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Abstract

A B S T R A C T

The photorefractive effect is discussed in detail and accompanied by a compre­
hensive analysis of coherent light amplification by two wave mixing and phase 
conjugation by degenerate four wave mixing optical configurations. A selection of 
photorefractive materials are studied and their photoconducting and electro-optic 
characteristics are compared. Experimental investigations are confined princi­
pally to barium titanate, BaTiOs, and secondly cerium doped strontium barium 
niobate, SBN:60. The original contributions to the field consist of experimental 
demonstrations of a phase conjugate Fabry-Perot interferometer and an all optical 
autoassociative memory, and a theoretical investigation into the photorefractive 
response to spatially confined circularly symmetric intensity profiles in general and 
the Gaussian profile in particular.
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Notation

N O T A T IO N

R o m a n  c h a ra cters:

c Speed of light in vacuo

D D iffusion  coefficient

E Electric field amplitude

Eq Characteristic material electric field

Ea Externally applied electric field

E d Characteristic diffusion field

Ep Radial electric field amplitude

E  Electric field vector

G  Generation  rate

h  Planck’s constant

h  Planck’s constant/27r

i V —i
I Light intensity

I0 Total light intensity
Ir Reference wave intensity

Is Signal wave intensity

j Current density amplitude

j'D R ate of change of flux density
jd D rift  current density

jD D iffusion  current density

k Grating wavenumber

k0 Characteristic material grating wavenumber

ke Boltzm ann constant

k Grating wavevector

l Material length

Ld Characteristic drift length

Ld Characteristic Diffusion  length

m Reduced modulation

M Interference fringe contrast

M  M igra tion  rate

n Refractive index

nQ Bulk ordinary refractive index
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Notation

ne Bulk extra-ordinary refractive index

A n Refractive index change

n  Free electron number density

n Q Peak free electron number density

N a Total acceptor number density

N d Total donor number density

N q Ionised donor number density
N t Total shallow trap number density

Nif Ionised shallow trap number density

p  Free hole number density

q Elementary unit of charge
r Position vector

reff Effective electro-optic coefficient

R Reference wave amplitude

R; Diffracted reference wave amplitude

R  Reference wave field vector

R  Recombination rate

s Photoexcitation constant
se Electron photoexcitation constant

Sh Hole photoexcitation constant

S Signal wave amplitude

S' Diffracted signal wave amplitude
S Signal wave field vector

t Tim e

T Absolute temperature

x Cartesian co-ordinate

y Cartesian co-ordinate

z Cartesian co-ordinate

G reek  characters:

a  Absorption coefficient

P  Thermal generation rate

/?e Electron thermal generation rate

/?h Hole thermal generation rate
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Notation

A Incident beam intensity ratio

^exit Exit beam  intensity ratio

7 Phase conversion factor

7R Recombination constant

7e Electron recombination constant

7h Hole recombination constant

r Intensity gain factor

£ R elative perm ittivity

£o Perm ittivity of free space

Diffraction efficiency

e Incident angle
A Wavelength of the incident light
A Interference fringe spacing

/* Relative permeability

fJ>o Permeability of free space

n Free carrier mobility

l*e Free electron mobility

/̂ h Free hole mobility
V Temporal frequency
7r 3.14159265...

Radial co-ordinate

£ Reference wave wavevector
Signal wave wavevector

HD Characteristic d iffu s io n  tim e

tr Characteristic recombination tim e

”̂rise Grating rise time

^"decay Grating decay time

7"dark Characteristic dark storage tim e

<t> Grating phase shift angle

Reference wave phase angle

<l> S Signal wave phase angle

$ - Grating phase angle

$ Quantum efficiency

U) Temporal angular frequency
UJ Characteristic beam width
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6 .11 The correlation between the three bipolar binary ob- 144
ject vectors, and and the current object
vector of the Hopfield algorithm.

7.1 Parameter values used in transient numerical analysis. 159

7.11 Parameter values used in the steady state numerical 166
analysis.

7.111 Peak values of Any/ and Anz» for chosen ray direc- 172
tions in BaTiOs.

A p pendices

Table C aption Page N o

B.I Bismuth silicon oxide spectrophotometric data. 186

B.II Barium titanate spectrophotometric data. 187

B.III Cerium doped strontium barium niobate spectro- 188
photometric data.

- 2 0  -



B.IV Gallium arsenide and indium phosphide spectro- 189
photometric data.

E.I Two beam coupling of BaTiO^ 2 and versus the 203
normalised grating wavenumber.

E.II Two beam coupling of cerium doped SBNffiO# 1 ver- 204
sus the normalised grating wavenumber.

E.III Diffraction efficiency, 77 versus the incident, /?OJ and 205
exit, /?exit, writing beam ratios for BaTiO^1.

E.IV Diffraction efficiency, 77, versus the incident, /?Q, and 206
exit, (3exit, writing beam ratios for SBN : 60#1.

E.V Characteristic grating rise time, rrise, versus the to- 206
tal incident writing intensity, IQ, for BaTiO^1.

E.VI Characteristic grating decay time, TdeCay? versus the 207
probe beam intensity, Iprobe, for BaTiO^f1.

E.VII Characteristic grating decay time, TdeCay> versus 207
the probe beam intensity, Iprobe, for SBNffiO#1.

I.I Phase conjugate reflectivity, Rpc, versus the relative 225
intensity of the specularly reflected intensity, Ir, for 
R=0.37.

I.II Phase conjugate reflectivity, Rpc, versus the relative 225
intensity of the cancelled and enhanced specularly 
reflected intensities, Ir, for R=0.37.

L i s t  o f  tables

- 2 1  -



C h a p te r  1

C H A P T E R  1 

IN T R O D U C T IO N

1.1 H istorical review .

The photorefractive effect was first observed by researchers at Bell Laboratories 
in 1966 [1.1]. They noticed an induced change in refractive index at the focus of 
an intense green laser beam in lithium niobate, LiNbC>3, and lithium tantalate, 
LiTaOa, [1.1]. The refractive index inhomogeneity served to hinder the subject 
of their research and they initially referred to it as la s e r  d a m a g e .  However it 
was found later that the crystals could be returned to their initial homogeneous 
states after heat treatment and hence the d a m a g e  was quite different in origin 
from the irreversible catastrophic damage incurred at much higher optical power 
densities. The term p h o to r e f r a c t iv e  e ffe c t  has since been adopted to describe the 
light induced change in refractive index.

Chen published the first charge migration model of the photorefractive effect in 
1969 specific to ferroelectric crystals [1.2]. He proposed that the migration of 
free charge was due to the d r if t  transport mechanism under the influence of the 
internal electric field of the material. Thaxter supported these predictions by 
demonstrating the influence of an externally applied electric field on a crystal of 
strontium barium niobate [1.3]. Amodei amended the original theoretical model 
by including the contribution of d iffu s io n  to the migration of the free charged 
species [1.4,1.5] and finally a third transport mechanism, the photovoltaic effect, 
was added in 1974 by Glass e t  a  1 [1.6] to accommodate for anomalous behaviour 
exhibited by certain materials. The inclusion of feedback between the migrating 
free charged carriers and the induced electric field was introduced by Kim e t  a  1 

[1.7] in 1974. This allowed the theoretical prediction of the temporal evolution, in 
addition to the spatial profile, of the induced electric field. In 1979 Kukhtarev e t  a  1 

[1 .8 ,1.9] published the most complete and rigorous model of the effect to date which 
has since been verified extensively by experiment and modified only recently to 
accommodate for electron/hole competition [1 .10] and deep donors/shallow traps
[1 .11]. The following year, 1980, J. Feinberg e t  a  1 [1 .12] published a statistical 
model of the photorefractive effect which replaced the three stage mechanism of 
the band transport model, g e n e r a t io n , m ig r a t io n  and r e c o m b in a t io n ,  by a h o p  from 
one fixed impurity site to its nearest neighbour. The model, in comparison to the
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band transport model of Kukhtarev e t  a1 [1 .8 ,1.9], is less flexible to modification 
and eludes the science of the effect.

Concurrent with the progress in the theoretical understanding of the photore- 
fractive effect, much effort has been devoted to experimental investigations. The 
models have been verified, new materials have been explored and potential ap­
plications of the effect have been assessed. The photorefractive effect has been 
observed in a large number of materials which include BaTiC>3 [1.13], KNb0 3  

[1.14], B ai_xSrxNb2 0 6 , Bi^TiC^o [1-15] and Bii2(Si, Ge)C>2o [1.16,1.17] to name 
a few. Reduction and oxidation treatments have been employed and varieties of 
dopents introduced to optimise the photorefractive properties of each material. 
The demonstration by Huignard e t  ai [1.17] in 1979 of optical phase conjugation 
by degenerate four wave mixing at mW c w  optical powers in BSO brought the 
photorefractive effect into prominence. Continuous wave phase conjugate optics 
at low power levels had become available with relatively inexpensive materials.

Many applications have been demonstrated and exotic optical nonlinearities ob­
served. Real time image processing and adaptive optics constitute the main thrust 
of the proposed applications of the effect which, in general, employ coherent light 
amplification by two wave mixing and phase conjugation by degenerate four wave 
mixing optical configurations. Applications demonstrated include edge enhance­
ment [1.18], real-time optical correlation [1.19], parallel image subtraction [1.20], 
optical tracking novelty filter [1 .21], photolithography [1.22], dynamic beam de­
flection [1.23], incoherent-to-coherent light convertor [1.24] and optical associative 
memories [1.25] to name a few. Exotic optical nonlinearities have been exhibited 
principally by the ferroelectric oxide photorefractive material barium titanate, 
BaTiC>3 . This material was the first to demonstrate self-pumped phase conju­
gation by internal reflection in 1982 [1.26] and has since displayed many other 
strange and fascinating optical phenomena. They include the self-location of a 
specularly reflecting object [1.27], the mutual self-location of two self-pumped 
BaTiC>3 crystals [1.28], double phase conjugate mirrors [1.29—>1.31] and image 
colour conversion [1.32].

Recently a few laboratories, worldwide, have begun to investigate the response of 
photorefractive materials to both very short pulse illumination and high repetition 
rates [1.11,1.33—>1.36]. The laser sources were pulsed with typically nano/pico- 
second pulse durations and ~  lmJ energies per pulse. Photorefractive grating rise 
times of < lOOps and ~  4ns have been observed in BaTiC>3 [1.33] and BSO [1.36] 
respectively. The very fast response of these materials offers the potential of very
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high speed digital optical logic, switching and adaptive image processing and is 
currently an area of active research.

The photorefractive effect, the materials and their applications will continue to 
progress as theoretical interpretations develop, material growth/preparation tech­
niques improve and more potential applications are perceived.

1.2 T hesis synopsis.

This chapter has so far provided a brief historical introduction into the fields of 
the photorefractive effect, materials and their potential applications. The scope of 
the thesis will now be outlined by brief introductions of the major topics covered 
on a chapter by chapter basis.

In chapter 2 the photorefractive effect is formally introduced and the photocon­
ducting and electro-optic characteristics discussed separately. The band transport 
model is analysed in detail and the coupled equations are rigorously derived. The 
amendments to the model to accommodate for both electron/hole competition 
and deep donor/shallow traps are discussed. The charge hopping model is briefly 
described and its differences, similarities and limitations are highlighted. The lin­
ear electro-optic effect is analysed using the conventional contracted electro-optic 
tensor notation. The three main families of photorefractive materials, fe r ro e le c ­

t r i c  o x id e s , p a r a e le c tr ic  o x id e s  and III-V s e m ic o n d u c to r s ,  are introduced and dis­
cussed. Absorption spectra, photographs and typical material and electro-optic 
properties of each family are presented and compared. Finally the electro-optic 
nature of the two ferroelectric oxides barium titanate, BaTiC>3, and cerium doped 
strontium barium niobate, SBN:60, are investigated in detail.

Chapter 3 introduces and discusses in detail the first of the two most common 
optical configurations, namely two wave mixing. The photorefractive response to 
a one dimensional cosinusoidal intensity profile is analysed in the linear in gener­
ation/recombination and saturation regimes and the effects of dynamic feedback 
are considered. Experimental procedures and results are presented which serve to 
highlight the main material characteristics of BaTiCb and cerium doped SBN:60 
in both steady state and transient regimes. Coherent light amplification of an 
image by two beam coupling is demonstrated.

Next, in chapter 4, the second most common optical configuration, four wave 
mixing, is introduced. Phase conjugation by degenerate four wave mixing is of 
particular interest and is analysed in detail. Two experiments were performed
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and the pictorial results are presented to provide qualitative evidence of the phase 
conjugate fidelity achieved by wave mixing in BaTiC>3. Asymmetric beam fanning 
and self pumped phase conjugation in BaTiOa and SBN are briefly discussed and 
the different temporal modes are highlighted.

Chapter 5 briefly introduces a generalised model of phase conjugation based on 
scattering theory which predicts the complete correction of extensive backscatter, 
introduced by an arbitrary lossless phase distorter, by a perfect phase conjugate 
mirror. A phase conjugate Fabry-Perot interferometer is discussed in detail and 
both specular reflection cancellation and enhancement are predicted. Experimen­
tal results are presented which verify the theoretical predictions of the interferom­
eter and lend support to the generalised theory.

In chapter 6 holographic associative memories using phase conjugate feedback are 
investigated as a potential application of the photorefractive effect. The simple 
neural network model of Hopfield is discussed and computer simulated results 
are presented. An all optical autoassociative memory is described and the ex­
perimental results are presented. With the simple information stored the optical 
configuration was successful at recalling the correct complete stored image when 
provided with only partial information.

Chapter 7 presents a theoretical investigation into the photorefractive response to 
circularly symmetric and spatially confined intensity profiles in general and the 
Gaussian intensity profile in particular. The response was numerically analysed in 
both the initial transient and steady state regimes and resultant refractive index 
modulations within barium titanate are proposed.

Finally, in chapter 8 , there is a brief summary of the thesis, concluding remarks 
and suggestions for future research in the field.

The thesis presents a number of original theoretical and experimental contributions 
to the field, most of which have both been presented at conference and published 
in the scientific literature by the author. Much of the theoretical and experimental 
results of Chapter 5 have been presented at the International school of material sci­
ences and technology-11th Course: “Electro-optic and Photorefractive Materials: 
Applications in Optical Signal Processing and Phase Conjugation”, Erice, Sicily, 
Italy 1986, presented as paper MM2 at the 1986 annual meeting of the Optical 
Society of America, Seattle, Washington and as paper 136 at the Eighth National 
Quantum Electronics Conference of the Institute of Physics, St Andrews, Scotland 
1987. The results have, in addition, been published by Lindsay and Dainty (1986)
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and Lindsay (1987). The experimental results of Chapter 6 have been presented 
as paper PD9-1 at the 1987 Optical Society of America topical meeting on “Pho- 
torefractive materials, effects and devices”, Los Angeles, California and as paper 
137 at the Eighth National Quantum Electronics Conference of the Institute of 
Physics, St Andrews, Scotland 1987, and published by White, Aldridge and Lind­
say (1988). The theoretical results of Chapter 7 are the most recent contributions 
by the author and a manuscript will be prepared for publication in due course.
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C H A P T E R  2

T H E  PH O T O R E F R A C T IV E  E FFE C T  
A N D  M A TER IA LS.

2.1 Introduction.

The P h o to r e f r a c i iv e  e ffe c t has become the generic term used to describe the light 
induced change of refractive index exhibited by materials which are both photo- 
conductive and electro-optic in nature and is directly analogous in name to the 
p h o to c h r o m ic  e ffe c t, which describes light induced changes in absorption.

When a photorefractive (PR) material is illuminated by a spatially varying in­
tensity pattern, preferential photogeneration of free carriers, from fixed impurity 
sites, is experienced at regions of high irradiance. The mobile charged species 
migrate towards regions of lower irradiance where they become retrapped. The 
resultant separation of charged species from their original parent impurities creates 
a static electric field which modulates the refractive index via the electro-optic ef­
fect. The induced refractive index profile or phase volume hologram can remain 
semi-permanently within the bulk of the material for many seconds, minutes and 
even hours if left in darkness. The dark relaxation of the hologram is due to ther­
mal regeneration and can be assisted greatly by illuminating the material with a 
uniform intensity profile (optical erasure). Both mechanisms serve to destroy the 
induced electric field and return the material back to its original homogeneous 
state.

There are two sets of material qualities to be considered when analysising photore- 
fractives, namely a) the source and nature of the photogenerated charged species 
and b) the magnitudes and configuration of the non-zero electro-optic coefficients.

2.2 P h otocon d u ctiv ity .

Thus far two theoretical models have been derived to describe the PR effect. The 
more complete was by N. V. Kukhtarev e t  a 1 [2.1,2.2], and published in 1979. 
The model consists of rigorous material equations coupled with Gauss’s law of 
electro-statics, the electro-static condition and are collectively referred to as the 
B a n d  T r a n s p o r t  M o d e l . Only recently have minor modifications been made to 
accomodate for electron/hole competition [2 .3,2 .4] and deep donor/shallow traps 
[2.5],
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The second model was by Feinberg e t  a 1 [2.6] and published in 1980. This model 
does not consider the physical mechanisms responsible for the redistributed of 
charge under illumination. Rather, using a statistical approach, the model con­
siders the charged species to h o p  from one fixed impurity site to another. The 
direction and rate of h o p p in g  is dictated by both the source and termination 
environments for each hop with only nearest neighbour interactions considered. 
Referred to as the C h a rg e  H o p p in g  M o d e l , the model does serve to predict much 
of PR behaviour but eludes the science of the effect.

C h a p te r  2

2.2.1 Band Transport M odel.

The band transport model considers a combination of three operational mech­
anisms to describe the redistribution of charge under non-uniform illumination, 
namely G e n e r a t io n , M ig r a t io n  and R e c o m b in a t io n . It is assumed that electrons 
(or h o le s ) are photogenerated from fixed occupied donor (acceptor) sites, in the 
forbidden energy gap, to the conduction (v a le n c e ) band. The electrons (h o le s )  

migrate with characteristic mobilities to regions of lower irradiance where they 
recombine with empty donor (acceptor) sites. The resultant spatial separation of 
electrons (h o le s )  from their original parent impurities creates a static electric field 
within the bulk of the material. This field modulates the refractive index via the 
linear (Pockels) electro-optic effect. The three stage mechanism is schematically 
illustrated in Fig. 2.1. for electrons as the charged carriers.
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The source of PR donor/acceptors are either prescribed dopants introduced during 
the crystal growing stage or trace impurities located in the nominally pure as grown 
material. The schematic representation of the band structure, Fig. 2.1, is realistic 
within the constraints of its simplicity. Having assumed n-type photoconduction, 
the large number density of donors, No, act as the PR agents. The smaller number 
density (and at a reduced potential) of acceptors, Na , are equally significant. 
They provide the material with a uniform background of ionised donors, N j, 
while in darkness which act as trapping centres for subsequent photogenerated 
free electrons. An unrealistic feature of the Fig. 2.1 is the arrangement of all the 
donor sites at one potential energy . In reality this cannot exist otherwise the 
absorption spectra would reveal a well defined secondary absorption edge located 
in the region A > Aeandgap- The typically smooth profiles of absorption spectra 
suggest that the impurities exist in a continuous band like structure throughout 
the forbidden energy gap.

The three stage mechanism of excitation, migration and recombination can be 
represented analytically in the continuity equation for the mobile conduction band 
electrons as follows,

—  =  G +  A f - R ,  (2 .1)

where n  and t are the free electron number density and time. G, M  and R  

are the rates of g e n e r a t io n , m ig r a t io n  and r e c o m b in a t io n  respectively for the free 
electrons. Equation (2.1) is accompanyed by the continuity equation for the fixed 
ionised donors,

^  = G - H ,  (2.2)

where N j is the number density of ionised donors. Note the absence of the m ig r a ­

t io n  term due to the immobility of this species. The two continuity equations are 
obviously coupled as the g e n e r a tio n  or r e c o m b in a t io n  of any free electron results 
in the creation or removal of an ionised donor site.

The rate of g e n e r a t io n  of mobile conduction band electrons must be proportional 
to the probability of an unionised donor site being present, the probability of a 
conduction band state being empty and a photoexcitation cross section. Assuming 
the density of occupied conduction band states to be very much less than the total, 
the probability of a conduction band state being unoccupied can be taken to >e 

unity. Including the thermal contribution, the g e n e r a tio n  rate can therefore be
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G — G 'P ho ton  "1" ^ T h e rm a l

=  (N„ -  N+) (si +  /?), (2.3)

where Nd is the total number density of donors, s, I and /? are the photoexcitation 
constant, light intensity and thermal generation rate respectively.

Consider incident radiation of angular frequency u  and an intensity change of 61 
about I on propagating from x to x -f 6 x  through the PR material. The number 
of photons absorbed per unit volume per unit time is,

hu> 6x

Introducing a quantum efficiency, $ , to accomodate for non-PR absorption mech­
anisms, the number of free electrons generated per unit volume per unit time, the 
p h o to g e n e r a t io n  rate, is given by,

$  61
C ’P ho ton  =  (2.5a)

and using the Beer-Lambert law for absorption,

- £«'. <*■»>
where a is the optical absorption. This expression is comparable to Eq. (2.3),

C 'P ho ton  =  (Nd N+) si,

and hence the photoexcitation constant, s, and bulk absorption coefficfenfe, a, are 
linearly related as follows

$ a 
M  Nd - N a)

(2 .6)

The rate of m ig r a t io n  of the mobile conduction band electrons is dictated by the 
environment in which the free electrons exist. There are two main transport mech­
anisms to be considered, namely d iffu s io n  and d r if t . Whenever a spatial variation 
of the number density of a mobile species exists the phenomenon of d iffu s io n  will 
take place, causing the species to redistribute themselves in an attempt to remove 
the nonuniformity.

T h e  r a te  o f  c h a n g e  o f  f fu x  d e n s i t y  is  p r o p o r t io n a l  to  th e  d e n s i t y  g r a d ie n t .  

This is Fick’s first law of d iffu s io n  and can be analytically expressed as

j'D =  -D V n. (2.7)
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Where is the rate of change of flux density, D the d iffu s io n  coefficient and n  the 
number density of the mobile species. In the present context the migrating specie 
is_ the electron which bears a — ve electric charge. Fick’s law can be re-expressed 
as a diffusion current density, jo , as follows,

Jd  =  qDVn, (2.8)

where q is the elementary unit of charge. In the presence of an electric field the 
electron will d r if t  counter-directional to the field direction, yielding a drift current 
density, jd, given by

jd =  qn//E, (2.9)

where /i and E are the characteristic electron mobility and electric field vector. 
The resultant current density is the superposition of jo  and jd to yield

j =  q (DVn +  /m E ). (2.10)

The d if fu s io n  coefficient and mobility are linked via the Einstein relationship,

D = (2.11)

The photovoltaic effect is a third contributer to current density and is exhibited by 
materials in which trapped PR species are held in asymmetric potential wells. On 
photoexcitation the species is encouraged to migrate along one prefered direction 
and is analogous to d r if t  under the influence of an externally applied d.c. electric 
field. The contribution is very small in BaTi0 3  and unobserved in BSO and the 
III-V semiconductor GaAs and hence can be neglected. The m ig r a t io n  rate or 
f lo w  is given by the divergence of the rate of change of flux density,

M  =  -V .j ', (2 .12)

which is related simply to the current density,

= i v . j ,  (2.13)
q

for electrons. Hence the m ig r a t io n  rate is given by,

M  =  V. (DVn +  /in E ). (2.14)

Finally, the r e c o m b in a t io n  rate, similar to the g e n e r a t io n  r a t e , is proportional to 
the number density of free electrons and ionised donor sites,

R  =  7R"N+, (2.15)
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where 7 r is the recombination constant.

The coupled material equations, Eqs. (2.1) and (2.2), become,

dn d N t
- f t  =  +  V. (DVn +  /in E ), (2.16)

dN+
=  (No -  N £) («I +  /») -  7RnN+. (2.17)

Accompanyed by Gauss’s law of electro-statics in differential form,

V.(ee0E) =  q (N j -  Na -  n ) , (2.18)

and the electro-static condition,

V x E =  0. (2.19)

The system of Eqs. (2.16)—>(2.19) serve to predict both the spatial and temporal 
evolution of the induced static electric field, E, for a given intensity profile, I, and 
initial conditions. However the nonlinearity in their coupling prevents an analytic 
solution being attained for all but the simplest of intensity profiles.

The mathematical modeling is further complicated when the dynamic interaction 
of light and matter is considered. The induced electric field modulates the refrac­
tive index (RI) by the linear (Pockels) electro-optic effect. In a scalar context this 
is expressed as

An =  — | r effn3E, (2 .20)

where An, n, reff and E are the induced change in RI, the bulk RI, the effective 
electro-optic coefficient (accomodating for geometric and polarisation considera­
tions) and the electric field amplitude. The incident light, having changed its own 
RI environment, is itself modified. This re-adjusts further the RI and dynamic 
feedback ensues. Equilbrium is finally attained when the, in general complicated, 
intensity and RI profiles become established in the steady state.

Kukhtarev’s band transport equations have proved successful in predicting much of 
the observed PR behaviour. However their main idealisations are to assume a soli­
tary migrating charged species and a single type of donor-acceptor combination. 
The demonstration by Ducharme and Feinberg [2.7] that barium titanate can be 
conditioned to be either n or p-type photoconducting illustrated that electrons 
and holes can simultaneously contribute to the PR effect. Preferential photogen­
eration of both species will occur at regions of high irradiance. They will both 
migrate, in a coupled fashion, to regions of lower irradiance where they will become 
retrapped, Fig. 2.2. The nett redistribution of charge is the difference rather than
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the sum  of their contributions, due to the opposite charge signs they bear. T he  

resultant induced electric field is governed by which of th e  two com peting carriers
domina^S.

Figure 2.2 Schem atic illustration  of e lectron /h o le  com petition  in 

the band transport model.

T h e band transport equations were first extended by Strohkendl e t  a 1 [2.3] in 1986. 

A single species o f donor, num ber density  N d , was assumed. The ionised donors, 

N jj, acted  as centers for electron recom bination and hole photogeneration. T he  

rem aining unionised donors acted as the converse. The electrons and holes are 

considered to have differing p h otoexcita tion  constants, therm al generation rates, 

m obilities and recom bination constants, denoted by se, An He, 7e and Sh, A n  

7 h- T h e  continu ity  equations and G auss’s law in differential form become,

P\yy
^  =  (N d -  N + ) (seI +  M  +  V . (//ekaT V rj +  p en E )

- 7 en N + , (2 .21)

^ ■ 7  =  N +  (shI +  /3h) +  V . ( —/jh k eT V p  -f PhpE)

-  7hP  (N o  -  N + ) , (2.22)

- g f -  =  (N d  -  N + ) ( s j  +  M  -  N + (shI +  0 b )

-  7 en N +  +  7 bP  (Nd -  N + ) , (2.23)

and

V .( e £oE ) =  q ( N + - N A +  p - n ) .  (2 .24)
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T he num ber densities o f free electrons and holes are given by n  and p  respectively  

and the diffusion coefficient has been re-expressed using E in ste in ’s relationship, 

Eq. (2 .11 ). T his m odel has accurately accounted for anom alous P R  barium  ti- 

tan ate behaviour reported by K lein and Valley [2.8], lending further support to  

the concept o f e lectron -h o le  com petition .

U sing short pulse illum ination  o f nanosecond pulse duration, anom alous photocur­

rent behaviour in bism uth silicon oxide has been reported by G. Le Saux and A. 

Brun [2.5]. T h e photocurrent response consisted  of two characteristic decay tim es, 

one fast (50ns) and one slow (10/zs), suggesting the presence o f a long lived inter­

m ediate s ta te  in addition  to the norm al P R  species. T h e m odel proposed by the 

authors consists o f a com bination o f deep donors, shallow  traps and a single charge 

carrying species (electrons in th e case of B SO ). P h otoexcited  electrons from the  

deep donors m igrate through the conduction  band until they  becom e trapped by 

either deep ionised donors in the conventional m anner or by th e shallow  acceptors. 

From the shallow  acceptors (traps) th e electrons can escape by either therm al 

excita tion  back up into the conduction  band or by relaxation  down into ionised  

donors. T h e m odel is illustrated in Fig. 2.3.

C h a p te r  2

®@®®®©®®®®< 
© © ©

® ® © © ® © ®  

© ©

Conduction band

NT traps

NDdonors 

Na acceptors

Valence band

Figure 2.3 Schem atic illustration  of deep donors/shallow  traps 

in the band transport m odel.

T he shallow  traps, once filled, act as long lived tem porary stores for the electrons, 

released slowly, long after the illum inating pulse has passed. T h e continu ity  equa­

tions for th e im m obile ionised deep donors, N q , and ionised shallow  traps, N ^,
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are,

d N +
- g f -  =  ( N d -  N + ) s i  -  7 Rn N +  -  7 {( (N T -  N + ) N + , (2.25)

5 N +
- g f  =  (N t  -  N + ) f a  -  7 ^ N +  +  7 K (N t  -  N + ) N +  (2.26)

where N t  is th e to ta l num ber density  o f shallow  traps and n is th e num ber den­

sity  o f free electrons. T h e recom bination constants 7 r , 7 ^ and 7 ^ are from  the  

conduction  band to the deep donors, conduction  band to  th e shallow  traps and 

from the shallow  traps to  th e deep donors. T he therm al generation rate from  the  

shallow  traps and p h otoexcita tion  constant for the deep donors are given by /?t  

and s respectively. For uniform illum ination  and no externally  applied electric field 

the n ett m igration of free electrons is zero and their continu ity  equation becom es,

=  (N d -  N + ) s i +  (N t  -  N + ) f a  -  7 Rn N +  -  7 ^ n N + . (2.27)

C onstant recom bination rates are assum ed and hence can let 7 r N ^ =  l / r i ,  

7 r N J  =  I / 7 2 , /?t  =  1 / 7-3 and 7 r N q =  I /T 4 . T he second derivative of n w ith  

respect to tim e can b e  shown to be given by,

d 2n  /  1  1  1  1  \  d n

d t 2 +  \ T i  +  r2  +  r3  +  t 4 J  d t

+
1 1 1 

+ ------+
73  t4

n
T1 T2  T2 T4

=  sIN d ( -  +  —
\ r2 T3

w hich indicates th at n (t)  varies w ith  two tim e constants given by

1
r± =  2

1 1 1 1
-  ( —  +  — +  — +  —

n  r2 t3 r4

+—+—+—V

(2.28)

by,

r2  t3  r4 y

■ 1  + 1  + 1 ) } ' ' ’ }
T1 T2  t2 ta t3 ta J J  J • (2.29)

describing the photocurrent response, are given

t  _  _L
1 1 — -------,r_

(2.30a)

h
3

to II 1 (2.305)
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Shallow intermediate traps are also thought to exist in PR  barium titanate. Using 

a variety of pulse durations, energies and repetition rates, D. Mahgerefteh and 

J. Feinberg [2.9] have observed the erasure efficiency of a PR  grating in BaTiOa 

to be repetition rate dependent and that the grating erasure continued after the 

erasing pulse had passed. This coasting  of the grating erasure suggests again the 

presence of longer lived intermediate shallow traps.

2.2.2 Charge H opping M odel.

T he charge hopping model describes the re-distribution of charge under non- 

uniform illumination as a series of hops  between adjacent PR  impurity sites [2.6]. 

The probability and direction of any given hop is dependent on the intensities and 

occupancy of sites in the local environment with only nearest neighbour transitions 

considered. The hopping rate is considered to be directly proportional to the 

intensity and the model is schematically illustrated in Fig. 2.4.

®©®®®©©( 
© ©

® ® ® ® © © ® ® ®  © © ©

Conduction band

ND donors 

Na acceptors

Valence band

The m athem atical description of the model is statistical in its approach with little  

account taken of the physical mechanisms involved. Consider W n to be the prob­

ability that a migrant charge occupies the nth site at position xn. Accompanied 

by an optical intensity In the model can be expressed as

3Wn
dt m

W nIn exp W mIm exp (2.31)
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where the sum m ation is over all adjacent neighbouring sites. The rate constant 

D mn exp mn) is a measure of the tendency for light induced hopping from site 

ra to n, expressed in terms of D mn ( =  D nm) and the static potential difference 

<t>nm =  <t>n —  <t>m =  -^ran) between the sites. The parameter /? equals q /k eT  

where q is the elementary unit of charge, ke is Boltzm ann’s constant and T is 

the absolute temperature. Under weak uniform illumination the re-distribution  

of charge is zero and from Eq. (2.31), W m/W n =  exp(/?<£nm) ans hence statis­

tical mechanics is obeyed. The model, in its simplicity, serves to predict energy 

exchange between two and among four optical beams for one dimensional

cosinusoidal intensity profiles. The energy exchange, in both transient and steady 

state regimes, is shown to be dependent on the relative beam  intensities, polar­

isations, beam geometries and externally applied static electric field for a given 

crystal orientation. However it would appear that the model, as a whole, is less 

flexible than the B a n d  Transport M o d e l . It would have difficulty accomodating 

for more complicated intensity profiles, the hopping of both electrons and holes 

between PR  impurity sites and for longer lived intermediate states (shallow traps), 

making it the less attractive of the two photorefractive models.

2 .3  T h e  E le c tr o -o p t ic  E ffec t.

The variation of refractive index, n, with propagation direction, s, can be char­

acterised by a three dimensional surface known as the index ellipsoid or optical 

indicatrix [2.10]. In general the surface is elliptical within each axis plane and 

m athem atically expressed as

x2

nf
+ (2.32)

in normalised form. The directions x, y and z are chosen to eliminate cross terms 

and are referred to as the principle dielectric axes. The values l /n £ , l / n j  and 

l/n ^ , equaling r;xx, r]yy and t]zz respectively, are the principle values of the second 

rank impermeability tensor, where t/jj =  e0 /e jj. The relative values of nx, ny and 

nz define the precise shape of the surface, a reflection on the crystalline symmetries 

exhibited in the material. For nx =  ny =  nz the material is isotropic, having a 

cubic crystalline structure and a spherical index surface. For nx =  ny ^  nz the 

material is uniaxial with either hexagonal, tetragonal or trigonal structures and 

an ellipsoid of revolution index surface. Finally for nx ^  ny ^  nz the material is 

biaxial with either orthorhombic, monoclinic or triclinic structures and an index 

elliptical surface within each axis.
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The first electro-optic effect was observed by the Scottish physicist John Kerr 

(1824-1907) in 1875 [2.11]. He found that an isotropic transparent material be­
came birefringent when placed in a static electric field. The medium took on the 

characteristics of a uniaxial crystal with the induced optics axis corresponding to 

the electric field direction. The difference in the two resultant refractive indices, 

ne and nQ, A n =  ne —nQ, known as the birefringence, was found to be proportional 

to the square of the electric field,

A n oc E 2, (2.33)

and has since been referred to as the quadratic (Kerr) electro-optic effect. The 

German physicist Fredrich Carl Alwin Pockels (1865-1913) in 1893 observed that 

certain crystalline materials, having no central point symmetry, exhibited a linear 

relation between the induced birefringence and the applied electric field. Hence 

has been denoted as the linear (Pockels) electro-optic effect,

An oc E . (2.34)

The optical indicatrix, Eq. (2.32), can be re-expressed as

X TJxx “b y 7/yy “H z TJZZ —  1, (2.35fl)

£ i 2>?ii =  l ,  (2.356)
i

where i= x , y and z. In general, for x, y and z not the principle dielectric axis, all six 

impermeability matrix elements must be considered to accomodate the resultant 

cross terms. Analogus to Eq. (2.35b), the generalised expression becomes

=  h  (2-36)
ij

where i,j= x , y and z and 77̂  =  77jj. By convention the linear electro-optic co­

efficient, r, is defined as the constant of proportionality between the change in

impermeability and the electric field,

A 77 =  rE, (2.37)

which when re-expressed in tensor notation becomes

A77ij =  rjjkEk. (2.38)

The linear electro-optic tensor, rjjk, is of third rank and can be represented as a 

3 x 3 x 3  matrix. However due to the inherent sym m etry of the impermeability,
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Hi =  Vjii ^  is more convenient to adopt a standard contacted notation. The index 

combinations of ij are defined as; x x = l ,  yy= 2 , zz=3, y z= zy = 4 , x z= zx = 5  and 

x y = y x = 6 , and for k; x = l ,  y = 2  and z=3 . The full matrix representation of Eq. 
(2.38) then becomes

( m r12 r13 \
A 772 f21 1*22 1*23
A 773 T31 T32 T33
Ar/4 T41 T42 T43
A 775 T51 r52 r53

V A t/6 / \ r 61 r62 T63 /

(2.39)

The number and orientation of the non-zero ryk coefficients are determined by the 

crystalline symmetries of the material. Equations (2.36) and (2.37) combine in the 

presence of an electric field to yield a general description of the induced optical 

indicatrix,

X ' ^ i X =  1.

E = 0 Ê O

(2.40)

Using rj =  1 / e t and eT =  n2 in a lossless medium, the change in impermeability 

can be re-defined as a change in refractive index,

An
=  - 2

m
and hence Eq. (2.37) can be re-expressed as

An =  — —n3 rE.
2 (2.40)

This is the sim plest and most common expression used to describe the linear 

electro-optic effect where the tensor nature, previously described, has obviously 

been neglected.

2.4  P h o to re fra c tiv e  M ateria ls  and  P ro p er tie s .

The photorefractive (PR ) effect has been studied in many materials and much ef­

fort has been devoted to the optim isation of their PR  performances. The two key 

attributes to be considered are the materials photoconductive and electro-optic  

properties. The photoconductive properties of the material are dictated by the 

number densities of impurity donors and acceptors and the photogeneration con­

stant, m obility and recombination constant of the migrating species. All of which
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determine the temporal response and amplitude of the induced electric field for a 

given optical intensity and spatial frequency. The magnitudes and configuration of 

the non-zero electro-optic coefficients determines the optim al crystal orientation 

and light polarisation to best employ the induced electric field in modulating the 

refractive index.

The source and nature of the active PR  species is fundamental to the material’s 

ultim ate P R  performance. The species are either prescribed dopants introduced 

during the crystal growing stage or trace impurities located in the nominally pure 

grown material. For potassium  niobate, KNb0 3 , as in many other oxygen octa- 

hedra ferroelectrics, the PR  species is iron with the b i-tri intervalence exchange 

acting as a donor-acceptor trap [2.12,2.13]. In reduced samples of iron doped 

KNbC>3 there is an abundance of Fe2+ ions and the photogeneration process for 

electrons can be summarised as,

Fe2+ +  hi/ -♦  Fe3+ +  e“ . (2.41)

For oxidised iron doped lithium niobate, LiNbC>3 , iron is again the acting PR  

agent but the photoconductivity is p -type and thus holes are ejected from Fe3+ 

and retrapped by Fe2+ ions [2.14]. Further, barium titanate, BaTiC>3 , also has 

iron as the dominant PR  species [2.15] and it has been demonstrated that the 

material can be tailored to be either n or p -typ e  photoconducting [2.7] by em­

ploying suitable reduction and oxidation techniques. The transition m etal cerium, 

Ce, has been succesfully used to dope strontium barium niobate, SrxB a !_ xN b206,

[2.16,2.17,2.18]. The photogeneration process now due to the tri-quad valence 

exchange of the cerium ion,

Ce3+ -f hu  —> Ce4+ -f e“ , (2.42)

and hence is n -typ e photoconducting.

The optical absorption profiles of these materials, across the visible region of the 

spectrum , serve to act as identification signatures from which the presence of active 

P R  species can be qualitatively observed. Such measurments were performed using 

a Varian 2300 spectrophotometer, scanning from 800 —> 400 nm with a spectral 

bandwidth of lnm . The results are graphically shown in Figs. 2.5, 2.7 and 2.7 and 

tabulated in Appendix B. For all the absorption spectra, the intrinsic absorption 

edge located at ~  400nm is due to interband transiiic.vs from the valence to the 

conduction bands, generating electron-hole pairs. In the absence of impurities the 

absorption would drop off rapidly at longer wavelengths to reveal a featureless 

profile. Any deviation from this response serves to indicate the presence of active 

PR  species located in the forbidden energy gap.
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Wavelength (nm)

. BaTi03 #1 
A BaTi03 *2 
x BaTi03 #3

Figure 2.5 Absorption spectra for BaTiOa.
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Imperial College o f Science and Technology

Figure 2.6 Photograph of the three crystals of BaTiOa; from left 
to right, samples # 1 , # 2  and # 3 .

The absorption spectra of three samples of barium  titan a te  are shown in Fig. 2.5. 
and tabulated  in Appendix B. P ictured in Fig. 2.6, all three samples were grown 

and m echanically/electrically poled by Saunders Associates, Nashua, N.H. Crystals 
# 1  and # 2 , denoted by ■ and A  Fig. 2.5, appear to have similar profiles. Obvious 

absorption structu re  is apparent for A >  Aeandgap and indeed these two samples
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dem onstrated the PR  effect very efficiently. However crystal # 3 ,  denoted by x ,  
exhibited no such structure with only a slow monotoruc fall in absorption with 

wavelength which is more characteristic of an impurity free material. The sample, 
visibly the most transparent of the three Fig. 2.6, performed very inefficiently to 

the extent of rendering it useless for many w avem ixing  applications. These two 

observations are obviously consistent with the preceduM* discussion.

Wavelength (nm)

- SBN:60 
a SBN:60

Figure 2.7 Absorption spectra for cerium doped SBN:60.

T he absorption spectra for two separate samples of cerium doped Sro.6 Bao.4 Nb2 06 , 

SBN:60 are shown in Fig. 2.7. and tabulated in Appendix 8. Both were grown 

and poled by Rockwell International, Science Centre, Thousand Oaks, C.A. and 

sam ple # 1  is pictured in Fig. 2.8. The absorption spectrum of crystal # 2 ,  A , 

was extracted from reference [2.17], that of crystal # 1 , ■ , was measured using the 

instrum entation previously described. They have the same bandgap absorption 

edge however their absorption signatures for A >  Agandgap differ markedly. Both  

confirm the presence of impurity sites located in the forbidden energy gap, while 

their differences may be due to differing concentrations of the cocktail of many 

trace impurities in addition to the prescribed cerium.

The undoped paraelectric materials sillenite B ii2Si02o (BSO) and bismuth ger­

manium oxide B ii2G e02o (BGO) are very efficient photoconductors with low dark 

photoconductivities [2.19,2.20]. Photogenerated electrons are generated from an 

extrinsic centre and trapping occurs at an em pty photolum inescence centre. How­

ever electron-hole com petition has been reported in BSO [2.21] and the third
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Figure 2.8 Photograph of crystal #1  of cerium doped SBN:60.

family member bism uth titan a te  Bii2Ti02o (BTO) [2.22]. The absorption spec­
trum  of a crystal of BSO, ■ , grown by Sumitomo Electric Industries Ltd, Osaka, 
Japan , is shown in Fig. 2.9, tabulated  in Appendix B and the sample is pictured 
in Fig. 2.10. The absorption edge is nearer 500nm and a featureless signature is 

observed for A >  Aeandgap-

^  5.00

3  4.00 *-» e

|  3.00
8
°  2.00 
c  #o

| 1.00C/5
X )

0.00
300 400 500 600 700 800 900

Wavelength (nm)

Figure 2.9 Absorption spectrum  for Bi^SiC^o-

BSO #1
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Figure 2.10 Photograph of sample of Bi2oSi02o-

i

The III—V semiconductors represent a third catagory of PR  materials. Their useful 
operating wavelength range is in the near infrared, typically 0.8 —► 1.8/im, and 
exhibit very fast characteristic reponse times, ~  /i s . Gallium arsenide, GaAs, 
and indium  phosphide, InP, are the two member semiconductors most commonly 
studied. The absorption spectra for chromium doped GaAs and iron doped InP, 
extracted from reference [2.23], are shown in Fig. 2.11 and tabulated  in Appendix 

B. Both the GaAs, ■ , and InP, A , exhibit long tails to their strong absorption 
edges corresponding to photoexcitations from deep lying im purity sites to the 
conduction band [2.24]. The absorption edges are located at 0.86/im and 0.95//m 
respectively with the chromium doped GaAs displaying more absorption features 
for A AQan(igap.

Of the three catagories of PR  m aterials, f e r r o e le c tr ic  o x id e s , p a r a e le c tr ic  o x id e s  

and III-V  s e m ic o n d u c to r s ,  the f e r r o e le c tr ic s  display the largest electro-optic co­
efficients which has made them  the most popular PR  m aterials investigated and 
optimised. Barium  titan a te  is currently the most popular ferroelectric PR  material 
being studied. Prepared as a single domain crystal by mechanical and electrical 
poling techniques [2.25], it has two of the largest electro-optic coefficients, T42 and
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■ GaAs 
a InP
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Figure 2.11 A bsorption spectra for chrom ium  doped G aA s and 

iron doped InP.

r5 i ,  displayed by P R  m aterials. T he e lectro -op tic  tensor has th e  form [2.10]

/  0 0 
0 0 
0 0 
0  r4 2

rsi 0 
\  0 0

where r i 3  =  r2 3  and r4 2  =  rsi. It has a perovskite structure and exists in the  

tetragonal phase (4m m  point group sym m etry) at room  tem perature. As a con­

sequence the m aterial is (negative) uniaxial birefringent in the absence of electric 

fields. T h e dispersive nature o f the bulk ordinary, nQ, and extra-ordinary, ne, 

RI indices are shown in Fig. 2.12 and Table 2.1, [2.26], for th e w avelength range 

420 -*  670nm .

T h e Curie, T c, and a phase transition tem perature exist at 133°C  and 6 °C  [2.27] 

respectively. T he phase is cubic above the upper and orthorhom bic below the lower 

tem peratures. Predom inately  p -ty p e  photoconducting w ith  a low m obility  and 

short recom bination tim e, the m aterial has a very slow response tim e of typically  

10° — 1 0 1seconds for nom inal optical in tensities of ~  lW c m - 2  in the c w  regime. 

T h e m ateria l’s m ain a ttraction  being its ab ility  to induce very large changes in 

refractive index, RI, (A n  ~  10- 3 ) by em ploying the r4 2  and rsi coefficients which  

are also responsible for its exotic s e l f - p u m p i n g  P R  behaviour.

T h e second ferroelectric oxide of particular interest is strontium  barium  niobate. A

ri3 \  
T23 
r33 
0 
0 
0

(2.43)

~  7.00

J . 6.00
g  5.00• ̂

g  4.00
8
w 3.00
a■| 2.00

1  1.00 <
0.00
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Figure 2.12 Bulk indices of refraction for BaTiOa.

A
nm

ne nQ

420 2.543 2.644
435 2.517 2.608
450 2.490 2.574
465 2.470 2.549
480 2.453 2.526
510 2.425 2.493
514.5 2.424 2.488
530 2.411 2.474
544 2.400 2.461
570 2.385 2.444
600 2.372 2.427
632.8 2.361 2.413
660 2.351 2.401
670 2.339 2.392

Table 2.1 Bulk indices of refraction for BaTiO a.

member of the tungsten bronze family, it also has a 4mm point group symmetry. 

Similar to BaTiOa, the material is (negative) uniaxial birefringent and has an 

electro-optic tensor identical in form, Eq. (2.43). However, it’s Curie temperature, 

T c, is 78°C for the SBN:60 stoichiometry and the r33 is the dom inant electro-optic  

coefficient. The cerium doped material is n -typ e  photoconducting and is observed 

to have a shorter characteristic grating rise tim e and a longer dark decay time 

than BaTiOa. The material displays se lf-p um p in g  due to the strength of the r33
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coefficient, an optical phenom ^A demonstrated only by itself and B aT i0 3 .

There are three main PR  members to the paraelectric oxide family, namely sillenite 

(B ii2 SiC>2o, BSO ), bismuth germanium oxide (B ii2G e02o, BGO) and bismuth 

titanate (B ii2T i02o, B TO ). Each material exists in a cubic phase ( 23 point group 

sym m etry) at room temperature and are consequently optically isotropic in the 

absence of electric fields. Their corresponding electro-optic tensor consists of 

only three non-zero elements,

f ° 0 0 N0 0 0
0 0 0

T41 0 0
0 r 52 0

V 0 0 T 6 3 /

(2.44)

with r41 =  r5 2 =  r6 3 - They are all strongly optically active although BTO has 

a lower activity compared to B SO  and BGO (pQ =  45°m m _1 for BSO at A =  

514.5nm). Hence the polarisation states of the incident and diffracted light in 

general differ which can be exploited to improve the signal to noise ratio in many 

optical system s. Their PR  performances can be optimised using moving fringe 

techniques and dc and ac [2.28] externally applied electric fields. Predominately 

n -ty p e  photoconducting, their mobilities are larger and recombination times longer 

than the ferroelectric oxides and hence have faster response times of typically 10“ 2 

seconds for nominal intensities in the cw  regime.

Thirdly there is the III-V  semiconductor family of PR  materials with gallium  

arsenide, GaAs, and indium phosphide, InP, as the two main members. They exist 

in the cubic phase (43m point group symmetry) at room temperature, optically 

isotropic in the absence of electric fields and have an electro-optic tensor identical 

in form to the paraelectric oxides, Eq. (2.44). Their shallow forbidden energy gaps 

have optimum PR quantum efficiencies in the near infrared spectral region however 

their dark conductivities are much larger due to their fast thermal generation rates. 

Predom inately n -typ e  photoconducting, they have high mobilities and moderate 

recombination times to give them very fast characteristic response times of 10-4  

seconds in the cw  regime.

The key material and electro-optic parameters of a selection of PR  materials from 

all three familes are given in Tables 2.II and 2 .I ll  respectively.
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M aterial U seful
w avelength

range
(^m )

Ld
[E =
2 kV cm  1]
( f im )

M obility

(cm 2 V _ 1 s“ 1)

TR

(ns)

"̂dark

(s)
B a T i0 3 0 .4 -0 .9 0 . 1 ~  1 <  1 lO2

SB N 0 .4 -0 .6 1 0 2

L iN b 0 3  : Fe 0 .4 -0 .7 <  l t r 4 300
K N b 0 3 0 .4 -0 .7 0.3 1 0 - 3

BSO 0 .4 -0 .7 3 50 1 0 0 1 0 5

G aAs:Cr 0 .8 - 1 . 8 3 6000 >  1 1 0 ~ 4

InP:Fe 0 .8 5 -1 .3 3 1 0 “ 4

Table 2 .II M aterial param eters of selected P R  m aterials.

2.5 G eom etric and polarisation considerations for BaTiOa and SB N .

T h e space charge electric field w ithin  the bulk o f a P R  m aterial is induced by the  

light intensity, a scalar quantity. However the polarisation of the light, a vector 

quantity, determ ines the m odulated RI environm ent experienced. Considering  

Eqs. (2 .38), (2 .40) and (2 .43), the m ost general form of the optical indicatrix for 

b oth  barium  tita n a te  and strontium  barium  niobate is
x 2  y 2  z 2
----- h ----- 1------
n2  n2  n 2A1o AAo AAe
+  r i3 x 2 E z +  r2 3 y 2 E z +  r3 3 z2 Ez 

+  2r4 3 yzE y +  2r5 ix z E x

=  1, (2.45)

w here the principle op tic axis of the crystal, -fc, is coincident with the z co­

ord inate axis. It is apparent from Eq. (2 .45) that there ex ists a sym m etry betw een  

th e  x and y axis and a m utual asym m etry w ith  the z axis. To em ploy the dom inant 

e lectro -op tic  coefficients o f B a T i0 3, r4 2  and rsi, an electric field com ponent along  

th e  y  or x axis is required. For SBN  th e dom inant coefficient, r33, requires a field 

com ponent along the z axis. For sim plicity, consider an induced electric field which  

is confined to the xz plane i.e. E x ^  0, E y =  0 and E z ^  0. U sing the co -ord in ate  

change illustrated in Fig. 2.13, the new principal dielectric axis x', y '  and z' are 

located  and accom p an ied  by the optical indicatrix
/ 2 /2 /2x y £ ____
5 h 2 h 2~ 1 •

n x ' n y # n z '
(2 .46)
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~[aterial Dielectric ,\ EO coeffs Index of 
Constant (11 m ) (pmY-1) Refraction 

Ferroelectric 
oxides: 
BaTi03 ex = 3600 0.546 r13 = 8 no = 2,437 

(Tc = 395K) ey = ex r23 = r13 ne = 2.365 
ez = 135 r33 = 28 

r42 = 1640 
r51 = r42 

Sro. 75 BaO.25 Nb2 0 6 ex = 500 0.633 r13 = 67 no = 2.3117 
(Tc = 395K) ey = ex r23 = f13 ne = 2.2987 

ez = 3000 r33 = 1400 
f42 = 42 
r51 = r42 

Sro.60 BaO.40 Nb2 0 6 ex = 450 r33 = 420 
(Tc = 351K) ey = ex 

ez = 820 f42 = 42 
r51 = f42 

LiNb03 ex = 78 0.633 r13 = 9.6 no = 2.286 
(Tc = 1503K) ey = ex r22 = 6.8 ne = 2.200 

ez = 32 r33 = 30.9 
r51 = 32.6 

KNb03 0.633 r13 = 28 n1 = 2.280 
r23 = 1.3 n2 = 2.329 
r33 = 64 n3 = 2.169 
r42 = 380 
r51 = 105 

Paraelectric 
oxides: 

Bit2Si020 0.633 r41 = 5.0 2.54 
Bh2Ge020 0.666 r41 = 3.22 2.54 
Bi12Ti020 0.633 r41 = 5.17 

III-Y 
Semicond uctors: 

GaAs e = 13.2 0.9 r41 = 1.1 3.60 
InP r41 = 1.45 

Table 2.III Electro-optic parameters of selected PR materials. 

The principo.l refractive indices are given by 
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Figure 2.13 C artesian co-ord in ate  change to locate  principal di­

electric axes in B a T i0 3 /S B N .

and

« n° ( l -  ^ n o (r i 3 Ez -f r5 iE x ta n 0 )J  , 

ny' =  [ l /n „  +  r2 3 E z ] ” 1 / 2  

~  n° ( l  -  ~nQr2 3 E z J

nz» =  [l/n ^  +  r33Ez -  r5iE x tan#] 1/2 

«  ne ( 1 -  -̂ng (r33Ez -  r5iE x tan#) J .

T h e angle o f axis rotation , #, is given by

tan 2 9  =
____________ 2r5iEx____________
( l/n ^  -f r1 3 E z) -  ( l /n 2  +  r3 3 E z)

(2.47a)

(2.476)

(2.47c)

(2.48)

T h e full derivation of Eqs. (2 .47a), (2 .47b ), (2.47c) and (2 .48) are given in A p­

p end ix  A.

It is ev ident from Eqs. (2 .47a), (2 .47b) and (2.47c) that nx» ^  ny» ^  iU and hence 

th e m aterial has been transform ed from its original uniaxial birefringent form to 

biaxia l birefringent. To create an induced sta tic  electric field confined to the xz 

plane th e spatia l variation in w r i t i n g  in tensity  and hence th e m utually  coherent 

w r i t i n g  laser beam s m ust also be confined to the xz plane. T h e two orthogonal 

polarisations, s (o r d i n a r y ) and p (e x t r a - o r d i n a r y ), correspond to  th e electric field
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vector of the light parallel and orthogonal to the y axis respectively. For s or or­

d inary  polarisation the RI environivt experienced is given by Eq. (2.47b). Only 

the relatively small valued T2 3  coefficent for both BaTiC>3 and SBN is employed 

and hence a weakly m odulated RI is experienced. However for p or extra-ordinary  

polarisation a combination of Eqs. (2.47a) and (2.47c) determine the RI enviro- 

B oth equations employ the dominant rsi and r33 coeffic<Ws of BaTiOs and 

SBN respectively and hence both materials exhibit much larger RI modulations 

and display more exotic optical nonlinearities (e. g. self pumping) for this polari­

sation state. The two materials however differ in their prefer^  crystal orientations 

and optical configurations. The rsi coefficient is associated with an electric field 

component in the x direction, Ex. Thus for BaTiC>3 an asymmetric optical config­

uration w. r. t. the normal to the crystalline -f-c axis is adopted. The combination 

of principal dielectric axis rotation and electric field saturation effects make it 

difficult to deduce the most optimum geometric orientations of crystal and laser 

beams. The r33 coefficient is employed by the z component of the induced electric 

field Ez. The optimum orientation for SBN corresponds to a symmetric optical 

configuration w. r. t. the normal to the + c  axis which reduces Ex and 9 to zero.

2.6 C onclusions.

The photorefractive effect is exhibited by materials which are both photoconduct­

ing and electro-optic in nature. Illuminating a photorefractive material with a 

spatially varying intensity profile, free charged carriers are preferentially photo­

generated in the bright regions. The mobile species migrate by diffusion into the 

dark regions or drift under the influence of an externally applied electric field and 

subsequently become retrapped. The resultant displacement of charge creates a 

static electric field within the bulk of the material which modulates the refractive 

index by the electro-optic effect. In summary, the illuminating intensity profile 

induces a phase volume hologram within the bulk of the material.

There are three principal families of photorefractive materials, namely the ferro­

electric oxides, paraelectric oxides and III-V  semiconductors. The ferroelectric 

oxides exhibit the largest linear electro-optic coefficients, T4 2  =  1640pm V-1 for 

BaTiC>3 , making them  attractive to investigate. However they appear to be inher­

ently slow with typical response times of H ^-IO 1 seconds for nominal optical inten­

sities, ~  lW cm - 2 . The paraelectric oxides have much smaller linear electro-optic  

coefficients, r4i =  5.0pm V -1 for BSO, but have faster response times, 10_3-1 0 ~ 2 

seconds. They, like the ferroelectric oxides, have an optim um  operating range in 

the m id-visible spectral region and have very long dark storage times. The third
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family of photorefractives, III-V  semiconductors, operating in the near-IR spec­

tral region, also have small linear electro-optic coefficients, r4 i =  l .lp m V -1 for 

GaAs. Their response times are very fast, ~  10“ 6 seconds, but have very short 

dark storage tim es, ~  10“ 4 seconds, due to their fast thermal generation rate.
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C H A P T E R  3

T W O  W AVE M IX IN G  A N D  C O H E R E N T  LIG H T A M PLIFIC A TIO N .

3.1 Introduction .

T h e generalised band transport equations o f th e photorefractive (PR ) effect were 

derived in C hapter 2  and are re-sta ted  here as follows [3.1]

=  1 ? + v - ( D V n + ^  ’ ( 3 - 1 }
dN +
- j *  =  (N o  -  N + ) (s i +  /?) -  7 Rn N + , (3.2)

V .(££0E ) =  q ( N j  -  N a -  n )  (3.3)

and

V  x E  =  0. (3.4)

T h e m odifications to  accom odate for e lectron /h o le  com p etition  and deep donor/- 

shallow  traps have been neglected. T he n on-linearity  in coupling betw een the  

equations prevents an analytic  solution  of E  being derived for all but the very 

sim p lest o f in tensity  profiles, I. T he one dim ensional cosinusoidal is one such sim ple 

profile and is discussed in m ore deta il in this chapter.

3.2 Theory.

A cosinusoidal in tensity  pattern can be generated from the interaction  or m ix in g  

o f two m utually  coherent plane wavefronts, reference R and signal S, angularly  

separated  and o f intensities I r  and Is. T h e profile is depicted in Fig. 3.1 and 

an a ly tica lly  expressed as

I =  IQ [1 -f M cos(k .r)] (3-5)

w here IQ, M and k  are the to ta l intensity, fringe contrast and fringe pattern  

w avevector and are equal to Ir +  Is, 2 \ / I r Is / I o and £  — £  respectively. T he axis 

system  was chosen to be consistent w ith  th e linear e lectro -op tic  tensor notation  

and com m on crystallographic orientation of th e  P R  m aterials o f in terest, namely  

BaTiO a and SBN :60. T h e fringe separation, A, and w avelength, A, are related as 

follows

A =  2 A s in # . (3.6)
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Figure 3.1 Formation of a one dimensional cosinusoidal intensity  

profile.

For a one dimensional intensity profile, I(z), the spatial variations in n, N j  and 

E  must also be confined to that dimension, z, and hence the generalised band 

transport equations, Eqs. (3.1), (3.2) and (3.3), are reduced to the following 

simpler forms

(3.7)

(3.8)

(3.9)

where ez is the relative perm ittivity of the material in the z direction.

dn  d N i  d f^dn  „  \  

d t ~  dt +  dz (°dz  +  /' " E V  ’

=  (N o -  N +) (sl(z) +  0 ) -  7 RnN+,

d n

dt

9N +
at
dE z
dz SyEr

(N $ -  N a -  n)

3 .2 .1  L inear in g en era tio n  and recom b in ation  reg im e.

We wish to solve the coupled Eqs (3.7), (3.8) and (3.9), in the steady state and 

linear in generation/recom bination regimes. Consequently the tim e derivatives 

are reduced to zero and an abundance of both ionised and unionised donors are 

assumed to exist through the forbidden energy gap. Hence n  <C N a , N q — N a and 

N j  «  N a i. e. the number density of ionised donors under the spatially varying 

illum ination is assumed to differ little from its original homogeneous dark value of

N a .
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° =  0 +  -p  dz
_ dn _  
D - — |- /znEj 

dz
0 =  (N d -  N a ) (s l0 [1 +  M cos kz] +  /?) -  ti / t r , 

dEz q
dz

■Ni
E*£r D M i g r a t i o n '

where the characteristic recombination tim e, t r , is given by

1
t r  =

Tr N a

(3.10)

(3.11)

(3.12)

(3.13)

The Eqs. (3.10) and (3.11) state that in the steady state regime the free electron 

and ionised donor number densities, n  and N j ,  and the induced electric field, 

Ez, all co-exist in mutual equilibrium. The generation  and recom bination  rates 

are equal while the m igration  rate is reduced to zero. The diffusion of the free 

electrons due to their concentration gradient is balanced exactly by an equal but 

opposite drift under the influence of the induced electric field i. e. the spatially  

varying profile of free electrons in the conduction band is held fixed in both time 

and space by the induced electric field. Finally, Eq. (3.12) states that the induced 

electric field, E z, is due to the migration of charge during the initial transient 

stage.

The coupled Eqs. (3.10), (3.11) and (3.12) can be solved analytically [3.2,3.3], 

Appendix C, to yield a solution for the induced electric field as follows

Ez =  Ea
\ / l  — m2 

(1 +  m cos kz)
- E d

m sin kz 
(1 +  m cos kz)

(3.14)

The characteristic electric fields Ea and Ed are associated with drift and diffusion 

transport mechanisms respectively. E a is the externally applied d. c. electric field 

while E d is given by

0

kBT ,
------ k,q (3.15)

where the Einstein relationship, Eq. (2.11), has been employed, T is the absolute 

temperature and ke the Boltzm ann constant. The reduced modulation, m , is 

related to the fringe contast, M, as follows

M
m _  (1 +  /J /.I„)•

,3.16)

The drift of the free electrons in the non-uniform  illumination is accommodated  

by the y/l —  m2 term in Eq. (3.14). Due to the photoconductive character of
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P R  materials the dark regions are less conductive than the bright and hence serve 

to restrict the transverse flow or drift of the electrons. In the limit as m —> 1 

i. e. in the limit as M —► 1 in the absence of thermal generation, Eq. (3.16), the 

dark regions become perfectly insulating and all drift is quenched (electronically 

equivalent to a parallel plate capacitor), leaving diffusion as the only transport 

mechanism contributing to the induced electric field.

The electric field induced by cosinusoidal illumination for reduced modulations of 

0.1, 0.5 and 0.9 are graphically represented in Figs. 3.2a) and b), ■ , for diffu­

sion  dominant, E a <C Ed , and drift dominant, E a E d , transport mechanisms 

respectively. It is observed that for small modulations the induced electric fields 

are of negative sinusoidal and cosinusoidal forms respectively. However for large 

values of m the induced electric field responses, remaining periodic, becomes very 

non-sinusoidal with small electric field amplitudes in the bright regions (large 

conductivity), kz =  0, and large amplitude fluctations in the dark regions (large 

resistivity), kz =  ±7r.

In the small reduced modulation limit, m <  1, the induced electric field can be 

approximated accurately by the fundamental Fourier components of Eq. (3.14) 

which were derived in Appendix C and given as follows

E, ~  E a ------11 — y / l  — m 2 ( E a  cos kz +  E d  sin k z),
m L Jm
2

^  E a -  — [ l -  \ / l  -  m2 y jE 2A +  E£> cos(kz +  <£), 

«  E a -  m ^ E 2A +  E2, cos(kz -f <}>) (3.17)

where

ta n ^  =  E o /E A . (3.18)

It is observed from Eq. (3.17) that the amplitude of the induced electric field 

is approximately linear in reduced modulation, m, and hence in fringe contrast, 

M, but weakly dependent on the total intensity, IQ Eq. (3.16). From Eq. (3.18) 

the corresponding phase shift between the induced electric field and the intensity  

profile, <f>, is very dependent on which transport mechanism dominates. For dif­

fusion  dominance, Ea Ed , and (f) ~  7r/2 while for drift dominance, Ea Ed , 

and <j> ~  0. The significance of the phase shift, especially when equal to 7t/ 2 is 

highlighted later in this chapter. The resultant refractive index (RI) modulation, 

A n, induced by the static electric field in linear (Pockels) electro-optic materials 

was discussed in Chapter 2. M athem atically expressed as follows

A n =  - i n 3rE, (2.40)
Jml
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■ Ea« E d m = 0.1
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Figure 3.2a) Induced electric field for diffusion dominant trans­
port mechanism.
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Figure 3.2b) Induced electric field for drift dominant transport 
mechanism.
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the PR effect for n-type photoconductivity, diffusion dominance and a one dimen­
sional cosinusoidal intensity profile is summarised in Fig. 3.3.

Chapter 3

3 .2 .2  S a tu ra tio n  reg im e.

It would appear from Eq. (3.17) that the amplitude of the induced electric field 
can be increased to arbitary large values as both Ea and Ed are relatively uncon­
strained. This observation is however unrealistic as only a finite supply of donors, 
N d , are able to contribute to the PR effect and hence support the induced field.

It has been established that the band transport model of the PR effect consists 
of three operational mechanisms, generation, migration and recombination. For 
n-type photoconductivity, electrons generated in the bright regions from unionised 
donor sites preferentially migrate towards the darker regions where they eventually 
recombine with ionised donor sites. Assuming a uniform background of compen­
sating ionised acceptors, N a , we can thus predict that N j  >  N a and N j  <  Na in 
the bright and dark regions respectively. The number density of ionised donors is 
however rigorously confined to within the following limits

0 <  N £ <  N d . (3.19)

The maximum value of |Nj, — NA| corresponds to which of the two limits is en- 
countered first, namely

|N+ — NaI =  /  ^ A’ ^ ^2 —1 D A| \ N d - N a , ifN+ =
=  0 

N d

and hence

In d - N a |m =  the smaller of N a or (Nd — N a )- (3.20)

The limit N a or (N d — Na ) is encountered if there are insufficient ionised or 
unionised donors respectively. The optimal condition being the simultaneous en­
counter of both limits which corresponds to the unique material condition of

N a =  N d /2 .

The maximum value of |Nq — N a | determines the maximum field amplitude ca­
pable of being supported by the material. Referring back to Gauss’s law in one 
dimension, Eqs. (3.9) and (3.12), and substituting the earlier derived expression 
for the induced field, Eq. (3.17), we obtain

dEz _  q 
dz

m k^E ^ -f Eq sin(kz -f (f>) =

( N + - N A - n ) ,  

(n d -  Na) ,

(3.21)

(3.22)
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Spatially varying intensity 
profile.

► z

Nett charge carrier 
re-distribution.

Induced space charge 
electric field.

Spatially varying 
refractive index 

profile.

Figure 3.3 Summarised PR effect for n-type photoconductivity, 
diffusion dominance and a one dimensional cosinu­
soidal intensity profile.
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where the original assumption of n <C N a , N d — Na has been maintained but 
now Nq «  Na has been relaxed. The maximum field amplitude, m-y/E^ -f- Ep Eq. 
(3-. 17), is clearly given by

(E A m p ) Max =  7 7 ” k ^ D  “  ^ A | M ax-

Employing Eq. (3.20)

=  the smaller of Eq or Eq ^  -^ A ^ ,

where the characteristic electric field Eq is given by

=  ^ _ N d 
q ezeQ k

The two characteristic fields, Ed and Eq, differ markedly. The former has no mate­
rial dependence, linearly proportional to the fringe wavenumber and derived from 
the linear in generation/recombination regime. The latter has a strong material 
dependence through N d and ez, inversely proportional to the wavenumber and is 
a consequence of material saturation.

The wavenumber, k, dependence on the induced electric field, Ez, for both drift 
and diffusion dominance and for both linear in generation/recombination and sat­
uration regimes are schematically illustrated in Fig. 3.4.

Chapter 3

(3.25)

(3.23)

(3.24)

Figure 3.4 Schematic illustration of wavenumber dependence on 
induced electric field for both drift and diffusion dom­
inant transport mechanisms.
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At low spatial frequencies, linear in generation and recombination, the phase shift 
<f> is 0 ' r and 7r/2  for drift and diffusion dominance repectively. At high spatial 
frequencies, saturation, it can be shown that (j> =  7 r /2  for both transport mech­
anisms [3.3]. The peak induced electric field for diffusion dominance, Ea =  0, is 
accompanied by the approximation

Eq cs* the smaller of Eq or Eq * (3.26)

i. e. the equality of the limiting electric fields in linear in generation/recombination 
and saturation regimes. Using their definitions, Eqs. (3.15) and (3.25), the location 
of the peak field, k0, can be deduced as follows

kBT

q k0
q N

kQ ~
Nq2 1 1/2

£z£okBT _
(3.27)

where N is the number density of charge carriers available for migration, [3.4], equal 
to the smaller of (N a /N d ) or [(Nd — Na ) /N d ]- Note that N is a characteristic 
constant of any given material sample but kQ may differ with direction due to 
possible anisotropy of the relative permittivity, e.

3 .2 .3  D y n a m ic  se lf—diffraction .

The previous discussions on linear in generation/recombination and saturation 
regimes neglected to consider any possible dynamic feedback incurred during the 
initial transient stage, prior to reaching the steady state. As the induced electric 
field and hence the phase volume hologram develop, the incident writing beams 
may self-diffract off their own grating. Tms will modify the illuminating intensity 
and phase profiles accordingly, causing a re-adjustment of the developing holo­
gram. Consequently the material and incident light interact in a dynamic manner 
via this feedback mechanism, ultimately creating both complicated phase volume 
holographic and intensity profiles throughout the volume of the material in the 

steady state.

The phenomenon of self-diffraction invokes energy exchange between the two writ­
ing beams, reference R and signal S, Fig. 3.1. The PR writing mechanism f&mlo 
satisfies the Bragg matching condition for self-diffraction off the induced phase 
volume hologram. Consequently the signal beam, S, is diffracted, S', along the di­
rection of the reference beam R and similarly the reference is diffracted, R', along
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the direction of the signal. These two observations are schematically illustrated in 
Figs. 3.5a) and b) for diffraction of the reference and signal beams respectively. 
The figures are generalised to accomodate the phase shift, <f>, between the writing 
intensity profile and induced hologram, where (f> is relative to the fringe separation 
A.

It is observed in Fig. 3.5a) that the wavefront of the diffracted reference beam, 
R', is in advance of its corresponding signal wavefront, S. The associated relative 
phase shift can be shown to be —0, now relative to the wavelength A. R' also 
acquires an additional intrinsic phase shift of 7t/2 on Bragg diffraction which is a 
consequence of energy conservation between the two coupled waves. The resulting 
nett phase shift is (n/2  — <j>). The diffracted signal, S' Fig. 3.5b), lags behind its 
corresponding reference by + 0  to yield a nett phase shift of (7t/ 2  +  <£).

The earlier discussions on linear generation/recombination and saturation regimes 
illustrated that <f) can take any value between — J  and For low spatial frequencies 
and diffusion dominance and for high spatial frequencies the phase <j> =  7t/2. Hence 
S and R' are in phase and constructively interfere while S' and R are out of phase 
by ;r and destructively interfere, the nett result being that energy is transferred from 
the reference beam into the signal. This phenomenon of energy exchange is more 
commonly referred to as two beam coupling, TBC, or coherent light amplification. 
The direction of energy exchange is always in the direction of the original <f> phase 
shift which is dictated by the crystallographic nature and photoconductive type 
of the material.

The energy exchange or TBC between signal and reference beams can be exten­
sive, resulting in one of the beams being greatly attenuated at the expense of the 
other. A complete and rigorous description of PR beam coupling would have to 
accommodate the dynamic feedback between light and matter and require the 
iltaneous solution of the coupled transport equations with Maxwell’s wave equation 
in both transient and steady state regimes. This analysis would be clearly nontriv­
ial and highlights the considerable difference between dynamic and static (fixed) 
holographic gratings.

The coupled-wave theory of Kogelnik [3.5] for static holographic gratings was 
adapted to analyse TBC in PR materials. Consider two mutually coherent light
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(a)

Wavefront

(b)

Wavefront

Figure 3.5 Self-diffraction of signal and reference beams off a (f> 
phase shifted induced holographic grating.
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beams, reference R and signal S, entering the PR material symmetrically as shown 
in Fig. 3.1. Assuming for simplicity that both beams are s polarised, polarised 
perpendicular to the plane of incidence, their two fields can be expressed as

R  =  R(x) exp[i(u>t — jg.r -f <foi(x))ey (3.28a)

and

S =  S(x) exp[t(wt — g .r  -f <£s(x))]ey, (3.286)

where the electric field vectors, R  and S, are parallel to the unit vector in the y 
direction, e y. The resultant electric field, E, and intensity, I, are given by

E =  R(x) exp[*(^t - g . r  +  <foi(x))]ey

+  S(x) exp[»(u;t -  g .r  +  <£s(x))]ey, (3.29)

I = I0 [1 + M c o s [ k . r  -f (<^r ( x ) -  <fe(x))]]. (3.30)
We wish to solve Maxwell’s wave equation for a lossless medium,

V *E - i ^ ) = 0  
c2 a t 2

(3.31)

in the slowly varying amplitude and phase approximations, for the steady state 
refractive index (RI) profile

n =  nQ +  nac(x) +  nc(x) cos k . r  -f ns(x) sin k . r ,  (3.32)

where only the d. c. and fundamental Fourier components of An have been consid­
ered as extracted from Eqs. (3.17) and (2.40). The analysis generates the following 
coupled differential equations, reference [3.1] and Appendix D, as follows

and

dlR a  T _  
dx cos 9 R

^ L + — Is =
dx cos 9

r i Ris
c o s 9 I0 ’
r I r I s

c o s  9 Io

7 I r  — I s
c o s  9 Io

(3.33a)

(3.336)

(3.33c)

The intensity gain and phase conversion factors, T and 7  respectively, are given

by

T = 267̂ 7-sin $
M

F'
7 = 6  -r—  COS $ ,

M

(3.34a)

(3.346)

where 6 and the RI modulation, An, are
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c 17 3o =  - - n ^ r eff,

A n =  - 2 noreffE'c,

The angle $  =  >̂r — <f>s +  <!> is the phase of the induced grating. The coupled 
nature of Eqs. (3.33a) and (3.33b) reflects that the energy exchange between the 
beams is due to the w/2 shifted component of the PR grating. The intensity 
gain factor, T, is associated with s in $ , Eq. (3.34a), which confirms the earlier 

discussion on TBC by self-diffraction, Fig. 3.5. Equation (3.33c) illustrates that 
in addition to the beams exchanging energy they can also exchange phase. The 
phase exchange arises from the unshifted grating component, 7  associated with 
cos $  Eq. (3.34b), and results in the planes of equal intensity and RI being curved 
through the materials depth.

Equations (3.33a), (3.33b) and (3.33c) can be readily solved in the absence of 
absorption, [3.1] and Appendix D, to yield,

Ir =  

Is =

Io
[1 + 0o exp(Tx)] ’ 

I0/?o exp(rx)
[1 +  0o exp(rx)] ’

$ (x )  =  0 o +  1  In [ L ± A ] 1 e e ( M  
W  ° +  r l n [1 +  /J „ e x p (r x )F

(3.35a)

(3.356)

(3.35c)

where 0 O and <£0 are the incident signal to reference beam intensity ratio, Iso/ I ro? 
and grating phase angle, <̂r (0) — ^s(O) +  respectively. The summation of Ir 
and Is, Eqs. (3.35a) and (3.35b), yields the constant total intensity I0 which is 
consistent with transmission through an absorption free medium.

The intensity and RI profiles extending through the volume of the PR material 
can be deduced from Eqs. (3.30) and (3.32) using Eqs. (2.40), (3.17) and (3.35a), 
(3.35b) and (3.35c). The resultant expressions are given by

I(x,z) =  I0 +  2 \ / I r (x)Is (x) cos[kz +  $ (x ) -  0] (3.36)

and

n(x,z) =  n„(l +  S) +  noreff j ) \ / e a +  ED costkz +  ^ (x )1’ (3-37)

where 8 — n<ic/n 0. The two dimensional intensity profile of Eq. (3.36) was calcu­
lated, using Eqs. (3.35a), (3.35b) and (3.35c), and is shown in Fig. 3.6. The fringe 
contrast variation and bending have been exaggerated to illustrate the effects of 
energy and phase exchanges respectively.

-  72 -



Chapter 3

Figure 3.6 Fringe contrast variation and bending in a dynamic 
PR grating.

From the earlier discussion on the linear in generation/recombination regime, sec­
tion 3.1, the dominant transport mechanism will greatly influence the form of 
dynamic feedback incurred For diffusion dominance the phase <f> ~  7r /2 , T 7  

and hence energy is but phase is not exchanged between the beams. For drift 
dominance the phase <j> ~  0, T <  7  and the converse is true, energy is not but 
phase is exchanged. The associated intensity profiles are shown in Figs. 3.7a) and 
b) for diffusion and drift dominance and illustrate straight fringes with varying 
contrast and slanted fringes with constant contrast respectively.

It is important to note that a PR material without absorption loss is inconceivable. 
The generation of a free charged carrier by photoexcitation, Fig. 2.1, obviously 
involves the absorption of light, Figs.2.5 3.7,3 .^ .1 1 Equations (3.35a) and (3.35b) 

are amended as follows

I r  =  exp(— a x / c os  6) Io
[1 +  fio exp(Tx)] ’

(3.38a)
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Figure 3.7a) Contrast variation of straight fringes for a diffusion 
dominated transport mechanism.

Is =  exp(—a x /  cos#)
Io/?o exp(rx)

[1 +  /?0 exp(Tx)] ’ 

where a  is the characteristic absorption coefficient.

(3.386)

The optimal thickness of PR material, dopt, for signal beam amplification is eval­
uated using d Is(x)/d x |dopt =  0 and given by [3.6]

dopt — p In
( r / a - 1 )

(3c
(3.39)

The diffraction efficiency, 77, defined as the ratio of diffracted and incident beam 

intensities, was derived by Kogelnik [3.5] for plane phase volume holographic grat­
ings to be

77 =  exp(—a d / cos 9) sin2 ( ,  (3.40)
(  A cos uJ

where d is the hologram thickness and 9 the Bragg angle corresponding to the 
incident wavelength A. The factor exp(—a d / cos 9) accomodates for uniform back­
ground absorption.
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z

Figure 3.7b) Curved fringes of constant contrast for a drift dom- 

inated transport mechanism.

The diffraction efficiency for a dynamic hologram was derived by Kukhtarev et a 1 

[3 .1] to be

, 2ff„ ex p (rd /2 ) [cosh(Fd/2 ) -  cos(7 d)] (3.41)
17 =  exp(—<*d/ cos 9) ( 1  +/?„)[! +  /30 exp(rd)]

where the probe beam is assumed only to read the dynamic hologram and not to 

affect the induced RI profile by virtue of its small intensity.
I .  th . l i t  Of unshifted g n .in g , F >  » , E , .  (3 -4 .) ■ * « »  •» 

t h .  m oot s im p le  E , .  (3.4»). For .  shifted gm ting th , J ,I n c h o n  cfflc .ncy

becomes

. .  /?o[exp(rd/2) — l]2—
q =  exp(—o d /  cos 9) (1 +  ^  +  ^  exp(rd)]

(3.42)
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3 .3  E x p er im en ta l P roced u re  and  R esu lts .

Experimental investigations were performed using both the three barium titanate 
samples, BaTiO^1, and and the cerium doped strontium barium niobate 
sample, SBNI60#1. Their corresponding absorption spectra are shown in Figs. 2.5 
and 2 .7  respectively.

The laser sources were a Spectra Physics 2020 (3W cw all lines) argon ion, operat­
ing on A =  514.5nm, for writing the PR gratings and a Hughes 3222H-PC (5mW 
cw @ A =  632.8nm) helium neon to probe the gratings with minimal optical distur­
bance. All the experiments were conducted on an Ealing Electro-optics pic steel 
honeycomb optical table mounted on vibration isolation support. A combination 
of conventional optical components and United Detector Technology model-350 
and Newport Corporation model-815 photometers, were used. The experiments 
conducted were designed to evaluate the principle PR material characteristics of 
both B a T i0 3 and SBN:60. Measurements were made in both steady state and 
transient regimes using the experimental arrang^ivuiit schematically illustrated in 
Fig. 3.8.

Both materials display negative uniaxial birefringence with the characteristic opti­
cal axis, positive z direction, denoted by -f-c. For all the experiments conducted the 
-f-c axis lay in the plane of incidence and hence the s and p  polarisations were more 
conveniently expressed as ordinary and extra-ordinary  polarisation states respec­
tively. The combination of polarising cube beamsplitter and two A/2 waveplates 
served to act as a variable beamsplitter, preserving the ordinary polarisation of 
the two writing beams, A =  514.5nm, and maintaining a constant total intensity, 
I s  +  I r  =  constant. Ordinary polarisation was chosen to quench the extensive 
beam fanning incurred by extra-ordinary  polarised light which would have served 
only to complicate the optical situation and distort the measurements made. The 
probe beam, A =  632.8nm, was extra-ordinary  polarised to exploit the much 
stronger r42 and r33 linear electro-optic coefficients of B aT i0 3 and SBN:60 re­
spectively. The beam was angularly offset to locate the Bragg matching condition 
which satisfied both wavelength and polarisation criteria.

By convention the signal beam always gained energy at the expense of the reference 
beam. The p-type photoconductivity of B aT i0 3 insured that energy exchange 
was along the same direction as the -f-c axis and hence consistent with Fig. 3.8. 
However cerium doped SBN:60 is n-type photoconducting, Eq. (2.42), and hence 
the -f-c axis was reversed in sense to that in Fig. 3.8.
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Figure 3.8 Schematic diagram of experimental apparatus used 
for TBC investigations in both steady state and tran­
sient regimes.

3 .3 .1  S te a d y  s ta te  m easu rem en ts.

The steady state measurements were subdivided into three. Energy exchange 
or TBC was measured as a function of the induced grating wavenumber, k, the 
induced grating diffraction efficiency, 77, was measured as a function of the incident 
and exit beam intensity ratios, 0O and (3exjt respectively and finally, coherent light 
amplification of a two dimensional image was demonstrated using barium titanate, 
extra-ordinary  polarised light and a modified optical arrangment.

Beam coupling, defined as the intensity change of the signal beam, AIs, divided 
by the initial intensity of the signal, Is ,  A I s / I s ,  was measured in the absence of 
the probe beam, I probe =  0, and for a fixed incident beam ratio, (30 =  1 i. e. equal 
writing intensities. The grating wavenumber, k, is related to the external writing 
beam crossing angle, 20, by

k =  2 — sin 0, (3.43)
c
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and normalised by the wavenumber of the light in the medium, nw/c, to yield

k
(n u /c )

2
— sin 0. 
n

(3.44)

Using detector#1, alternating between the two locations indicated, Fig. 3.8, the 
intensity changes of signal and the reference beams were measured for reference 
and signal respectively, turned on and off. The total incident optical power and 
intensity were 6mW and 1.2Wcm-2  respectively for a writing beam diameter of 
0.8mm. The beam crossing angle, 20, was varied from 5.5° to 77.5°.

The experimental results for samples #2 and #3 of BaTiC>3 and of cerium doped 
SBN:60 are shown in Figs. 3.9 and 3.10 respectively and tabulated in Appendix 
E.

s
<
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BaTiOj *2 
BaTi03 ”

Figure 3.9 Beam coupling, A I/I, versus normalised wavenum­
ber, k/(nu;/c), for BaTiOa.

The principle observation made from the results is that for all three data sets 
the beam coupling initially rises, rolls over and finally falls at large k values. 
The peak values of A I/I for BaTiOif2, A , and SBN:60#J, ■ , are comparable; 
however their locations differ considerably. The locations are estimated to be 
0.44 and 0.12 (nw/c) for BaTiO^ 2 and SBNifiO#1 respectively. The corresponding 
number densities of charge available for migration are calculated using Eq. (3.27). 
The ordinary RI, nQ, @ A =  514.5nm and static dielectric constant along the z 
direction, ez, are 2.488 and 135 respectively for BaTiC>3. Assuming an ambient
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Figure 3.10 Beam coupling, A I/I, versus normalised wavenum­
ber, k/(nu>/c), for cerium doped SBN:60.

temperature of 293K (20°C), Eq. (3.27) predicts an avaloblt number density 
of ~  3.4 x 1016cm-3  which is similar to the number density of 1.9 x 1016cm-3  

quoted in reference [3.4]. Similarly for cerium doped SBN:60, using nQ ~  2.384 @ 
A =  514.5nm and ez =  820, a number density of ~  1.4 x 1016cm-3  is deduced. 
The maximum induced electric field amplitudes supported by the number density 
limits can be approximated by Eq. (3.24). Substituting the corresponding kQ 
values, peak electric fields of ~  3.37kVcm_1 and ~  0.88kVcm_1 are calculated for 
BaTiO^ 1 and SBN'.GO^ 1 respectively.

The symmetric optical configuration and ordinary polarisation of the writing light 
beams exploit their relatively small r23 linear electro-optic coefficients and yields 
an induced RI modulation, An, given by Eq. (2.47b),

Any ~  - ^ n 3r23Ez. (3.45)

For B a T i0 3 the r23 linear electro-optic coefficient has a value of 8pmV- 1 , Table 
2.II, and hence An is calculated to be 2.08 x 10- 5 . The similarity in peak A I/I for 
both materials indicates that the cerium doped SBN:60 supports a RI modulation 
of comparable size, suggesting that their difference in peak induced electric field 
amplitudes is compensated by SBN:60 having a larger r23 coefficient.

The transition from the linear in generation/recombination regime to saturation 
is most evident in Fig. 3.10 for the SBN:60. The beam coupling response appears
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initially linear in k followed by a 1/k  dependence, the same response predicted for 
the induced electric field for diffusion dominance, Fig. 3.4.

The second crystal of BaTiC>3, sample # 3, displayed a greatly reduced coupling 
strength, x  Fig. 3.9. The precise cause for the anomalous behaviour is not known 
but the corresponding absorption spectra, x Fig. 2.5, suggests that the number 
density of participating PR species was small in comparison to the other samples, 
# J and # 2. This would result in early saturation, restricting greatly the magnitude 
of the induced electric field and hence An of the phase grating.

The diffraction efficiency, 77, of the induced grating was measured as a function 
of the incident beam ratio, (30, for a fixed grating wavenumber, k. The induced 
grating was constantly monitored by the low intensity Bragg matched probe beam, 
I p ro b e -  The diffracted intensity, I p rob e , was measured with detector#2 and used 
to calculate 77. In addition, detector#1, alternating between the two indicated 
locations, measured the writing beam intensity ratio on exit from the sample, 
/ W  The total intensity, IQ, of writing beams was held fixed at 1.2Wcm” 2 while 
their incident ratio, /?0, was varied from 0.012 to 454. The writing beam external 
crossing angle, 29, was 40° corresponding to normalised grating wavenumbers of 
~  0.275 and ~  0.287(no;/c) for BaTiOa and SBN:60 respectively. The incident 
probe beam optical power and intensity were fixed at 0.9mW and 0.3Wcm“ 2 

respectively for a probe diameter of 0.6mm. The experiments were conducted 
using # r samples of both materials and their results are shown in Figs. 3.11 and 
3.12 respectively and tabulated in Appendix E.

Both data sets display very similar behaviour with comparable peak diffraction 

efficiencies accompanyed by 0 O <  1 and /?exit >  1* The corresponding incident and 
exit interference fringe contrasts, M0 and Mexit? at the peak 77 were found to be 
similar, M0 =  0.96 (0.96) and Mexit =  0.97 (0.99) for B aT iO f1 (SBN:60#1). This 
observation suggests that the peak in 77 is accompanied by a symmetric variation 
in fringe contrast across the samples with unit modulation near the centre and 
illustrates the significance of energy exchange on diffraction efficiency.

The symmetric optical configuration of the writing beams and extra-ordinary  po­
larisation of the probe beam exploit the larger r33 of both materials. The corre­
sponding RI environment experienced by the probe beam was deduced in Appendix 
A and given by

n p r o b e  =  [(1/n2 +  ri3Ez)sin 2 0O +  (1 /n 2 +  r33Ez) cos2 9Q] 1/2 (3.46)

where 90 is the Bragg matching angle of the probe beam. For BaTiOs the linear

Chapter 3

- 8 0  -



Chapter 3

BaTi03#l

L°g[ Pol 
L°g[Pexill

Figure 3.11 Diffraction efficiency versus incident and exit beam 
ratios, f30 and j3exjt , for BaTiC>3.

SBN:60 n 

Logf PJ 
LoglfcJ

Figure 3.12 Diffraction efficiency versus incident and exit beam 
ratios, /?0 and /3exjt, for cerium doped SBN:60.

electro-optic coefficients ri3, r33 and the principal refractive indices nQ, ne @ 
A =  632.8nm are 8pmV_1, 28pmV_1 and 2.413, 2.361 respectively, Table 2.II and 
2.III. The external Bragg matching angle was measured as 26°, corresponding to 
0o =  10.7°, and assuming an induced electric field amplitude of 3.0kVcm-1 a R I 

modulation, An, of 5.53 x 10“ 5 was calculated. This value is not large for B aT i0 3 

as the optical configuration shown in Fig. 3.8 is non-optimal because the induced
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electric field is confined to the z axis which does not exploit the dominant T42 (rsi) 
electro-optic coefficient of the material. For SBN:60 the r33 =  420pmV_1, Table 
2 .II, is the dominant coefficient and hence the optical configuration/probe beam 
polarisation combination is optimal. However the induced RI modulation, An and 
hence 77 are restricted by the lower induced electric field amplitude supported by 
the material as deduced by the previous TBC experiment.

Two beam coupling can be employed to coherently amplify an image bearing signal 
beam and has been proposed as one potential application of this phenomenon. 
Image amplification was demonstrated using BaTiOf*1, extra-ordinary  polarised 
writing beams, a spiral resolution chart and the modified optical arrange™^ shown 
in Fig. 3.13.

Figure 3.13 Schematic diagram of experimental apparatus used 
for coherent amplification of an image bearing signal 
beam.

The external crossing angle, 20, of the writing beams and angle between front face 
normal of crystal and bisecting axis of the beams, 0, were 55° and 17° respectively.
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An asymmetric optical configuration was adopted to exploit' the much larger 
electro-optic coefficient of BaTi0 3 . The signal beam was first spatially filtered 
and then collimated before passing through transparency#1, a spiral resolution 
chart. The lens imaged the chart through the BaTi0 3  crystal on to the image 
plane. The incident intensity ratio of the signal to reference beams was estimated 
to be 1:100 at the crystal with a total optical power of ~  15mW. The transmitted 
image before and after amplification is shown in Fig. 3.14 and an intensity gain 
of 11.7 was measured!

a)

b)

Figure 3.14 Coherent image amplification by two beam coupling; 
a) original and b) amplified image..
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3.3 .2  Transient m easurem ents.

T h e transient m easurem ents were conducted using the apparatus illustrated in Fig. 

3.'8 and were subdivided  into two. T he characteristic rise tim e, rrjse, of the induced  

grating was m easured as a function of the to ta l incident w riting intensity, IQ, and 

th e characteristic decay tim e, r<iecay5 o f the grating was m easured as a function  

o f th e probe beam  intensity, Ip robe- T h e external crossing angle o f the writing  

beam s, 20, was fixed at 40° and the in tensity  of the diffracted probe beam , Iprobe> 
m easured using d etec to r# 2, m onitored the current diffraction efficiency, 77, of the  

grating w ith  tim e. T h e programmable electronic shutter controlled the sw itching  

on and off o f th e w riting beam s.

T h e characteristic rise tim e, rrise, was m easured as a function of the to ta l writing  

intensity, IQ, for a fixed incident w riting beam  ratio, f30 , o f unity. T he low pow­

ered, e x tr a -o r d in a r y  polarised, probe beam  had an incident intensity, Ip robe5 of 

0 .04W cm -2  and sam ple B aT iO ^ 1 was investigated . Before each m easurem ent the  

sam ple was uniform ly illum inated w ith  light to optically  erase any o ld  gratings 

and return the bulk m aterial back to its hom ogeneous sta te . A t t= 0  the writing  

beam s were turned on using the electronic shutter and th e  diffracted probe beam  

in ten sity  was recorded as a function o f tim e using d etector# 2 and a B B C  micro 

com puter. A typ ical data  set, 0, is presented in Fig. 3.15 for IQ =  4 .81W cm - 2 . 

T h e solid c u r v e ,------ , is the best fit by the analytic function

I =  I0 [1 -  e x p (—t / r rise)] (3.47)

and yielded rrise =  0.67seconds. T he sam e experim ental procedure was repeated  

for different to ta l incident w riting beam  intensities, IQ, ranging from 0.15 to 

4 .81W cm - 2 . In each case the corresponding rise tim e, rrise, was deduced and 

th e com bined results are presented in Fig. 3.16 and tabulated  in A ppendix E.

T h e data  points appear to be co-linear w ith  the best fit line given by

rrise =  1.52 -  1.40 log(IQ) (3.48)

from which the m aterial can be assigned a characteristic grating w riting tim e of 

1.52 seconds, corresponding to a to ta l w riting in tensity  o f lW c m - 2 .

T h e characteristic decay tim e, r^cay? of the grating was m easured as a function  

of the incident probe beam  intensity, Ip robe? a t an am bient tem perature of 293K  

(20°C ). Prior to each m easurem ent a steady sta te  grating was created w ith  a 

to ta l w riting intensity, IQ, and incident beam  ratio, (30, o f 1.2W cm -2 and unity
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Figure 3.15 N orm alised diffracted probe beam  intensity, Iprobe 

versus the grating w riting tim e, t, for B a T iO ^ 1.

3.00-i-------------------------------------------------------
■

2.50-
■

•3 2.0 0 -
§
§ 1.50-

J  1.0 0 -
0.50-

0.00--------- 1--------1------- 1--------1------- '------- 1--------1-------
-1.00 -0.50 0.00 0.50 1.00

Log(Io), Log(Wcm-2)

BaTiOj*1

Figure 3.16 C haracteristic grating rise tim e, Trjse, versus the Log 

of I0 for B aT iO ^ 1.

respectively. A t t= 0  the w riting beam s were sw itched off using the shutter and 

again  th e  diffracted probe beam  intensity  was recorded in tim e. A typical data

set, o, is presented in F ig. 3.17 for Ip robe =  0 .060W cm - 2 . T h e  solid c u r v e ,------ ,

is th e  best data  fit by th e  analytic function

I =  I0 exp(  t/Tdecay) (3.49)
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and provided Tdecay =  4.38seconds. T h e sam e experim ental procedure was re­

p eated  for different incident probe beam  intensities, Ip robe? ranging from 4.92 x  

10-4  to  1 .12W cm - 2 . T h e decay tim e, Tdecay? was deduced in each case and the  

com bined results are presented in Fig. 3.18 and tabulated  in A ppendix E.

Time, seconds

Figure 3.17 N orm alised diffracted probe beam  intensity, Iprot,e , 

versus grating erasure tim e, t, for B a T iO ^ 1.

6.001-------------------------------------------------------

5 .0 0 -
t/5 ■

*§ 4 .0 0 -  
o

”  3 .0 0 -
h

J  2.00 -

1.0 0 -

0.00-1-- .---,-- .-- ,-- .-- ,-- .-- ,-- .--
-4 .00 -3.00 -2 .00  -1.00 0.00 1.00

L o g ( I  probc)* Lo g(W cm *2 )

BaTiOa*1

Figure 3.18 C haracteristic grating decay tim e, 7*decay, versus the  

Log of Iprobe f° r B aT iO jf1.
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T h e data  points d isp lay a variation in Tdecay w ith  Ip robe5 ind icating that the probe 

beam  was disrupting th e induced grating by optical erasure, contrary to the earlier 

assum ption . T h e decay tim e appears to  tend asym ptotica lly  to  a constant value 

o f ~  5.75 seconds in the lim it as Ip robe —► 0. This tim e can be considered to be the  

characteristic dark storage tim e, Tdark, o f the m aterial, dependent on the therm al 

relaxation  of the induced grating. T he above result is not consistent w ith previous 

reported dark storage tim es o f m any hours [3.4], this anom aly can not be explained  

from  th e lim ited  m easurem ents m ade and consequently rem ains a mystery.

Sim ilar transient m easurem ents were m ade w ith  the cerium  doped SBNifiO# 1 sam ­

ple. T h e characteristic rise tim es, rrige, were sim ilar to  those o f the B aT iO ^ 1 sam ­

ple but the dark storage tim e was very much longer. T h e SBNiGO# 1 decay tim e, 

r decay> was again m easured as a function of th e probe beam  intensity, Ip robe? and 

th e  results are graphically shown in Fig. 3.19 and tabulated  in A ppendix E.

1000

800-U)TJ
§ 600-id
I  400-■o

200 -

■
0-1-- >-- 1-- •-- 1-- ■-- r f " ‘i---■--
-4.00 -3.00 -2.00 -1.00 0.00 1.00

SBN:60#1

Log(IProbe), Log(\V cnv2 )

Figure 3.19 C haracteristic grating decay tim e, rdeCay? versus the  

Log of Iprobe f ° r cerium  doped SBNiGO#1.

It is ev ident from Fig. 3.19 that optical erasure of the grating by the probe beam  

was still significant even at Iprobe =  3-7 x  10_ 4W cm “ 2. T he upward trend in the 

data  points, ■ Fig. 3 .19, shows no sign of relenting and add itional experim ents sug­

gested  th e sam ple had a characteristic dark storage tim e, rdark, of approxim ately  

19 hours!
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3 .4  C o n clu sio n s.

T h e photorefractive response to  a sim ple one dim ensional cosinusoidal in tensity  

profile was rigorously exam ined for both  linear in generation/recom bination  and 

saturation  regim es. It was deduced that, in general, the illum inating intensity  

profile and induced refractive index m odulation , A n , were shifted in phase, (f>. 

T h e phase sh ift, <̂ , was responsible for the exchange o f b oth  energy and phase 

betw een th e two m ix in g  waves. T h e sign and value o f <j> was determ ined by the  

sign of th e charge carrier and the dom inant operational transport m echanism .

U sing sam ples &1 o f BaTiC>3 and cerium  doped SBN :60, steady sta te  and tran­

sient m easurem ents were m ade. W ith  no externally  applied d.c. electric field, 

th e transport m echanism s were dom inated  by diffu sion  and extensive two beam  

coupling, T B C , was recorded. T he avaJalolt num ber densities of P R  species were 

estim ated  to be 3 .4 x l 0 16cm ~3 and 1 .4 x l0 16cm -3  respectively  which corresponded  

to peak electic  fields o f 3 .37kV cm -1 and 0 .88kV cm _1 capable of being supported  

by B aT iO ^ 1 and cerium  doped SBNiGO# 1 respectively. T h e characteristic grating  

rise and decay tim es, rrise and Tdecay, of the two sam ples were m easured. T hey  

both  had sim ilar grating rise tim es w ith  BaTiO^f1 having rrjse =  1.52seconds for 

IQ =  lW c m - 1 . T heir dark storage tim es, Tdarkj however differed considerably; the 

B aT iO ^ 1 sam ple was found to  have Tdark =  5.75seconds w hile th e cerium  doped  

SBNiGO# 1 exh ib ited  Tdark =  19hours!

- 8 8  -



Chapter 3

3 .5  R e f e r e n c e s .

[3.1] N .V . K ukhtarev, V .B . M arkov, S.G. O dulov, M .S. Soskin and V.L. V inet- 

skii, “H olographic storage in e lectro -op tic  crystals. I S teady s ta te ,” Ferro- 

electrics 22 , 949-960  (1979).

[3.2] P. G unter and F. M icheron, “Photorefractive effects and photocurrents in 

K NbOa : Fe,” Ferroelectrics 1 8 , 27 -38  (1978).

[3.3] T .J . H all, R. Jaura, L.M . Connors and P .D . Foote, “T he photorefractive  

effect-a  review ,” Prog.Q uant.E lectr. 10 , 77 -146  (1985).

[3.4] J. Feinberg, D . H eim an, A .R . Tanguay,Jr. and R .W . H ellw arth, “P h o­

torefractive effects and light-induced  charge m igration in barium  tita n a te ,” 

J .A p p l.P h ys. 5 1 , 1297-1305 (1980).

[3.5] H. K ogelnik, “Coupled W ave T heory for T hick H ologram  G ratings,” Bell.- 

Syst.T ech .J . 4 8 ,  2909-2947  (1969).

[3.6] P. G unter, “Holography, coherent light am plification  and op tica l phase 

conjugation  w ith  photorefractive m aterials,” P hysics R eports 9 3 , 199-299

(1982).

- 8 9  -



Chapter 4

C H A P T E R  4

F O U R  W AVE M IX IN G  A N D  PH A SE  C O N JU G A T IO N .

4.1  In tro d u ctio n .

Four wave m ixing (FW M ) is a category  o f nonlinear optics which describes the  

in teraction  o f a nonlinear m aterial w ith  three incident electrom agnetic fields to  

generate a fourth field or wave. T h e fourth wave can differ in both  tem poral and 

sp atia l angular frequencies, oj and k respectively, from th e incident waves but the  

energy and m om entum  of the system  m ust be conserved.

D egenerate four wave m ixing (D FW M ) is the term  used to  describe the particular 

FW M  nonlinearity where all four fields have the sam e energy, equivalent to all 

having the sam e tem poral angular frequency, u .  D FW M  is o f particular interest 

in the current discussion as it is one m echanism  to generate a p h a se  co n ju g a te  

(P C ) field. O ptical phase conjugation is a technique th at exploits th e nonlinear 

op tica l response o f a m aterial to precisely reverse both  th e  direction of propagation  

and spatia l phase of the wavefront o f any arbitrary incident field. T h e m echanism  

can b e  expressed exp lic itly  using th e following com plex m athem atical notation

E =  A (r) exp[i(u>t — k.r)], (4.1a)

E p c =  A*(r) exp[:(u;t +  k.r)], (4.16)

where E and E p c are the incident field and its corresponding PC respectively  

and their polarisation  states have been neglected for sim plicity. T he conjugating  

operation  acts only on the spatia l part of the incident field, reversing both prop­

agating  direction and wavefront. T he im m ediate consequence o f this is that the  

PC  wave retraces, in a backward direction, the exact path  of the incident field, 

preserving the conjugate nature betw een the wavefronts at all points betw een the  

phase conjugator and source. T h e phase conjugator is m ore com m only referred 

to as a phase conjugate mirror (PC M ) due to its unique reflecting characteristic. 

T h e rem arkable difference betw een a PC M  reflection and a conventional mirror re­

flection are illustrated  in Fig. 4.1. A conventional plane mirror reflection reverses 

the sign o f only th e k vector com ponent norm al to the mirror surface, leaving  

th e tangential com ponents unchanged. H ence an incident ray can be redirected  

arbitrary by su itab ly  tilting  the mirror. However a PC M  reflection reverses the  

sign of all the com ponents o f k and hence the ray is redirected back along it­

self, independent o f the angle of incidence. Figure 4.1 illustrates th e reflection of
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a spherically converging wave at non-norm al incidence off a conventional plane  

mirror, Fig. 4.1a) , and a PC M , b). T h e conventional mirror reflection obeys 

conventional mirror geom etry and the reflected wavefront continues to  converge 

to  a focus at an oblique angle. T he PC M  reflects the wavefront as a spherically  

diverging wave travelling back on itself, passing back through the lens and finally  

focused  back down to  th e  original point source. A n observer positioned  to the left 

o f th e lens would observe the conjugate nature betw een th e outward travelling and 

returned spherical wavefronts, im plying th e presence o f a PC M  down beam  from  

his location . H owever the observer would be unaware o f th e presence o f the lens 

as the op tica l transform ation it performs is exactly  com pensated  by the returned  

wave. R eplacing the lens by any other lossless op tica l elem ent or configuration, 

including severe phase d istortion, would not change th e observation he makes. 

H ence a PC M  is not only self-a lign ing but also corrects for any phase distortion  

introduced by poor quality  optical com ponents or a turbulent atm osphere through  

which the wave propagates.

a)

Point
source

*

Lens

i A

Figure 4.1 C om parison betw een a) conventional and b) phase  

conjugate mirror reflections.

T h e first dem onstration  o f phase d istortion  correction by phase conjugation was 

by B .Ya. Zel’dovich e t  a 1 in 1972 [4.1,4.2]. T h ey  observed that the back-scattered  

light from a stim ulated  M andel’sh tam -B rillou in  scattering (SM B S) cell reproduced
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th e wavefront o f the exciting  incident radiation even when a phase distorter was 

d eliberately  placed in th e path  o f the laser beam . This p ioneering work has since 

generated m uch interest and activ ity  w ith in  th e science com m unity  w ith  m any new  

techniques and applications to  generate and em ploy phase conjugation  dem on­

strated  [4.3]. P h ase conjugation has now been dem onstrated  using other 

stim ulated  inelastic scattering m echanism s like Ram an [4.4,4.5] and R ayleigh [4.6], 

and photon  echoes [4.7], three wave m ixing [4.8,4.9] and D FW M  [4.10—>4.14]. A p­

p lications include im age transm ission in fibers, self-targetin g , novel laser resonator 

design and im age processing to nam e a few.

4 .2  T h eo ry .

N onlinear optics in general can be analysed using the paraxial w ave equation and a 

Taylor series expansion  of the induced polarisation  in the m edium  [4.15]. A ssum ing  

a lossless m edium  th e polarisation is given by

Pi =  ^oXijEj +  2dijkEjEk -f 4xijkiEjEkEi +  . . .  , (4.2)

w here Pi is the ith  com ponent o f the instantaneous polarisation, Ej is the jth  com ­

ponent of the instantaneous electric field and sum m ations over repeated in d ic t  

is assum ed. T he Xij term  is the linear susceptib ility  and is characteristic of the  

linear op tica l properties displayed by the m edium , including index of refraction, 

absorption  and birefringence. T he second and third-order nonlinear susceptib ili­

ties o f the m edium  are denoted by djjk and Xijkl respectively. T he second-order  

nonlinear su sceptib ility  is responsible for second-order or three wave m ixing op­

tica l nonlinearities, including second harm onic generation, op tica l rectification, 

param etric m ixing and the linear (Pockels) e lectro -op tic  effect, and is exhibited  

only by m aterials which lack inversion sym m etry. T h e Xijkl nonlinearity occurs 

independent of the m aterial sym m etry and is responsible for th ird -ord er/F W M  

op tica l nonlinearities. T hese include third harm onic generation, degenerate and 

n on -d egen erate FW M , R am an and Brillouin scattering, two photon  absorption, 

d c-in d u ced  harm onic generation and the quadratic (Kerr) e lectro -o p tic  effect.

T h e th ird-order nonlinear susceptib ility , Xijkl? is responsible for m any dem onstra­

tions o f PC  optics. In particular, exploiting this nonlinearity for phase conjugation  

by D F W M  was first proposed by Yariv e t  a 1 [4.16]. T h e analysis consisted of 

solving the nonlinear paraxial wave equation for th ird-order nonlinearities, a loss­

less m edium  and in th e nondepleted pum ping waves and slow ly varying envelope  

approxim ations, [4.16] and A ppendix p .
- 9 2  -
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T h e induced nonlinear electric polarisation, P, as defined by Eq. (4 .2 ), is consid­

ered to  respond both  instantaneously  and locally  to the d r iv in g  electric field, E. 

T h e linear and nonlinear com ponents can be interpreted as forced harm onic and 

anharm onic oscillations respectively  of electronic charge w ith in  the m edium . T he  

nonlinear op tica l response o f photorefractive (P R ) m aterials is neither local nor 

in stan taneous, th e phase sh ift, 0 , betw een induced phase volum e hologram  and 

incident w riting in tensity  is in general non zero and a transient stage always pre­

cede s th e  steady sta te . However, phase conjugation by D F W M  in P R  m aterials 

can be characterised by an effective  th ird-order nonlinear susceptib ility , Xijkl- This 

in terpretation  should be observed w ith  caution  as all three fam ilies o f P R  m aterials 

em ploy the linear (Pockels) e lectro -op tic  effect to exhibit their optical nonlineari­

ties. However, the linear e lectro -op tic  effect is due to the second-order nonlinear 

susceptib ility , x^2\  and not x ^ *  T h e linear electro -op tic  and x ^  tensors, rjjk, 

C hapter 2, and djjk, Eq. (4 .2 ), respectively, are related as follows [4.15]

dijic = (4-3)

4 .2 .1  P h a se  co n ju g a tio n  b y  D F W M  in P R  m ateria ls.

T h e first observation of phase conjugation by D FW M  in a P R  m aterial was by 

H uignard e t  ai [4.13] using P R  bism uth silicon oxide, B i^SiC ^o- T h e phase conju­

gation  m echanism  can be best interpreted as the simultaneous reconstructing and 

recording of the induced holographic grating. This holographic approach was first 

proposed by Yariv [4.17,4.18] and considered the fourth wave generated, E 4, to  

be the diffracted com ponent of one o f the two pum ping waves, E2 in transm is­

sion or E i in reflection geom etries, off the induced phase grating recorded by the  

interference of the incident signal wave, E 3, and the other pum p wave, E i or E2 
respectively.

T h e D FW M  geom etry is generalised in Fig. 4.2 and all the fields are considered  

to be p lane wave as follows

Ej =  Aj(r) exp[*(u>t -  kj.r], (4.4)

where j = l ,  2 , 3 and 4. A ssum ing the four interacting waves are m utually  coherent, 

each wave w ill interfere w ith  each of the other three to generate three spatia lly  

d istin ct in tensity  profiles. C ollectively all four waves create six  in tensity  profiles 

of w hich there are four spatia lly  d istinct. H ence in general four phase gratings are 

sim ultaneously  induced in the P R  m aterial.
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PR material

C onsider the transm ission grating to dom inate as d ictated  by the choice of ge­

om etry, polarisation  and relative coherence o f the four interacting waves. T he  

principal grating is recorded by the in tensity  profile, I13, of th e reference pump  

and incident signal waves, E i and E 3 respectively, and w ill be 7r/2 phase shifted for 

a d iffu sion  dom inated  transport m echanism . T he direction o f the phase shift, as 

discussed in C hapter 3, is dependent on the crystallographic orientation  and sign  

o f th e dom inant charge carrier in the m aterial. A ssum e th e  readout pum p wave, 

E 2, to have a coherence length  in excess o f the interaction length  of the m edium , 

1, and to b e  incoherent w ith  both  w riting waves, E i and E 3. T h e Bragg diffracted  

com ponent o f E2, E 4 is coherent w ith  E 2 and they will interfere to generate an 

in ten sity  profile, I24, which shares the sam e wavevector, k, as I13. This fourth  

wave, E4, acquires an intrinsic 7r/2  phase shift on Bragg diffraction and a further 

±7r/2 sh ift due to th e shift in phase o f the principal grating. If E4 is diffracted  

in  the op p osite  direction to the grating shift then these two phase shifts add and 

E 4 and E 2 are out o f phase by ir. T he im m ediate consequence of this is that I13 
and I24 are also out o f phase by 7r and th e intensity  m axim a o f one lies along the  

in ten sity  m inim a of the other, Fig. 4 .3a). T he two in tensity  profiles, given as 

follows

I13 — (Ii 4* I3) + 2\/liI3 cos(k.r), (4.5a)
I24 = (I2 4" I4) 4" cos(k.r 4" tt),
I24 = (I2 4-14) - 2\/hU cos(k.r), (4.56)

add in a scalar fashion to spatia lly  sm ooth  the n ett in tensity  profile, I, by reducing
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the resultant fringe contrast M

I =  I0[l +  M cos(k .r)],

u  2 [n/tut -
Io

where IQ =  Ii -f I2 +  I3 +  I4, and hence deplete the induced refractive index (RI) 

m odulation , A n . If E 4 is diffracted in the sam e direction as the grating shift 

th e two phase shifts subtract to yield  both  E 4, E2 and I13, I24 in phase, Fig. 

4.3b). H ence the in tensity  m axim a o f both  profiles coincide and the resultant 

fringe contrast is now increased

(4.6)

(4.7a)

M = 2[^hh + VhU\
Iq (4.76)

and the induced RI m odulation  is enhanced. O bviously the second optical config­

uration, Fig. 4 .3b), is the m ore optim um . C onsidering all three incident waves to 

be m utually  coherent, the reflection grating, induced principally by the intensity  

profile o f E2 and E3, m ay also becom e significant. T he generation of the fourth  

wave, E 4, is now the superposition  o f the Bragg diffractions of E2 off the trans­

m ission and E i off the reflection gratings. T he two com ponents add coherently  

where their relative phase is d ictated  by the relative phase of the two pum p waves, 

E i and E 2. Further, including the dynam ic feedback effects of phase and energy 

exchange on the induced gratings, the optical system  becom es Tv'ry com plicated.

T h e beam  coupling betw een the four waves by D FW M  in a P R  medium has been  

exten sively  stud ied  [4.19—>4.24]. N eglecting light absorption and dynam ic feedback  

Fischer e t  a I [4.20] solved M axw ell’s wave equation for the transm ission grating in 

the slow ly varying envelope approxim ation. T he following coupled wave equations 

in both  am plitude and intensity  were derived, A ppendix E,

and

dAi
dx

dAJ
dx

dAJ
dx

d A 4
dx

dli_
dx

= - f ( A 1A* + A2*A4)A3,to
= — r - ( A i A J  + AJA4)A4,to
=  P -(A i AJ +  a ; a 4) a i ,

to
= rk-A-iAg +  A2 A4) A2to

£
Io

hh + VUJTi 4 COs(tp)

(4.8a)

(4.86)

(4-8c)

(4.8<Q

(4.9a)
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b)

Figure 4.3 P hase conjugation by D FW M  in a p -ty p e  photocon­

ducting P R  m aterial for a diffu sion  dom inated trans­

port m echanism , a) N on -op tim u m  and b) optim um  

orientation of the crystalline -fc  axis.

d l2 r
dx Io

I2I

d l3 d li
dx dx ’
d l4 d l2
dx d x '

I2I4 +  V 11I2I3I4 cos(<^)

T h e to ta l intensity, IQ, am plitude and in tensity  coupling constants, 7  and

(4.96) 

(4.9c) 

(4 M )

T re-
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spectively , and the relative phase o f the four interacting waves, (p, are given by

lo — II +  I2 +  I3 +  I4, (4.10)
xu>An exp (t^ )  

^ 2c cos $ i ’
(4 .11a)

p w A n sin </> 
c cos 9\ ’

(4.116)

^  =  ^3 +  ^ 4 - ^ ! (4.12)

where 0 is th e phase shift of the induced transm ission grating.

A ssum ing th e nondepleted pum p approxim ation, I i , I2 I 3 ,14, the coupled equa 

tions, Eqs. (4 .8a ), (4 .8b ), (4 .8c) and (4 .8d ), becom e

dAx
dx
dA%
dx

dA*

= 0, 

= 0,

^  = JllAifAJ + tAIASJA,],

=  j^ [(A iA 2)AJ +  |A 2|2A 4],

(4.13a)

(4.136)

(4.13c)

(4.13d)

w hich are solved using th e boundary conditions A J(0) =  c o n s ta n t  and A 4(1) =  0, 

[4.20] and A ppendix G , to  yield th e following solutions

1 ................................  "  (4 .14a)A J(x) =  A J(0) 

A 4 ( x ) =  A J(0)

e x p ( - 7 l )//3 +  1] 
A i / A 2*

[exp[7 (x  -  ()]//? +  1] ,  

[exp[7 (x  -  1)] -  1] , (4.146)
[exp (—7 /) //?  +  1]

w here /3 =  I2/ I 1 is the ratio of the pum ping beam  intensities. It is observed that 

the com plex am plitude o f E 4 leaving the m edium  is proportional to the phase 

conjugate o f th e incident wave am plitude,

A 4(0) oc A J(0). (4.15)

T h e phase conjugate reflectivity, R p c , defined by

A 4(0) 2
R pc  =

becom es

A J(0)

sin h (7 / / 2)

(4.16)

(4.17)
cosh[(7 / +  In f3) / 2]

For a su itab le  com bination of pum ping beam  in tensity  ratio, /?, and am plitude  

coupling constant, 7 , the phase conjugate reflectivity, R pc Eq. (4 .17), can exceed  

unity. T his con stitu tes a phase conjugate mirror w ith  gain and in practice it is 

readily dem onstrated  using P R  barium  titanate.
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4.3 E xperim ental procedure and results.

T w o experim ental investigations were perform ed to determ ine the fidelity of the  

phase conjugate wavefront generated by D FW M  in P R  barium  titan ate. T he  

barium  tita n a te  crystal used was sam ple # * , w ith  the laser sources, op tica l ta- 

b le /su p p o rt and conventional op tica l com ponents outlined in C hapter 3. B oth  

experim ents were conducted using th e argon ion laser operating on single trans­

verse and lon gtitud inal m odes at A =  514.5nm  and the light was e x tr a -o r d in a r y  

polarised w ith  respect to the +  c axis o f the crystal.

T h e first experim ent illustrated the ability  of a PC M  to correct for phase distor­

tion im parted on an im age bearing beam  on passing through poor quality optics. 

T he op tica l system , schem atically  illustrated in Fig. 4.4, consisted o f a spatially  

filtered and collim ated  light beam  passing through an input test transparency, a 

U SA F  resolution chart Fig. 4 .5a). T he then im age bearing beam  passed through  

the lossless phase distorter, a piece o f very poor quality cellophane, before being re­

flected back through the sam e phase distorter and finally sam pled using the beam  

sp litter. T h e output plane and input test transparency were both  orthogonal to 

the light beam  and equid istant from th e beam splitter. For com parison, th e reflec­

tion was first performed using a conventional plane mirror, F ig 4 .4a). T h e mirror 

was aligned w ith  its norm al parallel to the ray direction of the incident beam . T he  

im age recorded at the ou tput plane, Fig. 4 .5b), was observed to be double phase 

distorted  and bore little  resem blance to the original transparency, Fig. 4 .5a). The  

conventional mirror was then replaced by the P R  crystal o f B a T i0 3 and a set of 

counterpropagating pum ping beam s, Fig. 4 .4b). A lens was used to contract the 

cross section  of the phase distorted im age bearing beam  in order to fit the sm all 

entrance aperture of the crystal. A ll three interacting light beam s were m utually  

coherent and by D FW M  the PC  was generated w ith  ease. T he PC wavefront was 

se lf-a lign ed  and passed back through both  lens and phase distorter. T he recovered 

im age, observed at the ou tp ut plane Fig. 4 .5c), was free of the severe distortion  

obtained  w ith  the conventional plane mirror, Fig. 4 .5b), and was easily  recognis­

able as th e input test transparency. T he output plane was noted to be coincident 

w ith  a natural im age plane of the system , illustrating the leidess im aging property  

of PC  optics when input transparency and output plane are equidistant from the 

sam pling beam  splitter.

T h e second experim ent again  illustrated qualitatively  the fidelity of th e PC gen­

erated by D FW M  in P R  B a T i0 3. T he optica l system , schem atically  illustrated  

in Fig. 4 .6 , consisted  o f a M ichelson interferom eter w ith  the conventional plane
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(a)

Input test 
transparency

Lossless phase 
distorter

Ordinary mirror

Output plane Double phase 
distorted 

image.

(b)

Input test 
transparency

Lossless phase 
distorter

BaTiO

Recovered phase 
distortion free 

image.

Figure 4.4 Schematic illustration of the optical systems used to 
demonstrate phase distortion correction of an image 
bearing beam using a PCM.
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Figure 4.5 Experim ental results of phase distortion correction 
using a PCM . a) Original test transparency (USAF 
resolution chart), b) double phase distorted image 
generated using a conventional plane m irror and c) 
recovered phase distortion free image generated us­
ing a PCM.
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mirrors replaced by two PC M s, [4.25—>4.27]. T he sp atia lly  filtered and collim ated  

plane wave was first divided into two by the lossless beam  splitter. T he two 

beam s, travelling along th e two arms of th e interferom eter, pass through two sep­

arate transparencies, &1 and # 2 , schem atically  illustrated as fine horizontal and 

coarse vertical bars respectively. B oth  beam s were phase conjugated by D FW M  at 

the sam e P R  crysta l o f BaTiC>3 and the lens, Li and L2, were used only to contract 

th e  beam  size to fit the sm all entrance aperture of the crystal. T h e returned PC  

wavefronts passed back through their respective lenses/transparencies and were 

im aged together at the output plane using lens L3.

Figure 4.6 Schem atic illustration  of a phase conjugate M ichelson  

interferom eter used to perform  E X O R  digital logic.
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T i T 2 [T i - T 2 ]2
0 0 0
0 1 1
1 0 1
1 1 0

Table 4.1 EX O R  digital logic.

Consider th e com plex am plitude coefficients o f transm ittance and reflectance for 

th e  lossless beam  sp litter, transm ittance for the two transparencies and reflectance 

for th e two PC M s to be r and t, T\ and r2 and f ii and /z2 respectively. T h e com plex  

am plitudes, at various locations and directions, are illustrated  in the schem atic  

diagram  Fig. 4.7. T he resultant com plex am plitude at th e ou tput plane, A 0/ p, is 

found to  be

A0/p = A* [/ZiTiTjVt* +  H2T2T£T*t] , (4.18)

w here A is the com plex am plitude of th e incident plane wavefront. A ssum ing the  

tw o PC  reflectivities to be identical i. e. their intrinsic phase shifts and am plitude  

reflectivities are the sam e, then =  Ab and using Stokes’s relation for a

lossless beam  sp litter, [4.28] and A ppendix 14,

r't* +  r*t =  0, (4.19)

th e com plex am plitude, A 0/ p, becom es

A o/p =  A V ' t *  [T i -  T 2] , (4.20)

w here T i =  |t i|2 and T 2 =  |t2|2 are th e intensity  transm ittance functions of 

transparencies and respectively. T he intensity  at the output plane is given  

by

Io/p =  |A o /p |2 , (4.21a)

=  IRPCR(1 -  R )[T , -  T 2]2 , (4.216)

oc [T , -  T 2]2, (4 .21 c)

w here I, R and R pc =  |̂ |2 are the incident in tensity  and reflectivities o f the lossless 

beam  sp litter  and PC M  respectively. N ote the in tensity  at the ou tput plane, 

IQ/ p, is proportional to  the square of th e difference of the in tensity  transm ittance  

functions o f the two transparencies, Eq. (4 .21c). This functional dependence is 

equivalent to exclu sive-O R , EX O R , d ig ita l logic for binary transparencies and the  

corresponding logic truth  table is skociv bu- Jkble A -I.
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Output

Phase conjugate 
mirror

Figure 4.7 C om plex am plitudes at various locations and direc­

tions in a PC  M ichelson interferom eter.

T h e E X O R  logic is interpreted as th e destructive interference betw een th e two PC  

wavefronts coincident at the ou tput plane. T he relative 7r phase shift is introduced  

at the lossless beam  sp litter as d ictated  by Stokes’s relation, Eq. (4 .19), and is 

a direct consequence of the tim e reversibility of light by phase conjugation. T he  

schem atic diagram  of the optical system , Fig. 4.6, illustrates the EX O R  relation  

betw een the two transparencies and # 2 at the ou tput plane. T he experim ental 

results obtained  are shown in Fig. 4.8. T he two binary transparencies used were a 

radial resolution chart and two coarse vertical bars. Their individual PC s, im aged  

at th e ou tp ut plane, are shown in Fig. 4.8a) and b) respectively and indeed  

their com bination , Fig. 4 .8c), is observed to display E X O R  digital logic. T he  

quality  of the result is considered to be very good which again em phasises the  

high fidelity  of PC  generated by D FW M  in P R  B aT iO s. T he self-a lignm ent of 

the PC  wavefronts ensured the absence of tilt fringes com m only observed w ith  a 

M ichelson interferom eter using conventional plane mirrors.

4.4 S elf pum ped phase conjugation by B aT iO s and SB N .

T he two P R  ferroelectric oxides barium  titan ate, B aT iO s, and strontium  bar­

ium  niobate, SrxB a i_ xN d2 0 6 ,  exh ib it particularly large linear (Pockels) e lectro -
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Figure 4.8 Experim ental results of EXOR digital logic performed 
using PC Michelson interferom eter and two binary 
transparencies, a) The PC of transparency#1, b) 
the PC of transparency#2 and c) their EXOR logi­
cal combination.
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optic coefficients. A t room  tem perature th ey  both  have a 4m m  point group 

sym m etry  and hence share the sam e configuration of e lectro -op tic  tensor. T he  

r42 =  1640pm V _1 and r33 =  1340pm V -1  and 420pm V -1  are the dom inant co­

efficients for BaTiC>3 and SBN :75 and SBN:60 respectively, T able7.II. E xploiting  

these coefficients, using an intelligent choice o f both  op tica l configuration and po­

larisation , C hapter 2, very large RI m odulations can be induced, A n  ~  10" 3. As 

a consequence, both  B a T i03 and SB N  exhibit strong P R  optica l nonliA€tm1ics . and 

disp lay particularly exotic  effects.

A sym m etric fanning or self-defocusing  of a laser beam  transm itted  through these 

m aterials is a sim ple dem onstration  of the exten t of their P R  optical nonlirtwnik^-; 

[4.29,4.30]. Consider the P R  m aterial to be illum inated by a single G aussian laser 

beam , passing through the front and back faces and sp atia lly  confined within  

the transverse plane of the m edium , Fig. 4.9. T h e spatia l variation in intensity  

induces th e radial m igration of th e m obile P R  species away from the central beam  

axis. Equilibrium and hence the steady sta te  is achieved when the radial outward 

d iffu sion  of charge is exactly  balanced by the radial inward d r ift. T h e m odulus of 

th e norm alised steady sta te  radial electric field profile, num erically calculated as 

decribed in C hapter 7, is show n in Fig. 4.10, o, accom panied by the illum inating

G aussian intensity, ------ . For p -ty p e  B aT iO s the radial electric field w ill point

inwards w hile for n -ty p e  cerium  doped SBN:60 the electric field will point radially 

outwards.

A +c

Figure 4.9 Schem atic diagram  of asym m etric beam  fanning in 

BaTiC>3.

T h e corresponding refractive index (RI) m odulation profiles for o rd in a ry , *, and
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W)

Figure 4.10 Induced steady sta te  radial electric field profile, o, 

for an illum inating G aussian intensity  p r o file ,------ .

e x tr a -o r d in a r y , o, polarisation  states along th e z axis (+ c  axis) for BaTiOa at 

9 =  0 are show n in Fig. 4.11. T he RI am plitudes for th e two polarisation states  

differ m arkedly due to the difference in m agnitude o f the r i3 and r33 e lectro-op tic  

coefficients respectively  em ployed, A n 0 =  2.08 x  10“ 6 and A n e =  2.35 x  10” * 

C hapter 7. C onsequently m uch stronger op tica l nonlinearities are forecast for 

th e  e x tr a -o r d in a r y  polarised sta te . T he steep  p ositive gradient in A n e extending  

across the cental axis, is predicted to refract the central and m ost intense part 

of th e laser beam  asym m etrically  in the direction of the -fc  axis. T h e shallow  

negative gradient in A n 0 is predicted to have m inim al effect on the transm itted  

beam  w ith  perhaps slight refraction in the - c  d irection.

T h e barium  titan a te  sam ple # 2 was illum inated using a single G aussian argon ion 

laser beam  (A =  514.5nm ) taken direct from th e source. T he incident angle and 

in ten sity  were 9 =  20° and ~  lW c m -2 respectively. T he beam  was in itia lly  o rd i­

n a r y  polarised and the recorded intensity  profile of the transm itted  beam  is shown  

in Fig. 4 .12a). T he m inim al op tica l disturbance predicted was observed. T he inci­

dent light polarisation  was changed to e x tr a -o r d in a r y  and after an in itia l transient 

stage  the transm itted  in tensity  profile displayed a pronounced asym m etric fan in 

th e  stead y  sta te , Fig. 4 .12b), directed along th e + c  axis as earlier forecast.

T h e  geom etry of the B a T i03  sam ple and laser beam  were such that th e fanned  

light inside the bulk o f the m aterial illum inated  one of the back corner edges 

of th e crystal. T he light was then retroreflected by to ta l internal reflection and
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z' axial direction, co

Figure 4.11 RI m odulation  profiles along the z axis (+ c  axis) for 

o rd in a ry , *, and e x tr a -o r d in a r y , o, polarisations.

directed back towards the front face. G iven tim e, the flood of fanned light collapsed  

into a w ell defined loop which was accom panyed by the appearence of a phase 

conjugate wave, travelling in the opposite d irection to the incident beam . This 

fascinating  phenom enon was first observed by Feinberg [4.31] using BaTiC>3 and 

has since been dem onstrated  using SBN :60 [4.30], SBN:75 [4.32] and B S K N N -  

III [4.33]. T he phase conjugation m echanism  is considered to be D FW M  with  

the counterpropagating pum p beam s self-?enerated  by the formed loop of light 

and has since been denoted  as s e lf -p u m p e a  D FW M . T he wave m ixing schem e is 

illustrated  in Fig. 4.13 and a top view photograph of self-p u m pin g  BaTiO^f2 is 

show n in Fig. 4.14. T h e fidelity of the PC  wave, generated by the s e lf -p u m p in g  

m echanism , was observed to b e  very high but accom p an ied  by slight spectral 

in stab ilities. T yp ica lly  th e PC  wave had a 0.1 —> 1Hz D oppler frequency shift 

which wandered betw een both  the red and blue.

T h e  PC  was found to  d isplay interesting and unusual tem poral characteristics. 

D epen dent on both  the op tica l geom etry and incident intensity, the self-pum ped  

PC M  could operate in steady cw, regular oscillatory or chaotic m odes [4.34—>4.37]. 

E xperim ental observations o f the three operational m odes are show n in Fig. 4.15a), 

b) and c). T he cw  phase conjugate reflectivity was m easured upto 30.5%, Fig. 

4 .15a), and the regular oscillations, Fig. 4 .15b), se lf-su sta ined  for m any hours.

O nce cw  self-p u m ped  phase conjugation had becom e established  it was found 

[4.38] th at the self-generated  counterpropagating pum p beam s could be em ployed
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Figure 4.12 Asymmetric beam fanning observed for a ) o r d in a r y  

and b )e x t r a - o r d in a r y  polarised light.

to phase conjugate a second low intensity and angularly offset probe beam. The 
two PCs did not cross talk when the incident waves were image bearing and Rpc 
for the second weak probe beam  could exceed unity. The phase conjugation of 
a weak probe beam  using this technique has proved an attractive alternative to 
the more conventional externally pumped DFW M geometry. The pumping beams 
are self-aligned and amplified high fidelity PC wavefronts were easily attained. 
The gain exhibited by the s e l f - p u m p e d  phase conjugator is sufficiently large to 
induce self-oscillation between the crystal and any nearby specularly reflecting 
object [4.3]. The oscillation is seeded by only the background scattered light and 
is self-sustaining once established. The optical quality of the reflecting object is 
not im portan t as the phase conjugate nature of the oscillation insures th a t a stable
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A +c

Figure 4.13 Schematic illustration of s e l f - p u m p e d  phase conju­
gation by DFW M in B a T i0 3.

Figure 4.14 Top view of self-pum ping B aTiO jf2.

resonant mode will always exist. On slowly tilting the reflecting object, the light 

path  adjusts to locate the new norm al component of the object to the crystal and 
steady s ta te  oscillation is re-established.
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—  BaTiOj*2

—  BaTiO-

BaTi03*

Figure 4.15 The temporal behaviour of s e l f - p u m p e d  BaTiO^2.
a) steady cw , b) regular oscillatory and c) chaotic 
modes of operation.
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4.5 C on clu sio n s.

High fidelity phase conjugation by degenerate four wave mixing (DFWM) in 
photorefractive (PR) barium titanate was demonstrated. Employing an intelli­
gent choice of geometry and e x t r a - o r d in a r y  polarisation state, externally pumped 
BaTiOa could achieve phase conjugate reflectivities, Rpc, in excess of unity. The 
phase conjugate fidelity was qualitatively judged from the aesthetic quality of the 
images generated by phase conjugation. Phase distortion correction and EXOR 
digital logic were experimentally demonstrated using binary transparencies and 
the results were of a high standard.

The exotic optical nonlinearity s e l f - p u m p in g  was demonstrated by PR barium 
titanate. Phase conjugation by this mechanism exhibited steady cw, regular os­
cillatory and randomly chaotic temporal modes and a maximum c w  Rpc of 0.30 
was recorded. The phase conjugate fidelity was judged to be excellent and within 
a certain angular window the gain was sufficient to stimulate oscillation with any 
nearby specularly reflecting object.
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Chapter 5

C H A P T E R  5

S P E C U L A R  R E F L E C T IO N  C A N C E L L A T IO N  A N D  E N H A N C E M E N T  
B Y  A  F A B R Y -P E R O T  IN T E R F E R O M E T E R  W IT H  A  

P H A S E  C O N J U G A T E  M IR R O R .

5.1 In tro d u ctio n .

The self alignment and phase distortion correction characteristics of a phase con­
jugate wavefront have made phase conjugate (PC) optics a particularly fascinating 
topic to study [5.1,5.2,5.3]. Many new and ingenious applications have been pro­
posed and demonstrated which exploit these unique properties, they include non­
linear image processing [5.4,5.5], novel resonator cavities [5.6], self-targeting [5.7], 
photolithography [5.8] and optical computing [5.9,5.10]. By various techniques, 
PC reflectivities up to and in excess of unity have been achieved [5.11,5.12,5.13] 
which offers the additional flexibility of a combined phase conjugate mirror (PCM) 
and amplifier.

The unique reflection properties of a PCM can be explained qualitatively by a naive 
t im e - r e v e r s a l  argument. The PC wavefront is considered to be the t im e - r e v e r s e d  

replica of the incident wavefront. Travelling backwards in time, retracing exactly 
the return path and ultimately arriving back at the original source. The initial 
quantitative description was based on the paraxial wave equation, [5.14,5.15] and 
Appendices F and G, and is restricted to the paraxial approximation. The model is 
valid only for weak phase distorting media where the plane wave components of the 
wavefront propagate at small angles w. r. t. the incident wavefront direction and 
backscatter can be neglected. Both the qualitative t im e - r e v e r s e d  and quantitative 
paraxial arguments are limited in that they both predict that only that portion of 
the distorted wavefront incident on the PCM can be succesfully corrected for and 
the remaining scattered field is irretrievable.

More recently, a new model based on general scattering theory has been devel­
oped [5.16,5.17,5.18] which is not restricted to either the paraxial or first Born 
approximations. It is able to accomodate wavefront components which differ sub­
stantially from the incident wavefront direction, including extensive backscatter, 
and multiple reflections between the perturbing medium and PCM. The conclu­
sion of the new model is that distortions imparted on a wavefront by a n y  linear, 
isotropic, nonmagnetic, nonabsorbing and spatially nondispersive scatterer will be 
completely eliminated when in the presence of a PCM, provided the PCM is of
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unit reflectivity and the same polarisation state is preserved on reflection. The 
implications of this statement are schematically illustrated in Fig. 5.1.

a)
Backscattered and 

phase distorted 
wavefront

Forward scattered 
and phase distorted 

wavefront 
(5%)

b)
Complete cancellation 
of the backscattered 

wavefront!

Phase conjugate 
mirror

Figure 5.1 The correction of extensive backscatter using a PCM.

Consider any arbitrary lossless phase distorter illuminated by a plane wave, Fig. 
5.1a). In general the distorter will scatter the light into the full 47t solid angle 
with complicated amplitude and phase profiles. Consider for the present discussion 
that only 5% of the incident radiation is scattered into the forward direction, with
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the remaining 95% scattered into the backward direction, Fig. 5.1a). Consider 
the forward scattered light to be phase conjugated by a unit reflecting (Rpc =  
1) PCM as illustrated in Fig. 5.1b). The naive t im e - r e v e r s a l  argument would 
predict that at best only 5% of the scattered light intensity would be successfully 
corrected to generate at best a phase conjugate plane wavefront of only 5% of the 
incident intensity. Employing the generalised scattering theory by Agarwal e t  a 1
[5.18] multiple reflections between the arbitrary lossless phase distorter and the 
PCM are accomodated and a complex resonant cavity is revealed. The coupling 
between the intercavity fields and the exterior serve to cancel all the backscattered 
phase distorted light and generate a perfect PC reconstruction of the incident 
plane wavefront with 100% of the incident intensity i. e. all the phase distortions 
introduced by the arbitrary distorter are corrected.

5.2 T h eory .

The simplest example of a nonparaxial lossless scatterer is a partially transparent 
lossless conventional plane mirror (e. g. dielectric beamsplitter). When illuminated 
by an incident plane wave, Ei, the transmitted and reflected components, E i and 
E r, constitute the forward scattered and backscattered waves respectively. The 
complex amplitudes of the three waves are related via the complex amplitude co­
efficients of transmittance and reflectance, t and r respectively, of the conventional 
reflecting surface as follows

Aj =  tAj, (5.1a)

Ar =  rAi. (5.16)

Replacing the arbitrary lossless phase distorter in Fig. 5.1b) with a partially trans­
parent lossless conventional plane mirror the optical system immediately resembles 
a Fabry-Perot interferometer with a PCM in place of one of the conventional re­
flecting surfaces, Fig. 5.2. The self aligning characteristic of the PCM insures 
that a simple two arm resonant mode is established between the PCM and the 
conventional plane reflecting surface. The intercavity fields are denoted by E i, E2, 
E 3 and E 4 as depicted in Fig. 5.2 and are accompanied by the incident, reflected 
and phase conjugate fields, Ej, E r and E c respectively. The intercavity complex 
amplitudes, A i, A2 , A3 and A4, are inter-linked due to the multiple reflections of 
the resonant mode and are coupled to the external field amplitudes Aj, Ar and Ac.

The intercavity complex amplitudes are related as follows

Ai =  tAj -j- r'A4, (5.2a)

-  117 -



Chapter 5

Partially reflecting Phase conjugate
lossless conventional mirror

plane mirror

Figure 5.2 Phase conjugate Fabry-Perot interferometer.

A2 — Â aAj, (5.26)

A3 =  r;A2, (5.2c)

A4 — A^bAj, (5.2 d)

where the complex amplitude coefficients of transmittance and reflectance of the 
partially reflecting lossless conventional plane mirror are t, r and t;, r' for illumi­
nation from the -left and ntjhi hand sides respectively. The complex amplitude 
coefficients of reflectance of the PCM, f i& and fib , defined by Eqs. (5.2b) and 
(5.2d), will in general differ in both magnitude and intrinsic phase and are ex­
pressed explicitly as follows

= ua exp[t^a], 

fib =  Ub exp[z<̂ b]-

(5.3a)

(5.36)

The intercavity complex amplitudes can also be expressed by the infinite series

Aj = t +  t//*/ib|r' |2 +  t ^ V b l r ' l 4 +  . . .  Ai, (5.4a)

A 2 = /iat* +  /iJ tV b lr f +  ^at*(/ib)*lr' |4 +  ■ • • A,*, (5.46)

A3 = ‘tU  tV  +  +  ^3at V b ) > ' | 4r' +
‘

a :, (5.4c)

A 4 = ^ t ( r ' ) *  + M2b(/iD*t|r'|2(r')* +  /x3b( ^ ) * t |r f ( r')* +  -- . Ai. (5.4d)

which are simplified to

A ^ t ^ ^ V S I r ' f  Ah
n=0

(5.5a)
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oo
A2 =  ^ t * x ; ^ £ ) * k , i2nAr-

n=0
(5.56)

00

A» =  AUtV ^ J O W I ^ A , * ,
n=0

(5.5c)

A4 =  ^ : t ( r ' ) * f ; K ) V E k f nAi. (5.5d)
n=0

The nth component of each infinite series constitutes the contribution to that field 
from the nth cavity round trip. The external complex field amplitudes, Ar and Ac, 
are coupled to the intercavity fields as follows

and

Ar — rAj “[■ t A4,

r +  /ibp*t't(r')* (^ )* //b k ' |211 Ai
n=0

(5.6a)

(5.66)

Ac =  t* A2 ,
00

=  £ > ; ( / * )  V l a"Af
n=0

(5.6c)

(5.6d)

where Eqs. (5.5b) and (5.5d) have been employed.

Using Eqs. (5.2) the complex amplitude Ai can be re-expressed in terms of Aj 
only, consider

A4 =  ^bAj,

= /ib(r')*A*=/zb(r ')X A i,

and substituting into (5.2a) yields

and similarly

Ai tAi +  r'A4,

-------- ------- r A,
[1 - ^ b k ' l  1

A 2

A 3

a 4

— — A*
[1 -/Ja/ijk'l2]

fafr1 A.
[l-M aM bk'l2]
W ' A r ' T  A 

[ 1 - ^ b k ' l 2]

(5.2d) 

(5.7)

(5.2a)

(5.8a)

(5.86)

(5.8c)

(5.8d)
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(5.8d), the external complex field amplitudes are simplifies as follows

Chapter 5

where

rAj +  t; A4, (5.6a)

/ r . ^ : t ' t ( r ' ) *  \  ,  
1  [1 -  /^ b |r ' |2] J

(5.9a)

r[l -  /^ b £ ]   ̂
[ l - ^ / 'b lr ' l2]

(5.96)

Ir'l2 - * ' ^ * ,r
(5.10)

which is dependent only on the complex amplitude coefficients of the partially 
reflecting conventional plane mirror. Recall the generalised Stokes relations for 
t im e  r e v e r s e d  waves at a lossless plane beamsplitter, Appendix H,

t Y  +  r*t =  0 , 

t*t' +  r*r =  1

and substituting into the equation for £, Eq. (5.10),

2 t't(r')*
r

2 rt*t#

C = IrT -

=  | r f +  r

= k f  +  1 -  |r|2,
= 1

(5.11a)

(5.116)

(5.10)

(5.12)

for any lossless plane reflecting surface. The complex amplitude of the specularly 
reflected wave, Ar Eq. (5.9b), become^

a _ rl1 - Z'aMb] .
i l l *  “  r% r \  i •

[ l - ^ b|r'|2]
(5.13)

The complex amplitude of the phase conjugate wave, Ac, is similarly re-expressed 
using Eqs. (5.6c), (5.8b) and (5.11b) to reveal

Ac
[1 -A W 'b k'l2] 

M l - H 2] A, 
[i - ^ b l r'l2]

(5.14)
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The intensities of the specularly reflected and phase conjugate waves, Ir and Ic 
respectively, can be deduced from their complex amplitudes, Ar, Ac and Eqs. 
(5.13), (5.14), as follows

Ir =  | A r|2 ,

=  A rA*,

_  r [l -  /^Pb] r*[l -  ^nl]  A A< 

[ l - / z * / /b|r'|2][l-;iaM b lr'|2]

lr|2 fl +  |Pa|2 |Mb|2 -  23f(/i*/ib)

1 +  l/iari/ib|2 |r' |4 -  2S R (^ b|r'|“)

and employing Eqs. (5.3a) and (5.3b)

T _  R [l +  Rc.R-c - 2 v/R e>RCbcos(^a -  ^b)] T 
r “  [1 +  R2Rc.Rcb -  2RN/RtR^cos(<Ja -  "

(5.15)

where the intensity coefficients of reflectance of the conventional and phase conju­
gate mirrors, R, RCa and RCb, are given by

R = |r |2,

= k'l2-
Re* = l/̂al ?
Rcb = I| •

Similarly for Ic

Ic =  |AC|2,

=  Â a[l -  k l2] /i*[l -  |r |2] r  ^
[1 -^ a^ b |r, |2] [1 - / ^ b |r ' | 2]

l ^ |2[ l - l r | 2f  ^

1 +  |//a|2 |^b|2 |r, |4 -  2& ( ^ b|r, |2)

j = ______________ R c j i - R ]2 ____________ T
[l +  R2RCaRCb -  2Rv/RCaRcb cos(</>a -  </>b)]

(5.16a)

(5.166)

(5.16c)

(5.16(f)

(5.17)

The expressions for both the complex amplitudes and relative intensities of the 
specularly reflected and phase conjugate waves, Ar, Ac, Ir, Ic and Eqs. (5.13), 
(5.14), (5.15) and (5.17), are cited in references [5.19,5.20] and are a generalisa­
tion of the expressions originally derived by Drummond and Friberg [5.21,5.22], 
Nazarathy [5.23] and Nieto-Vesperinas [5.24].
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5 .2 .1  S p ecu la r  reflection  ca n cella tio n .

Consider the relative intrinsic phase of the two phase conjugate reflections, (<̂>a — 
<f>b) , to equal zero, the specularly reflected and phase conjugate field intensities, 
Eqs. (5.15) and (5.17) respectively, become

Ir =

Ic =

and are graphically represented 
R=0.4 and 0.9 respectively.

cb.R [ l  — ^ /R CaR,

[l — R̂ /Rĉ RcbJ 
Rc.[i - R]2 

[ i — R\/RclRcI]

in Figs. 5.3 and 5.4 for Rpc

2

*ii

(5.18a) 

(5.185) 

■ R,q̂  — RCb and

Phase conjugate reflectivity, R PC

Figure 5.3 The relative intensities of Ir and Ic versus the phase 
conjugate reflectivity, Rpc, of the PCM for (<̂ a — 
(j>h) =  0 and R=0.4.

For both values of R the relative intensities of the specular reflection, Ir, and the 
phase conjugate, Ic, are seen to drop off monotonically to zero and rise monoton- 
ically to unity respectively as functions of Rpc and at Rpc = 1 the two relative 
intensities become Ir =  0 and Ic =  1. These two observations are consistent with 
the conservation of energy and serve to support the generalised scattering theory 
of PC optics by Agarwal e t  a 1 [5.18], Fig. 5.1. The extensive backscatter, the spec­
ular reflection off the partially reflecting lossless conventional mirror Fig. 5.2, is
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Phase conjugate reflectivity, Rpc

Figure 5.4 The relative intensities of Ir and Ic versus the phase 
conjugate reflectivity, Rpc, of the PCM for (<£a —
<̂>b) — 0 and R=0.9.

completely extinguished at Rpc =  1, independent of the value of R for 0 < R < 1. 
Concurrently, the relative PC intensity is • ity and also is independent of R. For 
Rpc > 1 the PCM exhibits gain which amplifies the intercavity fields and causes 
both Ir and Ic to rise monotonically from zero and unity respectively w. r. t. Rpc*

5 .2 .2  S p ecu la r  reflection  en h a n cem en t.

Consider the relative intrinsic phase, (<̂ a — <̂ b)> to equal 7r, the specularly reflected 
and phase conjugate intensities, Eqs. (5.15) and (5.17) respectively, become

R [1 +  \/RcaRcb] 
lr —  . ------- -2 h’

I, =

[l + R>/RcaRcbJ 
RCa[i-R]2 

[l + R\/RcaRcbJ
■Ii

(5.19a)

(5.196)

and are graphically represented in Figs. 5.5 and 5.6 for again R=0.4 and 0.9 
respectively.

For both values of R the relative intensity of the specular reflection rises mono­
tonically from R w. r. t. Rpc i. e. the specular reflection intensity is enhanced as 
Rpc is increased. Similtaneously Ic also rises monotonically, from zero, but much 
slower than for (0a — (f>b) = 0. The values of Ir and Ic at Rpc =  1 sum to unity 
and are functionally dependent on R.
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Phase conjugate reflectivity, RPC

Figure 5.5 The relative intensities of Ir and Ic versus the phase 
conjugate reflectivity, Rpc, of the PCM for (<£a — 
<f>b) =  7r and R=0.4.

1 . 2

1 . 0

‘wa
c
>

0.8

0.6 -
0.4

0.2

0 . 0 —
0 . 0

Ir

Ic

0.2 0.4 0.6 0.8 1.0 1.2
Phase conjugate reflectivity, RPC

Figure 5.6 The relative intensities of Ir and Ic versus the phase 
conjugate reflectivity, Rpc, of the PCM for (0 a — 
<f)b) =  tt and R=0.9.

5.3 E x p erim en ta l proced u re and  resu lts.

Two experimental investigations were devised and performed to verify the func­
tional dependence of the phase conjugate reflectivity, Rpc, and relative intrinsic
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phase, (0a — 0b), on the specularly reflected intensity, Ir. The experiments were 
conducted using an argon ion laser operating at A =  514.5nm in single transverse 
and long-itudinal modes. The light was phase conjugated by degenerate four wave 
mixing, DFWM, in photorefractive barium titanate and a dielectric plane beam 
splitter acted as the partially reflecting lossless conventional plane mirror.

The first of the two complementary experiments employed only one PR crystal 

of barium titanate, BaTiO^f1, and a single self-pumping pump beam to act as 
the phase conjugate mirror, PCM, Fig. 5.7. The intensity and geometry of the 
pump beam were chosen to generate a steady cw self-pumped phase conjugate, 
PC, beam, Fig. 4.16a). The incident low intensity p  polarised light, spatially 
filtered and collimated, Ij, was reflected off the dielectric beam splitter, Ir, with 
a characteristic intensity reflectance of R=0.37. The transmitted light, I1? was 
steered towards the self-pumping crystal of BaTiOs using a mirror. The existing 
high fidelity counterpropagating conjugate pair of wavefronts in the PR material 
served to act as the pumping beams for the phase conjugation of the angularly 
offset weak probe beam by DFWM, [5.25]. The phase conjugate beam, I2, retraced 
the return path to arrive back at the dielectric beam splitter. The transmitted 
component, Ic, constitutes the phase conjugate of the incident beam, Ij, and the 
reflected component, I3, was steered back towards the same self-pumping BaTiC>3 

crystal. This second low intensity probe beam was also phase conjugated by 
DFWM in the self-pumped crystal of BaTi(>3. The PC wavefront generated, 
I4, travelled back to the dielectric beam splitter where its transmitted component 
contributed to the intensity of the specular reflection, Ir. The reflected component, 
contributing to Ii, constituted the beginning of the second cavity round trip. 
The round trip length of the resonant cavity was ~  lm  and the intercavity field 
intensities I3 and I4 were sampled using the beam splitter and measured with 
detector#2, Fig. 5.7. The variable neutral density, ND, filter served to control 
the intensity reflectance of the second PC reflection, RCb. The additional phase 
introduced onto the transmitted beam, I3, by the beam splitter and ND filter, 
was of no importance as it was accomodated by the phase conjugate nature of the 

return beam, I4.

Poth PC reflections were performed using the same set of counterpropagating con­
jugate pump beams and consequently the two PCs, I2 and I4, were linked in phase. 
In the absence of the amplitude and spectral instabilities inherent with the self- 
pumped phase conjugator [5.26], the intrinsic phases, 0a and 0b Eqs. (5.3a) and 

(5.3b), are equal and the relative intrinsic phase, (0a — 0b), is reduced to zero; 
the phase condition for specular reflection cancellation. The PC reflectivity, Rpc,

-  125 -



Chapter 5

Figure 5.7 Schematic representation of the experimental appa­
ratus used in the first experiment.

was measured independent of the intensity of the specular reflection, Ir. Blocking 
the intercavity beam after the sampling beam splitter broke the resonant loop 
and reduced I4 to zero. The sampled intensity of I3, measured using detector#2, 
revealed the PC reflectivity of the first PC reflection, RCi. Unblocking the inter­
cavity beam allowed the resonant loop to establish and the ratio of the sampled 
intensities of I3 and I4, both having changed, revealed the PC reflectivity of the 
second PC reflection, RCb. Combining the two results the resultant PC reflectivity 
was deduced using the relation

Rpc =  \/R caRcb- (5.20)

Concurrently, the intensity of the specular reflection, Ir, was monitored using 
detector#1. A typical temporal response of the specularly reflected intensity, high­
lighting the extent of the cancellation mechanism, is shown in Fig. 5.8. Initially, 
t <  0, the incident beam and hence the specular reflection were zero. At t=0 
the incident beam was applied while the resonant cavity was incomplete, I4 =  0 , 
and the specularly reflected intensity rose to a constant value corresponding to 
R=0.37. After ~  7seconds the cavity was completed and a resonant loop of light 
became established, I4 > 0. Immediately the intensity of the specular reflec­
tion began to fall, continuing to drop as the intercavity intensities grew. From 
~  12 <  t < ~  16seconds the greatly reduced specular reflection held steady, except 
for the odd spurious spike. At t ~  16seconds the intercavity beam was re-blocked 
and the specularly reflected intensity switched immediately back up to its original
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steady state value.

Figure 5.8 The normalised intensity of the specular reflection 
versus time.

A systematic series of experiments were performed, measuring the change in spec­
ularly reflected intensity, Ir, as a function of Rpc by controlling the variable ND 
filter and hence RCb. The experimental results, o, are shown in Fig. 5.9 and tab­
ulated in Appendix I. The data points are accompanied by the theoretical curve,
----- , for R=0.37, Eq. (5.18a). The two data sets are in good agreement, especially
for Rpc < 0 .6 , and both display a minimum value for Ir at Rpc = 1 . These two 
observations lend support to the earlier theoretical interpretation of a Fabry-Perot 
interferometer with a PCM, Section 5.2, and the generalised scattering theory of 
phase conjugation by Agarwal e t  a 1 [5.18].

However, the manner in which the raw experimental data was interpreted should 
be appreciated. A typical temporal response of the steady state cancelled spec­
ular reflection is shown in Fig. 5.10. As can be observed the temporal profile is 
not a well behaved time invariant trace but consists of a random series of spikes, 
rising from what appears to be a baseline. This particular data set, Fig. 5.10, 
was analysed and found to have the following statistics; a maximum of 3.11, a 
minimum of 0.91 and an average of 1.26. The average value of this typical data 
set was as much a function of the fluctuations as it was of the cancellation process. 
Consequently the minimum value of the data set was considered to be a more 
realistic measure of the extent of cancellation of the specularly reflected beam and
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Phase conjugate reflectivity, RPC

Figure 5.9 The relative intensity of the specular reflection, Ir, 
versus the phase conjugate reflectivity, Rpc; theoret­
ical curve,----- , and experimental points, o.

was used to deduce the experimental points shown in Fig. 5.9, o. The cause of the 
fluctuations was not identified, however air turbulance in the laboratory and insta­
bilities in the self pumped phase conjugator [5.26] were considered the most likely 
candidates. In particular the spectral instabilities of the phase conjugator [5.26], 
observed as a Doppler frequency shift of 0.1-1 Hz randomly wandering between 
both red and blue, would serve to disrupt the spectral and amplitude stabilities 
of the intercavity fields and cause a fluctuating specularly reflected intensity.

Complete cancellation of the specular reflection was not observed, a minimum of 
Ir =  0.018 (5%) @ Rpc =  0.975 was recorded, Fig. 5.9 and Appendix I. The effect 
of absorption in the partially reflecting conventional plane mirror was theoEtically 
investigated by Drummond and Friberg [5.22] and was shown to cause both incom­
plete cancellation and a shift in the cancellation minimum to Rpc > 1. However 
the absorption of the dielectric beam splitter used in the experiment discussed 
above and shown in Fig. 5.7, was negligibly small (<  1%) and its contribution 
to the results can be neglected. The cancellation of the specularly reflected beam 
was observed to be spatially non uniform which was particularly noticable for 
Rpc 1 . This observation suggests the fidelity of the phase conjugates generated 
by the self pumped PCM, although high, were less than unity and responsible for 
the incomplete cancellation of the specularly reflected beam at Rpc =  1 .

The second of the two experiments employed two PR crystals of barium titanate,
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Figure 5.10 Normalised intensity of the cancelled specularly re­
flection versus time.

BaTiO^f1 and BaTiO^2, which were independently externally pumped using in­
tense counterpropagating pump beams. The phase conjugate reflectivities, RCa 
and RCb, of the two PCMs were independently controlled using the variable ND 
filters placed in the two readout pump beams. The phases introduced by the ND 
filters were significant as they were directly related to the values of the intrinsic 
phase shifts of the PC reflections, </>a and and Eqs. (5.3a) and (5.3b). The 
relative intrinsic phase, (0 a — <f>b)> now also a free parameter, was controlled using 
the variable pha^c shifter placed in the second of the two readout pump beams. 
The experimental arrangment is schematically illustrated in Fig. 5.11.

The incident p polarised beam, Ij, was unchanged from the previous experiment, 
the characteristic reflectivity of the conventional plane mirror, the dielectric beam 
splitter, remained unchanged @ R=0.37 and the transmitted component, Ii, was 
steered towards the first externally pumped BaTi0 3  crystal using a mirror. The 
phase conjugate reflection, generated by DFWM, I2 , returned back to the dielec­
tric beam splitter and was partially reflected, I3 , and steered towards the second 
externally pumped BaTiC>3 crystal. The second PC reflection, I4 , returned to the 
dielectric beam splitter to complete the resonant cavity round trip. Once again the 
sampling beam splitter and detector# 2 were used to monitor the intercavity field 
intensities I3 and I4 which were used to deduce the phase conjugate reflectivity, 
Rpc Eq. (5.20).

There was no means to directly measure the relative intrinsic phase shift, (0a~ ^b)?
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Detector #1
Intense pumping 

beam

Figure 5.11 Schematic representation of the experimental appa­
ratus used in the second experiment.

Figure 5.12 The normalised specularly reflected intensity, Ir, ver­
sus time for a slow scan of the relative intrinsic 
phase, (<̂ a ' ^b).

due to the interplay of both variable ND filters and phase shifter. To acquire 
meaningful experimental data the variable phase shifter was made to scan slowly 
through all 27r angles and more. The relative intrinsic phase shift was then com­
pelled to pass through zero; the phase condition for specular reflection cancellation,
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and 7r; specular reflection enhancement, during any 2 n  phase cycle. A typical tem­
poral response of the specularly reflected intensity, Ir, is shown in Fig. 5.12. Ini­
tially, t <  0 , the incident beam and hence the specular reflection were zero, I, =  0 

and Ir =  0. At t=0 the incident beam was applied, >  0, while the resonant cav­
ity was incomplete, I4 =  0 . Consequently the specularly reflected intensity rose 
immediately to a constant value corresponding to R=0.37. After t ~  lOseconds 
the resonant cavity was completed while the variable phase shifter was slowly scan­
ning. The intercavity field intensities, I3 and I4 , grew and the specularly reflected 
intensity begain to oscillate between well defined upper and lower intensity limit? 
The limits, 2.259 and 0.370 respectively, were asymmetricaly located w. r. t. the 
originally constant specularly reflected intensity, 0 < t <  lOseconds, of unity. 
When the scan rate or induced Doppler frequency shift was reduced, the period 
of oscillation grew accordingly but the two limits became less well defined. In the 
limit of the Doppler shift reduced to zero, the specularly reflected intensity was 
observed to wander slowly in an uncontrolled manner between cancellation and 
enhancement states.

Operating at a sufficiently fast phase scan rate to give well defined limits, as shown 
in Fig. 5.12, a systematic series of experiments were conducted. The upper and 
lower limits to the specularly reflected intensity, Ir, were measured as a function 
of the phase conjugate reflectivity, Rpc, and the results are shown in Fig. 5.13.

The experimental data points, for both cancellation, o, and enhancement, ★ , ap­
pear to follow the dotted theoretical curves, ....... , rather than the solid curves,
----- , with the minimum specularly reflected intensity, Ir recorded at Rpc > 1. The
solid curves, ----- , correspond to specular reflection cancellation, (oa — 0 b) =  0 ,
and enhancement, (0 a — 0 b) =  ?r> for an infinite number of iterations established 
in the resonant cavity, Eqs. (5.18a) and (5.19a) respectively. The dotted curves,
....... , correspond to only one iteration established in the cavity. The trends in the
experimental data suggests that the latter was true in the experimental situation.

The variable phase shifter was placed in the readout pump beam of the second 
PCM and consequently the intrinsic phase 0b adopted a time dependence of

0b = £t, (5.21)

where g  is the Doppler frequency shift introduced by the scanning phase shifter 
which was typically 0.1Hz in practise. The complex amplitude coefficient of re­
flectance of the second PCM, /Zb Eq. (5.3b), becomes

//b =  Ub exp[igt). (5.22)
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Phase conjugate reflectivity, R PC

Figure 5.13 G raphical representation of the m axim um  and m in­

im um  of the relative specularly reflected intensity,

Ir, versus the phase conjugate reflectivity, R p c , for 

R = 0 .3 7 . T h e theoretical curves correspond to can­

cellation  and enhancem ent for an infinite number 

of iterations, ------ , and a single iteration , ........ , es­

tablished in th e resonant cavity. T h e experim ental 

points, o and ★ , correspond to the m easured lower 

and upper in tensity  lim its respectively.

T h e im plications of the D oppler frequency shift, g, on th e intercavity fields, Ei, E2, 
E3 and E4, are best explained by considering individually each successive iteration  

around th e resonant cavity. Enforcing the conservation of energy condition for 

FW M  op tica l geom etries, schem atically  illustrated in Fig. 5 .14, and em ploying  

th e  in tercavity  com plex am plitudes, Ai, A 2, A 3 and A 4, expressed by their infinite 

series, Eqs. (5 .5a ), (5 .5b ), (5 .5c) and (5.5d) respectively, the angular tem poral 

frequencies o f th e succesive field com ponents are sum m arised in the Table 5.1.

It is observed from Table 5.1 that th e D oppler frequency shift, g , accum ulates as 

the light re-itera tes around the resonant cavity. T he Ei and E4 field com ponents 

acquire blue D oppler shifts w hile the E 2 and E 3 field com ponents gain red. For 

such a com plex  system  of fields to  becom e established in the resonant cavity the  

PC M s are required to  phase conjugate all the incident field com ponents, E i and 

E3, independent o f w hat frequency th ey  bear.

W ave m ixing in photorefractive m aterials w ith  a D oppler frequency shifted sig-
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Conservation of momemtum: k d  =  k a  +  k b  -  k c

Conservation of energy: COd =  C0a +  COb - C0c

Figure 5.14 T he conservation of energy and m om entum  in FW M  

optical geom etries.

Iteration  com ponent 
num ber 

n

> igu lar temp<
e 2

ural frequenci
e 3

es
e 4

0 UJ UJ U u j~\t Q
1 u  +  Q UJ — Q U) — Q UJ -p 2 Q
2 UJ -p 2 Q u> — 2 q e i to uj P  3f?
3 u; P  3 q e

..
. 

i CO uj — 3g uj p  4^

Table 5.1 D oppler frequency shifts for the succesive com ponents  

of th e intercavity fields.

nal wave generates an interference pattern  w hich scans through the volum e of 

th e m edium  along th e direction of the grating w avevector, k. A phase volum e  

hologram  w ill on ly be succefully induced in the m edium , scanning w ith  th e in­

terference pattern , if the characteristic response tim e of the P R  m aterial is less 

than the period of the D oppler frequency shift. T h e characteristic response tim e  

of BaTiO a is typ ically  1-10  seconds at nom inal wave m ixing intensities. H ence it 

is proposed that in the second experim ent, Fig. 5 .11, the first iteration  around 

th e cavity, iteration  num ber 0 T able 5.1, was established  but the second iteration  

and consequently all further iterations were quenched due to the slow  speed of re­

sponse o f the BaTiC>3 crystals em ployed. Em ploying the equation for the com plex
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am plitude o f the specularly reflected field, A r, Eq. (5 .6b ), for n = 0  only,

Ar =  [r +  / i> b t 't (r ')* ]  Ai, (5.23a)

=  r [ l - ^ b( l - | r | 2)] Ai, (5.236)

th e  specu larly  reflected in tensities for th e relative intrinsic phase conditions (0a — 

<̂ b) =  0 and ( 0a — <j>b) =  7r were calculated and are show n as follows

and

Ir =  R i - ( l - R ) v/R^R
.1 2

Cb

Ir =  R l + (1 — R)v^R^

Ii (5.24a)

Ii (5.246)

for ((f>a. — (f>b) =  0 and w respectively. Equations (5.24a) and (5.24b) are graphically

represented in Fig. 5.13 by the d otted , ........ , curves. Increasing the size of the

D oppler frequency shift had no effect on the observed results which supports the  

above proposal. D ecreasing g, as stated  earlier, led to  the upper and lower lim its 

of the oscilla ting  specularly reflected intensity, Ir, to becom e less well defined. T he  

apparent in stab ility  of Ir was considered to be a com bination  of air turbulance in 

the laboratory and additional iterations, e. g. n = l ,  becom t^j established in the  

cavity.

A gain  incom plete extin ction  of th e specularly reflected in tensity  was observed with  

a m inim um  of Ir =  0.045 ( 12%) @ R p c =  1.767recorded, Fig. 5.13 and A ppendix I. 

T h e cancellation  o f the specularly reflected beam  was again  observed to be spatially  

non uniform , visib ly poorer than for the first experim ent, and was considered  

responsib le for the incom plete cancellation.

5.4  C on clu sio n s.

E xten sive specular reflection cancellation  was observed in the presence o f a phase 

conjugate mirror. T he m axim um  extin ction  was an in tensity  drop to 5% of the  

original, m easured for w ith  a phase conjugate reflectivity, R pc o f unity. Incom ­

p lete cancellation  was observed as the fidelity o f the phase conjugate reflections, 

although  high, were less than unity. T he two sets of experim ental results were in 

good  agreem ent w ith  the theoretical predictions originally derived by Friberg and 

D rum m ond [5.21,5.22] and generalised by Lindsay and D ainty [5.19,5.20]. T he  

results support u ltim ately  the general scattering theory o f wave front phase dis­

tortion  correction by phase conjugation by Agarwal e t  a  1 [5.18].
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C H A P T E R  6

H O L O G R A P H IC  A S S O C IA T IV E  M E M O R IE S  U S IN G  
P H A S E  C O N J U G A T E  F E E D B A C K .

6.1 In tro d u ctio n .

T h e principle o f inform ation retrieval by association  has been suggested  as the  

foundation  architecture for th e future generations o f parallel op tica l com puters. 

A ssociative recall is th e ability  to generate at the output, retrieved from  the global 

m em ory, the associa te  or near associa te  o f th e input and is suggested  as th e  process 

by which th e hum an m em ory functions [6.1]. There are two classes o f associative  

recall, nam ely by a u to a sso c ia tio n  and h e te ro a sso c ia tio n  [6.1]. A utoassociative (ho- 

m oassociative) recall is the ability  to retrieve a com plete m em ory elem ent at the 

output when presented w ith only a sm all arbitrary fragm ent at the input; this is 

analogous to som eone being able to recognise another persons face from seeing the  

eyes only. H eteroassociative recall is th e ability  to retrieve again a single m em ory  

elem ent at the ou tp ut but now bearing no structural resem blance to its associate  

input; this is analogous to som eone being able to recognise another person by the  

car they  are driving.

T he im plem entation  of associative recall by an optica l schem e has received con­

siderable a tten tion  during the recent past [6.2—>6.15]. T h e m ain stim ulus for such  

interest has com e from the poten tia l o f high processing power due to the huge par­

allelism  and global interconnectiv ity  inherent in optical system s. T hese are two of 

the m ain characteristics specified in a recent n eu ra l n e tw o r k  m odel o f associative  

m em ory proposed by Hopfield [6.16]. H olography offers the further p oten tia l of a 

global m em ory w ith  high inform ation storage capacity, retaining both  am plitude  

and phase inform ation, and relatively insensitive to dam age as the stored infor­

m ation  is d istributed  across the m ajority o f the holographic p late. B y exploiting  

these qualities w ith  th e inclusion of m ultip le iterations, feedback, thresholding and 

am plification, the basic requirements for an associative m em ory are fulfilled [6.16].

6.2 T h e  H op fie ld  neural netw ork  m od el.

T h e Hopfield neural network m odel is a nonlinear ou ter-p rod u ct associative m em ­

ory which has a particularly sim ple form and is am enable to  op tica l im plem enta­

tion. T he data  sets or objects of the m odel con stitu te  clusters o f N neurons where
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each neuron can assum e only one o f two values, ON (+ 1 )  or O FF ( -1 ) .  H ence the  

m th data  set or object can be conveniently represented as a bipolar binary vector 

o f length  N, s^m). T h e storage o f M such objects, s , generates N 2 interconnection  

w eights, T;j, and are represented by an N x  N association  m atrix, T . T h e neuron 

in terconnection  weights are calculated from a sum  o f ou ter-product m atrices in 

accordance w ith  th e following algorithm

Tn =  0,
M

Tij =  £ s ' mM m)

(6.1a)

(6.16)

and th e association  m atrix, T , constitu tes the global m em ory of the system . T he  

Tjj m atrix elem ent, Eq. (6 .1b ), is the sum  of ij m atrix com ponents o f the ou ter-  

product o f each stored object, s^m ,̂ w ith  itself. This results in an autoassociative  

m em ory where distorted or incom plete objects can recall undistorted versions of 

them selves. T h e process o f each neuron of a d istorted  object adjusting its sta te  

based on the w eighted sum  of inputs from the other neurons is represented m ath­

em atically , in the synchronous case, by the nonlinear m atrix vector equation as 

follows

N
s(m. ) _ l  if ^ T ijs!ra“) > 0 (6.2a)

and
N

§(mo) =  _ l  i f  £ T .jS(” .) < 0 (6.26)

w here s*m“' is a d istorted input object vector resem bling the stored ob ject vector 

s '1"-) and s<ra-> is the current ou tp ut sta te  o f th e neural net. A sharp step  function  

threshold has been em ployed which is illustrated in Fig. 6.1.

S u b stitu tin g  the associative m atrix algorithm , Eqs. (6.1a) and (6.1b), into Eqs. 

(6.2a) and (6.2b) yields

N M
§(”*•> =  ± 1  if £ £ s < m)sjm)sjm‘ ) | 0 ,  (6.3a)

J m

=  ±1  if
N M N

g ( m 0 ) ^ ^ g ( m 0) g ( m 0) £  s [ m > £ s < - > 8 <“ ->
j m^m, j

| 0 .  (6.36)

T h e object vectors, are bipolar binary by defin ition and hence if N mo of the  

to ta l N neurons o f s^m°̂  m atch  its stored associate object vector, s^m° \  then Eq.
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Figure 6.1 The sharp step thresholding function.

(6.3b) becomes

sf"*”' =  ±1 if si("” ) (N m. -  (N -  N m.) )

M N

+ E m̂)E sim,5jm’) 1°.
m^mc

=  ±1 if
M N

»,<m,) (2Nm„ -  N) +  £  sira)E 3 sjm)§jmo)
m^m0 j

(6.3c) 

|0 .  (6.3d)

The quantity (2Nmo — N) is the value of the inner product between the input 
object vector s^m°̂  and its stored associate ŝ m° .̂ Preceeded by Sj1"0 ,̂ the term

constitutes the signal of the association. The second term, S| J^Sj Sj ,
m^m0 j

represents the summation of inner products between the input object vector and all 
the other stored vectors and constitutes the noise accompanying the association.

The dynamics of the model are such that the current output object vector, s^m° \  
is re-entered into the system aS an input vector. The matrix vector multiplication 
—> thresholding —> feed forward cycle is repeated and after a finite number of 
iterations the system ultimately converges to a stable state. This occurs when the 
cycling vector is unaltered by the operation of Eq. (6.3d) which is achieved when 
the vector has been previously stored in the association memory matrix, T  Eqs. 
(6.1a) and (6.1b); the original input vector ŝ m°̂  stimulates the system to converge 
to its own associate at the output, s^m°̂ .
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The Hopfield neural network model was computer simulated to illustrate clearly 
the algorithm’s capabilities and limitations at performing autoassociative recall 
when using practical data. The data sets or object vectors, s, employed were a 
series of three portraits of differing individuals, obtained using a video camera/ 
digitiser and computer. They were initially prepared as 64 x 64 square arrays 
with eight gray levels and are shown in Fig. 6.2. They constitute a total of 4096 
neurons per object vector and the datasets were binarised to two bipolar levels, □  
(+ 1 ) and ■  (-1), in accordance with Hopfield’s model; they are shown in Fig. 6.3.

The object vectors were analysed and their mutual orthogonalities or correlations 
are given in Table 6.1. The orthogonality or correlation between any two vectors 
was defined as the number of neuron states which match divided by the total 
number of neurons, 4096. Values of unity and zero correspond to correlations 
taken between two identical vectors and between a vector and its complement 
respectively. The object vectors and are the most orthogonal with a 
correlation value of 0.611 while vectors and are the most similar with a 
correlation of 0.729. The optimum data set conditions are a mutual orthogonality 
of 0.500 between all the data sets and an equal number of □  and ■  neuron states 
per data set [6.14]. These statistics are not satisfied between the current data sets 
due to their common overlap of facial features.

6.3 Computer sim ulation of Hopfleld’s neural network model.

s(U s(2) s<3>
si1) 1.000 0.611 0.729
s(2) 0.611 1.000 0.701
s<3> 0.729 0.701 1.000

Table 6.1 The mutual orthogonalities between the three bipolar 
binary object vectors, s^1), and s^3̂ .

Using the three bipolar binary object vectors, Fig. 6.3, and the sharp step thresh­
olding function, Fig. 6.1, Hopfields model, Eqs. (6.1) and (6.2), was computer 
simulated using different partial/distorted input vectors, s^m° \  The input object 
vectors employed, s^m° \  were distorted versions of any one of the three stored 
vectors, or s^3̂ . A successful autoassociative recall is illustrated in Fig.
6.4 using a distorted version of s^2\  Fig. 6.3b). The accompanying statistics are 
given in Table 6 .II
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Figure 6.2 The three original 64 X 64 square array d a ta  sets with 

eight gray levels.

The initial input vector, iteration 0, Table 6.II, was most similar to the stored ob­
ject vector s^2). Im m ediately the outpu t converged to and was self-sustaining 

there after. Increasing the am ount of distortion, the boundary of □  ( +  1) neuron 
states, reduced the correlations between the initial object vector and the three 
stored vectors and caused the outpu t to, in general, either oscillate or stagnate at 
unrecognisable vector states. These results were dependent on both the stored in­

form ation and the distortion m ethod adopted and similar observations were made 
using the o ther two object vectors, and

The ability of the algorithm  to perform autoassociative recall was found to be
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. a) b)

>L

I

c)

Figure 6.3 The three bipolar binary 64 x 64 object vectors; a) 

s^1), b) and c) s 3̂ .̂

dependent on both the number and mutual orthogonality of the stored data sets. 

W hen additional portraits were employed in the current computer simulation, 

the algorithm became increasingly inflexible as less distortion was allowed to be 

imposed on the input object vector, s^m° \  to permit successful association. The 

flexibility of the algorithm may be increased by pre-conditioning the stored data 

sets to create mutual orthogonalities of 0.500 and equal □  and ■  neuron states 

[6.14] and using a less rigorous thresholding function e. g. the sigmoid function.

The computer study highlighted the algorithms need to process the information
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a) b )
I

c)

I

h

\

Figure 6.4 The initial and three subsequent bipolar binary 64 x  

64 object vectors generated after three iterations.

in parallel and the demand for a large memory capacity. The serial computation 

was performed by a SU N -3/68020 processor and took approximately 1 hour per 

iteration and the 64 x  64 data set arrays, Fig. 6.3, required a 64 x 64 x 64 x 64 

four dimensional association matrix, T , constituting a total of 1.68 x 107 matrix 

elements!
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Iteration Correlation
number s 1 s2 s3

0 0.540 0.737 0.684
1 0.611 1.000 0.701
2 0.611 1.000 0.701
3 0.611 1.000 0.701

Table 6.II The correlation between the three bipolar binary ob­

ject vectors, s ^ ,  and and the current object 

vector of the Hopfield algorithm.

6 .4  A ll o p tica l a u to a sso c ia tiv e  recall.

The parallel processing power of an image bearing light beam  and the global inter­

connectivity with holographically stored information has stim ulated much interest 

in employing optics for neural network applications [6.2—>6.15]. Many optical 

system s have been proposed and demonstrated to perform autoassociative recall. 

D igital system s, in feed forward ring resonator configurations, which implement di­

rectly the digital neural network algorithms, such as Hopfield’s, have been demon­

strated [6.4,6.15]. Analogue system s, in both feed forward ring and feedback linear 

resonator configurations, have also recently been reported [6.5,6.6,6.8,6.12—>6.15].

The linear resonator configuration, using phase conjugate mirrors to provide the 

necessary feedback, was first proposed and experimentally demonstrated by Soffer 

et a 1 [6.5]. They initially employed a non-m ultiplexed Fresnel hologram as the 

global memory store and degenerate four wave mixing (DFW M ) in a photore- 

fractive (PR ) crystal of barium titanate as the phase conjugate mirror (PCM ). 

The phase conjugate (PC) feedback was both self-aligning and phase distortion 

correcting. The optical system  presented here was a direct extension of the orig­

inal research conducted by Soffer et a 1 [6.5] and differed mainly by employing a 

multiplexed Fourier transform hologram as the global memory store.

The experim ental investigation was conducted using an argon-ion laser operating 

on A =  514.5nm , at ~  350mW  power output and a coherence length of 5cm. A 

single domain PR  crystal of barium titanate acted as the phase conjugate mirror 

via DFW M  and dichromated gelatin was used to record the Fourier transform  

hologram. The optical system  adopted consisted of an input plane, a Fourier 

transforming lens L i, a hologram, a pinhole array situated in the correlation plane 

(the front focal plane of lens L2 ) and a PCM to provide the necessary feedback to 

generate the recalled image at the output plane, Fig. 6.5.
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r a  m  

S 3  S 3

Figure 6.5 Schematic representation of the experimental appa­
ratus.

The Fourier transform hologram was multiplexed by recording in succession the 

interference of the Fourier transform of each group of four geometric figures with  

their respective angularly offset plane reference beam. The two groups of four 

geometric figures, nam ely memory elements Mx and M2 , are shown in Fig. 6.6a) 

and 6.6b) respectively and were similar only in having a circle in their lower left 

quadrants. The intensity levels of the plane reference beams were adjusted to 

m axim ise the interference fringe contrast for the high spatial frequencies of the 

Fourier transforms. This intensity weighting coupled with the dynamic range 

constraints of the recording medium meant the hologram exhibited a non-zero 

diffraction efficiency for only a limited spatial frequency range. Such band-pass 

filtering in the Fourier plane results in characteristic edge enhancement in the 

reconstuction plane, with a zero-crossing at the edges themselves. After exposing 

and processing, the hologram was placed back in its original position in the system.

A unique set of four geometric figures were devised as the input test transparency; 

nam ely a M altese cross, hexagon, circle and diagonal cross, Fig. 6.6c). W ith the 

input test transparency, Fig. 6.6c), placed in the input plane (the back focal plane 

of lens L i) all but the circle were masked out and the circle’s Fourier transform  

was presented to the hologram at the front focal plane of lens L i. The high spatial 

frequency response of the hologram insured that the resultant correlation (overlap
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integral) was between the circle and the edges of each set of four geometric figures 

and hence gave good discrimination between the different shapes. Two strong 

auto-correlation peaks were observed in the correlation plane (front focal plane 

o f lens L2 ) due to the circle circle overlap with both M i and M2 . Two precision 

pinholes (50^m  diameter) were centered on their respective peaks which served to 

spatially filter out the cross-correlation components but at the expense of losing 

the shift invariance of the system. The transmitted beams were brought together 

to overlap inside the PR  crystal of barium titanate using lens L3 . The crystal 

of BaTiC>3 was externally pumped by a counterpropagating pair of plane laser 

beams. The phase conjugate wavefronts, generated by DFW M  within the volume 

of the crystal, traced the return paths of the two correlation peaks, passing back 

through their pinholes and arriving at the hologram as plane wavefronts of uniform 

intensity and approximately 3mm in diameter. The plane wavefronts were exactly  

counterpropagating to the direction of the original plane reference beams used 

during the hologram recording stage. The reconstructions from the hologram  

were sampled by the beam splitter and imaged at the output plane using lens L4 .

The system  could be addressed with any combination of the four geometric figures 

of the input test transparency, Fig. 6.6c), by the relatively simple task of adjusting 

a mask placed in the laser beam just prior to the input plane. As the transparency 

remained fixed the results observed were impartial to the system ’s loss of shift 

invariance.

Initially each geometric figure was presented individually. First for the Maltese 

cross, there was a good correlation with memory elememt M i, which contained the 

same M altese cross, while a very poor correlation with element Mj. Consequently 

the two correlation peak intensities differed markedly and the stronger, having 

passed through its pinhole, was more succesfully phase conjugated. The PC wave- 

front returned to the hologram as a plane beam which reconstructed the Maltese 

cross and its three associates, the triangle, star and circle, at the output plane. The 

optical system  in operation is schem atically illustrated in Fig. 6.7a) and the exper­

imental result is shown in Fig. 6.8a). The edge enhancement of the reconstructed 

geometric figures, Fig. 6.8a), was characteristic of the spatial frequency band pass 

filtering of the multiplexed Fourier transform hologram. The mask was adjusted 

to present the diagonal cross at the input plane, Fig. 6.7b). The difference in 

correlations with the two memory elements was reversed due to the absence and 

presence of the diagonal cross in elements Mi and M2 respectively. The stronger 

correlation peak was succesfully phase conjugated and memory element M2 was 

reconstructed at the output plane, Fig. 6.8b). These two observations illustrated
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Figure 6.6 The two stored memory elements Mi and M2 , a) and 

b) respectively and c) the input test transparency.

the ability of the optical system  to retrieve the correct memory element with no 

visible cross talk when a partial component (25%) of each element was presented 

at the input.

Thirdly the circle was presented which was a feature common to both M i and M2. 

The system  was therefore unable to make any distinction between the two elements 

and consequently a superposition of Mi and M2 was both expected and observed 

at the output plane, Fig. 6.8c). Finally the fourth and last figure, the hexagon,
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*
Input

transparency
Output
image

Figure 6.7 Schematic illustration of autoassociative recall of a) 

memory element M i and b) memory element M2 us­

ing a M altese and diagonal cross respectively.

was presented. The hexagon was a feature alien to both the memory elements. 

The system  did not recognise either of Mi or M2 to be associates and consequently 

no reconstruction was observed at the output plane, Fig. 6.8d). In summary, the
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Figure 6.8 Autoassociative recall for differing partial inputs; a) 
Maltese cross, b) Diagonal cross, c) circle and d) 
hexagon.
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four ind ividual geom etric figures presented at the input plane dem onstrated the 

ability  to associa te  correctly w ith  the store inform ation and produce the correct 

result at th e ou tp u t plane, Fig. 6.8.

R ecall the result generated by the circle only, Fig. 6.8c). It was deduced and ob­

served that the sy stem  was unable to recall a unique m em ory elem ent at the output 

plane as insufficient inform ation was available to d iscrim inate betw een M i and M2. 

If truly associative, adding the M altese cross to the circle should enable the system  

to  converge to  M i in preference to M 2. T h e experim ental result, show n in Fig. 

6.9a), indicated  that a dom inant M i was successfully retrieved but shadowed by a 

weak M2. For th e circle accom panied by the diagonal cross the converse result was 

observed, Fig. 6 .9b ). For the system  to generate a single associate at the output, 

a property exh ib ited  by m any of the n eu ra l n e tw o r k  architectures for associative  

m em ory, non -lin ear feedback is required. A phase conjugator which possesses an 

operating threshold for exam ple, would selectively  feedback th e strongest correla­

tion  signal w hile quenching all others. Techniques for im plem enting thresholding  

using self pum ping and grating com petition  in photorefractive m aterials such as 

BaTiO a and S r i_ xB a xN b20 6  have been suggested [6.5,6.14]. M ultip le iteration, 

another characteristic of n eu ra l inform ation processing, can be im plem ented by 

placing a second PC M  in the output plane. T he input is then subject to m ultiple 

correlation, phase conjugation  and thresholding operations allowing th e system  to 

selectively  converge to a unique m em ory elem ent after m any iterations.

6 .5  C o n c lu s io n .

In conclusion, an all optical associative mem ory, consisting of a Van der Lugt filter 

and phase conjugate feedback, was proposed and dem onstrated . T he system , in 

its sim plicity, em ployed a m ultiplexed Fourier transform  hologram  as the global 

m em ory store and a single dom ain photorefractive crysta l of barium  titan ate  as 

th e phase conjugate mirror. T he system  dem onstrated the ab ility  to recall at the 

ou tp ut the correct associate o f the partial inform ation presented at the input plane. 

It was deduced that the system  could be im proved by incorporating both  nonlinear 

feedback and m ultip le iterations which would allow the system  to converge to a 

single, u n co n fu sed , m em ory elem ent after m any iterations.
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Figure 6.9 Autoassociative recall for selected pairs of geometric 
figures; a) the circle and M altese cross and b) the 
circle and diagonal cross.
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C H A P T E R  7

T H E  IL L U M IN A T IO N  O F P H O T O R E F R A C T IV E  M A T E R IA L S  
W IT H  A  C IR C U L A R L Y  S Y M M E T R IC  G A U S S IA N  

IN T E N S IT Y  P R O F IL E .

7.1 In tro d u ctio n .

The majority of theoretical investigations of the photorefractive (PR ) effect have 

been confined to the simple one dimensional cosinusoidal illuminating intensity 

profile (e. g. Chapters 3 and 4 and Appendices C, D and G). The profile is ana­

lytically expressed as follows

I =  IQ[1 +  M cos(k.r)], (7.1)

where IQ, M and k are the total intensity, fringe contrast and profile wavevector 

respectively. The one dimensionality and periodicity of the profile, Eq. (7.1), 

greatly simplifies the theoretical analysis of the effect as presented in Chapter 3 and 

Appendix C. The theoretical investigation presented in this chapter is concerned 

with intensity profiles which are both circularly symmetric and spatially confined. 

The profile of particular interest is the Gaussian  which is analytically defined as 

follows

I (p) =  lo exp ( - p 2/u:2), (7-2)

where p and w are the radial distance from the origin and the characteristic beam  

width respectively. The intensity profile, Eq. (7.2), is illustrated in Fig. 7.1.

7.2  T h eory .

Recall the generalised coupled band transport equations which describe the PR  

effect as initially derived by Kukhtarev et a 1 [7.1], Chapter 3.

tr= i ? +v-(DVn+m"e) ’ (7-3)
dN +
- g f  =  (N d -  K )  (si +  P ) ~  TnnN+, (7.4)

V .(ee0E ) =  q (N + -  N A -  n) (7.5)

and
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F ig u r e  7 .1  T h e  c ir c u la r ly  s y m m e tr ic  Gaussian in te n s ity  p ro file .

V  x E  =  0. (7.6)

Where, as previously defined, n, N q , N d and N a are the number densities of free 

electrons, ionised donor sites, total donors and compensatory acceptors respec­

tively. The material parameters D, s, /?, tr and e are the coefficient of diffusion, 

electron mobility, photoionisation constant, thermal generation rate, recombina­

tion constant and relative perm ittivity (dielectric constant) respectively. Further, 

q, E  and e0 are the elementary unit of charge, induced static electric field and the 

perm ittivity of free space. The system  of coupled equations, Eqs (7.3) —> (7.6), 

serve to dictate both the transient behaviour and steady state profile of the induced 

static electric field for any illuminating intensity profile. However the com plexity  

of their nonlinear coupling prevents analytic solutions being attained for all but
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C ircularly sym m etric in tensity  profiles, like th e G a u ss ia n , in th e absence of exter­

nally  applied electric fields, w ill induce m igration of the P R  species in a radial di­

rection  away from  th e high in tensity  central axis out to  the low in tensity  w ings, Fig.

7.1. For a P R  m edium  w ith  an isotropic relative perm ittiv ity , ex =  e y =  e z =  e, 

and neglecting dynam ic feedback, the induced sta tic  electric field w ill also be con­

fined to a radial direction. C onsequently the coupled band transport equations, 

Eqs. (7 .3) —► (7 .6 ), are m ore c o n v ic t  if re-expressed  in th e standard circularly 

cylindrical co -ord in ate  system , (x , y , z) —> (p, (j>, z). U sing the standard results 

[7.2]

the sim plest o f in tensity  profiles e. g. th e one dim ensional cosinusoidal profile.

d f  1 d f  d f  

T p ^  +  ~ p ^ + d i 6 z '
(7 .7a)

i  V , ) + ^ ;  +  aaA %
pdp p d(f> dz (7.76)

and assum ing sp atia l invariance w. r. t. <f> and z the system  of equations, Eqs. 

(7 .3) —► (7 .5 ), becom e

d n

~di

dN t  1 d
+ “7Tp d p  [d t

d n
D —  +  p n E p 

d p

3 N +D _
d t

=  (N o  -  N + ) (si +  /?) -  7R nN +,

(7.8)

(7.9) 

(7.10)

where E p is th e am plitude o f E  which, by convention, is positive when pointing  

radially outwards. T h e system  of coupled nonlinear equations, Eqs (7.8) —> (7.10), 

are analysed in both  the in itia l transient and fully developed steady sta te  regimes.

7 .2 .1  In itia l tra n sien t reg im e.

A ssum e the illum inating in tensity  profile is in itia lly  incident at t= 0  and is held 

constant for t >  0. During the tim e interval 0 <  t <  t r , where t r  =  1 / 7 r N a  

is th e characteristic recom bination tim e, the induced electric field is very sm all 

and the radial diffusion of the m obile photoexcited  electrons, due to their spatially  

varying concentration, is unhindered by th e opposing radial d r if t. T he number 

density  o f ionised donors, N j ,  is assum ed to have changed little  from its dark 

hom ogeneous value, N a , and the system  of coupled band transport equations, 

Eqs. (7 .8) —> (7 .10), becom e

d n  dN +  , 1 d d n
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and

SN+
- g f -  =  (N d -  N a ) (s l +  /?) -  n / m

D ifferentiating G auss’s law, Eq. (7 .13), w. r. t. tim e gives

1 d  . „  ,
at [ pdp

su b stitu tin g  in Eq. (7 .11) yields

___ q_ / 5 N q d n  \
££0 \  d t  d t )  ’

q 1 d

i a_
p d p

and hence

<3EP
d t

d E

££o p  d p

q 1 d

p D

d t

££0 p  d p

q D ^ .

d n

d p \ ’
d n

P* T P \

££o d p

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

W ith in  th e tim e interval specified, 0 <  t <  t r , g e n e ra tio n  is th e dom inant oper­

ation al m echanism . U sing Eqs. (7.11) and (7 .12) and in the absence of therm al 

generation, th e free electron  num ber density  is approxim ated by

n  ~  (Nq — N a ) sit. (7 .18)

Substituting Eq. (7.18) into Eq. (7.17) yields

d E p q XT dl 
— (Nd Na) sD t, 

at ££0 d p
(7.19)

Ep s* — — (Nd — Na ) sD ^ - t 2,
H £ £ o  d p

(7.20)

dl 2 
oc - t2. 

dp
(7.21)

H ence during the in itia l transient stages the induced electric field is expected  to 

exh ib it t2 tem poral and —d l/d p  spatia l behaviours.

To confirm  these results the system  of band transport equations, Eqs (7.8) —> 

(7 .10 ), were solved num erically using conventional techniques. Initially, the cou­

pled equations, Eqs. (7 .8) —> (7.10), were reduced to dim ensionless forms as 

follows

d y n
3C

l  d_ 

^  r] dr)
(7.22)
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dy <

dC

LJ2 1 N d w2 ]
Q-(S l+ ^ ) -  y » y N+ .Tr N a  D

I d  q /  N a  \ UJ
B ^

(7.23)

(7.24)

where y n =  n / N o , y N+ =  N £ /N d , f  =  p u E p/D ,  rj =  p / u  and £ =  tD/u>2. T he  

quantities td =  w2/D  and E d  =  D / / kj are the characteristic diffusion tim e and 

radial electric field o f the P R  m aterial for a characteristic beam  w idth  of u  (c.f. 

th e diffusion tim e for a one dim ensional cosinusoidal in tensity  profile, Eq. (7 .1), 

is given by td =  A2/D  where A is th e fringe separation). T h e in itia l, boundary  

and global conditions associated  w ith  the Eqs. (7.22) —> (7 .24) are as follows. At 

t= 0  (C =  0) the illum inating intensity is turned on and the free electron number 

density, ionised donor num ber density  and induced sta tic  electric field are still at 

their dark hom ogeneous and isotropic values o f zero, N a and zero respectively. 

T h e in itia l conditions becom e

Y n (rj,0 )  =  0, (7.25a)

yN+C'?'0 ) =  {7.25b)

£ M )  =  0. (7.25c)

T h e in tensity  profile considered, Eqs. (7 .2 ), is spatia lly  confined and hence at 

p  =  oo (77 =  oo) the illum inating in tensity  is zero. T h e free electron and ionised  

donor num ber densities and the induced sta tic  electric field m ust all again equal 

their dark values. In addition , the induced sta tic  electric field m ust equal zero at 

the origin in order to satisfy  the vector field sym m etry requirm ents. T h e boundary  

conditions becom e

y « (o o ,c )  =  o, (7 .26a)

/ N a 
=  N 7 ’

(7.266)

«/■
»

J </■% II o
I

(7.26c)

£(o,C) =  o. (7.26 d)

Finally, overall charge neutrality  m ust prevail through out the bulk o f the m aterial

at all tim es. T his g lobal condition  is expressed as follows
o o

j  2;ru;2 ^ yN+ -  ^  -  y„^  r/dr/ =  0 (7.27a)

o
and em ploying Eq. (7 .24) is re-expressed  as

Vtijh C) o.
Lim it
7/ —> oo
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The intensity profile and material parameters employed in the numerical anal­
ysis were typical values encountered in the laboratory and for the PR material 
BaTiOa respectively. The absorption coefficient, a , was extracted from the spec- 
trophotometric data, Appendix B  Table B .I I ,  and the free carrier mobility, / i ,  

recombination time, t r , and relative permittivity, £, were taken from Tables 2 .II 

and 2.I ll for £ =  £x, Chapter 2. Using the linear relation between the photoioni­
sation constant, s, and the absorption coefficient, a , Chapter 2, and the Einstein 
relationship, Chapter 3, values for s, D, td and Ed were deduced. The parameter 
values used are highlighted in Table 7.1.

Parameter Value
Io lW cm -2
A 514.5nm
uj 1mm
T 293K

a 2.81cm-1
£ 3600
t r Ins

1cm2 V -1 s -1
p 0
$ 1
Na 3.0 x 1016cm-3
Na :N d 1:100

s 2.4 x 10_4m2J_1
D 2.5 x 10_6m2s_1
r D 0.4s
Ed 2.5kVcm-1

Table 7.1 Parameter values used in transient numerical analysis.

The finite difference numerical method was employed [7.3]. The spatial and tem­
poral dimensions were confined to 4a; and 1.0 x 1 0 - 9 t d  ( 0 . 4 t r ) respectively and 
the analysis was performed over 400 and 100 iterations respectively.

Using the Gaussian intensiy profile, Eq. (7.2) and Fig. 7.1, the peak induced 
electric field at t =  1.0 x 10- 9 t d  was Ep =  2.16 x 10-1 °Ed , located at p =  
0.71a;. The temporal and spatial numerical data of the induced electric field, o, 
are presented in Fig. 7.2 and 7.3 respectively. The temporal data, corresponding
to p — 0.71a;, is accompanied by a t2 curve fit, ----- . It is observed that they
are in good agreement, especially for t < ~  0.5 x 1 0 “ 9 t d . The normalised spatial 
numerical data, o Fig. 7.3, corresponding to t =  1.0 x  1 0 - 9 t d , is accompanied

-  159 -



Chapter 7

by the normalised and inverted first derivative of the Gaussian w. r. t. p, ----- ,
and they appear to match very closely. These two observations are in obvious 
agreement with Eq. (7.21) and charge neutrality was preserved, Eq. (7.27b).

- 11.0
X10

Figure 7.2 The temporal numerical data, o, of the induced elec­
tric field at p =  0.71u; for a Gaussian illuminating
intensity profile. The solid curve, ----- , corresponds
to a t2 data fit.

To further emphasis the spatial relationship between the induced electric field for 
t < tr, two additional intensity profiles were considered. More spatially compli­
cated, they were a soft tophat and a difference of Gaussians and are analytically 
expressed as

exp [(p - u) /t ] + 1

and

I(/>) =  I0 [exp(i;ap2 /u>2) -  exp( v hp 2/ u 2j\  . (7.286)

The soft tophat profile, Eq. (7.28a), is defined by the Fermi-Dirac distribution 
function, more commonly employed in quantum statistical thermodynamics. The 
edge definition of the profile is characterised by the quantity r . Their two dimen­
sional perspective projections are shown in Fig. 7.4 for r  =  0.15 and Fig. 7.6 for

-  160 -



Chapter 7

Figure 7.3 The spatial numerical data, o, of the normalised in­
duced electric field at t = 1 . 0  x 1 0 “ 9 t d  for a Gaus­
sian illuminating intensity profile. The solid curve,
----- , corresponds to the normalised and inverted first
derivative of the Gaussian illuminating intensity.

ua = 2.6 and t>b =  3.2 respectively. While the temporal evolutions of the induced 
electric fields were very similar to that of the Gaussian, Fig. 7.2, the spatial profiles 
at t = 1.0 x 1 0 - 9 rD, differed considerably. Accompanyed by the normalised and
inverted first derivatives of their intensity profiles, ----- , the normalised induced
electric fields, o, @ t = 1 . 0  x 1 0 - 9 t d  are shown in Figs. 7 . 5  and 7 . 7  respectively. 
Once more the data sets are in excellent agreement.

7.2.2 S tead y  sta te  regim e.

Assuming the illuminating intensity profile is held constant for a sufficiently long 
period after t= 0 , the generation, migration and recombination mechanisms estab­
lish mutual equilbrium. The generation and recombination rates are equal and 
the diffusion and drift contributions to the migration rate are equal and opposite. 
The number densities of free electrons, n, and ionised donors, N j, and the in­
duced electric field, Ep, are all time independent and the coupled band transport 
equations, Eqs (7.8) —► (7.10), become

o-ifpdp
d n

D —  + pnEp 1

0 =  (ND -  N£) (si +  p) -  7 RnN+,
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Figure 7.4 The two dimensional perspective projection of a soft 
tophat intensity profile.

Figure 7.5 The spatial numerical data, o, of the normalised in­
duced electric field at t =  1.0 x 10-9 td for a soft 
tophat intensity profile.
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Figure 7.6 T he two dim ensional perspective projection of a d if­

feren ce  o f  G a u ssia n s  in tensity profile.

F igure 7.7 T h e spatia l num erical data, o, of th e norm alised in­

duced electric field at t =  l.O x  10- 9 t d  for a d ifferen ce  

o f  G a u ss ia n s  in tensity  profile.
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(7.31)

C onsider th e n on -sa tu ration  regim e to prevail, then N j  ~  N A and Eq. (7.30) 

becom es

0 =  (N D -  N a ) (s i +  (3) -  u / tr , (7.32)

w hich, w hen rearranged, reveals

n  =  tr. (N d — N a ) si, 

oc I,
(7 .33a)

(7.336)

in the absence of therm al generation. It is apparent from Eq. (7 .29) that,

/  d n  \
p I D - — f- p n E p j  =  co n s ta n t. (7.34)

T h e illum inating in tensity  profile, I, is sp atia lly  confined and using Eq. (7.33b) 

the free electron num ber density, n , and its first derivative w. r. t. p, d n /d p , must 

b oth  reduce to  zero as p —> oo. C onsequently, the co n s ta n t of integration in Eq. 

(7 .34) m ust equal zero. E quation (7.34) becom es

dn
D - — h pnEp =  0, 

dp
(7.35)

which, w hen rearranged, yields

E m ploying Eq. (7 .33a) gives

D 1 dnEp = - .
p n  dp

E
p p i  d p ’

1 d l 
^  I d p ‘

(7.36)

(7.37a)

(7.376)

R eturn ing to the in tensity  profile o f particular interest, the G a u ss ia n , Eq. (7.2) 

and Fig. 7.1. T he corresponding induced electric field was calculated using Eq. 

(7 .37a) to be

F _ D 2 p
E p ~  n u 2’

(7.38)

and graphically represented in Fig. 7.8.
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Figure 7.8 T h e norm alised non-satu rated  steady sta te  electric  

field profile induced by G a u ssia n  illum ination.

It is observed from Fig. 7.8 that the n on -satu rated  steady sta te  electric field tends 

linearly to oo as p —► oo. This unique field profile is required to hold the otherw ise  

free electrons, n , w ith a G a u ssia n  profile, Eq. (7 .33b), stationary in both  tim e  

and space. T he result, however, is physically absurd as the field would require 

th e  redistribution of an infin ite number of P R  species. C onsequently it is con­

cluded that, due to the unbound nature of the in tensity  profile, saturation  of the  

P R  species m ust be inevitable in order that the induced electric field be reduced 

to zero in the lim it as p  —> oo and that conservation of charge be m aintained. 

T h e stead y  sta te  coupled band transport equations, Eqs. (7 .29) —> (7 .31), can 

not be solved analytica lly  in the absence of the n on -satu ration  condition. Hence 

th e  fin ite difference num erical m ethod, as described earlier, was adopted. In the  

in itia l transient regim e, Section 7.2 .1 , the num erical analysis was performed using 

m aterial param eter values typ ical of P R  barium  titan ate. T he characteristic re­

com bination  and diffusion tim es, t r  and t d , were Ins and 0.4s respectively and 

100 tem poral iterations were perform ed to accurately reach 1.0 x  1 0 - 9 t d . This 

im plies that 1011 tem poral iterations would be necessary to reach I tq and hence 

th e near vicin ity of the steady sta te  regime! Such an iteration  number is im prac­

tica l and consequently new m aterial param eter values were chosen to perform  the  

analysis over a m ore convient com putational tim e scale. T h e recom bination tim e, 

t r , and the free carrier m obility, /i, were artificially exaggerated  by three and four 

orders of m agnitude respectively. C onsequently the coefficient of diffusion, D, and 

th e characteristic diffusion tim e, t d , were increased and decreased by four orders
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of m agnitude respectively  while the m agnitude o f the characteristic radial electric 

field, Ed , rem ained unchanged. T h e param eter values em ployed are highlighted  

in T able 7 .II.

Param eter Value
Io 1 W cm -2
A 514.5nm
UJ 1m m
T 293K

a 2 .81cm _1
£ 3600
TR lps

V 104cm 2 V - 1s _1
0 0
$ 1
n a 3.0 x  1016cm -3
N a : N d 1:100

s 2.4 x  10~*m 2J _1
D 2.5 x  10- 2m 2s -1
td AOps
Ed 2.5kV cm _1

Table 7 .II Param eter values used in the steady sta te  num erical 

analysis.

T h e spatia l and tem poral dim ensions were confined to 5u; and 2td respectively  

and the analysis was performed over 1 000 and 200 000 iterations respectively. 

T h e G a u ssia n  profile induced a peak electric field value o f 5.09Ed at t =  2td and 

p  =  2 .56cj. T h e tem poral behaviour, o, is illustrated in Fig. 7.9 and is accom panied

by an exponentia l rise data f i t , ------ . T h e characteristic rise tim e was found to be

r rise =  0 . 4 5 t d  and the steady sta te  regim e was alm ost atta ined  at t =  2 t d -

T h e spatia l behaviour is illustrated in Fig. 7.10 and is accom panied by the n on -  

saturation  curve, Eq. (7 .38),----- , for com parison. T he num erical data  sets corre­

spond to 20%, + ,  60%, ★ , and 100%, o, of the to ta l tim e period, 2td- It is observed

th at the induced electric field conform s to the n on -satu ration  c u r v e ,------ , for sm all

radial d istances. However at large p  saturation  prevails and the field rapidly de- 

cends and tails off to zero. Overall charge neutrality, Eq. (7 .27b) was found to be 

m aintained
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Figure 7.9 T he tem poral num erical data, o, o f the induced elec­

tric field at p =  2.55a;. T he solid curve, ------ , corre­

sponds to a E p =  E po[l — ex p (—t / r rise)] d ata  fit w ith  

Trise =  0 .45tD.

Radial distance p, co

Figure 7.10 T he spatia l num erical data  of the induced electric  

field for 20%, -f, 60%, ★ , and 100%, o, o f the to ­

tal tim e period. T he solid curve, ------ , is the n o n -

saturated electric field profile, Eq. (7 .38).
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7 .3  R e su lta n t refractive  in d ex  profiles.

T h e form  and orientation  of the induced electric field, a vector field, is dictated  

only by the form and orientation  of the illum inating in tensity  profile, a scalar field. 

T h e resultant refractive index m odulation  is, however, d ictated  not only by the  

electric field profile but also its orientation w. r. t. th e crystallographic axes of the 

P R  m aterial and the polarisation  sta te  of th e  incident light.

R everting back to th e cartesian co -ord in ate system , (x, y , z), the general form of 

th e op tica l indicatrix for b oth  barium  tita n a te  and strontium  barium  niobate P R  

m aterials is

+  r i3x2E z 4- r23y 2E z +  r33z2E z 

+  2r42yzE y +  2r5ix z E x

=  1, (7.39)

w here E x, Ey and E z are the com ponents o f the electric field, E , along the x, y 

and z d irections respectively. T he principle optic, -fc , and z cartesian co-ord inate  

axis are co-linear. Consider the incident light to travel in the a  ray direction as 

defined in Fig. 7.11. T h e induced electric field, as discussed earlier, is confined to  

th e  a  plane. T he com ponent values of the field are given by

E x =  —E p cost/? sin a , (7.40a)

E y =  E p sin v?, (7.406)

E z =  Ep cos cos a . (7.40c)

T h e two polarisation sta tes of particular interest are the o r d in a r y  and e x tra ­

o rd in a ry ,  corresponding to the E  wave of the incident light aligned perpendicular 

to and in th e plane of th e optic axis respectively. T he m ost appropriate co-ord inate  

change is given by

x =  x' cos a  — z' sin a ,

y  =  y'?
z =  x 1 sin a  +  z; cos a ,

(7.41a)

(7.416)

(7.41c)

where x', y 1 and z' are the new co -ord in ate  axis as shown in Fig. 7.11. Substitu ting  

in to the op tica l indicatrix, Eq. (7 .39), the refractive index environments for light
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Figure 7.11 C artesian co -ord in ate  sy stem  used to define the ray 

direction of the incident light and the induced elec­

tric field plane.

polarised along the y ; and 7!  d irections, o r d in a r y  and e x tr a -o r d in a r y  polarisations  

respectively, are as follows

V  = [l/n j + r23-Ez] -1/2 (7 .42a)

nz/ =  [ ( l / n 2 +  r i3E z) sin2 a

-I- ( l / n 2 +  r33E z) cos2 a

— 2r5iE x cos a  sin a ]  . (7.426)

U sing the spatia l num erical data  of the induced electric field at t =  2 tq in Fig. 

7.10, o, and em ploying Eqs. (7 .42a) and (7 .42b), the m odulated  o rd in a ry  and 

e x tr a -o r d in a r y  RI envirom ents, A n y', Eq. (7 .43a), and A n z<, Eq. (7 .43b), respec­

tively, were calcu lated  for barium  titanate.

A n y/ =  ny/(E  ^  0) — n y/(E  =  0)

=  ny/(E  ^  0) -  nD, (7.43a)

A n z/ =  nz/(E  ^  0) — nz/(E  =  0)

=  nz/(E  ^  0) -  ne(a ) . (7.436)

T he sign of the induced electric field was reversed to accom odate for the pre­

dom inant p -ty p e  p h otoconductive nature o f B a T i0 3 and the linear e lectro -op tic  

coefficients from T able 2 .I l l  were used. It is im portant to appreciate th at the nu­

m erical analysis represents only a crude approxim ation to the response o f B a T i0 3
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to  a G a u ssia n  illum inating intensity  profile. T h e recom bination tim e, t r , and 

th e carrier m obility, fi, m aterial param eters were artificially exaggerated  w hile the  

characteristic electric field, E d , was unchanged. T h e ex ten sive anisotropic nature  

o f  the dielectric constant, ex =  ey =  3600 and e z =  135, T able 2.I l l ,  was not 

accom odated  and dynam ic feedback was ignored.

T h e one d im ensional o r d in a r y  and e x tr a -o r d in a r y  RI m odulations along the z! 

axis, for a  =  — 5 ° ( x ) ,  0 ° (+ ) ,  10°(*) and 25 °(o ), are show n in Figs. 7.12 and

7.13 respectively. T h e peak values o f A n y/ and A n z/ for the chosen ray directions 

are presented in Table 7.III. T he two dim ensional perspective projection o f the  

m odulated  e x tr a -o r d in a r y  RI envirom ent, for a  =  0°, is show n in Fig. 7.14.

-7.0
X10

Figure 7.12 T h e one dim ensional profile o f A n y/ along the z' 

axis for a  =  —5 ° ( x ) ,  0° ( - f ) ,  10°(* ) and 25°(o ) for 

BaTiOs.

T h e two polarisation  sta tes experience very different RI envirom ents. T he o rd i­

n a r y  one dim ensional RI profile along the z' axis, Fig. 7 .12, is weakly dependent 

on th e  ray direction, a ,  and displays a pronounced linear RI slop e w ith  a negative  

gradient. T h e m axim um  RI am plitude is A n y/ =  2.08 x  10 -6  corresponding to 

a  =  0°, Table 7 .III. B y contrast, the e x tr a -o r d in a r y  RI profile, F ig. 7.13, ex­

h ibits a strong geom etric dependence on a  and the linear RI slope has a positive  

gradient. Further, th e peak values o f A n z> are three orders o f m agnitude larger
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-3.0
X10

Figure 7.13 T he one dim ensional profile of A n z/ along the z' 

axis for a  =  —5 ° ( x ) ,  0°(-l-), 10°(* ) and 25°(o) for 

BaTiOa.

than  A n y<(a =  0), Table 7 .III. T h e m axim um  am plitude of A n z/ is 1.14 x  10 2 
corresponding to a  =  56°.

T h e two dim ensional perspective projection o f A n z/ at a  =  0° is shown in Fig. 7.14. 

T he y' and z' axis are along north westerly, \ ,  and north easterly, /* ,  directions 

respectively. T he RI envirom ent exhib its reflection sym m etry about the x'z' plane 

and 180° rotation  (inversion) sym m etry about the x'y' plane. T he RI m odulation, 

A n z/, equals zero along the y' axis. T he dom inant feature is the flat sloping RI 

disc w ith  a positive gradient w. r. t. the z' axis. T he disc, when projected onto the 

y'z' plane, has a characteristic radius of 2.56a;, as d ictated  by the induced electric 

field, F ig. 7.10, which confines 99.8% of the transm itted  optical power of the  

illum inating  G a u ssia n  in tensity  profile, Fig. 7.1. T he m agnitude and sym m etry of 

A n z' is expected  to d istort th e incident wavefront in a particular m anner. T hat 

portion  of the transm itted  beam  in th e z' >  0 half space experiences a larger RI 

and hence slower velocity  than that portion in the z' <  0 half space. As a result 

light w ill be refracted predom inately into the z' >  0 half space. T h e displaced or 

scattered  light will be coherently am plified by wave m ixing w ith  the undeflected  

light [7 .4 ,7 .5 ,7 .6] and com plex dynam ic feedback will ensue.

T h e o r d in a r y  polarisation sta te  is also expected  to cause asym m etric fanning but

-  171 -



Chapter 7

Figure 7.14 T h e two dim ensional perspective projection of A n z< 

at a  =  0° for BaTiC>3.

a
Degrees

A n y/ A n z/

-5 2.07 x  10“6 4.41 x  10~4
0 2.08 x  10-6 2.35 x  10- 4

10 2.05 x  10“6 1.05 x  10“3
25 1.89 x  10~ 6 4.72 x  10“3

Table 7 .I l l  Peak values o f A n y» and A n z/ for chosen ray direc­

tions in B a T i0 3 .

the scatter direction w ill be reversed. T he scattering  will be much weaker in extent 

as th e am plitudes o f A n y  are m uch sm aller than A n z», Table 7 .I l l  and dynam ic
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feedback w ill serve to  quench th e fanned light.

7.4 Experim ental procedure and results.

A sym m etric fanning or self-defocusing  o f a G au ssian  in ten sity  profile was easily  

dem onstrated  in the laboratory using the barium  tita n a te  sam ple # 2 and the  

argon ion  laser operating on A =  514.5nm . T h e in ten sity  cross section  of the  

laser beam , taken direct from th e source, was scanned and found to resem ble very 

closely  th e expected  G a u ssia n  form. T he experim ental data , o, accom panied by

a G a u ssia n  data  f i t , ------ , are shown in Fig. 7.15. T h e laser beam  was found to

have a characteristic w idth  o f u  =  0.39m m . T he incident intensity, I, and angle 

o f incidence, 9 Fig. 7.16, were ~  2W cm -2  and 20° respectively, corresponding to 

a  =  7.9° and 8.1° for o r d in a r y  and e x tr a -o r d in a r y  polarisation  sta tes respectively.

Cross section scan, mm

Figure 7.15 T h e in tensity  cross section  of the argon ion laser 

beam  (A =  514.5nm ), o, accom panied by the G a u s­

s ia n  profile data  f i t , ------ .

T h e transm itted  in tensity  profiles were recorded and are presented in Fig. 7.17a) 

and b) for o r d in a r y  and e x tr a -o r d in a r y  polarisations respectively. T he incident 

light was in itia lly  o r d in a r y  polarised and, as predicted, th e transm itted  beam  

suffered m inim al d istortion , Fig. 7.17a). However, changing th e  polarisation sta te  

to e x tr a -o r d in a r y  a pronounced asym m etric fan o f light was observed to develope  

during a transient stage, reaching the steady sta te  profile show n in Fig. 7.17b).
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A +c

Figure 7.16 Schem atic diagram  of asym m etric beam  fanning in 

BaTiOa.

T h e fan direction was along the + c  axis and was found to be m ore pronounced at 

larger angles o f incidence, 6.

Sim ilar experim ental observations have been reported by Feinberg [7.4], Tem ple 

e t  a 1 [7.7], Ew bank e t  a 1 [7.8] and Chen e t  a i [7.9]. T he instantaneously  scattered  

ring of light reported in references [7.8] and [7.9] was observed but is not apparent 

from Fig. 7 .17b).

7.5 Conclusions.

T h e electric field induced in a photorefractive (P R ) m aterial by a circulary sym ­

m etric G a u ssia n  in ten sity  profile was both  analytica lly  investigated  and num eri­

cally  analysised. D uring the in itial transient stage the induced electric field was 

found to evolve w ith  t2 and — 6 1 /d p  tem poral and spatia l dependences respectively. 

T hese general an alytic  results were confirm ed num erically using the G a u ssia n , so ft 

to p h a t  and d ifferen ce o f  G au ssian  illum inating in tensity  profiles. T he steady sta te  

num erical analysis illustrated that saturation  o f the P R  species was inevitable for 

a spatia lly  confined in tensity  profile. T h e induced electric field conform ed to the  

n on -sa tu ration  profile at sm all radial d istances, p , but was quenched to zero at 

large p  due to the fin ite num ber density  o f active P R  species.

T he resultant refractive index (R I) profile was calculated using the linear electro­

optic coefficients o f the P R  m aterial barium  titanate. Significant polarisation
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Figure 7.17 Asymmetric beam  fanning observed for a a)ordinary 
and b) e x t r a - o r d in a r y  polarised G a u ss ia n  laser beam 
transm itted  through BaTiO jf2.

s ta te  and geometric dependences were hiqklighted. The e x t r a - o r d in a r y  polarisation 
s ta te  was found to experience very large RI m odulations with a strong geometric 
dependence and, w ithout raytracing, extensive asym m etric fanning of G a u ss ia n  

laser beam  was qualitatively predicted and observed experimentally. The o r d i­

n a r y  polarisation s ta te  was found to experience a greatly reduced RI modulated 
enviroment and minimal optical disturbance was both qualtitatively predicted and 
observed experimentally.
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C H A P T E R  8

S U M M A R Y  A N D  C O N C L U S IO N S

T h e m ain thrust o f this thesis was the theoretical interpretation of the photorefrac- 

tive effect, an appreciation  of the selection  o f photorefractive m aterials currently  

available and an investigation  into p oten tia l applications for real tim e adaptive  

im age processing.

T h e band transport m odel of the photorefractive effect was rigorously derived and 

easily  am ended to accom m odate for e lectron /h o le  com petition  and deep d onor/- 

shallow  traps. T h e p h o to r 1 Tractive response to spatia lly  varying illum ination is 

interpreted by a three stage  m echanism . T h e preferential g e n e ra tio n  o f free charged  

carriers at regions of high irradiance, th e m ig ra tio n  by diffusion to  regions of low  

irradiance a n d /o r  by drift under th e influence o f an externally  applied electric  

field and finally th e re c o m b in a tio n  w ith  an em pty  trap spatia lly  separated from  

the original parent o f the carrier. T h e steady sta te  regim e is attained  when the  

drift and diffusion transport m echanism s are equal and op p osite  and consequently  

the m ig ra tio n  rate is reduced zero. T h e g en e ra tio n  and re c o m b in a tio n  rates are 

equal and the induced sta tic  electric field m odulates the refractive index of the  

m edium  by the e lectro -op tic  effect. T h e illum inating spatia lly  varying intensity  

profile consequently induces a phase volum e hologram  through the bulk o f the  

m edium .

T w o wave m ixing and coherent light am plification were analysed in detail. T he  

photorefractive response to a one dim ensional cosinusoidal intensity profile was in­

vestigated  in b oth  th e linear in generation/recom bination  and saturation regimes. 

T h e induced electric field am plitude was found to be linearly dependent on the  

grating wavenum ber and reduced m odulation , for the fringe contast much less than  

unity, in the linear regim e while inversely proportional to the grating wavenum ber 

in the saturation  regim e. T he grating is, in general, shifted in phase w ith  respect 

to the illum inating in tensity  profile and the unshifted and 7 r/2  shifted com ponents  

are responsible for th e exchange o f phase and energy betw een the two m ix in g  

waves, resulting in b oth  curved and contrast varying interference fringes through  

the depth of the photorefractive m edium . T w o wave m ixing in the photorefractive  

ferroelectric oxide m aterials barium  titan ate, B a T i0 3 , and cerium  doped stron­

tium  barium  n iobate, SBN :60, exh ib ited  such grating wavenum ber dependence  

and available num ber densities of photorefractive species and peak induced electric  

field am plitudes o f 3 .4  x  1016cm “ 3, 3 .37kV cm _1 and 1.9 x  1016cm - 3 , 0.88kV cm “ 1
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were deduced respectively. Coherent light am plification o f an im age bearing signal 

beam  was dem onstrated  using a crysta l o f BaTiC>3 and a referenceisignal beam  

in tensity  ratio o f 100:1. T h e transm itted  im age was recorded and found to have 

experienced an in tensity  gain o f 11.7. T w o wave m ixing transient m easurem ents 

were perform ed and characteristic grating rise, decay and dark storage tim es were 

investigated . T h e  sam ple o f barium  titan a te  studied was found to have a charac­

teristic  rise tim e of 1.52 seconds for an incident in tensity  ratio o f unity and a to ta l 

in tensity  o f lW c m - 2 . T h e dark storage tim e of the sam e sam ple o f BaTiC>3 was 

found to be ~  5.75 seconds at an am bient room  tem perature o f 20°C . This value 

is inconsistent w ith  previously reported tim es o f m any hours and has remained  

a m ystery. B y  com parison the dark storage tim e of th e  sam ple of SBN:60 was 

estim ated  to be ~  19 hours!

P h ase conjugation  by degenerate four wave m ixing in photorefractive m aterials 

was stud ied  and th e interacting w ave coupling investigated . T h e phase d istortion  

correcting, lens less im aging and self-a lign ing characteristics o f phase conjugate  

optics were experim entally  dem onstrated using an externally  pum ped sam ple of 

B aT iO a. P hase d istortion  correction and im age subtraction  (E X O R  d ig ita l logic) 

experim ental results are presented to provide q ualitative evidence of the fidelity  

o f phase conjugate generated in B aT iO s. T he quality o f th e results are o f a high  

standard which em phasizes both  the capabilities of B aT iO s as a photorefractive  

m aterial and th e unique im aging properties of phase conjugate optics. Barium  

tita n a te  was also observed to readily self-pum p via the internal reflection o f asym - 

m ertically  fanned light. Three different tem poral m odes were recorded and are 

presented, nam ely stead y  sta te  cw, regular oscillatory and random ly chaotic. T he  

cw  phase conjugate reflectivity was m easured up to 30.5% and self-oscilla tion  with  

a nearby specularly reflecting object and the m utual se lf-osc illa tion  betw een two 

se lf-p u m pin g  crystals o f B aT iO s were observed.

T h e in ter-cav ity  com plex am plitudes o f a phase conjugate Fabry-Perot interfer­

om eter, constructed  from a phase conjugate and conventional mirror, and their 

coupling w ith  the external fields were extensively  analysed . Specular reflection  

cancellation  and enhancem ent was predicted w ith  com plete extin ction  w ith  a per­

fect phase conjugate mirror, unit phase conjugate reflectivity, independent o f the 

reflectivity o f the lossless conventional plane mirror. T h e theoretical predictions 

were verified experim entally  using a lossless plane dielectric beam  sp litter and an 

externally  pum ped sam ple of B aT iO s as the conventional and phase conjugate  

mirrors respectively. B oth  extensive specular reflection cancellation  and enhance­

m ent were observed. T he m axim um  extinction  recorded was a drop to 5% of
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th e original in tensity  for a phase conjugate reflectivity of unity  and in conclusion, 

the experim ental results were supportive o f the general scattering theory of phase 

distortion  correction by phase conjugation.

H olographic associa tive m em ories were studied and one a ll-o p tica l configuration  

w ith  phase conjugate feedback was proposed and experim entally  dem onstrated. 

T h e H opfield neural network m odel was discussed and its com puter sim ulation, 

using a S U N -3 /6 8 0 2 0  processor, highlighted the m odels strong dependence on the  

num ber and orthogonality  of the stored data, the d istortion  im posed on the in itial 

input data , th e  dem and for a large m em ory capacity  and the need to process the  

inform ation in parallel. T he experim ental dem onstration consisted o f a reference 

beam  m ultip lexed  Fourier transform  hologram  as the global m em ory store and a 

phase conjugate mirror to provide self-a ligned  phase d istortion  corrected feedback. 

T he stored inform ation consisted o f two groups o f four binary geom etric figures. 

T h e system  dem onstrated  the ab ility  to recover any one com plete im age at the 

output plane w hen a discrim inating partial piece o f inform ation was presented at 

the input. Im provem ents to the system  to increase its flexibility would have been  

to incorporate thresholding, am plification, m ultip le iterations and a m em ory store 

capable o f lea rn in g .

T h e photorefractive response to sp atia lly  confined circularly sym m etric intensity  

profiles in general and the G aussian profile in particular were theoretically  investi­

gated. T h e coupled band transport equations, expressed in the circular cylindrical 

co -ord in a te  system , were solved in both  the in itia l transient and linear steady  

sta te  regim es in the absence o f dynam ic feedback. In the in itial transient regime, 

0 <  t <  t r , the induced radial electric field evolved w ith  a t2 tem poral charac­

teristic and a spatia l profile proportional to the inverted first derivative o f the  

illum inating in tensity  profile w ith  respect to the radial co-ord inate. T hese two re­

sults were confirm ed using num erical techniques and the G aussian, soft tophat and 

difference-of-G aussians in tensity  profiles. T he coupled band transport equations 

were solved analytica lly  in the linear in generation/recom bination  stead y  sta te  

regime. T h e spatia l profile o f th e induced electric field was found to be propor­

tional to the inverted first derivative of the illum inating intensity  profile divided  

by the in tensity  itself. For the G aussian profile a linear dependence on radial dis­

tance is predicted w ith  u ltim ately  an infinite electric field at an in fin ite radius! 

This n on -p h ysica l result served to indicate that saturation  of the photorefractive  

species m ust be inev itab le  in th e stead y  sta te  to yield a spatia lly  confined electric 

field as well as illum inating in tensity  profile. T he num erical analysis was extended  

to the stead y  s ta te  and for the G aussian profile the induced electric field followed
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the linear dependence for small radial distances but ultimately saturated, rolled 
over and fell to zero at large distances. The peak electric field was 12.7kVcm_1 for 
a number density of 3.0 x 1016cm-3  available photorefractive species and located at 
a radial distance of 2.56mm for a characteristic beam width of 1mm. The numeri­
cally derived steady state electric field for Gaussian illumination was employed to 
investigate the resultant refractive index modulation induced in barium titanate. 
Accommodating for both light polarisation and geometric considerations the peak 
refractive index modulations for normal incidence, perperdicular to the crystallo­
graphic c axis, were 2.08 x 10-6  and 2.35 x 10-4  for o r d i n a r y  and e x t r a - o r d i n a r y  

polarisations respectively. The symmetry and form of the two dimensional refrac­
tive index enviroments suggested the asymmetric fanning of light along the -fc 
axis direction for p-type photoconduction and e x t r a - o r d i n a r y  polarisation while 
minimal optical disturbance for o r d i n a r y  polarisation. These suggestions were 
confirmed by experimental observation.

Currently around the world there are many varied and exciting branches of research 
into the photorefractive effect, the materials and their potential applications. Ma­
terials are being grown with different stoichiometric configurations, dopants and 
reduction/oxidation treatments. Proposed applications range from photolithogra­
phy to real time interferometery, the novelty filter to the ultra-fast optical switch 
and incoherent-to-coherent light conversion to image colour conversion. The fu­
ture development of the science will be dependent on many factors including the 
development of new photorefractive materials and the location of commercially vi­
able applications. These two factors are inherently intertwined with the progress 
of new potential applications possibly hindered by the limited selection of pho­
torefractive materials available; the science would benefit from a broader range 
of materials extending further across the spectral region and with more varied 
combinations of photoconducting and electro-optic characteristics.

The ultra-fast photorefractive effect and its application to high speed switching 
and digital logic has recently stimulated much interest and activity in the field, 
and may be particularly fruitful in the future. Ultra-fast photorefractive response 
characteristics have been demonstrated by members from all three famillies of 
photorefractive materials using pico and nanosecond optical pulse durations and 
~  lmJ energies per pulse. The experimental observations made have investigated 
temporal and fluence dependences, and the results are encouraging. Future re­
search needs to examine the possible repetition rates, spatial beam qualities and 
potential applications of ultra-fast real time adaptive optics.
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Finally and independent of the future developments made, the photorefractive 
effect will always remain an intriguing physical phenomenon which will continue 
to challenge the imagination of research scientists.
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A P P E N D IX  A

T H E  E L E C T R O -O P T IC  N A T U R E  O F B A R IU M  T IT A N A T E  
A N D  S T R O N T IU M  B A R IU M  N IO B A T E .

The most general form of the optical indicatrix for both barium titanate and 
strontium barium niobate is [A.l]

+  ri3x2Ez +  r23y2Ez +  r33z2Ez 

+  2r42yzEy +  2r5ixzE x

=  1, ( A l )

where the principle optic axis of the crystal, -fc, is coincident with the z co­
ordinate axis. Considering an induced electric field confined to the xz plane, the 
electric field components become Ex ^  0, Ey =  0 and Ez ^  0 and the optical 
indicatrix is reduced to

x2 ( l /n 2 +  ri3Ez)

+  y 2 (l /n o +  r2 3 E z)
+  z2 ( l /n 2 +  r33Ez)

+  2r5iXzEx

=  1. ( A .  2)

On inspection of Eq. (A.2) it is seen that only x and z participate in the mixed 
term. To eliminate that term and hence locate the principle dielectric axis an axis 
rotation about y is suggested. Consider the following cartesian co-ordinate change 
illustrated in Fig. A .l and analytically expressed by

x =  x' cos 9 — z sin 9 (.4.3a)

II>> ( A .  36)

z =  x' sin 9 +  z' cos 9. (A3c)

Hence

x2 =  x '2 cos2 9 -f z,2 sin2 9 — 2xV sin 9 co s  9

2 /2y  =  y
z2 =  x/2 sin2 9  +  z/2 cos2 9  +  2xV  sin 9 cos 9

and
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xz =x /2 sin 0 cos 0 +  xV  cos2 0 

xV  sin2 9  — z/2 sin 0 cos 0. (A.4d)

Figure A .l Cartesian co-ordinate change to locate principle di­
electric axis in B aT i03 and SBN.

Substituting Eqs. (A.4a), (A.4b), (A.4c) and (A.4d) back into the expression for 
the optical indicatrix, Eq. (A.2), yields

x'2 [(1/n2 +  ri3Ez) cos2 0 -f (1/n2 +  r33Ez) sin2 0 +  2r5iE x sin0 cos 0]

+  y ; [(l/n o +  r2 3 E z)]
+ z'2 [(1/n 2 -|- ri3Ez) sin2 0 -f (1/n 2 +  r33Ez)cos2 0 -  2r5iE x sin0 cos 0]

-1- x'z' [(1/n 2 +  ri3Ez) ( -2  sin 0 cos 0)

+  (1/n 2 +  r33Ez)2sin0cos0  

-f 2r5iE x(cos2 0 — sin2 0 )]

=  1. ( A .  5)

The angle 0 is chosen to eliminate the cross terms in the above equation, Eq. 
(A.5). Thus

(1/n 2 +  ri3Ez)(— sin 20) +  (1/n 2 +  r33Ez) sin 20 +  2r5iE x cos 20 =  0,

and hence 0 is defined by

tan 20 =
____________ 2r5iEx____________
( l / no +  risEz) — (1/n^ +  r33Ez)

(A.6)
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The optical indicatrix becomes

x ' 2 [(1/n 2 +  rJ3Ez) cos2 9 +  (1/n2 +  r33Ez) sin2 9  +  2r5iE x sin 9 cos 9]

+  y' [(l/n o +  r2 3 E z)]
+  z'2 [(1/n 2 -f ri3Ez)sin2 9  -f (1/n 2 +  r33Ez)cos2 9 — 2r51Ex sin# cos 9]

=  !• (A.7)

The expression may be simplified further as follows. Consider the principle RI for 
x', nx/

l /n 2» =  [(1 /n 2 -f ri3Ez) cos2 9 +  (1/n 2 +  r33Ez)sin2 9  -f 2r5iE x sin#cos9] 

and using cos2 9 =  j ( l  +  cos 2 9 )  and sin2 9  =  1*(1 — cos 2 9 )  becomes

=  ( l / no +  ri3Ez) — -  [(1/n2 +  rJ3Ez) — (1/n2 +  r33Ez)]

+  \  [(l/n? +  r13Ez) -  (1/n 2 +  r33Ez)] cos2 9  

+  r5iE x sin 29,

=  ( l / no +  risEz) — — [(1/n 2 +  ri3Ez) — (1/n 2 -f r33Ez)] (1 — cos2 9 )  

+ r5iE x sin 29.

Using the definition of 9 , Eq. (A.6)

1/n 2
x '

( l / n o +  ri3Ez) — r5iE x
cos2#(l — cos 29)  

sin 29
+  5̂1 Ex sin 29

(1/n2 +  ri3Ez) +  T5iE x 

( l / n o + risEz) +  r5iEx

sin2 2 9  +  cos2 2 9  — cos 29  

sin 29

1 — cos 29  

sin 29  ’
(l/n o  +  ri3Ez) +  T5iE x tan#.

Similarly for nz>

(A.8a)

l/n*. =  (1/n* +  r33Ez) -  r5iE x tan0. ( A M )

Finally the optical indicatrix may be expressed in terms of the new principle 
dielectric axis as

and accompanyed by the principle refractive indices

nx/ =  [ l / n 2 +  r13E z +  r5i E x t a n # ] _1/2  

ny/ =  [ l / n 2 +  r23E z] 1/2

(A.9)

(A.10a) 

(A.106)

and
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nz/ =  [l/iig +  r33Ez -  r5iE x tan#] (A.lOc)

R eferences.

[A.l] Yariv A. and Yeh P., “Optical Waves in Crystals,” (Wiley series in pure 
and applied optics, New York, 1984).
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A P P E N D IX  B

S P E C T R O P H O T O M E T R IC  D A T A .

Wavelength
nm

Absorption coefficients 
cm-1  

BSO#1, ■
800 0.723
790 0.723
780 0.737
770 0.737
760 0.746
750 0.760
740 0.774
730 0.783
720 0.797
710 0.797
700 0.806
690 0.806
680 0.820
670 0.829
660 0.829
650 0.843
640 0.843
630 0.852
620 0.875
610 0.884
600 0.898
590 0.935
580 0.967
570 1.022
560 1.082
550 1.220
540 1.391
530 1.704
520 2.210
510 2.993
500 4.099

Table B.I Bismuth silicon oxide spectrophotometric data

-  186  -



Appendix B

Wavelength
nm

A1

BaTiO f1, ■

Dsorption coefficient 
cm-1

BaTiOf2, A

;s

B a T iO f\ x
800 1.151 0.950 0.480
790 1.174 0.996 0.487
780 1.197 1.025 0.487
770 1.220 1.065 0.499
760 1.257 1.123 0.499
750 1.289 1.180 0.507
740 1.312 1.238 0.518
730 1.359 1.307 0.530
720 1.405 1.382 0.537
710 1.451 1.451 0.549
700 1.483 1.514 0.568
690 1.534 1.583 0.576
680 1.566 1.652 0.587
670 1.612 1.727 0.603
660 1.658 1.888 0.622
650 1.704 1.842 0.645
640 1.727 1.871 0.664
630 1.796 1.974 0.683
620 1.833 2.044 0.702
610 1.865 2.101 0.729
600 1.920 2.170 0.760
590 1.957 2.199 0.779
580 2.003 2.331 0.806
570 2.049 2.418 0.825
560 2.072 2.475 0.844
550 2.109 2.544 0.871
540 2.141 2.636 0.894
530 2.164 2.694 0.921
520 2.187 2.763 0.952
510 2.197 2.821 0.967
500 2.210 2.832 0.998
490 2.220 2.878 1.028
480 2.257 2.907 1.067
470 2.326 2.936 1.101
460 2.418 2.936 1.159
450 2.533 3.005 1.247
440 2.731 3.166 1.389
430 3.062 3.442 1.631
420 3.615 4.030 2.034
410
400

4.882 3.128

Table B.II Barium titanate spectrophotometric data
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Wavelength
nm

Absorption
cm

S B N :6 0 # \ ■

coefficients
- l

SBN : 60#2, A
800 0.495 1.091
790 0.495 1.091
780 0.495 1.102
770 0.495 1.114
760 0.495 1.148
750 0.507 1.159
740 0.507 1.170
730 0.507 1.182
720 0.507 1.193
710 0.518 1.204
700 0.518 1.227
690 0.530 1.261
680 0.530 1.284
670 0.541 1.318
660 0.564 1.341
650 0.587 1.352
640 0.599 1.364
630 0.622 1.375
620 0.656 1.386
610 0.691 1.420
600 0.737 1.454
590 0.794 1.477
580 0.852 1.511
570 0.921 1.546
560 0.990 1.591
550 1.128 1.625
540 1.186 1.670
530 1.278 1.704
520 1.393 1.750
510 1.485 1.784
500 1.566 1.818
490 1.646 1.864
480 1.704 1.898
470 1.761 1.909
460 1.808 1.909
450 1.865 1.909
a A n 1 A O  i1.^04 1 AAAi.yzu
430 2.026 1.954
420 2.153 2.023
410 2.372 2.159
400 2.798 2.409

Table B.III Cerium doped strontium barium niobate spectrophotometric data
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Wavelength
f im

Absorption
cm

GaAs, ■

coefficients
r 1

InP, A
1.848 0.107
1.808 0.117
1.768 0.156
1.727 0.195
1.687 0.264
1.647 0.352
1.606 0.469
1.566 0.605
1.526 0.840
1.485 1.074
1.445 1.406 0.107
1.405 1.797 0.098
1.365 2.227 0.098
1.324 2.656 0.107
1.284 3.086 0.127
1.244 3.516 0.156
1.203 3.926 0.205
1.163 4.316 0.283
1.123 4.648 0.391
1.082 4.883 0.547
1.042 4.961 0.840
1.002 5.098 1.406
0.969 5.332 4.688
0.929 5.938

Table B.IV Gallium arsenide and indium phosphide spectrophotometric data
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A P P E N D IX  C

A N A L Y T IC  S O L U T IO N  O F T H E  B A N D  T R A N S P O R T  E Q U A T IO N S  
F O R  A  O N E  D IM E N S IO N A L  C O S IN U S O ID A L  

IN T E N S IT Y  P R O F IL E .

In the steady state and linear in generation/recombination regimes the coupled 
band transport equations, for the simple intensity profile

I(z) =  I0 [1 +  M cos kz], (C.l)

are reduced to [C.l]

0 =  0 +
d_
dz

^ dn _  
D —— \- i in E j  

dz (C. 2)

0 =  (Nd — Na) (sl0 [1 +  M cos kz] +  /?) — ti / t r ,

dEz
dz

= -i-N+•L,Migratjon

(C.3)

( C .4 )

We wish to solve this system of coupled equations, Eqs. (C.2)—>(C.4), for the 
induced electric field Ez. Re-arranging Eq. (C.3) yields

0 =  (Nd -  Na )(sI0 +  (3) +  (Nd -  NA)sI0M cos kz -  t i / t r , (C.5)
si M

=  (Nd -  Na )(sI0 +  /?) +  (Nd -  NA)(sI0 +  —  coskz -  ti/ t r , ( C S )
( S l 0 +  P j

=  G(I0) [1 +  m coskz] — n /r a , (^ .7)

where G(I0) =  (Nd — NA)(sI0 +  (3). The reduced modulation m accomodates 
for the competition between thermal and photogeneration mechanisms to smooth 
and create respectively the spatial variations in free electron number density and 
is given by

M
(1+0/sIo )'

From Eq. (C.7) the free electron number density is given by

n  =  n Q [1 +  mcos kz],

(C.8)

(C.9)

where n Q =  G(I0)tr i. e. within the constraints of the initial assumptions, the 
free electron number density is linearly proportional to the illuminating intensity 
profile.
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Re-arranging Eq. (C.2) yields

d_
dz

dn
D - — (- ptnE3 

dz
=  0,

D^f+ n̂Ez=j/q’
E* =  ( j -  q D ^ -  ) /<W"*>

(C-10)

( C .l l )  

(C. 12)

where j, the constant of integration, is a photoelectron current density induced by 

an externally applied d. c. electric field. Substituting Eq. (C.9) into (C.12) yields

E , =
1 Dk m sin k z

q/in0 (1 +  m cos kz) pi ( 1 + m c o s k z ) ’
(C.13)

To elim inate the unknown parameter j, consider an external d. c. electric field Ea 

applied across a material length 1. The accompanying boundary condition must 

be

1/2

j  J  Ezdz =  Ea . 

- 1/2

Applying to Eq. (C.13) gives

(C.14)

Ea

1/2

=  U _  f
l qpin0 J

dz

- 1/2

1/2

~  l n  J

(1 +  m cos kz)

m sin kz 
(1 +  m cos kz)

dz. (C.15)

- 1/2

Employing the standard integral 2.553(3) from reference [C.2]

f  dz 2 \ /a 2 — b2tg (z /2 ) 2 2
/  ------- --------- - =  . =arctg-------------- ;---------  for a2 >  b2 (C.16)

J  (a +  b cos z) y/&2 — b2 a +  b

and using conventional integration techniques, the two integrals within Eq. (C.15) 

become

1/2

I f  dz _  1
l J  (1 + m c o s k z )  \ / l  — m2 ’ 

- 1/2

l/2
I f  m sin k z
T  /  7----------------- T^Td z  =  0.I J (1 + m cos kz)

- 1/2

{ C . l l  a)

{ C .llb )
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Substituting back into Eq. (C.15) yields

E a =  —  , 1
o’o \ / l  — m2

and hence

j =  ffoV  1 -  m2EA,

(C.18)

(C.19)

where cr0 =  qfinQ is the characteristic material conductivity under uniform illu­

mination. It is seen from Eqs. (C.17a) and (C.17b) that the only contribution 

to the photoelectron current density is from the drift transport mechanism, Eq. 

(C .17a), and none from diffusion , (C.17b). Under cosinusoidal illumination the 

conductivity is reduced by the factor \ / l  — m2 relative to the conductivity for uni­

form illumination, cr0. The darker regions within the material are more insulating 

and hence serve to restrict the transverse flow or drift of the free electrons.

The final expression for the induced electric field in the steady state and linear in 

generation/recom bination regimes is

Ez =  Ea
v T ^ nr

- E d
m sin kz

(1 +  m coskz) (1 - fm c o sk z )

The characteristic electric field Ed is given by

kBT„  Dk 
Ed =  —  = k,

(C. 20)

(C.21)

where the Einstein relationship, Eq. (2.11), has been employed.

The induced electric field, Eq. (C .20), is clearly not perfectly sinusoidal in form, 

especially for large values of m. The fundamental Fourier components of Eq. 

(C.20) are calculated and used as a first order approximation to the field.

The Fourier series representation of a general periodic function f(z) of period 2k  

is given by [C.3]

f(z) =  aQ +  ( an cos nz +  bn sin nz)
n = l

Accompanyed by the Fourier coefficients
IT

a» =  J  f(z)dz,

(C.22)

(C.23a)

and

an —
1_
7r

cos(nz)dz (C.236)
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IT
1 f

bn =  — / f(z) sin(nz)d5 
7T J

(C.23c)

The d. c. and fundamental coefficients of the Ez are calculated as follows. Firstly,

(C. 24)=  h  j  EA 7 7 ^ ^ d ( k Z).(1 +  m cos kz)
— IT

Employing the standard integral Eq. (C.16) reveals

aQ —

Further, the even fundamental coefficient, a i, is calculated

ai

IT

■ u
_  V l  -  m2 cos kz
E a t t t --------- r r d k z -(1 +  m cos kz)

Employing the standard integrals 2.554(2) [C.2]

f  A -f B cos z _  B Ab — aB f  

J (a +  b cos z) b b J (a +  b cos z)
dz

and 2.553(3) [C.2], Eq. (C.16) reveals

2 E a [1 -  V l  -  m2].ai =
m

Finally, the odd fundamental coefficient,

u 1 [  j? m sin 2 kz jn  ,
bi  -----/  Ed — ------------—  d(kz),

7r J  (1 +  m cos kz)

(C .  25)

(C. 26)

(C. 27)

(C.28)

(C.29)

is calculated using the m ethod of integration by parts and the above two standard 

integrals, Eqs. (C.16) and (C .27). The final result is

bl =  _H E° [ i _  V l - m 2]. (C.30)
m

The first order approximation of the induced electric field, Ez, is thus given by
2 ______

E z ~  E a ------ [1 — >/1 — m2] (E a cos kz +  E d sin k z ) , (C.31)
m

~  EA -  ^ [1  -  V l - m 2]V/E2l +  E ^ cos(kz +  $). (C .32)

Where the phase shift, </>, between the induced electric field and illuminating in­
tensity profile is given by

tan<^ =  ED/EA- (C.33)

For m <  1 the term 2[1 — y/l — m2]/m  ~  m and are graphically compared, ■ and 

------  respectively, in Fig. C .l. The electric field is thus further approximated to

Ez *  E a — m ^ E l  +  E2D cos(kz +  <f>). (C.34)
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Reduced modulation, m

Figure C .l The linear in modulation approximation.
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APPENDIX D

THE COUPLED WAVE THEORY FOR 
A DYNAMIC MEDIUM.

Consider an electric field, E , to be composed of a reference and signal field

E  = R(x) exp[i(u;t - £ .r  +  ^ r ( x ) ) ]

+  S(x) exp[t(wt -  a.s  +  <fe(x))] ( D A )

where e is the polarisation unit vector. We wish to solve the wave equation for a 

dynamic medium [D.l]

_ 2_  1 d2(n2E ) d E  n
V 2E — —  — ------- /X/inCTp—— =  0.

dt2 dt
(D .2 )

Consider the am plitude and phase terms to be tim e independent, R (x), S(x), (j>r ( x ) 
and (j)s (x ) and the RI profile within the dynamic medium approximated by

n =  nQ +  ndc(x) +  nc(x) cos k .r  +  ns(x) sin k .r, (D .3)

also considered to be tim e independent. Only the fundamental Fourier components 

have been considered and are re-arranged to give

n =  nQ( l  +  8) +  A n(x) cos (k .r +  ^(x)) (.D.4)

where 8 =  ndc/n 0, A n =  y /n 2 -f n2 and tan ^  =  —ns/n c. An approximate expres­

sion for n2 can be derived as follows;

n2 =  n2( l  +  8)2 A  2n0( l  +  <$)An(x) cos (k .r +  <f>(x)) 

+  A n2 cos (k .r +  0 (x )),

«  n2( l  +  28) +  2n0A n cos (k .r A  <f>(x))

(D .  5) 

(D.6)

as 1 8 and n An.

The first and second derivatives of E  with respect to tim e are given by

9 E  ■ XT'= tu;E
dt

d 2(n2E )  2 d 2E  

dt2 - n  3 t2
—u>2n 2 E

( D . l  a) 

( D . U )
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Continuing

V 2E  =
a2E d 2E  d 2E

+ +
dx2 d y 2 dz2

=  h { [ H + i R  ( - * + i t )]exp [i(wt " ^ -r + ^r )

-(z>y + />*)Rexp i(u)t-jg.r + ^R)j 

+  F(s),

d 2R , 5 R /  S & A  
d x 2 +  ’ dx  i, Px +  d x )

- xp%

+  i

5R , t > f  , 9 * r \■ ^  +  . R ^ - p x + —  J j

dRd<j>K  , „ d %<j>R\
+  R- 3 x 2 y +  *R

exp

dx  dx

* M -  jg.r +  ^R)]

“  ( P y  +  / > z ) R e x p  [ * ( w t  - ^ . r  +  < £ r ) ]
+  F(s),

d<j>R

dx
~Px +

d<l>R

dx

d 2 R dR 2 2 2d

a J  “  ‘2/>x "  P* K  ~  pyR  ~  P* R

, ,„ d R  d4>K . „ . . ^ r . , ^ r \ 2
+  *2—— - -----h 2pxR -r — +  * R ^ -^ -  +  *R

ax  ax  ax  a x 2 dx  )

*(t*>t-jg.r +  & 0]. exp 

+  F(s).

In the limit of the slowly varying amplitude approximation and phase 

approximates as follows

9 2R
0,

d 2(f> R
0,

(  d<f>R\

d x 2 dx2 \  dx )

and thus able to simplify as follows

n a n0 cllld  ̂ rv ^
dx  dx

V 2E -KS-
+ -

|p|2R -f 2pxR d<f>R

dx }
exp

|cr|2S +  2<rxS
d(f> s 
dx

I  exp

i(wt -jg.r +  (6r)

(£>.8)

( D - 9)

(D .10)

( D . l l )

we can

(£3.12)
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The wave equation becomes

-  H 2R +  exP "^*r +  M ]

+  { -l2 (7 x | “  -  k | 2S +  2(7xR ^ - |  exp [i(w t - g . r  +  ^s)]

+  j ^ - n * ( l  +  25) -  ififi0a eLj^

. (R e x p  i ( u t — £ . r  +  <£r ) |  -f S exp *(wt -  g .r  +  <fe)]) 

+  ‘̂ 2~no(^ "b 5)A n

• ( exp [ * ( ( 0 - £ ) - r +  ^)] +  exP -*(Cfi “  z ) - r  +  <£)])

. (R ex p  [*(u>t — jg.r +  <£r ) |  +  Sexp  i ( u t  - g . r  +  <£s)])

=  0,

{ ~ * 2/>xf x  _  H 2R +  2^xR ^ } e x p  [*(—jg.r +  <̂ r )|

+  | “ *2<Tx| “  ”  \a \2S +  2<7xRl ^ f }  exp [* ( -2 -r +  0s)]

+  (/?o +  /̂ O2  ̂ — *a Po)

. (R ex p  [i(-jg.r +  f e ) ]  +  Sexp  t ( - g . r  +  ^ s ) ] )

^ 27T . 4
+  /?o"^”( l  4- 5)A n

(R ex p  f t ( - g . r  +  <j>+ v a ) Sexp  i(- jg .r  -  <j> +  6s)

( D - 13)

=  0, (D .14)

where terms exp * ( ( ? £ - £)-r)
condition, have been neglected.

and exp * ( ( # -  2ij)-r) , which violate the Bragg

Equating coefficients of exp * ( - # * ) and exp *(— g .r ) yields

j - i 2 p x ^  -  |p|2R +  2pxR ^ j  ex p (i0 R) 

+  (P i  +  P l ^  ~  ia Po) R ex p (i<j>R )

2?r
+  A>“ (1 +  <^)AnS exp[*(^s ~

=  0 (T>.15)

and
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{-*'2<7x g  -  M 2R + 2 <7XS ^ - }  exp[*0s] 

+  (fil +  P >  -  S exp [t 0s]
27r

+  A>“ (1 +  £)A nR  exp[i(0R  +  0)]

= 0.

Rearranging Eq. (D .15) gives

•o ^  . o p  ^ 0 r,2pX g x  +  2pxK  d x

+  (012S -  ia/}0) R
27r

+  P o— (1 +  £)AnS exp[*(0s -  0  -  0 r )] 

=  0,

— x cos a — ---- h cos 0 R ——
ox  Ox

7r
+  ( /u - * | ) r

+  - A n S  exp[—x(0 r  -  0 S +  0)] 

=  0,

,dR
dx

d<f> r
dx ( |  +  tfotf)cos # —— |- xRcos 0R x ~  +

+  ~ A n S e x p [-x (0 R  -  0s +  0)]

=  0,

R

and similarly for S

£R  , r £^R , (  a
dx  dx  V 2 cos 9 + i - ^ 4 1 rcos if

+  i
7T

A cos#
AnS exp[—x ( 0 r  -  0 S +  0)]

=  0,

a9S_ , .yd<t>s
dx  dx  V 2 cos 6

, .  / U  l « +  1---- T I S
cos if

+  *
7T

A cos $
A nR  exp[+x(0R -  0s +  0)]

=  0.

(P .1 6 )

(P .1 7 )

(P .1 8 )

(P .1 9 )

(P .2 0 )

(P .2 1 )

In the present context the amplitudes R and S are not complex as the intrinsic 

phase terms 0 r and 0s have been expessed explicitly. Thus we have coupled wave 

equations containing both real and imaginary terms.

Equating these real and imaginary terms yields
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Real;

Imaginary;

<9R a  _  7r 4 _ . _
-r— +   ------- R  +   ------ -A n S  sin $  =  0,
o x  2 cos 9 A cos 9

d S  a  7r „ „  . _
+  o------ZS +  \----- -A n R s in  $  =  0.

o x  2 cos 9 A cos 9

d S n  B08 7r
R ^ P  +  - ^ R +  T------ * AnS cos $  =  0,

o x  cos 9 A cos 9

S ~ ~  +  ^ 4 s  +  . " „ A nR  cos $  =  0.
dx cos 0 A cos 9

where $  =  0 R — 0 S +  (f>.

To re-express in terms of intensities recall the following

2 (H r  dR

and hence

I r  =  R =>• =  2R
dx dx

2R i ^  +  - ^ r 2  =  — r ^ “s AnRS sindx cos 9 A cos 9

2 S ^ -  H— —t S2 =  -r— --A n R S  sin $ .
dx cos 9 A cos 9

Using

(D .  22) 

(D .  23)

(D .  24) 

(D .  25)

the RS product becomes

For the real terms;

I =  I0 [1 +  M cos(k .r — </>]

RS =  -M Io

+  _ £ L Ir =
dx T cos 9 R

where T is given by

Similarly for S

K c
M

2tt f

A cos 9 \

r Ir Is

cos 9 Io ’

sin $ and

:Is =

W s  .
T 7 T S1]MI0

7T
A

r IrIs
dx cos#  cos#  I„

(D .26)

(£>. 27)
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For the imaginary terms;

d<t>R 806 7r
R ^  +  - ^ R  +  ^AnS cos $  =  0 ,

dx  cos 9 A cos 9

and

c d<f>s , PoS 0 , 7r A „  ^  AS — 1------- -S  +   ------ -A n R  cos $  =  0,
o x  cos 9 X cos 9

*  =  * * - *  +  *  => =OX OX ox
Expression D.28 is simplifyed by letting 6 ~  0

d<f> r

where

dx

d<j>s

dx

+

+

d<f>R
dx

cos

7  = 6  cos $  
M

(D .  24) 

(D .  25) 

(D .28)

7rAn S 
A cos 9 R ’

(D . 29)

7rAn R n 
A cos 9 S

(Z7. 30)

( | - | ) c o s $ ’
(17.31)

/  1 3 , \  R 2 — S2 .
(  2 noreffEscJ gR COS$ (17.32)

( n2reffEsc) ^  c o s$ , (17.33)

- I s  
Io ’

(17.34)

Summary:

<Rr  <* T

dx cos 0 R
dig Q y

dx cos 9 S
d $  
dx

r IrIs
cos 9 Io
r IrIs

cos 9 Io
7 Ir — Is

cos 9 L

(D .26) 

(D .27) 

(D .  34)

These coupled first order differential equations, Eqs. (D .26), (D.27) and (D .34), 

can be solved as follows,

dlR
dx

d ls
dx

Ir =  Is +  constant

in the absence of absorption

IR -f Is =  IQ Conservation of energy

-  200 -



Appendix D

For Ir ;

L

/
Ir (Ir — lo)

1 1

d l R -  F  T T
d T - “ i : lR ls ’

=  - f - l R ( I o - I R),
lo

= f  Ir(Ir -  U
lo

diR = rdx,

dIR
=  / rdX’(Ir —I0) Ir 

1ii(Ir — I0) — In Ir +  In C =  Tx,

Ir

Apply the boundary condition Iso/ I ro =  f i o

ln (- /J oC) =  0 => C =  - 4-,
H o

In ( I r - I o )  1

Ir A>. 
(Io -  Ir )

Ir

=  Tx

=  (30 exp(rx),

and

Similarly for Is;

lo =  Ir [1 +  @o exp(rx)] 

Io
Ir =

Is  =

[1 +  (3q exp(Tx)]

10(30 exp(rx)
[1 -f /30 exp (rx )]’

{D. 35) 

(D. 36)

For the phase term we have;

d$ Ir — Is 
dx ^ I0

using the Eqs. (D.35) and (D.36)
d $  _  1 — /?Qexp(rx)
dx ^1 -f (30 exp(Tx) ’

d$ =  1 -^oexpjrx) x
11 +  /?o exp(rx)

2/30 exp(rx)
1 +  (30 exp(Tx)J d *  =  i J i - dx,

(D.34)
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$  +  constant  =  7 X — 2 /? 0 7  J —

let u =  1 +  (30 exp (rx ),

du =  0 OT exp (rx)d x ,

,  . [  du
$  +  constant  =  7 X — 2 — / — ,

=  7 X -  2 ^-lnu ,

7

exp (r  x)
+  /3q exp (rx)

dx

=  7 X -  2 —ln[l +  Po exp(rx)].

Apply the boundary condition =  $x=o
7

$ 0  +  constant  =  —2 —ln (l +  (3Q),
7

— constant  =  +  2  — ln (l +  /?<>),

=> $(x) = $ 0 + 2jS-ln(l + /?Q) + 7X ~  2 jrln(l + /?0 exp(rx),

= +  7 x 4 - 2 J i n 1 +  Pa

T 1 +  /?0 exp (r  x) ’

=  0 o +  1  ln[exp(rx)] +  1  In [t ^ x ^ x ) ] *  ■

.  I 7  ■ [1 +  exp (rx)
T [1 +  (30 e x p ( T x ) ] 2 '

{D .  37)

Summary:

I r  =

Is =

Ir
[1 +  (30 exp(Tx)] ’ 

IcA exp(rx)
[1 +  f30 exp(Tx)] ’

$(x) =  $  + 2 In [! +  ^o]2 exp(rx) 
l )  ° + r ‘ [ l+ ^ e x p (r x )P

(£>. 35) 

(£>.36) 

(£>.37)
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APPENDIX E

TABULATED TWO WAVE MIXING DATA FOR 
BARIUM TITANATE AND CERIUM DOPED 

STRONTIUM BARIUM NIOBATE.

B a T iO f \  A
Normalised grating 

wavenumber 
k/(nu;/c)

Beam  coupling 
A I/I

0.039 0.124
0.070 0.206
0.139 0.411
0.195 0.449
0.238 0.503
0.281 0.577
0.336 0.605
0.371 0.619
0.405 0.602
0.447 0.641
0.478 0.628
0.503 0.616

B a T iO f ,  x
Normalised grating 

wavenumber 
k /(n w /c)

Beam coupling 
A I/I

0.053 0.010
0.091 0.006
0.136 0.036
0.191 0.083
0.238 0.111
0.282 0.094
0.333 0.108
0.374 0.127
0.405 0.125
0.444 0.137
0.475 0.132
0.527 0.099

Table E.I Two beam  coupling of BaTiO^*2 and versus the 

normalised grating wavenumber.
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S B N : 6 0 # \  ■
Normalised grating 

wavenumber 
k/(na;/c)

Beam coupling 
A I/I

0.040 0.317
0.054 0.418
0.066 0.498
0.099 0.597
0.117 0.612
0.149 0.593
0.160 0.584
0.181 0.535
0.200 0.495
0.238 0.456
0.277 0.402
0.324 0.347
0.419 0.245

Table E.II T wo beam coupling of cerium doped SBNiOO^ 1 versus 
the normalised grating wavenumber.
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B aT iO f1
log[/?0], A log[/?exit], ■ Diffraction

efficiency
-1.770 -1.420 0.008
-1.921 -1.721 0.001
-1.796 -1.569 0.004
-1.523 -1.149 0.020
-1.260 -0.818 0.038
-1.032 -0.526 0.059
-0.854 -0.361 0.074
-0.688 -0.180 0.091
-0.542 -0.027 0.102
-0.387 0.100 0.108
-0.262 0.228 0.115
-0.156 0.360 0.113
-0.021 0.463 0.111
0.100 0.567 0.104
0.224 0.691 0.095
0.359 0.794 0.084
0.493 0.919 0.072
0.632 1.057 0.059
0.789 1.187 0.048
0.974 1.373 0.033
1.204 1.569 0.022
1.480 1.777 0.012
1.909 2.132 0.005
1.455 2.408 0.001

Table E.III Diffraction efficiency, 77 versus the incident, (30, and 
exit, (3exu, writing beam ratios for BaTiO^1.
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SBN : 60#1
log[A>], A lo§[/^exit]j • Diffraction

efficiency
-1.770 -1.638 0.004
-1.921 -1.854 0.000
-1.796 -1.658 0.000
-1.523 -1.276 0.014
-1.260 -0.971 0.028
-1.032 -0.752 0.044
-0.854 -0.553 0.059
-0.688 -0.384 0.072
-0.542 -0.264 0.082
-0.387 -0.099 0.088
-0.262 0.012 0.090
-0.156 0.122 0.090
-0.021 0.270 0.084
0.100 0.354 0.079
0.224 0.483 0.070
0.359 0.595 0.061
0.493 0.713 0.050
0.632 0.889 0.039
0.789 1.069 0.029
0.974 1.225 0.021
1.204 1.456 0.013
1.480 1.718 0.007
1.909 2.027 0.003
1.455 2.414 0.001

Table E.IV Diffraction efficiency, 77, versus the incident, /30, and 
exit, /?exit, writing beam ratios for SBN : 60#1.

! BaTiO# 1 , ■
log(Io) r̂ise

log(Wcm-2 ) seconds
-0.824 2.697
-0.521 2.298
-0.220 1.782
0.081 1.358
0.381 0.920
0.683 0.665

Table E.V Characteristic grating rise time, rrise, versus the total 
incident writing intensity, IQ, for BaTiO^1.
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B aT iO f1» ■
log(Iprobe) T'decay

log(Wcm- 2 ) seconds
-3.308 5.479
-2.242 5.304
-1.222 4.380
0.050 2.087

Table E.VI Characteristic grating decay time, TdeCay> versus the 
probe beam intensity, Iprob e? for BaTiOf*1.

SBNtfO#1, ■
log(Iprobe) Tdecay

log(Wcm- 2 ) seconds
-3.426 834
-2.369 365
-1.351 96
-0.727 12.2
-0.497 8.6
-0.267 5.1
-0.075 4.1

Table E.VII Characteristic grating decay time, Tdecay, versus the 

probe beam intensity, Iprobe, for SBN-.GO^1.
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APPENDIX F

PHASE CONJUGATION BY DEGENERATE FOUR WAVE MIXING.

Phase conjugation by degenerate four wave mixing can be analysed quantitatively 
using the characteristic third-order nonlinear susceptibility, Xijkl? of the nonlinear 
medium [F.l]. The mixing of the waves consists of a counterpropagating pair of 
intense pump beams, E i and E 2, and a counterpropagating pair of weak signal 
beams, E3 and E4. All the waves are of the same temporal angular frequency, a;, 
and the DFWM geometry is schematically illustrated in Fig. F .l.

Nonlinear
medium

Figure F .l Degenerate four wave mixing geometry.

The fields are taken to be plane wave as follows

where j = l ,2 and

Ej =  Aj(r) exp[i(u>t — kj.r)]e 

E 3 =  As(x) exp[*(u;t — kx)]e

(F.l)

(F.2)

where e is the unit polarisation vector of the electric field. The four waves are 
coupled via the induced nonlinear polarisation in accordance with Eq. (4.2). Con­
sidering only the third-order nonlinear susceptibility and an induced polarisation 

at frequency a;, the nonlinear polarisation, P nl, is given by

P nl = ^x(3)AiA2A3 exp[*((w + u> - u ) t -  (ki +  k2).r + kx)]e

= ^X(3)AiA2A3; exp[i(t*>t + kx)]e, (F.3)
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since k i =  —k 2 as the pumping beams are counterpropagating. The x ^  term is 
the effective third-order nonlinear susceptibility for the given geometric configu­
ration. Equation (F.3) corresponds to a polarisation wave with frequency u> and 
wavevector -k, which will excite a fourth field E 4 of the form

E4 =  A4 (x) exp[i(u;t +  kx)]e. (FA)

The solution of A4(x) is found by solving the wave equation for the third-order 
nonlinearity in the induced polarisation.

The electric displacement, D , and the induced electric polarisation, P , are related 
by the simple expression

D  =  £QE -f- P  (F.5a)

which in the presence of polarisation nonlinearities becomes

=  £0E +  P l +  P nl>

=  ££0E +  P nl- (F.bb)

Consequently Maxwell’s wave equation for a lossless medium becomes

V ’E - , o££o| | - . o^  = 0. (F.6)
Solving Maxwell’s equation for E 4 in the non-pump depletion regime, Ai and A2 

both constant, we obtain

,2™ a 2E 4(x ,t)V E =
dx2

ld_ 
2 d x  
1

dA4
dx

exp[i(u>t 4- kx)] +  fkA4 exp[i(u;t +  kx)] -f c.c.

^ ---■ exp[i(u;t +  kx)] +  2 ik — exp[i(a;t -f kx)] 
axz dx

— k2A4 exp[t(a;t +  kx)] +  c.c. (F.7)

In the limit of the slowly varying envelope approximation the amplitude of E4, A4, 
is considered to change only very slowly w. r. t. x. The following approximations 

can be made

d2A4 dA4 2 
4 <  k—;—  <  k2A4. (F.8)

dx2 dx

Consequently neglecting the second order derivative of A4 in x, Eq. (F.7) becomes

V 2E =  - 2 :k
dA4
-7— exp[:(a;t +  kx)] — k2A4 exp[:(u;t +  kx)] -f c.c. 
dx

. (F. 9)
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The time derivatives of E  and P nl are simply

a 2E 1 r
d t 2 2 *■

and using Eq. (F.3)

92P nl 1 r
d x 2 “  2 L

—uj2 X(,)A ,A 2A 3 exp[j(wt +  kx)] +  c.c.

(F. 10)

(F.ll)
Combining Eqs. (F.9), (F.10) and (F .l l)  the nonlinear wave equation, Eq. (F.6), 
becomes

dA,
2*k

dx
-  k 2A 4 +  f i0£e0u 2A 4 exp[*(cjt +  kx)]

=  - i a ; 2/ioX(3)A iA 2A5 exp[*(o;t +  kx)], (F .12)

where the complex conjugate, c.c., terms have been neglected. Using k2 =  fi0ee0u?  
and u>/k =  1 / y/fiQ£ the expression, Eq. (F.12), is reduced to

d- t = i iyt*(3,AiA2A**
and similarly

^  = 3)A*A.A,
dx 2 V e X lAj

(F.13a)

(F.13b)

The above system of coupled first order differential equations, Eqs. (F.13a) and 
(F.13b), can be rewritten as follows

dA4
dx
dAJ
dx

=  :V A J,

=  t/cA4,

where k  is defined as

K=l

(F .l ia)

(F.Ub)

(F.15)

Equations (F.14a) and (F.14b) are soluble using the following general boundary 
conditions, A4(Z) =  0 and AJ(0) =  constant.  They are decoupled using their 

second derivatives as follows
d2A4 . ,dA J  

. 9 =  I K  , =  K K  A4, 
dx2 dx

(f .l6 o )

d2A? dA4 * *
{F. 166)u n 3 • ** * \ *— I K  . — K  Kao .

dx2 dx 3

can be expressed as follows

A4(x) =  a  cos |ac|x +  ib sin | ac|x (F.lTa)

A£(x) =  c cos |ac|x 4- id sin |/c|x, (F.176)

and applying the boundary conditions
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0 =  a cos |/c|/ +  ib sin |/c|/, (F .lSa)

AJ(0) =  c. (FA8b)

Back substituting the general solutions, Eqs. (F.17a) and (F.17b), into the original 
coupled differential equations, Eqs. (F.14a) and (F.14b), gives

— a|/c| sin |/c|x +  ib|/c| cos |/c|x =  t/c*(c cos |/c|x +  id sin |/c|x), (,F.19a)

— c \ k \ sin |/c|x +  i d |«| cos \k \ x  =  */c(a cos \ k \ x  +  ib s in \ k \ x )  (F.l9b)

and equating the real and imaginary terms yields

a\n\ =  d/c*, (F.20a)

6|*| = c k *. (F.206)

Employing the boundary condition equations, Eqs. (F.18a) and (F.18b), the un­
known coefficient a, 6, c and d can be expressed as follows

and

II >
 

CO
 * 'o (F .21a)

(F.216)

0 =  a cos \ k \1 +  ib sin |/c|/,
K *

=  a cos |ac|/ +  *— AJ(0) sin |/c|/,
M

K *
a =  —i —  AJ(0) tan |/c|/,

M
(F.21c)

<t =  h l« ,K*
=  — iAJ(O) tan \ k \ L (F.2ld)

Substituting the coefficients back into the analytic expressions for A4(x) and AJ(x), 
Eqs. (F.17a) and (F.17b), yields

ft* AC¥
A4(x) =  — AJ( 0 ) tan |« |/cos \k\x +  *— AJ(0 ) sin |«|x,

. k* . x sin l/clxcos |« |/ — cos l/dxsin |« |/= *— AJ(0)--— ----- L 7 , ' 1--- L-L,\k\ j cos |k |/

_ •«* ../^3in[N(x-Q]
_ ‘ |k | 3 cos |k |Z

(F.22a)

and
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A 3(x) =  AJ(O) cos |/c|x +  * (—t'AJ(O) tan \k \1) sin |/c|x, 
cos |/c|xcos |« |/ +  sin |/c|xsin |/c|/

=  a 3* (0 )

=  AJ(0)

cos \k \1
cos [|/c|(x — /)] 

cos |ac|/
(F.226)

The complex amplitude of the fourth wave leaving the nonlinear medium at x=0, 
A 4(0), is observed from Eq. (F .22a) to be linearly proportional to the complex 
conjugate of the complex amplitude of the incident signal wave, AJ(0). Further, 
in the limit as \k \1 —> 0 the complex amplitudes of all the mixing waves are related 
as follows

A4(0) oc x (3)A i A2a ; ( 0), 

and using Eqs. (F .l), (F.2) and (F.4) becomes

E 4(0) oc x^ E ^ E K O ) .  (F.23)

The intensity of the fourth wave at x=0 can be deduced from Eq. (F.22a) and Eq. 
(F.4) as follows

I4(x) =  A4(x) A4(x),
k *k sin2 [|/c|(x — /)]

=  Ia(O)

= i3(o)

|/c|2 cos2 |/c|/ 

sin2 [|k |(x  —  /)]

cos2 \k \1 

I4(0) =  I3(0)tan2 |«|/

and the PC reflectivity, Rpc? at x= 0  is given by

R pc =  tan2 \k \L

(F. 24) 

(F.25)

For 7r/4  <  |/c|/ <  37r/4  the PC reflectivity is observed to exceed unity and hence 
the optical system acts as a PCM with gain. The above analysis can be extended 
to show that the signal field E 3 need not be a plane wave but the wavefront may be 
of any arbitrary form and the same general result for E 4 will be obtained. Further, 
the plane wave condition on the pumping beams, E i and E 2, can also be relaxed 
and the more general condition of the pumping beams being any PC pair inforced.

R eferen ces .

[F.l] Yariv A. and Yeh P., “Optical Waves in Crystals,” (Wiley series in pure 
and applied optics, New York, 1984).
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A P P E N D IX  G

P H O T O R E F R A C T IV E  D E G E N E R A T E  F O U R  W A V E  M IX IN G  
C O U P L E D  W A V E T H E O R Y .

The basic wave interaction geometry for degenerate four wave mixing (DFWM) 
in a photorefractive (PR) material is illustrated in Fig. G .l.

PR material

Figure G .l Phase conjugation by DFWM in a PR material.

The four waves, of equal frequency u  and polarisation state, are all considered to 
be mutually coherent. The fields are considered to be plane wave as follows [G.l]

Ej = Aj(r) exp[i(u>t — kj.r)]e, (G .l)

where j = l ,  2, 3 and 4, and the complex amplitudes, Aj(r), are considered to be 
time independent. The wavevectors, kj, are all equal in magnitude and from Fig. 
G .l are related by ki =  — k2 and k3 =  — k4. Each wave generates an interference 
pattern with each of the other three waves and collectively the four waves generate 
six. However, particular to the DFWM geometry illustrated in Fig. G .l, the four 
waves form two counterpropagating pairs and the interference pattern due to fields 
E i and E 3 coincides with that of E2 and E 4, differing only in phase and amplitude. 
Similarly the interference pattern due to E i and E 4 coincides with that of E2 and 
E3. Hence the six are reduced to four distinguishable interference patterns.
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Assuming a linear response from the PR material, the induced phase volume holo­
gram will consist of four multiplexed phase gratings and the resultant spatial profile 
of refractive index (RI) can be expressed as follows

1 A iA J -f AJA4 /• 1 \ t -i -\ ,n = nQ + r-ni------------------ exp(*0 i) exp(tki.r) -f c.c. ̂ to
1 A1AJ +  A5A3 f X \ f -1 \ ,+ rn n ------------------ exp(t0 ii)exp(ik ii.r) + c.c.
Z» J.Q
1 Ai A*+ 2 nm —j^-expfi^inJexpCikiH .r) + c.c.
1 A3 A*+ -n iv  - ■ exp(i^iv) exp(tkiy.r) + c.c.,
Z* 1q (G. 2)

where nj and (f)j, j =  I —* IV, are the grating amplitudes and phases respectively. 
I0 is the total incident intensity and the wavevectors are given by

ki =  k i — k3, (G.3a)

kn =  ki -  k4, (G.36)

km  =  2k i, (G.3c)

kiv =  2k3. (G.3d)

To reveal the coupled nature of the four interacting fields we solve Maxwell’s 
paraxial wave equation for a lossless medium in the slowly varying envelope ap­
proximation for the RI enviroment specified by Eq. (G.2). The wave equation is 
given as follows

v 2e
a2E „

V 2E  +  k2E =  0 , (G.4)

where k =  nu/c.  The electric field E is the superposition of all four fields

4
E =  ^  Aj(r) exp[i(u;t — kj.r)]e (G.5)

j=i
and the wave equation becomes

d2E
dx2

d_
dx

dAi(r) _ 
dx

’d A 2(r)
dx

dAs(r)
dx

*kixA 1(r)

-  ik2xA2(r)

" ik3xA3(r)

exp[z(u;t — ki.r)]

exp [i (cut — k2.r)] 

exp[i(wt -  k3.r)]
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+

d2Ai(r)
dx2

dA4(r) *̂ 4xA 4(r) exp[i(wt -  k 4.r)] V,

“ 2iki« ^ r _k?«Ai(r)
. exp[x(u;t — ki.r)] +  . . . (G.6)

Employing the slowly varying envelope approximation we can assume

9 2Al(r) ~>. 9 Al(r) <  k2 Ai(r)
dx2 «ki, dx (G. 7)

and Eq. (G.6) becomes

d 2E
dx 2 \

and similarly for y and z

_ dAi (r)  , 9 . , , 
2,klx d x "  + kixAl(r) exp[x(wt — ki.r)] + (C?.8ci)

d 2 E  
d y 2

d 2 E  
dz 2

2 iki,

2 iki

+«,*■«

^  + k!,A,W

exp[i(wt -  k^r)] +  . . .  j ,  (G.Sb) 

exp[x(u;t — ki.r)] +  . . .  >. (C?.8c)

Substituting Eqs. (G.2), (G.5) and (G.8a), (G.Sb) and (G.8c) into the wave equa­
tion, Eq.(G.4), and equating the coefficients of the exponential term exp[i(u;t — 
ki.r)] yields,

2 i | k J ^  + a A>M
dx

+ n^Ai +2n0 -̂ni

d y  z dz

1 A 1A 3 -j- A^A4

+  (k?x +  kjy -f kjz  ̂ Ai(r)

l

+  2n0-n n
1 A 1AJ + A 5A 3

A3 exp(i^i) 

A4 exp(*>n)

1 A 1A 2
+  2n0- n m —j— A2 exp(t^m ) > =  0 . (G.9)

Consider the variation in the amplitudes, Aj(r), to be confined predominately along 
the x direction. The amplitude changes in y and z directions can consequently be 
neglected and the following approximations may be made

dAj(r) ^  dAj(r) 
d y  dz

and

~ 0 (GUOa)
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dAi( 0  _  dAj(r) 9$ 0.
dx  dx

Substituting Eqs. (G.lOa) and (G.lOb), for j = l ,  into Eq. (G.9) yields

- 2iki dAi
dx

n2, ,211 .9 . n_u>
“ kx Ai 4* 2 Ai 

cz

W Ai AJ +  AJA4

ca1 n0ni Io A3 exp(iVi)

AiAJ +  AJA3 /• i \ 
+  n0n n -------- ;---------- A4 exp(:0 n)

+ n0nm
Ic

A2 exp(i^m ) 1 = 0

which simplifies to

2 l coseî .  = _ A.A )A
u  dx I0

_.nI1ex£(iM(AiA. +  A. A3)A4

to
_ . n mexp(,^l n ) A i A ; A 2

L
Similarly for A2, A3 and A4 as follows

and

n c dA2 .m ex p (—i(j>i)
2 cos 0\ “ r — t ~--------- (A jA3 +  A2A4)A4

uj ax 10
+ .nJ-,exp(-ifa) ( A .A 4 + AaA;)Aa

to
+ .n111exp(-^,11)A.AaAi>

to
0 C a  •n I e X P ( _ 2 ^l ) /  A * A , A A *\ A2 — cos02 ——  — — *------------------(A jA3 +  A2A4)A i

uj ax 10
_.nnexp(,-fa)(AiA. + A.Aa)Aa

to
. niv exp(i^iv) 4 . . .—  l - - - - - - - - - - a 3 a 4 a 4

In

2 - C0Sfl2^ i =  f°i«q>(W(A A; + A.A )A
uj  dx 10

+ , 011 exp(—‘"fa) (a «a 4 +  A2AJ)Al
to

+ , nivexp(- ifrv ) A , A4A3
An

(G.106)

(G Ula)

(G.116)

(G .llc)

(GUld)

Equations (G .lla ) , (G .llb ), (G .llc ) and (G .lld ) are the general coupled nonlinear 
first order differential equations for the optical system depicted in Fig. G .l. In
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practise one of the four destinct phase gratings will in general dominate as governed 
by the choice of geometry, polarisation and relative coherence between the four 
waves.

Consider the transmission grating to dominate, hence we can assume

ni »  n ii ,n in ,n iv

and the coupled equations, Eqs. (G .l la )—►(G.lld), become

^ -  = -J(a 1a 5 + a 5a 4)a 3,
dA* <v

=  -  J ( a xa ; +  a 2*a 4)a ;,

HA* -v
=  J ( A xA3* +  Aj A4)AJ,

^ ■ =  J (A :A 5  +  A ;A 4)A2i

where the amplitude coupling constant 7  has been defined as

tumi exp(i^>i)
^ 2c cos 6 \ ’

for the symmetric optical configuration, Q\ =  6 2 . 

Re-expressing the coupled equations in terms of intensities

d h _ _  dAtAj 
dx dx ’

_  a , ^ I  + A *  —
Al dx +  Al dx ’

=  —A x y-fA JA j +  A2A4)AJ — AJ ^-( Ai AJ +  A |A 4)A3,Ao *o
= -2S  7~  (AiAJA3A3 +  AJA3A3A4) 

. to
L
Io

I1I3 +  a/ I i  I2I314 COS (¥>)] .

and similarly for I2, I3 and I4

dl2 r
= j -  [I2I4 +  V llI2l3l4COs(v>)

i r = [i i i3 + v^iWicos^)] , 

I2I4 +  V h h h U
dL,
dx

lo
r

(G.12a)

(G.126)

(G .12c)

{GA 2 d)

(G. 13)

(G.14a)

(G.146)

(G.14c)

(G.14d)
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where the intensity coupling constant, T, and the relative phase of the interfering 
waves, are defined as follows

Appendix G

p  _  a;nisin<£i
c cos 9\ ’

= ̂ 3 + ̂ 4 — —  <P2-

(G.15a)

(G .156)

Assuming the nondepleted pump approximation for I i , I2 I3, 14 the system of
coupled equations Eqs. (G.12a)—*(G.12d) become

dAi
dx
dA£
dx 
HA* 'v
“d^f =  J l lA ,!  AJ +  (AJA2)A4), 

dA4
dx IQ

= 0, 
= 0,

T~^ — F"[(Ai A2)AJ +  |A2|2A4].

(G.16a)

(G.166)

(G.16c)

(G.16d)

The coupled differential equations Eqs. (G.16c) and (G.16d) are decoupled using 
their second derivatives as follows

d2A
dx2

dAJ
3 =fhAi|2^ -  + (AIA;)»%dA4

=  |Ai

dx

dA|_
dx

dx

+  (A J A 5 )f  (A 1A2)A; +  |A2r A 4
I f

= b |Ai
dA£
dx

7_
Io

+ (AIA5)f
in

|Ai |2 +  | A21"

(A i A2)AJ +

dA£
dx

|A2|2 f l  odA
(AfAJ) dx

| Ai |2 A 3

and hence

similarly for A4

d2A 2 I, + I2 dA; _ ^
dx2 L dx

d2A 4 Ii + I2 dA4
— 7 — ;------ :—  =  0.

dx2 L dx

(GU7a)

(G.176)
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The corresponding general solutions can be assumed to be

AJ =  a exp[7 (Ii +  I2)x /I0] +  b, (G.18a)

A4 =  c exp [7(11 +  I2)x /I0] +  d, (G.186)

which are accompanyed by the boundary conditions AJ(0) and A4(/) =  0,

AJ(0) =  a +  6, (G.19a)

0 =  c exp[7 (Ii +  I2) //I0] +  d. (G.196)

Substituting Eqs. (G.18a) and (G.18b) with their first derivatives back into the 
original coupled differential equations, Eqs. (G.16c) and (G.16d), yields

C7k j t i i  exp[7 (ii +  I2)x/I o] =  (A xA2) [flexp[7 (Ix +  I2)x /I0] 4- b]L

+  h  [cexp[7 (Ii +  I2)x /IJ  +  d] >.(G.20)

Consider x=0, Eq. (G.20) becomes

A2AJ(0) +  I2(c +  d) j

and solving for c becomes

_ p | a iA2AJ(0) + e h  -  cexp(7/)I21,

cl! =  A i A 2 A j (0) -  cexp(7i)I2 ,
, _  A V n / 1 e x P ( ~ 7 0  

Aj   ̂ A2 [exp(—j l ) / f 3 +  1] ’
where (3 =  I2/I i .  Returning to Eq. (G.20) and solving for d at x=0 yields

' - ,02l4)
Similarly Eq. (G.20) can be solved for a and b at x=l  to give

exp(—70//5

(G.21a)

a =  A |(0) 

6 =  A3*(0)

[exp(—7 0 / P +  1] ’
1

(G.21c)

(G.21d)
[ex p (-7 /) /^  +  1]'

Substituting the solutions for a, b, c and d back into Eqs. (G.18a) and (G.18b) 
yields

1
A j(x) =  A*(0) 

A4(x) =  A3*(0)

[exp(-7 0 /0  + !] 
A 1 / A 2

[exp(—7 0 / 0  +  M

[exp[7 (x - / ) ] / /?  +  1], (G.22a)

[exp[7 (x -  /)] -  1]. (G.226)
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Further, the phase conjugate reflectivity, Rpc, is defined as

Rpc = A4(0) 2
AS(0)

and from Eq. (G.22b) we immediately deduce

{G. 23)

A4(0) _  A i [exp(—7 /) -  1]
AJ(0) ~ A j [exp(—7 /)//? + 1] ’

_  Ax exp(—7 / /2)__________[exp(7 / /2) -  exp(-7 / /2)]______
AJ exp[—(7 / + \n(3)/2] [exp[(7 / + ln/?)/2] + exp[-(7 / + ln/?)/2]] ’ 

= _Ai_ / j  sinh(7 / /2)
A£ cosh[(7 / + In /?)/2] ’
A1A2 sinh(7 / /2) 
A*AJ cosh[(7 / + ln/?)/2] (G. 24)

and finally Rpc is given by

Rpc sinh(7 / /2) 
cosh[(7 / + ln/?)/2] (G. 25)

R eferen ces .

[G.l] B. Fischer, M. Cronin-Golomb, J.O. White and A. Yariv, “Amplified reflec­
tion, transmission, and self-oscillation in real-time holography,” Opt.Lett. 
6 , 519-521 (1981).
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A P PE N D IX  H

STOK ES’S RELATIONS FOR TIM E REVERSED WAVES AT 
A LOSSLESS BEAM  SPLITTER.

Consider a linearly polarised plane wave, E i , defined by

Ei =  Ai exp[:(wt — k i.r)]e , (I f .l)

with a complex amplitude Ai and unit polarisation vector e , incident from a vacum 
onto a lossless plane beam splitter as illustrated in Fig. H .l. [H.1,H.2]

Phase conjugate 
mirror

Figure H .l Complex amplitudes at various locations and both 
directions in a PC Michelson interferometer.

The transmitted and reflected waves, E2 and E3 respectively, will also be plane 
wave and will have complex amplitudes, A2 and A3, given by

A2 — t A i, (H .2a)

A3 =  rA1? (H.2b)

where t and r are the complex amplitude coefficients of transmittance and re­
flectance respectively for the lossless beam splitter, illuminated from the left hand 
side. The two waves E2 and E3 are phase conjugated at their respective PCMs,
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Figure H.2 The principle of time reversal invariance of light.

generating two PC waves E 4 and E 5 respectively with associated complex ampli­
tudes as follows

A4 =  jiit*A I, (H.3a)

A5 =  fi2 T*Al  (H.3b)

where and ^ 2  are the complex amplitude coefficients of reflectance for the 
two PCMs. The waves E 4 and E5 return back to the beam splitter where they 
combine to generate a wave travelling out the fourth port, E 6, and a wave travelling 
counterdirectional to the incident wave E i, E7. Their corresponding complex 
amplitudes are

A 6 =  r*A;t, {HAa)

A 7 =  //11* A* t' +  /i2r*A;r, {HAb)

where t' and r' are the complex amplitude coefficients of transmittance and re­
flectance for the lossless beam splitter illuminated from the right hand side.

Let us now consider the waves E 4 and E5 to be the exact time reversed replicas 
of E2 and E 3 respectively. This requirment is only satisfied if the PC reflections 
performed by both PCMs are perfect i. e. fix =  pL2 =  1. The complex amplitudes 
of the waves E 4 and E5 become

« «-H
<*II<

(H.5a)

A5 =  r*AJ. (H.5b)
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Applying the principle of time reversal invariance of light, schematically illustrated 
in Fig. H.2, we observe that the waves E 4 and E 5 combine at the beam splitter 
to generate the time reversed replica of the incident wave E ! , E *, travelling coun- 
terdirectional to E i, and no wave is generated out the fourth port. Using Eqs. 
(H.4a) and (H.4b) with Eqs. (H.5a) and (H.5b), the complex amplitudes of waves 
E 6 and E 7 become

A I(tY  +  r*t) =  0 , (H.6a)

AJ(t*t' +  r*r) =  AJ, (J5T.66)

from which the generalised Stokes’s relations are deduced as follows

t Y  +  r*t =  0, (H.la)

and

t*t' +  r*r =  1. (H.7b)

R eferen ces .

[H.l] P.D. Drummond and A.T. Friberg, “Specular reflection cancellation in an 
interferometer with a phase-conjugate mirror,” J.Appl.Phys. 54, 5618- 

5625 (1983).

[H.2] Hecht E. and Zajac A., “Optics,” (Addison-Wesley publishing company, 

Massachusetts, 5th Ed, 1980).
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A P P E N D IX  I

SPEC U LA R  REFLECTION CANCELLATION A N D  ENH ANCEM ENT
EXPERIM ENTAL DATA.

Phase conjugate 
reflectivity

Rpc

Relative intensity 
of specular 
reflection

Ir
0

0.044 0.346
0.051 0.340
0.062 0.337
0.076 0.329
0.098 0.319
0.113 0.307
0.124 0.306
0.153 0.292
0.156 0.292
0.164 0.290
0.185 0.275
0.193 0.276
0.236 0.253
0.287 0.229
0.298 0.227
0.375 0.194
0.404 0.179
0.415 0.181
0.422 0.162
0.436 0.176
0.440 0.168
0.487 0.148
0.542 0.125
0.593 0.105
0.625 0.089
0.658 0.068
0.731 0.055
0.742 0.066
0.796 0.037
0.822 0.044
0.865 0.033
0.891 0.030
0.975 0.018

contd ...
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contd ...
1.025 0.022
1.109 0.027
1.149 0.028
1.153 0.033
1.167 0.027
1.175 0.031
1.233 0.046

Table LI Phase conjugate reflectivity, Rpc, versus the relative 
intensity of the specularly reflected intensity, Ir, for 
R=0.37.

Phase conjugate Relative intensity of
reflectivity specular reflection

Rpc Ir (cancel) Ir (enhance)
o ★

0.682 0.118 0.823
0.744 0.131 0.762
0.829 0.099 0.858
0.868 0.099 0.845
0.891 0.093 0.893
0.930 0.093 0.919
0.977 0.090 1.011
1.054 0.067 1.021
1.101 0.067 1.056
1.178 0.064 1.136
1.233 0.054 1.143
1.287 0.058 1.293
1.333 0.061 1.424
1.349 0.058 1.194
1.519 0.067 1.565
1.566 0.051 1.331
1.767 0.045 1.447
2.000 0.064 1.632
2.155 0.080 1.668
2.411 0.083 1.792
2.581 0.109 1.796

Table I.II Phase conjugate reflectivity, Rpc, versus the relative 
intensity of the cancelled a^d enhanced specularly re­
flected intensities, Ir, for R = 0.37.
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