WGΩp(V ), the signature map satisfies

1) Chen’s identity: (X ⋆ Y)<∞ = X<∞Y<∞;

2) Inverses: X<∞←−X<∞ = o<∞ = 1.

The following is a well-known fact, whose proof follows essentially the same proof
of the fact that Cp-var(︁[0, T ], V )︁ is a Banach space under the p-variation norm.

Lemma 1.0.44. Fix p ≥ 1, and let X,Y ∈ WGΩp(V ) then

∥X ⋆ Y∥p-var ≤∥X∥p-var +∥Y∥p-var .
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Proof. Fix P to be a partition of [0, T ] and let tj ∈ P be such that 1
2
∈ [tj, tj+1].

Notice that

d
(︁
(X⋆Y)tj , (X⋆Y)tj+1

)︁
= d
(︁
X2tj,XTY2tj+1−T

)︁
≤ d
(︁
X2tj ,XT

)︁
+d
(︁
Y0,Y2tj+1−T

)︁
, (1.8)

where the inequality follows from the triangle inequality and the definition of
concatenation. Then⎛⎝∑︂
ti∈P

d
(︁
(X ⋆ Y)ti , (X ⋆ Y)ti+1

)︁p⎞⎠ 1
p

≤

⎛⎝∑︂
ti<tj

d
(︁
X2ti ,X2ti+1

)p + d
(︁
X2tj ,XT

)︁p⎞⎠ 1
p

+

⎛⎝d(︁Y0,Y2tj+1−T
)︁p

+
∑︂
ti>tj

d
(︁
Y2ti−T ,Y2ti+1−T

)︁p⎞⎠ 1
p

≤∥X∥p-var +∥Y∥p-var ,

where the first inequality follows from Eq. (1.8) and the sub-additivity of ℓp norms.
The second inequality follows from taking the supremum over partitions of the
right-hand side. We conclude by taking supremums over partitions P on the
left-hand-side.

1.1 Unparameterised path space

An important challenge in machine learning is the task of learning some continuous
function f : K → R, whereK is the domain in which your data lives. Typically, one
considers a parametric family of models X = {fθ : θ ∈ Θ} and then one attempts
to find

θ̂ = argminθ∈Θ L(fθ, f),

where L is some loss function. While there may be no true minimiser θ̂, one might
hope that for each ε > 0 one can can find some θε ∈ Θ for which L(fθε , f) < ε. The
challenge then is two-fold: using a suitable family of models {fθ : θ ∈ Θ} that is
capable of approximating f , and then efficiently find a good approximator within
the space of models. The archetypal example of this is where K ⊂ Rn is a compact
set and L(f, g) = supx∈K |f(x)− g(x)|. Defining

Φ(x) =
(︁
1, x, x

⊗2

2!
, x

⊗3

3!
, . . .

)︁
∈ T ((V )),

then the family X = {⟨Φ(·),x⟩ : x ∈ T (V )} is simply the space of polynomials
from Rn to R which is known to be dense in C(K,R) by Stone-Weierstrass. An
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approximator may be found simply by choosing the maximal degree of the
polynomial and then applying linear regression. It is natural to ask whether this
approach may be extended to the case where K is a subset of paths.

By the shuffle identity we know that the family of linear functionals on signatures
of bounded variation paths ({⟨S(·),x⟩ : x ∈ T (V )}) is an algebra that contains the
constant functions, by virtue of the fact that S(γ)0 = 1 for any path γ. In order
to apply Stone-Weierstrass, one must ask the question: does the signature map
separate points? Unfortunately, this is not the case. For example, for any X ̸= o we
have that X ⋆

←−
X ̸= o, while from Proposition 1.0.43 we have

S(o) = 1 = S(X ⋆
←−
X ).

Alternatively, as we have already seen, for a reparameterisation α : [0, T ] ↦→
[0, T ] we know that S(X ◦ α) = S(X), namely the signature is invariant under
reparameterisation. This means that one cannot apply the Stone-Weierstrass
theorem directly to compact subsets of paths, but it is actually often desirable
in application to use a model invariant to the effect of time reparameterisation.
Indeed, suppose that one is trying to classify a time series of a person drawing a
digit as either “3” or “not 3”. Clearly, the speed at which the digit is drawn does
not impact whether or not the final digit is a 3, and so any method that removes
this symmetry is desirable. This approach has proven successful in a number of
settings, e.g. [LLN16], [Yan+16] in which the invariance of the signature under ∼τ
provides a form of dimensionality reduction. It is then important to understand
exactly when two paths have equal signatures.

The seminal work of Hambly & Lyons [HL10] proves that the signature of a path
γ ∈ C1-var(︁[0, T ], V )︁ characterises γ up to an equivalence relation onC1-var(︁[0, T ], V )︁
called tree-like equivalence (denoted by ∼τ ). The signature map S accordingly
becomes well defined and injective on the ∼τ -equivalence classes: the space of
so-called unparameterised paths C1. Tree-like equivalence may be thought of as a
generalised notion of reparameterisation. Indeed, loosely speaking, two paths γ
and σ are tree-like equivalent when the time-T solutions to all differential equations
of the form

dyt = f(yt)dγt, y0 = x and dzt = f(zt)dγt, z0 = x

satisfy yT = zT . In this thesis, we will mainly work with the space C1-var(︁[0, T ], V )︁
of continuous paths of bounded variation. However, in Section 2.4.1, we will study
the more general setting of WGΩp(V ) for any p > 1. As such, we will provide
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the notions tree-like equivalence and unparameterised path space in this general
setting.

Definition 1.1.1. A path X ∈ WGΩp(V ) is called tree-like if there exists a real tree T such
that X admits a factorisation X = ϕ ◦ ρ through a pair of continuous maps ρ : [0, T ] ↦→ T
and ϕ : T ↦→ V , where ρ(0) = ρ(T ). For two paths X,Y ∈ WGΩp(V ), if X ⋆

←−
Y is

tree-like, we call X and Y tree-like equivalent and write X ∼τ Y.

Remark 1.1.2. In fact, in the original paper [HL10] a different definition of tree-like paths
was used which is equivalent for C1-var(︁[0, T ], V )︁. However, this notion was not general
enough to handle the case of weakly geometric p-rough paths later studied in [Boe+16]. We
will use the general definition.

Paths devoid of tree-like pieces are called tree-reduced and will play a key role in
Chapter 2. The formal definition of this property is given in the following.

Definition 1.1.3 ([Boe+16]). A path X ∈ WGΩp(V ) is called tree-reduced if the path
t ↦→ S0,t(X) ∈ G(⋆) is injective.

In [HL10] for the case when p = 1, and later in [Boe+16] for the case p > 1 the
following collection of results are proved.

Theorem 1.1.4 ([HL10; Boe+16]). Let p ≥ 1, then

1) The relation ∼τ defines an equivalence relation on WGΩp(V );

2) For all X,Y ∈ WGΩp(V ) it holds that X<∞ = Y<∞ if and only if X ∼τ Y;

3) Each ∼τ equivalence class contains a unique tree-reduced representative (up to
reparameterisation).

We will use [X] to denote the tree-like equivalence class of a path X ∈ WGΩp(V ).
The following result provides an explicit characterisation of the tree-reduced
representative of an equivalence class in the case p = 1.

Proposition 1.1.5 ([HL10]). When p = 1, the tree-reduced representative of an equivalence
class [γ] is the unique (up to reparameterisation) minimiser of the length functional.

Definition 1.1.6 (Unparameterised Path Space). The space of unparameterised rough
paths Cp is defined as the quotient space WGΩp/ ∼τ . The quotient map is denoted by π.

Remark 1.1.7. We can canonically identify Cp with the space Sp and will occasionally use
them interchangeably where appropriate.

Returning to the question of approximating a continuous function f : K → R with
the family {S(·),x⟩ : x ∈ T (V )}, it is now clear that K should be a compact subset
of unparameterised path space. Chapter 2 deals with the task of defining topologies
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on unparameterised path space so that notions of continuity and compactness are
well defined. Then in Chapters 3 and 4, we will study two canonical examples of
functions on unparameterised path space: the terminal time solution to a CDE
and the asymptotics of the signature map.

1.1.1 Avoiding the quotient

A popular approach to avoid the issues created by quotienting by ∼τ is to add the
time parameterisation as an additional coordinate, i.e. setting γ̂t = (t, γt), see for
example [Bay+23; Boe+16; CO22]. The monotone coordinate ensures the signatures
of γ̂ and σ̂ coincide if and only if γ = σ. This transformation presents two issues.
First, the signature will no longer remove the symmetry of time reparameterisation.
This is appropriate in some cases such as in financial applications [Bay+23] where
the parameterisation is important, but not in others [Yan+16]. Secondly, care must
be taken in how the space of paths is defined: the concatenation of paths does
not commute with ·̂when all paths are parameterised on a pre-defined interval,
so Chen’s identities fail to hold. In this chapter, as is customary in the literature,
see for example [CF19], we work with paths over a fixed pre-defined interval
(which we take to be [0, T ] for convenience). A plausible alternative might be to
take account for paths defined on possibly different compact subintervals of R.
While this would leave some results of Chapter 2 unchanged, it adds an additional
challenge of topologising the underlying path space so that the signature map
itself is continuous. We will briefly return to this discussion in Section 2.1.

1.2 Point set topology

The analysis of Chapter 2 will require some familiarity with certain topological
definitions and we gather here the various notions that will be used. We write
(X,χ) for a generic space X equipped with a topology χ

Definition 1.2.1 (Complete-metrisability and Polishness). A topological space (X,χ)
is completely-metrisable if there exists a metric generating χ which is complete. (X,χ) is
called Polish if it is separable and completely-metrisable.

Remark 1.2.2. Completeness is a property of a metric and not the topology it generates.
There may be many metrics generating the same topology, where some of them are complete
and others not.

Definition 1.2.3. Let X be a metric space. We say that a subset A ⊆ X is

1) Nowhere dense if the interior of the closure of A is empty;
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2) Meagre in X if it can be written as the countable union of nowhere dense sets;

3) Gδ if A is the countable intersection of open sets;

4) σ-compact if it is the countable union of compact sets.

Definition 1.2.4. A topological space (X,χ) is

1) First countable if for every x ∈ X there is a sequence of neighbourhoods {Ni}∞i=0

such that for any neighbourhood N of x, Ni ⊆ N for some i;

2) Regular if for any closed F ⊆ X and x ∈ X \ F , there exists a neighbourhood U of
F and neighbourhood V of x that are disjoint;

3) Completely regular if for any closed F ⊆ X and x ∈ X \ F , there exists some
continuous f : X → R for which f(x) = 1 and f(F ) = 0;

4) A Baire space if every meagre subset has empty interior;

5) A Lusin space if there exists a topology χ̃ ⊇ χ for which (X, χ̃) is Polish.

Finally, we recall the Baire category theorem. There are many equivalent state-
ments of the following, and the exact statement we provide is often viewed as a
consequence of the Baire category theorem. However, it will suffice for the results
of this thesis.

Theorem 1.2.5 (Baire category theorem). The following two statements are true:

1) Every completely metrisable topological space (X,χ) is a Baire space;

2) Every locally compact regular topological space (X,χ) is a Baire space.
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Chapter 2

Topologies on unparameterised path
space

As noted in [HL10], there is no canonical topology with which to equip the space
of unparameterised paths: which properties should one privilege? The quotient
topology inherited from the underlying path space gives the universal property, while
defining convergence of unparameterised paths by the convergence of their signatures
aligns with their usage in application. One can alternatively define metrics based
on representatives of the equivalence classes. As we will see in this chapter, each
candidate has dramatically different topological properties and no candidate is clearly
superior to the others. Our aim is not to propose one single topology, but rather to
explore the benefits and drawbacks of each so that an informed selection may be made
for the application at hand. This chapter is based on the papers [CT24b; CT24c].

As discussed in Section 1.1, the algebra of functions {S(·),x⟩ : x ∈ T (V )} allows
for an approximation theory to be developed on unparameterised path space. The
most basic form of such a theory provides that any continuous function f on a
(locally) compact subset K of C1 can be uniformly approximated by (the restriction
of) a linear functional on the tensor algebra. The choice of topology on the space
of unparameterised paths which is necessary to a complete understanding of this
method, is often left unspecified in applications or is otherwise chosen to suit the
application at hand.

The purpose of this chapter is to broaden this discussion by evaluating and
comparing the properties of three topologies which are arrived at by leveraging
different properties of C1-var(︁[0, T ], V )︁. The qualities we emphasise are:
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1) The injectivity of the signature map from C1-var(︁[0, T ], V )︁ onto a subset of
T ((V )). This allows one to equip the range of the signature map with a
(subspace) topology, and hence to transfer this topology onto C1 by requiring
the signature map to be an embedding. When T ((V )) is equipped with the
product topology, we refer to the resulting topology on C1 as the product
topology.

2) The fact that tree-like equivalence on the space of continuous bounded
variation paths is an equivalence relation means that C1 can be endowed with
the quotient topology derived from the 1-variation topology.

3) The existence for each equivalence class [γ] in C1 of a so-called tree-reduced
representative [HL10], which is characterised by having minimal length. By
considering the constant speed parameterised version of this representative
γ∗, we can define the metric topology on C1 induced by

d
(︁
[γ] , [σ]

)︁
:=∥γ∗ − σ∗∥1-var;[0,T ] .

The product and quotient topologies can be seen as two alternatives which can
be determined without extra structure. The former only utilises a topology on
the range of the signature map, while the latter only relies on the given topology
on the path space domain. By contrast, the metric topology relies on additional
properties of the space of unparameterised paths. Variants of (1) may also be of
interest, e.g. where a topology on C1 is induced from a different subspace topology
on the extended tensor algebra, but the principle in these cases remains the same
[Che16; CL16]. In fact, if C1 is endowed with any metrisable topology for which
the signature map is (appropriately) continuous, the conclusions for the product
topology may be carried over to the resulting induced topology on C1. We draw
special attention to the product topology as it is the weakest one for which linear
functionals on the tensor algebra are continuous.

Given the central role played by uniform approximation to a now-growing body of
applications, it seems important to establish the basic topological features of these
spaces. The main conclusions of Section 2.1 are captured in the following list:

i) All of the three topologies listed above are separable and Hausdorff.

ii) The collections of open sets are strictly ordered by inclusion, where the
product topology is the weakest and the metric topology is the strongest.

iii) Open sets in the product and quotient topologies are unbounded in the
metric d.
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iv) The product topology is metrisable and σ−compact, but not a Baire space,
and so neither Polish nor locally compact.

v) A completion of the product topology is given by the subspace G(⋆) ⊂ T ((V ))

of group-like elements.

vi) The quotient topology is not metrisable.

vii) The metric d is not complete, but it generates a completely metrisable
topology.

The uniform approximation theory referred to above invites the study of two
points. The first is the availability of compact subsets of C1-var(︁[0, T ], V )︁ – which
should ideally be explicitly describable – and the second is to understand the
classes of continuous functions on these subsets. With respect to both points, the
underlying topology has an unignorable bearing. We investigate this to find that:

i) The subsetB(r) of unparameterised paths with tree reduced length bounded
by r <∞ is a compact subset of C1-var(︁[0, T ], V )︁ in the product topology.

ii) The fixed-time solution of a differential equation dyt = f(yt)dγt, under
suitable regularity and growth conditions on f , induces a well-defined
function on C1. This function is continuous on B(r).

The relevance of these results is accounted for by the uses of the signature: physical
limits on the ability to record and store data impose a bound on the (tree-reduced)
lengths of the paths that can practically be considered. From this point of view,
restricting attention to functions onB(r) is a natural step. The second item ensures
that a rich class of input-output response pairs is admissible as the true underlying
causal dynamics, e.g. in regression analysis.

The properties of the topology on unparameterised path space are also relevant for
certain open problems. In 2009, Levin and Lyons [LL09] conjectured the existence
of a signed measure on unparameterised path space associated to higher order
differential operators (in the same way that the Wiener measure corresponds to
the half-Laplacian). They provided partial evidence for this conjecture, but the full
picture remains unresolved. Among the missing ingredients is a more advanced
understanding of the available measure-theoretic tools on unparameterised path
space. Of particular importance is the ability to characterise weak limits and
suitable criteria to ensure (pre)compactness for families of measures. In Section 2.3
we briefly introduce this problem and discuss connections with the results of this
chapter.
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From the perspectives of the above applications and from the point of view of
studying probability on C1 more generally, it can be desirable to work with measures
defined on the Borel σ-algebra of a Polish topology, see e.g. the monograph [Gar18]
for a detailed overview. The results above exclude having this structure for both the
product and the quotient topologies, but allow for the use of the metric topology.
Moreover, the σ-compactness of the product topology still offers a way to obtain
some of the benefits of Polishness, notably versions of Ulam’s and Lusin’s Theorems
still hold. In Section 2.2 we illustrate how this approach can be used to validate
and extend the framework of the expected signature model proposed in [LLN16].

2.0.1 Candidate topologies

Our aim is now to explore the basic properties of three topologies on the spaces Cp
of unparameterised paths. In the context of topologies on C1, this will allow us to
put forward a framework within which one can understand uniform approximation
results for continuous functions defined on compact subsets of C1, as well as the
expected signature model of [LLN16]. As noted in [HL10], there is no canonical
topology, but there are at least three principled approaches to constructing one:

1) To use the injectivity of the signature map S : Cp → Sp⊂T ((V )).

2) To use the quotient topology on C1 inherited from the p-variation norm
topology on WGΩp(V ).

3) To define a metric using the tree-reduced representatives parameterised at
constant speed.

To this end, we now introduce our candidate topologies.

Definition 2.0.1. Fix p ≥ 1. We consider the following topologies on unparameterised
path space.

1) Let m be any metric on Cp for which S : WGΩp → (Cp,m) is continuous. Let χm

denote the topology on Cp induced by m.

2) The quotient topologyχτ on Cp, inherited from the underlying topology onWGΩp(V ).

3) The metric topology χd defined by the metric

d([X], [Y]) := dp-var(X⋆,Y⋆), (2.1)

where X⋆ is the Hölder-control parameterisation of the unique tree-reduced repres-
entative of [X].
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Remark 2.0.2. Recall that product topology on a countable product of metric spaces is
metrisable. Equipping T ((V )) with the product topology we can then impose the subspace
topology on Sp and pull this back to induce a metrisable topology on Cp of the type 1). We
draw specific attention to this topology and as such denote it by χpr.

Remark 2.0.3. A possible alternative metric (suggested by Dr. Xi Geng) between
equivalence classes is defined by

d⋆([X], [Y]) :=
⃦⃦
(X ⋆

←−
Y )⋆

⃦⃦
p-var;[0,T ]. (2.2)

This metric is clearly symmetric and satisfies the triangle inequality since

⃦⃦⃦
(X ⋆

←−
Y )⋆

⃦⃦⃦
p-var

=

⃦⃦⃦⃦(︂
(X ⋆

←−
Z )⋆ ⋆ (Z ⋆

←−
Y )⋆

)︂⋆ ⃦⃦⃦⃦
p-var;[0,T ]

≤
⃦⃦⃦
(X ⋆

←−
Z )⋆ ⋆ (Z ⋆

←−
Y )⋆

⃦⃦⃦
p-var;[0,T ]

≤
⃦⃦
(X ⋆

←−
Z )⋆

⃦⃦
p-var;[0,T ] +

⃦⃦
(Z ⋆
←−
Y ⋆
⃦⃦

p-var;[0,T ]

= d⋆([X], [Z]) + d⋆([Z], [Y]),

where the second inequality follows from the sub-additivity of p-variation. The resulting
topology is limited in practical use however, since it fails even to be separable. Indeed,
consider the set of canonical lifts of the V -valued pathsK =

{︁
t
T
v :∥v∥ = 1

}︁
intoGΩp(V ).

For X≤⌊p⌋ ∈ K, the definition of the p-variation norm and Proposition 1.0.28 implies that

⃦⃦
X≤⌊p⌋⃦⃦p

p-var ≥
⃦⃦
π1
(︁
X1 − X0

)︁⃦⃦p
=∥v∥p = 1.

Given two distinct paths X,Y ∈ K the path
(︁
X ⋆
←−
Y
)︁≤1 is a piecewise linear irreducible

path and hence tree-reduced, so that the path
(︁
X ⋆
←−
Y
)︁≤⌊p⌋ is also tree-reduced. The distance

between these paths is then lower bounded by

d⋆
(︁[︁
X≤⌊p⌋]︁, [︁Y≤⌊p⌋]︁)︁p = ⃦⃦(︁X ⋆

←−
Y )≤p∥pp-var

≥
⃦⃦
X≤⌊p⌋⃦⃦p

p-var +
⃦⃦
Y≤⌊p⌋⃦⃦p

p-var

≥ 2,

by the super-additivity of controls. Since K is an uncountable set, the topology induced by
this metric cannot be separable.

We now turn our attention to the specific case of C1. The case of unparameterised
rough path space is more subtle.
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2.1 Unparameterised paths of bounded variation

Tree-reduced paths will be central to our analysis. Indeed when p = 1, the
characterisation of the tree-reduced representative minimising length will be
crucial to certain results.

Remark 2.1.1. Recall Proposition 1.0.39 that if γ ∈ C1-var(︁[0, T ], V )︁ is parametrised at
constant speed then γ is Lipshitz continuous with Lipschitz constant 1

T
∥γ∥1-var;[0,T ].

We can manufacture simple examples of paths that are already tree-reduced by
considering axis paths defined with respect to an orthonormal basis. Given v in
V we let γv denote the linear path in C1-var(︁[0, T ], V )︁ whose derivative γ′v ≡ 1

T
v on

[0, T ].

Example 2.1.2. For a collection of v1, v2, . . . , vm in V the piecewise linear path γ : [0, T ] ↦→
V in C1-var(︁[0, T ], V )︁ defined by γ = γv1 ⋆ γv2 ⋆ · · · ⋆ γvm has length L = ∥γ∥1-var;[0,T ] =

|v1|+ |v2|+ · · ·+ |vm|. When parameterised at constant speed it is defined by

γ′t =
L

T
v̂i :=

L

T
· vi
|vi|

for t in [ti−1, ti], (2.3)

where t0 = 0 and

ti =
T

L

i∑︂
j=1

|vj| for i = 1, ..,m.

From now on, unless stated otherwise, we assume that all piecewise linear paths
as in Example 2.1.2 are parameterised at constant speed. The following result
is known more generally for C2 paths [HL10] and irreducible piecewise linear
paths [LX17], but the arguments rely delicately on estimates of the hyperbolic
development of the path. In the case of axis paths it is possible to present a
simplified and direct proof using elementary tools. The use of axis paths will
be fundamental to our subsequent discussion, and so we include a proof for
completeness.

Lemma 2.1.3. Let γ : [0, T ]→ V inC1-var(︁[0, T ], V )︁ be of the form γ = γv1 ⋆γv2 ⋆· · ·⋆γvm
as in Example 2.1.2. Assume further that for every consecutive pair of vectors ⟨vi, vi+1⟩ = 0

for i = 1, . . . ,m− 1. Then γ is tree reduced.

Proof. We prove the result indirectly not through the definition of tree-like equi-
valence, but by using asymptotic properties of the signature. We recall that the
projective tensor norm is the largest cross norm on V ⊗n. For a tensor A in the
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algebraic n-fold tensor product space it is defined by

∥A∥∨,n = inf

⎧⎨⎩
r∑︂
i=1

|ui1| . . . |uin| : A =
r∑︂
i=1

ui1u
i
2 . . . u

i
n

⎫⎬⎭ .

It can be deduced that if A =
∑︁

i u
i
1u

i
2 . . . u

i
2n then

∥A∥∨,2n ≥ φ(A) :=
∑︂
i

⟨ui1, ui2⟩ . . . ⟨ui2n−1, u
i
2n⟩.

Note here that φ is a bounded linear map on V ⊗n. Consider γ with the constant-
speed parameterisation described in Example 2.1.2. Then, using the previous
inequality, we obtain the lower bound

(2n)!
⃦⃦
S (γ)n

⃦⃦
∨,2n ≥ (2n)!φ

⎛⎝∫︂
∆2n

[0,T ]

γ′t1 ⊗ γ
′
t2
⊗ · · · ⊗ γ′t2ndt1dt2 . . . dt2n

⎞⎠
= (2n)!

∫︂

∆2n
[0,T ]

φ
(︁
γ′t1 ⊗ γ

′
t2
⊗ · · · ⊗ γ′t2n

)︁
dt1dt2 . . . dt2n

≥ (2n)!

∫︂

∆2n
[0,T ]

n∏︂
j=1

⟨︂
γ′t2j−1

, γ′t2j

⟩︂
dt1dt2 . . . dt2n

= E

⎡⎣T 2n

n∏︂
j=1

⟨︂
γ′U(2j−1)

, γ′U(2j)

⟩︂⎤⎦ =: E [Xn] ,

where 0 ≤ U(1) ≤ U(2) ≤ · · · ≤ U(2n) ≤ 1 are the order statistics of an i.i.d. sample
of 2n uniform [0, T ] random variables defined on a probability space (Ω,F ,P). Let
Ni, for i = 1, . . . ,m, denote the number of realisations in this sample which are
contained in the interval [ti−1, ti]. We define three events by

A =
m⋂︂
i=1

{Ni is even} , B =
m⋃︂
i=1

{Ni = 0} , C = Bc ∩
m⋃︂
i=1

{Ni is odd} .

The event B is required, since it is possible for Xn to be non-zero even if one of the
Ni is odd: the order statistics may “skip” a segment. Their union is Ω, and it can
easily be checked that

Xn =

{︄
L2n

T 2n , on A
0, on C,

and therefore that

(2n)!
⃦⃦⃦
S (γ)2n

⃦⃦⃦
∨,2n
≥ L2nP(A)− L2nP(B). (2.4)
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Letting {Ei : i = 1, 2, . . . ,m} be a collection of i.i.d Rademacher random variables
and r = mini=1,...,m |ti − ti−1| ∈ (0, T ), simple arguments can be employed to show

P(A) = E

⎡⎢⎣
⎛⎝ m∑︂

i=1

Ei
|vi|
L

⎞⎠2n
⎤⎥⎦ ≥ 2

2m
, and P(B) ≤ m(1− r)2n.

Using these inequalities together with Eq. (2.4) we obtain easily that

lim sup
n→∞

(︃
n!
⃦⃦⃦
S (γ)2n

⃦⃦⃦
∨,n

)︃ 1
n

≥ L.

For any path γ̃ in C1-var(︁[0, T ], V )︁ with length L̃ such that S(γ) = S(γ̃) we deduce

L ≤ lim sup
n→∞

(︂
n!
⃦⃦
S (γ)n

⃦⃦
∨,n

)︂ 1
n ≤ L̃,

where the second inequality follows from [Lyo+07, Proposition 2.2], and hence γ is
tree-reduced.

The following construction can be found in [LX17]. It illustrates how the class of
paths considered in the previous lemma can be used to gain insight into properties
of the signature. It will be an integral tool in the next section.

Example 2.1.4 ([LX17]). Let W be a two-dimensional vector subspace of V which is
identified with R2 through an orthonormal basis {vi : i = 1, 2}. We can define two
sequences {ρn : n = 1, 2, . . . } and {σn : n = 1, 2, . . . } of so-called axis paths by
ρ1 := γv1 ⋆ γv2 , σ1 := γv2 ⋆ γv1 and then for n = 2, 3, . . . by

ρn = ρn−1 ∗ σn−1 and σn = σn−1 ∗ ρn−1.

If two consecutive line segments vi and vi+1 are positively collinear, then by replacing
γvi ∗ γvi+1

with γvi+vi+1
, we may write each path in the form required for Lemma 2.1.3. By

virtue of this lemma, each of these paths is tree-reduced. For every n, the paths ρn and
σn have length 2n and it was further shown in [LX17] that the terms in their signatures
coincide up to degree n, i.e.

S(ρn)k = S(σn)k for k = 1, 2, . . . , n .

Moreover, it can be shown that S(ρn)n+1 and S(σn)n+1 are not equal for any n. Con-
sequently, each tree-reduced path Γk := σk ⋆

←−ρ k has length 2k+1 and satisfies

S (Γk)m = S
(︁
σk ∗←−σ k

)︁m
= 0 for m = 1, 2, . . . , k, while S (Γk) ̸= 1,
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since the projection at level k of the algebraic inversion and multiplication depends only on
the level k projections of the inputs.

2.1.1 Basic topological properties

Let us now show some simple properties of these topological spaces. The following
proposition shows that the three topologies we have proposed are distinct. In fact,
the collections of open sets are strictly ordered with χm defining the weakest and
χd the strongest of the topologies.

Proposition 2.1.5. We have the strict inclusions χm ⊂ χτ ⊂ χd.

Proof. The first (non-strict) inclusion follows immediately from the universal
property of the quotient topology. We leave the strictness for general m until
Theorem 2.1.10, but we provide a direct proof for the special case χpr. To see this
strict inclusion we consider a two-dimensional subspace W of V spanned by two
orthonormal vectors {v1, v2}. In this basis, we consider the sequence of axis paths
(Γk)

∞
k=1 constructed in Example 2.1.4. Define the set A :=

{︁
[Γk] : k = 1, 2, . . .

}︁
⊂ C1.

Then A is not closed in the product topology, since for every m we have

S (Γk)m → 0 as k →∞

while A does not contain the equivalence class of tree-like paths [o]. On the other
hand, A is closed in the quotient topology because any sequence (γn)

∞
n=1 in π−1 (A)

which converges to γ in C1-var(︁[0, T ], V )︁must be such that supn∥γn∥1-var;[0,T ] <∞.
Using the fact that each Γk is tree-reduced and∥Γk∥1 = 2k+1 then shows that there
existsN ∈ N such that {γn : n ∈ N} is a subset of∪Nk=1 [Γk] = ∪Nk=1π

−1
(︁
{[Γk]}

)︁
. This

latter set is closed in C1-var(︁[0, T ], V )︁ since singletons are closed in any Hausdorff
topology which χτ must be since χpr ⊆ χτ . The limit γ is then also in this set which
is a subset of π−1(A).

To prove that χτ ⊆ χd, we let [γ] be in C1 and prove that every open neighbourhood
N of [γ] in χτ is also a neighbourhood of [γ] in χd. By definition, the pre-
image π−1 (N) ⊃ [γ] is an open subset of C1-var(︁[0, T ], V )︁. The tree-reduced
representative γ∗ belongs to [γ] and consequently there exists δ > 0 such that
B∥·∥1 (γ

∗, δ) = {σ ∈ C1-var(︁[0, T ], V )︁ : ∥γ∗ − σ∥1 < δ} ⊂ π−1 (N) . The result then
follows because

N ⊃
{︁
[σ] :∥γ∗ − σ∥1 < δ

}︁
⊇
{︁
[σ] :∥γ∗ − σ∗∥1 < δ

}︁
= Bd

(︁
[γ] , δ

)︁
.
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To prove the strict inclusion we find a neighbourhood of the constant path [o]

of the form Bd

(︁
[o] , δ

)︁
such that every χτ -neighbourhood of [o] has non-empty

intersection with the complement Bd

(︁
[o] , δ

)︁c
:= C1 \ Bd

(︁
[o] , δ

)︁
. To do so, we

consider as above a two-dimensional subspace of V spanned by an orthonormal
set {v1, v2}. Using this basis we define a family of axis paths given by:

γε = γεv2 ∗ γv1 ∗ γ−εv2 ∗ γ−v1 for ε ≥ 0.

For every ε > 0 the curve γε is tree-reduced by Lemma 2.1.3. On the other hand, γ0
is tree-like equivalent to the constant path o. It follows that

d
(︁
[γ0] , [γε]

)︁
=∥γε∥1 ≥ 2, (2.5)

while an easy calculation using Eq. (2.3) shows that∥γε − γ0∥1 ≤ 6ε. Hence any
χτ -neighbourhood of [o] must contain [γε] for some ε > 0. In view of Eq. (2.5), the
set Bd

(︁
[o] , δ

)︁
can never contain such a neighbourhood whenever δ < 2.

The inclusionsχm ⊂ χτ ⊂ χd and the fact thatχm is a Hausdorff space immediately
yields the following corollary.

Corollary 2.1.6. All three candidate topologies are Hausdorff.

For the specific case of χpr we may obtain the following result.

Proposition 2.1.7. (C1, χpr) with the operations [γ] · [σ] := [γ ∗ σ] and [γ]−1 :=
[︁←−γ ]︁

forms a topological group. This is not the case for the metric topology χd.

We provide below a proof from first principles, however the continuity may also
be seen from existing results in the literature: for example by using that G(n) is
a closed Lie subgroup of the closed (with respect to the product topology) set
π(n)T1((V )). The manifold topology of the Lie group is the same as the subspace
topology of the product topology; for further details we refer the reader to [FV10,
Chapter 7].

Proof. We first show continuity of the group operations on (C1, χpr). For [·]−1, we
recall the algebraic inversion x−1 defined for x ∈ T1((V )). We may define the map

ψ : T ((V ))→ T ((V )),

x ↦→
∞∑︂
n=1

(1− x)⊗n,

45



CHAPTER 2 - TOPOLOGIES ON UNPARAMETERISED PATH SPACE

which is well-defined for all x ∈ T ((V )) and restricts to the inversion operation on
T1((V )). By definition of the subspace topology and the fact that S1 = ψ−1 (S1), it
suffices to show continuity of ψ on T ((V )). Moreover, by definition of the product
topology, it is enough to show continuity in each factor. Since the projection onto
V ⊗n of ψ(a) depends only on π(n)a, we may consider the factorisation

T ((V ))

T (n)(V ) V ⊗n

π(n)
ψ(·)n

ψn

where ψn(b) := πn ◦ ψ ◦ ι(n)(b). By continuity of π(n) we only need to show
continuity of ψn. This follows from the continuity of the tensor product, the
canonical isomorphisms V ⊗k ⊗ V ⊗l ∼= V ⊗k+l, and the continuity of addition. The
continuity of group multiplication follows similarly.

We now prove the discontinuity of group multiplication with respect to the metric
topology. Let {v1, v2} be orthonormal vectors and define the two sequences of axis
paths

ρn = γ v2
n
⋆ γv1 , σn = γ− v2

n
⋆ γ−v1 for n ∈ N.

For each n, the path ρn (resp. σn) is tree reduced so that ρ∗n = ρn (resp. σ∗
n = σn).

Moreover the concatenation ρn ⋆ σn is tree reduced and parameterised at constant
speed. It follows that

d([ρn] · [σn], [o]) = ∥ρn ⋆ σn − o∥1-var;[0,T ] ≥ 2.

On the other hand, for every n

d([ρn], [γv1 ]) = d([σn], [γ−v1 ]) ≤
3

n
,

and so ρn (resp. σn) converges to [γv1 ] (resp. [γ−v1 ]) in χd. But since γv1 ∗ γ−v1 is
tree-like, we have

d([γv1 ] · [γ−v1 ], [o]) = d([o], [o]) = 0.

Hence multiplication is not continuous with respect to χd.

2.1.2 Complete metrisability of candidate topologies?

We start by answering this question in the negative for the product topology
(C1, χpr), where again a direct proof is possible.
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Proposition 2.1.8. The product topology (C1, χpr) is not a Baire space.

Proof. The proof has two parts: first we show that every non-empty open set in χpr

is unbounded with respect to the metric d, and then that C1 may be written as the
countable union of closed (with respect to χpr) sets that are bounded (with respect
to d).

Consider the two dimensional subspace of V spanned by two orthonormal vectors
{v1, v2}, and let (Γk)∞k=1 be the sequence of axis paths defined in Example 2.1.4.
Each Γk is tree reduced by Lemma 2.1.3, thus

d([o], [Γk]) = 2k+1.

As shown in the proof of Proposition 2.1.5, [Γk] converges to [o] in χpr, and so every
open neighbourhood of [o] contains infinitely many terms of the sequence (Γk)

∞
k=1.

Hence, every open neighbourhood of [o] is unbounded in d. Now let [γ] ∈ C1 and
U be any open neighbourhood of γ. Define the map

λ : U −→ C1
[σ] ↦−→ [γ]−1 · [σ],

which is continuous by Proposition 2.1.7 and bĳective with its image V := λ(U).
The inverse map

λ−1 : V −→ U

[σ] ↦−→ [γ] · [σ],

is also continuous by Proposition 2.1.7. Therefore λ(U) is an open neighbourhood
of [o]. IfU were bounded in dfrom [o] by some constantK > 0, then by construction
of λ, the length of the tree-reduced representative of every [σ] in V is at most 2K.
This would imply that V were bounded in d, a contradiction.

For any r > 0, define the set

B (r) :=
{︁
[γ] ∈ C1 :∥γ∗∥1 ≤ r

}︁
.

Later in Proposition 2.2.2, that B(r) is compact in χpr, and so closed by the
Hausdorff property. Since each B(r) is bounded in d, it must have empty interior
by the preceding. Writing

C1 =
∞⋃︂
r=1

B(r),
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we see that C1 is the countable union of nowhere dense sets and so is not a Baire
space.

As a consequence of the above and item (2) of the Baire category theorem (The-
orem 1.2.5) we obtain the following corollary.

Corollary 2.1.9. The product topology (C1, χpr) is not locally compact.

The following is one of the main results of this chapter.

Theorem 2.1.10. The three topologies on the space C1 of unparameterised paths are
separable and have the following properties.

1) The product topology (C1, χpr) is metrisable, but not completely metrisable.

2) The quotient topology (C1, χτ ) is not metrisable.

3) The metric d is not complete, but is completely metrisable.

Proof. We will show separability of χd and use the inclusions χpr ⊂ χτ ⊂ χd to
conclude separability of χpr and χτ . By Lemma 1.0.36, the space of absolutely
continuous paths C0,1−var(︁[0, T ], V )︁ is separable. Consider the subspace A of
C1-var(︁[0, T ], V )︁ of tree-reduced paths parameterised at constant speed. That is,
all representatives of equivalence classes seen by the metric d. Since every path
parameterised at constant speed is Lipschitz, we may consider A as a subspace
of absolutely continuous paths. Since any subspace of a separable metric space
is separable, A is separable with respect to ∥·∥1-var;[0,T ]. This is equivalent to the
separability of χd.

Item (1) is a consequence of the definition of χpr, Proposition 2.1.8 and The-
orem 1.2.5.

We will prove item (2) using the fact that any metrisable space must be both first
countable and regular [Nag50]. By assuming first-countability we show regularity
cannot hold. Thus we assume that there exists {Ui}∞i=1, a countable neighbourhood
basis of [o] which without loss of generality is assumed to consist of open sets. As
before, we consider sequences of axis paths in a two-dimensional subspace of V
defined relative to two orthonormal vectors {v1, v2}. The first sequence will consist
of tree-like paths; for every n ∈ N we take

γn := γnv1 ⋆ γ−nv1 = γnv1 ⋆
←−−γnv1 .
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Every γn belongs to the equivalence class [o] and hence

rn = sup
{︁
r > 0 : B (γn, r) ⊂ π−1 (Un)

}︁
> 0.

We introduce a strictly decreasing sequence of positive real numbers {an}∞n=1 by

a1 :=
1

2
min{r1, 1}, an+1 =

1

2
min {rn+1, an} for n = 2, 3, . . .

so that π
(︁
B (γn, an)

)︁
⊂ Un for every n. We let Γn be the path

Γn = γεnv2 ⋆ γnv1 ⋆ γ−εnv2 ⋆ γ−nv1 , where εn =
an
6
.

For everyn, the pathΓn is tree-reduced by Lemma 2.1.3 and has length ∥Γn∥1-var;[0,T ] =

2n+ 2εn. By the same argument in the proof of Proposition 2.1.5 these properties
yield that F = ∪∞n=1

{︁
[Γn]

}︁
is closed in (C1, χτ ). It is also clear that [o] /∈ F . On the

other hand, we can obtain the estimate

∥Γn − γn∥1-var;[0,T ] < 6εn = an. (2.6)

The collection {Un}∞n=1 is a neighbourhood basis at [o], and therefore any set
U in χτ which contains [o] must contain Uk as a subset for some k. Using the
estimate Eq. (2.6) above and the definition of the sequence {an}∞n=1, we have that
Γk ∈ B (γk, ak) and therefore [Γk] ∈ Uk. In other words, we have shown that any
neighbourhood of [o] must have non-empty intersection with F and therefore
(C1, χτ ) cannot be regular.

To prove that d is not complete, we define another sequence of paths

ρn = γ v2
n
⋆ γv1 ⋆ γ− v2

n
⋆ γ−v1 for n ∈ N.

Again ρn is tree-reduced, i.e. ρ∗n = ρn, and there exists a constant c > 0 such that
for any 1 ≤ n < m we have

d([ρn], [ρm]) = ∥ρn − ρm∥1-var;[0,T ] ≤
c

n
(2.7)

so that ([ρn])∞n=1 is a d-Cauchy sequence. However, because S(ρn)k → 0 as n→∞
for every k ∈ N and since χpr ⊂ χd, the only possible limit point of the sequence is
[o]. This cannot happen owing to

d([o], [ρn]) ≥ 2,
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which holds for all n. The proof that the topology χd is completely metrisable is
more involved. Recall the following topological facts:

1) A subspace of a completely metrisable space is completely metrisable if and
only if it is Gδ [Kec95, Theorem 3.11];

2) For a topological spaceX , the set of continuity points of a function f : X → R
is Gδ [Kec95, Proposition 3.6];

3) A closed subset of a metric space is Gδ [Kec95, Proposition 3.7];

4) The intersection of two Gδ sets is Gδ.

By Lemma 1.0.36, C0,1-var(︁[0, T ], V )︁ is completely metrisable with the set of piece-
wise linear paths forming a dense subset. We split the proof into two components:

1) The set of continuity points of the map γ ↦→ ∥γ⋆∥1-var;[0,T ] is the set of tree-
reduced paths;

2) The set of paths parameterised at constant speed is closed inC0,1-var(︁[0, T ], V )︁.
For the first item, suppose that γ is tree-reduced with γn → γ in 1-variation,
implying ∥γn∥1-var;[0,T ] → ∥γ∥1-var;[0,T ]. Suppose for a contradiction that ∥γ⋆n∥1-var;[0,T ]

does not converge to ∥γ∥1-var;[0,T ]; then there exists a subsequence (which we also
denote by γ⋆n) for which ∥γ⋆n∥1-var;[0,T ] → κ ≥ 0 where κ < ∥γ⋆∥1-var;[0,T ]. Since the
sequence (γ⋆n)

∞
n=1 is equicontinuous and bounded, it holds by Arzelà-Ascoli that

there exists a uniformly convergent subsequence converging to a path γ̃ with
finite 1-variation, for which γ⋆n → γ̃ in WGΩp(V ) for some p ∈ (1, 2). From [FV10,
Lemma 1.15], we have the bound

∥γ̃∥1-var;[0,T ] ≤ lim inf
n→∞

∥γ⋆n∥1-var;[0,T ] = κ.

By continuity of the signature map S : WGΩp(V )→ T ((V )) (with T ((V )) equipped
with the product topology), we have the following

S(γ) = lim
n→∞

S(γn) = lim
n→∞

S(γ⋆n) = S(γ̃).

And so γ̃ ∈ [γ], implying that γ does not have shortest length in its equivalence
class: a contradiction. For the reverse, suppose that γ ∈ C0,1-var(︁[0, T ], G(1)

)︁
is

not tree-reduced. By density, we can approximate γ in 1-variation by a sequence
(γn)

∞
n=1 of piecewise linear paths. Replacing any re-traced pieces with suitable

approximations via axis paths, this sequence can be assumed to be tree-reduced.
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It follows that

lim
n→∞
∥γ⋆n∥1-var;[0,T ] = lim

n→∞
∥γn∥1-var;[0,T ] = ∥γ∥1-var;[0,T ] > ∥γ⋆∥1-var;[0,T ],

so that the map is discontinuous at any path which is not tree-reduced.

For the second part, let (γn)∞n=1 be a collection of paths parameterised at constant
speed, which we recall is defined by ∥γ∥1-var;[0,t] =

t
T
∥γ∥1-var;[0,T ]. Suppose that

γn → γ in C0,1-var(︁[0, T ], V )︁, so that∥γn∥1-var →∥γ∥1-var. It must also hold that γn|[0,t]
converges to γ|[0,t] in C0,1-var(︁[0, t], V )︁. We conclude by by taking the limits

∥γ∥1-var;[0,t] = lim
n→∞
∥γn∥1-var;[0,t] = lim

n→∞
t
T
∥γn∥1-var;[0,T ] =

t
T
∥γ∥1-var;[0,T ] .

Since C1 with χd is separable and completely metrisable we have the following.

Corollary 2.1.11. The space (C1, χd) is Polish.

Remark 2.1.12. The strict inclusions demonstrated in Proposition 2.1.5 can now be
concluded from the lack of metrisability of χτ , the metrisability of χm, and the inclusions
χm ⊆ χτ .

Remark 2.1.13. As noted in the introduction, there are other definitions of unparameterised
path space. For example, [CO22] considers the set of pathsC1-var :=

⋃︁
T>0C

1-var(︁[0, T ], V )︁.
For any γ in C1-var, denote by [0, Tγ] the interval on which γ is parameterised. In this case,
C1-var may be equipped with the pseudo-metric

d̃(γ, ρ) := inf
τ :[0,Tγ ]→[0,Tρ]

∥γ − ρ ◦ τ∥1-var;[0,Tγ ] ,

where the reparameterisations τ are required to be strictly increasing surjections. The
resulting space of unparameterised paths is the quotient space C(1) := C1-var/ ∼τ , endowed
with the quotient topology χd̃, derived from the topology on C(1) generated by d̃. The
canonical bĳection from (C1, χτ ) to (C(1), χd̃) is continuous, implying thatχd̃ is no stronger
than χτ . Moreover, the techniques from the proof of Theorem 2.1.10 can be employed to
conclude that χd̃ is also not metrisable.

We now generalise many of the results for χpr to a broader class of topologies
which are of the form χm with an additional continuity criterion. We first require
the following lemma.

Lemma 2.1.14. Every open set in χτ is unbounded in d.
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Proof. Let U ∈ χτ be any open neighbourhood of some point [γ] in C1. The
tree-reduced representative γ∗ is in π−1(U), and so [FV10, Corollary 1.34] and
Chen’s identities imply that π−1(U) contains an irreducible (and hence tree-reduced
[LX17]) piecewise linear path parameterised at constant speed, which we again
denote by γ∗ for convenience. Let {v1, v2} be a pair of orthonormal vectors not
collinear to the last linear piece of γ∗. For each ε > 0, define the sequences of paths
(σn,ε)

∞
n=1 and (ρn,ε)

∞
n=1 by

σn,ε = γ∗ ⋆ γεv2 ⋆ γnv1 ⋆ γ−εv2 ⋆ γ−nv1 ,

ρn,ε = γ∗ ∗ γ(n+ε)v1 ⋆ γ−(n+ε)v1 .

For every n and ε, ρn,ε is in the equivalence class [γ∗], which itself is a subset of
π−1(U). By construction

∥σn,ε − ρn,ε∥1-var;[0,T ] = ∥γ∗ − γ∗∥1-var;[0,T ]

+ ∥γεv2 ⋆ γnv1 ⋆ γ−εv2 ⋆ γ−nv1 − γ(n+ε)v1 ⋆ γ−(n+ε)v1∥1-var;[0,T ]

≤ 0 + 4ε.

Hence for every n, σn,ε lies in π−1(U) for some ε > 0. To conclude, we note that
σn,ε is tree-reduced by [LX17], with d([σn,ε], [o]) ≥ 2n.

Corollary 2.1.15. Assume that χm satisfies the following condition: there exists some
p ∈ (1, 2) for which

S :
(︁
C1-var([0, T ], V ), d(1)p-var

)︁
→ (C1, χm) (2.8)

is continuous. Then the topological space
(︁
C1, χm

)︁
is

1) Separable and metrisable;

2) Not a Baire space, so neither Polish nor locally compact;

3) σ−compact.

Remark 2.1.16. The condition in Eq. (2.8) translates to the following: if (γn)∞n=1 is
a sequence of continuous paths of bounded variation which converges to a path γ ∈
C1-var(︁[0, T ], V )︁ with respect to the topology generated by the p-variation metric for some
p ∈ (1, 2) then the sequence ([γn])∞n=0 should converge to [γ] in (C1, χm). It is a consequence
of various fundamental results in the theory of rough paths that χpr satisfies this condition.

Proof. The separability of χm follows from the inclusion χm ⊂ χτ and separability
of the question topology. The same arguments found in Proposition 2.2.2 show
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the sets B(r) are compact in χm, and since every open set in χτ is unbounded in
d, they have empty interior in χ. An application of the Baire category theorem
proves item (2). Item (3) is immediate from the compactness of B(r).

Example 2.1.17. In the recent paper [CLX24], the authors introduce the general concept
of weighted signature kernels, defined through weighted inner products on T ((V )). This
leads to a class of topologies on (a subspace of) T ((V )) that satisfy the conditions of
Corollary 2.1.15. Let ⟨·, ·⟩n be the canonical Hilbert-Schmidt inner product on V ⊗n derived
from the inner product ⟨·, ·⟩ on V . For x,y ∈ T ((V )), define

⟨x,y⟩ϕ :=
∞∑︂
n=0

ϕ(n) ⟨xn, yn⟩n ,

with ϕ : N ∪ {0} → R+ some weight function. Set Tϕ(V ) := {x ∈ T ((V )) : ⟨x,x⟩ϕ <
∞}, a Hilbert space equipped with the norm topology derived from the inner product ⟨·, ·⟩ϕ.
Suppose there exists some δ > 0 for which

∞∑︂
n=0

ϕ(n)
Cn

Γ
(︂

n
1+δ

+ 1
)︂2 <∞, (2.9)

for every C > 0, where Γ(·) denotes the Gamma function. Then [Lyo+07, Theorems 3.7
and 3.10] ensure that Sp ⊆ Tϕ(V ) and that S : Cp-var([0, T ], V )→ Tϕ(V ) is continuous
for each p ∈ [1, 1+ δ). We note here the slight difference between (2.9) and the summability
condition presented in [CLX24, Lemma 2.3]. This is to guarantee suitable continuity
of the signature map as required for Corollary 2.1.15. An important example of weight
function is the case ϕ(i) = Γ

(︁
i
2
+ 1
)︁
, for which [CLX24] establishes a connection between

the expected signature of Stratonovich Brownian motion and the hyperbolic development of
a path.

A recent area of study [Boe+21; CL16; CO22; Faw03] is the moment problem for
path valued data: to what extent the expected signature of a stochastic process
characterises its law. Due to the non-uniqueness of the signature, it is standard
to consider the stochastic process as being C1 valued. The choice of topology on
this space is then tied to the class of Borel probability measures. The authors
of [CO22] impose a topology of the form found in Example 2.1.17, with ϕ ≡ 1.
However, as illustrated in the aforementioned example, there exists a broad family
of induced topologies one may wish to consider, all of which lie inside χτ . As
such, it is of interest to know whether the results of [CO22] may be extended
to this setting. Indeed, the underlying reference necessary to their result [Gil71,
Theorem 4.6] requires only complete regularity (or, equivalently, uniformisability)
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and not metrisability. To the best of our knowledge, it is not known whether the
quotient topology is completely regular. With respect to this question, our proof of
non-metrisability does not yield much insight, except that first countability would
then imply a lack of (complete) regularity. Alternatively, since χτ is Hausdorff, local
compactness would imply complete regularity. However, under the assumption of
the length conjecture, it is not locally compact. The length conjecture hypothesises
that

lim
n→∞

⃦⃦
n!S(γ)n

⃦⃦1/n
= ∥γ∗∥1-var;[0,T ].

The existence of the limit has been shown [CLN18b; BG19b], and the correct
limiting value is known in special cases, e.g. when γ∗ is C1 [HL10], or for certain
planar paths [BG23]. This hypothesis yields an upper bound on the length of γ∗

in terms of asymptotic behaviour of S(γ∗), and so it may be shown that π−1(B(r))

is closed in C1. As such the B(r) are closed in χτ , and have empty interiors by
Lemma 2.1.14. Since χτ is Hausdorff, the Baire category theorem implies that
the quotient topology would not be locally compact. Finally, continuity of the
group operations on (C1, χτ ) would show complete regularity, as every Hausdorff
topological group is completely regular.

The non-metrisability of the quotient topology may present challenges when
used for advanced applications in probability and stochastic analysis. As pointed
out in the monograph [Gar18], many probability measures in practice are Borel
measures on Polish spaces. This assumption greatly simplifies the analysis in many
applications by circumventing the complexities of working with general topological
spaces. The development of theory reflects this. Useful tools are available in this
setting including the facts that finite Borel measures on Polish spaces are tight
(Ulam’s theorem), any Borel measurable function on such a space is continuous on
a large compact set (Lusin’s theorem), and a family of Borel measures is tight if and
only if it is relatively compact in the topology of weak convergence (Prokhorov’s
theorem). In the case of the product topology χpr, Ulam’s theorem, Lusin’s theorem,
and the sufficiency of tightness for relative compactness in Prokhorov’s theorem
still hold, whereas all theorems hold for χd. In the next section we illustrate how
these methods can be used to support an analysis of the expected signature model
of [LLN16].

It may still be desirable to identify a Polish topology on C1 for which S :

C1-var(︁[0, T ], V )︁ → C1 is continuous. Theorem 2.1.10 excludes χτ as a possib-
ility, while the signature map S : C1-var(︁[0, T ], V )︁ → (C1, χd) is not continuous.
However, χpr can be metrised by using any metric which induces the product
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topology on T ((V )). Taking the completion of C1 with respect to any such metric is
a direct way to generate a Polish space, where the completion is easily identifiable.

Proposition 2.1.18. Let ρ be any metric on that induces the product topology on T ((V )),
and let ρ|S1 denote its restriction to S1. Then, the set of group-like elements G(⋆) equipped
with the metric ρ|G(⋆) is a valid ρ|S1-completion of (C1, χpr).

Proof. It is enough to prove the following: the set G(⋆) is closed in T ((V )) with
respect to this topology and S1 ⊆ G(⋆) = S1̄. To see that G(⋆) is closed we show
that the limit x of any convergent sequence (xm)

∞
m=1 in G(⋆) is again in G(⋆). Let

xm = (xm,0, xm,1, . . . , xm,j, . . . ), the convergence limm→∞ xm = x in the product
topology holds if and only if xm,j → xj in V ⊗j as m→∞ for every j = 0, 1, 2, . . .

For any n it follows that π(n)xm → π(n)x as m → ∞, and since it is known that
G(n) = π(n)(G(⋆)) is closed in the truncated tensor algebra, see for example [FV10,
Theorem 7.30] or [Lyo+07, Proposition 2.25], it follows that π(n)x is also in G(n). By
definition this implies x is then in G(⋆). To see the final statement, it is clear by
Proposition 1.0.19 that S1 ⊆ G(⋆). Then if x is in G(⋆), for every n there exists by
definition γn such that S(n)(γn) = πnx. The sequence determined by xn = S(γn) in
S then converges to x in T ((V )). It follows that G(⋆) = S1̄.

Remark 2.1.19. It is well known that the inclusion S1 ⊂ G(⋆) is in fact strict, and the
results of Section 2.1 provide an alternative (non-constructive) proof. Indeed,G(⋆) is closed
in T ((V )) whereas S1 cannot be since it is not completely metrisable.

2.2 Uniform approximation and the expected signature
model

The contemporary use of the signature in applications to regression analysis, as
well as its wider use in statistical and machine learning applications, is in large
part underpinned by the following fundamental result. The result has appeared in
various guises in the literature; perhaps most notably in [LLN16], but we will use
the statement found in [CS24].

Theorem 2.2.1 (The Fundamental Theorem of Uniform Approximation by the
Signature). Let (C1, χ) be the space of unparameterised paths equipped with a topology
χ. Assume that the K is a compact subset of C1 and for ℓ ∈ T ((V ))∗ denote by Φℓ the
function given by

Φℓ : C1 → R;

[γ] ↦→ ℓ ◦ S([γ]).
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Let C(K) denote the space of continuous functions on K with the topology of uniform
convergence. If the set ΦK := {Φℓ|K : ℓ ∈ T ((V ))∗} is contained in C(K), then it is a
dense subset.

While this result appears in numerous works, the choice of topology is rarely
addressed explicitly; an exception as noted earlier is the paper [CO22]. The
matter of which space to work with in the context of Theorem 2.2.1 merits some
consideration. Our aim is not to advocate for any particular choice, but to audit
our selected choice of candidates. We will prioritise three questions:

1) How readily can compact subspaces of the chosen topology be found?

2) Given a compact subspace, how easy is it to exhibit continuous functions on
these subspaces?

3) To what extent do these pairs of sets (compact subspaces and their set of
continuous functions) relate to the practical use of Theorem 2.2.1?

We address these points below. Our focus will be mainly on χm and specifically
the product topology, where it is simplest to provide positive answers to these
questions.

2.2.1 Compactness

The inclusion maps ι1 : (C1, χτ ) → (C1, χm) and ι2 : (C1, χd) → (C1, χτ ) are
continuous by Proposition 2.1.5; compact subsets of (C1, χm) will therefore be at
least as plentiful as for the alternatives. The next result describes some explicit
examples of such sets. In the context of geometric rough paths, the following two
results may also be found in [CL16, Proposition 4.7]. We translate these proofs
into the context and language of topologies on unparameterised path space.

Proposition 2.2.2. For any r > 0, the set

B (r) =
{︁
[γ] ∈ C1 :∥γ∗∥1 ≤ r

}︁
is a compact subspace of (C1, χm), provided χm satisfies the conditions of Corollary 2.1.15.
Under these conditions, (C1, χm) is σ-compact.

Proof. Since χm it metrisable, it suffices to prove sequential compactness. Let(︁
[γn]
)︁∞
n=1

be a sequence in B (r). Then, by definition of the path γ∗ and the set
B (r) , the sequence (γ∗n)

∞
n=1 satisfies

⃓⃓
γ∗n (t)− γ∗n (s)

⃓⃓
≤ r

T
(t− s) for all s ≤ t in [0, T ] and n ∈ N; (2.10)
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that is, the paths are equicontinuous. The Arzelà-Ascoli theorem gives a uniformly
convergent subsequence which we again call (γ∗n)

∞
n=1 for convenience. We write γ for

the limit and note from Eq. (2.10) that ∥γ∥1-var;[0,T ] ≤ r and therefore ∥γ∗∥1-var;[0,T ] ≤ r

so that [γ] is in B (r) . Let 1 < p < 2, then a standard inequality gives

∥γ∗n − γ∗m∥p−var;[0,T] ≤ 2r1/p∥γ∗n − γ∗m∥
1−1/p
∞

allowing us to conclude that (γ∗n)
∞
n=1 is a Cauchy sequence and thus convergent to

γ in p-variation. The continuity conditions of Corollary 2.1.15 then ensures that
[γn]→ γ in χm.

The following corollaries are direct consequences of σ−compactness.

Corollary 2.2.3. The range of the signature S1 is measurable with respect to the Borel
sigma-algebra on G(⋆), if the latter is equipped with the subspace topology of the product
topology on T ((V )).

Proof. SinceG(⋆) is metrisable and eachB(r) is closed, eachB(r) will be metrisable.
Thus S1 is a countable union of measurable sets, hence it too is measurable.

Corollary 2.2.4. Let C1 be equipped with a topology satisfying the conditions of Corol-
lary 2.1.15. Then C1 is a Lusin space.

Proof. Every compact metric space is Lusin, and a countable union of Lusin
subspaces of a metric space is a Lusin space.

Remark 2.2.5. When C1 is equipped with χm, it is not difficult to exhibit compact subsets
K ⊂ C1 which are not contained in any B (r) , for r > 0. For instance, by using the
example of Proposition 2.1.5, the setK = ∪∞k=1 [Γk]∪ [o] is compact since any (non-trivial)
sequence has a subsequence converging to [o] in the product topology. On the other hand,
each of the tree-reduced paths Γk has length 2k+1.

An important example of a function on C1 is the solution of a controlled differential
equation. Suppose that W is a finite-dimensional vector space and let T (W )

denote the space of smooth vector fields on W . After fixing a bases for V and W ,
for each i = 1, . . . , dim(V ) let fi ∈ T (W ) and write f : V → T (W ) for the linear
map defined by fv =

∑︁dim(V )
i=1 vifi. We can then uniquely solve

dyt = fdγt (yt) , started at y0. (2.11)

We briefly review how to extend f : V → T (W ) to a linear map f : T (V )→ T (W ).
We associate with each word w ∈ Wdim(V ) a vector field fw defined recursively by
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f∅ = id, and for w = w1 . . . wn by the recursion

fw = fw1 ▷ fw2...wn ,

where for smooth φ : Re → R

(︁
f ▷ g

)︁
φ(y) :=

dim(W )∑︂
i,j=1

f i(y)
(︁
∂ig

j(y)
)︁
∂jφ(y).

We can then view
(︁
f ▷ g

)︁
acting on smooth φ : W → W by considering its action

coordinate-wise.

Example 2.2.6. Let V = Rd and W = Re and suppose that f(y) = Ay and g(y) = By

for matrices A and B and φ = id. Consider the application on the kth coordinate, that is

(︁
f ▷ g

)︁
φk(y) =

e∑︂
i,j=1

⎛⎝ e∑︂
p=1

Aipy
p

⎞⎠⎛⎝∂i e∑︂
q=1

Bjqy
q

⎞⎠ ∂jy
k

=
e∑︂
i=1

e∑︂
p=1

Aipy
pBki

=
(︁
BAy

)︁k
,

So that
(︁
f ▷ g

)︁
φ(y) = BAy.

The resulting family of maps
{︁
w ↦→ fw(·) ∈ T (W ) : w ∈ Wdim(V )

}︁
may be

represented as a single linear map f : T (V )→ T (W ) defined by

x ↦→ ⟨f(·),x⟩ := fx(·),

where the pairing amounts to viewing f as a formal sum
∑︁

w∈Wdim(V )
fwew. In

the following, fw(y) will be taken to mean fwid(y). We are now able to prove the
following.

Proposition 2.2.7. Suppose that W is a finite-dimensional vector space. Let f : V →
T (W ) be linear, and assume that there exists C <∞ such that for every k ∈ N

sup
x∈V ⊗k

∥x∥=1

sup
y∈W

⃦⃦
fx(y)

⃦⃦
≤ Ck. (2.12)

Define a function (the Itô-map) by

Ψy0,f : C
1-var(︁[0, T ], V )︁→ W, γ ↦→ yT
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where y is the unique solution over [0, T ] of the differential equation Eq. (2.11). Then

1) The function Ψy0,f is constant on every equivalence class of ∼τ and for every γ in
C1-var(︁[0, T ], V )︁, Ψy0,f (γ) is given by the convergent series

Ψy0,f (γ) = y0 +
∞∑︂
k=1

fS(γ)k (y0) . (2.13)

2) The Itô-map is a well-defined function from C1 intoW. For every r > 0, the restriction
of this function to B (r) is continuous with respect to the topology χpr on C1.

Proof. The signature is invariant on the tree-like equivalence classes and hence so
will be the function Ψy0,f once we prove Eq. (2.13). To see this, we observe first by
iterated use of the change-of-variable formula that for any N ≥ 1 we have

Ψy0,f (γ) = ΨN
y0,f

(γ) +

∫︂

0<t1<···<tN+1<1

fdγt1dγt2 ...dγtN dγtN+1
(yt1) ,

where

ΨN
y0,f

(γ) := y0 +
N∑︂
k=1

fS(γ)k (y0) .

Condition Eq. (2.12) ensures

⃓⃓⃓
Ψy0,f (γ)−ΨN

y0,f
(γ)
⃓⃓⃓
≤
CN+1∥γ∥N+1

1-var;[0,T ]

(N + 1)!
,

so that indeed Eq. (2.13) holds.

Abusing notation we still use Ψy0,f to denote the well-defined function on C1
defined by Ψy0,α : [γ] ↦→ Ψy0,f (γ) . To prove continuity of Ψy0,f on B (r) we take a
sequence [γn] → [γ] in B (r) in the product topology, and then note that for any
N ≥ 1

⃓⃓⃓
Ψy0,f

(︁
[γ]
)︁
−Ψy0,f

(︁
[γn]
)︁⃓⃓⃓
≤

N∑︂
k=1

⃓⃓⃓⃓
⃓f (k)

S(γ∗)k
(y0)− f (k)

S(γ∗n)
k (y0)

⃓⃓⃓⃓
⃓+ 2CN+1rN+1

(N + 1)!
.

Letting n → ∞ and then N → ∞ we learn that Ψy0,f

(︁
[γn]
)︁
→ Ψy0,f

(︁
[γ]
)︁

as
n→∞.

2.2.2 Revisiting the expected signature model

The chief motivation of Theorem 2.2.1 is to provide a theoretical justification for the
so-called expected signature model introduced by Levin, Lyons and Ni in [LLN16].
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To explore the relation between this model and the foundations developed above,
suppose that Γ is a random variable taking values in the space

(︁
S1, χpr

)︁
. Let Y be

another random variable, defined on the same probability space as Γ, which takes
values in a finite dimensional vector space W . The goal of regression analysis
here is to learn the conditional expectation E

[︁
Y |Γ

]︁
, where Y is interpreted as the

response of some system to the input Γ. In other words, we want to approximate
the Borel-measurable function f : S1 → W defined by

f (g) = E
[︁
Y |Γ = g

]︁
. (2.14)

Suppose the law of Γ, a Borel probability measure on S1, is denoted by µ. Then as
we will see in Corollary 2.2.9, by a version of Lusin’s Theorem [Bog07], the function
f in Eq. (2.14) is almost continuous in the sense that for any δ > 0 there exists a
compact set K = Kδ such that µ

(︁
S1 \K

)︁
< δ and such that f is continuous on K.

By Theorem 2.2.1, it is reasonable to adopt the model

Y = L (Γ) + ε,

where L is the restriction to Sof a linear function from T
(︁
(V )
)︁

to W and ε is a
W -valued random variable satisfying E

[︁
ε|Γ
]︁
= 0 . This obviates the need to find

an explicit compact set and continuous function relating the independent and
dependent variables.

The typical case is where Γ = S (γ) for some stochastic process γ in C1-var(︁[0, T ], V )︁,
so that the probability measure µ = S∗µγ is the push-forward of the law of γ under
the signature map and where Y is the solution to an ordinary differential equation
driven by γ. The following result describes conditions for the well-posedness and
measurability of the functions on C1 → W which result from this construction.

Proposition 2.2.8. Let W be a finite-dimensional vector space. Suppose that f : V →
T (W ) is a linear function which satisfies the following conditions:

1) For every v in V , fv : W → W is continuous with at most linear growth.

2) For every R > 0 there exists a finite positive C = C (R) such that for every k in N
the following bound holds

sup
x∈V ⊗k

∥x∥=1

sup
|y|≤R

⃦⃦
fx(y)

⃦⃦
≤ C (R)k .

Then the Itô map γ ↦→ yT derived from the ordinary differential equation dyt =

fdγt (yt) starting at y0 is invariant with respect to the tree-like equivalence relation
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on C1-var(︁[0, T ], V )︁ and induces a well-defined Borel measurable function Ψy0,f : C1 → W ,
where C1 is equipped with any of the candidate topologies. Additionally for χpr and χd,
there exists a Borel measurable function Ψ̄y0,f : C1̄ → W which agrees with Ψy0,f on C1.

Proof. The ordinary differential equation has a unique solution for every γ in
C1-var(︁[0, T ], V )︁. By Theorem 3.7 of [FV10] and the linear growth condition, there
is a finite positive constant K = K

(︁
|y0| , ∥γ∥1-var;[0,T ]

)︁
such that

∥y∥∞ ≤ K
(︁
|y0| , ∥γ∥1-var;[0,T ]

)︁
.

A repetition of the same argument in the proof of Proposition 2.2.7 leads to the
estimate

yT = y0 +
N∑︂
k=1

fS(γ)k (y0) + EN+1,

where |EN | ≤
C
(︂
K
(︁
|y0| , ∥γ∥1-var;[0,T ]

)︁)︂N
∥γ∥N1-var;[0,T ]

N !
,

which allows one to deduce invariance on the equivalence classes by taking the
limit N →∞. To see that the resulting function Ψy0,f : C1 → W is measurable with
respect to B(C1) (the Borel sigma algebra of C1) and B(W ), we notice that it is the
pointwise limit of the functions LN ◦ S where LN denotes the (restriction of the)
linear function

LN : (a0, a1, . . . ) ↦→ y0 +
N∑︂
k=1

fak (y0) ∈ W

to S. The existence of a measurable extension follows from the fact that (W,B(W ))

is a Polish space; see [Sho83, Theorem 1] noting that B(C1) =
{︁
A ∩ C1 : A ∈ B(C1̄)

}︁
.

A general version of Lusin’s theorem yields the following corollary for the product
topology χpr.

Corollary 2.2.9. Consider the setup as in Proposition 2.2.8 and let µ be a Borel probability
measure on (C1, χpr). Then for every δ > 0, there is a compact set K ⊂ C1 such that
µ(C1 \K) < δ and Ψy0,f

⃓⃓
K

is continuous.

Proof. Since C1 is σ−compact with respect to χpr, µ is tight. Separability of (C1, χpr)

and [Bog07, Proposition 7.2.2] imply that µ is a Radon measure. Measurability
of Ψy0,f and Lusin’s Theorem for finite Radon measures [Bog07, Theorem 7.1.13]
show the existence of compact sets with the desired property.
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2.3 A comment on open problems

Relationships exist between the results of this chapter and some conjectures in the
field of rough analysis. For example (as was mentioned in Section 2.1.2) a positive
answer to the length conjecture would imply the quotient topology is not locally
compact as the balls B(r) would be closed.

A deeper example where a careful understanding of the topology is relevant arises
in the conjecture of Levin and Lyons [LL09] on the construction of a signed measure
on unparameterised path space associated to higher order differential operators.
This conjecture proposes to extend the correspondence between second-order
differential operators and (the laws of) Markov diffusions to higher order operators.
The classical approach works by associating to a second order differential operator
L, a Markov semigroup (Pt)t≥0 with Pt := etL and a Markov process (Xx

t )t≥0

satisfying the property
Ptf(x) = E

[︁
f(Xx

t )
]︁
.

The function ut := Ptf(x) then solves ∂tu = Lu with u|t=0 = f . It is well known
that the Markov process corresponding L = 1

2
∆ is Brownian motion (or Wiener

measure). In the case of higher order operators (even if they are constant coefficient
and translation invariant) one encounters several problems, most notably that
the resulting semigroup (Pt)t≥0 is no longer positivity-preserving. As such, one
cannot hope to associate a probability measure to such a differential operator.
Nevertheless, this can be achieved in some cases if one is prepared to work with
signed-measures, as noticed in an old work of Krylov [Kry60] and later by Hochberg
[Hoc78]. Even in the absence of positivity for Pt, [LL09] shows how the semigroup
property can be used to define a consistent family of signed measures {µD} on
path space indexed by a partition D of [0, T ]. Even though each resulting signed
measure µD has unit mass, the total variation∥µD∥TV is unbounded as the mesh
size goes to zero. This observation would seem to preclude the existence of a
well-defined measure on classical path space µ = limmesh(D)→0 µD. The work of
Levin and Lyons however, shows the existence of

lim
mesh(D)→0

∫︂

S(γD)ndµD(γ)

for all terms in the signature, where γD is the piecewise linear interpolation of γ on
the partition D. Moreover, these limits may be computed explicitly in terms of the
differential operator. In the special case of the half Laplacian, the corresponding
limit is exactly the expected signature of Brownian motion.
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By recalling that the coordinate iterated integrals are the monomials on unparamet-
erised path space, Levin and Lyons conjecture that there exists a signed measure µ
on unparameterised path space such that µ, in an appropriate sense, is the weak
limit of the µD. Conjectured in 2009, little progress has been made save for the work
of Nejad [Nej18]. Part of the difficulty being the absence of results in the literature
describing compactness criteria for a family of measures on unparameterised path
space. We hope that the results of this chapter will reinvigorate activity in this
direction.

2.4 Topologies on unparameterised rough path space

It is natural to ask whether the results of Section 2.1 may be extended to topologies
on unparameterised weakly-geometric rough path space; the most general setting
under which the uniqueness of the signature is known. While the majority of the
results may be extended without too much difficulty, certain subtleties arise when
dealing with rough paths as opposed to bounded variation paths.

Indeed, the p-variation norm of the concatenation of two paths is only sub-additive
(see Lemma 1.0.44) whereas the 1-variation norm is additive. Moreover, the
function ωX,p(s, t) is only super-additive as opposed to additive whenever p > 1.
The lack of additivity of these functions, combined with the fact that WGΩp(V ) is
not a linear space for p ≥ 2, means that deriving inequalities of the type Eq. (2.7)
may become substantially more challenging.

While there exists a tree-reduced representative of each equivalence class whose
parameterisation may be fixed as the constant Hölder-control parameterisation,
there is no characterisation of the representative in terms of minimal p-variation.
Indeed, consider the following example as found in [Dri13].

Example 2.4.1. Consider V ≡ R2, p ∈ (1, 2) and ε > 0 suitably small. Let (ei)2i=1 be the
Cartesian basis of V and define

γ = γ(1+ε)e1 ⋆ γ−2εe1 ⋆ γ(1+ε)e1 .

Then clearly γ is not tree-reduced in the sense of Definition 1.1.1 and in the equivalence
class [γ2e1 ], but one may compute ∥γ∥p−var;[0,T] = ∥γ2e1∥p−var;[0,T] = 2.

Recall that the characterisation of the tree-reduced representative in terms of
minimal length was critical to the proof of the complete-metrisability of χd in
Theorem 2.1.10. It is true, however, that the tree-reduced representative achieves
the minimal p-variation in its equivalence class while not necessarily being the
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unique minimiser. That is, if X is the tree-reduced representative of an equivalence
class, then it satisfies [Boe+16]

∥X∥p−var;[0,T] = min
Y∈[X]
∥Y∥p−var;[0,T].

However, perhaps the most challenging obstacle is the absence of a countable subset
that is clearly dense with respect to the χd, which was necessary in proving separ-
ability of various topologies. Recall that whenever γ ∈ C1-var(︁[0, T ], V )︁, we had that
γ∗ ∈ C0,1-var([0, T ], V ) which itself is a separable subspace of C1-var(︁[0, T ], V )︁. The
key was that paths which are parameterised with 1-Hölder control (i.e, Lipschitz
at constant speed) are absolutely continuous. The equivalent statement is not true
for p > 1, that is the p-Hölder control parameterisation of a path X ∈ WGΩp(V )

is not necessarily in GΩp(V ). However, one might still hope that in every ∼τ
equivalence class there is some representative in GΩp(V ); perhaps under some
complex reparameterisation or removal of tree-like pieces any weakly geometric
rough path is tree-like equivalent to a geometric one? Equivalently, we would
hope that S(GΩp(V )) = S(WGΩp(V )) = Sp. Unfortunately this is not the case, and
it seems to be an accepted fact that the inclusion S(GΩp(V )) ⊂ S(WGΩp(V )) is
strict. However, to the best of our knowledge there is not a well-known proof of
this result. As such, we provide a proof from the definition of tree-like equivalence
and Wiener’s characterisation, see e.g. [FV10, Theorem 8.22].

Theorem 2.4.2 (Wiener’s Characterisation). Let X ∈ WGΩp(V ) for p > 1. The
following statements are equivalent.

1) X ∈ GΩp(V );

2) limδ→0 sup|P|<δ
∑︁

ti∈P∥X∥
p
p-var;[ti−1,ti]

= 0;

3) limδ→0 sup|P|<δ
∑︁

ti∈P dCC
(︁
Xti−1

,Xti

)︁p
= 0.

Using Wiener’s characterisation, we are able to prove the following.

Theorem 2.4.3. For p > 1, The space S(GΩp(V )) is a strict subset of Sp.

We break the proof into various smaller results, some of which are well known,
but we include them for completeness.

Proposition 2.4.4. Let α be a reparameterisation of [0, T ] and X ∈ WGΩp(V ). If
X ◦ α ∈ WGΩp(V ) \GΩp(V ), then X ∈ WGΩp(V ) \GΩp(V ).
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Proof. Note that α is uniformly continuous on [0, T ] since it is a non-decreasing
surjection on a compact interval. By Wiener’s characterisation

lim
δ→0

sup
|P|<δ

∑︂
ti∈P

dCC
(︁
X ◦ α(ti−1),X ◦ α(ti)

)︁p
= κ > 0.

Fix ε > 0. Since α is uniformly continuous, there is some δ > 0 for which |s− t| < δ

implies |α(s)− α(t)| < ε. Let P be a partition on [0, T ] with |P| < δ for which∑︂
ti∈P

dCC
(︁
X ◦ α(ti−1),X ◦ α(ti)

)︁p
> κ.

The partition Q := {α(ti) : ti ∈ P} will then satisfy |Q| < ε. Hence,∑︂
si∈Q

dCC
(︁
Xti−1

,Xti

)︁p
=
∑︂
ti∈P

dCC
(︁
X ◦ α(ti−1),X ◦ α(ti)

)︁p
> κ.

Taking limits as ε → 0 and applying Wiener’s characterisation gives that X ∈
WGΩp(V ) \GΩp(V ).

The reverse result is not as straightforward. Indeed, a reparameterisation of [0, T ]
may be constant on countably many subintervals so that a genuine surjective
inverse α−1 does not exist. As such, we must first prove the existence of an inverse
in a suitable sense.

Definition 2.4.5 (Pseudo-inverse). Let A ⊆ [0, T ] be closed and α : A → [0, T ] be a
continuous non-decreasing surjection, then we define α−1 by

α−1(t) = inf{u ∈ A : α(s) = t}.

The following basic results are straightforward.

Lemma 2.4.6. LetA ⊆ [0, T ] be closed and α : A→ [0, T ] be a continuous non-decreasing
surjection. Then

1) α ◦ α−1(t) = t for all t ∈ [0, T ];

2) Let tn ↑ t, then α−1(tn) ↑ α−1(t).

Suppose further that
α(s) = α(t) =⇒ A ∩ (s, t) = ∅,

then for all ε > 0 there exists a δ > 0 for which |s− t| < δ implies

λ
(︁
A ∩

[︁
α−1(s), α−1(t)

]︁)︁
< ε,
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where λ is the Lebesgue measure on [0, T ].

Proof. For the first item, let un ↓ α−1(t) with α(un) = t. By continuity of α

α ◦ α−1(t) = lim
n→∞

α(un) = t.

The second item is similar. For the third item, we proceed by contradiction.
Suppose there is some ε > 0 such that for every δn = 1

n
there are |sn − tn| < δn for

which
λ
(︁
A ∩ [α−1(sn), α

−1(tn)
]︁)︁
≥ ε.

Without loss of generality, by passing to subsequences if necessary, we may
assume that (sn)∞n=0 and (tn)

∞
n=0 are monotone sequences with sn < tn for all n

with sn, tn → u ∈ [0, T ]. By definition of α−1, (α−1(sn))
∞
n=0 and (α−1(tn))

∞
n=0 are

monotone bounded sequences in a closed set A so that

lim
n→∞

α−1(sn) = s ∈ A and lim
n→∞

α−1(tn)→ t ∈ A.

Note that α(s) = α(t) = u by the first item. If s = t, then

ε ≤ λ
(︁
A ∩ [α−1(sn), α

−1(tn)
]︁)︁
< |α−1(sn)− α−1(tn)| → 0.

We now consider the following cases.

(1): sn ↑ u and tn ↑ u. Then s = t by the second item of this lemma;

(2): sn ↓ u and tn ↓ u. This implies that for every n there is some k for which
tk ≤ sn so that α−1(tk) ≤ α−1(sn), implying that t ≤ s. Hence s = t;

(3): sn ↑ u and tn ↓ t. Hence α(s) = α(t). Then
[︁
α−1(sn), α

−1(tn)
]︁

is a shrinking
sequence of intervals for which

ε ≤ lim
n→∞

λ
(︁
A ∩ [α−1(sn), α

−1(tn)
]︁)︁

= λ
(︁
A ∩ (s, t)

)︁
= 0.

We are now ready to prove the following.

Proposition 2.4.7. Suppose that α is a reparameterisation of [0, T ] and X ∈ WGΩp(V ) \
GΩp(V ), then X ◦ α ∈ WGΩp(V ) \GΩp(V ).

The idea is to use Wiener’s characterisation for X and look at the inverse partition
α−1(P). By carefully designing P and inserting exactly the right additional points
into α−1(P), we can use Wiener’s characterisation on X ◦ α.
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Proof. By [Gen15, Proposition 3.4.1] and the monotonicity ofα, there exist countably
many disjoint open intervals Ii = (r1i , r

2
i ) ⊆ [0, T ] for which αt = α(infIi) if t ∈ Ii

and
αs = αt =⇒ s, t ∈ Iī for some i. (2.15)

Let U =
⋃︁∞
i=1 Ii and A = [0, T ] \ U . Note that the restriction α|A is a continuous

non-decreasing surjection with pseudo-inverse α−1 satisfying the conditions of
Lemma 2.4.6. Now let δ > 0 and N ∈ N for which

∞∑︂
i=N+1

λ(Ii) <
δ

2
.

By Lemma 2.4.6 there is a ε1 > 0 for which

λ
(︁
A ∩

[︁
α−1(s), α−1(t)

]︁)︁
<
δ

2
,

whenever |s− t| < ε1. Order the finitely many intervals I1, . . . , IN so that r2i < r1i+1.
Let

ε2 = min
1≤i≤N−1

|r1i+1 − r2i |.

By Eq. (2.15), it holds that ε2 > 0. By Wiener’s characterisation, we must have

lim
δ→0

sup
|P|<δ

∑︂
ti∈P

dCC
(︁
Xti−1

,Xti

)︁p
= κ > 0.

Let P be a partition with |P| < min{ε1, ε2} for which∑︂
ti∈P

dCC
(︁
Xti−1

,Xti

)︁p ≥ κ.

For each (r1i , r
2
i ) let Qi be a partition on [r1i , r

2
i ] with |Qi| < δ. Define the partition

Q = α−1(P) ∪
N⋃︂
i=1

Qi.
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Now for tj, tj+1 ∈ Q, if tj, tj+1 ∈ Qi then |tj+1 − tj| < δ. If tj ∈ [r2i , r
1
i+1] then

tj+1 ≤ r1i+1, implying that

|tj+1 − tj| = λ
(︁
[tj, tj+1] ∩ U

)︁
+ λ
(︁
[tj, tj+1] ∩ A)

< λ

⎛⎝[tj, tj+1] ∩
∞⋃︂

i=N+1

⎞⎠+
δ

2

<
δ

2
+
δ

2
.

Hence |Q| < δ. Now for sj ∈ P , there can be at most one interval Ii with i ≤ N ,
contained in (sj−1, sj) since |P| < ε2. Letting tj := α−1(sj) ∈ α−1(P), and assuming
there exists such an interval, then

dCC(Xsj−1
,Xsj)

p = dCC
(︁
X ◦ α(tj−1),X ◦ α(tj)

)︁p
≤
(︂
dCC
(︁
X ◦ α(sj−1,X ◦ α(r1i )

)︁p
+ dCC

(︁
X ◦ α(r1i ),X ◦ α(sj)

)︁p
=
(︂
dCC
(︁
X ◦ α(sj−1,X ◦ α(r1i )

)︁p
+ dCC

(︁
X ◦ α(r2i ),X ◦ α(sj)

)︁p
≤ 2p−1

(︂
dCC
(︁
X ◦ α(sj−1,X ◦ α(r1i )

)︁p
+ dCC

(︁
X ◦ α(r2i ),X ◦ α(sj)

)︁p)︁
= 2p−1

(︂
dCC
(︁
X ◦ α(sj−1,X ◦ α(r1i )

)︁p
+ dCC

(︁
X ◦ α(r2i ),X ◦ α(sj

)︁p
+

∑︂
[u,v]∈Qi

dCC(X ◦ α(u),X ◦ α(v)
)︁p)︂

,

where the final equality follows since all terms in the sum are identically zero. It
follows that Q is a partition of [0, T ] with mesh-size less than δ for which

κ ≤
∑︂
sj∈P

dCC(Xsj−1
,Xsj)

p =
∑︂

tj∈α−1(P)

dCC
(︁
X ◦ α(tj−1),X ◦ α(tj)

)︁p
≤ 2p−1

∑︂
tj∈Q

dCC
(︁
X ◦ α(tj−1),X ◦ α(tj)

)︁p
.

And so, by Wiener’s characterisation, we must haveX◦α ∈ WGΩp(V )\GΩp(V ).

We can now conclude that being strictly weakly geometric is invariant under
reparameterisation. Clearly ifX is weakly geometric, it could be tree-like equivalent
to a geometric path if the “weakly geometric” parts of the path are tree-like. We now
need to show the reverse: one cannot add tree-like pieces to turn a strictly weakly
geometric rough path into a geometric one. First recall the following construction
of [Gen15; Boe+16]. For X ∈ WGΩp(V ), the corresponding tree-reduced path is
a weakly geometric rough path X̃ for which the signature path S0,·(X̃) has loops
erased in the following sense: there exists a countable collection of open intervals
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Ii ⊂ [0, T ] for which

S0,t(X̃) =

⎧⎨⎩S0,t(X), t /∈
⋃︁∞
i=1 Ii

S0,inf Ii(X), t ∈ Ii,

and satisfies the property that S0,s(X) = S0,t(X) if and only if s, t ∈ Iī.

Proposition 2.4.8. Suppose that X ∈ WGΩp(V ) and X̃ ∈ WGΩp(V ) \GΩp(V ), then
X /∈ GΩp(V ).

Proof. Once again, we will use Wiener’s characterisation. We know that

lim
δ→0

sup
|P|<δ

∑︂
ti∈P

dCC
(︁
X̃ti−1

, X̃ti

)︁p
= κ > 0.

Fix δ > 0 and let P be some partition with mesh-size less than δ for which the
above sum is greater than or equal to κ. Consider now∑︂

tj∈P

dCC
(︁
Xtj−1

,Xtj

)︁p
.

For each (ti, ti+1)we will add at most two points to the partitionP . Let Ii, 1 ≤ i <∞
be the intervals used to construct X̃ and let U =

⋃︁∞
i=1 Ii. Construct the partition Q

by adding points to P according to the following.

(1): If tj−1, tj /∈ U , then Xtj−1
= X̃ tj and Xtj = X̃ tj , so there is no need to add

points;

(2): If tj−1 /∈ U and tj ∈ Ii, then add the point inf Ii. In this case

dCC
(︁
X̃ tj−1

, X̃ tj

)︁p ≤ (︂dCC
(︁
Xtj−1

,Xinf Ii

)︁
+ dCC

(︁
Xinf Ii ,Xtj

)︁)︂
≤ 2p−1

(︂
dCC
(︁
Xtj−1

,Xinf Ii

)︁p
+ dCC

(︁
Xinf Ii ,Xtj

)︁p)︂
.

(3): If tj−1 ∈ U and tj /∈ U , then add sup Ii.

(4): If tj−1, tj ∈ Ii, there is no need to add points since

dCC
(︁
X̃ tj−1

, X̃ tj

)︁p ≤ dCC
(︁
Xtj−1

,Xtj

)︁p
.
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(5): If tj−1 ∈ Ii and tj ∈ Ik, then add sup Ii and inf Ik. By Jensen’s inequality,

dCC
(︁
X̃ tj−1

, X̃ tj

)︁p ≤ 3p−1
(︂
dCC
(︁
Xtj−1

,Xsup Ii

)︁p
+ dCC

(︁
Xinf Ii ,Xsup Ik

)︁p
+ dCC

(︁
Xsup Ik ,Xtj

)︁p)︂
.

Then Q is a partition of [0, T ] with mesh-size less than δ for which

3p−1
∑︂
tj∈Q

dCC
(︁
Xtj−1

,Xtj

)︁p ≥∑︂
tj∈P

dCC
(︁
X̃ tj−1

, X̃ tj

)︁p ≥ κ.

Again, we conclude by applying Wiener’s characterisation.

Proof of Theorem 2.4.3. Fix X ∈ WGΩp(V ) \ GΩp(V ) to be tree-reduced and let
Y ∈ [X]. We first note that X = X∗ ◦ α for some reparameterisation α, so
that X∗ is strictly weakly geometric by Proposition 2.4.7. Since the tree-reduced
representative is unique up to reparameterisation, it must be that Ỹ = X∗◦τ for some
reparameterisation τ . As such, Ỹ is strictly weakly geometric by Proposition 2.4.4.
Finally, Y itself must be strictly weakly geometric by Proposition 2.4.8, from which
we conclude that [X] ⊂ WGΩp(V ) \GΩp(V ). Hence, S(GΩp(V )) ⊂ Sp.

Remark 2.4.9. It is clear that there is always some X ∈ WGΩp(V ) \ GΩp(V ) that is
tree-reduced. Indeed, let Y be a strictly weakly geometric rough path evolving in Rd−1,
then define Xt := (t,Yt). By Wiener’s characterisation, X will be strictly weakly geometric
and tree-reduced, since its signature path will be injective by construction.

The above result says that there is no obvious countably dense subset of unpara-
meterised rough paths whenever p > 1. With these obstacles in mind, we have
not been able to extend all the results of Section 2.1 to general Cp for p > 1. We do
however present the results we have been able to extend, while drawing attention
to the open questions.

2.4.1 Properties of topologies on unparameterised rough path
space

Since the details of the proofs of many of the results are natural extensions of those
found in Section 2.1, we will be relatively terse with our arguments. The topologies
we defined in the preceding are ordered as follows.

Proposition 2.4.10. We have the inclusions

χm ⊆ χτ ⊆ χd. (2.16)
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Proof. Both inclusions follow analogously to Proposition 2.1.5.

The above inclusions are in fact strict and may be shown directly as Theorem 2.1.10
in the case p = 1. For brevity we will leave the strictness as a corollary of
Theorem 2.4.16.

Corollary 2.4.11. All three topologies are Hausdorff.

Proof. Since χm is a Hausdorff topology by construction, we immediately obtain
that all three are Hausdorff.

From this point forwards we will assume thatχm satisfies the following assumption.

Assumption 2.4.12. There exists some q ∈ (p, ⌊p⌋+ 1) for which

S :
(︂
WGΩp(V ), d(⌊p⌋)q-var

)︂
→
(︁
Cp, χm

)︁
is continuous.

Our study of the finer topological properties of χm relies heavily on the fact that
under Assumption 2.4.12, open sets must contain tree-reduced paths of arbitrarily
large p-variation.

Lemma 2.4.13. Suppose χm satisfies Assumption 2.4.12. Then non-trivial open sets are
unbounded in p-variation in the sense that

sup
[X]∈U

⃦⃦
X⋆
⃦⃦

p-var =∞, (2.17)

for any non-empty open U .

Proof. Let U ∈ χm be an open neighbourhood of some point [X] ∈ Cp. By
Assumption 2.4.12 and Lemmas 1.0.36 and 1.0.37, π−1(U) contains the lift of some
piecewise linear path parameterised at constant speed. With abuse of notation, we
also call this path X≤1. We now follow the argument of Lemma 2.1.14. Let {v1, v2}
be two orthonormal vectors not collinear to the last linear piece of X≤1. For every
ε > 0, define the sequences of paths

(︁
Y≤1
n,ε

)︁∞
n=1

and
(︁
Z≤1
n,ε

)︁∞
n=1

by

Y≤1
n,ε = X≤1 ⋆ γ(n+ε)v1 ⋆ γ−(n+ε)v1 , (2.18)

Z≤1
n,ε = X≤1 ⋆ γεv2 ⋆ γnv1 ⋆ γ−εv2 ⋆ γ−nv1 , (2.19)
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both parameterised at constant 1-variation. For every n, ε, it holds that Y≤⌊p⌋
n,ε ∈

[X] ⊆ π−1(U), whereas Z≤1
n,ε is tree-reduced by construction. Additionally,

d1-var
(︁
X≤1
n,ε,Z≤1

n,ε) ≤ 4ε,

so that Z≤⌊p⌋
n,ε ∈ π−1(U) for every n and some ε by Lemma 1.0.37 together with

continuity of the signature map S : WGΩp(V )→ (Cp, χm). Finally, notice that

⃦⃦
Z≤⌊p⌋
n,ε

⃦⃦p
p-var ≥

⃦⃦
Z≤1
n,ε

⃦⃦p
p-var

≥
⃦⃦
X≤1∥pp-var + 2εp + 2np.

Proposition 2.4.14. Suppose that χm satisfies Assumption 2.4.12, then the ballsBp(r) :=

{[γ] :∥γ⋆∥p-var ≤ r} are compact in χm.

The proof follows the method of Proposition 2.2.2 or [CL16, Proposition 5.7].

Proof. Since χm is a metrisable topology, it is enough to show that Bp(r) is
sequentially compact. Let

(︁
[Xn]

)︁∞
n=1

be a sequence in Bp(r), then each tree-
reduced representative X⋆

n is 1
p
−Hölder continuous with 1

p
-Hölder norm bounded

by r. Consequently, the sequence
(︁
X⋆
n

)︁∞
n=1
⊂ WGΩp(V ) is equicontinuous and

bounded, with uniformly bounded p-variation. And so for any p < q < ⌊p⌋ + 1,
a subsequence converges in WGΩq(V ) to some path X ∈ WGΩp(V ), see [FV10,
Proposition 8.17]. By [FV10, Lemma 5.12],∥X∥p-var ≤ r so that [X] ∈ Bp(r). Finally,
by Assumption 2.4.12, we have the convergence [Xn]→ [X] in χm.

The preceding results show that we can construct large sets that are nowhere dense
in the topology χm. Taking a countable union of these closed sets allows us to
conclude several topological properties.

Corollary 2.4.15. If χm satisfies Assumption 2.4.12, then the space (Cp, χm) is

1) Separable;

2) σ-compact;

3) A Lusin space;

4) Not a Baire space;

5) Not locally compact.
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Proof. The first item follows from Assumption 2.4.12 and Lemma 1.0.37 and the
separability result Lemma 1.0.36. We may write

Cp =
∞⋃︂
r=1

Bp(r). (2.20)

Thus the Hausdorff space (Cp, χm) is a countable union of compact sets [cf.
Proposition 2.4.14] with empty interior [cf. Lemma 2.4.13] and so both σ-compact
and a Lusin space, but not a Baire space. The final item follows from the Baire
category theorem.

We now state one of our main results.

Theorem 2.4.16 (Complete Metrisability). Let χm satisfy Assumption 2.4.12, then

1) χm is not completely-metrisable;

2) χτ is not metrisable;

3) The metric generating χd is not complete.

We record here that unlike in the case p = 1, the complete metrisability of χd for
p > 1 remains unresolved.

Proof. The first item is an immediate consequence of Corollary 2.4.15 and the Baire
category theorem. For the second item, we follow the strategy of Theorem 2.1.10
and show that χτ cannot both be first countable and regular, and so not metrisable.
Assume that χτ has a countable neighbourhood basis {Un}∞n=1 of [o] ∈ Cp consisting
of (with loss of generality) open sets. Fix two orthonormal vectors {v1, v2} and
consider the sequence of tree-like paths in WGΩ1(V ) given by

Y≤1
n := γnv1 ⋆ γ−nv1 = γnv1 ⋆

←−−γnv1 .

Then each Y≤⌊p⌋
n ∈ [o] ∈ Cp, since the lift of a tree-like path is tree-like. As such,

rn := sup
{︁
r > 0 : Bdp-var

(︁
Y≤⌊p⌋; r

)︁
⊆ Un

}︁
> 0.

Define the strictly decreasing sequence of positive real numbers {δn}∞n=1 by

δ1 = min{r1, 1} and δn+1 =
1

2
min{δn, rn+1},
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for n ≥ 1 so that π
(︂
Bdp-var

(︁
Y≤⌊p⌋
n ; δn

)︁)︂
⊆ Un for each n. For ε > 0 let Z≤1

n,ε be the path

Z≤1
n,ε = γεv2 ⋆ γ(n−ε)v1 ⋆ γ−εv2 ⋆ γ−(n−ε)v1 ,

so that d1-var
(︁
Z≤1
n,ε,Y≤1

n

)︁
≤ 4ε. And so by Lemma 1.0.37

lim
ε→0

dp-var
(︁
Z≤⌊p⌋
n,ε ,Y≤⌊p⌋

n

)︁
= 0.

It then follows that Z≤⌊p⌋
n,ε ∈ Bdp-var

(︁
Y≤⌊p⌋
n ; δn

)︁
for suitably small εn, resulting in[︂

Z≤⌊p⌋
n,εn

]︂
∈ Un. Clearly ⃦⃦⃦

Z≤⌊p⌋
n,εn

⃦⃦⃦
p-var
↑ ∞,

meaning that

A :=
∞⋃︂
n=1

An, with An :=
n⋃︂
j=1

{︂[︂
Z≤⌊p⌋
j,εj

]︂}︂
,

is closed in χτ . To see this, note that if (Wn)
∞
n=1 ⊂ π−1(A) converges to some

W ∈ WGΩp(V ), then supn∥Wn∥p-var < ∞. Using the fact that each Z≤⌊p⌋
n,εn is tree-

reduced with exploding p-variation, there exists some N for which (Wn)
∞
n=1 is

contained in AN . AN is a finite union of equivalence classes each of which is closed
by Corollary 2.4.11 and hence W ∈ π−1(A). We have thus constructed a closed set
A, not containing [o], which has non-empty intersection with every neighbourhood
of [o]; χτ cannot then be both first countable and regular, and so is not metrisable.

For the final item let {v1, v2} be a pair of unit vectors in V which are not collinear.
For each 1

2
> ε > 0 define the following tree-reduced path

X≤1
ε = γεv2 ⋆ γ(1/2−ε)v1 ⋆ γ−εv1 ⋆ γ−(1/2−ε)v1 . (2.21)

Let X≤⌊p⌋
ε be the canonical lift into C1-var(︁[0, T ], G(⌊p⌋))︁ ⊂ WGΩp(V ) which is then

parameterised at 1
p
-Hölder control. Let (εn)∞n=1 be a sequence satisfying 0 < εn <

1
2

and converges to 0. The sequence (X≤1
εn )

∞
n=1 is clearly bounded in 1-variation and

equicontinuous by the Hölder control reparameterisation. Hence the sequence
(X≤1

εn )
∞
n=1 converges uniformly (along a subsequence) to some path X≤1 of finite

1-variation, and so converges in q-variation for q ∈ (1, 2) by a standard interpolation
argument. By the form of Eq. (2.21) it is clear that X≤1 must be a reparameterisation
of the path γv1 ⋆ γ−v1 . By Lemma 1.0.37 we conclude that X≤⌊p⌋

εn → X≤⌊p⌋ in
WGΩp(V ), and so forms a Cauchy sequence with respect to the metric d. By
continuity of the quotient map, we have the convergence of equivalence classes[︁
X≤⌊p⌋
εn

]︁
→
[︁
X≤⌊p⌋]︁ = [o] in χτ . By the uniqueness of limits in Hausdorff spaces, the
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only possible limit of
[︁
X≤⌊p⌋
εn

]︁
in χd is then [o]. However it is clear that

lim
n→∞

d
(︁[︁
X≤⌊p⌋
εn

]︁
, [o]
)︁
≥ 2

1/p−1,

so that
[︁
X≤⌊p⌋
εn

]︁
does not converge to [o] with respect to the d.

As a result of the non-metrisability of the quotient topology, the inclusions from
Proposition 2.4.10 are strict.

Corollary 2.4.17. The inclusions in Eq. (2.16) are strict. That is

χm ⊂ χτ ⊂ χd.

The non-completeness of the metric topology has the following consequence.

Corollary 2.4.18. The space (Cp, χd) is not locally compact.

Proof. Using the same techniques as in Theorem 2.4.16, we can show that Bp(r) is
not complete for any r. As a result [o] cannot have a compact neighbourhood in
this topology, as this would imply Bp(r) is compact for some suitably small r.

2.4.2 The totality of unparameterised rough paths

We conclude this chapter with a discussion on the totality of all unparameterised
rough paths C, that is the quotient of the space

WGΩ(V ) :=
⋃︂
p≥1

WGΩp(V )

by tree-like equivalence. Here for q > p, two paths X≤⌊p⌋ ∈ WGΩp(V ) and
Y≤⌊q⌋ ∈ WGΩq(V ) are called tree-like equivalent if X≤⌊q⌋ and Y≤⌊q⌋ are tree-like
equivalent. It is unclear how to topologise WGΩ(V ) in a consistent fashion, and
so defining a suitable quotient topology on C is not straightforward. However, it is
still possible to define topologies on C induced by metrics on subspaces of G(⋆).

Remark 2.4.19. We can canonically identify C with the space S (just as we have often
identified Cp with Sp), so that we can view Cp as a subset of C through the inclusion Sp ⊂ S.

In a similar spirit to Section 2.4.1 we have the following theorem.

Theorem 2.4.20. Let χ be any metrisable topology on C for which S : WGΩp(V )→ (C, χ)
is continuous for all p, then the space (C, χ) is
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1) Separable;

2) σ-compact;

3) Not locally compact;

4) Not polish.

Proof. Recall that the (lift of the) same countable subset of piecewise linear paths is
dense in each GΩp(V ) for every p ≥ 1, and that WGΩp(V ) ⊂ GΩq(V ) for all q > p.
By continuity for each p ≥ 1, the image of these paths under S will then be dense
in C.

For the remaining points, we first claim that every open set in C is unbounded
in p-variation for some p ≥ 1. First note that for every p ≥ 1, the subspace
topology on Cp induced by the topology χ on S results in a topology on Cp that
satisfies Assumption 2.4.12. Label this topology as χpm. Let U be a non-trivial
open set in C containing the signature of a weakly-geometric rough path X ∈ Cp.
Then U ∩ Cp ⊆ Cp will be a non-trivial open set in (Cp, χpm), and so unbounded
in p-variation in the sense of Eq. (2.17) by Lemma 2.4.13. Let Bp(r) be the set
of equivalence classes whose tree-reduced representative may be viewed as an
element of WGΩp(V ) with p-variation bounded by r. By the same argument as in
Proposition 2.4.14, each Bp(r) will be compact in (C, χ). We may then write

C =
∞⋃︂
p=1

∞⋃︂
r=1

Bp(r).

This is now a countable union of compact subsets of a Hausdorff space with
empty interior, from which we deduce the remaining points by the Baire category
theorem.

The set of group-like elements G(⋆) is a closed and completely metrisable subset of
T ((V )) equipped with the product topology (see Proposition 2.1.18) which itself
is completely metrisable. Since S is contained in G(⋆) and is itself not completely
metrisable, we obtain the following well known result.

Corollary 2.4.21. The set of all signatures S is a strict subset of G(⋆). If G(⋆) is equipped
with the product topology inherited from T ((V )), then S is a meagre subset of G(⋆).
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Chapter 3

Randomised path developments

Our first function on unparameterised path space is the path development. Path
developments have long formed a vital tool in understanding the theoretical properties
of the signature, itself an example of a path development. In particular, the hyperbolic
development was heavily utilised in the proof of uniqueness of the signature in
[HL10], the study of signature asymptotics [BG19a] and signature inversion [LX17].
Meanwhile, the unitary development allows for a theory of Fourier transforms of
measures on unparameterised path space [CL16] as well as constructive determination
of the signature [Li+25]. Recently, there has been a reversal of this trend where path
developments have been used as an alternative to the signature transform in certain
applications. For example, they have been applied as a layer in an LSTM [LLN24], a
discriminator between probability measures on path space [LLN23; TNL24] and
as an approximation to the signature kernel [MLS23]. A feature of the latter two
applications is that the matrices driving the path development are randomised with
the dimension of the target Lie group ideally taken as high as possible. This chapter
studies the scaling limits of such randomised path developments when the target Lie
group is either the general linear group or the unitary group. This chapter is based
on the pair of works [CT24a; Cre+25].

The signature, which we have seen to be an injective map from the space of
unparameterised paths into T ((V )), is an example of a path development. Recall
that the signature of γ ∈ C1-var(︁[0, T ], V )︁ is given by S(γ) = ZT , where Z solves the
CDE

dZt = Zt ⊗ dγt on [0, T ], (3.1)

in the space T ((V )) with initial condition Z0 = 1, the identity in T ((V )). The
structure of Eq. (3.1) resembles the classical operation of exponentiation, and the
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signature transform can be loosely viewed as its analogue with respect to the
non-commutative product ⊗. As we have already seen, the terms in the signature
provide a natural way to express functional relationships on path space; a canonical
example (see Proposition 2.2.7) is the map (y0, γ) ↦→ y, where y solves the CDE

dyt = f(yt) dγt, y(0) = y0.

The solution to Eq. (3.1) can therefore encode a wide class of such maps. In
particular, the signature reduces the analysis of paths γ : [0, T ] → V to the
study of a sequence of tensors in

∏︁∞
m=0 V

⊗m associated with γ. Since dimV ⊗m

grows exponentially in m, dimensionality considerations remain important. A
common approach is to truncate the signature to order L, working instead in the
finite-dimensional space T (L) =

∏︁L
m=0 V

⊗m. In other contexts, signature kernel
methods have become popular [KO19; Sal+21; Iss+23; CLX24], enabling efficient
computation of inner products

K(γ, σ) := ⟨S(γ),S(σ)⟩,

for various choices of inner product on T ((V )) without explicitly computing S(γ).

One promising recent alternative is to use the development of γ into a matrix Lie
group [LLN24; LLN23]. In this formulation the central object is not the signature
itself but related representations obtained from the evolution

dZt =M
(︁
dγt
)︁(︁
Zt
)︁
, Z0 = IN , (3.2)

whereZ takes values in a matrix Lie groupGN ⊂MN(F ) andM ∈ Hom
(︁
V,Lie(GN)

)︁
.

By identifying the Lie algebra gN with Lie(GN) we may equivalently regard
M ∈ Hom

(︁
V, gN

)︁
and write

dZt = Zt ·M
(︁
dγt
)︁
, Z0 = IN , (3.3)

where · denotes matrix multiplication. Important examples include:

1) F = R or C, with GN = GL(N ;F ) and gN =MN(F ); the resulting represent-
ations are denoted G(γ;M) := ZT ;

2) F = C, with GN = U(N ;C) and Lie algebra the anti-Hermitian matrices

uN := {M ∈MN(C) :M∗ = −M},

yielding unitary features U(γ;M) := ZT .
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The N = 1 case recovers the characteristic-function: if M = i · f with f ∈ V ∗ then

ZT = exp
(︁
if(γ0,T )

)︁
, γ0,T := γT − γ0,

and for γ0,T distributed according to µ we have Eµ[ZT ] = Φµ(f), the classical
characteristic function at f .

Lou, Li and Ni [LLN23] leverage these developments for generative modelling by
defining

Φµ(M) := Eγ∼µ
[︁
U(γ;M)

]︁
, dM(µ, ν) := ∥Φµ(M)− Φν(M)∥HS,

and then randomising the choice of development via a probability measure ξ on
the space of maps M to obtain

dξ(µ, ν) := EM∼ξ
[︁
dM(µ, ν)2

]︁1/2
. (3.4)

When N = 1, this reduces to the characteristic-function distance of [FSS20; Li+20a].
In the experiments of [LLN23] the measure ξ is taken to be discrete, i.e. ξ =
1
k

∑︁k
i=1 δMi

, and the finite collection {Mi}ki=1 is treated as trainable parameters of
the discriminator which are learnt adversarially. The authors report state-of-the-art
performance across various time-series generation tasks.

Despite these promising results, questions remain which affect the wider use of
this approach. The critical issue of dimensionality outlined above is transferred –
rather than resolved – from the selection of a truncation parameter in the signature,
to the choice of a Lie group of sufficiently high dimension for the method to be
effective. The overhead associated with computing dξ, as well as the difficulty of
optimising the large parameter set forming the discriminator remains and may be
prohibitive in some cases. It is desirable therefore to have some direct means of
computing Eq. (3.4), especially in the case where N may be large.

One way to tackle this problem is to observe [LLN23, Section B.3] that dξ is a
maximum mean discrepancy distance (MMD). Indeed

d2ξ (µ, ν) =EM∼ξ
[︁
⟨Φµ(M),Φµ(M)⟩

]︁
+ EM∼ξ

[︁
⟨Φν(M),Φν(M)⟩

]︁
− 2EM∼ξ

[︁
⟨Φµ(M),Φν(M)⟩

]︁
,

so that dξ is an MMD with associated kernel

κ(γ, σ) := EM∼ξ
[︁
⟨U(γ;M),U(σ;M)⟩HS

]︁
.

79



CHAPTER 3 - RANDOMISED PATH DEVELOPMENTS

As our interest is primarily in the asymptotic regime N → ∞, this leads us to
ask whether we can characterise the large N behaviour of the law of the random
variables

⟨U (γ; ·) ,U (σ; ·)⟩HS under ξN (3.5)

for a suitable class of (Borel) probability measures ξN on uN . While this may appear
a challenging technical problem, the theory of non-commutative probability [Voi85;
Voi87; Voi86] provides both a general framework for the study of these limits,
as well as explicit ways to characterise and calculate them. We recall that a
non-commutative C∗-probability space is a pair (A, ϕ) consisting of a C∗-algebra
A having a unit e, and a state (in the sense of [AGZ10, Definition 5.2.0]) ϕ : A → C
with ϕ (e) = 1. Two well-known examples are

1) A1 =MN (C), and ϕ (M) = 1
N
Tr
(︁
M
)︁
;

2) A2 = L∞ (︁Ω;MN (C)
)︁
, the space of boundedMN (C)-valued random vari-

ables, with the linear-functional ϕ (M) = 1
N
E
[︁
Tr (M)

]︁
.

From this point forward, we will write Tr for the usual trace of a matrix and
tr := 1

N
Tr for the normalised trace. One attractive feature of this theory is the way

in which it can be used to identify limits, both almost surely and in expectation,
of sequences such as Eq. (3.5). These limits are typically determined by the
dependence structure between the matrix entries but are otherwise universal.
They do not require ξN to belong to a simple or explicit class of distributions – in
particular they need not be Gaussian – and instead require only mild moment
assumptions. The archetype of this result shows that sequences (of collections)
of random Wigner matrices LN :=

{︂
1√
N
MN

i

}︂d
i=1
∈ MN (C) under very general

assumptions (on the distribution of the entries) are asymptotically free and converge
in law (in the sense of non-commutative probability) to the semicircle law. These
statements hold both in the almost sure sense, viewing LN as a random set in(︁
MN(C),tr(·)

)︁
, and in expectation, by working instead with ϕ (·) = E

[︁
tr (·)

]︁
.

By using techniques from this theory we are able to define the limit

KSD (γ, σ) := lim
N→∞

1

N
EM∼ξN

[︁
⟨U (γ;M) ,U (σ;M)⟩HS

]︁
,

and moreover understandKSD (γ, σ) in terms of the signature of the path y = γ ∗←−σ

KSD (γ, σ) =
∞∑︂
k=0

ik
∑︂
|u|=k

τ (Xu)Su
0,T (y), (3.6)
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where {X1, ..., Xd} are free semicircular random variables with τ (Xu) the non-
commutative moment of the monomial Xu1 ...Xuk

. To make practical use of this
result, we need some means of computing Eq. (3.6) that avoids the direct computa-
tion of signatures, by analogy to the signature kernel PDE [Sal+21]. The structure
of free semicircular variables offers a way to do this. One way to characterise their
properties is through the Schwinger-Dyson equations (hence KSD). These equations,
also known as master equations or loop equations, originated from quantum field
theory in the 1940s and form an infinite hierarchy of equations governing the
correlation functions of quantum fields. They also have an important realisation in
the context of non-commutative probability. In particular, they arise in the study
of the asymptotic behaviour of high-dimensional Wigner matrices. Let ANi , . . . , ANd
be a collection of N ×N Wigner matrices with independent, centred entries with
variance 1

N
. Then Voiculescu [Voi91] proved that

lim
N→∞

E
[︁
tr
(︁
ANi1 . . . A

N
in

)︁]︁
= τ(Xi1 . . . Xin),

where τ(·) is the non-commutative law of d-free semicircular random variables
X1, . . . , Xd. That is, a collection of non-commutative random variables each of
whose marginal law has density

σ(x) =
1

2π

√
4− x21|x|≤2,

and whose mixed moments are determined combinatorially by

τ(Xw) =
∑︂

π∈NC2(n)

∏︂
{i,j}∈π

1wi=wj
, (3.7)

for any word w = w1 . . . wn and where NC2(n) denotes the set of non-crossing pair
partitions of the set {1, . . . , n}. One may think of Eq. (3.7) as a non-commutative
analogue of Wick’s formula for Gaussian random variables. Just as the Gaussian
distribution is characterized by the integration-by-parts (or Stein’s) identity, free
semicircular variables satisfy an analogous identity known as the Schwinger–Dyson
equation. In the setting of free semicircular random variables, the equations take
the form

τ(Xwj) =
∑︂

w=ujv

τ(Xu)τ(Xv) and τ(Xuv) = τ(Xvu). (3.8)

Since the seminal work of Voiculescu these equations have been studied extensively
in various contexts within non-commutative probability, such as free diffusions
[GS09], free transport [GS14b], free energy and matrix models [GM07; GM06]
as well as in connections to the enumeration of planar maps, see [Gui19] for an
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overview and references. We use this structure to prove thatKSD (γ, σ) = Ky
SD (0, T ),

where y = γ ∗←−σ and Ky
SD : {0 ≤ s ≤ t ≤ T} → R solves the quadratic functional

equation

Ky
SD (s, t) = 1−

∫︂ t

s

∫︂ r

s

Ky
SD (s, u)Ky

SD (u, r) ⟨dyu, dyr⟩,

Ky
SD (s, s) = 1 for all s ∈ [0, T ] .

(3.9)

We show that this equation (which appears not to have been previously studied)
admits a unique solution. We then propose and implement a numerical scheme
to solve Eq. (3.9) and establish convergence of the scheme to the true solution
together with explicit convergence rates. An alternative numerical approach is
to simulate multiple trajectories of the path-development in high dimensions
and average the results. In the case where γ is piecewise linear, the solution
admits an explicit representation via matrix exponentials and products. Both
operations have computational cost approximately O(N3) in the matrix dimension
and thus become rapidly infeasible for large N . Since all matrices involved are
anti-Hermitian or unitary, one can in principle leverage quantum algorithms to
simulate these trajectories more efficiently. A caveat is that the driving matrices
must be sufficiently sparse and possess “efficient” representations; this is the
subject of the recent preprint [Cre+25]. Quantum computing lies beyond the
scope of this thesis, but we present the novel random matrix theory involved in
Section 3.4.

In a different direction, we also derive the limiting equation when the driv-
ing matrices are no longer Wigner matrices but are distributed according to a
perturbation of the Gaussian Unitary Ensemble on Hermitian matrices. Such
matrix models which arise naturally in the context of zero-dimensional quantum
field theory [EKR15], allow for interactions both between entries and between
matrices. Under suitable conditions these perturbations also asymptotically
satisfy Schwinger–Dyson equations [GM07], and the corresponding functional
equation for the path-development is then a perturbation of Eq. (3.9) involving path-
dependent derivatives. A brief introduction to matrix models and Schwinger–Dyson
equations is given in Section 3.0.4.

As a further application of the use of these methods we consider the evolution
Eq. (3.3) in GN = GL (N ;C) the general linear group. The corresponding limit
under these assumptions is the classical signature kernel:

Ksig (γ, σ) = lim
N→∞

1

N
EM∼ξN

[︁
⟨G (γ;M) ,G (σ;M)⟩HS

]︁
.
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For the specific case where ξN is the Gaussian measure on Hom(V,MN (R))
with variance 1

N
, this result was obtained in the recent paper of Muça Cirone et

al. [MLS23, Theorem 4.4]. By adopting the techniques outlined above we are
able to give a concise proof which also covers the non-Gaussian case, allows for
complex valued matrices and dispenses with some unnecessary independence
conditions. We note that [MLS23] also derives limits for non-linear randomised
CDEs, though the proof techniques differ substantially from the linear case. The
original motivation in [MLS23] is to analyse the scaling limits of controlled ResNets
arising as the Euler discretisation of CDEs; in particular the authors focus on
the kernel function of the limiting random processes. We hope our results help
broaden this emerging connection between families of kernels on unparameterised
path space and scaling limits of controlled ResNets, where infinite width and
depth limits are known to commute in certain cases [MLS23].

This chapter also sits within a broader body of literature surrounding the scaling
limits of random neural networks and the application of random matrix theory
within machine learning. Random matrix theory and free probability theory are
swiftly arising as popular tools to analyse the properties of relevant matrices. For
example in [PSG17] where the authors employ techniques from free probability
theory to derive the singular value distribution of the input-output Jacobian of a
network. Furthermore, the eigenvalue distribution of certain non-linear random
matrix models was studied in [BP21] and the limiting spectrum of the neural
tangent kernel (NTK) has also received much attention [AP20; WZ23]. We refer
the reader to [Ge+21] for a survey and references on recent results in this area.

3.0.1 Outline

In Section 3.1 we leverage techniques from non-commutative probability theory to
provide a universal version of [MLS23, Theorem 4.4]. We adapt the methods from
the proof of [AGZ10, Theorem 5.4.2], which deals with Wigner random matrices,
to the setting ofMN(C)-valued random matrices. The core of the approach in
[AGZ10] is the association of undirected graphs with words from an alphabet of N
letters. These words then correspond to the individual terms that form the trace of
a product of random matrices. When dealing with genericMN(C)-valued matrices,
we additionally associate a directed graph with each word. When combined with
the approach of Muça Cirone et al., this insight yields a more concise proof which
eliminates certain Gaussian and independence assumptions as well as allowing for
complex valued matrices. The relevant definitions on words and their associated
graphs are found in Section 3.0.3.
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Section 3.0.4 provides a background on matrix models, non-commutative laws and
Schwinger-Dyson equations. We present one of our main results Theorem 3.2.13
in Section 3.2, where we prove that a universal limit exists for random U(N ;C)-
valued path developments driven by Wigner matrices. The existence of such a
limit is a relatively straightforward consequence of [AGZ10, Theorem 5.4.2] and
the techniques from Section 3.1. Our main contribution is showing that this limit
solves an explicit quadratic functional equation, which has a unique solution, see
Lemma 3.2.15. The proof of uniqueness is non-trivial due to the quadratic nature
of the functional equation. Our proof relies on Dyck words and (to the best of our
knowledge) a new notion of the “generation” of a Dyck word. The generation of a
Dyck word is not its length, but the number of steps taken to generate the word
using a certain algorithm; see Section 3.2.1 for details.

In Section 3.3, we outline an explicit numerical scheme to solve the functional
equation. We prove convergence along with rates in Theorem 3.3.2 through an
object known as the iterated sums signature and corresponding results from
[KO19]. We end by comparing this numerical scheme with the Monte Carlo
approach of averaging multiple random U(N ;C) path developments with large N .
In particular, we analyse how the computational time for each method scales in
the length of the input path, the dimension of the input path and the dimension N
in the case of the randomised approach.

Although we do not address the use of quantum algorithms to overcome the
challenges of simulating trajectories for large N , we present in Section 3.4 the
random matrix theory underpinning the algorithm of [Cre+25].

We conclude this chapter with a straightforward extension of the results in
Section 3.2, where we show in Section 3.5 that the Schwinger-Dyson equations for
perturbations of the Gaussian Unitary Ensemble also allow us to derive a limiting
functional equation in this setting.

3.0.2 The signature kernel

The signature kernel, originally introduced by Kiràly and Oberhauser in [KO19], is
defined in the following way.

Definition 3.0.1. The signature kernel between two paths γ, σ ∈ X is defined by

Kγ,σ
sig (s, t) := ⟨S0,s(γ),S0,t(σ)⟩ :=

∞∑︂
m=0

⟨S0,s(γ)m,S0,t(σ)m⟩HS, (3.10)

where for each m, ⟨·, ·⟩HS denotes the Hilbert-Schmidt inner product on V ⊗m.
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Efficient computation of the signature kernel has seen much interest lately. The
authors of [KO19] provided a kernel trick for a truncated version of Ksig(s, t). In
[Sal+21] it is shown that Ksig satisfies a Goursat PDE in the case that γ and σ

are continuously differentiable. Finally, in [MLS23] a connection was established
between the signature kernel and N -dimensional randomised CDEs in the limit as
N →∞.

3.0.3 Letters, words and graphs

For ease of cross referencing we will base much of our notation on [AGZ10].

Definition 3.0.2 (Words). For d ∈ N let Wd denote the set of words in the d-letters
{1, . . . , d} and let ∅ ∈ Wd denote the empty-word. Define Ad to be the algebra overWd

with multiplication defined by

wu := w1 . . . wnu1 . . . um,

for w,u ∈ Wd. Define also the map|·| :Wd → N to be the length of a word. We also write
Wk

d for set words in d letters of length k. We also define the setW0
d = {∅}, which contains

the empty word.

We define the following operations on words.

Definition 3.0.3 (Operations on words). For a word w ∈ Wd we define

1) The support of w, supp(w) ⊆ {1, . . . , d}, as the set of distinct letters in w;

2) Its weight, wt(w), to be the number of distinct letters in w;

3) Its transpose w⋆ := wk . . . w1;

4) An undirected graph Gu
w =

(︁
Vw, E

u
w

)︁
associated with w with vertex set Vw =

supp(w) and (undirected) edge set

Eu
w =

{︁
{wi, wi+1} : i = 1, . . . , k − 1

}︁
;

5) A directed graph Gd
w =

(︁
Vw, E

d
w

)︁
associated with w with vertex set Vw = supp(w)

and (directed) edge set

Ed
w =

{︁
(wi, wi+1) : i = 1, . . . , k − 1

}︁
.

We recall that a walk on a graph G = (E, V ) is a sequence of edges connecting a
sequence of vertices. A path is a walk in which all vertices are distinct. Finally,
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a traversal is a walk that visits each vertex at least once. Any word w defines
a traversal on its associated graph Gu

w and for any edge e ∈ Eu
w, we set N e

w as
the number of times e is traversed in the traversal defined by w. We call a word
w = w1 . . . wk closed if w1 = wk. We call a closed word w ∈ Wk+1

d a Wigner word if
wt(w) = k

2
+ 1 and N e

w ≥ 2 for each e ∈ Eu
w. We note that by [AGZ10], this in fact

implies N e
w = 2 for any edge in the undirected graph associated with a Wigner

word. Finally, two words w,u ∈ Wd are called equivalent if there is a bĳection on
{1, . . . , d} that maps the words onto each other.

3.0.4 Non-commutative laws and Schwinger-Dyson equations

We now introduce the language of non-commutative probability with focus on
non-commutative laws and Schwinger-Dyson equations.

Definition 3.0.4 (Involution). A map ∗ : A → A is an involution on a unital algebra A
if

1) (a∗)∗ = a;

2) (a+ b)∗ = a∗ + b∗;

3) (ab)∗ = b∗a∗;

4) (λa)∗ = λ̄a∗ for all λ ∈ C;

Definition 3.0.5. Let X1, . . . , Xd be non-commutative indeterminates. Define Cd :=

C⟨X1, . . . , Xd⟩ to be the space of polynomials in the indeterminates with complex coefficients.
Let ∗ be an involution on Cd, such that the indeterminates are self-adjoint with respect to ∗
i.e. X∗

i = Xi. Given a word w ∈ Wd we will write Xw := Xw1 · · ·Xwn , which may be
extended by linearity to all w ∈ Ad with X∅ = 1. This induces an algebra isomorphism
Ad → Cd.

Definition 3.0.6 (Non-commutative law). A non-commutative law τ ∈ C∗d , the algebraic
dual of Cd, is a linear functional on C⟨X1, . . . , Xd⟩ taking values in C such that

1) Positivity: for all P ∈ C⟨X1, . . . , Xd⟩, τ(P ∗) = τ(P ) and τ(PP ∗) ≥ 0;

2) Mass: τ(1) = 1;

3) Trace: for all P,Q ∈ C⟨X1, . . . , Xd⟩, τ(PQ) = τ(QP );

4) Boundedness: there exists an R > 0 such that |τ(Xw)| < R|w| for all w ∈ Wd.

A general non-commutative probability space is a pair (A, φ) of a unital C∗

algebra A equipped with a state φ. Indeed, given a non-commutative law τ ∈ C∗d ,
there exists a non-commutative probability space (A, φ) and self-adjoint elements
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a1, . . . , ad ∈ A such that τ
(︁
P (X1, . . . , Xd)

)︁
= φ

(︁
P (a1, . . . , ad)

)︁
for any polynomial

P . Restricting our analysis to the set of non-commutative laws Definition 3.0.6 will
be enough for our purposes.

Definition 3.0.7. A sequence (τn)∞n=1 of non-commutative laws is said to converge weakly
to τ ∈ Cd if

lim
n→∞

τn(P ) = τ(P ), for all P ∈ Cd.

It can readily be checked that the properties defining a non-commutative law are
closed under weak convergence, and so any weak limit of non-commutative laws is
itself a non-commutative law. It turns out that several important non-commutative
laws are characterised by various integration by parts formulae. To motivative
this perspective we mention a famous example from the commutative world: the
Gaussian integration by parts formula. Consider a vector (X1, . . . , Xd) ∼ N (0, Id)

of commutative Gaussian random variables, and a sufficiently smooth function
f : Rd → R. Then it is known that

E[Xif(X1, . . . , Xd)] = E[∂if(X1, . . . , Xd)]. (3.11)

Now, taking f to be some (commutative) monomial Xn
i Xw, where w is devoid of

the letter i, then
E[Xn+1

i Xw] = nE[Xn−1
i Xw]. (3.12)

This inductive relation is exactly the defining property of Wick’s formula:

E[Xw] =
∑︂

π∈P|w|
2

∏︂
(i,j)∈π

E[Xwi
Xwj

],

where Pn2 denotes the set of pair partitions on n letters. Indeed, the factor of n
in (3.12) is exactly the number of ways of pairing the new Xi with one Xi from
Xn
i . Thus, combinatorial characterisation of the Gaussian law, Wick’s formula,

and the integration by parts characterisation, (3.11), are equivalent. To extend
this observation to non-commutative laws we first need suitable notions of non-
commutative derivatives. In the following, Cd ⊗ Cd is the usual tensor product of
vector spaces.

Definition 3.0.8 (Free Difference Quotient). For d ∈ N and 1 ≤ i ≤ d we define the
free difference quotient ∂i : Cd → Cd ⊗ Cd by

∂iPQ := ∂iP ×
(︁
1⊗Q

)︁
+
(︁
P ⊗ 1

)︁
× ∂iQ,
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with P ⊗ Q × R ⊗ S := PR ⊗ QS and ∂iXj := (1 ⊗ 1)δij . In particular, for a word
w ∈ Wd we have

∂iXw =
∑︂

w=uiv

Xu ⊗Xv. (3.13)

Definition 3.0.9 (Cyclic Derivative). Define m : Cd ⊗ Cd → Cd by m(P ⊗Q) := QP ,
then the cyclic derivative Di : Cd → Cd is given by

DiP := (m ◦ ∂i)P.

In particular, for a word w ∈ Wd we have

DiXw =
∑︂

w=uiv

XvXu.

Via the bĳection Cd → Ad, the operators ∂i and Di induce well-defined maps on
Ad → Ad⊗Ad andAd → Ad respectively. As such, we will often write ∂iXw = X∂iw

or DiXw = XDiw. We are now ready to give the non-commutative version of an
integration by parts rule.

Definition 3.0.10 (Schwinger-Dyson Equations). Let τ : Cd → C be a non-commutative
law. We say that τ satisfies a Schwinger-Dyson equation with conjugates Pi ∈ Cd if for all
1 ≤ i ≤ d and Q ∈ Cd,

τ ⊗ τ
(︁
∂iQ
)︁
= τ
(︁
QPi

)︁
, (3.14)

where τ ⊗ τ(P ⊗Q) := τ(P )τ(Q).

Perhaps the most well-known and important example of a Schwinger-Dyson
equation is the one satisfied by freely independent semicircular random variables.
Free independence is a non-commutative notion of independence, where joint
moments are determined by non-crossing partitions rather than the usual product
rule for classically independent random variables. To illustrate this, suppose thatX1

and X2 are freely independent with mean zero and law τ , then τ(X1X2X1X2) = 0.
By contrast, in the commutative world with ordinary independence, it would be
equal to E[X2

1 ]E[X2
2 ] ̸= 0 as long as X1 and X2 are non-trivial.

Example 3.0.11 (Semicircular Variables). The law τ of d-free semicircular random
variables satisfies the Schwinger-Dyson equation with conjugates Xi:

τ ⊗ τ
(︁
∂iQ
)︁
= τ
(︁
QXi

)︁
.
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And so for a word w ∈ Wd,

τ(Xwi) =
∑︂

w=uiv

τ(Xu)τ(Xv).

Iterating this expression gives the analogue of Wick’s formula for freely independent
semicircular random variables:

τ(Xw) =
∑︂

π∈NC
|w|
2

∏︂
(i,j)∈π

τ(Xwi
Xwj

),

where NCn
2 is the set of non-crossing pair partitions of n letters.

An important class of Schwinger-Dyson equations including Example 3.0.11 are
those where the conjugate polynomials Pi are given by the cyclic derivatives of
some polynomial P ∈ Cd. In this case, we have

τ ⊗ τ(∂iQ) = τ(QDiP ). (3.15)

The non-commutative laws satisfying the Schwinger-Dyson equation of type (3.15)
arise as the asymptotic limit of the non-commutative laws of interacting random
matrix ensembles. For a self-adjoint polynomial P ∈ Cd, consider the law µNP on
N ×N Hermitian matrices given by

dµNP (X
N
1 , . . . , X

N
d ) =

1

ZN
P

exp
{︂
−NTr

(︁
P (XN

1 , . . . , X
N
d )
)︁}︂

dXN ,

where
dXN =

∏︂
1≤j≤k≤N

dR
(︁
XN(jk)

)︁ ∏︂
1≤j<k≤N

dI
(︁
XN(jk)

)︁
,

and ZN
P is a normalising constant. In order to ensure the partition function ZN

P is
finite for all N , some restrictions on P are required. Assume that P takes the form
P = 1

2

∑︁d
i=1X

2
i +W for a self-adjoint polynomial W =

∑︁m
i=1 giXwi

. We say that W
is c-convex if the map

(︁
XN
ν (jk)

)︁
1≤j≤k≤N
1≤ν≤d

↦→ Tr
(︁
W (XN)

)︁
+

1− c
2

d∑︂
i=1

Tr
(︁
X2
i

)︁
(3.16)

is convex for all N when viewed as a function of
(︁
RN2)︁d. Denote by UW the set of

g = (g1, . . . , gd) ⊆ Cd for which Eq. (3.16) holds. For ε > 0, we also write Bε for the
set of coefficients g for which∥g∥∞ ≤ ε. Recalling that tr

(︁
·
)︁
:= 1

N
Tr
(︁
·
)︁

defines the
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normalised trace, we now summarise a collection of results from [GM06; GM07],
see also [Gui19, Chapter 7].

Theorem 3.0.12 ([GM06; GM07]). For every self-adjoint c-convex W =
∑︁m

i=1 giXwi

and R > 2 there exists ε > 0, such that for all g ∈ UW ∩ Bε

lim
N→∞

EµNP
[︁
tr
(︁
XN

w

)︁]︁
= τP (Xw),

for every w ∈ Wd where τP solves the Schwinger-Dyson equation Eq. (3.15). Moreover,
there is exactly one solution τP ∈ C∗d to Eq. (3.15) and it satisfies

|τP (Xw)| ≤ R|w| for all w ∈ Wd.

Note that whenW = 0, the distribution µNP is the Gaussian Unitary Ensemble (GUE)
and the limiting law τP is the law of d free semicircular random variables. From now
on, we will only consider those P satisfying the assumptions of Theorem 3.0.12. In
the following let λNmax(A) be the maximum of the absolute values of the eigenvalues
of an N ×N matrix A, and let λNmax(A) be the maximum of

(︁
λNmax(Ai)

)︁d
i=1

. We will
need the following lemma to be able to exchange certain limits and expectations.

Lemma 3.0.13 (Sub-Gaussian tail of largest eigenvalue). Let V be a potential satisfying
the conditions of Theorem 3.0.12, and for each N suppose that (Ai)di=1 ∼ µNP . Then there
exists α > 0 and t0 <∞ such that, for every t ≥ t0 and N ,

PµNP
[︁
λNmax(A) ≥ t

]︁
≤ e−αNt

2

.

Proof. See Appendix A.

3.1 The signature kernel is a universal limit

We consider first the case of GL(N ;R)-developments. In [MLS23], it was shown
that the signature kernel between γ, σ ∈ C1-var(︁[0, T ], V )︁may be recovered from
the scaling limit of these random developments driven by γ and σ. Indeed, if ξN is
the Gaussian measure on Hom(V,MN(R)) with variance 1

N
, then one obtains

Kγ,σ
sig (T, T ) = lim

N→∞

1

N
EM∼ξN

[︁
⟨G (γ;M) ,G (σ;M)⟩HS

]︁
. (3.17)

The proof of Eq. (3.17) in [MLS23] is specialised to the Gaussian setting and
relies heavily on Isserli’s Theorem. We identify a random matrix theory approach
inspired by [AGZ10], where we generalise the preceding in the following ways.
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1) We replace the space GL(N ;R) with GL(N ;C), whose Lie algebra is gN =

MN(C);

2) We replace the Gaussian assumption on the entries of the matrices with a
sub-Gaussian assumption on the operator norm of the matrices;

3) For fixed indices (m, l) ∈ {1, . . . , N}2 we require that ANi (m, l) and ANj (m, l)

are uncorrelated and not necessarily independent.

Moreover, our approach results in shorter proof than [MLS23] and allows for
different limits to be derived for randomised CDEs with a different matrix structure,
see Section 3.2. In the following we will use∥·∥op to denote the operator norm of
matrices.

If one fixes a basis for V , then every M ∈ Hom(V, gN) may be written in the form

M(v) =
d∑︂
j=1

Ajv
j, for Ai ∈ gN ,

so that we have a canonical isomorphism between Hom(V, gN) and gdN . In particular,
the spaces of Borel probability measuresP(Hom(V, gN)) andP(gdN) are in bĳection.
Additionally, the development in Eq. (3.3) can then be written as

dZt =
d∑︂
i=1

ZtAidγ
i
t , Z0 = IN .

Theorem 3.1.1. Let (Ω,F ,P) be a probability space supporting for each N ∈ N and
1 ≤ i ≤ d, a random matrix ANi : Ω→ gN . Assume that for all k ∈ N,

sup
N∈N

sup
1≤i≤d

sup
1≤m,l≤N

E
[︁⃓⃓
ANi (m, l)

⃓⃓k]︁ ≤ cA(k) <∞, (3.18)

and that E
[︁
ANi (m, l)

]︁
= 0 and E

[︁⃓⃓
ANi (m, l)

⃓⃓2]︁
= 1. Suppose also that there exists some

κ > 0 such that for every p ∈ N

sup
N∈N

sup
1≤i≤d

E
[︃

1

N
p
2

⃦⃦
ANi
⃦⃦p
op

]︃
≤ κpΓ(p

2
+ 1), (3.19)

where Γ(·) is the Gamma function. For each N ∈ N, we assume that

d⋁︂
i=1

σ
(︁
ANi (m, l)

)︁
, for 1 ≤ m, l ≤ N, (3.20)
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are independent sigma algebras and that

E
[︂
ANi (m, l)A

N
j (m, l)

]︂
= 0, for i ̸= j. (3.21)

For each N , let ξN be the law of this collection in P(gdN). Let γ, σ ∈ C1-var(︁[0, T ], V )︁ and
let ZN

γ (t), ZN
σ (t) be the GL(N ;C)-valued solutions to

dZN
γ (t) =

1√
N

d∑︂
i=1

ZN
γ (t)ANi dγ

i
t , Z

N
γ (0) = IN (3.22)

dZN
σ (t) =

1√
N

d∑︂
i=1

ZN
σ (t)ANi dσ

i
t, Z

N
σ (0) = IN . (3.23)

Then for every s, t ∈ [0, T ]

lim
N→∞

1

N
EξN

[︁
⟨ZN

γ (s), ZN
σ (t)⟩HS

]︁
= Kγ,σ

sig (s, t). (3.24)

As in [MLS23], the proof relies on the expansion of Eq. (3.22) as a convergent
infinite series of integrals, and a careful analysis of the trace of products of random
matrices from the set {ANi : 1 ≤ i ≤ d} in the limit as N →∞.

Remark 3.1.2. Special cases of the following lemma can be deduced from existing results
in the literature. For example, both the complex and real Gaussian case may be derived from
[DP21, Sections 2 and 4.4], while matrices with i.i.d. entries satisfying a fourth moment
condition can also be found in [DP21, Section 4.1].

Notation 3.1.3. For A ∈ MN(C), A∗ will denote the conjugate transpose of A. The
Hilbert-Schmidt inner product onMN(C) is then given by

⟨A,B⟩HS = Tr
(︁
A∗B

)︁
.

Lemma 3.1.4. Suppose that for eachN ∈ N, {ANi : 1 ≤ i ≤ d} is a collection of dmatrices
satisfying the assumptions of Theorem 3.1.1. Let n,m ≥ 0 be non-negative integers and
let u = u1 . . . un ∈ Wn

d , v = v1 . . . vm ∈ Wm
d , with corresponding matrix products

ANu := ANu1 . . . A
N
un

ANu⋆v := ANu
∗
ANv
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Then, setting k = n+m,

lim
N→∞

1

N
k
2

E
[︂
tr
(︁
ANu⋆v

)︁]︂
=

⎧⎨⎩1, if u = v,

0, otherwise.
(3.25)

We use the convention that if |u| = 0, then ANu = IN , the N ×N identity matrix.

Proof. We start by expanding the LHS of Eq. (3.25) in terms of the individual
elements composing the trace. We write

1

N
k
2

E
[︂
tr
(︁
ANu⋆v

)︁]︂
=

1

N
k
2

∑︂
w

Cw, (3.26)

where the sum is over closed words w = w1w2 . . . wnwn+1 . . . wkw1 ∈ Wk+1
N of

length k + 1 := n+m+ 1, and where

Cw := E
[︃
AN

∗

un (w1, w2)A
N∗

un−1
(w2, w3) . . . A

N∗

u1
(wn, wn+1)A

N
v1
(wn+1, wn+2) . . . A

N
vm(wk, w1)

]︃
Since w is a closed word, it defines a traversal on the undirected graph Gu

w. As in
[AGZ10][Theorem 5.4.2, Lemma 2.1.6], we can deduce that

1) Cw vanishes unless N e
w ≥ 2 for all e ∈ Eu

w;

2) The number ofN -words in the equivalence class of any givenN -word w with
wt(w) = t, is N(N − 1) . . . (N − t + 1) ≤ N t. This can be seen by counting
the size of the image of w under all bĳections on {1, . . . , N};

3) The number of equivalence classes of closed N -words w of length k + 1 with
wt(w) = t for which N e

w ≥ 2 for every e ∈ Eu
w is bounded above by tk ≤ kk,

since there are at most t choices for each letter excluding the final one;

4) The weight of a closed word of length k + 1 with N e
w ≥ 2 for every e ∈ Eu

w is
at most k

2
+ 1.

It follows that ⃓⃓⃓⃓
⃓⃓⃓ ∑︂
w:wt(w)≤ k

2

Cw

⃓⃓⃓⃓
⃓⃓⃓ ≤∑︂

t≤ k
2

N tcA(k)t
k ≤ C(k)N

k
2 ,

and combining this with Eq. (3.26) we see⃓⃓⃓⃓
⃓⃓⃓ 1

N
k
2

E
[︂
tr
(︁
ANu⋆v

)︁]︂
− 1

N
k
2
+1

∑︂
w:wt(w)= k

2
+1

Cw

⃓⃓⃓⃓
⃓⃓⃓ ≤ C(k)

N
.
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Note that the set {w : wt(w) = k
2
+ 1} is empty whenever k is odd. Hence if n+m

is odd, we have that
lim
N→∞

1

N
k
2

E
[︂
tr
(︁
ANu⋆v

)︁]︂
= 0.

If k is even and w is a closed word of length k + 1 with wt(w) = k
2
+ 1, then Gu

w

is a tree [AGZ10][Chapter 2.1.3] with N e
w = 2 for every e ∈ Eu

w. As such, Cw is
a product of covariances which will either be 1 or 0. There are two situations in
which this product can vanish. Firstly, whenever the two traversals of an edge
e ∈ Eu

w correspond to different matrices. Second, if both traversals are from the
same matrix, but one traversal corresponds to an entry above the diagonal and the
other to an entry below the diagonal. It is the latter reason that differentiates our
problem from the Hermitian setting.

Since Gu
w is a tree, the traversal defined by w traverses each edge once in each

direction. Let (wr, wr+1) ∈ Ed
w correspond to the first traversal of {wr, wr+1}.

Then, for some s ∈ {r + 1, . . . k}, ws = wr+1 and ws+1 = wr. In other words
(ws, ws+1) = (wr+1, wr). If s ≤ n, the corresponding component of Cw is given by

E
[︂
AN

∗

un+1−r
(wr, wr+1)A

N∗

un+1−s
(ws, ws+1)

]︂
= E

[︂
AN

∗

un+1−r
(wr, wr+1)A

N∗

un+1−s
(wr+1, wr)

]︂
= 0.

Similarly if r ≥ n+ 1, the term is given by

E
[︂
ANvr−n

(wr, wr+1)Avs−n(ws, ws+1)
]︂
= E

[︂
ANvr−n

(wr, wr+1)A
N
vs−n

(wr+1, wr)
]︂
= 0.

So it must be that r ≤ n and s ≥ n+ 1. Consequently for every edge, one traversal
comes from u and one from v meaning that |u| = |v|. Furthermore, since Gu

w is
a tree, there can be no repeated letters in w1 . . . wn+1 as otherwise there would
be two traversals of an edge coming from u. Hence, the walk corresponding to
the sequence of vertices w1, . . . , wn+1 is a path, as is the walk on the sequence
wn+1, wn+2, . . . , w1. Consider the vertex wn+1; we must traverse the edge (wn+1, wn)

at some point on the pathwn+1, wn+2, . . . , w1. Since the path cannot visitwn+1 again,
in order to traverse the edge (wn+1, wn) it must be that wn+2 = wn. By induction,
the only way for each edge to be traversed twice is when wn+1−r = wn+1+r for
r = 1, . . . , n. And so there is exactly one equivalence class of words for which Cw

is non-zero: those where Gu
w is a tree with one branch. When this holds, the term

for the traversals of an edge {wn+1−r, wn+2−r} in Cw is

E
[︂
AN

∗

un+1−(n+1−r)
(wn+1−r, wn+1−(r−1))A

N
v(n+1+(r−1))−n

(wn+1+(r−1), wn+1+r)
]︂

=E
[︂
ANur(wn+1−(r−1), wn+1−r)A

N
vr(wn+1+(r−1), wn+1+r)

]︂
= δurvr .
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This implies u = v for the limit to be non-trivial. We conclude that

lim
N→∞

1

N
k
2

E
[︁
tr
(︁
ANu⋆v

)︁]︁
= lim

N→∞

1

N
k
2
+1

∑︂
w:wt(w)= k

2
+1

Cw

= lim
N→∞

N(N − 1) . . . (N − k
2
)

N
k
2
+1

δuv = δuv.

Proof of Theorem 3.1.1. As in [MLS23], by considering the expansion of the ordered-
exponential we see that

lim
N→∞

1

N
EξN

[︁
⟨ZN

γ (s), ZN
σ (t)⟩HS

]︁
= lim

N→∞
EξN

[︃ ∞∑︂
|u|,|v|=0

1

N
|u⋆v|

2

tr
(︁
ANu⋆v

)︁
Su
0,s(γ)Sv

0,t(σ)

]︃
.

(3.27)
In order to apply Lemma 3.1.4, we would like to exchange the limit and expectation
and the double sum. By Fubini-Tonelli and the dominated convergence theorem,
to justify the exchange it is enough to show that

∞∑︂
|u|,|v|=0

1

N
|u⋆v|

2

EξN
[︂⃓⃓⃓
tr
(︁
ANu⋆v

)︁⃓⃓⃓]︂ ⃓⃓
Su
0,s(γ)Sv

0,t(σ)
⃓⃓

(3.28)

is uniformly bounded in N . By the assumptions of Theorem 3.1.1,

1

N
|u⋆v|

2

EξN
[︂⃓⃓⃓
tr
(︁
ANu⋆v

)︁⃓⃓⃓]︂
≤ 1

N
|u⋆v|

2

EξN
[︂⃦⃦
ANu⋆v

⃦⃦
op

]︂
≤ κ|u

⋆v|Γ
(︁ |u⋆v|

2
+ 1
)︁
.

Then, by the factorial decay of the signature and the fact that
√
d
n times the L2

norm is at least as large as the L1 norm on V ⊗n, there exists some ω > 0 for which
Eq. (3.28) is bounded by

∞∑︂
n,m=0

Γ(n+m
2

+ 1)(ωκ)m+n

Γ(n+ 1)Γ(m+ 1)
≤

∞∑︂
n,m=0

√︁
Γ(n+ 1)Γ(m+ 1)(ωκ)n+m

Γ(n+ 1)Γ(m+ 1)

=

(︃ ∞∑︂
n=0

(ωκ)n√︁
Γ(n+ 1)

)︃2

<∞.
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The inequality follows from logarithmic convexity and Jensen’s inequality. Hence
by an exchange of limits and an application of Lemma 3.1.4, we see that

lim
N→∞

1

N
EξN

[︁
⟨ZN

γ (s), ZN
σ (t)⟩HS

]︁
=

∞∑︂
|u|,|v|=0

lim
N→∞

1

N
|u⋆v|

2

EξN
[︂
tr
(︁
ANu⋆v

)︁]︂
Su
0,s(γ)Sv

0,t(σ)

=
∞∑︂

|u|=0

Su
0,s(γ)Su

0,t(σ)

= ⟨S0,s(γ),S0,t(σ)⟩HS

= Kγ,σ
sig (s, t).

As in [MLS23] we can also prove that convergence occurs in L2 and not just in
expectation.

Theorem 3.1.5. Let (Ω,F ,P), ANi , γ, σ and ZN
γ , Z

N
σ be as in Theorem 3.1.1, then

1

N
⟨ZN

γ (s), ZN
σ (t)⟩HS

L2−→ Kγ,σ
sig (s, t). (3.29)

Proof. By expanding

EξN
[︂(︂ 1

N
⟨ZN

γ (s), ZN
σ (t)⟩HS − ⟨S0,s(γ),S0,t(σ)⟩HS

)︂2]︂
in the fashion of Eq. (3.27), we see that the objective is to prove

lim
N→∞

EξN
[︃ ∞∑︂

|u|,|v|,|k|,|l|=0

(︃
1

N
|u⋆v|

2

tr
(︁
ANu⋆v

)︁
− δuv

)︃
·

·
(︃

1

N
|l⋆k|

2

tr
(︁
ANk⋆l

)︁
− δkl

)︃
Su
0,s(γ)Sv

0,t(σ)Sk
0,s(γ)S l

0,t(σ)

]︃
= 0.

(3.30)

As in the proof of Theorem 3.1.1, we can show that exchanging the limit and
expectation with the quadruple sum is justified. Multiplying out the brackets in
Eq. (3.30) and taking limits of terms already dealt with in Theorem 3.1.1 reduces
the problem to showing

∞∑︂
|u|,|v|,|k|,|l|=0

(︃
lim
N→∞

1

N
|u⋆v|+|k⋆l|

2

EξN
[︂
tr
(︁
ANu⋆v

)︁
tr
(︁
ANk⋆l

)︁]︂
− δuvδkl

)︃
Su
0,s(γ)Sv

0,t(σ)Sk
0,s(γ)S l

0,t(σ) = 0.

(3.31)
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Thus it remains to show that

lim
N→∞

1

N
|u⋆v|+|k⋆l|

2

EξN
[︂
tr
(︁
ANu⋆v

)︁
tr
(︁
ANk⋆l

)︁]︂
= δuvδkl.

Given closed words w = w1 . . . wnw1 and z = z1 . . . zmz1, we define the graphs
Gu

w,z := Gu
w ∪Gu

z. Now we can write

1

N
|u⋆v|+|k⋆l|

2
+2

EξN
[︂
tr
(︁
ANu⋆v

)︁
tr
(︁
ANk⋆l

)︁]︂
=

1

N
|u⋆v|+|k⋆l|

2
+2

∑︂
w,z

Cw,z, (3.32)

where w = w1w2 . . . wrwr+1 . . . wnw1 and u = u1u2 . . . usus+1 . . . umu1 and

Cw,z := EξN
[︃
AN

∗

u|u|
(w1, w2) . . . A

N∗

u1
(wr, wr+1)A

N
v1
(wr+1, wr+2) . . . A

N
j|v|

(wn, w1)

AN
∗

k|k|
(z1, z2) . . . A

N∗

k1
(zs, zs+1)A

N
l1
(zs+1, zs+2) . . . A

N
l|l|
(zm, z1)

]︃
.

As in Lemma 3.1.4, N e
w,z must be at least 2 for every e ∈ Eu

w,z in order for Cw,z

not to vanish. This implies that |Eu
w,z| ≤ n+m

2
, and since Gu

w,z has at most two
connected components, the restriction wt(wz) = |V u

w,z| ≤ n+m
2

+ 2 is imposed.
Moreover, wt(wz) = n+m

2
+ 2 if and only if Gu

w,z has two connected components,
one with n

2
+ 1 vertices and the other with m

2
+ 1 vertices. In other words, Gu

w and
Gu

z are disjoint trees. In this case

Cw,z = Cw

(︁
ANu⋆v

)︁
Cz

(︁
ANk⋆l

)︁
,

since the words are disjoint. This reduces the problem to the one handled in
Lemma 3.1.4. This product will be non-zero if and only if u = v and k = l. Since
there are N(N − 1) . . .

(︁
N − |u⋆v|+|l⋆k|

2
− 1
)︁

members of the equivalence class of wz,
it holds that

lim
N→∞

EξN
[︂
tr
(︁
ANu⋆v

)︁
tr
(︁
ANk⋆l

)︁]︂
N

|u⋆v|+|k⋆l|
2

= lim
N→∞

N(N − 1) . . .
(︁
N − |u⋆v|+|k⋆l|

2
− 1
)︁

N
|u⋆v|+|k⋆l|

2
+2

δuvδkl

= δuvδkl.
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Remark 3.1.6. The assumptions of Theorems 3.1.1 and 3.1.5 are satisfied in the case of
independent entries of sub-Gaussian random variables under the condition

sup
N∈N

sup
1≤i≤d

sup
1≤m,l≤N

⃦⃦⃦
ANi (m, l)

⃦⃦⃦
ψ
<∞,

where∥·∥ψ denotes the sub-Gaussian norm. In this case, it is clear that Eq. (3.18) holds
and it can be verified from [Ver18, Theorem 4.4.5] that Eq. (3.19) holds.

Remark 3.1.7. In [MLS23] the authors in fact do not consider path developments directly
(they also consider non-linear equations), rather randomised RN -valued CDEs. Consider
the equations

dXN
γ (t) =

1√
N

d∑︂
i=1

ANi X
N
γ (t)dγit , X

N
γ (0) = ηN ,

dXN
σ (t) =

1√
N

d∑︂
i=1

ANi X
N
σ (t)dσit, X

N
σ (0) = ηN ,

where both the components of ηN and the pair
{︁
(ANi )

d
i=1, η

n
}︁

are independent. As long
as the components of ηN have zero mean and unit variance, then it is straightforward to
adjust the proof of Theorem 3.1.1 to show that

lim
N→∞

E
[︂ 1
N
⟨XN

γ (s), XN
σ (t)⟩

]︂
= Kγ,σ

sig (s, t).

If one further assumes that

sup
N∈N

sup
1≤m≤N

E
[︂⃓⃓
ηN(m)

⃓⃓4]︂
<∞,

then the convergence also happens in L2 by adapting the proof of Theorem 3.1.5. We note
that the corresponding Eq. (3.31) will involve additional terms of the form

lim
N→∞

1

N
|u⋆v|+|k⋆l|

2

E
[︂
tr
(︁
ANu⋆vA

N
k⋆l

)︁]︂
.

Due to the scaling factor outside the equation, one can use the techniques from Theorem 3.1.1
to show that the limit of such terms is zero.

3.2 Universal limit of Wigner unitary developments

It was proposed recently in [LLN23] to use the unitary developments of a path as
the basis for a discriminator in generative models. This can be seen as an extension
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of the characteristic function discriminator for vector valued data proposed by
[Li+20a; FSS20]. Consider the unitary Lie algebra and group of degree N defined
by

uN = {A ∈MN(C) : A⋆ = −A}, U(N ;C) = {A ∈MN(C) : A⋆A = IN}. (3.33)

Note that uN = ihN , where hN is the set of N × N Hermitian matrices. For any
path γ ∈ C1-var(︁[0, T ], V )︁ and M ∈ Hom(V, un), the unitary feature of γ under M
is the time-T solution to the CDE

dZt = Zt ·M(dγt), Z0 = IN . (3.34)

The solution U(γ;M) := ZT is a special case of the Cartan development of γ,
taking values in the Lie group U(N ;C). Let µ be a Borel probability measure
on C1-var(︁[0, T ], V )︁ and γ ∼ µ, then the path characteristic function (PCF) of µ
evaluated at M is defined as

Φµ(M) := Eγ∼µ
[︁
U(γ;M)

]︁
. (3.35)

Definition 3.2.1 (PCFD [LLN23]). Let µ, ν be probability measures on C1-var(︁[0, T ], V )︁
with γ ∼ µ and σ ∼ ν, and let ξ be a probability measure on Hom(V, uN) with M ∼ ξ.
The path characteristic function distance (PCFD) between µ and ν with respect to ξ is
defined as

d2ξ(µ, ν) := EM∼ξ
[︁
∥Φµ(M)− Φν(M)∥2HS

]︁
. (3.36)

For fundamental results on PCFD that allow for its use as a loss function in
applications as well as certain theoretical properties, we refer the reader to [LLN23].
In [LLN23, Proposition B.10] it was shown that dξ(µ, ν) is a maximum mean
discrepancy (MMD) distance on the space P(C1-var(︁[0, T ], V )︁), the set of Borel
probability measures on C1-var(︁[0, T ], V )︁.
Definition 3.2.2. Given a kernel function κ : C1-var(︁[0, T ], V )︁× C1-var(︁[0, T ], V )︁→ R,
then the MMD distance associated to κ is a map

MMDκ : P(C1-var(︁[0, T ], V )︁)× P(C1-var(︁[0, T ], V )︁)→ R+,

which is defined by

MMD2
κ(µ, ν) := E

γ,γ′
iid∼µ

[︁
κ(γ, γ′)

]︁
+ E

σ,σ′iid∼ν

[︁
κ(σ, σ′)

]︁
− 2Eγ∼µ,σ∼ν

[︁
κ(γ, σ)

]︁
. (3.37)
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Proposition 3.2.3 (PCFD as an MMD: Proposition B.10 [LLN23]). Let ξ ∈ P
(︁
udN
)︁
,

µ, ν ∈ P(C1-var(︁[0, T ], V )︁), then dξ(µ, ν) = MMDκ(µ, ν), where

κ(γ, σ) := EM∼ξ

[︂
Tr
(︁
U(γ ⋆←−σ ;M)

)︁]︂
. (3.38)

One of the difficulties in the use of PCFD for the learning of a distribution
on high-dimensional or complex paths is the computational cost of computing
U(γ;M), M ∈ Hom(V, un) for large N , especially for a fully supported measure on
Hom(V, un). The authors of [LLN23] propose two solutions: firstly they employ a
reciprocal learning approach where they embed high dimensional paths into a
lower dimensional space where the embedding should act as a type of pseudo-
inverse of the original generator; secondly, they adversarially learn a finitely
supported empirical measure on Hom(V, un). We propose an alternative approach,
where we take the dimension N → ∞ for a class of measures supported on the
whole space. The limiting kernel then solves a functional equation driven by γ ⋆←−σ .
Before we state and prove our result, we introduce non-crossing pair partitions
and a new associated notion of generations.

Remark 3.2.4. For any fixed N < ∞, the authors of [LLN23] remark that directly
computing Eq. (3.36) is linear in sample size, whereas computing it as an MMD through
Eq. (3.38) is quadratic in sample size.

3.2.1 Non-crossing partitions, Dyck words and trees

From this point on, we will consider the alphabetAn to be the ordered set {1, . . . , n}.
However, all the definitions may be carried over to any ordered set of n letters. An
element of a partition of An will be called a “part”.

Definition 3.2.5. A partition π of An is called crossing if there exist 1 ≤ a < b < c <

d ≤ n for which a, c belongs to one part of π and b, d to another part. A partition that is
not crossing is called non-crossing.

Of particular importance to us is the class of non-crossing pair partitions.

Definition 3.2.6. A pair partition of An is one where each part is a two element set. We
denote by NC2(n) the set of non-crossing pair partitions of An.

For a non-crossing pair partition π and {i, j} ∈ π, we define π{i,j} = πi = πj :=

min{i, j}. A convenient method of encoding non-crossing pair partitions is through
Dyck words. We recall their definition from [Tao12, Section 2].
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Definition 3.2.7 (Dyck Words). A Dyck word is a sequence of left and right parentheses,
“(” and “)”, such that at every stage, when read from left-to-right, there are at least as many
left parentheses as right parentheses and exactly the same number of each at the end of the
word. We denote by Dn the set of Dyck words of length n.

Note that Dn = ∅ if n is odd. There is a well-established bĳection NC2(n)→ Dn
where one reads the letters 1 . . . n from left to right and for each letter, if it is the
first element in a pair, one writes a left parenthesis “(”, and if it is the second
letter in a pair one writes a right parenthesis “)”. For a proof that this map indeed
defines a bĳection see [Tao12, Lemma 2.3.15].

It is also helpful to note the bĳection between non-crossing pair partitions NC2(n)

and the set of non-planar rooted trees Tn with vertices {1, . . . , n
2
+ 1} and n

2
edges,

where a left-to-right traversal of the tree visits the vertices in lexicographical order.
Recall that a left-to-right traversal starts at the root node and proceeds with the
condition that for any two subtrees of any given node, all vertices of the left subtree
must be visited before the vertices of the right subtree.

Once again, we refer the reader to [Tao12, Section 2] and [AGZ10, Chapter 2] for
full details on these bĳections. An example of these bĳections for a non-crossing
pair-partition of A8 is illustrated below.

{︁
{1, 6}, {2, 3}, {4, 5}, {7, 8}

}︁
≡

1 2 3 4 5 6 7 8
↦→ (()())() ↦→

1

2
3 4

5
.

Generations

We are interested in finding a unique sequence of steps to generate any non-crossing
pair partition π starting from from the partition {{1, 2}} of {1, 2}, or equivalently

any Dyck word from () or any tree from 1
2 . We define the generation of a pair of

parentheses in a Dyck word recursively by:

1) The pair whose right parenthesis, “)”, is the final parenthesis in the Dyck
word has generation 1;

2) A pair of parentheses is of generation k + 1 if the parenthesis in the Dyck
word following the right-parenthesis of the pair is part of a pair of generation
k.

Alternatively we can define the generation of an edge of a tree via

1) The right-most edge attached to the root has generation 1;
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2) An edge is of generation k + 1 if it is the right-most edge attached above an
edge of generation k, or it is the right-most edge attached to the left of an
edge of generation k.

Example 3.2.8. Consider the partition π ∈ NC2

(︁
12
)︁

π =
1 2 3 4 5 6 7 8 9 101112

.

The Dyck word and tree corresponding to π are given by

(︁)︁(︁)︁(︁(︁)︁(︁(︁)︁)︁)︁
, and

1

2 3 4

5 6

7

. (3.39)

Here, generation one parentheses or edges have been drawn in red, generation two have
been drawn in blue and generation three have been drawn in green.

The generation of a Dyck word is the maximum of the generations of its constituent
pairs of parentheses. Likewise, the generation of a tree is the maximum of the
generations of its edges. The generation of a pair in a non-crossing pair partition is
the generation of the corresponding pair of parentheses of its Dyck word. Similarly,
the generation of the partition is defined as the generation of the corresponding
Dyck word. For each k ∈ N, define Gk to be the set of non-crossing pair partitions
(Dyck words or trees) of generation k. For any non-crossing pair partition π, we let
g(π) be the set of parts (pairs or edges) whose generation is equal to the generation
of π. In the case k = 0, we also define G0 := {∅}.

Remark 3.2.9. It can be shown that the notion of generation and its properties are preserved
by the aforementioned bĳection between Dyck words and trees.

For any Dyck word d, we let g(d) be the set of pairs of parentheses with maximal
generation. Additionally, we define G(d) to be the set of Dyck words obtained by
inserting a pair “()” immediately to the left of at least one parenthesis that is part
of a pair in g(d).

Lemma 3.2.10. The following facts about generations hold.

1) For any non-crossing pair partition π, any {i, j} ∈ g(π) is of the form {i, i+ 1};

2) Let d1 ̸= d2 be Dyck words of generation k, then G(d1) ∩G(d2) = ∅;

3) We have that Gn+1 =
⨆︁
π∈Gn

G(π).
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Proof. If any pair of parentheses in a Dyck word is not consecutive, then they
cannot have the highest generation: if they are not consecutive, they must enclose
a pair that has a higher generation. Noting that consecutively paired parentheses
in a Dyck word correspond to consecutively paired letters in a non-crossing pair
partition proves the first point. Since insertion only happens immediately to the
left of a parenthesis of generation k, the generation of an inserted pair must be
of generation k + 1, and moreover any pair of generation k + 1 must have been
inserted. Hence by deleting the pairs of generation k + 1 in d ∈ G(d1) ∩G(d2) we
should obtain both d1 and d2, from which we deduce d1 = d2. The third point is an
immediate corollary of the second.

3.2.2 A limiting functional equation

Recall that uN = ihN so that as in Section 3.1, Eq. (3.34) can be written in the form

dZt = i
d∑︂
j=1

ZtAjdγ
j
t , Z0 = IN ,

for a collection of d matrices in hN . Just as we required a version of the derivative
for functions in non-commutative indeterminates, we will also need the notion of
derivatives of functionals on path space. There are many such choices, but we will
use the Dupire or vertical derivative [DT23; CGP25]. This notion of derivative has
been popular in deriving Taylor-like expansions of functions on path space.

Definition 3.2.11 (Vertical derivative). Let f : C1-var(︁[0, T ], V )︁ → R be a suitably
regular functional, 1 ≤ i ≤ d, and hi ∈ C1-var(︁[0, T ], V )︁ the path defined by t ↦→ ht

T
ei

with {ei}di=1 basis vectors in V . The vertical derivative of f at a path γ along the direction
i is defined by

∇if(γ) := lim
h→0

f
(︁
γ ⋆ hi

)︁
− f(γ)

h
.

For a word w = w1 · · ·wk ∈ Wd of length k, define

∇w := ∇w1 · · · ∇wkf(γ).

Proposition 3.2.12 (Proposition 3.8 [DT23]). For any path γ ∈ C1-var(︁[0, T ], V )︁ and
v,w ∈ Wd, the vertical derivative satisfies

∇vSw
s,t(γ) =

⎧⎨⎩Su
s,t(γ), w = uv,

0, otherwise.
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We are now ready to state the main result of this section.

Theorem 3.2.13. Let (Ω,F ,P) be a probability space supporting for each N ∈ N and
1 ≤ i ≤ d, a Hermitian random matrix ANi : Ω→ hN . Assume that for all k ∈ N,

sup
N∈N

sup
1≤i≤d

sup
1≤m,l≤N

E
[︁⃓⃓
ANi (m, l)

⃓⃓k]︁ ≤ cA(k) <∞, (3.40)

and that E
[︁
ANi (m, l)

]︁
= 0 and E

[︁⃓⃓
ANi (m, l)

⃓⃓2]︁
= 1. Suppose also that there exists some

κ > 0 such that for every p ∈ N

sup
N∈N

sup
1≤i≤d

E
[︃

1

N
p
2

⃦⃦
ANi
⃦⃦p
op

]︃
≤ κpΓ(p

2
+ 1), (3.41)

where Γ(·) is the Gamma function. For each N ∈ N we assume that

d⋁︂
i=1

σ
(︁
ANi (m, l)

)︁
for 1 ≤ m ≤ l ≤ N, (3.42)

are independent sigma algebras and that

E
[︁
ANi (m, l)A

N
j (m, l)

]︁
= 0, for i ̸= j. (3.43)

For each N , let ξN be the law of the collection in P(hdN). Let γ ∈ C1-var(︁[0, T ], V )︁ and let
ZN
γ (s, t) be the U(N ;C)-valued solution to

dZN
γ (s, t) =

i√
N

d∑︂
j=1

ZN
γ (s, t)ANj dγ

j
t , ZN

γ (s, s) = IN . (3.44)

Then for 0 ≤ s ≤ t ≤ T , ⟨γs,t⟩µ∞G := limN→∞ EξN
[︂
tr
(︁
ZN
γ (s, t)

)︁]︂
exists and solves the

functional equation

⟨γs,t⟩µ∞G = 1−
∫︂ t

s

∫︂ r

s

⟨γs,u⟩µ∞G ⟨γu,r⟩µ∞G ⟨dγu, dγr⟩, ⟨γu,u⟩µ∞G = 1 for all u ∈ [0, T ].

(3.45)

Remark 3.2.14. The use of the notation ⟨γ·,·⟩µ∞G will be justified in Section 3.5.

Proof. As in the proof of Theorem 3.1.1, we may expand the solution Zγ(s, t) in
terms of the signature of γ. Indeed, we may write

tr
(︁
Zγ(s, t)

)︁
=

∞∑︂
|u|=0

i|u|

N
|u|
2

tr
(︁
ANu
)︁
Su
s,t(γ).
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The same techniques in the proof of Theorem 3.1.1 show that the limits, expectations
and sums may be interchanged. Meanwhile, [AGZ10, Theorem 5.4.2] gives

lim
N→∞

1

N
|u|
2

EξN
[︂
tr
(︁
ANu
)︁]︂

= τ(Xu),

where τ is the law of d free semi-circular random variables. Hence

⟨γs,t⟩µ∞G = lim
N→∞

EξN
[︂
tr
(︁
ZN
γ (s, t)

)︁]︂
=

∞∑︂
|u|=0

i|u|τ(Xu)Su
s,t(γ). (3.46)

We recall from Section 3.0.4 that the non-commutative law τ of d-free semi-circular
random variables is uniquely characterised by the Schwinger-Dyson equation

τ ⊗ τ
(︁
∂iP
)︁
= τ
(︁
PXi

)︁
. (3.47)

Consider first the following

∑︂
w∈Wd

i|w|+1τ ⊗ τ(∂iXw)Sw
s,t(γ) =

d∑︂
i=1

∑︂
u,v∈Wd

i|u|+|v|+2τ(Xu)τ(Xv)Suiv
s,t (γ)

= −
∑︂

u,v∈Wd

i|u|+v|τ(Xu)τ(Xv)

∫︂ t

s

Su
s,u(γ)Sv

u,t(γ)dγ
i
u

= −
∫︂ t

s

⎛⎝∑︂
u∈Wd

i|u|τ(Xu)Su
s,u(γ)

⎞⎠⎛⎝∑︂
v∈Wd

i|v|τ(Xv)Sv
u,t(γ)

⎞⎠ dγiu

= −
∫︂ t

s

⟨γs,u⟩µ∞G ⟨γu,t⟩µ∞G dγiu.

By applying the right-hand side of the Schwinger Dyson equation Eq. (3.47) we
deduce that ∑︂

w∈Wd

i|w|+1τ ⊗ τ(∂iXw)Sw
s,t(γ) =

∑︂
w∈Wd

i|w|+1τ(XwXi)Sw
s,t(γ)

=
∑︂

w∈Wd

i|w|τ(Xw)∇iSw
s,t(γ)

= ∇i
∑︂

w∈Wd

i|w|τ(Xw)Sw
s,t(γ)

= ∇i⟨γs,t⟩µ∞G .

Combining the two derivations gives

∇i⟨γs,t⟩µ∞G = −
∫︂ t

s

⟨γs,u⟩µ∞G ⟨γu,t⟩µ∞G dγiu,
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and integrating both sides with respect dγi yields

∇i

∫︂ t

s

⟨γs,r⟩µ∞G dγir = −
∫︂ t

s

∫︂ r

s

⟨γ⟩s,u⟨γ⟩u,rdγiudγir.

Since
⟨γs,t⟩µ∞G = 1 +

∑︂
i

∇i

∫︂ t

s

⟨γs,r⟩µ∞G dγir,

we conclude that

⟨γs,t⟩µ∞G = 1−
∫︂ t

s

∫︂ r

s

⟨γs,u⟩µ∞G ⟨γu,r⟩µ∞G ⟨dγudγr⟩.

Lemma 3.2.15. For any γ ∈ C1-var(︁[0, T ], V )︁, the functional equation

K(s, t) = 1−
∫︂ t

s

∫︂ r

s

K(s, u)K(u, r)⟨dγu, dγr⟩, K(u, u) = 1 for all u ∈ [0, T ], (3.48)

has a unique solution ⟨γs,t⟩µ∞G for 0 ≤ s ≤ t ≤ T .

Due to the quadratic nature of the equation, we adopt the approach of iteratively
expanding the equation and proving convergence to the series in Eq. (3.46).

Proof. Existence of a solution is settled by Theorem 3.2.13. To prove uniqueness,
we show that any solution K must agree with the solution Kγ described in
Theorem 3.2.13. Fix a solution K to Eq. (3.48), then it must be uniformly bounded
on the simplex by the structure of Eq. (3.48). Define κ = max{1,∥K∥∞}. We now
introduce some notation. For any π ∈ NC2

(︁
2k
)︁
, recall that πi is the minimum value

of the pair to which i belongs. We then define following.

1) The time-ordered simplex ∆π[s, t] := {s = t0 ≤ t1 ≤ · · · ≤ t2k ≤ t};

2) The “differential” dγπ := (−1)k
∑︁d

jπ1 ,...,jπ2k=1 dγ
jπ1
t1 dγ

jπ2
t2 . . . dγ

jπ2k
t2k

. Note that
the sum is over k free indices since jπi = jπj if {i, j} ∈ π;

3) The integrand
Kπ :=

∏︂
{i,i+1}∈g(π)

K(ti−1, ti)K(ti, ti+1).

Hence, for any even k and π ∈ NC2

(︁
k
)︁
, the integral

I(π) :=

∫︂

∆π [s,t]

Kπdγπ
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is well defined. We also define

Sπs,t(γ) :=
∫︂

∆π [s,t]

dγπ.

As usual, we set S∅
s,t(γ) ≡ 1. We recall that Gk is the set of non-crossing pair-

partitions of generation k. Using this language, K satisfies the equation

K(s, t) =
∑︂
π∈G0

Sπs,t(γ) +
∑︂
π∈G1

I(π), (3.49)

since G0 = {∅} and G1 = {{1, 2}}. We now claim that

K(s, t) =
∑︂

π∈
⋃︁n−1

i=0 Gi

Sπs,t(γ) +
∑︂
π∈Gn

I(π). (3.50)

To see this, fix π ∈ Gn and for each {i, i+ 1} ∈ g(π), the terms in the product Kπ
γ

associated with {i, i+ 1} are given by

K(ti−1, ti)K(ti, ti+1) =

⎛⎝1−
∫︂ ti

ti−1

∫︂ r1

ti−1

K(ti−1, u1)K(u1, r1)
d∑︂

l1=1

dγl1u1dγ
l1
r1

⎞⎠
⎛⎝1−
∫︂ ti+1

ti

∫︂ r2

ti

K(ti, u2)K(u2, r2)
d∑︂

l2=1

dγl2u2dγ
l2
r1

⎞⎠ .

From each bracket we may now either select the constant 1 or the double integral.
We see that the four possible selections correspond to replacing the pair (),
corresponding to {i, i+ 1} in the Dyck word associated with π, with (), ()(), (()) or
()(()). By applying these selections to each pair of brackets in Kπ, we see that

I(π) = Sπs,t(γ) +
∑︂

π′∈G(π)

I(π′).
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Now

K(s, t) =
∑︂

π∈
⋃︁n

i=0Gi

Sπs,t(γ) +
∑︂

π∈Gn+1

I(π)

=
∑︂

|π|≤2n

Sπs,t(γ) +
∑︂

π∈
⋃︁n

i=0Gi

|π|>2n

Sπs,t(γ) +
∑︂

π∈Gn+1

I(π)

=
2n∑︂

|u|=0

(−1)
|u|
2 Su

s,t(γ)
∑︂

π∈NC2

(︁
|u|
)︁ ∏︂
{i,j}∈π

1ui=uj
+

∑︂
π∈

⋃︁n
i=0Gi

|π|>2n

Sπs,t(γ) +
∑︂

π∈Gn+1

I(π)

=
2n∑︂

|u|=0

(−1)
|u|
2 τ(Xu)Su

s,t(γ) +
∑︂

π∈
⋃︁n

i=0Gi

|π|>2n

Sπs,t(γ) +
∑︂

π∈Gn+1

I(π),

where the final equality follows from another characterisation of the moments
of d-free semicircular random variables, see for example, [AGZ10, Chapter 5
pp.380-381]. We observe that the first term converges to ⟨γs,t⟩µ∞G , so it remains to
show that the second two sums converge to 0 as n → ∞. Here we note that by
the uniqueness of the construction of Dyck words, for a word v with |v| > 2n, the
differential dv appears at most τ(Xv) times in the second two sums. And so we
have that ⃓⃓⃓⃓

⃓⃓⃓⃓
⃓
∑︂

π∈
⋃︁n

i=0Gi

|π|>2n

Sπs,t(γ) +
∑︂

π∈Gn+1

I(π)

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓ ≤

∑︂
|v|>2n

τ(Xv)κ
|J |
⃓⃓⃓
Sv
s,t(γ)

⃓⃓⃓

≤
∑︂

|v|>2n

C |v|
2

κ|v|
⃓⃓⃓
Sv
s,t(γ)

⃓⃓⃓
→ 0,

as n → ∞, where Ck is the kth Catalan number. The convergence is due to the
factorial decay of the signature and the well known fact that Ck = O

(︁
4k
)︁
. And so

the solution is unique.

The results of this section show that the limit of d2ξN (µ, ν) exists under mild
conditions on the sequence (ξN)N∈N. The limit is an MMD, with kernel given by

KSD(γ, σ) := ⟨y0,T ⟩µ∞G , with y := γ ∗←−σ . (3.51)

We leave it to future work to investigate the discriminative properties of KSD

and how it compares with the adversarially learnt dξ proposed by [LLN23]. We
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note that replacing dξ with the MMD based on KSD is akin to the non-adversarial
training of neural-SDEs proposed by [Iss+23] using the MMD based on Ksig.

3.3 Numerical Schemes

In order forKSD to have practical application, we require some method of approxim-
ating the solution to Eq. (3.48) without the need for computing the signature S(γ).
We propose explicit and implicit numerical schemes based on discriminations.

3.3.1 Explicit Scheme

We propose a straightforward explicit numerical scheme to solve Eq. (3.48). In-
deed, suppose that γ is absolutely continuous, then we may use the Lebesgue-
Differentiation theorem and a mixed endpoint approximation to the resulting
Riemann-Stieltjes to arrive at the following discretisation

Ks,t+∆ = 1−
∫︂ t+∆

s

∫︂ r

s

Ks,uKu,r⟨dγu, dγr⟩

= Ks,t −
∫︂ t+∆

t

∫︂ r

s

Ks,uKu,r⟨dγu, dγr⟩

≈ Ks,t −
∫︂ t

s

Ks,uKu,t⟨dγu, γt,t+∆⟩

≈ Ks,t −
∑︂

[u,v]∈Q

Ks,uKv,t⟨δγu,v, δγt,t+∆⟩du,

where δγu,v denotes the increment γv − γu and Q is a partition of [s, t]. Let
P = {0 = t0 < t1 < · · · < tℓ = T} be a partition of the interval [0, T ] and for
0 < n ≤ ℓ define

δnγ = γtn − γtn−1 .

The above discretisation naturally leads to the recursion

Kn,m+1 = Kn,m −
∑︂

n<r<m+1

Kn,r−1Kr,m⟨δrγr, δm+1γ⟩, (3.52)

for 0 ≤ n < m < ℓ, with the boundary condition Kn,n+1 = 1 for all n.

Remark 3.3.1. The use of a mixed endpoint approximation to the integrand ⟨γs,u⟩µ∞G ⟨γu,r⟩µ∞G
is motivated by a natural connection to the iterated sums signature (ISS) of [KO19; DET20b;
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DET20a]. In fact the recursion Eq. (3.52) is exactly the recursion found for the functional

κn,m =
∞∑︂

w∈Wd

i|w|τ(Xw)ISS
w
n,m(γ),

where ISSn,m(γ) is the iterated sums signature of γ on the partition P between times
n and m. This connection allows one to use established results concerning the ISS to
prove convergence of K0,ℓ to ⟨γ0,T ⟩µ∞G as the mesh-size of P vanishes, see the proof of
Theorem 3.3.2 for details.

Naïvely solving the recursion defined by Eq. (3.52) forK0,ℓ incurs a time complexity
of O

(︁
ℓ3
)︁

in the length of the partition ℓ. Indeed there are O(ℓ2) points in the
solution grid Π = {0 ≤ n < m ≤ ℓ}, and the sum on the right hand side of Eq. (3.52)
contributes the final factor of ℓ. However, just as for the finite difference scheme
proposed in [Sal+21] for the ordinary signature kernel, rather than solving the
grid in row and column order we can update a whole anti-diagonal of the solution
grid Π at once, since there is no shared dependency between points on the same
anti-diagonal. It is possible to exploit this parallelisation using GPU architecture,
provided that the length n + 1 of γ does not exceed the total number of threads
on the GPU. The overall time taken is then O

(︁
dℓ2
)︁

to populate Π, where d is the
dimension of the underlying path space. The following result guarantees that the
preceding scheme converges to the true solution as the mesh of the partition P
shrinks to zero.

Theorem 3.3.2. Let γ ∈ C1-var(︁[0, T ], V )︁ and let P = {0 = t0 < · · · < tℓ = T}, with
Kn,m as defined by Eq. (3.52). Then⃓⃓⃓

⟨γ0,T ⟩µ∞G −K0,ℓ

⃓⃓⃓
≤ 16∥γ∥1;[0,T ] exp

(︁
4∥γ∥1;[0,T ]

)︁
max
1≤i≤ℓ
∥γ∥1;[ti,ti−1]

. (3.53)

We follow the method of [KO19, Appendix A.3], wherein the authors prove
convergence of numerical schemes for the ordinary signature kernel based on a
discretisation of the terms in the signature. Throughout, let γ ∈ C1-var(︁[0, T ], V )︁
and let P = {0 = t0 < · · · < tℓ = T} be a partition of [0, T ]. We first show that
Eq. (3.52) may be derived by applying the Schwinger-Dyson equations to a function
of the iterated-sums-signature. Given a partition P , the iterated sums signature is
defined by

ISSw
n,m(γ) =

∑︂
n<i1<···<ik≤m

(δi1γ)
w1 . . . (δikγ)

wk , (3.54)

for any word w = w1 . . . wk in d-letters and 0 ≤ n < m ≤ ℓ. As usual, we define
ISS∅

n,m = 1. Note that ISSu
n,m = 0 whenever |u| > n − m. Consider now the
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discretisation

κn,m :=
∞∑︂

|w|=0

i|w|τ(Xw)ISS
w
n,m(γ). (3.55)

Then, as in the proof of Theorem 3.2.13 we may deduce that

κn,m =
∞∑︂

|w|=0

i|w|τ(Xw)ISS
w
n,m(γ)

= 1 +
d∑︂
j=1

∞∑︂
|w|=0

i|w|+1τ(Xwj)ISS
wj
n,m(γ)

= 1−
d∑︂
j=1

∞∑︂
|u|,|v|=0

i|w|+1τ(Xu)τ(Xv)ISS
ujvj
n,m (γ)

= 1−
d∑︂
j=1

∞∑︂
|u|,|v|=0

i|u|+|v|τ(Xu)τ(Xv)ISS
ujvj
n,m (γ).

Now for u = u1 . . . ul, v = v1, . . . , vk and i := i1 < · · · < il and j := j1 < · · · < jk,
we see that

ISSujvj
n,m (γ) =

∑︂
n<i<r<j<s≤m

(δi1γ)
u1 . . . (δilγ)

ul(δrγ)
j(δj1γ)

v1 . . . (δjkγ)
vk(δsγ)

j

=
∑︂

n<r<s≤m

ISSu
n,r−1ISS

v
r,s−1(δrγ)

j(δsγ)
j,

so that

κn,m = 1−
d∑︂
j=1

∑︂
u,v∈Wd

i|u|+|v|τ(u)τ(v)
∑︂

n<r<s≤m

ISSu
n,r−1ISS

v
r,s−1(δrγ)

j(δsγ)
j

= 1−
∑︂

n<r<s≤m

⎛⎝ ∞∑︂
|u|=0

i|u|τ(u)ISSu
n,r−1

⎞⎠⎛⎝ ∞∑︂
|v|=0

i|u|τ(u)ISSu
r,s−1

⎞⎠ ⟨δrγ, δsγ⟩
= 1−

∑︂
n<r<s≤m

κn,r−1κr,s−1⟨δrγ, δsγ⟩

= 1−
∑︂

n<r<s≤m−1

κn,r−1κr,s−1⟨δrγ, δsγ⟩ −
∑︂

n<r<m

κn,r−1κr,m−1⟨δrγ, δmγ⟩

= κn,m−1 −
∑︂

n<r<m

κn,r−1κr,m−1⟨δrγ, δmγ⟩,

which is exactly the recursion defined in Eq. (3.52). It remains then to show that
ISSw

0,T (γ) is a suitable approximation to Sw
0,T (γ) for any γ. To this end, define the
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mth term of the iterated sums signature by

ISSa,b(γ)
m =

∑︂
a<i1<···<ik≤b

(δi1γ)⊗ · · · ⊗ (δikγ).

The following bound on the difference between the mth term of the signature of γ
and its iterated sums signature may be deduced from a careful reading of [KO19,
Lemma A.4 and Proposition A.5].

Lemma 3.3.3. For all m ≥ 2, it holds that

⃦⃦⃦
S0,T

(︁
γ
)︁m − ISS0,ℓ(γ)

m
⃦⃦⃦
≤
∥γ∥m−1

1;[0,T ]

(m− 2)!
max
1≤i≤ℓ
∥γ∥1;[ti−1i,ti]

. (3.56)

Sketch of Proof. By [KO19, Lemma A.4], the difference S0,T
(︁
γ
)︁m− ISS0,ℓ(γ)

(m) is the
m-th iterated integral of γ over the subset of the m-simplex where the projections
of at least two coordinates lie in the same interval [ti−1, ti] ∈ P . By dividing this
subset into disjoint regions, the authors of [KO19] obtain a bound on the difference
in terms of the 1-variation norm of γ over each sub-interval [ti−1, ti]. By writing
∥γ∥1;[0,T ] =

∑︁ℓ
i=1∥γ∥1;[ti−1,ti]

, it is then shown in [KO19, Proposition A.5] that this
bound on the difference is smaller than∥γ∥1;[0,t] max1≤i≤ℓ∥γ∥1;[ti−1,ti]

multiplied by
the (m− 2)th term in the Taylor expansion of exp

(︁
∥γ∥1;[0,T ]

)︁
.

Corollary 3.3.4. For any γ ∈ C1-var(︁[0, T ], V )︁ and P , we have the bound⃓⃓⃓
⟨γ0,T ⟩µ∞G −K0,ℓ

⃓⃓⃓
≤ 16∥γ∥1;[0,T ] exp

(︁
4∥γ∥1;[0,T ]

)︁
max
1≤i≤ℓ
∥γ∥1;[ti−1,ti]

.

Proof. By the triangle inequality and Lemma 3.3.3, we see that

⃓⃓
Kγ(0, T )−K0,ℓ)

⃓⃓
=

⃓⃓⃓⃓
⃓⃓ ∞∑︂
|w|=0

(−1)
|w|
2 τ(Xw)(γ

π)
(︁
Sw
0,T (γ)− ISSw

0,ℓ(γ)
)︁⃓⃓⃓⃓⃓⃓

≤
∞∑︂

|w|=2

τ(Xw)
⃓⃓⃓
Sw
0,T (γ)− ISSw

0,ℓ(γ)
⃓⃓⃓

≤
∞∑︂
m=2

Cm

⃦⃦⃦
S0,T

(︁
γ
)︁m − ISS0,ℓ(γ)

m
⃦⃦⃦

≤
∞∑︂
m=2

4m
∥γ∥m−1

1;[0,T ]

(m− 2)!
max
1≤i≤n

∥γ∥1;[ti,ti+1]

≤ 16∥γ∥1;[0,T ] max
1≤i≤ℓ
∥γ∥1;[ti−1,ti]

∞∑︂
m=0

(︁
4∥γ∥1;[0,T ]

)︁m
m!

= 16∥γ∥1;[0,T ] exp
(︁
4∥γ∥1;[0,T ]

)︁
max
1≤i≤ℓ
∥γ∥1;[ti−1,ti]

.
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Remark 3.3.5. Note that for any path γ ∈ C1-var(︁[0, T ], V )︁ and any sequence of partitions
πn with |πn| → 0, it holds that limn→∞ max1≤i≤n∥γ∥1;[ti,ti+1]

= 0, so that Theorem 3.3.2
guarantees convergence along any sequence of partitions with vanishing mesh size.

Remark 3.3.6 (Exact Solution for Straight Lines and d = 1). We fix T = 1 without
loss of generality, since the signature is invariant under time reparameterisation. There are
two situations for which the solution to Eq. (3.48) is explicit. Firstly, assume that γ is a
straight line. That is, for t ∈ [0, 1]

γt = tv, for some v ∈ Rd,

so that γ′t ≡ v and ⟨dγs, dγt⟩ = ∥v∥2 dsdt for all s, t ∈ [0, 1]. In this case Eq. (3.48)
reduces to

⟨γs,t⟩µ∞G = 1−
∫︂ t

s

∫︂ r

s

⟨γs,u⟩µ∞G ⟨γu,r⟩µ∞G ∥v∥
2 dudr,

which depends only on ∥v∥. Hence, the resulting solution will be the same as for the
R-valued path σt = t∥v∥. Recalling the expansion Eq. (3.46), we see that

⟨γs,t⟩µ∞G = Kσ(s, t) =
∞∑︂
k=0

i2kC2k

⃦⃦
(t− s)v

⃦⃦2k
(2k)!

= E
[︂
exp

(︁
iR
⃦⃦
(t− s)v

⃦⃦ )︁]︂
,

for a semi-circular random variable R with radius 2. The characteristic function of a
semi-circular random variable is well known to be given by J1(2t)

t
, where J1(·) is a Bessel

function of the first kind. It is possible to use this exact solution to populate the solution
grid Π at any point (n,m) for which a path γ is a straight line on the interval [tn, tm].
Finally, the solution is also explicit for any path in d = 1, since the signature then depends
only on the increment γ1 − γ0.

3.3.2 Implicit Scheme

We also propose an implicit scheme derived from a discretisation of Eq. (3.48)
given by
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Ks,t+∆ = 1−
∫︂ t+∆

s

∫︂ r

s

Ks,uKu,r⟨dγu, dγr⟩

= Ks,t −
∫︂ t+∆

t

∫︂ r

s

Ks,uKu,r⟨dγu, dγr⟩

≈ Ks,t −
∫︂ t+∆

s

Ks,uKu,t+∆⟨dγu, γt,t+∆⟩

≈ Ks,t −
∑︂

[u,v]∈Q

Ks,vKv,t⟨δγu,v, δγt,t+∆⟩du,

where Q is again some partition of [s, t]. This motivates the recursion

K+
n,m+1 = K+

n,m −
∑︂

n<r≤m+1

K+
n,rK

+
r,m+1⟨δrγ, δm+1γ⟩.

Rearranging the above yields

K+
n,m+1 =

K+
n,m −

∑︁
n<r≤mK

+
n,rK

+
r,m+1⟨δrγ, δm+1γ⟩

1 +∥δm+1γ∥2
. (3.57)

Remark 3.3.7. While we do not prove convergence of the implicit scheme, the experiments
in the subsequent section utilise the implicit scheme rather than the explicit scheme as
it appears more stable in practice. Indeed, from the form of Eq. (3.57) one may see that
the first update K+

n,n+1 remains bounded in [−1, 1], while this is not true for the explicit
scheme. We also remark that there are multiple variations on the implicit and explicit
schemes to estimate the double integral in Eq. (3.48). For example, one could implement a
quadrature style scheme where the integrand is averaged at both endpoints of the interval.

Remark 3.3.8. Since the limiting equation satisfied by ⟨γ·,·⟩µ∞G is derived as the large-N
limit of randomised path developments, it is natural to consider a Monte-Carlo estimator
for the solution to Theorem 3.2.13. That is, we average the time-T solution of multiple
trajectories of the equation

dZN
γ (t) =

i√
N

d∑︂
j=1

ZN
γ (t)ANj dγ

j
t , ZN

γ (s, s) = IN , (3.58)

driven by independently sampled random matrices Aj . Let γ̂ be a piecewise linear
interpolation of γ on the partition P = {0 = t0 < t1 < · · · < tℓ = T}. For each
j = 1, . . . ,M let Zk,N

γ̂ be independent solutions to Eq. (3.58), i.e. the driving matrices are
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sampled independently for each k. We then define the Monte Carlo estimator

MCM,N
γ̂ :=

1

M

M∑︂
k=1

1

N
tr
(︁
Zk,N
γ̂ (T )

)︁
. (3.59)

By Theorem 3.2.13, we have the convergence

lim
N→∞

lim
M→∞

MCM,N
γ̂ = Kγ̂(0, T )

|P|→0−→ Kγ(0, T ).

Since γ̂ is a piecewise-linear interpolation of γ, the solutions Zk,N
γ̂ are explicit and given as

the product of matrix exponentials involving only the driving matrices and the increments
of γ̂, see [LLN23, Section 2.2] for details.

3.3.3 Comparing Numerical Solvers

Given the stark contrast between the numerical approaches outlined in Sections 3.3.1
and 3.3.2 and the Monte-Carlo approach of Remark 3.3.8, it is natural to compare
their relative benefits and limitations. Of particular interest is the scaling behaviour
of the computational time in the length of a path, its dimension, and the hyper-
parameters of MCM,N

γ̂ (s, t). All experiments were performed on an NVIDIA
GeForce RTX 2060 with Max-Q Design.

Remark 3.3.9. This section is merely intended to compare the scaling of computational
costs, and does not claim superiority of one method over the other.

In the following, the true underlying path γ will be a piecewise-linear interpolation
of a fractional Brownian motion with Hurst parameter H = 0.75 on some uniform
partition P of [0, 1]. For the implicit numerical scheme from Section 3.3.2, we
examine the convergence of K+ to ⟨γ0,T ⟩µ∞G for a sequence of dyadic refinements
P(λ) of order λ ∈ N as λ→∞. For MCM,N

γ , we fixM = 50 and vary the dimension
N of the random matrices. All random matrices will be generated according to the
Gaussian Unitary Ensemble (GUE).
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(a) Convergence in d = 1.

(b) Convergence in d = 10.

Figure 3.1: Convergence for the implicit numerical scheme K+ on the dyadic partition
P(λ) and the Monte Carlo MCM,N

γ for d = 1 and d = 10. For each dimension, we generate
two examples of a piecewise-linear interpolation of fractional Brownian motion with Hurst
parameter H = 0.75 on a uniform partition π of [0, 1] of size 15. The blue line corresponds
to the lower x−axis (indexed by the dyadic order) and the red line corresponds to the upper
x−axis (indexed by the dimension of the driving matrices in MCM,N

γ ). The number of
Monte-Carlo samples is fixed at M = 100. The dotted black line is the true value ⟨γ0,T ⟩µ∞G ,
computed in d = 1 by Remark 3.3.6 and by MC125,450 in d = 20.

From Section 3.3.2, we know that the computational time for K+ scales as O(ℓ2) in
the size of P if computed on a GPU. In contrast, the randomised approach will
scale as O(ℓ). However, due to the increased computational costs involved (matrix
exponentiation, matrix multiplication and Monte-Carlo sampling), it can be more
costly to compute MCM,N

γ . Furthermore, both K+ and MCM,N
γ scale as O(d) in the

dimension of the underlying state space of γ, although the constants involved are
different. For K+, ℓ2 dot products of increments in Rd need to be computed. And
for MCM,N

γ , there are ℓ× d scalar-matrix multiplications R× RN×N → R.
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(a) Time vs. path length in d = 10. (b) Time vs. dimension with 128 time steps.

Figure 3.2: A comparison of the computational time scaling for the implicit numerical
scheme and the randomised scheme when path length and path dimension vary. The
hyper-parameters of MCM,N

γ are fixed at N = 20 and M = 10.

Finally, we note the impact of the choice of hyper-parameters M and N on the
computational time for MCM,N

γ . The computational time is linear in the number of
Monte-Carlo samples (without additional parallelisation) but more than quadratic
in the dimension N , even when leveraging efficient algorithms that exploit GPU
parallelisation.

Figure 3.3: Computational time vs. N for a path with 128 time steps in d = 10. The
remaining hyper-parameter of MCM,·

γ is fixed at M = 2.

3.4 Pauli string path developments

Recall again the differential equation underlying Eq. (3.45)

dZγ
t = i

d∑︂
j=1

Zγ
t Ajdγ

j
t , Zγ

0 = IN ,

and for convenience suppose that each Aj ∈ RN×N is a random matrix with i.i.d.
N
(︁
0, 1

N

)︁
entries and N is large. Supposing that γ = γ1 ⋆ · · · ⋆ γm is a piecewise

linear path valued in Rd with linear increments γi for i = 1, . . . ,m, then Zγ
T is given

117



CHAPTER 3 - RANDOMISED PATH DEVELOPMENTS

exactly by the matrix product

Zγ
T = exp

(︂
i

d∑︂
j=1

Ajγ
j
1

)︂
· · · exp

(︂
i

d∑︂
j=1

Ajγ
j
m

)︂
. (3.60)

Clearly, this exact solution becomes costly to compute when N is large. An
approach to circumvent this issue might be to consider sparse approximations of
theAj . However, even for sparseAj , each matrix exponential is typically dense and
so the products are still an obstacle. However if we restrict ourselves to the case
N = 2n, then there exists a sparse - but still high-rank - random matrix ensemble,
whose eigenvalue distribution converges to the free semicircular random variables
as n→∞. Moreover, this representation allows one to embed Eq. (3.60) efficiently
in a quantum circuit.

The random matrix ensemble we utilise is called the random Pauli string ensemble,
which is a known example of a non-trivial random Hamiltonian that is “quantumly
easy” [Che+24b].

Definition 3.4.1 (Pauli strings). A set of Hermitian operators on C2 given by

σI =

(︄
1 0

0 1

)︄
, σX =

(︄
0 1

1 0

)︄
, σY =

(︄
0 −i
i 0

)︄
, σZ =

(︄
1 0

0 −1

)︄
. (3.61)

A (real) linear basis for uN is then given by tensor products of the Pauli matrices

σw = σw1 ⊗ · · · ⊗ σwn , (3.62)

where w = w1 . . . wn is a word with n letters chosen from {I,X, Y, Z} and ⊗ denotes the
tensor product. The operator σw is referred to as a Pauli string. We write the set of words
on Pauli matrices as P .

Definition 3.4.2 (Pauli matrices). We denote by P = {σI , σX , σY , σZ} the set of Pauli
matrices, introduced in Definition 3.4.1 and write σ ∼ P for a random variable σ uniformly
distributed over P .

We are now ready to introduce the random Pauli string ensemble.

Definition 3.4.3. Let N = 2n. We say that a matrix A belongs to the random Pauli
ensemble with m Pauli strings if

A =
1√
m

m∑︂
i=1

riσi,
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where ri
i.i.d.∼ Rad(1/2) and σi = σ(1)i ⊗ · · · ⊗ σ(n)i with σ(j)i i.i.d.∼ P .

The remainder of this section is dedicated to proving the following result.

Theorem 3.4.4. For each n, suppose that An1 , . . . , And be i.i.d. matrices from the random
Pauli string ensemble of dimensionN = 2n withmn strings each. Let Zn

γ be the solution to

dZn
γ (s, t) = i

d∑︂
j=1

Zn
γ (s, t)A

n
j dγ

j
t , Zn

γ (s, s) = I.

Then there exists C > 0 depending only on the length of γ and the dimension of the
underlying space V for which

E
[︃(︂

tr
(︁
Zn
γ (s, t)

)︁
− ⟨γs,t⟩µ∞G

)︂2]︃
< C

(︁
m−1
n + 2−2n

)︁
. (3.63)

The core of the argument is a (quantitative) proof that for A1, . . . , Ad from the
random Pauli string ensemble, their joint eigenvalue distribution converges to
the law of d-free semicircular random variables as n→∞. We note that this is a
generalisation of the result found in [Che+24b] for d = 1, although the method of
proof is different.

We start by recalling and proving some basic properties concerning the Pauli
ensemble. Firstly, products of Pauli matrices follow the following multiplication
table.

× σI σX σY σZ

σI σI σX σY σZ

σX σX σI iσZ −iσY
σY σY −iσZ σI iσX

σZ σZ iσY −iσX σI

We may then consider the groupG = ⟨P⟩ generated by Pauli matrices under matrix
multiplication. By the above multiplication rules, it is clear that every g ∈ G may
be uniquely written as

g = ϕ(g)m(g), ϕ(g) ∈ {1, i,−1,−i} and m(g) ∈ P . (3.64)

We refer to ϕ(g) as the phase of g. Note the rules of commutation of two elements
of g, h ∈ G: gh = hg whenever

1) m(g) = m(h); or

2) m(g) = I or m(h) = I .
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The matrices g and h anti-commute (gh = −hg) if m(g) ̸= m(h) and neither is the
identity. Moreover, since m(g) ∈ P for any g ∈ G, it follows that |tr

(︁
g
)︁
| ≤ 1 for all

g ∈ G.

Lemma 3.4.5. Suppose that X and Y are independent random variables with values in G
such that m(X) and m(Y ) are uniformly distributed on P , then m(XY ) ∼ P .

Proof. This is clear from the multiplication table and the fact that m(XY ) =

m(X)m(Y ).

By induction on the above lemma, we obtain the following.

Corollary 3.4.6. Let X1, . . . , Xn
i.i.d.∼ P , then m(X1 · · ·Xn) ∼ P .

We also require the following result.

Lemma 3.4.7. Let g ∈ G and X ∼ P , then E[XgX] = 1{m(g)=σI}ϕ(g)I .

Proof. If m(g) = I , then E[XgX] = ϕ(g)E[XX] = ϕ(g)I . If m(g) ̸= I , then

XgX =

⎧⎨⎩g, X = I or X = m(g);

−g, X ̸= I and X ̸= m(g).

Since both cases have probability 1
2
, E[XgX] = 0.

Combining the above allows us to bound the expected trace of products of random
Pauli matrices.

Proposition 3.4.8. Let X1, . . . , Xp
i.i.d.∼ P and let w be a word in p letters of length 2p

such that each letter {1, . . . , p} appears exactly twice. If pairing equal letters results in a
non-crossing pair partition, then E

[︁
tr
(︁
Xw1 · · ·Xw2p

)︁]︁
= 1, otherwise⃓⃓⃓

E
[︁
tr
(︁
Xw1 · · ·Xw2p

)︁]︁⃓⃓⃓
≤ 1

4
. (3.65)

In the following, we will write [m] for an alphabet in the letters {1, . . . ,m}.

Proof. If w defines a non-crossing pair partition, then any consecutive pairs of
letters XjXj may be collapsed to the identity. By the non-crossing property there
must be at least one such pair, which results in a shorter word of 2p − 2 letters,
defining a non-crossing pair partition in p − 1-distinct letters. By induction the
entire word may be collapsed to the identity, from which the result follows.
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Assume now that w does not define a non-crossing pair partition. First note that
if there are any consecutive letters in w, i.e. the appearance of XjXj for some
j ∈ {1, . . . , p}, then the pair may be collapsed to the identity. If this collapse results
in a new consecutive pair appearing, this may also be collapsed. Since the pairing
of equal letters does not result in a non-crossing pair partition, the entire product
cannot be collapsed to the identity. As such, we may assume without loss of
generality that w contains no consecutive pairs. We claim that there must be a
subword of w of the form XjXlXj for some non-empty word l that contains no
repeat letters. This can be checked by induction on the length of the word with the
conclusion that if no such subword exists, then there must be a consecutive pair.
We may then write w = kjljm, where k,m do not contain j. Hence

E
[︁
tr
(︁
Xw

)︁]︁
= tr

(︁
E[Xw]

)︁
= tr

(︁
E[XkXjXlXjXm]

)︁
= tr

(︁
E
[︁
XkE[XjXlXj | Xi : i ∈ [p] \ j]Xm]

]︁)︁
= tr

(︁
E
[︁
XkE[XjXlXj | Xl]Xm

]︁)︁
= tr

(︁
E
[︁
Xkϕ(Xl)1{m(Xl)=I}Xm

]︁)︁
= E

[︁
ϕ(Xl)1{m(Xl)=I}tr

(︁
XkXm

)︁]︁
.

The fifth equality used Lemma 3.4.7. Therefore⃓⃓⃓
E
[︁
tr
(︁
Xw

)︁]︁⃓⃓⃓
≤ E

[︂
1{m(Xl)=I}

⃓⃓
ϕ(Xl)

⃓⃓⃓⃓
tr
(︁
XkXm

)︁⃓⃓]︂
≤ P

(︁
{m(Xl) = I}

)︁
=

1

4
,

since |ϕ(g)| = 1 and |tr
(︁
g
)︁
| ≤ 1 for all g ∈ G, with the final equality using

Corollary 3.4.6.

Lemma 3.4.9. Let X1, . . . , Xp
i.i.d.∼ P and let u,v be words in the letters [p] such that

1) |uv| = 2p;

2) Each letter appears exactly twice in uv;

3) There is at least one letter that appears in both u and v.

Then
E
[︁
tr
(︁
Xu

)︁
tr
(︁
Xv

)︁]︁
≤ 1

4
.

Proof. For any word w we have that tr
(︁
Xw

)︁
= ϕ(Xw)1{m(Xw)=σI}. We know there

exists a letter j ∈ [p] that appears once in both u and v, therefore we can decompose
the two words as u = u1ju2 and v = v1jv2, where none of u1,u2,v1,v2 contain
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the letter j. Thus, we have

|tr
(︁
Xu1XjXu2

)︁
tr
(︁
Xv1XjXv2

)︁
| = 1{m(Xu1XjXu2 )=σI}1{m(Xv1XjXv2 )=σI}.

The two indicator functions are simultaneously equal to 1 if and only if

m(Xj) = α−1 and m(Xj) = β−1 (3.66)

where α = m(Xu1)m(Xu2) and β = m(Xv1)m(Xv2).

Now, consider the σ-algebra F = σ(Xi : i ̸= j) generated by all Paulis Xi except Xj .
Conditioning on F , the random matrix Xj is uniformly distributed on P . Hence,

E
[︂
|tr
(︁
Xu1XjXu2

)︁
tr
(︁
Xv1XjXv2

)︁
| | F

]︂
= P((3.66) holds | F) =

⎧⎨⎩1
4
, if α = β,

0, if α ̸= β.

In either case, the conditional expectation does not exceed 1
4
. Thus, taking

expectation and using the fact that |ϕ(g)| = 1 for all g ∈ G yields the result.

Recall that the tensor product σw = σw1 ⊗ · · · ⊗ σwn , where σwi
∈ P , is a 2n × 2n

matrix such that
tr
(︁
σw
)︁
= tr

(︁
σw1

)︁
· · · tr

(︁
σwn

)︁
. (3.67)

Definition 3.4.10. For any alphabet size m ≥ 1 (denoted by [m]) and integer p ≥ 1 define

1) W (m, p) : number of words of length 2pwhere distinct letters appear an even number
of times;

2) N(m, p) : number of words of length 2p where distinct letters appear exactly twice.

Lemma 3.4.11. For any m ≥ 1 and p ≥ 1,

W (m, p) =
1

2m

m∑︂
k=0

(︃
m

k

)︃
(m− 2k)2p =

∑︂
k1+···+km=p

ki≥0

(2p)!

(2k1)! · · · (2km)!
. (3.68)

Proof. For a given word w = w1 · · ·w2p define the vector c(w) = (c1(w), . . . , cm(w)),
where ci(w) denotes the number of times letter i appears in w. Write

δ(ci(w)) =
1 + (−1)ci(w)

2
,
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for the indicator that the count of letter i is even. Then w contributes to W (m, p) if
and only if

1 =
m∏︂
i=1

1 + (−1)ci(w)

2
=

1

2m

∑︂
ϵ∈{0,1}m

(−1)
∑︁m

i=1 ϵici(w).

Hence, by summing over all words in the alphabet [m] of length 2p, we have

W (m, p) =
∑︂
w

1

2m

∑︂
ϵ∈{0,1}m

(−1)
∑︁m

i=1 ϵici(w) =
1

2m

∑︂
ϵ∈{0,1}m

∑︂
w

(−1)
∑︁m

i=1 ϵici(w).

For fixed ϵ, we can compute the inner sum as

∑︂
w

(−1)
∑︁m

i=1 ϵici(w) =
∑︂
w

2p∏︂
j=1

(−1)ϵwj =

⎛⎝ m∑︂
i=1

(−1)ϵi
⎞⎠2p

,

where ϵwj
= ϵi whenever wj = i. Noticing that

m∑︂
i=1

(−1)ϵi = m− 2t, where t = #{i : ϵi = 1},

we can combine the above to get

W (m, p) =
1

2m

∑︂
ϵ∈{0,1}m

⎛⎝ m∑︂
i=1

(−1)ϵi
⎞⎠2p

=
1

2m

m∑︂
t=0

(︃
m

t

)︃
(m− 2t)2p.

For the second equality, from the conditions defining W (m, p) we have ci(w) =

2ki(w), for some ki(w) ≥ 0, and
∑︁m

i=1 ki(w) = p. Using the multinomial theorem
we know that the letters of w can be arranged in (2p)!

(2k1(w))!···(2km(w))!
different ways.

Putting these two observations together yields the result.

Lemma 3.4.12. For any m ≥ 1 and p ≥ 1,

N(m, p) =

(︃
m

p

)︃
(2p)!

2p
=

∑︂
k1+···+km=p
ki∈{0,1}

(2p)!

(2k1)! · · · (2km)!
. (3.69)

Proof. We have to choose which p letters out of the m possible letters will appear
and then arrange them in a word of length 2p so that they appear twice each. There
are

(︁
m
p

)︁
ways of choosing p letters from the alphabet [m]. For the chosen p letters,

we must place two copies of each letter among the 2p positions. For any set of
the form {w1, w1, w2, w2, · · · }, the number of distinct orderings is the multinomial
count (2p)!

2p
, which yields the first equality. The second equality follows from the
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observation that each multi-index (k1, . . . , km) with ki ∈ {0, 1} and
∑︁

i ki = p has
exactly p of the ki’s equal to 1 and the remaining m− p equal to 0. Hence

(2p)!

(2k1)! (2k2)! · · · (2km)!
=

(2p)!

2! · · · 2!⏞ ⏟⏟ ⏞
p factors

0! · · · 0!⏞ ⏟⏟ ⏞
m−p factors

=
(2p)!

(2!)p
=

(2p)!

2p
.

There are
(︁
m
p

)︁
ways to choose which p indices satisfy ki = 1, so the total sum is(︁

m
p

)︁ (2p)!
2p

as claimed.

Lemma 3.4.13. For any m ≥ 1 and p ≥ 1, the inequality W (m, p) ≤ 2pmpp! holds.

Proof. For any integer k ≥ 0, (2k)! = 2kk!(1 · 3 · · · · · (2k − 1)) ≥ 2kk!. Hence
from (3.68) we obtain

W (m, p) ≤ (2p)!

2p

∑︂
k1+···+km=p

ki≥0

1

k1! · · · km!
=

(2p)!

2pp!
mp,

where we used the fact that ∑︂
k1+···+km=p

ki≥0

1

k1! · · · km!
=
mp

p!
.

Finally the lemma follows since (2p)! = 2pp!(1 · 3 · · · (2p− 1)) ≤ 2pp!(2 · 4 · · · 2p) =
(2pp!)2.

Lemma 3.4.14. For any m ≥ 1 and p ≥ 1 we have

W (m, p)−N(m, p) ≤ (4e)pmp−1p! (3.70)

Proof. Using (3.68) and (3.69) we obtain

W (m, p)−N(m, p) =
∑︂

k1+···+km=p
at least one ki≥2

(2p)!

(2k1)! · · · (2km)!
.
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Using similar arguments as in the proof of Lemma 3.4.13,

W (m, p)−N(m, p) ≤ (2p)!

2p

∑︂
k1+···+km=p

at least one ki≥2

1

k1! · · · km!

=
(2p)!

2p

⎛⎜⎜⎜⎝ ∑︂
k1+···+km=p

ki≥0

1

k1! · · · km!
−

∑︂
k1+···+km=p
ki∈{0,1}

1

k1! · · · km!

⎞⎟⎟⎟⎠
=

(2p)!

2p

(︄
mp

p!
−
(︃
m

p

)︃)︄

=
(2p)!

2pp!

(︃
mp − m!

(m− p)!

)︃
=

(2p)!

2pp!
mp−1

(︄
m−m

(︃
1− 1

m

)︃(︃
1− 2

m

)︃
· · ·
(︃
1− p− 1

m

)︃)︄
.

Now, for any j = 1, · · · , p − 1 then 0 < j
m
< 1 and (1 − α) ≥ exp(− α

1−α) for any
α ∈ (0, 1). Hence,

W (m, p)−N(m, p) ≤ (2p)!

2pp!
mp−1

⎛⎝m−m p−1∏︂
j=1

exp
(︂
− j/m

1− j/m

)︂⎞⎠
=

(2p)!

2pp!
mp−1

⎛⎝m−m exp
(︂
− 1

m

p−1∑︂
j=1

j

1− j/m

)︂⎞⎠
≤ (2p)!

2pp!
mp−1

(︃
m−m exp

(︂
− p(p− 1)

2m

)︂)︃
≤ (2p)!

2pp!

p(p− 1)

2
mp−1 ≤ (2p)p

p2

2
mp−1

where in the penultimate equality we used the simple fact that 1 − e−x ≤ x for
any x ≥ 0 and set x = p(p−1)

2m
. The classical Stirling bound p! ≥ (p/e)p easily yields

(2p)p p
2

2
≤ (4e)pp!, from which the result follows.

We are now ready to prove that the random Pauli string ensemble converges to the
law of d-free semicircular random variables.

Proposition 3.4.15. For eachn, suppose thatAn1 , . . . , And be i.i.d. matrices from the random
Pauli string ensemble of dimension N = 2n with mn strings each. If limn→∞mn = ∞,
then

lim
n→∞

E
[︂
tr
(︁
Anw
)︁]︂

= τ(Xw)

for all w ∈ Wd, where τ is the law of d-free semicircular random variables.
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Proof. First note that that

E
[︂
tr
(︁
Anw
)︁]︂

= m−|w|/2
n

∑︂
u

E[ruw]E
[︁
tr
(︁
σu
w

)︁]︁
,

where the sum runs over wordsu inmn-letters of length |w|. SinceE[ruw] disappears
unless each letter in u appears an even number of times, we need only to consider
the case where |w| = 2p for p ∈ N. We will still require for each letter in u to
appear at least twice, so that the total number of distinct letters in u is at most p.
We will write wt(u) for the number of distinct letters in u. We say that two words
u and v are equivalent if there is a bĳection on [mn] that takes u to v. We have the
following facts.

1) The number of words in an equivalence class of a given m-word with weight
t is exactly

mn(mn − 1) · · · (mn − t+ 1) ≤ mt
n;

2) The number of equivalence classes of words with weight t is bounded by t2p.

By (3.67) and the property of traces of the group G,
⃓⃓
E
[︁
tr
(︁
σu
w

)︁]︁⃓⃓
≤ 1. Combining

these facts yields

∑︂
u:wt(u)≤p−1

⃓⃓⃓
E[ruw]E

[︁
tr
(︁
σu
w

)︁]︁⃓⃓⃓
≤

p−1∑︂
t=1

mt
nt

2p ≤ mp−1
n p2p+1. (3.71)

We turn our attention to words of weight p. First, we see that

E
[︁
tr
(︁
σu
w

)︁]︁
= E

[︁
tr
(︁
σ(1)uw

)︁
· · · tr

(︁
σ(n)uw

)︁]︁
= E

[︁
tr
(︁
σ(1)uw

)︁]︁n
,

by the i.i.d. construction of the Pauli strings. Consider first the case where pairing
equal letters in u defines a crossing pair partition, now by Proposition 3.4.8 we
know that ⃓⃓⃓

E
[︁
tr
(︁
σ(1)uw

)︁]︁n ⃓⃓⃓ ≤ 2−2n.

The number of words of length 2p with weight p where distinct letters appear
exactly twice may be bounded by mp p2p

p!
. And so the total contribution of these

terms is bounded by mp
n
p2p

p!
2−2n. Finally, consider those words u where pairing

equal letters results in a non-crossing pair partition. Then

E[ruw]E
[︁
tr
(︁
σu
w

)︁]︁
=

∏︂
(a,b)∈πu

1wa=wb
,
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where πu is the pair partition of the letters {1, . . . , 2p} defined by the pairing of the
letters in u. It is easy to see that two valid words u and v are equivalent if and
only if the non-crossing pair partitions they each generate are equal. It remains
then to count the number of non-crossing pair partitions of {1, . . . , 2p} for which∏︂

(a,b)∈πu

1wa=wb
= 1.

Recalling the discussion in Section 3.0.4, this is one of the defining properties of
τ(Xw). The number of words in each equivalence class ismn(mn−1) · · · (mn−p+1).
It follows that

lim
n→∞

E
[︂
tr
(︁
Anw
)︁]︂

= lim
n→∞

{︃
τ(Xw)

mn(mn − 1) · · · (mn − p+ 1)

mp
n

+O(2−2n) +O(m−1
n )

}︃
= τ(Xw).

Here, the first term is the contribution of the non-crossing pair partitions, the
second is the crossing pair partitions and the third is the contribution of terms
with weight less than p.

We now derive a quantitative version of the previous result.

Proposition 3.4.16. For each n, suppose that An1 , . . . , And are i.i.d. matrices from the
random Pauli string ensemble of dimension N = 2n with mn strings each. Then⃓⃓⃓⃓

E
[︂
tr
(︁
Anw
)︁]︂
− τ(Xw)

⃓⃓⃓⃓
≤ (4e)pp!

(︁
m−1
n + 2−2n

)︁
,

where τ is the law of d-free semicircular random variables and w ∈ Wd has length 2p for
some p ∈ N.

Proof. As in the previous proposition we note that

E
[︂
tr
(︁
Anw
)︁]︂

= m−|w|/2
n

∑︂
u

E[ruw]E
[︁
tr
(︁
σu
w

)︁]︁
,

where the sum runs over words u in m-letters of length |w|. Again, it suffices to
consider words w of even length |w| = 2p, with p ≥ 1. We write wt(u) for the
number of distinct letters in u. As in the previous proposition, we split this sum
into three parts.

(i) (Words of weight t < p) It is easy to see that

W (m, p)−N(m, p) = #{u : wt(u) < p}.
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Thus, using Lemma 3.4.14 we obtain directly

m−p
n

∑︂
u:wt(u)<p

⃓⃓⃓
E[ruw]E

[︁
tr
(︁
σu
w

)︁]︁⃓⃓⃓
= m−p

n (W (mn, p)−N(mn, p)) ≤ (4e)pp!
1

mn

(3.72)

(ii) (Words of weight t = p) As before, we need to distinguish two sub-cases:

Case 1: where pairing equal letters in u defines a crossing pair partition. By
Proposition 3.4.8

E
[︁
tr
(︁
σu
w

)︁]︁
= E

[︁
tr
(︁
σ(1)uw

)︁]︁n ≤ 2−2n.

The count of such words is at most N(mn, p) =
(︁
mn

p

)︁ (2p)!
2p
≤ mp

n
(2p)!
2pp!

.
Hence,

m−p
n

∑︂
u:wt(u)=p

Case 1

⃓⃓⃓
E[ruw]E

[︁
tr
(︁
σu
w

)︁]︁⃓⃓⃓
≤ (2p)!

2pp!
2−2n ≤ (4e)pp!2−2n, (3.73)

where we used the Stirling bound (2p)!/(2pp!) ≤ (4e)pp!.

Case 2: where pairing equal letters in u results in a non-crossing pair partition.
Using the same counting arguments as in the proof of the previous
proposition, we have

m−p
n

∑︂
u:wt(u)=p

Case 2

E[ruw]E
[︁
tr
(︁
σu
w

)︁]︁
= τ(Xw)

mn(mn − 1) · · · (mn − p+ 1)

mp
n

.

Using the fact that⃓⃓⃓⃓
m(m− 1) · · · (m− p+ 1)

mp
− 1

⃓⃓⃓⃓
≤ p2

2m
, (3.74)

yields⃓⃓⃓⃓
⃓⃓⃓⃓m−p

n

∑︂
u:wt(u)=p

Case 2

E[ruw]E
[︁
tr
(︁
σu
w

)︁⃓⃓
− τ(Xw)

⃓⃓⃓⃓
⃓⃓⃓⃓ ≤ p2

2mn

|τ(Xw)| ≤
(4e)pp!

mn

,

(3.75)
where we used the fact that |τ(Xw)| ≤ 4p.
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Combining the bounds (3.72), (3.73) and (3.75) yields⃓⃓⃓⃓
E
[︂
tr
(︁
Anw
)︁]︂
− τ(Xw)

⃓⃓⃓⃓
≤ (4e)pp!

(︁
2m−1

n + 2−2n
)︁
.

Proposition 3.4.17. For each n, suppose that An1 , . . . , And are i.i.d. matrices from the
random Pauli string ensemble of dimension N = 2n with mn strings each. Then⃓⃓⃓

E
[︂
tr
(︁
Anu
)︁
tr
(︁
Anv
)︁]︂
− τ(Xu)τ(Xv)

⃓⃓⃓
≤ (4e)pp!

(︁
2m−1

n + 2−2n
)︁

for all words u,v ∈ Wd such that |u|+ |v| = 2p for some p ∈ N (with the left-hand-side
being zero otherwise).

Proof. We first write

E
[︂
tr
(︁
Anu
)︁
tr
(︁
Anv
)︁]︂

= m−(|u|+|v|)/2
n

∑︂
a,b

E[raurbv ]E
[︁
tr
(︁
σa
u

)︁
tr
(︁
σb
v

)︁]︁
,

where the sum runs over words a and b in the letters [m] of length |u| and |v|
respectively. Due to the Rademacher random variables, we need only consider the
case where |u|+ |v| = 2p for some p ∈ N. Moreover, we require each letter in the
word ab to appear at least twice for the expectation to be non-zero. As before, we
then split the sum into three parts.

(i) (Words of weight t < p) Using Proposition 3.4.8 we directly compute

m−p
n

∑︂
a,b:wt(ab)<p

⃓⃓⃓
E[raurbv ]E

[︁
tr
(︁
σa
u

)︁
tr
(︁
σb
v

)︁]︁⃓⃓⃓
= m−p

n (W (mn, p)−N(mn, p))

≤ (4e)pp!
1

mn

.

(3.76)

(ii) (Words of weight t = p) We now consider two subcases

Case 1: where at least one letter appears in both a and b or where pairing equal
letters in a and b results in a crossing. By noting that

E
[︁
tr
(︁
σa
u

)︁
tr
(︁
σb
v

)︁]︁
= E

[︁
tr
(︁
σ(1)au

)︁
tr
(︁
σ(1)bv

)︁
· · · tr

(︁
σ(n)au

)︁
tr
(︁
σ(n)bv

)︁]︁
= E

[︁
tr
(︁
σ(1)au

)︁
tr
(︁
σ(1)bv

)︁]︁n
,
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we may apply Proposition 3.4.8 and Lemma 3.4.9 to see that

m−p
n

∑︂
a,b:wt(ab)=p

Case 1

⃓⃓⃓
E[raurbv ]E

[︁
tr
(︁
σa
u

)︁
tr
(︁
σb
v

)︁]︁⃓⃓⃓
≤ (2p)!

2pp!
2−2n ≤ (4e)pp!2−2n,

(3.77)
where we have used the fact that the total number of terms in the sum
is bounded N(mn, p).

Case 2: where the words a and b are distinct and pairing equal letters in ab

results in a non-crossing pair partition. In this case

E
[︁
tr
(︁
σa
u

)︁
tr
(︁
σb
v

)︁]︁
= E

[︁
tr
(︁
σ(1)au

)︁]︁nE[︁tr(︁σ(1)bv)︁]︁n = 1.

We then see that

E[raurbv ]E
[︁
tr
(︁
σa
u

)︁
tr
(︁
σb
v

)︁]︁
=

∏︂
(a,b)∈πa

1ua=ub

∏︂
(c,d)∈πb

1vc=vd
,

where πa is the non-crossing pair partition of the letters {1, . . . , |w|}
defined by the pairing of the letters in a, with πb defined similarly.
Words ab and cd in Case 2 are then equivalent if and only if πa = πc

and πb = πd. It follows that the total number of equivalence classes in
Case 2 is given by τ(Xu)τ(Xw). Using the counting arguments as in the
previous proposition, we have that

m−p
n

∑︂
a,b:wt(ab)=p

Case 2

E[raurbv ]E
[︁
tr
(︁
σa
u

)︁
tr
(︁
σb
v

)︁]︁
= τ(Xu)τ(Xv)

mn(mn − 1) · · · (mn − p+ 1)

mp
n

.

Using the fact ⃓⃓⃓⃓
mn(mn − 1) · · · (mn − p+ 1)

mp
n

− 1

⃓⃓⃓⃓
≤ p2

2m
,

we conclude that⃓⃓⃓⃓
⃓⃓⃓⃓m−p

n

∑︂
a,b:wt(ab)=p

Case 2

E
[︂
raur

b
v

]︂
E
[︂
tr
(︁
σa
u

)︁
tr
(︁
σb
v

)︁]︂
− τ(Xu)τ(Xv)

⃓⃓⃓⃓
⃓⃓⃓⃓ ≤ (4e)pp!

1

mn

.

(3.78)
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Combining (3.76)-(3.77)-(3.78) gives⃓⃓⃓⃓
⃓⃓m−p

n

∑︂
a,b

E
[︂
raur

b
v

]︂
E
[︂
tr
(︁
σa
u

)︁
tr
(︁
σb
v

)︁]︂
− τ(Xu)τ(Xv)

⃓⃓⃓⃓
⃓⃓ ≤ (4e)pp!

(︁
2m−1

n + 2−2n
)︁
.

As a corollary of all the results, we can now prove the main result of this section.

Theorem 3.4.18 (Theorem 3.4.4). For each n, suppose that An1 , . . . , And are i.i.d. matrices
from the random Pauli string ensemble of dimension N = 2n with mn strings each. Let
Zn
γ be the solution to

dZn
γ (s, t) = i

d∑︂
j=1

Zn
γ (s, t)A

n
j dγ

j
t , Zn

γ (s, s) = I.

Then there exists C > 0 depending only on the length of γ and the dimension of the
underlying space V for which

E
[︃(︂

tr
(︁
Zn
γ (s, t)

)︁
− ⟨γs,t⟩µ∞G

)︂2]︃
< C

(︁
m−1
n + 2−2n

)︁
. (3.79)

Proof. We start by expanding(︂
tr
(︁
Zn
γ (s, t)

)︁
− ⟨γs,t⟩µ∞P

)︂2
=
∑︂

u,v∈Wd

i|u|+|v|
(︂
tr
(︁
Au

)︁
tr
(︁
Av

)︁
− τ(Xu)τ(Xv)

+ τ(Xu)τ(Xv)− tr
(︁
Au

)︁
τ(Xv)

− τ(Xu)tr
(︁
Av

)︁
+ τ(Xu)τ(Xv)

)︂
Su
s,t(γ)Sv

s,t(γ).
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Let us deal with the first term.∑︂
u,v∈Wd

⃓⃓⃓
E
[︁
tr
(︁
Au

)︁
tr
(︁
Av

)︁]︁
− τ(Xu)τ(Xv)

⃓⃓⃓

≤
∞∑︂
p=0

2p∑︂
|u|=0

∑︂
|v|=2p−|u|

⃓⃓⃓
E
[︁
tr
(︁
Au

)︁
tr
(︁
Av

)︁]︁
− τ(Xu)τ(Xv)

⃓⃓⃓⃓⃓⃓
Su
s,t(γ)Sv

s,t(γ)
⃓⃓⃓

≤
(︁
2m−1

n + 2−2n
)︁ ∞∑︂
p=0

2p∑︂
k=0

∑︂
|u|=k

|v|=2p−k

(4e)pp! ·
⃓⃓⃓
Su
s,t(γ)Sv

s,t(γ)
⃓⃓⃓

≤
(︁
2m−1

n + 2−2n
)︁ ∞∑︂
p=0

2p∑︂
k=0

(4e)pp! · d2p∥γ∥2p1-var
k!(2p− k)!

≤
(︁
2m−1

n + 2−2n
)︁ ∞∑︂
p=0

(2p+ 1)(4e)p · d2p∥γ∥2p1-var
p!

≤ C1

(︁
∥γ∥1-var , d

)︁ (︁
2m−1

n + 2−2n
)︁
.

The remaining two terms may each be bounded by∑︂
u,v∈Wd

⃓⃓⃓
E
[︁
tr
(︁
Au

)︁]︁
− τ(Xu)

⃓⃓⃓
τ(Xv)

⃓⃓⃓
Su
s,t(γ)Sv

s,t(γ)
⃓⃓⃓

≤
∑︂
u∈Wd

⃓⃓⃓
E
[︁
tr
(︁
Au

)︁]︁
− τ(Xu)

⃓⃓⃓⃓⃓⃓
Su
s,t(γ)

⃓⃓⃓ ∑︂
v∈Wd

τ(Xv)
⃓⃓⃓
Sv
s,t(γ)

⃓⃓⃓
≤
(︁
2m−1

n + 2−2n
)︁ ∞∑︂
p=0

(4e)pd2p∥γ∥2p1-var
p!

∞∑︂
q=0

2qd2q∥γ∥2q1-var
(2q)!

≤ C2

(︁
∥γ∥1-var , d

)︁ (︁
2m−1

n + 2−2n
)︁
.

Taking C = 3max{C1, C2} yields the result.

To see how the results of this section can be used to derive an efficient quantum
algorithm for Eq. (3.60), we refer the reader to [Cre+25].

3.5 Functional equation for interacting matrix models

We conclude this section by extending Theorem 3.1.1 to the case of perturbations
of the Gaussian Unitary Ensemble (GUE); we will again leverage the Schwinger-
Dyson equations to derive the corresponding limiting functional equations in this
setting. To this end consider P ∈ Cd given by

P =
1

2

d∑︂
i=1

X2
i +W =

1

2

d∑︂
i=1

X2
i +

m∑︂
j=1

gjXvj
,
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satisfying the conditions of Theorem 3.0.12 with associated non-commutative law
τP . Also associate to W the path-dependent differential operators

DkW := −
m∑︂
j=1

(−i)|vj |gj∇Dkvj , (3.80)

where Dk is the cyclic derivative from Definition 3.0.9. We define the following
functionals on C1-var(︁[0, T ], V )︁:

⟨γa,b⟩µNP :=
∑︂

w∈Wd

i|w|EµNP
[︁
tr
(︁
Aw

)︁]︁
Sw
a,b(γ),

⟨γa,b⟩µ∞P :=
∑︂

w∈Wd

i|w| lim
N→∞

EµNP
[︁
tr
(︁
Aw

)︁]︁
Sw
a,b(γ).

Proposition 3.5.1. Suppose that P satisfies the assumptions of Theorem 3.0.12 and for
each s ∈ [0, T ] let Us,u be the UN -valued solution to the controlled differential equation

dUs,u = i
d∑︂
j=1

Us,uAjdγ
j
u, Us,s = IN ,

where (AN1 , . . . ANd ) ∼ µNP . Then

EµNP
[︁
tr
(︁
Us,t
)︁]︁

= ⟨γs,t⟩µNP <∞ and lim
N→∞

EµNP
[︁
tr
(︁
Us,t
)︁]︁

= ⟨γs,t⟩µ∞P <∞. (3.81)

The content of the above is simply a statement that both limits and expectations
may be exchanged with the sum over words.

Proof. The expansion of the path ordered exponential in terms of its signature
provides that

tr
(︁
UN
s,t

)︁
=
∑︂

w∈Wd

i|w|tr
(︁
ANw
)︁
Sw
s,t(γ).

To attain both parts of (3.81), we simply need to justify the interchange of the limits
and expectation with the sum over words w. To do this, it is enough to show that∑︂

w∈Wd

EµNP
[︂⃓⃓
tr
(︁
ANw
)︁⃓⃓]︂⃓⃓
Sw
s,t(γ)

⃓⃓
is uniformly bounded in N . The sub-Gaussian nature of the tail behaviour of
λNmax(A) (see Lemma 3.0.13) yields the following bound

EµNP
[︂⃓⃓
tr
(︁
ANw
)︁⃓⃓]︂
≤ EµNP

[︂
λNmax(A)|w|

]︂
≤ κ|w|Γ

(︁ |w|
2

+ 1
)︁

(3.82)
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for some κ > 0, where Γ denotes the usual Gamma function. The second inequality
uses a common equivalent definition of sub-Gaussian random variables, see for
example [Ver18, Proposition 2.5.2]. Then, by the factorial decay of the signature

∑︂
w∈Wd

EµNP
[︂⃓⃓
tr
(︁
ANw
)︁⃓⃓]︂⃓⃓
Sw
s,t(γ)

⃓⃓
≤
∑︂

w∈Wd

κ|w|Γ
(︁ |w|

2
+ 1
)︁⃓⃓
Sw
s,t(γ)

⃓⃓
≤

∞∑︂
n=0

κ̃nΓ
(︁
n
2
+ 1
)︁

Γ(n+ 1)
<∞,

for some κ̃ > 0. Then Fubini-Tonelli and the dominated convergence theorem
allows for the interchange of limits and expectation with the sum of words.

We now turn to the main result of this section.

Theorem 3.5.2. The functional ⟨γs,t⟩µ∞P satisfies the path-dependent integro-differential
equation

⟨γs,t⟩µ∞P = 1−
∫︂

s≤u≤v≤t

⟨γs,u⟩µ∞P ⟨γu,v⟩µ∞P ⟨dγu, dγv⟩ −
d∑︂

k=1

∫︂ t

s

DkW ⟨γs,u⟩µ∞P dγku, (3.83)

with the boundary condition ⟨γs,s⟩µ∞P = 1 for all s ∈ [0, T ].

The proof follows the same method as in the proof of Theorem 3.1.1, while
accounting for the additional terms coming from the perturbation W .

Proof. Recall from Theorem 3.0.12 that

lim
N→∞

EµNP
[︁
tr
(︁
Aw

)︁]︁
= τP (Xw),

where τP is the unique non-commutative law associated with P solving the
corresponding Schwinger-Dyson equation. Consider now the following expansion
where we use (3.13) for the first equality.∑︂

w∈Wd

i|w|+1τP ⊗ τP (∂kXw)Sw
s,t(γ) =

∑︂
u,v∈Wd

i|u|+|v|+2τP (Xu)τP (Xv)Sukv
s,t (γ)

= −
∑︂

u,v∈Wd

i|u|+|v|τP (Xu)τP (Xv)

∫︂ t

s

Su
s,u(γ)Sv

u,t(γ)dγ
k
u

= −
∫︂ t

s

⎛⎝∑︂
u∈Wd

i|u|τP (Xu)Su
s,u(γ)

⎞⎠⎛⎝∑︂
v∈Wd

i|v|τP (Xv)(γ)Sv
u,t

⎞⎠ dγku

= −
∫︂ t

s

⟨γs,u⟩µ∞P ⟨γu,t⟩µ∞P dγku.

134



CHAPTER 3 - RANDOMISED PATH DEVELOPMENTS

We now expand the left-hand-side using the Schwinger-Dyson equation∑︂
w∈Wd

i|w|+1τP ⊗ τP (∂kXw)Sw
s,t(γ) =

∑︂
w∈Wd

i|w|+1τP (XwDkV )Sw
s,t(γ)

=
∑︂

w∈Wd

i|w|+1

(︃
τ(XwXk) +

m∑︂
j=1

gjτP (XwXDkvj
)

)︃
Sw
s,t(γ)

=
∑︂

w∈Wd

i|w|τ(Xw)∇kSw
s,t(γ) +

m∑︂
j=1

(−i)|vj |−2gj
∑︂

w∈Wd

τP (Xw)i
|w|∇DkvjSw

s,t(γ)

= ∇k
∑︂

w∈Wd

i|w|τ(Xw)Sw
s,t(γ) +

m∑︂
j=1

(−i)|vj |−2gj∇Dkvj

∑︂
w∈Wd

τP (Xw)Sw
s,t(γ)

= ∇k⟨γs,t⟩µ∞P +
m∑︂
j=1

(−i)|vj |−2gj∇Dkvj⟨γs,t⟩µ∞P

=
(︁
∇k +DkW

)︁
⟨γs,t⟩µ∞P .

Equating these identities, integrating both sides with respect to dγk and then
summing over k results in Eq. (3.83)

⟨γs,t⟩µ∞P = 1−
∫︂

s≤u≤v≤t

⟨γs,u⟩µ∞P ⟨γu,v⟩µ∞P ⟨dγu, dγv⟩ −
d∑︂

k=1

∫︂ t

s

DkW ⟨γs,u⟩µ∞P dγku. (3.84)

Example 3.5.3 (GUE). Consider the case of the quadratic potential G = 1
2

∑︁d
i=1X

2
i , for

which µNG corresponds to the GUE. Then each DkW ≡ 0, and we recover Eq. (3.45)

⟨γs,t⟩µ∞G = 1−
∫︂

s≤u≤v≤t

⟨γs,u⟩µ∞G ⟨γu,v⟩µ∞G ⟨dγu, dγv⟩.

To conclude this subsection, we consider the uniqueness of solutions to (3.83). A
complete theory for uniqueness in a general space of functions on path space is a
topic for future research. Instead, we consider infinite linear functionals on the
signatures.

Proposition 3.5.4. Consider the set of infinite linear functionals ℓ : C1-var(︁[0, T ], V )︁→ C
on the signature

ℓ(γs,t) =
∑︂

w∈Wd

i|w|awSw
s,t(γ),

135



CHAPTER 3 - RANDOMISED PATH DEVELOPMENTS

for which |aw| ≤ C |w| for some C > 0. Suppose that

ℓ(γs,t) = 1−
∫︂

s≤u≤v≤t

ℓ(γs,u)ℓ(γu,v)⟨dγu, dγv⟩ −
d∑︂

k=1

∫︂ t

s

DkW ℓ(γs,u)dγku (3.85)

holds for all γ ∈ X , then aw = τP (Xw) for all w ∈ Wd.

Proof. Expanding (3.85) gives

∑︂
w∈Wd

i|w|awSw
s,t(γ) = 1 +

d∑︂
k=1

∑︂
u,v∈Wd

i|u|+|v|+2auavSukvk
s,t (γ)

+
d∑︂

k=1

∑︂
u∈Wd

m∑︂
j=1

i|u|+|vj |−2−|vj |gjauDkvj
Suk
s,t (γ).

Noting that the left-hand-side may be expanded as

∑︂
w∈Wd

i|w|awSw
s,t(γ) = 1 +

d∑︂
k=1

∑︂
w∈Wd

i|w|+1awkSwk
s,t (γ),

meaning that we may equate the coefficients of Swk to obtain the system of
equations

awk =
∑︂

w=ukv

auav −
m∑︂
j=1

gjawDkvj ,

which after rearranging yields

∑︂
w=ukv

auav = awk +
m∑︂
j=1

gjawDkvj .

This mplies that the extension of ℓ to a linear functional τa : Cd → C satisfies
the Schwinger-Dyson equation τa ⊗ τa(∂kXw) = τa(XwDkP ). By the uniqueness
of solutions to the Schwinger-Dyson equation (Theorem 3.0.12) we must have
τa = τP .
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Chapter 4

Signature asymptotics and
Wasserstein distances

Our next example of a function on unparameterised path space is the asymptotic limit
of suitably scaled norms of signature terms. While it is easy to compute the signature
given a representative of an equivalence class of unparameterised paths, it is a
non-trivial task to recover information about representatives given their signature.
While certain information such as the increment or area is straightforward, it is
significantly more challenging to recover the tree-reduced length or total curvature.
The study of this problem is connected to the aforementioned asymptotic limit and
is the subject of several open conjectures. We will see that under a suitable choice
of norm, the leading order term in the asymptotic expansion is the tree-reduced
length and the second order term is a weighted curvature of the tree-reduced path.
This chapter extends work by Hambly & Lyons [HL10] and is based on the paper
[CMT23].

Some terms in the signature are explicitly relatable to properties of the original
path, for example the increment and the area can be recovered from the terms of
order 1 and order 2 respectively. Recovering more granular information demands a
more sophisticated approach. A rich stream of recent work has tackled the explicit
reconstruction of the tree-reduced representative from its signature. For example
in the probabilistic setting, the work of Le Jan & Qian [LQ13] showed how to
construct a Brownian sample path given its Stratonovich signature using polygonal
approximations. This has since been generalised to hypoelliptic diffusions [GQ16],
Gaussian processes [BG15] and even to the deterministic setting [Gen17]. However,
the approaches presented in the aforementioned papers are not implementable
in practice. In the more realistic setting of piecewise linear paths, the work in
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[LX17] showed how the hyperbolic development can be used to find the length and
direction of the last linear piece. Iterating this approach allows one to reconstruct
the entire trajectory. On the other hand, [LX18] proposed a symmetrisation
procedure on the signature which leads to a reconstruction algorithm in some
cases. Both of these latter approaches have the advantage of being implementable.

An alternative branch of investigation is the recovery of broad features of a path,
such as its length or curvature properties, using the asymptotics of its signature.
This problem has been an active area of research over the course of the preceding
decade and a half. Indeed, Hambly & Lyons initiated this direction in [HL10],
with the papers [BG19b; CLN18b; BG19a; BGS20] all contributing to this direction.
Recall that if γ is absolutely continuous, that is γ ∈ C0,1-var([0, T ], V ), its length is
given by

∥γ∥1-var;[0,t] =

∫︂ t

0

|γ′s|ds, (4.1)

and denoted by l :=∥γ∥1-var;[0,T ]. Such a curve admits a unit-speed reparametrisation.
That is, the existence of a path γ̃ and reparameterisation α : [0, T ]→ [0, l] such that

γ = γ̃ ◦ α

where |γ̃′| ≡ 1.

Remark 4.0.1. The unit speed reparameterisation is closely related to the constant speed
reparameterisation we leveraged in Chapter 2. Indeed, a constant-speed parameterised
curve γ satisfies |γ̃′| ≡ 1

T
∥γ∥1-var;[0,T ] on [0, T ], while the unit speed parameterisation

satisfies |γ̃′| ≡ 1 on
[︁
0, ∥γ∥1-var;[0,T ]

]︁
.

Hambly and Lyons [HL10] initially showed that the arc-length of a unit-speed
path can be recovered from the asymptotics of the norm of terms in the signature
under a broad class of norms. Concretely, they proved that if γ : [0, l] → V is a
continuously differentiable unit-speed curve whose derivative satisfies a modulus
of continuity condition, then it holds that

lim
n→∞

n!
⃦⃦
S(γ)n

⃦⃦
ln

= 1 (4.2)

for a class of norms∥·∥ on the tensor product V ⊗n including the projective tensor
norm but excluding the Hilbert-Schmidt norm in the case where V is endowed
with an inner product. This result has since been extended by Lyons and Xu [LX17]
to all unit speed C1 curves. For the same class of norms, this also implies the
weaker statement

lim
n→∞

(︂
n!
⃦⃦
S(γ)n

⃦⃦)︂1/n
= l. (4.3)
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A natural question is whether other properties of the original path can also be
recovered in a similar fashion, such as (a functional of) its curvature.

When the Hilbert-Schmidt norm is considered instead, [HL10] also showed that
Eq. (4.3) holds, but that statement Eq. (4.2) fails to be true in general. Under the
assumption that γ is three times continuously differentiable it was proved that1

lim
n→∞

n!
⃦⃦
S(γ)n

⃦⃦
ln

= c (γ) := E

⎡⎣exp(︄∫︂ l
0

(︁
B0,s

)︁2 ⟨︁
γ′s, γ

′′′
s

⟩︁
ds

)︄⎤⎦1/2

, (4.4)

where
(︁
B0,s

)︁
s∈[0,l] is a Brownian bridge which returns to zero at time l. It can be

seen that c (γ) < 1 unless γ is a straight line, and so Eq. (4.3) indeed holds. More
recent articles have focused on proving statements similar to Eq. (4.3) under the
fewest possible assumptions on γ and on the tensor norms. For example, in the
paper [CLN18b] it was proved that if γ is continuous and of finite 1-variation, then
under any reasonable tensor norm we have that

lim
n→∞

(︂
n!
⃦⃦
S(γ)n

⃦⃦)︂1/n
= sup

n≥1

(︂
n!
⃦⃦
S(γ)n

⃦⃦)︂1/n
> 0 (4.5)

provided that the sequence
{︂⃦⃦
S(γ)n

⃦⃦
: n = 1, 2, . . . ,∞

}︂
does not contain an

infinite subsequence of zeros. Boedihardjo and Geng [BG19b] strengthened this
result by proving that the existence of such a subsequence is equivalent to the
underlying path being tree-like, see also [CLN18a]. Taken together, these papers
prove that the identity in Eq. (4.5) holds true for a wide class of continuous bounded
variation paths. It is conjectured that for a tree-reduced path γ the limit is exactly
the length of γ, see [CLN18a]. This question remains open at the time of writing.

4.0.1 Contributions

In this chapter, we contribute to the effort of recovering broad features of the original
path from its signature by way of a novel approach. We do so by explicitly relating
the Hilbert-Schmidt norm of projected signatures with p-Wasserstein distances
between discrete probability measures, allowing the study of the former using
tools of the latter. These measures are characterised in terms of γ only through an
integral equation, making the contribution of the geometrical properties of γ (such
as its curvature) in the limit of the norm explicit.
1 We refer to the right-hand side term c(γ) as the Hambly-Lyons limit.
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Remark 4.0.2. To ease notation, from this point forward we consider unit speed paths
parameterised on [0, 1] rather than [0, l]. Indeed, it is clear from the left-hand-side of
Eq. (4.4) that the limit is invariant under the scaling of γ. Additionally for σ = λγ with
λ ∈ R+ we see that

∫︂ λl

0

(︁
B0,s

)︁2 ⟨︁
σ′
s, σ

′′′
s

⟩︁
ds =

∫︂ λl

0

(︁
B0,s

)︁2
λ2
⟨︁
γ′s/λ, γ

′′′
s/λ

⟩︁
ds

=

∫︂ l

0

(︁
B0,λs

)︁2
λ
⟨︁
γ′s, γ

′′′
s

⟩︁
ds

d
=

∫︂ l

0

(︁
B̃0,s

)︁2 ⟨︁
γ′s, γ

′′′
s

⟩︁
ds,

where the second equality follows from a change of variable and the third is equality in
distribution where B̃0,· is a Brownian bridge returning to 0 at time l. The claimed equality
in distribution follows from the well-known scale invariance of Brownian bridges.

The insight to this connection originates from a theorem by del Barrio, Giné, and
Utze (see Theorem 4.1.3 below), which can be used to recast the Hambly-Lyons
limit c(γ) as the limit of a 2-Wasserstein distance between empirical measures,
see Section 4.1. Formally, for a twice continuously differentiable unit speed path
γ : [0, 1]→ V that is regular enough (see exact conditions in Proposition 4.1.11),
we construct and show the existence of a measure µ on R, prescribed in terms of
the following integral equation for its cumulative distribution function F

F (t) =

∫︂ t

0

|γ′′F (s)|−1ds, lim
s→0+

F (s) = 0, lim
s→1−

F (s) = 1. (4.6)

When coupled with the B-G-U theorem we show that

c(γ) = lim
n→∞

E
[︁
exp(−nW 2

2 (µn, µ))
]︁
, (4.7)

so that the Hambly-Lyons limit c(γ) can be seen as the limit of 2-Wasserstein
distances between µ and an empirical version µn :=

∑︁n
i=1 δF−1(Ui). Here δ denote

the Dirac delta and {Ui}i∈{1,...,n} is a sample of n independent uniform random
variables on [0, 1].

In Section 4.2 (motivated by the above) we derive relationships between the
signature inner product ⟨S(γ)n,S(σ)n⟩ and a series of p-Wasserstein distances.
Then as an application, we re-derive a generalised version of the Hambly-Lyons
limit theorem (Section 4.2.4) through the lens of discrete optimal transport by
exploiting asymptotic results of Wasserstein distances between empirical measures
[BL19].
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Theorem 4.0.3 (Generalised Hambly-Lyons limit theorem). Let γ : [0, 1] → V

be a twice continuously differentiable unit-speed path such that the map s ↦→ |γ′′s | is
non-vanishing, and differentiable with bounded derivative. Then

lim
n→∞

n!
⃦⃦
S(γ)n

⃦⃦
= E

⎡⎣exp(︄− ∫︂ 1
0

(B0,s)
2
⃓⃓
γ′′s
⃓⃓2
ds

)︄⎤⎦1/2

. (4.8)

By combining Remark 4.0.2 and the right-hand side of Eq. (4.8), the Hambly-Lyons
limit c(γ) can be viewed as a weighted (scale-invariant) functional of the curvature
of γ. Section 4.2.5 concludes this chapter by presenting a way to practically compute
the limit through the solving of a second order distributional differential equation.

4.1 The Hambly-Lyons limit and Wasserstein distances

This section outlines the proof of Theorem 4.0.3. We do so by first recalling a
theorem by del Barrio, Giné, and Utze (Theorem 4.1.3 below) and observing that
under some conditions, the former allows the rewriting of the Hambly-Lyons limit
c(γ) as a limit in terms of the 2-Wasserstein distance between empirical measures.
The rest of this section will investigate the assumptions needed on γ for these
conditions to be fulfilled.

4.1.1 The B-G-U theorem

Before presenting the aforementioned theorem of del Barrio, Giné, and Utze, we
start by recalling the definition of the p-Wasserstein distances that form a core part
of our analysis.

Definition 4.1.1 (Wasserstein Distance). Let µ and ν be probability measures supported
on R. The pth Wasserstein distance Wp(µ, ν) between µ and ν is defined by

W p
p (µ, ν) := inf

π∈Γ(µ,ν)

∫︂

R

∫︂

R
|x− y|p dπ(x, y), (4.9)

where Γ(µ, ν) denotes the set of all couplings of µ and ν. If µ and ν have bounded support
then one may also define the p =∞ distance by

W∞(µ, ν) := lim
p→∞

Wp(µ, ν). (4.10)

Definition 4.1.2 (Jp functional and I-function I(t)). Let µ be a probability measure on
R which has a density f with respect to the Lebesgue measure, and let F be the associated
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distribution function. The Jp functional is defined as

Jp(µ) :=

∫︂ ∞

−∞

[F (x)(1− F (x))]p/2

f(x)p−1
dx (4.11)

for p ∈ N. Moreover, if F admits an absolutely continuous inverse on (0, 1) (or equivalently
by virtue of [BL19, Proposition A.17], if µ is supported on an interval, finite or not, and
the absolutely continuous component of µ has an almost everywhere positive density on
that interval), define the I-function I(t) for almost all t ∈ (0, 1) as

I(t) := f(F−1(t))
(A.18)
=

1

(F−1)′(t)
(4.12)

where the last equality exploited [BL19, Proposition A.18].

For the rest of this chapter we denote by µn the empirical measure defined as

µn :=
1

n

n∑︂
i=1

δXi
, (4.13)

where for i ∈ {1, 2, .., n}, Xi
i.i.d.∼ µ.

Theorem 4.1.3 (B-G-U Theorem; [dBGU05]). Letµ be a measure supported on (a, b) ⊂ R
admitting a density f . Assume further that f is positive, differentiable, satisfies

sup
a<x<b

F (x)(1− F (x))
f(x)2

|f ′(x)| <∞, (4.14)

and that J2(µ) <∞. Denote by F its distribution function. Then,

nW 2
2 (µn, µ)→
∫︂ 1

0

(B0,t)
2

I(t)2
dt (4.15)

as n → ∞ weakly in R where B0,t is a Brownian bridge starting at 0 and vanishing at
t = 1.

Remark 4.1.4 (Origin of assumption Eq. (4.14)). The condition in Eq. (4.14) has been
a recurrent assumption in several asymptotic results involving quantile processes and
ultimately goes back to Csorgo and Revesz [CR78]. To better understand its connection
with the B-G-U Theorem 4.1.3, recall the following identity

W 2
2 (µn, µ) =

∫︂ 1

0

(︁
F−1
n (s)− F−1(s)

)︁2
ds =

1

n

∫︂ 1

0

ξn(s)
2ds, (4.16)
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with ξn(s) :=
√
n
(︁
F−1
n (s)− F−1(s)

)︁
denoting the quantile process. It is shown in

[dBGU05] that ξn converges weakly in L2(0, 1) to B0,t/I(t). For a slightly more general
object, the so-called normed sample quantile process ρn, it can be shown that requiring
Eq. (4.14) allows one to asymptotically control ρn. More details can be found in [Csö83].

The following corollary will form a key component of our generalisation of the
Hambly-Lyons result.

Corollary 4.1.5. Letµ be a measure supported on (a, b) ⊂ Rwhich satisfies the assumptions
of Theorem 4.1.3, then

nW 2
2 (µ

1
n, µ

2
n)→ 2

∫︂ 1

0

(B0,t)
2

I(t)2
dt (4.17)

weakly in R as n → ∞, where µ1
n and µ2

n are independent copies of empirical measures
from µ.

Proof. Let ξ1n and ξ1n denote the quantile processes of µ1
n and µ2

n defined in Re-
mark 4.1.4. Since L2(0, 1) is separable, [Bil68, Theorem 2.8] implies that ξ1n − ξ2n
converges weakly in L2(0, 1) to (B1

0,t−B2
0,t)/I(t) for independent Brownian bridges

B1 and B2. Since the difference of independent Brownian bridges is itself a
Brownian bridge with twice the variance, we can apply the continuous mapping
theorem and Remark 4.1.4 to conclude that

nW 2
2 (µ

1
n, µ

2
n) =

∫︂ 1

0

(ξ1n(t)− ξ2n(t))2dt→ 2

∫︂ 1

0

(B0,t)
2

I(t)2
dt

weakly in R.

The existence of a bridge between signature asymptotics and the theory of em-
pirical processes is hinted at when one considers a special instance of the B-G-U
Theorem 4.1.3. Indeed, when applied to a regular enough class of measures µ
satisfying I(t) = |γ′′t |−1, the right-hand side of B-G-U exactly coincides with the
Hambly-Lyons limit. The following remark formalises this observation.

Corollary 4.1.6 (Recovering the Hambly-Lyons limit). Let γ : [0, 1]→ V be a twice
continuously differentiable unit-speed path with non-vanishing second derivative. Consider
a probability measure µ on R supported on (0, b) having density f . Assume that the
following four conditions are satisfied.

A) The density function f is positive and differentiable everywhere;

B) Its associated I-function satisfies I(t) = |γ′′t |−1 almost everywhere;
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C) The distribution function F and density function f satisfy

sup
0<x<1

F (x)(1− F (x))
f(x)2

|f ′(x)| <∞; (4.18)

D) J2(µ) <∞.

Now the B-G-U Theorem 4.1.3 implies that the Hambly-Lyons limit in c(γ) can be rewritten
as the limit of a 2-Wasserstein distance, that is

c(γ) = lim
n→∞

E
[︂
exp

(︁
−nW 2

2 (µn, µ)
)︁]︂1/2

. (4.19)

Proof. The assumptions for the B-G-U Theorem 4.1.3 are satisfied and the limit

lim
n→∞

nW 2
2 (µn, µ) =

∫︂ 1

0

B2
0,t|γ′′|2dt <∞ (4.20)

exists under the stated assumptions. If one further assumes that the assumptions
of the Hambly-Lyons limit Eq. (4.4) holds (i.e. that γ is of class C3), then the limits
coincide as γ is unit-speed and satisfies ⟨γ′, γ′′′⟩ = −|γ′′|2.

4.1.2 Existence and characterisation of admissible measures

The rest of this section will focus on characterising the paths, γ, for which a measure
µ exists satisfying the conditions A, B, C andD of Corollary 4.1.6. Firstly we recast
the determination of such µ into the solving of an integral equation in terms of γ
only, and then formulate the assumptions on γ ensuring the existence of a solution
to this equation whose associated measure µ satisfies the relevant assumptions.

We start by rewriting condition B as an explicit condition on the cumulative
distribution function F associated to the measure µ.

Remark 4.1.7 (Reformulating condition B as an integral equation for F ). Let
γ : [0, 1]→ V be a twice continuously differentiable unit-speed path with non-vanishing
second derivative. If F admits an absolutely continuous inverse on (0, 1) (which is the
case whenever condition A holds; see [BL19, Proposition A.17]), then condition B holds if
and only if F satisfies the integral equation

F (t) =

∫︂ t

0

|γ′′F (s)|−1ds, (4.21)
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for all t ∈ (0, b) with boundary conditions lims→0+ F (s) = 0, lims→b− F (s) = 1. To see
this, first suppose that conditions A and B hold, then

∫︂ t

0

I(F (s))ds
(4.12)
=

∫︂ t

0

f(s)ds = F (t)
B
=

∫︂ t

0

|γ′′F (s)|−1ds.

Assume now that conditionA and Eq. (4.21) hold, then the Lebesgue differentiation theorem
implies that the density function associated to F can be written as

f(s) = |γ′′F (s)|−1, a.e.. (4.22)

And so

I(s) = f(F−1(s)) = |γ′′F (F−1(s))|−1 = |γ′′s |−1, almost everywhere.

Lemma 4.1.8. Let γ : [0, 1]→ V be a twice continuously differentiable unit-speed path
with non-vanishing second-derivative. Assume the existence of a twice-differentiable
function F : (0, b)→ [0, 1] satisfying

F (t) =

∫︂ t

0

|γ′′F (s)|−1ds, lim
s→0+

F (s) = 0, lim
s→b−

F (s) = 1, (4.23)

with bounded second derivative F ′′. Then

(i) F is a cumulative distribution function with support on (0, b) and admits an
absolutely continuous inverse F−1 on (0, 1);

(ii) F fulfils condition A,B,C, and D.

Proof. That F is a cumulative distribution function corresponding to some measure
µ supported on (0, b) follows immediately from Eq. (4.23) and differentiability of F .
By virtue of proposition A.17 in [BL19], F admits an absolutely continuous inverse
on (0, 1) if and only if µ is supported on an interval (finite or not) and the absolutely
continuous component of µ has on that interval an almost-everywhere positive
density (with respect to Lebesgue measure). We show that the latter statement
holds. Indeed, since γ′′ is non-vanishing, the Lebesgue differentiation theorem
implies that the density function of the absolutely continuous component of the
probability measure µ associated to F is positive almost everywhere and satisfies

f(s) = |γ′′F (s)|−1, a.e., (4.24)

implying the existence of an absolutely continuous inverse F−1. This concludes
(i). Regarding point (ii), as F is twice-differentiable its underlying measure µ is
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absolutely continuous and f is its density which is positive and differentiable,
implying the fulfilment of condition A. Condition B follows from Remark 4.1.7.
Finally, since |γ′′| is bounded from below (since it is continuous and non-vanishing)
and F ′′ is bounded from above, it follows that conditions C and D are both
satisfied.

The above result states that a twice-differentiable solution F prescribed by the
integral equation Eq. (4.23) with the property that F ′′ is bounded, is the cumulative
distribution function of a measure µ required for the application of Corollary 4.1.6.
We now determine the conditions on γ for which the existence of such an F is
guaranteed. Let γ be as in Lemma 4.1.8. Then the following observations can be
made.

1) Suppose that the map s ↦→ |γ′′s |−1 is Lipschitz on the interval [0, 1], then the
Picard-Lindelöf theorem gives existence and uniqueness to the initial value
problem

F (t) =

∫︂ t

0

|γ′′F (s)|−1ds, F (0) = 0

as long as F (t) ≤ 1. Since γ has bounded curvature, i.e. there exists a
constant c > 0 such that |γ′′s | ≤ 1

c
∈ R+, it holds that

F (t) ≥
∫︂ t

0

c ds = ct

so that F hits 1 at some finite time b > 0.

2) To ensure that F is twice differentiable, requiring Lipschitz continuity of
s ↦→ |γ′′s | is not enough. Indeed, the latter assumption only implies the
differentiability of F ′ almost everywhere on any open subset of the definition
domain by virtue of the Rademacher’s Theorem (which is not sufficient as
it can lead to the breaking of condition A). However if we assume the map
s ↦→ |γ′′s | to be differentiable, then F is guaranteed to be twice-differentiable
for all t ∈ (0, b) by the quotient rule and non-vanishing property of γ′′.

3) As it is now assumed that s ↦→ |γ′′s |−1 is differentiable, the fundamental
theorem of calculus implies that the probability density function f can be
exactly written as

f(s) = |γ′′F (s)|−1 ≥ c+, s ∈ (0, b).

Additionally, since γ′′ is non-vanishing and continuous, the curvature |γ′′s |
is bounded from below, i.e. |γ′′s | ≥ 1

c−
∈ R+ for all s ∈ [0, 1] (or equivalently
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said, if the map s ↦→ |γ′′s |−1 is bounded above by c−), then we may conclude
that

f(s) = |γ′′F (s)|−1 ≤ c−, s ∈ (0, b). (4.25)

Assuming further that the derivative of the map s ↦→ |γ′′s | is bounded, this
implies the boundedness of F ′′ by the chain and quotient rules.

These observations are collected and combined with Lemma 4.1.8 in the following
lemma.

Lemma 4.1.9 (Condition on γ for existence of admissible F ). Let γ : [0, 1] → V

be a twice continuously differentiable unit-speed path such that the map s ↦→ |γ′′s | is
non-vanishing, and is differentiable with bounded derivative. Then there exists a constant
b ∈ R and a twice-differentiable function F : (0, b)→ [0, 1] such that the integral equation
and boundary conditions Eq. (4.23) are satisfied as well as the conditions of Corollary 4.1.6.

Remark 4.1.10 (Boundedness of the derivative of |γ′′s | as a condition on the total
curvature). Observe that the boundedness condition on

(︁
|γ′′s |
)︁′ (which we recall is there

to ensure that F ′′ is bounded) can be reformulated as a condition on the total curvature
T (t) :=
∫︁ t

0 |γ
′′
s |ds of γ as follows. For a c2 ∈ R+,

c2 ≥
(︁
|γ′′s |−1

)︁′
= − |γ

′′
s |′

|γ′′s |2
= −

[︃
log |γ′′s |

]︃′
· |γ′′s |−1,

which happens if and only if

|γ′′s | ≥ −
1

c2

[︃
log |γ′′s |

]︃′
.

Taking the integral from 0 to t gives

1

c2
log

(︃
|γ′′0 |
|γ′′t |

)︃
≤ T (t), for all t ∈ [0, 1].

Finally, the direct application of Lemma 4.1.9 followed by Theorem 4.1.3 yields the
following result.

Proposition 4.1.11 (Hambly-Lyons limit as the limit of a Wasserstein distance). Let
γ be as in Lemma 4.1.9 and F the solution to the integral equation Eq. (4.23). Let µ be
the measure associated with the cumulative distribution function F and let X1, . . . , Xn

be a sample of n i.i.d. random variables drawn from µ. Let µn be its associated empirical
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measure, i.e.

µn :=
1

n

n∑︂
i=1

δXi
. (4.26)

Then, the Hambly-Lyons limit in c(γ) is the limit of a 2-Wasserstein distance

c(γ) = lim
n→∞

E
[︂
exp

(︁
−nW 2

2 (µn, µ)
)︁]︂1/2

. (4.27)

4.2 Signature projections and Wasserstein distances

Due to the known connection between the Hambly-Lyons limit and the limit of the
Hilbert-Schmidt tensor norm of projected signatures [HL10], the insights developed
in the previous section naturally lead one to ask whether the Hilbert-Schmidt
tensor norm of projected signatures can be related to Wasserstein distances. This
section answers this question positively. By using this relationship we are able to
characterise a class of curves, which are not necessarily C3 as originally considered
in [HL10], that satisfy

lim
n→∞

n!
⃦⃦
S(γ)n

⃦⃦
= c(γ). (4.28)

We proceed as follows.

1) First, in Section 4.2.1, we prove a technical augmentation of a lemma in
[HL10] and then derive a probabilistic representation for the inner product
of two signature terms;

2) We then proceed in Section 4.2.2 to exploit the characterisation of the Wasser-
stein distances between empirical measures to relate the quantities derived
in the first step to these Wasserstein distances and hence derive lower and
upper bounds on

⃦⃦
S(γ)

⃦⃦
in terms of the former;

3) By leveraging the results of the previous section, we generalise the Hambly-
Lyons limit Eq. (4.4) in Section 4.2.4 and present the proof of Theorem 4.0.3;

4) Finally, we show a practical way to compute the limit in Section 4.2.5 and
illustrate it in a simple case.
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4.2.1 A probabilistic expression for signature inner products

In this subsection we generalise [HL10, Lemma 3.9] to the inner product between
signatures before presenting a probabilistic formula in terms of the angles between
the derivatives of the two underlying curves.

Definition 4.2.1 (Uniform order statistics sample). Let {Ui}i∈{1,2...,n} and {Vi}i∈{1,2...,n}
be two independent collections of n i.i.d. uniform random variables in [0, 1]. Consider the
relabelling {U(i)}i∈{1,2...,n} where

0 ≤ U(1) ≤ U(2) ≤ · · · ≤ U(n) ≤ 1, (4.29)

and similarly for {V(i)}i∈{1,2...,n}. In the rest of this chapter, we will denote by {U(i)}i∈{1,2...,n}
and {V(i)}i∈{1,2...,n} two independent collections of i.i.d. uniform order statistics on [0, 1].

Lemma 4.2.2 (Generalisation of Lemma 3.9 in [HL10]). Let γ, σ : [0, 1]→ Rn be two
C1 unit-speed curves, and let {U(i)}i∈{1,2...,n} and {V(i)}i∈{1,2...,n} be two i.i.d. uniform
order statistics collections (Definition 4.2.1). Then,

⟨S(γ)n,S(σ)n⟩ = 1

(n!)2
E
[︃ n∏︂
i=1

⟨γ′U(i)
, σ′

V(i)
⟩
]︃
. (4.30)

Proof. It is known [HL10] that

n!S(γ)n = E

⎡⎣ n⨂︂
i=1

γ′U(i)

⎤⎦ . (4.31)

Hence for an orthonormal basis
{︁
eρ
}︁
ρ∈{1,..,n} of Rn, we have

(n!)2⟨S(γ)n,S(σ)n⟩ (4.31)
= E

⎡⎣ n∏︂
i=1

⟨γ′U(i)
, σ′

V(i)
⟩

⎤⎦ . (4.32)

For more details, we refer the reader to the arguments of [HL10].

This result states that the inner product between signatures of deterministic paths
can be represented statistically through the mean of the product of ⟨γ′U(i)

, σ′
V(i)
⟩.

Observe that for unit-speed curves the inner products ⟨γ′U(i)
, σ′

V(i)
⟩ encode only the

information on the angles Θi between the vectors γ′U(i)
and σ′

V(i)
, i.e.

⟨γ′U(i)
, σ′

V(i)
⟩ = cos (Θi) := cos

(︂
∠(γ′U(i)

, σ′
V(i)

)
)︂
. (4.33)
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In this case, also observe that the angles Θi can be exactly recovered from the norm
of the difference between the two above random variables,

Θi = cos−1
(︂
⟨γ′U(i)

, σ′
V(i)
⟩
)︂
= cos−1

(︃
1− 1

2

⃓⃓⃓
γ′U(i)
− σ′

V(i)

⃓⃓⃓2)︃
. (4.34)

Proposition 4.2.3 (Inner product as a probabilistic expression). Suppose that γ, σ :

[0, 1]→ V are two absolutely continuous curves, such that |γ′t| = |σ′
t| = 1 for almost every

t ∈ [0, 1] . Then for every n ∈ N we have

⟨S(γ)n,S(σ)n⟩ = 1

(n!)2
E

⎡⎢⎣exp
⎛⎝− ∞∑︂

k=1

1

k2k

n∑︂
i=1

⃓⃓⃓
γ′U(i)
− σ′

V(i)

⃓⃓⃓2k⎞⎠1{maxΘi<
π
2
}

⎤⎥⎦
+

1

(n!)2
E

⎡⎣1{maxΘi≥π
2
}

n∏︂
i=1

⟨γ′U(i)
, σ′

V(i)
⟩

⎤⎦ ,
(4.35)

where Θi in [0, π] is defined by
⟨︁
γ′U(i)

, σ′
V(i)

⟩︁
= cosΘi for i = 1, . . . , n, and 1A denotes

the indicator function on a set A.

Proof. On the set
{︁
maxi=1,...,nΘi <

π
2

}︁
, it holds that

1

2

⃓⃓⃓
γ′U(i)
− σ′

V(i)

⃓⃓⃓2
< 1, for i = 1, . . . , n.

Consequently on this set, we have the expansion

log

⎛⎝ n∏︂
i=1

⟨γ′U(i)
, σ′

V(i)
⟩

⎞⎠ =
n∑︂
i=1

log

(︃
1− 1

2

⃓⃓⃓
γ′U(i)
− σ′

V(i)

⃓⃓⃓2)︃

= −
n∑︂
i=1

∞∑︂
k=1

1

k

(︃
1

2

⃓⃓⃓
γ′U(i)
− σ′

V(i)

⃓⃓⃓2)︃k
= −

∞∑︂
k=1

1

k2k

n∑︂
i=1

⃓⃓⃓
γ′U(i)
− σ′

V(i)

⃓⃓⃓2k
,

where the second equality utilises the standard Talyor expansion for log(1 − x),
which is valid for |x| < 1. Combining this expansion with Lemma 4.2.2 yields
Eq. (4.35).

The following two subsections leverage the preceding probabilistic expression to
attain upper and lower bounds for

⃦⃦
S(γ)n

⃦⃦
. We first collate the recurrent objects

and assumptions that will be used in several subsequent arguments.
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Assumption 4.2.4 (Standing assumptions). Let (Ω,F ,P) be a probability space. The
following standing assumptions will be used throughout

i) Let γ : [0, 1]→ V be a twice continuously differentiable unit-speed path such that
the map s ↦→ |γ′′s | is both non-vanishing and differentiable with bounded derivative.
Let F : [0, b] → [0, 1] be its associated cumulative distribution as prescribed in
Lemma 4.1.8.

ii) Let {U(i)}i∈{1,...,n} and {V(i)}i∈{1,...,n} be two i.i.d. collections of uniform order
statistics (Definition 4.2.1). Define the collections X(i) and Y(i) as

X(i) := F−1(U(i)), Y(i) := F−1(V(i)), i = 1, . . . , n. (4.36)

iii) Let µXn and µYn be their respective empirical distributions defined by

µXn :=
1

n

n∑︂
i=1

δX(i)
, µYn :=

1

n

n∑︂
i=1

δY(i) . (4.37)

iv) Let µ and f respectively be the probability measure and density distribution function
associated with the cumulative distribution function F .

To conclude this subsection we state the explicit characterisation of the p-Wasserstein
distances in the case that µ and ν are both discrete measures.

Lemma 4.2.5 (Characterisation of the p-Wasserstein distance for empirical measures.
Lemma 4.2 of [BL19]). Let {Aj}j∈{1,..,n} and {Bj}j∈{1,..,n} be two samples of i.i.d. random
variables. Denote by {A(j)}j∈{1,..,n} and {B(j)}j∈{1,..,n} their respective order statistics
and let µAn := 1

n

∑︁n
i=1 δAi

and µBn = 1
n

∑︁n
i=1 δBi

be their associated empirical probability
measures. Then for every p ≥ 1 we have

n∑︂
j=1

⃓⃓
A(j) − B(j)

⃓⃓p
= nW p

p

(︂
µAn , µ

B
n

)︂
,

where Wp is the p-Wasserstein distance. Moreover, for p =∞, we have

max
j=1,...,n

⃓⃓
A(j) − B(j)

⃓⃓
= W∞

(︂
µAn , µ

B
n

)︂
.
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4.2.2 Lower bound on signature norms in terms of Wasserstein
distances

We now use the probabilistic expression of the signature inner product (Proposi-
tion 4.2.3) when σ = γ and derive a lower-bound for

⃦⃦
S(γ)

⃦⃦
in terms of Wasserstein

distances.

Proposition 4.2.6 (Lower bound on
⃦⃦
S(γ)

⃦⃦
in terms of Wasserstein distances). Let

γ, µXn , µ
Y
n be as defined in Assumption 4.2.4. Then

(n!)2
⃦⃦
S (γ)n

⃦⃦2 ≥E
⎡⎢⎣exp

⎛⎝−n ∞∑︂
k=1

1

k2k
W 2k

2k (µ
X
n , µ

Y
n )

⎞⎠1{︂
maxi=1,...,n|X(i)−Y(i)|<1

}︂
⎤⎥⎦

− P
(︃

max
i=1,...,n

⃓⃓
X(i) − Y(i)

⃓⃓
≥ 1

)︃
,

(4.38)

for every n ∈ N.

Proof. We use the fact that

⃓⃓
γ′U(i)
− γ′V(i)

⃓⃓
=
⃓⃓
g(X(i))− g(Y(i))

⃓⃓
(4.39)

where g := γ′ ◦ F . The assumptions on γ give that g is once continuously
differentiable and so the mean value inequality may be employed to see that

|γ′U(i)
− γ′V(i) | ≤ |X(i) − Y(i)| · |g′(ξi)| for some ξi ∈ [X(i), Y(i)] for i = 1, . . . , n. (4.40)

Furthermore as F satisfies the integral equation of Lemma 4.1.8, we have that

|g′(s)| = |γ′′F (s)| · |F ′(s)| = 1, ∀s ∈ [0, b].

By applying Lemma 4.2.5 we see that

n∑︂
i=1

⃓⃓⃓
γ′U(i)
− γ′V(i)

⃓⃓⃓2k
≤

n∑︂
i=1

⃓⃓
X(i) − Y(i)

⃓⃓2k
= nW 2k

2k (µ
X
n , µ

Y
n ). (4.41)

Observe that maxi=1,...,n

⃓⃓
X(i) − Y(i)

⃓⃓
< 1 is a strictly stronger condition than

maxi=1,...,nΘi <
π
2
. Moreover, the product in the second term on the right-hand-side

of Eq. (4.35) may be lower bounded by −1 by the Cauchy-Schwarz inequality. The
lower bound Eq. (4.38) then follows by combining this observation, Eq. (4.35), and
Eq. (4.41).
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Remark 4.2.7. We can also multiply the sum inside the exponential term in Eq. (4.38)
by the indicator function on the set {maxi=1,...,n

⃓⃓
X(i) − Y(i)

⃓⃓
< 1}, without changing the

random variable inside the expectation. Doing so will prove convenient in the proof of our
main result Theorem 4.0.3.

4.2.3 Upper bound on signature norms in terms of Wasserstein
distances

Similarly to Section 4.2.2, we use Proposition 4.2.3 to derive an upper bound for⃦⃦
S(γ)n

⃦⃦
in terms of a series of Wasserstein distances.

Proposition 4.2.8 (Upper bound on
⃦⃦
S(γ)

⃦⃦
in terms of Wasserstein distances). Let

γ, µXn , µ
Y
n be as defined in Assumption 4.2.4. Then there exists an 0 < ε′ ≤ 1 so that for

every n ∈ N and 0 < ε < ε′

(n!)2
⃦⃦
S (γ)n

⃦⃦2 ≤E
⎡⎢⎣exp

⎛⎝−n ∞∑︂
k=1

(1− ϕ(ε))k

k2k
W 2k

2k (µ
X
n , µ

Y
n )

⎞⎠1{︂
maxi=1,...,n|X(i)−Y(i)|<ε

}︂
⎤⎥⎦

+ P
(︃

max
i=1,...,n

⃓⃓
X(i) − Y(i)

⃓⃓
≥ ε

)︃
,

(4.42)

where ϕ (u) := sup|s−t|<u
⃓⃓
g′ (t)− g′ (s)

⃓⃓
is the modulus of continuity of the derivative of

g := γ′ ◦ F .

Proof. An application of the fundamental theorem of calculus and Eq. (4.39) gives⃓⃓⃓
γ′U(i)
− γ′V(i)

⃓⃓⃓2
=
⃓⃓
g(X(i))− g(Y(i))

⃓⃓2
=

⟨︄
∫︂ Y(i)

X(i)

g′(r)dr,

∫︂ Y(i)

X(i)

g′(s)ds

⟩︄
=

∫︂

[X(i),Y(i)]
2

⟨︁
g′(r), g′(s)

⟩︁
−
⃓⃓
g′(r)

⃓⃓2
+ 1drds

=
⃓⃓
X(i) − Y(i)

⃓⃓2
+

∫︂

[X(i),Y(i)]
2

⟨︁
g′(r), g′(s)− g′(r)

⟩︁
drds.

And hence, by applying the Cauchy-Schwarz inequality to the integrand in the
last line⃓⃓⃓⃓⃓⃓⃓

γ′U(i)
− γ′V(i)

⃓⃓⃓2
−
⃓⃓
X(i) − Y(i)

⃓⃓2 ⃓⃓⃓⃓ ≤ ⃓⃓X(i) − Y(i)
⃓⃓2
ϕ
(︂⃓⃓
X(i) − Y(i)

⃓⃓)︂
, (4.43)

153



CHAPTER 4 - SIGNATURE ASYMPTOTICS AND WASSERSTEIN DISTANCES

and so in particular

⃓⃓⃓
γ′U(i)
− γ′V(i)

⃓⃓⃓2
≥
(︃
1− ϕ

(︂⃓⃓
X(i) − Y(i)

⃓⃓)︂)︃ ⃓⃓
X(i) − Y(i)

⃓⃓2
. (4.44)

To ensure that the series inside the exponential in Eq. (4.42) is finite, we note that ϕ
is a modulus of continuity, and so there exists some 0 < ε′ ≤ 1 for which ϕ(ε) < 1

for any ε < ε′. Now, the product in the second term on the right-hand side of
Eq. (4.35) may be upper bounded by 1 by the Cauchy-Schwarz inequality, so it
follows from Eq. (4.44), Lemma 4.2.5 and Proposition 4.2.3 that Eq. (4.42) holds
provided that ε < ε′.

4.2.4 Generalising the Hambly-Lyons Limit theorem

Combined, Propositions 4.2.6 and 4.2.8 provide lower and upper bounds for⃦⃦
S(γ)n

⃦⃦
in terms of a series of Wasserstein distances. What remains is to show that

the lower bound converges to the square of the Hambly-Lyons limit as n → ∞,
and that the same applies to the upper bound when taking n→∞ and then ε→ 0.
The following pair of lemmas provide the necessary results for this conclusion.

Lemma 4.2.9. Let µ, µXn , and µYn be as in the standing assumptions, then for any ε > 0

lim
n→∞

P
(︃

max
i=1,...,n

⃓⃓
X(i) − Y(i)

⃓⃓
≥ ε

)︃
= 0. (4.45)

Proof. Using mean value and inverse function theorems, we deduce that

X(i) − Y(i) = F−1
(︁
U(i)

)︁
− F−1

(︁
V(i)
)︁

=
(︁
F−1

)︁′
(ηi)

(︁
U(i) − V(i)

)︁
= |γ′′ηi |

(︁
U(i) − V(i)

)︁ (4.46)

for some ηi ∈
[︁
U(i), V(i)

]︁
. An application of Markov’s inequality gives that

P
(︃

max
i=1,...,n

⃓⃓
X(i) − Y(i)

⃓⃓
≥ ε

)︃
≤ ε−1

⃦⃦
γ′′
⃦⃦
∞ E

(︃
max
i=1,...,n

⃓⃓
U(i) − V(i)

⃓⃓)︃
≤ 2Cε−1

⃦⃦
γ′′
⃦⃦
∞

1√
n
,

for some absolute constant C > 0. The first inequality utilises Eq. (4.46) and
the second uses Lemma 4.2.5, the triangle inequality, and Theorem 4.9 of [BL19].
Taking the limit as n→∞ in the above inequality concludes the proof.
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Lemma 4.2.10. Let µ, µXn , and µYn be as in the standing assumptions and 0 < a, ε ≤ 1,
then

∆n := n1{︂
maxi=1,...,n|X(i)−Y(i)|<ε

}︂ ∞∑︂
k=2

ak

k2k
W 2k

2k (µ
X
n , µ

Y
n )→ 0 (4.47)

in L1 as n→∞.

Proof. We have that

E [∆n] = nE

⎡⎣1{︂
maxi=1,...,n|X(i)−Y(i)|<ε

}︂ ∞∑︂
k=2

ak

k2k
W 2k

2k (µ
X
n , µ

Y
n )

⎤⎦
= E

⎡⎣1{︂
maxi=1,...,n|X(i)−Y(i)|<ε

}︂ ∞∑︂
k=2

ak

k2k

n∑︂
i=1

⃓⃓
X(i) − Y(i)

⃓⃓2k⎤⎦
≤ E

⎡⎣ ∞∑︂
k=2

ak

k2k

n∑︂
i=1

⃓⃓
X(i) − Y(i)

⃓⃓4⎤⎦
≤ E

⎡⎣nW 4
4 (µ

X
n , µ

Y
n )

∞∑︂
k=1

ak

k2k

⎤⎦
= E

[︂
nW 4

4 (µ
X
n , µ

Y
n )
]︂
log

(︃
2

2− a

)︃
.

Using the following inequality (Section 4.1, [BL19]) for p ∈ N \ {0}

E
[︂
W p
p (µ

X
n , µ

Y
n )
]︂
≤ 2pE

[︂
W p
p (µ

X
n , µ)

]︂
together with the bounds from Theorem 5.3 in [BL19] gives

E
[︂
W 4

4 (µ
X
n , µ

Y
n )
]︂
≤ 24

(︃
20√
n+ 2

)︃4

J4(µ),

where J4(µ) is finite since µ is compactly supported with density f bounded below
by Lemma 4.1.9. It follows that

lim
n→∞

E [∆n] ≤ lim
n→∞

404 log

(︃
2

2− a

)︃
n

(n+ 2)2
J4(µ) = 0.

We are now ready to prove our main result.
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Theorem 4.2.11 (Generalisation of the Hambly-Lyons Limit Theorem). Let γ, µ, µXn ,
and µYn be as in Assumption 4.2.4. Then,

lim
n→∞

n!
⃦⃦
S(γ)n

⃦⃦
= E

⎡⎣exp(︄− ∫︂ 1
0

(B0,s)
2|γ′′s |2ds

)︄⎤⎦1/2

. (4.48)

Proof. For 0 < ε ≤ 1, define Aεn to be the set {maxi=1,...,n |X(i) − Y(i)| < ε}. Then, by
Lemma 4.2.9, 1Aε

n
converges to 1 in probability, while P

(︁
(Aεn)

c
)︁

converges to 0. It
follows from Corollaries 4.1.5 and 4.1.6 and Slutsky’s theorem that

n

2
1Aε

n
W 2

2 (µ
X
n , µ

Y
n )→
∫︂ 1

0

(B0,s)
2|γ′′s |2ds (4.49)

in distribution as n → ∞. As such, by Eq. (4.49), Lemma 4.2.10 and another
application of Slutsky’s theorem we obtain the following convergence in distribution

n1Aε
n

∞∑︂
k=1

1

k2k
W 2k

2k (µ
X
n , µ

Y
n )→
∫︂ 1

0

(B0,s)
2|γ′′s |2ds. (4.50)

The combining of Eq. (4.50) with Proposition 4.2.6, Remark 4.2.7, Lemma 4.2.9, yet
another application of Slutsky’s theorem and the continuous mapping theorem,
results in the lower bound

lim
n→∞

(n!)2
⃦⃦
S(γ)n

⃦⃦2 ≥ E

⎡⎣exp(︄− ∫︂ 1
0

(B0,s)
2|γ′′s |2ds

)︄⎤⎦ . (4.51)

Similar analysis for the upper bound from Proposition 4.2.8 shows that

lim
n→∞

(n!)2
⃦⃦
S(γ)n

⃦⃦2 ≤ E

⎡⎣exp(︄−(1− ϕ(ε))2 ∫︂ 1
0

(B0,s)
2|γ′′s |2ds

)︄⎤⎦ (4.52)

for suitably small ε. Using the fact that ϕ is continuous at zero, we may take the
limit in the preceding as ε→ 0 and combine it with the lower bound Eq. (4.51) to
conclude that Eq. (4.48) holds.

This generalisation allows us to compute the limit of the signature norm for curves
that are not C3.

Remark 4.2.12. Due to our restrictions on γ, it is not possible to exhibit 2-dimensional
examples satisfying our assumptions that are not C3.
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Example 4.2.13 (3-dimensional non-C3 curves). Let αt : [0, 1]→ R be a continuous
function which is non-differentiable at t = 1

2
. Define

θt :=
π

2
+

∫︂ t

0

cos(αs)ds, φt :=

∫︂ t

0

sin(αs)

sin(θs)
ds.

By the Fundamental Theorem of Calculus, θ and φ are continuously differentiable but not
twice-differentiable at t = 1

2
, provided α is chosen carefully. Note that φ is well defined,

since π
2
− 1 ≤ θt ≤ π

2
+ 1 so that sin(θt) is bounded away from 0. Construct the curve

γ′ : [0, 1]→ R3 using spherical coordinates

γ′1(t) := sin(θt) cos(φt), γ′2(t) := sin(θt) sin(φt), γ′3(t) = cos(θt),

and set γ(t) :=
∫︁ t

0 γ
′(t)dt. Then by construction:

1) γ is twice continuously differentiable;

2) γ is unit speed and so of length 1;

3) γ′′3 = −θ′t sin(θt) which is not differentiable at t = 1
2
;

4)
⃓⃓
γ′′(t)

⃓⃓2
= θ′t

2 +
(︁
φ′
t sin(θ

′
t)
)︁2

= cos2(αs) + sin2(αs) = 1, which is differentiable
with bounded derivative.

4.2.5 Computing the Hambly-Lyons limit explicitly

Finally we propose a way to practically compute the limit presented in The-
orem 4.0.3. Using the work of Yor and Revuz on Bessel bridges [RY99], we relate
the computation of the expected integral c(γ) to the solving of a second order
distributional differential equation.

Lemma 4.2.14 (High order term and curvature). Let V be a finite dimensional inner
product space. Suppose that γ : [0, l]→ V is parameterised at unit speed and is three-times
continuously differentiable (under this parameterisation). Let µ denote the finite Borel
measure on R+ which is absolutely continuous with respect to the Lebesgue measure
λ = λR+ with density given by dµ

dλ
(t) = 1

l2

⃓⃓
γ′′tl
⃓⃓2
1[0,1] (t) a.e. Then,

i) There exists a unique continuous function ϕ : [0, 1] → R which solves, in the
distributional sense, the second-order differential equation

ψ′′ = 2ψµ,with ψ0 = 0, ψ′
0 = 1. (4.53)
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ii) This solution satisfies

ψ
−1/4
1 = E

⎡⎣exp(︄− ∫︂ 1
0

(︁
B0,t

)︁2
µ (dt)

)︄⎤⎦1/2

= c(γ). (4.54)

Proof. We recall from Remark 4.0.2 that c(γ) is invariant under rescaling γ. As such,
it is enough to prove Eq. (4.54) for unit-speed curves of unit length. Indeed, for the
path γ̃ := 1

l
γlt defined on [0, 1], we see that the density defining µ is given by

|γ̃′′t |21[0,1] (t) =
1

l2
|γ′′tl|21[0,1] (t) .

We therefore assume that l = 1 and seek to prove that c (γ) = ψ
−1/4
1 . To this end, we

first observe that the unit-speed parameterisation of γ gives that ⟨γ′t, γ′′′t ⟩ = − |γ′′t |
2

for every t in [0, 1] . When used together with Eq. (4.4) this gives that

c (γ) = E

⎡⎣exp(︄− ∫︂ 1
0

(︁
B0,t

)︁2
µ (dt)

)︄⎤⎦1/2

.

By noticing that
(︁
B0,·
)︁2 is a squared Bessel bridge of dimension 1 which returns to

zero at time 1, we can then use Theorem 3.2 of [RY99, Chapter 11] to see that

c (γ) =

(︄
ϕ1

∫︂ 1

0

1

ϕ2
t

dt

)︄−1/4

(4.55)

where ϕ is the unique continuous positive function solving the distributional
equation ϕ′′ = 2ϕµ, with ϕ0 = 1, ϕ′

0 = 0. Using Exercise 1.34 in [RY99, Chapter 11],
we know that the function ψ in the statement and ϕ are related by

ψt = ϕt

∫︂ t

0

1

ϕ2
s

ds

and therefore Eq. (4.55) becomes c (γ) = ψ
−1/4
1 .

This result reduces the computation of c(γ) for a planar circle to the solving of a
simple differential equation.

Example 4.2.15 (The planar circle). Let γt = 1
2π

(︁
sin(2πt), cos(2πt)

)︁
for t in [0, 1], then

γ is a smooth unit-speed curve of length l = 1with |γ′′t | = 2π so that µ (dt) = 2π1[0,1] (t) dt.
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By solving the differential equation Eq. (4.53) we find that

c (γ) =

(︄
2
√
π

sinh 2
√
π

)︄1/4

. (4.56)

Remark 4.2.16 (Role of c(γ) in the asymptotics of the norm). By starting from Eq. (4.3)
and Eq. (4.4) we notice the latter statement can be rewritten as a statement of asymptotic
equivalence, namely

(︂
n!
⃦⃦
S(γ)n

⃦⃦
HS

)︂1/n
∼ l +

l

n
log c (γ) + o

(︃
1

n

)︃
as n→∞, (4.57)

where we write∥·∥HS for the moment to emphasise the dependence of this expansion on the
choice of tensor norm. By contrast for the projective tensor norm, it follows from Eq. (4.2)
that we have (︂

n!
⃦⃦
S(γ)n

⃦⃦
proj

)︂1/n
∼ l + o

(︃
1

n

)︃
as n→∞.

When written in this way, the c(γ) limit has the interpretation of being the second term in
the asymptotic expansion of (n!

⃦⃦
S(γ)n

⃦⃦
HS)

1/n as n→∞. Natural questions would be to
explore the higher order terms in these asymptotic expansions, and relate them to geometric
features of the underlying curve.
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Chapter 5

Generative modelling of Lévy area

The final chapter of this thesis is concerned with constructing weak estimators for
the Lévy area of a multi-dimensional Brownian motion. Lévy area – used in high
order numerical schemes for SDEs – is the anti-symmetric component of the second
level of the signature of Brownian motion. As a random variable, its distribution is
non-Gaussian and difficult to approximate. Traditional approaches involve either
truncated Fourier expansions of Brownian motion or designing custom random
variables whose low order moments match those of Lévy area. We adopt an alternative
approach: generative modelling, which uses a custom discriminator that leverages
symmetries of the distribution of Lévy area. The results presented this chapter are
found in [Jel+23].

The numerical simulation of stochastic differential equations (SDEs) is a ubiquitous
task encountered in a wide variety of fields, ranging from mathematical finance
[Shr04] and systems biology [Bro+20] to molecular dynamics [LM15] and data
science [Li+19]. Real-world phenomena arising in these areas are often described
well by SDEs formulated through Itô calculus and of the general form:

dXt = f(Xt)dt+
d∑︂
i=1

gi(Xt)dW
(i)
t , X0 = x0, (5.1)

where the solutionX = {Xt}t∈[0,T ] takes values inRe,W = (W (1), . . . ,W (d))denotes
a standard d-dimensional Brownian motion and f, gi : Re → Re are suitably regular
vector fields on Re. In practice, one is often concerned with estimating quantities of
the form φ̄ := E

[︁
φ(X) | X0 = x0

]︁
, where the function φ may depend on the whole

trajectory ofX or simply on the terminal valueXT ; such as the payoff of a European
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call-option. On occasion, it may be possible to obtain φ̄ by solving certain PDEs
(e.g. through the backward Kolmogorov equation or the Feynman-Kac formula).

However, the standard approach is to use Monte Carlo simulation where one
uses a discretisation scheme to generate approximate sample paths {X̂ i}Ni=1 of X ,
which can be used to approximate φ̄ by taking the average of {φ(X̂ i)}Ni=1. Given
the importance of Monte Carlo simulation in applications, there is a rich literature
concerning numerical methods for SDEs and their theoretical properties. A broad
range of discretisation schemes are available, such as the classical Euler-Maruyama
and Milstein schemes as well as the higher order Talay [Tal90] and Ninomiya-Victoir
[NV08] schemes. For more details on the numerical simulation of SDEs, we refer
the reader to [KP92] and [PT85].

There are two standard measures for the effectiveness of numerical schemes:
strong error (or MSE) and weak error. It is a well-known result of Clark and
Cameron [CC80] that numerical schemes using only increments of Brownian
motion are limited in general to a strong convergence rate of at mostO(

√
h ), where

h denotes the step size. Furthermore, to the best of our knowledge, all numerical
schemes achieving second order weak convergence require the generation of
random variables in addition to the Brownian increments. In particular, the Talay
scheme [Tal90] and the Ninomiya-Victoir scheme [NV08] require the generation of
Rademacher random variables. Further examples include the Ninomiya-Ninomiya
scheme [NN09] and a stochastic Runge-Kutta method due to Rößler [Röß09]. In
all of these cases, the additional random variable(s) is (are) generated to replace
certain second order iterated integrals of Brownian motion which are commonly
referred to as its Lévy area.

Definition 5.0.1. The Lévy area of a d-dimensional Brownian motion over [s, t] is a d× d
antisymmetric matrix whose (i, j)-th entry is given by

A
(i,j)
s,t :=

1

2

(︃
∫︂ t

s

(W (i)
r −W (i)

s ) dW (j)
r −
∫︂ t

s

(W (j)
r −W (j)

s ) dW (i)
r

)︃
.
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𝑊ሺ𝑗ሻ 

 

𝑊ሺ𝑖ሻ 

Figure 5.1: Each entry A(i,j) is the signed area between the independent Brownian motions
W (i) and W (j) (diagram adapted with permission from [Fos20]).

When the vector fields of the SDE Eq. (5.1) do not satisfy the commutativity condi-
tion [gi, gj] = 0 (where [gi, gj](x) := g′j(x)gi(x)− g′i(x)gj(x) denotes the standard Lie
bracket of vector fields), then schemes that achieve high order Strong convergence
(such as the Milstein and log-ODE methods) require the simulation of Lévy area.
Consequently, the approximation of Lévy area has received much interest in recent
decades, with the view towards both high order weak and strong convergence.

Approximations to Lévy area have been well studied [Dav14; Dic07; GL94; KP92;
KPW92; Fos20; FH23; MR22; Wik01], with the majority of approximations con-
cerning strong estimation. Strong estimators aim to approximate Lévy area by
minimising the mean-squared error so that the resulting estimator may be in-
corporated into the strong analysis of the discretisation scheme. Typically such
estimators rely on truncated expansions of Brownian motion, such as the Fourier
series expansion [KP92; KPW92; KR23], the Karhunen-Loève expansion [Loè78]
and more recently the polynomial expansion [FH23; FLO20]. These estimators
are often improved by estimating the tail sum of the expansion in an appropriate
manner, see for example [MR22; Wik01].

To the best of our knowledge there is no known scheme which simulates Lévy
area exactly, with even the “rectangle-wedge-tail” algorithm of Gaines and Lyons
[GL94] requiring numerical integration. Moreover, this approach is only applicable
in d = 2. On the other hand, the main drawback of the truncated expansion
methods is the cost of simulation. In practice one is often required to generate
millions of Lévy area samples, and the aforementioned methods typically require
a high truncation level to achieve good performance. Consequently there has been
a renewed focus in recent years on approximations of Lévy area that are suitable
for weak discretisation schemes, where the estimator is less costly to generate.
The aim of a weak estimator is to match some moments of the Lévy area given a
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Brownian increment. These estimators differ in complexity depending on their
intended usage. Basic estimators include the Rademacher random variables that
appear in the Talay scheme [Tal90] and Davie’s approximation [Dav14; FL15]
which uses a Gaussian random variable with the correct variance (this may be
improved to have the correct conditional variance given the Brownian increment
[Fos20]). Perhaps the most sophisticated weak approximation is due to Foster
[Fos20], which matches the first five conditional moments of Lévy area given the
Brownian increment when d ≤ 3.

In this chapter we provide a new approach to the construction of weak estimators
of Lévy area given a Brownian increment, through the use of generative modelling
techniques. To the best of our knowledge, this is the first time that the powerful
toolkits provided by modern machine learning have been applied to the problem
of Lévy area simulation. Arguably the main obstacle to this approach is the
computation effort required to generate considerable amounts of precise samples
of Lévy area. We note this is possible in principle, through the use of a truncated
Fourier series method [KR23], with other options also possible. However in the
context of Lévy area generation, we present a novel training algorithm based on
Chen’s relation [Che57] that allows for the training of a generative model without
access to a dataset of Lévy area samples.

5.0.1 Contributions

In this chapter we present LévyGAN, a deep-learning based generative model that
simulates the Lévy area of arbitrary dimensional Brownian motions. Deep-learning
based generative models have been widely used for data synthesis where a paramet-
ric model is trained to learn the target distribution. Among the variety of generative
models, GAN-type models [MO14; Goo+14] have been particularly noteworthy for
their performances. GAN, short for Generative Adversarial Network, operates on
the compelling principle of adversarial training. This approach consists of two
neural networks - a generator and a discriminator - that are trained simultaneously.
The generator’s task is to create synthetic data, while the discriminator’s role is to
distinguish between real and generated data.

With no exception, like other generative models, GAN-type models also possess
drawbacks. The necessity of real data as reference sets for training is one. Machine
learning models are often data-driven and sometimes data-greedy; normally,
practitioners collect real-world data and approximate its distribution using an
empirical distribution output by the generator. This is especially pertinent in the
context of Lévy area generation, where a competitive method needs to achieve
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very high accuracy, incurring a high statistical complexity, thusly requiring large
amounts of data. In contrast to standard GANs, score-based diffusion models and
variational autoencoders, LévyGAN is designed to learn the target distribution
without requiring any samples from it at all. We term this approach “Chen-
training”, which is theoretically underpinned by the unique invariance of the joint
law of Brownian motion and Lévy area under Chen’s relation, see Theorem 5.3.5.

We have designed both the generator and discriminator by exploring the features
of the joint law of Brownian motion and its Lévy area [FH23; FLO20; Fos20]. In
particular, for the generator we ensure that the joint distribution of our generator
is permutation invariant and that each component of the generated area depends
only on the relevant components of the Brownian increment. We also ensure that
all odd cross moments of our generator are exact through the multiplication by
certain Rademacher random variables. For the discriminator, we have chosen a
characteristic function based discriminator initially proposed in [FSS20; Li+20a].
Inspired by this approach and the more general method of [LLN23], we define
the unitary characteristic function of a random variable as a generalization of the
characteristic function into higher degree Lie algebras.

For our numerical results, we train the LévyGAN in d = 4. It is noteworthy that the
model is able to generate the Lévy area for arbitrary Brownian dimensions, with no
loss in performance guaranteed in d′ < d and empirically strong performance for
d′ > d. We show empirically that LévyGAN attained the best performance among
other weak estimators (such as those found in [Dav14] and [Fos20]) in terms of dis-
tributional metrics and is comparable in generation speed to the method in [Fos20].
Finall,y we provide an application of weak approximations of Lévy area to high
order multi-level Monte Carlo numerical schemes. In this example, we demonstrate
that the inclusion of an approximate Lévy area term in the Strang splitting method
achieves higher order variance reduction and weak convergence. Moreover, we
provide evidence that an estimator that only matches the variance of Lévy area
(such as the Rademacher random variables found in the Talay scheme) is not appro-
priate for this application. The LévyGAN implementation, together with a trained
model for d = 4 can be found at https://github.com/andyElking/LevyGAN.

5.0.2 Outline

This chapter is divided into five main sections. In Section 5.1 we recall the standard
setup of generative adversarial networks and discuss why the traditional approach
to generative modelling is not easily applicable to our setting. In Section 5.2 we
outline the structure of our generator. This section focuses on the symmetries
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of the joint law of Brownian motion and Lévy area that we hard code into our
generator. This includes so-called “bridge-flipping”, a precise multiplication
by certain Rademacher random variables to ensure all joint odd moments are
correctly estimated and to help the generator train evenly across all quadrants in
space. In Section 5.2.2 we introduce a network architecture dubbed “pair-net”,
inspired by graph neural networks that ensures the correct dependence structure
between the coordinates of Brownian motion and the coordinates of Lévy area.
The structure of our discriminator is outlined in Section 5.3. Here we discuss two
alternatives for a loss function based on the analytical form of the joint characteristic
function of Lévy area and Brownian motion, and a generalisation termed the
unitary characteristic function proposed in [LLN23]. Our novel training approach
“Chen-training” is covered in Section 5.3.2, before the whole training procedure is
summarised in Section 5.4. Finally, in Section 5.5, we compare the distributional
performance of our generator in comparison to the state-of-the-art Foster method
[Fos20] and demonstrate the applicability of weak estimators for Lévy area to
multilevel Monte-Carlo.

To conclude the introduction, we outline some common notation to be used
throughout the chapter.

1) PX|Y=y for the conditional distribution of X given Y = y.

2) With abuse of notation (X | Y = y)
d
= (Z | Y = y) if PX|Y=y = PZ|Y=y.

3) (Wt)t∈[0,1] for a d-dimensional Brownian motion with coordinates
{︁
W

(i)
t

}︁
1≤i≤d,

and the process (At)t∈[0,1] with At =
{︁
A

(i,j)
t

}︁
1≤i<j≤d a d(d−1)

2
-dimensional

vector representing the flattened upper triangle of the Lévy area matrix
associated with the Brownian motion. Unless stated otherwise, we denote by
a the dimension of Lévy area, i.e. a = d(d−1)

2
.

4) For any process (Xt)t∈[0,1], Xt denotes the process evaluated at time t.

5) P(Wt,At) for the joint law of Brownian motion and Lévy area at time t.

6) N d(µ, σ2) for a d-dimensional Gaussian distribution with independent co-
ordinates, each with mean µ and variance σ2.

7) Radd(p) for a d-dimensional Rademacher random variable with independent
entries each of which takes 1 and−1 with probability p and 1− p respectively.

8) ΦX for the characteristic function of a random variable X .

9) Ws,t := Wt −Ws for the increments of a Brownian motion (Wt)t∈[0,1], we will
use Wt = W0,t interchangeably.
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10) For any tensor, i.e. an element x ∈ R·×d, we always denote by x(i) ∈ R· the ith

coordinate of the second dimension.

5.1 The GAN architecture

The goal of this chapter is to build an efficient and accurate estimator that
approximates the conditional law PAt|Wt , and hence the joint law, P(Wt,At), of
a Brownian increment and its Lévy area. Thanks to the scaling property of
Brownian motion, it is enough to consider the problem when t = 1.

We adopt a conditional GAN (Generative Adversarial Network) approach as
proposed by [MO14]. GAN-typed models, initially proposed by [Goo+14] consist
of a pair of competing neural networks - the generator and the discriminator. The
aim of the generator is to create “fake” data x̃ from some noise distribution that
tries to mimic a target distribution. On the other hand, the discriminator will
be given both x̃ and data x from the true distribution and will try to distinguish
the ground truth from the fake data. The dynamics between the generator and
discriminator are controlled by a min-max game acting on a loss function, which
usually represents the distance between two distributions. In a conditional GAN,
the generator is given not only samples from the noise distribution but also the
conditioning variable – in our case that will be the Brownian incrementW – or later,
the space-time Lévy area H (see Section 5.2.1). Here we provide the description of
a classical conditional GAN adapted to our interest.

Definition 5.1.1 (Classical conditional GAN for Lévy area generation). Let d ≥ 2

be the Brownian dimension, and a := d(d−1)
2

be the dimension of the associated Lévy
area vector. Assume z is an n-dimensional noise vector distributed according to Pz. The
conditional generator Gθ and the discriminator Dη are maps

Gθ : Rd × Rn → Rd × Ra Dη : Rd × Ra → R

that are parametrized by θ and η respectively. When restricted to the first d-coordinates of
the domain and co-domain, Gθ is enforced to be the identity, i.e. Gθ(w, z) = (w, Ã). Let
P(W1,A1) be the ground truth distribution of the coupled process. An example loss function
might be given by

L(θ, η) := E(w,A)∼P(W1,A1)

[︁
Dη(w,A)

]︁
− E w∼PW1

,z∼Pz

[︁
Dη(Gθ(w, z))

]︁
,
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where one restrictsDη to be at most 1-Lipschitz. The models are trained using the min-max
game minθmaxη L(θ, η) until convergence. The generator obtained is then used to simulate
Lévy areas.

Since there are no known methods for exact simulation of Lévy areas in d > 2,
the “true” Lévy area samples A ∼ PA1|W1 must themselves be obtained through
approximate simulation. In particular we might generate the “true” Lévy area
samples using a Julia-language package created by [KR23], which complements
their paper about approximate strong simulation of Lévy area through truncated
Fourier series methods. We also present the flowchart of this methodology in
Fig. 5.2.

Figure 5.2: A schematic of Lévy generation for classical conditional GAN. Throughout
this article, bsz represents the training batch-size.

The main drawback of this methodology is the need for simulating approximate
real samples of Lévy area. Using real data not only slows the training procedure,
but also introduces simulation error (due to the truncation in the Fourier series) and
finite sample error (leading to over-fitting). In order to address these problems, we
propose a novel approach, LévyGAN, which completely excludes real samples from
the training process and is well justified by our two main theoretical contributions
Theorem 5.3.5 and Theorem 5.3.8.

5.2 Generator

In order to improve the accuracy of the generated distribution, we can consider the
symmetries of the Lévy area distribution and hard-code them into the generator
itself. This way, the generator will consist of both a neural net and additional
operations applied to the network’s output. One symmetry of Lévy area that is
desirable to reflect is the fact that its distribution is mean zero when conditioned
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on any increment W0,1 = w. We do this through two operations, which combined
we term “bridge-flipping”.

5.2.1 Bridge-Flipping

As far as possible, we would like to enforce any symmetries of the joint distribution
of Brownian motion and Lévy area. For example, it would be beneficial to hard-
code the symmetry of Lévy area about zero into the generator’s architecture.
Even though each dimension of Lévy area A(i,j) is symmetric about zero, their
joint distribution is not invariant to multiplying any individual dimension by −1.
However, the dimensions of the underlying Brownian motion are independent,
and hence each can be mirrored separately without violating their joint law.

The goal is then to find a symmetry of Lévy area corresponding to independently
“flipping” individual dimensions of the Brownian motion. Notice, however,
that we are trying to generate Lévy area conditional on a fixed input W0,1 = w,
and so we do not wish to flip the increment of Brownian motion itself. We can
circumvent this issue by considering the polynomial expansion of Lévy area [FH23].
This decomposes the Brownian motion into the components dependent on w and
components independent ofw, the latter of which can then be flipped independently.
To this end, we first define the Brownian bridge and its accompanying “space-time”
and “space-space” Lévy areas.

Definition 5.2.1 (Brownian bridge). Let 0 ≤ s ≤ t <∞. Then the Brownian bridge of
W on [s, t] returning to zero at time t is defined as

Bs,u := Ws,u −
u− s
t− s

Ws,t for u ∈ [s, t].

The “space-time” Lévy area Hs,t ∈ Rd and “space-space” Lévy area bs,t ∈ Rd×d of B over
[s, t] are

H
(i)
s,t :=

1

t− s

∫︂ t

s

B(i)
s,u du =

1

t− s

∫︂ t

s

W (i)
s,u −

u− s
t− s

W
(i)
s,t du for 1 ≤ i ≤ d, (5.2)

b
(i,j)
s,t :=

∫︂ t

s

B(i)
s,u ◦ dB(j)

u for 1 ≤ i, j ≤ d. (5.3)

Whenever s = t, we define bs,t = Hs,t = 0. We writeHt and bt forH0,t and b0,t respectively.

It turns out that (H, b) and Ws,t are independent, the marginal distribution of H is
Gaussian, and the marginal of b is logistic.
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Proposition 5.2.2 (Distribution of Brownian bridge Lévy area [FLO20; Fos20]).
For fixed 0 ≤ s < t < ∞, the process {(Hs,u, bs,u)}u∈[s,t] and the increment Ws,t are
independent. Furthermore,H is distributed as a d-dimensional Gaussian with independent
coordinates and the marginal distribution of each Brownian bridge Lévy area is logistic:

Hs,t ∼ N d

(︃
0,

1

12
(t− s)

)︃
and b

(i,j)
s,t ∼ Logistic

(︃
0,

1

2π
(t− s)

)︃
.

This yields the first two terms of the polynomial expansion of Lévy area.

Proposition 5.2.3 (Polynomial expansion of Lévy area [FH23]). The Lévy area of a
d-dimensional Brownian motion W has the following decomposition:

As,t = Hs,t ⊗Ws,t −Ws,t ⊗Hs,t + bs,t,

where ⊗ denotes the outer-product of vectors.

This decomposition reduces our conditional generative task to the estimation of
the Brownian bridge Lévy area conditional on a Brownian increment. In this
case, the target distribution and conditioning variable are independent. Indeed
since B and the increment W0,1 = w are independent, the conditional distribution(︁
Bt | W0,1 = w

)︁
is symmetric around 0. Furthermore, each dimension of B is

its own independent process, so we can flip each individually without affecting
the distribution (as established in the following lemma). This approach may be
generalised to the estimation of the tail sum of the polynomial expansion of Lévy
area truncated at a higher level.

Lemma 5.2.4. Let W be a d-dimensional Brownian motion on [0, 1] and let B,H, b be the
corresponding derived processes from Definition 5.2.1. Fix some ξ ∈ {−1, 1}d, and let H ′,
and b′ be the space-time and space-space Lévy area processes associated with the process
ξ ⊙ B = {ξ ⊙ Bt}t∈[0,t] where ⊙ denotes the Hadamard (coordinate-wise) product. Then

{Bt}t∈[0,1]
d
= {ξ ⊙ Bt}t∈[0,1], H ′ = ξ ⊙H, b′ = (ξ ⊗ ξ)⊙ b, and (H ′, b′)

d
= (H, b).

Proof. See Lemma B.2.3.

We also include a multiplication final value ξ0 ∈ {−1, 1}, whose role is explained in
Proposition 5.2.7. Combining this with Lemma 5.2.4 we obtain the “bridge-flipping”
function.
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Definition 5.2.5. Let w, h, ξ ∈ Rd, b ∈ Rd×d and ξ0 ∈ R. Then the Bridge-flipping
function is defined as

BF(w, h, b, ξ0, ξ) := ξ0
(︁
(ξ ⊙ h)⊗ w − w ⊗ (ξ ⊙ h) + (ξ ⊗ ξ)⊙ b

)︁
. (5.4)

For this function we have the following as a consequence of Proposition 5.2.3
and Lemma 5.2.4.

Theorem 5.2.6 (Bridge-flipping). Let ξ0, . . . , ξd
i.i.d.∼ Rad(1

2
) be random variables so that

W , (H, b), and (ξ0, . . . , ξd) are independent. Write ξ = (ξ1, . . . , ξd) and fix some w ∈ Rd.
Let H, b be as in Definition 5.2.1. Then for every t ∈ [0, 1]

(︁
A0,t | W0,1 = w

)︁ d
=
(︁
BF
(︁
W0,t, H0,t, b0,t, ξ0, ξ

)︁
| W0,1 = w

)︁
.

For our purpose, we will utilise the result for t = 1:

(︁
A0,1 | W0,1 = w

)︁ d
= BF

(︁
w,H0,1, b0,1, ξ0, ξ

)︁
.

Recall that Hs,t ∼ N d
(︁
0, 1

12
(t− s)

)︁
and that b and H are correlated, but that (H, b)

and W0,1 are independent. Hence, given a neural net NNθ : Rd+n → Rd, we define
the “Bridge-flipping generation".

Algorithm 1 Area generation using Bridge-flipping
Input: θ - neural net parameters, d - Brownian dimension, w - Brownian
increment, n - dimension of noise vector.

1: ξ0 ← Rad
(︁
1/2
)︁
; ξ ← Radd

(︁
1/2
)︁

2: h← N d
(︁
0, 1

12
(t− s)

)︁
; z ← N n(0, 1)

3: b̃← NNθ(h, z) ▷ we want NNθ(h, z)
d
≈
(︁
b0,1 | H1 = h

)︁
4: return BF

(︁
w, h, b̃, ξ0, ξ

)︁

This construction has some desirable properties.

1) Informally speaking, the use of ξ effectively makes the generator behave
identically on all orthants of Rd and hence any learning done in one orthant
transfers equally to the other orthants. This speeds up training and signi-
ficantly improves the generator’s accuracy, as it now perfectly mimics the
symmetric structure of Lévy area.

2) The neural net can be trained directly on the distribution of
(︁
b0,1 | H0,1 = h

)︁
,

and is then used for generation of (A0,1|W0,1 = w) using the BF algorithm.

170



CHAPTER 5 - GENERATIVE MODELLING OF LÉVY AREA

3) The structure of the BF algorithm allows for efficient implementation of
back-propagation.

The use of the extra Rademacher random variable ξ0 is to guarantee that all odd
joint and conditional moments are correctly matched. This is summarised in
the following proposition. We denote by Pθ,wBF the output distribution of the BF
generator given inputs w and θ, and the joint distribution of Brownian increments
and “fake” area defined by the generator is denoted by PθBF.

Proposition 5.2.7. The following facts about the joint and conditional distributions of
Brownian motion, Lévy area, and the BF generator hold.

1) If r ∼ Rad
(︁
1
2

)︁
then (rW0,t, rA0,t)

d
= (W0,t, rA0,t)

d
= (W0,t, A0,t).

2) For any ni, nij,mij ∈ N, 1 ≤ i < j ≤ d it holds that

E(W0,1,A0,1)∼P(W0,1,A0,1)

⎡⎣ d∏︂
i=1

(︁
W

(i)
0,1

)︁ni

(︃ ∏︂
1≤i<j≤d

(︁
A

(i,j)
0,1

)︁nij

)︃⎤⎦ = 0, (5.5)

E(W0,1,Ã)∼Pθ
BF

⎡⎣ d∏︂
i=1

(︁
W (i)

)︁ni

(︃ ∏︂
1≤i<j≤d

(︁
Ã

(i,j))︁nij

)︃⎤⎦ = 0, (5.6)

EA0,1∼PA0,1|W0,1=w

⎡⎣ ∏︂
1≤i<j≤d

(︁
A

(i,j)
0,1

)︁mij

⎤⎦ = 0, (5.7)

EÃ∼Pθ,w
BF

⎡⎣ ∏︂
1≤i<j≤d

(︁
Ã

(i,j))︁mij

⎤⎦ = 0, (5.8)

provided that
∑︁d

i=1 ni +

(︃∑︁
1≤i<j≤d nij

)︃
and

∑︁
1≤i<j≤dmij are odd.

Proof. See Appendix B.2.

Having Ã unbiased means that some of the usual error analysis from stochastic
numerics can be applied, such as in the proof of Theorem 5.3.5 where one of the
requirements is that Ã be unbiased. Recall that the Milstein scheme requires a
subroutine which generates samples of Lévy area given a Brownian increment.
Since Ã ∼ Pθ,wBF is unbiased, one can establish theoretical guarantees on the
convergence of Milstein’s method with the BF generator as this subroutine. Note
however, the order of convergence: with exact Lévy area samples one would obtain
a rate of O(h) not O(

√
h). The following result can be proven by applying [MT21,

Theorem 1.1] with p1 = 3
2
, p2 = 1.
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Proposition 5.2.8. Given a time horizon T > 0 and a step size h = T
N

where N ≥ 1

denotes the number of steps, let {X̃n}n∈{0,··· ,N} be the output of Milstein’s scheme (see
Eq. (B.4) in Appendix B.6.2 for the definition) applied to the SDE

dXt = µ(Xt, t)dt+ σ(Xt, t)dWt,

where the Lévy areas provided as input were generated by the BF generator. Then if µ, σ are
continuous and globally Lipschitz, there exists a constant C > 0 such that for sufficiently
small h

sup
0≤n≤N

[︂
E
⃓⃓
X̃n −Xnh

⃓⃓2]︂ 1
2 ≤ Ch

1
2 .

Remark 5.2.9. Although Theorem 5.2.6 and Algorithm 1 leads to the generation of
(A0,1|W0,1 = w), we emphasise that by the scale invariance of Brownian motion, it can be
generalized to the generation of (A0,t|W0,1 = w) for any t ∈ [0, 1]. In particular, given w
we can perform the following.

1) Sample w′ from the distribution of
(︁
Wt|W1 = w), i.e. w′ ∼ N

(︁
t w, t(1− t)

)︁
;

2) Rescale w′′ = w′
√
t

and sample a′′ ∼
(︁
A0,1 | W1 = w′′)︁;

3) Finally rescale again a′ = t a′′, which will have the desired distribution a′ ∼
(︁
A0,t |

W1 = w
)︁
.

5.2.2 The pair-net generator

It is clear that for any 1 ≤ i, j ≤ d, both b(i,j)1 and A(i,j)
1 depend only on the paths of

{W (i)
t }t∈[0,1] and {W (j)

t }t∈[0,1] but not on {W (k)
t }t∈[0,1] for k /∈ {i, j}. This dependency

structure can be well described using graphs, encouraging us to employ model
architectures reminiscent of Graph Neural Networks (GNN) [Sca+09].

Consider a clique on d nodes, where each node corresponds to one dimension of
the Brownian motion and each edge (i, j) is associated to A(i,j) (or b(i,j)). Unlike
GNNs, where it might be desirable for information to propagate throughout the
entire graph, we want edge (i, j) to never see information at node k ̸∈ {i, j}. Hence,
our architecture should function like a 1-step GNN with edge-wise outputs.

So that A(i,j) only depends on W (i) and W (j), we generate a separate noise vector
for each dimension of Brownian motion. We can interpret this as some embedding
of the entire path {W (i)

t }t∈[0,1] ↦→ noise(i), but in practice we use Gaussian noise.
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Definition 5.2.10 (Pair-net). The Pair-net is defined as the mapping:

PairNNθ :(R,Z)× (R,Z)→ R,

(H,Z)× (H ′, Z ′) ↦→ b̃,

where Z is the space of latent noise. Consider H0,1 and b0,1 from Definition 5.2.1. We
approximate Pb0,1|H0,1=h via

b̃
(i,j)

= PairNNθ((h
(i), z(i)), (h(j), z(j))), 1 ≤ i < j ≤ d

for any z ∈ Zd. In practice, we choose Z to be Rn and we let z(i) be an n-dimensional
Gaussian noise for 1 ≤ i ≤ d. Combining this with bridge-flipping, we describe the
generation algorithm and flowchart in Algorithm 2 and Fig. 5.3.

Algorithm 2 Area generation using Pair-net generator and Bridge-flipping
Input: θ - neural net parameters, d - dimension of Brownian motion, w - Brownian
increment, n - dimension of noise vector associated with each coordinate of
Brownian motion.

1: ξ0 ← Rad
(︁
1/2
)︁
; ξ ← Radd

(︁
1/2
)︁

2: z(i) ← N n(0, 1) for 1 ≤ i ≤ d; h← N d
(︁
0, 1

12
(t− s)

)︁
3: b̃

(i,j) ← PairNNθ((h
(i), z(i)), (h(j), z(j))) for 1 ≤ i < j ≤ d

4: return BF
(︁
w, h, b̃, ξ0, ξ

)︁

Figure 5.3: A schematic of the Pair-net architecture when d = 3.

Another benefit of the Pair-net architecture is that the neural net PairNNθ can now
be significantly smaller, since it does not need to capture the relationship between
all the dimensions. This comes with the downside of requiring more passes (as
shown in Fig. 5.3; we use a single net to generate all bs, but each dimension of b
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requires its own forward pass), but suitable indexing and batching can make this
efficient. Indeed, using PairNet results in both a speed-up (compared to truncated
Fourier series methods) and greater accuracy (see Section 5.5). Furthermore, we
emphasise that the PairNet structure allows us to generate Lévy area for any
dimension d′, even though we train the model in a lower dimension d < d′. From
now on, we will take nsz to be the total noise dimension for the complete Lévy area
generation, namely nsz = n×dwhere n is the latent noise dimension and d denotes
the Brownian dimension. In the framework of Definition 5.1.1, our generator is
now Gθ : Rd × Rnsz → Rd × Ra and the evaluation follows Algorithm 2.

5.3 Discriminator

One potential discriminator is the characteristic function GAN (CFGAN) approach
introduced in [FSS20; Li+20a], which aims to learn the law of an underlying process
by approximating its characteristic function. Compared to traditional GANs, we
list some advantages of this approach.

1) The characteristic function always exists and is uniformly bounded;

2) The characteristic function fully describes the law of the random variable,
hence offering good theoretical support.

In this section we introduce two different choices for the characteristic function.
Firstly, we assess the distance between two distributions using the characteristic
function distance.

Definition 5.3.1 (Characteristic function distance [FSS20]). Let PX and PY be the
distributions of two Rd-valued random variable X and Y respectively. The characteristic
function distance (CFD) between X and Y associated with an Rd-valued random variable
Λ ∼ ν is given by

CFDν(X, Y ) = EΛ∼ν

[︂
ΦX(Λ)− ΦY (Λ)

⃦⃦]︂
,

where ΦX(Λ) := EX∼PX
[exp i⟨Λ, X⟩].

The characteristic function distance has the following properties:

1) Definiteness: if the support of ν is Rd, then CFDν(X, Y ) = 0 iff PX = PY ;

2) The distance is bounded and differentiable almost everywhere;

3) For certain ν, CFDν(X, Yn)→ 0 =⇒ Yn
d→ X ([Sri+10], Proposition B.1.2).
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Supposing we restrict ν to be a member some parametric family of distributions
{fθ : θ ∈ Θ}, e.g. Gaussian with θ = (µ, σ2), we can parametrise the distribution ν
by learnable coefficients which will then play the role of the discriminator in the
GAN setting. Backpropagation on these coefficients is well-understood by utilising
techniques such as the reparameterisation trick. In practice, the characteristic
function of both the generator and true data is approximated by empirical measures:
if Λ ∼ ν, and x1, . . . , xN are samples from PX , then we estimate ΦX(Λ) by

Φ̂X(Λ) =
1

N

N∑︂
i=1

exp
(︁
i⟨Λ, xi⟩

)︁
.

The use of the empirical characteristic function in place of the analytical character-
istic function is justified in Proposition B.1.1. In the case that X = (Wt, At), i.e. the
joint process of d-dimensional Brownian motion and the corresponding Lévy area
at any time t, we may obtain Φ(Wt,At) analytically, see Theorem B.2.1. With access
to the analytical form of the target characteristic function, it would be possible
to train our generator without access to any samples from Lévy area. While this
proves a successful approach, especially in low dimensions, there is a better option:
Chen training, which will be discussed in Section 5.3.2.

5.3.1 Unitary characteristic function

In this subsection we introduce an extension of the classical characteristic function
of a random variable, which was originally proposed in [CL16] and [LLN23].
Denote by UN the set of unitary matrices of dimension N × N . Then UN is a
matrix Lie group with the group operation given by matrix multiplication. The Lie
algebra corresponding to UN , denoted by uN is the set of anti-Hermitian matrices,
i.e. UN := {A ∈ CN×N : A∗ + A = 0}. We now give the definition of the unitary
characteristic function.

Definition 5.3.2 (Unitary characteristic function). Let X ∼ PX be an Rd-valued
random variable. Let B ≥ 1 be an integer and let M ∈ L(Rd, un), then the unitary
representation function of X at M is given by

UM(X) := exp(M(X)), (5.9)

where exp denotes the matrix exponential. The unitary characteristic function (UCF) of X
is a mapping from L(Rd, uN) to GL(N) such that

UCFN(X)(M) := EX∼PX
[UM(X)]. (5.10)
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In practice, UCFN(X)(M) is approximated by Monte-Carlo sampling. Let X = {Xi}mi=1

be m samples from PX . The empirical unitary characteristic function is given by

EUCFm(X)(M) :=
1

m

m∑︂
i=1

UM(Xi).

Remark 5.3.3. When N = 1, u1 is simply the set of pure imaginary numbers and M can
be identified with an element λ ∈ Rd such that M(x) = i⟨λ, x⟩ for all x ∈ Rd where ⟨·, ·⟩
denotes the standard inner product. Then, UCF1(X) recovers the ordinary characteristic
function of a d-dimensional random variable.

Similarly to Definition 5.3.1, for any N ≥ 1 we can define the unitary characteristic
function distance for two random variables X and Y as

UCFD2
N(X, Y ) = EM∼PM

[︂
UCFN(X)(M)−UCFN(Y )(M)

⃦⃦2
HS

]︂
,

where PM denotes the distribution of the linear mapping M and ∥·∥HS denotes
the Hilbert–Schmidt norm. Since Monte-Carlo over any fully supported measure
on L(Rd, uN) quickly becomes computationally infeasible even for moderate N , we
will instead parameterise the law PM to be a discrete measure. That is, we take

PM =
1

m

m∑︂
i=1

δMi
,

where δ denotes the Dirac measure and each Mi can be parametrized as learnable
coefficients and optimized using gradient-based methods. For computational and
optimisation details of the UCFD, we refer the reader to [LLN23]. Let X be any
d-dimensional random variable, then benefits of UCFD compared to the standard
characteristic function distance include the following.

1) Standard uniqueness results hold as UCF1(X) recovers the standard charac-
teristic function;

2) Since u1 is a subspace of uN for any N ≥ 2, UM should possess a richer
structure than C for any linear mapping M into un. Although using u1

already encodes enough information to determine the random variable,
embedding the random variable into a Lie algebra of a higher degree appears
to provide a more efficient way of representing this information. Moreover
empirically, using the unitary characteristic function led to a more stable
training procedure compared to using the ordinary characteristic function.
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5.3.2 Chen training

Whilst Brownian motion over different intervals can be concatenated simply via
addition, i.e.W0,t = W0,s+Ws,t, concatenation of Lévy areas requires an additional
term, specified by Chen’s relation. In its general version within rough path theory,
Chen’s relation establishes the homomorphism property of path signatures under
concatenation as we saw earlier in this thesis. However, we recall here only the
special case relating to Lévy area.

Proposition 5.3.4 (Chen’s relation [Che57]). For times 0 < s < t

A
(i,j)
0,t = A

(i,j)
0,s +A

(i,j)
s,t +

1

2

(︂
W

(i)
0,sW

(j)
s,t −W

(j)
0,sW

(i)
s,t

)︂
.

We now present the main theoretical contribution of this section, which can be
viewed as a partial converse of the above proposition.

Theorem 5.3.5. [Distributional uniqueness of Lévy area under Chen’s relation]

Suppose µ is a mean zero probability distribution on Rd × Rd×d, where the first marginal
has finite second moment. Let (Vi, Zi)

i.i.d.∼ µ for i = 1, 2; if it holds that the pair

V3 :=
1√
2
(V1 + V2) ,

Z3 :=
1
2
Z1 +

1
2
Z2 +

1
4
(V1 ⊗ V2 − V2 ⊗ V1)

(5.11)

is also distributed according to µ, then µ is the distribution of (W0,1, A0,1) where A is the
Lévy area process associated with a d-dimensional Brownian motion W .

Proof. Let (Ω,F ,P) be a probability space carrying for each N ∈ N a sequence of
random variables (V N,N

i , ZN,N
i )2

N

i=1
i.i.d.∼ µ. For eachN define via backward recursion

the sequences
(︁
V k,N
i , Zk,N

i

)︁2k
i=1

for k = 0, 1, . . . , N − 1 by

V k,N
i =

1√
2

(︁
V k+1,N
2i−1 + V k+1,N

2i

)︁
and (5.12)

Zk,N
i =

1

2

(︁
V k+1,N
2i−1 + V k+1,N

2i

)︁
+

1

4

(︁
V k+1,N
2i−1 ⊗ V k+1,N

2i − V k+1
2i ⊗ V k+1,N

2i−1

)︁
. (5.13)

Using the assumptions on µ, it follows that
(︁
V k,N
i , Zk,N

i

)︁2k
i=1

i.i.d.∼ µ for every k. We
now define

XN
k =

(︃
1

2k/2

2k∑︂
i=1

V k,N
i ,

1

2n

2k∑︂
i=1

Zk,N
i

)︃
for k = 0, . . . , N, (5.14)
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noting that XN
0 =

(︁
V 0,N
1 , Z0,N

1

)︁
∼ µ. For every N we have the telescoping sum

XN
0 =

N−1∑︂
k=1

(︁
XN
k−1 −XN

k

)︁
+XN

N ,

and since by Eqs. (5.12) and (5.13)

XN
k−1 −XN

k =
1

2k+1

(︃
0,

2k−1∑︂
i=1

V k,N
2i−1 ⊗ V

k,N
2i − V

k,N
2i ⊗ V

k,N
2i−1

)︃
,

this relation may be rewritten as

XN
0 =

(︄
1

2N/2

2N∑︂
i=1

V N,N
i ,

N∑︂
k=1

1

2k+1

2k−1∑︂
i=1

V k,N
2i−1 ⊗ V

k,N
2i − V

k,N
2i ⊗ V

k,N
2i−1

)︄

+

(︄
0 ,

1

2N

2N∑︂
i=1

ZN,N
i

)︄
.

The left-hand side has distribution µ independent of N . On the right-hand side
the second term tends to zero in probability, while the first term can be recognised
as having the distribution

(︁
WDN

0,1 ,Area
(︁
WDN

0,1

)︁)︁ d→
(︁
W0,1, A0,1

)︁
as N →∞,

where WDN is the piecewise linear interpolation of a rescaled random walk along
the N th diadic partition DN of [0, 1]. Here, Area

(︁
WDN

0,1

)︁
denotes the Lévy area of

the piecewise linear interpolation. The convergence in distribution follows from
Donsker’s theorem for enhanced Brownian motion [BFH09, Theorems 2 and 3].
The proof is concluded by an application of Slutsky’s theorem.

Remark 5.3.6. To see that

N∑︂
k=1

1

2k+1

2k−1∑︂
i=1

V k,N
2i−1 ⊗ V

k,N
2i − V

k,N
2i ⊗ V

k,N
2i−1

has the distribution of the Lévy area of the piecewise linear approximation of Brownian
motion on the diadic partition DN , one can note that for each k = 1, . . . , N , the summand
is the signed area between the piecewise linear approximation on Dk and the piecewise
linear approximation on the coarser partition Dk−1. For a piecewise linear path, the Lévy
area is given by the sum of these enclosed areas. Alternatively, one can show via induction
that the sum may be rearranged to give the trapezium rule applied on DN to the Lévy area
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of the piecewise linear approximation on the same partition. The trapezium rule in this
case will be exact.

Including a finite-variance assumption on the second coordinate measure µ

together with a Gaussian assumption on the first marginal yields an alternative
proof using Wasserstein distances, see [Jel+23] for details. The preceding motivates
the following procedure, which takes samples Z1, Z2 from some distribution and
concatenates them using Chen’s relation to produce samples that are closer in
distribution to A0,1. With abuse of notation, if X ∈ Rm×d consists of m samples of
a d-dimensional random variable, we denote by X(i) ∈ Rm the ith coordinate of
each sample. Adopting this notation, we describe the Chen-combine operation in
Algorithm 3.

We also note that the proof of [Jel+23, Theorem B.2] shows that the repeated
application of Chen-combine gives convergence of order at least 1

2
in the 2-

Wasserstein metric. Faster rates can be proven assuming a suitable starting
distribution, such as Davie’s approximation [Dav14; FL15]. To fully justify the
Chen training procedure, we prove that the conditional Wasserstein distance
[Che+24a] between

1) Lévy area conditioned on a Brownian increment; and

2) An estimator conditioned on the same Brownian increment

is bounded by an explicit constant times the conditional Wasserstein distance
between

1) The estimator conditioned on the Brownian increment; and

2) One iteration of Chen’s relation applied to the estimator, still conditioned on
the Brownian increment.

Definition 5.3.7 (Conditional Wasserstein distance). Let µ and ν be probability
measures on the product of two metric spaces X1 × X2 (equipped with the L2 product
metric ρ) for which the restrictions to the first coordinate are equal, that isλ := π

(1)
# µ = π

(1)
# ν.

Define the set of couplings

Γ∗(µ, ν) =
{︁
γ ∈ Γ(µ, ν) : π

(1,3)
# γ = ∆#λ

}︁
,

where Γ(µ, ν) is the set of all couplings of µ and ν and ∆ : X1 → X1 ×X1 is given by
x ↦→ (x, x). The conditional Wasserstein distance between µ and ν is then defined to be

W2
2,π(1)(µ, ν) := inf

γ∈Γ∗(µ,ν)
Ex1,x2∼γ

[︁
ρ(x1, x2)

2].
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Theorem 5.3.8. Let µ be a mean-zero square integrable measure onX1×X2 := Rd×Rd×d,
where π(1)

# µ = N d(0, 1), and let ν be the joint distribution of a Brownian increment and
its Lévy area over the time interval [0, 1]. Define the “Lévy-error” of µ as

εLévy :=W2,π(1)(µ, ν). (5.15)

Let (Vi, Zi)
i.i.d.∼ µ, and let µ̃ be the law of the random variable

Ṽ =
1√
2

(︁
V1 + V2) and Z̃ =

1

2

(︁
Z1 + Z2

)︁
+

1

4

(︁
V1 ⊗ V2 − V2 ⊗ V1

)︁
.

The “Chen-error” of µ is then given by εChen :=W2,π(1)(µ, µ̃). Then

εLévy ≤
(︁
2 +
√
2
)︁
εChen. (5.16)

Remark 5.3.9. Note that εChen is well-defined, since the π(1)
# µ̃ is also N d(0, 1).

Proof. Fix ε > 0 and let γ1 ∈ Γ∗(µ, ν) be a coupling for which

E(V,Z),(W,A)∼γ1
[︂
∥Z − A∥22

]︂
≤ ε2Lévy + ε.

Note that we are able to omit V andW inside the expectation due to the conditional
nature of the coupling. Additionally, let γ2 ∈ Γ∗(µ, µ̃) be a coupling for which

E(V,Z),(Ṽ ,Z̃)∼γ2

[︂⃦⃦
Z − Z̃

⃦⃦2
2

]︂
≤ ε2Chen + ε.

Suppose there exists a probability measure γ∗ on (X1 ×X2)
5, such that any

(︁
(V1, Z1), (V2, Z2), (V3, Z3), (W1, A1), (W2, A2)

)︁
∼ γ∗

has the following properties.

(i)
(︁
(Vi, Zi), (Wi, Ai)

)︁ i.i.d.∼ γ1 for i = 1, 2;

(ii) If Ṽ = 1√
2

(︁
V1 + V2) and Z̃ = 1

2

(︁
Z1 + Z2

)︁
+ 1

4

(︁
V1 ⊗ V2 − V2 ⊗ V1

)︁
, then(︁

(V3, Z3), (Ṽ , Z̃)
)︁
∼ γ2.

We will return to the construction of such a measure later. For now, define

W3 :=
1√
2

(︁
W1 +W2

)︁
and A3 :=

1

2

(︁
A1 + A2

)︁
+

1

4

(︁
W1 ⊗W2 −W2 ⊗W1

)︁
.
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By construction of γ∗ and invariance of ν under the rescaled Chen’s relation, it
holds that the law of

(︁
(V3, Z3), (W3, A3)

)︁
is in Γ∗(µ, ν). Hence

ε2Lévy ≤ Eγ∗
[︂⃦⃦
A3 − Z3

⃦⃦2
2

]︂
= Eγ∗

[︂⃦⃦
A3 − Z̃ − Z3 + Z̃

⃦⃦2
2

]︂
= Eγ∗

[︂⃦⃦
A3 − Z̃

⃦⃦2
2

]︂
+ Eγ∗

[︂⃦⃦
Z3 − Z̃

⃦⃦2
2

]︂
− 2Eγ∗

[︂⟨︁
A3 − Z̃ , Z3 − Z̃

⟩︁]︂
.

The second term in the final line is bounded by Eγ∗
[︂⃦⃦
A3 − Ẑ

⃦⃦2
2

]︂
≤ ε2Chen + ε by the

construction of γ∗. Now

A3 − Z̃ =
1

2
(A1 + A2)−

1

2
(Z1 + Z2) =

1

2
(A1 − Z1) +

1

2
(A2 − Z2),

where the equalities hold almost surely by the nature of the couplings, so that

Eγ∗
[︂⃦⃦
A3 − Z̃

⃦⃦2
2

]︂
= Eγ∗

[︂⃦⃦
1
2
(A1 − Z1) +

1
2
(A2 − Z2)

⃦⃦2
2

]︂
=

1

4

(︂
Eγ∗
[︂⃦⃦
A1 − Z1

⃦⃦2
2

]︂
+ Eγ∗

[︂⃦⃦
A2 − Z2

⃦⃦2
2

]︂
+ 2Eγ∗

[︂⟨︁
A1 − Z1, A2 − Z2

⟩︁]︂)︂
≤ 1

2

(︁
ε2Lévy + ε

)︁
.

Note that the cross terms vanish by independence. Finally, we bound the third
term using the Cauchy-Schwarz inequality

2
⃓⃓⃓
E
[︂⟨︁
A3 − Z̃, Z3 − Ẑ

⟩︁]︂⃓⃓⃓
≤ 2E

[︂⃦⃦
A3 − Z̃∥22

]︂ 1
2E
[︂⃦⃦
Z3 − Ẑ∥22

]︂ 1
2

≤
√
2
(︁
ε2Lévy + ε)

1
2

(︁
ε2Chen + ε)

1
2 .

Substituting all bounds into the original inequality and taking ε→ 0, we obtain

ε2Lévy ≤ 1
2
ε2Lévy +

√
2εLévyεChen + ε2Chen =

(︂
1√
2
εLévy + εChen

)︂2
.

Since all quantities are non-negative, we see that
(︂
1− 1√

2

)︂
εLévy ≤ εChen as required.

We now return to the problem of constructing the measure γ∗. To this end,
disintegrate γ1 as dγ1

(︁
(v, z), (w, a)

)︁
= dγ1(v,z)(a)dµ(v, z) (which is possible since

w = v, γ1-a.s.), i.e.
∫︂

(X1×X2)2
f(v, z, w, a)dγ1(v, z, w, a) =

∫︂

X1×X2

(︃
∫︂

X2

f(v, z, v, a)dγ1(v,z)(a)

)︃
dµ(v, z)
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for any Borel measurable f . Also disintegrate γ2 onto its second coordinate as
dγ2
(︁
(v, z), (ṽ, z̃)

)︁
= dγ2(ṽ,z̃)(z)dµ̃(ṽ, z̃). Now define the product kernel ρ by

dρ(v1,z1,v2,z2)(a1, a2, z3) = dγ1(v1,z1)(a1)dγ
1
(v2,z2)

(a2)dγ
2
(ṽ,z̃)(z3)

where ṽ = 1√
2
(v1 + v2) and z̃ = 1

2
(v1 + v2) +

1
4
(v1 ⊗ v2 − v2 ⊗ v1). The required

measure γ∗ is then defined by the integration of bounded Borel measurable f as

∫︂

fdγ∗ =

∫︂

(X1×X2)2

[︃
∫︂

X3
2

f
(︁
(v1, z1), (v1, a1), (v2, z2), (v2, a2), (v3, a3)

)︁
× dρ(v1,z1,v2,z2)(a1, a2, z3)

]︃
dµ(v1, z1)dµ(v2, z2)

SinceW2(µ, ν) is bounded byW
2,π

(1)
#
(µ, ν) we immediately obtain the following.

Corollary 5.3.10. The errorW2(µ, ν) is bounded by (
√
2 + 2)εChen.

Motivated by the above results, we now present our training procedure. Assume
that (W, Ã) ∈ R2m×(d+a) is 2m samples of (d+ a)-dimensional random variables.
By Chen-combine(W, Ã) we mean: evenly split (W, Ã) into two blocks with equal
size, denoted by (W, Ã)first, (W, Ã)second ∈ Rm×(d+a) , and apply the operation
described in Algorithm 3. The output of Chen-combine will be in Rm×(d+a).

Algorithm 3 Chen-combine
Input: m - batch size, d- Brownian dimension, a- Lévy dimension,

(W, Ã)first ∈ Rm×(d+a), (W, Ã)second ∈ Rm×(d+a) - Brownian increments and Lévy

area samples.

1: Ŵ ← 0 ∈ Rm×d, Â ← 0 ∈ Rm×a

2: Wfirst ← 1√
2
Wfirst, Wsecond ← 1√

2
Wsecond, ▷ Brownian scaling W0, 1

2

d
= 1√

2
W0,1

3: Ãfirst ← 1
2
Ãfirst, Ãsecond ← 1

2
Ãsecond, ▷ Brownian scaling A0, 1

2

d
= 1

2
A0,1

4: for i ∈ {1, . . . , d} do

5: Ŵ
(i)
← W

(i)
first +W

(i)
second

6: for j ∈ {i+ 1, . . . , d} do

7: D ← 1
2

(︂
W

(i)
first ⊙W

(j)
second −W

(j)
first ⊙W

(i)
second

)︂
8: Â

(i,j)
← Ã

(i,j)

first + Ã
(i,j)

second +D, ▷ Chen’s relation

9: return (Ŵ, Â)
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5.4 LévyGAN

In this section we incorporate the ideas presented in Sections 5.2 and 5.3 into our
tailored model “LévyGAN”, used to generate the associated Lévy area conditioned
on the Brownian increments. Similar to Definition 5.1.1, we provide the definition
of the proposed model as follows.

Definition 5.4.1 (LévyGAN). Let PairNNθ denote a PairNet generator defined in
Definition 5.2.10. Given a d-dimensional Brownian increment at t = 1, W ∼ N d(0, 1),
for all 1 ≤ i < j ≤ d we generate the estimated Lévy area associated to W as follows:

b̃
(i,j)

= PairNNθ((H
(i), Z(i)), (H(j), Z(j))) (5.17)

Ã
(i,j)

= H(i)W (j) −H(j)W (i) + b̃
(i,j) (5.18)

Let w ∈ RN×d be N samples of Brownian increment and the associated Ã ∈ RN×a

generated according to Eqs. (5.17) and (5.18). Then, we construct new samples using
Chen-combine defined in Algorithm 3:

(wChen, ÃChen) := Chen-combine(w, Ã).

For N ≥ 1, let uN be the Lie algebra of the unitary matrix group UN . Recall EUCFN
from Definition 5.3.2, and letM = {Mi}Mi=1, Mi ∈ L(Rd+a, uN) be a collection of linear
mappings in un, each of them parametrised by an element in R(d+a)×dim(UN ). M will play
the role of the discriminator. Finally, training is performed with respect to the following
min-max game

min
θ

max
M

Loss(θ,M;w),

where Loss(θ,M;w) := EUCFDm

(︁
(w, Ã), (wChen, ÃChen)

)︁
. The training algorithm and

flowchart are described in Algorithm 4 and Fig. 5.4.

Remark 5.4.2. One can interpret Chen training as a type of adaptive training, where
the “almost true” target data ÃChen is always just better than the generator’s output, so
that training can progress effectively. Thus, instead of requiring large datasets of “true”
samples, which are costly to generate and difficult to handle, we can now efficiently generate
new “true” data on the fly. This new true data can be of any desired quantity and of just the
right precision required for training. One could choose to iteratively apply Chen-combine
several times, but we have observed that training is slightly faster and more efficient when
only a single application of Chen combine is used in Algorithm 4. This is partly because
using two Chen-combines produces twice fewer “true” samples and reducing the sample
size leads to a poorer estimate of EUCFD.
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Algorithm 4 Training algorithm for LévyGAN
Input: d - Brownian dimension, a - Lévy area dimension, n - noise dimension, m -
Lie algebra degree, M - number of linear mappings onto uN , PairNNθ - generator,
M∈ RM×(d+a)×dim(uN ) - discriminator, iterd - number of discriminator updates per
generator update, bsz - batch size, ηg, ηd - generator and discriminator learning
rates.

1: while θ,M not converge do
2: for i ∈ (1, . . . , iterd) do
3: Sample w ∼ N d(0, 1), (h, z) ∼ N d(0, 1

12
)×N d×n(0, 1) of size 2×bsz.

4: b̃
(i,j) ← PairNNθ((h

(i), z(i)), (h(j), z(j))) for 1 ≤ i < j ≤ d

5: ξ0 ← Rad
(︁
1/2
)︁
, ξ ← Radd

(︁
1/2
)︁

6: Ã ← BF
(︁
w,h, b̃, ξ0, ξ

)︁
7: wChen, ÃChen ← Chen-combine(w, Ã)

8: Loss(θ,M;w) ← EUCFDm((w, Ã), (wChen, ÃChen))

9: M ← M− ηd · ∇M(−Loss(θ,M;w)) ▷ Maximize the loss

10: Sample w ∼ N d(0, 1), (h, z) ∼ N d(0, 1
12
)×N d×n(0, 1) of size 2×bsz.

11: b̃
(i,j) ← PairNNθ((h

(i), z(i)), (h(j), z(j))) for 1 ≤ i < j ≤ d

12: ξ0 ← Rad
(︁
1/2
)︁
, ξ ← Radd

(︁
1/2
)︁

13: Ã ← BF
(︁
w,h, b̃, ξ0, ξ

)︁
14: wChen, ÃChen ← Chen-combine(w, Ã)

15: Loss(θ,M;w) ← EUCFDm((w, Ã), (wChen, ÃChen))

16: θ ← θ − ηd · ∇θLoss(θ,M;w) ▷ Minimize the loss

17: return PairNNθ,M

Figure 5.4: A schematic of LévyGAN. Here bsz denotes the batch dimension and we recall
that nsz denotes the total noise dimension, namely nsz = n× d.
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5.5 Numerical experiments

We trained the model in d = 4. Note that by the architecture of the generator, the
model can be used to generate Brownian Lévy area for any d′ ≤ d. The model can
also be used to generate Lévy area for any d′ > d, however the performance might
deteriorate as the training was not performed in higher dimensions.

We performed the training procedure as illustrated in Algorithm 4. On the generator
side we used a feed-forward neural network, with the activation function chosen to
be LeakyRelu. On the discriminator side, we parameterise 128 linear maps onto the
Lie algebra of degree 3 to mimic the empirical distribution used to compute UCFD
mentioned in Section 5.3.1. The total number of training iterations is set to be 2500,
which was approximately the point that we observed convergence in the marginal
2-Wasserstein metric to reference samples. We optimised both the generator and
discriminator using stochastic gradient descent with the Adam optimiser. We set
the batch size to 213 and the learning rate for generator/discriminator was chosen
to be 0.001/0.01 respectively. We also employed a learning rate scheduler, with
both learning rates decaying every 500 iterations. Finally, we set iterd to be 3.

We conducted a hyperparameter grid-search (see Appendix B.4 evaluating the
model performance according to the marginal 2-Wasserstein metric, with our
optimal architecture as follows.

(i) Feed-forward neural network with 3 hidden layers each of dimension 16;

(ii) LeakyRelu activation function with slope = 0.01;

(iii) Gaussian noise with n = 3.

Finally, we assessed the performance of our model on the generation of the coupled
process for d = 2, 3, 4, and 8. We consider the following test metrics:

1) Marginal 2-Wasserstein metric;

2) Cross moment metric;

3) Characteristic function distance, computed using maximum mean discrep-
ancy with different kernels;

4) Empirical Unitary Characteristic Function.

A detailed explanation of each test metric can be found in Appendix B.3. We
compare with two baselines: Foster’s and Davie’s moment matching generators
[Fos20; Dav14]. We regard the truncated Fourier series [KR23] of Lévy area up to
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an L2 precision of 10−4 as “true” samples. Finally, we provide a numerical SDE
example for the log-Heston model using different estimators for fake Lévy area.

Table 5.1: Marginal distribution fitting and computational efficiency for the different
generative models. The generation is done using NVIDIA Quadro RTX 8000. The marginal
W2 error is calculated with respect to the joint process generated by the Fourier series.
Tests are performed with 220 samples. The final column contains the results of the Fourier
algorithm with 19 terms in the expansion (far more terms were used to generate “true”
samples). This truncation has been chosen so that the performance is comparable to
LévyGAN and Foster’s method.

Test Metric LévyGAN Foster Davie Fourier series

Computational time (s) 0.019 0.0071 0.002 3.1

Marginal W2 (10−2) .246± .013 .254± .010 2.03± .013 .27± 0.008

Table 5.2: Fourth moment and MMD-based metrics across different models and Brownian
dimensions.

Dim Test Metrics LévyGAN Foster Davie

2

Fourth moment .004± .002 .002± .002 .042± .001
Polynomial MMD (10−5) .341± .070 .654± .131 .646± .188
Gaussian MMD (10−6) 1.47± .125 1.44± .128 34.6± .683

EUCFD (10−2) 1.52± .213 1.92± .113 10.1± .851

3

Fourth moment .004± .002 .004± .002 .043± .001
Polynomial MMD (10−5) 2.18± .568 2.30± .732 2.26± .773
Gaussian MMD (10−6) 1.87± .002 1.84± .001 16.3± .001

EUCFD (10−2) 1.88± .063 2.03± .034 18.5± 1.11

4

Fourth moment .004± .000 .006± .002 .043± .002
Polynomial MMD (10−5) 4.04± .436 4.65± 1.31 5.62± .808
Gaussian MMD (10−6) 1.90± .001 1.90± .001 263± .003

EUCFD (10−2) 1.92± .026 2.03± .036 17.5± .483

8

Fourth moment .006± .001 .006± .002 .044± .000
Polynomial MMD (10−2) 1.13± .019 1.15± .030 1.31± .066
Gaussian MMD (10−6) 1.91± .001 1.91± .000 1.92± .003

EUCFD (10−2) 1.99± .002 1.99± .001 2.05± .003
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5.5.1 SDE example

In this section, we will demonstrate how “fake” Lévy area can be used within SDE
numerics to achieve both high order weak convergence as well as Multilevel Monte
Carlo (MLMC) variance reduction. Although the synthetic Lévy area only needs
to exhibit the correct mean and covariance to give high order weak convergence,
we show that the bias introduced by the MLMC estimator is negligible in practice
due to the small Chen error inherent in our generative model. A secondary
motivation is to compare the various Lévy area generators and show that our
GAN-based approach performs indistinguishably from previous state-of-the-art
methods, whilst taking less time to generate samples.

Consider the Itô SDE from Eq. (5.1)

dXt = f(Xt)dt+
d∑︂
i=1

gi(Xt)dW
(i)
t , X0 = x0, (5.1 revisited)

where the solution X takes values in Re. To estimate the solution to Eq. (5.1), one
typically uses a discretisation scheme that generates approximate sample paths of
the solution X . Often the objective is to approximate quantities of the form

E
[︁
φ(X) | X0 = x0

]︁
, (5.19)

where φ may depend on the whole sample path (Xt)t∈[0,T ] though commonly
is only a function of the solution XT at the terminal time T . To measure the
error of a particular discretisation scheme, there are two standard metrics: weak
and strong error. We will only evaluate the weak error for reasons discussed in
Appendix B.6.1. To accurately determine the error of various numerical schemes,
we seek a multidimensional SDE and a quantity of the form (5.19) which is known
semi-analytically. Thankfully, such an example exists: the price of a European call
option under the log-Heston model. The stochastic volatility model is defined by
the following two-dimensional SDE:

dUt =

(︃
r − 1

2
Vt

)︃
dt+

√︁
VtdW

(1)
t , U0 ∈ R

dVt = κ(θ − Vt)dt+ σ
√︁
VtdW

(2)
t , V0 > 0,

(5.20)

for a pair of independent Brownian motionsW (1) andW (2). To ensure the volatility
term V remains positive, we must enforce the Feller condition 2κθ − σ2 > 0. The
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payoff of a European call option for a price process S with S := exp(U) is given by

φ(S) := e−rT
(︂
eUT −K

)︂+
,

where r is the discount rate, K the strike price, and T the maturity. For the
derivation and form of the semi-analytic formula for the expected value of the
above, we refer the reader to [Ter22] and [Cri15].

5.5.2 Numerical results

We compare four discretisation schemes combined with the MLMC procedure
[Gil08]. We briefly recall that MLMC is based on the idea of a telescoping sum of
expectations. Indeed, assume we have L levels, and that Yl is an estimator for X ,
based on a discretisation scheme with step-size hl. Then we may write

E
[︂
φ
(︁
YL
)︁]︂

=
L∑︂
l=1

E
[︂
φ
(︁
Yl
)︁
− φ

(︁
Yl−1

)︁]︂
,

with Y0 ≡ 0. The MLMC estimator is then defined by

φ̄n1,...,nL
=

L∑︂
l=1

φ̂nl
, where φ̂nl

=
1

nl

nl∑︂
i=1

(︂
φ
(︁
Y i,l
l

)︁
− φ

(︁
Y i,l
l−1

)︁)︂
, (5.21)

where Y i,l
l is the ith sample of the estimator Yl used on level l and Y i,l

l−1 is the ith

sample of the estimator Yl−1 that is used on level l. It is important to note that the
pairs (Y i,l

l , Y i,l
l−1) are coupled: the underlying Brownian path for each member of

the pair is the same. In our case, the path on the lower level will be coarse (i.e. a
large step size) and the higher level will be fine (i.e. a small step size). The standard
condition used to ensure convergence of the telescoping sum of expectations is
given by

E
[︂
φ
(︁
Y ·,l
l

)︁]︂
= E

[︂
φ
(︁
Y ·,l+1
l

)︁]︂
.

However when incorporating a fake Lévy area term, our coupling at each level is
defined as follows:

1) The Brownian increments for the fine path Y ·,l
l are generated with step size

hl, with the increments of fake Lévy area generated using an estimator Ãhl ;

2) The Brownian increments on the coarse path Y ·,l
l−1 are computed by pairwise

summing the increments of the fine path. The fake Lévy area used on the
coarse path is computed using one iteration of Chen’s identity applied to
the increments and areas of the fine path.
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However, this scheme introduces a bias; namely, the distribution of the fake Lévy
area used for the fine path at level l will not be the same as the distribution of
Lévy area used for the coarse path at level l + 1. We may write the effect of this by
amending the telescoping expectation to be

L∑︂
l=1

E
[︂
φ
(︁
Yl(Ã

hl
)
)︁
− φ

(︁
Yl−1(Ã

hl
CC)
)︁]︂

=
L∑︂
l=1

E
[︂
φ
(︁
Yl(Ã

hl
)
)︁
− φ

(︁
Yl−1(Ã

hl−1
)
)︁]︂

⏞ ⏟⏟ ⏞
desired telescoping expectation

+
L∑︂
l=1

E
[︂
φ
(︁
Yl−1(Ã

hl−1
)
)︁
− φ

(︁
Yl−1(Ã

hl
CC)
)︁]︂

⏞ ⏟⏟ ⏞
bias term

.

(5.22)

We have emphasised the dependence of the fine level on the fake area Ãhl and
dependence of the coarse level of one Chen iteration of this fake area, denoted by
Ã
hl
CC. The bias introduced is exactly the second sum. We aim to show empirically

that this sum is small in comparison to the size of the weak error due to the SDE
discretisation. In order to minimise this sum, the distribution of an estimator
Ã must be as close as possible to the distribution Chen-combine(Ã) – exactly the
criterion used to train our generator.

The four numerical schemes in the comparison are: no-area Milstein, antithetic
Milstein [GS14a], the Strang splitting method, and a “Strang” log-ODE method.
Only the final method incorporates the fake Lévy area. For details on the schemes
see Appendix B.6.2. The first two schemes were included to demonstrate that
the rate of variance reduction is comparable to two popular schemes, while the
weak error rate of the Strang log-ODE method is (conjectured to be) O(h2) where
the other methods achieve a weak error rate of O(h). The numerical simulations
were performed with a constant time-step hl on each level satisfying hl = 1

2
hl−1.

On the coarsest level we use the timestep h0 = 1
2

for the Milstein methods and
h0 = 1 for the Strang methods; this results in the variance on this level being
approximately equal across all three methods. The number of sample paths on
each level satisfies nl = 1

2
nl−1 with n0 = 227, so the computational effort on each

level is approximately constant. We repeat the experiment forty times and report
the average result. We fix the log-Heston model parameters to be T = 1, r = 0.1,
K = 20, κ = 2, θ = 0.1, σ = 0.5, U0 = log(20), and V0 = 0.4. The following plots
report the multilevel variance defined by Var

[︂
φ
(︁
Y ·,l
l

)︁
− φ

(︁
Y ·,l
l−1

)︁]︂
and the empirical

error given by
⃓⃓
φ̄n1,...,nl

−Ptrue
⃓⃓
, where Ptrue is the true price of the call option under

the log-Heston model.
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In Fig. 5.5a we see that the multilevel level variance of the Strang log-ODE method
decreases at an approximate rate of O(h2). The rate for the Milstein antithetic
scheme appears slightly higher, while the variance reduction rate for the standard
Milstein method is clearly lower. As expected, the weak convergence rate of both
the Milstein and Milstein antithetic schemes is of order O(h) whilst the weak
rate for the Strang log-ODE with fake Lévy area is approximately O(h2). It was
conjectured in [FdRS24] that the Strang log-ODE method should attain this weak
convergence rate, and the experiments corroborate this hypothesis.

(a) Multilevel variance (b) Empirical error

(c) Multilevel variance (d) Empirical error
Figure 5.5: Plots of multilevel variance and empirical error. The top pair of plots compare
the Milstein scheme without area, Milstein antithetic and Strang log-ODE scheme with
fake Lévy area from our generator (labelled “Strang-Net"). The bottom pair compare the
Strang log-ODE scheme using three different fake Lévy areas. “Strang-T” indicates that the
fake Lévy area is an independent Rademacher random variable with the correct variance
(the same random variable appearing in the Talay scheme), and “Strang-F” denotes
Foster’s approximation. The “Strang-NA” line is the usual Strang splitting method with
“Strang-Anti” being the antithetic version of this scheme.

When using a fake Lévy area in MLMC, a key factor for the performance of the
scheme is how close the distribution of a Chen combined sample of Brownian
motion and fake Lévy area is to the distribution before performing the combine
operation. Since we employed Chen training, our model succeeds in matching
the distributions well enough to match and even outperform Foster’s method. In
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Table 5.3 we record the bias introduced at each level, as in Eq. (5.22), for each of
the fake Lévy areas.
Table 5.3: Approximate bias introduced per level by the use of different fake Lévy areas.
We use 229 samples paths on each level.

Level 0 1 2 3

Strang-Net (10−3) −0.402 0.313 −0.133 −0.652
Strang-F (10−3) 0.361 0.848 0.0714 1.31

Strang-T (10−3) −17.0 4.33 −1.79 −1.10

For LévyGAN and Foster’s method, the bias introduced on each level of the
telescoping sum is of order 2−11; this is far smaller than the weak error seen in
Fig. 5.5d. However, it is possible that the accumulated bias may then be of order 2−9

on the finest level, which may account in part for the slight deviation from the line
at level 4. It is also clear that it is not enough for the fake Lévy area simply to match
the mean and variance of true Lévy area, as demonstrated by the poor performance
of the “Strang-T” method. However, we do note here that a scheme matching
the conditional variance of Lévy area given a Brownian increment performed
similarly to Foster’s method in previous experiments. We may also see from the
performance of the Strang splitting method that without the fake Lévy area terms,
one achieves only a weak order convergence rate of O(h). It is interesting to note
however, that Fig. 5.5c indicates that the fake Lévy area needs only to match the
mean and variance of true Lévy area to obtain improved variance reduction at
each level. Even the “Strang-T” method has the same variance reduction rate as
the more sophisticated techniques despite having poor empirical error.

In practice, one usually wishes to obtain some target root mean-squared error
(RMSE) with minimal computational cost. In this setting, for two numerical
schemes with variance reduction O(hβ) with β > 1, the scheme with higher order
weak convergence is not necessarily the preferred one. By the complexity theorem
of Giles [Gil08, Theorem 3.1], the optimal number of sample paths on each level
should be asymptotically proportional to O(h(β+1)/2

l ). As such, the computational
effort should be expended mostly on the coarse levels in the regime β > 1, driving
one towards discretisations that are computationally cheap on the lower levels.
Since it is difficult to measure the computational complexity of the Strang log-ODE
scheme with fake Lévy area produced by a generative model, we use the following
approach. We implement the algorithm of Giles [Gil08, Section 5] for the Milstein
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scheme and Strang log-ODE scheme and compare the average time taken to achieve
a selection of target RMSEs between 0.1 and 0.0025.

Table 5.4: The average time taken across 25 runs for the Milstein and Strang log-ODE
methods to attain a target RMSE. We use the algorithm of [Gil08, Section 5] to determine
the number of samples on each level and the stopping condition on the number of levels
used on each run. All random variables are generated in torch on GPU, with the numerical
schemes implemented in numpy on CPU.

RMSE 0.1 0.0441 0.0129 0.0086 0.0057 0.0038 0.0025

Milstein (s) 0.0097 0.0256 0.376 1.03 2.86 8.63 23.6

LévyGAN (s) 0.0102 0.0128 0.142 0.311 0.806 2.25 5.83

Remark 5.5.1. We see from Fig. 5.5c that the the Strang-antithetic scheme achieves the
highest order variance reduction with a first order weak error rate. As noted above, both
factors play a role in the overall time required to achieve a desired RMSE and it is possible
that the higher order variance reduction of the Strang-antithetic scheme may outperform
the high order weak error of the LévyGAN based approach. However, it was recently shown
in [Igu+24] that the antithetic method can be combined with weak estimators of Lévy area
to achieve high order variance reduction. We believe that combining their approach with
ours would result in a scheme with both high order variance reduction and weak error rate.

We conclude this section by reiterating that the use of extra random variables
to attain higher order weak convergence has become a popular technique, see
for example [Tal90; NV08; NN09]. However, to the best of our knowledge it has
not yet been observed that the use of fake Lévy area combined with standard
multilevel Monte-Carlo can also achieve high order weak convergence and variance
reduction.

5.6 Conclusion and open directions

While stochastic analysis techniques are often used in generative deep learning, this
chapter appears to be one of the first examples where deep learning methodology
has provided meaningful results in an application to stochastic analysis. Indeed,
we have demonstrated a proof of concept that the techniques used in LévyGAN
have a place in the field of numerical solutions to SDEs. However, we remark
here that careful consideration of the domain-specific analytical properties was
required. In particular, regardless of the network size or architecture, LévyGAN in
its initial form was an order of magnitude less accurate without the inclusion of
both bridge-flipping and Pair-net.
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One open direction for future research is a careful analysis of the conditions
required on the fake Lévy area in order to achieve optimal convergence rates for
the MLMC scheme discussed in Section 5.5.2. More applications of fake Lévy area
may be found in the field of stochastic flows and accurate approximations to the
level two rough path of Brownian motion.

An application of particular interest would be a GAN-based adaptive SDE solver.
That is, a method that first generates a coarsely discretised path before checking
whether the step-size of the solver should be reduced. Such functionality is
desirable for use in Neural SDEs [Li+20b; Kid+21a; Kid+21b] and Logsig-RNN
generators [Ni+21], which are both powerful methods for modelling noisy time
series data. In the context of Lévy area generation, this would require the ability
to generate Lévy area and Brownian increments over two half intervals given the
Lévy area and Brownian increment over the larger interval. One approach would
be to use the analytical characteristic function given in [GQ12] which provides
the joint characteristic function evaluated at multiple time points. However, we
expect the training time to be rather long, since the evaluation of the characteristic
function involves solving a recursive system of matrix Ricatti equations in addition
to a system of independent linear matrix ODEs of order one.

Finally, it is possible to extend the Chen-training approach. This might take
several forms: one might derive a Chen type relation for higher order terms in the
polynomial expansion of Brownian motion (e.g. for H and b); use the ordinary
Chen’s relation for the generation of higher order terms in the log-signature of
Brownian motion; or generating Lévy areas for certain Lévy processes.

For the third application, our approach may be applicable to the generation of
Lévy areas of α-stable Lévy processes, where moment matching approaches are
not possible, since these processes have unbounded variance for α < 2. Indeed, the
α-stable Lévy process Xα

t satisfies the scaling property Xα
t = t1/αXα

1 in addition to
independent and stationary increments. Combining these properties together, the
distribution of its Lévy area (defined using Itô integration with jumps) should also
be invariant under a suitably re-scaled version of Chen’s relation. One could then
attempt to train a network under this Chen relation, analogous to our approach for
Brownian motion.
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Appendix A

Technical results in random matrix
theory

This short appendix is dedicated to proving that the largest eigenvalue of the
Gaussian Unitary Ensemble (GUE) has a sub-Gaussian tail, as required in Chapter 3.

A.1 Sub-Gaussian tail of the GUE

The following lemma may be derived by keeping track of the constants in the
various equivalent characterisations of sub-Gaussian random variables, as in
[Ver18, Proposition 2.5.2] for example. We include a self-contained proof for
completeness.

Lemma A.1.1. Let (XN)N≥1 be a sequence of real-valued random variables. Then the
following are equivalent

(1) There exist α > 0 and t0 < ∞ such that for all t ≥ t0 and N ≥ 1, P(XN ≥ t) ≤
e−αNt

2 ;

(2) There exists C > 0 such that for all s sufficiently small and all N ≥ 1, then
E
[︁
exp(sNX2

N)
]︁
≤ CN .
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Proof. Assume (1), then

E
[︁
exp(sNX2

N)
]︁
=

∫︂ ∞

0

P
(︁
exp(sNX2

N) ≥ t
)︁
dt

≤ 1 + 2

∫︂ ∞

0

P
(︁
XN) ≥ u

)︁
sNuesNu

2

du

1 +

∫︂ t0

0

2sNuesNu
2

du+

∫︂ ∞

t0

2sNue−(α−s)Nu2du

= 1 + esNt
2
0 +

s

α− s
≤ CN ,

for C ≥ 1 + est
2
0 + s

α−s and s < α. Conversely, assume (2), then Chebyshev’s
inequality yields

P(XN ≥ t) ≤ e−sNt
2E
[︁
exp(sNX2

N)
]︁
≤ e−sNt

2

CN ≤ e−αNt
2

,

whenever α < s and t ≥ t0
√︁
C/(s− α).

Recall that the spectrum of an N ×N GUE matrix has the distribution

σN(dλ) =
1

ZN

∏︂
1≤i<j≤N

|λi − λj|2 exp

⎧⎨⎩−N
2

N∑︂
i=1

λ2i

⎫⎬⎭ dλ, (A.1)

where ZN is the normalisation constant given by

ZN = (2π)
N
2 N−N

2

2

N∏︂
i=1

i!, (A.2)

see [BG97, Property 3.1] with β = 2. The following pair of lemmas are key.

Lemma A.1.2. There exists C > 0 such that, for all N ≥ 2, ZN−1

ZN ≤ eCN .

Proof. From (A.2), we have

ZN−1

ZN
=

(N − 1)−
(N−1)2

2 N
N2

2
√
2πΓ(N + 1)

=
exp 1

2

(︁
N2 log(N)− (N − 1)2 log(N − 1)

)︁
√
2πN !

.

It can be checked that for every N ≥ 2, N2 log(N) − (N − 1)2 log(N − 1) ≤
2N log(N) + 2N , and hence

ZN−1

ZN
≤ expN +N logN√

2πΓ(N + 1)
.
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Using the bound from Stirling’s formula N ! ≥
√
2πNeN logN−N , we obtain, for

suitably large C > 0,
ZN−1

ZN
≤ e2N

2π
√
N
≤ eCN .

The proof of the next lemma follows the strategy of [BDG01, Lemma 6.2]. In the
following we write λN ∼ σN to mean that the vector λ := (λ1, . . . , λN) is distributed
according to σN , as defined in (A.1).

Lemma A.1.3 (Tails of the GUE). Let λN ∼ σN , then there exists α > 0 and t0 > 0 such
that for all t ≥ t0 > 0 and N ∈ N, it holds that

PσN
(︂

max
i=1,...,N

|λi| ≥ t
)︂
≤ e−αNt

2

. (A.3)

Proof. First note that for all |x| ≥ 8 and λ ∈ R, then

|x− λ|2e−
λ2

2 ≤ 2(|x|2 + |λ|2)e−
λ2

2 ≤ 4|x2| ≤ e
x2

4 ,

so that for all |x| ≥ t ≥ 8,

PσN
(︁
|λ1| ≥ t

)︁
≤ ZN−1

ZN
e−

1
4
Nt2
∫︂

|x|≥t
e−

x2

4

∫︂ N∏︂
i=2

|x− λi|2e−
λ2i
2
−x

2

4 σN−1
(︁
dλN−1

)︁
dx

≤ ZN−1

ZN
e−

1
4
Nt2
∫︂

e−
x2

4

∫︂

e
x2

4
−x

2

4 σN−1
(︁
dλN−1

)︁
dx

≤ ZN−1

ZN
e−

1
4
Nt2
∫︂

e−
x2

4 dx

≤ eCN−1
4
Nt2 ,

for some C > 0, where the last inequality follows from Lemma A.1.2 and where
we have used

e−N
x2

2 = e−N
x2

4 e−N
x2

4 ≤ e−N
t2

4 e−N
x2

4 ,

whenever |x| ≥ t to justify the first inequality. Now

PσN
(︂

max
i=1,...N

|λi| ≥ t
)︂
≤ NPσN

(︁
|λ1| ≥ t

)︁
≤ eCN−1

4
Nt2 ,

for some new constant C > 0. Then for any α < 1
4

and t ≥ t0(α), (A.3) holds for all
N .

The proof of Lemma 3.0.13 now follows that of [GM07, Lemma 2.2].
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Proof of Lemma 3.0.13. Since

λNmax(A) = max
1≤i≤d

sup
∥v∥=1

√︂
⟨v, AiA†

iv⟩

is a convex function of the entries of the Ai’s, then esNλ
N
max(A)2 is also a convex

function. Note also that

λNmax(A)2 ≤
(︁
λNmax(A−M) + λNmax(M)

)︁2 ≤ 2λNmax(A−M)2 + 2λNmax(M)2,

where M = EµNV
[︁
A
]︁

is mean of the tuple A. By the proof of [GM07, Lemma 2.1]
there is some C1 > 0 for which λNmax(M) < C1 for all N . Furthermore, by the
generalised version of the Brascamp-Lieb inequality

∫︂

esNλ
N
max(A−M)2dµNV ≤

∫︂

esNλ
N
max(A)2dµNc ≤ CN

2 ,

for all suitably small s and some C2 > 0, and where µNc is the law of the GUE
ensemble with variance (cN−1). The final inequality follows from the sub-Gaussian
nature of the tails for the GUE and Lemma A.1.1. We conclude by observing that
for some small s > 0,
∫︂

esNλ
N
max(A)2dµNV ≤ e2λ

N
max(M)2
∫︂

e2sNλ
N
max(A−M)2dµNV ≤ eC1CN

2 ,

and applying Lemma A.1.1.
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Appendix B

Appendix to LévyGAN

We collect here various results related to Chapter 5.

B.1 Some properties of the characteristic function dis-
tance

This short subsection summarises two key properties of the distance CFDν . Namely,
the following proposition shows that the distance between the empirical character-
istic function and true characteristic function converges to zero almost surely as
the number of observations tends to infinity. The second result demonstrates that
by carefully choosing ν, convergence in CFDν implies weak convergence.

Proposition B.1.1. Let {Xi}∞i=1 be a collection of i.i.d. Rn valued random variables, then

lim
n→∞

EΛ∼ν

[︂⃓⃓
Φ̂
n

X(Λ)− ΦX(Λ)
⃓⃓]︂
→ 0 almost-surely.

Proof. By [FM77; Csö81a; Csö81b], there exists a sequence of real numbers {Tn} ↑ ∞
such that almost-surely for every ε > 0 there exists an N such that for every n ≥ N

sup
|Λ|≤Tn

⃓⃓⃓
Φ̂
n

X(Λ)− ΦX(Λ)
⃓⃓⃓
< ε.
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It follows almost-surely for every ε > 0 that

EΛ∼ν

[︂⃓⃓
Φ̂
n

X(Λ)− ΦX(Λ)
⃓⃓]︂

=

∫︂ ⃓⃓⃓
Φ̂
n

X(Λ)− ΦX(Λ)
⃓⃓⃓
dν(Λ)

≤
∫︂

|Λ|≤Tn

⃓⃓⃓
Φ̂
n

X(Λ)− ΦX(Λ)
⃓⃓⃓
dν(Λ) + 2ν({|Λ| ≥ Tn})

≤ εν({|Λ| ≤ Tn}) + 2ν({|Λ| ≥ Tn})

→ ε.

Proposition B.1.2. Let ν be the Cauchy distribution on Rn with location parameter 0
scale parameter γ and independent coordinates, then CFDν metrizes the topology of weak
convergence on P(Rn).

Proof. We consider the case n = 1; the general case is a straightforward extension.
If the law of a random variable T is that of a Cauchy distribution with location
parameter 0 and scale parameter γ, then it is well known that its characteristic
function is given by

ΦT (t) = e−γ|t|,

and has a density given by

fT (x) =
1

2π

∫︂

R
e−itxΦT (t)dt =

1

πγ

(︃
1 +

(︂
x
γ

)︂2)︃ .
It is clear that both ΦT and fT are in L1(R), since

∫︂

R
ΦT (t)dt =

2

γ
, and
∫︂

R
fT (x)dx = 1.

We also observe that

∫︂

R

1

fT (x)
(︁
1 +|x|4

)︁dx ≤ 2πγ

∫︂ ∞

0

(︂
1 + |x|

γ

)︂2
(1 +|x|)4

dx <∞.

An application of [Sri+10], the uniform boundedness of characteristic functions
in L∞(ν), and a standard interpolation argument yields that CFDν metrizes weak
convergence.
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B.2 Characteristic function and joint moments of a
Brownian increment and Lévy area

Here we briefly give the definition of the joint characteristic function and Lévy
area, and also provide a proof of Proposition 5.2.7. Part of the proof of the second
result comes as a corollary of the form of the characteristic function found in
Theorem B.2.1 and Lemma B.2.2.

Theorem B.2.1 (Characteristic function of Brownian motion and Levy area). Let
Wt = (W

(1)
t , . . .W

(d)
t ) be a d-dimensional Brownian motion and let A(j1,j2)

t be the
corresponding Lévy area ofW (j1)

t andW (j2)
t . Let µ ∈ Rd and Λ = {Λi,j}1≤i<j≤d ∈ R

d(d−1)
2 .

The joint characteristic function of coupled Brownian motion Wt and the Levy area At at
time t

Φ(W,A)(t, µ,Λ) := E
[︃
exp

(︃
i

d∑︂
i=1

µiW
(i)
0,t + i

∑︂
1≤j1<j2≤d

Λj1,j2A
(j1,j2)
t

)︃]︃

admits the following formula

Φ(W,A)(t, µ,Λ) =

(︃ d1∏︂
i=1

1

cosh(ηi
2
t)

)︃
exp

(︃[︃ d1∑︂
i=1

− 1

ηi

(︁
(Rµ)22i−1

+ (Rµ)22i
)︁
tanh

(︁
ηi
2
t
)︁]︃
− 1

2
t

d0∑︂
i=1

(Rµ)22d1+i

)︃

where R, η, d0, d1 are defined in Lemma B.2.2.

Proof. The result was first proved in [HS83] using a probabilistic approach. Recently,
[LNT24] have given a proof using rough path theory.

Lemma B.2.2 (Decomposition of anti-symmetric matrix). For any d×d anti-symmetric
real-valued matrix Λ, let (±η1i, . . . ,±ηd1i) be the set of non-zero conjugate eigenvalue
pairs of Λ with ηi > 0 and η1 ≥ · · · ≥ ηd1 . Let d0 = d− 2d1 be the algebraic multiplicity
of the eigenvalue 0 of Λ (if Λ does not have zero eigenvalues, then d0 = 0). Then there
exists an orthogonal matrix R, such that the following decomposition of Λ holds:

Λ = RTΣR,
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where Σ is of the form

Σ =

(︄
Σ0, 0d−d0,d0

0d0,d−d0 0d0,d0

)︄

:=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −η1 0 0 . . . 0 0 0 . . . 0

η1 0 0 0 . . . 0 0 0 . . . 0

0 0 0 −η2 . . . 0 0 0 . . . 0

0 0 η2 0 . . . 0 0 0 . . . 0
... ... ... ... . . . ... ... ... . . .

...
0 0 . . . 0 . . . 0 −ηd1 0 . . . 0

0 0 . . . 0 . . . ηd1 0 0 . . . 0

0 0 . . . 0 0 0 0 0 . . . 0

0 0 . . . 0 0 0 0
... . . . ...

0 0 . . . 0 0 0 0 0 . . . 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where Σ0 is the block diagonal matrix with all non-zero ηi.

Using the above, we are now able to give a proof of Proposition 5.2.7, concerning
the joint moments of our generator.

Proof of Proposition 5.2.7. To see item (1), fix µ ∈ Rd and λ = {λi,j}1≤i<j≤d ∈ R
d(d−1)

2 .
We claim that

Φ(W,A)(t, µ, λ) = Φ(W,A)(t,−µ,−λ) = Φ(W,A)(t, µ,−λ). (B.1)

Let Λ stand for the d× d anti-symmetric matrix with the above diagonal elements
given by λ. Let Λ have a decomposition Λ = RTΣR as in Lemma B.2.2. Then the
corresponding decomposition for −Λ is given by R̃T

ΣR̃, where for 1 ≤ i ≤ d1

R̃2i,· := R2i−1,· and R̃2i−1,· := R2i,· .

It is clear from the form of the characteristic function, that pairwise swapping the
first 2d1 rows of R leaves the final value unchanged. Since all the terms involving µ
are squared, the characteristic function is also invariant under taking the negative
of µ. Item (1) now follows from Eq. (B.1). For item (2), Eq. (5.5) follows immediately
from item (1), and Eq. (5.7) follows from the fact that the conditional characteristic
function of Lévy area given W0,t = w is purely real [Wik01]. Eq. (5.8) follows by
independence of ξ0 and the observation that its power will be odd. We finally
turn our attention to Eq. (5.6), where for simplicity we take t = 1. We recall that
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Ã0,1 ∼ PθBF is defined by BF
(︂
W0,1, H0,1, b̃0,1, ξ,ξ

)︂
, where the only dependence is

between H0,1 and b̃0,1. Indeed, by expanding each Ã(i) we see that it is enough to
show that

E

⎡⎣ d∏︂
i=1

(︁
W (i)

)︁ni

(︃ ∏︂
1≤i<j≤d

(ξ0)
nij
(︁
ξiH

(i)W (j)
)︁kij(︁ξjH(j)W (i)

)︁lij(︁ξiξj b̃(i,j))︁pij)︃
⎤⎦ = 0,

(B.2)
where kij + lij + pij = nij . We consider three exhaustive, but overlapping cases.

i)
∑︁

1≤i<j≤d nij is odd.

ii) For some 1 ≤ i ≤ d, the power of W (i) or ξi is odd.

iii) For every 1 ≤ i ≤ d, the power of W (i) and ξi is even.

If i) holds, then the power of ξ0 is odd and by independence Eq. (B.2) is true. Item
ii) is similar. To conclude, we will show that if iii) holds, then i) must also hold.
We observe that the power of W (i) is given by

ni +
∑︂
1≤j<i

kji +
∑︂
i<j≤d

lij,

and the power of ξi is given by∑︂
1≤j<i

lji + pji +
∑︂
i<j≤d

kij + pij.

Under the assumption that all these powers are even, we may add them together
to see that

d∑︂
i=1

ni +

(︃ ∑︂
1≤j<i

kji + lji + pji +
∑︂
i<j≤d

kij + lij + pij

)︃
=

d∑︂
i=1

ni + 2

(︃ ∑︂
1≤i<j≤d

nij

)︃

is even. As the sum over all ni and nij is odd by assumption, it must be the case
that ∑︂

1≤i<j≤d

nij

is odd.

Lemma B.2.3. Let W be a d-dimensional Brownian motion on [0, 1] and let B,H, b be the
corresponding derived processes from Definition 5.2.1. Fix some ξ ∈ {−1, 1}d, and let H ′,
and b′ be the space-time and space-space Lévy area processes associated with the process
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ξ ⊙B = {ξ ⊙Bt}t∈[0,t], where ⊙ denotes the Hadamard (coordinate-wise) product. Then

{Bt}t∈[0,1]
d
= {ξ ⊙ Bt}t∈[0,1], H ′ = ξ ⊙H, b′ = (ξ ⊗ ξ)⊙ b, and (H ′, b′)

d
= (H, b).

Proof. By definition of H and b (in vector form)

H ′
0,t =

1

t

∫︂ t

0

ξ ⊙ B0,u du = ξ ⊙H0,t

b′0,t =

∫︂ t

0

(ξ ⊙ B0,u)⊗ d(ξ ⊙ Bu)

= (ξ ⊗ ξ)⊙
∫︂ t

0

B0,u ⊗ dBu = (ξ ⊗ ξ)⊙ b0,t.

B.3 Test metrics

We list in this section the test metrics used to assess the performance of our
generative model. Throughout the section let X , Y be d-dimensional random
variables on the metric space (M,m) and let µ := PX , ν := PY be the induced
probability measure. We denote by µi and νi the measure induced by the marginal
distributions of X(i) and Y (i) respectively.

1) Marginal 2-Wasserstein metric. For 1 ≤ i ≤ d, The 2-Wasserstein distance
between X(i) and Y (i) is given by

W2(µ, ν) =

(︃
inf

γ∈Γ(µ,ν)

∫︂

m(x, y)2dγ(x, y)

)︃ 1
2

where Γ(µ, ν) is the set of all joint measures on M ×M with marginals µ and
ν. The Wasserstein metric is one way of assessing the difference between
two distributions, however, in practice the estimation is often intractable
when d is high as one needs to compute m(x, y) for all samples x and y. To
accommodate this issue, we compute theW2 distance between the marginal
distribution X(i) and Y (i) only.

2) Cross moment metric. We compare the difference of the fourth moments
between the real and generated Lévy area. Let {Xi}Ni=1 be samples of the
random variable X , for any (i1, i2, i3, i4) ∈ {1, . . . , d}4 we estimate the cross
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moment E[X(i1)X(i2)X(i3)X(i4)] by

1

N4

∑︂
1≤j1,j2,j3,j4≤N

X
(i1)
j1

X
(i2)
j2

X
(i3)
j3

X
(i4)
j4

If X happens to be the Lévy area of Brownian motions we do know the
analytical form of each cross-moment. One can derive it using the basic tools
of rough path theory, in this case the expected signature of Brownian motion.
This metric is used to assess the joint fitting of generated Lévy area without
using estimations of real data.

3) Characteristic Function Distance and Maximum Mean Discrepancy distance
(MMD). In [Sri+10] it is shown that the characteristic function distance CFDν

when using an L2 norm instead of an L1 norm is equivalent to an MMD
distance with a certain kernel. For example, if ν is a Gaussian measure, then
the corresponding kernel is the Gaussian kernel. For our tests we use the
MMD distance with both a Gaussian and polynomial kernel, with the Fourier
series expansion with a high truncation level taken to be the ground truth.

4) Empirical Unitary Characteristic Function Distance. We parametrize the
measureM on the space of linear transformations Rd+a onto gm by M linear
maps, where d, a and m denotes the Brownian dimension, Lévy dimension,
and unitary Lie degree respectively. Then, we train M to maximize the
EUCFD distance between real and generated data. In practice, we set m = 8,
M = 128, and train M for 2000 iterations, the EUCFD computed on an
independent test set is used for model assessment.

B.4 Training procedure and hyperparameter tuning

The training procedure was performed the training procedure as illustrated in
Algorithm 4. On the generator side, we used a feed-forward neural network, with
the activation function is chosen to be LeakyRelu. On the discriminator side,
we parameterise 128 linear maps onto the Lie algebra of degree 3 to mimic the
empirical distribution used to compute UCFD mentioned in Section 5.3.1. The total
number of training iterations is set to be 2500, which was approximately the point
that we observed convergence in the marginal 2-Wasserstein metric to reference
samples. We optimised both the generator and discriminator using stochastic
gradient descent with the Adam optimiser. We set the batch size to 213 and the
learning rate for generator/discriminator was chosen to be 0.001/0.01 respectively.
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We also employed a learning rate scheduler, with both learning rates decay every
500 iterations. Finally, we set iterd to be 3.

Regarding the choice of hyperparameters, we conducted a hyperparameter grid
search for training the LévyGAN. Tuning is done on both the generator and
discriminator sides. The model selection was based on the marginal 2-Wasserstein
metric. We provide here a grid for interested readers.

Table B.1: Grid for hyperparameter tuning

Hyperparameter Grid values

Generator hidden layers 2, 3, 5

Generator hidden dimension 8, 16

Generator noise size 4, 8

Generator slope of LeakyRelu 0.01, 0.2

Discriminator Lie degree 2, 3, 5

Discriminator batch size 16, 64, 128

B.5 Foster’s moment-matching method

The current state-of-the-art weak estimator for Lévy area is Foster’s method. We
now detail its construction for the interested reader.

Definition B.5.1 (Foster’s approximation of Lévy area). For any 0 ≤ s < t and d ≥ 2

we define the antisymmetric tensor Ãs,t with entries

Ã
(i,j)

s,t = H
(i)
s,tW

(j)
s,t −W

(i)
s,tH

(j)
s,t + 12

(︂
K

(i)
s,tH

(j)
s,t −H

(i)
s,tK

(j)
s,t

)︂
+ ã

(i,j)
s,t , for 1 ≤ i, j ≤ d

where

• W is a d-dimensional Brownian motion and H is a space-time bridge Lévy area on
[s, t].

• Ks,t ∈ Rd is the space-time-time Lévy area of the Brownian bridge between s and t,
is distributed as Ks,t ∼ N d

(︁
0, 1

720
(t− s)

)︁
, with K and (W,H) being independent.

• ã is an approximation of the Brownian arch Lévy area (see [Fos20], definition 4.1.14)
constructed as shown below.

ã
(i,j)
s,t =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
σ
(i,j)
s,t ξ

(i,j)
s,t if i < j

−σ(i,j)
s,t ξ

(i,j)
s,t if j < i

0 if i = j
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with the independent random variables σ(i,j)
s,t and ξ(i,j)s,t defined for 1 ≤ i < j ≤ d according

to

ξ
(i,j)
s,t ∼

⎧⎪⎨⎪⎩Uni
[︂
−
√
3,
√
3
]︂

with probability p

Rad(1/2) with probability 1− p
where p :=

21130

25621

and

σ
(i,j)
s,t =

√︄
3

28

(︁
C(i) + c

)︁ (︁
C(j) + c

)︁
(t− s)2 + 1

28
(t− s)

(︃(︂
12K

(i)
s,t

)︂2
+
(︂
12K

(i)
s,t

)︂2)︃
,

where the C(i) ∼ Exp
(︁
15
8

)︁
, (1 ≤ i ≤ d) are i.i.d. random variables and c := 1√

3
− 8

15
.

Theorem B.5.2. Let d ∈ {2, 3} and let Ã be as in Definition B.5.1. Then Ã matches all
the fifth and lower moments of the Lévy area A conditional on W and H . That is, for any
n1, n2, n3 ≥ 0 with n1 + n2 + n3 ≤ 5

E
[︃(︂

Ã
(1,2)
s,t

)︂n1
(︂
Ã

(2,3)
s,t

)︂n2
(︂
Ã

(3,1)
s,t

)︂n3 ⃓⃓
Ws,t, Hs,t

]︃
=

E
[︃(︂

A
(1,2)
s,t

)︂n1
(︂
A

(2,3)
s,t

)︂n2
(︂
A

(3,1)
s,t

)︂n3 ⃓⃓
Ws,t, Hs,t

]︃
.

Proof. See [Fos20], page 190.

B.6 Numerical methods for SDEs

This section details the various numerical schemes with which we perform our
tests. We start by recalling the definition of weak and strong errors and discuss
why we are only able to analyse the former.

B.6.1 Weak vs strong error

Strong error measures the discrepancy between the true sample paths of the process
and the approximate sample paths, while weak error measures the similarity
between the distributions of the true and approximate solutions. Since our
simulation methods are not exact, nor do they correspond to some approximation
of a true sample of Lévy area (in comparison to a truncated Fourier series expansion
for example), we cannot measure the strong error for schemes involving fake Lévy
area. We can, however, measure the weak error of the discretisation schemes.
Concretely, a discretisation scheme {X̂k}0≤k≤N is said to converge weakly with
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order α if for any polynomial p⃓⃓⃓
E
[︁
p(X̂N)− p(XT )

]︁⃓⃓⃓
≤ Cph

α, (B.3)

for some constant Cp > 0 and for all sufficiently small step sizes h := T
N

. Conver-
gence with weak order α will be denoted by O(hα). The following subsections
introduce three discretisation schemes that will be used for our numerical results.

B.6.2 Discretisation schemes

Here we recall the definitions of the numerical schemes used for the results
presented in Section 5.5.2.

Milstein’s Method

Milstein’s method is derived from the second order (Itô) Taylor expansion of the
SDE in Eq. (5.1). It is defined as follows: fix N ≥ 1, set X̂0 = x0, and for all
0 ≤ k ≤ N − 1 construct X̂k+1 recursively via the relation

X̂k+1 =X̂k + f(X̂k)h+
d∑︂
i=1

gi(X̂k)∆W
(i)
k

+
d∑︂

i,j=1

g′i(X̂k)gj(X̂k)

(︃
1

2
(∆W

(i)
k )(∆W j

k ) + A
(i,j)
k − 1

2
δijh

)︃
,

(B.4)

where h := T
N

, ∆W (i)
k := W

(i)
tk+1
−W (i)

tk
, δij is the Kronecker delta, and

A
(i,j)
k :=

1

2

(︄
∫︂ tk+1

tk

(W (i)
s −W

(i)
tk
)dW (j)

s −
∫︂ tk+1

tk

(W (j)
s −W

(j)
tk

dW (i)
s

)︄
(B.5)

is the Lévy area. Milstein’s method, under certain conditions, is known to converge
with both weak and strong order O(h). Meanwhile, removing the Lévy area terms
leaves the weak order unchanged, but reduces the strong order to O(

√
h). Since

we are concerned exclusively with weak convergence, we will consider Milstein’s
method without Lévy area.

Strang log-ODE

The Strang log-ODE method, introduced in [FdRS24], is a higher order method
that incorporates a term involving fake Lévy area. To define this scheme we must
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first convert the SDE in Eq. (5.1) into Stratonovich form, that is

dXt = f̄(Xt)dt+
d∑︂
i=1

gi(Xt) ◦ dW (i)
t , X0 = x0, (B.6)

where the Stratonovich drift f̄ is given by

f̄(x) := f(x)−
d∑︂
i=1

g′i(x)gi(x).

As in the Milstein scheme we fix X̂0 = x0, and recursively define

X̂k+1 = exp
(︁
1
2
hf̄
)︁
exp

⎛⎝ d∑︂
i=1

gi∆W
(i)
k +

∑︂
i<j

(g′jgi − gjg′i)A
(i,j)
k

⎞⎠ exp
(︁
1
2
hf̄
)︁ (︂
X̂k

)︂
,

(B.7)
where exp (Cf) (x) denotes the time 1 solution to the following ordinary differential
equation

dy

dt
= Cf(y), y0 = x.

For the Lévy area term we will consider three different weak approximations: a
Rademacher random variable which matches the variance of Lévy area, Foster’s
method, and our generative modelling method. The first method is based on the
use of Rademacher random variables in Talay’s scheme [Tal90].

B.6.3 Antithetic MLMC

Normally, in order to achieve optimal computational complexity of the MLMC
it is required that the underlying discretisation scheme has strong order O(h),
see [Gil08], which requires strong simulation of Lévy area when the SDE is
more than one dimensional. However, there exists clever reformulation of the
standard MLMC which achieves optimal computational complexity using the no
area Milstein scheme, despite only having a strong convergence rate of O(

√
h).

Antithetic MLMC, proposed in [GS14a], was originally motivated by the difficulty
of simulating Lévy area exactly. Now, as mentioned in the previous subsection,
on each level the coarse and fine path are generated using the same underlying
Brownian motion. It is not in fact necessary to use the same estimator on both
the coarse and fine paths. It suffices that Y ·,l

l

d
= Y ·,l+1

l . For the antithetic method,
the paper [GS14a] uses two different paths on the fine level: the fine path itself
and an antithetic twin. The antithetic twin is obtained by pairwise swapping the
increments of the fine path; essentially this means that X̂(f)

+ X̂
(a)
≈ 2X̂

(c), where
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X̂
(f) denotes the fine path, X̂(a) the antithetic path, and X̂(c) the coarse path. The

resulting effect is that the variance of 1
2
(φ(X̂

(f)
) + φ(X̂

(a)
)) − φ(X̂

(c)
) should be

small. For more details, we refer the reader to [GS14a].

B.6.4 The log-Heston SDE

We recall the definition of the log-Heston model as the following two-dimensional
SDE

dUt =

(︃
r − 1

2
Vt

)︃
dt+

√︁
VtdW

(1)
t , U0 ∈ R

dVt = κ(θ − Vt)dt+ σ
√︁
VtdW

(2)
t , V0 > 0.

(B.8)

The discounted payoff of a European call option for a price S with d log(S) := U is

φ(S) := e−rT
(︂
eUT −K

)︂+
.

The price at t = 0 of this option may be written as

C0 := E
[︁
φ(S)

]︁
= S0Π0 − e−rTKΠ1, (B.9)

where the factors Π0 and Π1 area given by

Π0 =
1

2
+

1

π

∫︂ ∞

0

R

[︄
eiωKΨUT

(ω − i)
iωΨUT

(−i)

]︄
dω

Π1 =
1

2
+

1

π

∫︂ ∞

0

R

[︄
eiωKΨUT

(ω)

iω

]︄
dω.

(B.10)

Here Ψlog YT denotes the characteristic function of UT . The characteristic function
itself has an analytic form given by

ΨUT
(ω) = exp

{︃
C(ω)θ +D(ω)V0 + iω log

(︂
S0e

rT
)︂}︃

,

where the functions C(·) and D(·) are defined as

C(ω) := κ

⎡⎣b1T − 2

σ2
log

(︄
1− b2e−aT

1− b2

)︄⎤⎦
D(ω) := b1

1− e−at

1− b2e−at
,

223



with constants a, b1 and b2 given by

a :=
√︁
κ2 + σ2ω(ω − i)

b1 :=
κ− a
σ2

b2 :=
κ− a
κa

.

For full details of the derivation of this formula, we refer the reader to [Cri15].
While the preceding expression may appear complicated, it requires only the
evaluation of the deterministic integrals in Eq. (B.10), which are computed in
practice using quadrature.

What remains to full specify the numerical schemes is to compute the one step
recursion for the various numerical schemes applied log-Heston SDE from Eq. (B.8).
Full details and derivations of the vector field derivatives can be found in [Ter22].
The no-area Milstein update is given by

Ûk+1 = Ûk + (r − 1
2
V̂ k)h+

√︂
V̂ k∆W

(1)
k + 1

4
σ∆W

(1)
k ∆W

(2)
k

V̂ k+1 = V̂ k + κ(θ − V̂ n)h+ σ

√︂
V̂ k∆W

(2)
k +

1

4
σ2
(︂
(∆W

(2)
k )2 − h

)︂
.

(B.11)

The Strang log-ODE recursion is more involved as it involves solving two ordinary
differential equations: one for the Stratonovich drift and one involving diffusion
terms. Fortunately, these are analytically solvable, with the resulting scheme given
by

Ṽ
1

k+1 = (V̂ k + ξ)e−
κh
2 + ξ

Ũ
1

k+1 = Ûk +
1

2κ
(V̂ k − ξ)(e−

κh
2 − 1) + h

2
(r − ξ

2
)

Ṽ
2

k+1 =

(︃√︂
Ṽ

1

k+1 +
σ
2
∆W

(2)
k

)︃2

(B.12)

Ũ
2

k+1 = Ũ
1

k+1 +

√︂
Ṽ

1

k+1∆W
(1)
k + σ

4
∆W

(1)
k ∆W

(2)
k − σ

2
Ã

(1,2)

k

V̂ k+1 = (Ṽ
2

k+1 − ξ)e−
κh
2 + ξ

Ûk+1 = Ũk+1 +
1

2κ
(Ṽ

2

k+1 − ξ)(e−
κh
2 − 1) + h

2
(r − ξ

2
),

where ξ := θ − σ2

4κ
and Ã denotes the fake Lévy area.
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