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Abstract

Charged defects are frequently observed in quasi two-dimensional (2D) semiconductors such
as monolayer transition-metal dichalcogenides (TMDCs) and few-layer black phosphorus (BP),
and can have a significant effect on the performance of such materials in transport and optical
applications. To aid the development of nanoscale devices fabricated using 2D materials, a
detailed understanding of charged defects in these systems is needed. In this thesis, isolated
charged defects are modelled in 2D semiconductors using the tight-binding approach which
allows the use of large supercells which are required to capture the bound states that arise.
The screened defect potential is described through an external potential determined via first-
principles random-phase approximation. The binding energies and wavefunctions of bound
states induced by charged defects in monolayer forms of MoS,;, WS,, and BP as well as bilayer
BP, were studied and the effect of varying the defect charge, defect height and the dielectric con-
stant of possible substrates was investigated. It was found that for shallow defects in TMDCs,
the binding energies of bound states can be mostly understood using effective mass theory.
However, the presence of multiple low-energy valleys in the conduction and valence bands with
different effective masses results in an interplay and competition between defect levels originat-
ing from different valleys. This results in resonant states that hybridise with the continuum
bands, which has implications for transport, and results in the optical conductivity exhibiting
excitonic resonances at energies below the optical band gap. Applying a similar analysis to
monolayer BP, it was found that the substrate dielectric constant presents a promising means
of control over both the donor and acceptor binding energies. In both monolayer and bilayer
BP, it was found that the large difference between the armchair and zigzag effective masses of

holes and electrons results in highly anisotropic wavefunctions of the defect states.
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Chapter 1

Introduction

1.1 Defects in Semiconductors

In the theory of ideal, perfectly periodic systems, the electronic structure forms a series of bands,
where the separation between the highest occupied band and lowest unoccupied band is known
as the band gap. Semiconductors are non-metallic crystalline solids with a band gap small
enough such that observable conductivity is present at temperatures lower than its melting
point [23]. As with most idealised systems in physics, perfectly periodic semiconductors pose
as an unrealistic simplification of the disordered truth of nature. In addition to the assumption
of a countably infinite number of atoms, defects in these systems are critical to their stability,
and occur in a material that participates in any physical process (including its own fabrication).
The possible species of defects in most semiconductors can vary in their source and dimension,
from substitutional point defects to vacancy line defects and stacking faults. However, their
existence breaks the translational symmetry of the crystal, and can also significantly modify
their electronic, thermal, mechanical, magnetic and optical properties. In this thesis, I will
consider point defects, as compared to higher dimensional defects, they are highly common in

semiconductor materials.

Electronically, the behaviour of a point defect in the crystal depends strongly on the species,

which includes the size of the defect atom (or lack thereof), and the effective electronic valence

1



2 Chapter 1. Introduction

of the defect. For impurity atoms that have the same valence as the host atom site, known as
1sovalent, the resulting change to the electronic structure is typically one or more defect levels in
the band gap, whose energy is reflective on the difference in energy of the relevant orbitals of the
impurity and host atoms. In some cases, such as for GaN, isovalent substitutions of phosphorus
were theoretically shown to induce deep in-gap levels which are both highly localised to the
defect site and have a spatial electron distribution that conforms to the 3p-orbital shape of the

valence level of the P defect [24].

In this work I have studied the properties of charged defects, specifically defect species whose
valence or effective valence (for the case of some vacancies) differs by a non-zero integer to that of
the host. In semiconductors such as silicon and germanium, point defects such as substitutional
phosphorus, aluminium and arsenic atoms have a different number of valence electrons in the
outer shell compared to the host semiconductor [25]. Depending on the mismatch of electronic
valence between the impurity and the host, this results in the impurity being able to donate
electrons to the conduction band (known as a donor) or accept electrons from the valence band
(known as an acceptor) upon a small thermal excitation. Due to energy differences between
the valence orbitals of the impurity atom and the valence orbitals of the host atom that it
replaces, the presence of these dopants typically results in the formation of an in-gap state. For
example, an aluminium (Al) substitution in silicon (Si) will behave as an acceptor due to its
lower valence, but will also form an unoccupied acceptor level (in the ground state) that sits
above the valence band, since the empty 3p orbital in Al is higher (less strongly bound) than
the 3p orbital of the host Si [25]. In the ground state of the semiconductor, the acceptor level
remains unoccupied and is thus electrically neutral, while the valence band is fully occupied.
For the donor case, the donor level remains occupied in the ground state and is also neutral.
In laboratory conditions, it is typically the case that acceptor states and donor states are
active, such that they are relinquished of their holes or electrons respectively, and the carrier
is placed in an excited state. This excitation of the carrier from the defect results in a charged

centre, which has an associated electrostatic potential that theoretically has a long-range (tens
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of nanometres or greater) form of |26]:

Vi(r) ~ ¢ (1.1)

= Armegelr|’

where gq is the permittivity of free space and ¢ is the relative dielectric constant of the semicon-
ductor, which is static. While ¢ is anisotropic for many materials, it is assumed to be isotropic
in Eq. (1.1). The potential pulls back on the relinquished carriers, such that bound defect

states form which can be approximated with an exciton model [23}26]:

(_2’:; V2 4 vm) F(r) = EynaF(r), (12)

where m* is the effective mass of the carrier, F' is the envelope function of the bound state,
and FEl,q is the energy of the bound state referenced from the conduction band minimum (for
donors) or the valence band maximum (for acceptors), also known as the binding energy. The
effective mass formulation in Eq. is a valid approximation when V' (r) is slow varying and
not strong enough to induce transitions that span the full band gap. The bound state energies
of charged defects in bulk semiconductors are most easily predicted by substitution of Eq.
into Eq. ((1.2)), as this can be solved analytically in the exact same way that one solves the
hydrogen model. Consequently, the bound state binding energies found from this approach are

discretised, following a pattern of:

E, =

*7Z2\ 13.
_<m ) 36eV7 (1.3)

g2 n?

where n is a positive integer and Z is the charge of the defect. Since before the 1970s, this
approach has been applied as a crude but valuable approximation to the case of charged defects
in many bulk semiconductors, such as silicon (Si) and germanium (Ge). For Si and Ge, it
is observed that for a variety of chemically distinct defect atoms, the ground state of the
experimentally obtained defect levels does not conform to the theoretically obtained binding
energies and varied with defect atom. However, for both donor and acceptor defects in silicon,

the set of observed excited states that arose in the band gap exhibited a more striking similarity
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to those obtained from Eq. [27]. This demonstrated an independence of the excited defect
levels from the chemical species of the defect, as the large theoretically-determined orbits would
in principle make the states insensitive to electronic and structural features in the immediate
vicinity of the defect [26]. This reflects on how the assumption of the defect potential in Eq.
(1.1) removes all dependence of the theoretically obtained in-gap levels on the chemical nature
of the defect. The true short-range behaviour of the potential associated with the defect will be
substantially more dependent on which atom is being removed and/or which atom substitutes
it, as well as the orbitals the doping carriers occupy at zero temperature. This is substantially
more important when determining the ground state defect level, as these are typically more
localised to the defect site itself, especially in the case of deep impurity states [28]. These
types of problems cannot be approached with the effective mass approximation, because of a
potential V' (r) which is particularly short-range (on the scale of the lattice parameter or less)
such that the expansion of V(r) and bound states in terms of Bloch states requires a larger

section of the Brillouin zone with non-uniform effective mass and possibly other bands [29).

Defects are crucial to the function of some semiconductors in electronic devices such as p — n
junctions, field-effect transistors and photoelectric devices. The doping nature of donors and
acceptors, fundamentally allows for direct control of a semiconductor’s conductivity [28]. This
is well-known for silicon, with groups having shown that the increase in defect concentration
greatly enhances its conductivity [30]. In zinc oxide (ZnO), a favourable semiconductor for
optoelectronic devices and thin-film transistors on account of its large band gap, it is found
that the addition of Al defects results in n-doping which greatly enhances the conductivity
of ZnO films, beyond the intrinsic n-doping present from oxygen vacancies or zinc interstitial
defects [31]. It is clear that defects are important for improving desirable properties, and
thus much effort has been placed in the research of ways to enhance such properties using
defects, known as defect engineering. This method of material alteration is commonly used
for fabrication of devices on the nanoscale, and has been driven by the need to control charge

carrier type, carrier concentration and electrical current [32].



1.2. Motivation for 2D Materials and Aims 5

1.2 Motivation for 2D Materials and Aims

Over a decade ago, an atom-thick sheet of carbon known as graphene was experimentally
isolated via repeated mechanical exfoliation of individual layers from graphite, resulting in
a two-dimensional semimetal [33]. Up until the realisation of graphene, the idea of two-
dimensional materials and their electronic properties had only been theorised in models for
quasi-two-dimensional electronic accumulation at semiconductor-insulator interfaces [34]. It
demonstrated exceptional properties for electronic applications, such as extremely high mo-
bilities for both electrons and holes in excess of 2 x 10° cm?/Vs, with easily tunable carrier
concentrations [35,136]. Since then, much work has gone into the development of graphene-
base devices, such as functionalised graphene electrochemical double-layer capacitors [37], and
metal-oxide-semiconductor field effect transistors (MOSFETS) [3§]. In such transistors, ex-
perimental groups took advantage of graphene’s high mobility and the fact that an electronic
band gap could be engineered through the use of appropriately narrow nanoribbons, produc-
ing MOSFETSs that have transconductances (rate of change of drain current with respect to
the gate-source potential difference) comparable to state-of-the-art silicon MOSFETSs [38,39].
While graphene is promising for nanoelectronics, there are still several challenges in fabricating
usable yields of graphene nanoribbons with distinct edges, and in introducing a band-gap that

does not significantly impede carrier mobility [38}40].

In addition to the work on its intrinsic properties and applications, there has been a large body
of research into the effects of defects in graphene, such as vacancies and adatoms, and their
ability to enhance its properties for better device functionality [41-44]. This work has led to the
development of graphene-based devices, such as in transparent conductive films for photode-
tectors, touch screens, and light-emitting devices, in which the graphene is functionalised or
doped [45]. Its versatility and strong performance in a variety of electronic and optoelectronic
devices comes from a combination of flexibility and sensitivity to external surface effects, such
that the correct manipulation of chemical doping and functionalisation can adapt it for specific
tasks. Doping schemes in graphene are simpler than in three-dimensional systems, and the

similarity of its surface chemistry to that of graphite means that it can weakly adsorb a variety
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of atoms and molecules such as NO, and K, some of which act as dopants [46]. A handful of
these benefits are inherent to the two-dimensional nature of graphene alone, indicating that
other materials with this property may also demonstrate similar or more desirable properties

for a variety of devices [47].

The discovery of materials held together by weak van der Waals (vdW) forces that could be
“stripped” layer-by-layer presented an attractive avenue for materials research. This diverse
collection of exfoliated, quasi-2D materials, share all the benefits of the low-dimensionality
of graphene but exhibit different desirable properties for a variety of applications. One such
property that is inherently lacking in graphene, and needs to be engineered, is a band-gap.
Several quasi-2D materials that have been uncovered in the decade since graphene’s discovery
have been shown to have a sizeable, direct band-gap on the order of 100 meV or larger, which
immediately makes them promising candidates for optical devices and field effect transistors.
“Quasi-2D”, in this context, refers to the fact that while the electrons in the material are
confined to a single-layer, they are not confined to a perfect 2D plane and display some physics
in the out-of-plane direction. However, they are often still referred to as “2D”, as will be
done in this thesis. In this work, I will focus on monolayer molybdenum disulfide (MoS,),
monolayer tungsten disulfide (WS,), monolayer black phosphorus (BP) and bilayer BP, which
are all known to be direct band-gap semiconductors with reasonably good carrier mobilities
for transport applications. While their carrier mobilities are not intrinsically as high as those
observed in graphene, it is possible to enhance carrier concentration and thus conductivity with

intentional doping.

The effects charged defects have on the electronic structure of bulk 3D semiconductors is well
known, and as a consequence, the development of microchips and sensors over the last few
decades has become an essential element of technology in the modern age. Similarly, it be-
comes apparent that in order to efficiently develop 2D semiconductors for the purpose of future
nanoscale circuits, the behaviour of defects in theses materials must factor into the design
process, predominantly for charged defects which commonly arise in doping strategies. Hence,
to guide experimental efforts to engineer and enhance the properties of 2D semiconductors for

various transport and optoelectronic applications, a thorough understanding of how charged de-
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fects behave in 2D semiconductors is needed. Simulation is a common and insightful approach
to achieve this, allowing parameters and properties of the system in question to be gradually
varied, which can provide a picture of the underlying principles that determine the electronic

structure of charged defects in 2D semiconductors.

In this work, my general aim is to develop such an understanding by modelling isolated charged
defects on samples of 2D semiconductors, and by studying the behaviour of bound states
that arise in the band gap when the properties associated with both the defect and possible
substrates are varied. While this will primarily focus on the adsorbate species of defects, the
concepts presented and discussed apply to other charged point defects such as vacancies and
substitutionals. In this work I consider several observable properties that are relevant to defect
engineering and which are readily accessible in experiment. The binding energy of a defect
state is a critical property to consider when engineering a material for application in devices
such as p — n junctions and photodetectors. Similarly, the extent of the wavefunction of the
defect state can indicate how clusters of neighbouring defects interact with one another. This
work aims to understand how these properties are influenced by the effective charge and height
of the defect above the system, which are parameters that can vary depending on the adsorbate
in question [48,/49]. Furthermore, I aim to make predictions of experimental signatures of the
defect states in materials such as monolayer MoS,, which can tie the findings in this work to
observable quantities. For this purpose, the local density of states is a useful property for direct
comparison between the results of simulation and scanning tunnelling experiments, in addition
to the optical conductivity which can be measured in reflectivity experiments and is highly

sensitive to the presence of defects.

A significant challenge in modelling charged defects on 2D semiconductors is the spatial range
over which bound states can vary, which can be large for 2D materials on account of their
reduced dimension [50]. To address this, I will present an approach that utilises tight-binding
theory to model the electronic structure of a sample of a 2D semiconductor on length scales that
can capture both the variation of the defect potential and the real-space behaviour of defect
states. Using this approach, I aim to bridge the gap between the Angstrom-scale description

of atomic defects and features of impurity states on the order of tens of nanometres. On the
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continuum scale, effective mass theories have successfully provided a framework with which to
understand the electronic structure of charged defects and excitons in 3D semiconductors [29).
In this work, I define variational models for monolayer MoS,; and monolayer BP within the
effective mass approximation, that can be compared to the atomistic approach presented in
this work. This is done with the aim of providing an insight into how well continuum models

can be used for charged defects in these semiconductors across regions of the parameter space.

1.3 Summary of Chapters

e Chapter 2 provides an introduction to the group of 2D semiconductors called mono-
layer transition metal dichalcogenides (TMDCs) and a review of literature concerning the
experimental and theoretical study of charged defects in TMDCs. I attempt to further
motivate the study of TMDCs and highlight shortcomings of previous attempts to model
charged defects in TMDCs.

e Chapter 3 provides details of the methods I used to model charged defects in monolayer
TMDCs, including some relevant theory. This includes a review of density-functional
theory, the effective mass approximation, tight-binding theory and linear response, then
going on show how these were used to approximate an isolated charge in monolayer MoS,

and monolayer WS,.

e Chapter 4 presents my results on the study of charged defects in monolayer MoS,, which
first looks into the static properties of the bound states that arise in the presence of a
defect charge and how the binding energy can be controlled with the effective defect
charge, the defect height, and the dielectric constant of the substrate. This ends with a

brief look at how the charged defects are able to influence the optical properties of MoSs.

e Chapter 5 presents collaborative work which studied experimental signatures of de-
fects in monolayer WS, with scanning tunnelling methods, and comparing them to tight-
binding calculations to understand how the resonant states in the sample manifested in

the tunnelling spectra.
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e Chapter 6 presents a literature review, discussion of methods, and discussion of results
which studies the properties of charged defects in black phosphorus (BP). In this part
of the investigation, charged defects are modelled in both monolayer and bilayer BP
for several values of the defect height and substrate dielectric constant, applying the

techniques and the understanding developed in chapters 3 and 4.

e Chapter 7 gives conclusions of the research carried out in this thesis. This is followed

by an outline of future endeavours that build on the achievements in this work.



Chapter 2

Introduction to Monolayer Transition

Metal Dichalcogenides

This introductory section covers the topics in literature relevant to chapters [4 & [5], pertaining
to the electronic and optical properties of monolayer group 6 transition metal dichalcogenides
(TMDCs). To begin this chapter, I will first provide a brief overview of some of the various
fabrication techniques for a particular group of monolayer TMDCs that are semiconductors, as
they have been shown to have different merits relating to the quantity of the material produced
and the quality of the produced samples. Fabrication techniques are in part responsible for
some defect concentrations present in experimental samples, which result in different properties
depending on the technique, some of which are desirable for device applications. I will also
highlight how these properties relate to the performance of monolayer TMDCs in devices such
as microprocessors, to motivate further study of the electronic properties of these materials in
this work. I will then present a summary of the basic electronic properties of monolayer group
6 TMDCs as observed from experiment and computational modelling. I will then discuss some
of the experimental study of neutral and charged defects in these materials, to both motivate
their study in this work and highlight features of their effect on the properties of TMDCs.
This will be followed by a discussion of the various ways these defects have been modelled,

either through first-principles methods, continuum effective mass approaches, or through semi-

10
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empirical tight-binding models, additionally outlining a particular example of modelling defects
in graphene which has inspired a good portion of the work in the thesis. This example, requiring
a description of the screening in the material, invokes a discussion into previous ways by which
the screened Coulomb interaction in monolayer TMDCs has been modelled. Finally, I will
review some of the literature concerning the optical properties of TMDCs and how defects have

been observed in experiment to alter their optical response.

2.1 Fabrication and Devices

Monolayer transition metal dichalcogenides (TMDCs) are among the array of 2D materials
that have emerged into academic focus since the advent of graphene. Bulk TMDCs consist
of van der Waals (vdW) bonded monolayers, with the chemical formula M X5, where M is
a transition metal atom and X is an atom from the chalcogen column of the periodic table.
Their versatility with respect to device fabrication and the strong dependence of their electronic
properties on environmental modifications have driven years of intense study into both the
theory of these materials and their many applications. There are several stable combinations of
chalcogens (sulfur, selenium, tellurium, etc.) and transition metal atoms, resulting in a diverse
range of properties in these materials. For example, monolayer TMDCs such as titanium
diselenide (TiSes) are semimetals, while hafnium disulfide (HfS;) is an insulator, and TMDCs
such as tantalum disulfide can exhibit superconductivity in low-temperature conditions with
externally applied pressure [47,51,/52]. This arises due the variety of the occupancy of the d
valence orbitals within the transition metal group, and invokes a zoo of 2D materials with this
chemical classification to be the subject of research showing many different desirable properties
for device applications. Within this class of materials, there also exists a set of semiconducting
TMDCs, known as group 6 TMDCs, which have molybdenum (Mo) or Tungsten (W) as their
transition metal atom [5,[51]. While these are indirect band gap semiconductors in the bulk

form, monolayers of these materials exhibit a direct band gap [5,/53].

Much like graphene, these materials can be stripped to yield a monolayer form using mechan-
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ical exfoliation (ME) techniques [53]. While ME produces highly pure flakes of monolayer
material, it provides no control of flake thickness and size, and is not a scalable means of
synthesis. However, in experimental work, large continuous films are often required instead of
flakes of uncontrolled size. Chemical exfoliation of monolayer TMDCs is also a very common
method of obtaining nanosheets with a high yield and scalability [54]. By preparing TMDCs
in a liquid phase, large sheets of monolayer material can be obtained, with additional bene-
fits to flexibility of being able to create composite materials from the liquidation stage before
any spray coating or inkjet printing takes place [53]. Another common form of synthesis is
chemical vapour deposition (CVD), in which precursor materials are vaporised and allowed to
pass over a suitable substrate where they react to form a chosen TMDC. CVD produces a high
yield of randomly distributed monolayer TMDC flakes |55]. The diverse array of methods with
which monolayers are synthesised brings with it varying propensities of lattice defects to form
depending on the techniques used. In samples of MoSy grown through CVD, characterisation
via photoluminescence revealed the presence of additional peaks below the band gap energy,
caused by transitions between states associated with defects [56]. Defects have also been ob-
served in CVD-grown sheets of WS, [57]. Electronic characterisation of these defects requires
further study, both theoretically and experimentally, to understand which synthesis techniques
create them in higher abundances and to explain how they change the electronic structure.
Scanning tunnelling experiments and first-principles calculations have been widely performed
on chalcogen vacancies, which are reported to be the most common point defects in samples of
2D TMDCs obtained through CVD or ME [58]. Conversely, transition metal antisite defects

has also been found to be the dominant species in physical vapour deposition (PVD) [59].

Following fabrication, monolayer group 6 TMDCs have been shown to be a viable component
for a range of applications, such as field effect transistors (FETs). The low dimensionality of
these monolayers allows for more sensitive control of transport properties of gates in FETs,
using external fields and surface modifications. While the carrier mobility of intrinsic TMDCs
such as MoS, was found to be roughly three orders of magnitude less than that of graphene, the
on-current /off-current (Ion/Iopr) ratio is remarkably high, due to a large band gap which gives

rise to a low off-current [60]. Ion/Iorr is a measure of the fractional change in current through
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the FET when a current is supplied to the gate, which is important for any logical transistor
in the interest of clearly distinguishing between a “1” or a “0”. Also, the intrinsic defects that
arise in TMDCs allow for a substantial n-type doping, such as in MoS,. This has been demon-
strated by Nipane et al. [61], by fabricating n-type (intrinsic) and p-type (through phosphorous
implantation) transistors. Unaltered MoS, flakes exhibited strong electron conduction with an
Ion/Iorr ratio of 10% assumed to be caused by intrinsic sulfur vacancies, while exhibiting a lesser
Ion/Iopr ratio of 10% in the hole transport regime (with a negative gate voltage). A monolayer
MoS, transistor, fabricated by Radisavljevic et al. [62], was shown to achieve values of Ion/Iorr
of 108, compared to transistors made from bilayer graphene [63] which have been reported to
achieve values of up to 100. The low mobilities that were originally found in TMDCs, such as
MoS,, can be readily improved using the sensitivity of quasi-two-dimensional materials to the
environmental changes introduced by substrates or electrodes. Using strong insulating top-gate
“high-x” dielectrics, Radisavljevic et al. showed that MoS,; based transistors have reasonable

1s=1 which compares well to that found in thin

electron mobilities of approximately 200 cm?V~
silicon films [62,/64]. In other experiments, mobilities of carriers in MoS, transistors as high as
700 cm?V~1s! have been achieved with the use of scandium contacts [65]. In work by Wachter
et al. [66], a microprocessor consisting of 115 MoSy-based FETs has been produced, each with
a mobility of ~ 3 ecm?V~1s™! and a Ion/Iopr of 10%. While this shows that monolayer TMDCs

are promising candidates for next-generation microprocessing, the operating frequency of the

microprocessor can be improved significantly with chemical doping [66].

Additional to the desirable transport properties of monolayer TMDCs for logic based applica-
tions, significant work has gone into the development and understanding of the optical applica-
tions of TMDCs, such as in photodetectors. The large direct optical band gap between 1 eV and
2.5 eV found in these monolayers makes them highly desirable for photonic applications that
operate in the visible, near UV, and part of the IR range of the electromagnetic spectrum [67].
This is demonstrated with photodetectors constructed from MoS, that display an exceptional
responsivity to light [68], far exceeding that achieved by graphene based photodetectors at the
time [67]. The strong performance of MoS, in photodetection has been interpreted as originat-

ing from the existence of “band-tail” states, which are localised states close to the conduction
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Figure 2.1: (a) Top view of a TMDC, with transition metal atom M and chalcogen atom X
labelled. (b) In-plane view of TMDC. (c) Top lateral view of TMDC.

or valence band edge which arise from disorder and are associated with a lower mobility by
inducing short-range scattering [69]. As a consequence, the trapping of electrons and holes by

these states results in longer carrier lifetimes contributing to higher photoconductivity [67}70].

In this brief overview, I have introduced the idea that depending on the synthesis technique,
namely mechanical exfoliation and CVD, different concentrations of defects are present in the
resulting samples. While mechanical exfoliation yields high quality samples but is not scalable,
CVD can produce large amounts of samples while introducing a significant concentration of
defects, such as chalcogen vacancies. For any commercial electronic device based on TMDCs,
the usage of scalable techniques are a necessity and hence the study of defects is critical to the
success of TMDCs in such applications. Furthermore, the understanding of their impact on a
materials performance is an important and necessary step to the development of optimised and

efficient nanoscale products like the above mentioned.
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2.2 Properties of Monolayer Transition Metal Dichalco-

genides

In their monolayer form, TMDCs adopt a honeycomb structure, shown in Fig. (a—c), in which
the first site is occupied by an M atom and the second site is occupied by two X atoms aligned
in the out-of-plane direction [53]. In contrast to the weaker vdW bonding holding monolayers
together, strong covalent bonds hold M and X atoms together in the lattice, resulting in
stable few-layer and monolayer samples at ambient conditions [5]. A key property of interest in
monolayer TMDCs, is the large quasi-particle band gap, which can be measured as the energy
needed for an electron and hole to separately tunnel into the material from a scanning tip in
tunnelling experiments [5]. A common technique for analysing transition energies of emission
following the absorption of a photon are photoluminescence (PL) experiments. The absorption
of a photon creates an electron-hole pair which is bound together by the screened Coulomb
interaction in the material [5], while the recombination of an electron and hole results in the
emission of a photon. In PL experiments, the optical band gap is observed, which is the energy
needed to excite an electron from the valence band maximum to the conduction band minimum.
This is less than the quasi-particle band gap by an amount equal to the binding energy of this
electron and the hole it leaves behind. In work by Mak et al. [3], the PL spectrum for monolayer
MoS, shows a single peak (Fig[2.2(a), shown in red) at ~ 1.9 eV, contrasting with the multiple
peaks seen in the bilayer case, the lowest of which being at ~ 1.6 eV. Furthermore, the intensity
of the monolayer peak is two orders of magnitude larger than any of the bilayer PL peaks (not
shown in the normalised PL spectra of Fig . This suggests that the lowest transition energy
is indirect and phonon-assisted in the bilayer [3], whereas monolayer MoS, exhibits a direct
optical band gap of E, ~ 1.9 eV. Monolayer TMDCs have a larger band gap than their bulk
counterparts because of quantum confinement and reduced screening [3]. Quantum confinement
is a phenomenon that causes an electron’s kinetic energy to increase when confined in the out-
of-plane direction on a length scale comparable to or less than its de Broglie wavelength. Two
strong peaks are observed in the absorption spectra of monolayer MoS, (Fig (b), shown

in black), with the lower peak aligning with the optical band gap marked by the normalised
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Figure 2.2: (a) Photoluminescence spectra, normalised by the intensity of peak A, of thin layers
of MoS, for N = 1—6. Mak et al. [3] magnify feature I for N = 4—6 for clarity. (b) Absorption
spectra of MoSs normalised by layer number (left axis, black solid) and the corresponding PL
spectra (right axis, red solid), normalised by the intensity of the peak A [3]. Plots are displaced
for clarity. Reprinted with permission from [3], Copyright 2010 by the American Physical
Society.

PL peak in red [3]. In comparison, the quasi-particle band gap for suspended MoS, has been
determined to be 2.5 eV [71], significantly larger than the optical band gap. Subtracting the
two values gives an experimental estimate for the lowest exciton binding energy of 0.6 +£0.1 eV
in the monolayer system [4]. This is smaller than a binding energy of 0.96 eV that has been

extracted from GW calculations [12].

The band structure of monolayer TMDCs has been both experimentally and computationally
determined via angle-resolved photoemission spectroscopy (ARPES) and density functional
theory (DFT) + GW calculations, respectively. ARPES experiments, performed for monolayer
and multilayer MoSey by Zhang et al. [4], shown in Fig. [2.3(a), demonstrate the primary VB
maximum at a point labelled as K in the first BZ, in the corner of the hexagonal Brillouin zone
(BZ). This is in agreement with ab initio density-functional theory (DFT) shown in Fig. [2.3(b).
When the system was doped with electrons, ARPES measurements found the conduction band
(CB) state near K are occupied, indicating that the direct band gap of MoSe, is at the K point
in the band structure. This is consistent with PL measurements of MoSe, and MoS, by Tongay
et al. |72, which demonstrated large PL at low temperatures that are characteristic of a direct

gap. A secondary VB maximum is found at the centre of the BZ, known as I', which is lower
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Figure 2.3: (a) ARPES spectra of monolayer MoSes along the I' — K direction in the BZ.
and (b) corresponding theoretical first-principles band structure . Reprinted by permission
from , Nature 2014.

in energy than that of the point K. Both Fig.[2.3(a) and (b) show that this maximum exhibits
a much lower curvature than the primary maximum, indicating a significantly higher effective

mass.

The electronic structure of monolayer MoSs, as calculated from DFT, is shown in Fig [2.4(a-b)
without spin-orbit splitting, with orbital contributions from the Mo-d orbitals and S-p orbitals
indicated using coloured markers . DFT calculations of monolayer MoS, in the generalised-
gradient approximation (GGA) by Perdew Burke, and Ernzerhof (PBE) [73], showed that the
dominant orbitals in the characterisation of the low-energy band structure are the 4d-orbitals
on the Mo atom and the 3p-orbitals on the S atom. Contributions to the bands close to the
gap from other orbitals, such as the 4p and 5s orbitals on the metal atom and 3s orbitals on
the chalcogen, were exceptionally small. Furthermore, the direct gap at K/K’ is primarily

characterised by the d,2_,2, dy, and d,2 orbitals making them critical for the determining the

—y2,
low-energy physics ,. This is also the case for WSes, where the orbital composition is shown
in Fig. (d—e). Interestingly, the p.-orbitals on the chalcogen atoms were found to be important

for characterising the secondary CB minima at () and VB maximum at I". Since these orbitals
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play a significant role in the bonding between neighbouring layers in bulk TMDCs, they mediate
the transition to an indirect gap in the multilayer [5]. In addition to orbital characterisation,
first-principles calculations have also indicated the presence of trigonal warping in the CB and

VB extrema at K/K’, where the energy contour plots exhibit a triangular three-fold symmetric

shape, arising from to the coupling between the CB and VB with other remote bands .

(a) (b) (c)

Energy (eV)

Figure 2.4: (a-c) Orbital projected band structures for monolayer MoS, (without spin-orbit
coupling) from first-principles calculations. Symbol size is proportional to its population in
corresponding state. (d,e) Orbital contribution to the (c) lowest energy conduction band and
(d) highest energy valence band [5] of WSe,. (f) Brillouin zone of TMDCs with high symmetry
points indicated and b; and by representing the reciprocal lattice vectors [5]. Republished with
permission of the Royal Society of Chemistry, from ; permission conveyed through Copyright
Clearance Center, Inc.

Another interesting feature of the band structure of monolayer TMDCs that separates them
from other quasi 2D materials is the presence of a significant spin-splitting in some areas of

the BZ. Spin-orbit coupling (SOC) comes as a result of the relativistic interaction between an
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electron’s spin and the magnetic field induced by the motion of the charged nucleus in the
electron’s frame [75]. The VB maxima at K were found to have strong spin-orbit splitting that
is not present in the VB maximum at I". This splitting is seen in both ARPES measurements
and DFT calculations, as shown in Fig. 2.3a) and Fig. 2.3|(b), respectively. For monolayer
group 6 TMDCs, this strong SOC arises from the d-orbitals of transition metal atoms [5]. Due
to mirror reflection symmetry of TMDCs in the material plane, it is such that for every state
with spin-up, there is a state with spin-down that has the same energy. On the other hand,
time-reversal symmetry ensures that states with opposite momentum and opposite spin have
the same energy. Hence, the energy difference between up and down spin is the same at the K
and K’ points but with opposite signs, which is a phenomenon known as spin-valley locking.
Calculations using DFT (GGA) determined a SOC splitting in the VB maximum of 0.146-
0.148 eV in MoS, and 0.425-0.430 eV in WS, which is consistent with the energy difference
between peaks in absorption spectra [75,[76]. Spin-orbit splitting in the CB minimum at K /K’
is significantly smaller, because of the negligible SOC in the d,» orbitals in the transition metal
atom which predominantly characterises the CB at K/K’. In MoS, and WS, this splitting
has been calculated using DFT to obtain 0.003 eV and 0.029 eV, respectively [5]. Since the
contribution from the M-d.2 orbitals to the VB maximum at I" is relatively high in Fig. ﬂ(a, e),
this is potentially the reason for negligible splitting seen in MoSe, ARPES measurements [4].
It can be concluded that splitting in the VBM at K/K’ caused by SOC, cannot be simply

neglected.

2.2.1 Modelling TMDCs with Tight-binding Models

In addition to DF'T calculations, tight-binding models can be used to efficiently calculate the
band structure and are especially useful when dealing with systems of many atoms (on the
order of 10 — 10?) in nanoribbon or supercell calculations, offering a more lightweight alter-
native to the computational demands of ab initio calculations. A number of models have been
constructed for TMDCs, with each having advantages and drawbacks depending on the cho-

sen basis of atomic orbitals [5,6,(77-79]. In the theory of tight-binding models, the overlap
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Figure 2.5: (a) Comparison of the tight-binding bands (red) from reference [6] and first-
principles bands (blue). Republished with permission of the IOP Publishing, Ltd., from @; per-
mission conveyed through Copyright Clearance Center, Inc. (b-d) Tight-binding bands (blue)
for the third-nearest neighbour three-band model in reference [1] compared to first-principles
calculations (red) for (b) MoS,, (c) MoSe,, and (d) MoTe,. Reprinted with permission from [1],
Copyright 2013 by the American Physical Society.

integrals between the orbitals on closely neighbouring atoms are converted into parameters,
through which a formulaic approximation to the band structure of a material is obtained. Of-
ten, these parameters are obtained from ab initio methods such as density-functional theory.
From first-principles calculations discussed in the previous subsection, it is apparent that an
accurate band structure of monolayer TMDCs requires a set of important orbital states from
the transition metal atoms and both chalcogen atoms. Hence, when considering a local orbital
basis of tight-binding models, a significant subset of the outer valence orbitals of the constituent
atoms must be selected such that the model can be sufficiently parameterised to best match

the first-principles band structure.

An advantage of using a tight-binding model with a larger basis of orbitals from all atoms in
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the motif of the lattice, is that the orbital composition of bands in the electronic structure
found from DFT can be more accurately modelled. An eleven-band model of MoS, by Ridolfi
et al. [6] was constructed using the 4d,, 4d,., 4d.,, 4d,2_,2, and 4d.2 orbitals of the Mo atoms
and the 3p, , . of the S atoms in the top and bottom sublayers, and it was shown to successfully
reproduce the orbital composition of the electronic structure at symmetry points, such as the
K/K' points and the I' point |6]. Unlike the K/K’ VB maxima which are mostly characterised
by the d,, and d,2_,2 orbitals, the VB maximum at I" is more complex in its composition, with
the p-orbitals of the chalcogens having a minority contribution in addition to the d.2 orbitals [5].
The bands by Ridolfi et al. are shown in Fig. ﬁ(a) compared to the DFT calculations, and
demonstrate that the fit is reasonably good for the extrema of K/K’. Although the orbital
composition of the states near the I' point is reproduced, a stark contrast in the effective mass
(curvature) can be seen between the first-principles and tight-binding bands. This model also
provided an insight into why the band gap is indirect in the bilayer and direct in the monolayer,
demonstrating that the 4d,>_,» orbitals on the Mo atoms and 3p. orbitals of the S atoms were
responsible for raising the energy of the secondary VB maximum at [ and lowering the energy
of the secondary minimum at ) in the transition from monolayer to bilayer, leading to an
indirect band gap between the T' point in the VB and the @ point in the CB [80]. There
have previous attempts to construct models for a more light-weight approximation to the band
structure, such as one constructed by Rostami et al., which has a seven-orbital basis [79]. This
however, results in flat bands that arise in the band gap which the model is not sufficiently
parameterised to remove, due to the non-orthogonality of the basis and omission of key orbitals

such as the p, orbitals of the chalcogen atoms [6},79].

A tight-binding model by Zahid et al. includes the 4p, 4d, and 5s orbitals of Mo, and the 3p
orbitals of both chalcogens, totalling 30 orbitals with the inclusion of spin-orbit coupling [77].
This exhibits excellent agreement with first-principles DFT calculations performed with the
hybrid functional proposed by Heyd, Scuseria, and Ernzerhof [81]. However, it requires 96 fitting
parameters to construct the model, meaning that along with the large basis size, construction
of a supercell model would be costly and impractical for applications in which more than a

few unit cells are required, such as in defect calculations or transport calculations [6]. From
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the success and failures of these models, it is clear that a trade-off exists between a minimally
complex calculation and exceptional agreement with electronic structure obtained from ab initio

methods.

In calculations where only the bands close to the band gap need to be modelled accurately, the
size of the basis can be reduced significantly. The orbitals d,,, d,2_,2 and d.» on the transition
metal atom demonstrate the strongest contributions to the band structure near the gap, known
as the low-energy band structure as shown in Fig. 2.4(a) [5]. Conversely, the orbitals shown
to be significant in obtaining the indirect gap in multilayer systems, such as the p-orbitals
on the chalcogen, are less important in low-energy calculations of monolayer TMDCs. Liu et
al. [1] used the dgy, d,2_,2 and d,2 orbitals on the transition metal atoms to create a three-band
tight-binding model with up to third-nearest-neighbour hopping. This model was fit to the
DFT (GGA) band structure using 19 free parameters, and was shown to accurately reproduce
DFT bands at energies close to the band gap [1]. The simplified basis means that the model
fails to obtain a non-zero spin-splitting at the CB minima at K/K’ (which is 3 meV). DFT
calculations suggest that this is because the splitting is mediated by the 3p, ,-orbitals on the
S atoms [1]. Fig. [2.5(b-d) clearly shows that this minimal-basis highly parameterised approach
is able to capture the band extrema of all Mo-based monolayer group 6 TMDCs near K/K’,
I' and @ points in the Brillouin zone (BZ), including the effective masses associated with each
extrema. It can be seen from the comparison of Fig. [2.5(a) and (b), that while the model in [1]
is highly parameterised and captures the low-energy bands well, the model in [6] attempts to

use a larger basis to capture the form of higher energy bands as well.

The tight-binding models discussed in this subsection highlight that in order to achieve accuracy
and good agreement with first-principles methods across many bands, a large basis and large
number of parameters are required. However, this can be costly to compute for supercell or
nanoribbon forms of the tight-binding model, a problem which can be addressed by reducing
the basis of orbitals used. However, by including subsets of local orbitals on each of the atoms
in the unit cell, it is likely that errors in higher-energy bands from an incomplete basis choice
can limit the accuracy of the fitting of low-energy bands to first-principles calculations. In

the study of defects on monolayer TMDCs, the low-energy region of the band structure is the
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most important region to accurately approximate, since the in-gap states are a common feature
in defect calculations. Hence, models that can minimise the basis, omitting superfluous local
orbitals, but provide a good numerical representation of the low-energy band structure, are an
ideal means of capturing the properties of large enough systems that can approximate isolated
defects. Of the various models presented here, these conditions have been best achieved by Liu
et al. [1], devising a highly parameterised tight-binding model with only three orbitals in its

basis.

2.3 Charged Defects in Transition Metal Dichalcogenides

Observed in Experiments

Since the discovery of monolayer TMDCs, many experimental and theoretical groups have been
trying to understand the plethora of point defects that can either arise in or be successfully
added to monolayer TMDCs. Many point defects in these materials contribute to properties
in the form of scattering centres and dopants [82], and much effort has been invested into
the introduction of defects to these systems in order to study changes in observable quantities.
This includes photoluminescence (PL) where optical resonance peaks are observed in addition to
those known to be associated with the pristine system, and in scanning tunnelling spectroscopy
where peaks are seen within the electronic band gap. Here I will outline several instances of

observations of charged defects in TMDCs as seen from tunnelling experiments.

As mentioned, one of the most common intrinsic defects in monolayer TMDCs are chalcogen
vacancies, which have been shown to act as electron donors in MoS, [58]. In addition to the
many intrinsic defects that are present in TMDC materials, atoms can be introduced to the
system through chemisorption, as an attempt to dope the system and engineer the electronic
structure of 2D TMDCs. This has been performed with a variety of adsorbate candidates
on molybdenum disulfide (MoSs), including potassium adatoms which were shown through
XPS to exhibit electron transfer to the system, resulting in n-doping [83], and sodium atoms

which were also shown to behave as donors through an upward shifting of the Fermi level
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Figure 2.6: STM images of defects found on MoSs: (a) Vias = —300 mV images of dark halos
around bright defects. (b) Vias = —20 mV and (c) Vias = —150 mV image of bright cluster
defect with some depression. (d) Vias = —200 mV image of two structured bright defects.
(€) Vhias = —1 V image of shows ring-structured defect signatures. (f) Vias = +50 mV image
of bright defects resonances [7]. Reprinted with permission from [7], Copyright 2015 by the
American Chemical Society.

seen in photoemission spectroscopy [84]. When carriers are excited from their dopant atoms
into either the conduction or valence band, this leaves behind an unscreened charge. Hence,
when considering doping strategies or intrinsic carrier concentrations, an understanding of how

charged defects modify the electronic structure in monolayer TMDCs is important.

Tunnelling experiments, such as scanning tunnelling microscopy (STM), are a commonly used
and insightful way to observe the local density of states in the vicinity of defects. STM operates
by passing electrons through a tip into an underlying material sample via quantum tunnelling,
which is biased using a tunable voltage to probe either above or below the Fermi level [35].
Through this operating principle, one can image the surface of the material in terms of the
number of occupied or unoccupied electronic states depending on whether the bias voltage is
negative or positive, respectively, or scan over a range of bias voltages at a particular location
to obtain the density of states of the material. This has been performed by several groups, such

as in work by Addou et al. [7], where molybdenum disulfide (MoS,) crystals were exfoliated
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and analysed at the (0001) surface level, which can provide insight into the behaviour of defects
in the monolayer form. The STM images are shown in Fig [2.6, and demonstrate that defects
can be identified electronically by localised patterns dispersed across the surface of the sample.
In Fig[2.6{a) and (f) the bias voltage is negative, probing regions near the valence band, and
demonstrates the existence of localised bright spots surrounded by dark halos, which appears
for some defects and not others as seen in (b). While the bright spots may correspond to
clusters of defects and a variety of chemical states, the dark regions are characteristic of electron
depletion caused by a downward bending of the bands from the effects of Coulomb impurities
(the effects of the scanning tip were excluded as a possibility) [7]. They propose that the cause
of the electron depletion is Coulomb repulsion from a negatively charged S atom or impurity [7].
When a positive bias is applied to the sample, probing closer to the conduction band as electrons
are biased to tunnel into the sample, it is found that a series of bright spots appear as seen
in Fig [2.6{f). Here, the dark halos are not present and bright spots are instead seen spanning
several nanometres, which have been attributed to donors in the chalcogen layer of the MoS,

surface [7].

STM analysis has also been performed recently by Edelberg et al. [§] on naturally occurring
MoSe, crystals. At a positive bias voltage, STM images of defects in these materials appear
clearly in Fig. [2.7|(a) as localised bright spots with radii on the nanometre scale, and dark spots
on the same length-scale. The bright spots have been identified as single chalcogen antisite
defects, as seen in Fig. 2.7(b), and the dark spots have been identified as metal atom vacancies,
as seen in Fig. (c) These two defect species accounted for the majority of defects observed
in the MoSe, sample, with chalcogen vacancies being two orders of magnitude less numerous
than their antisite counterparts [8]. To complement the STM images, spectroscopic tunnelling
data in Fig. 2.7(d) and [2.7(e), corresponding to the chalcogen antisite and metal atom vacancy,
respectively, reveals further insight into the electronic nature of these defects, through analy-
sis of the band-bending that takes place. In Fig. 2.7(d), the STS data demonstrates a broad
resonance near the conduction band which shifts closer to the chalcogen antisite defect, identi-
fying a band-bending most commonly associated with donors. For the metal atom vacancy, the

STS reveals a localised state close to the valence band that shifts with distance to the defect,
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Figure 2.7: High-resolution STM images of MoSes at Vi = 1.25 V, (a) both kinds of dominant
defects (b) a single chalcogen antisite defect, and (c) a single metal vacancy defect.

dVbias
obtained at various distances from a (d) chalcogen antisite and (e) single metal vacancy. (f)

STEM imaging of metal vacancy defects [8]. Reprinted with permission from [8], Copyright
2019 by the American Chemical Society.

indicating bending in the opposite direction and being consistent with acceptors [8].

From these two examples it can be seen that some defects in bulk crystals or few-layer samples,
such as vacancies and antisite defects, can dope the system, which is verified by band-bending
in tunnelling spectra. Along with the spatial extent of this band-bending, these features are
characteristic of local Coulomb impurities. While it is informative to interpret the tunnelling
spectra of these few-layer/bulk systems in the context of charged defects in the monolayer
forms, on account of their similar band structure and identical chemistry, there will be some

differences that are important to consider. As well as a larger, direct band gap, STM of
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(a) (b)

Figure 2.8: STM images of n; and ny defects on a 22 x 22 nm? with (a) Vi.s = —1.0 V, and
(b) Viias = 1.0 V. (¢) STM image of ny defect a 12 x 12 nm? at Vijos = —1.0 V ﬂgﬂ Reprinted
with permission from [@ﬂ, Copyright 2020 by the American Chemical Society.

monolayers will show shifted shoulders in the density of states due to the shift of the secondary
valence band extrema, caused by the increased quantum confinement. Recent work by Blades
et al. [9] demonstrates the results of STS/STM measurements on defects that are thermally
created in monolayer WSey. The observed defects are labelled by their electronic and structural
features, as ny, ny and p;, and are identified as being an n-type, an n-type and a p-type dopant,
respectively, in the WSe, monolayer [9]. The STM image of these defects in Fig. [2.§(a) shows
that at negative bias voltage (-1.0 V), the defect labelled by p; shows an extended localised
state associated with acceptor defects, while in Fig. [2.8(b) the application of a positive bias (1.0
V) shows that the defect exhibits a dark region. The defect species labelled as ny also shows a
localised resonance at negative bias (Fig. [2.8(a)), but demonstrates downward bending of the
conduction band [9]. The defect species n, is identified as a donor defect and exhibits a charge
depletion region in Fig. [2.8(c) for negative bias (-1.0 V), characteristic of band-bending of the
valence band from the Coulomb potential associated with a bare donor ﬂgﬂ As with the study
on bulk TMDC surfaces, this dark halo is indicative of a chemical state surrounded by charge
depletion. Generally, in this high temperature study where the additional carriers are unbound
from their dopant atoms, the charged nature of the defects is revealed. Subsequently, shifts
of the conduction or valence band edges are observed in the STS measurements, and localised
states with a spatial extent on the order of nanometres are imaged in the STM measurements.

It should be noted that STS and STM do not necessarily identify the chemical nature of the
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defects, which can be deduced in combination with input from other techniques such as X-ray

photoelectron spectroscopy.

In summary, the observations in this section indicate that charged defects associated with
dopants commonly present themselves in scanning tunnelling experiments as either bright
nanometre-scale resonances or dark wells with an optional cluster spot in the centre, depending
on the bias voltage and the electronic nature of the defect. It is seen that for donor defects,
large positive biases that probe close to the conduction band show the defects as bright spots,
and show as dark regions of electron depletion for negative bias voltages close to the valence
band. The situation is reversed for acceptors, and these patterns are seen for both monolayer
and surfaces of bulk crystals of TMDCs. While some aspects of these defect signatures can
be explained through local band-bending by a Coulomb potential, an understanding of the

mechanism by which such large bright spots manifest is currently unclear.

2.4 Modelling Defects in Two-dimensional Materials

2.4.1 First-principles Methods

Defects in two-dimensional (2D) materials, such as in graphene or in TMDCs, have been of
significant interest over the last decade. The adsorption of metallic atoms on graphene is a
promising approach [86] to defect engineering, as first-principles studies have indicated that the
choice of adatom results in a diverse range of effects on graphene’s electronic structure [86,87],
offering insight to the potential applications of graphene in transport experiments. However, for
applications in logical electronic devices, the zero band gap of graphene is a strong hindrance
[59]. On the other hand, as previously seen, the direct band gap in semiconducting monolayer
TMDCs is believed to be a promising platform for nanoelectronics [48,59]. The role that
defects play in experimentally observed properties of TMDCs, and their potential application
for optimising these materials for nanoelectronic devices, has been studied only within the last

decade.
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First-principles density functional theory (DFT) has been a widely-used tool for studying the
interaction of adsorbed atoms and molecules with TMDCs, yielding important material-specific
insights about adsorption geometries and adsorbate binding energies [48|83}[88-90]. It is found
that across these studies, trends exist between the groups of adatoms in the periodic table and
their most energetically favourable bonding site on TMDCs. Atoms from groups 1-3, such as
lithium or calcium, prefer to adsorb to the site directly above the transition metal atom [8§]
(M-site), and atoms from groups 5-7 favour the site above the chalcogen atoms [88,89] (X-
site). They also conclude no discernible trend in this respect for group 4 atoms or transition
metal atoms. An important quantity when studying impurities in semiconductors is the charge
transfer that occurs between the adatom and the 2D material upon adsorption. Significant
charge transfer has been found to occur for most types of adatom due to the redistribution of
the electron density near the bond between the adatom and 2D material [91]. These studies
determine the charge transfer for various adatoms, which can be done by either partitioning
the total electronic charge density [48,83,86] or by studying the partial Kohn-Sham density of
states [86,91]. Charge transfer between adatoms on TMDCs, mainly MoSs, has been determined
in first-principles studies with notable trends between some adatoms from groups in the periodic
table and the sign of the charge transfer. For example, calculations have shown that atoms
from group 1 act as donors [89], transferring significant charge to the MoSs sheet, while atoms
from groups 5-7 behave as slightly less effective acceptors. In work by Rastogi et al. [88], they
find distinct differences in the effects on the electronic structure between group 1-2 and group
3, namely that group 3 adatoms result in in-gap donor states close to the conduction band

minimum, while group 1-2 do not despite similar estimations of charge transfer to group 3.

While the first-principles approach to studying adatoms on TMDCs gives a qualitative descrip-
tion of the bonding that takes place, there are several limitations of the methods used for this
analysis. Firstly, the supercells used for such calculations are severely limited by the poor
system-size scaling of DFT, scaling with number N of atoms as O(N?). For example, Rastogi
et al. [88] used a 3 x 3 unit cell, which had images of the defect in neighbouring supercells being
separated by less than 10 A. In 2D materials, adatoms strongly alter electron-electron interac-

tions through a long-range weakly-screened Coulomb potential, which typical DFT supercells
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cannot fully capture [91]. This has been observed in scanning tunnelling spectroscopy (STS)
performed for Coulomb impurities on graphene [92], showing that the defect states associated
with adatoms can extend up to 100 A. While these systems are distinct from graphene, the 2D
nature of these materials means that the electric field lines emanating from the impurity can
leave the plane and avoid the screening charge, similarly resulting in weakly screened poten-
tials [50]. Secondly, first-principles studies of adatoms on TMDCs are also limited in accuracy
when discussing the charge transfer from adatoms. This can be clearly seen in the discrepancy
between charge transfer obtained from different studies of the same system [48|83,188/89]. Var-
ious techniques can be used for determining charge transfer, such as Bader’s method [93] or
Mulliken population analysis [94], which both involve the partitioning of the total electronic
density. Despite the success of these methods for qualitative comparison amongst adatoms, the
calculation of transferred charge by studying spatial electron densities with DFT, is ambiguous
as there exists no definite dividing line to separate the TMDC+defect system [86,95]. As an
added complication, even DFT with the ideal exchange-correlation functional is only capable of
accurately determining the total ground-state density, and not individual parts, which further

highlights the arbitrariness and ambiguity of some of the practical definitions of charge transfer.

2.4.2 Tight-binding Methods to Model Charged Defects in TMDCs

Some recent studies of defects on 2D materials have been performed with the use of tight-binding
models. This has been performed for MoS, by Salehi et al. [96], using a Hamiltonian with a
basis set containing s, p, and d orbitals from the M and both X atoms in the unit cell, which
results in a 27-band model. They use supercells with sizes up to 11 x 11 to simulate vacancies
in the system by removing an atom from the model, finding vacancy defect states arising in
the band gap [96]. For Mo atom vacancies, they found acceptor behaviour, while they found
donor behaviour for S atom vacancies. They show that a 5 x 5 supercell is sufficient to prevent
vacancy-vacancy interactions, and this leads to convergence of the energy of the defect state.
While the energy of vacancy defect states may converge for such supercells, the convergence

of the density of states to that of the infinite system of TMDC+defect is not apparent, which
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arises due to the orbital characterisation of the band extrema by the 4d-orbitals of the M-
atoms. This means that even for a large basis of orbitals in the unit cell, the low-energy band
structure of this system is inefficiently modelled, since the basis contains many orbitals that
are unnecessary for constructing the band extrema. Additionally, unlike for the case of vacancy
defects with strong local potentials, the accuracy of electronic structure calculations performed
with these supercell sizes will be limited for shallow defects, where the excess charge can be
notably less than the electron charge and the localised states extend much further from the
defect [91]. However, this demonstrates the computational efficiency of such electronic structure
calculations for defect states, relative to DFT, and holds great promise for use in the study of

other species of defects on TMDCs.

Corsetti et al. [91] developed a multi-scale method for studying calcium adatoms on graphene
which accounted for the long-range extent of both the electrostatic potential associated with
defects, and the resulting bound states of the system. In this framework, linear-scaling DF'T
was used for a calcium adatom on a 56 x 56 graphene supercell, from which the screened
potential of the defect was extracted as a local average around each carbon atom in the sys-
tem. This was used to parameterise various local screening models of the potential, namely
the linear and non-linear Thomas-Fermi approximation, which provided a value for the effec-
tive charge transfer Z, and the chemical potential u. The aim of this parameterisation of the
continuum potential, was the long-range extrapolation of the form of the defect potential ex-
tracted from linear-scaling DFT. Secondly, a large-scale tight-binding model of graphene that
extends over tens of nanometres was constructed, in which the continuum defect potential was
applied as an on-site term in the Hamiltonian. This approach allowed a comparison to be
made between simulated local density of states and the dI/dV found in scanning tunnelling
experiments [92]. A benefit of using this multi-scale method for calcium adatoms on graphene
opposed to using DFT alone |86] was the minimisation of the effects of the periodic defect
images in neighbouring supercells. Near the Dirac point of graphene, this prevented the pres-
ence of electronic states that spatially occupy regions equidistant from neighbouring defects,
known as impurity-impurity bonding states, which is a common problem in ab initio studies

of charged defects [97]. Additionally, the calculation of the charge transfer from adatom to 2D
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materials is determined from the parameterisation, and is free of the ambiguity associated with
charge-partition methods such as Bader’s method [93]. In the absence of explicit doping of the
system, the Thomas-Fermi approach used in the work would reduce to the random-phase ap-
proximation (RPA) in graphene, for which the dielectric function is widely known in the linear
band approximation [91]. This method of defect potential 4 large tight-binding model could be
readily applied to a 2D semiconductor in which the doping by the impurity itself does not con-
tribute to a significant carrier population, by determining a dielectric function within the RPA

without linear response terms for carrier concentrations such as in the Lindhard model [98].

There is still much to understand about the general properties of TMDCs with adsorbates, such
as the binding energies of bound states and the changes to the absorption spectra. While ab
initio methods, such as DFT, provide a more accurate chemical description of a charged defect,
the poor scaling of the method renders it less effective at fully utilising that accuracy for the
purpose of determining its electronic structure. The current state of the field has provided
insight into the need for computationally efficient methods for these systems that span large
distances, in order to more accurately capture the effects of an isolated defect. Previous work
on the effects of adsorbates on graphene has highlighted the success of a tight-binding approach,
indicating that similar techniques should be considered for TMDCs. Such an approach, not
directly pursued before, is useful for capturing the long-range properties of isolated defects
and their experimental signatures. Work in this thesis attempts to address this gap in the
understanding of adsorbates on TMDCs, in order to give an accurate picture of changes to

electronic structure and optical properties such as absorption spectra.

2.4.3 Treatment of Screening in TMDCs

In order to apply the ideas implemented by Corsetti et al. to the novel electronic structure of
defects in monolayer TMDCs, I will briefly review methods to capture the non-linear screening
present in these materials. In this framework, an understanding of the screening in these
materials is essential for predicting the electronic structure of charged defects in TMDCs. There

are multiple approaches for approximating the screening, and in this subsection I will specifically
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discuss the use and development of two approaches: The Keldysh form of the screening, which
pertains more to a continuum treatment of the system, and through first-principles calculations

on the atomic scale using the random-phase approximation (RPA).

Often, a quantum mechanical description of the screening is not necessary for the purpose of
modelling sufficiently weak potentials in thin film semiconductors, and a long-wavelength con-
tinuum theory can adequately provide a model of impurity states or excitons in such materials.
Keldysh [99] (and Rytova a decade prior [100]) devised a screened Coulomb interaction in thin
film semiconductors (and semimetals) using an electrostatic approach, by considering a region
of space with thickness [ and dielectric constant €, sandwiched between a substrate with con-
stant €; and a medium of dielectric constant e5. The expression for the potential experienced

between two electrons, at out-of-plane positions z and z’, in this medium is then given by:

2 [ e (L) o 8]
(

2.1
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where 7; = %ln <i—z> Keldysh uses several assumptions to reach an expression for a simple
screened potential, by first assuming Vieq is independent of z, 2/, and focusing on the region

where |[k|l < 1, so to be able to expand the hyperbolic functions in Eq. (2.1)):
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where it is also assumed that €; 2 < €, as well as that [ is smaller than the effective Bohr radius

ag = hi@. In Eq. |) ‘H and N; are the Struve function and zeroth Bessel function of the

m

second kind, respectively. This results in the effective Keldysh dielectric function [99):

€1+ €
e(g) = —5— +70t; (2.3)
where rg = % is the effective scale length of the screening. This simple formula can accurately

capture the long-wavelength screening of many 2D semiconductors. In the long-range limit,
this converges towards a Coulomb potential screened by the average dielectric constant, as

is expected for quasi-2D materials and thin films. In the short range, the screened potential
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scales logarithmically and is not typical of screening in semiconductors, in which the dielectric
function converges to unity as the charges get closer together. This short range behaviour is
expected for a dielectric function that diverges linearly with the wavevector, since it does not

accurately capture the behaviour of the screening at large values of q.

The Keldysh potential has been successfully used in the application of several 2D semiconduc-
tors. The ab initio dielectric function of freestanding transition metal dichalcogenides (TMDCs)
compares very well to the linear form at small values of the wavenumber, finding ro = 35 A for
MoSs [10]. This can be further applied to quickly and efficiently calculating binding energies of
excitons in monolayer TMDCs as well as for localised three-particle excitations, known as trions,
representing the electron-hole interaction in a variational model with the Hamiltonian [101]:

2%\ 72
g PV
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where 4 is the reduced effective mass of the electron-hole pair. When the electron-hole sep-
aration is long-range, such as in 2D materials with sufficiently weak screening, the Keldysh

potential can in some circumstances approximate the interaction well.

In the random-phase approximation (RPA), the electrons are approximated as only interacting
through the Hartree potential. Work by Qiu et al. [10] applied the RPA to the screening of
monolayer MoSs; and outlined computational challenges and key features of convergence with
respect to the calculation of the dielectric matrix 5(_;10,'((1)- This first involved performing DFT
calculations on a periodic system which, despite approximating the electronic system of a 2D
material, was calculated for a 3D periodic system. In plane-wave DFT software packages,
periodicity in all three directions must be maintained, and hence in order to simulate a 2D
system, one must separate consecutive layers by a large enough distance L, such that electrons
situated on two neighbouring periodic layers do not interact. This turns out to be on the order
of 10 Angstroms. A caveat of this approach is that the number of G ~ L% vectors required
to converge the system, which correlates to the number of unoccupied bands required for the

calculation, increases substantially. The convergence of egg/(q) with increasing L, is slow,

and results in very inaccurate values for small ¢. A method around this is to incorporate a
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Figure 2.9: Comparison of the effective 2D dielectric function found from Eq. (3.19) (red) with
the screening obtain from the Keldysh formalism in Eq. (black), in (a) real-space and (b)
reciprocal-space [10]. Reprinted with permission from [10], Copyright 2016 by the American
Physical Society.

truncated form of the Coulomb potential into the calculation of the screening, developed by

Ismail-Beigi [102], which takes the form of:

2 qry Lz ZLZ
Vtrunc (@) = - [1 — e cos (q )] : (2.5)

N 50q2 2

where ¢, = \/quq; For large values of ¢, corresponding to shorter distances in the mono-
layer, the second term in the square brackets in Eq. vanishes, retaining the 3D interaction
between electrons across distances similar to the lattice parameter. However, from Eq. it
can be seen that for small ¢, and ¢, in turn corresponding to significantly larger distances on
the order of L., the term in square brackets can be expanded and reduced to approximately
%. This gives the Coulomb interaction purely 2D properties when considering interactions

between monolayers and permits the use of reasonably low values of L, for the same accuracy
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in egq ().

From the inverse dielectric matrix egq/(q), one can extract an effective dielectric function
€9p(q) which gives a measure of the screening between two orbitals in the plane of the material.
This is further demonstrated by Qiu et al. |10], where the interaction between two orbitals in

the Mo layer is represented by:

Wij(si,85) = /d253 [e30]ij(s1,83)v(|s3 —s2]) = /drldrz pi(r1 —s1)W(ry,ra)p;(ra —ss2), (2.6)

where p(r) is the electronic density and W(r,r’) is the screened interaction. When Fourier-

transformed, this allows us to write an effective 2D dielectric function:
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where in the second line, the electronic density of orbital i is approximated as p;(r; — s;) =
d(r; — s1) and the orbital indices are dropped. This formula essentially provides the ratio

between the screened interaction between two points in monolayer MoS,; and the bare Coulomb

potential, in line with the definition of Eq. (3.19).

Fig. [2.9) shows a comparison of the two approaches to modelling the screening in thin-film
systems in Eq. and Eq. (2.3), with (a) in real-space and (b) in reciprocal-space. This
demonstrates good agreement at small wavevectors corresponding to distances on the nanoscale,
which is consistent with continuum nature of the Keldysh formulation. Disagreement is ob-
served in Fig. [2.9(a) beyond approximately 1 nm, where the dielectric function obtained from
first-principles dips below the approximation by Keldysh. This likely arises from the uncer-
tainty of the linear fit in Fig. [2.9(b) near ¢ = 0 with the ab initio dielectric function, since
the data in this region does not perfectly conform to a straight line. This means that while
estimates of ry in the Keldysh dielectric function for MoS, lie somewhere close to 40 A, the
exact value depends on how the line fitting is performed. It can also be clearly seen from the

real-space dielectric functions in Fig. [2.9(a) that the Keldysh function yields unphysically large
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values of the screening at small distances, whereas the ab initio RPA dielectric function returns
to unity as expected. This is a reflection on the approximations made to simplify the Keldysh
integral to the quotient of the Coulomb potential and a linear dielectric function, as well as a

lack of any quantum mechanical description of the system at short-range.

2.5 Optical Properties of Monolayer TMDCs

While the electronic properties of charged defects in monolayer transition metal dichalcogenides
(TMDCs) are important in many applications, the effect that charged defects have on the
interaction of fabricated TMDC samples with incident light is crucial to many experiments
and devices. Modelling and understanding the excitation of an electron by light requires a
description of excitons, which form as a result of the screened Coulomb interaction between
an electron and a hole. The reduced dimensions and large band gap in monolayer TMDCs
means that such interactions are long-range, unlike many three-dimensional semiconductors.
This makes the behaviour of excitons in monolayer TMDCs a topic of great interest. Over the
last decade, much academic work has gone into understanding excitons in these materials, but
there is a gap in current understanding of how the presence of charged defects can change these

intriguing properties.

2.5.1 Excitons in Pristine Crystals: Theory and Experiment

Excitons are bound states of the quasi-particles formed when light is imparted onto a material,
emerging from the mutual Coulomb attraction between an electron excited into the conduction
band from the absorption of light, and the corresponding hole that is left in the valence band

upon excitation. Their mutual attraction can be described by the Hamiltonian [103]:
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where E, is the band gap, Vi is the screened interaction, p;, m;, r; are the momentum, mass
and position, respectively, of electrons (i = e) and holes (i = h). In the basis of the centre-of-

mass motion R and the relative motion r, this is described by the expressions:

r—r, -1 R:W—mesz%r, rh:R—%r, (2.10)

where M = m, + my,. Substituting this into the Hamiltonian and using p = hk, one obtains

[103]:
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where p = <7 and —iV has been used as the real-space operator of k. The last term in

H._j, vanishes for direct transitions with @ = |Q| = 0. It should also be noted that the
momentum of the hole p, has an opposite sign to that of the valence band electron that
it replaces, while the position of the hole has the same sign as that from the corresponding
valence band electron. In the case of monolayer TMDCs, this resembles the 2D hydrogen
model more closely in energy level multiplicity and ordering, while deviating significantly from
the analytic solution on account of the unique dielectric screening present in the material.
The interaction between an electron and hole consists of a direct component and an exchange
component. The direct interaction is primarily associated with the electron and hole charge
distributions, being dictated at long-range by the envelope function of the electron-hole pair,
whilst being determined at short range by the Bloch functions of the material which vary
uniquely at the Angstrom-scale [104]. The exchange interaction however, is a consequence of
the Pauli exclusion principle combined with the requirement for the many-body wavefunction to
be anti-symmetric. The combination of opposing spin wavefunctions in the Coulomb integral
accounts for the indistinguishable nature of electrons in the many-body wavefunction. This

interaction energy tends to be an order of magnitude smaller than the direct interaction and is
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Figure 2.10: Imaginary dielectric function obtained from optical reflectance experiments by Li
et al. for (a) MoS,, (b) WS, (c) MoSes, and (d) WSe, on silica substrate. Reprinted with
permission from [11], Copyright 2014 by the American Physical Society.

a short-range interaction |104].

The weaker dielectric screening effect that is present in monolayer TMDCs, compared to in
3D bulk semiconductors, results in a stronger Coulomb interaction between electrons and holes
which leads to large exciton binding energies ,. This has been shown in work by Li et
al. , by extracting the imaginary part of the dielectric function through optical reflectance
measurements for a handful of monolayer TMDCs (MoS,, WSs, MoSes, WSey) on fused silica
substrates. This demonstrated that for these TMDCs, peaks appear at photon energies several
hundreds of meV below the value of the quasi-particle band gap, which for MoS, on fused silica
is found to be approximately 2.5 eV, and approximately 2.7 eV for WS, on fused silica .
The lowest of the peaks corresponds to the optical band gap. The energy peaks in the imaginary

part of the dielectric function appear to come in a pairs, more closely spaced in the case of the
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Figure 2.11: Absorbance for MoS, using ab initio GW calculations for (a) without and (b) with
the inclusion of broadening from the quasi-particle lifetimes [12]. Reprinted with permission
from [12], Copyright 2013 by the American Physical Society.

Mo-based TMDCs. These are referred to as the A and B excitons, and arise because of the
strong spin-orbit splitting in the monolayer valence bands. This is known by comparing the
separation between the A and B exciton to the spin-orbit splitting present in ab initio models
or from ARPES [11}{104]. This double peaked feature in the reflectance has also been observed
in other work [106]. The presence of two excitons with sizeable binding energy is also found
when performing ab initio calculations. Calculations of the absorption spectrum and exciton
resonances using the GW method demonstrate how the weak screening in the material gives
rise to larger binding energies [12]. These calculations are shown in Fig. 2.11|(a), where as well
as the A and B exciton peaks of monolayer MoS,, additional peaks are found in the band gap
region that were not observed in experiment. This discrepancy is resolved when the broadening

from quasi-particle lifetimes is included in the absorption spectrum, as seen in Fig. 2.11{(b).

In TMDCs, the extent of the exciton wavefunction is on the order of several nanometres,
with binding energy significantly less than that of a hydrogen atom, which is known as being
within the Wannier-Mott regime [104]. This is as opposed to the case of Frenkel excitons
which have extents on the scale of the lattice parameter. Another unconventional property of
TMDCs with respect to bulk semiconductors that manifests itself in the optical properties, is
the large effective mass of the valley extrema (~ 0.5mg, where my is the free electron mass).

In a simple positronium model (electron + positron in free space) model for excitons in 2D,
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the lowest energy is proportional to the reduced mass mym_/(my + m_), where m is the
electron/hole mass (which for positronium, has my = mg). This reduced mass in TMDCs,
which evaluates to about 0.25my, contributes to the unusually large binding energies of excitons.
In the ab initio study of the optical properties of TMDCs by Qiu et al. [12], the character of the
excitons is analysed and were compared to the bound states of the screened two-dimensional
hydrogen model. The excitons corresponding to A and B resonances exhibited similar localised
wavefunctions with a root mean square radius of 1 nanometre [12]. The A and B excitons were
found to be doubly degenerate, because of the spin-valley locking present in the Brillouin zone,
such that transitions for spin up electrons at K are identical to spin down electrons at K’ |104].
Additional exciton states were observed between the B exciton and the quasi-particle band
gap energy, which are labelled in Fig. [2.11a) as A" and B’. These were found to be six-fold

degenerate, and corresponded to 2s/2p states at the K/K' points in the BZ [12].

In addition to ab initio efforts to calculate properties of the excitons in monolayer TMDCs, tight-
binding models can provide a quick and efficient means of describing the behaviour of excitons.
In work by MacDonald et al. |[107], the Bethe-Salpeter equation was solved for a simple 4d-
orbital tight-binding model to obtain exciton binding energies of MoS, on SiO, substrate, which
agree with experimentally obtained values. In contrast to Qiu et al. [12], in which the GIW
calculations provided an accurate picture of the screening through the dielectric matrix of MoSs,
the screening was modelled using the Keldysh function. The inability of the two-dimensional
Keldysh-screened Coulomb potential Vg, given as a function of position R, to accurately capture
the electron-hole interaction at sub-nanometre scales was avoided through the truncation of the
interaction. For R = 0, MacDonald sets the value of the interaction to be UVR—, where a is the
lattice parameter and U is an adjustable parameter that accounts for the screening of on-site
potentials by remote bands, which takes unit value for the calculation (despite an uncertainty
on its actual value). The optical conductivity from this approach exhibits similar features to the
absorption obtained from both GW calculations and reflectance experiments, namely a strongly
bound exciton with binding energy on the order of a few hundred meV, and two dominant peaks
at the lowest part of the spectrum corresponding to the A and B excitons [107]. Overall, it can

be seen that such a technique is capable of modelling optical properties of monolayer TMDC
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systems with significantly less computational cost than ab initio GW calculations.

2.5.2 Defect-induced Optical Properties of Monolayer TMDCs
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Figure 2.12: (a) PL intensity at 0, 20 and 30 seconds of plasma argon bombardment. (b)
Spectral weight of the defect bound excitons Xp, neutral excitons Xy and charged excitons Xy
as a function of exposure time. (c¢) PL intensity as a function of Raman shift. (d) Normalised
PL as a function of photon energy absorbed. (e) Spectral weight of the defect bound excitons
Xp, neutral excitons Xp and charged excitons Xr, as a function of laser power . Reprinted
with permission from , Copyright 2015 by the American Chemical Society.

Point defects in the TMDC crystal can act as traps for excitons, which lead to light emission
at energies lower than the optical band gap [72]. In work by Chow et al. [13], monolayer MoS,
and WS, were bombarded via argon plasma treatment over time, and the photoluminescence
(PL) of the sample was measured. The bombardment caused vacancy defects which resulted
in doping when exposed to air, causing a rise in the defect population over time. The PL
exhibits a very strong peak occurring at time ¢ = 0 s corresponding to the first excited state
of neutral excitons that occur in the pristine system, labelled at Xy. Additionally at ¢ = 0
s, a peak (labelled as X7) forms that corresponds to charged excitons, known as trions, that
are known to occur in heavily excited systems and doped systems. Over time (Figure 2.12(b))

during the plasma treatment, there is a period where the spectral weight of the Xp peak is
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minimal, while a conversion occurs from trions (X7) to neutral excitons (Xo) [13]. After 15
seconds of bombardment, the weight of the Xp peak rises, while X1 continues to fall, and
Xo drops significantly more. This indicates a regime in which conversion occurs from neutral
excitons (and possible charged excitons) to the defect bound excitons that arise because the
hole is heavily localised to the defect atom. It was deduced from comparison to studies of the
defect free sample, that the Xp peak arises from the bombardment of TMDCs causing radiative

defect states that trap excitons [13].

In the work of Tongay et al. [72], MoSs, MoSe, and WSes were irradiated with alpha-particles
(He?T) to attain desired concentrations of point defects at 5x 10 cm™2 and 8x 10 cm™2, in the
presence of Ny gas. Similarly, they observe transitions from charged excitons to neutral excitons,
which is explained as resulting from the charge depletion associated with the irradiation. The
interaction of Ny with the defect sites causes this charge depletion, which stabilises the neutral
excitons and destabilises the trions [72]. As the defect concentration is enhanced by irradiation,
the authors observe that a peak occurs with lower energy than both the charged and the neutral
excitonic resonances, attributed to the radiative recombination of excitons that are bound to
the created defects. The origin of these defects is inferred to be the interaction of defect sites
with the Ny gas because the observed bound excitonic resonances vanish upon purging of the Ny
gas [72]. The Ny, inert in the absence of vacancies in the TMDC, interacts with the chalcogen
vacancies caused by irradiation, resulting in a small charge transfer from the TMDC to the Nj.
The discrete defect states that arise from this interaction (which the authors have determined
using supplementary first-principles calculations), are believed to be the source of multiple

transitions to/from the conduction and valence bands near the band gap of the TMDC [72].

In these experiments, different conclusions have arose when deducing the origin of the low-
energy excitonic resonances that occur in the PL spectra. While the work of Tongay et al.
(vacuum + Ny) suggests possible transitions between defect states, Chow et al. (ambient air:
O,, No, HyO etc) suggest that such transitions are not occurring in their experiments, while the
strong defect potential traps the excitons. Both observe the conversion between charged and
neutral excitons, indicating that the interaction with surrounding gas acts to dope the system,

depleting charge. Although these two effects could arise from different sources of point defects,
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the effects of the nature of the charged defect may prove to be interesting in the discussion. With
different interacting chemicals, the charge transfer may differ between defect species, resulting in
transitions to/from defect states that play roles of different importance in the optical spectrum.
Thus, a greater understanding of how charged defects interplay with the excitonic features will
provide insight to groups that observe such phenomena in PL experiments. This motivates
study of how the optical absorption and binding energy of the excitons are modified by the

external field caused by a charged defect.



Chapter 3

Methods: Monolayer TMDCs

In this chapter, I will discuss the techniques used in my work to gain a deeper and clearer
understanding of the electronic and optical properties of charged defects in monolayer transition
metal dichalcogenides, briefly outlining relevant theory beforehand. This work has heavily
utilised the efficiency and accuracy that tight-binding models provide, and combines them
with suitable electrostatic potentials, derived from first-principles, that capture the dielectric
screening present in TMDC monolayers. The application of tight-binding theory was selected
because of its computational feasibility in modelling periodic systems large enough so that the
bound states of a charged defect, placed in the centre of the supercell, are fully captured. This
prevents interaction between periodic defect images and thus treats the charged defect as if
it were completely isolated in an infinite semiconducting medium. To complement this, first-
principles calculations are chosen to determine the electrostatic screening of the defect taking
place in the monolayer, producing an accurate defect potential that reflects the short-range

behaviour of electrons which is typically overlooked in continuum models.

Firstly, I will provide an overview of the first-principles calculations that were necessary to
model the dielectric screening of TMDC monolayers, and the incorporation of this screening
into a defect potential. This will cover the density-functional theory (DFT) calculations, the
GW calculations within the random-phase approximation (RPA) which yielded the dielectric

matrix, and the representation of the screening as a continuous, integrable function. Secondly,

45
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I will outline the basics of tight-binding theory, and the orbital structure of the model chosen
for this work. This part will then detail how the periodic supercell was constructed in a way to
match the Bravais lattice of the unit cell model, and the means by which commonly understood
electronic properties were extracted from the solution of this atomistic model. Following this,
I will detail the variational approach within the effective mass approximation, used to compare
to the results of the atomistic model, as a means to establish similarities to a continuum
treatment of defects in 2D semiconductors. In the final section, I will outline the techniques
used to calculate the optical conductivity of TMDCs with a charged defect, and derive the

tight-binding formulation of the well-known Bethe-Salpeter equation.

3.1 Density Functional Theory

3.1.1 Theoretical Concept

In this work, the description of how the monolayer TMDC system screens external potentials,
from charged defects or otherwise, is reliant on solving the Schrodinger equation and obtaining
a large number of electronic bands in the crystal. To do this, the many-body Schrodinger
equation is approximated through a technique known as density-functional theory (DFT). This
widely used method relies on the theorem by Hohenberg and Kohn [108], that states that the
electronic ground state density ng(r) and ground state energy Ej are uniquely determine by the
total crystal potential Vi,y(r) acting on the system of electrons. The density ng(r) is directly
obtainable from the many-body ground state wavefunction Wy ({r}), where {r} = {rg, ry, --- }

is the set of coordinates r; (i =0,1,--- , N — 1) for all NV electrons in the system, and is found

\1/0> : (3.1)

with respect to Wo({r}). Here, m, is the free electron mass, and g, is the permittivity of

by minimising the ground state energy functional Fo[Wq({r})]:
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free space. To solve this many-body problem, the kinetic energy of the system was expressed
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as the sum of single-particle kinetic energies, and the electron-electron interactions expressed
as a Hartree integral. The differences between the many-body problem and this simplified
representation are accumulated into a functional Fy.[ng| that accounts for both the exchange
and correlation of the electrons. This maps the many-body problem onto a single-particle
problem which needs only Ei.[ng] to be estimated in order to solve. Kohn and Sham showed
that by choosing this extra contribution wisely, one can effectively approximate the energy

functional as [109]:

2

Exs[no| = 5

S92 ) + / dr 1(1) Vorga (1) + / dr no(0)Via(r) + Bxelno),  (3.2)
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%

where [1);) are single-particle states and Vi (r) is the Hartree potential given by

Viglr) = - / ap o) (3.3)

 47eg lr — /|

and describes the mean-field interaction that arises from the electron density itself. The func-
tional derivative of Eq. (3.2)) with respect to the ground-state density, under the constraints of
orthonormality for each state, yields a series of single-particle Schrodinger equations for each

electron in the system that takes the form [110]:

5EKS [no] —FL

eviwi(ri> + Vet (1:) Y (r;) — Eithi(r;) = 0 (3.4)

5Exc [no]

Vet (i) = Verys(r3) + Var(r;) + W:

(3.5)

where E; is the Lagrange multiplier for the orthonormality condition (¥;|1;) = 1. Eq. (3.4) is
solved to obtain Kohn-Sham energies E; and Kohn-Sham single-particle states 1;(r), that are

used to form the ground-state density via [110]:
no(r) = [1i(r)[> (3.6)

The procedure to arrive at Eq. (3.6) requires an initial guess of the single-particle states v;,

typically randomised, which is inserted into Eq. (3.6 to obtain ng, which in turn is inserted
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into Eq. (3.2) to obtain a new set of single-particle states. This procedure is iterated until
the ground state energy has converged. The accuracy of Eq. (3.2) in representing the true
many-body system with an auxiliary system of non-interacting electrons, lies in the careful

selection of the exchange-correlation functional E...

3.1.2 Functionals, Pseudo-potentials and Convergence Parameters

In this work, the Generalised Gradient Approximation (GGA) is used to approximate Fi.,
which itself is a function of both the ground-state density and its derivative Vng [111]. This goes
beyond the local density approximation (LDA), another commonly used approximation that
assumes the system of electrons has a form of E,. identical to that of a homogeneous electron
gas, but is susceptible to overbinding |110]. The GGA allows for a small gradient expansion
of F,., that makes it more suitable for describing systems with greater inhomogeneity. It is
found in many crystalline cases to give a significantly better agreement with experiments that
determine electronic properties, including ionisation energies and structural energy differences
[73]. There exist several formulations of this approximation, and this work primarily utilizes

the formulation by Perdew, Burke and Ernzerhof (PBE) [73].

While the selection of an exchange-correlation functional and the continuous iteration of the
Kohn-Sham equations are the fundamental concepts for its estimation of the electronic ground
state, there are several further simplifications that can be used to improve the efficiency of
calculations performed in this framework. It is widely known that, in a material with several
multi-shell atoms, the electrons that predominantly participate in inter-atomic bonding are in
the outer-most shells of these constituent atoms. Hence, in the iterative procedure, a large
proportion of the calculation involves solving Eq. for states that do not contribute to any
of the interesting features of the material. A solution to this is to repackage what is known as
the core electron states of atoms that do not participate in bonding nor vary greatly between
the materials the atoms are in, into an effective potential that describes the positive nucleus and
the core electrons. These are known as pseudo-potentials, and act to both greatly simply the

number of states to solve Eq. (3.4]) for, and to soften the strong divergent Coulomb potential
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near the ionic centres. For this work, the choice of pseudo-potential scheme for studying TMDCs

is to use so called optimized norm-conserving Vanderbilt (ONCV) pseudo-potentials [112].

For the study of periodic systems, Bloch’s theorem states that the wavefunction ¥,k (r) of an
electron in a crystal is the product of a plane-wave and a function u,, that has the periodicity of
the unit cell of the crystal. This periodicity of the plane-wave part, and thus the wavefunction,
corresponds to that of a fictitious periodic box of with an arbitrary but large length L. This is

given formally as:

@an(I‘) = eik'runk(r), (37)

where n is a band index and k is the wavevector defined the choice of periodic box and size
L. In first-principles calculations, it is common to choose a basis that reflects this periodicity,
achieved through the use of plane waves. The wavefunction 1;(r) can be expanded into Fourier

components q corresponding to plane waves on the grid that includes k, taking the form [110]
Gi() = = 3 e, (3.8)
/Ny s
q
where . is the volume of the unit cell, IV, is the total number of plane waves used, and ¢; 4 are

coefficients to be solved for. The effective crystal potential that the electrons experience can

be expanded in terms of plane waves corresponding to reciprocal lattice vectors of the crystal:

verr(r) = D ven(G)e' ST (3.9)

Inserting this into Eq. (3.4]) yields a set of linear equations for the coefficients :

Kk — G2
—C

I, kG + %; Vet(G)Cix-a-a' = EixCix-a, (3.10)

which can be solved to obtain ¢;x—g. It can be seen in Eq. (3.10) that only coefficients
with the same value of k = q + G are coupled via a seemingly infinite set of {G} vectors. This
produces a unique set of eigenvalue solutions to the Kohn-Sham equations for each wavevector k,

which represents continuous bands in reciprocal-space. For computational reasons, the number
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of reciprocal lattice vectors G must be finite, and it is typically the case that the Fourier
components veg(G) of the potential become small for large enough G. This is due to the
relatively smooth and slow variation of the crystal potential of the lattice on scales comparable
to the atomic radii. Hence, the smaller wavelength reciprocal lattice vectors can be cut off
by introducing an energy F.,; such that the calculation only includes reciprocal lattice vectors

that satisfy:
h2 | G | 2

2m0

< By (3.11)

N}gDFT) « N(PFT)

This cut-off, along with the size of the k-point grid N ,EDFT) (corresponding to an .

periodic supercell), are convergence parameters of the calculation that must be both adjusted up
such that the total energy ceases to vary upon further increase, within an acceptable tolerance.
It should be noted that the potential and charge density is typically represented on a much finer

grid and with a larger cutoff (4 times larger in QUANTUM ESPRESSO), which avoids aliasing.

Another key convergence parameter in the DF'T calculations of quasi-two-dimensional TMDC
monolayers, addresses the inability of plane-wave DFT in modelling systems with no periodicity
in the out-of-plane direction. To represent features in the out-of-plane direction with plane
waves, the monolayer system must also be repeated in this direction. To prevent spurious
interaction between consecutive monolayers, the supercell approzimation is employed, in which
isolated systems are approximated with periodic systems with a large period. The periodic
images are separated by a length L, that is large enough to prevent inadvertent bonding to occur
in the calculation. However, large values of L, increase the size of the real-space grid and thus
increase the number of G, Liz plane waves in the out-of-plane direction that would satisfy the
condition in Eq. . This is undesirable because it limits both the computational efficiency
of the calculation and the accuracy with which in-plane features can be represented. Hence, a
suitable medium is required for an accurate but computationally feasible DFT calculation to
be performed. I will specify the values of convergence parameters E, NéDFT) and L, in the

sections that they are required for.
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3.2 Defect Potentials

3.2.1 Linear Response and the Random-Phase Approximation

The density-density response of a periodic solid to external potentials can be determined by
considering a small perturbation in a system in which the electrons only interact through
a mean-field potential, known as a Hartree potential. This is known as the random-phase
approzimation (RPA) [113]. In this approximation, the total potential V(r) experienced by
electrons in the solid can be written as a sum of the external potential V,,; and the mean-field

Hartree interaction with the induced density ni,q(r’,t) as a result of Viy:

e*nina (', 1)
V(r,t) = Vi (r, t dr’ ——— 272 3.12
(1.0) = Velr.) + [ v 200 (312)
where n;,q itself can be written in terms of V. and a response function x:
Nina (T, 1) = /dr’ X(r, ' 1) Ve (17, 1). (3.13)

The response function contains all necessary information for predicting the change in electron
density, given an external perturbation. It is possible to estimate x by considering a small

perturbation and working in the linear regime.

In the presence of small perturbations to the system, linear response theory (LRT) can be
adopted to determine the changes to observable quantities as a function of these perturbations.
Given a perturbation of the form Vi (t) = —F(t)B, where B is an operator and F(t) is some
time-dependent envelope function, one can determine changes to an observable quantity A,
through the Fourier-space susceptibility [103] [Chapter II]:

1

xap(w) = /0 Tdr em[A(T), B(o>]>0, (3.14)

where [A, B} = AB—BA s the operator commutator, A(t) = eiHt/h fgifit/h gives the operator

A in the Heisenberg representation, and (---)o denotes the expectation value in the ground
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state of the many-body system. The susceptibility describes the linear relationship AA(w) =
Xag(w)F(w) in Fourier-space, between the perturbation and the affected observable. In the
context of perturbing electrostatic potentials, LRT can be used to determine the induced density
Nina (1), which itself is the change in the observable quantity that is the total electronic density
before and after the perturbation is applied. Typically, this is done in Fourier-space, and
calculates the change in components 74 of the induced density. The perturbation can be
described formally in Fourier-space as a Coulombic Hartree interaction between the electronic
density and the charge density nex(q, t) associated with the external potential, taking the form
V(q,t) = —vqN_qnext(q,t), where vg is the Fourier transform of the bare Coulomb potential
and ny is the charge density operator that can be expressed in terms of the fermionic ladder
operators as Y. ., ¢l +wCnie- If the perturbation AA(w) of interest is the Fourier-transform
of the induced density nina(q,w), then Eq. (3.14) can be used by identifying ng(t) as A and
—Uqnext(q, t) as F(t), and fi_g () as the operator B [103] [Chapter II]. This allows the expression

for ratio of the total density to external density to be written as:

Nind (A, W) + Next (q, W) 1 . g / i (WD) /[ .
= = 1 —|— l —_— d Pl _ O 315
Next (Q, W) e(q,w) o h Jo Te (Fa(7), - (0)])0, ( )

where I' — 0 is a damping factor used to regularise the integral |103]. The quantity £(q,w) is
the dielectric function, and describes the response of electrons in a system to external potentials,
mathematically formulating the redistribution of bound charge in a periodic system to screen

electric fields.

After first Fourier-transforming in time, we can insert n;,q into the total potential to obtain

[114):

e2x(r', 1", w) Ve (v, w)
V(r,w) = Vo (r,w) + //dr’dr” ot — 1] (3.16)

2
= /dr” {5(r—r”)+/dr' S (r', 1" w)| Vexe (r", w) (3.17)

dmeg|r! —r|X

= /dr’ e (r, v, w) Vo (', w), (3.18)

where e~ !(r, r’, w) is the inverse dielectric function of the system. For the case of a homogeneous
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material, this becomes a convolution, such that e *(r,r’,w) = e }(r — r’,w). This means that

in Fourier-space the dielectric function becomes [114]:

V(q,w)

Vext(q, w)’ (319

e (qw) =

For the case of a semiconductor whose electronic structure is represented by a set of single-
particle Bloch states {1,k (r)} with energies { £, }, the dielectric function takes the Adler-Wiser
form [115,/116]:

[(Ywicrao €9 [Ynico)

hw — En’kJrqO' + Enko' + 0’

E(q,UJ) =1- Uﬁq Z (fnka - fn’k—i—qa)

knn'oc

(3.20)

where €2 is the total volume of the periodic supercell, f,x is the occupation function of the
Bloch state, and § is a small positive number that obviates the pole at w = (E,yki1q — Enk)/h-
For the case of electrostatic (w = 0) fields applied to an undoped semiconductor, Eq. (3.20))

simplifies to

iq-r 2
f(q)=142a 3 | (Vercrqol€ ™ [¢huio) | 7 (3.21)

Q &~ Pacrqr = Eoko
where the sum is now over valence band (occupied) states labelled by v and conduction band
(unoccupied) states labelled by c¢. We can see how this formalism provides the electronic
response of the system to external potentials, as Eq. equates to a sum of scattering
amplitudes from one state to another by a plane wave, which can be used linearly to construct
any potential, where each amplitude is normalised more for scatterings that entail a larger
change in the energy. It can also be seen that the denominator of each term decays inverse-
linearly with the transition energy, and thus a large number of bands are required to converge
this quantity. In this work, a DFT calculation is performed for MoS; and WS,, in order to
obtain the Kohn-Sham states ,x, and eigenvalues E,y, for a large number of bands in the
system, where the eigenstates are labelled by the band index n, the wavevector k, and the spin
index 0. These are used to construct the inverse dielectric matrix gt/ (q), where G are the

reciprocal lattice vectors of the crystal that obey Eq. (3.11), and q is a Fourier component.



54 Chapter 3. Methods: Monolayer TMDCs

This takes the form

<kaa ‘ e—i(q-l—G) " |1/}ck+qa> <wck+qo ‘ e—i(q-l—G') " ‘ kaa>

Eck+qo’ - Evko

EE}lG’(q) = 5GG’ - Utrum:(q + G) Z , (322)

cvko

where Viunc(q) is the truncated Coulomb interaction that prevents interaction between periodic

monolayers in the out-of-plane direction [102]. This takes the form of

4 qzy Lz ZLZ
Utrunc<q) = Tﬂ— |:1 —e 2L COs (q 5 ):| , (323)
Qxy

where q,,, = /q% + ¢ is the in-plane wavevector.

3.2.2 Calculating the Dielectric Function

In chapter [2| T described the necessary calculations that Qiu et al. [12] performed to extract the
two-dimensional dielectric function of monolayer MoSs,. In this work, the same techniques were
adopted to obtain the defect potential, and in this short section of the methods chapter, I will
detail the density-functional theory (DFT) parameters necessary for studying charged defects
on monolayer TMDCs. Before the dielectric matrix was calculated, a geometry relaxation was

performed to determine the crystal structure of MoS; and WSs.

The workflow began with a geometry relaxation of each TMDC, using a plane-wave DFT code,
(pw.x in the QUANTUM ESPRESSO 6.1 software package), converging the forces to within 1074
eV/A per atom. This was done within the generalised gradient approximation (GGA), us-
ing the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional and optimized norm-
conserving Vanderbilt pseudo-potentials [112]. The chosen unit cell was spanned by lattice
vectors a; = a,X and a; = “* (—fc + \/537), where a,, is the lattice parameter for material

m, which was found to be || ayos, = 3.17 A and aws, = 3.189 A for MoS, and WS,, respec-

In the density-functional theory (DFT) calculations of monolayer MoSs that were used to obtain the Kohn-
Sham eigenstates and eigenvalues necessary to insert into the Adler-Wiser formula for 561@ (q), the geometry
relaxation resulted in an unconverged lattice parameter anos, = 3.17 A which was 0.47% smaller than the
expected value of 3.185 A. However, using another calculation of the MoS, effective two-dimensional dielectric
function eop(¢) (with 25 Ry cutoff) which had been performed with the expected lattice parameter, it was found
that this did not significantly change the results in this thesis, as the binding energies only changed by up to
1%.
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tively. In these calculations, E., and N,EDFT)

were chosen superfluously high at 100 Ry and
15, respectively, while the interlayer separation L. was chosen at ~ 18 A. This provided the
lattice parameter and the optimal geometry for the material. Following this, the optimal val-
ues of B and NV ,EDFT) were determined by performing a self-consistent field calculation of the
ground state for a grid of parameters. The combination of E., and N, ,EDFT) for which the total
energy of the ground state converged within 0.1%, was chosen for that system. Then for the

N,iDFT) and a,,, the Kohn-Sham wavefunction 1, and eigenvalues

converged values of Fy,
E,x were found for the occupied states in the ground state, along with a large number Npanqs
of unoccupied states above the band gap. The set of ¥,k and F,x were combined in Eq.
to obtain the inverse dielectric matrix egg,(q) as a function of wavevector difference q. For
this, a cutoff for the reciprocal lattice vectors G was chosen for the system, enough to converge
the dielectric matrix. This was chosen as 30 Ry and 25 Ry for MoS; and WS,, respectively,
which then determined the value of Np.nqs used, which were 2587 and 2543, respectively. As

performed for the work of Qiu et al. [10], a 2D dielectric function was extracted from g, (q),

according to:

_ q _
eaplq) = il Y egte (Dvmme(q + G). (3.24)
* G.G.

While 5(_;1(;, (q) is sampled on a 2D reciprocal-space grid, the left hand side of Eq. 1}
is independent of the direction of q due to the assumption of isotropy which allows for this

expression to be derived [10].

3.2.3 Screened Defect Potentials

Once the expression ;5(q) for the effective 2D screening of a charge in a TMDC monolayer
was calculated from first-principles, it was integrated in the following formula to obtain the

screened potential |14]:

B Ze?
n 471'60

V(r; 2.d) / dq e35(q)Jolgr)e ™, (3.25)
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where Jj is the zeroth order Bessel function of the second kind. The calculated form of €} (q)
is sampled at the points in the N,iDFT) X N,EDFT) reciprocal-space grid. Hence, to obtain a
continuous function that can be integrated in inverse Fourier transforms, the sampled dielectric
function needed to be interpolated. At smaller ¢ <1 A1, the dielectric function was interpo-
lated via a cubic spline with the interp1d functionality of the scipy.interpolate library. At
larger ¢ > 1 A=, reaching beyond the domain of the calculated data, the tail portion of the

dielectric function was fitted to a linear sum of inverse power terms, of the form:
F(l’, Ah AQ) =1 + AlfL‘_l + AQ[E_Q. (326)

where A, are parameters. To improve the accuracy of the fitting, the tail region of the
dielectric function was also interpolated. Once interpolated and converted into a functional
form, 52_[1)((1) is inserted into Eq. (3.25). This integral is performed on a log-radial grid, by

changing to variable z defined by ¢ = —golnz, with ¢go = 1 A1,

3.2.4 Substrate Screening: Doped Graphene and the Image Effect

In this work, a charged defect in a sheet of monolayer WS, that rests on a substrate of doped
graphene, which itself lies on top of a silicon carbide (SiC) substrate, was studied and compared
to scanning tunnelling experiments. To model the specific screening of this system, the dielectric
function used to determine the defect potential was modified to account for this setup. The

dielectric function for the WS, monolayer on a doped graphene + SiC substrate takes the form

erpa(q) = —v(@)xtvmp(q) — v(@)xar(@)e = +n(q), (3.27)

where v(q) = €?/2¢¢q denotes the 2D Fourier transform of the Coulomb interaction, ¢, is the
polarisability of the doped graphene monolayer, z, is the separation between the graphene and
the WS,, 7(q) is the contribution from the SiC substrate which accounts for the image charge
effect that occurs due to its surface charge density, and xryp(q) is the polarisability of WS,.

The form of —v(q)xTmp(¢) = ermp(g) —1 is extracted from the 2D dielectric function calculated
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in Eq. from first-principles. The second term in Eq. captures the screening from
the doped graphene monolayer that sits a distance z, = 4.9 A beneath the TMD (measured
from the plane of the transition metal atoms). The value of z, was obtained from density-
functional theory (DFT) calculations including van der Waals interactions. Specifically, xa(q)

is the RPA polarisability of doped graphene given by [117]:

Xarle) =~ [1 = O(g — 24 @), (3.23)
Aq) = % 1- (%) - ﬁcos_1 <%) , (3.29)

where kr and vp denote the Fermi wavevector and Fermi velocity of the doped graphene,
respectively. From experiment, the values vp = 1.15 x 105 ms~* [118] and kp = 0.059 A~ [119]
were used in this model. The last term 7(q) in Eq. describes the screening by the
SiC substrate located a distance z, = 1.7 A beneath the graphene layer [120]. Due to the
spatial gap between the WS, and the SiC substrate supporting it, the substrate can result in
significant change to the screening, which goes beyond the simple average dielectric constant
of the substrate and the vacuum above [121]. When a charge is placed on the WS,, there
exists a contribution to the total potential from both the induced density of the WS, by this
charge, and the induced response to a second, generally weaker image charge that arises from
the surface charge density on the surface of the substrate. This additional charge would have

an unscreened Coulomb potential of:

Esic — 1 62

esic + 1dmeg/r2 + (2h)%

AW (r) = (3.30)

where eg;¢ is the dielectric constant of the SiC substrate, and h is the distance separating the

substrate from the WS, layer. Taking the two-dimensional Fourier transform and adding this

to the Fourier transform of the unscreened interaction in the layer, one obtains

2

W(q)+ AW (q) = —— — Ssic—1 G (3.31)
2e0q  €sic + 1 2e9q

B e? 6510(1 — 672}“]) + (1 + efth)
2e0q esic + 1

(3.32)
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_ e? 2 esicsinh(hq) + cosh(hq) (3.33)
2e0q €sic + 1 eha
_ e 2 {8510 + coth(hq)} _ e ’ (3.34)
2e0q Esup + 1 | 1+ coth(hgq) 2e0qbg(q)
where the relation e* sinh™!(x) = 1 + coth(x) was used, and
esic+1 1+ coth(h
fu(0) = =5 ) (3.35)

esic + coth(hg)

It can be seen that as the separation between the WS, and the substrate tends to A = 0, one
obtains the commonly used epg(q) = % In the opposite limit, as h — oo, it can be seen
that e,4(¢) = 1 and the effects of the substrate predictably vanish, leaving nothing but the

vacuum. By setting setting h = 2, + 25 and writing e, = 7, an image charge model for the SiC

substrate yields

€sic + 1 eQ(Zs+Zg) — e_Q(zs+Zg) -+ eQ(Zs+Zg) —+ e_Q(Zs+Zg)

n(Q) o 2 €sic <€Q(ZS+Zg) — e*fI(zs+zg)) + ed(zst+2zg) + e—(zs+zg) (336)
B €siC + 1 QQQ(ZS"'Zg) 3 37
= 9 eq(zs+zg) [€Sic (1 _ e*2q(25+2g)) +1+ equ(Zerzg)] ( . )

i 1
_ £sic + (3.38)

esic + 1 — (esic — 1)e2(tz)’

with egic = 9.7 denoting the bulk dielectric constant of SiC [122].

3.3 Variational Effective Mass Model

To identify possible conditions and cases in which commonly used continuum theories for
charged defects in semiconductors can be applied to monolayer TMDC materials, a variational
model within the effective mass approximation (EMA) was implemented. The EMA begins
with the expansion of the energy Eeyyem(k) of the conduction band minimum or valence band

maximum at wavevector as ko, in terms of the wavevector k [123]:

a Eex rem
Eextrem(k) = Eextrem<k0 + 5k) extrem k0 Z 8k 5/{:5 5ka5kﬁ + - ) (339)
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where 0k = k — kg is the deviation of the wavevector from that of the extremum. If Eq.
is terminated at the quadratic terms, then charge carriers can be described by an effective mass
m* that is independent of k [123]. While m* is constant in k, it can be direction-dependent due
to anisotropy of the bands [29]. However, if m* is isotropic and an external potential Ve (r) is
applied to a semiconductor, a carrier in the vicinity of the extremum at ky will behave as a free
particle with charge +e and mass m* [123]. The wavefunction of an electron in the vicinity of

this extremum can be written as an expansion of Bloch functions

v =Y [ dico,nlicr) (3.40)

where ¢, (k) is the coefficient of the Bloch state ¢, (k,r) for band n at wavevector k. The

wavefunction ¢ obeys the time-independent Schrodinger equation:

Vi) Vewl)| ) = B0 (341
3 / dk 6,(K) [ (k) + Vit (t) — E] (k1) = 0, (3.42)

where my is the free electron mass, V. (r) is the lattice potential of the crystal, and E is energy
eigenvalue associated with . By multiplying by Bloch state ¢, (k,r) and integrating over r,

one obtains a reciprocal-space impurity equation [29]:

[En(k) — E] ¢n(k) + Y ¢ (K)Upr (k, k') = 0 (3.43)

U (k, K') = /dr ¥ (k1) Ve (1), (K, 1) (3.44)

The behaviour of the states at the extremum of conduction or valence bands are particularly
interesting in the presence of a potential Vi (7). For a functional form Vi(r), such as one that
describes a screened Coulomb potential, the EMA assumes that Vi (r) is slow-varying over
space, such that only small wavevector deviations dk from the extremum at k, are required to
construct solutions 1 (r) using Bloch functions [29]. It is also assumed to be shallow enough such

that interband transitions can be neglected to remove the band index n from the summation in
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Eq. (3.40). With these assumptions, the Bloch functions used in the expansion in Eq. ({3.40)

and the wavefunction itself can be approximated by [29]:

77Z}n0k(r) ~ Ungko (r)eik.r (345)

006) = | [ I = e 80 (e = B () 0), (340

where the wavefunction is simply the product of the Bloch function at the extremum and an
envelope function F),,. This envelope function can be shown to be the solution to the single-

particle Schrodinger equation [123]:

2m*

{_h VA Vext(r)} Fo(r) = EF,(r). (3.47)

The variational calculations began by defining a Hamiltonian H,, of a single-particle with
effective mass m*, confined to a two-dimensional plane, experiencing a potential Vi = Vikela,

which in polar coordinates takes the form:

Hva =

R 92 10 107
(— + —-——+ ——) + VKeld(r)- (348)

Comr \Or2 ' ror | 12002

In this variational approach to studying charged defects in TMDCs, a defect with charge
strength Z and height d above the plane is considered. The Keldysh potential shown in Eq.
(2.1)) was chosen as the continuum potential for this model, due to its efficiency and its success
in modelling such materials at long-range. For the most strongly bound state of this defect
potential, a reasonable ansatz is an exponential decay from the defect, identical to that of the
1s state in the hydrogenic series. In this work, a modified version of the exponential decay
o e~V HE with inverse decay scale « is used, such that the softening of the potential due to

d is incorporated into the ansatz, which is normalised to give:

baalrs ) = (rlia(a)) = ——208" oV, (3.49)

V21 (2ad + 1)
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To estimate the ground state of H,,, the expectation value of Hy, is taken in the state |ty (a))

and is minimised with respect to the parameter a:

By = min o {(¢va(a)|Hya|twa(a))} (3.50)

The energy integral in Eq. (3.50)) can be split up into a kinetic component which can be
performed analytically, and a potential component that must be calculated numerically. Using
the fact that this ansatz is isotropic and thus independent of the azimuthal variable 6, the

kinetic energy as a function « is found to be:

Ta(@) = (Yva(@)| Hya = Via|tha(a)) (3.51)

= —2?; /Ooo dr 27r iy, (15 @) <88_:2 + %%) Yua(r; @) (3.52)

g R [ () s

_ 27; . (;lzzeia; /d " dwue (Z—z - —O‘<d2u; ) 4 %) (3.54)

= 2?;* (;lzzeiai) (d2 /doo due 2> {% + %} + /doo due (1 — au)) (3.55)

— 2’;‘; - (;‘Z‘Ziai) (d2 {e;ad — al'(0, Qad)] 4 g720d (% — g — %)) (3.56)

_ 2?; . (Q;lai 5 (ad E — ade®T(0, 2ad)} + 411) , (3.57)

where I'(n, x) is the incomplete gamma function defined by

['(n,z) = /Oo dt t" et (3.58)

The integral for the potential component is found by evaluating:

2 2ad 9]
‘/va(()é) = <77Z}Va(a)|VKeld|77Z}va(a’)> - g:é()i—j-l)/o dr 6_2a r2+d2VKeld(T). (359)

This uses a log-radial grid akin to the calculation of the defect potential, by converting to a

variable z such that r = —roln(z), where 79 = 1 A. The sum of both the kinetic and potential
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components is minimzed with respect to a using a Nelder-Mead simplex algorithm that is
implemented in the function fmin within the scipy.optimize library, which provides both the

inverse scale length apy;, that minimizes Fy, and binding energy Ey,(cumin)-

3.4 Tight-Binding Calculations

3.4.1 Fundamental Concept

The problem of calculating the electronic ground state of a many-body system exactly, entails
in theory an immense level of computational power, which is often unattainable by today’s
standards. It is possible for systems such as the hydrogen and helium atomic systems, which
involve only one or two electrons. In large solids with tens of thousands of atoms, each with
an orbital structure much more intricate than hydrogen, this becomes interminable without
proper means of approximation. There exist a plurality of possible approximations one can
make in order to ensure a much quicker calculation time without a significant loss in accuracy,
one of which is commonly used in electronic structure and known as tight-binding theory.
Tight-binding relies on the concept that the Hilbert space of the wavefunction of states in
the system can be spanned by atomic orbitals situated on each of the atoms, and by linearly
combining them in the correct way, one can accurately portray the band structure of the system.
To determine how the orbitals are combined, one of several methods can be chosen, utilising
interactions between an arbitrary number of spatial neighbours for each atomic site. Tight-
binding has continued to demonstrate its efficacy for providing very good representations of
the band structure of semiconductors in particular, with only a few valence states and nearest

neighbour interactions alone needed to converge to the true band structure [124].

Initially, the tight-binding method begins with a commonly used approximation that the many-
body wavefunction |¥) is separable into single-particle states. This allows the problem to be

massively reduced in complexity. The wavefunction of the single-particle state in band n at k
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in the Brillouin zone (BZ), is represented by a linear combination of basis states |xy;):

1 ,
|thni) = Z Cricti|Xwti),  where  |Xiqi) = Nn Z ¢“Rlour), (3.60)
li L)

where (r|¢r) = ¢i(r — 7; — R), is the atomic state of orbital [ situated on an atom at vector
T; in the unit cell, which itself is situated at real-space lattice vector R. The points R lie on
an N X Ny grid, which in turn defines the Np x Ny k-point grid. It should be noted that the
basis chosen for tight-binding models can be done so in specific conventions that determine the
phase of the state |¢;r) in Eq. . Another alternative choice of basis to Eq. is the

inclusion of the vector 7; of the atom in the cell, such that

1

| Xiii) = N, Z IR | ). (3.61)
R

The basis states |xy;) are linear combinations of these atomic orbitals chosen in a way to obey
Bloch’s theorem. The single-particle states are eigenstates of the Hamiltonian H, obeying the

eigenvalue problem

Hlthni) = Er|thnc) (3.62)
Outs 1 [ o) = (i B ) (3.63)
ZHZI;mjcnkmj = LinkCnkli- (3.64)

mj

where the matrix element H, ll;,mj obtained for each k-point is:

A efik'(RfR/) ~ _ik. A
Hy i = (e HXaemi) = Y N—%<¢liR|H|¢ij’> = e R (GnR|H|bmjo) (3.65)
RR/ AR

—ik-AR
= E e dim0i0AR, 00 + E 5Ti+ARfrj,dﬁiV2i,mj(djai)
AR dj i

(3.66)

= Opm0ij By + Z Wz‘,mj(djﬁi)e_ik.(dj—}i_n—i#j) (3.67)

djy;

where Ej; is the on-site energy of the orbital [ on an atom at location 7; in the unit cell, d;_,;
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is the vector that points from site 7; to 7;, and Vj; ,,;(d;—;) is known as the hopping integral

which represents the scattering energy of the potential between atomic states |¢y;) and |@n;).

While the construction of the model with the correct valence atomic orbitals and directional in-
teraction is pertinent to its success in reproducing the desired band structure, the more difficult
task that determines its success lies primarily in determining the parameters for the Hamilto-
nian. For this task there are several, well-documented and tested methods which originate from
a variety of quantum mechanical approaches. One of the most common means of obtaining the
tight-binding parameters is by analytically or numerically determining the energies that result
from the model, and adjusting the parameters until such energies match those obtained from
more chemically descriptive calculations, predominantly density-functional theory (DFT). This
has the potential to provide accurate results for chemical trends, treatment of alloys as well as

semiconductors with defects [125].

3.4.2 Constructing a Supercell

To model an isolated charged defect on a two-dimensional semiconductor, a periodic supercell
was used, which is large enough to contain the bound states resulting from shallow defects
whilst remaining computationally feasible. Typical bound states of shallow defects on the
surfaces of semiconductors can extend on the order of tens of nanometres, which means that
for a monolayer TMDC, a supercell of about 50 unit cells in length would be adequate. Several
tight-binding models have been formulated by different groups to represent the band structure
of monolayer TMDCs, with different levels of complexity and accuracy for different regions of
the Brillouin zone (BZ) and energy ranges. In this work, the predetermined parameters of one
such model by Liu et al. are utilised to construct a Hamiltonian for a 51 x 51 supercell of

monolayer MoS,; and monolayer WSs.

For the purpose of modelling the electronic behaviour of charged defects in semiconductors, both
three-dimensional and quasi-two-dimensional, the most important region of the band structure
to accurately describe lies close to the band gap and the extrema in both the conduction and

valence bands, commonly known as the low energy region of the band structure. Throughout
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the Brillouin zone (BZ), it is in this region where the most interesting defect-related phenomena
occur. This means that it is also a region in which the most significant optical properties of
the material manifest themselves, especially for semiconductors whose band gap lies within
the visible range of the electromagnetic spectrum. To describe the electronic behaviour of
transition metal dichalcogenides (TMDCs) well in the low energy region of the band structure,
whilst having a small enough basis set of orbitals to allow efficient calculations over tens of
nanometres, the three-band model by Liu et al. [1] with a basis of {d.z2, d;,, d,2_,2} was chosen
(the merits of which have been discussed in chapter . While lacking in its description of the
chalcogen atoms, it can be seen that from the orbital characterisation of the band structure that
the p, , . orbitals associated with both the top and bottom chalcogens bear minimal importance
in the electronic structure of the primary and secondary band extrema at K/K’, I and Q. The
success of this model’s agreement with the ab initio results is mainly due to the large number of
parameters included in this model, using first, second and third nearest neighbour interactions.
These parameters are optimised such that the model reproduces the low-energy band structure

found from a DFT (GGA-PBE) calculation.

The model itself was one of a periodic unit-cell, with lattice parameter a (3.19 A for MoS,),
with a single atomic site in its motif. To adapt this for modelling charged defects, the tight-
binding parameters contained within the model by Liu et al. were used to construct a supercell
for an N x N periodic slab of monolayer TMDC with supercell lattice parameter Na. The
unit-cell Hamiltonian of this model, with spin-orbit coupling, was adapted for the purpose of a
supercell by expanding the sines and cosines for each of its elements, which was then grouped
into terms of common complex exponentials. The coefficient TZ(’;) of each complex exponential,
written in terms of the hopping parameters of the model, corresponds to the overall hopping
parameter in a particular direction, labelled by v, from orbital ¢ to orbital j. These single-hop
terms were individually used to formulate the supercell Hamiltonian, which itself does not have

terms corresponding to first, second and third nearest neighbours in the same element.
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To understand this, consider the unspinned 3 x 3 Hamiltonian

hoo(k)  ho1(k) hea(k)
Ho(k) = | hjy (k) haa(k) haa(k) | (3.68)
hio(k) hip(k) haoa(k)

where k = (k,, k,) is the wavevector of interest. The terms from this Hamiltonian are expanded
)

into their component plane-waves and grouped together to obtain the parameter Tz(j associated

with an electron hopping from one site to another. For the case of hi;(k), this results in:

hi1(k) = €9 + (11 + 3tag)cos(a)cos(B) + 2t11cos(2ar) + 4rqycos(3a)cos(5)

+ 2(r11 4 V3r12)c0s(28) + (w11 + tsgg)cos(2ar)cos(26) + 2uqicos(4a)
(tll + 3t22)

=6t [cos(a + ) + cos(a — B)] + 2t11c08(2a) + 2713 [cos(3a + B) + cos(3a — B)]
(u11 + us2)
+ 2(ry1 4 V3r12)cos(28) + ————2 [cos(2a + 26) + cos(2a — 28)] + 2uqycos(da)
t 3t - , . , .
=&+ w [/t 1 @8 4 cc] + iy [ + cc.] + 71y [eCT) 4 e BF) 4 e ]

(u11 + u92)

v [61(20[4.25) + 61’(2&—25) + C.C.] + Uy [e4m + C.C.}

+ (7’11 + \/§T12) [62i5 + C.C.} +

where o = k,a/2, 8 = \/3k,a/2, e; is the on-site energy for the d,,/d,>_,> orbitals, while the

—y
parameters tiq, to2, 711, r12, U11, and ugy are the d,, —d,, hopping integrals, given in reference [1]
along with the other hopping parameters ty, t1, to, ug, U1, U, 79, r+. In this formalism, the
directional orbital-orbital hopping integral for each first, second and third nearest neighbour

kv where v is the vector associated with the inter-

hop, becomes the prefactor of the phase e
orbital hop. The decomposition of the other Hamiltonian elements into hopping parameters
associated with each hop between any two orbitals at neighbouring lattice sites, is given in
Table While in the unit cell Hamiltonian, the terms in each column of Table are
multiplied by the appropriate phase eV and summed (accounting for both directions) to get
a particular element corresponding to a hop between periodic images of the same orbital in
neighbouring sites. However, in a supercell Hamiltonian, these individual terms are spread out

across different matrix elements corresponding to the atomic sites contained within it, which
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Figure 3.1: 6 x 6 supercell of monolayer TMDC shown with just M atoms (green circles)
representing the sites in the three-band tight-binding model. The unit cell of the MoS, is
shown as a black rhombus, and the first, second and third nearest neighbour hopping vectors
(positive directions only) are shown in green, red and magenta, respectively.

can include the first, second and third nearest neighbours of a particular atomic site.  The
supercell for this system was constructed as shown in Fig.|3.1], which illustrates the positive form
(signs in Table of the first, second and third nearest neighbour hopping directions in green,
red and magenta, respectively. To construct the Hamiltonian efficiently, positive directions
were defined such that for a single direction, all hops between all orbitals from site ¢ — j can
be inputted, and then the hops in opposite direction can be addressed by adding the complex
conjugate of the hopping term to the corresponding transpose element of the Hamiltonian. This
ensured that the Hamiltonian was Hermitian in its construction. The phase that multiplied the
elements in Table |3.1| corresponded to the interatomic displacement between the two atoms.
For hops that are completely contained within the supercell, this cancels out the phase e,
while for terms for which the electron hops out of the supercell into a periodic image, this
converts the phase into e (C1A1+GA2) where (; are integers and A; o = Na;y are the lattice

parameters for an N x N supercell. As a result, all terms added to the Hamiltonian are periodic

in k-space.
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Table 3.1: Hopping integral TZ(;') from orbitals ¢ to j at different neighbouring sites connected
by inter-orbital vector v, in the monolayer MoSs model by Liu et al. |1], in terms of the hopping
parameters of the model.

3.4.3 Applying Defect Potentials

To model charged adsorbate defects with this TB framework, the presence of such a defect is
emulated through the electrostatic potential that is associated with its charge distribution, as
well as the screening properties of the medium it resides in. For an arbitrary defect potential
Vaer(r) as a function of distance from the defect r, associated with a charged impurity, an
extra term is added to the diagonal elements H;;(k) of the k-dependent Hamiltonian for the
supercell. This term is equal to the defect potential evaluated at the displacement from the
defect site of the atomic site associated with element ¢ in the Hamiltonian basis. Like in
the case of the effective mass approach, which is a widely accepted framework for defects in
semiconductors [29], the same assumptions of a slow-varying potential that isn’t strong enough
to induce transitions between bands are applied. Unlike in the effective mass approximation, in
which the band structure is assumed to be a perfect parabola, potentially differing in effective
mass between directions, the tight-binding model offers the full band structure shape which may
vary in effective mass in the vicinity of critical points such as K or I'. Just as the effective mass in
the EMA is not modified by the presence of the defect, the tight-binding parameters of the model
are not modified by the presence of the defect. This is an approximation used in various studies

as a means of understanding defects in large tight-binding models, where it becomes unfeasible

to recalculate parameters for crystal supercells with an extra defect included [91}126]. This
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Figure 3.2: Schematic of the rhombic supercell (black) shown along with the lines (red dashed)
across which the defect potential is reflected within the triangular corners.

approach has also been used to understand the properties of zinc-blende semiconductors [127].
In this framework the chemical nature of the defect is not important for understanding charged
defects in the system, as electrostatic bound states can be treated separately to chemical defect
states. It is important to note that the chemical nature of the defect does in many cases result in
in-gap defect states that are observable in experiment in the same way that in-gap states bound
by the electrostatic defect potential can be observed, and their exclusion in this approach is
not dismissive of their importance in deciding the performance of monolayer TMDCs with such
defects in transport or optoelectronic devices. However, chemical defect states, such as those
associated with adsorbate-substrate bonding, are typically highly localised to the defect site
within a few Angstroms, and thus should not generally alter predictions of electronic phenomena
on scales of nanometres, and can be treated independently to the defect states that would arise
from the binding nature of the electrostatic defect potential. Additionally, little structural
change is made to the lattice in the vicinity of the defect site, such that the unrelaxed TB
parameters are a good approximation to the relaxed ones. A large majority of charged defects,
typically adsorbates which are a strong focus in this work, tend to distort the lattice minimally,

found to be the case in previous works [88}|128].
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Due to the rhombic shape of the supercell in the calculation, the application of a potential V' (r)
where r is simply the distance from the defect in the centre of the supercell (See Fig.|3.2)), will
result in value discontinuities of the potential energy at the edges of the supercell when the
hop of an electron takes it to a site of the supercell’s periodic neighbour. The defect potential
in the triangular corners of the rhombic supercell in Fig. [3.2] was reflected in the red dashed
lines. This was chosen so that the calculation of the continuous potential function V' (r) can be

adapted to the periodic nature of the rhombus supercells used in the calculations.

3.4.4 Calculating the Electronic Properties of the Supercell Model

Solving the TB model is as simple as performing a diagonalisation of the Hamiltonian H (k) in
an eigenvalue problem described by Eq. . From these two components of the solution to
the TB model, several observable quantities can be extracted and used to predict the electronic
signatures of charged defects in monolayer TMDCs. Firstly, the probability density of the state,
or the modulus square of the wavefunction of the state, gives the approximated probability of
an electron in that state to exist on a particular orbital of a particular atom in the system.

Given an eigenvector solution c,x to Eq. (3.63]), the modulus square wavefunction is

|¢nki|2 = Z |cnklsi|2 (369)
ls

where the sum is over all orbitals [ and both spin states s associated with atomic site i. To
understand the composition and orbital character of the resulting states associated with the
charged defect + supercell model, it is useful to determine how they project onto the states [, )
of the pristine system. This first requires a knowledge of how the bands of the pristine unit cell
system fold when the supercell is created. Upon a simple extension of the unit cell to a supercell,
keeping the lattice vectors proportional to those of the unit cell model, a diagonalisation of the
Hamiltonian at point k in the supercell BZ will produce an eigensystem containing the set of
eigenvalue solutions for all points k + g, where {g} is the set of all supercell reciprocal lattice
vectors that are uniquely contained within the BZ of the unit cell. Hence by constructing these

pristine supercell states (i.e. without the defect potential) by manually folding pristine unit
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Figure 3.3: (left) Schematic of the band folding of reciprocal lattice vectors (grey circles), with
the central circle representing the I' point and the red dashed lines are the sectants of the
hexagon. Each hexagon labelled by supercell size N, corresponds to the relative size of the
unit cell BZ when the smallest hexagon is the supercell BZ. (right) Example of tree algorithm
to determine folding points for N = 6, where the dashed lines are only counted for the first
three sectants of the hexagonal BZ and the green circle indicates the K/K’ which should only
be counted in two neighbouring sectants.

cell eigenstates onto the supercell Brillouin zone, such that they have the same atomic and
orbital basis as the supercell Hamiltonian with a charged defect, the origin and composition of
the states associated with the system with a charged defect can be identified and studied with
respect to the unperturbed states of the pristine system. To construct a state for an N x N
supercell at point k in the supercell BZ, the set of lattice vectors that fold onto k are found for
the particular value of N as depicted in Fig. |3.3| (left). In this schematic, for a given N, each
hexagon represents the relative size of the unit cell BZ when the smallest (N = 1) hexagon
is the supercell BZ, and the points that lie within this hexagon, excluding duplicates on the
edge, are considered for folding. While an exhaustive search can be performed for this task, the
lattice points are found instead using an in-house hexagonal tree algorithm, which determines
all points in a given sectant that do not overlap with neighbouring sectants. This also avoids

including duplicates at the edges of the BZ, by only counting the BZ edges for three consecutive
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sectants and prevents duplicates of the K and K’ points by only counting the right corner points

for the first two of them. The TB Hamiltonian was solved at these points to determine the

0

mkrg)- Bloch’s theorem dictates that the translation of a quantum

pristine unit cell states ¢
state at wavevector k in a periodic crystal by an integer number of lattice vectors t, simply
results in multiplying the state by a phase V. As such, the construction of pristine supercell

states involves the concatenation of copies of a particular unit cell state each translated by a

unit cell lattice vector within the supercell, which takes the form:

eik~7'o

eik-Tl

) [0 e)- (3.70)

2| =

|¢ﬁk> =

eik~TN2 1

where ) is the tensor product operator, and n = (n,g) is the band index of the supercell
model, which can be bijectively mapped to a combination of a supercell reciprocal lattice
vector g and the band index of the unit cell model. The prefactor % is for normalisation,
accounting for the increased size of the basis by N2. The projection of an eigenstate [, ) of
the supercell Hamiltonian for an arbitrary defect potential, onto the nth band at k + g in the

BZ is determined through

Mynen(k + 8) = [(Warltm) > (3.711)

Typically, many of the supercell wavefunctions calculated in this work are calculated at I' for

a supercell size N = 3n such that n € N so that the K/K’ points fold onto the I" point.

In this work, the effective mass of band extrema plays an important role in interpreting the
results of placing a charged defect in the system. Due to this, the formula for the effective mass
at high-symmetry point P along k-space axis j = x,y is approximated via a finite difference
expression of the form:

mey _ W (32Ev’kp ) - (3.72)

mo mo 81@2
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— 7639 VA 2 (—(Eu,kp—akj + Eyxprok;) T 16( By xp—26k; + Eoxprook;) — 30K, kp !
o 12[0k; 2 :

(3.73)

where v is the band of interest, kp is the k-space vector corresponding to P, £, is the energy
of the band v at k in the BZ, and dk = E?‘,’—Zj is a small increment vector along the direction
j, proportional to the K/K' separation, with € = 107%. This approximation is accurate up
to fourth order in |dk;|, and the expression is dimensionless because the band energy and

wavevectors are given in eV and A~', respectively.

The local density of states (LDOS) is an important quantity that is directly proportional to an
observable experimental signature that a charged defect has on a monolayer TMDC sample. As
mentioned in chapter [2, the LDOS is proportional to the derivative of the tunnelling current in
scanning tunnelling spectroscopy (STS) experiments. To calculated this from the TB model,
the Hamiltonian is solved on a grid of points {k} and corresponding weights wy that span a
reduced BZ of the monolayer TMDC. For this honeycomb lattice structure, a choice of reduced
BZ is shown as a triangle whose vertices lie on I, K and K’ in Fig. [2.4{f). The resulting
eigenvectors c,x and eigenvalues E,x on this grid are combined with a Gaussian broadening
function G(E; E,x, W) with broadening width W to get a term that depends on lattice site in

the crystal ¢ and the energy the LDOS is being measured at, namely:

1 2
pLDOS(rZ‘, E; W) = W Z Z wk|cnkli| G(E, E’nka W), (374)
k {Z}EI‘,'
where ) is the crystal area and N7 is the sum of all weights in the k-grid. The broadening
was chosen at W = 0.02 eV both because it was close to the thermal energy scale at room
temperature, and to smooth the LDOS while retaining the structure of the peaks corresponding

to defect resonances.
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3.5 Optical Properties and the Bethe-Salpeter Equation

3.5.1 Velocity Matrix Element and Optical Conductivity

To determine the optical properties of the monolayer TMDC system, the strength with which
transitions between occupied and unoccupied electronic states couple to the illuminating radi-
ation is determined predominantly by their matrix elements of the velocity operator. In the

tight-binding formulation, the velocity matrix element takes the form [129]:

Veo(K) = (Y| VieH (K) [thu) = Z CoaaiCokem (Xacti | VicH (K) [ Xaemy) - (3.75)

limyj

To determine the value of the derivative, the convention of tight-binding model must be con-
sidered, as this can modify the form of the momentum matrix element. This makes use of the

tight-binding basis:
1

Xklz’(r> = ﬁk

> e By (r—R—1), (3.76)

R

where N}, is the size of the N x Ny, grid of k-points the Schrodinger equation is solved on. The

velocity matrix element then takes the form:

VicH () = [VicHinn; (1) [X5) (Xt | + Hlion (1) Vic (Ix103) Qs )] (3.77)

limyj
) N ik (R—R/ ’
Vie (Ixxti) (iemg |) N2 > (R -R)EETRI)g ) (9| (3.78)
RR/
. 1 p
Ot | VieH () [Xaems) =VieHimg () + i Hiimj (k) 577 Y (R —=R) = VicHip; (k) (3.79)
k RR/
(Wetcl VicH (1) [uic) =Y ClaasCotem VieHlim (K). (3.80)

limyj

There are several ways to determine the matrix element of Vk]:.llimj(k). The first is via a
finite difference for the first derivative, which can be used for the case of specific directions,
for example, J,. A second way is to use the generic form of a tight-binding term in this

model, B;e’*3. Hopping between different unit cells is achieved through the use of complex
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exponentials, therefore given a direction e, the derivative of these individual terms is

e Vi(Be®*) =i(e-d)Be™d, (3.81)

which can be used to build the gradient of the Hamiltonian analytically. This means that
the imaginary part of the dielectric function and thus the optical conductivity, are calculated

through the formulae [130]:

2 = |e - (V| VicH (K)[the)|?
_ hw— Ba + E 82
=)= szk (oo En? e+ B) (352
e2 wmwﬁwmwh
U(W) = _hQ CEU . Fo — B 6( — Fa + Eck)> (383)

where 2 is the total area of the fictitious periodic box used to model the two-dimensional
crystal. Note that for TMDCs, rank 2 tensors are in-plane isotropic because of the Ds;, point
group [130]. To check units, the prefactor of the sum is VA ™, as 2 /ey = 477 Veou(r) has units
of eVA, while each term in the sum has eV~! from the dirac delta, eV =2 from the energies, and
eV2A? from the matrix element. This means that overall, the imaginary part of the dielectric

function is dimensionless as expected.

3.5.2 Bethe-Salpeter Equation

Excitons are the bound state of an electron and a hole, and the inclusion of such states into
the optical conductivity requires the solution to the two-particle problem of the attractive
interaction between a valence hole and a conduction electron [107]. Exciton states can be

constructed from single electron-hole states:

X@) = Y Yok, ¢, 0)b. g bel0) (3.84)

vck

where () is the centre-of-mass momentum of the electron-hole pair, bkn(b;rm) are the annihilation

(creation) operators for fermions, and |0) is the many-body ground state. The summation
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over non-interacting transitions runs over indices ¢ and v, referring to the conduction and
valence band, respectively, between which the transition takes place, as well as running over
the wavevector k. In the work of MacDonald [107], the coefficients ¢ (k, ¢, v), which also
constitutes the exciton wavefunction, are obtained from the Bethe-Salpeter Equation (BSE).

The BSE is an eigenvalue equation for the matrix defined by [107]:
<k, C,v, Q|HBSE|k/7 C/, U,, Q> = 5vv/566/5kk/(E(k+Q)c - Ekv) - (D - X)ii(k, k/, Q), (385)

where D and X are the direct and exchange integrals, respectively. These originate from the
Fourier transforms of the two-body integrals between states at different k£ points involving

transitions between conduction bands and valence bands:

Dﬁff/(k, kK, Q)= /d37‘d37”,¢vk(r>¢:k+Q(r/>‘/int(rar/)@/);k'k/(r)@/)c’kurQ(r/) (3.86)

X;c}’/ (k> kla Q) - / dgrdgr/¢vk(r)w:k+Q(r)‘7int (I‘, r/)¢:’k’(r/>wc’k/+Q<r/)7 (387)

where Vi, and f/im are the screened and unscreened interaction, respectively. The expression
for the TB basis of a three-band unit cell model is inserted into this equation, to prove the form
in MacDonald’s paper is appropriate. For the direct term in the chosen tight-binding basis, the

equation evaluates to:

Dgg’ (k> k,, Q) = Z Czk+Qlicvkijc’k’+Ql’i’C;/k/m/j/[llﬁbn.j/]%/j/(k7 k/, Q) (388)

Imij

l/m/i‘]]‘/
Ill/’mnflj’b,]/ (k7 k/, Q) = /drdr/XI*(+Qli(r)kaj (r/)‘/jnt(r7 r/)Xk/-i-Ql/i/ (r)Xi’m/j/ (rl) (389)

¢~ i(k+Q) Ri+ik Ra+i(k'+Q) Ry —ik’ Ry -
- Z N4 Kl’m’]i’j’(R'lv RQa R37 R4) (390)
RiR2 k

R3R4
KZZ’THZ'JZ'J’({R’}) - /dr¢liR1 (r)¢l/i/R3 (I') /dr,vint (I‘ - I")¢ij2 (r/)¢m’j’R4 (I’/) (391)
~ 6R2R46mm’5jj’5R1R3511’6ii’Vint(Rl —Ro+7 — Tj) (392)

—i(k—K)R

Vgnt(R + 7 — Tj) = 6mm/5”/<5ii/5jjlvij (k — k/)

mij e
It (K, K Q) = G SurGir G D N2
R k

(3.93)
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DCC (k k Q) Z (Z CZk+QliCC/k/+Qli> k k/ <Z CUkm]C’U/k/m]> y (394)

ij l

where it is approximated that the states ¢;r(r) = ¢;(r — R — 7;) are highly localised delta

functions centred on R + 7;. Proceeding similarly for the exchange term,

XCC (k k Q) Z (Z Czk—}—Qlicclk/'i‘Qli) 7,] (Z Cvkm] ’U’k’m]) . (395)

ij l

In the case of the unit cell for the three-band monolayer TMDC model, there is no index for

atoms in the basis, and thus the equations reduce to a simplified form [107]:

/ 1
Df}f}’(k’ k/’ Q) = mvk—k/ (u11+Quk’+Q>cc’ (Z/{li/uk)v’va
k
1

Xk X.Q) = FaVa

v (uk+Quk)cv(u /uk’+Q)v >
where Vi = > g e RV (R), Vi = Yr e &RV (R), and Uy is the matrix of eigenvectors for
the TB Hamiltonian. For the case of direct transitions, where ) = 0, the exchange integral is

Zero.

In work by MacDonald et al. |107], the Keldysh interaction is used to represent the interaction
potential between the electron excited into the conduction band, and the hole in the valence
band left behind. Typically, samples of TMDC in experiments are examined on a substrate
which incurs a level of screening of the electron-hole charge. The screening included in the
Keldysh interaction is the average of a silicon dioxide (SiOy) substrate and air, ¢ = 2.4 — 2.5.
In this work, the interaction between the electron and the hole was modelled using the screening
developed earlier in the random-phase approximation, using the Hankel transform in Eq. .
The calculations are done for two different substrates corresponding to SiOs and diamond
(which has a dielectric constant of 5.7). The lattice Fourier transform V4 is represented on a
grid spanned by vectors R; = ax and Ry = (a/2)% + (v/3a/2)y, and has a size of N, x Nj.
This is directly related to the k grid used to calculate the BSE Hamiltonian. At R = 0, the
potential of the electron-hole interaction diverges, and thus must be truncated to regularise

the interaction. In this work, for the RPA potential, the height d in Eq. (3.25) is treated as a
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Species | egup, | EBSE (eV)

Acceptor | 3.8 2.125
Donor 3.8 2.075

Acceptor | 5.7 2.15

Donor 5.7 2.1

Table 3.2: Values of the energy cutoff EBSF used for the donor and acceptor defect calculations

for the two substrates considered in the section of this work that looks at the optical properties
of charged defects on monolayer MoS,.

phenomenological parameter and tuned for the pristine optical conductivity to similarly match

the lowest exciton binding energy obtained in experiment, which was found to be 1.2 A.

A technique to reduce calculation time while retaining accuracy in the energy ranges of interest,
involves limiting the number of transitions considered in the calculation between higher bands

whose exciton energies are not greatly affected by the presence of charged defects. This is

EBSE

ot which determines the highest conduction

performed by introducing an energy cutoff
band and lowest valence band considered in the calculation. The maximum conduction band
Cmax (k) 18 the index of the highest energy conduction band at wavevector k for which the energy

obeys Eg < BN 4+ EBSE where EN2* is the energy of highest valence band state at k. The

cut

minimum valence band v, (k) is the index of the lowest valence band at wavevector k for which

o EBSE

cut »

the energy obeys E, > E&5in where E%" is the energy of lowest conduction band state
at k. The BSE Hamiltonian is then constructed for direct transitions between conduction bands
¢ < cmax(k) and valence bands v > vy, (k) at each k. This limits the size of the basis, which
increases in proportion to N?N2?. The energy cutoff for calculations for an 18 x 18 supercell
with a I' point sampling (N; = 1), was increased until the calculation required an amount of

memory that was too large for the resources available, which are shown in Table. for the

calculations performed in this work.

The BSE Hamiltonian for direct transitions (@) = 0) in Eq. (3.85) is diagonalised through the

eigenvalue equation:

> (k,c,v,Q = 0|Hgsp[K', ¢, v/, Q = 0) A, = EMAY, (3.96)

cv'k’!

to obtain exciton eigenvectors AM and exciton transition energy E,;. The binding energy
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EM . = Ey — E, of exciton M is calculated by subtracting the free-particle band gap E, from
the exciton eigenvalue. The inclusion of electron-hole interactions into the optical conductivity

of the TMDC monolayer changes its form to

e? ‘Zk,c,v<Al]ycv)*<¢Ck|e : VkH(k) |k )
o(w) =75 > . §(hw — Eyp), (3.97)

where 2 is the area of the periodic supercell system. To approximate the delta function in Eq.
(3.97), a normalised Lorentzian function is used with constant broadening of W = 0.02 eV to

match the value used in Refs. [10}/107].



Chapter 4

Defects in Monolayer MoS-

In this chapter, I will first analyse the wavefunctions and binding energies of defect states aris-
ing from a charged defect in monolayer MoS,, comparing the electronic behaviour of donor and
acceptor defects. I will discuss how the shape of the conduction and valence band structure
influences the properties of defect states. Unlike graphene, the low-energy shape of the con-
duction and valence bands of MoSs exhibits strong asymmetry, with secondary conduction and
valence band extrema that are at different regions in the Brillouin zone (BZ) to the primary
extrema and to each other. The secondary extrema also have effective masses that are signif-
icantly larger than those of the primary ones. These differences seen between the conduction
and valence band suggests significantly different behaviour between donor and acceptor defect
states. To begin this section, I will first discuss the inherent properties of monolayer MoS, from
this model. This will be followed by a discussion of the form of the screened potential for an
adsorbate defect in monolayer MoS,, calculated from first-principles, which is a crucial aspect
of this work. Then, the binding energies of in-gap defect states are studied with respect to a
small set of parameters. These parameters include the height of the defect above the transition
metal layer and its effective charge, as well as the dielectric constant of the substrate that the
MoS;, can sit on in experiment. I will predict experimental signatures of specific parameter
sets, such as the LDOS which can be measured in scanning tunnelling spectroscopy, identifying

observed defect states in the spectrum. Finally, I will explain how the properties of acceptor

80
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and donor defect states manifest in the optical conductivity of monolayer MoS, in the presence

of a charged defect.

4.1 Electronic Structure of MoS,

(a) (b)
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Figure 4.1: (a) Band structure along the 'K MT line in the MoS, Brillouin zone, along with
the (b) corresponding density of states (DOS).

The band structure for monolayer MoSs is shown in Fig. [4.1)(a), with complementing density of
states (DOS) in (b). Here, the VBM at K/K’ and I" are shown to be at very similar energies,
separated by 0.071 eV. They also show very different effective masses. These are compared in
Table [£.1] with the VBM at ' being an order of magnitude larger than the VBM at K/K'.

It should also be noted that the strong spin-splitting in the VBM at K /K’ is not matched

0.44

| 5 T K| Q.
2.21

448 0.806
8

Table 4.1: Effective masses m;, and m,; (in units of the free electron mass mg) along the k, and
k, reciprocal-space directions, respectively, for MoS,, shown for the valence band (subscript v)
and conduction band (subscript ¢), at valence band maxima and conduction band minima.
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anywhere else in the valence band; The VBM at the I' point is spin-degenerate. In fact, along
the I' — M line, the spins are also degenerate. The spin-splitting of the VBM at K /K’ is seen
in the DOS in Fig. [4.1(b) as a double shoulder close to 0 eV (defined to be the VBM). In
the conduction band, it can be seen that the CBM at K/K’ is spin-degenerate. This is not
consistent with first principles calculations which show a small spin-orbit interaction on the
order of 1 meV, and is a limitation of the simplified model for this work. The secondary CBM
at () demonstrates both a significant spin-splitting and a strong asymmetry along the I' — K
line. The conduction band shows a high density of states at energies close to the gap, with a

large peak just above the small shoulder of the CBM at K /K’ (See Fig. 4.1|(b)).

4.2 Screened Defect Potentials in Monolayer MoS,

—— RPA S
—— Keldysh (rp=41.71 4) @‘

bo 02 04 06 08 10 12 14 16 18
q(A)

Figure 4.2: (a) Dielectric function obtained from the random-phase approximation, compared
to screening in the Keldysh model. (b) Schematic for screening at different length scales.

The dielectric function € for monolayer MoS,, obtained from first-principles and calculated
within the random-phase approximation (RPA), is shown in Fig. [4.2(a) in red, as a function of
wavevector magnitude ¢. It can be seen that the dielectric function is always greater than unity

in this system, since the screening semiconducting medium cannot increase the magnitude of a
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(a) (b)
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Figure 4.3: Defect potential of monolayer MoS, for a le charge, derived from first principles
within the random-phase approximation (a) for d = 2 A compared to both the Keldysh model
and the unscreened Coulomb potential (both with d = 2 A), as well as (b) for multiple values
of the defect height d. Insets show the log-log form of the potentials in the main plot.

Fourier component V'(q) of the bare electrostatic potential. The variation of ¢ with ¢ strongly
reflects the behaviour of electric field lines permeating over different length-scales within the
monolayer system. Firstly, the most notable feature is a peak that occurs on the order of an
inverse lattice parameter ~ 1/a, which indicates that the strongest screening between charges
occurs on the length-scale of a few atoms. On smaller scales than this, corresponding to
large values of ¢, the screening slowly decreases with increasing ¢ from the peak. This arises
from the reduced presence of bound electrons between two charges whose separation is smaller
than typical bond length in MoSs, resulting in less medium between the charges to contribute
to screening. Due to the non-zero tails of quasi-particle probability distributions within the
system, the screening converges slowly to unity as ¢ — oo, a limit that corresponds to the
charges being superimposed on one another. At long range, corresponding to small values of
g, the screening becomes almost linear, reaching unity as ¢ — 0. As the distance between the
two charges in the quasi-two-dimensional semiconductor increases, the out-of-plane thickness
of screening medium becomes increasingly negligible relative to the in-plane separation of the
charges, which can be seen in Fig. [4.2(b). As a result, field lines between two charges separated

by a larger distance pass through less of the medium and further avoid the screening charge
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within it, such that no screening of the interaction is present when the charges are infinitely
separated in the quasi-2D material. The gradient of the linear segment of the dielectric function
in Fig. 4.2((a) is found to be ry = 41.71 A, and is proportional to the polarisability of monolayer
MoSs [131]. In the form of 14 rqq, the resulting defect potential when integrated takes the form
of the Keldysh model, which is frequently applied to thin-film semiconductors and semimetals
in a classical electrostatic context [99]. This linear form has been shown in Fig. [4.2((a) in black,
and is reasonably congruent with the RPA dielectric function until about ¢ = 0.1 A~! which
in real-space corresponds to an agreement between the two screening models on the nanometre
scale and beyond. This validates that while the Keldysh function presents an effective model
of the screening in quasi-2D materials for long-range behaviour, it fails to capture the atomic

nature of the short-range screening in the system, significantly overestimating it.

The dielectric function in Fig. 4.2(a) was used to obtain the screened defect potential as a
function of position, parameterised by a defect height d and prefactor Z corresponding to an
effective charge of Ze. In Fig. 4.3(a), the defect potential for d = 2 A and charge e (Z = 1)
is shown as a function of position, compared to both the unscreened Coulomb potential, and
Keldysh function for the value of 79 = 41.71 A estimated from Fig. |4.2|(a). It is observed that,
in comparison to the unscreened Coulomb potential, the RPA potential obtained from first-
principles calculations screens more heavily at short range, and the gradient of the potential
is generally less steep, as can be seen more clearly in the inset of Fig. [4.3(a) where the plot
is shown in log-log format. However, as the distance from the defect increases, the screening

becomes weaker and the RPA defect potential converges towards the unscreened case.

This convergence can be seen to occur at approximately » = 100 A in Fig. 4.3((a), and demon-
strates that the screened defect potential in two-dimensional semiconductors like monolayer
MoS, is highly long range. This is in stark contrast to a three-dimensional semiconductor,
where the screened Coulomb potential between two charges at long range can be associated
with a bulk dielectric constant. This is because an increasing distance between charges in a
true 3D semiconductor entails more screening medium between them, while maintaining zero
free space through which electric field lines can permeate. In addition, Fig. |4.3[(a) compares

the screened potential found from using the RPA dielectric function to one in which the di-
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electric function is substituted with the Keldysh model ekeq(q) = 1 + rog, where rqg = 41.71
A. This shows that beyond approximately 8-10 A, the Keldysh potential acts as an effective
approximation to the screened potential within the RPA, provided that the value of rg used
in the calculation of the Keldysh potential is matched to the gradient of the RPA dielectric
function. The agreement in this part of real-space corresponds to the long-wavelength segment
of the reciprocal-space dielectric function in (b) which is approximately linear. At shorter
distances than 8-10 A, the Keldysh potential is a poor representation of the screened potential
in the monolayer, substantially overestimating the screening by up to 50%. This indicates that
for states strongly bound to the defect, the potential energy associated with the defect state
can be vastly inaccurate. This disagreement of the Keldysh potential with the one obtained
from first principles is due to the assumptions in the original work by Keldysh and Rytova when
constructing the model [99,/100]. In this work, they assume a uniform medium occupying a thin
region of thickness h, such that the expression for the dielectric function ekeq(q) is arrived at
after only considering the reciprocal-space region where gh < 1, corresponding in real-space to
r > h where r is the in-plane separation of the charges [99]. Thus, for continuum models, the
Keldysh potential could provide a quick and effective means of calculating quantities within

the effective mass approximation for monolayer MoSs,, and potentially other TMDCs.

The height of the defect above the system plays an important role for the strength of the po-
tential energy that bound states experience in the material, and can vary substantially between
different species of adatom defects, due to both the size and chemical valence of the defect
atom. In Fig. [4.3(b), the RPA defect potential for a charge of e is shown for a variety of defect
heights d above the Mo layer in monolayer MoS,. Firstly, it can be seen that defects closer
to the Mo atom result in larger defect potentials in the vicinity of the defect, whereas larger
defect heights soften the gradient of the potential near » = 0. This is understood even in the
absence of screening, as the form of the unscreened potential Voo (r;d) o< 1/ V72 + @ has its
maximum value proportional to 1/d. Similarly, in the screened case shown in Fig. [4.3(b), it
can be seen that subsequent increases of d result in smaller reductions to the maximum value
of the defect potential. As the distance from the defect charge increases such that d < r, the

significance of this extra out-of-plane distance reduces greatly, causing potentials corresponding
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to defects at different heights from the Mo layer to converge. In monolayer MoS,, this occurs at
approximately 15-20 A, within reasonable precision. The large quantitative short-range change
to the defect potential associated with an increase in d, highlights d as a useful parameter
in this study of charged defects. It should be noted that while the variation of defect height
controls the form of the defect potential close to the adatom defect, the size of the charge Ze

is a prefactor that does not change the overall shape of the potential (not shown in Fig. |4.3]).

4.3 Wavefunctions of Defect States

Once the defect potential, as in Fig. [1.3(a), was applied to the three-band tight-binding (TB)
model for monolayer MoS,, diagonalisation of the Hamiltonian, evaluated at the I'" point in
the Brillouin zone (BZ), resulted in a series of levels appearing in what would otherwise be
the band gap in the pristine system. These states are localised to the defect, and exhibit
strong similarity to the bound states of the two-dimensional (2D) hydrogenic model, and will
be referred to as bound defect states. Fig. [4.4(a) shows the six most strongly bound defect
states for an acceptor adsorbate with partial charge —0.3e and situated a distance 2 A above
the Mo layer, with their binding energies, referenced from the valence band maximum (VBM),
shown in the top left corner. It can be seen that the defect states are localised to the defect
site, and possess nodal structure which allow them to be labelled as states in the 2D hydrogen
series. The most strongly bound defect state (nqof = 1 in Fig. [4.4(a)) corresponds to a localised
1s state, whose probability density is described mathematically by an exponential decay of
inverse scale length «.. The scale length of this most strongly bound state is o~ ! =12.6 A [14],
which is on the order of the lattice parameter. The second most strongly bound state for this
value of the defect charge (—0.3¢), also takes on the form of a 1s exponential decay but with
a smaller scale length of @' = 5.1 A. The binding energy of this second state is within 2
meV of the most bound 1s state, whereas in the linearly screened 2D hydrogen model, states
with a larger value of a typically correspond to a much greater binding energy. Following these
two 1s-like states, are a series of bound states with lower binding energy as measured from

the VBM, that exhibit nodes along their radial cross-section. In descending order of binding
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Figure 4.4: (a) Defect state wavefunctions (modulus square) and (b) corresponding defect state
projections for an acceptor defect on monolayer MoS, for a charge of —0.3e and a defect height
of d =2 A . States are labelled by their order nger in the defect series, with nger = 1 being the
most strongly bound. Each unique nges corresponds to a spin-degenerate pair of states.
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energy, these non-1s states include two 2p-like states, a 2s-like state, and a more localised and
more isotropic 2p-like state. This is an interesting parallel to the pair of 1s states, in which a
more localised form of a bound defect state with the same nodal structure appears at a lower

binding energy.

To understand exactly why this small difference in binding energy between these two 1s-like
states is observed with such a large change in the localisation of the state, it is useful to deter-
mine the region in the Brillouin zone (BZ) of the pristine monolayer MoS, system from which
each member of the series of in-gap states overlaps most strongly with. This is referred to in this
work as the projection of the defect state onto the pristine BZ. By calculating the projection
of the defect state from this supercell calculation onto a state from a pristine monolayer MoS,
(that in a supercell of the same size, would have folded onto the I" point from some point k of
the BZ of the unit cell), the contribution of that region of the BZ to the construction of the
defect state can be quantitatively described. The calculation of this quantity was simplified in
the context of this TB+RPA framework, as the representation of the defect through the defect
potential alone means that the Hilbert space of the pristine supercell is identical to that of the
supercell with a charged defect. Hence, the projections identify a unitary matrix that relates
the two eigenbases of these two systems. Physically, the projections represent the overlap of the
states within the pristine band structure with the defect state, and the importance of particular
regions of the BZ in describing how particular defect states behave with regards to effective
mass and orbital characterisation. Fig. |4.4(b) shows the projections of each of the defect states
in Fig. 4.4{(a), with the hexagonal BZ marked in white. A reciprocity can be observed, where the
states that are more strongly localised in real-space demonstrate a more delocalised projection
in the BZ. It can be seen that these projections are centred on different symmetry points in the
BZ where a valence band maximum is present. The most strongly bound state is constructed
primarily from states near the K point, and its spin-degenerate pair is constructed primarily
from states near K’ due to spin-valley locking. Conversely, the second most strongly bound
state is constructed primarily from pristine system states near the spin-degenerate I' point, a
secondary valence band maximum with a large isotropic effective mass (2.65mg) compared to

that of the K/K' points (0.48my). This reveals a possible explanation for the highly localised
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nature of this state despite being of lower binding energy than the less localised state origi-
nating from K/K’. In the framework of the effective mass approximation in which the band
structure is described as a single parabolic extremum, an impurity state |¢;) can be treated as

a linear combination of band states [29):

6) = / dk (1) 1), (4.1)

where ¢;(k) is a function that determines the contribution of that band state to the linear
combination of |¢;). Inserting |¢;) into the Schrédinger equation for a particle of mass m*
experiencing an external potential U(r), which corresponds to the impurity potential, one
obtains [29]:

(B(K) — E)di(k) + / 4K U (k, K)3,(K) = 0, (4.2)

Uk, X') = (¥u|Ultw), (4.3)

where E(k) is the band energy and F; is the binding energy of the impurity state labelled by
1. However, in the case of the band structure in real non-metallic materials, there are generally
multiple extrema within the BZ, with potentially different effective masses. In this case, the
BZ can be split up into subzones €2;, that each contain an extremum or “critical point”, as
outlined by Bassani [29]. By splitting up ¢;(k) into a piece-wise function across the different
subzones, such that ¢;(k) = d;gj )(k) for k € €, the impurity equation in Eq. becomes:

(BH) - BP0+ 3 [ e v )3 1) =0, (4.4

where U’ (k, k') takes the same value as U(k, k') so long as k € Q; and k’ € Q, otherwise it
is zero. In the case of acceptor defects in MoS,, the critical points associated with individual
subzones would be the K, K’ and I points, since these subzones can individually be approx-
imated as isolated parabolas. A zeroth order approximation to Eq. is to recognise that

the value of U (k, k') is much smaller for the case of j # j' than it is for j = j/, and neglect
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off diagonal terms [29], which leads to:

(BK) - B30 + [ e U 1)) =0 (45)
Qy

where Efjo) and éffg (k) are the zeroth order energy and Bloch transform of the impurity wave-
function, respectively. At this order, effective mass theory produces an independent Schrodinger
equation for each subzone, and thus a set of impurity states for each critical point in the band
structure. Eq. also implies that in subzone j, the defect binding energy is referenced to
the extremum apex in that subzone. The wavefunctions and projections of those wavefunctions,
seen in Fig. [4.4(a) and (b), respectively, demonstrate that localised bound states are observed
in the gap, which when examined draw contribution primarily from one of the extrema in the
BZ. In the case of the acceptor defect, a 1s-like defect state is seen for each extremum in the

valence band, namely the I" point and the K /K’ points.

To understand why the vastly different effective mass of K/K’ and I' points are important for
understanding the energetic and spatial differences in the 1s-like states from each, the real-
space form of Eq. can be considered. The Fourier transform Fz-(j )(r) of fi(j )(q) such that
fi(j )(k—kj,o) = qggj )(k) for an extremum at k; in the BZ, is an envelope function of the impurity

state that obeys a Schrodinger equation of the form:

*
Qmj

(—’W (- E)+ U(r)) FO(r) =0, (4.6)

*

where m ;

and ) are the effective mass and energy of the extrema in subzone j, respectively
[29]. The impurity state in real-space is approximately the envelope function multiplied by the

Bloch state at the VBM:

(r) ~ F9 (r)y(k;0,1). (4.7)

In the absence of non-linear screening, U(r) reduces to a % form, and the binding energies

1

E, and radii a;," of the impurity states follow the solutions to the two-dimensional hydrogen

model [132]

Z*met L 2Z|mie?
By=——2 % oo

2h2(n — %)2’ " h2(n — %)7

(4.8)
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where Z is the effective charge of the defect in the linearly screened model, and n € N*. In
this, the binding energy and the inverse scale length of the 1s election are proportional to the
effective mass of the electron. The screening of the impurity potential means that such formulaic
relations as in Eq. will not apply exactly. However, it would still be expected that the most
strongly bound solution is a localised decaying distribution centred on the defect. Similarly, the
monotonic increase with increasing effective mass of both the binding energy of this state and
the inverse scale length, will also apply in the non-linear case because of the denominator in
the kinetic energy operator. This can be used to explain the differing localisation of the 1s-like
state from the K /K’ points and I' points, despite their similar binding energy in Fig. [1.4(a).
The higher effective mass of the I' maximum in the valence band results in a highly localised 1s
state as the most strongly bound defect state from the extremum. However, its binding energy
is smaller than the less localised 1s state at K/ K’ because it is referenced from the global VBM
at K/K’, rather than the VBM energy at I" as it is in Eq. . The binding energies of the
states in Fig. [4.4(a) do not share the same correspondence to the binding energy as seen in the
2D hydrogen model, as in Eq. . This can be attributed to the non-linear screening that
occurs in this material, which prevents both the binding energy and wavefunction from taking
an analytic form, while significantly screening the potential in the vicinity of the defect where

this state is seen to be most abundantly distributed.

Looking at the non-1s states in Fig. 4.4{a), trigonally lobed states are found following the 1s-like
states in binding energy. These appear to be of 2p-nature, with a node located at the defect.
In the 2D hydrogen model, the probability density of either of the 2p states appears as an
isotropic ring, which differs from the 2p-like states in this defect spectrum. One possible cause
for this is the well known trigonal warping of the conduction and valence bands at K/K' [74].
This non-parabolic shape of the bands results in an angular variation of contribution from some
pristine Bloch states near the maximum at K /K’ to the impurity state than Bloch states for
a fixed wave vector magnitude, which can be explained by the degree of trigonal warping the

bands experience close to the VBM at K/K’. To understand this, one can make use of an
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expansion of the impurity state by Bassani et al. |133]:

o(r) = /dk (2, anfn(k)) v(k, 1)

) = [ akdouic) (19)

where a,, are linear coefficients and the functions f,, (k) are defined as

fulk) = / dr (K, 1)/ TO ) g (1), (4.10)

with the arbitrary functions defined by g,(r) forming a complete basis [133]. Inserting Eq.
(4.10) into Eq. 1' and extracting the form of the projection gzNS(k), one obtains

Jdr (2, angi () VT (k1)
() = Ek) - E

. (4.11)

It can be seen in the denominator of Eq. that states with a smaller energy separation
from the defect level will have a larger contribution to the impurity state. In the presence of
a trigonal warping, gg(k) itself will demonstrate a trigonal warping that matches those of the
bands, which can clearly be seen in Fig.4.4|(b) for the 2p-like states. For the 2p-like state at 0.075
eV (nqes = 3 in Fig. 4.4(a)), there exists some modulation of the wavefunction in the vicinity of
the central node at the defect site. This state has non-zero projections onto the I' point, which
means that oscillatory terms proportional to cos (C %) are seen in the linear combination of
Bloch states, where ( is approximately unity. While the effect is small, hybridisation between
impurity states at different extrema can occur in the effective mass treatment of impurity states.
Following the 2p states, a 2s like state is seen, with a very strong peak in the centre, surrounded
by a concentric node. Unlike in the 2D hydrogen model, the n = 2 bound states of the non-
linear screening in the impurity potential in MoSy are not accidentally degenerate. The final
wavefunction shown in Fig. 4.4{(a) is a 2p-like ring state, whose corresponding projection in
Fig. [4.4(b) identifies it as being primarily constructed from states near the secondary VBM at
the I' point in the BZ. Compared to the 2p-like states from the K/K’, there are no significantly

pronounced trigonal lobes present in the one from I', nor in the projections in Fig. 4.4{b), which

is due to the lack of trigonal warping found at its secondary VBM.
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Figure 4.5: Defect state wavefunctions (modulus square) and for a donor defect on monolayer
MoS, for a charge of 0.3e and a defect height of d = 2 A . States are labelled by their order nges
in the defect series, with ngesf = 1 being the most strongly bound. Each unique nges corresponds
to a spin-degenerate pair of states.

In Fig. , the first six (spin-degenerate) most strongly bound states in the band gap are shown
for the case of a donor atom with the same height (d = 2 A) and effective charge magnitude
(Z = 4+0.3). Despite the binding energies of these states being on a very similar energy scale
to the Z = —0.3 case, their wavefunctions exhibit very different features compared to their
acceptor counterparts. The projections for these states all show that the wavefunctions in
Fig. are constructed primarily from Bloch states near the K/K’ conduction band minima
(CBM). Firstly, in Fig. , a pair of modulated 1s-like states are observed as the two most
strongly bound states in the donor defect spectrum with noticeably different binding energies
and different spatial extents. While in the case of the acceptor, the presence of two 1s states
originated from two band extrema with vastly different effective masses, these 1s-like donor
defect states originate from the K/K' points. However, it was determined that hybridisation
takes place between the impurity states of the subzone containing the CBM at the K point
and those of the subzone containing the K’ point, due to the lack of spin-orbit splitting present

in the conduction band of the three-band model |14]. To understand this, consider the folding
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of the unit cell band structure when creating a supercell. The I' point is sampled for the
wavefunctions in this section, because in the infinite supercell limit, all possible k-points in the
BZ fold onto it. While sufficiently large supercells would provide a good enough approximation
to the isolated system, in this calculation, the size of the supercell is chosen to be both large
enough to sufficiently capture the defect states and to be of size 3n x 3n s.t. n € Nt so that the
K /K’ points fold directly onto the I" point. In addition to the impurity potential coupling these
folded band states, this choice of supercell size results in four-fold degeneracy at the energy of
the CBM in MoS,. This is shown schematically in Fig. [£.6] Were it the case that only the
CBM at the K point is present in the band structure, the presence of a defect potential would
result in a spectrum of spin-up defect states from the CBM with effective mass 0.44m, and a
spectrum of spin-down defect states arising from the CBM with effective mass of 0.39mg (vice
versa for K'). However, the folding of the CBMs at K and K’ onto one another means that
similarly spinned CBMs of differing effective mass form a degenerate subspace, and the presence
of a defect potential creates a coupling between the two. This hybridisation also explains the
strong modulation in the wavefunctions, since it results in a linear combination of Bloch-waves
from K (~ e®T) and K’ (~ e " T) being present in the non-envelope part of the defect state.
This approximately gives rise to densities possessing sinusoidal contributions ~ cos (K - r) that
repeat every three unit-cells, which is confirmed in the troughs and peaks of the 1s-like states
in Fig. . This modulation is still present in the four 2p states (shown in Fig. to a lesser
degree, which do not take contributions directly from the K /K’ points, despite the fact that
the four-fold degeneracy only occurs at the minima at K/K’ and not in its reciprocal-space
neighbourhood. In the vicinity of the K/K’ points, the two conduction bands are very close in
energy, which is sufficient for the hybridisation of the 2p states to occur. This suggests that,
despite the non-zero spin-splitting of the conduction band minima of ~ 1 meV present in the

real system, this modulation effect is not necessarily an artifice of the tight-binding model.

In the 2p states, the trigonal lobes are less pronounced, meaning that they appear to take
a more circular density. This is further evidence that the trigonal warping is responsible for
the trigonal lobes observed in these calculations, as the lesser degree to which the conduction

bands are warped compared the valence band has been previously shown by other groups [74].
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Figure 4.6: Schematic of the hybridisation present in the conduction band of MoS, in the
presence of an impurity potential. Shows a sketch of the conduction band structure at K and
K', with zero spin-orbit coupling at the K/K’ points. The positive energy axis F is shown in
the top left. This is only shown for the 1s and 1 states.

Additionally, the binding energies of the donor states from K/K’ measured from the CBM are
on the same energy scale as the acceptor states from K/K’ measured from the VBM. This can
be understood as resulting from the similar effective masses of the conduction band (0.448m,)

and valence band (0.478mg) at K/K'.

4.4 Theory of Defect State Binding Energies

Label in Fig. 4.7(a) VBM Hydrogenic label
A r 1s
B K/K' Upper 1s
C K/K' Lower s
D r 2s, 2p and 2p/
E K/K’ Upper | 2s, 2p and 2p/

Table 4.2: Identity of the labelled states in Fig. (a), showing the VBM in the BZ from which
the state is most strongly constructed from, and the hydrogenic label of the state relating to
its nodal structure. In the middle column, “Upper” and “Lower” refer to the upper and lower
energy valence band in the spin-split region near K/K'.
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Figure 4.7: (a) Acceptor binding energies in MoS, as a function of charge size Z for a defect
at 2 A above the M site. The identity of the states is given in Table . (b) Acceptor binding
energies of the 1s states from K/K’ and I' as a function of Z for the same height and defect
site, with power law fittings shown in the legend. All energies are referenced from the valence
band maximum at K/K’, and Agr = 0.0711 eV is the energy difference between the valence
band maxima at I' and K/K’.

4.4.1 Acceptor State Binding Energies with Defect Charge

In the two-dimensional (2D) hydrogen model, where the screening is absent in the potential,
it is known that the binding energy of the electron increases as oc Z2. Hence, probing the
sensitivity of the binding energy of charged defects in monolayer MoSy can reveal how the
inherent screening of the Coulomb potential changes this proportionality with Z. To understand
how the size of the charge changes the structure of the defect levels in monolayer MoS,, the
binding energy of the donor and acceptor defect levels was studied. This is shown for acceptor
defects in Fig. (a) as a function of the charge magnitude Z, with the defects labelled by
their hydrogenic state. This shows that the binding energies increase with Z, which is expected
since a stronger charge results in a deeper potential that binds free carriers to a greater extent.
However, it is also noticed that with the increase of charge, different defect levels increase by
different amounts, leading to various order changes of defect states shown by the crossovers in
Fig. [1.7(a). By looking at the projections of these states as performed for the Z = —0.3 in
Fig. (b), both the hydrogenic label and associated subzone of origin within the effective mass

approach can be ascribed. As such, lines and groups of lines at the Z = 1 position in Fig. (a)
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Figure 4.8: Tight-binding band structure, where bands with spin-up (spin-down) character are
in red (blue) [14]. From [14] (own) under the Creative Commons License (subfig. (a) removed).

are labelled by their hydrogenic state analogue and the extrema most strongly constructing the
state in the projections. It can be seen that for charge strengths greater than around 0.2, the
most strongly bound states are 1s type defect states, which are spin-degenerate and constructed
exclusively from K/K’ and from I'. At Z = 0.3, the 1s state from I' point has the same energy
as the 1s state from the K/K’ points, and beyond this at Z Z 0.3, the I" point defect state
remains the most strongly bound. Following this at large values of Z > 0.7, a third 1s state can
be seen in the spectrum which arises from the lower spin-split valence band at the K/ K’ points.
Additional to these 1s states, there is a collection of 2p, 2s and higher order states from both
the K/K' and T points. At Z = 1, it can be see that the most strongly bound defect states
that are not of 1s type, are 2p-like defect states constructed from Bloch states near the I' point,
whereas below Z = 0.6, a 2p-state constructed from the K/K’ points is the most dominant
non-1s state. The crossovers of binding energy curves with increasing Z would not arise in the
2D hydrogen model, as they are all proportional to the Rydberg with decreasing constants of
proportionality for higher order states. They arise due to the multi-valley nature of the valence
band structure in MoS,, and the fact that binding energies of defect states constructed from

different valleys respond differently to the defect charge.

At Z = 0, the energies in Fig. [£.7(a) match those of the unperturbed supercell with size
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51 x 51, with the top state being the VBM at K /K’ and the bottom state being the VBM at
I' at -0.0711 eV below it. In between these two maxima, Fig. 4.7(a) shows the energies of the
sampled points near the VBM at K /K’ that fold onto the I" point in the creation of the supercell.
Hence, at small values of the defect charge, the auziliary defect states (2p, 2s etc.) appear to
be resonant with valence band continuum, as their binding energy curves continue smoothly
from the sampled points at the K/K’. It should be noted that this would not be the case for
a truly isolated defect in an infinite system, as all defect states constructed from the K/K’
points would increase in binding energy from 0 as Z is increased. This discrepancy between the
supercell calculation and what would be expected in the ideal case can be explained with use of
the supercell size N.. As N. — oo, the sampled points at Z = 0 from which the binding energy
curves of the auxiliary defect states continue from as Z is increased, would converge towards
the VBM at K/K’. However, at larger values of Z e.g. Z = 1, the auxiliary defect states for
N, = 51 are completely captured by the supercell, such that their energy is independent of
N.. This suggests that there is a value of Z, above which the binding energies of the auxiliary
states are converged. Below this value, the weak defect potential results in auxiliary states that
are too delocalised such that the supercell is not a sufficiently large enough window to capture

them.

To understand how each set of defect states respond to a change in the defect’s strength, it
can be useful to isolate the binding energy curves for the 1s states alone, which is shown in
Fig. 4.7(b). Here, the binding energy curve of the 1s state from K/K' increases from the
global valence band maximum at K /K’ with increasing Z. This is not the case for the binding
energy curve of the 1s state which was found by projections to originate strongly from the I
point. It was found that as Z is gradually increased, this state increases in energy from -0.0711
eV below the global VBM corresponding to the energy of the secondary VBM at I'. Hence,
it is appropriate to reference this defect level from the I'" point energy, which means that for
charge sizes Z S 0.2, the state is resonant with the valence band continuum. It is important
to observe that E gk increases less with Z than Fi,r. Given the fact that all the orbitals
taken into consideration in the model are d-orbitals on the Mo atoms, and that the Coulomb

potential is indifferent to orbital character, the distinct orbital character of the two types of
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Figure 4.9: Variation of binding energy of the two most strongly bound 1s states with de-
fect charge Z, referenced to the valence band, for a defect height of (a) d =1.5 A and (b)
d =2.5 A above the Mo atom. Agr = 0.0711 €V is the energy difference between the valence
band maxima at [' and K/K'.

VBM cannot justify this difference in sensitivity to Z. Within the effective mass approximation,
the only difference between the two types of VBM in MoS, is between the distinct effective
masses of K/K’ and I' as shown in Table This significant difference in sensitivity of the
binding energy to changes in Z, can be quantified by fitting the two binding energy curves
in Fig. 4.7(b) to a power law of the form AZ", where A and n are parameters. The power
law demonstrates an excellent fit to the binding energy, with parameters for each shown in
the legend of Fig. 4.7(b) which includes the difference between the K/K’ and I' VBM. The
parameters demonstrate that while there is not a large difference between the exponents of the
power law, the coefficients A of the binding energy fits for the 1s state of K/K' and T" differ
by approximately 43%. Since the effective mass of T' is roughly 5 times the size of the mass at
K/K’, this behaviour is significantly different to the case of the 2D hydrogen model, where the
binding energy is linear in the electron mass. However, the difference between the power law
fittings of the binding energies, almost entirely in the coefficient, indicates a monotonic increase
of the binding energy with effective mass. This also contributes to the explanation to why the
two 1s states have similar binding energy referenced from the K/K’ VBM for Z = —0.3, despite

having completely different spatial extent.
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4.4.2 Acceptor State Binding Energy with Defect Height

If the defect height is varied, it is expected that the binding energies of the 1s states from both
the K/K’ and I" points would be significantly affected. This is because changes to the defect
potential, upon tuning the defect height, are highly local to the defect site, which is where the
1s states are mostly distributed. As can be seen in Fig. [4.3(b), the effect on the defect potential
of changing the defect height is negligible at in-plane distances from the defect beyond 10-15 A.
In the case of d = 1.5 A, Fig. (a) shows that the binding energies of the two 1s states are
generally larger for all values of Z, with the binding energy of the most strongly bound 1s
state at Z = 1 being around 0.15 eV larger than in the case of d = 2 A shown in Fig. 4.7(b).
More significantly, compared to Fig. [1.7|(b), [1.9(a) shows a larger difference in the gradients of
the binding energy with Z, or a larger difference in their sensitivities to Z, between the state
from I and the one from K/K’. This is observed in [4.9|(a) firstly through the increased size of
the separation between the curves associated with these two 1s states, relative to the binding
energy, as for Z = 1 the separation is almost double that for the case of d = 2 A. This higher
sensitivity to Z of the binding energy of the 1s(I') can also be noticed in the lower value of
Z.(d) for which the two 1s states are degenerate. This is marked in Fig. 4.9(a) with a vertical
line at Z,(d = 1.5 A) = 0.235, which is lower than in Fig. 4.7(b) where Z.(d = 2 A) = 0.305.
This correlates with the much stronger localisation to the defect of the 1s(I') defect state, as
this means it has a higher probability density in the regions where there is a stronger increase
in potential energy due to the smaller value of d. Fittings to the same power law are also
shown in Fig. 4.9(a), for both the 1s(K/K’) and 1s(I') states. For the 1s(K/K’) state, the
most significant change is a 10% increase in the coefficient, with the power law still presenting
a good fit to the binding energy curve. However, for the 1s(I") defect state, the errors in the
power law fitting to the binding energy are higher, which can be seen by crossovers between the
calculated and fitted curves. This arises because of the poor quality of fit to the data at larger
7, where the defect state is highly localised to the defect site such that in reciprocal-space, the
set of Bloch states required to construct it extend significantly enough beyond the parabolic
region of the VBM at I'. It is at this point where the effective mass pertaining most strongly

to the defect state becomes ambiguous, causing the lack of conformity of the binding energy
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Figure 4.10: Binding energies as a function of charge Z, calculated from the variational effective
mass (VEM) model. This is done for a particle in a potential V' (r) of a charged defect a height
d above the Mo atom, screened by Keldysh dielectric function 1 + rog with o = 41.71 A. The
particle has either a mass mj; of the VBM at K/K' or mass mj of the VBM at I'. Fitting
parameters to the power law AZ7 are also shown, with the energy difference between the I and
K/K’ maxima given as AEgr.

to a power law in which the effective mass is fixed throughout the curve. Conversely, when
the value of d is slightly increased to 2.5 A as seen in Fig. [4.9(b), the binding energies of both
the 1s(K/K’) and 1s(I") defect states are generally smaller in value, their crossover occurs at
a higher value of Z.(d = 2.5 A) = 0.36, and they both conform well to the simple power-law
fitting. This final point reinforces the idea that extreme localisation results in defect states
whose binding energy is not entirely determined by one value of the effective mass, resulting in

a poorer fit of a power law to the binding energy with charge strength.

4.4.3 Variational Effective Mass Model for Acceptor States

The behaviour exhibited in the tight-binding (TB) calculations presented here can be further
compared to the effective mass approximation, using a variational approach. In Fig. [£.10] the

binding energies as a function of Z are shown for the variational effective mass (VEM) model
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in which the total energy of a particle of effective mass m* in a potential Vgee(r) of the form:

Ze? /dq Jo(qr)e=

Vie = —
(1) 4deg 14 7roq

, (4.12)

where Jy is the zeroth Bessel function of the second kind, d = 2 A is the defect height, and
ro is the linear coefficient of the Keldysh dielectric function fitted to the ab initio dielectric
function obtained from Eq. . The binding energy is shown for the effective masses of the
VBM at the K/K’ and I" points separately, which are the only differing parameters in the VEM
calculation besides the reference energy. This shows good agreement with the binding energies
obtained from the TB supercell calculations, with a crossover of the two binding energy curves
occurring at a charge strength of Z ~ 0.35. The VEM binding energy curves were also fit to
the same power law form as for the TB model, shown in Fig. [4.10} This shows that generally,
while the fitting parameters are similar to those of the TB model, the binding energies in the
VEM model are less than the TB. It can be seen that the coefficient of the power law differs
by about 26% between the two values of the effective mass in the VEM model. At Z =1, the
similarity between the VEM and TB binding energies is not as clear, owing to the fact that
the Keldysh screening implemented in the continuum VEM model describes the system poorly
at short range where it results in a weaker potential. This means that the highly localised 1s
states experience a potential energy which differs substantially between the two formulations
of the defect potential. Nevertheless, this indicates that by simply increasing the effective mass
of the VBM in consideration, the in-gap defect states built from pristine Bloch states of that
VBM have larger binding energies. This further corroborates the conclusion above that the
difference in binding energy dependence on Z between defect states from the K/K’ and the I'

point, is primarily attributed to the differences in their effective mass.

4.4.4 Donor State Binding Energies with Defect Charge

In the case of donor defects, the behaviour of the in-gap defect state binding energies is notably
different. While in the conduction band there are six secondary conduction band minima

at the () points, their energy relative to the primary at 1s larger than the
CBM he @ poi hei lati h i CBM at K/K'is 1 h h



4.4. Theory of Defect State Binding Energies 103

(a) Site: M, dn=2.04

1.0 10 Site: M, d,=2.04

(1)
Els,K

EZ ¢
- KW 0.772143 ev
K@ 0592128 ey

(1)
Els,O

(2)
Els,O

0.0 i l l l : . 0.2 0.4 0.6 0.8 1.0
Z

Figure 4.11: (a) Donor binding energies in MoS; as a function of charge size Z for a defect
at 2 A above the M site. The identity of the states is given in Table . (b) Donor binding
energies of the 1s states from K/K' and @) as a function of Z for the same height and defect
site, with power law fittings for the 1s states shown in the legend. All energies are referenced
from the conduction band minimum at K/K’.

Label in Fig. ’mka) CBM Hydrogenic label
A @ Upper & Lower 1s and 1¢
B K/K' 1s
C K/K' 1¢
D K/K' 2s
E @ Lower 15"
F K/K' 2s, 2p and 2p/

Table 4.3: Identity of the labelled states in Fig. (a), showing the CBM in the BZ from which
the state is most strongly constructed from, and the hydrogenic label of the state relating to
its nodal structure. In the middle column, “Upper” and “Lower” refer to the upper and lower
energy conduction band in the spin-split region near the six () points.

difference between the VBM at I' and K/K’. Additionally, these secondary conduction band
minima are anisotropic, meaning that simple applications of the effective mass approximation
are less likely to be satisfactory. Due to the lack of spin-orbit coupling in the primary CBM at
K/K', same-spin CBMs from the K and K’ have the same energy and can be strongly coupled
by a potential, creating pairs of hybrid states. The binding energy of the donor states with
reference to the CBM at K/K’ is shown in Fig.[4.11)(a), with labels which map to the hydrogenic
series and are related to the nodal structure of the state. For donor charge strengths between

Z =0 and 0.5, the most strongly bound donor states are a pair of 1s like states whose energy
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monotonically increases from the CBM at K /K’ with increasing Z. There is a splitting between
them that increases with Z, up to a maximum of 0.2 eV at Z = 1, which is attributed to the
same mechanism as depicted in Fig. Interestingly, between Z = 0.5 and 0.7, the pair of
hybridised donor 1s states are crossed by a second pair of states. This is similar to the acceptor
case, since as Z — 0 the binding energy curves of this second pair converge to an energy above
the CBM, such that the states they represent are resonant with the conduction band continuum
for small Z. This means that their increase in binding energy with Z is stronger than that
of either of the hybridised 1s states from K/K’. By observing the projections of these states,
they arise primarily from a hybridised combination of the six () states that exist approximately
halfway along the I' — K lines in the BZ of the pristine system. In Fig. 4.7|(b), the two 1s states
from K/K’ and the two from {Q} are shown, isolated from the other bands. The splitting
exhibited by these two () states appears to be indifferent to the size of the charge Z. This
suggests that alone they are not hybridised with each other, but are instead states from two
separate hybridised sets of defect states from the six {@Q} points. As can be seen in Fig. M,
the CBM at the {@Q} points (shown as @) and Q') are not spin degenerate, and are furthermore
spin-valley locked. In a large supercell scheme, these six () points fold onto one another to give
two sets of CBM, each containing three spin up CBMs and three spin down CBM at the same
energy. Hence in the presence of the defect potential, for each spin there will be a two sets
of three-way hybridised states associated with the spin-split {@Q} CBM. This is also supported
by considering the spin-splitting between the bands, which varies between approximately 65-75
meV in the vicinity of the () CBM. This compares well to the 77 meV separation between the

two 1s states from {@} in the defect spectrum.

4.4.5 Variational Effective Mass Model for Donor States

As for the case of the acceptor, the VEM model can be applied to the 1s states built up from the
K /K’ points, by inserting the effective mass of the CBM at K/K’. The effective masses for the
upper and lower CBM are almost identical, and thus the splitting between the two 1s states in

the tight-binding model is not replicated. To model this hybridisation, the interaction between
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Figure 4.12: Donor binding energies as a function of charge Z, calculated from the variational
effective mass model. This is done for a particle in a potential V() of a charged defect a height
d above the Mo atom, screened by Keldysh dielectric function 1 + roq with ro = 41.71 A. The
particle has either a mass m;((l) and m}@) of the CBM at K/K’. Fitting parameters to the
power law AZ7 are also shown.

these two states was considered within the framework of the effective mass approximation [29].
Using this approach, the hybridisation between two 1s states from Brillouin subzones (g and

Oy takes the form:

Brostsa = [k [[AK 61,0, ()Vags, (K K)oren,, (1), (113
where ¢15 g, (k) is the Bloch transform of the 1s defect state and

Voo, (kK) = /dr Yi(e)V () (r), k€ Qg, k' € Q. (4.14)
Using an expansion in reciprocal lattice vectors G, Vo,q,.,(k, k') can be approximated as:

Voo, (kK) =) CokK)V(k-K+G) ~V(k-k), (4.15)
G
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where Cg(k, k') are parameters and V (k — k') is the Fourier transform of the defect potential.
This is because in Eq. (4.15]), the dominant term is for G = 0 for which Cg(k,k’) = 1. For
shallow to moderate impurities, the forms of ¢y, o, (k) are localised to the vicinity of the VBM

at K(/K', meaning that the integral for splitting A, 0, 15,0,, can be approximated by [29]:
Als,QK,ls,QK/ ~ Fls,QK (’f‘ = O>Fls,QK/ (T = O)V(K - K/)7 (416)

where Fi,q, is the envelope function of the impurity state and K/K’ is the wavevector cor-
responding to K/K’. Due to the usage of the Keldysh dielectric function in the VEM model,

V(K — K') is expressed as:

Z€2 ’
VK-K') = ~IK-K'ld
( ) = K —KI0 T K—K])"

(4.17)

When this is applied to the variational model to emulate the splitting seen in the tight-binding
calculations, as shown in Fig.[4.12] the curves appear very close together. While the small differ-
ence in effective mass between the K and K’ minima for a single spin results in non-degenerate
binding energy curves, the hybridisation as calculated from Eq. is negligible. This dis-
crepancy is caused by the inaccurate behaviour of the predominantly long-range Keldysh model
at large wave vectors, which has an unreasonably large dielectric function at the wavevector

magnitude |K — K'|.

4.4.6 Variation of Defect Binding Energy with Substrate

In this discussion, the primary parameter used to explore the behaviour of donor and accep-
tor states has been the effective charge Z of the defect. For specific defects, the value of this
parameter can be surmised using, for example, techniques like Bader charge analysis. For a
phenomenological understanding of deep donor and acceptor defects, the charge of the defect
can be set to an integer number of the electron charge. The substrate of MoS, is an important
factor to consider when comparing results from models to those obtained from experiments,

since the dielectric constant of the substrate can immensely affect the strength of the defect
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Figure 4.13: Variation of the defect state binding energy with substrate dielectric constant
Esub, for (a) the 1s(K) and 1s(I') states for an acceptor defect with unit charge, and (b) the
hybridised 1s states from K /K’ and @ for a donor defect with unit charge. The defects in both
(a) and (b) are placed 2.0 A above the Mo atom layer.

potential. Hence, it is crucial to the validity of the understanding gained from previous sub-
sections, to explore the variation of the binding energies when the dielectric constant of the

environment is continuously changed.

Figs. (a) and (b) show the binding energies of 1s in-gap defect states for a defect of unit
charge placed 2 A from the Mo atom layer for a donor and acceptor defect, respectively, (with
respect to the conduction band minima and the valence band maxima at K/K’, respectively).
In Fig. 4.13(a) it can be seen that for an acceptor charge of e, within the range of dielectric
constants between 1 and 10, the crossover of binding energy curves that was seen in Fig. [4.7]
corresponding to the 1s states constructed from I' and K/K’, is not observed. Instead, the
curves approach each other as gy, is increased. However, it is expected that Ey,r and Eyg gk
will switch order as ey, is increased further beyond 10. The lack of such a crossover arises
due to the strength of the defect potential when Z = —1 and the strong effective mass of the
I' point causing Ei,r to remain above Ei, ik for a significant range of eq,,. The variation
of the hybridised 1s donor state binding energies with substrate dielectric constant exhibits
different behaviour to the acceptor case. In particular, within the range 1 — 10 for g, the

same crossovers seen in Fig. [4.11] with increasing Z, are seen with decreasing eg,,. Since the
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crossovers of binding energy occur at a larger Z for donor states, crossovers between the bound
states as eqyp, is varied will generally occur at a smaller value of eq,,. The effect of increasing the
dielectric constant of the substrate is akin to the reduction of the effective charge of a defect.
However, it is not exactly reciprocal due to the form of the dielectric function when including

the static screening from a substrate.

4.5 Local Density of States

The local density of states (LDOS) is an important quantity that can be directly compared to
measurements in scanning tunnelling spectroscopy (STS) experiments. The value of d//dV,
which is the rate of change of the tunnelling current as the bias voltage of the sample is
tuned, is directly proportional to the LDOS, and provides a signature of the particular defect
being studied. The LDOS was calculated for two different adsorbates with partial charges of
Zc = —0.58 and Zp; = 0.63 and defect heights of dc = 1.58 A and dy; = 3.1 A above the Mo
layer, corresponding to carbon and lithium, respectively, adsorbed to monolayer MoS, on a SiO,
substrate with a dielectric constant of egi0, = 3.7 — 3.9 [14]. The values of the partial charges
are rough estimates obtained from Bader charge analysis of the DFT charge density [89,90],
which still provide a useful qualitative insight into the nature of the adatoms in MoS,. The
LDOS for a carbon atom (C), which is predicted in MoSs to behave as an acceptor, is shown
near the valence band in Fig. 4.14{(a) and near the conduction band in (b) for several distances
away from the defect between 9.57 A and 70.18 A, with the DOS of the pristine system given as
black dashed lines. Since the potential does not vanish at the supercell edge, acting as a finite
size effect, the application of the potential shifts the VB up in energy compared to the pristine
case. Hence, in Fig. M(a—b), the pristine LDOS is plotted such that the VB maxima aligns
with the value of the LDOS far away from the impurity. It can be see that above the valence
band maximum (VBM), several strong peaks arise that are localised to the vicinity of the
defect. Among them, two prominent peaks at 0.15 eV and 0.22 eV above the VBM were shown
through the projections to correspond to the 1s defect states constructed from the K /K’ and
T, respectively (labelled in Fig. [4.14|(a)) [14]. The smaller size of the I peak compared to the
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K/K' peak at the distance 9.57 A, beyond which the peak vanishes, is indicative of a greater
localisation to the defect. Closer to the VBM at approximately 0.05 eV into the gap, a large
conglomerate peak of the 2s/2p states composed of states near the K /K’ VBM is seen, whose
separation in energy is on the order of the Gaussian broadening (0.02 eV) used for calculating
the LDOS. This peak exhibits a more extended electron distribution, with noticeable values of
the LDOS at over 25 A. At a distance of ~ 66 A from the adatom, the LDOS of the perturbed
system has converged to the form of the LDOS of pristine MoS,. There are also a number of
other peaks below the VB minima, which correspond to impurity states that are resonant with
the band continuum, and have applications in transport experiments [2,[29]. The behaviour
of the conduction band for this system is shown in Fig. [4.14{(b), near which no defect states
are observed. However, the screened potential associated with the defect leads to a shift and
flattening of the LDOS, which is flatter when closer to the impurity. This is not a rigid shift in
LDOS due to the fact that CB states are not localised to the impurity and have wavefunctions
which are delocalised across the supercell. The spatial variation of the density of Bloch states
in the CB results in a higher potential experienced by some states over others. This leads
to a spreading-out effect in energy of the conduction band states upon the application of the
defect potential, an effect which vanishes as the LDOS is calculated further away from the
impurity. This can be interpreted as the electrons, that would otherwise occupy these CB
states upon excitation, experiencing a repulsive energy from the negative acceptor potential.
This is commonly seen in STS experiments as dark patches in tunnelling spectra in the vicinity
of charged defects, when Coulomb potentials cause local band-bending. Importantly, as the
distance away from the defect increases, the LDOS converges quickly to the pristine conduction
band at about 70 A, which is approximately 10 A from the edge of the supercell and validates

the choice of its size.

Fig.4.14)c) and (d) show the tight-binding LDOS for a Li adsorbate on MoSs in the vicinity of
VB maximum and the CB minimum, respectively. The peaks near the CB minima (Fig. [4.14{(d))
in the vicinity of the defect originate from bound donor states and can be observed up to a
distance of ~ 25 A from the adatom. Note that the splitting of the two impurity states from

the K and K’ points is too small to be resolved into individual peaks for each donor state.
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Figure 4.14: (a,b) LDOS of a carbon (C) adatom on MoS, (+SiOy substrate) near the (a)
valence band and (b) conduction band edge. (c,d) LDOS of a lithium (Li) adatom on MoS,
(+85i04 substrate) near the (c) valence band and (d) conduction band edge. Results are shown
for several distances from the impurity. In each graph, the zero of energy is set to the band
edge of the unperturbed MoS, . From (own) under the Creative Commons License.

However, the noticeable misalignment of the LDOS of the 1s peak at 9.57 A with its value at
15.95 A is indicative of a superposition of non-degenerate defect states that possess slightly
different degrees of localisation. Just below the CB, lie states of 2s, 2p and 2p’ character which
have larger extent and can be observed up to ~ 50 A from the impurity. The states originating
from the ) point in the BZ are resonant with the CB continuum. As with the case for C atoms,
the LDOS converges to the form of the pristine LDOS as the distance from the defect increases,
while the LDOS of the VB in Fig. |[4.14(c) shifts down in energy and is flattened more at smaller

distances from the defect, with no defect states being observed.
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4.6 Optical Properties of Charged Defects on MoS,

In this section, I aim to use some of the intuition and understanding gained from studying
the static electronic properties of charged defects on monolayer TMDCs to probe the optical
properties of these systems. The presence of defect levels in the band gap indicates that,
in absorption and photoluminescence experiments, it is possible to detect resonances at low
energies corresponding to defect excitons, arising from transitions between these levels. To
model this, the tight-binding+RPA formalism was combined with the Bethe-Salpeter equation
to determine the excitons that arise in monolayer MoS, in the presence of a charged defect. This
was performed for monolayer MoS, on typical substrates of SiO; and diamond with dielectric
constants of g5, = 3.8 and &g, = 5.7, respectively, to highlight the sensitivity of the results
to the environment. I will first compare the pristine optical conductivity of monolayer MoS,
systems on these two choices of dielectric substrate. Following this, the optical conductivity of
MoS, with a charged defect will be compared to the pristine case, looking at both acceptor and
donor defects. Analysing this in terms of transitions between the continuum bands and the
defect states, I will attempt to explain both the origin of the observed bright optical resonances,

and the differences seen between donor and acceptor defects.

4.6.1 Pristine System Calculations

In the pristine undoped system, electronic transitions will occur between the valence and con-
duction bands of the system, inducing an attractive interaction between the excited electrons
and the holes they leave behind. This binding energy between the oppositely charged carriers
reduces the photonic energy required for the excitation, and is known as the exciton binding
energy. For MoS,, the pristine optical conductivity is shown in Fig. for the case of a SiOq
substrate (eq,p = 3.8) and a diamond substrate (g5, = 5.7). Firstly, it can be seen that the
optical conductivity exhibits two strong peaks at low excitation energies. These correspond
to the A and B peaks of monolayer MoS,, which arise from transitions at K/K' between the

conduction band and the two spin-split valence bands.
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Figure 4.15: Optical conductivity of the pristine MoSs monolayer on a SiOs substrate (black)
and a diamond substrate (red), using an interaction potential determined from the random-
phase approximation. The optical conductivity found from exclusion of the electron-hole inter-
action is shown as a black dashed line.

Similar to the treatment given in previous work [107], the energy axis in Fig. is shifted to
align the A peak for ey, = 3.8 with the experimental value of 1.93 eV [104]. The A and B peaks
are separated by 118 meV, similar to the spin-splitting in the valence band of 146 meV. The
difference between these two values arises from the slight differences in effective mass between
the top and bottom spin-split valence band, which will result in a different reduced mass of the
exciton. Between the B peak and the second shoulder of the non-interacting conductivity at
about 2.4 eV, there lies a set of peaks which arise from the excitonic states built from transitions
between the lower lying valence bands and the higher lying conduction bands at K/K’. The
non-interacting conductivity in Fig. [£.15] which neglects the binding energy resulting from the

electron-hole interaction, takes the shape of a double step, which is also a consequence of the
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valence band spin-splitting. Fig. m also shows that, for a diamond substrate (eq,, = 5.7),
the pristine optical conductivity appears very similar in shape to that of monolayer MoS,; on
the SiOg. The A and B peaks are separated by a slightly larger amount (123 meV), which is
unexpected given that the increase of the dielectric constant should weaken the electron-hole
interaction and thus generally reduce the separation between binding energies for excitons. A
possible explanation for this is the difference in the reduced mass of the A and B exciton,
with values of 0.215mq and 0.257m,, respectively. Theoretically, the exciton binding energy
behaves similarly to that of a defect, since it arises from the screened Coulomb interaction
in the material. As was seen in the case of the two 1s defect states originating from the
K/K’ and T valleys of the BZ, the larger effective mass results in a higher sensitivity of the
binding energy to changes in the general strength of the binding potential. This means that the
sensitivity of the B exciton binding energy to changes in the dielectric environment is larger.
Indeed, the B exciton binding energy decreases more than the A exciton. Consequently, the
separation between the A and the B exciton will increase slightly upon the reduction of eg,.
The dependence of exciton energy on the effective masses of the bands involved in the transition
also partially explains why the other resonances between the B exciton and the free-particle
band gap do not shift rigidly either, as different excitons in that part of the spectrum are
constructed from transitions between different bands. Additionally, since these states extend
further in real-space, they will experience a different shift in local potential compared to the

localised A/ B excitons, due to the change in dielectric screening when ey, is varied.

Label | State in Fig. |r16|(b, d) | State in Figm(b, d)
A 1s, T 1s, @ Lower
B ls, K/K' Upper ls, K/K'
C 1s, K/K' Lower 1s, @ Upper
D 2p, K/K' Upper 1s', K/K'

Table 4.4: Identity of the labelled states in Fig. Fig. M(b, d) and Fig(b, d), in the form
of the hydrogenic label and the band extremum /extrema from which the state is most strongly
constructed from. “Upper” and “Lower” refer to the upper and lower energy in regions of the
band structure where spin-splitting is significant.
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Figure 4.16: (a) Optical conductivity and (b) exciton projections of monolayer MoS; on a SiOy
(sub = 3.8) substrate in the presence of an acceptor defect of unit charge situated d = 2 A
above the transition metal atom. (c) Optical conductivity and (d) exciton projections for the
same setup but on a diamond (eg,, = 5.7) substrate. The size of the blue (valence band) and
red dots (conduction band) in (b, d) indicate the relative strength of the projection.

4.6.2 Defect Cell Calculations

For an 18 x 18 supercell, the optical conductivity of monolayer MoSs on a SiOs substrate in
the presence of an acceptor defect of unit charge is shown in Fig. |4.16{a) and compared to the
conductivity of the pristine case. The excitons of the defect supercell have been shifted by 40
meV to align the peaks of the A and B excitons. It can be seen that the A exciton peak is

split into two overlapping peaks, while the groups of peaks corresponding to both the A and
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Figure 4.17: (a) Optical conductivity and (b) exciton projections of monolayer MoSs on a SiOs
(€sub = 3.8) substrate in the presence of a donor defect of unit charge situated d = 2 A above
the transition metal atom. (c) Optical conductivity and (d) exciton projections for the same
setup but on a diamond (g, = 5.7) substrate. The size of the blue (valence band) and red
dots (conduction band) in (b, d) indicate the relative strength of the projection.

B excitons are reduced in their height. The projections of the exciton wavefunction on the
single-particle states found from diagonalising the defect supercell at the I' point are shown
in Fig. [4.16(b). The identity of the defect states, labelled by A-E, are detailed in Table .
This shows that the excitonic resonances at approximately 1.9 eV and 2.02 eV, while still being
composed of some transitions from the deeper valence band states at K/K’, are now mixed with
transitions from the 1s state at K /K’ to the conduction band. This is due to the fact that in

the case of the charged defects many of the in-gap states are constructed from the valence band
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of the pristine system. Hence, excitons associated with transitions between the conduction
band and valence bands of the pristine system will be in part constructed from transitions
to/from the defect levels in the presence of the defect potential. This can be seen near 1.9 eV
in Fig. [4.16(b) where the excitonic resonances associated with the A exciton contain significant
contributions from a distribution of the defect states at K/K’. Just below 1.8 eV in Fig.[4.16{a)
is a smaller peak, consisting purely of transitions between the conduction band states and the
1s states from I" and K/K’. Fig. [£.16[b) shows that this peak is comprised solely of defect
excitons, with the lowest energy peak being associated with a transition from the 1s state from
I'. Just next to this is a defect exciton that appears to mix between the transitions from the
most strongly bound 1s state at I" and the 1s state at K/K’. It can also be seen in this graph
that transitions from the 1s acceptor states from I" and K /K’ contribute to a large section of
the optical conductivity between the B exciton and the quasi-particle band gap of the model.
When the substrate dielectric constant is slightly increased from 3.8 to 5.7 (corresponding to
diamond), the optical conductivity in Fig.[4.17|(c) shows that, similar to the pristine case, there
is almost a rigid shift of the conductivity towards higher energies. The defect exciton just below
1.9 eV is composed two defect excitons, one from each of the 1s acceptor states (K/K’ and I')

to the conduction band, as seen in the projections of these excitons in Fig. [4.16{d).

In the case of a charged donor defect, the conductivity (Fig. 4.17(a)) shows multiple peaks in
the vicinity of where the A and B peak reside in the pristine case (applying the same 40 meV
shift as for Fig. |4.16)). This occurs due to the splitting and hybridisation present between the
two conduction band minima (CBM) at K/K’ when coupled by the defect potential. Since
the A and B excitons are constructed from these minima, the interaction of states from K/K’
drives the separation of the peaks. At the lower end of the spectrum, several peaks are observed
between 1.7 eV and 1.9 eV. The projections of these excitons, shown in Fig.[4.17|(b), demonstrate
the presence of several low-energy defect excitons. The lowest energy excitonic resonance has
contributions from both the transitions to the 1s defect state from K/K’ and the 1s defect
state from the hybridised @) points. A possible explanation of this is the strong localisation of
the defect states which corresponds to a more delocalised projection in reciprocal-space, and

mediates an interaction between the K/ K’ and @) valley. Directly above this are a set of excitons



4.6. Optical Properties of Charged Defects on MoSs 117

that can be seen to arise purely from transitions from the valence band to the 1s donor states
at (). Also due to the hybridisation, the transitions to the 1s donor states from K/K’ appear
as a pair of defect excitons. The optical conductivity for a donor defect on monolayer MoS,
on a diamond substrate is shown in Fig. 4.17|c). When the dielectric constant of the substrate
is increased, as for the acceptor case, there is an upward shift in energy of the conductivity
from the weakened electron-hole interaction. Furthermore, the reduced strength of the defect
potential means that the defect excitons are not as low in energy compared to that of the SiO,
substrate. In Fig. 4.17|(d), projections show that the low-energy excitons are constructed from
defect states exclusively from K /K’ or from the hybridised @) points. In both Fig. and
Fig. 4.17], it can be seen that increasing the substrate dielectric function refines the low-energy
defect excitons to being predominantly composed of transitions exclusively from a single defect

state to the opposite band continuum.

4.6.3 Inclusion of Exchange

When calculating the excitons of the pristine system for exciton momentum @ = |Q| = 0 (not
to be confused with the @ point in the BZ), the exchange component of the Bethe-Salpeter
equation (BSE) is not necessary for determining the optical conductivity, as finite-momentum
states are dark. In the presence of the defect potential, the band states near the valleys of the
pristine system are coupled to form the defect states. This coupling means that transitions
between the defect states and the continuum band states involves transitions between occupied
and unoccupied states that are in different locations of the pristine unit cell BZ when mapped
back. Due to the simplicity of the three-band model used in this work, the Hamiltonians
corresponding to either spin can be decoupled from one another, meaning that if only the
bright exciton states are required, the BSE can also be decoupled into same-spin transitions
between either spin. However, the inclusion of exchange interactions will act to couple spin-up
and spin-down transitions, such that the BSE can no longer be solved separately for each spin.
The BSE already scales with supercell size N, to the fourth power, since it is proportional to

the product of the number of conduction and valence bands. To check how the results would
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Figure 4.18: Optical conductivity for a 12 x 12 supercell of MoSs on an SiO, substrate, in the
presence of a charged acceptor defect with unit charge situated 2 A above a Mo site, comparing
the calculation with the inclusion of the exchange (black) and without exchange (red). The
conductivity has not been rigidly shifted to align with the pristine case.

change in the presence of exchange, the exchange interaction was included in the model and the
optical calculation for a smaller 12 x 12 supercell with a donor defect was performed both with
and without the exchange interaction. This is shown in Fig. |4.18| and demonstrates firstly that
the changes to the lower energy excitons are negligible in terms of binding energy, and minimal
in terms of the momentum coupling of the exciton to the electromagnetic field (indicated by
the height of the peak). It can be seen that for higher energy excitons, the shape and positions

of o are more strongly altered.



Chapter 5

Bound and Resonant States of Charged
Defects on WS

The concepts discussed and explored in the Chapter 4| with regards to the electronic properties
of charged defects on MoS,, can also be applied to the other group 6 TMDCs, such as monolayer
WS,, which has identical symmetry and a qualitatively similar band structure. Similarly to
MoS,, it has a direct gap at the K point in the Brillouin zone, and a secondary valence band
maxima (VBM) at the I' point with an effective mass significantly larger than that of the K /K’
points. However, compared to monolayer MoS,, the energy difference between the secondary
VBM at I' and the primary VBM at K/K’ is larger in WS, [134]. It was found in the case of
MoS, that, for shallow defects, there is a region of charge strength in which the bound defect
state constructed from the pristine Bloch states near I' point, is below the primary VBM,
otherwise known as a resonant state. It was also shown that for a given charge, the difference
in binding energy of the acceptor 1s states constructed from pristine Bloch states at K /K’
or I', referenced from their respective VBM, can be explained primarily by the difference in
effective mass. Thus, with a larger difference in energy and a smaller difference in effective mass
between the K/K’ and I" in WSy, resonant states of acceptor defects may be more detectable
for larger ranges of defect heights and substrate dielectric constants, and would subsequently

be observed more frequently in tunnelling experiments on various charged points defects. In
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work performed in 2020 [2|, collaborative efforts between experiment and theory sought to
understand the electronic signatures of defects in WSy by comparing STS to results from this

tight-binding + RPA framework.

Firstly, I will describe the experimental observations by researchers at UC Berkeley which are
relevant to this discussion. Then, following a brief overview of basic electronic properties of this
tight-binding model and defect potential, I will compare experiment to the electronic structure
of the defect states from the tight-binding model, including their electronic signatures in the
local density of states. This will require accounting for weaker tunnelling of holes from the
scanning tip to the primary valence band maxima states, and subtracting continuum band
contributions from resonant states. Lastly, I will show how this model can be combined with
effective mass theory to obtain a resonant scattering time that is important for transport

applications.

5.1 Properties of Monolayer WS,

As for the case of MoSs, the band structure and density of states of monolayer WS, is plotted
and shown in Fig. [5.1a) and (b), respectively. In the valence band, there are some noticeable
differences compared to the MoS, band structure, despite the qualitative similarity in topog-
raphy and spin-degeneracy at symmetry points. Firstly, it can be seen in Fig. m(a) that WS,
has a larger spin-orbit splitting of 0.43 eV between the valence bands at K /K’ seen in this
tight-binding model compared to that of MoS, (0.138 e¢V) |1]. This is also noticeable in the
density of states in Fig. [5.1(b), where the valence band shoulder is more elongated than in

Fig. H(b) Additionally, the energy difference between the VBM at I' and the VBM at K /K’

| Ko | T | Ko | @
m/mg | 0.296 | 2.15 || 0.35 | 0.753
m?/mo | 0.296 | 2.15 || 0.35 | 1.26

Table 5.1: Effective masses m;, and m,; (in units of the free electron mass mg) along the k, and
k, reciprocal-space directions, respectively, for WS,, shown for the valence band (subscript v)
and conduction band (subscript ¢), at valence band maxima and conduction band minima.
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Figure 5.1: (a) Band structure along the I' = K — M —I" line in the WS, Brillouin zone, along
with the (b) corresponding density of states (DOS).
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is 0.259 eV, over three times larger than in the case of MoSs (0.071 eV). Table 5.1/ demonstrates
that WS, generally has lower effective masses in both the conduction and valence band than
MoS,, including the I' point which has an isotropic effective mass of 2.14mq for WS,y compared
to 2.65mg for MoSs. From the intuition developed in chapter [4], the lower effective mass means
that the binding energy of defect states from the I' point will increase less with a stronger
charge than for MoSs. This, combined with the increased energy separation between I' and
K/K', suggests that there is a greater range of charge strength or substrate dielectric constant

in which WS, exhibits resonant defect states.

In the experimental setup, the monolayer WS, is resting z, = 4.9 A above a multi-component
substrate, consisting of a layer of doped graphene (vp = 1.15 x 10% ms™!) which sits z, =
1.7 A above a SiC substrate (esic = 9.7). This is included in the dielectric function and
shown in Fig. [5.2(a), showing that the inclusion of doped material below the WS, significantly
changes the screening at long-range. While the screening of the freestanding monolayer WS,
(shown in black) converges to unity at long range, the same cannot be said when the metallic

nature of the doped graphene substrate is considered. The dielectric function of the composite
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Figure 5.2: (a) Dielectric function for the combined system (red) of WS,, which sits z, = 4.9 A
above a layer of doped graphene (vp = 1.15 x 10% ms™!) which itself lies z, = 1.7 A above
a silicon carbide (SiC) substrate (es;c = 9.7). This model takes into account the Lindhard
screening present in the polarisation function of doped graphene and the image effect that
occurs between the WS, and SiC. The dielectric function of a freestanding monolayer is also
shown (black) for comparison. (b) Defect potential using the dielectric function in (a) of the
combined system, for a charged defect of charge le sat z; = 2.4 A above the transition metal
layer of WS, (red), compared to the freestanding monolayer case (black) and the unscreened
Coulomb case (green dashed).

system diverges at small wavevectors ¢, which corresponds to exceptional screening at long-
range. Due to the image effect caused by the substrate, weaker screening exists at short range
(large wavevectors), such that the dielectric function of the composite system converges to
the freestanding case at large q. The significance of the difference between the screening in
the composite system versus the freestanding monolayer can be seen in Fig. [5.2(b). Here, the
defect potential for a charge le placed z; = 2.4 A above the W layer of the WS, is shown in
red, and compared to the freestanding case in black and the unscreened case in green. This
demonstrates that beyond approximately 30 A, the potential is almost completely screened,
with a rapid decrease in defect potential with distance. The decay is more exponential in shape
compared to the logarithmic decrease of freestanding case and unscreened case, due to the

effective long-range screening capability of free carriers in the doped graphene.



5.1. Properties of Monolayer WS, 123

sample bias (V)

()

— Charged Defect
— WS,/Gr(1ML)/SiC
S | c
& 1 ‘
5 A .
0 L 1 1 1 1 1 1 1
-1.5 -1.0 -0.5 0 0.5 1.0 1.5

sample bias (V)

Figure 5.3: (a-b) STS spectra of a charged defect on WSs, where upward bending of the
conduction band due to the negatively charged defect is indicated with a dashed white line,
and the onset of the K/K’ and T' valleys of pristine WS, are indicated with white dotted
lines. Note that the spectra in (a) and (b) were taken on different defects. (c¢) STS of a CD.
(d) Constant height dI/dV of the defect corresponding to electronic states A, B, and C [2].
Reprinted with permission from [2] (own), Copyright 2020 by the American Physical Society.
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5.2 Experimentally Observed Defect States

The experimental section of the work was performed by researchers at UC Berkeley, in a col-
laboration with Bruno Schuler, Katherine A. Cochrane, Jun-Ho Lee, Christoph Kastl, Jeffrey
B. Neaton, and Alexander Weber-Bargioni of the Molecular Foundry at the Lawrence Berke-
ley National Laboratory, Berkeley, CA. In this work, STM measurements of the defect on the
composite WSy + Gr + SiC system were carried out [2]. Fig. |5.3(a) shows measurements
of the derivative dI/dV of tunnelling current I with respect to the bias voltage V', which is
proportional to the local density of states. Here it can be seen that near a charged defect,
electronic features can be seen in dI/dV only within the vicinity of the defect. For positive
biases, which causes electrons to tunnel from the tip into the conduction band of the semicon-
ducting material, band-bending can be seen to increase as the tip scans closer to the defect.
This is due to electrons in the conduction band experiencing a repulsive Coulomb force that
increases their energy close to the defect, indicating that the defect is of an acceptor nature.
For negative biases, in which electrons tunnel from the valence band into to the tip, a series
of localised resonances arise in the d//dV. These appear as a localised state (labelled A), a
state with a much stronger LDOS signal (labelled B), both of which lie above the K/K’ VBM,
and a lobed state (labelled C) between the I' and K/K’ VBM. It should be noted that because
of their smaller effective mass and large crystal momentum, the tunnelling matrix elements of
holes into K /K’ states are relatively weak compared to that of the states near the I" point, and
thus cannot be seen well in the dI/dV [2]. A closer look at this series of defect states above
the valence band, for another defect of the same species, is shown in Fig.|5.3|(b). Here the same
pattern of states is observed as in [5.3|(a), but with a set of fainter states visible above the A
state, whose signature is less than a third the strength of the A peak as found in Fig. [5.3(d).
The spatially resolved dI/dV of the three most dominant states are shown in Fig. [5.3(c), and
show highly isotropic signatures, indicative of non-chemical defect states. The STS of states
A and B can be seen as localised 1s states of similar extent at &~ 1 nm, while C appears as
a ring with a slight trigonal bias, similar to those seen in the case of MoS, [14]. This ring

state extends further than either of the 1s states, which is consistent with the 2D hydrogenic
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model in which states associates with higher principal quantum numbers are less localised to

the atom.

5.3 Defect States Calculated from the Tight-binding Model

To better understand the experimental results, the electronic properties of the WS, composite
system were modelled by applying the potential in Fig. [5.2(b) onto a supercell of the tight-
binding model that produces the band structure in Fig. [5.1a). Upon application of the de-
fect potential, the local density of states (LDOS) of the supercell near the defect is shown
in Fig. M(a,b) on approximately the same energy scales and distances from the defect as in
Fig.|5.3|(a,b). The LDOS demonstrates a strong similarity with the observed tunnelling spectra,
including both upward band bending in the conduction band and a series of localised bound
states present above the valence band minima (VBM) at K/K’ and in between the VBM at
K/K’ and I'. The upward band bending itself arises from the negative potential of the acceptor
defect raising the energy of the electrons with stronger distribution near the defect site. The
spectrum of defect states near the valence band extend on the same order of magnitude as those
seen in Fig. [5.3(a) with a radius between 1-2 nm, and include two dominant localised states
above the K /K’ VBM. The spatial distributions of these states can be given a hydrogenic label
that reflects its nodal structure. This is shown in Fig. |5.4{(c), where the two localised states are
labelled as 1s. As in the case of MoS,, the presence of two 1s states with generally different
binding energies and spatial extent, arises from the existence of two different types of valleys
in the TMDC valence band structure. As seen in Fig. the energy and effective mass of the
VBM at the K/K' and I' points differ significantly. Hence, it can be inferred that these two
1s states are constructed from pristine Bloch states around the K/K’ points, or from around
the I' point. The projections in Fig.|5.4{d) confirm this, demonstrating that the less localised
1s state from K/K' projects onto the small regions in corners of the 1st BZ in the immediate
vicinity of the K (spin up) or K’ (spin down) points, whereas the more strongly localised but
less strongly bound state projects onto a larger vicinity around the I" point. These occur at the

same binding energy as state A and B in Fig. [p.3|(a,b), within binding energies 95 meV and 25
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Figure 5.4: (a),(b) Calculated local density of states of a negatively charged defect in WS,
on graphene/SiC substrate. In (a), the onset of the K/K’ and T' valleys are indicated by
dashed lines. In (b), the defect states are labelled by their hydrogenic quantum numbers and
valley. (c) Simulated STS images of defect states. (d) Projections of defect wave functions onto

unperturbed WS, states . Reprinted with permission from (own publication), Copyright
2020 by the American Physical Society.



5.3. Defect States Calculated from the Tight-binding Model 127

meV, respectively, referenced from the VBM at K/K’ [2]. These are less than the binding ener-
gies extracted from tunnelling experiments, which are shown comparatively in Table[5.2] Since
the K /K’ points register less strongly in the tunnelling experiment than the I', the referenced
binding energies can be compared better between theory and experiment when the I' referenced
energies are used. The energies of the two 1s states as calculated from the tight-binding model
differ from the experimentally obtained values by about 50-60 meV, which is about a 15% dif-
ference [2]. Since the energy difference between theory and experiment is reasonably consistent

for these states, their relative energy is also in agreement with experiment.

In addition to the bound defect states seen in Fig. [5.4|(a,b) above the global VBM at K/K’,
there exists a spectrum of defect states between the I' VBM and the K/K’ VBM, similar to
that seen in Fig. m(a,b). The majority of the states seen in this region are very faint and show
negligible values of LDOS compared to the 1s peaks seen above the K/K’ VBM. However, at
about &~ —1.95 eV in Fig. |5.4{(b), there is an extended state that has a larger value of the LDOS
and appears to have an almost constant value within 1 nm, and decaying with a different scale
length beyond this radius. As this is more extended than the 1s states, this indicates that it is
a higher order defect state. While its extent and energy relative to the 1s states suggest that it
can be compared to state C in Fig. [5.3| it lacks the gap present in the STM results, which causes
state C to appear as a ring in the spatially resolved tunnelling spectra. The wavefunctions of
these states from a tight-binding supercell calculation are shown in Fig. [5.5(a), where there

appear to be four different states (each doubly spin-degenerate) of the same spatial extent.

Experiment Theory
K r K r

A [Is(K/K)]/meV | +175 +415 | +95 4355
B [1s(I")] /meV 495 4335 | 425 4285
C [2p(I)]/meV ~130 4110 | —180  +80

Table 5.2: Comparison of experimentally determined and theoretically calculated binding en-
ergies of three observed resonances: A, B, and C. Values are listed with respect to the K and I
valence band edges. Positive binding energies indicate a lower energy with respect to the band
edge [2].
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Figure 5.5: (a) Real-space wavefunctions and (b) reciprocal-space projections of the resonant
defect states seen ~ 80 meV above the I' point.
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While the top two of these in (a) exhibit a central distribution, the latter two demonstrate
the presence of the ring seen the experimental results. These roughly resemble the 2p states
seen in [4.4a) for MoS,, but with several differences in the structure. The projections of the
states in Fig. |5.5(b) demonstrate that they are a hybridisation between the VBM at I' and
K/K’'. However, while the Bloch contribution from around the I' point appears as a 2p-like
ring with a small amount of trigonal warping, the contribution from the K/K’ points are at
sampled k-points for which the energy at the band is equal to the energy of the defect state.
The contributions from K/K’ do not appear as rings or any hydrogenic shape seen in the case
of MoS,, but as a segmented chain of resonances around the K points. Additionally, these
arise at much lower energy than the K/K’ VBM, indicating that the contributions from K are
not from defect states, but the valence band continuum. This suggests that the states seen in
Fig. [5.5| are a hybridisation between the 2p states of the VBM at I and the continuum of the

valence band states near K/K’, as depicted in Fig. [5.6(a).

The valley hybridisation arises from the resonant nature of the 2p defect state and can be
understood within the framework of effective mass theory [2,29]. In this approach, the coupling
between different valleys is neglected, obtaining a set of bound defect states for each valley.
The inclusion of the coupling between valleys means that bound states from the secondary
VBM at I' which are degenerate with continuum states from the K /K’ valleys, can mix with

the continuum states [2]. The resulting hybridised states can be written as

Yap(r) (r) = Cap(ryPopr) (T) + Z /Q dk ¢, (k) dnx(r), (5.1)
} n

ne{K,K’

where ¢y, and ¢, denote the bound and continuum states obtained for decoupled valleys,
respectively, (with n labelling the valley), copry and ¢, (k) are complex coefficients, and €,
denotes the k-space region corresponding to the n'® valley [2]. Since the continuum states at
K/K’ do not provide a significant signal on account of their large crystal momentum, this
component of the defect states is not observed in spatially resolved tunnelling spectra. To
simulate this phenomenon, the defect states in Fig. [5.5(a) were reconstructed using only the

Bloch components around the VBM at I" in Fig. [5.5(b) that correspond to the 2p defect state.
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Figure 5.6: (a) Schematic of the electronic structure of a negatively charged defect in WS,.
Shown are the primary valence band maximum at K (a second degenerate maximum exists at
K') and the secondary maximum at I' as well as the bound and resonant defect states. The
states labelled 1s (K), 1s (I'), and 2p (K) correspond to the experimental features A, B, and
C, respectively. (b) Schematic of the system consisting of a WS, layer on graphene on a silicon
carbide substrate with a substitutional impurity with charge Z [2|. Reprinted with permission
from [2] (own publication), Copyright 2020 by the American Physical Society.

Summing the four states with a suitable broadening gives the third wavefunction in Fig. |5.4(c).
This shows a very good agreement with the distribution seen in the spatially resolved STM
for defect state C in Fig. [5.3(c), in both extent and nodal structure. The trigonal symmetry
seen in this state is more apparent in the theory than in experiment, which could be due to
an overestimated warping in the I' point VBM in the tight-binding model, or due to the lower

spatial sampling of the tight-binding model (one data point for every W atom).

5.3.1 Lifetimes of Resonant States

Due to the resonance of the defect state with the continuum, a carrier in the primary band
extrema will not participate in conduction for a time 7, = hAl'ies, upon the application of an
external electric field. T’y is the width of the resonant impurity level, indicating an energy range
with which carriers in the band extrema can transition into the defect state. This quantity can

be obtained using effective mass theory, through:

Pe=r 3 / QK [V (K) 28 ( sy — e, (5.2)
} 7S

ne{K,K’
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where €, denotes the energy of a continuum state with crystal momentum k in valley n and
Vap(ryn(k) is the matrix element of the Bloch-transformed screened impurity potential between
Popry(r) and ¢pi(r) [2,29]. This quantity can be calculated by integrating around a ring of

k-points at which the sampled state is closest in energy to the energy Ey,r of the 2p state:

P 3 [ gt HIVatey (K + K6 (= B(K, ),

ne{K,K'}

1 k2N 1
=~ | dkké(E - de K, +k)?
5 ks (-5 ) - a0 W i)

2
m; 1 \2m5 E

h
where the term in braces is the average of the coupling between the scattered Bloch states and

the zeroth order impurity state (without the contribution from the valence band continuum).

This coupling is calculated by expanding out the Bloch transform of the impurity potential.

dk’ dk’ !
Vot / / 0 () Vi g (', K) 6% 1 () (5.3)
T

/QF dk’ /QK dk” 60 (K) ( / drw*(k’,r)V(T)w(k”,r)) 0 (k) (5.4)
— / dr ( /Q F (S:;qu%*(k/)dj*(k’,r)) V(r) ( /Q ) (‘;71:;' ¢Kk(k”)1/z(k”,r)> (5.5)

— [ ar ot VRt (56)

where the impurity states are a linear superposition of the Bloch states with coefficient dk’ qﬁ%k(k’ ).

Expanding this into the tight-binding basis gives:

Vapryn(k) = > ciyicre /dr¢l(r — ) U () dm(r — 1) = > chycraouV (7). (5.7)
limj -~ v li
A6 01m V (i)

This can further be simplified in terms of the Bloch states of the pristine tight-binding supercell,
by using the fact that the 2p defect state at I' is a linear combination of supercell Bloch states

with projection dr g, and then writing the pristine supercell states in terms of unit cell states.
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This gives:

S oV -z(zdm ) V)

—ig T ikeT;
FE G
= Zdr,g <Z vglekl) NQ Z i(k—g) T’V ZdF gcyg Ckak g
g l

where Vy is the lattice Fourier transform of the impurity potential. The width I',,s can then be

written as: )

D drgcly - cuVig| (5.8)

g

my A
Fres =X __

where Ng denotes the size of the set S, which contains all states in the rings around the K/K’
VBM with energy Ej,ry, and A is the area of the supercell. This was calculated for the 2p
state built from states at I' and was found to be 20 meV, giving a lifetime 7.5 of 30 ps. This
result shows that resonant defect states exhibit relatively small linewidths which correspond
to long trapping times, and suggests that resonant states should lead to a drastic reduction
in conductivity when the Fermi level reaches the resonant impurity level [2]. Note that in
a WS, transport device, graphene could not be used as a substrate as most carriers would
propagate through the graphene. Without graphene, the screening of the impurity charge
would be reduced, resulting in a resonant impurity level that lies closer to the VBM at K/K'.
However, the trapping time would not change significantly because of the flat density of states

of WSy near the VBM [2].

5.3.2 Sensitivity of the Binding Energies to Defect Height

The only parameter in this model not supplied directly by experiment was the height z; of the
defect charge above the W layer. The value of z; used in this model was found by tuning within
physically reasonable range (1—2.5 A) to get the best comparison to experiment. The variation
of the binding energy (referenced to the secondary VBM at I') of the defect states studied in

this work, with this parameter is shown in Fig. and demonstrates that the results seen in
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Figure 5.7: Dependence of the binding energy (measured with respect to the secondary valence
band maximum at I') of various defect states on the parameter z;4 [2]. Reprinted with permission
from [2] (own publication), Copyright 2020 by the American Physical Society.

Fig. are not strongly dependent on this parameter to within 0.1 eV. A value of z; = 2.4 A
was found to match the separation between the resonances in experimental work. It can be
seen in Fig. , that the 1s states are more sensitive to changes in z; than the 2p states as
the most significant changes to the potential occur in the WS, region underneath the defect
where the 2p states have a node. Note that the hybridisation of the localised 2p state from the
' valley with the continuum states from the K /K’ valleys gives rise to multiple mixed states
which are labelled by 2p,(T") in Fig. . As a consequence of the larger effective mass of the I'
valley, the 1s(I") state is more localised than the 1s(K/K’) state and therefore decreases more

quickly as z4 is increased.

5.3.3 Other Defect States in the Spectrum

In this work, only three defect states have been discussed in both the theory (1s(K/K"), 1s(T)
and 2p(I")) and experiment (A, B and C). However, in the study of defect states of MoS,, several
other states of different hydrogenically labelled nodal structure originating from both K /K’ and

the I' point arise in the defect spectrum. This also occurs in the case of WS,, as can be seen in
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the LDOS in Fig. |5.4| between the 2p(I") state and the K/K’ VBM, where there is a spectrum
of states that appear to be mainly localised to the defect, but still faint in value. Due to the
strong screening of the defect potential by both the WS, monolayer and the doped graphene
sheet beneath it, secondary states constructed from pristine Bloch states near (K/K’) extend
further into the supercell that those from the I' point. Hence, the normalisation requirement of
the wavefunction means that the overall probability density of these spread-out defect states is
significantly lower than the states seen in Fig. [5.4(c). The states that do faintly appear in the
LDOS of Fig. (a,b) are those with a 2s, and 3s nature which have non-negligible distribution
at the defect site, where the localised potential is strongest. These are also seen in the d//dV

in Fig. [5.3((b), but are not identified or further analysed in experiment.



Chapter 6

Defect States in Monolayer and Bilayer
Black Phosphorus

6.1 Introduction to Monolayer and Bilayer Black Phos-

phorus

6.1.1 Electronic Properties and Applications

Bulk black phosphorus (BP) is a semiconductor with an orthorhombic crystal structure that
consists of puckered layers, which are held together with weak van der Waals bonds as shown in
Fig. (a). BP is the most stable allotrope of phosphorus at room temperature [135,|136]. As
with graphite and TMDCs, individual monolayers or bilayers can be exfoliated from the bulk
BP [137]. While micromechanical cleavage techniques are not suitable for mass production,
many scalable fabrication methods such as chemical vapour deposition and epitaxial growth are
difficult to apply to phosphorene on account of its highly reactive surface, which is prone to rapid
oxidation [137]. Phosphorene has an alternating zig-zag pattern of phosphorus atoms arranged
into two sublayers, as shown in Fig. (b) From a bird’s-eye view, the structure appears to be

that of a warped honeycomb, which is due to the three bonds forming sp® hybridised orbitals.

135
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Figure 6.1: (a) Scanning tunnelling microscopy image of the upper atoms of the topmost
sublayer of BP. From under the Creative Commons License. (b, ¢) Crystal structure of
bulk BP, shown for the side view and the top view [15]. Reprinted with permission from [16],
Copyright 2014 by the American Chemical Society.

The two-dimensional Bravais lattice is square, spanned by primitive lattice vectors a; = ax
and a; = —by as seen in the top view in Fig. [6.1[c). In the bulk form, experimental values
of a and b from powder diffraction methods are 4.38 A and 3.31 A, respectively . This
highly anisotropic crystal structure results in an anisotropic band structure, which is shown in
Fig.[6.2)(a) determined by Rudenko et al. using first-principles GW calculations. Fig.|6.2(a)
also highlights the contribution from the 3p, orbitals, and shows the projected density of states
onto the 3p, manifold of the P atoms in the unit cell. The band structure shows the existence of
a direct band gap of around 1.8 eV at the I' point, see Fig.[6.2(a). Furthermore the conduction

and valence bands in the vicinity of I' are strongly composed of p, orbitals.

The valence band maximum at I" along the I' — Y line exhibits significantly less curvature than
along the I' — X line, which translates into a larger effective mass. The large band gap seen in
the GW band structure has been observed in scanning tunnelling spectra of the surface of BP,
in measurements by Liang et al. [18]. In Fig.[6.2b) the STS spectrum shows that despite GIW
calculations predicting a small band gap for bulk BP, probing the surface of BP results in a band
gap of approximately 2 eV. Liang et al. suggested that this is because the STS measurements
only detect the top monolayer of the surface . To understand the shape of the valence band,

angle-resolved photoemission spectroscopy (ARPES) experiments were conducted by Han et
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Figure 6.2: (a) Band structure and projected density of states (PDOS) for the p,-orbitals
calculated for monolayer BP by using GW, where the bands are coloured in accordance with
their composition of p,-orbitals . Reprinted with permission from , Copyright 2016 by the
American Physical Society. (b) Scanning tunnelling spectra of the black phosphorus surface,
showing band gap at approximately 2 eV, with red and blue spectra found from different
sublayers and marked in the STM image of the surface in the inset . Reprinted with
permission from , Copyright 2014 by the American Chemical Society. (¢, d) Experimental
band dispersions of bulk BP using ARPES with s-polarised light along the X —I' — X line in
the BZ [19]. Reprinted with permission from [19], Copyright 2014 by the American Physical
Society.
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al. [19] on bulk black phosphorus, which is shown in Fig. [6.2|c) along the X — I' — X line.
This shows a maximum of the dispersion at the I' point which agrees with GW calculations of
the bulk band structure [17]. The band gap of BP decreases with increasing layer number as
shown by Rudenko et al. [17] but calculations demonstrate that the gap remains at the I" point.
Increasing the number of layers will result in a reduced quantum confinement effect in BP,

which significantly decreases the band gap between conduction and valence band states [139).

In addition to its large band gap in the monolayer, which is a desirable property for photonic
applications and transistors, monolayer BP (known as phosphorene) exhibits a high hole mo-
bility [16]. High carrier mobility is essential for the operation of electronic devices, directly
controlling the current in a transistor when in the ON state [140]. In work by He et al. [141],
the carrier dynamics of multilayer BP were studied using transient absorption measurements,
where a pump-probe laser is used to determine changes in the width of differential reflectance
peaks. The changes in width are then fitted to a diffusion model from which the diffusion
coefficient D was extracted, hence obtaining carrier mobility p through the Einstein relation
pu = eD/kgT where e, kg and T are the electron charge, Boltzmann’s constant and tempera-
ture, respectively [141]. The mobilities of electrons and holes found along the zigzag direction
(along the I' — Y lines) were on the order of 10* cm*V~'s™! and on the order of 10* cm?*V—1s~*
along the armchair direction. Though the zigzag value is an order of magnitude smaller than
in graphene, this value is still promising for its use in transport applications. Furthermore,
simulations of the monolayer form have predicted that room-temperature hole mobilities can
reach over 2 x 10% cm?V~1s™! when a strain of 10% is applied along the zigzag direction [140].
For applications in transistors, another key property is the ratio Iox/Iopr of the current Ion
when the gate voltage is turned on, and the current Iopr when it is off. This has been found
to be over 10 for a field-effect transistor by Liu et al. [16]. On the other hand, BP under-
goes substantial chemical degradation when exposed to ambient conditions, which remains a
challenge for constructing stable electronic devices [142]. This is primarily due to oxidation of
BP and humidity, but it has also been suggested that the presence of defects can accelerate
this [142,/143]. Compared to other 2D materials that have been considered as channel materials

in transport devices, BP offers a compromise between graphene, which has an extremely high
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Figure 6.3: (a) Schematic of the BP field effect transistor and (b) field effect mobility as a func-
tion of temperature [20]. Reprinted with permission from [20], Copyright 2016 by the American
Chemical Society. (b) has been adapted by removing the inset and curves corresponding to the
hall mobility which are unrelated to this discussion. (c) Schematic of the BP-MoS, heterojunc-
tion p — n diode, on p+ silicon wafer capped with SiO, as the global back gate and Ni/Au as
contacts [21]. Reprinted with permission from [21], Copyright 2014 by the American Chemical
Society.

mobility but zero band gap, and monolayer TMDCs, which have a large band gap but a lower

carrier mobility [144].

The exceptional transport properties and sufficiently large band gap of black phosphorus in its
few-layer and monolayer form make it a promising candidate for components in a variety of ap-
plications. Several groups have successfully constructed field-effect transistors from monolayer
BP to utilise the high carrier mobility [11},20,[144]. In work by Long et al. [20], few-layer BP
was encapsulated in hexagonal boron nitride (HBN) in vaccuum, shown in Fig. |6.3(a). This
demonstrated a high hole mobility on the order of 10* cm?V~!s~! at 2 K, which is shown along
with the mobility for other temperatures in Fig. b). It can be seen that the mobility is lower
by a factor of 10 at room temperature [11,20]. Additionally, the large band gap of few-layer BP

means that it can perform reasonably well in a diode. This was attempted by Deng et al. ,
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Figure 6.4: STM images of the spatial structures of the bound hole states showing (a) an ellipse
shape for the ground state and (b) dumbbell shape. (c¢,d) Simulated top view of the squared
wave function of 1s and 2p, states calculated using an anisotropic hydrogen-like model .
Reprinted with permission from , Copyright 2017 by the American Chemical Society.

where monolayer BP and monolayer MoS; were combined in a p — n diode heterojunction, as

shown in Fig. [6.3c), which demonstrated a high responsivity as a photodetector.

6.1.2 Defects Observed in Few-Layer BP

To explore the limits to which the properties of monolayer BP can be optimised for a variety of
electronics applications, an understanding of the role defects play in the electronic properties
of BP is needed. The defects present in BP can be probed experimentally with scanning
tunnelling microscopy (STM), which is an important tool that several groups have used to

observe them [22}[145][146]. Single vacancies are a common defect in BP, and are suspected to
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facilitate p-doping [145]. Kiraly et al. |[145] investigated the extent of the changes by defects
to the electronic structure, which were observed on the surface of bulk BP. They suggest
that because the defect states observed in their experiments were present in samples that had
undergone cleavage in vacuum, they are associated with native defects in black phosphorus,
which in this case are believed to be single vacancies [145]. Kiraly et al. measured STM images
of the surface for single vacancies at different sites in the top sublayer of the top monolayer in
the sample. The bias voltage used to observe this resonance was -0.1 V, indicating that the
defects observed were acceptors. These defect states were double-lobed and spanned several
nanometres in width. Along the armchair direction, the resonances were still detectable as far
as 5 nm from the defect, while only being observable as far as 2 nm from the defect in the
zigzag direction [145]. The authors suggest that this anisotropy is likely linked to the strong
anisotropy present in the electronic band structure of BP. While micromechanical cleavage
results in fewer impurities being present at the surface, more scalable synthesis techniques will
likely introduce atomic impurities as substitutional or interstitial defects [147]. Since atoms
such as tin and sulfur are of a different valence to the phosphorus host, the defects could act as
a dopant, possibly exhibiting electronic behaviour similar to that of intrinsic vacancies. This

motivates investigation into the general concept of charged defects in BP.

In work by Carvalho et al. [22], surface defects were observed in BP using STM and it was
shown that a tuning of the bias voltage resulted in the evolution of the spatial distribution
of the hole bound state, between an ellipse (1s) and a double lobed state along the armchair
(2p.), similar to those observed in reference [145]. In Fig. [6.4[(a) and (b), the STM images
for the sample in the vicinity of the defect at bias voltages 0.11 V and -0.2 V are shown,
respectively. Compared to the single-vacancy defect in reference [145], the double-lobed defect
signature in Fig. [6.4(a,b) appears to extend less far away from the defect site. The source
of these defects is suggested by the author in [22] to be impurities related to tin (Sn) atoms,
such as substitutional defects, which arise during synthesis. The defects were determined to be
shallow acceptors, since dark rings arise around the double-lobed states due to the repulsion
of electrons tunnelling into empty states by a negatively charged acceptor [22|. The authors

also approximated the STM images expected for a negative charge placed at the defect site
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using a 2D anisotropic hydrogen model [148], shown in Fig. [6.4|c) and (d) corresponding to (a)
and (b), respectively. The good agreement between the experimental results and simulations
validates that the signatures seen in the STM are the bound states of a negatively charged
acceptor defect. It is also noted that a positive bias, in which electrons tunnel into the sample,
is needed to observe the 1s state in [6.4a) while a negative bias, where holes tunnel into the
sample, is required to observe the double-lobed state in Fig. [6.4{b). This can be explained by
tip-induced band bending (TIBB), where the electric field originating from the point-like tip
results in a local shift of the conduction and valence band that decreases with increasing height
of the tip from the site. For a certain height of the tip above the sample, a positive bias would
result in the TIBB pushing the acceptor states above a threshold which empties the acceptor
state. This deionises the acceptor defect such that electrons from the tip can tunnel into it,

offering some control to the charge states of individual acceptor states depending on the tip

height [22].

6.1.3 Previous Defect Modelling Approaches for BP

A great deal of effort has gone into the simulation and study of defects in monolayer BP
using first-principles calculations [88,|149,|150], in order to determine defect binding energies
and geometric configurations. Such calculations were performed by Li et al. [149], both for
single vacancies and for atomic dopants such as silicon (Si), sulfur (S) and aluminium (Al).
However, they used a 4 x 4 supercell of BP, which includes 64 P atoms before defects are added
and spans approximately 2 nm in width. In other work [88], even smaller 3 x 3 supercells
are used to determine charge transfer of adsorbed atoms onto BP. In the previous subsection,
single vacancies and Sn-defects were found in experiment to induce defect states that extended
between 2-5 nm from the defect site, so the supercells used in these calculations are not large
enough to sufficiently capture such states. While first-principles DFT calculations are practical
and useful for determining geometry and stable defect configurations, their poor scaling with
system size makes them less appropriate for trying to understand the electronic structure of

individual defects in BP. On the other hand, the theoretical calculations accompanying the STM
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in Fig. were performed using continuum methods and numerically solving the Schrodinger

*

, in the x and y direction,

equation for a 1s or 2p, electron with effective masses m} and m
respectively, bound by the Keldysh potential [99]. Their agreement with the tunnelling images
is primarily due to the capability of the method in capturing behaviour at long distances from
the defect centre. However, their calculation assumes perfect parabolic bands, shallow defects
and requires external parameterisation, making it unsuitable for developing a predictive and
accurate model of the electronic behaviour across a wide range of parameter sets and defect
potentials of varying depth. The STM data in reference [145] was accompanied by tight-
binding calculations of a single vacancy in BP. The computational efficiency of the tight-binding
model allowed large enough (tri-layer 16 x 12) supercells of BP to capture the defect states,
while not simplifying the band structure as entirely parabolic. It should be noted that the
vacancy defect in the study was not charged and thus did not require a supercell that was any

larger. For electrically charged defects, particularly shallow ones, the supercell would need to

be significantly larger [91].

6.1.4 Summary and Aims

Few-layer black phosphorus (BP) shows immense promise as a suitable and effective component
in nanoscale electronics, on account of its several experimentally observed properties that are
advantageous in transport and photodetection. Additionally, possibly charged intrinsic defects
and defects introduced during synthesis have been shown to significantly change the local
electronic structure of few-layer BP. This indicates that not only will the electronic structure
be different depending on the method of fabrication, but that intentionally placed charged
defects could be used to further engineer the electronic properties to great suitability for device
applications. In order to achieve this, it is first important to understand and predict how
charged defects modify the band structure of few-layer BP. This can be done through modelling
the few-layer BP system with a single defect. However, because of the extended nature of the
bound states as seen in tunnelling experiments, large enough samples of the system need to

be simulated. This should sacrifice as little information about the electronic structure of the
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pristine crystal or about the potential from the charged defect as possible. Similar to the
monolayer TMDCs calculations in chapter [3] I have employed a tight-binding supercell of
monolayer/bilayer BP with a defect potential determined from quantities extracted from ab

initio calculations in the random-phase approximation (RPA).

In this chapter, I aim to study how the observed defect states in the system vary in both
spatially-resolved electron distribution, binding energy, and local density of states for both
donor and acceptor defects. This will look in particular at their tunability with respect to
the height of the defect charge above the system and the dielectric constant of the substrate,
the latter being particularly relevant for monolayer BP which is frequently encapsulated to
prevent degradation in ambient conditions. With an understanding of how such a parameter
space can be used to control the energy of defect levels in semiconductors, development of their
applications in transport devices, transistors and optoelectronics can be pursued with greater
efficiency. This work also aims to compare the binding energies of defect states from the mono-
layer tight-binding model with those obtained from a variational approach within the effective
mass approximation, in order to assess the applicability of such continuum theories to the case
of charged defects in phosphorene. This is designed to explore and understand the conditions in
which the findings of this work can be primarily explained by such theories that do not require
atomistic calculations. Finally, calculations of charged defects on bilayer phosphorene are per-
formed and compared to the monolayer results, in attempts to outline fundamental similarities
between their spectra, which result from the stark directional anisotropy in their electronic
structure. This will look at charged defects both in the case of an adsorbate, and in the case
of an intercalated defect, to understand how the location of the defect within the bilayer plays

a role in its electronic signature.

6.2 Methods for Studying Few-layer Black Phosphorus

Here, I will briefly cover the methods used to study the effects of charged defects on monolayer

and bilayer black phosphorus (BP), which include a supercell adaptation of a multi-layer tight-
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(a) Armchair y

Figure 6.5: (a) Crystal structure of a black phosphorus monolayer, with armchair and zigzag
directions labelled. The unit cell of the pristine crystal is outlined in red. (b) Schematic of the
effective charge layer in the monolayer screening model, where d is the defect height from the
top sublayer. (c) Schematic of the placement of the intercalated defect in bilayer BP, where
dipe = 2.72 A is the out-of-plane distance of the defect below the effective charge sheet of the
top layer (red dashed).

binding model and the development of an effective model for the screened potential that includes
the material’s puckered crystal structure. Finally, I outline an anisotropic variational model
for studying how well the effective mass approximation applies to the case of charged defects

in theses systems.

6.2.1 Screened Defect Potential

The method of calculating the defect potential for monolayer and bilayer black phosphorus (BP)
was similarly performed to that of the monolayer transition metal dichalcogenides (TMDCs),
with key differences pertaining to the puckered nature of the crystal structure of few-layer BP.

The total defect potential V= experienced by an electron localised in one of the sublayers

(with V.

mono

referring to the top sublayer and V___ — referring to the bottom one) of monolayer

mono

black phosphorus (BP) can be expressed as the sum of the unscreened defect potential VOjE and
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the induced potential Vifd. The unscreened defect potential is given by
Vif(q) = —Lema(@TD), (6.1)

where v, = €?/2e¢q is the 2D Fourier transform of the Coulomb potential, d is the defect height
measured with respect to the top sublayer, and z = 2.126 A is the thickness of the monolayer
defined as the distance between the two sublayers. The parameter ey, is the background

dielectric constant due the presence of the substrate.

The induced potential can be calculated from the induced electron density dninq(q) which is
assumed to be confined to an effective 2D sheet located in the plane equidistant from the two
sublayers, see Fig.[6.5(b). Then the induced potential is the same for both sublayers and given
by

[T —
Vina(@) = =L 6nia(q)- (6.2)
Ebg

Within linear response theory, the induced density can be expressed as

onina(q) = x(¢)Vo(q), (6.3)

where Vy(q) = v,e™4+3) /ey, is the value of the unscreened defect potential in the effective
sheet and x(q) denotes the interacting response function of the effective sheet. x(¢q) can be

expressed in terms of the non-interacting response function yo(q) as

x(q) = Xo(q)

- XD 6.4
1-— 'UqXO/gbg ( )

where yo(g) is obtained from first-principles calculations (see discussion below). Note that
the screening is assumed to be isotropic in the above. This is justified by our explicit first-
principles calculations of the dielectric response (see below) and in agreement with recent

experiments [151].
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Combining the two contributions yields the total defect potential

+2) -1

N

quo(q)e_q(

e — VgXo(q) (1 — e79*3)) a0 (6.5)

Vn:i:ono(q) = |:1 -
€n

Finally, an inverse Fourier transform yields the screened defect potential in real-space:

Vinolr) = 5 [ 40 Viuola)lar), (6.6)

where Jy is the zeroth Bessel function of the second kind.

To evaluate the screened defect potential, xo(q) is determined using the first-principles random-
phase approximation (RPA). For this, the Kohn-Sham wavefunctions {|¢,x)} and energies
{E,x} were first calculated, for all occupied states and 1490 unoccupied states on a 13 x 13 k-
point mesh for a defect-free BP monolayer using plane-wave/pseudopotential density-functional
theory (DFT) as implemented in the QUANTUM ESPRESSO (6.5) software package. For these
calculations, the PBE exchange-correlation functional |73|, optimized norm-conserving Vander-
bilt (ONCV) pseudopotentials [112] and a 120 Ry plane-wave cutoff were used. The inverse
dielectric matrix egg(q) is then determined as a function of q in the first Brillouin zone (BZ),
where G and G’ are reciprocal lattice vectors. This is achieved by evaluating the Adler-Wiser

formula [116,/152]

_1 vtr(q + G/) Mvck(q7 G)Mc*vk(q> Gl)
Eev =dacq + , 6.7
ca(9) GG Q C%,k Facrq — Eue (6.7)
where M* . (q, G) = (Pnsqle T T|d,n), Q is the crystal volume, and v (q) is the 3D

Fourier transform of the slab-truncated Coulomb interaction [102]. For the RPA calculation,

a plane-wave cutoff of 15 Ry was used.

The anisotropic effective 2D inverse dielectric function and the anisotropic non-interacting

ani

response function x§"(q) are then given by [10]

1

~ 1o (a) (0
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q _
= 5o7]. ea o (@v(q+ G), (6.9)
? G,G,

where L, = 18 A is the distance between periodically repeated BP monolayers. It was found
that x3"(q) only varies by less than three percent as function of the azimuthal angle justifying
our assumption of isotropic screening above. Finally, the isotropic effective response function
Xo(q) which is used to calculate the screened defect potential is obtained as the angular average

of the anisotropic response function.

Next, I discuss the calculation of the screened defect potential in the BP bilayer. As for the
monolayer, the potential is expressed as the sum of an unscreened potential and an induced
potential which is expressed in terms of the induced density 5ni(rll)d(q) localised in two effective
sheets (one for each monolayer and labelled by the superscript [ = 1,2). In terms of the non-
interacting response function of the effective sheets Yo(¢) (note that this response function is

not assumed to be the same as in the monolayer case), the induced densities are given by

ot AR v e
R e it (6.10)
ni2)(q) = Ko (@) = Ll )H"e 0 (6.11)

(Yo' (q) — vg)* — vje 2" ’

where h is the distance between the two effective sheets and VO(Z) = v,e” =Y is the unscreened

defect potential experienced by the effective sheets.

The total potential is then given by

2
Vi (a) = Vo a) + D wgem = omi(a), (6.12)
r=1
where Vo(l)’i(q) is the unscreened defect potentials in the sublayers of the each of the two
monolayers, z; denotes the z-coordinate of effective sheet [ and h; 4 is the z-coordinate of the

top (4) or bottom (—) sublayer of monolayer [.

To determine xg(q), the screened potential between two charges located in the same effective

sheet from this screening model, is compared to the result of a first-principles calculation.
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According to Eq. (6.12), this potential is given by

Xo*(2) = X (@)vg(L — e”*")

‘/;cr(Q> = ~_ —_
1 %07 (@) — 2%0 (q)vg + v2(1 — e2ah)

(6.13)

For the DFT calculations, ONCV pseudopotentials for phosphorus are used, but a plane-wave
cutoff of 90 Ry, an out-of-plane periodicity of 20 A, and a 13 x 13 k-grid is chosen instead.

Then for Eq. , a cutoff of 11 Ry is used, including approximately 1200 states.

To calculate this potential from first principles, the same steps are followed as in the monolayer

case to determine e,7(q). Solving 51 (q)v, = Vier(q) for Xg'(q) then yields

= ean(q) =2 — \/ep(q) (1 — e72h)2 + 4e—2eh
2(ean(q) — 1) .

vy ' Xo (@) (6.14)

Inserting Eq. {D into the expressions for 6ni(rll)d(q), one can obtain the bilayer Coulomb
potential in Eq. (6.12]) that can be integrated in a Hankel transform to obtain a defect potential

for each sublayer in the system.

6.2.2 Tight-binding Model

The tight-binding model for phosphorene monolayers follows the implementation of Katsnelson
et al. [153,/154], using a set of hopping parameters ¢; (¢ = 1...5). For monolayer BP, the
lattice constants are a = 4.55 A and b = 3.37 A which define and span the rectangular unit
cell. The 4 x 4 unit cell tight-binding matrix, taken from the work of Katsnelson (2015) [154],

18:

Hyo(k) = 2tscos(k - as) + 2tzcos(k - ay) + 2t10(cos(k - (a; + ag)) + cos(k - (a3 — az)))
Hii(k) = 2tscos(k - as) + 2tzcos(k - ay) + 2t10(cos(k - (a; + ag)) + cos(k - (a3 — az)))
Has(k) = 2tscos(k - as) + 2t7cos(k - ay) + 2t10(cos(k - (a; + az)) + cos(k - (a3 — az)))

Hjs(k) = 2tscos(k - as) + 2tzcos(k - ay) + 2t10(cos(k - (a; + az)) + cos(k - (a3 — az)))
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Hor(K) = ty + tge~ 20 4 fo(e ik (@ta) | oik@i-az))
Hpo(k) = t5(1 + e~tkar | p—ik(ai—ag) | eik~a2)

Hos(k) = tle—ikal(l + eik-aQ) (1t eik~a2) n t8(€—ik~(al+a2) n e_ik.(al_Qaz))
Hip(k) = t1(1 4 e™22) + tye7020 (1 4 e22)  fe®H2 4 fge k2

Hyz(k) =t5(1 + e~tkar | p—ik(ai—ag) | eik-ag)

Hag(k) = to + tge ™3 4 to(e ic@itaa) 4 pmik(@imas)y

where a; = ax and ay; = by. This model is used to create an N x N rectangular supercell
with length a N and width bN. Using the same tight-binding model with additional interlayer
hopping parameters, a supercell model was also constructed for obtaining defect state energies
for AB-stacked bilayer BP. This follows the tight-binding parameterisation of Rudenko et al.
[154]. In addition to two monolayer Hamiltonians H,ono as defined previously, an interlayer

Hamiltonian is also added, with the form:

where the terms of Hj,e, are:

(Hiner (), = (ger(6)), = (Hisner (1)) = (Hlgen (), = 0
(Hinter (K))gg = (1 4 e %) 4 phemkoan(] 4 omikaz)

(Hinter(K))gp = to (1 + €7 2) +t5(e™2 + o) | ik(artes) 4 ik
(Hinter(K)) o3 = tée*ik'al)

(Hinter (K)) 1o = tie ™21 (1 + e722)

(Hinter (K))5 = t3

(Hinter(K)) oy = tae 22

(Hinger (K)) 5y = toe™ (@2721)

(Hinter(k))31 — t;e_ik.a2(1 + 6ik~a1) + té(l + eik~a1 _|_ e—ik-(az—al) + 6—2ik~a2)
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(Hinter(K)) gy = t17 (1 4 7%%2) 4 e (1 4 e7'm2)

6.2.3 Anisotropic Variational Effective Mass Model

In a similar manner to the calculations performed for monolayer TMDCs in Chapter [3 a
variational approach to the effective mass approximation was also carried out with monolayer
BP, in an attempt to draw parallels of the atomistic results to concepts in continuum models.
For monolayer BP, the anisotropy in the band structure meant that separate effective masses m;,
and my in the respective armchair (z) and zigzag (y) directions were required. The Hamiltonian,

whose expectation value will be minimised, is

2 02 K2 02
H,, = — — + Vaer(V/ 22 + y?), (6.15)

2m 922 2m; 0y?

where Ve is the potential associated with the defect. The ansatz chosen to approximate the

ground state wavefunction of a single particle trapped in Vg, is
2
U(r; o, B) = 28 e V(@ +By)? (6.16)
T

where r = (z,y), while @ and [ are the inverse decay length scales in the armchair and zigzag
directions, respectively. To enable a quantitative comparison between the binding energies of
defect states obtained from the atomistic calculations and the effective mass approach, the
position of the plane in which the wavefunction in Eq. is localised must be chosen. As
Fig. shows that the screened defect potential has a significantly larger value in the top
sublayer than in the other sublayers, it is assumed that the wavefunction of the most strongly
bound 1s state is primarily localised in the highest sublayer. The variational effective mass
model shown here uses the same height d as the height of the charge above the 2D plane, which
itself approximates the quasi-2D surface of the monolayer. Due to the simple exponential nature

of the ansatz chosen, the kinetic energy was determined analytically as:

Tva(aaﬁ) - <\Pls(a>ﬁ>|Hva - V:jef|\1[15(06, B>>
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2 a2 2 92
- 2(w//dxdye\/(0496)2+(By)2 W5 e~V (@) +(By)?
2m Ox? 2ms 0y?

_ hQOéﬂ // dZU dy 7“’(:(3’71/) 06_28—2 4 5_2(9_2 6_T/(x/7y/)
m; O(z')>  my O(y')?

where r(z',y') = V/(2/)? + (y')?

Tou(a, B) = __//dx dy/ e 2 (042((93’)27‘(96’,?/) — W) | P y) (fv’)z))

r3(z’,y’) mk m

2
T e 7COS sin + —(rsin“f — cos
d de 2r 29 29 6* 29 29
x my

_ —or 32 a’ B 1
= —h? (m:’; E)/o drdf e =" (r — 1) = h(m:’;+m;)( Z)

B2 /o2 2
-L(5+5).
4 \my;  my

The potential energy component must be performed numerically which, in combination with

the kinetic component, gives an expectation value of

h2 52
O e R (6.17)
2 rcosf rsind
—Z [arre? [ 1
Vo= 2 farre farva([(752.75°) ) ©19
e? Jo(gr)e~
Vaer(1) = d : 6.19
walr) = g [0 BT (619

where Vgt is the defect potential of the perfect 2D system. This is minimised using the same

optimiser (scipy.optimize.fmin) as with the monolayer TMDC variational model.

6.3 Results and Discussion

6.3.1 Band Structure and Defect Potential

The band structure of the black phosphorus (BP) monolayer and bilayer tight-binding model
is shown in Fig. [6.6[a) and [6.6]b), respectively. The monolayer band structure shows the
direct band gap of approximately 1.8 eV present at the I' point in the BZ, with vastly different

curvatures in the I' — X (armchair) and I' — Y (zigzag) directions, equating to immensely
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Figure 6.6: Tight-binding electronic band structure of black phosphorus in (a) the monolayer
and (b) bilayer structure in the Brillouin zone (BZ). Inset of (a) depicts the high symmetry
points of the BZ. All energies are referenced to the valence band maximum at T

different effective masses. These effective masses are shown in Table [6.1] quantifying the large
electronic anisotropy between the armchair and zigzag direction, both for the case of electrons
and holes. In the case of the hole, the effective mass in the armchair direction is around 20 times
the size than in the zigzag direction. In Fig.[6.6[a), a secondary valence band maximum (VBM)
at S is present, which appears over an electronvolt below the primary VBM. This indicates that
unless the effective mass is comparable to that of the armchair effective mass at the I' point,
it is not in an energy range where acceptor charges of —e will induce noticeable in-gap states
constructed from the S part of the pristine BZ. The bilayer band structure, shown in Fig. (b)
along the same path I' — X — S — Y — I', exhibits a split valence band and conduction band
caused by the interlayer coupling. The band gap is reduce to approximately 1.2 eV, due to
the inward energy shift of the CBM and VBM. The hole effective mass is significantly reduced
along the armchair direction, whereas the electron effective mass is larger along the armchair
direction. It can be seen that the lower split band of the valence band has a negative effective
mass at I', meaning that there are two secondary VBM near I at either side along the armchair

direction.

Fig. and Fig. show the sublayer-resolved screened defect potential for a charged ad-
sorbate on monolayer and bilayer BP, respectively. As expected for 2D semiconductors, the

screened potential in all sublayers approaches the unscreened potential at large distances from
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Figure 6.7: Defect potential for monolayer BP for a charged defect sitting d = 2 A above the
top sublayer, shown for the top sublayer (black) and the bottom sublayer (red), compared to
the unscreened potential (green dashed). Inset displays the log-log form of this figure.
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Figure 6.8: Defect potential for bilayer BP for a charged defect placed 2 A above the top

sublayer of the top layer, shown for all four sub-layers in the system. Inset displays the log-log
form of this figure.
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the adsorbate. However, at short distances the screened potential is reduced significantly. In
bilayer BP, the screened potential in the top monolayer behaves qualitatively similar to the
monolayer case, but is somewhat weaker as a consequence of screening from the additional BP
layer. In the bottom monolayer the screened potential is an order of magnitude smaller than
in the top layer and relatively flat indicating that bound defect states should reside in the top
monolayer. Eq. can also be applied to the case of an intercalated defect between the
two layers of the bilayer. This is modelled by considering a charge placed between the layers,
as shown in Fig. 6.5 c) where the defect is approximately equidistant from two P atoms in the
top layer and two in the bottom, using a bond length of 2.2 A, typical for a transition metal

atom such as copper or nickel [147].

6.3.2 Monolayer BP Defect Wavefunctions

In the presence of a charged defect, the black phosphorus (BP) monolayer exhibits in-gap states
that arise from the Coulombic electrostatic potential associated with the defect [26]. These in-
gap states appear to be localised to the defect, and form a series with similar nodal structure to
the 2D hydrogen model. The most strongly bound state exhibits a highly localised distribution
with exponential decay characteristic for a Coulomb-like potential, labelled as 1s. Fig. (i—
vi) shows the wavefunctions of the bound defect states in monolayer BP on a substrate with
cep = 2, induced by a negatively charged adsorbate with a height of d = 2 A above the top
sublayer. As a consequence of the large difference of the effective masses in the armchair and
zigzag direction, these wavefunctions resemble anisotropically distorted 2D hydrogenic orbitals
and are therefore labelled as 1s (i), 2p, (ii), 2s (iii), 3p, (iv), 2p, (v), and 3s (vi). Note that the
ordering of the defect states is different than in the 2D hydrogen atom as a consequence of the
Monolayer Bilayer
Electron ‘ Hole || Electron ‘ Hole

0.196 | 0.166 0.180 | 0.152
1.160 | 3.241 1.530 1.362

ms/mo
my/mo

Table 6.1: Effective masses at the I' point in the Brillouin zone for Monolayer and Bilayer BP,
calculated from the tight-binding models using a 4th-order accurate finite difference approxi-
mation to the second derivative of the bands.
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Figure 6.9: Wavefunctions of the six most bound acceptor defect states on monolayer black
phosphorus, from (i) to (vi) in order of decreasing binding energy. This is shown for a defect
height of d = 2 A above the top sublayer and egy, = 2.

anisotropic dispersion which favours states that are oriented along the y-direction. For example,
the 2p, and the 2p, orbitals are degenerate in the 2D hydrogen atom, but in monolayer BP the
binding energy of the 2p, state is almost 0.1 eV larger than that of the 2p, state. Projecting the
defect wavefunctions onto the unperturbed monolayer states, see Figs. [6.10(i-vi), reveals that
they are predominantly constructed from bulk valence states near the valence band maximum
at the I' point. Importantly, the shapes of the reciprocal-space projections are similar to those
of their real-space counterparts. An inverse relationship can be seen between the exponential
decay states of the real-space and reciprocal-space form of the defect state, along both the
armchair and zigzag directions in the crystal, such that states with stronger localisation to
the defect site in real-space are less localised in their reciprocal-space projections to the I’
point. This relationship occurs independently for the armchair and zigzag directions, which in

reciprocal-space corresponds to the k, and k, axes, respectively.

Upon increasing the substrate dielectric constant to e, = 8, the defect states become more
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i I i
v Vv Vi
Figure 6.10: Projections of the six most bound acceptor defect states on monolayer black

phosphorus, from (i) to (vi) in order of decreasing binding energy. This is shown for a defect
height of d = 2 A above the top sublayer and egy, = 2.

delocalised, see Figs. M(i—vi), while their projections become more localised to the vicinity of
the I' point, see Figs. (i—vi). The ordering of the defect states changes with the fifth state
exhibiting a different symmetry compared to the case of 53, = 2. As the dielectric constant
of the substrate is modified, the fifth state is of a different spatial form, indicating that the
x-directed lobed states can be modified in their relative binding energy to the y-directed lobed
states using more polarisable substrates. For the 2s (iii) and 2p, (iv) states, there exists a small
change in the z-directed skew between ey, = 2 (a) to egup = 8 (¢), and the projections of these
states in Fig. [6.12(i-v) increase in their reciprocal-space localisation. A significant comparison
between both values of €4, is through the projection of the 1s state, where it can be seen that
compared to the case of 4, = 8, the extent of the reciprocal-space projection for the 1s state
of equp, = 2 extends to regions of the band structure that deviate from the parabolic nature that

is exhibited closer to the band maximum at I'.
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Figure 6.11: Wavefunctions of the six most bound acceptor defect states on monolayer black
phosphorus, from (i) to (vi) in order of decreasing binding energy. This is shown for a defect
height of d = 2 A above the top sublayer and egy, = 8.

6.3.3 Monolayer BP Binding Energies

Figure [6.13| shows the binding energies of the 1s defect state as functions of the defect height d
and the substrate dielectric constant eg,,. As expected, an increase in &g, reduces the binding
energies as the defect potential is weaker. Interestingly, for small defect heights (d = 1.5 A)
above the top sublayer and weakly screening substrates (eq,p < 3), the binding energy of the
acceptor state exceeds the size of the band gap, see Fig. (a). In this case, the defect state
becomes resonant with the conduction band states. With the exception of these instances, the
highly-localised 1s state is the most strongly bound of the defect state spectrum. Additionally,
the sensitivity of the binding energy with e, increases with a smaller d, owing to the closer
proximity of the charged defect to the system. The increase in binding energy from d = 1 A
to d = 0.5 A maintains an approximately consistent size for the range of substrate dielectrics,

indicating that because of both the large effective mass of the valence band and the close prox-
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i I i
iv v Vi
Figure 6.12: Projections of the six most bound acceptor defect states on monolayer black

phosphorus, from (i) to (vi) in order of decreasing binding energy. This is shown for a defect
height of d = 2 A above the top sublayer and eg, = 8.

imity of the charge to the system, the 1s is almost entirely localised to within a few Angstroms
of the defect site. Hence, the local changes to the defect potential from varying d will be expe-
rienced by the 1s state approximately as a linear shift in potential. The donor binding energies
are displayed in Fig.|6.13{(b), referenced from the conduction band. It can be seen that binding
energies of acceptor and donor states are quite similar, which is a consequence of the strong
similarity between the shapes of the conduction and valence band extrema. However, the donor
binding energies are somewhat smaller due to the larger my in the valence band maximum at I',
dominating in influence over the binding energy. Similarly to the acceptor case, [6.13|b) shows
that the donor states can also become resonant with valence band states for this parameter

space.

Figures [6.13((c-d) show the binding energies obtained from the variational effective mass ap-
proach, see Eq. (6.16]). The results from this approach are generally in good qualitative agree-

ment with the atomistic calculations, but there are some important differences. In particular,
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Figure 6.13: (a,b) Binding energy variation of (a) donor and (b) acceptor 1s defect states
with egy, and d, extracted from the tight-binding model with isotropic defect potential. (c,d)
Variational 1s energy extracted from the effective mass model inserting the effective masses of
(¢) the conduction band minimum and (d) the valence band maximum. (e,f) Average parabolic
energy deviation AFgya of the 1s state for the case of (e) acceptor and (f) donor, shown as a
function of substrate dielectric constant for the same defect heights as (a-d).
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the effective mass approximation underestimates binding energies when the defect is close to
the monolayer and the substrate has a small dielectric constant. For larger substrate dielectric
constants and defect heights, there is a good agreement between the two approaches, indicating
that the error from the chosen wavefunction ansatz is small. Most importantly, the effective
mass approximation does not reproduce the result that the most strongly bound defect state
can cross the entire band gap and become resonant with bulk states. This failure of the effec-
tive mass approximation can be understood by analysing the projection of the defect state onto
bulk monolayer states. As discussed above (see Fig. , the projections for the most strongly
bound 1s states are delocalised over a larger part of the first Brillouin zone. However, the
effective mass approximation is based on the assumption of an anisotropic parabolic dispersion

which is only valid near the conduction and valence band edges.

The comparison between the tight-binding binding energies and those obtained through the
variational effective mass approach, becomes better for values of 5, > 1 and defect heights
d > 1.5 A above the top sublayer. When the dielectric environment is highly polarisable,
or the defect is further from the system, the defect potential is shallow enough to result in
bound states that are not effectively confined to a single atom, and thus are delocalised over
a region around the defect significantly greater in size than the lattice parameter. Hence
the exact chemical description of the defect and the defect centre in the material becomes
less important in characterising the electronic structure of the system, and relies more on
electrostatic features of the charged defect on a larger scale, allowing it to be better compared
to continuum theories such as the effective mass approximation. This can be understood by
examining the projections for the defect states on the Brillouin zone of the unperturbed system,
as plotted for d = 2 A and ey, = 2 in Fig. 6.10(i). For deep potentials, the resulting defect
states in the tight-binding model become highly localised, which conversely has a reciprocal-
space projection that is significantly delocalised across the BZ. Since the highly localised defect
state has non-negligible contributions from points in the BZ that are far from the central band
extrema at [', for which the approximation of a parabolic band is not so suitably apparent, it is
not expected that the application of a variational model within the effective mass approximation

would result in a similar binding energy.
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To quantitatively assess the validity of the effective mass approximation, a quantity AFgya

can be defined such that:

nk2 Rk

Enx —
8 2my  2my

, (6.20)

AEpva = Z [ (nk|Wy,)[*
k

which measures the importance of deviations from a parabolic dispersion for the defect state
binding energies. In this equation, (nk|W;s) denotes the projection of the most strongly bound
defect state (from the atomistic calculation) onto the bulk state |nk) (where the band index
n refers to the highest valence band for acceptor states and to the lowest conduction band for
donor states). Also, k denotes a crystal momentum and E,,y is the tight-binding band structure
of the monolayer. Figures[6.13|e) and (f) show AEgya for the most strongly bound acceptor
and donor states. It is observed that AFEg\a is large for small defect heights and small values
of the substrate dielectric constant. Comparing donor and acceptor state, it can be seen that
AFEg\p is significantly larger for acceptor states (by up to a factor of 2). It can be easily
seen that as the heights of the charged defects from the system or the dielectric constant of
the substrate increase, the value of AFEg\a for the 1s defect state converges to a small value.
This indicates that in the vicinity of the I' point, the low-energy band structure conforms well
to the approximation of a parabola, which is the region that 1s defect eigenstates of shallow
potentials are most prominently constructed from. In the case of the donor, the energetic
difference between the tight-binding and effective mass binding energies correlates very strongly
with the corresponding value of AFEg\a, while for the acceptor case this correspondence is not
as precise for all (d, eq,1,) parameter sets but still applicable. Hence this provides a justification
for the lack of congruence between the energies obtained through the tight-binding calculations
and their variational counterparts as determined from effective mass theory, in the case of deep
defect potentials. It can be concluded from this that, given the defect potential is shallow, the

binding energies of this anisotropic system can be well described by the effective mass model.
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Figure 6.14: Local density of states for a charged defect a distance d = 2 A above the top
sublayer, for monolayer BP on a substrate with eg,, = 2 for (a,b) acceptor defects and (c,d)
donor defects. This is shown separately along the (a,c) armchair and (b,d) zigzag directions.

6.3.4 Monolayer BP Local Density of States

To view the wavefunctions collectively, the local density of states (LDOS) can be used to
highlight relative importance of individual defect states within the bound spectrum, and provide
a prediction for experimental signatures of charged defects that can be observed in scanning
tunnelling experiments. In Fig. The LDOS of monolayer BP with a charged defect of
height d = 2 A above the top sublayer is shown in Fig. on a substrate with dielectric
Esub = 2 for both the acceptor defect (a,b) and donor defect (c,d), resolved along either the
armchair direction (a,c) or along the zigzag direction (b, d). For acceptor defects, Fig. [6.14/(a)
and (b) shows that when e, = 2, a very well defined peak that corresponds to the 1s state

in Fig. (1) is present which is followed by a series of lobed states closely spaced in energy
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Figure 6.15: Local density of states for a charged defect a distance d = 2 A above the top
sublayer, for monolayer BP on a substrate with eg,, = 8 for (a,b) acceptor defects and (c,d)
donor defects. This is shown separately along the (a,c) armchair and (b,d) zigzag directions.

near the valence band maximum. This exhibits similarities with the hydrogen model, where
consecutive bound states of increasing principal quantum numbers are decreasingly separated
in binding energy, pertaining to the Coulombic nature of the defect potential. Additionally, the
conduction band manifests strong defect-induced band-bending, being a result of the strong
localised negative potential that repels electrons that would tunnel into the conduction band
in an STM experiment. Comparing the signature of this defect spectrum in the armchair and
zigzag direction, the anisotropy of the localisation can clearly be seen, where the LDOS along
the armchair (x) direction shows a more delocalised electron distribution than along the zigzag

(y) direction.

A larger dielectric constant of the substrate results in the potential being screened more and

thus should result in bound states from a charged defect in BP having lower binding energies.
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This is shown in Fig. [6.15] where e5,, = 8, and it becomes apparent when looking at the zigzag
directed LDOS, that the lobed states in the gap are very close to the valence band maximum,
such that they are only just visible in Fig. [6.15(d). Additionally, compared to eg = 2, it
can be seen that the 1s state sits closer to the valence band and that the defect-induced band
bending in the conduction band becomes less steep, directly reflecting the changes to the defect
potential when the substrate dielectric constant is vastly increased. The same analysis can be
performed on the donor defect, observing in Fig. [6.15(c-d) that the bound states instead sit
close to the conduction band and qualitatively mirror the features of the acceptor defect. The
donor defect LDOS spectrum shows that the lobed states are less pronounced and sit even
closer to the band extremum than in the acceptor case, as well as displaying states that are
slightly less anisotropic with respect to their spatial localisation, which results from the smaller

disparity between the effective masses in the = and y direction (Table .

6.3.5 Bilayer BP Defect Wavefunctions

For an acceptor charged adsorbate with height 2 A above the top sublayer of atoms in bilayer
black phosphorus (BP), with an associated defect potential as shown in Fig. several states
forming within the band gap are displayed in Fig.|6.16[i-v) for both the top and bottom layers.
These states are similar in shape and nodal structure to those of the monolayer acceptor case,
forming a localised 1s state followed by a series of lobed states. Additionally, the wavefunction
in the bottom layer mirrors that of the top layer, but to a lesser degree, such that in the 1s
state, there is comparably negligible electron distribution on the bottom layer with respect to
the top layer. This comes as a result of the strong screening exhibited by the layer above,
resulting in a potential on the bottom layer that is significantly less deep, which can be seen in
Fig. [6.8l Like the monolayer case, these states are constructed primarily from pristine system
states in the vicinity of the I' point in the BZ, and because of the higher effective mass in the
y-direction, states with y-oriented lobes are more strongly bound to the defect. The length scale
over which the freestanding bilayer bound states extend, is notably larger than the case of the

monolayer when placed on a substrate with dielectric constant e4,, = 2, which also results from
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Figure 6.16: Top layer wavefunction of bilayer BP for acceptor states for a charged adsorbate
with height d = 2 A from the top sublayer of the top layer, in order a-e of most to least strongly
bound. Binding energy is displayed in the top left, and the bottom layer wavefunction is shown
in the inset.

a generally shallower potential. For the donor case, the wavefunctions and binding energies of
this parameter set are very similar but with the states in iv and v in Fig. being reversed

in order.

The defect wavefunctions of a negatively charged intercalant are shown in Fig. As ex-
pected, the wavefunctions for this system have a similar intensity on both layers. Interestingly,
the wavefunction of the 1s state exhibits two peaks in the top layer, but only a single peak in
the bottom layer, see Fig. (1) The splitting of the 1s wavefunction into two peaks is an
interference effect caused by the location of the intercalant below the centre of a zigzag bond.
The three most strongly bound states of the acceptor intercalant have a similar nodal structure
as in the adsorbate case. However, the fourth and the fifth states look very different to the ad-
sorbate states. However, this does not account for deformation of the structure, which has been
shown to slightly warp and change the size of the interlayer gap by ~ 0.1 A in first-principles

calculations. The binding energies for charged adsorbates and intercalated defects seem to be
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Figure 6.17: Top layer wavefunction of bilayer BP for acceptor states for a charged intercalated
defect placed din; = 2.7 A below the top effective layer, in order a-e of most to least strongly
bound. Binding energy is displayed in the top left, and the bottom layer wavefunction is shown
in the inset.

very similar in their spectra, indicating that the binding energy could be mostly independent

of out-of-plane positioning in the system due to their extended range.

6.3.6 Bilayer BP Adsorbate Binding Energies

For both acceptor and donor adsorbate defects on freestanding bilayer BP, the binding energy
of the top five most bound states is shown in Fig. compared to the monolayer, with the
band gaps for bilayer and monolayer shown in red solid and red dashed lines, respectively. For
the donor case in Fig. (a), the binding energies for the 1s defect state, with respect to the
conduction band of pristine bilayer BP, decrease in binding energy with increasing defect height
d. For d = 1.5 A, the bilayer donor 1s states are not shown as they become resonant with the
valence band, similarly to the monolayer, with the binding energy exceeding the band gap. As

d increases, an approximately consistent energy gap between 0.4-0.5 eV exists between the 1s
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Figure 6.18: Defect energy levels as a function of defect height d above the top sublayer of
freestanding monolayer BP (dashed) and freestanding bilayer BP (solid) for (a) donor and (b)
acceptor defects, showing the monolayer band gap (dashed) and bilayer band gap (solid).

donor states of the monolayer and bilayer. The binding energy of the 1s defect states strongly
depend on the potential experienced in the top layer, as seen in Fig. [6.16{(a), and for eg,, = 1
these states are strongly localised to the defect site on this top layer. As a result of this, only
the local region in the screened potential close to the defect will control the energy, and can be
approximated by ~ % where C' will depend on the short-wavelength dielectric screening, which
differs between the bilayer and monolayer system. Conversely, different behaviour is observed
for the lobed states that exist below their respective 1s states in energy. In Fig. [6.18(a), these
levels remain approximately constant for the bilayer as d is tuned, with the exception of the
state strongly associated with the 2s nodal structure due to its central peak, that makes its

binding energy more sensitive to d. Compared to those of the monolayer, the donor binding
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energies in the bilayer behave similarly, but with a generally reduced magnitude. This would
most likely be a result of the shallower defect potential in the bilayer corresponding to the
weaker screening, which as a result causes the defect states to extend further from the defect.
The secondary lobed states, having substantially smaller magnitudes of their wavefunctions
at the defect site, will not have binding energies that are particularly sensitive to a change
in defect height. When the defect instead has an acceptor nature (See Fig. |6.18(b)), it is
observed that despite the generally larger effective mass in the conduction band of the bilayer
system (See Table , the acceptor defect binding energies of the bilayer do not conform to
the same monotonic increase of the binding energy with effective mass found in the monolayer
case. Instead, the binding energy for the 1s state at d = 2 A is larger for the acceptor case
than for the donor case, whereas the donor binding energy of the 1s state is larger than in the
acceptor case for d = 3.5 A by 24 meV. This phenomenon occurs due to the non-parabolicity of
the bilayer valence bands in the zigzag direction for wavevectors beyond approximately %FY,
where there is a crossing between the upper and lower valence bands. For stronger potentials
in the vicinity of the defect, caused by smaller values of d, the reciprocal-space projections
and thus the Bloch composition of the 1s includes states further away from the I' point. This
means that for highly localised states, they will project more strongly onto both valence bands,
and the acceptor binding energies will not be as accurately described by the effective mass
approximation. By looking at the projections of the bilayer 1s acceptor defect states onto both
valence bands, it can be seen that that this higher contribution from the second VBM is more

pronounced for smaller d.

6.3.7 Bilayer BP Local Density of States

Fig. shows the local density of states (LDOS) p(E,x) of an acceptor adsorbate defect on
bilayer BP as a function of energy, for several distances from the defect in both the (a) armchair
and (b) zigzag directions. The most prominent feature of Fig. is the large resonance that
occurs approximately 0.5 eV from the valence band, where the LDOS exhibits a sharp peak that

decays by an order of magnitude over 3-4 A away from the defect. This peak is the signature
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Figure 6.19: Local density of states (LDOS) for a defect charge placed 2 A above the top
sublayer in the top layer of bilayer BP, shown for the acceptor case along the (a) armchair
and (b) zigzag directions, and shown for the donor case along the (c) armchair and (d) zigzag
directions.

of the 1s defect state and the only difference in its decay between the armchair and zigzag
directions of bilayer BP is a slightly lesser decay in the armchair direction, which is noticeable
at ~ 8 A. Additionally, it can be seen that the collection of defect states close to the extremum
has almost no significant presence in the armchair direction, whereas in the zigzag, the defect
states manifest as strong resonances in the LDOS. This indicates that the majority of electronic
signatures of the defects, arise from the 1s bound state and those with zigzag-oriented lobes,
as seen in Fig. [6.16(b, d). In the conduction band, the presence of the defect charge potential
results in the flattening of the LDOS and upward bending of the bands, as commonly seen in
previous work on defect calculations ,,. As the distance away from the defect increases,
it is seen in both the armchair and zigzag direction that the LDOS converges to that of the

pristine system. For the donor case, shown in Fig. along (c) armchair and (d) zigzag
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Figure 6.20: Local density of states (LDOS) for a charged intercalated defect placed di,, = 2.7 A
below the top layer of bilayer BP, shown for the acceptor case along the (a) armchair and (b)
zigzag directions, and shown for the donor case along the (c¢) armchair and (d) zigzag directions.

directions, the prominent 1s resonance decays less swiftly with distance, and is less sharp than
that of the acceptor case. However, the decay of the LDOS signature of the donor 1s state is
more disparate between the two directions, owing to the slightly greater difference in effective
mass of the zigzag (y) direction compared to the armchair (z) direction. Very similarly to
the acceptor case, a cluster of defect signatures can be seen near the conduction band that is

substantially more present along the zigzag than the armchair direction.

The LDOS for the intercalated charged defects are shown in Fig. [6.20, and while the localised
in-gap 1s peak sits at the same energy, interesting electronic features arise which are not present
for the adsorbate case. Along both armchair (a) and zigzag (b) directions, the LDOS for the
intercalated acceptor defect exhibits several strong peaks that are highly localised to the defect,

arising in the valence band continuum. These resonant states, unique to the intercalated defect,
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decay quickly with distance from the defect, but are as strong as the 1s peak. Similarly, extra
1s-type localised states appear in the intercalated donor defect spectrum along the (¢) armchair
and (d) zigzag directions that appear in addition to the conduction band LDOS. More evidently
so in the donor case, a cluster of secondary states that appear to be lobed along the zigzag
direction are seen at the second shoulder of the conduction band LDOS, in an almost identical
way to that of the primary shoulder at the conduction band minima. The difference in electronic
response between a defect adsorbed to the outer side of the top layer and one intercalated
between the layers, can be explained in terms of the secondary conduction and valence band
extrema at the I point in the bilayer system, seen in Fig.[6.6(b). From previous work [14], it is
understood that the presence of a charged defect in a two-dimensional semiconductor results in
bound states appearing in the band gap which are constructed primarily from the pristine states
close to the band extrema, consistent with concepts in the treatment of charged defects within
the effective mass approximation [29]. It can be seen from Fig. and Fig. that, while the
charged adsorbate strongly induces a set of bound states constructed from states in the primary
extrema at I' in the Brillouin zone, the charged intercalated defect does so additionally in the
secondary extrema, inducing defect states resonant with the primary extrema. This occurs due
to the fact that in the pristine bilayer system, the secondary maxima in both the conduction
and valence bands near the I" point have a higher orbital composition from the p, orbitals of the
inner phosphorus atoms, while the primary band extrema have a higher orbital composition
from the p, orbitals on the outer phosphorus atoms. However in this framework, unlike for
the adsorbate defect, there is a noticeable asymmetry between the electronic signatures of the
donor and acceptor in the intercalated case, with multiple peaks appearing for the acceptor
case. This can be attributed to the effective mass of the secondary valence band at I' being
negative along the zigzag direction (—4.41mg). Conversely, the secondary conduction band at I'
has very similar effective masses in both the armchair (0.19m) and zigzag (0.91mg) directions
to those of the primary conduction band (see Table . As a result, the signature seen near
the secondary conduction band minimum for the intercalated donor defect mirrors the one near

the primary conduction band minimum.



Chapter 7

Conclusions and Outlook

7.1 Conclusions

In this thesis, I have presented an approach for modelling the electronic properties of charged
defects in two-dimensional (2D) semiconductors which combines the effectiveness and scalability
of a highly parameterised minimal-basis tight-binding model with an accurate first-principles
treatment of the electrostatic screening in the material. With this, I aimed to provide an
intermediary description of these systems which bridges the computationally costly but chemi-
cally thorough picture provided by density-functional theory, and the long-range but inherently
phenomenological framework of continuum models. In constructing large enough supercells to
capture bound defect states, I have modelled the electronic effects of an isolated charged de-
fect, such as an adsorbate, on both monolayer transition metal dichalcogenides (TMDCs) and
few-layer black phosphorus (BP). Through the simulations presented in this thesis, I have de-
veloped an understanding of how charged defects change the electronic structure of atomically
thick semiconductors, and indicated how specific defect levels can be engineered for applications

in nanoelectronic devices.

For the case of shallow acceptor defects in monolayer MoS,, the presence of a secondary valence
band maximum (VBM) that lies close in energy to the primary VBM results in multiple sets

of in-gap states which have envelope functions possessing hydrogenic nodal structure. This

173
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was consistent with the effective mass approximation which dictates that the envelopes of the
defect state wavefunctions are the solutions to a single-particle Schrodinger equation, where the
potential is the screened Coulomb potential. By projecting the in-gap defect states onto the
pristine BZ, it was observed that the peaks of the projection for each state are centred on either
the primary or secondary valence band maxima, situated at the K/K’ and the I' points in the
BZ, respectively. The bound states associated with the I' point displayed significantly different
behaviour to those found at the K/K’ points, including more strongly localised defect states
and a higher sensitivity of the binding energy to changes in the defect potential. Furthermore,
despite the energy of the 1s state from I' being resonant with the K/K’ continuum for small
charges, it was found for physically reasonably defect heights that as the charge strength is
increased, the energy of the 1s state from the I' point becomes the deepest acceptor state into
the band gap, surpassing the defect level of the 1s state from the K/ K’ at some non-zero charge.
This is due to the much larger effective mass of the I" point compared to the K /K’ points in the
BZ. This was verified for shallow defects using a variational effective mass model to simulate
the binding energy curves of the two 1s states, distinguished only by the energy and effective
mass of the VBM they are most strongly constructed from, which reproduced the crossover
and showed a good agreement with the atomistic calculations at smaller charges. Since the
Bloch states associated with the VBM at I' and K /K’ have a dominant orbital character of

d,2 and d respectively, it is understood that the orbital character of the most strongly

zy/x2—y2)
bound acceptor state can be easily tuned by the magnitude of the defect charge. The choice of
dielectric substrate however, was found to provide significantly less control on the ordering of

the most strongly bound states.

Using this framework, the asymmetry between the electronic structure of the donor and acceptor
defect states can be explained by the significant differences between the conduction and valence
band structure. The spin-orbit splitting of the conduction band at the same location in the BZ
is negligible, which results in a hybridisation effect between the spectrum of defect states from
the K and K’ subzone, causing pairs of modulated donor states whose splitting increases with
the charge strength. This was not observed in the acceptor defect spectrum due to the strong

spin-orbit coupling in the valence band at K/K’ which prevents interaction between same-
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spin states at opposite primary valleys. Similar to the case of the acceptor defect, bound donor
states arise in the gap which are constructed from combinations of the six secondary conduction
band minima at the highly anisotropic () points in the BZ. Since the secondary minima have
an overall larger effective mass and are quite energetically far away from the primary minima,
a crossover point of the orbital character of the most strongly bound state is also seen in the
donor case. However, compared to the acceptor case, a larger separation in energy between the
two species of minima, coupled with a smaller ratio of effective masses, means that a larger
charge strength is needed for a hybridised state from the () point to become the most strongly

bound donor state.

Experimental signatures of donor and acceptor defects were determined for particular sample
cases of adsorbate atoms on monolayer MoS, when on a SiO, substrate. This was done through
the local density of states (LDOS), which is proportional to the gradient of current in scan-
ning tunnelling experiments. In addition to highlighting the bound states, the LDOS showed
that the presence of a donor adsorbate, such as lithium, induces downward band bending of
the valence band, which converges back to the pristine case with increasing distance from the
defect. Generally, this work has demonstrated that the effective defect charge strength, modi-
fied through either external fields or dielectric substrates, is an important parameter that can

sensitively tune the size and ordering of defect spectra of charged adsorbates.

The understanding gained from studying the static electronic properties of charged defects in
monolayer TMDCs was applied to the case of an unknown acceptor defect in monolayer WS,
observed in scanning tunnelling experiments. By modelling the graphene+SiC substrate, and
accounting for the poor tunnelling matrix element into states with large momenta, both bound
and resonant states were identified and simulated to produce good agreement with experiment.
It was found that while the experimental tunnelling spectra exhibited two resonances that
behaved like localised 1s bound states of different binding energies within the gap, a ring-shaped
2p-like state was found to be resonant with the valence band, and constructed primarily from
['-point states. These resonant states were predicted to trap mobile holes for approximately 30

ps, which would impair the carrier mobility of transport devices [2].
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Additionally, this work has explored how the defect state spectrum arising in the band gap
plays a role in the optical properties of monolayer TMDCs, specifically MoS, on either a SiOq
or diamond substrate. The optical conductivity of the pristine system is characterised by two
primary excitonic resonances in the monolayer MoS, spectrum, named the A and B peak which
arise from the strong spin-orbit splitting in the valence band. In the presence of an acceptor
defect, the A and B peak were found to be significantly constructed from transitions from
the strongly bound 1s acceptor states from both I'" and K/K’. Additionally, the presence of
in-gap defect states results in defect excitons that are comprised entirely from transitions from
the bound 1s states, with much stronger binding energies than the A and B peaks. This is
consistent with peaks seen in experimental literature, which are suspected to be drawn in from
transitions between in-gap states. While these supercell calculations were sufficient in size to
capture the lowest energy bound states from band extrema and model how they contribute to
the optical properties, the general results of this section of the thesis can be improved with larger
supercells, since the largest size of the Hamiltonian for the Bethe-Salpeter equation (BSE) was
limited by computational resources. Further work to parallelise the diagonalisation of the BSE

will allow for the increase in accuracy of the optical spectrum of charged defects in monolayer

TMDCs.

The concepts developed in this work while studying charged defects in TMDCs were also
applied to the case of monolayer and bilayer black phosphorus (BP), considering both acceptor
and donor defects adsorbed to the surface. In the monolayer results, the screened Coulomb
potential from the defect results in strongly bound states with wavefunctions that exhibit lobed
hydrogenic nodal structure. The variation of their binding energy with the substrate dielectric
constant has been demonstrated for different heights of the defect above the system. It is found
that the acceptor states of the monolayer system are generally more strongly bound than those
of the donor, given the same parameters of the defect, which is attributed to the large effective
mass in the zigzag direction of the valence band. By comparing this to the binding energies
extracted from a variational model within the effective mass approximation, it was found that
for environments that allow for deep defect potentials, the 1s states become localised enough

such that they are constructed from states in non-parabolic regions of the Brillouin zone. It
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is within this region in the parameter space that the effective mass approximation fails to
adequately model the behaviour of the charged defect states, whereas for the case of shallow
potentials, the effective mass approximation can describe the results seen in the tight-binding
model reasonably well. The local density of states of the charged defects on the monolayer
demonstrated the disparity in decay scales of the states due to the anisotropy of the system.
This also showed the proximity of secondary lobed states to the conduction and valence band
extrema for donor and acceptor defects respectively, as well as to each other, possibly observed
in tunnelling experiments as a single signature. Finally, a model of charged defects in the bilayer
BP system demonstrates strong similarities with the monolayer system in terms of spatial nodal
structure of the defect state, but stark differences in binding energy and decay scale of their
wavefunction. If the defect is instead intercalated between the two layers, additional sets of
bound resonant defect states are found in our calculations. These arise from the secondary
band extrema which are characterised more strongly by the orbitals of the inner atoms of the

bilayer.

7.2 Further Work

7.2.1 Further Study of Optical Properties of Charged Defects on

Monolayer TMDCs

In this work I have covered a limited range of study on how the presence of charged defects
influences the optical properties of TMDCs, namely the optical conductivity of monolayer
MoS, on silicon dioxide and diamond substrates. This has been achieved with an 18 x 18
supercell which, while approximately spanning 2 nm either side of the defect that allows the
localised 1s-like states to be captured, is limited in its convergence of higher-order defect states.
Additionally, a larger Ny x Ny sampling of the N, x N, supercell Brillouin zone (BZ) will allow
for a better convergence on quantities such as the optical conductivity. However, an increase in
both the supercell size and the sampling size of the BZ will incur large computational costs, on

account of the basis size M of the Bethe-Salpeter equation obeying M o N2N?, and hence a
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significant memory requirement. The current calculations were done using the standard Numpy
diagonalisation routine which performs on a single processor with access to a fixed memory,
limiting how large a matrix can be diagonalised in the calculation. This can be resolved
by writing the matrix to disk and then using the parallel diagonalisation library available in
SCALAPACK (accessed with a script written in Fortran 90), which will allow for the matrix to
be divided into submatrices that are distributed across different machines each with their own
memory, meeting the large memory demand of the calculation. Once this is achieved, optical
calculations over a significantly larger area of monolayer MoS, can be performed. In addition to
greater convergence, more study can be undertaken to understand the sensitivities of the defect
excitons to changes in light-polarisation, defect height, defect site and which TMDC is used.
Also, pristine MoSs has been shown to exhibit circular dichroism, in which the two valleys
at K or K’ absorb more strongly photons with left (¢7) or right (¢~) handed polarisation,
respectively [104]. Further study into how this is changed by the presence of in-gap states

induced by charged defects could result in interesting predictions for experimental efforts.

7.2.2 Doped Systems: Formulation of Thomas-Fermi Screening

The presence of doping in a semiconductor raises the Fermi level Er, and results in a partially
filled conduction or valence band, depending on whether the system has been doped with
electrons or hole respectively. Partially filled bands give the electrons/holes occupying it a
greater susceptibility to external electrostatic potentials, as electrons can more readily transition
to higher or lower energy states to screen these external perturbations. The effects of doping
on the screened defect potential has been recently studied for graphene [91,92] for a variety of
screening models. One such screening model is the Lindhard function, which is calculated from

linear-response theory within the random-phase approximation (RPA).

Another continuum screening model, known as the Thomas-Fermi (TF) approximation, assumes
electrons can be treated semiclassically as moving particles in a slow-varying potential, compris-
ing of an external potential Vi (r) and an induced potential Vi,4(r). In TF-theory, the screened

potential Ve, (r) = Vixe(r) + Vina(r) acting on the electrons causes a change in the homogeneous
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density n(u) where p is the chemical potential, constant everywhere [115,(155]. The assump-
tion of a slow-varying potential, compared to the Fermi wavelength [23], means that electron
energies Ey are shifted locally to Fy + Vi.(r), changing the density [23] to n [u — Vi (r)]. For
general non-linear TF-theory, where exchange-correlation effects are ignored [155], n,q(r) at

chemical potential yg is the density difference between the perturbed and unperturbed system:
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Having expanded this to sufficiently high order, the Fourier transform of the density can be
used to calculate the dielectric function. For non-linear TF theory, this requires self-consistent
calculations, whereas for linear TF theory the calculation can be performed reasonably quickly.
This method is a promising candidate for studying the effects of doping on the bound states of
adatoms on TMDC s, as it has produced experimentally verified results for the LDOS of calcium

adatoms on graphene [91},92].

This method would be applied to TMDCs, potentially using a quartic approximation to the
low energy band structure. This can be done by expanding the formula for the massive Dirac

Fermion band structure, taking the form:

= +/A 1 (vg)? = £A? (qu) (7.2)

B 1(vg)* 1(vg)*
— £A(1+ e T (7.3)
Vi it

where v is a parameter to be fit to the band structure, and A = E,/2 is half the band gap.

This can be rewritten as a quadratic to be solved for ¢:

E(q) = A+ A — Bg*, A=

2 __

B
g A+ /A2 —4B(E - A)) (7.6)

2B<

N|=

¢=+ [ (A- VAT —4B(E- A))], (7.7)
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where the negative solution of ¢? is taken such that ¢ lies in the region of the quartic curve
closest to the origin. To use this in the Thomas-Fermi model, the carrier density n is required,

which can be obtained from integrating the density of states per unit area:

dk gsgy 2407
dFE 21 4 /% _E

H A3
n(p) = / dE p(E) = const. — IsG2 SN~ 2u, (7.9)
2/ 27t

Emin

p(E) = 292 (ank)

T 42

where g, = 2 and g, = 2 are the spin and valley degeneracy, respectively, and p is the chemical
potential. This can be inserted into the expression for ni,q(¢) which can then be used to obtain
the Fourier transform V' (q) of the total defect potential, using self-consistent calculations, for
a charge Z, the height d of the impurity above the monolayer, and the chemical potential u.
As performed by Corsetti et al. [91], a calculation with ONETEP would be used to extract a
screened defect potential, which would be used to parameterise the screening model determined
by both the screening from interband transitions accounted for in the undoped calculations
(RPA), and the TF approximation. This would then allow similar analysis to be performed as
the work done so far, but for specific atoms on MoS,. The final result of this would be the local
density of states, which as mentioned throughout this thesis, can be directly compared to STS

measurements of adatoms on TMDCs.
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