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— ABSTRACT —

The Navier-Stokes Equations are the fundamental model for viscous fluid dynamics, but no
prediction is perfect. Introducing randomness into differential equations has long been an
answer to uncertainty quantification; recent developments in the modelling literature point to
the significance of transport noise, where the stochastic integral depends on the gradient of
the solution. Analytically, this unbounded noise breaks classical frameworks built for studying

nonlinear stochastic partial differential equations (SPDEs).

The primary goal of this thesis is to develop a rigorous solution theory for the Navier-Stokes
Equations under Stochastic Advection by Lie Transport, in a general manner which extends
to a wide class of nonlinear SPDEs with unbounded noise. Particular attention is given to
the case of a domain with physical boundary, where existence results for strong solutions with
transport noise were previously unknown. Our theory pertains to both the most classical
no-slip boundary condition, as well as the Navier boundary conditions. In particular, strong

solutions are obtained for the Navier boundary conditions.

Beyond well-posedness theory, we consider the inviscid limit of solutions under the no-slip
and Navier boundary conditions. The deterministic theory is markedly different in these
two scenarios, the core results of which are recovered in our stochastic setting. For the no-
slip condition, the vanishing viscosity and noise limit is shown to provide a solution of the
deterministic Euler equation if and only if the energy dissipation in a boundary layer of width
approaching zero with viscosity likewise tends to zero. Whilst this property is unknown in
general, for a special case of the Navier boundary conditions, the inviscid limit is demonstrated

to exist and give a weak solution of the corresponding Stochastic Euler Equation.
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CHAPTER 1. INTRODUCTION

CHAPTER 1

—_—> 0 (C— DO

INTRODUCTION

The theoretical analysis of stochastic partial differential equations, abbreviated to SPDEs,
has been recently established as one of mathematics’ most exciting prospects. Attention has
long been given to these equations due to their rich applications in areas such as turbulence,
population dynamics, finance and neuroscience, of which more can be understood from the
monographs [102, 105, 125] and references therein. The area’s newfound spike in popularity can
be attributed to developments across both analytical techniques and modelling. Indeed, Martin
Hairer’s Fields Medal winning work on regularity structures, [71], gave rigorous meaning to a
drastically extended class of SPDEs which are ill-defined in standard function spaces due to
spatial irregularities. At a similar time, Gubinelli, Imkeller and Perkowski developed a theory
of paracontrolled distributions, |68], which again provided a toolkit for the seemingly intractable
theory of distribution-valued SPDEs. These techniques are of a very different flavour to the
more classical variational approach pioneered by Etienne Pardoux, [124], whereby the equation

is formatted in a Gelfand Triple for a noise valued in the Hilbert Space.

From the modelling perspective, it is in applications to fluid dynamics and turbulence where
the literature has been thriving. The choice of noise to best encapsulate physical properties
of fluid equations is in constant study, now yielding a strong argument for transport type
stochastic perturbations (where the stochastic integral depends on the gradient of the solution).
The paper of Brzezniak, Capinski and Flandoli [14] in 1992 was one of the first to bring
attention to the significance of these equations with transport noise, whilst such ideas have
newly been cemented through the specific stochastic transport scheme of [73]. In this paper
Holm establishes a new class of stochastic equations driven by transport type noise which serve
as fluid dynamics models by adding uncertainty in the transport of fluid parcels to reflect the
unresolved scales. The physical significance of such equations in modelling, numerical analysis
and data assimilation continues to be well documented, see [4, 19, 27, 28, 29, 31, 32, 40, 42, 50,
74,75, 93, 95, 140] and in particular [49] for a comprehensive account of the topic. Towards
their analysis, however, these equations find themselves in a structural limbo. The first-order
noise operator introduces a singularity into the Hilbert Space of the variational framework, so
such equations do not fit into this classical theory. The noise is, however, still well-defined

in traditional function spaces, suggesting that the heavy machinery and distribution-tailored
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approaches of Hairer, Gubinelli et al. are not particularly appropriate.

With this outlook, a first goal of the thesis is to develop a rigorous solution theory to address a
broad class of such equations. A setup for SPDEs along with tools for their analysis is presented
in Chapter 2. We are keen to work in generality to facilitate applications, so our solution theory

is developed in an abstract framework for the It6 SPDE

t t
\Iltzqz0+/ A(s,\IIS)ds—i—/ G(s, W)W, (1.1)
0 0

where W is a Cylindrical Brownian Motion. These results comprise Chapter 3, whilst a complete
introduction to Cylindrical Brownian Motion and infinite dimensional stochastic calculus is

presented in Appendix A.1.

As the fundamental model of viscous fluid dynamics, our main object of study is the incom-
pressible Navier-Stokes Equation. Although much of our analysis is set for an abstract noise,
we centralise around perturbations through Stochastic Advection by Lie Transport: this is the

transport noise scheme introduced by Holm [73]|. The equation takes the form

t ¢ t
Up = Ug — / Loy usds + V/ Augds — / B(ug) o dWs — Vpy, (1.2)
0 0 0

where u represents the fluid velocity, p the pressure and v > 0 the viscosity. Here £ denotes
the nonlinear term, A the Laplacian, and this stochastic methodology is characterised by a
Stratonovich integral driven by W. The mapping B is defined along the components of W

through a collection of vector fields (¢;), in N dimensions by
Biio— Y (d050+¢'VE]).
j=1

Physically the (§;) represent spatial correlations, determined at coarse-grain resolutions from
finely resolved numerical simulations; see [27, 28, 29]. A complete introduction to the equation
(1.2) will come in Chapter 4, including a description of how (1.2) is posed in the form (1.1).
Existence and uniqueness results for (1.2) are derived in Chapter 5, as a direct application
of the theory developed in Chapter 3. The imposition of a physical boundary is central to
the motivation and results of the thesis. In any case where the first-order noise operator is
not demanded to be small relative to viscosity, existence results for strong solutions of any
corresponding stochastic fluid equation were unknown. The necessity to extend well-posedness
theory to the case of a bounded domain for equations modelling real world phenomena is clear,
and constitutes one of the key contributions of the thesis. We equip (1.2) with two distinct,
physically motivated boundary conditions. Firstly and most classically is the no-slip condition,
given by

u=20 (1.3)
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on the boundary 00 of a smooth bounded domain & in two or three dimensions. This is
typically considered to be the most physically reasonable boundary condition for viscous
flow as well discussed in [34, 128, 132]. Other considerations are far from redundant though,
and perhaps the most appreciated of them are the Navier boundary conditions, given in two
dimensions by

u-n=0, 2(Dun-t+au-t=0 (1.4)

where n is the unit outwards normal vector, ¢ the unit tangent vector, Du is the rate of strain
tensor (Du)k! := 1 (9pu! + ) and o € C%(00;R) represents a friction coefficient which
determines the extent to which the fluid slips on the boundary relative to the tangential stress.
These conditions were first proposed by Navier in [118, 119], and have been derived in [113]
from the kinetic theory of gases and in [112] as a hydrodynamic limit. Furthermore, they have
proven viable for modelling rough boundaries as seen in [7, 54, 126]. It should be noted that
as one takes « to infinity the constraint u - ¢ = 0 dominates the second identity in (1.4) and
as such, at least heuristically, gives some approximation to the no-slip condition (1.3); in the
deterministic setting, the corresponding convergence of regular solutions is shown in [81]. A
more thorough treatment of the conditions (1.3), (1.4) and their related function spaces arrives

in Chapter 4, with well-posedness results in both cases the content of Chapter 5.

Having established well-posedness results, the remaining contributions of the thesis are concerned
with the inviscid limit of our solutions. The effect of viscosity in the presence of a boundary is
an extensively studied and physically meaningful phenomenon, which is well summarised in
[108] and has seen developments across [5, 18, 21, 56, 66, 76, 80, 94, 109, 114, 115, 116, 135,
137, 139, 148, 152] to list only some contributions in the theory, observation and numerics
of this analysis. A key observation is the production of vorticity through large gradients of
velocity at the boundary ([107, 117, 136, 143, 149]), suggesting that one requires a control on
the vorticity near the boundary to deduce that the zero viscosity limit exists and is a solution
of the Euler Equation (that is, the Navier-Stokes Equation with v set formally to zero). For
Euler, the impermeability boundary condition - n = 0 is the only reasonable option. In the
classical setting of the no-slip boundary condition, it is completely unclear if such a control is
possible outside of very specific cases regarding regularity of initial data or structure of the
domain ([103, 104, 110, 133, 134]). The problem is in general wide open, with the leading
contribution that of Kato in |79] who mathematically verifies the physical intuition that it
is necessary and sufficient to control gradients of the velocity in a boundary strip of width
approaching zero with viscosity. A positive result seems much more reasonable for the Navier
boundary conditions, given that derivatives of velocity are tractable at the boundary. More
than this, the theoretical attraction of the Navier boundary conditions (1.4) lies largely in
their relation to vorticity, as if w is the vorticity of the fluid and x € C?(00;R) denotes the

curvature of the boundary then (1.4) is equivalent to

u-n=0, w= 2k —a)u- L (1.5)
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This connection stands at the forefront of study into the inviscid limit, most clearly in the
specific case of a = 2k (the ‘free boundary’ condition) shown first in [97] though extended
to general « in [22, 44, 81, 111] for example. Of course, the aforementioned results are in
the deterministic setting; much less is known about the zero viscosity limit in the presence of
stochasticity, and nothing is prior known for a transport type noise. Our contributions towards

this literature form Chapter 6.

We now more precisely detail the structure of the thesis, including any already released papers

upon which the chapters are based.

e Chapter 1 is the introduction, this chapter, which rounds off with some elementary

notation to setup the thesis.

e Chapter 2 details the framework and toolkit used to understand and solve the SPDESs of
this thesis. We explicitly pose Stratonovich SPDEs with unbounded noise, deducing a
rigorous conversion to [t6 form for strong solutions: this comes at the cost of a derivative
from the first order noise, which we will typically avoid asking for, though a thorough
conversion should be proved and we do not believe it has appeared. Additionally, we
present techniques in the study of SPDEs which will be necessary in subsequent chapters.
Of note, we first prove an existence and uniqueness result for an SPDE evolving in a finite
dimensional Hilbert Space, under the classical Lipschitz and linear growth assumptions,
driven by a Cylindrical Brownian Motion. If the Brownian Motion were finite dimensional
then this would be classical, but an extension to the infinite dimensional noise seems
absent. We further solidify criteria to obtain tightness of the laws of Hilbert Space valued
processes, and extend a result of Glatt-Holtz and Ziane to deduce the existence of a limit

process by a Cauchy argument.

e Chapter 3 presents an extended variational framework for nonlinear SPDEs with unboun-
ded noise, used to obtain solutions of (1.1). Three different solution types of increasing
strength are defined, along with criteria to establish their existence. The three notions
can be understood as probabilistically and analytically weak, probabilistically strong
and analytically weak, as well as probabilistically and analytically strong. The definitive
novelty compared to prior well-posedness frameworks comes from the unbounded noise.

This chapter is based on the author’s paper [62].

e Chapter 4 offers a more comprehensive introduction to the equation (1.2), including a
description of how we pose this equation in the form (1.1). Fundamental properties of
the operators in (1.2) are detailed, as well as the function spaces relative to the boundary
conditions (1.3), (1.4). The vorticity form of the equation is also presented, which will be

necessary in considering the vanishing viscosity limit under Navier Boundary Conditions.
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The bulk of this chapter can be found across the author’s papers [61, 63].

e Chapter 5 illustrates applications of Chapter 3 to the equation (1.2), as set up in Chapter
4. Martingale weak solutions in 3D are recovered for the no-slip boundary, alongside
weak solutions in 2D. Whilst both weak and strong solutions in 2D are verified under
Navier boundary conditions, the existence problem for strong solutions in the no-slip
case remains unsolved. To supplement the analysis we overview local strong existence
results in 3D from the author’s paper [63], only for the torus and the vorticity form of the
equation with ‘free boundary’ v -n = 0, curlu = 0; no such results are currently available

for the no-slip or general Navier boundary conditions.

e Chapter 6 consists of our inviscid limit results for (1.2) under the no-slip condition, as
well as a special case of the Navier boundary conditions which imply a free boundary.
For the former, we introduce an analogue to Kato’s Criterion regarding the convergence
of stochastic Navier-Stokes flows with a scaled noise to the strong solution of the determ-
inistic Euler Equation. This is achieved firstly for the typical noise scaling of 1/%, before
considering a new parameter which approaches zero with viscosity but at a potentially
different rate. We determine the implications of this for our criterion and clarify a sense in
which the scaling by V3 s optimal. The criterion holds in both two and three dimensions,
with some technical simplifications in 2D. Under the latter Navier boundary conditions,
as well as imposing a convex domain, the inviscid limit exists for the unscaled noise and
is a probabilistically weak, analytically weak solution of the corresponding Stochastic

Euler Equation. These results are proven in the author’s papers [64, 61| respectively.

e Chapter 7 is the conclusion, summarising the key contributions of the thesis and what

future work it may enable or inspire.

e Appendix A contains supplementary material for the core of the thesis. Of note, we
present a short course on Stochastic Calculus in Infinite Dimensions, properly constructing
the infinite dimensional stochastic integral as we interpret it, along with core results in
this calculus used throughout our work and particularly in Chapter 2. These notes are
given in the author’s work [60], also containing the material of Chapter 2, which will be
published by Springer with co-author Dan Crisan. We also state the key results from
the paper [65] which are not proved in this thesis due to space constraints, regarding a
local-in-time existence theory for strong solutions with applications to (1.2) in 3D. Other

classical results from the literature are also given.
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1.1 Preliminary Notation

1.1.1 Function Spaces

Here and throughout the thesis & ¢ RN will be a smooth bounded domain equipped with
Euclidean norm and Lebesgue measure A, with NV = 2 or 3. We shall refer to these cases as
2D and 3D respectively. We consider Banach Spaces as measure spaces equipped with their
corresponding Borel o-algebra. Let (X', 11) denote a general topological measure space, (, |-l
and (Z, ||| z) be separable Banach Spaces, and (U, (-,-);,), (H,(-,")4,) be general separable

Hilbert spaces. We introduce the following spaces of functions.

e [P(X;)) is the class of measurable p—integrable functions from X into Y, 1 < p < oo,

which is a Banach space with norm

60y = [ o) el

In particular L?(X;)) is a Hilbert Space when Y itself is Hilbert, with the standard

inner product

(6 ) 2y = /X (6(2), () ulde).

In the case X = ¢ and YV = RY note that

o= (¢"....8"), ¢':0—-R.

2
L2(OR)’

TR 4
=1

We denote ||| ,o(grny bY [l 1» and [|-[|2(g.pay by [|]|, where the dimension N will be

clear from the context.
o L®°(X;Y) is the class of measurable functions from X into ) which are essentially

bounded. L*°(X;)) is a Banach Space when equipped with the norm

[l oo 2,y :=Inf{C =2 0 : [[¢(2)]ly < C for pra.e. x € X}.

e C(X;)) is the space of continuous functions from X into ).

o Cy(X;Y) is the space of ‘weakly continuous’ functions from X" into ), by which we mean

continuous with respect to the given topology on X and the weak topology on ).

e C"(0U;R) is the space of m € N times continuously differentiable functions from & to R,
that is ¢ € C™(0;R) if and only if for every N dimensional multi index o = aq, ..., ay
with |a| < m, D € C(0;R) where D is the corresponding classical derivative operator
ol ...0gN.

e C°(0;R) is the intersection over all m € N of the spaces C™(0;R).

o CJ"(O;R) for m € N or m = oo is the subspace of C™(0;R) of functions which have

compact support.
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e C™(0;RN),C(0;RY) for m € N or m = oo is the space of functions from & to RY
whose component mappings each belong to C™(0;R), Cj*(0;R).

o W™P((0;R) for 1 < p < oo is the sub-class of LP(€,R) which has all weak derivatives up

to order m € N also of class LP(&,R). This is a Banach space with norm

H¢||me ﬁ]R Z ||Da¢”Lp ﬁR)a

|| <m

where D is the corresponding weak derivative operator. In the case p = 2 the space
Wm2(0,R) is Hilbert with inner product

(& V) ymeom) = Y, (D6, DY) 2(pm) -

la<m

o Wm°(¢;R) for m € N is the sub-class of L*°(¢&,R) which has all weak derivatives up

to order m € N also of class L (&, R). This is a Banach space with norm

Pllwmoo (o) = sUP DOl oo (g mn) -

la|<m
e W5P(O;R) for 0 < s < 1and 1 < p < oo is the sub-class of functions ¢ € LP(&,R) such

that »
[
oxo v —y[*
This is a Banach space with respect to the norm

_ p
160y = Wl + [ = .

For p = 2 this is a Hilbert space with inner product

N B !

o W*P(O;R) for 1 <s < oo, s¢Nand 1<p< oo is, using the notation |s| to mean the
integer part of s, the sub-class of W*/?(&;R) such that the distributional derivatives
D¢ belong to W*~LsJP(¢; R) for every multi-index o such that |a| = |s]. This is a

Banach space with norm

[ Dp(x) — D (y)|”
H¢HWSP O;R) H(bHWLSJ P(O;R) + Z / |$ _ y| s—[s])p+2 dzdy

lal=[s] V€7

and a Hilbert space in the case p = 2, with inner product

Dp(x) — D¢ D%(x) — D*
b hweom = (6 resscom /M( o(x) qui(?;)yz((s—tsj/)}ig O
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e WP(0;RY) for s > 0 and 1 < p < oo is the Banach space of functions ¢ : & — RY
whose components (¢') are each elements of the space W*?(&;R). The associated norm

is N »
161y = Z H(z)lHWs,p(ﬁ;R)
1=1

and similarly when p = 2 this space is Hilbert with inner product

N
S

=1

o Wm>(;RYN) is the sub-class of L>® (&, RY) which has all weak derivatives up to order
m € N also of class L>(&,RY). This is a Banach space with norm

[y = sup o

Wm.oo(GR)

o W"P(O;R), W)"P(0;RN) form € Nand 1 < p < o0 is the closure of C§°(0; R), C5°(0; RY)
in WmP(0;R), WmP(0;RY). Wi™P(0;R) is characterised as the subspace of W™P(0; R)

consisting of zero-trace functions (see e.g. [43| pp.259).
e Z(Y; Z) is the space of bounded linear operators from ) to Z. This is a Banach Space

when equipped with the norm

HFH,%());Z) = sup [Fylz
lylly=1

and is simply the dual space Y* when Z = R, with operator norm ||-||;,. .

o Z%(U;H) is the space of Hilbert-Schmidt operators from U to H, defined as the elements
F € Z(U;H) such that for some basis (e;) of U,

o
> IFei7, < oo.
=1

This is a Hilbert space with inner product

oo
(FG_%QMH Z Fei, Gei)y
=1

which is independent of the choice of basis (see e.g. [26]).
e For any T > 0, .7 is the subspace of C ([0,T];[0,7]) of strictly increasing functions.

e For any 7' > 0, D ([0,T];Y) is the space of cadlag functions from [0,7] into ). It is a

complete separable metric space when equipped with the metric

d(¢,) := inf | sup |n(t) —t|V sup [¢(t) —p(n(t))ly

neST | 10,7 te[0,T]
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which induces the so called Skorohod Topology (see [11] pp124 for details).

We will consider a partial ordering on N —dimensional multi-indices by @ < § if and only if for
alll =1,..., N we have that o; < 5;. We extend this to notation < by a < g if and only if
a < pand forsomel=1,..., N, oy < ;.

1.1.2 Probabilistic Setup

Throughout the thesis, (2, F, (F;),P) will be a fixed filtered probability space satisfying the
usual conditions of completeness and right continuity. We take W to be a Cylindrical Brownian
Motion (Subsection A.1.3) over some Hilbert Space 4l with orthonormal basis (e;). Noting
(A.23), W admits the representation Wy = > ¢;W} as a limit in L*(Q; ') whereby the
(W?) are a collection of independent standard real valued Brownian Motions and 4 is an
enlargement of the Hilbert Space U such that the embedding .J : 4 — ' is Hilbert-Schmidt and
W is a JJ*—cylindrical Brownian Motion over &{'. Given a process F : [0,T] x Q — £2(8; )
progressively measurable and such that F € L? (Q x [0,T]; L2 (u; )), for any 0 <t < T we

define the stochastic integral

t o0 t
| raw. =Y [ R,
0 i=1"70

where the infinite sum is taken in L?(2; 5#) (Definition A.1.46). We can extend this notion to
processes F' which are such that F(w) € L? ([0, T]; £?(8k; )) for P —a.e. w via the traditional
localisation procedure (Definition A.1.49). We shall always pose our SPDEs on a time interval

[0,T] where T' > 0 is arbitrary but remains fixed; henceforth, we fix such an arbitrary 7'



CHAPTER 2

—_—> 0 (C— DO

A PRIMER ON STOCHASTIC PARTIAL
DIFFERENTIAL EQUATIONS

2.1 Introduction

We will now describe the structure of and key contributions from this chapter: we build upon
the stochastic calculus developed in Appendix A.1, from which some relevant notation is listed

at the end of this section.

e Section 2.2 details a framework for the study of SPDEs, which are evolution equations
involving integration of the form introduced in Appendix A.1. Through this framework
we define notions of solutions for the abstract SPDE (1.1), motivated in particular by
the recent attention given to transport type noise and Stratonovich equations (such as
(1.2)). A rigorous mathematical understanding of these equations appears perilous for
two key reasons. The first is the gradient dependency in the noise, taking us beyond
the most general ‘variational frameworks’ seen in the literature as these are posed for a
noise operator which is bounded on some Hilbert Space. The second is the Stratonovich
integration, which we are likely to only understand as a corrected 1t6 integral, yet this
conversion is highly nontrivial for a noise which is not bounded on a Hilbert Space. Of
course the mere consideration of nonlinear SPDESs, such as the evolution equations of

fluid dynamics, renders the well established linear theory insufficient.

To be precise, we present a framework which shares its spirit with the variational approach
to SPDEs pioneered by Pardoux in the 1970s and now best represented in the more
recent books [102, 125, 127|. This classical framework considers an evolution equation
with respect to a Gelfand Triple, say V < H < V*, where solutions have paths which
are square integrable in V', continuous in H and satisfying an identity in V*. Here
we recall our motivation of the Stochastic Navier-Stokes Equation; whilst analytically
weak solutions fit this framework seamlessly, analytically strong solutions fit to the
spaces W22 — W2 — L2 which prompts our shift to a triplet of embedded Hilbert

Spaces without any necessary duality structure (whilst L? could well be the dual of
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W?2? with respect to the W2 inner product, there is a finer structure to these spaces
with boundary conditions to be imposed, which threaten the duality). Furthermore
the aforementioned works allow only for a noise operator bounded in H (thus not of
first order in applications), and do not consider Stratonovich equations. To include a
Stratonovich transport type noise we in fact introduce a fourth Hilbert Space, necessary
as the [t6-Stratonovich correction costs a derivative for transport type noise. We can then
properly define weak, strong and local solutions of nonlinear PDEs with Stratonovich
transport noise, alongside other more classical additive and multiplicative stochastic
perturbations. We believe that presenting the technical details, in such generality, of

these notions here facilitates the rigorous and free analysis of the equations in future works.

e Section 2.3 concludes this chapter and contains more advanced and novel techniques in the
existence theory for nonlinear SPDEs. The beauty of the classical variational approach
comes from the existence results, which certainly cannot be matched as elegantly in
a framework built for 3D Navier-Stokes Equations and related stochastic fluid models.
Instead we focus on techniques that can be used in this direction, centred around the
Galerkin Method in which finite dimensional approximations of the SPDE are considered
and some properties are used to deduce their limit. Immediately then an existence result
for the finite dimensional equations is required, more precisely for where the Hilbert Space
in which the equation evolves is finite dimensional but the driving Brownian Motion is
still infinite dimensional. We assume standard Lipschitz and linear growth conditions,
and to the best of our knowledge this result is not present in the literature. There
are two predominant ways to deduce the existence of a limit of the finite dimensional

approximations, which we detail now.

The first is through tightness, which is the stochastic route to relative compactness
arguments used in PDE theory. The idea is that from tightness we can deduce relative
compactness of the laws of the processes over some suitable function space, at which point
Skorohod’s Representation Theorem enables the deduction of a limiting process almost
surely on a new probability space. Criteria to deduce tightness in relevant function spaces
are thus of great significance, and our criteria comes largely from the works of [2, 77, 131].
The second is through a Cauchy type argument in the relevant spaces, difficult to execute
in the case of local solutions but recently this has been overcome to great effect due to
Glatt-Holtz and Ziane in [59] and extended by us here. We defer a greater discussion of

this highly technical result to Section 2.3.

2.1.1 Notation from Appendix A.1

In Appendix A.1l, some notation is introduced for the spaces of integrable processes and
martingales, as well as the quadratic variation and cross variation in Hilbert Spaces. This

notation is summarised here.
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. I%‘ is defined in A.1.4;

e 7™ is defined in A.1.5;

e M? M? are defined in A.1.13;

e M?(H) is defined in A.1.27;

° M?, M?(’H) are the corresponding semi-martingale spaces;
o TWT TH are defined in A.1.14;

° fﬁ’T,i% are defined in A.1.15;

e [-] is defined in A.1.34;

o [-,] is defined in A.1.42;

o IH(W), I (W) are defined in A.1.45;
o T2H(W), T (W) are defined in A.1.48;

The probabilistic notation for this chapter and throughout the thesis was set in Subsection
1.1.2.

2.2 Stochastic Differential Equations in Infinite Dimensions

2.2.1 The Stratonovich Integral

We look at first to define the Stratonovich Integral with respect to a one dimensional martingale,
before doing so with respect to a Cylindrical Brownian Motion. The It6 stochastic integral is
constructed in the Appendix, where we point to Definitions A.1.16, A.1.46 and A.1.49.

Definition 2.2.1. For M € Mi and ¥ € I}t N Mz(H), the Stratonovich stochastic integral is
defined as

t t
1
/\IlsodMs ;:/ VLM, + % M),
0 0

efinition 2.2.2. For B € such that B., € M or every e; and the limit
Definiti For B € T®(W) such that Be, € M2(H) f d the |

o0

Z[BEN Wi]t (2'1>

i=1

is well defined in L* (Q;H), the Stratonovich stochastic integral is defined as

/OtB(S) odWs = 2 (/Ot Bei(s)dW; + %[Be“ Wl]t)

where the limit is taken in L? (Q;H). The class of such processes will be denoted TH(W).
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It will be necessary to extend this definition to processes B € iH(W), but we encounter more
technical issues in trying to construct a sequence of stopping times such that the stopped

process belongs to Zt(W). We find it simplest to give the definition below.

Definition 2.2.3. Suppose that there exists a sequence of stopping times (7,) which are P —a.s.

momnotone increasing and convergent to infinity such that:

1. For every n, the process
B"(:):=B(-)l.<mn

belongs to TH(W);

2. For every n and i, the process
B () == Be,(- AT")

belongs to M2 (H);

3. The limit

o0

Z[B;n7 Wz]t

i=1
is well defined in L* (Q;H).

Then the Stratonovich stochastic integral is defined at any t > 0 as

t 0 t . 1 )
B(s) o dW;, := lim (/ B! (s)dW: + =[BI", Wl]t>
/(; n—00 <ZZ:; 0 ¢ 2 ¢
where the limit is taken P — a.s. in H, and the infinite sum in L? (Q;H). The class of such
processes will be denoted jz[(W)

This definition is of course completely analogous to the localisation procedure used in the
previous constructions, for example Definition A.1.49, except we postulate in the first instance
the existence of the localising sequence (75,). There does not appear to be a simple canonical
way to construct such a sequence of localising times whereby each B» € /\_/li(H) if one assumes
only local martingality of these component processes, hence we assume the required properties

explicitly.

2.2.2 Strong Solutions in the Abstract Framework

We now establish a framework in which to formulate SPDEs, posed for a quartet of embedded
Hilbert Spaces
VaH—=U—=X

where the embedding is meant as a continuous linear injection. Each Hilbert Space plays a role
in defining solutions, and this structure of embeddings allows us to consider operators which

are not bounded on a given Hilbert Space (particularly nonlinear and differential operators in
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applications). We introduce at first the It6 SPDE

t t
S / QW ds + / G W, (2.2)
0 0

where W continues to be a Cylindrical Brownian Motion over i relative to our fixed filtered
probability space (€2, F, (Ft), P) with representation (A.37). We impose now some conditions on
the operators relative to these spaces. To do so we define the general map K=K epg - H — R
by

K(¢) = c(L+lgllg + 191%)

for any constants ¢, p, ¢ independent of ¢.

Assumption 2.2.4. Q : V — U is measurable and there exists a map K= f(cm such that
forany p €V,
198l < K()[1+ ||9]7]-

Assumption 2.2.5. G is understood as a measurable operator
Q:U—>$2(il;X), Q]H:H—>$2(Ll;U), g|v:V—>$2(il;H)
defined over 3 by its action on the basis vectors
G(,ei) = Gi().
Each G; is linear and there exists constants ¢; such that for allp € V, v €e H,ne U:

1Ginllx <cilnlly,  194ly <cilldllg,  1Gidla < clloly

oo
E C? < Q.
i=1

Here G; is assumed linear for the purposes of the Stratonovich conversion in Subsection 2.2.4,
but would not otherwise be necessary. It is worth clarifying how G is defined over i: fix a
¢ € V and consider G(¢, ) : 4 — H (the arguments here apply for the larger spaces as well).
Any « € I has the representation

[oe)
Z <a7 ei>£1 i
i=1
where
o
Z (v, ei>i < 0.
i=1
Then

G(p,-): o= Z (o, €i) Giop

i=1
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is well defined as an element of H. This is justified by showing that the sequence of partial

sums is Cauchy in H: note that from Cauchy-Schwarz,

2 n n o0 o0
_ (z <>) (z ngmnz) . ( <>) (ch uw@)
H 1=m i=m i=m i=m

which approaches zero as m — oo as the sums are finite. We introduce now the first notion of

Z (a, ;) Gidb

our strong solutions.

Definition 2.2.6. Let ¥ : Q — H be Fo—measurable. A pair (¥, 1) where 7 is a P — a.s.
positive stopping time and W is a process such that for P — a.e. w, ¥.(w) € Cy, ([0, T); H) and
U (w)l<rw) € L2 ([0,T); V) with ®.1.<, progressively measurable in V, is said to be a local
strong solution of the equation (2.2) if the identity

tAT tAT

U, =0+ oW, ds + G AW, (2.3)
0 0

holds P — a.s. in U for all t € [0,T].

Remark 2.2.7. Note that if (¥,7) is a local strong solution of the equation (2.2), then
. = W ., due to the integral representation (2.3). That is to say, the solution is automatically
stopped at the local time of existence. Moreover the progressive measurability condition on
W.1.<, may look a little suspect as g itself may only belong to H and not V. making it
impossible for W.1.<, to be even adapted in V. We are mildly abusing notation here; what we
really ask is that there exists a process ® which is progressively measurable in V and such that
®. = W.1.-, almost surely over the product space 2 x [0,T] with product measure P x X. In

particular, the processes ® and ¥ may disagree at time zero.

Let us take a few moments to process this definition and ensure that the integrals make sense
with the given regularity of the solution and the operators Q, G. The time integral in (2.3) is
well defined in U as a Bochner Integral: first of all ¥.(w)1.<, () € L*([0,T}; V) for P —a.e. w
s0 W.(w)l.<;() : [0,¢] = V is measurable hence Q(¥.(w)l.<(,)) : [0,t] = U is measurable
from Assumption 2.2.4. Moreover the mapping Q(¥.(w)1.<;())l.<r() : [0,1] = U is again

measurable and we have that

tAT(w) t
| emmends = [ Q@) Licriods

so the required measurability in order to define the integral is satisfied. In this vein we have
that

tAT(w) tAT(w)
[ e @lpds< [ R @) 14 [} ds
0 0

B tAT(w) )
< sw [REw)] [ 1w ds
SE[0,tAT(w)] 0

< o0
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employing Assumption 2.2.4 again and using the regularity specified by the local solution to

deduce finiteness, which justifies that the integral is well defined.

As for the stochastic integral in (2.3), this is well defined in the sense of Definition A.1.49 in
H (which then embeds into U), though it is done so formally via the process ® stipulated in
Remark 2.2.7. We understand again that

tAT t
/ g‘I’SdWS = / g(‘I’S:ﬂ-SST)]]-SSTdWS
0 0

should the integral be well defined, and so we actually define the integral by
tAT t
/ GO AW, = / GP 1< dWs.
0 0

The progressive measurability of G®1.<, : [0,¢] x Q@ — Z%(U; H) is immediate from the
measurability assumption of 2.2.5, the same arguments above for the time integral and the
progressive measurability of 1.<, coming from the definition of the stopping time. Similarly we
have that

o0

tAT OO tAT
/O S 116 (@)1 ds = / S 116 (4 (@) Taer) [ ds < 00
i=1 =1

P — a.s., using again Assumption 2.2.5, validating that the stochastic integral is well defined as
a local martingale in H and thus in U from the continuous embedding. It should be observed
that moment estimates are not assumed for our solution (or even the initial condition), so we
cannot say that the stochastic integral is genuinely a square integrable martingale. We clarify
another potential source of ambiguity with the following lemma, around whether there could
be a meaningful dependence of the set of full probability on ¢ used to satisfy (2.3) of Definition
2.2.6. The lemma justifies that it is sufficient to check the identity (2.3) at each t € [0, 7]
P —a.s..

Lemma 2.2.8. Suppose that there exists a set  C 0, P(Q) = 1, and a pair (¥,7) where
T is positive on Q and W is a process such that for every w € Q, W.(w) € L>([0,T]; H)
and ¥ (w)1.<;) € L?([0,T]; V). In addition, suppose that for every t € [0,T] there exists
a set Q C Q, P(Q) = 1 whereby the identity (2.3) holds on . Then there exists a set
QcCQ, P(Q) =1, and a process ¥ such that for every w € Q, W.(w) € L>=([0,T); H) and
\il.(w)]l,ST(w) € L2 ([0,T); V), where ¥ satisfies the identity

5 thT thr

W, = W, + ; QW ds + ; G dW, (2.4)
for all w € Q and t € [0,T]. Furthermore, if we assume that for every w € Q, ¥.(w) €
C([0,T); H), then we can choose Q and ¥ such that W (w) = W(w) for allw € Q, t € 0,T).
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Proof. We consider all rational times (¢;) in [0, 7], and construct
O=0n ﬂ Q,
k
as well as the process ¥ on ) x [0,T] by

. tAT tAT
v, =W, —|—/ oW ds —|—/ gw . dWs.
0 0

Clearly P(Q) = 1 and ¥y, (w) = ¥y, (w) for all w € Q, so ¥.(w) and ¥.(w) are equal A —a.s. on
[0, 7] hence ¥.(w) € L*®([0,T]; H) and ¥.(w)1.<,(y) € L2 ([0,7]; V). Due to this equivalence,
then on €,

tAT tAT . tAT InT

QW ds = QW ds, / G¥dW;s = G AWV,
0 0 0 0

so the identity (2.4) follows. With the additional assumption of continuity then we not

only have that for all w € Q, ¥.(w) and ¥.(w) are equal A\ — a.s. on [0,7], but also that

¥ (w) € C([0,T]; H) hence C([0,T];U). From the identity (2.4) then ¥.(w) € C([0,T];U) as

well, so ¥.(w) and ¥.(w) are equal X\ — a.s. on [0, T] and are both continuous (into U') so must

in fact be equal at all times ¢ € [0, T]. O

We treat the local solution here to deal with the additional technicalities which arise from

accounting for the stopping time. Global solutions are similarly defined however.

Definition 2.2.9. Let Wy : Q — H be Fg—measurable. A process W such that for P — a.e.
w, W.(w) € Cy ([0,T); H) N L2 ([0, T); V) with ¥ progressively measurable in V, is said to be a
strong solution of the equation (2.2) if the identity (2.2) holds P — a.s. in U for all t € [0,T].

The solution is global in the sense that the identity holds on the given interval [0, T], where
T was arbitrary. One could certainly argue that a true global solution should be defined on
[0, 00), inviting the question as to when these notions are equivalent; one answer is in the case
where solutions are unique, ensuring that the solution on [0, + 1] is an extension of that on

[0,7] and as such can be extended to [0,00). Uniqueness is considered in the next subsection.

2.2.3 Uniqueness and Maximality

In this subsection we introduce the notion of uniqueness used in our solutions, as well as
passage from local strong solutions to a stopping time which is mazimal. We first state the key

definitions.

Definition 2.2.10. A local strong solution (¥, T) of the equation (2.2) is said to be unique if

for any other such local strong solution (®,0), then

P{weQ: ¥ (w)==S(w) Vte[0,TANT(w)AbOw)]})=1.
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Remark 2.2.11. This is in the sense of indistinguishability, Definition A.1.32, up until the

minimum of the stopping times.

Definition 2.2.12. A pair (¥,0) such that there exists a sequence of stopping times (6;)
which are P — a.s. monotone increasing and convergent to ©, whereby (\Il./\gj,ﬁj) s a local
strong solution of the equation (2.2) for each j, is said to be a mazximal strong solution of the
equation (2.2) if for any other pair (®,T") with this property then © <T' P — a.s. implies © =T
P—-a.s..

Definition 2.2.13. A mazimal strong solution (¥, 0) of the equation (2.2) is said to be unique
if for any other such solution (®,T"), then © =T P — a.s. and

P({weQ: Ow) = B(w) VEe[0,TAOW))}) =L

The remainder of this subsection is devoted to the following result.

Theorem 2.2.14. Define a ‘local regular solution’ of the equation (2.2) to be a local strong
solution (W, T), with the alteration that the progressive measurability is either satisfied for the
genuine process W.1.<, in V (and thus, not a version of it) or of W in H. Suppose that there
exists a local reqular solution of the equation (2.2), and that any local regular solution is unique.

Then there exists a unique mazimal regular solution of the equation (2.2).
To this end, we state and prove an important result in both this context and future ones.

Proposition 2.2.15. Let (Aj) be a partition of Q, which is to say that Ay N Aj = () when
k # j and \J, Ax = Q, where each Ay € Fy. Consider a sequence (®F), each ¥ : Q — H

Fo—measurable, and let ((¥*,7%)) be local strong solutions of the equation (2.2) corresponding
to (BK). Then the pair (¥, 1) defined by

(e.) (e.)
\I!:Z‘I’k]l,qk, 7'227"“]114]C
k=1 k=1

is a local strong solution of the equation (2.2) for the initial condition

o0
Wo=) Wily,.
k=1

Proof. We first note that the infinite sums in defining (¥, 7) and ¥ are given by a single term
for any w, so the limits are trivially defined P—a.s. in C([0,7]; U), R and R respectively. As each
Ay € Fo, then 14, is Fop—measurable hence each 51 A, Temains a stopping time so their IP —a.s.
limit 7 is again a stopping time. It is clear that for P — a.e. w, (¥(w), 7(w)) = (¥¥(w), 7%(w))
for some k, hence pathwise properties of the local strong solution are retained. That is, for
P—a.e. w, ¥.(w) € L>([0,T]; H) and ¥ (w) 1<,y € L*([0,T]; V). We next verify the identity
(2.3). As the (Ay) partition €, it is sufficient to show that for every ¢ € [0, T, the identity
tAT tAT

14, W =14, %o+ 1g, QW ds + 14, gw . dW; (2.5)
0 0
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holds IP — a.s. in U. We now look to reduce each term, seeing that

14,0 = 1,4, 0F
14, @ =14, 0k

tAT

tATh
la, QW.ds = 1 4, / QWrds
0 0

holds IP — a.s. in U, where the last equality is justified by
tAT tAT

t
. QW ds = (14,)° QW ds = 14, / 14,1,<,Q® ds
0 0 0

1a

t t
= ﬂAk / ]]-AkILAkﬂ{sgr}Q(‘IlsﬂAk)dS = ]]'Ak/ ]]'Ak ]].Akm{ngk}Q(‘I’I;]]_Ak)dS
0 0

t/\T’C
:]lAk/ Q(®*)ds
0

simply reversing the procedure to obtain the last line. We can apply the same arguments for
the stochastic integral to obtain that
tAT

tATF
la, G dW, = 14, / Gwraw,
0 0

though we now have to be careful justifiying passage of 14, through the stochastic integral; as
14

sufficient to demonstrate that

. is Fo—measurable, then we can apply Proposition A.1.51. Therefore, to verify (2.5) it is

tATk tATh
14, BF =14, 0k + 14, / QWhds + 1 4, / G®raW;,
0 0

but this follows from the fact that (¥*, 7) is a local strong solution for the initial condition WE.
To conclude that (¥, 7) is a local strong solution for the initial condition ¥q it only remains to

show that W.1.<, is progressively measurable in V', which we deduce from

[e.e] oo
Tl = (Z \IJF]lAk> Ler =Y WFl_ily,

k=1 k=1

where the limit can be taken pointwise almost everywhere over the product space 2 x [0, 7] in
V! (again for each fixed element of this product space, the infinite sum is in reality just a single
term). From the progressive measurability of solutions we have that for each N, the process
Zgzl Wk 1.« 14, is progressively measurable and hence for each fixed S is measurable as
a mapping €2 x [0, 5] — V where we equip Q2 x [0, S] with the sigma algebra Fs x B([0, S]).
The pointwise IP x A — a.e. limit as N — oo preserves the measurability which concludes the
argument that (¥, 7) is a local strong solution of the equation (2.2) for the initial condition
. O

1 We note that strictly, this limit is taken for the representation ® described in Remark 2.2.7.
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With this in place we set-up notation for proving Theorem 2.2.14. We define 2 as the set of all
stopping times o such that there exists a process ¥ for which (¥, o) is a local regular solution.
We also define % as the set of all stopping times given by the IP — a.s. limit of monotone
increasing elements of 2". We prove the existence of a maximal solution by showing that the
maximum of any two elements of 2 is again in %", a property which we use for the sequences
in Z to bound sequences in %" which then enables an application of Zorn’s Lemma to deduce

a maximal element. Of course, an assumption of Theorem 2.2.14 is that 2" is non-empty.

Lemma 2.2.16. Under the assumptions of Theorem 2.2.1/, for any o1,09 € & we have that
o1Voy e Z.

Proof. Our proof adapts the methodology of Proposition 2.2.15, but we establish the idea
first. By definition of 2~ we have that (¥! o1) and (¥2 09) are local regular solutions for
some processes W', W2 for the initial condition ¥} = W2 = ¥(. The uniqueness of solutions
establishes that P! and W2

AGLAGTS “\o1no, are indistinguishable. Our approach is to construct

a new solution ¥ which agrees with these indistinguishable processes up until o1 A g2, then
extends to oq as ! if o1 > o9 and similarly for the reverse. One can construct the process ¥

and stopping time o = 01 V 02 by

V=0, 5, + P21, 0,

o= 0'110120'2 + 0'2101<0'2'

A comparison with Proposition 2.2.15 is immediately noted through the sets 41 = {w € Q0 :
o1(w) > o2(w)} and Az = {w € N : 01(w) < 02(w)}, though these sets are not Fy—measurable
hence we cannot apply the result directly. To show that (¥, o) is indeed a local regular solution
we rewrite W through

v = (‘IJ1 - ‘Il~1/\0'1/\0'2 + ‘Il~1/\a'1/\a'2) 10'1202

+ (\IJQ - \Il~1/\01/\02 + \Il~1/\c71/\02) IL0’1<0'2
= ‘I,'l/\0'1/\0'2 + (‘I,l - ‘Il~1/\0'1/\0'2) 10'120'2 + (‘:[12 - ‘Il~1/\0'1/\0'2) :H‘0'1<0'2
= ‘IJ~1/\O'1/\O'2 + (‘Ill - ‘Il~1/\0'1/\0'2) 10'120'2 + (‘:[12 - ‘Il~2/\0'1/\0'2) :H‘0'1<0'2' (26)

The purpose of this becomes clear when we look at the role of the Fy—measurability in the
proof of Proposition 2.2.15. First of all is for progressive measurability. We recall the definition

of the stopped sigma algebra
Fo, ={A € F:Vte[0,T], An{oy <t} € Fi}

and the property that 1, >4, is g, aq, —mmeasurable. The same is true of 1,5, <4,. Let us consider
the case of progressive measurability in V', where the H case follows more simply. It is required
to show that W.1.<,, v, is progressively measurable in V. We show that this is true in each of

the three terms in (2.6). In the first, we recall that a progressively measurable process stopped
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at a stopping time is again progressively measurable?; thus, \Il,l/\(71 Aow LAciAca<oy = \Il,l/\a1 Aoy
is progressively measurable. So too, then, is its product with the real-valued progressively

measurable 1.<4,vq,. For the following term in (2.6), note that

(‘Ij1 - \Il-l/\oll\og) I[012021[601%72 = (‘Ill - ‘I’,l/\@) ]101202]1'§01

1 1
= (‘I’ H‘SUI - lIl~/\z71/\z72]l~§(71) H0'120'2‘

We know that the term inside of the brackets is progressively measurable and that the
indicator function is F,,—measurable, so progressive measurability beyond oy is assured.
The danger is for times less than o9, however our construction ensures that for s < o9,
Ul o, — \I’_l,\g1 Aoy L-<op = 0. Thus progressive measurability is established, and similarly for
the final term of (2.6). The only remaining argument where Fy—measurability was used in

Proposition 2.2.15 was the passage through the stochastic integral in the justification of

tAo

tAch
14, GO AW, = 14, / Guraw;.
0 0

We take the case k = 1, with k = 2 similar. We are required to justify that

tA(o1Vo2) tAct
Loy >00 /0 G AWs = 14y 50, /0 Goldw,. (2.7)

We immediately note that

tA(o1Vo2)
101202 / GWdWV,
0

tAo1 tAo1Voag
= 101202/ g‘I’des + ]]-01202/ glI’des
0 tAo1
where we argue that the final term is null P — a.s.. We use that the events {t < o1} and

{t > 01} are Firs, —measurable and partition €2, so

tAo1Voo
/ G W,
t

No1

tAo1Voa tAo1Voa
:/ ]ltgglg\IldeS—i-/ L5, G dWs
tAo1 tAoy
tAg1Voao

= / Liso, G s dWs. (2.8)

1

However as 14,>4, is F», —measurable, then through Proposition A.1.51 and the associated
Remark A.1.52,

tAo1Voo tAo1Voo
]101202 / ﬂt>alg‘I’de5 = / ]101202 ﬂt>01g‘I’SdWs =0.
o o1

1

2 This is why we had to ask that the process was genuinely progressively measurable, as a version may disagree
at the stopped time hence the stopped progressively measurable process would not be a version of the stopped
process itself.
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Altogether and in light of (2.7), it is now sufficient to show

tho1 tAo1
]10120'2/ g‘I’deS = ]10-120—2/ Q\Ili,dWS (29)
0 0

We use the linearity of G and the representation (2.6) to consider the three corresponding

integrals. Firstly,

tAo1 L
I[01202 /(; g(‘IIS/\O'l/\O'Q)dWS

tAo1

tAo1/N\o2 1 1
= ]101202/0 g(‘I’s/\U1/\Ug>dWS + ]101202/ g(lI’s/\zn/\aQ)dWS

tAo1N\o2

tAo1 N2 tAo1
1y /0 (T AW, + Loy20, / (L 0o ) DV, (2.10)

No1/N\o2

Secondly, recalling that the integrand is null up to o2 and again using linearity of G,

tAo1 1 1
HUIZU2 /0 g ((‘Ils - ‘I’s/\al/\ag) ]10'120'2) dWS

tAoq 1 1
= lalzoz/t g ((lI’s - lIls/\al/\ag) 101202) dWS

No1/N\o2
tAoq tAo1
= 101202 / g (‘I’;) dWs — 101202 / g (lI,;/\O’l/\O’z) dWs (2-11)
tAo1N\o2 tAo1/N\o2

where we have pulled the F, Ao, —measurable 1,,>,, out of the stochastic integral, eliminating
t from the lower integration point with a similar treatment to (2.8). Notice that summing

(2.10) and (2.11), we achieve precisely

tAo1
]101202 / g‘Il;dWS
0

as desired in (2.9). Therefore, we would conclude the proof by showing that

tAo1 5 5
]1012(72 /0 g ((lIls - ‘Ils/\al/\az) I[671<(72) dWS =0.

One can readily apply the techniques used already in this proof, using cancellation of the
integrand up until o1 A o2 then carrying 1,, >, inside this integral and obtaining complete

cancellation due to the complement indicator function 1,,<4,. The proof is complete.

O

Lemma 2.2.17. Under the assumptions of Theorem 2.2.14, there exists a maximal reqular
solution of the equation (2.2).

Proof. We wish to show that there exists a ©® € % such that forany 'e %, © <T P — a.s.
implies © = I' IP — a.s.. This will be sufficient to conclude the proof, as for © given by the limit

of (0;) with corresponding solutions (¥7, ¢;), our process ¥ can be consistently defined on
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[0,0) through the P — a.s. limit of ¥/ from the uniqueness of local regular solutions.®> Thus,
W satisfies
U(w) = ¥ (w) on [0, 0;(w)]. (2.12)

We apply Zorn’s Lemma on %/, which we understand to be a partially ordered set for the
relation / <’ defined by I'y < T'y if and only if for P — a.e. w, I'1(w) < T'9(w). The result
would then follow from Zorn’s Lemma if we can prove that for every sequence (I'y) in % with
I <. <Tp <Tgy1 <...there exists a A € & whereby I'y < A for all k. Suppose now that

each I'y, is given by the increasing limit of (aé-“). Let’s define the sequence () as

which by virtue of Lemma 2.2.16 is a sequence in 2. Inherited from each (%), note that
this is a IP — a.s. monotone increasing sequence and therefore admits a limiting stopping time
which we claim to be our A. By definition A € %, and for each fixed k we see that 7, > o¥ for
n > k. We thus have that the limit of the (7,,) dominates the limit of the (¢%), which proves
the result. O

Remark 2.2.18. An alternative approach could be taken without appealing to Zorn’s Lemma,
following [39] Section 18 pp.71. We find our method to be simpler and more direct, hence of

our preference.

Lemma 2.2.19. Let (¥,0) be a mazimal reqular solution of the equation (2.2). Under the
assumptions of Theorem 2.2.14, (¥, 0) is unique.

Proof. We start by showing that © =T P — a.s., for I as in Definition 2.2.13. Suppose that
(0), (vj) are the sequences in 2" convergent to O, respectively as stipulated in Definition
2.2.12. From Lemma 2.2.16 we have that the sequence (6; V 7;) lives in 27, and is clearly
monotone increasing and convergent to © VI' P — a.s.. But then © VI € &, which by the fact
that ©,I' <O VI P — a.s. and the definition of the maximal solution, ® =@ VI =T P — a.s.

The assumed uniqueness of the local regular solutions ((¥,6; V «;)) concludes the result. [

The way we chose to define the maximal time © did not exclude the possibility that some
I' € # could be such that I' > © on a set of positive measure, which is often excluded from

the definition: see [30, 70]. The following corollary shows that such a scenario cannot occur.

Corollary 2.2.19.1. Let (¥,0) be the unique maximal reqular solution of the equation (2.2).
Then forany ' € &, 0 >T P — a.s..

Proof. Via the same arguments we have that © = © VI P —a.s. which concludes the proof. [J

Of course, we have demonstrated everything necessary to prove Theorem 2.2.14.

3 This construction is completely analogous to the stochastic integral driven by a local martingale, see Section
A.1.2.
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Proof of 2.2.14. The proof follows from Lemmas 2.2.17, 2.2.19.

2.2.4 Stratonovich SPDEs in the Abstract Framework

We work now with the same initial condition ¥y and operators Q, G but instead pose the

question of how to understand the Stratonovich SPDE

t t
\pt:q,ﬁ/ Q\Ilsds+/ G, o dW.. (2.13)
0 0

We would like to avoid introducing a strong solution for the equation (2.13) as understanding
the Stratonovich integral is delicate given the necessary semi-martingale structure. If we can
show that W satisfies an evolution equation of an It6 stochastic integral plus a time integral
then we can deduce the required semi-martingality and identify the martingale part, but we
would need this assumption on semi-martingality a priori to define the Stratonovich integral
in the sense of Definition 2.2.3 in order to show the desired representation. To this end, we

identify a Stratonovich SPDE with an It6 one in the manner given here.

Theorem 2.2.20. If ¥ is a strong solution of the equation

t oo t
U, = \1/0+/ qus+12g§\ps ds+/ GW AW, (2.14)

then W satisfies the identity (2.13) P— a.s. in X for all t € [0,T].

There is a little to unpack here before going on to the proof of this result. The first is how we
understand the infinite sum of (2.14) and subsequently the SPDE. The operator

ig&:V—w
=1

is defined as the pointwise limit of the partial sums, which is well defined as for any fixed

peV,

> Gl

which as seen before approaches zero as m — oo. To understand the strong solution as
defined in Definition 2.2.9 we need to show that the new operator Q + % Zf; g} satisfies the
assumptions postulated in Assumption 2.2.4, but thisisclear as G; : V — H and G; : H - U

<3G, < S cillGioly < S el (2.15)

U

are bounded linear hence continuous so measurable, thus too is gf : V — U and therefore the

partial sums and the pointwise limit are as well. Moreover

d G|l <> gl
i=1 U =l

33



CHAPTER 2 - A PRIMER ON STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

as seen in (2.15) so the boundedness is also satisfied so we can understand the SPDE (2.14)
in the same manner as (2.2). It also remains to be checked that the Stratonovich integral of
(2.13) is well defined for ¥ a strong solution of (2.14). We show this in the sense of Definition
2.2.3 for H = X, the space in which the identity is satisfied. We show that the sequence of

stopping times
S
Tp i= n/\inf{s >0: / H‘I’TH%/dT > n}
0

fit the requirements of Definition 2.2.3, noting immediately that the sequence is P — a.s.

monotone increasing and convergent to infinity as the process

S
R / 12,2 dr
0

is continuous. Moreover the process G®" := G(¥.1.<,, ) = GW¥.1.<,, (using linearity of G)
is progressively measurable in H (we remark again that this is really G®" as stipulated in
Remark 2.2.7 but we identify the two) and satisfies the bound

t 00 00 t 0o
E/o SO NIGiw T, dr < Ech/o 12 <3 e < o
=1 =1 =1

freely applying Tonelli’s Theorem between the expectation, integral and sum. Thus G¥” €
TH(W) so the integral can be constructed in H and then embedded into X, but we note that
the embedding J : H — X is a continuous linear operator and so from Proposition A.1.50 then
J(G®") € ZX (W) and in particular

t t
J</ gmpgdws> :/ J(GT™) AW,
0 0

so there is no ambiguity in how we understand the integral as an element of X. Indeed we
simply make the identification G¥™ with J(G¥™) and will make no explicit reference to the

embeddings in our analysis henceforth. It remains to show that:
1. Each G;¥™ € M>(X),
2. The infinite sum Y22 [G;¥™ W], converges in L*(€2; X).

For the first point we look at the evolution equation satisfied by W™ which is

t 1 o0 t
i =y [ (@330 ) @ ds+ [ Gurom,
0 21,:1 0

P — a.s. in U, therefore from Proposition A.1.50 we have that

t oo t
LT = G + / G ((g v ZQZ> (\Iﬂ;)ﬂsgm) ds + / GGUTAW,  (2.16)
0 prt 0

P —a.s.in X (G; : U — X is bounded and linear). The time integral is of bounded-variation

in X and from Proposition A.1.54 we have the result. The second condition to prove is that
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the infinite sum
o

> Gw™, Wi, (2.17)
i=1
converges in L?(2; X). From the identity (2.16) and the definition of the cross-variation for

the semi-martingale,

G, W), — [ / | gig\pgdws,wi] . (2.18)
0

t

We can now use Lemma A.1.44 and the definition of the integral as an L? (£2; X) limit to see
that

m—00
t o t

{ / gigxpgdws,wi} = 1> / GiG;WrdW] W'| = lim |>_ / GiG;rdwi Wt| |
0 t 190 140
7j=1 7j=1

where the limit is taken in L(£2, X), should this limit exist and satisfy the conditions of Lemma

A.1.44. We consider (ax) as an orthonormal basis of X, so recalling Definition A.1.42,

> [ agwrawiw| =3 <Z/gigjwzdwg’,ak> W ap
j=1"0 k=1 | \j=170

t - - X t

Now we can first use Theorem A.1.9 to reduce this to

SIS /0 (GG, ag)  AWI, W | a
k=1 | j=1

t

from which the classical real valued theory informs us that for m > ¢, due to the independence

of the Brownian Motions, this is simply

00 t o t t
Z (/ <g§\112,ak>x ds) ay = Z </ giQ\Il?ds,ak> ar = / GZWnds.
= \Jo =1 \Jo b's 0

Therefore the limit as m — oo is well defined and we have the representation for (2.18). The
convergence of the infinite sum in L2(£2, X), (2.17), will follow from our standard Cauchy
argument, though we have to work a little harder here. The Cauchy argument requires showing
that

2
E —0
X

k ¢
> / G2 ds
i=m 0

as m, k — oo to which end we note that

E

<E (zk;n/ot HgqugHde)Q

2
X

k t
> / G2 W ds
i=m 0
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and

where c is the constant from the embedding of V — H. As Y °° ¢? < oo then the Cauchy

=11

property follows, hence the Stratonovich integral is indeed well defined.

Proof of 2.2.20: We must show that

t t 1 t o
/g\psodm:/ gxpsdws+2/ > GiW.ds (2.19)
0 0 (it

P —a.s. in X for all t > 0. It is sufficient to show that for any n, the identity

o0

tATh tATh 1 tATh
/ G, o0 dW, = / G AW + 5 / > Giw.ds (2.20)
0 0 0 =1

holds P — a.s. in X for all t > 0. This can be seen as, defining the sets A,, C Q) to be those w
whereby (2.20) holds for all ¢ > 0, then [ A4,, is a set of full probability such that for every
w € [ An, (2.20) holds for all n and ¢; in particular, for any ¢ > 0 there is an n such that
Tn(w) > t, for which (2.20) holds and is equivalent to (2.19) at this w. We have that

o0

tATh tATn 1 .
/ G, o dW, = / Gl dWs + 5 > G2 W
0 0

=1

where the limit is taken in L?(€2; X). Of course we have just shown that

i[gﬂw, Wi, = i/t Gl Wlds
i=1 i=1"0

is well defined in this topology, but we must show that it is equal to

/tiggxpgds
0 ;

=1
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for the limit P — a.s. in U as it was defined at (2.15). By an application of the Dominated

Convergence Theorem with dominating function

o0

> ey

=1

we can rewrite
t oo 00t
/ S grerds =" / G2 ds
U] i=1 70

as a limit P — a.s. in U, and thus P — a.s. in X. However the convergence in L?(; X) implies
that of a subsequence P — a.s. in X, which agrees with the limit of the whole sequence IP — a.s.

in X thus giving the result. O

This theorem has been stated for the strong solution (Definition 2.2.9), though we note that all
arguments follow in the corresponding local case by incorporating the stopping time as done
in the justification that the integrals in Definition 2.2.6 are well defined. The result is stated

below.

Corollary 2.2.20.1. If (¥, 7) is a local strong solution of the equation (2.14) then ¥ satisfies

the identity
tAT tAT

v, =W, + QW.ds + GW, o dW,
0 0

P— a.s. in X for allt €[0,T)].

Remark 2.2.21. We should emphasise why the identity (2.13) holds only in X and not in
U, the space in which (2.14) is satisfied. The evolution equation (2.16) allowed us to identify
the semi-martingale structure in X as is this is where the integrals are constructed. We can,
however, construct the stochastic integral in (2.16) in U, which allows us to conclude that the
time integral is itself an element of U (as G}, G;W, are as well). Unfortunately we cannot
say that this is actually an integral in U (just an integral in X which is in turn an element of
U) so pertinently we cannot say that this is of bounded-variation in U, which would be necessary

when considering the cross-variation [G;®™ W, in U.

We use Theorem 2.2.20 as a way of defining the Stratonovich SPDE, however as discussed,
with a priori martingality assumptions then the Stratonovich integral is well defined and one

can prove a converse of this theorem.

Theorem 2.2.22. Let ¥ be such that for P — a.e. w, ¥.(w) € Cy, ([0,T]; H) N L*([0,T]; V)
with W progressively measurable in V. Assume in addition that G® € fOU(W) and W satisfies
the identity (2.13) P — a.s. in U for allt > 0. Then ¥ satisfies the identity (2.14) P — a.s. in
X for allt € [0,T].

Proof. By assumption the Stratonovich integral is well defined so we can write

t o0 t 0
w= o+ [ Qwds+ Y [ qwawi+ Y [Gw W,
0 i=1"0 i=1
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for the cross variation taken in U. We wish to write out this cross variation process explicitly,
so as in the proof of Theorem 2.2.20 we consider the evolution equation satisfied by G;¥. We

appreciate that

o0

6: (S (6w W, | =S 6 (16 w],)

Jj=1 Jj=1

for the limit now in L?(; X), validated as G; is bounded and linear from U into X. It is not

clear if this if of finite-variation, so to proceed similarly to (2.18), we wish to show that

f:gi([gj\p,wj]),wi _0

J=1 ¢

P — a.s. for any ¢ > 0. For this we again use Lemma A.1.44 to see that

> Gi([ge.w/]), Wi = lim |> G ([G;w,W]), W
j=1

j=1 t t

for the limit in L' (Q; X). Each term in this sequence must be zero, though, as each [gj\Il, Wﬂ
is of finite-variation in U so G; ([Qj'll, Wi ]) is of finite-variation in X. Thus through considering
the identity (2.13) in X, by the exact same process as Theorem 2.2.20, we prove the result.

O

2.2.5 Weak Solutions in the Abstract Framework

As in the study of PDEs, to expand the existence theory we shall also consider weaker notions
of solution. We do this in two ways: analytically weak solutions and probabilistically weak
solutions, the second of which we shall refer to as martingale solutions. We begin by giving a
definition of analytically weak solutions in the established framework. For this, we extend our

assumptions slightly.

Assumption 2.2.23. Q: H — X is measurable and there exists a map K = K., , such that
for any Y € H,
19v1lx < K(&)[L +Ilvl].

In addition, we now ask that there exists a bilinear form (-,-) x .y : X x H = R such that for
peU,¢yeH,
(0, 0) xmr = (&) - (2.21)

We further require that the inclusions V.— H — U are dense. For the noise G we assume that

there exists an adjoint operator G with the same boundedness properties as G; satisfying

(Gioh, ¢>U = (9, gf¢>U (2.22)

for all ;¢ € H.
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Remark 2.2.24. A frequent setting is that X is given by the dual space H*, and the bilinear
from (-, ) o gy 15 the duality (-, )y« gy with respect to U. This is the induced Gelfand Triple.

To simplify notation we consider G* as an operator on il in the same way as we do for G. With

this in place we can define such a solution.

Definition 2.2.25. Let ¥g : Q — U be Fo—measurable. A process W such that for P — a.e. w,
W (w) € Cy ([0,T];U) N L2 ([0, T); H) with W. progressively measurable in H, is said to be a
weak solution of the equation (2.2) if the identity

t t
(W1, 6)y = (Wo, &)y + /0 (O, ¢}y, gy ds + /0 (W4, G" )y AW (2.23)

holds P — a.s. in R for all p € H and t € [0,T].

Immediately we observe that the stochastic integral is well defined through exactly the same
justification as the integral for strong solutions. We also justify our use of the terminology

‘weak’.

Proposition 2.2.26. Let Wq : Q0 — H be Fo—measurable, and suppose that ¥ is a process
whereby for P —a.e. w, ¥.(w) € Cy, ([0, T); H) N L? ([0, T); V) with ¥. progressively measurable

in' V. Then W is a strong solution of the equation (2.2) if and only if it is a weak solution.

Proof. We consider the two implications in turn, noting that we only need to show the
equivalence of the two identities (2.2), (2.23):

— : This direction is clear, as we simply take the inner product with ¢ in the identity (2.2) and
then use Proposition A.1.51. The properties (2.21), (2.22) then conclude the implication.

<= Via the identical process in reverse, we obtain that

t t
<‘IJt7¢>U - <‘I’07 ¢>U + </0 QW ds, ¢>U + </0 g‘I,SdWS7¢>

U

for all ¢ € H. We then use the density of H in U to deduce this identity for all ¢ € U,

from which the result follows.

O]

There is an important difference between the weak and strong solutions in terms of the
Stratonovich Equation (2.13). Recall from the previous subsection that we experience a ‘loss of
a derivative’ from G; in the Ito-Stratonovich conversion, in the sense that our solutions had to
have a degree of regularity greater than what was needed to define them. In the weak form
this operator hits the test function instead, so it is there where some additional regularity is

required. We have the following analogue of Theorem 2.2.20.

Theorem 2.2.27. If ¥ is a weak solution of the equation (2.14) then W satisfies the identity

t t
<‘Ilt7¢>U = <‘IJO)¢>U +/0 <Q‘Ilsa ¢>X><Hd5 +/(] <‘P8)g*¢>[] o] dWS (224)
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P—as. inR forallp €V andt € [0,T].

As we did for Theorem 2.2.20, we first make precise the meaning of a weak solution of (2.14) in
terms of the ‘It6-Stratonovich Corrector’. The infinite sum is again taken as a pointwise limit,

where W satisfies the identity

t 1 t t
(#1.0) = (o bl + [ (@Fuohpdsts [ 300w G0y ds+ [ (G700
=1

Many of the technicalities of this result were addressed in Theorem 2.2.20, so in the proof here
we only show directly that the It6-Stratonovich Corrector is of the right form, where now we

consider 7" as the first hitting time in H and use the same notation ¥".

Proof of Theorem 2.2.27: Through the arguments of Theorem 2.2.20, it is sufficient to show
that

t
(T, G 6), W], = /0 (G G )y ds (2.25)

for any given ¢ € V. For this we consider the evolution equation satisfied by (¥",G/ ).
Because of this then Gf¢ € H and can be used as a test function in the weak formulation, such
that ¥ satisfies the identity

t 1 t o
(97,6100 = (3. Gio)y + [ (QULGia) st [ 30 (GGG ds
=1

t
+ / (TF, GG )y dWs.
0

Of course we can rewrite (¥7,G7G*¢),, = (G;¥y,G @) so through the same process as in
Theorem 2.2.20, the above identity implies (2.25) which concludes the proof. O

In accordance with the loss of regularity established in Theorem 2.2.20, we cannot say in
Theorem 2.2.27 that

t t
/ <Q\I’5, ¢>U odW, = </ GW¥, o dWV,, ¢>
0 0 U

hence this should be considered a ‘very weak’ solution of the Stratonovich equation. To conclude
this subsection we very briefly comment on the notion of a probabilistically weak solution,

which we refer to as a martingale solution.

Definition 2.2.28. Let W : Q — H be Fo—measurable. If there exists a filtered probability
space (Q, F, (j:t), 113> . a cylindrical Brownian Motion W over 8k with respect to (Q, F, (j—"t), ]15>,
an fo—measumble ‘i’o : Q — H with the same law as W, a process U such that for P — a.e.
w, W.(w) € Cy ([0,T]; H) N L2 ([0,T); V) with ¥ progressively measurable in V, is said to be a
martingale strong solution of the equation (2.2) if the identity

t t
U, =W, + / OW.ds —i—/ G dWs
0 0
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holds P — a.s. in U for all t € [0,T).

2.2.6 Time-Dependent Operators

We did not facilitate time dependence in the operators Q,G as solely for the fact that if
G was time dependent then the conversion from Stratonovich to Ité6 Form would be more
troublesome. There is no real additional difficulty in establishing a framework for the Itd6 Form
for time-dependent operators, so we briefly do so now. We only consider the It6 form here so

there is no longer a need for the space X, thus we work with the triple
Ve H=U

and now the SPDE
t t
v, = \Ilo—i-/ Q(s,\Ils)ds+/ G(s, Ws)dW;. (2.26)
0 0

We require the assumptions now as:

Assumption 2.2.29. The operators Q : [0,T] x V — U and G : [0,T) x V — L*(U; H) are

measurable.

Assumption 2.2.30. There exists a C.: [0,T] — R bounded, and constants ¢; such that for
every ¢ € V and t € [0,T],

100 @)y < CE(6) [1+ 111 ]
1G:(t, )7 < Crei (1 + 14117

ZCZ'<OO

=1

Definitions of solutions in this framework, and a justification that the integrals are well-defined,
then follows largely in the same way as for (2.2) so we omit the details here. What is slightly
more delicate is the progressive measurability of the process G(-, ®.)1.<, in .Z?(4; H). From

the measurability of G and the progressive measurability of ® we have that for any fixed ¢, the

mapping
G(-,®.):[0,1] x [0,] x Q — L*(; H)

defined by
(5,7, w) = G(s, ®r(w))

is B([0,¢t]) x B([0,t]) x F; measurable, and hence the mapping
(s,w) = G(s, ®s(w))

is B([0,t]) x F; measurable as is the indicator up to the stopping time, so the product retains

the required measurability. For completeness we define the notion of a strong solution here.

41



CHAPTER 2 - A PRIMER ON STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

Definition 2.2.31. A process ¥ such that for P —a.e. w, ¥.(w) € Cy, ([0,T]; H)NL? ([0, T); V)
with W progressively measurable in V', is said to be a strong solution of the equation (2.26) if
the identity (2.26) holds P — a.s. in U for all t € [0,T].

2.3 Preliminary Results in the Existence Theory for Nonlinear
SPDEs

2.3.1 Existence and Uniqueness in Finite Dimensions

As suggested in the introduction of this chapter, our techniques in the existence theory centre
around taking finite dimensional approximations and using somewhat familiar theory. This
scheme is referred to as a Galerkin Approzimation, used traditionally in the analysis for
highly non-trivial PDEs so offers a very reasonable first suggestion for the study of their
stochastic counterparts. This approach will only work if we can quickly deduce the existence
and uniqueness of solutions of the finite dimensional system, which we do in this subsection. It
should be noted however that we still work with the Cylindrical Brownian Motion W, over the
same infinite dimensional Hilbert Space 4{; it is only the space in which the equation satisfies its
identity that is assumed finite dimensional. To avoid concerns around solutions only existing

until 7" when we use the Galerkin Approximation, we state this result globally.
Theorem 2.3.1. Fiz a finite-dimensional Hilbert Space H. Suppose the following:

1: For any S > 0, the operators o/ : [0,S] x H — H and 4 : [0,5] x H — L*(U;H) are

measurable;

2: There exists a C. : [0,00) — R bounded on [0, S] for every S, and constants ¢; such that
for every ¢, € H and t € [0,00),

(8, @i, < i [1+ 13
(. 8)I% < Cres [1+ |11

o0
E c; < 00
=1

o/ (t, ) — o (t, )15, + > I19i(t, @) — %i(t.9)|I3, < Cillp — b3,

=1

3: dy € L2 H).

Then there exists a process ® : [0,00) x Q@ — H such that for P — a.e. w, ®.(w) € C([0,S];H)

for every S > 0, ® is progressively measurable in H and the identity

t t
P, = P +/ (s, ®s)ds +/ G (s, Ps)dW; (2.27)
0 0
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holds P — a.s. in H for every t > 0.

We remark that the operators satisfy the assumptions of 2.2.29, 2.2.30 for the spaces V = H =
U :=H and that the conclusion of this theorem is the existence of a strong solution of (2.27)
in the sense of Definition 2.2.31, taken beyond T

Proof. With H finite dimensional, we first restrict ourselves to finitely many Brownian Motions
in our stochastic integral to make things classical. Fixing any S > 0, let us define the operator
@k . [0,8] x H x U — H on the basis vectors (e;) of U by F*(-,-,e;) = 94(-,-,¢;) for i <k, and

zero otherwise. We consider at first the equation
t t
oF = @k +/ o (s, ®")ds +/ @k (s, ®F)aw,
0 0

or equivalently,

t kot ‘
oF = @k +/O o (s, ®%)ds + Z/O G (s, ®)dW!
=1

for <I>'§ := ®P. The existence and uniqueness of solutions to this finite-dimensional system is
then classical (for solutions defined as in the theorem), see e.g. |78] Theorems 5.2.5 and 5.2.9.
An extension to infinite dimensional noise remains somewhat standard so we omit full details

here, deferring to [60] and classical works such as [89).

Similarly we have uniqueness, where the proof is once more deferred.

Theorem 2.3.2. Suppose W is another strong solution of (2.27). Then for every S > 0,

P{we: ®(w) =P(w) Vtel0,5]})=1.

2.3.2 Tightness Criteria

Unsurprisingly one route into the relative compactness methods of PDE theory is through
tightness, owing to Prokhorov’s Theorem. Notably we can connect this weak limit of measures
with a genuine process through Skorohod’s Representation Theorem, see for example [11] pp.70.
Simple criteria through which we can establish tightness in the space of solutions to SPDEs
will prove useful. Recalling our notions of solution, for example Definitions 2.2.9 and 2.2.25, we
consider tightness criteria in both the spaces L? ([0, T]; H) and C ([0, T]; 1) for suitably chosen
H

We first give two results for tightness in C ([0, 7]; H). This method was applied in [131] but

was not established into a result, so we give a full proof here.
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Lemma 2.3.3. Let Y be a reflexive Banach Space and H a Hilbert Space such that Y is
compactly and densely embedded into H, and consider the induced Gelfand Triple

Y H— Y.

For some fized T > 0 let " : Q@ — C ([0, T); 1) be a sequence of measurable processes such
that for every t € [0, T,

supE | sup [P}, | < oo (2.28)
neN t€[0,T]

and for any sequence of stopping times (vy,) with v, : Q@ — [0,T], and any e >0, y € Y,

51361+ iﬁEP <{w € ‘<‘I’?%+5)AT B ‘Il:n’y>y‘ ” 5}> =0 (229)
Then the sequence of the laws of (¥") is tight in the space of probability measures over
C([0,T); Y*). If, in addition, we have that

supE | sup [P}y | <oo (2.30)
neN te[0,7

then the sequence of the laws of (¥™) is tight in the space of probability measures over

C([OaT];H)-

Proof. We essentially combine the tightness criteria of Theorems A.4.11 and A.4.12, in the
specific case outlined here.* Firstly in reference to Theorem A.4.12 we may take E to be
Y* and F to be (V*)*, which is well known to separate points in Y* from a corollary of the
Hahn-Banach Theorem which asserts that for every ¢ € Y* there exists a ¢ € (V*)* such
that (¢, ¥)y« ) = [|@]ly+. We also note that condition 2 in Theorem A.4.12 is satisfied for
(un) taken to be the sequence of laws of (¥") over C ([0, T]; V*), owing to the property (2.28).
Indeed as ) is compactly embedded into H then H is compactly embedded into }V*, so one
only needs to take a bounded subset of H for this condition. Considering the closed ball of
radius M in H, By, we have that
)

P ({w cQ: W (W) ¢ C ([O,T};BM) }) <P ({w cQ: W (W) ¢ C ([O,T];BM

<P ({w €Q: sup [} (w)|ly > M})
t€[0,T

1
—E( sup ||@}
FE(sm 1%

IN

1
L sup( sup |27
neN  te€[0,T]

from which we see an arbitrarily large choice of M will justify condition 2 of Theorem A.4.12. By

applying the theorem, it only remains to show that for every ¢ € (V*)* the sequence of the laws of

4 Whilst these criteria are presented in the Skorohod space, it is known that the Skorohod Topology is equivalent
to the uniform topology when restricted to continuous functions, see e.g. [11] pp.124. Thus, the results also
hold in the space of continuous functions.
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(", )y «(y+)* is tight in the space of probability measures over C ([0,T]; R). By the reflexivity
of Y for every 1 € (V*)* there exists a y € Y such that (‘Iln,ﬂ})y*x(y*)* = <\Il",y)y*xy and
as W} € H P — a.s., then this is furthermore just (¥",y),,. The problem is now reduced to
showing tightness in C ([0, T];R), which by Theorem A.4.11 is satisfied if we can show that
for for any sequence of stopping times (vy), v, : 2 — [0,7], and constants (dy,), 0, > 0 and

0n — 0 as n — oo:

1. For every t € [0, 71, the sequence of the laws of (¥}, y),, is tight in the space of probability

measures over R,

2. For every € > 0, lim,, oo P ({w e ‘<\I!?%+6,'L)AT — ‘I’Zylnvy>H’ > 5}) = 0.

We address each item in turn: as for 1, we are required to show that for every ¢ > 0 and

t € [0,T], there exists a compact K. C R such that for every n € N,
P ({weQ: (T (w),y)y ¢ Ke}) <e.
To this end define By, as the closed ball of radius M in R, then
P ({weQ: (¥ (w),y)y ¢ Bu}) =P ({w e Q: (¥ (w), y)y| > M})

(T, y))

HyHH n
— T supE (|P
oS (1% )

IN

IN

so setting
€

M = -
2 lyll3 suppen B (7 115,)
justifies item 1. As for 2, note that for each fixed j € N we have that

J j n n
(SIS 2N = sup (2 anr = ¥hw) |

so in particular

i P ({108 #400), =) < s ([ (98- 929, =)
As (0;) was an arbitrary sequence of non-negative constants approaching zero, we can generically

take § — 07 and 2 is implied by (2.29). The proof of the first statement is complete.

To apply Theorem A.4.12 in the second statement we may take E to be H and FF to be the
collection of functions defined for each y € Y by (-,%),,, which separates points in H from the

density of ). The remainder of the proof follows as above. O

For completeness, we state a criterion from the literature for tightness in the L? ([0, T]; H)

space as well. A brief proof is given here, which is taken from [131] Lemma 5.2.
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Lemma 2.3.4. Let Hq, Ho be Hilbert Spaces such that Hi is compactly embedded into Hsa, and
for some fized T > 0 let (P") : Q x [0,T] — H1 be a sequence of measurable processes such that

supE/T &7, ds < oo (2.31)
neN
and for any € > 0,
T—0
615& igg]? <{w €0: /0 @7 5(w) — \Il?(w)H,iLQ ds > s}> = 0. (2.32)

Then the sequence of the laws of (¥™) is tight in the space of probability measures over

L? ([0, T); Ha).

Proof. Observe that from Chebyshev’s Inequality and condition (2.31),

T
1
li P QO P2 ds>RY) < lim — E P2 ds) =0
Rl—rgOrSzlég <{w€ /OH S”Hl S> }> EIéOR(iléII\)I /H SHHI 8)

so in particular for any given € > 0, there exists an R such that

T
sup P <{w €Q: / 172, ds > R}) << (2.33)
neN 0 ! 2

Define Bp to be the closed ball of radius R in L? ([0, T]; Ha). From (2.32) for any k € N there
exists a 0y > 0 such that

T8,
n 2 1 13
sup P <{w €N: / @5, (w) — P (w)H,HQ ds > k}) < o (2.34)
neN 0
Defining
2 =0 2 1

reim {0 e 2075 [ 1ous ) - ol as < 1}

then the set

00
A:=BgrnN ﬂl“k
k=1

is shown to be relatively compact in L? ([0, T]; Hsa), and

supIP(\Il"géA)<sup]P(\Il"¢BR —|—Zsup]P (" ¢ Ty) < = +22k+1 <e
neN —1 €N

which concludes the proof.

O]

For clarity, we lay out some of the steps that one may to take to use this theory in order to
deduce the existence of solutions. We refer to strong solutions of the equation (2.2), defined in
2.2.6.
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Consider a Galerkin Approximation with solutions (¥™) existing at least locally in V', as

described in Subsection 2.3.1 and applying Theorem 2.3.1.

e Use the tightness criteria to show that the (¥™) are tight in the spaces C ([0, T]; H) and
L2 ([0,T); V), hence in their intersection endowed with the sum metric, which is again a

complete separable metric space.

e Apply Prokhorov’s Theorem to deduce that the sequence of the laws of (¥") is relatively
compact in the space of probability measures over C ([0,7]; H) N L% ([0,T]; V) endowed

with the topology of weak convergence.

e Apply Skorohod’s Representation Theorem to deduce the existence of a new probability
space, a sequence of C ([0,T]; H) N L% ([0,T]; V) valued random variables on this new
probability space with the same laws as a subsequence of the (¥™), and a random variable

¥ admitted as an almost sure limit on this space.

e Use the powerful almost sure convergence to deduce that ¥ is a strong solution of the
equation (2.2) posed on the new probability space; this is a probabilistically weak or

martingale solution.

e Prove the uniqueness of solutions on this space, and apply a Yamada-Watanabe type
argument (e.g. [130]) to obtain the existence of a strong solution on the original probability

space.

Of course, when dealing with highly non-trivial SPDEs the approach has to be fine tuned with
potential truncations and appeals to alternate spaces. This is simply a sketch of the rough idea;

we shall see a concrete approach in Section 3.2.

2.3.3 Cauchy Criteria

A more direct way to deduce the existence of a limiting process from the Galerkin Approxima-
tions comes from the Cauchy Property. In practice due to potential nonlinearities one requires
some truncation to get sufficient control on the approximating sequence. More precisely for the
n'™ term of the sequence one must work up to a first hitting time of this process, giving a stop-
ping time 7,,. The question is then whether we can deduce a limiting process up to some time 7,

where 0 < 7 < 7, for all n. Such a result was proven by Glatt-Holtz and Ziane in [58] Lemma 5.1.

The result presented here is an extension of this, and has important applications in the
deduction of maximal and global solutions. The result of Glatt-Holtz and Ziane asserts that,
under assumptions of a Cauchy property of the sequence of processes up until their first
hitting times and some weak equicontinuity at time zero, then a limiting process and positive
stopping time exist (which are then argued to be a local strong solution, as a limit of the
Galerkin Approximation). No characterisation of this stopping time is given though, hence
completely separate arguments are required to consider what interval the solution exists upon.
We demonstrate that if instead one imposes that the processes satisfy a weak equicontinuity

assumption at all times then the limiting stopping time can be taken as a first hitting time
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of the limiting process for an arbitrarily large hitting parameter. Application of this result
immediately yields that solutions exist up until they blow up, removing the need for further

analysis towards the interval on which solutions exist.

Proposition 2.3.5. Fiz T'> 0. Fort € [0,T] let X; denote a Banach Space with norm ||-| y ,
such that for all s > t, X5 < Xy and ||| x, < [I'llx - Suppose that (¥") is a sequence of
processes W™ : Q> X, [[¥"| x . is adapted and P — a.s. continuous, ¥" € L?(Q; X7), and
such that sup,, [|[®"| x5 € L> (;R). For any given M > 1 define the stopping times

FMT T At {3 >0: e3> M+ H\II”H_QKO} . (2.35)
Furthermore suppose
2
i sup B (127 = @ ara, | =0 (2.36)

and that for any stopping time vy and sequence of stopping times (6;) which converge to 0
P —a.s.,
lim sup E

J= neN

2 2
<”lI’nHX,(7+6j)Arf"T B ‘|Wn‘|X,WAT£4’T) =0. (2.37)

Then there exists a stopping time 207, a process W : Q) X _wr whereby ||| wr s
adapted and P — a.s. continuous, and a subsequence indexed by (m;) such that
o Té\.fl’T<Tn]1wTIP—as

° limj_,oo ”‘I’ — Py ||X7_IM,T =0P —a.s..
e o)

Moreover for any R > 0 we can choose M to be such that the stopping time

BT . T Ainf {s >0 |2 v > R} (2.38)

satisfies THT < MT P _g.s.. Thus TB7T s simply T A inf {s >0: ||\IIH§(S > R},
Remark 2.3.6. A consequence of the properties that sup,, [[¥"| x o € L* (;R) and
lim; 00 ||¥ — ‘I’ijX,ri‘o/”T =0P —a.s. is that | ¥ x o € L (5 R). Therefore for
R >
priately chosen M.

H\I'HXOH @R we have that 787 is P — a.s. positive, hence so too is o' for appro-

Proof. Property (2.36) implies that for any given j € N we can choose an n; € N such that for

all k > nj,

We shall make use of delicate manipulations of the subsequence indexed by (n;), and for this

{1 ) <o (239

we introduce a new sequence of stopping times. We now impose that

M>2+

2
sup H‘I’nHX,o
neN

L>(R)
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and define

M [[supyen 197130
i = e

The purpose of this is to define

oM =T Ainf {s >0: |8, > (M—1+277)+ H\I'”fHX,o}

and ensure that a}” < 7'7]1\? T at every w. Note the key difference in not squaring the norm,
and also that M > 1 so each ij is necessarily positive. To demonstrate the inequality, it is

sufficient to show that, P — a.s.,
- : 2
(=14 277) + [ g) < M+ 27 (2.40)

or more easily

2
(31 + 197 x0) < M+ 197 -

This is possible as

~ . 2 ~ 2 . .
(31 + 19" 1) < 207 + 2|95 g = M~ 20w

2
sup [ ¥"][x o
n

L (4R)

)

<M+ 25,

The property (2.40) is thus verified, so GJM < T,i‘;[ "T" and hence the subsequence (¥") enjoys

the same properties up until the corresponding UJM . In particular from (2.39),

=

. . , 2 —2j
E (275 = 9% o, ) < [B (19755 =93 aon )] <272, (241)
hence in defining the sets
Q= {w € Q1 W (W) = B @) |y g1t pnott ) < 27U} (2.42)

we have, by Chebyshev’s Inequality and (2.41),
c 2 , ‘ iy
P () < 2728 (0 — Wy pipp ) < 27072

We have, therefore, that
o
> P () <oo
j=1

from which we see

P ﬁ Qf | =0
K=

oo
1j=K
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courtesy of Borel-Cantelli. It then follows that the set

Q:: U m Qj
K=1j=K

is such that P(2) = 1 so that in verifying IP — a.s. properties, we can in fact simply show that
they hold everywhere on . More precisely, we also take 2 to be such that every |17 | 5 .
is continuous on Q, which is only a further countable intersection of full measure sets. We

proceed by considering the sets

QK = Q.

J

it

J

with the idea to just show such properties on Q for all K (as their union makes up Q) We

M

~ (which will prove to be the desired 7 ’T) given

as the P — a.e. limit of (aj‘/[ ), built from demonstrating that (oé\/[

everywhere on Qx for all K. In other words we show that for sufficiently large j (in fact, just
j > K) that the set

look to construct a new stopping time o

) is monotone decreasing

r:= {aéw < 0'%1} N Qk (2.43)
is empty. Firstly we observe from the strict inequality o}/l < 0%1 on this set that aé\/f < T,

implying that

aj\/[ = inf {s >0 [|[®Y]x > (M—-1+27)+ “‘I’nj“x,o}

so by the continuity of [[¥"/|y ,
127 | e = (M =14 277) + [| 87| . (2.44)
Using the definition of §;, (2.42), for j > K, we have that
|| " HX,U;M/\J;\L — ||t HX,a;M/\Uﬁl < || @it — P HX,a;V[/\a%Ll < 9-(+2) (2.45)

and also
[+ [0 = 1" ||y < [[EWH — @[ < 27U+, (2.46)
Combining (2.44), (2.45) and (2.46), whilst using that ajw < 0%1, we see that

H‘I’"J“HX,G;WAU%I > || @™ Hx,aj”%ﬁl —9=(+2)

= @] gar —270F2)

= [+ (M —14277) =270+

> (W | — 2-U+2) L (M —14277) — 2702

= (1" g+ (M — 14 270FD), (2.47)
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where in the last line we have used the manipulation
—9=(+2) _9=(+2) L 97 — _9=i-1 4 9=j —9~J (_2—1 + 1) — 9] (2—1) — 9=+

The hard work is done in showing that the set " defined in (2.43) is empty, as on this set note
that
25 x g ngnr, < 1B |y gar | < T g+ (M — 1427 0FD),
b ] ,] b ] b

which contradicts (2.47), hence I' must be empty. Thus on every Qx, and furthermore the

whole of €2, the sequence (0M) is eventually monotone decreasing (and bounded below by 0).

Furthermore we define Jé\g Jas the pointwise limit lim;_ Jé” on Q, which must itself be a
stopping time as the P — a.s. limit of stopping times. As mentioned this shall prove to be
our 70" and for the existence of ¥ we show that on € the subsequence (®") is Cauchy in
Xou. Every w € Q belongs to Qi for some K, and furthermore to )y, for all L > K. We fix

arbitrary w € Q) and select an associated K. At this w, for any j > k > K, observe that

(97— W7 = ([ — BT W Wy
< H‘I’nJ _ Pkt HX,U% + H\I,nk+1 — Pk HX,UOA(/{
<@ =y 276
thatile o)

zj: 2~ l+2)

=k
9—(

IN

k+1)

IN

having carried out an inductive argument in the penultimate step. We are thus free to take
K large enough so that this difference is arbitrarily small; therefore there exists a limit in
the Banach Space X, , which we call ¥. The process |[¥||y ,,u is adapted and P — a.s.

continuous, as

sup ([ @y o — 1" | pront

< sup (19— 9y = 1%~ 2
rel0,T7]

which has P — a.s. limit as j — oo equal to zero. Thus ||®||y ,, is given, P — a.s., as the
uniform in time limit of adapted and continuous processes, verifying the result. Moving on, it
is now that we make use of (2 37) much in the same way as we did for (2.36). This will be
done in the context of v := o} and §; ;= o/

j
m; € N (where m; = n; some [) such that for all & > m;,

— oM Indeed for any j € N we can choose an

sup B (€7 a0 — 17 agp e ) <27
neN

M

In particular, through a relabelling of U%j =0,

B (uwmﬂ'uiw TR ) <2
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by choosing n as m; and using that oM < 0£/1 < Un]\fj < T%’T. In a familiar way we define
r._ 12 12 —(j+2
o

so that, just as we showed for (2.42),
QK = ﬂ Q;, Q:: U QK, ]P(Q) = 1.
i=K K=

For arbitrary given R > 0, the plan now is to find a constant M such that at every w € On Q,
either o =T or H\Il||§(0% > R. In both instances it is clear that 77 < ¢ thus proving
the proposition. To this end we fix an w € QN Q such that ¢ < T. As 0 is the decreasing
limit of (a%j) then for sufficiently large m; we must also have that U%j < T. Exactly as in
(2.44),

1975 gy = (B = 14279) 4 7 (2.48)

From the proven convergence we also have that for sufficiently large m;,
& — \IlijXﬂ% <1 (2.49)
which implies that H\Il||XU% > || @™ ]| x o — 1, and likewise as w € Q¢ for some K,
H‘I’mj!@,gggj — @ < 1. (2.50)

We fix an m; large enough so that (2.48), (2.49) and (2.50) all hold. Substituting (2.48) into
(2.50) gives that

~ . 2 -
19753 e > (B =14+ 279) [ @75 ) = 1> (3 = 1)° — 1.

If M > 2 then the expression on the right is positive and

1
2

197 s > (0 = 1)2 1)

Furthermore )
1@y > (=12 =1)7 =1

where the right hand side is of course monotone increasing and unbounded in M and hence M.

By choosing M large enough such that

[((M—1)2—1>§—1F>R

we complete the proof. O
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CHAPTER 3

—_—> 0 (C— DO

WEAK AND STRONG SOLUTIONS TO NONLINEAR
SPDES WITH UNBOUNDED NOISE

3.1 Introduction

Having established a basic framework through which we understand (3.1), criteria to deduce
the existence and uniqueness of solutions are presented in this chapter. We shall rely on the
tools developed in Section 2.3. Our approach is to extend techniques of the classical variational
framework in order to treat nonlinear SPDEs with potentially unbounded noise in their optimal

spaces. More precisely, we recall (1.1) to be

t t
P, = \Ilo—i—/ A(s,‘I’S)ds+/ G(s, Ws)dW; (3.1)
0 0
and frame this in a triplet of embedded Hilbert Spaces
Vo H<—U,

where W is a Cylindrical Brownian Motion over some auxiliary Hilbert Space i, and G (over 1)
is unbounded on H but maps H into U. The complete setup is given in Subsection 3.1.1. We
consider three different notions of solution, increasing in strength and hence in the assumptions

imposed. In brief, these are:

e Martingale Weak Solutions: these solutions are probabilistically weak, as well as
analytically weak in the sense that the identity (3.1) is not satisfied in U but rather in the
dual space H* of H', with U embedded into H*. Solutions belong, pathwise, to the space
L>([0,T);U) N L? ([0, T]; H). Martingale weak solutions are introduced in Definition
3.2.6. Their existence is the content of Theorem 3.2.7.

e Weak Solutions: these solutions are probabilistically strong, whilst analytically weak

in the above sense. Solutions again belong, pathwise, to the space L ([0,7];U) N

! This definition of a weak solution and the one presented in Subsection 2.2.5 are explicitly connected for (1.2)
in Section 4.4.
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L?([0,T); H). Weak solutions are introduced in Definition 3.3.3. Their existence and

uniqueness is the content of Theorem 3.3.5.

e Strong Solutions: these solutions are probabilistically strong, as well as analytically
strong in the sense that the identity (3.1) is satisfied in U. Solutions belong, pathwise,
to the space L* ([0, T); H) N L? ([0,7]; V). Strong solutions are introduced in Definition

3.4.3. Their existence and uniqueness is the content of Theorem 3.4.5.

The variational approach to nonlinear SPDEs with additive and multiplicative noise has long
been studied, initially in the works |69, 84, 124] and more recently [35, 99, 100, 101, 120] to
name just a few. For an unbounded noise operator, necessary in applications to transport noise
models, much less has been developed. Let us first mention the paper of Réckner, Shang and
Zhang, [131], where the norm of G(s, f) in U can depend on the H norm of f but only up to
a small constant relative to the coercivity of A(s,-). Such an assumption is removed in this
work. Tang and Wang, [142], consider solutions for a pair of embedded Hilbert Spaces, H < U,
with pathwise continuity in H and satisfying the evolution equation in U. Contrasting the
more traditional triplet of spaces, their result is built for inwviscid fluid equations in which
the additional L? ([0, 7], V) regularity is not expected. Viscous fluid equations could only be
solvable in this framework by imposing a more regular initial condition, required for solutions
of the inviscid counterpart, and the additional expected L? ([0,7],V) property would not be
immediately recovered. Forthwith, this suggests a different role for the current chapter in
applications. We illustrate how one can use this criteria, as well as that of Section A.3 to
obtain solutions to stochastic Navier-Stokes equations, in D dimensions with initial condition

ug; a more complete description comes in Chapter 5:

e 2D, ug € L?: existence and uniqueness of probabilistically strong, analytically weak

solutions is expected; one can apply Theorem 3.3.5, see Theorems 5.2.2, 5.3.1.

e 2D, up € W12 existence and uniqueness of probabilistically strong, analytically strong

solutions is expected; one can apply Theorem 3.4.5, see Theorem 5.3.3.

e 3D, ug € L?: existence of probabilistically weak, analytically weak solutions is expected:;
one can apply Theorem 3.2.7, see Theorem 5.2.1. We appreciate, however, that the
emergence of convex integration techniques in SPDEs suggests that probabilistically
strong, analytically weak solutions could be obtainable, even in the absence of uniqueness:

see [72], for example.

e 3D, up € WH2: existence and uniqueness of probabilistically strong, analytically strong
local solutions is expected; one can apply the results of Section A.3, for which complete
details of the application are given in the author’s paper [63|, and are summarised in
Subsection 5.4.

We now explain the plan of the chapter along with the overarching methods and contributions

at each stage:

e Section 3.1 is the introduction, this section, which concludes with the core functional

framework used throughout this chapter.
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e Section 3.2 treats martingale weak solutions. The necessary assumptions on the functions
A, G are stated as Assumption Set 1 in Subsection 3.2.1. The definition of a solution and
the statement of existence is given in Subsection 3.2.2, with the remaining subsections
dedicated to its proof. Our approach is to consider a finite-dimensional approximating
sequence of solutions, known as a Galerkin System, which is shown to exhibit a limiting
solution through tightness and relative compactness arguments. The Galerkin System is
constructed in Subsection 3.2.3, where uniform moment estimates in the energy norm of
solutions are also obtained. The tightness is verified in Subsection 3.2.4, whilst passage

to the limit occurs in Subsection 3.2.5.

e Section 3.3 concerns weak solutions. Assumption Set 1 is expanded upon in order to
obtain uniqueness, giving rise to Assumption Set 2 of Subsection 3.3.1. The definition of
a solution and the statement of existence and uniqueness is given in Subsection 3.3.2. The
proof is given in Subsection 3.3.3, where uniqueness facilitates passage from martingale
weak solutions to weak solutions through a classical Yamada-Watanabe result. We draw
attention to the fact that martingale weak solutions are only shown to exist for an initial
condition belonging to L> (Q;U); weak solutions are initially shown to exist only for
such an initial condition as well, though this is then relieved to the unbounded case. The
method involves chopping up the unbounded initial condition onto intervals on which it
is bounded, obtaining the relevant solutions, and then piecing these solutions together to
obtain one for the original unbounded initial condition. We are unable to execute this
approach for probabilistically weak solutions, as for each interval on which the initial

condition is bounded one may obtain a solution on a distinct probability space.

e Section 3.4 addresses strong solutions. Our assumptions are again expanded with As-
sumption Set 3 in Subsection 3.4.1. The result boils down to showing that the weak
solution has the additional regularity of a strong solution. The first step towards this
end is taken in Subsection 3.4.3 where uniform estimates at the level of the Galerkin
System are shown, for the energy norm of strong solutions, up until first hitting times
of the processes in the energy norm of weak solutions. Relative compactness arguments
ensure that our weak solution gains this regularity up until any stopping time which is
less than at least a subsequence of the aforementioned first hitting times. Two questions

now present themselves in looking to quantify these times:
1. Does such a [P — a.s. positive stopping time exist?

2. If such a stopping time does exist, can it be taken to infinity as we increase the
threshold for the first hitting times?

We recall the significance of Proposition 2.3.5 in addressing these concerns. The first
question was answered by Glatt-Holtz and Ziane in [58], Lemma 5.1. The abstract lemma
asserts that, under assumptions of a Cauchy property of the Galerkin System up until
their first hitting times and some weak equicontinuity at the initial time, then a limiting
process and [P — a.s. positive stopping time smaller than a subsequence of the first hitting

times exist (which are then argued to be a local strong solution, as a limit of the Galerkin
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Approximation). No characterisation of this limiting stopping time is given though, hence
completely separate arguments are required to pass to a mazimal solution and further still
to show that the maximal solution is global. Complete, and heavy, arguments to give rise
to a maximal strong solution, and further to characterise the maximal time by the blow-up
in the energy norm of strong solutions, are given in the author’s paper [65] Subsection
3.6. Further still, global solutions would then be deduced by directly controlling the
energy of the solution, which requires analysis in a space in which the evolution equa-

tion may not hold; this is certainly true of the example which we consider in Subsection 5.2.

Proposition 2.3.5 greatly simplifies the quoted procedure for maximality and blow-up,
and enables global solutions to be deduced through an estimate of the energy norm of
weak solutions, requiring analysis in a space in which the evolution equation certainly
does hold. The extension is such that if instead one imposes that the processes satisfy
a weak equicontinuity assumption at all times then the limiting stopping time can
be taken as a first hitting time of the limiting process for an arbitrarily large hitting
threshold. Application of this result immediately yields that solutions exist up until
blow-up, pertinently as blow-up in the energy norm of weak solutions in our application;
we emphasise again the advantage that this has, as the previous approaches discussed
would only produce a characterisation of the maximal time in the energy norm of the
strong solution. Our result demands a higher level estimate only for the Galerkin System,
which is clearer as the evolution equation is satisfied in all relevant spaces. Towards the
application of Proposition 2.3.5, the Cauchy property is validated in Subsection 3.4.4 with
the equicontinuity following in Subsection 3.4.5. This is all tied together in Subsection
3.4.6, before a discussion around the potential continuity of the process in Subsection
3.4.7.

3.1.1 Functional Framework

Recall that our object of study is the It6 SPDE (3.1),

t t
v, = \Ilo—i—/ A(s,‘I’S)ds+/ G(s, Ws)dW;
0 0
which we pose for a triplet of embedded Hilbert Spaces
VeaH<=U

whereby the embeddings are continuous linear injections, and H — U is compactly embedded.
The equation (3.1) continues to be posed on a time interval [0,T] for arbitrary but fixed
T > 0. The mappings A, G are such that A: [0,7] x V — U,G : [0,T] x H — L*(U;U) are
measurable. Understanding G as a mapping G : [0,7] x H x {4 — U, we use the notation
Gi(-,-) := G(-, -, e;) introduced in Subsection 2.2.2. We further impose the existence of a system

of elements (ay) of V' which form an orthogonal basis of U and a basis of H. Let us define the
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spaces V,, :=span{ay,...,a,} and P, as the orthogonal projection to V;, in U, that is
n
Pn : f = Z<faak>Uak~
k=1

It is required that the (P,) are uniformly bounded in H, which is to say that there exists a
constant ¢ independent of n such that for all f € H,

Poufller < el (3.2)

Moreover, our setup can be expanded by considering the induced Gelfand Triple
H—U<— H*

defined relative to the inclusion mapping i : H — U; indeed, the embedding of U into H* is
given by the composition of the isomorphism mapping U into U* with the adjoint ¢* : U* — H*.
In particular, the duality pairing between H and H*, (-, )y« g, is compatible with (-,-);; in
the sense that for for any f € U, g € H,

<f>g>H*><H = <fag>U

We assume that A : [0,7] x H — H* is measurable. Specific bounds on the mappings A and G
will be imposed in Assumption Sets 1, 2 and 3. In order to make the assumptions we introduce
some more notation here: we shall let ¢. : [0,7] — R denote any bounded function, and for any
constant p € R we define the functions Ky : U - R, Ky : H > R, Kyy : V = R by

Ku(¢)=1+|¢ll;, Ku(d)=1+¢ly, Kv(e)=1+]el -
We may also consider these mappings as functions of two variables, e.g. Ky : U x U — R by

Ky(é,¢) =1+l + 1417 -

Our assumptions will be stated for ‘the existence of a K such that’ where we really mean ‘the

existence of a p such that, for the corresponding K.

3.2 Martingale Weak Solutions

We first introduce the necessary assumptions for the main result of this section.

3.2.1 Assumption Set 1

Recall the setup and notation of Subsection 3.1.1. We assume that there exists a c¢., K and
v > 0 such that for all p,9 € V, f € H and t € [0,T7:
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Assumption 3.2.1.

LA )l + D NGE DI < ek () [+ 1613 (3.3)
i=1
A 0) — A D) < ey (9.6) 16 — % (3.4)
STIGH(E8) — Gitt, ) < kv (6,0) 16— vl (3.5)
=1

Assumption 3.2.2.

2(A(t,8), O) + DG S < o [L+ 10113] — Y1l (3.6)
=1
> (Gilt,6). 90 < e |1+ liolly ] (3.7)
=1

Assumption 3.2.3. 2

(At 8). Py < et ln [KU<¢> n uczsué;] , (3.8)
D (Gilt0), Ny < cllfIF Ku(9). (3.9)
=1
Assumption 3.2.4.
(A(t, 8) — Aty £), ) recrr < e[l L+ 16l + 1] 6 — Flly (3.10)
> {Gi(t.d) — Gilt, ).V < el o — 17 - (3.11)
=1

Remark 3.2.5. By taking negative f in Assumption 3.2.3, the conditions are equivalent to
asking for the absolute value of the left hand side. The same holds with v in Assumption 3.2.4.

We briefly comment on the purpose of each assumption:

e Assumption 3.2.1 ensures that the integrals in the definition of a martingale weak solution
(Definition 3.2.6) are well-defined. Additionally, it ensures that the Galerkin System is
well-posed (Definition 3.2.9).

e Assumption 3.2.2 is used to show uniform estimates for the Galerkin System (Proposition
3.2.12).

e Assumption 3.2.3 is employed to demonstrate tightness of the Galerkin System (Proposi-
tions 3.2.13, 3.2.15).

e Assumption 3.2.4 facilitates passage to the limit for a martingale weak solution (Proposi-
tion 3.2.19).

2 In fact in (3.8), the exponent 3/2 could be replaced by any ¢ < 2.
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3.2.2 Definitions and Main Result
We now state the definition and main result for martingale weak solutions.

Definition 3.2.6. Let ¥ : Q — U be Fo—measurable. If there exists a filtered probability space
(Q, F,(Fo), IE’), a Cylindrical Brownian Motion W over 8l with respect to (Q, F,(Fo), If’), an
Fo—measurable ®q : Q — U with the same law as ¥, and a progressively measurable process

WU in H such that for P —a.e. @, ¥.(w) € L ([0,T];U) N C, ([0,T);U) N L* ([0, T); H) and
¥, = ¥, +/ As, W,)ds +/ G(s, )WV, (3.12)
0 0
holds P — a.s. in H* for all t € [0,T], then W is said to be a martingale weak solution of the

equation (5.1).3

Theorem 3.2.7. Let Assumption Set 1 hold. For any given Fo—measurable ¥y € L> (Q;U),

there exists a martingale weak solution of the equation (3.1).

The remainder of this section is dedicated to the proof of Theorem 3.2.7.

3.2.3 The Galerkin System

We assume that
Wy e L*(Q;U). (3.13)

as in Theorem 3.2.7, and consider the Galerkin Equations
¢ ¢
o e / PoA(s, ")ds + / PuG(s, B, (3.14)
0 0

for the initial condition ¥§ := P, ¥o and P,G(e;, ) := P,G;(-). Note that ||¥q|, < [|[Polly as

each P, is an orthogonal projection in U, so in particular

sup ”‘PBLH%OO(Q,U) < oo. (3.15)

Remark 3.2.8. We may consider the finite dimensional V,, as a Hilbert Space equipped with
any of the equivalent V, H,U inner products.

Definition 3.2.9. A pair (¥",7) where 7 is a P — a.s. positive stopping time and ¥" is an
adapted process in V,, such that for P — a.e. w, $™(w) € C([0,T]; V), is said to be a local
strong solution of the equation (3.14) if the identity
tAT tAT
vy =Wy + PrA(s, ®h)ds + PnG (s, ®L)dW; (3.16)
0 0
holds P — a.s. in V,, for allt € [0,T7].

We note that composition with P, does not disturb the measurability or boundedness of

the mappings. As P, is continuous in U then it is measurable, so P, A : [0,T] x V — U is

3 A detailed justification that the terms in this definition are well defined is given in Subsection 2.2.2.
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measurable and similarly for P,G. Moreover P, is bounded with respect to the H* norm, as a
linear map on finite dimensional space. Therefore the terms in Definition 3.2.9 make sense,
where we again refer to Subsections 2.2.2 and 2.2.6. In looking to deduce the existence of such
a solution, we first consider a truncated version of the equation. For any fixed R > 0, we

introduce the function fg : [0,00) — [0, 1] constructed such that
fREC™ ([0700)7[07 1])7 fR(x):la Vo € [OvR]> fR(x) =0, Vz € [QR,OO)

We consider now the equation

Wty [ () P w s+ [ (927 P ez,

" " (3.17)
for \Ilg’R := W{ which we use as an intermediary step to deduce the existence of solutions as in
Definition 3.2.9. Solutions of the truncated equation are defined in the sense of Theorem 2.3.1,
and due to Assumption 3.2.1 we can apply this theorem in the case of H :=V,,, & := P, A,
4 = PnG to deduce the existence of solutions to (3.17) for all n € N, R > 0.

The motivation for considering (3.17) is to prove the existence of local strong solutions to (3.14)
by considering local intervals of existence on which the truncation threshold isn’t reached. More
than this, for any first hitting time in the fundamental L>([0,T]; U) N L?([0,T]; H) norm, we
show that a large enough truncation can be chosen so that solutions to (3.14) exist up until
this first hitting time.

Lemma 3.2.10. For anyt >0, M > 1 and fited n € N, there exists an R > 0 such that the
following holds; letting ™ be the solution of (3.17) and

T (W) =t Ainf {5 >0: s%p} ||@¢’R(W)H2U +/0 ||@¢’R(W)qudr > M+ ||x1:g(w)\|?]}
rel0,s

then (\Iln/;RM’t, Té\/fg) is a local strong solution of (3.14).
. Tn,R )

Proof. 1t is clear that for any R > H\IIZ}H%OO(Q ") and the stopping time

T£7R(w) =t Ainf {s >0: sup H\IIZ}R(w)HZ > R}
rel0,s]

that (P2, 71 1) is a local strong solution of (3.14). We would therefore be done if there exists
an R > H\IIQH%OO(Q wy such that Té\/[g < TfL’R P — a.s.. Due to the norm equivalence on V,,,

there exists some constant ¢, such that the stopping time

%Z,R(W) =t Ainf {S >0: sup H\Ilf’R(w)HQU > cnR}
r€l0,s]
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satisfies 7/, p < 7! p P — a.s.. Thus if we choose

M + ||\II6L||%OO(Q,U) }

Cn

R> max{H‘I’gH%oo(Q,H) )

then for any s € [0, Ty}g(w)] we have that

sup ([R5 < sup @R+ [ @) 5 dr
rel0,s] r€[0,s] 0
<M+ || ¥5@)E
<c,R
and hence 7' < 7t RS Tt nR P — a.s., which implies the result. O

With the small technicality of introducing stopping times, Theorem 2.3.2 gives us the uniqueness
of such solutions as well. From here, one can deduce the existence of a unique maximal strong
solution (¥", ©") of the equation (3.14) as defined in Definition 2.2.12, by applying Theorem
2.2.14 with all spaces taken as V,,. Introducing the stopping times

S

7ot (w) ==t Ainf {s >0: up 1% (@)l +/0 197 () I3 dr > M+ ||‘I’8(W)H2U} (3.18)
re|0,s

then we claim that (\Il” M“Té\/[’t) is a local strong solution of (3.14). By uniqueness of local

strong solutions then \Il”/\ ae and @™ o Mt are indistinguishable for R chosen as in Lemma

nR nR

3.2.10, which implies that T7Jl\/[ t = TMRt as well.

Remark 3.2.11. The stopping time T, M.t defined in (3.18) is the first hitting time with
respect to a norm which is central to the arguments of the chapter. As such for a function
® c C([0,t]; U) N L2([0,t]; H) we define the norm

1@l = sup 1217+ / 1@, 2, dr (3.19)

relo
making explicit the dependence on the time t.

We wish to remove the need for localisation in the strong solution of (3.14), by showing that

our maximal time must be greater than 7'. That is, we want to show that

PH{weQ:0"w)<T}) =0. (3.20)

61



CHAPTER 3- WEAK AND STRONG SOLUTIONS TO NONLINEAR SPDES WITH UNBOUNDED NOISE

Moreover,

P({weQ:0"w) < TH <P ({w €0 sup TMTH(y) gT}>

MeN

:P(ﬂ {wGQ:Ty’T'H(w)gT})

MeN
= lim P ({weQ: T w) <T})

M—o0

from the property that each T, M T+l

from Corollary 2.2.19.1, and the fact that 7,
MTHL ote that

corresponds to a local strong solution so is bounded by ©"
MTHL o increasing in M. From the characterisation

of 1,
2 2
(weQ: PMTH () <T) = {w € Q[ W7y ppprri ) = M+ H\IJg(w)HU}
so a simple application of Chebyshev’s Inequality informs us that
1
P({weQ: W) < T}) < — [HWHUHTA s — || ||U} (3.21)

Therefore, to show (3.20) we want a control on this expectation independent of M. Let us

introduce the notation

7M R i
=" g, v

Ar) = ‘IJTZ]]"STZ:LT-H (322)

where we note dependence on M is implicit in ", and by construction

LA — "

HUH’T (3.23)

UH,TAmbT+

This uniform control comes in the following proposition.

Proposition 3.2.12. Let (¥",0") be the maximal strong solution of equation (3.14). There

exists a constant C' independent of M,n such that

E (|92 pporn ) < C [B(19513) + 1] (3.24)

Proof. By equipping V,, with the U inner product we can apply an Itd6 Formula, Proposition
A.2.7 in the case that all spaces are taken as V,,, to see that for any 0 < r < T, the identity

r/\‘rflwt
e = g2 + 2 / (PuA(s, UT), U7, ds

M,
TNATy ' ¢

Mt oo
/ ZHP Gi(s, ¥") HUds+2Z/ (PnGils, @), @), dW!
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holds P — a.s.. Recalling (3.22) we write this as
M w2 2 [ (PaAGs ), B, 1 d
H r HU_H 0HU+ 0 < nA(s, 5)7 5>U s<rM-T+1aS

+/ D IPuGi(s, ¥)IIE 1, MT+1ds+22/ (PuGi(s, ®}), 7)), dWE.  (3.25)
0 i=1 -

Note that we have left the indicator function outside of the time integral terms as we have
no linearity assumption to take it through the [|P,G;(s, \IIQ)HQU term: more precisely, it may
be the case that P,,G;(s,0) # 0. To do this for the stochastic integral we are just relying on
the linearity of the inner product. As P, is an orthogonal projection, we use the self-adjoint
property and that ||P,Gi(s, )|, < ||Gi(s, ¥7)||7 to reduce this to

H\I’nMHU < H‘I’ HU+2/ <A(8,‘I’?),‘I’?>U HSST%,THCZS—F/ ZHQ’Z ‘I’n HU s<r) m,r+1dS

i=1"0

We then apply Assumption 3.2.2, (3.6), and incorporate the indicator function into the norm
to obtain that

r
oI < 1w+ e [ 1+ ds =

|2 ds +2Z/ (Gi(s, W), T7), dW!

still P —a.s.. We now look to take the supremum over all terms, which we can do by controlling
the stochastic integral with the absolute value, and further taking expectation. It should be

appreciated that

n 2
("‘j)HUH,T <M+ H‘I’OH%OO(Q,U) (3.26)

which ensures the integrability of all terms, and that the stochastic integral is a genuine
square integrable martingale. By taking the supremum in time, expectation, and applying the

Burkholder-Davis-Gundy Inequality all in one step, we arrive at

(oo 1) 4o [ 19217 0 < m 1)+

rel0,77]
T ~n|2 re -n ~n\2 %
c/ IE(H\IISHU) ds + cE / Z(gl (s,\IIS),\IIS>Uds .
0 0 =1
(3.27)

Note that we formally have to take the supremum individually for each term on the left hand
side and then sum them, hence the appearance of a 2 in front of the initial condition. We will
freely use Tonelli’s Theorem to interchange between expectation and integration in time. The

constant ¢ now depends on T', which is not meaningful. Turning to the final term, with (3.7)
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we see that
1 1
re “n ~ 2 : T ~ n 4 2
cE(/ Z<gi(s,\Ps),\Ils>Ud8> SCIE</ 1—|—H\IlsHUds>
T 3
c—l—c]E(/ H\IISHUds>
0
e+ B sup [F°| /T &2 ds
rel0,T] v 0 v

1 = n 2 T
<c+=-E| sup \IITHU —i—cE/
2 \repo,] 0

having applied Young’s Inequality. Substituting into (3.27), and scaling with v as needed, then

IN

2

IN

P77 ds (3.28)

we have that

W) <e[B (1w +1] +C/OTE (@2)?) ds.

B

One can control H\ilZHQU < H\i!nH?]H , Which is integrable due to (3.26), from which the standard

Gronwall Inequality gives the result, recalling (3.23).

O

The expectation in (3.21) is thus finite, so taking the limit M — oo achieves (3.20). It is
further evident from our calculations that for any 7 such that (¥, 7) is a local strong solution
of the equation (3.14), the inequality (3.24) holds (that is, with 7 replacing M TH1) where C
is independent of the choice of 7. Therefore we can choose a P — a.s. increasing sequence of
stopping times which approach ©™ by definition of the maximal time, and apply the Monotone

Convergence Theorem through the expectation to yield that
E(I19"352) < C [B(I19517) +1] (3.29)

where to be precise, we obtain E <||\Il"||2UH T/\en) on the left hand side, which is simply

E <||\Il”||2UH7T) due to (3.20). Moreover for P — a.e. w € €2, we can choose a 7(w) > T such
that (¥", 7) is a local strong solution of the equation (3.14), hence ¥ satisfies the identity (3.14)
P — a.s. for all t € [0,7]. Furthermore, ¥" € C ([0,T7]; V},,); we thus call ¥™ the unique strong
solution of the equation (3.14). Of course we can bound H‘I’SHQU < H\IJOH?] < H\IIOHQLOO(Q;U)
which is finite independent of n and can be substituted in to (3.24), (3.29). Combining this
with (3.21) achieves that

Jim ilégﬂ:) ({weQ: )T w) <T}) =0. (3.30)
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3.2.4 Tightness

We now look to deduce the existence of a process taken as the limit of ¥ in some sense, which
is done through a tightness argument. We pursue this with Lemma 2.3.4, with the spaces
Hi := H, Ho := U. Having already demonstrated (2.31) we now justify (2.32), so for any € > 0

define the set s
U {/ H\IIQ+5—\IIZ||2Uds>5}
0

where we remove the explicit dependence on w for brevity, and the required condition (2.32) is
that
lim sup P (A‘S’") = 0. (3.31)

0—=0% neN

We look to show this condition by taking advantage of the control granted to us with the
stopping times M T and the property (3.30). For any M > 1,

A0n — pg0n N [{7_111\/1,T+1 > T} U {TTJLW’TH < T}]
— [A‘m AT > T}} U [A‘S»" N T+ < T}]

c [aPn A {rMTH > T U (R < T}

In particular,

P (4%) <P (4% 0 {141 5 7)) £ P ({70141 < T (33
where
T—6 M 2
st gomrrey = ([ et e [ as ) sy
0

continuing to use the notation (3.22). From (3.32),

lim sup P (4%) < lim sup P (A%") 4 Jim supP ({7} T+ < T
6—0+ nel:]\)l T 6—0T nelj\)] §—0+ neII\)] ({ " - })

holds for any M > 1, so it must also hold in the limit as M — co. As there is no dependency
on ¢ in the final probability, we obtain

lim supP <A5’"> < lim lim supP (A‘S’"’M> + lim supP ({Té\/[’ﬂ'1 < T})
d—=0F peN M—00 §—0t peN M—00 peN

= lim lim supP (A‘S’"’M) . (3.34)
M—00 =01 peN

Recalling the definition (3.33), we can apply Chebyshev’s Inequality to see that

T—6 2
P (4% < 1]E/ |ty = wr| ds.
9 0 U

Therefore using (3.34), to justify (3.31) one may simply prove that

T-9 2
lim SupE/ H\Il:fg - \IIZ’MH ds =0
0—0t peN 0 U

65



CHAPTER 3- WEAK AND STRONG SOLUTIONS TO NONLINEAR SPDES WITH UNBOUNDED NOISE

for any fixed M > 1. This prompts the following result, which follows a similar method to
[131] Lemma 2.12.

Proposition 3.2.13. For any M > 1,

2
lim supIE/ H\IJS+5 - \IIZ’MHUds —0. (3.35)

§—=0t neN

Therefore, by Lemma 2.3.4, the sequence of the laws of (¥™) is tight in the space of probability
measures over L2 ([0,T];U).

Just ahead of proving the result, we note that from the definition of K in Subsection 3.2.1 and
the property (3.26), that

sup Ky (W) (w)) <, (3.36)
rel0,t]

for a constant ¢ dependent on M and ¥, a dependence which is not meaningful in the following

arguments as these remain fixed.
Proof. Similarly to the proof of Proposition 3.2.12; observe that for any s € [0, 77,
M s+4 s+4
‘I’Z-I—(S = ‘I’g + /0 PnA(T, ‘I’:L)]]_TST”]LV[,T+1 dr + /0 Png(r, ‘I’?)ETSTgI,T+1 dW,.
Therefore
s+94
lIIer(S — M / PpA(r, )1 < TM,T+1dT' +/ PnG(r, \Il?):ﬂ.r<TM,T+1dWr (3.37)
—='n s —='n

which for any fixed s is just an evolution equation in parameter d, so we can apply the Itd

Formula (e.g. Proposition A.2.7) to deduce that
2 546
H‘Ils—i-cS — ‘I’?’MH = 2/ <'P A >U M,T+1Cl7“
S

548 0O s+40
/ Z H’P gZ T‘ \Il HU M,T+1d7“ + 2/5 <Png(ra ‘i’?)a ‘i’? - \ilZ>UdWT

where we have incorporated the indicator function into the ¥™ and ¥™M . Just as we proceeded
from (3.25) in Proposition 3.24, we can use properties of the projection P, and apply the
assumption (3.6), to obtain the inequality

. 2 s+4 s 2 s+46 o n
|y -] < [ a2 [ (A ), ), dr
S S

s+6
Y IO R A A
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where we have simply dropped the helpful —v H@?HZ contribution from consideration. Using
(3.36) in the first integral, c.f. (3.26), we can actually pass to the bound

2 s+ NN XM s+9 NN XM =n
prw \Ilg,MHU gcd—Q/s <A(r,\11r),\IIS>Udr+2/S (G(r, UL, W —FTY, AW,

integrating the constant over the time interval of size §. To this we can invoke Assumption
3.2.3, (3.8), and then take expectation to reach

E(|wry —\I:”vMHz <06+CIE/S+6 A
s5+0 s v) — . rllH

where the stochastic integral of null expectation drops out. Of course, in aiming to show (3.35),

@Z\\i) dr (3.38)

we are actually interested in

n,M 2
lim sup]E/O H‘I’S—M -wy HUds.

0—=0% neN

With (3.38), use of the Fubini-Tonelli Theorem and considering the iterated integral as an

integral over the product space, we obtain
T—6 M 2

lim supIE)/ H\Iln — \I!ZMH ds
0—01 neN 0 U

T-6
= lim Sup/ EH\II \II"MH ds
0—0F neN

T—6 S+6 - n 3 “n 3
< 52%;?;%3/0 {cé—kc]E/S <1+ H\IITH;I) <1+ \IISH;{> dr] ds
T—6 S+6 - n 3 - n 3
= 0(51_13(1)1+ itelg]E/ / <1 + H\I!T Hé) <1 + H\IJS Hé) drds

rAT—6 B
_cggmggm/ /OW ) <1+qurug) <1+qu HH) dsdr.  (3.30)

Note that for each fixed r,
<y 2
s ds

rAT—6§ o3
o (1951
. 3 rAT—6 . 3
ve ) [0 (e ) o

S | rAT -8 i rAT—§ s % %
= (1 " H‘IIT Hé) (/0\/(7“—6) 1d8> (/OV(T—J) <1 " HlIIS Hi]) ds)
s 2 rAT—0 2
W) ([ )

< co% (14|77 (3.40)

>

67



CHAPTER 3- WEAK AND STRONG SOLUTIONS TO NONLINEAR SPDES WITH UNBOUNDED NOISE

having used (3.26) in the final line, and Hélder’s Inequality beforehand. Substituting this back
into (3.39),

T—6 ) T . 9
lim sup]E/ H‘I’Z_g - \P?MH ds < ¢ lim supIE/ 5T (1 + H\IIZHH) dr < lim c61
=0t neN 0 =0t neN 0 d—0+

=0

which concludes the proof.

O

Remark 3.2.14. Reversing the order of integration in (3.39) may appear superfluous, as

similarly to (3.40) one could directly obtain

s+0 N U | 1 ~n 2
[ (195 ) (1 198015 ) ar < ot (14 92,
S

which leads to the result without change. This additional step would facilitate the proof if there
were a full exponent of 2 on H\il:LHH, so although not necessary here, it may be useful in other

scenarios.

To achieve a characterisation of the limit process at each time, we will need to show tightness
in C ([0, T]; H*). The idea is to apply Lemma 2.3.3, for Y = H and H = U. The condition
(2.28) has already been shown from the stronger (3.29) so to apply the Lemma we only need
to verify (2.29). This is reminiscent of the condition (2.32) just verified, so just as we saw for

Proposition 3.2.13 it is sufficient to verify the following.

Proposition 3.2.15. For any sequence of stopping times () with vy, : Q@ — [0,T], and any
M>1, feH,
. n,M M o
51—1>%1+ Zlelll\)lE <’<‘P(%+5)AT - ’f>UD =0 (3:41)
Therefore, by Lemma 2.3.3, the sequence of the laws of (¥™) is tight in the space of probability
measures over C ([0,T]; H*).

Proof. Recalling (3.37), substituting in -, for s and stopping the process at T', we see that

M v (Yn+O)AT . (Yn+O)AT .
lIl(';nJré)/\T_\IﬂWL;L = PnA(r, ¥ )HTST%’TH d?‘—l—/ PnG(r, ¥, )HTSTTJL\/I,T+1 AWy
Tn n

holds P — a.s., to which we take the inner product with arbitrary f € H and absolute value to
see that

n,M n’M
’<\I,('yn+5)/\T - ‘I"Yn ) >U‘ <

(Yn+8)AT .
[ A Pty e
,-Y ='n

n

+

('Yn+5)/\T .
/ <g(7"7 ‘I’r )7 P"f>U ]1T<T712/1,T+1dwr
~y <

n
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having also carried over the projection P,. Similarly to Proposition 3.2.13, we invoke the

assumption (3.8) to achieve the inequality
n,M n,M (AT 0 <2 3
(ot =ty [ < [ [+ 01| (Ko + 11 ar
Tn

('Yn‘f‘(;)/\T .
+ / <g(7“> v,), Pnf>U HTSTTIL\/I,TJA AWy

where (3.2) has also been employed. We again use (3.36), and also allowing our constant ¢ to

depend on f, we have that

(W +I)AT - 3
(W =) [ <e [ v e ar

(Yn+8)AT .
+ / (G(r, @), Pnf>U 1 . vradWy (3.42)
,y —='n

n

still P — a.s.. Now taking expectation and applying the Burkholder-Davis-Gundy Inequality to

the stochastic integral, and then using the assumption (3.9),

“ )

(I +OAT . )
clb / <gi(r7 lIIr)? Pnf>U ]lr<1-M’T+1 dr
il STn

(’Yn+5)/\T .
/ <g(7’, ‘I’r)77)nf>U ]]'TST»,]L\/I’T+1dW7"

[NIE

IN

n

('Yn‘f’(;)/\T .
(/ KU(‘I’Z)KH(f)dT>
y

n

("/n+6)/\T %
cE / 1dr
Tn

co2.

N|=

IN
=

C

IN

N|=

IN

Putting all of this back into (3.42), and reducing the constant integral to a ¢ as just seen,

M M (’Yn+6)/\T
B (|(wth w0 ), ) <

The remaining integral is treated exactly as was seen in (3.40), from which taking the supremum

}@:Hidr + 6+ co2.

over n and limit as § — 0T gives the result.

3.2.5 Existence of Martingale Weak Solutions

With tightness achieved, it is now a standard procedure to apply the Prohorov and Skorohod
Representation Theorems to deduce the existence of a new probability space on which a
sequence of processes with the same distribution as a subsequence of (¥") have some almost

sure convergence to a limiting process. For notational simplicity we take this subsequence and
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keep it simply indexed by n. We state the precise result in the below theorem, following e.g.
[121] Proposition 4.9 and Theorem 4.10. In particular we reference [121] Theorem A.1 to justify

the use of a singular Cylindrical Brownian Motion W, independent of n.

Theorem 3.2.16. There exists a filtered probability space (Q,j-", (ft),lﬁ’), a cylindrical

Brownian Motion W over $\ with respect to (Q,]N:, (j:t),ff’), a sequence of random variables
(), ¥y : Q= U and a Oy : Q — U, a sequence of processes (¥"), ®" : Q0 x [0,T] — H is
progressively measurable and a process U QO x [0,T] — U such that:

1. For eachn € N, ¥y has the same law as i,
2. For P —a.e. w, ¥y (w) — Wo(w) in U, and thus ®o has the same law as Wy;

3. For eachn € N andt € [0,T], ©" satisfies the identity
=n =n ¢ =n ¢ = N
¥ =0 +/ Pn.A(s,\Ils)ds—i—/ PuG(s, BV,
0 0

P — a.s. in Vo
4. For P —a.e w, ¥ (w) = ¥ (w) in L2 ([0,T);U) and C ([0, T]; H*).
We now have our candidate martingale weak solution, and to prove that this is such a
solution we need only to verify that ¥ is progressively measurable in H, for P — a.e. w

U (w) € L®([0,T);U) N Cy ([0, T);U) N L2 ([0,T); H) and the identity (3.12). In fact from

item 3, we can deduce that

= 1l ~nll2 -
]E(H\Il" ) SC[]E (prg
UH,T

in the same manner as we showed (3.29), without any need for localisation. The fact that

- ST -2

| < o P as. and |

’ oll < 1|¥o a.s. an 0| oo )

This prompts the following results.

Z) + 1] <C [H%H;(Q;U) + 1} <o (3.43)

< o0 is inherited from W, ¥q of the same law in U.

Lemma 3.2.17. ¥" — W in L2 (Q;L2 ([0, T7; U)).

Proof. This is immediate from an application of the Dominated Convergence Theorem, using

the convergence in item 4 and the uniform boundedness (3.43). O

Proposition 3.2.18. ¥ is progressively measurable in H and for P — a.e. w, \il(w) €
L= ([0, T} U0) N L* ([0, T); H).

Proof. From (3.43) we have that the sequence (¥") is uniformly bounded in

L? <Q; L? ([0, T7; H)) and L? (Q; L*> ([0, T7; U)) Firstly then we can deduce the existence of
a subsequence (\ilnk) which is weakly convergent in the Hilbert Space L? (Q; L2 ([0,T); H )) to
some @', but we may also identify L? (Q; L= ([0, T}; U)) with the dual space of

L? <Q; LY ([0,T);U )) and as such from the Banach-Alaoglu Theorem we can extract a further

subsequence (\ilnl) which is convergent to some ®2 in the weak™ topology. These limits imply
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that (\ilnl) is convergent to both ®! and ®2 in the weak topology of L? (Q, L? ([0, T7; U)),
but from Lemma 3.2.17 then (\ilnl) converges to ¥ strongly (hence weakly) in this space
as well. By uniqueness of limits in the weak topology then ¥ = ®! = ®2 as elements of
L2 (Q; L% ([0,T); U)), so they agree P x A —a.s.. Thus for P —a.e. w, ¥.(w) € L ([0,T];U)N
L2 ([0,T]; H).

The progressive measurability is justified similarly; for any ¢ € [0, T, we can use the progressive
Nk

measurability of (&' ") to instead deduce ¥ as the weak limit in L2 <S~) x [0,t]; H ) where Qx [0, ¢]
is equipped with the F; x B ([0, ]) sigma-algebra. Therefore W : Q x [0,t] — H is measurable

with respect to this product sigma-algebra which justifies the progressive measurability. [

Proposition 3.2.19. W satisfies the identity (3.12). Moreover for P — a.e. w, ¥.(w) €
Cw ([0, ;).

Proof. As a consequence of the Hahn-Banach Theorem we know that the dual space separates
points, from which it is immediate that ¥ satisfies the identity (3.12) if and only if for every
f € H, ¥ satisfies

<\ilt’f>H*xH - <‘ilo’ f>H*XH + </0tA(S’ ‘i’s)ds,f>H*XH + </gtg(s’ o)W, f>H*XH

P — a.s. in R for all t € [0,7]*. In fact, as the system (aj) forms a basis of H, then it is
sufficient to show the identity for any ¢ € J,, Vi, replacing f. Using the continuity and linearity
of the duality pairing, it is thus sufficient to show the new identity

t ~

<‘ilt7w>H*><H = <¢0’¢>H*XH+/; <A(S’lils)’w>H*deS+/o <Q(S,WS),¢>H*XHCZV~V5
(3.44)

for any ¢ € |,, Vo, P —a.s. for all t € [0,T]. Of course U" satisfies a corresponding identity

<‘i'?’w>H*xH = <\if§,¢>H*XH+/Ot <7DnA(s,\i:Z),¢>H*XHd5+/Ot <Png(5"i'2)’w>H*dews

so we look to show convergence in each of the corresponding terms. Fixing any such v and ¢, we
appreciate that the required identity (3.44) would follow from only showing either P — a.s. or

Lp (Q; R) convergence of a subsequence for the corresponding terms, as a P — a.s. convergent

subsequence can be extracted from the LP (Q; R) limit. Henceforth, we are concerned with

4 We need not concern ourselves with whether the set of full probability depends on f, just as was true for the
dependence on ¢, by separability of H: see Lemma 2.2.8.
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the limits
(B0 0) oy — (T00) (3.85
<liIg’l/)>H*><H — <‘i’0’w>H*><H (3'46)
/t (PuA(s, W) 0)  ds — /t (As, &), )  ds (3.47)
to . . Ot i ]
/0 <Png(s,‘115),¢>H*XHdWS —>/O <g(s,\ys),¢>H*XHdws (3.48)

of a subsequence, P — a.s. or in LP (Q, R). The first convergence, (3.45), holds P — a.s. whilst
the same convergence is true of (3.46) as ¥, — ¥g in U, from the fact that the system (az)
forms an orthogonal basis of U. We look to show (3.47) in L! <Q;R>, and do so by first
observing that as ¢ € |J,, V,, then it is certainly in V}, for some k, so without loss of generality

in the limit as n — oo we can assume that n > k. Moreover,

(PadAs, ®D),0) = (Pad(s, ¥0),0) = (Al ¥)), ) = (Al 8)), )

H*xH H*xH

by construction of the Gelfand Triple and that P, is self-adjoint in U and is the identity on
Vi C V. Revisiting (3.47),

— ‘<A(S, W) — Als, lI'S)’w>H*xH‘

< aKv(y) {1 + H‘PZ

- <A<37 ‘i's)u ¢>

H*xH H*xH

(A 0,0

+ H\irs
H

-
H} H‘I’S — ¥

U

where we have invoked Assumption 3.2.4, (3.10). Therefore, incorporating the Ky () into the

constant,

At <A(87 i’g)? ¢>H*><H - <A(87 ‘IIS),w>H*><HdS
t
<, feller U

. [t n 2 S/ gt o o~ 12 3
§c<IE/ 1+H\I:s ds) <E/ H\Il—\Il ds)
0 H 0 U

where we have used Holder’s Inequality over the product integral, recalling that the progressive

E

ds

+ H\I's
H

-2
H

2 -
n H\Ils
H

measurability ensures no issues in applying Fubini-Tonelli for the order of integration. This
approaches zero, owing to both the uniform boundedness of the first expectation due to (3.43)
and Proposition 3.2.18, as well as the convergence in Lemma 3.2.17 for the second expectation.
The convergence (3.47) is justified, to which we move on to (3.48), to be shown in L? (Q; R).

The duality pairing is simply the U inner product in this case, and by again passing over the
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P, we can apply the Burkholder-Davis-Gundy Inequality to obtain
t o ~ 2 ™ o ~
[ (06 %00), ~ (s %0.0) v <B [ > (G ¥ Gl ) v), s

t
ch/ H\I/Z—
0

having applied the assumed (3.11) and contained the Ky () in our constant. This again

E

approaches zero due to Lemma 3.2.17, concluding the justification that U satisfies (3.12). It
now only remains to determine that for P — a.e. w, ¥.(w) € Cy, ([0, T]; U) . By the identity just
shown it is clear that < (w), f > € C ([0, T];R) where f € H was arbitrary, but to conclude
the weak continuity we must instead show this for any n € U. Furthermore we fix such an w
and n € U, any t € [0,T] and sequence of times (%) in [0, 7] such that t; — t. To demonstrate
the continuity let’s fix € > 0, and choose an f € H such that

In=flly < 5 swp|[E),

sE[O )

where the right hand side is of course finite from Proposition 3.2.18. Note that there exists a
K € N such that for all £ > K,

Then for all £ > K we have that

(@) = Tuw)n) | <|(To@) - @l = 1) [+ (T - Buw).f) |

i~ 3
<2 sup | @y(@)||, In—Flly+ 5
s€[0,T] U 2

<e€

demonstrating the weak continuity and finishing the proof. O

3.3 Weak Solutions

We first introduce the necessary extension of Assumption Set 1 for the main result of this

section.

3.3.1 Assumption Set 2

Recall the setup and notation of Subsection 3.1.1. We assume that there exists a ¢., K and
v > 0 such that for all f,g € H and ¢ € [0, T):

Assumption 3.3.1.

JAG £ < aku(f) [1+1£1] - (3.49)
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Assumption 3.3.2.

2(A(t, f) = A, 9), f = Q) e + D IGilt, £) = Gilt, )7,

=1
< aKu(f,9) [1+ 1513 + a3 15 = gl =7 11f = gl
(3.50)
ST (Gilt 1) = Gilts9), | — )% < ik (f9) [L+ 1713+ lgl] 17 — ol (3.51)
=1

We briefly comment on the purpose of each assumption:

e Assumption 3.3.1 ensures sufficient regularity in the drift to apply Proposition A.2.7
(Lemma 3.3.6).

e Assumption 3.3.2 is used to show uniqueness of weak solutions (Proposition 3.3.7).

3.3.2 Definitions and Results

We now state the definitions and main result for weak solutions.

Definition 3.3.3. Let ¥y : Q — U be Fo—measurable. A process ¥ which is progressively
measurable in H and such that for P — a.e. w, ¥.(w) € C([0,T);U) N L2 ([0,T); H), is said
to be a weak solution of the equation (3.1) if the identity (3.1) holds P — a.s. in H* for all
te0,T].

Definition 3.3.4. A weak solution ¥ of the equation (3.1) is said to be the unique solution if

for any other such solution P,

P ({weQ: ¥(w) = By(w) Vt>0})=1.

Theorem 3.3.5. Let Assumption Sets 1 and 2 hold. For any given Fo—measurable ¥y :  — U,

there exists a unique weak solution of the equation (3.1).

The rest of this section is devoted to the proof of Theorem 3.3.5.

3.3.3 Existence and Uniqueness of Weak Solutions

We continue to work with ¥y € L> (Q;U), and take ¥ to be a martingale weak solution of
the equation (3.1) as given in Theorem 3.2.7. Our approach to uniqueness is to consider the
energy of the difference of two solutions, by applying Proposition A.2.7. For this, improved

regularity is needed.

Lemma 3.3.6. ForP—a.e. w, A (-, \i’(w)) e L2 ([0, T]; H*). Moreover, ¥.(w) € C ([0,T];U).
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Proof. This additional regularity comes from Assumption 3.3.1, (3.49), as

T _ T ) )
/0 4 (s ) [, s < 0/0 K (&) [1+ H\IJ(w)HZ] ds

<c sup K (\ilr(w)) /OT [1 + H\ils(w)Hj{] ds

r€l0,T]

< 00

using that ¥.(w) € L™ ([0, T];U)NL? ([0, T]; H) as a martingale weak solution. The continuity

now follows as an application of Proposition A.2.7. O

Proposition 3.3.7. Suppose that ® is another martingale weak solution of (3.1) with respect to
the same filtered probability space (Q, F, (j-"t), I~P>, eylindrical Brownian Motion W and initial
condition ®) = Wy P — a.s.. In addition assume that for P — a.e. w, ®.(w) € C ([0,T);U).
Then

P ({w €Q:W(w) = Py(w) Vte [0,T]}> =1

Proof. We make our argument by considering the expectation of the difference of the solutions
¥, P, and to do so we need to manufacture an increased regularity through stopping times

once more. To this end let’s define the stopping times (ar) by

_ N2 ~ 112
QR ::T/\inf{TZO:H\I’H ZR}/\inf{rz():Hi'H ZR}
UH,r UH,r

and subsequent processes

=01, & =%1., JH=9"-&"

Moreover the difference process satisfies

t

B~ = [ tecon [A (500 = A (5,85 s+ [ 1ica [0 (5. 00) — (5. @1)] o,

and we can apply the Energy Equality of Proposition A.2.7 to see that

~ . 2 t ~ R ~ R
|Wtran = Binan|, =2 [ Locan (A(s ) —A(s, @) L) s
0
t > ~R ~ R 2
+/ ﬂsgaRz‘gi (57‘1’3) _gi <S’<I)S>HUCZS
0 i=1

v2 (6 (5 91) ~6 (5. 87).1) o,

Motivated by the use of Lemma A.4.16, we consider arbitrary stopping times 0 < 60; <60, < T

and substitute 0; into the above, then subtract this from the identity for any 0; <r < T, to

75



CHAPTER 3- WEAK AND STRONG SOLUTIONS TO NONLINEAR SPDES WITH UNBOUNDED NOISE

give that

2 t - R - R
‘ +2/ Locar (A (5, %) = A(s,8) 10,) ~ ds
U o, H*xH

0 (9) 3,80

2 . .
‘U = H\Ilﬁj/\aR - ¢9]'/\OCR
t 00
+/ lsgaRZ’
0; i=1
t
+ 2/ <g (s, \pf) e (s,@f) ,H3>was.
0;

We next employ Assumption 3.3.2, (3.50), and combine a few steps into one. Firstly we use the

H"]V:lt/\aR - (it/\OéR

boundedness coming from the stopping time apg to control the Ky term in (3.50), much like
we saw from (3.36); it should be noted that without the continuity of the processes in U, we

could not guarantee such a control. Secondly, we simply ignore the helpful v term. All of this

i +c/r <1+H\ilf
U 0;
vz [ (6(s ) ~g (s #1) 1) v,

We take the absolute value on the right hand side, followed by the supremum over r € [6;, 6],

leads to the new inequality

- 2 =R
H\Ilr/\aR_q)r/\aR H+ H(I)S

2 2
T ¥ 2
U S H‘I’Gj/\aR - @9]'/\043 H> ||HS||Ud8

then the expectation and immediately apply the Burkholder-Davis-Gundy Inequality to achieve

that
i ’ )
sup ‘
r€[0;,0k] u
2 =R
+ H@S
H

2 . . .

‘IJT/\OcR - QT/\QRHU> S 1Dy (H‘I’G]-/\QR - er/\OéR
_ [0 -
+cE/ <1+ |@f
0;

- O 2 - - 2

iy (/ > (G (5. 8) ~ G (5. 1) ,H5>Uds>
i =1

We now use the assumption (3.51) and follow the same process as (3.28) to obtain that

([ (o (0 8) o (s0) )’ )

J

2 2
) I as

S

1
Ox 2 2 2
5 - R - R
< ([ (el ) i o
6, H H
1~ ~ O ~ R|I2 ~ R||2
< iE sup ”Hr||(2] + CE/ <1 + H\I/S + H'l’s > ||Hs||2Ud5'
ref0;,04] 0; a i
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2
and rearrange to give
U

)

2 =R
+Hq>s
H

2
=0
U

‘I"r/\aR - CI)T/\aR

We now use that HHTHQU < H‘i’v"/\aa — @TAQR

‘ lIlr/\ozR - 'I’r/\aR

2 ~ ~ ~
‘U) S 2IE <H‘]:J6j/\aR - (ﬁ@j/\aR

_ Ok ~
+cIE/ <1+ |of
6;

We can now apply Lemma A.4.16 to deduce that

E sup
7‘6[9]‘,9k]

2
ds.
U

2 ~ ~
Yinar = Pon
H> H SA\XR SA\XR

E ( Sup} H‘ilr/\ozR - q’r/\aR

rel0,T

2
‘ is a monotone

as of course Wy = &y P — a.s.. We note that <supr€[07T]

increasing sequence in R, hence we take the limit as R — oo and apply the Monotone
Convergence Theorem to obtain

- 2
E|( sup =0
(rE[O,T] U)

which gives the result. O

b _ &,

It is now immediate that Theorem 3.3.5 holds in this case of the bounded initial condition.

Corollary 3.3.7.1. There exists a unique weak solution W of the equation (5.1).

Proof. This follows from a classical Yamada-Watanabe type result, proven rigorously in this
setting in [130]. O

To prove Theorem 3.3.5 it thus only remains to extend the result to an arbitrary Fg—measurable

¥, : Q — U, which we now fix.

Proof of Theorem 3.3.5: We first show the existence of such a solution. The idea is as in [65]
Theorem 3.40 where we use the fact that for each & € N U {0} there exists a weak solution W*
of the equation (3.1) for the bounded initial condition Wolg<)wo|,<k+1- We argue that the
process ¥ defined by

o0
L k
= UM, <kt
k=1

is a weak solution. In fact this comes identically to Proposition 2.2.15°, for the partition
Ay ={w e Q: k< ||[Po(w)|y < k+1}

with stopping times 7F trivially taken as T, and \IIIS = Wolk<wy|, <k+1- One can show

uniqueness identically to Proposition 3.3.7.

5 We have to shift our spaces to exactly fit the framework of Proposition 2.2.15, but the proof is the same.
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O]

3.4 Strong Solutions

We first introduce the necessary extension of Assumption Sets 1 and 2 for the main result of

this section.

3.4.1 Assumption Set 3

Recall the setup and notation of Subsection 3.1.1. We now impose the existence of a new
Banach Space HS which is an extension of H, or precisely, H C H C U and for every f € H,
1flg = IIflg - In addition, G : [0,T] x V' — £?(4; H) is assumed measurable. We also
suppose that there exists a real valued sequence (u,,) with p, — oo such that for any f € H,

1
I =Pn)flly < o /1l (3.52)

where I represents the identity operator in U. Furthermore we assume that there exists a
~ > 0 such that for any £ > 0, there exists a c., K (dependent on ¢) such that for any ¢ € V,
¢" € Vyand t € [0,T):

Assumption 3.4.1.

LA 6) 1% + D7 1:(t 6) % < k(@) [1L+ Il + 6] ] (3.53)

i=1

Assumption 3.4.2.

2 (PuA(t, "), 6" gy + D IPaGilt, 6"y < ek (9™) [L+ 197115 | =7 l16"1 5 (354)

i=1
> (PGt 6"), 6" 5 < Ko (@) [1+ 1675 +ello"lly . (3.55)
=1

We briefly comment on the purpose of each assumption:
e The property (3.52) is used to show the Cauchy result (Lemma 3.4.8).

e Assumption 3.4.1 ensures that the integrals in the definition of a strong solution (Definition

3.4.3) are well-defined. It also plays a role in the Cauchy result (Lemma 3.4.8).

e Assumption 3.4.2 is employed to demonstrate higher uniform estimates for the Galerkin

System (Proposition 3.4.7).

3.4.2 Definitions and Results

We now state the definitions and main result for strong solutions.

5 The need for this extension comes from applications where G would not map from V' into H, but would map
into the enlarged H, see Subsection 4.4.2.
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Definition 3.4.3. Let ¥y : Q — H be Fy—measurable. A process W which is progressively
measurable in V and such that for P — a.e. w, ¥.(w) € L= ([0, T); H) N L% ([0, T); V), is said
to be a strong solution of the equation (3.1) if the identity (3.1) holds P — a.s. in U for all
te[0,T].

Note that a strong solution necessarily has continuous paths in U, from the evolution equation

satisfied in this space.

Definition 3.4.4. A strong solution ¥ of the equation (3.1) is said to be unique if for any

other such solution ®,

P{we: ¥ (vw)==®(w) VEt>0}) =1.

Theorem 3.4.5. Let Assumption Sets 1, 2 and 3 hold. For any given Fo—measurable ¥y :
Q — H, there exists a unique strong solution of the equation (3.1).

Our approach to proving this comes from the following lemma.

Lemma 3.4.6. Let ®g : Q — H be Fg—measurable and suppose that ® is a unique weak
solution of the equation (3.1) such that ® is progressively measurable in V', and for P — a.e.
w, ®.(w) € L>([0,T); H)N L2 ([0,T); V). Then ® is a unique strong solution of the equation
(3.1).

Proof. We first address the existence. It only needs to be justified that ® satisfies the required
identity (3.1) in U. By definition of the weak solution, this identity is satisfied in H* and in
fact the only term failing to belong to U is fg A(s, ®;)ds, P — a.s.. However, the additional
regularity in @ and Assumption 3.4.1 ensure that A(-, ®.) belongs to L? ([0,7];U) P — a.s.; see,
for example, [60] Subsection 2.2, which justifies that the terms are well defined. This concludes
the fact that ® is a strong solution. For uniqueness, suppose that ¥ is another strong solution.
Then in particular ¥ is a weak solution, from which uniqueness of weak solutions gives the

result. O

The rest of this section is dedicated to the proof of Theorem 3.4.5.

3.4.3 An Improved Uniform Estimate for the Galerkin System

We first assume that
Wy e L™ (4 H) (3.56)

similarly to (3.13). In order to match the regularity of a strong solution, better estimates are
required for the Galerkin System introduced in Subsection 3.2.3. We recall the notation (3.18),
(3.22), for the unique strong solution W" of the equation (3.14), as well as introducing the
corresponding notation to (3.19) for the higher norm: for a function ® € C([0,t]; H)NL2([0,t]; V)

we define the norm

t
2 2 2
1[5y, := sup Hi’rHHJr/O 1@ Iy dr (3.57)

rel0,t
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making explicit the dependence on the time ¢.

Proposition 3.4.7. There exists a constant C, dependent on M but independent of n, such
that
2
B[22, sra < C [B(12513) +1]. (3.58)

Proof. By equipping V,, with the H inner product, exactly as we saw for (3.25), we obtain the
identity

9y = I 42 [ (PG, W), 92,
+/O angl-(s,xpg)nz 15<T%,T+1ds+22/0 (PuGi(s, ¥5), W), dW..
i=1 i=1

P —a.s. in R for all r € [0,7]. In the direction of Lemma A.4.16, similarly to Proposition
3.3.7,let 0 < 0; < 0 <t be two arbitrary stopping times. By substituting in 6; to the above,
and then subtracting this from the identity for any 6; < r <t IP — a.s., then we also have the
equality

o, = s, +2 (“’"*‘(S’ 3 PG 9 ”H> sdtre®
J

+2Z/ (PnGi(s, ¥7), ¥y, dW!

P — a.s.. Invoking Assumption 3.4.2, (3.54), and immediately applying (3.36), we deduce the

inequality

n,M2 n,M2 " ~ n 4 T ~n2
o < e +e @ as = [ as
J . jﬂ |
+22/9 (PnGi(s, W), W2y, dW!  (3.59)
=1 J

having now assimilated the indicator function through the norms into the ¥", and noting
that ¢ again depends on M (and the initial condition). We now take the absolute value of
the stochastic integral, followed by the supremum over r € [6;, 6], then the expectation and

immediately apply the Burkholder-Davis-Gundy Inequality to see that
2 0y
E oM +IE/ ¥"? a SQIE(H\II"?MH )+ IE/ 1+ ||®
B P Ry A L e (e W R AR
o 2
—l—cE(/ Z (PuGils, 1), W0)2 d ) :
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Now is the time to use the assumed (3.55), which gives us that for any choice of € > 0,
M 2 Gk -n 2 M 2 Gk - n 4
E( sup [[omM| +7E/ |27 ds < 2B (H\IJZJ? HH> +01E/ 14 |||}, ds
0 05

TE[@j,ek]
O < n6 : O ni2 :
teE (/ 1+||\I'SHHds> L eE (/ prsuvds) (3.60)
0; 0,

J J

having used the simple property that (a + b)l/ 2 < a2 4bY2. We now apply Young’s Inequality

to see that )
O ~n 2 2 1 O ~n 2
([f1oa) <] [ 1o e

J

(3.61)

which can be plugged back into (3.60) for the choice € := v to see that
M2 Y O xn 2 n.M 2 Ok = n 4
E( sup [Jwr|? +2IE/0 972 ds < 2F (H\Ile; HH) +01E/0 L |2 ds
j i

TE[Gjﬂk]
O ~n 6 %
e ([ |, ds
0.

J

where ¢ is dependent on «, which is not meaningful. Taking out the constant integrals as a

constant for simplicity, we reach the inequality
m( o e )+ gm0 s < 2 () ) e am [ e as
T‘E[Oj,ek] " H 2 9j sV o 9]' H Gj siH
1
0 3
e ([ ol 1920 a)
j

y 2
We handle the last term just as we did in (3.28), also using that H\IIZHZ < H\II?MHH, to obtain

n,M||2 Eg’“ < n 2 B n,M |2 EG’“ -4
B o [ ) 4B [ s <o ([, ) +e+e 1l as @62

where we have also scaled v out of the inequality, through a dependence in ¢. Now we may

apply the Stochastic Gronwall lemma, Lemma A.4.16, for the processes

cnn2 ~n2 > n 2

noting that the bound (A.81) owes to 72" T defined in (3.18). The application of this result

conclude the proof.
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3.4.4 The Cauchy Property

Towards an application of Proposition 2.3.5 for the Galerkin System and M7 s in (3.18) and
used throughout the paper, we verify (2.36) in this subsection.

Lemma 3.4.8. For arbitrary m <n, ¢" € V,, ¥" € V,,,, define

A= 2(PoA(s,6") = PrAls, ™), 6" = ™)y + Y [PuGi(s,6™) — PrmnGi(s, ¥™)|7;

=1

B =Y (PuGi(s,8") = PmGi(s, &™), 6" — ™)}
i=1
Then there exists a sequence (Ap,) with Ay, — oo such that

A< ey [Ku(9", ™) + 16" 15 + 0™ I5] 6" = w8 = 3 lle" = v™

+ f—;KUw",wm) [1 + 1" I5 + 1™ 13 + o™ 13 + ||wm||2v] :
(3.63)
B <, [Ku(@",9™) + 16" + 6™ 13] 16" — v
Ky (@ 0™ (14 165+ 0T (364)
Proof. We show the inequalities independently, starting with A through
A= 2(P, [A(s,6") — A(s,"™)] + [Pn — Pr] A(s, ™), ¢" — ™)
+Z||Pn [Gi(s,8™) = Gi(5, ™)) + [Pn — Pun] Gils, 0™},
< 2(Pa [Als, ¢") — A(s, ™)), 0" — ™), + Z 1P [Gi(s, ¢™) = Gils, ™),
=1
2([Pn, — Pm] A(s,9™),¢" —¢™)y + Z 1[Pn = Pm] Gi(s, ¢m)||(2]
i=1
+ 22 1P [Gils,¢™) = Gils, ™)l 1TPn = Pr] Gils, ™)y
2 (A(s, ¢") — A(s, ™), ¢" — ™)y + Z 1Gi(s (s, 4™
2 (A(s, ™), [I = Prm]e" — ™)y + Z 1P [T = Pu) Gil(s, ™) I3
=1
+ 22 1Gi(s, ™) = Gi(5, ™) |y |Pn I = Prn] Gi(s, ™) Iy

=a+p+k
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having used that P, is an orthogonal projection on U and P, P, = Pp,. We look to show the
appropriate bounds on «, # and k. For a we simply apply Assumption 3.3.2, (3.50). Moving
on to 3, we use again that P, is an orthogonal projection and the property (3.52) to see that

2 <1
B < . IA(s, ") 19" — ™ |l + Z 2 1Gi (s, ™)|| -
m i=1 'm

Through Young’s Inequality with a constant ¢ dependent on «, we can bound this further by

» (nA(s,wm)r% +y rgxs,qu)n%) o A

to which we apply Assumption 3.4.1, (3.53), to the bracketed term. As for k, we have that

[e.9]

< > IGi(s. ")y + 1Gis, ™)) I = Pral Gils, ™)l

=1

Z (Gi(s, ")z + 11Gi (s, 0" ) I = Pon] Gils, ™)l

-.
Il
i

which we handle through (3.53) once more. Altogether then, with notation Ay, := min{pm,, u2,},

we have that

N N A e A e e e

K@) [L 0+ ]+ 5 e

o (Koo [L 167 + 167 + eso ) [L o™+ 9™ )

which compresses into (3.63). It remains to show the bound on B, which we approach in a

similar manner:

S (P, = Gils, ™) + [Po = Pl Gils, ™), 6" — 0™y

=1

< 22 <<g2(87 gbn) - gi(sa’@bm)? ¢n - ¢m>(2] + <[I - Pm] gi(svdjm)a an - wm>2U> :
=1

B

.
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The first term here is precisely what we have in (3.51). For the second we use that I — P,, is

itself an orthogonal projection in U, as well as the assumed (3.3) and (3.52):

([T = Pu] Gi(s, ™), ™ — ™) = (Gi(s, ™), [[ — P (¢" — ™))},

< Ko (™) [ [0 " — v
< Ky ™) {14167 + ]

which in total provides (3.64). We note that this is a coarse bound, though sufficient for our

purposes.

Proposition 3.4.9. For any m,n € N with m < n, define the process ¥™" by
W (w) = W (w) — ().

Then for the sequence (X\;) proposed in Lemma 3.4.8 and m sufficiently large such that Ay > 1,

there exists a constant C dependent on M but independent of m,n such that

E || g ||2UH7TTJYVLI,T+1

1
AFM T+ <C [E ||\I/6n’n”?] + :| (3.65)

Vm

and in particular,

. m,n |2 —
e 19713 ] -0 oo

Proof. The proof uses very similar methods to those used in Proposition 3.4.7, this time relying
on Lemma 3.4.8 instead of Assumption 3.4.2. For any 0 < r < ¢, W"" satisfies the identity

M, T+1 , M, T+1
TNATm, NTn,
m,n _ m,n n m
v M,T+1, M,T+1 — ‘I’O + Pn.A(S, ‘I’S) — Pm.A(S, ‘Ils )dS
TNATm NTn 0
) TAT%,THAT%,TH '
n m (3
+ g / PnGi(s, ¥h) — PpGi(s, ¥ )dW?
: 0
=1

P —a.s. in V,,. We thus apply Proposition A.2.7 to this difference process, reaching the equality

2 PATMTH A MT
2

H TT'TL/\’:TJ,»LI’T+1AT7JLLI’T+1 U - ||‘:[16n7n||U + 2/(; <Pn"4(57 lIl:‘) - PmA(S’ ‘I’;n), \Iﬂsn’n>U ds
pATMTH A MTHL oo

4 / SO 1PaGi(s, B7) — PouGi(s, ¥ |2 ds
0 —
0o T,/\:_7])\’/LI,T+1/\TTILVI,T+1 |
0

i=1
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We introduce notation similar to (3.22), that is

~m ~mn

™ -
v = ]l_ST%,TH/\TTJLW,TH v = l_ST%,T+1AT£4,T+1
~m,n an ~m M m.n
v = -9 P M — gt

. APMTEL, M T4

and thus rewrite our equality as
2 T
H\I’T’H’MHU = H\IISI’TZHQU + 2/ <73n.,4(3, \If?) — PmA(S, ‘I’gn), ‘I’;n’n>U HS<T]\/I,T+1/\T]\/I,T+1 ds
0 —='m n

r o0
+ /0 S PuGi(5,97) = PrGals, W21 sirss _suirends
=1

~mymn

- 22 /0”" <7>ng,;(s, U)) — PrGi(s, @)), ¥, >U AW,

Identically to Proposition 3.4.7, we fix arbitrary stopping times 0 < 6; < 6, <t and have that
forany 0; <r <t P —a.s.,

M, T 1ds
Tn +

e = ) 2 [ PaAG W) — PG, @)W 1

Tm A
9]

r OO
+ / Z |PnGi(s, ¥1) — PmGi(s, ¥7) H?J 1. mri1, mrirds
0. —'m n

J 3=1

~m,mn

#23 [[ (P ) P 6. 90,

holds P — a.s.. Combining the time integrals and applying Lemma 3.4.8, (3.63), we deduce the

inequality
n,M 2 m,n, M 2 " ~m||2 ~n||2 ~m,n 2 Y || & mmn 2
pop < o e [ oo ] o - o
r |4 a4 ~m 2 a2
+c/ 1+H\I:2” S [ 7| g | P
Am 0; H H 1% Vv

m,n

+22/(: <Pngi(s,\il:) — PonGil(s, ¥, W >UdW;
1= J
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again applying (3.36). All in one step we take the expectation, supremum over r € [6;, ],

apply the Burkholder-Davis-Gundy Inequality and employ Lemma 3.4.8; (3.64), to deduce that

1) wnM 7E/€k "
+ = H ’
res[;lf,)ek} H HU 2, s

w2 O 2 nll2 R
< 9E (H\If’”” | >+c]E/ [1+H\If % ]H‘I'
U 0 H H
O 4 a4 ~ml2 12
+CIE/ 1+ (| &7) + | @ + el + e ds
Am 9 H H 1% v
1
Ok |2 2100 4 2
+cE / 1+ [ @7 +|e" HxI:m” ds
0; H H U
1
1 Qk ~m 4 “n 4 2
—FE 1 v v d
+\/)\m (/gj sl “llu S)

2

U

where we have used that (a + b)% < az + b in the last term. Applying Young’s Inequality as

we did for (3.61), and using that m is large enough so that A,, > 1 hence ﬁ < \/%, we have

that

E( sup H\I,mnMHU> ’YE/ H\Ilmn
Te[ejﬂk]

0, .
§2]E(H\IJW"MH >+C]E/ [1+H\IJS
0;
C
iVsw \/

O
+ clE / [1 +
0;
T 2
I

H

2

H
4

+
H

~nl|? ~m,n
¥, ]H\Ps’
H

2
~m
‘Ils
\%4

A

+

1
2 4 2
\Il ds
U

H

The property that

~n
v, + (| ¥,

2
ds < ¢,
H H

o

\IJS

2
ds
v

ds
U

~nl|2 s m,n 2
vs H] H\I’S

(3.67)

(3.68)

owing to the first hitting times and as used in Proposition 3.4.7, is of vital importance here.

We firstly control

4

+
H

4

v \il;n ds
v v

s

S

2 R 2
+(\Ifs

v

c Ok
|
)\m 9]'

H

where we note that

q:lS

s

| ds < ¢ E| s H\Il
s < up
H VAm r€(0,T]

/ '
05

C
E
VAm

2 c
ds | < —E | sup
H ) VAm (rE[O,T]

~m

v

(3.69)

2

r

H

where this expectation is bounded courtesy of Proposition 3.4.7. Using the same proposition

for the ||H%/ terms, we ultimately bound (3.69) by \/%
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as we did in (3.28), which combined with the control on (3.69), reduces (3.67) to

O\
B( s V) em e
re[é)J,Hk] j
2 Ok ~nl|2 ~mn||2 C
< E H‘I'MMH IE/ 1 ¥ H\I: ds + ——
<c ( 0; U +c b + sy s |y s+ e

with similar seen in Proposition 3.4.7. An application of Lemma A.4.16 then provides that

T R 2 1
E sup ‘I,mnM —|—E/ H\Ilm,n < C[ N THGL 2 +:|
<re[0T | HU * o llm 1%l Vm

which gives (3.65). The next result, (3.66), follows from this as

H

2
~m
lIls
H

15" 1 = (P = Pn) Woll7; = |Pa [(1 = Pon) Rolllf < (I = Pr) Woll7,

and the fact that the system (ay) forms an orthogonal basis of U.

3.4.5 Weak Equicontinuity
In this subsection, the remaining condition of Proposition 2.3.5, (2.37), is verified.

Lemma 3.4.10. Let 6 be a stopping time and (6;) a sequence of stopping times which converge
to0 P —a.s.. Then

n n —
Jim Sup T (1977 55 poir = 1 1) = 0
Proof. We look at the energy identity satisfied by ¥ up until the stopping time 6 A MT and
then (6 +r) Ama"" for some r > 0. We have that

MT oo

HATS/I’T ONTy, 5
ol = 198 2 [ A wpdss [T S 1P s W ds
=1

M,T

ONT
1 / (PaG (5, T7) , T, AW,
0

and similarly for (0 + ) A M7 from which the difference of the equalities gives

2 (0+T)/\Tn
H‘I’ (WMMT — e, || 42 /6 e (PaA (s W) ) ds
(0+7r)AT, MT oo (0+7r)ATp
L g [ gy on
n =1 Tn
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Handling the projections as we did in (3.25), and invoking (3.6), we reduce to

M, T

2 (O+r ATy
( z T @)% ds
(O+r)A ?{LMT onma Ty K orT T sl
O+r)Am T (O+r) AT
n n
=¢ /QATS{’T s /ems“ (G (s, W5), L)y dWVs.

where the constant ¢ again depends on M, through (3.36). We must be somewhat Careful

before taking the supremum over r € [0, ;] as the term H\Il?e JArT H PAM.T could
T’n, n
be negative, so we cannot necessarily bound -y f 9+L /T\T" " H‘I’?H 1 ds by the supremum of the

right hand side. Therefore, we first treat this 1ntegral directly. We rely on both Proposition

3.4.7 and the control from 7, M.T . Indeed,

M,T

(9+§ )/\Tn 9
E /@ 172, ds

M, T
(0+55) AT
n n
<B( o Nl I

NTn
rel0,7n AT’

1
3 (048;)ArdTT 212
2
B sw )| |EB( ), I
(00T onrit
I (048, AT ) (O+5;)Amal T
n n
<elm(([opr  eiwthas) ([ o 1
[ (O+8;) At T 3
n
<clm /QM 1277 ds

E( sup H‘Wﬁq)
TG[O,T%’T]

<c[B(@)]*.

IN

D=

1

(O+6,) AT T 2]
E (/ 1ds>
oArIT

VI

Noting that ¢; is IP — a.s. monotone decreasing (as j — oco) and convergent to 0, the Monotone

Convergence Theorem thus justifies that
1
c[E(07)]* =o;

where o; represents a constant independent of n which goes to zero as §; — 0. We can now

employ this bound directly as we take expectation, the supremum over r € [0, §;] and then use
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the Burkholder-Davis-Gundy Inequality,

9 (046, AT -
B Tes[légj] H‘IJ g-+r)ATAt H‘IJO/\ TVTH + ’y/@Aﬁzlw,T 1511 ds]
(O+6,)Ama"T (O+85) AT T 20 B
<oj+cE /0/\ o lds + cE (/GATSI’T Zz; (Gi (s, ¥y), ‘I’?>2U ds)

We then use (3.7) and again control the U norm by a constant, achieving that

M, T

9 (0+5;)ATr )
E| sup H\I'” +/9A e ds| <o (3.70)
Tn

M,T
re[0,;] (6+r)ATy

— |[\pT
U H 9/\T.,]L\J’T

U

having also scaled out the v. We now need to relate the expression on the left hand side with

what we are interested in, which is || m.r. We have that

2
‘I,nHUH (0+8;)ArD0T H‘I,nHUHé’/\

2 2
H‘I,n‘|UHa(9+5j)/\T£/I’T — "y g

) ) (O+5)Am T )
= s - s e [T s
se[O,(H—&-(Sj)/\T,ILV[’T} s€[0,0ATA0T] AR
and claim
2 2
s e s < s e | e e e
5€[0,(046;)ATAl T 5€[0,0A720T] r€[0,5] " ™
Indeed, we have that
|2 ny 2 2 n 2
swp WIS sup sup AR e
5€[0,(046;)ATAl T 5€[0,0A720T] seOATAET (0+46;)ATal T

2Ty 17|, or sup

as the left hand side must equal either sup sc[0,0nT

elone ™ (oss petir 121,

both of which are greater than the subtracted term H‘I,Z/\r M’THU' Appreciating that

2

(0+rynrit”

sup jwr = s [

s€[OATIT (048;) AT r€[0,6;] 4

then yields the claim (3.71), which in combination with (3.70) grants that

E|[®"||; — e

UH.0AT, MT} < 0j-

UH,(646;)Ar

This proves the result.
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3.4.6 Existence and Uniqueness of Strong Solutions

We now have all of the ingredients needed to apply Proposition 2.3.5. In this subsection, we fix
¥ to be the unique weak solution of the equation (3.1) for the initial condition fixed in (3.56),

known to exist from Theorem 3.3.5.

Proposition 3.4.11. For any R > 0, there exists a subsequence indexed by (m;) and a constant

M > 1 such that the stopping time

S
BT .= T Ainf{s>0: sup ||\Il,n||(2j +/ |, |5 dr > R
r€l0,s] 0

satisfies the property 7T < T%’T for allm; P — a.s..

Proof. This comes from a direct application of Lemma 2.3.5, for the Banach Space X; :=
C ([0,];U) N L% ([0,t]; H) equipped with norm [l7z7,¢- The conditions (2.36) and (2.37) are
given in Proposition 3.4.9 and Lemma 3.4.10. The only component in need of proof is that
the limiting process ® we achieve from Lemma 2.3.5 is in fact . We are given that (¥"™7)

M.H ) which is a stronger convergence (up to 720'" ) than what

converges to ¥ in L2 ([O, 72
we had in Theorem 3.2.16, which was used to show that the limit process was a weak solution
of the equation (3.1). Hence in the same manner as Proposition 3.2.19, we see that ® must
be a local weak solution as well, up until the stopping time M ’T, so from the uniqueness of
weak solutions we must have that ® is in fact equal to ¥ on [0, - ’T], which is sufficient for

the result. 0
This allows us to deduce the additional regularity required for ¥ to be a strong solution.
Proposition 3.4.12. The process ¥ is progressively measurable in 'V and such that for P —a.e.

w, ¥.(w) € L= ([0,T); H) N L% ([0, T); V).

Proof. Propositions 3.4.7 and 3.4.11 together imply that, for any R > 0,

+R.T

sap (@ [
] 0

rel0,r R

1D < Cg

where C'r now incorporates ||\Ilo||ioo(g; ) and shows the dependency on M in terms of R.
We also note use of (3.2) in this deduction. In consequence the sequence of processes
(\I’mj]l,STR,T) is uniformly bounded in both L? (Q; L ([0,T); H)) and L? (Q; L? ([0,T];V)).
We can deduce the existence of a subsequence which is weakly convergent in the Hilbert Space
L2 (Q; L2 ([0, T];V)) to some @, but we may also identify L? (Q; L ([0,7]; H)) with the dual
space of L? (Q; L' ([0, T]; H)) and as such from the Banach-Alaoglu Theorem we can extract
a further subsequence which is convergent to some & in the weak* topology. These limits
imply convergence to both ® and @ in the weak topology of L2 (Q; L2 ([0, T7; H)) However,
we know that (¥"/1._ rr) converges to W.1. . rr P — a.s. in L?([0,T]; H) from Lemma
2.3.5, and from the Dominated Convergence Theorem (domination comes easily from 1. r.r,
BT < T%’T) then in fact the convergence holds in L? (Q; L? ([0, T7; H)) Of course the same
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convergence then holds in the weak topology, and by uniqueness of limits in the weak topology
then ¥. 1. rr = & = & as elements of L (Q; L*([0,T]; H)), so they agree P x A — a.s.. Thus
for P —a.e. w, ®.(w)1. rr(y € L ([0,T]; H) N L* ([0, T]; V). At each such w the regularity
of ¥ as a weak solution ensures that for sufficiently large R (dependent on w), 777 (w) = T.
Therefore for P — a.e. w , ¥.(w) € L> ([0,7]; H) N L? ([0, T]; V).

The progressive measurability is justified similarly; for any ¢ € [0, T, we can use the progressive
measurability of (¥™) and hence (¥ 1..rr) to instead deduce W.1. . rr as the weak limit
in L2 (2 x [0,t]; V) where 2 x [0, 1] is equipped with the F; x B ([0, t]) sigma-algebra. Therefore
V.1, rr:Qx[0,t] = V is measurable with respect to this product sigma-algebra which
justifies the progressive measurability of the truncated process. To carry this property over to
¥, we recognise W as the IP x A almost everywhere limit of the sequence (¥.1. ., r1) as R — o0
over the product space  x [0,t] equipped with product sigma-algebra F; x B ([0,t]). Such
a limit preserves the measurability in this product sigma-algebra, justifying the progressive

measurability of W.

O]

Applying Lemma 3.4.6 in conjunction with Proposition 3.4.12 now proves Theorem 3.4.5 in the
case of a bounded initial condition (3.56). Extending this result to a general Fy—measurable
¥, : ) — H is done exactly as we did for the weak solution in Subsection 3.3.3, so we do not

repeat these steps and conclude the proof of Theorem 3.4.5 here.

3.4.7 Pathwise Continuity

We close this section with a somewhat more informal discussion around the pathwise continuity
of the strong solution ¥ in H. One may well have expected this to appear in the definition
of the strong solution, though it seems challenging to verify and additional assumptions that

could facilitate it are perhaps too restrictive. A first result is given now.

Lemma 3.4.13. Let Assumption Sets 1, 2 and 8 hold. Suppose that there exists a continuous
bilinear form (-, )y : U X V = R such that for every f € H, ¢ €V,

(f:d)uxv = 0)p -
Then for P —a.e. w, ¥.(w) € Cy ([0,T]; H).

Proof. Fixing arbitrary ¢ € V, ¥ satisfies the identity
¢ t
<‘Ilt7¢>U><V = <‘IIO7¢>U><V+ </ A(SJ‘PS)d87¢> + </ g(sv‘I’S)dW87¢>
0 UxV 0 UxV

P — a.s. for all t € [0,7T], and by continuity of the bilinear form,
t

t
<‘Ilt’¢>UxV: <W07¢>U><V+/0 <‘A(57\Il5)’¢>U><Vd5+/O <g(5a‘PS)’¢>UXVdW5'
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We want to use that (¥, @) = (¥, @), but it is not yet clear that ¥, € H P — a.s. for
all t € [0,T]. It can, in fact, be verified by a very similar process to the proof of Proposition
3.4.12. To show this let us fix any ¢ € [0,T]. For P — a.e. w, ¥.(w) € L*> ([0, T]; H) thus for a
countable dense subset (t,,) of [0,T], ¥;,(w) € H and such that | ¥, (w)| 5 < ¢ independent
of n. We choose now any sequence (tx) which converges to t. The sequence (W, (w)) is
uniformly bounded in H, so admits a weakly convergent subsequence to a limit 1. However, as
¥ (w) € C([0,T);U) then (¥, (w)) is strongly hence weakly convergent to ¥(w) in U, so by
uniqueness of limits in the weak topology then Wy(w) = ¢ and in particular ¥;(w) € H. Thus,
P —a.s. for all t € 0,77,

t

<‘I’ta¢>]—[ = <\II07¢>U><V+/O <A(87‘I'S)v¢>U><VdS+/ <g(87l1’8)7¢>U><VdWS

0

so that (¥, @), is P — a.s. continuous. This is not quite enough for weak continuity, as we
instead require that (¥, f),; is P — a.s. continuous for any f € H, not just any ¢ € V. From
this point, though, we can extend the continuity to f by the density of V in H, identically to
the end of the proof of Proposition 3.2.19. O

Pathwise continuity of ¥ in H would now follow from only pathwise continuity of the norm
| ®.|| 7, due to Lemma A.1.28. A popular way to show such a property is through Kolmogorov’s
Continuity Theorem, by verifying that there exists a constant C' such that for all s < ¢ € [0, 77,

4
B (Jle - 1e]') < ot s

which is the typical choice of parameters to apply Kolmogorov’s Continuity Theorem for a
Brownian Motion and related SDEs. Our assumptions don’t quite allow us to show this, even
at the level of the Galerkin System: the issue arises in the V-norm dependence in (3.55), which
is necessary to have for applications in the case of Navier Boundary Conditions as seen in

Theorem 5.3.3. There is, however, a simpler case where continuity can be deduced.

Lemma 3.4.14. Let Assumption Sets 1, 2 and 3 hold. Suppose that there exists a continuous
bilinear form (-, )y : U x V. = R such that for every f e H, ¢ €V,

<f7¢>U><V = <f’¢>H

In addition, suppose that H can be taken as H. Then for P —a.e. w, W.(w) € C ([0,T]; H).

Proof. This is now a direct application of Proposition A.2.7. O
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CHAPTER 4

—_—> 0 (C— DO

AN INTRODUCTION TO THE STOCHASTIC
NAVIER-STOKES EQUATIONS

4.1 Introduction

In this chapter, we prepare our analysis of the incompressible Stochastic Navier-Stokes Equations
by posing the problems in the framework of Subsection 3.1.1. As described in Chapter 1, we
are concerned with the existence and uniqueness of solutions of the equation (1.2) under the
no-slip boundary condition (1.3) and Navier boundary conditions (1.4) on a smooth bounded
domain ¢ C RN. For N = 2 or 3, and for the no-slip condition, the problem is summarised by

the system of equations

U = Uy — fg Ly usds + I/fot Aug ds — fot B(ug) o dWs — Vpy no
Sl Ojul =0 in @& (4.1)
u=0 on o0

where the middle restriction is the statement that w is divergence-free, with superscript notation
denoting the component mapping, corresponding to incompressibility. The operators are
properly defined in Section 4.3. The Navier boundary conditions are given in two dimensions,

for which the problem is

Up = Uy — fot Loy usds + Vfg Augds — ng(us) odWs — Vp, ino
Y1 Oul =0 ing (4.2)
u-n=0, 2(Dun-t+au-1t=0 ond0.

The structure of this chapter is as follows:

e Section 4.2 introduces new function spaces to incorporate the incompressibility and
boundary conditions of problems (4.1) and (4.2). Fundamental properties of these spaces

are also presented.

e Section 4.3 demonstrates essential bounds on the classical and stochastic operators in

(1.2), acting as the cornerstone of our analysis in the discussed function spaces.
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e Section 4.4 concludes the chapter with a transposition of (1.2) to the form (1.1), totalling
a complete description of the problems (4.1), (4.2) in terms of the framework from
Subsection 3.1.1. As a brief supplement, we also pass from the velocity form presented in
(1.2) to the vorticity form which is often seen in the literature. This is less relevant to
the thesis, but is revisited in Subsections 5.4.2 and 6.3.2.

4.2 Functional Analytic Setup

Let us first recall the notation from Subsection 1.1.1, where & is a smooth bounded domain
in RN for N = 2 or 3. In the following spaces that we introduce the dependence on N is

suppressed, where the wider context will inform the choice of V.

Definition 4.2.1. We define C§5, as the subset of C§°(0; RN) of functions which are divergence-
free, that is the elements ¢ € C§°(O;RYN) such that Zjvzl 0j¢7 = 0. L2 is defined as the
completion of Cg%, in L2(0;RN), whilst we introduce V_[/'(l,’2 as the intersection of WH2(0;RN)
with L2.

The spaces L2, W 5% will prove relevant to both problems (4.1) and (4.2). So too will the Leray

o

Projector and associated Stokes Operator, introduced here:

Definition 4.2.2. The Leray Projector P is defined as the orthogonal projection in L*(0;RY)
onto L2. The Stokes Operator A : W22(0;RN) — L2 is defined as —PA.

Certainly the Stokes Operator A is well-defined on W?22(&;RM); extensions of A will be
considered in Subsection 4.3.1. For now, we give important properties of the Leray Projector
P and the structure of L2.

Lemma 4.2.3. For any m € N, P is continuous as a mapping P : W™2(O;RYN) —
wm2(o; RN).

Proof. See |147] Remark 1.6. O
Proposition 4.2.4. Define the space
L2+ = {4 € L*(O;RYN) : ¢p = Vg for some g € WH2(0;R)}.

Then indeed LCQ,’L is the orthogonal complement to L% in L*(0; RMN), i.e. for any ¢ € L2 and
(NS L% we have that

<¢7 ¢> = 07

and every f € L?(0;RYN) has the unique decomposition
f=o+4 (4.3)
for some ¢ =Pf € L2, p=Vgc L2t

Proof. See [147] Theorems 1.4, 1.5 and [129] Theorem 2.6. O
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Proposition 4.2.4 is known as the Helmholtz-Weyl Decomposition. The remainder of this

section is split into the cases of the no-slip and Navier boundary conditions.

4.2.1 No-Slip Boundary

We introduce the spaces which shall play the role of H and V' from Subsection 3.1.1 in the
study of (4.1).

Definition 4.2.5. We define Wa as the intersection of W&’Q(ﬁ;RN) with L2, and W2 as

o’
the intersection of W22(0; RN with W2

The fact that these spaces embed the divergence-free and boundary condition, interpreted in
the sense of weak derivatives and trace, is given in Lemma 4.2.6 below. For this, we recall the
definition of trace. We first define the restriction mapping on functions f € W2(&; R)NC(0;R)
by the restriction of f to the boundary 0€, which is then shown to be a bounded operator
into W22 (00;R) (see Lemma ?? and more classical sources of e.g. [43]). By the density of
C(0;R) then the trace operator is well defined on the whole of W12(¢;R) as a continuous
linear extension of the restriction mapping, and furthermore on W12(&; RY™) by the trace
of the components. Further recall, e.g. [43] pp.259, that VVO1 ’2(@’ ;R) is characterised as the

subspace of Wh2(&;R) consisting of zero-trace functions.

Lemma 4.2.6. W2 is precisely the subspace of W&’Q(ﬁ;RN) consisting of divergence-free
functions. Moreover, Wa? is the completion of g in Wh2(o;RN).

Proof. We claim at first that any given f € Wo? is divergence-free. In [129] Lemma 2.11 it is
shown that f satisfies the property
(f,Ve)=0

for every ¢ € C§°(0;R), or equivalently that

N

Z (. 8j¢>L2(ﬁ;R) =0

J=1

for such ¢. We can use the compact support of ¢ and Wh2(&;RN) regularity of f to carry out

an integration by parts, taking the sum through the inner product to see that

N .
<Z ajfﬂ,¢> =0.
j=1

L2(O;R)

Observing that ¢ € C§°(0;R) was arbitrary and using the density of this space in L*(0;R),
we deduce that the divergence of f is zero as an element of L?(&;R) and so f is divergence-free.
Working in the reverse direction now, we suppose that g € VVO1 ’2(ﬁ :RY) is divergence-free with
the intent to show that g € W§’2, which is to say g € L2. For this we simply refer to Lemma
2.14 again of [129], noting that ¢ satisfies all ‘weak divergence-free’ notions of [129]. The final
statement to prove is the characterisation of W;’Q as the completion of Cg5, in wh2(o; RN ).
We defer this to [147] Theorem 1.6, using the representation of Wa? just proved. ]
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It will be convenient to work with different, but equivalent, inner products on these spaces.

Proposition 4.2.7. The bilinear form

=2

=Y (9;1,0;9)

Jj=1

defines an inner product on War? equivalent to (-, '>W1,2(@RN). Additionally, the bilinear form

<¢7 d}>2 = <A¢7 A¢>
defines an inner product on Wa* equivalent to (-, -)Wg,g(ﬁ;RN),

Proof. The equivalence of (-,-); and (-, -)yp1.2 (o:rN) is immediate from Poincaré’s Inequality for
zero-trace functions (see e.g. [129] Theorem 1.9). For the second statement, see [25] Proposition
4.12, [129] Exercises 2.12, 2.13 and the discussion in Subsection 2.3. O

Henceforth, we shall consider W2, W22 as Hilbert Spaces equipped with the (,)1 ()9
inner products unless otherwise stated. The convenience is in part due to the following duality

relation.

Lemma 4.2.8. For every f € W2, g€ W22(0;RV),

<fag>1 = <f7Ag>

Proof. The proof is direct, using at first the zero-trace property of f to conduct the integration
by parts with null boundary integral, and then that f = Pf:

2
2
2

=Y (0;£,0;9) ==Y _{f.979) == > _(Pf, Ag) = {f, Ag).

j=1 7j=1 7j=1

We shall work with a basis belonging to these spaces.

Proposition 4.2.9. There exists a collection of functions (ay), aj € We?n C>=(0;RN) such
that the (ay) are eigenfunctions of A, are an orthonormal basis in L2 and an orthogonal basis

in W2, The eigenvalues (\) are strictly positive and approach infinity as k — oo.
Proof. See [129] Theorem 2.24. O

As a consequence, every f € L2 admits the representation

f=> feax (4.4)
k=1
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where fr = (f,az), as a limit in L2(0;R"Y). Moreover, for each n € N we define P, as the

orthogonal projection in L?(&;RY) onto V,, := span{ay,...,a,}, that is

Po: > (f ax) ag. (4.5)

k=1
The projections (P,) are not just self-adjoint in L2, but also W2,

Lemma 4.2.10. For every n € N, ||a,|? = A, and Py, is self-adjoint in Wi,
Proof. A proof of the first statement uses Lemma 4.2.8,
||an||§ = (an, an)y = (an, Aan) = (an, Anan) = Ay ||anH2 = An.

For the second, we consider a representation of elements f € WE? not by (4.4) but instead as

f:Z <f’ak>1ak (4.6)

2
o el

which is convergent in W ’2, given that (ax) form an orthogonal basis of W2, Therefore

(f,ap) = <Z (f, aj>1aj,ak> _ Z (f,a;), (aj, az) = (f, ar)q

2 2 - 2
Z a2 = a2 ol

holds. Consequently, for f € W;’2, the representation (4.4) is in fact equivalent to (4.6) so
the limit in (4.4) holds in W,"?. Using the orthogonality of (aj) in Wa2, the result is now

clear. O

A particular consequence is that for f € W2, | Puflly < I£l;-

4.2.2 Navier Boundary

We recall the Navier boundary conditions (1.4)
u-n=0, 2(Dun-t+au-1t=0

where n is the unit outwards normal vector, ¢ the unit tangent vector, Du is the rate of strain
tensor (Du)b! := % (Gkul + aluk) and a € C?(O0;R). In expanded form, D is a mapping
D : WL2(0;R?) — L2(0;R?*?) defined by

o ft 5 (0172 4 02 f1)
2 (Ooft +01f?) Do f?.

Note that if f € W?2(0;R?) then Df € Wh2(0;R?*?) so the trace of its components is well

defined and henceforth we can understand the boundary condition

2Dun-t+au-1t=0
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on 00 to be in this trace sense. The same is true for v -n = 0. We look to impose these
conditions by incorporating them into the function spaces where our solution takes value, and
will always assume that a € C2(90;R) so as to match the regularity required in [22]. Recall
Wclr’2 = L2 N WL2(0;RY) from Definition 4.2.1; in the case of Navier boundary conditions,

we only consider N = 2.

Definition 4.2.11. We define W by

Wi’Q = {f GWQ’Z(ﬁ;]RQ)ﬂW},’Z 2(Dfn-v+af-t=0o0n 86"}.

The space Wi’z directly addresses part of the Navier boundary conditions. The role of VV},’Q is

made explicit below.

Lemma 4.2.12. W},z is precisely the subspace of WY2(0;R?) consisting of divergence-free
functions f such that f -n =0 on J0.

Proof. The proof is the same as Lemma 4.2.6, using that [129] Lemma 2.11 characterises L2
as the subspace of L?(0;R?) of ‘weakly’ divergence-free functions f also satisfying f-n =0
‘weakly’ on 00 O

Remark 4.2.13. As both D : W%2(0; R?) — W2(0;R?*2) and the trace mapping W12(0;R)
— L?(00;R) are continuous, then Wi’2, Wi’2 are closed in the W12(0;R?), W?2(0;R?)

norms respectively.

Once more it will be convenient to work in the (-,-);, (-,-), inner products introduced in

Proposition 4.2.7.
Proposition 4.2.14. The bilinear form (-,-), defines an inner product on Wig equivalent to

<'a '>W1»2(6’;R2)'

Proof. The proof relies on showing that the Poincaré Inequality holds for the component

mappings of functions in W}T’Q. The inequality (see e.g. [129] Theorem 1.9) holds for the

éﬂw:u

Observe that via an approximation with the set C§% which is dense in L2, one can conclude
that for all g € L2 and v € WH2(0;R),

component mapping f7 of f € W},’Q if

(9, V) =0

(this is the statement of [129] Lemma 2.11). Moreover by choosing ¢ as the function ¢(x!, 2%) :=

27, then

/ Fid\= (f,V) =0
%

so the Poincaré Inequality holds. O
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We shall also endow T/VO1 ’2(ﬁ ;R) with the corresponding one dimensional inner product, and

label it (-, ~>W1,2.
0

Proposition 4.2.15. The bilinear form (-,-), defines an inner product on Wif equivalent to

s dwzeomey-

Proof. We must show the existence of constants cq, ¢o such that for all f € Wi’%

2 2 2
il fllwze <IfIz < callfllwez -

The constant co can in fact be taken as 2, as

115 < IAFIP < 2 il -

The existence of such a ¢; is much more challenging and relies on estimates of the Stokes
Equation with the Navier boundary conditions, which has been proven in [145] Theorem 5.10.
We use, in their notation, that f = Au is a solution of the Stokes problem with 7 = 0, which

gives the result. O

. 21,2 15,2,2 . . . :
Henceforth we consider W, °, W~ as Hilbert Spaces equipped with the (-,-);, (,-), inner
products, unless otherwise stated. The following lemma will further facilitate our work in these

spaces.

Proposition 4.2.16. There erists a collection of functions (ax), a, € W32(0;R?) N V_Vi’Q,
such that the (ay,) are eigenfunctions of A, are an orthonormal basis in L2 and a basis in W},’Z.

Moreover the eigenvalues (\) are strictly positive and approach infinity as k — co.

Proof. This is the content of [22] Lemma 2.2, where (ag) is (vg) in their notation. The fact
that this system consists of eigenfunctions of A follows from (2.10) by taking P of the top line:
that is,

Arag = P (Mpdy) = P (—Aay + Vi) = Aag,

using that PVm, = 0 from Proposition 4.2.4. O
One can see that we are building a framework to parallel that of Subsection 4.2.1, though a
significant difference comes in the presence of a boundary integral for Green’s type identities.

What we achieve now is the following, recalling x € C?(00; R) to be the curvature of 90.

Lemma 4.2.17. For f € V_Vi’z, NS V_V(I,’Z, we have that

(Af,0) == (o)1 +{(k =) [, 0) 290.r2) -
Proof. This is demonstrated in [81] equation (5.1). O

Due to this boundary integral we will make great use of Lebesgue spaces and fractional Sobolev
spaces defined on the boundary d¢. The spaces LP(00;R?) can be defined precisely as in

Subsection 1.1.1 for 00 equipped with its surface measure, and in fact the same is true for
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W$2(00;R) with 0 < s < 1 and hence W*2(90; R?) in the same manner. Indeed this definition
is given in [67] pp.20, where it is shown to be equivalent to the often used definition locally
as the space W*2(R;R) via a coordinate transformation and partition of unity. The stability
under a change of variables ensures results of Holder’s Inequality and (one dimensional) Sobolev

Embeddings hold. The relation to the trace of functions in & is stated now.

Lemma 4.2.18. For % <s< % the trace operator is bounded and linear from W2(0;R) into
W5 22(90;R).

Proof. See [38] Theorem 1. O

We shall make use of this result for the characterisation of the fractional Sobolev spaces as
interpolation spaces. In fact the renowned book of Adams [1] defines these spaces in this way
(7.57, pp.250), and their equivalence is well understood (see for example [146] pp.83). A proof
of this equivalence relies on a norm preserving extension operator for the space as defined by
interpolation (which follows from the classical integer valued case, see [1] Theorem 5.24 and
[138] chapter 6), the equivalence of the interpolation space on R? with that defined by Fourier
transformations (see [1] 7.63 pp.252), the further equivalence of this space with our definition on
R? ([36] Proposition 4.17), and finally a norm preserving extension for this fractional Sobolev
space ([37] Theorem 5.4). Therefore there exists a constant ¢ such that for f € Wh2(0;R?)
and 0 < s < 1, we have that

1F ez < A 1F e - (4.7)

In particular for s = %, if the result of Lemma 4.2.18 were true in this limiting case (that is, an
embedding of W%Q( O;R?) into L?(00;R?)) then combined with (4.7) we would obtain

1£12200m2) < I F1 1 e (48)

This inequality is in fact true and is classical in the study of our problem (see for example [98]
pp-130, [81] equation (2.5)) though some additional machinery is required to prove it. In short
the result can be achieved by showing that the trace is a continuous linear operator from an
appropriate Besov space which similarly interpolates between L2(&; R?) and W12(0; R?) (see
[1] Theorem 7.43 and Remark 7.45 for the trace embedding, and the Besov Spaces subchapter
for the interpolation). Moving on we introduce the finite dimensional projections (P,,), where
P, is the orthogonal projection onto V,, := span{ay,...,a,} in L?(0;R?). That is, P, is
given by

n
P fe Y (frax)ar
k=1
One may ask if we have the corresponding result to Lemma 4.2.10, which would be the self-
adjoint property of P, in V_Vclf’z. The answer is unfortunately no, as the system aj is not

orthogonal in W},’? However, an equivalent inner product will be defined in Subsection 5.3.2

in which this property holds.

100



CHAPTER 4 - AN INTRODUCTION TO THE STOCHASTIC NAVIER-STOKES EQUATIONS

It will also be of use to us to consider the vorticity, which we do by introducing the operator
curl : Wh2(0;R?) — L*(O;R) by

curl : f — 01 f% — doft.
The vorticity is given by the curl of velocity. A significant property in the study of vorticity is
the following.
Lemma 4.2.19. For all f € WY2(0;R?), curl(Pf) = curlf.
Proof. If ¢ = Vg € WH2(0;R?) then curlg = 01029 — 2019 = 0, which from Proposition 4.2.4

establishes that curl (Pf) = curl ([P + PL]f) = curlf where P+ is the complement projection
[P on IX(6;R2). O

The curl is intrinsically related to the Navier boundary conditions through s, by the relation

proven as Lemma 2.1 in [22] which we state here.

Lemma 4.2.20. For all f € W?2(0;R?) with f-n =0 on 00, we have that
2(Dfn- v+ 26f -1 —curlf =0

on 00.
Moreover we can make the condition (1.5) discussed in the introduction precise.

Corollary 4.2.20.1. Suppose that f € W22(0;R?) with f-n =0 on 00. Then f satisfies
2Dfm-t4+af-1=0

on 00 if and only if it satisfies
curlf = (26 —a)f -1

on 00.

4.3 Operator Bounds

This section presents fundamental properties of the operators in (1.2), divided into Subsection
4.3.1 for the classical operators £ and A (the Stokes Operator, Definition 4.2.2) and Subsection

4.3.2 for the operator B appearing from the stochastic term.

4.3.1 Nonlinear and Stokes Operators

Firstly we briefly comment on the pressure term Vp, which will not play any role in our analysis.
p does not come with an evolution equation and is simply chosen to ensure the incompressibility
(divergence-free) condition; moreover in Subsection 4.4.1 we shall project the equation through
P which as established in Proposition 4.2.4 nullifies gradient terms. The procedure of solving
the projected equating and finding a pressure later is well discussed in [129] Section 5, and an

explicit form for the semi-martingale pressure for the corresponding Stochastic Euler Equation
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is given in [140] Subsection 3.3.

The mapping £ is defined for sufficiently regular functions f,g: & — RN by

N
Lig:= Zf](?jg.
j=1
Here and throughout the text we make no notational distinction between differential operators
acting on a vector valued function or a scalar valued one; that is, we understand 0;g by
its component mappings (8jg)l = 8jgl. We can immediately give some clarification as to

‘sufficiently regular’.

Lemma 4.3.1. There exists a constant ¢ such that for any f,g € W*2(0;RN) as specified in
the right hand side of the below, we have the bounds

ILrgll + Lo FIl < ellgllypre [1f 2.2 5 (4.9)
1£gf w2 < cllgllwra [[fllws. ; (4.10)
1£gf w2 < cllgllwzz [[fllwzz - (4.11)

In the proof of this result and throughout the thesis, we shall frequently use Sobolev Embeddings
according to Theorem A.4.13. Furthermore, in this proof we precisely deconstruct the norms of
the vector fields into components; having established that understanding here, we will omit

such details in future proofs.

Proof. For (4.9) starting with the term L¢g:

N N
L2(6:R) ZZH'f HLOOﬁR H ]g‘

Jj=11=1

L2(0;R)

N ' N N
12591 < DI 050] <305 | #s|
=1 =1 [=1
J NN | J
<ed D 17 w220 Hajgl’
j=11=1

<
L2(OR) — ¢ Hf”W?? HgHWI,Q

1/2
using that (Z{ilyam) < SN |ay| and the Sobolev Embedding W22(¢;R) — L®(0;R).

Similarly comes the bound

N N NN
ARSI R 2T D 3 9 ey LEy

=11=1 ’ j=11=1

N N N N '
> Sl oz 57 v < IR LIV (T -

Jj=11=1

LY(O:R)

.

IN
o

¢ gl 1f w22
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applying the embedding of W12?(&;R) — L*(0;R). This justifies (4.9). As for (4.10),

N
Lo G2 = 1L 17+ D NOwLy f 11

k=1

where

2 2 2 2 2
ILgfII7 < cllglliprz [1f w22 < cllgllpre 1f s

having applied (4.9), and

NE

N
SNt fIP < e XS (lona’ 01|+ llg'aud 1)
k=1

1

<.
Il

M=

+ o o]

I
o

M= V= T1= TV

N
5" (Jawra|:

L?(ﬁR)
1i=1
N

1; (H&cg HL2(6’R H JleLoo ﬁR)"‘ Hg HL4(ﬁR Hak Jf‘

L2(O;R)

WE

INA
o

L4ﬁR>

<H8k9 HL2(ﬁR H JleW22 OR) Hg HW12 (O5R) Haka leW12 ﬁR))

<.
Il

WE
WE

IA
o
TT

1j=11=1

<.
I

2
< cllgllire [l -

Combining these justifies (4.10). Indeed (4.11) is attained by the same procedure, instead
passing to the bounds

s

Jeaar];

L2(O:R) L2(O;R)

Hakg HL4(ﬁR H Jfl‘ + Hg HLoo OiR) H@k ]f‘

LA(O;R) L2(O;R)
and continuing as above.

O]

In fact, £ can be extended to W12(&; RY). Similarly to the above, for f,g € WH2(0;RN),

N
1£59ll o5 < €D N flla l1kgll < ell £l llglly (4.12)
k=1

having applied a general Holder Inequality, noting that 5 =3 Lyl 5, and using the coarse Sobolev
Embedding of W12(0;RY) into L3(¢;RY). Using that L5(0;RYN) is the Holder Conjugate of
LS/5(0;RN), and that W12(0; RYN) — LS(0;RN), then for ¢, f,g € WH2(0;RYN) the trilinear
form

(Lof,g) =(Lof,9) rersro (4.13)

is well-defined.
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Lemma 4.3.2. For every ¢ € Wi’Z, frg € WH2(0;RN) we have that

<£¢fa g> = <fa £¢g> : (4'14)

Moreover,

(Lof, f)=0. (4.15)

Proof. Of course (4.15) follows from (4.14) with the choice g := f and symmetry of the inner
product, so we just show (4.14). It is classical that the result holds in the case that ¢ has zero
trace (see e.g. [129] Lemma 3.2) by an approximation in W12(&; RY) of compactly supported
functions, though without that we have to do the integration by parts directly:

N
>3 (P08 )

1
( @019 >L2(ﬁ;R) * <aj¢jfl’gl>L2(ﬁ;R)>

<£¢f7

Mz

1

.
Il
—
Il

[
WE
Mz

1

<.
Il
—
—
Il

[
WE
WE

- 4(' 1), >L2(ﬁ;R)

~

1

N NN . .
Z;Z <¢Jflu 79 >L2(ﬁ;]R) +ZZ<¢Jfl7gan>L2(3@R)

=1 =1 I=1

<.
Il

J

where we have used that Z;VZI 9j¢7 = 0 (divergence-free) in ¢ and Z;VZI #n/ =0 (¢-n=0)
on 00, from Lemma 4.2.12.

O

Moving on to the Stokes Operator A, most of our analysis hinges on Lemmas 4.2.8 and 4.2.17.

We note just one further property here.

Lemma 4.3.3. AP is equal to A on W22(0;RY).

Proof. We call upon the representation (4.3), noting from Lemma 4.2.3 that for f € W22(0;RY),
Pf e W22(0;RYN) hence ¢ = Vg from (4.3) also belongs to W22(&; RY). Evidently,

Af =A(Pf+Vyg) = APf + AVg.
The result would thus be true if AVg = 0. This is not difficult to see however, as
AVg=—-PA(Vg) = -PV(Ag) =0

observing that Ag € W12(0;R) given Vg € W22(0;RY). O
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4.3.2 Diffusion Operator

Continuing the notation used in Subsection 3.1.1 for B defined over the basis vectors (e;) by
B(e;) = By, recall from the introduction that B is defined relative to vector fields (¢;) : ¢ — RV
for sufficiently regular f : @ — RY by

Biif Y (0,0 + 17ve] ).

j=1

To distinguish between the roles of the above terms, we rewrite
Bi:fr Egif—*—ﬁif

where L is as before, and 7 is a new operator that we introduce defined by
N
Tof =) Vg
j=1

We shall assume throughout that each &; belongs at least to the space W},’Q. If for some fixed
m € N we have & € W+22°(¢0;RY) then for all k = 0,...,m + 1., f € W32(0;RY) as
prescribed by the right hand side,

1Te flGne < elléillirsne [1f e (4.16)
16 flfne < eléilliyrce I [Fpmsne (4.17)
I1Biflfya < e léllfymsnce 1 flfmine - (4.18)

We assume throughout this section that each &; € W},’Z N W2 (0 RN). Moreover Tg, is a
bounded linear operator on L?(&; RY) so has adjoint 72‘ satisfying the same boundedness. In
conjunction with property (4.14), L, is a densely defined operator in L?(¢; RY) with domain
of definition W12(¢; RY), which is anti-symmetric with same dense domain of definition.
Likewise then B; is the densely defined —L¢, + ’72‘ Our techniques centre around energy
estimates, where the key idea as to how we preserve these estimates in the case of a transport
type noise owes to the following proposition. The result has been understood on the torus but
perhaps not on a bounded domain, and I have not seen a complete proof for arbitrarily high
orders. The cancellation of derivatives is truly the crux of recent analytical developments for

transport noise.

Proposition 4.3.4. There exists a constant c such that, for each & and for all f € WkT22(0; RN)

with k =0,...,m, we have the bounds

(BYf, £ o + IBifne < clléilliynrase | fivkz » (4.19)
(Bif, Pirnz < cll&ill3yistoe || fllfyes - (4.20)

! We understand W°? as the corresponding LP space.
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Proof. We begin with showing (4.19), tasked to control

(BEf. [yne + 1 Bif[fyne (4.21)

and do so with each derivative in the sum for the inner product: that is, we are looking at
(DB f,D*f) + (D*B; f, D*B;f) . (4.22)

We consider B more generally as By = L4 + Ty, such that Bg, = B;. With this notation, we
simplify the derivatives in (4.22) by writing

D*Be,f = Y Bpa-we, D f

o' <a

= > Bpa-w, DY f + B, D°f. (4.23)

o' <a
Plugging this result in, we also see that

D“Bgi f = DBy, (B, f)
= 3 Bpeare DY B f + B DB f

a'<a

which we will use in our analysis of (4.22), reducing the expression to

< Z BD"—al&Da/sz‘f + B&.DO‘B&f, Daf> + <DaB§if7 Danif>
o' <a

which we further break up in terms of the adjoint Bg‘i:

< > Bpa-we, DV Be f, D" f> + (D*Be,f, BL D“f) + (D*Be, f, D*Be, f) (4.24)

o' <o
requiring that D®f € W2(¢;RY), which is satisfied by the assumption f € W*+22(¢;RN).
By summing the second and third inner products and using (4.23), this becomes
< 3" Bpa-wre, D B/, Do‘f> + <D“B§l.f, BEDYf+ Y Bpa-we D f + B&.Daf>
o'<a o'<a

which we look to simplify by combining BE‘Z, and By, noting that
B;(JrBi :Ezi +7;*+‘C§i+7;:7;*+7;'
Indeed we arrive at the expression

(Y Bpuw DY Bef,D°f) + (D°Bef, (Te + TE)Df + > Bpawe D f).

a'<a a'<a

As we are looking to achieve control with respect to the W*2(&; R™) norm of f, then it is the

terms with differential operators of order greater than k that concern us. Of course this was
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the motivating factor behind combining By, and its adjoint, nullifying the additional derivative
coming from Lg¢,. There are more higher order terms to go though, and the strategy will be to
write these in terms of commutators with a differential operator of controllable order. This will
involve considering different aspects of our sum in tandem, which will be helped with (4.23)

reducing our expression again to

( 22 Bpawe, D" Bef, D)

o' <a

+ (Y Bpe-se,D°f + BeDf. (T + TE)Df + Y By D'f).

B<a o' <a

Ultimately the terms in the summand are split up into

(B, Df, (Te; +T&) D) (4.25)
+( X2 Bpese, DL (Te + TE)D + 3 Bpa-we DVf) (4.26)
B<a o' <a
+Y (<BDM, ¢ D' Be, f, D f> + <B&.Da f. Bpa—arg, D f>> (4.27)
o' <«

with the intention of controlling each one individually. Firstly for a treatment of (4.25),

(4.25) = ((Le, + Te,) D f, (Tg + Te, ) D f)
= (Le, DY, TEDf) + (Le, D f, Te, DV f) + (T, D* f, T D ) + (Te, D, Te, D f)
= (<7giE§iDavaaf> + <‘C§iDafv7EiDaf>) + (<72Daf’Daf> + <7ZiDaf’7EiDaf>)'

We now bound the brackets in terms of |[D®f||* separately, starting with the latter one as
(TED £, D f) < |TEDFIIDfIl < e liillyoe 1T D FIIDFI| < elléslfy 1D £
and similarly
(T D°f,Te, D f) < | Te, DfI| | Te, D fI| < elléilliyr.e |DVf]* -

Now for the first bracket, we add and subtract a term to have an expression through the

commutator of the operators:

Te,Le, DV f, D f) + (L, D f, Te, D f)

(Te,Le, — L&, Te, ) D f, D f) + (Le, Te, D f, D f) + (L, D f, Te, D f)
(Te,Le, — L&, Te,)Df, D) + (Te, D*f, LED ) + (Le, D* f, Te, D* f)
(TeiLe, — L&, Te,) D f, DV f) .

{
{
{
{
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The commutator term is given explicitly through
N N ' A N N
TelLe Df =Te (Y &o,0°F) =Y (ijajmf) veh =YY gopo ek

j=1 k=1 j=1 k=1 j=1

and

M=

Le,Te, D°f = L, (

N N N N
Do fivel) = o (D Do rtvel) = 303 €loy (0o shvek)

1 j=1 k=1 =1 k=1

M= =

j=1

(/0,00 fovek + &l D fro;vek)

B
Il

1

such that N
(Te,Le, — Le,Te)Df = - ZZ & Do fro; vk,
=1 k=1

Therefore

N N
I(Te e, — LeTe)D? 1 < €0 el Do f40y9ek goroct],,
j=1 k=1 7=1k=11=1 )
N N N
a rk
= C;;; Lo (05R) HD !/ ‘ L2(O5R)
< clléillivze ZZZ HDafk’ L2(O}R)
J=1k=11=1

< clléilifyzce |1 DS
and
((Te.Le, — LeTe,)Df. D*f) < |[(Te.Le, = L& Te) DfI 1D £l < c€illyye 1D I
Combining these inequalities we determine the bound
(4.25) < c|l&illfyzeo 1D

As for (4.26) we look to use Cauchy-Schwarz and bound each item in the inner product. Indeed
straight from (4.18) in the L?(0;RYN) setting, by simply replacing & with D~ A¢;, we have
that

2 2
|Bowse 02| <], [P%7] ., < cleBrmene 1Fa

Moreover,

2 2
ZBW&-DﬁfH < ||Bonse D2 f[ < el e 113 me
B<a B<a
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In addition to this,
[(Te, + T&) D || < 1T, £l + || TE D £|| < elléillyrsroe 1D £]

using the equivalence in operator norm of the adjoint. Together this amounts to

(4.26) ‘ZBW %DﬁfH H7g+7g D*f+ Y Bpa-ag D" fH

f<a a'<a
< || s (W T2 | 2]
B<a o' <a

< clléilrrnoe 1w (e Néilwrnoe ID7FU 4+ e l€llirnoe 1 ez )

< e &illfyrsre 1 f s -

Let’s now turn our attentions to (4.27), which for each o’ in the sum we rewrite as
<Daf7 BDozfo/é-i.Da B£1f+ BgiBDafa’é-iDa f> (428)

and employing (4.23) again we see this becomes

<Daf’ BD““’&( Z BD"‘/*BEiD/Bf + B&DO‘ f> + BgiBDa*a/éiDa f>
B<a’

=(Df, > Bpa-we,Bpa—se. DPf) + (D*f, Bpa-w Be, D f + B Bpa-are, D [ ).
& & & &

p<a’

We have split up these terms to make our approach clearer, as the two right hand sides of the
inner products will be considered separately. For the first inner product, two applications of
(4.18) give that

[Bon-wrs Bo-se D1 < el s,

o o],
a'—p
el

< clléillyprrrce [1F[fyes -

w2

< CHDO‘_O‘ &

21,.)

W2,00

Moreover,

2 2
4 2
H Daa’szDalﬁngﬁfH S c HBDQ*O/EI-BDO‘/*BEZ-D/B]CH S c HgA‘wk-!—l,oo HfHVVk’2 :
B<al

As for the second inner product, we rewrite the right side as
Bpa-arg, ((Le; + Te) DV f) + (L5 + T¢) Bpa-are, D f
and further

(BDa_algicgi - ﬁgiBDa_algi)Da f + BDa_algi%iDa f + EjBD&_&lgiDa f (429)
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Starting with the latter two terms,
o 2 a—a/ 2 o’ 2
IR T It e
a—ao/ 2 2
<c|pa| . (clgiliveq

< c|l&illpreroo 1FlFyne

w2
o

o)

and likewise

2 2
* / 2 4
H Te;Bpa-are, D° fH < c|éillwre HBDQ—Q’&DQ

2 a—a’ 2
< el (e 0",

< cl|éillyrsroe | fIyne -

2
)

s

Now we show explicitly that the commutator in
(BDafo/é-iﬁgi - ﬁEiBDaia/fi)Da/f (430)

from (4.29) is of first order (so of & order when composed with D®'), through the expressions

Bpo-ae Le, D f = i(m—“’éz@(iﬁakm) (ZéakD“ )AVD“‘“’@“?)

=1 k=1

N N o )
»y (DM 0,50, f

Jj=1k=1

.

+ Do elek9,0,DY f + ko, DY ijDa“'§f>

and

N N
ACfiBDafa/EiDa/f o ng‘ak ( Z Da—a’é.gajDa/f + Da/ijDa—a/£g>

k=1 j=1
N N
=3y (gza D='glo;D f + EFD ¢l 9,0,D” f
# DY YD + DY pov D))

such that

N N
(430)=> > <Da—a’g{ajgfakm’ f—&ro,Doel 9, D f — eF DY fjakvm—a’gg>

j=1 k=1
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and in particular
N N ) 2
J(430)> <SS < |p=e'eosctarn |
j=1 k=1
/ y / 2
+||ekanpee'elospe |+

=553 (Jodostas |

j=1 k=1 i=1

DY g v Dl

)

L2(O;R)

+ ||eFDY fIopa D 53

558 DY ag]a D fl‘

om)

L2(OR)
<CH§zHWk+2ooZ_;kZ”Z;<H3k afl‘LzﬁR)
0y + 1P )

< el (ST + s+ 33| 1])
7=1 k=1

<c Hfz'HWkH»oo HfHWk2 .

Finally now we can piece these four inequalities together to produce a bound on (4.28):

1(4.28)] < | Df]| ‘ 3" Bpacwe Bpwr—se, D + (4.29)H
Bs<a’
<1051 (|| 3 Bow-vrg Boni-se D1+ B T
B<a!

[T B D% ] + 0301 )
< D21 (Feipuon e + 16l nese 1oy

& e [l + 6l 2esan ufuwm)

< e D1 (&l fynsace 1 lpez )

< cll&illfyrsace [1flFyes

and subsequently of (4.27):

(427) = > (428) < e Y [l&lfprsace [ flliyee < clléillfyrezc |l

a'<a a'<a

We can now conclude the proof of (4.19) by observing that
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(421) = > (4.22)

= > (4.25) + (4.26) + (4.27)

la| <k

2 2 2 2 2 2
<e) <||£z'||w2oo DS + WEillwnroo [1f ez + [16illpes 2.0 ||f|!wk,2>

| <k

<o S0 elBram £

la|<k

= cl&llfyrizce 15 -

As for (4.20), using (4.23) once more, we see that for each « in the sum for the inner product,

(D*Bif, D) = | Y Bpa-we, D" f + Be,Df,D°F )|

o' <a

= < Y Bpa-we, DV, Daf> T {Ba DO D) ‘

o' <a

IN

(S Bpuao D £.D°F)| + (T, D%F.D° )|

a'<a

using the cancellation from (4.15) to dispose of the order k + 1 term. In our treatment of (4.26)
in (4.19), we showed the bound

) Bm-%DﬁfH < cléilhpren 1 g

[B<a

and therefore

(D Bpuwe DY £.0°F)| < clléillynsoe Iflwea ID°FI < el&llwrsn.o 1F1ee

a'<a

whilst a simple control on the second term yields the result. O

The penultimate result of this subsection is completely analogous to Lemma 4.3.3.

Lemma 4.3.5. We have that
Bi: Ly (0;RN)n W (0, RY) — Ly (0;RY)

and moreover that PB; = PB;P on W12(0;RY).
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Proof. For Vg € L (0;RN) n Wh2(0;RN),
Bi(Vg) = L, (V) + Te,(Vg) = Y _&10;(Vg) + > _0;9VE => & (Vo) + > (VE)d;g
Jj=1 j

Jj=1 Jj=1 J=1

N
=V o9 e L2H(O;RY)
j=1

using in the last line the assumption that Vg € Wh2(£; RY) and that & € WH°(0;RY). The
property PB; = PB;P follows identically to Lemma 4.3.3. O

We note that this result holds true only in the presence of the additional 7¢, term in the
operator, highlighting the significance of considering a noise which is not purely transport. In

the case of strong solutions, we shall also use Proposition 4.3.6 below.

Proposition 4.3.6. There exists a constant ¢ such that for every f € W32(0;RN),
A, BiFI? < ell€illiysse 171y
where [A, B;] is the commutator
[A, Bi] := AB; — B;A.
Proof. Recalling (4.23), we have that
0iBi = Bype, + 2Bo,¢, 0 + B0},

SO

N
A, B;] = Z BB,%&' + QBakgiak
k=1

hence the bound follows from (4.18).

4.4 Formulation of Solutions

This section draws together the previous two in establishing how the addressed function spaces
and operators allow us to format the problems (4.1), (4.2) in terms of the framework from
Subsection 3.1.1. Subsection 4.4.1 converts (1.2) into the desired form (1.1). The framework of
problem (4.1) is described in Subsection 4.4.2, and for problem (4.2) in Subsection 4.4.3.

4.4.1 Projection and Ité6 Conversion

Recall the equation (1.2),

¢ ¢ ¢
Up = UQ — / Loy usds + V/ Aug ds — / Bug o dWs — Vp, (4.31)
0 0 0
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as well as the abstract form (1.1),

t t
v, =9, +/ A(s, ®,)ds + / G(s, Ws)dW; (4.32)
0 0

treated in Chapter 3. There are two key differences between (4.31) and (4.32). The first of
those is the pressure, which is not directly given as a function of u; as described at the start of
Subsection 4.3.1, it is commonplace to solve the equation under the Leray Projector P and

subsequently append a pressure to it. Following this, we first consider the projected equation
t ¢ t

Up = Uy — / PLy usds — V/ Augds — / PBug o dW, (4.33)
0 0 0

where A is the Stokes Operator —PA, and we assume that u;, ug € L2. The second difference
owes to the Stratonovich Integration as opposed to It6. A rigorous connection between the Itd
and Stratonovich forms was made in Subsection 2.2.4, and we note that (4.33) is of the form
(2.13) for the operators

Q:=—(PL+VA), G :=-PB.

Theorem 2.2.20 thus motivates the corresponding It6 form as

t t 1 [t t
U = Ug — / PLy us ds — 1// Augds + 2/ Z(PBi)2usds — / PBugdWs.
0 0 0 3 0

Courtesy of Lemma 4.3.5, we observe that (PB;)? = PB;PB; = PB? so we may rewrite this

equation as

[e.o]

t t 1 [t t
Up = Ug — / PLy us ds — 1// Augds + 3 / ZPB?usds — / P BugdWs (4.34)
0 0 05 0

which completes the transposition of (4.31) into the form (4.32). The equivalence between
(4.33) and (4.34) is dependent on the nature of solutions considered, and whilst we primarily
work with (4.34) hereafter, explicit solutions to (4.33) will be revisited.

4.4.2 No-Slip Boundary

Problem (4.1) fits the framework of Subsection 3.1.1 in the sense of equation (4.34), the spaces

Vi=W22 H:=WwWh? U:=1L?

(o
and operators

J RN
A:—(P£+VA)+2;7DB,., G:=—PB.

We use the basis (ag) specified in Proposition 4.2.9, and assume that each & € V_[/(l,’2 N
W22 (0;RY) with Y2°°, [|&i]|52.0 < 0o. The remaining aspect of the framework not addressed
is how the operator A extends to A : Wh? — (W012> . For f € I/ng7 g€ W;’z, from (4.13),
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Lemma 4.2.8 and the definition of the adjoint B},

<P£ff7 g> = <£ffa g>L6/5><L6
(Afvg> = <fa.g>1

<§ >_PBIf g> = > (Bif. Big)
=1 i=1

where the right hand sides are well defined for f € Wa2. Thus we extend A from the dense
W22 to Wh? as a mapping into (ng ’2> by the following duality pairings, for f,g € W2

<7D‘Cff7 g)(w{}’z)*xw[}ﬂ = <£ff7g>L6/5XL6
<Af? g)(W;,z)*XW;,z = <f7g>1

(33 7o) LS ).
i=1 =1

(Wa?) xwy?

Finally, it should be noted that the noise operator PB; does not necessarily map from w2
into We ’2, but only into the larger space W},’z given that P does not preserve the zero-trace
property in general. This motivates the need for the extension H used in Assumption Set 3,
Subsection 3.4.1.

4.4.3 Navier Boundary

Problem (4.2) fits the framework of Subsection 3.1.1 in the sense of equation (4.34), the spaces

and operators

_ I pp2 —
A= (P£+VA)+2;PBi, G := —PB.

We use the basis (aj) specified in Proposition 4.2.16, and assume that each & € W},’Q N
W2(0;RY) with S22, H&H%VQ,OO < oo. We finally extend A : V_V},’2 — (V_V(l,2> from the

dense domain W?. The only difference from Subsection 4.4.2 is in the Stokes Operator, as
from Lemma 4.2.17 for f € Wi’Q, g€ W},’Q,

(Af,9) = (f,9)1 — (k= a)f, g>L2(8ﬁ;R2) .
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Therefore, the extension is prescribed by the following duality pairings for f, g € V_V},’Q:

(PLyf, g>(W};2)*><W},’2 =(Lyf, g>L6/5><L6

<Af7 g>(W[1,’2)*><W;’2 = <f>g>1 - <(K‘ - a)fag>L2(aﬁ;R2)

1 & 1 & .
i=1 (W1,2)*le,2 i=1

4.4.4 Vorticity Form

An alternative way to consider the equation (4.31) is through the vorticity form, where the
vorticity w is given by curlu. Use of the vorticity form will prove important in Subsection 6.3.2,
and strong solutions will be directly considered in Subsection 5.4.2. Passage from (4.31) to the
vorticity form arises from taking the curl of the equation. The results differ in the cases of two
and three spatial dimensions; we begin with the case N = 2. Recalling Lemma 4.2.19, as well
as the classical result that curl(Ly¢) = Lg(curlg) (e.g. [129] Subsection 12.4), then it is clear
that
curl (PLyu 4+ vAu) = Lyw — vAw.

For the stochastic contribution, we demonstrate the following.

Lemma 4.4.1. For ¢ € W2%(0;R?), curl (B;¢) = Lg, (curl®).
Proof. The approach is direct:
curl (Bio) =01 [ Y- [¢10,0* + 0ue]| | -0 | - [0t + dre]]
=1 =1

= Z (815?(%‘(252 +E1010;¢% + 81070087 + ¢j3152§g>

[y

<

- Z <82§f<9j¢1 + 000, + 87016 + ¢j3281§zj)

Jj=1

I
M

(01€/0,6* + €1010,0% + 010 0a] — 02610;6" — €] 0200 — DI D1E] )

<.
Il
-

2

M-

£19; (01¢* — daop') +

1 J

(016/00% + 016008l — n€] 00" — DadOn] ) .
1

J

Observe that the first sum is simply L¢, (curlg), so it is sufficient to show that the second is

zero. We expand out the summation:

(016010 + 010" 02&] — 0261 010" — D20' D1})
+ (01620207 + 01670287 — Da62000" — 20701 E7)
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for which the only remaining terms are

NE]019% — D0 01} + 0197027 — 0aE2 000"

or simply
2
(curlg) Z 0;&!
7j=1
which is zero given that &; € W},’Q is divergence-free. O

Moreover, curl (PBju) = L¢,w and curl (PBZu) = L, [curl (Bju)] = Egiw. Taking the curl of
(4.34) thus leads to the equation

¢ t 1 [t 00 ¢ ‘
wp = wo — / Loy wsds + V/ Awg ds + 3 / Z Egiwsds — Z/ Lews dWS. (4.35)
0 0 0 — Jo

=1

Let us move on to the case N = 3. The curl takes on a new definition here, which is the
true definition; for the curl of a two dimensional vector field, one can simply identify this
three dimensional vector field with a scalar function. We defer further explanation to [8], and
introduce the curl of a function f € W12(&;R?) by

Oaf® — 05 f°
curlf := | 931 — 01 f3
O f? = af!

We proceed by taking this three dimensional curl of the equation (4.34). There is no change for
the Stokes Operator, though to denote the effect on the nonlinear term we introduce notation

of the Lie Derivative .# defined on sufficiently regular functions f,g: & — R3 by
Lrg:=Lg— Lyf. (4.36)

In [129] Subsection 12.1 it is shown that, with notation 1 := curlf, curl (L¢f) = L51p. We

now consider how the curl operation interacts with the stochastic term.

Lemma 4.4.2. For f € W?2(0;R3) and 1 := curlf, we have that

curl(Bif) = ggz”l/} (437)
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Proof. We shall show only that the identity (4.37) holds in its first component, with the others
following similarly. To this end we calculate the first component of the left hand side of (4.37):

[curl(B; f)]' = 0,[B; f]* — 05[B; f]?

3 3
=0, (Z o1+ fj(?af{) — 03 (Z o1’ + fjﬁzéf)

j=1 j=1

]

(0a6105 1% + €000, + 021 058] + [10205] )

<.
Il
—_

=3 (3s803r* + 050,12 + a1 008] + P 0056])

Jj=1

3
=3 (0801 + 020, + 0af1058] — D8]0,/ — €] 0503 £ — D 1] )
j=1

3 3
=S 0,0~ 0af?) + > (01058 + 027068] — 58]0, % — 03108] )
i=1 j=1
3
= [l + 3 (0260, + O 0ue] — 58]0, — D17 0ne] ).

7j=1

Therefore it remains to show that
(0287037 + 0217 048] — 04€10,” — D008 ) = ~[Ly6" (4.38)
=1

J

We expand the sum in (4.38) to

(0261011 + Do f' 058} — 03 O1f* — O3 f' D))
+ (226200 3 + Do f20567 — €200 [ — D3 f20062)
+ (€205 12 + Do f3056} — D3E305 12 — D3 f30063)

achieving some immediate cancellation in the second two brackets to

(0061013 + Do f105E} — 036} 00 f* — D5 f100€)})
+ (026702 f° — 03 f20087) + (02f° 058} — 03605 17) .

We now simply rewrite the above by combining like terms, into

D&l (O1f% — O3 f1) + 03&; (Oaf ' — O1f?) + (02} + D3E)) (02 — O5f7)

or more succinctly as

— s — D&} + (0267 + 03E) 0!
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to which we add and subtract 9;£1! to arrive at

3 3
=Y o+ (@‘Ef) Pr
j=1 j=1

The first term is precisely —[£¢§i]1 as we wished to show, appreciating that the second term is

. : . =-1,2
zero given the divergence-free condition on & € W _~.

O

In three dimensions, the vorticity form is thus motivated as

¢ ¢ 1 [t 00 A
wy = Wy — / L wsds + V/ Aw, ds + B / Z.ﬂéwsds — Z/ Lews dWS.  (4.39)
0 0 0 =1 i=1"0

Of course we have arrived at this equation from the velocity form, where the velocity u persists
in the formulation. Consequently the equation is not closed in w, nor is a path from the
vorticity of the fluid to its velocity prescribed. These questions are addressed in the following

result.

Theorem 4.4.3. There exists a mapping K : 0 x 0 — R3 such that for every ¢ € wrin
WkEP(0;R?) where k € NU{0}, 1 < p < 0o, the function BSk¢ : € — R? defined X\ — a.e. by

(BSxo)(w) = | Klam)otw)dy (4.40)
s such that:
I BSico € L3(0;B) 0 WHa(0 B);
2. curl(BSk¢) = ¢;

3. There exists a constant C' independent of ¢ (but dependent on k,p) such that

I1BSk @1 < Cldllwns -
Proof. See |41] Theorem 1. O

It should immediately be noted that such a K is not claimed to be unique, and in [41] is
explicitly shown to be non-unique, however it does allow us to identify a velocity from a given
vorticity satisfying the divergence-free and zero-trace boundary conditions. Furthermore we
can fix a specific K from the class of admissible integral kernels postulated in Theorem 4.4.3.

We thus understand the nonlinear term as a mapping

¢ = LBk o?-
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This mapping shall at times be simply denoted by .Zpg, , and the equation (4.39) is thus closed

in w by the form

t t 1 [t 00t ,
wy = Wy — / LBScw,Ws ds + V/ Aw, ds + 5 / Zﬁéwsds — Z/ Lews AW, (4.41)
0 0 0 =1 i=1 "0

Absence of the Leray Projector in (4.41) is critical in allowing us to prove the existence of local
strong solutions in three dimensions on a bounded domain, which may not be a core result of

the thesis but we still find worthy of some exposition in Subsection 5.4.2.

120



CHAPTER 5

—>0(C—D0<

WELL-POSEDNESS FOR THE STOCHASTIC
NAVIER-STOKES EQUATIONS

5.1 Introduction

Having established various formulations of solutions of the equation (1.2) in Section 4.4, we
now state and prove precise existence and uniqueness results under the different conditions.
To underline the contributions of this chapter, we mention again that no existence result for
analytically strong solutions of a fluid equation under a transport type noise on a bounded
domain was previously known, aside from the case where the gradient dependency in the
noise is assumed small relative to the viscosity as seen in [16] (which is necessary in the Itd
case). Such an assumption requires little to no extensions of the proof in the case of a general
non-differential multiplicative noise, as the additional derivative can be directly controlled
with the viscosity in energy estimates (see [58] for a bounded multiplicative noise in the
Navier-Stokes Equations with no-slip boundary condition). For a Stratonovich transport noise
the assumption may not be necessary, as conversion to Itd6 form yields a corrector term which
may provide cancellation of the top order derivative arising from the noise in energy estimates;
the mechanism of cancellation was demonstrated in Proposition 4.3.4. Whilst this control has
facilitated the existence of analytically strong solutions of Stratonovich transport equations on
the torus or whole space in many settings ([3, 30, 32, 33, 91, 92, 141]), the situation is very
different for analytically strong solutions with a boundary. The difficulty lies in the energy
norm for the solutions: for strong solutions this is produced from a W2 inner product, a space
in which the Leray Projector is not an orthogonal projection and indeed does not commute
with the derivatives entering into consideration from this inner product. The Leray Projector
fails to preserve the zero trace property, and in general destroys our boundary estimates in the
tangent direction. The key property which we exploit in the present chapter is that the Leray
Projector maps not into a zero trace space, but instead a space satisfying a specific choice
of Navier boundary conditions; even though this space does not need to match the Navier
boundary conditions imposed, it is only in the Navier boundary case and not the no-slip case
where strong solutions are proven to exist. To avoid excessive technical detail here, we defer a

more thorough inspection of this difference and its role in our proof to the conclusion of this
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chapter. Whilst we also prove new existence results for analytically weak solutions on bounded
domains, they were most likely expected and do not require much novelty to solve. The jump
in technical difficulty for strong solutions is explained in the conclusion. The structure of this

chapter is as follows:

e Section 5.2 is concerned with the no-slip boundary condition, established as problem (4.1)
and precisely formulated in Subsection 4.4.2. Martingale weak solutions are obtained in
3D (Subsection 5.2.1), whilst unique weak solutions are achieved in 2D (Subsection 5.2.2).
The method of proof is an application of the theory developed in Chapter 3.

e Section 5.3 addresses the Navier boundary conditions, established as problem (4.2) and
precisely formulated in Subsection 4.4.3. Only two spatial dimensions are considered, in
which unique weak solutions are attained (Subsection 5.3.1), with unique strong solutions
following under the technical assumption that o > x (Subsection 5.3.2). Once more, the

method of proof is an application of the theory developed in Chapter 3.

e Section 5.4 deals, in less detail, with other variants of the problem in which unique local
strong solutions are shown to exist in 3D. For the no-slip condition, such solutions are not
yet known to exist. In Subsection 5.4.1 results on the torus T? are presented, where in
fact additional regularity on the solutions is shown in order to truly solve the Stratonovich
Equation in L2. In Subsection 5.4.2 we do return to a bounded domain, however we
can only obtain solutions for the vorticity form presented in Subsection 4.4.4 under the
free boundary condition. These problems are tangential to the core thesis so we do not
give complete proofs, deferring to the author’s paper [63]; instead we state the results
and describe how they are accomplished as an application of the theory presented in
Subsection A.3.

e Section 5.5 is the conclusion of this chapter, discussing in some more detail how we have
overcome the critical challenges in our novel contributions and what problems still remain.
More precisely, we explain why the existence for strong solutions is of a technically
greater challenge than for weak solutions and how this has been resolved, the necessity
of constraining « > & for strong solutions under Navier boundary conditions, and why
we could only prove the existence of strong solutions under variant conditions to the

traditional no-slip boundary.

5.2 No-Slip Boundary

Recall that ¢ C RY, where N will be chosen as either two or three in the results of this
section. Solutions of problem (4.1) are presented in this section: martingale weak solutions in
3D in Subsection 5.2.1 as well as weak solutions in 2D in Subsection 5.2.2. The solutions are
obtained through an application of the theory developed in Chapter 3, for which we recall from
Subsection 4.4.2 that the framework of Subsection 3.1.1 is satisfied for the spaces

Vi=Ww2>»?  H:=WM  U:=L2

(e
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and operators

J RN
A:—(P£+VA)+2;PB,-, G :=—PB.

5.2.1 Martingale Weak Solutions
This subsection is dedicated to the proof of Theorem 5.2.1 below.

Theorem 5.2.1. Let N =2 or 3, ug € L™ (Q; L%) be Fo—measurable, (&) € W},’Q N W2
with 72, ||§¢H%,V2,oo < 00. Then there exists a filtered probability space (Q,j'", (j-'t),If’), a

Cylindrical Brownian Motion W over 8L with respect to (Q,j'", (j:t),If’), an Fo—measurable

tio : Q — U with the same law as ug, and a progressively measurable process i in WE? such
that for P — a.e. w, @i.(w) € Cy ([O,T];Lg) N L2 ([O,T]; W;2> and

¢ ¢ 1 & ¢ ~
Uy = U — / PLy s ds — 1// Atigds + 2/ ZPB?&Sds — / PB(us)dWs
0 0 05 0

holds P — a.s. in <Wo}’2)* for allt €[0,T7.

Theorem 5.2.1 would be proven as a direct application of Theorem 3.2.7 if we verify Assumption
Set 1 (Subsection 3.2.1). We demonstrate the assumptions in turn, where ¢, € W2? and
fe W;’2. We shall frequently use, without explicit reference on each occasion, that P as an
orthogonal projection in L?(€; RY) is a bounded linear operator on this space with operator

norm bounded by 1.

3.2.1: Firstly for (3.3),

2
IPLifllwrzye = sup (Lpfom) < sup (Lpfllpess 1nllge < cllLpfllpes < cllflly
1,2 1,2
T)GWG 77€Wo'

recalling (4.12). The remaining terms of (3.3) are immediate, using (4.18). For (3.4), we
have that

IPLsp — PLyY|® = |PLy—yd + PLy(¢ — )|
< e (ICo-vol” + I1Lu(6 = ¥)I)
<c (||<z> — ¢l lly + llo — vl ||w||%)

having applied (4.9). The remaining verification of (3.4) and (3.5) is clear, using linearity
of A, B; and the bound (4.18).

3.2.2: Immediate from Lemmas 4.2.8, 4.3.2 and Proposition 4.3.4, setting v := v. We note use
of the bound

(PB¢,¢) + |PBig|* < (B¢, ) + || Big|?

before applying Proposition 4.3.4.
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3.2.3: The difficult part is again the nonlinear term, but employing Lemma 4.3.2 and (4.12),

N
(PLy, ) = = (6, Lof) < N18llpo 1€l oss < D 19N o 1912 10k

k=1

<cllolly lIollzs [1f1ly

to which we shift our attentions to the control on ||¢||;s. We apply the Gagliardo-
Nirenberg Inequality (Theorem A.4.14) to deduce that

16lls < 1ol [1]1

which is achieved directly in N = 3 with the values p =3, a =1/2, ¢ =2 and m = 1,
whilst for N = 2 we take p = 4 and use that [|¢||;3 < c||¢]|;4. This is a sufficient control
for the nonlinear term in (3.8). The remainder of Assumption 3.2.3 is again clear, using
the adjoint B} which satisfies the same boundedness (4.18).

3.2.4: Starting with the nonlinear term, similarly to what we’ve just seen and using (4.9),
<P£¢¢ - ,P['ff? w)(W;,z)*XW;z = <£¢—f¢ =+ Ef(¢ - f)7 w>
= (¢, Lo—ptp) + (& — [, Lp1))
N
< e N1ellze 16 = FIIOR s + N6 = FINLs]

k=1

N

<c (Z 161l e = F Okl + lo = FIHIf Il ||¢||z>
k=1

< cllglly (ol + 1) o = fII-

There is little else to prove for this assumption as the remaining terms are linear; we pass
A and (B})? onto 9 for (3.10), using Lemma 4.2.8, and B onto ¢ for (3.11).

Therefore, Assumption Set 1 holds and Theorem 5.2.1 is proven.

5.2.2 Weak Solutions
As expected we can do better in 2D, through an application of Theorem 3.3.5.

Theorem 5.2.2. Let N = 2, ug : Q — L2 be Fo—measurable, (&) € W;’2 N W22 with
S il < 00. Then there exists a progressively measurable process u in Wa? such that
for P —a.e. w, u.(w) € C([0,T]; LZ) N L? ([O,T];W§’2> and

t t 1 [t t
Up = Uy — / PLy us ds — l// Augds + 5 / ZfPBZ?usds — / P BusdW,
0 0 0 0
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holds P — a.s. in <WC}2) for all t € [0, T]. Moreover if v is any other such process, then u

and v are indistinguishable."

Theorem 5.2.2 would be proven as a direct application of Theorem 3.3.5 if we verify Assumption

Set 2 (Subsection 3.3.1). We demonstrate the assumptions in turn, where f, g € W,

3.3.1: The validity of Theorem 5.2.2 in two dimensions, but not three, hinges upon satisfaction of
this assumption for the nonlinear term. From two instances of Holder’s Inequality as well as
Theorem A.4.14 with p =4,¢9 =2, = 1/2 and m = 1, giving that ||f||;4+ < ¢ ||f||% 1£112,

IPLsflwp2ye = sup [{Lpfon)l = sup [(f, Leml < sup [ fllps [£5mll g1

lInll, =1 lInll, =1 lInll, =1

2
<c sup Y N fllallf s lenl < e sup £ Il

Il =1, =1 lInll, =1

< cllFIHIFIL (5.1)

so the contribution from the nonlinear term is confirmed. Bounding the remaining

operators comes from the definition of their norms, using (4.18).

3.3.2: First of all, note that

(PLsf ~PL, = 6 ayiyexwie = (Ly-of + Lo(f — ).~ )
= (Ly—of. F=g) < cllf =gl I =gl ],
<cllf =gl 115 + 5 1 = gl

having used Lemma 4.3.2 to achieve cancellation, following an identical control to the
previous assumption, and using Young’s Inequality. The constant ¢ is dependent on v,
which is not meaningful. Due to linearity of A, B; and using both results of Proposition
4.3.4, (3.50) and then (3.51) hold.

Therefore, Assumption Set 2 holds and Theorem 5.2.2 is proven. Having motivated this notion

of solution from the Stratonovich form, we provide an explicit result.

Proposition 5.2.3. Let u be the weak solution postulated in Theorem 5.2.2. Then u satisfies
the identity

t

(ut, @) = (uo, @) —/Ot (Lu s, @) dS—V/ (us, @) ds—/ot (Bus, ¢) o dWs

0
P—a.s. in R for every ¢ € W22, for all t € [0,T].

Proof. This is a two step proof. In the first, for any ¢ € W22 we hit the identity satisfied
by u by (-, ¢>(W1,2)*XW1,2, and with Proposition A.1.50 and reducing to (-, ¢), we pass to the

o

! Recall Definition A.1.32 for indistinguishability, equivalent to uniqueness as in Definition 3.3.4.
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equality

t t
<ut, ¢> = <u0, qb) - /0 (Pﬁusus, ¢>(W§’2)*><W1’2 ds — A <I/A’LL8, ¢>(WO}’2)*><W;’2 ds

1 [t/
+2/ <ZPBZ-2uS,¢>
0 \i=1

The second step is to apply Theorem 2.2.27 to deduce

t
ds—/ (PBus, ¢) dWs.
(Wa2)sxWa? 0

t t
<Ut, d)> = <U0, d)> - /0 <P£Usu87 ¢>(Wf}!2)* XW(}VQ ds — /0 <Z/Ausa ¢>(W;’2)*><Wc}'2 ds

t
—/ (PBus, ¢) o dW;.
0

P — a.s. in R for every ¢ € W22, for all t € [0,T]. The result now follows by definition of the

terms. OJ

We remark that the same holds true for the martingale weak solutions of Theorem 5.2.1.

5.3 Navier Boundary

In this section & C R2. Solutions of problem (4.2) are presented: weak solutions are given in
Subsection 5.3.1 whilst strong solutions are presented in Subsection 5.3.2. The solutions are
obtained through an application of the theory developed in Chapter 3, for which we recall from
Subsection 4.4.3 that the framework of Subsection 3.1.1 is satisfied for the spaces

and operators

_ Lo 2 —
A= (PL+VA)+2;PBi, G :=—PB.

5.3.1 Weak Solutions
The main result of this subsection is the following:

Theorem 5.3.1. Let a € C?(Q0;R), ug : Q — L2 be Fo—measurable, (&) € V_V(l,’2 N W2
with Y72, ||£Z||12/V2oo < 0o. Then there exists a progressively measurable process u in W}f such
that for P — a.e. w, u.(w) € C ([0,T]; LZ) N L? ([O,T]; W?) and

t t 1 [t t
Up = Ug — / PLy us ds — 1// Augds + 3 / ZPBizusds — / PBugdWyq
0 0 0 0

holds P — a.s. in <W},2) for all t € [0, T]. Moreover if v is any other such process, then u

and v are indistinguishable.
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Just as we have seen in the previous section, Theorem 5.3.1 would be proven as a direct
application of Theorem 3.3.5 if we verify Assumption Sets 1 and 2 (Subsections 3.2.1, 3.3.1).
Much of the proof overlaps with Section 5.2, and in fact the only difference lies in the Stokes
Operator. This owes to the boundary integral in the Green’s type identity Lemma 4.2.17, which

isn’t present in the corresponding no-slip result of Lemma 4.2.8. Thus, for f € W},’2,

1AF w2y = Sup )<f, M1 = (& = ) f1) 120082
mhi=

< ”Sﬁlpl <Hf”1 Inlly + llx = OéHLoo(aﬁ;R) HfHLQ(aﬁ;RQ) HUHm(aﬁ;R?))
mhL=

< Sup LA Ml + el linlly)
M=

<cl|fl

where the constant ¢ is dependent on « and x which is not meaningful, and we have used (a
coarser version of) the inequality (4.8). Through the same arguments, with the exact version
of (4.8),

1
2 2 2 2
20 (A, Py s < 2 (<IAR+ el 1A < 20 (= 1A% + DR + 51112
2 2
< —vIfI7 +ellfl
having applied Young’s Inequality, where ¢ depends on k, o, v. With these bounds, all of the

assumptions from Assumption Sets 1 and 2 follow exactly as seen in Section 5.2. This proves
Theorem 5.3.1. The analogy to the Proposition 5.2.3 also holds.

Proposition 5.3.2. Let u be the weak solution postulated in Theorem 5.3.1. Then u satisfies
the identity

t t
<ut,¢>=<uo,¢>—/0 <£u5us,¢>ds—v/0 (s, ), ds
t

t
+ V/ ((k = a)us, @) 29or2) dS — / (Busg, ¢) o dW;
0 0
P —a.s. in R for every ¢ € Wi’Q, for all t € [0,T].
Proof. Identical to Proposition 5.2.3. 0

5.3.2 Strong Solutions
This subsection is dedicated to the proof of Theorem 5.3.3.

Theorem 5.3.3. Let a € C?(00;R) be such that a > K, ug : 2 — Wi.g be Fo—measurable,
(&) € L2 HWS”Q N3 with 322, ||5z”12/[/3<>° < 00. Then there exists a progressively measurable
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Process u in Wi’Q such that for P —a.e. @, u.(w) € C ([O,T]; Wi’2) NnL? ([0, TY; Wi’Q) and

¢ t 1 [t t
Up = Uy — / PLy us ds — 1// Augds + 5 / ZPBgusds — / P BugdWs
0 0 0= 0

holds P — a.s. in L2 for all t € [0,T]. Moreover if v is any other such process, then u and v

are indistinguishable.

We shall prove the result through a direct application of Theorem 3.4.5, and Lemma 3.4.14 for
the continuity. We assume that a > « in accordance with the statement of Theorem 5.3.3. To
prove the theorem it is sufficient to verify Assumption Set 3, given in Subsection 3.4.1, as well
as the conditions of Lemma 3.4.14: namely that we can take H = H and that there exists a
continuous bilinear form (-, )y : L2 x Wi’2 — R such that for f € W}ﬁ and ¢ € W?f,

<fa ¢>U><V = <f7 w>H . (5'2)

To this end we will actually endow Wi,’2 with a new inner product, which we denote as
(o) g = {f, ) = (k=) f,¥) 12 90.m2) - (5.3)

Lemma 5.3.4. The bilinear form (-,-);; defines an inner product on W},’Q equivalent to (-,-);.
Proof. The result follows from the observation that

IFIF < AT = (5 = ) f, £) r2oomey < IFIT+ el AL < el FIG

having used that —(k — «) is non-negative and (4.8). Once more the constant ¢ is dependent

on k, a through their supremums. O

Remark 5.3.5. This result is exactly why we require o > k. The necessity of this requirement

1s considered in the conclusion.

Accordingly for ¢ € L2 and v € W>? we define
(& V) uxy = (&, A) (5.4)
from which the property (5.2) follows as
(f, A) = = (f, Ap) = (f,40); — (5 — ) [, ) 2 oomey = (Fs V)

through Lemma 4.2.17. Furthermore with the choice of H = H = W~ endowed with the (-, -) o
inner product (5.3), Theorem 5.3.3 will follow from validating Assumption Set 3. Towards
property (3.52) we consider the relation between (ax) and the newly defined H inner product:

(aj,ak) y = (a;, Aday) = X (@;, ay)
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which is equal to zero if j # k and Ay if j = k. Therefore the system (ay) is orthogonal in the
H inner product, so each P,, is self-adjoint for this inner product identically to Lemma 4.2.10.
Moreover for f € W},’Q,

_ >  — - - _
12— Pu) £I* = Z (f,ax)® =% > <f’@k:>2)‘n§5\7 > (fian)? M
k=n+ " k=n+1 " k=n+1
1 - N 1 - <f7ak>il 1 - fadkﬁ{
ST f:a )‘ - 3 N N
Ao g o Ankzl M An; laxll%
T
= 5 I 0

For Assumption 3.4.1, control on the Stokes Operator is clear and for the diffusion B we again
have (4.18). The nonlinear term requires more precision, for which the same application of

Gagliardo-Nirenberg used in (5.1) achieves that

2 2
IPLsN> < e 18117 10rlI7e < > Nl ISl 10kl |06y
k=1 k=1

< cllgl 1812 191, < elloll (ol + 9]2) (5.5)

as required. It is in Assumption 3.4.2 where the difficulty lies, precisely in the noise contribution,
so we verify this assumption in full. Firstly we note that as P, := P,, is an orthogonal projection
then

2(PrA(t,0"), 6"y + > I1PuGit, 917 < 2(A(t,6™), 6™y +Z||gz 5. (5.6)

i=1

> (PuGilt, 0™, <Y {Gilt, 9™M), 6™ (5.7)
=1

i=1

so it is sufficient to bound the right hand side of each inequality. We have used that A(¢, ¢") € H,
which is true in our case (V,, C W32(0;R?), H = W(lf2) but not assumed in the abstract setup.

For clarity, we give distinct proofs for each inequality.

Verification of (3.54): In the following we drop the superscript notation for ¢™ to simply ¢,
and again use superscripts for the components. We break down A into its functions and recall

¢ € V,, = spani{ay, ..., a,}. The Stokes Operator is clearest as

—20 (A, §) y = —2v (Ad, Ad) = —2v [|¢]|3 (5.8)

using the representation (5.2) with (5.4). Moving on to the nonlinear term, first note that in

(5.5) we demonstrated

1£s01l < clll? Il 1615 -

This inequality is now used in the relevant term —2(PLg¢, d) ; = —2 (PLy0, Ap), controlled
by ) , ,
2(PLs, AB)| < 2(|Ls¢ll 6]y < cllgl2 ol 1115 < el l]T + 3 oz (5.9)
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through another Young’s Inequality, with conjugate exponents 4 and %. It remains to consider
the noise contribution -
> ((PB26,6)y + IPBiol ) - (5.10)
i=1

Fixing any ¢, we use (5.2) in the first term and (5.3) in the second term to observe that
(PB},9); + IPBigly; = (PBi¢, Ad) + [PBis|l; — ((x — ©)PBi¢, PBidh) 12(ppgay - (5:11)

We are faced with the issue of how to obtain cancellation of the derivative coming from B;.
The idea is to use a Green’s Identity type result in HPBng)H% to produce an L? inner product
with Stokes Operator on one side, carry over an adjoint of B; (that is, including a —Ly,
term) in (PBZ?¢, A¢), commute it with the Stokes Operator and combine with |PB;|? to
achieve cancellation. This remains some way away, so let us take it one step at a time. To
apply a Green’s type result to H"PBM)H? we need information on PB;¢ at the boundary, which
has proven greatly problematic as P does not preserve a null boundary even for compactly
supported functions. This is where the Navier boundary conditions prove pivotal. We can
utilise Corollary 4.2.20.1, given that PB;¢ - n is zero on 00 as PB;¢ € W},’Z, and Lemma 4.2.19
establishes that curl (PB;¢) = curl (B;¢). Lemma 4.4.1 informs us that curl (B;¢) = Le, (curlg).

In summary then we have that curl (PB;¢) = Lg, (curlg). We can now use the property
& € W02’2(ﬁ; R?) to deduce that L¢,(curlp) € Wol’2(ﬁ;R). Indeed by assumption there
exists a sequence of functions (%) in C$°(€;R?) which converge to & in W22(0;R?), so
Ly (curlp) € WOI’Q(@]R{) and converges to L, (curlg) in Wh2(0;R) as

Hﬁfi(curl(b) - EW“ (Cur1¢)HW1,2(ﬁ;R) = ||£§,——z/;k (Curl¢)HW1,2(@R)

<c

&= |, lewldlyeeqop
owing to (4.11). Therefore by Corollary 4.2.20.1, PB;¢ satisfies the boundary condition
2(D[PBig|)n-t+2kf -1 =0.
In particular P B;¢ belongs to W;f, so from Lemma 4.2.17 we have that
|PBigll} = — (PBié, APB;¢) — (kP Bio, PBig) . (5.12)
The expression (5.11) is now further equal to
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The boundary integral is managed with (4.8), (4.18) and Young’s Inequality:

(26 — )PBi¢, PBid) [2(9g.p2) | < cl[PBidll [PBi¢l,

2
< cll&llzco 9l Nl
2 2 2 2
< Cell&illwa 0l + € lSillzee 0l (5.14)

for any choice of € > 0. The first two terms of (5.13) are considered in tandem. We use the
properties that PB; = PB;P and A = AP (Lemmas 4.3.5, 4.3.3). Therefore,

(PB}¢, Ap) — (PBip, APB;¢) = ((PB;)*¢, A¢) + (PBi¢, AB;¢)
= (PB;¢, Bf Ap) — (PB;ip, AB;p)

for the adjoint B} = —L¢, + 7;: We look to commute the Laplacian and B;, using Proposition
4.3.6 to bound the commutator, and subsequently the cancellation of the derivative in B; when

considered with the adjoint. Indeed,

—(PBi¢,AB;¢) = — (PBi¢, ([A, Bi] + BiA)$)

—(PBi¢,[A, Bil¢) — (PBi¢, PBiAg)
—(PBio,[A, Bi]¢) + (PBi¢, PBiA)
—(PBio,[A, Bil¢) + (PBi¢, BiAg) .

Our interests have reduced to
(PB;i¢, Bf Ap) — (PBi9¢, [A, Bi]¢) + (PBi¢, BiAg)

or simply

<7)Bi¢’ (721 + ET)ACZ) —[A, Bz]¢> (5.15)

which we bound through Cauchy-Schwarz, (4.16), (4.18) and Proposition 4.3.6 to see that

(PBig, (Te, + T2)A¢ — [A, Bilo) < |PBig|| (||(Te, + T&) A + 1A, Bilgll)
< cll&llwroe 1Bllyz (IEillwroe 1AGN + [16illyys.co [[@1lyr2.2)
< clléillwrce 16111 (il 1815+ 16 ws.oe 161)
< Ce [l&illivsne 013 + € ll&illysce 1615 - (5.16)

Through (5.14) and (5.16) we obtain a control on the required expression given in (5.10),

> ((PB2,6), + I1PBiol) <3 (Celéilace 617 + 26 &ilFpane I613) . (5:17)

=1 =1

A choice of
v

2552 il
and combining (5.8), (5.9) and (5.17) concludes the verification.
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O

Verification of (3.55): We wish to bound
> (PBio, &) - (5.18)

i=1

It should be noted that some level of cancellation of the derivatives is needed, as simply using
the representation (5.2), Cauchy-Schwarz and Young’s Inequality would lead to too high a
power on the ||¢||,, term. By definition,

(PBi¢,¢) g = (PBi¢h, ¢)y — ((k — @)PBi¢, §) 12 (9p:w2)
and as we saw in the verification of (3.54) above, PB;¢ € W%j and
(PBi¢,¢); = — (APBi¢, ¢) — (PBi¢, $) 12(90:r2) -
Combining the two and incorporating P, then in particular
(PBi, $)5; < 2 (APBi¢, 6)” +2((2k — )P Bid, )2 9p2) - (5.19)

For the boundary integral we again apply (4.8) and absorb the boundedness of o and & into a

constant:

{2k — )P B, 9)1290m2) < cIPBis| [PBislly 18]l 6], < ¢ l1€llfyae 11 16117 18]

and through Young’s Inequality,

cl€illfyzce 1811117 1011y < Ce l€illy2ce 1017 19117 + € [€illi2. 1115 (5.20)

In the first term of (5.19) we again use that A = AP and take projection over to see that

(APBi¢, ¢)* = (AB;g, ¢)* .

Owing to the VVO3 ’2(6’ : R?) regularity of &, we can conduct an integration by parts with null
boundary integral to obtain that

(O.Bi, O)” .

Mw

B
Il

1

9 2
(ABig, ¢)° (Z O Bio, am) <2
k=1

From (4.20) we have that

2
> (0kBi, 0k0)* < c[&illfane lIBII7 (5.21)
k=1

Together (5.20) and (5.21) give the result.
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O]

Therefore, Assumption Set 3 is verified which proves Theorem 5.3.3. Once more, we connect

this solution to the original Stratonovich equation.

Proposition 5.3.6. Let u be the strong solution postulated in Theorem 5.5.3. Then u satisfies
the identity

t t t
U = Up — / PLy us ds — V/ Augds —/ PBug o dW;
0 0 0
P—a.s. in (V_V}f)* for all t € [0,T].

Proof. A direct application of Theorem 2.2.20. O

5.4 Strong Solutions in 3D

Well-posedness results for strong solutions in 3D are stated in this section, obtained as an
application of the theory presented in Subsection A.3. Complete proofs are given in the author’s

paper [63].

5.4.1 The Torus

To pose the problem on the three dimensional torus T3, we briefly introduce some new notation.
The divergence-free condition remains in the problem, but the corresponding constraint to a
boundary condition is the zero-average restriction; thus, we introduce % as the sub-class of
L?(T3;R3) of functions ¢ such that

pdX = 0.
’]I‘3

Recall that any function f € L?(T3;R3) admits the representation

fle)=">" fue®” (5.22)

keZ3

whereby each f;, € C? is such that fr = f_, see e.g. [129] Subsection 1.5 for details. Let us
further introduce Li the subset of L of functions f whereby for all k € Z3, k- f, = 0 with
fr as in (5.22). This enforces the divergence-free condition. For general m € N we introduce
WT’Q as the intersection of W™?2(T3; R3) respectively with L2(T3;R?). To apply the general
solution theory, we establish the spaces

V.= W?,’Q, H:= W?f, U := W(lf’z, X = Li

and by an application of Theorem A.3.17, we have the following:

Theorem 5.4.1. Letug : Q — W(l,’2 be Fo—measurable, (&;) € LiﬂW?’m with Y2, H&-H%/Vg,oo <
o0. Then there exists a unique U—valued mazimal strong solution (u,©) of the equation (4.34)
in the sense of Definitions A.3.14, A.3.15, A.3.16. Moreover at P —a.e. w for which ©(w) < oo,
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we have that

O(w)
sup  |Jur (W) iz + / [t () |[3y72,2 dir = o0. (5.23)
ref0,0(w)) 0
Proof. See |63] Theorem 3.6. O

The case of the H—valued solution, coming from Theorem A.3.13, is particularly interesting. The
additional degree of regularity obtained in these solutions is pertinent for the It6-Stratonovich

conversion. The following result is obtained via Theorem A.3.13, followed by Theorem 2.2.20.

Theorem 5.4.2. Let ug : Q — Wi’2 be Fo—measurable, (&) € LiﬁWg’oo with Y 72, H&H%,Vgoo <
0o. Then there exists a pair (u,T) such that: T is a P — a.s. positive stopping time and u is a

process whereby for P — a.e. w, u.(w) € C ([O,T]; WCQ,’2> and u.(w) 1< () € L? ([0, TY; W?f’z)
3,2

o » and moreover satisfying the identity

with u.1.<; progressively measurable in w
tAT

tAT tAT
Up = Uy — PLy usds — 1// Augds — PBug o dW;
0 0 0

P —a.s. in Ei for all t € [0,T].
Proof. See [63] Theorem 3.1. O

Note that this is the first result considered in the thesis, and to my knowledge the first rigorously
proven in the literature, of the existence of a genuinely strong solution to a Stratonovich fluid
equation with unbounded noise. The corresponding global existence and uniqueness result in

2D also holds, as a simpler proof to the one of Theorem 5.3.3.

5.4.2 The Vorticity Form with Boundary

Recall from Subsection 4.4.4 a derivation of the vorticity form of the equation, in three spatial

dimensions as

t t 1t ot '
wp = Wy — / ZBSiw,Ws ds + u/ Awg ds + / Z.ﬁféwsds — Z/ Lews dW,. (5.24)
0 0 2Jo i3 =170
We impose the free boundary condition w = 0 on d¢&. Through the choice of spaces
Vi=Ww2?*  H:=WM*  U:=L2

we can apply Theorem A.3.13 to obtain the following;:

Theorem 5.4.3. Let wg : Q — Wa? be Fo—measurable, (&) € L2 N WO2’2 N W3 with
S €illZys.0e < 00. Then there exists a unique H—valued mazimal strong solution (w, ©) of
the equation (5.24) in the sense of Definitions A.3.9, A.3.10, A.3.12. Moreover at P — a.e. w
for which ©(w) < oo, we have that

O(w)
sup [l (@) + / s @)]12 dr = oo. (5.25)
ref0,0(w)) 0
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Proof. See [63] Theorem 4.3. O

5.5 Conclusion

We now address some key questions surrounding this chapter.

e How do the Navier boundary conditions solve the problems faced by the no-slip condition
for the existence of strong solutions (and, why is this existence much more difficult than

for weak solutions)?

The critical question is around satisfaction of Assumption Set 3 (Subsection 3.4.1), and we
point in particular to Assumption 3.4.2, necessary in showing uniform estimates of the Galerkin
Approximation in the energy norm of the strong solution. For the Navier boundary conditions, a
critical step, see (5.7), was that the projection P, is self-adjoint in V_V}T’Q. It may at first appear
that the corresponding result in the no-slip case is Lemma 4.2.10, that P, is self-adjoint in Wa?.
The difficulty is the fact that for ¢™ € V,,, PB2¢" and PB;¢" do not themselves belong to Wy,
as the Leray Projector destroys the zero trace property, and P, is only self-adjoint on W;’2
and not W},’Q. This owes to the fact that the system of eigenfunctions in Wy (Proposition
4.2.9) is not a basis for W(I,Q, whilst the system in Wi’Z is (Proposition 4.2.16). In fact, we can

explicitly show that P, is not self-adjoint in Wclr’2.

Lemma 5.5.1. For at least some n € N, P,, as defined in (4.5) is not self-adjoint on V_V},’Q.
Proof. Consider f € Wi’2, such that f ¢ W2, We can decompose W},’z as a direct sum
Wt =wpt e (wp?)"

- 1
as W;’Z is a closed subspace of W},’Q, so has orthogonal complement <W(}2) . We introduce

_ 1
the corresponding orthogonal projections in Wi’Z, Q onto Wa? and Q1 onto <W(}2> . Then

f=0f +Qtf

where Q1 f is non-zero as f ¢ WL2. Of course Qtfe W},’Q C L2, and as (a) form a basis of
L2, then there exists some n € N such that P,,Q* f # 0. If we assume for a contradiction that
P, is self-adjoint in Wig, then in particular it is the orthogonal projection onto V,, in W},’z.
However Q™ f is orthogonal to the entirety of W;’Q, and in particular Vj,, so P, Q" f = 0 which

is our contradiction. O
Therefore we cannot justify a bound
(PuPB}¢",¢"), + IPaPBid" |} < (PBi¢",¢"), + [|PBid" |- (5.26)

The direct presence of the P, disables our commutator arguments used in the Proof of Theorem
5.3.3, as good commutator properties between P, and B; are not apparent. We note the

task was still uphill even after removing the P,, as P remains which prohibits direct use of
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Proposition 4.3.4. The property PB; = PB;P, Lemma 4.3.5, was key in proving Theorem 5.3.3,
so that we can cope with the presence of P and still achieve some cancellation of the top order
derivative. We see, therefore, how the problem of strong solutions is vastly more difficult than
of weak solutions; orthogonality of all considered projections in L? means a simple application

of Proposition 4.3.4 handles the noise contributions.
e Why is the condition a > k necessary in Theorem 5.3.37

This property facilitated use of Lemma 3.4.14 to obtain continuity of the strong solution, by
obtaining the relation (5.2), though it may be unclear as to whether or not this condition was

necessary to attain solutions of just L*° ([0, T; W}f) regularity for example. The alternative

route would be to work directly with the (-,-); inner product on W},’Q. The issue is the same
term discussed in the previous point, showing (3.54) required for uniform estimates of the
Galerkin System in the energy norm of the strong solution. Given the presence of P our only
option is to introduce the Stokes operator into these terms with Lemma 4.2.17 and then use

the commutator estimate of Proposition 4.3.6. Doing this we obtain that

(PBi,¢), = (PB¢, A¢) + ((k — 0)PB{$,6) 12 )

where we see that the issue is in the control of the PBZ?(;S term on the boundary, as with the
usual employment of (4.8) we would require the W32 norm of ¢ which is too much. The
assumption that a > k allows us use of the H inner product in the Ité6 Formula (Proposition
A.2.7), removing the need to manage this problematic boundary condition but of course this
isn’t without a cost. Given that PB;¢ ¢ V_Vi’2 then we cannot say that

IPBig| 3 = (PBig, APB;o)

where the right hand side is the term that we need to reach to apply our commutator estimates.
Thus we have to treat the boundary integral — ((k — a)PB;¢, PBZ'¢>L2(8(§;R) directly, as we
saw in the estimate of (5.10), which would not appear if we applied the It6 Formula for (-, -);.
The significance is that this boundary integral is controllable, as the derivatives are shared so
the use of (4.8) now only demands the W22 norm of ¢ in an acceptable way. There is the more
hidden additional cost of the boundary integrals in the Galerkin System u” for |[u}|%;, ||u8||2H
which are immediately dealt with once we have established the equivalence of |||, and |||

(and only because of this equivalence). Thus the assumption that a > & is necessary.

e For which noise are these results still valid? That is, what types of noise satisfy Assumption
Sets 1, 2 and 37

It is clear that the assumptions hold for any additive noise in W12(&;R?) or any linear noise
bounded as an operator L?(0;R?) — L?(0;R?) and W'2(0;R?) — WH2(0;R?). Such a
Nemystkii type noise has proven popular in the study of fluid SPDEs, see for instance (|58, 59]).
In addition an It6 type transport noise with sufficiently small gradient dependency relative to
viscosity is also valid. A very interesting question is whether or not the assumptions hold for a

purely transport Stratonovich noise. In the author’s paper [64] Assumption Sets 1 and 2 are
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verified in the case of PLy, for §; satisfying the same assumptions as in the SALT Noise, so
results pertaining to weak solutions carry through, though Assumption Set 3 remains to be
verified. Most critically is (3.54) pertaining to the key term that we have been considering,
(5.10). For the SALT noise the property that PB; = PB;P is vital; our estimate, as in (5.13),
boils down to controlling

(PB?¢, Ad) + (PB;¢, APB;¢)

which relied heavily on this property that PB; = PB;P. The question is whether or not we

could achieve the necessary bound for
((PLe,)?0, Ad) + (PLe,§, APLe, ) -
By taking the P over, using that A = AP and [,zi = —Ly¢, there is no issue in reducing this to
—(PLg, Le; AP) + (PLe;b, AL 9) (5.27)
or simply

<P£5¢¢7 [Av Eiz}qﬁ)

where [A, L¢,] represents the commutator AL¢, — L¢, A. It is sufficient to show that [A, L¢,]
is of second order, but although that would be possible for [A, L¢,] the presence of P means
this is not clear. We hope to make a compelling point regarding the importance of SALT noise
here. To simply illustrate why the property that PB; = PB;P is so important, assume that
PL¢, = PLe, P (which is untrue!). Then we could write (5.27) as

or simply
- <P‘C€i ?, [A7 Lﬁi]¢>

which as suggested is controllable. The proof for B; is more complicated, but this is the
essential idea. It seems, therefore, that the best method to show the necessary bound for L, is

to actually write

Le=Bi—Tg

then use the fact that 7, is of zeroth order (so unproblematic) and then treat the B; as seen.

More precisely, for the first term in (5.27), we would write

—(PLe;¢, PL;, AG) = — (PLe,d, PBiA®) + (PLe, b, PTe, Ad)
= (PL¢;¢, PBiAG) + (PL¢ ¢, Pe, Ad)
= <P‘C§i¢v ,CgiAqb) + <P£§i¢7 ’T&A¢> + <P‘C§z’¢’ E1A¢> .

Therefore the entirety of (5.27) is
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or more compactly

<P’C§i¢? (EzA + EiA —[A, ['Ei]) }) -

This is now easy to control as the operator in the brackets is of second order, so the assumption
(3.54) is indeed verified. The proof for (3.55) sees no change to the one for B;. In summary, a
purely transport Stratonovich noise does satisfy the assumptions, but to prove it one has to
revert to the SALT noise hence we emphasise how significant the structure of the SALT noise

is for the analysis.

e Do the strong solutions with Navier boundary conditions converge to the corresponding

no-slip weak solutions?

As discussed in the introduction, the idea is that as « approaches infinity in (1.4) then the
second term dominates the identity giving that u-¢ =0 on 90, hence u = 0 on 00. In the
deterministic case this result is proven in [81] Theorem 9.2, though we appreciate that it is in
fact done for the strong solution with no-slip condition and this a priori additional regularity is
necessary in the approach. In lieu of this regularity, tightness arguments on the sequence of

strong solutions with « tending to infinity have proven fruitless.

In fact this method would be successful if we could show that the solutions have L™ ([O, T}, W},2>
NL? ([O, T); W22(0, Rz)) regularity uniformly in «. Such a result is exceptionally appealing as
with the limit inheriting this regularity, we would prove that strong solutions of the equation
exist for the no-slip condition. The difficulty in this problem has already been explicated,
so naturally this approach is of great interest. This regularity would enter at the level of
the Galerkin Approximation. Scanning through where the dependency on « would lie in
Proposition 3.4.7, the first instance is in the [[u?||3; term, though as [[u?||? < [[u?||3 then
this is irrelevant. Importantly is the initial condition HUSH%,, where the boundary integral
(K — a)ug, ug) 12(9gr2) is problematic. This is surely to be expected as strong solutions for
the no-slip condition will only exist for ug € I/VO1 ’2(6’ :R?). Indeed if we impose this condition,
then we can use that HugH?{ < ||uo|/3; and then the boundary integral ((x — a)uo, o) 12(90R2)
is null. We see that there is no o dependency in treating the nonlinear term, and in the Stokes
Operator it is only in the equivalence of the |||, and ||-||;;-2.2 norms which does require some
nuance but can be dealt with. Inevitably it is the transport type noise where this unravels,

and we see the dependency on « in the term
— (5 = )PGi¢", PGi®" ) 12 (90:r2)
which appears to be impossible to handle. We bring attention to this as it is again the issue of

the Leray Projector not preserving the zero trace property which prevents progress.

e How did the cases considered for strong solutions in 3D enable their well-posedness

results?

Firstly for the torus setting of Subsection 5.4.1, the pivotal point is that the Leray Projector

commutes with derivatives so the corresponding finite-dimensional projections (and indeed, the
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Leray Projector) are self-adjoint in all VVVZM. Comparing to the first point of this conclusion,
this is where the difference lies. This trouble is negated by the vorticity form of the equation
used in Subsection 5.4.2; with the free boundary condition, as the Leray Projector is not
present in the formulation. This owes to its derivation as a curl, thus divergence-free, and with
with the (&;) approaching zero quickly at the boundary then the noise already belongs to the
desired W, space. Without the projections then cancellation of the top order derivative is

straightforwards, similarly to Proposition 4.3.4. Complete details of both cases are given in

[63].
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CHAPTER 6

—_—> 0 (C— DO

THE INVISCID LIMIT OF STOCHASTIC
NAVIER-STOKES FLOWS

6.1 Introduction

This chapter centres around the zero viscosity limit problem for solutions of the Stochastic
Navier-Stokes Equations given in Chapter 5. We recall from Chapter 1 the contrasting states
of the deterministic problem dependent on the boundary conditions imposed. To most simply
present the known results, let us for now consider the two dimensional case and an initial
condition ug € L2 N W™2(0; R?) where m > 2. Then there exists a strong solution @ to the
Euler Equation, and (at least weak) solutions u” to the Navier Stokes Equation with viscosity
v under the no-slip and Navier boundary conditions. The question is whether u” converges
to @ in L>(]0,T]; L2) as v approaches zero. Under Navier boundary conditions the answer is
affirmative, quoting [22, 44, 81, 111] for example. Without further assumption on the structure
of the domain or analyticity of the initial condition, the answer is unknown for the no-slip case.
What is known is a necessary and sufficient condition for the convergence, established by Kato

in [79]. Kato’s work shows the convergence to be true if and only if

T
: V2 _
ili%’//o IVuglzer,,) ds =0,

where I'., is a boundary strip of width cv for ¢ > 0 fixed but arbitrary. This mathematically
reflects the observed production of vorticity through large gradients of velocity at the boundary.
Forty years later, Kato’s criterion remains the most fundamental result available in this area
having seen only minor extensions such as [82] and [150]. Moreover we still have little to no
understanding regarding the validity of this criterion, and whether general flows converge in

the zero viscosity limit is one of the fundamental open problems of fluid mechanics.

Our primary goal is to establish some stochastic counterpart to these results, valid for Lie
transport noise amongst other choices. In a continuation of the thesis, the physical relevance of
extending this theory to the stochastic setting is evident. However, a second motivation stands

at the fore of this work in the no-slip case. There has been a plethora of recent developments
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on the regularising effect of noise, particularly transport noise, largely on well-posedness and
stability: see, for example, [6, 24, 45, 46, 47, 48, 49, 51, 52 55, 96]. Furthermore by establishing
a stochastic Kato criterion valid for general transport noise, we hope to initiate considerations
for a specific choice of (regularising) noise under which the criterion is satisfied. This would
constitute a prodigious development in the fundamental open problem of resolving the boundary

layer criterion.

Towards this end, for the no-slip condition our main object of study will be a Navier-Stokes

Equation perturbed by a general noise which enters either in 1t6 form
t t R
Up = Uy — / Loy usds + 1// Augds — vz / G(us)dWs +Vpr =0 (6.1)
0 0 0
or Stratonovich
t t -
Up = UQ — / Loy usds + 1// Augds — v2 / G(us) odWs + Vp, = 0. (6.2)
0 0 0

The noise shall be such that the corresponding existence for martingale weak and weak solutions
given in Theorems 5.2.1, 5.2.2 holds. This stochastic integral is scaled by a parameter that
must go to zero with viscosity, which as given is traditionally taken to be Vi having been
motivated in [86] as the only noise scaling which leads to non-trivial limiting measures (in the
limit ¢ — oo and v — 0) for an additive noise in two dimensions in the absence of a boundary.
The significance of this scaling for energy balance is further underlined in [85, 87, 88| and has
been used to study the inviscid limit problem in [57, 106]. We firstly establish our stochastic
Kato’s Criterion for this choice of scaling, demonstrating the equivalence of the conditions
taken in expectation. Furthermore a new criterion is presented dependent on an abstract
scaling choice, and is specifically analysed in the case where this parameter is some exponent
of viscosity. In particular we show that with the choice 1/?, then for i <fB< % one requires

the condition T
lim v ; IVuglizer,,)ds =0

in order to deduce the convergence to Euler. For 5 > % then the anticipated condition

T
) )2 _
lim VE /0 VU213, ds = 0

is both necessary and sufficient for the convergence.

For the Navier boundary we revert to SALT noise, and instead of scaling the stochastic integral

we consider the inviscid limit towards the corresponding SALT Euler Equation

t t
Up = Ug — / Loy usds — / B(ug) o dWs + Vpy = 0. (6.3)
0 0
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Our principal result is the existence of a global, probabilistically weak, analytically weak solution
of (6.3) as a zero viscosity limit of solutions of (1.2) under Navier boundary conditions (1.4)
where o = 2k and k > 0. We comment that the existence of any solution of the Euler Equation
with a transport noise on a bounded domain was completely open. The closest result that we
have seen comes from [15], where the authors proved the existence of a global, probabilistically
weak, analytically weak solution of the Euler Equation with a somewhat general multiplicative
noise, though one which does not allow for gradient dependency. The solution is constructed
as an inviscid limit of linearised and regularised Navier-Stokes Equations satisfying the same
free boundary condition. For linear multiplicative noise the vanishing viscosity limit of the full
Navier-Stokes system was established in [9], again with the free boundary condition. The zero
viscosity limit for the general Navier boundary conditions has thus far only been determined
with additive noise, courtesy of [20]. The core property of any approach to this problem lies in
showing uniform in time W12 estimates on the Navier-Stokes Equations which are independent
of the viscosity. The classical deterministic method relies on a maximum principle (see the
fundamental works of |22, 44]), which extends to the case of additive noise as the difference of
the solution of the equation with the noise satisfies a deterministic parabolic PDE pathwise.
Lacking the ability to do this for multiplicative noise, one instead looks to show an energy
estimate of the vorticity directly and in doing so requires the free boundary condition for the
Laplacian term. Our method is the same, and so we impose that o = 2k, and the original

requirement of Theorem 5.3.3 that o > s implies that one must take x > 0.

Elsewhere, the zero viscosity limit of solutions of the Stochastic Navier-Stokes Equations has so
far received little treatment; the works of [10, 57] determine measure-theoretic results for the
problem posed in two dimensions with periodic boundary conditions and an additive noise. In
the classical case of a no-slip boundary condition, the only results of which we are aware are given
in [106, 151]. A stochastic Kato type result is proven in each paper, for the limit to deterministic

Euler in [106] and stochastic Euler in [151], though once more only in 2D and with additive noise.

The structure of this chapter is as follows:

e Section 6.2 develops our theory under the no-slip boundary condition. The main result is

presented in Subsection 6.2.5.

e Section 6.3 presents our work for the Navier boundary conditions in the case where
a = 2k, referred to as the free boundary condition. The primary result is given in
Subsection 6.3.1.

e Section 6.4 concludes this chapter and discusses potential extensions to the results given.
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6.2 No-Slip Boundary

In order to address both the Ité form (6.1) and Stratonovich form (6.2), we shall study the

inviscid limit of
t t y [t -
U = Ug —/ PLy s ds—u/ Augds + / ZPQ?usds—w/ PGusdWs (6.4)
0 0 2Jo = 0

where Q; is either PG; or 0, satisfying assumptions to be stated in Subsection 6.2.1. The case
Q; = 0 leaves us with the projected form of (6.1) whilst Q; = PG; corresponds to (6.2) via
taking the Leray Projection and then converting to It6 Form, as was seen in Subsection 4.4.1.
In the case where 77922 = (Pg,-)2 then we can instead take Q; = G; as the resulting equation
(6.4) is the same; we know this to be the case for SALT noise from Lemma 4.3.5. Examples of

noise satisfying these assumptions is briefly discussed in Subsection 6.2.2.

As we are interested in the vanishing viscosity limit, we assume that 0 < v < 1. We shall
consider the problem in N = 2 or 3 dimensions, for a deterministic ug € W™? (ﬁ ‘RN ) nL2
with m > 1+ %, and wish to characterise the convergence of selected martingale weak solutions
of (6.4) to a solution of the Euler Equation. This selection is made precise in Subsection 6.2.4,
and a solution of the Euler Equation is defined now. We no longer consider an arbitrary 7" > 0
but in this section fix T" as specified in the following: recall a result proved by many authors,
specifically referring to [13] Theorem 1 and the near immediate identity (3.4) in [79], which is
that there exists a 7 > 0 and a unique @ € C ([0, T}; W™*(0;RY) N L2)NC* ([0,T] x O;RY)
such that the identity

ou = —PLzu (6.5)

holds on & x [0,T], and @;|t—o = up holds on &. Moreover for every ¢ € [0,T7],
lael|* = ol (6.6)

Notions of spatially weak and space-time weak solutions of (6.4) are introduced in Subsection
6.2.3, shown to be equivalent to the weak solution of Subsection 5.2.2, and necessary in order
to use u as a test function in the weak formulation. Where only martingale weak solutions are
available in 3D, and the probability space could change dependent on the viscosity considered,
a unified construction and specific selection of solutions is required, which occurs in Subsection
6.2.4. Our Stochastic Kato Criterion is introduced in Subsection 6.2.5, with the key implication
proven in Subsection 6.2.6. In Subsection 6.2.7 we consider a new parameter in the noise which
approaches zero at a (possibly) different rate, determining the implications of this for our

criterion and clarifying a sense in which the scaling of V3 is optimal.
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6.2.1 Assumptions on the Noise

We impose the existence of some p,q,r € R and constants (¢;) such that for all f,g €
=12 2,2 .
WO RY), ¢, € We?, defining K (f, g) := 1+ [ £I” + lg]* + [ /12 + l9llfpr.2,

1G: 12 < i (1+ 112 (6.7)

165 = Gigll” < i [L+ 17 By + lgiyna] 1 = gl (6.8)
1Qi6l1e < ci 1613 (6.9)
(Q26,0) + G0l < i (1+ 1011%) + ki || (6.10)
Gt H? < e (1+171) (6.11)

(Gif,0)” < i [1+ U717 + lgll”] ligliyra (6.12)

(Gif —Gig, ) < i1+ I8IE 1 — g (6.13)
(Gif — Gig. [ —9)* < ciK(f.9) |1f — gll*, (6.14)

where > ¢; < oo and > k; < 1. In fact we require that these bounds hold on any
measurable subset of & with smooth boundary. For each ¢ € N, Q; must be linear and possess
a densely defined adjoint Qf in L?(€; RY) with domain of definition W2(&; RY) where for

every € > 0 there exists a constant c(¢) such that, if f, g also belong to L2,

1Q:FI1? < il f1Pn (6.15)
(Qi(f —9), Qi (f —9) +IGif — Gigl> < &K (f,9) |If — gl> + ki | f — gll3prz.  (6.16)

Moreover we assume that Q7 has structure Qf = A; + A; where if f € W L2(g; RN) has support
2

y 2

A <elsie

in a set U C O, then A;f again has support in ¢ and ‘

6.2.2 Examples

We consider examples of noise for which the assumptions imposed in Subsection 6.2.1 are
satisfied. First of all it should be stated that the assumptions cover SALT noise used in (1.2),
for & € V_V},’2 NW22(0;RN) with 325, [|&][32.00 < 00, all of which have been demonstrated
across Subsections 4.3.2 and 5.2.1. It is immediate that our setting covers the additive
noise used in the works of [10, 57, 106], whilst also enabling linear multiplicative noise as
seen in [53] and Nemytskii operators as present in [58, 144]. Using the property (4.14) it
is largely straightforwards to see that the usual transport noise G; = PL¢,, Q; = G; for
& € Wo nWhe(g; RY) with p ey H&'HI%VLOO < o0 also satisfies our assumptions. We note
that incorporating P into G; makes no difference to the equation (6.4) however it will be
necessary to verify the assumptions. We only draw attention to the condition (6.10), and by

extension (6.16), as there are no subtleties in the other inequalities. The argument is that

1 Actually, we only need that > e ki < 2. Our choice just avoids additional the technical details of having to
reference this sum explicitly.
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SO

((PLe)?, ) + |PLeG|* = — (PLe ¢, PLe,O) + (PLeyb, PLey) =0

hence the assumption certainly holds. We also note that the assumptions hold for G; = L¢, and
Q;=0if .2, ”fiHivlwoo < 1, which is an It6 transport noise with sufficiently small gradient
dependency.

6.2.3 Notions of Weak Solutions
We give two definitions for weak solutions of the equation (6.4).

Definition 6.2.1. Let ug : Q — L2 be Fo—measurable. A process u which is progressively
measurable in Wo? and such that for P — a.e. w, u.(w) € L™ ([O,T];L?,) N Cyw ([O,T];Lg,) N
L? ([O,T]; W;’2), is said to be a spatially weak solution of the equation (6.4) if the identity

<ut,¢>=<u0,¢>/0 <cusus,¢>dsu/0 (e, 6), ds

t o ¢
v . 1
v [ Yt Qi) ds— vt [ (Gug)aw, (67)
0 0
holds for every ¢ € W(}’2, P—a.s. in R for all t € ]0,T).
As touched upon in Proposition 5.2.3, this formulation is equivalent to u satisfying the identity

(6.4) in (W2?)*, c.f. Subsection 4.4.2. It enables a simpler connection to the alternative stated

below.

Definition 6.2.2. Let ug : Q — L2 be Fo—measurable. A process u which is progressively
measurable in W2 and such that for P — a.e. w, u.(w) € Cly ([0,T]; L2) N LA ([0, TY; W;Q), is
said to be a space-time weak solution of the equation (6.4) if the identity

t t t
<Ut7¢t> = <u05¢0> +/0 <u5785¢s> ds /O <£usU57¢s> ds — V/O <u5a¢s>1d5

Lot t
27 [t Qi ds—vh [ (Gueon)aw, (6.18)
2Jo = 0
holds for every ¢ € C' ([0,t] x O;R™N) such that ¢ € WE? for every s € [0,t], P—a.s. in R
for all t €[0,T].

The difference in the two definitions comes from whether or not there is time-dependency in
the test function. We will see in Subsection 6.2.6 that the time-dependency is necessary for us
to characterise the zero viscosity limit, as we shall use a corrected solution of the nonstationary
Euler Equation as a test function in this weak formulation. On the other hand this formulation
is impractical to demonstrate and to work with on the whole in the stochastic setting, as we do
not have differentiability in time for our approximate solutions. Therefore both representations

serve a purpose, and we must show their equivalence.

Proposition 6.2.3. A process u is a spatially weak solution of the equation (6.4) if and only

if it is a space-time weak solution.
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Proof. We fix a u with the regularity specified in the definitions, and wish to show the relation
(6.17) <= (6.18). We consider the two implications:

<—: We fix a ¢ € ;2, and note that for any constant function in time ¥s = ¥, ¢ €

C! (ﬁ’ ‘RN ) N Wa?, we do indeed have the identity (6.17) for 1 as the time derivative is
null. Given that even Cgf’a is dense in W;’Q then most certainly too is C* (5’; RN ) N W;’Q
so we can take a sequence (¢") in this space convergent to ¢ in [-||;. The result is now

straightforwards in the limit.

= : Wefixa¢ € C ([0,¢] x O;RY) such that ¢, € W22 for every s € [0, ], and shall consider
simple approximations of this ¢ and use the relation (6.17) on the constant time steps.
To this end for every stopping time 7 with u.1.<; € L? (Q x [0, t]; W;Q), we introduce a

sequence of partitions
I C iy, I:= {O:t6<tl1 <--~<t§w :t}, m]ax|t§»—t§~_1|—>0asl—>oo

which are such that the process defined by

k—1

Z L () (@)1 <o)

belongs to L? (Q x [0, t]; W;2> and converges to u.l.<, in this space. Such a partition
is available to us due to Lemma A.2.1. Now for each [, j from the identity (6.17) we have
that

tt

(ug06) = (g o00) = [ (g )as—v [

<u5, ¢t§'>1 ds

/tl Z Qjus, Q5 ¢tz> ds — v2 /ttj <gus,¢t§_>dWs (6.19)

j—1 1=1

which we shall utilise in the context of

(ut, ¢r) — (uo, do) = i (o) = o o01,))
j=1
ky

Ky
=3 (Comg @) = Cuny @)+ 20 ((u_o0) = (o0, ))
=1 '

To address the first sum we introduce some familiar notation in

k-1

Z]l]p qbtl
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allowing us to deduce from (6.19) that

k; t

;(<ut5’¢t5‘>_<“tév¢f§>> - /t (Coundsyds—v [ (u.d) ds
/Z Qi Q1) 5—V5/0t<gus,<%i>dws.

(6.21)

As for the second sum of (6.20), observe that for each j we can rewrite this as
(o _1r0) = (1 00,) = /ﬁ“tm@” 400 = 6y, (@)] dz
tl
~ [ uy_ @ [ ] asqss(:c)ds] d
o ! th

j—1
l

_ /;j <als, as¢s> ds

j—1
using the C! ([O,t] x O;RN ) regularity of ¢ and Fubini’s Theorem. Summation then
gives the integral over [0,¢] hence we deduce that

t

(o) = (w0 + [ (ahou0e) ds = [ (Lusuonyas —v [ (w8l s
o5 [ (emad)aot [on ). 62

holds for all I € N. We look to analyse the limit, noting that the convergence @ — ul.<r

in L? (Q X [O,t];W(}’2> implies that in L? (Q;L2 ([O,t];WC}Q)) so we can extract a
subsequence (relabelled again as @' for simplicity) which is convergent P — a.e. in
L? ([0, t]; W;’2>, from which we see that

[ (@osyds— [ o< [

~1
Uy —us‘

~1

Uy — Ug

ss| ds

L2([0,t];L2(0;RN)) 10s®sll 2o, 2(0m )

— 0. (6.23)

Addressing the convergence in the other terms, we need to establish in what sense (ESZ — ¢.
We claim that the convergence holds in L? ([0, t]; W;2) As ¢ € C1 ([0, t] x O; RN) then
for each m = 1,..., N and every fixed x € & then 0,,¢(x) € C! ([O,t];RN) so is in

particular Lipschitz Continuous. Of course

k-1

Z%g_ ) (8)9mby
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SO
k-1

~1
8m¢s - am¢s = z; l[té,l,té](s) |:am¢s - 8m¢té
]:
thus if K, is the constant of Lipschitz Continuity, then

|0mo(@) — 0’ (@) <

< K, max|th — -
Lo ([0,1);RN) T 1t =t

which converges to zero as [ — co. Now then we have that

lo—3 s

t N B
i2([o,t];wi’2) - /0 'mzl Ham(bs = Ond
- mi: /0 t /ﬁ () — Do () 2
- mi: | [[onste) 0.3

N I
= szzl/ﬁ “8m¢(m) ~ Om¢ (:E)“Lm([o,t};RN) d

L2([0,t];RN)

where ¢ continues to represent a generic constant. The claim then follows from the
Dominated Convergence Theorem, with dominating function 4 ||am¢||%°°([[),t];RN) which is
continuous on & hence square integrable. In fact with the observation that the supremum
of the integral is bounded by the integral of the supremum, we have shown the stronger
convergence in L>° ([0, t]; W;Q) With the claim established we again look to take limits
in (6.22), and using the linearity of QF and (6.15) then the convergence of the time
integrals follows exactly as in (6.23). As for the stochastic integral we apply the Stochastic

Dominated Convergence Theorem, Lemma A.1.53, using that

o

© ~1 2 © 9 ||~1 2 9 || ~1 2
. _ < . _ < ) _
; <gzusv¢s ¢S> > ;Cz ||US||1 ‘ ¢s ¢S >~ ;Cz ||Us||1 HQZ) ¢HL°°([O,t];Lg)
—0

establishing P — a.s. convergence, and domination from
oo
2 2
D cilluslo o gz 1912 o.2)
i=1

for example. Application of Lemma A.1.53 justifies convergence of the integrals, which

concludes the proof.

O]

We can now refer to such a solution as simply a weak solution of the equation (6.4), equivalent
again to the notion demonstrated in Theorem 5.2.2. Uniqueness is once more meant in the

sense of indistinguishability (Definition A.1.32), and a martingale weak solution corresponds to
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Theorem 5.2.1 in the obvious way. Identically to these two theorems, the same well-posedness

results carry through to the new noise.

Theorem 6.2.4. For any given Fo—measurable ug € L™ (Q; L?,), there exists a martingale

weak solution of the equation (6.4).

Theorem 6.2.5. If N = 2 then for any given Fo—measurable ug : Q — L2, there erists a

unique weak solution of the equation (6.4).

6.2.4 Selection of Martingale Weak Solutions

We introduce the notation o, to represent any constant dependent on v such that lim,_.q 0, = 0,
and build upon the existence result Theorem 6.2.4 in the case of equation (6.4) for some more
precise energy estimates. Henceforth in this section we fix uy € W™?2 (ﬁ ‘RN ) N L2 with
m>1+ % and the corresponding strong solution @ of the Euler Equation introduced at the

start of this section.

Proposition 6.2.6. There exists a martingale weak solution @ of the equation (6.4) which

satisfies
E( sup ||a]?] < (14 0)|uol* + oy (6.24)
rel0,T]
and for every t € [0,T],
~ 2 ¢ 2 2
IE[HatH +u/ H&SHlds] < (14 0y) [uo + ov. (6.25)
0

Proof. Of course the existence of a martingale weak solution is established, so it is only the
estimates (6.28) and (6.29) which must be justified and can be done so for the @ constructed in
the proof of Theorem 3.2.7. We start with (6.28): recall in Proposition 3.2.18 how the regularity
of the limit process was obtained from the uniform bounds (3.29). In the same manner it is

sufficient to show that

1D ( sup ||U7||2> < (1+0) lugl* + o, (6.26)
rel0,77]

for every n € N, where v is the strong solution of
t t L [t -
uP =l — / PpPLynu? ds — v / PnAul ds + — / > P PQulds — vz / P PGuldW,
0 ’ 0 2Jo = 0
in analogy with (3.14), and o, is independent of n. Identically to Proposition 3.2.12 but simply

ignoring the contribution from the Stokes Operator in the inequality and using that the initial

condition is deterministic, we arrive at

T T o0
E < sup Huf||2> < NP ||? + ev + CI// E (Hu?H2> ds + cv3E (/ Z (%ﬁ?,ﬂ?)zds)
0 0 =1

rel0,T
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The final term is controlled similarly, just a little more precisely:

1 T 2 % 1 1 T %
A [ Ganantas) <ot eats (s ik [P
0 =1 ] 0

rel0,T

T
<ok otE ( swp a7 ) + e dE [ oz ds
rel0,77] 0

so that

T
(1-v3)E( sup fuy)? suu8|12+cu+c(u+u%)/ E (Jlu|) ds
rel0,7] 0

and furthermore through dividing by (1 — 1/%) and rewriting with the o, notation,

T
E( sup ||u¢||2> <@ +o) I +oo+o, [ B(u2l?) ds
0

rel0,77]

having rewritten 1_1%/2 as 1+ l” Y2 We now apply the standard Gronwall Inequality to

T2
deduce that

E ( sup uW) < e [(1+0) [+ 0] < (1+ 0,) g + o,
rel0,T]

using the convergence lim,_,o e? = 1, demonstrating (6.26) to conclude the justification of
(6.28). Similarly for (6.29) it is sufficient to demonstrate that

t
E [HU?HQ o [ Huzu%ds] < (14 0,) lugl? + o (6.27)
0

The proof is near identical to (6.26), though as we do not take the supremum then we take the
expectation of the stochastic integral directly so this term is null, and we maintain the term

coming from the Stokes Operator. Thus we arrive directly at
t T
B () +vB [ udlEds < g + v+ oo [ (a2]?) ds
0 0
from which the remainder of the proof follows as above, noting that

[ug]”) ds < [ugl”) +v [yl dr| ds
0 0 0

so we can apply the Gronwall Inequality bounding the entirety of the left hand side as is

required.

O

Remark 6.2.7. Estimates (6.24) and (6.25) were stated in this way to make the dependency

on the nitial condition explicit, though we shall henceforth keep the initial condition constant
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in v and as such we may refer to the more direct inequalities

E( sup WP) < uol* + 0, (6.28)

re0,T]

T 2 t 2 2

IE[Ilﬂtl +v/ H&s!hds} < luoll” + o, (6.29)
0

where o, depends on this fixed ug.

We now clarify how the martingale weak solutions of (6.4) are selected and some notation for
the following subsection. Formally we must work with an arbitrary sequence of viscosities
(vk) such that v, — 0 as k — oo. For each such k£ we then choose a martingale weak

k

solution 4" as specified in Proposition 6.2.6, which we recall is defined with respect to a

.- ~k =k =k, ~Fk . . . . ~.k .
filtered probability space (Q JF L (Fp), P ), a Cylindrical Brownian Motion W~ over U with
~k 2k ,xk, ~k P .
respect to (Q JF L (Fp), P ), and an Fp—measurable ulg : Q0 — L2 with the same law as uy.
Immediately we note that as ug is deterministic then 11]8 of the same law must simply be ug
itself. It is less obvious how we can consider the limiting properties of this sequence of solutions

where each %" is defined on a different probability space. We rectify this with the following:

e The standard infinite dimensional product space

Q=X 0", F=QF, F:=QF, P:=XP
k=0 k=0 k=0 k=0

such that (Q, F, (Fp), ]15> is a filtered probability space;

e The component projections (P*), P¥: Q — 0" and subsequently defined (%), (Wk) by

@k = akpE, W = WPk,

By construction for each k, 4" is a martingale weak solution of (6.4) relative to the Cylindrical
Brownian Motion Wk and filtered probability space (Q, F, (.7-"t), ]13) We can now make sense
of taking the limit as ¥ — 0 in expectation for martingale weak solutions of (6.4), by choosing
an arbitrary sequence of viscosities (1) convergent to zero and constructing the new solutions
relative to a single probability space as above. We now fix this sequence and the related

constructions.

6.2.5 The Main Result

We state the main result of this section, and assess what needs to be proved. We introduce
notation for f € WhH2(o;RY),

N
||Vf”%6 = Z Hakf|’%2(rc;RN) J
k=1
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where for a constant ¢, I'. is the boundary strip of width radius ¢, defined by the set of all
points © € & such that there exists a y on the boundary with the distance from x to y less
than c¢. Following the construction in Subsection 6.2.4, for notational simplicity we consider an
arbitrary @* and relabel it as u, understanding that there is an implicit dependency on v and
that it is of course still defined over the new filtered probability space (Q, F, (.7-"t), If’) We

shall use E to represent the expectation taken with respect to IP on this probability space. We
formally consider the process @ representing the solution of the Euler Equation defined at (6.5)

to reside on this space as a constant.
Theorem 6.2.8. The following conditions are equivalent:
1. E (supre[O’T] ||y — ’[LTHQ) =0y,
2. For everyt € [0,T) and ¢ € L*(Q x O;RY), E ((us — ¢, ¢)) = oy,
3. vE [ [lus|}ds = oy,
4. For any constant ¢ > 0, vVIE fOT ||Vus||1%ay ds = o,.
Remark 6.2.9. This is a stochastic parallel of Kato’s result, [79] Theorem 1.

We shall prove the theorem by demonstrating that 1 — 2 — 3 = 4 =— 1, and now
identify what needs proving in this. Of course 1 = 2 is trivial, asis 3 = 4. For 2 = 3,
from (6.29) we have that

T
B [l ds < luol + 0, ~  (jlur).
0

To show that the limit exists and is zero it is sufficient to demonstrate that the limit supremum

is zero, and as

T
lim sup [VE/ ||us||%ds] < lim sup [”uOH? - E (HUT||2) + 0,,}
0 v—0

v—0
2 g 2
< |luolf? - lim inf B <||uT|| )
v—0
then we only need to verify that

Juoll® < Timinf E (Jjurll) . (6.30)

Item 2 is the statement that for every ¢ € [0, 7], (u;) converges to u; weakly in L?(2 x O;RY).

2

With the known result that norms are weakly lower semicontinuous®, we employ the assumed

Item 2 for time T to see that
[ar|? < liminf E (HuT||2) .
v—0

The property (6.30) then follows from the energy identity (6.6).

2 Observe that if (z,,) is weakly convergent to z, then ||z||* = (z,z) = limy 500 (Tn, z) = Iminf, oo (Tn,z) <
liminf,— oo ||Zn] ||2]] which implies ||z|| < liminf, oo ||Zn]|-
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6.2.6 Proof of the Remaining Implication

This subsection is dedicated to proving the final implication 4 = 1 of Theorem 6.2.8. We
recall a result proved in Kato’s paper [79], stated for a fixed v < 1.

Lemma 6.2.10. There exists a function v € C* ([O,T] X 5’;RN) and a constant ¢ (which may
depend on ¢) such that:

1. For every t € [0,T), v € L2, vy = 4y on OO and vy is supported on Ty,

2. v satisfies the estimates

sup v < cv? (6.31)
r€l0,T7]
sup [|Opvy|| < cv? (6.32)
rel0.7]
_1
sup ||vp|lppre < ev2 (6.33)
rel0,T7]
1,2
3. For any f € W57,
sup [(Lyf o) < v |VII7,, - (6.34)

rel0,7]
We explain the significance of the lemma now: with the identity
Jur — ﬂ7"”2 = ||ur”2 + ”TLTH2 = 2(ur, uy)

then we want to make use of the formulation (6.18), which we cannot immediately do as u does
not necessarily vanish on the boundary. This is where we introduce v from the lemma, as v
is prescribed to equal % on the boundary so that & — v satisfies the regularity of ¢ required
in Definition 6.2.2. The idea is that the terms involving % can be well controlled using the
smoothness of %, and the terms involving v require only an assumption on the energy dissipation
within the boundary strip as this is where v is supported. As v is small in L2 with low viscosity,

then the excess terms in v will be small as well. Thus we rewrite
| — ETHQ = ||urH2 + HﬂrH2 + 2 (up, vp) — 2 (U, Up — vy) (6.35)
where
T T
<U7~, Uy — 'Ur> = <u07u0 - UO> + / <u87as(ﬂs - US)) ds — / <£usu3a Us — Us> ds
0 0

r v r OO 1 t
— 1// (Ug, s — vs), ds + / Z (Qiug, Q (s — vs)) ds — v2 / (Gus, us — vg) dAWVs.
0 2 Jo =1 0
Before taking the supremum and then expectation in the direction of Item 1, we appreciate
that

(o, uo — vo) = Jluo||* = (uo, vo)
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and with (6.5), (4.14):

(Lo us, Us — vg) ds

/ (ug, Os(us — vg) ds —
0

S~

r

(us, Ostis) — (us, Osvs) — (Lo Us, Us) + (Lo Us, Vs) ds

r

— (us, PLg us) — (us, Osvs) — (Ly s, Us) + (Lo us, vs) ds

T

- <us’ »Cﬁsas> - <USa 85U3> + <u87 »Cusas> + <£u5u87 vs> ds

S—

T

(ug, Loy—q, us) ds + / (Lo us,vs)ds — / (us, Osvs) ds.
0 0
Substituting all of this into (6.35) gives

laty — @ |* = Nl + 13 |1* + 2 {ur, 07) = 2 [Juo | + 2 (o, vo)

—2/ (Ugy Loy—7,Us) ds—2/ (Lo us, Vs) ds+2/ (us, Osvs) ds
0 0

0
r r 00 t
+21// (us,ﬂs—vs>1ds—u/ Z(Qius,Qf(as—vs)>ds+2ué/ (Gus, s — vg) dAWs.
0 0 i3 0

We now take the supremum followed by the expectation, considering in the first line

E | swp (Jlurl?+llal”) - 2lluol?| + B

r€l0,T7]

sup 2 (up, vp) + 2 (ug, vo)
rel0,77]

< Jluoll® + oy + l|luoll* = 2 luo|l* +2E | sup [lu|| [lvr]| | + 2 uoll o]

rel0,T7]

having used (6.28) and (6.6). Through another application of (6.28) and employing (6.31), then

this entire expression is bounded by o,. Overall

T
IE( sup HW—WH) < 0,,+2E/ (s, Lo, —a.Ts)|ds
r€[0,T 0

T T
+2E/ |<£usu37vs>\ds+2ﬂ3/ |(us, Dsvs)|ds
0 0

T T 0O
+2yE/ |(us,ﬂs—vs>1|ds+l/E/ S 1 Qity, Q2 (it — v,))|ds
0 0 i=1

)

/ <gU37 Ug — 'Us> dWs
0

re[0,T7]

6
=0, + Z Ji
k=1

+ 2w:E ( sup
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and we now treat the integrals individually. For Ji, in the first line we use cancellation of the
nonlinear term from (4.15) and recall that m > 1+ N/2 is fixed from the start of this section:

‘ <u57 ['us—ﬂs ﬂs>‘ Us, Eus —Us Us) <ﬂ37 Eus —Us as> ’

I
I

Us — Usg, us—ﬂsasH

IN

S

Us — Us, (Us - ﬂs)kakﬂs>

M=

N
k=1
N
< SN kg il
_;ll <(u5 us)’, (us — Us) 8kus>L2(ﬁ;R)
N N
< s_isl s_isk’ H 78
_kzlz s =)t =)ot
N N
< ol PP (CRE R [
_ZZ‘(U ) L2(O;R) (us = 5) L2(oR) I *llwteo(oR)

>
Il

11

Il
—

< cllus = gl |y -

Just as we did with the initial condition, we will now freely assimilate finite norms of @ into our
constants. As @ € C ([0, T); W™2(0;RY)), then we bound the above by simply ¢ |lus — )
SO

T T
Jp:=2E [ [(us, Loy,—u,s)|ds < cE/ s — s||? ds.
0 0

With (6.34) then we have

T T
Jy 1= 21E/ |(Ly, us, vs)|ds < CI/E/ ||Vu5||1%au ds = o,
0 0

critically applying the assumption 4, and likewise
T T T
Js =2 |(us, Osvg)|ds < 2E/ |lus|| ||0svs|| ds < CVIE/ lus|| ds = o,
0 0 0
using (6.32) then (6.28). Next we treat

N N

T T T
Jy = 2VIE/ [(us, Us — vg)1]ds < 2VIE/ Z|<8ku5,akﬂs>|ds + 21/IE/ Z\(@kus,akvsﬂds
0 0 0

k=1 k=1
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with the integrals individually:

T
WE Z| Ops, Oplls)|ds < CVE/ sy 1s] .2 ds
0 k=1

T
<k [l ds
0

L
<t (v [ ulias)
0

cv

l\'}

D=

:Ol/

having used (6.29). With the fact that v has support in I'z, and property (6.34) then

N

T
QVE/ Z|<8kus,8kvs>|ds—2l/E/ Z| Okus, Okvs) p2(ry, mvy lds
0

k=1

T
< CZ/IE/ ||Vus||ra, HUsHWL2 ds
0
N T
< cv?E/ [Vusllp,, ds
0
1
T 2
—c <VE / IV, ds)
0
= OV

using the assumption 4 once more, hence J; = 0,. We now move on to the noise terms, the

first of which is dealt with near identically:
T 00
Ty = VE/ Z\(Qius, O (s — vy))ds
< uE/ Zy Quus, QLT ydsmE/ ZMQius, Qru,)|ds
0 =1

having used the linearity of Q;. Then from (6.7) and (6.15),

T

T T
B [ 3G Qs < B [ (1t ) e ds < vk (B [ (0 ) ds)
(e 0 0
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which we write as o, using (6.29) again. For the second integral we must use the assumed

structure Q7 = A; + /L with A; preserving the support on 'z,

VIE/ Z! (Qius, Qv |ds—1/IE/ Z! QZuS,AvS>Lz Ta RN <Qiu3,¢2livs>]ds
0

< wE /0 (1 Nts sy ) sl + (14 sl sl ds

T
_ cyE/ (14 Tosllwagre ) ) sl ds + o,
0

T 3
=o0,+cC (I/E/ HVuSH%EV ds>
0

:Ol/

T
< cyéE/ 1+ sl + [ Vitsllp, ds + o0,
i ,

with (6.28) and the assumption 4. Therefore J5 = 0,. Only one term now remains:
Je 1= 22 E sup
rel0,T7]

% (/ Z gzu&us - s> 3>
) T o© 3 ) T o©
< 2R (/ Z <Qius,ﬂs>2 ds) +c2E </ Z <giusavs>2 ds)
[ 0 =1

having used the BDG Inequality. Using (6.12) we see that
1 1
1 ' 2 ’ 1 g 2 2 ?
B ( [ S Gumas) <otm ([ [ ful? ] o i)
(e 0
T 3
1 2
:cwE(/ 1+ ||us] ds)
0
which is just o, again from (6.28), and with (6.7) then
1
1 o 2 : 1 ' 2
cv2E / Z (Giug,v5)"ds | = cvzE / Z (gius,vshz(lﬂay;ﬂ{]\z) ds
(it ([t
(2 (2 )
A T ) ) 2
<atB( [ [T+ e,y | ol ds
0
T , 3
< ([ 1 Tl mn ds)
0

1
T 2
< o </ 1+ |Jusl® + [ Vus|f, ds>
0

= 0,.

/ <gusa Us — Us> dWs
0

D=

NI

N|=
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Therefore

6 T
E( sup \Iur—ur!F) <op+ Y Ji < oy+/ E (||us—ﬂs||2) ds
0

rel0,T7] =1

so from the standard Gronwall Inequality, [|E (SUPre[o,T] ||lur — ﬂr||2) < o, which gives the

result.

6.2.7 Optimal Noise Scaling

To further motivate the scaling rate of V% in the stochastic integral, we consider a different

parameter p in the equation
t t uo [t Lot
u :uo—/ PLoy, s ds—u/ Aug ds+/ Zpgfusds_w/ PGu,dW,  (6.36)
0 0 2Jo ‘= 0

where we shall consider the limit g — 0 with v formally as in Subsection 6.2.4 by a sequence

(pr;) such that pp — 0 as kK — oo. Corresponding notation o, is introduced to mean any

constant dependent on v and p such that lim, ;, ;0 0, , = 0 for the limit taken jointly, which

again is formally understood by limy_,+ 04, ,, = 0. We shall similarly use o,. Our assumptions

on the noise must now be tweaked to accommodate this difference, and by replacing G with

(%)%Q then we see that the only necessary change of assumption is in (6.10) and (6.16) where
oo

we now impose that > °, k; < ﬁ The following lemma is deduced exactly as in Proposition
6.2.6.

Lemma 6.2.11. There exists a martingale weak solution @ of the equation (6.36) which satisfies

b ( sup Haru?> < (1+ 04) ol + (6.37)
rel0,7]
and for every t € [0,T],
= 2 ! 2 2
E [|@t|| + V/ [as][Y ds] < (1+ 0u) [Juoll” + op- (6.38)
0

The selection of martingale weak solutions is now as in Subsection 6.2.4, for the solution @*

corresponding to parameters vy, ur. We can now state the main result in this context.

Proposition 6.2.12. Suppose that /u/_% = 0,,, and for any constant ¢ > 0,

12 T
(1 + V2> I/IE)/ HVuSHI%ED ds =0y,
0

Then & (supre[O,T] [l — ﬂrH2> =0y

Remark 6.2.13. We do not achieve an equivalence of conditions as in Theorem 6.2.8, as

2 T o
EE [, us||F ds = oy, may not be necessary for the weak convergence in item 2.
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Proof. Identically to Theorem 6.2.8, we obtain that

T
IE( sup Hur—ﬂr!2> < Ou,#+2E/ (s, Luy—a,ts)|ds
ref0,T) 0

T T
—|—2]E/ |<L’usus,’us>\ds+2E/ |{us, Osvs)|ds
0 0

T T
+2I/IE/ |{us, Us —v5>1|d3+uE/ Z|<Qius,Q;‘(ﬂs — vg))|ds
0 0 =1

)

The integrals Ji to J4 are controlled in the same way as the previous proof, so we begin with

+ 2,u% E| sup
rel0,T7]

6
= Oy + Z Jk.
k=1

/ <gu57 Us — Us> dWs
0

Js, again writing
J5 < NE/ Z| Qius, Q Us |d5+:U’E/ Z| Qius, Q Us>|d8
and further
T 00 T 1 T 9 %
b [N, Qflds < el [ (1 ) ds < et (VB [ (0 Bl as)
0 =1 0 0

so from (6.38) and the first assumption, this is just o, ,. In addition

T ©© 1 T
jE / S (Qits, Qtvs)|ds < cuvFE / 1t sl + |Vl ds
[ 0

) w2 (T ) >
<curv 2 +c (E/ | Vus||t. ds)
V 0 cv

= Ov,p

from (6.37) and the assumptions. This demonstrates that Js = o, so it only remains to

consider Jg, which we again estimate with

1 1
T 2 T o0 2
Jg < c,u%]E (/ Z (Qius,ﬂs)2 ds) + cu%E </ Z (gius,vs>2ds> .
0 =1 0 =1
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The first term is controlled as before, and for the second
1 1
L T e 2 ’ L ’ 2 2 2
i[5 o) et ([ [ el o] Il

_— ;
(v [ 1+ ol v )
0 ClVy

T
1
< cut (”E / L+ s + [ Vus 2, ds)
0

N

< cp

[NIES

= Ovp
which completes the proof. ]

An interesting corollary of this result comes from considering p = v* for different values of a.

Corollary 6.2.13.1. Suppose that p = v® in (6.56). If% < a < 1 then the condition

T
VQ(a—é)E/ HVUSH%@ ds = o,
0

implies that & (supre[O’T] lluy — ﬂr‘|2> =o0,. If a > 1 then all four conditions of Theorem 6.2.8

are equivalent.

Proof. For p = v* and % < a < 1 it is sufficient to note that ,U,I/ié =123 = 0, as well as
that ) )
(0%
M— = L = ]j2(a7%)
v v

which is also greater than or equal to v (recall v < 1), so the assumptions of Proposition 6.2.12
are satisfied which proves the result in this case. In the case a > 1 then we have v > y2(e=3)
so this implication again holds assuming just 4 in Theorem 6.2.8. The proof of the remaining

implications is unchanged from Subsection 6.2.5. 0

Remark 6.2.14. For % < a < 1 we cannot show the four conditions are equivalent as in order

to demonstrate that 2 —> 3 in the same way we would need an estimate
1 T 2
zﬂwJE/yv%h@gc
0

for some C independent of v, which we cannot achieve.

This corollary highlights the critical cases of o = % and a = 1.

Case a = %: We lose the key property that Vo = 0, which was used in control of J5, so

even the limiting condition that

g 2
E/ [Vusl|t. ds = o,
0
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is insufficient for the result. Inspecting the proof though, one can estimate J5 and hence show

the result with the stronger assumptions

T T
E/o HVUSH%/VM(FZ,,;RN) ds = o, and V]E/O us|lF ds = o,

noting that the second assumption is item 3 of Theorem 6.2.8.

Case a = 1: This is the smallest « in which we can show the equivalence of all conditions as
well as the smallest o in which we do not need to impose a stronger condition than Kato’s (4)

to determine the convergence. The scaling rate of u = v is thus considered optimal.

6.3 Navier Boundary

Here we return to SALT noise. Let us refer to the solution provided by Theorem 5.3.3
as the strong solution of problem (4.2), which is the SALT Navier-Stokes Equation under
Navier boundary conditions. The SALT Euler Equation, introduced as (6.3), follows the same

projection and conversion laid out in Subsection 4.4.1 to the equation

t 1 t X t
Uy = ug — / PLy us ds + 2/ ZPBZ-Qust - / PBugdWs. (6.39)
0 0 = 0

In Subsection 6.3.1 we state the main result for the existence of martingale weak solutions
of (6.39) as an inviscid limit of strong solutions of problem (4.2) in the special case of the
free boundary condition. In Subsection 6.3.2 we establish estimates on the strong solutions
of (4.2) uniformly in viscosity. In Subsection 6.3.3 we show that the laws of the sequence of
solutions with viscosities approaching zero is tight in the space of probability measures over
C([0,T]; L?), using Lemma ??. Passage to the SALT Euler Equation on a new probability

space in Subsection 6.3.4 is then straightforwards.

6.3.1 The Main Result
We state the key definitions and results.

Definition 6.3.1. Let ug : Q — W},’Q be Fo—measurable. If there exists a filtered probability
space (Q, F, (Fp), ]15> . a cylindrical Brownian Motion W over 8k with respect to (Q, F,(Fp), IE’),
an fo—measumble Uy - Q— W},’z with the same law as ug, and a progressively measurable
process @ in Wo' such that for P — a.e. @, @.(w) € L ([O,T]; W},’Q) NC([0,T]; L2) and

- o~ o~ } T o~ * _ ! ~ A
.6 = {100 = [ (Eatesods 3 13 (B Biods = [[ (B d) W, (640

t

0 =1
holds for every ¢ € V_th,’z P—a.s. inR foralte [0,T], then @ is said to be a martingale weak
solution of the equation (6.39).
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Theorem 6.3.2. Let k > 0 everywhere on 00 . For any given Fo—measurable ug € L? (Q; Wi’2>,
there exists a martingale weak solution 4 of the equation (6.39). Moreover for any sequence
of wiscosities (V*) monotonically decreasing to zero, with corresponding strong solutions of the

problem (4.2) for a := 2k given by (*), then as k — oo, there is a subsequence indexed by ny,
such that W — @ P — a.s. in C ([0, T]; L%).

Remark 6.3.3. For each viscosity v* and for any given probability space and cylindrical
Brownian Motion, there is a strong solution of the problem (4.2) (for o := 2k) given by
Theorem 5.3.3. In the statement of Theorem 6.5.2, U* is taken to be the strong solution relative
to the probability space and cylindrical Brownian Motion specified in the definition of the weak
martingale solution @. Thus, P in Theorem 6.3.2 is taken as the P from Definition 6.3.1.

Throughout this section we assume the conditions required for Theorem 6.3.2, namely ug €
L? (Q; W}f) and k > 0 on d¢. This ensures that 2k > k so Theorem 5.3.3 applies for a := 2k.

6.3.2 Estimates Independent of the Viscosity

For any given v we know that there exists a unique strong solution u of the equation (4.34)
given by Theorem 5.3.3 for a := 2k. In this subsection we look to obtain an estimate on u
independent of v, to facilitate the required regularity in the limit as v — 0. To achieve this we
shall consider the vorticity of u, and denote again w := curlu. Recall from Lemma 4.4.1 that
curl(B; f) = L¢, (curlf). We denote L, by the simple £;.

Lemma 6.3.4. The process w is progressively measurable in Wol’Q(ﬁ; R) and such that for
P —ae. w, w(w) € C([0,T]); L*(0;R)) N L? ([O,T];Wg’2(ﬁ;R)). Moreover w satisfies the
identity

t

t
<wta ¢>L2(6’;R) = <w07 ¢>L2(5;R) - /0 <£Usw87 ¢>L2(ﬁ;R) ds — V/O <’U)s, ¢>W1’2(@’;R) ds

_/ Z L'LUS, ZQZ) L2 ﬁR)dS_Z/ LwS,QZ) L2 ﬁR)dW (641)

for every ¢ € Wol’Q(ﬁ;R), P —a.s. in R for allt € ]0,T].

Proof. We first comment on the regularity of w, noting that the curl is a continuous linear
operator from W22(0;R?) — Wh2(0;R) and WH2(0;R?) — L?(0;R). This justifies the
progressive measurability and pathwise regularity for the general W12(&’; R) space, whilst the
fact that w belongs to VVO1 ’Q(ﬁ ;R) is a direct consequence of Corollary 4.2.20.1 in the choice of
a = 2k. It only remains to show the identity (6.41), which we look to do by first considering
¢ € C§°(0;R) and defining ¥ € C§°(0;R?) by ¢! := Oa¢p, 1? := —016. The similarity with
the curl is swiftly noted, and the idea is to take the inner product of the identity satisfied by u
with ¢ and pass over the ‘curl’ through integration by parts. Proceeding with this, u satisfies
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the identity

t

t
<ut,w>=<uo,w>—/o <P£usus,w>ds—y/0 (Aug, ) ds
1 TS ) ot | i
+2/0 ;<PBius’¢>d8—;/o (PBjus, ) dW?

and we look to simplify each term down to its respective one in (6.41). Expanding the first

inner product into its components,

<Ut, ¢> = <’LL%, 82¢>L2(0;R) - <u§7 81¢>L2(0;R) = - <82ut1a ¢>L2(ﬁ;R) =+ <61U§, ¢>L2(0;R)

= (we, ) 12(o1m)

having used that ¢ is compactly supported. The same integration by parts process will be
used for the remaining terms. There is nothing to note for the initial condition, so moving
on to the nonlinear term, we recall the continuity of £ : W22(0;R?) — W12(0; R?), so that
PLy,us € WH(O;R?) hence curl (PL,, us) € L?>(0;R). We use Lemma 4.2.19 to remove P
from consideration, from which the well established result that curl (£, us) = Ly, ws (see e.g.

[129] Subsection 12.4) provides the required expression. We have thus far achieved that
t t
(wr, ¢>L2(0;R) = <w07¢>L2(ﬁ R) — / <[’u5wsa¢>L2(@’ iR) ds — V/ (Aus, ¥) ds

/Z (PBus, ds—Z/ (PBjus,¥) dW.

In the stochastic integral, Lemmas 4.2.19 and 4.4.1 verify that curl(PB;us) = L;ws. For the
remaining terms we do not have sufficient regularity to conduct the integration by parts. To
account for this we take an approximation of us by functions (f"), f* € W32(0;R?) and
f* — us in W22(0;R?). Firstly for the Stokes Operator, we have that

(A", 1) = (cwl (Af"), 9) 2oy = — (WL (Af"), 8) 2 gy = — (Acwrl (f*), 0) p2(oim)
= (curl (f"), ¢>W01‘2(ﬁ;R)

hence
<Au87 w> = nh—{go <Afn7 ¢> = nh—>H<;lo <CUI‘1 (fn) 7¢>W01’2(6’;R) = <w87 ¢>W01’2(ﬁ;]1{) :
Similarly we have that curl (PBZf™) = L; [curl (B; f™)] = £Z [curl(f™)]. Thus

(PBEf",4) = (L3lewl(f")], 6) 1 pmy = — (Lilewrl(F")), Li0) 12 (o)

having used that the L?(&;R) adjoint of the densely defined £; is —£; (which follows from
Lemma 4.3.2 in the one dimensional case too). Via the same approximation just used, we
conclude that the identity (6.41) holds for ¢ € C§°(0;R). We use the density of this space in
Wom(ﬁ; R) to finish the proof. O
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We shall use this identity to consider estimates on the vorticity, which then translate to

estimates on the velocity.

Proposition 6.3.5. For any t € [0,T], w satisfies the identity

t
2 2 2
el +20 | Tliaao ds = luoliqon
P—a.s..

Proof. Through the same equivalence discussed in Subsection 6.2.3, the weak solution w can
*

be viewed as satisfying an identity in (W& ’2(6" ; R)) through which Proposition A.2.7 can be

applied. That is w satisfies, for every ¢ € [0,T], the identity

¢ ¢ 1 & 0o ¢ .
wy = Wy — / Ly ws ds + 1// Awg ds + 3 / Zﬁgwsds — Z/ LiwsdW?
0 0 041 i=1 0

P—a.s. in (WOI’2(6"; R)>*, with sufficient regularity to apply Proposition A.2.7 for the spaces
Hy = W&’Q(ﬁ; R), Ho := L*(O;R) and H3 := (Wol’2(ﬁ;R)>*. Therefore w satisfies
2 2 !
lwellz2(om) = llwollz2(or) — 2/0 (LusWs, Ws) (w12 (pm)) " sewd? (om) B
t
+ 21//0 <A’w5, wS)(WOl’Q(ﬁ;]R))*><W01’2((7’;]R) ds
t o0
2
+/0 Z <<£?w5’w5>(W01’2(ﬁ;R))*xW(}*Z(ﬁ;R) + HEinHLQ(ﬁ;R)) ds
i=1
o
2y / (Littg, 0,) 12 AW (6.42)
=170
By definition

<£uswsvWS>(W&‘2(ﬁ;R))*xW&’2(ﬁ;R) = (LugWs, Ws) 4/3(0:R)x L4(0R)

which is simply zero again from Lemma 4.3.2, whilst

. 2
<Aw5’ws)(Wol’Q(ﬁ;]R))*XWOI'Q(ﬁ;R) - HwSHW&’Q(ﬁ;R)

is also directly from the definition. Similarly

(Liws, w5>(Wol’2(ﬁ;R))*xWol’z(ﬁ;lR) = = (Liws, Lws) 2oy = = | Litws 2 (0m)

hence

2
<£zzws,w$>(w(}’2(ﬁ;R))*xW&’Q(ﬁ;R) + I Liwsllz2 (o) = 0
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whilst we also have that

<£iws, wS>L2((§’;R) = 0

again from Lemma 4.3.2. Putting this all back into (6.42) gives the result. O

Corollary 6.3.5.1. There exists a constant C' independent of v, w, such that

2 2
sup ||ur[|7 < C'llwollz2(0;m)
r€[0,T]

P—a.s.

Proof. This now follows immediately from the classical control on the gradient of functions in
W},’Z by their curl (see for example [81] Lemma 3.1, a result attributed to Yudovich). O

6.3.3 Tightness

We now consider a sequence of viscosities (¢*) monotonically decreasing to zero as in Theorem
6.3.2, and correspondlng strong solutions of (4.2) for a := 2k given by u*. Without loss of

generality we assume v* < 1 for all k.

Proposition 6.3.6. For any sequence of stopping times () with v, : @ — [0,T], and any
= 1,2
peW,”,

k k —
i 00 ({rbrsnr = 00 ) =

Proof. We use the identity satisfied by the inner product, which is

(V)N (Ye+6)AT
<u€€7k+6)/\ 'Vk’ ¢ / u’“us’ ¢> ds — / <Au§, ¢> ds
v o

k k

(Yt )AT 0 00 (yk+b)
+;/%+ . Bfu’;,¢> d.sZ/%+ " <Biu§,¢> AW?
87

k i=1 i=1""k

having immediately passed P over to ¢. Inspecting each term, as seen in (5.1) we have that

(et <l

2
ul . [¢lly < cllwoll2ipr) >

where we have used Corollary 6.3.5.1 and will continue to absorb norms of ¢ into our constant.
Similarly we have that (Au¥, ¢) = (uf, ¢>H, recalling (-, ) from (5.3) and Lemma 5.3.4, and

as VF < 1,
(s <

and using that <Bi2u’§,qb> = <Biu’;,B;‘¢>> we achieve the same bound there. Using that
lwoll2(omy <1+ HwOH%Q(ﬁ;R), we have so far shown that

k
us |, 19l < ellwollz2oim

> (ve+0)A )
3 / Biu§,¢> awi|.
i=1 "k

A . (Ve+O)AT
‘<U(7,€+5)AT_“W¢>‘ S/ c(l+ HwOHL?(()’R )ds +
v

k
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Taking expectation and applying the Burkholder-Davis-Gundy Inequality, observe firstly that

1

(ko) (YRANAT 2 2

E ( Z/ B <Bzu§7¢> dW? ) <cE </ " ATZ <Biu’;, ¢>2d5) 2
i=1""k T i=1

(AT :
</ o3y ds
Yk

(Ve +O)NT 9
E / lewoll2e .z s
s

k

N[

<c

Using § as an upper bound for the length of the integrals, we have that

N|=

B (| (uly sz — v, 0)[) < OB (Juwo 2oz + e [ (lhwol2a(om )]

where the result now follows from the fact that ug € L? (Q; W?) implies wg € L? (Q; L3(0; R))

Corollary 6.3.6.1. The sequence of the laws of (u¥) is tight in the space of probability measures
over C ([0,T]; L2).

Proof. We apply the second statement of Lemma 2.3.3 in the case of ) := V_Vi.’2 and H := L2.
Condition (2.30) is satisfied from Corollary 6.3.5.1. As for (2.29), we use Chebyshev’s Inequality
to see that

P (=0 (o)) = 1B (s —188))

from which the condition follows courtesy of Proposition 6.3.6. O

6.3.4 Passage to the Stochastic Euler Equation

Using the uniform boundedness from Corollary 6.3.5.1 and the tightness due to Corollary
6.3.6.1, as well as the progressive measurability of the processes (uk) in Wi’z, we obtain the
following theorem as seen equivalently in Subsection 3.2.5. One requires taking a subsequence,

as in the statement of Theorem 6.3.2, though for simplicity we index it again by k here.

Theorem 6.3.7. There exists a filtered probability space (Q, j-', (.7-"t), If”) , a cylindrical Brownian

o, a sequence

Motion W over 8\ with respect to (Q, .j:, (.7:}), I@’), a random variable g : Q — w2
of processes (@F), ¥ : Q x [0,T] — Wi’z is progressively measurable and a progressively

measurable process @ : Q x [0,T] — W},’2 such that:
1. ug has the same law as ug;

2. For each k € N and t € [0,T], @* satisfies the identity
t t 1 [t t ~
=y — / PLE ds — v / Ak ds + = / > PBulds - / PBIFdNV,
0 : 0 2J)o = 0
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P — a.s. in L?;
3. ForP—a.e w, i*(w) = (w) in C ([0,T7; LZ);
4. ForP—a.e w, i(w) € L™ ([O,T]; W},’Z).

It is immediate that @ has the necessary regularity to be a martingale weak solution of the
equation (6.39). Indeed each @* is a strong solution of problem (4.2) relative to this new
probability space and Cylindrical Brownian Motion (thus is the unique strong solution), so in

order to prove Theorem 6.3.2 it only remains to show that @ satisfies the identity (6.40).

Proposition 6.3.8. The process @ satisfies the identity (6.40): that is
t 1 [t t B
(10,0) = (i0.6) ~ [ (oot [ Y (B Boyds— [ (Bi.o)av.
0 0= 0

holds for every ¢ € W},’Q P—as. inR forallte [0,T7].

Proof. We fix arbitrary ¢ € WZ’2 and ¢t € [0, 7], with the aim to show the result for ¢ and pass
to the limit for any ¢ € W},’Q. Taking the inner product with 1 in item 2 of Theorem 6.3.7, we
have that

t t
(ah.0) = Go.w) - [ (caibhiv) ds—o [ (i) as
0 ° 0
1 t t 5
n / 3 <B§a’;, >ds . / <Ba’;, >dws
2Jo T 0
holds P — a.s. in R, so we look to show the convergence of each term in turn P — a.s.. It is

immediate that (@}, 1) converges to (i, 1)) from the convergence in C ([0,7]; L2). For the

nonlinear term, we have that

[(Lapiib v) = (Lasiie, )| = |(Lap—s, 8 + La, (@ — ), v)|
< |(Laa, @b )|+ |[(£a. @ - 20),0)|.

We treat both cases with Lemma 4.3.2 and Hoélder’s Inequality:

2
~ ~k ~k ~k ~k -
(a0 = (5 Lo, )] < ] 2] o < o0 o5 [ = ] 200
=1
< et ||k - s 1 lye
whilst
2
(o @ = ), 0)| = [ (i = @, £a,0 )| < D0 ||k = | Il 2o Ol
=1
< |k = @ | Nl Iellyas
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We now comment on the regularity of #*; the estimates shown in Subsection 6.3.2 were done so
for the unique strong solution of the problem (4.2) on the original probability space, though are
identically obtained for the unique strong solution on this new probability space. Furthermore
from Corollary 6.3.5.1 we have that there exists a constant C' such that for every k and P — a.e.
w € Q,

~k 2 ~ 2
()| < C a0 7oz

sup
re[0,T]

where w is curlag. With the same argument as Proposition 3.2.18, taking a weak* convergent
subsequence in L ([O, TY; w2

g

) and using Banach-Alaoglu, one also has that

) 1w (o, r33722) < € 101720y -

o

As @y has the same law as ug in W},’z then %y € L? (Q; W},z) so g € L? (Q; L3(0; R)) One
therefore obtains that
t
<c
0

t t
}/ <£aka’;,¢>ds—/ (La,iis, ) ds
0 s 0
t
< clloll 2 g 14 yyae /0 |

@k

ko~
s Ug — Us

[bllw2.2 ds

L) |

ds

~k ~
Uy — Us

which we know converges to zero P — a.s., again using the convergence in C ([O, TY; L?,) For

the Stokes Operator term we have that

(40 )] = [(#.0), | <]

yk /t <Au’;,w> ds
0

which is convergent to zero P — a.s.. Next observe that

i

Wl < eliolaom 191
thus

. k
<ct ||w0HL2(@R) kul v

~k -
Uy — Us

(B2, v) — (B2, v)| = (B2 — ), 0)| = | (i =, (BD*)| < o

[ lv2.2

from which we again see the desired convergence in this term. In the stochastic integral we
have to pass to a subsequence. Indeed we can only show the convergence in expectation; to

this end we have that

d

N

IN

/Ot <Ba’;, ¢> AV, — /Ot (Biig, 1)) dW,

CE </Ot§; <Bi(a’; - ﬁs),w>2ds>
i ([ ot - \w\ﬁdsf
<ciol B[] d)}

The fact that this quantity approaches zero as £k — oo now follows from the Dominated

IN

~k -
Uy — Us

~k ~
Uy — U

Convergence Theorem, as in Lemma 3.2.17. Thus we can take a subsequence, indexed by (k;),
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such that . .
/ <Bﬂ'§j,¢>dl7vs—> / (Biis, ) AW,
0 0

P — a.s.. Moreover, taking the P — a.s. convergence along this subsequence for all terms, we
realise that  satisfies
t 1 [t t ~
(0,0 = (i0,0) ~ [ Cait)ds+ 5 [ 3 (Bian Bionds - [ (B v)paw.
0 0 i3 0
P—a.s. in R. It only remains to show this identity for ¢ € Wi’z, for which we choose a sequence

of such 1 approximating ¢ in Wy, and the result soon follows by taking the corresponding

limit in each term. This completes the proof. O

6.4 Conclusion

We briefly address some questions that have arisen around the results of this chapter.

e Could we prove a corresponding result to Theorem 6.2.8 for the zero viscosity convergence

to the Stochastic Euler Equation?

Proof. Following the original proof of Kato in [79], our method relies on the a priori existence
of the solution of the Euler Equation and its differentiability in time to be (nearly) used as
a test function in the weak formulation of Navier-Stokes. Such regularity eludes us in the
stochastic version, so a new approach would be required; the successful result of Wang and
Zhao in [151] is for additive noise, which enables transformation into a random PDE where the
same method can be applied. More thought would be needed on how to extend this result to

the case of multiplicative noise. O
e Do we have uniqueness for the SALT Euler Equation?

The question of uniqueness of weak solutions of the Euler Equation is certainly of interest,
where both uniqueness and non-uniqueness have been established dependent on the regularity
imposed. The classical (positive) uniqueness result is for initial vorticities in L> (&’; R) proven
by Yudovich in [153], which he then extends to a wider class in [154]. Simply talking about
the L (0;R) case here, we note that on the torus this result was proven in [91]. Success
hinges on showing an energy estimate of the vorticity in L> ([0,T]; L*°(0;R)), and in fact it
was proven in [91] (22) that the L>°(&;R) norm of the vorticity is constant in time via use of
the Itd6-Wentzel formula on the flow map. This was done for a sequence of strong solutions
with more regular initial conditions approximating the desired wg € L>°(&;R), which is an
approach we couldn’t take here given that only weak solutions have been established. Any
ideas for us would rely on showing additional uniform regularity at the level of the Galerkin

Approximations.
e Could we prove the existence of strong solutions to the SALT Euler Equation?

In a similar vein, we would look to show additional uniform regularity for the approximating

sequence of solutions, which now is the SALT Navier-Stokes Equations with free boundary
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condition and viscosity approaching zero. The regularity of each of these solutions again comes
from the Galerkin Approximation. The difficulty lies in the fact that as we pass up to a higher
order Sobolev Space, we are faced with the P,, no longer being self-adjoint, which as established

in Subsection 5.5 for the no-slip case, appears to block our estimates.
e For which noise does the free boundary inviscid limit still apply?

The choice to state and prove Theorem 6.3.2 for SALT noise specifically, instead of a general
noise as in Theorem 6.2.8, comes down to several reasons. It is clear from our approach with the
vorticity form that precise assumptions would be needed on curl@; which would be somewhat
cumbersome. Moreover, we want to highlight the power of SALT noise; we see this in Proposition
6.3.5, as we can achieve pathwise bounds given the complete cancellation in the stochastic
integral. This does not exclude the result for additive and Nemystkii type noise though:
we instead can only demonstrate Proposition 6.3.5 as an inequality in expectation, however
the tightness and hence passage to the Stochastic Euler Equation is still valid. Additional
technicalities are needed to introduce a pathwise bound into the system, which is done through
the familiar first hitting times. Proposition 6.3.6 is then shown up until these first hitting
times, which still gives the tightness result exactly as seen in Proposition 3.2.15. One would
also have to take expectations in the proof of Proposition 6.3.8, but the result follows with only
these minor technical adjustments. The scenario of a transport noise is much more delicate,
as the correct Ito-Stratonovich corrector in the weak formulation of the Euler Equation is
— (PL¢,us, L¢,us) where this different structure retaining the Leray Projector (as opposed to
for B;) requires some different considerations which we do not detail here. The idea, however,

is to again introduce 7¢, and use the good commutative properties of P and B;.
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CONCLUSION

The final commentary of this thesis will be a review of its main contributions, as well as a

survey of future work that could answer open questions by building upon the theory presented

here.

Firstly we list our results, in what I consider a descending order of significance:

The existence and uniqueness of strong solutions to the Navier-Stokes Equations with
Stochastic Lie Transport under general Navier boundary conditions, Theorem 5.3.3. This
is the first strong existence result for a fluid equation perturbed by unbounded noise with
a physical boundary, where the size of the noise is not restricted relative to viscosity. We
have also proven local existence and uniqueness for the less challenging vorticity form on
a bounded domain in 3D, Theorem 5.4.3.

The existence of a martingale weak solution to the Euler Equation with Stochastic Lie
Transport on a bounded convex domain, Theorem 3.2.7, as an inviscid limit of strong
solutions of the Stochastic Navier-Stokes Equations with free boundary. This is the
first existence result for an inviscid fluid equation perturbed by unbounded noise with a

physical boundary.

Criteria for the existence, and in some cases uniqueness, of a variety of solutions to
a general SPDE with unbounded noise: Theorem 3.2.7 for martingale weak solutions,
Theorem 3.3.5 for weak solutions, Theorem 3.4.5 for strong solutions, and Theorems
A.3.13, A.3.17 for local strong solutions. These extend previously known results to the
unbounded noise case, applicable to the Navier-Stokes Equations with Stochastic Lie

Transport amongst many other equations and noise structures.

A version of Kato’s necessary and sufficient conditions to deduce the convergence of (mar-
tingale) weak solutions of the Stochastic Navier-Stokes Equation with no-slip boundary
to the strong solution of the deterministic Euler Equation, Theorem 6.2.8. Our conditions
apply for Lie Transport alongside other unbounded noise schemes, extending results
known only for additive noise and in 2D. Novel conditions dependent on the scaling rate

of the stochastic integral are given in Subsection 6.2.7, in particular Proposition 6.2.12.

A rigorous conversion between the It6 and Stratonovich forms of an SPDE with unbounded

noise under very general assumptions, Theorem 2.2.20. Whilst the converted form had
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been known heuristically, a proper proof and perhaps an understanding of the cost of
regularity appeared absent thus far. A conversion in some ‘very weak’ form does not pay

the same cost, Theorem 2.2.27.

e The existence of solutions to the Navier-Stokes Equation with genuine Stratonovich
Stochastic Lie Transport: Propositions 5.2.3, 5.3.2 for very weak solutions under the
no-slip and Navier boundary conditions, Proposition 5.3.6 for weak solutions under Navier
boundary conditions, and Theorem 5.4.2 for local strong solutions on T3. Aside from a
recent result from Galeati and Luo in [52|, Proposition 2.14, for only the existence of
very weak solutions to some Stratonovich Stochastic fluid PDE, I am unaware of any

concretely demonstrated existence to such equations.

e A Cauchy and weak equicontinuity criterion for the existence of a limiting stochastic
process and stopping time, whereby the life of the stopping time can be characterised
by the first hitting time of the limit process. By imposing a weak equicontinuity at all
times instead of just the initial time, this extends the previous result from Glatt-Holtz
and Ziane in [58], Lemma 5.1, in which the stopping time was only shown to be P — a.s.

positive with no information on its lifespan.

e Existence (and uniqueness) results for weak solutions of the Navier-Stokes Equation with
Stochastic Lie Transport: Theorems 5.2.1, 5.2.2 for the no-slip boundary and Theorem
5.3.1 for Navier boundary conditions. These results were certainly expected and do not
pose particular difficulty over the known torus case, yet constitute a necessary addition

to the sparse literature.

e The existence and uniqueness of solutions to an SPDE on a finite-dimensional Hilbert
Space driven by a Cylindrical Brownian Motion, under Lipschitz and linear growth
constraints, Theorems 2.3.1, 2.3.2. Of course for a finite-dimensional driving Brownian
Motion the result is classical, whilst surely being expected in the infinite-dimensional
case. Nevertheless I could not find the result, and having also seen papers work with a

projected Cylindrical Brownian Motion to compensate, I believe it is a worthy addition.

e The existence and uniqueness of a maximal solution to an abstract SPDE when the
existence and uniqueness of a local solution is known, Theorem 2.2.14. The result is most
likely considered standard, however I haven’t seen it presented in generality and we offer

a direct and novel proof with Zorn’s Lemma.

e An inequality on the Lie Transport operator used for energy estimates in arbitrarily high
order Sobolev Spaces, Proposition 4.3.4. The result has been understood on the torus but
perhaps not on a bounded domain, and I have not seen a complete proof for arbitrarily

high orders.

e Explicit proofs of tightness criteria, Lemmas 2.3.3, 7?7, combining classical results from
Aldous (|2]) and Jakubowski (|77]). The method was used by Rockner, Shang and Zhang

in [131] though not formatted into a material result.
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An energy equality for local solutions to SPDEs without assumed moment estimates and
within a variational framework, Proposition A.2.7. It is precisely in allowing for local
solutions and omitting the need for moment estimates that extends the result of Prevot
and Rockner, [127] Lemma 4.2.5. We also enjoy more freedom over the largest space U

by not imposing it to be V*, i.e. a Gelfand Triple.

Various properties and constructions for stochastic calculus in infinite dimensions, Section
A.1. In particular I shall mention a thorough treatment of the cross-variation between a
Hilbert Space valued martingale and a real valued martingale, from Definition A.1.40 to
Proposition A.1.43, necessary in the It6-Stratonovich conversion and a concept that I

haven’t seen established.

To draw the thesis to a close, we list some open problems and future work:

The existence and uniqueness of strong solutions to the Navier-Stokes Equation with

Stochastic Lie Transport under the no-slip boundary condition, see Subsection 5.5.

The existence and uniqueness of strong solutions to the Euler Equation with Stochastic

Lie Transport on a bounded domain, see Subsection 6.4.

A version of Kato’s necessary and sufficient conditions to deduce the convergence of
weak solutions of the Stochastic Navier-Stokes Equation with no-slip boundary to the

martingale weak solution of the Stochastic Euler Equation, see Subsection 6.4.

The existence of a martingale weak solution to the Euler Equation with Stochastic
Lie Transport on a bounded (not necessarily convex) domain, as an inviscid limit of
strong solutions of the Stochastic Navier-Stokes Equations with general Navier boundary

conditions, see Section 6.1.

The uniqueness or non-uniqueness of martingale weak solutions to the Euler Equation
with Stochastic Lie Transport on a bounded domain dependent on the regularity of the

initial condition, see Subsection 6.4.

The convergence of strong solutions of the Navier-Stokes Equations with Stochastic Lie
Transport under Navier boundary conditions to the weak solution with a no-slip boundary

as « tends to infinity, see Subsection 5.5.

Various analytical properties of the solutions considered in the thesis, such as long-time
behaviour through stability, ergodicity and invariant measures. We can also explore these

concepts in the inviscid limit.

Potential regularisation-by-noise results pertaining to turbulent behaviour at the bound-
ary. I shall briefly discuss an approach. The recent work of Lucio Galeati in [51] has
established an enhanced dissipation mechanism from transport noise, used to show im-
proved well-posedness properties in [47, 48] amongst others. The idea is that a well chosen
Stratonovich transport noise produces an [to-Stratonovich corrector of a Laplacian, and
an It6 integral which is very small in a suitably weak sense. In particular we can choose

coefficients such that the Itd integral approaches zero but the Laplacian remains fixed,
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hence the enhanced dissipation. In [48] this approach was used to show that for any
given € > 0, there exists a noise such that the corresponding Stochastic 3D Navier-Stokes
Equation has a global solution with probability greater than 1 — . This is proven as the
smallness of the It6 integral makes the SPDE close to a deterministic Navier-Stokes with
as large ‘viscosity’ as we like (coming from the Ité-Stratonovich corrector) which thus has
a global solution. Given the unknown state of the vanishing viscosity limit problem under
the no-slip boundary condition, as discussed in Section 6.1, a very interesting question is

the following:

For any € > 0, does there exist a noise and a viscosity v such that for all u < v, the weak
solution of the corresponding Stochastic Navier-Stokes Equation with viscosity p and no-

slip boundary condition is ‘within €’ of the weak solution of the Stochastic Euler Equation?

This idea of Galeati has only been proven on the torus, but if similar also holds on
the bounded domain, then we would hope to find success in three steps: closeness of
the Stochastic Navier-Stokes to deterministic Navier-Stokes with additional Laplacian;
closeness of the deterministic Navier-Stokes with additional Laplacian and small viscosity
to deterministic Euler with additional Laplacian (in other words, closeness of deterministic
Navier-Stokes with viscosity 1+ p to Navier-Stokes with viscosity 1); closeness of determ-
inistic Euler with additional Laplacian to Stochastic Euler. Carrying the techniques over
to a bounded domain conjures great challenge, largely again due to the Leray Projector
through the absence of an explicit form in this case. Other exciting questions to ponder,
though lacking any clear path to their answer, could be in finding a noise to directly
verify a Stochastic Kato Criterion, as well as a noise that could restore well-posedness for

the famously ill-posed Prandtl Equations.
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APPENDIX A

—_—> 0 (C— DO

SUPPLEMENTARY MATERIAL

A.1 Stochastic Calculus in Infinite Dimensions

We start by giving more explicit motivation for this calculus; that is, why work in infinite
dimensions? Finite dimensional stochastic differential equations have rich applications in
physics and finance, for example in Langevin Equations modelling the movement of a particle
in space [23] or the Black-Scholes options pricing model for the dynamics of the price of a stock
[12]. These are applications of classical Itd calculus, where the integral of a process takes values
in Euclidean spaces. Whilst this theory is adequate in such applications, mathematical models
for physical phenomena far exceed those for the position of a particle or that of a tradable stock
price. The extension to infinite dimensions is necessary for stochastic differential equations
modelling functions of both space and time, such as the velocity or temperature of a fluid. It is

therefore necessary to define the stochastic integral

t
/ T dW, (A1)
0

for a class of stochastic processes ¥ : ) x [0,00) x R" — R?. We regard ¥ not as a pointwise
defined function but rather an element of a function space, which is our motivating context for

stochastic integration of Hilbert Space valued processes.

A.1.1 A Classical Construction for Hilbert Space Valued Processes

The construction of the stochastic integral for Hilbert Space valued processes precisely mirrors
the standard one dimensional It6 integral; as such we start from simple processes. H will
denote a general separable Hilbert space, with norm and inner product given by |-||,, and
(-, )4 respectively. W represents a standard one dimensional Brownian Motion with respect to
the fixed filtered probability space (; F, (F;), P).

Definition A.1.1. Let 0 =ty < -+ < t; < tiy+1 < ... be a partition of the time interval [0, c0)
such that (t;) approaches infinity. A simple H-valued process is one that for P — a.e. w takes
the form

Wi(w) = ao(w)Lioy(t) + D ai(w)Lig, 0,4 (1),
1=0
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where each a; € L? (Q; 7—[) and is Fi,—measurable, with respect to the Borel sigma-algebra on H.

Definition A.1.2. The It6 integral of a simple H-valued process ¥, with respect to Brownian
motion, is defined as

t [e.9]
/ ‘Ildes = Z Qg (Wti_‘_l/\t - Wti/\t) .
0 i=0

Note that in reality the above is a finite sum, so the right hand side is well defined. Indeed it

can alternatively be expressed as

el
|
—_

@i (Wti+1 - Wti) + ag (Wt - Wtk)’ (A.2)

s
Il
=)

where k is such that ¢ € (g, tx+1]. We define the integral for a more general class of integrands,
using approximations by simple processes. For this we introduce the notion of progressive

measurability.

Definition A.1.3. An H-valued process W is said to be progressively measurable if for every
T > 0, the restricted process W : Q x [0,T] — H is measurable with respect to the product
measure Fr x B([0,T7).

Definition A.1.4. We use I;Z‘ to denote the class of H-valued processes W which are progress-

ively measurable and satisfy the square integrability condition

E </OT ||@s||;ds> < 0. (A.3)

In other words, ¥ € L? (Q x [0,T7; H) where the domain space Q x [0,T] is a measure space
equipped with the product measure P x \.!

We have given the definition for progressively measurable processes, not previsible processes® as

will commonly be seen in the literature. Progressive measurability is a weaker condition than
previsibility, but thankfully most reasonably behaved processes (adapted and left continuous
for example) are both progressively measurable and previsible. We make the definition here
for the more general class of integrands in the cases where the integrator is continuous. Other
authors (e.g. [90]) may opt for previsible processes as these become necessary in retaining nice
properties (e.g. martingality) when defining the stochastic integral with respect to discontinuous

integrators.
Definition A.1.5. The class of processes ¥ such that ¥ € Ir}" for all T > 0 is denoted by I

T™" represents our class of integrands for all times, though there will be nothing wrong with
defining the integral for times ¢ < T in the class I%‘. The construction comes as a limit of
simple integrals, for which we need the following proposition which holds no differently to [123]

Lemma 3.1.5 for example.

! The progressive measurability of ¥ ensures that it is measurable over this product space, and Tonelli’s Theorem
justifies exchanging the order of integration.

2 An H-valued process is said to be previsible if it is measurable with respect to the sigma-algebra generated by
all left-continuous adapted processes.
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Proposition A.1.6. For any W € T}, there exists a sequence of simple processes (®"™) which
converge to W in L?(Q x [0,T]; H).

This approximation is the final piece of the constructive jigsaw, allowing us to define the

stochastic integral below.

Definition A.1.7. We define the Ité stochastic integral for processes W € I™ by

/ U, dW, := lim \Iﬂ;dWs, (A.4)

n—oo

where (P™) is the sequence of simple processes postulated in Proposition A.1.6 which approach
W in L*(Q x [0,t]; 1), and the limit is taken in L* (S H).

The fact that this is the natural topology in which to take the limit of simple stochastic integrals
falls from the It6 Isometry for simple processes, which further justifies that the construction is

independent of the choice of simple approximation.

Proposition A.1.8. For a simple process " and any time t > 0,

E(H g H) =E(/Ot||wzuids)- (A-5)

Proof. Let’s suppose that ¥"™ takes the form

U} (w) = ag(w)lioy(t) + Za )Lz e, ,1(2) (A.6)

as outlined in Definition A.1.1. Then applying Definition A.1.2, we deconstruct the LHS of
(A.5):

1=0
= << Z ag (Wt7+1At - Wt;lAt) ; Z a; (Wt” At T Wt?/\t) >H>
i=0 j=0

= Z Z E( <a?, a?>H (Wtﬁrl/\t - Wt:.‘/\t)(Wt;"H/\t - Wt;/\t))

recalling once more that the infinite sum is actually a finite sum (A.2) so there is no difficulty in
extracting it from the inner product and expectation. For i # j, and without loss of generality

i < j, the random inner product is F;,—measurable as the continuity of the inner product

RR]
independent from the independent increments of Brownian Motion. The terms thus vanish and

o0
S5 ( 1l (Wi 0 = Wern?)
=0

preserves measurability, and therefore <a a” > (Wt?ﬂ nt — Wi At) and (I/Vt;,z+1 At — Wt?/\t) are

we are left with
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to which we note independence again and assert that this is just

ZE la? 13, ) (20 At = £ A ),

which is precisely the integral

/ ZE a2 12 ) T ().

We can write

2
ni2 _ n
la? I Lp.az, 1(8) = [[ab Lapz, 1 (9)]|
the infinite sum of which is a single non-zero term, equal to
2

w) Loy (s +Za Ly a1 (5)

H

at every s except for zero which is a set of Lebesgue measure zero in [0,¢]. Again the infinite
sum is truly a single non-zero term, justifying its exchange with expectation, and the above is

of course H\IIZH%, proving the result.

O

So, why is this useful in terms of the limit in (A.4)? First and foremost it ensures that the
limit is uniquely defined; given that L? (Q; ’H) is complete we need only show that the sequence
of stochastic integrals is Cauchy in this space. The It6 Isometry tells us that ( fg \Il?dWs) is
Cauchy in L*(Q; ) if and only if (¥") is Cauchy in L (2 x [0,¢]; H), which is of course true as
by definition the (¥") are convergent (to ¥) in this space. Furthermore the isometry extends

to the general integral defined in Definition A.1.7, as a trivial corollary of the discussion here.
Corollary A.1.8.1. The Ité Isometry (A.5) holds for all processes W € T,

Without direct appeal to the formal construction, we may also understand the integral (A.1)
as a random element of the dual space H* and identify the functional with its counterpart in

H in the usual sense.

Theorem A.1.9. The It6 stochastic integral defined in Definition A.1.7 is the unique element
of H satisfying the duality relation

< /Ot ‘I’Sdst¢>H = /0 t (@s, d)gy AW (A7)

for all ¢ € H. The above are random inner products, defined by

<‘Il57 ¢>’H (w) = <lIls(w)7 ¢>’H

and similarly for the LHS.
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Remark A.1.10. As a corollary, by the Riesz-Representation Theorem, it is consistent to

define the Ito stochastic integral as an H* valued random variable via the mapping

o (| t (.0 V. ) (),

Proof. Given that we have defined (A.1) as a limit of simple processes, it will come as no
surprise that we use this approach to prove the relation (A.7). We will prove that the result
holds for simple processes ¥™, and later that it is preserved in the L? (Q x [0, t]; ’H) limit. Firstly
though we ought to verify that the RHS of (A.7) makes sense, that is to say (¥, ¢),, is a valid
(one dimensional) integrand. Thus we must show the standard progressive measurability and
square integrability conditions: for the former, note that the progressive measurability of W is
preserved under composition with the continuous mapping (-, ¢),, . The latter is straightforward,

as

B( [ o oia) <B( [ 19 00a) = ([ 1wiae), @)

which is finite by (A.3). Let’s suppose that ¥" takes the form (A.6). Then applying Definition
A.1.2, we deconstruct the LHS of (A.7):

t
< /0 AW, ¢>H

<ia” ” A _Wt?/\t)a¢>?{

It

tnqg

0
<a 2\ Wt;l/\t), ¢>H

@
Il
o

(@t )y Wiz, nt — Winnr)

o

Il
o

(2
and proceed similarly for the RHS, observing that the integrand

(W, )y = <a0 1oy (s) +Za (et (S ))>¢>

H

<a0 (]1{0} ¢>7.¢ + Z <a (2t ] (3)) ) ¢>

H

e}

= (af, ¢) (L{o1(s) Z trim1(3))

is again simple. This is completely analogous to showing that (¥, ¢),, was a valid integrand.
Applying Definition A.1.2 to the above proves the result for simple processes, so all that remains

to show is preservation in the limit. By definition

</0t WsdWs, ¢>H - <nh—>r{>lo /0lt L dW,, ¢>7—[

and a reminder that this limit is taken in L? (Q; H) We would like to take the limit outside of

the inner product, in some appropriate topology, and use the result for simple functions: the
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steps would be

<nh—>ngo /Ot LsdW,, ¢>’H - nh—>r{>lo < /Ot W dWs, ¢>H

t
— lim [ (U7, ), dW,

n—oo 0

so it should be clear that the topology we want to take this limit in is that of L? (Q;R),
as the last line would be precisely the RHS of (A.7) by definition if we can show that the
simple real valued process (¥", ¢),, converges to (¥, ¢),, in L? (Q x [0, t]; R). Thankfully it is
straightforwards to justify taking this limit outside of the inner product: if (f,,) converges to f
in L? (Q,H) then
2 2 ) )
B (fus O — F: 000 ) =B(Un—F.000 ) <B(IIf = 1131013 )
= 182 B llfn— FIZ) — 0

S0 ((fn, ®),) converges to (f, ¢); in L?(€%;R), as required to justify the interchange. To show
the convergence of (¥", ¢),, to (¥, $),, in L? (Q x [0, t]; R) we apply the same argument:

||<\IJ’ ¢>7—[ - <‘Iln7 ¢>’H”L2 (QX[O,t};R) = H<‘IJ - ‘Iln’ ¢>HHL2(QX[O,2§];R)
t
= ]E(/O (T, — B, )2, ds>
t
<E( [ 19— w2, ol ds)

2 ! 2
— ol B( [ . - wilBds)
0

= quH?-[ ||lIl - \I’nHLZ (QX[O,t];’H)

— 0,

where convergence to 0 is by definition of the approximating sequence ¥™.

O]

We provide two applications of this result below, both of which will be fundamental to our
SPDE framework.

Proposition A.1.11. The Ité Isometry holds for a multi-dimensional driving Brownian motion,
in the sense that if (‘I”')?:1 are a collection of processes in I™, and (W’i)?:1 are independent

Brownian Motions, then

n to ) n t )
IE(HZ;/O Wi AW i) :;E(/O w5, ds)-

Proof. We look to simplify the left hand side of the required equality, applying Parseval’s
identity (e.g. [83] pp.170) for a basis (ey) of H:
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k=1
—EY Z/ (T er) dW’)
k=1 i=1

having used linearity of the inner product to pull out the sum and Theorem A.1.9. We can now
regard the infinite sum as an integral with respect to the counting measure and apply Tonelli’s

Theorem, also expanding the square to obtain

o0 n n

iE Z/ dW;) ZEZZ(/ \Ils,ek>HdW1)(/Ot<wg,ek>HdW§>.

= i=1 j=1

For the cross terms i # j we make use of the independence of the Brownian Motions and hence
the respective stochastic integrals, as well as the standard property that the It6 integral has

zero expectation to nullify these terms. Our expression reduces to
N\ 2
S5 ([ (e am)
=11i=1

to which we can apply the It6 Isometry (Corollary A.1.8.1 for the Hilbert Space R, which is of

course the standard Isometry) giving us
> 3E [ (W,
k=1 1i=1

From this, we apply Tonelli twice more to take the infinite sum all the way through,

n t 00 ' )
SB[ Y (W)
i=1 70 k=1

A final application of Parseval’s identity gives the result.

O

Whilst we chose to prove Proposition A.1.8 and subsequently Corollary A.1.8.1 from first
principles in the Hilbert Space setting, the method of proof here touches upon a fundamental
aspect of this theory: with a good understanding of the standard setting in R, we can apply
Theorem A.1.9 to straightforwardly deduce key properties here. Indeed if we accepted the Itd
Isometry in R, we could have just proven Corollary A.1.8.1 in the simple vein of Proposition
A.1.11. We take this approach in extending the result of Theorem A.1.9.
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Theorem A.1.12. Suppose that Hi,Ho are Hilbert spaces such that ¥ € I and T €
ZL(Hi;H2). Then the process TW defined by

(T®)s(w) =T (Ty(w))

belongs to T2 and is such that

T(/Ot \I'SdWS> - /Ot T® dW,. (A.9)

Proof. We shall prove first that 7% € Z"2. The progressive measurability is preserved under
the continuity of T', and for C the (square of the) boundedness constant associated to T' we

have that at any time ¢,

E(/Ot T2, ds) < CIE(/[: 1,15, ds) <0

as W € 7' showing that T® € Z2. To commute T with the integral we shall use the
characterisation from Theorem A.1.9, having now established that the right hand side of (A.9)
is well defined in Hy. We introduce T* € £ (Hz; H1) as the adjoint of T', and observe that for
any ¢ € Ha,

(r( [ waw).s),, = { [ v,

t
_ /O (W, T6),,, AW,

t
_ /O (T, 6),y, AW,

t
- </0 T\IISdWS,q§>H2

applying Theorem A.1.9 twice. As this equality holds for arbitrary ¢ € Ho then we have proven
(A.9), which is of course an identity P — a.e. in Ha.

A.1.2 DMartingale and Local Martingale Integrators

As expected, we can extend the definition to integrators beyond Brownian motion, in the same
manner as the standard It6 integral. We begin the extension to continuous square integrable

martingales, and then to continuous local martingales.

Definition A.1.13. We shall denote the class of real valued martingales M such that M; €
L? (Q;R) for every t > 0 by M?. The subclass of such martingales with P — a.s. continuous
paths will be represented by M2,
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Definition A.1.14. For any M € M?2, define IE’T to be the class of H-valued processes ¥

which are progressively measurable on [0,T] x Q and satisfy the square integrability condition

T
B( [ 12.)3,dn.) < .
0
where [M]. is the quadratic variation of M.. We similarly denote by I}f[ the class of processes
¥ such that ¥ € IE’T for all T > 0.
Constructing the integral

t
/ W.dM;
0

for ¥ € IA"/[[ now falls from what we have already done for (A.1). We use simple processes ¥"

as in Definition A.1.1 to approximate W, in the sense that

T
i B [ .~ w2 . ~o.

n—0

Simply replacing W by M in Definitions A.1.2 and A.1.7 completes the construction, though
we do not give the details here. Let’s now move on to the more delicate matter of integration

with respect to a local martingale. This begins again with notation for our set of integrands.

Definition A.1.15. For a continuous local martingale N, define f’;’T to be the class of

progressively measurable processes ¥ such that
T
/ | ®s]5,d[N]s <00 P —ae. (A.10)
0

Also define i% to be those ¥ in i%’T for every T.

Suppose that N is localised by the stopping times (7,). Without loss of generality this sequence
of stopping times can be chosen such that the stopped processes N1 defined by

N = Nyar,
are bounded; if (7)) are localising stopping times, then we can simply set
T, =T, ANinf{0 <t < oo : |N;| > n}

so that for each n, N7» is a bounded continuous martingale and hence in M2. Note of course
that the new stopping times (7},) are still non-decreasing and approach infinity P — a.s. by the
pathwise continuity of V. Continuing in this manner, for a process W € f}i‘, let’s define some

more non-decreasing random times (R,,) by
t
R, :=nAinf{0 <t < oo: / @[5, d[N]s > n} (A.11)
0

taking the convention that the infimum of the empty set is infinite. The random variables

(R,) are stopping times as they are simply first hitting times of the continuous and adapted
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processes
t
AHWﬁiﬂNk

Again these times tend to infinity P — a.s. by condition (A.10). Now define 7, by
T =Ry AT, (A.12)
and the truncated processes ¥" as
=W, 1<,,.

Understanding the fact that for m <n, and t < 7,,,, we have ¥;1;<, = ¥;1;<,,, and also that

N/™ = N/™ then eventually the sequence

( / t \I:ng;n>
0

is constant P — a.s.. Thus, we can make the following definition.

Definition A.1.16. In the setting described, we define

t t
/ W, dN; := lim widN]" (A.13)
0

n—o0 0

for the limit taken P — a.s. in H.

Of course to do this we require that at any n, ¥" € I}’;‘m: the process (1<, ) is progressively
measurable, as it is both left continuous and adapted (adaptedness becomes clear when for
each fixed t, we write the random variable 1;<,, as 1 — 1;~,, ). The square integrability in

A.1.14 comes from the fact that the random variable

t
AHWﬂ&ﬂth

is bounded by n P — a.s. (owing to (A.11)), hence the expectation satisfies the same bound.
Where N is itself a genuine martingale, this procedure defines the stochastic integral for
processes with only the regularity (A.10). In this case we do not have to stop the integrator,

we just truncate the integrand.

Definition A.1.17. In the special case where the continuous local martingale is a Brownian
Motion, we denote f% by simply M. This class of processes differs from I™ due to the
assumption P — a.s., i.e. (A.10), as opposed to (A.3) in expectation.

We extend properties of the stochastic integral to this class of processes.

Proposition A.1.18. Let ¥ € T'" and ¢ € L>*(Q;H) be Fo—measurable. Then (¥, ¢) € ik
and for every t > 0 we have that

</0t mrdWT,¢>H _ /Ot (W, ¢),, dW, (A.14)

194



CHAPTER A - SUPPLEMENTARY MATERIAL

P — a.s.. The above are random inner products defined by

<lI’87 ¢>H (w) = <‘IIS(LU), ¢<w)>7-[
and similarly for the left hand side.

Proof. We should first justify that (¥, ¢),, € 7%, The progressive measurability follows as for
every T' > 0 the mapping

(P, 0)y it X wx = (By(w),d(@))y

is B(]0,T]) x Fr x Fy measurable, so in particular it is B([0,7]) x Fr x Fr measurable and as

such
(W, )y 1t xw i (W (w), P(w))gy

is B(]0,T) x Fr measurable as required. Note that we have used the progressive measurability

requirement on ¥. We also appreciate that for P — a.e. w,
T 2 o [T 2
| @) o)l < o)l [ 19 @I < o

again by assumption on ¥ € 7", Thus (P, ), € 7* To compute the integrals we introduce
the stopping times

t
5 :=mnf{o<t<oo:<1+||¢Hi>/ H\Ilrnidwj}
0

such that for every j € N, .1 <. € ", <\I'.Il.§Tj, ¢>H € IR It is sufficient to show that

t t
</ qlrﬂTSTdeT,¢> :/ (O L<ris ), AW, (A.15)
0 H 0

holds IP — a.e. for every j. We now fix arbitrary j € N. Our plan is as follows: we consider a
sequence of simple processes (®") which approximate ¥.1.<,, in L2(Q2 x [0,t]; H) as postulated
in Proposition A.1.6. We then claim that ({(®",¢),,) is a sequence of R valued simple processes
which converge to <\Il.]l.§Tj, ¢>H in L?(92 x [0,1];R). Following this, we prove (A.14) for this

simple case and show the identity holds in the limit.

We first show that for each n € N, (®", ¢),, is a simple process. Let ®" have representation as
in Definition A.1.1. Then

(®", B)y = <a811{0} + Z ai Lo er s ¢>
H

1=0

= {0, @) Tgoy + D _ (i’ Sy Lz, )
=0
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so this would satisfy the requirements of an R valued simple process if for each i € N,
(aj', d), € L2(£;R) and is F;,—measurable. For the square integrability constraint, observe
that

B ((a?,6)3) < E (la?1B 1913) < 16070 B (llaf3) < o0

by the assumptions of a; € L?(€;H) and ¢ € L>(Q;H). The F;, measurability follows in the
same way as the progressive measurability of (¥, ¢),,. Indeed the required L*(Q x [0,t];R)

convergence follows similarly as

H<\I/.Il.§.,-j,¢>7{ — <CI).TL7¢>HHL2(QX[0¢];R) - H<\Il']l'§7'j - q)n7qb>?—tHLQ(QX[O,t};R)
< HH‘I"ISTJ - (I)nHH H¢||HHL2(Q><[O,t];R)

<]l ooy 1€ Lozry — (I)nHHHLQ(QX[O,t} R)

)

and by assumption

[EZe. —0

n
-2 HHHLQ(QX[O,t];R)
as n — 00, so the convergence is proved. To show the identity (A.14) in the case of the simple

process @™ observe that

t o
</0 ®"dW,, <Z>> = <Z ai (Wer, nt — Wt?/\t)7¢>
”Ll .

1=0 H
= Z <a1n (Wt;l+1/\t - Wt”/\t) ,¢>
=0

as required. In order to conclude the argument, by definition of the integral we have that

t t
/ U1, ,dW, = lim [ ®"dW,
; <

n—oo 0

t t
O, 1, ¢), dW, = lim/ 3", ¢),, dW,,
| (@A) = i [ (@20,
where the first limit is taken in L?(;H) and the second one in L?(; R). For each we can thus

extract a P — a.s. convergent subsequence in the appropriate space, so by taking successive

subsequences we can find one common subsequence indexed by (ny) such that the above limits
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hold IP — a.s.. Thus

t t
</ \Ilr]lr<7der,¢> :< lim /tI)deWT,gb>
0 - H Ng—>00 0 H

t
Ng—>00 0 H

t
= lim [ (®",¢), dW,

Ng—>00 0

t
= /0 (O ey @)y AW,

so (A.15) is justified and the proof is complete.
O

We note that the Fy—measurability requirement on ¢ really comes into play in showing the
Fi;,—measurability of (ai,¢),,. If we were to consider the integral over some [s,t] interval
instead, then one could relax ¢ to only being F;—measurable. In fact the result can also be
extended to unbounded ¢. To do this we shall prove a Stochastic Dominated Convergence

Theorem.

Lemma A.1.19. Let (¥") be a sequence in T such that there exists processes W : Qx [0,00) —
H and ® € L?([0,0);R) P — a.s., with the properties that for every T > 0, P x X\ — a.e.
(w,t) € Qx[0,T):

1 ([} (w)]ly < |®(w)] for alln € N;
2. (PP (w)) is convergent to ¥i(w) in H.
Then ¥ € " and for every t > 0, there ezists a subsequence indexed by (ny) such that

t t
lim / WA, = / U, dW, (A.16)
0 0

Np—>00

P —a.s..

Proof. Immediately we note that W inherits the progressive measurability from ¥" from the
almost everywhere limit in the product space Q2 x [0,7] when equipped with product sigma-
algebra Fr x B([0,T1]). Similarly we must have that for P x A —a.e. (w, ), |[¥¢(w)|y < |®s(w)]
so ¥ € L?([0,00);H) P — a.s. hence belongs to T™. We look to find a common sequence
of localising times for the stochastic integrals, and then demonstrate (A.16) by showing the
identity holds true when stopped at each localising time. To this end we introduce the stopping

times

t
T; ::j/\inf{OSt<oo:/0|<I>r\2d7’2j}
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which from the assumption 1 serve as a sequence of localising times for every ¥"”, and too for
W¥. Thus for any fixed ¢ > 0 and j € N we wish to show that

t t
lim [ O, dW, = / U, 1<, dW, (A.17)
0

N —00 0

for a subsequence (ny) P — a.s., or equivalently that

t
lim [ ("% — @)1, dW, = 0.

Nng—r00 0

We first assess the convergence in L?(€2;H), applying Corollary A.1.8.1 for each fixed n to see
that

2 t )

_E </ (e — \IIT)]ITST].HHdr> .

0

t
E / (B" — ®,)1, <., dW,
0

H
Observing that for P x A — a.e. (w,t),

[(27() ~ T Lsr, @2 < ([T Lero], + 1@< @)],,)

< 4|q)r(w)]lr§7'j (W)|2‘

Then with dominating function 4[®.1.<, |2 we can apply the standard Dominated Convergence
Theorem for the integral over the product space (we face no problems with the order of

integration from Tonelli’s Theorem given the progressive measurability) to deduce that

n—oo

t
lim E </ |(wr — \Pr)ﬂr<7j“idr) =0
0

and therefore )

=0.

lim E’
H

n—oo

t
/0 (W7 — W) 1y, dW,

Thus we have justified the convergence (A.17) in the sense of L?(Q;H), from which we can

deduce a P — a.s. convergent subsequence and the result is proved.

O]

Proposition A.1.20. Let ¥ € T and ¢ : Q@ — H be Fo—measurable. Then (W, ) € " and
for every t > 0 we have that

</Ot qlrdwr,¢>% - /Ot (@, 6}, AW, As)

P—-a.s..

Proof. A justification that (¥, ¢),, € % is precisely as in Proposition A.1.18. To apply this

result, we rewrite ¢ in a trivial way as

o0
6= Olicgl, <kt

k=1
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where the limit is taken P — a.s. in H (similarly to (A.2) this is just a finite sum at each fixed

w, or more precisely just a single element of the sum). Introducing the notation

n
0" =D DLrg)plly <kt

k=1

then clearly ¢ € L>°(;H) and is still Fy—measurable, so we can apply Proposition A.1.18 to

see that . .
</ v,.dw,, ¢n> = / (P, ¢n>H dW.
0 ey 0

We can take the IP — a.s. limit in H outside of the inner product on the left hand side, so it is

sufficient to show that

lim t<\1:r,¢">H AW, = /t (W, ¢, AW, (A.19)
0

n—o0 0

or at least that this is true for a subsequence. This is an immediate application of Lemma

A.1.19, with dominating function simply the limit (¥, ¢),,.

O

The same is true for multiplication by real valued random variables, where the proof is identical.
We state the result here.

Proposition A.1.21. Let ¥ € 7" and n:Q — R be Fo—measurable. Then n¥ € 7" and for
every t > 0 we have that

t t
" / U, dW, = / N, dW,
0 0

P—a.s..

A.1.3 Cylindrical Brownian Motion

Having now addressed the question of how to integrate a Hilbert Space valued process with
respect to a finite dimensional local martingale, we look to extend this theory to the case
of an infinite dimensional martingale. The aforementioned construction then arises from
the one dimensional projections of the driving process. Our notion of infinite dimensional
Brownian Motion is that of a Cylindrical Brownian Motion, which we explore in this subsection.
Additional operator theory is used in this subsection to better understand the background of
the process, however it is not necessary in the resulting integral constructed in Subsection A.1.5.
We will denote by @ a bounded positive self-adjoint operator on H, that is Q € Z(H;H), and

t A s to be the minimum of £, s > 0.

Definition A.1.22. A Q-Cylindrical Brownian Motion over H is a process W@ taking values
in the space of functions from H to R, that is

WY Q x [0,00) = R
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such that for each h € H and t > 0, W}?(t) : Q= R is a zero mean Gaussian random variable,
and for every g,h € H and all times t,s > 0,

E(WZ2(HWE(s)) = (Qg. h)y (£ A 5).

Remark A.1.23. We note that this definition is not restricted to a Brownian Motion; one may
consider any zero-mean Gaussian random variable with a correlation function R(t,s) replacing
that of the Brownian Motion t As. We consider only the Brownian Motion case here to maintain
a direct approach of the key principles, though the general case is defined in [105] Subsection

To make this abstract definition workable, we look to how such processes can be represented.

This motivates the notion of a regular process.

Definition A.1.24. A Q-Cylindrical Brownian Motion W® is said to be reqular if there exists
a square integrable H-valued process We (that is, VA\ZQ € L? (Q; 7—[) for all t > 0) such that for
every h € H, W,? has the same law as the process <WQ, h>7—t defined by

<WQ,h>H (t,w) == <WQ(t,w),h>H

We will not hesitate to identify the functional valued process W with the Hilbert space one

WE. In the next theorem however, we keep the distinction for clarity.

Theorem A.1.25. A Q-Cylindrical Brownian Motion W® is regular if and only if Q €
LYH; M), that is, Q is trace-class. In this case WE admits the regular representation

WR(t) = i Ve W (A.20)
i=1

for t > 0, where the (e;) are an orthonormal basis of H consisting of eigenvectors of the
self-adjoint trace-class (hence compact) operator @, (A\;) are the corresponding eigenvalues, and
(W?) are independent one dimensional Brownian Motions. The infinite sum is taken as a limit
in L? (Q; H).

Proof. We consider the two implications. In the first one we show that if () is trace-class then
(A.20) is a regular representation of W?. In the second we show that if W is regular then Q

is trace-class, so by the first implication, (A.20) is again a regular representation of WX,

<= A sensible place to start would be to verify that for trace-class @, (A.20) does indeed
define an element of L? (Q; 7-[) We will rely on completeness of the space and show that

the sequence of partial sums is Cauchy. Observe that

n 2 n n
B(| X vaeWi| ) =B INIWE) = B(W:P) 3 X
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All we then require to conclude the Cauchy property is that > >°; A; < co which it is
given that @ is trace class. To conclude that (A.20) is a regular representation of W%, it

is sufficient to show that the one dimensional processes <WQ, h>% satisfy the conditions
postulated of the W}? in Definition A.1.22 as these characterise the distribution.
First of all for each h € H and time ¢, we must verify that the random variable

00

W <Z Ve Wi (w), h> (A.21)

1=1 H

is zero mean Gaussian. Note that

(i 3 Ve )

lim <; \/)Tiethi, h>H,

H n—00

where the second limit is in L? (Q;R) just as we did in Theorem A.1.9. The random
variable (A.21) is thus an L? limit of zero mean Gaussian random variables, so is itself zero
mean Gaussian (convergence in L? implies that in distribution so we have Gaussianity,
and L? convergence implies L' from which we readily deduce the zero mean property). It
remains to show that for each g,h € H and s,t > 0 that

E << i Ve W, 9>H< i Ve, h>%> = (Qg,h)4 (t A s).

i—1 j=1

We take the limit through the first inner product on the LHS as above, that is

o (S vremt), J(Svmewta),) G

i=1 Jj=1

and argue that for a sequence of functions (f,,) convergent to f in L? (Q;R), and
ac L? (Q;R), that
(i o) (@) = lim(fa)

The right side is well defined as the limit of a Cauchy sequence:

E(|faa — fmal) = E(|(fa — fm)al) <E(fa — ful>)E(al?)

and a similar calculation shows that this element of L! (Q; ]R{) is the left side. Applying
to (A.22) and pulling the L' limit through the expectation produces

lim E < NeiWe, > < v -Wg,h>
tim (3 VReing), Y VAaWEn),
Playing the same game, this is

lim lim E << i \/)\Tethi, g>H< Zm: \/Tjé’jWg7 h>H>
=1

n—00 M—00 -
Jj=1

201



CHAPTER A - SUPPLEMENTARY MATERIAL

and further
n m

lim lim B < > (Ve g), (Ve h>HW;Wg>.

n—oo0 m—oo
i=1 j=1

Independence of the Brownian Motions (W*) and the fact that ¢ A s is the correlation

function of Brownian Motion gives that this is equal to

JLH;OZ<\/26” > <\/>eZ7 > (tAs) hm Z<)\ e,,g>H €is > (tAs)

i=1
which is just

(Do Nilenghenh) (Ens)=(Qg Ry (ENs)
=1

as required.

— : For the reverse direction, assume that W is regular with corresponding process We
(which is not necessarily of the form (A.20)). We want an expression in terms of the trace
of ), so we exploit Definition A.1.22:

o0

ZE W, = (Qeirei)y

=1

and use an alternative expression from the assumed regular representation:
3BV = 3 B((F00.0)
B(S (0 Y= E(|wee)|
- 0e),, ) =B(Pe],) <
(S (Pwe), ) =B([We@],,) <o

i=1
where the infinite sum is pulled inside the expectation from the Monotone Convergence
Theorem, and finiteness is by assumption on We e L2 (Q; ’H) Hence @Q is trace-class,
and by the first implication, (A.20) is a regular representation of W.

O]

Remark A.1.26. A standard Cylindrical Brownian Motion, that is where @) is the identity, is

thus not regular.

In light of this remark, it would be convenient to have such a representation for Cylindrical

Brownian Motion (denoted simply by W); we would like this to be something along the lines of

[e.e]

W =Y eW, (A.23)

=1

where the (e;) form an orthonormal basis of #, and (W?) are real-valued independent Brownian
Motions. We can in fact explicitly construct a larger Hilbert space H’ such that the inclusion
mapping J : H — H' is Hilbert-Schmidt. The composition @ := JJ* is then trace-class on
H’, and indeed W is a Q-Cylindrical Brownian Motion on H’: we defer the details to e.g.
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[105] Problem 3.2.6. To be precise, that is J(e;) = v/Ain; for each i, where the (n;) form an

orthonormal basis (of H') of eigenfunctions of J.J* with eigenvalues \;, and for any h € H,

Wh(t) = <i J(es) W, J(h)>

H/

In this spirit, we consider (A.23) as a formal representation of Cylindrical Brownian Motion.

A.1.4 Martingale Theory in Hilbert Spaces

We first define the notion of a Hilbert space valued martingale, before addressing martingale

properties of the stochastic integral.

Definition A.1.27. A process M taking values in a Hilbert space H is said to be a martingale
if for every h € H, the process (M, h),, is a real valued martingale. The martingale is said
to be continuous if for P — a.e. w and every T > 0, M (w) : [0,T] — H is continuous. The

martingale is said to be square integrable if for every t > 0, E( ||MtH$.¢) < 00. The class of

continuous square integrable martingales will be denoted M?(H).?

We look to show that M2(H) is closed in a relevant topology, for which we shall use a sufficient

condition for conitnuity proven now.

Lemma A.1.28. Let ¢ € Cy, ([0, T]; H) and ||¢||3{ € C ([0, T];R), that is, v is weakly continu-
ous with continuous norm. Then ¢ € C ([0, T];H).

Proof. We fix some t € [0, T and look to show that v is continuous at ¢. To this end consider
arbitrary s € [0,T]. Then

e — sl = (r — s, e — s}y

(Ut — Vs, Vi) gy — (0 — Vs, ¥s)

(e = s be)ag + 1W0slI3 = (s )y

(W — Doy V) + [0sll3; + (et — Ds)gy — 06)%,

2 (r — e, )y + (sl — el

For any given € > 0, there exists a 6 > 0 such that for all s € [0V (¢t —9), (t + ) AT,
<¢t - ¢S7 ¢t>?—[ <

sl — el < 5

)

MW | M

from each of the two assumptions, which gives the result. ]

3 Recall that M2 := M2(R), see Definition A.1.13.
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Proposition A.1.29. Let (M™) be a sequence in M2(H) and M a process with values in H
such that at every time t > 0,

Jim B (1247~ Mi3,) = 0.
Then M € M2(H).

Proof. The square integrability is trivial, so we just consider the martingale property and

continuity. For every ¢ € H, at every t > 0, we have that

B ([(M¢*, ¢)3 — (My, §)]) = B ([(M" — My, ¢)3]) < [l B ([M{" = Millyy)

< ol (E (1047 - i) )

which converges to zero as n — co. In particular, ((M}", ¢),,) converges to (My, ¢),, in L' (4 R),
and as the former is a sequence of real-valued martingales by definition, then it is standard
that (M, ¢),, is again a martingale. As ¢ was arbitrary, we deduce the martingality of M. It
remains to show pathwise continuity. For this we introduce the finite dimensional projections
(Py), defined by
k
Prids Y ($ ey e
i=1
for (e;) a fixed orthonormal basis of . The goal is to first show that P, M has continuous

paths for each k; as Py, is an orthogonal projection in H, it is clear that at every ¢ > 0,
lim T (||, (M ~ M)|13,) =
Tim B ([P (M7~ My)[3,) =0

and in particular

k
. 2
lim E <§ (M — Mt,ei>H> =0.

=1

We can now exploit equivalent results from the finite dimensional theory: note that

lim [E
n—oo

k
<Mtnv ei> - Z <Mt7 ei)H
1 =1

k
1=

2 k
<k lim E (Z (M — Mt,ei>;> =0,

n—00 4
=1

so the sequence in n, <Zf:1 (M™, ei>>, of real valued martingales is convergent in L? (Q;R)
at every t > 0. From Proposition A.4.1 we have that M? is closed in this topology hence
Zle (M, e;) is continuous. As this is true for every k € N, we may take differences to see
that (M,e;) is continuous for every ¢, and therefore P, M is continuous in H for each k (of
course, still pathwise P —a.s.). In fact we take the same approach as the referenced proposition,

working directly with the sequence of submartingales (Zle (M, eiﬁ{) indexed by k. For any
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€ > 0, by Proposition A.4.2, we have that

P <{w €Q: sup Z <Mt(w),ei>3{ > E}) <-E ( Z <MT,ei>§{> , (A.24)

te[0,T] ;—p 11 i=k+1

™ | =

but we have already established that [ (HMT“?-[) < 00, or equivalently

E (Z (Mt(w),ei)g_[> < 0.

i=1

Therefore in the limit as k — oo, (A.24) approaches zero uniformly in j > k. One may choose

a subsequence such that for all k; < Ky,

k77b
PlqweQ: sup Z (Mt(w),ei)i >

1
S (OV) PR !

<1
= o

By the Borel Cantelli Lemma the subsequence Zf’zl (M, 62-)?_[ is Cauchy in C ([0, T];R) P —a.s..
It thus admits a limit P — a.s. in C ([0, T]; R), which agrees with the limit at each ¢, given by
o2 (M, eiﬁ_[ which is of course ||MtH3{ Therefore, the process ||M||’2H is pathwise continuous;
from Lemma A.1.28, it is now sufficient to just show weak continuity. This is clear however, as

for any given ¢ € H and t > 0, we have again that

lim B (M} — My, 6)3,) =0,

n—o0

so (M, ¢),, is shown to belong to M? exactly as was done for Z§:1 (M, e;i)4,, thus concluding
the proof.

O]

Proposition A.1.30. For a standard real valued Brownian Motion W and ¥ € I, the Ito

stochastic integral
/ W dW,
0

Proof. Recalling Definition A.1.7, the integral is defined at each time ¢ as a limit in L? (€; H)

of simple integrals. From Proposition A.1.29 it is sufficient to show that these approximating

belongs to M2(H).

integrals all belong to M2(H), which is clear referring to the representation (A.2) and the
definition of M2(H).

O

This result extends to the case of a general martingale integrator as in the finite dimensional
setting. Local martingality is then defined as we would expect, and we have the following

result.
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Proposition A.1.31. For a continuous local martingale N and ¥ € f%, the Ito stochastic
t
/ W dN,
0

Proof. We claim that the localising stopping times are given simply by the (7,,) defined in

integral

is itself a continuous local martingale.

(A.12). We have already seen that these tend to infinity almost surely, so it just remains to
show that at any fixed n € N the stopped process is a continuous martingale. This is now

exactly as in Proposition A.1.30. O

The next ingredient would be a definition of quadratic variation, which we look to do via a
Doob-Meyer decomposition for M € M?2(H) (Theorem A.4.3). For this however, we must first

define a notion of uniqueness in the decomposition.

Definition A.1.32. Two H-valued processes ¥, ® are said to be indistinguishable if there
exists a set A € F with P(A) =1 such that at all t >0 and allw € A, ¥y (w) = ®y(w).

As we have become accustomed to, this notion can be built up from the finite dimensional

projections and one-dimensional theory.

Lemma A.1.33. Let ¥ and ® be H-valued processes. Then ¥ is indistinguishable from ® if

and only if for every basis vector e;, (W, e;),, is indistinguishable from (®,e;)q,.

Proof. The first implication is trivial so we consider only the reverse one. That is, assume that
for every e; there exists a set A; € F with P(A4;) =1 and for all t > 0 and w € A;,

(Wi(w), i)y = (Pi(w), i)y -

We now define A := (), 4;, which is again of full probability and in F, and for any w € A,
t>0,

[ (w) = By(w)ll3, = Y (Tr(w) — Br(w), e1)7, =0
i=1
which completes the proof. O

Revisiting the quadratic variation, our question is can we show that | M ||3{ defines a sub-

martingale? Well we have integrability by definition, and

[e.9]

2 2
M5, =D (M, )3,
=1

where the limit is defined IP — a.s.. Again by definition the above projections are martingales
and so the squares are sub-martingales. The process || M H?{ is adapted as each HMtHg_L is the

P — a.s. limit of F;—measurable random variables (on the complete measure space), and it is a
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sub-martingale as we can apply the Monotone Convergence Theorem to take the limit through

the expectation for the defining sub-martingale property. As such, we have the following;:

Definition A.1.34. For M € M2(H), the quadratic variation [M] of M is defined to be the

4

unique* continuous, adapted, non-decreasing process with [M]o =0 (P — a.s.) specified in the

Doob-Meyer decomposition (Theorem A.4.3) such that
|13, — (7]

1s a real valued martingale.

Proposition A.1.35. Suppose that ¥ € I7, then

. t
U \IleWT} :/ 1@, |3 dr. (A.25)
0 t 0

Proof. The fact that the process in (A.25) is continuous, adapted, non-decreasing and starting
from zero is clear. It simply remains to show the required martingality. To this end observe
that at each time t,

t 2 t
/‘IlrdWT —/ 1,3 dr =
0 H 0 .

)

Nk

t 2 t
</ lIlrdWr,el-> —/ > (@, ey dr
0 "o IO o
t 2 00
</ <\Ifr,ei>HdW,,> —Z/ (®,, ;)3 dr
1 \O i=170

- <(/Dt (P, ei)y dT/VT>2 B /Ot (W, e)% dr)

having applied Theorem A.1.9 to the first term and the Monotone Convergence Theorem to

1

M

-
Il

o

)

the second term, where the infinite sum is a limit taken IP — a.s.. From the standard one

dimensional theory, for each n,

> ((/Ot (W, ei)y, dW,«>2 - /Ot @mei)éd?a)

i=1

is a real valued martingale so to conclude the proof we only need to justify that the P — a.e.
limit also holds in L'(£2;R) as convergence in this space preserves martingality. This is a
straightforwards application of the Monotone Convergence Theorem applied to each integral

separately, which concludes the proof.

O]

We also look to reconcile this definition with the one often stated in the one-dimensional case,

as a limit in probability over any time partition with mesh approaching zero.

4 Uniqueness here is ‘up to indistinguishability’, as defined in Definition A.1.32.

207



CHAPTER A - SUPPLEMENTARY MATERIAL

Proposition A.1.36. Let ¥ € I%{ and consider any sequence of partitions
- _ 4 l I _
Il—{o—t0<t1<<tkl—T}

with max; \té - t§-71| — 0 asl — oco. Then for allt € [0,T], for any € > 0,

/Z W, .dW,
t

J

2 t
_/ 1w, 2, dr| > b | =o.
U 0

LA RIPS

!
tip1 St

We prove this result with an intermediary lemma, stated in the setting of Proposition A.1.36.

Lemma A.1.37. Define the sequence of stopping times (7") at every n € N by

t 2 t
/\IlrdWr +/ W, |3, dr >n
0 H 0

and the process W' := W.1.<.n. Suppose that for every n and all t € [0,T],

T ::n/\inf{te [0,T] :’

oy 2 t
imE || Y |l wraw, —/ w2, dr| | =o0. (A.26)
l—00 . tl- 0
th <% H
Then for any e > 0,
1 ? t
lim P > / U, dW, —/ 1@, |3,dr| >cp | =0.
l—00 . I 0
o <t 177 H

Jj+1

Proof. Define

/l W, .dW,
t

J

Al = Z

1
i1t

2 t
/ 1@, |3, dr| > ¢
U 0

then for any n,

A= AN >TYU{rm <TY] = [Alm{¢”>T}]u[Alm{TngT}

C [Alﬂ{Tn>T}:|U{Tn§T}.

In particular,

p (A’) <P (Al n{r" > T}) YP({<TY) (A.27)
where
ti1 ? t
An—ansTi =4 Y / AW, _/ |2, dr| > -
téﬂgt té‘ H 0

208



CHAPTER A - SUPPLEMENTARY MATERIAL

We then take the limit as | — oo in (A.27), which holds for all n so too must hold in the limit
as n — oo, providing that

hm P (Al) < lim hm P (Al n{r" > T}) + hm P({r" <T})

n—oo [—o00

= lim lim P (Al n{r" > T}) (A.28)

n—00 [—00

given that the (7") approach infinity [P —a.s.. From Chebyshev’s Inequality and the assumption
(A.26),

lim lim [P (Al n{r" > T})

n—o0 [—oo

i t 9
AW, - 1|7, dr| | =0
th " 0 riH

J

1
< 2 lim lim E Z

T £ n—o0l—oo

1
+15t

which combined with (A.28) gives the result.

O
Proof of Proposition A.1.36: We once again look to prove this by considering the finite dimen-
sional projections on which the result is known to be true, before showing that it is preserved

in the limit. This approach is ultimately taken for the localised sequence by applying Lemma
A.1.37, looking to verify (A.26). Identically to the proof of Proposition A.1.35 we have that

tl 2 t
I+l n ni 2
/tl wrdw, —/0 |5 dr

J
2
]+1 t 9
i ([, e ) [
0

<t1 1

Bl 2

l
Ly <t

00 t 2 t
g+l n n
<E[D> )] (/tl <\Il,,,ei>HdWr> —/0 (B ;)% dr

i—1 |4 ;
st J

> ti ? ¢
=SE(]|> / (BT e;), dW, —/ (B e;)3; dr
i—1 ¢ 0

. :
tia St N

where on the last line we have applied the Monotone Convergence Theorem. From Theorem
A .4.8 we know that for each i € N,

t 2 t

) it 9

llgr(l)IE | g (/tl <\Ilf,ei>HdWr> —/0 (W, e;)q dr =0
tho <t J
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so we would be done if we can justify the interchange of infinite sum and limit in [. We look to

apply the Dominated Convergence Theorem to proceed, noting that for each fixed ¢, € N,

thiy . 2 t L
E Z /tl (P, ei)q AW, _/0 (P, ei) g dr

l .
b st !

thy 2 t
<) E </tl <\Il?,ei>HdWT> +E[/O <\Ilf,ei>§{dr}

1
b st

B l

Gor
= E E l (W, e;)yy dr
t

!

tipst L

=2FE [/Ot (B e;)5; dr] : (A.29)

+E [/Ot (B e;)2, dr}

which is a bound uniform in [ and summable in ¢. Thus, 2IE { f(f (B e;)3; dr] is our dominating
function which justifies the application of the Dominated Convergence Theorem, concluding
the verification of (A.26) and hence the proof by Lemma A.1.37.

O

Lemma A.1.38. Suppose that (M") is a sequence of martingales in M2(H) which at every
time t > 0, converges in L? (Q; 7—[) to some My. Suppose in addition that at any time t > 0,
the sequence ([M™);) converges to some 1y in L (Q;]R) where 1 is continuous, adapted and
non-decreasing (P — a.s.). Then M € M2(H) and [M] is indistinguishable from 1.

Proof. The fact that M € M2(H) is immediate from Proposition A.1.29, so we move on to the

quadratic variation. Observe that for each n, by definition
2
[M™[5, — [M"]
is a real valued martingale, so the L! (Q; R) limit at each time ¢,

lim (||M"[5, — [M"])

n—oo

is again a real valued martingale if it exists. But this is clear as it is just

Tim (7~ Tim [M7) = [ M]3, —

by definition of the limit. From Definition A.1.34 then if 99 = 0 P — a.s. we have that
satisfies the conditions of the quadratic variation of M, so is indistinguishable from it. This
property is immediate as g is the limit in L' (Q;R) of ([M"]o) by assumption, whilst this is

just a sequence of zeros IP — a.s., hence the result. ]
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In part due to this result, we provide an alternative characterisation of the quadratic variation
under some additional boundedness assumptions. We reintroduce the projections (Py) used in
Proposition A.1.29.

Proposition A.1.39. For any M € M2?(H), [M] has the representation

'MS

[M] = > _[(M,ei)y]

=1

P — a.s. for the limit taken in C ([0, T];R) for any T > 0.

Proof. Observe that
k

IPkMIG, =Y (M, ey,

=1

which is the sum of k£ one dimensional submartingales, and in particular

zk:(MeZ — (M, e)y,])

=1

is a martingale. From the definition of the quadratic variation it is thus clear that
k
[PeM] = [(M,ei)y] (A.30)
=1

Moreover we have that at each t > 0, P M, is convergent to M; P — a.s. in H, and furthermore
in L? (Q;H) from an application of the Monotone Convergence Theorem to the difference
process ||M — PkMH% = > i (M, ez)%. Reminiscent of Lemma A.1.38 we look to show
convergence of the sequence ([PyM]) to some 9 at each ¢ > 0 in L' (€;R), and in fact we show
the stronger convergence in L' (Q; C ([0,T];R)) for each T > 0. We proceed by showing the
Cauchy property in this Banach Space. To do this we consider, for j < k,

k
[PM] = [PiM] = Y [(M,e)y]- (A.31)

i=j+1

From this identity and the preceding work, it is clear that

[PpM] — [P;M] = [PpxM — P;M] (A.32)
and therefore
sup |[PpyM]; — [P;M]:| = sup [PxM — P;M)y = [PrM — P; M]r. (A.33)
te[0,T] t€[0,T]
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Furthermore we are concerned with a control in expectation of this term. From the property

that real valued martingales have constant expectation,

E (|[PuMr — Py My, — [PuM — PyM]r) = B (|[PuMo — P Mol — [PuM — P; M), )

=E (HPkMO - PjMOH;QLL)
so in particular

B ([PeM — P;Mr) = E (|[PxMr — PyMr |3, — [[PeMo — PiMol3,)

k
=B 3 (M el — (Mo,e)},)
i=j+1
k k
<E Z <MT7ei>3.{ +E Z <M076i>3-[
i=j+1 i=j+1

By the square integrability assumption on M we have that at every ¢t > 0, E (ZS; (M, eiﬁ{) <
oo which justifies that the right hand side of the above approaches zero as j — oo, uniformly
in k. With (A.33) we deduce that the sequence ([PyM]) is Cauchy in L' (Q; C ([0, T];R)) for
each T' > 0 so admits a limit in this space which we call . Through the L' (; C ([0, T]; R))
convergence we can deduce the existence of a subsequence which is IP — a.s. convergent in
C ([0,T];R). In fact we can upgrade this to convergence over the whole sequence, as was
note that P — a.s. at each t > 0 the real valued sequence ([PyM];) not only has a convergent
subsequence but is non-decreasing in k, which implies convergence of the whole sequence.
Convergence of the whole sequence P — a.s. in C ([0, T]; R) can then be deduced by the Cauchy
property with (A.33) and (A.32). In summary thus far we have that

o0

Y= Z [(M,ei)y] P —a.s.
i=1

for the limit (of the sequence of finite sums) taken in C ([0, T]; R) for any 7" > 0. It only remains
to show that 1) is indistinguishable from [M], which we do by verifying the conditions of Lemma
A.1.38. The convergence has already been established hence we need only the regularity on
1. It is continuous by construction, and must be adapted as vy is the IP — a.s. limit of the
Fi—measurable [PyM]; on the complete measure space. This limit similarly preserves the
non-decreasing property, so 1 satisfies the required conditions and must be indistinguishable
from [M] due to Lemma A.1.38.

O

Following on from the quadratic variation we look to introduce the cross-variation between
martingales. Guided by the motivation to use the Stratonovich integral, introduced in Subsec-
tion 2.2.1, we will need to consider the cross-variation between elements of M?(H) and M?2.
Defining this akin to a polarisation identity is out of the question as one cannot take sums of

these martingales (there is no canonical way to sum an element of a Hilbert Space with an
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element of R), so we look to use the characterisation in terms of their product.

Indeed from the classical theory, Theorem A.4.4, for any given ¥ € M2(H), Y € M? and
e; a basis vector of H, there exists a unique continuous, adapted, bounded-variation process
(W, e5)y,,Y] with [(¥,e;)5,,Y]o =0 (P — a.s.) such that

<‘IJ7 ei)?—{ Y - [<\Il’ ei>7—[ ) Y]

is a real valued martingale. We would love to immediately have the existence and uniqueness
of a corresponding H-valued process which gives a martingale when subtracted from WY, but
that isn’t clear in the same way that the quadratic variation was as in that case H‘I’H% was a
genuine real valued submartingale. Our approach, therefore, comes from the characterisation

in Proposition A.1.39. We make a first definition for the projected process.

Definition A.1.40. For ¥ € M2(H) andY € M?2, for any k € N, we define the cross-variation

process [Pr®,Y] by
k

[Pe®, Y] :=> [(, e}y, Y]es.

=1

Indeed we can verify that such a process gives us the desired properties of a cross-variation in

H.

Proposition A.1.41. For ¥ € M?(H) and Y € M?, for any k € N, [P, ®,Y] is the unique
continuous, adapted, bounded-variation H-valued process satisfying [Pr®,Y]o =0 P — a.s. such
that

(Pe®)Y — [Pr¥,Y]

s an H-valued martingale.

Proof. 1t falls from the corresponding properties of the real valued cross-variations that [Py ¥, Y]
is continuous, adapted and of bounded-variation (one can apply the triangle inequality for the

norm ||-||,,) satisfying [P ¥,Y]o = 0 P — a.s.. In addition observe that

k

(qul)y - [Pk\I}7Y] = Z (<lI’7 ei>7—[ Y — [<‘Ila ei>7—[ 7YD €is
=1

which we look to show is an H-valued martingale. To this end consider arbitrary ¢ € H. Then

k
1=

(PL®)Y — [Pp®,Y], ¢ <Z (T, e)y —[@,eim,y])ei,z<¢,ej>Hej>
j=1

1 H

k oo
ZZ< ‘Il 62 [<‘I’7€i>H7Y])€i7<¢>ej>7-[ej>’;-[

=1 j=1

k
Z ‘I/ [<\Il761>’}-[ay]) <¢’ 6i>’H
i=1
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where we recall that each (¥, e;),, Y — [(¥,e;);,, Y] is a martingale, hence too is

(P, ei)y Y — (¥, ei)y,Y]) (¢, €i)y and therefore the finite sum is a martingale.

To comment on the uniqueness of [Pp ¥, Y] we invoke Lemma A.1.33. Suppose that II is an
‘H-valued process which is continuous, adapted and of bounded-variation satisfying IIg = 0

P — a.s.. Moreover suppose that
(Pr®)Y — 11

is an H-valued martingale. Take any basis vector e;. Then
(Pe®)Y — 11, €5)4,

is a real valued martingale, but this is just
k

(i) ey Y = (IL )y (230
i=1

From the regularity of IT we have again that (II, ej>7—t is continuous, adapted and of bounded-
variation satisfying (Ilo, ;),, = 0 P — a.s.. There are two cases here: j <k and j > k. In the
latter case we have that the first term in (A.34) is null so in particular (I, e;),, is a martingale.
Thus (I, e;),, € M, and is of bounded-variation, so by Lemma A.4.5 it is P — a.s. constant.
As the process starts from zero then it is indistinguishable from the null process. Therefore
(IL, e;),, is indistinguishable from ([Px ¥, Y], e;) which is similarly zero (recall Definition A.1.40).

In the alternative case j < k, the real valued martingale (A.34) is given by
(T, ej)q, Y — (I, e5)q -

Therefore (I1, e;),, satisfies the requirements of the cross-variation process [(¥, e;),, , Y] hence is
indistinguishable from it. This, however, is simply ([P ¥, Y], e) from its definition. Combining

with Lemma A.1.33, the theorem is proven.

O]

It remains for us to define the cross-variation process [¥,Y]. Referencing Lemma A.4.6, we
know that IP — a.s. for any ¢ > 0,

(@, e0)y, YIE < (2, ea)ple[Y]e,
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hence, using the non-decreasing property of quadratic variation,

sup [(®,ei)y, YIP < sup ([(®,ei)q)e[Y])
te[0,T] te[0,T]

< ( sup [(‘I’,&')H]t) ( sup [Y]t>
te[0,7) te[0,7)

= [(®, i)yl r[Y]r

Moreover for j < k,

2
sup ||[PxP,Y]; — [Pj\II,Y]tHg_t = sup (P, ei)q,Y], €

t€[0,T7] tel0. T ||, 5551 2

k
= sup Z [<\Il,ei>H,Y]t2

te[0,7T i=j+1
: 2
< .
B i;-l tes[lé%] [<‘Il7 62>H ’Y]t
k
< > U ey JrlYr
i=j+1

== [Pk‘I’ - P]‘P]T[Y]T

using (A.31) and (A.32) for the last line. We look to follow a similar approach to Proposition
A.1.39, taking the expectation and showing a Cauchy property. It is unknown if this resulting

term is integrable, so in order to take the expectation we introduce the localising times
T i=nAnf{0 <t <oo:[Y], >n}.

Then

2
I} ( sup H[Pk‘I’7Y]tﬂtSTn - [Pj‘I’aY]t]lKTn’H)
te[0,T

=E ( sup [|[Pr¥®,Y]ili<r, — [leI’7Y]t]1tSTn|ﬁ{>
te[0,7)

<E([Pr¥ - Pj¥lr[Y]rli<s,)

< nE ([Py¥ — P;¥]r)

which was shown to approach zero as j — oo, uniformly in k, in Proposition A.1.39. We have
thus demonstrated that for every n € N and 7' > 0, the sequence ([P, ¥,Y].1.<,, ) is Cauchy
in the Banach Space L? (Q; L™ ([0,T];H)). We can therefore extract a subsequence which

converges [P — a.s. in L™ ([0, T]; H). To remove the truncation we introduce the sets

Ap i ={weQ:mw)>T}.
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Then on every A,, there exists a subsequence of ([P¥,Y]) which is P — a.s. (within 4,)
convergent in L*° ([0, T];H). It should be noted that the choice of subsequence may be
dependent on n, hence the separation, and also that this convergence is now of continuous
processes so can be taken in C ([0, T];H). We look to upgrade this convergence to be of the
whole sequence, by another Cauchy argument. Fix any € > 0, and we look to show the existence
of a J € N such that for all &k > J,

sup [|[Pr®, Y], — [Py®, Y3 < ¢
te(0,7)

or, equivalently, as already shown in the proof,

k
sup Z (W, ei)y ,Y]? <e.
tel0.T) =y

Let the convergent subsequence be indexed by k,,. This convergence implies that the sub-

sequence is Cauchy, so there exists a J,,; such that for all k,,, > Jp,,

sup ||[Pr, @, V] — [P, @, Y||35 < e
te[0,T

or equivalently
km

sup Y [(Wei)y, Y]] <e
te(0,7 imJ 1

We now set J := J,,, and argue that for every k > J there exists a k,, > k such that

k km
sup [(‘Il,ei>H,Y]f < sup Z [(ql,ei)H,Y]f <e
t€[0,T7] i=J+1 t€[0,77] i=J+1

which proves the Cauchy property. Hence on each A, the sequence ([Pr®,Y]) is P — a.s.
convergent in C ([0, T]; H). We use that

]P(LT_LJAn) :11P<QAg> :11P<O{w€Q:Tn(w)<T}>

=1—lim P{weQ:7(w)<T})
n—oo
owing to the fact that the (7,,) are P — a.s. increasing, which is zero given that they approach

infinity. Thus we obtain the P — a.s. convergence on .

Definition A.1.42. For ¥ € M2(H) and Y € M2, we define the cross-variation process
[, Y] by

o0

(W,Y] =) [(®, i)y, Y]e;
i=1

P — a.s. for the limit taken in C ([0,T]; H).

216



CHAPTER A - SUPPLEMENTARY MATERIAL

Our next question is then very natural: do we have the corresponding characterisation as in
Proposition A.1.417 The fact that this cross-variation is continuous, adapted and starting from

zero is proven as in Proposition A.1.39. In fact the martingality of
TY — (¥, Y] (A.35)

is again proven near identically, as we use that

k
(Pe®)Y = (¥, e;)y, Ve
i=1
is a martingale, and the convergence of this at each t > 0 in L' (;H) to (A.35). It is the
bounded-variation which proves problematic. Possibly the most logical approach is to show

that the finite sums are of uniformly bounded total variation, through an argument like

k k

k
V’EE ([qul,y]) = V’EE (ZK‘Il? ei)?—[ ) Y]€Z> < Z V’E; ([(‘Ilv ei>7—[ 7Y]ei) = Z V]lg ([<lIla ei>7—[ ) Y]) .
=1

i=1 i=1

Then from Lemma A.4.7, we have that

Vi ([(®, ei)yy, Y]) < 5 ({2, i)y ) + [Y]T) |

1
2
but this means taking Zle [Y]7 which will explode as k — oo. In lieu of this bounded-variation,

we do of course have the weaker property that every projection is of bounded variation. In fact,

this is enough for uniqueness.

Suppose that II is an H-valued process which is continuous, adapted, satisfying Il = 0 and
such that for every basis vector e;, (IL, e;) is of bounded-variation IP — a.s.. Moreover suppose
that

oYy —1I

is an H-valued martingale. Take any basis vector e;. Then
(PY — 11, e5),

is a real valued martingale, but this is just

D (Wi (eires)y Y — (Tes)y,

o9
i=1

or simply

<‘I’, ej)H Y — <H, €j>7-[ .

Thus (II,e;),, is indistinguishable from [(¥,e;), ,Y] which is simply ([¥,Y], ex) from its
definition. Combining with Lemma A.1.33 we deduce the uniqueness in this class, so have

proven the following:
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Proposition A.1.43. For ¥ € M2(H) and Y € M2, [¥,Y] is the unique continuous, adapted
H-valued process satisfying [¥,Y]o = 0 P —a.s. such that for every basis vector e;, ([¥,Y],e;),,

is of bounded-variation P — a.s. and
oY — [P,Y]

is an H-valued martingale.

We now state and prove the analogous result to Lemma A.1.38, which will be necessary in the

Ito-Stratonovich conversion.

Lemma A.1.44. Suppose that (¥") is a sequence of martingales in M2(H) which at every time
t >0, converges in L? (Q; H) to some W;. Let Y € M2. Suppose in addition that at any time
t >0, the sequence ([¥™,Y];) converges to some Ly in L' (Q; R) where L is continuous, adapted
and for every basis vector e;, (L, e;j),, is of bounded variation P — a.s.. Then ¥ € MZ(H) and
[W.Y] is indistinguishable from L.

Proof. For each n the martingale in question is the H-valued one
oy — @Y.

We use again that the L! (Q; ”H) limit preserves martingality and that by Hélder’s inequality the
Lt (Q; H) limit of W'Y; is W,Y;. With the same arguments as in Lemma A.1.38 we conclude
the proof. O

If the given processes were only (continuous) local martingales, then we can make a slightly
modified version of the definition. Assuming without loss of generality that ¥ and Y are locally
square integrable (see the discussion after Definition A.1.15), localised by stopping times (R),)
and (7T,,) respectively, then for a new sequence of stopping times defined by 7, = R, AT, the
stopped processes ¥ and Y™ are genuine square integrable martingales (in their respective
spaces), so the cross variation [, Y7 can be defined. The canonical localisation procedure
is evident once more, as the (7,,) tend to infinity almost surely, the consistency conditions that

for m <n and ¢t < 7,,, we have
\Ilzm — \I]Z—n and }/tTm — )/;Tn
allow us once more to define the process at any ¢ by

[P, Y] = li_)m [P, Y™, (A.36)

for the limit taken IP — a.s. in H. Then the process

TY — [¥,Y]
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is itself a local martingale, localised by the stopping times (7,,). The argument justifying this

is identical to Proposition A.1.31, from which it is similarly clear that

(@, Y™ = [&™, Y™,

In the traditional way, these notions can all be extended to semi-martingales (that is, a
martingale plus a bounded-variation process). The quadratic and cross variation of such
semi-martingales is then simply the quadratric/cross variation of the corresponding martingale
parts. To this end we introduce the notation Mg and Mi(?—l) to be the corresponding spaces
of square integrable continuous semi-martingales, and similarly M., M.(H) to be the spaces of

continuous semi-martingales.

A.1.5 Integration Driven by Cylindrical Brownian Motion

For our analysis now we will need to make reference to two distinct Hilbert Spaces; one over
which W is a Cylindrical Brownian Motion, and the other in which our integrand maps to.
Henceforth we introduce 4 as the Hilbert Space over which W is a Cylindrical Brownian Motion.

We shall take (e;) as an orthonormal basis over Y and (a;) an orthonormal basis over H.

Definition A.1.45. Denote by I%{(W) the class of progressively measurable operator valued
processes B belonging to the set L? (Q X [O,T];$2(Ll;7-l)). Measurability here is again defined
with respect to the Borel sigma-algebra on £L*(U;H). The class of processes B such that
B € ZH(W) for all T will be denoted by T (W).

Note that we make no explicit reference to 4, the space on which W is a cylindrical Brownian
Motion. This is because, in practice, the space &l will be arbitrarily chosen; this shall be
discussed later. Recall (A.23), that if W is a Cylindrical Brownian motion over i, it can be

formally represented by
W(t) = eW, (A.37)
i=1

where the (W?) are standard independent one-dimensional Brownian motions.

Definition A.1.46. For B € I"(W) we define the It6 stochastic integral

t
/ B(s)dW, (A.38)
0
as the H-valued random wvariable o
3 / Be,(s)dW, (A.39)
=10
where each integral is defined as in Definition A.1.7 and the infinite sum is taken in L? (Q; 7—[)

The immediate response to this definition is to prove that (A.39) is well defined; that is the
integrals are well defined, as is the limit. Firstly for each i, B, is trivially in L?(Q x [0, T]; H) as
this norm is bounded by the L? (Q x [0, T]; L2(4; ’H)) norm of B. The progressive measurability
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is inherited from that of B.

In order to show that the limit of partial sums is well defined, we proceed similarly to the

method applied for (A.20) and argue that the sequence of partial sums is Cauchy. Observe that

n t
1> / Be.(s)dW!
i=m 0

2
H

2 oot .
(o) = ol gﬁz /0 Be,(s)dW:

t
-3 E /0 | Be, (5)]1%, ds

having applied the It6 Isometry A.1.11 to the above. But by the assumption that B €
L?(Q x [0,t]; £*(U; H)) we know

t oo
B [ 318 )l ds < o0
=1

and thus, by Tonelli’s theorem regarding the infinite sum as an integral with respect to the

counting measure,
0 t
ZE/ HBei(s)Hi{ds < o0
i=1 70

demonstrating that the sequence of partial sums is indeed Cauchy in L? (;H). Of course
the L2(£2; ) norm of the limit is the limit of the L?(2;{) norms, so we have justified the

following.

Proposition A.1.47. For B € T"(W), we have

E (\ 1) =B ([ 1B ds).

It is worth noting that whilst we impose the condition

E ( / > HBexs)\&ds) <o

one may instead require the looser condition

/Ot B(s)dWs

t o
/ S IBa(s)|3ds <00 P—as. (A.40)
0 =1

or equivalently that B : Q@ — L*([0,t]; £*(U; H)) for P — a.e. w. Our formulation follows the
classical construction as laid out in Subsection A.1.1, ensuring that the integral is a genuine
square integrable martingale, which one anticipates would be lost with just the assumption
(A.40). We can just as straightforwardly follow the arguments from Definition A.1.15, which
are laid out here. The extension is pertinent in applications, and this brief will closely monitor

the necessity of localisation in the abstract frameworks of Sections 2.2 and 2.3.
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Definition A.1.48. Denote by f#(W) the class of progressively measurable operator valued
processes B such that B(w) belongs to the set L*([0,T); £*(4; H)) for P — a.e. w. The class
of processes B such that B € TX(W) for all T will be denoted by Z"(W).

Using the template for Definition A.1.16, for a process B € Z* (W) let us introduce
t
T i=nAInf{0 <t <oo: / ||B(8)||?c/z(u.m ds > n}
0 gl

taking the convention that the infimum of the empty set is infinite. The (7,,) are stopping
times as they are simply first hitting times of the continuous and adapted random variable
f(f ||B(S)H?g;2(u;7_[) ds. These times tend to infinity IP — a.s. by condition (A.40). Now define the
truncated processes B as

B () i= B(t) i<,

and using the fact that for m <n, and ¢ < 7,, we have
B(t)]]‘tg‘rn = B(t)]]‘tSTm

we can make the following consistent definition.

Definition A.1.49. In the setting described, we define

/ltB(s)d)/VS = lim tB”(s)dWS (A.41)
0

n—oo 0

P—as winH.

We will have no reservations in writing (A.41) as a formal expression
> / B, (s)dW?. (A.42)
=170

We say the expression is only formal, as the infinite sum in (A.42) is not the L? (Q; 7-[) limit of
the partial sums of the local martingales as presented. We understand (A.42) only by (A.41),
that is by the limit as n — oo of the infinite sum in L? (Q; 7—[) of the genuine square integrable

martingales given by stopping the local martingales at 7,.

We now look to show a series of properties of this integral which were shown for a one
dimensional Brownian Motion across the earlier subsections. The first is the corresponding
result of Theorem A.1.12.

Proposition A.1.50. Suppose that Hi,Hs are Hilbert spaces such that B € I™ (W) and
T € L (Hi;Ha). Then the process TB defined by

TBe,(s,w) = T(Be,(s,w))
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belongs to Z"2(W). In addition, we have that

T(/OtB(s)dW5> - /OtTB(s)dWS.

Moreover the two integrals are defined as limits P — a.s. with respect to the same stopping times,
and if B € T" (W) then TB € T"2(W)

Proof. Assume at first that B € Z"1(W). We shall prove first that TB € Z72(W). The
progressive measurability is preserved under the continuity of 7', and letting C' be such that for
any ¢ € Hi,

17113, < Cllol,

which exists owing to the boundedness of T', we have

/ ZHTBQ 92, ds<C/ ZHBGZ 92, ds < oo (A.43)

holding P — a.s. as B € Z"1(W). In addition for any stopping time 7, as in Definition A.1.49,
t o ) t o )
E(/ ST Be(5) Lo, |3, ds) = E(/ S IT(Bei(5)losr) |3, ds)
0 =1 0 =1
t 00
< CB( [ 3 IBe(o)ucr I, ds)
0 =1

< o0

So the new stochastic integral
t
/ T B(s)dWs
0

can be constructed using the same sequence of stopping times. We will freely use the linearity
of T to commute it with the indicator function. To carry T through the integral it is sufficient
to show that for B™ as in Definition A.1.49, then

Z / B. (s dW’ Z / TBY (s)dWy, (A.44)

where the left hand side limit is taken in L? (Q; 7—[1) and the right side in L? (Q; ’Hg). From
the L? (Q; ’Hl) limit there exists a subsequence convergent IP — a.e. in H;1. Working with this
subsequence, we can pass the P — a.s. limit through the continuous 7" such that it is now the

P — a.s. limit in Hy. Linearity of T' allows us to pass through the summation as well, so we

T(z; /0 Bg(s)dwg) :nlganT( / dW’) (A.45)

for the limit P — a.e. of the subsequence indexed by (n). Applying Theorem A.1.12; we can

have now that

commute T" with the integral on the right side of (A.45). However we have justified already that
the limit over the whole sequence in L? (Q; ’Hg) exists, agreeing with the L? (Q; ’Hg) limit of the
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subsequence, which in turn agrees with the P — a.s. limit. Thus (A.44) is verified, completing
the proof. In the case where B € TH1(W), it is clear from (A.43) that TB € Z'2(W)

O

Proposition A.1.51. Let B € fH(W) and ¢ : Q@ — H be Fo—measurable. Then for every

t > 0 we have that . .
< / BrdWT,¢> _ / (By, 8}y AW, (A 46)
0 H 0

P —a.s.. Moreover if np:§ — R is Fo—measurable, then nB € fH(W) and for every t > 0 we
have that

t ¢
77/ B.dWw, :/ nB.dW, (A.47)
0 0

P —a.s..
Proof. Firstly we make clear that (B, ¢),, is understood as a process defined by the mapping
€ Xw X t— <Bt(€i>w)7¢(w)>’ﬂ .

The fact that (B, ¢),, € iR(W) is completely analogous to Proposition A.1.18, where the

progressive measurability follows as the mapping

(B.,d)gy it xwx @ — (Br(w), o(@))y

is B([0,T]) x Fr x Fo measurable as a mapping into .Z?(4(;R). Similarly we have that

{Be(w), $(w)) gl 2 (simy < 1) llge 1Be(@) 2 sispey -

which is sufficient to justify that (B, ¢),, € jR(W). The extension of Proposition A.1.20 to this
result is then identical to the extension of Theorem A.1.12 to A.1.50, so we conclude the proof
of (A.46) here. The property (A.47) follows identically in analogy with Proposition A.1.21. We
make explicit that nB is defined by the mapping

e; X w Xt — n(w)B(e;,w).

O

Remark A.1.52. Although we have not explicitly addressed the construction of the integral
over a time interval [s,t] where s > 0, this can be done without any extra difficulty just as in
the standard real valued case. If we were to just consider the integral over [s,t] in Proposition
A.1.51, then the results extends to any Fs—measurable ¢,n in Proposition A.1.51. To show
this we of course revisit Proposition A.1.18, appreciating that the Fs—measurability does not

disturb the measurability requirements of the simple process.

We also extend the Stochastic Dominated Convergence Theorem to this setting.
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Lemma A.1.53. Let (B™) be a sequence in iH(W) such that there exists processes B :
Q x[0,00) = L2U;H) and Q € L?([0,00);R) P — a.s., with the properties that for every
T>0PxX—ae (wt)eQx[0,T]:

1. HB;L(W)HJ%&H) < |Q¢(w)]| for all n € N;
2. (BMw)) is convergent to By(w) in L2 (4 H).

Then B € fH(W) and for every t > 0, there exists a subsequence indexed by (ny) such that

t t
lim / B dW, = / BrdW, (A.48)

P—a.s..

Proof. The proof is identical to that of Lemma A.1.19, simply replacing H by #?(; H) when
dealing with the integrands and using the appropriate It6 Isometry A.1.47. O

We now shift attentions to results regarding the martingale properties of the integral.

Proposition A.1.54. For B € T%(W), the It6 stochastic integral

t
/ B(s)dW,
0
belongs to M%(H). If B € (W) only, then the integral is a continuous local martingale
Proof. This follows immediately from Propositions A.1.29, A.1.30 and subsequently A.1.31. O

The martingality of the integral also allows us to consider the quadratic variation as defined in
Definition A.1.34.

Proposition A.1.55. For B € Z"(W), we have that

. t
t

Proof. At each time ¢, the integral
t
/ B,.dW,
0

is defined to be the L?(Q;H) limit of the sequence

n t )
2/ B, (e&;)dW;.
i=1"0

We look to infer the quadratic variation of this sequence of processes using Proposition A.1.35,
to then apply Lemma A.1.38. We claim that

[g / Br<ez>dwr]t - / > IBidelya
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| Betcoaws| — [ S 1meolfar (A.50)
i=1 H i=1

is a martingale. For the orthonormal basis (ay) of H,

which is to say

<
+ (,§;§</ot3 (e;)dW?, a >H </Ot Br(ej)dWﬁ,ak>H
/Ot (e;)dW;! / 1B (e:)I3, dr)

ZZ</B avia) ([ Bieimia)

k=1 i#j

Inspecting the last equality, by Proposition A.1.35 we have that

i( /01t eawil /HB . de7~>

i=1
is a finite sum of martingales, so the process defined in (A.50) will itself be a martingale as

well if we show that the same is true of
t .
Z > </ (e))dW, > </ B, (ej)dW7, ak> : (A.51)
k=1 i#j H 0 H
We consider the above at first for each fixed k, rewriting it as
3 ( / (Bo(ej).an)y, dWﬂ) < / (By(es), i)y dwg> | (A52)
i N0 0

Note that for each i # 7,

([ e antseant) ([ Bete.anyeaw;)

is the product of two independent real-valued square-integrable martingales, so is itself a

martingale, hence the finite sum given in (A.52) retains the martingale property. We emphasise
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again that the martingale property is always considered with respect to the fixed filtration (F3)

of our probability space.

We wish to show that the martingale property remains true in the limit of the infinite sum for
(A.51). Convergence of the infinite sum is defined P — a.s., and it is sufficient to show that
the convergence also holds in L'(2;R) as this topology retains the martingale property. For
this we show that the sequence is Cauchy in L'(Q;R), taking the difference of the I** and m!"

terms to see that

o ZI: > </Ot <Br(ej),ak>HdWﬂ') (/Ot (By(e:), ar)y dWﬁ)

k=m+1 i£j

. El: ZEK/Ot <Br(6j)7ak>Hde> (/Ot <B,,<ei),ak>ﬂdwﬁ>‘

h=mt1 i)
(/ t <Br<ej>,ak>ﬂdwz)2 v t <Br<ei>,ak>ydwﬁ)2]

Ly v
<n? zl: sup I (/Ot (Br(€i); an)y dW;')Z

k=m+1 i#£j
k=m+1 E

having used the It6 Isometry. This is a monotone decreasing sequence in m, convergent to
zero, hence the Cauchy property is shown so there exists a limit in L'(£2; R) which must agree
with the P — a.s. limit (we can take a P — a.s. convergent subsequence from the L!(;R)
convergence) and the martingale property of the process defined in (A.51) and hence (A.50) is
shown. By applying Lemma A.1.38, we deduce that [ fo BrdWT] , 1s the LY (£;R) limit of the

Sequence
t n
/ S 1 Baes) |2 dr
0 ;=1

in n. Similarly to the analysis just conducted we can show that this sequence is Cauchy in

LY(Q;R) and it’s limit agrees with the P — a.s. limit, which is of course

t
/0 1Bl ) dr

taking the infinite sum through the integral with either Tonelli’s Theorem (identifying the
infinite sum as a integral with respect to the counting measure) or the Monotone Convergence

Theorem. The proof is concluded. O

We also have the analogous result to Proposition A.1.36.
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Proposition A.1.56. Let B € I%{(W) and consider any sequence of partitions
- _ 4l l I _
Il — {O—t0<t1 < "'<tkl —T}
with max; \té - t§-71| — 0 asl — oo. Then for allt € [0,T], for any € > 0,

B,.dW,

lim P Z

l—00 .
b1t

t
— /(; ”BTH?fQ(ﬂ,H) dr| > ¢ = 0. <A53>

l
t;

Proof. Following the method used in Proposition A.1.36 we again would like to reduce this to

a familiar case and extrapolate the result to the limit. We introduce a sequence of stopping

t 2 t )

B":= Bl.cm

times (7") defined at every n € N by

T ::n/\inf{tE [0,T] :‘

For every n we define the process

and now look to show that

tt t
T on n|2
/tl B, —/0 1B g2 sy dr| | = 0. (A.54)

J

S p>

l
tiast

This is precisely in line with the method of Proposition A.1.36. We have that

1 t 9
/tl Bl dWr —/0 1B |2 s1z20) dr

Bl

<t
t t 2 . 9
—B|| Y - [ B ar
<t =1
0o too oo
=E Z Z / deWr,ak / (€:), ak>3.¢ dr
1 \78 i=1 k= 1
() t t oo oo )
=E Z Z / / (€i), ar)y, dr
t <th=1 £ 0 k=1i= 1
th=1 \”t 0 k=1
£ </ ) e
P tl

227



CHAPTER A - SUPPLEMENTARY MATERIAL

having applied Proposition A.1.50 and the Dominated Convergence Theorem to take the
infinite sum in k& through the time integral and expectation. From Proposition A.1.50
and Proposition A.1.54 then fo B, ay), AWV, belongs to M2, with quadratic variation
fo Il(Br(ei), ak>7_[||32(u ) dr coming from Proposition A.1.55. Just as we used in Proposi-
tion A.1.36, we have that for each fixed k € N,

th
. J+1 n _
lli}?oE E (/tl (B, ag ) / (B, (i) ak>%”.,s,ﬂ2 wrydr| ] =0

l .
tipast N

so it is sufficient to justify the interchange of limit in [ and summation in k. This follows
identically to the justification in Proposition A.1.36, appealing this time to the It6 Isometry
A.1.47. O

A.2 Enhanced Regularity and an Energy Equality

Having established a framework for SPDEs in Section 2.2, we introduce techniques to facilitate
our analysis in it. The Itd6 Formula is well regarded as one of the most useful tools in stochastic
analysis, and we establish what can be considered as a specific case of this result in our
framework. We shall introduce a new setting in which our established solution framework
falls, with the understanding that we would like to apply this to solutions whilst also using
the results to deduce the existence of solutions when they are not a priori known. This is well
understood in the typical variational framework, for which we again refer to [102, 127], but we
take care in addressing subtle changes. The first could be loss of the duality structure, though
for this result we do assume a bilinear form relation which behaves similarly. The second is
that we conduct the proof for local solutions, necessary for our motivating class of equations,
so it is important for us to explicitly address how the localisation affects the proof. Indeed
the consideration of local solutions, as well as the related localisation in the construction of
the integral, martingale theory and analytical techniques, is an important extension of the
framework of [102, 125, 127]. Similarly the final key change is that we do not assume any
integrability over the probability space of our processes, demanding again another source of

localisation which we find worthy of detailing.

To prove this energy equality we shall rely on looking at partitions in time over which some
nice properties are satisfied, before taking the limit as the increments go to zero. Towards this
we recall the following lemma from [127], Lemma 4.2.6. This section follows the ideas of [127]
Lemma 4.2.5.

Lemma A.2.1. Let X7, Xy be two Banach Spaces with continuous embedding X1 — Xo and
suppose that for some T > 0 and a stopping time 7, ® : Q x [0,T] — Xy is such that for
P —ae w, ®.(w) € C([0,T);X2) and ®.1.<, € L2 (2 x [0,T); X1). Then for any A C (0,T)
with A(A) = 0 there exists a sequence of partitions (I}) such that

1. I = {0:t6<tl1<---<tll:T},maxj|t§-—t§71|—>0 as | — oo;
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2. I} C Iyq;
3. Il NA= (Z),'

4. For P —a.e. w and every té- with 1 < j < kj_q, (I)té. (W)ﬂtégr(w) € X1

5. The processes <i>l, <i>l defined at each t € [0,T] and w € Q by

kl klfl
A1 =1
Q4 (w) = Z ﬂ[téil,tl.)(t)q)téil(W>ﬂté71§7(w)’ P, (w) = Z ﬂ[téil,té)(t)q)té (W)ﬂté.gr(w)
j=1

belong to L? (Q x [0, T); X1) and both converge to ®.1.<, in this space.

Before moving on we take a moment to discuss this result. In the statement of [127] Lemma
4.2.6, there is no continuity assumption on ® and indeed this is surplus to requirement, however
we want to make explicit that it is genuinely the process ® taken in item 5 and not some other
representative of an equivalence class. The assumptions are of course reminiscent of Definition
2.2.6 and just as was stressed there that the progressively measurable process in V' was not
necessarily the continuous process itself but just a P x A — a.s. equivalent representation, we are
reminded again that elements of L? (Q x [0, T]; X1) are only an equivalence class of P x A —a.s.
equal functions. Therefore the representations & ,<f’l are significant as they are piecewise

constant in the space A.

We impose some additional structure on the established framework to conduct the analysis of

this subsection. We work with a triple of embedded Hilbert Spaces
Ve H<=U,

where the embeddings are continuous, V is assumed dense in H, and there exists a continuous
bilinear form (-, ), : U x V' — R such that for every ¢ € H,¢p € V,

<¢a¢>UXV'::<¢7¢>H‘

We suppose that for some T > 0 and stopping time 7:
1. Wy € L*(Q; H) is Fop—measurable;
2. n € L*(Qx[0,T];U));
3. BeTH(W);
4. W1.<, € L?(Q2 x [0,T);V)) and is progressively measurable in V;
5. The identity

tAT tAT
U, = W, + / Nsds + / BydW, (A.55)
0 0

holds P — a.s. in U for all ¢ € [0,T].
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Remark A.2.2. Once more, it is clear from assumption 5 that for P — a.e. w, ¥(w) €
C ([0, T];U) but the progressively measurable process assumed in item 4 is only equivalent to
this W.1.<r P x XA —a.s.. It is a slight abuse of notation commonplace in the literature and we

shall follow suit without excessive clarification at each use.

With this structure in place, we first look to deduce some improved regularity on ¥. We
are motivated by applications to the existence theory of solutions, and if 1, B were given by
functions of ¥ then note that ¥ is nearly a local strong solution of the corresponding SPDE.
The missing ingredient is pathwise continuity in H, which we look to deduce from only the

given properties.

For this we fix an application of Lemma A.2.1 relative to the assumptions laid out above. We
take T" and 7 as in the assumptions, X1 =V, X, = U, ® = ¥. From item 4 we have that for
A—ae te[0,T], E (H‘I’tﬂtgr|’%/> < oo and we take A to be the A—zero set on which this

does not hold. Then \i'l, \ill, I' are defined as in Lemma A.2.1 and we define

I::Uﬂ.

leN

Lemma A.2.3. We have that

E ( sup ||x11t\|§1> < 0.

te[0,7

Proof. For P — a.e. w and every s < t with s,t € I N[0, 7]/{T}, observe that

t t
’/ B,.dW, +2<‘I’S,/ BrdWT>
S H s H
t t 2
= ‘ / B,.dW, / B,.dW,
S H S
t t
+2<\Ilt—\Ils, BrdWT> +2<\Ils,/ BrdWr>
s H s H
t
=2<\Pt, / Brdwr> N
s H

t
5 <\P w-w, - [ mdr> T R 20, W),
s #

t
2 <\I/ / mdr>
s #

t
2 2
2, 2 / (1 )y dr
S

2 t 2
- H\I’t—\l’s—/ B,.dW,
H s

2
2
— e = sl -

H
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which we rewrite as the equality

t t
il Il =2 <m,wt>wdr+2<ws, / Bwar>
S S

t
[,

Note that we have had to exclude T from this set, as one does not know if ¥ € V P — a.s..
Using this equality, for any [ € N and t = ¢, € I, N (0, 7]/{T},

i—1 9
2 2
Il 10l = 3 (@, )
J:

i—1 t§'+1 t§+1
-3 (2 <nr, o, > dr+2( @, B, dW,

. ") I+ UXV TS

j J

tt 2
j+1
/ B,.dW,
th
J H

oS ([ e i+ [ (.2 aw
- Z /tl <777‘7 t§'+1>UxV TJr/t < " t§>7-¢ "

J J

H
2

2 t
+ ’ - H‘Ilt - ‘Ils - / BTdWT
H s

H

2 v
H_H t

H

J+1 J

)

i1
- ‘Iltl - ‘I’tl _/ BrdWr
t

7=0
J+1 J+1
+) / BedW, | — | %y — W, — / B.dW,
5=0 & H T H
= B - Ut B .
_9 < 7 > dr | +2 / <B \11> dW,
jgo /tl Nry ¥y UxV |+ j; té, ™) T
t
+2/ (By, g),, dW,
0
i—1 th th 2
J+1 J+
+) /l B,dW, L ST /l B.dW,
=0 t H 4 H
l

t ) t . t
=2 [ (W) drez [(BE) ovovr [ 0w, 0m,
0 UxV 0 H 0

i—1 t§+1 2 2
D3 7 Beaw,
J:

(A.56)

J+1 J

1
- qltl - th _/ BrdWr
tt

H H

where we have applied Proposition A.1.51 and Remark A.1.52. In particular we have that

t t
~1 ~ 1
1,12 < [Tl + 2/ (n @) dr+ 2/ (Br ) aw,
0 0

th i—1 t 2
+ 2/ (Br, o)y W, + Y / " Bdw,
0 j=0 t H

Our goal is to show that

E < max |]\Ilt\|§{> <c
tel;N(0,7]/{T}
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for some constant ¢ independent of [. To this end, observe that
B, me 19l ) < B (1%lf)

tel;N(0,7]/{T}
TAT
+ 21K </
0

~1
<77r T UxV

)

[ (Bl v,

dr> +2E | sup
te[0,7

tAT
+2E ( sup / (B, o) gy AWV, )
t€[0,T)
A 1 2
ey 2 ‘ /tz Brr
’ 7=0 J H

We shall treat each term individually. Firstly we have that

TAT -1 TAT 9 P
2[E </0 <777“7 ‘IJT>U><V d’r> S E </O ||777”HU r VdT>
TAT TAT
gE(/ ||17r\|?]dr> + maxE (/
0 msL 0

where L is taken sufficiently large so that for all m > L,
1
< =
<5

([

For the first stochastic integral we apply the classical Burkholder-Davis-Gundy Inequality,
Theorem A.4.10, seeing that

tAT A1
o | sup / <BT,\IIT> AW,
teo,7] 1J/o H

q:l’l’

2
" dr> +1
1%

2
— 1[Iy |d

‘ "

IN

1
2 2
cE l > H dr)
HIl .22(8R)

(U
cIE< 1B, Hw(um) dr)é
[

2 TNAT 9 %
Y A dr)
2 % TNAT 9 %
H) ([ 1B ey r)
sup

1112 TAT 5
v, ’ + cE (/ 1Bl 2 (s, 1) dr)
re[0,TAT) H 0

=
E( sup ||\Ivt||%{>

te,N(0,7]/{T}

TAT 9
+ ¢l (/o 1Bl s1; 1y dr) ;

T/\T
T/\’T'

IN

IN

clE

sup
re[0,TAT]

clk sup
r€[0,TAT]

E

L\’)M—l

L\’JM—A
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where ¢ here is a generic constant changing from line to line, independent of [. Putting this

together we now see that

' el ) < B (o) < ([ Il
1 P
2 \vennoay/gry '~ ) = olln 0 ril

TAT
+ max & (/

v

~m 2 TNAT
i) rre e ([ 1B )
14 0 )

r

¢
+2E | sup / (Br, o) g AWy
t€[0,T
izl t§‘+1 ?
+E max Z / B,.dW,
teflﬂ(O,T]/{T} jZO té H

For the stochastic integral involving the initial condition we can treat this identically to generate
the bound

) TAT 9
o sup <& (10l) +e ([ 1By )
t€[0,7] 0

As for the final term, it is clear that the supremum over all partitions can be bounded by taking
the partition for t = tfkl =T. Thus

tAT
/ (Br, ¥q) y AWV,
0

1 2

b+
/ Bdw,
:

kll

E " Baw,

1
max 3
tenn(o.r ATy = o

-1 2

Z

Jj=

e 2
= Z ||B 2 .11y A
— .

J

_ ( [ 1B d)

having applied Proposition A.1.47. In total then we have that

TAT
E U, |13 ) <4E (| ®ol%) + 2E / e||? d
(o, mas 1wl ) <98 (1al) +28 ([l ar

TAT 9 T 5
+2rnr112>L<E (/0 Vdr> +2+cE </0 ||Br||$2(u;H)dT>,

which is a finite bound independent of I. As I; C I;4; then the sequence

#
it

B,.dW,

H

k‘

= m

‘Il’f‘

W 2
enss iy 1l
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is IP — a.s. monotone increasing in [, so we can apply the Monotone Convergence Theorem to
see that

E sup %] = limE< max v 2) < 00. A.57
<telﬂ(0,ﬂ/{T}H tHH> BB enate oy e (A.57)

Thus for IP — a.e. w, we have that

i [Wilw) | =7 < o
teIn(0,7(w)]/{T}
and ¥.(w) € C([0,T];U). We fix such an w and any ¢ € [0, 7(w)]. As the mesh of the partitions
go to zero then there there is a sequence of times (¢,,) in I N (0, 7(w)]/{T'} such that ¢, — t.
The sequence (¥, (w)) is uniformly bounded in H so admits a weakly convergent subsequence
in this space, to a limit which we call ¥. From the continuous embedding of H into U this
weak convergence also holds in U, but from the continuity of ¥.(w) in U we have that (¥, (w))
converges strongly and therefore weakly to W¢(w) in U. By the uniqueness of limits in the
weak topology, we conclude that ¥;(w) = ¢ and thus belongs to H. Moreover the weak limit

preserves the boundedness in H, so |¥¢(w)||; < ¢. Therefore

sup 1Te@)lIF = sup [ @ (w)]%
1E1N(0,7(w)]/{T} te[0,7(w)]

for our fixed w in a full measure set, and thus P — a.s.. We also know that ¥. = W.,, from

the identity (A.55), so this equality extends to

sup 1@ ()7 = sup [|@o(w)| -
teIn(0,7(w)]/{T} t€[0,T]

Combining this with (A.57) concludes the proof. O
Having now justified that for P — a.e. w and all t € [0,7] that ¥;(w) € H, we move on to
prove weak continuity in this space.

Lemma A.2.4. For P —a.e. w, ¥.(w) is weakly continuous in H.

Proof. We fix t € [0,T] but now take any sequence of times (¢,) such that ¢, — ¢. For P — a.e.
w and any given ¢ € H we must justify that

lim (¥, (w) — ¥¢(w), d)y = 0. (A.58)

n—oo

For any € > 0, from the density of V in H there exists ¢* € V such that

19
AW ()l oo 0,771

o=, <

and then from the continuity in U there exists an N € N sufficiently large such that for all
n >N,

9
HlIltn(w) - ‘Ilt(w)HU < m
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Putting this together,

(1, (@) =€), 8) g < (e, (@) = Te(w), 0= 6 ) | +]( W, (@) = Ti(w), 0") |
<, @) = B @)y 6= 08|+ (@1, (@) - Tilw) ")
< 201 (@) o1 || ¢ = 0+ 16, @) = el 0|

<e€

as required.
O
Guided by the goal to show that ¥ € C'([0,T]; H) P — a.s., and recalling Lemma A.1.28, then

continuity of the norm process of ¥ is now desirable. We show this with an explicit evolution

equation, which is the energy equality. We first prove this at times in I:

Lemma A.2.5. The equality

t t
117 = H‘I’OH%JF/O (2 (ns; W)y + HBsH?wu;H))der?/o (Bs, Wo)r dWs  (A.59)

holds P — a.s. in R for allt € IN(0,7]/{T}.

Proof. We recall (A.56), that is,
) ) t .1 t 1 t}
112 — [1oll% :2/ <n\1:> dr+2/ <Br,x1:r> dWT+2/ (By, o) dW,
0 UxV 0 H 0

i_l Bt
3 7 Beaw,
J:

2 2

J+1 J

41
- ‘Ptl - qltl _/ Brder
tt

H H

holds P — a.s. for all t = t. € I; N (0, 7]/{T}. The idea from now is to fix any ¢ € I N (0,7]/{T}
and consider the limit of this identity (as | — co) P — a.s.. In fact limits of the whole sequence
will not be possible, but for each term it is sufficient to take a subsequence convergent to what
we desire, and to iterate the procedure of taking successive subsequences. For all sufficiently
large [ the above identity holds at any ¢ € I N (0,7]/{T'}, hence we can consider any such ¢.

We first of all argue that in this limit, the following convergence holds:

t ~l t
2/0 <77T,\Ilr>vadr—>2/0 (s W) ey dr (A.60)
t N t
2/ <Br7\IIT> AW, —>2/ (By, ®,) AW, (A.61)
0 H 0
4
2/ (By, y) ;; AW, —> 0. (A.62)
0
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The first term is shown by the convergence in L!(Q;R),

t
~1
/0 <nr, ¥ \IIT>Uder

E dr

t
~1
< ]E/ 7w Ml H‘I’r - v,
0 \%

t 5 % t -1 2 %
g(E/ |77T|]Udr> <E/ H\I/f\p dr) ,
0 0 4

. . =1
which approaches zero from the construction of the sequence ¥ (recall Lemma A.2.1), thus

exhibiting a P — a.s. convergent subsequence. We verify the limit in the next terms with the
Ny

Stochastic Dominated Convergence Theorem, Lemma A.1.53. In particular, as ¥ — W in

L% (Q x [0,T); V), then there exists a P x A\ — a.s. convergent subsequence in V hence in H.

Consequently, observe that

’2

H

[t w1y — (518", = (e 99, ' = (S ety ) oo

i=1
Ny
so in fact the corresponding subsequence of <<B, v >H) is P x A —a.s. convergent to (B, ¥)

A1
in .#? (4; R). By the construction of ¥ from Lemma A.2.1, it is evident that

~ 1112
sup ||,
rel0,T]

< sup @}
H  relo,1)

which we know to be P — a.s. finite from Lemma A.2.3, so one can choose the dominating
function

00

2 2

sup ||, [|5 Y | Ben)ly
rel0,7] =1

as @ in Lemma A.1.53, facilitating passage to the limit of a subsequence P — a.s. in (A.61).
The same is true of (A.61), by an application of Lemma A.1.53 to the subsequence of
((Br, W)y ]lrgtll ) which approaches zero by continuity of the integral (Proposition A.1.54).
We next inspect the limit of

j+1

> / B,dW,| |
l

3=0 IVt H

which in Proposition A.1.36 was shown to be given, in probability, by

t
/0 1Bl g ds

S0 once more we can extract a subsequence along which P —a.s. convergence holds. Furthermore,

comparing what we have shown to (A.59), it remains to demonstrate that

2

— 0. (A.63)
H

1—1
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To this end, we wish to use that

i1 i1
v, —v,; - B, dW, = nrdr (A.64)
Jt+1 J n th
J J

in U, from the identity (A.55), which appears difficult as the H norm is above the regularity of
this integral. We rewrite

ti ti
(P P, — B,.dW,., B,.dW, . (A.65)
J+1 J tl- tl-
J J

H

Let us consider the first of these terms. Indeed,

—1 tl-
3+1
Z <‘I!t§'+1 — W - /tl BrdWe, ¥y, ~ ‘I’t§>
i—l té‘+1 i—l té’—‘—l
— Z L T /tl BrdW,, ¥y i - Z} LI /tl BrdW,, ¥, i

t
— <\Iltzl — \I’o —/ BTdWr, lI’O> 5 (A66)
0
H

where we have excluded the case for ¥y as this may not belong to V', in order to apply (A.64)
as we have done. Note that

B e @ S w d
" e Ee - <77r, t§+1>va "
J J

t
— /0 <77T7‘Ilt§.+l>va ﬂ[t§,t§,+1](7“)d7“ (A67)

and similarly for té-. Moreover, we can rewrite

UxV

ki_o

=1

‘I’r]lTét = ZO ]l[tl-,tl }(T)‘Iltéﬁrl ﬂ’/‘St-
J:

J7i+1
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Therefore, if i < k;_1 then

i1
ZO ]l[tl tl+1]( )\I’té r<t ‘I’ ﬂr<t>
]:
e ia ; g o o— 4l . ; T}
but this is certainly the case as t = t; € I N (0,7]/{T} is excluded from being T' = ¢}, .

Meanwhile, we have that
ki1

! Ple<t = Z ﬂ[té +1] tl 1<

which implies

~
Z L g ()@ Lrce = ¥, 1y,

Together with (A.67), we achieve that

J
t SN t
= / <77r7 lIlr — \I’T> dr — ‘Iltl — \I’O - / BrdWra ‘IIO 3
0 UxV 1 0

H

which we argue approaches zero along a subsequence IP — a.s.. We construct the first term as

t t

=1 ~ 1 ~1

,\If—\p> dr = <\If—\If> d—/
/(;<77T r TUXVT /(; Nry Fp TUXVT )

to be treated exactly as we did for (A.60). The remaining term is split up,

t th
<\Iltl — ¥, —/ BrdWr,\Il0> — <\Iftl ~ \IIO,\IIO> - </ BrdWT,\Il0>
! 0 ! H 0

The first inner product must approach zero from the weak continuity shown in Proposition

t

~ 1
<nr, ¥ \I:T>UW dr,

H H

A.2.4, whereas in the second we may use Proposition A.1.51 to take W inside the integral,
which was treated in (A.62). So returning to (A.65), with the goal of (A.63) still in mind, our

attentions turn to

. ti ti
(v, —w, - / B,dW,, / B.dW, ) . (A.68)
- j+1 J té‘ té‘

H
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For this we cannot use a time approximation in order to utilise (A.64) as we have just done,
so we look to consider an approximation in the Hilbert Space instead. From the density of
V in H, there exists an orthonormal basis of H consisting of elements from V', which we call
(ag), and let P, be the corresponding orthogonal projection in H onto span {ai,...,a,}. Then

(A.68) can itself be rewritten as

%

—! i1 ta
d(w, -, - / B.dW,, P, / B,dW, (A.69)
Jj+1 J ¢ té’

l.
J

J=0 H
i ti ti

+Y (O, —, - / B dW,, (I — Py,) / BrdW, (A.70)
=0 Jj+1 J té' té o

for any n € N, where I is the identity operator in H. Of course, the purpose of this is to use
(A.64) and rewrite the first term as

i_l i i
Z / nedr, P B,.dW, ,

l L
j=1 \"% t; UxV

but we can be more astute here. In fact we appreciate that P,, € £ (H;V), so by applying
Proposition A.1.50 we can take the P, through the stochastic integral and see that P,B €
fv(W). Thus if we define the V —valued process M, := f(f P, B.dW,, then this term is

A ti1
d (T, —W, - / By dW,, My — M,
J+1 J Jj+1 J I

1
=0 t

which can be treated identically to (A.66) (in fact a little more simply, as My = 0). Therefore

it only remains to consider (A.70), which we control by

i—1 té‘+1 té’+1
Z v, -, - / BrdW,, (I —Py) / B,.dW,
J+1 J té‘ té‘

J=0 H
L i1 ti
<> e -, - / B.dW,|| ||[(I —Py) / B.dW;
- j+1 J " )
j=0 J H J H
1 1
i1 t2+1 2 2 i—1 t§+1 2 2
< Z LI /tl B.dW, Z (I-"Py) /tl BdW,
7=0 J H 7=0 J H

Here we have that I — P, € Z(H; H), so this operator can be taken through the integral again

by Propostion A.1.50, and we once more understand that

i—1 " 2

j+1
oI =) / B dW, (A.71)
=0 t "
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is, due to Proposition A.1.36, converges in probability (and hence P — a.s. along a subsequence)

to .
/0 11 = Pa) Bl d.

By the Monotone Convergence Theorem, this approaches zero as n — co. It is not necessarily
clear how to utilise this, so we pause and collect the full picture of everything that we have
achieved in the aim of (A.63). We have established that

i—1 " 2
i+
E \IItZ q’tl - BTdWr
- j+1 J "
7=0 J H
1 1
i—1 i 2 2 i—1 ") 2 2
J+1 Jj+1

< lIlt§'+1 — lIlté. —/l B,.dW, E /z (I — ’Pn)BrdWr + cnop

=0 4 H 3=0 1I"%; H

where ¢,0; is a random variable which for every fixed n, is convergent to zero IP — a.s. along a

subsequence as [ — oo. Denoting

i—1 " 2
vi=Sw, —w,— [ Baw
L Z i % 4 e
]:O J H
then the above is written as
1
i—1 tl- 2 2
1 j+1
v<y? () / (I — Pp)BrdW; + oy
l
j=0 11Vt H

To consider the IP — a.s. limit, again along the iterative taking of subsequences including that
required in the limit of (A.71), we first note that we already know this limit of Y} is well-defined;
indeed, it is immediate from the equality (A.56) stated at the start of the proof, given that the
limit in all other terms has now been established. So, for any fixed n, for the limit IP — a.s.

along the subsequence,

PR ti1 2
lim ¥7 < lim (V2 [}~ /” (I — Pp)BrdW;,
l—00 l—00 00 té‘ u

-

2 2

th

t

1 i—1
= ( lim Y2 li
(g it ) | 2

l.
J H

1
3 t
_ <lim Y,) / 1 = Pa) Bl ds
0

l—o0
implying that )
i t
. 2
(zllglo Yz) S/O (1 = Pn)Bsll 22y 1) ds

for any n, which can be made arbitrarily small for sufficiently large n, hence (A.63) is justified

and the proof is concluded.
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O
It remains to extend Lemma A.2.5 to all times in ¢ € [0, 7].
Proposition A.2.6. The equality
tAT tAT
1Lel7 = 1%z + /O (2 (s @)y + 1 Bsll o oy )ds + 2/0 (Bs, W) r AW
(A.72)

holds P — a.s. in R for all t € [0,T]. Moreover for P —a.e. w, ¥.(w) € C([0,T]; H).

Proof. We look to fill in the gaps of the time interval [0, 7] outside of I in Lemma A.2.5 by
showing that for any given t € [0, 7], and for a sequence of times (¢;) in I convergent to ¢ from
below, the corresponding sequence (Wy,) converges to ¥, in H, P — a.s.. Let us fix such a ¢
and construct the required increasing sequence of times (¢;) in I. For each | € N, there is a
unique té-fl with the property that ¢ € [téep té) We consider the sequence of t; := té.fl, which
is non-decreasing and convergent to t. Let ¢,, be any element of this sequence. We can consider

the process
e =v -v,

which satisfies the same assumptions as W and holds the same relation with 7. Then by Lemma

A.2.5, for any t,, with t,, < t,,

tn tn
190,117 = 120l +/0 <2 (15 B + I1Bsl 2,y )ds + 2/0 (Bs, ®s) g dWVs

holds IP — a.s. in R, and subtracting the same equality for ¢,,,

tn tn
D2, 17 = [|@e,, 17 +/t (2 (s, @)y + I Bsll 2 im) )ds T Q/t (Bs, ®s) g dWs.

More explicitly, this is

tn
2 2
[T, — P, Iy = / <2 (s, s = Wi, )y + I1Bsll 204 )ds
t"rl

tn
+ 2/ (B Wy — W, )y AW, (A73)
tm
If we can show that
lim_sup ||, — Wy, [ =0 (AT4)
m—r0o0 n>m

P — a.s. then we would prove that the sequence (¥, ) is (P — a.s.) Cauchy in H thus exhibits
a limit in H. This limit also holds in U, a space in which W is continuous from the assumed
identity (A.55), thus we know that the limit exists in U and is given by W;. This must agree
with the limit in the finer topology of H, so the convergence of (¥y,) to ¥; in H would be
verified through the property (A.74). We recall that ¥ is constant on every interval of the

form [t |, t), given by ‘I'tg’ila and by construction of the times (¢;) then for some j, ¢, =" ;

J—127j Jj—

241



CHAPTER A - SUPPLEMENTARY MATERIAL

and t, € [t™ |, t™). In particular, ¥ is constant on [fm, t,) and is given by W, . Therefore

J=b7y
we can rewrite (A.73) as

tn R tn R
|, — [} = / (2 (ne @, =) HIBl e )ds+2 / (B, W, ") aw..
tm UxV ’ tm H

The required convergence of each of the terms on the right hand side for (A.74) is now
conducted exactly as we did for (A.60), (A.61) and is simple by continuity of the integral for the
f;: HBSH?%?(L{; ) ds term. Moreover, for a subsequence at least, we have that () converges
to (¥;) in H P — a.s., hence the norms in H converge as well. Continuity of the integrals in

the corresponding equalities (A.59) establish that

t t
el = Il + | (2 e ) gy + 1B S )ds w2 [ (BLw), o,

where we recall ¢ was arbitrarily chosen in [0, 7]. Passage to (A.72) is now trivial as ¥, = ¥,
for t > 7. The final part of the result which needs to be proven is the continuity of ¥ in H.
From the equality (A.72) we know that the ||®||%; is P — a.s. continuous in R, and from Lemma
A.2.4 that W is [P — a.s. weakly continuous in H. The required continuity thus follows from
Lemma A.1.28.

O
We wish to relax the integrability constraints over €1, in accordance with Definition 2.2.6. In

the same setting of the Hilbert Spaces V, H, U, we impose the new assumptions for some 7" > 0

and stopping time 7:
1. ¥y:Q — H is Fgp—measurable;
2. For P — a.e. w, n(w) € L2([0,T];U);
3. BeI"(W);

4. For P —a.e. w, ¥.(w)l< () € L*([0,T];V) and W.1.<, is progressively measurable in
&

5. The identity
tAT tAT
U, =T, —1—/ Nsds +/ BsdW;s (A.75)
0 0

holds P — a.s. in U for all t € [0,T].
We restate Proposition A.2.6 for the new setting.

Proposition A.2.7. The equality

tAT tAT
1% = H‘I'ollﬁﬂr/O (2 (s, W) yuy + ||Bs‘?(/2(u;H)>d3+2/O (Bs, W) g dWs
(A.76)

holds P — a.s. in R for any t € [0,T]. Moreover for P — a.e. w, ¥.(w) € C([0,T]; H).
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Proof. The idea is simply to apply Proposition A.2.6 for some truncated versions of the processes.

We consider the stopping times
¢
li=nAinf{0 <t <oo: / H775H2Uds >n}
0
t
22 A0 < £ < oo /O 1Bol 2o ds > 1}

t
3 ::n/\inf{0§t<oo:/ H\Ifs]lngH?/dSZn}
0

Tp = T% /\7‘3 /\7‘2.
Then for every n, we have that

Woljw,|, <n NLl<r, 1wy, <n

B.1.<7, 1w, <ns Wonr Lo <n

satisfy the previous assumptions of 1, 2, 3, 4. Moreover from (A.75) we have that for any
te[0,T]

tATAT, tATAT,
Winm, = P +/ nsds —I—/ BsdWs
0 0
tAT tAT
= \I’O + / nsﬂngndS + / BSHSSTndWS
0 0
P — a.s. and moreover

tAT tAT
Winm, 1w y<n = Yol|wy|,<n + ]]-||\Il0H§n/ NsLs<r,ds + Il||~1;0||Hgn/ Bsls<r,dWs
0 0

tAT

tAT
=‘I’01||%H9z+/ nsﬂs<rn1||%HSndS+/ Bsls<r, Ljwo| ,<ndVs
0 0

having applied Proposition A.1.51. Therefore we can apply Proposition A.2.6 to see that the
equality

2
"y H‘I’olnwou,{@‘

tAT
/
0

tAT
+ 2/ <B$15§Tnﬂ\\‘1’0||1{§m ‘I’smﬂuwo||H>HdWs
0

H‘I’tATnﬂquo||Hgn

2 tAT
H+/O 2<77515§Tn]l||‘1’0\\11§m‘IlS/\Tn]l||‘I’0HHSn>Ude5

2

ds

Bslssn Liwoly<n| (U H)
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holds for all t € [0,7] P — a.s.. We rewrite this as

tAT ATy,
2 2
Vol <n 1 ¥enm 7 = Lypwol<n 1ol + 1||%||H<n/0 2 (s, ¥ 7y ds
tAT ATy, )
™ ]1||%|H<n/0 1Bslp2 4. 1) ds

tAT ATy,
+1||‘P0|H<n2/ <BS7‘I’5>H dWS
0

Therefore for any ¢t € [0,7], P — a.e. w with n sufficiently large so that ||¥g(w)||; < n and
t < 7, (w), the identity (A.75) holds. We can always find such a large enough n, which completes
the justification of this identity. The continuity then follows identically as we have again from
Proposition A.2.6 that for every n and P — a.e. w, W.o;, (w) € C([0,T]; H), and we conclude
the proof. O

A.3 Local Theory for SPDEs

A.3.1 Functional Framework

Our object of study is the It6 SPDE (1.1),

t t
¥, = \Ilo+/ A(s,\IlS)ds+/ G(s, ¥y)dWy
0 0
which we pose for a triplet of embedded, separable Hilbert Spaces
Ve H—=U

whereby the embeddings are continuous linear injections. We ask that there is a continuous
bilinear form (-, ), : U x V' — R such that for f € H and ¢ € V,

<fa¢)>U><V = <f7¢>H

The equation (1.1) is posed on a time interval [0, 7] for arbitrary but henceforth fixed 7' > 0.
The mappings A,G are such that A : [0,T] x V — U,G : [0,T] x V — Z*(U; H) are
measurable. Understanding G as a mapping G : [0,7] x V x 4 — H, we introduce the notation
Gi(-,+) :=G(-, -, e;). We further impose the existence of a system of elements (ay) of V' with the
following properties. Let us define the spaces V,, := span{ay,...,a,} and P, as the orthogonal
projection to V,, in U. It is required that the (P,) are uniformly bounded in H, which is to say

that there exists a constant ¢ independent of n such that for all ¢ € H,

Prfllg < cllflle-
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We also suppose that there exists a real valued sequence (i) with p, — oo such that for any
feH,

1
I =Pu)flly < . 111z

where I represents the identity operator in U. Specific bounds on the mappings A and G will
be imposed in Assumption Sets A and B. In order to make the assumptions we introduce some
more notation here: we shall let ¢. : [0,7] — R denote any bounded function, and for any
constant p € R we define the functions Ky : U - R, Ky : H - R, Ky : V — R by

Ky(@)=1+10l7, Ku(d)=1+lol, Kv(d)=1+Iol7 .

We may also consider these mappings as functions of two variables, e.g. Ky : U x U — R by

Ku(¢,9) =1+ [l7, + Ilwl7 -

Y

Our assumptions will be stated for ‘the existence of a K such that...” where we really mean

‘the existence of a p such that, for the corresponding K, ...".

A.3.2 Assumption Set A

Recall the setup and notation of Subsection A.3.1. We assume that there exists a ¢., K and
~ > 0 such that for all p,p € V, ¢" € V,,, f € H and t € [0,T]:

Assumption A.3.1.
A ) + 1G9 < Ko@) [1+ 1917 ]
=1

LA, 6) — At )5 < kv (d,9) |6 — ¢ll3
SNGi(t, ¢) = Gilt, W) 17 < ek (d,9) |6 — 3 -
=1

Assumption A.3.2.

2(PA(t, "), ")y + D IPaGilt, )% < ckir(0") [+ 1673 | = 1671
=1

S (PuGilt, 7). 6% < ek (6") [1+ 6715

=1
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Assumption A.3.3.

2 (A(t,¢) — At ), 6 — )y + Y 1Gi(t, ) — Gi(t, ¥) I
=1
< coKur(6,0) |1+ ol + 1013 ] o = il = V1o = il
> (Gilt.0) = Gult).6 — )y < K (0.9 |1+ 0115 + 1wl o — ]

=1

Assumption A.3.4.

2(A(t 0), O)y + D 19:(1 O)IF < caKulo) [1+ 9117
i=1

o0

S (Gilt,9). 00 < ek (9) [1+ 0]}

i=1
Assumption A.3.5.

(A(t,0) = A, ), [y < eeKu (o, )1+ ([ fll) [L+ N8l + [19lv]le — ¥l -

A.3.3 Assumption Set B

Recall the setup and notation of Subsection A.3.1. Suppose now that X is a separable Hilbert
Space with continuous embedding U — X. We ask that there is a continuous bilinear form
(-, )xxpg : X x H— R such that for ¢ € U and f € H,

(@ F)xxn = {0 Fly-

Moreover it is now necessary that the system (ax) forms an orthogonal basis of U. The
operators A and G must now be extended to the larger spaces, and are such that for any T > 0,
A:[0,T] x H— X and G : [0,T] x H — £?(84;U) are measurable. We assume that there
exists a ¢., K and 7 > 0 such that for all p € V, f,g € H and t € [0,T]:

Assumption A.3.6.

A £ + DG DI < ek () [1+ 1715] |

i=1

A, £) — At )% < eKu(f9) [1+ 171 + lal3] 17— ol
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Assumption A.3.7.

2(At, f) — Alt,9), f — 9)x +Z|!taf ~Gi(t, 9)ll%
< aKu(f,g) [L+ 1715 + gl ] 17 — ol

Z gz t f gz t g) f g) < CtKU(f7g) |:1 + ||f||?’{ + HgH?—I] Hf _gHg( .
=1

Assumption A.3.8.

2 (A(t, ), 0)y + DGt 917 < crKu (o) —v ol ,

=1

> (Gilt, ), 0 < ceKu(9).
i=1

A.3.4 H-—Valued Solutions
We state the definitions and main result for H—valued solutions.

Definition A.3.9. Let ¥o: Q — H be Fo— measurable. A pair (¥, 7) where 7 is a P — a.s.
positive stopping time and W is a process such that for P — a.e. w, ¥.(w) € C([0,T]; H)
and W (w)1.< () € L ([0,T]; V) with ®.1.<; progressively measurable in 'V, is said to be an
H—wvalued local strong solution of the equation (1.1) if the identity

tAT tAT
U, =P, + A(s, ¥y)ds + G(s, Ws)dW;
0 0

holds P — a.s. in U for allt € [0,T7].

Definition A.3.10. A pair (¥, ©) such that there exists a sequence of stopping times (6;) which
are P — a.s. monotone increasing and convergent to ©, whereby (\Il./\gj,ﬂj) is an H—wvalued
local strong solution of the equation (1.1) for each j, is said to be an H—valued maximal strong
solution of the equation (1.1) if for any other pair (®,1") with this property then © < T P —a.s.
implies ® =T P — a.s..

Remark A.3.11. We do not require © to be finite in this definition, in which case we mean

that the sequence (6;) is monotone increasing and unbounded for such w.

Definition A.3.12. An H—valued mazimal strong solution (¥,0) of the equation (1.1) is
said to be unique if for any other such solution (®,T), then © =T P — a.s. and

PH{weQ: ¥ (w)==(w) Vtel0,0)})=

Theorem A.3.13. Let Assumption Set A hold. For any given Fo— measurable o : Q — H,

there exists a unique H—valued mazimal strong solution (¥,0) of the equation (1.1). Moreover
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at P — a.e. w for which ©(w) < oo, we have that

O(w)
wp|wmmz+/ 1%, (@)% dr = co.
r€l0,0(w)) 0

Proof. See |65] Theorem 3.15. O

A.3.5 U-—Valued Solutions
We state the definitions and main result for U—Valued Solutions.

Definition A.3.14. Let ¥( : Q — U be Fo—measurable. A pair (¥, 1) where 7 is a P — a.s.
positive stopping time and W is a process such that for P — a.e. w, ¥.(w) € C([0,T];U)
and ¥ (W) 1<) € L* ([0,T]; H) with ¥ 1.<, progressively measurable in H, is said to be a
U —walued local strong solution of the equation (1.1) if the identity

tAT tAT

U, =W, + A(s, Wy)ds + G(s, ¥y)dWs

0 0

holds P — a.s. in X for all t € [0,T].

Definition A.3.15. A pair (¥,0) such that there exists a sequence of stopping times (6;)
which are IP — a.s. monotone increasing and convergent to ©, whereby (\Il.wj,ﬁj) 15 a U—valued
local strong solution of the equation (1.1) for each j, is said to be a U—wvalued mazimal strong
solution of the equation (1.1) if for any other pair (®,1") with this property then © < T P —a.s.
implies ® =T P — a.s..

Definition A.3.16. A U—wvalued mazimal strong solution (¥,0) of the equation (1.1) is said
to be unique if for any other such solution (®,T'), then © =T P — a.s. and

P{we: ¥ (w) =S (w) Vte]0,0)}) =1

Theorem A.3.17. Let Assumption Sets A and B hold. For any given Fo— measurable
W, : Q — U, there exists a unique U—valued mazimal strong solution (¥, 0) of the equation
(1.1). Moreover at P — a.e. w for which ©(w) < oo, we have that

O(w)
wpu%wwﬁ/‘|wmsz=m
r€l0,0(w)) 0

Proof. See |65] Theorem 4.9. O

A.4 Accessories from Analysis and Probability

A.4.1 Classical Results from Real Valued Stochastic Analysis

We collect some results from the finite dimensional theory, which we employ in our constructions.
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Proposition A.4.1. Let (M™) be a sequence in M2 and M a process with values in R such
that at every time t > 0,

lim E (|M] — My|?) = 0.

n—oo

Then M € M?2.

Proof. See 78] Proposition 1.5.23. O

Proposition A.4.2 (First Submartingale Inequality). Let M be a real valued continuous
submartingale such that for everyt > 0, My > 0 IP — a.s.. Then

P <{w €Q: sup M(w) > 5}) < éE(MT)

te[0,7

Proof. See |78] Theorem 1.3.8. O

Theorem A.4.3 (Doob-Meyer Decomposition). Let M € M2. Then there exists a unique

(up to indistinguishability) continuous, adapted, non-decreasing real valued process [M] with
[Ml]o =0 (P — a.s.) such that
M? — [M]

1s a real valued martingale.
Proof. See 78] Theorem 1.4.10. O

Theorem A.4.4. Let M, N € M,.. Then there exists a unique (up to indistinguishability)
continuous, adapted, bounded-variation process [M, N| with [M,N]o =0 (P — a.s.) such that

MN — [M, N]

is a real valued martingale.
Proof. See 78] Theorem 1.5.13. O
Lemma A.4.5. Let M € M? be of bounded-variation. Then M is constant P — a.s.
Proof. This constitutes part of the proof of [78] Theorem 1.5.13. O
Lemma A.4.6. Let M, N € M2. Then P — a.s. for any t > 0,

(M, NI2 < [M],[N].
Proof. See |78] Problem 1.5.7. O

Lemma A.4.7. Let M,N € M?. Then P — a.s. for any T >0,

Vi (M, N)) <

< 5 (IM], + [N])
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Proof. See 78] Problem 1.5.7. O

Theorem A.4.8. Let M € M? and consider any sequence of partitions
Li={0=th<t <. <t =T}

with max; \té - té-_1| — 0 asl — oo. Then for allt € [0,T], for any e > 0,

2
—[M}t > € =0.

lim P ) ‘Mtl — M,
l—o0 Jj+1 J
t <t

l
1S
If, in addition, |M|,[M] € L* (2 x [0,T];R) then

l—o0

2
lim E Z ‘Mté+1 — té‘ — [M]t =0.
t <t

Proof. See |78] Theorem 1.5.8. O

Theorem A.4.9 (Lévy’s Characterisation of Brownian Motion). Let M be a real-valued
continuous local martingale with My = 0 P — a.s., and [M], = t. Then M is a Brownian
Motion.

Proof. See |78] Theorem 1.3.16 O

Theorem A.4.10 (Burkholder-Davis-Gundy Inequality). For every p > 1, there exists a
constant Cp such that, for every real-valued continuous local martingale M with My = 0

P — a.s., and for any stopping time T > 0,
)
E | sup |MJP ) < C,E ([M]?) .
t€[0,7]

Proof. See [17]. O

A.4.2 Classical Tightness Criteria

Theorem A.4.11. Let (¥") be a sequence of processes in D ([0,T];R). Suppose that for any
sequence of stopping times (Vn), Yn :  — [0,T], and constants (6,), 6, > 0 and 6, — 0 as

n — oo:

1. For every t € [0,T], the sequence of the laws of (®}) is tight in the space of probability

>e}) —0.

Then the sequence of the laws of (¥™) is tight in the space of probability measures over

D ([0, T; R).

measures over R,

2. For every e > 0, lim,, oo P ({w € Q: ‘\Il?%Jran)/\T — \Ilgn
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Proof. See |2] Theorem 1. O

Theorem A.4.12. Let E be a metric space and F a collection of functions in C (E;R) with
the property that F separates points in E and is closed under addition. Let (u™) be a sequence

of probability measures on D ([0,T]; E) satisfying the following:

1. For each e > 0 there ezists a compact K C E such that for everyn € N, u™ (D ([0,T]; K)) >

1—¢,

2. For every f € F, defining the mapping f : D ([0,T); E) — D ([0, T};R) by [f(¢)](t) =
flo(t)], then the sequence (u™ o }_1) is tight in the space of probability measures over
D([0,T;R).

Then the sequence (u™) is tight in the space of probability measures over D ([0,T]; E).
Proof. See |77] Theorem 3.1. O

A.4.3 Classical Results from Functional Analysis

Theorem A.4.13. Letting k € {0} UN be arbitrary and ' —' denote a continuous linear

inclusion operator, we have the following results:

e Formp>N,orm=N andp=1,
WmHEP(O;R) — CF(O;R) (A.77)
and further if p < r < oo, then
WP (O, R) — WF(O;R) (A.78)

and in particular

W™P(O;R) — L"(O;R). (A.79)

o Formp=N, if p <r <oo then (A.78) and (A.79) again hold.
e Formp < N, ifp<r < Np/(N—mp) then (A.78) and (A.79) again hold.

The boundedness constant from the embeddings is dependent only on the choices of m,p, N,r, k.
Proof. See [1] Section 4. O

Theorem A.4.14 (Gagliardo-Nirenberg Inequality). Let p,q,a € R, m e N, 0 C RN be such

thatp>q>1,m> N(3 — %) and % =g+01- @)(3 — ). Then there exists a constant c

(dependent on the given parameters) such that for any f € LP(O;R) N W™2(0;R), we have

1 ooz < eI 3aom 1 1o - (A.80)

Proof. See [122] pp.125-126. O
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Remark A.4.15. In the original paper [122], the inequality is stated for only the m'™ or-
der derivative and with an additional | f||;» term on the bounded domain, for any r > 0.
By considering the full W™2(0;RN) norm, one can remove this additional term through

interpolation.

A.4.4 Stochastic Gronwall Lemma

Continuing to look at techniques from PDE theory, a Stochastic Gronwall Lemma will prove of
great significance in applications. Whilst in some situations we can apply the classical Gronwall
Lemma to the expectation of the process, this is complicated when we have control by the
expectation of a product of processes. To overcome this Glatt-Holtz and Ziane proved the

following, see [58] Lemma 5.3.

Lemma A.4.16. Fizt > 0 and suppose that ¢, ¥, n are real-valued, non-negative stochastic
processes. Assume, moreover, that there exists constants ¢, ¢ (allowed to depend on t) such
that for P — a.e. w,

/Ot ns(w)ds < ¢ (A.81)

and for all stopping times 0 < 0; < 0}, < t,

05 O
E ( sup ¢T> +E (/ ¢Sds> < cE (((,‘bej + 1) —i—/ nsgbsds) < 0.
T'G[@j,ek} 9j 0,

J

Then there exists a constant C dependent only on c,¢,t such that

rel0,t]

E<sup ¢7~) +E</Ot1,bsds> < C[E(¢o) +1].

Proof. We shall make explicit reference to this constant ¢, in defining a sequence of stopping

times

0j(w) :=t Ainf {r >0: /0 ns(w)ds < ;&}

for j =0,1,.... Clearly §p = 0 (> —a.s.). From the boundedness (A.81) uniformly over P —a.e.
w, there exists some finite N such that 5 = ¢ (P — a.s.). Moreover for 0 < j < j+ 1< N,

from the time continuity of the integral and characterisation of the first hitting times we have

that
0j+1 1
/ Nsds < —
0. 20

J
P — a.s. (and is in fact an equality for j + 1 < N). From the assumed inequality we see that

for any such j,

Oj+1 Oj+1
E( sp ¢ |+E buds | <CB (0,4 1)+ [ mauds
T€[9j,9j+1} 0; 0;

J J

<cE ((d)ej +1) + 1 sup q{)r)

2€ rel0;,6;41]
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and therefore

0j+1
E ( sup ¢T> +E ( 1,0st> < 2¢E (o, +1) . (A.82)
re| 0

05,05+1] j

For 7 = 0 then

01
E ( sup gz,’)r) +E </ ¢5ds> < 2¢E (¢po + 1)
rel0,61] 0

and we use this along with (A.82) to make an inductive argument. Suppose that for some such
Js
0;
E ( sup ¢T> +E (/ stds> < cE (¢ +1) (A.83)
0

TE[O,aj]

for a general constant ¢ as seen throughout this proof, dependent on ¢, ¢,t. Then

Oj+1
E| sup o, +E< ':,bsds)
7"6[0,9j+1} 0
0; Oj+1
E| sup o, +E</ ¢3d5> E sup ¢, | + E Psds
7‘6[0,9]'] 0 7’6[9]',9]'_,_1} 9]'

< (E (¢o + 1) + 2¢E (g, + 1)

< cE(¢po+1)+2¢E sup (¢, + 1)
TE[O,QJ‘]

< cE (¢po+ 1)+ 2¢cE (o + 1)
=cE (¢o+1)

< +

thanks to (A.82) and two applications of (A.83). Hence, by induction, we can conclude that
(A.83) holds for all j =0,..., N and in particular for §y which is P — a.s. equal to ¢. This
completes the proof. ]
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