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This paper investigates streaks and Gortler vortices in a boundary layer over a flat or
concave wall in a contracting or expanding stream, which provides a favorable or adverse
pressure gradient, respectively. We consider first the excitation of streaks and Gortler
vortices by free-stream vortical disturbances (FSVD), and their nonlinear evolution. The
focus is on FSVD with sufficiently long wavelength, to which the boundary layer is most
receptive. The formulation is directed at the general case where the Gortler number G4
(based on the spanwise wavelength A of FSVD) is of order one, and the intensity of FSVD
is strong enough that the induced Gortler vortices acquire an O(1) streamwise velocity
in the region where the boundary-layer thickness becomes comparable with A, and the
vortices are governed by the nonlinear boundary-region equations (NBRE). An important
effect of a pressure gradient is that the oncoming FSVD are distorted by the non-uniform
inviscid flow outside the boundary layer through convection and stretching. This process
is accounted for by using the rapid distortion theory. The impact of the distorting FSVD
is analysed to provide the appropriate initial and boundary conditions, which form, along
with the NBRE, the appropriate initial-boundary-value problem describing the excitation
and nonlinear evolution of the vortices. Numerical results show that in the presence of
an adverse/favorable pressure gradient Gortler vortices saturate earlier/later, but the
intensity of the saturated vortices is lower/higher than that in the case of zero pressure
gradient. With the increase of the favorable pressure gradient, the nonlinearly generated
harmonic component (0,2) dominates eventually, causing two mushrooms to appear
within one spanwise period. For a very strong favorable pressure gradient, the saturation
location of the Gortler vortices ceases to move downstream farther. It is also found that
the increase of FSVD intensity reduces the effects of the Gortler number and pressure
gradient on the growth of Gortler vortices. At a high turbulence level of Tu = 14%,
the curvature does not impact the evolution of vortices, and the pressure gradient only
influences the saturation intensity. The unsteadiness of FSVD is found to reduce the
boundary-layer response significantly at low turbulence levels, but that effect weakens as
the turbulence level increases. A secondary instability analysis of vortices is performed
for two moderate pressure gradients, one adverse and the other favorable. Three families
of unstable modes have been identified, which may become dominant depending on the
frequency and streamwise location. In the presence of an adverse pressure gradient, the
secondary instability occurs earlier, but the unstable modes appear in a smaller band of

1 Email address for correspondence: x.wu@ic.ac.uk
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2 D. Xu, J. Liu and X. Wu

streamwise wavenumber or frequency, and their growth rates are smaller. The opposite is
true in the case of a favorable pressure gradient. The present theoretical framework, which
accounts for the influence of the curvature, turbulence level and pressure gradient, allows
for a detailed and integrated description of the key transition processes, and represents
a useful step towards predicting the pre-transitional flow and transition itself of the
boundary layer over a blade in turbo-machinery.

1. Introduction

It is of importance to understand and predict the transition process in the boundary
layers over turbine blades, as it largely determines the load and heat transfer on the blade,
and the overall efficiency of the turbine (Mayle 1991; Jahanmiri 2011). The key factors
affecting instability and transition include high turbulence level, presence of pressure
gradient and surface curvature (Schultz & Volino 2003; Volino & Simon 1995, 2000). Since
the pressure gradient is favorable in an extended region from the leading edge, the flow
there remains laminar, but exhibits strong three-dimensional and unsteady characteristics
due to the influence of free-stream turbulence (FST) and centrifugal force. In the case of
a concave wall, Gortler instability operates to cause earlier transition, the extent of which
depends on the level of FST, but a convex curvature has little effect at all turbulence level
(Volino & Simon 1995, 1997; Kim, Simon & Russ 1992). Currently, transition location
is determined by using empirical correction relations deduced from limited experimental
data (Walker 1993). In the case of flat-plate boundary layer, several relations between
the transition Reynolds number and FST level have been proposed with or without a
pressure gradient (Abu-Ghannam & Shaw 1980; Gostelow, Blunden & Walker 1994).
However, the role of the spectra or length scales of FST has not been quantified despite
the fact that they were found to be also relevant (Volino & Simon 1995), and neither
have the combined effects of the pressure gradient and curvature been accounted for.
Better understanding of transition process is crucial for the development of physics-based
transition prediction method. In this paper, we investigate the fundamental process of
transition in the boundary layer over a flat or concave wall subject to a pressure gradient.
Specifically, the generation of Gortler vortices by FSVD, their evolution and secondary
instability are to be considered in a unified framework, in which the pressure gradient,
FSVD and curvature are all taken into account.

1.1. Gortler vortices

Gortler instability occurs in a boundary layer over a concave wall due to the imbalance
between the centrifugal force and the wall-normal pressure gradient. Gortler (1941)
started the investigation of this instability by using a local normal-mode approach
based on a parallel-flow approximation. The key parameter controlling the instability
was identified to be the Gortler number, defined as Gy = (Uso0/v)+/0/7¢, where Us
is the free-stream velocity, # and r§ denote the boundary-layer (momentum) thickness
and radius of curvature respectively, and v the kinematic viscosity. The instability causes
the formation of spanwise periodic and streamwise elongated vortices. The analysis of
Gortler was later extended by Smith (1955), Ragab & Nayfeh (1980) and Floryan & Saric
(1982), who sought to include part of the non-parallel-flow effects, but continued to treat
the instability as an eigenvalue problem. These studies showed that Gortler vortices with
a fixed spanwise wavelength decay near the leading edge, but start to amplify from some
distance downstream. However, without fully accounting for the streamwise variation of
both the base flow and modal shape of the perturbations, the growth rate predicted by
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Excitation and evolution of Gértler vortices 3

the local theory is unsatisfactory in comparison with experimental results (Tani 1962;
Finnis & Brown 1997).

Hall (1982, 1983) was the first to point out that in the general case where Gy = O(1),
Gortler instability should be formulated as an initial-value problem, which has to be
solved by using a marching method. A local approach is justified only in the limit of Gy >
1, or equivalently sufficiently downstream for vortices with a fixed wavelength. These
theoretical findings were confirmed by further studies of Day, Herbert & Saric (1990),
Goulpié et al. (1996) and Bottaro & Luchini (1999), who compared the predictions by
the two approaches. They found that different initial conditions led to different transient
behaviour of Gortler vortices, and the local and marching methods gave the same results
only sufficiently far downstream.

Experiments (Swearingen & Blackwelder 1987; Kottke 1988) and theoretical analy-
ses indicate that the initial condition is vital for describing the evolution of Gortler
vortices. For this reason, receptivity, i.e. the process of generating vortices by exter-
nal disturbances, should be treated as an integrated part of the Gortler instability
theory. Surface roughness elements and free-stream turbulence are two main external
disturbances generating Gortler vortices. Denier, Hall & Seddougui (1991), Bassom &
Hall (1994) and Sescu & Thompson (2015) studied the generation of Gortler vortices
by roughness. They found that the shape and size (height and diameter) of roughness
elements influence the excitation and evolution of Gortler vortices. Sescu & Afsar (2018)
studied wall deformations to hamper the Gortler vortices excited by roughness using an
optimal control method.

How free-stream turbulence excites precisely Gortler vortices and streak-like distur-
bances in the boundary layer is a topic of intense recent interest. Direct numerical
simulations (DNS) were performed by Schrader, Brandt & Zaki (2011). In their work,
the FSVD and inlet disturbances are represented by the continuous modes of the Orr-
Sommerfeld (O-S) and Squire operators, in which non-parallelism is neglected completely.
Unfortunately, these continuous modes are non-physical, and their eigenfunctions do not
represent entrainment of FSVD into the boundary layer because the latter is fundamen-
tally influenced by non-parallel-flow effects, as was pointed out by Dong & Wu (2013).
For the flat-plate boundary layer, Leib, Wundrow & Goldstein (1999) showed that long-
wavelength, low-frequency disturbances FSVD induce streaks, which are governed by
linear unsteady boundary-region equations. Ricco, Luo & Wu (2011) extended their work
to the case where FSVD are strong enough to generate nonlinear streaks. Generation of
linear and nonlinear streaks in a compressible boundary layer has been considered by
Ricco & Wu (2007) and Marensi et al. (2017) respectively. On the other hand, Wu, Zhao
& Luo (2011) extended the work of Leib et al. (1999) to a concave wall and studied
the excitation of Gortler vortices by FSVD and their linear evolution. Xu, Zhang & Wu
(2017) (referred to as XZW hereafter) furthermore investigated the nonlinear evolution
and secondary instability of Gortler vortices induced by FSVD. This theoretical work
was based on the first principles, and presented a self-consistent framework to connect
the intensity of turbulence with the transition process. The theoretical predictions were
found to be in good agreement with experimental measurements.

1.2. The influence of pressure gradient

A strong streamwise pressure gradient always exists in turbo-machinery, and indeed
influences the onset of transition (Schreiber, Steinert & Kiisters 2002). However, previous
studies of pressure-gradient effect have mostly restricted to (a) streak formation and
bypass transition in boundary layers over flat walls, and (b) linear Gortler instability
using the Falkner-Skan solutions as a model flow.
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4 D. Xu, J. Liu and X. Wu

Experimental studies of bypass transition in the flat-plate boundary layer showed that
transition onset location shifted downstream when the flow is subject to a streamwise
acceleration (Blair 1992; Talamelli, Fornaciari & Westin 2002), and the location was
found to depend on the history of the pressure gradient, as a result of which correlating
it with a local pressure-gradient parameter is inadequate (Abu-Ghannam & Shaw 1980;
Solomon, Walker & Gostelow 1996). Zaki & Durbin (2006) performed DNS of transition
triggered by the continuous modes, which were presumed to represent FSVD (but see
Dong & Wu (2013)). With the base flow being taken to be the Falkner-Skan boundary
layer, they found that an adverse pressure gradient enhanced streaks and as a result
transition occurred earlier. Johnson & Pinarbasi (2014) calculated the linear response
to continuous modes of boundary layers with zero, adverse and favourable pressure
gradients. The amplitude of streaks in the presence of an adverse pressure gradient was
found to be greater than that in the favourable pressure-gradient case. Brinkerhoff &
Yaras (2015) conducted a DNS of bypass transition in a boundary layer subjected to an
adverse pressure gradient and elevated free-stream turbulence. They pointed out that
two distinct processes, the development of varicose secondary instability and a rapid
amplification of free stream disturbances in the inflectional boundary layer, caused rapid
transition to turbulence.

For a Falkner-Skan boundary layer, the local linear stability analysis of Ragab &
Nayfeh (1980) indicates that an adverse pressure gradients is destabilising, which is the
same as its impact on Tollmien-Schlichting waves. This conclusion was confirmed by
marching-method calculations with the initial (upstream) condition being taken to be an
eigenmode or a more-or-less arbitrary disturbance velocity distribution (Goulpié et al.
1996; Matsson 2008). Rogenski, de Souza & Floryan (2016) performed simulations using
the linearized N-S equations, which require an artificial ‘buffer region’ at the outlet of
the computational domain. Spanwise periodic suction/blowing was introduced to excite
Gortler vortices, and different forms of pressure gradient were considered. For all the
cases, the destabilizing/stabilizing effect of an adverse/favorable pressure gradient was
once again observed, but the variation of pressure gradient has a small effect once
the vortices are established. Further calculations including nonlinearity showed that an
adverse pressure leads to earlier saturation and higher saturated amplitude (Rogenski
et al. 2016). To the best of our knowledge, no existing work has considered the receptivity
of streaks or Gortler vortices to physically realisable FSVD in the presence of a pressure
gradient despite the experimental evidences indicating clearly that FSVD excite Gortler
vortices (Aihara & Sonoda 1981; Volino & Simon 1995; Kim, Simon & Russ 1992). It
should be pointed out that although a Falkner-Skan solution may, with a suitably chosen
Hartree parameter, be used as a proxy of a local flow profile of a boundary layer with
a streamwise pressure gradient, it neither represents nor approximates any boundary
layer globally. This is because its far field is unbounded, different from the uniform
and bounded far field of a typical flow past an aerodynamics body. It is impossible to
specify physically meaningful disturbances in the oncoming flow, and thus a Falkner-Skan
boundary layer cannot be a useful vehicle for studying receptivity. Moreover, unless the
Gortler number is large, a Falkner-Skan boundary layer is also ill suited for analysing
linear Gortler instability because vortices have a long scale, and are dependent on the
entire base flow.

1.3. Secondary instability

Nonlinear Gortler vortices cause strong distortions of the streamwise velocity profile in
both the wall-normal and spanwise directions. The resulting inflectional velocity profile
may be highly unstable to high-frequency disturbances, which is referred to as secondary
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F1GURE 1. (Colour online) Schematic illustration of the physical problem and the associated
asymptotic structure.

instability. Much effort has been made in the case of zero pressure gradient (Hall &
Horseman (1991); Li & Malik (1995), XZW). The only study of pressure gradient effect
on secondary instability of Gortler vortices is that of Aihara & Sonoda (1981). They
found that the pressure gradient influences the secondary instability mainly through a
change of the high shear layer where the secondary instability is amplified. The majority
of experimental work focused primarily on correlating the transition location with the
FST intensity on an empirical basis (Blair 1982). The influence of pressure gradient on
the secondary instability of Gortler vortices remains to be investigated.

1.4. The aim of current work

In the present paper, we will study streaks and Gortler vortices in a boundary layer
subjected to a streamwise pressure gradient, covering the aspects of excitation by high-
intensity FSVD, nonlinear evolution and secondary instability of the vortices induced. To
retain the key physics while keeping the problem mathematically tractable, we consider
the boundary layer over a flat or curved plate inserted into a contracting or expanding
channel. This setting is analogous to the use of a contoured ceiling to create a pressure
gradient. In §2, we formulate the problem by describing the vortical disturbances in
the oncominng flow and specifying the scaling relations. The flow is governed by an
asymptotic structure consisting of four zones as is illustrated in figure 1. Two of those,
referred to as regions I and IV, are outside the boundary layer, and at O(A) and O(AR,)
distances to the leading edge respectively. Different from the zero pressure gradient case,
the inviscid base flow is now non-uniform. As a result, the vortical disturbances undergo
distortion. The disturbance in these two regions is analysed to provide the appropriate
boundary conditions. The response in region III, i.e. the boundary layer underneath
region I, is obtained to provide the initial condition for the nonlinear boundary-region
equations (NBRE) that govern the vortices induced in the boundary layer underneath
region IV. In §3, the numerical procedure to solve NBRE is presented. Numerical results
are presented in §4. The secondary instability of Gortler vortices is analysed in §5. Finally,
a summary and conclusions are given in §6.

2. Formulation

We consider the incompressible boundary-layer flow over a concave plate with a
characteristic radius of curvature r§. The plate is placed in the middle of a contracting
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or expanding stream between two contoured ceilings, which are often used to induce a
pressure gradient in experiments (Abu-Ghannam & Shaw 1980; Gostelow et al. 1994).
The ceilings far up- and down-stream of the contracting/expanding sector are parallel so
that the oncoming flow is uniform with a speed U, superimposed on which is stationary,
homogeneous turbulence. The flow is described in a curvilinear system « = (z1, 22, 23) =
zt +y5 + zl%, normalized by the spanwise integral scale of the turbulence, A, with x and y
being along and normal to the plate respectively, and z along the span. The dimensionless
time ¢ and velocity w are introduced by

t=Ut' /A, u=1u"/Us, (2.1)

where t* and u* are dimensional time and velocity respectively. Assume that free-stream
turbulence consists of small-amplitude vortical fluctuations. Then the upstream velocity
field can be written as

U—1 = oo (T — t,7, 2), (2.2)

where € < 1 is a measure of the disturbance intensity. The Reynolds number based on
A is defined as

Ry =UsA/v, (2.3)

where v is the kinematic viscosity. Furthermore, we introduce the turbulent Reynolds
number,

ry = GRA. (24)
The global Goértler number G, is defined as (Wu, Zhao & Luo 2011),
Ga= RN/ (2.5)

The Reynolds number R, is assumed asymptotically large, i.e. R4 > 1, but the Gortler
number G, is taken to be O(1), so that the resulting formulation accommodates all
regimes of Gortler instability.

The contraction ratio of the curved channel is denoted by

a*  U_
b Uy
where a* and b* are the transverse dimensions of the upstream and downstream passages,
and U; and U_ are the mean velocities there respectively (figure 1). The length of the
nonparallel section is taken to be of O(a*), and the contraction ratio o, is of O(1).
The inviscid steady flow field (U, V) is given in appendix A. Upstream turbulence is
assumed to have a small transverse length scale, namely A/a* < O(1) or |k*|a* > 1,
where |k*| = (ki? + k3% + k32)Y/? with k* being a typical wavenumber vector of FSVD.
The solution for the small disturbances in the inviscid flow can be determined by the
rapid-distortion theory (Batchelor & Proudman 1954; Hunt 1973; Goldstein 1978).

In the present work, we focus on low-frequency, or long-streamwise-wavelength, com-
ponents with kfa* = O(1), and assume that A/a* = R;' and r; = O(1), for which we
introduce the slow time variable,

(2.6)

Oc

T = t/RA. (2.7)
The flow divides itself into four asymptotic regions (figure 1). Over O(A) distances
surrounding the leading edge is an inviscid region I, in which the disturbance can be
treated as a linear perturbation to the mean flow. The region II, which is beneath
the linear region I, is a viscous boundary layer, where the perturbation is governed
by the linearized unsteady boundary-layer equations. With the boundary-layer thickness
growing with x, the solution becomes invalid at downstream distances z ~ O(a*/A) ~
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O(Ry),ie. & = x/R) ~ O(1), since the spanwise and wall-normal viscous diffusion terms
become comparable. A new solution in region III should be obtained for

i=x/Ry=O(1). (2.8)

The flow in this region is fully nonlinear and three-dimensional, and the streaks, which
form as a response to the FSVD, take on the character of Gortler vortices. The streamwise
velocity is greater than the normal and spanwise velocities by a factor of O(R,), while
the pressure normalised by pUZ2 is of O(R ;") for the steady base flow, but of O(R,?)
for the perturbation. Therefore, we can write the velocity and pressure fields, (u*, v*, w*)
and p*, as

(u* 0" ") [Uss = (u, R3'0, Ry'w), p"/(oU%) = R;'(Po + Ry'p).  (2.9)

where Pp is the steady mean pressure.

Substitution of (2.7)-(2.8) and (2.9) with the Lame coefficients, hy = (r§ — y*) /7§,
he = 1 and hg = 1, into the Navier-Stokes (N-S) equations gives, at leading order, the
equations for u = (u,v,w) and p (Hall 1988),

V-u=0, u;+(u-V)u+Gaxpu’j=(—Pps,—py, —ps) + (8§y +02)u, (2.10)

which are the rigorous asymptotic limit of the N-S equations for k; < k3. Here the term
containing G, reflects the essential influence of the wall curvature, and xp (&) is the
scaled local radius of wall curvature.

The flow is decomposed as a sum of the base flow and the perturbation induced by
FSVD, namely

{u,v,w,p} - {UB(jvn)a VB(jvn)a 0, 0} + (aa ﬁa waﬁ) (iﬂ% Z, t)? (2'11)

where the variable 7 is defined as

n=y/s with s=+/2%/U,, (2.12)

where U, (%) is the slip velocity given by the inviscid flow theory; see Appendix A.

The base flow is governed by the boundary-layer equations but there exist no similarity
solutions because our slip velocity U.(Z) is not one of the special cases Uc (%) = Cz™.
Nevertheless, use of the variable 7 is convenient for specifying appropriate initial and
boundary conditions, and presents a better numerical property for the computation of
the base flow. Hence we rewrite the boundary-layer equations in the terms of & and 7,

oUg n ( 1 U/ >8UB EGVB

0% 2% 2U./ On 2& on (2.13)
oUp 1 U/ \dUp U, dUp . U.0%Up '
Up|——+ ( - =+ )— B\| 55— = DB R WCRE
oz 2z 2U./ 0On 2% On 2% On?
where the streamwise pressure gradient is given by Py = —U.U, with a prime denoting

the differentiation with respect to z.

In the outer region IV above region III, turbulence undergoes decay and distortion
due to viscous effects and the strain field of the non-uniform inviscid background flow.
The disturbance remains linear in all the regions if r; < 1. However, for r» = O(1),
nonlinearity comes into play in both regions III and IV. The Gortler vortices excited by
FSVD evolve nonlinearly, saturate and may undergo secondary instability.
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2.1. The velocity fluctuation at large downstream distances in region I.

The flow in this region is divided into two parts, the base flow and disturbance, and
in the upstream limit, is of the form:

wi(m, ) =1 + euno(x — t,y,2) asz — —oc. (2.14)

The perturbation upstream w,, may be represented as a supposition of individual Fourier
components. For simplicity, only a pair of free-stream vortical modes with opposite
(dimensional) spanwise wavenumbers +kj is considered in the present work. The Fourier
component of the upstream perturbation is

Ui (T, 1) = Uogi(@ — 3t) = A e (@), (2.15)

where the Fourier amplitudes 4{° = {ﬁ‘f?i,ﬁg,oi,ﬂg?i} = O(1) are perpendicular to
k = {k1, ko, £ks3}, since from the continuity equation, it follows that

kraSy + kodSy £ k33, = 0.

The perturbation is highly ‘anisotropic’ in the three dimensions, but is assumed to be
isotropic in the transverse directions, that is, ko = k3 = 1. The spanwise amplitude 37,
is taken £1, from which it follows that 457, ~ —1.

The solution for the unsteady perturbation can be sought by applying the generalized
rapid-distortion theory (Goldstein 1978). This is facilitated by introducing the Darwin-
Lighthill ‘drift function’,

Az, y) :$+/;{—U(x',y1(z',W)) —1}dx', (2.16)

where U is the streamwise velocity of the inviscid base flow, ¥ is related to the stream-
function ¥(z, §o) via ¥(z,y) = (a*/A)Y(Z, o), which ensures that (U, V) = (¥, —¥,) =
(g0, —z); Here ¥(Z, o) is given in appendix A. The integration in (2.16) is performed
along a fixed streamline, along which ¥(x,y) is a constant. Goldstein (1978) showed that
the perturbation velocity fluctuation is given by

99
6$i

ui(z,t) = UH(mat) +

i

(x,t), (2.17)
where

uf{(m, t) = u3°T; i(x, y)eik'(X_it) (2.18)
is the homogeneous solution to the momentum equations, linearized about a potential
flow, and ¢(x,t) is the potential function, with X = (X1, Xo, X3) = (A, ¥, 2) being the
Lagrangian co-ordinates. In this paper, Einstein’s summation convention is adopted to
any Latin suffix occurring twice in a single-term expression. In (2.18),
0X (x)

Tji(w,y) = r

(2.19)

denotes the distortion tensor of the local Lagrangian co-ordinate (X — 4t).
The irrotational part of the fluctuation, ¢(x, t), can further be split into the gust part
@9 (x,t) and the scattered part ¢°(x,t) due to the presence of the plate, namely,

o, 1) = 6% (@,1) + ¢* (@.1). (2.20)
This gust solution is governed by the Poisson equation,

@2¢g outt
t) = ——2

(mat) (] - 1a273)' (221)

Lj
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Goldstein & Durbin (1980) (referred to as GD hereafter) showed that with |k|a*/A > 1,
the solution for ¢9 may be sought in the WKBJ form,
¢g(mvt) - —D(Zay)eik'(X7t) +O(—)7 (222)

where the amplitude function D(z,y) is a slowly varying function of x and y. After
substituting (2.18) and (2.22) into (2.21), |k|2D( y) is obtained as

1 uc?o

o D) = I () + O (2.23)

Tkl
where y; = d(k - X)/0z; and x = (x3 + X3 + x3)'/? (see appendix D in GD). Since the
mean flow is uniform upstream, uoo;(x,t) = d;1 and T;; — J; ;, so that the amplitude
D(z,y) tends to zero upstream, namely,

#D(z,y) —iu;"kj =0 as x — —oo0. (2.24)
The boundary condition on the plate surface has not been applied to determine the
WKBJ form solution, and therefore (2.23) just represents a local solution to be used
away from the wall (Hunt 1973). The boundary condition at the surfaces of the channel
can be ignored at leading order for high-wavenumber disturbances because its effect is
confined within a region of O(A/|k|a*) surrounding the channel surfaces, as was pointed
out by Goldstein (1979). GD also showed that

9 0 [ A
—_— t) = —T k(X —it) 2.9
reduces to

997 .00 Xi X! k(X —3

o, D = 75 T, y)e* X0 (2.26)

to leading order in O(A/|k|a*).
The sum of ul + d¢9/dx; will be referred to as the velocity of the distorted vortical
disturbance, and denoted by ué(z,t). It follows from (2.18) and (2.26) that

uf(m,t) = uf{ + 0¢9 /0x; = (O [Tj,i(x,y) — X;:;l Tz, y) el (X —it) (2.27)

The pressure associated with the gust distortion by the strain field is given by the
formula, p? = — g 7 ¢7, which follows from the linearized wall-normal momentum equation
and is valid for an irrotational base flow (Goldstein 1978). Use of (2.22) with (2.23) gives

o T
p* = i3 (a /XY Ui 2 X0, (2.28)

3

The scattered component of the irrotational solution, ¢°, is governed by the boundary-
value problem consisting of the Laplace equation,

82¢s
7 (z,t) =0, (2:29)

and the boundary condition on the plate surface,

s 9
a¢) (l‘a,;,z,t) _ 78¢ (xé;;Z;t) _ uf(l’,O,Z,t) for xr > 0’

¢*(x,0,2,t) =0 for x < 0.

(2.30)
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10 D. Xu, J. Liu and X. Wu

The solution in the z = O(1) region of the leading edge has to be obtained by solving the
full boundary-value problem (2.29)- (2.30) using the Wiener-Hopf technique. Fortunately,
for the present purpose of investigating how FSVD excite Gortler vortices or streaks,
it suffices to focus on the asymptotic behaviour of the solution at large downstream
distances. Substitution of the slow variable Z = zA/a* into (2.29) suggests that 02 )0z*

drops out of the equation. Noting that ¢ is proportional to €*3*  (as are uff and ¢9),

imposing the downstream boundary condition in (2.30), we obtain the solutlon of (2.29),

O (2,y,2,t) = T |[ (2,0, 2 t)+w}e—\k3ly

dy
_ Y% [Tz (z,0) — X2X1 Tjl(.%0)}ei[k1A(m,0)+k2&l7(:c,0)+k3z—t]—\k3|y. (2.31)
|3 X2
At y = 0, the corresponding velocity field is given by
s lﬂ]OO [ X2X1 } ik-(X —it) A :
= ——i|T; 0) — =-T; 0 O =1,3); (2.32
u; |k3|X1 j,2(z,0) 2 (. 0) ly=0 + (|k:|a*) (i ,3); ( )
, . (X —3 A
up = —iage {Tm(%o) - X;;(l Tj,l(%o)}@ (X0, o + O(W)’ (2.33)
and the pressure associated with ¢° is
s fug© - 0 { X2X1 } ik-(X —it)
=——-U;— T 2(x,0) — ==-T. 0 —0- 2.34
p T j2(2,0) — 2 ji(z,0)fe ly=0 (2.34)

The velocity consists of three parts: the homogeneous part, the gust part and the
scattered part, namely,

0¢%(z,y, 2,t) | 98°(2,9,2,1)
8Ii 6.%1 ’
Substituting (2.18), (2.26) and (2.31) into (2.35), we have uz(x,0, z,t) = 0, and

wi@,y, 2,t) = ufl (z,y,2,1) + (2.35)

AOOX1X1

ui(z,0,2,t) = {u Tj1(z,0) — 05°=5=T} (z,0)

+|1;<‘—31| (a;OTj, (z,0) — Aoox;Xszl( 0))]eik.(x_;t)|yzo, (2.36)

uz(x,0,2,t) = [u T;3(x,0) — AJOOX;;GTM(I,O)

L X < T o(,0) — 15°X2 ~L Tz, O)H ek (X)) o (2.37)
X3 TN
The disturbance in the main bulk of the inviscid region can be calculated, but a
numerical effort is required to evaluate the drift function A and the associated quantities
T} and x;. For the present purpose of investigating the excitation of Gortler vortices
and streaks, what is required is only the behaviour of the disturbance in the region where
y = O(1), corresponding to § = y/Ra = O(R"). The streamwise velocity of the invisid
base flow U = U, (%) + 93U (2,0)§ + O(9?), and ¥ ~ U,(#)y, and so
11
U U( )

an approximation uniformly valid since U (%) # 0 for any z. It follows that

+RyNMY + O(RP2W?)  with A\ (2) = 9;U(2,0)/U2

x x

Az, y) :er/ [U:(x) fl}d:chRZl(Ue(x)/ A (z )d:c)erO(R 24%). (2.38)

— 00 — 00
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Excitation and evolution of Gértler vortices 11

The carrier-wave factor of the disturbance is
k- X—k1A+k2Lp+k32—(90+g&1)+U k’2+l€1/ )\1 d$ y+l€32 (239)

where

0 A
6y = kl/_m[m - 1}d:z, o1 = kl/o A (2.40)
with k; = Raki. The result (2.39) indicates that the local streamwise and wall-normal
wavenumbers of the vortical disturbance in a nonuniform flow are both modified. The
correction to the wall-normal wavenumber is proportional to k; and hence negligible
since k1 < 1; it actually vanishes because A\; = 0 in the present symmetric setting. The
streamwise and wall-normal wavenumbers, k1 /U, and kyU,, are reduced and increased,
respectively if U, > 1, and the converse is true for U, < 1. The local streamwise phase
speed of the vortical disturbance is U, (), consistent with Taylor’s hypothesis.
For the steady base flow under consideration, the solution (A 3) shows that U =
Ue(2,0) + O(9?) as § — 0, and it follows that

o1
Az, y) =2+ / (7 — 1)dz + O(5?), (2.41)
1/U. Uly 0
Tji(x,y) = 0 U 0 |+0(%), (2.42)
0 0 1

where U! = R,'0U./di. Furthermore,

eik:~(X—'Zt)|y:O — (il A@,0)+kaz—t], (2.43)

X1 = kl/Ue(i')a XQ(‘%) = k2Ue(i)a X3 = kS (244)
The expressions for uf and and p? are rather complicated, but for k1 < 1, which is
the case of interest, we find from (2.27) and (2.28) that

(v, w?) = (ks /(koUe), )05 (k3 + k3) (U2 /x*)e 1 8@ O haliewthaz=d] (3 45)

p _ 2(U2/X )U’(kQ +k3)1k3Aoo i[k1 A(Z,0)+ko2Uey+ksz— t] (246)

Similarly, from (2.33) and (2.34) the velocity and pressure fields of the scattered part are
obtained as

(v®,w®) = (i, 1) (=i(ks|/k2)) (k3 + k3) a5 U /x el A0 kelythoz=t] (2.47)

= 00k O UL Al (o )
The total streamwise and spanwise slip velocities, (2.36) and (2.37), simplify to

Us(0) = 4i°/Ue + (ik1/|ks|) (K3 + k3)us® /x*, (2.49)

Ws(0) = (K3 + k3)|Ue — i([ka| /k2) [05°Ue /X (2.50)

In the absence of a pressure gradient U,(#,0) = 1, the streamwise and spanwise slip
velocities are

Us(0) = ay° + (k1 /[ks|)a3”,  ws(0) = ag° + (iks/|ks]) i3, (2.51)
which are same as those given by Leib, Wundrow & Goldstein (1999).
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12 D. Xu, J. Liu and X. Wu

The streamwise and spanwise slip velocities in (2.49) and (2.50) are reduced to zero
across the viscous region II, where the disturbance is governed by the quasi-steady
boundary-layer equations. An O(e) response is driven by the streamwise and spanwise slip
velocities. However, as in Leib, Wundrow & Goldstein (1999) and Wu, Zhao & Luo (2011),
the response to the streamwise velocity s(0) is quasi two-dimensional, and remains
bounded. Hence it is of no concern to us. Only the three-dimensional signature driven
by the spanwise velocity w,(0) develops into larger-amplitude streaks and eventually to
Gortler vortices further downstream.

2.2. The inner region: nonlinear unsteady Gaértler vortices

In the boundary region III corresponding to & = O(1) and y = O(1), the disturbance
is governed by the NBRE, which follow from substitution of (2.11) with (2.7) and (2.8)
into (2.10) as

Uz + @y +w, =0,
Uz + Uplz + WUz + 0Upy + VBly = Gyy + Uz + Q1
07 + Up¥z + uVps + Vly + 0Vpy + 2GaxBUBU = —py + Uyy + 022 + Q2,
Wz + Upy + VBUA}y = _ﬁz + 'UA}yy + W, + Q3a

(2.52)

where @1, Q2 and Q3 represent the components in the nonlinear terms —(t - V) —
GaxBU7j.

In the present nonlinear regime, the disturbance consists of all harmonics and can be
expressed as

“+o0
(@0, 0,0) =70 > (5P (1), 50w, (@, 1), B (2,1) K, P (1) ) Bonn
m,n=—oo
(2.53)
where F,,,, = exp(fimlAfl%Jrinkgz), s =/22/U, and ki = kiRy = O(1). The factor s? in
the streamwise velocity is introduced to offset the small divisor in numerical computations
(Ricco et al. 2011). As the physical quantities are real, the Fourier coefficients are
Hermitian, ¢, —n = (Gm,n)ce, Where ¢ stands for any of {tm n, Om.ns Wm,ns Dm.n }, and
the subscript cc indicates the complex conjugate. Substituting (2.53) into (2.52) and
using (2.12), we obtain the equations for the Fourier coefficients as follows.
The continuity equation:

ot ot ov
2B7jAmn 2 e *Bv —n —n i Amn :0 254
Umon + 5 9% n on on + iy, ( )
The momentum equations:
20 il 27.2 2 - 2‘9@%”
{s (—imky + n°k3) + 2B, Up + s°Upz — anUBn} Um,n +Ups T
[T 82ﬁm7n . N

+ (=BynUp + sVp) o + UByOm.n = —1¢8%lm n, (2.55)

(53VB£ — sBynVey + 283GAXBUB) Urmm + [32(—im12:1 +n%k2) + B,Up + sVBy| Omon

o0 o %0 op
2 m,n ~ B, m,n m,n mmn 2Am . 9.
+s°Up iR + (sVp — BynUp) on o an Tt5%€mn, (2.56)
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400

. oW ol
s2(—imky + n2k3) W n + sQUBw—mj" + (=BynUp + sVg) Fmin
’ ox on
02w . . N
n 7; T s? (mkg) Pmn = —T15% N, (2.57)

w0 where B, = (U, — £U.)/UZ2, with a prime denoting the differentiation with respect to Z.
w02 In the above equations, we have put

= (B .75 M) B LUGTN
Emm = {528(%/;\(1) + 3By Vgt — Byna(%/:\a)

_'_3(?7:7(1) + kiga(zgz@) + 53GAXBUA(12}m’n, (2.59)

e { ) | o, i, - Bmaug?m +a<§’v7> . é@(@> }m (260

w3 where the ~  symbol denotes the double Fourier transform with respect to 7+ and z, and
s for convenience of computation the new dependent variables (ug, vq,w,) are introduced,

+oo
(Uas Vg, W) = Z (ﬂmm(fc,n),ﬁm,n(fc,n),zﬂmm(ﬁ,n))exp(—imkzﬁ—|—ink32). (2.61)
m,n=—oo
205 The viscous motion in region III is to influence the outer region IV through the

ws displacement effect. By taking the spanwise average of the continuity equation in (2.13)
wr and (2.52), and integrating with respect to y, it can be shown that the normal velocity
w8 has the asymptote

V=Vg+b—6:(2,7) as y— oo, (2.62)

ws  where 0 is the spanwise averaged displacement thickness,

27T/k3
o yvz ,7)

2.
o(z,7) 27r/ / 0.3) }dydz (2.63)

a10 2.3. Disturbances at the outer edge of the boundary layer

a1 As was shown by Ricco, Luo & Wu (2011) and XZW, the perturbation in the outer
a2 region IV is composed of two parts: the two-dimensional disturbance @ = (%o, 7p) and
a3 Po, induced by the viscous motion within the boundary layer through the displacement
ae  (2.63), and the three-dimensional disturbance convected from upstream. Considering
a5 that the outer region corresponds to x = O(a*/A) ~ Ry and 1 < y < O(a*/A), the
a6 disturbances are governed by the boundary-region equations (2.52) in the limit y — oc.
a7 The flow field in this region can be decomposed as

U—U( )+€[U0(l‘ ya )+U0(CE’ Y, z, T)]+ Ty
vfiU( )y+€RA[UO(x ya )+’U0(l‘ Y, z, T)]+ )
U}—GRAU)O(:L' Yy 2, T) +

p=—3 +eR3[po(2,y,7) + epr(E,y,2,7)] + ...,

a8 where we have introduced the far field variable

9 =y/Ra. (2.65)

(2.64)
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14 D. Xu, J. Liu and X. Wu

Here the factor R4 in v and w, and R? in p, arise in order to undo the normalization
introduced in (2.9). The terms g, 99 and pp represent the two-dimensional part and are
governed by the linearised unsteady Euler equations,

Uoz +Vog = 0, oz + Ucliog = —Poz, Vor + Ucloz = —Pog, (2.66)
subject to the boundary condition,
(tp, o) — (0,0) as T,y — oo. (2.67)

The other boundary condition follows from matching eRs%y with (2.62), the spanwise
averaged normal velocity at the outer edge of the boundary layer, and it reads

vo = (1/eRA)62(%,7) at §=0. (2.68)

Substitution of (2.64) with (2.65) into the N-S equations shows that Ty appears in the
governing equations of the three-dimensional component (g, 0, W, p1), indicating that
the latter is also influenced by the viscous displacement effect. The coupling with vy can
be removed by the generalized Prandtl transformation,

y=Ue(d)y —0(2,7), (2.69)

where § is to be chosen. Note that the coordinate is stretched as well as being translated,
unlike the conventional Prandtl transformation, which involves just translation. By using
(2.69) and the linearised Euler equations (2.66), the governing equations for (¢g, wo) and
p1 can be written as

Ue’f}og ~+ g, = 0, (270)

. /o . N
& (?0) - (UCUO) - (Ufply) + V2 (130) , (2.71)
wWo 0 Piz wo
where V2 = U202 + 02, and & is the nonlinear differential operator,

L = 0; + U.ds + ri(Ueindy + 1000.) + (=0 — Unds + Unda (i, 7))0y. (2.72)

Note that the fast variable y, or y defined in (2.69), describes the phase variation of
FSVD, and so its presence should not obscure the fact that we are presently considering
the far field, where the base flow is non-uniform; see the expansion (2.64). As (2.72)
indicates, the dependence on 7y is removed if we choose 5 to satisfy the equation and the
‘boundary condition’,

3% +Uuby = Upby(2,7), 6(0,7)=0 forall 7> 0. (2.73)

Let 6 = Z Om (2) explimki (A(z,0) — 7)]. Then the solution for § can be written as

= 0m(®) explimki (A(x,0) = 7)]  with 0y = & +im / O (2)di. (2.74)
0

In order to seek the solution to (2.71), we introduce the stream function zﬁ(g, z) such
that 99 = 1, /U, and w = —1)5. Then the wall-normal and spanwise momentum equations
are simplified to a transport equation for the longitudinal vorticity V21 = (Uf@; +0%)1),

(0 + Ueds) V2 = 20V = V4 = 1y (10 — :.05) V) = 1N (2,9, 2,7),  (2.75)

where 2UéV2@/AJ represents the effect of vortex stretching, which is absent for the zero-
pressure-gradient boundary layer. The pressure is found to satisfy the equation

V2ﬁ1 = *N%Z + 21[)@@1[)22 + 2(Ué(59)/7’t)1[)gz =S5+ (2Ué(9})/7"t)1/;yz- (2.76)
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Excitation and evolution of Gértler vortices 15
Equation (2.75) can be solved using a spectral method, where the solution is written as

b = Z 1[}7(731‘?"(:i,)e—imfflf'-i-i(jh@-i—nk:sz). (2.77)

m,n,j
Inserting (2.77) into (2.75) leads to a system of coupled equations for ﬁ%)n,
Tt Nrjn,n (‘%)
Cn2k2 + U252k2°
R (2.78)
where N, . denotes the Fourier transform of the nonlinear term N (z, §j, z,7). The initial

2U!n2k3

272 2.2,2 (_])
————— + (n°k3 + U k
n2k§+U§]2k§ ( 3 eJ 2) l/} ( )

o . -
[Ue% - 1mk1 -
condition for 1/37(%)" follows from matching with (2.45), the distorted disturbance upstream,
O = (k)7 (nks)? + (7h2)2| U2 (n2K3 + 2R3U2)SE (ka, mks) as & — 0. (2.79)

The solution for the pressure can be expressed as

gm n (2U//Tt)]nk2k3w
U2j2k3 + n2k? ’
(2.80)

Pr= 30 P (@) B THORTIR it ), (3) =

m,n,j

where S] ,» denotes the Fourier transform of the nonlinear term S in (2.76).
In order to facilitate the matching with the solution in the boundary layer, the
generalised Prandtl transformation (2.69) is applied to (2.77) and (2.80), and we rewrite

Z(,&g?n(j)’ﬁ%?n(ﬁ))efimlhf'fijkzg(i‘r _ Z((z)(]) ( ) j) (j))efimfcl‘f', (281)

m

where the operations involved amount to Fourier transform, at each z, the left-hand side

with respect to 7 for all n and j. In terms of ( %)n, ﬂ%)n) the solution for vy, wy and pq

can be written as

(607 wOaﬁl) - Z (ﬁjn,n (i'a y)a wjn,n (i'v y)aﬁinm (i'a y))efimkl'ﬂrinkgz’ (282)
where
(D s Wy ) =1 > (ks /Ue, — ko) 63, (£)e 72V, pl = Zwm Jelkaley,
J
(2.83)

with y being related to n via y = /2%/U.n = sn. The flow field in region III is
decomposed as (2.53), and so the matching condition becomes

(s Omrs Wi Brnn) — (0,808, ks, eRAPY, ) as 1 — oo. (2.84)

It is worth pointing out that the effect of the interaction between the boundary-region

I1I and the outer region IV through the displacement ¢ (see (2.63)) is accounted for by

the transformation ( %)n,ﬁ%)n) — ( %)n,ﬂ%)n) defined in (2.81).

Equation (2.78) has to be solved numerically in general. An exact solution can be
obtained for the special case where the oncoming FSVD consist of a pair of oblique
components with the same frequency and amplitude, but opposite spanwise wavenumbers

+k3. In this case, the nonlinear terms in (2.78) vanish, and so wy(fl)n = 0 except the seeded

components, zﬁﬁ_q, which satisfy

{Ue(Ufkg + kg); +

—iky (U2K5 + k) — 20LK3 + (U2K5 + k3)?] } Uik =0 (285)
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16 D. Xu, J. Liu and X. Wu
The solution satisfies the initial condition (2.79) is found as
D1 () = Fiewo (U2 /37 Ave'®"

where coo = —0F (k3 + k3)/ke with 45° = 455 = —a3> being the amplitude of the
spanwise velocity of the FSVD, ¢; is defined in (2.40), and we also introduced the
notation

A, = exp { /Oz Uie(Ufkg + kg)da}} : (2.86)
It follows that
U = 2000 (U2 ?) sin(ksz) Ayexp (i1 + ikaif) + c.c., (2.87)
and
(Do, Wo) = (ng/Ue cos(ksz), —2iksy sin(k3z))éooAyei("’1+k2@) + c.c., (2.88)

where we have put ¢o, = cooU2/x?. Then rewriting 9, wo and p; in terms of y by using
(2.69), we find that for 1 < y < Ry,

(B0, b0, 1) = B _(0F, s Why s Bl )exp(—imbn 7 + iksnz), (2.89)
m,n
where
Ohe1 = (ks /Ul Ay |01 0000, 4 eilorthalinngr |,

D, 11 = Fhatoody [P TRUD g, - cmilorthalngs |

1 ' .
piﬂ L= r_tﬁooAv [el(<,01+k2Uey)¢m + 671(<P1+k2Uey)¢*_m}’ (290)
o = —2(ks/U.)?e2% A2 {e2i(¢1+k2uey>ﬂm n e—Qi(<P1+k2Uey)ﬂ-tm}7

pzr) 4o = 2k2A2 AQ

where poo = —2ikoksU.é, and ¢, and 7, are computed according to
llm ikod(£,7) _ Z¢ —1mk17' 6211}1+—2ik28(i-,+) _ Zﬂ_m(j)e—imfcl%
with ¢,, = (gﬁ 1 and T, = 7T( ) . All other components o, , =}, , =0 (n # *1), and

pmn—O(n;«éO +1,+2).

2.4. Initial conditions

The nonlinear boundary-region equations (2.54)-(2.57) must be solved subject to
appropriate outer boundary and upstream conditions that characterise the impact of
FSVD on the boundary layer. The former conditions are provided in §2.3 by the larger-
7 asymptotic solution that matches with the solution in region IV. In this section, we
shall derive the upstream (or initial) conditions by considering the small-Z limits of the
boundary-region equations (2.52) in the regions corresponding to § = O(1) and > O(1).

When RXI/Q < & < 1and § = O(1), & — 0, and the nonlinear terms in (2.52), or
equivalently in (2.71), become negligible so that the disturbance is governed by the
linearized version of (2.70)-(2.71), and consists primarily of the seeded fundamental
components (1,+1), each comprising of two parts: the disturbance advected/distorted
by the inhomogeneous flow and the complementary part induced by the presence of the
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w2 wall as well as by the viscous motion in boundary layer. The wall-normal and spanwise
w03 velocities of the former is given by (2.88), which may be rewritten as

(v st ar) = (Flsl/ (kaUe), 1) (63 + B (U2 /x5 A @ HR0), - (2.91)
w4 and the associated pressure is
(012 = £ UL/ ro)ilks| (k3 + k3) (U2 /xYui® Ay ellerHham), (2.92)
ws The streamfunction corresponding to the velocities (2.91) is found as
Ul = ik (RS + R3) (Ue /X5 Ape' 2 FR20),

296 In order to match with the solution in the boundary layer as well as with the solution
w7 upstream, the complementary solution to (2.70)-(2.71), which attenuates exponentially
w8 in the wall-normal direction, has also to be included. The velocities for this part of the
w0 solution are denoted by v{ ., and w{ 4, and they take the form,

(viiuwiil) = b(f)(l,$i)ei"’1_(|k3‘/mg, (2.93)
so0 and the corresponding the pressure has the expression,
p° = (UL/Ue)b(&)geler~ /U0 4 g(g)eter(ka/ U, (2.94)

s where b(Z) and g() are functions of Z yet to be determined. Substitution of (2.93)- (2.94)
s into the linearized version of (2.70)-(2.71) shows that they are satisfied provided that

9(z) = UV /|ks|. (2.95)

s The above result is in fact a displacement-pressure relation, showing how the displace-
s ment induces the pressure.

505 It follows from (2.91)-(2.92) and (2.93)-(2.94) that the total velocities and pressure of
sos the disturbance are given by

1,41 = F(|ks|/k2) (k3 + k3)(Ue /x0T Ape'#r TR0 p(g)eler = Rsl/Ue)v (2.96)

i1 = (k3 + K3)(UZ/ )i Auel P HR29) 1 ip(3)elor — (hsl/Ue)y, (2.97)

(P)re1 = QUL /ro)ilks| (3 + k3) (U2 /X" Jus® Ay el (1 H20)
+[(UL@) /Ub(@)g + () | eier =kl /007, (2.98)
507 The unknown function b(%) is to be determined by matching the outer solution (2.96)-

ss (2.97) with the inner solution. For this purpose, the asymptote of the former in the limit
s0 & < 1 with n = O(1) is worked out as follows,

101 — F(lks| k) (k2 + k2) (U2 /XA Ay ! {1 + ikysU, 7 — k22U272 + .. }
bl [1 — 8|k + (sks)?7 + .. } (2.99)
w1a1 = (B2 + k2) (U2 /x2)aL Ave®! {1 +ikysUi + .. }
Fib(2) [1 — slks|ii+ .. } (2.100)

so here use has been made of the relation § = sU.(n — ) = sU.7, which holds for & < 1,
(oo}
su where § = / (1—F")dn. Inspection of the terms to be matched with the inner expansion
0
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suggests that
b(&) = bo(2) + sby () + s2ba(Z) + ... (2.101)

In the region corresponding to & < 1 but n = O(1), the solution to the boundary-region
equations (2.54)- (2.57) can be expanded as power series,

(o]
(1, D11, 1, ()11 ) = g D " (2000, Vi, FiWa, Fis Py ). (2102)
n=0

Substitution into (2.54)- (2.57) gives the governing equations of the first two terms in
the power series (2.102) as

20Uy — U4+ Vi + Wy = 0,
Ul + FUy + (nF" — 2F"\Uy — F"Vy = 0,

Py =0, (2.103)
Wy + FW§ =0,
and
3U; —UU{ +Vll + Wy =0,
11 / "o / o _
U/ + FU{ + (nF 3F"\U, — F"V; =0, (2.104)

Vi + FV] — (F"YVo + [n(y FY — F|Us = P,
W'+ FW| — F'W, = ik3F,.
Equations (2.103)-(2.104) are to be solved subject to the no-slip condition at n = 0.
The boundary conditions as 17 — oo are obtained by matching with (2.99)- (2.100). The
solutions at the first and second orders are formally the same as those in Leib et al.
(1999), but the present variable 7 is different from theirs. The solution to (2.103) is

1 1
Uy = ZnF”, Vo = Z(7;2F” —3nF’ —F), Wy = F/, (2.105)
of which Vj has the asymptote,
1 3
Vo 2[-3n—(m-8)] =-1-28 as n— .

Matching at O(1) and O(s) the 7-independent terms in the present boundary-layer
solution and its outer counterpart (2.99), with the rescaling factor in (2.53) being taken
into account, we obtain by and b1,

bol@) = (k| k) + ) (Ue/ x5 A, b1(3) = s (~55), (2.106)
whilst matching of the terms proportional to 7 yields
g = F([ksl ko) (62 + 1) (U /x50 A, (kU — [Ialbo. (2.107)
Use of (2.106) in (2.107) gives
qx = +i([ks|/k2) (k3 + k3)(Ue/x*)05° Av (k2Ue — ilks)). (2.108)

Matching the O(1) terms in the spanwise velocity (2.100) and (2.102) yields
(k3 + k3)(UZ/x*)ase Ave'®* F ibo() = Fige/|ks],

which is identical to (2.107), confirming the consistency of the ongoing analysis. Further-
more, matching the O(s) terms in (2.100) and (2.102) gives the boundary condition for
Wh,

3
Wi — Uk + i|ks|)7 — Zﬂ|k3| as 1 — o0. (2.109)



532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

Excitation and evolution of Gértler vortices 19

Since Uy — 0 as n — oo, from the first equation in (2.104) follows the far-field behaviour
for V7,
. . 1 3
Vi — —i(Uks + 1|k3|)(§77 —pn) + Zﬁ|k3|n +c1 as n— oo, (2.110)

where the constant ¢; is determined by numerical solution for Uy and V1. Finally carrying
out the matching of the wall-normal velocity at O(s?) in sv1 11 and (2.99), we find that

bQ = (g+Cq. (2.111)

Substitution of (2.106) and (2.111) along with (2.101) completes the construction of the
outer solution. Using the latter and the inner solution (2.102), a composite solution,
which is uniformly valid for y = O(1) and the boundary layer, can be constructed as

1,41 = q2(22/5%) (U + sU1), (2.112)

iAvehPl*iUe]%Sﬁ

U141 — Qi{vo +sV1 + m

(eiUek2S77 . e*|k3‘577)

o lkslen <§ n 501) - @C}, (2.113)
. : Ucko Aye?#1 Vb0 s han — —lkals
Wo + sW iWekasn _ g=[kalsn
w1,i1—>¥IQi{ o+ sWi+ (Uuks —iJF3)) (6 e )
k
+e~Ikslsn {1 - B <1Uek2 - %) s] - u‘)c}, (2.114)

as & — 0, where ¢4 is defined by (2.108), and @, and @., which represent the common
parts between the inner and outer solutions for the wall-normal and spanwise velocities
respectively, have the expressions

i k
T =—n+ g +s [—% (Ueka +ilks|)n® + (iUekQ — lel) n+ cl} , (2.115)
- . . . |ks |
We =145 |i(Ucka +1ilks|)n—0 1Uek2_T . (2.116)

In summary, the analysis in this section shows that the excitation and nonlinear
evolution of streaks and Gortler vortices are governed by the initial-boundary-value
problem, consisting of the governing equations (2.54)-(2.57), the upstream conditions
(2.112)-(2.114) and the far-field conditions (2.90).

3. Numerical methods

An explicit method was employed to solve the boundary-layer equations (2.13) (Schetz
1993). The no-slip conditions are prescribed at the wall, and the Blasius profiles are
specified at the inlet. The top boundary condition is consistent with the slip velocity
given by the inviscid solution. The details are given in appendix A.

The initial-boundary-value problem describing the excitation and nonlinear evolution
of the vortices is solved numerically using the methods to be described below. We define
f= U, and § = Wy, and recast equations (2.54)-(2.57) into a system of first-order
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equations,
Qy = f, Oy = —2Byi — ind + Bunf — %z, by = §,
Jo = |$*(~imhs + n2k3) + 2B,Us + 8°Ups — BugUsy| i+ Upyi
+ (=BunUs + sVB) f + s2Upts + rtSQZAmyn,
Py = | = 8Vis + sBunViy + 25B,Vi + Byn(s*Uns — BynUsy)
—253G axBUB + Byns?(—imk; + n2k§)} a
+ {—32(—iml%1 +n2k2) — B,Up — sVpy + anUBn} D
+ (sVp — BynUp) int — B:vf —ing + s3Vgus — s2Upds — s2fz
+1¢82(Bunlm.n — émon),
Gy = |83 (—imk; + n2k:§)} W+ 5% (ink3) p+ (—BunUp + sVp) § + s*Upz + 752 R

(3.1)
They can be rewritten in a vector form,
ou ou
— =CU +C U 3.2
S = OO + iz +1(D), (32)

where U = (4, 0, 0, f,ﬁ, g) is the solution vector, Cy and C; are the coefficient matrices,
and f(U) stands for nonlinear terms. For brevity, the subscripts ‘m,n’ are omitted. The
coefficient matrices are

Co(1,4) =1;Cy(2,1) = =2B,,Cy(2,3) = —in, Cy(2,4) = B,n; Co(3,6) = 1;
Co(4,1) = s*(—imky +n?k3) + 2B,Up + s*Ups — BunUpy,
00(4, 2) = UBn, 00(4, 4) = —B,nUp + sVp;
00(5, 1) = 783‘/35; + BynSVBn - 283GAXBUB +2B,sVp
+B,ns> (—iml%l +n2k3) + Byns?Ups: — B2n*U,),
CQ(5 2) = —5 (—1mk1 + n2kz3) B,Up — sVpy + BUUUBn;
Cy(5,3) = (sVp — BynUp)in, Cy(5,4) = —B,,Co(5,6) = —in;
Co(6,3) = s2(—imk1 + n?k2), Co(6,5) = 52 (ink2) , Co(6,6) = —B,nUp + Vg,

(3.3)
and
Gz = s
4 ) = SQUB,
Ch (5 1)—8 VB,C1(5 ) *SQUB,C1(5,4):782;
01(6 3) = SQUB.
For components with n = 0, @ and ¥ are decoupled from @, and the system (3.1) can be
simplified to three equations for @, v and f , and two equations for w and g.

The NBRE (3.2) are parabolic in the streamwise direction, and hence can be solved
by a marching procedure in Z-direction. The Malik scheme (Malik 1990) is employed
in 7-direction, and the second-order backward finite-difference scheme is applied in the
streamwise direction, namely

(3.4)

h
Ujt1-U; =

2
n+1

(Ulj+1 + Ulj) ,
(3.5)

where j and n indicate the position of mesh points in the transverse and streamwise
directions respectively. Grouping all terms at the streamwise location n + 1 to the left-
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U Ra Ga 1"/A Streamwise locations z* (&)
20 40 60 70 80 90 100 110
5 1145 1501 666 0.048 0.096 0.144 0.168 0.191 0.215 0.238 0.262

TABLE 1. The parameters and the streamwise locations in the experiments of Swearingen &
Blackwelder (1987).

hand side (except those in the nonlinear terms), we end up with the discrete equations,

{I — §Cj+1] U?J—:ll + [I gc]} U?‘H — 5 [ngrl +gj] + 5 [f(U;mJ—ri-ll) + f(U?—H)} 7
(3.6)
where [ is the unit matrix, and we have put

f(U?'H) = ( 0 0 0 rs?l, TtSQ(B/U?]ZA—é), res2h ):H, (3.7)

3 _ .
Cj+1 = CO,j+1 + m01’j+17 gj+1 = Cl,j-i-l (—QU?JFI + %U?Jrll) /AI (3.8)

On introducing the discrete solution vector,
T
@nJrl = ( UT}'H, Uzti e U;H-l’ U8+1 ) ’ (3.9)

with J being the number of mesh points in the wall-normal direction, the system of
nonlinear algebraic equations, (3.6), is written in the matrix form,

L1 = A+ Npiq, (3.10)

where L is the linear operator, A stands for the terms whose values are evaluated at
upstream positions, and N,,;1 denotes the nonlinear terms. An underrelaxion iteration
method, which was described in XZW, is applied in order to obtain the convergent
solution. The so-called 3/2-rule is followed in order to eliminate the so-called aliasing
error (Kim, Moin & Moser 1987). For adverse, zero and weak favorable pressure gradients,
seventeen Fourier modes are retained to capture nonlinear effects. For the strong pressure
gradients, thirty-three Fourier modes are found to be sufficient. The domain size in the
n—direction is 30, within which 1000 grid points are deployed. The marching starts
from & = 0.001. It is found that the adverse pressure gradient case requires a smaller
streamwise marching step AZ. In the present work, Az = 0.0001 suffices for both the
adverse and favorable cases, and Az = 0.001 for the reference zero gradient case, which
is same as that used in XZW.

4. Numerical results

The excitation and nonlinear evolution of Gortler vortices are controlled by several
parameters. Two of them are €, measuring the turbulence level, and G, characterizing
the strength of the centrifugal force; their roles have been demonstrated by XZW for the
boundary layer with zero pressure gradient. They remain important in the contracting
flow here. The influence of the pressure gradient, whose intensity is controlled by o,
will also be discussed in this paper. Figure 2 presents the downstream development of
the slip velocity for different o.. For all the cases with o, # 1, the slip velocity changes
appreciably before & =~ 0.35 and then tends to a constant. The pressure gradient thus
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FIGURE 2. (Colour online) The downstream development of the slip velocity for different oe.

affects the boundary-layer flow in the rang of £ = 0 ~ 0.35, which is the main domain of
our interest.

The computations are performed pertaining to the experimental conditions of Swearin-
gen & Blackwelder (1987), the key parameters in which are given in Table 1. We shall first
investigate the response of a curved plate boundary layer to weak FSVD with € = 0.0007.
A more common measure is turbulence level T'u. These two are related by the equation:
Tu = 2¢(05°? + 0522 +05°?) /2 //3. Hence the intensity of the turbulence is Tu = 0.14%.
Four selected cases are explored with the same G4 and R4 but different o.. The two cases
with 0. > 1 correspond to favorable pressure gradients, whereas the case with o, < 1 has
an adverse pressure gradient. The intensity of the boundary-layer response is represented
by w1,rms, the r.m.s of all harmonic components defined as

ul,rms =Tt [Z |527:Ln|2

n#0

1/2
} ” (4.1)
The results are displayed in figure 3(a). The predicted w1 rms experiences, in sequence,

a non-modal growth, linear growth and then nonlinear saturation in all four cases. The
four curves overlap as & — 0, indicating that the pressure gradient does not affect the
initial non-modal growth. It strongly influences the linear evolution of Gortler vortices; an
adverse/favorable pressure gradient enhances/reduces the linear amplification, suggesting
that a decelerating/accelerating flow is more/less unstable, respectively. This trend is
consistent with previous linear stability analysis (e.g. Ragab & Nayfeh (1980)). After
the linear growth stage, the perturbation saturates, which occurs earlier in the adverse
case. In the case of a strong favorable pressure gradient (o, = 3.0), after a weak linear
growth from & ~ 0.04 to £ ~ 0.14, u; ,rms grows exponentially at a fairly large rate
until £ ~ 0.28, where saturation starts. Interestingly, for a larger o., w1 ,ms saturates
at a higher level, indicating that an accelerating flow would provide more energy to the
vortices downstream. The flat-plate case (G4 = 0) is also computed for comparison. The
results show that after the non-modal growth stage, streaks in a decelerating flow are
more energetic at the beginning, whereas the streaks in an accelerating flow are weaker
and even experience decay, but eventually regain growth and saturate at a higher level
than that in the case with zero or an adverse pressure gradient. The present result that
a favorable pressure gradient leads to a higher amplitude of the saturated vortices agrees
with the experimental observation of Crane & Umur (1990) and computational finding of
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FIGURE 3. (Colour online) The downstream development of max w1 ,ms for different o. at
Ra = 1145. (a) € = 0.0007; (b) € = 0.014; (c) € = 0.07. The Gortler numbers are G4 = 1501
(solid lines) and G4 = 0 (dashed lines). The symbols indicate different o.. Squares: o. = 0.7;
deltas: o. = 1.0; circles: . = 1.5; gradients: 0. = 2.0; diamonds: o. = 3.0.

Zaki & Durbin (2006) and Matsson (2008). On the other hand, figures 3(a) and (b) show
that for the same pressure gradient and at lower or moderate level of FSVD, the Gortler
vortices resulting from concave curvature have larger amplitude and saturate earlier
than streaks in the flat-plate case, and thus stronger and earlier secondary instability
are expected. This explains earlier transition observed in experiments (Volino & Simon
1995; Kim, Simon & Russ 1992)

It has been demonstrated by XZW that the linear growth of Gortler vortices can
be bypassed with sufficient strong FSVD for the zero-pressure gradient case. A similar
behaviour is noted in figure 3(b), where at the turbulence level € = 0.014 corresponding
to Tu = 2.8%, the linear amplification stage of Gortler vortices almost disappears. This
result implies that it would be inappropriate to use local eigenmodes as initial conditions
for integrating NBRE when FSVD is strong. Similar to the case of € = 0.0007, w; ;s for
a larger o. saturates later but at a higher level again. The evolution of u; ;s exhibits
less difference between the curved and flat-plate boundary layers, indicating a diminished
role of centrifugal instability at elevated levels of FSVD.

The boundary layer responses to even stronger FSVD (e = 0.07,Tu = 14%) are
displayed in figure 3(c). The curved and flat-plate cases are both computed again and
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FIGURE 4. (Colour online) The downstream development of max w1 ,ms for different o. at
Ra = 1145 and € = 0.014. The Gérlter numbers are Gx = 7505 (a) and 15010 (b). The symbols
indicate different o.. Squares: o. = 0.7; deltas: o. = 1.0; circles: 0. = 1.5; gradients: o. = 2.0;
diamonds: o. = 3.0.

their results overlapped completely, indicating that the centrifugal instability plays no
role at such a high turbulence level. This theoretical result in agreement with the
experimental finding; see Volino & Simon (1995) and references therein. For all FSVD
levels considered, e = 0.0007, 0.014 and 0.07, the pressure gradient has a significant effect
on the evolution of the disturbances.

Larger Gorlter number and acceleration are often concurrent in many applications,
including gas turbines, where free-stream turbulence level is also high (Volino & Simon
2000). Hence two larger Gorlter numbers, 7505 and 15010, are chosen to represent such
flow conditions, and the evolution of the vortex intensity is shown in figures 4(a) and 4(b)
respectively. As noted earlier, the linear growth stage of the accelerating flow is longer
than that of the decelerating flow. The increase of the Gorlter number leads to a larger
linear growth rate of Gorlter vortices. As a result, the saturation location moves forward,
but the saturated amplitude is slightly lower.

In order to probe more deeply into nonlinear interactions, the development of the
maximum amplitudes of the fundamental and harmonic components is shown in figure
5. It is noted that in all the five cases, the nonlinearly generated (0,0) mode acquires the
largest amplitude. For the adverse, zero and weak favorable pressure cases (o. < 2.0),
the amplitude of the seeded fundamental modes (0,+1) is the second largest. However,
once the favorable pressure is strong enough (0. > 2.0), the nonlinearly generated
harmonic component (0,2) grows quickly to take the second place instead, whereas
the fundamentals are submerged among nonlinearly generated higher-order harmonic
components (n = 4,5...), which acquire rather small amplitudes.

The streamwise velocity profiles at different streamwise locations are shown in figure
6(a) for the case of 0. = 0.7. As a reference, the streamwise velocity profiles for . = 1.0
are presented in figure 6(b). The two spanwise positions, z = 0 and z = =, will be referred
to as peak and valley, as they correspond to the high- and low-speed regions, respectively.
The velocity profiles in the linear modal growth phase (& = 0.02 ~ 0.15) and nonlinear
saturation stage (Z > 0.15) are plotted. For . = 0.7, the streamwise velocity at the
outer edge of the boundary layer decreases because of the adverse pressure gradient. At
the valley (z = =), the perturbations are in the negative streamwise direction, causing
a velocity deficit, similar to the zero pressure gradient case (XZW). The streamwise



evolution of Gartler vortices 25

(0)

(@) U

Ezxcitation and

10™ |

max|ry $24in, |
KR
%

max|rs 521 |
n
5

10°

max|rts2ﬁn\

L
0.2 0.3 0.4

z

i
0.5

L L L
0 0.1

FIGURE 5. (Colour online) Development of the fundamental mode max|r¢s*@1| and harmonic
n
components max|ris2in,| (n = 0,1,2,...7). (a) gc = 0.7. (b) 0. = 1.0. (c) 0o = 1.5. (d) o = 2.0.
7

(e) oc = 3.0. The parameters are G4 = 1501, R4 = 1145 and e = 0.0007.
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FIGURE 6. (Colour online) The profiles of the streamwise velocity U at various Z-locations for
0. = 0.7 (a), 1.0 (b), 1.5 (c), 2.0 (d) and 3.0 (e). Solid lines: at the peak (z = 0); dashed lines:
at the valley (z = 7); dashed-dotted lines in (d) and (e): half way between the peak and valley
(z = m/2). The parameters are G4 = 1501, Ry = 1145 and ¢ = 0.0007.

velocity becomes inflectional in the normal direction at x* = 80 cm, earlier than in
the zero and favorable pressure gradient cases. Additionally, it is worth noting that
near z* = 60 cm (& = 0.144) and in the vicinity of z = 7, the streamwise velocity
becomes negative near the wall, i.e. a small zone of reverse flow forms, but the solution
can be marched downstream without encountering any singularity, possibly because of
the spanwise ellipticity. At the peak (z = 0), the streamwise velocity near the wall
(0 < y < 0.8) decreases slightly but eventually increases.

Figure 6(c) displays the streamwise velocity profiles in the case of o, = 1.5, for which
the streamwise velocity at the outer edge of the boundary layer is increasing because of
the favorable pressure gradient. A favorable pressure gradient inhibits the linear modal
growth and delays nonlinear saturation, which starts from & ~ 0.24, later than in the
flat-plate case (& = 0.18). At * = 100 cm (& = 0.238), an inflectional point appears on
the profile at z = m, where the width of the boundary layer is thickening.

Figures 6(d) and (e) show the streamwise velocity profiles for o, = 2.0 and 3.0
respectively. The larger favorable pressure gradient furthermore restrains the growth
of both the base flow and vortices. The Gortler vortices develop nearer to the wall, in
the regions y < 2.5 and y < 2.2, respectively. Interestingly, there is no inflectional point
in the peak (z = 0) or in the valley (z = 7) at all streamwise positions. Instead, half way
between the peak and valley (z = 7/2), an inflectional point appears on the profile at
x* =120 cm. It is the growth of (0,2) mode shown in figure 5(d) that leads to this result.
The onset location of inflectional point moves obviously downstream as o, increases until
0. < 2.0, but remains almost at the same streamwise location for 0. = 2.0 and o. = 3.0.
On the other hand, the vortices become more concentrated in the wall region as o,
increases.

The local boundary-layer displacement thickness, defined as

* > u(ac,y,z) * 2va* 1/2 > “(3077%2)

R AU o Ll e o LA
becomes spanwise dependent due to the presence of Gortler vortices. It is significant-
ly influenced by the streamwise pressure gradient. Figure 7(a) displays the predicted
boundary-layer thickness §* at typical spanwise positions for FSVD intensity e = 0.0007
and different o.. For the three cases of o, = 0.7,1.0 and 1.5, the displacement thickness
0* in the peak region decreases somewhat in the streamwise direction. In contrast, in the
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FIGURE 7. (Colour online) Streamwise development of the displacement thickness (a) and the
skin friction (b). Solid lines: at the peak (z = 0); lines with deltas: at the valley (z = m); lines
with squares: half way between peak and valley (z = m/2). The parameters are G4 = 1501,
Ra = 1145 and e = 0.0007.

valley region ¢* varies significantly. It increases quickly because of the rapid exponential
amplification of the vortices in the linear stage. The variation becomes moderate entering
the nonlinear stage and then another phase of rapid increase occurs. For the stronger
favorable pressure gradient cases of o, = 2.0 and 3.0, the displacement thickness drops
somewhat at both the peak and valley, in between which J* increases and then saturates.
For the strongest favorable pressure gradient case o. = 3.0, the displacement thicknesses
at the peak (z = 0) and valley (z = m) overlap. This is due to the growth and dominance
of the (0,2) mode. Figure 7(b) plots the predicted skin friction 7* = g—“y‘j y+=0. For
the cases with lager values of 0., in the non-modal and linear growth stages, the skin
frictions are all significant higher at both the peak and valley, indicating that a favorable
pressure gradient enhances the skin friction, whereas an adverse one attenuates it. For
all the cases, there is a relatively abrupt increase of the skin friction near the nonlinear
saturation location at the valley. It is significant that the nonlinear development of Gorlter
vortices plays a key role in the drastic change of the skin friction. As is expected with
the growth of (0,2) mode in the case of strong favorable pressure gradient o. = 3.0, the
skin frictions at the peak and valley differ slightly, and the skin friction at the middle of
the peak and valley (z = 7/2) becomes the smallest.

Figures 8(a)-(e) present the evolution of Gortler vortices for different .. The contours
of the streamwise velocity at ten stramwise locations are plotted to illustrate the vortical
structure. The spanwise extent is one spanwise wavelength of FSVD. In the cases of
adverse, zero and weak favorable pressure gradient, a single mushroom structure appears.
However, strong favorable pressure gradients boost the growth of (0,2) mode, which may
become comparable with the fundamental modes. As a result, a structure consisting of
two anti-symmetric mushrooms appears as is shown in figure 8(d) for o. = 2.0. For
the even stronger favorable pressure, 0. = 3.0, two identical mushrooms can be seen
within one wavelength, because the harmonic component (0, 2) dominates. Figures 8(a)-
(e) indicate that in the presence of an adverse/favorable pressure gradient, the mushroom
is taller/shorter at the same streamwise location compared with the zero pressure gradient
case. This relation turns out to hold for other parameter values as will be shown below,
and is consistent with the experimental measurement of Aihara & Sonoda (1981) and
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FIGURE 8. (Colour online) Nonlinear evolution of Gértler vortices as shown by contours of
u(y, z)/Ue(2) in the (y,z) plane at different streamwise locations for o. = 0.7 (a), 1.0 (b), 1.5
(c), 2.0 (d) and 3.0 (e). The parameters are G4 = 1501, R4 = 1145 and e¢ = 0.0007. The
increment of the contour values is 0.1U. ().

the numerical results of Matsson (2008) and Zaki & Durbin (2006) despite the fact that
the initial disturbances used in the computations are somewhat arbitrary.

The development of the maximum amplitudes of the fundamental and harmonic
components are presented in figure 9 for ¢ = 0.014. For such a high intensity of
FSVD, the saturation position for different pressure gradients exhibits small differences.
Again, only the two fundamental modes (0,+1), the mean-flow distortion (0,0) and
the harmonic (0,2) are predominant, while higher harmonics (n = 3,4,...) have much
smaller amplitudes. For the cases of adverse, zero and weak favorable pressure gradient,
the fundamental modes are the second strongest. However, once the favorable pressure
gradient is large enough, the amplitude of the nonlinearly generated (0,2) mode takes
the second place. It is worth noting that (0,2) mode starts to overtake the fundamental
modes (0,+1) when o. = 1.5 as opposed to . = 2.0 with the lower turbulence level of
e = 0.0007.

Figure 10(a) displays the boundary-layer displacement thickness 6* at representative
spanwise positions for different o.. For all these five cases, the displacement thickness
at the peak remains small throughout the entire evolution. The largest §* appears at
the spanwise position where the top of the mushroom is. Comparing with figure 7, one
may note that the difference between §* at the peak and valley becomes smaller with an
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FIGURE 9. (Colour online) Development of the fundamental mode max|r¢s*@1| and harmonic
n
components max|r:s%ty,| (n = 0,1,2,..7). (a) 0. = 0.7. (b) 6. = 1.0. (c) 0. = 1.5. (d) o = 2.0.
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(e) oc = 3.0. The parameters are G4 = 1501, Ry = 1145 and € = 0.014.
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FIGURE 10. (Colour online) Streamwise development of the displacement thickness (a) and the
skin friction (b) in the contracting and expanding flows with € = 0.014. Lines with no symbols:
at the peak (z = 0); lines with deltas: at the valley (z = 7); lines with squares: between the
peak and valley (z = 7/2).

increased FSVD level. Figure 10(b) shows the skin friction 7*. With a larger o, the skin
frictions at both the peak and valley are significantly higher. For a fixed o, the location
of abrupt increase moves forward upstream to £ = 0.008 compared with £ = 0.028 in the
lower FSVD case of € = 0.0007 shown in figure 7.

Figure 11 presents the structure of the vortices. For the cases of o, = 0.7, 1.0 and 1.5,
the vortices do not exhibit the typical mushroom shape, and look more like streaks in the
flat-plate boundary layer (cf. Ricco et al. (2011)). At the early stage, a plateau forms near
the centre, which elongates and then distorts into a cat-faced shape. This not unexpected
because there is no linear growth stage where the curvature plays a destabilising role.
For the strong favorable cases (0. = 2.0 and 3.0), a linear Gortler instability operates,
but the saturation location moves downstream (see figure 3(b)), where two mushrooms
form within a wavelength. Figure 12 shows the evolution of the vortices for a much
larger Gortler number G4 = 7505. The familiar mushroom structure appears again for
0. = 3.0. This explains the observation of mushroom structure in a boundary layer over
highly curved wall subject to a strong favorable pressure gradient and intense FSVD
(Crane & Umur 1990).

Finally, in this section, we present the results on the response of the boundary layer
to unsteady FSVD (]%1 # 0). The particular interest is in the nonlinear evolution of
Gorlter vortices subject to adverse pressure gradients. Two different frequencies f* =5
Hz and 10 Hz, corresponding to k1 = 26.35 and 52.69, are selected. The turbulence levels
are € = 0.0007 and 0.014. The amplitude of the unsteady streaks or Gortler vortices is
represented by the root mean square (r.m.s.) of the streamwise velocity, defined as

1/2
_ 24 2
Upms = Tt |5 n | .
m,n

Figure 13 shows the development of max ;s for the two frequencies with the steady
n

case being included for comparison. The effect of unsteadiness is found to stabilise the
Gortler vortices in both e = 0.0007 and 0.014 cases. When e = 0.0007 (figure 13(a)), a
linear stage may be identified, and vortices with a higher frequency has a smaller growth
rate. In the case of ky = 52.69, there appears a rather sudden change of the slope at
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FIGURE 14. (Colour online) Development of the fundamental mode max|rys®@11| and harmonic
components max|r:s%im n|. (a) k1 = 26.35. (b) k1 = 52.69. The parameters are G4 = 1501,
R = 1145 and ¢ = 0.0007.

T ~ 0.21, and eventually ;s saturates at almost the same level as that of zero- or low-
frequency case. At the higher turbulence level € = 0.014 (figure 13(b)), no linear stage
appears, and the vortices are practically streaks, and saturate much earlier (at & ~~ 0.03)
compared with the case of € = 0.014.

In order to investigate the nature of nonlinear vortices, figure 14 presents the devel-
opment of the maximum amplitudes of the fundamental and harmonic components for
the cases of k; = 26.35 and 52.69. The mean-flow distortion (0,0) acquires a magnitude
appreciably greater than that of the seeded fundamental modes (1,£1). For the case
k= 52.69, the nonlinearly generated harmonic component (0,2) grows quickly from
Z ~ 0.22 to overtake the fundamental modes (1,+1) and acquire the second largest
amplitude, unlike the steady case, where the fundamental modes acquire the second
largest saturation amplitude.
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5. Secondary instability of Gortler vortices
5.1.  Formulation and methodology

When Gortler vortices have acquired a sufficiently large amplitude and saturated
nonlinearly, the distorted velocity profile U(y, z; x,t) becomes inflectional in both the
streamwise and spanwise directions and hence may be susceptible to inviscid instability.
The pressure gradient influences the high shear layer in the three-dimensional velocity
field, and hence does the same to the secondary instability of Gortler vortices. However,
to the best of our knowledge there has not been any theoretical study of secondary
instability of the Gortler vortices that are excited by FSVD in a boundary layer subject
to pressure gradient. We shall carry out a secondary instability analysis, treating it as
part of our integrated approach that aims at predicting transition caused by FSVD.

Since the flow field of Gortler vortices varies with & and 7 (& only for steady FSVD)
very slowly, the dependence on these two variables can be treated as being parametric
(Ricco et al. 2011; XZW). The total velocity field us(z,y, z,t) and pressure ps(x,y, 2, t)
can be decomposed into a base flow (Ug(y, 2), Pa(y, z)) and a secondary perturbation
es(u)(z,y, 2, 1), 0. (x,y,z,t)), where €5 < 1. The transverse velocities of the vortex base
flow, Vg and Wg, are of O(RZl) and hence negligible, and so Ug = (U,0,0) with U
being given by

Un,z;@,7) = Up(d,n) + rps? Z G (2, n)exp(—imky 7 + inksz). (5.1)

m,n

Substituting u,s and ps into the N-S equations and neglecting the O(€2) nonlinear terms,
we obtain the linearized N-S equations,

1

o, = —(Ug - V)u, — (u), - V)Ug — Vp, + — VU,

t (Ug ) ( )Uc p R, (5.2)
V-u, =0.

The secondary disturbance satisfies the no-slip condition at the wall, and attenuates in
the far field,

u, =0 aty=0, (ul,p))—0 asy— occ. (5.3)
Given that the coefficients in (5.2) depend on y and z only, the solution for the
secondary perturbation ¢’ (z,y, z,t) = (u’, p.) can be sought of the normal-mode form,

(.Y, 2, t) = Bs(y, 2)e ™) + cc., (5.4)

where o and w denote the non-dimensional streamwise wavenumber and frequency of the
secondary disturbance respectively. The shape function ¢s(y, z) is governed by a system
of partial differential equations, Lg(0y, 0., Ug; a,w)¢ps = 0, which forms together with
the homogeneous boundary conditions, us = 0 at y = 0 and (us, ps) = 0 as y — o0, a
so-called bi-global instability problem (Theofilis 2011). In the temporal formulation, « is
real, whereas w is complex valued and obtained as an eigenvalue.

Since the governing equations for ¢ have periodic coefficients, according to Floquet
theory, the solution for ¢s(y, z) takes the form

+oo
Bs(y,2) = €977 > ¢, ()", (5.5)

n=—oo

where (3 is the spanwise wavenumber and 0 < ¢ < % Only fundamental modes (¢ = 0) will
be presented in the present paper. With the discretization in the wall-normal direction by
a finite-difference scheme on variable grids, an algebraic system of the form A (w)a = Ba
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is established, where A and B are matrices. This generalized eigenvalue problem is solved
by the Arnoldi approach. Our code was designed for the secondary instability analysis of
compressible flows, but is adopted to the incompressible case by assigning a small Mach
number. The code is validated by comparing with results in XZW, which used a code
specifically for incompressible flows.

5.2. Numerical results on secondary instability

The left column of figure 15 displays the growth rates and phase speeds of secondary
modes in the region of * = 60—100 cm for the adverse pressure gradient case o. = 0.7. As
Gortler vortices grow to a larger amplitude and acquire more complex spatial structure,
the growth rates of secondary instability become larger, and an increasing number of
instability modes appears. However, of interest are the most amplified modes. Three
families of dominant modes, odd modes I (OM-I), odd modes IT (OM-II) and even modes
I (EM-I) are identified, which have the same structures respectively as those in the zero
pressure gradient case shown by XZW. The OM-I modes are the dominant ones before
z* = 80 cm. They start to appear at * = 60 cm, which is farther upstream than
z* = 80 cm in the zero pressure gradient case. The most dangerous modes are in the
EM-I family from z* = 80 cm. Both OM-I and EM-I are amplifying from z* = 60 c¢m to
z* = 90 cm, but their growth rates start to decrease from z* = 100 cm because of the
over saturation of Gortler vortices shown in figure 3(a). The wavenumbers of OM-I and
EM-I modes are less than 3.5, and their growth rates are exceeded by those of another
family of modes, OM-II, existing in the larger wavenumber region. The growth rates of
OM-IT modes at different streamwise locations almost overlap in the wavenumber range
a=0—-13at 2* =90 cm and 100 cm, indicating that smaller-streamwise-wavenumber
modes vary slowly. Figure 15(c) shows that the local phase speed, which is defined by
Cr = w,/(alU,). It appears that C,. is weakly dependent on « for EM-I and OM-II, but
the phase speed of the OM-I varies with o appreciably, especially when « < 0.8. For all
three families of unstable modes, the phase speeds increase with .

For the favorable pressure gradient case o. = 1.5, the onset of secondary instability
appears further downstream and the most dangerous modes are also OM-I, OM-IT and
EM-I. The right column of figure 15 shows the growth rates and the local phase speeds
of the modes in the region of z* = 110 — 140 cm. The OM-I modes are dominant for «
less than approximately 0.8. The most dangerous modes are EM-I for a = 0.8 — 4.0. The
maximum temporal growth rate of EM-I modes is attained almost at 2* = 120 cm, while
it appears at * = 90 cm and z* = 100 cm for the adverse pressure (o, = 0.7) and zero
pressure cases respectively. OM-II modes become dominant when z* > 130 and their
wavenumber a > 4.0. A comparison of figure 15(a) and (b) indicates that as the pressure
gradient becomes favorable, the overall growth rates increase significantly, and the band
of instability also becomes broader for each of all three families of unstable modes. As
figure 15(d) indicates, the phase speeds of the three unstable modes increase with . The
phase speeds of OM-II modes undergo the most significant change, and those of the EM-I
and OM-I modes change less so in that order.

When a temporal secondary mode («,w) is found, the corresponding spatial growth
rate can be obtained using Gaster transformation (Gaster 1962), according to which the
complex wavenumber & is related to o and w via

& =dy +id; = (0 — ——siny) — cosy), (5.6)

ren ren

where Cy = g—z = |Cyle™X is the (complex-valued) group velocity with x being its phase.
Figure 15(e) shows the spatial growth rates of the three dominant modes obtained
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FIGURE 16. (Colour online) Secondary instability characteristics for o. = 1.0: (a) the temporal
growth rate and (b) the phase speed versus the streamwise wavenumber « at z* = 80 (deltas),
90 (squares) and 100 cm (diamonds) corresponding to & = 0.191, 0.215 and 0.238.

for o. = 0.7 at different streamwise locations in the range of z* = 70 — 100 cm. At
z* = 70 cm, the maximum growth rate of OM-I is about 0.17, attained at w, = 0.25. In
the range of 80 — 100 cm, the maximum growth rate of OM-I increases moderately to
0.2. This slow-varying characteristic is also possessed by OM-II, whose maximum growth
rate is almost 0.15 both at z* = 90 cm and 100 cm. EM-I modes experience an abrupt
growth from x* = 70 cm to z* = 80 cm, with its maximum growth rate being 0.3. It
then decreases to 0.26 at * = 90 cm and plummets further to 0.16 at z* = 100 cm. It
should be noted that the intensity of the nonlinear Goértler vortices gradually decreased
from z* = 70 cm (& = 0.168) to 2* = 100 cm (& = 0.238), as is shown in figure 3(b),
suggesting the nonlinear spatial structure rather than the amplitude of Gortler vortices
alone controls the secondary instability. The adverse pressure gradient narrows the band
width of unstable modes as can be noted by comparing our present results with those
in figure 22 of XZW. For instance, before * = 100 cm, no EM-I mode with o > 1.6
appears in the adverse pressure gradient case but such modes exist in the zero pressure
gradient case.

Figure 15(f) shows the spatial growth rates versus the frequency at different streamwise
locations for o, = 1.5. The frequency band of instability becomes broader for each of three
families of unstable modes. The most unstable frequencies of the OM-I, EM-I and OM-II
are found to be 2.0 (200 Hz), 2.2 (240 Hz) and 4.0 (400 Hz), respectively, higher than
those of their counterparts in zero and adverse pressure gradient cases. The structure of
these unstable modes is smaller than that in the adverse and zero pressure cases. The
most dominant modes overall are still EM-I. Interestingly, the spatial growth rates only
moderately larger in the favorable pressure gradient case.

Figure 16 displays the characteristics of secondary instability for the zero pressure
gradient case. The results of XZW are also plotted and a good agreement is observed,
which validates our code. At z* = 80 cm, only OM-I modes start to grow, since the
Gortler vortices in the zero pressure gradient case saturate later. However, the maximum
growth rate, attained by an EM-I mode, is about 0.2 at x* = 100 cm, which is larger
than that in the the adverse pressure gradient case.

In order to demonstrate the influence of an adverse/favorable pressure gradient on the
linear growth of a single mode, we traced the downstream development of unstable modes
each with a fixed frequency. The variation of their growth rates with the streamwise
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FIGURE 17. (Colour online) The local spatial growth rates of modes, each with a fixed frequency.
The results are shown for three different frequencies in each figure. (a) solid lines: 0. = 0.7;
dashed lines: 0. = 1.0 (data of XZW). Squares: w = 0.3 (65 Hz); deltas: 0.5 (107 Hz); circles:
0.8 (174 Hz). (b) solid lines: 0. = 1.5; dashed lines: 0. = 1.0 (data of XZW). Circles: 0.8 (174
Hz); gradients: 1.6 (348 Hz); hollow circles: 2.4 (522 Hz).

distance is displayed in figure 17. Three different frequencies are traced in each subfigure.
As is illustrated, the lower-frequency modes start to grow first, and higher-frequency
ones amplify later but more strongly. For all three frequencies (w = 0.3,0.5 and 0.8),
an adverse pressure gradient causes the secondary instability to occur earlier. For the
modes with frequencies w = 0.3 and 0.5, the adverse pressure gradient also lends them
a larger maximum growth rate. In the presence of a favorable pressure gradient, the
onset of secondary instability is delayed, as Figure 17(b) shows. The growth rates of
lower-frequency modes (e.g. w = 0.8) are reduced, but those of higher-frequency modes
are enhanced. The moderately larger growth rates are unlikely to be able to compensate
the later occurrence of the secondary instability, and so a favorable/adverse pressure
gradient postpones/promots transition as was observed in experiments (Volino & Simon
1995; Kim, Simon & Russ 1992).

Experimental measurements indicate that the overall FST intensity T,, alone is inad-
equate to characterise transition location, and it has been speculated that the spectra
or length scales of FST appear to be relevant (Abu-Ghannam & Shaw 1980; Volino &
Simon 1995). Since transition involves two fundamental physical processes on distinct
scales, formation of streaks or Gortler vortices and secondary instability, steady and low-
frequency components as well as components with high frequencies in the band of the
secondary instability must be introduced in an improved correlation.

6. Summary and conclusions

In this paper, we have investigated the excitation of streaks and Gortler vortices
by FSVD, as well as their nonlinear evolution and secondary instability. The problem
is of crucial importance for understanding and predicting transition in the boundary-
layer flows on turbine blades. The special case of zero pressure gradient was studied
by XZW. Motivated by the fact that a streamwise pressure gradient is usually present
in many applications especially in turbo-machinery, in this paper we considered further
the influence of pressure gradient on the excitation, evolution and secondary instability
of Gortler vortices. For definitiveness and mathematical tractability, we formulated the
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problem for a concave plate placed in a contracting or expanding stream. The pressure
gradient is controlled by the contraction ratio o., with the adverse, zero and favorable
pressure gradients corresponding to o. < 1.0, 0. = 1.0 and o. > 1.0, respectively. The
Gortler number G4 is assumed to be of order one, for which the Gortler instability in the
generic regime where the spanwise wavelength and the local boundary-layer thickness
are comparable, should be treated as an initial-value rather than an eigenvalue problem
(Hall 1983). The required initial condition can only be properly specified by considering
the receptivity to ambient disturbances, an important type of which are FSVD. The
latter are taken to be strong enough to generate Gortler vortices of O(1) magnitude
so that nonlinearity is significant in the majority of flow field, affecting the receptivity
and evolution. A significant effect due to the presence of a pressure gradient is that
the inviscid steady flow outside the boundary layer is non-uniform. The oncoming FSVD
must undergo distortion first before their entrainment into the boundary layer. Both were
analysed in order to specify the appropriate initial (upstream) and boundary (far-field)
conditions. These and the NBRE governing the response of the boundary layer to FSVD
furnishes a nonlinear initial-boundary-layer problem, which describes both the excitation
and evolution of Gortler vortices.

The resulting nonlinear initial-value-boundary problem was solved numerically first for
steady components of FSVD, which are modelled by a pair of oblique modes with opposite
spanwise wavenumbers +ks. It was found that as in the zero pressure gradient case, the
Gortler vortices are excited in an adverse or favorable pressure gradient boundary layer
over a concave wall. They all undergo non-modal growth, quasi-exponential amplification
before nonlinear saturation for a moderate level of FSVD, but the linear stage is bypassed
if FSVD are strong enough. The influence of pressure gradient on Gortler vortices is
two-fold, reflected in their amplification and saturated intensity. For weak or moderate
FSVD (e.g. € = 0.0007), an adverse pressure gradient boost the linear amplification
rate of Gortler vortices, leading to earlier saturation than in the case of zero pressure
gradient, but the saturated intensity of the vortices is smaller. For fairly weak favorable
pressure gradients, the amplification is inhabited, and the saturation is decayed, but
as the favorable pressure gradient increases, the saturation location ceases to move
downstream any further. This is because the seeded steady modes (0, £1) decay, whereas
the nonlinearly generated harmonic component (0,2) acquires a larger amplitude and
eventually becomes dominant. For sufficiently strong FSVD (e.g. ¢ = 0.014), the modal
growth stage is bypassed, and the pressure gradient only has a marked impact on the
saturated intensity of Gortler vortices and influences the saturation location weakly.
Interestingly, with the level of FSVD being increased to € = 0.07, the curvature plays no
role in the excitation and evolution of the vortices, which are then equivalent to streaks
arising in the flat-plate case.

We have also investigated nonlinear evolution of Gortler vortices excited by unsteady
components of FSVD in the boundary layer with an adverse pressure gradient. The
unsteadiness is found to stabilize the flow significantly at a weak turbulence level (e.g.
e = 0.0007), but the stabilization effect diminishes as the turbulence level is elevated,
suggesting that unsteady vortices are as important as steady ones in the presence of strong
FSVD. As the frequency increases, the nonlinearly generated harmonic component (0,2)
attains a larger amplitude and eventually becomes dominant.

Gortler vortices in their nonlinear stage cause a strong distortion of the streamwise
velocity profile in both the wall-normal and spanwise directions, and thus may be
susceptible to essentially inviscid secondary instability. A secondary instability analysis
with viscosity included was performed for nonlinearly developing Gortler vortices in an
adverse case . = 0.7 and a favorable case o, = 1.5. Three families of the most dangerous
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unstable modes, odd modes I, IT and even modes I, were identified in our calculations. The
temporal growth rates were converted to spatial ones by using Gaster transformation.
A pressure gradient was found to have an intriguing two-fold effect on the secondary
instability. In the presence of an adverse pressure gradient, secondary instability takes
place earlier. However, the band of instability becomes narrower for each of all three
families of modes and the overall growth rates are smaller too. The opposite is true for a
favorable pressure gradient. Whether favorable or adverse, a pressure gradient enhances
preferentially secondary instability modes with different frequencies. It is worth noting
that our secondary instability analysis was performed for fairly weak adverse/favorable
cases, yet the pressure gradient can have a significant impact on the secondary instability
characteristics.

The present theoretical framework allows quantitative relations to be established
between the free-stream vortical disturbances and the key transition processes, excitation,
nonlinear evolution and secondary instability, in a boundary layer subject to an adverse
or favorable pressure gradient. Although FSVD are modelled by a pair of oblique modes
for simplicity in this paper, the formulation may be applied to the case where a continuum
of low-frequency components are present in FSVD. Our framework thus forms a basis for
developing an efficient method to correlate, on the physical basis, the transition location
with the characteristics of free-stream turbulence, wall curvature and pressure gradient
for flows of practical interest, such as the boundary layers over turbo-machinery blades.
A major next step is to extend the analysis to take blade geometry into account.

Appendix A. Mean flow calculations
A.1. Inviscid flow

GD considered the incompressible flow through a two-dimensional converging passage,
for which the complex potential of the inviscid flow, w = ¢ + iy, is

! . —1
UC; )Z + 0627T [1nsinh7r(2 + 5) - 5}, (A1)
where Z = T + i is a complex variable with o = yA/a*. The stream function, which
corresponds to the imaginary part of w(z), is

i i

=

! [arctan(w) + f} . (A2)

2 2 tanh 7z 2

Hence the inviscid velocity components, U (Z, 7o) and 1_/(50, 9o), can be obtained as

dw o.+1 (0. — 1) sinh 27z

U(z,5) = R = A3
(. 90) el dz )= 2 )+ 2(cosh 27T + cos 27yg) (43)
_ dw o.— 1 sin 27yg
1% =Im(—) = — . A4
(%,50) = Im( dz ) 2 cosh27® + cos 27y (A4)
It follows that the inviscid streamwise slip velocity on the wall is
_ . +1 ¢ — 1) sinh 27z
V@) = O(z,0) = (Pt 4 o Do 2m (A5)

2 2(cosh 27z + 1)’

which provides the matching condition for the boundary-layer equations (2.13).
Although Z is the natural streamwise variable describing the mean flow, we shall use
Z instead so that the velocity field can readily be used for the computation of Gorlter
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vortices. After switching & to &, the slip velocity (A 5) reads

.+ 1
2

(0. —1) sinh(27rz)
2 cosh(nrz) +1

Ue(2) = ( )+ (r=RpA/a™). (A6)

In terms of & and 7, the boundary-layer equations are rewritten as (2.13), which can be
solved by a downstream marching method.

A.2. Finite-difference schemes for the two-dimensional boundary layer

Equations (2.13) are discretised by a first-order forward difference scheme for the
derivative with respect to &, and a central difference for the derivatives with respect to
7. The explicit finite-difference scheme converts the momentum equation to

g (VB U (L By (U Uy
B Az TN 2y Az 2Ui) B 2An
i, i,j+1 i,j—1 i ;
N VB] UB]JF . UBJ U,L U i+1 Ué
£/ 2@Z/Ué 2A77 ¢ AT
1 (U;;j“ —2U4 + U;;J'*I)
22 /U¢ (An)? ’
where (i, j) denotes a mesh point, and the quantity at which is denoted by ¢%3. Hence

the streamwise velocity U CHLT gt (i+1, j) can be calculated using the known information
at the previous streamwise location,

_F

(A7)

U = B U - 8 - 0O L - o)

Uy te

1 U -Ul 1 vy vt —ug !

—Ad (- Tt B | 2L 5 (A®)
25 Az 22U Uy /24U 24n
where
Ui A

EW = ——e— A9
2%,U; ;(An)? (A9)

The continuity equation is discretised at the point (i + 1,5 — 1/2), leading to

1 Ugﬁ-l,j o UBJ N U£+17j_1 o Ugj—l N ( 1 aUz 1 )UEFLj o Ugi‘laj—l
2 Ad Ad o8, T 92U A
Vi-l—l,j _ Vz-l—l,]—l
5O =0, (A 10)
2&/U.(%)An

from which the wall-normal velocity Véﬂ,j

virtd = vt - L @, (A11)

is obtained,

where
ii AN i i it1,j—1 ii—1 10Ul 1 i+1,j it1,j—1
FJ:A_JAC(UB —Ug +Ug -Ug )*ﬂj(j_i*%@)(UB —Up )-
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To provide the appropriate initial conditions, we now exam the boundary layer near the

1 c 1 ~
leading edge. As & — 0, U, — 5(05 +1)+ z 5. Thus U and Vg expand as
. U. .
UB%UB,0+ZEU31+..., Vg — 2—@(V370+5EVB1+...). (A13)
Introduce the stream function ¥p such that Up = ¥p, and Vp = —¥p ;. It can be
shown that
Up = UesF(&,n), Upo=UlF', Vpo=s'nF' —F), (A 14)

where F'(n) satisfies the Blasius equation, F"” + FF" = 0, subject to the boundary and
matching conditions: F'(0) = F'(0) =0 and F' — 1 as ) — o0.
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