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ABSTRACT

The bacterial microbiome is increasingly being recognised as a key factor in human health, driven in large
part by datasets collected using 16S rRNA (ribosomal ribonucleic acid) gene sequencing, which enable cost-
effective quantification of the composition of an individual’s bacterial community. One of the defining char-
acteristics of 16S rRNA datasets is the evolutionary relationships that exist between taxa (phylogeny). Here,
we demonstrate the utility of modelling these phylogenetic relationships in two statistical tasks (the two sam-
ple test and host trait prediction) and propose a novel family of kernels for analysing microbiome datasets by
leveraging string kernels from the natural language processing literature. We show via simulation studies that
a kernel two-sample test using the proposed kernel is sensitive to the phylogenetic scale of the difference be-
tween the two populations. In a second set of simulations we also show how Gaussian process modelling with
string kernels can infer the distribution of bacterial-host effects across the phylogenetic tree and apply this ap-
proach to a real host-trait prediction task. The results in the paper can be reproduced by running the code at

https://github.com/jonathanishhorowicz/modelling_phylogeny_in_16srrna_using_string kernels.

1. Introduction
1.1. The human microbiome

The microbiome is defined as the microorganisms (including bac-
teria, fungi and viruses), their genetic material and their interactions
that live in or on a host organism. The human body is itself a vast
and diverse microbial ecosystem, with estimates placing the number
of microbial genes per human host at up to ten times larger than the
number of human genes (Turnbaugh et al., 2007). Datasets collected
via 16S rRNA (ribosomal ribonucleic acid) gene sequencing are driving
our rapidly increasing understanding of the role of the microbiome in
human health by enabling cost-efficient identification and quantifica-
tion of bacterial abundance. The 16S rRNA gene region of the bacterial
genome has become ubiquitous for bacterial composition analysis as it
is universally present in bacterial genomes and contains both conserved
and variable regions. Conserved regions make it easy to design primers
for polymerase chain reaction primers while variable regions facilitate
distinction between different taxa.

Each variable in a 16S rRNA gene dataset represents a distinct taxon
defined by a unique representative sequence. These variables (called op-
erational taxonomic units or OTUs) are related to one another via his-
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torical evolutionary relationships (phylogeny) that can be represented
by a phylogenetic tree inferred from these representative sequences.
These phylogenetic relationships distinguish 16S rRNA gene sequencing
datasets from those generated using other sequencing modalities, neces-
sitating tailored statistical methods to appropriately address relevant
biomedical questions. In this manuscript, we contribute to the growing
literature on non-parametric statistical approaches for analysing such
datasets, offering insights into methods that account for their unique
structure.

1.2. Analysis of microbial datasets using kernel methods

Kernel methods are popular in biological data analysis as they
provide a mechanism by which to encode prior knowledge and can
naturally be applied to discrete data types such as sequences (i.e.
strings) and trees. In recent years there has been growing inter-
est in kernel-based approaches for a range of microbiome analysis
tasks. Kernel regression is probably one of the most common ap-
plication of kernel methods in the microbial setting, where the pri-
mary aim is to test for associations between microbial compositions
and clinical labels (e.g. biomarkers or disease status) in a supervised
learning framework. These methods include kernel association tests
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(Zhao et al., 2015; Wu et al., 2016; Koh et al., 2017; Zhan et al., 2018;
Koh et al.,, 2019; Jiang et al., 2022) as well as kernel ridge regression
approaches (Randolph et al., 2018) and, very recently, Gaussian pro-
cesses (Adachi et al., 2025). When the clinical label is dichotomous then
kernel-based association testing can be performed either using classi-
fiers such as Support Vector Machine (Topcuoglu et al., 2020; Ghannam
and Techtmann, 2021; Nguyen et al., 2021; Li et al., 2025) or using the
kernel two-sample test with the maximum mean discrepancy (MMD,
Gretton et al., 2012) as the test statistic (Banerjee et al., 2019).

The choice of kernel function encodes the modelling assumptions of
any kernel method. For example, in kernel ridge regression or Gaus-
sian process regression the kernel determines the characteristics of the
regression functions while in the kernel two-sample test it defines the
space in which the inner product (similarity) between observations is
computed. While various kernels can be used in practice, the radial basis
function (RBF) kernel is commonly employed due to its general-purpose
flexibility and smoothness properties: given two observations x,x’ € X,
where X is a p-dimensional feature space, the radial basis function (RBF)
kernel is defined by k(x, x') = 62 exp (~lx — x'|[3/2/?) where 5* and / are
the variance and lengthscale hyperparameters. In particular, two phy-
logenetically similar taxa may have highly conserved functions, ecolog-
ical niches, pathogenic potential or metabolic pathways. In such cases
their host interactions and so their effects on human health may also
be similar. This motivates the selection of a kernel that incorporates
the phylogenetic similarities. Phylogenetic information has previously
been incorporated into microbiome data analysis during exploratory
or dimensionality reduction stages (Fukuyama et al., 2012; Fukuyama,
2019), as well as in kernel ridge regression (Randolph et al., 2018),
and, more recently, in Gaussian Processes (Adachi et al., 2025). This
integration is typically achieved by quantifying similarities between bi-
ological communities using distance metrics derived from phylogenetic
trees (Lozupone and Knight, 2005; Lozupone et al., 2007).

1.3. Our contributions and structure of the paper

Here we propose a novel family of kernels for microbiome datasets
that leverages the fact that each OTU is defined by a representative DNA
sequence. The proposed kernel family quantifies the similarity between
two samples by defining a distance in terms of the abundance of each
OTU in the samples while incorporating information regarding similari-
ties between OTUs. The similarity between the representative sequences
of pairs of OTUs is measured using string kernels, which were originally
developed in natural language processing for text classification (Lodhi
et al., 2002) and quickly became popular for the classification of protein
sequences in combination with support vector machines (Leslie et al.,
2001, 2003; Leslie and Kuang, 2003).

We explore the utility of the proposed family of kernels in the con-
text of two important statistical problems: (i) the kernel two-sample
test; and (ii) host trait prediction using Gaussian Processes. In par-
ticular, through simulation studies, we demonstrate that this family
of phylogeny-aware kernels enable a more appropriate kernel two-
sample test compared to those that only account for taxa abundance.
Furthermore, we illustrate how these kernels can be leveraged within
Gaussian Processes to infer the distribution of host phenotype effects
across the phylogenetic tree on simulated data as well as on a real
dataset to predict vaginal pH from bacterial community composition.
The results presented in this paper can be fully reproduced using the
code available at https://github.com/jonathanishhorowicz/modelling_
phylogeny_in_16srrna_using string kernels. While in this paper we focus
on Gaussian Process regression and kernel two-sample testing, the pro-
posed family of kernels is broadly applicable in the statistical analysis
of microbiome datasets and can also be employed in other contexts such
as kernel ridge regression and support vector machines, among others.

This paper is organised as follows. Section 2.1 provides an overview
of kernel methods, including Gaussian Processes and the kernel two-
sample test, before reviewing existing kernels used in microbiome
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analysis. In Section 2.2, we introduce our proposed family of string-
based kernels, while Section 2.3 addresses computational considerations
for their implementation. The simulation setup for evaluating the per-
formance of these kernels in the context of the kernel two-sample test
and host trait prediction using GPs is detailed in Section 2.4. The re-
sults of these simulations are then presented in Sections 3.1 and 3.2.
Section 3.3 extends the host trait prediction analysis to a real dataset.
Finally, we summarize our findings and discuss potential directions for
future research in Section 4.

2. Materials and methods
2.1. Background methods

This manuscript focuses on two statistical tasks that can be per-
formed using kernel-based approaches: (i) a two-sample test using MMD
as the test statistic and (ii) supervised learning via Gaussian Processes.
The behaviour of kernel methods in both tasks is determined by the
choice of a symmetric, positive semi-definite kernel function (., -) sat-
isfying
k(x,x") = (p(x). p(x"))y
for feature map ¢ : X — H which induces a reproducible kernel Hilbert
space (RKHS) H. In the following section we provide a short introduc-

tion on the kernel two sample test and Gaussian Processes before de-
scribing previous applications of kernels for microbiome analysis.

Vx,x' € X, (@)

2.1.1. Kernel two sample test: maximum mean discrepancy

nx

. , iid
Given two sets of samples X = {x;}.* and Y = {y,-}:.ll, where x; b

i=1
iid . . .

P and y; e 0, the two-sample test aims to determine which of the two

following competing hypotheses best explains the dataset:

H,: P#0, (2

with H, and H, being called the null and alternative hypotheses respec-
tively. Given a kernel k(-,-), the maximum mean discrepancy (MMD,
Gretton et al., 2012) is defined as

MMD, (P, Q) = ||E.p[¢()] = E,o[dW]ll3 - 3)

The kernel two-sample test uses as the test statistic the biased, minimum
variance estimator (Gretton et al., 2012) of Eq. (3), estimated from the
samples in X and Y:

Hy:P=Q vs.

) ny,ny
> k(xy)).

n.n

ny ny
—2 1 1
MMD, (X, Y) = — 3% ki) + — D k(3-y)) = 2

x i,j=1 y i,j=1
(€]

Statistical significance is assessed using a permutation test with Nperm,
permutations, and the p-value is given by

TP (MMD, (X7, ;") > MMD, (X, Y)) + 1
pperm = — 5 (5)

Nperm + 1

where {(X7, Yi*)}i’iplenn is formed by permuting the combined samples of
X and Y (Phipson and Smyth, 2010).

2.1.2. Gaussian processes

Kernel methods can also be used for non-parametric Bayesian su-
pervised learning tasks via a Gaussian process (GP). Let X be an n X p
input matrix (e.g. containing OTU counts for p OTUs in n samples) and
vy =y, ... y,) an n-dimensional host phenotype vector. For a continuous
trait, consider the following regression task

vi=f(x)+g,e~NO, i=1,..,n, 6)

where x; denotes the i-th row of the matrix X and f(-) is an unknown
function. To infer this unknown function one can specify a zero-mean
GP prior distribution over the function space

S~ GPQO, k(- ), ()
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which is fully specified by the positive semi-definite kernel function
k(-,-) and its hyperparameter(s) 6. The GP prior in Eq. (7) can be seen
as a generalisation of a multivariate Gaussian distribution: when evalu-
ating f(-) on a finite set of observations e.g. x|, ... x,,, the n-dimensional
vector (f(x;), ... f(x,)) follows a multivariate Gaussian distribution with
mean 0 and covariance matrix Ky y, which is the positive semi-definite
matrix with elements formed by pairwise evaluations of k(-,-) on the
rows of X. The Gaussian likelihood of this regression model permits ex-
act computation of the posterior distribution p(f(-) | X, y) via Bayes rule
(Williams and Rasmussen, 2006). In addition, the log-marginal likeli-
hood (LML) of the GP regression model can be obtained analytically

1 - 1
logp(y| X.0) = =5y (Kyx + 7Dy = S log (K +7°1)| = 5 log 2.
®

Note that Ky y depends on the kernel hyperparameter 6.
For binary traits, we consider regression models of the form

Y =0(f(x), i=1,...,n, 9

where ®(-) is the cumulative distribution function of the standard Gaus-
sian and f(-) is now a latent function that cannot be inferred in closed-
form due to the probit likelihood. In this paper we use the variational GP
classifier of Opper and Archambeau (2009), which approximates the la-
tent posterior p(f(-) | X, y) with a multivariate Gaussian g(f) = N'(u4, %)
parametrized by u and X. The optimal variational distribution ¢(-) is
found by maximising the evidence lower bound (ELBO),

ELBO =E_[logp(y | f,6)] - KL(g(N || p(f)), (10)

with respect to u, ¥ and 0, where KL(g(f) || p(f)) is the Kullback-Leibler
divergence from ¢(f) to the prior p(f).

The log-marginal likelihood Eq. (8) and the ELBO Eq. (10) can also be
used for model selection (e.g. selection of the kernel and its hyperparam-
eters) respectively in the regression and classification setting (Williams
and Rasmussen, 2006; Chérief-Abdellatif, 2019).

2.1.3. Kernels previously used for microbiome analysis

The choice of kernel k(-, -) encodes the modelling assumptions of the
kernel two-sample test or the GP model and so has a critical effect on
their behaviour. In the two-sample test the choice of kernel function de-
termines the properties of the RKHS H and so the behaviour of the test
statistic in Eq. (3). Meanwhile for a GP, the kernel defines the covari-
ance structure of the prior and so has a strong regularising effect on the
functions that can be learnt.

Probably the most commonly used kernel in the literature for GP
models or when using the MMD test statistic is the radial basis function
(RBF) kernel defined as

=) (=) >

where 62 and / are respectively the variance and lengthscale hyperpa-
rameters, along with other kernels in the Matern family. These kernels
are said to be characteristic, which is known to be a useful property for
the kernel two sample test as it guarantees that MMD, (P, Q) = 0 if and
only if P = Q (Gretton et al., 2012). However, we will illustrate in the
next section that in the context of microbiome analysis, where X con-
tains the abundance of each OTU in each sample and does not contain
any information related to phylogenetic similarity between OTUs, per-
forming a two sample test or a GP regression using these kernels is not
optimal. Indeed, these kernels would ignore any phylogenetic relation-
ships between OTUs. Despite this, the RBF kernel is still applied to anal-
yse microbiome datasets, especially in the context of SVM classification,
kernel regression and the MMD two sample test (Banerjee et al., 2019;
Li et al., 2025; Topcuoglu et al., 2020; Nguyen et al., 2021; Ghannam
and Techtmann, 2021).

In order to incorporate distances or similarities between OTUs in
microbiome statistical analysis, previous work has utilized the UniFrac
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distance (Lozupone and Knight, 2005; Lozupone et al., 2007; Randolph
et al., 2018; Adachi et al., 2025; Fukuyama et al., 2012; Fukuyama,
2019) - a metric designed to compare biological communities using in-
formation from phylogenetic trees. Let denote by x = (x(, ... x?) € Z{ |

and X' = (XD, ... X ®) e Z‘;O the vectors containing counts for each of
the p OTUs in the two different samples. The (unweighted) UniFrac dis-
tance between the two samples x and x’ is given by the ratio of unshared
branch lengths between the two samples to the total branch lengths in
the tree:

U, 1) o 3 bl 1(A,,(x) > 0) — T(A,(x) > 0)]

"~ Y, by max(L(A,,(x) > 0), 1(4,,(x') > 0)’ an

where b,, is the length of branch m, and A,,(x) denotes the numbers of
sequences that descend from branch m in the sample x (Lozupone and
Knight, 2005). The sums on the numerator and on the denominator are
taken over all the branches in the phylogenetic tree; and 1(4,,(x) > 0)
indicates whether any sequences descends from branch m in sample x
or not. A weighted variant of the UniFrac distance allows to weight the
branch lengths by the abundances in the two samples and is defined as
follows:

Ap(x) Ay
Ar(x)  Ap(x')

d"(x,x") = Y b, , 12)

where Ap(x) = ¥7_ x) denotes the total number of sequences in sample

x (Lozupone et al., 2007).

Given a set of n samples {x|,...x,}, we can define the nx n ker-
nel matrix K (with entries K; ;= k(x;,x j)) associated to the unweighted
UniFrac distance as follows: K = — % J DY J where DUFUW i the n x n
matrix with entries D}‘.f'“w = d"W(x, x pandJ =1 - %1 17 is the cen-
tring matrix (Mardia et al., 1979). The kernel matrix associated to the
weighted UniFrac distance can be defined similarly.

Note that computing the weighted or unweighted UniFrac distances
requires to first infer the phylogenetic tree encoding the evolutionary
relationship between the p OTUs as it relies on the knowledge of the
branches of the tree and their lengths. In the next section, we will in-
troduce a new family of string kernels for the analysis of microbiome
dataset that directly use the representative sequences of the OTUs in-
stead of inferring the phylogenetic trees to encode similarities between
related OTUs.

2.2. Proposed family of string-based kernels for microbiome analysis

Here, we propose a novel family of kernels for microbiome datasets
that leverages the fact that each OTU is defined by a representative DNA
sequence. The proposed kernel family encodes the similarity between
the representative sequences of pairs of OTUs using string kernels com-
monly used in the natural language or for the classification of protein
sequences. In these sequence classification tasks the samples themselves
are strings, while in 16S rRNA gene sequencing datasets samples are
count vectors whose dimensions (the OTUs) are related to one another
by strings (the representative sequences). The proposed family of ker-
nels uses a string kernel to construct an inner product space in which to
compute sample-wise similarity.

Recall that a 16S rRNA gene sequencing dataset consists of a set of
vectors {xj,...x,} where each sample x; = (x\",...x") € Z?  contains
counts for each OTU / = 1, ... p. In addition, each OTU is defined by a
representative DNA sequence of ~200 base pairs. Denote by z, the rep-
resentative DNA sequence for the /-th OTU. Let ¢(:, -) be a string kernel
that operates on pairs of strings and defines a similarity between pairs of
representative OTU sequences. This induces a p x p symmetric matrix of
OTU similarities, (S,); = q(zy, z;). This matrix .S, is then used to define
a quadratic form on the p-dimensional microbial abundance vectors as
follows: for all x,x’ € Z‘;O

ko (x, x') = (x, x’)sq = xTqu’ .



J. Ish-Horowicz and S. Filippi

(a) k=10

Journal of Theoretical Biology 616 (2026) 112249

q(z,2)
1
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Fig. 1. Spectrum kernels for k-mer lengths of 10 (A) and 30 (B). Coloured bars indicate the Order of the OTU, illustrating how blocks of OTUs with high string
similarity correspond to taxonomic classifications. The 100 most abundant OTUs from the chronic respiratory disease dataset used in the simulation studies are

plotted (Cuthbertson et al., 2020).

This way, for each kernel q(-, -) operating on pairs of strings, we can de-
fine the associated kernel k,(x, x), which operates on pairs of samples
while incorporating OTU similarities via the S, matrix. If we choose
S, = I, where I is the px p identity matrix, we are assuming that all
OTUs are distinct, resulting in the linear kernel. Note that if the vectors
of abundances {x,,...x,} are stored in the rows of a n X p count ma-
trix X € Z':Sp , then the sample-wise kernel matrix K, associated to the
kernel kq(-,_-) is a n x n matrix given by K, = X5, X7.

Further intuition on how our proposed kernel encodes phylogenetic
similarity between kernels can be obtained by inspecting the ij ele-
ment of K, which is given by (K,);; = X7_| 7 | X;1.S, X ;- The simi-
larity between sample i and sample j is therefore the summed similarity
of their abundance of each pair of taxa, weighted by the OTU similarity
between the pair of taxa.

In the following we consider three string kernels, g(-, ), to quantify
similarity between the representative sequences of OTUs: the Spectrum
kernel, the Mismatch kernel and the Gappy Pair kernel. The simplest of
the three is the Spectrum kernel (Leslie et al., 2001), which is defined
by a feature mapping that counts the number of k-mers appearing in a
string:

PPEs) = (P (e ks 13
where A% denotes the set of possible k-mers in alphabet .A and A°*(s)
returns the number of occurrences of substring u in string s. When
analysing DNA sequences, A = {T, G, C, A} corresponding to the four nu-
cleotide and so the k-mer feature space .A* has size 4X. The Spectrum
kernel is then defined for any pairs of representative sequences of OTUs,
zand 2/,

4Pz, 2') = ($P(2), 9P(2)) 415 as
Fig. 1 illustrates the S spec matrices for Spectrum kernels with hyper-
parameters k € {10,30}, computed using the 1189 OTUs in the respi-
ratory disease dataset utilised throughout this study (described in Sec-
tion 2.4.1, Cuthbertson et al., 2022). We observe that smaller values of
k produce a matrix with many non-zero elements while larger values of
k induce a block diagonal structure, with blocks corresponding to clades
of closely-related OTUs.

During replication, DNA sequences undergo mutation, mainly in the
form of insertions/deletions (indels) and substitutions. Similarities be-
tween two sequences of DNA related through a mutation process would
not be recognised by the Spectrum kernel. The Mismatch kernel ad-
dresses this by allowing for at most m mismatches when comparing k-
mers (Leslie et al., 2003). Note that m is an additional hyperparameter

whose maximum value is k — 1. The feature map of the Mismatch kernel
is given by

B(s) = (M (8))e b

where h‘u‘},i:(s) counts the number of k-mers in string s that have at most m
mismatches with u. Another alternative string kernel, called the Gappy
Pair kernel, allows for matches between a pair of k-mers with up to g
gaps, where g is another hyperparameter (Leslie and Kuang, 2003). Its
feature map is

&P (5) = (MEF(Nuenrs
where hE;p(s) counts the number of k-mers v in string s that matches u
with at most g gaps.

To summarise, our proposed family of kernels k,(x,x") = xTqu’
measures the similarity between two samples taking into account the
relative abundance of each OTU in the samples (gathered in the vectors
x and x’) while encoding the similarity between the representative DNA
sequences of OTUs through the matrix .S, using the string kernel g(-, -).
To better understand the differences and the connections between the
proposed kernel and those associated with UniFrac distances, observe
that when the count matrix X is column centered, the proposed kernel
matrix can be expressed as K, = — % JD?J where D7 is the n X n distance
matrix with entries

(15)

(16

PP
DY = (x = xS, 00 = x) = D Y (X = X308, 0K = X1 »
k=1 1=1

where S, \; = q(z;, z)) is the ki element of S,, which is the similarity
between OTUs k and /. Unlike the weighted and unweighted UniFrac
distances, which rely on presence/absence or relative abundances along
a phylogenetic tree, the proposed distance incorporates a quadratic
form through the matrix, S, which allows for continuous weighting of
pairwise OTU differences.

2.3. Computing string kernels

Efficient implementations of string kernels rely on tries, a tree data
structure whose leaves represent a set of sequences and where all
the children of an internal node have the same prefix (Shawe-Taylor
et al., 2004). Tries allow for far more efficient k-mer lookups than a
naive search in the size of the k-mer space, which is exponential in k
(| A, = 4¥). When using tries the time complexity to compute one el-
ement in a Spectrum kernel is O(k(|z| + |2z’|)) for sequences z,z’ with
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Fig. 2. Empirical computation times for the string similarity matrix .S for 1189
OTUs with different hyperparameter values. Calculations were run on 8 threads
of an Intel(R) Xeon(R) CPU using the Kebabs package for R (Palme et al., 2015).

lengths |z|, |z’|, which is linear in k (Shawe-Taylor et al., 2004). The time
complexity of the Mismatch kernel is O(k™*!|.A,|(|z] + |Z'|)), which is an
increase of k"4 relative to the Spectrum kernel. For a single element of
the Gappy pair kernel the running time is O(k8(|z| + |Z’|)), which is an
increase by a factor of k¢! relative to the Spectrum kernel (Leslie and
Kuang, 2003).

The empirical compute times for the same respiratory disease dataset
used to produce Fig. 1 are shown in Fig. 2, which illustrates that the
Mismatch kernel requires at least 3 orders of magnitude more compu-
tational time than a Spectrum or Gappy pair kernel for the same k-mer
length. For the Spectrum, Gappy pair kernels and Mismatch kernels with
m < 2 the compute time plateaus once it reaches some value of k (the
specific value depends on the type of kernel). This is because for any
moderately large k the number of leaves in the trie (which is 4%) is far
larger than the number of k-mers actually present in the two strings z
and z’, meaning that large parts of the tree are unpopulated. These un-
populated subtrees are pruned before conducting the k-mer search and
so increasing the value of k does not increase the size of the search in
practice (Shawe-Taylor et al., 2004).

While the time complexity of computing string kernels can be re-
strictive this is mitigated by a combination of two factors. Firstly, the
elements of a kernel are independent and so the computational time can
be easily reduced using distributed computing infrastructure (so-called
embarrassingly parallel computations). Secondly, the nature of micro-
biome dataset analysis means that the definitions of the OTUs (via their
representative sequences) are fixed once the initial pre-processing has
been completed. The entire kernel matrix can therefore be computed in
advance and stored for future use, and so a computation time on the
order of days is feasible as it only has to be performed once.

2.4. Simulation study setup

In order to demonstrate the impact of the kernel choice and the im-
portance of using kernels that encode similarities between OTUs when
applying kernel two sample test or Gaussian Process regression to mi-
crobiome dataset, we will devise an appropriate simulation setup as well
a real dataset. In this section we describe the simulation set ups.

2.4.1. Simulating OTU counts

Following previous studies, we use a Dirichlet multinomial distri-
bution to generate realistic fictitious OTU count samples (Kurtz et al.,
2015; Xiao et al., 2018; Rong et al., 2021; Patuzzi et al., 2019; Ma et al.,
2021; Gao et al., 2017). The Dirichlet multinomial distribution (DMN)
is a compound distribution over non-negative integers Z that is pa-
rameterised by an integer N € Z and a vector of concentrations « € R,
(Mosimann, 1962). A sample x € Z’;O from DMN(N, a) can be generated
as follows:

x ~ Multinomial(N,0) with 6 = {.svj}fz1 ~ Dirichlet(a). a7
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In our setting, the number of categories p corresponds to the number of
OTUs, while the number of trials N is the total number of reads per sam-
ple. To emulate the common scenario where different samples contain
different numbers of reads, the number of trials N € Z will be different
for each sample and be generated using a negative binomial distribution
NB(a, b). We use a = 10° and b € (3, 10,30} throughout.

To ensure that the generated OTU counts are realistic, the vector of
concentrations « is estimated from a real microbiome dataset. Here we
use a dataset from the respiratory microbiome of patients with chronic
respiratory disease (Cuthbertson et al., 2022). This contains p = 1, 189
OTUS measured in 107 individuals with cystic fibrosis (83 samples)
and non-cystic fibrosis bronchiectasis (24 samples). The collection and
preparation of this dataset have been described previously (Cuthbert-
son et al., 2020, 2022). By utilising this real dataset we also have access
to its phylogenetic tree, which is inferred from the representative se-
quences (Price et al., 2010) and is used in the simulation set up for the
two sample test described in the next subsection. We denote by & the
maximum-likelihood estimates of the DMN parameters for this dataset.

2.4.2. Two sample testing scenario
In this simulation study we consider two probability distributions,

P =DMN(N,a), QO =DMN(,a), (18)

with N ~ NB(10°, b), meaning that the difference between P and Q is
fully defined by the difference between the vectors of concentrations
a and a@. The aim of this simulation study is to demonstrate that only
phylogenetic-aware kernels offer two-sample tests that are sensitive to
the phylogenetic scale of the difference between P and Q. To do this we
will fix « = @ and vary @ by controlling its distance to « according to a
given phylogenetic tree.

In a nutshell, we will define @ as being a vector of length p whose
elements are a permutation of the elements in . The permutation will
be restricted to only swapping elements corresponding to OTUs that
are phylogenetically similar, with the level of similarity between OTUs
being determined by the phylogenetic tree and a hyperparameter ¢. If
e =0, every OTU will be considered independent and @ could be any
permutation of «. However, a value of € > 0 will define a partition of
the OTUs where similar OTUs according to the phylogenetic tree are
grouped together. The permutation will therefore only swap elements of
« with a maximum phylogenetic similarity proportional to e. The effect
of the permutation on the DMN concentrations is illustrated in Fig. 3 for
a toy example.

We now describe this process in more details. Note that for any € > 0,
there exists a partition C, = {c, ..., e} of the set of OTUs {1, ..., p}
that satisfies

Ve, €C, VijEc Al <eA] 19

where AL is the distance between OTUs i and j along the branches of
the phylogenetic tree and A7 = is the maximum distance between any
two OTUs. We now define a set of functions x, : 7} — 7% such that
for all « € Z% | and for all ¢; € C, - -

(@) JE ) = laj jE¢)

Therefore setting @ = z,(a) ensures that for every set of OTU ¢, the set
of concentrations associated to these OTUs is the same in P and Q. The
specific OTUs to which a concentration is assigned may differ between
P and Q if ¢, contains more than one item. As the partition C, is con-
structed based on the phylogenetic distances between OTUs then the
difference between P and Q is directly related to the phylogenetic scale.
In the simulation study, we use the phylogenetic tree associated to the
dataset described in Section 2.4.1.

The scale of phylogenetic differences between the two popula-
tions is controlled by e. In this simulation study we consider ¢ €
{0,1072,107!,1}, where & = 0 corresponds to the null hypothesis where
P=0.
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Population 1 DMN concentrations

Population 2 DMN concentrations

Fig. 3. The difference between the two populations in the two-sample test simulation study is a permutation that restricts swaps to those within a set of clusters

(e)

C. ={c; ... ¢, ). Here o

2.4.3. Gaussian processes regression scenario

In the second simulation study we aim to simulate a host trait
prediction scenario where the host phenotype is related to the OTU
abundances. Again, we simulate OTU abundances X € Z'::)” using a
DM N (N, &) where @ is the maximum likelihood estimate for the vector
of concentrations from the chronic respiratory disease dataset, N = 103
and n € {25, 50, 100, 200}.

In this section we simulate both continuous and binary host pheno-
types. We follow Xiao et al. (2018) and assume that the relative abun-
dance of each OTU in a sample is the relevant quantity when determin-
ing host phenotype. More precisely, given the simulated OTU counts X,
a fictitious continuous host phenotype y € R" is generated from the rel-

ative abundances Z € [0, 1] where Z;; = 5 ’)’( using a linear model
k ik

of the form

y=BZ+n n~NQO/D, (20)

where p € R? are the effect sizes. The variance of fZ is fixed to 1
throughout and we consider two noise-levels defined by p € {0.3,0.6},
corresponding to signal to noise ratios of X2 and %. Similarly, a fic-
titious binary host phenotype can be generated using the following
thresholded-version of Eq. (20):

y=1(BZ +n20), n~N©O D). 21)

Here we fix p? = 0.1.

The phylogenetic component of the simulation is introduced via the
OTU effect sizes #, which are assigned to clusters of OTUs in two sce-
narios, each of which represents a distinct biological hypothesis:

e Scenario 1: OTU effects are driven by the 16S rRNA gene sequence
and so phylogenetically similar OTUs have similar effects;

e Scenario 2: OTU effects are assigned at random and are unrelated to
the tree and 16S rRNA gene sequence.

For both scenarios the set of OTUs {1, ... p} is partitioned and we
assign values of the effect size to each OTU according to this partition
as follows: given a partition C = {c,, ... ¢} of the set of OTUs, we first
randomly sample without replacement a subset { c; - c; o) of C and then

e
==

}

(a) Effect sizes follow tree

is the DMN concentration of the i OTU in cluster c,. In this example the clusters c,, ¢, and ¢ic,| have sizes 3, 1 and 2 respectively.

sample f ~ N'(0, 10 I,); the OTU-level effects are then given by

§, if OTU j is in cluster ¢’
b= {ﬂk J Koj=lp. 22)

0 otherwise

This results in a sparse vector f§ with ten unique values.

For Scenario 1 the set of OTUs is partitioned according to the phy-
logenetic tree as described in Section 2.4.2 to obtain the partition
C. ={cy, ... ¢c,} with e = 0.1. This allows OTUs that are closely related
according to the phylogenetic tree to have the same effect size. For Sce-
nario 2, each OTU is randomly allocated to a set ¢, € C, to form a parti-
tion of the OTUs with the same number of clusters and clusters of same
size than in Scenario 1 but where OTUs are clustered unrelated to their
phylogenetic relationship. The distribution of OTU effect sizes in the
two scenarios is illustrated in Fig. 4.

3. Results
3.1. Simulation study I: two-sample testing

Consider two samples X = {x,-}f;l and Y = { y,-}:z . simulated as de-
scribed in Section 2.4.2 and briefly summarised here:

X ={x;}}*, ~DMN(N, a;), (23)
Y ={y);", ~DMN(N,a,), witha, = 7,(a)). (24)
N ~NB(10°, b), (25)

where the scale of phylogenetic differences between the two popula-
tions is controlled by £. We consider ¢ € {0,1072,10~',1}, where £ = 0
corresponds to the null hypothesis and € = 1 corresponds to a single
cluster containing all p OTUs. Throughout these experiments n, = n, =
n € {25,50,100,200} and b = 10.

The aim of the study is to investigate the behaviour of the two-sample
test with I\m\Dk(X ,Y) as the test statistic. An appropriate kernel, k, in-
duces a two-sample test which has well-calibrated Type I error and high
power, but is also sensitive to the value of ¢. Recall that ¢ is a simulation
parameter that expresses the minimum phylogenetic similarity between

Causal OTU clusters

Causal cluster 1
Causal cluster 2
Causal cluster 3
Causal cluster 4
Causal cluster 5
Causal cluster 6

?

(b) Effect sizes unrelated to tree

Fig. 4. Generating OTU effect sizes that are related to phylogeny (plot A) or are unrelated to phylogeny (plot B). Unmarked leaves denote OTUs with zero effect size

in the phenotype model.
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Fig. 5. Rate of null hypothesis rejections in the two-sample test simulation study for: (A) the proposed kernel using the Spectrum string-kernel, (B) UniFrac kernels
and (C) abundance-only kernels. The solid red line denotes the nominal significance level (0.1) and the dashed lines show its 95 % binomial proportion confidence

interval.

differentially expressed taxa. In this study we compare the performance
of the test using:

« the proposed kernels k (-, -) with three different choices of string ker-
nels: (i) the Spectrum kernel with k € {2,...,30}, (ii) the Mismatch
kernel with k € {2,...,15} and m € {1,2,3,4,5}, and (iii) the Gappy
pair kernel with k € {2,...,15} and g € {1,2,3,4,5}

¢ the weighted and unweighted UniFrac kernels

¢ and two abundance-only kernels: the RBF kernel with median heuris-
tic lengthscale (Garreau et al., 2017), and the linear kernel defined
as k(x,x") = xTx’.

We generated 100 datasets using Egs. (23)—(25) and used the fraction
in which Hj, is rejected to evaluate the behaviour of the two-sample test
with a given kernel. In each replicate we set «, to be a permuted version
of the Maximum likelihood estimates & of the DMN concentrations for
the chronic respiratory disease dataset described in Section 2.4.1. We
use a nominal significance level of 0.1, for which a well-calibrated test
rejects H close to 10% of the time when data are simulated under
the null hypothesis. When ¢ = 0 (i.e. P = Q), if the observed rate of H,
rejections is significantly different from 10 % then the Type I error of
the test is poorly-calibrated. When & > 0, P # Q and so a higher rate of
H, rejections indicates higher power.

Fig. 5 shows the H| rejection rate for the proposed kernel using
the Spectrum string-kernel (top row), the Unweighted and Weighted
UniFrac kernels (middle row) and the two abundance-only kernels (bot-
tom row). We observe that all kernels induce a test with well-calibrated
Type I error (left-hand column, £ = 0). When & = 102 the proposed

Spectrum string kernel with k € {20, 30} has a higher power than both
the weighted and unweighted UniFrac kernels. For k = 10 the power is
higher than the weighted UniFrac kernel, but lower than the unweighted
UniFrac kernel, while both UniFrac kernels have higher power than our
proposed kernel with k = 2. For € € {107!,1} the proposed Spectrum
kernel with k > 2 and both UniFrac kernels have power close to 1.

The abundance-only kernels at first glance may seem to be the op-
timal choice as they have the highest power. However, this is actually
a drawback as they are overly sensitive to differences between P and
QO that may not have biological relevance. These kernels do not model
any phylogenetic relationships and weight all differences between OTUs
equally. They are therefore very likely to reject H, based on differ-
ences between very closely-related (and often indistinguishable) OTUs.
As stated previously, an appropriate two-sample test for microbial ap-
plications should be sensitive to the phylogenetic scale on which P and
Q differ.

For a single replicate the DMN concentrations «, are fixed and a, =
7. (a;) for a function z.(-) using a sequence of increasing ¢ values. There-
fore, an appropriate RKHS for microbiome applications should produce
larger MMD values when ¢ = 1 than when ¢ = 0.1. The two scenarios
represented by these values of ¢ are very different, as ¢ = 1 imposes no
phylogenetic restrictions on the differences between the probability dis-
tributions P and Q, but £ = 0.1 forces any differences to occur amongst
OTUs that are at most 10 % of the total phylogenetic variation apart.
Fig. 6(A) shows that the MMD value when ¢ = 0.1 is far smaller than
its value when ¢ = 1 for the Spectrum & = 30 and Unweighted UniFrac
kernel.
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Fig. 6. (A): the ratio between MMD?(X,Y) when £ = 0.1 and & = 1.0 shows that the kernels that only model OTU abundances have similar MMD values for very
different phylogenetic scenarios, while phylogenetic kernels (spectrum-30 and unweighted UniFrac) have far lower MMD values when ¢ = 0.1. (B): defining OTU
clusters without using phylogeny does not change the MMD values for abundance-only kernels).

Fig. 6(A) also suggests that the Linear and RBF kernels produce
smaller MMD values when ¢ = 0.1 than when ¢ = 1, although not to the
same degree. We now show that this difference in MMD is unrelated
to phylogeny. To do so, we compare the MMD when «, is computed
using a set of clusters with the same sizes as C,, but whose labels are
assigned at random (without using the phylogenetic tree). The result is
a set of permutations with the same properties as =, but that have no
relation to phylogeny. Fig. 6(B) compares MMD values calculated when
a, and a, are related to one another by permutations with and with-
out phylogenetic information. MMDs for the proposed kernel using the
Spectrum string-kernel (k = 30) and Unweighted UniFrac kernels have
distinct MMD distributions between the two scenarios, but abundance-
only (Linear and RBF) kernels have identical distributions. Note that
Fig. 6 shows the dependence of the MMD test statistic on ¢ and does not
consider the power of the test.

As observed along this section, the choice of the value of the hy-
perparameter k affects the performance of the kernel two-sample test;
in particular, larger values of k increase the power. Given this is a sin-
gle simulation study using counts simulated from a single dataset we
cannot give a rigorously tested recommendation on how to choose k a
priori. However, based on these results we suggest using the largest pos-
sible value of k in practice as a reasonable heuristic. This corresponds
to setting the similarity of pairs of taxa to zero if they do not have a
recent common ancestor (see Fig. 1). If the test is being run as part of an
exploratory analysis (with less concern for multiple testing) then we rec-
ommend conducting a sensitivity analysis of the p-values with respect
to the choice of k.

In conclusion, this simulation study demonstrates that the pro-
posed kernel using the Spectrum string-kernel offers higher power than
UniFrac kernels, while still modelling phylogenetic features of microbial
datasets.

3.2. Simulation study II: Host trait prediction using Gaussian processes

Host trait prediction is another important task in microbial studies.
The aim of this set of simulations is to identify scenarios under which a
phylogenetic-aware kernel improves the training data fit and predictive
performance of a Gaussian Process model.

We generate 100 datasets for each of the six simulation setups de-
scribed in Section 2.4.3, i.e. two regression models with different levels
of additive noise as well as one classification model; with effect size ei-
ther generated so that they are affected by the phylogeny or not. For
each of the datasets, GP models are trained using a linear and one of the
proposed string-based kernels. Note that the proposed family of string
kernels reduces to the linear kernel when the matrix .S, is set to the
identity; therefore, comparing GP models fitted with these two kernels
allows us to investigate whether variation in the host trait is associated
with the structure of the observed 16S rRNA gene sequences or poten-
tially driven by other factors. In addition, given that the underlying phe-
notype model is known to be linear in this simulation study, these two
kernels are the optimal choices by design. One should observe that using
a linear kernel for GP regression corresponds exactly to Bayesian linear
regression.

For the regression task, we use an exact GP regression, while for bi-
nary traits we use a variational GP with probit likelihood (Opper and
Archambeau, 2009). The GP models are trained on a training set con-
taining 80 % of the samples; the remaining 20 % is the test set. Prior
to training the GP models we centre to zero mean and scale to vari-
ance 1 the abundance of each OTU using the training samples only. The
training mean and variance are used to centre/scale the test abundances
prior to scoring. Note that the three variants of the proposed string-based
kernel are considered together with hyperparameters selected by max-
imising the training objective:the log-marginal likelihood (LML) for GP
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Fig. 7. (A): training objective (LML for GP regression models and ELBO for the variational GP) for GPs with String and Linear kernels. Red dots correspond to
datasets simulated under Scenario 1 where OTUs effect size are driven by the 16S rRNA gene sequence while blue dots correspond to datasets where effect sizes are
unrelated to the phylogenetic tree. (B): The corresponding log-predictive densities show similar behaviour.

regression and the evidence lower bound (ELBO) for the variational GP.
The optimised objective is used to evaluate the model fit alongside the
log-predictive density (LPD) on the test set.

Fig. 7 shows the difference in training objective (LML or ELBO) be-
tween GP models with a linear kernel and for the proposed string-based
kernel for each of the simulation setups. We observe that when the OTU
effect size are not related to the phylogeny, both the string-based kernel
and the linear kernel provide similar fit. However, when the effect sizes
are related to the phylogeny, as expected, the string kernel provides a
better fit in terms of both training objective and LPD as it does incorpo-
rate information on evolutionary similarities between OTUs. We there-
fore suggest to use the difference between the training objectives of a
GP with a linear model and a GP with a string kernel to identify whether
the factors controlling a host trait are related to the observed 16S rRNA
gene sequence or if they are driven by other factors (such as areas of the
bacterial genome that have not been sequenced or host/environmental
factors). Note that, in the regression case the difference between the
LML of two models is a Bayes factor, while for classification the ELBO
can be used analogously for model selection (Chérief-Abdellatif, 2019).

3.2.1. Impact of the string kernel hyperparameters in Gaussian process
models

We now present an investigation of the effect of the string-based ker-
nel variant (Spectrum, Gappy pair or Mismatch) and the corresponding
hyperparameters in Scenario 2 of the GP simulations (where OTU effects
are driven by the 16S rRNA gene sequence). Fig. 8 shows the median log-
marginal likelihood for the regression case and the ELBO for the classifi-

cation for GP models with different string kernel hyerparameters across
the 100 simulation replicates. A general trend is observed: low values
of k results in poor performance, while increasing the k-mer length ini-
tially leads to significant improvements. Performance then peaks at an
optimal k before plateauing and gradually declining as k continues to
increase. For the Gappy pair kernel, there is a weak dependence on the
number of gaps, g, while for the Mismatch kernel, the value of m has a
significant impact only when the length of the k-mer is small. Notably,
for any given k, the Gappy pair kernel consistently achieves a higher
LML or ELBO compared to the other kernel variants.

3.3. Real data applications - host trait prediction

We now demonstrate the use of the proposed string-based kernels on
a host-trait prediction problem from a real dataset. This is a regression
task with n =388, p =525 predicting vaginal pH from bacterial com-
munity composition (Ravel et al., 2011). In this dataset the sequences
are clustered to 100 % identity and so are termed amplicon sequence
variants (ASVs) rather than OTUs, which are clustered to 97 % identity.

We used ten-fold cross-validation to estimate the log-marginal like-
lihood and log-predictive density on the training and held-out samples
respectively. For string kernel model selection we optimised the log-
marginal likelihood separately for each hyperparameter combination
and selected the model with the largest optimised LML value. In each it-
eration of cross-validation, we trained two GP models, one with a String
kernel and one with a Linear kernel, and compared the resulting two
log-marginal likelihoods (or log-predictive densities). As discussed in
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Fig. 9. Real data application of host trait prediction using a GP: predicting vaginal pH from vaginal bacterial community composition (Ravel et al., 2011). Log-

densities are estimated using ten-fold cross-validation.

the previous Section, this analysis can be framed as a comparison of two
competing biological hypotheses: whether the associations between taxa
abundance and vaginal pH are correlated or uncorrelated with phyloge-
netic similarity. The log-marginal likelihoods from each fold are shown
in Fig. 9(A), which indicates that the GP model with a String-based ker-

10

nel clearly provides a better fit than when using a Linear kernel. This
also corresponds to better predictive performance (higher log-predictive
density) on the held-out data (see Fig. 9(C)). These results therefore sup-
port a correlation between taxa effect on vaginal pH and phylogenetic
similarity in this dataset.
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4. Discussion and conclusion

Our work introduces a novel family of kernels for microbiome
datasets that leverages the fact that each Operational Taxonomic Unit
(OTU) is defined by a representative DNA sequence. Unlike traditional
approaches that rely solely on taxonomic abundance, our proposed ker-
nel family encodes the similarity between OTUs by applying string
kernels—commonly used in natural language processing—to their repre-
sentative sequences. This framework constructs an inner product space
based on string kernel similarities, which is then used to compute
sample-wise similarity. Our results demonstrate the utility of this ap-
proach in incorporating phylogenetic information into two key tasks:
(i) the kernel two-sample test and (ii) host-trait prediction using Gaus-
sian Processes (GPs). In the remainder of this section, we summarise
our key findings, discuss the limitations of our approach, and outline
directions for future research.

Our two-sample test simulations revealed that commonly used char-
acteristic kernels, such as Linear or RBF kernels, may be inadequate for
analysing 16S rRNA gene sequencing data, at least under the assump-
tions of our study. We considered scenarios where differences between
the distributions P and Q occurred through permutations of the under-
lying «, when there are many other ways for two populations to differ.
However, this simulation setup was constructed to demonstrate the un-
desirable behaviour of the abundance-only kernels in this setting, as well
as show that the proposed kernels do not exhibit these behaviours. This
aim was achieved and these findings are sufficient to warn against us-
ing kernels that ignore phylogenetic relationships between samples in a
two-sample test on OTU-level data (or at least to exercise caution when
performing such tests).

Moreover, our simulation results showed that a kernel two-sample
test using one of the proposed string-based kernel demonstrates the de-
sirable property of being sensitive to the phylogenetic scale (denoted by
€) at which the difference between the two probability distributions P
and Q occur. However, a systematic method for tuning the string kernel
hyperparameters to be sensitive to a desired value of ¢ remains an open
problem and would be an interesting avenue for future research.

This study focused on the kernel two-sample test as proposed by Gret-
ton et al. (2012), which uses MMD as the test statistic, and host trait pre-
diction using GP models. A natural extension of our approach is there-
fore to investigate the performance of the proposed string-based ker-
nels in other kernel-based microbiome analysis methods wherever RBF
kernels are the default choice. This includes prediction using kernelised
support vector machines (Li et al., 2025; Topcuoglu et al., 2020; Nguyen
et al., 2021; Ghannam and Techtmann, 2021). Other approaches (in-
cluding MiRKAT and its extensions), already utilise the UniFrac kernel
to model phylogenetic relationships but an investigation of how these
methods perform with our proposed kernel will still be of interest.

The host trait prediction simulation study showed that the GP train-
ing objective — either log-marginal likelihood (LML) or ELBO - of GP
models using one of the proposed kernel vs a linear kernel can be used
as an indicator of the distribution of OTU effects on host phenotype
across the phylogenetic tree. As the tree is constructed from the 16S
rRNA gene sequences this summary statistic therefore quantifies the de-
gree to which the OTU effects are explained by 16S rRNA gene sequence
variation. If a GP with a linear kernel has a larger LML than one with a
string kernel then the OTU effects must be explained by (i) variation in
parts of the microbial sequence that have not been collected or (ii) by
non-sequence (e.g. environmental) factors.

However, this approach has only been shown to be effective when
the assumptions of the simulation are met. The most important of these
is that the host phenotypes depends linearly on the relative abundance.
An interesting option for future work is to investigate the robustness of
the results to mis-specification of the phenotype model (when the phe-
notype model contains non-linear dependencies but the phylogenetic
kernel remains linear). However, one of the benefits of GPs is their
modularity and so it is straightforward to combine string and charac-
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teristic kernels to model both phylogeny and nonlinear effects. One way
to achieve this is to use the following kernel:

ky(x,x") = exp (=(x = x")TS,(x — x"))

which model non-linear dependencies between abundances while incor-
porating phylogenetic similarities between OTUs via the matrix S,,.

A final limitation of these experiments is that they focus on modelling
the phylogenetic relationships amongst the OTUs and have largely ne-
glected some other important features of OTU count data: sparsity and
zero-inflation. While the simulation setup ensured these features were
present in the simulated OTU tables they were not explicitly modelled
by the kernel two-sample test nor the GP models. The aforementioned
modularity of GPs also enables the construction of a GP that models
both zero-inflation of counts and phylogenetic relationships combin-
ing kernels. This modularity is one of the reasons why kernel methods
are a popular approach for biological data integration as their additive
and multiplicative properties enables the straightforward combination
of heterogeneous data types (Daemen et al., 2009; Hériché et al., 2014;
Mariette and Villa-Vialaneix, 2018).

A final limitation of our approach is that it relies on the assumption
that the similarity between representative sequences is a good proxy
of evolutionary distance between OTUs. This is a limitation shared by
any phylogenetic analysis of such datasets, as alternative methods (e.g.
UniFrac) also utilise these sequences to construct phylogenetic trees.
While this approach has allowed for cost-effective identification and
quantification of bacterial communities, there are known limitations to
using ~200 base pair sub-regions of the 16S rRNA gene, such as limited
taxonomic resolution at species level (Johnson et al., 2019). Better tax-
onomic resolution can be achieved by sequencing the entire 16S rRNA
region (Jeong et al., 2021) or by shotgun sequencing of the entire bacte-
rial genome (Durazzi et al., 2021), but the majority of studies still target
a carefully selected subset of the 16S rRNA gene (Lopez-Aladid et al.,
2023). Given that our approach only requires representative sequences
it can be applied without modification to newer datasets utilising these
improved technologies.

5. Abbreviations

¢ ELBO: evidence lower bound

o GP: Gaussian process

o LPD: log-predictive density

¢ rRNA: Ribosomal ribonucleic acid
¢ LML: log-marginal likelihood

¢ OTU: operational taxonomic unit

e MMD: maximum mean discrepancy
¢ RBF: radial basis function

¢ DMN: Dirichlet mulitnomial

¢ CLR: centre log-ratio

e RKHS: Reproducing kernel Hilbert space
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