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Abstract

We study the bundle structure near reversible relative periodic orbits in
reversible equivariant systems. In particular we show that the vector field on
the bundle forms a skew product system, by which the study of bifurcation from
reversible relative periodic solutions reduces to the analysis of bifurcation from
reversible discrete rotating waves. We also discuss possibilities for drifts along
group orbits. Our results extend those recently obtained in the equivariant
context by Sandstede et al. [24] and Wulff et al. [29].
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1 Introduction

Symmetry is a frequently occurring property of dynamical systems. In recent years,
bifurcation in the presence of symmetries has been studied extensively, in particular
for equivariant dynamical systems (i.e. systems with time-preserving symmetries).

In addition to equivariance, dynamical systems may also possess time-reversal
symmetries. Such symmetries are well known to occur in many applications of inter-
est, many of which — but not all! — are Hamiltonian. Examples include mechanical
systems, and differential equations obtained by reduction from certain types of equiv-
ariant PDE’s, see Lamb and Roberts [20] for a recent survey.

In the context of equivariant dynamical systems, group theoretical tools have
been employed to develop a comprehensive understanding of bifurcation theory, see
for instance [11]. The work presented in this paper is part of a program to extend
the existing theory for equivariant systems to reversible equivariant systems.

The aim of this paper is to extend recently obtained results of Sandstede et al. [24]
and Wulff et al. [29] on the bundle structure near relative periodic orbits in equivariant
dynamical systems, to reversible equivariant dynamical systems, thereby reducing the
problem of bifurcation from reversible periodic orbits to that of reversible discrete
rotating waves. As a simple special case, bifurcation from reversible relative equilibria
reduces to bifurcation from reversible equilibria.

A complicating fact at this point is that there is not yet a local bifurcation for
general reversible equivariant systems. But some results are known to apply to special
cases, most notably the purely reversible case (in the absense of equivariance).

For instance, reversible Hopf bifurcation has been studied by Arnol’d and Sevryuk
[2], Vanderbauwhede [26], and — taking into account certain reversible equivariant
situations — by Knobloch & Vanderbauwhede [14]. A Lyapunov center theorem for
reversible equilibria is due to Devaney [6]. Generalizations to certain equivariant
reversible systems are given in Golubitsky et al. [10].

Bifurcation from reversible discrete rotating waves (or even reversible equivariant
equilibria) has upto now been studied only in certain special cases. Examples of
bifurcation from reversible discrete rotating waves were discussed in [17].

But most results on local bifurcations have been derived in the purely reversible
context. For instance, the papers [3, 25, 27, 28, 5] discuss various results on branching
of reversible periodic orbits without additional symmetry, including period doubling
and period preserving bifurcations as well as subharmonic bifurcations. See [20] for a
more extended discussion and additional references (also on other aspects of reversible
systems). For a survey on homoclinics in reversible systems, see Champneys [4].

Apart from their independent importance, the results of this paper form a first step
towards understanding the bundle structure near relative periodic orbits in reversible
equivariant Hamiltonian systems, which will be discussed in a forthcoming paper



(with R.M. Roberts [22]).

2 Setting of the problem

We consider differential equations of the form

i= f(u) (2.1)

where f is a smooth vector field defined on a finite-dimensional smooth connected
manifold M. We denote the flow of (2.1) by ;.

Let ') be a finite-dimensional (possibly noncompact) Lie group acting smoothly
and properly on M, possessing a normal subgroup I' of index two, i.e. I',/I" = Zo.
Then, taking p to be any element of ', \ I', we have

L,=({,p)y=TUpl. (2.2)

We assume that our differential equation (2.1) is '-equivariant and p-reversible,
i.e. the flow @, satisfies y®,(u) = ®;(yu) and yp® _,(u) = ®;(ypu) for all v € I' and
u € M. In other words, whenever u(t) is a solution of (2.1) then so are yu(t) and
vpu(—t) for all v € I'. In terms of the vectorfield f in (2.1) these equivariance and
reversibility conditions read

vf(u) = f(yu) and pf(u) =—f(pu) forall y€T. (2.3)

Note that from this definition it follows that (2.1) is not only reversible w.r.t. p, but
also with respect to all elements in pI". We call the elements of I' symmetries and
the elements of pI' reversing (or time-reversal) symmetries of f. The above imposed
structure on I', naturally follows from the composition properties of symmetries and
reversing symmetries. It should be noted that pI" need not contain an element of
order two (a so-called involution), so that reversible equivariant systems need not
possess an involutory reversing symmetry.

We say that a point ug lies on a relative periodic orbit (RPO) P if there is some
(least) T > 0 (the relative period) such that ®7(ug) = oug for some o € I'. The
relative periodic orbit P is formed by the union of the I' group orbit and the time
orbit of wug:

P = {y®:(uo) | v €T, t € R}. (2.4)

Definition 2.1 A relative periodic orbit P is called reversible if there exists a revers-
ing symmetry p such that pP = P.



Note that indeed pP is always a relative periodic orbit if P is. Namely,

Or(pug) = p®_r(ug) = po~" p~"(puo) = 5 (puo). (2.5)

for some ¢ € T, since I' is normal in T',.

Similarly a relative equilibrium is a flow-invariant group orbit ['ug. In this case
®;(ug) = eftug for some & € LT, where LI' denotes the Lie algebra of I'. A relative
equilibrium I'ug is called reversible if pl'ug = 'ug.

Before we discuss reversible relative periodic orbits we briefly recall the results by
Waulff et al. [29] on relative periodic solutions in the (non-reversible) equivariant case.

Let P be a relative periodic orbit of relative period 1, i.e. there is some uy € P
and some o € I so that o~ '®;(uy) = up. Let A C I denote the isotropy subgroup of
the point u¢ and let

Y ={(0,Ay ={y el | Py(up) = yup for some 0 € R}

denote the spatio-temporal symmetry group of P w.r.t. uyg. Note that due to the
proper group action of I', the isotropy subgroup A must be compact.
In [24, 29] it was shown that one can parametrize a neighborhood U of P as

U=(TxVxR)/(AXZ). (2.6)

Here V is a A-invariant section transversal to P in ug and 1 is the relative period of
P. Note that V is a Poincaré section which is transverse not only to the time orbit of
up, but also to the group orbit of uy. The variable € R plays the role of the phase
along the relative periodic solution.

Let (v, v,#0) be coordinates in I' x V' x R. Then the quotient by A xZ corresponds
to identifications due to the isotropy A and spatiotemporal symmetry ¥ (both defined
w.r.t. some fixed ug € P):

(’777)79) = (76717(57}79) = (/Yo—ilaQ'Uag—i_ 1) (27)

Here Q' € O(V) is an orthogonal twisted equivariant map of finite (even) order 2ky,
i.e. for all 6 € A we have

0Q = Qo(9), (2.8)
where ¢ : A — A is an automorphism of A (the twist automorphism) defined as
$(6) = o~ 0.

For many groups, for example, algebraic groups, it is possible to choose o within
oA such that ¢ has finite order k, see [29]. Actually even if the order k of the
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automorphism ¢ of A cannot be chosen to be finite then still ¢*v effectively acts as
the identity morphism on the representation of A on V for an appropriate choice of
o within oA, see [29] and section 5.3.2 below for more details. If k is finite we have
ky|k.

Due to the bundle structure one can lift the differential equations on the bundle to
(A x Z)-equivariant differential equations on I' x V' x R. In terms of the coordinates
(7,v,0) on T' x V' x R the resulting differential equations have the form

¥ =~vfr(v,0), 0= fy(v,0), ézf@(v,ﬁ) (2.9)

where

fF(an) - fV(an) = 07 f@(oae) = 17 (2'10)

and the (A x Z)-equivariance reads as follows (§ € A):

fr(60,0) = Ads fr(v,0), fr(6v,0) = 6 (v,0), fo(6v,0) = fo(v,0), (2.11)

fF(Qva 0 + 1) = Adgfp('U,H), fV(Qva 0 + 1) = QfV('Uag)a f@(Qva 0 + 1) = f@)(U, 9)
(2.12)

Here Ad, denotes the adjoint action of I' on LT, i.e., Ad,(§) =~y 1, vy €.

Because @ has finite order 2ky, it follows that the (v,6)-subsystem of (2.9) has
the compact symmetry group A X Zy,,. Consequently a relative periodic orbit P
corresponds to a discrete rotating wave of the A x Zyy, -equivariant (v, #)-subsystem.
Hence, the study of bifurcations from relative periodic orbits reduces to the study of
bifurcations from discrete rotating waves. In particular, when the automorphism ¢
is of finite order k, the bifurcations from relative periodic orbits become fixed point
bifurcations in systems with A x Zsg, symmetry which were studied by Lamb and
Melbourne [18].

The above result can be improved in two ways. First, by a reparametrization of
time, one may set fo(v,6) = 1, so that 6 becomes the natural time-coordinate and
(2.9) becomes a nonautonomous differential equation on I' x V. Second, subject to
some mild conditions on ', we may go to a comoving frame in which the relative
periodic orbit is observed as a periodic orbit. In particular, if I' is an algebraic group
then there is a comoving frame £ € LZ(X) (where Z(X) is the centralizer of ¥ in I)
satisfying the equations o = exp(&)o’, so that (¢')" = 1 for some positive n € N in
which the whole bundle becomes periodic of period 2n. Moreover, the order k£ of the
twist automorphism associated to ¢’ divides n, see [29]. In the comoving frame the
identification (2.7) holds with o replaced by the finite order element o’.



In this paper we show how to incorporate reversibility into the above approach
towards relative periodic orbits. We obtain a parametrization of a neighborhood of
the relative periodic solution as in (2.6), but with I' replaced by I', and with an
additional identification due to reversibility of the relative periodic solution.

The paper is organized as follows. In section 3 we first treat reversible relative
equilibria as a special (simple) case. In section 4 we discuss our results on the bundle
structure near reversible relative periodic orbits in detail, including possible drifts of
reversible RPOs and give some examples. Our main results on the bundle structure
and the form of the differential equations on the bundle are stated in section 4.3 and
section 4.4. Section 5 is devoted to the proofs of the main theorems.

3 Reversible relative equilibria

Before discussing reversible relative periodic orbits, we will first briefly treat the
simpler case of reversible relative equilibria.

We consider a relative equilibrium T'ug and let ®4(ug) = exp(&t)up. In the non-
reversible case one can write a tubular neighborhood U of the relative equilibrium
Tug as U =T xa V, see [23, 15, 7]. Here V is a A-invariant section, transversal to
the group orbit ['uy in ug.

We will now consider a p-reversible relative equilibrium ['ug, where ug has isotropy
A CT. Tt is easily verified that there always exists a reversing symmetry (an element
of the coset pI') that fixes the point ug. Namely, since pl'ug = T'ug there is some v € T
so that pug = yug or equivalently v *puy = ug. Hence, we may assume without loss
of generality that uy € Fix(p) (for some reversing symmetry p).

Let A, be the isotropy subgroup of I', w.r.t. uy generated by A and p. Note that
A, is an index two extension of A because p? € A and pA = Ap. Further, we call the
subgroup X, of I', generated by A, p and the Lie algebra element & the spatiotemporal
symmetry group of the relative equilibrium in T',.

The reversibility of the relative equilibrium leads to some natural reversibility
conditions on the drift. Before stating these conditions, we introduce the notion of
reversible maximal tori. Let I' = N(A)/A for a moment so that p?> =id (here N(A)
denotes the normalizer of A).

Definition 3.1 An element § € LI is called p-reversible if Ad,§ = —&. A torus T”
15 called a maximal p-reversible torus iof T? is generated by a p-reversible & € LI,
i.e. Ad,(§) = —¢, and is not contained in any p-reversible torus of higher dimension.

Proposition 3.2 Let T'uy be a p-reversible relative equilibrium, with uy € Fix(p).
Let ®,(ug) = exp({t)ug. Then w.lo.g. & may be taken to be A-equivariant and p-
reversible, i.e. £ € LZ(A) and Ad, (&) = —¢.



Generically, if the drift is compact, the dimension of the closure of the time orbit
of uy is equal to dim(T?), where T? is the mazximal p-reversible torus in N(A)/A
containing €. In other words, generically & generates a maximal p-reversible torus
Tr.

In the case of noncompact drift the time orbit of each ug on the relative equilibrium
18 diffeomorphic to a line.

Proof. Since ®;(uy) = e€™uy for some n € LT we have
1 (puo) = p®_4(ug) = e 4™ (pug)

similarly as for reversible relative periodic orbits, cf. (2.5). Since uy = puy we conclude
that

n+Ad,n € LA, p* € A,

This is a restriction on the possible drift directions and the possible isotropies of
reversible relative equilibria. Since e "de™ug = e "0®;(ug) = e "Dy (ug) = ug for
§ € A, t € R, we always have n € LN(A).

Since A, is compact we may choose a A, -equivariant scalar product on LI" and
write n = x +&, where y € LA and £ € (LA)*. Now, using that the scalar product is
p-invariant, we find that £+Ad,(£) € (LA)™*, but on the other hand also £+ Ad,(§) =
n+ Ad,(n) — x — Ad,(x) € LA. Hence, £ + Ad,(§) = 0. Since x € LA we may
w.l.o.g. change 1 to &. As shown in [9] we have (LA)t N LN(A) = LZ(A). Hence
also £ € LZ(A).

Thus @, generates a reversible torus if ¥, is compact. Following Field [8] and
Ashwin and Melbourne [1], we conclude that generically £ will generate a reversible
torus of maximal dimension, i.e. a maximal p-reversible torus in N(A)/A provided
that the drift is compact.

| |

In describing the bundle structure, we employ a local section V' that is transver-
sal to the relative equilibrium. In particular we may choose this section to be A -
invariant. Namely, since ug € Fix(A,) the group A, acts on T}, M, and since A, is a
compact group there exists a A -invariant scalar product on T,, M. Since pI'p ! =T'
we have Ad,LI' = LI'. Therefore p{uy = Ad,{ug € LT'uy for £ € LI'. So the space
TuoTug = LT is A -invariant. We hence choose V' = (T,,T'ug)" as A -invariant
complement of T, I'ug in T,,, M.

The bundle structure near the relative equilibrium and the form of the correspond-
ing differential equations are discussed in the following theorem.



Theorem 3.3 Let T'ug be a p-reversible relative equilibrium with uy € Fix(A,). Then
a neighbourhood U of T'ug has the form

U= T, xV)/A,=T,xa, V. (3.1)

The differential equations (2.1) on U lift to T' x V. With coordinates (y,v) € ' x V
they take the form

Y =7frv), v=fr(v), (3:2)

and are A-equivariant and reversible in the following sense:
VieA [fr(dv)=Adsfr(v), fv(dv)=7dfv(v), (3.3)
fr(pv) = =Ad, fr(v), fv(pv) = —pfv(v). (3.4)

Proof. We focus on the consequences of the reversibility, as the equivariant part of
the result is well known, see [15, 7].

Let ¢ : T,,, M — M be a A,-equivariant smooth local chart of M near uy. Due to
reversibility we have

(v,0) = (v) =90 pib(v) = vp~ Y (pv)
= (yp7',pv), veV.
Moreover, A-equivariance implies
Vo e A (y,v) = (v0 1, 6v).

By these identifications, a neighbourhood U of the relative equilibrium T'ug is of the
form U = ([, x V)/A, =T, xa, V.
In the coordinates (v,v) € I' x V' the differential equations on U have the form
Y=7fr(v), = fr(v)

where fr(v) € (LA)* for some A, -invariant scalar-product on LT. Reversibility
implies that whenever u(t) = (y(¢),v(t)) = y(¢)1(v(t)) is a solution, then so is

pu(—t) = py(=t)(v(—t)) = py(=t)p~ P (pv(—t))
= (py(=t)p ', pu(=t)).

Hence,

m(ﬂv):f\/(pv) & —pfv(v) = fv(p), (3.5)



and similarly

ﬁw—w =folov) & —Adyfo(v) = fr(pv). (30

We conclude this section with some simple examples of reversible relative equilibria.
Just as in the non-reversible case they might be rotating waves, invariant tori or
travelling waves.

Example 3.4 (Reversible rotating wave) Let I', = O(2), I' = SO(2). Then, a
relative equilibrium ['ug with isotropy A = 1 and A, = Z, is typically a reversible
rotating wave satisfying ®;(ug) = Ruiuo, and thus an equilibrium in a rotating frame
with angular velocity w. By reversibility p reflects the rotating wave to a solution
rotating with opposite orientation, i.e.

p®i(ug) = _y(ug) = R_spup.

Example 3.5 (Reversible invariant torus) Let [, = O(N), ' = SO(N). Then,
a relative equilibrium I'uy with A = 1 and A, = Z, is typically a reversible invariant
torus satisfying ®;(ug) = exp(&t)ug, with £ € so(N). Again we have

pPi(ug) = 4 (ug) = exp(—Et)uy.

Example 3.6 (Reversible travelling wave) Let ', =Rx Z; = E(1),' =R. Let
T, denote a translation by a € R so that pT, =T ,p for all « € R. Then, a relative
equilibrium 'ug with A = 1 and A, = Z, is typically a reversible travelling wave
satisfying

q’t(uo) = Ty uo, Pq’t(uo) = q’ft(uo) =T ,tup.

4 Reversible relative periodic orbits

Starting point for our results on reversible relative periodic orbits are the results on
reversible relative equilibria presented in the previous section and the results in [24, 29]
on the bundle structure near RPOs in non-reversible systems. First, in subsection 4.1,
we make some general statements on reversible relative periodic orbits and give some
examples. In subsection 4.2 we show what kinds of drifts are possible for reversible
RPOs. In subsection 4.3 we state our three main theorems on the bundle structure
near reversible RPOs. Detailed proofs of the main theorems are deferred to Section
5. In subsection 4.4 we study the differential equations in the bundle coordinates and

show that reversible RPOs correspond to reversible discrete rotating waves on a slice
(V x SH.



4.1 Some general properties of reversible RPOs

Let P be a reversible relative periodic orbit with relative period 1, i.e. fixing ug € P
we have @4 (ug) = oug for some o € T and pP = P.

As in the case of relative equilibria we can always choose a point uy € P such
that uy € Fix(p) for some reversing symmetry p. Namely, since puy € P there exists
a v € I' and some t; € R such that puy = 7Py, (up), and we readily verify that
Yo L 0®io/2(t0) = Y P _soj2(pue) = Pio/2(ug). So we change ug to By /o(ug) and p to
75 'p. From now on we assume that uo and p are such that uy € Fix(p). We denote
the isotropies of ug by A C I" and A, = (A, p) C I',. As mentioned in the case of
reversible relative equilibria, A is a normal subgroup of A, of index 2.

In reversible systems a point uy € Fix(p) lies on a p-reversible T-periodic solution
if and only if ®7/5(ug) € Fix(p). An analogous observation applies to reversible RPOs.

Lemma 4.1 Let uy € Fix(p). Then ug lies on a p-reversible relative periodic orbit P
with relative (minimal) period T, if and only if ®ya(ug) € Fix(p') where p' is some
reversing symmetry in pl.

Proof. We readily verify that, with ®7(ug) = oug for some o € ', we obtain
opPry2(ug) = 0P 12(puo) = oP_1/2(uo) = Pr/2(uo),

so that indeed ®;/5(ug) € Fix(p') with p' = op.
Vice-versa, if ug € Fix(p) and ®7/5(ug) € Fix(op) for some T' > 0, 0 € T" then uq
lies on a relative periodic solution with relative period 7. [

In the following proposition we collect some easy observations:

Proposition 4.2 Let ug be a point on a reversible relative periodic orbit P with
(minimal) relative period T > 0, such that ®rp(uy) = oug, and with isotropy A, C T,
and let ¥ = (A, o). Then,

1. dimFix(A,) < dim Fix(A) — 1.
2. If dimFix(A,) = dimFix(A) — 1 and X is compact then P is periodic.

Proof. The time orbit of ug is contained in Fix(A), so we can restrict to the case
M =Fix(A), and ' = N(A)/A. Now assume that

dim Fix(p) = dim(M) — 1.

In case ¥ is compact, o can be made arbitrarily close to identity by choosing some
appropriate ¢ € N large enough. Since

®y(up) = otug € Fix(ofpo™")
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and since Fix(cfpo=*) is close to Fix(p) we conclude that due to the transversal
crossing of ®;(ug) through Fix(ofpo~f) and since Fix(p) has codimension 1 the orbit
must cross transversely through Fix(p), i.e. @ (ug) € Fix(p) for some 7' > 0. Then

ug lies on a periodic orbit with period 27'.
If dimM = dimFix(p) then M = Fix(p) and since f(u) € Fix(—p) we have
f(u) =0 on M. Hence P must be a steady state, which contradicts our assumptions.
| ]

We conclude this subsection with some examples of reversible relative periodic
orbits.

Example 4.3 (Reversible discrete rotating wave) One of the simplest exam-
ples of a reversible relative periodic orbit is a reversible discrete rotating wave as
studied in [16], i.e. a periodic orbit with discrete spatiotemporal symmetry. For ex-
ample, let I', =D, I' = Z,, let o generate Z, and let p € I',\ I'. Then we may have
a reversible periodic solution of period n passing through uy € Fix(p) and satisfying
D1 (up) = oup.

Example 4.4 (Reversible modulated travelling wave) Another example of a
reversible relative periodic orbit is a reversible modulated travelling wave. Let
', =E(1), I =R, and let o generate Z C R. Then we may have a relative pe-
riodic orbit P passing through ug € Fix(p) satisfying ®;(ug) = oug. Such a solution
is called a modulated travelling wave and may have bifurcated from a reversible trav-
elling wave, see Example 3.6.

Example 4.5 (Reversible modulated rotating wave) A reversible modulated
rotating wave is a relative periodic orbit that is nonperiodic, but whose drift is com-
pact. For instance, let T, = O(2) and I = SO(2) act on a two-torus M = S* x S,
so that I' acts naturally on the first copy of S! and trivial on the second copy. Let
p act as a reflection on both copies of S'. Then dimFix(p) = 0, and typically a
relative periodic orbit P passing through uy € Fix(p) satisfies ®r(uy) = ouy for some
T > 0 and some o € SO(2) generating SO(2). Such a solution is quasiperiodic, and
a reversible modulated rotating wave.

4.2 Drift of reversible RPOs

In this subsection we investigate what kind of drifts may occur for reversible RPOs.
As we saw above, without loss of generality we may assume that there exists a point
up on the reversible RPO P in Fix(p).

We find that the drift element o with ®;(ug) = ouy must satisfy certain conditions
due to the isotropy A, C I', of u,.

11



Lemma 4.6 Let P be a p-reversible relative periodic orbit with relative period 1,
containing a point uy € Fix(A,), such that ®1(ug) = oug for some o € I'. Then o
must be inside N(A) and satisfies

opop~t € A. (4.1)

Proof. If P has isotropy A, then o has to lie in the normalizer N(A) of the isotropy
group A due to the fact that for all 6 € A

o oouy = o7 6® (ug) = up.
If P is p-reversible, with ug € Fix(p) NP, we have
pop~ g = p®i(ug) = P_1(puo) = o 'ug,
so that opop™t € A. n

In contrast to the situation of drift of reversible relative equilibria, note that in
the case of reversible RPOs o cannot always be chosen to be A-equivariant and p-
reversible (here p-reversible means pop™ = o7'), see [18, 29, 17] for counter-examples.

Let ¥ = (A, o) denote the spatio-temporal symmetry of P w.r.t uy in I'. Because
of Lemma 4.6 the group ¥, = (X, p) is an index-2-extension of ¥. The spatial and
spatio-temporal symmetry groups A, A,, ¥ and ¥, of P w.r.t. up in I" rsp. T, satisfy
the following relations

AR AY, AdDA, %,/SEA /AT, (4.2)

(here A < B denotes that A is a normal subgroup of B). Analogous statements for
reversible discrete rotating waves can be found in [17].

In the following consideration let I' = N(A)/A. Adapting the results of [8] and [1]
to the reversible context, we obtain the following result on generic drift of reversible
RPOs.

Proposition 4.7 Let P be a p-reversible relative periodic orbit, as in Lemma 4.6.
Then, iof ¥ is compact, we generically have the equality

N=C"={yeC|py=7""p} (4.3)

where C' is the Cartan subgroup of N(A)/A containing o. This implies that in the
case of compact drift generically the dimension of the closure of the time-orbit of ug
is dim(C*?) + 1.

If ¥ is non-compact, the time-orbit of ug € P is a line.

12



We call C*? a reversible Cartan subgroup.

Proof. If the spatio-temporal symmetry ¥, of the reversible RPO P is compact, that
is, if P is a modulated rotating or a discrete rotating wave, then there is a Cartan
subgroup C, o € C, containing o [1]. In the non-reversible case, generically, ¥ = C
in N(A)/A and therefore the dimension of the time orbit of each uy € P is equal to
dim(C) + 1, see [9, 15, 1].

Due to the reversibility condition (4.1) we conclude that if P is a generic reversible
RPO with compact spatio-temporal symmetry ¥,, the dimension of the closure of the
time-orbit of uy € P equals dim(C”) + 1 where C” is defined as in (4.3).

If the spatio-temporal symmetry X, of the reversible RPO P is noncompact, for
example, if P is a modulated travelling wave, then the time-orbit of uy € P is always
a line, i.e. one-dimensional, see [1]. ]

In analogy to [29] we define the index m of a reversible RPO as the least number
such that

o™ = dpexp(m() forsome (€ LZ(X), Ad,(=—-(, & € A.

This index may be infinity, e.g. if ¥ = Z, ¥, = Dy,. If ¥ is compact then m equals the
number m of connected components of the reversible Cartan subgroup C*” containing
o. This can be seen as follows: obviously m|m. On the other hand we know that
o™ = exp(m) with Ad,¢ =  and Adpc~ = —Cin N(A)/A. Then o™ = &y exp(i() for
some dy € A and some representative ¢ of ( = ( + LA. Choose a ¥ ,-invariant scalar-
product on LN(A) and choose the representative ¢ € (LA)t N LN(A) = LZ(A).
Then (Ad,¢ — ¢) € (LA)* N LA, and therefore Ad,¢ = ¢. Similarly, (Ad,( + () €
(LA)* N LA and henceforth Ad,{ = —¢ and m = m.

We will see in subsection 5.3.1 and Theorem 4.12 below that m is finite if T' is
an algebraic group. If m is finite denote the group generated by A and the element
B = oexp(—() by ¥™, and let X7 be the group generated by ¥™ and p. We have

SN Ly, STJA 2D, /SN, JA X, (4.4)

Assume that the relative period of the reversible RPO P is scaled to one. In a
frame moving with velocity ( the reversible relative periodic orbit P is foliated by
periodic orbits of period m as the following lemma shows:

Lemma 4.8 Assume that the reversible RPO P has finite index m. Then

_Iyx st

P ,
X

St =R/mZ.
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Proof. Write vexp(—0()®g(ug) = (7,6) where v € ', # € R. One readily verifies
that

(v 1,0) = (vB~H0+1) = (yp ', —0)
where 3 = o exp(—(). In particular (v,0 + m) = (v, 0) = (7,0), with § € A. ]

4.3 Bundle structure near reversible RPOs

In this section we describe the bundle structure in the neighborhood of a reversible
RPO. Before we state our main theorems we need to discuss some preliminaries.

We let P be a reversible relative periodic solution of (2.1) with relative period 1,
and let p be a reversing symmetry fixing a point uy € P (such a reversing symmetry
p and point ug always exist, see section 4.1). Let A C I" be the isotropy subgroup of
ug, and Py (ug) = oug. We define again A, = (A, p).

We now extend the definition of the twist morphism ¢ of section 2 to A, by

Vo €A ¢(6p) =0 '6pot. (4.5)

Due to Lemma 4.6 we have ¢(dp) € pA for all § € A so that ¢ maps A, into
itself. Note that in general ¢ is a morphism but not necessarily an automorphism or
homomorphism of A,: one readily verifies that [17]

3(dp) = 6(3)d(p), but ¢(pd) = p(p)d " (9). (4.6)

Definition 4.9 Let A, act smoothly on a manifold X. We say that a diffeomorphism
F: X — X s twisted reversible equivariant if

F§ = ¢(0)F, Fép=(dp)F~"
for all 6 € A.

Twisted (reversible) equivariant diffeomorphisms and the twist morphism ¢ were
introduced in Lamb and Quispel [19] and referred to as k-symmetric maps where
k is least such that ¢* is the identity morphism on A,. In the study of RPOs linear
twisted reversible equivariant maps play an important role, see below.

When I, is algebraic, there always exists a choice of o for which k£ is finite, see
Theorem 4.12 below and section 5.3 for more details. As in section 2 we will let ky
denote the effective order of ¢ as acting on a representation of A, on V.

In describing the bundle structure we will mention a group =, that is related to
the spatiotemporal symmetries of the RPO. We define

E=AXZ (4.7)
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as the group which was factored out in the bundle structure near non-reversible RPOs,
see section 2. We now write the elements of = as (0,7) where 6 € A and i € Z. The
group multiplication of the semidirect product is defined via the twist morphism ¢

(0,4)(5,0)(0, —i) = (¢ "(6),0), § € A,i € Z. (4.8)
We define =, = (A X Z), as index-2-extension of = by an element p such that
p(8,i)pt = (pdp t,—i), €A, i€Z, (4.9)
and p? € A. Evidently,
=4E, Z,/22Z, and A<LEZ, Z,/A~Dy. (4.10)

Before we state our main results on the bundle, we verify the existence of a A -
invariant section V' that is locally transversal to P.

Lemma 4.10 Let P be a p-reversible relative periodic orbit through uy with isotropy
A,. Then there exists a A,-invariant complement V' to Ty, P in T, M.

Proof. Because uy € Fix(A,), we have pf(ug) = —f(ug). Therefore the space
(f(up)) is Ap-invariant. Since p&uy = Ad,Eug, £ € LT', we conclude that LI'ug is A -
invariant. So the tangent space T,,P to the relative periodic orbit in u, is invariant
under the group A,,.

Since ug € Fix(A,) and A, is compact we can assume w.l.o.g. that A, acts
orthogonally on T,, M. Then the space V = (T,,P)* is a A,-invariant complement
to Ty, P. n

Finally, we now state our main result:

Theorem 4.11 Let P be a reversible RPO as discussed above. Then a neighborhood
U of P is of the form
[, xV xR

—
=
=p

U

Here V' is a A,-invariant section transversal to P. Let (v,v,0) be coordinates on
') x V x R. Then the quotient by Z, corresponds to the identifications (y € T,
veV,0eR)

(v,v,0) = (vp~ ', pv, —0) = (yo ™', Qu, 0 + 1) = (61, 6v,0) VS € A, (4.11)

The linear map Q' € O(V) occurring in these identifications is twisted reversible
equivariant (w.r.t. the twist morphism ¢ on A,) and of finite order 2ky .
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By definition (AxZ) < =, and Z,/(A X Z) = Z,, so that indeed the bundle structure
here is a natural extension of the result obtained in [29]. The proofs of this theorem
and the two following theorems can be found in section 5.

Now assume that I' is an algebraic group, i.e. defined by algebraic equations. This
assumption is often satisfied in applications: examples of algebraic groups include
compact groups, Euclidean groups and the classical Lie groups. In this case the bundle
structure near a reversible relative periodic orbit becomes periodic in a comoving
frame, more precisely:

Theorem 4.12 Let P be a reversible RPO as in Theorem 4.11, and assume that
' is algebraic. Then there exists a & € LZ(X), satisfying Ad,§ = —&, such that
o™ = exp(n&) for some n € N and an appropriate choice of o in the coset cA. As

a consequence, k and m are finite and there ezists a comoving frame (moving with
velocity &) in which the neighborhood U of P has the form

[, xV xR/2nZ

=

=p

U=

Here =/ = A X Zo, is defined by the group multiplication (4.8) where i € Zso, instead
of i € Z and =, is defined as index-2-extension of =" with group multiplication (4.9)

so that =), satisfies A I E) and E;/A =~ Dy, .

The quotient corresponds to the identifications (4.11) where o is replaced by o'.

Analogously as for the group =, we have (A x Zy,) Q=) and =, /(A X Zyy) = Zo.

Similarly as in the non-reversible case [29] we can obtain a 2m-periodic bundle
if the index m of the reversible RPO is finite, i.e. if 0™ = §yexp(m() for some
¢ € LZ(X), Ad,¢ = —(, dp € A. For the bundle construction we need the group X"
which is a cyclic extension of A, of order 2m. The group E?)m is generated by A, p
and some element R satisfying

R'SR = ¢(8), R'0pR™" = ¢(6p) for 6 € A, R™™ = 6.

Theorem 4.13 Let P be are reversible RPO of index m and write 0™ = 0y exp(m()
where ( € LZ(X), Ad,{ = —C and &y € A. Form the group Ezm as described above
and denote 3 = o exp(—C(). Then, there is a neighborhood U of the RPO P such that,
in a comoving frame, moving with velocity ¢

L, xV xSt

2m
Eﬂ

U= ., S'=R/(2mZ).
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Here V' is an orthogonal representation of the group E%m. The action of E%m on
L, x VxS is given as

§-(v,v,0) = (v 1 6v,0),
R ' (77 /U7 0) = (7/8_17R/U70+ ]‘)7
p-(v,0,0) = (vp ', pv,—0).

4.4 Differential equations on the bundle

In the following theorem we state the form of the differential equations in the bundle
coordinates on I', x V' x R. We will see that the analysis of the bundle structure
reduces the study of bifurcations from reversible RPOs to the study of bifurcations
from reversible discrete rotating waves in the slice V' x S'. Whereas the overall sym-
metry group [' may be noncompact the symmetry group of the slice which determines
bifurcations is compact.

Theorem 4.14 In terms of the bundle coordinates (v,v,0) € I', x V xR, the differ-
ential equations on the lifted bundle have the form (2.9):

Y=7fr(v,0), = fv(v,0), 0= fo(v,0).

They are p-reversible, i.e.,

fF(PUa _9) = _Adpff‘(vag)a fV(p'Ua _9) = _pr('Uag)a f@(pva _9) = f@(v,ﬁ) (412)

and (AXZ)-equivariant in the sense of (2.11), (2.12). Further fr(0,0) =0, f-(0,0) =
0, fo(0,0) =1.

If there exists a comoving frame £ € LZ(X) in which the bundle becomes periodic
as in Theorem /.12, then (2.12) holds with o replaced by o', and fr(0,0) = &.

Proof. Due to reversibility, whenever u(t) = (y(¢),v(t),0(t)) is a solution of (2.9),
then also

pu(—t) = (py(—t),v(—t),0(—t)) = (py(—t)p~", pv(—t), —O(—t))

is a solution of (2.9). Here we used identification (4.11). In analogy to the case of
reversible relative equilibria, see section 3, we obtain

m(pv)zfv(pv,—ﬁ) & —pfv(v,0) = fy(pv, —0)
and that
d

m(pf)/p_l) - p’)’p_lfp(py, _9) g _AdeF(Ua 9) = fr(pU, _9)
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and finally, that

m(—e) = fo(pv,=0) & fo(v,0) = fo(pv,—0)
which yields the conditions (4.12). The equivariance conditions (2.11), (2.12) are
known from [29]. In subsection 5.4 below we will show how the vectorfields fr, fi
and fo are related to the vectorfield f from (2.1). ]

Again, we may reparametrize time to set fg(v,f) = 1. In particular, whenever
I', is algebraic, we can proceed to a comoving frame in which the relative periodic
orbit is periodic, and the equations take the form of a periodically driven reversible
equivariant system on [' x V.

Since @ has finite order 2k (rsp. 2ky) we note that relative periodic solutions
correspond to reversible discrete rotating waves (periodic solutions with discrete spa-
tiotemporal symmetry) of the (v, #)-subsystem. Hence, modulo drifts, the problem of
bifurcation from reversible relative periodic orbits reduces to the problem of bifurca-
tion from reversible discrete rotating waves. More precisely, reversible RPOs become
fixed points of the twisted reversible equivariant diffeomorphism F': V' — V defined
as F = Q~'¢g") where ¢V is the time-one map of the nonautonomous v-equation in
(2.9).

There is no general bifurcation theory available yet for reversible discrete rotating
waves, although it is clear that the techniques of [18] for discrete rotating waves in
equivariant systems extend to the context of reversible equivariant systems: By em-
ploying Birkhoff normal form techniques [16] the problem of bifurcation from discrete
rotating waves may be reduced to a problem of fixed point bifurcation of a (A X Zgy)-
equivariant and p-reversible diffeomorphism (up to higher order terms), see e.g. [17]
for some examples.

As mentioned before, even a general local steady-state bifurcation theory for re-
versible equivariant systems is not yet in place, however see [21, 13] for the linear
theory.

5 Proofs of the main theorems

In this section we prove our main Theorems 4.11, 4.12, 4.13 on the bundle structure
near a reversible relative periodic solution.

First, in subsection 5.1, we briefly review the bundle construcion of [24, 29] and
sketch what modifications need to be made in the reversible case. Subsection 5.2
deals with decompositions of twisted reversible equivariant linear maps which occur
as linearizations of relative periodic solutions. In subsection 5.3 we show that the
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order of the twist morphism ¢ is finite for appropriate choices of o in the coset of
oA if T' is algebraic. Moreover we show that for any twisted reversible equivariant
linear map L € Mat(V') there is some ki and & € A such that (6,L)* is equivariant
and reversible. Finally, in subsection 5.4 we prove Theorems 4.11, 4.12 and 4.13 and
discuss the relationship between the equations (2.9) in bundle coordinates and the
original vectorfield (2.1) in more detail.

5.1 The bundle construction of [24, 29].

Let P be a relative periodic orbit of (2.1) of relative period 1. Fixing ug € P there is
a o € I'such that o 1®;(ug) = ug. We let A C I" denote the isotropy of ug and ¥ C T
denote the group generated by o and A. As mentioned in Section 2, in [24, 29] it is
shown that a neighborhood U of P can be parametrized as (2.6) with identifications
(2.7).

To prove this result, in [24] a family of cross-sections Vj around the relative periodic
solution is constructed and the linearized flow (D®y),, is used to define coordinates
on V. First, write

Toy(ue)M = Tay(up)P @ Vi, (5.1)

where V5 = V and the cross-sections Vj are A-invariant and depend smoothly on 6.
Let Py : To,u,) M — Vp denote the associated family of A-equivariant projections.
The spaces Vj are chosen such that the linearized flow (D®y),, restricts to a A-
equivariant map Py(D®y),, : V — Vj and that

Pg+1 == O’PQO'_I. (52)

The neighborhood U of the relative periodic solution is parametrized by the submer-
sion7:U — I xV xR where

u = T1(7,v,0) = y(Pg(ug), PyDPy(uo) Jyv). (5.3)

Here ¢(u,w) € M, uw € M, w € T, M, is a local smooth T'-equivariant chart for M
near v and Jy € GL(V) is a A-equivariant homotopy such that

JU - ld, P0071D®1(U0)J9+1 - JgQil (54)

and Q! € O(V) is an orthogonal twisted equivariant matrix of finite order 2k,
(rsp. 2k if k is finite, e.g. in the case of algebraic groups I'). Using the parametrization
(5.3) one verifies the identifications (2.7).

In the following two subsections we show how to adapt this approach to reversible
systems.
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5.2 Twisted reversible equivariant linear maps

In this subsection we show that twisted reversible equivariant linear maps can be
decomposed into a product of two commuting matrices one of them being reversibly
and equivariantly homotopic to identity and the other one being orthogonal and
of twice the order k of the twist morphism ¢. We need this result to find reversible
homotopies Jy which are used later in defining the parametrization of a neighborhood
of a reversible RPO, cf. (5.3), (5.4).

Lemma 5.1 Let A, be a compact Lie group acting orthogonally on some finite-
dimensional vectorspace V- and suppose that ¢ is a morphism of finite order k, such
that 6|5 € Aut(A) and for all § € A 6(6p) = 6(8)6(p) and 6(pd) = b(p)d~1(9).
Let L :' V. — V be a twisted reversible equivariant nonsingular linear map. Then
there exists a twisted reversible equivariant orthogonal map A : V. — V such that
A% =T and A 'L is homotopic to the identity with a homotopy Jy = exp(6n) which
18 A-equivariant, commutes with A and L and is reversible

pJop ! = T, =T .

Proof. We decompose L. = L,L,, where L, is the semisimple part of L, L,, is unipotent
and [Ls, L,] = 0. As shown in [16, Lemma 2.2] the map Ls is twisted reversible
equivariant as L. Therefore the matrix L, is A-equivariant and p-reversible. Note
that L, —id is nilpotent. Therefore In(L,,) is a polynomial in L,, —id and consequently
A-equivariant. Moreover

oz = o3 S, iy =

7 - 7!
(2

= In(L;') = —In(L,).

n

Therefore the unipotent part L,, of L is A-equivariantly and reversibly homotopic to
id and the homotopy e™“)? commutes with L and L,. From now on we can assume
without loss of generality that L is semisimple.

The map L* is equivariant in the usual sense. Let p denote an eigenvalue of
L¥ and denote the corresponding eigenspace by E,. Note that E, is A-invariant
and is also invariant under L. However, £, is not necessarily invariant under p:
If u is an eigenvector of L* with eigenvector v, then p~! is also an eigenvalue of
L*, with eigenvector v,-1 = pv,. Hence a A,-invariant subspace for p is given by
Eu = FE, + E,-1. To prove the lemma, it is sufficient to restrict to Eu, or, if u € C,
to Eﬂ + Eﬁ.

If 4 € R" then let A be the positive real k-th root of y and define

77|Eu = ln()‘)a 77|E;F1 = _ln()‘)
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Then Jy = " defines a A-equivariant reversible homotopy commuting with L such
that Jy, = id and J, = L*.

If L* has an eigenvalue g € R™, then we homotopy Lk|Eﬂ to —id|, using the
matrix 7 defined above.

If the eigenvalue ;€ C\ R of L* lies on the unit circle then again we choose a
k-th root A of p and define

nlg, =iarg()), nlg, = —iarg())

and obtain a real-valued reversible homotopy e” between id and LF on the real
subspace corresponding to E#.

If the eigenvalue u € C\ R of L* has module different from 1 then we get a
quadruple of eigenvalues

TR T S

Again we choose a k-th root A of ;1 and define the homotopy Jy = €’ where
g, =In([A]) +ilnarg(A)), nlg,_, = —In(]A]) —iln(arg(A))

and the complex conjugated equations hold on Ej, E;-1. Again the matrix n anti-
commutes with p and is A-equivariant.
In all cases we obtain a reversible A-equivariant path .Jy with

pJgpil =.J 4= J;l, 0Jyg=Jyo, 0 € A,#eR
which is smooth in #, commutes with L and satisfies
J(0) =id, Jop = A'LJ,, A* =id.

The matrix A is orthogonal, twisted reversible equivariant and commutes with Jy and
L.

Remark 5.2 The order of A in the above proof is not optimally chosen concern-
ing orientability issues. In fact it is often possible to choose A of order k even if
LF has eigenvalues in R™. Whether or not this is possible depends on the type of
representation of =, on V.
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5.3 Finiteness of k£ and ky

In this subsection we study the order of the twist morphism ¢ : A, — A, and the
corresponding twisted reversible equivariant matrices L defined on some A -invariant
finite-dimensional vectorspace V. Remember that the morphism ¢ is defined by some
o € N(A) with pop~'o € A. As before, A is a compact subgroup of I' with p? € A
and A, is the index-2-extension of A by p. In subsection 5.3.1 we show that the order
of the twist morphism ¢ is finite for an appropriate choice of o in the coset of oA if
the overall symmetry group [ is algebraic. In subsection 5.3.2 we show that there is
always a ky € N and a § € A such that (6oL)*v is reversible and A-equivariant for
any twisted reversible equivariant matrix L € GL(V') even if I is not algebraic.

We will need these results in subsection 5.4 below to prove that the matrix @)
occuring in the identification (4.11) can always be chosen to have finite order 2k or
2k'v.

To illustrate the problem, we will now present an example in which ¢™(p) # p,
m € Z, and therefore k = oo, for bad choices of ¢ in o A.

Example 5.3 Let I' = SO(3) x Zy, A = SO(3) and & generate Z,. Define I', =
O(3) x Zy so that p is an involution (p?> = id) in T', \ I'. Choose o = &4,, where
0, € A is taken as 9, = d102, pd; = d1p and pdy = 651p.

More specifically, let p be the reflection about the (x5, xz3)-plane. Then §; is a
rotation around the x;-axis and d5 is a rotation around a vector in the (zs, z3)-plane,
say the xy-axis. We compute that

b=(07)%p.

¢(p) = 0o 'po~
Similarly ¢™(p) = (607™p)?p and
(07 "p)* = (3516, )™(d20, )™

Obviously 6,10, ' and 8,6, ! are rotations around different rotation axes. If we choose
the rotation angles of 01, 8, such that d;'6;" and d,0;" are irrational rotations then
¢™(p) # p for all m € N. This implies that k¥ = co. Of course, choosing by o0 = & we
get k=1.

5.3.1 Algebraic groups

We now assume that [' is an algebraic group. Compact and Euclidean groups are
algebraic groups whereas I' = Z is an example of a non-algebraic group.

Lemma 5.4 Let I' be an algebraic group, let A C T be compact with p*> € A and
assume that o € N(A) satisfies opop~™" € A. Further let . be the group generated
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by o and A. Then there is some n € Z and some choice of o in the coset A such
that o™ = e" where £ € LZ(X) and Ad,& = —&. In particular, the morphism ¢ of
A, defined by o has finite order k.

Proof. Let
C=C(Z(o))NN(A)

where C'(G) C G denotes the center of the group G. We have o € C. The group C
is abelian and so the set

C’={yeC |ypyp~"' €A}
is a group: let v;,v9 € C. Then there are d;,d, € A such that
vi=6ipy Tt i=1,2.
Therefore

Y172 = 011y T Sapry Tt = G ey T = Bidap(mie)

where 52, 32 € A. Here we used that p and 7, are normal in A and that C” is abelian.
The group C* is algebraic and o € C?. Hence by [12] there is some n € N and
some 1 € LC? such that o™ = e™.
Now we first treat the case that ¥ is compact. Then X, is compact. So we
can choose a Y ,-invariant scalar-product on LI'. As in [29, Lemmata 6.1, 6.2] we
decompose orthogonally

n==&+x

where x € LA and £ € (LA)*. As shown in [29, Lemmata 6.1, 6.2] we have £ €
LZ(Y). The argument there is as follows: since the scalar product on LI is X-
invariant we know that Ad,& — & € (LA)* for v € ¥. Further Ad,£ = Ad,(n —
X) € LA for v € ¥ since ¢ € N(A) and n € LN(A) N LZ(c). Consequently
Ad,¢ € LAN (LA)* = {0}. In particular letting o = id so that ¥ = A the above
argument shows that for any compact group A and any A-invariant scalar-product
on LI the equality LN(A) N (LA)Y = LZ(A) holds, cf. [9].

With a similar argument we can show that Ad,§ = —&: Since the scalar product
on LT is p-invariant we conclude that Ad,& + & € (LA)*. Further, since n € LC? we
have Ad,n +n € LA. Therefore Ad,{ = Ad,(n — x) € —£ + LA and consequently
Ad,¢ + & = 0. Changing o to o exp(—x) we see that k£ < oo.
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If ¥ is non-compact then the relative periodic orbit has to be a modulated trav-
elling wave. We proceed as in Lemma 6.2 of [29]: We choose a A,-invariant scalar-
product (-, ) on LT. We decompose 1 = £+ x orthogonally w.r.t. this scalar product.
ie. £ € LN(A)N (LA = LZ(A), € LA.

Now we define a new scalar product on X := Ry + LA = RE @ LA as

—_

(u,v) =Y (Adgyiu,Adsiv), u,v e X.

3

Il
o

Since 0 € N(A) this new scalar product is A-invariant. Since £ € LZ(A) we have
Adyn = Adexpng) on LA and Adgné = Adexp(n)z)exp(ng)g = Adexp(ng)§ = &£ Therefore
(Adynu, Adgnv) = (u,v) for u,v € X and the new scalar product (-,-) is o-invariant.
Finally (-,-) is A -invariant and op = ¢~ (p)o~"' € Apo~'. Therefore

n—1
(Adyu,Adw) = Y (AdyAdyu, Ad,iAd,)
=0
n—1 n—1
= ) (Adgi(nAdy-ru, Ady-s()Ad,—iv) = > (Ad,-iu, Ad,-i0)
i=0 1=0

= (u,v).

Now we decompose n = £+ x w.r.t. this new scalar product. Proceeding as in the case
of compact spatio-temporal symmetry ¥, we see that again Ad,{ = —§. Changing o
to o exp(—y) we achieve that k becomes finite. ]

If the spatiotemporal symmetry group ¥ is algebraic then we can define I' := X
and the above lemma applies. This means that in particular for discrete rotating
waves and modulated rotating waves the order of the automorphism ¢ is always finite
for appropriate choices of o.

5.3.2 Non-algebraic groups

In the case of discrete travelling waves k£ may be oo for any choice of o in the coset 0 A,
see [29, Example 6.6]. Let L = Pyo~'D®,(up) be the linearization along the relative
periodic orbit. In [29], for the twisted equivariant case, we proved that there is still a
finite kv such that L*v is A-equivariant for an appropriate choice of ¢ € oA. Similarly
in the twisted reversible equivariant case we can always choose a representative o in
oA such that L* is A-equivariant and p-reversible as we will now show.

First we prove that it suffices to treat the case that L is orthogonal.

Proposition 5.5 Assume that the compact group A, acts orthogonally on the finite-
dimensional vectorspace V. Suppose that L : V' — V' is a twisted reversible equivariant
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nonsingular linear map. Then there exists a twisted reversible equivariant orthogonal
map A:V —V such that A='L is A-equivariant and (pA)-reversible.

Proof. By polar decomposition, we can write L uniquely as L = AB where A is
orthogonal and B is symmetric and positive definite. One easily computes, see [29,
Proposition 1.1}, that B is equivariant and A is twisted equivariant.

Recall that B is defined as the unique symmetric positive definite square root of
B? = L"L. We show that B satisfies (pA)B = B~!'(pA). Using orthogonality of the
A,-action on V, we find

B*(pA) = L'LpA=L"¢(p)L7 A= ((¢(p)) L)' L A= (L""p )L A
= p(LH'L'A=p(AHYB Y B'A A= pAB 2

Thus, the positive definite matrix B’ = (pA)~'B(pA) satisfies
(B)? = (pA) ' LTL(pA) = B

Since B is the unique positive definite square root of LT L, it follows that B~! = B’ =
(pA)~'B(pA). The matrix A is twisted reversible equivariant. Namely,

Ap=LB 'p=LB 'pAA ' =LpABA ' = ¢(p)L 'LA ' = p(p)A L.
]

Now consider the subgroup G of O(V) generated by the representation Ay of
A on V and the orthogonal, twisted reversible equivariant matrix A. The group
Ay is normal in G. Let G, denote the index two extension of G by the orthogonal
representation py of p on V and let ¢y be the morphism of Ay defined by ¢y (6) =
ASATY 6 € Ay, and ¢y (dpy) = AdpyA. Since G is compact and therefore algebraic
we can apply Lemma 5.4 and conclude that there is some dy € A and some ky € N
such that (§pA)*v is A-equivariant and p-reversible. Changing o to ouey = 00"
and A to Anew = dpA we see that now ARV is A-equivariant and p-reversible. Since
Apew and Lyew = 6L = Pyo, . D®(uy) define the same morphism ¢y of Ay we
conclude that also LFY is A-equivariant and reversible. We summarize this result in

the following lemma.

Lemma 5.6 Suppose that L :V — V s a twisted reversible equivariant nonsingular
linear map. Then there exists a finite number ky € N and some 0y € A such that
(8oL)*v is reversible and A-equivariant.
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5.4 Parametrization and equations on the slice

In this section we come towards the proofs of Theorems 4.11, 4.12, 4.13. Let P be a
reversible relative periodic solution with minimal relative period one. Choose some
ug € P. As we saw in subsection 4.1 we may assume without loss of generality that
up € Fix(p). We have ®;(ug) = oug for some o € I and ®;(ug) ¢ Tug for 0 < t < 1.
Let A and X denote the spatial and spatiotemporal symmetry groups of P in I'.
Remember that the isotropy subgroup A C I' is compact and that X is the closed
subgroup of I' generated by A and o.

Since ®, is p-reversible and A-equivariant, i.e. ®;p = p®_; and §®; = &0 for
all § € A, it follows that the diffeomorphism o~'®, is twisted reversible equivariant:
since 0® ;0! = &, ! we obtain [17]

(071 ®)5p=0""6po ' a®_; = ¢p(6p)o®_107 "0 = ¢(dp)®; 0, (5.5)

where ¢ is the twist morphism as defined before. Accordingly, the linearization
o~ 'D®, is also twisted reversible equivariant.

In [24], it was first shown how the flow in a neighborhood U of the relative periodic
solution P can be written as a skew product flow on a space of the form I' x V' x R,
and we shortly described this approach in section 2 and subsection 5.1. We will use
the parametrization (5.3) from [24], but need to take reversibility into account. First
of all we choose V' as a A -invariant cross-section to P. In the following lemma we
show how the projections a P and the homotopy .Jy mentioned in subsection 5.1 can
be chosen to be p-reversible.

Lemma 5.7 Let L = Pyo '(D®y),, : V — V.

(a) There is an orthogonal twisted reversible equivariant map A : V. — V of finite
order 2ky and a smooth family of A-equivariant nonsingular linear maps Jy : V — V,
0 € R commuting with A, such that

Jo=1, pJgpil =J 5= ng, LJy.1 = JyA, R (56)
(b) The A-equivariant projections Py can be chosen so that
Pop = pP_y, Pyi10 = ohy, 0 € R

Proof. Let (,) be a A,-invariant inner product on T,,M and define P, to be
the orthogonal projection onto V' such that T,,,P = (id — Py)T,,M and that P, is
A -equivariant. Since o '(D®;),, is twisted reversible equivariant as we saw above
and o 1(D®,),, maps T,,P into itself also L = Pyo *(D®,),, € GL(V) is twisted
reversible equivariant, i.e. L6 = ¢(6)L and Lép = ¢(dp)L~" for all 6 € A, where
¢ is the twist morphism on A,. By Lemma 5.6 there is some ky € N and some
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o € oA such that L*v is A-equivariant and reversible. Now we can apply Lemma 5.1
from section 5.2 with ¢ replaced by ¢y and conclude that there is some orthogonal
twisted reversible matrix A of order 2ky such that A~'L is homotopic to identity by
a A-equivariant reversible homotopy J; which commutes with A.

Next, we prove part (b). We repeat the argument above, but applied to the
twisted equivariant map L = o= (D®,),, : Tu,M — Tu,M to obtain an orthogonal
map A : TwM — T,,M and a smooth family of A-equivariant nonsingular linear
maps jg : TweM — T,,, M such that

Jo=1,  plg=Jgp, Llpi=JyA, 0€R
Let (, )p be the A-invariant inner product on T, ()M defined by
(v,w)p = (J (D@g) v, J (D@g);01w>, v, W € Ty M.

Following [29], Vj is defined to be the orthogonal complement to T, (u,)P in T, ()M
with respect to the inner product (, )g. We let Py : Ty, )M — Vjy be the orthogonal

projection with respect to this inner product. One easily computes, see [29], that

(v,wypr1 = (0 v, 0 tw)y. Therefore we see that indeed Py, 0 = 0P, as required. It

remains to be shown that also Pyp = pP_y. We compute that
(D® p)uy = D(p ' ®pp)uy = p ' (DP9) puop = p~ (D) - (5.7)
Here we used that puy = uy. Hence
T3 (DB g),r =T 4p (DBy), p = p T (DDy), ) p.
Using the orthogonality of p on T;,, M, it follows that

(v, w) g Jal( 0) 05 T4 (D) w)

=
< (Dq)a)uopv P 1‘]9 (D(I)a)uo p’U}>
(DB, Ty (D))

= (pv, pw)p.

Since Py : To,ue)M — Vj is the orthogonal projection w.r.t. the inner product (, )
we see that Pyp = pP_y as required. "

Now, consider the I'-equivariant submersion 7: ') x V' x R — M defined by

7(7,0,0) = 7Y (Pg(uo) , Po(DPyg)uyJov). (5.8)
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Here ¢(u,w) € M, u € M, w € T, M, is a local smooth I' ,-equivariant chart for A
near u. It follows from A-equivariance of Py, (D®y),, and .Jp, and A-invariance of
the points ®y(uy) € P, that 7(vd,v,0) = 7(v,dv,0) for all § € A. Also as in [29] we
compute that

(70,0 +1) =7(y0,Q 'v,0) (5.9)

where Q = AL, In the presence of reversibility, we moreover have

(v, v, —0) = ¥ (P_g(uo) , P_o(DP_p)uyJ—_gv)
= yp(p~' @g(ug) , p~ Ppp(DP_g)uyJ—gv)
= yp(p~ @g(uo) , p~ " Py(DPg)uyJopv)
=7(vp ", pv, 0).
Here we used the relations

p®o(ug) = @ g(ug), DPp(ug) = pDP 4(ug)p *.

This proves Theorem 4.11.

Proof of Theorem 4.12

If T is algebraic then we can simplify the bundle structure by passing to a convenient
comoving frame. Due to Lemma 5.4 we can write 0" = exp(n) where £ € LZ(X)
and Ad,{ = —&. Let o' = exp(—¢§)o, so that o' has order n. We define the new

submersion

Toew (7,0, 0) = (v exp(—0§), v, 0). (5.10)

Note that 7,ey remains I'-equivariant, since I' acts on the left. Since 7(vd,v,0) =
7(v,0v,0) for all 6 € A, and & € LZ(A), it is immediate that Tuew(v0,v,0) =
Tnew (7, 00, 0) for all 6 € A. Similarly, see [29], we compute that

T(yexp(—=&) exp(—0¢),v,0 + 1)
= 7(y exp(—€) exp(—0¢)o, Q™ 'v, 6)
= 7(y0" exp(—0¢),Q v, 0)

Tnew (’70—,7 Q_lva 9)

Now we need to check the reversibility condition in (4.11). We get

T(vp~" exp(—0€), pv, —0) = T(yexp(6&)p~", pv, —0)
T(yexp(6¢), v, 0) = Toew(7,v,0).

Toew (7, 0,0 + 1) =

Thew (f)/pil y PU, _9)

(5.11)
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Here we used that Ad,§ = —¢.
Since ¢’ has order n and Q** = id, it follows that Tyew (7, v, 0 +21) = Toew (7, v, 0).
Hence Ty, induces a -equivariant and (A X Zs,)-equivariant submersion

Tnew:FpXVXSI%M, SIZR/2TLZ,

onto a uniform neighborhood U of the reversible RPO P which respects reversibility
in the sense of (5.11). This proves Theorem 4.12.

Proof of Theorem 4.13

Now let P be a reversible RPO with finite index m. Write 6™ = d§, exp(m() where
¢ € LZ(Y), Ad,( = —C and & € A and let 3 = oexp(—(). The matrix &, 'Q™
with () as before is A-equivariant and p-reversible. Moreover, since Ad,dy = dy
also QiR = dp. Let G € O(V) be the compact group generated by @ and the
representation Ay of A on V. Since Q! is twisted reversible equivariant pQp~! €
Q 'Ay C G and therefore G, = (G, py) is an index-2-extension of G (here py
is the representation of p on V). We saw in Lemma 5.1 that the square of a G-
equivariant and p-reversible matrix is G-equivariantly and p-reversibly homotopic to
identity by a homotopy Jy = exp(nf). This implies that (5, 'Q™)? = exp(—2mn)
where 7 € so(V) is A-equivariant, commutes with @ and satisfies pynpy,' = —1. Set
R = Qexp(n) € O(V) and define similarly as in the proof of Theorem 4.12

7(v,v,0) = 7(vexp(—6C), exp(—6n)v, 6). (5.12)

One easily verifies (see [29]) that
F(yB7Y Ru, 0 +1) = 7(y07 ", 6v,0) = 7(y,v,0), §eA
Since Ad,n = —n and Ad,{ = —( we moreover see that
F(yp~t, pu, —0) = 7(v,v, ). (5.13)
Since 3™ = dp and R*™ = 6} it follows that
7(v,v,0 +2m) = 7(v63, 65 *v, 0) = 7(7,v,0)

so that the bundle is indeed 2m-periodic in #. Hence 7 induces a ['-equivariant

diffeomorphism 7 : (I', x V' x §')/Z) =2 U where S' = R/(2mZ) and U is a uniform
neighborhood of the reversible RPO. This proves the theorem.
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Appendix on the Proof of Theorem 4.14

The differential equations (2.9) are defined by the equation

DT(/%'UaH)(foF('U?H)a fV(U7 9)7 f@(U, 9)) = f(T(/Ya'Uag))'

If A is continuous then D7 has a kernel due to the identification (2.11). Therefore fr is
only determined within fr+LA. In the following we will show how to choose fr within
fr + LA in such a way that fr(v,#) is smooth in v, § and that the equivariance and
reversibility conditions (2.11), (2.12) and (4.12) are satisfied. We choose fr(v,0) € my
where my C LT is a complement to LA which is invariant under the adjoint action
of A, on LI'. More precisely we set my = exp(nf)m, where n € Mat(LI") is defined
as follows.

We first deal with the setting of Theorem 4.11. We apply Lemma 5.6 on the space
X = LT' x V and the twisted reversible equivariant matrix

I _ Ad? 0
N 0 PUO'_ID@I(UU)

and conclude that there is some finite kx such that LFX is A-equivariant and p-
reversible for an appropriate choice of o € oA (this may enlarge the original ky
a bit). Applying Lemma 5.1 on the space LI’ we see that there is some twisted
reversible equivariant matrix A of finite order 2kx and a reversible A-equivariant
homotopy exp(nf) commuting with A such that Ad;' = Aexp(—n). We choose an
inner product on LI' which is invariant under the compact matrix group generated
by A € Mat(Ll'), Ads € Mat(LT'), § € A, and Ad, € Mat(LI') and choose my
as orthogonal complement to LA w.r.t. this scalar product on LI". Since my =
exp(nf)mgy we get my,; = Ad,my so that fr(v,#) is smooth in v, 0 and so that the
equivariance and reversibility conditions (2.11), (2.12) and (4.12) for the equations
on the group make sense.

In the case of algebraic groups (Theorem 4.12) we can choose n = [, -] so that
my = Adexpgeymyo. In this case the scalar product on LI' is chosen to be invariant
under the compact group generated by A, and ¢’. In the comoving frame £ we have
fr(v,0) € my independent of 6.

In the setting of Theorem 4.13 we likewise define my = Adeyp(9cymo and choose
the scalar product on LI' to be Y7 -invariant so that again in the comoving frame ¢
we have fr(v,0) € my independent of 6.
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