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Abstract

Nonlinear optical processes are inherently weak in nanoantennas, but this can be sig-

nificantly enhanced through the use of plasmonic resonances and field enhancements.

This thesis presents an experimental investigation of two different designs for plasmonic

nanoantennas to demonstrate different mechanisms via nonlinear optical measurements.

In the first, the existence of a critical coupling condition that maximises field enhance-

ment is explored in coupled waveguide-dimer nanoantennas. The prediction formed by

fitting experimental data to the coupled oscillator model is confirmed via measurements

of second harmonic generation and third harmonic generation that vary with a geomet-

ric parameter within the nanoantenna design. A second plasmonic nanoantenna is used

to demonstrate the stimulated emission tomography technique, which allows for char-

acterisation of a spontaneous parametric process by studying its stimulated analogue.

Four-wave mixing is observed in individual nanoantennas, and stimulated emission to-

mography is performed to reconstruct the joint spectral density maps for spontaenous

four-wave mixing. Furthermore, a key derivation in the technique is used to assess the

spontaneous four-wave mixing generation rate in the nanoantennas, which is found to be

approximately 100 pairs generated per second per mW of pump power and per nanoan-

tenna. Further optimisation of the nanoantenna design is expected to increase this value

significantly.
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Chapter 1

Introduction

Although nonlinear optical effects were first studied well over a century ago [1], significant

research into the field was only made possible by the invention of the laser in 1960 [2].

The high intensity provided by lasers was necessary to drive intrinsically weak nonlinear

responses [3], and the field of nonlinear optics formally began with the demonstration of

second harmonic generation (SHG) in 1961 [4] followed not long after by third harmonic

generation (THG) in 1962 [5]. Following these achievements, nonlinear optics expanded

rapidly with observations of countless nonlinear processes and discoveries of diverse appli-

cations ranging from the damage-negating amplification of laser pulses by chirped pulse

amplification [6] to the generation of heralded single photons by spontaneous parametric

down-conversion (SPDC) [7] and spontaneous four-wave mixing (SFWM) [8].

At first, the study of nonlinear interactions was limited to macroscopic volumes in

bulk nonlinear crystals. At the time, the strategy was to maximise the conversion of

nonlinear processes by increasing the interaction volume between the incident light and

nonlinear medium. In practice, however, this approach is fundamentally limited by the

simultaneous accumulation of a phase mismatch between interacting fields [3, 9, 10]. As

15



16 Chapter 1. Introduction

a result, there was significant interest during the early stages of nonlinear optics research

in demonstrating efficient phase-matching in various materials [11–14].

Significant obstacles exist, however, to these traditional approaches to nonlinear op-

tics. For one, the extreme precision and range of controls required for phase-matching

necessitates complex setups [15] or difficult growth and fabrication techniques [16]. Al-

though researchers are currently able to achieve superior nonlinear conversion efficiencies

using these techniques, they are prohibitively cumbersome in today’s nanoscale platforms.

Moreover, bulk nonlinear optics is limited in the materials that are available for use as

phase-matching is only available for a narrow range of materials possessing specific optical

properties [3].

The modern metamaterial paradigm completely removes these obstacles. Today, re-

searchers are able to produce a range of metamaterials that display exotic optical prop-

erties with nanoscale resolution, which was made possible by the rapid development of

fabrication techniques in the semiconductor industry [17–19]. The building blocks of these

metamaterials consist of metal and/or dielectric nanostructures whose individual and col-

lective geometries can be tailored to meet specific needs [20]. This is in line with current

trends towards compact nanoscale devices that facilitate light-matter interactions at sub-

wavelength scales resulting in phase-matching requirements being relaxed or disregarded

completely [15].

To overcome the inherent weakness of nonlinear interactions in such small volumes,

today’s researchers rely on strong confinement and enhancements of fields by exploiting

various resonant properties in modern nanoantennas [21]. This thesis is a continuation of

these efforts, and in the following chapters, we will present experimental work that aims

to further our understanding of modern nanoantenna designs and working principles.



1.1. Outline of thesis 17

1.1 Outline of thesis

The thesis will be presented as follows:

• Chapter 2 covers the fundamental concepts of nonlinear optics including the origin

of the nonlinear response of light-matter interaction. We will cover the nonlinear

processes of second harmonic generation, third harmonic generation, and four-wave

mixing which will be experimentally investigated in Chapters 5 and 6.

• Chapter 3 introduces key principles of plasmonics, including surface plasmon po-

lariton and localised surface plasmon modes. We will discuss plasmonic phenomena

such as electric field confinement and enhancement which will aid the understanding

of the plasmonic nanoantennas to be used in the experimental chapters.

• Chapter 4 discusses the key features of effective nanoantennas for nonlinear optical

applications through informative examples in recent literature in order to provide

motivation for the design of our own nanoantennas. We then present simulation

studies of two novel plasmonic nanoantenna designs demonstrating these features

in order to better understand their working principles.

• Chapter 5 presents an experimental investigation of a coupled waveguide and dimer

nanoantenna. We explore the geometric parameter of the nanoantenna that controls

coupling in order to demonstrate a critical coupling condition via SHG and THG

measurements.

• Chapter 6 is an experimental study of a second plasmonic nanoantenna, the coupled

bar and discs. We demonstrate four-wave mixing in individual nanoantennas and

perform a stimulated emission tomography analysis to assess its ability to generate

correlated photon pairs via spontaenous four-wave mixing.
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• Chapter 7 summarises the experimental results and provides commentary with an

outlook to future studies to continue the work presented in this thesis.



Chapter 2

Nonlinear Optics

In this chapter, we will cover the foundations of nonlinear optics including the origin of

the nonlinear response and the mechanism behind key nonlinear optical processes demon-

strated in this thesis. As a full survey of nonlinear optics is beyond the scope of this

thesis, we will limit ourselves to the relevant aspects that will support our discussions in

the following chapters. The derivations in this chapter primarily follow the ones presented

in Reference [9] and are supplemented by Reference [3] and relevant literature.

2.1 Linear optics

We begin in the realm of linear optics which assumes a linear response of the electric

polarisation P of a material to the electric field E according to

P = ε0χ
(1)E , (2.1)

where ε0 is the vacuum permittivity and χ(1) is the linear optical susceptibility. Here,

χ(1) is actually a second-rank tensor, with the higher-order susceptibilities to be discussed

19



20 Chapter 2. Nonlinear Optics

later, χ(n), being a tensor of rank n+1. However, for simplicity, we will consider the scalar

form in this chapter without any loss of generality. Equation 2.1 is found to be a good

description of light-matter interaction in the presence of weak fields and is sufficient to

explain linear optical phenomenon such as refraction and reflection [10]. We can further

define the displacement vectorD which accounts for both the polarisation and the external

field as

D = ε0E + P = ε0(1 + χ(1))E = ε0εrE, (2.2)

where we have defined the relative permittivity (or dielectric constant) as εr = 1 + χ(1).

As light is an electromagnetic wave, its interaction with a material is governed by the

Lorentz force law,

F = q(E + v ×B) , (2.3)

where q is the charge of a particle moving with velocity v in a magnetic field B. The

magnitude of the magnetic field is defined as |B| = |E|/c, with c being the speed of light,

and for v ≪ c this may safely be neglected. In a dielectric material, electrons are bound

to the nucleus and their response to an electric field is described by the interaction of the

field with the least bound electron with charge e, and Equation 2.3 reduces to

F = −eE . (2.4)

2.1.1 Lorentz oscillator model

The classic way of modelling this situation is to consider the electron bound to the nucleus

by a spring with a damping constant γ as shown in Figure 2.1. This is known as the

Lorentz oscillator model and we will continuously be returning to this model throughout
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Figure 2.1: Diagram of a Lorentz oscillator. The electron is bound to a heavy nucleus
by a spring with resonance ω0 and damping γ. An external field acts as a driving force
leading to the electron oscillating as a dipole.

this thesis. For simplicity, we consider the equation of motion in a single dimension x,

and for a time-varying electric field E(t) = E0e
−iωt we have

ẍ(t) + γẋ(t) + ω2
0x(t) = − e

m
E0e

−iωt , (2.5)

where we have substituted Equation 2.4, and ω0 is the natural frequency of oscillation

and m is the mass of the electron. If we assume that x has the same temporal dependence

as the driving field and takes the form x(t) = x0e
−iωt, Equation 2.5 gives us

x(t) =
−eE0e

−iωt

m(ω2
0 − ω2 − iγω)

. (2.6)

The displaced electron acts as a time varying dipole d(t) = −ex(t), and if we define the

polarisation as the dipole moment per unit space we have

P = Nd(t) =
e2N

m

E0e
−iωt

ω2
0 − ω2 − iγω

, (2.7)

where N is the dipole number density in a given material and is typically on the order of

1023 in solids [10]. As we can see in Equation 2.7, the polarisation oscillates at the same

frequency as the driving field with a proportional amplitude, |P | ∝ |E|. We now relate
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Equation 2.7 to Equation 2.1 to redefine the linear optical susceptibility as

χ(1) =
e2N

ε0m

1

ω2
0 − ω2 − iγω

=
ω2
p

ω2
0 − ω2 − iγω

, (2.8)

where

ωp =

√
e2N

ε0m
(2.9)

is called the plasma frequency and will be revisited in Chapter 3 to discuss its significance.

2.1.2 Electromagnetic wave equation

In order to derive the electromagnetic wave equation which will describe the nonlinear

optical processes in later sections, we turn to Maxwell’s equations which read

∇ ·D = ρ (2.10a)

∇ ·B = 0 (2.10b)

∇×E = −∂B

∂t
(2.10c)

∇×H =
∂D

∂t
+ J , (2.10d)

where ρ is the external charge and J the external current density. Recall that D =

ε0E+P (Eq. 2.2) and H = 1
µ0
B−M , where µ0 is the vacuum permeability. Throughout

this thesis, we only consider non-magnetic media and thus M = 0. Let us first consider

the case of a vacuum in the absence of polarisation (P = 0) and any external charge

(ρ = 0) or current (J = 0). Taking the curl of both sides of Equation 2.10c and making
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the relevant substitutions yields

∇× (∇×E) = ∇×
(
−∂B

∂t

)
= −ε0µ0

∂2E

∂t2
, (2.11)

and we can make use of the vector identity ∇× (∇×E) = ∇(∇ ·E)−∇2E to arrive at

the desired result,

∇2E = ε0µ0
∂2E

∂t2
=

1

c2
∂2E

∂t2
, (2.12)

where the speed of light in a vacuum is defined as c = 1/
√
ε0µ0. For the more general

case we are interested in of light propagating through an isotropic medium, we once again

make use of Equation 2.1 to recast Equation 2.12 as

∇2E = µ0
∂2

∂t2
(ε0E + P ) . (2.13)

We will return to Equation 2.13 in the following section to derive the coupled wave

equations that describe the interaction of different fields in a nonlinear process.

2.1.3 Refractive index and dispersion

Equation 2.13 describes an electromagnetic wave travelling through a medium with ve-

locity v = 1/
√
ε0µ0(1 + χ(1)) = c/

√
1 + χ(1). The ratio of the speed of light in a vacuum

and a medium is called the refractive index and is defined as

n =
c

v
=

√
1 + χ(1) =

√
εr . (2.14)

As we have seen in Equation 2.8, χ(1) is a function of the frequency of the EM wave,

so the refractive index must also vary with frequency, and this phenomenon is known as
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dispersion. Equation 2.8 also shows χ(1) to be complex-valued, and by extension we can

decompose the refractive index (and dielectric constant) into real and imaginary parts as

n(ω) = nr(ω) + ini(ω) . (2.15)

Here, nr(ω) is related to the wave propagation and ni(ω) is related to the absorption in a

given material, a concept we will revisit in Chapter 3. When ω is close to ω0,
∂n
∂ω

< 0 and

is called anomalous dispersion, while when ω is far from ω0,
∂n
∂ω

> 0 and is called normal

dispersion. It is important to keep in mind that the refractive index varies with frequency,

as dispersion plays a crucial role when considering light-matter interactions over a range

of frequencies as we will see in the nonlinear experiments of later chapters.

2.2 Nonlinear susceptibility and polarisation

In the previous section, we claimed that the linear polarisation provides a good description

of light-matter interaction for weak fields, and were thus able to effectively model the

situation with the Lorentz oscillator model of an electron trapped in a harmonic potential

with a linear restoring force. However, we can no longer make this assumption for the

very high electric fields present in lasers, and thus we rewrite Equation 2.1 as a Taylor

series expansion in terms of the electric field,

P = ε0
(
χ(1)E + χ(2)E2 + χ(3)E3 + . . .

)
. (2.16)

At this point, we make a crucial observation about the symmetry of the second-order

term in Equation 2.16. The equation tells us that the second-order polarisation is the
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same whether we have a positive or negative field. However, this contradicts the property

of centrosymmetric materials that requires P (−E) = −P (E). As a result, the second-

order polarisation term must vanish, and second-order (and by extension all even-order)

nonlinear effects are prohibited in centrosymmetric materials. As we shall see in later

discussions, there are multiple exceptions to this restriction, particularly in the realm of

metamaterials, but this is a good principle to keep in mind when investigating nonlinear

optics.

2.2.1 Coupled wave equations

We are now ready to derive the coupled wave equations governing nonlinear processes. For

simplicity, we restrict ourselves to the case of a plane wave propagating in the z-direction,

but the insights we will gain here can be generalised to 3-dimensional cases. We rewrite

Equation 2.13 in scalar form to

∂2E

∂z2
− µ0ε0

∂2E

∂t2
= µ0

∂2P

∂t2
, (2.17)

where we can consider the polarisation term P to be acting as a source of oscillating

dipoles which generates new frequencies. It is helpful to separate Equation 2.16 in scalar

form into linear and nonlinear components as

P = ε0χ
(1)E + ε0χ

(2)E2 + ε0χ
(3)E3 + . . .

= P L + PNL .

(2.18)
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In anticipation of the new frequencies to be generated, we also express E(z, t) and P (z, t)

as the sum of n discrete frequency components,

E(z, t) =
∑
n

1

2

(
Ẽn(z)e

i(ωnt−knz) + c.c.
)

(2.19a)

P (z, t) =
∑
n

1

2

(
P̃n(z)e

i(ωnt−knz) + c.c.
)

. (2.19b)

Substituting the nth components of Equation 2.19 into Equation 2.17 and restricting our

focus to the generated nonlinear polarisation PNL yields

∂Ẽn

∂z
=

−iµ0ω
2
n

2kn
P̃NL(z) =

−iωn

2ε0cnn

P̃NL
n (z) , (2.20)

where we have assumed the slowly varying envelope approximation ( ∂
2Ẽn

∂z2
≈ 0) to simplify

the derivation. Equation 2.20 describes the evolution of the electric field Ẽn(z) as it

propagates through a nonlinear medium and its relationship to the nonlinear polarisation

P̃NL
n (z). This is the starting point for understanding any nonlinear optical process, and

the derivation of P̃NL
n (z) for all n frequency components involved in a process will yield a

set of coupled wave equations that fully characterise it.

2.3 Second harmonic generation

It is worth deriving the coupled wave equations to gain insights about a nonlinear process,

and we will do this for the simplest case of SHG as we investigate this process in multiple

experiments in later chapters. In SHG, two pump photons at the fundamental frequency

ω are annihilated to produce a signal photon at the second harmonic frequency 2ω as

shown in Figure 2.2. As such, we consider Equation 2.20 for the case where n = 2,
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Figure 2.2: Second harmonic generation. (a) Illustration of SHG in a χ(2) material.
(b) Energy level diagram for SHG showing two photons at the fundamental frequency ω
being annihilated to produce a photon at the second harmonic frequency 2ω.

∂Ẽω

∂z
=

−iω

2ε0cnω

P̃NL(z) (2.21a)

∂Ẽ2ω

∂z
=

−iω

ε0cn2ω

P̃NL(z) , (2.21b)

and Equation 2.19 reads

E(z, t) =
1

2

(
Ẽωe

i(ωt−kωz) + Ẽ2ωe
i(2ωt−k2ωz) + c.c.

)
(2.22a)

PNL(z, t) =
1

2

(
P̃NL
ω ei(ωt−kωz) + P̃NL

2ω ei(2ωt−k2ωz) + c.c.
)

. (2.22b)

We also use Equation 2.18 to express the second-order nonlinear polarisation as

PNL(z, t) = ε0χ
(2)E2(z, t)

=
1

4
ε0χ

(2)
(
Ẽωe

i(ωt−kωz) + Ẽ2ωe
i(2ωt−k2ωz) + c.c.

)2

.

(2.23)

The next step is to expand Equation 2.23 and collect all terms of ω and 2ω, while discard-

ing the others that are not relevant. Once we have done this, we can relate the collected

terms to Equation 2.22b to re-express the fundamental and second harmonic terms of the
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nonlinear polarisation as

P̃NL
ω (z) = ε0χ

(2)
(
Ẽ2ωẼ

∗
ωe

−i(k2ω−2kω)z
)

(2.24a)

P̃NL
2ω (z) =

1

2
ε0χ

(2)
(
Ẽ2

ωe
i(k2ω−2kω)z

)
. (2.24b)

Note the expression k2ω−kω in both equations, which is the origin of the phase mismatch

mentioned in Chapter 1 and shall henceforth be referred to as ∆k. We will return to the

significance of ∆k in the discussion below. We are now ready to fully express the coupled

wave equations for SHG by substituting Equation 2.24 into Equation 2.21,

∂Ẽω

∂z
=

−iωχ(2)

2cnω

Ẽ2ωẼ
∗
ωe

−i∆kz (2.25a)

∂Ẽ2ω

∂z
=

−iωχ(2)

2cn2ω

Ẽ2
ωe

i∆kz . (2.25b)

We can summarise the significance of Equation 2.25 with three key observations.

First, Equation 2.25a tells us that the growth of the fundamental field Ẽω is dependent

on the second harmonic field Ẽ2ω. This is to be expected, as in the photon picture

described above, two pump photons are annihilated for every second harmonic photon

generated, and the pump becomes depleted with SHG growth. In practice, for very low

SHG efficiencies (ηSHG = I2ω/Iω ≪ 1), which are generally the case for experiments

involving nanostructures, we treat the pump as being un-depleted and Equation 2.25a is

equal to zero.

Second, Equation 2.25b states that the growth of the second harmonic field is depen-

dent on Ẽ2
ω. This is the origin of the quadratic relationship between the intensity of a

measured SHG signal and the intensity of the pump beam used to generate it. In our
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experiments in future chapters, we will make use of this property to validate our measured

SHG signals as genuine by performing a power series with respective to the pump.

Finally, as stated before there is a phase difference ∆k between Ẽ2w and Ẽw. This had

in fact already been predicted by Equation 2.15 when we discussed the refractive index

being frequency-dependent, and the two waves cannot be expected to travel with the same

phase velocity. In the low pump depletion approximation, we can solve Equation 2.25 to

express the intensity of the generated second harmonic field as

I2ω(L) ∝ I2ωL
2sinc2(

∆kL

2
) , (2.26)

where Iω is the intensity of the pump beam at the fundamental frequency ω and L is

the length of the path travelled through a nonlinear medium. In order to maximise I2ω

and grow the second harmonic field, we would like ∆k = 0, which can be achieved via

a technique called phase-matching. This typically involves the use of carefully oriented

birefringent crystals with different refractive indices in orthogonal directions to induce a

phase difference via polarisation control that negates ∆k. However, one of the biggest

advantages of nanoscale nonlinear optics is that we work in sub-wavelength domains where

L ∼ λ, and this allows us to safely relax the phase-matching restrictions that are placed

on traditional bulk nonlinear optics. Of course, this comes at a significant cost to the

conversion efficiency, and a great deal of research is dedicated to compensating for this fact

by engineering nanostructures with the highest nonlinearity possible. In the experiments

presented in this thesis, we will not be taking phase-matching into account, and thus we

will not elaborate on this topic any further.
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Figure 2.3: Third harmonic generation. (a) Illustration of THG in a χ(3) material.
(b) Energy level diagram for THG showing three photons at the fundamental frequency
ω being annihilated to produce a photon at the third harmonic frequency 3ω.

2.4 Third-order processes

Third-order processes involve looking at the third-order term of the nonlinear polarisation

in Equation 2.16,

P (3) = ε0χ
(3)E3 , (2.27)

for the frequencies of interest. It is straightforward to extend the detailed treatment we

have given SHG to third- and higher-order processes, although this comes at the cost of

collecting an exponentially increasing number of terms for the coupled wave equations for

the different frequencies involved. As such we will simply summarise the key points of

two additional nonlinear processes which we will be investigating in this thesis, THG and

four-wave mixing (FWM).

2.4.1 Third harmonic generation

Similar to SHG, THG involves the annihilation of three pump photons at the fundamental

frequency ω to produce a photon at frequency 3ω as shown in Figure 2.3. As such, the

interaction still involves two distinct frequencies, and the coupled wave equations for
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Figure 2.4: Four-wave mixing. (a) Illustration of non-degenerate FWM. (b) Illustra-
tion of degenerate FWM. (c) Energy level diagram for degenerate FWM.

third-harmonic generation read

∂Ẽω

∂z
=

3iωχ(3)

8cnω

Ẽ3ωẼ
∗2
ω ei∆kz (2.28a)

∂Ẽ3ω

∂z
=

3iωχ(3)

8cn3ω

Ẽ3
ωe

−i∆kz . (2.28b)

Similar to the case with SHG, Equation 2.28b tells us that the growth of the third har-

monic field Ẽ3ω depends on Ẽ3
ω and we can expect a cubic dependence of a measured THG

signal on the pump.

2.4.2 Four-wave mixing

Four-wave mixing, as the name implies, is a third-order process involving four distinct

fields. The more general case of FWM is known as non-degenerate four-wave mixing and

is illustrated in Figure 2.4a. Here, three photons with distinct frequencies ω1 ̸= ω2 ̸= ω3

interact in a χ(3) medium to produce a fourth photon that can take on any one of 8 new

frequencies ±ω1 ± ω2 ± ω3. As each of these processes would require its own energy level

diagram, we do not present one here.

A special case of non-degenerate FWM is degenerate FWM where two of the three
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previously distinct frequencies are degenerate. As we will be interested in this case of

FWM in our experiments, we will evaluate it in more detail and all future mentions of

FWM in this thesis will refer to degenerate FWM. Here, two photons of frequency ω1

interact with a photon of frequency ω2 to produce a photon of frequency ω3 = 2ω1 − ω2.

This situation is illustrated with a corresponding energy level diagram in Figure 2.4b and

c. Here, the coupled wave equations read

∂Ẽ1

∂z
=

−3iω1χ
(3)

16cn1

Ẽ2Ẽ3Ẽ
∗
1e

i∆kz (2.29a)

∂Ẽ2

∂z
=

−3iω2χ
(3)

16cn2

Ẽ2
1Ẽ

∗
3e

−i∆kz (2.29b)

∂Ẽ3

∂z
=

−3iω3χ
(3)

16cn3

Ẽ2
1Ẽ

∗
2e

−i∆kz (2.29c)

Once again, we turn to Equation 2.29c to give us insight into the growth of the four-wave

mixing field Ẽ3. In this instance, we see that it has a quadratic dependence on the pump

field Ẽ1 and a linear dependence on the second field Ẽ2, and we will use this to confirm

our FWM measurements in later chapters.

2.5 Conclusion

We have now laid the foundations of nonlinear optics we will need to discuss the physics

presented in this thesis. We began with the fundamental properties of linear optics and

have seen how the Lorentz oscillator model can describe the the interaction of light as an

electromagnetic wave with matter. We then generalised our definition of the polarisation

to include terms that are nonlinear with the electric field and have used this definition to

derive the coupled wave equations that govern the interaction of related fields in a non-
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linear optical process. We have used the coupled wave equations to gain insights on SHG,

THG, and FWM, namely that these processes grow with varying degrees of dependency

on the fundamental field. In the following chapter, we will discuss the fundamentals of

plasmonics, to see how we can enhance these fields and support our discussions of the

nonlinear experiments to be presented in Chapters 4–6.



Chapter 3

Plasmonics

In this chapter, we will cover the fundamentals of plasmonics and the origin of local

field enhancements in plasmonic structures. We also discuss the two main manifestations

of plasmonic modes, surface plasmon polaritons (SPPs) and localised surface plasmons

(LSPs), as well as the use of plasmonic structures as nanoantennas. As in the previous

chapter, we will limit our discussion to key principles that provide the motivation for

the design of the plasmonic nanoantennas to be investigated in subsequent chapters. We

will closely follow the derivations in Reference [22] and supplement this with relevant

literature as necessary.

3.1 Background

Plasmonics is the study of the interaction between electromagnetic waves and the conduc-

tion electrons in metals as well as the interesting phenomena that arise as a result. It is

a major driving force behind the field of nanophotonics that aims to control and confine

light in sub-wavelength dimensions [22, 23]. Like the field of nonlinear optics, plasmonics

is built on the foundations of classical physics and electromagnetism, and so we return to

34
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Maxwell’s equations which were first presented in Chapter 2.

3.1.1 Helmholtz equation and boundary conditions

We have already seen how Maxwell’s equations (Eq. 2.10) can be combined to form the

electromagnetic wave equation in a vacuum (Eq. 2.12). We once again assume a time-

harmonic form of the electric field, E(r, t) = E(r)e−iωt, and utilise the separation of

variables to recast this in the form of the time-independent Helmholtz equation,

∇2E(r) + k2
0εE(r) = 0 , (3.1)

where k0 = ω/c is the wavevector in a vacuum with frequency ω. Equation 3.1 is sufficient

to describe the propagation of E in a homogeneous medium with permittivity ε. However,

the effects of plasmonics are seen at the interface between a metal and dielectric, where

the permittivity and permeability are spatially-dependent. In order to describe this, we

must impose boundary conditions at the interface between two media as follows,

E1,∥ −E2,∥ = 0 (3.2a)

H1,∥ −H2,∥ = J s × n̂ (3.2b)

where J s is the surface current density at the interface, n̂ is the unit normal vector to the

interface, and En,∥ and Hn,∥ are the tangential components of the electric and magnetic

field respectively for medium 1 and 2 at the interface. Provided that there are no external

sources of current (J s = 0), Equation 3.2 tells us that the tangential component of

both the electric field and the magnetic at the interface must be continuous across the
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boundary. This must be taken into account when solving the Helmholtz equation, and

careful consideration must be given to the geometry and material properties of a given

system.

3.1.2 Dielectric function of the free electron gas

Recall the Lorentz oscillator model discussed in Chapter 2.1 which yielded Equation 2.8 for

the linear optical susceptibility. We rephrase this in terms of the permittivity (henceforth

referred to as the dielectric function), which will be the most important parameter in

describing all the optical phenomena discussed in this chapter,

ε = 1 + χ(1) = 1 +
ω2
p

ω2
0 − ω2 − iγω

. (3.3)

Also recall that we have previously defined the plasma frequency ωp =
√

e2N/ε0m (Eq.

2.9), which we will now elaborate on further. Throughout this chapter, we will be viewing

light-matter interaction under the Drude model which provides a good description of the

optical properties of metals and is characterised by a free electron gas unbound by the

nucleus and with number density N moving against a background of fixed positive ions.

Here, ωp is the characteristic frequency at which the free electrons collectively oscillate in

response to an applied electric field, and we will be referring to this value repeatedly in

the following discussions.

A crucial distinction between the Drude model and the model presented in Chapter 2

is that the electron is no longer bound to the nucleus, and as such we neglect the natural

resonance frequency ω0 which is related to the restoring force and rewrite Equation 3.3
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as

ε(ω) = 1−
ω2
p

ω2 + iγω
. (3.4)

Equation 3.4 is the dielectric function of the free electron gas. Here, the damping term

γ is now tied to the collisions between electrons as they oscillate, and it is related to

the relaxation time of the electron gas τ as γ = 1/τ . We have explicitly written it as a

function of ω to remind ourselves that like the refractive index and optical susceptibility

in Chapter 2, the dielectric function is dependent on the driving frequency. The real and

imaginary parts of the complex dielectric function ε(ω) = ε1(ω) + iε2(ω) are given by

ε1(ω) = 1−
ω2
pτ

2

1 + ω2τ 2
(3.5a)

ε2(ω) =
ω2
pτ

ω(1 + ω2τ 2)
. (3.5b)

We will now take a closer look at the dielectric function for different frequency ranges

to gain further insights. First, we observe the behaviour at ω < ωp where the metallic

characteristics of materials are preserved. For frequencies close to ωp in this range, there

is negligible damping and the dielectric function is mostly real,

ε(ω) = 1−
ω2
p

ω2
, (3.6)

and the idealised model of a free electron gas is valid. For ω > ωp, however, ε is mostly

imaginary and we require a modification of the idealised dielectric constant to more ac-

curately model real metals,

ε(ω) = ε∞ −
ω2
p

ω2 + iγω
, (3.7)
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Figure 3.1: Theoretical and experimental values for the dielectric function for
gold. (a) Real component of dielectric function. (b) Imaginary component of dielectric
function showing the breakdown of theory near the region of interband transitions. The
solid line indicates the theoretical model of a free electron gas, with red dots indicating
experimental values. The experimental values in these figures are from Ref. [24]. Figures
taken from Ref. [22].

where ε∞ typically takes on a value 1 ≤ ε∞ ≤ 10. Further limitations to the idealised

free electron model can be seen by comparing the theoretical and experimental dielectric

functions for gold, as shown in Figure 3.1. At energies below 2 eV (∼ 480 THz, 620 nm),

we can see that the theoretical model experimental values fairly well. However, at higher

energies marked by interband transitions between the d and f band in gold (∼ 2.4 eV,

580 Thz, 516 nm), we can see that the model deviates significantly, as it cannot account

for the electrons jumping energy levels. This transition in the visible range is particularly

important to keep in mind when conducting nonlinear experiments with gold, as we shall

see in the experimental chapters.

3.2 Surface plasmon polaritons

Surface plasmon polaritons are surface EM waves that propagate along the interface

between a conductor and a dielectric. These waves arise from the coupling between an

external electromagnetic field and the collective oscillations of the free electrons gas. In

the following, we will derive the key expression for SPPs propagating along an interface
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Figure 3.2: Geometry of metal-dielectric interface.

that will provide us with valuable insights.

We begin with Equation 3.1 and restrict ourselves to a wave travelling in the x direction

for simplicity, with the material interface defined along the xy-plane as shown in Figure

3.2. The dielectric function ε(z) only has a spatial dependence in z and does not vary

over x or y. The wave is described by E(z)eiβx, where β = kx is the propagation constant

corresponding to the wavevector in the propagation direction, and inserting this into the

Helmholtz equation yields

∂2E(z)

∂z2
+ (k2

0ε− β2)E(z) = 0 , (3.8)

with the analogous wave equation for the magnetic field H being

∂2H(z)

∂z2
+ (k2

0ε− β2)H(z) = 0 . (3.9)

Before we can apply Equations 3.8 and 3.9, we define the different components of E

and H utilising Equations 2.10c and 2.10d. We note that the region of interest is free

of external charge (J s = 0) or magnetisation (M = 0), and that the electromagnetic

wave has harmonic time dependence (∂/∂t = −iω), travels along x (∂/∂x = iβ), and is
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homogenous along y (∂/∂y = 0), to produce the following coupled equations:

∂Ey

∂z
= −iωµ0Hx (3.10a)

∂Ex

∂z
− iβEz = iωµ0Hy (3.10b)

iβEy = iωµ0Hz (3.10c)

∂Hy

∂z
= iωε0εEx (3.10d)

∂Hx

∂z
− iβHz = −iωε0εEy (3.10e)

iβHy = −iωε0εEz . (3.10f)

Equation 3.10 has two different solutions depending on whether the propagating wave

has transverse magnetic (TM) or transverse electric (TE) polarisation. For brevity, we

assert that the TE mode vanishes and that SPPs only exist for TM polarisation (see Ref.

[22] for the derivation). Restricting our focus to the TM modes where Hx = Hz = Ey = 0

reduces Equation 3.10 to

Ex = −i
1

ωε0ε

∂Hy

∂z
(3.11a)

Ez = − β

ωε0ε
Hy , (3.11b)

with the associated wave equation

∂2Hy

∂z2
+ (k2

0ε− β2)Hy = 0 . (3.12)
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We now look at Equations 3.11 and 3.12 separately for the metal (z < 0) and dielectric

(z > 0) regions, with the metal regions yielding solutions

Hy(z) = A1e
iβxekz,1z (3.13a)

Ex(z) = −iA1
1

ωε0ε1
kz,1e

iβxekz,1z (3.13b)

Ez(z) = −A1
β

ωε0ε1
eiβxekz,1z , (3.13c)

and the dielectric region yielding solutions

Hy(z) = A2e
iβxe−kz,2z (3.14a)

Ex(z) = iA2
1

ωε0ε2
kz,2e

iβxe−kz,2z (3.14b)

Ez(z) = −A2
β

ωε0ε2
eiβxe−kz,2z , (3.14c)

where Ai is an unknown constant, εi is the permittivity, and kz,i is the wavevector perpen-

dicular to the interface for the metal (i = 1) and dielectric (i = 2) regions respectively. We

also note that the value ẑ = 1/|kz,i| describes the decay length of the fields perpendicular

to the interface, which is a measure of the confinement of the field to the surface. The

boundary conditions of Equation 3.2 require

A1 = A2 (3.15a)

kz,1
kz,2

= −ε1
ε2

, (3.15b)
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Figure 3.3: Surface plasmon polaritons. (a) Dispersion relation for SPPs at an inter-
face between an idealised Drude metal and air/silica. The solid lines represent the real
component and the dashed lines the imaginary component of β. The corresponding light
lines for air and silica are also shown. Figure taken from Ref. [22]. (b) Diagram of SPP
propagation along a metal/dielectric interface. Electric fields lines are in red and magnetic
field lines are in blue. The local charge density is indicated just below the surface. (c)
The magnitude of the electric field according to z showing exponential decay away from
the surface. Figures (b) and (c) taken from Ref. [25].

and Equations 3.14a and 3.13a must fulfil Equation 3.12 which yields

k2
z,1 = β2 − k2

0ε1 (3.16a)

k2
z,2 = β2 − k2

0ε2 . (3.16b)

Finally, combining Equation 3.16 with Equation 3.15 gives us

β = k0

√
ε1ε2

ε1 + ε2
, (3.17)

which is the dispersion relation of SPPs propagating along the defined interface.

Figure 3.3a plots β for SPPs at an interface between an idealised Drude metal and

two dielectrics, air and silica, with the real and imaginary components represented by
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Figure 3.4: Localised surface plasmons. (a) Diagram of LSP. As an excitation field
propagates in the z direction, the electron cloud within the nanosphere oscillates in re-
sponse. Figure adapted from Ref. [26]. (b) Geometry of metallic sphere used in deriva-
tions. Figure taken from Ref. [22].

solid and dashed lines respectively. The light lines for air and silica are also plotted for

reference. As bound modes, the SPPs correspond to the curves lying to the right of their

respective light lines. For frequencies ω/ωp > 1 there also exist radiative modes to the

left of the light lines which are not SPP waves. A diagram of the SPP propagation along

with the magnitude of the electric field are also shown in Figures 3.3b and c. As we can

see, the field is confined near the interface and decays exponentially as you extend further

out in either z-direction. As previously mentioned, the decay length is determined by kz,

while the propagation length of the SPP wave is determined by the imaginary component

of β. Having observed the characteristic field confinement and enhancement properties of

propagating SPP waves, we now turn to the second manifestation of plasmonic modes,

localised surface plasmons.

3.3 Localised surface plasmons

Unlike the propagating SPPs, LSPs are non-propagating resonant modes that arise due to

the collective oscillations of free electrons in a nanostructure when coupled to an external

electromagnetic field as shown in Figure 3.4a. Here, we will derive its properties for the
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simplest case of a metallic sphere with a radius that is much smaller than the wavelength

of the excitation field, which allows us to use the quasi-static approximation and neglect

any phase differences inside the particle. This simplifies our task to finding a solution to

the Laplace equation,

∇2Φ = 0 , (3.18)

where Φ is the electrostatic potential, which in turn allows us to calculate the electric field

E = −∇Φ. The geometry of the problem is shown in Figure 3.4b—a sphere of radius a

and permittivity ε(ω) is surrounded by a dielectric with permittivity εm and experiences

a field E0 in the z-direction. The general solution for the case of spherical symmetry is

given by

Φ(r, θ) =
∞∑
l=0

[
Alr

l +Blr
−(l+1)

]
Pl(cos θ) , (3.19)

where Pl(cos θ) are the Legendre polynomials of order l, and θ is the angle between

position vector and the z-axis. After applying the appropriate boundary conditions at

the surface of the sphere (r = a) and as r approaches infinity, the solutions read,

Φin = − 3εm
ε+ 2εm

E0rcos θ (3.20a)

Φout = −E0rcos θ +
p · r

4πε0εmr3
, (3.20b)

where Φin and Φout are the potentials inside and outside of the sphere respectively, and p

is the dipole moment,

p = 4πε0εma
3 ε− εm
ε+ 2εm

E0 . (3.21)
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Finally, we define the polarisability α according to p = ε0εmαE0 as

α = 4πa3
ε− εm
ε+ 2εm

. (3.22)

Equation 3.22 describes the polarisability of a sub-wavelength metallic sphere, and α

experiences a resonant enhancement for a minimum value of ε + 2εm, which for small

values of Im(ε(ω)) simplifies to

Re(ε(ω)) = −2εm , (3.23)

which is known as the Fröhlich condition. We note here that as the resonance of α is

sensitive to the dielectric function of the surrounding medium, metallic nanoparticles

such as the one described here make for excellent platforms for sensing applications.

Another significant outcome of the resonant enhancement of α is the increased efficiency

with which nanoparticles can scatter and absorb light [27]. The scattering and absorption

cross-sections for particles with a ≪ λ are given by

σsca =
8π

3
k4a6

∣∣∣∣ ε− εm
ε+ 2εm

∣∣∣∣2 (3.24a)

σabs = 4πka3Im

(
ε− εm
ε+ 2εm

)
. (3.24b)

3.4 Conclusion

In this chapter, we covered the basic principles of plasmonics, starting with the Drude

model and Helmholtz equation and the derivation of dielectric function for the free elec-

tron gas. We introduced the two different manifestations of plasmonic waves, SPPs, which



46 Chapter 3. Plasmonics

are propagating waves that are bound to the surface of a metal-dielectric interface, and

LSPs, which are non-propagating waves that are bound to a nanostructure. We also dis-

cussed the fundamental characteristics of field confinement and resonant enhancement,

which are the key properties that make plasmonic structures valuable for a variety of ap-

plications. One application in particular is that of a nanoantenna. Much like their radio

counterpart, nanoantennas, or optical anteannas, manipulate light at optical frequencies

[28]. As the fundamental working principle is essentially the same, nanoantennas couple

free-space optical modes to highly localised near-field modes, though the scale of nanoan-

tennas is much smaller, on the order of the wavelength of light. In a reciprocal fashion,

nanoantennas are also able to efficiently radiate locally bound modes into the far-field.

Due their high field confinement and resonant properties, plasmonic structures make for

excellent nanoantennas and are often used for coupling light into sub-wavelength volumes.

In the following chapter, we will present several examples of plasmonic nanoantennas that

take advantage of the properties we have described here to enhance nonlinear processes.



Chapter 4

Optical Properties of Nanoantennas

for Nonlinear Optics

In this chapter, we will discuss some of the key features that make for a good nonlinear op-

tical nanoantenna, with an eye towards the nanoantenna designs that will be investigated

in Chapters 5 and 6. We present some shared approaches to nanoantenna design through

examples in recent literature, before performing a case study supported by simulations of

two plasmonic nanoantennas, the waveguide resonator and dimer in Section 4.2 and the

bar and discs in Section 4.3. The chapter concludes with key takeaways that will bridge

the discussion presented here with the later experimental chapters.

4.1 Background

Nonlinear optical processes occur over a broad frequency range. In the case of SHG, for

example, the fields involved in the mixing process span the range between the fundamental

field (ω) and the second harmonic (2ω). The challenge in designing nanostructures for

enhanced nonlinear emission lies in finding suitable materials and geometries that can

47
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support resonances and high nonlinear coefficients at the fields of interest. As a starting

point, it is common to turn to Miller’s Rule which provides an empirical relationship

between the nonlinear coefficients and the linear coefficients, which are easy to calculate.

For the case of SHG, Miller’s Rule gives

χ(2)(2ω) = δ(2)(2ω)χ(1)(2ω)χ(1)(ω)2 , (4.1)

where χ(2)(2ω) is the nonlinear susceptibility of interest, χ(1)(2ω) is the linear susceptibility

at the second harmonic, χ(1)(ω) is the linear susceptibility at the fundamental, and δ(2)(2ω)

is Miller’s coefficient for a given material [29]. Equation 4.1 is derived from the Lorentz

oscillator model treatment of oscillating charges discussed in Chapters 2 and 3, and its

appeal lies in its applicability to a broad range of materials for predicting the nonlinear

response to within an order of magnitude [30]. This expression gives us our first insight

into designing nonlinear materials using plasmonic resonators—a resonance at each of the

frequencies involved in a nonlinear process is expected to boost the nonlinear efficiency,

as they directly affect a material’s susceptibility.

4.1.1 Nonlinear optics via reciprocity

However, in the case of relatively new metamaterials, it is challenging to characterise

even the χ(1), as the optical response is dependent on the geometry of the nanostructures

in question [31, 32]. Moreover, as we have seen in Chapter 3, the Drude-Lorentz model

breaks down for gold at visible frequencies near interband transitions, and so to does

Miller’s Rule. Ultimately, Equation 4.1 deviates from experimental data for nanoantennas

such as the ones we will study in subsequent sections [33, 34], and we require a different

approach to supplement Miller’s Rule and inform the direction of nanoantenna design for



4.1. Background 49

Figure 4.1: Nonlinear scattering theory for SHG. (a) Lorentz reciprocity for two
different situations. On the left, an object with induced polarisation PNL(2ω) emits a
field Enl(2ω) that is experienced at r0. On the right, a dipole source at r0 emits a field
En(2ω) that is experienced by the object. (b) An overlap integral is calculated from the
linear fields at the fundamental and second harmonic in order to design a nanoantenna
that demonstrates high SHG emission. Figure (b) adapted from Ref. [34].

nonlinear optics. The favoured approach, termed nonlinear scattering theory, is described

in Reference [34] and diagrammed in Figure 4.1 for the case of SHG. In this example,

suppose we have an input field En(ω) that induces polarisation PNL(2ω) in a nonlinear

medium with local nonlinear susceptibility χ
(2)
nnn. The dipoles within the medium then

collectively act as a current source that generates a new field Enl(2ω) at the second

harmonic. Lorentz reciprocity states that the same current would be generated in the

medium if it was illuminated by a field En(2ω) at the second harmonic frequency [35–37],

and nonlinear scattering theory takes advantage of this to express the unknown nonlinear

field in terms of an overlap integral,

Enl(2ω) ∝
∫∫

χ(2)
nnnE

2
n(ω) · En(2ω)dS , (4.2)
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where dS is the differential element of the surface S over which the integral is to be

calculated. The analogous relation for THG is given by

Enl(3ω) ∝
∫∫

χ(3)
nnnE

3
n(ω) · En(3ω)dS , (4.3)

where Enl(3ω) and En(3ω) are the nonlinear and linear fields respectively at the third

harmonic and χ
(3)
nnn is the local third-order nonlinear susceptibility.

Equations 4.2 and 4.3 state that the relative strength of the nonlinear emission is

dependent on the overlap between the modes at the fundamental and second/third har-

monic, and this is useful for engineering nonlinear nanoantennas as it reduces the problem

of directly calculating nonlinear emission from a distribution of dipoles into a calculation

involving the linear fields at the relevant frequencies instead. Moreover, whereas Miller’s

rule considers the average susceptibility of a structure, which might not reflect the effects

of local resonances, nonlinear scattering theory takes into account the local susceptibil-

ity χnnn which plays an important role in nanoscale engineering. This is aided by the

availability of modern simulation software implementing numerical techniques that are

capable of utilising χnnn over a 3D simulation space such as the finite-difference time-

domain (FDTD) method, which we will make use of in Sections 4.2 and 4.3.

4.1.2 Multi-resonant antennas

We have seen in Chapter 3 how plasmonic structures provide field enhancements, and this

can be used to boost nonlinear processes by augmenting the fundamental field. However,

further optimisation is made possible by engineering nanoantennas that are resonant at

multiple wavelengths for the different fields involved [38–41]. As an example, let us take

a look at the plasmonic nanoantenna studied in Reference [42]. This nanoantenna, as
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shown in Figure 4.2a, was designed to enhance SHG emission by engineering modes at

the fundamental and second harmonic wavelengths. This is achieved by coupling between

two particles (V-shape and nanorod) that possess their own individual modes to form

hybridised modes for the collective nanoantenna. Figure 4.2b displays the scattering

spectra that exhibit the various modes. The grey line is the scattering for the individual

V-shape particle with modes V1 (which is tuned to the pump wavelength) and V2 (which

is far from the second harmonic wavelength). When coupled with the nanorod, however,

the scattering shown by the open black circles displays modes V1 and V A
2 that are well

aligned with the pump and second harmonic wavelengths respectively. Figure 4.2c shows

the field enhancement profiles that give deeper insight into the polarisation of the modes.

As can be seen in the rightmost figure, the resonance at the fundamental wavelength

comes from a dipole mode in the V-shape particle that is oriented along the y-axis. In

the leftmost figure, a dipole mode along the x-axis is responsible for the resonance at the

second harmonic. This is confirmed by the scattering spectra of the blue and red lines in

Figure 4.2b that are for x- and y-polarisation respectively.

Utilising this design, the authors achieved an SHG conversion efficiency of ∼ 5 ×

10−10 W−1 and SHG photon emission rate of ∼ 3 × 106 s−1. As stated in the study,

the efficiency of SHG in these structures is dependent on three conditions: (1) multi-

resonance at the fundamental and second-harmonic wavelengths, (2) good spatial overlap

of the localised fields (Equation 4.2), and (3) geometry that allows for dipolar second-

harmonic emission. We will keep this in mind when evaluating the design of our own

nanoantennas in the following sections. Furthermore, there are three additional takeaways

from this study. First, fine-tuning of nanoantenna resonances can be achieved not only by

varying the geometry but by coupling different structures with their own primary modes.
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Figure 4.2: Enhanced SHG in multiresonant plasmonic nanoantenna. (a) Illus-
tration of coupled V-shape and nanorod with the inset SEM image showing a 50 nm gap.
(b) Simulated scattering spectra with an unpolarised source for the isolated V-shape par-
ticle (grey line) showing modes V1 and V2, and coupled nanoantenna (open black circles)
showing hybrid modes V A

2 and V B
2 . Scattering for a linearly polarised source are shown by

the blue and red lines with the polarisation direction indicated in the inset. The red and
blue vertical stripes indicate the wavelength range of the pump and the expected SHG
signal respectively. (c) Local electric field enhancement at the resonance wavelengths
showing different orientations of dipole modes. All figures taken from Ref. [42].
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Figure 4.3: Examples of nanofocusing configurations. (a) Tapered metal rod with
rounded tip. (b) Metal wedge surrounded by dielectric media. (c) Tapered metal waveg-
uide. All figures taken from Ref. [46].

Second, coupling structures in this manner opens up additional degrees of freedom in

geometric parameters for engineering modes (for example, the gap between the V-shape

and nanorod and the angle of their orientation). Finally, the broadband field profiles

extracted from linear simulations provide information on what polarisation can best excite

the fundamental mode as well as the expected polarisation of the nonlinear emission.

4.1.3 Nanofocusing and coupling bright and dark modes

Although plasmonic structures provide the local field enhancements needed for a viable

nanoantenna, there needs to be a way to efficiently direct optical energy into these local

hot-spots. One technique that addresses this problem is known as nanofocusing, and it

has gained significant attention for its ability to manipulate light and concentrate it into

regions well below the diffraction limit in metal-dielectric structures [28, 43–45]. Early

implementations of nanofocusing focused on tapered structures that support SPP modes

such as rounded metallic tips [47, 48] or tapered waveguides [49, 50] as shown in Figure 4.3.

More recently, the nanofocusing effect has been demonstrated in metallic nanoparticles

[51, 52] and nanogaps [53, 54]. In the case of nanogap structures, the gap mode cannot
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Figure 4.4: Coupling bright and dark resonators. (a) Simulated transmission spec-
trum of coupled structure showing Fano resonance. (b) Illustration of coupled bar and
nanowires geometry with the two components shown in pink and green. (c) Simulated
Ez profiles of nanoantenna in (b) at three different frequencies. Figures taken from: (a)
Ref. [57], (b) Ref. [58], (c) Ref. [59].

typically be excited directly by external illumination due to the electric field symmetry

or scale of the external field relative to the gap. A solution to this is to couple indirectly

via a second resonator that can interact with the excitation field [53]. Coupling between

multiple resonators in this fashion can lead to a phenomenon called Fano resonance [55–

57], and a transmission spectrum exemplifying this is shown in Figure 4.4a. Here, a

spectrally narrow resonance couples to a second much broader resonance, resulting in a

sharp peak in the overall transmission dip which typically displays an asymmetric shape.

This occurs because the narrow resonance represents a ‘bright’ resonator that couples well

with an external field and radiates energy, reducing the population of the ‘dark’ resonance

in the process. Composite nanoantennas like these typically exhibit a mechanism for

controlling the coupling strength between the bright and dark resonators to manipulate

the collective optical response.

An example that is of particular interest is the gold nanoantenna system described in

Reference [58–60]. Figure 4.4b shows the two coupled elements in different colours with

the top bar nanoantenna in pink being able to be displaced from the bottom nanowires

in green in both the vertical and lateral directions. Figure 4.4c shows the Ez field profile
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at different frequencies with either a symmetric or anti-symmetric field distribution be-

tween the top and bottom antennas and destructive interference exhibited in the middle

figure. In this example, the lateral displacement of the bar nanoantenna was used to con-

trol the transmission of the composite system to demonstrate a phenomenon known as

electromagnetically induced transparency [61, 62]. Here this is manifested as a coherent

exchange of energy between a bright dipole that interacts with the incident beam, and

a dark resonance that can only interact with the beam via the bright dipole mode. In

the following section, we will see how a coupled nanoantenna similar to the one described

here can be used to control field confinement and nonlinear scattering via nanofocusing.

4.2 Waveguide resonator and dimer

The proposed nanoantenna design is a coupled gold waveguide resonator and dimer, which

is shown in Figure 4.5. The design is similar to the one in References [58–60] with the

advantage of being a quasi-2D structure that can be built in a single fabrication step.

Similar to the bar particle in the previous example, the dimer is able to be displaced

along the waveguide axis, with d describing the lateral distance between the dimer and

the centre of the waveguide. As our primary varying parameter, we wish to explore

the effect of d on the coupling between the waveguide resonator and dimer modes, and

ultimately on SHG and THG. The nanoantenna is to be illuminated at normal incidence

for y-polarised light along the dimer axis. The designated fundamental wavelength is 1550

nm, for a second and third harmonic signal at 775 nm and 517 nm respectively. When

coupling to the waveguide resonator via the dimer, we expect that the greatest field

enhancement will occur in the 50 nm waveguide gap. In the following subsections, we

examine this in more detail with broadband simulations performed on Lumerical FDTD.
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Figure 4.5: Waveguide resonator and dimer nanoantenna. (a) Illustration of
nanoantenna with dimensions. (b) The displacement d measures the lateral distance
of the dimer from the centre of the waveguide resonator.

4.2.1 Electric field enhancement and mode overlap

We begin by examining the waveguide resonator and dimer separately. As in the previous

example, the waveguide acts as a dark resonator and the gap mode cannot be effectively

excited independently. The field enhancement profile for the isolated waveguide resonator

shown in Figure 4.6a confirms this, as the fields are concentrated on the ends of the

waveguide with no localisation in the gap. Figure 4.6b, on the other hand, shows a bright

dipole mode excited in the dimer for y-polarised light, which will be the primary means

of coupling to the waveguide resonator mode.

Figure 4.7 shows the field enhancement at the fundamental wavelength for the coupled

waveguide-dimer nanoantenna at z = 0 nm for displacements ranging from 0 to 110 nm.

At d = 0 nm, the dimer is placed at the node of the waveguide resonator mode where

the field is equal to zero, and as such we see minimal confinement of the field in the

gap. As we break the symmetry by moving to higher displacement values, we can see the

field strength increasing inside the gap due to stronger coupling between the dimer and

waveguide resonator and the emergence of a quadrupole-like mode. However, the field

strength diminishes again as we move to successively higher displacements. The same field

enhancement profiles are shown for the second and third harmonic wavelengths in Figures
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Figure 4.6: Simulated field enhancement at fundamental wavelength for: (a)
waveguide resonator with x-polarisation and (b) dimer with y-polarisation for a 1550 nm
source. Profiles are normalised to an arbitrary scale.

Figure 4.7: Simulated field enhancement at fundamental wavelength for coupled
waveguide-dimer. Profiles are shown for seven different dimer displacements from d = 0
to d = 110 nm for a y-polarised source at 1550 nm.
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Figure 4.8: Simulated field enhancement at second harmonic wavelength for
coupled waveguide-dimer. Profiles are shown for seven different dimer displacements
from d = 0 to d = 110 nm for a y-polarised source at 775 nm.

Figure 4.9: Simulated field enhancement at third harmonic wavelength for cou-
pled waveguide-dimer. Profiles are shown for seven different dimer displacements from
d = 0 to d = 110 nm for a y-polarised source at 517 nm.
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4.8 and 4.9 respectively. Like the fundamental, the second and third harmonic fields are

well confined to the waveguide gap, which suggests that there is non-trivial overlap with

the fundamental mode.

As a point of reference, we first integrate the fundamental field enhancement profiles

in Figure 4.7 according to
∫∫

E2
ωdS. The integration was performed over the 2D plane

shown in the figures, and the results according to the displacement value are plotted in

Figure 4.10a. This confirms our earlier observation of the relative field strength within the

waveguide gap, with a local maximum at d = 30 nm suggesting that excessive coupling

between the waveguide resonator and dimer will have a negative impact on the field

enhancement and nonlinear processes. We now refer to Equations 4.2 and 4.3 to calculate

the overlap between the fundamental and second/third harmonic modes as
∫∫

E2
ωE2ωdS

and
∫∫

E3
ωErωdS respectively. As we can see in Figures 4.10b and 4.10c, both overlap

integrals follow the same pattern as the fundamental field enhancement in Figure 4.10a

with a minimum value for d = 0 nm, a maximum value for d = 30 nm, and decreasing

values for successively higher displacements.

The transmission spectra shown in Figure 4.10d provide further insights into the reso-

nances of the coupled structures. For the case of d = 0 nm (dark green line) a single broad

resonance can be seen corresponding to a transmission dip. This resonance is attributed

to the excitation of the dimer, which is strongly coupled to the 1550 nm light in free space

(Fig. 4.6b). The waveguide resonance is not visible here as the two are not coupled to

each other in the absence of the symmetry breaking. For d = 15 nm (yellow line), we

see the emergence of the characteristic Fano resonance with a small peak near 1550 nm

within the transmission valley. This peak grows with increasing d, indicating the grow-

ing coupling strength between the two resonances and the domination of the waveguide
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Figure 4.10: Field enhancement, mode overlap, and transmission for coupled
waveguide-dimer according to displacement. (a) Fundamental field enhancement at
1550 nm. Calculated by integrating the profiles in Fig. 4.7. (b)Mode overlap between the
fundamental and second harmonic fields. Calculated from profiles in Figs. 4.7 and 4.8. (c)
Mode overlap between the fundamental and third harmonic fields. Calculated from profiles
in Figs. 4.7 and 4.9. (d) Simulated transmission spectra for different displacements.
A grey reference line at 1550 nm is included to show the resonance shifting to longer
wavelengths for higher displacements.

resonator’s quadrupole-like mode over the the dimer.

4.2.2 Polarisation

To conclude this simulation study, we perform a polarisation series of the 1550 nm input

field to observe the effects of illuminating the nanoantenna at off-axis polarisations that

are not optimal for exciting the dimer. Figure 4.11 shows the field enhancement calcu-

lated in the same manner as Figure 4.10a for different polarisations and displacements.

For d > 0 nm we see the expected behaviour of the nanoantenna with the strongest en-

hancement occurring when light is optimally coupled to the waveguide resonator via the
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Figure 4.11: Field enhancement according to polarisation for different dimer
displacements. 90◦ corresponds to the y-polarisation along the dimer axis.

dimer at 90◦ polarisation. For the symmetric configuration at d = 0 nm where light is not

well coupled to the waveguide resonator, we still see a bias towards 90◦, although the over-

all enhancement is weakest among the different displacements. As the actual nonlinear

experiments involve non-ideal nanoantennas with fabrication imperfections and symme-

try defects, we will return to this mode of investigation to explore potentially unforeseen

effects.

4.3 Bar and discs

For our second case study, we turn to the gold bar and discs nanoantenna which has been

previously studied in Reference [63]. Originally designed to study the effects of symmetry

on SHG far-field emission, the nanoantenna supports dual resonances at the designated

fundamental (1500 nm) and second harmonic (750 nm) wavelengths. Figure 4.12a shows

the geometry of the nanoantenna for two different configurations. The nanoantenna itself
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Figure 4.12: Bar-discs nanoantenna for SHG. (a) Illustration of bar-discs nanoan-
tenna for two different configurations of discs. The antenna on the left has discs radiating
in phase leading to bright SHG emission, as indicated by the red wave. (b) SHG inten-
sity according to nanoantenna configuration. The highest SHG intensity is achieved by
configuration CIII.The lowest SHG intensity exhibited by configuration CI is shown in
the inset. (c) The five nanoantenna configurations studied in this experiment (CI–V). All
figures taken from Ref. [63].

is composed of one bar particle and two disc particles that can be arranged in different

locations around the bar with varying degrees of symmetry. The bar particle, which

supports a dipole resonance at 1500 nm and a quadrupole-like mode at 750 nm is excited

by an external field, with near-field coupling between the particles leading to re-radiation

of SHG by the discs, which support a dipole resonance at 750 nm. The five different

configurations of bar and discs that have been studied in this work are shown in Figure

4.12c.

We can see from Figure 4.12b that the highest measured SHG signal comes from

nanoantenna configuration CIII with the discs placed on the same side of the bar. This

is attributed to the dipole modes of the discs radiating in phase resulting in constructive

interference and bright emission into the far-field (see Ref. [63] for a full discussion).
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Meanwhile, configuration CIV has the discs radiating at π out of phase leading to de-

structive interference and reduced SHG far-field emission. As it is the most efficient

configuration, we focus on nanoantenna CIII and move to simulate its optical properties.

4.3.1 Electric field profile and transmission

Figures 4.13 and 4.14 show the simulated |E|2/|E0|2 and Ez/E0 at horizontal and vertical

polarisation for 1500 nm and 750 nm respectively. From Figures 4.13a–b, we can see

that the dipole resonance at the fundamental wavelength of 1500 nm is well excited when

the light is polarised along the bar axis. When the polarisation is perpendicular to the

bar (Figs. 4.13c–d), the dipole orientation changes and the field enhancement is over

an order of magnitude lower. This informs us on how to polarise the 1500 nm beam in

later nonlinear experiments. For 750 nm illumination, the field is concentrated around

the discs for x-polarisation (Fig. 4.14a) and the gap between the bar and discs for y-

polarisation (Fig. 4.14c), indicating coupling between the two particles. The Ez profile

for y-polarisation in the Figure 4.14d also shows the bar resonating in a quadrupole-like

mode. This confirms our earlier assertion that the quadrupole mode of the bar couples

with the dipole mode of the discs for efficient SHG radiation.

Finally, we turn to the transmission spectrum in Figure 4.15 to verify the multi-

resonance of the coupled nanoantenna system. The identifiable dips near 1500 nm and

750 nm confirm that the nanoantenna supports dual resonances at the fundamental and

second harmonic wavelengths for enhanced SHG emission. The additional dip in the

transmission spectrum near 1020 nm is an artifact of the simulation, which is confirmed

by FTIR spectra shown in Chapter 6.



64 Chapter 4. Optical Properties of Nanoantennas for Nonlinear Optics

Figure 4.13: Simulated field profiles at fundamental wavelength for bar-discs
nanoantenna. (a–b) |E|2/|E0|2 and Ez/E0 for x-polarisation parallel to the bar. (c–d)
|E|2/|E0|2 and Ez/E0 for y-polarisation perpendicular to the bar. All profiles are taken on
a plane 2 nm above the surface of the nanoantenna for a 1500 nm source. The polarisation
direction is indicated by the black/white arrows.

Figure 4.14: Simulated field profiles at second harmonic wavelength for bar-
discs nanoantenna. (a–b) |E|2/|E0|2 and Ez/E0 for x-polarisation parallel to the bar.
(c–d) |E|2/|E0|2 and Ez/E0 for y-polarisation perpendicular to the bar. All profiles are
taken on a plane 2 nm above the surface of the nanoantenna for a 750 nm source. The
polarisation direction is indicated by the black/white arrows.
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Figure 4.15: Simulated transmission of bar-discs nanoantenna. The source polari-
sation is parallel to the bar as shown in the inset.

4.4 Conclusion

In conclusion, we have presented the basic principles of Miller’s rule and nonlinear scat-

tering theory which justifies an approach to designing nonlinear nanoantennas by inves-

tigating their linear response to the wavelengths of interest. We also reviewed examples

of plasmonic nanoantennas in recent literature which demonstrate multiple resonances,

nanofocusing, and coupled bright-dark modes to enhance nonlinear emission. With this

motivation, we performed simulations to explore the linear optical properties of two plas-

monic nanoantennas, the waveguide-dimer and the bar-discs. We are now ready to in-

vestigate the nonlinear optical response of these structures. In Chapter 5 we will use the

waveguide-dimer nanoantenna to examine the coupling mechanism that was described

in Section 4.2 in more detail. In Chapter 6 we will use the bar-discs nanoantenna to

demonstrate a new process, FWM, and assess its ability to produce correlated photons

via spontaneous four-wave mixing (SFWM).
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Chapter 5

Frequency Mixing in Critically

Coupled Nanoantennas

In this chapter, we utilise our understanding of the waveguide resonator and dimer nanoan-

tenna gained in Chapter 4 to support an experimental investigation of its enhanced nonlin-

ear emission. We begin by presenting a coupled oscillator model in Section 5.1 that charac-

terises the various parameters describing our coupled nanoantenna system and identifying

the conditions for optimum field enhancement according to a critical coupling condition.

We proceed by presenting SHG and THG measurements in Section 5.2 that validate the

occurrence of critical coupling within the nanoantenna, along with measurements with

off-axis input polarisations that exhibit interesting side features. Finally, we conclude

with a summary of the experimental results and a perspective on future work and appli-

cations for this type of nanoantenna design. This chapter expands on the work presented

in Reference [64] and contains contributions from Dr. Xiaofei Xiao in the fabrication of

the nanoantenna and collection of SEM images and FTIR spectra.

67
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Figure 5.1: Three-level model for coupled waveguide-dimer system. The dimer
in the ground state |0⟩ can be excited by a bright transition to |1⟩ and coupled to a
dark state |2⟩ as described by coupling parameter κ. The dissipation rate of the bright
state due to both radiative and non-radiative damping is described by γ1, and γ2 is the
dissipation of the dark state due solely to non-radiative damping. Figure drawn similar
to Ref. [59].

5.1 Coupled oscillator model

As we have seen in Chapter 3, the optical response of a single plasmonic nanoantenna

is well described by the classical model of a driven damped oscillator. Here, we ex-

tend the model to the case of two coupled oscillators, a bright dimer and a dark waveg-

uide resonator. The oscillations of the dipole-like dimer mode with amplitude a(t) and

the quadrupole-like waveguide resonator mode with amplitude b(t) are described by two

second-order differential equations,

ä(t) + γ1ȧ(t) + ω2
0a(t) + κb(t) = g1E(t) (5.1a)

b̈(t) + γ2ḃ(t) + (ω0 + δ)2b(t) + κa(t) = g2E(t) , (5.1b)

where γ1 and γ2 are the damping parameters for the dimer and waveguide resonator

respectively, ω0 is the resonance frequency of the dimer, δ is the detuning between the

waveguide resonator and dimer resonances, κ represents the coupling strength between
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the waveguide resonator and dimer, and g1 and g2 represent the coupling between the

dimer and waveguide resonator respectively to an external driving field E(t) that is co-

polarised with the dimer (orthogonal to the waveguide axis) and at normal incidence. As

the dark waveguide resonator mode cannot be excited by this field and can only be driven

by the bright dimer mode, g2 and Equation 5.1b are equal to zero. The three-level model

describing this system is diagrammed in Figure 5.1.

If we assume a(t) = aoe
−iωt, b(t) = b0e

−iωt, and E(t) = E0e
−iωt, our coupled equations

read,

ω2
0 − iωγ1 − ω2 κ

κ (ω0 + δ)2 − iωγ2 − ω2


a0

b0

 =

g1

0

E0 . (5.2)

If we further assume the detuning to be small, ω0 ≈ ω0+δ, and the resonances sufficiently

narrow, we can apply the rotating wave approximation such that ω2
0 − iωγi − ω2 ≈

ω0(ω0 − iγi − ω) and divide by ω0 and set E0 = 1 to get

ω0 − iγ1 − ω κ/ω0

κ/ω0 ω0 − iγ2 − ω


a0

b0

 =

g1/ω0

0

 . (5.3)

Solving for a0 and b0 yields

a0 =
g1(ω0 − iγ2 − ω)

(ω0 − iγ1 − ω)(ω0 − iγ2 − ω)− κ2
(5.4a)

b0 =
−g1κ

(ω0 − iγ1 − ω)(ω0 − iγ2 − ω)− κ2
. (5.4b)

As a reminder, a0 represents the amplitude of the bright dimer mode, and b0, the dark

waveguide resonator mode. Armed with this knowledge, we are now ready to derive more
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insightful parameters of our coupled nanoantenna system.

5.1.1 Critical coupling condition

As we have seen in Chapter 4, we can control the coupling strength between the bright

dimer mode and the dark waveguide resonator mode via the placement of the dimer

along the waveguide, which is quantified by the displacement parameter d. We wish to

investigate the optimal coupling that provides the strongest field enhancement of the

fundamental field in our nanoantenna, which we call the critical coupling condition. In

order to do this, we wish to maximise |b0|2 with respect to the coupling parameter κ, as

the waveguide resonator mode provides the strongest field confinement, and the electric

field enhancement will be proportional to

|b0|2 =
κ2g21

|(ω0 − iγ1 − ω)(ω0 − iγ2 − ω)− κ2|2
. (5.5)

It is challenging to evaluate this for the general case so we restrict ourselves to the case

where we are exciting the mode at its resonance frequency, ω = ω0. Taking the derivative

of Equation 5.5 with respect to κ and setting it equal to zero (d|b0|2/dκ = 0) yields

κ2 = γ1γ2 . (5.6)

We have now identified the critical coupling condition for this system where energy from

the beam is optimally coupled to the dark mode. In order to experimentally verify this,

we will perform SHG and THG measurements on our nanontenna in Section 5.2, as the

strength of the measured nonlinear signals should be affected by the local field enhance-

ment.
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5.1.2 Extracting fitted parameters

As a final preparatory step, we need to extract the coupling parameter κ and damping

parameters γ1 and γ2 of our nanoantenna system by fitting our coupled oscillator model

to experimental data similar to the methods presented in Reference [59]. Following the

derivations in References [58] and [65], we can write the transmission of the system as

T = 1− Re
iωα(ω2 − (ω0 + δ)2 + iωγ2)

(ω2 − ω2
0 + iωγ1)(ω2 − (ω0 + δ)2 + iωγ2)− ω2κ2e2iϕ

, (5.7)

where α is a scaling factor and ϕ is a phase retardation factor relating the real cou-

pling strength κ to the complex coupling parameter, κ̃ = κeiϕ. The complex coefficient

arises due to retardation effects in the coupling due to the finite size of the nanoantenna

components [58], and we find that κ̃ describes the experimental data best.

Figure 5.2a∗ shows the transmission data used to extract the fitted parameters from

Equation 5.7. We note that there are deviations from the simulated transmissions in

Figure 4.10 of the previous chapter, which we attribute to fabrication imperfections, as it

is difficult to produce nanostructures with sufficient resolution at this scale. To remedy

this, new simulations were performed where the models were based on SEM images of the

nanoantenna sample instead of idealised geometric structures. The updated simulations

and the SEM images they are based on are shown in Figures 5.2b∗ and 5.2c∗, showing

far greater agreement with the measured transmission data. The transmission at d = 0

nm already shows the emergence of the Fano resonance peak, as the dimer is not placed

at the exact centre of the waveguide and fabrication imperfections break the structure’s

∗The author would like to thank Dr. Xiaofei Xiao for fabricating the sample, taking the FTIR spectra
and SEM images in Figs. 5.2a and 5.2c, and assisting with the simulations in Fig. 5.2b.
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Figure 5.2: Extraction of critical coupling parameters. (a) Experimental trans-
mission of nanoantennas with different displacements from FTIR spectra. (b) Simulated
transmission of nanoantennas with different displacements based on SEM images in (c).
(c) SEM images of nanoantennas that were used to model simulation structures in (b).
(d) Extracted parameters from fitting (b) to Eq. 5.7. The grey dashed line marks the
Drude damping limit of experimental thin gold films (∼ 20 THz) [59], and the red X
marks the critical coupling condition where κ =

√
γ1γ2. The FTIR spectra and SEM

images in (a) and (c) were taken by Dr. Xiaofei Xiao.
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symmetry, which is required to inhibit coupling to the dark mode. There is also red-

shifting of the transmission peak for higher displacements which we again attribute to

fabrication defects as well as deviations in the experimental permittivity of the gold due

to surface scattering and grain boundary effects between the gold and substrate.

The extracted parameters for γ (detuning of waveguide resonator and dimer reso-

nances), γ1 (dimer damping), γ2 (waveguide resonator damping), and κ (coupling between

waveguide resonator and dimer) as well as
√
γ1γ2 for different dimer displacements are

shown in Figure 5.2d. As expected, the coupling strength κ increases with the displace-

ment d, as the placement of the dimer aligns with the higher fields at the ends of the

waveguide resonator mode (see Figs. 4.6a and 4.7). The detuning δ also increases with

d albeit at a smaller rate, while γ1 andγ2 remain roughly constant at 70 and 12 THz

respectively. Of particular note is that the waveguide resonator damping lies below the

Drude damping limit for gold thin films at 19.5 THz and approaches the limit for bulk

gold at 6.5 THz [66, 67]. As this indicates the limit for purely non-radiative damping, the

role of the waveguide as the dark resonator is confirmed, and the near total suppression of

radiation from the waveguide resonator allows for strong confinement of light in the gap.

The critical coupling condition identified by Equation 5.6 is indicated by the red ‘X’ in

the figure. We thus expect that the strongest confinement and field enhancement occurs

for 15 < d < 30, and we now move to confirm this prediction with nonlinear frequency

conversion measurements.

5.2 SHG and THG measurements

A simplified schematic of the experimental setup for measuring SHG and THG is shown in

Figure 5.3. A Coherent Chameleon Ultra II tuneable Ti:Sapphire laser (80 MHz repetition
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Figure 5.3: Experimental setup for SHG/THG measurements.

rate, ∼140 fs pulse duration) pumps a Coherent Chameleon Compact optical parametric

oscillator (OPO) to produce a pump beam at 1550 nm. A linear polariser (LP1) and half-

wave plate (HWP1) allows for polarisation control while ensuring the pump is linearly

polarised. The pump is then focused with a Mitutoyo Plan Apo NIR 20X/0.4NA objective

(Obj1) at normal incidence onto the sample, which is mounted on a piezo-controlled xyz

stage, and the SHG and THG signals are collected in transmission by a Nikon S Plan

Fluor 40X/0.6NA objective (Obj2). A second set of polariser and half-wave plate (LP2,

HWP2) is only used when analysing the output polarisation of the nonlinear signals, and

a Thorlabs FESH1000 shortpass filter (F) rejects the pump beam. The SHG and THG

signals are then sent to an Acton SP2300 spectrometer for detection and analysis.

A representative spectrum displaying both SHG and THG generated from a 1550 nm

pump source is shown in Figure 5.4a. As expected, the SHG and THG signals are centred

at the second (∼ 775 nm) and third harmonic (∼ 517 nm) of the pump respectively. We

note that the THG signal is relatively weak here, as it coincides with the absorption of

gold where scattering is expected to be poor. Nonetheless, as we are primarily interested

in proving the nanofocusing and critical coupling effect, the THG measurements will prove

useful. To further validate the origin of the nonlinear signals, a power series measurement
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Figure 5.4: Observation of SHG/THG in waveguide-dimer nanoantenna. (a)
Spectrum displaying simultaneous SHG and THG for a 1550 nm pump. (b) Power series
for SHG/THG shown in log-log scale. The linear fit of the log-log data is shown by a
dashed grey line with the slope indicated in red.

was performed, which is shown in log-log scale in Figure 5.4b. The slope of the linear fits

shown in red are 2.02 and 3.16 for SHG and THG, which agrees with the quadratic and

cubic power dependence of the respective processes on the pump power.

5.2.1 SHG and THG dependence on dimer displacement

As discussed in the previous section, we expect the highest enhancement for the funda-

mental field and the resulting nonlinear signals to occur for 15 nm < d < 30 nm. To assess

this in more detail, we turn once again to the SEM image-based simulations to compute

the average electric field enhancement at 1550 nm in a 2D plane through the centre of

the nanoantenna using the equation

F =

∫∫
|E(r)|2dS
|E0|2S

, (5.8)

where dS is the area of a unit cell as defined by the simulation mesh, S is the area

surrounding the waveguide gap region, E is the local electric field, and E0 is the field of

the 1550 nm source. The field enhancement profiles of nanoantennas with four different
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Figure 5.5: Predicted and measured SHG/THG intensity according to dimer
displacement. (a) Simulated field enhancement profile using SEM images. Profiles are
shown for four different dimer displacements for a y-polarised source at the fundamental
wavelength of 1550 nm. (b) Measured SHG intensity according to dimer displacement
compared to F 2. (c) Measured THG intensity according to dimer displacement compared
to F 3.

dimer displacements are shown in Figure 5.5a.

The measured SHG and THG intensities of different dimer displacements are compared

to the F 2 and F 3 values respectively in Figures 5.5b and 5.5bc. In both cases, the

measured nonlinear signal increases with the displacement and peaks at d = 15 nm

before decreasing again, which confirms our earlier prediction based on critical coupling.

There is also agreement between the SHG and THG intensities and the relative strengths

of F 2 and F 3 further validating our model of coupling based on dimer displacement.

The discrepancy between the nonlinear intensities and absolute F 2 and F 3 values can

be attributed to the simplified 2D computation of average field enhancement. For a

more thorough investigation, the enhancement over a 3D volume around the nanoantenna
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can be explored. Moreover, we have neglected to apply nonlinear scattering theory and

consider the second and third harmonic fields and their respective overlaps with the

fundamental, as the field profiles at these wavelengths contained too many artifact hot

spots given the resolution of the SEM-based simulations. Therefore, a proper investigation

of the simulated second and third harmonic fields is warranted to see if nonlinear scattering

theory can corroborate the results presented in Figures 5.5b and 5.5c.

5.2.2 Pumping with off-axis polarisations

As a final investigation of the optical response of this nanoantenna, we deviate from the

intended coupling mechanism of the dimer and illuminate the nanoantenna at polari-

sations that are off the dimer axis. As we have seen in Chapter 4.2, coupling to the

waveguide resonator mode can only be achieved indirectly through the dimer, and we ex-

pect minimal confinement and field enhancement in the gap for off-axis polarisations. The

normalised SHG and THG intensity vs pump polarisation for different displacements are

shown in Figures 5.6 and 5.7. Interestingly, there is a measurable nonlinear signal when

we illuminate the nanoantenna with a polarisation that is 45◦ off the waveguide/dimer

axis for displacements d < 30 nm. This is most pronounced in the THG signal and can

indicate the excitation of a different mode than the ones we have studied. As we move to

higher displacements, the nonlinear response is quickly dominated by pump polarisations

that are along the dimer axis, as the increased coupling strength between the waveguide

resonator and dimer resonances directs more of the energy to the confined gap region.

Still, the response at off-axis polarisations does not completely disappear for THG at

higher displacements, although it appears to be absent in the case of SHG. This may

indicate that different scattering mechanisms for SHG and THG are at play here, and a
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Figure 5.6: Polarisation series for SHG. All angles were adjusted by +7◦ to account for
the sample mounting angle and more closely align the maximum signal with the vertical
axis. Data for −180 < θ < 0 is mirrored from 0 < θ < 180.

Figure 5.7: Polarisation series for THG. All angles were adjusted by +7◦ to account for
the sample mounting angle and more closely align the maximum signal with the vertical
axis. Data for −180 < θ < 0 is mirrored from 0 < θ < 180.
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more thorough investigation of the nanoantenna response is warranted.

5.3 Conclusion

In summary, we utilised the simulations of the waveguide-dimer nanoantenna in Chap-

ter 4.2 to investigate the coupling of the two particles’ respective resonances according

to the displacement parameter. We have built on the Lorentz oscillator model intro-

duced in previous chapters to present the coupled oscillator model which describes our

coupled waveguide-dimer system. Using this model, we derived a critical coupling con-

dition, κ2 = γ1γ2, for the maximum amplitude of the waveguide resonator mode, where

we predict the highest field enhancement, and by extension the highest nonlinear emis-

sion, to occur. We then identified where the critical coupling occurs in our nanoantenna

by fitting experimental transmission data to the model and experimentally verified this

with nonlinear measurements. Finally, we repeated the experiment for different input

polarisations to verify that coupling strength and nonlinear emission is maximised when

the polarisation is aligned with the dimer axis. Although we found some evidence of this

occurring, particularly for higher displacement values and for THG, we also discovered

that strong nonlinear emission can be generated for polarisation angles that are between

the waveguide resonator and dimer axis, suggesting that other resonant modes may exist

in our system.

The critical coupling mechanism demonstrated in this experiment contributes to on-

going efforts to optimise nanoantenna designs for nonlinear optics. Identifying the geome-

tries of a particular nanoantenna configuration that allow for maximum field enhancement

allows for control of nanofocusing effects to redirect optical energy to local regions of in-

terest with nanoscale precision. The next logical step is to further boost the nonlinear
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conversion efficiency we can achieve with this nanoantenna, which can be achieved in sev-

eral ways. For one, we would like to adjust the dimensions of the nanoantenna to move to

longer wavelengths which are further away from the absorption region of gold. Another

exciting possibility is forming a hybrid nanoantenna by combining this structure with a

different material. For example, we can introduce the highly nonlinear polymer MEH-

PPV [68] into the gap region of the waveguide and utilise the nanofocusing mechanism to

direct energy into a low-loss medium. This possibility is supported by examples in litera-

ture of hybrid plasmonic-polymer systems that have demonstrated significantly enhanced

THG [69] and FWM [70]. In conclusion, we find the coupled nanoantenna investigated in

this chapter to be a promising platform for furture nonlinear experiments.



Chapter 6

Four-Wave Mixing in Plasmonic

Nanoantennas

In this chapter, we continue to explore the use of plasmonic nanoantennas to generate

nonlinear emission with a particular emphasis on FWM. Compared to the SHG and THG

experiments detailed in Chapter 5, FWM measurements present a greater challenge as

we now require two input beams (pump and seed) and a more complex setup with a high

level of control over the beam paths.

We begin the chapter by discussing our motivations for exploring FWM in Section 6.1.

This is followed by a discussion in Section 6.2 of the sample and experimental setup used

in this experiment. Section 6.3 presents our experimental results and characterisation of

FWM, and Section 6.4 details a stimulated emission tomography (SET) analysis using

the data we collected from this experiment. Section 6.5 concludes this chapter with a

summary of our results and a discussion of the future outlook based on this experiment.

This chapter expands on the work presented in References [71] and [72] and contains

contributions from Dr. Mohsen Rahmani in the fabrication of the nanoantenna, Dr.

81
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Xiaofei Xiao in the collection of SEM images, and Dr. Sylvain Gennaro in the collection

of FTIR spectra.

6.1 Background and motivation

There exists a multitude of nonlinear optical processes, each with their own associated

motivations and applications. In particular, strong interest has been shown in SPDC

for generating entangled photon-pairs, as has been demonstrated in a variety of nonlinear

media including nanoantennas [40], metasurfaces [73], and thin films [74]. The alternative

method for producing entangled photon-pairs via nonlinear optics is SFWM, which has

not received the same level of attention in recent literature. One of the reasons for this may

be that SFWM is a third-order nonlinear process, while SPDC is a second-order process,

and χ(3) nonlinearities tend to be weaker than χ(2) in many materials [3]. However,

there are several advantages to SFWM, which make it an attractive option for nanoscale

photon-pair sources and provide the motivation for the direction of this experiment.

6.1.1 The case for spontaneous four-wave mixing

First, SFWM allows for a more diverse range of candidate nonlinear materials, as only

non-centrosymmetric materials possess an intrinsic χ(2) nonlinearity, while all materials

exhibit χ(3) nonlinearity (see Ch. 2.2). Although there are exceptional cases where cen-

trosymmetric materials can facilitate second-order processes at the material surface [3,

75, 76] or induce symmetry-breaking geometries [63, 77, 78], the lifting of this restriction

cannot be understated, as this invites research into a much broader range of materials.

Second, nanoscale nonlinear optics requires the use of ultrafast pulses with high peak

powers due to the exceedingly small nonlinear conversion efficiencies with reduced in-
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Figure 6.1: Energy level diagrams for SFWM and SPDC. (a) In SFWM, two pump
photons are annihilated to produce a signal/idler pair. As shown in the relative energy
diagram, the signal/idler photons are up-/down-converted from the pump photon, which
shows potential for a broadband signal/idler pair. The bandwidth of the signal/idler pair
is indicated by the dashed grey line. (b) In SPDC a single pump photon is annihilated to
produce a signal/idler pair. Both the signal and idler photons are down-converted from
the pump, with a potentially narrower bandwidth indicated by the dashed grey line.

teraction volumes relative to conventional nonlinear optics in bulk crystals [79]. In this

context, SFWM is particularly well-suited for taking advantage of the high peak powers,

because it scales quadratically with the pump (Chapter 2.4.2, Equation 2.29). SPDC, on

the other hand only scales linearly with pump power and thus cannot fully take advantage

of pulsed mode operation.

Finally, SFWM allows for greater flexibility in producing highly non-degenerate signal

and idler wavelengths, because it produces one up-converted and one down-converted

photon with energies that are higher and lower than the pump, respectively (Figure 6.1).

SPDC, on the other hand, produces two down-converted photons that are both at lower

energies than the pump. Highly non-degenerate photon-pairs are desirable for heralded

single photon sources where the wavelength of the trigger photon is within the sensitivity

range of silicon photodiodes and the heralded photon lies in the telecommunication band

[80]. Another application for such non-degenerate photon-pairs is imaging with undetected

photons, where the detected photon again lies in the visible range and the probe photon
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lies in the near- and mid-infrared regions which are of particular interest for biomedical

sensing applications [81].

6.1.2 Stimulated emission tomography

Regardless of whether one uses SFWM or SPDC to generate photon-pairs, it is crucial

to characterise the spectral entanglement of the signal and idler photons, and this is an

difficult task for experiments using nanoantennas and metasurfaces as the generation rates

in these materials are exceedingly low. Traditionally, quantum state tomography (QST)

is performed to reconstruct the density matrix describing a two-level photonic system via

coincidence measurements [82], but this method requires single photon detectors and long

integration times while suffering from poor signal-to-noise ratio [83]. SET, an alternative

method proposed by Liscidini and Sipe [84], greatly simplifies this task and avoids the use

of single photon detectors by establishing a relationship between a spontaneous parametric

process and its stimulated analogue [84, 85],

⟨nωs⟩Aωi

⟨nωsnωi
⟩
≈ |Aωi

|2 , (6.1)

where ⟨nωs⟩Aωi
is the average number of signal photons with frequency ωs that is stim-

ulated by a seed beam at the idler frequency ωi, ⟨nωsnωi
⟩ is the average number of sig-

nal/idler pairs that would have been generated in a spontaneous process without the seed

beam, and |Aωi
|2 is the average number of idler photons within the coherence time of the

seed beam.

Equation 6.1 allows for an indirect characterisation of spontaneous nonlinear processes

like SFWM by performing a classical measurement of stimulated FWM which is a much

brighter process that can be detected with conventional photodiodes, thus alleviating the
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need for single photon detectors and long detection times. Furthermore, it is possible to

recover the joint spectral density (JSD) of the spontaneous process by scanning the seed

beam across the range of idler wavelengths of interest. The JSD obtained in this manner

is of higher resolution than that of spectrally resolved coincidence measurements and is

limited only by the linewidth of the seed beam [83, 85–87].

6.1.3 Summary

In the following sections we will demonstrate the generation of FWM in plasmonic nanoan-

tennas and use SET to assess the SFWM generation rate that can be achieved. We provide

a full characterisation of the SFWM process by studying both the up- and down-conversion

cases within our SET analysis and producing a JSD map. Whereas previous demonstra-

tions of the SET technique have either used nonlinear crystals [87–89], waveguides [83],

or optical fibres [85, 86], here, we demonstrate for the first time, to our knowledge, SET

analysis of a sub-wavelength source.

It should be stated that for the purpose of developing practical devices for photon-

pair generation, plasmonic structures may prove to be unsuitable. In particular, plasmonic

nanoparticles can generate a high amount of fluorescence [22], and this can hinder any

attempt to isolate a nonlinear signal. However, they still provide a direct measure of the

strength of a nonlinear process, and thus their use in the characterisation of nonlinear

processes like FWM is still valuable.

6.2 Sample and experimental setup

For this experiment, we used the bar and discs nanoantenna configuration which we have

studied in Chapter 4.3. As a reminder, the nanoantenna consists of a bar particle that
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Figure 6.2: Bar-discs nanoantenna. (a) Illustration of nanoantenna with dimensions.
(b) SEM image of nanoantenna array. (c) Diagram of spatial beam overlap on nanoan-
tenna array. The pump beam in green and the seed beam in red is drawn to approximate
the scale of the beams relative to the antenna array and are shown out of alignment here.
(d) Diagram of temporal beam overlap. The pulse width of the beams is approximately
140 fs. The SEM image in (b) was taken by Dr. Xiaofei Xiao.
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supports dual resonances near 1500 nm and 750 nm and two discs that are resonant near

750 nm. The nanoantenna geometry and an SEM image of the sample are shown in Figure

6.2.∗ The sample itself consists of a square array of individual nanoantennas in a 750 nm

x 750 nm unit cell, with a 1.5 nm chromium adhesion layer between the nanoantennas

and the silica substrate and an additional silica capping layer deposited on top of the

nanoantennas. We wish to evaluate the performance of individual nanoantennas and thus

will be focusing our excitation beams to the scale of the unit cell. This also maximises

the power density of the pump and seed beams that can be delivered to the nanoantenna

while remaining under the damage threshold. Illuminating individual nanoantennas poses

a significant challenge, however, as this requires painstaking alignment and a high degree

of control of the optical setup to overlap the beams in the correct positions, as diagramed

in Figure 6.2c. In addition, as we are utilising a pulsed laser system, we need to delay

one of the beam paths to ensure that the pulse trains arrive at the nanoantennas at the

same time (Figure 6.2d).

6.2.1 Dual-beam setup

A simplified schematic of the pump-probe setup used for this experiment is shown in

Figure 6.3. The setup is modified from the one presented in Chapter 5 with some key

differences. We use the same tuneable Ti:Sapphire laser and OPO to produce the pump

and seed beams respectively. For the main SET analysis, the central pump wavelength

is designated to be 840 nm. In up-conversion measurements, the seed wavelength is 1500

nm, which generates a FWM signal near 583 nm when combined with the pump. In

∗The author would like to thank Dr. Mohsen Rahmani for fabricating the sample and Dr. Xiaofei
Xiao for taking the SEM image in Fig. 6.2b.
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Figure 6.3: Experimental setup for four-wave mixing. (a) Up-conversion setup
with 840 nm pump (green), 1500 nm seed (red), and 583 nm FWM signal (blue). (b)
Down-conversion setup with 840 nm pump (green), 583 nm seed (blue), and 1500 nm
FWM signal (red). In this configuration, the OPO output pumps a frequency doubler
that converts brings an 1166 nm signal to 583 nm. Note that the pump line is delayed in
this configuration, but the seed line is delayed in up-conversion.

down-conversion measurements, the OPO output at 1166 nm further pumps an APE

HarmoniXX SHG frequency doubler (SHG in figure) to convert the seed wavelength to

583 nm, which then generates a FWM signal near 1500 nm when combined with the

same pump. The tuneability of this setup allows for scanning both the pump and seed

wavelength around the ranges mentioned above. Temporal overlap is achieved with the

inclusion of a delay line controlled by a Thorlabs DDS220/M stage and retroreflector.

Half-wave plates (HWP) in each of the pump and seed paths control the polarisation,

and the two beams are overlapped on either a Thorlabs DMSP1180 dichroic mirror (DM)

for up-conversion or DMSP805 for down-conversion. The beams are focused collinearly

by a Nikon Plan Apochromat 60X/0.95NA objective (Obj 1) onto the sample at normal

incidence. The sample is mounted on a piezo-controlled xyz-stage to bring the nanoan-

tenna to the correct position and focus of the beam path. The generated FWM signal

is then collected in transmission by a Nikon S Plan Fluor 40X/0.6NA objective (Obj 2)

and directed to the Acton SP2300 spectrometer for analysis. In addition there is either a

Thorlabs FESH700 shortpass or FELH1100 longpass filter (F) in front of the spectrometer
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to reject the pump and seed beams for up-conversion and down-conversion respectively.

As we will see in Section 6.4, we take into account the transmittance of the focusing

objective (T1), the collection efficiency of the collection objective (ηc), the transmittance

of the entire FWM path from sample to spectrometer (T2), and the detection efficiency

of the spectrometer (ηd) in this experimental setup.

6.3 Observation of four-wave mixing

With proper spatial alignment and temporal overlap of the pump and seed beams, we are

able to observe frequency mixing in the nanoantennas. Figure 6.4a shows a representative

spectrum of FWM, sum-frequency generation (SFG), and THG, which we are able to

observe simultaneously due to the relaxation of phase-matching restraints in the sub-

wavelength volume of the nanoantenna. The frequency of the THG signal at 500 nm is

the third harmonic of the 1500 nm seed beam, while the frequency of the SFG signal

at 538 nm is the sum of the pump and seed frequencies, according to ωSFG = ωp + ωs.

Figure 6.4b shows a combined spectrogram of the three signals which is composited from

multiple spectra taken at varying delays between the pump and seed pulses by translating

the delay line in 10 µm steps (∼ 66 fs). We note that the FWM and SFG signals only

appear for delays consistent with the temporal overlap of the pump and seed beams, while

the THG signal persists for all delays as it is generated solely by the 1500 nm seed beam.

The dependency of the nonlinear signal on the arrival times of the pulses amounts to a

gating effect, and this has been exploited to provide a complete characterisation of the

pulses via a technique called frequency-resolved optical gating in Reference [90].

Figure 6.4c takes a closer look at the FWM signal, and Figure 6.4d shows the spec-

trogram for down-conversion FWM with a 840 nm pump and 583 nm seed. A prominent
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Figure 6.4: Spectra of nonlinear processes in bar-discs nanoantenna. (a) Spec-
trum showing simultaneous THG, SFG, and FWM. The wavelengths of the pump and
seed beams are 840 nm and 1500 nm respectively. (b) Spectrogram of wavelength vs
delay showing simultaneous THG, SFG, and FWM. The intensity is shown in logarithmic
scale to highlight all three processes. The spectrum in (a) was taken at 0 fs delay. (c)
A closer look at the spectrogram for up-conversion FWM in (b). (d) Spectrogram for
down-conversion FWM with 840 nm pump and 583 nm seed. (e) Diagram of the pump
(rainbow) and seed (red) pulses over time with delay τ > 0, for up-conversion FWM. (f)
The same diagram as in (e) with the pump being delayed instead of the seed (blue pulse),
for down-conversion FWM.
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Figure 6.5: Power series of nonlinear processes in bar-discs nanoantenna for:
(a) varying pump power with seed fixed at 1 mW and (b) varying seed power with pump
fixed at 1 mW. The data is shown in log-log scale with the dashed lines representing the
linear fit for each process and the slope of the fit shown in red.

feature revealed by these spectrograms is the presence of chirp in the FWM signals. This

is attributed to the normally dispersive optics in the beam path resulting in the pump

pulse broadening over time, with the lower frequencies arriving faster than the higher

ones. Therefore, in the up-conversion setup the seed pulse interacts with the higher/lower

frequency tail end of the pump pulse when the delay is positive/negative, resulting in the

frequency shift exhibited in the spectrogram (Fig. 6.4e). In the down-conversion setup,

the pump pulse is delayed instead of the seed pulse, and the chirp orientation of the FWM

signal is reversed (Fig. 6.4f).

Power series measurements were again performed to validate the genuineness of the

nonlinear signals and confirm their dependence on both the pump and seed powers. In

terms of the pump power, FWM should scale quadratically while SFG should scale linearly.

For the seed power, however, FWM has a linear dependence, while THG has a cubic

dependence. The power series for the pump and seed beams were conducted while holding

the power of the other beam constant. Fitting the slope of each curve in log-log scale

revealed the dependence of SFG and FWM on the pump power to be 0.928 and 1.729
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respectively, which is close to the expected values of 1 and 2 (Figure 6.5a). In terms of

the seed power, the fitted slopes for FWM and THG were 0.751 and 2.513 respectively,

close to the expected values of 1 and 3 (Figure 6.5b).

6.3.1 Delay shift with wavelength tuning

Before constructing the JSD maps for SFWM by scanning the seed beam, special care

must be given to producing a consistent representative spectrum at each wavelength,

including optimising the delay between the two pulses. It was initially assumed that

once temporal overlap of the pump and seed beams was achieved with a given delay, the

delay would persist as the pump and seed beams were tuned to different wavelengths.

However, it was later found that the laser-OPO system used in this experiment exhibits

non-uniform pulse timings across both pump and seed wavelengths. In order to investigate

this, spectrograms for FWM were collected for all combinations of pump wavelength from

810–840 nm and seed wavelength from 1450–1550 nm in 10 nm steps. Figure 6.6 shows

the tabulation of all spectrograms according to pump and seed wavelengths.

When moving to higher pump wavelengths (from left to right in Figure 6.6), the FWM

signal shifts monotonically to lower delays. When moving to higher seed wavelengths (top

to bottom), the signal is initially constant but begins shifting to lower delays starting at

1480 nm, eventually reaching a minimum at 1500 nm before shifting to higher delay

again. These observations are summarised in Figure 6.7. This information was crucial for

producing the JSD plots in the following section, as remaining at a constant delay while

scanning the seed wavelength would result in a sub-optimal FWM spectrum.
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Figure 6.6: Delay shift according to pump/seed wavelength. Spectrograms are
tabulated by pump (810–840 nm) and seed (1450–1550 nm) wavelength. The dashed
white line indicates zero delay to better observe shifts in the delay timing according
to wavelength. All intensities are normalised to the highest peak intensity among the
pump/seed wavelength combinations.
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Figure 6.6: Delay shift according to pump/seed wavelength (continued). Spec-
trograms are tabulated by pump (810–840 nm) and seed (1450–1550 nm) wavelength.
The dashed white line indicates zero delay to better observe shifts in the delay timing ac-
cording to wavelength. All intensities are normalised to the highest peak intensity among
the pump/seed wavelength combinations. The spectrogram for 810 nm pump and 1550
nm seed is not available as the OPO was unable to output a stable seed beam at this
wavelength combination.
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Figure 6.7: Optimum delay for peak FWM signal according to pump/seed wave-
length.

6.3.2 JSD characterisation

Having observed the FWM signals for both up- and down-conversion and identified the

optimum delay for each wavelength, we can now apply SET to construct JSD maps of

SFWM signal-idler pairs by scanning the wavelength of the seed beam in 10 nm steps.

Figure 6.8 shows the JSD maps for (a) up-conversion FWM, (b) down-conversion FWM,

and (c) SFG. The SFG plot here is shown for reference and is constructed through the

same procedure as FWM—it is worth noting that although the SFG and FWM signals are

collected simultaneously in one spectrum, the optimum delay for SFG is slightly different

from Figure 6.7, while showing similar trends. The resolution of these maps is limited by

the linewidth of the seed beam produced by our OPO system which has a full width at

half maximum (FWHM) value of ∼ 20 nm.

In all three plots, the signal wavelength shifts linearly with the seed wavelength, which

reflects the energy conservation of both FWM (ωFWM = 2ωp − ωs) and SFG (ωSFG =

ωp+ωs), and further validates the occurrence of frequency mixing processes. Notably, the

JSD for FWM is extremely broad showing the lack of phase-matching in an individual

optical antenna. The FWM appears to be optimal near 1470 nm for up-conversion and
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Figure 6.8: Joint spectral density. (a) Up-conversion SFWM. (b) Down-conversion
SFWM. (c) SFG. All three maps were produced with an 840 nm pump.

590 nm for down-conversion which can be attributed to the dipole resonance of the bar as

described in Chapter 4.3. The tuning range of the OPO system limits the seed wavelengths

accessible, and thus the JSD maps appear incomplete as the antenna resonance is much

broader than the seed wavelength range. Furthermore, the JSD map for down-conversion

FWM was significantly more difficult to produce due to a higher signal-to-noise ratio

resulting from a weaker signal and less efficient detector coupled with the presence of

background fluorescence from the gold. Despite this, it has been demonstrated that the

SET technique can be used to identify narrow resonant features in frequency mixing

signals and produce insights into a SFWM experiment producing spectrally correlated

photon-pairs.

6.4 Estimating SFWM generation rate

We have seen how SET can produce high resolution JSD maps of parametric processes,

which is in itself a powerful application. However, the full power of the SET technique is on
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display when utilising Equation 6.1 to assess the generation rate of spontaneous processes.

We detail in this section the application of SET to estimate the SFWM photon-pair

generation rate, but first we need to calculate the rate of incoming stimulating photons

and generated FWM photons from our classical stimulated FWM experiment.

The rate of stimulating photons, ṅs, is calculated from the stimulating seed beam

power coupled to the antenna, P̄s,

ṅs =
P̄s

h̄ωs

=
PsT1,sσs

h̄ωsAs

, (6.2)

where Ps is the seed beam power at the input of the focusing objective, T1,s is the trans-

mission of the objective at the seed wavelength, σs is the antenna cross-section at the

seed wavelength, ωs is the central frequency of the seed beam, and As is the area of the

seed beam at the focus. We utilise the antenna cross-section here to approximate the

nonlinear interaction occurring within a single nanoantenna. In practice, the size of our

pump and seed beams at focus suggests we are illuminating several nanoantennas simul-

taneously. However, as this assumes perfect spatial overlap of the pump and seed beams,

and we have witnessed the extinction and re-emergence of the nonlinear signals as we

translate the sample by the unit cell distance, we find the single-antenna approximation

to be acceptable for predicting our final results to within an order of magnitude.

To calculate the rate of FWM photons generated at the nanoantenna, ṅFWM, the

detector count rate, ṅcnt, is divided by the total transmittance of the optical system

between the particle and detector at the FWM wavelength, T2, and the detector efficiency

at the FWM wavelength, ηd,

ṅFWM =
ṅcnt

T2ηd
. (6.3)
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We can now use Equation 6.1 to relate the spontaneous four-wave mixing rate to the

stimulated four-wave mixing rate,

ṅSFWM =
ṅFWM

ṅs

Ω , (6.4)

where we have multiplied the SET ratio by the repetition rate of our laser-OPO system,

Ω, to recognise that FWM occurs within each pulse of the pump and seed beams, with

the pulse duration determining the coherent interaction time.

Since the SFWM generation rate scales quadratically with the pump power coupled

to the antenna, ṅSFWM ∝ P̄ 2
p , we define a power-independent generation efficiency,

RSFWM =
ṅSFWM

P̄p

=

(
h̄ωs

PpPs

)(
ṅcnt

T1,pT1,sT2ηd

)(
ApAs

σpσs

)
Ω . (6.5)

Here, we have substituted Equations 6.2–6.4 as well as P̄p = PpT1,pσp/Ap, which accounts

for the pump power at the input of the objective, Pp, the objective transmission at the

pump wavelength, T1,p, the antenna’s cross section at the pump wavelength, σp, and the

pump beam area Ap.

The transmissions (T1,p, T1,s, T2), beam areas (Ap, As), and detector efficiency (ηd)

were measured and calibrated in the experimental set-up for both up- and down-conversion

wavelengths (see Fig. 6.3), while the antenna cross sections at the pump and seed wave-

lengths (σp, σs) were estimated by multiplying the extinction shown in Figure 6.9† by the

750× 750 nm2 unit cell of the nanoantenna. All of the above calibration parameters are

collected in Table 6.1.

†The author would like to thank Dr. Sylvain Gennaro for taking the FTIR spectra and Dr. Xiaofei
Xiao for assisting with the simulations in Figs. 6.9a and 6.9b.
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Figure 6.9: Extinction of bar-discs antenna for: (a) polarisation parallel to the
bar, and (b) polarisation perpendicular to the bar. In both figures, the measured FTIR
spectrum is shown by the solid purple line and the simulated extinction spectrum by
the dashed grey line. The blue and red vertical bars in (a) indicate the down-conversion
(583 nm) and up-conversion (1500 nm) wavelengths respectively, and the green bar in (b)
indicates the pump wavelength (840 nm). The FTIR spectra in (a) and (b) were taken
by Dr. Sylvain Gennaro.

We are now equipped to estimate the SFWM pair generation rate of our plasmonic

nanoantennas from our stimulated FWM data. We first consider the case of up-conversion

FWM with λp ≈ 840 nm, λs ≈ 1500 nm, and λFWM ≈ 583 nm. Using Equations 6.2

and 6.3, we calculate ṅs ≈ 2.58 × 1014 photons per second and ṅFWM ≈ 6.43 × 106

photons per second respectively. Applying Equation 6.5 yields RSFWM ≈ 84.9 photon

pairs per second per mW and per nanoantenna. In the down-conversion case, the seed

and signal wavelengths are interchanged such that λp ≈ 840 nm, λs ≈ 583 nm, and

λFWM ≈ 1500 nm. Applying the same methodology as above yields a spontaneous pair

generation rate of RSFWM ≈ 187 photon pairs per second per mW and per nanoantenna.

The above results are summarised in Table 6.2.

There are several observations to note here. First, the difference in the up- and down-

conversion values can be attributed to several factors. The overall detection efficiency (ηd

in Equation 6.3) was calculated separately for the up- and down-conversion wavelengths,

and as each value carries its own level of uncertainty, the resulting spontaneous rates can



100 Chapter 6. Four-Wave Mixing in Plasmonic Nanoantennas

Up-conversion Down-conversion

ṅcnt 35200 s−1 4610 s−1

Pp 2± 0.03 mW 3± 0.03 mW

Ps 2± 0.03 mW 1± 0.02 mW

T1,p 0.598± 0.030 0.598± 0.030

T1,s 0.317± 0.013 0.887± 0.034

T2 0.797± 0.032 0.263± 0.013

ηd 0.00687± 0.0007 0.00110± 0.0001

Ap 6.79 µm2 6.79 µm2

As 7.80 µm2 1.18 µm2

σp 0.133 µm2 0.133 µm2

σs 0.420 µm2 0.0875 µm2

Ω 80 MHz 80 MHz

Table 6.1: Experimental parameters for SFWM generation rates.

vary considerably. Furthermore, recall that the nanoantennas support a resonance near

1500 nm for the wavelengths of interest in this experiment. In the case of up-conversion,

this resonance aligns with the seed wavelength, while in down-conversion this occurs at

the signal wavelength. This difference is non-trivial and may further contribute to the

rate discrepancy. Second, for reasons discussed above, the nanoantenna sample in this

work is not optimised for FWM emission, and the range of wavelengths we work with are

constrained by our laser and OPO system. Using multi-resonant antennas potentially at

different wavelength combinations may increase the pair generation rate. Finally, we have

operated with relatively low pump powers (2 mW for up-conversion and 3 mW for down-

conversion) due to the damage threshold of our gold nanoantennas. There is potential

here to increase the pair generation rate further by moving to a metasurface design and

illuminating a wide area of nanoantennas with higher average pump power.
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Up-conversion Down-conversion

ṅs 2.58× 1014 s−1 1.93× 1014 s−1

ṅFWM 6.43× 106 s−1 1.59× 107 s−1

ṅSFWM 1.99 s−1 6.57 s−1

RSFWM 84.9 s−1mW−1 187 s−1mW−1

Table 6.2: SFWM photon-pair generation rates

6.5 Conclusion

In this chapter, we have provided the motivations for investigating FWM with the bar-

discs nanoantenna and have taken the necessary steps to fully characterise the pulse

timings of our laser-OPO system in preparation for a SET experiment. We observed

FWM along with THG and SFG in approximately single nanoantennas and used the

SET framework to construct JSD maps of up- and down-conversion SFWM with high

resolution relative to the acquisition time. As the highlight of this experiment, we again

utilised SET to estimate the SFWM generation rate of the bar-disc nanoantenna, finding a

pump-normalised generation efficiency of RSFWM ≈ 84.9 s−1mW−1 per nanoantenna in up-

conversion and RSFWM ≈ 187 s−1mW−1 per nanoantenna in down-conversion. We find this

to be a competitive result when compared to the SPDC generation rates demonstrated in

recent literature for antennas [91], thin films [74], and metasurfaces [92–94]. This is more

so the case when considering the fact that the nanoantenna resonance is not optimised at

the four-wave mixing wavelength, and the experiment was performed under relatively low

power for individual nanoantennas. This suggests that metasurfaces designed for SFWM

can be a promising alternative platform to SPDC as a source of ultrafast correlated

photons.

We also present evidence of SET being a useful technique for assessing the quality of

correlated photon sources with the significant advantages it offers in time and equipment.
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A natural extension to the work in this chapter would be to repeat the SET analysis

on a much brighter SPDC or SFWM source and compare the estimates of spontaenous

photon generation rates to traditional QST methods. This would further validate the

effectiveness of the SET approach for future nonlinear metasurface research.
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Conclusion

7.1 Summary

In this thesis, we explored the use of nanoantennas for enhancing nonlinear optical pro-

cesses. After an introduction and overview of the thesis outline in Chapter 1, we derived

the fundamental principles of nonlinear optics and plasmonics in Chapters 2 and 3 that

were relevant to later discussions of experimental results.

In Chapter 4, we gave background to our approach to nonlinear nanoantenna design,

which is based on nonlinear scattering theory and reciprocity. Under this framework, we

are able to predict the nonlinearity of a structure by analysing its linear response to the

frequencies of a nonlinear process. We identified several key features of effective nonlinear

nanoantennas and provided examples from literature to see how they’re used in practice.

We then performed our own simulations of two different plasmonic nanoantennas that

provided motivation for how they would be used in nonlinear experiments.

In Chapter 5 we performed experiments on the first of these nanoantennas, the coupled

waveguide resonator and dimer. We presented a model describing the coupling between

103
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the two components of the nanoantenna and predicted the existence of a critical coupling

condition by fitting the model to experimental data. Through SHG and THG measure-

ments, we were able to confirm this prediction and demonstrate the working principle of

a mechanism to control the coupling strength in multi-particle structures.

In Chapter 6, we used an existing nanoantenna design, the coupled bar and discs,

which had previously demonstrated efficient SHG emission, and demonstrated a new

nonlinear process, FWM. We introduced the SET technique and explained how classical

FWM experiments on the nanoantenna can be used to characterise its SFWM properties,

which is a purely quantum phenomena. We assembled a JSD map for both up- and down-

conversion FWM by scanning the seed beam across a wavelength range, and estimated

the SFWM generation rate which was found to be on the order of ∼ 4 s−1mW−1 per

nanoantenna. As this nanoantenna was not optimised for efficient FWM emission, we

found this to be a competitive result and an effective demonstration of SET in practice.

7.2 Outlook

We consider the projects presented in this thesis to still be in the early- to mid-stages of

development, as both the experiments in Chapter 5 and 6 were proof-of-concept demon-

strations of critical coupling and the SET technique respectively. For the work on critical

coupling nanoantennas, gains have already been made at the time of writing this thesis in

the fabrication of more accurate structures with geometries that are closer to their nominal

values. It is also promising to see how we can exploit the critical coupling and nanofo-

cusing effect by integrating these designs into full-length waveguides that can measure

both the coupling-in and coupling-out of optical modes. We also discussed the possibil-

ity of combining the nanoantenna with a highly nonlinear polymer to further boost the
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nonlinear conversion efficiencies achievable, and this looks promising as a quick progres-

sion as similar experiments have been conducted incorporating plasmonic structures with

minimal complications.

The work on SET also looks promising as observation of FWM from nanoantennas

is in itself a significant achievement. The next steps would be to design tailor-made

antennas that can support triple resonances at the three wavelengths involved. This is

expected to significantly boost the conversion efficiencies demonstrated in this thesis.

Having characterised the single antenna performance, we also propose moving to a proper

metasurface design where we illuminate a far wider area of particles. As the efficiency of

any nonlinear process is best near the damage threshold of the material, moving to a wider

beam area would bring down the efficiency in terms of the input power, but this may be

offset by the excitation of multiple antennas. As the tradeoff between per power and per

particle efficiency is not immediately clear, exploring this could prove to be insightful for

future metasurface design.
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50. Verhagen, E., Spasenović, M., Polman, A. & Kuipers, L. Nanowire plasmon excita-

tion by adiabatic mode transformation. Physical review letters 102, 203904 (2009).

51. Li, K., Stockman, M. I. & Bergman, D. J. Self-similar chain of metal nanospheres

as an efficient nanolens. Physical review letters 91, 227402 (2003).

52. Li, K. et al. Balancing near-field enhancement, absorption, and scattering for effective

antenna–reactor plasmonic photocatalysis. Nano letters 17, 3710–3717 (2017).

110



53. Zhang, S., Genov, D. A., Wang, Y., Liu, M. & Zhang, X. Plasmon-induced trans-

parency in metamaterials. Physical review letters 101, 047401 (2008).

54. Fu, M. et al. Near-unity Raman β-factor of surface-enhanced Raman scattering in a

waveguide. Nature Nanotechnology 17, 1251–1257 (2022).

55. Luk’Yanchuk, B. et al. The Fano resonance in plasmonic nanostructures and meta-

materials. Nature materials 9, 707–715 (2010).

56. Limonov, M. F., Rybin, M. V., Poddubny, A. N. & Kivshar, Y. S. Fano resonances

in photonics. Nature photonics 11, 543–554 (2017).

57. Liu, Y. et al. Tunable Fano resonance with ultrahigh peak by bright-dark mode

coupling in Dirac semimetal. JOSA B 36, 2461–2467 (2019).

58. Taubert, R., Hentschel, M. & Giessen, H. Plasmonic analog of electromagnetically

induced absorption: simulations, experiments, and coupled oscillator analysis. JOSA

B 30, 3123–3134 (2013).

59. Liu, N. et al. Plasmonic analogue of electromagnetically induced transparency at the

Drude damping limit. Nature materials 8, 758–762 (2009).
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