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We study the moving phase of two-dimensional (2D) incompressible polar active fluids in the pres-
ence of both quenched and annealed disorder. We show that long-range polar order persists even
in this defect-ridden two-dimensional system. We obtain the large-distance, long-time scaling laws
of the velocity fluctuations using three distinct dynamic renormalization group schemes. These are
an uncontrolled one-loop calculation in exactly two dimensions, and two d = (d. — €)-expansions to
O(e), obtained by two different analytic continuations of our 2D model to higher spatial dimensions:
a “hard” continuation which has d. = g, and a “soft” continuation with d. = g Surprisingly, the
quenched and annealed parts of the velocity correlation function have the same anisotropy expo-
nent and the relaxational and propagating parts of the dispersion relation have the same dynamic
exponent in the nonlinear theory even though they are distinct in the linearized theory. This is due
to anomalous hydrodynamics. Furthermore, all three renormalization schemes yield very similar
values for the universal exponents, and, therefore, we expect the numerical values we predict for

them to be highly accurate.

I. INTRODUCTION

The competition between order and disorder is one of
the central themes of statistical mechanics and condensed
matter physics. It is well known that below a certain
lower critical dimension, it is impossible to have ordered
phases; i.e., disorder always wins. The “Mermin-Wagner-
Hohenberg” theorem [I], proves this for equilibrium sys-
tems “trying” to break a continuous symmetry at finite
temperature in two or fewer dimensions.

Once out of equilibrium, however, the Mermin-Wagner
theorem no longer applies. And it has been demon-
strated for one particular class of non-equilibrium sys-
tems, namely active systems, that long-rang order is pos-
sible in two dimensions even in the presence of noise [2H4].
In particular, polar self-propelled particles moving over
a frictional substrate (a system often described as a “dry
polar active fluid”) can “flock”; that is, form a state with
a non-zero average velocity (v), even when perturbed by
noise.

The aforementioned results all describe systems in
which the “noise” - that is, the random force “trying”
to disorder the system - is “annealed”; that is, time-
dependent with only short ranged in time temporal cor-
relations. Thermal “Brownian” noise is “annealed” in
this sense.
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In equilibrium systems, it is known that quenched dis-
order [BH8] - that is, disorder that is time-independent -
is even more destructive of order than “annealed” ther-
mal noise. This is because quenched noise induces much
greater fluctuations than annealed noise does. Indeed,
even arbitrarily small quenched disorder destroys long-
rang ferromagnetic and crystalline order in all spatial di-
mensions d < 4 [5Hg].

It is natural, therefore, to wonder what the effect of
quenched disorder on active systems is. This question has
received much attention in recent years [9HI9]. In partic-
ular, it has been shown [9, [10] that for three-dimensional
dry polar active systems with quenched disorder, long-
rang polar order (i.e., a non-zero average velocity (v))
can survive such quenched disorder. But in two dimen-
sions, only quasi-long-rang polar order (i.e., (v) decay-
ing to zero as a power of the system size was found in
[9, 10, 18].

In this paper, we report that it is possible to achieve
true long-ranged order in two dimensions in dry polar
active systems with quenched disorder, if those systems
are incompressible.

In the following, we will first present a hydrodynamic
theory of incompressible polar active fluids [20H22] with
both annealed disorder (i.e., time-dependent noise aris-
ing from endogenous fluctuations due to, e.g., the errors
made by a motile agent attempting to follow its neigh-
bors [2]), and quenched disorder (caused by, e.g., static
random impurities on the frictional substrate). We then
study the system in the linear regime, and subsequently
use three different dynamic renormalization group (DRG)
schemes to uncover a novel universality class, whose as-
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sociated scaling exponents fully characterize the scaling
behavior of the system in the moving phase. Specifi-
cally, in this moving phase, these exponents character-
ize the fluctuations u(r,t) of the local active fluid ve-
locity about its mean value (v) = vpX, where we’ve de-

J

fu(e.0)u(0.0)) = b6,

where G Ao aTe scaling functions that are each universal
up to an overall multiplicative factor (a different over-
all multiplicative factor for each), corresponding to the
annealed and quenched parts of the correlations, respec-
tively.

One of the unusual features of our result is that the

annealed part G, %, Izlltl‘z of the correlations has such

a simple scaling form. This is quite different from, e.g.,
a simple compressible fluid, in which the density fluc-
tuations are associated with dispersionless propagating
sound waves, which corresponds to a dynamic exponent
z =1 (i.e., distance proportional to time), while the de-
cay of those modes is diffusive, which corresponds to a
dynamic exponent z = 2. As we’ll see, a linear the-
ory of our system also predicts such a “double scaling”
character-i.e., propagating and diffusive parts with differ-
ent dynamic exponents-but the full, non-linear theory has
the simpler, “single scaling” form given in . Thus,
this simplicity is an unusual feature of the anomalous hy-
drodynamics — i.e., the fact that the hydrodynamic fluc-
tuations of the system (and, therefore, the scaling expo-
nents) are divergently modified from those predicted by
the linearized theory, due to non-linearities, whatever the
magnitude of those non-linearities.

Another consequence of the anomalous hydrodynamics
is that the anisotropy exponent ( takes on the same value

inboth G, ( Lz L2l ) and G, (%) in the full, nonlinear

Tyl< Tyl
theory. In contrast, the linear theory predicts different
values of (’s for the annealed part of the correlations

C, (lI*w ﬂ) and the quenched part C,, (%)

lyler 2 lyl*

We have obtained the exponents in using three
different DRG schemes: an uncontrolled calculation in
exactly two dimensions, and two different ¢ = (d. — d)-
expansions, obtained from two different analytic contin-
uations of our 2D model to higher spatial dimensions
d. We call these continuations the “hard continuation”
and “soft continuation”, and they lead respectively to
dhard = 7/3 and d°f = 5/2.

In the uncontrolled calculation in exactly two dimen-
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fined our coordinate system so that X is along the mean
velocity spontaneously chosen by the system. That is,
u(r,t) = v(r,t) — voXx. In particular, the overall real-
space velocity auto-correlation (u(r,t) - u(0,0)) is given
by

(L1)

(

sions, we find

13
2= o 0.48, (I.2a)
7
(=5 =078, (1.2b)
2
X=—g~ —0.22, (1.2¢)
19
"= —— ~-0.35 I.2d
X =% (I.2d)

The fact that both y and ' are negative implies that
the fluctuations remain finite as the system size goes to
infinity. This means that the system can have long-range
polar order for sufficiently weak disorder. The same
statement is true of the other two schemes.

In the “hard” continuation, d. = 7/3, and a first order
in € expansion gives

z= ; - ge + O(€*) ~ ; ~ 0.48 (I.3a)
¢= ; + %e + O(€*) =~ g ~0.78, (1.3b)
X:f%+ée+0(e2)~f§ ~ —0.22 (1.3c)
X = f% + ge +0(?) ~ 7% ~ —0.35, (1.3d)

with € = 7/3 — d and the numerical values are evaluated
to O(e) for d = 2. These results are exactly the same as
the (d = 2)-uncontrolled-calculation results (I.2]).

In the “soft” continuation, d. = 5/2, and, defining
€=5/2—d, we find

2 8. 5
=-—— 1.4
Z=3 276+O(€ ), (I.4a)
<_2+i~+0(~2) (I.4b)
= 3 276 € ), .

——1+i”+0(*2) (I4c)
X = 3 276 € ), .
11
X = —5+gét O(&) (L4d)



For d = 2, ¢ = 1/2, and the above results give

14
~ — ~0.52 I.

z o7 0.52, (I.5a)
20

~—~0.74 1.5b

(~ 50T, (L5b)
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X R~ —57 & —0.26, (I.5c)
4

X ~ ~3 ~ —0.44, (I.5d)

which are very close to the values obtained from both the
uncontrolled calculation and the hard continuation.

We estimate the actual values of these scaling expo-
nents as an equally weighted average of these three re-
sults. We can estimate the likely errors in these numer-
ical values as the difference between these averaged re-
sults and the equal hard-continuation and uncontrolled-
calculation results. This gives

2 =0.49 £ 0.01, (1.6a)
¢ =0.77+0.01, (L6b)
X = —0.23 £ 0.01, (1.6c)
X' = —0.37 +0.02. (L6d)

Note that compared to having annealed disorder alone
[20], the anisotropic exponent (¢ is closer to one, thus
suggesting that the system becomes less anisotropic due
to the quenched disorder.

One way to experimentally test these exponents is by
measuring the equal-time velocity correlation function.
This is dominated by the quenched part, and goes like
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where the “pressure” II acts as a Lagrange multiplier to
enforce the incompressibility constraint: V -v = 0. The
U(]v]) term in equation makes the local v have a
nonzero magnitude vy in the ordered phase, by the simple
expedient of having U(|v|) > 0 for |v| < vo, U(|v]) =
0 for |v| = wo, and U(|v]) < 0 for |v| > wvo. Aside
from this, and the assumption that U(|v]) is a smooth,
analytic function of |v|, we will make no assumptions
about U(|v]). Similarly, the “anisotropic pressure” II; is
also a generic analytic function of |v|. Finally, f, (r) and
f, (r,t) are respectively the quenched and annealed noise
terms, which have zero means, and correlations:

(fL(x)f2(x)) = 2D, 6;50% (x — v') (IL.2a)
(fi(x, ) (v, ¢)) =2D,6;;6°(x —x')5(t —t'), (IL.2b)

and for equal-positions, the change in the correlation
function with time is dominated by the annealed part:

(u(r,t+T)-u(r, 7)) —(u(r,T) u(r,T)) x |t|2X,/z. (L.8)

Our best estimate of the numerical value of 2x’/z, using

D). s

2 /!
X 151411 (1.9)

z

II. HYDRODYNAMIC DESCRIPTION

We start with a hydrodynamic model of a generic
2D incompressible polar active fluid, moving on a disor-
dered substrate, in the presence of both quenched (time-
independent) and annealed (time-dependent) noise. As
for incompressible passive fluids [23, 24] described by the
Navier-Stokes equation, the only hydrodynamic variable
in our problem is the velocity field v. However, in con-
trast to the Navier-Stokes equation, v is hydrodynamic
not because it is conserved — it is not, because the sub-
strate is a momentum sink — but because it is a broken
symmetry variable (more precisely, certain components
of it are). Furthermore, because our non-equilibrium
system breaks detailed balance, and therefore, is not con-
strained by Onsager symmetry, this equation contains ad-
ditional terms which would have been absent both from
the Navier-Stokes equation and from the equation of mo-
tion (EOM) of passive fluid films on substrates. That is,
the EOM of v is only constrained by the spatial symme-
tries of our system, in particular, rotation and translation
invariance. This reasoning implies that the EOM for v

takes the form [3 4l 201 21} [25]

(IL.1)

(

where the indices 7, j enumerate the spatial coordinates.
Since our hydrodynamic theory focuses on time and dis-
tance scales that are long compared to those of the un-
derlying microscopic dynamics, the temporal and spatial
correlations in the noises are taken to be delta correlated.
Also, the noise f, (r) is time-independent; this is what we
mean by “quenched”. Note that we do not assume any
correlation between the annealed and quenched fluctua-
tions as they stem from distinct origins, e.g., annealed
noise may originate from the random mistakes that an
active crawler makes as it moves, while the quenched
noise comes from the random defects on the surface,
which skew the crawler to move in a particular direction.
However, studying the potential effects of correlated an-
nealed and quenched noises is an interesting possible fu-
ture project.



In the EOM , we have only included terms that
are relevant to the universal behavior based on the DRG
analysis that follows, by which we mean terms that can
change the long-distance, long-time behavior of the sys-
tem. This equation differs from the EOM introduced
in [20] only through the presence of the quenched noise
f,(r). As we will see, however, this quenched noise radi-
cally changes the behavior of the system.

In the moving phase, we focus on the velocity devia-

J

u2 u . .
atui = _a’LH - fyaa:uz - b(;w:azua: — (uw + y) (629: + lézy) + f; + fi )
Vo

where v = Ay, a = —1)0(%)” , b =
V|=v¢

v} (‘ggﬁ)‘ﬂ_v i, = p1, and g, = pg + pgvd. We have
dropped sorne0 terms irrelevant to the long-wavelength
behavior of the system from .

We first focus on the linear regime of the above EOM,
which we expect to capture the hydrodynamic behavior
over a large range of length scales if the noise is suffi-
ciently small.

III. LINEAR REGIME

To study the system’s behavior in the linear regime, we
first spatio-temporally Fourier transform the linearized

J

- i(w - 7‘];6) + F(q) uz(d) + (O‘ + lb%c)dzxux(éi) = —ig; Il + fé + f; >

where we have introduced the composite vector q
(q,w), and the g-dependent damping coefficient I'(q)
1, 4y + Had-

Acting on both sides with the transverse projection
operator

Pi(q) = o — % ;

(I11.3)
which projects orthogonal to the spatial wavevector q,
eliminates the pressure (II) term. Using Pju;, = uy,
which follows from the incompressibility condition g, u,+
gyuy = 0, setting | = y, and using the replacement
Uy = —Z—yuy that follows from the same incompressibil-

T

ity condition, gives us a simple algebraic equation for
Uy (q, w):

[G@)] " uy(@) = Py(f, + 12, (ITL.4)

tion field u, from the mean flow vo%x: u = v — vgx. We
will expand in powers of the fluctuation u, keeping
only relevant terms, by which we mean all terms, both lin-
ear and nonlinear, which control the long-distance, large-
time behaviour of the model. These terms do not vanish
upon recursively applying the RG transformation we will
describe below. Doing so, we find that the EOM govern-
ing u is, in Einstein component notation,

IT.
500 (11.3)

(

version of the EOM (IL.3). The convention we use here
is the following;:

u(q,w) E/ ellar=why(r ) (IT1.1)
t,r

where [, = [ % and [ = [ %. We will continue
to use this shorthand notation for integration through-
out the paper. We will also use the same convention in

Fourier space; ie., [ = [ % and fq =/ %'

The linearized version of EOM (II.3) in Fourier space
is

(I11.2)

(

where the “propagator” G(q) is as follows

2 2 -1
- e )]

(I11.5)

The poles in this propagator in the complex w plane
are the eigenfrequencies of our problem. In the limit
@y < ¢z, which we will show in a moment is the regime of
wavevector space that dominates the fluctuations, those
eigenfrequencies are given by

2
. q
w(q) =Ygz — l(uxqi + ozqg)-

x

(I11.6)

These eigenfrequencies have a rather complicated multi-
ple scaling form. That is, they cannot be written in a
simple scaling form, but require the introduction of two



distinct scaling functions fiea1 and fimaginary:

gz |G|
w(q) = |Qy| freal (| |<1> - 1|Qy| 2fimaginary (|q ‘C'z
Y
(IIL.7)

with
frear(m) = ym, (I11.8)

whose form unfortunately makes it impossible to fix (3
and z; for the linear problem, but does require

z21="0C, (IT1.9a)
2 =1, (II1.9b)
frmaginary () = m*(uy +am™),  (IIL9¢)
G=1/2. (I11.9d)

Note that, although the individual values of z; and (4
cannot be determined, we cannot possibly have 21 = 25 =
1 and {3 = (o = 1/2, since this violates ([I1.9a)). Hence,
we are forced to use the double scaling form (IIL.7).

We will show in sections and that this com-
plexity disappears in two dimensions once the effects of
nonlinearities are taken into account. These nonlinear
effects replace the multiple scaling form with the

simple scaling form

ol@ =l 1 (55 )

with the unique universal exponents z and { given by
equations (I.3)), and a single, albeit complex, scaling func-
tion fy.

(IT1.10)

This simplification of the eigenfrequencies carries
through to all of the correlation functions as well. In-
deed, every long-wavelength, long-time property of the
system exhibits simple scaling with the single dynamic
exponent z, and the single anisotropy exponent (, given

by .

Solving equation for u,, autocorrelating the re-
sult with itself, and using our expressions and
for the autocorrelations of the noises, gives the au-
tocorrelation of u,(q,w). Using u, = —%uy, which fol-
lows from the incompressibility condition, then gives the
autocorrelations of u,(q, w), and the cross-correlations of
Uz (q,w) and uy(q,w). We find

= C(@)d(w+w)i(a+4q)
+CF(@)d(w)d(w)d(a+ '),
(IIL.11)

(ui(@)u; (q'))

where
wopey _ By o
@ = 5C.(a), (IT1.12a)
oM@ = 10, @ = 0@, (IL12b)
I -
@ =30, (I1L.12c)
q2
crr(a) = q%CQ (@, (IT1.12d)
O@) = 0@ = 0@, (i)
q2
co(a) = q%CQ (@), (IIL.12f)
with
2D
Cy (a) = QA 3
bqi aq;j
{“’ _ <TQ + 7> %] ) [ T F(q)](m )
.13a
4xD
Cola) = a 5, (IIL13b)

ba2 2 2
(,% +v) g2 + [%+F(q)

and the subscripts A and @ denoting the contributions
from the annealed and quenched noises, respectively.

The equal-time correlations of u can now be obtained
by inverse Fourier transformation. We find in the hydro-
dynamic limit (i.e., @ — 0), the annealed and quenched
parts of these correlations are given by

(ug(q, )ug (', 1)) N%M +q), (IL14a)
2(q, )ug(q', 1)), @ + 1o q+dq'), :
(uy(a, t)uy(d', 1)), = DAiqg’a(q+q’) (I11.14b)

yRR T A aq§+uxq;‘ ’
2D_q%q
(a4, t)ug (q', t mié ), (11114
(uz(q, t)us(q's 1)), aZg] +7% (a+d), ( c)
2D_q%q
Uy (q, t)uy (g, zLé +q). (I11.14d
(uy(a, t)uy(d', 1)) a2qh + 228 (@+d). ( )

We see that as ¢ — 0, (uz(q,t)us(q’,t)), is always

finite. In contrast, (u,(q,t)uy(q’,t)), diverges in the
regime ¢, 2 ;/ ?as 1 /q®>.  The cross-correlations
(ue(q, t)us(d', ), and (uy(q, t)u,(q’,t)), diverge in the
regime q, 2 q§/3, where they scale as 1/q and 1/¢?, re-
Note that ¢, = qj/g

area in g-space than ¢, = q;/z does. In spite of
these divergences, it is easy to show that the integrals
of <Uz(q, t)um(q/’t»A,Q and <uy(% t)uy(qlat)>A,Q over q
and q' both converge in the infrared, which implies that
the corresponding real-space fluctuations remain finite
in the infinite system size limit. This demonstrates that
long-range polar order persists in these systems, at least
according to this linear theory.

spectively. covers a much larger



These observations imply that: i) the w, fluctua-
tions dominate in the hydrodynamic limit, which is not
a surprise since u, is the “Goldstone mode”, ii) the
quenched fluctuations dominate, again in the hydrody-
namic limit, iii) the long-range polar order is robust
against the quenched disorder, and iv) the quenched
and annealed anisotropy exponents (quenched = 2/3 and
Cannealed = 1/2, respectively. All of these conclusions
except the last continue to hold even when the nonlin-
earities are taken into account, as we will show in the
next section.

Note that it is the term v2¢S appearing in the denom-
inator in that stabilizes long-rang order in the
presence of quenched disorder. If that term were absent
— as it is in equilibrium “divergence-free magnets” (that
is, magnets subject to the constraint V - M = 0, where
M is the magnetization), whose hydrodynamic proper-
ties in the presence of annealed noise are equivalent to
incompressible flocks [20] — its place would be taken by
u2g8. Such a strong divergence of angular fluctuations
for ¢, = 0 would destroy long-range, and even quasi-long
range polar order, which is exactly what happens in equi-
librium divergence-free magnets with quenched disorder.

The physical mechanism of this stabilization of order
is suggested by the origin of the v2¢% term in the cor-
relation functions: the propagation term ~(9,u) in the
EOM . This term causes fluctuations along X to
propagate with speed . Thus, in a frame of reference
comoving with the fluctuations, the quenched disorder
looks time-dependent, and, so, more like annealed disor-
der. Indeed, for g, = 0 both (u,(q,t)uy(q’,t)), and

J

2D

C, (I‘, t) =

(uy(q,t)uy(q’,t)), scale in the same way as q — O:
both are o 1/¢2. This “annealization” effect reduces
the quenched fluctuations. Nevertheless, the quenched
disorder is not completely “annealized” as overall the
quenched fluctuations are still larger than the annealed.

Now we turn to the general real-space u-u correlation
function (u(r,t) - u(0,0)), which is the inverse Fourier
transform of (u(q) - u(q’)):

(u(r,t) - u(0,0))
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(I11.16a)
2D _q* .
C,(r :/ —— 22 __lar, II1.16b
(1) a2 ( )

In the above expressions, we have simplified the denomi-
nators inside the integrals by keeping only the dominant
terms (see ) in the limit ¢, < g5, which we have
shown is the regime of wavevector space that dominates
the fluctuations.

The scaling behavior of C,, (r, ) and C,, (r) can now be
worked out by changing the variables of integration: We
first rewrite C, (r,t) as

e—i[&ut—qz(z—'yt)—qyy]
b

where dw = w—"q,, and then introduce the new variables
Q and Q as follows:

Q. Q, Q
G =—, ¢ =—, w=— I11.18
PR o (S

Now, rewriting the integral in (I11.17)) in terms of 2 and

2D

A

/5w7q (6w)2+ (aq§

a

(ITL.17)

+ umqg%)

(

Q, we get

where

|
e, (=2t i)
A 1 )
lylz "yl

Q3

Likewise changing variables of integration on C,, (r) we

/ﬂvQ 02+ (aQi +MQ§)2

exp [—i (Qt —Qy — W)] . (I11.20)
[yl e
{
get
Co(r) = Jyl3¢, (”;3) (IT1.21)



where
; |21 Qa
o (1) = [ (22 yolori).
N |y|% Q \?Qy +72Q8
(I11.22)
Finally, the overall correlation of (u(r,t) - u(0,0)) is

given by

_1 x _1 x —t| |t
vl =3¢, < 2] ) +ly"2C, <||7| |> . (IIL23)

lyl3 w2

Therefore, the linear theory recovers a form similar to

J

w2
—iwuy, = Py, (q) Fg [—a (um + 2y> + F4

where Fg represents the qth Fourier component. In writ-
ing this equation, we have rescaled the fields (u — uvy)
and the noise terms (f, , — f, ,vo) to eliminate the vg’s.
We have also neglected many terms which are irrelevant
due to the fact that the dominant regime of wavevector is
gy < ¢z, as we discovered in our treatment of the linear
theory. We will assume, and verify a posteriori, that this
continues to hold true for the non-linear theory.

First, this assumption implies that the noise terms
Py f4 o are therefore irrelevant in comparison to
Py, fi{’Q. Second, due to the incompressibility constraint,
the magnitude of P,;0,u, is as relevant as P,,0yu,, and
the latter, again due to the anisotropic scaling, is less
relevant than Py,0,u,. Therefore, Py,0,u, is also irrel-
evant in comparison to Py,0,u,. Similarly, Pyyaiuy is
irrelevant in comparison to Py, 02u,,. Naively P,,02u, is
also irrelevant in comparison to Py,0dzu,. However, be-
cause Py,0,u, only leads to propagation, not damping,
we need to keep the Pyyaiuy term. This is very similar
to keeping the viscous term in the dynamics of a sim-
ple fluid, even though it is formally less relevant than
the pressure term, since the pressure only leads to sound
propagation, while it is the viscosity which controls sound
damping.

Finally, in the limit of interest ¢, < ¢, we can ap-
proximate Py, (q) =~ 1.

To evaluate the importance of the nonlinear terms in
, we first power count (which can be thought of
as a zeroth order renormalization group analysis). We
rescale time, lengths, and fields as

t—te®, x— xett, y— ye, (IV.2a)

Uy — U™, Uy — upeXTETDE (IV.2Db)

and keep the form of the resultant EOM unchanged

U
— YOz Uy + um(“)iuy — AuyOyuy — (uw + y) uy + fY + fé/

7 with the quenched and the annealed anisotropy ex-
ponent given by (quenched = 2/3 and Cannealea = 1/2,
respectively, the quenched and annealed roughness expo-
nents given by x = —1/6 and x’ = —1/4, respectively,
and the dynamic exponent z = 1. We will now show that
these exponents are modified by the nonlinearities in the
EOM, and in particular, the two anisotropy exponents
become equal.

IV. NONLINEAR REGIME & DRG ANALYSIS

We turn now to the full EOM of u (I1.3]). Fourier trans-
forming this, and acting on both sides with the transverse

projection operator Py;(q) (I1.3), we obtain

2

] . (IV.1)

(

by absorbing the rescaling factors into the coefficients.
Specifically, the coefficients of the linear terms P, u,,
Ozuy, and the noise strength are rescaled respectively as

o — aelFF2H=D Ve(z_oé, fe — pipeF 720"
(IV.3a)
DA — DAe(Z—QX—C—l)Z , DQ N DQe(Qz—QX—<—1)£ ,
(IV.3Db)

and the coefficients of the nonlinear terms P, uz, Uy Oy Uy,
3
Ug Uy, and uy as

& Delextt=e y L\ (s Hx-1E

2 2

o — e

(IV.4a)

(zhxtc=1e & X (42008

Iv.4
5 > (IV.4b)

We choose z, ¢, and x to fix a, v and D,,, which control
the size of the dominant fluctuations (i.e., those coming
from the quenched noise). Note that we need not keep
1, fixed, since it only affects the subdominant, annealed
part of the fluctuations.

This choice leads to the following values of the scaling
exponents:

(IV.5)

Note that, as expected, these values of ( and yx are
identical to those for the quenched part of the veloc-
ity correlations obtained from our linear theory [e.g., see
(III.23))]. Technically, the z we get here is the dynamic
exponent for the quenched correlations, which, however,



are purely static. As a result, its value is different from
z = 1, which is the dynamic exponent for the annealed
part of the correlations in .

Substituting these values into (IV.4)), we find the co-
efficients of the nonlinear terms Py uy, uguy, and ug all
diverge as £ — oo; specifically

06 &

«
a—aelf, — o 3

5 5 , (IV.6a)

J

2

wl@ = G@ |13+ 2@ - (§) P

where G(q) is given by (IIL5), and we've defined [ =

[dQd2k/ (V2r)®. In the limits of small q and g, < g,
G(q) can be simplified to

G(q) = [—i (w—74)+ (agg + umqf;)] . (IV.8)

To “regularize” our theory, we must introduce a short-
distance (i.e., large wavevector) cutoff. We do so by re-
stricting the wavevectors in to lie within a Bril-
louin zone whose shape is a strip, infinite in the ¢, direc-
tion, and of width 2A in the gy-direction. That is, our
allowed wavevectors q lie in the range —oo < ¢, < oo,
—A < ¢y < A, where A is the ultraviolet cutoff,

Next we decompose u,(q) into “slow” components
uy (q) and “fast” components u, (q), where u; (q) is sup-
ported in the wave vector space —oo < ¢, < 00, |gy| <

Ae~9 and ui in the “momentum shell” —co < ¢, < 00,

Ae=4¢ < |g,| < A, where d¢ < 1 is an arbitrary rescaling
factor. We likewise decompose the noises fg,@ into fast
and slow components f}fQ (q) and f}{é (q) respectively.
Next we solve (IV.7) iteratively for w;(q) in terms of

u, (q) and the noises f¥7 (q). We then substitute the so-

lution into the EOM (IV.1)) for u; (q), and average over

the short wave length noises fz<Q (q@). This renormalizes
the various coefficients in the EOM for u; (q). Following
this averaging step, we perform a rescaling step in which
we rescale time, lengths, and fields

zdl ds
)

(IV.9a)
(IV.9b)

.y — yet,
(x+¢—1)d¢

t — te x — et

xd4
Uy — Uy€XT", Uy —> Uge

to bring the cutoff back to A. Upon repeating this process
recursively with the definition ¢ = nd{¢, where n is the
number of iterations of this renormalisation process, we
obtain a set of recursion relations. The values of the
parameters after these n steps are denoted as «(¢), etc.,
with ¢ treated as a continuous variable. This enables us
to write the recursion relations as differential equations.

~(5) [ mla- kR R, &)

which implies these nonlinear terms are relevant in the
hydrodynamic limit, while A vanishes, which implies
Uy Oy is irrelevant and hence can be neglected.

We will deal with the relevant nonlinearities using the
DRG approach of Ref. [23] 24]. This begins by for-
mally “solving” the hydrodynamic EOM for wu,
by Fourier transforming in space and time to get

@ [ @y a-8) o [ ua-ku,®

(IV.7)

In obtaining the recursion relations we also make use
of an important symmetry property: due to the rotation
invariance of the hydrodynamic EOM, all the “a”s in
that equation should remain equal upon renormalization
and we choose values of xy and ¢ that ensure this; i.e.,

x=¢—1. (IV.10)
With this, the recursion relations can be written exactly
as

dl
drzo‘ = 2420 =2+ N, (IV.11a)
dln~y
u =z—(C+n,y, (IV.11b)
dln g,
36“ — =2+, (IV.11c)
dIn D,
T =22-3C+1+n,, (Iv.11d)
dlnD
DA 3¢+ 14, (IV.11e)
ds
where 74~ 1,o,4 denote the corrections arising from aver-

aging the nonlinear terms in the EOM over the short wave
length noises. We calculate nq,~,u,o,, Perturbatively us-
ing three different schemes. These are: an uncontrolled
one-loop calculation in exactly d = 2, an € = 7/3 — d-
expansion to O(e€), and an € = 5/2 — d-expansion to O(€).
The details of these calculations are given in Appendix
[A] We now describe DRG analysis for each of these three
schemes in turn.

A. TUncontrolled calculation in exactly d = 2

We first present the DRG for the one-loop uncontrolled
calculation in exactly d = 2. The reason we refer to this
calculation as “uncontrolled” is that, in contrast to the
e-expansions we will describe in the next two sections,
which become asymptotically exact as we approach the



critical dimension (i.e., in the limit € (or €) — 0), this
uncontrolled calculation has no such limit in which it
becomes exact, since the dimension of our system (i.e., 2)
differs always from the critical dimension by an amount
of order 1.

The detailed calculation of the graphical corrections
for this scheme is presented in Appendix [A] and obtains,
to one-loop order:

1

— gl V.12
o = =529, ( a)
8 unc
10 unc
Ny = ﬁg( ), (IV.12¢)
16
= —gluno) V.12
Ma = 529", (Iv.12d)
2
Ny = gfbunc) + —_glune) | (IV.12¢)

27

where the two dimensionless couplings are given by

D

gm0 = ZQ|y|"Fqi AT, (IV.13a)
7T

gliunc) x D |y tug TATE. (IV.13b)

In writing these expressions for the graphical
corrections, we have ignored all corrections to any pa-
rameters from the annealed noise strength D, other than
D, itself; that is, we have set D, = 0 for all corrections
except that to D, itself. And even that correction is
evaluated only to linear order in D,. This will be jus-
tified a posteriori by showing that the effective coupling
gg”nc) associated with the annealed noise (which we will
calculate below) flows to zero under the DRG transfor-
mation.

Because of this, it is possible to show, to all orders
in perturbation theory, that 7., n,, and 7, all depend

only on the coupling ¢("®) defined in (IV.13a]) at the
fixed point. This observation, together with the fact that

¢(") flows to a non-zero stable fixed point, which we will
show below, implies an exact relation, which does not
depend on perturbation theory, between the graphical

corrections 1y 4,,- Since 7, also depends on g,(fnc), which
we will show also flows to a non-zero stable fixed point,
we further obtain a second exact relation which is again

independent of the perturbation theory.

Using the definitions of ¢("*¢) and gf}mc) and recursion

relations ([V.11]), we can construct the following formally
exact recursion relations:

dlngme) 1 7 1

T = g - gnry + gna + Mo (IV14a)
d lng(unc)

T; =1—ny—n.+7n,. (IV.14b)

Next, inserting ([V.12) into ([V.14]) we get two closed

o

'\ 4
v = A
O% 0.5 1 1.5 2
(unc)
u

FIG. 1. Renormalization group flows in d = 2 in the plane
of ¢("") and g,(jmc) (IV.15)). There are three unstable fixed
points (indicated by the triangle, square and diamond sym-

bols), and one stable fixed point at (g9, ¢g{™) = (1,1)
(indicated by the red circle), which is our focus here.

recursion relations for ¢("") and g;(:mc) :

dg(unc) _ 1 (unc) (unc)

W "3 (1 -9 ) g , (IV.15a)
dgl(LunC) _ (unc) (unc)

b = (1 g gl (IV.15b)

The associated DRG flow diagram is depicted in Fig.
which shows that the flows have one stable fixed point
and three unstable fixed points in the g(unc)—gﬁunc) plane.
The stable fixed point, which generically describes the

universal behavior of the system, is at

g(unc)* _ g;(tunC)* =1. (IV].G)

At this nonzero stable fixed point, dg(""®)/d¢ and

dg,(tunc) /dl are both 0; Equations (IV.14)) imply two exact
relations between the 7’s:

(IV.17a)
(IV.17b)

My =31y —1=1a,
1=ny+n,=1nu-

To get quantitative results for n’s, we insert ([V.16|)
into ([V.12aIV.12d)), which gives

1
= —— V.1
o = =5 (IV.18a)
8
10
77Q = ?7 5 (IV18C)
16
= —. V.1
M = o5 (IV.18d)



Inserting (IV.18bUIV.18c) into the exact relation
(IV.17Db)), we get
29
M = 5 (IV.19)

We will choose the scaling exponents x, ¢, and z to
keep the coefficients 7y, a,, and D, fixed under renormal-
ization. We will show in section that, as usual in the
DRG [23]24], this choice makes these values of x, ¢, and z
those that appear in the scaling laws . Since these co-
efficients determine the coupling coefficient ¢("*®), which
goes to a non-zero constant at the fixed point, keeping
any two of these coefficients fixed automatically fixes the
remaining one. For instance, by keeping « and + fixed

(i.e., setting the right-hand side of (IV.11allV.11b) to be

zero), we get:

:2+77w_7]a _2_2777_7%

= V.20
(=2t 22 (1v.20)
Inserting (IV.20]) into (IV.10)), we obtain x:
-1 — N
- % . (IV.21)

The exponent ' is also derived in section . Here we
only quote the result:

Na — Ny — 1
-

Using the values ([V.18a)-(IV.18d)) of the n’s, we then

obtain the exponents’ values explicitly

Y = (IV.22)

13
= — I .2
7= 5 (IV.23a)
¢ = g, (IV.23b)
2
19
== IV.2
X 51 (IV.234d)

Coincidentally, these scaling exponents will turn out to
be exactly equal to those obtained by the ¢ = (7/3 —
d)-expansion in the “hard” continuation approach to be
discussed next, when € is taken to be 1/3.

The above analysis ignored most of the graphical cor-
rections induced by the annealed noise. The only such
correction we included was in the correction 7, to the
annealed noise variance D, itself, and even for that cor-
rection, we left out one-loop corrections that involve two
annealed noises. In Appendix [B] we show that those two
annealed noise corrections to D, itself are controlled by
the “annealed coupling coefficient”

a1/4DA
pa/tA

ggunc) o

(IV.24)
Corrections to all other coefficients, such as «, stemming
from the annealed noise, are also controlled by the same
coupling coefficient.

10

We will now show that gg‘mC) flows to zero at the fixed
point we’ve just found, thereby justifying our neglect of
the graphical corrections arising from the annealed noise.
From its definition and the recursion relations
7 we can derive the formally ezact recursion rela-

tions for gg‘mc) :

dlngt™)  1dhno N dlnD, 5dlnp,
de 4 e de 4 e
1 ot+4n, —5
=L et n =) gy
2 4
Inserting (TV.18allTV.I8d[TV.19) into (TV.25) gives
dln ggunc) 7

Since this eigenvalue is less than zero, we can conclude
that the annealed noise is irrelevant at the quenched fixed
point. This justifies our neglect of corrections coming

from the annealed noise in ([V.12]).

B. “Hard” continuation

In this section, we will obtain DRG recursion relations
using an e-expansion method. This presents a problem
since the model we described is defined precisely in two
dimensions. We circumvent this issue by only analyt-
ically continuing the integrals in Fourier space required
for the averaging over the large wavenumber modes in the
nonlinear terms, and making the trivial (but important!)
changes in the power counting on the rescaling step of
the DRG. In this section, we generalize our calculation
to dimensions d > 2 by treating the “soft” direction (z
direction) as one dimensional, while treating the other
spatial component y (the “hard” direction) as (d — 1)-
dimensional. That is, we replace y — rp, and, in Fourier
space, ¢, — qp. In particular, the integrals of Fourier
variables become [, = [dQd?gydg,/ (v2r)*. Of
course, this extension also changes the recursion relations
for D, and D, from (IV.11d) and (IV.11e), since these
explicitly depend on the dimensionality d. For clarity, we
rewrite all the recursion relations again:

dgzo‘ =220~ 24 T, (IV.27a)
Ay i, (IV.27h)
a0
dlg;‘”” =22+, (IV.27¢)
dln D
ZZQ:2Z—3c+3—d+nQ, (IV.27d)
In D
dng:z—i%C—l—S—d—i—nA. (IV.27e)

Note the power counting of D
fact that we're not in d = 2.

0.4 18 changed due to the



The n’s for this hard-continuation e-expansion are cal-
culated in Appendix [A] and, to one-loop order, are iden-
tical to our uncontrolled-calculation results (IV.12)), i.e.,

_ 1 (hara) 8

Mo = =5zg" Yy = gt (IV.28a)
10 16
_ (hard) _ 22 _(hard) V.92
o = 579 v Ma = 529 ; (IV.28Db)
ar 2 ar
=g + gty (IV.25¢)

The only difference between these graphical corrections
and those of the uncontrolled calculation is the gener-
alization of the dimensionless couplings ¢("") and g,(jmc)

to higher dimensions. These new dimensionless couplings

g®ard) and gl(thard), are given by
Sd—l 7 1, 3d-7
hard) —
) = S A D, avam)
gl(thard) o ‘ryl_l:u’;lDQ Ad_3 . (IV29b)

In writing , we have, as in the uncontrolled cal-
culation, ignored all corrections to any parameters from
the annealed noise strength D, other than D, itself; that
is, we have set D, = 0 for all corrections except that to
D, itself. And even that correction is evaluated only to
linear order in D ,. This will again be justified a posteri-
ori by showing that the effective coupling gghard) associ-
ated with the annealed noise actually flow to zero under
the DRG transformation. As in the last section, we can
construct an exact relation between the graphical correc-
tions 7,,q,,. Using the definition of g(h&rd) and
(IV.27) we construct a formally ezact recursion relation
for g(Pard).

d lng(hard) B

1 7 1
=|=-(7—-3d)— = —Na . (IV.30
1 =[5 0-30- Tu+ ] avan

At the fixed point, since dgt;zrd) = 0, Eq. (IV.30)
clearly implies that either g4 =0, or

7—=3d—"Tny +na+3n, =0. (Iv.31)

It is easy to see by inspection that the ("1 = 0 fixed
point is unstable (with eigenvalue 7/3 — d) for d < 7/3,
and, hence, in the physical case d = 2. Therefore, in
d = 2, and formally in all spatial dimensions d < 7/3,
the graphical corrections 7y, 74, and 7, must obey
(TV.31)) exactly, at the nonzero stable fixed point, as ex-
pected from our previous calculation in the uncontrolled-

calculation scheme (IV.17h).

Likewise, we can construct a formally exact recursion

relation for gﬁhard) :

dIn g(hard)

di’lf:?)—d—n,,—nﬂ—k%. (Iv.32)
Reasoning as we just did for ¢(#'d) this recursion rela-

(hard)

tion implies that the g, = 0 fixed point is unstable

11

for any d < 3. Hence, in all d < 3 and, in particular, in

the physical case d = 2, we obtain a second exact relation

dg(hard) )
g‘aé = 0 at the nonzero stable fixed point:

(IV.33)

since

3—d+mn,—my—1n,=0.

Note that this reduces to (IV.17b)) for d = 2.
Subtracting 1/3 of equation (IV.31) from (IV.33]), we

obtain an exact relation between 7, 7, and n,:

2440y — N

which will prove useful later.

To proceed further and obtain quantitative predictions
for the exponents, we use the perturbation theory results
for the graphical corrections in the recursion re-

lations ([V.30) and ([V.32)). This gives

(IV.34)

dg(hard) 1 ar r

=3 (7 —3d—g¢® d>) g d) - (IV.35a)
dgﬁ(Lhard) hard hard

= (3 —d— g >) gl (IV.35b)

The associated DRG flow diagram for d = 2 is identical
to that in the uncontrolled calculation, as shown in Fig.
which shows that the flows have one stable fixed point
and three unstable fixed points. The stable fixed point,
which generically describes the universal behavior of the
system, is at

g(hard)* =3e+ O(é?),

where ¢ = 7/3 — d. Inserting the definition of € in

(IV.35b)), we can also obtain an expression for the stable
(hard)

(IV.36a)

fixed point of g, for d < 7/3:
x 2
hard _
gl = S te (IV.37)

Note that, unlike our result (I[V.36f for g(hard)*, this re-

sult is not, strictly speaking, asymptotically valid in the

limit of small e. This is because this value of g,&hard)* does

not become small for € < 1; hence, there is no formal jus-

tification for dropping terms higher order in g,shard

. . hard o
the recursion relation for g,& ard), However, this is not a

problem, since our results for all of the other n’s (except
n,) are asymptotically correct in the limit e < 1. We can
therefore obtain quantitatively valid results for € < 1 for
those other n’s, and then use the ezact scaling relation
to determine 7,,.

Inserting this result for the fixed point value of the
dimensionless coupling ¢ into our earlier expres-
sions (TV.28a]) and (TV.28b]) for the graphical corrections
Na,v,0,4 gives their fixed point values explicitly as a func-
tions of e:

) from

€ 8e
Na = _§7 Ty = 5’ (IV'383')
10¢ 16¢
o =9 Ma= g - (IV.38b)



Inserting these into the exact relation ([V.34]) gives our
e-expansion result for 7,:

2 1le

M= 3 9 (IV.39)

The O(e?) corrections can in principle be obtained
through higher-loop calculations. We have not attempted
this formidable calculation, because we expect our one-
loop DRG results to be very quantitatively accurate.
This is because, in d = 2, e = 1/3, which is extremely
small for € expansions.

As in the last section, we have ignored the graphical
corrections induced by the annealed noise, which are con-
trolled by the coupling coefficient gghard). We show in ap-
pendix [B] that, for this hard continuation, this coupling
is given by

011/4DA

(hard)
pa/tAs—’

g! (IV.40)

As we did for the uncontrolled approximation, here too
we can justify our neglect of the corrections arising from
the annealed noise by demonstrating that the coupling
gghard) just defined is irrelevant in the dimension of phys-
ical interest d = 2.

We do this by using the definition and the re-
cursion relations to derive the formally exact re-

cursion relation for g\ ard) .

ding{™D 5 (et 41, = 5)

ds 2 4

Inserting the fixed point values of n’s ([V.38] [IV.39)
into (IV.41)) gives

dlng("™9 59 _ 334

(IV.41)

, V.42
ds 27 ( )
where we have inserted € = % —d.

Since the eigenvalue % is less than zero both near
the critical dimension d = 7/3, where it is —%, and in

d = 2, where it is f%, we can conclude that the annealed
noise is irrelevant at the quenched fixed point. This justi-
fies our neglect of the corrections to the n’s coming from
the annealed noise in .

Finally, to obtain the scaling exponents, we sub-
stitute the fixed point values of the n’s (IV.38) into

Egs. (TV.20[TV 21][IV.22). This gives

— 2 5 2
z=3 ¢ +O(e%), (IV.43a)
2 1
(=gtget O(é?), (IV.43b)
11
X=-3 + 3¢ +0(€%), (IV.43c¢)
1 4
X = —5tget O(é%). (IV.43d)
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C. “Soft” continuation

In this section we obtain the DRG recursion relations
using a “soft” continuation to higher dimensions. In
this approach, we treat the “hard” direction y as one-
dimensional, while the “soft” direction x is extended to
(d — 1)-dimensions. In practice, this means we will sim-
ply replace ¢, in Fourier space with a (d —1)-dimensional
vector qs orthogonal to the y-direction.

As in the last section, this modifies the form of the
recursion relations for D, and D,. Rewriting the full
set of recursion relations for completeness, we have:

dln«

7] =242 —2+1,, (IV.44a)
Ay _ v, (IV.44b)
dr
dlgeﬂz =2 =20+, (IV.44c)
dlnD
ZKQZQZ—(d—i-l)C—l-l—}—nQ, (IV.44d)
In D
dzeA:z—(d—&—l)C—i—l—i—nA. (IV.44e)

The 7’s for the soft continuation are obtained in Ap-
pendix [A] and are

e =0 (IV.454)
7, = % gt=ott) (IV.45b)
ny = §g<soft> 7 (IV.45¢)
0, = g (IV.45d)
M = g8 4 Lglom) (IV.45¢)

6

where the two dimensionless couplings are given by

S, 1D d+5 d—1 2d—
(soft) ﬁhr( ) o(FHACED) | (1V.464)

96" oc Dy a5 |y~ (S AT

(IV.46b)
Inserting (IV.45alIV.45¢|) into ([V.44allV.44DblIV.44d)

and using the definitions of ¢(*°™) and g,(fc’ft) 1V.46), we

soft) and gMSOft) :

get two closed recursion relations for g

d1n g(soft) —2d 2d + 4
- (5 > - < i >g<S°ft>, (IV.47a)

ds 3 9
(soft)
dlnglt _ (7 - 2d> + (5 - 4d> g(SOft) . g(SOft)
a¥4 3 18 oo
(IV.47b)

As in the wuncontrolled calculation and the hard-
continuation scheme, the trivial g°® = 0 and g™ = 0
fixed points are obviously unstable at the physically rel-
evant dimension d = 2. In fact, here the ¢(*f) = 0 fixed



point is unstable for all d < 5/2 and gffOft) = 0 fixed point

is unstable for all d < 7/2. Below d = 5/2, the stable
fixed point which generically describes hydrodynamics of
the system is at

glo* _ 264+ 0(8), (IV.48)

where € = 5/2 —d. We can now insert the fixed point

value of g% (IV.48)) into (IV.47D) to obtain the fixed
soft

point value of g, for d < 5/2:

* 2 13 .
g;(,LSOft) _ § + ¢

: V.4
27 (1V-49)

As for the hard continuation, unlike our result ([V.48)

for g(s‘)f‘“)*7 this result is not, strictly speaking, asymp-

totically valid in the limit of small €. This is because this

value of g;(f()ft)* does not become small for € < 1; hence,

there is no formal justification for dropping terms higher

order in gl(LSOft) from the recursion relation for g/(LSOft).

However, again, this is not a problem, since our results
for all of the other n’s (except n),,) are exact to linear order
in € < 1. We can therefore obtain quantitatively valid
results for € < 1 for those other n’s, and then use the
ezact scaling relation , which we’ll derive below,
to determine .

Again, the fact that both ¢(°f) and g,(fOft) flow to a
non-zero stable fixed point for d < 5/2 implies a pair of
ezact relations between 7’s:

5—2d d+5 d—1
5 )T\ )t 5 ) =0,

(IV.50a)
7—2d d—2 d+1
=5 ) (5 et {57 ) =0
(IV.50b)
Inserting (IV.48)) into (IV.45aHIV.45d)) yields

Na =0, (IV.51a)

4
ny=gé+ o0&, (IV.51b)

4
g = &+ o0&, (IV.51c)

2
Ny =36+ O(&). (IV.51d)

Then inserting (IV.51allV.51blJiIV.51c)) into the exact re-
lation (IV.50b)), we get

2  16._ -
=3+ 576+ 0(@).

> (IV.52)

Using these values in Eqs. (IV.20[IV.21[TV.22) yields

13

the O(€) values for the scaling exponents:

_ 2 8 ~ ~2
=3 27e+ 0(é), (IV.53a)
_2 4. 2
(=3+5:¢+0@), (IV.53b)
__1 4. 2
X=-3+5-6+0(&), (IV.53c)
11
X = —5+gét O(&%) (IV.53d)

It is easy to check that the numerical values of these
exponents in d = 2 to O(é = 1) are very close to those
obtained in the uncontrolled calculation and the hard-
continuation.

As in the other two schemes, we have ignored the
graphical corrections induced by the annealed fluctua-
tions. We’ll now show that these graphical corrections
are also irrelevant in the soft-continuation scheme. In
Appendix [B] we show that these graphical corrections
are controlled by the dimensionless coupling

_d+3) 43

gEfOft) x DAa(dZI)ur AT (IV.54)

Using (IV.54)) and (IV.44) we get the recursion relation
for g at the fixed point controlled by the quenched
fluctuations:

d1n g(soft) 2 14 .2
—ar 3 ﬁe—FO(e).

(IV.55)

This eigenvalue is —L ind = 2 to O(¢ = 2

. 5), which is less
than 0, and thus again shows the irrelevance of graphical
corrections coming from the annealed noises.

An equally-weighted average of the values of the expo-
nents obtained using the three schemes described above
yields the values listed in (|L.6)).

V. SCALING BEHAVIOR

Now we utilize the DRG to calculate the real time-real
space correlation functions (u(r,?) - u(0,0)). Let’s first
focus on the quenched part C, (r) = (u(r,t) - u(0,0)),
(see (III.16b)), which is purely static. Keeping track of
the rescalings done on each step of the DRG enables us
to relate the correlation functions in the renormalized
theory to those in the original (unrenormalised) model.
This relation, known as a “trajectory integral matching”
formula, reads, for the real-space correlations [23] 24]:

CQ (CYOa Yo, DQ,O’r)
= e, [a0),7(6), Do (0), |2le™", lyle™ ] (V.1)

We have explicitly displayed the renormalized parame-
ters a, v, and D, because they are the parameters that
determine C,, (r), as we saw in the linear theory. In
the subscript “0” denotes the bare values of the param-
eters. Note that C, (r) only depends on the absolute
values of x and y.



Let’s now choose the exponents z, ¢, and x, to be the

values given by (IV.20) and (IV.21]), which keep «, 7,
and D, fixed, and also choose ¢ = In (Aly|). Eq. (V.1)
can then be rewritten as

x
Cy (00,70, Dy, 1) = |y|2XgQ (||y||> 7 (V2

where

2] _ 2 | 1
QQ <|y|c =A XCQ ao”yO’DQO7W7 X . (V?))

We have found the quenched part of the correlation
function shown in . Now we turn to the annealed
part of the correlations, for which there is a relation sim-
ilar to (V.1):

CA (QOa,UfmmDAo,rvt)
= X0, [al0), 1z (), D, (0), |zle™" [yle ™, [te™™]
(V.4)

where C, (r,t) = (u(r,t)-u(0,0)), (see (II1I.16p)), whose
value is determined by «, p, and D ,, as we saw in the
linear theory.

Next we make the same choice of (, z, x, and £ as
we did in deriving the quenched part of the correlations.
In addition to «, 7, and D, this choice also fixes .
due to the exact scaling relation , or equivalently
(TV.33) or (IV.50a). The three exact scaling relations
become identical in d = 2.

On the other hand, with our choice of the rescaling ex-
ponents, D, (¢) is not fixed. Instead, it is straightforward
to show that, in all three of our approaches,

A

dmD, dlnD,
ae dr

(V.5)

=Ny —MNg — %~
|
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dIn D

With our choice of exponents, —3;% = 0, so we have

dlnD,
dé :nA_nQ_Z7

(V.6)

which we can immediately solve for the renormalized an-
nealed noise strength D, (¢):

D, (E) =D, eXP[(WA (V7)

777@ 72)6} .

We can therefore rewrite (V.4)) as

CA (aOa Hz0, DAO’ r, t)
= 62XZCA [a07 M0, DA (6)7 |$|67<£a |y‘67€’ |t|eize] )
(V.8)

with D, (¢) given by (V.7).

To proceed, we recall the result from the linear theory
that C, is proportional to D ,. The linear theory should
be valid on the right-hand side of if we choose £
so that the y argument of C, on that side is of order a
microscopic length (i.e., A=!, where A is the ultraviolet
cutoff). That is, we’ll choose

t=0"(y) = In(Aly]) (V.9)

again. Doing so, and using the fact that, with this choice
of ¢, the linear theory works, and making further use of
the fact that, in the linear theory, the annealed correla-
tion function is proportional to D, , we have

C. a0, Dagerst) = (WA D)0 (L)

where we have defined

* || 1 [t]
(IwI |t] ) _ G (O‘O’MwO’DA(E ) Ty A <\y|A>z)
lyl<" lyl? D, (¢)
(V.11)
Note that © is actually independent of D, (£*), since we
have cancelled off its linear dependence on D, (¢*). In-
|| [t]

deed, © depends only on the ratios , —+ and TIEL

, since
[yl

o, Meo and A are constants.

Inserting our result (V.7) for D, (¢) into (V.10), and

evaluating it at £*(y) gives

’ x t
CA%memnﬂ=M%%<Q“QJ’Wn)

[yl< [yl
(V.10)

(

where

x| |t ) 2y (Ix |t] )
G ( =AX'D, 0L, . (V.13
S\ yls 7yl B ly|S7 yl? (V.13)

and

1
X =x+5m,—n,—2).

5 (V.14)

Insert (IV.204IV.21) into (V.14) and use the exact scaling
relation (IV.17a) to eliminate 7,. This leads to

-1
x ==, (V.15)



which is the value of x’ that we quoted in ([V.22).
Alternatively, the correlations can be derived by per-
forming the inverse Fourier transform of the correlation

function obtained in the linear theory (II1.12)), albeit
J

<uy (q)uy (q/)> — e2(d71+z+C+X

where u,(q) and u;(ezqz, et‘q,, e*‘w) represent the veloc-
ity field before and after rescaling, respectively.

Since the non-linear corrections become more impor-
tant as we go to longer wavelengths and times (i.e.,
smaller q), it conversely follows that we can best ap-
proximate the right-hand side of using the linear
theory if we make (e‘q,,e“q,,e**w) on the right-hand
side as large as possible. We will therefore choose ¢ so
that this rescaled momentum lies near the Brillouin zone
(BZ) boundary. This allows us to evaluate the correla-
tion function on the right-hand side of Eq. using
the linear theory . To determine the value ¢* of
¢ that is sufficiently near the BZ boundary to allow this,
we use the criterion

7?0¢:|° + a®|gy|* = a®A*. (V.17)
Our motivation for this choice is that this makes the cor-
relation function at the renormalized wavevector as small
as its largest value on the BZ boundary. For the rescaled
momentum to satisfy this condition, we must have

20) (laske® )+ a?0) (yle”) = 0?0,
(V.18)

where the ¢*-dependences of «(¢*) and v(¢*) is obtained
by solving the recursion relations (IV.27al) and (TV.27D)),
respectively. These are most easily solved by choosing
the rescaling exponents z and ¢ to keep v and « fixed
at their bare values. This leads to the values of z and (
quoted in .

Making this choice and dividing by a2, gives

W\ 6 4
@ (laale<” ) + (layle”) =A%, (V.19)
where we’ve defined the microscopic length a = g—?)

We will seek a scaling solution for e/ of (V.19) of the

form
. A L] /A
J:h<mvcy
™"\ (lay|/A)

where A’ = A3a~3, and  is given by (IV.20)).
Inserting this scaling ansatz (V.20) into our condition

(V.20)

)4 <u;(e£qx,e<eqy, ezew)u,’y(eeq;,eceq;,ezzw')> ,
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now with wavenumber-dependent coefficients due to the
renormalization. The Fourier transformed correlations
are also of interest in their own right. Again using tra-
jectory matching, we have

(V.16)

(

gives
cwwﬁﬂf mm'r<
2,15 "\ gyl/A)°

j.l/A" \ 1
A | = A*. (V.21
+{memJ] V2

Dividing both sides of this expression by A* and reorga-
nizing a bit yields

(=) b ()|
+[f1 (%)T = 1.(V.22)

’ 6¢
The coefficient of [ fi ( la.1/A )] in this expression

(ayl/n)¢
can be re-expressed as

a2 \66—4|q, |6 a1/3AC*2/3|qx| 6
( |Qy|6C ) N ( |qy|C )
_ <a1/3A_2/3|qI|>6
(lgyl/A)¢
= ('qﬂ”'/A/ >6=w6, (V.23)
(g /)

where we’ve defined the argument of the scaling function

f1 in our ansatz (V.20) to be w; i.e.,

_<mw»
(lgyl/A)
Thus, our condition on the scaling function f; can be
rewritten as

(V.24)

WO f1 (w)]% + [fi(w)]* = 1.

Since this condition only involves the scaling argument w,
defined by (V.24), and the scaling function fi(w), which
also only depends on w, it is clear that our ansatz has
worked, and that the scaling function f; (w) is determined
by the solution of ([V.25)). That solution is easily seen to
have the following limiting behaviors:

f1(9€){

(V.25)

1, 1,

2
x_%,x>>1. (V.26)
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Inserting (V.20)) into our expression ([V.16) for the cor-  relation function on the right-hand side using the linear
relation function in Fourier space, and evaluating the cor- theory (III.11]), we obtain the velocity correlation func-
tion in momentum space:

(uy (@) (@) = 2D ape"4" §(w +w')d(q + q) , AmDgve’e” 43(w)6(w)é(a + o)
y y = pe 2
(w— Voenwe*fh)z + (aoem % + pgoent qg:)z (agent)’ qy + (y0e™*")" g
_ 2D, (@)d(w+w)dla+a)  4mDq(@)g0(w)d(w)d(a +q) V.27
- 2 [a@a} g a?(a)q} +~2(a)gs '
| v =(a)g]” + [qiz + uz(q)q%} v
where
- 0z
v(@) = olay| ™™ 4 <|q ||<> : (V.28a)
Yy
a(q) = aolgy| ™ fa <||qqm||c) : (V.28b)
Yy
- Qs
ta(Q) = paolgy| ™™ fu | ; (V.28¢)
ayl
- Q@
D, o(q) =D, g0lay| "2 fag (q | ) : (V.28d)
Yy
and

|qz |
f’YvO‘vlLvAvQ (|qyz|g‘

jgel/a ]
= Ahewaq | f | 2L . V.29
(i) o

The subscript “0” denotes the bare value of the coefficient.
We Fourier transform the momentum-space correlation function to obtain the real-space one. But first it is conve-
nient to write (uy(q)uy(q’)) in a compact form:

(@@ = [l R, ([ ) oo+ e 0E, () )5 sla ).

(V.30)

where

< >> 5 (V.31a)
)r“L CZT;;AZ,T“ +’“‘$°( ) f“( )
(|qac|>E [ 47TDQO(|% ) fQ( ) datda) . (V.31b)

¢ 2
S T () 1 ()] ot ()]

In deriving ([V.30)) we have used the exact relations (I[V.17).

We'll next calculate the annealed part of the real-space correlation functions. Using the scaling form (V.30) we get
w

(uy (v, )1, (0,0)) , = / g, |~ (7Ha) P, (q“’ ) §(w + w')d(q+ g e w—ar) (V.32)

( dz w > _ 2DA0fA<

|Qy|c’ |Qy|z

WA Qe |qx
Ak 70|qy|<f7<\qy\<

3

gy lay|*

’
w,w",q,



Changing variables of integration,

Qy _ Qe
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Qy =77 GQo=7 7, W= , V.33
Yyl lyl¢ lyl* (v-33)
we write (V.32) as
/ lz| |t
()0, 0,004 = 6 (L L) (V.34)
where
, 1
X:§(Z—C+77A—1)a <V35)
|z |t] ) 1 / (2 Q. N i (g -2 y3)
g <’ = Q,|" @R , e \TolF T¢Il ) V.36
A |y|g |y|z (27‘(‘)3/2 2.Q ‘ y| A |Qy|< |Qy|z ( )

and the values of (, z, and x are again given by (IV.20) and (IV.21). Inserting (IV.20) into (V.35) leads to (IV.22))

again.

The quenched part of the correlation is obtained in essentially the same way, and the result is

@@w%wmmw%%(),

|| 1 / —(4—4C4n,, —2n0) Qa| \ i(42r+29s)
— ) = — Q o) B vl T y<
A o Jo 19 «\lQuie)° |

where the values of ¢ and x are again given by
and (IV.21)). In deriving we have used the exact
relation (IV.17b)).

Here, we have focused exclusively on the u,-u, correla-
tion. This is sufficient to calculate (u(r,t)-u(0,0)), since
the u, correlations — related to the u,-u, correlation by
the incompressibility constraint — are much smaller than
the uy-u, correlations in the dominant regime of wavevec-
tor ¢, ~ |qy|¢ < |gy| and can therefore be ignored.

VI. EQUALIZATION OF THE EXPONENTS 2
AND (.

As we discovered in section , the linear theory
leads to two different dynamic exponents z; 2, and two
different anisotropy exponents (; 2 for the annealed fluc-
tuations, as defined by the expression

q . q
w(@) = ‘qy‘mfreal (lq T<1> - 1|Qy|zzfimaginary ( | $| )
y

|Qy |C2
(VL.1

Furthermore, the anisotropy exponent (5 differs from
that for the quenched fluctuations. However, the DRG
analysis presented in section identified a unique ¢
and z. The reason for this is that once nonlinearities
are taken into account, all three anisotropy exponents,
and both 2’s, become equal. We will demonstrate this

]
V.37
Iyl (V-37)

(V.38)

(

explicitly in this section and discuss how this equaliza-
tion comes about as a function of dimensionality. This is
analogous to the situation in smectics. The linear hydro-
dynamic theory of smectics A predicts a “second sound”
mode [26], which has the dispersion relation

w = £ep()g — w()g®,

where ¢ is the angle between the wavevector and the layer
normal, ca(¢) is a direction-dependent sound speed, and
v(¢) a direction-dependent viscosity. This has different
z’s for the real and the imaginary part: z = 1 for the real
part, and z = 2 for the imaginary part.

However, in three dimensions, once non-linearities are
taken into account, one finds [27]

(V1.2)

w = £2(0)q — Wrenorm (4, 9)¢* (VL3)
with
o (a.6) = 12 (VL)
which, when inserted into gives
w = tea(9)q —if (g, (VL5)

which has the same value of z (namely, z = 1) for both
the real and the imaginary part.



How does the smectic go from having two z’s that differ
by an amount of O(1) in high dimensions (where linear
theory works), to equality in d = 37 This is because v
becomes anomalous in a higher dimension than co; the
critical dimension for v is [27] d¥ = 5, while the critical
dimension for ¢o (which is proportional to VB, where B
is the smectic layer compression modulus) is [28] d%* = 3.
And it’s between these two critical dimensions that 2o
continuously evolves from zo = 2 to zo = 1. In general
spatial dimensions between d = 5 and d = 3,

Vrenorm (¢,0) o q'17V/2, (VL6)
which, when inserted into , gives
Im(w) o ¢'4=1/2 (VLT)
which implies
29 = % (VL.8)

This interpolates continuously between the linear value
2o = 2 and the d = 3 nonlinear value z = 1 as one lowers
the dimension from 5 to 3.

We now show that an analogous variation of p,, which
plays the role of viscosity in our model, in dimensions
higher than the critical dimension of our model is re-
sponsible for the equalization of the exponents. How-
ever, unlike the smectic, the incompressible flock model

J

w(@) = v(a)gz — i(ux(q)qi +a(q) ky;' )

x

\Qh|c
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we have described here is strictly only valid in two dimen-
sions. Nevertheless, we formally analytically continue the
model, as in section , to higher dimension to under-
stand how the multi z and ( linear scaling behavior re-
duces to one with a unique z and { once nonlinearities
are accounted for. Of course, we can use either hard con-
tinuation or soft continuation for this examination. Here,
we choose to use the former. The critical dimension of
the incompressible flock with the hard continuation ex-
tension is 7/3. We first demonstrate that for d < 7/3,
there is indeed a unique z and ¢ and then show that this
comes about because p, starts changing from its linear
value for d < 3. An analogous argument can be con-
structed for soft continuation as well, where there is a
unique z and ¢ for d < 5/2 which comes about because
Ly starts changing from its linear value for d < 7/2, but
we will not present it here.

A. Incompressible flocks in d < 7/3 (hard
continuation)

We begin by recalling that the result of the DRG anal-
ysis is that all linearized expressions become valid for
the non-linear problem provided that we replace all of
the constant phenomenological parameters v, «, u,, and
D 4,q with the wavevector dependent renormalized quan-
tities v(q), a(q), u.(q), and D, ,(q) given by equations
. Doing this with our expression for the

eigenfrequencies gives

2
s (Y o, () o (1) Y g

lan|¢ lanl¢ /) 14z

where we have extended the y direction to be d — 1 dimensional and replaced g, with qj. The real part of this can

be written

- Gz 2 dz Gz
Re(w) = 7olan| n”fv( ] )Qx = olan|” fv( gc| > )

lan|¢

where the second equality is true for any value of z;.
However, if we choose z; such that

z14+1y=C¢ (VI.11)

then the factor and the entire factor

qa — _4a
lan]*1 7Y lan|¢’

9= laz|l \ _ 4 4o | o :
FESEE Iy (\qh\C) = ‘thcfv (\qh\c , which is obviously
a function only of the scaling ratio |(f}—:”|<. Hence, we can
)
define a new scaling function

freal(m) = IYOmfA/ (m) y (V112)

VI.10
a0 Janle (VL.10)
(
and rewrite equation (VI.10)) as
= |qn|? =
RQ(W) - |qh‘ 1freal <|qh|<1> 5 (VI].?))

with (1 = (, provided that (VI.11) is satisfied. Using our
earlier expression (IV.20)) for ¢ in terms of 7, and n,,

and solving (VI.11}) for z1, we find

241y —mn
n=(mn, =y =

where in the last equality we have used the result (IV.20))

(VL.14)



for z found earlier.
Thus we have established that the real part of w can
be written in the form

Relw(a)] = [an|* freal (qz> (VL.15)

¢

with z and ¢ the exponents we found in our DRG analysis
of section , whose values are given by .

We will now show that the imaginary part of w can also
be written in this scaling form, with its dynamic and
anisotropy exponents zo and (y respectively also being
given by 2o = z and (5 = (.

The proof is quite straightforward. The imaginary
part of w(q) can, by factoring out |qy|* and reorganizing
(VI.9) a bit, be rewritten as

. = |gz|
tmfota] = ~lanf*{ ozl =7, (122

|<1h|2_’7”_z) ( || ) }
+a0 ( foc )
qz lan ¢

(VL.16)

Using the relation (I[V.20) between z, ¢, and 7., and
the exact scaling relation ([V.34)) between 7, and 74 5,
we see that

2+ 4y, — 22, —
77M+z:<+ 7737 770‘>+<77” n"‘)

3
442, —2
_ w — 2, (VL17a)
2 2 — e
2-z—my =2 Uy,
4420, — 20
- % — 2. (VL17b)

With these results in hand, we can rewrite (VI.16) as

Im[w(q)] = — Qh|z{ <|§:|C>2MWOJC” (|(;]:|C>

()’ 02| VLis
(JT aofa lanlC (VL.18a)

|Qx| )
—lanl? fim , VI.18b
o (2 (VL18b)
where we’ve defined
fim(m) = mzfﬂ (m)pzo + m=2f, (m)ay . (VL.19)

So there is only one z and ( for this problem in the
non-linear theory, despite the fact that there are two (’s
and z’s for the linear theory.

B. Incompressible flocks for 7/3 < d < 3 (hard
continuation)

The reader might reasonably wonder how we get from
the linear result, with its different values of z and ¢ for
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the real and imaginary parts of w, to this result in the
nonlinear theory of a single z and a single ¢ for both
parts. The answer is that, as we come down in dimension
from d = 3 to d = 7/3, the exponents zy and (5 for the
imaginary part of w evolve continuously from their linear
values of zo, = 1 and (oun = 1/2 to become equal to
the values z11in = Ciiin = 2/3 in d = 7/3. At this point,
zo locks onto z1, and (5 locks onto (; as the dimension is
lowered.

To see this, first note, as is clear from the recursion

relation for gﬁhard), that p, becomes anomalous
not in d = 7/3, as « and v do, but, rather, in d = 3.
For 7/3 < d < 3, the nonlinear coupling g% flows to
zero, so the scaling relation , which was derived
by assuming that ¢("®® renormalized to a non-zero fixed
point value, no longer holds. However, because p, grows
upon renormalization if its bare value is small (again, as
shown by the recursion relation , its fixed point
value must be non-zero. Hence, the exact scaling relation
does hold, even for 7/3 < d < 3. Furthermore,
because g("**Y) — 0 upon renormalization for 7/3 < d <
3, the exponents 7,.~., = 0 for 7/3 < d < 3. Hence, the
scaling relation implies that

Ny =3—d (VI.20)

while 74 ~,, = 0.

Hence we can write
: 2 |‘31h|2
w(q) = Y04r —1 ,ux(q.)q@: + aho (VI.21)
xT
with
_ d—3 |%|

1o () = paoldnl™" fu (qh|<2) : (VI1.22)

where the anisotropy exponent (o remains to be deter-
mined.
We can do so by factoring |qp|*? out of the imaginary

part of w in (VL.21)):

z —3—=z qgc
tifola)] = —lanl* [ioazlan 227, (L22L)
GRS
2—22
+a0|qth] , (V1.23)

where z9 also remains to be determined. We can do so
by requiring that (VI.23)) take the form

1mfe(a)] = lanl* fin ( ] ) |

lan ¢

Comparing this with (VI.23)), we see that to make these
two forms equal, we must have

(V1.24)

d—3— 29 = —2( (VI.25)
and

2 — zZ9 = 2(2 . (VI26)
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FIG. 2. Plot of the exponents 21,2 and (1,2 versus dimension in
the hard continuation to O(e = £ —d). The exponents z; and
C2 become anomalous (i.e., depart from the values z2 = 1 and
C2 = 2/3 below d = 3. The two 2’s and the two (’s lock onto
equality below d = 7/3. At d =3, z12 = (1,2 = %; at d = 2,
Z1,2 = ;—?, G2 = %. There are small slope discontinuities in
z2(d) and (2(d) at d = 7/3; the slope of z2 changes from 1/2
to 5/9, while that of {2 changes from —1/4 to —1/3. Both
changes are so small as to be invisible to the naked eye, but
are present in this plot.

The simultaneous solution of these two equations is triv-
ially found to be

d—1
29 = —.

2

5—d
G=—7F"

i (VI.27)

Note that, as d is decreased between 3 and 7/3, this
smoothly interpolates between the values in the lin-
earized theory for the annealed anisotropy and dynamic
exponents (o = % and zo = 1 in d = 3, and the val-
ues (o = 2z = 2/3 in d = 7/3. Once we go below
d = 7/3, the analysis given earlier in this section ap-
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plies, so the quenched and annealed anisotropy exponents
remain locked together, and both evolve away from the
value in the linearized theory, as described by the 7/3—¢-
expansion. The exponents z; 2 and (;2 are plotted as
functions of dimension in Fig.

VII. SUMMARY & OUTLOOK

In this article, we have examined the effects of
quenched disorder on the moving phase of an incompress-
ible polar active fluid in 2D. We show that, surprisingly,
the polarised phase retains long-rang order in 2D even in
the presence of quenched disorder. This is all the more
surprising since the closest equilibrium analogs of our
system, which are equilibrium magnets constrained to
have a divergenceless magnetization, whose long-time,
large-scale properties are exactly equivalent to incom-
pressible flocks [20] in the presence of only annealed dis-
order, are much more susceptible to quenched disorder
and do not form an ordered phase in 2D.

We have also characterised the hydrodynamic proper-
ties of the polarised phase, uncovering a novel universal-
ity class and calculating the exponents using three dis-
tinct DRG analyses. Since the values obtained from all
three methods are very close to each other, we expect
them to be quantitatively accurate. Our results should
be readily testable in agent-based simulations. Further,
since quenched disorder is inevitable in all experiments,
our results may also be relevant for interpreting experi-
ments on motile cell layers.

Looking ahead, our work suggests that novel physics
may also emerge from the incompressibility constraint
in active polar suspensions, which are a two-component
(swimmers and solvent) system that is only incompress-
ible as a whole.

Appendix A: Calculating the graphical corrections to the various coefficients

In this appendix, we explicitly calculate the corrections to the various coefficients in the EOM for u, upon averaging

over the short-distance fluctuations.

The hydrodynamic EOM, retaining only relevant terms, that we will analyse using DRG is the following:

u2
atuy(q) = Pyz ((]) ]:q [O& (Uz + 2y> +fq

which can be re-written as:

Uu.
778$Uy + Nmag%uy —Q <uz + y) Uy + fi} + fg

2
LA

2
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FIG. 3. Feynman diagram representation of the formal solution (A.2)) of (A.1). The circle with an interior cross represents the
quenched noise, while the solid circle represents the annealed noise. The meaning of the various other elements in this figure
are given in figure .

with the bare propagator:

i . ¢ N\ iw-w)+ (04%2 + umqi)
G(@) = |—1(w—7¢) + oyt Haly = - = 5 - (A.3)
(W —742)" + (ozq% + uxqi)

We remind the reader that the bare correlation functions (i.e., those of the linear theory) are given by

(us(@)u; (&) = CY(@)5(w +w)3(a + o) + CF(@)8(w)5(w)3(a + o), (A4)

where
(@) = Z%OA (@), (A.5a)
@) = —H3C, (@) = O (@), (A.5b)
e =L@, (As0)
O3 (@) = 50, (@), (A.5d)
C(@) =~ T30, (@) = O (@), (A.5¢)
cpia) = 0, @, (As)
(A.5g)

with

Col@) = Dok ¢ (g) = 2D, (A.6)

T A246 2,4 2 2
Here the subscripts A and Q denote the contributions from the annealed and quenched noises, respectively.
Note that we can think of as a closed equation for u, (q) with u,(q) simply a shorthand notation for —Z—Zuy (Q),
which follows from the incompressibility condition.
As usual (see, e.g., [23] 24]), our formal solution can be represented by Feynman graphs, as illustrated in
figures[3] The definition of the various pictorial elements in this diagram are given in figure [
The most useful way to derive the DRG recursion relations for the various parameters is to divide EOM by
G(q), which gives

G @@ = | 1@+ 1@+ (5) Pl [u@n@-0-a [ o@uE-K

« ~ ~

_ (5) /k 5 (k) (K uy (q — k — k’)} . (A7)

Graphically, this amounts to “amputating” the leftmost leg of each of the Feynman diagrams in Fig. [3] which gives

Fig. B
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FIG. 4. Definitions of the elements in the Feynman diagrams: (a) = wu;(q), (b) = mlgif(smG(C]) fé (@), (c) =

wl=20i) G () £4(@), (d) = CF(@)8(w), () = C(@), (£) the circle = —a (1 — £6,:) [62: + Pya (@) 0y, (g) the square = —a/2.
'y, = ® + @ + +

FIG. 5. Feynman diagram representation of the EOM (A.7). This amounts to “amputating” the leftmost leg of each of the
Feynman diagrams in figure

<
Y

in the wave vector space |g;| < o0, |g,| < Ae~%, and ug (q) in the “momentum shell” |g,| < oo, Ae=4 < |gq,| < A,
where A is the ultraviolet cutoff, and d¢ < 1 is an arbitrary rescaling factor. We likewise decompose the noises fi/, o
into fast and slow components fY7 and fY<, respectively.

The Feynman graphs are useful for the next step, which is to solve (A.2)) perturbatively for u; (q) in terms of uy (q)
and the noises fy>Q This perturbative solution can be represented by t e graphs shown in Flg @

We next substitute this solution into the EOM for ;7 (q); that is, the EOM represented in Fig. 5| with the
field on the left-hand side taken to be uy<( ). ThlS eads to the series of graphs shown in Fig.

Once this is done, one can see at once that the graphs like Fig. I(c , (d), and (e), for which the incoming momentum
q on the left is in the long-wavelength (small q) interior with every line ending in an short-wavelength noise fy> (Q),
can be thought of as an extra contribution to the long-wavelength noises fy< (q@). Their correlations, therefore are
renormalizations of the noise correlations, represented by the Feynman graphb shown in Figs. l 8 and @}

Next, we must average over the short- Wavelength noises f¥< ( ). Since the averages of two noises are only non-zero
if their wavevectors and frequencies are equal and opposite, We represent this averaging by connecting lines that end
in noises. The result is components of the graphs shown in ﬁgure (d) and (e), which simply represent the correlation
functions.

Performing this connection for the graphs in Fig. [7| yields the graphs in Figs.

> > > . . . .
=P==—P-®+—H+~>—O£ + + ...
y g ® 8

FIG. 6. A diagrammatic expansion of the “fast” component of u,(q) after partitioning u,(q) into “slow” components u; (q)
and “fast” components u; (q).

Now we decompose u,(q) into “slow” components u, (q) and “fast” components u; (q), where u, (q) is supported
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() (b) (© > @ - () =~

< <
¢y = ® + @ + + +
> > >
®» >
+ > ot ...
>
<

FIG. 7. A diagrammatic expansion of G~ '(§)u; (d) after partitioning u,(q) into “slow” components u; (§) and “fast” compo-

nents u; (q).

Note that these graphs are linear in the slow fields u; (@), as can be seen by the fact that they have precisely one
external line coming off to the right. The terms they represent can therefore be pulled over to the left-hand side of the
equation schematically represented by figure 7] and absorbed into renormalizations of the inverse propagator G~1(q).
From the form of G~1(q), we see that the part of such correction terms proportional to igzuy(q) can be absorbed into

2

renormalizations of the linear coefficient . Likewise, terms proportional to (Z—y) uy(q) renormalize ¢, and those

proportional to q%uy((i) renormalize p,. This is how we will obtain the graphical corrections to those parameters.
This averaging process also generates graphs which are quadratic and cubic in the slow fields uy< (q). This leads to
the renormalization of the coefficients of the quadratic and cubic terms. However, as argued in the main text, these

2
coefficients are locked to the coefficient « of the linear term (Z—i) uy(q), or equivalently % u,(q). This is because

the EOM is rotation invariant, and this symmetry must be preserved under the DRG transformation. In particular,
this means the graphical corrections to these coefficients are all equal to each other. Therefore, in this problem we
only need to consider the (one-loop) graphs renormalizing the linear terms and the noise, which doesn’t involve the
cubic vertex (i.e., the square-shaped knot) at all.

Unusually, in this problem we find that there is one additional correction, which we’ve not yet described, that
affects the renormalization of all of the parameters. This arises from the fact that the inverse propagator G~1(q)
also gets a contribution from the graphs proportional to —iw. That is, on the right hand side of Fig. [7} we also get
contributions proportional to —iwu,. As a result, our final expression for the renormalized EOM for the slow modes

uy (q) in Fourier space takes the form

2
9y

(—iw(l + Nwdl) — iy(1+ 0"t dl) g, + a1 + nfjjfectcw);2

+ pa(1+ niire“d@qi) ug (@) = f47% + f% + NL{u; (@)},
. . , (A.8)
where yn{rectdl, andretdel, and .7 " dl represent the “direct” corrections to v, a, and p, calculated as described
above, and —iwn,,d¢ likewise represents the correction to the inverse propagator proportional to —iw described above.
The renormalized noises fg}i are calculated as described above.

The expression NL{u, (q)} represents the terms non-linear in the slow fields u, (q); as in the original EOM, these

will couple w5 (q) to the u; (k)’s at all k in the (slightly smaller) Brillouin zone.

The coefficient of —iw in the original EOM was 1. To make our renormalized EOM look as much like the original
as possible, and to avoid having to introduce yet another parameter into our EOM (namely, a coefficient of the —iw
term that is not unity, but a free parameter that can also renormalize), we simply divide the EOM by the factor
1 4 n,dl, which gives, in the limit d¢ <« 1 in which we’re working

2
<—iw — (1 +n,d0)ge + a(1 + nadf)Z% + pa(1 4 Uud@(ﬁ> uy (@) = (ng + [+ NL{U;(QH) (1 —mnwdl), (A.9)
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with

direct __

77’Y :777

_ direct

Mo 5 T =n4 Mo s Mu =10 = 1. (A.10)

The 0y, Mo, and 7, defined above are those quoted in the main text, which give the graphical corrections to the
renormalizations of v, a, and p,. Indeed, defining the renormalized values v, aff, and uf to be the coefficients of
the appropriate terms in the renormalized EOM (A.9)), we have

V=1 +n,d0) . af=al+n.dl) , pf=p.(1+n,d0). (A11)

Combining these graphical corrections with the effect of the rescalings leads to the recursion relations presented in
the main text.
Defining the effective fully renormalized noises fé’i on the right hand side of this equation via:

FU5 = f30 (1 = nede), (A.12)

we see that these acquire an extra factor of (14 7,d¢) in addition to their corrections coming from the graphs in Figs
and @ Hence, their correlations pick up (for small d¢) an extra factor of (1 — 2n,,d¢) (note the “2”), in addition to
the direct graphical correction from Figs 8] and 0] whose calculation we described above. That is,

(f4F(r) f2F (x')) = 2D16%(xr — 1), (A.13a)
(FYF (e, 8) f9F (1)) = 2DR62(x —v)o(t — 1), (A.13b)

where the renormalized noise strengths are given by

D = (1 + (miireet — 277w)d€> D, = <1 + 1, d£> D,, (A.14a)
Df = (1 + (pdirect — an)de) D, = (1 + mdﬁ) D,, (A.14b)

where we’ve defined
Mg =M5T =2, my =0T =2, (A.15)

These 7, , are those used in the main text.
Having set up the logic of our approach to the perturbative portion of the DRG, all that remains to actually do
the hard work of evaluating the graphs. We’ll do so now.

1. Quenched noise (D,) renormalization

The graphs in Fig. ﬁ renormalize the correlations of the quenched noise f¥. For graphs (a) and (b) we set the wave
vector q inside the loop integral to zero to keep only the relevant contributions to the noise correlations. These two
graphs thus gives identical results, and the sum of them gives a contribution to the correlations of the quenched noise:

2 k2 N
o [(ptawry-a -] = 20 [ £ THC, (00, (AR~ )

2 k6k2
= 167ra2DZ/ d k2 i 5
> (2m) (V2kS + k)
= 167ra2D25(w)Il ) (A.16)
where we’ve defined the integral
2 k2kS
I E/ & e (A.17)
> (2m) ('kag + an’;l)

which is calculated in appendix (C 1)).
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(b)

FIG. 8. The graphical representations of the correction to Dg.

Since (f¥(q,w)fY(—q, —w)) = 4rD,d(w), (A.16) implies a correction to the quenched noise strength D,
6D, =4a’D2 1, . (A.18)

Graph (c) has a prefactor of ¢3¢, /q* and graph (d) has a prefactor of q%qz /q*. Since in the dominant wave vector
regime ¢, < ¢, these prefactors < 1 and therefore, these graphs contribute corrections that are subdominant to the
one in (A.18)

Inserting the values of I in (A.18) for the three different perturbation schemes, we get

1 2 unc
uncontrolled d = 2: 6D2dl = §g( )DQdﬁ, (A.19a)
. . 2 hard
hard continuation: 6D, = §g( )DQdf, (A.19b)
: . 1
soft continuation: 6D, = gg( Oft)DQdE, (A.19¢)
where g = 22 |y|~FatA~k, gl = S )= St AT D, and gt = otDe |y ()l AE)

as defined in the main text.
The res)ults (]A.lQaHA.19b|,|A.19c|) imply a contribution to the exponent 7,, which we call ngire“ (see (|A.14b) for its
definition):

; 2
uncontrolled d = 2: ng”e“ = §g(unc) , (A.20a)
; 2
hard continuation: nglre“ = §g(hard) , (A.20b)
. 1.
soft continuation: ng“e"t = gg(”ft) . (A.20c)

2. Annealed noise (D,) renormalization

Like the correction to D, the graphical corrections to D, consist of the first two diagrams in Fig. [3 albeit with
one of the quenched noise averages in each (indicated by a crossed circle) replaced by the annealed noise average
(indicated by a black circle). Hence there are four diagrams in total, two of which are shown in Fig. @ the other two
are simple permutations of these.

Again setting q to zero inside the loop integrals, the contributions of all four diagrams are identical. The sum of
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FIG. 9. Two particular graphical corrections to D ,. They correspond to the graphs (a) and (b) in Fig. |8 but with one of the
quenched noise averages replaced by the annealed noise average.

them gives a contribution to the correlations of the annealed noise:
2
4@2/ d2k <ky> 2D, ( QDQIC;L )
2 2 21.6 274
s (2m) k, V22 + (aZ—é +,U;ck3;) VRS + a?ky
67.2
kyks

d%k
160D, D /
s (2m)? (72]62'—1—0[2/{3)2
= 160D, D, I, . (A.21)

5 [(f(aw) fY(—q, —w))]

Q

Since (f¥(q,w)fY(—q,~w)), = 2D, (A.21) implies a correction to the annealed noise strength D,
§D, =8a’D,D, I (A.22)

Again, using the values of I; for the various schemes yields

uncontrolled d =2: 6D, = gg(‘mc)DAdé7 (A.23a)
hard continuation: 6D, = gg(hard)DA de, (A.23b)
soft continuation: 0D, = gg(SO&)DA de. (A.23c)
These imply
[uncontrolled d = 2:] pdrect = gg(unc) , (A.24a)
hard continuation: jire“ = g ghard) (A.24Db)
soft continuation: jire“ = % gt (A.24c)

3. Renormalization of ~

To look for renormalizations of 7, we seek graphs in Fig. which have the prefactor ig, and one outgoing u,(q)
leg. Since graphs (e) and (f) both have g, in the prefactor, and (g) to (i) all have outgoing leg u,(q), none of them
can contribute to the renormalization of v . This leaves us with graphs (a) to (d) in Fig. [L0[to analyze.

Graph (a) represents a contribution to the right-hand side of the EOM :

25 (=) (=5 ) wi@) [ S50 (<12) G0P,. 000, (a - Wil - 9)

2DQ (Qz _ kz)4 kv 9
[72 (¢r — k)’ + a2 (g, — k‘y)41 (@) - (A.25)

_ a2 (N)/ 42k 1
AR i (w = yhe) + gk
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(@)

(d)

(8 (h) )

2

FIG. 10. The graphical representations of potential corrections to G~ (q)uy(q).

Graph (b) represents a contribution to the right-hand side of EOM (|A.7):

2 () (-5 ) @) [ 55t (23 ) 6P, 000, (a - Wi - 0)

qz — kuL
dk 1
= o?u,(q / 5
() > (2m)? | (w—ks) + aly

[ [72 (¢ 2123)?1;21@&): ky)4] (g) (Z—Z) '

k2
(A.26)
Graph (c) represents a contribution to the right-hand side of the EOM (|A.7):
ay o f A%k dQ (a, -k, \7 -
2 (-0) % (<5) @ [ e (250) 6WCaa- ki)
T d2k 1 2D, (¢, — k,)* @ —ky\°
= a‘uy(q) )2 : w2 2 6 2 1 - .
> (212 | i (w — k) + ang ] [ (00 — ke)” + a2 (qy — k)" | \@o— Kz
(A.27)
Graph (d) represents a contribution to the right-hand side of the EOM (A.7):
« A2k dQ ky,—q -~ k
2% (— NV @) | e (LT ) (k) (- —K)d(w —Q
<cayx (-5 w@ [ gge ((EE2) o) (<) ol it -
o - d?k 1 2D, (qe — kw)4 ky qy — ky
= a’uy(q) om)2 ) k2 2 6 2 4\ ky —ky )
> (2m) —i(w—vky) +azk | [7? (@ — k)" + 0% (qy — ky) w/ \Qz = Fa
(A.28)

which is the same as that of graph (b).

The integrands in the above formulae are functions of w and ¢ and thus can be expanded in powers of w and q. It
is easy to check that the zeroth order terms do not vanish. In fact, they lead to a contribution proportional to wu,
without any derivatives, which appears to be more relevant than all other existing linear terms in . However,
the generation of this new term comes from the renormalization of the mean velocity. It can be canceled off if u, is
boosted by a constant, which corresponds to the correction to the mean velocity. In what follows, we will ignore this
trivial correction, and focus on the contributions linear in w and ¢g. Contributions higher order in q and w lead only

to irrelevant contributions, and will therefore also be dropped.

We will deal with the linear order piece in w in the next section, which in fact leads a general renormalization of
the temporal derivative of u, in (A.7). Here, we will focus on the linear order piece in g by expanding the integrands

to linear order in ¢ while setting w to 0.



Specifically, the linear order piece in ¢, of (A.25) is

k2k6 ko k2k12
2 3.2
ig:1(@) | By0"Dg / 2.6 2.4 2~ 127°a" D, 27)2 26y x243
k+ak) > (2m) (Wkl,—&—ak;y)
= iguy(q) (87a2DQ11 — 12y a2DQIQ)
where I is calculated in appendix (C 2)).
The linear order piece in g, of (A.26) is
k‘2]€6 ko k.2k12
2 3 2 x
ig,y(a GVQD/ 216 4 2%A 2 ~127°a" D, 27)2 26y 27.4)3
k—l—ak) > (2m) (’yk‘z—&—aky)
= iguy(q )(nyazDQh — 12y OZ2DQI2) .
The linear order piece in g, of (A.27)) is
d2k Kok 4%k kyky?
igzuy(q 4’ya2D / Y 5 — 1273042D / Y 3
(V2KS + a2k3) (2m)% (2K + ak3)

= igyuy (@) (4y0*Dy I — 1273042DQ12) :

The linear order piece in ¢, of (A.28) is the same as that of (A.26]).
In summary, the sum of contributions linear both in ¢, and w,(q) to the right-hand side of (A.7) is

igouy (@) (24v0”D, I — 48v°0* D, 1) .

Pulling this piece to the left-hand side of (A.7)), we find the following correction to ~:

oy = 7247042DQ11 + 4873042DQI2 .

Inserting the values of I; and I, for the various schemes, we obtain

uncontrolled d = 2:

hard continuation:

soft continuation:

Again, this implies

uncontrolled d = 2:

hard continuation:

soft continuation:

2
0y = 59 yde,

2
(5’)’ — §g(hard),ydg7

57 — %g(SO&)’}/CM.

direct __ 2 (unc)

nyet =59,
. 2
direct __ hard
(0% - §g( ) 9
ir 1 S
n’c} ect __ 29( oft) )

4. Renormalization of the temporal derivative
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(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34a)
(A.34b)

(A.34¢)

(A.35a)
(A.35b)

(A.35c¢)

Here we seek one-loop contributions to —iwu,(q), which amounts to finding graphs in Fig. 1 Wthh have a prefactor
iw and one outgoing wu,(q) leg. Since graphs (e) to (i) either have g, in the prefactor or have an outgoing u,(q) leg,
none of them can generate contributions to —1wuy(q). Therefore, only graphs (a) to (d) can. The contribution of
these graphs to the right- hand 51de of the ) has been given in appendlx (A 3). To find the linear order piece in w,
we expand the integrands in ) to hnear order in w and set ¢ = 0. Once this is done, all four graphs become
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equal. The sum of them gives the following contribution to the right-hand side of (A.7):

42k kA 2D, k2 ky )
4atiwu 61/ < Q% )(y>
(@) > (2m)? [(ivk%Jrakg)Z] v2kE +a2ky ) \ ke

21 2D k2k2k (ak? — ivk3)®
— sation, (@) [ ok 2Pk ok, )
> (2m) (V2ES + o2k})
A%k 2D k2k2kY (a?kE — A2KS)

~ 4%,y (@), (@ [ BT
v ! > (2m)? (v2KS + azk?‘j)B

d2k kS kS d2k ky2k2
~ 8DQa2iwuy(61) az/ 5 Y 3 —72/ 5 Y 3
> (2m) (7%;3 + a2k3) > (2m) (72kg + a2k3)
= 8D, iwuy(q) (o’I3 — 7*I2) , (A.36)

where I 3 are calculated in appendices (C2)) and (C 3)), respectively.
Pulling this piece to the left-hand side of (A.7) and inserting the values of I 3 for the various schemes, we get the
following contribution to —iwu, (q):

uncontrolled d = 2:  § [—iwu,(q)] = f%g(unc)dé [—iwuy (q)] - (A.37a)
hard continuation: ¢ [—iwu,(q)] = —%g(hard)dﬁ [—iwuy, (q)] - (A.37b)
soft continuation: § [—iwu,(q)] = —%g(w“)dé [—iwuy(q)] . (A.37c)
This implies
uncontrolled d = 2: 7, = —%g(“nc) , (A.38a)
hard continuation: 7, = —%g(hard) , (A.38Db)
soft continuation: 1, = —ég(s‘ﬂ) . (A.38¢)

5. Renormalization of «

2
Here we seek one-loop contributions to Z—guy (@) or *3
incompressibility condition u,(q) = —%uy((]). Therefore, we look for graphs in Fig. Which either have the prefactor

u,(q), where the latter is equivalent to the former by the

2
Z—g with an outgoing leg u,(q) or have the prefactor ngy with the outgoing leg u,(q).

Graphs (a) to (d), (g), and (h) have neither the prefactor q”;# nor ¢/q*, and graphs (e) and (f) do have the
prefactor ¢,q,/ ¢® but with the outgoing leg uy(q). Hence these graphs cannot renormalize . The only contributing

graph is therefore graph (i), which has exactly the prefactor ¢,q,/q> and the outgoing leg u,(q). This graph gives
the following contribution to the right-hand side of (A.7):

23 (=5) (o) Pul@una(a) | 55 5 GRIC (- )3 = 9)

= oﬂquy(q)/ &k @ 1 47TDQ (¢ — kI)4 iw—-9)
2 4
7 > (T2 | (- k) +agt ] [97 (@~ ka) + 0% (g — ky)

20y o [ Ak 1 2D, (g — ks)"
@ 2Uy((1) 271)2 . k2 ’
q > (2m) —i(w—vks) +azk

1
72 ((Ix - kz)e + a? (Qy - ky)
where in the first equality we have used the incompressibility condition u,(q) = —%uy (q@). To keep only the relevant

(A.39)
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contributions we set w = 0, ¢ = 0 in the integrand, which leads to
N (~)/ a2k 2D, k2K
a”=u,(q -
@Y > (2m)% (ivk2 + ak2) (v2kS + a2k))

q (~>/ a2k (—ivkd + ak?) k2K

—u
g2 > (2m)2 (42K + a%ﬁ)z
q; (~)/ 42k k2 k2K

> (2m)? (v2kS + a2k§)2

o [ P
G > (2m)? (72k§+a2k‘3)2

I
[N}
Q

w
-
|
S
<

2
[\)
Q

w
S
|

2
a .
20°D,, I q—‘;uy(q) (A.40)

where in the second equality we have neglected the imaginary part since it vanishes after the integration, and in the
“~” we have only kept the dominant part (that is, the “k2” component of “k2”).

Pulling this to the left-hand side of and using the explicit value for I; for the various schemes, we get the
following correction to a:

1
uncontrolled d =2: o = —§g(“nc)ad€, (A.4la)
. PN _ _1 (hard)
hard continuation: do = 99 adl, (A.41Db)
1
soft continuation: Jda = —Bg(s‘)ft)adé. (A4lc)
This implies
; 1
uncontrolled d = 2:  pdirect = —§g(unc) , (A.42a)
; 1
hard continuation: ndirect = —§g(hard) , (A.42Db)
; 1
soft continuation: ndirect = —gg(s"&) . (A.42¢)

6. Renormalization of

The one-loop graphical correction to p, can also be derived from the graphs in Fig. [I0] However, our purpose here
is NOT to get the exact result. We only need to know the dependence of ngire“ on v, o, and D,, because that is
sufficient for us to derive an exact relation between 7, , a,, at the DRG fixed point, which allows us to determine
7, through 7, o ,. Therefore, for this purpose we only need to analyze one of the first four graphs in Fig. for
instance, graph (a). This graph represents a contribution to the right-hand side of given by (A.2F). Now we
seek a term proportional to qguy(Q). It is the easiest that we expand the denominator of the integrand to O(g?) and

set w = 0 and q = 0 in the numerator. Doing this and focusing on the ¢2 piece we get

42k 2 12D, k> ky \
9 9 B Q'Vx My . A4
o qmuy(Q)/> (2)2 (i'yk‘g —|—ozk§> <72k2 +a2k3> <k‘m> (A.43)

By rationalizing the numerator, the imaginary part of (A.43) will vanish during the integration since it is odd in
k.. So we are left with

k. 12aD,k%k;

2020, (G ~ 120D ¢?u, (@)1 A.44
where
' /><27r>2 (728 + o2k1)2 (4.45)
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and in the “~” we have kept only the most diverging piece by approximating k2 as k2. The quantity I, is calculated
in appendix (C4)). Inserting the value of I for the various schemes into (A.44)), we get

D
uncontrolled d = 2: (|QA_1d€> Cuy(q), (A.46a)
™Y
hard continuation: Sa-1 &Ad*?’dé Py (Q) (A.46b)
(2m)4=t || S
soft continuation: 577T£D a%| |_%d€ 21, (q) (A.46¢)
© [3sin(53) (2m)d K Gty d)- '

Based on the result from graph (a), we conclude that the total one-loop graphical contributions to p, can be written
as

uncontrolled d = 2:  du, = (g,&“nc)dﬁ) Lz (A.47a)
hard continuation: O, = (g&hard)dK) T (A.47Db)
soft continuation: dpu, = (g/(f‘)ft)dé) - (A.47¢)
where
g™ o< Dyt tATY (A.48a)
g5 o |y T g D AR (A.48Db)
gfLSOft) x Dngla%h\*dﬁjA% . (A.48¢)

This implies

uncontrolled d = 2: nﬁire“ = gﬁ“nc) , (A.49a)
hard continuation: nﬂire“ = gflhard) , (A.49b)
soft continuation: nﬁire“ = gl(fom . (A.49c¢)

7. Putting it all together

Inserting (A.20), (A.24), (A.35), (A.38)), (A.42)), (A.49) into (A.10) and (A.15), we obtain 7y .q,u,,,, to one-loop

order for the three schemes, as quoted in the main text. Specifically, for the uncontrolled calculation in d = 2

= %g(““) ) Mo = —2%9(”“) = g\ + 2379(““) S = ;*(7)9(““) = ;*(;g(mc) ; (A.50)
for the hard continuation
0 = %g(hard) e = 72i7g(hard)’ n = gl 4 237 (hord) gg(hard) . gg(hard) : (A51)
for the soft continuation
_ 2 (sott) o _ _ o Gsoft) . L osofty 2 (soft) . _ (soft)
Ty =390 e =0, 0= g0+ L™ g = 597 =970 (A.52)

Appendix B: Derivation of the annealed couplings

In this section we derive the dimensionless coupling g, associated with the renormalization coming purely from
the annealed fluctuations. We do this by calculating the purely D ,-dependent contributions to any of the one-loop
graphical corrections to D ,, «, and p, (All of these give the same expression for g,). Here we choose to calculate
the one-loop graphical correction to D,. The Feynman diagrams for this calculation are given in Fig. which are
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FIG. 11. Two particular graphical corrections to D, purely from the annealed fluctuations. They correspond to the graphs
(a) and (b) in Fig. |8 but with both the quenched noise averages replaced by the annealed noise averages.

essentially the same as those in Fig. ' albeit with both the quenched noise averages (indicated by crossed circles)
replaced by the annealed noise averages (indicated by black circles). Setting @ = 0 inside the loops, the sum of two
graphs represents the following contribution to the correlations of the annealed noise:

Flitaw) caw)] =207 [ o [ Eortoor®). (B.1)

which implies a correction to the noise strength D, :

6D, =a / d2 7C§x(1})cgy(f<), (B.2)

Inserting equations (A.5]) for the annealed correlation functions we obtain

2k [dQk; 1
5D, = 40> D> / 5o | 5ei - ; (B.3)
- T\ (= k) + [+ pah?]
Shifting frequency from Q to Q' defined by
Q' =0 — vk, (B.4)

shows that v drops out, and leaves a simple integral over the shifted Q'. Doing that integral gives, up to O(1)

multiplicative factors,
3
kK 1
6D, = o*D? / 2 x O(1
A a L, . (2m)2 k2 ﬁ-l—/ler )

4
= 2D2/ dry ) 2/ ks Ky = x0(1). (B.5)
(ak2+uzk4)

We can pull the a, ., and k, dependence of the integral over k, out by the simple rescaling of the variable of
integration from k, to @, via

(0‘)‘1‘ Q. (B.6)

k, =
Mz
which gives
V4p2 1 dk, )
oD, = S A/ Tky® % 0(1) = [al/‘*DA/(ﬂi/‘*Aa)] D,dl x O(1) = g™ D de (B.7)
ps > AT

where we’ve defined, up to O(1) multiplicative factors,

gg‘mc) o a1/4DA/(ui/4A%) , (B.8)
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and the O(1) factor also includes

/°° Q. Qs 52 (B.9)

oo 2T 3128
(1 + Q‘;)

This confirms our claim in the main text that the corrections to D, coming purely from D, itself are proportional to
ggu“c) as defined in . Hence, our demonstration in the main text that ggunc) flows to zero upon renormalization at
our fixed point shows that the purely annealed noise-generated corrections to the annealed noise can be safely ignored.

Generalizing to d-dimensions via the “hard” continuation gives

A=y, , [ dky it
5D, = a2Di/> (%)d_lki/_ S <o), (B.10)
. (akg + umkﬁ)

As in d = 2, we can pull the o, g, and k, dependence of the integral over k; out by the simple rescaling of the
variable of integration from k, to @, via

ky = (/j‘) Qs (B.11)

which gives

1/4D2 ddflk 3
oD, =2 A/ (%)d_’; B b % O(1) = [@V4D4/(u3/ "0 ~%)| D,de x O(1) = g9 D e (B.12)
pz 0>

where we’ve defined, up to O(1) multiplicative factors,

(hard) a1/4DA

7 B.13
gA /L?;/4A%7d ( )

which again is the expression for g&hard) quoted in the main text.
Generalizing (B.5]) to higher dimensions via the “soft” continuation gives

o) d—1 4
2D2/ dry ) 2/ AT & ks x O(1). (B.14)

271- d—1 3
(akg + uzké)

As in d = 2, we can pull the «, pz, and k, dependence of the integral over ks out by the simple rescaling of the
variables of integration from ks to Qs via

ks —( ) VEy Qs (B.15)

which gives

d—1
a1 D? dk,  d=5 (d—1) _(d+3) 4 g s
6D, = Tﬁ g T;ky x O(1) = [DAa T opr AT ]DAdzx 0(1) = gt D, ar (B.16)
Mz
where we’ve defined, up to O(1) multiplicative factors,
VRN CES YR
ggioft) x DAa(d‘ll)Mx 1 A% ; (Bl?)

(soft)

which again is the expression for g% quoted in the main text.

Appendix C: Evaluation of the integrals I, 2, I3, 14

In this section, we will calculate the integrals I, I, I3 and I, for the uncontrolled calculation in d = 2 , the hard
continuation, and the soft continuation.



1. The Integral I;

a. Uncontrolled calculation in exactly d = 2

We now calculate the integral I; in exactly d = 2, integrating over Ae~% < |ky| < A, —00 < ky < 00

dk, / dk,
Ae—dt

d?k k2kS
Il E/ 5
> (2m) (v2KS + oz%é)

Making the change of variable of integration

in the k, integral in (C.1)) gives

k2k6
2k6 + a2k4)

1 Yoot I LV $
I, = 53 7/j\e_d[ dkyk, /0 df cos® 0 (tan 0)

«
z 1
3 A™3

5

- 3%|'7|_%a_§A_%d£/ d9 (cos ) (sin6)°
0

1
= E|fy|7%a7%/\7%df
1 g(unc)
182D,

where we have defined

—de / 0 cos? 0 (tan §)3
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(C.1)

(C.2)

(C.4)

Note that, unsurprisingly, both our expression for ¢(""®) and our result for I; agree with the results (C.8]) and -
of the hard continuation, to be discussed next, if we set d = 2 in those expressions.

b. Hard continuation

In the “hard” continuation, which we will now present, we treat the “soft” direction x as one-dimensional, while
the “hard” direction y is extended to d — 1-dimensions. In practice, this means we will simply replace k, in Fourier
space with a d — 1-dimensional vector kj, orthogonal to the z-direction. This gives:

dk k2 kS 2 e
Il E/ a hvz 5 = d/ ddilkh/ dkx
> (2m) (28 + a2kh)? (2m)7 Jae-acpi,<a 0 (

Making the change of variable of integration

Q
ol
ol

ko
If

(M) k; (tan 0)

ki ks
-
V2kS + k)

(C.5)
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in the k, integral in (C.5) gives

QSd—l Q % 1 A d,ﬂ % . )
I = 2 = LC iy 2
! 3(2m)d <|7|> ot /Aew dknk, /0 df sin® 6 cos3 0
_ 25 (1 5 =
3(27T)d |’Y|7a5
Sd—1 1 3 3d—7
= A 5
18(2m)d-1 (|,y|7a5> ¢
g(hard)

~ 18a2D, d, 0

2 .4 2
dé sin3 O coss 0

where

glhard) = (zsd)dl |y TSai D AT (C.8)

c. Soft continuation

In the “soft” continuation, we treat the “soft” direction x as d — 1 dimensional, while the “hard” direction y is taken
to be one-dimensional. In practice, this means we will simply replace k, in Fourier space with a d — 1-dimensional
vector k, orthogonal to the y-direction. This gives:

I E/ d . 2 = & ;/ dky/ dks ’ 2 (C.9)
> (2m)F (42K + o?k}) (2m)¢ Jpe-ar 0 (v2kS + k)

Making the change of variable of integration

ke = (“) ki (tan @)} (C.10)
vl
in the kg integral in (C.9)) gives
d+5
_ 25(1—1 o ( 3 ) 1 A 2d3— ( )
L = 327)1 (W) el dk, k / df cos® 6 (tan )
2541 ([« (5%) A(Qd ) (42)
= W (|’7 dé/ dé cos H(tanﬁ)
2541 —(45) (45T) 4 (2453) a-d | di2
= 3(27r)d| |7\ a5 AT dé/0 df (cosf) 3 (sinf) @
Sa- _(d5) (d=7), (2d=5
= 12[( l)d 1|fy‘ ( 3 )a( 3 )A( 3 )df
1 g(soft)
= — 11
2a2D, (C.A1)

where in the penultimate equality we have set d = g in the integrand of the integral over 6, and in the final equality
we have defined

Sa—1D,, _(d5) (d=1) , (2d—5
W‘ ol (4 )a( )A( )

(soft) =

(C.12)



2. integral I»

a. Uncontrolled calculation in exactly d = 2

In exactly d =2

d2k kzkalr2 1 A 9] ka;2
IQE/ 5 Y 3:—2/ dky/ dkzy—g.
> (2m) (V2kS + k) T J pe—dt 0 (v2kS + a2k})

Inserting ((C.2) into (C.13) we get

13 ™

1 3] A _4 2 10

I, = — @ —/ dkyky 3 /2 dé cos4ﬁ(tan0) 5
372 |'7‘ ab Jae-ae 0

1 : Bl
= 372|7 _?Of%!\_%dﬁ/ d6 cos? Osin® 0
g 0
7 g(unc)
216 v2a2D,,
b. Hard continuation

Continuing to higher dimensions using the hard continuation described above gives:

dek k212 2 A oo k212
12;/ ; hre = d/ ddflkh/ Ak, ———E——
> (2m) (428 + a2k)° (2m)7 Jpe-ar 0 (V2kS 4 a%kj,)

Changing variables and inserting (C.6)) into (C.15]) we get

13 s
25, ERN _w 3

I, = % (a) —6/ dkhkz 130/ df sin’® 0 cos? 0
3en7 \hl)  a® Jyew g

= Il ¥
~ 216(2m)d1")

7g(hard)

- 2169%a%D,,

c. Soft continuation

Continuing to higher dimensions using the soft continuation defined above yields:

ddk‘ ka/,;Q 29, A [e%s) ka;i—&-lO
125/ _ v == d;/ dk'y/ dky —2°
> (M) (428 + a2kd)” (21)7 Jae-ar 0 (v2kS + a2k3)

Inserting ((C.10) into (C.17)) we obtain
d+11 A

2Sd 1 (a)3 1 / 2d—8
I, = — dk, k., °
27 3end ] ab Jyomae U
(457

= 2B (55 (5 A (3
N 3(27r)d|
5 g(soft)

%’}/ZQQDQ

© 40 cos* (tan 9)d3j
0

)d£/2 0 cos? Osin? 0
0

where in the integrals over 6 we have set d = 5/2.
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(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)



3. integral I3

a. Uncontrolled calculation in exactly d = 2

In exactly d = 2,

42k kSkS I > kSkS
IgE/ 5 Y 3:—2/ dky/ dk, ——4—=——.
> (2m) (V2K + k) T Jpe—ae 0 (V2kS + a2k})
Inserting ((C.2) into (C.19) we get

z s
1 51 4 [F R
I; = —— (a) 75/ dkyky 5 /2 do (:054(9(t3m9)é
31 |,Y| Q™ Jpe—ae 0
1 iy
= =l _%Oé_%A_%dﬁ/2 d6 cos? Osin? 0
3 0
5 (unc)
29 g,
216 a’D,

b. Hard continuation

Continuing to higher dimensions using the hard continuation gives

I3 z/ A% Kok — /A dd—lkzh/m dk ek
> (2m)4 (42k8 + azkﬁ)3 (27m) Jpe-a 0 ’

Changing variables and inserting (C.6) into (C.21)) we get

7
25, i1 [A _10
I, = 201 (a> Ll / =¥ /
3(27T) |’7| « Ae—dt 0

[NE]

do sin% 0 coss 0

554-1 _7 _11, 8d-7
= Wlﬂ 3a” 3A 3 A/
(hard)
_ 5y
216a4DQ

c.  Soft continuation

Continuing to higher dimensions using the soft continuation gives

L= / dk KSKS _ 254 /A " /wdkg kSkd+
> (2m)d (72k2+a2k:3)3 2m)? Jpe-ae " Jo ( (

Inserting ((C.10) into (C.23|) gives

2841 [« (%) 1 /A 2-5 (% 4f2
= () —/ dkyky 3 / df cos* 0 (tanf) 3
0

32m)® \ 1| al Jpe-ae
2541 _(d,+5) d—13  2d-5 z 5 . 3
= 302 )dM 5 /a3 A3 dl dé cos? fsin2
Q 0
1 g(soft)
- 33a4DQ ’

where in the integrals over 6 we have set d = 5/2.

(72h8 + a2k})”

Pk +a2ki)”
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(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

(C.24)



4. integral I

a. Uncontrolled calculation in exactly d = 2

In exactly d = 2

/ _/ 42k k2k; 1 /A " /wdk K2k
L (PR k2 T Sy Vo (PR + 0%k

Inserting ((C.2) into (C.25) we get

I 1 1 dk k—Q/gde 29
= — COS
P2l Jaema VY s
1 1 A
= —— dk, k>
61 a3|y| Jpe—ae Y
1 1
= — Alde.
67 o3|y

b. Hard continuation

Continuing to higher dimensions using the hard continuation gives

d 214 9 A ) 214
145/ d kd 2 6klkh2 N2 d/ dd_lkh/ dky —— eklkhz 2 -
> (2m)® (v2kS + « kh) (2m)4 Jpo—ar 0 (kS + kh)

Changing variables and inserting (C.6) into (C.27)) we get

28q-1 1 A 014/72r 2
Iy = ——— dkj, k dé 0
T30 ] Jaema I fy TR

Sa—1 1 A d—4
= — dky, k
12(27)d-1 a3|v| nomde h

Sa—1 d—3
= — = A%°dv.
12(2m)d= 1Oé?’lvl

c.  Soft continuation

Continuing to higher dimensions using the soft continuation gives

d k2/€4 2 A kdk4
I4E/dkd 26sy24 Sdl/ dk/dk (2K + a2k2)?
- @m)? (RS + aZkA)E ~ (2m) Jyear RS+ o2kl

Inserting ((C.10)) into (C.29) we get

Iy = ;é‘jr)ldad?’uh_md@/ dé ( cos@) (smg)
2
= 3(5;;)1 = |7\_7dé/ d6 cos® Osins 6
51 Sd 1 d

= _7df
36 sin (%) (27r) |,Y|

where in the integrals over 6 we have set d = 5/2.
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(C.26)

(C.27)

(C.28)

(C.29)

(C.30)
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