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Hierarchical Optimization in . the form of a linear fractional map of the set of stable contractions
[4]1-[6], which complicates the solution of the second-layer problem.
G. D. Halikias and I. M. Jaimoukha To obtain a problem tractable via multidisk techniques, it is vital

to transform the derived parameterization into an affine, suboptimally
constrained setting. In the one-block case, this was achieved via
Abstract—This paper considers a hierarchical optimal control problem  a diagonalization procedure with the help of the maximal Schmidt
which involves an optimal " -norm cost in the primary problem and an  yectors of a Hankel operator defined from the interpolation data [8].
Ho-norm type or a quadratic secondary objective. Using allpass dilation In the f block idered h It i his fol
techniques and results from superoptimal interpolation theory, it is shown n the four-block case consl ?re_ ere, an alterna 'Vef apprpac Is Tol-
that the problem can be reduc lowed based on an allpass dilation technique [7]. Using this method,
ed to a multidisk minimization in terms of a free parameter of reduced N0 Need arises to construct Schmidt vectors, the corresponding

dimensions. Convex programming techniques may then be employed to diagonalizing pair being obtained directly via the off-diagonal blocks

obtain a numerical solution to the problem. of the allpass dilated system [11]. Under a mild assumption (inertia-
Index Terms—H .. superoptimization, mixed H/H.. control, multi-  tyPe optimality), an affine parameterization of the optimal solution
disk optimization, robust control. set in the primary problem is derived. The secondary objective is

subsequently formulated as a multidisk optimization in terms of a

matrix parameter of reduced dimensions which may be tackled via

standard convex programming techniques [3], [10]. A short version
Hierarchical optimization of a sequence of objective functionsf this paper has appeared in [9].

{fi()},« = 1,2,---, (indexed in order of priority) involves a

sequential optimization procedure in which nonuniqueness arising 1. NOTATION AND PROBLEM STATEMENT

from the optimization offy(-) is exploited to optimizefi1(-).

It may be successfully applied provided: 1) the design objectivg,s

can be rankeq in o_rde_r of impgrtance and 2) nonuniqug optimiz_%% half-plane, respectivelyR(s) is the field of proper, real-rational
exist for the high-priority objectives, and the corresponding soluthﬂnctions ofs. L. is the space of matrix functions, analytic and

sets are parameterized in a simple way. In control applications, itdﬁunded on the extendeid: axis, with corresponding nori||...
sometimes possible to rank design objectives in order of importange. '

. L S o % (Hs,) denotes the subspace @f. consisting of all matrix

For example, Iqw interaction in multivariable _d_eS|gn is often regardq; nctions, analytic and bounded @iy (C—). The~-ball of H.., that
as less _essentlal compar_ed to _rot_)ust_ stability. Moreover, the mEr,ethe set{G € How: ||Goo|| < 7). is denoted by3, H.... Transfer
C(')mplexllty of the underlying optimization problem may en.force th Pction dependence onis mostly suppressed.
hle_rar_chlt_:al approach._ln the context O.f f:o_ntro_l, a natural hler"M:h'c":lThe general-distance problem refers to the minimization
optimization problem involves the minimization of a performancglf{”E”m: O € H..} where
objective within a family of controllers which guarantee a certain
level of robustness. E= {Rll Iz } and R = (Ri) € RH

Using the Youla parameterization of all stabilizing compensators, Ror Raz +Q ! -
the two-level suboptimal hierarchical optimization problem may b&here the prefixk denotes real-rational. A superoptimal approxima-
written in the form:inf{||L2(Q)||a: @ € Heo. || L1(Q)||l« < a1} tion denotes théH., function Qs, which minimizes the sequence
wherea € {2,c0} and Ly (-) and L»(-) are affine. Such problems {sup .z o1[E(jw)], -, sup ez 0q[E(jw)]} with respect to lexi-
are described as multidisk, and a number of techniques have beegraphic ordering, where;(-) denotes théth largest singular value
developed for their solution [3]. These methods rely on the fact thand 4 is the smallest dimension df2». (Under certain assumptions
both objective functions are affine. In the optimal case considerathde in Section V(). is unique.) The sequence of singular values
here which is optimal in this sense is referred to as the superoptimal levels

of R.
inf{[[L2(Q)lz: @ € argmin{[|L1(Q)l|c: @ € Hoo}} (1) @ is called y-allpass if G~G = GG~ = ~+2I where G™(s)

the multidisk algorithms break down. For example, following algthe:paIra(-ggrinltzlar})c?tn!:g:;ﬁefi&sgérlf(ciiniez;{g Esa;gifxlis

e-suboptimal approach with respect to the primary objective usirig called a unit of{7<? ’if G=' € HP*P. A lower linear fractiegnal

the method in [13] results in a convex program in the secondarwa of X = [Y.f]o,o, .+ and Kxis.defined asFi(X, k) =

objective of arbitrarily high dimension (see Section V). A more,. p+ ¥ AT(I[ ”Y’*f%;f{X orovided I — X (O’C;EZ(OO) s
11 12 — <22 21, — 22 g

natural procedure for solving (1) is to parameterize all optimal _ . - . . . )
. . : . = nonsingular. Similarly, an upper linear fractional map is defined
solutions in the primary problem and use this parameterization in the - - - - rey—1 h

A . e as Fu(X,K) = Xoo + X0t K(I — X1 K)™' X5, provided I —
subsequent optimization. Unfortunately, linearity is no longer retain

A o .. X11(c0)K (o0) is nonsingular. 124 is a set, ther; (X, () is taken
when the standard parameterization is employed; instead, this Istcl)hdenote the sefF(X.U) : U € U}.
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|. INTRODUCTION

R andC denote the sets of real and complex numb@rs(C, ) and
(C-) denote the open (closed) right half-plane and open (closed)
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Z, Note that in thex = 2 case/TI.,.,(o0) = 0 due to Assumption 11.1.4
and hence, provided a stabilizing compensator is chosert theost
associated with the secondary objective is always finite.

<y Using the parameterization of the closed-loop transfer matrices,
Problem 11.1 reduces to

P(s)

U
y
Yo = Inf{||To1 + T02QTo1]|a: Q € argmin{||T11
+ T12QT01||o: Q € Hoo} ). (3)
K{s)
This may be transformed in a standard way [4], [1], to the general
Fig. 1. Generalized regulator. distance problem
Assumptions Il.1:Let P in Fig. 1 have a state-space realization inf Ry Ry
A B, B Q€M ||[B21 R +Q -
my mo
Po (Por Poo | ,
P=p|p, p,|=|Co Do1 Doz | € R(s) where
P2 P21 P‘22 01 DH D1'2
C”Z DQl D22 { m
(theX partitioning being induced by the signals in Fig. 1), withe p=t {RM Rl?} _ {Ti }TH[TI T3] e RHZ  (4)
R™™_ It is assumed that p B2 Rz T75
1) the triple(A4, B;, C2) is stabilizable and detectable; h g
o . A—jwl B . with p = ma,g = p1 — ma,m = p2, and!l = my1 — p2
2) rankDiz) = ms, rankDz1) = pz, rank] Oy D21]) ~  (Assumption 11.1.2 ensure$ and ¢ are nonnegative), and where
e+ po, rank([A—jwl Bo 1) = 1+ ma, Voo € R; T and_TL are inner and co-inner complements o, and 7>,
R D1 . o . respectively. Hence problem (3) reduces to
3) Heoo optimality in the primary problem is of inertia-type (this
will be clarified in Section 1V);
4) Dgi = 0 and Dg> = 0 (in the casex = 2 only). Yo = inf{||T01 4+ To2:QTo1||o: @ € argmin
5) the largest Hankel singular value &, (defined in Theorem
IV.1) is simple. {H {RM o }H e Hx}} ©
Remark I.1: Assumption 1 ensures there exists a stabilizing con- B B+ Q|
troller, and thus that the problem is nontrivial, while Assumption 2
justifies an implicit assumption in the problem formulation (i.e., IV." AN AFFINE PARAMETERIZATION OF ALL OPTIMAL
that the infimum in the primary problem is actually attained) [4]. SOLUTIONS IN THE HIGH-PRIORITY OBJECTIVE

Assumption 3 is essential to ensure the existence of the affindt is known that the optimization problem in (3) cannot be solved
parameterization derived in Section IV. The requirement®gnand using current multidisk algorithms [3], [13]. The main problem is
Dq» in Assumption 4 ensure finite cost in the secondary objectivthe optimality required in the primar§t..-norm constraint. These
Finally, Assumption 5 is made for ease of exposition/notationgchniques can be applied to the present problem only by relaxing the

purposes and may be removed in a standard way [7]. upper bound from its optimal level. However, this is unsatisfactory
since it is known that near optimality, the suboptiral, problem
IIl. GENERAL DISTANCE PROBLEM FORMULATION is ill-conditioned [7]. Another major problem with this approach is

tlined in Section V. Both problems are circumvented by deriving
n affine parameterization of all optimal solutions in a suboptimally
ar%)nstrained setting.

-norm in the primary problem satisfies

This section uses the Youla parameterization of all internal
stabilizing compensators in a standard procedure to reduck the
norm constraint in the primary problem into a model matching, i
subsequently, a general distance constraint. The same procedure '@e optimale
used to transform the secondary optimization problem into a model

matching problem. s(B) = inf |:R11 Ri2 }
Let P»» have right and left coprime factorization®.. = enexm || [Ban Ra+ Q|
N.D;' = D;'N,, respectively, withN,, N;, D,,D; € RHaxo Riy
and defineV;., U, Vi, Ui € RHo. via the double Bezout identity 2 ma‘X{II[Rn Riz]ll, {Rm} H } = (6)
{ Ve UT} {D, —U,} . {I ()}
—No D[ [Ne Vi 0 1] where the inequality follows from Parrott's theorem [1].

Then the set of all internally stabilizing compensatorsiols given Assumption [1.1.3 can now be defined more precisely; it states
byS = {—-(U:+ D, Q)(V, - N,,Q)—l; Q € Hoo} [4]. Further, both that the inequality in (6) is strict, which corresponds to the so-called
closed-loop transfer functions are affine@T., , = To1 +T02QT%;  inertia-type optimality: If () was allowed to vary overl., the

andT.,., = Ti1 + T12QT> where infimum would be~, [1] and thus strict inequality indicates the
~ inertia of () is an active constraint.
Toq o Fo1 — FPoo Ui Dy Poy R ) .
|:T11 } = |:P11  PiyUsDi Doy } The optimal levek, (R) can be calculated to any desired degree of

accuracy using the so-callediteration [7]. The following theorem
|:P02:|Dr, and Ty, := D, Py, are all inRH.. (2) summarizes the required properties of the solution of the four-block

)=
Tio Pis optimal distance problem.
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Theorem IV.1: Let R € R’H_, be as given in (4) and assume that Theorem IV.2: Let all variables be as in Theorem IV.1. There

s1 := s1(R) > ~p (Assumption 11.1.3). Then: exists ans; -allpass embedding aff», of the form
1) there exists am;-allpass embedding ok of the form Rin R Rz 0
H— Hyy Hip = |:};[” H12:| _ 2 # 22 Qas
__in szR . . o Hao I3 E:3g Es33 Q3
11 12 13 0 Qa4 Qas Qua
R21 Rz + Q22 Ros + Q23 Q24 { m—1 q p—1
= € RL q 1?11 . Rle . 1?13A 0
R31 Rso 4+ Qs Rys + Q53 Qsa _p1 |Roar Ros+ Q2 Ros+Quz Qo Y
L 0 Qa2 Qa3 Qaa T Rsz1  Rsao :l- Qs2 Rz + Qsz Qsa =
with m—1| 0 Qa2 Qa3 Qa4
with

Qo = [Qij)i jef2,34) € RHoo . B . NP
Ry i=[Riliseqon €RHE and ([Halle <si () T € R Qu € RMee,and Qo Qu € Rtec: (9)

. . . L Furthermore, the set of all four-block -suboptimal approximations
2) the set of all four-block optimal approximations Bfis given ¢ £ g given by

by

. e B R
S(R,s1) = EHgUMmUWHgla 12 H . }
S(R.s1) = {QGH&Xmi H|:g“ RRiQ:H‘ 251} (Foen) {Q R R Ryy Rao+Q o =7
3 N B = F sz Q2/1 B H(P*I)X(mfl) 10
- C?42 Qas |’ syt (10)

—F <{822 824}78;17'5(02_1))(('”_1)) ®)
* " ! while the corresponding set of all four-block -suboptimal error

while the corresponding set of all 4-block optimal error funcfunctions is given by
tions is given by E(E’, 51)

R Rio pxm - R Ris A/ (p—1)x(m—1) £ )
(R, s1) := = S HEXT™, = (F = |5 - : HL Eeo < 5
E(B ‘51) {E |:R21 Rzz + C2:| Q € oo > { |:R21 R22 + Q Q € || || > 51

HHMIM}ZEWM) = Fi(H.U). (11)

Proof: The fact that||H22||~~ < s1 implies that there exist

where spectral factorg),s and Q. satisfying (9) such that
Y = { Ogxct Ogxc(m—1) } Qa2Q% = 511 — Qu3Q% — QuiQTy = Qu2Q5s
Op-1yxt B 1Mo and
Proof: See [7], [2], and [6]. The fact thall Hoslleo < si Q21Q21 = 511 — Q51Qs4 — Q71Qus = Q51 Q2a.  (12)

generalizes a result in [6] and follows from the fact that, “nd%ncesf

) I — H,,H3; > 0, a Schur-type argument shows that
Assumption 11.1.3,H;> and H»; have full column and row ranks,

respectively, on the extendgd-axis. O $i1 — By ESy — By ESy — Q34Q51 > 0
Remark IV.1: It is known that under Assumption 11.1.3, there is ayith
dimension reduction (of at least the multiplicity of the largest Hankel Ean = —(EssQ + Q310505 € RLo 13)

singular value ofR,) in the optimal generator compared with the
suboptimal generatorifas has dimensions smaller than x p [7, where(-)™™ denote§(-)f]*1. Hence (13) may be spectrally factored
egs. (4.37) and (4.50)]). To avoid an intricate indexing system ves 31 5] = si1— E30 B3 — Es3 E53 — Q34Q5 wWith Ry € RH ..

assume the dimension drop is 1; hence Assumption II.1.5. Thus 53T — Heo H5; may be factored as
Remark IV.2: Theorem IV.1 gives a complete parameterization of B B B B 1™
. . . . . 2 ~ 31 32 31 /32
all optimal solutions to the primary problem which could be used, in 511 — Ha2 Hj) = { 0 Qw} { 0 Q“}

principle, to minimize the secondary objective. Note, however, that L
the resulting optimization problem would be highly complex since =: Ha1 Hy >0 (14)

the parameterization is given in a linear fractional (bilinear) form ,;in H.1 € RL. A dual argument leads to a factorization
; Qa2 Q24 Ris 0 17 [Rs 0
T Too Fi LU T A A h A
o1 o2 lu <|:Q42 Qaa |’ 2 Ess Qo Eys Qs
=H3His >0

Yo = inf
UeB 1Moo
o

ﬁI—Han:{

@

An affine parameterization can be recovered using results from . . .
superoptimal interpolation theory [11], [12], [14]. with Hi» € RLw. Choosing Hi1 = —HiHjpH, ™ =
We can regardd as ans,-allpass embedding off»». The next —H,~ Hj; Ho1 [6] ensures thaf! is s;-allpass. Moreover
theorem uses standard spectral factorization techniques to constrgﬁc
Enothers]-allpass embedding off» that has reduced dimension. Ris(QnO B — Eg) R R 050
ote that we cannot use directly the allpass completion formula is _OrONR (B33 + Osa Q) O
[5], since we require a special structure for the system; in particular | . o2 sl 237043 TR idan
the off-diagonal blocks of the dilated system must be block-triangular. {1?11 Rz
21 22

R ) } € RLw
and have specific inertia properties.
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from which it follows thatRi», Roy € RH%. If Riy € RHS,
we are done; otherwise, we can always find an allpaSse
RH., such thatR.1 X € RH,. Replacing Ri1. R21,Rs1 by

Ri1 X, Ry X, Rs1 X, respectively, will then ensure the correct inertia

properties without affecting the; -allpass character off. The fact
thats; is suboptimal follows from (14) sincél allpass andH, full
rank implies tha| 11 || < si. Finally, (10) and (11) follow from
(9) and [7].

An inspection of (8) and (10) together with the fact that bot

H and H are s,-allpass completions off>. suggests an implicit

relation betweenS(R,s:) and S(R, s1). The next result shows
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we havek'|; € RLo. The existence of the required factorization of
K, follows from [1, Th. 5.1.2]. Using (15) and Theorem IV.3 gives

Yo = inf [|Tor + Too (M1 + Mi2Q Mo )To1 || o
QES(R,s1)
= inf ||J11 —|— .]12@.]21”0
QES(IR,s1)

in which Ji1,Ji2,J21 € RHo from (2). Hoo-optimality in the

Rrimary problem is now captured by the inequality
Rll }?12
H:Rm Ro» +Q} H <5

that this relation is affine and can be regarded as an alternative

parameterization of the optimal approximation set (8).

which is equivalent td| K1, + K15Q K1 |joe < 1 [1, Th. 4.3]. Since

Theorem IV.3: Let all variables be as defined in Theorem Iv.2D11 is square inner, this is equivalent id1 + Ki2Q a1l <1

Therl S(R, s1)
Q24Q;411 M
Furthermore, My, M2, My
and ;"’.[211112,\} = Im_1.

Proof: We can write S(R,s1)
Q44£‘U)_]C242 and Q(R S]) = Qz) + Q241 I — C244:l Q42
with X B, AH
required expressmn folS(R, 51).
that M;; € RHe, While (12) proves thatM3M:» = I,—, and
Moy M5, = Iy,

. M1 + [\112; (R,Sl)lfgl with %[12
= QZJQM and M, Q22 — M12Qo2 My,

p—1

Q2 + Qz41(1 -

In the notation of Theorem V.1, the optimization problem in (5

can now be written as

inf
{QEHEX ™ |T114T12QT21llcc=51}
||T01 + T62QTo1 || a-

Yo = [|To1 + To2QT51 |

inf
T qes(is

(15)

. A simple manipulation then gives the
Equations (7) and (9) prove

with Ki1. K2, K91 € RHwo Flnally, ||H11||% < 81 => ||B11 =+
K1202:K21 || < 1 proving (20) O
Theorems V.3 and V.4 define a parameterization in terms of
Q € HE D*(m=1) which satisfies a constraint of the forlid’;; +
K1:QK> ||« < 1. This may be interpreted as the limiting case of
the suboptimal problem
RlQ

R
Ry R4 Q

as~ approaches;: In the suboptimal case, the available degrees of
reedom arise from two sources: 1) suboptimality (i.e., the larger the
alue of v, the larger the set of admissibl@’s) and 2) the matrix

character of the problem. Ags — s, the degrees of freedom coming

from the first source are exhausted and we are only left with the
degrees of freedom in 2). The results of this section show that in
this limiting case it is possible to recapture the remaining degrees of
freedom into a suboptimal setting which is essentially equivalent to

}H <y (v ) (21)

Using Theorem IV.3 gives the following equivalent formulation of21) by deflating the problem. In this form, the degrees of freedom

Problem 11.1.

in the primary objective become transparent and are more suitable

Theorem IV.4: Let all variables be as defined in Theorem IV.3for the subsequent optimization.

Define

Riii= [I = Ror (831 = R B ) T Ry) 2 (sT B sy RS

1
2

X [[ — RTZ (9%[ — éllfzﬁ)ilélz] (16)
Kisi= sy [I = Ror (531 — Ry Ry )™ Roy] 7% (17)
Ko = [I— élwz (8?1— R11éﬁ)7lé12]7% (18)

vyhere() denotes a spectral factor atrd™ 5 denotes{() ] L Let
K1, have a left coprime factorizatioh’,; = D' Ky, with Dy,
inner. Then Problem 11.1 is equivalent to

Yo = inf {||v711 + J12QJ21||a: Q € H(oziil)x(mil)g

1K1 4+ Ki2QKa1||oo < 1} (19)

WhereJu ::ATOL =+ ng[\/[uTzl,Jlg = Togﬂrflg,ng = A’[QLT217
K15 := D11 K12, K11 and K2, are inR'H.. Furthermore
inf {|| K11 + K12QFo||se: Q € HETVXD1 <10 (20)

_ Proof: To show that (16)—(18) are well defined and that, and
K> may be assumed to be RH, note first that| Hi1||e < s1

implies that(s?I — By B71) ™", (s2T— RY1Ri1) ™' € RLoo. Further
||[R11 R12]||5>o<81 38%]—3111’?{1—312]’?& >0

=1 - E?Q (S?I— }?11}??})_1}?12 >0

and thus the spectral factor in (18) [and by a dual argument (17)] is

well defined and can be chosen a unitftf{ ... This aIsQ shows that
the linear fractional map in (16) is well-posed and, sifite RH_,,

A final observation refers to approximate solutions: It can be
shown that if the largest superoptimal levels of? are equal, the
dimensionality of the affine parameterization can be further reduced.
Consider the case when théargest superoptimal levels are clustered
together, i.e.s1 (R) — s,(R) < 6 whereé > 0 is small. Thefth level
superoptimal set

sup o;
wWER

<|:Rll(]w‘) Rlz(.jw‘) :|)
Roi(jw) Reo(jw)+ Qjw)
si(R), i:1,2,~--,t} with So = Hoo

SL(R) = {Q € Sl_l(R)Z

where s;(R) denotes theith superoptimal level, is then a good
approximation to (its supersefi (R), and thus it is reasonable to
expect that restricting) to S;(R) would result in a small deviation
from optimality in the subsequent optimization. Note that this effects
only the secondary objective; optimality in the primary problem
remains in force.

Theorem IV.5: Consider the general distance problem (4)
and define the following matrix functions recursively fér
0,1,---,¢,t < min(p, m): Ro R,R* € RHZ obtained by
applying the construction in Theorem IV.2 #©*'. Assume that
at each levelk

Sl(Rk) =

1?11
R, Rw + Q

B

inf
Qe,’_‘g—k—l)x(m—k—l)

> max{”[ﬁ’u B




IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 43, NO. 8, AUGUST 1998 1127

in which RY; denote the partitions oR* with R, € RHZ*' in v,v + 1,---, where v is the smallest integer satisfying (24)
and Rk, ¢ RH;(P*’“*I)X“”*’“*I), Then the problem, converges to the optimum level (23) as — oo [13]. Since
inf{||To1 + To2QT21||lo: Q € S:(R)} is equivalent to the problem, vu(¢) — oo ase — 0, it is clear that this approach is not appropriate
inf{{|J1 + JHQJ5 ot | KT + KisQES: [l < 1} wherelJ),, K for the solution to the optimal hierarchical optimization problem.
are well-defined functions IRH.. with (Ji)~Ji, = I, and The following result, however, shows that the problem can be

T (T3~ = Ty, circumvented by using the affine parameterization of Theorem IV.4.
Proof: The proof follows by the repeated application of TheoNote also that the dimensionality of the convex program is further
rems 1V.1 and 1V.2 and is omitted. O reduced due to the dimension deflation discussed previously.

Remark IV.3: The result shows that the parameterization is affine Theorem V.1: Take( € S,(R) and letj > 0,7 > 1 be such that
in an... function of dimensior{p—t) x (m—t). This dimensionality @ € BzHoo(P:). Then:
reduction leads to a further simplification in the numerical solution 1) for all » with
of the second level problem.
In(pL) — In[s1(R) — s2(R)]
v > ~
= lu(7)

inwhich L = || K12||co || K 21| (s€€ Theorem IV.4)5,(f*)N
In Section IV, Problem 1.1 was transformed to a suboptimally Si(R) is a nonempty set;

constrained setting (Theorem 1V.3) which may be tackled via convex2) |et R be as defined in Theorem IV.2 and set:= s;(R) =

programming optimization techniques. The resulting optimization 5, (R). Then

is, in general, infinite dimensional. In [13], multi-objective prob-

(25)
V. SOLUTION OF THE HIERARCHICAL PROBLEM
VIA n-GRID APPROXIMATION METHODS

lems of the type considered in this paper are transformed to a L< 51/( _52) (26)

sequence of finite-dimensional problems with guaranteed exponential

convergence. The technique, essentially suboptimal in character3) let . = infoes,(r) |To1 + To2QTo1]l« and define the
* Sy o

could, in principle, be applied to the hierarchical problem considered  gequence of finite-dimensional convex optimization problems
here by slightly relaxing the upper bound in the primary objective

from it§ optimal level. It is .show.n next that such an apprqach is By = inf{||Tor + To2QTo1||la: Q € Su ()N Si(R)}.
impractical and would result in optimization problems with arbitrarily
high dimensions. This can be circumvented by using the alternative
parameterization of Section IV.

Given an open subséf of C, denote byH2X?(U), the Banach
space of alp x ¢ matrix-valued functions analytic and bounded’in
and equipped with the standard noff®||v := sup{||F(2)|: = €
U}. Given an open selV such thatU C V C (C, we seek
to approximate uniformlyB, H2X?(V'), the ball of HEX4(V') of (I{—l)(-ﬁvfl)
radius p, by a finite-dimensional subspace of the fosn(f) = 1A o R
{30 Aifis Ay € 77}, wheref = (fi, faur . fu) € HE(T), = si[I = Roi(siT — B3 Rut) Ry
in the H&X? norm. The least achievable error over aljv- - PPN U
dlmens?z)nal (su)bspaces BELX(T7) Al = |Ki2]|e = 1/[81 \/1 — HR21 (S?I — Ry Rn) 2 H;] 27)

Then for every satisfying (25),3, is finite and3, > 3,41 >
- — . asv — oo
Proof: Parts 1) and 3) are a direct consequence of [13, Ths. 1
and 3] on using the parameterization in Theorem 1V.4. To establish
the bound onL in part 2) note that

~

/
A, U, V) 1= jeﬁvf(f ) pes, jllg)xq(v)xes (N IX =l (22) - Now ) .
; 52 = s (f{) ;= inf B R
is the v-width of B,H2X4(V) in HEZX(U). We identify U with 2 QeHoe ||| R2r Rz + Q|
Cy+, P = {s: Res > 0} and V with P, the complement of . . R
the closed disk centefl + »%)/(1 — »?) and radius2r/(r? — 1), > max {H[Ru Rzl H {1:?21} H }

(r > 1). From [13, Th. 3],d(y p, P,P.) = pr™ and f;(s) =
[(s —1)/(s+ 1) *j=1,---,v is optimal in the sense of (22). Hencel?!,

. 7 . ¥ . A‘ jw) < LZ — L,,2 — (g2 _
Consider the suboptimal version of Problem II.1 U] & Jih (e () < 0= il = (o3

s3)1,Vw € R, which implies that
inf{||To1 + Lo2QTo1]laz @ € Hoo, [[T11 + T12QT01 ]| 5 . . —L., -
< s1(R)+ e} (23) (i1 = It (o) Raa ()] 7 B (o) Raa ()

2 % . A . —
I—-R w)R w
where e is a small positive number. Lef)y € S(R,si) so that X [on nlje) R (e)]

51(R) = || T11 + T12QoT21]|~. SinceQo can be chosen ifR(s), <T— (st —s3)[siI = RBiy(jw) Rua (jw)] ™'
we can find constantpg > 0 and ro > 1 such thatQq, €
B, HEX(Pry). Let L = | T12||s||T21 || Then for allv with for all w € R, and thus
In(poL) — In(e) 2 _ 2
> = - -1 -
v 2 wle) In(ro) (24) a1 [R21 (Jw) [91[ Rll(?vU)RH 7w)] 2] 1- % 52 -
1

52

there exists) € S, (f*) with ||Ti1 + T12QT21]|ee < s1(R) + €. _ :_z N HZ?zl(s?I— Rﬁl?u)_%ﬂoo < 52
51

Moreover, the sequence of convex optimization problems

519

By = nf{||To1 + To2QTa1lla: @ € Su(f7). 1T11 + T12QT21 || < 1/4/s7 — s2. A dual argument gives
< si(R)+ €} [ K21 ]loo < s1/4/5%2 — 532 and (26) follows immediately. |
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Remark V.1: Theorem V.1 shows that the technique in [13] caf10] G. D. Halikias, I. M. Jaimoukha, and D. A. Wilson, “A numerical
be applied to the hierarchical problem considered in this paper SO'élt"\?n tl(') the rgatmﬁxl/‘;{g Opt;n;il g%%trtilgrggblemflm-l Robust

: : PR : PR ; and Nonlinear Contt.vol. 7, pp. —726, .
(Smc.t Optlmallty in the prlmary objectlve).. The .boun(.j ah in éll] I. M. Jaimoukha and D. J. N. Limebeer, “A state-space algorithm for
(26_) |r_an|_es that the resulting sequence of flnlte-dlme_nsmnal CONVEX ™ the solution of the two-block superoptimal distance probleSiAM J.
optimization problems are of low order [see (25)] which makes our  Contr. Optim, vol. 31, pp. 1115-1134, 1993.
technique implementable, in contrast to theuboptimal approach in [12] D.J. N. Limebeer, G. D. Halikias, and K. Glover, “State-space algorithm
the primary objective outlined earlier. This means that if a suboptimal ~ for the computation of super-optimal matrix interpolating functiost:

roach is taken with respect to thecondary objectivehe results J. Contr, vol. 50, pp. 2431-2466, 1989.

gpp p X Yy 0D LT ] C. W. Scherer, “MultiobjectiveéH>/H. control,” IEEE Trans. Au-
in [13] (adapted to the present case) imply that the minimization can " tomat. Contr, vol. 40, pp. 1054-1062, 1995.

be carried out over a finite-dimensional subspace of fixed dimensigt4] N. J. Young, “The Nevanlinna-Pick problem for matrix-valued func-
tions,” J. Operator Theoryvol. 15, pp. 239-265, 1986.

VI. CONCLUSION

This paper outlined a solution to a hierarchical optimal control
problem which combines al ., cost in the primary problem with
anH..- or anH>-type secondary objective. Using an allpass dilation
technique and results from superoptimal interpolation theory, the
problem was formulated as a multidisk minimization in terms of a free
parameter of reduced dimension which can be tackled using standard
convex programming algorithms. Although the results assume a
single vector of external disturbances (see Fig. 1), an extension
to the more general case of two independent external inputs RAbstract—The discrete time Ho,-control problem is considered with
straightforward. time-domain constraints over a finite horizon. It is shown that a solution

The results presented in this paper can deal with (strict) optifthis problem can be obtained from a system of linear matrix inequalities

mality in the primary objective, in contrast to existing multiple{LMI's).

objective techniques. These methods could be applied to the problenmdex Terms—#.. control, LMI, time-domain constraints.

considered here, by relaxing the upper bound from its optimal

level. Compared to this approach, our solution offers a number of

advantages: 1) It is known that near optimality the suboptikial . INTRODUCTION

problem is numerically ill-conditioned [7]. Optimal approaches on the In the last few years, problems of designing controllers capable
other hand, circumvent this problem by reducing the dimensionality achieving both time- and frequency-domain performance specifi-
of the optimal generator; 2) The present method makes the avaihtions have attracted the attention of many authors. For instance,
able degrees of freedom at optimality more transparent and leadsconvex optimization approach for solving such problems has
to a dimensionality reduction in the convex optimization problerbeen proposed in [1]-[3] (see also the references therein) by using
associated with the secondary objective [see (15) and (19)]; atheé well-known Youla parameterization of stabilizing controllers.
3) If a suboptimal approach is taken with respect to the secondaryis approach has been further developed in [4]-[7]. There the
objective, our method reduces to a convex optimization over a finitéme-domain specifications over a finite horizon were described

LMI Approach to an H_,-Control Problem with
Time-Domain Constraints over a Finite Horizon

S. Hosoe

dimensional subspace of fixed dimension (see Remark V.1). by affine constraints on the first Markov parameters of the Youla
parameter)(z) of the controller. Then, the exact fulfillment of the
REFERENCES frequency-domain specification in [4]-[7] is accomplished by using
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