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Millions and billions of keys, which never seem to end and this is the real truth,
that they would never stop and that the keyboard is endless.

If this keyboard has no end, then... There’s no music you could play on it.

You had the wrong seat - that’s the piano on which God plays.

Alessandro Baricco, Novecento.
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Abstract

In this thesis we consider discrete-time dynamical systems in the interval perturbed with bounded
noise near a bifurcation of a minimal invariant set, its relation with stationary and quasi-stationary
measures, and its asymptotic behaviour as the parameters tend to the bifurcation point.

First, we study existence and uniqueness of stationary measures on minimal invariant sets,
and its approximation with the transition probabilities of the system. We derive analogous results
for the unique stationary density, and conclude that the system exhibits exponential decay of
(annhealed) correlations. We further study the shape of the stationary density near the boundary
of its support, and relate it to the hyperbolicity of the the boundary point for the so-called extremal
maps.

Secondly, we study a similar problem for quasi-stationary measures supported on a metastable
set, when the parameters are close to a bifurcation point. We prove existence and uniqueness of
quasi-stationary measures, and the exponential convergence of conditional transition probabilities
of the system towards this measure. We study the asymptotic behaviour of the mean escape time
from the metastable region as the parameter tends to the bifurcation point.

The results here presented relate the bifurcation theory of dynamical systems under bounded

noisy perturbations, with their statistical features. To our knowledge these are among the first of
their kind.
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Chapter 1

Introduction

In recent years the scientific community’s attention has been strongly drawn towards analysing
abrupt changes in a wide range of natural and social phenomena, many of which have a direct
impact in human societies. For instance, and despite some skeptical opinions in this regard, it is
undeniable that the human activity has had a massive influence in the environment in the last
two centuries, which has driven the average temperatures in different regions of the world to rise
constantly above preoccupaying levels. The global warming effect has already generated radical
changes in the climate behaviour, which affects the general state of ecosystems, the behaviour of
its biodiversity, and the welfare of its human communities, specially of those which have always
lived under precarious conditions.

From a classical point of view, the bifurcation theory of dynamical systems has been quite
succesful in describing qualitative changes that occur by varying the parameters of the system.
However, many real-world phenomena like climate change as mentioned above, are under the influ-
ence of exogenous forces of random nature, which can trigger a massive impact in their dynamical
behaviour. Abrupt changes in complex systems which are driven by external influences or forces
are called critical transitions [51].

In this thesis we study a simple mechanism for noise-induced transitions to occur in a ran-
dom dynamical systems framework, where we have additive noisy perturbations of an iterative
deterministic map T : R — R. In other words, we work with random difference equations of the
form

Tpsr1 = T(zp) + owp, (1.1)

19



20 CHAPTER 1. INTRODUCTION

where T is a sufficiently smooth map such that 77 > 0 and the sequence (w,, )5, is an independently

identically distributed (i.i.d.) sequence of random variables in A = [—1,1]. Each w, is distributed
according to a probability measure dv = p dLeb on (A, B(A)), where p is a Lipschitz-continuous
function, and Leb denotes the Lebesgue measure on [—1,1]. As usual, the time is represented by
n € Ny := NU {0}, where N is the set of natural numbers. We call the parameter o the noise
strength, as it measures how big the noisy perturbations are.

The system (1.1) is an example of a random dynamical system in discrete time with bounded
noise. An alternative and more analitically tractable class of random dynamical systems with
bounded noise are the so-called iterated function systems, where at each unit of time a deterministic
map is chosen randomly from a finite collection of functions [6]. On the other hand, random
differential equations [34, 35] can be examples of continuous-time systems with bounded noise, of
which differential equations forced by dichotomous Markov noise (also called dichotomous flows)
[7] are particular cases.

Despite the simple formulation of system (1.1), it has proven to be a hard task to do rigorous
analysis on this type of systems, even in the simplest cases. For instance, whilst for stochastic
differential equations stationary solutions of the Fokker-Planck equation provide explicit formulas
for the stationary density of the system, in the case for random difference equations it is a hard
task to even obtain an explicit formula in the simplest examples, like the linear case T'(x) = ax
with a € R.

Alternatively, many mathematical models have been constructed using stochastic differential
equations, and have proven to be quite succesful in explaining different phenomena, like transitions
in chemical potentials. In this context, the so-called Eyring-Kramers law [27, 38] relates the mean
first-passage time between minima in a potential landscape that a Brownian particle takes, with
the geometrical features of the barrier that the particle must cross (see [8] and references therein).
The Eyring-Kramers law is a significant improvement of the Arrhenius law [4], which was already
formulated as an exponential expression of the mean first-passage time (originally stated as a
reaction rate).

The use of unbounded noisy perturbations, like in most examples using stochastic differential
equations, has little justification in certain applications, like in biological, chemical or ecological
systems, where quantities are unlikely to be unbounded or even negative. The use of Gaussian noise
is sometimes justified by means of the central limit theorem. However, we believe this perspective
blurrs out some rich mechanistic and dynamical features of the phenomena under study.

In this thesis we contribute to the qualitative and statistical theory of random interval diffeo-
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morphisms. The work here presented lies in the intersection between the bifurcation theory of
random dynamical systems, its statistical behaviour, and its functional analytical properties. In
particular, we are interested in some statistical features near a bifurcation of the minimal invariant
sets of the system. Roughly speaking, minimal invariant sets are regions in the state space from
which it is impossible for the orbits of (1.1) to escape from (see Appendix B for a full characteri-
sation of such sets). Here, a topological bifurcation [44] at o* of a minimal invariant set refers to
its discontinuos variation in the Hausdorff metric [6]. Once the system undergoes a bifurcation of
this type, such bifurcating minimal invariant set stops being invariant for values ¢ > ¢*, and the
orbits of (1.1) have positive probability of escaping from it, having thus the possibility of exploring
a distant region of the state space.

In order to introduce the questions we address in the present document, let us present a toy
model which exemplifies the phenomenology described in the parragraph above.

A toy model

Let us consider the following deterministic map

1—e™®
T =p. — 1.2
(@) =b = (1.2)

where b > 2 is fixed. This sigmoidal map is everywhere increasing, and satisfies 7(0) = 0 and
T'(0) > 1, so that it admits two asymptotically stable fixed points. When considering also an
additive parameter a € R along with the map 7', the dynamical system generated by

Tpr1 = a+ T(z,) (1.3)
exhibits two bifurcations for critical values a; and as (see Figure 1.1)

In order to find the bifurcation values a* we look for pairs (z*,a*) such that 7"(z*) = 1 and
T(x*) 4+ a* = x*, so that z* is a nonhyperbolic fixed point for a* + T'. First, notice that

2be™*

T'(z) = m.

Therefore, T"(x) = 1 if and only if
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Figure 1.1: For b = 3, on the left the graph of 7" is shown in a red solid line, while in blue dotted lines the graphs
of a+T are presented for values of a where the system undergoes through a nondegenerate saddle-node bifurcation.

Two examples past the bifurcation are shown in green. On the right, the bifurcation diagram is depicted.

T

which is a quadratic equation in u = e™*. By solving the equation we obtain two solutions, z 2,

given by

712 = —In (b—li V12— 1) ,
where one of them is negative and the other one is positive. For this example, let us consider
x* = —In <b —1+/(b—-1)2— 1) to be the negative one. We now want to find a* > 0 such that
T(z*) + a* = z*. By substituting the value of z* we get

e L [(0=2+(b-1)2-1 i (p —
a_b< b+\/m) 1(b 1+/(b—1) 1)

Since b e T\ T
;7 T"(x) = 2be™" e - _ (2) (z)’
(1+e7)2 (e +1)3 b

T,,(x*):_x*—a*:b—2+\/(b—1)2—1 (1.4)
T e VO-TT |

T'(x) =

then

Therefore, we can write T'(z) 4+ a as

a+T(x)=a—a" +z+alr— ZE*)2 + o((r — 37*)2)7
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where o« = —(z* — a*)/(2b) > 0. Hence, the system undergoes a nondegenerate saddle-node
bifurcation at (z*,a*) [43].

Consider now the randomly perturbed system
Tpi1 = a+T(x,) + owy,

as formulated in (1.1). A simple first approach in studying the random difference equation above
consists of plotting some time series for different values of (a, ). By fixing the value of o > 0,
we observe that a qualitative change in the behaviour of the system can occur. In fact, there are
values of a < 0 where the orbits of the system tend to stay in a region contained in R_, whereas
for some values a > 0 the orbits remain confined in a region far away from the previous one and
contained in R, . However, for intermediate values of a = 0, the orbits seem to hop between these
two sites (see Figure 1.2).

1.0 4
4 -
0.8 1
s
S oy
+ 2 0.6
= 3
= o
v L 0.4 4
It =
] m
! A
<
< 5]
0.2
47 0.0 1
T T T T T T i T T T T T T T i
0 200 400 600 800 1000 —4 -3 -2 -1 0 1 2 3 4
time (n € W) State space

Figure 1.2: On the left, we plot three different orbits of the system z,,1 = a + b};g::: + ow,, for values
a € {-0.3,0,0.3}. For a = —0.3 and a = 0.3, the blue and green time series respectively, remain bounded away
from each other. On the other hand, when a = 0 the red series hops betweem both regions. On the right, we portray
the corresponding stationary measure of the system, through their corresponding stationary density for each value

of a. Here b = 3, and o = 0.515 are fixed.

Due to the boundedness of the noise, the system cannot explore an arbitrarily large portion
of the state space. Instead, the system eventually is confined in its minimal invariant sets (see
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Appendix B). The intermittent behaviour we observe in Figure 1.2 may as well not be present at
all. We observe in Figure 1.3 that a flickering or intermittent behaviour actually only happens
whenever the noise strength o is large enough. Otherwise, by changing the parameter a, one of
the minimal invariant sets might simply disappear.

T T T
‘ | |
“
"

N

(

N

T
=

N
,

N

‘

-1.0 -0.5 0.0 0.5 10

MMHM | !|||||| |

Figure 1.3: Different types of bifurcations of the minimal invariant sets can occur depending on the value of the

parameters, which can be portrayed in a bifurcation diagram. In both examples here presented, the value of o is
fixed. On the left, we take o less than a critical value ¢* so that there are no values of the parameter a where
the minimal invariant sets “merge”. Instead, there are critical values of a for which the minimal invariant sets
disappear. On the right, the scenario is totally the opposite, and there are values of a for which the minimial
invariant sets get enlarged, and then an intermittent behaviour can happen. In the left we have thus portrayed an

example of a transient bifurcation, while on the right we depict an intermittency bifurcation [59].

In this thesis we assume all deterministic parameters are fixed and consider ¢ > 0 to be our
bifurcation parameter. In this case, minimal invariant sets grow by increasing o. As anticipated in
Figure 1.3, there can be a critical value o* > 0 for which this growth is discontinuous, see Figure
1.4. In this sense we agree with [20]: flickering or intermittent behaviours are present in highly
stochastic systems.

In the rest of the thesis, this toy model will be used for numerical explorations. From now on,
we fix the value a = 0 and explore different behaviours the system may exhibit when varying o.
In this sense, we are looking for noise-induced phenomena. From the discussion above we address
the following questions:
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Bifurcation of minimal invariant sets

Minimal invariant sets

Noise strength (o> 0)

Figure 1.4: In this plot, we fix a = 0 and present the minimal invariant sets of the system for each o > 0. Notice
there is 0* where two different minimal invariant sets seem to merge discontinuously into a bigger one. We will be

interested in studying this type of bifurcation.
e The system admits a stationary measure. How can we approximate it? How does this
translate to the stationary densities?

e Is there any feature in the stationary densities which reflect the type of bifurcation the system
is undergoing through?

e Assume a region M were invariant for ¢*, but stops being so for any ¢ > ¢*. In average,
what is the time the orbits of (1.1) remain confined in M before they escape from it?

In order to address these questions, let us consider the random dynamical system formalism
induced by (1.1): consider

Q=AY 1= {(w,)2%, | n €Ny, w, € A},

endowed with its Borel o-algebra, B(AY) (generated by the family of cylinder sets), and the infinite
product probability measure P : B(2) — [0, 1] where for all £ € N and Ay, ... A € B(A),

P(A; X -+ x Ap x Q) =v(Ay) - v(Ag).
By introducing the shift map, 0 : 2 — €, given by

0 (wn)io:o = (wn+1)zo:0'
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The tuple (2, B(Q2),P,0) is an ergodic dynamical system.

In this thesis we always work in a compact set X C R, which typically is an invariant set. We
define the function ¢ : Ny x X x Q — X given by

(,02(1‘) = hwn—l ©:--0 hwo($)7 (15)

where hy,(z) = T'(x) 4+ ow;. For each n € N, the function ¢" : X x Q — X is B(X) ® B(Q2), B(X)-
measurable, and for each w € €2 the map ¢ : R — R is smooth. Moreover, the map ¢ satisfies
the cocycle property: for all n,m € Ny, w € Q and z € X,

n+m

pol@) =z, QT(x) = Phm, 0 05 (). (1.6)
We say then, that ¢ is a smooth random dynamical system over (2, B(2),P,0) [3].

The random dynamical system ¢ induces a (deterministic) dynamical system in the extended
space X x Q. This map ® : X x Q — X x Q is defined as ®(z,w) = (pu(z),0w). The map P is
called a skew product flow. We refer to such dynamical system as the pair & = (¢, 0).

Stationary measures for random diffeomorphisms

In the first part of this thesis, we study stationary measures of (1.1). A stationary measure p is a
probability distribution which does not change with the evolution of the system. From a parallel
point of view, stationary measures play the role of an equilibrium for the collective behaviour of
the system (1.1).

If M;(M) is the set of Borel probability measures on M, we consider the Markov operator
P My(M) — My(M) (see Appendix C), which indicates the evolution of any initial distribution
¥ € My(M) with the system (1.1). Thus, a stationary measure p is a fixed point, or an equilibrium
measure, for P.

There is a strong relationship between the minimal invariant sets of the system and its station-
ary measures which can be stated in the following theorem

Theorem A Let M be a minimal invariant set for the system (1.1). Then there exists a unique
stationary measure i supported on (M,B(M)), such that for any initial distribution ¥, we have
that P™ — v exponentially fast with respect to the total variation distance for probability measures

(see Appendiz A).
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This means that the evolution of the distributions along with the system (1.1) on a minimal
invariant set necessarily stabilize asymptotically towards a stationary measure. In words of the
Nobel laureate Ilya Prigogine, this mechanism is an example of how the system exhibits the arrow
of time'.

Because of this connection between minimal invariant sets and stationary measures, it is natural
to search for features which reflect the bifurcation the system (1.1) is undergoing through in these
special type of measures. One of those features is the behaviour of its tail, or equivalently the
behaviour of its density, known as stationary density, near the boundaries of its support.

For this, consider the largest and smallest values that the random map h(z;w) = T(x) 4+ ow
can achieve. In other words, let hy(z) = T'(z) + 0, and h_(z) = T'(z) — o be the so-called upper
and lower extremal maps, respectively. Minimal invariant sets M = [x_, x| are determined by the
fixed points of Ay, and h_, where in fact z, and x_ are fixed points of h, and h_, respectively.
Hence their hyperbolicity and degeneracy play a fundamental role in the shape of any stationary
density, as given in one of the main results of this thesis which may be stated as follows.

Theorem B Let M = [x_,x,] be a minimal invariant set of (1.1). If the stationary measure
on (M,B(M)) is such that u = ¢ dLeb, then

1. (Hyperbolic case) If T'(xy) < 1, then

o(x) ~ (x4 — z)nEr—2), as T — Ty.

2. (Nonhyperbolic case) If T'(x,) = 1, and r > 2 is the first integer such that T (x,) # 0,
then

1
d(x) ~ (xy —x) T+ as T — T

Not only it is an interesting problem in itself to estimate the tails of stationary measures [23]. In
applications it could be relevant to know how likely the system visits a small neighbourhood of the
boundaries. For example, in [42] an algorithm for anticipating bifurcations in random dynamical
systems was proposed, which rely on having sufficient data precisely near the boundary points
{z_,z;} of the minimal invariant set. As it turns out due to the theorem above, it is extremely
unlikely that the orbits of (1.1) visit a small neighbourhood of z_ or x, so it takes an enormous
amount of time to generate meaningful data for this purpose.

For an introduction on Prigogine’s work on the topic, see [49].
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Quasi-stationary measures for random diffeomorphisms

Recall that when increasing the noise strength o, the system (1.1) may exhibit a bifurcation of its
minimal invariant sets at a critical value o* > 0. As in Figure 1.4, assume that at ¢* > 0 we have
two minimal invariant sets, which “merge” for o > o*.

Observe that for any value 0 > o*, the orbits may explore a wider region than the minimal
invariant set they were confined in earlier for 0 = o*. Let [zv_(0), 2, (0)] be this large (unique)
minimal invariant set of (1.1) for ¢ > o*, and M? = [x_(0*),z*] the minimal invariant set for
o = ¢* which is in the lower branch in Figure 1.4.

We focus our attention in the set M7 = [z_(0),z*], which is a portion of the unique minimal
invariant set cut off precisely at the point where the bifurcation occurred. For o above but close
to o, the orbits escape from M? almost surely, but they do so in an extremely large amount of
time. It is because of this eventual escape that no stationary measure exists on (M7, B(M7).

Instead, we look for another type of measure which plays a similar role, conditioning the system
to remain in M7: the so-called quasi-stationary measures. These special type of measures are fixed
points of the conditional Markov operator, P : My(M?) — M;(M?), defined as

for all A € B(M?)where P is the usual Markov operator as above, except that P4 is no longer a
probability measure on (M7, B(M?7)).

Quasi-stationary measures date back to [56], but it has not been until recent years that strong
results on approximation of quasi-stationary measures were given [14, 13]. For an excellent intro-
duction to the topic, see [16].

The following theorem is analogous to Theorem A, but conditioned to remain in M?.

Theorem C Let M? be as above. Then, if x_(0*) is hyperbolic, there exists a unique quasi-
stationary measure q supported on (M?,B(M?)), such that for any initial distribution 9 € M, (M?),
we have that P™) — q exponentially fast with respect to the total variation distance for probability
measures.
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The exponential convergence of P9 towards ¢ allows the construction of the so-called quasi-ergodic
measures. These measures have recently been used to define a conditional version of Lyapunov
exponents [26], which provide an insight of the local properties of random dynamical systems.

Let 7(z,w) be the escape time from M? for the cocycle ¢, that is
T(x,w) =min{n € N | ¢’ (x) & M7}.
The escape time 7 is geometrically distributed when the initial distribution is precisely the quasi-

stationary measure ¢. In other words, P,[n < 7] = AZ, for some A, € (0,1). Hence, its mean
value, E,[7], satisfies

In particular, when the bifurcation of the minimal invariant sets is due to a nondegenerate
saddle-node bifurcation for the upper extremal map hy(z,0) = T(z) + o, we may state the
behaviour of A, as ¢ — ¢* in the following way.

Theorem D Let M = [x_(0),z*] be as above, where x* is a nondegenerate nonhyperbolic fized
point for hy(x,0*). Then,

1

1—Ay~ (0 —0")Voror,

Structure of the thesis

In Chapter 2 we use functional operator techniques in order to study the evolution of distributions
and densities along with the system (1.1). For the basic background, the reader can consult Ap-
pendix C, where we made a self-contained summary of well known tools which we employ in this
thesis: the Markov (P), the transfer (L) and the stochastic Koopman operators (P). The main re-
sult in this chapter guarantees the existence and uniqueness of the stationary measure p supported
on each minimal invariant set of the system (1.1). Moreover, the evolution of distributions P"¢
converge exponentially fast to p with respect to the total variation norm, or equivalently, the evo-
lution of densities L"g converge exponentially fast to the unique stationary density in L'. We prove
as a direct consequence that the system exhibits exponential decay of correlations. Furthermore,
we extend the exponential convergenve of densities to the uniform convergence topology.
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In Chapter 3, we describe asymptotically the shape of the stationary density supported on a
minimal invariant set [x_,z.] as © — x4. The proof uses an embedding theorem of maps into
flows, which helps to derive asymptotic results for deterministic hitting-times. We confirm our
results with some numerical explorations.

In Chapter 4, we introduce the conditional versions of the Markov (P), transfer (L), and
Koopman (P) operators, and deduce their properties needed further in the chapter. The main
goal is to prove that, near a bifurcating minimal invariant set, there is a unique quasi-stationary
measure, which can be approximated exponentially fast with P for any initial distribution ) in
total variation norm.

In Chapter 5, we prove the main result of this thesis, by giving the asymptotic order of A,
as ¢ — o* near a bifurcation of a minimal invariant set due to a saddle-node bifurcation of the
upper extremal map. To our knowledge, this is the first result of its kind, which highlights the
complexity of random diffeomorphisms near bifurcation points.

In Chapter 6, we invite the reader to the discussion on the use of random dynamical systems for
studying critical transitions of complex systems, and their potential early-warning signals. We also
present some possible routes of research for future work on different mechanisms for bifurcations
in low-dimensional random maps.



Chapter 2

Stationary measures for random
diffeomorphisms

In this chapter we consider the random map h : M x A — M, given by h(x,wy) = T(x) + owy,
where A = [—1, 1], the deterministic map 7" is such that 7"(x) > 0 for allz € M, and M = [z_, x ]
is a minimal invariant interval for h (see Appendix B). The random dynamical system is defined
by the difference equation

Tpt1 = h(x,, wy), (2.1)

where we consider w = (w,)>%, to be an i.i.d. sequence of random variables distributed in A
according to the probability measure dv = p dLeb. We further assume that p : A — R, is a
Lipschitz-continuous density, which is positive in (—1,1). This setting, for example, covers the
case of uniformly distributed noisy perturbations, where p(wy) = 1/2 for all wy € A.

The main objective of this chapter is to prove there exists a unique stationary measure for (2.1)
supported on M, and that transition probabilities converge uniformly (with respect to the initial
distribution) exponentially fast to the stationary measure in the total variation norm.

The uniqueness of the stationary measure implies this measure is ergodic. This type of measures
is one of the most important tools employed for studying the statistical behaviour of random
dynamical systems, as given by Birkhoff’s ergodic theorem. By virtue of this theorem, time
averages of observables along orbits coincide with the space average with respect to an ergodic
measure in a full-measure set (for a comprehensive introduction to the topic see [37]).
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2.1 Main result and structure of the chapter

The existence and uniqueness of stationary measures (and hence ergodic) for random diffeomor-
phisms supported on minimal invariant sets M have already been proved in [1, 59]. However, the
monotonicity property imposed on T' provides with sufficient conditions to prove that for each
o > 0 the transition probabilities (P?)>°,, converge uniformly and exponentially fast towards the
stationary measure, where P?(A) = [, 14 (h(z,wy)) dv(wo) (cf. Appendix C).

The main objective of this chapter is to prove this exponential convergence holds, as stated in
our main theorem below. Recall that (2.1) induces a set valued map F(z) = T(x) + oA, which
is extended to the whole family of compact subsets of M (cf. Appendix B). We also consider the
topology in the space of probability measures induced by the total variation norm, || - ||rv (see
Appendix A).

Theorem 2.1 For each o > 0, there ezists a unique stationary measure pn on (M,B(M)) for the
system (2.1). Furthermore, for each ng € N such that F"™ (x_) intersects F™(z.) in a nondegen-
erate interval I, and for each closed interval B C I, bounded away from OI, there exists D > 0
such that .

[P — pllrv < (1= D - Leb(B)) ™, (2.2)

for alln € N and x € M.

Because of the uniform convergence (2.2) the cocycle is said to be uniformly ergodic [46].

We give a proof of Theorem 2.1 in Section 2.2. The proof is based on the Doeblin’s minorization
theorem (see [46]). It is because of this last theorem that the rate of convergence (1—D-Leb(B))"/m0
in (2.2) can be given explicitly.

A direct consequence of Theorem 2.1 is that the sequence (L"g)°,, converges exponentially
fast to the unique stationary density ¢ in L' (see Remark A.2 in Appendix A), where L is the
transfer operator, and g is any density on M. In Section 2.3, we use this fact to prove that the
so-called annhealed correlations decay exponentially fast, and we prove this fact in Theorem 2.7.
This property has already been shown in [59] by means of the spectral gap of the transfer operators.
However, the method here presented has the advantage of giving a precise estimate on the rate of
convergence.

Finally, in Section 2.4, we extend the exponential convergence of (L"g) to the uniform topology,
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for any density g on M. The result follows essentially from the fact that the sequence (L"g)%2, is
uniformly Lipschitz-continuous, for each density g.

2.2 Exponential convergence to the stationary measure

We denote by M;(M) the set of probability measures on (M,B(M)), and D(M) the space of
densities on M, that is functions g : M — R, such that ||g|[;1 = 1. Recall that

supp g = {z € R | g(x) > 0}.

In order to prove Theorem 2.1, we use the following result.

Theorem 2.2 (Doeblin’s minorization theorem [46, Theorem 16.2.4]) Assume the tran-
sition probabilities P7, with x € M and n € N, of system (2.1) satisfy

Condition (D): there exist ng € N and a nonzero measure p on (M,B(M)) such that for all
r €M and A € B(M)
Pro(4) > p(A). (23

Then there ezists a unique probability measure p on (M,B(M)) such that for alln € N
[Py — pllry < (1= p(M))mo . (2.4)

Moreover, p is the unique stationary measure on (M, B(M)).

Condition (D) is also known as Doeblin’s minorization condition. Since (2.3) is uniform in z,
assuming Condition (D) is fulfilled then for all ¥ € M;(M) we have that Py°(A4) > p(A), for all
A e B(M). Also, if (2.3) is fulfilled for some ng € N, then it is satisfied for all n > ny. This follows
from the properties of the transition probabilities, since if n > ng, then

P"(A) = / PIO (AP (y) > p(A) - PE0(M) = p(A)

Remark 2.3 Because of the uniform bound in (2.4) with respect to x, we have that whenever
Condition (D) is satisfied, then

1P — gl < (1= p(M))7o (2.5)
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for any initial probability measure ¥ on (M,B(M)). Indeed, from (2.4) we have that for all x € M
and A € B(M)

H(A) = (1= (M) < PL(A) < u(A) + (1 - d(M))"/".

Integrating over M with respect to ¥ gives (2.5).

We now proceed to prove Theorem 2.1. Our proof follows some ideas from [9)].

Proof of Theorem 2.1. From Appendix C, the transition probability P? is absolutely continuous
with respect to Leb, for all x € M and n € N, with continuous density &, : M x M — R, for all
n > 2 (see Proposition C.13).

Also supp ky(x,-) = F™(x), where the set-valued dynamics is given by F™(x) = [h” (x), b} (z)].
Since A} (x_) — x4 and A" (x4) — x_ as n — o0, there is ng > 2 such that A" (z,) < h1°(z_),
see Figure 2.1.
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Figure 2.1: In blue we represent the set F™(x_), while in green we portray F"(z,). Notice that they indeed
intersect each other in a nondegenerate interval (pictured in a darker colour). Here, the steps it takes for this to

happen is precisely ng = 2, although any n > ng would do the job.

Let B C I = [h"(x4), A" (xz_)] be any closed interval bounded away from 01 = {h"°(z4), R (x_)}.
By monotonicity of hy and h_, for any x € M we have h'\°(z) > h'°(z_) and A" (z) < A" (z,).
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This implies that B C (¢, int F™(z). Let

D= xe]{}?,lgfzeB kno(x,y) > 0,

and consider the measure p(A) = D - Leb(A N B). Therefore,
Po) = [ Koy = [y (dy > ()
A ANB

Condition (D) is then satisfied and the statement follows from Theorem 2.2. O

Remark 2.4 Observe that the closer B is to I its length Leb(B) becomes larger, but the constant
D s closer to 0. On the other hand the optimization of D would be obtained by choosing B
very close to its maximum, but this would imply that Leb(B) is very small. An optimal rate of
convergence would depend on the specific map T and the density p.

Let ¢ € D(M) be the density of the unique stationary measure p, and consider the transfer
operator L : LY(M) — LY(M) (cf. Definition C.9). The function ¢ is the unique fixed point
of L in D(M), so it is the unique stationary density (see Proposition C.12). As a direct conse-
quence of Theorem 2.1, starting with an arbitrary density g on M the sequence (L"g)52 , converges
exponentially fast to the unique stationary density in L' as proved in the following.

Corollary 2.5 For alln € N and every density g € D(M), we have
IL"g = llLr < 2(1 = p(M)) ™, (2.6)

where ng and p are given in Theorem 2.1, and ¢ is the unique stationary density.

Proof. Let ¥ be the probability measure such that dy = g dLeb. Therefore, P} has density L"g.
From Proposition A.1 and (2.2) we have

IL" = llr = 2|5 — pllrv < 2(1 = 9(M))™/™.
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2.3 Exponential decay of correlations

In this section we denote the Lebesgue space L, (M) = L'(M,B(M), ;t), where p1 is the unique
stationary measure. Recall that L'(M) = L'(M,B(M),Leb) and L>*(M) = L>(M,B(M), Leb).
Consider the stochastic Koopman operator P : L>(M) — L*>(M) (see Definition C.7).

We make use of Corollary 2.5 in order to prove that system (2.1) exhibits exponential decay of
annealed correlations. Let ¢ be the unique stationary density. The following definitions are taken
from [2].

Definition 2.6 (Annealed correlations) The annealed correlation of non-zero functions f €
L>(M) against g € L), (M) with respect to ju x P is

/(P”f-g) du—/fdu-/gdu'- (2.7)

We say the system (2.1) exhibits annealed decay of correlations for observables in L>°(M) against
observables in L] (M), with respect to the measure p x P, if for every f € L*°(M) and every
g € L,(M) we have Coryxp(f,g,n) = 0 as n — oo.

B 1
1/ loollgllzy

COT#X]P’(f) g, TL)

The proof of the exponential decay of correlations is taken almost identically from that of
Theorem A and B in [2], although the setting is somewhat different. We include the proof for the
reader’s convenience.

Theorem 2.7 (Exponential annealed decay of correlations) Forall f € L>(M), g € L, (M),
and n > 2, we have

Coruxp(f,g9,mn) <2(1—-D- Leb(M))n";ol, (2.8)

holds, where the constant D > 0 and ng € N are given in Theorem 2.1.

Proof. Let k =1— D - Leb(M), so that from Corollary 2.5
IL"g — ¢l < 2677,

for all n € N. Recall also that for n € N,

Prf(z) = / (s y) F(y)dy,
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where k,(z,y) is the density of P? (see Proposition C.8). Recall also from Appendix C that
L(k,(z,-))(y) = kps1(z,y) for all n € N. Then,

|[ P f(x) - gla)du(x) — [ fla)du(z) [ g(z)du(z)| = | [ ([ F@)ka(z,y) — d(y)]dy) g(x)dp(z)]

< flloe J (S 1L (2, ) (y) = S(w)|dy) lg(@)ldp(z) < 20 fllsollgllry - w0/

2.4 Convergence of densities in uniform topology

In this section we extend Corollary 2.5 to the uniform topology, this is we prove (L"g)2° , converges
to the stationary density ¢ exponentially fast with respect to || - ||o, for any g € L*(M).

From (C.16) in Appendix C, we know that the explicit formula for the transfer operator is

given by o
rw =2 [ () g ay (29

0 Jht(z)va

where p is the Lipschitz-continuous density of the noise distribution v. In order to determine the
upper and lower limits of the integral in the expression above, we must find xz; and x5 such that
hZ!(z;) = x, and hi'(zy) = x_. In other words,

r1=h_(xy)=T(zry) — 0 =24 — 20,

ro=h(x_)=T(x_)+o0o=12_+20.

Observe that there are essentially two cases:

Case 1! z_ <2y <21 < x4

-1
Lo(@) = § + i » (52) a(w)dy. @ € (ez.) (210)
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Case 2: z_ <x; <x9 < x4

( 1, .
L (%) 9(W)dy, x €z, 1]

Lo(@) = L2 p (Z29D) gly)dy, @ € (21,72) (2.11)

x x—T
\% fh_{l(x)p (%) g(y)dy, MRS [5527 I‘+]

We use these formulas in the next proposition to prove some regularization properties of the
transfer operator. Consider the Lipschitz constant of a real-valued Lipschitz-continuous function
on a metric space (X, d) defined as

Lip(f) = sup

Proposition 2.8 For all g € L>(M), we have Lg is Lipschitz-continuous. Moreover, there exist
A, B > 0 such that
Lip(Lg) < Allgllec + Bllgl .- (2.12)

Proof. We prove this proposition only for Case 1 above (see equation (2.10)), as the proof for Case
2 is done in a similar way. We do several intermediate calculations in order to prove (2.12).

Claim 1: there exist K1, Koy > 0 such that for all x,z € [x_, x4],

| Lg(x) = Lg(2)| < (Killgllee + Kallgllz1) |2 — ]

Indeed, assume without loss of generality that z < z. By monotonicity of hZ* it follows that

Lg(x)—Lg(z) = %/:_lm [p (x_—T(y)> —p (Z_TT(?/))] g(y)dy—% /:_I(Z)p (2_—T(y>) 9(y)dy.

o o

Hence,

Lip(p)|lg|l: Plloollglloe ;- -
Lo(e) — Lg(z)] < PRIty Weleelglee paiy o)
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Claim 1 follows by taking K; = ||p|lec (0 - infeens B (h='(z)))~! and Ky = Lip(p) - 0 2.
Claim 2: there exist K3, Ky > 0 such that for all x,z € [xq, x1],

[Lg(x) = Lg(2)| < (Ksllgllee + Kallgllzr) |z — 2]

In order to prove this, assume again without loss of generality that x < z. Since

Lg(z) — Lg(z) =
h_l(z) T— hzl(ff) T— z—

— L () gly)dy + L e (R < p (H2) | g(y)dy+
hy (=) hy (2)

hZl(z) _
+% fh:l(a:) p <Z Z(y)> g(y)dy7

it follows that

[ploollgllze 10\ g p Lin@)lglle N
Lg(w)=Lg(2)| < TR | ()= () | I o AR 1 ) = (2)

The claim follows by taking K3 = [|p|lo [(0 - infyens B (hZ"(2))) ™! + (0 - infoen b (R (2))) 7]
and K, = Lip(p) - 072

Claim 3: there exist K5, K¢ > 0 such that for all x,z € [x1,x4]

|Lg(x) = Lg(2)| < (Ksllgllee + Ksllgllzr) |z — 2.

Indeed, this claim follows similarly as Claim 1.
Claim 4: inequality (2.12) holds for some A, B > 0.

Let A = 3max{K;, K3, K5}, and B = 3max{K,, K, Kg}. Assume for instance that = €
[#_,z9] and 2z € [21,21]. Then,

|Lg(x) — Lg(2)| < [Lg(x) — Lg(z2) + [|Lg(z2) — Lg(x1)| + [Lg(x2) — Lg(2)| <
< (Killglleo + Kallgllz2)(z2 — x) + (K3|glloo + Kallgll) (@1 — z2) + (K5||glleo + Kollgl[z1) (2 — 1)

< (Allgllse + Bllgll)lz — =]
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The same follows similarly for € [x_,z5] and z € [x9, 24|, or for the case z € [z, 1] and
z € [z, 24]. O

Let us proceed to improve Corollary 2.5 by showing that in fact we have exponential convergence
with respect to the supremum norm || - ||o. Since Lg € C°(M) for any g € L'(M), and Lg is
Lipschitz-continuous whenever g € C°(M), without loss of generality we can restrict ourselves to
consider g to be a Lipschitz-continuous density on M. We need the following definition.

Definition 2.9 (Uniform Lipschitz-continuous sequence) We say that a sequence (g,)22, of
real-valued functions is uniformly Lipschitz-continuous on A C R if there exists K > 0 such that

90 (%) = gu(y)| < K|z — ], (2.13)

forall x,y € A and n € N.

In particular, a uniformly Lipschitz-continuous sequence (g,,)5, in A C R is uniformly equicon-
tinuous.

Furthermore, if a uniformly Lipschitz-continuous sequence (g,)5%, converges to g in L' then
gn converges uniformly [29]. This result gives no information about the rate of convergence with

respect to || - ||, for which we prove the following theorem by following closely the arguments in
[29].

Lemma 2.10 Let (g,)5>, be a uniformly Lipschitz-continuous sequence of real-valued functions
on [a,b] such that g, converges exponentially fast to g in L*. Then g, converges exponentially fast
to g with respect to || - |-

Proof. Let C > 0 and x € (0,1) such that ||g, — g||zx < Ck", for all n € N. Thus, for each
n,m € N,
1gn — gmllr < C(E" + ™).

We claim that for each z € [a,b] and n,m € N there is y = y; . € [a,b] which satisfies
that |z — y| < VC(k" + £™)2, and |gn(y) — gm(y)| < VC (k" + £™)"/2. Indeed, assume on the
contrary that there is zg € [a,b] and n,m € N such that for every y € B,,(z¢) N [a,b] = B, where
ro = VO(K" + ™)1/2,

19n(y) = gm(y)| > ro.
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Therefore,

C(K"+ &™) > |lgn — Gmllzr = / 190 (y) — gm(y)|dy > 10 - Leb(B) > C(k" 4 k™),
B
which is a contradiction and the claim follows.

Finally, for each x € M and n,m € N, and by considering the uniform Lipschitz-continuity of
(gn)p; and the point y = y; . obtained above, we get

19n(2) = gm(@)] < |gn(2) = gu(W)| + 190 (¥) = G (Y)| + |9 (y) — gim(2)]
< Kz -yl + VO(E" +r™YV2 + K|z — y| (2.14)
< VC@2K + 1)(k" + ™)Y2 < VO2K + 1) (k2 + k™/2).

Since (2.14) is valid for all = € [a,b], (g,)22, is a uniformly Cauchy sequence, implying that g,
converges uniformly to g. Furthermore, given € > 0, for all m large enough |[|g,, — g||s < €. Hence,
for all z € [a,b] we obtain

19n(2) — 9(2)] < |gn(2) — g (@)| + |gm (@) — 9(z)| < V(2K + 1)(k"* + &™/?) + €
By taking limits when m — oo, and since € was arbitrarily small,
190 — gllec < VO Q2K + 1)x"2,

O

The exponential converge of L"¢g for any Lipschitz-continuous density g supported on M follows
directly from Lemma 2.10 as seen in the following statement.

Theorem 2.11 For each Lipschitz-continuous density g : M — R, supported on a minimal
invariant set M = [z_,x,], the sequence (L"g)%, converges exponentially fast to the unique
stationary density ¢ with respect to || - ||oo-

Proof. Since L"g — ¢ exponentially fast in L' as given in Corollary 2.5, because of Lemma 2.10
it is sufficient to prove (L"¢)%2, is uniformly Lipschitz.

Claim: the transfer operator L seen as L : L*(M) — C°(M) is bounded.
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Indeed, let g € L} (M) and z € M, then
1 hZY(@)Awy r—T y
sl [ (S et an
o h;l(x)vgv_ g

The claim follows since [|Lg]|c < Hpﬂoo gl

Let n > 2. Because of Proposition 2.8 there are A, B > 0 such that
Lip(L"g) < A|IL" " glloc + BIIL"""g| 1.

Since L preserves integrals, then |Lg||;: < ||g||z: for all g € L'(M). Because of this and the claim
above we have that for all n > 2,

. n A'poo n—
Lip(z'g) < (220 4 ) 21,

Hence, since ||L|| = 1 (this is for L : L'(M) — L'(M)), then
Allpll
o

mmmms( +B)mm.

Therefore, Lip(L"g) < K for all n € N, where K = max{Lip(g), Lip(Lg), A||p||/o + B}. O

We conclude this chapter by proving a regularizing property of the transfer operator L. For
this, let us denote by C%(M) the space of real-valued C* functions f : M — R such that they
vanish in OM along with all its derivatives up to order k, that is f9¥(z,) = fU(x_) = 0 for
j=0,... k.

First, recall Lg is continuous for all g € L*(M). Moreover, for x = x,, we get hi'(z,) =
h='(x) Axy = x4, so that Lg(z,) = 0, and analogously Lg(x_) = 0. Hence Lg € C3(M) for all
g € L'(M). We extend this regularizing property to the spaces C%(M) as stated in the following
proposition.

Proposition 2.12 Assume T is a C"-diffeomorphism and p is a C" density in (—1,1) for some
r > 1, then for all g € C5(M) we have Lg € C5T' (M) for each k € {0,...,7 —1}.

Proof. Again, we do prove this statement for Case 1 of the expression of Lg, see (2.10). Let
z € (z2,71), and assume g € C9(X). Then, if T is a C'-diffeomorphism, and p is a C* density,

gdy@%:M_D“hEQDWJYW)—MnﬂhSWDWJYQXF%/T(@ﬂ(x—T@)
x o o Jht @) o

> 9(y)dy.
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Therefore, since h='(x;) = 2, and g(z,) = 0,

i 9 Lg(e) = PR @)Y (@) | 1 / y (ﬂ) o(y)dy.

T—a] dx o o2

On the other hand, if z € (21, x4),

p(Wg(hy (x))(hi') () 1/}:”* p,<x—T(y)

o o2

d
iy - _
- 9()

Thus, lim,_, + L Lg(z) = lim,,_, - 4 Lg(x). Analogously, lim,,_, .+ L Lg(z) = lim,,_, - 4 Lg(x), so

that Lg(z) is continuously differentiable. From the last formula it follows that - Lg(z.) = 0. In
a similar way, %Lg(x_) = 0 The rest of the statement follows by induction. O

Since any stationary density ¢(X) — R satisfies that L¢ = ¢, we have this inmediate conse-
quence.

Corollary 2.13 IfT is a C"-diffeomorphism, and p is a C" density in (—1,1), then any stationary
density supported on M is C". Moreover, ¢ is flat at v, and x_, that is ¢®(2,) = ¢®(2_) =0
fork=0,...,r.

It is the main purpose of the upcoming chapter to deduce a more precise statement on the
shape of ¢ near x, and x_.
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Chapter 3

Tails of stationary measures

In the previous chapter we proved the existence and uniqueness of the stationary measure p
supported on a minimal invariant set M = [z_, ] for the system

Tpi1 = T(xy) + ow, = h(x,,w,), (3.1)

along with the exponential convergence of P} in total variation norm towards p for all z € M.
Recall that du = ¢ dLeb, where ¢ is the unique stationary density. We now turn our attention to
the asymptotic behaviour of the stationary density ¢ as v — x4.

Recall that minimal invariant sets are determined by the fixed points of the extremal maps
hi(z) =T(x)+ 0 and h_(x) = T'(x) — 0. In this section we address different scenarios depending
on the type of fixed point x is for the upper extremal map h,. We focus only on the behaviour
of ¢ near x,, as the case for z_ is completely analogous. Without loss of generality let us assume
that . = 0. We address both cases when 0 is either a hyperbolic or a nonhyperbolic fixed point.

In this chapter we assume T is a C"*!-diffeomorphism, for some r > 2 such that
hi(z) =Xz + (—=1)"az" + o(z"), (3.2)
where A € (0,1], @ > 0, and r > 2 is the first natural number for which 7 (0) # 0. Notice that
if A < 1, then 0 is a hyperbolic fixed point of h, and nonhyperbolic otherwise. We still consider
(wn)se, to be an i.i.d. sequence of random variables, but we only consider the case for which w,

is uniformly distributed in [—1, 1] for all n € N.

45
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The main goal in this chapter is to provide asymptotic orders for ¢(z) as z — x. We show
that when z, is nonhyperbolic, there exist 71, v2 > 0 such that for each € > 0 there is xq < 0 such
that

yote y1=¢€
|zl < @) < Jafle

for all € (xg,0). On the other hand, when z, is hyperbolic, there exist 73,74 > 0 such that for
each € > 0 there is 2y < 0 such that for all z € (z,0),

| < ) < faf el
3.1 Main result and structure of the chapter

Let us formulate precisely the main theorem of this chapter

Theorem 3.1 (Order of ¢ as x — 0) Let the deterministic map T be a C™ ' -diffeomorphism for
somer > 2, and ¢ : M — R, be the unique stationary density supported on the minimal invariant
set M = [x_,x4], such that hy(z) = Az + (—1)"ax” + o(z") for some a >0 and X\ € (0,1]. Then

1. (Nonhyperbolic case) If A = 1, we have

rfll 7'711 2
S < lim infM < lim sup 2™ In¢(x) < i (3.3)
alr—1) = a=0- In |z| 20— In |z| alr—1)
2. (Hyperbolic case) If A € (0,1), we get
1 .. . Ino(x) ‘ In ¢(z) 1
— <1 f <1 < . 4
A = w0 (Infz))2 = asol (nfz])? = 2InA (34)

Notice it has already been proved in [59] that stationary densities ¢ supported on a minimal
invariant set M = [z_, x,] are flat at the boundaries of M (see also Corollary 2.13). Our results
further develop this statement for random interval diffeomorphisms by giving upper and lower
bounds for the asymptotic behaviour of these densities near the boundaries of M. We conclude
that it has no precise exponential behaviour near x. of the form ¢(x) ~ e="/12=#+I” for any p > 0,
like those expressions that appear in the classical theory of large deviation principles [21].
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We first focus on the nonhyperbolic scenario for z,. In Section 3.2 we find a unique (local) flow
Yy and its associated vector field G : R — R for which its time-one map coincides with h,, that
is hy =1y near x; = 0. Whenever such flow exists, we say that the map hy is embedded into the
flow ;. The idea of embedding maps into flows dates back to Takens [54] in the case where the
embeddable map is a C'*°-diffeomorphism. More recently, such techniques have also been exploited
for studying bifurcations of flows arising from saddle-node limit cycles [53].

The problem of determining the speed of convergence towards the equilibrium x, under the
flow 1y turns out to be equivalent to describing the first-hitting time

= inf{t € R | du(z) > y},

as y — 0. Moreover, since the map h, is embedded in the flow 1, its asymptotic behaviour
coincides with that of the discrete first-hitting time

n? =min{n € Ny | '} (z) > y}

In Section 3.3 we proceed to prove the first part of Theorem 3.1. Furthermore, we show that
a similar asymptotic behaviour holds for the tail of the stationary measure, 7 (x) = u([z,0]), as
x — 0. We confirm the theoretical bounds (3.3) with some numerical explorations.

By the end of the chapter, in Section 3.4 we address the second part of Theorem 3.1 for the case
0 is a hyperbolic fixed point. Notice how the asymptotic approximations (3.4) for the stationary
density are of different nature with respect to the nonhyperbolic scenario. The proof follows in a
similar fashion as in the case for nonhyperbolic fixed points, but with elementary techniques.

3.2 Embedding of deterministic maps into flows

In the rest of the present chapter, we will need asymptotic estimates for the first-hitting times
n? :=min{n > 0| A%} (z) >y} (3.5)

as y — 0. Notice nY is the first time in the orbit of h starting at = that enters the interval (y,0).
However, in the case when z is nonhyperbolic for h, it seems to be a hard task to understand
the asymptotic behaviour of n¥ as y — 0 just from the properties of the map h, itself. Instead,
we study it via the first-hitting times of a flow into which h, is embedded.
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Observe that the upper extremal map h is a C""!-diffeomorphism, since the deterministic map
T is a C"-diffeomorphism too. Thus, the existence and uniqueness of a C"*! flow into which we
can embedd h into in a neighbourhood of 0 is given by a generalization due to Yoccoz [57].

Theorem 3.2 (Takens embedding theorem [57, Appendix 3]) let h : R — R be a C""!-
diffeomorphism for some r > 1 which preserves orientation. If h — Id is not flat' at 0, where
Id(x) = x, there exists an open neighbourhood of 0, U, and a vector field G : U — R of class C"
such that its associated flow vy satisfies 1 = h in U.

The next statement gives a simple expresion for the vector field defining the flow we embedd
h+ into.

Proposition 3.3 Let hy(z) =z + (—1)"az” + o(z") for x <0, and ¢, be a flow with associated
vector field G : U C R — R, where U is an open interval containing 0, such that hy = 1, in U.
Then

G(z) = (—1)"az" + o(z"). (3.6)

Proof. let G : U C R — R and U as given in Theorem 3.2 with associated flow ¢, such that
11 = hy in U, where U is an open neighbourhood of 0. Observe that since 0 is an equilibrium
point for ¢, then ¢;(0) = 0 for all ¢ > 0 and therefore G(0) = 0. Let by, bo, ...b, be functions of
t, and aq,as,...a, € R such that

Uy(x) = by(t)x + bo(t)x? + - b(t)a” + o(z"),

G(z) = a17 + agr®* + - - + a,z” + o(z").

Since for each x € U, the function t — ¢4(z) is a solution of the ordinary differential equation
& = G(x), then

bz + box® + -+ boa” 4+ o(a") = ay(byz + - - - ba") + - + ap(byz + - - - ba”) +o(z").  (3.7)
Thus, by solving for the coefficients in the linear term in x, we obtain

bl (t) = bl (O)Galt.

1Recall a C* function is flat at x if all its derivatives of order less than or equal to k vanish at z, where k € N.
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Since 1g(z) = = and ¢ () = z + (—=1)"az” + o(z") for all z, then b;(0) = 1 and a; = 0, implying
that by = 1. Substituting this in (3.7) we obtain for the 22 coefficients that by satisfies by = as,
where by(0) = 0 and by(1) = a if r = 2, and by(1) = 0 if » > 3. Hence,

at, ifr=2
by(t) =4 .
2(1) {o, if > 2

In general, by =1, b, =0for k=2,...,r—1,a; =0for j=1,...,r =1, a, = (—1)"c, and
b.(t) = (—1)"at, for which

Pi(x) = x4 (=1)atz” + o(z"),

G(r) = (=1)"az" +o(z")

We now study the first-hitting time of 1, to the open interval (y,0) as y — 0. Let
th :=inf{t > 0| ¢u(x) € (y,0)}.

In other words, whenever x < y, the time ¢¥ is the only ¢ > 0 such that ¢,(z) = y, and equals 0 if

x > y. In fact, for x <y,
wo 1 (3.8)
T e G(s) '

where G : U C R — R is given as in (3.6).

Lemma 3.4 (Scaling law for t¥) for all negative x in U,

1
lim [y 12 =

y—0- alr—1) (39)

Proof. For simplicity, we prove the case where r is even, as the case when it is odd just carries a
(—1) factor along the proof as the one here presented.

Observe that G(x) > 0 for all z < 0 and x € U, as otherwise there would exist a fixed point
for hy which is not x = 0. Since G(s) = as” + o(s"), then for each € € (0, ) there is z. € U such
that for all s € [z, 0),

(a—€)s" < G(s) < (a+¢€)s".

From (3.8), for = € [2,0) and y € (x,0) we obtain

r—1 _ .Z’T_l yr—l _ l,r—l

)
<tV < .
TP T (a—e€)(r—1)zrlyt

(a+€)(r—1)ar—tyr—1
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Multiplying times |y|"~! we get

< liminf |y < limsup |y|" "'’ < (3.10)
y—0

(a+e)(r—1) y—0 (@=e)(r=1)

On the other hand, for points z € U such that x < z, notice that tJ = tZ< + 1 , so in general
for all nonzero x € U inequality (3.10) holds. Moreover, since it is true for all € > 0, the result
follows. OJ

Recall that n¥ is the first time the orbit of h, starting at z hits the open interval (y, 0). Formally
speaking,
n? = min{n € Ny | '} (z) > y}.

The scaling law for n¥ follows directly from Lemma 3.4 as given in the next statement.

Corollary 3.5 (Scaling law for nY) For each x € M \ {0}

1
li gy = — 3.11
yigl* g Mo a(r—1) (3.11)

Proof. Assume without loss of generality that h, is embedded into ¢, in (Z,0] for some & < 0.
Then, for all z € (z,0) and y € (z,0),
<l <Y1

Thus, for all z € (%,0), the limit (3.11) is satisfied. Furthermore, for any other z € M \ (Z,0] and
y € (%,0), let N, :=n? € N. Then n = N, +n¥_ , where 2, = h}*(z). Thus, since zy, € [%,0),

:ENx7

1
li r—1_ .y li r=1 .y
yHOn* ‘y’ Ny yHOn* |y| na:Nx Oé(’f‘ . 1)

Remark 3.6 Notice that for fized negative x € U, the function t, : (z,0) — (0,00) defined simply
as t,(y) :=t¥ is a diffeomorphism which is strictly increasing. Moreover, its inverse y, is precisely
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Therefore, by a change of variables, we can conclude that for any negative x € U,

1
: r—1 o
th_glOWt(i’?” t= Oé(’f’—l).

In particular, by taking the sequence t,, = n, and since hy is embedded into ¥y we obtain

1
: . n r—=1 _
Tim n - | (2)] o= 1)

For any other x € M \ {0}, if n > N, := nZ for some & € U, then n = N + m for some
m € Ny. Therefore, since hY (z) € (Z,0),

1

ln I (@) = o (N +m) (@)~ = Do sl 20 (@)™ = o

n—o0

(3.12)

3.3 Nonhyperbolic boundaries of minimal invariant sets

We now study the behaviour of the stationary density ¢ as x — 07, where 0 is a nonhyperbolic
fixed point of h,. Recall that ¢ is a fixed point of the transfer operator L. Thus, ¢ satisfies the
functional equation (see C.17 in Appendix C)

1 h=1(z)A0

¢(x) ¢(y) dy.

20 T (@)Va

Observe that h~'(x) > 0 if and only if z > h_(0) = T(0) — 0 = —20. Thus, for x > —20

o(x) 1/ b(y) dy. (3.13)

N 20 hll (x)

Let us show that the stationary density is decreasing near (0. This property does not depend on
the hyperbolicity of 0.

Proposition 3.7 The stationary density is decreasing in (—20,0).
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Proof. The result is a direct consequence of (3.13). Observe that since ¢ is C' in (—20,0), then

§(x) = 2 [1 / ¢<y>dy]= olhy (@)

dr |20 Jip 20 W (0 (@)

O

Let us proceed with the following lemma, which lays the groundwork for the proof of Theorem
3.1. Again, this lemma holds regardless of the hyperbolicity of 0.

Lemma 3.8 There ezist constants K1, Ky > 0 such that for every x € (h.(—20),0) we have
Ki(x —h3'(2))? - o(hi (@) < ¢(a) < Koz — hi'(2)) - ¢(h7' (2)) (3.14)

Proof. We split the proof in two parts, where we prove each of the inequalities in (3.14).

Part 1: upper bound in (3.14).

It follows from (3.13) and the monotonicity of ¢ that for z > —20,

() 1[/h S(o)dy + /:as(y)dy]s{w] s @) + Do)

- % ;1(23) 20

Therefore,

for which we conclude that

x—hi'()
< [ =) - o(hT ().
o) < (551 o)
The upper bound in (3.14) follows by taking Ky = 1/(20 — |hy(—20)|).
Part 2: lower bound in (3.14).

Observe that formula (3.13) can be iterated if h;'(z) > —20, that is if 2 > hy(—20), which holds
by hypothesis. Hence, we get

1 0 0
o(z) = 20)? /hjrl(:v) /hfrl(y) o(2) dzdy. (3.15)
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Observe that the integration region in (3.15) (see Figure 3.1) is the same as

{(y,2) | hi'(z) <y < hy(2); hi%(x) < 2 <0}

e

e ha(x)

hz3(x) 1 —_— hlx)

h34x) X 0

Figure 3.1: The shaded region represents the integration region in (3.15). The order of integration can be

interchanged, by modifying the integration limits.

Therefore, rewritting (3.15) by exchanging the order of integration, we get

o) = oz [, () =1 @)] 0(2)

=)

Recall that ¢ is decreasing in the interval (—20,0). Hence, by reducing the interval of integra-
tion,

hi () 1y hi ()
o) 2 o [ el =] ot do2 D [ T et - 1 @) d:

By the mean value theorem,
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for some ¢ € (h;*(x), z). Since R/, is continuous and positive, then we have
o(x) = My - (hi'(x) — h*(2))* - ¢(hi (@) (3.16)

where My = inf, -1 o) g W, (x)/(80%) > 0.

Again, by the mean value theorem, there is € (h;*(z), h1'(z)) such that

Wi (x) — h2(x) = = _h,h(+l(x) > x__ hy (@) Y
" (n) SUPze(h;'(~20),0) ., (2)
which we can use in (3.16) so that
$(x) > Ky - (z = hi'(2))* - ¢(hi(x)), (3.17)
where Ky = Ml/supze(hf(f%)’o) h' (2). O

We now employ the previous lemma in the case 0 is a nonhyperbolic fixed point for the upper
extremal map h,. As seen in (3.14), it is necessary to estimate the factor x — h;'(z). Recall hy is
a C"T1-diffeomorphism for some r > 2, and we asume that z = 0 is a nonhyperbolic fixed point
for h for which

hi(z) =z + (=1)"az" +o(z") = x + a|z|" + o(z"),
where « is a positive constant.
We give a similar expansion for h;l for x € M. Indeed, assume
hil(z) = ayx + agax® + - - - a,x" 4 o(a”).
Since hy (hi'(z)) = x for all x, then
T =aax+ ar® + a2 2"+ (a4 (—1)"a)2" + o(z").
Hence, a; =1, a;=0for j =2,...,r — 1, and a, = (—1)" ", so that
hil(z) =z + (1) az" +o(z") =z — alz|” + o(z").

Let us proceed then with the proof of the first part of Theorem 3.1.

Proof of Theorem 3.1 (nonhyperbolic case). Let € € (0,a) be an arbitrarily small constant. Then
there exists a negative xy € (hy(—20),0) such that for all z € [z, 0],

(a—e)|z]" <a—hi'(z) < (a+e)zl". (3.18)
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Again, we split the proof in two parts, one for each inequality in (3.3).
Part 1: upper bound in (3.14).

From the lower bound in (3.14) from Lemma 3.8, and from (3.18), for all = € (x¢,0) we have
6(z) = Kila[" o(h! (),

where K; = K;(a — €). We can use the same inequality for ¢(h'(z)) if h7'(x) > zo. In such a
case, .

$(w) > Ki|a|™[h (@) " o (h (2)).
In general, given x > o, we can iterate the previous procedure at most nj — 1 times. Thus, for
ne{l,...,nt —1},

) o

o(z) = K7 - [af* - [h (@) ¢(hi" (@)
However, since |h.7(z)| > |z| for all j € N, we conclude that

¢(x) > K7 - 2™ - p(hi"(x)). (3.19)

Since ¢ is decreasing in [—20, 0], it follows by considering n = nj —1

o) > Ki' - |2 - (hy (20))-
By taking natural logarithm, and multiplying times |z| we obtain
2| In¢(z) > |z[(nf, — 1) - (In Ky + 2rIn|z]) + |2 In (A7 (o).

Diving by In|z| (which is negative for z close to 0) and taking limsup as x — 07, because of
Corollary 3.5 we obtain
1 2
lim sup 2] In ¢(2) < ! .
VL Y P R e

(3.20)

Part 2: lower bound in (3.14).

Consider now the upper bound in (3.14) given in Lemma 3.8 so that for x € (z0,0), due to (3.18),
¢(z) < Ky~ |2]" - o(hi!(2)),

where Ky = Ky(a + €). Again, by iterating the previous inequality n times for n < ng —1

o(x) < Ky - [af" - [y (@) o(h™" (@) (3.21)
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By taking natural logarithm, and since ¢ is decreasing in [—20, 0],
n—1 '
m(z) <r- Y In[hy (x)] +nln Ky + Ing(hy (z0)). (3.22)
=0

We now estimate from above the sum appearing in the last inequality. Observe that

S I [h (@) - AR s In|h ()] - AR
Sy = E In|h(z)] = g — — T = E — — ,
o (@) — b @) S alhy (@) + o(hy (2))?)

where we denote Ah’ = hi/(x) — hi’~'(x). This last expression resembles a Riemann sum and
we approximate it by an integral. For this, recall that z — hi'(z) < (a + €)|z|" for all z € (z,0)
as indicated in (3.18). Thus, for each n € {1,2,...,n3 — 1} we have

n—1

S, < Zln“” ("T)’Ahf (3.23)

Tateig W (@)

Since the function z — Inz/2" is increasing and negative for z € (0,1) (see Figure 3.2), assuming
without loss of generality that xqg > —1, then

|h" ()]
S < 1 / + lnsds'
|

T a+te s"

z|

0
—1000000
—2000000 -
—3000000

—4000000 -

~5000000 /
~6000000
— Ins/s"
z 2z Z Z

—7000000 4

0 1 z z3 3 Zs

Figure 3.2: The function z +— Inz is negative and increasing for z € (0,1). The sum in the right hand side of
(3.23) is shown as the blue region. Here, z; = |h7*(z)| for i € N.
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The integral above can be solved explicitly by doing the substitution © = In s and integrating
by parts afterwards. Therefore we obtain

1 In|z|  In|h;""(z)] 1 1

o= @t =D (B i @ - Dlel T (= Dl @)

+1

Notice that for all x > zy, we have |hy(x0)| < |hJ_rngo (z)| < |zo|.- By multiplying times |z|" !

and dividing by In |z|, it follows that for all € > 0

S 1
lim inf > ,
=0 In|z] (a+e)(r—1)

(3.24)

so it remains valid for € = 0. Finally, from (3.22) for n = n}_, and From Corollary 3.5, the product
ng |z| remains bounded as 2 — 0. Because of (3.24) we obtain the lower limit

liminfM > 7. liminf 215 > !
z—0 In |z| =0 In|z| alr—1)

O

Remark 3.9 Theorem 3.1 excludes the possibility of an exponential behaviour for ¢ of the form
() ~ ¢ P for any ~v,p >0 as x — 0~. Indeed, from (3.3) we know there exists T < 0 such that
for every x € (Z,0)
r - |z|""! In ¢(x) o3 |
2a(r — 1) — In|z| ~alr—1)
The left inequality implies that,

2" In () <

_mln|x|—>—oo as x — 0.

On the other hand, from the right inequality we get that for any p >r — 1

3r
alr—1)

lz|P In¢p(x) > lz|P" M In|z| = 0as x — 0.

We can then conclude that

lim |z]Pln¢(x) =

r—0~

oo if0<p<r—1
{OOO O<psr=1 (3.25)

ifp>r—1

Observe this abrupt transition in the behaviour of |x|P In ¢(x) as x — 0 detects the type of tangency
the graph of hy has with respect to the identity line at x, = 0.
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Let us conclude this section with an analogous result for the tail of the stationary measure, .
The cumulative distribution function of u is defined as the function x — p([z_, x]), and the tail of
p is defined as T (z) := p([z,z4]). The behaviour of 7 is a direct consequence of Theorem 3.1.

Corollary 3.10 Let M = [x_,0] be a minimal invariant set for (3.1) where the deterministic map
T is a C"t1 diffeomorphism for r > 1, and let u be the unique stationary measure supported on
M, with tail function T (x) = u([z,0]). Then, if 0 is a nonhyperbolic fized point for h, so that
hi(z) =2+ (—=1)"az” + o(x") for some a > 0, then

r—1 r—1
T it T TE) g B T 2
a(r—1) = 0" In|z| 30— In|z| a(r—1)

(3.26)

Proof. Let ¢ = du/dLeb be the stationary density for u. Then

e 0) = [ o =20 (5 [ otan) =20 60 (o) (3.27)
Since hy(z) =z + (—1)"az” + o(z"),

2" I d(hy () _ |y (2)]" Ind(hy(2)) (1 N 1n\1+0(1)\) . ( 1 (1)>r1‘

In |z| In|hs(x)| In|z| 1+o

The result then follows from Theorem 3.1 by taking In in (3.27), multiplying times |z"!|,

dividing by In |z|, and taking limits. O

3.3.1 Numerical explorations

Let us verify our previous results with a numerical approximation of the stationary density with a
piecewise constant function. This procedure is commonly known as the Ulam’s method. For this
we consider a regular partition of the minimal invariant set M = [x_, x|, given by

P=Axp=a_<z1<---<xNy=04},

where Az; = x; — x; 1 is constant for all i = 1,2,..., N. Let us denote by I; = [x;_1, x;), for each
t=1,..., N. We consider the transition probabilities P, for each € M and the stochastic matrix

Q = (Qij)1j=,, where
1
Qij = Teb(T) /Ij P.(1;) dx.
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We approximate the integral above with the trapezoidal rule, so that

1 (P, (L) + Py, (1) Az Py (L) + Py, (1)

Qi Ay 2 2

Since () is stochastic, A = 1 is an eigenvalue and coincides with its spectral radius. It has an
associated non-negative left eigenvector which can be approximated, for instance, as

T\n,,(0)
U(n) o (Q ) v

[y
for n € N large enough, where v(® € R" is an arbitrary vector with positive entries, and | - ||; is
the L' norm in RY. Observe that v(™ satisfies [|[v(™|| = 1, for which it will be necessary to rescale
it to have an adequate approximation of the stationary density. We consider then for n large
1
* (n)
vt = —v
Al’l

and the numerical approximation of the stationary density ¢, is given by

Gap(x) =0 ifzx el

Let us consider the random difference equation presented in Chapter 1,

1—¢®
Tpp1 =0 (1+2_$) + ow, = T(x,) + ow,

where b > 2, and (w,,)$%, is an i.i.d. sequence of random variables uniformly distributed in [—1, 1].

In order to find a nonhyperbolic fixed point for some o*, we look for the pair (z,c*) such that
T'(xy) =1and T'(z4) + 0 = x4, so that z; is a non-degenerate saddle-node fixed point for h.
We did this already in Chapter 1, where

x+:ln<b—1+\/m><0,

N R i A —
o —b< = ) 1 @ 1++/(0—1) Q.

Also, as we say in Chapter 1,
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Recall from Theorem 3.1 that for r = 2,

1< |x+—x|ln¢(:p) <
~ o Infxy —

~ 12
where v1 = 2/ and v9 = 4/, and « = T"(x ). As an example, when multiplying times In |z, — x|
and dividing by |z, — z| for = close to but less than z,, we obtain from the previous inequality
In|zy —x
Ing(r) 2 2T~
7y — |

By multiplying times (—1) and taking logarithms we get

Inln L SInvy +1In 1 + Inln 1 :
o(x) Ty — X Ty —
1 1 1
Inln({ — ) 2Iny +1n +Inln :
o(x) Ty —x Ty —x

The last two inequalities imply the curve (—In ¢(z), — In |z, —x|) is roughly in between the curves
Inv; + v+ Inwu in log — log scale. This is depicted in Figure 3.3 below.

In a similar fashion

Remark 3.11 The numerical exploration for a nondegenerate nonhyperbolic fixved point (that is
when r = 2) in the toy model suggests that

e —alng(a) 4

esey  Injoy —x|
In order to achieve this limit one should improve the upper bound in Lemma 3.8. So far inequality

(3.14) is the best result we were able to obtain, and other attempts lead us to less accurate estimates.
For instance, notice from the monotonicity of ¢ near x4 =0 and (3.13) that

6e) < 507 (@) 605 )

Applying the inequality above n — 1 times and taking logarithms we obtain

n—1
ng(z) <y In |k (z)| + -
j=1

x
o’

By takingn =n
to obtain

we repeat the same procedure as in Part 2 in the proof of Theorem 3.1, in order

1
L e RO
a(r—1) =0 In|z|

which is less accurate than the lower bound in (3.3). It remains as an open question to improve
Lemma 3.8 in order to get a precise limit for ¢ as ¥ — x,.
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102

101 4

—Ing(x) in log scale
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10|-1 1nl)D
—In(x: — x) in log scale
Figure 3.3: In red solid line is plotted (—In |z — z|,—In¢(z)) in log — log scale, whereas the dotted blue lines

correspond to the theoretical bounds given in Theorem 3.1. Here we took a partition of N = 10° points, and we

fixed the parameter b = 3.

3.4 Hyperbolic boundaries

In this subsection we address the scenario where the minimal invariant set M = [x_, 2] is such
that  is a hyperbolic fixed point for h,. In other words, hy(zy) = x4 and A/ () = X with
A € (0,1). As usual assume without loss of generality that . = 0. In this case,

hi(x) = Az + o(x),

W) = 1o+ of),

As before, we derive asymptotic bounds for the stationary density ¢ as x — 0~. To achieve this
goal, we follow the same strategy as in the previous section, in order to obtain an asymptotic ex-
pression for the first-hitting time n¥ = min{n € Ny | A"} (x) > y}. This is done in a straightforward
manner in the following lemma.

Lemma 3.12 For all negative x € M,
nY 1

lim —— = —

y—0— In |y " InA
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Proof. Fix an arbitrary ¢ < min{\, 1 — A}. Thus, there is zy < 0 such that for all z € (¢, 0),
A—e€)x < hy(z) < (A+e€)x.

More generally, since h (x) > « for all x € M, if € (2,0) then so is A%} (x) for all n € N. Hence,
for each n € N
(A—¢)"z < hli(z) < (A4 €)"z. (3.28)

Fix x € (x9,0) and let y be an arbitrary point in the interval (z,0). From (3.28), n¥ < n if
(A —€)"z > y. The minimum value of n which satisfies the previous inequality is

-]

, _ Inly| ~Ina]
n —_—
7 In(A—e)

Analogously, n¥ > n if (A 4 ¢€)"z < y. The maximum value of n for which the previous inequality
holds is
In |y| — In|z|
n=|— - —_.
In(A+¢)

In|y| — In |z

It follows that for all z € (xg,0),
(3.29)

Hence, for all x € (x0,0),

y 3.30
e = In(A+e¢) (3:30)
If we divide by In|y|, from (3.29) and (3.30) it follows that for all x € (z,0)
y y 1
L Climinf "2 < limsup - < (3.31)

In(A—€) = y=o- Infy| = ,o0- Infy| = In(A+¢)

For any other x € [z_, x|, it is true that n¥ = n2 + nz}’“r( )» so that by dividing by In lyl,

Zo
inequality (3.31) is valid for all negative 2 € M. Furthermore, since this is true for all € > 0,

ny 1
li = 3.32
ylgl* Inly] InA (3:32)

O

Let us proceed with the second part of Theorem 3.1.



3.4. HYPERBOLIC BOUNDARIES 63

Proof of Theorem 3.1 (hyperbolic case). We use again Lemma 3.8: there are K, Ky > 0 such that
for all z > hy (—20)

Kz — by (2))2 - 6(h1 () < 9la) < Kole — b7\ (@) - 63 (). (3.33)

Let € be an arbitrary positive number which is smaller than (1 — X)/\, and choose z7 < 0 such

that for all x € (¢, 0)
1—A—€A 1—A+eA
(2 e s (4 o

(5-¢) -l << (3 +¢) -lo (339

We first obtain the lower bound in (3.4). From inequalities (3.33) and (3.34) we have
o(z) > K - o (i (x),

where K1 = K - (1 — X —€\)2/A2 > 0. More generally, if = > h% (zo) for some n € N, by iterating
the last inequality n times we have

d(x) > KT - |a? - [h" (@) P - o(hy"(x). (3.36)

Notice that, as long as x > h" (o), it follows from (3.35) that

i = (5 —e)jm

for j < n. Hence, by substituting in (3.36) we obtain

) n(n—1)
o) 2R (5] el o o),

Notice the largest n for which the previous lines hold is nf — 1. Since ¢ is decreasing in [—20, 0]
(see Proposition 3.7), then ¢(hi"(x)) > ¢(hy(x0)) for n =nj — 1.

By taking logarithms, dividing by (In |z|)?, and taking lim inf,_,q-, it follows from Lemma 3.12
that
.. . Ing(x) 1 In(1 — eX)
1 f > .
w0t (Infz))2 = Inx |+ (A2
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Since this holds for arbitrarily small €, the lower bound in (3.4) holds.

For the upper bound in (3.4), we proceed analogously: for each n € N such that x > A% (o),
where xg is close enough to 0 so that (3.34) and (3.35), we have

o(z) < Ky - [af - [h"H(2)] - (R " (2)),

where Ky = Ky - (1 — A+ e\)/\. From (3.35), it follows that for each j < n — 1

W, (0)] < (§+) 2.

Hence, by substituting it in the last inequality, we obtain

olz) < K7 <§ ¥ ) IR,

Again, for n = n% — 1, by taking logarithms, dividing by (In |z[)?, and taking limsup,_,,- we
obtain In () (1 + o)
no(x 1 n(l+e
li <
P a2 T 2Ina T 2(In A2

due to Lemma 3.12. Since the last inequality is valid for any positive € small enough, the upper
bound in (3.4) holds. [

Remark 3.13 Just as in Remark 3.9, the stationary density does not exhibit a precise exponential
behaviour of the form ¢(z) ~ e~ V1*" for any p > 0. Indeed,

_ /2 2 In ¢(z)
|z|PInp(x) = (|x|p ln|x|) —(ln]x\)Q'
From Theorem 5.1, the second factor remains bounded as x — 07, whereas |z|P/?In|z| — 0 as
x — 07. Because of this, even though ¢ is flat at x4+ = 0 it has a subexponential behaviour near
x4 for any p > 0.

Let us prove an analogous result for the tail 7 (z) = u([z,0]), in the case 0 is a hyperbolic fixed
point.
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Corollary 3.14 Let M = [z_,0] be a minimal invariant set for (3.1) where the deterministic map
T is a C'-diffeomorphism, and let pu be the unique stationary measure supported on M, with tail
function T (x) = pu([z,0]). Then if 0 is a hyperbolic fived point for hy with h'_(0) = X € (0,1), then

InT7(z) In7 () < 1

< liminf <1 . .
A = w0 (Infz))? = asol (nfz])2 = 2InA (3:37)
Proof. Observe that if hy(x) = Az + o(x)),
Ing(hy(x)) _ o(hy(z)) (1 LA+ 0(1)|)2
(Injz))*  (nfhy(2)])? In ||
The result follows from (3.27). O

3.4.1 Numerical explorations

To conclude this chapter, we obtain a numerical approximation of the stationary density ¢ : M — R
and we calculate In ¢(z)/(In |z, — z|)? for values of x close to z..

In order to achieve this we approximate ¢ using Ulam’s method as in subsection 3.3.1: let
N € N be a sufficiently large integer, and we split M into N subintervals of the same length. We
construct the stochastic matrix ) = (Qij)f»yj:l for which its dominant left eigenvector gives the
approximation of the stationary density.

For this example we consider the simple random difference equation
Tp4+1 = )\xn + OWn,

with A € (0,1), where as before (w,)>?, is an i.i.d. sequence of random variables which are
uniformly distributed in [~1, 1]. Given any ¢ > 0, the fixed points for h_ and h; are v_ = —%
and x4 = tZ. Observe that b/, (z4) = A.

Let 1 =1/(In ) and 7 = 1/(2In A). From Theorem 3.1 we have that for = close to z,

In ¢(z)

1wa’h-
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Therefore,

< lnlnﬁ S|yl +2nln
The last expression tells us that the curve (—In|xy — x|, —In¢(z)) in log — log scale should not
deviate much from the band given by (|v;|(In |z, — z|)?, —In¢(x)) as x — z, where this band is
defined by straight lines in log — log scale. This is depicted in Figure 3.4.

In|ye| +2Inln

|zy — ] |zg — x|

—Ing(x) in log scale

10-1 4

T
1071 10°
—In(x+ — x) in log scale

Figure 3.4: In the red solid line is plotted (—In|z; — z|, —In¢(z)) in log — log scale, whereas
the dotted blue lines correspond to the theoretical bounds given in Theorem 3.1. Here, we took
N = 7500, and the parameters A = 0.25 and o = 1.



Chapter 4

Quasi-stationary measures for Random
Diffeomorphisms

In this chapter we study the same random diference equation
Tp+1 = T(In> + ow, = h(ﬂ?n, wn); (41>

where T : R — R is a C!' map with 7" > 0, and (w,)$%, is an independently and identically
distributed sequence of random variables on A = [—1,1], whose distribution dv = p Leb on
(A, B(A)) is such that p is Lipschitz-continuous and positive on (—1,1). Let ¢ be its associated
cocycle map.

Let M? = [x_(0),x4(0)] be a minimal invariant set of (4.1) for each o € (0,0*]. Assume that
for some o = o*, the fixed point x_(0*) is a hyperbolic fixed point of the lower extremal map
h_(z,0%) = T(x) — o, so that for o sufficiently close to o* the fixed point x_(o) of h_(z,0) is
again hyperbolic. Consider then for ¢ > ¢* the set M7 = [z_(0),z*]. Notice M is no longer an
invariant set for o > o*. In fact, for all points in (T!(z* — o), x*], there is positive probability of
escaping from M7 in one step, see Figure 4.1.

It is important to note that if there is a region in the state space with positive probability of
escaping from M? in one step, then the system cannot admit a stationary measure on M?. Because
of this, we look instead for quasi-stationary measures, which are those that satisfy a stationary-like
property when conditioning the system to remain in M?. Indeed, if ¢ is a probability measure on

67
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—_ — T(x)
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Figure 4.1: On the left, a saddle-node bifurcation occurs for the upper extremal map for some value o = o*. In
this case, there is a bifurcation of the minimal invariant set M? . The yellow area indicates the values of 2 which
have positive probability to escape from M in one step. In fact, all points escape from M? almost surely. On the

right, a similar scenario occurs for a linear system, although in this case there is no bifurcation of minimal invariant

sets.
(M?,B(M?)), then ¢ is a quasi-stationary measure if and only if for all n € N and A € B(M?)

. [ Plpu() (@) € M (@) € Aldg(a)
By ln <n) = e @ e M) A @2

where

T(z;w) =min{n € N | ¢/’ (z) & M7} (4.3)

is the escape-time from M7 of the cocycle ¢. Quasi-stationary measures can also be found in
the literature as conditionally stationary measures [17, 59]. There is a close relationship between
quasi-stationary measures and conditionally invariant measures for dynamical systems. In fact,
q is a quasi-stationary measure if and only if ¢ X P is conditionally invariant for the dynamical
system ® = (p,0). For a review on conditionally invariant measures for deterministic dynamics,

see [22].
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4.1 Main result and structure of the chapter

The main objective of this chapter is to prove there exists a unique quasi-stationary measure ¢°
on (M?,B(M?)), as given in the next statement.

Theorem 4.1 Let M° = [x_(0),x*] be such that M°" is a minimal invariant set of (4.1), where
x_(0*) is a hyperbolic fized point of the lower extremal map h_(x,0*). Then, there is § > 0
such that for each o € (0*,0* + §) there exists a unique quasi-stationary measure ¢° € Mq(M?).
Furthermore, there exist ¢ > 0 and v € (0,1) such that for all x € M and n € N,

[Pz(-[n<7) = qO)llrv <"

where PT(A | n < 7) is the n-step transition probability, conditioned to remain in M up to time
n.

Notice how this last theorem is the conditional analogous of Theorem 2.1. Hence, quasi-stationary
measures in our setting capture the long term behaviour of the collective behaviour of the system
when conditioning it to remain in M.

In Sections 4.2 and 4.3 we introduce the mathematical tools we employ in the rest of the
chapter. In particular, in Section 4.2 we define the conditional versions of the stochastic Koopman
operator and the Markov operator, while in Section 4.3 we introduce the conditional transfer
operator. These play analogous roles to those presented in Appendix C.

In Section 4.4 we prove Theorem 4.1. For this purpose we make use of equivalent conditions to
the exponential convergence of P?(-|n < 7) towards the unique quasi-stationary measure introduced
n [14]. We prove this theorem holds by following similar ideas in [13]

In [59] the existence and uniqueness of quasi-stationary measures were proved in a more general
context by using perturbation techniques of the transfer operator, although no rate of convergence
is provided. Also, in [15] a similar result to Theorem 4.1 was given for maps 7" : R" — R" such that
|T(xz) — z|| < 1 and when w,, is uniformly distributed. Here, this last condition is not considered.

In the rest of the chapter we assume o > ¢* is fixed, and close to o*. We omit all the dependence
on o of the elements we work with (e.g. ¢ = ¢°, hy(x) = hy(z,0), and so on) unless it may cause
confusion. Since we restrict the analysis to the set M, we omit the explicit integration region
whenever we integrate over M.
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4.2 Conditional Koopman and Markov Operators

Consider the compact interval M = [z_,z*] as introduced above, and consider the escape time
from M, 7: M x Q — N, defined as

T(z;w) =min{n € N | ¢"'(z) & M}.

Note that 7 satisfies that

7 (n,00] = {(z,w) | ¢ (x) e M fori=1,2,...,n} = mgp’i(M),

for all n € N. By continuity of the random map h, the cocycle ¢ is continuous too, and thus the
escape time is a B(X x Q), B(X)-measurable function.

Let us begin with a definition analogous to Definition C.7.

Definition 4.2 (Restricted Koopman operator) The restricted (stochastic) Koopman opera-
tor is the linear operator P : L®(M) — L*(M) defined as'
Pf=P(fLa)l, (4.4)

It follows directly from the expression for the regular stochastic Koopman operator (see Propo-
sition C.8) that for all f € L>*(M), n € N, and x € M,

Pr(@) = [ £b0) - Laoh(o) - Lurlnla) dP(o). (45)
Also, because of Proposition C.8, we get
(@) = [ FWhilz.)dy (46)
for all n € N, where
o) = L) o) = 2020 (1T (47)

'Here, the function f1,; is the extension of f such that f(z) =0 for all z & M.
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which follows from (C.4), and

bvsa(a,) = [ o2k (z.0) (4.8)
It is also straightforward to see that ||P|| < 1.

Let us show that (P"f)°, is a uniformly Lipschitz-continuous sequence for each f € L.

Lemma 4.3 there exists D = D > 0 such that for all f € L>°(M) and all n € N, we have

Lip(P"f) < D|| |- (4.9)

Proof. Let z,y € M and f € L*>®°(M). Since p and T are Lipschitz-continuous, it follows from
(4.6) that

[Pfx) =Pyl < [k, 2) = k(y. )| |f(2)] - (=) dz

< Bl [ 1T(2) = TW)|Lrwyna(2) dz
< ZRREERE| flolz — yl.
The result for n = 1 follows by taking D = 2Lip(p) - Lip(T")/o.

Now, for n > 1, observe that
Lip(P"*'f) = Lip(PP"f) < D||P" fllx < DI|f o,

since || P||os < 1. O

Not only does the operator P map the space L>*(M) to the space of Lipschitz-continuous
functions, but also leaves the space of strictly positive continuous functions invariant.

Lemma 4.4 If f EALOO(M) s positive everywhere then so is pf In other words, the restricted
Koopman operator P is a strictly positive operator.

Proof. Recall that a positive function on a set with positive measure has positive integral. For
x € M fixed, f(y)k(z,y) > 0 for all. y € int(F(x)). Since Pf(z fF(x k(x,y)dy, the result
follows. 0
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In order to calculate the probability of escaping from M in more than n steps, starting at some
point x € M, we can make use of iterates of P. Indeed, denote such probability as

P,(n<7):=P{w|¢,(z) € M fori= ..,n}).
It then follows that R
P.(n < 7)=P"1y(z). (4.10)

These probabilities of remaining in M are lower the closer we get to x*. This is precisely
formulated in the next proposition.

Proposition 4.5 For each n € N and o above but close enough to o*, the functions ¥n(z) =
P11y (z) = Py[n < 7] are Lipschitz-continuous, strictly positive, and non-increasing in .

Proof. Since 9, (x) = Py (x) for all n € N, the the Lipschitz-continuity follows from Lemma
4.3, whereas the strict positivity follows directly from Lemma 4.4.

We prove by induction that the functions 1, are non-increasing for each n € N. For n = 1, there
is y; = y1(0) < o* such that T(y;)+o = z* for all o close to 0%, that is y; = T} (z* —0) = hi'(z*).

Then,
17 if x S n

Y1 () = (4.11)
[0 p(wo)dwo,  if & >y,

where w, € A is the value for which T'(x) + ow, = z*. Since T is increasing, 1, is non-increasing.

Assume now the result is true for n € N. Since 1,11 = P, then for all x € M

a0 = [ o)) D) e
Let x,y € M such that x < y, therefore

Y1 () = Yos1 () = [ [ (Paog () 1at oy (1)) = (g (2)) L (g (2))plwi0)] devi
= [ Wl (8)) = g (2))] - Lar (P (y)) - plwo) devo+
(P (8)) = L (B ()] - (B () - plwi)di
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The first term is non-positive by induction hypothesis, since hy,(y) > hy,(z) for all w, € A. The

second term is non-positive since hy,,(y) € M implies h,,(x) € M.
(4.12)

Remark 4.6 Observe that for each n € N there exists o, > 0 such that P.[n < 7] > ay, for all

x € M. In fact, by the previous result, a,, = Py«[n < 7].

As opposed to the classical stochastic Koopman operator, the measures
P(A) := P 4(x),

are not necessarily probability measures, although they are finite measures of full measure less
P2(A) P

than 1. In order to obtain full measure 1 in M, we need to renormalize it. In other words, we

T Pr(M) Priyg(a)

define the conditional probabilities
Pr(A|n<T):=
The probability measures (4.13) quantify the chance of being in the set A at time n given that the
system has remained in M up to that moment.
In an analogous way as in (C.8), we can start with an arbitrary initial distribution ¥, as oposed
to a point-mass distribution d,, so that
B3 (A
PS(Aln<T):== 5(A) : (4.14)
P (M)
(4.15)

where Py = [P,dd(x). Like in the classical sense, observe that for every n € N, the integral with

[ b= Psi)

respect to the measures P is

Expression (4.14) motivates the following definition.
Definition 4.7 (Quasi-stationary measure) A probability measure ¢ on (M,B(M)) is a quasi-
(4.16)

stationary measure for the system (4.1) if for all A € B(M)
B(4)
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(4.17)

The right hand side of (4.16) defines a nonlinear operator P on the space of probability measures
Definition 4.8 (Conditional Markov operator) The conditional Markov operator is the op-

on (M, B(

erator P : My(M) — M(M) defined as
PI(A) = =
Py(M)

Notice that the conditional Markov P is nonlinear, as opposed to the nonconditional case.
(4.18)

for all A € B(
However, it is closely related to the linear operator appearing in the numerator (4.17).

Definition 4.9 (Restricted Markov operator) The restricted Markov operator is the linear
7519 = ]P)qg.

operator P My(M) — M(M), where M(M) is the space of finite measures on (M,B(M)),

defined as
It follows from its definition that a measure ¢ on (M, B(M)) is a quasi-stationary measure if and
only if it is a fixed point of the conditional Markov operator P. Equivalently, ¢ is an eigenmeasure

of the restricted Markov operator P, so that
Pq = (Pa(M)) - q=Aq

From (4.13), q is a quasi-stationary measure if q(A) = P,(A | 1 < 7) for all A € B(M). In [16],
(4.19)

where its eigenvalue A = A% € (0, 1).
q is defined to be a quasi-stationary measure if g(A) = I@’(’;(A | n < 7) for all n € N. This shall

M),

follow from the following proposition.

Proposition 4.10 For alln € N, and ¢ € M;(
P
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Proof. Let ¥ € M (M). By definition, (4.19) holds for n = 1, so in order to prove the statement
by induction let us assume (4.19) holds for some k& € N. Then,

A Pry A
Phtly — P<75’“19(M)) _ P
> Py Dk+1
P(M(M))(m PEAL(M)

0

Remark 4.11 Proposition 4.10 allows us to interpret the operator P as the evolution of probability
measures, by conditioning the system to remain in M at each step. On the other hand, P quantifies
the proportion of the initial distribution that remains in M after one step. In particular, this
proportion remains constant at each step when we take a quasi-stationary measure as our initial
distribution, and it is given by the eigenvalue A.

Notice that given any initial distribution ¥ € M;(M), the probability measures P™J are
absolutely continuous with respect to Leb. In the next section we address the problem of finding
their densities.

4.3 Conditional transfer operator

In a similar way as for the nonconditional case, we study the evolution of densities via an operator
defined on L'(M).

Definition 4.12 (Restricted transfer operator) The restricted transfer operator L : L' (M) —
LY(M) is such that for any g € L*(M) and any f € L>(M) we have

/f(:v) - Lg(z)dx = /f’f(:v) - g(x)dx. (4.20)

It is possible to give an explicit formula for the action of L on L'(M). Indeed, given g € L'(M)
and arbitrary f € L>(M) it follows from (4.6) and Fubini’s theorem that

/f - Lg(x dx_/(/f l%xydy> dx_/f (/ )(xy)dx)dy.
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Since the last expression holds for all f € L>*°(M), then

~

Lg(x) = /ff(y, )g(y)dy (4.21)

Observe that the space of densities on M,
D(M) ={g e L'(M) | g>0; |glls =1},

is no longer invariant under the action of L. In order for this to happen we renormalize the
outcomes, as in the next definition.

Definition 4.13 (Conditional transfer operator) The conditional transfer operator is the non-
linear operator L : D(M) — D(M) defined as

_ Lg(z)

Lg(z) = m (4.22)

Observe that if ¥ € M;(M) and d = g dLeb, then for all A € B(M) it follows from (4.20)
/ Lg(z)dx = /P]IA(:U) -g(x)dr = /I@)m(A)dﬁ(x) = P
A
This implies that Lg is the density of PvY. In general, for any n € N and g € L'(M), due to

Proposition 4.10 we have )
7 _ Lrg(x)

L"g(z) = ————. 4.23
)= (123)
In particular, for all n € N, the densities k, of P"(- | n < 7) satisfy
_ k,
fn(,y) = — (.9) (4.24)
J k(. y)dy

where k, is given by (4.8), and

e (,) = L (b ) = [ bl 2, 2) o

The corresponding notion of equilibrium for densities is given by the following definition.
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Definition 4.14 (Quasi-stationary density) A function b e D(M) is a quasi-stationary den-
sity if it is a fived point for L.

Note that qg is a quasi-stationary density if and only if it is an eigenfunction of L, where its
eigenvalue is A = Py(M) = [ ¢(z)dx. Equivalently, ¢ is a quasi-stationary density if and only if
the measure dg = ¢ dLeb is a quasi-stationary measure.

4.4 Exponential convergence to quasi-stationary measures

Recall we assume that there exists o* > 0 such that M* = M° = [z_(0*),2*] is a minimal
invariant set for (4.1) at 0 = o*, where its left boundary x_(c*) is a hyperbolic fixed point for
h_(z,0%) with T'(z_(c*)) < 1. Moreover, since T"(z_(c*)) = A(c*) € (0,1), by the implicit
function theorem there is z_ : [0*,0* + 0;] — R such that

T(z_(0)) =0 =z_(0),
Ao) = T'(z_(0)) € (0,1), (4.29)
for all o € [0*,0* + 01, where z_ is C' and A is continuous and bounded away from 1. This
last property implies that _ = x_(0) is an attracting hyperbolic fixed point for h_(-, o) for each
o € [o*,0" + d1]. Moreover,

so x_ is decreasing.

When considering the set M = [x_,z*]|, observe that the only route for escaping from M is
through its right boundary x*, that is hy,(z) > z_ for all x € M and wy € [—1,1].

In order to prove the main theorem of this chapter we employ the following auxiliary result.

Theorem 4.15 (Existence and uniqueness of quasi-stationary measures, [14]) Assume that
T < 00 Py-a.s. for every x € M, and for allm € N and v € M we have P, (n < 1) > 0. Then,
there exists a probability measure ¢ on M and two constants ¢ > 0 and v € (0,1) such that, for all

xr €M andn € N,

[Pe(-[n<7) = q()llrv < ey”
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if and only if the following condition holds: there exist a probability measure vy € My(M), ng € N,
and constants cy,co > 0 such that

(A) for allx € M and B € B(M)

PP (B | no < 71) > c1vp(B), (4.26)

(B) for allz € M and m € N
P, (m < 7) > P, (m < 7). (4.27)

In this case q is the unique quasi-stationary measure for the system (4.1).

We shall refer to the conditions (A) and (B) above as the Champagnat-Villemonais conditions.

Let us consider the escape-time from M for the deterministic map hy(z) = T'(z) + o, that is
the function ny : M — N defined as

ny(x) = min{n > 0 | hY} (x) > 2™},

and let Ny = ny(x_). We use Ny to prove in the next lemma that the orbits of (4.1) escape P,-a.s.
for all z € M.

Lemma 4.16 For all x € M, we have P,(17 = 00) :=Plw € Q| 7(x;w) = oo] = 0.

Proof. Since h, is continuous and M€ is open, there is € > 0 small such that
" xQc{weQ|r(r_,w) =N},

where I = [1 — ¢, 1]. Hence, P,_(Ny = 7) > 0. Furthermore, because of Proposition 4.5, for all
reM
P.(No<7)<P, (Ng<7)=1-P, (1=Ny) <1—¢V0<1.

It follows that

P, (2Ny < 7) = PN (PY14) (2) < (1 — ) PYVTy(x) < (1 — €M0)2,
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In general, for each k € N,
P.(kNy < 7) < (1 — eNo)*,
Therefore
P.(7 =00) = lim P,[kNy < 7] = 0.

k—o00

O

We proceed now with the proof of the main theorem. Our techniques are based on those in
[13].

Proof of Theorem /.1. Notice that Lemma 4.16 states that 7 is finite P, — a.s. for all z € M. On
the other hand, Remark 4.6 guarantees that for all n € N and x € M, the probabilities P,(n < 7)
are positive. By Theorem 4.15, it suffices to show that the Champagnat-Villemonais conditions
hold.

We split the proof of this theorem into four steps. First, we prove a technical result which
is used later in the proof. Later on, we consider § > 0 for which we can find ny € N needed
in Condition (A). Afterwards, we show that Condition (A) in Theorem 4.15 is fulfilled for some
¢; > 0, and for some probability measure vy on (M, B(M)), with ny as found before. Finally, we
prove that Condition (B) is fulfilled for vy, and some ¢; > 0. The rest of the statement follows
then by Theorem 4.15.

Claim 1: for each n € N there exists D" = D! such that for all m > n,
Lip(P™1 ) < D"||P™ 1y ||oc

Indeed, let n € N and m > n. Then, for all x € M,
Py (z) = / Py (y) dP™ " (y) > ay - PPN(M) = o, - P (),
where a,, = P (n < 7) as in Remark 4.6. In other words,

HM—n 1 DM
1P gl < 1L (1.28)

Therefore, from (4.28),

. L . D .
Lip(P™1 ) = Lip (P"Pm*”]lM> < DIIP™ ™ arllo < P as]]oc
(077



80 CHAPTER 4. QUASI-STATIONARY MEASURES FOR RANDOM DIFFEOMORPHISMS

where D > 0 is as in Lemma 4.3. The claim follows by taking D" = D/«,,.

Claim 2: there exists 6 > 0 such that for each o € (6*,0* 4 §) there is ng = no(o) for which
h (z*) —z_ < al/D, (4.29)

for all n > ngy, where ay = Py[n < 7] like in Remark 4.6, and D > 0 is given in Lemma 4.3.

Since z_ is a hyperbolic fixed point for which A\(o) = T"(z_) € (0,1) for all (¢*,0* + &) (see
4.25), there are C' = C, > 0 and p = p(0) € (0,1) such that

h' (") —x_ < Cp",

for all n € N, where p € (0,1) for all ¢ € [0*,0* + §;] and it depends continuously on o (see
Proposition D.3 in Appendix D).

Since aq = aq(0) - 1 as 0 — 0%, and p(o) € (0,1) for all o € [o*, 0" + d;], there exists
0 € (0,6;1) such that for all o € (6%, 0" + ), we have p < ay.

Then, for ng > Ny + 1 large enough we have that

(6%
Cpt < —=
p D?

for all n > ng. The claim follows.

Claim 3: let I = [h"(2*),2*] and vy(A) = Liz(b??)]). Then, there exists c; > 0 such that for all
AeB(M), and all x € M,

P(A | ng < 7) > ci(A).

Notice that for each n € N,
PZ(A |n<T1)= / kn(z,y)dy,
A

where ky(z,y) = k(z,y /fM x,y)dy. Since k,(z,-) is supported on the conditional set-valued
map F™(z) :== F(x)N M, and for n = ng we have F™(z) = [h"(z), z*], then we have, I C F"™(x)
for all x € M. By continuity, k,,(z,y) > 0 for all z € M and y € I. Therefore,

PP (A|ng<T)> / kno(z,y)dy > inf Ky (7,y) - Leb(ANT) = éLeb(ANT)

ANI xeM, yel
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Then, we have

PP (A | ng <7)>c1-1(A), (4.30)
where v5(A) = Leb(ANTI)/Leb(I) and ¢; = ¢; - Leb(I). The claim follows.

Claim 4: there exists co > 0 such that for all x € M and m € N,

A

P, (m <71) > cPy(m < 7).

For each m € N, let us define the non-negative function g : M — R, as

gm(T) = ‘PmﬂM(m) (4.31)

Pt
By Claim 1, there is D" = D}, such that for all m > ng

_ |13m]1M($) - Pm]lM(y”

< D"z —y,
[Pl o

|gm () — gm(y)]

so Lip(gm,) < D". By compactness, g, attains its maximum in M (which is 1). Moreover, Py
is nonincreasing (see Proposition 4.5), so g,,(z_) = 1. By Lipschitz-continuity, for all z € M,

gm(x) =1 = (gm(2-) = gm(z)) 2 1 = D"(z — z_).

Let f(z) = max{1—D"(z—x_),0}. Since g,, is non-negative, we conclude that g,, > f. Notice
that f is continuous, and it is positive in (x_,z_+1/D"). By the choice of ng, as given in Claim 2,
then A™ (1) < x_ 4 57 and then I N (z_,z_ 4 37) is an open interval. Therefore, for all m > ng
and z € M,

B, (m < 1) = /PmnM dvy = 1P ]| /gm dvy > &5P,(m < 1),
where ¢ = [ fdyy > 0.
For m < ng, and for all x € M,

P,(m<71)= /P]IM dvg > of' > of® > a?olf”m(m < 7).

The result follows by taking ¢y = min{éy, a]°}. O
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Corollary 4.17 For each o € (o0*,0" + ) and each density g supported on M, the sequence
(AL”g)A;f’:O converges exponentially fast in L' as n — oo to the unique quasi-stationary density

o= ¢°.

Proof. This follows directly from Theorem 4.1, and Proposition A.1. OJ



Chapter 5

Bifurcations and mean escape times

In the previous chapter we considered a minimal invariant set M* = [x_(0*),2*] at 0 = o*, for
the system

Tpt1 = h(x,, wy), (5.1)

where h(x,wy) = T'(z) + owp, and the sequence (w,)22, is an i.i.d. sequence of random variables.
We also considered a parametrized family of sets M7 = [x_ (o), 2*|, where x_ (o) is the unique fixed
point of the lower extremal map h_(x,0) = T(x) —o. We proved the existence and uniqueness of a
quasi-stationary measure ¢” on (M7, B(M?)), for all o close enough but above ¢*, for the cocycle
¢! defined by the random difference equation (5.1).

We assume in the rest of this chapter that the deterministic map 7' is C'*°, although only a
finite degree of differentiability is required for the results presented here. We further assume that
each w, in the sequence (w,)52, is uniformly distributed on [—1,1].

The main objective of this chapter is to study how likely the orbits of the system (5.1) remain
in M?, under the assumption that the upper extremal map hy(z,0) := T(x) + o exhibits a
nondegenerate saddle-node bifurcation at (x,0) = (z*,0*). In other words, the map h, satisfies

oh
hi(z*,0%) =", a—;(a:*,a*) =1,

0?h,
0x?

(x*,0%) =2a > 0. (5.2)

Note that this is the simplest condition for a topological bifurcation of the minimal invariant set
M* to occur [42] (see Figure 5.1).

83
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Bifurcation of minimal invariant sets

(=]

Minimal invariant sets
(=] =
! |
| 1'.""\

T T T T
-4 -2 0 2 4

Noise strength (o> 0)

Figure 5.1: On the left, the upper and lower extremal maps for different values of o are presented, where the
shaded regions indicate the minimal invariant sets by projecting them onto the horizontal axis. On the right, the
minimal invariant sets are presented as a function of . Notice that at a critical value ¢* the union of minimal

invariant sets changes discontinuously (in the Hausdorff metric).

For this purpose, we consider the escape time, 7 : M7 x 2 — N, introduced in Section 4.2 (see
(4.18)), and defined as
T(x;w) =min{n € N | ¢"'(x) & M?}. (5.3)

When taking the quasi-stationary measure ¢° as initial distribution, it can be proved that 7 is
geometrically distributed [16, 59], that is there exists A° = A € (0,1) such that for all n € N

Py [n < 7] i= /M Pr(n < 7) dg° (x) = (A°)". (5.4)

It follows then that the mean escape time with initial distribution ¢7, E,-[7], is calculated as

Epo[r] := /M/QT(x;w) dP(w)dq’ (z) = . —1AU' (5.5)

In probabilistic terms, B[] = [,, E.[7] dg”(z).

As it turns out, the rate A7 is precisely the eigenvalue of the restricted Markov operator P
introduced in the previuous chapter, for which its associated eigenmeasure is the unique quasi-
stationary measure, ¢°. Equivalently, it is the eigenvalue for the operator L for the quasi-stationary
density ¢° (see Figure 5.2).
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Since A — 1 as 0 — ¢*, then E[7] diverges as ¢ — oo, implying that in average the orbits
of the system take a long time to abandon M?, for which M? is called nearly or almost invariant
set [18], or metastable set [10]. It is our goal in this chapter to describe in more detail how Eo[7]
diverges as 0 — o*.

1.00000 ~

0.99995 -

0.99990

0.99985 -

0.99980 -

Eigenvalue A?

0.99975 ~

0.99970 -

0.99965 4

T T
a’ o' +0.125 o' +0.25
Noise strength o

Figure 5.2: The eigenvalue A°. It does have a flat behaviour at o = ¢*. We investigate this feature in this
chapter.

5.1 Main result and structure of the chapter

The behaviour of E 7], or equivalently the behaviour of A%, as o — ¢*, is closely related to that
of ¢?(x*) for o close to o*. The way ¢°(z*) — ¢° (2*) = 0 as ¢ — o* is given in the main result
of this chapter stated as follows.

Theorem 5.1 (Asymptotic order of ¢7(z*) near o*) Let ¢° be the unique quasi-stationary
density supported on M° = [z_(0),x*] for o > o*, where x_(0) is the unique fized point of
the lower extremal map h_(x,0) = T(x) — o, and the upper extremal map hy(x,0) = T(x) + o
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undergoes a nondegenerate saddle-node bifurcation at (x,0) = (z*,0%), satisfying (5.2). Then,

Vo — o -Ing7(z*)

/A — % . 1 o *
—— < liminf 0 — 0" n¢%(a") < lim sup < T (5.6)
2y/a T oot In(oc — o) - In(o — o) Va

This last theorem implies that for each r > 0, there is 6 > 0 such that for all o € (¢*,0* + 9),
(0 _ 0_*)71/\/0—0* < QBU(QT*) < (O' o 0*)72/\/0—0*7

where v, = ﬁa +r, and v = Ja T Notice that the functions which serve as upper and lower
bound are flat at o*

We start Section 5.2 by proving in Proposition 5.2 that the escape time 7 is geometrically
distributed, when taking ¢ as the initial distribution, as given by (5.4). As a direct consequence
of this, in Proposition 5.3 we prove that (5.5) holds. Hence, the mean escape time can be studied
via the eigenvalue A%, which in turn is related to the quasi-stationary density ¢°.

We proceed in Section 5.3 by revisiting the idea of approximating discrete dynamical systems
with the time-one map of a flow. Here, we make use of the partial embedding techniques developed
in [36, Chapter X], and conclude in Proposition 5.5 that we can approximate the upper extremal
maps with the time-one map of some flows 97, up to an error of order o((c —c*)?). The expression
of their generating vector fields is given in Proposition 5.6.

Later, in Section 5.4 we consider the parametrized family of flows, (17 )icr, mentioned above,
its discretization (¢7)nen,, and the dynamical system (h7)nen, it approximates as above. We
analyze the first time their orbits abandon the set {z < x*}, denoted by t,(c), m,(0), and n,(o),
respectively. We show in Proposition 5.7, Corollary 5.8, and Lemma 5.9, that

te(0),my(0),n.(c) ~ (o0 — 0'*)_1/2.

These scaling laws have been called in the literature as bottlenecking or saddle-node ghosts [39].
The scaling law for the escape time of hy, n,(o), has already been found in [25], using complex
variable techniques. The method here presented, however, is essentially different, and we present
it in full detail.

In Section 5.5, we prove Theorem 5.1 in full detail. The method employed is similar to that used
in Section 3.3, but the calculations are somewhat different. Furthermore, as a direct consequence
of Theorem 5.1, we prove an analogous asymptotic result for the escape rate A? in Corollary 5.14.
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Last, we portray Corollary 5.14 with numerical explorations. Since A? is flat at o* (see Figure
5.2), we look for logarithmic-like scales in order to visualize the differences between the theoretical
predictions and the numerical approximations.

5.2 Mean escape time

In the rest of the chapter we omit the dependence on o of all the elements we work with, whenever
it causes no confusion. We also omit the integration region in R, as we always assume it is M,
unless stated otherwise.

Let us consider the unique quasi-stationary measure g on (M, B(M)) for the system (5.1). We
first show that the escape time 7, as given in (5.3), is geometrically distributed when we take ¢ as
the initial distribution. All the results here presented can be found in the standard literature on
quasi-stationary measures, although for the reader’s convenience we present a proof for them.

Proposition 5.2 (Geometric distribution of the escape time [16, Theorem 2.2]) Let A be
the eigenvalue of q for the restricted Markov operator P (cf. Section 4.2). Then, for alln € N,
we have

P,(n <7)=A", (5.7)

Proof. Recall that Pq = Ag, and that Py(n < 7) := [ P.(n < 7)dg(x). Then, since P,(n < 1) =
Py (x), where P : L®(M) — L®(M) is the restricted Koopman operator (see 4.4), we obtain

P,(n<7)= /p"]lM(x) dq(z) = /I@’Q(M) dg(x) = (P"q)(M) = A"q(M) = A" [

Because of the previous result, the eigenvalue A is called the rate of survival. Moreover, A can be
related to the mean escape time E,[7] as given in the next proposition.

Proposition 5.3 (Mean escape time [59, Lemma 5.6]) Let A be the eigenvalue of q for the
restricted Markov operator P. Then

E,fr] = (55)
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Proof. Recall that by definition Eq[7] = [}, [, 7( (w)dgq(x). From Proposition 5.3, it follows
that Pt =n| =P n—1< 7] — P [n <T]= A” 1 A” Since 7 takes values only in N, we get

Z / [T =n| dg(z :gnl\”l A") (1—A)Zn/\"‘1:ﬁ O

n=1

From Proposition 5.2, A = P,[1 < 7], and recall that M " is a minimal invariant set, so that
A — 1 as 0 — o*. This in turn implies that E,[7] — co as ¢ — o*. We devote the rest of the
chapter to describe the speed at which these limits occur.

5.3 Approximation of saddle-node families via flows

In this section, we aim to follow the same ideas behind Takens embedding theorem (see Theorem
3.2), in the presence of a nondegenerate saddle-node bifurcation. Let us consider the upper ex-
tremal map of (5.1), hy(z,0) = T(x) + o, and assume without loss of generality that z* = 0 is a
nondegenerate nonhyperbolic fixed point for i, (-,0*). For simplicity, by renaming € = 0 — o*, we
denote as he(x) := hy(z,0" +€) = e+ T(x) + o*. Therefore, (5.2) is translated as

ho(0) =0, hj(0) =1, AZ(0) = 2a > 0.
The map h. can then be written as

he(z) = €+ z + az® + o(z?).

The family (h.)e>o is called a saddle-node family, in the sense that it is a transversal perturbation
of a nondegenerate saddle-node map, this one being hy. Despite hy being embeddable into a flow
¥?. as given in Theorem 3.2, for ¢ > 0 we cannot guarantee h. is embeddable into a flow ¢ in
such a way that ¥¢ — ¥? in the C"-topology, for r > 2. Instead, we look for a so-called partial
embedding [36] by employing the following lemma.

Tt is possible to provide with an embedding of a parametrized family of maps into a parametrized family of
flows. However, one can only guarantee convergence in C'-topology, the most, as € — 0, in a neighbourhood of 0.
Convergence in C"-topology, for r > 2, is guaranteed in compact intervals bounded away from 0, see [33, Proposition
6.1].
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Lemma 5.4 ([36, Lemma X.4.3]) For any k € N there exists a natural number N = N(k) such
that whenever h is CN (both in (x,€)), there exists a C* vector field whose time-one map of the
associated flow, 15, satisfies

|he(2) — ¥i(2)] < Be", (5.9)

for some B >0, and for all x € [—x1, 21| and € € [0, €] with x1 and €; small enough.

Notice that for € = 0, the maps ¢y and hy coincide in [—z1, z;], so the map hg is embeddable.

Let us consider the escape times, n,(c* + ¢€) and m,(c* + €) of the deterministic dynamical
systems (h"),>0 and (¢S )n>0, respectively. In the rest of the section we denote them as

ng(0*+¢€) =nz(e) = min{n > 0] A’ (z) > 0},
(5.10)
my(o* +¢€) =my(e) = min{n >0|vy¢(x) > 0}.

In the next proposition, for each x close enough to 0, we give bounds on the discrepancy between
R and v¢, for as long as n < min{n,(e), m,(e)}. These bounds will be useful later on when we
study n.(€) as € — 0.

Proposition 5.5 Let h, = e +x +ax?+o(x?) as above. Then, there exist constants B,x1,¢; > 0,
and a flow ¥¢ for each € € [0, €], which is C® in (—xy,21) x (0,€1), such that

he(z) = ¥i(@) +re(z),  |re(@)] < Be, (5.11)

for all x € [—x1,x1]. Furthermore, provided both x1,€; are small enough there is k > 0 such that
for each x € [—x1,0], € € [0, €], and n < min{n,(€), m,(€)}, we have

he(w) = ¢ (2) + (), |ri(@)] < g [(1+ re)" — 1] €. (5.12)

Proof. Since T is a C'*° map, observe that (5.11) follows directly from Lemma 5.4, by taking k = 3.
Therefore, since 2* is a nondegenerate nonhyperbolic fixed point satisfying (5.2), and 5 coincides
with h; when € = 0, we can assume without loss of generality that for all (z,€) € [—z1,21] X [0, €],
we have ;—;ﬁ(@ > 0.

In the rest of the proof we omit the dependence on e for h”, ¢, and r”. Let M,(e) =
min{n,(e), m,(e)}, and assume M,(e) > 2. Since h*(z) = ¢y (h(x)) + r'(h(z)), by the mean value
theorem, there exists & between 1 (x) and h(x) such that

ha(x) = 2() + ¥ (&) () + 7' (h()).
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Since 9} > 0, then ¥} (&2) < 91(0). Moreover, since h'(0) = 1 for all ¢, assuming €; is small enough
we have that for some x > 0
0<1— ke <Y[(0) <1+ ke, (5.13)

for all € € [0, ¢;]. Therefore,

ho(z) < o) +910)r! (2) + r(h(x)) < o) + (2 4 ke)Be® = y(x) + g[(l + ke)? — 1]é%.

In general,
h'(x) = i (k"7 () + ! (B ().

By the mean value theorem, there exists &, in between h"~1(x) and v,_;(z), such that
h"(z) = ¥a(2) + 91 (&) (@) + 7 (R (@),

If n < M, (e), assuming (5.12) holds for n — 1, and due to (5.11) and (5.13), it follows that

B(1 B
h'(z) < i, (x) + M[(l + ke)" = 1) + Be® < —[(1 4 ke)" — 1]é*
K K
In a similar way, h"(z) > ¥, (x) — Z[(1 + ke)™ — 1]€?, whenever n < M,(¢). Together with the
previous inequality, (5.12) holds. O

In the next proposition, we give an expression for the vector field, G.(x), which generates the
flow v; obtained in the last proposition.

Proposition 5.6 Let h.(x) = € + z + az® + o(x?) as before, and let 1§ be the flow obtained in
Proposition 5.5. Then, the generating vector field of 1 is given by

Ge(z) = Golz) + g1 (x)e + n(z, ), (5.14)
for all z, € close enough to (0,0), where Go(r) = az? + o(x?), gi(x) = 1+ 0(1), and n(x,€) = o(e).
Proof. Since v¢ is C3, then we can consider the expression (5.14), where Gy and g; are to be

determined. Recall that Go(z) generates the flow ¢). Since ho(z) = = + ax? + o(z?) is embedded
in ¥, by Proposition 3.3, we have Gy(r) = az?® + o(z?).
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For simplicity, let us omit the dependence on e of ¥f. In order to find g; above, we do as
follows: since 1 is the time-one map of the flow associated to G, then for all x close to 0 we have

Vi@ g
=1.
/m Ge(s)

By taking derivatives with respect to z, we get

U1 (2)Ge(x) = Ge(¥r(x)) = 0. (5.15)

The last expression is an example of the so-called transfer equation [36], where G, is to be deter-
mined.

Recall from (5.11) in Proposition 5.5 that ¢ (x) = h(z) — r{(x), where r!(z) = o(¢). By the
mean value theorem, there is £ between h.(x) and v, (z) such that

Ge(1(2)) = Ge(he(x)) = G(&)re (x)
Hence, by substituting this expression in (5.15), we get

he(z)Ge(z) = Geo he(x) = Ge(x) - %Ti (z) = G(§ri(x). (5.16)

Notice the right hand side of (5.16) is o(e).
We now substitute (5.14) into (5.16), so that
he(x) [Go(x) + gr(x)e + o(e)] — Go (he(x)) — g1 (he()) € + o(e) = o(e).
Observe that since h(z) = € + ho(x), then hl(x) = hy(z). Also,

Go(he(r)) = Go(ho(x)) + Go(ho(z))e + o(e),
gi(he(x)) = gi(ho(x)) + g1 (ho(x))e + ofe).

Hence, by substituting in the equation above, we obtain

(5.17)

ho(2)Go(x) — Go o ho(x) + [ho(2)g1 () — g1 © ho(x) — G © ho(x)] € = ofe).

Since 1)) = hg, we have that hj(z)Go(x) — Gy o ho(z) = 0. Moreover, g; satisfies the transfer
equation

ho(2)g1(z) = g1(ho(2)) = go(ho()). (5.18)
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From the last equation we look for g;(0). However, notice that by substituting x = 0 above we
obtain no new information. Instead we take derivatives in (5.18) and then we evaluate at z = 0.
Thus,

ho(x)g1 (%) + ho ()91 (x) — gg (ho(x)) g () = g (ho(x)) g ()
Since ho(0) =0, h((0) =1, and hy(0) = ¢{(0) = 2a we get ¢1(0) = 1, so that g;(z) =1+ o(1). O

Propositions 5.5 and 5.6 constitute the cornerstone for estimating escape times for A, and the
one-time map ;. We address this problem in the following section.

5.4 Deterministic escape times in saddle-node bifurcations

In the present section we give an asymptotic result for the behaviour of the escape time, n,(¢), for
the map h.. Let us first analyze the escape time, t,(c* + ¢) = t,(¢), for the approximating flow
obtained in the previous section. This escape time is defined as

ty(€) :=1inf{t > 0| ¢;(z) > 0}. (5.19)
Equivalently, for any = < 0, the escape time t,(¢) is the unique ¢ > 0 such that

Vi ) () = 0. (5.20)
We prove that ¢, (e) ~ e /2, as given in the next proposition.

Proposition 5.7 (Scaling law for t,(¢)) Let v{(z) be the flow defined by the ODE
&= G(z),

where G(x) is given as in Proposition 5.6. Then, there exists x5 > 0 such that for all x € (—x9,0)

we have
T

lim /e - £, (e) = NS (5.21)

Proof. Given the one-dimensional ODE
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the escape time t,(¢) is given by

Recall that G.(x) = Go(x) + g1(x)e + n(x,€), where gi(z) = 1+ o(1) and n(z,€) = o(e). Let
us fix x9 > 0 such that g;(z) > 1/2 for all z € (—z2,0). Furthermore, for each x € (—x5,0) and
d € (0,min{«, 1}), there are positive y = y(d) < x2, and €y = €(d, x) small enough so that for all

€ [—y,0) and € € (0, ¢) we have

(a—0)2° 4+ (1 —8)e < Ge(x) < (a+ )z + (14 d)e.

Therefore,

" ds 0 ds
/x (a+0)s?2+ (14 0)e Stle) < /x (a—68)s2+ (1—0d) (5.22)

/0 ds = L arctan oc—iém
. (a£0)s?+(1+d)e  /lax0)(1+0)e (1+d)e |

Hence, for all x € (—y,0),

But

™ ™

N CEDET) < lim inf Vet (e) < liril_%lp Veti(e) < N CET ) (5.23)

We now extend the previous limits to the interval (—z,0). Indeed, let z € (—z2,y) and
consider its escape time t,(€). Notice t,(€) = t¥(e) + t,(€), where

ty(€) := inf{t > 0 [ yj(z) > y}.

Let ¢; = €(z) < € be small enough so that n(z,e) < te. Then, for all z € (-2, —y) and
e € (0,€),

1 (e) = / <[ _ o)

* v Go(z 1/ D=, Golo)
It follows that for all = € (—SEQ, 0), and all € € (0, €1), we have t,(e) < t,(e) <¥%(0) +t,(e). Then,
(5.23) holds for all x € (—z2,0), and § small enough. Therefore, the proposition holds. O

It is a direct consequence of the previous proposition that the same scaling law holds for the
escape time m,(¢). Recall that M* = M° C M? for all o above but close to o*.
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Corollary 5.8 (Scaling law for m,(¢)) Let ¢ be the flow in Proposition 5.7 and m,(e) the
escape time of (VS)n>0 (see 5.10). Then, for all x € M*\ {0} we have

lim v/e - m(€) = ——

lim N (5.24)

Proof. For all e >0 and z < 0,
t(€) < my(e) < ty(e)+ 1.
Therefore, from Proposition 5.7 it follows that for all x € [—x5,0), where 25 > 0 is small enough,

the limit (5.24) holds.

Now, consider x € M* such that x < —z5. Then, m,(€) = m2(e) + my,(€), where

my2(€e) == min{n > 0 | ¥y (z) > y}.

T

Since 0 < m¥2(e) < m¥2(0), for all € > 0, then for all x € M*\ {0},

g = IV, ) < lim Vem.(e) < lim (Vem32(e) + Vems, (0) = 57

O

We now turn our attention to the escape time n,(e) for the map h.. For simplicity we ommit
again the dependence on € in h, 1, and 7, unless it may cause confusion. We now prove that
n(€) exhibits the same scaling law as m(¢) and ¢, ()

Lemma 5.9 (Scaling law for n,(¢)) for all x € M* \ {0},

hm Veng(e) = (5.25)

2\/_

Proof. We split the proof in three parts. First, we show that for each z € M*\ {0}, there is 5 > 0
such that (1 + Me)™=(©) < efVe, Afterwards, we prove that for each z € (—2,.0), where z; is as in
Proposition 5.5, and all € > 0 sufficiently small, m,(¢) — 1 < n,(€) < m,(¢) + 1. Finally, we prove
(5.25) holds for all z € M*\ {0}.

Claim 1: let x € M*\ {0}, and ¢y > 0. Then, there exists § = (x,¢€) > 0 such that

(1+ Me)m=(9 < BVe, (5.26)
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for all € € (0, ¢€).

Indeed, we use the binomial expantion, so that

ma (€) me(€)
1+ re)™© = 3 (ma;<€> )Kjej 23 (Vema (e )])' (r/eY

J=0

By Corollary 5.8, there exists § > 0 such that \/em,(€) < 3 for all € > 0. Therefore,

my(€)
(1 + ke)™© < Z B'i\[ < ePVe,

where 3 = Bk.
Claim 2: let x1 > 0 as in Proposition 5.5. Then, for each x € [—x1,0) there exists € > 0 such

that for all € € (0, ¢€),
mg(€) — 1 < ng(e) <my(e) + 1. (5.27)

Let € > 0 be such that for all € € (0, €)
B (&ﬁ . 1) e > max{h1(0), %, (0)}. (5.28)

Notice that such € exists since (e®V¢ — 1) — 0 as € — 0, while both (h-!)’(0) and (¢)*,)'(0) tend
to —1 as e — 0.

Let € € (0,¢), and assume first that n,(e) > mg(¢). We prove that h™=()(z) > h='(0), so
that A™=(9+1 > 0, which implies m,(e) + 1 > n,(e). Since we assumed that n,(e) > m,(e), then
M, (e) = my(e). Therefore, 5.12 in Proposition 5.5 holds for n = m,(¢). Hence,

W (@) = Yy o (@) + " (@) > 1O (a),
by definition of m,(€). Furthermore, by (5.12), Claim 1 above, and the choice of €, we have
hme© (2) > — B (eWE . 1) & > h70).

Thus, n,(€) < my(e) + 1.
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Analogously, we now assume that mg(e) > n,(e), and we prove that ¥, (x) > ¥_1(0). By
(5.12) for n = n,(e), we have

Uno(o(x) > =B [(1+ ke) ) — 1] >-B[(1+ re)™= (9 — 1] >-B (eﬁﬁ — 1) e >1_1(0).
Hence, n,(€) +1 > m,(¢), and the claim follows.

Claim 3: for all x € M*\ {0}, the limit (5.27) holds.

Notice that (5.27) holds for all z € [—z4,0), due to Claim 2 and Corollary 5.8. For z < —uxy,
observe that n, (€) < ng(e) < n?(0) + ng, (¢), where
nyt(e) :=min{n >0 | Al (x) > x1}.

x

The result follows by multiplying times /e and taking limits as ¢ — 0. U

0.4
— £=0
— £=0
0.2 1
0.0 1
_ —02
x
&
0.4
_06 /
-0.8
T T T T T T T
-1.0 -0.8 -0.6 —-0.4 -0.2 0.0 0.2

X

Figure 5.3: A bottleneck phenomenon. Even though the system eventually goes beyond 0, it does take a long
time whenever ¢ is close to 0. Because of Lemma 5.25, this escape time goes like 1/4/e.

The previous result will be used in the following section for giving asymptotic estimates on
how the quasi-stationary density ¢ behaves at x* as 0 — o*.
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5.5 Asymptotic behaviour for mean escape times

In this section, the main goal is to analyse the behaviour of the unique quasi-stationary density ngS
at x* as 0 — o* of the system (5.1), assuming z* is a nonhyperbolic fixed point as given by (5.2).
Recall that ¢ is supported on M? = [z_ (o), z*], where T(z_(c)) — o = z_(0) for all & close to
o*. Like in previous sections, we assume without loss of generality that z* = 0.

Recall that the quasi-stationary density ngS" is the unique eigenfunction of the restricted transfer
operator L : L'(M°) — L'(M?), introduced in Section 4.3, which as in (4.21) is given by

Lg(z) = //%(y, z)g(y)dy,

for all g € L'(M?), where

- 1
k - —]]_ o T 5

(2, y) g MINF( ) (Y)
since we assume (w, )52, is an i.i.d. sequence of random variables, where each w, is distributed
according to dv = %dLeb on [—1,1]. Tts corresponding eigenvalue is A = [ L¢” dLeb. Thus, the

quasi-stationary density é" satisfies the functional equation

. 1 hZN(@)n0
©@ =5 | 5 )y (5.29)
g h @)V (o)

where a A b := min{a, b} and a V b := max{a,b}. Recall that the upper and lower extremal maps
are the maps hy(z;0) = T(x) + 0 and h_(z;0) = T(x) — o, respectively. Observe that h can be
written as

hy(z) = hy(z;0) = (0 — 0*) + 2 + ax® + o(2?).

In the following we omit all the dependences on o, where it causes no confusion.

We proceed by using similar techniques as in Section 3.3: we first find lower bound estimates
for $(0) in terms of ¢(h;'(0)). To fix some groundwork, we prove the following simple result.

Proposition 5.10 For each negative o > max{—2c*,x_(c*) + 20*}, there is oy > o* such that

R 1 0 R
6= 55 [, S (5.30)

for all x € (x0,0), and o € (c*,09).
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Proof. Notice that —20* = T'(0) — o* > T'(0) — o, for all ¢ > ¢*. Therefore, whenever z > —20*,
we have h='(x) > 0.

On the other hand, observe that z_(c*)420* = T'(z_(0*))+0*. Hence, given xy > x_(c*)+20*,
there is o > o* such that for all o € (0%, 0¢), we have T(z_(0)) + o < zo. Thus, x_(o) < hi'(z)
for all = € (x¢,0), and o € (0*,0¢). The result follows by substituting the upper and lower limit
n (5.29). O

In the following, we prove a monotonicity property of ¢§ near 0, for each o € (¢*, 0y).

Proposition 5.11 For each negative xo > max{—20",x_(0*) + 20*}, there is oo > 0™ such that
the quasi-stationary density ¢ is decreasing in (xq,0) for all o € (c*,09).

Proof. Let oo be as in Proposition 5.10. Since for each o € (0%, 09), the quasi-stationary density
¢ is continuous, it follows from (5.30) that ¢ is continouusly differentiable in (xo,0). Therefore,

S(h7' ()

0.
20N (. ()

9 .
%Mx) = -

Let us proceed then with the following Lemma.

Lemma 5.12 Let xy > max{—20*,T(x_(c*))+0c*}, and o9 > o* as in Proposition 5.11. Assume
without loss of generality that og — o* is small enough so that for all o € (c*,00), hy(xo) <0 and
|zo| < 20A. Then, there exist My, My > 0 such that for all 0 € (0*,00), and all x € [hy(x0),0],

Mi(z = hi' (@) (hi'(2) < ¢(a) < My(x — hi'(x)) - $(hi (), (5.31)
Proof. We split the proof into two parts, one for each inequality in (5.31).
Part 1: lower bound of (5.51).

By the choice of z and o, formula (5.30) holds for ¢(x). Moreover, since for all z € [h7!(z), 0]
we have that z € (x,0), then we can apply (5.30) twice so that

o(x) 20A / x)/ z) dzdy. (5.32)
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Observe from Figure 5.4 that the integration region in (5.32) is the same as
{(y,2) [ h3}(2) <y < hy(2) N0y B2 (2) < 2 <0},

Hence,

hz1(0)

h72(0)

hzl(0) 0

Figure 5.4: The integration region in (5.32).

R 1 0 hi(2)A0 1 0 B R
@) = o /h . /h L, et = s [y a2 00 = @] )= (539

h*(z)

Since ngS is decreasing near 0, we bound from below in (5.33) by replacing the upper integration
limit, so that

[\

) S ho (e h ()
¢(x) > % /h () =i (@) de (5.34)

(@)
Since hy (z) — hi'(z) = ho(2) — hy (h7%(x)), due to the mean value theorem, there is M; > 0 such
that
hi(2) = hit(z) = Mi(z — hi?(x).
By using this inequality in (5.34) we obtain
- M - d(hi (z hel (@) _ _ oy
d(z) > — (;6162( ) /h (z — hi*(zx))dz > My(z — b (2))? - o(h: ' (2)), (5.35)

@)
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where M; = M, /(802).
Part 2: upper bound of (5.51).

We split the integral in (5.30) as

. 1 x 0
6= g5 [ [, 0t [ 6w dy]
By the monotonicity of ¢E,
, x—hi'(@) - I
P(z) < %—R¢(h+1( ) + 20_A¢($)

Hence,
o(x) < My(x — hi' (@) - o(h' (2)),
where My = (20* infye(o,09) A — |20|) " O

Remark 5.13 By the mean value theorem, for each x € [h%(x0),0], there is & € (hi'(x),x) such

that )
r—hi'(z) = hi'(ha(x)) — hil(z) = %

Whenever xg is close enough to 0, we have that ' (z) > 0 for all z € [x¢,0], so that h'(z) < 1.
Hence,
z—hi'(z) > hy(z) — 2= (0 —0*) + az® + o(2?).

Furthermore, assuming xq is close enough to 0, we obtain
T — hjrl(:v) > (o0 —0"),
for all x € [x0,0]. Using the last inequality in (5.31), we get
o(x) = Mi(o —0")* - (h7 (x)). (5.36)

We now proceed to prove Theorem 5.1. We use iteratively the previous Lemma in order to
obtain the main result.
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Proof of Theorem 5.1. Recall the inequalities we aim to prove are

T : <1 (o — 0*)/21n $(0) < T
im su —.
2/a T oot In(o — o*) = In(o — o*) — Ja
Let zy < 0 close enough to 0 and oy > ¢* so that (5.36) in Remark 5.13 holds for all = € [z, 0]
and o € (0%, 0¢). We split the proof in two parts, one for each inequality above.

(5.37)

Part 1: upper bound in (5.37).

From (5.36) in Remark 5.13, it follows that

$(0) = Mi(o — 0")* - §(h:'(0)).
If h'(0) > h(x0), then we use (5.36) again so that

6(0) = Mi(o —o")* - o(h*()).

In general, we can repeat this inequality for as long as h"(0) > zy. So, if n,, = ny, (o) is the
escape time for the upper extremal map h., starting at zp, then for each o € (0%, 09) we can
iterate this inequality for n,, — 1 times. Therefore,

0(0) =M™ g — 0" )00 G (0) 2 M (o — 0" - (s (a0)).
By taking logarithms, multiplying times (o — ¢*)!/2, and dividing by In(c — ¢*), we obtain
(0 —0*)/*In $(0)

In(o — o)

(0 — ") (ny, — 1) In M, N (0 — ") 2 (hy(x))

< 2(0_ _ 0*)1/2(nz0 — ]_) + IH(U . 0.*) IH(O' — 0*)

Because of Lemma 5.9,

_ 6\1/271, 2
lim sup (0 = 0") " In$(0)

<
ot In(o — o%) -

7r
Va
Part 2: lower bound in (5.37).

From the upper bound in (5.31) in Lemma 5.12, we have that
(0) < Mp|h'(0)] - (h3(0)).

Like in the previous part, we repeat this inequality n times, for as long as h;"(0) > x¢. By the
monotonicity of ¢, for n =n,, — 1,

$(0) < Mg (hi(0)) -++ (hy™F2(0) — hy™H(0)) - (o).
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By taking logarithms, we obtain

Nz —2

m$(0) < Y In(h37(0) = A7 7H0)) + (nay — 1) In My + In (o). (5.38)

§=0
First notice that, because of Lemma 5.9,

Vo —o* - (ng, —1)

li In M, = 0.
s In(o — %) nMz=0
Also,
lim Y77 _ In ¢(z0) = 0.

o—o* In(o — 0*)
Therefore, in order to obtain the lower bound in (5.37), it is enough to analyse the sum in the right
hand side of (5.38). Let S = 377 “In (37 (0) — h/7'(0)), and let Ahy := hi?(0) — hi/~'(0).
Then,
—In( h;ﬂ ()

S =
J h J— 1(@)

AR (5.39)

J=

We proceed to bound this last expression with an integral.

Let us denote € = o — o* as before. Since hy(z) = € + z + az? + o(z?) = € + ho(x), then
hi'(x) = hy'(x —€). Let 6 € (0,a), and assume |x| is small enough and oy is close enough to o*,
so that for all z € [x,0] and o € (0%, 0p)

r—e—(a+0)(z—e€?® < hi'(z) < z—e—(a—20)(z—e)

Therefore, it follows from (5.39) that

2ln le+( a+5)(e+hlj(0))2} AR~
2; = 8)(e + h37(0))? .

(5.40)

In(e+(a+6)s?)
e+(a—5)s?
|zo| is small enough, see Figure 5.5), then

@)l In(e + (a + 6) (e + 5)?)
53/0 1 (0 —0)(c t5)?

Since the function s — is increasing and negative for all s € (0, () (assuming again
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-20

V(s)

—30

—40

~50

Figure 5.5: The graph of V(s) = In(e + (a + §)(e + 5)?) /(e + (o — §) (e + 5)?) is depicted in a red solid line. The
area above the graph is less than the blue-shaded area, representing the sum in (5.40), where z; = |hjr’(0)|

Since In(e + (o + d)(e + 5)?) = Ine + In(1 + (a + §)(s + €)?/¢), then

et|h (o) Ine Hh @)l In(1 + (a + 6)s2/e)
< ——d ds =1, + L.
S_/E e+ (v —6)s? S—i_/€ €+ (a—6)s? sEhTL

The first integral equals

I =Ine

[arctan ((6 + |h+(x°)|)m> — arctan ( e(a — 5))} .

€

1
e(a—9)

Hence,

. \/E _[1 ™
lim = : 5.41
0 Ine 2vVa—9 (5-41)

On the other hand, for the second integral I, we have

L /e+|h+<wo>| In(1 + (o + 8)s2/e) P /€+lh+<w0> In(1 + (a + 8)s?/e) "
27 . €+ (a—d)s? “a—14 ). 52 .

The right hand side of the last expression is solvable when integrating by parts. Indeed, by taking
u=1In(l+ (a+d)s?), dv = s"?ds, we obtain

1n(1+0‘—+532) 2 ( 04—5)]
- + arctan | s

(v —0)s el —6) €

e+|h+(zo)|
I, <

€
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Due to ’'Hopital’s rule, we have that

limﬁ- <1n(1+ (a+6)e)) — lim Ve <1n(1+ (a+§)(6+21)2/6)> o

e—0 Ine (v —9d)e Ine (@ —d)(e+2)

e—01ne

Hence, it follows that
1
lim Vel =0.
e—0 Ine

(5.42)

Because of (5.41) and (5.42), we get

o \/Elnq?)(O) o . T
1 fX— 7 > £S>1lim ([, + ) = ———.
im in > liminf S > 1—%( 1+ 1o) N

e—0 Ine e—0 €
The last expression is true for all § small enough, and thus the lower bound in (5.37) holds. [

The following result is analogous to Theorem 5.1 but for the eigenvalue, A?, of the conditional
transfer operator, A%, for the quasi-stationary density ¢°.

Corollary 5.14 Let ¢° be the unique quasi-stationary density supported on M? = [x_(0),z*], and
A? its associated eigenvalue for the operator L. If z* is a nondegenerate nonhyperbolic fized point
for the map x — T(x) + o*, then

_x\1/2 — A° _ -x\1/2 __ AC
< (0 —o*)"?In(1 — A?) < limsup (0 —o*)?In(1 — A7)
2v/a T oot In(o — o*) i In(o — o*)

< (5.43)

Bk

Proof. Recall that A° = Py [1 < 7]. Therefore, 1 — A = [} Plg\y0(2)dg”(x). However, note
that for all points = € [z_, h'(x*)], the probability of leaving M is 0. On the other hand, for all
z € [hi(2"),27],

T'(x)+o—x*
P]IR\MJ(.T) = ( ) 9% .
Therefore,
z* T ok R
1—M—/ <(@“’x)w@m (5.44)
h_l(O) 20
n

We will bound from above and from below the previous expression in order to get (5.43). We start
by noting that, since T is increasing and since T'(z*) 4+ o* = x*, we have

~

PGl it |\ #lain = (o= ) L67(0) = (s = )i 0).

20 J_rl(o)
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By taking logarithms, multiplying times (o — ¢*)/2, diving by In(c — ¢*) and taking lim inf,_,,-
on both sides, we obtain the left inequality in (5.43) due to Theorem 5.1.

For the upper bound, we use Proposition 5.11, so that qg" is decreasing near 0 for all o small
enough. Hence, since T'(z) + o > z,

iz [ T s e [ 2 BEOR )

h;l((]) 20 B ;1(0) 20— 4o

Recall that h;'(z) = 2 — (0 — 0*) + o(x — (0 — 0*)). Then, |h:'(0)]* = (0 — 0*)2 + o((0 — 0*)?).
Therefore,

(0 —0" ) +o((c—0")?) -,
60 - ¢7(0).

The right inequality in (5.43) follows from analogous arguments as the previous step. 0

1—-A7>

5.6 Numerical experiments

In the present section we present some plots obtained numerically for the behaviour of the largest
eigenvalue A7 of the conditional transfer operator L for the toy model presented in Chapter 1.

Because of Theorem 4.15, it was shown in [14] that for every x € M* = [x_(0%), 27|

P, 1 prtiq
AT = i et LT PTLE) (5.45)

Prtlq(z)

Hence, we take an arbitrary point x € M*, and n € N large to approximate A? as i)

As usual, we consider the toy model

1 _ —T
Tpyi1 = Db (1 m Zz) + ow, =T (x,) + ow,,

where b > 2, and (w,)%, is an ii.d. sequence, uniformly ditributed on [—1,1]. Recall from
Subsection 3.3.1 that the upper extremal map undergoes a saddle-node bifurcation at

ot = 1n(b—1+\/(b—1)2—1),
ot = b(”“— V(““) I (b—1+\/(b—1)2—1).
(b—1)2—1

b+
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Recall also that oo = |z* — 0*|/2b. Therefore, from (5.43)we have
(0 —0*)2In(1 — A?) (0 —a*)2In(1 — A?)

Ts lialgigf In(o — o) = hgisﬁp In(o — o) =2, (5.46)
where v = \/%
For o close to o*, from (5.46) we get
2y1In(o — o*) <Tn(l—A) < yIn(o — o%) (5.47)

(O-_O-*>1/2 ~ ~ (O-_O-*)I/Q

Therefore, in a semilog plot we should be able to compare it with the functions appearing on each
side of the approximate inequalities in (5.47), see Figure 5.6.

Semilog scaling Semilog scaling
PE——
i ) 204
-50
_1004 -304
) e
150 204
—200
_s04
—250
-60
—300
0.00 0.02 0.04 0.06 0.08 0.10 0.06 0.07 0.08 0.09 0.10
g-o’ o-a”

Figure 5.6: In both subfigures the numerically approximated value of In(1 — A) is presented in a solid
blue line. In dotted lines, one can observe the functions % where k = 1 is given in orange and
k = 2 is the green one. The smallest the value of o — ¢*, that is the more we move to the left, the more

the solid blue line approaches the band defined by the dotted lines.

We can also visualize this in a different scale which is more compatible with straight line
visualization in the appropriate scale. For example, from the right approximate inequality in
(5.47) we can multiply times —1 and then take logarithms in order to get

In(y) — %ln(a —0")+In(—In(c — ")) <In(—1In(1 — A)).

An analogous expression follows from the left approximation of the left hand side in (5.47). Thus
by adding In(—In(o — ¢*)) we obtain

In(~y) — %ln(a —0")<In (M> < In(27) — %ln(a —o"). (5.48)

In(c —0o*) ) ~
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In(1—A)

In(o—0o*)

In Figure 5.7 it can be seen how ln< ) compares to the lines In(ky) — L In(e — o*) in

2
logarithmic scale, for k =1, 2.

Comparison with straight lines Comparison with straight lines
6 3.2
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Figure 5.7: Here we plot as a blue solid line In(1 — A)/In(o0 — ¢*) as a function of o — ¢*, both in a
logarithmic scale. In dotted lines, we present the lines In(kvy) — (1/2)In(o0 — ¢*) where k = 1 is given in
orange and k = 2 is the green one. Again, the more negative In(c — ¢*) becomes, the closer the solid line
remains to the band defined by dotted lines.

Remark 5.15 Just like in Remark 3.11, the results here presented are the best obtained. Similar
calculations to those performed in 3.11 lead to less accurate bounds in Theorem 5.1.
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Chapter 6

Outlook

As we mentioned early in this tesis, radical changes in complex systems which are driven by noisy,
or more generally by nonautonomous perturbations, are called critical transitions [51]. This type
of behaviour has proven to be ubiquitous in several disciplines, being particularly important in
ecology due to its scientific, ethical, and truth to be told, economical relevance. Back in the 70s,
Holling already considered ecological systems as systems undergoing a constant transient state. In
his words [32]:

An equilibrium centred view is essentially static and provides little insight into the
transient behaviour of systems that are not near the equilibrium. Natural, undisturbed
systems are likely to be continually in a transient state; they will be equally so under
the influence of man. As man’s numbers and economic demands increase, his use of
resources shifts equilibrium states and moves populations away from equilibrium.

The study of critical transitions in complex systems requires indeed nonequilibrium analysis under
the influence of exogenous perturbations. Examples of this are precisely noise-induced phenomena
in random dynamical systems.

In many models of critical transitions, the system usually remains in a certain range of states,
until it reaches a tipping point and drifts towards a different set of states into which it tends to
remain for a long time as well. As many concepts in complex systems theory, the term “tipping
point” is sometimes loosely employed, or not well defined, for which in [55] the authors suggest
to restrict its use only for “any situation where accelerating change caused by a positive feedback
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drives the system to a new state”. This examplifies the need of addressing critical transitions in a
context-dependent manner, where one should put emphasis on the mechanisms from which these
radical changes emerge.

In this thesis we studied partially one of those mechanisms: for one-dimensional random dy-
namical systems with bounded noise, a flickering or intermittent behaviour may occur due to a
bifurcation of a minimal invariant set. This allows the system to explore a wider range of states
which will eventually be reached under the influence of the random perturbations. This is a mech-
anism for noise-induced tipping (or simply N-tipping), where “..noisy fluctuations result in the
system departing from a neighbourhood of a quasi-static attractor” [5]. Here, we only studied the
mean time for escaping from a metastable set M, while a complete picture of this phenomenon
would include a comparison between the mean time the orbits take to escape from M and the
mean time they take to return to M.

Intermittent behaviour has been studied in the context of deterministic dynamics as a phe-
nomenon present in different deterministic bifurcations [48, 33]. More recently, it has been shown
that on-off intermittency in families of iterated function systems under the presence of a zero
Lyapunov exponent [30].

In a similar fashion, it is of utter importance to study early warning signals of critical transitions
based on the specific setting one is working with. These types of indicators are quantitative or
qualitative characteristics in the time-series of a dynamical model or from real-world data which
anticipate the occurrence (or its possibility) of an abrupt change in the system. Examples of
such indicators are critical slowing down (measured as a decrease in the speed of recovery under
perturbations, an increase in autocorrelations, and rising variance), skewness of fluctuations, and
flickering (see [52] and references therein). Its numerical exploration and mathematical analysis
have mostly been done for certain families of stochastic differential equations under the presence
of weak noise [40, 41].

In the context of discrete-time random dynamical systems with bounded noise, an algorithm
was designed to anticipate bifurcations [42], which needs sufficient information near the boundary
of the minimal invariant sets. As proved in Theorem 3.1, the time needed to gather data near
the boundary points is enormously large. Notice how Theorem 3.1 provides with an indicator of
bifurcations of minimal invariant sets (for instance, when increasing the noise strength o to a point
where one of the boundaries of the minimal invariant set becomes nonhyperbolic). It is yet to be
explored whether these results can be applied to real-world data.

Classical early-warning signals have their flaws when put in practice. In [11], the authors warn
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of the present bias when analysing historical data; and in [12], they remark the importance of a
model-based analysis as different dynamical behaviour can exhibit similar effects in their time-
series. In this regard, in [50] the authors study an early-warning signal for the transition between
a normal human cardiac rhythm and an alternating rhythm, modelled with a period-doubling
bifurcation in a simple map perturbed with noise. Interestingly, in [31] a Ricker map is studied
under the influence of bounded noise, which presents no essential change in the variance or skewness
prior to an abrupt change. We hope the work presented in this thesis contributes to the discussion
from the somewhat overlooked perspective of dynamical systems perturbed with bounded noise.

We leave for future work the exploration of other noise-induced phenomena related to bi-
furcations in the underlying deterministic dynamical system, like the flip bifurcation where the
deterministic system exhibits a period-doubling bifurcation.
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Appendix A

Total variation distance

Given two probability measures, p; and puo, on a measurable space (M, B), we define the total
variation distance between them as

|11 — piol|rv = sup |p1(A) — p2(A)]. (A1)
AeB

We are interested in the measurable space (M, ), where M is a minimal invariant set for the
system (2.1), and B = B(M) its Borel o-algebra.

The use of the norm notation in (A.1) is not an arbitrary one. In general, one can consider
the space of bounded signed measures on (M, B), which we denote as S,(M). Given p € Sp(M),
it has a unique Jordan decomposition p = g — p_, where both p*, u~ are mutually singular
nonnegative and bounded measures on (M, B(M)) (see Theorem 3.4 in [28]). The total variation
measure of y is then defined as |p| = py + p—, and ||| == |p|(X). The function p — |||l is
a norm in S,(M) (see for instance Proposition 7.16 in [28], where this result is derived in more
generality). The difference of two probability measures, p; — s is a signed measure for which

|1 — pal| = 2|1 — pal| v

The notion of convergence in total variation implies strong convergence of measures. Recall
that a sequence of probability measures (u,)5, on (M,B(M)) converge in the strong sense to
p, denoted simply as p, — u, if p,(A) — p(A) for all A € B(M). We can then interpret the
total variation norm as a uniform strong convergence over the whole o-algebra B(M). We can
characterize the total variation distance between probability measures by comparing integrals of
measurable and bounded functions, or by Jordan decompositions, as given in the following well
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known statement (see for instance Chapter 4 in [45] for discrete state spaces).

Proposition A.1 Given two probability measures py and po on (M, B(M)),

[t~ [ gas

where py —pig = (p — p2) ™ — (1 — p2) = is its Jordan decomposition, and the supremum on the right
is taken over all measurable functions with values on the interval [—1,1]. Moreover, if u; (i =1,2)
are absolutely continuous with respect to the Lebesque measure with densities ¢;, respectively, then

(A.2)

Y

1
Hul - M2HTV = (Nl - Hz) (M) = 5 sup
[l fllo<1

1
[ = palrv = §||¢1 — ¢l L1 (A.3)

Proof. Recall from the Jordan decomposition theorem that there exist measurable sets M, M_
such that M = M, UM_ with M, NM_ = (), and 1 — p1o can be uniquely decomposed as 11 — o =
(1 — p2)t — (11 — p2)~, where (u1 — p2)* are non-negative measures and (p; — pg)* (M=) = 0.
Then,

|1 — pallry = (M) — po(My) = (pn — p2) ™ (M). (A4)
On the other hand, for each € > 0 there is A € B(M) such that
1 = pallrv — € < pn(A) = pa(A) < (1 — p2) T (A) < (1 — p2) T (M). (A.5)

Since € was arbitrarily small, from (A.4) and (A.5) we get the first equality in (A.2).

For the second equality in (A.2) let us note first that since pu; (M) — po(M) = 0, then (u; —
p2) " (M) = (1 — p2) ™ (M-). By taking f =1y, — L,

[t~ [ sane

For the reverse inequality,

[ s~ [ gaue

where |y — po| = (1 — p2)™ + (1 — p2)~. Inequalities (A.6) and (A.7) imply the second equality
in (A.2).

sup

%Hfll <1 = % [(pr = p2) (M) + (1 = o) (M)] = (pa — p2) " (M). - (A.6)

1
— sup
2 Ifllo<1

1
<5 sw [ din— el < o - 00, (4D
Ifllec<1
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In the case the probability measures p; and ps are absolutely continuous with respect to the
Lebesgue measure with densities ¢; and ¢o respectively, we can take M, = {x € M | ¢1(x) —
¢o(x) > 0} and M_ = M \ M.,. Therefore, by taking again f =1, — 1y,

1 1 _ 1
3,50 |[ £ [ o) = 5 [ 01— 00" + (01— on) T dbeb= gl —gallr (A8
Conversely,
1 1
35 [ i~ [ sawe <5 [ 17161 = 6aldieb < Slon — eull. (A9)

Therefore, (A.8) and (A.9) imply (A.3). O

Remark A.2 The second part of A.1 implies that whenever a sequence of absolutely continuous
probability measures with resfrompect to Leb converge at a certain rate, the limit is also absolutely
continuous and their densities converge at the same rate in L'.
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Appendix B

Set-valued dynamics and minimal
invariant sets

Consider the random difference equation
o1 = T(x,) + owy,. (B.1)
The random difference equation above induces a set-valued map as follows: given z € R, we define
F(z) =T(x)+0cA ={T(x) + owy | wo € [-1,1]}.

In other words, F'(x) is the set of all possible outcomes under the map h,. We extend the map F
to the space of compact sets of R, IC(R), as

F(K)= | F(x), (B.2)
for all K € K(R).

Notice that F' : K(R) — K(R). Indeed, let K C R be a compact set, and (z,)7>, be a
sequence in F(K). For each z,, there are y, € K and w, € [—1,1] such that z, = h(y,,w,)
for all n € N. By compactness of K x A, the sequence (y,,w,)>2 ; has a convergent subsequence
(Ynpswn,) — (y*5,w*) € K x A. Therefore, by the continuity of the random map h, we have
Tp, — =, where x* = h(y*,w*).

The following definition is crucial for understanding the collective behaviour of the system

(B.1).
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Definition B.1 (Invariant sets [44]) A compact set X € K(R) is F-invariant (or invariant for
the system (B.1)), if F(X) = X. We also say M € KC(R) is a minimal invariant set for F' (or for
the system (B.1)) if it is an invariant set with no proper compact subsets which is invariant.

We always assume we restrict (1.1) to an invariant set X C R, so that we redefine the random
map as h: X x A — X. It is well known that (B.1) admits a finite number of minimal invariant
sets, where each of them support an ergodic measure [1, 24, 59].

By varying the parameters of the system, like the noise strength ¢ > 0, minimal invariant sets
can merge or disappear. Assume the random map h depends on a parameter A € A, where A is
some metric space, and denote by M, € K(X) the union of the minimal invariant sets of (B.1)
for such value A. Let F) be the corresponding set-valued map (B.2).

Definition B.2 (Topological bifurcation [44]) We say that F\ exhibits a topological bifurca-
tion of minimal invariant sets at \* if for any open neighbourhood V of X\*, there does not exist a
family of homeomorphisms (Hy))xev, Hy : R — R, such that Hy depends continuously on X\, and

Hyx(My) = M- forall X € V.

In [42], it is only considered minimal invariant sets M = [z_, x] of one-dimensional set-valued
maps, where x_ and x are fixed points of the upper and lower extremal maps hy(z) = T(x) + 0.
In other words, hy(x;+) = x4, and h_(x_) = x_. We prove in the next theorem this is indeed the
only possible scenario.

Theorem B.3 (Characterization of minimal invariant sets) Let M be a compact subset of
X. Then M is a minimal invariant set for the set-valued map F if and only if M = [z_,xy],
where

(M1) h(z-)=w_, hi(zy) =24,
(M2) hy(x) >z foralx € [z_,x)),

(M3) h_(x) <z forall x € (x_,x4].

Proof. We split the proof in four parts. First we show that if M is F-invariant, then it is the finite
union of F-invariant (compact) intervals. Later on, we show that if M = [z_,z,] is an invariant
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interval, then h(z); = x4 and h_(zy. Afterwards, we prove that (M1), (M2), and (M3) imply
M is a minimal invariant set, and finally we prove the converse holds.

Claim 1: let M be F-invariant. Then M is the finite union of disjoint F-invariant compact
intervals.

Indeed, let K be a compact subset of X. Every connected component of F'(K) must be an interval
contained in X of length at least 20. Since X is bounded, there can only be a finite number of
connected components. Since F/(K) is compact, and each connected component is bounded away
from each other, they must be closed and thus compact.

Now, assume M = |J;_, I;, where each I; is an interval. Denote I; = [a;,b;] for i = 1,2,...n,
and assume that b; < a;,.1 for i =1,...n— 1. Observe that it is enough to prove I; is F-invariant,
since in such a case M = M \ /1 is F-invariant too. Then, let us assume first that there is z € I;
such that F'(z)NI; # 0 for some j # 1. Then, F(z) C I; as otherwise F'(z) would intersect X \ M.
However, by monotonicity of hy, there is y < x such that h,(y) = by, and by continuity there is
z € (y,x) such that hy(z) € M, leading to a contradiction. Therefore F'(I;) C I;. In a similar
fashion, it follows that F'(z) NI, = () for all z € M \ I;. However, for each = € I; there is y € M
such that € F(y), for which such y must be in [;. Therefore, F'(I;) = ;.

Claim 2: let M = [z_,x]| be F-invariant. Then x; and x_ are fived points of hy and h_,
respectively.

By the invariance of M, F(z,) C M and thus hy(zy) < x,. Assume on the contrary that
hi(z,) < z,. Then, by the monotonicity of hy, we get hy(x) < hy(xy) < xy for all x € M.
Then M is not F-invariant, which is a contradiction. Analogously, h_(z_) = z_.

Claim 3: if M = [x_,xy] for which conditions (M1), (M2), and (M3) hold, then M is a
manimal invariant set.

Assume (M1), (M2) and (M3) hold. It is straightforward to see that h,(x) < z, for all z € M,
since otherwise hy(z,) > z, by the monotonicity of h,. In an analogous way z_ < h_(z) for
all x € M. Hence, F(M) C M. Now, because of (M1), (M2) and (M3), and the intermediate
value theorem, for each x € M, there is wy € A such that h(z;wy) = x and x € F(x). Therefore
M C F(M), and thus M is F-invariant.

We proceed to prove that M has no proper F-invariant sets. By Claim 1, assume without loss
of generality that I = [a,b] C M is an F-invariant interval. By Claim 2, h_(a) = a and h(b) = b,
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and because of (M1), (M2) and (M3) we have a = x_ and b =z, so that I = M.
Claim 4: if M is a minimal invariant set, then (M1), (M2), and (M3) hold.

By minimality and Claim 1, M is a compact interval, say M = [z_,x]. Observe that Claim 2
already guarantees that (M1) is satisfied.

Notice that since h_(z_) = z_, then hy(z_) > x_. By continuity, hy(z) > x for all = close
enough to z_. Let & = inf{z € M | hy(z) = x}, which is bounded away from x_. Therefore,
i € (z_,z.], and by definition the compact interval M = [z_, 7] satisfies conditions (M1), (M2)
and (M3). Because of Claim 3, M C M is a minimal invariant set. Thus, M = M, & = ., and
therefore (M2) follows. In an analogous way, condition (M3) holds. O

Because of Theorem B.3 the bifurcation of minimal inviariant sets can be visualized in a similar
way as for bifurcation diagrams for deterministic systems. In fact, we make use of the deterministic

bifurcation diagrams of both the upper and lower extremal maps, Ay and h_, for the toy model
in Chapter 1, where we exhibit transient bifurcations and intermittent bifurcations of the minimal

invariant sets [59], see Figure B.1
H il
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Figure B.1: here we present two different types of bifurcations of minimal invariant sets for the random map
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h(z,wo) = a+ T(x) 4+ owp, where the deterministic map 7" is as in (1.2), and we have a as a bifurcation parameter
in the horizontal axis. On the left, the minimal inviariant sets on the upper and lower branches disappear at critical
values of the parameter a, exhibiting then transient bifurcations. On the right, minimal invariant sets on each of

the upper and lower branches are enlarged at critical values of a, exhibiting then intermittency bifurcations.

As mentioned above, minimal invariant sets are relevant from a statistical point of view since
they support the ergodic measures of (B.1), see Chapter 2.
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Functional operators for random maps

In this appendix we provide with a brief but self-contained introduction to the functional operators
employed in this thesis. As in the rest of the thesis, we work with random difference equations of
the form

Tp1 = 1(z,) + owy, (C.1)

where (w,,)22, is an i.i.d. sequence of random variables in A = [—1, 1], according to a probability
measure dv = p dLeb, where p is Lipschitz-continuous.

C.1 Transition probabilities for random maps

Let us assume there is X C R an invariant set for (C.1), as defined in Appendix B, in which we
restrict the system. In the following we omit the integration region, as we always assume is X,
unless stated otherwise. Denote by M (X) the set of probability measures on (X, B(X)). Recall
that system (C.1) induces a cocycle map, .

When starting at a point z € X, the chance of falling into a measurable set A € B(X) is
quantified according to the following definitions.

Definition C.1 (Transition probabilities) The (1-step) transition probability of (C.1), start-
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ing at x € X, is the probability measure P, € M1(X), given as
Po) = [ La (i) dvfe), (©2)
A

for all A € B(X). More generally, for n € N and x € X, the n-step transition probability of (C.1)
starting at x is the probability measure

Pr(A4) = / 14 (¢ (2)) dP(w), (C3)
for all A € B(X).

Remark C.2 Not only P, is a probability measure on (X,B(X)), but for each A € B(X) the
function x — P,(A) is measurable.

Since the noise distribution v is absolutely continuous with respect to Leb, then so is P, for all
r € X. Indeed, let A = (a,b) C X be an open interval contained in X, then

P() = [ 1@+ o) g o= - [ 1 (1D 0y

1 o

Recall that p is already supported on [—1, 1], so %(I) € [-1,1]ifand only ify € F(x) = T(z)+cA.
This way, we can define the transition density, k, as the fuction

k X x X — R+,
(C.4)
o) = 2o (£222)

For each z € X fixed, the function k(x,-) is supported on the set-valued map F'(x).

The previous formula for the transition probability P, is actually valid for any A € B(X), as
given by the following proposition.

Proposition C.3 For all A € B(X) and n > 2,

P,(A) = /Ak‘@, y) dy, (C.5)
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P7(A) = /A/fn(:r, y) dy, (C.6)

where

kn(x,y):/xk(x,z)kn_l(z,y) dz (C.7)

Proof. As shown above, formula (C.5) is valid for all A open interval in X. The family of open
subintervals of X is a 7-system, meaning it is closed under finite intersections, that generates B(X).
On the other hand, observe that the right hand side of (C.5) is a measure itself, as a function of
A € B(X). Since they coincide in a m-system, then they are equal in the whole o-algebra generated
by such m-system, this being B(X). The result for P? follows by induction. O

We extend Definition C.1 to an arbitrary initial distribution. Let ¥ € M;(X) an arbitrary
probability measure. Then, for all n € N and A € B(X)

Py() = [ B2 dio) (€3)
where P} = Py. With the notation (C.8), notice that
P (A) = P, (A),

where 9§, is the Dirac measure concentrated at x, that is the measure such that 0,(A) =1ifx € A
and 6,(A) = 0 otherwise.

C.2 The Markov operator and stationary measures

Transition probabilities with arbitrary distributions ¢ € M;(X) as given in (C.8) motivate the
following operator

Definition C.4 (Markov operator) We call the Markov operator of system (C.1) to the linear
operator P : My(X) — My(X) defined as
P = Py, (C.9)

for all A € B(X).
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Observe that P"J = PJ. Indeed, for any n € N and J € M, (x),

Pro(A) = [ Bal)d (P10) () = [ PrA)0() = By(A)

for all A € B(X). Because of this, (P")22, is interpreted as the evolution of the distribution 9
with the evolution of the system (C.1). A notion of equilibrium for distributions is then given in
the following definition.

Definition C.5 (Stationary measure) A measure p € My(X) is a stationary measure of the
sytem (C.1) (or, for the induced cocycle "), if it is a fized point of the Markov operator P.

It is well known that p is a stationary measure if and only if the product measure p x P is
an invariant measure for the skew-product system ® = (¢,0) on (X x Q, B(X) ® B(f)) [37, 59].
Furthermore,

Definition C.6 (Ergodic measure) We say that a stationary measure p € My(X) for (1.1) is
ergodic if the measure 1 x P on (X x Q,B(X) ® B(Q?)) is ergodic in the classical sense, that is if
every invariant set for ® has either full or null ;i x P measure.

Just like in the deterministic case, if p is an ergodic measure then by means of Birkhoff’s
ergodic theorem, and considering mx : {2 X X — X the canonical projection on X, then for each
g € L'(u) we have

N-1 N-1
z&ﬁozg(%@):z&iﬂozg”}f (7 (w, 2)) Z/QX){QOWX d(PXu)Z/ngm
j=0 j7=0

for (P® p)-a.e. (w,z) € 2 x X.

The existence of stationary measures can be proved in great generality by extending the Markov
operator to the vector space of finite signed measures on (X, B(X)). Here, M;(X) is a nonempty,
convex, and invariant subspace, which is compact in the weak*-topology due to Alaouglu’s theorem
[28]. Thus, the existence of fixed points is a direct consequence of the Tychonoff-Schauder fized
point theorem!. Another strategy for proving the existence of stationary measures is to use the
Krylov-Bogoliubov method [37].

'For a comprehensive reference on fixed-point theorems, see [58].
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The method we employ in Chapter 2 suits the setting here presented, but it is stronger in the
sense that not only guarantees the existence, but also its uniqueness, and an exponential rate of
convergence of (P"9)%2, in T'V-norm (see Appendix A).

C.3 The stochastic Koopman operator

In deterministic dynamics, when we have a map T : X — X, the Koopman operator applied to a
measurable and bounded function f is just the composition f o T. This operator takes its name
after the French-American mathematician Bernard Koopman, and in recent years it has proved to
be extremely useful in the machine learning of dynamical systems (see [47] and references therein).

In random dynamics, since we have a family of maps (A, )w,en, We can take the average of all
of their associated Koopman operators with respect to the probability measure v on (A, B(A)).
More precisely, let us denote the space L>®(X, B(X), Leb) simply as L>(X),

Definition C.7 (Stochastic Koopman operator [19]) The stochastic Koopman operator of
the system (C.1) is the operator P : L®(X) — L>®(X) such that for all f € L>*(X),

Pf(zx) = /A (fohy) (z)dv(w). (C.10)

It is straightforward to see that ||Pf|le < || fl|loo, implying that P is a bounded (continuous)
operator and ||P|| < 1. In fact, since Pl1x = 1y then ||P| = 1.

From (C.2), one can see that
P.(A) = Pls(z).

This simple observation is the base for extending properties of the probability measures P, to the
action of the operator P. For example, we can use the kernel k for calculating Pf as given in the
following Proposition.

Proposition C.8 For all f € L>®(X) and n € N,

P"f(x /f (z,y) dy, (C.11)

where k,, is the transition density (C.7)
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Proof. Take n = 1. Equation (C.11) is valid for indicator functions 14 with A € B(X) due to
(C.5). Since P is linear, then it is valid for simple functions as well. For general f > 0, consider
a sequence of increasing simple functions, f,, converging to f. By the monotone convergence
theorem [28], the result follows. For f € L>(X), decompose f in its positive and negative part, f
and f_ and apply the formula (C.11) to each of them. For n > 2, the result follows from Fubini’s
theorem and an inductive argument. 0

It is a direct consequence from Proposition C.8 that, for all f € L*°,

Pi(z) = / £(y) P4 (y).

Moreover, for all n,m € Ny

P () = / P" f(y) dP (y)-

C.4 The transfer operator and stationary densities

Recall that for all x € X, the transition probability P, is absolutely continuous with respect to
Leb, with density k(x,y) as given in (C.4). Hence Py < Leb, for all ¥ € M;(X).

Let D(X) be the space of probability densities supported on X, that is ¢ € D(X) if and
only if ¢ : X — R,, and ||g||z: = 1. For each g € D(X), consider the probability measure
U4(A) = [,g(x)dz. By the Radon-Nykodyn theorem [28], we can associate to g, the unique
density function in L'(X) of the measure Pv,, which we denote as Lg. This construction can be
extended to any g € L'(X) by linearity, as given in the following definition.

Definition C.9 (Transfer operator) The transfer operator (or the Ruelle-Perron-Frobenius op-
erator) of the system (C.1) is the operator L : L*(X) — LY(X), such that for each g € L'(X) we
have

/A Lo(x)dz = / P, (A)g(x)dz, (C.12)

for all A € B(X).

Analogously as for the Markov operator, the sequence (L"g)%, can be interpreted as the
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evolution of densities with the system (C.1). In particular, for fixed x € X,

L)) = [ Kkl 2)dz = k()
furthermore, for x € X fixed and all n € N,

L(kn(z,))(y) = knsa(z, ) (C.13)

There is a close relationship between the stochastic Koopman operator and the transfer oper-
ator, as they both act like adjoint operators. We prove this in the next theorem.

Theorem C.10 (Duality between P and L, [59]) For any g € LY(X) and f € L®(M) we
have

J @) Lo@lds = [ (P1(@)- o)) de (.14

Proof. Let g € L'(X). Notice that (C.14) is true when f = 1, for arbitrary A € B(X) due
to (C.12). Moreover, by linearity this equality remains true for any measurable simple function.
Thus, by using the monotone convergence theorem it also holds for any non-negative, measurable
and bounded function. Again by linearity and by spliting into positive and negative parts, it
remains true for any f € L. O

It is straightforward to see that L(D(X)) C D(X). Indeed, let g € D, then from (C.12) we
have that for all A € B(X),

/ Lg(z) dz > 0.

A

Thus, Lg > 0 almost everywhere. Furthermore, L preserves integrals since
/Lg(a:) dr = /IP’I(X)g(x)dx = /g(x) dx.

Therefore L(D(X)) C D(X).

Definition C.5 provides a notion of equilibrium for probability measures under the Markov
operator P. We introduce an equivalent notion for densities under the transfer operator L.

Definition C.11 (Stationary density) We say that ¢ € D(X) is a stationary density if it is a
fixed point of the transfer operator L.
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The relationship between stationary measures and stationary densities is given in the next
result.

Proposition C.12 A probability measure u € Mi(X) is a stationary measure if and only if
¢ = du/dLeb is a stationary density.

Proof. Let ¢ be the density function of . Then, for every A € B(X) we have

[ @b =) = [ B.(4) duta) = [ Ba(t)0(0)ds
A
By (C.12) we obtain L¢ = ¢. The converse is proved analogously. O

An explicit formula for L in the context of random diffeomorphisms was given in [59]. Observe
that if g € L*(X), for any A € B(X) we get,

/A Lg(z) do = /X g(z) /A k(z,y) dy do = /A ( /X g(x)k(x,y)da:) dy.

Since this holds for all A € B(X) we have that for Leb-a.e. x € X,

Ly(z) = /X Ky, )g(y)dy. (C.15)

Recall that k(z,y) > 0 if and only if y € F(z), where F' is the set-valued map associated to (2.1).
Thus y € [h_(x), hy(x)] if and only if x € F*(y) = [h:'(y),h="(y)]. Hence, the limits in the last
formula for Lg can be restricted to

1 h~ (@) Aa z—T(y
s =1 [ (S5 st (.16
hjrl(:v)\/x, o

where X = [z_,x,], since it is invariant for (1.1). Here we denote a V b = max{a,b}, and

a A'b=min{a,b}.

In the particular case where the sequence (w,)32 is i.i.d. uniformly on [—1,1], then p = 1/2
and

1 T~ Y z+o)Azt
Lg(x) / o(y)dy. (C.17)

B 20 T-Yz—0o)Vo_

Let us finish this appendix by proving that the transition densities k, : X x X — R, are
continuous, for the setting we deal with in this thesis.
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Proposition C.13 For each n > 2, the function k, is continuous in X x X.

Proof. We first prove that ks is continuous. Recall that for each = € X, the density k(zx,-) is
supported on F(x) = [h_(x), hy(x)]. Therefore,

hy(x)
k}g(l’,y) :/ k(l‘,Z)kf(Z,y)dZ
h_(x)

Let us take without loss of generality © < x(, where x,xq € X are close enough to each other,
so that
h-(x) < h_(x0) < hy(x) < hy (o)

Then, for any y € X

|k2(xay) - k?(x07y)| S

< kl1% [ (w0) = ho(@) + (o) = o (@)] 4+ £ [ |p (22) - p (=2ewd) | gz <
< [IMI2 (Lip(h_) + Lip(h,)) + W=LbLROLSN] | g
As a summary, there exists K; > 0 such that for all y € X,
|ka(,y) — ka(wo,y)| < Kilz — 20l. (C.18)

Consider the continuous functions H, (y) = hi'(y) Va_ and H_(y) = h='(y) Az_. Then, from
(C.16) we get

H-(y)
ko(x,y) = / k(x,2)k(z,y)dz.

Hy(y)

Analogously to the previous part, for all z € X, and y, yy € X close enough to each other,

k2 (2, y) — ka(z,90)| < Ko ([Hy (y) — Hy(yo)| + [H-(y) — H-(y0)|) + K3ly — vol, (C.19)

for some Ky, K3 > 0. The continuity of &y follows from (C.18) and (C.19).

The statement for arbitrary n > 2 is proved in a similar fashion. OJ
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Appendix D

Some results on hyperbolic fixed points

In this appendix we develop some standard results on the exponential attractiveness of hyperbolic
fixed points of C! maps h : R® — R", where h is a local diffeomorphism, that is the Jacobian
matrix Dh is invertible for each x € R™.

Recall that if (X,d) is a metric space and h : X — X has a fixed point z € X, then z is
attracting (in X) if for all x € X we have d(h"(z),z) — 0 as n — oo. The fixed point z is
exponentially attracting in X if for each x € X there are C = C(z) > 0 and p = p(z) € (0,1) such
that

d(h"(x),z) < Cp".

In this case, we call p the rate of convergence. We say that z is uniformly exponentially attracting if
both C' and p can be chosen independently of x € X. The fixed point z is called (uniformly) locally
exponentially attracting if there exists » > 0 such that z is uniformly exponentially attracting in
B.(2).

In the following proposition we extend the local exponential attractiveness property of a fixed
point of a continuous map h : X — X to the whole space X, if X is compact. For this we need
the fixed point z € X to be attracting.

Proposition D.1 Let h : X — X be continuous, where X is a compact metric space. Assume
z € X s a locally exponentially attracting fized point for h, which is also attracting. Then, it is
uniformly exponentially attracting.

131
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Proof. Since z is locally exponentially attracting, there are r,C' > 0 and p € (0, 1) such that for
all z € V = B,(z)
d(h™(z),z) < Cp". (D.1)

On the other hand, since z is attracting, we have X = (J)_ ™™ (V). By compactness, there is
N € N such that X = UT]LV:O h=™(B,(z)). Thus, for all n > N and x € X we have
d(h"(2),z) = d(h" N (W (2)), z) < Cp" = Cp",
where C' = C'/A\VN.

For n < N, and since diam(X) = sup, ,cx d(z,y),

A" (z), 2) < diam(X) < (M) o

oN
The result follows. O

Let us explore the case in which X = R", and assume z € R" is a fixed point of a C*' map
h : R™ — R™. Assume further that z is hyperbolic and the spectral radius of the Jacobian matrix
A =1 (Dh(z)) satisfies A < 1. It is well known that in this case z is locally exponentially attracting.
More precisely,

Proposition D.2 For each p € (A, 1), there is > 0 such that for all x € B.(z) and n € N
[P () — 2| <7 - p", (D.2)

Proof. Since x — Dh(z) is continuous, and since || Dh(z)|| = A, for each € > 0 there is r > 0 such
that
|Dh||oo := sup |[[Dh(z)|| < A+e.

z€B(z)

Let us take € = p — A. Then, for all x € B,(2)
[P () = z]| = [[W"(x) = h(2)[| < |IDAI[ - llz — 2]l < - p"
O
We now extend Proposition D.2 to the case when we have a parametrized family of smooth

maps on R”. Consider a C'! function h : R"® x R¥ — R", where we shall think of R* as a parameter
space.
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Proposition D.3 Assume there exists (2*,0%) € R™ x R* such that z* is a hyperbolic fived point
for the map h(-,0*) for which \* = r(Dhg«(2*)) < 1. Then, there is an open neighbourhood U C R*
of o* and a C" function z : U — R™ such that z(c) is a locally exponentially attracting fized point
of h(-,0). Moreover, one can choose a rate of convergence p = p(o) to be continuous with respect
too mU.

Proof. Tt is a direct consequence of the implicit function theorem that there exists a C* function
z: U — R", where U := B,(c*) C R* for some r > 0, such that for all 0 € U

2(0*) = 2", T,(z(0)) = z(0).

Furthermore, A(o) := 7 (Dh,(2(0))) is continuous. Therefore, we can assume without loss of
generality that » > 0 is small enough so that A(c) € (0,1) for all ¢ € U. Then, for each 0 € U
there is a neighbourhood V' =V, C R" of z(o) in which z(o) is uniformly exponentially attracting.

1+ (o)

5 € (A(0),1) which is continuous.

Moreover, from Proposition D.2 we can take p(o) =

D.1 Exponential convergence of conditional set-valued dy-
namics

Consider the set M = M? = [z_(0),z*] from Chapter 4, where M* = M° is invariant for the
random map

h(z;we) =T () + ow,

where T is C' and T" > 0. Recall that z_(o) is hyperbolic and exponentially attracting for all
o € [o*, 0" + §1] for some d; > 0.

The set valued-map, F'= F? : K(M) — K(M) induced by the random map h, where (M) is
the space of nonempty compact subsets of M, is given as

F(z) = F({z}) = [h-(2), hs(2) Aa7]
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for all K € IC(M) Since M is compact, the space (M) is a compact metric space when endowed
with the Hausdorff distance [6], where the Hausdorff distance, dg, is defined as

dy(A, B) = max{supd(a, B), supd(b, A)},

acA beB

for all A, B € K(M).

Let ny : M — N be the escape time from M of the upper extremal map h, (z) = T'(z) + o, and
consider Ny = NJ = ny(z_). Then, for any n > Ny and x € M we have that F™(z) = [h™(z), z*].
It follows that F(x) — M exponentially fast with respect to the Hausdorff distance.

Proposition D.4 For each o € (¢, 0" + 01) there exists C = C(0) > 0 and X = Xo) such that
for alln > No = ny(x_), we have dg (M, F™(x)) < CA\", where dy is the Hausdorff metric in the
space of compact subsets of M.

Proof. Note that for n > Ny R
dg(M, F"(z)) = |h" () — z_|.

Since x_ is locally exponentially attracting, and since it is attracting in M, by Proposition D.2; it
is uniformly exponentially attracting in M.
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