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ABSTRACT

The major part of this thesis concerns a problem which was pre-
sented at a meeting of the University Consortium for Industrial Numeri-
cal Analysis. The objective is to determine the screening effect of
a thin plate of non-linear magnetic material when the source field is
due to a powerful electromagnet, of the kind used 1n scanning equip-
ment in hospitals.

The problem is formulated as a non-linear integral equation in the
scalar magnetic potential, Y, and the susceptibility, X, in the plate.
Using finite element techniques and collocation one obtains a system
of non-linear algebraic equations for the unknown values of { and ¥
at the nodes. The calculation involves the evaluation of integrals over
the surface and/or volume elements describing the plate. The calcula-
tion of these integrals by an analytic method has proved unsatisfactory
due to the thinness of the plate, and to overcome this difficulty a scheme
combining analytic and quadrature techniques has been devised. The re-
sulting system of non-linear equations is solved by the Powell hybrid
method; a scheme for calculating an initial approximation to the Jacobian
which exploits the structure of the system is presented.

The symmetries occurring in the problem are fully exploited. 1In
addition, a non-standard assembly process is used which ensures that
integrals are not repeatedly calculated.

The results of these calculations are discussed.

The final chapter of this thesis concerns an application of the
boundary integral equation method to a moving boundary problem arising

from a study of percolation in gently sloping beaches.
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CHAPTER 1: INTRODUCTION AND OUTLINE OF THESIS

1.1 The University Consortium for Industrial Numerical Analysis

The major part of this thesis concerns a problem which was
presented at a meeting of the University Consortium for Industrial
Numerical Analysis (UCINA) in May 1982. UCINA was set up in 1979,

originally with SERC support and now Department of Industry support,

(i) to make available to industry and government research labora-
tories and similar organizations the expertise in numerical
analysis which exists within the universities;

(1i) to bring industrial problems to the attention of university
staff and research students working in the area of numerical
analysis and to encourage direct contacts with industry in

their research programmes.

The numerical analysis groups participating in the Consortium are
those from Bath, Brunel, Imperial College, Reading and Oxford,
together with numerical analysts from the National Physical Labora-
tory. Each year the Consortium has held well-attended symposia

at which applied mathematicians and engineers from industry present

problems to which they seek practical (usually numerical) solutions.

1.2 Description of the Problem

The problem discussed in this thesis relates to the shielding

of magnetic scanning equipment in hospitals. A magnetic scanner



is essentially just a large electromagnet, and although the field
is generally thought to be harmless to both patient and observer,
it could nevertheless stop a mechanical wrist watch or, more serious-
ly, affect an observer's pacemaker. It was therefore decided to
see whether some sort of metal screening was possible, which would
reduce the field in the room above, say, to a given tolerance.
This is not only an expensive solution; it may be unfeasible if
the metal plate is too heavy for the existing structure, in which
case a special room would have to be constructed.

An integral equation method was proposed for the solution
of this problem and so it was of particular interest to us because
of our related work on two- and three-dimensional boundary integral
equation methods. Of course, although the major part of this thesis
is orientated towards the solution of a particular problem, the
numerical techniques discussed could be applied to a wide range
of linear and non-linear problems both in magnetostatics and in

other areas of applied mathematics.

1.3 Outline of Thesis

In the next chapter we give a formal description of the magnetic
screening problem. Two- and three-dimensional linear and non-linear
problems in magnetostatics have been studied by many authors (for
example, Simkin and Trowbridge [1976], [1979], [1980])
and both differential and integral operator formulations have been
considered; a brief discussion on the relative advantages and

disadvantages of the two approaches is given.



A summary of the various choices of dependent variable is
given in the paper by Simkin and Trowbridge [1979]. We show how
the magnetic screening problem can be formulated as a non-linear
integral equation for the to%al scalar potential {, whose gradient
represents the total field. Three possible formulations of the
integral equation are derived, and we conclude Chapter 2 by presenting
our mathematical model for the magnetic screening problem.

In Chapter 3 the numerical solution techniques for the problem
are discussed. The plate is discretized into a regular grid of
elements and finite element approximations are chosen for the un-
knowns 1in the usual way. Substituting the finite element approxi-
mations into the integral equation and collocating gives rise to
a system of non-linear algebraic equations for which we have investi-
gated two possible solution methods. The first is based on a simple
iterative scheme, proposed by Armstrong et al. [1978]. This
worked well for coarse grids, but its performance deteriorated
as the mesh was refined. This led us to consider an alternative
non-linear solver, the Powell hybrid method [1970}. For this method
an initial approximation to the Jacobian is required, which at
first sight would appear to be very expensive computationally.

We show how the structure of the system can be exploited to reduce
this cost.

Much of the success of the boundary integral equation method
depends, in our case, on the evaluation of integrals over volume
elements (and thus, strictly, the term 'boundary' should not be
used to describe the method). We have devised an integration scheme

which uses a combination of analytic and quadrature techniques



to overcome difficulties induced by the thinness of the plate.

The fact that we have chosen to work with a regular grid allows
us to make further economies. If a standard finite element assembly
process was used, many of the integrals would be repeatedly calculated;
to avoid this we have proposed a non-standard assembly structure.
Furthermore, the integrals themselves are independent of the iterations
of the non-linear solver. Hence, by the use of a FORTRAN direct
access file the integrals can be calculated once and for all before
the non-linear solver is called.

In Chapter 4 the results of these calculations are discussed.

In the final chapter of this thesis we consider a moving boun-
dary problem relating to a study of percolation in gently sloping
beaches. An asymptotic formulation of this problem is given in
the paper by Aitchison, Elliott and Ockendon [1983]. We show how
this problem may be solved using the boundary integral equation
method and compare our results with those obtained by Aitchison,
Elliott and Ockendon using the finite element method. We have
used an explicit time-stepping algorithm for this problem; a stability
criterion for this scheme, which has been determined by experiment,

is given.

1.4 The Rationalized mks System of Units

Considerable confusion can arise in magnetostatic problems
over the system of units adopted - cgs, Gaussian or mks. For a
brief history of the development of these systems the reader is

referred to Chapter 1 of the book by Pugh and Pugh [1970].
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In this thesis we have used rationalized mks units throughout.
The magnetostatic quantities we shall encounter and the corresponding
units are given in Table 1.1. 1In addition, the permeability of

free space, U is defined in the mks system as

OI

UO = 4T X ‘IO_7 Hm.1 {or wb/Am)

Physical quantity Symbol Unit

Magnetic induction T (Tesla)

|w

Magnetic field

B
g

Magnetization

E
5

Magnetostatic @ or ¥ A
scalar potential

Table 1.1: Magnetostatic quantities and corresponding mks units.

Validity of our results

The checks which we carried out on our calculations are not
reported in this thesis. Nevertheless, extensive checks were

made at all stages of the computation, for example:

(i) isoparametrics were originally built into the program to enable
the numerical results to be compared with analytic solutions
for linear problems (hollow or solid spheres in a uniform
magnetic field);

(ii) the integration formulae we derived were checked against very
high order Gaussian ouadrature;

(iii) the source field was checked against the analytic solution at
the magnet centre;

(iv) the program incorporating symmetry was checked against a

version in which symmetry was not taken into account.
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CHAPTER 2: AN INTEGRAL EQUATION FORMULATION

2.1 Magnetic Scanners

An article on magnetic scanners appeared in the Sunday Times
magazine on June 19th 1983; in the following brief description
of a magnetic scanner we refer essentially to that article.

The magnetic scanner is a relatively new British diagnostic
instrument which is able to recognise disease in internal organs.
Unlike the conventional X-ray scanner, the magnetic scanner causes
no known side effects to either patient or observer.

The idea behind the magnetic scanner is based on a process
called nuclear magnetic resonance (NMR) spectroscopy. The scanner
is essentially just a large electromagnet. The patient lies inside
the coils of the magnet and the scanner operates by switching the
magnet on and off and recording the electromagnetic (e.m.) signals
which emerge. The e.m. signals come from the hydrogen atoms which
are present in all organs of the body (each organ is approximately
75% water). The nucleus of each hydrogen atom is a tiny magnet,
and in the absence of a magnetic field these magnets point in random
directions. When the electromagnet is turned on, the nuclei align.
When it is switched off, the nuclei begin to move in different
directions, and as they do so, each one emits a radio signal.
Although the nuclei are identical the signals are not, since the
nature of these signals depends on the position of the atom in
the coil and on surrounding atoms. The e.m. signals are analysed
by computer and sophisticated graphics enable a map of the organs

to be produced. Since diseased organs emit different e.m. signals
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from healthy organs, these differences show up clearly on the map.
Perhaps the greatest advantage of magnetic scanners is that
all organs can be analysed, and thus tumours and dead patches on
the brain, for example, can be detected without the introduction
of a 'contrast medium' which is often needed by more conventional

X-ray or brain scanners.

2.2 Statement of the Problem

The following "simple" problem will be considered:

The electromagnet consists of three solenoid sections which
are aligned with the x-axis, the origin being taken at the magnet
centre. The details of the magnet geometry are shown in figure
2.1. This configuration produces a magnetic intensity of 1.9 Tesla
at the origin.

For simplicity the screen is chosen to be rectangular, appro-
ximately 10 metres square and of thickness h. It is placed at
a distance of H metres from the magnet centre, parallel to the
xy-plane (z = 0 plane). [See figure 2.2.]

The problem 1s to determine the minimum thickness h of the
screen which will reduce the field beyond the plate to less than
a given tolerance. As an initial 'guess' we took h = .01 metre.

In the next section we recall the fundamental equations of
magnetostatics and then in the remainder of this chapter we discuss

the mathematical formulation of the magnetic screening problem.
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2.3 Fundamental Equations of Magnetostatics

In magnetostatics the following vector fields are considered:

magnetic induction

H magnetic field
J current density
M magnetization.

These vectors are functions of the point r in space only. In differ-

ential form the vectors satisfy

curl H =J (2.3.1)
and

V.B =0 (2.3.2)

which form part of the set known as Maxwell's equations. (For
a full discussion of Maxwell's equations see, for example, Reitz
and Milford [1967] or Graffi [19801].) Furthermore, there are
interface conditions between regions of different magnetic media,

namely

[B.n] = 0.

Here we have used the notation [Et] and [u.n] to denote the discon-

tinuity across the interface of the tangential and normal components
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of a vector u, with

and

n being the unit normal vector.
In addition to the Maxwell equations and the interface conditions
we also need a relationship between B, H and M. This is provided

by the constitutive equations

(2.3.3)

|
il
g
o
Il
=
=
+
=

and

|=
It
><
jas]

— (2.3.4)

where “0 is the permeability of free space and U and Y are the
permeability and susceptibility respectively of the magnetic material.
From these equations we see that the relation between U and X is

given by

M= U (1 +X).

We remark that in isotropic media U and ¥ are scalar quantities,

while in anisotropic media they are tensors of rank two. The relation
between M and H depends on the nature of the material and is usually
determined by experiment. In a large class of materials there

exists an approximately linear relationship between M and H, so
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that U and X are constant. However, in this thesis we consider
only ferromagnetic materials, which are not linear, and hence if
we assume that hysteresis effects are neglected (so that U is a

single-valued function of |§J) we have

=
I

u(H),

>
]

X(H),

where H = !EJ.

2.4 Differential and Integral Operators

Both differential and integral equation formulations have

been used to solve 3-dimensional problems in magnetostatics (see,

for example, Armstrong et al. [1975], [1978], Simkin and Trowbridge

[1979]1, [1980]) and the question of which formulation to choose

is not easy to answer. Integral operator formulations offer many

advantages - for example:

(1) only the iron and coils need to be specified, with a mesh
defined in the iron region only;

(ii) the external far field boundary condition is automatically
taken into account by the formulation;

(iii) the jump condition across an interface is automatically
satisfied.

However, there are also disadvantages. It is well known that inte-

gral equation methods lead, in general, to full, unsymmetric matrices
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which are not only expensive to compute but also to solve. In
comparison, differential (finite element or finite difference)
methods yield sparse, symmetric matrices for which special solution
techniques are available.

There is a third alternative, and that is the coupling of
differential and integral operator techniques which is reported
in the paper by ZienKiewicz et al. [1977], for example. In this
method the differential operator is used for non-linear iron regions
and the integral operator for external regions.

At the time of writing there seems to be no overriding reason
for favouring one method over another. As more practical experience
and theoretical understanding of the various meéhods is obtained
one can hope that a clear case for choosing one method rather than
another will emerge. It would certainly not be surprising if the
choice of 'best' method was both problemand computer-dependent.

It is hoped th;t the work reported in this thesis, on an integral
equation formulation, will contribute to a future assessment of

the relative merits of the various methods.

2.5 Choice of Potential

In any numerical scheme the choice of dependent variable is
important. A good discussion on the choice of potential is given
in the paper by Simkin and Trowbridge [1979], where they also present
comparative results for some 2-dimensional problems.

The Rutherford Laboratory package GFUN uses an integral equation

in terms of the unknown magnetization M (see Trowbridge [1976],
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Armstrong et al. [1975], for example). Another choice of dependent
variable is the vector potential. However, the disadvantage of
these methods in 3-dimensions is that there are, of course, three
unknowns per element node. Thus a scalar potential is preferred
for reasons of economy. The choice is then between formulations
involving the reduced scalar potential, whose gradient is defined
to be the field due to the induced magnetization, or formulations
involving both the reduced and the total scalar potentials.

Simkin and Trowbridge [1979] have noted that using the reduced
scalar potential alone gives low accuracy in the permeable regions.
This is caused by cancellation between the known source field and
the calculated potential field. It is therefore preferable to
work in terms of a scalar potential which represents the total
field, since in this way the difference quantity is calculated

directly.

2.6 Integral Equation Formulation

Suppose the current density J of the source is known and occupies
a region of the problem space QJ. Then from the Biot-Savart Law

the field due to the source, Es' may be expressed in integral form as

(2.6.1)

The derivation of this result is given, for example, in Stratton

[1941] or Reitz and Milford [1967]. Taking the curl of equation
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{(2.6.1) gives

curl H =J . (2.6.2)
—s

If we now write the total field H as the sum of the field due to

the source and the field due to the induced magnetization EM’ i.e,

(2.6.3)

then this together with Maxwell's equation curl H = J implies that

curl B, =0 everywhere.

Therefore, EM can be represented as the gradient of a scalar potential,

H, = - Vo, . (2.6.4)
where @ is called the reduced scalar potential. It can be shown
(Reitz and Milford, pp. 187-189, for example) that ¢ can be expressed

in integral form as

where 2 is the region containing the magnetic material and R' = r' - r

is the distance from the source point r' to the field point r.

It should be noted that the external boundary condition
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is automatically satisfied by this integral expression for .
In the region external to the current sources, which we shall

denote by QC,

and thus, provided Qc is simply connected, Es can also be represented

as the gradient of a scalar potential, i.e.

Es = - W in Qc. (2.6.5)

The region QC can always be made simply connected by the introduction
of suitable 'cuts'. There are, of course, an infinite number of
ways in which these imaginary cuts might be placed, but for our
purpose it is simplest to think of them as surfaces spanning the
cross-section of each solenoid.

The total field H can also be represented as the gradient

of a scalar potential in the current-free regions, and hence

H=-W inQ. (2.6.6)

y is called the total scalar potential.

Thus, from equations (2.6.3) - (2.6.6) we have

V=09 + ws + constant,

where for convenience we choose the constant to be zero, so that
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ll)=cp+¢s-

Summary

(2.6.7)

In the iron region §2, which is current free and has permeabili-

ty U(H), we have

B=- W
and therefore

B = u(H)H = - p(H)VY.
In free space,

BeE v =E -
and

B = UOE = uo(gs - Vo).

If we now apply Maxwell's equation V.B = 0 to these equations,

then we see that the governing partial differential equations are

V.- um)W) =0 in

Vo

0 1n free space.
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Formulation I

Substituting the integral expression for ¢ into equation (2.6.7)

gives

R' = |r* -], r € 2, (2.6.8)
and since

M(r) = X(H)H(r) = - x(H)V(r), H = |H(»)]|
this gives immediately

U(r) = - 41—“ jgx(ﬁ(g) W(r') .\7(%,) d52£, + U (D). (1)

This 1ntegral equation for ¥ has no boundary conditions, since
they have already been taken into account, and hence it can be
solved by numerical techniques by discretizing the iron region .
If Y* is the restriction of ¢ to §, then if one can compute the

solution of the integral equation for UY*, namely

__ 1 : ' 1
V) = - fgxm(gnw*(; )9 A0+ U D), L€ 0.

(where H(r') = - Vw*(gf)l), then Y can be computed at all points

r € Q from
- c
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- - ' ' 1
W(x) = - o= JQ XCEENT* () Tigr) 6@, + ¥ (),

rcf. (2.6.9)

We have used this formulation of the integral equation for ¥ in
most of our calculations. However, we also mention two other possible
formulations. Simkin [1982] notes that formulation I limits to
a Fredholm integral equation of the first kind for high susceptibility;
however, we have not experienced any ill-conditioning problems

by using this formulation.

Formulation II

Returning to the integral equation (2.6.8) and using the identity

and the divergence theorem, one can derive an integral equation for ¥

in terms of the magnetization M, namely

P(r) = ﬁ'[‘ M(x').a(r') dSE'
af R'
v, .M(r")
- 4LI == aQ_, + b_(r) (I1)
T R' = S

where 9{) is the surface of the domain { and A(r') is the outward
unit normal at r'. This formulation of the integral equation is

discussed in the book by Silvester and Ferrari [1983].
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Note
The surface integral in (II) represents the potential of a

simple layer, and the volume integral is the (Newtonian) volume

potential. The properties of these potentials are derived in Vladi-

mirov [1971], for example, and from these it is possible to show,

subject to certain continuity conditions on the kernels of the integrals

and smoothness conditions on the surface 30 of the region,

(i) W) > b (r) as - (i.e. @(r) - 0)

(ii) V is continuous across an interface.

Formulation III

The integral equation formulation I involves both ¥ and its
gradient. By using a simple identity and applying the divergence
theorem it is possible to construct an integral equation for V¥
alone. Consider

] 1 l ]
o(r) = —HJQ X(xr") V(e ).V(R,) d82£

and suppose r € {, E_EKBQ .
We recall the definition of convergence for integrals (see,

for example, Kellogg [1953]):

Definition
If the integrand f(r) becomes infinite at a single point r*

of the region §{ of integration, then the integral
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is said to be convergent provided

lim f(r) an
-+ 0 - L
€ Q-0

£

exists, where Qe is a variable regular region such that

(i) r* is an interior point of Qe, and

(ii) the maximum chord of QE is not greater than €.

The value of the convergent integral is defined to be this limit.
Since the integral defining ¢@(r) is convergent, we may surround

the field point r by a sphere QE, radius €, and write

. VAT ( 1
e(r) = lim - — X(x" V(e ).V(R,) dQE'

e+0. Q-0
€

Then, by noting the identity
VO )) = TR L)+ XTI, )+ WL )
* RI R! ° Rl * Rl
and using the fact that
v (/) =0 for r € Q-Qe

we obtain
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= 1i 2 1
¢(r) = lim - e 7. {xyv(=,)} dg{,

J
£+0 Q-Q€

1 1
+ lim —j Vox.V(=,) af_, .
ero 417 aq R L

The first integral can be transformed to a surface integral by

applying the Gauss divergence theorem and hence

P(r) = - x(x)b(r)e(r) - o= Em)((_r_')IL)(_r_')V(-ﬁ,).g(_r_') dSE,
v [ v vl @
4‘” Q E X£ . Rl £l
where
c(r) = 1im = [ v ).a(c) as
- 4T R' "—'= r'’
e+0 BQE =

(BQ€ is the surface of the sphere)
and fi(r') is the outward unit normal at r'. c(x) may be interpreted
in terms of the solid angle subtended at r by the surface BQS.

The case r € 9 follows in an analogous way, with the region
Q€ defined to be the intersection of the domain § with a sphere
of radius € centred at r. The case r § {} is straightforward, since
the integrand in (2.6.8) is never singular.

Thus we have the following integral equation for {, which

is valid for all r in Qc:

(1 + clo)x(x) (x) = - ﬁ Jaﬂx(g)w(g)w%) LA dSE'

L V(EXE) () AR, + b (x) (I11)

4T JQ

S
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It should be noted that the values taken by c(r) are particularly
simple when the region {1 has a smooth boundary, since then c(r)

takes one of only three values:

0 r outside (EE\ o))
clr) = 1 r €30
1 r inside (r € , r X 3Q)

However, it is possible to remove all references to c(r) from the
numerical algorithm. The details of this are given in the next

chapter.

Note

For linear problems, that is when x(r) is constant throughout

2, we have

Vx =0

and hence the volume integral in (III) is zero. Therefore, formula-

tion III is particularly suitable for linear problems, since only

surface integrals have to be evaluated.

2.7 X-H Relation

The relation between the susceptibility, ¥, and the field
strength, H, depends on the nature of the magnetic material and

is usually determined by experiment. In this work we have used



data for low carbon mild steel, which was provided in the form

of !EJ V. IEJ readings. Using the relation

a cubic spline interpolate of the data was obtained which enables
the susceptibility to be found for any H (fig. 2.3). We shall
use the notation i(H) to denote this interpolating function, and
:ence our approximation to the X-H relation is given by

X(xr) = X(H(r)), H= |- 7).

2.8 Mathematical Model

The problem can now be written as

I(Y,x;r) =0, r €Q (2.8.1)

X = X(H), H= | - W (2.8.2)

where (2.8.1) is the chosen integral equation formulation and (2.8.2)

is the known relation between the susceptibility and the field
strength. As mentioned earlier, we have mostly used formulation

I of the integral equation in this work and hence we define

1 1
.r) = —_ ' YT (=— -
I(Y,x;r) = W(r) + in IQX(r Y V(). (o) dﬁ;, ws<r>,
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CHAPTER 3: NUMERICAL SOLUTION OF THE INTEGRAL EQUATION

3.1 Discretization and Choice of Shape Functions

In order to solve equations (2.8.1) and (2.8.2) numerically
we must first divide the domain £ into volume elements and then
define finite element approximations for ¥ and ¥X.

We have taken the rectangular brick element as our reference

element, defined in the (§,n,T) coordinate system by

N
—

- 1< glan

If the domain £ is subdivided into volume elements such that the
sides of the elements are parallel to the coordinate planes and

the nodes in a given direction (x, y or z) are equally spaced, then
each volume element may be obtained by a linear transformation of
the reference element. Moreover, this mapping is invertible. Thus,

if the volume element e is defined by

N

e =1{(x,y,2) :a<x<b, c<y<a4a, e z < £}

then any point r = (x,y,z) of e may be written as

r = (x(E,m0), y (L,m0), z°(5,n,0))

where, for example,

b - a a+b
3 Y& o+ ( > ) .

xS(E,1,0) = (
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This can be written in matrix notation as

r=r () =Tg+%k, &-=1(&n,0),

with
b-a 0 0 a+b
T = 1 0 d-c 0 and k = 1 c +d
2 =2
L o 0 f-e | Le+¢

The inverse mapping is, of course, given by

£=8% (x,y,2) =T '(x - k).

In this work we have chosen to use quadratic (20 node) serendipity

a

elements for y (see, for example, ZienKiewicz [1971]). The guadratic

shape function associated with the corner node (Ei,ni,ci) is given by

_ 1 - F OV (E s+ 4+ F -
Qi(i,n,C) =3 (1M + &) (1 + ni) (1 + cl) (ii +n,+C - 2)
and a typical mid-side node (Ei = 0,ni =+ 1, Ci = * 1) shape function
is given by
0. (E,m0) = = (1 - E5)(1 + A (1 + Z.)
iz 4 i i’
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In the usual finite element manner the shape functions defined over
a volume element can be used to generate basis functions {Vj}, such

that the approximation to U is given by

N
V()= 2 U, v, (x) (3.1.1)

The basis functions vj are continuous, piece-wise polynomial and
have compact support (that is, vj is zero except on elements which

contain the node j). Furthermore, they have the property that

vj(gk) = ij .
and hence
N
D () = ji] by (Z) = b

The basis functions {wk} for X may be defined in a similar way,

to give

(r). (3.1.2)

Of course, we may choose different order approximations for ¥ and

X, and hence, in general, M # N. We have mostly used linear (8 node)
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serendipity elements for ¥X. The linear shape functions are defined

by

(1 + ii)(1 + ﬁi><1 + ii>

-1
Li(i,n,c) =3

where, as before,

In order to distinguish between the two sets of nodes, we shall

(W)' 1 <jJ <N, and ¢ (X), 1 € k £ M, where appro-

e the notation r.
us o £j I

priate, for the ¥ and X nodes respectively.

Note

We have considered two other possible representations of Y:
a) X is constant cover each volume element (this scheme was pro-
posed by Armstrong et al. [1978]);

b) X 1s linear in each volume element but not continuous across

inter-element boundaries.

In both these cases it is convenient to associate the Y-nodes with
a (volume element, local node) pair, rather than using a global
node numbering system. However, since we have used continuous linear

basis functions for X 1in most of our work, we only present the numeri-

cal details for this case.



- 37 -

3.2 Solution Methods

On substituting (3.1.1) and (3.1.2) into equation (2.8.1) one

obtains an approximation to the integral equation of the form
I(0,X;x) = e(x) (3.2.1)

where e(r) is the error introduced by using § and ¥ instead of the
true solution Y and ¥. If we now collocate the integral equation

(\l))}'

at {Eﬁ i.e. demand that

e(r (W)) =0 j=1,2,...,N
then we obtain N equations for the N unknowns {wj}, namely

I(JJ,f(:gj(w)) =0 j=1,2,...,N. (3.2.2)

We need M further equations for the unknowns {Xk}. One idea

would be to use

H(x) = - V(r) (3.2.3)
x(x) = x(|H]) (3.2.4)
to give an approximation to x(gk(x)), k=1,2,...,M. However,
- N
V(r) = I ¢.Vv.(r)
L b V=

1s not properly defined at inter-element boundaries, since the
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basis functions have discontinuous derivatives there. If we define

Qé as the restriction of V@ to volume element e, then

[\S]

; 0
e - e
h () = W| = 51 wj(i)VE_Qi(_E_ (x)),
where j(i) is the global node corresponding to the i-th node of e,

and we can define
h = %, X, (3.2.5)

We have already noted that V{ is discontinuous across element inter-
faces and hence equation (3.2.5) will generate as many approximations
to the field at node k as there are volume elements having k as

a node. To overcome this we used a simple averaging process:

Define

e

1
= — h
i n L k

e:k€e
where n is the number of volume elements having k as a node, and

then use the X-H relation to obtain Xk' i.e.
Xk= X(Hk )l k=1'2’...,M.

We also did limited experiments on an alternative averaging

process, where

= e
z X(h ).

1
Xy ' =T
k M e:k€e
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However, this made no appreciable difference to our results.

It

may be worthwhile to consider other approaches for finding the M

additional equations from the ¥-H relation.

3.3 Discretized Integral Equation

In our calculations we have mostly used formulation I of

integral equation,

! ' ' 1
W(r) = - Z_T?JQX(E' )T(r").Vizr) d

Substituting the finite element approximations for Y and ¥ into

()

equation (3.3.1) and collocating at I

<=
+
|

N t=

i ar

1 i

with the obvious notation

- (V)
wi =Wz, "),
- (y)
LI)S. - LIJS(E_J' )r
i
and
R.' = lr' - r,
i - =i

We can rewrite equation (3.3.2) as

=~ 1
wj jQ Xij.V(ﬁfT) dQE

Qr. + ¥ (r),

4

i=1,2,...,N, gives

the

(3.3.1)

(3.3.2)
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N
b+ L B.*U. =0 (3.3.3)
where
B *=J—j X v, V(=) an (3.3.4)
iy " g 3R P b

and this in turn can be written as

(3.3.5)

[ e I~
s}
<
i
<
N
[

N
2

with

Bi.

B, = J

] 1 +B,.* i=q.
11

Calculation of the diagonal terms

Returning to the integral equation (3.3.1) we see that

Y = ws = 1 provides an exact solution of this equation. Thus, by
N N

using the fact that I vj = 1 (and hence I Vv, = 0), and noting
j=1 j=1

that Y = 1 can be exactly represented by our basis function approxi-

mation, we see that

e
1]

[t 1 ... 1] and ys =[11 ... 1]

provide an exact solution to equation (3.3.2). Then, from equation

(3.3.5) we have that



N,

M=z
w
1l
—
-
N
.
N

and hence the diagonal terms of the matrix may be calculated as
B,. =1- £ B, =1~ z By .*- (3.3.6)
# I j#i

A result of this kind is particularly useful in the case of
formulation III of the integral equation since it is possible to
remove all reference to the 'solid angle term', c(r), from the numeri-
cal scheme. After collocation, formulation III leads to the linear

system

Ky =y, K =D +K*

where D is a diagonal matrix with entries (1 + C(Ei)xi) and the

i-j th entry of K* is given by

1 ~ 1
- —_— JQ Vj VX'V(F) er, .

i =

Using the same analysis as for formulation I, it is easy to show

that

and hence, since
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. .
Kij i# 73
K,.. =
1]
+ * Do -
1+ci)(i Kii 1 3
we have
Kil=1-ZKi.=1—ZKi.*
j# j#1 H

3.4 Complete System of Equations

We now have (M + N) equations for the (M + N) unknowns, namely

BV = ¥
(3.4.1)
X = EW)
. T
where X = (X1 Xy o v - XM) '
T

ys is a vector containing the values of the source potential at the

nodes r.(w),

r; 1 €1 <N, and
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3.5 Solution of the Non-linear System

To solve the non-linear system of equations (3.4.1), a simple
iterative scheme was proposed. A scheme of this kind was suggested
by Armstrong et al. [1978].

Guess X}O)

" n = 1,2,... until convergence
n-1), (n)
B(Y R =¥
X.(n) - E(E(n))

This scheme seems to converge guite rapidly (10 iterations or less)

on coarse grids. However, as the mesh is refined the convergence

rate slows down and eventually the scheme becomes impractical.

In an attempt to speed up the convergence rate we tried to extrapolate

the results by assuming that each component of X satisfies

on the n-th iteration. The extrapolated values X(m) could then

be checked by doing one further iteration. This modified iterative
scheme improved the convergence rate at some nodes, but at other
nodes did not appear to make a significant difference. Hence, we
were led to examine a more sophisticated non-linear solver.

If we return to the non-linear system (3.4.1), we see that
it can be written as a system of M non-linear functions fi in M

variables, namely



- 44 -~

where
£Y) =x-EW® =0

and Y is the solution of B(Y)V = ys. The NAG library provides four
subroutines for solving this type of problem, all of which are based
on the Powell hybrid method [1970]. We have found it expedient
to use a routine which requires the user to supply an initial approxi-
mation to the Jacobian, since this can reduce computational costs
significantly. Details of the numerical differentiation are given
later in this chapter.

The choice of the initial guesstx(o) seems to be unimportant
in the sense that both the simple iterative scheme and the Powell
method conv;;ge even if X}O) is far from the solution. However,
it is wise to have a good initial guess, where possible, for reasons
of economy. We interpolated the results from a coarser grid to
provide these starting values; alternatively, it may be possible

)

to choose XFO by extrapolating the results obtained from several
previous grids.
It is well known that integral equation methods yield full,

unsymmetric matrices in general, and hence the cost of solving the

linear system
BOOV = ¥

may be quite high. We have compared two codes which use essentially
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the same algorithm. The first is a NAG library routine which uses
Crout's method with partial pivoting. The second code uses Gaussian
elimination with row prenormalization and partial pivoting. It

can be shown that the two methods are more or less equivalent, with
the same operations carried out, but in a different order (see,

for example, Forsythe and Moler {1967], Stewart [1973]). However,
comparative timings of the two routines on the Cray-1 have shown

that the Gaussian elimination routine performs up to 35 times faster
than the NAG routine, and this ratio improves as the order of the
matrix increases. Crout's method is only preferable to Gaussian
elimination on a machine which can accumulate the inner products

in double precision, as this reduces the effects of rounding errors,
and it may be this fact which makes the NAG routine so costly (double
precision calculations are twenty times more expensive than single
precision on the Cray-1 and also inhibit vectorization). However,

we have not experienced any noticeable rounding errors by using

the Gaussian elimination solver. It should be noted that, in general,
Gaussian elimination type routines are optimal for serial computers,
and cannot easily be vectorized on parallel machines since the algo-
rithms are recursive. (A recurrence is a sequence of evaluations

in which the latest term in the sequence depends on one or more

of the previously computed terms.) Currently there is a lot of
interest in the development of vector algorithms for tridiagonal
systems (see, for example, Hockney and Jesshope [1981], Jordan [1982],
Kershaw [1982]). However, as far as general linear systems are
concerned, the author does not know of any codes which have been

fully vectorized on the Cray.
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3.6 Evaluation of the Integrals

A typical off-diagonal entry of the linear system (3.3.5) is

given by

With the basis functions vj and wk defined in terms of the shape

functions as outlined in section 3.1, the integral over the whole
domain can be expressed as a linear combination of integrals over

each volume element. A typical volume integral is thus

Vo (D) =J' LK(_E_e(g)JVQJ(ge@_')).V(R%) aq_, (3.6.1)
e i L

where J and K are local node numbers; that is, global node j is
given by the pair (e,J), j being the J-th node of volume element
‘e, and similarly for k. Of course, the relation between global
nodes and the (volume element, local node) pairs is one-to-many.

We have considered two approaches for the evaluation of integrals
of the kind (3.6.1).

After a simple change of variables it is possible to rewrite
VJK(E) as a linear combination of integrals, almost all of which
can be evaluated analytically without too much difficulty. (The
remainder can be evaluated by a combination of analytic and quadrature
techniques.)

By transforming the origin to the field point r, (i.e. by putting
R = (X,Y,Z2) =1¢' - Ei) and denoting the limits of the new region

by
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we get

°K A C E R3
where r'(R) =R+ r , £(r'(R) =T (R - (k - r')) and
R=(x° + Y2 +235)/2

The linear and quadratic shape functions were defined in section

3.1 for the reference volume element -1 < &,n,L < 1, and after apply-

ing the linear transformation g?(;j(g)) = T-1(R - (k-1r"))

the shape functions can easily be expanded as polynomials in

X, Y and Z. Then

e
! = + +
Q (ET(X'(R))) =ay +a X+ a¥+al+aXy+ays+aliX

2 2 2 2 2 2
+ a7X + a8Y + agz + a10XYZ + a11X Y + a12ZX + a13XY
2 2 2 2 2 2
+
a14Y Z + a1SZ X + a16YZ + a17X YZ + a18XY 72 + a19XYZ
and
e 1 —_—
L (& (" (R))) = by + b,X + b,Y + b7 + b XY + b Y2

+ b _ZX + b_X¥YZ
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where strictly a, = ai(J)(A,B,C,D,E,F) and b, = bi(K)(A'B'C'D'E’F)'
It follows that
53 :
v = I £(ab) I, (AB,C,D,E-F (3.6.2)
i=1
where
B D F Xpi Yqi Zri az
I.(A,B,C,D,E,F) =J' dXJ dYJ’ 2 2 7377
i A C E (X" +Y +327)
_ (J) (J) (J),7T
_a_—(ao ,a1 ,...,a19 ) ’
_ (K) (K) (K),T,
2—(b0 lb1 I""b’/ )

p. 9. r,
fi(gjg) 1s the coefficient of X 'Y 'z ' in the expansion of

the product LK v QJ._R_,

and P;r 9y and Loy 1 €1 £ 53, satisfy

1 < P, s, T, <3

1 < pi+qi, qi+ri, ri+pi <5 (3.6.3)

1 < pi+qi+ri <7

Almost all of the integrals Ii(A,B,C,D,E,F) occurring in (3.6.2)
can be evaluated by referring to standard tables of integrals (for

example, Dwight, 1961). 1In the remaining integrals some terms are

difficult to integrate analytically in the third variable and in
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these cases Gaussian quadrature was used. It was found that these
terms are well-behaved so that a low order quadrature is sufficient.
Thus, the accurate computation of VJK would appear to present no
great difficulty. However, the thinness of the plate causes some
computational problems:

If we suppose that the X and Y integrations are performed first,
with indefinite integral Gi(X,Y,Z), then the i-th integral in (3.6.2)
becomes

F
j {Gi(B,D,Z) - G,(a,D,2) - G,(B,C,2) + Gi(A,C,Z)} az.
E

Now it is clear that if

F
j G, (X*,¥*,2) dz = [H, (X*,v*,2)]" ,
E 1 1 E

X*,Y* fixed,

and the function Hi does not vary much over the range E €< Z < F,
then this will result in the subtraction of two nearly equal numbers.
In fact, it was discovered that in some cases up to 14 places of
accuracy were being lost, and this obviously causes trouble on a
machine which works to 14 significant figures in single precision.
One possible solution is to use double precision for these calcula-
tions. However, this would be extremely expensive and so a method
combining analytic and quadrature techniques was devised:

Returning to equation (3.6.2), we see that a typical integral

may be rewritten as
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Foxy B D X Lyt
1.(A,B,C,D,E,F) = | 2 f ax dY} az.
i | 1 A ,Jc (24247232 .

The X and Y integrations can be performed analytically, since they
present no cancellation problems, and the resulting function varies
slowly with Z. Thus a high accuracy can be obtained by using a

low order Gaussian quadrature for the Z-integration. The analytic

formulae for these integrals are given in the appendix to this chapter.

Note
Collie [1976] proposes an alternative approach for the analytic

evaluation of the type of integrals appearing in equation (3.6.1).

It is shown that the integrals over a volume element (which in the

general case is a polyhedron) can be reduced to surface and line

integrals over the faces and edges of the element; the analytic

formulae are given for the case when the magnetization M (= - XV{)

is a linear function of the coordinates of the element. At present

it is unclear whether the cancellation problems we encountered would

occur 1f we adopted this strategy and 1t would certainly be interesting

to compare the accuracy and computational cost of the two approaches.

Surface Integrals

In the case when X is constant (or X is taken to be piece-wise
constant for non-linear problems) it 1s preferable to use formulation
IITI of the integral equation as this necessitates the evaluation
of surface integrals only. Using the same notation as before, a
typical contributicn from surface element s is given by

(o (SR A ds

S = ] —_

S R.'3
1




However, because of the simple geometry of the plate

R.'.fl = d = perpendicular distance of the collocation

point from the element,

and therefore

e ]
0 (E5(x"))

s (x? + X; + d2)3/2

dx1 dx2 (3.6.4)
where s lies in the (x1,x2)-plane. Hence S = 0 if the collocation
point lies in the same plane as the element, and in all other cases
the integrand of S is never singular. This led us to try standard
Gaussian quadrature for the evaluation of (3.6.4). This proved

to be satisfactory for {X = constant} and {Y = constant} elements,

but because of the thinness of the plate the integrand can become
almost singular for {Z = constant} elements, and this causes obvious
numerical difficulties. 1In these cases the quadratic shape functions
can be expanded as polynomials 1in X and Y as before, and the integrals

can be evaluated analytically.

Notes
(i) In section 3.3 we observed that the diagonal entries of

the linear system (3.3.5) can be calculated from

Bii=1—ZBi,*, 1 €1 <N
j#i I
(with the corresponding result for linear problems). We have used

this relation in all our calculations.
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(ii) For the volume integrals, product Gaussian quadrature in
all three variables would not appear to be sufficient because of
the singularity in the integrand when the collocation point belongs
to the element (although the worst possible case, when node J coin-
cides with the collocation point, can be avoided by the use of (i)
above). However, it may be that special quadrature formulae could

be derived.

3.7 Calculation of the Source Potential

It now remains to evaluate the right hand side of the linear
system (3.3.5). To do this we need to calculate the potential due
to a source of three coaxial solenoids. An algorithm which uses
elliptic integrals to compute the field of axially symmetric magnetic
systems is given in the paper by Garrett [1965]. The potential
can then be obtained by numerical integfation.

The equations given by Garrett refer to a field ring of cylindri-
cal radius P which passes through the field point, and a coaxial
source ring of radius a. The axial separation of the field ring
and the source ring is x. The origin is taken to lie in the plane
of the field point, so that x is positive when the source is to
the right. The simplest source 1s a circular current loop. In
our case, the magnet windings can be modelled as cylindrical current
sheets (ideal solencids), and the field of an ideal solenoid is obtained
by integrating the field of a current loop along the axis. Garrett
notes that only the coordinates of the end circles of the solenoid

appear in the definite integral, which thus contains two terms of
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opposite sign. Hence it is convenient to ignore the physical dis-
tributed currents of the winding and to attribute the entire field
to these two source rings, which are of identical absolute strength
but are of opposite sign. The positive sign belongs to the right
end of a positive current sheet. The source strength of a loop is Ni,
where N is the turn count and the sign depends only on the current
i. The equations are written for single positive sources of unit
turn count, the field from a system of sources being obtained by
algebraic summation. The system of sources resulting from the con-
figuration of three coaxial solenoids is indicated in figure 3.1.
The axial and radial components of the solenoid field for each

source are given by

_ 10" "ixck a-p N
Bx(x,o) = ————?;——— [K + —EE——%H K)1] (3.7.1)
10_7ir1 5
B (x,p) = [2(K - E) - k"K] (3.7.2)
p P
where
r1 = (a + p)2 + x
2 _4ap
ko= ;-E
1
c2 _ 4ap
2
(a + p)

K, E and I are complete elliptic integrals to modulus k of the

1st, 2nd and 3rd kind respectively; the parameter of Il is —c2
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The integrals K and E may be computed from the Hastings approxi-
mations [Hastings, 1955]. However, since Il is also required, Garrett
suggests an iterative method for computing Il in which K and & emerge
as by-products, and we have therefore used this method.

Once we have obtained the components of the field in the axial
and radial directions by applying equations (3.7.1) and (3.7.2)
to all six sources, it is a simple matter to resolve the radial
component of the field, Bp’ into the y and z components By and Bz:

If the coordinates of the field point are given by (xF,yF,zF)

then
y
F
B =— B
Y Y o]
and
z
B =— B,
z e Y
/ 2 2
where, of course, p = Yp + 2 -

Thus, we are able to calculate the field due to the source
of three solenoids at any point in space. However, we need to inte-
grate the field to obtain the source potential ws.

Let £P and EQ be any two points in QC (the 'cut' space). Then

where the line integral is along any path lying entirely in Qc.

Thus the potential at any point EQ n QC is given by

r
- _ [
q)s(-l:Q) - ll)S(EP) j H . ds.

I, st
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If we now take r

p = (XP,Y ) to be any point such that Xy = 0,

VA
P'"pP

then ws(EP) = 0 and hence

<
.
1

r Y
-j_oa.ds=i— j—QB.dS
—S—-—

r
Ip Ip

For simplicity, define the path joining I, and r to be a straight

.—Q

line. Then

s =0
where s(t) = r_ + t(r - ),
and this integral can be evaluated using standard Gaussian quadrature

techniques.

3.8 Recovery of Fields

Once approximations to ¥ and X have been obtained there are
several different methods which can be used to compute an approximation

to the field H at any point r in Qc:
(i) The integral equation for Y can be differentiated to give
an integral equation for H. Thus in the case of formulation I we

obtain

H(r)

l[ ] ' _1_ - ]
L JQXE V(). Vig,) 9, - Vo (x), £ €R. (3.8.1)
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For points outside the domain ! the gradient in (3.8.1) can be
taken under the integral sign, and so the field integral equation

becomes

This is not true for points lying in the domain §}, since this would lead
to divergent integrals (the proof of this is given in Arsenin [1968],
for example).

(ii) The potential at any point r € Qc can be computed from
the integral equation (2.6.9) and thus the field can be obtained
by numerical differentiation. For example, if H = (HX,Hy,Hz),

~ _ WU(x+hy,z) -Wx -h,y,z)
Hx(x,y,Z) - h

Alternatively, the integral equation for VY can be used to compute
V at the 20 nodes of a "small" volume element defined by (xth,yth,zth),
and these nodal values can be interpolated using the 20-node shape
functions. This can then be differentiated analytically to give
an approximation to the field at (x,y,z).

(iii) 1Inside the 1ron region { the basis function representa-

tion of ¥ can be differentiated analytically, i.e.

H(r) = - § wj ijpg),
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with the limitation that this expression is not defined at inter-

element boundaries.

3.9 Evaluation of the Field Integral Equation

The integral equation for H is evaluated in a similar manner
to the integral equation for Y. If we substitute the approximations

for ¥ and ¥, given by

N
() = Z ¥, v.(r)

>
a
|

Vv.(_r_') 3Vv.(£').§'_1_2_'
3 } an

1 N " ]
H(r) = — Z U I J w (5')[ -
m .m0 kKlg k (R")3 (R')5

and thus a typical field integral is given by

Vv.(r') 3%v.(r').R' R
jw (r') { 1 - J jldQ (3.9.1)
Q kK~

3 5

(R') (R') L'

Now, if we transform the origin to the field point and expand the
shape functions as polynomials in X, Y and Z, with coefficients

a and b, as before, (3.9.1) becomes
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(1) (1) (1)
r

53 B D i i i
Upg(L) = -3 2 ﬂi(1)(§J9) J dx j ¥ J : 2 Yz 2 2/2 *
i=1 A C E (X“+Y"+27)
(2) (2) . (2)
39 (2) B P F xpj Yqj Z ] az
+ L g (a,b) I dx J dy j 5 2.3/2 (3.9.2)
j=1 7 A c E  (X°+Y°+29)
where o (0 (k) ()
(k) (a,b), k = 1,2, give the coefficients of X * Y t z *

=i
in the expansions of the products LKVQJ.ngf and LKVQJ respectively,
(1) (1) (1)

Py - P T , 1 €1 < 53, satisfy
0 < 91(1)' qi(1)’ ri(1) <4 \
1< pi(1) + qi(i), qi(1) + ri(1)' ri(1) + pi(1) <6 f (3.9.3)
5 < pl(1) . qi(1) N rl(1) <s ) :

and p.(2), qj(z), r](z), 1 € j € 39, satisfy

(2) (2) (2) \
0 < , . ’ . < 3
p] q] r]
(2) (2) (2) (2) (2) (2)
0 € p. + q. , q. + r, , I. + p. €5 (3.9.4)
p] q] q] rJ r] p] ?
(2) (2) (2)
0 < + q. + <6
p] ql r]

The integrals appearing in equation (3.9.2) can be evaluated using
a mixture of analytic and quadrature techniques, as outlined in

section 3.6 and in the appendix to this chapter.
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3.10 Economy

It is clear that there are inherent symmetries in the problem
which should be exploited in order to make the numerical scheme
as efficient as possible. The scalar potential \{ possesses the
same symmetries as the source potential; that is, ¥ is anti-symmetric
about x = 0 and symmetric about y = 0, which of course implies that
Y =0on x =0. It follows that the susceptibility X is symmetric
about x = 0 and y = 0, since ¥ is a function of [vw]. Thus, it
is only necessary to define the unknown ¥X's in the region B, defined

by
B ={(x,y) : x 20,y >0},

which we shall refer to as the 'basic' region. The unknown Y's
need only to be defined in the region B—, where B~ = {(x,y) : x>0,
y > 0}. Taking these symmetries into account reduces the number of
degrees of freedom for a particular mesh to approximately a quarter
of the original number.

A further substantial saving can be made by noticing that the

volume integrals V defined by

JK'

VJK(E) = je LK(§é(£')) VQJ(Eé(gf)).V(EiTﬁ dQE,
depend only on the relative position of the volume element e and
the collocation point ;. and not on their actual position 1in space.
Therefore, if a standard finite element assembly process is used
many of the integrals will be repeatedly calculated, and the computa-

tional cost will rise accordingly. To avoid this, we have used
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a scheme which calculates contributions from a reference volume ele-
ment and a 'relative' collocation point and then adds these contribu-
tions into all the appropriate places in the matrix. We shall outline
our scheme for the 2-D case; the generalization to 3-D is straight-
forward.

In 2-dimensions, let n and ny be the number of elements in
the x and y directions respectively, and let the dimensions of the

plate be 2lx by 22y. Define

and define a reference element by
-2 <x g —lx + 2Ax

-2 < < =2 + 24
Y Y Y Y

(see figure 3.2). Then the 'relative' collocation points with respect

to this reference element are given by

i{i(_ = (k1AXIk2AY) ’

with the index k defined by

N
~
N
N
e
1
N
=}
+
N
~
N
\®]
o]

k={k k) : - 2n +1
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Fig. 3.2.

Reference element and relative collocation points for economy scheme in 2D.
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Once the matrix of integrals for a 'relative' collocation point

with respect to the reference element has been calculated, the next
step is to add in the results at all relevant positions in the mat-
rix B. This is done by moving the relative collocation point, and.
hence the reference element, systematically through the basic region
(so that the 'relative' collocation point becomes an actual collo-
cation point) and then reflecting the element, where possible, about
the collocation point. In this way one generates all possible (ele-
ment, collocation point) combinations. If we denote the collocation

points by k', where

LI— ' ' - s ' <
k {(k1 k') 2 0 Sk 2n_ 5 g

o
N
~
N
[\
3

mod (k,',2) + mod (k,',2) <1}

then the centre of the transformed element is given by

[k,' = (k, +2n_ - 1), k' = (k, +2n_ - 1)].
X Yy

The symmetry operations which may be applied to the element are

denoted by

S = (1, R (k"), R (k'), R__(k")),
- X — y — Xy —

where we have used the notation S2 = RX(E') to denote reflection

about x = k1'Ax, for example. The matrix of integrals for this

(element, collocation point) combination is then added into the
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a 2-dimensional problem is as follows:

k, = (-2n_ + 1)(1)(2n) A
1 X X
Define k1'f = 0 k] even
P
1 k1 odd
k, = (-2n + 1)(1){(2n )
2 b Yy
Define k2 f = 0 k2 even
1 k2 odd
If ({mod (k1,2) + mod (k2,2)} < 1) then:
Calculate matrix of integrals
k," = (k,'£)(2)(2n_ - k_ 'f)
1 1 X 1
—_— | J— 1 - 1
k2 (k2 f)(2)(2ny k2 f)
= ' -
e1 k] (k1 + 2nX 1)
e2 = k2 - (k2 +2n - 1)
—1i=1, 4
e 2 s ke

Thus an outline of the code to set up the matrix B for

gives 'relative'
collocation point
w.r.t. reference

element

move relative collocation

point through basic region

centre of transformed

element

apply symmetry operations

to element

If reflected element lies in the plate, add in the

matrix of integrals to the appropriate places in

the matrix B

endif
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It should be noted that this 'economy scheme' applies equally well

to the recovery of exterior potentials, if these are to be calculated
at a grid of points compatible with the discretization. We have

used a scheme which incorporates essentially the same ideas, but

adds in the contributions using an alternative loop structure.

An economy scheme could also be applied to the recovery of fields
using the field integral equation (3.8.1), although we did not have

time to implement this.

3.11 Some Computational Aspects

The problem we are solving is necessarily 3-dimensional and
the numerical method we have chosen gives rise to full, non-symmetric
linear systems of equations. These two factors indicate that storage
requirements and computational costs may be quite high, particularly
as the mesh is refined.

The code used in this project was developed and tested on the
CDC Cyber 855 at Imperial College, but most of the production runs
have been done on the Cray 1-S at the University of London Computer
Centre. Use of the Cray 1-S led us to re-examine our code to see
whether some attempt at vectorization could be made, in order to
make efficient use of the resources available to us. Since our
code was already written and tested by the time the University of
London Computer Centre acquired the Cray-1 we decided not to re-
structure the program completely, but rather to analyse the existing
inner do-loops to see whether they could easily be vectorized. This

was possible in a number of cases, notably in the Gaussian quadrature
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routines used in the field calculation. We appreciate that further

savings could probably be made if we had more time to consider this

problem.

Use of Direct Access Storage

If we return to the calculation of a typical entry of the linear

system, Bij' where

*
) Bij i# 3
i3
* =
1T+ Bii 1 J
and
1 M 1
B,.* =— I ¥ J w Vv, .V(=—) aa_,,
ij am k=1 k 0 k R r

we see that the integrals are independent of {Xk} and hence can
be set up once and for all before the non-linear solver is called.
Therefore, we are essentially storing a 3-dimensional array I(i,3,k),

given by

. _ 1
I(i,3,k) = fﬂ kavj.V(—Ri,) a_,,

N
—
<
N
=
-
N
=
N

M,

which 1is reformulated as a 2-dimensional array for each update
of the {Xk}' We have used a FORTRAN direct access file to store
the 3-dimensiocnal array, with the first index of the array used
as the record number to which the 2-D array I(.,Jj,k), 1 € j € N,

1 £k £M, is written. We shall use the notation D(l)(j,k) to



- 67 -

denote the array stored under record number i; that is,

I(i,j,k) = D(l)(j,k) 1 <3 <N,

Thus, we may write the entries of the matrix B(YX) as

;M (1)

Biy = 4—wki1 X D0 (3.K)
M (1)
B,, =1~--— X ¥X_ D 7'(i,k)
ii 4T k=1 k
where
(i), _ .
D ~'(i,k) = I I(i,j,k),
j#i

since we have exploited the fact that the diagonal terms can be

for fixed 1,

(3.11.1)

calculated in terms of the other entries in the row (see section

3.3).

As we shall see in the next section, the form of the {Bi.}

in (3.11.1) can be exploited in the calculation of the Jacobian.

3.12 Approximation of the Jacobian

In section 3.5 we showed that the non-linear system can be

written as

f(x) =X -F =0

(3.12.1)
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where J is the solution of

B(X)¥ (3.12.2)

v

and

i(HiaV), 1<1i <M

F. (D)

If we use a quasi-Newton method to solve this system we need to
be able to compute an initial approximation to the Jacobian J(£;X).
In general, one has to compute the Jacobian using finite differences;

for example, the j-th column of the Jacobian

of ) 851 of of T
s | |9 X
X5 X5 X5

’ I3 DI 2

can be approximated as

32X - £
X, .
XJ EXJ
where ﬁihj) =X + exjg}j), g}j) being the j-th unit vector. ¢ 1s

chosen to be optimal in some sense; that is, to be-."small", but
not so small as to induce cancellation problems. It should be ob-
served that this scaled finite difference breaks down if Xj = 0.
However, this possibility does not arise in the problem we have
considered.

Note that if we apply this method directly to the non-linear

system defined by (3.12.1) it requires (M+1) solves of the linear
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system (3.12.2), and this becomes extremely costly as the mesh is
refined. We have exploited the form of the matrix B to reduce this
cost.

(e,3)

To calculate f(Y ) we need to evaluate

(3.12.3)

Using equation (3.11.1) it is easy to show that for any two vectors

a and b of length M,
B(a + b) = B(a) + B(b) - I

and hence we can write equation (3.12.3) as

(3)

B(XY)Y = ES - [B(sxj_e_ ) - Iy

} (3)
R % (3.12.4)

where the entries of the NxN matrix A(J) are given by

(3) _ (2 (k) .
A =5 D (2,3) k # 2
-1 (k) . _
ar D (k,3) k=2

This suggests the following iterative scheme:

(o)

Take B to be the solution of B(X)& = &s' and define m}p), p=1,

by

Bu® = g - exatd P (3.12.5)
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If the LU decomposition is preserved when i(o) is calculated, then

the solution of the linear system (3.12.5) at each iteration can

be carried out very cheaply.
The iterative scheme can be written as

(p-1)

VP Z g Py

where G, the iteration matrix, is given by

G = - exy iy ald,

Hence, the spectral radius of G, p(G), is

exjp((B(x))-] a3,

(3.12.6)

and, consequently, provided € is sufficiently small, the iterations

will converge rapidly. 1In practice we have found that with €

107>

3 or 4 iterations are sufficient. It should be noted that € also

has to satisfy the conditions of the finite difference approximation;

that is, € is "small"” but not so small that cancellation problems

arise.

Thus our algorithm for computing an approximation to the Jacobian

at x_is as follows:



Solve B(X)¥ = {

v (keep ¥ and LU decomposition)

Evaluate F (V)

Solve B(X)_Ui(p) =y - EXjA(j) (p-1)

+s

)

using the LU decomposition

Let the final iterate be y*

j=th column of Jacobian =

1 [ex E-(j)

- F(Y* F
X, ] F(y*) + F(P)]

It should be noted that this scheme requires only one LU decomposition

to be performed.
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Appendix A.3: Evaluation of the Volume Integrals by Analytic and

Quadrature Technigues

We have shown that the volume integrals which occur in both
the potential and field integral equations can be expressed as a

linear combination of integrals of the form

B D F Xpi Yqi zri
Ii(A,B,C,D,E,F) = I dax j day f T 2 %2 dz (A.3.1)
A C E (X"+Y"+27)

where k = 3 or 5, and the index i and corresponding integer powers
Pyr 9y ri are defined by equations (3.6.3), (3.9.3) or (3.9.4)

as appropriate. The X and Y integrations are performed analytically,
and the final Z-integration is evaluated by quadrature techniques.

Thus equation (A.3.1) is rewritten as

FrirB DXin
Ii(A,B,C,D,E,F) = jE Z 1~J’ de > 5 2)k/2 dy }'dz (A.3.2)

A C (X"+Y " +2

and the first step is to establish analytic formulae for the inner (x,y)
integrations. For the case k = 3, which occurs in both the potential
and field integral equations, there are 9 distinct integrals to be

evaluated analytically. If we define

B D a(m,3j) _B(m,3)
J, +(A/B,C,D,2Z) = J ax j X > 2Y 373 dy (A.3.3)
& A C (X" +Y¥Y + 27)
where m = m{(1), 3 = j(i)
a{m,j) = (1—j)Pm + ij =.{ Pm j=20
Q =1
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B(m,3j) = (1 - j)Qm + Jp_ = {Qm j=20
P

m

and Pm and Qm are given in Table A.1, then equation (A.3.2) becomes
F ri
Ii(A,B,C,D,E,F) = J Z J 3 (a,B,C,D,2) dz.

Of course, the values of Pm and Qm in Table A.1 represent the 9
distinct integrals to be evaluated.

The case k = 5, which only occurs in the field integral equation,
gives 13 integrals tc be evaluated analytically; these are defined

by the powers Pm and Qm given in Table A.2.

m Pm Qm

1 0 0

m Pm Qm 2 0 1

3 0 2

1 0 0 4 0 3
2 0 1 5 0 4

3 0 2 6 1 1

4 0 3 7 1 2

5 1 1 8 1 3

6 1 2 9 1 4

7 1 3 10 2 2

8 2 2 11 2 3

9 2 3 12 2 4

13 3 3

Table A.1 Table A.2

We present here the analytic formulae for the case k = 3.
The integrals for the case k = 5 can be evaluated in a similar manner.

Without loss of generality take j = 0 in equation (A.3.3) and

define J *(A,B,C,D,2) = J_  (A,B,C,D,Z). Then
B D xpm me ay
J_*(a,B,C,D,2) = f ax J 3373 (A.3.4)
A C (XT+Y"+27)
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and thus Jm* represents the 9 different integrals to be evaluated.
It is convenient to write the integrals Jm* (a,B,C,D,Z) in
terms of the following one-dimensional integrals, Fi(x,y,z), where

y and z are fixed and 1 €1i <€ 10:

dx
j 2 + y2 + z2)1/2

F (xX,y,2)
1
(x

log (x + r)

X dx
Fy(xyy,2) = _[ 2 2 2.1/2
(x“ +y  + 27)

= r
F_(x 2) = x2 dx
3 XYy 2 2 2.1/2
(x" +y~ + z7)
2 2
Xr (y + 27)
> 5 log (x + r)
F (x z) = x3 dx
AL 2 2 2.1/2
(x" +y + z7)
3
r 2
= — - +
3 (y z )r
4
_ x  dx
Folxiy,2) ‘j 2 2 2.1/2
(x" + vy~ + 27)
x3r 3 2 2 3 2 2.2
= = - E—(y + z )xr + g-(y + 27) log (x + r)

F6(x,y,z) = j (x2 + y2 + 22)1/2 dx

{xr + (y2 + 22) log (x + r)}



where

Then

F, (x,y,2)

F, (x,y,2

F, (x,y,2

F.IO(X'YIZ

S
It

p
I
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= J x2(x2 + y2 + 22)1/2 dx
Xr (y2 + zz)xr (y2 + 22)2
= = - 5 - 3 log (x + r)
2 2 2.1/2
) = log (y + (X7 + vy~ + z7) ) dx
=x log (y + r) +y log (x + r) - x + 2z9%
2 2 2 2.1/2
) = | x7 log (y + (x” +y + 27) ) dx
=1 7 (log (y + 1) - D)
—‘\zl(y2+3z2) log (x + r) +x(22+y5r-) —2238}
- J dx
(x2 + 22)(x2 + y2 + 22)1/2
=|Y_Z| tan—1[ v )
(1 + (52 - H1/?
Y
(x2 + y2 + z2)1/2
1 -1 X
— tan ( )
2 (y2 + z2)1/2
2.1/2
z")

2
tan_1{j[(y ha

X

(x

2

+ Z2)1/2

2

- y] tan w.}

-
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(B,D,2) - F__(A,D,2)}

J1*(A,B,C,D,Z) =D {F 10

10

- C{Fm(B,C,Z) - Fm(A,C,Z)}

JZ*(A,B,C,D,Z) = Fi(B,C,Z) - F1(A,C,Z)
- F1(B,D,Z) + F1(A,D,Z)
J,*(a,B,C,D,2) = c{FT(B,C,z) - F1(A,C,Z>}

- D{F1(B,D,Z) - F, (A,D,2)}

1

+ F_(B,D,2) - F8(A,D,Z) - F

8 (B,C,2) + FS(A,C,Z)

8

J4*(A,B,C,D,Z) = F6(BID'Z) - F6(A'DIZ)
- FS(B,C,Z) + FG(A,C,Z)

+ F3(B,D,Z) - F_(A,D,Z) - F3(B,C,Z) + F _(A,C,2)

3 3

+ ZZ{F1(B,D,Z) - F.(A,D,2) - F (B,C,Z) + F (A,C,2)}

* - -
J5 (aA,B,C,D,2) F2(B,C,Z) FZ(A’C'Z) F2(B,D,Z) + F2(A,D,Z)

* - -
J6 (A,B,C,D,2Z) F3(D,A,Z) F3(C,A,Z) FB(D,B,Z) + F3(C,B,Z)

J7*(A,B,C,D,Z) F4(D,A,Z) - F4(C,A,Z) - F4(D,B,Z) + F4(C,B,Z)



_77_
Jg*(A,B,C,D,2) = c{F3(B,c,z) - F3(A,C,Z)}
- D{F3(B,D,Z) - F3(A,D,Z)}
+ Fy(B,D,2) - F (A,D,2) - F (B,C,2) + F (A,C,2) .
J,*(a,B,C,D,2) = F (B,D,2) - F (A,D,2) - F (B,C,2) + F,(a,C,2)

+ FS(B,D,Z) - F_(aA,D,2) - FS(B,C,Z) + FS(A,C,Z)

5

+ ZZ{F3(B,D,Z) - F,(A,0,2) - F,(B,C,2) + F,(2,C,2)}.

Obviously, the case when j = 1 follows trivially since

Jm'O (A,B,C,D,2) = Jm,l(C'D'A'B'Z)'
1 €m < 9.

Thus only the Z-integration remains to be done, and for the most part

standard Gaussian quadrature is used. However, special care must

r,
be taken if the integrand (= Z t Jm 5 (A,B,C,D,2)) contains a logarithmic

’

term and either E or F is zero, or nearly zero. In this case

Ii(A,B,C,D,E,F) may contain terms of the form

for which standard Gaussian quadrature will not be sufficient.
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This problem can be overcome either by evaluating the log term

analytically or by using log-weighted Gaussian quadrature.

Note
The analytic integrals given here are also relevant to the
{2 = constant} surface integrals which arise when formulation III

of the integral equation is used.
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CHAPTER 4: RESULTS AND CONCLUDING REMARKS

4.1 (W¥,¥) Calculation

Three different choices of shape function for X have been
considered. Following the work of Armstrong et al. [1978] we origi-
nally took X to be piecewise constant, i.e. the susceptibility
is assumed to be constant within each volume element. This scheme
has the advantage that if formulation III of the integral equation
is used, then only surface integrals need to be evaluated (although
the integration is over all surfaces of the volume elements).
However, first indications were that this scheme would require
a large number of elements to obtain a reasonable level of conver-
gence, and this led us to consider a higher order approximation
for X. In fact, we took a linear approximation for X and assumed
that X was continuocus across element interfaces.

The plate was subdivided into a regular grid and this enabled
us to use the economy scheme outlined in Chapter 3. If we had
used a graded mesh, with smaller elements near the corners of the
plate, for example, then the economy scheme would not have been
possible. We denote the discretization by (nx,ny,nz), where nx
is the number of elements in the x-direction of the basic region,
and similarly for ny and n_. Since the x and y dimensions of the
plate were taken to be equal, for convenience and simplicity we
also took n = ny = N. (In this way a further saving could have
been made since our economy scheme was developed for rectangular,

rather than square, elements in the xy-plane.) For smaller values
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of N (up to 3 or 4) the discretization in the z-direction was found

to be important, in the sense that for fixed N, nz > 1 was needed

in order to obtain 4 significant figures of agreement in the values

of U at the common nodes. However, for larger N, nz = 1 was sufficient

to obtain agreement to 4 significant figures at nodal ¥ values and

2 or 3 significant figures for the nodal X's.
For a fixed mesh, the nodal values of | seemed to converge

more rapidly than the nodal X values. A possible explanation for

this is that we took quadratic elements to represent | whereas ¥

was only represented by linear elements. This would indicate that

faster convergence might have been obtained if we had chosen quadratic

elements for both y and X. The results of our calculations are

shown in figures 4.1(a) - 4.1(j) for some typical nodes. Clearly,

it is necessary to obtain good approximations to U and Y if we want

to use these values to compute an approximation to the field.
Computational costs for three-dimensional problems are always

high, and can escalate rapidly as the mesh is refined. Thus, refining

the grid beyond a certain threshold is not feasible. There are

two main stages in the method we have used:

(i) the assembly process to set up the matrix of integral contri-
butions on the FORTRAN direct access file;

(ii) reformulation of the matrix B and solution of the non-linear
system.

In Table 4.2 we show the comparative Cray timings for different

grids; N indicates the discretization (= (N,N,1)).
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Fig. 4.1(a). -
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Fig. 4.1(b).
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Fig. 4.1(c).
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Fig. 4.1(4).
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N | SIZE OF SIZE OF SET-UP NON-LINEAR | SET-UP TIME

MATRIX NON-LINEAR TIME SOLVE TIME ;;;;;_;;;;_
SYSTEM (SECONDS)| (SECONDS)

1 12 8 1.39 .034 40.9

2 38 18 6.52 .366 17.8

3 78 32 17.2 1.18 14.6

4 132 50 37.8 7.44 5.08

5 200 72 76.8 26.0 2.95

6 282 98 157. 102. * -

7 378 128 330. 220. * -

8 488 162 688. 398. 1.73

Table 4.2: CRAY TIMINGS

These timings are illustrated by figure 4.3.

The set-up time has remained the dominant factor throughout

these calculations although the ratio of set-up time to solve time

decreases as the mesh is refined.

Since the dominant factor in

the first stage of the method is the evaluation of the integrals,

it would be interesting to compare our mixed analytic and quadrature

scheme with the entirely analytic scheme of Collie [1976] in terms

of both accuracy and computational cost.

By choosing a higher order

*  Note:

and these timings could have been improved.

A slightly different strategy was used in these cases,
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Fig. 4.3. Graph of Cray timings against N,

when the mesh size is (N,N,1).
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approximation for Y it may be possible to improve the rate of con-
vergence, but at the same time the cost of setting up the matrix
would increase, as would the size and solution cost of the non-linear
system. We used the NAG subroutine CO5PBF to solve the non-linear
system, and Table 4.4 illustrates the number of function evaluations
required by the routine for various grids. (The grids are defined

by (N,N,nz).) It is interesting to note that the number of function

evaluations required did not increase as the mesh was refined.

N 1 2 3 4 5 6 7 8
n
2
1 8 10 8 9 11 8 - 9
2 12 7 6 5 7
3 13 7 6 5
4 13 7 11
5 13

Table 4.4: Number of function evaluations required by

COSPBF for grids (N,N,nz).

One way of giving additional flexibility to i without substantially

increasing the set-up time is to choose ¥ to be linear over each

volume element but not necessarily continuous across element interfaces.

This is the third possibility we considered. However, limited experi-
ments using this approximation gave no indication that this would

significantly improve the rate of convergence.
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4.2 Recovery of Fields

In Chapter 3 we outlined possible methods for recovering the
field (equivalently the flux density) in free space. We have chosen
to use the integral equation for H (equation (3.8.2)). Simkin and
Trowbridge [1980] have noted that not only is the recovery of fields
expensive, but the computed values of the field close to the surface
of the magnetic material are strongly affected by the discretization.
We have found that while this last remark is true, the computed
fields on the z-axis exhibit smooth, if somewhat slow, convergence
(figure 4.5). Elsewhere the convergence is not smooth, although
reasonable accuracy is apparently obtained some distance from the
plate. This is illustrated by figures 4.6(a), (b) and 4.7(a),(b),(c).
The smooth convergence of the field at points on the z-axis could
perhaps be attributed to the special symmetry properties that these
points possess with respect to the plate. The graphs of these fields
against N (figure 4.5) indicate that it might be possible to use
extrapolation to obtain the converged value. We tried two different
extrapolation formulae:

N

(1) Xg = X+ aB™;

.. _ 1
(ii) R = X+ th, h = T
where the grid is defined by (N,N,1) and x = Bz. The results of

these extrapolations, using the computed fields obtained from grids

defined by N = 6,7,8 are shown in Table 4.8.
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B computed on (1) (i1)
z z x b
o] [oe]

(8,8,1) grid
3.1 - .198 E-2 - .166 E-2 - .146 E-2
3.2 - .177 E-2 - .167 E-2 - .162 E-2
3.3 - .160 E-2 - .156 E-2 - .155 E-2
3.4 - .145 E-2 - .143 E-2 - .143 E-2
3.5 - .132 E-2 - .131 E-2 - .131 E-2

Table 4.8. L§| on the z-axis (computed on (8,8,1) grid)

compared with extrapolated values.

Clearly, there are still problems with the fields near to the surface
of the plate, since there is no reason to prefer one extrapolation
formula to the other.

The overall effect of introducing the magnetic shield is shown
by figures 4.9 and 4.10, which illustrate the source field and the
resultant field in the {y = 0} plane. The resultant fields shown
in figures 4.9 and 4.10 were calculated using { and ¥ from the finest
mesh we used (= (8,8,1)), and are sufficiently far from the plate
to be regarded as 'converged' values. These figures clearly indicate
a reduction in the field strength due to the introduction of the

plate.

4.3 Conclusion

We have applied the boundary integral equation method to a

problem of practical interest in magnetostatics. However, the numerical
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techniques we have used are applicable to a wide range of linéar
and non-linear problems.

Our results for the magnetic scre=ning problem indicate that
whilst acceptable convergence can be obtained for the nodal {Y's
and X's, the computed fields confirm the observations of Simkin
and Trowbridge [1980] in that they depend on the discretization
and are inaccurate near the surface of the plate. However, away
from the surface of the plate the fields show some signs of convergence
as the mesh is refined, and we might expect the fields computed
from the (8,8,1) grid to be reasonably accurate.

Our calculations have indicated that the maximum field strength
is on or near the z-axis. Whilst we acknowledge that the field
calculations are not accurate near the surface of the plate, we
can nevertheless say with some confidence that the maximum value
of LE] above the plate is greater than 10-3 Tesla, which is the
required tolerance level. Thus, it would seem that this particular
plate of magnetic material would not form a suitable shield.

We recall that one of the main objectives of this work was
to determine a screen which would provide adequate shielding for
the magnetic scanner. We have seen that the plate used in these
calculations (low carbon mild steel of dimensions 10 x 10 x .07
metres, placed at a distance of 3 metres from the magnet centre)
would not be sufficient, and this suggests the following ideas for
future work:

(i) Vary the dimensions of the rectangular plate, or possibly

introduce several layers of metal. This presents
a practical (structural) problem - the volume of metal
required may be too heavy to be feasible in an existing

building.
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(ii) Investigate the effect of varying the distance of the
plate from the magnet centre, although this will obviously

be limited by the size of the room.

(iii) Investiqate the effect of varying the shape of the plate.
We took a rectangular plate for simplicity and this
fact enabled us to evaluate some of the integrals analy-
tically. For curved elements isoparametrics would probably
need to be used and the methods for evaluating the inte-
grals would have to be reconsidered. It is possible

that special quadrature formulae would be required.

(iv) Choice of magnetic material. We have only considered
low-carbon mild steel; it may be that another metal

is to be preferred.

Clearly, the choice of formulation (integral or differential)
and method of solution (e.g. collocation or weighted—re51éual) could
be important in terms of accuracy and computing costs. In this
thesis we have used collocation for the numerical solution of the
integral equation (3.2.1). Recent work by Armstrong, Simkin and
Trowbridge [1983] has indicated that a Galerkin weighted-residual
scheme may give significant improvements in accuracy over colloca-
tion methods, for a given amount of computation. However, the results
presented in their paper are for linear problems only, and it remains

to be seen whether this applies equally to non-linear problems.
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CHAPTER 5: PERCOLATION IN GENTLY SLOPING BEACHES

5.1 Introduction

Many problems in applied mathematics can be modelled as ordinary
or partial differential equations in domains where part or all of
the boundary is to be determined as the solution. Depending on
whether the boundary is stationary or moving, these problems are
usually referred to as free or moving boundary problems. An example
of this type of problem is the flow of liquids and gases in porous
media; 1in particular, the problem of a rectangular dam between
two reservoirs has been covered extensively in the literature (see,
for example, Elliott and Ockendon [1982]).

In this chapter we apply the boundary integral equation method
to a study of percolation in gently sloping beaches. An asymptotic
formulation of this problem is given in the paper by Aitchison,

Elliott and Ockendon [1983].

5.2 The Model Problem

In this work we assume that the free boundary between the satu-
rated and dry parts of the porous medium (the beach) and the beach
surface are nearly in the same horizontal line. If y is the coordi-

nate vertically upwards, then the beach surface is

y =1 + €G(x),

where G = 0(1). The base of the region (y = 0) is assumed to be

impermeable. The model used by Aitchison, Elliott and Ockendon
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has been made dimensionless by referring lengths to a typical beach

depth 4., pressure to bgdo and time to , where k is the permea-

o
0 kpg
bility of the medium, and p and U are the density and viscosity

of the liquid respectively. The free boundary is written as
y = 1 + €F(x%,t),

where, of course, F < G.

We consider the case when the beach is a sandbank, the height
of which is an even periodic function of x, with period 2%. We
suppose that the tide flows in the z-direction and that initially
the water just covers the sandbank, forming a puddle. By assuming

that the percolation time H is much longer than the time scale

kpg
of the ebb, the puddle is, in effect, removed instantaneously.

Thus, the initial free boundary lies on the beach surface, i.e.
F(x,0) = G(x).
We calculate the position of the free boundary F(x,t) for times

t > 0. Clearly, there is no flux across x = 0 and x = £ and thus

we need only consider the region 0 € x € & (Figure 5.1).

5.3 An Asymptotic Formulation

As mentioned previously, an asymptotic formulation of the unsteady
problem described in section 5.2 is given in the paper by Aitchison,
'Elliott and Ockendon [1983]. This enables us to write the problem

as:
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Fig. 5.1. Symmetrical sandbank.
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(P): Find u such that

V2u =0 in § )
Jdu Ju du du
<g, 2, Mg U2 (u-
u G'8t+3y 0, (at+8)(uG) 0onT
M ony=-1,0<x<1 F
oy b4 ! S
M bonx=9,1 -1<y<o0
9% ’ Yy =
where
Q={(x,y) : 0<x <1, -1 <y <0}
and
I'= {(x,y) : 0<x <1, y=0}

The conditions on I' are known as a linear complementarity system

of boundary conditions.

5.4 An Explicit Scheme

The time derivative in the linear complementarity boundary
conditions can be replaced by either a forward or backward finite
difference, leading to either an implicit or an explicit scheme.
We have chosen to use an explicit scheme:

Define uO =G

r— °T

and find u?+1 such that
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n

du
n+1 F }

up = min ({ uI.n - At. _TE7- , G

F)'
Thus, at each time step the problem reduces to solving Laplace's
equation in the domain {2, with Dirichlet boundary conditions on
' and homogeneous Neumann boundary conditions on the other three
sides.

In th= remaining sections of this chapter we outline how this
problem can be solved using the boundary integral equation method,

and present results for the beach G(x) = cos 7Tx.

5.5 The Boundary Integral Equation

A version of the boundary integral equation method which is
suitable for elliptic boundary value problems is described in the
paper by Xanthis, Bernal and Atkinson [1981]. The formulation 1is
also given here for completeness.

Let ) denote a bounded open region in m?, with boundary 23

and let

30 = 30, U o,

where

Further, let u(x) satisfy

V'u =0 in Q (5.5.1)

[
il
o
0
o]
[e¥]
Ee)

(5.5.2)

ou -
95 = t on 3, (5.5.3)
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where u and t are given functions, and %% is the outward normal deri-

vative of u.

Let x € 3 and define w(x,€) as the disc of radius € centred

wix,e) = {y : |x -yl <e}.

Further, define §(x,€) as the region obtained from ! by deleting
the region w(x,e) N . Let of2(x,€) be the boundary of {(x,e) (see
figure 5.2). If we take
_ 1 1 h _
vix,y) = > ln (;), where r = !5 - 1|
then u and v are both harmonic in f(x,€) and so by Green's third

identity (see Appendix A.5) we have

f {u%—vg%}ds=0. (5.5.4)
BQ(ffE)

On taking the limit € =+ 0 in (5.5.4), then, provided

lim € 1ln € f %% ds = 0, (5.5.5)
€0 AwN$2
we obtain
v _ [ 3u
f [u(y) - u(x)] n d%i = ] v n dSy (5.5.6)

Ux € 30



Fig. 5.2.
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where

f(x,y) ds_ = f(x,y) ds_.
f&xz xy) 48,

lim f
e+0 ~ 90N3N(x,€)

Note that condition (5.5.5) is satisfied if |Vu(§)‘ is bounded for
x € Q.

If we now let U(x,y) = v(x,y) for y € 32, and let
T(x,y) = VX v(x,y).n(y)

where n(y) is the outward unit normal at y, then (5.5.6) can be

written as

J[T(gc_,y_) (u(y) - u(x)] dsy_ = J[ Ulx,y) 'S_E(Y-) dS.Y_' (5.5.7)
Ux € 99

In a similar fashion one can obtain an integral equation valid
for x € ), namely

3u

u(x) +J T(x,y)u(y) d4s =f U(x,y) (y) das (5.5.8)
30 X Uy an X
Using the boundary integral equation (5.5.7) and the boundary
conditions (5.5.2) and (5.5.3) one can obtain approximations to
Ju

u and n °on the boundary 9§, and then use eguation (5.5.8) to compute

an approximation to u at any interior point of fQ.
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5.6 Discretization and Solution Methods

For the percolation problem the region § is defined by

Q= {(x,y) : 0<x <1, -1<yc<o0},

with Dirichlet boundary conditions on 391, where

3, =T = {(x,y) : 0 <x 0}

1

N

1,

=
1l

and homogeneous Neumann boundary conditions on the remaining three
sides.

The boundary 9f! is sub-divided into elements and we assume
that the elements and nodes are numbered anti-clockwise from the
point (1,0). In this work, guadratic elements have been used.

We define n to be the total numbar of nodes and q the number of
nodes on I' (see figure 5.3).
We now assume an approximate solution to the boundary integral

equation (5.5.7) of the form

- (u)
d(x) = X up vy (x)
2=1
(5.6.1)
nl
Ex) = L ot v ' (x)
- m m
=1
(u) (t) . . . .
whare vl and v are computationally convenient functions which
reflect the behaviour of u and t (= g%) as far as possible. 1In

particular, since u is continuous throughout the domain ), whereas

t may have discontinuities (for example, at corners), it seems sensible
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-

(u)’s to be continuous and the v(t)'s such that one

to choose the v
can represent functions with discontinuities at selected points

on the boundary. Further discussion on the choice of approximating
functions is given later.

On substituting the expressions for U and € into the integral

equation (5.5.7) one obtains

; u { T(x,y)[v (u)( ) - v (u)
[} X/ yIivy Y 9

(x)] ds
2=1 )

n' (t)
= I t f U(x,y) v (y) das_. (5.6.2)
m=1 m - " Z

Of course, (5.6.2) will not be satisfied exactly for all x € 9%.

However, if we demand that (5.6.2) is satisfied exactly at the nodes

(k)
X

, k=1,2,...,n, then we have

n n' W

T ,u, = L U _ t k=1,2, e
0=1 kL 2 =1 km
where
} (5.6.3)
- (k) (u) (u), (k)
o, = Lox™,y v Sy as
km ~ ] = X Vg L vy
i.e. n linear equations for (n + n') unknowns. We now show that

the remaining n' equations can be obtained from ithe boundary conditions.

Returning to figure 5.3 we see that it would be sensible to assume
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that %% is continuous at all nodes except (1,0) and (0,0), i.e.
nodes 1 and gq. Therefore, we define n', the number of t unknowns,

as

n'* =n + 2,

and thus the total number of unknowns becomes 2n + 2. However,
there are g Dirichlet boundary conditions and (n - g + 2) Neumann

boundary conditions which give us the additional (n + 2) equations.

5.7 Choice of Approximating Functions

It is often necessary in boundary integral equation methods
to define an approximation to the boundary 3f.. However, in this
case the boundary is particularly simple and each element can be

represented parametrically by
xT(8) = (x(8), y(E)) &€ [o,1].

If we now define
vl(u)pg(i)) =( 0 unless x belongs to an element
having £ as a node

Nj(g) when x € e and & is the j-th

L node of e

where the N](E), 1 € j € 3, are the quadratic Lagrangian polynomials,

it follows that
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(i) vk(u)(§£) = sz (and hence ﬁ(xz) = ul); A

(ii) {vk(u)} are continuous, piecewise polynomial } (5.7.1)

and have compact support;

(iii) Iove o=
X

The basis functions v ()

2 (x(&)) can be defined in an analogous

fashion, although we now relax the continuity condition at nodes
1 and g. Thus we define

(

v iz = v Mm@, 1£1, L#aq,

and in order to allow t to be discontinuous at node g we define

(t)

(x(&))

<
I

v (u)(x(E)) x €T
{* - -
0 otherwise

and

vq(t) (x(E))

N
1}
=
o

S
m
—

vq “)(Efg>) otherwise

The discontinuity in t at node 1 is dealt with in a similar manner,

5.8 Final System of Equations

Equation (5.6.3) can be written in matrix notation as
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or
[
nlreM 1 2 [
, , o (1)
u q
4 n=d "2y
n-q
_ (1 1 (2) (1)
= aflv vl ot (5.8.1)
g4 n+2-g

Substituting the known boundary conditions (Ef1) = §f1), 2}2) = 0)
into (5.8.1) gives the linear system
(2) (1)
n (T - \] [5(2)} In_q _ [_Tmim] (5.8.2)
n_q q _____ rlX1
*2}1)_ I
T T
to be solved for Lg(z) 3}1) ].

5.9 Evaluation of the Integrals

In the program to compute the unknowns from equation (5.8.2)
an element-by-element assembly process similar to that of standard
finite element calculations is used. The integrals over each element
are evaluated using appropriate Gaussian quadrature formulae. [Tables
of Gaussian quadrature points and weights are given in Stroud and
Secrest, 1966.]

On element e the contribution to U ., 1is
km(e, j)



e
1 ds (&)
[oE™ @ v —— a (5.9.1)
Jo 3 3
where
as®(&) _ | dax° (&) |
a& g
and
1 1
Ulx,y) =57 In (), = |x-y|.

If k‘Q e then the integral in (5.9.1) is well-behaved and can be
evaluated using standard Gaussian quadrature. However, if k is

a node of element e then

(k)

X = 5?(5*), for some £* € [0,1].
Let
1 ! e e
I* = - -—MJ In |x (E*) - x () | £(§) d& , (5.9.2)
0
e
ds (&)
f = N —_—
(&) J(E) ac

Then I* will have a logarithmic singularity at & = £*. However,

the singularity can be "subtracted out" by rewriting (5.9.2) as

_— xT(E*) - x(&)
I* = - 5= jo 1n T |£(&) ag
1 1
_EJ 1n |E* - E|£(E) && (5.9.3)

0
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[see, for example, Hsiao, Kopp and Wendland, 1980]. The first integral

in (5.9.3) is regular, since

x(&*) - x(&)

lim

= | = [x(En]
EE 2

and, after a simple change of variables, the second integral can

be evaluated using a combination of standard and log Gaussian quad-

rature.

The problem of singularities does not arise in the calculation

of the integrals Ty g if one notices that i = {constant} and £ = 0

provide an exact solution of the integral equation (5.5.7).

together with (5.7.1), implies that
I 17,=0
9 k2

and hence T can be computed as

kk
- T
IR
If & = (e,]j) # k, then the contribution to T is

k(e,J)

1
f ™ ke v BEL «
0 3 £

and this is evaluated using standard Gaussian quadrature.

This,
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5.10 Time-Stepping Algorithm

For a particular discretization, the algorithm for the time-

stepping problem is therefore

define time-step At

set initial Dirichlet boundary condition:

{ub, =lept,, i =1,2,....q
set up B.I.E. matrix and find its LU decomposition

time-stepping loop (N)

(2) (1)
solve B.I.E. system for y ’

A

update Dirichlet boundary condition:

{u (1)}1 = min({G.},, {EN(1)

(1)
—N+1 - At'EN }i )

(M)

The free boundary at time step N 1is given by ER

It should be noted that the B.I.E. matrix [T(Z) - U(1)] is
independent of time and is therefore set up once and for all at
the start of the program. The LU decomposition of the matrix was

found by calling a NAG library routine which uses Gaussian elimination

with partial pivoting.
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5.11 Results

The method described in the previous sections of this chapter
was used to obtain results for the beach G(x) = cos Tx, 0 € x € 1.

For a fixed mesh size h (= 1/N, where N is the number of elements
on each arc) it is first necessary to establish a stability criterion

for the explicit time-stepping algorithm. A criterion of the form

At < chP

was assumed, and it was found experimentally that p ~ 1. This agrees
with the theoretical result given by Aitchison, Elliott and Ockendon
[1983] although their result is for linear finite elements in the
domain and we have used quadratic elements on the boundary. Having
found a stability criterion it is then necessary to show the conver-
gence of the numerical scheme as the mesh is refined. It was found
that 4 elements per side was sufficient to obtain agreement to 2
decimal places. The results of our calculations for times 0 € t < 1
are shown in figure 5.4(a) and these agree closely with those pre-
sented by Aitchison, Elliott and Ockendon. Figure 5.4(b) indicates
the result of taking a time step which does not satisfy the stability

criterion.

5.12 Conclusion

We have presented an application of the boundary integral equa-
tion method to a free boundary problem, and our results agree closely

with those obtained by Aitchison, Elliott and Ockendon using the
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1.0

BERCH G(X)=COS(PI=X)

STABLE (DT=.0S)

0.

"1-0

Fig. 5.4(a). F(x,t) when G(x) =cos mx, 0 € t € 1.

BEACH G(X)=COS(PI=X)

UNSTABLE (0T=.10)

.

"'1 lO

Fig. 5.4(b). F(x,t) when G(x) = cos mx
and stability criterion is not satisfied.
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finite element method. No attempt has been made to analyse theoreti-
cally the stability or convergence of our method, but we have observed
that the stability criterion given in the paper by Aitchison, Elliott
and Ockendon applies.

We have not been able to make a detailed comparison of the
computational effort of the two methods, but we believe that the
usual advantages of the boundary integral equation method are relevant,

for example:

(i) only the boundary of the region needs to be discretized, thus

reducing the number of unknowns for a given mesh size;

(ii) the dimension of the problem is reduced by one, yielding 1-D
integrals as opposed to 2-D integrals with the finite element

method.
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Appendix A.5: Derivation of Green's 3rd Identity

- . . 2 .
Let ) denote a bounded open region in R°, with boundary 3%
and let u and v be continuous functions with continuous 1st and

2nd derivatives inside and on 9f). Further, suppose that u and v

are harmonic in Q. Then
J V. (uVv)dan = J {(Vu.Vv + quv} an
9] Q
= J u %X ds by the Gauss divergence theorem.
3 °f

Interchanging u and v,

J {Vu.% + szu} an j v %E ds
Q . °f

and hence
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