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ABSTRACT

An.lnvestlgatlon of the methods :or solV1ng the problem of
steady-state current flow in semlconductor Junctlon dev1ces is ner-l
'-formed. | |
A systemstlc examlnatlon of the analytlcal aporoaches for
: solv1ng the problen showed that a comprehen81ve solutlon could nou be
obtalned by analytlcal means. Stlffness of the orlvlnal systen of
l equatlons also precludes the appllcatlon of 1ntegrat1ng routlnes of
general type. o ; | |

Ebr&nﬁyiug:suitable integrel’representatioos\for the diffusion~-
driftvequations auleoisson‘s equation an iterative, uariable step size

method for solving junctiou"equationsvis formulated. | The nethod, which

o reduces to generatlng a sequence of 1n1t1al value problems, 1s applled

’ . to the structure of a unlform-base tran51stor. »

L

A method for dlrect solutlon of two-p01nt boundary uelue prob-
lems of class M, comblned W1th the 1ntegral representatlons obtalned for :
ﬁdlfoSIOn“drlft equatlons, is found SqulCIGntly powerful to formulate
:a_general numerlcal algorlthm for'solv1ng the gunction transport equaﬁ
tions.- Sultable ch01ce of Junction varlables in the ba31c system permlts
f01mulqt1ng efflclent algorlthms for treating arbltrary structures under
;:arbltrary blas condltlons. | |

| The solutlons calculated for abdlffused Junctlon diode demon-
strate the ablllty of the method to nandle high reverse voltages. In |

another appllcat;on of the method the cut-off frequency for transcon-



ductance of e'special 10s strﬁctﬁre is enaly"ed.

o The method is further extended to mcluc’e the an'zlysls -OI‘
r»the steady-state transport processes in junction trans:.stors. A
detailed numerlcal study of the deCe and 2eCe propert:.es of a double~-

dlffused tran51stor structure is performed.
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dlffu51on coefficient of electrons

, dlffu51on coefficient of holes |
aux111ary variable ,
,:.error bound for electrostatic potentlal calculatlons

| current value of the auxiliary variable

electrostatlc fleld '

> ; mean value of the electrostatlc fleld in an 1nterva1 Sx

R JE TS I : :
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*“ 'e1ectrostat1c fleld at: breakdown

' llmltlng value of the electrostatlc fleld in a unlformly

=

drift

R doped collector reglon

iEjt- ‘i'electrostatlc fleld at the metallurglcal Junctlon in

» _'equlllbrlum S ,

‘ch ' electrostatlc fleld at the collector metallurclcal Junctlon
; ~in equlllbrlum _ : L ‘

Eje»:' electrostatlc fleld at the emltter metallurglcal Junctlon in

-equilibrium
'EL lower bound for the electrostatic field in a p+ collector

“region
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draln current
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‘ depth of the substrate of MOST'

high-level dlffuslon length; also total length of a
structure

léngth of a uniformly doped collector

“length of the chamnel in MOST's
- length of a unlformly doped emitter

a constant ;
diffusion length of electrons in a p-type region’

' diffusion length of holes in an n~type region
. total number of discrete steps defined for the numarlcal
| ‘treatment of P01sson 5 equatlon

. electron density

my

electron dens1ty at the plane E=0 in the base of a pnp

-transistor

excess mlnorlty carrler denslty in a semlconductor

. intrinsic carrier concentration
electron denslty at the metallurglcal Junctlon in

equilibriunm

electron denslty 1n an n-type neutral materlal in

vequlllbrlum ‘

”;electron density dlstrlbutlon in the near—base sectlon

of a p emltter

' electron density in a p-type neutral materlal in

h»equlllbrlum

./-'

‘equlllbrlum

electron denslty related to the energy level of traps
net 1mpur1ty concentration '
concentration of acceptor impurities

effective density of states in the conductlon band



Prow

m';d ™

‘upper limit for pb2

12
concentration of donor impurities

surface concentration

‘effective density of states in the valence band

total number of impurities per-unit-area -
hole density o .
hole density at the plane E=o in the base of a pnp

- transistor .

-

hole density at the meuallurglcal Junctlon in equillbrlum

hole density at the collector metallurglcal Junctlon in

' equ1libr1um v S :
~hole density at the emitter metallurgicai Junction in

- equilibrium.

lower limit for Do .
minimum hole density 1n the base of a pnp translsto”

hole den51ty_1n an n-type matérial in equilibrium
 hole density in a p-type material in equilibrium

' upper bound for the hole denslty dlstrlbutlon in a p

collector , v
+*
upper bound for the hole dens1ty dlstrlbutlon 1n ap

e emltter , -

e TR . _
hole denslty at & point in a p c¢éllector
hole density in a near-intrinsic material in equilibrium

hole density related to the energy 1eve1 of traps

'_electronlc charge
- matrix

- total per-unlt-area charge on the gate of MOST'

per—unlt-area electron charge in the channel. of HOST's

per-unlt—area charge in the semlconductor

: normallzed time; also recombination rate

normallzed time of forward conduction
normalized recovery time of a junction

matrix



S NEST &
Bty g

<]

(o)

<]

(x)

L

°_<:m< < 4"6::33:: dg{-'

=
w .

< O.< "_3< m<‘a S< Eﬁmﬁ t=j< U<_

£H<o<o
® 0

o_*-.‘.

a constant

W

_ emitter-base."buiit-iﬁ” voltage

matrix
a coefficient 7
sirface “ecomblnatlon veloclty fov electrons

surface recomblnatlon veloclty for holes

time; also runnlng Varlable in dintegrals

temperature in Y° also tridiagonal matrix associated

with the numerical treatment of Polsson's equatlon

jelectrostatlc potentlal

a potentlal guess

. an improved potential dlstrlbutlon

k-th 1ntermed1ate potentlal reference in a reverse blased

Junction

" second parulal derlvatlve of u(x,y) 1n the x-dlrectlon
 recombination rate R "
frecombination rate in an n~type material

‘recombination rate in a p-type materlal

drift veloclty of carriers

| total Voltace across a Junctlon
'~app11ed junction Voltage
voltage :across barrier reglon at high currents

collector-base applied voltage

drain ‘voltage

- emitter-base aoplled voltage

gate voltave

o ‘near—contact voltage drop in diode baséA

voltage across neutral semlcopductor
semlconductor surface potentlal ,
Boltzmann voltage, kT/q

"built-in" voltage

collector-base "built-in" voltage

a coefficient
junction depletion region width

“metallurgical base width



v
i
¥
¥

g

MmN M
[4] [42)
5 o 8 8
[ P [N

[

e N ]

B

<4 0

n

n-side depletion region width of a junction

p-side depletion region width of a junction

 energy level at conduction band edge

energy level of traps , _
ensrgy level at valence band edge

-distance , 3 _
length of a self-conslstent behav1our of electrostatlc
' field distribution in a p collector

length of a self—con51stent behav1our of hole denslty

distribution in a p collector

pos;tlon of the p01nt in the base vhere P—Pmln’E=E02V

vosition of the point E=o in the base
position of the collector contact

position.ef the collectOV»metallurgical junction.
positionbof the emltter contact

position of the emitter metallurglcal Junction

~penetration of the gate voltage in the substrate of MOST'g

pOsition of the potential reference point
position of the metallurglcal Jjunction :
interior mesh point deflned for the numerlcal treatment of

P01sson s equatlon

‘ 1ength of a self-consnstent behav1our of hole den51ty '
fdlsurlbutlon in a p emitter o _  _
-general notation for a dependent varlable' also a coordinate-
in two-dlmenslonal systems T

:,a constant v
vector . _ ’ : L

 width of the substrate of MOST's

1—th coefficient as5001ated with the dlfference equatlon

_for solv1ng P01sson s equatlon ,
i-th coefflclenu associated with the dlfference equitlon'

}for solving P01sson s equatlon

maximum current galn

-maximum permissible error in-computing'electrbstatic field



g Eté‘: FFe 70

n

!
&
= I o]

15
potential correction B

maxcimum permlss ible error in computlna potentlal functﬂon

‘povential correctlon in the x~direction

potential correction in the y-direction

small increment in p051t10n coordlnate

 d1electr1c constant

 normalized dlstance, also running variable in integrals

moblllty ‘
mobility due to Coulomb scattering

mobility due to Coulomb scattering on 1on1zed 1mpur1t1es

' mobility due to lattlce scatterlng

a constant

a constant

. electron mobility

hole mobility
local Spaée charge }
. . . g ' + »
high level lifetime Tpo T o
lifetime of electrons in a highly n-type material
lifetime of holes in a hlghly n-tyne materlal

,angular frequency



16

 CHAPTER 1

CARRIER ‘TRANSFORT IN SEMICONDUCTOR JUNCTIONS

11 Introduction
B Since the discovery of the transistor action in 1948, o
vast amouht of research has beeﬁrdone_onkpropertiee ofksemiconductor |
materials and devices. A great deal of this activity has been de-
, voted tc study of p~n»junctione;.since on their projerties nost of
esemiconductor dev;ces are based. T

- Even though the system of equatlons descrlbing the funda-
mental electronlc transport properties in semlconductors is very
.well establlshed the theorles for the behav1our of p-n Junctions
are numerous, This is a consequence of the equally numerous asoump-
_ttlons that have been applled in these theorles in order to fac111tntef
the analysis. : | | |

In tﬁis chapter the problem of carrier transport in non=-
: vdegenerate =emiconductors is stated in 1ts origlnal form.-_ Then, the
t“reflnements whlch remove some of the restrlculons 1mp11ed by ehe
"origlnal formulatlon are zntroduced into the basic model in order to

;extend its valldlty to the device structures of cont emporary technlcal

'importance.'
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1.2 - Forrmulation of ﬁhe vroblem

Tae fundamental equationc in the analésie of cﬁrrent flow
ih seniconductor devices are those_which describe the motion of carriers
'iﬁ semicondﬁctors cnder‘the combined influence of external fieldsband.
- of ceviétions from thermal equilibrium donsities of carriers. The
mobile charge‘carriers,'holes“and electrops, are subject to drift ﬁn-
'dervelectric‘fiélds and to diffusion’ir the presence of concentratioﬁ
l gradients., The corresponding flow densities; produced by the simultan-
eous action of a small electric field and a small concentration-gradient
are glven by the. relatlons generally referred to as dlffu51on-dr1ft
equatlons ; _ | = | | »
| qinE | qD gradp , . @A)
{n =q ppE + qgngradn .',V : _o__-i__: 'lv o (L2)
L The concepts‘of.drift aod.diffusion'represent approximations of thc
phjeical case aﬁd do not‘havé.meaning uhleSS'fhe thermél velocity of

. carriers. is large compared with thelr drlft veloc1ty and the probabﬂ-

- lity of recomblnatlon in a mean free time betueen collisions is small.

(Semlconductor models have been proposed vhich do not require the use
“.of those concepts and hence evolve from a dlfferent mathematlcal

model” ’3’4 o)

* The displacement'Currents g? can be neglected up to signal frequen~
cies comrarable‘with the inverse of the dielectric relaxation time and |
are not considered in the theory of juﬁction devices, e;g. in near in-

trinsic germanium the frequency 1limit is 15GHz or 700GHz in 1Qcm Ce.
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' Further description of the transport behaviour of electrons
and holes in the semiconductors under non-equilibrium conditions is

~furnished by the equations of continuity for each type of carrier ;

: o :

3 - (&) - 1 awy, | ._:_ .i‘ o f (1,3)
B = )+ Veuw, . S a.4)

. Tﬁe eqoations (1.3) and (1.4) simply state.that’in a giﬁen volume ele-
ment, the time rate of change in ‘the number of charge carriers of a
given type arlses either from a dlfference between the rates of genera=-
tion and recomblnation of these carriers, or from a difference between
the. currents of the correspondlng partlcles enterzng and leaving that
--jvolume, or elge due to both of- these effects,

Since the dlffu51on-&r1ft equations include the electrlc
";field,‘in add;t;on to the carrler<den51t1es and currents, to arrive at
a complote desoriptioo of thé ﬁfobiom another'equation is required.

4 Tﬁié ioiobtaineé with‘tho help of ono of ﬁhe Haxwéll's equationé, i.e.
Pblsson's equation vhich relates the carrier concentratzons to the
”“electrostatic field S S e

In (1.5) local charge denslty, p, is assumed to conslst of two com-v
'ponents:’ charge resid.mo on the moblle charge carrlers, electrons
band holes, and charge located on tho ;mmobmle donor and acc°puor ions.
The sltuations in uhlch all donors and acceptors are substantlally fully

ionized, whlch occurs at normal temperatures in most semlconductor
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devices, are assumed throughcut this worke '.Thus
P = q(p -n+ N ~'N )Q 3 | }'f o B { (1 6)
Strlctly speaklng the charge assoclated with the localized energy states
should be 1ncluded in (1.6), and its rate of -change in (1.3) and (1.4),
- But the population of “these levels is usually vé:y small and ad;lusts B
vl very quickly to the changes in p and n (the decay of injected carriers
i.s considered to be adlabatlcally slow compared to the adgustment in
these states). Consequently, 1t.1s generally accepted that in the
usual electronlc devices these effects are not 1mportant enough to be
included in the basic equatlons. “ RS
R The electric fleld is treated as an electrostatlc one whlch
is conslstent with the frequency limit introduced by neglectmng the
dlelectric currents in (1.1) and (1.2). Therefore

E = ‘v-_' gradu .. ) . v‘ .. 4.'_ - vv . _ (107)

':This isvalso‘cons*stent»ﬂithrthe circumstance that‘theaeffects of~mng-¢'
‘f netic flelds, w1th none applled are in general quite negllglble.
| A1 developnents in the theory of semlconductor dev1ces ase

 based upon the system of equatlons (1.1)- (105)* | Therefore it is the

* mhe set of fundamental equations can be alternatlvely expressed in
terms of the quasi-Fermi potentlalSSZ, in whlch case separate relation=
shlps between these potentlals, electrostatlc petentlal, ‘and the car-
rier aensltles, based on the relevant statlstlcal consmderatlons
(Boltzmann statlstics, in non-degenerate materials), mast be establlsh-
‘eds In this work, hovever, the equations (1.1}~ (1.5) as formulated

origlnally by Van Roosbroeck18 are treated,

./'



fundamental problem to solve the equations (1.1)-(1.5)for a given

. geometry, doping, and applied bias.

1.3 On the nature of the transport cosificients
~ To describe the movement of fhe'éharge carriers in an eleét-'
ric field, the concept of mobility relating driff velocity of carriers

" to the field under vhose influence they drift is introduced

Cov= Bl .8

| The equation (1.8) can be used as the definition of drift mobility.
:(Striétly’SPeakihg'p is a tensor, but because of the small dimensions

_:df the studied systems, the scalar approximation is a véry good 6ne),

. le3el Mobi;iﬁy as a function o;,sémiconducﬁor structure

The magnitude.of the mobility depends'upon the nature 'and
_densityiof scattering centres presenﬁ in a semicondﬁétor specimen and
‘of the _average thermal veloc1ty o*0 the carriers. , Scatteriﬁg machanisms
'ffresponszble for deternlnlng carrier mobility are brought about by any-

' thing which causes a dev1atlon from pnrfeCo perlodlclty of the- lattlce'
potentlal. The 1ist of m°chanlﬁms 1nc1udes |

1 - the thermal v1bratlon of atomss

2 - Coulomb potenolal of ionized 1mpur1ty atoms,

3 - Coulomb potential of current carriers themselves;



4 -; neutrai‘ vimnuritj atoms;

5 - var:.ous lattice defects (d:.alocations, :mterst:a.t:r.al

- atoms, etc.)-r |

V ﬂHJ.e first mechan:Lsm is dominant in h:.gh resn.stlvn.ty matera.also The. .

' second and third may cause a cons:Lderable reduction in mobility in low
‘ resistiv1ty samples. The fourth mechanlsm.can-be important in mater=
‘ials with high degree of compensation. Scattering by labbice fmper-
fecﬁiohs is usually unimporta.nf. For transistor-g:‘ade materialj
scattering by the first three mechanisas is of importance.

14’15 ‘of -the measurements of ger-

 The expianation by Prince
E lmanium and silicon samples with different concentrations of impurities,
based on the express:l.ons derived by Conwell and Ueluskopfl 7 involves '
a rather large value for the effective mass of holes. By postulating
b-il‘also that ma;orrl:y carriers constltute scattering centres J.dentical

’ 'm.th mpur:.ty a»oms in 80 far as scatter:_ng mecham.sm is concerned it

S vas poss:Lble to fit the expern.mental data 'by the formula "
| uI-Z‘?/Z 3/2q 3mh’} Z(kT)B/Z[N 1n(l+(3kTEq "1\1 1/3)2 ] T, @)

‘where mh Bm is the assumed effect u:.ve nass of holes, and NI—-N d-**n-—ZH a
in n—type semiconductor stands for the concentrat:.on of scatter:mg o
Vcenters. o v ’ ' ‘_ |
| If “"L 1s the mob:.lm,y that results from the lattice scatter- |
" ,.:.ng, the total effect of bo’ch scattermg mecham.sms can be est:.mated

by addlng tne rec:.procalszl _

l/l-lv"‘ lpr'l'l/‘JLo - | ‘ (1010)



on

' The calculations in which the difference between the scattering

mechénisms is consideredlg‘resﬁlt in the formula forvthe total

| mobility | | |
= g [0 cosl + sif sinl - Zeinl )], (2.11)
e g T
- = (pn/bc)ab . | R o '”-‘(1,12)

The mobility B, i (1.12) is due Yo boﬁh Coulcmb scatterino mechanismss

A useful formula for numerical calculaulons of moblllty using (l.ll)

_»and (l 12) &0 ‘ _
pL/pc KlN ln(l+K N "2/ 3)+%1> J.n(1+1<4p 2/ 3), , (1.13)
| " 18 -8 =3, )
- where N -NIlO- P =n 10 (N and n, in em ’), and the coefficients
‘Ki for the case of maaorlty and minorlty carrler moblllty are glven in
Table 1. |
‘Table 1
| Ky . K 34_
 majority 45 76. | 5166 132.6
| mimority |  1.490 47,1 | 5166 [ 132.6
As an example the equations (1,11) - (1.13) are used to compvte
the mobllity of mlnorlty carriers, holes in n-type germaaium. . _The

results, shown in Fig. 1.1, 1ndlcate that a con51derable~reduction‘of the

mobility (or diffusivity) is caused by the impurity densities quite



preaiii

A

it fin
it
~1

et

1
i
{0

W

Sases) Eoatan

Sasiendy deaslid

Jesneteats

ITAL TS

R e st b

T

oY P S

WY

o

BRIl
i

i

g G Pyt Rl

S e

1Ty

g

T

it—1 =+

i

T
i

HE g

YRse

4ot i

P

it

Tams

i

Mot

Sreirilifad ey

e

rtbeg;

4l

{

o mponin

L_{. T
TR

pag vy o
-

i
e g H




2k .

" conmon in junction device practice(for numerical details seo Appendix 1),

1e302 Carrier mobilities in hich electric fields

When the electric field in the Semicenductor ie increased
beyeﬁd a eertein criticalrvalu?, the carriers acquire drift velocities
of an orderref nagnitude comparable with that of theirvayefage thermal

veiocit&.:‘ The influencebef that field can no longer be considered as
a small-perturbetion-of their random thermal motion. - TheVmobility‘ite
_ self becomes then a function of‘the electric'fielde, thus losing mich
of its physical 51gn1flcance. _- . | , |
: ngh-fleld moblllty measuremen‘bss’8 indicate that there can
g be.obseffed three characterlstlc ranges in the relation moblllty VSe

_fleld., First is'a low-fleld range, over which the moblllty is con~

- stent and Chn's law, as defined by (1.8) is valid. Second is a

o nonllnear range waere the mobzllty is approximately proportlonal to

o the square root of the fieldo At stlll higher fields the carrier

:’;vary as E

‘ veloclty reaches a constant saturatlon value, and the moblllty must

1_7 Gunn's measurement59 extend to sufflcﬁently high values

. of the electric field to 1ndlcate the exzsoence of the fourth range,

A before avalanche multlpllcatlon, vhere the moblllty is proportlonal to

f‘E °866. : Recent 1nyestigat10ns of’the hlgh-fleld phenomenm in 51llconlo

do not conflrm Gunn's results at very hlgh Ilelds, but rather fall in
line w1th those reported by Ryder8 and Prlors. |

The combined influence of both doping and high electric fields
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“could be estimated through an exgpression of the form

sl , B) = pln )f(E),_ .‘ - o _»(1.14)

| ' where p,(N ) denotes the i‘unctional dependence of mob:.lity upon dop:.ng s

given by (1.12), and £(E) is given by

1, | - E=E,,
| o 5 | S
£2(8) = { (E,/B)",  E,<E=E_,, (1.15)
1 |

3
B 1Ec2) /B EBp< B

ﬁze experimbn‘tal values of B, and E_, quoted in the literature” ’8‘are

cl
given in Table 2a. _ i |
:'Tébie 2a |
Ecl(V/cm) E_,(V/cn)
Celectrons in G | . 900 3,400
holes in Ge | | 1,4qo ] 8,00
| electrons an 51 | 2,500 10,600
holes in 8 1 5. 500 S
: Thé emplrn.cal f1£ of Irv.uix‘s data.llby %@y and -%oélﬁslB ;

: comb:med w:.th the h:.gh-field approx::.matlons of Norrn.s and Cm.bbonslo,

results in an expression for the mob::.l::.ty in silicon which ds su:.tabié
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for the impiementation on a digital computer

o -, ' ‘ ;
I Tan fin e PR T o

The values of the empirical,paramétersvin (1.15a) are given in Table 2b.

Teble 2b

p'max _ p'min , Nféf & _ Ec P
Celectrons| 1330, | 65.0 | 8.5 10 o.72 8.0 2

(u's in cm%/Vs, Nréf'in cmfs, and B, in kV/cm). S s T

{1.3.3-,;  Diffusion cosfficient

o The diffusion coeffiéienté‘of'carriérs‘aré:cloéely related fo'
the mobllltles because the same scattering mechanlsms impede the motlon

" of the carriors dne drift and- q1ffusmon. Under thewassump WOnS*Wh¢Ch

"f maide the equatlons (1.1) and (1.2) valld, these ave 1nterrelated through

the so-callea Elnsteln relntlon

p o xm T T e s
D,k R | 1.16
R e R B i ( 8

From the fact that the moblllties decrease ulth the electrlc fleld 1t
could be expected that the hlgh flEld scatterlng of the carrlers becomss
remarkably effective in comparlson with that in- the thermal equillb"lum

12
state, From the viewpoint of d1f1u51on-effects, it has been suBEGSoeu, =
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 that the dl‘ruslon coefflcwenus grow to very large values in such
conditions, because the rate of randomizaticn of the'carriers increases.
However, an experimental evidence supporting this»suggestidn is not
~available and the common practice is that the diffusion coefficients

" are inferred from the mobilities through (1.16).

1.4 . Recombination processes

. Hhenever there is afdeviatiqn fron the equilibrium carrier
‘densities-in'a‘crystal a generation or recombination process.arises to
adgust the carrier densities to thelr eq 11br1um values. These
processes affect the transport of the charge carrlers throubh the
_ contlnulty equatlons (.3) and (104)0 |
L In general, two prlnclpal mechanlsms control the recomblnatron'
:processes observed in semlconductors.  The flrst is a direct transl-
tion of electrons and holes between tne conduction and valence bands.
>Thls is the 1ntr1nsic, radlatlve,recomblnatlon process." The second
’ mechanmsm for recomblnation requlres the presence of locallzed en ergy |
states in the forbidden gap of the semrconductor. The presenee of such
states increases considerably the,rste ef recombinstion of electrons
‘_"end'holes; InpuritieS‘and imperfecﬁions‘within the semiconducfbr'
‘bintroduce tﬁese_kinds of states, vith tne net’effect_of deereasing the
1ife£imavef excess carriers. ﬁrom the‘experimentsl results it is

generally,accepted}Q7lthat,inJgermanium.and silicon, recombinstion.takes
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place principally through trapping or recombination cex.l'i;rés,‘ and
that direct transi"bions between the conduction and valence bands
account for only small proportlon of the recombination taklno place.

The rate of recomb:.nat:.on for non=equilibrium but steady-

'state éonditlons in a semlconductor haylng a smallzden51ty of re~

comb:.natlon centres situated approx:.ma'bﬂly half-way across the forb:.dden

 energy gap is found to b325 »26
2
pn - ng

T <ml)+ T - fan

; where _
s Pl =N exp(w Ht)/kT ,
_n1=N'exp(w -y ‘)/kT .
In a p-type mater:.al, w::.th P>> pl,nl, and n, 49 the equat:.on
: (1.17) reduces to g ‘ : o '

P The S e
' vwhile in an n-type 'material, with n>> Pl’ﬁl’ and. ni,
| Pev.
U o= - . : PR ; A S T (1.17b)
n T ) : S ER [
e po _ R L _ P .

| The équati‘ohs (1.17a,b) are tﬁé- fam:z.liar Hﬁeafrfecombiﬁatioﬁ laxié which |

const:.tute good approx:.mata.on to (1.17 ) vhen the excess mlnor:.ty carr:Lev

dens:.ty is much smaller ’chan the equ::.]::.br:.um carrier dens:.ty. |
Very often, recombimat:.on centres occurring at the sx;rface

of a éemiconéuctor are more éffecti*fe, than those in the bulk, in |

eliminating the charge carriers from the 't_r'ansport processes.  The
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| P e ., 32
phenomenon can be characterized by surface recombination veloc:Lty3

‘Jp o= sp(p —»po)? o i (1.18&)1_
J o= Sn(n - no)?

* where JP and J are.the'reccmbinaticncurrents fiowing peﬁpendi-
v cularly "1nto" the surface, | | | e |
| The inclusion of these surface effects 1nto analﬁsls cf
-carrier transport would necessitate a multl—dlmen51onal treatment. _
| tAlternatzvely, if the surface and bulk effects are interpmeted through
Loan equivalent lifetime, this multi-d1mens1onal treatment could be avoided.
. Im general, wless sneciflcally desired, the precautlons are taken to

1-ellm1nate the effects of these surface states.

15 Adm of the thesis

| Iﬁrect applicatlon of the general relations (1.1) and (1.2)

‘, fcf an’ analys1s of the transport: processes ine semlconductor devices
tcould be justlfled only in very few casns of practlcal interests The
phySlcal condltlons orlglnally postulated to be respons1ble for much of
what takes place in the interior of a typzcal semlconductor Junctlon

- structure are not very representative of the conditions that may exist
in the contenporaxry structures, Profound changes in the 1mpur1ty con= |

tent qulte common in diffused junction structures, and an almost complete



- unless the physical equations are formulated beyond dispute)a »

absence of the fleld-frce reglons in such systerns preclude an appllca~~
tion of (1.1) and (1.2), without the refinsients perulnent to che

veriations of the transport coeff1c1ents with doping and the electric

- field. (The availability of computers is no solution to. the problen

‘The main aim of 'E:h:r_s thesis is to obta:r_n the general so-

lutions for the model deflned by (1.1) - (l 5) and auxilia ry rela- )

' tlons (1.6), (1.7) and (1. 12) - (1 16) whlcn Ulll be appllcable to

arbltrary doplng proflles and arbltrary bias condltlons.

Tne ex1st1nw analytlcal techniques are examlned but the

.solutlon of the problem is attempted by numerlcal means. Two funda-

mental assumpclons w111 restrlcu the valldlty of -the. solutlons ob-"

tained by thevpresent analy51s. These are: -

(i)v' the numerlcal analysis of one-dlmen51onal structures
,wlll be performed; and :
(44)  the analy51s,w111 concentratelon the steady-state

properties of the analysed systens.

1.6 . Statement of originality

'Since the commencement.of the present~worh a great .deal of

| research has been done~on similar problems to thoSebﬁreated ih'this

‘*thesis. Except where references have been made to the work of others,

the results and conclusions presented here were obtalned 1ndepenoent iy

by the author,



Cm
A analyeis of exieting analytical'models for current.
vflow in semiconductor junctione has _cvealna the p0551b111t1es of
analytlcal teﬂhA1ques. It became clear that.only the appllcatlon
of numerlcal methods could prOV1de more detazls regardlno the be-
‘Uhavlour of junction devices. |
The crigine.l contributions in this thesis are:

(=) The treatment of difquion-drift equeticnsg This 1eedsl
to the relatlons sultable for generatlng convergent numer1ca1 algorlthmsn,
‘for solving Junctlon transport equatlons, | “

| (b) “An approximate integral of Poisson'e equatiou.(exact for
the- case of a uniform doping) which permltted formulatlon of an cne-:
step Varlable s»ep—length 1ntegratlon method for the Junctlcn equations; ’
| (c) The one-current solutions for unlformly doped tran51stor
;structures obtained by generatlng a sultable sequence of the 1n1t1al
value problems, | | |

(d) The general 1terat1ve algorlthmkfor numerical solution of
,Jsunction equatlon;, developed through the appl;catlon of methods for
"cirectFSolution‘of two¥point boundary’value;problems; |

e (e) ;The Set of'complete'steady-state solutions,vincluding
hlgh reverse blases, for a dlffused Junctlon dlode' N ‘

(f) A method fcr 1mproV1np the cutnoff frequency for trans-
:: conductance of a class of MOS structures, |
‘ (g) The set of complete steady«state solutlons for a double-
= dlffused planar tran51stor structure whlch 1ncludes realloulc values

of the collector bias.



CHAPTER 2

ANALYTICAL THEORIES OF TRANSFORT PROCESSES

“IN P-N JUNCTIOJS. A SURVEY

21 IntroduCoion

A.knouledge of the geometrlcal and structural propertles of
»'a p-n junctlon, together.with 1ts reconbination characteristics should
in principle, ‘be sufficlent for predlctlng its behavlour under speci-
.- fled operating conditions. Unfortunately, wlth all these -features
o known, it appears to be’prohibitively difficuit to obtain any exact
'ipre&ictions sinee the generai solutions of the basic system (1.1)-(1.5)*
do not seem to be obtainable by analytlcal means.} A.rigorbus>analyti¥
cal treatment of thls system has not been reported. Ipstead,.a variety
1of alternatlve, but not necessarily justifiable, approaches‘have been

nade ‘to 51mp11fy the basic equatlons and thus facllltate the analysise.

Each approach, houever, has 1ntroduced a new set of uncertainties con-

s cernlng the enalytical limitations arising from'the;use'of'simplifying
eseemptions; ) | |

A .There,is a considefable.weaith of infprmation;regardingmtheﬂ

: thedries of behaviour'of‘pin junctions. An effort is made in this

ok In this and all subsequent references to the ‘basic system, the cne~

' dlmenslonal form of equatlons (1. l) (1.5) is implied.
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chapter,t6 émﬁody‘into a siﬁgle,entity thewmaterial covering all;fhese~'
theories and to assess their significance. Althéugh the primaiy |
'ébjective of the present effort is to classify the steady-state theor-
ies, a brief coveragequ the theories of transienté in:p-n'junctions

ie included towards the end of the chapter.

2.2 o Steady—state Analysis
| Under steady-s»ate condltlons the tlme-dependent terms g%
. and 2 venieh in (1.3) and (L.4). Although this simplifies the fun-

demental system, in that it now includes only ordinary differential
: équatibns; the correépondiﬁg generél solutions are still not express-
, ible in terms of the known’aﬁalytical functions. Therefore, any
- attempt to arrive at a solution of the préblem in an analytical manner
vmust#réi§:on a éef o£ additiona1 physical approximatibné\of‘the general_"-
oo, : , S . : o v

| ‘vﬁ.Exceptvih‘very,few caseé vhere differeﬁt réductions bf the
" basic system were p0551b1e, Shockley'v orlglnal stratevy3 of def:.n:mu

the space charge and neutral reg:z.onc wlthln a Juanlon structurc has

:~‘:been unlversally accepted33 Duly 51mp11f1ed transport equatlons are

then applled to each of the regions ueparately. The complete solutxon

; is obtalned by matchlng the boundary condltlons.



2,2.1 ‘ Thermal eduilibriﬁm

At equilibriun the exponential relations botween the electro-
- static betentiel aﬁd the carrier densities follow from (1 1) and (1.2).
Vith the help of (1:5) the potential and carrier dlstrlbutlons are
expre551ble as expllcit functlons of position only in the 1ntr1ns1c

27,28, 103,118

domaln.of the so-called p-1 and n-i structures Otherf

wise the problem of solv1ng for these equlllbrlum dlstributlons can
'at best be reduced to one—dlmen51onal numerlcal 1ntegratlon27’28 29
As an exceptlon,_lt is possible, applyzng»analytlcal techniques, to
solve.erCtly forwthe~e§uilibrium juﬁction variables at the metallurgi- -
cal Junctlon of a uniformly doped abrupt structure.

i If the electrostatic fleld and the space charge are- negliglble
far out 1n the bulk from (1.1) (1.2) and (1.5) the folloulng equlllbrlum

carrier den51t1es are obtalned o
: 1

s i, [ 1+ (1+4 n.a/NZ)a] b =0’/ , (2.12)
and e 1 o .
BERY --N [ 1+ (1 + 4n 2/NZ) ] =0, 7/p ot (2.1b)

~ Since J§?= {n 0 a combination of (l.l), (1.2) and (1.5) can

be 1ntegrated once to give

B : E2 m—— (p =P, ofn- n - Nd 111"‘-") _ : (2+2a) -
s o e “no ' o
and L S | .
' g Ea o 2qVn ( . R o '_rLJX_ : o <v o] ‘
ST Te PRt BT Bym Ny dnp s R

o
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' wiﬁhin the n~ and the peregion, respectivelya The sequirementvfor
conﬁinﬁit& of the electrostatic field at the interfaée vetween tﬁe

two regions fesults'in'as equation which can be solved for.either}pj

'».;or:nj (hole_dr.electron-density at;the‘mefallurgical_junction), €ege

nj=exp[(Naln Boo Ndln n, ppo+npo 10 Io)/(N Nd)] | (2.3)”

'snd_consequent1y3

P, ‘~=_ n.2/n , o o : _ s ‘ V (204)
4 - | :
, 2qV : R ‘_l_ 2 )
E., = ._— o + -~ - . o,
5 - (p L nno)] _(2 5)

_Wlth the above three values known, the two uniform 51des of a junctlon
fffat equlllbrlnm can be “treated 1ndependently. 7 7
‘, | ‘, Because ‘of the difflcultles ass001ated W1th 1ntegrat1ng (1.5),
" slt 1s not possible to obtaln any prellmlnary results concerning the

equillb“lum solutlons of an arbltrarlly graded Junctlon. The only

o alternative to an application of numerical methods for computing these

k solutlons 1s the development of the equlvalent series. representatlons »

104

.for ‘the Junctlon varlables .s

”v2;2?2f"' Analy51s of neutral seplens‘

The classical Shockley 8 aSSumptlon of the existence of

~:neut¥al semlconductor reglons on both smdes of an 1mpur1ty translbmon,
| sufflclently far away from it, prov1ded a corner stone for many

theoretlcal developments concerning the behavlou: of p-n-junctions.
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"~ VWhenever the contfiﬁutibﬁs from‘tﬂqse.regiéhs‘domiﬁaté the prOpertieé.
iof'a juncfidn structure, the corresponding énélysis is greatly facili-’,
' tated by the fact that the equatlon (1.5) of the fundamental sy«tem

simpllfles to R

p-n+N = 0 S (2.6)

2.203 Low=level diffusion currenfs

. Under the conditions of low injectionsrthe>simplificationn
(2.6) applies because the majority carrier densities in the neutral

: regibns.remain substantially ualtered by injection, Moreover, since

L n<<p N in the p-reg::.on a.nd p<<n =N, a in the n-reg::.on, the trans-

port coefflclents and llfetlmes are also 1ndependent of 1n3ect10n.

232.3.i’> Uhifofmlv dopad néﬁtfai fegioné |

If the lmpurlty den51ty is unlform thro hout, the drlft
terms in the dlffu51on~dr1ft equations are negllglble compared to their
| diffusion counterpa:ts.fv The baslc_equatlons,rln addltionvto (2»6),

are’thus reduced to

_»IJp = ""Q'Dp %‘;% » ' (2;?)
3 - qu‘Dn g i ST (2.8)
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- nen

a3 o B
-8 . —P° . O ’ S i : . (2010)
dx T ; ‘

no ‘

Two second order linear dlzfeventlal equatlons, one for each

type of charge carrier, result from this 51mp11f1ed syutem. - Further

.v‘,‘lmpl;catlon of the low-level assumptlon is that the totaljvoltage drop

occurs across the space charge region; giving the boundary conditions
for the injected carriers* ,
P = pno exp (q Va/kT), » o ' ' » (2.11&)

v ?1 = _npo exp (q ,Va/kT),“ . | .- _ v (Z.Ilb)_

‘7eeaf the:interfacesvbetween the epace charge region and the neutral regions.

. Alsoe
P = Ppg a8 Xmmhee, ER TR - (2ae)
n =n_ asX—= =c0 . SRR . (2.114)

- po

As a result the familiar juncfion eQuation follows

3 s sem@rAm -0, 2

”e,.The paraneter J ” the so-called saLuratlon cnrrent den51ﬁy, governs the

'ftotallty of‘junctlon prop°rtles (geometry, materlal boundary condltlons)o
In general, a consideration must be given to the carrzer.transport
propefties of the-metal-semiconductor contacts. The concéptof‘sur-

iface recomblnatlon velocity, 1ntrcduced by (1.18) may be used to replacm

* Thege are the low-level forms of the more generally defined boundary

- conditions atvthese interfaceslll’ 114;



the boundary conditions at infinity, (2.1lc, d)e ‘Theh,ifdr.the -
arbitrary lengths of the neutral iegions, dp,and dn; and the arbitrary

recombinaticn velocities at the respective contacts, Sp and Sﬁ, the

saturation current density J 1 35’53’106
o gbp °h('_')+s',-%' sh(z=) 4o n °h('2)+ 5, L Sh("R)
J = 2 oPno n P, 2npo n n
8 Lp‘ d pn _B D _B ¢
‘ ; sh(—-) 5T, h(—-) v sh( ) Ejﬂ" dh( )
P P p P o - _ n _n ,
o | S a3)

' jD1fferent speclal cases of (2.13) are glven in Table 3
The valldlty of the exponentlal relatlon (2.12) is little
k dlsputed for germanlum s»ructures at current levels sufficiently small

34

that the step-funct;on approx1mat10ns for the magorlty carrier densities

Table 3
Sp’sﬁ_ - arbltr;ry 5 - qupno 3 + annpo 1
P o gnany | Poasgre P 1t
| psn | o o pa n'p
'S.,8 - infinite  p a - n__ 4
dp, n SRR ‘Js=qu ~%9 cth(i?) + gD, -%2 cth(ig)'
lifaﬁi' - arbitrary . P r - A
S.,8 = dinfinite '
la o | J_= - qupno/dn q nnp C)/ap
bs,n '
- - - L3 + L
:E&; | }nflnlte ‘ J q pgndzyp annp,o/Ln
4
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could be considered reasonable, The position is less clear cub vith
the silicon structures where the diffusion of minority carriers’is'not'

the douinant processiat small injections4o. It should also be noted

that, in general,. unless the linear recomblnatlon 1aws are used in
the contlnulty equatlons (2.9) and (2.10) an analytlcal solution like

(2.12) could not be obtalned124

2.2,3.2  Non-uniform doping

| Calculations of the non-unlform neutral regions are more
vdlfflcult because of the 1mpur1ty varlatlons. - In.spite of this added
complzcatlon, some calculatlons, unrelated to any partzcular 1mpur1ty
proflle, are p0551ble 1f ‘the 1ow—level assumptions are further'spec1al-
-1zed to eliminate the recomblnatlon terms from the model (2.6)-(2.10)e

The structure of speclal 1nterest is the asymmetrlcal narrow-

-

“'rbase Junctzon, slmzlar to the emltter-base gunctlans in dlffused trans~

.istors. If a p+n type structure is cons1dered then J = 0 and the
‘built-in field in the n-base is |

& e

“ul

E | .dx

: _slnce n N >> p. Ulth the Boltznann bounﬂary condltlons (2 lla, b)

'»‘and the ideal ohmlcicontacts,.the-exponentlal relatlon‘between~anrapplncd

"voltage.va and the current density J, like (2.12), follows. Hefe;



however, J 1816 122
2 D Qn ‘ »
g = an ( = ? + = ) (2.15)
! ® Nax _.é Nax

~d.e. the average 1mpur1ty concentratlons of uhe tvo neutral reglons

‘are responslble for the total current through the 3unct10n.>

2.244 ‘High current dengities

When the den51»y of 1n3ected céfrlers becomes comparable to
: the equlllbrlum magorlty carrier density in either of the neutral regions,
vf the'hlgh-qurrent condlthns arises -Many quantltles become inter-
: deﬁendént.and furtﬁer assumptioﬁs mustvbé iﬁtrodﬁced.to‘avoid excessive
‘.mathematlcal dlfflcultles in handllng the differential equations.
. ihe avallable models for analyzing the hlgh-current phenomnena

fall 1nto three groupslzsz diffusmon-domlnated, hybrid, and fleld-.
dominated models. A;though each of these three mode1s pufs the empha-

gis on different physical processes, they all share certainféommon

. assumptions. These ares

(1) Under high-injection conditions the densities of the
 mobile charge carrieré are nearly equal, i.e.

|  ;;_ P ¥ n. e e T (2.16)
“In fact from (2,6) p—n-N but because pn>> N (2 16) follovs ((2 6) may

thus be called the weak form of (2. 16)),



: : e e . ‘ o C k1
(ii) High-level recombination is linear in p and n, f.e.

U:B::

- i

) S (2.17)
where T = Too* T_, is high-level lifetime. This follows from (1.17)

since"’p,n >> n.,pl,nl, ,

(iii) The transport coefflclenfs remain unaffected by high~
1n3ections. » | ,
The valldlty of (2 17) is usually not questloned since the

m product does increase at high forward biasesla9

and (1.17) asymptotic-
-ally approaches (2.17).  The space -charge neutrality assumption, however,
has a more profoand effect on the»aolutiozisl8 and is more often a subject
fbf‘appfaisal4?’48’127’131 The:thifd assuﬁption, although very crude7,
"ia‘not much critibized. The advantages of operatlng with constant
”transport coefflclents seem to outw igh the Sﬂgnlficance of the errors
,that this assumptlon brlngs in the solutions. (The speculations con-
‘cernlng doubling of the dlffu51on coeff1c1ents at high levelslz8 are .

related to entlrely dlfferent assumptlons.)

2.2.4,1 Diffusion-dominated models
~In'diffuaion-dominatéd models ﬁhe‘injecféd densities of carriers
'a#a-deferminad primarily by‘diffusion process, rather than by fhe applied‘
: afield. (Therefore;vexcept»for the different boundaryvconditions, thé
"complete 1ow-1evel theory of uniformly d0ped 3unct10ns is based on thls
type of model). |

The complete differential equatibn for the hole density in an



T

"~ ‘n-base is

T R P s
s T 1 ARSI

In a heutral, field-free‘seﬁiqonductor the szcond and the third terﬁ
in (2.18) disappear. The familiar linear differentiaileQuation for
holes resﬁlts‘36.‘ Now, L is the high-level diffusion length |
L= [21:D/(D+D)]l/2 | o |

. If the joied product through and. at the edges of, the barrler
40 - '

region is expressed as
. . _:Pn,.i beT: S , .

: Vb must be interpreted to include the voltage associated with the field
~that holds the majority carriers as well as the voltage that appesars
acros_sthe, ‘barrier region, but excluding ohmic drops. The near equality
of majority and minority carriers results in the high~1cve1 Boltzmann

. boundary cond:n.t:.on

L ;‘Alsok‘ |

:'p"— n; exp(V /Z’V) =0, T (2.202)
e, Gy

giving' the v{ell known result for the hole current density in a rtn

structuress,
e Y

| The low-level conditions are maintained within the highly doped side



‘43’,'?
end'thejtotel‘current density also includes fhe'electron component |
calculated by (2>12).' J¢uh different geom°tr1es certaln modlflcatlonsv
of the multiplying factor in (2.21) are obtained, but the same exponen-
edB? 45

tial dependence is preserv

The complete omis 51on of the electrlc fleld from thle analysms
128

lead to the concept at an effectlve dlffus1on coefflclent From
. (l.l), (1.2) and (2 16), neglectlng J P
J = - 2D -E . . | ‘ '. 7 _ R 2.22
p =" q( p)_(dx) ; | R :“ )

x=0
Thls apparent doubllng of the dlffu51on coefflclent 1s ea51ly inter~-
'preted in terms of the neglected drlft-current components vhich under

42

these conditions become comparable to the classlcal diffusion currents’ .

2.2.4.2 Hybrid models

E The hybrld models account for the e1ectr1c aleld uhlch arises
>eas abreeult of the magorlty carrler modulatlon on the high resiSt1v1ty
:side of a aunctlon. ‘The 1n3ected densltles are st111 treated as- '
jprlmarnly determlned by the dlffus1on process. The f1e1d enters in
to glve the current "after the carrler den51t1es have been flxed in terms
'of dlffus1on and the boundary condltlons. } . | |
‘ ' The fleld terms are neglected in. (2.18) ‘but they are: retalncd
in (1.1) and (l 2). With an ohmlc contact 51tuated at the end (x*d )

of the n-neutral reglon of a p+n structure,and the voltage across the
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.jUHCtiOﬁvbarrier Jt, the urrent density .’1."38 44, 46
. : ‘ | Y
2 pyooth (=) ©) - |
J = — — Dp(lv+P-E——-—(O)+Nd)(exp(Vb/VT)-l)o (2.23)

L

From (1.1) and (1.2) the field in this region is

E = a p.P((b+i)p+$r¢df "HVT '5‘5)&15;"_7&\?; gﬁ > (2.24)
.produclng the voltage drop across the bulk semlconductor reglon
. ‘»V & -'v‘: by Oy proi (.05)
o 'q(bf;)pp» va+1‘ (b+1)p(0)+bN ’ &
 , whefe. : E ‘
L .'ijn  o
_Y‘; T G+p N d"
j fhe tétal vqltage‘orifhé V=I csaracferistiélis»now
'_‘v=. v+, e T B ,_ ', (2.26)

b

. with vb and v g:.ven by (2, 23) and (2.25) respectlvely. The next step

- in generallulng (2 26) is the 1ntroduct10n of an arbltrary reconblnatlon

tve1001ty at the metal-semlconductor c01u“ct. The‘relatlonS'between

the voltages and currents remain the same as in (2 23) and (2.25)

‘ _except for the slight modlflcatlons of the multlplylng coefflclents39 4)’51
High current den51t1es could glve rlse toa 51gniflcant voltag

'drop in the v101n1ty of the snmlconductor-metal contacto The intro-

ductlon of the effecthe recombination ve1001tles at the edge of this



s
near-contac* space charge reglon,rx-d' (d' < d ) has been suggested5
This- modifies (2.26) in that it now includes the voltage drop across
this near contact region, Vﬁ. In general, the 11m;t1ng V-1 character-‘;

isticris of the typesa

o= g em(We vy, - e

- where tﬁb'parameters Jc-and ¢ are

. 1 - .
S | 2, R
dA/Lv small ZqDP(pnoNd) /4 ) 2

a;l/L‘ = lavge ciDIZ)N de:ip(Zdj'l/L)/(4LzsI;(_b+i)) b;:h(dx'l/L)/(b-l'l.)

L 7»S‘ex (v .V‘)
2 . S' = S p p m/ *
. P ’
= 1452 f exp(~ / Edt)dx
LBy :

1
% o
At moderate levels the volune recomblnatlon domlnates the conductlon

'_process. Fhrther :anreasn in current den31ty leads to an enhancemenu

of carrier reCOWblnatlon at the contact, w1th an asymptotlc charactev—

| 1st1c52’55 Iz V2.
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2.2.4.3 _Fie]d—domirated.modele
| Th tern "flelo~do"inated" reams that the densities of
linjected carriers are determinedbprimarily by tue applied field rather
than by diffusion frocesses. |
| The condltlons assoc1ated w1th this type of model could arise

in several ulfferent structures. These are dlscussed 1n turn.

.2.4.3 l ThlnAnunctlons :

The assumption (1) 1s further strengthened by addlng the

vcondltion
- %E, - 93,,. N R L (2.28)

. In the aésumption-(ii)’rather lérge values for T' are

o assumed, whlch amounts to neglectlng the recomblnatlon in the bulk,

i.es UE 0. (Conceptually thls implies that if the conductivity of
a semlconductor region 1s to be smgnlflcantly 1ncreased by injection of’
the charge carrlers, the 1n3ected carriers should be able to penetrate
moat of the. reglon before recomblnln 45’46’56) | |
B Wlth tnese addltlonal 51mplif1cat10ns a comblnatlon of tﬁe
basic equat*ons can ‘be 1ntegrated, g1v1no the relatlons between the
f.current den51ties, electrlc field electrostatic potentlal and carrler‘
;densitiess6. . The un1qu° solutlon of the problem is obtained by flxlng
the carrler dens1t1es at the external contaces to thelr equlllbrlum valuee ’

and relatzng them via Boltzmann factor at the edge of the space charge

‘regions Invthe linity wh en'the‘dlffu81on barrier height disappears, the



Acurfent~voltage_characteristic is
g = Sfov? , R (2.29)

 where V 1s the "bu.u.lt-:.n" voltage and 82 is a coefflc:.ent dependent
: 'upon the phys:.cal parameters of the ;;unct:.on.. The ‘character at th:.s
sq.tare-lou dependence is ident:.ca_'l. with the asymptotlc square character-

52 ,55

::.st:l.c obta:v.ned for the short pin structures

- 262 .4.3 2 Long-base junctions .
The complete d::.fferent:.al equatlon for the hole densn.ty 2. 18)

| fmod:.fled by using the weak form of (2. 16) and (2.24) is

B Wy oA d.n)z_ PPuo _
.‘dxa g%gpmd)((bﬂ)pmab) ax (2p+N )((b+1)p+n 57 2
‘ (2.30)

- The analys:.s of the second and th:ud terms in (2.30) sholvs49 that after
- a distance x X9 def:med by A

L NdJ

| qD (2p(x TN )((bi-l)p"‘N b)

=1, .. (2031)

. the second term is no longer negllg:.bly smallo ‘ Thus, if p>> | N d,m

x > xl (2.30) takes: the for*n
e T T T2 0 e A
R e = qD Er )((b+1)p+N B) * (2.33)

x,
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With;the Boltzmann boﬁndary condition at the edge of the space charge
region,‘x=0; and an ohmic contact at x=d s the asymptotic V-I character-

istic (dom,nated by the voltage drop across xl-d ) is 49,50

N L(b+l)p R S
v, @ | o

2, 2.4.3.3 Long p=i-n structures

In a near-1ntr1n51c semiconductor, long compared to a diffusion
1ength, the- fleld-drlven current regimes arise under the so-called

41,57, Now N¥o andn and p in (2,16) -

vdouble-lnaectlon conditions
’stand for the 1n3ected carrler densltles.
From the complete dlfferentlal equations for the carrler

'densltles, - 18) and its electron counterpart, it follows that

(b+i)n _ (brl)p
B !

| 35((penja) (s, )dE ———(p+n)v - , (2.35)

Y
 ,vwhere the total charge carrier denéitieé éfe expressed as tﬁe sums of

the equlllbrlum, P, and no, and the 1n3ected den51t1es, p and n.. The
discussed d:ffu51on models ignore the first two terms on the le t-hand

‘side of (2.35) and. the field terms in (l.l) and (1,2) The- hybrid models

: omlt the field terms in (2.35) and later use (1.1) and (2.2) to compuue

 E(x). The field-drlven current regimes are calculated neglectlng the

vthlrd term in (2.35) as well as the diffusion terns in (l l) and (102)0

(The dlfqulon components are generally slgnlflcant near the contacts,
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»bﬁt,in.a sample whicﬁ is many:difquiog iengths long the field terms
are dominant over most Cfrthc sample).

| By introducing the cverage value of the.injected catriers.z and

"the average electric field in the sample V/d, the total current den51ty

‘can be approx1mated by57
I o= q(b+l)p o v/a o (2.36)
s since at high injections p=n >> Po’no°

~ In view of (2.16), in a reasonably extrinsic sample

2| < l-ro—nol o From (2.35) is then5 2130
- . p'n(lnofpo)t‘ v D o B
n oL 2 -'(2'37)
giving the final result :
J o= \q”t Falp (a_-p,) -V-g- . o (238)

d

-

It should be no»ed that this square—lo: reglme is. of dlfferent characte\

- to the asympototlc square—low reglnes obtalned Wlth the hybrid models.

At extremely hlgh 1njectlons the V-I character¢stlc of lonﬂ p-l-n
,5structures goes over to a cube-lawel.
'The»existence of the square-law'V-I characteristic in~many

'~-different structures gave the basis for speculatlng with the coefflclents_

A and Vi Of the generallzed relatlon58 59

However,.the'expressions ottéined for A‘aﬁd Vi cculd.not be interpreted

_ in terms of the physical‘parameters of a junction,
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2.2.5-_1 'Recombination currents

 Measurements on actual diodes generaily result, oppositely -
“to (2.12), in'a non-saturating eurrent at moderate and 1arge reverse
blases (stlll not involving the process of multlpllcatlon). Also at
small forward biases the current increases more slowly than that predlct-
ed by (2.12). These departures from the ideal theory, observable in
511100n at room temperatune64 and in germanium at 1ower temperature565’66
'are attrlbuted to charge generatlon,ln the space.dharge region.

In the space charge region of a reversely biased p-n junction

rboth types of carriers are rapldly swept out,g:ilng the net generat¢on
frate (equat10n.(l.17)) | |

,2,'
n

.U, -Pl’ +nl1: . . ‘_(2‘.40)

'tThe reverse current due to thls generation process is

qngs W :
o'+'n1 t'po

‘;Since‘w increases with reverse bias~there is no true reverse saturation

ced] B
o
]

"of current for ‘the case where the space charge generation domlnates re-

'verse current*

. * For germanlum at room temperatire. n, is large enough for the saturatloa
tcurrent of (2.12) to be dominant, However, at lower temperatures, and in
“silicon at room temperature, n, is con51derab1y smaller 80. that the cury-

tk.ent den51ty of (2.41) plays a domlnant role in: determlnlng the junction

currente



At forward blases, vhen p and n exceed n,, Pl’ and ny

slgnlflcantly, the upper llml for the current due to recombination

in the space charge reglon is

v L
= . ‘ exp(va/sz)o ‘ (2042)

J —
An approximate expression for the generation-reccombination

current, which fits the llmlts (2.41) and (2.42) 1568

S ang w(exP(V /V )} -1)

qrs ‘=_ ny Ipo+pljcn°+_( T in ezp(qV 757 ¢ (2.43) |

;Aifefﬁafi§ely,>J rg can be computed approx1mately by postulatlng the.

:potentlal distribution across the space charge layer in accordance with

“the 1mpur1ty proflle of the 3unct10n64 67’69 N

| The ‘total current den51ty is given by the sum of (2.12) and

‘~ (2.43).  As the forward bias is 1ncreased the dlffu51on currente 1ntq

| «the neutral regions increase faster than the recombination current in the
bbarrier layer un£11 the.diffueion‘end reeombinatien of carriers in the

 _ neutral regions becomes the essential conduction mechanism.

. ‘2;2;6v' Prqpertles of the tran51tlon region

The most common approxlmatlon in fhe analy51s ofythe reglon
of transmtlon from p ton materlal is that of the ‘space’ cbarge N
depletlon, 1ayer. ' The depletlon layer concept is based upon an aesumpu' 
tion that the electrostatlc charge den51ty is everywhere equal to the

density of 1on1zed'1mpur1ty‘atoms;' therefore the space charge region is
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cempletely depleted of nobile holes and electrons. |
| This assumption eliminates from Poisson's equation the
distribution.terms for the ﬁobiletcharge carriers, and thereby reduces
the problem of anélyzing the electrostatic-potential distribution to
a mathematlcally tractable dlfferentlal equatlon. ’Since the fofm of
- the space charge dlstrlbutlon is assumed at the outset, Pblsson s

: equatlon has the simple form

d dB _ | |
- dxg = = = q/é N(x). . o ‘7(2,44)

~ Charge neutfality occurs when mobile charge carriers attain

the spatlal dlstrlbutlon requlred to reduce to zero the total charge, 1eco

N&) = o, sh(u(x)), LR (2.45)
or upon. dlfferentlatlon ' " L y -
: . L
_E(x) - Va2 + N ) )2 W) (2.46)

dx» f
“Equatlon (2. 46) gives the electrostatlc fleld distribution within the
neutral semlconductor due to an 1mpur1ty distribution N(X)o

In the depletlon reglon the electrostatic fleld is
E(x) , &fmx)ax + B .. o )
The fleld values at the depletlon layer boundarles are glven by (2.46),

b;thus

A2 e w2y 2 aNx) g [P NGx)ax. (2.48)
RSCEE PR { x A
P

Upon assuming a given n-side depletion region uidth'y#, (2.48);§ro#ides

a means of establishing L and thereby the total depletien region width,



 formila

~Second integration of the impurity atom distribution yields
the total junction potential
- ' w. oo ox ' v A
-’n , . n .
o [ e [ wome [ om0
v_ : dx N(t_)th e/ xN(x)ax Eo(wn "P); Ve
' LA v ' . RS
The'potentinl defined by (2.49) in conveniently represented as a sum
" of 'the "built-in" voltage . V_, resulting from the equilibrium distribution
of uncompensated 1mpur1ty atoms, and the voltage whlch results from an
- external b1a51ng source. From (2-45) the built=in" voltage is .-
it 0P (Yoo’ )1/2)(11(\: PP Cu_Jean2)2)

‘zv‘ v
Tln R = 4n. : ,',

(2.50)

uﬁien‘for feaSOnably extrinsic semiconductors reduces to the familiar

| NG NGy ) L e T »
Vo= Tgln — 5 N

V‘:"‘ y n.

2.2.6;1">Space~cher§encapacitance ,‘

; | _‘ The interrelatlon between the depletlon layer width and an

nexternally applled blas through (2.48) and (2.49) 1nd1cates that there

'15 a voltage dependent charge a55001ated with the depletlon layer. It

is thus p0331b1e to introduce the concept of the space—charge capacztance_
: ; | 10 .

e . l,ba R TR 'v{: (2.52)

vhere Q is the result of carrying out the integration in (2.47)‘from the



- prevails

.__54»_
metallurgical junction up to one of the depletlon 1ayer edges, and V
- is the voltaoe glven by (2.49).
This part of the Lotal aunrtlon cana01tance is domlnant at
‘reverse andesmall‘forward voltagese. At moderate‘and high 1n3ect10ns
.the contribution, to the total Capacitance, of the component'whicﬁ k
. arlses due to storage of the mlnority carriers in the neutral regions

109,

It was 1n1t1ally derived for the slmplest cases of abrupt

-and 11nearly graded 3unct10ns32; and later generallzed to an arbltrary

78’79’80 that the a.c. per—unlt-area capac1tance defined

.impurity profile
by (2.52) is- the same as the capacltance of metal plates spaced apart.
tégby.the depletlon layer width with the semiconductor:ras dielectric
materialQ _ u | o | |

| | In view of the s1gn1flcance of the 1mpur1ty dlffusaon process
";1n maklng rn Jjunction devmces, the Gaussian and complementary error

?functlons (assumed to result from the. diffu51on processes 152 ) have

~rece1ved.a‘cons1derab1e attentlon.. The efforts are made in both,

4

numerical7l-77 and analytical® treatnents of ‘the s1mp11f1ed P01sson s
.equatlon to show that a dlffused structure can be approx1mated by the
”,c0mb1nation of the- propertles attrlbuted to a step- and a 11nearly

graded Junctlon.

Complete depletlon of the moblle charge carriers and con=

: 'sequently absence of any current flow give a hlgh degree of mathe1atlca1

_51mp11c1ty, but introduce serlous llmltatlons to the appllcablllty of the
results obtalned by this type of analySLS. Theoretlcal 1mprovements of

" the-depletlon layer analysis are attempted by introducing’an approximate
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contrlbutlon of -the moblle charge carriers to the propertles of the

70, 109,110 12

tran51t10n reglo The junction current is stlll

neglected and the mobile charge carrier dlstrlbutlons are obtalned
~ from an assumed potentlal dlstrlbution in the transition 1ayer, analog-

ously to the approximate ana1y51s of the generatlon-recomblnatlon

. 64,67, 69

currents The results of this ana1y51s at medium and large

133,134

reverse voltages shoved that determination of the junction
barrier height on the basis of the capacitence measurements‘could be

signifiCantly in,error if the measurements are interpreted in terms of

. the simple depletion theory.

At moderate and hlgh foruard twases, or in reverse biased
‘*Jjunctions in the presence of collected current, the current den51t1es
‘could Be cunsiderablehandtthe space charge 1ayer becomes densely popul--
ated with the‘mobile charge carriers. ' Severai attemtts to analyze the
conditions that exist in the‘trausition region of a junction under non-

81,82, 116 117 'All of them, how-

. ZEro current condltlons have been made
‘ever, had to rely on varlous other 51mp11fy1ng assumptlons, thus produc:.nb
the results which are more qualltatlve than accurate. A comprehen51ve

solutlon of the problem requlres a full treatment of the basic systen.



2.2.7  Reverse breakdown

_ The voltage satnrated rererse characteristic, reverse breakf
'down,oan p-n‘juncﬁion, whioh‘occurs when fhe>eiectric field in a
~ junction becomes too large,vcan not be explained on the basis of fhe;
‘.currents derived so far. ». | | |
k Thovphysical phenomena which can give.rise to rererse break-
'downlare either theveffect of avalanche multiplication or Zemer effect,
Zener breakdown results when the electric field in the space charge.
. region is sufficiently high to cause direct excitationa from the valence |
to the conduction hand.‘ Avalanchehhreakdown ocours when the charge |
i carriers-aoquire sufficient,kineticvenergy betweenycollisions‘to canse
o 1onlzlng COlllSlOnSo Sinceyfhe hole'and'electron.produced hy such a
colllslon each have a flnlte probablllty of maklng a further 1onlzlng
00111810n, this type of breakdown is usually referred to as avalanche
" multiplication. | - |
T Zener breakdown occurs in very hlghly aoped Junctlons where
'f the sﬁace charge 1ayer 1s too narrov. for avalanche multiplication {o

_ occur. The~mechanlsm of carrler'multlpllcatlon requlres szgnlflcantly

o less electrlc fields and it occurs in wlder, consequently less heav1ly

doped Junctlons; In most p-n Junctlon dev1ces the breakdown is caused
_by the ayalanche effect._ h | |

| The subJect of renerse breakdown is a separate fleld of study |
| »beyond the scopa of thls work. The~on1y quantlty relevant to the ‘

- present analysis is the:electrlc‘field‘at'which‘the‘carrier'mnltiﬁlica—

tion becomes prononnced,,Eb. Its relation to the doping density is



ercalculated by86 87 o .

where the emplrlcally derived constants H and a, for germanlum end

a 5111con, are glven in Table 4°

. Table 4

H B ~a
6 10%2 0.725
s, 3,107 0,750

"The electrlc flelds assoclated with the solutlons of the ba31c system
»'(or any of 1ts 31mp11fied forms) must not exceed the limit defined by

‘i:(2.53). |

e

. ,2.3 Transient'analysis

'The‘study of.tfanSient behatioer of p-n junctibns‘deais with
'11 the tlme dependent charge carrier den51ties, voltages and currents.
8 eHence, the baolc system (1. 1) (1.5) remains complete and must be treated
beas a set of partlal dlfferent1a1 eauations. | |
e Two princ1pa1 phenonena are of 1nterest° the'fofeard‘and-
referse tran51ents. The analyses of both of these rely upon the

: 81mp11f1cat10ns very similar to those dlscussed in connectlon w1th the
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steedy-state analysis. This is shown in the next two sections of

this chapter. .

' 2,3.1_. Fbrward tran31ent
Under the low-level condltions spec1f1ed by (2 6)- (2 10), the
| time dependent hole den51ty in a neutral n-reglon of a hlghly asym- |

‘metrical Junctlon is

22 o I R

where 1 x/L end r = t/%p are the normallzed dlstance and time.
Using (2.12) as the final condltlon after the appllcatlon of

a constant ‘current step Jb the solutlon of (2.54) subaect to the

, condltleqs ’ o : | : SR C
| P00 =0, s
Copea)=0, )
p(O0) = p (exp(W/Vy) - 1),  (ausse)
. 1, - { ﬂgi ( )x b L t"; ~;tit;1:1gvvf,' ';:3>(2-55§)
160,88 S e e R
o opyr) = ploge)shr), L (2.56)
- where ‘: | fie ‘-' | : i ;‘_ ":.7 .tt . ~;.. SRR
s r)——sh(h)erfc(T 1/2). S "f.f‘(a;.57‘) -

' The tran51ent V-1 characteristlc is obtalned by representlng

the total voltage .as-the.sum of the Junctlon voltage and the ohmlc drop



"‘,._hlgh-current forward sw1tch1hg

59
 across the buik (analogously to the high~1eve1-steadyfstate hybrid

" models), i.c.

4
n pno on

V)= Ez-verf(rlf?))+ 3R, (1~ (s FHELE no’))', (2.53)

L - ( . R : |
‘where vRo-l/(Ag?(bnno + Pno)"’
"The more geheral case of switching'at'en arhitrary current

~ level was tackled nﬁmerically by Kano and Reich89

However, they‘
‘facllltated the analysis by assumlng the prev1ously discussed high=-
 level neutrallty_condltlons, eqns.(2.16) and (2.28). Nevertheless,,

: it,was'possible to observe'frem their solutions, that an essentially

"‘4capac1t1ve 1ow~leve1 behav1our of a Junct:.on.a8 becomes inductive et.

89, 135,

| e2.3.2‘” Reverse trensient‘

- The phenomena of carrier 1n3ectloh‘end conseqhent conduct1v1ty
lr ‘modulatlon make 1t p0551b1e for a 1arge reverse current to flow after

a gunctlon is switched from forward to reverse b1a59 93 - The complete
':tran51ent 1s usually separated 1nto two pha i COnstant current phase
durlng whlch the reverse current is llmlted by the external reslstanee,
'-and the decay phase when the current reduces at the rate determlned by
-ethe mlnorlty carrier llfetlme and the Jjunction geometry.

The assumptlons deflnlng the 1ow-1eve1 condltlons are‘ageln

the s»epplng stones for the analy51s.
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| After a flnlte forward couductlon,- £ the ihitial_condition
’for the hole denslty is | .
, , | JfL

S(k re ). R , R (2.592)
» p | , . - R

| P(R:O)_?

The boundary coné}tions are |

pbo,r) = o, o S o - '_'(‘é'.sebJ ’
.ﬁ(osf)=Pno(GXP(V/vf) - 1)9 : Ci, o L, (2.59¢)i

) _252 _»_92 .‘ _ o | T o
o= T G . L @sea)

L AE the end of the recovery phase, r—ra,
V(r J=0. V: PO Lt "Ccf;°;.i ‘fff o (2459%)

Durlng the recovery phase the Junctlon voltage is 84 85,94

T 2 2
" V(r) VTln(1+ = erf((r £r) ) - -- (1+ XC)erf(r7)). (2.60)
, s . s_ . f : S - )
If rf-a—oo (2. 60) reduces to the famlllar result obtalned in the analysis
95-99

,iof the reverse SW1tch1ng after a statlonary forward conductlon
: L ‘ ,

":‘T erf(r.) R . e e ,(2;61)
et T 1”+‘Jr°/5‘Tf- o

During the current &ecay phase the V-I. characterisfic is much

94, 136

- more compllcated If the addltlonal sxmpllflcatlon p(o,r)-o is

introduced the current dens1ty as a functlon of time 1s1

e-J‘r)=;f(J¥o/Jf +.%C?i(rf+ra,r)—(1+J;§/Uf)si(rf,r))); (2.62{



where'v | - e /e )2 > o _ '
Sl(rl,ra) = 'Jf - exP(;zlf?; ¥ 12) vdy - (2.63)

o

1

is possible in terms of the relatively
‘rapidly convergent eeriesloo.

Numerical evaluation of 8.
A treatment of the reverse transments in graded Junctlons is
- further compllcated by the presence of the fleld terms in the: governlng

‘equatlons. The models implylng pure diffusion are obV1ously in-

) "adequate.

The avallable solutn.onslol 102 have been restricted to the.

g expcnent1al type gradlng. | By postulating thet the electric field in
7(1;1)_and (1.2) comes'exclusively‘from the iﬁpurity grading, the time
“.tidependent:equétion’(2 54)»15 “enleréed‘ty’addiﬁg the correspohding |
e'coﬁstaht field term. The solutlons are then obtalned subgect to ‘the

"usual assumptlons concernlng the low-levels and hlghly asymmetr1cal

-doping.

"»2.4 't! ‘Conclﬁeions
Analytlcal models for charge carrler transportbln semlconductor
”Junctlons have been analyzed. A cla551f1cat10n of each availablie nodel
| has been carried out by estlmatlng its devree of appllcablllty w1oh
' respect to the set of governlng equatlons formulated in- chapter 1.
There are two essentlally different types of model,. one negleCt—

. ing space charge and the other exclusmvely concerned with ite The



interrelsiions between models of one type have Beeﬁ clsrified;f

Thevmost successful and the most &1despread is the low-level’
neutrai model; | It is asymptotlc on the Jow—current side where the
dlsturbance of the equlllbrium is very smalle. The range of its validity |
 on the hlgh-current s1de is uncertaln. A generslization of the*ﬁodel |
:to cover a full current range ‘is 1mposs1ble without a ohasge'in‘fhe Basic'
vhilosophy of the approach; | | |

| The p051t10n is far less clear cut at hlgh-currents, where

o there exists a multltude of models. ‘Each of them accounts for a spGlelC

:set of observatlons, but does not reflect the phy51cal Processes embraced
v;in the baslc model. Sinee 51mp11fy1ng assumptlons must be nmade at the
outset'of any high-current analysms, it does not seem possible to extend
;sny-of these modeis to anfail-embracing (high- and low~-current) neutral
;model.>‘ e . o '
| As in the case of the low~level neutral model, the space charge
‘uoodel is current~lim1ted. Its exten51ons 1nto the high current. range:
are heurlstlc and do not prov1de a sound ba31s for any significant
Egenerallzatlons. | |

The analyses of tran51ents 1n pn aunctlons soffer from the

identlcal drawbacks of the steady—state cases The theoretlcal possi=

"[ bility that the general steady state solutlon could be obtalned as a

's'5pecla1 case of the general translent solutlon is thus very remote 1ndeed.:
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CHAPTER 3 -

 NUMERICAL TREATMENT OF P-N JUNCTION

- TRANSPORT EQUATIONS

3;1 o Ihtrodﬁculor
Analytical treatments of equatlons (1 1) (1.5) were analyzed
in Chapter 2. It.was shown that, under certain conaltions, an analybi-
” cal.approach can give seme usefultresﬁlts, but a‘general solution of
pthe problem cammot be obtalned uszng knovm analytlcal functions. |
| Numerlcal methods, w1th the aid of dlgltal computers, re-

‘ié”preseat an alternatlve approach to the problem. VSeveral types of

1:numerlcal solutlons are avallable at present. th many of them,'however,

‘there are serlous 11mitat10ns due to the various approx1mat10ns applled

o to the fundamental equatlons. Thesdrawbacks vwhich reduce the gener-

: ~a11ty of these solutions could be summarlzed as follows. space charge

»tneutrality, constant mobilltles, and llnear recombinatlon with a con-

62

ystant 1ifetime of - 1ngected carriers were 1ntroduced by Laeb et al.

" Kano and Relchgg, and Van der Maesen et alolBl; space charge neutral:ty

and constant moblllties were assumed by Fhlkerson and NussbaumllB;

65 .

linear recombination and constant mob111t1es enter in Nussbaum § ~ models

o Sanehez_cbmputes his solﬁtionslB? assuming constant mobilities. The
“iterative procedure proposed by Gummello5;is free of these drawbaCRSow

The liﬁearizedbeisson‘s'equation”with*the expressions for”the quasi-
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Ferhi potentials sﬁpplies:theﬁinfcrmaticn'ecnivaieat tc the sointion
ifof the’pfoblem as formilated by equations (1.1)-(1.5).  Tae reverse
; tfansformations convert ﬁhe computed quasi-ﬁotentials tc fhe physical
:yariables defined in-Chapter 1. However, for a large ?ptential varia-
tion,_iikezthe—one'thaf exists in avreverSe-biased junction, Gummel's
formuiaﬁicnvencounters the ccmputatica ofIVery 1afge, and very small,
exponentiai.functicns Which invafiably leads to numerical difficulties.
C  A straightforward’correspcndence betaeen the physical phenomena in the
=} interior of a device and the physical variables in (L. 1)-(1.5) makes

;hlghly attractive a formulation of an algorlthm for direct computatloa .

. of these variabless Such an algorithm138 139 i& described in this

' fchapfer;’ | | ‘ | |
| " Before proceedlng further, it should be p01nted out that the
.if :numerical treatment of the equations (1.1)- (1.5) involves additional
: dlfficultles,,since w1th these equations, the solutions obtained apply-
iiné‘difect numefical procedures, such as Runge-Kutta of‘predictorw-
30 An

'corrector methods, diverge rapidly from the de51red solutions

"ﬂ 111ustrat10n of this property of the basic equations, which is called

stiffness, is given in Appendix 2. By performing some prelimlninary
_ integrations in the basic system, and 1ntrodu01ng an aux111ary variable

"this addltional difflculty is partly overcome in tne follow1ng methodo



3e2 Preliminary integrations -

It is convénlent to rewrite the equations (1.1) end (1.2)

“dn the form
dp . pE4 2o 3. '
Vp | oD 0, 3.2
_ P '
L J : c o o
dx VT,_ an ‘ N o

~ Note that (3.1) and (3.2) could be considered to be first order linear

,,differential;eqtations for p and n respectively, with the nonconstant
J J . v o

E. p. Ll
coefficients VT, D and qD

The flrst ordexr equation of the. type |

y' + f(x)y + q(x) >” iR | e (3.3)

[

;has the general solution1

- exp(- ff(x)dx)(y - j q(x)exp( j f(x)dx)dx), '<3.4J

-

;,where T, denotes an arbltrary constant. ~ Equation (3.4) is a valid
: dJ

, solution of (3.1) and (3. 2) if the nonconstant coefficients %“ ’ a%- ’
' J T  *p
‘and 55— are some expllcit functlons of the 1ndep°ndent variable x.
- n

Fbr the purpose of ‘the numerlcal computatlons this is indeed’ the case

end the solutions for (3.1) and.(3.2) can be written read;ly as

- *Any numerlcal intecratlon routlne can be replaced by Taylor: series
representatlon of the correspondlng functlons, thereby treatlng them

‘as explicit functions of the 1ndependeno varlable.



- plx)=exp f% ) - [ —5 I at),  (3.5)
S o P ' SRR

| R exi:(,f - at) |
s _n(x)=exp(—j"TT- at)(B +f D (%) I, at), (3.6)
) . : - oL . n 'v : »

The infegratiohs'ﬁhiCh ere ﬁot undef-the exp.sign must be perforﬁed'_ |
8 #umerigally sigoe the functions Jﬁ/@Dp and J#/@gn are»not‘khown explioitly.
The ve:ietioﬁ'of the diffusivities with doping and the electrostatic
'befield,‘discussedlin Chapter 1, is expressed in (3.5) and (3.6) by

1 writihg-D?:and D eas the functions of the independent variable. The

'.values of the 1ntegration constants, A and B, depend upon the reference

. ,potentlal level, and in any partlcular case they have to be determlned

in conaunctlon w1th P01sson <] equatlon or some eqnlvalent expression

v>, governlng the potentlal dlstrlbutlono |

The mobile charge carrier dens1t1es are thus expressed 1n
terms of the diffusmv1t1es, the electrostatlc field (or in view of

"(1,7) the electrostat;c potentlal), and the current densities.

'3.2 1. The electrostatlc fleld eguatlon
Treatment of Po¢sson s equation is based upon the well known
result fron the theory of d1fferent1al equatlonsl that for any second

*order equatlon of the type’
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(i.e. fhe independenf variébié‘dcas ﬁot appéaf on thé fight hand -
 side) the first infégral can alwaYa.be found’anaiyﬁiﬁally. In
Poisson's equatlon the 1ndependent variable does not appear on the
o right hand.side 1f~an apprppr1ate~aVerage‘valne i isllntroducedafor B
' the :‘ddpﬁ_ng._.prqfilé. . This indicates that by employing T the first |
integ':}al of (1.5) can be obtai'xied analyticaliy." To show that thls |
is 1ndeed the case Pblsson s equatlon requlres rearrangement. “7 “_

Multipllcation of (1.5) by E after local charge denslty is
expressed by (1 6) gives , '

: ng- = 9- (pE nE-l- NE). . -»(3.8}

. The dlffu51on-drift equatlons, (1.1) and (1.2), can be used to express
A~the products pE and nk as functlons of the mobile charge carrier

density gradients and the current den51ties, ises

nE = ’(an, = ) e ,(3"10_)»
' Combining (3.8)-(3.10) results in.the'expressionv*
EdB = \ (dp *an+ qD - & N:-v-; gx), (3311) _

P ‘n

:“whlch, provided the term containlng the electrostatic fleld on the rlghtv"
‘hand side can be ellmlnated is 1ntegrated once to obtaln the electro- _

' ’statlc,fleld as a functlon of'the charge carrier den51t1es, current



68
-'den51ties and distance.

- In an 1nterva1 X5 X, * 8x the 1ntegra1 of (3.11)

. . 4 ) x
E(x)—+[E(x) +—°‘-— (p(x)-p(x )mcx)-n(x )+ j '-P-dx f ——dx+
- P
. *o L o
o f -—-ax)] - . S (a)

whére‘ﬁ_sténdé for'the mean value of doping_in the interval of integration
and E(xo) is the arbitrary'cohstént.of integration. . The sign before
fhe‘square‘root is determined. b§,the general behaviour of ‘the electro- ,
‘léfatic‘pdtential funcﬁion.  The equatlon (3.12) is exact for uniform

' dlstrlbutlons of impurities only. Otherwlse it is approx1mate and its

‘ iuse is conflned to small 1ntervals O,

: The. right hand sides of the expre331oﬁs derived so far, (3. 5)
 {3.6) and (3.12) all contain the term f -—dx  This suggests that,
J"instead of trylng to. ellmlnate it from (3.12) it may be profitable to
-treat thls'term as an aux111ary varlable. of course, the interrelatson
 between thls and the orlglnal Variable, dlstance, must be known. It
:turns out that in this case that relation is not analytlc. However,

‘_with the help of a sultable algorlthm for evaluatlng the ratzo of the

o two varlables nvmerlcally, the above idea could still be followed.

So far the orlglnal equatlons have been reduced to an equlva-
‘351ent ‘set of three, eqns-(B 5) (3. 6) and (3¢12), in wvhich the: moblle
charge carriers and the electrostatic fleld_are expressed in terms of

diffusivities; the-electrostatic potential,'and the'current‘densities.
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With the aid of the two contimuity equations, (1.3) and (1.4), the
" current den51t1es may be expressed through approprlate boundary '
: condltlons for the charge carriers, the. gene;atlon—recomblnatlon law,

, and the electrostatlcvpotentlal. Thls is shown in Chapter 5. The

','remalnmo part of this chapter ¢s devoted to the problem of deflnlng

a convenlent auxillary varlable and its 1ntroductlon 1nto the reduced
. ‘set of equatlons in form which is suitable for machine calculationso

. The current densities are assumed to be solenoidal.

. 33 Auxillary varlable ‘
Consider the equatlons (3.5), (3.6), and (3 12) in a semi~
.'open 1nterval [x IR Follow1ng the dlscu531on of the previous section,

";deflne the quantlty e(x)

e(x) ,expcj -—Tae). B X

*o

"*,As 1nd1cated prev1ously, he chomce of the reference potent1al level

determines the integratlon constants in (3.5) and (3. 6). Denote by
X the p01nt,at,whlch the potentlal is set to zero.mhen, 4

Blx,),

A

V*?_vﬁ u n(x ).

Using the deflnltiOn (3 13), the reduced equatlons become

I e
p(x)-—p(x Je(x) -e(x) j e(”q%(t) at, (3.14)

xg
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et : o AR S J ’ o
el 1 1 o n ' '
_n(x)~e(xo) eyl G jr e(t) -35;(;7‘ ét, (3.15)
L é oV I o

E(x)=t [E(xb) + "%;*(p(x)-p(xo)+n(x)-n(x°) +

- n =

Lt f (qD ?’cf © D () yab + N lne(vx))‘] D (3.26)

°

Having chosen a point x as the reference, the equatlons (3.13) (3.16) |
deflne the quantltles Py n, and E at an arbltrary pomnt in ~Bpace. How-v
kever, the 1ntegratlons 1nd¢cated 1n these equatlons can. only be carried
 out numerically. | |

From (3 13) it follows that

E(x )

- 8x | (3.1?) |

>where E(x ) is the meen velue of E(x) in Gx; and e»-e(x +8x). Findlng
= the relation between the auxiliary variable e and the distance thus
‘ dependsiupon finding the‘hean~value of the,electrostatic‘field in 5x.r
Since Sx ie a*émall iﬁcremenﬁ in.the space coerdinate, eé is alvays close
to ﬁnity;'. Thls permlts some 51mp11ficat10ns to be’ introduced while
'derlvlng the relatlons between e and p,n and E at X + 8x.

_ Because of the small variatlon of e in 6x, for a1l practlcal
purposes it can be' replaced by 1ts mean in 8x.vk Consequently, e(x) and
1/e(x) in the 1ntegrands of (3. 14) end (3 15) are replaced by thelr

.ﬁ respectlve average values (the average Value of a quantlty will sinply
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-imply {aking its arithmetic mean in a given‘space igtervel,.uelees;A
specified othorwise). If, in addition, tho variations of the -
diffusivities are caleulated stepuise 4(:;|..ev. they are treated as con-

stants within each interval Sx) the equations (3.14)~andu(3.16J.become-

, R - .Jp(l'l'e )6x _ |

| Bt Bmlegdeg s mG EGy ¢ Ga8)

T (e Jbx iRl
e n(xof 6x)=n(xe)/éoL2qe D (N(x s E(? )) @ S (3'19)

E(x;,+ 6x)=tlE(x‘J2 -9-'(p( )(e -l)+n(x J(l—e Ve +
oo 1

- +pr ox + A Wy Sx + N 1ne J] ~ (3.20)

rﬂ‘v~‘where the fbllow1ng abbrev1at10ns have been lntroduced

1 e, J

= A = Pa . .
s .
2T E 0 e B, GG R,

 Once the'value.ofve is-Selected }the set of equations (3417 )=(3.20)

'”_determlnes the values of the dependent varlables Pan; and E at x +6¥,

'1 given the values of these quantltles at the p01nt xo. At each Soep e

"can be adgusted, thus gl?lng a contlnual control over the step—length Oxe

34 ’égggl,iteration’looﬁ.

) To'ealculate fhe chargeICarrier dehsities and»fheveleetfeﬁ‘v
. statlc field using the equatlons of the pre71ous sectlon, the mean Value
of the electrostatic field in (3 17) must be known. This 1ntroduces

'some additional computations, since at every step B will have to be
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“ evaluated. |
The algorlthm wh 1ch-deflnes an iterative procedure for

evaluatlng E called the 1ocal 1teration loop, can be formulated as
follows: assume certain value ¥ = E,. From (3.17) the first estimate
of bx, ox), is readlly obtainable, With this 8%, from (3:18)~(3.20)
the correspondlng estlmates ‘of p, n; and E at X, + Bx are determlned.

' The value E(Y + Gx ) is nov used to deflne a better approx1mat10n for

:E by formnng a simple srithmetic mean, iec0 p

VT~E$'.+1 _= E(E('xq.) + E(xo + Sxi))?v - o 'i,(3‘21).-

where i=1 at the end of the first local iteration'cycle. Using.this

'fi‘improved approximation for E the computatlon of p, n, and E is repeated

“’and the new values compared w1th those computed 1n the preV1ous loop.

The whole process is repeated untll thls ¢omparison shows that the

' differences between the values of P, n, and E computed in two successlvev-

~ loops 1ndicate the requlred accuracy. ; The last estlmates are then

‘-'taken to be .the values of the dependent varlables at X, + &x and the
‘calculatlons for the next step can follow. 7 o
| It is immedlately clear that the required number of 1ocal
llteratlons depends upon the inltlal guess 31 The computations are
normally 1n1t1ated by tahlng for the flrst guess of E the value of the"‘
i telectrostatlc field E(x‘). - Of course, if the computatlons stawt from:
‘a zero—fleld point, or- cross through a zero—fleld p01nt, the precautlons
.must be taken to ensure that the denomlnator of (3 l?) never becomes’
ZET0. |

The.flow-chart of the above algorithm is shown in Fige 3ele
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Def:.ne:E(xo),p(xo),n(xo)

Set k=1, f:E(xo) and
compute 8xk-

Compute py (x_+ 68x),
.nk(xof 5’?1;)',?“1:(?‘0* S'xk).

e=k+1
= =E(j:o.)+Ek—1(xo+ Sxk—'l)

B

‘Set 'ﬁ:ﬁk' and -

_computé ' v6xk'

Compute P (x + 6%,.),
_nk(xo+ ka),Ek(xo-z- 6:_:‘1':)

k=k+1 - . :
B(x V4B _4(x + 8% 4)

.Equat_e: x=x, + &%
| E(x)=E,_(x), p(=) = pk(%:)
n_(x):nk(x)

Fige3.1
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A complete procedure‘for practlcal calculatlons would always 1nvol§e
ja more complicated flow—cnart but the one shown in Fig. 3 1 describes
the main loop whlch is always bresent in ﬂll computatlons that involve

the local 1teration loops

3,5  The over-all iteration 1oop

‘ | Two ﬁajor,difficﬁlﬁies:arise in‘solving the p-n jﬁnction»
- problem, The-firsf one, esrpointed out at'the Beginning of this
‘chapter and 111ustrated in Appendix 2 is the stlffness of the solu-
_Ttlons. The 1terat1ve procedure of the prev1ous sectlon allOWs
_computlng the convergent solutions w1th the prec1sion fixed by the
11 prea551gned accuracy of the local iterationvloop.' Ihe second diffi-
. culty is establlshlng a self-con51stent set of initial values., Anih
- over~a11 iteratlve ‘scheme for solv1ng this problem is suggested in this
' sectlon. (The alternatlve approach, vhereby the boundary value
';rather than 1n1t1a1 values are specifled for the p-n Junctlon problem,
zvis described 1n Chapter 5.) | | |
The outline of the iteratlve scheme is glven here conslderxng'
fhe general form of P01§sonms equatlon. In terms of the elec»rostatle,Q
 poteetia1, Poisson's equation‘ié | |

u’ = Flx,u), = o o (3.,22)

&

vwhere F(x,u)_stands-for the-negative 1ocai space charge. (This form is



f’obtalnaole through the use of (3 5) and (JGO) ) In a given s»ructure
the potentlals at the structural ead comnts, x=a and x=h, could be
5peclfled as u(a):ua and u(b)?ub, saye This defines a nonl;near tvom
pqint boundary value‘problem. ' | |
However, it is theoretically always p0551b1e to reduce the
‘7solut10n of a boundary value problem to the solutlon of a sequence of
"initlal value problems. Let ulx,-E_ ) denote the solution of the
~init1al value problem resultlng from the abave problem by replacing
_the condition for u(b) by the condltlon u'(a)=—B 3 vhere E isa para-
lrbb.;meter. The dlscussed boundary value problem 1s then equivalent to-.
;dsolving the (in general nonllnear) equatlon.u(b,-E )-u.b for E_. Each
"ievaluat1on of u(x,-E ) requlres the solution of an initial value prob~

. lems This is a so called "shooting" techn1que24o

The problem of |
computing the solutions for a'junction structure‘involves the sjstem
.'of equatlons, but the concept of generatlon of the sequence. of initial
'.‘ value problems formulated for Polsson 5] equation applles to this: systom,

since  the relatlons (3 5) and (3.6) express the relat1onoh1ps between u,

and’ p and n.

’]» A physlcally meanlngful solutlon of this problem can be tzken

of for granted on the ground that no matter how the f1Xed charge den51ty
o N(x) varies w1th po sition, the moblle charge carriers should be able to
:dlstr1bute themselves so that a steady-state equllibrium is produced.
':Formally, the’ unique solution of the problem is guaranteed by the '
Caushy—Ldpschitz theorem (e.g. ref, 24, p.lS) prov1ded F is contlnuous

and bE/au is bounded in the strip (a,b)e - Details-as regards aE/auoare.
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Veleborated:iu Chapter é; Fbr the present'purpOSes it will_suffice,'
- to assume that the sbove conditions are satisfied in the physical
systems studied in this oz, ; , |
-~ It was showvn by Morgan and Smits30 that due to thekstiffness
of the orlglnal equatlons, the errors made in speclfylng a set of
inltlal values grow monotonlcally as the integration progresses, untll
‘one or all of the dependent variables v1olate the criteria which define
"the self—con51stent behavlour of the solutlons. This property of the -
: bas;c equatlons ensures . that, when solv1ng the p-n Junction problem by
generating a sequence of 1n1tfal Value problems, it is not aluays
'necessary to perform the 1ntegratlon over the full length of an 1nvest1-
5 gated structure. It w1ll suffice to stop. at the polnt at which at
'yleast one of the consmstency-deflnlng crlterla is v;olated. The 1n1tial
'guesses,are then corrected in congunctlon w1th theftype of dltergence.
In a p=n Junctlon structure 1t is usually p05s1ble to sketch
*ithe behav;our of at least one of the physlcal varlables determlnlng 1ts _
’state. -For example, in an abrupt Junction it can be specmfled.that
’the absolute value of the electrostatlc field has a maximum at the
-metallurglcal Junctlon, and reduces monotonlcally tovards the bulk of
| both sides of the Junctlon. _ In very 51mple sty uctures-lt nay be pOSSible.‘
to sketch the behavmour of all of the varlables involved. In more com-&
plicated cases these general assumptlons'may not be obv;ous, end’obtainu
ing some ofvtuem may only be possible after‘careful,physical consideretlons.

A practical implementation of this technique of specifying the over-all



° behaviour of the solutions and relating it to the vcoﬁr‘résponding sét_

of initial values is described in the following chapter.



CHAPTER 4

NUMERICAL ANALYSIS OF UNIFORM-BASE

- TRANSISTOR STRUGTURES

4.1 Introduction

- The 1terative scheme descrlbed at the end of the prev1ous
i'chapter is applled here to the structure at a unlform-base pnp

transistor. The solutlons are calculated for the charve carrler o

>den51t1es and the electroatatlc fleld over a range of operatlng

'.~cond1t10ns._bv | . |

The developed'numerieel pfocedﬁfe soives fhe 'feveree'

,.problehi a cufreﬁthdensity througﬁ~the structure is specified first .

and then the applled voltages together with the relevant dlstrlbutlons

| "_’are determlned.e From consideration of the etructure as a two-pert,

| it is eV1dent that the solutlon at this problem is not unlque. A

' set of solutlons is thus obtalned for each assumed current den51ty.
' These are then related to the dlfferent bia31ng voltages vhich could

»glve rlse to the assumed current.

4.2 strategy of the method

It was found expedlent to treat separately the reglons of
' ﬁhe“structure*which”have différent impurity contents. Further‘*

o



d1v1s10ns of tbese uniform regione 1nto s¢ ctlons hare also‘been e}
carried out in order to assist the computaticas. The complete solue
tions are obtained by matching the sectional solutions at'the corres?
ponding boundaries. “ W . |

| A sketch of the 1nvest1gated structure is shown in Fig. 4. l.
'ihe sections are separated by the dotted lines and numbered. The
lengths oi the uniformlyvdoped regions, end consequently those of the
sectione; are not fixed at the outset of the computetions. _ Insteéd,
,for a selected'doping pattern, tnej,are calculated as‘functions of the
‘applied'biasese= A compiete transistor structure is synthesined-by‘c
;‘flxlng the lengths of these 'bulldlng blocks' through matching the

:solutions at their boundaries. The numbering sequence in Fig. 4 1

Lo coincides w1th the order in which the sections are calculated.

'4;3' | v‘ Selféconsistent behaviour of the Solutions in a b collector

e ~ The assumptions concerning the self-cons1stent behaV1our of the
v;‘solutions in a unlformly doped p collector are relatively straight- |
forward. They are formulated below, assuming that the neta1~semiconductor
contacts of the deVice are cnaracterized by an 1nf1n1te recombinaoion

:rate: | | | | | |
,ﬂi(a)‘ ”e The state of a heaV1ly doped collector.reglon; in so far as

.Vthe maaority carriers are concerned cannot be slgnlfican ly perturbed |
b_ by the usual collector—base biaseso‘ Change of the equilibrium state '
is'concentratedito;the,vicinitjbof the;impurity_transition. Outuin,i

the bulk, however, the distribution remains practically unchanged.
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- Consequently, the majority carrier distributiou increases monotonicaliy
from the metallurglcal Junctlon converélng tow ards its thermal equlll-

1br1um value at the collector external contact~

(b)' varlatlon of the electrostatic field, governed by the: local

" space charge, is closely related to the behaviour of the more abundant

charge carriers. Since they approach the original equilibrium state

progresslng away from the metallurglcal Junctlon, the electrostatic

'fleld dlstrlbutlon reduces monotonlcally from large value in the vicin~

‘ 1ty of the metallurglcal Junctlon to a llmltlng value Edr £t in the bul?,
(e} the thlrd Junctlon varlable, the electron density, is con-

: B 51derably suppressed compared to the equlllbrlum state. It eventually R
:reaches the equlllbrlum state at the external contact, but 1ts con= »
’trlbutlon to the propertles of the collector reﬂlon 1s»generally quite

, ;negllglble. Therefore, to a very good approxlmatlon the mlnorlty
' carrier denslty and 1ts gradlent can be completely neglected* 3

L

(d)c : the mlnorlty carrier current den51ty 1s negliglbly small.

‘ ”This follows from (c).

The assumptlon (a) 1s convenlently expressed in terms of the

: *It should be noted that, oumng to a flnlte preclslon avallable on a’

dlgltal computer, the minority carrier densmcy is automatlcally neglectea

: : summs and differences of
'_1n all expresslons 1nvolv1ng be%h the maaorlty and mlnorlty carriers.
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following inequalities:

1A

po ?

hs o Gaa)

Cw

o, '-}"'," e '} | - (4.1b)_5

npws
-

5

for all x'.;ls_.x < xcéf Heie Ppo stapds for‘the hdlerdensity in. the
p bulk eqn.(Z 1b). | | S |

The correspondlng mathematlcal representatlon of the assump=~
tion (b) is » [ | A‘_, }
 (4.2a)

(4§éb).

A
o
-

:o _ ;. g ;':f7 ' j ':f';,f : ’:' | t;(4.2c)'

ﬁ‘,;;l‘:sv' gle ‘F_’
v

| arift | 2
~ the bulk_when (4.1) and (4.2) ere reduced to the limiting equalities,

' The 11m1t E, .. denotes the electrostatic field that would exist in

Edrift . /(qppppo)'

‘ i The assumptlons (c) and (d) ellmlnate the eqn.(} 19) and
simpllfy . 20). The set of equatlons of the p collector reglon
- thus reduces to | :

L oV ln'éo S . e 5

g (e Jox S
- | P“(xo+§x)‘=p(xo)eo "‘ : Z_QDP(N(XO)QE(XO) 5 s o (404)
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Hple,) (et gy 0n 0 )%, (4.5)

. E( +8;\)-+(b(x =t

The inequalities (4.1) and (4.2) supply the necessary_criteria‘
for governing the sequence of initial value problems discussed in

" section 3.5.

,4;3'1_ : Iterative calculation of solutions
. | - If at: some p01nt of a p collecto‘ a hole density pt.ls assumed
| to ex1st, then with the help of (4.3) (4 5) the solutions for p and E
':f’between this p01nt and the collector contac, can be computed by iterat-
'1ng for the correspondlng 1n1t1al value Et )
It can easily be shown from the dufferential eqnatlons that
,aa‘iﬁtegral curve p(x) whlch once crosses the quas1—neutral solution
:Ppo canmnever recross, 51nce it has p051t1ve second derlvatlve thence-
vforth, vhile by assumption 1t has non-positlve second derlvatlve. Simi-
& 1arly, an 1ntegral curve E(x) whlch crosses the limiting value Edr £t
g01ng downward has negatlve second derlvatlve thenceforth and can never
;?ecross.: | | : | ;
| Typlcal 1ntegral curves p(?) and E(x) are shown in Flg. 4.2,

- By 1mprov1ng the guess for Et systematlcally, it is p0ss1ble to arrive

. at the solutlons vhich satisfy (4.1) and (4.2) and approach the limits

pp and Edr " to a prea3s1gned accuracy.

" The 1terat1ve procedure for 1mprov1na Et is contalned in Flg.

4.2, The choice of ptﬂls stralghtforward since p(x) is practically .
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cofined fo the thermal equilibrium vaiues. beecaer; ifsvpositicn “
in space does not have to be specified at this stage? |

| Conceptually, the assumptions (a) and (b) deflne the upper
bcund'for the‘hole density distribution and the lower bound for the
; electrostatic field 7respectiveiy. In the region situated between '
' ét and the collector contact each 1teratlon for Et glves either an
1mproved lover bound EL(x) for the fzeld (case I in Fig. 4.2) or an
improved upper bound pU(x), for the hole density (case II in Fig. 4. 2).
When Et eventua_ly becomes knowm to an accuracy which is compatlble

~with the accuracy at the loeal 1teratlon 1oop, the solutions over this

-

“region are Rty : ,
ST CEG) , oxosxt SRl
- { T e

e  Bapagp s XS E= X o .

e = @)

T by s AMexEax, 3 i

rpo
‘ ;where“EL(x) and pU(x) are the last esfimaﬁés ofcthe respeCtive bounds;‘
‘ » “The computatlons are easlly mechanlzed by examlnlng for the
"zero slope of p(x) (case I) or of E(x) (case II). Flow-chart of the
‘-program which 1terates for Et us1ng this technique is shown 1n Fig. 4.3,
As. the 1terat10ns approach the correct Et’ the distances %! and x''of

‘ Eig.v4,2 show sharp maxima. This is 111ustrated in Fig. 4.4 (the:

: numerical_Values of Na’ Py and JP are also shown; the material constants

* For the calculations.of this section the positioh of Py may be taken

as the reference, x; = O.



- Read-in: B ,b. 4%,y

.Define:xo=xp,

‘85;f7' '“

D,)=p, 5By

€019 Barist1Ppo

Compute 6%,

E(x + dx),p(x_+ 8%)

E(xo+6x)<E(xd)

.

Decrease Et

.-p(xo+§x)}pfxo)

‘JE(X6%535<E

drift

 Increase Et

P(Xo+éx)>Ppo

Equate:x=x + §x,
00

OB(x)=E(x_+ 8x);

0= )

- Fig.lh.3
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€ and ni:cbrrespohd to germanium at room temperature).
" The parameters x' and x" are limited by the accuracy of the
calculations.f ‘The total length of this section (xcc-xt), however,
. can be made arbitrarily long simply by adjusting the neutral parts of

' he section, x -x' and x =x"
: ? €8 ction, X ¢ cc © ¢

4.3.2 The near—ﬁase section ef the coliecéor’
o - The comélefien ofbintegration of thep+ coilector is now

qulte 51ﬁp1e since the 1n1t1al values at xt are known. ‘A single rouna
: .of calculatlons using Pys Et and equatlons (4.3)- (4 5) ylelds the solu~-
- tions for thls sectlon, endlng eventually with the collector-base
‘metallurglcal junctlon* e | | _

| o Length of thls sectlon ls a functlon of the applied collector—
~ base voltage. All of the computed pairs (p,E) whlch satisfy the in-

‘equalltles P < Pp; and B > Ej ,but before avalanche multlpllcation,

tde
. could mark the end of the sectlon. The selectlon of the pair vhich

".”does denote the metallurgical Junctlon (and consequently the length of

"the sectlon) is carrled out in the process of'synthe5121ng a part;cular

“transistor structure.

% Now e, < 1, thus the integration progresses from x, towards the

' metallurgical junction..



'4.4 ‘h The numerical analysis of the base

The total basewidth is divided inbo three sect_i’o_‘ns; Des-
criptions of the self-consistent behariour of the relevant physical
variables are different in each eection. There are, however, two
_ assumptions.common to 511 of them. These are; R
(i) The electrcstatic field in the base is a nonotonically
‘t'decrea51ng functlon from the collector towards the emitter (thls is’
obvious from the geometry shown in Figo 4.1)3 |

(ii) The electron current dens1ty throughout the base is -
negliéible.i_,Thls 1saan‘approx1mat1on‘of the,physlcal case, con51deredito _
tube;consistent with the one—dimensionel character of the enelysis; Treat~
.ment of very high currents, when the electron current den51ty contributes
hsignlflcantly to the base region solutlons, is thus excluded from the

present analysis. . Hence, throughout-the base

> O‘:g . ‘ N ',fh .:j:: jd‘e; ';; : ~>f. (4'8)A

- 4B
441 h The e;ectron-depleted base section, next to the collector

| The state of this eection, dominated by the collector reverse
.tblas, is essentlally controlled by the large electrostatic flelds. :
’heThe assumptlons, additional to (1) and (11), ares. |

| o (dii) the electron den51ty is still negllglble ou1ng to the
ccllector Teverse blas. | Thls»ls a reasonable assumption, gsince by (11)v

the analysis of extremely high currents is excluded; ' o .



(iv) the hole density is monotonlcally decrea51ng from the

- collector into’ the base, not falllng below

J_V,

= p I . ' ' - ‘ (4010)
Ppin L V L e U '
q gp(Nd)(Ecl $¢2)_

The limit (4.10)’15 derived in Appendi# 3, It follows from (1.15)

~and appliesAee 1eng as B > BE_,. The other boundary of the section
.thﬁs coincides with the poinf E = Ecé' o |
”’The governiﬁg equations are stillj(4.3)4(4.5), except.that

~dn (4.5) N is replaced by -N,.  Since a range of.inifiai values at‘-7
:the collector metallurglcal Junctlon is avallable from the calcula-
tlons of sectlon 2, the integration is stralghtforward, The parameter
"1 is agaln the w1dth ‘of - the sectlon as function of the collector-base
e.’voltage. Thls is 111ustrated 1n_Fig. 4.5. for the doplng densities
N =5x 107 cm'3,VNd = 5 x 10" cu™ and the indicated currents through

 the structure.

v4-4.2'; Tﬁe iowéfield mié;base sectipﬁ |
| B At fheiﬁbunda:y vhere E =igc2 and‘p.= phin‘the fotal eurrenﬁ.
: is entifely‘dfift;controlled. The pOSition is ‘basically different

at E=o where the mechanlsm of diffuszon is entirely responsmble for.
f'the total current. Thls mld-base sectlon is. the strlp ofthe base

between these two extremes.

The assﬁmptions as regards the eelf-consistent behaviour of
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T
the»soiutions, apart from (i)kenu (ii), are:
(iiia) the electron density is no longer negligible; hence
uthe'reduced form of (3;19) and a'non#~ero electron density term in (4;5}
- are 1nc1uded in the set of governlng equatlons, | '

(dva) except at. E = the slope of the hole den51ty

. 2
distribution ;s negatlve, '
dp . |

a§ < 03

(4511)
(v) “At‘the boundary E 0 there is a range of values that
the hole density can take at a glven current level, depending upon the

" ratlo of the b1a51ng voltages. This is 1llustrated schematlcally in

Fig. 4 6. The approx1mate 11m1ts for p at thls boundary are:
Phigh.= Pin * _qu%v?' %_ a2 s -<4,12)
which follows if E(x) 0 throughout the sectlon, and

'ploW’ =vpmin ,
whlch denotes the 11m1t1ng case that- arlses at the punch-through con~-
ditions in the base. . |

o The ob;ectlve of the analyuls of this sectlon is to establlsh
the 1nit1al Values for the electron denslty at E = O such that the |
~distributions p(x) and BE(x) fit thelr respective values at the other |
. boundary, mln and Ecz’ for every p = pbz, Plow < pb2-< phlgh - A
< sequence of 1n1t1a1 value problems is generated to compute these 1n1t1al
values 5 and the correspondlng solutwons for n(x), p(x) and E(X)o

It_lsreasyﬂtomseeﬂfromwtheudlfferentlal;equatlons that. for. .-
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ok
,every-pszlthe integration'over the section yields at the»other s
boundary E >-E o if n, is smaller, and E < E_; if nbzris greater’
_than the correspondlng correct 1n1t1a“ value. Frou (4. 8) it also
follous that nb2 < Py + Ng. - The flow—chart of the program which
conputes’ iterat1ve1y<nb2vand the»solutlons Ior_thls section ic shownt-
.v/in Fig.}4;7o - . _ o |
e For N A =5x 1014 3 the width of th:is section 15 plotted
as functlon of pb2 at several current 1evels (pb2 convenlently re—~
presents the aolnt effect at both b1a51ng voltages). The results,arefg
'shown in Fig. 4.8 (full 11nes). The values n, ., plotted in'Fig, 4.9;.
show that the equlllbrlum magorlty carrier density’is substantially e

i increased at the oufrent-densities in_exoess of‘100 A/bm?.

4443 >’f The negative-field base section, next to the emitter

This last sectlon of the base is 1ntegrated in a stralghtforward )

. manner sznce all 1n1t1al values at xb2 are avallable. The position of

‘the emltter metallurglcal Junctlon cannot be flxed at thls stage and

-fthe w1dth of the section remalns unknown. It 1s obvious, however, _“'
that in the v1cin1ty of the emltter ‘metallurgical Junctlon the solu-
 tions p(x) and E(x) satisfy the respective inequalities

: ‘E(x’)""< 'Eje‘ . | R (4.15)

p(x) > py s

This defines a narrow strip A x, shown schematically in.Fig. 4,10, vhere

the emitter metallurgical junction must be situated.  Its precise



Read-in:pﬁa,nba,gbz, . Define: X TXya

d. E . — b = ¥ el =

Jp’ cz’Pmln?E ° G *b2’ﬂ(“o) “p2
|

Computelax,E(x6+8x),

p(xoféx),n(xéfSX)

Equate:x°=xo+ 8x,
. E(xo)zE(x°+ Sx),_i
p(x )=p(x + 8x),
n(x )=n(x_+ 6x)

Increase nbz—

Decreasq nb2
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‘ pOSitlon w1th1n thls strlp is flxed by relatlng the solutlons of this

.section to those of the p emltter reglona

4.5 ’ The'p+ emitter region

The assumptions (a) and (b) of section 4.3, describing the
self-consistehf behaviour of the hole density and the eleéfrOStatic
‘ D ' o -
field, also apply to the p emitter region. For‘geometrical.reasons

the inequalities (4.1) and (4.2) now read

L < o - (4.16p)

42 = o , (4.16c)
- B = Edfiff;- | ;‘;" | :   'f   _f v  ‘ (4.17a)
i = o, (4.17p)
g_ag.‘, = o . T dare)
- ax T T L e , - ‘ :

On the other hand, the electrou dens;ty and the electron current den51ty
cannot be neglected as in sectlon 4,3, The calculatlons are, however,
4performed assumlng J = 0. Then,vfrom the slope of the electron
v»denslty dlstrlbutlon in the neutral part of the emltter a. finite value '
‘°afor the electron current density 1s_obta1ned. ‘ (It‘ls assumeqithat

this emitter electron current éscapeé 'laierally' through the base)o‘



100

The s.et.‘ of 'ld'iscrét‘:e ,iralues ‘foz;‘ P, 1 and 5 :.n Ax, Fig.
4.10, is scanned pointx-:ise» to determine the imv'.tial velues for this
section byApei*forming thev'v intégrationé of the section for each set®
.(p,ﬁ,E) from Axe /fhe width of the domain‘where_r(x)‘aﬁd E(X).
. " satisfy (4.16) and 4(4.177) respentively,; (xe mj " x]'_), shows a sharp '
meximum for the best fit of the initial values. This is illustrated
in Fig. 4. ll for the mdlca'bed acceptor dop:.ng and the hole current
~dens:|.ty. '

N ‘T'hev solutions for‘ 'bhe‘emittver‘ can ﬁow be'writfen :Ln thé form

pU'l(x) , x é'xg"xJ'_

p(x) =_.[ | S | (4.18)
N ppo ) ,x]'_ .> X = xec R T
B Ll SRR
Tnx et IR n (x')-n | - ' _4'19
' np(xJ'_)- | ﬁ(x-x ),xl >xz xec s
BN, xgazox a"xi' B
e - (4.20)

where pm_(x), n (x) and ELl(x) are the solutlons for max(x . -xi)

RS _'In (4.19) the lou-level approx:.matlon for the electron dens:.ty Aige

tribution in the P -neutral enitter; x < xl‘, is employed. The -
‘-correspond:mg electron current dens:.ty is |

g ® gD (N ) _p____x_no : o (4.21)
ec '

*In fact, scanning continues only until xi increases. ane it starts B

depreasing, the best fit for the initial values has been found,

Vs
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The iterative'calculatione_of tﬁis section fix the position.
- of ﬁhe eoitter'metallurgical.jonction and, coosequently, conclﬁde the
calculationé o£~sectioh 5; The resultingiwidth of section 5 is
'ﬁlottgd dashed.ip_Fig. 4.8, o o
A summary of all'sectional calculations is given in Appendix
4.; _ : , ; S :

4.6 j "The’oomglgte'so;utions-fof a ﬁarticﬁlaf Bﬁp structﬁre
. 4 ,The,nuﬁerical examples of'the sectional solutions presenfed
 1in this chapter ére.nowicombined in‘the set of solofions for a parti-
oicular unlform-base pnp translstor. |
| The doplng densltles at the emitter, base and collector have
been.chosen durlng the computatlons of the sectlonal solutlons. The -

- ch01ce that remalns to be made concerns the phy51cal dimensions of

-
1

o transmstor.  the metallurglcal bagewidth and the widths of the _

emitter and collector bodles.

~ The procedure for comblnlng the sectional solutions involves

,’the following steps.

- choose a set of deslred L% L and L
e ~ Figs. 4 8 and 4.5 determine all comblnatlons of
<xbl X52)+(xb2- X, j) and (xcmj—'xbl) vhich add up to wb, et ‘eelecteo :
» discrete current levels;: " | .  H
- each choice of (Xcmj" xbl) defines a set of values at the

4.

collector metallurgical junction, i.e. defines‘the widthh(xte_xcmj)o



ici1031'
" Since (x'- X, ) is constant at a selected current level, the wzdth

of the remal..m° neutral part of the collector is adgusted to fit

| the choeen L - S ' - ‘ | |
| - simllarly, the eldth (x ”v- xi) folloﬁs-eutomaticallj_

from a selected (xbl xb2)+(xb2- xeﬁj). Again, the width of the

- neutral part of the emitter is set to complement L ;

Vo the base doping denslty Ny = 5x 10 Ten

- the 1ntegrals of E(x), with respect to a selected ref-
erence p01nt in the base, deflne the applled voltages.

' The above procedure is applled to obtaln the solutions for
the tran51stor structure thch is defined by the follow1ng set of
vv;data. the emitter and collector doplng den51t1es N =5x 10 7cm 3,
4 3, Wy = 4.86 pm, -L =1 pme
, Fig. 4,12 shows the dlstrlbutlons of the mobile charge ﬂ
N carrler den51ties, electrons and holes, throughout the structure at

.VCB = =2V and the respectlve current dSDSltleS of O.l, 1.0 104, and
hBO.A/cm .‘ The: correspondlng electrostatic fleld dlstrlbutlons are
frplotted in Fig. 4.13 (to av01d overlapplng of curves only the. two :
fjextreme cases are shown). R ) :» A
= The space charge dlstrlbutlons in the base at 0, lA/cm and

”"30 A/cm s and VCB = -2V and -3V respectlvely are plotted in Fige4.ﬂ+. -

’5; Widenlng of the 'neutral"base region at'higher currents.is observable

: from these distrlbutlons. Thls phenomenon is further demon trated
f in Flg. 4,15 where the collector trans1tlon reglon w1dth is plotted asv
" a functmon of the collector current‘dens1ty, vith VCB as a parameter.

(The transition region boundary has been defined as the point at which )
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'dE/dx‘has>fallan to half its midregion value).

4.7 . Conclusions
| l--The numerical enalysis of the stead&-state propetties of

: nniform-oase transistor struotures by redueing the two-point boundary
bi'value problem to a sequence of 1n1t1al value problems offers what is

sessentlally the one-current solutlon of the problem.

*1_ o A successful implementation of this technique isisubject to _
":;an expedlent separatlon of the interior of a deV1ce into several
.eharacterlstlc sectlons vhere the governlng equatlons can be sultably
A 51mpllf1ed.

The results obtalned by this technlque apply to a partlcular
pdoplng pattern and thus to any device which flts thls pattern. Gen-

3 erallzatlon to arbltrary doplng, however, is not p0551ble since the

e

'f sections 1dent1f1able in a unlformly doped dev1ce do not necessarlly

ﬁ-kappear in devxces posse551ng dlfferent doplng patterns.
’ Desplte the claims of Fulkerson and Nussbaum113 and more
,\recently of Sanchez 37 thls approach is 1nsuff1c1ently powerful for

- tackllng cases of an arbltrary complexlty.
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CHAPTER 5

'GENERAL ITERATIVL SCHEME FOR NUMERICAL TRmATWENT

OF SEMICOVDUCTOR JUNCTIOV STRUCTURES

5.1 il introduction | | . o
| ‘The mathematical instability exhibited by the initialsvélue
- problems which are associated with equations (l.l)-(l.5).<hence parti-
»_tioning_ofza structuie tonéuppress its influence in chapter 4).prevents"
the technioue:based upon generéting'a sequence of initial»value'pfob- '
~lems of acqulrlng the deslred generality. Development of the proced- _‘
‘ ures which attack the given two-point boundary value problem more
bdlrectly is obv1ously deslrableo | s |
R ‘7 The 1terative procedure proposed by Gummel 05 is of a general
:i characten. Two sets of boundary condltlons for the electros»at*c

potential'and the quas1-Fermi potentials are applied atvthe points .

'e'representing the external contacts of a devmce, and the problem is
treated as a classlcal two-point boundary value problem. The analytlcal
formulation of the numerical algorithm for computing this set of equi-'

"valent variables involves the 1ntroduction of the suitably constructed

 functions. The set of variables deflred by eqns.(l.l) (1.7), on the
other hand, allows a derivation of the relevant eqnations dlrectly from

- the basic equationsg : This permlts a formulation of an efflclent num- _:

erical algorithm for computing the original variable,, which hasg the-

advantage of offering a direct insight into the physlcal processes taking
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place in‘thevinferior of a/devioea‘  Moreover, it can be derived in
~ the forn vhich makes it applicable aﬁ arbitrary'biae conditions. |
_The general considerations are presenuﬂd in tnls chapter dlecu851ng
a single gunctlon structure (Fig._5.2). | -

, - The approach requires speclfylng tne set of boundarv con-
diﬁions that completes the mathematical formulation of the»problem
. . presented by eqnse(1.1)~(1.5) and the subSidiary.eouations‘(1.6)f(lo?).
Theee.fix the mobile charge earrier'densities and the'electrOStaticv
poteniial at the end.points‘(thevexternai eontacts)of a oevice. In
general, the earrier noundary values are reiated'tO‘the current nen-
sities andethe impurity densi*iee,‘while'the'bOundarj valuee of the
- electrostatic potentlal are dlrectly related to the externally applled
voltage V and the bu11t~1n potential V . Taklng either of the V
potentlal boundary values as a reference, the general form of the
“boundary condltlons can be wrltten as »

-

po), 3 (o), 3(0)), f Lan:&mf

p(o) =
nl0) = aWGo), 3 (o), 5,(0))y - (5.)
- p@) = pi@), 5 @), 5, (L), o (Bae)
(L) = n(N(L), JP(L), J (L)), e - (5.19)
uo) =) =V -v. o (5ae)
5.2  Cutline of the method

The der1Vatlon of the expresszons (3.5) and (3 6) in Chapter

3 has laid dovm the basis for establlshlng the'relatlons‘wnlch‘are-
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_alternative to those obtained by Gummel¥,  With the halp of (1.7),
~the equations (3;5) and (3.6) can be rewritten to read j

exp(u(t)/v )

) p(:;)=exp<-9§,§l ) -/ B el (52)
o u(x) exp(~u(t)/V )J (t)dt). (5:3)
'n(x) °xp( A J(B + j. QPn(t) )
,5.2.1‘  ‘The tfeatmént’of fhe_charge carrier densities.énd the current

densities _ o :
vivDefinité forms of‘(5.2) and (5.3) are oﬁtained'if o and x are
:fakén aé the liéité of intégration and the constants A and B are ex-
: pressedlin ferms}of the'boundary coﬁditions at x%o; i.e | }

: X :

S explul(t)/v,)
3 p(x)=exp(- (x))(p(o)exp(—~) .[ RO I J (t)at),
SR p |

(5.4)

| ‘.'* It should be p01nted out that a s1m11ar treatment of (l 1) and (1.2)
- has been ‘proposed earlier in efforts to aPalyse the Junctlon properties
‘;'analyticallyBE’lzz It is- only recently that this. approach in handlmn@

'(101) and (1 2) has been shown to be feasible for pursuing a numerlcal
108 138 139,140.

analysls of the 3unctlon transport equatlon An almost

1dent1ca1 procedure to the one descrlbed in this chapter has been recently »

;108, 140, who analysed a special case of a wniformly

reported by Demar
'doped aunctlon, assuming the ahsence of recombination and constant

" mobilities.
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exp(-u(t)/V ) R

T
an('t) |

ncx)_exp(‘-‘—@-‘—’-) (n(o)exp(-“") [ 3 (e)at).

e | (5.5)
From the contlnulty equatlons, (1.3) and (1.4) the current

'idensitles are.

Jp(g)=f qUlelas o+ 3, e (5.6
- i % v‘ ”‘ Ol B R o : | |
a6 quas o+ g, (57)

where the constants of integration Jbo and Jﬁo,’evaluated vith the help
of (5.4) and (5 5) at x—L are | o : ,

‘exp(u(t)/v) t |
‘, p(o)exp(u /V)p(L)exp(uL/V) f =) f q U(tt)ast)at
‘E’po R o 'js “exp( u(t)/Vy) " ;
Y e 0 3] o DT

o e as)/Ty)

: ‘n(L)exp(—uL/Vﬁ)-n(o)exp(-ud/VT)+Jr (%) j‘ q U(t‘)dt')dt
R » ) () n » .
B expleatsi/iy) .

- at
.

S | (5.9)
If the electrostatlc potentlal were known as a functlon of
' 'd1stance, the charge carrier den51t1es and the current dens1t1es could

~ be readll&-computed from (5.4)-(5.9). Thls, however fequlres solV1ng .
j:Poisson's equatlon, i.e. the second ord r nonllnear dlfferentlal “
E equatlon. In principle it is possible to obtaln a valld solutlon of

- Poisson's equation: through- quadratvres by proceeding from equation (3.12).



Unfortunatély, fhe procésé.of integféfiﬁg (3.12) numericallybcaﬁ bev |
.fery'seriOusly affected by the sensifiﬁity of the square-root operator :
%o fhe sign of the function on the righ£ hand side of (3.12). Unlesé
a functioh represéﬁting the potential ié very close to the exact
1 ﬁétential distributidn, the'élgoritﬁm breaks down since;iin general,
the quantlty ‘under the square root becomes negatlve* It is.there—
lfore necessary to develop a dlfferent treatment of P01sson s equatlon
vln whlch this 51gn-prqb1em is not present.

| The generalized Newton-Raphson methqd (e.g.‘fef.‘24, Pe355)
_provides a basis for formulating‘an iterative procedure for numericél .
computatlon ‘'of the: potentlal dlstrlbutlon, provmded an initial guess
1of the potentlal functlon reasonably close to the exact dlstrlbutlon

is avallable.

'5.2.2 i Treatment of P01sson s equatlon ,
Assume that there exists a potential functlon u( )(x) which

'1s close to the exact solutlon of P01sson s equatlon

given a set of boundary condltlons u(o)=u , u(L)‘uL

f * The quantiﬁiés on the right hand side\of'(B 12), p;s n, J and‘J

-are computed flrst from the startlng potentlal dlstrlbutlon, employlng

-

eqns.(5.4) (54 9) respectively.



o1k
A;The ekact poten*lal dletrlbution can now be written as

) = (O)(x)+8u(x) o (sa)
where du(x) is a small difference between the initial guess'and the
'exactvpotential distribution. The function F(x,u) can be expanded
in a Taylor series in terms of dulx), in the vicinity of u(°)(x).'
Then, S
aZF Bu(x)2

F(X,U)=F(x,u(°})+('g‘§-) . 5 (x)"'( + 000. (5012)

2
u(o) _ au- u(o) -

From (5.,10)-(5.12), neglecting the square and other high order. terms
in (5.12), the second order linear differential equation for du(x)

' iﬁilicnﬂé | ( o _

- " L R
- .5n" iy 8u = - u(o) + F(x,u(O)). : (5013)
Introduclng in F(x,u (o )) the express1ons for the mobile charge carrier

-den31t1es, (5.4) and (5.5), the equation (5.13) becomes (see Appendix 5)

e

b SHVi?vk“(p(x)-f-ln(z.:)) =  (s E(P-n*mu(o)' | .(5'1‘”' _‘

The equatlon (5.14) constltutes the linear boundary value
'problem of the general class : | | e 7,
| 8u" = f(h, 6u) o ‘ ;”’lf  :f'ﬂf' f -"ﬁ 'M (5.152)

.60 bu' does not appear on the rlght hand side of (5. 15a) which is, in
k,addltlon, llnear in du.  Since by (5.1e) the boundary values u(o) and
-'u(L) are specifled at the outset, the boundary condltlons for the prob-
lem described by (5.14) are c | - v | |

sulo) = o} SulL) = °o. - . - (5315h)
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Sinoe fvin.(5;l5a),-in sddition to setisfying thetcondition of continuity_
and a'Lipschitz_condition, is such that of o5u is continnous‘and non—.bl
negative in (o,L), the boundary value problen (5.15) has‘a unique
__solution,?4 | 7. o
| By considering Su(x)‘at a sufficiently dense set of points'in‘

] o = X:S‘L,vthe differential eguation (5.15) can oe converted into a

'e _system:of difference equations. 'Provided a threeepoint finite diffeiu
erence formula is employed, the left-hand 51de of this system forms a

"trldlagonal" matrlx T, say. Now, Su(x) end K(x)= -u( o)

"+ Q'(P'n"'N ) ( )
e>are represented as two column vectors, and ﬁhe system of dlfference

'Fequatlons, An the matrix notatlon, is
s ,T Su(x) ;e'é’Re(x).' v R AR R f:"(5.16)

The new column vector u(l) whlch corresponds to the flrst lmproved

solutlon for the potent1a1 functlon is -

-

e, e

t.provided the inverse of T ex1sts. Findlng the jnverse of the matrlx

-”':lv,T is greatly facllltated by 1ts property that the nonzero elements are

1tuated in the maln dlagonal and the nearest adaacents only. The
technlque for formlng T and. R 1s outllned in the following sectlon.

An efflclent method for 1nvert1ng T is glven in Appendlx 6.



, 5.2.2.1 Formation of the matrix T

. ~ For the dlrect numerlcal solutlon ﬁf the boundary value
problem deflned by (5.15), the 1nterval of integration o= x= L is
. divided into M small sections. deflned by the points x —nh,(n—o l,...M)
) where h=1/M, The setting up of a flnlte difference scheme permlts
Vdetermlnatlon of numbers Bu which approximate the values of 8u(x )
Qf the true solut;on.at the p01nts xn.' In general such a scheme is”:
.obtained by.demanding that bu satisfy aﬁ iﬂterier meéh_point #n a

difference equation
| a2 ey |
a’k 6 k q'k l n+k l .o o+°u°6un“ h (ﬁkfn_i_k'l' P .fﬁ_ovfn)_ Oe . (5.18)

‘A’ The problem'of solving'the differential equation (5.15) is thus reduced _
to soiving aksystem of M-1 algebraic equations since du_ and Buﬂ are
fixed by the boundary conditions. If k > 2, new unknown values such

as du’ L oF 8u are introduced for which (5.18) does not provide the

M+l
. required equations. This problem can - be circumvented by suitably
mddifying the difference equations near the boﬁndary points, but the

e case k-Z whlch deflnes a scheme sultable for d1rect 1mp1ementat10n on

Toa computer is partlcularly attractive in view of the fact ‘that the
matr1;~T in (5.16) assumes a very‘simple,form. . In general, the diff=-
= erence equations for k=2 can be written as RN

a2 Gun - aun:'fl'+ # (Bfpaa® Byfy? Ban+l)~o"_ (5f19)

F:;In the further discussion the following vector and matrix



notation is used:

: . 11'7“ :

- - - - : ' ' ~ ' L 2 R -
du, £ (x. N ) g(o)-ﬁoh f(xo,ﬁuc)
Su = * , f(du) =1 ° s & : , .
. >, . 6 o
Sy 4 f(xM_l,SuM_l) u(L)-p,h 2500,
(2 ° i By By o]
-1 2 -1 o Bo B ’ 52
d = .o » B = ) ) .. e “o
<1 2 -1 50 ﬁl ﬁz
o -1 2v o | ﬂ; ﬁl

' In the matrices J and B all elements not on the main diagonal or on
= the nearest adjacents'are zero. | ,
The system of equat:.ons ar:.s:.ng from the demand that (5. 19)
_ihold for n—l,2,...M-l can be compactly wrltten in the form A
© gsu+ns £(ou) = ~ (5.20)
The given differential»equation, (5.15&),”15 linear, i.e. is of the

" form 3

- £(x, Su)’= g(x)‘Su f-k(é), o (5.21)'

- vhere - e A e S
g(x) g'(p(x) + n(x)) 2 (Boéé)l

k(x) -Ai (odu ﬂ(p -+ N) o) S (5.23)

vare knovn functlons, once the lnltlal potentlal guess is chos°n. Having



* defined the diagonal matrix
>g(xl)v; : o

'g(xa)'

and the vector

| k(xl)
k= .
k(le

‘1t may be wrltten

| , 4£(6u) G su + K.

tions _
L T 6u‘f Re
where ’

 T=J+b°BG

:R¢= a *'haB K.}'

1180

>'_(5.24)

The system‘(5;20) now‘reducés to the system of linear equa-

- (5.25)

(5.26a)
- (5.2615)

S It is obvious that the matrlx T shares w1th ‘the matrlces J and B the

5 property of belng trldlagonal, i.e. 1f T=(t

tn;n~ = 2 * h ﬁlgnf
Tt =y +nfpg

Lo ngnel .7 Fotn-1
ot e+ n? Bog. .

S myntl . 72°nt+1?

and t = o for lnf-ml‘.'> 1.

-~

| . n=1,2,.o‘;}i-l
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;5.2.2;2; The discretization formula

The partlcular dlfference equatlcn whlch is applied in the

calculatlons presented in the subsequen* c&apters is

2

.-5u_1+26u —84 +1-3-(f F10F_+£_ l)o.' (5.27)

Desplte the s1mp11c1ty, which is characterlstlc for all dlfference |
‘equatlons correspondlng to k-2, the formula (5.27) possess a falrly
-high order of accuracy. An approx1mate measure of thls accuracy is
-obtalned 1f (5 27) is represented by 1ts equlvalent Taylor series in
_terms of h. ~ The flrst non-zero term 1n this series, whlch 1nd1cates
the order of error 1nduced by approx;matlng 6u(x ) by du -3 is assoclatec
> with h (e.g. ref, 24, p.298). | Thls, in practice, eliminates the need

’.ffor 1ntroduc1ng any of the correctlng terms in the formula (5. 27).

5.2.3 - The iterative brOcedure”

It is now pOSSlble to formilate the 1tefat1ve scheme for
computlng the solutlons of the Junctlon varlables in an arbitrary 51ngle
i Junctlon structure. | | - | | |
o The equatlons (5 1) (5 17) descr1b° how an 1mproved potentlal
~ dlstrlbutlon can bhe found if a reasonable potentlal guess was madeo
With thls 1mproved approx1mation 1t is posslble to enter the equations.
'(5.4) (5 7) and compute the corresponding 1mproved solutions for the
moblle charge carrier den51t1es and the current densltles. These, in
"turn, specify the next 1mproved potentlal dlstrlbutlon as described 1n>

the section 562426 If the original potentlal guess is sufficiently



close to the exact potenvlal dlstr bution a rapld convergence of this .

sequence of iteratlons can oe cxpected *

A ’1ow-chart representation of thiv 1terative scheme is given '

Vln :Flg. 5 10 :

5.2¢4 Convergence of the 1terat1ve procedure

The three point discretization formila (5.2?) yields H-1
'1ndependent equations which can be solved for 8u prOVlded T ls non=
slngoiar. In a 8enera1 cese the eiements t nyn-1 and tn,n&l are non-
‘. Zero, i.e.

# 0,"’ ti - 'tbbuf_f f:witiifii o (5.28a)

n,n-l ’ ‘ L
aﬁd:T‘is 1rreducib1e. (If elther t n,n-1 or t ,n+1 Yere zero for some

b a part of the system (5.25) contrary to the physlcal case, could be
i solvede1thout paylng.attention to tbe remalnlng equatlons.) If the

conditions'(5.28) are further reinforced'by demanding that

oty S o, L " o (5.29m)

*If the recomblnatlon processes are 51gn1flcant, the problem of comthinﬂ
the recomblnatlon currents in the first 1terat10n loop arises since at that‘
" stage the charge carrier distrlbutlons are not available. The computa—
tion of p(r) end n(i),in the first loop must be carried out assoﬁing the
absence of recombination, ~The distributions p(x) and n(x) obtained in
this-wéy“arewthen*used”tO“estimatevtheArecombination terms for the subse- “

quent loop.

;
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and

M- o | ; SR
. = 0 i=1,2,e0¢ I‘il .

Sﬁ t.. 3=t - (5430

=1 >0 for at least one 1,

R is monbtoné and therefore nonSingular*. In view of the deflnztlons
' §f t; 13 ‘the conditions (5.29) are Satlsfled if
2

‘w2 < 12/( (p+n)) | R (5.31)

i.e. for sufficiently small values of he | Hith an h chqsenbto meet
‘ (5.31),£he‘boﬁvergénce of the iteréfive édheme of section 5.2.3 takes

' ;place 1f the follow1ng two requlrements are fulfilled: | .

a) his sufflclently small that the solutlons of the flnlte
’idlffereﬁce equatlons (5.25) 8u ¥ converge to the true solutlons Su(x )

”;at the points X nh (n—l, ,...M-1) |

(o)

b) the- 1n1t1al guess u ° is sufficiently close to the true

solut:.on of the system (5.25). N
: Denote by u( )(x} a guessed potentlal function dlfferentlable’
5 at least six times (the discretization formula (5.27) is under con-'
181deratlon). The follow1ng constants can- be 1ntroduced.
- o . o L L .
X = | == | o (5.32a)

* A.matrix T is called monotone if Tz 2:‘0 implies z = 0. If Tis
mon'o'tone s and Tz = | 0, then, since ~Tz=T(-z) = 0,  it follows’tha@t -z zZ0
~orz = 0, Thus if Tz = O, z uust satisfy both z = O and z = O,

“hence z = O, Consequently det(T) ’#‘ 0 and T'is.nonsingulaf.



v -:_;1é3.v

| Ly A _
R = maxlu(o)”‘— F(x,u\o))l s o (5.32p)
e e oF ' S g
© L = mex 2l SR - (5.32¢)

Quantltatlvely, the maln condltlon whlch guarantees convergence of. the
scheme of section 5.2.3 turns out to be (see Appendly 7)
g L4L (R +h4YG)
. ~64

where GG 1/240 1s “the constant assoc1ated with the flrst nonzero term'

-

= _32: R e . 7 (5:33)

of the.Taylor series of (5.27). The 11m1t1ng cases of (5 33) when
‘velther R or Y are negllglble are of partlcular 1nterest.

‘\, If ‘the 1n1t1al guess for the potent1al functlon u( ) is re—
presentea by a polynomlal of a degree less than 6 Y = 0 and (5.33)
  spec1f1es the max1mum tolerable error by ‘which the equatlons (5 20)

,fall to hold ' S , e

.
-~ - m \1,4 I

Jor. after dlfferentlatlng F(x,u) tulce w1th respect to u (see Appendla 5)

o T ey IR (5.35)
TP L q ln(x)—p(x}lmax B ol e v

Bafore completlng the flfst 1teret10n-ef the scheme, the 1nequaiity’
i'(5 35) offers a test for assesslng the valldlty of an 1n1t1a1 potentlal-
lguess, prov1ded of course, it conslsts of a polynomlal of an erder less
than 6, HMoreover, 5& cqnsidering the signS'ef the residuel termskof->.
" (5.20) improving of the guess is‘possible, ﬁnfii eventually a valid |

guess. isg acquired..
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If the computatious nov pruceedbty’ﬁudifyiug.élightly the :
ekactvsolution.u(x) to match.tﬁe modified boundary cunditions, Rmv= o
 and the method convergés if | |
"‘h45——'2—""—4"v 2 ‘. : | : : ' ) (5;36')'
70 % T o |
Fortunately, it turns out'that the first order theory broV1des
lvalld startlng potential guesses, at least at small current levels.
(Cublq distributions are obtained by approx1mat1ng a dlffused p:oflle
‘by an equiValent liuéar impurity function.) Approachiug an arbitrary
lcurrent level is then stralghtforward by adgusting gradually the bound~- .

ary potentlals u(o) and u(L).

‘\»5;3,»‘ ._ Modificatidus of the analytical formulation

; When using (5.4) and (5.5) for caleulating p(x) and n(x)

:frésPectiﬁeiy, certain‘numerical diffiCultiesbmaykarise;' Thé typ°~of
these dlfflcultles is shown in this sectlon on the example of a 51nglé

‘ Junctlon structure, schematlcally shoan in Fig, 5.2. A method for

| surmounting them is proposed.



o 'xmj L
Fig. 5.2
. De3el Choice of a suitable referencegpoint

Computatlon of p(x) may lose a great deal of accuracy if the
i 3terms on the right hand side of (5.4) are nearly equal. Evaluatlon of
' the dlfference between two nearly equal numbers whlch are known with a
: certaln flnlte preclslon could 1ntroduce a ‘serious hlndrance in achiev-
ing a requlred accuracy. A rearrangement of (5.4) to avoid this prob—i
‘lem can be done as followc. ‘
'41 Denote by I(x) the 1ntegra1
o expGuls)/y) e e
| ;<X) %.#[ ‘;qu(t) JP(?)d#’ . , v"‘;  ‘ (5037)

o

vand by I (x) the 1ntegral over the rest of the domaln (o L) i.e.

SR ’ exp(u(t)/V ) | f 1;1 Sl e .
%(X,’_,‘f ,,Dp(t)_ Ipltlate o B3R

X

Obviously, for all x.between"o;and L

g s e del . e
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or : _ B ’ T _ o
| Ix) = I(L)  - Ic(x). | . - (G0
: The integral T(L) can be expressed in terms of the boundary values, iceo
from (5 4) _ . o : k ( | : : . :
I(L) p(o)exp(uo/VT) - p(L)exp(uL/VT), L :(5;4l)i'
" and the rearranged expression for p(x)'is now
BT : e exp(u(t)/V )
p(x)=exp(€u(xl/VT)(p(L)exp(uL/VT) + /. D (E) J (t)at).

X

(5.42)
’: This reerrangeﬁenf; in'fact, redefiﬁes the reference'ﬁoint‘in the original
: ;equation so that p(x) is now computed 1n the dlrectlon of 1ncrea51ng p(x)e
| | For the structure of Fig. 5.2 the 1ntegral on the rlght hand
"'Slde of. (5.5) is a non-negatlve quantlty and redeflnltlon of the ref-
‘-erence p01nt is not needed. Physlcally, 1t is easy to v1zuallze that
' the electron den51ty is 1ncreasmng from the p—reglon contact x‘O,
'towards the n—reglon conuact, x=L, s0 that x=0 is a ‘good reference
o poiﬁt. (Obv1ously, in an np structure these dlrectlons are reVersed,.

f'thus requlrlng the modlficatiOn of (5.5) whlle (594) remalns unchanmed),‘

In general, the conslderatlons of thls type govern the choice

\'of the reference p01nts 1n an arbltrary Junctlon structure.



5.3.2  Shifting of the potential orin

| , The:p:esence of the exponentially dependent fenms in the equa-
tionsv(5.4), (5.5), (5.8) and (5.9) is a source of another type of num-
eriealldifficulty,assodiated with fhese'equanions°5' When‘the applied |
‘bias'ekceeds seneral volts-in:the reverse direction, the exponential-
»terms in these equatlons exceed 1n magnltude the perm1551b1e range of
'mOSt of the currently avallable computers. A further modlflcatlon of
the basic formulatlon of the numerlcal procedure is needed to overcone |
_this problem. | | | | |

If ur,n and u, r,ntl denote two potentlal 1evels separated by

>the maximum allowed potentlal varlatlon, then in the interval w ﬂ15_ u

'slﬂun+l the equatlons (595) and (5. 42) can be wrltten as
, JE _ L , ‘vT R
: o exp(lu, _~u(t))/v,)

_ n(x)—exp((u(n)-u )/V )(n ,nfj. q;;?t) T

r,n J#(t)dt),

X
Py .

- ,:d‘d'e o 'iJ:'f l‘~'”eﬂ i {}‘dv | (5?43)

el exp((u(t)-u | )/v )
L3 (t)dt),

] :vp(x)=exp((n¥ n+1—u(x))/VT)(pr;n+l oD (gy

'(5.44)

e where the velues ur,n'end ur,n+1 are treated as a glven set of b?undary

o conditidns‘for the electrdétatic»pbtential.‘ The total varlatlon of the
-"electrostatlc potentlal between Yy and u; can be d1v1ded 1nto m sectlons,
,.e.g.. u ul, ul-uz, ...,‘ - l—uL, sub;ect to the COndlthn

I(ukj_uk+1)/ | = Koo where K is a POSltlve number such that
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exp(+K_) still falls within the permissible range, Schematically
this is shown in Fig. 5.3, The potential values, together with the

‘,&alues ogfand n_ in the equations (5.43) and (5.44) are redefined as

o the iﬁtegration Progresseses Thls corresponds to a shlftlng of the

potentlal orlgln along the tragectory of 1ntegratlon in order to av01d
- the overflows or underflowS'ln the reglsters of‘thevcomputer arlthmetlcr
.,‘uniﬁ‘. _ , R ‘ , _

‘ The problem is somewhat dlffereot wheo the deflnlte 1ntegrals

in (5.8) and (5 9) are eValuated. Shlftlng of the potentlal origin 1s

i not p0551b1e here and a dlfferent approach is requlred. The exponentlal

“varlatlon of the 1ntegrand functions restrlcus the 51gn1f1cant contrlb—
l.utlon to the 1ntegrals in (5.8) and (5.9) to a relatively narrow ‘part of
othe total region of 1ntegratlon (reverse ‘bias condltlons are under dis-
cu551on). . The technlque of neglectlng the _n51gn1f1cant terms is dl°;

cussed for the integrals in (5.8) only. The analogy of the approach



kc’lagﬁ'
for computlng th= 1ntegrals in (5 9) is completeo '

The overwhelmlng contrlbutlon to tae 1ntegrals in (5 8)

f_ comeg from the reglon vhere u(x) is 1arge, ic.e. from the 1ast sectiocn

 (‘ 1, up )»of the total potential varlatlon. In addition, for a u
vhich approaches or exceeds the Limit VTK ,p(o)exp(u /v, )<<p(L)exP(uL/V )
‘rand the flrst term on the rlght hand side of (5.8) can be omltted.
;Therefore for any IV | > VﬁK p(o)exp(u /V ) in (5. 8) is 1gnored and

the correspondlng integrals are calculated only over the 1ast ‘section

of the potential dlstrlbutlons. Applylng this rule, the constant
.currenftdensify Jp can be'calculated undcr arbitrary 5ias conditions. -
Similarly, in equatlon (5.9) the term n(L)exp((u -uL)/V ) is
7negllglb1e wnder reverse bias condltlons and the 1ntegrals in (5. 9) are

‘calculated only over the flrst section of the potentlal distribution.
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' CHAPTER 6

APPLICATION OF THE GENPERAL ITERATIVE SCHEME FOR

- NUMERICAL AMALYSIS OF' SINGLE JUNCTION STRUCTUREGS

6.1 Introduction
| The iferative scheme considered in chapter 5 is applied

‘here to the specific jdnction structures; In the firsf'part of the

chapce: the‘steady-state electrical properties of a diffused junction: -
“fdiode»afe calcﬁleted..f A number of authors have tackled successfully o
“ the problem‘of solving numerically the tfansport equations foroforward
biased junctions. Gumrel'?® and Demars'®
A ' 121

considered uniformly doped

-abrupt systems; Kennedy and O'Brien

tures; VCaughey145

treated llnearly graded struc—
computed the solutlons for a forward biased diffused
‘.gjunction diode. The dlfflcultles caused by large potential varlatlons‘

thch are.present'in reverse biased jdncfions prevented most of these
v>analyses from obtalnlng the solutions for reverse blased gunctlons.-
:Demarl 's treatmentl 08 overcomes thls problem, but he does not cons1der _
the recomblnatlon processes and assumes constant mobllltles. The set
of solutlons for the: dlffused structure whlch is presented in this
_chapter 1ncludes these effects, thus closlng thls gap in the llterature
on the subgecu.

The secoﬁd paft of the chanter 1s devoted to the applicatlon

vof the developed numerlcal technlque for calculating uhe propertles of



Sz
_field-induced junctions. - It is shown that the cut-off . frequency
for transconductance of 1dea112ed HOS structures can be improved by
| 'tallorlng' expediently the substrate d0p1nw in the dlrectlon per- _

pendlcular to ‘the ox1de—sem1conductor interface. Thls result is

»fobtained assuming that the drain voltage is sufficiently small.

6.2 The numefice;;selutions’fof a diffueed junction diode
V‘VUi The eﬁecific impurity profile'analjzed iﬂ this section is
-assumed -to result frem,a\tweéstep diff#siop precess;‘(arbrief summary
:e-: of the simple diffusien'fheery:is included in Appendix 8). The
Cgemze
N = 8.10% - 10% ep(=PA86100) )

- (N is in cm-3, x in cm) is depicted'in Fige 6.1.'

-

 The external contacts, situated at x = Oyand‘ﬁ =2 pm‘res-.'
epectlvely, are assumed to be characterlzed by an inflnlue reconbinatlon.‘
rate. ' In~the 1nter10r at the device the recombinatlon processes are

:: simulated by a 51ng1e Shockley-Read-Hall recomblnatlon 1eve1 p051t10ned

e‘_half—way across. the forbldden energy gap, ie.ee. Py = 1”=. n, = 1,45, 1010 "3;

: ,Qhelllmltlng lifetimes are taken to be Tpo = 1 nsec and Too = 2 nsec,

o A'sheet of acéepﬁor'impurity of 1.21 Zl.Olscm“2 is-deposited‘on e |

'8 10150m > donor-doped 51llcon wafer and then drlven-ln for 2 min 17 sec

at the temperature 1100 C (the dlffu51v1ty taken to be D= 3.4 10 3cm2ﬁec);
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1N (x) 1 ,cm"3

1) T ¢ V17080

L | l||lll

vl_ L 'llllll
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 6.2.1 - The internal distributions
For various applied voltages the éiectroStatic’potential as

' functlon of pos1t10n is shown in Fig. 6. 2. The c01nc1dent ‘mobile

| charge carrier dlstrlbutlons are shown in Figs. °3 (holes) and

.4(§1ectrons). Tbe net space charge is plotted in Flg.'6.5.
The noteworthy featLre of the carrier dlstrlbutlons at revefeev
H b1ases is the relatlvely small varlatlon of the mlnorlty carrier den51-‘
“ties at the edges of the tran51u10n reglon. The cla551cal Boltzmunn
relation is 1n error by many orders of magnltude;

- At forward biases the p051u10no of the transxtlon 1ayer |
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boundaries become uncertain. The‘eventnai collapse of the space

charge layer at high cnrrents is accompanied by the charge build np

in the v101nlty of the contact of the low corduct1v1ty side, This
, »follows as a-consequence o: the 'ohmlc' contact assumption whicl-
':prevents the conduct1V1ty modulation cf this near-contact region.

Considerable electric fields must‘risejto carry the current.

 6.2.2 ; fhe terminal characteristics
f’ The forward V-I characterlstlc of the device is depicted
- in Flg. 6 6 (full line). It exhibits the expected slopes at the low-
. -and medlum injections, and at very hlgh currents the novel feature of
 the electron contribution to the total current (the —-—-— line)
_'exceedinv‘its"hole counterpart (the aaShed line).~. This can be inter-
preted througn the hlgher electron moblllty and the presence of con-
51derab1e electrlc fields in the diode base. |

The non-saturatlng reverse V¥I characteristic is shown~in», :

: Fig. .7 (note the dlfference in the. ordlnate scales for Jp and J )s

The 1ncrementa1 capa01tance, v1ewed at the external ter—

"_minalS'of the dev1ce, is obta1ned‘w1th the a1d of two successive solu-
. tions corresponding_tq two slightly different‘voitages applied at the

': terminals? If Q is the total charge of one polarity (per-unit-arca)

',* The time constants associated'with changing'kxfthe relevant quantities
’are neglected thus a sufflclently low frequency is 1mp11ed. A representas'_
tion of the capacitive effects ass001ated with a Junctlon valld at high

frequencles requlres the knouledge of the time-~dependent solutlons of the

Junction transport equations.
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in the device, the incremental;‘per*ﬁnit-area capacitance, at a .
specified applied voltage V., is defined as

ov,) = I%I, o (s2)
: o v>v o : S
The total charge of one pol'Lr:Lty is deducible from Poisson's equatlon
by integrating it between the external.contacts, x = 0 and x = L, i.e.
. € : L - :
[ G-n+me = £ @@ - s0). T (6.3).
Differentiation -of (6.3) with"respecf to therv_applied'b voltage yields -
SR | B
& [ pax) = & [ [ nax+ E(B@) -BO))] . (6.4)
ooav V=V av-. q -
. , = . , V=V _
0 a 0 ‘
In”term‘s_of two successive solutions 'for_p_or‘n,' the junction capacitancé

is

| C(V ) f |V I/ V -V ’
' q' a ‘al )
 >(605)
where V_, = V_+ 8V and the subscript 1 denotes the solutions obtained
at V. | | |

al’ ; ,
B ~The per-ﬂm:n.t—area ,;unct:n.on capac:.tance glven by (6.5) is plotted
in F:Lg. 6.8 for the :.ndlcated range of reverse voltages. Also sho Vm- are
the curves l/C and ZI./C3 » The dashed l:.ne corresponds to l/C curve
for the'uniformly doped p*t n Junctlon of the -sameAb‘ase doplng Although

the 1/¢° curve obtained from (6.5) is almost linear, it differs. from,i:he
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abrupt jdnctdon appreximetion in both the slope and the intereept
at V= 0:. The nonlJ_nea_ 1/C curve shox's that the l:\.nearly graded
t,gunctlon apnroxlmatlon of the proflle of Flg. 6. l also does not provide
~ a good approx1mat10n for the capacztance computed by (6.5). The
;capacitanee fall-off at very highdcurfenfS'displayed.in Tig. 6.9
accenfuaftes the tendeﬁcy towvards inductive behaﬁiqur of the'deyice

at lerge forward biases.

v ,6.3-;A Selectndbene-dimensionalVcalediatioﬁs of HOS structures
| "he one-dlmenslonal technique developed so far is inadequate
dvfor undertaklng a systematlc eanalysis of MOS dev1ces whlch present
,dthemoelves as at least two-dlmens1ona1 systems. However, under suit-
':able bias condltlons some aspects of the behaV1our of an MOS system
:‘can‘bewdescribed through convenlent oge-d1mens1onal representatlons.

| vIn"the remaiﬁing pdrt of this chapter an analysis of the
dchanneJ conductance and gate: capac1tance of MOS transistors in the

: 11near reglon is presented.'

6.3.1 iﬁput'capécitance and transconductance,of MOST'«

The structure of an. hOS n-channel trans1stor is shown x

"‘schematxcally in Fig. 6. 10,

,‘ Uhder conditions when Vb is small and Vg>> Vb the proper—

' +
ties of the p—reglon between the twvo n contacts could be con51dcr d
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uniform along the z=- and y-axes (see Fig. 6.10),

- The conductance of the- channel along Lch‘is-

* L SR T ,
By T I‘-——ch f a My n(x) ax, | - (6.6)

i
where'ig is a‘sﬁitably defined distanée Below‘the surface indicating
‘>‘the depth of penetration of the gate volfage:(dbminant contﬁibution
- to the integral (6.6) coﬁes:from a nafrow region'just‘under the sure

~ face and fhe‘definition-of1xi isxnof cruéiale For the present pur-
ppées,.it is convenient to assume x; = 0). ~In terms of the;éléctroﬁ,
'per-ﬁnit-ar§ﬁ charge inducéd by the gate voltaéé, Qh; (6.6) can be
written as 'j | cli ” ' : ' ?  o e ‘ ‘; | L

"gchu; = ™ Qn SRR ¢ ;’ T 6.7)



~and the'drain current is
In= - QY R o (6.8)
T Ch‘ . . o - .

' The transconductance is defined by
e = =2 - Z_ .y (=) o (649)
By T3V L, Py ptav’ ¢ L

. The total gaté capacitance ét a voltage Vé is
l | S eao)

o where Q denotes the total charge at the gate. Define by Qs the total
charge per—unlt—area 1n the 5111conrand by Co the capacitance per-unit-
area of the ox1de layer. Theﬁ, starting‘from

Vo= v o+ =B o 11

- the input capaciéan¢e is'
Coee ey
L Pl IR b B o Ga
B g g e e
o _or‘usiﬁé:(é.ll):
‘ PO c.C_ ‘ S e S5 TR
° T Tge L (6a3)

 g. o'us v

where I 1s the capac1tance per-unlt-area of the surface

space charge reglon in the semlconductor and Vs is the semiconductor



e
* surface potehtial*.,

The maximumn frequency'of’operation of an MOST is

f'r:' %‘%‘: . - _A L 2(6'14)

or in terms of the quantitieS'defined so far

: _ b v | |
SR G AL +1/|av e
R ch 2 _
l_ By oaloulating Qn and QS as |
"’gnf's [ a adax - (6a6)
and ‘l"' S : L SR :
o .. . S : - ' ‘
0Q. 3Q

the quantltles v and svﬁ are obtained; similarly to (6.5) from

. .8
- the solutions whlch correspond to two sllghtly dlfferent gate voltages.

64302 Graded channel MOST structures | R .
If the substrate doplng in the v1c1n1ty of the Odee-

semlconductor 1nterface is heavzer than in the bulk of the semlconductor

. materlal, a bullt-in fleld results, aldlng the flow of mlnorlty carrlers

t‘away from the surface. Consequently, the number of mlnorlty carriers

attracted to the surface by the gate voltage is slightly larger com-

pared to the one whlch would have resulted 1f the substrate was unlformly

* Absence of any contact potential or work function difference between

& metal and semiconductor is assumed.
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doped. This, in turn, produces a larger increase in the conductiv1ty

. of the channel, i.e. a larger transconduc,dnce. Since ‘the total

"gate capacltance beyond the turn-on voltage saturates very qulckly
at-C o0 increase of fT shouldvfollow..: 7 7‘ | 7

' On’ the basis of this argumeﬁt the'technique of chapterrB'is |
'épplied to calculate the quantities defined in.thepprevious séction.
\_for a series of MOS‘structdres*. The:impurity profiles.of the
structures in the direotion perpendiculaf to the oxide-semiconductor
| interface are shown in Fig. 6. 11.
‘ The transconductance and gate capa01tance, .defined respect-
:f'ively by (6 9) and (6.10), are computed as functions of the gate volt~-
p.age. The results are shown in Flg.6 12.
| The cut—off frequenczes for eadh‘of the calculated profiles
* are displayed in Flg. 6. 13. Notable 1ncreases in fT confirm the |
‘,Valldlty of the orlglnal qualltatlve argument.
' ._ Calculatlon of thesge parameters at arbltrary bias condltlons
‘:urequlres the development of more powerful schemes, capable of SOIV1nv-
tdftwo—dlmen31onal problems. | Such a schemo is propOSed 1n chapter 8.
It can only be concluded here that an 1mprovement of the frequency
responsevof MOs translstors:J1the llnear reglon can be achleved by

': doping the substrate more heevily near the silicon-silicon-oxide

*In these calculations both current densities are zero thus greatly -

' increasing the efficiency of the calculations.
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interface than in: the bulk of the semiconductor material.

6.4 Accuracy of‘the'results

Relatlvely conpllcated relations between the variables’ |
lnvolved in these calculations could malse unrealistic an estimation
of the accuracy of the results through the error bounds derived in
~Appendix e Alternatively, the achieved accuracy}may be judved Bﬁ
‘testlng the consistency of the computed results with a set of relatlons,
'derlved from the fundamental system (1. 1)- (1.5). Examples of such J
relaﬁ;ons’are pn = ni at zero-blas condltlons, the double equality
(6. 5), etc, Comparlng the electrostatlc field obtalned from (1.7) to
- the one that follows from 1ntegrat1ng the net space charge (equation'

-1.6)) is another p0ssib111ty for estimating the accuracy of the final

[ results. The dlstrlbutlons of the relevant’ quantltles presented in

B thls chapter are obtalned wlth a relative error smaller than 10 5



CHAPTER 7

THE NUMERICAL ANALYSIS OF DOUBLE-DIFFUSED

- } TRANSISTOR STRUCTURES

2.1 Introduction
o ’Fbllowing'Gummel's original paperlo5 there have been several
- attempts to use the same approach.in computing the numerical solutions

for the_bipolar‘transistor'strﬁctures. However, having selected the

146 147

. same set of variables as Gummel, heither Caughey nor Ghosh et al.

T cpulducélculafe the solﬁtioﬁs vhich correspond to the usual collector-:

,_basé biases. N -

H ’1;>In,this chapfer the>téchniqué defelopéd in chapter 5 for;

_déélihé.with revérse biasedvjuncti§ns is applied to the‘cpllector-base
"Sunctioh'éf‘bipolar transistors. : As é result, aAsound numericalialgo-

" _fithm'ié develbped,»capabie.of séiving arbitiafyitransistor structures

i‘” under‘arbitrary bias cohditions. The algorithm is demonstrated by

 computing the solutions for a double-diffused high frequency transistor

 assuming more realistic bias conditions at the collector.
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7.2 The eloments of the snalysis

The expressions (5.4)-(5. 9) for the mobile charge carriers

“f and the algorlthm of sectlon 5. 2.3 for correctlnw the potentlal dis~

tr1but10n do not depend upon the 1mnur1ty proflle of a device. The:
' rset of boundary condltlons, howeve s must be modlfled,to complemeut
vthe mathematlcal descrlptlon of each‘particular problem.‘

| | For a transistor structure, the boundary conditions for
the moblle charge carriers are, 51m11ar1y to thOSe descrlbed by (5. 1)
spec1f1ed at the external contacts of a dev1ce. The potentlal boundary '
" condltlons are more compllcated than (5.1e) and the ch01ce of the
. potentlal reference is now subgect to some prellmlnary con51deratlons.
| ';Input data for the calculatlons are:

”1h~ doplng proflle of the tran51stor;

mobility variatiou with doping and electric fieldj

"generation-recombination law;

applied euitter and collectoribiasee;

.;;; a potentlal guess.' | | o

hgﬁDoplng proflle of the double-dlffused transmstor which is calculated in
k.thls chapter 1s aeflned f:rst and then the speclflcatlon of the boundarj

lcondmt;ons and thelr 1ncorporatlon in the general descrlptlon of the ‘

- transistor problem are‘resolved,



e representatlon as yet
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7.3 Doplnv nroflle of the analyse\ tran81stor

Successlve d1 fusions of e.g. p- and n-type 1ﬁpurit1es
1nto an n-type silicon wafer produce tne n-p-n conflguratlon, with
junctions occurring where complete cempensatlon of 1mpur1t1es takes?
Aplace.-‘ Tdeally, the impurity prefile of a‘double-diffused device_is.
comfosed of two errot functiens er of two Gaussianrfunetionsb(of of
'xthese two;combiﬁed in avway dete;mined by the order of execution of the
‘diffusiOns employed). ’Practical diffusions inevitsblyvencounter the
}_dev;atlons from the ideal theory outllned in Appendix 8. High sene
51t1V1ty of the dlffused profiles to the physical conditions that ex1st :
’durlng a partlcular process 1nvar1ab1y leads to the structures suffl-
clently pecullar to that process.

The modlflcatlons of the base-diffu51on owing to the out~-
;dlffu51on and redlstrlbutlon of 1mpur1t1es durlnv thermal oxidation are
'further compllcated by the "emltter-dlp" effect whlch has no mathematical

143

Very high densities of the dlffusants in=-

volved in emitter dlffu81ons cause the departures from the 1deal theory, '

addltlonal to those attrlbutable to the f1e1d~a1ded dlffu510n125.

_‘ Detailed study of the modifications bertaining to the pfactical double~-

diffused prefiles is beyond the scope of this work. The profile of

| the dduble-diffused high frequency tfahsistor which is analysed in this ~

»chapter is based partly on the emplrlcal data taken to be a reasonable
144 ’

approxlmatlon of the practlcal trans1stors .

" The n-p-n proflle coqs1aered hereafter is descrlbed analytlcally A



by the following equations:

. 10%L erfc(x/l.,33 10 5)— 5, 9L5'7608 10 8+ 8.0 1015,xs x,
N(x)= { . '
. 1021erfc(x/l 33 10 5)-10 ox fc(z,/l 625 10° 2)18.10% x > x_

- (7.1)
 vhere N is in cm*3,_x in cm and x, = 2.5 10-5cm. The complete profile

is shown in Fig,‘7-1-r,

74 - The boundary conditions

: The~emitter_and collebtor contacts are'ndrmally situated well

r‘outéide the active region‘of a device., | This is convéniéntly expressed
by demandlnv that at these contacts, X = o0 and x = L the carrier
fequlllbrlum and space: charge neutrallty prevall.v Then,.zecalllng

. (2.1)3 the»boundary values for the mobile charge carrier densities are

o N(o) - ny ’
: n(o) [1&(1+-——T—j—2) ] , plo) -TET 3 (?f2a)

2y s |
4n° = n, -
(L) \N(L) [1+(1+ —;-m—-?)zl s> p(L) = TR - (.7’-2"):

The approach in ch0051ng the reference for the boundary poten—>:,
tials re51des upon the fact that the equlllbrlum majority carrier dis-

trlbutlon w1th1n a part of the transistor base is very little affected
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.1by thevapplied‘ﬁiases; This permits‘defiﬁﬁng'the apﬁlied'ﬁolteges
as the total potential steps mlnus built=in voltages w1th respect to |
L a p01nt in this part of the base. - |

- If the base reslst1V1ty is sufflclently lower from the one -
:of the eollectpr body,~the ""wenztration depth' of the collector reverse
bias infehthe‘base is‘ver& small, Furthermore, in the fegion after
the base potentlal mindmum (an n-p-n conflguratlon is under con51dera-_
tlon) transport of the charge carriers 1s substantlally drlft-controlled.
‘ The base'magorltyvcarrler density in this part is essent 1ally unchanged
f:.up tovvery high'curreﬁt 1e§els. The position of this. eglon can-be
ea511y 1ocallzed from the thermal equlllbrlum solutions which .can be
~computed assumlng an arbltrary potentlal reference. Selectlng the
::reference p01nt w1th1n thls donaln is not crltlcal. (At extremely high

e_current den51t1es when this ch01ce may become slgnlflcant the 1atera1

‘ ',base current also becomes szgnlflcant and the vhole of this one-dimensional

‘ ana1y51s is 1nadequate).

Let x—x be the posltlon of the reference poznt. Then
o U.(x ) : Oe 7, Y o ‘ L : (703) |
'Thebboundery potentials at the contacts are

";_ﬁ(b)j- u(xm):=
| u(-'_'[;)':- uley) = Vo, Vo N s

:'The "bullt-in" voltages Vo and V - are calcvlatcd with respect to xm

using the thermal equilibrium value of p(xm) and the p(o);and p(L) given
by (7.2). |
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The conditions (7.3)- -(7. 5) are Formulated for comnutlng
the translstor common~base cnardcterlstlcu. By Shlftlng the zero

potentlal level to x=0 or x=L, s1m11ar condltlons follow for the common=

emltter,crvcommon~collector.calculatlcns respectlvely.

75 The expressions for the charge carrier densities and constant

current densities'

Under active bias condltlons the electron current aens1ty in an
n=p-n structure is a negatlve quantity (the geometry of Fig. 741 is under
con51deratzon) A rearrangement of (5 5) is needed in order to avoid
‘the accuracy problem dlscussed in sectlon 53, 1. Applylng the sane

method as in 5 3. 1, the modlfled expre551on for n(x) is

exp(f-ru(t)/VT) |
TROEEEACLOE

(7.6)

n(x)ééXp(BéilJFn(L)exp(-v%)?Jf '

: Analogously to (5 9) the conSLant electron current denelty 1s

' exp(-u(t)/V )
n(L)exp(-u /V )-n(o)exp(—u AN )+!~ @, T g[ qU(t’)dt')dt

Sme o fL exp(-u(t)/Vp)
: TR T -an(t)

dt

o (7.7)
excépt that now‘ﬁo;aﬁd*uL have the meznings differsnt: from thoge in: (9 9).
_The-expressions for the hole\dehsity and the constant hole
current density follow directly from (5.4) end (5.8) respectively. How-
ever, since - the presencevof a zone (strictly speaking a single point xm)

hY
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" of undisturbed hole density distribution in the base has been. postulated,
two separate'dcﬁaMS, the emitter domsin o= x =< X and the collector

- domain X, = X= L, must be considered.

'7.5.1 = Emitter domain, o = x= X,

From (5.4) and (5 8) the hole- densn.ty and the emltter~controlled

constant hole current dens:\.ty are .

].x exp(u(t)/VT)

P(x)-exp( nlx ))(p(o)exp(-—) qu(t) : ‘qp(t)dt)’
X 2.8)

P 748,

L f"m’ xpa(t)/iy)

L P(°)e~<P(u /Vp )—pfx ) - / “P_(E) \/; qU(tt)at!)at B
{Pe,‘,: ST xm exp(u(t)/V ) » -
T 4 CEROR dtr S

| T ()
- The holé'c;.u‘rr'entk density in .thi‘s domsdn is e
9 (x) =3 + qf U(t)dt. | (7.0
| O LT
>7‘-i5-27," | /Cokllnec‘tor' domain,ﬁxmé x= L

~ Starting from the same basic equations as in the section

above, the hole ‘density‘ arid_ the collector-controlled constant hole



current. density are

éxp(u(t)/VT)

' S X
plo)=exp(= B (o )= [ 5y 3 (tdat),  (7.11)
e v T . X Y pk A
: and.a S
e N L exp(u(t)/7,) Lt :
.‘ p(xm)—p(L)exp<uL/vT)— L qDP(t) T (j; qU{tt)atr)at
s . " , . .
pc. o ' f];'exp(u(tl/wr)
R ‘ » ' qu(tF dt

vThé7hoie_current density in this domain is

‘er(x)'t Jﬁc tq jf U(t)dt: o o (7.13)
2 5 _ -

7.5.3 _ Terminal current densities
v g The'emitter~and cOllector currents are made”up of electron

and -hole contributions which combine, at the boundaries x=o and x=L,

' in the currents'that appear in the“egternal’circﬁits. - The emitter cur-
‘rentidéﬁéity is
s + = + B L .
. JE" Jncg)k Jﬁ(o) _ ;nq I e - | 2 (7514)v

The collector current density is

S dg = Jn(L) + JP(L) =d * Jpc o . BHGY (7.15)
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The. base cufrent.dehSity:is

3, = I -d,=d_ -3 . RS N (7.16)

v_7;6 ‘ The electrostatic potential and jteration loop

Sioce-the electrostatic potential is‘specified at three‘points;
namely at x = 0, X = X, and x = L, the algorithm of section S;Z.B_is
appiied to_the—emitter domain and the collector domainlsepafately. _Theb
correspondioa.boundary valﬁes for the»potential correction du are how:
Su(o) Bu(x )=5u(L)=0.

 The complete procedure ‘involves the folloulng steps:

_.- a guess for the potentlal dlstrlbutlon is made° i

- the charge carrier dlstrlbutlons and the current den51t1es
within the respectlve reglons are calculated employlng (7 6)-(7.13);
| - The algorlthm of sectlon 5e 2.3 1s applled to the emitter
“:,‘and collector domalns separately to obtaln an 1mproved potentlal dis=~-

1.tr1butlon. | |
The last . two steps are aiternateiy performed until the solutlons are
8 obtained to a requlred accuracy.

, o The convergence-of this iterativemprocessfis,subject toﬂthe.
condltlons derived-in sectlon 5. 2,4,, From (5. 31) and (5036) it is-
‘_evzdent that the more heavily doped emltter domain must be processed

using smaller dlscretlzatlon steps compared to the ones that may be

employedvln the collector domain.



2.7 Modifications. pertaining to reverse colleclor biases .

The equafions derived for the colleetor domain mustibe modi—-
‘fied in order to avoid the numericél difficuities of the'type discussedr
in section 5.3.2.=; For that purpose the potential variation across the
collector domain is divided in the sections: u(iv)-url, W "Wy el - L’
not necessarlly of the same size but such +hMt |u K k+ﬂ K, T s
‘ewhere h 1s a constant restricted by the condltlon that exp(+K ) does
not exceed the permissible range (Km, of course, depends upon the maghlne
vhich is employed for the celculafions). Schematically this is showm
invFig.<7;2.b With~the’numbei and the sizes of the potential sections
k

during the process of computing p(x) and n(x) is analogous to the

”selected the technique of shlftlng the reference values u 2k’ p and
: ’

nr,k
" one desdfibed in section 5¢3624 Hence the equatlons (7.6) and (7.11)

in the k-th potentlal section of the collector domain bec0ﬂe

Lo

i ‘ ' ,k+l exp((u kL u(t))/V )
p_cx) exp((u(k) g ,m’/" o 1 f e an(t)‘ L (t)at),
x (7.17)
e , _ - expQlu(t)=u .P)/V ) ‘
p(x)"exp((u ’y-u(x))/V )(p s [ — NG - Ip(elas).
s ek | - (7.18)

Calculat1ng~the congbant current den51t1e5 J : and Jp R
._‘although in prlnclple follows the technlque dlscussed in- 5 3.2, involves
sone- addltlonal features because of the dlfferent form of potentlal dlS-

.trlbutlon in thls case.

The~def1n1te:1ntegrals in (7»7);are evaluated only between x=o
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" and X=X, 5 the contribution from the rest of the collector domain

. being negligible. This interval is further split into two parts:.

L"——————————;————————v‘—--—-‘—‘—-——-——v- d -

"o -;xm,and Xm5"x}1‘ » Both~6f7thesefparts are'integratedﬁindependentlyf |

in the directions of increasing integrands, thus reducing the risk of
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losing the accuracy of integration due to the saturat ing effect*

This gives the following expression for Jno

o *n expl-u(t)/V,) e.cp(-u(t)/V )
-n(o)exp(~ud/mr}+jf ~ (%) —J, (t)dt ) J g(t)dt
- Y - I n- xrl n-°
noz' ' xm : o Lo xh
a Jf exp(=u(t)/Vy) j' exp(-u(t)/Vg)
D (8) v~ oD (t) 9t
o n *r1 i o
) | < ) '  §7.19)
where J¥ (x) = J[‘qU(t)dt.
E "

The expre551on (7. 12) for calculatlng Jp is first normalized
,vw1th respect to exp(u /V ). It is obvious that the required integrations

" are carried out only over the part %, = L, vhich is indicated in full

* The,satufatipgkgffeét:is bést1exposediif‘numerical integration of a

constant function'f(x)%fd, using‘a éonstaﬁf‘integration‘step_length Ax,

is‘conSidered. ‘ It is_easykto~Visualize4that after certain_distance X

ih:the”intervalof’intggrgtion (a,b), say, thevratio‘fézxx/(fo(xs-a))
“may féll out of the pgrmissiblé'range, ) Aé a‘resﬁlt the total con-

) tf;bﬁtibn fo the integral-form (b - x_) is lost. The iﬁtegrél thus
'séturates at;f (x - a).. The problem can- be resolved by splitting
‘(a,b) 1nto several parts and summlng up the results of their 1nd1v1aﬁal .

’integratlons. :
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lines in Fig..7.2. The,colleCtorucontrolled constant hole current
densi_‘by is *

: exp((ult )=, )/V.)
s - [ e Sl

R Jrg(t)dt |

3 = i >  (7.20)
pc L , ¢ e

. j‘ exp((ult)-u; )/ V)

» at

X qu(t)

ri
7.8 Limitations in the collector domain analysis -

: At’very‘highlcufrent'densities, or at moderately high current
densities and very short limiting lifetimes of the chafge carriers, the
" recombination curtent density in the collector domain becomes quite
isignificant. | The overvhelming contributions to this current‘dehéity'
“must come from the emitter and base,;thu$ in x}i - L the_Current dehsity
.‘ Jrg‘isvessenti&lly constant, equal to 3. (L).. The second term on the
right hand 81de of (7. 20) Becomes considerably larger than (L), giving

: the llmltlng value for the collector-controlled constant hole current

den51ty

g f?-ff.'.f CaU(t)as - —J'rg‘(p),.,_‘; o L (7.21)

# Vs assumed suf;lclently large that p(x )exp(-u(L)/Va) is

negllglbly small. Otherwise (7.12) applies.
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Under - conditions when this limit is apnroqcped, the 1nfluence
:,of the local round-off error in calculatlns J (x) becomes noticeable,
‘Avdlrect consegquence is the,loss of acecuracy in computing p(x),over
the part of the collector next‘to the external contact. ~ Increasing
the precision in\calculating the relevant quantities.is necessary to

‘ avoidithiS»problem. Fortunately, in reasonably extrinsic collectors
tﬁe contribution of this "tail" of the hole_density distribﬁtion to
“the terminal properties of a device is negligibie. ‘ Coﬁsidering the

increases in the complex1ty of the program, storage requlrements, and

‘rbrunnlng tlmes, the: 1ntroductlon of these double-precision calculatlons

cannot be Justlfled. (In the calculations presented in this chapter
:'no attempt is made to 1ncrease the pre0151on of the collector domain
“calculatlons. POR“RAN IV version of the computer proaram for calculat-

“ing the structure of Fige 7ol is glven in Appendix 9).

- 7.9-t‘v' The numerical results for the structure of Tig, Ze 1

The steady-state calculatlons dlscussed so far yleld dlreCuly
Athe translstor deCa characterlstlcs; Srnce the internal distributions ;
are also Lnovn, the results contain 1nformatlon pertlnent to &eCo
transistor operatlon, such as low-frequenCJ capa01t1nccs, stored charge,:
:"51gna1 delay time, etc. The results which are-presented ;n‘thls d1v1510nv
 are classified 1nto two groups: the internal distributiops and the ter~

minal characteristics of the device.
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The calculatlons are. performed assuning two dlfferent collector=

base voltage and two dlfferent sets of llmltlng lifetines -rno and .tpo‘

The graphs denoted by I correspond to V = 1V, Too = 400 ns, and

ZOO'ns; the graphs denoted by II are obtained for Vep = 3V

. TPO'

" Tno

4 ns, aad” tpo 2 ns.  The 1nternal dlstrlbutlons have been

, computed w1th a relatlve error less than 10 5

7.9.1. The internalvdistributlonsV
L ‘The distributions of electrons for the indicated valnes of
_the emitter and collector biases are shown in Figse 743 and 7.4. These

,‘results demonstrate the 1nternal consequences of forward b1a51n0 of
‘the emltter: | the electron floodlng of the- emitter gunctlon reglon,
‘thelr 1n3ectlon 1nto the base and tran51tlon across the- collector space

- charge-reglon. The c01nc1d1n¢ hole denslty distributions are deplcted
dn’Figs.~?.5 and'? 6. Con51derable-1n3ectlon of holes into the emitter
Ti at high: forward blases 1s well dlsplayed by these dlstrlbutlons. The
,:unexpected feature is the behav1our of the hole den51ty distribution in
"tﬁhe'collector transltlon reglon. The 1n1t1al reduction of p(x) is
’Liattrlbuted to the 1ncreased contrlbutlon of the recomblnatlon term in
(7.20). The subsequent ralslng of the hole dlstrlbutlon results from .
‘>the'cnanges 1n~the potentmal;dmstrlbutlonﬂwhlch are caused“by‘large>

': electron current'densities.r Unfortunately, ow1ng to the llmltatlons

of the 51ngle-prec131on calculaulons dlucussed in division 7. 8 the
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-_:control over this'parc of the hole density distrioufion is IOStrat

high current Tevels; The dotted 11nes in Figs. 7 5 and 7. 6 1nd1cate

' the extranolnted hole density dlstrlbutlons at high levels.
»vThe;potentlal dlstrlbutlons-wh1Ch correspond to theseicarrier

'density distributions are shown in Figs. 7.7-andi7.8.' Shifting of'

the distribution into the‘collector at high current levels éemonstrateb

: fhe so-calied "base push=out" effect (Kirk effect). It is accompanled

by a notlceable flattenlnw of the emitter JunColon barrler.

| Both of these two effects are furuher 111ustrated by the space

'rcharge distrlbutlons deplcted in Figs. 7 9 and 7.10. Details of the

_movement of - the collector~d1pole layer‘lntO'the collector are shown in

FigS'o ) 7olland 7012-

7.9;2" rlTerminsl characterisfics of the device

’ The V-I characterlstlcs of the emltter-base dlode for the two

e sets of collector—base voltaves and recomblnatlon parumeters are shown

l in Fig. 7.13, The expected slopes exp(V/V ) and exp(V/éV ) exhibited
by the curve whlch corresponds to the snorter llmltlng lifetimes 1ndlcate
that the practlcal llfetlmes of 1njected carrlers should be expecteu to
‘be in the reglon of several nano: secouds. . |

The two cases of dlfferent reconblnatlon parameters are” furthor

',k compared in Fig. 7 14. Here the 1ncremental common-emltter current

'galns for the two cases are plotted as functlons of the collecto; current
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den31ty. v The substantlal dlfference in the two normallzlng factors
ﬁmax reflects the well knovmn sen51t1v1ty of the current galn of tran=~
sistors to the_recomblnatlon whlch takes p}ace in the 1nter10rvof a
device.v | - |

' Tﬁe dependenees of the inputlper-unit-érea parameters,
eapac:.tance and transconductc.nce s pon the collector cut-reht density
t'i.are shown in Flgs. 7 15 and 7.16 *espectlveﬁy. Thetderiyed paiameter,
the.galn—bendw1dth product, ;s plotted in Fig._?.l?. :The effectbef
t‘widening of the transistof base at high curreﬁt.leveis appeers here as
, the hlgh—current fall-off of the maximum useeul frequency of the dev1ce.
- Finally the Output per-unlt—area parameters, 1ncremental
,‘conductance ‘and Junctlon capac1tance, are Shoun in Figs. 7.18 and 7419
tas functlonsfof the collector-base voltage, with VEB = 0, The curves
%

“cltance of a dlffused Junctlon cannot be approx1mated by elther abrupt

-

and ch shown ‘in FiS- 7 19(su“0eet as in chapter 6, that ‘the capa~

or llnearly graded junctlon approx1mat10n.
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. cHAPTER_8

- CONCLUSIONS

78;1 'General conclusions
e An investigation of the metﬁodsifor solving'the problem of
steady~state current flow in semlconductor Jjunction dev1ces is performed.
‘The general case of doplng- and fleld-dependent transport coefficients

'uhas been treated. | ’ _ |

The analytlcal methods for solv1ng the problem have been -

-l'examlned by con51der1ng the structures of mathematlcal models pertain-
5e1ngvto various analytical approaches. , It vas p0551ble to carry out a
s systehatlo classification oflthese‘methods. ‘It vas ooncluded that a

comprehen51ve treatnent of the problem could not be obtalned by analy-

’:tlcal means.

f An 1n1t1al 1nvest:gatlon of the p0551b111t1es for applying

‘jnumerical methods to the problem has shown that general 1ntegrat1ng

"~rout1nes, llke Runge-Kutta-or predlcto”-corrector, could not be used

",profltably because of the stlffness of the orlglnal system of equatlonsc

.,,lo overcome thls dlfflculty sultable 1ntegral repre entatlons are-

. 1ntroduced in the dlffu51on-dr1ft equatlons and P01sson 5 equatlon.'
S By deflnlng an aux1llary varlable, ‘related to the potentlal increment

per integration step, an iterative, varlable step,slze lntegraulon method
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wee-forﬁdlated. .The'jdnction transportdeQuatdone are_soived,by
generafing a euiﬁabie sequence of initial value probleme. The
fea51b111ty cf thls method 1s tested by applyzng it to a unlform-basu
"tran51stor straeture. The method 1nvolves d1v1d1nv up a device into
' several reglono in order to prevent an excessive accumulatlon error.
| Th:.s, in turn, reduces the effzc:.ency of the calculatlons, except for
some spec;al cases, such as a unlformiy doped Junctlon in thermal
eéuilibrium. It was not poseible to obtein the generéiizatioﬁs vhich
are required for numer1ca1 ana1y51s of arbltrary doplng proflles under
";arbltrary blaS condltlons.b |

‘,‘By resortlng to the‘methodsdfor direct solution of two-point
.boundaryfValuevprobieme‘it?was:possible tO'obtein a general iterative.
algorithm for solving"the‘seeedy-state junction transport equations.

' The aforementioned integral reprESentations for diffusionvdrift equa;
3v-t10ns ‘are cruc1al for formulatlnv thls generallzed method. The con-:
vergency criteria for both the dlscretlzatlon error and the quallty
:of,an_lnltlalrpotentlal guess have been obtalned. The choice of the
1“jdnotion rarieole in the fundamental system peerts Iormulatlng effi-

cient numerlcal algorlthms for treatlng arbltrary b1as condltlons in »
arbitrary Junctlon proflles. ‘1 | |

By computlng the solutlons‘for a dlffused Junctlon diode the
,capablllty of the method to handle efflClently high reverse biases is
demonstrated. A notlon concernlng the 1mprovement of the galn-bandw1dth

product of MOS devices was put forward end then substantiated by the
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e'quantitative resuits whicﬁ have been obtained applyingba version of -

: the developed'algorithm. :
| The'method is extended to inclede the analysis of theAsteady—l
E state transport phenomena 1n Junctlon trans1stors._ A detailed numericalﬂ
study of the steady-state ‘deCa . and 2eCe pronertles of a double-dlffusea

' tran51stor structure under active blas condrulons was performed.

| 8;2 . - Fhrtﬁertresearch

. ' The numerlcal technlque founded in chapter 5 and extended in

X chapter 7 lays down a guldellne for tackling profltably several interest~
“'-’ing research problems. Two dlfferentpllnes of development could be

e suggested. | They are dlscussed.below.

el -

58.2,1 | Further applications of the develop d numerieal technigue.

- | Two problems of different types are mentloned here. -

(a) temperature sens1t1vxty of the electrlcal characterlstlcs
:fﬁof'jonctlon,dev1ces can be analysed by introducing in the present numer-
icai seheme the temperature dependeoees of'the relevant parameters;
:f_such as intrinsie carrier density, 1ifetimes‘ofveharge carriers,,etc;‘
‘,Iredicting temperature behariourYOf the cheracteristics 1ike; collector
saturation voltege, eurrent gain,.oollector reverse saturation current, f

‘etc. is of interest to circuit'designers._"lt may also result in
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-improved designs of junction devices;

148

() recent assertlon by Wei that the jons in a nerve axon
.follow the same phy31cal pr1nc1ples and han 51m11ar phy51cal environ=
- mentras;the,electrons and ‘holes in a p-nfp transistor makes: this
'nomeiioallfechnique suitable fcrvthe applications in madioine and -
bioiogy; If it was posslble to speclfy the requlred input data, the

vpresent numerical technique may supply the solutlons which could 1ead

. towards better understandlng of nervous conduction.

8.2.2° ’( Generoiizations of‘thé:présént numerical~techninue‘

» | The spec1f1c proposals can be made as regards generallzlng »
’the proseﬁt numerlcal technlque to 1nclude the tlme-aependent one=
; dimensional and steady-state two-dimensional oalculatlons. |

| v.>v The’one;dimeosional‘fime dependont,calculations caﬁ be out-

”‘1ined éé foliowo; . o .‘ | < |
| | (a) under tran31ent conditions thP time derlvatlves do not
'ﬁ‘ van1sh from the contlnulty equatlons wvhich become parabollc partlals
(boundary-value type»ln space»and 1n1t1al—value~1n't1me).'_ P01sson s
‘,equatioﬁ remains an ordiﬁafy boundary-ﬁalue type. The spécial boundory
oonditioris are .fiked '\asg i’n' the steady-state case, by the "App]iévd voltages..
" The initial condltlons in tlme are the steady-state solutlons 1mmedlau |

ftely before a dlsturbance of bias.

The dlstlnctlon ‘between the tlme~dependent and the steady-
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"rstate analysis is made iﬁ the treatment of>the fime paftisls, 7 Uhder-‘
steady~-state condltlons tnesn are set to zero. In.transién{“analYSis
‘they must be represented at each instant of time. ‘Finite differénce
‘appfeximatioh;,e.g,rof\fhercfank—Nichqlson type o
) p(t_ + At) - ’p'(t-o) f_ %E(to) + %%(to' rAL)

At _ -2 -

(8.1)

. offers a simple and relafiveiyvaccurete formuia fef estimatingrthe con~=
tributions of the’time'partials. The ‘solutions at each instant of time
. are obtained ss ih the»steadyfstate case, except that now the current
'eridensiﬁies Jp and J ha#e additional ‘time—dependént'terms;

| The estlmates of 3% and g{ are not avallable in the first
;\:teratlon loop after the dlsturbance of a steady-state. If suitable
guesses for these terms cannot be made, they are set to zero durlna

*»the flrst 1terat10n. At each subsequent 1nstant of time the current

densities are calculated from

J (x,t )= J - qf Tt )dx -q f t(‘x, g,  (8a2)
_ o |

" where the formula (8.1) is used to calculate the time partials; .

~ (b) in small-signal analysis the time partials ave
e s e
o=, Fp o= daE, T sa)
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, L o o _ S
where j-(wl)z, w - angular frequency, and p and.ﬁ,are the amplitudes
of the co;rcop0ﬁd1ng slnu501da1 perturbatlons of p(x) and n(y).

- Since the small-signal behaV1our is llnear, the expansion
Foru) = Foou®) s & ('x,u(°’)au o 8.5)

| is exact and only one execution of the algor1thm of se ctlon 5.2, 2 glves
) the correct potentlal 1ncrements Bu(x). The correspondlng new dis-

‘trlbutlons p(x) and n(t) and the old steady-state values p(Y)( o) and

:n(x)(o) determine the amplltudes p(x) and nfx). The . current dens;tles
- are obtamned by 1nqert1ng (8.4) into (8 2) and (8.3) vhere Jpo’ J . and

U retaln thelr old steady-state values,

Two-dlmenslonal steady-state calculatlons are outllned con;
;s, 51der1ng an MOS tran51stor structure. | | )
| The hole and electron current den51+1es, the electrostatlc

. field end the'carrler density gradlents are treated as two-dlmen51onal

‘vectors. The'boundary conditions are specified at the external contacts.

‘,(ASSume that a suitable two-dimensional mesh of (n x m) points.(xj,"yk)

".1@ is_1aid down. - The x-axis is parallel to the oxide-semiconductor inter-

"f; face:aﬁd the yraxis is perpendicular to it). The;calculations‘in-the

- semlconductor substrate may proceed as follo"s

- supply a guess for the potenulal dlstrlbutlon,

L along each of the m llneu in the x-dlreCulon the eyPr9551oﬁs
' Like. (5.4) and (5. 9) are employea to calculate the 11ne carrler den31ty

dlstrlbutlons and current den51t1es,v
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- the linearized Poisson's equatica in the x-directioh,‘in'
terns of Sup(x),
. F (o) (o) q . B . :
"L == = - - - + :
L e A ST
‘gives the potentiallcerrecﬁions aloﬁg each of the m lines;
. = the last two steps are then performed for each of the n
_llnes in the y-dlrectlon glVlng the potentlal corrections du (y) for

‘ each 11ne~,

This alternatlng dlrectlon technlque is performed untll a requlred

e accuracy 1s acnleVed.

The oxide-regien preeeﬁts'the ciaséicai'Dirichlet proBlem.'

' The solutlons for the ox1de and the substraue are matched at the 1nter~Vl

vface by demandlne that the potentlal and dlsplacement are contlnnous
‘iifunctlons.. | i ‘ | |

-
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Appendix 1
_ Tvio different approximations have been empioyed ih calcula~-
ting the functions Si(t) and Ci(t) in equation (1.11). If ¢ = 1,

-~

' the.following‘seriés repreéentations apply
si(t)=t - ts &,
SLAES 6 T %0 "~ 35080 7

- EE T S e ;8 |
C1(£)=0,5772156 + In(t) = 7= + —gr— = =55 * S5orpe

B If*tv>‘1, the compieté1eXpreésiqn‘fof<the @obilityA(l.ll)'isazi‘
ey, A e )
L E D byt 4 byt ey

vhere o - ' ‘ - ' B
a = 42.242855 by = 48 196927 |

7, =302.757865 b, 482485584

2y =352.018498 b 3 -1114 973885

‘“f.ag = 21.821899’- b by =449, 690326.

o The relatlve errors of both of these approx1matlons are less than

3., 110 e,
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_ A égndix‘Z |
| Several direct integfation routines have been applied to
cémpute fhevsolﬁtions fér‘a ﬁniformly doped pfn juﬁctioh in thermal
' equilibriuﬁ.‘ (This case is qﬁdsén éince é set of eiact’initialgvalues
can bé.detéfmined at’the’metaiinfgigél jﬁnctidn); . The set of basic

equations is reduced to

%ﬁ : PE'leT ’ (A2.1b)
o ] ‘_‘lt v  -
- -d—}-z = —nEVT v. (AZQlC)

7 Bfief'outlines of fhe appliedlmethods and a sample'résulﬁ,of the cal~

- culations are reported here,

- Rmige-Kutta Methods - For a system of differential equations

» }__f(x,y) -} o a2)

(y and f are vectors) the methods of Runge-Kutta type are represenued

| by. the formula

N y

n+l y + hf(x n? y ah): » . ’ i - (A203)

"Awhere fisa welghted avera ge of the evaluatlons of the functlon f,

W1th the arguments in each eValuatlon dependlnﬂ upon the precedlng one,

In a fourth order method f is
B F= + + 4+ - - o - ."
o= alkl a k a3k3 a4 4, o ey ,»(A2'4)



o énd a = a4.f>1/6?‘g2v-_3<1 1/5), ay = g(l-aég).

196
.wherévfor.the classical RungeFKutta fourth oxder method
f(x,y)

v f(x + lh, y+ lhk );

21’

(. .,-‘ :, vyt -J-‘nlc )

= f(x + h, y + hk ):

ky
k
2 (A2,5)
k3

1

the above coefflclents are

*'and a) = 8y = 1/6, a, a3 1/3. For the Runge-Kutta-Gill method

k= *(x,y) : ,
,. ké”;?"f(x dshy .Y + %h“l o ; _ o
| k= flx + Lﬂ +( l)hk +(1— 1)hk ), B (260
K3 » ¥ V'_

‘k=‘f(+h, (l)hk +(1 )hk)
R e
1,

- Taylor series method - Introduce the power series repres@ntatlon of

the varlables E,p and n in (A2 1)

. ‘E(x),: S = | o e
p(x) = }; | bkxk,‘ RSB ~ ,‘; ' S  (A2;3)
) = z ckxk. : ‘ o | | . e (A2°.9)

k~0 . SRR R S

‘By substltutlng (A2.7) (A2.9) into (A2. 1) and applylng the method of

undetermlned coefflclents, the folloulng recurrent formulae for the



S Yt

17

coefficients s b,, and c; are obtained:

n - n-1 °n-1): . (a2.10)
o : tl*l . o o S -
SRR S S :

°n = —.%_'~ % kBnk-1 * (A2,12)

An m-th order 1ntegratlon routine follows 1f the series (A2.7)-(A2.9)

are truncated after first m terms. (In the present. calculations m=7).

B Predictor-corrector me thod - The sixth order finite differehce method
descrlbed by Ralston and 'J:Llf3 can be summarlzed as followss
For the system of dlfferentlal equatlons (a2, 2) the forvard

‘dlfference equatlon for predlctlng Ypt12 with the values yh 5 - y known, ‘

=]

™Y sgmun 'Mﬁq+2@$atmﬁa+?wﬁﬁf*“;5f

A‘corrected,value of‘yn+i is‘obtéined from
R S IR < i - :
yl=w+ﬁmmww+mh+mh ny-(uw
' where the: y L from (a2, 13) is employed to calculate Theqe
' The descrlbed Taylor serles method has been used to start the:
‘computatlons.
None of the descrlbed methods has produced the convergent

29

solutions. Applylng the method-proposed bvaparkes the convergent
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solutions for (A2.1) have been obtained. These are compared to
those calculated by the methods described here., Fig. A2.1 shOWS
the relafive‘diffe:ence between the electrostatic fiéld'computed by
these methods and the one that follows from Sparkes' algdrithm»(the

_point x = O corresponds to the metallﬁrgical junction).

AR,
CEE

M50 e w510t

. Fig.A2.1
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Appendix 3

~ The equation governing the hole density distribution‘is 
= "y B, S wmay
By f1.14) and (1 15) .
1
o 'D(N)(E )2 o g .
- Dp = E . o S S (AB('Z_)
‘for a1l E = E_. It follows that (A3.1) may be written as
dp = E - p T . _ , S )
& T g (- e (43.3)

) (B 4E L) 2

‘The second term on the right hand‘Side of (A3.3)'défineé the lover limit
"pmin for the hole dens1ty 1n the electron depleted base section, next
to the collectors '_ | | | o

’ ’f It is obv1ous from (A5.3) that all hlgher derlvatlves of p can
'be recurfently expressed as products of (p-pmln) and the correspondlng

‘;functlons 1nvolV1ng the der1Vat1ves of E. Consequently, at p—pmln all

 derivatives of p reduce to Zero and p does not change as- long as (AB.B)
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S Appendix 4

Summary of the calculations in chanter 4

L Thecpﬁrpcse‘of this appendik is to surmarize the'prccedure
described in chapter 4;1 The sections are inﬁicated following the
-fnctaticn_of Fig. 4.1.r‘ | | |

| - Section 1 = The electron.density and electron currept dengity
xaretnegligib1e° for“a chosen pt; such that Pic < p; < pP§’ Vary'E£
‘»to obtain max(x! - Xy ) or max(x" - X, ) (the fiow chart of Fig. 4.3)e .
: Sectlon 2 - The electron denslty and electron current den51ty
Cfare negllglble- -us1ng the pair Pys Et obtalned in sectlon 1 perform a
"51ng1e computatlon of p(x) and E(x) towards the collector Junctlon.
| Sectlon 3 - The electron den51ty and electron current density
are negllglble, u51ng varlous palrs (p,E) obtalned by the 1ntegrat*on
1cf_sectioﬁ 2; euch that E. > ch and p ,s pj ’ perform the 1ntegrat10ns
of tﬁe "electron depleted" bese section. (mach 1ntegrat10n glves a set
?bof solutlons which corresponds to a dlfferent VCB voltage).
| : Sectlon 4 - The electron current den51ty is negllolble,, for
e‘a chosen Ps such that pl <. p'< phlgh’ and E O vary n to obtaln the
in? B ) (the flow chart of: Flg. 4. 7).’
ectlon 2 The electron current denslty is negllglble' u51ng R
ﬁarious palrs (pr’ nba) obtalned from the caloulations of‘sectlon 4 at T'
“a gzven current 1eve1 and E= O perform the 1ntegrat10n3'of the neoat;ve—
"1‘fie1d.bese section. (Each 1ntegrat10n glves a set of solutlons whlch |

_corresponds to a different VE voltage).

Sect10n~6‘-”The“electrontcurrent‘density'is negligible; the-
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sets (pk, o, .Ek) robt'ai‘ne»d fr;im the ‘calcvulations of sectidn 5, Such

are varied tc obtain max(x  .-x1):

- ‘ .
that p_ >’Pje an§1 1B 1 <! je' ’ emj ~1’?

the electron current density is estimated by (4.21).
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_ Agp_endix 5
- The local charge den51ty, denoted by F(x,u) in uhe sect1on

5.2 2, can be expressed 51mbolﬁcally in terms of x and u as
F(x,u)= - (p(x,u) - n(x u) + N(x) )y | o (A5.1)

| vhere the terns plx,u) and n(x,u) are given by eons.(5 4) and (5. 5) of
the sectmon 5.2,1. respectlvely. The partlal derivative of F with

respect to u is now

ou’ € (au ) S e (A5f2)

(N(x) is potentiél independent). U51no (5.4) end (5.5)

exp(u(tl/v )Jp(t)

a,__'_l_.‘_"”" ‘._'_
o = Ty e (ul/ i) (plo eyl /iy | D0 at),
CT e U .o ‘ : (45.3)
1 L . SR exp(—u(t)/vé)Jn(t)
.IEEY— v; exp(fu(x)/vé)(n(o)exp(-uo/VT)+Jf. an(t)‘ at),
RS il ;:.o o usa)
g op _ L R
an _ nx)
SR a? s V. >
and
| The second partial derivative of F with respect to u is |
16bviously‘> | . S
& = —&—tn-p) | (&
- =% n - p). Us.)

- T



Anvendix 6

The method for 1nvert1np th matriyx T

- The algorlthm for SOlVlng the linear system (5 25) can be
'formulatbd by an adaptatlon of the Gaussien algorlthm as follows.
Assume” that- 1t is p0551b1e to flnd two nonsingular matrices @ = (qmn)
and S=(s_ ) of the special fqrm
1
Q f 32 ‘e« . . . |'q_ =0if {

G -2

n f12 .,A Lo B R i henm
tn> mtl
SMe2 M2 SM-2,Mel| 2

Sya,md|

having the.property SRR ‘_"; 1 o ‘Qﬂf N PR
LRs = T.o o (a6a)

In order to solve (A6.1) determine the vector z such that

and then'

Seu =z . o 63)

7



: 204
Since Guv=_s-lQ-lQ§'T-1Ré, the vector du thuc determined satisfies
(5.25).

 To carry ouf'this program (A6,1) is written as

f . 519 +v‘si2 = byt
"'(‘5119"121)J'<s-12"121+522)"%572.3)»=t * t22+ t23‘
(o, q"23)‘”(523“32 33’*‘5 ) o t37 by 64)

)=t +t

Copep 1m0%1, =27 (S 1m1 Bie1 Mot Spie1 12 /=800 112 Bren 12
'Equating the corresponding coefiicients yields
511 = Ty ey (b
Sn-i n-1%n n41=tn,n~l’ g (46.5b)
n-l,nqn n-1" n,n tn n g ‘A6°5°)
®n, n+1 tn,n+l '—(A6°5d)A'
The relatlon (A6 5a) dlrectly ylelds Sp e+l the relations (A6.5b) and
: (A6.5c) may be rearranved to glve qn and 50 recursively as follows
. , :
__  2 = t11 | e s ‘;5 ~g»f' = e (A6.6)
Tn,n-1" tn n—l/sn-l n*l’ | ‘:-. T (86,72)
s =t (A6.7b)

n,n n, n- qn n-l n~1,n

The vector z can be determlned slmultaneously w1th Q. Fromk(A6.2) is

| zl =y
f"Zi qu, +- z2 =,‘r2.,_
Z, 3p T. Z, = Ty (56,8)

21,427 ZM-1" THel
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o o
21T
(46.10)

I

Zn = Tn 7 %,n-1%n-1°

. Writing out (A6.3) in components yields

‘ 511 6u1 + $12 6u2 =z

- Byy bu, +.523 6u3 Zp '

il

SRR TR TR e ’<A6‘11)

‘1Thé components of du, starting from the'lést, are now
B Sl RS TR B N
Vs, oo R (46.13)

6un é»(zn -t i

n,n-1l
The complete procedure can now be summarized as follows:

and Zh;‘starfing with n=1 from.the relations

1) Qompu#e S, o
R R T
e

_q_n,n-l= tn,n—l/snél,nfl

Spyn tn,n~ qn;nfltn-l,nv'“
 Zn " T qn,ﬁ-lzn-l;'

" 2) CalculateSu_, starting with n=M-1, from the relations

R T Rl VL TR

6un | (zn~jsn;ﬁ+1 5

un+l)/én,n°

© This algorithm breaks down when S, poy = O (If this is the case, then,
denoting by det(T) the determinant of the matrix T, det(T)=det(S)aet(Q)=

811522"‘8M-1,M-1= 0, and T is singular).

.
r/ E
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Appendix 7

Converpency criterion and the discretization error of the

1terat1ve scheme of sectlon 56203

eerhe condltlons which ensure the convergence of the iterative
S scheme*of sectlon 5.2.3 are contained in the theorem originally proved

142

: by Kantorovich which is quoted here in a form suitable for the problem
at hand (reference 24 De 367).

Assume that the followlng condltlons are satlsfled.

(i) For u=u( o) the initial approxlmatlon, the matrix T(u(O))

" has an inverse IT=T 1, and an estlmate of its norm is known.

NI = B | T (apa)
(ii) The vector u(O) approximately satisfies the system of

equatlons (5.25) in the sense that
b IITR (u(°))| = SRR R N (A? 2)
. e RE *
(111) In the reglon deflned by 1nequa11ty (A7.5) the components

ﬂof the vector R (u(O)) are tw1ce contlnuously alfferentlable with respect

to u and satlsfy

| ] = Fo o (47.3)
| (1v) The conotants B, 1., end F_ introduced above satisy
‘ithe 1nequa11ty
U R o ()
oo T2 SR e

‘Then the system of equations (5.25) has a solution u which is located in



S S 1-VYVi-aa, -
- = -
lw-uw| = g Ty o (87.5)
: [ vo N : L B . . - P
Morecver, the successive approximationsvu(k} defined by (5.17) exist

~and converge to u, and-the,speéd»of convefgence hay be estimated by the

inequality

= k-l

| |u(?) -ul = 1 (%o)zk-lnéz. R . ] .(A7.6‘)"
- By. defln::.t::.ons (5 26) T > J, B‘> o, and G > 0. Uﬁdér

. condltlons establlshed by (5 31) - |
’As Jisa speclal matrix, (see deflnltlons in 5 2.2.1) its norm can be

“wrltten exp11c1tly as

'J-l' MZ | | .V - »l L i . | (A7°8) ‘

1A

‘ where M=L/h. In view of (A?.?_) the condition (A7.1) is observed for
- B = Es . (a7.9)

(o’; !

“In relatioh to the initial approximatidn u' "’ the following constants

~are useful

¥, e v_;|‘£‘7—‘;3-| s urao)
CRem (W oEG®, 0 wpay

L =max |9-2%-| e T (A?.ila‘)

' ou- ‘ SRR - APNRE ST

for all o= x= L.

By applying. (5.27) to u(x) and introducing Taylor.series.
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representation for ulx + h), it follows that

-u(x-h)+2v.(.~,-y(xbh)+}]—t§(u(x—h)"+10u(x)'v'+u(x+h)")l = é—ﬁy - (a7.13)
Considering also (A7,11), for‘a selected u(o) .

2 N .6
1w _y#2u u (R H10F 4F )| = n2R -LY . (#7.14)

1 'u+112 n-1 m2£10

The conditions (A7.2) of the‘abqve theorem is satisfied for
R . ‘; LitR +.ﬁ4f 7246) ' o ';“' ' '1“ (A7 15)A'
; "W%* B m m/ ,' o . Nl
' Thus the condltlon whlch guarantees the convergenca of the 1terat1ve

‘-vprocess, (A7 4), bacomes

L'L (R +h Ym/240) , .
= X R _

A bound'for the discretization error

As a corrollary of the convergency theorem, a bound for the

,}dlscretlzatlon error can be obtalned. If the 1terat1ve process is

(o)

started with a u very close to the exact solution u, denote by e,

the vector w1th COmponents e 3
- rm

’ Assumlng that (A7.16) holds (1.e. h is suffﬂc1ently small), it follows..

from (A7 5) using (A7 15),

ey 12ty sn0 | S
eyl s : . o (wpas)
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where h, is defined by (A7.4). >Sin¢§ h = %»5

1- Vi~

1< — <2 (A7.19)

h
°

and a simpler error bound is

L2h4Ym/24Oz : o o
Llels m—mm—— i R ; (A?.20)
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Appendix 8
. The most effective way‘of cohtro7ling the type and concen~
tratlon of 1mpn11t1es w1th1n spe01flc regions of a semiconductor crystal
is through solld-state dlffu51on.’ Consequently, the dlffus1on of
__varlous impurities in semlconductors has‘become"the principal method
:_n the fab;-ication of junct:i.»on“ aevices. - A successfui contrel over
-the pchess of junccion formation bj‘sclid;state diffusicn has become
‘possible only after the process wes ﬁnderstood sufficieﬁtly weli tq
develop,an adequete model. FA briefvoutline cf the resultslfelevant
.to‘specificatics of the impurity profilesvof diffused Jjunction devices
: is given in this appendlx. o L »
. = Basic eguatlons - lefuslon processes Eenerally are descrlbed in terms
iv‘cf the so-called Flck's laWSlBZ; The flow den51ty of diffusing atoms,
'v_c#ossing an.arbitrary plane,‘is‘relatedeto the concentration gradient
at this plane fhrough firstAFick‘s lew |
F'=“’-D‘grad‘N-‘. o NN (8.1)
vl}The scalar proportlonallty factor D, dlffus1v1ty, is highly temperature
dependent. Thls is reflected quantltatlvely by D=D exp(-J /kT), where
f‘w is the activation energy for the partlcular type of impurity and D
jls a constant. ’ o kN : | _
| Appllcatlon of contlnulty equatlon to (48.1) ylelds Tick
: second.law :”
C®loem wa

The electric field associated withmfhis;processhis assumed,toube4



S | | 211
sufficiently small that therfield-aidedvdiffusion does mot occur..
However, if the ﬁensity of diffueing atoms approaches the density of
intrinsic carriers at.the temperature of diffusion, douﬁiinv of the
diffusion coef f101ent has been suggested 152 to account for the phenomena |
a55001ated w1th the fleld-alded dlffuulon.

Equation (AS 2) is of fundamental 1mportance in solld-state
‘diffﬁsion. VWhen it is solved and appropriate boundary_conditions are
appliéd} the.result is‘an expression for impnrity distribution in a semi-
conductor crystal. : - | o B ”

- lefu81on from vapour of constant 1mpnr1ty concentratlon - Pagsing a -

vapour of constgntwlmpurlty concentratlon over a semlconductor wafer
‘; wnich has been raised to a temperature near melting point results in
"_dlffu51on of 1mpur1ty atoms from the vapour 1nto the wafer. Provided

'the perlod of ad;ustment at the semlconductor surface is much shorter

than the t1me of exposure* the 1mpur1ty distribution in the wafer is

»obtalned by solv1ng (A8, 2) subgect to the boundary condltlons
N(o,t) = N = 1-_"' o (8u3a)
NEo,t) = o, L (A8.3b)

“*: The surface concentratlon cannot Jump 1nstqntaneously from zero to 1ts
v‘_flnal constant value, and. the boundary condltlon (AB.Ba) need be replaced
by the condltlon_relatlng the'flux to the'sur;ace v1a mass transfer to_
the flur away from‘the snrfacebtia‘solid-stete‘qiffusion.fi HOwever,‘if '
':the times invoired exceed several minutee, the'solutions nhiCh account’for‘
tthis external 1initation to.the‘rate of transport of the impurities merge

.into the complementary error functionlas.



.wi}éié'
end the initisl condition’ .
N(x,6)¥o.v _ | S | ., | r'f , (A8.4)
Thg resultris‘the complementgry errorbfﬁﬁdtion - v | |
Nt ertel/2VE ) UB.s)

~ Diffusion ffom a planar source - This is a two-step process. A fixed

amount of impurity No is predeppsitéa on the surface of a wafer, and
4 then subjected to a high temperature treatment, usually carried out in
. an oxidizing ambient. The oxide layer vhich is formed at the surface
_'tends to seal the dlffusant 1nslde the vafer. - Approximating the pre~
“dep051ted proflle by a delta functlon y the boundary conditions for the
second’ step are -
,”N(o,o)=No R e . (48.6a)
Neoyt)=o. o (AB.6b)
"The impurity distributién,'subject to the above approximation is given by

a Gaussian profile

Nort) = o exp(aDt). (Bl7)

‘4* Thls approx1matlon applles 1f the penetratlon of the predepoulted rro-
1flle is negllglbly small in. comnarlson to that of the final proflle afber
the drive~1n step. 0therw1se,,the problem is much more compllcatea '

and its,éolution requires.applicatién of numerical meth9d5123.
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APPENDIX 9

LIST OoF DATA WHICH ARE READ-IN FQR EFFECTING THC CALCULATI~‘
ONS OF THE STRUCTURE OF FIG Tel

"Q - ELECTRONIC CHAQGE'. IN COULOMBS

VT - THERMAL VOLTAGE (KT/Q) + IN VOLTS

EPS - DIELECTRIC CONSTANT OF THE SEMICONDUCTOQcIN PE/CM _
DOPE - SURFACE DONOR DENSITY OF THE EMITTER DIFFUSIONs IN Cfi-3
DOPB1 = CONCENTRATION OF THE FLAT SECTION OF THE ACCEPTOR
DISTRIBUTION IN THE EMITTERs IN CM-3

DOPB2 - YEQUIVALENT! SURFACE ACCEPTOR DENSITY OF THE BASE
DIFFUSIONs IN CM-3

' DOPC -~ COLLECTOR BACKGROUND DOPINGq IN CM-S
"ED1+ED2 -~ DENOMINATORS IN THE ARGUMENTS OF THE COMPLFMENTAQY

ERROR FUNCTIONS ASSOCIATED WITH THE EMITTER AND BASE DIFFUSI—

. ONS RESPECTIVELY,s IN CM
"E1IMAXSEZMAX ~ LIMITS FOR THE AQGUMENTS OF THE CONPLEMENTARY

ERROR FUNCTIONS AFTER.WHICH THESE FUNCTIONS BECOME NEGLI1GISLE
E1SMAXIE2SMAX = LIMITS OF THE ARGUMENTS OF THE EXPONENTIAL

 FUNCTIONS AFTER WHICH THESE FUNCTIONS BECOME NEGLIGIBLE

XEJ — POSITION OF THE EMITTER-BASE METALLURs JUNCTIONs IN CM

XCJ = POSITION OF THE COLLECTOR-BASE METALLUR«JUNCTION, IN CM

XMAX — POSITION OF THE COLLECTOR CONTACTs IN CM
XK1 = POSITION OF THE POTENTIAL REFERENCE POINTs IN CM

DX < DISCRETIZATION STEP IN THE COLLECTOR DOMAINs IN CM
‘ECH+ECE -~ THE CHARACTERISTIC FIELDS FOR THE HOLE AND ELECTRON

MOBILITIESQRESPECTIV“LYQ DEFINED BY EQUATION(I-IEA) AND GIVEN
IN TABLE 2B

DELU - REQUIRED QELATIVE ACCURACY OF CALCULATING THE NORMA’I—»

ZED. ELECTROSTATIC POTENT I AL (NORMAL IZING FACTOR 1S vT)
USMALL ~ LOWER LIMIT FOR THE NORMAL IZED POTENTIAL AFTER WPICH'
THE ACCURACY OF CALCULATIONS 1S NOT TESTEDe IN vT

-~ "VAPEO - EMITTER BIAS VOLTAGEs IN VOLTS

- VAPCO - COLLECTOQ BIAS VOLTAGEs IN VOLTS - -
. 'VAPES+VAPEB - SMALL AND LARGE INCREMENTS RESPECTIVELY IN THE
EMITTER BIASs IN VOLTS :

VARPCSsVAPCB - SMALL AND LARGE INCQEMENTS RESPECTIVELY IN-THE
COLLECTOR BIASs IN VOLTS ' . oo

"ANT “'INTRINSIC CARRIER DENSITY» IN CM~ 3

BOsB1+8B2 — COEFFICIENTS IN THE DISCRETIZATION FORMULA (S 27)

HAVING VALUES 1/12+10/12 AND 1712+ RESPECTIVELY

TPOsTNO - HOLE AND ELECTRON LIMITING LIFETIMESes IN SECONDS
HORsEDR — HOLE AND ELECTRON CONCENTRATIONS RELATED TO THE

- ENERGY LEVEL OF TRAPSs - IN CM-3
XAP - LENGTH OF THE FULAT PART OF ACCEPTOR DISTRIBUTION N
EQUATION (7e1)¢ IN CM C
~ USFO - MAGNITUDES OF THE FIRST'(Nfl) POTENTIAL.SECTIONS IN |
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THE COLLECTOR DOMAINs IN VT
~ HDK1 = THERMAL EQUILIBRIUM HOLE DENSITY AT Thr POTENTIAL

' REFERENCE POINTs IN CM=-3

DX1 - DISCRETIZATION STEP IN THE EM]TTER DOMAIV. IN CM
VCCOR - ABSOLUTE VALUE OF THE REDUCTION OF POTENTIAL DISTRI-
BUTION IN THE COLLECTOR TRANSITION REGION PER 1 MILLIVOLT OF

L EMITTER BIAS(NONZERO AT VERY LARGE CURRENTS ONLY)sIN VOLTS

KMAX — TOTAL NUMBER OF DISCRETE POINTS IN A STRUCTURE
K1 - NUMBER OF DISCRETE POINTS IN THE EMITTER DOMAIN ,
~16-= NUMBER OF INCREMENTS OF EMITTER BIAS PER RUN OF THE
. PROGRAM = , B SR ' - -
ITERM — MAXIMUM NUMBER OF ITERATION TOLERATED BEFORE THE
RELATIVE ACCURACY DELU IS ACHIEVED . '
- KWRITE - THE RESULTS FOR EACH KWRITE=TH POINT IN THE EMITTER
DOMAIN ARE WRITTEN OUT»STARTING WITH K=1 . o S :
LIMEsLIMC = NUMBERS OF DISCRETE STEPS IN THE EMITTER AND
"COLLECTOR DOMAINS RESPECTIVELY
NC -~ NUMBER OF INCREMENTS OF COLLECTOP BIAS PER RUN OF THE

. PROGRAM

AP OANN0N0N0NNNNNNA0N000AN0N00000 1

© MAN = INDEX DETERMINING WHICH BOUNDARY POTENTIAL IS CHANGLD-'
MAN=0 REFERS-TO THE EMITTERYOTHERWISE TO THE COLLECTOR

10 = EACH ]0-~TH SET OF COMPUTED INT:RNAL DISTRIBUTIONQ 15

WRITTEN ouT

KW1 — INTEGER MULTIPLE OF KWRITE DETERMINING THE LAST POINT

IN THE EMITTER DOMAIN FOR WHICH THE RESULTS CAN BE OUTPUTED

L KW2 = INTEGER MULTIPLE OF KWRIT1 DETERMINING THE LLAST POQINT

"IN THE COLLECTOR DOMAIN FOR WHICH THE RESULTS CAN BE OQUTPUTED

KWRIT1 - THE RESULTS FOR EACH KWRIT1-TH POINT IN THE CCLLEC-

TOR DOMAIN ARE WRITTEN OUTSTARTING WITH K=KI '

- KREC -~ ALWAYS GREATER THAN K1sUSUALLY CORRESPONDS TO A POINT

. NEAR COLLECTOR-BASE TRANSITION REGION BOUNDARY

. QNOsGPO -~ TOTAL ELECTRON AND HOLE CHARrES.RESPECTIVCLY.Im A
IDEVICE AT THERMAL EQUILIBRIUM
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" THE FORTRAN 1V VERSION OF THE COMPUTER PROGRAM FOR CALCULA—
"TING THE TRANSISTOR STRUCTURE OF FIG.7.1

'PRFLIMINARIE50INTRODUCT]ON OF DATAvAND SPECIFfCATION OF CON-

STANTS AND ARRAYS
nDIMﬁNSlCN U(1674)!HD(1673)!ED(1673)!DELTA(1673)9USF(IO)OKR(IO)
COMMON/AP/GR(1673)'CHCI(1673)'CECI(]673)0HC](]673)OECI(1673)9

-~ XGRI(1673)

COMMON/pOCO/DX'TMOBO'BI’BZ’DXSQBO9UXSQBI'DXSQBZ’TOVIGKM'KVPQV

#K 1K IMIAKIM2eK 1PlvK1P29LOODXl9DX15809DX15819DXISB2¢TM10KK1

COMMOV/DFUM/XApcoOPE9DOP81ODOPBZODOPCvEDl':DZOEIMAXOEZMAX!

. *E1SMAX+E2SMAX TR .

COMMON/DIFFS/VTSECHECE'
READ(S+55)QsVT1EPS DOPE!DOPBIODOPBZVDOPC'EDIOEDEOEIMAXtEZNAXq

VIEISMAX'EZSMAX XEJ e XCUs XMAX XK1 sDXeECHsECE +DELUTUSMALL v VAPEOs
L 2VAPCO Y VAPES«VAPE B.VAPCS-VArCB'ANIn80981!BZvTPOOTNO!HDR'EDR',

ﬁ_.ss

58

155

66

BXAPSUSFOs HDKI!DYI;VCCOR

FORMATI(E14e7)

READ(S5458) KMAXQKI!IGQITERM!KWRITE!LIME!LIMC’NC!MANO]0 KUI!
IKW2esKWRIT1sKREC -

FORMAT(15)

READ(S:155) QNO QPO

FORMATI{E1447)

WRITE(6:66)

FORMAT (1H1 +4Xe JOHINPUT DATA)
WRITE(6960)@.VT95PS.DOPE!DOPBI!DOPBZtDOPCQEDl0EDE!E1MAX!E2VAX'

xIEISMAXOE25MAX'XEJOXCJ'XMAX9XK1!DX'ECH!ECE'DELUQUSMALL!VAPEOe

2VAPC00VADEStVAPEBoVAPCS!VAPCB!ANI080!811820T001TN01HDR'EDR1

) 3XAP1U5F0$HD<1ODV19VCCOR

60

FORMAT(SquPE14o7)

CWRITE(6464)

.64

65

596

597

FORMAT (1HO+4Xy12HINTEGER DATA) _ :
WRITE(6+65) KMAXsrl-IGa1TERM.KNRITEoLIMEcLIMCoNc-MAN.10-rw1q
IKW2 . KWRIT1 4KREC et B .
FORMAT(5X15)

WRITE(61596) R ’ :
FORMAT ( 1HO s &4X s 23HTHE EOUILIBR[UM CHARGES)
WRITE(6+597) QNO4QPO

FORMAT(CY:IPE]407)

T=Q/EPS ‘

AN1S=ANI*#AN1

KMAX1=KMAX . + 1

T KMA=ZKMAX — 1
KM=KMAX - 2
KiMi=K1 - 1
KiM2=Kl -2
KIP1=K1 + 1

2

T K1P2=K1 +
LO=KM - K1



KRECI=KREC + 1
N=0 -
S 1VP=0

1 AIE:O '

- 1C=0
- le0
FLIME= FLOAT(LIME)

FLIMC=FLOAT(LIMC)

DINC=FLOATI(KWRITE)

DXW=DX#DINC

DINC1= FLOAT(KWRIT[)

DX1W=DX1*DINC1
VAPPLE=VAPEO

VAPPLC=VAPCO
. TOVT=T/VT
C TM=-THDX%DX/VT .

- DXSQBO=DX*DX%*BO -
DXSQB1=DX*DX*B1
DXSQR2=DX¥DX*B2
TMI==T#DX1¥DX1/VT
DX1SBO=DX1%*DX1#B0
DX1SB1=DX1#DX1*B1
- DX1SB2=DX1%DX1%*B2

. CON=TPO#EDR + TNOXHDR

. DX2=DX/2.

DX12=DX1/2.

POTENTIAL GUESSs FIRST ORDER THEORY

X=O. . E : . -

. DONO=DOP(X)

"S=AN1/DONO AR U v
ED(1)=DONO*(1e + SQRT(1. 4 Le%SES))I/ 2

'fHDtl)-ANIS/cD(l) A

X=XMAX

 DONL=DOP (X)

. S=ANI/DONL R D s S

 ED(KMAX)=DONL* (14 + soRTcx.'+ 4e%SHS) )/ 2e

" HD(KMAX ) =ANIS/ED(KMAX)
HD (K1) =HDK1
X=XEJ

~ AEJ=DERDOP (X)

X=XCJ

T ACJ=DERDOP (X)
VE01—+VT*ALOG(HD(K1)/HD(I))
VEQ2==VT*ALOG(HD(KMAX) ZHD (K1)}

. VEM1=VEQl + VAPEO.

VCOL=VEQZ + VAPCO
AEJA=ABS(AEJ)
-ACJA=ABS(ACY)
VEA=ABS(VEMI)
VCA=ABS(VCOL)
VEMIN=VEMI VT

216
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© VCOLN= VCOLAVT
- AEL= (3.%EPS/(¢0%ORAEJA)*VEA)**(lo/3o)

XEP=XEJ - AL
XEN=XEJ + AEL ,

EEJ= Q¥ AEJH¥AELXAEL /(2,6 % CPS)

ACL= (3-*:PS/(2.*O%ACJA) VCA)W*(I /3.)“

. XCN=XCJ -~ ACL.
S XCP=XCJ. + ACL

ECJ—Q“ACJ*ACL*A’L/(Eo*EPS)

S UC1Y=VEMIN

U(K1)=0e

DL UCGKMAX ) =VCOLN
 _A1——O‘AEJ/(6.*EPSxVT)
CUA2=Q¥AEJXXEJ/ (24 XEPSHVT)

AB==Q¥ AEJAXEP% (24 #XEJ - XEP)/(Z-*EPS*VT)

L A4=U(])+Q¥AEJRXEPXXEPY (XEJ/2. = xsp/3.)/(5p5*vr>
. B11==Q¥ACJ/ (6 *EPSHVT) | o
 B22=Q¥ACJ%XCY/ (24 *EPSHVT)

B33=~Q¥ACJHXCN¥ (2 ¢ #XCJ — XCN)/(ao*EPS¥VT)

" B&44=UK] ) +Q%AC IAXCNH¥XCN* (XCI/2e = XCN/3e )/ (EPS*VT)
X=0a' e e R S

. pO°"901 K= 2.K1M1

X=X+ DXI

U IFtXeGTWXEP) GO TO 902

902

901

SUKY=UC(L)
60 TO 901

IF{XeGTs XEN) GO TO 903 A
ULK) =A1#XEX%X + Aa%x*x + As*x + A4

GO TO 901} _—

UK =UIK])

CONTINUE

DO 905:K= KlPlsKMA

X=X + DX :

CIF(XeGTeXCN) GO TO 906

UK)=U((K1)

GO TO 905 -

906

907

905

IF(XeGTeXCP) GO TO 907

UKy =B1 1 #XEX#X + saa%xxx + 833*X + 844

GO TO 905 | G
UKy =U (KMAX) o ;-;4w:'“*
CONT INUE" ‘ AT

ﬂU(KMAXl) 2.*U(KWAX) - U(KMA).

 WRITING OUT THE POTENTIAL GUESS
CWRITE(6461)

61

FORMAT ( 1HC 4Xa15Hp0TENT1AL GUESS)
X=04¢

DO 162 K=1+KW1sKWRIT1

UR=U(K)#VT

" WRITE(6+62) XsUR

162
e 62

/.

X=X + DX1W _
FORMAT (5X91PE14e7+3XsE14e7)
X=XK1 + FLOAT(KW2 - K1)%DX
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DO 163 K= KWZoKMAX'KWRITE
UR=U(K) *VT
. WRITE(6462) XsUR
7163 X=X + DXw
‘ VEB1=VAPPLE
_VCB1=VAPPLC
© WRITE(6+71) ' - ‘
'71_FORMAT<1H1s30X-26HDOUBlE DIFFUSED TQANSISTOR),
LA=0 .
ITER=1
GO TO 35
- 300 ITER=ITER + 1 S : S -
o IF (VAPPLE. EO o..AND VAPPLC EQ. o.) GO TO 35

‘¢ RECOMBINATION RATE
" GR(1)=0,
 GR{KMAX) =0
0 DO 110 K=21KMA R N PR AR Ve A
S 110 GR(K)-~(HD(K)*ED(K) - AN!S)/(TPO*ED(K) + TNO¥HD(K) + CON)

. RECOMBINATION CURRENT DENSITY

U GRI(1)=0.

: . DO 111 K=24K1 S :

U111 GRI(K)I=GRI(K~-1) + (GR(K-1) + GR(K)}#*DX12
. GRIR=GRI (K1) IR B o

" GRI(K1)=0e

DO 211 K=K1P1+KREC ) SETT R

211 GRIIK)=GRI{K=1) + (GR(K—-1) + GR(K))*DX2

.+ DO 1211 K=K1+KREC , - S

1211 GRI(K)I=GRIR + GRI(K)

0 GRIR1=GRI(KREC)

GRI(KREC)=0,

i DO 2211 K=KREC1+KMAX . , S

~s2211 GRICK)I=GRI(K~1) + (GR(K=1) + GR(K))I¥DX2 "

S DO 3211 K=KRECsKMAX R :

3211 GRIIK)=GRIRL + GRI(K)

: COUNT!NG THE NUMBER oF COLLECTOR DOMAIN POTENTIAL SECTIONS ;
302 X=0, o Sl
U ANOS= A%S(U(KMAX) - U(KI))/USFO'

NOS=INT(ANOS) + 1°

"NOS1=NOS + 1

USFI(1)=0, .

IF(NOS.GT«1) GO TO 621

USFINOS1) =U(KMAX)

GO TO. 1302

C " NUMBER OF SECTIONS AND THE INTEQMEDIATE POTENT[AL REFERENCES
621 DO 125 M=2+NOS ‘
125 USF(M)=USF(M~-1) + USFO

USF(NOSI)—U(KMAX)
1302 X= Oo

-
LA



EMITTER . DOWAIN
DO 1288 K=1+K1Ml
E=ABS( (UIK+1 )

 DOP1=ABS!DOP(X)}/1+CE+16
- DP=DH (X1E+COP1) : '
" DN=DE(XsE+DOPI)

1288

HCI{K)=EXP(U(K))/DP
ECI(K)—Io/(EXP(U(K))*DN
X=X + DX1

NORWALIZED FUNCTIONS FOR THE COLLECTOR DOMAIN

M=l

KR(M):KI

- UREF=U(Kj)
" DO- 2288 K=K1+KMAX

E=ABS( (U(K+1)

. DOP1= ABS(DOP(X))/1.05+16

DRP=DH{X+E+DOP1)

. _DN=DE (X+E+DOP1)

'f;;F(ABS(U(K)).GT.ABS(USFtM+1>))
THC 1 (K)=EXP{UI(K)

. gz8z

288

2288

GO TO 2288

'IF(MT EQe NOSl)

IF(KeEQeKMAX) GO TO Bz82
-UREF)/DP

ECI(K)=EXP(UREF - U(K))/DN

MT=M + 1
GO To 8282
M=MT SR

UREF=U(K=1)

T KR(M) =K=~1
CHCI(K)=EXP(U(K)Y -
: ECI(K)*EXP(UREF -

U(K)}/DN
X=X "+ DX . SR
KR({NQOS1 ) =KMAX

’IF(VAPPLE EQ Oo.AND VAPPLCo

‘CONSTANT 'HOLE CUQRENT DENS!TY.
HCINDE=0. :

HC INNE=0,

DO 2506 L=2+K1

L2506

K=Kl =
HCINDE=HCINDZ +

L+ 2

(HCI(K-1)
HC INNE=HCINNE +.
HC INNE=HCINNE#DX12

HC INDE=HC INDE*DX1 2

- U(K))/DX)?VT

UREF)/DP

lNTEGRAVDS FOR THE CURRVNT

- U(K))/DXI)*VT

G‘.bl)

a9

GO TO 288

SHIFTING THE POTENTIAL QEFERENCE POINT

GO TO 631

EM&TTEQ'DOMAIN

+ HCI(K))
(GR!(K~])wHCI(K—l)+GRI(K)*HCI(V))

INTEGQAle_

INTEGQALS

AHCOE= (HD(I)*EXP(U(1))—HD(KI)WEXP(U(KI))"HCINNE)/HCINDE

IF(NOS.GTol) GO TO 2302

CONSTANT HOLE CURRENT DENSITY;COLLECTOR DOVAIN
" SINGLE SECTION CASE -

"HCINDC=0,



HCINNC=0,
DO 118 K=K1P1 1KMAX S
HCINDC=HCINDC + (HCi{K=1) + HCI(K}) _

118 HCINNC=HCINNC + (GRI(K=1)#HCI(K=1)+GRI(K)I¥HCI(K))
 HC INDC=HC INDC*DX2 o ' S
HC INNC=HC INNC#DX2 o _ SR E
CH=HD(K1)¥EXP(U(KK1)) = HDIKMAX)*EXP (UIKMAX))

”'AHCOC-(CH - HCINNC)/HCINDC' o

CONSTANT ELECTRON CURRENT DENSITY-SINGLE SECTION
ECIND=0.
ECINN=0, : A
DO 313 K=2:K1 s R S
- ECINN=ECINN 4+ (GRI (K- 1)chx(K—1) + GRI(KI¥ECI(K))Y
313 ECIND=ECIND + (ECI(K~1) 4+ ECI(K)) : e
o ECINNT=0,. : ol
CECIND1=0,
DO 113 L=K1P1+KMAX
K=KMAX = L + KI1P1
. ECINN]=ECINN] + (GRI(K—l)“ECI(K—I)+GQI(K)KECI(K))
113 ECINDI=ECINDI+(ECI(K=1) + ECI(K))
’ ECINN=ECINN#DX12 + ECINN1¥*DX2
ECIND=ECIND%*DX12 + ECIND1%*DX2
D CE=ED (KMAX) ZEXP (U (KMAX)) - ED(I)/EXP(U(I))
"AECO=(CE + ECINN)/ECIND
6O TO 631‘ '

e CONSTANT HOLE CUQR:NT DENSITY. COLLECTCR DOMAIN-
2302 K=KMA . : c
. 880 UC=U(K) - U(KMAX) Lo
o IFCABS(UC) « GTLUSFO) GO TO 881
K=K - 1 Chlaa
ST GO TO 880
S 881 KI=2%(K/2) + 1
K=K - , ORI
©X=XK1 + FLOAT(KI — KI1)¥DX
"UREF =U (KMAX) o
- HCINDC=0.
HC INNC=0," '
E1=ABS((U(K+1) - U(K))/DX)*VT
DOP1=ABS(DOP(X))/1+E+16
CT22=EXP(UIK) -~ UREF)/DH(XyEI-DODI)
DO 2507 K=KIs1KMA
L X1=X + DX
U T1isT22 v S
CE2=ABS((UIK+2) = UIK+1))/DX)*VT
DOP2=ABS (DOP(X1)) /1 +E+16 :
CT22=EXP(U(K+1) = URCF)/DH(XleEZnDOPE)
HCINDC=HCINDC + (T11 4+ T22)
HCINNC=HCINNC. + (GRIUK)*T11 + GRI(K+1)¥T22)
2507 X=X + DX
. HCINDC=HC INDC#DX2
. HCINNC=HC INNC*DX2



el

_AHCOC=(—-HD(KMAX) - HCINNC)/HCINDC

C  CONSTANT CLEbTQON CURRENT DENSITY
L KAUX1=2%¥(RR(2)/2) - 1
 ECIND=0." : »
; EClNN=Oe

DO 3505 K=2sK1
. ECINN=ECINN + (GRI(K=~]1)¥ECI(K=-1) + GRI(K)%ECI(K))
3505 ECIND=ECIND + (ECI(K=~1) + ECI(K)) :
: T ECINN1I=O, ‘ :
. ECIND1=0,
- DO 2505 L=K1P11KAUXI
 K=KAUX1 - L + KI1P1
© 0 7 ECINN1=ECINNI + (GRI(K=1)%ECT (K~ 1)+GRI(K)*ECI(K))
. 2505 ECINDI=ECIND1+(ECI(K—~1) + ECI{(K))
s ECINNz=ECINN*DX12 4 ECINNL1#DX2
. ECIND=ECIND*DX12 + ECIND1%DX2
' AECO——(ED(I)/CXP(U(I)) - ECINN)/CCIND

C. HOLE DENSITY DISTRIBUTION- EMITTEQ DOMAIN
631 CHC1(1)=0, BB :
T HDEXP=HD( 1Y #¥EXP(U1)) SR S ' ‘ L
CHCI(2)=(HCI(1)% (AHCOE+GRI(1)) + ch(2> (AHCOE+GQI( Y)Y #DX12
HD(2)=(HDEXP =~ CHCI(Z))/EXP(U(Z)) » o
: K=z
- 5050 K=K + 1
. DCHCI=(HCI(K- 1)*(AHCOE+GQI(K 1))+HCI(K)¥(AHCOE+GHI(K)))WDX12
_IFC(AHCOEGEQ.Os) GO TO 4015

QUOT=DCHCI/CHC I (K=1) :
S0 IF(ABS(QUOT)¢LTeDELU) GO TO 5051

4015 CHCI(K)=CHCI{(K~1) + DCHCI

S HDIKY = (HDEXP ~ CHCI (K ))/EXP(U(K))

IF(KeLTeK1) GO To 5050
s 60 TOo 5151
5051 HDEXP= HD(K—I)*EXP(U(V~1))
: ‘CHCI(K=1)=04

CCHCI(K)=(HCI (K~ 1)%(AHCOE+GRI(K-1)) + HCI(K)”(AHCOE4GRI(K)))*DX12

THDUK) = (HDEXP ~ CHCI(K))/EXP (U(K)) , B : -

IF(K.LT.K!) GO TO 5050

~ AHOLE DENSITY DISTQIBUTIONc COLLECTQR'DOMAIN -
51851 CHCI(K1)=0s e s ey
' M=1 o

"NREF =KR ()

UREF=U ({NREF)
'_CHCI(K1P1)—(HCI(K1)’(AHCOC+GRI(Kl))+HCI(K1Pl)*(AHCOC+»
C#GRICKIP1)) ) #DX2
" HDU{KIP1)=(HD(NREF) - CHCI(KIPI))*EXP(UREF - U(KlDl))

K=K1P} : ‘ ' :

2910 K=K + 1 B

CHCI(K)=CHCI{(K=~1) + (HCI(K~]1)%*(AHCOC+GRI(K~1))+HCI (K)#*

% (AHCOC+GRI(K)Y Y #¥DX2 . T
HD(K)=({HD(NREF) — CHCI (K))*EXP(UREF - U(K))

e
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CIF(KeEQeKMA) GO TO 3666
: IF(KeEQeKR(i4+1)) GO TO 4040; : ) ) S ) S
Go To 2910 _ EE o SR ' I

SHIFTING THE POTENTIAL REFEQcNCE POINT
4040 M=M + 1 : :
- NREF=KR(M)
UREF=U(NREF) .
X=XK1 + FLOAT(NREF - Kl)*DX
CHCI (NREF)=0e
E=ABS{(UINREF+1) - U(NREF))/DX)*VT
 DOP1=ABS(DOFP(X))/1¢E+16
HCI(NREF)=1¢/DH{X+E*DOP1)
K=NREF + 1
4CHCI(K)_(HCI(NREF)*(AHC0C+GRI(NREF))+HCI(K)*(AHC0C+GRI(K)))XDX2
CHDUK)={HDINREF) - CHCI(K))XEXP(UREF — U(K)) - c
. IF(KeEQeKMA) GO TO 3666 B
GO TO 2910 ST

C ELECTRON DENSITY DISTRIBUTIONo 'COLLECTOR DOMAIN
3666 CECI1(KMAX)=0, L S
- .M=NOS1
NREF =KR (M) ,
 NREF1=KR(M-1)
UREF =U (NREF)
“UREF1=U(NREF1) ,
- COR=EXP (UREF - UREF1)
DX22=COR*DX2 . e R S o : N
CECI(KMA)-(ECI(KMAX)&(AECO GQI(KMAY))+ECI(hM )% (AECO-GRT (KKMAY ) )
S 1%¥DX22 - e IR '
,ED(KMA)~(ED(NREF) CECI(KMA))*EXP(U(KNA) ~ UREF)
‘ K=KMA , : ‘
4010 K=K - 1 -
S IR (K TeK1) GO TO 4012
U IF(KeEQsK1) GO TO 4011
; IF(KeEQeKR(M—~11) GO TO 4020 : o R
4011 CECI(K)=CECI(K+1) + (ECI(K+1)*(AECO—GRI(K+1)) + ECIIKY*
# (AECO=GRI1(K)))1%DX22 g T e
ED(K)=(ED(NREF) - CECI(K)) rxp(U( UREF)
GO TO 4010 P

¢ SHIFTING THE POTENTIAL REFERENCE POINT
4020 X=XKI + FLOAT(K - KI1)¥DX
o E=ABS{LUIK+1)=UK) /DX *VT
DOP1=ABS(DOP(X))/1E+16
DN=DE(X+EsDOP1) ' S EE SR . .
CECI{K)=CECI(K+1) + (ECI(K+1)%(AECO=GRI(K+1)) + (AECO-GRI(K})
%/DN) #DX22 T e T L R
ED(K)=(EDI(NREF) = CECI(K))*EXP(U(K) = UREF)
M=M - 1 o ' » . :
NREF=KR (M)
NREF 1=KR(M~1)
UREF=U(NREF)
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UREF 1 =U(NREF 1)
. COR=EXP(UREF =~ UREF1)
DX22=COoOR*Dx2 '
" CECI(NREF)=0s4
K=NREF - 1 : e ;
CECI(K)—(ECI(NREF)m‘AECO GQx(NREF)>+ECI(K)v(AECO GRI(K) ) )%
1DX2%COR
ED(K)=(ED(NREF) =~ CECI(K))%EXP(U(K) - UREF)
GO To 4010 ' o ' L .

- ELECTRON DENSITY DISTQIBUTIONq EMITTER DOMAIN
4012 K=iK1iMl - - .
"CECI(K1)=0,
. EDREF=ED(K])
CECItK) = (ECX(Kl)*(AECO GQI(KI)) + ECI(KIMI)K(AECO GQI(<1M1))\
C%%DX12
ED(K)=(EDREF - CECI(K))wEXP(U(K))
4030 K=K = 1
DCECI—(ECI(K+1)*(AECO~GRI(K+1))+ECI(K)%(AECO GQI(&)))*DXIZ _
IF(AECO.EQeOs) GO TO 5052 :
" RATIO=DCECI/CECT(K+1)
LR IF(ABS(RATIO) «LT.BELU)Y GO TO 4014
5052 CECI(K)=CECI(K+1) 4+ DCECI
ED(K)=(EDREF =~ CECI(K)I¥EXP(U(K))
. 1IF{KeGTe2) GO TO 4030 E
GO TO 4666
4014 EDREF= ED(K+1)/aXP(U(K+1))
CECI(K+1)=0, - ’
CECI(K)z(cCI(K)‘(AECO GQI(K)) + ECI(K+1) (AECO- GQI(K+1)))*DX12
ED(K) (EDREF " CECI(K))*EXP(U(h)) ‘ : .
IF(K GTe2) GO TO 4030‘

‘C'" ” OUNTING THE NUMBEQ OF | ITEQATIONS
4666 X=0. P :
U IF(LAsEQe1) GO TO 303
"IF(ITER«GT+ITERM) GO TO 3
WRITE(6+102) ITER P
102 FORMAT(4Xs13HITERATION NOos12)

c . CORRECTION TO THE POTENTIAL DISTQIBUTION
' CALL POTCOR(HDsED UsDELTAqX)

- C TESTING THE ACHIEVED ACCUQACY
: DO 180 K=2+KMA :
‘UC=ABS (U(K))
IF (UC.LE.USMALL) GO TO 180 e
"AD=ABS(DELTA(K)) o I TR
ABRD=AD/UC B e R e
IF (ABRD+GTWDELU) GO TO 830
180 CONTINUE : '
DO 800 K=2+KMA , e
800 UIK)=U(K) + DELTA(KK) o,
’ U(KMAXI)—E.*U(KMAX) - UIKMAY -

o



LA=1

GO TO 300
"C ' OUTPUTING
“Cc ° APPLIED VOLTAGES

303 WRITE(6+77) VAPPLEVAPPLC
77-FORMAT(1H0~4X94HVEB~~1P514.7-4X94HVCB—qE14.7)

©¢ STORING THE LAST [TERATION ON THE TAPE 85
» WRITE(9) (UIK)sHDIK)IED(K) » K=1'1KMAX) )
CREWIND 9 : '
€ CONSTANT CURRENT DENSITIES

ECDO=AECO*Q
HCDOE=AHCOE*Q
HCDOC=AHCOC*Q
U WRITE(6s72) ECDO-HCDOEsHCDOC ’ '
72 FORMAT(1H094X!4HECD—91PE14 7e3Xo5HHCDE--E14 7~3Y-5HHCDC-.514.7)

STORED CHARGES OF DIFFLRENT POLARITI&S
‘HDI—-O. ‘
ED1=0, . :
DO 770 K=1+K1M1"
o L=Kl = K+ 1 R
" HDI=HDI + (HD(K) + HD(K+1))
770 EDI=EDI .+ (ED(L) + ED(L-1))
- HD11=0. T S
EDI1=0. -
. DO 769 K=K1+KMA
S L=KMAX - K 4+ K1
T HDTY=HDIL 4+ (HD(L) + HD(L 1))
769 EDII=EDI1 + (ED(K) + ED(K+1))
. HDI=HDI%*DX12 + HDI1¥*DX2
EDI=ED1%DX12 + EDI1%DX2
L WRITE(6+777) HDI1+EDI o « -
Y g FORMAT(1H0.4X.4HHDI-.1p514.7'4x.4HEDI_.E14.7>’
L ON=QRED
- apP=ax HOI

CURQENT DENSITIES AT THE EXTERNAL CONTACTS
ECUR=ECDO +. HCDOE

CCUR=ECDO. + HCDOC

BCUR=HCDOE - HCDOC'

¢ TEST FOR THE EMITTER VOLTAGE VAQIATlON
L - DVIN=VAPPLE - VEB1 ‘
IF(DVINsEQeOs) GO TO 3333

C -  COMMON—-BASE AeCo. CURRENT GAIN
© ALFA=(CCUR - CCUR1)/(ECUR — ECUR1)
C AeCe INPUT CONDUCTANCE AND RESISTANCE
I b ) N . /.. . ‘ ‘.. ‘



_?:225.

' GIN (ECUQ - ECURI)/DVIN
RIN“lo/CIV.

¢ TRANSCONDUCTANCE S
Lo TRANS (chR CCURl)/DVIN_

o INPUT CAPACITAVCE (THE ELECTRON CHARGE)
: 't_-CINN~(ON~OV1)/ABS(DVIN)

L€ INPUT CAPACITANCE (THE HOLE CHARGE )
B . CINP=(QP-QP1)/ABS(DVIN)

‘C ELECTRON CHARGE TRANSIT TIME
' TIMETN= (QN-GNO)/ABS (CCUR)

- C “HOLE CHARGE TRANSIT TIME
' vTIMETP (oP- OPO)/ABS(CCUR) '

¢ ELECTRON CHARGE CALCULATED LIMITING rREOUENCY
T - OMTN=TRANS/CINN .
OMTN= ONTN/(20*30141J926)

¢ HOLE CHARGE CALCULATED LIMITING FREQUENCY
-~ °  OMTP=TRANS/CINP
CoMTP= OMTP/(2.*3-1415926)

¢ *"COMMON EMITTER AeCe CURRENT GAIN
L BETA ALFA/(1.'— ALFA, S

”—c',,: coMNoN’BAsE DeCo CURQENT GAIN |
" ALFADC=CCUR/ECUR -

¢ COMMON-EMITTER D.C. CURRENT GAIN
"'”f;BETADC=ALFADC/(1.‘~ ALFADC)

C 7 WRITING OUT THE DERIVED TERMINAL PARAMETERS
L WRITE(6+598) ALFAOGINORIN-TRANS¢CINN9CINP'TIMETNvTIMETPoOWTNv_
. %OMTPECURCCUR s BCUR YON+QP s BETA s ALFADC + BETADC
598 FORMAT{SX+SHALFA=+1PE14+7//5Xs4HGINS1E14+7//5Xs 4HRIN=1E 144 707
15X s 6HTRANS=YE14 6 7//5X 4 SHCINN=2E1447//5X 1 SHCINP=4E1447/7
25Xy THTIMETN=2E 1447/ /75X THT IMETP=4E 144 7//5X s SHOMTN=4E1447//
35X 5HOMTP=E 144 7//5X s SHECUR=1E14 ¢ 7//5X 1 SHCCUR=1E1447//
#*5X1SHBCUR=9E 14 ¢ 7/ /5X 4 3HAN=1E 144 7//5Xs BHAP=0E1467/7/
:%sanHBETA~-E14 7//5X 2 THALFADC=1E 144 7//5Xs THBETADC =16 14 + 7

¢ TEST FOR THE COLLECTOR VOLTAuE VARIATION
3333 DVOUT=VAPPLC ~ VCBI
IF(DVOUT.EQeDe) GO TO 3334

C SHORT~CIRCUIT QUTPRPUT ADMITTANCE
: © YOUT=(CCUR =~ CCUR])/DVOUT

C JSHOQT CIRCUIT REVERD; TRANSF;Q ADMITTANC&
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. YRTA=(ECUR - ECUR1)/DVOUT

OUTPUT CAPACITANCE (HOLE CHARGE)
’COUnP ABD((QP - GPI)/DVOUT)

o, OUTRUT CAPACITANCE (ELECTRON CHARGE)
i COUTN ABS((QN - OVI)/DVOUT)
WRITING OUT THE DERIVED TERMINAL PARAMETERS ‘
CWRITE(6+9599) YOUTsYRTASECURICCURsBCURsQNs QP s COUTP vCOUTN
599 FORMAT(S5X45HYOUT=s 1PE14+7//5X1SHYTRA=ZsE 1477/
15X $SHECUR=YE 1447/ /S5Xa5SHCCUR= 1E14 9 7/ /5X 1 SHBCUR= »
2E14e7//5Xs3HAN=9E147//5X 1 3HQP=vE14+7// '
“_35X46HCOUTP-sE14 7//5X96HCOUTN—sE14 7)

S o REDEFINING THE LAST ITERATION
" 3334 ECURI=ECUR

: . CCUR1=CCUR

BCUR1=BCUR

VEB1=VAPPLE

VCB1=VAPPLC -

QN1=QN - '

QP1= QP

. RECORDING THE COMPUTED INTERNAL‘DISTQIBUTIONS
SI=1o+01 o . : o . T
IF(1.LE.10) GO TO 3002,‘
13003 WRITE(&6:78)
78 FORMAT(1H0|5X91HX016‘<11HU116X11HP9 16X!1HN116X f)HDE/DquZ/(q
*SHFIELD-IZX-BHFQI)
.'x Oo ’
DO 602 K= lyKNI-KwQITl ;
RO=TH*(DOP(X) = ED(K) + HD(K))
CUR=UCK) #VT
FIELD=(U(K) = U(K+1))¥VT/DX1
G WRITE(éol?O)XoUQsHD(K)-ED( ).RO.FIELD.GRI(K)
602 X=X + DX1W

© 170 FORMAT(1H .4x.7(1p514.7.3x)>

X=XK1 + FLOAT(KW2-~K1)*DX
DO 603 K= KW2 s KMAX W KWRITE

RO=T*(DOP(X) - ED(K) + HD(K))
UR=ULIK) #VT , . DR
CFIELD=(UIK) = UK+1))%VT/DX

, WRITE(69170)X0URqHD(K)sED(K)oROsFIELDeGQI(K)
603 X=X + DXw
=1
3002 WRITE(61688)

688 FORMAT(1HO+4Xs27HTHE LAST IsERATION RECORDED)

NEW BOUNDARY POTENTIALS. AND- THE . POTENTIAL GUESS
3001 IF(MAN.EQ.O) GO TO 31 _
 IF(NeGESNC) GO TO 33



SELECTING THE VARIATION IN THE COLLECTOR BOUNDARY VALUE
32 1C=IC + 1 3 IR o
ICR=1C/2
T 1C1=2%#ICR I
IF(IC1eEQeIC) GO TO 1717
VAPC=VAPCS =~ o -
. GO TO 1718
1717 VAPC=VAPCRH
1718 VAPCN=VAPC/VT
- DVAPCN=VAPCN/FL IMC
DO 2280 L=1sL.IMC
CKE=KMAX = L o+ 1
KB=LIMC - L + 1
: FKB=FLOAT(KB)
2280 UIK)=U(K) + DVAPCN*FKB
-~ VAPPLC=VAPPLC + VAPC
U(KMAXl)_Z.*U(KMAX) - UlKMA)
N=N +-1 ‘ s
LA=0
" 1TER=O0
GO TO 300
SELECTING THa VARIATION IN THE EMITTER BOUNDARY VALUE
31 IF(IVPeGE+IG) GO TO 33 - SR : . :
CIE=IE + 1 '
1ER=1E/2
IE1=2%]1ER _ R
IFCIE1«EQeIE) GO TO 1700
. VAPE=VAPES o
S GO TO 1701
1700 VAPE=VAPESB
1701 VAPEN=VAPE/VT
" DVAPEN=VAPEN/FL IME
DO 280 K=1sLIME
KA=LIME - K + 1
©  FKA=FLOAT (KA) s
- 280 U(K)-U(K) + DVAP:N FKA
S IVP=TIVRP O ‘
VAPPLE= VAPPLE + VAPE
S KC=TKMAX - K1)/2 ’ ‘
‘_DVCORN-(VCCOR/VT)/FLOAT(KC)
T KCCOR=z=K1 + KC :
KCCOR1=KCCOR + 1
DO 377 11=K1P2yKCCOR’ Rt o
377 UCI1)=U(11) - DVCORN¥FLOAT(I1 - KiP1) .
© DO 378 11=KCCOR11KMA TRREE A

T 378 UC11)=Ul11) — DVCORN®FLOAT(KMA - I1)
U UIKMAX 1) =26 ¥UIKMAX) = UIKMA)
LA=0
ITER=0
GO To 300

;INTERMEDIATE STEP IN COQRECTING THE POTENTIAL DISTRIBUTIOM_



830 IN=2
DO 181 K=IN«KMA
181 UK)=ULK) + DELTA(K)
‘ UIKMAX1) =24 ¥U(KMAX) — UI{KMA)Y -
GO TO 300 : oy

, INTERMEDIATE STOP

3 WRITE(64106)

106 FORMAT(1H014X'30HMAX NO. oF ITERATLONS EXCEEDED)
. REWIND 9 - : - :
WRITE(6+77) VAPPLE-VAPPLC

ECDO=AECO*Q

HCDOE=AHCOE%Q .

HCDOC=AHCOC*Q

’WRITE(6172) ECDO»HCDOEoHCDOC

}STORING THE INTERMEDIATE RESULTS ON TAPE BS
C WRITE(9) (UIK)1HD(K)$ED(K) s K=19KMAX)
»REWIND 9 o ' e

'DETAILS OF INTERMEDIATE INTERNAL'DISTRIBUTIONS
L WRITE(6+178) :
178 FORMAT(1H092X91HXaIOXslHU910X91HP1IOleHNs10Xo3HHCIq8Xq3HECIs
*8X95HDELTA16X12HGQ¢9X93HGRI~8X14HCHCI07X94HC:CI) :
X=04¢
DO 601 K=1+KWI KWRIT1
WRITE(&:I?S)XQU(K)qHD(K)oED(K)vHCI(K)vECl(K)sDELTA(K)o
wGR(K)vGRI(K)vCHCI(K)QCFCI(K)
601 X=X + DX1W , PR : , : ,
];173 FORMAT ( 1H .1x.11<1PE11.4>) B T AL S S
' - X=XK1 + FLOAT(KW2-K1)*DX ‘ EREETE IR
- ‘DO 604 K=KW21KMAX I KWRITE. N '
: WRITE(60173)X1U(K)0HD(K)9ED(K)9HCI(K)qECl(K)sDELTA(K)a
. *GR(K)vGRI(K)9CHCI(K)¢CECI(K)

8 604 X=X + DXW

STOP

SETTING THE CUQRENT DENS!TIES AND RECOMBINATION TO ZERO
'35 DO 135 K=1sKMAX ‘
S GR(K)=04.
135 GRI(K)=0,
- AECO=004
AHCOE=0,
' AHCO_C:O«:
. 60 TO 302
‘33 WRITE(6+79) ' ‘ - :
79 FOQMAT(qu//SXoaaHCOMPUTATIONS COMPLETED)
T STOP ‘ SN
END
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DOPING CROFILE OF A CONPUTED STRUC:URE
FUNCTION DOR(X)
COMMON/DFU\/XAP.DOD&-DOP819DOPBZ¢DOPC~ED1sEDZeEIMAXan'AXc

*EISMAXQE?SMAX

IF(X.GTsXAF) GO TO 24 _

. E1=X/ED1 : : B
~ DOP=DOPEX(1e = ERF(E1)) — DOPB1 + DOPC’
" RETURN ' T S TR .

28

s

e

E1=X/ED1
E2=X/ED2 S

IF(E2+CT+E2MAX)Y GO TO 25

IF(E1+GTeEIMAX) GO TO 28 . R
DOP=DOPE#(1e ~ ERF(E1)) — DOPB2%(1» — ERF(E2)) + DOPC
RETURN - R e e -
DOP=~-DOPBZ2#(1e — ERF(E2)) =+ DOPC

RETURN : s

DOP=DOPC

RETURN’

END

DERIVATIVE OF THE DOPING FUNCTION
“FUNCTION DERDOP({X) '
COMMON/DFUN/XAPoDOPEsDOPBl0DOPBZ'DODC95D1!EDZ.EIMAX EzMAx.
*EISMAX E2SMAX : _
IF(X4GT+XAP) GO TO 24
E1=X/ED1 T :
E1S=E1¥*E1

,DEQDOP“—I012837923DOPE/(ED1 EXP(E]S)) k

24

28 DERDOP= 1.1281792%D0982/(EDE“EXP(EZS))

RETURN
El»X/EDl

TE2=X/ED2

E1S=E1%*E1

E25=E2%E2 : i

j:F(Ezs GT.E25MAX)y GO TO 25

CIF(E1S«GTE1SMAX) GO TO 28 e o
DERDOP-~1o12837Q?w(DOPE/(EDl (EXP(E1S))) -~ DOPB2/(ED2%
1(EXPIEZ2S)))) o ST v
' RETURN

RETURN

25 DERDOP=O. . . o  "_" i

RETURN
END
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SUBROUTINE FOR CALCULATING CORRECTIONS TO POTENTIAL FUNCTION
SUBROUT INE . POTCOR(HDED+UsDEL TA X) : N
DIMENSION U1674)+HD{1673)+ED(1673)«DELTA(1673)
: COMMON/AD/ANN(1677)'“NMM1(1673)'ANNP1(1673)’UNN(1673)'ZV(16:3)9
| O¥R01673)
: COMNON/POLu/DXsTMsBOcsloBZsDXSQBO'DX5O8190XSQBZ TOVT.KH-KMA;
CXK1IKIM1IKIM23K1P1+KIP2+L0+sDX11DX1SBCsDX1SB1+0X15B2s TMI 1XK ]
, COMMOV/DFUN/XAPcDOPEoDOPBI9DOPBZ'DOPC-EDl ED9'E1MAX9FLﬁAX~
.,*ElSMAXvEZSMAX o

EMITTER DOMAIN CALCULATIONS
DO 81 K=2.K1iM1

© X=X + DX1
- X1=X - DX1
X2=X + DXI

81 RIK)==UIK=~1)42 *U(K)—U(K+1)+TM1*(BO"(HD(< 1)+(DOP(X1)—ED(K—1\))
1+B1%# (HD(K)+{DOP(X)~EDI(K) ) )+B2¥ (HD(K+1)+(DOP(X2)—ED(K+]))))
DF1=TOVT#(HD(2)Y 4+ ED(2)) .
ANN(2)=2, + DX1SBi*DF1
- ANNM1(2)Y=—1e + DX1SBO*DF1
DC B2 K=3sK1M2 o
DF2=TOVT#(HD(K) + ED(K))
CANNP1(K)Y=~1e + DX15B2%DF2
o ANN(K) =2+ + DX1SB1¥DF2 '
" B2 ANNM1(K)==~1e + DX]SBOXDF2
C DFM=TOVT®(HD(KiM1) + ED(KIM1))
_ ANNP1(K1MiY==1s + DX1SB2%DFM -
ANN(KIM]1)=2e + DX1SB1¥DFM '
UNN(2) =ANN(2) 8
L ZV(2)=-R(2)
DO B4 TK=3+K1M1
©ALNNM1=ANNM] (K- 1) /UNNCK=1)
S UNNEK Y= ANNGK) = ALNNMI¥ANNPL(K)
84 ZVIK)=-R(K) = ALNNMI1*ZV(K - 1)
: DELTA(KIMI)—ZV(KIMI)/UNN(KIMI)
DO B85 L=2+KI1M2 '
3 K=K1M1 Lo+ 1 S ' ,
185+DELTA(K)-(ZV<K> - ANNPl(K+1)*DELTA(K+1))/UNN(K)

COLLECTOR DOMAIN CALCULATIONS
X=XKi .

. DELTA(K1)=0.

DO 810 K=KI1P1sKMA

- VX:)( .+ DX
XX X T
X2=X "4+ DX

810 R(K)==U(K=1)+2e% U(K)—U(K+1)+TM*(BO*(HD(K—1)+(DOP(Y1)—CD(K 131
14B1% (HD(K)+ (DOP(X) -~ LD(K)))+B°%(HD(<+1)T(DOP(XE)—ED(K+1))))
DF1=TOVT*#({iD(K1P1) + EDI(K1IP1))

ANN(KIP1)=2s + DXSQB1%DF1
ANNM1(K1P1)==1e + DXSQBO*DF1
DO 820 K=KI1P2sKM

DF2=TOVT*# (HD(K) + ED(K))

.



CANNP1(K)=—=1e + DXSQB2¥DF2
© U ANN(K)=2e + DXSCB1%DF2
820 ANNMI{K)=~1s + DXSQIZ0%DF2
DFM=TOVT# (HD(KMA) + ED(KMA))
ANNP1(KMA)=—1s + DXSQB2%DFM
ANN(KMA)=2¢ + DXSQBI%DFM
TUNNCKIP 1) =ANN(KIPT)
S ZVAKIP1) ==R(K1IP1)
DO ‘840 K=31KMA :
ALNNMI=ANNM] (K- 1) FUNN(K~ 1y
T UUNNCK) =ANNIK) — ALNNMI#ANNP (K)
840 ZV(K)==R(K) = ALNNMI®ZV(K =~ 1)
D;LTA(KPA)—ZV(KNA)/UNN(KMA)
DO 850 L=1.L0
. K=KMA - L S ' o : o
850 DELTA(K)=(ZVIK) = ANNP]{K+1)¥DELTALK+1))/UNNIK) "
© " "RETURN ' o o B o
S END

DIFFUSION COVFFICIENT OF HOLES '
FUNCTION DH{XsE+DOP1) ‘
COMMON/DIFFS/VTWECHECE e S o
C DHO={4747 + 447e3/01e + (DOP1/6¢3)%%0476))%VT
. EX=1e + E/ECH ‘ S Lo
s DH=DHOZEX
. URETURN .
. END

, DIFFUSION COEFFICIENT OF ELECTRONQ‘

FUNCTION DE(X+E+DOP1) =
COMMON/DIFES/VT 'ECHECE o S
 DEO=(65s + 12654/ (1e + (DOP1/8¢5)#%0e72))%VT .
EY=E/ECE Lo .
DE=DEO/SQRT (1 e+EYH*EY)

RETURN ‘
END
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NOTE

‘AFTEQ AN INTEQMEDIATE STOP OF THE ”ALCULATIONS THE NECCQSAQY

INTERNAL DISTQIBUTIONS FOR RESTAQTING THE CALCULATIONS ARE

AVAILABLE ON TAPE BS AND THE FCLLOWING DECK SHOULD BE USED

INSTEAD OF THE PART CALLED POTENTIAL GUESSOFIRST ORDER lHEORY

" LAST I1TERATION STORED ON TAPE BS

REWIND 9

T READ(9) (UK} +HDIK) TED(K) sK=1.sKMAX )

. REWIND §

UCKMAX] ) =26 ¥UIKMAX) -~ U(KMAY).

' VEB1=VAPPLE T L T I
L VCB1=VAPPLC ' ' L ' T -

-7

WRITE(S6+71) ‘
FORWAT(1H1~30X'L6HDOUBLE DIFFUSED TRANSISTOR)
LA=0 .

-ITER‘O_,
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