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Abstract

Recent developments in sensor technology, human centered computing and robotics have
brought to light new classes of multidimensional data which are naturally represented as
three- or four-dimensional vector-valued processes. Such signals are readily modeled as
real vectors in R? and R?, however, it has become apparent that there are advantages in
processing such data in division algebras - the quaternion domain. The progress in the
statistics of quaternion variable, particularly augmented statistics and widely linear mod-
eling, has opened up a new front of research in vector sensor modeling, however, there are
several key problems that need to be addressed in order to exploit the full power of quater-
nions in statistical signal processing. The principal problem lies in the lack of a mathemat-
ical framework, such as the CR-calculus in the complex domain, for the differentiation of
non-holomorphic functions. Since most functions (including typical cost functions) in the
quaternion domain are non-holomorphic, as defined by the Cauchy-Riemann-Fueter (CRF)
condition, this presents a severe obstacle to solving optimisation problems and developing
adaptive filtering algorithms in the quaternion domain. To this end, we develop the HR-
calculus, an extension of the CR-calculus, allowing the differentiation of non-holomorphic
functions. This is followed by the introduction of the I-gradient, enabling for generic ex-
tensions of complex valued algorithms to be derived. Using this unified framework we
introduce the quaternion least mean square (QLMS), quaternion recursive least squares
(QRLS), quaternion affine projection algorithm (QAPA) and quaternion Kalman filter.
These estimators are made optimal for the processing of noncircular data, by proposing
widely linear extensions of their standard versions. Convergence and steady state proper-
ties of these adaptive estimators are analysed and validated experimentally via simulations

on both synthetic and real world signals.
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Chapter 1

Introduction

1.1 Overview

All adaptive signal processing problems have one common feature: the input signals and
a desired signal are used to generate an output error signal, which in turn can be used
to optimise a set of filter weights. It is the way that the input signal and desired signals
are configured that allows adaptive filters to be useful in a wide variety of applications.
Depending on these configurations, there are four types of possible adaptive filtering ap-

plications:

e System identification: In this group of applications, the aim is to find a linear model
that best describes an unknown system. To achieve this, the adaptive filter is con-
figured such that the unknown system is parallel to the adaptive filter, both fed with

the same signal.

e Linear prediction: Here, the aim is to estimate the future samples of a signal. In
this configuration, the input signal is a delayed version of the desired signal. This

model is widely used in speech processing applications.

e Inverse modeling: In this third group of applications, the aim is to obtain the inverse
of an unknown noisy system. This is widely used in channel equalization [1], where

for example, it is applied in modems to reduce channel distortions resulting from data
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transmissions over telephone channels. In this configuration the unknown system and

adaptive filter are in series.

e Noise cancellation: In this final class of application, the aim is to subtract an
unknown noise source from a primary signal (e.g. in electrocardiography [1,2]).
In this configuration, the desired signal is a signal that is correlated with the

noise/interference signal that corrupts the primary signal.

The development of adaptive filters can be traced back to the 1950s. The first appearance
of the recursive least squares (RLS) can be attributed to Plackett [3], although many
different authors have since derived variants of the RLS. In 1959, using stochastic gradients
instead of least squares solutions, Widrow and Hoft [4] developed the LMS (least mean
square) while studying an adaptive pattern classification machine called Adaline (adaptive
linear) [5]. Due to its simplicity, the LMS has since become the workhorse of the adaptive

signal processing community.

In 1960, Rudolf Kalman used probability theory and properties of conditional Gaus-
sian random variables to develop the Kalman filter [6], an adaptive state estimator. One
of the first applications of the Kalman filter can be credited to Stanley Schmidt [7], who
incorporated the Kalman filter into the Apollo navigation computer. Since then, the
Kalman filter has become a vital component of navigation systems, including those of the

NASA Space Shuttle and U.S. Navy unclear ballistic missile submarines.

IN 1974, Godard, while working on applications of Kalman filter theory, derived a
variant of the RLS algorithm [8] that could be used for Channel Equalization. It was not,
however, until 1994 that the exact relationship between the RLS algorithm and Kalman
filter was established [9], thus opening the way for the rich literature on Kalman filtering
to be exploited for solving adaptive filtering problems. Compared to the LMS, the RLS
has the major drawback of being computationally intensive and to overcome this, in the

late 1970s, a lot of work was put into developing fast RLS algorithms [10-12].

One important drawback with the LMS lies with the step size (also called learning

rate) which is used to control the convergence rate and steady state performance, while
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making sure that it is small enough to guarantee convergence in the mean and mean
square error. The range of value that the step size takes to ensure convergence is, however,
sensitive to the characteristics of the input signal. In practical applications, this means that
an overly conservative step size is usually chosen to ensure the stability of the filter. This
problem was overcome in 1967 by the development of the NLMS (normalized LMS) [13],
which divides the step size by the norm of the input signal, thus ensuring that the filter
operates within its stability range without sacrificing any of the convergence speed. The
convergence properties of the NLMS were not however confirmed until much later, when
it was proven that its convergence is indeed independent of the environment in which it
operates [14-16]. In practical applications, a regularization term is usually added to the
norm of the signal to ensure that the NLMS does not diverge if the signal power goes to

zero [17].

Due to its simplicity and robustness, the NLMS has been among the most pop-
ular stochastic gradient based linear adaptive filtering algorithms. However, due to the
stochastic nature in which the NLMS performs weight optimization, the convergence can
severely deteriorate when the input signals exhibit a degree of correlation. To remedy this,
in 1984 Ozeki and Umeda [18] used affine subspace projections to develop the affine pro-
jection algorithm (APA), allowing for a faster convergence for coloured inputs. In practical
terms, the APA can be seen as structurally between the NLMS and RLS, both in term
of performance and computational complexity. Whereas the NLMS updates the weight
vectors based only on the current input vector, the APA achieves this by employing the
past N input vector, thus making better use of the history of weight update evolutions,
and achieving faster convergence than the NLMS. The development of the APA was later

followed by an efficient implementation of the algorithm, the fast APA (FAP) [19].

1.1.1 Signal processing in C

Complex valued signals can be broadly split into two groups: those that are complex
for convenience of representation and those that are complex by design. An example of

signals that are complex by design can be found in applications such as radar, sonar and
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communications, where a modulating signal, containing the information to be transmitted,
is usually modulated onto a higher frequency carrier wave. The baseband signal can be
obtained by moving the narrow band signal to a lower frequency, thus removing the effect
of the carrier signal while preserving the message contained within the original signal. It

is often the case that the baseband signal is complex valued, i.e.
(k) = |z(k)[e?®) (L.1)

where |z(k)| and ¢ are respectively the magnitude and phase angle on the signal x(k).
In Beamforming, arrays of sensors are typically used to distinguish between the spatial
properties of a desired signal and noise. Typically, the sensor outputs are in baseband
form and weighted using a complex steering vector to obtain the desired signal. [20]. Due
to the duality that exists between R? and C, any two-dimensional real signal can also be
made complex valued. For example wind, velocity measurements can be made complex
valued by using the speed and direction measurements to form the real and imaginary

components of the complex signal.

In 1975, Widrow extended the LMS to the complex domain [21,22], thus allowing
two-dimensional signals to be processed using the complex LMS (CLMS). The CLMS
has since become an important tool in noise cancellation of complex valued baseband
signals [23,24] and adaptive filtering of signals in the frequency domain [25-27]. Originally,
complex algorithms such as Widrow’s complex LMS [21] were derived by simply extending
existing algorithms that reside in the real domain to the complex domain, such that the
transpose operator ()7 becomes the hermitian operator (-)¥ in the complex domain. A
consequence of this is that, the covariance matrix E[xx’] in R becomes E[xx] in C.
However, an implicit assumption in using E[xx"] to describe the second order statistics
of x is that the distribution of x is circular. However this assumption is not true for the

majority of complex signals and any complex valued algorithm derived using this approach

would not be optimal for the generality of complex signals.

Due to the lack of a rigorous mathematical framework for describing complex

derivatives, gradients and statistics, the pace of development of complex valued adap-
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tive filtering algorithms was initially very slow. The first step in remedying this was
taken by Brandwood [28] in 1983. Brandwood introduced the CR-calculus, and while
CR-calculus had been developed in 1927 by Wirtinger [29] (translated into English [30]
in 1992), and exploited by the German speaking scientific community, it was not widely
known in the English speaking scientific community. In addition to introducing the CR-
calculus, Brandwood also tackled the problem of minimizing a real function of complex
variables by developing the complex gradient (also known as conjugate gradient) and the
necessary conditions for a point to be stationary. Both of these results are essential for

the developed of complex valued adaptive filtering algorithms.

The breakthrough in complex statistics (known as augmented complex statistics)
came in 1993 with the work by Neeser [31] who showed that the covariance matrix only
describes the full second order statistics of a subset of complex signals, known as proper
complex signals. For the generality of complex signals, he showed that the pseudocovari-
ance matrix is also needed to fully describe the second order statistics of a signal. Only
proper (or circular) signals have vanishing pseudocovariance matrix and so have second
order statistics fully described by their covariance matrix. This was soon followed in 1994
by Picinbono [32,33] who showed that to take advantage of the full second order statistics
of complex signals, one must include the complex conjugate to form the widely linear
model, i.e.

y = hx + gx*

where y, h and g, and x are respectively the output of the widely linear model, model

coefficients and input signal.

The work carried out on complex gradients, statistics and widely linear models
in the 1980s and early 1990s made it possible, for the first time, the development of
adaptive filtering algorithms that are suitable for the processing of both circular (proper)
and noncircular signals (improper). One of the first applications to take advantage of the
widely linear model was in array processing of narrow band signals [34], where widely
linear L.Q (linear quadratic) filters were developed for optimum detection in non-Gaussian

environments. This was later followed by the development of widely linear matched filters
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for the detection of signals in the presence of improper complex noise [35] and widely linear
structures for multiuser detection of code division multiple-access (CDMA) signals [36].
After showcasing the advantages that widely linear models can have in communication
systems, the widely linear complex LMS (WLCLMS) [37], also referred to as the augmented
CLMS (ACLMS), was developed for multiple access interference (MAI) suppression and

later revisited in [38].

Most recently, using the widely linear model, real valued least squares algorithms
have been extended to the complex domain. The widely linear complex RLS (recursive
least squares) filter was developed in 2009 [39] and was shown to achieve significantly
better performance than the standard RLS when applied to adaptive beamforming of
mixed BPSK (binary phase-shift keying) and QPSK (quadrature phase-shift keying) sig-
nal transmissions. This was later followed by an efficient implementation of the widely
linear complex RLS [40] and the widely linear affine projection algorithm [41] (which

computationally and performance wise, lies between the WLCLMS and WLRLS).

For complex valued state space estimation, the widely linear complex Kalman filter
was introduced. Unlike the WLCLMS, the Kalman filter considers the statistics of the
noise and so can cater for the noncircularity of the noises as well as the widely linearity of
the model [42]. To describe non linear systems, the widely linear complex extended and

unscented Kalman filters have been developed [43-46].

Recent advances in sensor technology and wireless communication have led to an
increasing use of sensor networks in practical applications, ranging from environmental
monitoring to target localization. Distributed solutions to estimation problems within
sensor networks have been emerging and growing in importance as they require less power
for communication between the sensors and are more robust to faults in the network.
Examples of distributed solutions include the distributed CLMS [47] and ACLMS [48],
distributed RLS [49,50] and distributed Kalman filter [51,52].
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1.1.2 Adaptive signal processing in H

The development of quaternion valued signal processing algorithms is slowly following in
the footsteps of complex valued signal processing. Though quaternions have been exten-
sively used to describe rotations in applications ranging from graphic design to aeronau-
tics (see Section 2.1.1), it is only in the 1990s that quaternion valued signal processing
algorithms have been proposed, particularly in the area of digital filter design [53-55] and
colour image processing [56-58]. More recently important signal processing tools have been
extended to the quaternion domain, including the quaternion fourier transform [59-61],
quaternion principal component analysis [62], quaternion MUSIC [63] and augmented
statistics [64] [65]. In adaptive signal processing, the quaternion LMS (QLMS) [66] and
widely linear QLMS (WLQLMS) [67] have been developed. Quaternions have also been
employed in Kalman filtering [68, 69], though the Kalman filter itself is not quaternion

valued and merely uses the quaternion representation to describe orientations.

A major stumbling block in the development of quaternion valued algorithms has
been the lack of a quaternion gradient. While in the complex domain, the CR-calculus has
proved an invaluable tool for differentiating non-analytic function, such as the cost function
J = Elee*], no such tool exists in the quaternion domain. Furthermore, analyticity in the
quaternion domain, as defined by the Fueter derivative [70,71], is restricted to constants
and linear functions [71]. For these reasons, quaternions have found few uses in adaptive
signal processing. In the next section we elaborate on how the research done for this thesis

aims to facilitate the future development of quaternion algorithm.

1.2 Motivation and aims

The focus of this work is two-fold; firstly, the development of a mathematical framework
that facilitates the derivation of quaternion valued adaptive signal processing algorithms,
and secondly, the extension of complex valued algorithms to the quaternion domain using
augmented quaternion statistics, widely linear modelling and the recently introduced HR-

calculus and quaternion gradient. This thesis introduces the following contributions to



1.2 Motivation and aims 29

quaternion valued signal processing:

e The development of quaternion adaptive signal processing has been hampered by
the lack of a mathematical framework for the differentiation of non-holomorphic
functions, such as the typical cost function J = Elee?]. We have thus developed
the HIRR-calculus, which allows the differentiation of non-holomorphic functions and
introduces eight derivatives, six of which don’t exist in the complex domain. For the
first time, the HR-calculus shows that quaternion derivatives cannot be applied to
quaternion functions of any dependent variables, but that quaternion function can
be re written in the correct form, thus allowing direct differentiation with respect to
the quaternion variables. The HR-calculus also shows that variables ¢ and ¢*, are

not independent, unlike in the complex domain.

e The quaternion gradient is derived and showed to be a generic extension of the
complex gradient, also called the conjugate derivative. In addition to the quaternion
gradient, we also introduce the I-gradient, allowing generic extensions of complex

algorithms to be derived.

e Using the I-gradient we derive a simpler expression for the QLMS (the IQLMS),
and show that all existing versions of the QLMS can be written in the same form.
Convergence in the mean analysis confirms that all three algorithms have similar
convergence rates, though the IQLMS offers a slightly faster convergence rate while

requiring only half the mathematical operations.

e The HR-calculus is used to derive the quaternion RLS and quaternion affine pro-
jection algorithm, and their widely linear counterpart. Mean square error analysis
confirms the superiority of the widely linear algorithms and simulations on synthetic

and real world signals demonstrates this.

e We derive the quaternion Kalman filter and widely linear Kalman filter. We show
that since all nonlinear functions are non-holomorphic, the first order quaternion
Taylor series must, in general, also be widely linear, and hence the extended Kalman

filter too. Since Kalman filters are often used to track objects in three dimensional
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space, we show that the widely linear model is over parameterized for three dimen-
sional signals and instead propose a more efficient widely linear mode. To further
simplify the widely linear Kalman filter, we also develop an efficient implementation
of the widely linear Kalman filter that takes advantage of the structure built into

the augmented covariance matrix.

1.3 Organisation of the thesis

The thesis is organised as follows. In Chapter 2 we introduce concepts that are key to the
development of the work presented in this thesis. We start with an introduction to quater-
nions and quaternion algebra. Next we introduce the augmented statistics, circularity and
widely linear modeling, for both complex and quaternion signals. We follow this with
important concepts in complex differentiation, including analyticity, CR-calculus and the
gradient operator, that are necessary for the derivation of complex valued adaptive signal
processing algorithms. Finally, we end the chapter, by providing a top level overview
of adaptive filters, with an emphasis on the least mean square (LMS), affine projection

algorithm (APA) and recursive least squares (RLS).

Chapter 3 represents the main body of this thesis, providing a unifying framework
for the derivation of quaternion valued adaptive signal processing algorithms. The chapter
starts by deriving the HR-calculus and highlighting key differences with the CR-calculus.
Simple examples illustrate how the HR-calculus can be used to calculate quaternion deriva-
tives. Next, the quaternion gradient and I-gradient are introduced, and used to derive the
quaternion Wiener solution, QLMS and IQLMS, as well as their widely linear counter-
parts. The performance of the existing QLMS algorithms and IQLMS are compared and
convergence in the mean and mean square is performed on the IQLMS. Finally, we end
the chapter with simulations on both synthetic and real world data, illustrating the per-

formance of the IQLMS, QLMS and their widely linear counterpart.

In Chapter 4 we derive the widely linear quaternion RLS (QRLS). To bride the gap

in computational complexity and performance between the QLMS and QRLS, Chapter
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5 develops the quaternion APA (QAPA) and widely linear quaternion APA (WLQAPA),
and the mean square error performance is investigated. Chapter 6 presents the quaternion
Kalman filter (and its widely linear counterpart) and the widely linear quaternion extended
Kalman filter. An efficient implementation of the quaternion widely linear model for three
dimensional signals is also proposed. Chapter 7 provides conclusions and suggestions for

future work.
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Chapter 2

Background Theory

2.1 An overview of quaternions and their application

Quaternions were first introduced in 1843 by Sir William Rowan Hamilton [72]. The
development of quaternion numbers resulted from Hamilton’s desire to extend complex
numbers into a third dimension. In the complex domain, complex numbers can be geo-
metrically represented by points in a two dimensional space (this approach is credited to
Caspar Wessel but popularized by Friedrich Gauss ) and can be conveniently used to rotate
vectors in a plane. With this geometric insight, Hamilton searched for a number system
that could be used to describe points in a three- dimensional space and the relationship
between two such points. The number system developed, named quaternion numbers, is

defined as the quotient of two three-dimensional vectors, i.e.

a
= — 2.1
Q= (2.1)
where ¢ is the quaternion operator, and a and b are three-dimensional vectors that can

be of differing length and orientation.

A surprising outcome from the development of quaternions, is that quaternions
consists of four numbers (as the name suggests), and not three as one would expect by
directly extending the complex number system. This was one of the biggest hurdles faced

by Hamilton in the development of quaternions. However, with hindsight, this result
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is expected since three numbers are required to describe the axis of rotation in three-
dimensional space, while an additional number is required to describe the angle of rotation.
The scaling of the vector in three dimensional space can then be achieved by scaling the

quaternion. Hamilton defined the quaternion as

q=qr+iq +jq + kqx (2.2)

where iq, + jq, + kq, became known as the vector part and g, as the scalar part.

2.1.1 Where and why are quaternions used?

In the late nineteenth-century, an intellectual battle took centre stage of the physics com-
munity [73]. On one side was Hamilton and his followers (the most avid one probably
being Peter Guttie Tait) who firmly believed that quaternions should be used to describe
three- and four-dimensional physical systems. On the other side were those (mainly Oliver
Heaviside and Josiah Willard Gibbs) who thought that quaternions were too restrictive
and that vector analysis offered a better framework for the analysis of multidimensional
systems. Both quaternions and vector notation are largely interchangeable and many
topics in physics and geometry (e.g. kinematics and Maxwell’s equations) that are now
described using vectors, were at the time described entirely using quaternions. Despite
the best efforts of both Hamilton and Tait, vector analysis proved to be conceptually and
notationally simpler, leading to the widespread adoption of vector analysis, at the expense

of quaternions.

Though quaternions never became a standard for three-dimensional vector opera-
tions in Hamilton’s or Tait’s lifetime, they have recently experienced a considerable resur-
gence [74]. Quaternion’s renaissance can be traced back to Ken Shoemake’s 1985 paper on
orientation and interpolation of 3D objects [75]. Instead of using Euler angles, Shoemake
showed that there are important advantages to using quaternions to describe orientations
and using the quaternion unit sphere to interpolate between them. Below are some of the

reasons that quaternions have been so appealing to people working in computer graphics
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e A rotation matrix A requires nine coefficients to relate two vectors in R, however,
physically only four parameters are needed (three for the axis of rotation and one
for the angle of rotation) [76]. The four elements of a quaternion offer this physical
insight - expressing straightforwardly the axis of rotation, angle of rotation, and

scaling factor. This compact notation therefore requires less memory in hardware.

e For a rotation matrix A representing a succession of rotations in the z, y, z directions
(using Euler angles), a degree of freedom can be lost if any two axis are aligned,
resulting in the gimbal lock phenomenon. This is not a problem in the quaternion

domain, where only one rotation around an axis of rotation is required.

e A quaternion rotation g4 is better conditioned than the real rotation matrix A, as
qa is only required to be a unit quaternion whereas A must satisfy ATA =T and
det(A) = 1. Due to finite precision of computer hardware, when many rotations are
concatenated, the rotation matrix may become non-orthogonal and must be peri-
odically re-adjusted. This normalization process is computationally more intensive

when performed with rotation matrices than with quaternions [77].

e Using spherical linear interpolation [75], it becomes much easier to produce smooth

interpolations of quaternion rotations, resulting in more realistic animations.

The landmark paper by Shoemake has not only encouraged the use of quaternion rota-
tions in graphic design but also other areas where three dimensional rotations need to be
manipulated, such as aeronautics [78-82], robotics [83-86] and molecular modeling [87].
So far, we have seen that quaternions have been found useful in applications involving
rotations. Recently, quaternions have started to emerge in signal processing and adaptive
signal processing where they are used to conveniently process three- and four- dimensional
data sources. In Section 2.4 we provide an overview of adaptive signal processing and the
role that quaternions have thus far played in three- and four-dimensional adaptive signal

processing problems.
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2.1.2 Quaternion algebra

Quaternions are a skew field over R* defined as

{QMQMQpQH} € R* — Qr T 19, + 7q; + Kqx € H (2'3)

The unit axis vectors ¢, 7 and k are also the imaginary units, and obey the following rules

(the top row describes a cyclic relationship)

=K JK=1 KL=

22:]2:/€2:Zjli:—1

Note that quaternion multiplication is not commutative, that is, 17 # 72 = —k.

A quaternion variable ¢ € H can be more conveniently expressed as [8§]
q=5Sq+Vyq

where Sq = ¢, denotes the scalar part of ¢ and V¢ =g, + jq, + Kq, the vector part. The

product of quaternions ¢y, g € H is given by

a1 = Sa+Va)(Se+ V)

= SaSe-VaeVep+SeVa+SaVae+Va x Ve

where the symbol ‘e’ denotes the dot-product and ‘x’ the cross-product. Note the close
relationship that exists between the products in vector analysis and quaternion product. It
is due to the presence of the cross product that the quaternion product is not commutative.
It is, however, associative and distributive. The quaternion conjugate, denoted by ¢*, is

given by
¢ =8¢—-Vq=q —1q, — 39 — Kqx (2.4)

and the norm || ¢ || is defined as

| al=+aa*= \/q,? +at+4+

where || qigz [|=[l a1 [/l g2 [ and || & |I= H. Similarly to the complex domain, the
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inverse of a quaternion ¢ can be written as

where (qp)~t = p~l¢7!

non-commutativity of the quaternion product, we have that giq, 14 q5 Ly

and qq~

1

*

¢l =
Xl

= ¢ '¢ = 1. It is important to note that due to the

The three-dimensional vector part V¢ is also called a pure quaternion, while the

inclusion of the real part Sq gives a full quaternion. The algebraic structure of quaternions

enables a unified processing of both three- and four-dimensional vector processes.

Quaternion involutions

Quaternion involutions are similarity relations, or self-inverse mappings, defined as [89]

=191 = q@r +1q, — Jq; — Kk
—J9) = Qr — 1q, + 7q; — Kqx

—KqK = qr — G, — Jq; + Kqx

and have the following properties (for invs # inve # inv;)

P1:

P2 :

P3:

P4

(qinv)’inv =q fOI' nv e {7/7]7 H‘}
(@132)™ = @™ 33"

(Q1 + q2)inv — qinv + qénv

(qim;l )z’m;g invg )mvl — qinvg

= (q

Unlike the complex domain, the quaternion conjugate is not an involution but an anti-

involution, since (g1g2)* = ¢5¢;. Involutions can be seen as a counterpart of the complex

conjugate, as they allow for the components of a quaternion variable ¢ to be expressed in
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terms of the actual variable ¢ and its ‘partial conjugates’ ¢*, ¢’, ¢*, that is'

1 1
@ = Z[q+q“+qj+qn] qz=4—z[q+ql—q3—qn]
1 i 1
N g _ K = lg—q' — ¢+ gt 2.10
Q 4][(1 ¢ +¢ —q" I 4H[q ¢ — ¢+ q" (2.10)

This representation will be instrumental in the derivation of both the HR-calculus
and the quaternion widely linear model, and underpins the development of quaternion

valued adaptive filters for noncircular signals.

Quaternion rotations

To describe a rotation in three dimensional space, a quaternion ¢ can be written as

q = cos(6/2) + wuysin(0/2) + juysin(0/2) + ku,sin(6/2) (2.11)

where u = [uy, uy, u,] is a unit vector defining the axis of rotation and 6 is the angle of
rotation. To rotate a three-dimensional vector p = [p,,p;, px] by the unit quaternion ¢, we

apply the following transformation

R(p) = qpq” (2.12)

where p = 0 + wp, + gp, + Kps. Observe that the quaternion p is both pre- and post-

multiplied to make R(p) a pure quaternion, i.e. a three-dimensional vector.

The quaternion rotation and quaternion involution are closely linked together since

setting the quaternion ¢ to perform a rotation of 180 degrees about the i-axis, that is,

q = cos(m/2) + luwsin(w/2) + 0gsin(n/2) + Oksin(w/2) =1 (2.13)

yields the rotation

*

R(p) = apq™ = 1" = —ip (2.14)

LCompare with the complex domain where the real and imaginary parts of the complex numbers
z =& 41y are expressed by z = $(z + 2*) and y = 5-(z — 2¥).
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which is equal to i-involution. A similar result can be obtained for the other two involu-

tions.

2.2 Augmented statistics, circularity and widely linear

modeling

In this section we introduce three concepts that are intimately related and which form the
backbone of this thesis. First, we introduce each concept in the complex domain version,
allowing the reader to become familiar with the complex domain results before proceeding

to the quaternion domain.

2.2.1 Augmented statistics
Complex augmented statistics

In the real domain, the second order statistics of a real random variable x € RY is given
by the covariance matrix E[xx’] € RV*V . In the complex domain, however, it was shown
in 1993 by Neeser et al. [31] and subsequently by Picinbono [90,91] that the covariance
matrix does not provide the full second order statistics of a complex random variable
z =z, + 1z, € CN. To introduce the augmented statistics we start by noting that the
complex random variable z can be written as a real vector x = [z,,2,]7 € C*V containing
the exact same information as the complex vector z. Using the duality that exists between

the complex and real domain [45,92,93], we can rewrite the real vector x as

" z I I Z

7z = = (2.15)
z* I —d Z,
JG(C2NX2N X

where z% is the augmented complex vector and J is a transformation matrix that maps
a point from the real domain to complex domain. The mapping J is invertible, with

Jl= %J H Tt follows from this linear mapping that both z and z* are needed to describe



2.2 Augmented statistics, circularity and widely linear modeling 39
z, and z,. This becomes more clear for the scalar case where we have
= S+ 2) = 2(z-) (216)
=5tz =g (z-2 .
We can now obtain the augmented covariance matrix R?, as [45,93]
zZ H R P
R, =E [ z,7* ] =| 7 7 (2.17)
z' P.. R,
where R,, = E[zz'] and P,, = FE[zz"] are respectively the covariance and pseudo-

covariance matrices.

Quaternion augmented statistics

Following from the complex domain, the quaternion augmented statistics is developed by

first establishing a relationship between the four real components q,, q,, q, and q, of a

quaternion random variable q = q, +1q, + Jq, + Kq, € HY and the variable q. As shown

n [64], by forming an augmented vector q* = [q7,q"", /T, q"T] € H*" the following

linear mapping can be obtained between R* and H

[ q 1 [ I O g «I I qr ]
q’ I JdO —yI —kI d.
q’ N I —I I —kI q,

i q” | i I —I —I kI ]9 |

where I € RV*Y i the identity matrix. The mapping J is invertible with

(2.18)

It follows from this duality between q® and q", that to capture the full second order

statistics of a quaternion random vector, one must use the augmented vector q* to obtain
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the augmented covariance matrix [64]

qu qu Sqq qu

P R, T, S
qu — E[qaan] — qq qq qq qq (2‘19)

J J J J
Sqq qu qu qu

K K K K
qu Sqq qu qu

where Ry, = E[xx"] is the covariance matrix and P, = E[xx!], S, = E[xx’H] and
T,, = E[xx"1] are respectively the i-covariance, j-covariance and k-covariance matri-
ces. The latter three covariance matrices are collectively known as the pseudocovariance

matrices and are respectively -Hermitian, j-Hermitian and s-Hermitian, that is

_ 1H
qu - qu
— QH
Sqq - Sqq
_ kH
qu - qu

It can be shown that the augmented covariance matrix is related to the real covariance

matrix Ry, = B [q"q""] by the mapping J [64]
R’ — LJiRe 3
qq — 1_6 qq

This confirms that the full second order statistics of a quaternion random variable is indeed

given by the augmented covariance matrix.

2.2.2 Circularity
Complex circularity

A random variable z is said to be second order circular if it has a rotation invariant
probability distribution (see Figure 2.1). In other words, a complex random variable z is
second order circular if z and z = ze?’, have, for any 6, the same probability distribution.

The circularity of a random variable is closely related to its pseudocovariance. To see this,



2.2 Augmented statistics, circularity and widely linear modeling

41

3(2)

3(2)

Figure 2.1: Probability
random variable.
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take the pseudocovariance of zel?

P,o0 = E[ze”27 ") = E[z2")e’* = P&/

(2.20)

It follows that to satisfy P,o,0 = P.. we must have P,, = 0 [90]. A commonly misun-

derstood point in the literature is that although all circular complex random variables

have P,, = 0, the converse is not true, i.e. not all random variables with P,, = 0 are

circular [94]. A random variable that satisfies P,, = 0 (and which therefore has rota-

tion invariant second order moments) is called proper. Circularity is a stricter condition

requiring the probability distribution to be circular, and hence all moments.

On the other hand, as shown below the covariance matrix is always rotation invari-
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ant.

R.o.0 = Elze’’z e ’] = E[zz"] = R.. (2.21)

By rewriting the pesudocovariance matrix as

P.. = E((z, + jz;)(z, + jz;)")| = Elz,2.]| — Ez;2] | +) E|z,2] | +7 E[z:z}]  (2.22)

T

R, R;; R,; Rir

we observe that for P,, to vanish the following conditions must be satisfied [31]
R, = Ry and R,; = —R”, (2.23)

This is equivalent to saying that the real and imaginary part of the random variable z
have identical autocovariance matrices and their crosscovariance matrix is skew symmetric.
To be skew symmetric, R,; must have a diagonal of zeros, implying that the real and
imaginary part of each element of z must be uncorrelated. This however does not imply
that the real part of one element of z must be uncorrelated to the imaginary part of

another element of z. For a scalar random variable z, the condition above simplify into
E[2%] = E[2?] and Elz 2] =0 (2.24)
i.e. z, and z; must have the same power and be uncorrelated.

Quaternion circularity

In analogy with the complex domain, a quaternion random variable q is circular if it has a
probability distribution that is rotation invariant with respect to the six possible pairs of
axes {1,2},{1,7},{1, k}, {2,7},{s, k},{y, k}. Since the i, j-, and k-covariance matrices are
not rotation invariant, circularity implies that the pseudocovariance matrices must vanish.
The converse however is not true, i.e. a quaternion random vector with pseudocovariance
matrices equal to zero is not necessarily circular. If all pseudocovariance matrices are
equal to zero, the signal is called Q-proper [64,65], and the full second order statistics are

captured by the covariance matrix.
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P

Sqq

qu

R{-}

qq
Elarq, ] + Ela.q; ]
—Elq,q!] — Elq.q/]

Elarq, ] — Ela.q] ]
+E[q,q97] — Eq.q}]

Elarq; ] — Ela.q, ]
—FE[q,q97] + Elq.ql]

%z{}

Ela.q}] — Elarq; ]
+FE[q,q}] — Elaxq?! ]

Ela.q!] + Elarq; ]
+E[q.q!] + Elq,q;: ]

Ela.q}] + Elarq; ]
—FE[q,q9;] — Elq.q’]

%J{}

Elarq!] + Elq,q}]
—FEla.q!] — Ela.q]]

Elq,q}] — Elq,q] |
—FEla.q; | + Ela.q}]

Elarq]] + Elq,q}]
+Eq.q; | + Ela.q}]

%H{}

Elaxq; | + Ela,q; ]
+E[q.9'] + E[q,q/]

Elaxq}] + Elarq; ]
—FE[q.q9!] - Elq,q; ]

Elaxq; ] — Elarq; ]
+FE[q.9'] — E[q,q/]

Table 2.1: The pesudocovariance matrices written in terms of the real components
ars Qs q) and qx.

It order to understand the mathematical structure that is needed for a quaternion
random variable to be circular, Table 2.1 breaks down the pseudocovariance matrices into
their real components q,, q,, q, and q,. It now follows that for all three pseudocovariances

to vanish, the following conditions must be satisfied [65]

Elq,q}] = E[q,q/] = E[q,q] ] = E[q.q;]
Elq.q/] = —Ela,q;] = —E[q,q}] = Ela.q] ]
Elq,q)] = —Elq,q) | = E[q.q}] = —Elq.q, ]

Elaxq}] = —Ela,q}] = —Ela.q; | = Elq,q; | (2.25)

Observe that these conditions are more restrictive than those in the complex domain (see
equation 2.23), where in the complex domain the covariance matrices must be equal, and

the cross-covariance matrices must be skew symmetric.

2.2.3 Widely linear model
Complex widely linear model

Consider a real valued mean square error (MSE) estimator given by [95]

9= Ely|x]

where ¢ is the estimated process and = the observed variable. For jointly Gaussian x and

y, the optimal solution is a linear estimator, given by
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j=hTx (2.26)

where h and x are respectively the coefficient and regressor vector. For the standard
complex domain MSE estimator it is also assumed that § = E[y|x], leading to the strictly

linear model
7=hTx (2.27)

However,
yr:E[yT‘XT7XZ] gz:E[yi’XTWXZ]

and z, = mglx*, the complex widely linear model is given by [91]

. *
and since z, = %

J=Elylx,x]=y=h"x+g'x*
that is, it comprises both the strictly linear part h”x and the conjugate part g’ x*, where

g is a coeflicient vector.

To establish the conditions under which the widely linear model is superior to the
strictly linear model, we start with expressions for the MSE (mean square error) (5612 of
the strictly linear model [32]

be? = Elly?] - rR;! (2.28)

where r = E[y*x] and R, = E[xx], and the MSE d¢2, of the widely linear model

oe2, = El|yl*] - (uHr + vHs*) (2.29)
where s = E[yx], and
u = [Ry— PmR;:cl*P;kcx] [r— PmR;xl*s*]
v = [Ry, — P;IR;;PM] [s* — P;xR;:clrm]

Subtracting de,,; in (2.29) from de; in (2.28), Picinbono et al. [32] showed that the

MSE difference between the widely linear model and strictly linear model can be written
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as

de = de; — deyy

= [s" - PLR 1R}, - PLRPo] ' [s" — PLR 7] (2.30)

Since the matrix [R}, — P R, !P,,] is positive definite, the expression above is
always greater or equal to 0 and hence the widely linear model always performs at least
as well as the strictly linear model (as measured by the MSE). The MSE of the strictly
linear model is only equal to that of the widely linear model when s* — P R_lr = 0 ji.e.

when P, = 0 and s = 0. This condition is known as jointly circular.

Quaternion widely linear model

In analogy with the complex domain, the MSE estimator ¢ of an observed quaternion

variable q can be written as [64]

y= E[yr | XT,XZ,X],X,.@]-HE[Z/Z | Xraxzaxjaxm]"i’]E[yj | XT,XZ,XJ,XR]—I—KE[y,{ | Xraxzaxjaxn]

Using the involutions in (2.10), we can substitute for the real variables ¢, ..., g, to obtain

= Ely, | x,x",x),x"| +1E}y" | x,x", %), x"| + 1By’ | x,x", %), x"]| + kE[y" | x,x",x7, x"]

The quaternion widely linear model then becomes

§=wx® = uflx + vix* 4 gHx? + hfx"~

where the augmented weight vector w® = [u’,v’,g” h”]T and the augmented input

vector x¢ = [x7, x"", x/T x*1T,
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2.3 Complex differentiability

Adaptive filtering algorithm typically involves the minimization of a cost function such
as J = e(k)e*(k) = e2(k) + e2(k), where e(k) is a measure of the output error. The
cost function J is not however analytic based on the Cauchy-Riemann equations [45] and
so cannot be differentiated using standard complex domain differentiation tools. In this
section we present the tools that are needed to calculate the gradient of cost functions such
as J = e(k)e*(k). For most of this section, quaternion extensions of the results presented
are a subject of the research carried out for this thesis and hence are not presented here,

but in later chapters.

2.3.1 Analytic functions

A complex function f(z) = u(z,y) + w(z,y) with derivative

of _ )= f()

z  z—z0 z— 2

(2.31)

at a point zp, is said to be differentiable if the limit is independent of the direction taken
by z to approach zy. A complex function f is said to be holomorphic at a point z if
it is differentiable at all points in some neighbourhood € > 0 of 2y [96]. A function f
that is holomorphic on the whole complex plane is said to be entire, while points that
are not holomorphic are called singular points. In the complex domain, unlike the real
domain, any holomorphic function may be locally expanded in a power series, and is
therefore infinitely differentiable, i.e. analytic [97]. It follows from this that in the complex
domain the terms holomorphic and analytic describe the same functions and so they can
be used interchangeably, though for consistency, in this thesis we will be using the term

holomorphic.
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Cauchy-Riemann equations

A function f(z) = u(z,y) +w(x,y) is differentiable at a point if the partial derivatives of

u(z,y) and v(x,y) exist, and the following Cauchy-Riemann equations hold

ou(zx,y) _ ov(z,y) and ou(x,y) _ _ Ox(x,y)

Oz oy oy ox

(2.32)

In optimisation problems, one often encounters complex functions which are not

holomorphic. Take for example the cost function J = z(k)z* (k) = 2%(k) + y*(k), where

ou(z,y)
ox

Ou(z,y)
dy

ov(z,y)
dy

ov(x,y)

=2
T, ay

=2y,

=0, =0 (2.33)

In this case, the Cauchy-Riemann equation is only satisfied at the point (0,0), and hence
the cost function J = z(k)z*(k) = 22(k) + y?(k) is nowhere holomorphic. As seen from
this simple example, the Cauchy-Riemann conditions impose a very strict structure on
complex functions. However, if f(z) : C — C is viewed as a bivariate function g(z,vy) :
R? — R?, then the mere existence of the partial derivatives of u(z,y) and v(x,y) is a
necessary and sufficient for a stationary point to exist [98]. For example, the function
J = z(k)z*(k) = 2%(k) + y*(k) may not be holomorphic in z but it is holomorphic in z
and y. Using this duality that exists between the R? and C vector space, we next show

how the CR-calculus provides an alternative way to differentiating complex functions.

2.3.2 The CR-calculus

The CR-calculus [28, 30, 98], (also known as Wirtinger calculus, after W. Wirtinger)
provides a framework for differentiating nonanalytic functions by treating the function
f(z,2*) : C?> — C? as equivalent to the function g(z,y) : R> — R? and finding an expres-

sion such that the real partial derivatives are a function ®(-) of the complex derivatives,
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l.e.

dg(x.y) _ <6f(z %) 8f(z,z*)>

Ox 0z = Oz
dg(z,y) _ <3f(z z*) 0f(z, Z*))
dy 9z Oz

We now solve the two expressions above by following the approach taken in [28,45].

Let f(z) = f(z,2*) = u(z,y) + yjv(z,y) : C x C — C be a complex function of
complex variables z and z*, and g(x,y) : R x R — C be a complex function of real

variables x and y, such that f(z,z*) = g(x,y). Starting with the total differential of

g(z,y) as

9g(z,y)

0g(x,
dg(z,y) = —5 —do+ s

Oy

dy (2.34)

our aim is to get the total differential into a form that is comparable to the total differential

of f(z,2*). Substituting for g(x,y) we have

dg(z,y) = de + zav(ai’ y) dx + 6u(8:1; y) dy + 181)(8‘2 y) dy
and making the variable swap
dr = 1(alz + dz") dy = l(alz —dz")
2 21
we obtain
dg(z.y) = % <8u(63;, ) N (%(;y, ) a [8@(69;, Y) 8u(89; y)]) s
+% <8u(63;,y) B av(@xy,y) +z [81)(61211 au (x,y ])

Simplifying dg(z,y) above yields

dg(z,y)

1 /0g(z,y)  9Ig(z,y) 1 (0g(z,y) = gz, y)\ . .
2< or oy dz—|—2 ox +J oy dz

If we now compare the differential dg(x,y) above with the differential of the complex
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function f(z,z*)

o) = HC g, )

0z 0z* dz

we observe that the following must be true

of _ 1(of Of
8z 2<8x j@y) (235)
o _ 1 (or, 01
oz 2 (896 +‘78y> (2:36)

where %(Zz) is called the R-derivative and agz(f) the R*-derivative. In the definitions above,

z and z* are treated as independent variables and so the partial derivatives %’g and a%é
can be used in the same way as any partial derivative of a real multi-variate function. To
appreciate this, notice how z* can be regarded as a constant when differentiating with
respect to z, and how z can be regarded as a constant when differentiating with respect
to z*, i.e.

0z* 0z

5 = 5. =0 (2.37)

Note however that this is only a formalism since z cannot be varied while keeping z*

constant.

For analytic functions, the R- and R*- derivatives are intimately related to the
Cauchy-Riemann derivatives. To see this we rewrite the R- and R*- derivatives by substi-

tuting for f(z) = u(z,y) + jv(z,y)

agiz) _ % <8u(83;, ) +j8v(a:1;, ) _j@u(aa;, ) N Gv(ﬁazy, y)) (2.38)

R R
Observe now that if the Cauchy-Riemann conditions are satisfied, i.e. auéfc’y) = 81}((92"1/)
and avé:;,y) = _Buéz,y)’ the following is true

e The R*-derivative agz(f) = 0, i.e. a function f(z) is holomorphic if and only if it is

not a function of the complex conjugate variable z*.
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e the R-derivative %(Zz) is equal to the standard C-derivative, though this in general

will not be the case for nonanalytic functions.

In using the R- and R*-derivatives for optimization problems, the following properties are

important [98]

)
7 - ()

df = %dz—i-gj;dz* (2.42)
82(;) _ % % N ggJi %92 (2.43)
agif) _ g_g gzg* N g; gg* (2.44)

2.3.3 The gradient operator

In this section we present two important results that hold for real functions of complex

variables.

Stationary points

Let f(z,2*) : Cx C = R and g(z,y) : R x R = R such that f(z,2*) = g(x,y). For the

function g(x,y), a scalar field, it is well known that the stationary points must satisfy [28§]

dg(x,y)
e 0 and ay

Substituting these two equations into the R- and R*-derivatives in (2.36), we observe that

for stationary points we have ag—f) =0 and 2 = 0. We also note that ag—(j) =0 and

Oz*
f(z) _ dg(,y) )

5.~ = 0, if and only if =52% = 0 and 89(%% = 0. It follows from this that a necessary

and sufficient condition for f(z) to have a stationary poind is that

0f (z)

=0 or =0
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The gradient operator

The gradient operator is commonly defined as the derivative that points in the direction
of the maximum rate of increase of a scalar field. To obtain the gradient operator for a

function f(z,z*) : CN x CN = R, we start with the first-order Taylor series expansion of
f(z,27)

N * *
Of(z,z") = Z <7afézz’: )82k + Lféz’; )82;")
k=1

* * * * *
For a real function of complex variables <8f (gz’z )> = 9 a(zz;z ) — 9F ézzz ) and the first

order Taylor series can be simplified into
0f(2,2") = 2R((V, [ (2,2"))" 02] = 2R((V,- [ (2,2"))" 2]

where V- f(z,2") = % From Schwarz’s inequality [99]

z*
H
a’b<[allbl

where the equality holds only when b = ka, for a real or complex scalar constant k. It
follows from this that 6 f(z,z*) in (2.3.3) is maximised when V-« f(z,z*)) is in the direction
0z, and hence the gradient operator is given by the R*-derivative V- f(z,z*) = %’f*).

Note that the gradient operator is also known as the conjugate gradient.

2.4 An overview of adaptive signal processing

In this section by providing a high level overview of adaptive filtering algorithms and how

the filters are related to each other.

2.4.1 Mathematical models

The adaptive filtering algorithms used or developed in this thesis are all linear discrete
time filters. Here, linearity refers to the filter being linear in the parameters rather than

in the variables. It is important to appreciate that all the adaptive filters presented in
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this thesis are based on the Wiener filter, and differ only in their mathematical complexity
and optimality. Due to its importance in all adaptive filters that we present, we will first

introduce the Wiener filter.

The Wiener filter and least squares solution

Consider the filtering problem involved in generating a signal y(k) which provides an
estimate of a desired signal d(k) (also called teaching signal), given input samples
x(k),z(k —1),...,2(k —1) of an input signal x. In addition to this, the filtering model is

restricted to being linear in the filtering parameters and discrete in time, that is

y(k) = wor(k) + wiz(k — 1) + - +wz(k — 1) = wix(k) (2.45)

where the coefficient vector w € C'*! = [wy,...,w;]|T, the input signal vector x(k) €
C™ = [x(k),...,z(k —1)]T and [ is the filter order. The aim is to design a filter that

minimizes the error e(k) = d(k) — y(k). Figure 2.2 summarises the filtering problem.

Input signal g Linea_rl Filter output Desired signal
xxk-Daed),.. | Heeime | gy 7N @
L, filter > Z -
{wo....w1}

Output error

e(k)

Figure 2.2: Block diagram description of the filtering problem.

It is worth noting that no assumptions have been made about the underlying rela-
tionship between d(k) and z(k) or the statistics of either signal. A solution to this filtering

problem can be obtained by minimizing the mean square error (MSE)
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where

e(k) = d(k) — y(k) = d(k) — wx(k) (2.46)

Setting the conjugate gradient of the cost function J(k) to 0 we obtain

Ele(k)x(k)] = 0 (2.47)

This equation, referred to as the principle of orthogonality, is an important result and
states that the mean square error is minimized when the error e(k) is orthogonal to the

input signal x(k). Substituting for e(k) in (2.47) and solving for w we obtain [20] [100]

w=R_ s (2.48)

where we assume d(k) and x(k) to be stationary, such that the covariance matrix R, =
E[x(k)x(k)] and the crosscorrelation ry, = E[d*(k)x(k)]. Equation (2.47) is known as
the Wiener filter solution. In practice, R, = E[xx] and rq, = E[d*x] are not known,
however, assuming that the signals are ergodic? and weak sense tationary?, the statistics

can be estimated as

k

R.. = Z x(n)x(n)® (2.49)
n=Il+1
k

Tge N Z d*(n)x(n)? (2.50)
n=Il+1

If the approximations above are made, we have the least squares solution [95] (also called

ordinary least squares [101]), which can be independently derived by using the cost function

Rewriting the linear model in (2.45) more compactly as

y = Hw

2An ergodic process has ensemble statistics that are equal to its time statistics.
3 A signal is weak sense stationary (WSS) if its first and second moments are independent of time.
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(CNXl (CNXl

where y € is the filter output vector and H € is a matrix of the input signal

x(k), we can write the lease squares solution as

w = (HIH)'H x (2.51)

Note that the least squares solution above is the same as the Wiener solution in (2.48)
when used with the approximations in (2.50). Having introduced the Wiener solution and
least squares solution, we now look at the optimality of the filters. To do this, we must

make assumptions about the underlying signal generating model.

It can be shown that, if the underlying signal generating model satisfies*

E[d] = Hw (2.52)

and W is constrained to be linear and unbiased, i.e.

E[W] = AE[d] = w

where A is a coefficient matrix, then, the best? linear unbiased estimator (BLUE) is given
by [95]
wpLor = (HYCT'H)"'HC™'d (2.53)

where the covariance matrix C = E[dd”] € CV*V is also the covariance matrix of the
noise since d = Hw + n. It is worth noting that the BLUE is not dependent on the
statistics of the noise, i.e. no assumptions have been made about the probability density
function of the noise. By comparing (2.53) to (2.51), we notice that the least squares
solution is the best linear unbiased estimator if C = oI, where I is the identity matrix.

In other words, all noise samples must be uncorrelated and have constant variance.

It can be shown that if instead of assuming that the underlying model takes the

“Notice that the assumption E[d] = Hw is equivalent to saying that the underlying model is of the
form d = Hw + n with the noise variable n having zero mean.
5“Best” in this context refers to the estimator being the linear estimator with the minimum variance.
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form of (2.52), we assume it takes the form

d=Hw+n (2.54)

where the noise vector n ~ N(0,C) is Gaussian, then the minimum variance unbiased

(MVU) estimator is given by

wivy = (HIC'H)'HYC1d (2.55)

This estimator is not only the MVU estimator, but it is also efficient, in the sense that
it attains the Cramer-Row lower bound (CRLB). Comparing the MVU in (2.55) to the
BLUE in (2.53), we observe that both are equal to each other and it follows from this that
if the underlying model is linear as in (2.54) and the noise is Gaussian, then the BLUE is
not only the best estimator (in the sense that it has the minimum variance) but it is also

efficient.

Adaptive filters

The Wiener solution and least squares solutions are both block based solutions, requiring
all data to be available before parameters can be estimated and for the signals to be jointly
stationary (in the case of the Wiener solution). In practical applications, however, data
is often available online, requiring parameters to be estimated in real time. Furthermore,
signal statistics are often nonstationary, requiring parameters to be constantly recalculated
and covariance and cross-covariance matrices to be estimated online. These limitations
can be partially overcome by splitting the nonstationary data into smaller blocks of data
such that the data within each block becomes stationary. However, this approach assumes
piecewise stationarity which in most circumstances is unlikely to offer an accurate descrip-
tion of the underlying model. Furthermore, even if piecewise stationarity can be assumed,
the statistics of the data might be changing too fast to allow the for data blocks to be long
enough to obtain accurate estimates of the parameters. For these reasons, block based

solutions are often not desirable, and instead adaptive solutions are developed, where the
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assumption of stationarity is removed.

In order to motivate the approach that is commonly used to derive adaptive filtering
algorithms, let’s remind ourselves what it is that the Wiener filter attempts to achieve.
For a desired signal d(k), the Wiener filter attempts to find the filter weight vector w such

that the mean square error of the output error

is minimized. For jointly stationary d(k) and x(k) the optimum weight vector is given by

-1
w=R_ Ty

If, however, we assume that d(k) and x(k) are not stationary, the Wiener solution becomes
[100]
w(k) = R (k)rq (k)

where the time index indicates that the optimum weight vector w(k) varies with time. In

adaptive signal processing the aim is then to solve for w(k) such that

w(k +1) = w(k) + Aw(k) (2.56)

where the correction term Aw(k) is a function of the output error e(k) (see Figure 2.3 for

a block diagram of an adaptive filter).

There are a number of advantages to solving for w(k) recursively

e First, if the filter order [ is large, solving for the Wiener-Hopf equations may not be

practical.

e Secondly, if the covariance matrix R, is ill conditioned, its inverse will be sensitive

to finite precision.

e Thirdly, the covariance matrix R_!(k) and cross-covariance matrix rq,(k) are not

known, and must be estimated. A recursive solution would automatically estimate
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Teaching signal d(k)

K

Input signal Adaptive filter
() (k- 1) x(k2),. Onipat sigral 7k
ool ki T p
{walk).... vk} )

Qutput error e(k)
>

z

Figure 2.3: Block diagram of an adaptive filter.

these quantities as and when the data is received.
For the adaptive filter to be useful, it must satisfy the following rules

e If the signals are stationary, the optimum weight vector w(k) should converge to the
Wiener solution, i.e.

lim w(k) = R, !rq,

TT
k—o0

e If the signals are nonstationary, the optimum weight vector w(k) should be able to

track the changing dynamics of the system.

There are two distinctive approaches to deriving adaptive filtering algorithms; the stochas-
tic gradient approach (based on the Wiener Hopf equations) and the least squares estima-
tion approach. Both of these approaches will be used in later chapters to derive quaternion
valued adaptive filtering algorithms. We next give an intuitive approach to how the LMS,
Affine projection algorithm and RLS work. For ease of representation we will focus on the

real domain but the same concepts apply to the complex and quaternion domain.

2.4.2 An intuitive description of adaptive filters in R

In Section 2.4.1 we saw that the Wiener filter attempts to find the weight vector w(k)
that minimizes the cost function J(k) = Ele(k)e*(k)], where e(k) = d(k) — wlx(k). For
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a weight vector with only two weights, the problem is illustrated in Figure 2.4 , with
the mean square error surface shown in Figure 2.4(a) and the contour diagram shown

in Figure 2.4(b). The LMS attempts to find the optimal vector by using the gradient

200 —

53
=}
Il

100 —

Mean Square Error

133
=}
L

() (1)}

w(1)

2 4 6

-0 -8 -6 -4 -2 0
w(0)

(b) Contours of constant error showing the gradient vec-
tor which is perpendicular to the line that is tangent to

the contour.

Figure 2.4: Mean square error cost function for a weight vector of size two.

operator V,,J(k) (see Figure 2.4(b)), which points in the direction of maximum ascent.
The negative of the gradient operator therefore points in the direction of maximum descent
and is the direction that a ball would follow if left free to move on the error surface in

Figure 2.4(a). Therefore, for the LMS, the weight update in (2.56) become

wik+1) = w(k)— pVuJ(k)

= wi(k)+ pe(k)x(k) (2.57)
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where p is the step size. Observe from the equation above that the weight w(k) moves
along the error surface in the direction defined by x(k). In Figure 2.5 we illustrate three

different scenarios for the weight update, where in each scenario the step size is set to

1
[l[1?

(for this particular step size, the filter is called the normalized LMS). From Figure

w(1)

w(1)

(c¢) Highly correlated input vector.

Figure 2.5: Weight vector trajectory along mean square error surface for input signal
x(k) of differing correlation.

2.5(a) we observe that if the input vectors are orthogonal, then the weight vector reaches
the optimum value in only two steps and that the weight error vector w(k + 1) — w, is
always orthogonal to x(k) (and hence also dw(k +1) = w(k + 1) —w(k)). More generally,
if the input vectors are orthogonal, then an n-dimensional weight vector requires n steps
to converge to the optimum value. Figures 2.5(b) and 2.5(c) illustrate how the weights
converge more slowly the more correlated the input vector, since the weights are limited

to moving in the same direction as the input vector.

To speed up the convergence rate when input vectors are correlated, the affine pro-
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jection algorithm (APA) provides an alternative weight trajectory along the error surface.
To illuminate the difference between the NLMS and APA, consider the following interpre-
tation of the NLMS: The NLMS minimizes the change in weight vector from one iteration
to the next (i.e. dw(k + 1)) while ensuring that the constraint w’ (k + 1)x(k) = d(k) is
satisfied. Solving this constrained optimization using the method of Lagrange multipliers
yields the NLMS. Figure 2.6(a) offers a geometric perspective to this optimization prob-
lem. The plane € describes the set of all weights w(k) that act on the input x(k — 1)
to produce the output y(k), and similarly for Q1. The angle 0 is the angle between the
two planes € and .1, and is equal to the angle between the input vectors x(k) and
x(k — 1). Of importance, note that the weight change dw(k + 1) = w(k + 1) — w(k) is

perpendicular to the plane Q11 and parallel to the input vector x(k).

The APA can be derived by reformulating the constrained optimization problem
as follows: The APA minimizes the change in weight vector from one iteration to the
next (i.e. ow(k + 1)) while ensuring that the constraint w’ (k + 1)x(k — n) = d(k — n) is
satisfied for n = 0,1,..., N — 1 is satisfied. Figure 2.6(b) offers a geometric perspective to
this optimization problem. Compared to the NLMS subspace diagram in Figure 2.6(a),
observe from Figure 2.6(b) that the weight change dw(k) = w(k) — w(k — 1) is no longer
perpendicular to the plane €, but to the intersection of the planes .1 and Q. It
follows from this that the convergence rate of the APA is higher than that of the NLMS
as the weight vector w(k) is no longer limited to moving in the same direction as the
input vector x(k — 1). The speed of convergence of the APA increases as the number of
constraints N, and hence number of intersecting planes N increases. As N increases to
include all intersecting planes available, the convergence rate of the APA approaches that

of the recursive least squares (RLS).
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4x(k)

1) /%
Wa
@wikrl) Qe NG
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wik)

wik-1)

(a) Normalized LMS

s

x(k)
x(k-1)

wik-1)

(b) Affine projection algorithm

Figure 2.6: Subspace interpretation of the NLMS and APA, where w, denotes the
optimum weight vector.
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Chapter 3

The HR-Calculus and Quaternion

Gradients

3.1 Introduction

Recent developments in sensor technology, human centered computing, and robotics
[63,102,103] have made possible the recording of new classes of multidimensional signals
which are naturally represented as two- and three-dimensional vector-valued processes.
Such signals are readily modeled as real vectors (in R? and R3), however, there are big
advantages in processing such data in division algebras - the complex and quaternion do-
main. The benefits of complex domain modeling are well understood [45], while for three-
and four-dimensional data quaternions (a skew field over R*), form a noncommutative
division algebra and provide a unifying treatment of two-, three- and four-dimensional

processes.

Additional benefits arising from the use of such a 3D and 4D division algebra include
very accurate rotation and orientation modeling. This has made quaternions a standard
in computer graphics [75], where they have replaced real rotation matrices, owing to their
ability to provide a compact and accurate representation of sequences of rotations, together
with a natural account of the spherical angle [74]. This has brought new opportunities

in a variety of applications, such as color imaging [104], body-sensor networks [105], and
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aeronautics [69].

Although the ordering relationships (e.g. ‘>’) are not defined for quaternions (and
hence the notion of probability density function), there exists a ‘static’ isomorphism be-
tween R? and R* and the field of quaternions H (pure and full), which can be used to
introduce the notions of probability distribution and gradient. Such tools are a prerequi-
site for the design of learning algorithms in the quaternion domain, which offers theoretical
and practical advantages when dealing with the large (and rotational) dynamics of vec-
tor signals. Examples are quite recent and include the quaternion least mean square
(QLMS) [66] and developments in ‘augmented’ quaternion statistics [64, 65, 106]. These
have been followed by widely linear adaptive filtering algorithms, including the widely
linear QLMS (WLQLMS) [67] and widely linear blind source separation algorithms for

improper quaternion sources [107-110].

Standard, or strictly linear, statistical models rest upon the covariance matrix
E [qu ], where q € HM*1 is a regressor vector, and are second order optimal only for
circular signals, for which the probability distributions are rotation invariant. In terms
of second order statistics, such signals have equal powers in all the four quaternion com-
ponents and are termed ‘proper’, however, real world processes are typically ‘improper’
(with different component powers). To fully describe their second order properties, three

complementary covariance matrices must also be employed [64,65].

A rigorous treatment of the gradient is a key prerequisite to the derivation of
stochastic gradient optimization procedures, and the inconsistencies and lack of coherence
in their definition has so far prevented a more widespread use of quaternions. Current
approaches typically employ quaternion gradient calculation based on the so called ‘pseu-
dogradient’ [70], however, this gradient, also known as the Cauchy-Riemann-Fueter (CRF)
derivative, is very stringent, and poses a number of restrictions in the derivation of the
adaptive filtering algorithms. For instance, due to the ambiguity related to the noncom-
mutativity of quaternions, the CRF derivative can be calculated with the imaginary unit
vectors 7, 7 and x on either the left or right hand side of the gradient components, intro-

ducing uncertainty in choosing a correct form. Another problem with the CRF derivative
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is its uniqueness, as exemplified on the linear function J = w, whereby we obtain 8‘1‘)]* =0
when differentiating directly with respect to w* and 3‘2;]* = —% using the CRF derivative.

These inconsistencies have led to numerous different expressions for structurally similar
algorithms, and have slowed down the development and applications of quaternion valued

statistical signal processing.

The recent progress in the statistics of quaternion variable (augmented quaternion
statistics [64,65]) has facilitated the development of advanced algorithms for vector sensor
modeling, however, this has also highlighted several key remaining issues that need to be
addressed in order to exploit the full power of quaternions in statistical signal processing

applications. To that end, this chapter addresses the following problems:

e The HR-calculus and quaternion gradient are derived, thus providing a framework
for the direct differentiation of quaternion functions and enabling the differentiation

of nonholomorphic cost functions.

e Unifying different forms of QLMS. Due to the noncommutativity of the quaternion
product numerous expressions for the quaternion LMS exist. Our analysis shows

that the different forms are equivalent in the way they use the available information.

e Generic extensions of LMS. The existing quaternion LMS algorithms are not a
generic extension of the real and complex LMS (CLMS). By introducing a new gra-
dient operator (the I-gradient) we provide a generic expression for the quaternion

LMS (the IQLMS).

e Unifying convergence analysis. An in depth analysis for the convergence in the mean
of the strictly linear QLMS is still lacking. To that end, we provide a convergence
analysis for the two existing variants of the QLMS and for the novel IQLMS. The
analysis shows that the IQLMS offers the same performance while requiring only

half the mathematical operations.

e A rigorous MSE analysis. No analysis exists for the convergence in the mean square

of the widely linear QLMS algorithms. We provide a rigorous and unifying mean
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square convergence analysis which quantifies the advantage offered by the widely

linear algorithms for noncircular signals.

In this way, we provide a unifying set of tools and an analysis platform for future de-
velopments in the field, which has many theoretical benefits but has found only a few
applications due to the above uncertainties. The generic form of algorithms enabled by
the I-gradient makes it possible to extend the vast resources from the real and complex

adaptive filtering into the field of quaternions.

3.2 The HR-calculus

In adaptive filtering, the aim of gradient based optimization is to minimise a measure
of error power, typically a scalar function of quaternion variables. This has been a main
stumbling block in the development of learning algorithms, as the Cauchy-Riemann-Fueter

(CRF) conditions

8J_1(8J oJ  dJ aJ): 51)

ow* 4 ow,. +28WZ +]8W] +H8w,€

do not admit the calculation of such gradients since they are not defined for real functions.
To that end, following on the corresponding result in the complex domain, where the CR-
calculus [45,98] is used to calculate the gradient of real functions of complex variables, we
have recently introduced the HR-calculus [111]. We now derive the HIR-calculus, which

consists of two sets of derivatives, the HR-calculus and HR*-derivatives.

3.2.1 The HR-derivatives

In the complex domain, the CRR-calculus is derived by establishing a relationship between
a complex function f(z) : C — C and an equivalent dualvariate real function f(x,y) :
R? — C. Similarly to the CR-calculus [45], in order to establish the duality between
the derivatives of a quaternion valued function f(q) : HH — H and the derivatives of the

corresponding quadrivariate real function g(gr, ¢, 4, ¢x) : R* — H, we start from (since
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the fields H and R* are isomorphic) the quaternion function

fl) = fla.¢",¢,q%)
= folar 0 9, ax) + [1(@rs @, @5 00)2 + Fo@r, G @55 k)9 + [3(ars @, G55 Q)R

= 9(qr, s 955 Gr) (3.2)

The total differential of the function g(gr, ¢;,¢;, ¢x) can be expressed as

99(qr, @, dy, q/{)d

09(qrs G- qy» ) 99(qr, @y 4y, @) 99(qr, @y 4y, @)
d s s , — . 9 y 4] d , 9 947 d 9 y 4] d .
9(Grs @, 455 Q) B4, ¢+ 9 a+ 90, a+ . q
(3.3)

Due to the isomorphism that exists between the spaces H and R*, we ca substitute (3.2)

into (3.3) to obtain

dg(Qra G5 4y, QH) =

afO(QrananaQn) .afl(QraQZaQJaQK) -an(qraQZaQJaQI{) af3(Qran>QjaQn)
aa., dqr +1 aa. dqy +j aa. dgr +k aa. dgy

O fo(qrs @, 455 QI@)qu N Zafl(%"y @, 9y, QE)qu N ]0f2(qr, @, 9, qx) da + Hf?f:s(qr, @, 95, qx)
dq, dgq, 9q, 9q,
+af0(QT7q27q]7qH) afl(erszijQn) afZ(QraQuQ]ane) af?)(QTaQZijane)

dq, dq, 0q, 0q,
Ofo(ars @,y qn)dqn n Zafl(%"y @, 9y, QH)qu n jafz(qr, @, 4y qn)dqﬁ/ N Hafs(qr, )
9qx 9k 0qs; Dqp

_l’_

dg,

dg, +1 dg, + 7

dg, + K

dg,

_l’_

dgy,

(3.4)

Using the identities in (2.10) we can write dg,, dg,, dg, and dg, in terms of involutions!

1 _
dg, = Z[dq + dq' + d¢? + dq"] dq, = Zz[dq +dq' — d¢’ — dq"]

_ —K
dg, = Tj[dq —dq' + dg’ — dq"] dgs = —~ldg —dg' —dg’ +dg"]  (3.5)

Equation (3.4) can therefore be written in the following form

dg(gr, @, 45, @) = Adq + Bdg' + Cdg’ + Ddg* (3.6)

!'Note that we can also use the relations dg, = %(q +q%), dg. = %(q —q¢), dq. = %(q —¢’"), dg. =
%(q — ¢""), however, we lose two degrees of freedom, rendering this approach inappropriate for analysing
the duality with the gradients of general quadrivariate functions.
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By substituting the identities in (3.5) into the total differential dg(gr, ¢:, ¢y, ¢x) in (3.4),we
can solve for A, B, C' and D

4 - L (ag(qr,qz,qg,qm) _, 9904, 4, 9, 9) _]ag(QMQwQJaQR) . 99(@r, 40 4, 9 )
4 dqr oq, dq, 045
B — 1(59(617«,%,61],%) _ 9904 41, 9, 9) +]89(qr,qz,qg,qn) 4 990 40,45, 0 )
4 8qr an 8% aqﬁ
o - }(ag(qr,qz,qg,qm)H@g(qr,qz,qg,qn) _Jag(QMQwQJaQI{) L0 QMQprQIi)
4 8qr an 8% aq:‘@
D - }(39(617«,612,61],%)+Z39(qr,qz,qj,qn)+389(qr,qz,qj,qn) _ 99 qr,qz,qg,qn>
4 8qr an 8% aq:‘@
(3.7)
The total differential of the function f(q,q", ¢’,¢") can also be written as
9f(a,q", ¢, q") f(a,q", ¢, q") f(a,q", ¢, q")
d — d 7 J K — ) ) 9 d ) ) 9 d 1 ) ?. ) d J
f(q) fa,q" ¢, q%) 94 q+ o7 q + o q
9f(a,q", ¢, q")
D212 g 3.8
+ G q (3.8)

Comparing df (¢) in (3.8) to dg(gr, ¢4, qx) in (3.6), we can obtain the following partial

derivatives, which are denoted as HR-derivatives

[ 8 4 J r T [ 1 i a T4y YK i
f(q,qaéq ,4") 1~y -k f(g 8qqrqg qr)
9f(a,9",9%,9") . K Of (ar,40,4554x)
or B o4 (3.9)
of(q,9",9°,4" 0f(qr,9:,95,9%
f(q gqjq q~) v~ K f(q ;qquq )
8 4 J r a T34y YK
f(q,gq,g ,4") 2 ) —n ]| f(g 82;1] qr)
3.2.2 The HR*-derivatives
In deriving the HR-derivatives we used the substitution
1 A K 1 YA K
dgr = 7ldg+dg" +dg’ + dg"] dg, = [dg +dq" — dg’ — dq"]
1 1
dg, = 4—j[dq —dq' + d¢’ — dq"] dgr = -[dq —dq' —d¢’ +dg"]  (3.10)
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to obtain a set of derivatives that are a function of the ¢, ¢* ,¢/ and ¢*. Alternatively,
using the conjugate involutions, we could have used the following substitution

1 * 1% * K%
5[—dq — dg"™ + d¢’* + dg"*]

1 * 1% * Kk
dq, = 4—][—dq + dq"™* — dg”* + dq"™*] dg, =

1
dgr = 7 ldg" +dg™ + dg”" +dq"™] dg, =
N 23 7% K
1 [mda” + dd” + dg” — dg™]
(3.11)

By substituting (3.11) above into the total differential dg(q,,q,,q;,qx) in (3.4), we can

Write dg(qT, qss q_]’ qH) as

dg(ar, @, a5, ax) = Adq* + Bdq"™* + Cdg’ 4 Ddg"* (3.12)
where,
1 - i<8g(qr,g;,q],qﬁ)Hé)g(qmggq],qn)+jag(qr,g;,qj,qm) +/<,8 qr,ggqg,qm)
I 7 7 K
5 - 1 0g(qr,qz,q],qﬁ)H@g(qr,qz,q],qn)_jc?g(qr,qz,qj,qn)_KQ )
4 gy Iq, dq, Ik
c - ! 0g(qr,qz,q],qﬁ)_Zag(qr,qz,q],qn)+j89(qr,qz,qj,qn)_KQ )
4 gy 9q, dq, I
D — 1<0g(qr,qz,q],qﬁ) 990 0, 9,45)  09(ars 424y, 4n) | O9(dr: 95, 9) )
= J + K
4 dq, dq, 8% 0qs;
(3.13)
The differential of the function f(q*,¢*",¢’",¢*") can be written as
of (¢, q",¢", q"* of (@, q*, ¢ ¢
df (q) = df (¢*, 4", ¢"", ¢"") = ( e )dq*+ ( e )dq”
o x % 9k Kk b x % g% k¥
N flg*q¢" ¢ . q )dq]*—i— flg" ¢, ¢ q )dqﬁ/* (3.14)

aqj* 8(]"{*
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and comparing (3.14) to (3.12) we obtain the HR*-derivatives

af(q*,a" 4" a™) | Of(gr,q:,95,9x)

Ere 1 7 K D

* vk Pk

9f(a*,q 2”9 ) R £ (qr,92,9,9x)

o1 = - 92 (3.15)
of (¢*,q"%,a”,q™) 4 1 - 5 —x Af(qr,qv,93,9x)

dq¥ 0q,
af(g*,a™,¢%,q"™) Of(qr,q:,95,9x)

90 2 A B R e

3.2.3 Comparison with the CR-calculus

From the HR-derivatives in (3.9) and HR*-derivatives in (3.15) we observe that the deriva-

i J gk kLR Pk Rk . . . . *
of (q’q&’]q 47) and 2L ’qa q’*q 4" are generic extensions of the derivative %Z’Z) and

tive

or ézzz ) in the complex domain, with two additional terms that account for the two ad-

ditional imaginary unit vectors 7 and k, scaled by a quarter instead of a half. Due to
its quadrivariate nature, HIR-calculus also results in six other derivatives not present in
CR-calculus. There are, however, three subtle but important differences with CR-calculus,

as discussed below.

The argument of the function

In the CR-calculus, the function f(-) in the R-derivative of (azj*) and R*-derivative 2 éif )
takes the same argument, that is, z and z*. This is not the case in HR-calculus, where the
function f(-) in the HR-derivatives has the argument {q, ¢*, ¢’, ¢"}, whereas the function
f(-) in the HR*-derivatives has the argument {q¢*, ¢"*, ¢’*, ¢"*}. An important consequence
of this structure is that to differentiate quaternion functions, the argument of the function
must be in the correct form. However, quaternion functions are often written in terms

of both ¢ and ¢* and are thus not written in the correct form. To overcome this, the

substitutions

q =§(q2+qj+q"—Q) and q=§(q2 + ¢+ ¢ —q") (3.16)
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can be used to get the argument of the function into the form {q,q"',¢’,q¢"} or

{a*, ¢, ¢, ¢"}.

Independence of the variables ¢ and g*

In the CR-calculus, the variables z and z* are treated as independent since a‘zi = %; =0.

This is not, however, the case in the HR-calculus, where we have gq 1 = %iq = —%, and

therefore ¢ and ¢* cannot be treated as independent. Intuitively, this is not surprising since
we can see from (3.16) that ¢ can be written in terms of ¢*. Instead, in the quaternion
domain, variables within the groups {q, ¢*, ¢/, ¢"} and {q*, ¢"*, ¢’*, ¢"*} are independent to

each other.

Placement of the imaginary unit vectors 2, 7 and k in the HR- and HR*-

derivatives

In equations (3.9) and (3.15), the imaginary unit vectors 1, 7 and « are placed on the left

of() 9f() 9f() of()
gk

dar 0 g da, . However, as shown below, equations

and

of the partial derivatives
(3.9) and (3.15) can also be written as row vectors, with the imaginary unit vectors on

the right of the partial derivatives.

[ orwaea) | [ a( 1T |
494944 qr Gv,4,x
94 o 1 1 1 1
v ) AR X
af(q’g 7? 4 ) 1 8f(q7"équQZ7QIx) —7 — 2 2
T == " (3.17)
9f(a.9",4°,a") 4 | 0f(ar.9,95,9%) =
g’ 0q,
0f(g,4*,9°,3") 01 (ar,av,95,9x) _ _
9q" | i o0 | K KK k]
[ or "™ ] g [ 0f(ar.90.00.9%) | T i
9t T 8¢ 11 1 1
of(qa*,9™,9%,9"™) 1 £ (ar,94,95,9x) v 1 —1 —
or =2 o (3.18)
af(g*.a" 4" ,a™) 4 | 0f(ar,gi,95,4r) B B
Bq?* 8(]] ] ] ] ]
of(a*.9",4% ™) 01 (4r,9:,45,9x) e
g J L D | < K K K

To differentiate between both arrangements, we will refer to (3.9) and (3.15) as the
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left HRR- and HR*- derivatives (making up the left HR-calculus), and (3.17) and (3.18)
as the right HR- and right HR*- derivatives (making up the right HR-calculus) . It is
important to note that due to the non commutativity of quaternion products, the left
HR-calculus and right HR-calculus are not equal to each other. Only by examining the

derivation of the HR-calculus can we ascertain the validity of both forms.

In deriving the HR- and HR*-derivatives, we started with the total differential (see

equation (3.3))

09(qr, @y 455 ) 09(qr, @y 455 ) 09(qrs G, 450 i)

d ry4ey 4y, 4k = d r d 7 d
9(ar, 0> 4y, ax) 94, a + o, Q@+ 9, Q
99(ar, @, Gy, 4)
SRRt AL R R VAR LN 3.19
ar (3.19)

Note that the position of the differentials dg,, dg,, dg, and dg, is not important as all

terms are real and therefore we could also have started with

09(qrs @y 450 ) 09(qrs @, 450 ) 09(qrs @, 4y: )

d Ty 41 bl = d T d 7 d
9(ar, 0> a4y, ax) q 9, + dq 9a, + dg, 20,
29(ar, @, Gy, 4r)
+dq, ~E T 290 R 3.20
q 90, (3.20)

However, the two differentials above are no longer equal to each other when we use (3.5)
to substitute for dg,, dgq,, dg, and dg, above. The introduction of the unit vectors 1,
7 and & in conjunction with the non commutativity of quaternion products means that
89(%#@2‘%1 # %W#M' Since both (3.19) and (3.20) are correct and identical,
it follows that both the left HIR-calculus and right HR-calculus must be valid solutions.
However, since the derivative of a function at a point can only take one value, it follows
that there is an uncertainty as to which derivative should be used. In the next section,

simple examples show that for some function the left HR-calculus provides the correct

derivative while for others it is the right HR-calculus.

As a result of this uncertainty, it is therefore preferable to differentiate a function
directly with respect to ¢, ¢*, ¢7, or ¢" and use the substitution ¢* = %(qZ +¢ +4q"—q)
and ¢ = %(qz* + ¢7* + ¢"* — q*) where necessary, rather than differentiate with respect to

dr, ¢» @y and g,. In doing so, we thus circumvent the uncertainty in the placement of the
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unit vectors.

3.2.4 Examples

Example 1. f(q) =¢

Using the left HR-derivatives in (3.9) we obtain the four derivatives for f(q) = ¢ =

Gr + @2+ q;7 + kK, as

0f(qr,gzq,q]aqn) _ i[l_“_”_'m] _1
af(qr,g;;qpqm) _ i[l—zz—l—y]—l—fm] —0
af(qr,aq;;qpqm) _ i[1+m—.7j+fm] —0
0f(qr,8q;;qpqm) _ i[1+21+'7]_ﬁﬁ] —0

The four results above are what we expect to obtain if f(q) = ¢ is directly differentiated

with respect to the variables g, ¢*, ¢’ and ¢".

*

Example 2. f(¢*) =¢

Using the left HR-derivatives in (3.9) we obtain the four derivatives for f(¢*) = ¢* =

qr — @bt — 4cj — 4ak, as

8f(qr,gzq,qj,qﬁ) _ i[1+m+ﬂ+m] _ _%
8f(qr,g;;qj,qﬁ) _ i[l—i_”_j]_ on] = %
3f(qr,aq;;qj, %) = i[l —u+))— kK] = %
8f(qrbq;;qj,qﬁ) _ i[l v tre] = %

At first this result appears erroneous since the function f(g) is not a function of any of the

variables it is being differentiated with. However, remembering that the HR-derivatives



3.2 The HR-calculus 73

are defined for functions of ¢, ¢*, ¢° and ¢", and not ¢*, we must first substitute for ¢* in
f(gq*) to give f(q*) = 2(¢"+ ¢’ + ¢" — q). Performing direct differentiation of f(¢*) in this
new form will give the partial derivatives calculated above. It is important to realise that
a consequence of the result above is that, unlike the complex domain, ¢ and ¢* cannot be

treated as independent variables.

Example 3. f(q) =¢'

2

Using the left HR-derivatives in (3.9) we obtain the four derivatives for f(q) = ¢* =

Gr + @t — q;) — 4k, as

T Y1 Yy UK 1
8f(q EQQJ q ) _Z[l_“—’_‘”—i_ﬁﬂ]:o

Of (ar 4,455 Gx)
aq*

1
:Z[l—zz—]j—/m]:l

Of(ars @y a5, Q)
oqJ

1
= —-[14+u+7— ks =0

B

o 1
f(qr,aqqz’;(baqli) _ Z[l +u— g+ K/K/] =0

The four results obtained above is exactly what we expect if f(q) = ¢" is directly differ-

entiated with respect to the variables q, ¢*, ¢’, ¢. A similar result is obtained for the

function f(q) = ¢’ and f(q) = ¢".

Example 4. f(w) = wz where w and z are both quaternion variables

Using the left HR-derivatives in (3.9) to calculate the derivative % for the function

fw) = wz = [wyz, — w,x, — WT; — WTy] + [WrT, + WTr + W)Te — WieT]2

+Hwrx, + wyx, + Wik, — Wk + [Wrxy + Wy + Wz, — WK
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we obtain
af (w) 1
90 = Z([m,« + 20+ )+ xok] —o[—2, + Tp0 + T8 — 2] — J[Xr) — Ty + Tl — TR

—K[Trk + 2] — T — T50))
1

= 1 ([xr + 20+ 20+ Tpok] — [—xr — 20 — ;) — TR — [—2p — 20— T — Tk
—[—zr —zp— ;) — x,@/@])

1
= Z(ZE+$+ZE+$):ZE

However, if we use the right HR-derivatives in (3.17) to calculate the derivative 8](;511)“), we
have

Of (w) 1

bu = Z([m,« + 20+ x)) + TRk] — [—x + Tt + T8 — TRt — 2 — Ty + Tt — 1K)

—[zrk + @) — T — T)K)
1

= 3 ([mr + 20+ 2y + k] — [~z — Tt + 1)) + TRh] — [~ + 20 — 7)) + TcK]
—[—z + 20 + 2, — TRK))

= x?"

Observe from this example that the left HR-derivatives and right HR-derivatives don’t
always give the same answer. In this case, it is the left HR-derivative that provides an

answer that is consistent with complex domain results.

Example 5. f(w) = 2zw where w and z are both quaternion variables

Using the left HR-derivatives in (3.9) to calculate the derivative 81;5;“) for the function

f(w) = 2w = [z,w, — 2w, — W, — Tew] + [Trw, + W + T W, — w0

+xyw, + zyw, + Tew, — TWe]7 + [Trw, + Twr + W, — WK
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we obtain
af (w) 1
90 = Z([m,« + 20+ )+ Tpek] —o[—x, + Tp0 + T — TyK]) — J[Xr) — Ty — Tt + T,k

—K[Trk — 2,) — Ty + 250))
1

= 1 ([xr + 20+ 2,0+ Tok] — [—xr — 20+ 2,0 + TR — [~ + 20 — 27 + TR
—[—z + 20 + 2, — TRK])

= :BT

However, if we use the right HR-derivatives in (3.17) to calculate the derivative 8](;511)“), we
have

Of (w) 1

bu = Z([m,« + 20+ x)) + TRk] — [—x + Tet + o) — TR — (2,0 — 3 — Tt + T,K])

—[xrk — ) — Ty + T)K)
1

= Z([xr + 20+ 2+ Tok] — [—xr — 20 — ;) — TR — [—2p — 20— T — T
—[—zr —zp— 2,y — x,@/ﬁ])

1
= Z(m—kx—i—w—kx):w

Observe the right HR-derivatives of the function f(w) = zw is equal to the left HR-
derivatives of the function f(w) = wz (see Example 4). This is an interesting, if not
surprising result since the function f(w) = zw and f(w) = wx are not equal to each
other due to the noncommutativity of the quaternion product. After Example 6, we will

elaborate on this observation.

Example 6. f(w) = z*w* where w and = are both quaternion variables

Using the right HR-derivatives in (3.9) to calculate the derivative 81{;(5) for the function

flw) = 2™w" = [wpa, — W, — WT) — Wely] + [—WpT, — W Typ — WyT 1 + WeTy0

Hwrz, — W Ty — Wy + WT]) F (W — Wiy — W, + WK
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we obtain

of (w) 1
ow 4
—[—zrk — 2,9 — T + T2 R)
1
= Z([wr — 0 — ;) — Tpk| — [T — 2 — T,) — Tpk| — [T — X0 — ;) — TRK]

([:E,« — Xyt — ) — Tpk| =[x, — Tpt — )k + TRt — [~y — ) — T+ 2,K])

— [wr—xzz—x]j—w,{m])
1 *
= —(:E*—x*—:n*—:n*):—x—

4 2

The result above can be obtained by directly differentiation f(w*) = z*w* with respect

to w if we first substitute w* with %(wZ + w/ + w¥ — w). The function then becomes

flw) = %w*(uﬁ +w’ 4+ w* — w), giving the result above when differentiated directly with

respect to w.

If instead we use the left HR-derivatives in (3.17) to calculate the derivative of(wr) ég*),
we obtain
of (w 1
—J;(w ) = Z([g;, — Xyt — ) — Tk| — =Xy — Tpt — TyK + Tp)) — J[—Tr) — Ty — Tt + 2,K]
—k|—xk —x,) — x4 + sz])
1
= Z([(ET — X1 — x]j — fEK;KZ] - [wr — Tyt + x]j + (EK:K/] - [(ET + Tal — x]j + ‘TKZK’]
— [zr + 2+ 2,5 — 24K])
_ 1 * 7% J* K¥\ __
= (" — T ™) = 5

We notice that this is not the same answer as that obtained with the right HR-derivatives

or by performing direct differentiation after substituting for w*.

Evaluating derivatives numerically

We have seen from Examples 4, 5 and 6 that the left HR-calculus and right HR-calculus
do not always give the same answer. We also noticed that one of the two derivatives can
be obtained straightforwardly by directly differentiating the function with respect to the

quaternion variable (after writing the argument of the function in the correct form), while
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the other derivative cannot be explained in an intuitive way. We therefore suggested that
the latter derivative is likely to be incorrect. We now provide numerical evidence for this
observation, i.e. that only the derivative which is consistent with direct differentiation is

correct.

Visualizing the gradient of a quaternion function (by estimating the gradient graph-
ically) is not possible as it would require an eight dimensional plot. We can, however,
confirm the gradient of a linear function numerically by taking two points on a line and
comparing the slope of the line with the gradient obtained by HR-calculus. We take the
function y; s = wx from Example 4. Using the left HR-calculus we showed that %ﬁ =ux,
while using the right HR-calculus we showed that a%zf—t = x,. For the function in Example

OYright

5, i.e. Yright = Tw, we saw that using the left HR-calculus we have =52* = x;,, while

using the right HR-calculus we have %@ = x. This is a striking result since ys; and

Yright are two different functions due to the non-commutativity of quaternion numbers,
but both have the same gradient according to HR-calculus. We now proceed to verifying

this result numerically.

Evaluating the gradient of y = wx numerically

The function y = wx is the equation of a straight line and so the gradient can be obtained
by taking two points on a line. Taking the constant x to be xt =1 — 21+ 37 — K, and two
points wy and wsy to be wy =1 — 214+ 5 — 4k and wy = 2 4+ 2) — 3k, we can obtain the
following

y1 =wix=—-10+Te+ 107 — 9x
Yyp=wr=—7++147—k
dy=1yo—y1 =3 —4d+4y+ 8k
dw=wy—w1=14+214+7+k

The gradient can be obtained by dividing dy by dw. However, it is preferable to keep

dy and dw in this form since the division of a quaternion can be ambiguous due to the
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noncommutativity of the quaternion product.

According to left HR-derivative 8?;55) = x. This can be written as dy = zdw.
Because of the uncertainty of the reciprocal a%w this could instead be written as dy =

(Ow)zx. By using the value for dw and x we obtain
dy = z(dw) =3+ 4+ 47— 8k

or

dy = (dw)r =3 — 41+ 47+ 8k

We observe that out of these two expressions, the second one gives the same value for dy

(and is therefore the correct expanded form of g—i = z) as that obtained numerically and

so the gradient according to the left HR-derivative is indeed correct. If instead we use the

right HR-derivative 88(—3) = x, we have

0y = x,0w = dw(x,) =3+ 61+ 37+ 3k

This simple numerical analysis confirms that the right HR-derivative of the function y =

wx 1s not correct and it is the left HR-derivative that must be used.

Evaluating the gradient of y = xw numerically

Taking the same values previously used for wi,ws and x, we can obtain the following
yy=aw; =—10—150—29— K

Yo =awg = —7 — 1114+ 29 — 3K
dy=y2—y1 =3+41+4y—8k
dw=wy—wy =14+214+7+k

Using the right HR-derivative in Example 5, we calculated g—g) = x. This can be written

as 0y = xOw. Because of the uncertainty of the reciprocal %, this can also be written as
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0y = Owzx. By using the value for dw and = we can write the differential dy as
dy = z(dw) =3+ 41+ 47 — 8k

dy = (dw)x =3 — 41+ 47+ 8k

We observe that out of these two expressions, the first one gives the same value for dy
(and is therefore the correct expanded form of g—i = z) as that obtained numerically and
so the right HR-derivative gives the correct value. By repeating the procedure above with
the left HIR-derivative, we can show that the left HR-derivative does not give the correct

value.

Although the numerical analysis carried out confirms that both functions have the
same derivative (3—3} = ), the difference between both functions is reflected by the fact
that for the function y; s+ = wx, the differential can be written as Oy s = (Ow)r whereas

for the function y,ign: = zw, the differential can be written as Oyign = xO0w.

3.3 Quaternion gradients

Consider the first-order multivariate Taylor series expansion (TSE) of a function
flg,¢",¢?,q%) : H* — R, given by

3f 3f fdJ of

i = 8 8 0q

L dg" (3.21)

For a real function of quaternion variables (e.g. the typical cost function f(q) = ee* = |e|?),

we have

9f"(q) of(@)\"
o - ()

for n = {1, 3, xk}. Using the involution property P2 in (2.9), it follows that

df = af q+ <gfldq> + (gfj q) + (;)J; q) (3.23)
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Upon applying the identity (3.16) and the conjugate property (q1q2)* = ¢5¢;, this yields

df = gdq + 2dq*
0q

of [ of, . (of «Of
a g q_2<5qu+dq W")

finally arriving at?

_an (9
df_4§re<aqdq>

where the symbol R(-) denotes the real (scalar) part of a quaternion. This result can be

extended to the quaternion vector variables, where q = [q1, ¢2, ..., qn]” and Vof = % =
[Qﬂ of QL}T, so that

0q17 Og27 """ OgN
(AT owr Of af\"
df =2 <8q> dq + 2(dq™) o 4R 9q dq

* H
Upon substituting (%é = (%5) to give df = 4R { ((%é) dq} and applying the Schwarz

inequality® we have

of
oq*’

of
oq*

df = 4R|(5-=, dq)| — df < 4| = |l|dq]| (3.24)

Remark+#1: The maximum change of the differential df occurs when dq is in the direction

of 2L

D thus making the conjugate gradient V- f a natural choice of gradient in the

optimization of real valued functions of quaternion variables.

3.3.1 Unifying the quaternion gradient: The I-gradient

As shown in the previous section, the gradient based on the HIR*-derivatives is rigorous and
has provided a quantum step forward in the derivation of stochastic gradient algorithms in
the quaternion domain. However, despite its mathematical correctness it does not neces-
sarily equip the quaternion domain with algorithms that are generic extensions of its real-
and complex- valued counterparts, the LMS or CLMS (as seen from [66]). It is therefore

necessary to introduce a novel gradient definition that not only unifies the QLMS algo-

2Using the relationship between a quaternion and its conjugate, that is, ¢» = %(q +4q%).
3The inner product of two vectors a and b satisfies (a, b) < ||al|||b||, where the equality holds when a
is collinear with b, that is, a = A\b.
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rithms but also simplifies into CLMS and LMS for lower dimensional data. To that end,
consider the involution based representation in (2.5), where ¢ = % (ql* +¢ +q" — q*)
and ¢* = % (¢" + ¢ + ¢" — q). In this way, we can write the partial derivative g—f; and its

*
conjugate (%5) as

L@@ @) e
B @@ e

For a real valued function f(g), using the identity in (3.22) and the fact that for a real

*
function of quaternion variables %5 = (%@) , we arrive at

of 1 (0f of of of

dg 2 <<9q2* "o g 361*) (3:27)
of _1(of of of of
oq* <3q’ a¢ " g~ 3Q) (3.28)

Observe from (3.24), that it is the conjugate gradient

af:1<g+g+af 1<8f af _ of 8f>>

9q* o 0¢ " 9g~ 2 \d¢* " dg* " dg™  dg*

that provides the maximum rate of change (steepest direction). The conjugate gradient

can also be written as

3of _ 1 (1 (of Of  Of\ 1(0f Of\ 1(0f Of
40« 2 <<3q+8q1+0¢> 2<3q’ 8q“‘>+2<0qﬂ 8qﬂ*>+

and after substituting (¢ — ¢*) = S(q), where $ stands for the imaginary (vector) part

+

< of of
8(] aqn*

of ¢, and using 8f( ) — (8{9—(5))*, we have

of _1((9f  of & 9f ~ (9
8q*_3<<3ql+8qﬂ+3 )+2(J(3ql>+

(30) +2(55))) 0
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Notice that now both the real and imaginary parts are a function of only g—qu, g—fj and %,
that is
af of 1.1o0f of of of ~of  of
R R =RNR|l=—+=4+—=—|+9 | =+ =+ == 3.30
[361*] i [361*] 3 [361’ Tow o] T og "o T o (3.50)

and that the direction of the vector part of the gradient gq]i is equivalent to that within

the HR-calculus, that is, % + %% + a%%. In this way, we introduce a novel quaternion

gradient, termed the involution- or I-gradient, given by

a7 a1 T

Vol =90 T ow T o

(3.31)
Using (3.28) and the HR- and HR*-derivatives in (3.9) and (3.15), the I-gradient can be
written in terms of the conjugate gradient as

oJ N 1 oJ
oq* 2 0q,

V] = (3.32)

Notice that the I-gradient is equivalent to the HR-gradient for 3D processes (pure quater-
nions), a typical case in most real world applications.

Remark#2: For 4D processes (full quaternion), the I-gradient includes an additional

term %g—q{n as compared to the HR-gradient, thus exhibiting increased steepness in the di-
rection of the real component, and providing a faster convergence of the so derived learning
algorithms. However, as the sign of the real gradient component remains unchanged, both

gradients converge to the same optimum solution.

3.4 A unifying treatment of quaternion LMS algorithms

A major stumbling block in the development of quaternion-valued adaptive filtering algo-
rithms has been the issue of quaternion gradient, which in its standard form introduces
uncertainties in the position of the imaginary units and is thus not unique. We shall now
illustrate that by using the quaternion conjugate gradient defined by V,,+J (as given by the

HR-calculus), a real function of quaternion variables can be differentiated directly, without
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resorting to tedious component-wise partial gradients or introducing any uncertainty in

the placement of the unit vectors.

This also gives us the opportunity to unify a number of existing adaptive filtering
algorithms in Hl, and to provide a rigorous platform for future developments. In addition,
we show how the I-gradient V,J = VyuJ + Vs + VyedJ, derived in Section 3.3.1
can be used to introduce generic quaternion valued extensions of the existing real and
complex adaptive filters, both strictly linear and widely linear ones. To be consistent
with the original derivation of the QLMS in [66], the filter output assumes the form
y(k) = wl (k)x(k), however, any other inner product of w(k) and x(k), e.g. x* (k)w(k),

can be equally used to derive the algorithms.

3.4.1 The quaternion Wiener solution

The Wiener filter aims to find the optimal coefficient (weight) vector that minimizes the

mean square error, or equivalently to reach the minimum of the cost function, given by
J(k) = Ele(k)e" (k)] = Elle(k)I?] (3.33)
where e(k) is the output error of an adaptive filter
e(k) = d(k) — w'x(k)

and w € HV>*! and d(k) € H are respectively the filter weight vector and teaching signal.
To obtain the optimal weight vector w,, we need to calculate the gradient (using the

conjugate gradient in (3.15)) in the form

Voed = 2B _ g [e(k:)

ow*

oe*(k)  0Oe(k)

ow* ow*

e*(k)] (3.34)

Normally, this is not straightforward to achieve using the pseudogradient, however, by

virtue of the HR-calculus in (3.34), we directly obtain

ow*

aJ(k) 5 [lx(k‘)e*(k) — e(k’)x*(k)]



3.4 A unifying treatment of quaternion LMS algorithms 84

Substitute for e(k) and set to zero to give

E %x(k) (@ (k) — xH (R)yw*) — (d(k) — w"x(k))x*(k)| = 0

Upon rearranging the terms above we have
1 1
E[whx(k)x*(k) — §x(k)xH(/<:)w*] = E[d(k)x* (k) — ix(k')d*(k')]

or in a more compact form

T 1 . 1
(W'Rqs)" — SReaW' = Tap = STua (3.35)

Noting that (WTRm)H =R,,w* and (rg;)* = ryq, we arrive at the strictly linear quater-
nion Wiener filter in the form

w, =rg,Re, (3.36)

Notice the subtle difference from the real- and complex-valued Wiener solution - the
quaternion solution is given in terms of the transpose of w as the rigid noncommutativity

of r} R, means that R, !r,, would represent a different solution.

3.4.2 The widely linear wiener solution

When the system model is widely linear as in (2.2.3), the augmented filter weight takes
the form w® = [u’, v, g” h”]T and the augmented input vector x® = [x7,x"T", x/T" x"T].
Following on (3.36), the widely linear Wiener solution then becomes

wil =il (RS,) ! (3.37)

o

where R, is the augmented covariance matrix, described in (2.19) and r¢l =

Eldx!, dx'H | dx?  dx"*]T. This model represents an optimal second order solution for
both proper and improper signals, whereas the standard, strictly linear, Wiener filter in
(3.36) is optimal only for proper signals, for which the pseudocovariances matrices P,

S:z and Ty, in (2.19) vanish.
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3.4.3 The quaternion least mean square algorithm

We now illustrate the advantages of the quaternion gradients introduced in this work,
by providing an elegant derivation of the strictly linear QLMS, for which the original
derivation [66] used cumbersome component-wise pseudogradients. Starting from the cost
function in (3.33), the stochastic gradient weight update is given by (p is the real-valued
step size)

w(k + 1) = w(k) — (Ve J (k) (3.38)

and noting that

e(k) = d(k) — wl (k)x(k) e*(k) = d*(k) — x (k)w* (k)

the gradient of the cost function becomes

Ve J (k) = % <e(k) 35:*({% + azsilz]i)e*(k)> (3.39)

Using the HR-gradient V=, we can differentiate e(k) and e*(k) directly, without resorting

to the partial derivatives with respect to w,, w,, w, and w,, thus giving

oe* (k .
3\’5*) = —x"(k) (3.40)
On the other hand, to calculate 8(255];)), we must first write w in terms of the conjugate

K*

involutions w*, w"*, w/* w"*  so that the argument takes the form required by (3.15),
given by

e(k) = d(k) — %(w’*(k‘) + W (k) + W (k) — w* (k) x (k) (3.41)

Using the HR-calculus in (3.15) to perform the direct differentiation of e(k) gives

= x(k) (3.42)

and combining the terms above yields the update, referred to as the HR-QLMS, in the

form

wik + 1) = w(k) + s (%e(k:)x*(k:) - ix(k‘)e*(k)) (3.43)
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A comparison with the original QLMS algorithm in [66] whose form is
w(k +1) = w(k) + p(2e(k)x* (k) — x*(k)e* (k)) (3.44)

leads to the following observations.

Remark+#3: The standard QLMS weight update term is four times larger than that
within the HR-QLMS, the difference arising due to the component-wise gradient calcula-
tion in the standard QLMS. However, this difference can be absorbed into the learning

rate p.

Remark#4: The second term in the original QLMS weight update uses x*(k) instead of

x(k); this difference arises due to the interpretation of the gradient 855;‘:) in (3.15). In the
standard QLMS in [66] it is assumed that the unit vectors ¢, 7 and x are always on the
right hand side of the real component-wise derivatives %f, %é, %Jf and %E. In the QLMS

derivation based on the HIR-gradient, having the imaginary units before the derivatives

of 9f of
qr’ Q.7 q;

gvf; results in the HR-QLMS weight update in (3.43).

and % for the gradient 825* and after the partial derivatives for the gradient

Section 3.5 provides an in-depth comparative analysis, and shows that these two

expressions effectively provide the same solution.

3.4.4 The widely linear least mean square algorithm (WLQLMS)

Using the widely linear model in Section 2.2.3 and following on the analysis of the QLMS
class of algorithms, we can now rederive the WLQLMS [67] in an efficient way, and establish
an elegant and rigorous framework for the derivation of widely linear quaternion valued
algorithms that account for the improperness of quaternion data. We assume that the
output of the filter takes the form y(k) = w (k)x%(k) where the augmented weight
vector w®(k) = [u”(k),v"(k),g” (k),hT(k)]T and the augmented input vector x*(k) =

[xT(k),xT(k),xT (k),x""(k)]". The weight updates are calculated from (3.38), based on
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the gradient

1 oe*(k) de(k)
VwlJ(k) = 5 (e(k)awa*(k‘) + 8ka(k)e (k‘)) (3.45)

* * * * T
By virtue of the HR-calculus, the partial derivatives [33((]]?) , gi*((i)), g;*((lz)), gﬁ*((i))] within

the gradient 865252) can be calculated by direct differentiation, giving

— (k) gﬁ((’]?) — X () (3.46)

Oe(k) |:8e(k) Oe(k) Oe(k) Oe(k)

wa*(k) — | du*(k)’> ov*(k)’ dg*(k)’> oh*(k) |’ substitute

To obtain the partial derivatives 3
w? =1 (W)™ 4+ (W) + (W)™ — w), to yield

Oe(k) 1 Oe(k) 1 de(k) 1 Oe(k)

aw) ~ 20 G T2 W) =X A

1
= §x“(/€) (3.47)
finally arriving at the weight update for the WLQLMS algorithm in the form

1 1
wik+1) = wk)+p <§e(k:)x“*(k:) — Zx“(k:)e*(k:)) (3.48)
This expression for the WLQLMS differs from the existing WLQLMS algorithm introduced

in [67], the differences arising for the same reason as those for the QLMS.

3.4.5 A class of generic QLMS algorithms

Upon applying the I-gradient derived in Section 3.3.1 to the cost function in (3.33), we

obtain

oJ  0J oJ

ow* + ow’ + ow"

1 oe*(k)  Oe(k)
T2 <e(k:) ow'(k) - 8wz(k:)e (k) + e(k)

Ve (k) =

+ e(k) 88;1((]2) + afjg’;;) e*(k:)) (3.49)
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Oe(k) _ Oe(k) _ 0Oe(k)
Yoowr T owd T Ow*r

Using the HR-calculus

= 0, and similarly to the derivation of QLMS,

we can write

1
e’ (k) = d*(k) — 3 (w'(k) + w’ (k) + w"(k) — w(k:))Tx(k:)
By direct differentiation, 88;57;3) = 85:55) = 85;(5) = —3x(k) yielding the weight update

wik+1) = w(k) + Zue(k’)x*(k’) (3.50)

This algorithm is termed the IQLMS (the I-gradient based QLMS).

Remark#5: The IQLMS has the same generic form as the LMS and CLMS [21], as the

term % can be absorbed into the learning rate.
Remark+#6: The IQLMS requires half the computations of the QLMS.

In the same spirit, from (3.48) in order to derive the WLIQLMS, a generic extension

of the complex widely linear ACLMS [38] algorithm, we employ the I-gradient to obtain

w(k+1) =w(k)+ Zue(k)x“*(k‘) (3.51)

where x% is the augmented input vector. It is easy to show, following the approach
in [112] (see Appendix A) that the WLIQLMS is structurally identical to the four-channel
real LMS, whereas the WLQLMS is not.

Remark#7: Note that the Wiener filter is already in its generic form and hence the

corresponding algorithm derived using the I-gradient would be the same.

3.5 Equivalence of the various forms of QLMS

Starting from the expression for the original QLMS given by [66]

wik+1) = w(k) + (%e(k:)x*(k:) - ix*(k:)e*(k:)) (3.52)
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together with the expression for the proposed HR-QLMS

wik+1) = w(k) + (%e(k:)x*(k:) - ix(k:)e*(k:)) (3.53)
and the IQLMS algorithm
wik+1) = w(k) + Zue(k’)x*(k’) (3.54)

we can now rewrite the QLMS algorithms (3.52)-(3.54) in a form that allows for a conve-
nient analytical comparison.
Based on (3.52), from x* (k) = x(k) —23[x(k)] and by splitting the term {e(k)x*(k)

we have

1 1 1

wk+1) = w(k)+ ue(k)x™(k) + ppe(k)x”(k) — 2px(k)e™ (k) + SpuI[x(k)]e” (k)

= w(k)+ /A%%[e(k')x*(k)] + i/m(k)x*(k) + %u%[x(k)]e*(k)

= Wk) + g SelR)x ()] 4 3e(k)x (B) — 2 e STx(R)])”

The real part of the weight update can therefore be evaluated as
1 . 1
Riw(k +1)] = Rlw (k)] + 7pRfe(k)x" (k)] — SR [e(k)S[x(k)]]
which, upon using x(k) = R[x(k)] + S[x(k)], yields

Riw(k + 1] = Riw(B)] + ppR[e(RREE)]] — SuReRSEB]]  (3.59)

Similarly, for the imaginary part of the QLMS weight update in (3.52), we have

Sw(k +1)] = S{w(k)] + > uSfe(R)x (K)] + 3 [e(h)STx(k)]
Sw(k +1)] = SIw(b)] + S [e(bR(E)] — Jule®SEE]]  (3.56)

Repeating the above process for the weight updates in (3.53) and (3.54), it can be

shown that all the various forms of the updates are based on a combination of the terms,
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+ [e(k)R[x(k)]] and — [e(k)S[x(k)]], or more explicitly

Riw(k + 1] = Riw (k)] +a pR[e(R)Rx(K)]] = b pR [e(k)I[x(F)]] (3.57)

Sw(k+ D] = Sw(k)] + ¢ pS[e(k)Rx(K)]] — d pS [e(k)Ix(F)]] (3.58)

Therefore, the weight updates for QLMS, HR-QLMS and IQLMS differ only in the weight-

ing factors a, b, ¢ and d, that is

e For the QLMS derived in [66], the weighting coefficients are a = d = i andb=c=

L[S

e For the QLMS in (3.53), the weighting coefficients are a = b=} and c =d = 3.

e For the IQLMS in (3.54), the weighting coefficients are a =b=c=d = 2.

Remark#8: The three QLMS algorithms in (3.52)-(3.54) represent the same solution, as
the weight updates differ only in the different weightings applied to the four components
of the weight vector. This also suggests that the higher complexity of QLMS as opposed

to IQLMS does not automatically result in a better performance.

Remark+#9: The different weightings in the weight update terms mean that although all
the algorithms will arrive at the same Wiener solution, the three versions of the QLMS
will exhibit differences in their convergence and steady state performances. For instance,
we would expect the IQLMS to have a faster initial convergence than the QLMS, due to

the larger weighting of the weight vector components.

Indeed, the analysis in Section 3.6 and simulations in Section 3.7 show that all
the three algorithms have similar performances, yet the IQLMS requires only half the

operations.

3.6 Convergence analysis

We now provide a unified platform for the convergence analysis of the class of QLMS

algorithms. For rigour, this is achieved starting from the stability conditions through to



3.6 Convergence analysis 91

the mean square error performance for noncircular data of both strictly linear and widely
linear filters. The mean square error analysis is conducted for the IQLMS and also provides

a bound on the performance of the QLMS and HR-QLMS.

3.6.1 Convergence in the mean of the strictly linear IQLMS algorithm

To simplify the derivation, the output is re-written in the form w'x; this does not change
any of its properties, but makes the analysis more mathematically tractable. Without loss
of generality, assume first that the teaching signal for the IQLMS is given by (output of
the strictly linear model)

d(k) = wHx(k) + n(k)

where w, is the optimal filter weight vector and n(k) quaternion quadruply white zero

mean Gaussian noise*. The output error can therefore be written as
e(k) = wix(k) + n(k) — wH (k)x(k) (3.59)

Substitute e(k) into the IQLMS weight update in (3.54) to obtain
3 H 3 * 3 H
w(k+1)=w(k)+ Zyx(k)x (k)wo(k) + Z/Lx(k:)n (k) — Zux(k)x (k)yw(k)

and subtract w, from both sides to give the weight error vector r(k) = w(k) — w, in the

form

(k4 1) = (k) — 5 xR (k) (w (k) — wo(k) + 5 (k) ()

For convergence in the mean, take the statistical expectation of both sides to yield

Ble(k+ 1] = (1= SuBlx(x" (0]) Ble(o] + B0’ (1)
= (1 2R Bl() (3.60)

The recursion for the weight error vector r(k) converges for ||T — 2uR,,|| < 1, where the

norm is defined as the spectral norm (corresponding to the largest absolute eigenvalue).

4Each component of quaternion noise is drawn from a zero mean independent Gaussian distribution
with equal variance.
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Making use of the unitary transform R,, = QAQ, where Q is the matrix of eigenvectors

and A is the eigenvalue matrix, and rotating r(k) to obtain r'(k) = Q E[v(k)] yields
/ 3 /
r'k+1)=1- ZuA)r (k)
Since I — % uA is diagonal, the ‘modes of convergence’ can be expressed as

r(k+1)= <1 — Zu)\n(Rm)> (k) v er,n=1.,N (3.61)

where A\, (R;,) denotes the nth eigenvalue of R;,. Therefore, in order for every r, (k) €

r(k) to converge

3
11— Z,u)\mam(Rmﬂ <1
0 _ 3.62
S Do (Ron) (3:62)

where the symbol A4z (Ryy) denotes the maximum eigenvalue of Ry,. Using the rela-
tionship between the trace of a matrix and its eigenvalues, that is, Tr(R;,) = Zf\il A

the upper bound on the learning rate can be conveniently approximated by

0</1,<m

where T'r(-) denotes matrix trace operation.

3.6.2 Convergence in the mean of HR-QLMS

We shall first rewrite the weight update of the QLMS as

wik+1) = w(k) + s (%e(k’)x*(k’) - ix(k‘)e*(k)) (3.63)

By substituting for e(k) into (3.63) and for the weight error vector r(k) = w(k) — w,(k),
it can be shown (see Appendix B.1) that the weight error vector takes the form

1) = ) - g (R () e (T (xR () () ()

g (k) (k) (3.64)
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It is not possible to obtain a recursive expression for r(k), as for the IQLMS, due to the
presence of the conjugate terms (r(k)x(k)x (k))". Instead, by splitting r(k) into its real
and imaginary components (see Appendix B.2) and taking the statistical expectation, the

following recursive expression can be obtained
T T 3
w(k+1)=w (k)[I- Z’uRb] (3.65)

where w(k) = [E[r;r(k')],zE[r;‘F(k')],jE[rJT(k)],nE[rZ(k)]]T and

% [Rmm]r Z[Rxx]z ][Rxx]j H[Rxx] K

R, — Z% [R:c:c]z [Rmc]r K[Rx:c]m ][Rx:c]]
b=

j% [Rmc]] R[Rmc]m [R:c:c]r 1[R:c:c]z

K% [RLELE]H ][Rmm]] Z[Rxx]z [Rmm]r

and the notation [R,;|, indicates the n part of R, for n = {r,4,,x}. Similarly to the

IQLMS, the condition for convergence in the mean becomes
3
T — Z/LR;,\ <1 (3.66)
while the bound on the step size in terms of the eigenvalues of Ry, becomes

8
0 —_— 3.67
< a < 3)\max(Rb) ( )

To compare the performance of the IQLMS and QLMS, the eigenvalues of the matrix Ry

must be related to the eigenvalues of the matrix R;,. As shown in Appendix B.3, this

gives

/\mam(Rb) ~ Amax(Rxx) (368)
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3.6.3 Convergence in the mean of QLMS

Starting from the weight update of the QLMS in (3.52) it can be shown (see Appendix

B.4) that the weight error vector takes the form

k1) = TR g (T R (R) + g (T (R ()T (8)” G (R (k)
—i px (k)n* (k) (3.70)

Since QLMS is strictly linear, it is second order optimal only for proper signals. For a
second order circular x(k) we have x(k)x” (k) = —3x(k)x (k) (see Appendix B.5) allowing

us to arrive at

Similarly to the analysis of HR-QLMS, after splitting r(k) into its real and imag-

inary components (as shown in Appendix B.2) and taking the statistical expectation, we

have
WT (k4 1) = w (k)[T — %;LRC] (3.71)
where
%[Rmm]r Z% [Rx]z ]% [Rxx]j H% [Rmm]n
R — %Z[Rx:c]z %[Rx:c]r K‘%[Rx:c]ri ]%[RLL‘LL‘]]
%][RLE:E]_] K% [Rmm]n % [Rmm]r Z% [Rxx]z
%K[Rmm]n ]% [Rxx]j Z% [Rmm]z %[Rxx]r
Therefore, the condition for convergence in the mean becomes
3
I — Z;LRC| <1 (3.72)
and the bound on the stepsize
O<p< (3.73)

3/\mam (Rc)
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Repeating the analysis from Appendix B.3, we can show that the eigenvalues of the

matrices R, and R, are related by

Aas (Re) & 2 Ao (R (3.74)

Remark+#10: From the expressions for the maximum eigenvalue of the correlation matri-
ces (3.68) and (3.74), all the three algorithms have very similar stability properties, with

the QLMS offering a slightly wider stability range.

Remark#11: From the analysis of the corresponding minimum eigenvalues of the cor-
relation matrices (3.69) and (3.75), the IQLMS is governed by the smallest eigenvalue
spread (%(gzz))) and thus exhibits the fastest convergence rate, followed by QLMS and

HRQLMS.

We have illustrated that a structural equivalence exists among the three forms of
QLMS algorithms. The analysis in the mean shows that in addition to requiring fewer
computational operations, the IQLMS also offers a faster convergence rate. In view of the
advantages offered by the IQLMS and the fact that IQLMS keeps the generic form of LMS
and CLMS and inherits their mathematical tractability, we provide the MSE analysis for

the IQLMS as it is most likely to be used in practical applications.

3.6.4 Mean square error performance of the strictly linear IQLMS for

noncircular data

For generality, our analysis is performed for second order noncircular inputs, and naturally
simplifies into the corresponding analysis for circular signals. The analysis evaluates the
mean square error (MSE), defined as

MSE = lim Elle(k)?] (3.76)

k—o0

for e(k) = d(k) — w¥ (k)x(k) where d(k) is an improper teaching signal. This is achieved

using the approach proposed in [113] [114], based on the energy conservation of filter
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weights at each iteration. To this end, we introduce the a priori error e, (k) and a posteriori

error e,(k) as

eq(k) = rf (k)x(k) ep(k) =t (k + 1)x(k)

where r(k) = w(k) — w, is the weight error vector. The error e(k) can now be written as

(see Appendix B.6)
e(k) = eq(k) + wx?(k) 4 n(k) (3.77)

and the MSE as

MSE = EMSE + lim E [[lwefx(k)|%] + o (3.78)
—00
where ¢ is the noise variance and EMSE is the excess mean square error, given by
EMSE = lim Ellea(k)]1?] (3.79)
—00

while x¢(k) = [xT'(k),x'T(k),x"" (k)]T and w® = [vl, gl hI]”. The expression for the

conservation of energy of the weights (see Appendix B.7) is given by

lep ()2
(k)12

llea (%)

2
L T

= e(k)[* +
Upon taking the expectation of both sides, for the limit k — oo, we have

= wioie] = iwie

and upon substituting for e, (k) = e, (k) — pe(k)||x(k)||* we arrive at

E [[lx(k)I[*[le(k)|*] = nE [ea(k)e* (k)] + pE [e(k)ey (k)] (3.80)

Using the result in (B.7) and assumption A.1 in Appendix B.6

2uE(|lea(F)*) = 1 E [1x(B) [ lea(R)*] + 12Tr(Raz)o® + p B [|Jx(k) | *{|wx(k)|?]
(3.81)
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where F [[|x]|?] = Tr(R,;). We can now obtain an expression for E[|leq(k)||?] under two

different conditions:

e For a small step size p the term E [|[x(k)||*|leq(k)|[*] in (3.81) becomes negligible

and the expression for the EMSE can be written as

Elllea(k)I*) = gTT(Rm)U2 + 1 B[l (k)|1* W x (k) |] (3.82)

e For large values of ;1 where we cannot neglect the term E [|[x(k)||?|eq(k)|?], we

make the usual independence assumption that ||x||? is statistically independent to

lea(®)||?, giving

r(Ryy)o? + 2B [|1x|2 [ weH x(k)||2
Bllea(h?) = LRl B ESOE]  g

3.6.5 Mean square error performance of the widely linear WLIQLMS

for noncircular data

The analysis for the MSE performance of the WLIQLMS is similar to that carried out for

the IQLMS, the difference arising from the relationship between e(k) and e, (k), given by

e(k) = eq(k) + n(k) (3.84)

H

that is, the term w®”x¢ vanishes, and

MSE = EMSE + o? (3.85)

Remark#12: Comparing the MSE of WLIQLMS in (3.85) to the MSE expression for
the IQLMS in (3.78), we observe that the term ||wx¢(k)||? is always greater or equal
to zero, and therefore subject on the EMSE for the IQLMS being smaller or equal than
the EMSE for the WLIQLMS, the MSE of the WLIQLMS will always be smaller or equal
than that of the IQLMS.

The expressions for the EMSE of the WLIQLMS are thus given by:
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e For a small step size

Elllea(k)I?] = gTT(R;x)U2 = 2017 (Rag)o” (3.86)

e For large values of the stepsize

Elllea(®)]?] = pTr(RE)o?  2uTr(Ry,)o?

= = 3.87
2~ uTr(Re,) ~ 1-24Tr(R,.) (3:57)

where we have used the fact that Tr(R%,) = 47r(R,.).

Remark#13: Comparing (3.86)-(3.87) with the EMSE expressions in (3.82)-(3.83), we
observe that for circular signals, where w® = 0, the EMSE of the WLIQLMS is four times
greater than that of the IQLMS, though both tend to 0 as the step size u approaches 0.
It follows from this that if the underlying model is know to be strictly, then the IQLMS
should be used. From Remark 12, it then follows that the MSE of IQLMS is always smaller
than that of WLIQLMS if the signal is circular.

For noncircular signals, we observe that while the term containing the noise variance
is four times larger for the WLIQLMS in (3.86)-(3.87) than the IQLMS in (3.82)-(3.83),
we must also consider the effect of the second term |w?x¢(k)||? in the EMSE of the
IQLMS. For all noncircular signals, other than those that are marginally noncircular, the
latter term will be the dominant factor and hence the EMSE of the IQLMS will be larger
than that of the WLIQLMS for noncircular signals. From Remark 12, it then follows that
the MSE of IQLMS is always greater than that of WLIQLMS if the signal is noncircular.

Remark#14: For two-dimensional signals the analysis for the MSE of IQLMS and
WLIQLMS simplifies respectively into that of the complex LMS and the widely linear
CLMS (CLMS and ACLMS).

3.7 Simulations

In order to experimentally validate the analysis, we next evaluated the QLMS, HR-

QLMS and IQLMS and their widely linear extensions on both circular and non-circular
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quaternion-valued data.

Figure 3.1 and Figure 3.2 show the performances of the HR-QLMS and IQLMS in

the prediction setting on the circular AR(4) signal given by

y(k) = 1.79y(k — 1) — 1.85y(k — 2) + 1.27y(k — 3) — 0.41y(k — 4) + n(k) (3.88)

and the circular MA(4) signal

y(k) = ax(k) + bx(k — 1) + cx(k — 2) + dx(k — 3) + ex(k — 4) + n(k) (3.89)

where a, ..., e are quaternion valued weights and n(k) quadruply white circular Gaussian
noise. For both benchmark models the driving noise n(k) had a variance of 0.1. For the
AR(4) signal, all the filters had a step size of 1 = 0.08 whereas for the MA(4) signal,
all the filters had a step size of ; = 0.04. The experiments were repeated independently
100 times and the performances were averaged to obtain the learning curves. Observe
from Figure 3.1 that for the circular AR(4) signal, IQLMS and QLMS offered marginally
faster convergence than HR-QLMS, conforming with the analysis. In the steady state (for
kE > 10000), all the three QLMS algorithms exhibited the same performance. Figure 3.2
shows the performance of the MA(4) signal, illustrating the theoretical findings that all the
three algorithms offer similar steady state performances, with the IQLMS exhibiting the

fastest convergence. This also verifies the benefits of the I-gradient over the HR gradient.

Figure 3.3 shows the evolution of the real, 12—, j—, and k-component of one of the
filter weight vectors for the MA(4) signal. Verifying (3.57) and (3.58), the IQLMS offered
faster convergence for all the four data components. In addition, supporting the analysis,
the HR-QLMS converged faster than the QLMS in all the three imaginary channels (with
the QLMS converging faster in the real channel).

Figure 3.4 compares the prediction performances of IQLMS, HR-QLMS and QLMS for
the noncircular 3D Lorenz signal. A step size of ;1 = 2 x 10~* was used and the learning
curves were averaged over 100 independent trials. Observe that the IQLMS achieved a

slightly lower steady state error compared to QLMS and HR-QLMS, conforming with the
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Figure 3.1: Performance comparison of the Figure 3.2: Performance comparison of the

QLMS, HR-QLMS and IQLMS on the pre- QLMS, HR-QLMS and IQLMS on the pre-
diction of the circular AR(4) signal, for all  diction of the circular M A (4) signal, for all
the algorithms having the same step size. the algorithms having the same step size.

analysis in Section 3.6.

Short term wind forecasting plays an important role in renewable energy, pollution
modeling and aviation safety [115] [116] [117] [118] [119]. In this scenario, the QLMS, HR-
QLMS and IQLMS were used to perform 10-step ahead prediction of a four dimensional
wind signal®. The wind signal consists of three channels representing the wind speed
measurement in the north-south, east-west and vertical direction and a fourth channel for
the air temperature (see Figure 3.5), and had a noncircularity degree® of r, = 0.49. A
step size of 2 x 1072 was used while the filters had a order of N = 4. Figure 3.6 shows
the learning curves of the filters considered, averaged over 20 trials. Observe that all
three filters achieved the same steady state performance and that the IQLMS converged
considerably faster. The performances of the three widely linear filters are shown in Figure
3.7, using the same step size and filter order as for the strictly linear filters. Observe that
all three filters achieved the same steady state performance while the WLIQLMS exhibited
the fastest convergence rate. Also note that, as expected from the noncircular nature of

the wind signal, the widely linear filters achieved a better steady state performance than

®The wind data were recorded by Prof. K. Aihara and his team at the University of Tokyo, in an urban
environment. The wind was initially sampled at 50 Hz, but resampled at 5 Hz for simulation purposes.
5The noncircularity measure r; = E[m”Hfgj;*]ﬁE[mh I where rs € [0, 1] and the value rs = 0 indicates

a circular source while rs = 1 indicates a highly noncircular source.
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Figure 3.3: Evolution of the adaptive quaternion valued weights of QLMS, HR-QLMS
and IQLMS, for a single trial prediction of the MA (4) signal.

the corresponding strictly linear filters.

3.8 Summary

In this chapter we have helped resolve ambiguities present in current quaternion valued
adaptive filtering approaches and provided a rigorous platform for the analysis and future
developments in this field. We have shown that most inconsistencies in the treatment
of such algorithms are due to the noncommutativity of the quaternion product and the
limitations of current quaternion gradients. The analysis has introduced two new gradient
definitions and has, for generality, been conducted for second order noncircular (improper)
signals. The mean and mean square analysis have been performed in a general setting and
have been shown to naturally simplify into the corresponding analysis for special cases (e.g.
circular /strictly linear). The proposed I-gradient has been shown to facilitate generic forms
of quaternion least mean square (QLMS) algorithms, providing natural extensions of LMS,
CLMS and ACLMS. The rigorous treatment of quaternion gradients, noncommutativity of
products, together with convergence analysis and treatment of noncircularity, has provided

a unifying platform for quaternion valued adaptive filtering.
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Figure 3.5: Four-dimensional wind signal.
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Chapter 4

Quaternion Recursive Least

Squares

4.1 Introduction

The recursive least squares (RLS) algorithm is a standard in many real world applications
requiring accurate adaptive filters. Compared to the least mean square (LMS) algorithm,
it generally exhibits improved convergence and better steady state properties, at the cost
of greater computational requirement. It also has a desirable property that the rate of
convergence is invariant to the condition number of the correlation matrix R, of the

input signal [20].

4.2 Derivation of the widely linear QRLS

Within the RLS class of algorithms, the aim is to minimize the following objective function:
J(n) =Y X" Fle(k) =) A" Fe(k)e (k) (4.1)
k=0 k=0
where the forgetting factor A € (0, 1] and the output error

e(k) = d(k) — wTx(k) = d(k) — Zw?b(r)w“(k’ —r) (4.2)
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where p is the filter order, and x%(k) and w? denote respectively the augmented in-
put vector [x7(k),x'T(k),x'T (k),x"" (k)] at time k and the augmented weight vector

T I kT

I wl' wi wr

(W, , | at time n.

4.2.1 The least squares solution

Our aim is to find a recursive solution that minimizes the objective function in (4.1). To
this end, following HR-calculus in (3.15), we set the partial derivative with respect to

w*(1) for [ = 0 to p, to zero, to give

aJ(n) n—k Oe(k)e(k)*
Jwa* (1) Z)\ ' 8w“* S ower(l)

N (g P etk
=2 <(k)8w%*<l)+8w%*<l) W)

k=0

which yields,

J(M) S mk ar e N an as (g
awg*(l)_ZA kzx (k —De*(k) kZ:O,\ Fe(k)a™ (k —1)

k=0

Substitute for e(k) in (4.2) and set the gradient to zero to obtain!:

8w“* Z)\" Fat(k—1) <d*(k) =) a™ (k- r)w;g*(r)>
- Z Ank <d(l<:) =Y wh(r)at(k - r)) e (k—1)=0
k=0 r=0

The terms above can be re-arranged as

861;1]3(*72) = E Z ARl (r)a(k — )z (k — 1)

k=0 r=0

1 & n—k, .a n—k
+ 5;:0)\ % (k — ZA d(k —1)

_ % 3OS TA Fat (kD2 (k — r)wi(r) = 0

k=0 r=0

!The quaternion conjugate property (z1z2)* = z3z} was used.
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In a more compact form, we have

1 T 1
wiTRE () - (R ) =i () - gxtho (1.3
where
R () = DN (R ()
k=0

rgu(n) = Y NExO(k)d" (k)
k=0

g, (n) = Y A"Fd(k)x™(k) (4.4)
k=0

Observe that (wiTRZ (n))* = ((WZTR;:E(”))H)T _ (Rgf(n)wz*)T _

(R2_(n)w®)T and (r%'(n))* = r%I'(n). It therefore follows from (4.3) that
wi RS, (n) = g (n)

Post-multiplying both sides by (R%,(n))~! we finally obtain

Wi = rge () (R, ()™ (4.5)

n

The Wiener filter solution in the quaternion domain can be obtained from (4.5),
as the recursive estimate of the correlation matrix R%,(n) converges to a true correlation

matrix RJ, for n — oo. The same applies to the estimated cross-correlation r§ , giving

(Rg, ()™ = n7'(RE,)™

rir(n) = nrjy
and the Wiener filter solution
w'l = (R,) ! (4.6)

The difference from the complex domain Wiener solution arises due to the non-
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commutativity of quaternion products, as the position of r%  relative to (R%,(n))~! is

important and hence the term w®’.

We shall next derive the WLQRLS algorithm, a recursive solution to the least
squares solution in (4.5). Our approach follows the general idea of the derivation of the
complex widely-linear RLS algorithm? in [39], and extends this approach by accounting

for the specific properties of quaternion algebra.

4.2.2 The widely-linear QRLS algorithm

The term x®(k)x(k)*? within the covariance matrix R%,(n) in (4.4) can be expressed as

x(k)x" (k) x(k)x'™ (k) x(k)x'™ (k) x(k)x"" (k)
n x* XH x* XZH x* XH x? X/{H
iy = 3ot [T ) @) )
k=1 I (k)x (k) x (k)x" (k) xI(k)x" (k) x/(k)x*" (k)
_x”(kz)xH(k:) xF(k)x" (k) x5 (k)x (k) x”(k‘)x”H(k‘Z
yielding a simpler form
| Reo(n) Pi(n) Sh(n) Ti(n)
) = S by = | P Bial) Tho) St |
k=1 Sez(n) Ti.(n) Rg?x(n) Py, (n)
| Tea(n) Si(n) Pr(n) Ri(n) |
where
Ro.(n) = Y X" Fx(k)x" (k)
k=1
Po.(n) = > XNFEx'(k)x" (k)
k=1
Sea(n) = Y X" FxI(k)x" (k)
k=1
Toa(n) = Y NFx"(k)x" (k) (4.9)
k=1

2The complex WLRLS algorithm, proposed by C. Douglas, takes advantage of a special structure
inherent to the augmented covariance matrix to simplify the calculation [39].
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To demonstrate the matrix (R%,)™! has the same structure as the matrix R,,, observe

that when (R%,)~! takes the form in (4.8) then R%,(RZ,)~! = I is a valid solution, that

is

Roo(n) Pi,(n) Sk(n) Thm) | | A B
R Re ()t = | P Rl Ta() Shm) || B A
Six(n) Tiy(n) Riz(n) Ph(n) || C D
| Tua(n) Si.(n) Ph(n) Ri(m) || D C
(100 0]
o1
loo1o
_0 0 0 I_

Out of the 16 equations (one for each entry of the identity matrix),

R..(n)A+P.,(n)B+S. (n)C+Ti,(n) D=1
P..(n)A+R., (n)B+ T, (n)C+S5.(n)D=0
Siz(n)A+ T, (n)B+R..(n)C+PL.(n)D=0

T,,(n)A+S., (n)B+P. (n)C+RS.(n)D=0

D
o
B
A

only four are linearly independent, as all others are involutions of these equations. This

set of linear equations has four unknowns A, B, C and D. As there is only one solution

for A, B, C and D, hence the structure assumed for (R%,) ! must be valid. A direct

consequence of this structure is that the matrix (R%,) ! can be fully described by only a

quarter of its entries.

The first step towards the WLQRLS algorithm is to find a recursive solution for

(R2,)~! and r% . Using Woodbury’s identity, the matrix inverse (R%,)~! can be written
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as:

(Re(n)™" = AR (n—1)7"

A2(R2, (n — 1))~'x* (n)x" (n) (R%, (n — 1))~
T LA ()R, (0 - 1) x4 (n) (4.10)

A recursive solution for A(n), B(n), C(n) and D(n) can now be obtained by expanding

the expression for R} (n) into its components.
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Note from (4.11) that A(n), B(n), C(n) and D(n) can be written as

H
A(n) = \'A(n-1)- )\‘2%
1 H
B(n) = A 'B(n-1)- 222
c
9 H
Cn) = A'C(n—1)- 2P
Ky H
D(n) = A !'Dn—1)-A12P f (4.12)
where p and c¢ are defined as
p = [A(n—1x(n)+B'(n—1)x'(n)+ C'(n—1)x'(n)

+D"(n — 1)x"(n)]

c = 1+ 2 4R (x"(n)p)

where symbol R(-) denotes the real part of a quaternion. The cross-correlation r¢_ can be

recursively estimated by

5, (n) = A (n — 1) + d(n)x" (n) (4.13)

The augmented weight update of the WLQRLS algorithm, wl = r2l(R2,)~! can be

expanded as:

~ - T — 2T~ -
w | [rwm ] [A@) BO) om D@
Vo | _| Fdsa(n) B(n) A'(n) D’(n) C"(n)
gn Tizy(N) C(n) D%n) A’(n) B"(n)
b | [re)] D) C) By A%

We can now write expressions for u,, v,, g, and h, in terms of A(n), B(n), C(n) and
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ug = rgzl(n —1DAMn-1)+ rdez (n—1)B(n—1)+ rdTIS(n - 1)C(n—1)+ rdTM(n —1AMn-1)
+ A H@)xE)An —1) + A Hdn)xE (n)B(n — 1) + A Hd(n)xH (n)C(n — 1) + A~ 1d(n)x"*H (n)D(n — 1)
- AT lrgx] (n - l)pTH AT 11'3;962 (n - 1)# - A7 11‘5&63 (n - 1)ppC]H AT 11‘5;4(77, - 1)pp:H
— A2d(n)xH (n)% — A" 2d(n)xH (n)# — A 2d(n)xH (n)# — A"2d(n)x~H (n)# (4.15)
D(n)
u, = rg,, (M)A(n) + g, (n)B(n) + gy, ()C(n) +rg,, (n)D(n)
VI = (B () + v () A (n) + X, (D' (n) + 1L, (1) C ()
8 = Tag, (n)C(n) + 1y, (MDY (n) + 1y, (1) A?(n) + 1y, (n)B(n)
hy = rg,, (n)D"(n) + 14, (n)C¥(n) + rg,, (n)B*(n) +rg,, (n)A"(n)  (4.14)

By substituting (4.12) and (4.13) into (4.14), we can obtain a recursive time update for the
weight vectors u,, v,, g, and h,,. For illustration, the update of the weight component

u,, is given below. The update for the other three weight vectors are obtained analogously.

u, = (/\rdel(n -1)+ d(n)xH(n)) </\_1A(n 1) — A~ QPPH)

'UO

p’

+ (/\rdng (n—1) +d(n)x""(n)) (A_lB(n 1) AT QPZPH)
a2 )

+ ()\rde3 (n—1)+ d(’I’L)X]H(TL)) <)\_1C(n - 1)

T o wH 1 . K H
+ (Arg,, (n — 1) + d(n)x"" (n)) ()\ D(n—1)

Expanding ul we can split the terms above into four groups, as shown in (4.15). It can
be shown that the first row equals ul | and the second row equals A 'd(n)p* (n). The

third row can be written as

H
— 2 K p
At (UZ—lx(”) +v) o x'(n)+ gl 1 x'(n) +hl_x (n)) e
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whereas the last row can be written as

A"2d(n) (4R(x"p)) %

Thus giving,

H
al = wl, AT dm)p = A2d(n) (4R (n)p) -
H
37 (Wl ix(n) + VX (n) + gl (n) + B (n) P
_ T -1 H -2 H p” -1 (. al _a p”
= wl AT dmp! = A7) AR ()p) P = AT (wil () B

Using A~ 14R(x (n)p) = ¢ — 1, we finally obtain
T T 1 T p”
u, =u,_; + A" (d(n) — (wl,x%(n))) >

n n—1

The update for v gl" and h! follows a similar form, summarized in (4.22).

4.2.3 Summary of the widely linear QRLS algorithm

The WLQRLS algorithm is summarized below

x'(n) = [x"(n),x"(n),x"" (n),x""(n)]" (4.16)
w, = [u£> Vga gz:a hZ]T (4.17)
e(n) = d(n)—wT(n—1)x* (4.18)
c = 1+4% (x"(n)p) (4.19)

p = [A(n—1)x(n)+B'(n—1)x'(n) + C/(n — 1)x’(n) + D*(n — 1)x"(n)] (4.20)
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D(n) = A 'Dn—1)-A22P (4.21)

The updates of the augmented weight vector w? = [ul vI' gI' hl]?" of the WLQRLS are

given by

_pe(n)p”
=u,_ + N2
u, u,_ 1+ c
_ye(n)p
v, NI
Vn Vn—1 + c
_e(n)p’H
kH
h, =h,_1 + e (4.22)
c

4.3 Simulations

The effectiveness of the WLQRLS is demonstrated by comparing its performance to that of
WLQLMS algorithm in forecasting wind®. For the simulations, four signals (temperature
reading and wind speed in the North, East and vertical directions*) were combined into

one quaternion valued signal.

For comparison purposes, the step size of the widely linear QLMS algorithm [67]
was chosen to give the fastest convergence for the signal at hand, whereas for the widely

linear QRLS, a forgetting factor A = 0.95 was employed. The quantitative performance

3The quaternion toolbox was used to extend the capabilities of Matlab to the quaternion domain [120].

4The wind data were recorded by Prof. K. Aihara and his team at the University of Tokyo, in an urban
environment, sampled at 5Hz. We considered the three wind speed components as a pure quaternion, with
the air temperature being the real part.
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Figure 4.1: Performance of WLQLMS and WLQRLS on the prediction of 4D wind
field (3D wind speed and air temperature).

measure was the prediction gain, given by

2
R, = 1010g% [dB] (4.23)

where 02 and o2 denote respectively the input signal power and error power.

Figure 4.1 compares the prediction gain of WLQLMS and WLQRLS for the pre-
diction of a wind signal over a range of prediction horizons. Over all filter orders and
prediction horizons, the performance of the WLQRLS was approximately 20dB higher
than that of the WLQLMS. Figure 4.2 shows the error curves for both the algorithms,
illustrating the faster convergence rate of WLQRLS. Figure 4.3 compares the prediction
gain when both the filters are at the steady state, illustrating the enhanced performance
of the WLQRLS. Finally, Figure 4.4 visualizes the tracking performance of the WLQRLS

on the vertical wind speed component of the quaternion wind signal.
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Figure 4.2: Learning curves of WLQLMS and WLQRLS on the prediction of 4D wind
field (3D wind speed and air temperature).
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Figure 4.3: Steady state performance of WLQLMS and WLQRLS on the prediction
of 4D wind field (3D wind speed and air temperature).

4.4 Summary

We have introduced the widely linear QRLS (WLQRLS) algorithm for the processing of
circular and noncircular signals in the quaternion domain. This has been achieved by using

the recently introduced quaternion widely linear model and HIR-calculus, and following the
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Figure 4.4: Prediction performance of WLQRLS filter for 5-step ahead prediction of
the vertical wind speed component.

RLS algorithm’s steps. The superiority of the WLQRLS has been demonstrated on the
forecasting of a 4D wind field (3D wind as a pure quaternion and air temperature as a
real part). The WLQRLS algorithm has been found to have an increased convergence and

superior steady state performance, as compared to other available widely linear adaptive

algorithms in H, the WLQLMS.
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Chapter 5

A Class of Quaternion Valued

Affine Projection Algorithms

5.1 Introduction

The quaternion least mean square (QLMS) [66] was recently introduced for adaptive filter-
ing of quaternion valued data, however, it also highlighted the need for faster converging
practical algorithms. The stochastic gradient based normalized QLMS can solve this issue
only partially whereas the fast converging quaternion recursive least squares (QRLS) [121]
is computationally demanding. To that end, our aim is to introduce a fast converging
and computationally scalable affine projection scheme for adaptive filtering of quaternion

valued data.

Ozeki and Umeda [18] employed affine subspace projections to develop the affine
projection algorithm (APA) for real valued finite impulse response (FIR) adaptive filters,
thus ensuring fast convergence for coloured inputs. Structurally, the APA spans the range
between the normalized least mean square (NLMS) and recursive least squares (RLS),
both in terms of performance and computational requirements. In practical terms, whereas
the NLMS updates the weight vector based only on the current input vector, the APA
employs N past input vectors, thus making use of the history of weight update evolutions,

and achieving faster convergence than the NLMS. For large N, the performance of APA
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compares with RLS, which updates the weight vectors based on the cumulative error
powers calculated from all the past input vectors, therefore exhibiting a high computational
complexity. These algorithms were developed for a single channel (univariate) scenario,
and were only recently extended to the widely linear complex scenarios [41], thus catering

for the generality of complex signals, both circular and noncircular.

The development of real time adaptive filtering algorithms in the quaternion domain
has long been hampered by the lack of a rigorous definition of quaternion gradient. This
is not surprising, as the gradient calculation is critical in division algebras (complex,
quaternion), where standard differentiability conditions (e.g. Cauchy Riemann) do not
allow for the gradient of real function of complex and quaternion variables to be calculated;
yet typical cost functions are real valued error power. For instance, it is only the CR-
calculus [28] [98], that made it possible for the real APA to be extended to the complex
domain [41], and for the augmented complex APA (AAPA) to be derived for the processing
of noncircular complex signals. Similarly, until the recent development of the HR-calculus
[122] and the augmented quaternion statistics [64] [65] [67], stochastic gradient algorithms
in the quaternion domain lacked a formal treatment of the gradient, while statistics were

only suited for the processing of second order circular signals'.

Unlike the standard, strictly linear, quaternion valued algorithms where the covari-
ance matrix F [qu | is assumed to be sufficient to model second order quaternion statistics,
widely linear quaternion statistics use the additional pseudocovariance matrices E[qqZH ],
E[qq’"] and E[qq""] to fully describe second order information in H. This offers more
degrees of freedom in the modeling and the possibility to perform optimal second order
filtering of noncircular (improper) signals, for which the powers in the components of the
quaternion signal are different, a typical case in real world scenarios. Building upon those
advantages, the augmented statistics have recently been used to derive the widely linear
quaternion recursive least squares (WLQRLS) [121] and the widely linear quaternion least

mean square (WLQLMS) [67].

In this chapter, we introduce a general class of quaternion APA algorithms com-

'Second order circular signals (proper) have rotation invariant distributions and equal powers in all the
signal components.



5.2 A class of quaternion affine projection algorithms 119

prising both the strictly linear (QAPA) and widely linear (WLQAPA) cases, in order
to provide a rigorous framework for fast converging adaptive filtering of the generality of
quaternion valued signals. Based on the principle of energy conservation [123], expressions
for the mean square error (MSE) of both the QAPA and WLQAPA are also derived. Sim-
ulations show that the WLQAPA offers lower MSE when processing noncircular data, and
is thus second order optimal for noncircular signals. These advantages are illustrated in
the context of renewable energy (wind modeling) and human centered computing (inertial

bodysensors).

5.2 A class of quaternion affine projection algorithms

Consider the real APA which can be seen as an approximation to the steepest descent

weight update [20], given by
w(k + 1) = w(k) + p(E[x(k)d(k)] — E[x(k)x" (k)]w(k)) (5.1)

where w is the filter coefficient vector, p the stepsize, x the input vector and d the teaching
signal. The weight update is a function of the second order statistics of the input vector
x(k) as exemplified by the term xx?. To deal with both circular and noncircular signals
the quaternion valued APA must therefore employ the augmented statistics based on the

augmented covariance matrix.

To provide a unifying approach to the derivation of both the QAPA and WLQAPA,
we start by deriving an expression for the WLQAPA and show that for circular signals
it simplifies into the QAPA. The aim of WLQAPA class of algorithms is to minimize

adaptively the squared Euclidean norm of the change in the augmented weight vector

w? € H*MX1 that is

minimize  ||ow?®(k 4+ 1)|* = ||[w%(k + 1) — w2 (k)|

subject to  d(k —n) = w (k4 1)x%(k — n) (5.2)

forn =0,..., N—1, where the augmented weight vector w® = [u”,vT, g’ hT|T ¢ H*Mx*1,
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the augmented input vector x¢ = [x7,x, x/T, x| ¢ H*™*! and || - ||? is the Euclidean
norm.

Using the Lagrange multipliers to solve the constrained optimization problem, the

cost function to be minimized can be written as

J(k) = |luk+1) —uB)|® +|lv(k +1) = v(E)|* + gk + 1) — g(k)|]
+ ||h(k +1) = h(k)|]* + R[(d" (k) —u" (k + 1)A(k) — v (k + 1) A" (k)

— g"(k+1)A%(k) — h" (k + 1)A"(k)) \*]

where the symbol R[] denotes the real part of a quaternion variable and

Ak) = [x(k),x(k—1),...,x(k—N+1)]
d(k) = [d(k),d(k—1),...,d(—=N +1)"
A= Do A eenvgd)t

are past values in the filter memory. Standard quaternion differentiation does not allow
for the calculation of the gradient of J(k), however, using the HR*-gradient in (3.15), the
gradient of J(k) with respect to the augmented weight vector w®*(k + 1) can be obtained

by employing the vector derivatives

(k) 1 1

D) u(k +1) —u(k) - S(ulk +1) —u(k))” + A(k)A" = S(AK)AT)

% = vk 4 1)~ v(k) — (v(E+ 1)~ v(R)" + AT RN — (A RA)’
Gt = (k1) g(6) 5k + 1)~ g0 + ATDA -~ HATRN’
% = (k4 1)~ h(k) L (h(k +1) — h(k))" + A"(R)A" — J(A"(R)A)"

where 86‘15@ = [aa‘]u()?, aa‘]u()?,..., %{U(g)]T for w = {u, v, g, h}. Setting the above derivatives

to 0 and solving for A gives the weight updates

wk+1) = w(k)+ A%(k) (AT (K)A (k) e (k) (5.3)
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where

AC — [AT,AZT,AJT,ART]T

e(k) = d(k)— (w*(k+1)A%K)"

To prevent the normalization matrix A7 (k) A%(k) from becoming singular, a small

H4N xX4N

regularization term eI € is typically added, where I is the identity matrix. A

real step size p can also be incorporated to improve steady state performance, giving
the final weight update of the widely linear quaternion valued affine projection algorithm

(WLQAPA) in the form

wi(k+1) = wo(k) + pA%(k) (A (k) A% () + eI) " 'e” (k) (5.4)

where ¢ takes a small value, and for stability p < 2 (shown later).

When the input vector is strictly linear, then x* = x, and the WLQAPA simplifies

into the strictly linear QAPA, for which the weight update takes the form

wk+1) = w(k) + pAk) (AT (K)A(K) + ) e*(k) (5.5)

where the error term e(k) = d(k) — (wH (k + 1)A(k:))T and the regularization term eI €

HNXN

5.3 Mean square error analysis of the strictly linear QAPA
on noncircular data
To investigate the MSE performance, we next evaluate the MSE of the strictly linear

QAPA, given by

where
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For generality, the teaching signal d(k) is assumed to be coming from a widely linear

system, taking the form
d(k) = wg'x(k) +viix' (k) + gg x? (k) + hix" (k) + v(k) (5.8)

where v(k) is zero mean quadruply white Gaussian noise.

To evaluate the mean square error we substitute for w(k) = w, — w(k) into the

weight update (5.5) to yield
Wk +1) = W(k) — pA(k) (AT (K)A(K) + 1) 'e* (k)
Upon applying the Hermitian transpose operator to both sides
Wi (k+1) = W (k) — pe” (k) (AT (k)A(k) + 1) " AT (k) (5.9)
and after post-multiplying by A (k) we obtain
W (k+ 1)AK) = w7 (k)A(k) — pe” (k) (AT (k)A(k) + D) AT (k) A(k) (5.10)

The a priori error, e,(k), and a posteriori error ey,(k) can now be defined as

which in combination with (5.10) gives

pe” (k) (A" (k) A (k) + D) ' = (eT (k) — el (k) (A" (k)A(k)) "

a

allowing us to rewrite (5.9) in the form

Wk +1) = w(k) — (eq (k) — e, (k) (A" (k) A (k) AT (k)
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and to re-arrange the above terms and evaluate the energy (|| - [|?), to give
lw(k + 1)[1* + ef (k) (A" (k) A (k) el (k) = [w(k)|* + e (k) (A" (k) A (k) " ep(k)

This expression is known as the energy conservation relationship [123]. Since we are
interested in the mean square error at the steady state, that is, in the limit as k£ — oo,

upon application of the statistical expectation operator we have

E[el (k) (AT (k)A(K)) " "ei(k)] = E[e] (k) (AT (k)A (k) 'ei(k)]

Elel (k) (AT (k)AK) ei(k)] = Elel(k)(AT(k)A(k)) ek(k)]
— uE[el (k) (AT (k) A(k) + ) et (k)]

— pE[eT (k) (AT (k) A(k) + €1) el (k)]

a

+ p2E[e” (k) (AT (k) A(K) + 1) AT () A(K) (AT (K)A(K) + €I) e (k)]
For this to be satisfied, it must hold that
pE e’ (k)D(k)e* (k)] = E[el (k)C(k)e* (k)] + E[e” (k)C(k)e} (k)] (5.11)

where

Ckk) = (AHK)A(k)+ )t

D(k) = (AT(R)A(k) + D) "AT(B)A(k) (AT (B)A(K) + T) !
From (5.7), it can be shown that the MSE and the a priori error e, (k) are related by

el'(k) = el (k) + w (k)Ac(k) + vT (k) (5.12)
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where
Ac(k) = [AT(k), A" (k), AT (k)" (5.13)
we(k) = [v, (k) g (k),hg (k)" (5.14)

From the definition of the error vector e(k) = [e(k),e(k —1),...,e(k — N +1)]T and using
the symbol (+); to define the first element of the term in hand, the mean square error can

now be expressed as
MSE = lim Elle(k)|| = lim Blleq(k) + v(k) + (W (k)A“(k)), |17 (5.15)
—00 —00

Using the usual ‘independence assumptions’ and assuming that limg . Fleq(k)] =

Elv(k)] = 0, we arrive at

MSE = kILH;OE[IIea(k)IIQ]+II(WCH(k)AC(k:))lIIZ+E||v(k)|| (5.16)
MSE = EMSE + ||(w" (k)A°(k)),|* + o7 (5.17)

where the acronym EMSE is the excess mean square error, that is, the deviation from the

optimal theoretical MSE, defined as

EMSE = lim E|lea(k)]1?] (5.18)
—00

To find an expression for limyg o Elfleq(k)||?] using (5.11), we proceed by sim-
plifying the three components in (5.11).  Using (5.12) to substitute for e(k) in
pEle’ (k)D(k)e* (k)] and taking the limit as k — oo (E[e, (k)] = 0]) we have?

pEle’ (k)D(k)e* (k)] = pnBleq (k)D(k)e; (k)] + nE[v' (k)D(k)v* (k)]

a

+uBwe (k) A (k)D (k) A (k)w* (k)]

2We make the usual ‘independence’ assumptions that e, (k) and v(k) is statistically independent from

A(k).
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Repeating this procedure for the other two terms in (5.11) gives

allowing us to re-write (5.11) as

pEleg (k)D(k)e; (k)] + nB[v' (k)D(k)v* (k)]

+  pE[w (k)A¢(k)D(k)A (k)w] = 2E[el (k)C(k)e! (k) (k)] (5.19)

This form cannot be used to obtain an expression for EMSE, and to this end, we
shall now rewrite each of the three terms in (5.19) in a more convenient form, starting

with Ele, (k)D(k)e! (k)].

a

The matrix D(k) is Hermitian and hence positive definite, and therefore the above
term is a positive scalar and we therefore have?

pElel (WD (k)e; (k)] = p [Tr(E [ef(k)el (k)D(k)])]

a a

— iR [Tr(Ele;(k)el (k)] ED(K)))]

a a

It can be easily shown that at high signal to noise ratio (SNR), at steady state we have

Ele(k)eq(k)] = Eleq(k)|?S, where for a step size ;1 close to unity, S ~ [117] where 1 =

a

[1,0,...,0]". Thus, for a step size approaching zero S ~ I and using the property
Tr(cA) = cI'r(A) we have

pEle; (k)D(k)e; (k)] = pEle. (k) *R[Tr(SE[D(k)])]
Following the same approach for the other two terms in (5.19) gives

Eleg (k)C(k)(e; (k)] = Elea(k)|*R[T7(SE[C(K)])]

HENVT (R)D(R)V* (k)] = poR[Tr(ED(k))]

3The real part operator R[] arises because although quaternion multiplication is noncommutative, the
real component of a quaternion product is commutative for cyclic permutations of the product.
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allowing us to re-write (5.19) as

Elea(k)* (2R[T(SE[C(K)])] — pR[Tr(SED(K)))]) =

po R [Tr(ED(k)])] + pE [wH (k) A°(k)D (k) A (k)yw (k)]

to give the expression for EMSE in the final form

o pR[Tr(EDK)])] + pE[w (k) Ac(k)D (k) A (k)we (k)]

EMSE = R[Tr(SE[C(F)])] — uR(Tr(SED(K)])] (5.20)
Finally, for the theoretical MSE we have
e CHRTr(EDR)] + pEw () ACR)D (k) A (k) w ()
RTr(SEIC(HR))] — jR[Tr(SED (k)]
T l(wH (AR + o (5.21)

Remark#15: For a small value of the regularization parameter e, we can assume C(k) =

D(k) and the EMSE simplifies into

oo RTr(E[C (k)] + pE[w (k) A°(k)C (k) A (k)we (k)]
(2 = ) R[Tr(SE[C(R)])]

EMSE = (5.22)

Observe that due to the term in the denominator the EMSE diverges for ;1 & 2, imposing
a bound on the stepsize 0 < p < 2. The analysis of APA class of methods is routinely
performed separately for the small and big stepsize cases. The small stepsize cases is

addressed in Remark 16 whereas the big stepsize case is addressed in Remark 17.

Remark#16: (small stepsize analysis) For a small value of the regularization parameter
e and a small step size u, we can assume C(k) = D(k) and S = I, allowing us to simplify
the EMSE as

oun_, pEw T (k)AS(R)C(k) AT (k)we (k)]

EMSE = 55 (2 — p)R[Tr(E[C(K)])]

(5.23)

Remark#17: (large stepsize analysis) For a small value of the regularization parameter

¢ and a large step size u ~ 1, we can assume C(k) = D(k) and S = 117, allowing us to
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simplify the EMSE into

ospR[Tr(E[C (k)] + pE[w (k) A°(k)C (k) A (k)we (k)]

EMSE = (2 — WR[(E[C(K)])1.1]

(5.24)

where (-);, is the element in the 2" row and y** column of the bracketed term.

Remark#18: (MSE for circular signals) The term E[w°H (k)A¢(k)C(k)AH (k)w*(k)] in
(5.23) and (5.24) vanishes, giving the EMSE of strictly linear QAPA for proper signals.
For improper data, however, this term can have a high value, illustrating the inadequacy

of the strictly linear QAPA for the processing of second order noncircular signals.

5.4 Mean square error analysis of the widely linear QAPA

on noncircular data

Following the same approach as for the QAPA, we can re-write the weight updates of the
widely linear QAPA based on the augmented weight error vector w?(k) = w? — w®(k), to

give

Wik +1) = wo(k) — A%(k) (AT (K)A% (k) + 0T) e*(k)

In this way, the expression for the conservation of energy of the weight update takes

the form

lw* (k+ 1) + e (k) (A (k) A (k) el(k) =

a

Iwa (k)1 + el (k) (A (k)A%(k)) e (k)

where the a posteriori error e,(k) and a priori error e, (k) are defined as

el (k) = w(k+1)A%k) (5.25)

el (k) = w*(k)A%(k) (5.26)



5.4 Mean square error analysis of the widely linear QAPA on noncircular
data 128

and

e(k) = eq(k) +v(k) (5.27)

Comparing with the error in (5.12) for QAPA, we observe that the expression for WLQAPA

does not comprise the term, w’ A¢, and MSE takes the form

MSE = lim Elllea(B)[I*] + Ellv(k)|| (5.28)
MSE = EMSE + o2 (5.29)

Following on the analysis of EMSE for the strictly linear QAPA in (5.18)-(5.20), we obtain
the EMSE for WLQAPA in the form

2 _ oppR[Tr(E[D(k)])]

EMSE = E|ea(k)| - 2§R[TT(SE[C(1€)D] — u%[TT(SE[D(k)])]

where

Ck) = (A (K)A%(k)+eD) ™ (5.30)

1

D(k) = (A (k)A%(K) + D) A (K) A (k) (A () A%(k) +¢I) ' (5.31)

Remark+#19: For a small value of the regularization parameter €, we can assume that

C(k) = D(k), allowing us to simplify the EMSE into

oo pR[Ir(E[C(K)))]
(2 = w)R[Tr(SE[C(F)])]

EMSE = Eleq(k)|* = (5.32)

Similarly to the QAPA, the bounds 0 < p < 2 are imposed on the step size p. Below we

look at the cases with a small and big stepsize.

Remark#20: (small stepsize analysis) For a small value of the regularization parameter
e and a small step size u, we can assume C(k) = D(k) and S = I, allowing us to simplify

the EMSE into

EMSE = Eleq(k)? = —2F (5.33)



5.5 Simulations 129

Note that this expression conforms to that obtained in the complex domain in [123].

Remark#21: (large stepsize analysis) For a small value of the regularization parameter
¢ and a step size p ~ 1, we can assume C(k) = D(k) and S = 117, allowing us to simplify

the EMSE into

o pR[Tr(E[C(K)))]

EMSE = Elea(K)" = 5 = 5 (BIC )11

(5.34)

When the cross-diagonal terms of E[C(k)] are small compared to the diagonal terms (i.e.
the regression vectors are orthogonal or close to being orthogonal), we can further assume
that

~Tr(R2,) R[Tr(E[C(k)])]~ E [w] (5.35)

where R2, = E[x%(k)x*(k)], allowing us to simplify the expression for EMSE as

(EIC(F)D1

_ %ol _pge N
EMSE = TR, B | (539

Notice that, similarly to the complex domain [123], the EMSE is proportional to the

number of constraints N.

Remark#22: Compared to the EMSE expression in (5.24), the EMSE of WLQAPA in
(5.34) does not depend on the noncircularity of the signal, and is second order optimal
for the generality of quaternion signals, both proper and improper. WLQAPA therefore
achieves the same MSE as the strictly linear QAPA for proper signals and greatly enhanced
performance for improper signals. The QAPA offers a lower computational cost and faster
convergence for circular signals due to the fewer weights that are to be adjusted but is

inadequate for general noncircular signals.

5.5 Simulations

The quaternion affine projection algorithm and its widely linear extension are next vali-
dated by comprehensive simulations over a number of scenarios. All the simulations were

conducted in the prediction setting (1 step ahead), with filter length M = 10 and the
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regularization parameter ¢ = 0.01. The test signals employed in the simulations were:

e The circular AR(1) process driven by both quadruply white circular Gaussian noise
given by
y(k) = 0.9y(k — 1) + n(k) (5.37)

e The noncircular MA(3) process driven by quadruply white noncircular Gaussian

noise

y(k) = ax(k — 1) + bz'(k — 2) + cx"(k — 3) + n(k) (5.38)
where {a, b, c} are quaternion valued coefficients.

e The widely linear autoregressive moving average process driven by quadruply white

circular Gaussian noise, giving the noncircular signal

y(k) = y(k — 1)+ 2n(k) + 0.50°(k) + n(k — 1) + 0.9 (k — 1) (5.39)

e The 4D noncircular wind signal* with three different dynamic regions, identified as

low, medium and high dynamics, based on the changes in the wind intensity.

e The 3D noncircular body motion signal. Two gyroscopes were placed on the left
hand and right hand of an athlete performing Tai Chi movements, recording two

three-dimensional signals.’

Figure 5.1 illustrates a geometric notion of noncircularity, by showing the scatter
plots of the quaternion-valued signals considered. Observe that only the AR(1) signal had
a rotation invariant distribution (circular) and that all the real world signals (wind, body

motion) were noncircular.

4The wind speed measurement in the North, East and vertical direction formed the imaginary part of
the full quaternion while the temperature was incorporated in the real part to form a full quaternion. The
dataset was recorded using the WindMaster, a 3D Gill Instruments ultrasonic anemometer, which was
resampled at 5 Hz for simulation purposes.

5The motion data was recorded using the XSense MTx 3DOF Orientation Tracker.
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In the first experiment we addressed by simulations the theoretical stability bound
on the learning rate p for the class of APA algorithms derived in Section 5.3 and 5.4.
Figures 5.2-5.3 show that both QAPA and WLQAPA have a stability bound of pu <
2 for all values of the constraint N, conforming with the corresponding bound in the

complex domain [113] and Remark 15 and 19. Figure 5.4 shows the learning curves of

30

10log, ef?

05 1 15 2
Step size

Figure 5.2: Simulated MSE of QAPA as a function of the step size u, for the improper
ARMA process in (5.39).

05 1
Step Size

Figure 5.3: Simulated MSE of WLQAPA as a function of the step size u, for the
improper ARMA process in (5.39).

QAPA and WLQAPA for the circular AR(1) process. Observe that, for the second order
circular (proper) process both the strictly linear QAPA and the widely linear WLQAPA
algorithms offered the same steady state performance and that QAPA exhibited faster

initial convergence due to having fewer coefficients to adjust, conforming with Remark 22.
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Figure 5.4: Learning curves for QAPA and WLQAPA for the circular AR process in
(5.37), with p=1 and N = 2.

Figure 5.5 repeats the previous experiment for the noncircular MA process; the
WLQAPA was able to track the underlying dynamics of the signal in a second order
optimal manner and therefore offered better steady state performance compared to the
QAPA, validating the analysis in Section 5.4. In Figure 5.6 we show how the performance
of the WLQAPA on the noncircular MA process varies as the number of constraints NV is
increased, when the driving noise in (5.38) was coloured. This is inline with the analysis
in (5.36) (see Remark 21). The steady state performance decreased as the number of
constraints N increased from N = 1 (where the filter is equivalent to the normalized
QLMS) to N = 4. Also, as is the case with all APA algorithms [18] the convergence rate
was faster as the number of constraints increased; this is expected as the driving noise to
the model (5.38) was coloured. Figure 5.7 shows the learning curves for the noncircular
ARMA process, with WLQAPA being able to better track the underlying dynamics of the

signal, therefore offering enhanced steady state performance.

In order to verify the theoretical result in (5.36) for the steady state performance
of WLQAPA, we next performed one step ahead prediction of the improper ARMA signal

in (5.39) and improper MA(3) process in (5.38) and compared the measured MSEs to the
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Figure 5.5: Learning curves of QAPA and WLQAPA for the noncircular MA process
in (5.38), with py=1 and N =2.

theoretical MSEs in (5.36). Figure 5.8 compares the theoretical MSE derived in (5.36) to
the simulated MSE for a step size in the range p € [0.05 — 1]. This allows us to make
two observations. First, the theoretical MSE closely matches the simulated MSE when
the number of constraints N = 1. Second, for large stepsizes (;z > 0.5), as the number of
constraints increases, the theoretical bound in (5.36) is no longer an accurate estimate of
MSE. We can explain the discrepancy that exists for N > 1 by the assumptions made in

deriving the theoretical MSE expression in (5.36) as elaborated in the Appendix C.

In Figure 5.9 we compare the theoretical MSE to the simulated MSE for the MA
signal in (5.38). Observe that in this case the theoretical MSE closely matches the simu-
lated MSE for every value of the constraint N. Note also that as the step size approaches 0
the performance difference between the number of constraints N = 1 and N = 4 decreases.
This is expected from equation (5.33) which shows that for a small step size the MSE is

independent of the number of constraints.

Table 5.1 illustrates the average MSE of the proposed algorithms in all the scenarios
considered. Columns 1-3 show the results for the synthetic data. For the proper AR(1)

model the performances of QAPA and WLQAPA were nearly identical, illustrating the
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Figure 5.6: Learning curves of WLQAPA for the noncircular MA process in (5.38),
for N=1and N =4.

ability of WLQAPA to deal with both proper and improper data. The MA(3) model
had by design a very high degree of noncircularity (improper noise driving a widely linear
model) and consequently the strictly linear QAPA was inadequate, the fact also confirmed
in Figure 5.5. The behaviour for the improper ARMA process was along the same lines.
Columns 4-8 show the MSE for both the QAPA and WLQAPA for the one step ahead
prediction of the real world 4D wind signal and two 3D Tai Chi body motion signals, for
M =10, N =4 and p = 1. For the three wind regimes (low, medium, high) of different
dynamics, due to the noncircular nature of wind (see Figure 5.1), the WLQAPA offered
better steady state performance for all the three wind regimes considered. As shown in
Figure 5.1 the Tai Chi body motion signal for both the left hand and right hand was also
highly noncircular, consequently, the WLQAPA offered better tracking performance than
the QAPA.

5.6 Summary

A class of quaternion affine projection algorithms (QAPA) have been introduced in order

to provide a unified platform for fast and accurate adaptive filtering of both second order
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Figure 5.7: Learning curves of QAPA and WLQAPA for the noncircular ARMA
process in (5.39), with y =1 and N = 2.

Table 5.1: MSE of QAPA and WLQAPA for different processes. Key: 1. AR(1), 2.
MA(3), 3. ARMA, 4. Tai Chi (left), 5. Tai Chi (right), 6. Wind (low), 7. Wind
(medium), 8. Wind (high).

MSE (dB) | 1 2 3 4 5 6 7 8
QAPA | -12.48 | -4.19 | -16.11 | -20.38 | -20.86 | -13.72 | -13.90 | -11.13
WLQAPA | -12.49 | -45.86 | -17.39 | -22.31 | -23.26 | -15.24 | -15.31 | -12.49

circular (proper) and noncircular (improper) real world signals. This has been achieved
using the recent advances in the quaternion statistics (augmented quaternion statistics)
and the emergence of the HRR-calculus for gradient calculation. Expressions for the MSE
of the QAPA and WLQAPA have been obtained for the general case of improper signals,
highlighting the advantage offered by the widely lincar WLQAPA over the strictly lin-
ear QAPA in real world scenarios. Simulations on both circular and noncircular signals

support the analysis.
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Figure 5.8: Comparison of the theoretical bound in (5.34) and simulated steady state
MSEs for WLQAPA, based on noncircular ARMA signal in (5.39), when N =1,2,3

and 4.
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Figure 5.9: Comparison of the theoretical bound in (5.34) and simulated steady state
MSE of WLQAPA, on noncircular MA signal in (5.38) when N =1,2,3 and 4.
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Chapter 6

A Class of Quaternion Kalman

Filters

6.1 Introduction

The Kalman filter is a standard tool in sequential state space estimation, and has found
application in a number of areas, including space navigation [124], training of neural
networks [125] [126] [127] [46], and sensor fusion [128] [129]. The extended Kalman filter
enhances the scope of Kalman filtering to nonlinear state and observation models. It
has proven invaluable in, for instance, nonlinear attitude estimation [130], and has also
recently been combined with the quaternion domain representation to offer an effective

way for solving three-dimensional attitude estimation problems [69] [131].

The benefits of quaternions are conveniently illustrated in spacecraft orientation
tracking, an important application of Kalman filters, where the aim is to find the mapping
between the coordinate system on a reference-frame r € R? and a local frame b € R? on
the spacecraft body-frame, such that b = Ar where r is a reference-frame vector, b is
the body-frame vector and A is the attitude matrix (or rotation matrix). Quaternions
provide a convenient closed form solution (Davenport’s g-method [132]) to this mapping,
which is generally referred to as Wahba’s problem [133]. This is largely due to a more

compact notation for rotations compared to that obtained with a 3 x 3 matrix, resulting in
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fewer constraints and a more mathematically tractable functional expression. Numerous
authors have used this quaternion representation to track orientation in three-dimensional
spaces [134] [69] [131], and for the training of quaternion valued neural networks for time

series prediction [135].

Existing quaternion Kalman filters are, however, not intrinsically quaternion val-
ued as they use quaternions in the form of a quadrivariate real ordered vector, that is
[@rs 1, 05,9 € R* rather than using their natural representation g = ¢, +1q,+ 19, + kg, € H.
It would therefore be analytically more appropriate and practically more physically mean-
ingful for the algorithms to be derived directly in the quaternion domain, rather than
having to switch between quaternions and the reals. This would also allow for a more
intuitive approach to the concept of circularity and widely linear modeling, key notions
for the optimal processing of the generality of quaternion valued signals. Such a fully
quaternion Kalman filter would not only be suited for orientation tracking but also for
the processing of general three- and four-dimensional processes, and as an enabling tool

in multidimensional learning systems.

One major obstacle to deriving a full quaternion Kalman filter is the inability
of standard second order statistics to capture full information in quaternion correlation
matrices. It has recently been shown that to fully utilize the second order statistical
properties of quaternion valued signals, three pseudocovariance matrices must be used in
addition to the standard covariance matrix E[xx] [65] [64]; this is achieved by employing
the widely linear model. Conventional quaternion signal processing algorithms are strictly
linear, and are therefore only suitable for the processing of second order circular (proper)
signals'. For orientation problems, a strictly linear model is usually sufficient because this
transformation is described by a standard quaternion number. However, most real world
signals are noncircular and should therefore be processed using a widely linear model in
order to capture complete second order statistics available. Furthermore, as shown in this
chapter, the widely linear model is a prerequisite for the development of extended Kalman

filter.

!Second order circular signals have rotation invariant probability distributions.
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In this chapter we develop a class of linear and widely linear Kalman filters, that
operate directly in the quaternion domain, allowing for a unified treatment of both circular
and noncircular data. For the widely linear Kalman filter an efficient implementation is
also proposed, reducing the computations by approximately three quarter. For non-linear
state space models, the quaternion extended Kalman filter is introduced and is shown to
be inherently widely linear. This allows us to bridge the gap in the literature on three- and
four- dimensional Kalman filters and provide an algorithmic support for learning systems

that operate on vector sensor data.

The organization of the chapter is as follows; In Section 6.2 we introduce an efficient
implementation of the widely linear model for three-dimensional signals. In Section 6.3
the quaternion Kalman filter is derived. Section 6.4 introduces the widely linear quater-
nion Kalman filter while in Section 6.5 we provide its efficient implementation. To cater
for nonlinear state models, Section 6.6 presents the quaternion extended Kalman filter.
Section 6.7 demonstrates the isomorophism that exists between the quaternion Kalman
filter and the real Kalman filter in R?. In Section 6.8, simulations on both benchmark and

real world signals illustrate the tracking capability of the algorithms derived.

6.2 Reduced widely linear model for three-dimensional sig-

nals

For many Kalman filtering applications, the aim is to track a three-dimensional quantity,
as is the case in aeronautics. The widely linear model in (2.2.3) is the only rigorous model
for general noncircular three-dimensional signals, and in order to reduce its computational
complexity, we show that it is overparameterized and provide a simplified solution. To

arrive at the more parsimonious form, we start from the linear model § = hz € H and,
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using the duality between quaternions and real numbers, it can be rewriten in R?* as

gr Uy Uy Uy Uy Ty
Uy Uy Up U Uy £y
=Hx = eR?
U, —U; Uk Up  —Uy, x,
QH —Ug _u] Uy Uy Tk

For the strictly linear model above, observe that the matrix H has only 4 out of the possible
16 degrees of freedom needed to describe the transformation from x to y. If the signal
x is three-dimensional (i.e. a pure quaternion), then the first column of H vanishes and
matrix H reduces to a 4 x 3 matrix. Hence, to fully describe the transformation between
the three dimensional vector x and the 4 dimensional vector y, 12 degrees of freedom are
needed. We next show that for three-dimensional signals, only three of the four terms that
constitute the widely linear model are needed in order to obtain the required 12 degrees
of freedom. Indeed, consider the reduced widely linear model for the three dimensional

data, given by

7 =ux + vx' + gx’ cH (6.1)
and rewrite it in R* as
Yr Uy Uy Uy Uy, Ty Up Uy Uy Vg Ty
i —U, U —Ug Uy z, —v, U —Us U, z,
= +

U, —U, U Uy U z, —v, Vg U —z,
Yk —Ug _u] Uy Uy Ty —Ug —'U] Uy, (% — Tk

gr 9 g 9k Ty

—G 9 —Gx G —Ty

4
—9] Ik gr —0 ‘Tj
9 —9; G gr —Tk
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Upon absorbing the negative signs in the vector x into the coeflicient matrices, we can

rewrite the above as

Ur Uy + Up + Gr Uy + VU, — Gy Uy —v;+ g, U — Vs — Gk Ly

U Uy — Uy — G Up +Vp —Gr —Us TV —0gs U —V3— G Ty
= HX:

gj —Uj—’l)j—g] un"i_vn_gn Uy — Uy +gr _uz+vz+gz ‘Tj

_Qn_ | “Uk — Uk — Gk —Uy — Uy + gy Uy — Uy — G Ur —Ur —Gr | | Ts

For x a pure quaternion, the first column of H vanishes while the remaining 12 terms in

H are linearly independent, and are described by

U +v, —gr = Ha U, +v, — g, = Hyo
Up —Vp +gr = H33 _uz+vz+gz:H34
Up —Vp —Gr = H44 uz_vz_gz:H43
and
—u;—v;+9; = Hy ug + v — g = Hso
u,—v,+9, = Hiz  —us+ve—ge=Haz
u;—v;—g; = Hyy Uy — Uk — g = Hig

Observe that now the 12 equations above are linearly independent (this can be
confirmed by solving for Hx = 0) and therefore the reduced widely linear model is sufficient

to model three dimensional data (pure quaternions).
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6.3 Quaternion Kalman filter

Following on the derivation of the Kalman filter in the complex domain [20], we assume

that the quaternion state x; € HV*! evolves according to the following model
X = Apxp_1 + Brug + wi (62)

where Aj, € HV*V is the state transition matrix, B, € HY*" is the control-input matrix

HNXl HNXI

for the control input u; € and wy, € is the state noise.

The state x; cannot be observed directly but we can measure the quantity z; €

HM*1 that relates to the state xj through

zr = Hxy, + vy, (63)

HMXI

where H € HM*V is the observation matrix and vj, € is the measurement noise.

Both the model noise and measurement noise are zero mean and Gaussian, with properties

W N(O, wa,k) (64)
Vi N(O,Rm,,k) (65)

Since in the real world noise normally comprises of a number of independent sources, by

the central limit theorem this is a reasonable assumption.

The a priori state estimate Xy, € HN*1 (the estimate of the state x; before

obtaining the new measurement) can be obtained from the state model
Xplk—1 = AkXp 11 + Bruy (6.6)

where X;_ ;1 is the previous state estimate.

Using the measurement zj, the estimate X,y can be improved to obtain the a
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posteriori state estimate Xj;, € HN*1 given by
Xk = X1 + K (26 — HXppp_1) (6.7)

where zj, — HXj;,—; is the innovation term (the error between the estimate and the mea-
surement). The aim is to find the Kalman gain K, that minimizes the mean square error

H . .
E[ek‘kek‘k], where the error is given by
kil = Xk — Xpj = X — [Kppo1 + K (2 — HRpppq)]

Minimizing the error E [eﬁ 1€k|k] 18 equivalent to minimizing the trace of the error co-
variance Py = cov(ey,) = E[ek|kekH‘ - This allows us to write the mean square error

as
Elef]exxl= Trlcov(xy — (Ryp—1 + Ki(zr — HRpj-1))))
Substituting for zj, we have

Elejiyerr] = Tr [cov (x — (Rjp1
+ Ky (Hxy, + v, — HXypp_1))) |

=Tr [cov [(I — K H) (xp, — Xpjp—1) — Kkvk]]

and using the property cov(Ax) = E[(Ax)(Ax)"] = AE[xx]A (the Hermitian is

commutative in the quaternion domain), we arrive at

Elefiyer] =T [(T - KpH)cou(xy, — Xpjp—1) (T — K H)?

—I—chov(vk)KkH]

Denoting the a priori error covariance matrix cov(xy — Xpjp—1) by Ppp—1, we can now
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write

Eleflyern] = Tr{(Prp—1 — KiHPy1)(I - K H)
+KiR,, 1 K|
= Tr[Pgp—1 — KiHPy g

P HIK + K S K (6.8)

where Sy, is independent of Ky, and is given by S, = HPy, e HE +R,y 1. Upon calculating

the derivatives (found using HR-calculus) with respect to K and setting to zero, we obtain

8E[ekH\keklk] _ OTr[KHPy ] OTr [Py HTKT]
0K, B 0K, 0K},
OK,S K7
_,_M =0
0K,

(6.9)

where the partial derivatives can be written as (observe that these derivatives are different

to what would be obtained in the complex domain)
1 v 1 H
(SkKy)" — 5 (KiSk) = (HPy1)” — 5Py H (6.10)
The following decomposition is important for the derivation

(SKK )= (kK" = KiSy = Ki Sk,

(HPyp—1)")'= (HPy1)" = Py, \HY = Py HY

allowing us to obtain a solution to (6.10) in the form (S,K#)" = (HP;_1)" (since this

also implies —%KkSk = —%Pk‘k,lHH), finally giving

K, = Py HTS,! (6.11)
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Therefore, the a priori error covariance matrix Py ;_; can be solved recursively as

Pur1 = covlxg — Xpp1]
= AE[ek‘k_le,ﬁk_l]AH + 2AE[ek‘k_1Wk]

+E[wpwll] (6.12)

The assumption made that the noise is white means that ey is uncorrelated with w(k)

and so we can simplify the above expression as
Prp-1= AP, 11 AT + Quuy (6.13)

In order to obtain a recursive expression for Py (used in obtaining P jx—1), observe that

from (6.8) the matrix P}, can be written as
Py =Pyp_1 — KiHPy — Py HTKY + K S, K (6.14)
Substituting for Ky, in the above, the last two terms on the right cancel out, giving
P = Prp—1 — K HPyp (6.15)

This completes the derivation of the strictly linear quaternion Kalman filter, which, unlike
the existing approaches, is derived directly in the quaternion domain, and is given in

Algorithm 1.

6.4 Widely linear quaternion Kalman filter

The Kalman filter derived in the previous section is optimal for strictly linear models or
for circular data. To account for the noncircularity associated with real world data, the
Kalman filter must propagate the augmented state estimates and augmented covariance
matrix. Following on the widely linear model in (2.2.3) and the state update equation
in (6.2), to incorporate the widely linear model we can rewrite the state and observation

equations as
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Algorithm 1: The Quaternion Kalman Filter (QKF)
Model output

Xplk—1 = AxXp_q1p—1 + Brug (6.16)
Pupo1 = ArPr_ip1 AL + Quuk (6.17)
Measurement output

S, = HPy,_H" + Ry (6.18)
K, = Py, HS;! (6.19)
Xk = Xppp—1 + Kglze — Hxpp ] (6.20)
Py = [I-KgHPpp o (6.21)

Xy = Apixp_;+Bjul +wi
z; = H%]_, + v} (6.22)
where the augmented state vector xj = [x{,xﬁcT,xiT,x’,:T]T, the augmented state noise

T . .
vector wi = [w{,w}?,wfC ,w,’jT]T, the augmented observation noise vector v§ =

[vg, V;CT, vi ,v’,jT]T ,while the augmented state transition matrix and observation matrix

are respectively given by

H* = (6.23)

Note that the augmented block matrix structures in H* and A¢ (the subscript & is

dropped in the partitioned matrix for ease of representation) are necessary for the model
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in (6.22) to hold. Using the widely linear model described above, the widely linear quater-
nion Kalman filter algorithm becomes a generic extension of the quaternion Kalman filter
described in (6.16) to (6.21), and provides a unified treatment of both the second order
circular and noncircular data, with the subscript a emphasizing the fact that all vectors
and matrices are augmented. The widely linear quaternion Kalman filter (WLQKF) is

summarized in Algorithm 2.

Observe from (6.22) that the widely linear quaternion Kalman filter is not only
able to model the noncircularity of the state model and observation model via the widely
linear Af and H?, but also the noncircularity of the state and observation noise via the

augmented covariance matrices Qg =, and R .
b b

Remark+#23: Even for strictly linear state or observation model, the widely linear
Kalman filter can still offer better performance than its strictly linear counterpart if the
noise is noncircular. This is in contrast to the widely linear quaternion recursive least
squares [121] which can only cater for the noncircularity of the model and not explicitly

for the noise noncircularity.

Algorithm 2: The Widely Linear Quaternion Kalman Filter (WLQKF)
Model output

Kie—1 = ALXi_qjp—1 +Biug (6.24)
-1 = A%Pi_uk_lAZH + Qi (6.25)
Measurement output
P = HPj,  HY+Rj, (6.26)
Po= Py HTSE (6.27)
X = g1 T Kilzg — HO%g, ] (6.28)
peo= - K%H“]Pi\m (6.29)

6.5 An efficient implementation of the WLQKF

Observe that matrices A} and H{ in (6.23) are overparameterized since only one quarter

of the entries are needed to fully describe each matrix. We shall next make use of this
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property to simplify each of the six equations describing the quaternion widely linear

Kalman filter.

Equation (6.24)

Xjjh—1 = ALXg 1 T Biug (6.30)

Upon partitioning each matrix and array into its components we have

Xpg|k—1 Ay Ag Az Ay Xp—1|k—1
X1 | _ | Az A Al 3% Xje—1)k-1 (6.31)
Koot Az Al Ay Ay, Xy 1jh1

| X1 ] L AL As A% AT | | oo

Observe that there is only one linearly independent row above, and so Equation (6.24)

can be simplified into

A _ A A1 /\‘]
Xplk—1 = AwXp_1p—1 T A2rXp g1 T AskXy_y )y
oK
TAGXE 1+ Brug

= ARy + Bruy (6.32)

where APT = [Ayy, Aok, Ask, Aup).

Remark+#24: The advantage of using this representation is twofold. The output has
only one quarter of the terms and so less memory is needed in the implementation (this
is also the case for matrix A% as compared to Af). Secondly, this form is four times less

computationally intensive.

Equation (6.25)

Ke—1 = AL Z—l\k—lAgH + Qi (6.33)
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To simplify the above, we start from the definition of P¢ that is

klk—1°
- o o
€klk—1 €klk—1
e e
a _ a aH _ k|k—1 k|k—1
klk—1 —E[ek\k—leldk—l] =FE
e’ e’
klk—1 klk—1
K K
| Ckjk—1 | L Ckjk—1 |
Pigp—1 Porjp—1  Parpp—1  Parpp—1
7 7 7 7
| Powp—r Plep—r Plapor Pl (6.34)
J J g 7
Poe—r Pugpr Plepor Porpr
K K K K
| Plek—1 Poepor Pogpor Plapeor
H 1H
where Piyp_1 = Elegpoi1 (€kp-1) |, Porpp—1 = Elegp—1 (exp—1)" |, Pagp—1 =

H H
Elegi—1 (ex-1)""1, Pagp—1 = Elegr—1 (exp-1)" ]

Note that the product of two matrices with the augmented block matrix structure
as above also has an augmented block matrix structure. Thus, only the first row of the
product need to be computed to express the whole matrix. To formalise this product, we
introduce the operator f,;(-) which reconstructs a block matrix from its first row. The

terms comprising PZ‘ x_1 can now be calculated as

feet = Al (PR AFT) + Qi (6.35)

(0% —_ 03 —_
where P, = (P1gjk—15 Pokp—1, Pakjp—1, Parp—1]  and ww =

[wa,lka wa,Qk: wa,{ika wa,4k]

Remark#25: This form requires a quarter of the mathematical operations and only one

quarter of the terms need be stored.

Equation (6.26)

i =HPy, H" +Rj,, (6.36)
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Following the same approach as that for (6.25), since S® assumes the form

Six Sor Sar Sax

2 2 ) 7
2k 1k 4k 3k

(6.37)
Si Su. Sl Sy
| Shx Si S5 ST
this allows us to write
St = Hfu (P, H") + Ry, (6.38)
where Sg = [Slka Sgk, Sgk S4k], H“ = [Hl, HQ, H3, H4] and Rgv,k =

[va,lka va,2k7 va,3k7 va,4k]-

Remark+#26: This form requires a quarter of the mathematical operations and only one

quarter of the memory requirement.

Equation (6.27)

a a a a1
k= k|k—1H HSk (6.39)

Knowing that K¢ has an augmented block matrix structure we can follow the same

approach as above to arrive at a more compact form given by
—1
¢ =Ph S (HOSE)

where K¢ = (K, Koi, Kai, Ky

The matrix inverse operation is computationally very intensive, however we can

take advantage of the structure of matrix S® to simplify this expression. The inverse of S
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has the same structure as S, and can therefore be written as
C, G C3 C4
-~ 7 CZ K] 7

sat=ga=| * b T4 (6.40)
c, ¢ ¢ ¢
Ccy C5 C5 Cf

By applying the block inversion lemma twice onto the matrix S, the matrices Cq,

C,, C3 and Cy4 can be evaluated as

C =

Cy =

C; =

C, =

where,

(U; — VU3) ™!

-CV

—(C10; + C203)

—(C10; + C10y)

vV = U,U;?
= S, 0S8,
= 0=8;8;"
= Si

(6.41)
(6.42)
(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

Remark#27: The above approach to obtaining the matrix inverse requires half the

operations needed for inverting the whole of matrix S¢.
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Equation (6.28)

Xy = Xppe—1 + Kiilzg — HOx), ] (6.49)

This can be simplified to
Xgke = Xpp-1 + K (2 — H'xg) (6.50)
where Kj' = [Kqz, Ko, Kar, Ky).

Equation 6.29

2|k = [I* - KyH"] %|k_1 (6.51)

We can simplify this to

%\k = [[1,0,0,0] — K;’H"] Z\k_l (6.52)

Algorithm 3 summarizes the efficient implementation of the quaternion widely linear

Kalman filter.

6.6 Widely linear quaternion extended Kalman filter

For nonlinear systems, the state transition and the observation equations are nonlinear

and are modeled using the extended Kalman filter, given by

X = flxre1]+wg (6.67)

Zr = h[Xk]—l—Vk (668)

where f[-] and h[-] are respectively the nonlinear state and observation functions. For their

approximations, the extended Kalman filter uses the first order Taylor series expansions
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(TSE) around the current state estimate. Calculating the quaternion derivative requires
the function to be analytic in the CRF sense, however, this also imposes very strict condi-
tions as only linear functions are analytic in the quaternion domain. Although nonlinear
functions are not differentiable in the Cauchy-Riemann-Fueter sense, by exploiting the iso-
morphism between the quaternion domain H and real domain R?, the HR-calculus allows
for non-analytic functions to be differentiated [111]. This also guarantees the existence of
the first order quaternion Taylor series expansion of a non-analytic quaternion function

f(gq) about a point g,, which assumes the form (see Appendix D)

3f(qo)dqu 3f(qo)dqz . 9f(q0)

dq oq* g’

9f(q0)
g~

flao +dq) = f(q0) + dg’ + dq” (6.69)

where for analytic functions the involution derivatives vanish.

Remark#28: Because quaternion nonlinear functions are nonanalytic (a consequence of
CRF condition), the first order Taylor series in (6.69) will always be widely linear, due to
the presence of the terms dq*, d¢’ and dg®. Therefore the quaternion extended Kalman
filter is always widely linear. This is in contrast to the complex domain where the extended

Kalman filter can be strictly linear if the nonlinear function is analytic [136].

Upon expanding f[-] around %;_1|;—; and h[] around X;,_; using the first order

Taylor series in (6.69), the state and measurement equations become

X =Apxp—1 + Bpxj_; + Ckx?c—l + Dpxj_ + wi + dg

vi=Ex; 1 +Fx;_ | + fofﬁ1 +Hxp | +wp+ 1



6.6 Widely linear quaternion extended Kalman filter 155

where

1

A,B,C,D

E,F,G H

s I )
S Xp—1jp-1) = ApXp—1jk-1 — BeXj_q 4
&J SR
—CrXy_yppm1 — DeXp_qk

A A A1 /\j
h(xk\k—l) — Exk‘k_l — ka|k—1 — ka\k—l

for p € {1,1,, K}

—— P _35®
axf_l |Xk—1_xk—1\k—1

Oh
ax—@’xf:fcf‘k_l for pe {1727]1 K/}
k

Observing that both the linearized process and observation equations are widely

linear, the state and observation model of the extended Kalman filter can now be written

as

xy = Fixi_wi+dj (6.70)

ve = H_ | +wj+]1; (6.71)

where d¢ = [dF, a7, d)", d;T)T, 18 = (I, 17,00 1570

A, B, Cp Dy
BZ AZ DZ YA
_ oAy D G (6.72)
C, D; A; B
| Dp Cp By Ap
E F G H
F E H G
HC = (6.73)
G H E W
HY Gr Fr E®

The widely linear quaternion extended Kalman filter is summarized in Algorithm 4.
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6.7 Duality between the quaternion and real valued Kalman

filter

Following on the definition of quaternions in (2.3) a one-to-one mapping exists between
the points in H and R*. For the quaternion vector q = q, + uq, + Jq; + kg, € H", this

duality is described by

q I Jd I kI qr
q’ I JdO —yI —«I q;
= ' (6.80)
q’ I I I —«I q;
i q” | i I I —I kI | Ak |
—— -~ N——
qa€H4n Jneann qr€R4n

where I is the identity matrix and J describes the invertible mapping J : R* — H (where
J-l = %J H ). Using this isomorphism, we can obtain a dual real quadrivariate version of

the augmented quaternion state and measurement model in (6.22), in the form

X1 + Biug + wi,

z, = H'x;_|+vj (6.81)

where x} = J1x¢, 27 = J tz¢, Ff = J,'FiJ,, H" = J'HYJ,,, wi = J'wi, v =
J, 1v¢ while, the error covariance matrix are related by P} = J, 'P%J . We can now
obtain an expression relating the MSEs of the quaternion and real valued Kalman filter

in the form

Tr(Py) = Tr(d,'PiJ,")
= Tr(Ppd, ")

= Lppoy (6.82)

4

Due to the redundant information in the augmented pseudocovariance matrix P



6.8 Simulations 157

(see (6.34)), the MSE for the widely linear Kalman filter is 7r(P%) and not Tr(P§{), thus

giving the same MSE as the real quadrivariate Kalman filter.

Remark#29: It follows from (6.82) that the performance of the widely linear quaternion
Kalman filter is identical to that of the real Kalman filter. The duality between H and
R* only exists for widely linear models, reflecting the fact that strictly linear models are

suboptimal, and are thus suitable only for a very restrictive class of circular data.

Remark#30: When the underlying signal generating model is strictly linear, both the
real Kalman filter and WLQKF are over-parameterized and the quaternion Kalman filter

provides better convergence performance.

6.8 Simulations

To illustrate the advantages offered by widely linear quaternion Kalman filters over their
strictly linear counterparts, we considered the following scenarios: 1) filtering of a quater-
nion valued signal from noisy measurements where the state model is known and the first
and second order statistics of both state and measurement noise are also known; 2) mul-
tiple step ahead prediction of a nonstationary three dimensional wind field; 3) estimating

the position of a target using bearings only measurements.

6.8.1 Filtering of an autoregressive process

In the first experiment, the state model was described by a fourth order quaternion au-

toregressive process, AR(4), given by
rp =14z, — 0.72x_1 + 0.042;_1 — 0.05xK_1 + Wy (683)

where the driving noise wy was quadruply white zero mean Gaussian noise with the vari-

ance and pseudovariance defined as

Elwpw)] = adk—pn Elwpw!’] = Bog—n

Elwyw)] = 70— Elwywy*] = 16—y,
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where ¢ is the discrete Dirac delta function. In the first experiment the state x; was

observed in the presence of additive quaternion valued white noise v,, of varying degree of

circularity?, that is

2k = Tk + Vg (6.84)

In the second experiment the state xj was observed through a nonlinearity, given by
2, = arctan(xy) + wg (6.85)

The quantitative performance measure was the prediction gain R, = 10109(05 /o?). where

05 and o? are respectively the powers of the input signal and the output error.

N
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Figure 6.1: Performance comparison between QKF and WLQKF for the AR(4) pro-

cess in (6.84), under varying degrees of noncircularity of the state and observation
noise.
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Figure 6.2: Performance comparison between QEKF and WLQEKF for the AR(4)
process in (6.85), observed through output nonlinearity, for varying degrees of non-
circularity of the state and observation noise.

2The noncircularity measure rs = %ﬂ where 7, € [0,1] and the value rs = 0 indicates a circular
source while rs = 1 indicates a highly noncircular source.
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Figure 6.3: Multistep ahead prediction of real-world four dimensional wind data using
QKF and WLQKF.

Figure 6.1 compares the performances of the QKF and its widely linear counterpart,
the WLQKF, for the signal in (6.84). Figure 6.1(a) illustrates the results for a circular
state noise and an observation noise of varying degree of a circularity, while in Figure 6.1(b)
the observation noise was circular and the state noise noncircular. Conforming with the
analysis, for both sets of experiments, when the noises were circular, the strictly linear
and widely linear QKF had the same prediction gain. However, for noncircular noises, the
QKF was inferior to the WLQKF, as it did not cater for the full second order statistics of
the noises. This was also reflected by the performance of the QKF being independent of

the noise noncircularity.

Figure 6.2 compares the performances of the QEKF and WLQEKEF for the nonlinear
signal in (6.85). Similarly to the results for the linear observation model in the previous
experiment, we observe that the WLQEKF outperformed the QEKF when either the
observation noise or state noise were noncircular. However, unlike the previous experiment,
for noncircular state noise, the performance of the strictly linear QEKF was dependent on

the degree of noncircularity.

6.8.2 Multistep ahead prediction

The performances of the QKF and WLQKF were next investigated for the multistep

ahead prediction of a real world noncircular and nonstationary four-dimensional wind



6.8 Simulations 160

0.5 0.4
0.5
0.2
0 —~
= T o = °
9 s @ 7 -02
-0.5 -0.4
108 06 04 02 1 08 -06 -04 -02 08 ~0.5
R{} R{} R}
(a) ¢r vs @ (b) ¢ vs q; () gr vs g
05
0.5 05
-05 -0.5
-0.5 0 0.5 o5 0.5 -0.5 0 0.5
(d) G VS @y (e) qv VS Gk (f) q; VS gk

Figure 6.4: Geometric view of the wind signal noncircularity via the six scatter plots
of quaternion components.

field3. Figure 6.3 illustrates the prediction performance in terms of the mean square error
(MSE) for both the QKF and WLQKF. Observe that, owing to its ability to utilize all
the second order information available, the WLQKF was able to capture the underlying
dynamics of the wind signal better than the QKF. This confirms that the wind signal
is inherently noncircular (as shown in Figure 6.4) and so should be processed using the
widely linear Kalman filter. This is also true for most real world scenarios, including

orientation tracking in aeronautics.

6.8.3 Bearings only tracking

In the bearings only tracking problem the aim is to estimate the position of an object based
only on noisy bearings measurements of the object from one or more sensors. Bearings only
tracking is useful in military applications, for example in submarine tracking by passive
sonar. Since the range of the target must be estimated from bearings measurements, the

problem is inherently nonlinear. To estimate the position (xg,yx,2x) and velocity (&x,9k,%k)

3The wind speed measurements in the North, East, and vertical direction formed the imaginary part
of the quaternion while the temperature was incorporated in the real part to form a full quaternion. The
dataset was recorded using the WindMaster, a 3D Gill Instruments ultrasonic anemometer, which was
resampled at 5Hz for simulation purposes.
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of a target using a system of L observers located at (m?}k,y?’k,zgk) for ¢ = 1,...,L, the
WLQEKEF can be used with the state and observation model described as follows
o Xj = [1Tk + JYk + K2k, 1Tk + Uk + KZk]

o Matrices F and B are defined as

where T is the sampling interval.

e yj are the noise corrupted bearing measurements and h[xy] is a nonlinear defined as

01,k + Z9%+17k + 901k + H¢%+17k

Oo 1 + 29%+27k FIP2k T EOL g

h[Xk] =
| Oy i +0dL  + RdL
where
0
Ys — Y;
0;r = arctan 710’k
T — xi,k

Zk — %
¢ir = arctan ( 5 Lk 5 1)
((zr — xi7k)2 + (Yk — yi7k)2)2

are respectively the azimuth and elevation angles.

o wy = Iy + Ji + kI is the zero mean noncircular state noise (accounting for the

target accelerations) and vy, = [v; yv2 ... vL k] is the zero mean

The function h[zy] is nonholomorphic and therefore the first order approximation
using the quaternion Taylor series is widely linear. To illustrate the necessity of the widely
linear model we simulated a scenario where two static sensors are located at (-1200,1300,0)
and (1000,1500,100). The sampling interval of T'= 0.1 was used and the target was made

to have an initial position of (200,100,300) and velocity (2,1,0.5). The statistics of the
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state and observation noise were as follows

w, = N(0,10,10,10,10)

v, = N(0,0.001,0.001,0.001,0.001)

In the notation used above to describe the Gaussian distribution, the first two terms have
their usual meaning, while the last tree terms are the pseudovariances of the noise. Figure
6.5(a) shows the trajectory of the target and the position estimated by the WLQEKF. The
MSE shown in Figure 6.5(b) shows that the WLQEKF achieved a better MSE performance
than the QEKF, for both the position and velocity estimation of the target. This conforms
with Remark 28 where we showed that due to quaternion nonlinear functions always being
nonholomorphic, the extended Kalman filter must always be widely linear since the first

order quaternion Taylor series is also always widely linear.

6.9 Summary

The quaternion Kalman (QKF) filter and its widely linear counterpart (WLQKF) have
been introduced for the processing of three- and four- dimensional signals in the quaternion
domain. In this way, both second order circular (proper) and noncircular (improper)
signals are catered for, giving a natural solution in a division algebra where the data reside,
as opposed to the existing approaches which use the duality that exists between H and
R* to convert the quaternion quantities into real vectors. Both strictly linear and widely
linear Kalman and extended Kalman filters have been developed, which was made possible
by the recently introduced HR-calculus. We have also illuminated that owing to the widely
linear nature of the first order quaternion Taylor series, the quaternion extended Kalman
filter is in general widely linear, an issue that has so far prevented its development. The
proposed class of quaternion Kalman filters fully operate in the quaternion domain where
the data reside, and are a generic extension of their real- and complex-valued counterparts,
simplifying into the existing strictly and widely linear complex solutions when operating

on two-dimensional data [136]. The duality with the quadrivariate real Kalman filters
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(a) trajectory of an object tracked in a three dimen-
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Figure 6.5: Bearings only tracking using the widely linear quaternion extended

Kalman filter.

and some computational issues have also been addressed. Simulations have shown that

for a range of signals, for which either the state model is widely linear or the noises are

noncircular, the WLQKF filter and the WLQEKEF offer better performance over their

strictly linear counterparts.



6.9 Summary

164

Algorithm 3: An efficient implementation of the quaternion widely linear Kalman filter

Model output
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(6%
klk—1 =

Measurement output
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while the superscript o in M® denots the augmented array of matrix M

M = [M;, My, M3, M4]

The superscript a in M® defines the augmented matrix of matrix M, given by

M,
M,
M
My

M =

M, M; M,
M! M, M, :[Ma Mb]
M, M, M M, My
M5 M; M

where f,,;(M®) = M? for any matrix M.

(6.53)
(6.54)

(6.65)

(6.66)
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Algorithm 4: The Widely Linear Quaternion Extended Kalman Filter
Model output
X1 = SreFi_qp_1] + Biug 6.74)
Pl = FiPy  Fi + Qlw k (6.75)
Measurement output
s* = HP}, ,H* +RY, (6.76)
K = Py, H/s" (6.77)
X = Xppo1 T KOz — OXg 4] (6.78)
Z\k = [I-K"H" 2|k—1 (6.79)
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this thesis, we have developed a novel unified framework, consisting of the HR-calculus,
quaternion gradient and I-gradient, enabling the development of quaternion valued adap-
tive signal processing algorithms. Using this framework, the development of the HIR-
calculus has proved invaluable, not only to simplify the derivation of algorithms, but also
to enable the differentiation of non-analytic functions in H, such as the real-valued cost
functions which are often encountered in quaternion valued optimization problems. This
is particularly important in the quaternion domain, where the CRF condition (equivalent
to the Cauchy-Riemann condition in the complex domain) restricts differentiability to
only constants and linear functions. Using this unified framework, we have derived a class
of adaptive signal processing algorithms (based on both the least squares and stochastic
gradient approach) suitable for the processing of the generality of quaternion-valued sig-
nals (both proper and improper) and evaluated their performances both analytically and
experimentally, on synthetic and real world signals. The contributions in this thesis are

summarised as follows

1. The development of the HR-calculus, enabling the differentiation of non-analytic
functions in the quaternion domain. Since all quaternion functions, other than con-

stants and linear functions are non holomorphic, the HR-calculus has proved to
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be an invaluable tool. We have highlighted key differences with the CR-calculus,
including the fact that the HR-calculus places a strict restriction on the type of

dependent variables taken by the function that is differentiated. This has helped

explain unusual results, such as % = —%, and simplify the derivation of algorithms.

. The complex gradient has been extended to the quaternion domain. It has been

shown that, like the complex domain, it is the conjugate gradient that gives the
direction of steepest descent. To obtain generic extensions of complex valued algo-
rithms in the quaternion domain, we also proposed the I-gradient, which makes use

of the involution derivatives introduced by the HIR-calculus.

. We have derived a generic extension of the CLMS (called the IQLMS) using the I-

gradient. We have shown the equivalence between different expressions for the QLMS
and the IQLMS. In addition to requiring half the numerical operations of the QLMS,
analysis in the mean also showed that the IQLMS offers faster convergence rate and
wider stability range. Analysis in the mean square of the IQLMS and WLIQLMS has
demonstrated the advantage of the WLIQLMS over the IQLMS when the underlying
signal generating model is widely linear. This was confirmed via simulations on both

synthetic signals and a four-dimensional wind field.

To speed up the convergence of the QLMS for coloured input signals, we have de-
rived the widely linear quaternion affine projection algorithm and the widely linear

quaternion recursive least squares.

We have derived the quaternion Kalman filter and widely linear quaternion Kalman
filter. We have taken advantage of the redundancy existing in the quaternion Kalman
filter to derive an efficient implementation of the widely linear Kalman filter. Since
Kalman filters are often used to track positions and orientations in three dimensional
space, we have derived an efficient widely linear model suitable for processing three
dimensional signals. We have also shown that the quaternion Taylor series is widely
linear and hence the quaternion extended Kalman filter is also, always widely linear.

Finally, we have shown how the widely linear quaternion extended Kalman filter can
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be used for bearings only tracking.

7.2 Further work

There are numerous ways that the work carried out for this thesis can be further explored

or extended, including

o FEfficient implementations of quaternion valued algorithms. The quaternion widely
linear model, like the complex widely linear model, is overparametrized. This is
more so the case in the quaternion domain, since in the complex domain, half of
the terms in the augmented covariance matrix are independent, while in the quater-
nion domain, it is only one quarter. Efficient implementation of complex valued
algorithms have started to gain interest, particularly for the LMS and RLS [40],
but further work remains to be done, particularly in terms of convergence analysis
of the efficient implementations (Appendix H summarises the results of a recently

submitted paper addressing some of these issues).

e Frtending the HR-calculus. The HR-calculus consists of eight derivatives, six of
which are with respect to involutions of a quaternion variable. Since involutions are
rotations of 180 degrees about an axis of rotation (e.g. ¢' = —uq), it should be
possible to generalise the HR-calculus to consider the derivative of functions with
respect to the rotation of a quaternion variable around any axis of rotation, that is,
q" = —rqr. Appendix G gives the abstract of a recently submitted that proposes a

generalization of the HR-calculus.

e FExtending other algorithms, such as the unscented Kalman filter, particle filters and
distributed algorithms to the quaternion domain. The extended Kalman filter allows
the estimation of non linear state models by linearising all non linear models, thus al-
lowing the Kalman filter equations to be applied. While widely used as an estimator
for nonlinear state models [137], the linearisation can result in unstable filters as the
assumption of local linearity breaks down and the Jacobian matrices can be difficult

to calculate and implement. To overcome these problems, the unscented transfor-



7.2 Further work 169

mation can be used to obtain the unscented Kalman filter [138], which uses a set
of carefully sampled points to parameterise the means and covariances of probabil-
ity distributions. While computationally more intensive than the extended Kalman
filter, the unscented Kalman filter does perform better for highly nonlinear state
equations as it is able to capture higher order moments of distribution than lineari-
sation. For highly non linear state models and non-Gaussian noises, the particle
filter [139](a sequential Monte Carlo method that approximates the Bayesian pos-
terior distribution in nonlinear and non-Gaussian envirnonments) is able to capture
higher order moments and thus offer better performance than the unscented Kalman

filter.

o Distributed algorithms [47] [51] could also benefit from the use of quaternions. Ad-
vances in sensor technology and wireless communication have led to a growing use of
sensor networks in practical applications, ranging from environmental monitoring to
target localization. These networks typically comprise a number of interconnected
nodes which are able to communicate with one another in order to estimate some
parameter of interest from noisy measurements. Within distributed solutions to esti-
mation problems, every node in the network communicates only with a subset of the
nodes, while processing is distributed among all nodes in the network. Since many
networks use three or four dimensional sensors, the algorithms could be conveniently

extended into the quaternion domain (see Appendix F).

e Using octonions to extend algorithms to an eight dimensional space. Octonions are
a normed division algebra, forming an octet of real numbers. While quaternions are
noncommutative, octonions are also nonassociative, making them harder to manipu-
late algebraically. For this reason they are less studied than complex and quaternion
numbers, but have been found useful in quantum logic, special relativity, string the-
ory and supersymmetry [140]. It is, however, the opinion of the author that the
nonassociative nature of octonions is likely to negate any advantages obtained in

working in a division algebra.

e Applications. While quaternions have been extensively used in graphic design to
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perform three dimensional rotations, they are nevertheless, scarcely used in other
applications. The mathematical framework and algorithms developed for this thesis
open up the possibility to using quaternions in a wider range of applications, such

as

1. Navigation: The three dimensional output of inertial navigation sensors can
be conveniently processed using quaternions. Quaternions also prevent an un-
desired effect known as gimbal lock which can result when, for example in
pitch/roll/yaw navigational systems, the roll is rotated 90 degrees to the right
or left, so that pitch and yaw no longer move independently, and a degree of
freedom is lost. In a gimbal-based inertial navigation system, this could result

in serious consequences if, for example, the aircraft is in a steep dive or ascent.

2. Robotics: Movements of limbs on a robot usually happen in three dimensional
space, and often require a complex sequence of rotations to perform a task.
Quaternions are therefore ideally suited for such tasks, and have already at-

tracted some interest [83-86].

3. Medical imaging and colour image processing: Quaternions are used in MRI
(Magnetic Resonance Images) and CAT (Computed Axial Tomography). The
MRI imaging technique employs a strong magnetic field in conjunction with ra-
dio frequency waves to produce cross-sectional slice images of the human body,
while the CAT imaging technique utilizes x-rays. MRI and CAT scans perform
rigid transformations in three dimensional space, that can be represented using
quaternions [141]. Due to the three dimensional nature of colour, quaternions

are also naturally suited to the processing of colour images [56] [57] [58].

4. Tracking of body sensor networks: Recent advances in sensing technology have
brought to light data sources which are almost invariably three- and four-
dimensional, such as measurements from inertial bodysensors. The quaternion
domain offers a convenient means to process three- and four-dimensional signals

under the same umbrella.
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Duality Between Four-Channel
Real Valued LMS Filter and the
QLMS

To show the equivalence between the WLIQLMS and four-channel real LMS we compare

the signal output and weight update of both filters and show that they are identical.

A.1 The four-channel real valued LMS filter

The output of the four-channel real valued LMS filter is given by:

) | [ whoo whit) whio whe | [ x) ]
(k) L) wh(k) whik) whik) | | x(k) "
(k) Lk whik) whk) whik) | | x0k)
k) || W) whk) wh() whik) | | %) |
Yy A%% X

where {wi1,...,wu} € RVX are the 16 filter weights, {yr, v, y;,4s} € R*! are the

channel outputs and {x,,x,,x,,X,} €

RNXL are the input channels. The error for each
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data channel is given by:

er(k) = dr(k) - yr(k) ez(k) = dz(k) - yz(k)

ej(k) = dj(k) - yj(k) en(k) = dn(k) - yn(k)

and the objective function to be minimized

1
J = 5(6% +e +e+er) (A.2)

Based on (A.1), the weight updates are obtained from W(k +1) = W (k) — uVwJ, where

the gradient VwJ is given by

oo (W) er(k)x(k) er(k)x (k) er(k)xu(k)
Vo J — e, (k)x,(k) e k)x, (k) e(k)x,(k) e (k)xq(k)
wd =

e, (k)x; (k) e;(k)x,(k) e (k)x,(k) e;(k)xx(k)

I e.(k)x,(k) ex(k)x, (k) ex(k)x,(k) e,g(k:)x,{(k‘)

A.2 Duality between the four-channel real LMS and the
WLIQLMS

The output of the WLIQLMS is given by
y(k) = u’ (k)x(k) + v (k)x' (k) + g" ()%’ (k) + 1 (k)x" (k) = w*T (k)x"(k) ~ (A.3)

where x%(k) = [xT (k),xT(k), xIT(k), x*T (k)]” and w*(k) = [u” (k),vT (k),g” (k),hT (k)]”

We can compare the output of the WLIQLMS to that of the four-channel real LMS
filter by writing the output y(k) of the WLIQLMS in the same form as the output of the

four-channel real LMS, that is, in terms of y.(k), v.(k), y,(k) and y. (k). In doing so we
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obtain

yr(k) = (Pr(k) + v, (k) +g.(k) + hv‘(k))TXr + (CHZ(k) — v, (k) + g.(k) + hZ(k))TXz

-~

wii (k) wia(k)
+ (k) + vy (k) — gy(k) + 1y (k)" x) + (—un(k) +vi(k) +ge(k) — ha(k) xx
wiz(k) w4 (k)

v(k) = (up(k) + v, (k) — g (k) — hr(k))TXz + (PZ(k‘) + v, (k) + g (k) + hZ(k))TXT

wa1 (k) waa (k)
(k) = vy(k) — (k) — By (K) s + (—ua(k) + vilk) — ga(k) + he(k) ",
W;::(k) waa (k)
yy(k) = (ur (k) = v, (k) + gr (k) = o (B) ") + (= wy(k) + Vo (k) + &(k) — (k)"
w31 (k) w32 (k)
+ (k) + vy (k) + g,(k) + 1y (k) %, + (we(k) + vie(k) — ga(k) — (k) %,
w;gr(k) W;;(k)
yr(k) = (ur (k) = vi (k) — gr (k) + 1, (k)" %0 + (w,(k) = v, (k) + g, (k) — hz(k'))ij
wyi (k) wya (k)
+ (—uy(k) —v,(k) +g,(k) + hj(k))TXz + (i (k) + vi(k) + gu(k) + hn(k))TXr
was (k) waa (k)

By comparing the equations above with (A.1), we can identify the filter coefficient vectors

w11 (k) to wys(k), and the two filters therefore have the same output.

To show that the weight update for the WLIQLMS is identical to the weight update

of the four-channel real LMS, consider the WLIQLMS weight update, given by

alk+1) = u(k)+p (%e(k')x*(k')) v(k+1) = v(k) + p (%e(k)xi*(k))
1

glk+1) = gk)+p <%e(k)xj*(k)> h(k+ 1) = h(k) + (5e(k)xk*(k)>(A.4)



A.3 Mathematical complexity 190

We can compare (A.4) with the weight update for the four-channel real LMS. For illustra-
tion, we consider the real part of the weight updates, that is, u,, v, g, and h, and show

that the real part of the weight update Awq;(k) is related by:

Awii(k) = = (Au. (k) + Av, (k) + Ag, (k) + Ah,(k)) (A.5)

N | =

To show this, we can write the weight update in (A.4) in terms on the real and imaginary

components, as

1

V04 1) = v 0+ (e 906+ e 06) = 3, (1) = Jen (%))

B4 1) = :06) + 1 (g (9, (1) = s (0) + e, (k) — en(Rmath) )

b (1) = By )+ 1 e (%0 G 06) — s, + e,

Observing that

5 (D (k) + Av, (k) + Ay (k) + A (R) = 3 Qe (kpxe(B) = Awn(k)  (A6)

this illustrates that the four-channel LMS and WLIQLMS are equivalent when the four-

channel LMS has a step size twice as large as that of the WLIQLMS.

A.3 Mathematical complexity

We have shown that the IQLMS is identical to the four-channel LMS. However, due to
the over-parameterization of the quaternion augmented covariance matrix, the WLIQLMS

requires four times as many mathematical operations as the four-channel LMS. However,
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by developing efficient implementations of the WLIQLMS, the mathematical complexity
can be reduced to that of the four-channel LMS, while maintaining the advantages inherent
in working in a division algebra. This is addressed in [142] and in a recently submitted

paper, summarised in Appendix H.
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Appendix B

QLMS Convergence Proofs

B.1 Proof for the equation (3.64)
Substitute for e(k) in (3.59) into (3.63) to obtain

w(k+1)=w(k)+ %/tng(k)x*(k') + %/m(k’)x*(k) — %/LWT(k)X(/f)X*(k)

—iux(k’)xH(k’)wz - %/J,X(k)n*(k') + iux(k’)xH(k)w*(k')

We can now subtract the optimal weight vector w, from both sides to obtain the weight
error vector r(k) = w(k) — w,(k) in the form

r(k+1) = £k~ o (1 (R () g (eCR) (R (R)) - o () (k) — ok ()

The Hermitian transpose of the term x(k)x”(k)r*(k) can be written as
(x(k)xH(k)r*(k))H = r7(k)x(k)x (k) and noting also that r”(k)x(k)x*(k) =
(rT (k)x(k)x" (k))T, we have

(k1) = e(k)— g (e (R (6) T+ o (e ()™ (1) S (R (k) — xRy ()

Taking the transpose of both sides gives

(1) = 1 (k) o (0 (e (8) e (7 (R R () o (k) (k) — o (R ()
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B.2 Expression for the convergence of the QLMS

Upon applying the statistical expectation operator to (3.64) we obtain (the noise term

vanishes as it is zero mean and independent from other terms)

BI (k4 1)) = B[ ()] — 2o (B (B)Ree) + 1 (ER" (W]Ra)* (B)

For v”'(k) = v} (k) +w] (k) + jrT (k) + srf (k), we can write

BRIk 4 1) = BRE ()] — o (B 0] Rec) B (B3R, + 9Bl (R)[Ra),
+ RBRL (BR3[BT () Reale + BT (B[R,
b BT (B[R], + B ()[R
= BT (0)] 3 (BT ()[Rl + 1Bl ()R] + B0 (B[R,

+ “E[rZ(k)]“[Rmm]r]
and similarly

Bl (k+1)] = Elr) (k)] - Zu [Er) (k)][Raal. + B[ (k)] [Raalr + 1] (k)]6[Raq]

+  ®E[r} (k)]3[Razl;]

B[y (k+1)] = JE[r; (k)] - Zﬂ [Ery (k)])[Raal; + 0 Blr) (k)]K[Rag)e + 1By (k)] [Raalr

K

+ HE[PT(/f)]Z[Rxx]Z]

kB[ (k+1)] = yE[r; (k)] - Zu [E[ry (k)] s[Raq]x + 1B[r] (k)3 Raal, + 1By (k)] Racl,

+  wB[ry (k)][Raa),]

K
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B.3 Convergence comparison of the QLMS, HR-QLMS and
IQLMS

To compare the eigenvalues of the covariance matrix Ry within the HR-QLMS and R,
within the QLMS to those of the matrix R,, within the IQLMS, we re-write the IQLMS

weight error vector in (3.60) in terms of its r—, 1—, 7— and k—parts
3
Blwk +1)] = I~ - pRa) Elw(k)] (B.2)

where w(k) = [vI (k) , wl (k) ,jvf(k‘) , kviL (k)T and

Notice that the matrix Ry is identical to the matrix R,, except for the first column of

block matrices of R, being scaled by 3, allowing us to express R, in terms of Ry, as

R, = R,D (B.3)

where D is the diagonal matrix diag(%IN,IN,IN,IN)) € HANX4N

and Iy is the identity
matrix of size N x N. We now make the assumption that the cross-covariance of the r—,
i—, j— and k— part of signal vector x is either symmetric or zero. This condition may
at first appear over-restrictive, but a signal satisfying this condition is circular and the
QLMS and IQLMS are only optimal for circular signals, and so it is reasonable to make

this assumption. Making this assumption, we have [R;;], = [Rsz], = [Raz)s = 0, and

matrices R, and Ry and R, become block diagonal. Using the following:

e The eigenvalues of a block diagonal matrix are the eigenvalues of its blocks;

e Scaling a matrix by a factor « scales the eigenvalues by the same factor;
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we can further write

Amax(Ra) = Amax(Rxx) )\mzn(Ra) = )\mm(Rmm) (B4)
1

)\maz(Rb) = )\maz(sz) Ar)lzrl(]R'b) - gAmzn(sz) (B5)
1

Ama:c(:Rfc) = g)\maz(sz) )\mzn(Rc) = 5)\mzn(Rx5L‘) (B6)

B.4 Proof for the equation (3.70)

Substituting for e(k) into (3.52), we obtain

w(k+1)=w(k)+ %,uwfx(k)x*(k') + %/m(/ﬁ)x*(k) — %/LWT(k)X(k‘)X*(k')
o (R (Rywy — o ()™ (k) + o (R (ke (k)

We can now subtract w, to obtain the weight error vector r(k) = w(k) — w,(k), in the
form

1 T * 1 * H * 1 * 1 * *
r(k+1) = (k)= (e (R)x(R)x" (k) + 3 (%" (R)x7 (k)™ (k) )+ 5 pm (k)™ (k) = 3 px” (k) (F)

The Hermitian of the term x*(k)x (k)r*(k) can be written as (X*(k:)XH(k:)r*(k))H =

v’ (k)x(k)xT (k) and noting also that r” (k)x(k)x*(k) = (rT (k)x(k)x (k))”, we have

(k1) = x(k)— o (27 (R (R) 4 (e ()" () ™4 o () (k) o ) (k)

Taking the transpose of both sides gives

T (1) = 1 (k) (e (8) e (7 (R k)" (1) (e ) e R ()

B.5 Proof for E[xx'| = —3E[xx"]

Take the transpose of x = %(XZ* + xI* 4 xk* — x*) and premultiply by x to obtain

1 . . 1 . .
xx! = §x(x’* + xI* 4 xh - x*)T = §x(x’H + x4 xFH xH)
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Taking the expectation of both sides gives
1
C, = §(Pm +S,+T,—Ry)
where C, = F [xxT]. For circular signals, P, = S, = T, = 0, and therefore

1
C,=—-—-R;
2

B.6 MSE expression for the IQLMS

For an improper teaching signal d(k) = wix(k) + vIx(k) + glx?(k) + hf x" (k) + n(k)

the error can be written as

e(k) = d(k)—wi(k)x(k)

e(k) = whx(k)+ vix'(k) + gix) (k) + hEx"(k) + n(k) — wH (k)x (k)

e(k) = rfx(k)+vEx' (k) + glx/(k) + hx" (k) 4+ n(k)
e(k) = eq(k)+wlx(k) +n(k) (B.7)
where
x(k) = [xT(k), %" (k),x"T (k)] we=[vs, g, h]"

The mean square error can now be written as
MSE = lim E|[|e(k)|] = lim E [|ea(k) + n(k) + w¥x(k)|?]
k—o0 k—o0

Making the usual independent assumption that

A.1 The terms e,(k), n(k) and x(k) are statistically independent and

limy o0 Elea (k)] = E[n(k)] = 0
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the MSE takes the form

MSE = lm E [Je (0] + lim B [Jwx|] + lim E [J(k))]

= EMSE+ lim E [|wx°|?] +0°
k—o00
where EMSE is the excess mean square error and is defined as

EMSE = lim E[|le.(k)|?]
k—o0

B.7 Proof for the conservation of weight error energy

Following the approach in [123], substitute for r(k) = w, — w(k) into the IQLMS weight

update (where the filter takes the form wfx) to give
r(k+1) =r(k) — ux(k)e* (k)
Taking the Hermitian of both sides we have
v (k+1) = v (k) — pe(k)x (k) (B.8)

and by post-multiplying both sides by x(k) we obtain

e (k + 1)x(k) = v (k)x(k) — pe(k)||lx(k)| (B.9)
The a priori error e,(k) and a posteriori error ej,(k) can now be defined

ea(k) = rf (k)x(k) ep(k) = (k + 1)x(k)

Substitute into (B.9) to give

ep(k) = ealk) — pe(k)|x(k)|

pe(k) = (ea(k) — ep(k))llx(k)] =
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allowing us to rewrite (B.8) as
e (k+1) = v (k) = (ea(k) — ep(k)) Ix(k)|| %" (k)
Upon rearranging the terms above
e (k + 1) + ea(k) (k)| 2% (k) = £ (k) + e (k) [x (k)| ~*x" (k)

Evaluating the energy (|| - [|?) of both sides, the energy conservation relationship can be

written as [123]

lea(R)I* _

e 2
(ol = F®IF -+ lep ()12

r 2
i DI (k)2
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Appendix C

The Discrepancy Between the

Measured MSE of the ARMA
Process in (5.39) and Theoretical
MSE in (5.36)

Because the affine projection algorithm operates on an adaptive FIR filter, it was assumed
that the signal is generated by an FIR filter. This then allowed us to assume that the
noise vector v(k) in (5.12) is independent of the data matrix A(k) in the analysis (see
footnote 2). While this assumption is valid for an FIR filter when v(k) is white noise, it
is only valid for an AR model (and also ARMA model) when N = 1. To illustrate this,
take the simple AR(1) model

x(k) =0.9z(k — 1) + v(k) (C.1)

where v(k) is white Gaussian noise. When the filter length M = 3 and the number of
constraints N = 1, then the data matrix A(k) = [z(k — 1),z(k — 2),2(k — 3)]” and

v(k) = [v(k)]. In this case we see that it is accurate to assume that v(k) is independent
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from A (k). However, For N = 2 we have

and v(k) = [v(k),v(k — 1)]. In this case v(k) and A(k) are correlated because of the
presence of the term v(k — 1) in v(k) and z(k — 1) in A(k). As the number of constraints
N increases there are more and more terms in A (k) that are correlated with v(k) and so
the assumption of independence between the noise vector v(k) and data matrix A(k) is

no longer valid.
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Appendix D

Proof for the First Order

Quaternion Taylor Series

The Taylor series of a real quadrivariate function u(qq, g, gc, qq) is given by [143]

[o.¢]
1 0
u(qra Qs 4y, q,'{) = u(QT()a 4205 950, QI{O) + Z - [A%
—=n dqr
T VLA PRI PR ) (D.1)
G aq, q, aq] Ak e 4r0, 4205950, 9x0 .
where Ag, = g, — qyo, for n = {r,2,7,x}. Using the identity
- of - T - oy - T
oqr Jq v J K
of of .
0q. dq* t J K (D2)
of of
o0, 047 o TE
0 0,
R ) w

to related the real partial derivatives to quaternion partial derivatives, we next de-

rive the quaternion Taylor series. For a real function of quaternion variables, we

have f(q,¢",¢’,¢") = u(qr,q,q;,qx) and so substituting (D.2) into (D.1) and using
the identities Ag, = % (Ag+ Aq"+ A¢ + Ag™) , Aq, = i (Aq+ Aq' — A¢? — Ag"),
Ag, = 4% (Aq — A¢"+ A¢? — Aqk) and Ag, = ﬁ (Aq — Aq' — A¢? + Ag"), we obtain

the quaternion Taylor series
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[e.e]

2 K 7 1
fla.q".¢",q") = f(q0. 90: 90 45) ZE [Aqa

9 9 o 1" L
+A¢ — + A¢” —+] f(q0, 90 @) a6)

A
Al s o Dq"

For a multivariate quaternion function, we thus have

(2 K K] K - 1 a
fla.a' o’ a") = f(ao. ab, ad af) + D [AqTa—q
n=1

9 9 a 1" .
+ AqZTaq + quTﬁ —+ AqKTaq +:| f(QO7QOaQ€)7qg)

Using the notation v = [q, q*, ¢’, ¢*]” and l [55, %, %, a%L]T, the first order quater-

nion Taylor series can be written as

rof

F¥) = flvo) + AvT L

(D.3)
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Appendix E

Adaptive Convex Combination
Approach for the Identification of

Improper Quaternion Processes

E.1 Introduction

To deal with evolving environments, we here introduce a class of quaternion-valued frac-
tional tap-length algorithms; for rigour, this is achieved by considering the full second-
order (augmented) quaternion statistics of the signal. The quaternion-valued algorithms
considered are the recently introduced Quaternion Least Mean Square (QLMS) [66] and
Widely Linear Quaternion Least Mean Square (WLQLMS) [67], which cater, respectively,
for strictly linear and widely linear quaternion-valued processes. We also consider a collab-
orative architecture comprising of QLMS and WLQLMS, which equips us with the ability
to identify both the model order and the second-order circular (proper) or noncircular
(improper) nature of general quaternion-valued systems and processes. The collaborative
combination of QLMS and WLQLMS (CCQLMS), therefore promises a flexible tool for
the modelling of the generality quaternion-valued processes. We also show that the evolu-
tion of the convex mixing parameter within the proposed architecture indicates the degree

of widely linear nature of a given system (degree of improperness for quaternion-valued
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signals).

This Appendix is organized as follows. Section E.2 describes the operation of the
proposed model order identification algorithms. The convergence of the convex mixing
parameter is presented in Section E.3, followed by the steady-state analysis in Section
E.4. In Section E.5, simulations supporting the proposed approaches are shown. The

chapter concludes in Section E.6.

E.2 Model order identification

The proposed algorithms for the identification of the widely linear systems (and noncircu-
larity of a signal) comprise of two parts: an adaptive finite impulse response (FIR) filter
which optimises the adaptive weight coefficients, followed by the FT algorithm that adapts
the tap-length of the filter to an optimal length, all performed for any given time k. We
first review the FIR filter weight updates and proceed to illustrate how the F'T algorithm

can be exploited within quaternion-valued adaptive systems.

E.2.1 Filter weight updates

Quaternion-valued adaptive filtering algorithms are based on optimizing a real-valued cost

function of quaternion variables
E(k) = e; (k) + €} (k) + €} (k) + ex(k) = e(k)e” (k) = [|e(k)[|3 (E.1)

where the error e(k) = d(k) — y(k), and d(k) and y(k) respectively the desired and output
signal. The terms e, (k), e,(k), e,(k) and e, (k) denote respectively the error component
in the real part, » part, 7 part, and s part of a quaternion variable.

Quaternion-valued adaptive filtering algorithms minimize the cost function (E.1) through

a gradient descent weight update specified by

w(k+1) =w(k) — pVwE(k) (E.2)
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where the gradient VE(k) is given by

_OB(k) _ 0B(R)  OB(K),  OE(K) . OE(k)

VE(k) ow* ow, ow, ow, oW,

(E.3)

The issue of a quaternion gradient has been a stumbling block in the derivation of adap-
tive learning algorithms, and has been solved only recently with the emergence of HR-
calculus [144].

The strictly linear Quaternion Least Mean Square (QLMS) is based on gradient-descent
(E.2) and is described by [66]

a(k) = dk) —n(k)
uk) = wh(k)x(k)

wk+1) = w(k)+ u<2el(k‘)x*(k‘) — x*(k‘)ef‘(k:)) (E.4)

where w(k) is the weight vector, x(k) is the filter input, e;(k) is the QLMS error, y;(k) is
the QLMS output and g is a real-valued learning rate.
The widely linear QLMS (WLQLMS) utilizes the widely linear model and optimises the

same cost function in (E.1), and is given by [67]

ew(k) = d(k) — yw (k)
yw(k) = w* (k)x* (k)

w?(k+ 1) =w?(k) + ,u(2ew(k)xa*(k:) - xa*(k:)ejv(k:)) (E.5)

where ey (k) is the WLQLMS error, yy (k) the WLQLMS output, w(k) the augmented
weight vector, and x%(k) the augmented filter input vector. It was recently shown [144]
that using the so-called I-gradient, it is possible to obtain the expressions for QLMS and
WLQLMS which are generic extensions of real- and complex-valued counterparts. Since
the performances of the algorithms in (E.4) - (E.5) and those obtained through I-gradient

are identical, we shall consider the original forms.

The collaborative adaptive estimator, shown in Figure 1, consists of two indepen-
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d (k)

linear filter
QLMS

widely lingar filter
WL-QLMS

Figure E.1: Hybrid filter structure.

dent subfilters sharing the common input x(k) and desired signal d(k). In [145], it was
shown that a hybrid combination of a collaborative strictly linear and widely linear esti-
mators has the ability to identify in real time both the system order and the degree of
noncircularity of signals/systems, in the context of complex-valued widely linear modelling.
Following that approach, we here employ a convex combination of QLMS and WLQLMS,
termed the Convex Combination QLMS (CC-QLMS), to form the overall output y..(k)
given by

Yee(k) = AME)y(k) + (1 — A(k))yw (F) (E.6)

where A(k) is a real-valued convex mixing parameter, whose update is governed by
Mk +1) = Mk) — paVAE(k) (E.7)

where py) and V) E(k) represent the real-valued stepsize and the error gradient.

The error gradient VyE(k) can be evaluated as

Oez.(k) | Oecc(k) |
k) o) )

= ecc(k) (yl(k) - yw(k'))*
+ (k) = yw(k)) ez (k)

= 2 {ecc(k) (k) — y (1)} (E8)

VaE(k) = ecl(k)
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where ec.(k) = d(k) — yec(k) is the error of the CC-QLMS algorithm, and symbol R{-}
denotes the real part of a quaternion variable. Finally, the weight update of the convex

mixing parameter A(k) has the form
k1) = X05) -~ n (Ve 1) )} ) (E:9)

Due to the convex nature of the CC-QLMS and given the range of the mixing
parameter \(k) (within [0, 1]), the CC-QLMS converges as long as one of the subsystems
in Figure 1 converges [146]; with this in mind, in the simulations the value of A(k) is hard

bounded to A € [0, 1].

E.2.2 Tap length adaptation

The adaptation of model order in real time, also termed “tap-length adaptation” is enabled
by the adaptive nature of the models considered, and has the ability to identify the evolving
changes in signal nature for time-varying system parameters. The tap-length adaptation

is governed by the FT algorithm given by [147]

lh+ 1) = ) - ) = [ (B9 ) - (B2 (5.10)

where 7); is the pseudo fractional tap-length which can take only positive real value, o and
~ are the leaky factor and tap-length learning rate, small positive real parameters that
satisfy o < . Symbols E,(,p ) (k) and EI(JP_) A (k) denote respectively the instantaneous square
errors for the tap-lengths of order p and (p—A), symbol p(k) denotes the “true” tap-length
at a discrete time instant ‘k’, and A is a real positive integer such that min{p(k)—A} > 0.

The instantancous square output errors for filters of lengths p and (p — A) are given by

EP (k) = (e (k) (e (k)"
(

BV (k) = (e 5 (0) (e s (k) (E.11)
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(p)

and are based on the errors ey’ (k) and e?

»_a(k). These errors can be evaluated as

eP) (k) = d(k) — yiP) (k) = d(k) — wPT (k)xP) (k) (E.12)

where 1 < ¢ < p, while wép )(k:) and xg” )(k:) are the vectors consisting of the first ¢

coefficients of w() (k) and x)(k), respectively.
To calculate the optimal model length, the tap-length parameter p(k) is made adaptive

according to [147]

Dk 1) = [np (k)]s Ip(k) —ny(k)| >0 (B.13)

p(k), otherwise

where 9 is a predefined integer threshold and symbol |-] denotes the floor operator. The
coeflicient adaptation for the F'T collaborative architecture in Figure 1 is summarised in

Algorithm 5.

Algorithm 5: Adaptation of the collaborative adaptive system identification
architecture

Filter Weight Algorithms
CC-QLMS, QLMS:

w(k+1)=w(k)+p <261(k)x*(k) — x*(k)ef‘(k‘))
CC-QLMS, WLQLMS:

WA 1) = w0+ 2 ()5 (06) — ()i )
CC-QLMS:

A+ = 208 = s (28 ) (1) — 0 )} )
Fractional Tap-Length Algorithm

w4 D) = (y8) ) =+ | (B0 0)) - (E2sm)

o= { s,
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E.3 Convergence of the mixing parameter

To address the convergence of the mixing parameter A\ within CC-QLMS when processing

both strictly linear and widely linear signals, consider first a strictly linear model given by
d(k) = woTx(k) 4+ v(k) (E.14)

where w? the optimal weight coefficients and v is a H-circular quaternion-valued quadruply

white Gaussian noise.

At the steady state, we employ the standard assumptions that w® = w = g and
due to circularity h = u = v = 0. Enforcing these assumptions, the overall instantenous

error e.. at the steady-state becomes

ece(k) = wTx(k) 4+ v(k) — <)\(/<:) (wol' (k)x(k))
(1= A0) (T (x())

=v(k) (E.15)

Substituting (E.15) into the expression for evolution of the mixing parameter A in (E.9)
will yield
AE+D) = A0 = o (ZR{eectB)n(8) — 1)} )

= A o (2R (7 (e

= A(k) (E.16)

where symbol 3{-} denotes the real part of a quaternion variable.

Since the QLMS converges faster than the WLQLMS (due to the smaller number of
weight terms), the CC-QLMS will favour the QLMS trained subfilter leading to A(k) — 1.

Remark#31: The mixing parameter A — 1 within the CC-QLMS indicates a strictly
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linear quaternion-valued model, or equivalently a second order circular (proper) signals
for which the power in all the components are equal. Current models all assume properness,

however, this is not justified for real world data.

Consider next the widely linear teaching signal (model) given by
d(k) = g°Tx(k) + h°Tx' (k) + uT'x? (k) + vT (k)x"(k) 4+ v(k) (E.17)

where g°, h°, u® and v are the optimal weight coefficients. At the steady-state, in this
case g = g° #w and h = h°, u = u°. v = v° Proceeding in a similar manner as above,

the error e.. becomes

cec(k) = g”"x(k) + b x' (k) + u <’ (k)
VT + o)~ (AR W (0
+ (1= (k) (g7 (k)x(k) + h°'x" (k)
+ u (k) + VOTx“(k))>
= o(k) + A(k) (g7 (k)x(k) + hTx' (k)

+ (k) + v x"(k) — wh (k)x(k)) (E.18)
Replacing e.. in (E.9) with (E.18) will result in the update of the mixing parameter

AMEk+1) = AE) — pa <2R{ecc(k') (1 (k) — yw(k'))*}>

= AR = (m{ (0(k) + A(8) (&7 ()x(k)

+ hTx'(k) + u?x (k) + vIx"(k)

— hix'(k) —ulx(k) - VTX"“(k:))*}> (E.19)
To simplify this further, we shall employ the standard “independence” assumptions [20]

e the filter weights are independent of one another;

e the error and the input vector are statistically independent of one another.
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Enforcing these assumptions and applying the statistical expectation operator, (E.19) can

be further simplified into

EAG+1)} = E{M@}—2MM%A%H<§JRMQ”
+ hOTPxth*—FuOTSIIUO*

+ v, .vo* + WTRmW*> (E.20)
For further insight, define [64]
Rur = Pup = Sup = Ty = 021 (E.21)

where o2 is the variance of the signal, and plug into (E.20) to give the evolution of X in

the form

E{\k+1)}

Ewm%vwmw%+w%x
+mw%+w%mww%g

= E{\k)} <1 - 2;L>\Ae2> (E.22)

where Ae? denotes the performance advantage of the widely linear model over the standard
linear model. Since both the learning rate jy and Ae? are positive, for the widely linear
model or improper signal, the mixing parameter A(k) converges towards zero, favouring
the WLQLMS subfilter within the collaborative architecture in Figure 1.

Remark#32: The convergence of the mixing parameter within CC-QLMS to A — 0

indicates a quaternion-valued widely linear model or equivalently a noncircular signal.

E.4 Steady-state analysis of F'T based algorithms

To illustrate the robustness of the proposed approach, and to convey the information about
both the second-order model order and its linear or widely linear nature, we next provide

a rigorous steady-state analysis of the of the FT-QLMS, FT-WLQLMS and FT-CCQLMS
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algorithms for two cases: a) the desired signal is widely linear and noncircular b) the
desired signal is strictly linear and circular. We first consider the case of widely linear
teaching signal and the FT-WLQLMS algorithm, where the desired (teaching) signal d(k)

is defined as

d(k) = g%ZthLOPt(k) + h%zptxzopt(k) + uz€ptxiopt(k)

+ vzjgpt(k)xzopt(k) + 'U(]{?) (E23)

where g7, hi, ., ul,, and v7 ., are the optimal weight coeflicients of the optimal
tap lengths Lopt of the widely linear model, and v(k) is a H-circular quaternion-valued
quadruply white Gaussian noise.

The output of the FT-WLQLMS algorithm is then given as

yw (k) = g" (k)x(k) +h" (k)x" (k) +u” (k)x’(k) + v" (k)x" (k) (E.24)
standard part augmented part

and the output error ey (k) can be expressed in terms of the optimal tap weights as

ew(k) = gOTXLOPt(k) + hOTXZLopt(k) + uOTXJLopt(k)
bV (k) 1 oK) — g7 (x(k) — W7 (R (k)

— T (k)X (k) — VT (k)x" (k) (E.25)

Proceeding in a manner similar to the analysis in [148], the optimal weight vector coeffi-

cients can be split into three parts

[ g/O 1 [ h/O 1
g%opt = gHO %opt = h'°
g///O h///O
[ u/o 1 I VIO 1
u%opt = u”? V%opt = v’ (E26)
u///O v///O
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where g%, h'®, u’®, v/° are the coefficients modelled by tap-length 1 to (p — A), g”°, h"°,
u”’?, v'"° are the coefficients modelled by the tap-length (p — A 4+ 1) to p, and g"’°, h"",
u”’?, v'"° are the undermodelled coefficients.

For convenience, we denote the coefficient error vectors of the FT-WLQLMS as

gk) = g”—gp(k); h(k)=h®—hy(k)

u(k) = u’—uy(k); v(k)=v°—v,(k) (E.27)

where g,(k), h,(k), u,(k) and v, (k) are the weight vectors of length p.

Similar to (E.26), the weight error vectors can also be split up into three parts

&) | () |
gk) = | g'(k) |B() = | n(k)
& (k) (k) |
W) | )
k) = | (k) |Vv(k)=| ¥"(k) (E.28)
(k) | (k)
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We can now rewrite the errors e},p )(k‘) and e;p_) A(k) to be (the time index ‘A’ has been

dropped due to space limitations)

_ - T T
g/ %< fl/ <t
e(l’) — ~I <" |+ fl// <"
p
g///o <" N X"
- 1 T T
u’ x" v x'
+ | & X" |+ v X" |4 (E.29)
u’""° X" - X!t
- 1 TrF T
g/ x/ fl/ <t
() _
ep—A — g//o X/l _|_ h/lo Xl/z
g///o <" N X"
- ~4TF T
~/ X/'] {I, X/ K
| ue <" |+ v X" 4o (E.30)
u’"’° <" - X"t

In order to ensure mathematical tractability, we shall employ the following usual

independence assumptions [148]:
e Both the input signal x(k) and the noise v(k) are i.i.d. zero mean white jointly
Gaussian with the respective variances o2 and o2;
e At the steady state, the input signal x(k) is independent of the weight vectors;

e The tap-length parameter has converged at steady-state, hence E{ns(k + 1)} =

E{n¢(k)}, leading to the undermodelled error vectors vanishing.

We proceed by applying the statistical expectation operator to the steady-state

MSE to yield
(E.31)

p{(Bp0) - (E0aw) } <12
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Following the definition in (E.11), we can rewrite (E.31) to give

E{|lg"" (k)x" (k)|[3 + 0" (k)x" (k)13
H[ (k)X (R)3 + 197 (R)x"™ (k)3
—~llg"" (k)x" (k)13 — " (k)x" (k)3

[T (R)x" (R)II3 — [Iv"°" (k)x"" (k) |I3} < \%\ (E.32)

Remark#33: The FT-WLQLMS incorporates the errors from both the standard and
augmented parts of the quaternion widely linear model in adapting the tap-length, thus
ensuring efficient modelling of the general widely linear quaternion-valued systems, that
is, incorporating both those with strictly and widely linear system dynamics.

In order to obtain the steady-state of the FT-QLMS algorithm, we first set the augmented

part in (E.24) to zero which gives
(k) = w (k)x(k) (E.33)
Proceeding in a similar fashion to obtain the steady-state of FT-WLQLMS yields
E{|lw" ()X" (k)3 — llg"" (k)x"(k)3} < !%\ (E.34)

Remark#34: The FT-QLMS only considers the error from the standard part of the
quaternion widely linear model in adapting the tap-length, proving to be inadequate for
the modelling of widely linear quaternion-valued systems and improper quaternion-valued
processes, that is those with different powers in the components, a typical case in real

world scenarios.

To derive the steady-state of the FT-CCQLMS algorithm, consider the output of

FT-CCQLMS, given by

eo(k) = AGR)WT (k)x(k) + (1 - A(k:)) (gT<k>x<k>

+ W7 (k)x' (k) + u” (k)x? (k) + vT(k)x”(k)> (E.35)
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Proceeding in a similar manner as above to obtain FT-WLQLMS and FT-QLMS,

the final steady-state becomes

E{ (1 - A(k)) (Hg”T(fc)x"(k)n% R ()" (k) |2
T (R (k) 3 + \W"T(k)x"“(k)u%) AR
T (]2 — [l (k) (k) 3 — [ (k)™ ()2

[ (k)x" ()5 ~ ||v”°T(l<:)x"“(k)H§} < !%\ (E.36)

As stated in Remark 32, for the processing of widely linear systems, A\ — 0 simplifying
(E.36) to an expression similar to the steady-state of FT-WLQLMS in (E.32).
Remark#35: For widely linear systems (improper signals), as A — 0, the steady-state
of FT-CCQLMS is similar to that of the FT-WLQLMS when identifying widely linear
Systems.

Consider next a strictly linear model given by
d(k) = WopXLopt (k) + v(k) (E.37)
which gives a similar steady-state expression for FT-QLMS and FT-WLQLMS, given by

FT-QLMS : E{|w"" (k)x" (k)|2
~ W X () < 1 (E.38)
FT-WLQLMS : E{||g"" (k)x" (k)|

= [t (k)x" (K)II3} < I%I (E.39)

Remark#36: Both the FT-QLMS and FT-WLQLMS take into account the error from
the standard (strictly linear) part of the quaternion linear model in adapting their tap-
lengths, demonstrating their suitability for the modelling of strictly linear quaternion-

valued systems (circular signals).
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Similarly, the steady-state expression for FT-CCQLMS becomes

E{A<k>||v~v"T<k>x"<k>u% n (1 - A(k))
-(|rg"T<k>x"<k>H% R () (k) 2
T (R (8) 3 + |rv"T<k>x"*’~<k>u%)

—HW"(’T(k)X”(k)Hg} < I%I (E.40)

For optimal processing of the linear model, A ~ 1 (as stated by Remark 31) resulting in a
similar expression to the steady-state of FT-QLMS in (E.38).
Remark#37: The FT-CCQLMS will have similar behaviour to the FT-QLMS in (E.34)

for the modelling of strictly linear quaternion-valued systems, when A — 1.

The analysis sets the scene for the assessment of the changes in some fundamental
parameters of quaternion-valued systems and signals (widely linear nature, noncircularity)

in real-time, and in time-varying environments, a typical case in real world applications.

E.5 Simulations

Simulations were conducted in the system identification setting and performances of FT-
QLMS, FT-WLQLMS and FT-CCQLMS were evaluated for a range of systems both
benchmark and real world. For benchmark systems, the quaternion quadruply white

circular Gaussian noise (QWGN) defined by
e(k) = eq(k) + ep(k)r + ec(k)y + eqa(k)k (E.41)

served as the driving input, where ¢,, €, €. and ¢4 are realisations of real-valued indepen-

dent white Gaussian noises (WGN).

The QWGN was first fed through a filter defined by h(k) = 0.35¢(k) + e(k — 1) +

0.35¢(k — 2) which slows down the convergence of the algorithms. The output of h(k) was
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Figure E.2: The steady-state MSE for the circular process W; and the noncircular
process W, with respect to the tap-length (model order).

then fed into the systems defined by

Wi (k) = 1.79W, (k — 1) — 1.85W (k — 2)

+1.2TWy (k — 3) — 0.41W, (k — 4) + e(k) (E.42)
Wa(k) = L79Wy(k — 1) — 1.85Ws (k — 2)

+ 1.2TWy(k — 3) — 0.41Wa(k — 4) + e(k)

+0.5¢" (k) +0.9¢* (k — 1) (E.43)

where W7 is a strictly linear AR(4) system [45] and W5 a widely linear WLAR(4) sys-
tem [149]. System Wj is constructed by combining W7 with the augmented part of W
given by [150]

W(k)=eW(k—1)+e(k) +0.5¢" (k) + 0.9¢" (k — 1) (E.44)
where 7 is the imaginary unit.

This way the system /signal W, was circular and W5 widely linear (improper). The

real world process were 3D wind and 3D inertial body motion data.
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Figure E.3: The evolution of the optimal filter length parameter p and the mixing
parameter )\ for the modelling of the strictly linear system Wj.

E.5.1 Optimal tap-length

The optimal tap-lengths for both systems were determined by the steady-state MSE cri-
terion [147]
g(k) = Ayspe(k— 1)+ (1 — Aysp)E(k) (E.45)

where ¢ is the estimated steady-state MSE and Ay;sp = 0.9.

Figure E.2 depicts the steady-state MSE for both the strictly linear system W; and
widely linear system Ws, using the QLMS, WLQLMS and CCQLMS algorithms with p =
10-3. From Figure E.2a), it can be seen that all the three MSE curves were monotonically
non-increasing functions of the tap-length and as such the optimal tap-lengths for all
algorithms were found to be py = {15,16}. Figure E.2b) shows that the shape of the
MSE curve for QLMS did not asymptotically converge, thus proving the inability of the
strictly linear QLMS to model the widely linear system Ws. On the other hand, the MSE
curves for the WLQLMS and CC-QLMS converged indicating their ability to model W,
for which the optimal tap-length was found to be py = {21,22}. The optimal tap-lengths

for both systems were not a single integer due to the use of feedforward filters, which can
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Figure E.4: The evolution of the optimal filter length parameter p and mixing param-
eter )\ for the modelling of the widely linear system W,.

only give approximations of the considered autoregressive (AR) infinite impulse response

(ITR) system.

E.5.2 Modelling of quaternion-valued systems

Figure E.3 depicts the evolution of the optimal tap length parameter p for the FT-QLMS,
FT-WLQLMS and FT-CCQLMS algorithms when employed for the modelling of strictly
linear AR(4) system W along with the evolution of the mixing parameter A of FT-
CCQLMS. These algorithms were initialized with the following parameters: « = 0.03,
v=1,6=1, A=4, p=1x10"°, yy = 5 x 10~ 4, the initial mixing parameter A\(0) = 0.5
and the initial tap length p(0) = 10. From Figure E.3a), it is evident that the perfor-
mances of all three algorithms considered were similar as they converged to the optimal
tap-length at around the same number of iterations. This conforms with Remark 36 and
Remark 37, which give justification for their similar performances. Figure E.3b) shows
that the mixing parameter A of FT-CCQLMS A — 1 for the modelling of linear system

W1, conforming with Remark 31.

Similarly, Figure E.4 shows the modelling for the widely linear system Ws; Figure
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WGN | Noncircular

€a N(0,1)

€p —0.6e, + N (0,1)

€c 0.8, + NV (0,1)

€4 0.8¢, — 0.4¢, + N(0,1)

Table E.1: Noncircular quadruply white quaternion Gaussian noise used.

E.4a) illustrates that the strictly linear FT-QLMS was unable to model the widely linear
system Ws, whereas FT-WLQLMS and FT-CCQLMS converged to the optimal tap-length.
This is justified by Remark 33, Remark 34 and Remark 35. Figure E.4b) illustrates that

for the modelling of widely linear systems, value of A — 0 conforming with Remark 32.

E.5.3 Evolution of model parameters in nonstationary systems

To illustrate the real time tracking ability of the proposed algorithms, we next consider a
system consisting of three separate subsystems of different natures. The first subsystem
was the linear system W for the intervals of 1 < k < 3000, followed by widely linear system
Ws for 3001 < k < 6000, and a linear noncircular Wi for the interval of 6001 < k& < 9000.
The linear noncircular W; was the original system W; (E.42) fed with a noncircular QWGN

as the driving input. The noncircular QWGN was constructed by referring to Table E.1.

Figure E.5 shows the steady-state MSE for the so-produced noncircular linear sys-
tem W, using the QLMS, WLQLMS and CCQLMS algorithms with jz = 1074, As desired,
all three of the MSE curves were monotonically non-increasing functions of the tap-length
and the optimal tap length was found to be p, = {21, 22}, illustrating the learning ability

of the proposed architecture.

Figure E.6 shows the evolution of the optimal filter length parameter p for the
FT-QLMS, FT-WLQLMS and FT-CCQLMS employed for the modelling of the system
W1 (interval of 1 < k < 3000), Ws (interval of 3001 < k£ < 6000), and the noncircular
W1 (interval of 6001 < k < 9000). These algorithms were intialized as follows: a = 0.03,
v=1,0=1, A=4, p = 1x 1077, gy = 5x 10~ %, the initial mixing parameter A\(0) = 0.5 and
the initial tap length p(0) = 25. From the figure, the FT-WLQLMS was able to converge

to the optimal tap-length of the system W7 for the interval 1 < k < 3000 and adapts to



E.5 Simulations 222

60

50} b

Py
o

CC-QLMS

Steady-state MSE
w
o

WL-QLMS
QLMS

5 10 15 20 25 30 35
Tap Length p

Figure E.5: The steady-state MSE for the process noncircular W; with respect to
tap-length.

the system W5 for 3001 < k£ < 6000. The FT-WLQLMS was unable to model efficiently
the noncircular W for interval 6001 < k& < 9000. As for the FT-QLMS, it was incapable
to adapt to the system Wy during the interval of 3001 < k£ < 6000 but was able to model
W1 and Wy, FT-CCQLMS was able to model all three systems owing to its theoretical

advantages and the robust adaptation of the mixing parameter A.

Figure E.7 depicts the evolution of the mixing parameter A of FT-CCQLMS for
the modelling of subsystems W7, Wy and noncircular Wi. For the modelling of linear
system W7, the parameter A — 1 for the interval of 1 < k£ < 3000 making FT-QLMS
dominant over FT-WLQLMS. As for the widely linear system W5 in the interval 3001 <
k < 6000, the parameter A — 0 resulting in FT-WLQLMS to be superior. For the
processing of noncircular linear system W7, parameter A — 1 favouring the linear model.

This corroborates with earlier findings in [151, 152].
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E.6 Summary

We have introduced the fractional tap-length (FT) optimisation into quaternion-valued
adaptive modelling and have demonstrated the advantages it offers in model order selection
and the identification of circular or noncircular nature of the data. The collaborative
adaptive FT-CCQLMS has been shown to be able to model efficiently both widely linear
and strictly linear quaternion-valued systems and to have a number of theoretical and
practical advantages. The analysis on the convergence of the mixing parameter and the
relationship between the steady-state error and tap-length has been established, giving a
mathematical justification to the modelling capabilities of all algorithms. Simulations on
model order selection and the identification of quaternion-valued circular natures for the

problems in renewable energy and human-oriented computing support the approach.
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Appendix F

An Adaptive Diffusion Quaternion

LMS Algorithm for Distributed
Networks of 3D and 4D Vector

Sensors

F.1 Introduction

In this Appendix, the IQLMS will be used as a platform for deriving the diffusion IQLMS
(D-IQLMS) and diffusion WLIQLMS (D-WLIQLMS), allowing cooperative adaptive esti-
mation of both circular and noncircular quaternion valued signals. The advantage of the
D-WLIQLMS over the strictly linear D-IQLMS is illustrated over simulations on bench-
mark signals. In Section F.2 we derive the D-IQLMS, while in Section F.3 we use the
widely linear model to obtain the D-WLIQLMS. Section F.4 presents stability bounds,
thus ensuring convergence in the mean. We conclude the work with representative simu-

lations.
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Figure F.1: Topology of a distributed network, highlighting the neighbourhood of
node i.

F.2 Derivation of D-IQLMS

Consider a network of N nodes distributed over some area, as shown in Figure F.1. At
time instant k, each node ¢ has access to the local teaching signal d;(k) and a regressor
input vector, defined as x;(k) = [z;(k—1), ..., z;(k—L)]*. In addition to each nodes having
access to their own data, nodes can also access data from their direct neighbours, where
the neighbourhood N; is defined as the set of all nodes linking to node 4, including itself.

A diffusion protocol describes how data from the neighbourhood A is combined.

For a global (where all data is available to all nodes) least squares solution to the
network in Figure F.1, the centralized IQLMS (c-IQLMS) weight update can be written

as [47]
N

w(k+1) =w(k)+p Y ei(k)x}(k) (F.1)
=1

where the e;(k) = d;(k) — y;(k) is the error between the teaching signal d;(k) and output
signal y;(k) at node i. In a distributed system, only data from the neighbourhood of a node

is available and so the global weight update in (F.1) is replaced by local weight updates

wilk+1) = wi(k) + p > celk)x; (k) (F.2)
lEN;

where the weighting coefficient ¢;; is always greater than 0, being equal to 0 when nodes [
and k are not connected, and satisfies ), N, CLi = 1 The weighting coefficient ¢; ; can be

conveniently described as a matrix C where 17C = 17 and C1 = 1. The weight update
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at node 7 can be interpreted as a weighted linear combination of neighbouring estimates of
the local cost function gradient. The advantage of this local weight update over the global
weight update is that it is robust to node and link failures. The local weight estimates
w;(k) in (F.2) can be further improved by combining the local weight updates iteratively

as follows

bi(k) = wilk —1)+p Y azealk)x;(k)
leN;

wilk) = " a(k)gy(k) (F3)

lENi

where ), ~; @ =1 ( more conveniently written asAl = 1).

F.3 The D-WLIQLMS

The D-IQLMS in (F.3) is only adequate when the underlying model is strictly linear. To
process a signal generated from a widely linear system, or from noncircular statistics, we
employ the widely linear model to augment the input vector. The D-WLIQLMS can then

be compactly written as

Pi(k) =wik—1)+p Y axi*(kel(k) (F.4)
leN;
with) = 3 (ke (k) (F.5)
lEN;

T
where xj' = [xfT,xfT,xg xi T,

F.4 Stability analysis of D-WLIQLMS

To investigate the convergence in the mean of the D-WLIQLMS algorithm, we rewrite the

weight update in (F.5) as

¢ T (k) =wT(k 1)+ (dF — wT(k - 1)X*(k)) X MD (F.6)
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where

¢'(k) = [o1" (k),.... % ()]

d(k) = [di(k),...,dn(k)]"
D = diag{[pilur,...,nnLar]}

= C®ly

and ® denotes the Kronecker product operator. To evaluate the performance of the D-
WLIQLMS without loss in generality, consider an improper teaching signal d(k), given
by

d(k) = wo'(k)X*(k) + n(k) (F.7)

where w7 (k) is the optimal (but unknown) local augmented weight vector, and n(k) is

quadruply white Gaussian noise with zero mean and variance o2, uncorrelated with X (k).

Substituting the teaching (F.7) into the weight update (F.6) and multiplying through we

obtain

¢ (k) =w" (k — 1) + (w5’ (k)

—w(k — 1)) X (k)X MD + n(k)X**MD

while a further multiplication of both sides by -1 and addition of w27 (k) yields

¢ (k) = wh(k—1)—wT(k-1) (X (k)X*MD

+ n(k)X*"MD)

where the weight error vectors ¢ = ¢, (k) — ¢ (k) and W = wo (k) — w(k). Substitution for

¢ using (F.5) we have
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w (k1) =w"T (k- 1)P — W (k — 1) (X*(k)X*"MD

+ n(k)X**MD)P

where P = A @ I;;,. Upon applying the statistical expectation operator we have

EwT(k-1) = EW7T(k-1)](-R:MD)P

(F.8)

where
RS, = E[X*(k)X*"] = diag{ E[x{x{"], ..., Ex%x4']}

It then follows from (F.8) that to ensure that the power of the weight error vector

E[wT(k —1)] converges to 0 as k — 0o, the following condition must hold

| (I-R;,MD)P[l; <1

Since the 2-norm is sub-multiplicative and ||P|| = 1 (this results from the fact that the

rows and columns add to 1) we can write

(I - RE,MD) Pl < |[(I-R;,MD)|

and obtain a more conservative condition for convergence in the form

| (I=R;,MD)[[z <1

For the case where all nodes have the same step size, i.e. matrix D is a scaled identity
matrix, the above convergence condition becomes [[{(I — pR%,M)}||]2 < 1, yielding the
following bound for the step size

2

- F.
W T V) (9)

F.5 Simulations

The one step ahead prediction performances of the proposed D-WLIQLMS and D-IQLMS

were compared to the global IQLMS (where a centralized processing unit has access to all
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Figure F.2: Network topology.

nodes) and to the non-cooperative IQLMS, where nodes do not share information with
neighbouring nodes (i.e. where M = I). The network topology consisted of 6 nodes and is
shown in Figure F.2. Numerous methods exist to select the combination coefficients ¢ ;,
, such as the Metropolis [47], Laplacian and nearest neighbour rule. For our simulations
the Metropolis rule was used, described by

1
mazx(ng,n)

Gi=49 0 if [ # i are not connected (F.10)

1_Zl€Niclvi ifl =1

if [ # ¢ are connected

where n; and n; are respectively the numbers of nodes in the neighbourhood of nodes i
and [. Following the Metropolis rule in (F.10), the combination matrix C for the network

topology in Figure F.2 becomes

10040
3 03300
R I I I
0 £ 2030
L0040
0000 % 2

The simulations were carried out for two signals, one generated by a strictly linear

AR(4) model and the other generated by the Lorenz system.
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Figure F.3: Performance comparison of the QLMS, HR-QLMS and IQLMS on a
circular AR(4) signal, for all the algorithms having the same step size.

F.5.1 A circular AR(4) process

The benchmark circular quaternion signal used in simulations was generated by an AR(4)

model described by

y(k) = 1.79y(k —1) — 1.85y(k —2) + 1.27y(k — 3)

—0.A41y(k — 4) + n(k)

where the driving noise n(k) was quaternion valued circular white Gaussian noise. Figure
F.3 shows the evolution of the mean square error (MSE) for the AR(4) process. Ob-
serve that as expected the distributed QLMS achieves significantly better steady state
performance compared to the case where there is no cooperation between the nodes. It
is also worth noting that the steady state performance of the distributed QLMS is only
marginally worse than that of the global QLMS, while being more robust to failures in

the network and requiring fewer mathematical operations.
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Figure F.4: Comparison of MSEs of the D-WLIQLMS and DIQLMS on the noncircular
Lorenz signal.

F.5.2 Noncircular Lorenz attractor

The Lorenz signal is the output of a three-dimensional nonlinear system, originally used
to model atmospheric turbulence, but also to model lasers, dynamos and the motion of
waterwheel. Fig. F.4 shows the evolution of the MSE for the D-IQLMS and D-WLIQLMS.
Observe that due to the widely linear nature of the Lorenz signal, the D-WLIQLMS has

significantly lower MSE at steady state.

F.6 Summary

We have introduced a diffusion WLQLMS (D-WLQLMS) algorithm for the distributed
processing of general quaternion valued signals (both circular and noncircular) in a co-
operative fashion. The advantage of the diffusion topology over non-cooperative and
fully-cooperative (global-QLMS) networks in terms of robustness, convergence speed and
steady state performance has been shown in analysis and simulations on synthetic signals.
The proposed strategy is particularly useful for data coming from vector sensors, such as

3D anemometers and 3D inertial body sensors.



233

Appendix G

Quaternion Derivatives: GHR

Calculus

The quaternion derivatives in mathematical literatures of quaternion analysis are often
defined only for analytic (regular) functions. However, in engineering problems, the func-
tions of interest often are not analytic because they are often real-valued functions, such
as the standard cost function. While the HR calculus is a convenient way to calculate the
formal derivatives of analytic and non-analytic functions of quaternion variables, in our
recently submitted paper “Quaternion Derivatives: GHR Calculus”, we derive a gener-
alization of the HR-calculus, based on a general orthogonal system. The generalization,
called here generalized HR (GHR) calculus, encompasses not just the left and right-handed
versions of quaternion derivative but also generates some surprising results, such as the
novel product rule, the chain rule, the mean-valued theorem and Taylors theorem. The
core of the novel product rule is the quaternion rotation, a generalisation of the quater-
nion involution. Taylors theorem is presented in a compact and familiar form, using the
HR derivatives. To make the GHR-derivatives more accessible, we present the derivatives
of many familiar quaternion functions in tabular form (shown below). Several examples
taken from recently published material show how signal processing and communication

systems can be optimized using the GHR~calculus
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Table G.1: Important results of the GHR derivatives
f(q) a%é,u %%u Note
q R(p) —Su* —
wq wR(p) —Twp* Ywe H
qu R(vp) —3(vp)* Vv e H
wqr + A wR(vp) —tw(vp)* VYw, v, A € H

q* —u* R(p) -

wq* —Twp* wR(p) Ywe H

qv —3(vp)* R(vp) Vv e H
wq*y + A —tw(vp)* wR(vp) VYw, v, A\ € H
i i i o =300
i= 4 e - =V

arctan ('g—g‘) —"A% ;{% Sq =R(q)

g —q¢'R(qg ) 50 ()t —=

(¢")~! 3(q*) prg! —(¢") 'R ((¢") ') ——
(g + ) R ) L fwlvfu)* Ve, v, A € H
(wg*v + \) 71 %fw(l/f,u)* —fwR(vfu) Vw,v,A € H

¢’ aR (1) + R(qp) —zap* — 3(ap)* —=

(a*)? —3d* 1 — 5 (q ) T R(1) + R(q" 1) —=

(wqv + 2% gwR(vp) + wR(vgp) —ggw(vp)* — gwlvgn)* g =wqr + A
v+ N2 hgelv)® - delvgn) geRom) +uRvgn) g —wgy+ )

R(q) T T o
R(wqr + N) %,uuw %uw*u* Vw,v, A € H
R(wg* v + A) i,uw*l/* i,w/w Vw,v, A € H

b R () — e ang” — g~ agEard —

z — gl — e he” R (1) — pd g —
ol e R + gl (W) i) = g R(wign) g =wqr + A
ey — g (vp)* = 5 g4 2R (vp) — ddp g =wq'v+A

|4l T hd* L —

laf® 3hg* 3hq —

lwgr + A| wRvp) — g7 (W gp) |;|w(l/u)* + ﬁl/*fﬁ(w*gu) g=wqu+ A
lwg*v + Al V*R(w*p) — ﬁw(ug*u ﬁu*(w*,u)* + ﬁwfﬁ(ug*u) g =wqv+ A
wgr + AP grwR(vp) — g (wrgn)t s w(vp) + v R(wigp) g =wer + X
wg* v + AP g R(wrp) — gw(vgtu)* sV (W) + wR(vg'n) g =wgt v+ A
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Appendix H

Split Complex Estimation: A
Novel Method for Designing
Efficient Widely Linear Adaptive
Filters

In complex valued least squares estimation, the cost function is usually made to be the ab-
solute value of the error function, that is, the sum of the real and imaginary errors squared.
Conventional linear estimators try to minimise the sum of these two mean squared errors
with a single set of parameters and this in general, leads to a sub-optimal solution. Our
method, called split complex estimation and introduced in our recently submitted publi-
cation “Split Complex Estimation: A Novel Method for Designing Efficient Widely Linear
Adaptive Filters”, separates the mean squared error into two separate cost functions, and
finds optimal linear estimators that minimise each one separately. We show that this
approach to complex valued estimation is equivalent to widely linear estimation, while
offering a number of important advantages. For example, developing algorithms using
this approach allows us to create computationally more efficient adaptive filters and ob-
tain a greater insight into the transient properties of the widely linear adaptive filters.

This is shown by introducing three novel least mean square (LMS) algorithm, called, the
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dual channel complex LMS (DC-CLMS), complex LMSr and complex LMSi. Conditions
for equivalence between these filters and the CLMS and ACLMS (augmented CLMS) are

shown and convergence in the mean and mean square are carried out.



