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Abstract 

This work is concerned with various aspects of chemisorption theory. 

In the first part of the thesis, we study the work function variation 

of transition metals on adsorption of alkali atoms. We introduce first 

a simple model which takes account of the transfer of charge on the ad-

atom only. This model is used to estimate the position and width of the 

valence ns level of adsorbed alkali atoms. The important corrections 

arising from the intra-amic polarization are then estimated in linear 

response theory, and shown to be comparable to the neutralisation ari-

sing from the transfer of charge. A more complex model is then formu-

lated in which both these effects are included implicitly. An analysis 

valid at low coverages, is used to estimate values for the widths of 

the ns and np levels (assumed equal) and their mean energy. A self-con-

sistent numerical determination of work function/coverage curves is 

then given. From this treatment a more complete determination of the 

parameters from comparison with experimental results is achieved. Re-

sults for the system Cs/Re(0001) show that the widths of the levels are 

quite large, falling in the range (0.7eV, 2eV). An implication is that 

the adsorbate levels are strongly hybridized. The model was applied to 

the system Cs adsorbed on a layer of oxygen on tungsten. It was found 

in this case that the widths of the levels were considerably smaller. 

In the second part of the thesis, we study the chemisorption of 

transition atoms of the third series on tungsten. The binding energy 

and charge transfer of an adatom are determined by use of a degenerate 

three atom Hubbard Hamiltonian. The Hamiltonian is solved by making an 

ansatz for the wavefunction. The observed experimental trend is repro-

duced for large values of the intra-atomic Coulomb interaction U, thus 

emphasizing the importance of correlation in this problem. 
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Introduction  

Great interest has been focused recently on the varied aspects of 

the theory of adsorption. This interest has been triggered off by 

the wealth of experimental techniques designed to probe the geometry 

and electronic spectra of clean and adsorbate covered surfaces. 

The type of adsorption is generally divided into two classes , 

physisorption in which the bond strength is weak (.,..leV) and chemi-

sorption where it is strong (;....5eV) (Hayward and Trapnell,1957)• 

Qualitatively the physisorption bond relies on Van der Waals attrac-

tive forces, sometimes called dispersional forces, and does'not in-

clude exchange of electrons between the adsorbate and the substrate 

(Young and Crowel1,1962), in contrast to the chemisorption bond in 

which electrons may be shared (covalent bonding) or transferred (io-

nic bonding). From a theoretical point of view, the distinction bet-

ween chemisorption and physisorption is not sharp, however we shall 

only consider here subjects related to chemisorption processed A 

number of reviews giving up to date accounts of the research being 

carried out in the field, have appeared recently. (Grimley,1971a, 

Wojciechowski,1971,Schrieffer,1972,Gadzuk,1974,Gomer,1974). 

Ideally, the information one seeks , includes (a) the geometry 

and (b) the electronic structure of clean and adsorbate covered sur- 
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faces. It also proves useful to know some general properties of the 

surface, preferably in the form of measurable physical quantities. 

Many experimental techniques have been developed recently in order 

to provide us with this kind of information. 

One of the quantities of interest which we might like to measure, 

is the work function 0 of a metal , this is defined as the energy 

difference between an electron at the Fermi level and the vacuum le-

vel (i.e the minimum energy required to remove an electron from the 

metal). One of the methods used extensively to measure work functions 

is field emission microscopy (Muller,1973). In this technique the pot-

ential outside the surface is reduced with the application of an elec-

tric field, thus allowing electrons from the metal to be emitted. This 

method has also been used to determine work function changes due to 

adsorbed atoms, the change in work function being related to the elec-

tric dipole moment per adsorbate. Results of alkali adsorption on 

transition metals show a substantial decrease in work function (,../3eV) 

indicating that alkalis are adsorbed as cations (Schmidt and Gomer, 

1966). While 0 adsorption tends to increase the work function by as 

much as 2eV, so that 0 adsorbs in the anionic state. Finally we note 

that very little change in Al is registered as a result of H adsorption 

indicating that H adsorbs in its neutral state (Hayward and Trapnell, 

1957). 

Another quantity of interest is the binding energy &E of an atom 

to a surface, this being defined as the work required to remove the 

atom from the surface. This is an important quantity since the size 

of the binding energy determines whether we are dealing with chemi-

sorption (large LNE) or physisorption (small &E) bonds, and conse-

quently deterMines which set of theoretical approximations can be 

applied to the problem in question. 



Many structural techniques have been developed to determine the 

position of various atomic nuclei at or near the surface. The tech-

nique of low energy electron diffraction (LEED) is well suited for 

determining surface structure , because low energy electrons pene-

trate only a few layers into the solid , and because the wavelength 

of low energy electrons is of the order of atomic spacings (Duke, 

1973). The method of reflection high energy electron diffraction 

(RHEED) is useful in detecting the existence of small islands on 

the surface which cannot be seen on LEED patterns . The angle of in-

cidence of these beams is very small so that again the penetration 

does not exceed two or three atomic layers. (Dobson,1974) 

These techniques have shown that the substrate surface periodi-

cities of transition metals are generally those of the ideal planes 

of the bulk crystal. A conclusion which does not generally hold for 

non metals (Schmidt,l972). The adsorbate structures vary with the 

nature of the adsorbate, with the surface concentration and with 

the crystal plane on which adsorption occurs. 

In addition a number of spectroscopic techniques have been deve-

loped to study the electronic structure of surfaces. These include 

field emission , photoemission, ion neutralisation and Auger electron 

spectroscopy. In these experiments , the emitted electrons are ener-

gy resolved , and the energy distribution of the beam of electrons 

is then related to the spectrum of elementary excitations of the so- 

lid. 

The high resolution experiments of Plummer (Gadzuk and Plummer, 

1973 and references therein) were the first to show structure in the 

field emission total energy distribution (TED) of different clean 

metals. Field emission studies of adsorbates have been made, and the 

virtual states of the adsorbate have been identified in the TED, when 

the structure of the enhancement emission of an adsorbate on a metal 



can be related to the broadened and shifted energy levels of the ad-

sorbate. One of the earliest studies of adsorption was Plummer and 

Young's investigation of alkaline earth metals adsorbed on W and Mo. 

(Plummer and Young,1970). Their results for Ba show a broad resonance 

and two small sharp peaks sligthly below the Fermi level. The posi- 

tion of these narrow peaks correspond to the 	and and 	states of the 

free atom respectively, while the broad resonance can be associated 

with a broadened 6s level. A number of other adsorbates such as Zr 

(Plummer, Gadzuk and Young,l969) H2  and 02  (Gadzuk and Plummer,1971) 

and CO (Young and Gomer,1973) all on tungsten substrates show speci-

fic TED structures, but they are mostly either too diffuse or too 

strongly dependent on the degree of coverage to be associated with 

certainty to distinct free atomic levels. 

In x-ray and u-v photoemission spectroscopy (XPS and UPS respec-

tively) one studies electrons emitted from a sample which is being 

exposed to a flux of photons of known energy. In XPS, the photon 

energies are sufficient to eject core electrons, thus providing di-

rect values for the core energy levels and a means of identification 

of the atoms. The advantage of UPS (in these experiments only valence 

electrons can be emitted) is the much higher resolution obtainable 

(Brundle,1974).UPS has been used extensively to determine the elec-

tronic energy levels of adsorbed gases on surfaces. Eastman and Ca-

shion (1971) have observed that chemisorbed CO on Ni exhibits two 

well defined energy levels situated at 7.5eV and 10.7eV below the 

Fermi level with energy widths of about 2eV and 1eV respectively. 

These have been identified with the (c2p) and (n2p) molecular orbi-

tals of CO. Chemisorbed 0 shows a single level of width 2eV centered 

at 5.5eV below the Fermi level. This level has been identified as the 

broadened p-level of the adatom which has been shifted upwards ap- 



preciably(ZeV) from the p-orbital energy of the free 0 atom. As the 

oxygen exposure is increased this level broadens into a valence band 

with three distinct peaks (Eastman and Cashion,1971). A similar be-

haviour was observed for the system 0/W (Baker and Eastman,1973). 

The technique of ion neutralisation spectroscopy (INS) is based 

on an Auger type transition in which an ion is neutralised to its 

ground state by an electron from inside the metal, resulting in ano-

ther electron being ejected from the solid (Hagstrum,1966). This tech-

nique has proved very useful in determining electronic spectra of 

clean and adsorbate covered surfaces . Hagstrum and Becker have re-

produced quite accurately Eastmah and Cashion's results for the sys-

tems 0/Ni (Hagstrum and Becker,1969) and CO/Ni (Becker and Hagstrum, 

1973) in the energy range in which this technique is restricted. The 

CO results were corroborated by their own UPS results. Hagstrum and 

Becker have also found structure appearing in the spectra of chemi-

sorbed S and Se on Ni (Hagstrum and Becker,1969). 

The technique of Auger electron spectroscopy (AES) is accomplished 

by irradiating the surface of the solid with a primary electron beam, 

while the energy analysis is performed on the resultant secondary el-

ectrons. AES is a valuable addition to any surface study for evalua-

ting surface cleanliness and for determining the coverage and purity 

of adsorbed layers (Chang 1971, Palmberg 1972). The technique has 

been used extensively with LFRD experiments for correlating observed 

patterns with surface chemistry. 

All these techniques provide us with a wealth of information on 

chemisorption systems , and we shall refer to them as we develop the 

thesis. 

The plan for the thesis is the following, in part 1 (chapters 2, 

3,and 4) we propose a simple theoretical model designed to explain 
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and reproduce quantitatively work function variations of transition 

metals on adsorption of alkali atoms, in part 2 (chapters 5 and 6) 

we attempt a theoretical understanding of the experimental results 

on the adsorption energies of 5d transition atoms on W. But before 

we deal with either of these problems in particular , let us intro-

duce some general concepts which are related to both of them. 

In order to fix ideas , let us consider an atom with a single va-

lence orbital Ins> (n denotes the shell number) far from a metal sur-

face. The ionization potential I is defined as the energy required 

to take away the outer electron off the neutral atom. Except for al-

kali atoms , I is usually larger than the substrate work function 0. 

For example I = 13.6eV for H , while I is anomalously small for alka-

lis (being 3.9eV for Cs). Typically 0 is about 4.5eV. The electron 

affinity A, defined as the binding energy of an extra electron making 

a negative ion, is generally small (e.g A . .75eV for H-  ). Since the 

extra electron enters the same atomic orbital that is involved in de- 

termining I, the difference I - A = U is due to the Coulomb repulsion 

between the two electrons occupying Ins> in the negative ion. For an 

atom like H one finds U = 12.85eV, this value is considerably smaller 

than the energy one would calculate from the Coulomb repulsion between 

two electrons in the neutral fls) orbital which is given by the in-

tegral 

jcP 	kgs 	
125 	

97  is ( 

and Yls represents the Ils> wavefunction . The values of U calculated 

from (1.1) are too large , one finds U =17eV which would make the ion 

H-  unstable.in. reality, the electrons will attempt to stay apart so 



that they see a weaker repulsion. 

The energy of the valence orbital IITS> is denoted by Ens, when 

the adatom-substrate separation is large , Ens  is given by the 

difference 

Ens 	- I 
	

(1.2) 

As the adatom-metal separation d decreases, the interaction 

between the adatom and the substrate is switched on. The effect of 

this interaction is to introduce a lifetime broadening of the va-

lence ins> level of the adatom , we can thus say that the original 

discrete level at Ens persists in the combined system as a virtual 

level of width t. (Gurney,1935). For large enough d, the probability 

of finding the energy of Ins) at energy C becomes a distribution 

peaked sharply at Ens, but with a tail continuing below the Fermi 

level, which will be occupied. Accordingly there is a non zero ex-

pectation value <ns> of the number of electrons on the adatom. 

The adatom thus becomes partly ionized and an image charge is in-

duced in the substrate, the role of the image term which we shall 

discuss more thoroughly below, is to shift the valence level up-

wards. We also notice that the level is shifted downwards as a re-

sult of the interaction with the metal and upwards as a result of 

the intra-atomic Coulomb interaction(Gadzuk,1967). 

This simple model first introduced by Gurney(1935) may be used 

to explain qualitatively some of the observed work function varia-

tions of transition metals on adsorption of alkali atoms. The ex-

periments show that as alkali atoms are adsorbed onto the surface 

of a transition metal, the work function 0 decreases rapidly from 

its initially high value. With continued adsorption 	reaches a 
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minimum, before rising to the value characteristic of the satura-

ted monolayer which is still much lower than the work function of 

the bare surface. 

As we discussed above, when the adatoms come close to the sur-

face, they become partly ionized, the charge on the adatoms being 

given by q = e(1 - zns  ). This creates image charges in the sub-

strate, which lower the work function by an amount 

= -4Trqds 	 (1.3) 

where s is the surface concentration of adatoms. 

Following Gurney , we note that at finite s, the proximity of 

other adatoms carrying a positive charge q will shift down the 

level Ens,thus increasing the occupied portion of the density of 

states and thus (ns . A progressive neutralisation of the adatoms 

occurs which will continually reduce the rate of decrease of 95 with 

s (i.e the dipole moment z. = 2qd) and may result in a minimum in 94. 

A knowledge of the position and width of the adsorbate valence 

levels , as determined by one of the spectroscopic techniques which 

we described above, now assumes its full significance. Our aim here 

is to correlate as much as possible the electronic structure of ad-

sorbed systems to the observed variations in work function. 

Attempts to interpret decreases in the dipole moment 11 with co-

verage s date back even further (Langmuir,l933). It is found that 

work function vs coverage curves can be fitted quite well , by a 

simple depolarization model based on the Topping formula (Topping, 

1927). This is derived by putting the dipole moment p. associated 

with a single atom equal to the sum of its zero coverage moment 110  

plus the change in moment arising from the electric field due to 



the other adsorbates,i.e 

+ aEj_ 	 (1.4) 

where a is an effective polarizability, and Ej_ is the electric 

field in the direction perpendicular to the surface. When s is small 

it can be shown that Ei  is proportional to sV/  (see below), which 

when replaced in (1.4) yields the so-called Topping formula 

= 110/(1 + Audi') 	(1.5) 

A is a constant characteristic of the particular surface lattice 

considered, calculations of A in simple cases will be given below 

(also see Topping,192?). This shows the importance of the s-p hy-

bridization on which the polarizability a must depend. 

In setting up a theoretical model, certain approximations must 

be made , and the validity of these approximations will of course 

depend on the physical nature of the system . For instance if the 

width Li of the valence level is large compared with the intra-ato-

mic interaction on the adatom U , then it turns out that the che-

misorption problem can be treated as one of self-consistency with-

in the Hartree-Fock approximation. If the metal-adatom system may 

be described by a model based on the Anderson Hamiltonian for mag-

netic impurities in metals(Anderson,1961), then the criterion 

which A and U must satisfy is the inequality iiL> U. This turns 

out to be the case for the alkali/transition metal systems for 

which U is small (it must be remembered that U is further reduced 

by image effects as we shall discuss below), and for which D is ex-

pected to be large (we have no experimental results for alkalis, 
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but for Ba , the width of the 6s level is about leV (Plummer. and 

Young,1970) and we expect comparable widths for the alkalis). 

If on the contrary U is large, then the electron correlation 

effects become important. The Hartree-Fock approximation which a-

mounts to no more than 1st order perturbation theory in the per;- 

turbation U of course breaks down and more sophisticated techni-

ques must be employed. 

The adsorption of 5d transition atoms on W provides us with an 

example in which correlation effects play a predominant role. The 

general trend observed by Plummer and Rhodin (1968) for the binding 

energies LE of 5d atoms on W was that 41E varied linearly with 

the number of unpaired electrons in the 5d shell, increasing from 

Hf to a maximum for Re before decreasing linearly to Au. The size 

of the binding energies (e.g the binding energy of Re on W(100) is 

9.3eV compared to the cohesive energy of W which is 8.7eV) indica-

tes strongly that 6E will be mainly due to the interaction of the 

d electrons of the free atom with the d-band of W . 

We must of course remember that on adsorption, the atom is no 

longer free, but will be in a state which is nearly that of its 

metallic state. In other words it will have lost some of its s-elec-

trons (let us recall for instance that the s-band of W contains 

1.28 electrons per atom (Girvan et al, 1968) while of course the 

free W atom has two s-electrons). 

If we assume that one of the s-electrons of the free atom is 

spread in the s-band of the W substrate, with an energy gain of 

the order of the s-d interaction, then the, problem of the adsorp-

tion of'a 5dn6s2 atom will be treated as the interaction of a 

5dn+l level with the W d-band. 

The difficulty with this problem is the importance played by 



the Coulomb interaction U, both on the adsorbate and the ,substrate 

atoms. In order to include the correlation effects on the subs-

trate atoms, the problem should be formulated in terms of the 

Hubbard(1963) Hamiltonian (Newns,1970b1 Grimley and Thorpe 1971b). 

We note that in this formulation there is no variation of ZlE 

with adatom if U is zero. The solution of the Hubbard Hamiltonian 

is rather complex and neither of these works go beyond the two-

atom limit. It is our aim in part 2 of the thesis to introduce so-

me bandwidth effects by looking at the problem of -three atoms, 

one adsorbed atom , and two substrate atoms of which one lies on 

the surface and the other inside the metal. 
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Chapter 2 

ALKALI ADSORPTION ON TRANSITION METALS: A SIMPLE MODEL 

2.1 Introduction 

On adsorption of alkali atoms , the work function 0 of tran-

sition metals undergoes characteristic changes which we described 

in detail in chapter 1. The earliest observations of this behaviour 

were reported in the middle twenties (Ives,1924, Langmuir and King-

don,1925, Becker,1926). Since those early observations there have 

been many other such measurements . We note in particular the works 

of Gomer and his co-workers who have studied the systems K/W 

(Schmidt and Gomer 1966) and Cs/W (Sidorski,Pelly and Gomer 1969) 

of Fehrs and Stickney(1971) who have obtained results for various 

alkalis on W and Ta, of Gavrilyuk et al(1966) who have studied 

adsorption of Li and Cs on W , of Gerlach and Rhodin(1968) who have 

studied the adsorption of various alkalis on Ni. We also note the 

excellent results of Fehrs and Mackrakis(1970) for the system Cs/ 

Re(0001). 

Finally let us recall that the experimental studies have not been 

confined to alkali/pure metal systems, in particular we note the 

results obtained for the system Cs adsorbed on a tungsten substrate 

covered by a layer of oxygen (Papageorgopoulos and Chen,1972, Des- 

plat,1974). 
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The ideas most relevant to a theoretical understanding of alkali 

adsorption on transition metals were first introduced by Gurney 

(1935) and briefly discussed in chapter 1. These ideas have been 

developed further by a number of writers. Most of the studies have 

been of a single alkali atom on a metal surface (Bennett and Fall-

cov 1966, Gadzuk 1967, Remy 1970, Gadzuk et al 1971, Grimley 1971a). 

Some work has been done in extending these treatments away from the 

single adatom case(Grimley 1967a,b,Bennett 1968). We shall discuss 

some of these models later on , let us first discuss the role of 

the image force in alkali adsorption on transition metals. How one 

should include the image effect in the model is however not quite 

obvious. In the adiabatic approximation, one can argue that when 

the electron is in the valence orbital it experiences the self-

image energy e2/4d (this is defined as the energy required to re-

move the charge to d .00), thus giving us the renormalised energy 

level 

Ens 	Ens 	e2/4d 
	

(2.1.1) 

The distance d is an effective length which is approximately 

equal to the sum of the adatom-substrate spacing plus the screening 

length in the metal (Gomer and Swanson 1963, Newns 1969a,1970,Beck 

and Celli 1970, Lam,.  1972). This ensures that the potential has 

well defined limits for both large d going to the classical limit 

and small d going to a finite value. 

This is not the only approximation which has been used in these 

kinds of studies, e.g if the image is assumed to be a completely 

static Quantity, the valence level of the adatom is renormalised 
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to 

Ens Ens + e2(1 - ‘nd. )/2d 
	

(2.1.2) 

where <las) is the expectation value for the number of electrons 

in the alkali valence orbital. 

Both the results (2.1.1) and (2.1.2) tend to shift the adatom 

valence level upwards, but the quantitative difference is signifi-

cant. 

Hewson and Newns (1974) have discussed these approximations to 

the image term. In their model the interaction between the elec-

tron and its image is described by a model Hamiltonian in which 

the charge is assumed to interact with the surface plasmons in the 

substrate. The Hamiltonian was solved in limiting cases. In parti-

cular it was found that in cases such as those we will study here 

(Cs adsorbed on W or Re), the adiabatic approximation is reasona-

bly well satisfied, and we shall use it from now on. 

This leads us to define ah effective ionization level 

I' = I 	e2/4d 
	

(2.1.3) 

similarly the electron affinity A may be renormalised to 

A' . A + e2/4d 
	

(2.1.4) 

The effective value of U thus becomes 

Ueff = I' - A' = U 	e2/2d 
	

(2.1.5) 

U can thus be considerably reduced by image effects as emphasized 

by Schrieffer (1973). 

Amongst the earliest quantitative formulation of the Gurney 



-15- 

model, is Bennett and Falicov's treatment of alkali adsorption on 

transition metals.Whithin their model , the relevant parameters 

(the broadening and the shift of the adatom valence level) are es-

timated by use of 1st order perturbation theory. In this approach 

the metal is assumed free-electron like, and a convenient wavefunc-

tion is assumed for the adatom. Bennett and Falicov assume that 

the wavefunction 'P has the Slater form (Slater,l930) 

49(r) 	[  (2 )2'" 	
(2.1.6) 

where y is the coefficient of screening, and n*  is the effective 

quantum number. The static approximation for the image potential 

is used. 

If X are the metallic wavefunctions and 1 /4f)  the atomic wavefunc-
tion then the width A of the adatom valence level is given by 

A = -11- 1(<)ci 	irA2-  No(rIE)dt^ 	(2.1.7) 

where IA is the radial linear momentum and No  is the metallic den-

sity of states for a. single spin. 

The shift of the level E depends on th.e matrix element 

E = < 	I 1-1 I 40> 	 (2.1.8) 

If A is assumed not to vary with energy , then the adatom va-

lence level is taken to have a Lorentzian density of states 

p(E) = 1 	- 

(E 
	

(2.1.9) 
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The effective charge is then, given by 

q.= 1 arctan( - Ey. 	Tr 
)  

IT- 	
2_ (2.1.10 

q depends on E 	and 8. which, are in turn functions of q. The problem is 

thus reduced to one of self-consistency. 

The trend predicted by Gurney from purely qualitative considerations, is 

reproduced very clearly here. For example in. the case. of a caesium atom., 

the width of the virtual level increases from 0.11eV when the adatom-metal 

separation d is large (d.BA)„ to 341eV when d = 2.85A . The occupancy of 

the level was found to be generally quite small (in the absence of an exter-

nal field) being practically zero,  at large. d (d = 8R), and lass than 0.2 

0 
when d = 2.8A. 

In spite of the simplifying assumptions, the authors conclude that the 

alkali atom becomes ionized. 

Bennett (1968) has generalised the above treatment in the low coverage 

limit to include two types of interaction between adsorbed atoms. The first 

type of interaction is the long range Coulomb potential at one adsorbate due 

to all the other adatoms. This lowers the net charge, its general effect is 

that of the parametrized depolarization function (1.5) discussed in chapter 1. 

Bennett has assumed that the electric field E 	is proportional to s rather 

than sV% as in (1.5), in contrast to most other workers (Topping 1927, Lang-

muir 1933, Schmidt and Gamer 1966). 

The second type of interaction is that due to direct overlap of localised 

orbitals, which is of course most important between nearest neighbour adsor-

bed ians. Bennett considered the ion dimer (the simplest example of this in-

teraction). The net charge per nucleus for isolated ions and ion dimers were 

found to be similar. 

Bennett gives results obtained for the system KA(100). He finds that the 

occupancy of the level increases from 0.33, at zero coverage to 0.40 at con- 
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centration 0.15, for a value of d = 2.85A. This-means that the virtual level 

is gradually shifted downwards with increasing coverage as emphasized by 

Gurney(1935). The ,fact that bath sets of results for the two•different species 

are so similar, was attributed to a number of combining effects. 

Gadzuk (1967) has. used a similar model to that of Bennett and Falicov with 

different approximations, the most drastic being the assumption that the in-

teraction. between the adatom and the metal can be replaced by the interaction 

between the action and the valence electron and its-  image in the substrate as 

illustrated in fig.l. Thus the Hamiltonian has the following form 

H = 	e2 
	

e 2 
	

(2t1.11) 
2m 
	

4d 	'R 

Gadzuk was unable to obtain: any quantitative results with, such approximations. 

Remy (1970) used an approximaAan to the classical image potential 

	

) = e2( R-1  - (4d)-1) 
	

(2.1 .1.2) 

which is valid at d = 0, this consisted in making the potential continuous, 

this was done by a translation. of the origin by 50  in such a way that V(.5.) = 

o 
(a constant equal to the pabential of the electrons inside the metal). The 

total potential is then equal ta the sum of v( 3 ) plus the potential die to 

the interaction between the bond electron and ion core, which is switched an 

as soon as the electron leaves the metal surface. The band being assured by 

periodic transitions.from the Ins> valence level. af the adatam to the con-

duction band of the substrate, Remy was able to calculate, using perturbation 

theory the frequency w. of the transition, thus deducing the lifetime of the 

state t= 1/w and the broadening A =flu. 

Remy's results for the width of the level. again- show the expected varia-

tion with. d. Although one could argue that the difference in values between 

the small d and large d regions is perhaps a little too 0-eat(o.g it was 

found that. for the system Cs/W, at d = 2, the width /A was very large(=10eV) 
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Fig.1 The model for the interaction between the atom and the metal surface 

adopted by Gadzuk (1967). 
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compared to other results (Bennett and Falicav 1966), while at d=10A, 	had 

decreased to 1.0
-4

eV). 

Lang has used a "jellium" model of the metallic substrate-adsorbate system 

to determine work function vs coverage curves in alkali/transition metal sys-

tems. In his model, the substrate ionic lattice is replaced by a semi-infinite 

uniform positive background and the layer of adsorbate ions by an adjoining 

uniform positive slab 	. Using the techniques employed for the study of 

the inhomogeneaus electron gas (Hohenberg and Kohn 1964, Kohn and Sham 1965), 

he obtained the electron density-associated with this positive charge confi-

guration, by solving self-consistently a set of one particle equations in-

troduced by Kohn and Sham (1965). From this density, the work function for 

the model follows immediatly according to the relation 

(2.1.13) 

where p is the bulk chemical potential of the electrons relative to the mean 

	

electrostatic potential in the metal interior, and 	is the rise in mean 

electrostatic potential across the metal surface, i.e 

00 
6 	Roa) — R00) 	oc[11(x) -n,(x)] 	(2.1.14) 

where FT
+
(X) is the density of the positive background configuration, and 

n(x) is the electron density obtained from the self-consistent calculations. 

The changes in coverage were treated as changes in the density of the ad-

sorbate background slab. 

This model is of course designed to treat the high coverages region, and 

achieves good agreement with the results of recent measurements in that re-

gion. Lang has attempted to extrapollate his model to the low coverage region 

thus neglecting the possibility of a Mott transition, further it'seoms unclear 

whether the adsorbate valence level has been renormalised: correctly. 
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Phenomenological theories of work function changes have been formulated 

by Gyftopaulos and Levine (1962) and Steiner and Gyftopoulos (1967). In 

these the work function of the adatom-metal system is equated to its elec-

tronegativity. These theories are among the few which account for covalent 

bonding and the overlapping of alkali-metal atomic orbitals at high covera-

ges, as well as for the classical depolarization effects. 

In the first part of this work, we extend the Gurney approach: up to the 

work function minimum, and hence try to estimate the width and the position 

of the valence Ins) level of the adsorbed alkali atoms from experimental 

work function measurements, A preliminary account of this work has been. pu-

blished (Muscat and Newns 1972)0 

2.2 The model Hamiltonian 

Several chemisorption studies (Edwards and Newns 1,9671  Newns 1969b, Grim- 

ley 1967a,b,1970) have been based on a picture in which the metal-adatom 
in 

system is describable within the Anderson model of localised magnetic states 

metals (Anderson 1961). 

Far any adsorbate atom, the Hamiltonian we are using is a derivative of 

the Anderson model, to include for interactions between the adatom and the 

rest of the adlayer. The states of the interacting metal-adatom system are 

constructed from 	t linear combinations of the unperturbed continuum of 

metal states lk> and the ground state orbital of the adatom Ins> 	We note 

that the first excited statesinp.„) (0(= x,y,z) of the adatom are not included 

in this simple model. These must however be included to determine the intra-

atomic polarization effects. A more realistic model in which both the transfer 

of charge to the, adatom, and the antra-adaLom puldrization are implicitly in- 
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eluded is considered in chapter 4. 

It must be remembered that the set of metal states (0 k)) is complete, it 

than follows that the basis set comprising of the 10's and the adatom state 

Ins} must be overcomp/ete. A property which may be expressed mathematically 

by the condition that Ins) is orthogonal to the linear combination of metal 

states from which the states of the interacting system are constructed. Grim-

ley has shown that the basis set (1nS),10) can be regarded as complete, if 

the Hamiltonian H. is replaced by a pseudo-Hamiltonian RPs  defined by 

Ps H = - SR 

where S is the overlap matrix, whose off diagonal elements Znslk) are non-

zero. We shall assume here that our basis set forms a complete set. 

The Hamiltonian H may be written in the form 

H H HI 
	 (2.2.1) 

where Ho 
is the' Hamiltonian corresponding to a single atom on the surface, 

and H represents the electrostatic interactions due to all the other atoms 

in the layer. 

In the language of second quantization, Ho  may be written in the form 

j (2.2.21 

The first term represents the semi-infinite substrate, E,. are the energies 
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corresponding to the states fk. We must of course remember that the T;5 are 

not the usual Bloch functions. Deep in the bulk Tk  behaves like a Bloch 

state while 	decreases exponentially into the vacuum. In addition some 

members of the set (`f
k
) might be surface states decaying to zero inside the 

metal too. n r  is the number operator n
k
1.= ckrckgr  where ckolck 	

Fermion 

creation and destruction operators obeying the anticommutatien rules 

cte 
c 
 o- 	

= 	
o-1 c 
	= 0r} k 	k 	k 	k 

and 
4- 

ekT, ci041. 	= 	kk' 
OW. 

(2.2.3) 

The second term is the unperturbed energy of the Ins) level renormalised 

by image effects, the third term corresponds to the repulsive energy of the 

Ins) functions, also renormalised by image effects, and finally the last 

term represents the interaction between the atomic state and the continuum 

of metal states. Usk 
 is an adatom metal transfer integral defined by 

Usk = (ns !VW , 
	 (2.2:4) 

where U is the perturbation in the Hamiltonian, associated with bringing 

the adatom up to the surface. 

We have neglected the Coulomb repulsions between electrons an the same 

orbital Ik) in the metal. We mainly rely on the fact that tha free electrons 

in the metal are delocalised and much better screened than in the atom. 

H
I 

describes the effect of the potential U( x) due to the adatoms other 

than, that described by (2.2.2), which is taken to lie. at the origin of the 

co-ordinate system. In general 

H I 	 ji-y-,;(x)  vh)t-(x-) ci3Dc 
	

(2.2.5) 
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where 	) is the creation operator for an electron of spin .cat x 

1+0-+  (2c) (2.2.6) 

and V runs over the orbitals of the metal and the adatom. Due to screening, 

V(x) is assumed to be small where the substrate wavefunctions are non-zero, 

so that we may expand t(x) in terms of the eigenstates of the adatom alone. 

So that if we keep only the one belonging to the valence shell, we find 

- 	(,) 	7:4 c scr 	ns(2c..) 
	

(2.2.7) 

Since x is small, we may expand V(x) to first order in x, this. gives 

V(x) = V(0) 	.<.N7V(010 	
(2.2.8) 

Substituting for V(x) and "t(x) in (2.2.5), we find 

(2.2.9) 

and 	V(0). 

	

In order to calculate 	some assumption about the distribution of atoms 

on the surface is necessary. We assume that on account of electrostatic re-

pulsion, the adatoms do not cluster but are spread uniformly on the surface. 

It is possible that at low coverages the distribution is randomised, with 

ordered structures appearing at higher coverages. However the assumption of 

a particular structure at low coverages leads to results only weakly struc-

ture dependent (see below) so that in this region the results can be conside-

red known despite probable randomisation. At about the work function minimum 

a square lattice arrangement is observed for caesium on tungsten (Gavrilyuk 

et. al 1966, ilacR ae et, al 1969)0 



(s) = 	i e S 'I=  
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If the adlayer is assumed to form a square lattice, the position vectors 

of the adatoms are given by ra  = 6-2(101,0) and that of their images by 

r.a  = rs 	
2dk, where 1 and m are integers and k is a unit vector in the 

- 	- 

direction perpendicular to the surface. § is obtained by summing qe(1 -,1 ) 
ra r. 

over all the adatom sites i.e 

m2)-1 (12 + m2  + 4d20-1 
(s) = qes2 	 (2.2110).  

fz-ocy 

the summation excluding the term 1 = 0, m = 0 simultaneously. 

1( ) may be expanded in an infinite power ,series in s given by 

A reasonable approximation to f(s) for small ss  would be to neglect all 

but the k = 1 term in the summation, i.e 

2e
2
ci2s

3/2
A 

(2.2.12) 

and 
od 00 

A = 	+ m2)-3/  

A is the constant which appeared in eq(1 5). It was first tabulated by 

Topping (1927), its numerical value being 9.033. 

The physical interpretation of this approximation is that each charge-

image system is replaced by a dipole of length 2d, an approximatidn which 

is valid for small values of the ratio d/a (a is the nearest neighbour dis-

tance in the adlayer, a = s-2  for a square lattice), i.e for small s. 

Let us now consider the case of an equitriangular adlayer (fig.2). The 

position vectors of the atoms are r = a m + 1,4S(m 	1)0) 	where m and 1 
--a -21- 

are integers defined in fig.2. The potential f(s) is given in this case by 

4 
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Fig'2  Equitriangular lattice arrangement for the adlayer 



- A = 45 ± SE n* 	n* 

where 

n* 
(12 4. m2)-3/2 

 

1=1 m=0 
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12,m2_1m)72 _ (12-1m+m2-4d2/a2)-1.) 
	

(2.2.13) 

and a is related to the surface concentration by the simple rule a = (24702. 

In the dipole approximation i(s) becomes 

1(s) = 

 

2e2 d2s,3/2A* 

where 

	

	 (2.2..14) 

A = (2/N5)-3/22- 21(12  - lm + m2)-3/2  
L-40111,00 

calculations (Topping 1927) give. A = 8.693, 

It thus appears that. 	(s) in the dipole approximation is practically 

equal for both square and equitriangular networks. We shall assume from now 

on that the adlayer is a square lattice. Plots of 'i(s) = f(s)/q as a func-

tion of s are given in .fig.3 for different values of d. 

The various infinite double series may be calculated, by summing aver a 

finite number of terms, and estimating the error made by neglecting the 

other terms. e.g for A we have 

( 2.2.15) 

(2.2.16) 

and E
n* 

is the correction needed to balance the neglect of terms 1,m> n* 

in the series 

0c35 	 X 

r
n* 	

dx 	dy(x2  + y2)-3/2 —1 --J---1 n* + 
n*+-1- 	0 

(2.2017) 

with Lh,e inclusion of this correction term A(n*) is found to ba a rapidly 
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converging function of n*, and it is found. that a value of n* 	20 is quite 

sufficient to obtain results with the accuracy of Topping(1927). 

2.3. Solution in Hartree-Fock approximation.  

The Hamiltonian (2.2.1) was solved in the Hartree-Fock approximation. 

This approximation has been criticised when applied to the calculation of 

localised magnetic moments in metals (Schrieffer and Mattis 1965, Hewson 

1966, Blandin 1960, because it overemphasizes the tendency towards magne-

tic solutions, The Hartree-Fock approximation includes the perturbation Ueff  

only to first order, and should be valid for sufficiently small Ueff. For 

the alkalis U is expected to be small, it is further reduced by the renerma-

lisation from image effects as discussed above. The small values of the occu-

pancies of the levels in alkali/transition metal systems (Wajciechowski 1966, 

1968, Bennett and Falicov 1966, Bennett 1968) strongly indicate that no 

magnetic solutions exist (Grimley 1970b). Some workers have gone beyond the 

Hartree-Fock approximation, in their solution of the Anderson Hamiltonian 

as applied to the chemisorption o.f a single alkali atom on a metal surface. 

We note in particular the work of Gadzuk, Hartman and Rhodin (1971), who 

use the low density approximation (LDA) of Schrieffer and Mattis (1965), in,  

which the Coulomb integral U is replaced by an effective potential; to de-

termine binding energies for alkali atoms on metal surfaces. This approximation 

should be suited to describe the chemisorption o.f a single alkali, since 

the occupation of the adatom level is small compared with unity (Bennett 

and Falicov 1966). This approximation may not be used in our case. In fact 

the occupations of the levels will increase with the number of adatoms on 

the surface (Gurney 1935), and may reach values which ere outside the ran-

ge of validity of the L.D.A. 

The Fock Hamiltonian for any spin 	may then be written 
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c c + h.c) sk ker. scr (2.3.1) 

where 

E ne  + Ueffn  + 
(2.3.2) 

and n = <nal) = ‹n ea- 

We follow here the method employed by Anderson to solve (2.3.1), an equi-

valent method for determining the Green functions exists (Zubarev 1950). 

Let us denote our basis set of eigenstates by Iv>,, then the one-electron 

state creation operator 4,and the energies 6, satisfy the equation of mo-

tion 

LIVrI c„+0..] = E..„c ,+,_ 	 (2.3.3) 

and 

<\,1 k ckcr 
 + 4\, I 	c C vo-  (2.3.4) 

The equations for the various unperturbed operators, are 

, Cko 	kri = 	C  ko 
+ 1 G- H V + ksc  Scr 

1 • 

(2.3.5) 
and 

so- [Ha, c,
+ = 	+ -k

c
kcr — k 

If we now substitute these commutators in the equation of motion (2.3.3) 

then equating the coefficients of each operator, we find 
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These equations can be solved exactly by Green function methods. The 

most interesting quantity is the mean density of admixture of the adatam 

valence level into the continuum levels of energy 

rS0'(6) = 

 

S 	—E) 14•71s>1 2  (2.3.7) 

   

since it determines the fractional occupation of the level 

n = <n ) = ST' - 

'Er  

(2.3.8) 

This and other quantities of interest may be obtained by studying the 

Green operator (e.g see Messiah 1965) 

'.6%(E ) = lim (E + ig - H)-1 	 (2.3.9) 
S404 

We may now derive the Green functions 

G-c<13 Cr  ( 	I= Z— {64 t: ^ 
	 (2.3.10) 

where. 100' and le) are members of the basis set of iv>. The density pacr(6) 

as given by '(2.3.7) may be rewritten 

1<ols)l
2lim 

6„) 
(2.3.11) 

Finally using (2.3.10) it is easily shown that 

rsa(6) 	c ss 
	 (2.3.1.2) 
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If we now multiply both of equations (2.3.6) by <Jle).( + i. S - 	rl and 

sum over all 	we find 

0- - ET) G;s - sk Gke 	1 
k  

(2.3.13) 

k ke ks ss 	
0 

 

and E= E+ iS. 

cr 
We may then salve for G , and we find ss 

(e - 6 	G 	— V 	G
cr. +.1  

Gar (6) = 	ET  se  
-1 

sk1 2  (8  °(E k)-1 (2.3.14) 

the sum in (2.3.14) may be evaluated; we find 

liar 	IV
sk

1 2  (E — Ekr1  =A - iQ 
c-*Ct+ k 

where 

= P 2 I Uski2 
k 

(2.3.15) 

(2.3.15) 

is an effective energy shift of the adatom level, and P denotes the Cauchy 

principal value. The Hilbert transform of A, A given by 

lied2 8(6 —6k)  (2.3.17) 

represents the width of the level. 

If the surface density of states of the substrate is assumed constant, 

(this is not too serious an approximation for a metal like tungsten, whose 

density of states exhibits a broad maximum at the centre of the band), 

then A an 	become energy independent, 	44' 4  easilyshown from 
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a- 
(2.3.14) that G ss(6)  behaves, exactly as if there were a "virtual state" at 

= E + A+ la. 
The density distribution of the s-state is thus given by the Lorentzian 

rso-(e) 	-n- (8 - E(s) - 
	 (2.3.18) 

and 

E(s) = 	A 	 (2.3.19) 

in analogy to the. Bennett-Falieov model which we reviewed in section 2.1. 

Taking the zero of energy at the Fermi level n is now easily shown to 

be given by 

- 	arctan(E(s)/A) 
	

(2.3.20) 

E(s) is itself dependent on n through (2.3.2) and (2.3.1.9), so that we 

have a self-consistent problem in n and E(s)1  this can be solved numeri-

cally for different values of the surface coverage s. The results will fur-

ther depend on the additional parameters Eo 
= Ent 2  +A and Uerf. The graphi-

cal solution of the self-consistent problem is illustrated in fig.4. Let us 

introduce the parameters 0(= (E0 	p = (lleff 	21-VLS, , the straight 

lines in the diagram correspond to (a) at= 2, (5= 1, (b) cK = 1, p =3 and 

(c) o(= 0, p= 5. The passage from (a) to (c) corresponds to an increase in 

s. We thus see from this simple plot that as we increase the coverage s, 

the valence energy level of the adatom is gradually pushed downwards rela-

tive to GF' 
thus increasing the occupation n of the level. 

Our aim in developing this simple model is to estimate the width Liand 

position of the 16.s 	level of adsorbed caesium atoms, using experimental 

results for Cs/W systems. Vie develop expressions which are valid either in 

the low uuveraga region, or at the work-function minimum, and compare than 



4— W (s).2 
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to the experimental measurements. 

(a) The low coverage region  

Treating §(s) in the dipole approximation (2.2.12), it is easily shown 

that the self-consistent equation (2.3.20) may be rewritten 

Eo 	Ueffn 	2e2 d2  As '3/2  (2n - I) = 6cotlln 
	

(2.3.21) 

while at zero coverage, this becomes 

Eoeffno = A cot 1T no 
	 (2.3.22) 

and no = n(0). Elimination of Eo 
from (2.3.21) and (2.3.22) gives 

2 2 3/2, 	 7 
2e d As 	k2no 	n)(Ueff 	TiAcoseclIn ) (2.3.23) 

where we have used the approximation 

9 
cat n 	cot-lino 	n 	na)cosec-li no , 

which is valid for small no  _.n. 

Using the. relation 

L4 C= -471-eds(1 - 2n) 	 (2.3.24) 

(this is obtained from (1.3) by using the relation q = e(1 	2n)), it is 

easily shown that 

.td°) 
	- I 
	

(2.3.25) 

L-‘ds":" 
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if we now replace this in (2.3.23) we find 

4e2d2As312  

Jeff +11-Acosec2ffno 
(2.3.25) 

This relation is equivalent to the depolarization functions which we in-

troduced in chapter 1, and which have been used by several authors to fit 

experimental data (Langmuir 1932, Schmidt and Gomer 1966). The quantity 

= 4e2d2 

Ueff TiAcosec2ffno 

(2.3.27) 

has the dimension of volume, and represents the effective polarizability 

of the system. 

The results of this subsection have been compared with work function 

vs coverage measurements for the system Cs/W. We have used the results 

of Fehrs and Stickney (1971) whose low coverage results are particularly 

good. Following equation (2.3.26) a plot ofA56(s)/s vs s3/2  at low cove-

rages is given in fig.5. This plot tends to magnify the errors at small s 

but the results of Fehrs and Stickney are accurate enough for the slope 

and intercept to be determined. The experimental polarizability is then 

equated to our theoretical expression (2.3.27). If we assume for simplicity 

that Ueff may be neglected, and express d in 
the form 

1  A 
4Tre(2n - 1) ds 

(2.3.20 

we can obtain a relation between the parameters 	and no. Use of equation 

(2.3022) gives us the relation between E0  and Q which is plotted in fig.6 

(the full curve). 

thl The work funct on minimum 
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The condition for the minimum may be written 

11+,1/4 eet  
ds 4.1  (2.3.29) 

assuming d to be independent of coverage, we find from (2.3.24) 

dn
s  + (2n 1) = 0 	 (2.3.30) d 

If we differentiate both the self-consistent equations (2.3.19) and 

(2.3.20) with respect to s it is easily shown that equation (2.3.30) re-

duces to 

2s2ds 
(s))  = ti ff  1iAcoasc2fin 	 (2.3,31) 

Elimination of n between equations (2.3.20) and (2.3.31) gives us a rela-

tionship between E0  and d at fixed s and U
eff 

similar to the existence 

curve for magnetic solutions in the Anderson model (Anderson 1061). If 

Jeff is taken to be zero, the relation between Eo and 	may be written 

TrA E = 	/ 2.-±arecos(--) 2 	- ) 0 	IT 	2p 	TN1 

 

(2.3.32) 

and 	 3 = s2d 'T(s)  
( ds s 

 

WerrauSixsatthecoverageattherninimums.=2.5)(10
14  cm-2  (Fehrs man 

and Stickney 1971, Gavrilyuk at al 1965„ Sidorski at al 1969), and plot 

the curves (2.3.32) for various values of d)alsa in fig.6. 

1.91.2.21arrliratanqth 

Elimination of s between (2.3.20) and (203.31) gives us yet another 



-3
8
. 



-39- 

useful relation between Sand EQ. if despite rather inadequate accuracy 

near the minimums  the low coverage approximation forts) is used i.e 

'r(s) = 20
2
d
2
As
3/2s  we can eliminate the s dependeace of (2.3.20) ene 

(2.3.31) by remarking that 

2s2._.(d
ds 	

= 	s)  
' 

The resulting expression is 

E
ns 

+ 	+ U = 6 jtan 11-Z +111Zsec2   ZZ  
3 
2 -Uf efZ  (2.3.33) 

   

and 

Z = 1 - 2n 4, 

This is a reasonable approximation to the empirical linear relationship 

found by Swanson and Strayer (1960 between Z and the adatom ionization 

potential at the work function minimums  provided that Vsk and U are assu-

med not to vary with adatom..If we assume that Uefr  may be neglected 

compared to 11- e it is found from Swanson and Strayer's results that 

= 1.839V. 

An extension of equation (2.3.33) valid at higher coverages may be 

obtained for a given value of smins  Z being now derived from the experi-

mentelvaluesofsmineand the work function. minimum. The resulting li-

near relationship between Eo 
and Llis also plotted for a few values of 

d in fig.e. The intersections between the two sets of curves correepon-

ding to the high coverage region for a given value of d in the range 

between the ionic and the atomic radii of Cs, are seen, to be in fair 

agreement with the low coverage data. 

Taking an intermediate value of d (d = 2,15h) at smin 	Aal..6seV, 

1.55eV. For comparison we note that E'  given by (24141) gives a ve- ns 
lue Ens  = 2.3eV at d = 2.15% 
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The discrepancy between this result and the value of IN obtained from 

the Swanson-Strayer relationship may be largely due to the low coverage 

approximation on which the latter is based. Attempts to calculate LSfrom 

first principles seem to give widely divergent results (Bennett 1968, 

Remy 1970), but Bennett found that the experimental polarizability far 

the KA system was compatible with his value L= 2.3eV which is much 

larger than ours. 

A contribution to the dipole moment variation of the adlayer is also 

to be expected from the intra-atomic polerizability which is large for 

frae alkali atoms, and this is the subject of the next chapter. 
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Chapter 3 

LINEAR RESPONSE FORMALISM 

jbeo1arizabilitthefeea1kaii atom 

It is well known from atomic spectra that the f-sum rule is almost en-

tirely satisfied by the ns-np transitions (Condon and Shortley 1935) so 

that a calculation of the polarizability of an atom may be formulated in 

terns of the ns and np levels of the atom alone. 

The polarizability of the free alkali atom with one electron rf,ay be 

calculated in 2
nd order perturbation theory. 

If E is the applied uniform electric field, then the potential ari-

sing from E is given by 

U = eEx 
	

(3.1.1) 

The induced dipole moment <)is  proportional to the electric field and 

in the same direction, the ratio ot of the dipole moment to field strength 

is called the polarizability 

<r> 0( = 	 (3.1.2) 

The dipole moment 01> is given by 

<0 	<-flex I t> 	 (3.1.3) 



-42- 

where I-4") are the eigenstates of the system. If only the Ins) and 1tep) le-

vels of the atom are included then 1-0 is given by 

1 	= I > 	I 13> 4. p I V s> 
E 	E 

P 	s 

From which it follows that 

or m 2a2 
E 	E 
P 	5  

( 3.1.4) 

(3.1.5) 

Finally we may eliminate the matrix element A= s lx1p). Indeed according 

to the f-sum rule (Schiff 1955) we have 

E s)  14.s1 xl p>I 2 	112 
P 	 2m 

(3.1.6) 

For caesium 	the energy separation between the s and p levels is equal 

to 2E = 1.44eV (Atomic Energy Levels, Circular of the National Bureau of 

Standards 467, Volume III), and from (3.1.5) and (3.1.6) wa find 

= -1.692 , 	oC = 52.523  . 

These values are of course, unlikely to remain exact in, the case of an ad-

sorbed atom with valence orbitals as extended as those of Cs. We think it 

possible that the effect of the surface in intersecting the region of 

space where these orbitals are large would be to reduce the matrix element 

A considerably. We have thus employed a range of A values in this work. 

3.2 Dielectric resoonse of the substrate 

The linear dipole polerizability of the adatom-substrate system may be 

formulated in terms of the Ins) and Inez) levels of the adatom alone (z is 

the d4reet;e0 perecene4eelee 1-,r1 the emrfece), The neglect of the states 
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Inc)? and Inp 	is based on the assumptions that 

(t) the matrix elements <np
x
1V(k, and <np itil) will be small compared 

to (npziVik, (this is due to the large size of the Cs atom, and the re-

lative flatness of the surfaces we are considering ), so that the Jnp? 

orbital will couple much more strongly with the metal states than the 

Inc 	and inp ) orbitals, if the matrix elements "ripx
11/11 	and (no 

are small, the lifetime broadening of Incx"7 and Inp 
-7 will be small, so 

that these states will be kept almost empty; 

(ii) the electric fields parallel to the surface will be small, so 

that there is only weak coupling between Inc ), inp *7 and Ins>. 

Neglecting lief, the Hamiltonian (2.3.1) is conveniently generalised 

to its present form 

H = 	n 
s sc- + CP

n
po' 

6knVtr 

+ 	(11 c 4:c 	+ V 	+ h.c) 	(3.2.1) 
k 	sk ko-  sr 	Pkc c  kTPT 

WM* 

where 

Cs = E • + 	and 	6 . 6 -4- 2E ns 	 p 	s ( 3 .2 2.) 

We now calculate the linear response of the system to a perturbing 

potential V(x,t) in the Hamiltonian. We use here the formalism introdu-

ced by Newns (1970i. 

The response 	of the system to V may be obtained from the expression 

(Kubo 19577 

Sf(x,t) = )( dtIcixt Fqx,t,xl,t1)v(xl,t1) 
	

(3.2.3) 

where the response function, R is defined by 

2 	/4 iro 	it 
9  t xt t') 	ie 	0  111.3. (xl s,t1), G.,(52t)ilwo  

tri 

( .2.4) 



with 

ra.(x,t) c.(t)c. (Of.(x)4).(x) id 	j4T 	j (3.2.5) 

ilj 

 

Theperturbationiseesumedtobeswitchedonatt=-G.f. l are the one-  

particle wavefunctions of the unperturbed system.I0 b
> is the time in-

dependent Heisenberg ground state of the unperturbed system. The crea-

tion and destruction operators are given by 

cr 	
iw.t 

t) = a 	'4- e
l:T. ci ( (3.2.6) 

where'tim.=:Listheenergyeigenvalueoff..The time dependence may 

then be factored out of the commutator in (3.2.4). So that we have 

<0 a FCC —T 	C 4 cm Cr:] I 56: 
= (ni-n3)!im &.L So_04 	(3.2.7) 

where at zero temperature 

; E. <EF 

; 	ES. > 6 F 

(3.2.8) 

substituting back in (3.2.3) we find 

n.)a
i(t•-t)(w.z-wj) 

R(x,x 4 ft-ti) = 218
2 

iti 

*(x')19 (xt)ri*(x)i1(25) 	(3.2.9) 

While in Fourier representation equations (3.2,3) and (3.2.9) become 

(.J.2.1u) 
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R(x2x1 ,,w) =2e2 Ti (xl)T;(1) 
its) w, 	W

j 	
W — is 

X Ti*(L)`fi(i0 (3.2.11) 

Equations (3.2.10) and (3.2.11) give the linear response of any large: sys-

tem of non interactino fermions. 

The dipole moment in any given direction's is related to the static 

response function f(x,0) of the system as follows 

f x, flx,od3x 	d3x/d3x1 R(x,x1 90)v(x1,0) 
	

(3.2.12) 

The perturbing potential If( 
	

is given by equation (2.2.8), and may be 

rewritten in the form 

ti(x) = v(o) 
	 (3.2.1) 

1.)=.1 

where Ey  is the electric field in the v direction. (3.2.12) may be re-

written 

3 

ft. 	d E 
.1z-A 

(3.2.14) 

where 0( represents the polarizability in the 1 direction due to a field 
19 

in the V direction, and is given by the relation 

1111 ,M2  

ma,  r34 
6r  

Alan j du 	<1 /in1rn2/i)Kil  9"41i> 
j 7777-1=351=7-717 

('6.2.15) 

whore we have used the identity 
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n. 	n. q 
= 	Im   $S.=01 	(3.2.16) W. 	w Tr J 

and summed over the dummy variables m1lm2,m304. The expression (3.2.15) 

for oq may be rewritten in terms of the Green functions G m.m defined 
j 

2e2  
0( 	= 	In 	dw G 	(w)G 

IT 	m 	m2m3 	m1m4 m1t2 
m3 m4 

x<'imi lxiim?‹m3 lxv imic7 	 (3.2.17) 

Equation (3.2.17) represents the intra-atomic polarizability in any 

direction 1,due te) an electric field in any direction v. In our case 

the most important contribution to of will come from the componantcc .z  
Further the only matrix elements in (3.2.17) which are not negligible 

accordingtothef-sumrulearethosewithm.=s$  or p$  hence (3.2.17) 

becomes 

0((W)G (W) 4- 2G 011)G (w)] 	(3.2.16) 
22 

zz 	 ss 	PP 	SP ' 	Ps ir 

3.3. Determination of the Green functions. 

We use here the method introduced by Anderson (Anderson 1961, Alexander 

and Anderson 1964, Marlys 1966), and already employed in chapter 2. Let 

us define the one electron creation operator cvcr 

in the usual way (i.e see eq (2.3,10)), i.e 

Er  



vcr = 	 oik)cka.  + 4,16,7.sr  + <.7113e  la (3.3.1) 

then cNA  and the corresponding energies 6 must satisfy the equation of n 

motion 

[ +1 
h c.n = (3.3.2) 

The variousvarious commutators are 

L c, cid = 6..1.4.  + 	v c 	i=s,. 1- 	ik ko- k 
(3.3.3) 

[H.:41; ck0.] = C kck..,1; + VK scs:..  + 11Lperia_ 
Wm* WOO 

The equations for the various Green functions are 

	

6 	a-(C — 6 )G — 
s ss 	sm ks k — 

= 

(6 - e )G a- 
P Ps 

V
iftk

G
ks = 0 (3.3.4) 

(6 -)Ga' - V G 7-1  - V, G 41-  = 0 k ks 	ks Ss 	.6.P Ps gam, 	ame.. 

with three analogous equations involving G r G . and G. The solution 
PP. 	sP 

of the set of equations (3.3.14) is straightforward though rather lengthy 

cr The result for G
ss 
 in its most general form is given by 

G ar(6) 
ss 

V
pk

V
ks 

-6k +i S k 	- k 
+ 

›, -g am 	 ripki 2 	\-' 1-1  (3.3.5) 



and 

w + E + iLS (3.3.10) G (w) = 
PP 	(w E it)(w E LA ( A — 
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If we assume that the transfer integrals 
Usk

and  V
pk are equal (an immediate 

consequence of this assumption is that the widths of the ins) and inpz, le-

vela are equal), the expression for G
ss  and the corresponding expressions 
a 

for 	and G Q-  are considerably simplified. If this is done, and after use 
Ps 	PP 

of the substitution 

A- i L1 = lim 
SrlD 

Usk 	 

E -6k + 

 

(3.3.6) 
iS 

 

we. find 

c (10) = E + A. 
ss (u E itig E 	- - 

(a.3.7) 

where we have introduced the new variable 

w = 6 Em 

and 

Em 
= E

s 
E A = 6 	E + 

p 
(3.3.8) 

i.e apart from the energy shift A , En  represents the mean energy between 

the unperturbed energies of the s and p levels. Similarly we find 

Li 
G (w) = 

t1 
Ps 	(w 	E 	ii) (w 	E 	iA) 	- ice) 

(3.3.9) 

These various Green functions must be substituted in the expression for 

0(zz The integral proves to be tractable analytically on44 if A is neglected. 
state3 

Bur neglect ofA is rather intuitive. For a reasonably constant density of 

1NW.L.L.L 1104. cuenge very much as 6 than ies Hnnally theN effectn de not duni- 
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nate the Il effects, nnd we hope to get a f8ir dascri[1tion by neglecting 1\. 

~ is then giv.sn by the relation 
zz: 

0< 
zz 

::: dw , 

the integral is straightforward, though rather lengthy, we only state the 

results here 

0{ 
4a

2 'A? 1 I -1 
E2 RM E2 - 6. 2r~ ) ::: r") J·Ol'ctan ,... zz 1T [2 _D.t.2 '2 (62 _~~)2 E~ _ [2 + 2~ 

(E2 + (2) b.:5 ] 
+ 

m 
E ) 6- (3.3c12) 

(E 2 _ (2) 2 + 4t?E; 
, 

m 

0( 4e2A2 1 [1 [2 r E2 + 2t1 + 26({~? - (2rl' 
- r-, _D. 2 -; " .\. In E~ r-

--.~-~ 

ZZ " 211- ? S' .L. 

7f [~ (~<- .... ) 2 
/ 

2/~(/~~- - E"') ~ - [ - E- + ~ 

m 

+ , E <.6 (3.3.13) 

0( zz ::: 

lf 
, E ::: ~ 

The effective polarizability 81'i81n9 from the transfer of chargo to tha 

adntom (the Gurney effect) is easily shown to be given by the relation 

0{ G 
zz 

" 2d 2 
L.8 --- - .. '.... 2 

E(s)~ +b. 

It is nOltJ useful to consid8r two important limits. If E(s)// ~ (this co .... 

rresponds roughly to the low covorago liQit) then it G is tJund that D( /0( 
zz. zz 

,..\2'1)\.2_ Tn +-hn Sr1"J8cie.l case E(,3',' :=: 0.;. _/\:-:: E t,.!l.l1.ch is ant far from thp. ..... I""'" ., ...... -.,- .- ~ \' 

r031istlc hiedl covoroU8 situation, thon ~ G- / 0( = 
:J ZZ ZZ 

d
2

/ )...1. 
• 
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For Cs we have estimated X -1.628 from the f--sum rule, although perhaps 

in our problem X should in fact be reduced. Even then it appears that the 

contribution from the intra-atomic polarizability is comparable to the 

Gurney polarizability. The inclusion of the intra-atomic polarizability 

should increase -the values of 	and Eon derived in chapter 2 from experimen- 

tal data. 

The inclusion of the intra-atomic term should not however be restricted 

• . to the linear approximation, and calculations within a non linear framework 

are the subject of the next chapter. 
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Chapter 4  

ALKALI ADSORPTION OM TRANSITION METALS : THE IMPORTANCE  OF THE s-

HYBRIDIZATION 

4,1. Introduction  

So far the possibility of an induced adatom dipole moment ti normal to the 

surface has been neglected. Neglecting the polarizability of the ioo core 

any polarization must come from the occupied part of the adatom density of 

states. Estimates of this effect which tends to depolarise the surface in 

the same sense as the Gurney neutralisation show it to be comparable to the 

latter (see chapter 3). 

We note that, in the presence of a fixed electric field, a change in the 

local potential of an atom will change the occupancy n of the valence levels, 

and thus both the polarizability and the dipole moment ft., the two effects 

are thus coupled together. Our aim here is to calculate both the contribu-

tions to bcoming from puend n, while allowing as far as possible for strong 

lifetime broadening effects which couple the Ins> and inp 	levels themselves 

together. A preliminary account of this, has already been published (Muscat 

and Newns 1974). 

The change in work function is given by 

where 

695= .47qqd -r)s 

= o(1 n), 
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= 
	

(<nsti> 
	

(4.1.3) 

and 

c c _' s -  p - 	pr sr> + • c c (4.1.4) 

4.2. The model Hamiltonian 

The HamiltOnian is a generalisation of that used in chapter 2. A single 

adatom is considered, the other adatorns being taken into account only through 

their electrostatic field. Interatomic correlations in the wavefunction arc 

thus.neslected from the start. 

We write R in the form 

R = H
o 

+ H
I 
	 (4.2.1 ) 

where Et is the Hamiltonian for the adsorption of a single adatom at zero 

coverage, iee 

o knkr + :2: Lv c +c 
sk kr 	 + V s 	cc 

k kr pr 	
h r 	p 
.O.] 

. kr k r 

E. 	(1-ca, 	npT) 	E (n 	n ) (4.2.2) 
Pr ST 

Cr 

where the first term represents the substrate, the second the coupling bet-

ween the substrate and the adatom, and the last two, the unperturbed energy 

levels of the adatom renormalised by image effects 

	

E I 	E.-E, 	El= E;  + E 

	

ns 	a 	np 
(4.2.3) 
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respectively, and 2E = 1.44e1/ for Cs (Atomic Energy Levels, Circular of the 

N.B.S 467, vol III). 

The Hamiltonian (4.2.2) is similar to (2.2.2) generalised to two adatom 

levels, except for the neglect of the Anderson Coulomb interaction U. As we 

have shown in chapter 2,U is considerably reduced by image effects from the 

adsorbed atom; we showed that a renormalisation of U exists which reduces U 

to U 	e2/2d. (Hewson and Newns 1974, Schrieffer 1973). This reduction am- 

ounts to 3.701 when d = 2R. 

H describes the effect of the potential due to the adatoms other than 

that described by (4.2.2), this is given by (see chapter 2) 

H
I  f n.(x)v(x)t.(x) d3x 	 (4.2.4) 

uhcre 1" is nolil given by 

= C 	
P 

( X) 	C 	
s
(x) 

PT 	scr  (4.2.5) 

where 'p  and (1) are the Schrodinger representatives of (np? and Ins) . 
Keeping only the 1st two terms in the expansion of V(x) (equation (2.2.0), 

we find 

H 	+ n 
PT
) + W 

0 

where f= V(0)„ U = eXE , N7V(x)10  = E1  = (0,0„E.1.) and 

	

= 	z Inpz> 	 (4.2.7) 

	

In: In order to calculate 	and El  we shall assume that the adlayer is a 

square lattice. The position vectors of the adatoms are then given by yl  

s 2(10,0) and that of their images by r. = e /(1,m,-2ds2), where 1 and m 

are integers and s is the surface coverage of adatoms. 

c cpa- h.c) (4.2.6) 
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The electrostatic potential at the origin due to charges +q and -q at ra  

and ri  respectively is given by 

1) 
ra 	r (4.2.8) 

further the electrostatic potential due to dipoles # at r and r. is equal 
to 

ra
3 	

r. 3 

	 (4.2.9) 

Now since the dipole is normal to the surfaces  and ra  is in the plane of 

the surfaces  the first term in (4.2.9) gives zero contribution. 

The electric field at the origin due to charges +q and -q at r and 7.5_  

may be obtained by differentiating (4.2.8) with respect to zs  which gives 

2qd/ri3  . Finally the field due to dipoles • is given by 

2 aiAA__1 
' 	5 

ra 	r. r 
(4.2.10) 

ii and E 	may now be obtained by summing over all the lattice sites, and 

we find 

fU(0) 	U1(4d2s)] + 2eirds 
2 

2 3(4d2s) 	(4.2.11) 3  

E ra 2e(n 1)ds3/ U3/2(4d
2s) 

t r-s3/2[ U3/2(0)  + 3/2(4d
2s) - 12d2sU5/2(4d2s) 

	
(4.2.12) 

where 

ur(x) = 
	 (12 + m2 + x) -r 
	

(4.2.13) 



the summation excluding 1 = 0, m = Cl simultaneously. 

In the region of small sr  these expressions may be considerably simpli-

fied. If we take the first term in the expansion in powers of s, we find 

= 2adAs3/2 	ed(n - 	 (4.2.14) 

and 

= 2A53/'2[ + egn - 1)3 
	

(4.2.15) 

where A = U3/2(0) 	9.033 (see chapter 2). 

in this approximation, all the quantities may be expressed in terms of 

the total induced dipole moment rt  of the adatom and its image. 

= 2 1„...„ 2ed(n - 1) 	 (4.2.16) 

then we have 

= edr-tAs3/2 
	

C4.2.17) 

and 

El  = rtAs3/2 

(4.2.13) 

From (4.2.18), an analogous expression to the depolarization formula en-

countered in chapter 2 in the case of the Gurney neutralisation, is obtained 

	

N(s) = No) - c(As3/2 	 (4.2.19) 

where 0( is an effective polarizability which will be derived later in the 

text. The expression (4.2.19) is essentially different to Bennett's depola-

rization function (Bennett 1968) in that he assumes that the electric field 

z E, is proportional to s rather s 2
. 
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4.3. Formal solution  

We begin by solving the Hamiltonian H. This is done exactly by the Green 

function method already employed In. previous chapters. 

The important quantities are the Green functions, Gir l  G 	and GI-, ss pp sp 

since they are directly related to the charge n, and the intra-atomic di-

pole moment &, as follows 

n = I m 	rG
SS  c-  (e) + 	de 

1r 	L 	PP (4.3.1) 

E, 
= 2e 	k- .1  I nisi Gs  (6) c1 .1 

11  
(4.3.2) 

The equations for the Green functions are 

	

LE (Ei+§-E)] Ca- 	WG 

	

ss 	ps V G 	1  ks 

18 - (Ei+17+0] G 4-  - 	V 	= Pcr s  -•WG ss 	 0 
Pi

G  
Ls
a.  (4.3.3) 

- L - 6k] Gkrs 	VkpGp 	s s 	Vk G- s s 

with three analogous equations involving G cr G ar  and G . We have us-ed PP sP kp 
. 	-E, 6 	E. +I + Eg 

and eliminate Gks we find 

t. 
u  2 
k ss aki 1G 45-  .,+ sk sp. 

V Vk G = I ] a- p  
e - 6k 	 k 	 (4.3.4) 



v 	
) (E " E P 

 

k 

2 ivkpi 2  

er(e) = ft- E 
PP 

I U ps 1.‹ 	— 
k 	k 

Vsklipk  

E-Ek 
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Hence the results 

2 
ss (€) = 	E

a 	W 
	vsk likp  12 

ek 
	

6 -se k 

X 	E _ pk I 2 r1 
p. 

11 E. **6  k 

( 4.3.5) 

vs kpa W + 
k E 76 k 

-1 VskVkp 	(4.3.6) 

Z L 

While by salving thr three equations analogous to (4.3.3), we find 

X 	
VskVkp 1-1 -1 
	

(4.3.7) 
k 	k 

These results are considerably simplified if we assume that the transfer 

integrals Vsk and Vpk are equal, this assumption implies that the two ener- 

gy levels Es and E have the same widths 	Then by means of the substitution 

(3.3.6) s  we find 

Gfs(E) 

  

— r  L 

 

(4.3.8) 

(4.3.9) 

(4.3.10) 

  

(6 _ Es  + L.6)(E — 	;6) 7001-4 

— 

 

   

   

  

6 	c 	(14 

 



1 	lXd(2Wc +Ad) 	(Ad + 262) 
A+ = 7:41 	

L 	--  
r2
(6
2 c2)  
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We have assumed rather arbitrarily that the shift in energy A may be ne-

glected. Inserting these results in (4.3.1) and (4.3.2) we find that 

A -E.4 
n  „.„ A( - 	 dw 	I+ ri 	(w 	E2  \e)2  + &O f+ 02 	(4.3.11) 

00 

-E,-/ fid 2 ,2 
= 4eX6.)( 	 dw = eXI (4.3.12) 

(w.2  E2  W2)2  + 4A2041+ 

where we have used the substitution w = E 	Ei 	and taken EF  = O. We note 

from (4.3.11) and (4.3.12) that n = 	tL=r(i. 0. now since .k and 

W = 01/4E4  are themselves functions of n and rithrough (4.2.11.) and (4.2.12), 

we see that the equations (4.3.11) and (4.3.12) are a pair of coupled self-

consistent equations which must be solved for n andr before hOcan be cal-

culated. The calculation of the integrals I44 
and I is straightforward but 

rather lengthy. and we merely state the results. 

1 	= 	Al [6(c,d) 	“-ct-d).] 1r 	7T- (B+ + CA+)F(c.d) 

(D+ + A+c)F(-c.-d) 	(4 3.13) 

where 

F(c.d) = 	7 .- aretanN + 4' -I- 

[ 

it 

C(c.d) = in [(Ei  + 	+ c)2  + (A.+ d)2j 



r
2 

= [(E2  - W2 - zN2) 2 + 4A6.2102  ] 2  

1 , c = 	kr
2 
 + IT W2 	2 ) 2 

2 	-1- 4/2 	)3 2 

and 

1 d = ;A.:Er - 
vz 

(4.3.17) 
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r(.6.+ a)2  + c2] 	 W2  ÷6d) - (Ad + 2 2  B+ = L 	 (4.3.16) 

4r as2  + 

2c2)(w2 	 2)  d)2 c23 (6d + 	 (2wc +6d) D+ 
4r2,62 + c2) 

The procedure now is to compare our results with tha experimental data 

available. This is done in two stages. 

1. Equations (4.3.11) and (4.3.12) being soluble analytically in the low 

coverage limit, the results are fitted to experimental data in this region, 

and hence for given assumed values of d and A, a relationship between Ei  and 

Ais obtained. 

2.MakinguseofthesevaluesofE.and Awe solve (4.3.11) and (4.3.12) 

numerically for f( and n and thus obtain a value for /1 	a function of s 

through (4.1.1). By varying d,>, and A the best fit to the experimental re-

sults is then achieved. 

4,04. The ow coveroce roblnm 

In the low coverage limit, both I and W are small, so we can linearise 
equati- 	(4.3.11) and (4.3.12) as fellows 
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= I'(0) + AFII(0) + WItt7(0) 

= I-(0) + fl -(0) + WIw-(0) 2eA 

	

and the subscripts 	and W denote the partial derivatives with respect to 

and W .  

We have also shown that in this region. p(s) may be expanded as follows 

r't(s) 	l't( G ) 	PE.L 
	 (4.4.3) 

, 
where El  = A 

3/2 
 plk0), and P is the polarization given by 

2e 

	

2[d  2 	0) + 	 1 tX = 	Ad(I,7(0) ± I 1-  On + X2Iw
-(01 	(4.4.4) 

At zero coverage, both if and W are zero, so that the integrals I+ are con-

siderably simplified, The results are 

71- 	
r  + (E2 ....,626- E (E24 - arctan 'i 	` 	i 	- arctan i  

ir 
ts. 	 A 

A  = — 	
[2i  + (62 ...2s2)41,A 2 

1-(0) 	-7-2—='-' in 
111E -8 )2 	[23:  _ (22 .... 6.2)12+  A  2 

when A<E. 
In the special caseA= E we have 

4.4.5) 

(4.4.6) 

2 

IF 
2erctan(Ei/E1 (4.4.7) 

I (0) = 	4EE  
INE, 4- E ) 
	 (4.4.0) 
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While in the region CSE, we have 

1+(0) = 	IT -arctan 	 
IT 	

( E. 2 35- - arctan ( E. 
2 

t (A 	E )- 	
(iN2 

4.4.9) 

I-(0) = 2 - 	arctan 	E. - arctan 
T01--E11- 	A (A2 E2 

Both. I (0)and 1-(0) are plotted as functions of the dimensionless ratio 

E /E in fig.1, for different values of A/E, and we see from this sketch 

that the contribution to the dipole moment hit  from the intra-atomic term 

I  (
, 0), which was neglected in the simple Gurney modeli described in chapter 21  

is far from negligible, being in fact a maximum at Ei  = E. 

The total induced dipole moment at zero coverage Imo), may be written 

as a function of Ei and A, through the relation 

ft(0) = 2e[XI-(0) + 	- 1)] 	(4.4.1.1) 

together with the various expressions for I+(0) and I (B) which we have just 

derived. 

Let us now look at some simple limits, when A-40 the situation is strai-

ghtforward, the contribution from the intra-atomic term I (0) is zero as ex-

pected, while three possibilities exist for the charge torrnI+(0) (i) if 

Ej..Ethen .14-(0)---40aebe-40,(14if-EzEi<E then 	 (0)-2 as d>Oq  (iii) 

if E. <-E then 1-1-(0)70.4. Eactj of these possibilities of course corresponds 

to both, one or none of the levels being above the Fermi level respectively. 

Taking Ei  = £ and la = E, it is found that 14-(0) = 1, 1(0) = 2/11, wo see 

that in this case, the contribution to tt(0) arising from the charge term 

is zero, while the intra-atomic term gives quite a sizoable contribution. 

For any 	it is found that as Ei-e>00  both II-(0) and 1-(0) tend to zero 

while if E. —4-00 	then 	(0)-+4 and I-(0)-40. 
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I,±(G) 
If 	(E i2 - E

2
)
2 	

46
.2
E.
2 

2 	2 446.. 	 - E (4.4.12) 

We can now match N(0) to experimental results for zero coverage dipole 

moments, which apart from a constant of proportionality represent the ini-

tial slopes (dO/ds)0,  of the work function vs coverage curves. 

We chose to study the system Cs/P.8(0001) (Fehrs and nackrakis 1970). Cs 

was chosen in the belief that the large size of the Cs atom would make the 

discreteness of its valence Ins) and Ins). orbitals a reasonable assumption 

and Re because the experimental points of Fehrs and Mackrakis are particu-

larly well distributed over all coverages. 

The matching of our theoretical expressions to the experimental value of 

PI(OlesdsuetoerelationbetweenAandE.,which we have plotted in 

fig.2 for different values of d and X 

If d is kept fixed at some value, and X is allowed to vary in the ranee 

-1.6R < )■4:-1.0R, we see that for X= -1.6R the values of the mean energy Ei  

are confined to a narrow strip around a value ofE.which is loss than 2E 

1.4401, this value of El_  is very much smaller than the estimated value of 

E :=1.3eVatd=2.15Rfromtheformuiael E.e4Ens  1 -E,Ens 
 =0-Ii- e2/4411  

discussed in chapter 2. For a smaller value of iX1, it is found that a much 

wider range of values of Ei  is available, This is the first indication that 

the value of \ predicted by the f--sum rule (X = -1.6R) gives us rather poor 

acreement with estimates from other sources. 

The polarization P depends on the partial derivatives It± and 
Iwo-  eva- 

luated at s = 0, through (4.4.4). The differentiation with respect to 	is 

the reverse operation to the integration carried out in equations (4.3.11) 

and (4.3.12). The results are 

The other partial derivatives involve more work, the results are 
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+(a) . 	4A 2 - E2 

IF 	 E r.2 	E2)2 	A2, 2 
k 	-+ 

,
L_1 

A 3 	 2 	2 
A 3 
 	

E + E  
ir E2 1\2 (E.2 E2)2 4A2E.2 

E2 312.arctan( 21)(
E2 -112)-1- 

2 2 

	

2(E - p ) 	E 2 - E2 + 2 2 
2. 

(4.4.13) 

(4.4.14) 

with &CE. 

In the case L>E, the tosult for I7(U) still holds, but Iw-(0) now be-

comes 

4 [  GS3 ( 	2 + E2 

2 A2 2 	) IT 	E 	(E 	-.
'). 	2 + 4.&-.E

2 
1 

2 	2 r 	2 i 2 EL. + E + (A!"-E ) 	(4.4.15) 
+  „E , ln,  2  , 2. 

©° ... 	) / 
	 (

6'') 2  

We recognise I -(0), it represents the intra-atomic polarizability, c< as zz 

given by equations (3.3.13) and (3.3.14) at zero coverage. 

In the limit 6,-*0, the polarization P goes to zero as expected. While if 

we assume that the Fermi level is at Es (or eq
uivalently E. = E) we find 

that the cross term involving  the product Xd vanishes, and we are left with 

the pure charge term IE(0) = -2/WA and the intra-ctomic polarizability 

term 

2 [ 6 	 ..w82)-1 (4.4.16) I -(0) =   arctan k 	 

	

IT E2 - 2 	(E2 - 82 ) 312 LS 

if we further let AE is find that P is given by 

p
4e
2 
2 2 = 	(X 	d ) (4.4.17) 

if& 



The derivative of P exhibits a discontinuity at b= E, we find in fact 

that 

-3P 	(E2  -62)-1  
21E- 

^■-/ 	(E2, 	) 
-20 

as 8. -> E 

as  

Now in addition to the curves of fig.2, we may estimate PN(0) from the 

experimental points and derive a further constraint on A and Ei, from (4.4.3) 

and (4.4.4). 

For given values of d and XI, we are thus able to estimate A and E as in- 

dicated above, Picking a point on the Ei  vs /Acurve characteristic of these 

values of d and X, we than fend these values of 	and Ei  into the trio va- 

riable self-consistent problem in n and pi, which we can now solve numerical-

ly for many values of s. We can thus by varying s and keeping all the other 

parameters constant, obtain a curve for t(S)  as a function of s
3/2 (figs.3) 

We then pick other points on the same Ei,Z\ curve to find the best fit to. 

the experimental results. The process is then repeated for different values 

of d and 

3/2  
We have chosen to plot t 	 i (e) as a function of s 	in contrast to other 

workers (Schmidt and Corner 1966, Gerlach and Rhodin 1969) who have plotted 

pI(s) vs s. We have done this to show the linear dependence of ti-t(s) on s
3/2 

at low. coverages, which our model of course implies. 

4.5. Results and discussion. 

The curves (fig) ohow no irret-julority at the work function minimum, nor 
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is there any reason to expect this. The minimum does not relate to any si-

gnificant change in surface structure, and this is illustrated ie the results. 

Far a value of )\ predicted by the f-sum rule (X = -1.6R), the results are 

in very poor agreement with the experimental measurements available (lies. 

3a and 3b), the pronounced curvature in the region 	s41014 cm-2 may be 

• 

explained by the small value of the ratio di/ 1 XI for which the: use of the 

approximation (4.2.19) is inadequate. 

For smaller values of IA) (A = -1.2R , 	= -1.0R) we find quite good fits 

to the experimental results for values of d > 2R and values of 	wUch ie- 

_4. .4  
crease with d. The curves (figs 3c,c,e,f) are linear in the regime 

14 

which indicates that the low coverage approximation (4.2.19) is fairly good 

in this reeion. 

If d is taken too small (e.g d = 1.6g) (fins 3g0), Veen the ree4te 

again show very poor agreement with experiments. 

It is also of interest to plot ft(s) x s as a function of s, which ..e:th 
't 

the appropriate constant of proportionality gives a work function/coverage 

curve (fig.4). These curves certainly exhibit the qualitative features of 

the experimental curves (initial sharp decrease in 0, minimum in 0, small 

increase in ci after the minimum) for most values of the parameters, although 

good quantitative agreement is obtained for the relatively narrow range of 

parameters found in fig.2 to be in agreement with experiment. 

Table 1 gives estimates for Aand Ei, which give the best fit to the ex-

perimental results, for different values of X and d. Where a range for the 

parameters is given the agreement with experimental results is generally 

poor for a wide range of coverages, the lower and upper bounds of the inter-

val 1'842) 
correspond to the values of the parameters giving the best re-

sults at low and high coverages respectively. 

When the results are in good agreement with the experimental points over 

... 2 % 
the whole range of coverages considered (0;-esfenc10

14  cm jp the appropriate 

values of tare fairly large (.7201 = E 	P.3.4"--3E 	2.160.1). These lnpne vn- 
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Table 1  

Estimated width and position of adatom levels  

a(A) ,. I. o — 1. 2_ 

d(A) I.3 2..2 1,4 1. iz 2 . 7_ 2. . 6 

Me. E LI  .‘j 1.4 	r.. 	1 1.4 -1•1 [61 •91 ID+. 1 3.o -2 • i 

jr_ El. 5)  -3.2.1 3 • 5/: • I 3- 3 -.1.-  • I 12.11  3.3]. 3.4.t . i 3. 3 -± . i 
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lues of A indicate that the a and p adatom energy levels are strongly hy-

bridizedasillustratedinfig,5a.Thecdrresporidingenergy range oP E is 

a narrow,  strip: aroubd Ei  = 3.4E = 2.5eV. Correspondingly)we find Ent = 1.SeV 

which is somewhat smaller than the estimated value of E = 2.30 at d=2.10i ns 
which we: discussed earlier. The present model may be used to describe other 

alkali-transition metal systems, although some of the approximations which 

we have used are more suited to describe Cs than smaller alkali adsorbates 

such as K or Ma. 

However we do not wish to extend this model to other alkali-pure metal 

systems, instead we have made calculations for the system Cs adsorbed on 

W covered by a layer of 0 (Papageorgopoulos and Chen 1972, Desplat 1974). 

The complexity of this system evidently renders it hard to characterise and 

we cannot expect the accuracy of the work function coverage curves to be 

comparable with that on a pure metal surface. But the results available do 

show a substantially different behaviour from those characteristic of Cs/ 

pure metals systems. The work function coverage curve for this system differs 

from that considered earlier in that the initial drop in .0 is much steeper 

and consequently the work function at the minimum is much lower. The results 

in this case (fig.6) indicate that the value of d must be. much greater than 

in the previous example (d ::?1,4.2R) while the values of 	are much smaller 

.4E =.29e1/ when d = 4.2R, 	.6E = .43eV'when d = 4.52' ), so that 

for this system the two adsorbate energy levels are well defined Lorentzians 

with narrow widths (fig.5b) in. contrast to the situation found for the Cs/ 

Re(0001) system. 

The difference in these sets of results are explained by the presence of 

the oxygen layer, which naturally increases d, and is also responsible for 

the large decrease in level width). The oxygen layer plays the role of a 

potential barrier at the surface, which renders the tunnelling of the Cs va-

lence electrons more difficult, this increases the lifetime of the valence 

states on the adetom and consequently decreases the widths A . 



EP 

(a) 
	 (b) 

Fig.5 Energy levels for (a) Cs/Re(0001),. (b) Cs/ W + layer of 0 
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We conclude part 1 of the thesis, by remarking that our attempt at a cor-

relation of experimental results in the farm of macroscopic properties (e.g 

the work function) of a given chemisorption system, to its microscopic pro-

perties (the electronic levels) has met with some success in understanding 

the physics of the particular system. 

How good are the quantitative values obtained for the width and position 

of the electronic levels? This'question shall remain unanswered until sui-

table experiments are carried out to measure such quantities for the systems 

which we have dealt with. 
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ChapterE_ 

TV! CREMISOITTIOM OF TR'Y'SITIC ATOMS OF TV7  "r.110 SERIES. CJN  

REVInl OF THE THEORY UP TILL TOW  

§A l. Introduction 

A study of the chemisorption of transition metal atoms of the third se-

ries on various single crystal planes of a tungsten substrate has been made 

by Plummer and Rhodin (1968), using a field ion microscope technique. The 

general trend they observed was that the binding energy of the atom on the 

surface varied linearly with the number of electrons in the 5d shell, rea-

ching a triangular maximum at Rhenium and then decreasing linearly. Despite 

some uncertainty in the numerical values, it is now generally accepted that 

the trend is correct, these results being corroborated by a similar trend 

obtained for the activation energies of diffusion (Bassett and Parsley 1970). 

Those results have stimulated considerable theoretical interest and a 

number of models have appeared since. These fall into two categories 

(i) the band approach, in which the problem is treated as one of self-

consistency within the Hartree-Fock approximation 

(ii) the surface molecule approach,in which the adatom is assumed to in-

teract atkungly with a limited number of atoms on the surface of the metal, 
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and in which correlation effects are included implicitly. 

We shall first discuss the band approach, commencing with a diacu-slon 

of the tight-binding approximation (Mott and 3ones 1936) which has bar wi-

dely used in describing transition metal d-bands (Friedel 1969). 

5.2. The tight-binding approximation 

In this approximation, the electrons are assumed to be tightly bound to 

the atoms. The electron states are thus assumed to be nearly those of the 

isolated atom. The electron wavefunction may be written in terms of the ato-

mic orbitals I'M centred on all the sites R of the crystal i.e 

c.
3. 
Liqr 
- (5.2.1) 

If H is the Hamiltonian of an electron interacting with a system of atoms 

situated at R., through a potential V(r - R.), the secular equation then 

reads 

2  E s 	-E) + H . 	• = ij Xi 	 J 
0 	 (5.2.2) 

3 

.e% 
where Hij  =fr(r - R.)WP(r 

Since the orbitals are assumed to be localised, only the integrals Hij  

with IR. - R.jI small will not be negligible. The nearest neighbour appro-- 

ximation consists in taking Hi. =13 for nearest neighbours, H
ij  = 0 other-

wise 

Several workers (Allan and Longlart 1970, Cyrot-Lackmann 1970, Cyrot-

Lackmenn and Ducastelle 1971) 'have used the tight-binding approximation .1.1 

sited to nearest neighbours only, to describe the chomisorption of transi-

tion metal adetoms of the third series on tungsten. 
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Cyrot-Lackmann (1970) has introduced a moment method to describa verieue 

properties of transition metal surfaces, including the binding energy of ad-

atoms. If H is the Hamiltonian of an elestron interacting with a nyetam of 

atoms artd n(E) the density of states per atom, the moment of order p is then 

given by the relation 

rA p  = )(EPn(E)dE = -a. Tr HP 
	

(7.2.7) 

A knowledge of all the moments pk,p 
 determines the density of states cora-

1 

pletely 

n(E) = (21u 	dxe
ixE 
 

(-ix)P   
fp! 	

14_  
-13 

(5.2.4) 

Keeping only two center, nearest neighbour integrals, and neglecting 

crystalline integrals <f.lv.14'? 	compared to the transfer type of inte- 

grals 

 

 vpi> (i and j being nearest neighbour, and Vi  = V(r 	Iii)) , 

it is shown that ft can be written in the form 

= P 
p 	p fa  

p (5.2.5) 

where we have assumed that the integrals are all equal to p , and Pn  repre-

sents the number of ways one can travel from a given atom, to the same atom 

by passing through p 	1 atoms, all first neighbours to one another, 

Cyrot- Lackmana and Ducastolle (1971) have used the moment method to de-

termine the binding energies of transition metal atoms on transition metals. 

Starting from a perfect transition metal surface M and a free transition atom 

A, than A is adsorbed onto M, the coupling between them being established 

through the hopping integrals. The binding energy of the adatom A is then,  

defined as the difference between the total energy of the substrate M and 

the atom A, and the energy at the system formed by the substrate and the ad- 



sorbed aton. The various onernies arc computed using foe the density ef eta-

tes Gaussians fitted to their respective first momente. The most sericez 

drawback of this method lies in its lack of self-consistency. The cheree 

transfer between adatoe and substrate has either been neglected eito:e'Lhoe, 

or included in an arbitrary non-consistent manner. 

Their theory predicts that the binding energy varies as a quadratic func-

tion of the valence difference between the eclat= and substrate atome. 

Allan and Lenglart (1970) use a similar tight-binding description of the 

6-band, the effect of the surface is represented by a perturbing potential 

which is determined by use of Friedel's sum rule and by the restriction that 

the total variation of charge at the Fermi level is zero. The adatom is as-

sumed to bind strongly to a single substrate atom. The extra charge brought 

to the surface is screened by the substrate d-electrons, the increase of 

charge at the surface has no effect on the density of states far from the 

surface, i.e there is no variation of the Fermi level. Self-consistency is 

then achieved by use of Friedel's sum rule (Friedel 1956), i.e the total 

charge screened by the U electrons is put equal to the charge brought to 

the surface. The authors assume that the variations in charge are negligible 

on all the atoms except for the adatom nearest neighbour. 

Their results for the binding energy again show a parabolic trend in con-

trast to the experiments. Further their values for the binding energies are 

much smaller than Plummer and Rhodin's experimental values, they attributed 

this, to the fact that in their model the adatom binds to one substrate atom 

only, rather than to four substrate atoms in pyramidal form. 

The implementation of the Friedel sum rule makes the charge variation Al 

on the adaton go to zero atN = 0 and M = 10 (i is the number of 5d-electrone 

on the adsorbate). These results eoupled to the chemisorption energy results 

violate the sum rule 

bt-xE Q`O  
N 

u N 
(5.2.6) 
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which must La2 satisfied for a model Hamiltonian description of the problem, 

as we shall discuea later in, she text (also see Nouns 1970a,b). 

5.3. The virtual level description.  

This model (Nouns 1970e) is based on the Anderson Hamiltonian which in- 

cludes electron-electron interactions only within. the adsorbed atom, given 

by 

H = 	 fed 	nmo- a' 

   

 

6knka mk crcko 	h c 

i 	
(1 - Scregra,mi)nma-rimicre cc icrm,rat 

(5.3.i) 

This Hamiltonian is similar to that used in chapter 2. The difference 

being that only one adatom is on the surface, consequently there is no in-

teraction between this and other adatoms, further the adatom now has a va-

riable number of d-electrons in its valence shell, and consequently the or-

bital degeneracy must be accounted for. 

Using the Hamiltonian (5.3.1) Newns (1970a) obtained an expression for 

the chenisorption energy AE in the Hartree-Fock approximation, (LNE is de-

fined as the energy change on removing the adatom from the surface to infi-

nity),which is dependent on a number of approximations 

(i) the m dependence of the adatom-metal hopping integral Vmk  is neglec-

ted 

(ii) the adaton ionization potential T and the electron affinity A are 

token equal to +U/2 and -U/2 respectively, this is not too serious an appro-

ximation since it is compatible with the restriction that I must be positive 

and A negative for the atom to be stable, 
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(ill) the nodal is vnlid for 	non-meo;Letic case only. 

In the Llertree aporoximatio 	the donsit, of states r(G) for a:ly ,eetc-1 

orbital i-x)ie given by 	expraeion (using o 	 version 	th 

argument used in chapter 2) 

e(c-) = 01)-1 	/1(6)  
(G - 6  - A(e))2  Q(E)2  

where the effective d-level Eo is given by 

6 	.d + 9UN6/10 
	

add 	
nvr 
	= 10 4n '>, 	(5.Z.3) 

and A and La represent the energy shift and the width of the virtual level, 

defined in the usual way (e.g see chapter 2). 

Let us now assume that A and Aare energy independent. The self-consis-

tency conditions (Anderson 1961) are 

Ir°  
= (n

mq 	
f(E)de 

-co 

(5.3.4) 

together with (5.3.3), and we have taken the Fermi level at zero energy in 

(5.3.4). 

The chemisorption energy AE is then given by the relation. 

QE 	-Ed
o + 

ra- rcT - 9 
10 

(6.3.5) 

where Ed
o is the energy of the free atom, given by 

d°(N); 
= E

d 
	n,)2  - 2 ill 

=  - (1N 	 N) 	 (5.3.6) 
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and we have t.tslci the result 	The d-orbital self-energy E
d 

may be 

calculated by the use of the simplifying assumption I =-_U/2. Indeed, the 

ionization potential is given by the relation 

I = Ed°  (Pi - 1) - Eda(U) = -Ed 
- 	- 1)U 	(5.3.7) 

the second equality in (5.3.7) follows from (5.3.5). Equating (5.3.7) to U/: 

e 	we find immediatly 

E
d 	-UN - i) 
	

(5.3.8) 

and substituting back in (5.3.5), we find 

-d 
	U N2 
	

(5.3.9) 

The second term.i (5.3.5) represents the Pock eigenvalues of the Hamil- 

tonian, this term may be rewritten in the form (e.g see Newns 19696) 

0 

	 E 	
10f arctan 	A 	dE -/- 27 k ir 	- - 	 k -co 

(5.3.10 

-7 1-01 
The 	term in (5.3.5) has been substracted because it has been counted 

twice in the sum of the Fock eigenvalues. 

LiE(N) can be expanded about t = 5, it is easily found that 

2 	/dNd 	. = 0 	and 	aLE(N) 	= uk-E— — 1) 	(5.3.11) 
.3 N. N=5 N2 Nr..5 

now 	depends on N. through its _dependence on 6o which itself depends on Nd 

through equation (5.3.3). The self-consistency is easily determined and we 

find that 
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(INd 
dN 

 

10 U 

2 b + 9U, 
(5.0.12) 

ti=5 

 

where & is elven by 

4 I 	A ( - A ) 	
de 
	 (-3.0 .13) 

Equations (5.3.11) follow from the cum rule (5.2.6) where hare A = 	M 

Finally we find that to second order in (r - 5))  AE is given by the rela-

tion 

LNE(M) =  AE(5) 	U(N - 5)2 (  2 g 	U  
26' + 9U) 

(5.3.14) 

A look at equation (5.3.14) shows how the Hartree-Fock results completely 

fail to give agreement with experiment in the large U limit; in fact the 

point N = 5 becomes a parabolic minimum For values of U which are greater 

than 	While if U< 2E, then N =. 5 is a parabolic maximum in contrast to 

the observed triangular maximum. 

More complete calculations based on a semi-elliptic form for the width 

(E) give similar results for AE (Neuns 1970a). 

A similar investigation was conducted by Grimley and Thorpe (1971a) (see 

also Thorpe 1972) with a different form ofA(E) (here A(6) is still sym-

metric but it exhibits a minimum at the centre of the band (6F
) with maxi-

ma above and below 4F
). The results for AE obtained ib this case do not 

resemble the experimental curves in any way. 

None of the above mentioned models have had any success in reproducing 

the observed experimental trend. A possible explanation of these discrepan-

cies has been suggested by Newns (1970b) and by Grimley and Thorpe (1971b), 

who argue that the effects of electron correlation are important, and that 

they should be greatest in the half-filled naRn (where theory and experiment 
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are in greatest disagreement), owing to the greater number of configurations availa-

ble. In order to investigate this possibility, we must first introduce the concept 

of the surface molecule. 

5.4. Surface molecules  

The concept of the surface molecule (Grimley 1971a,b,1973) implies that the ad-

atom-substrate bond is determined by the strong interaction between the adatom 

orbitals and the localised group orbital formed from the nearest neighbour substra-

te orbitals. 

Assuming that the surface molecule approximation is a good one, then the problom 

may be described by a two atom Hubbard (1963) Hamiltonian (Newns 1970b, Grimley and 

Thorpe 1971b). The two treatments differ in many ways. 

Grimley and Thorpe (1971b) have chosen to solve their Hamiltonian in the unres-

tricted Hartree-Fook approximation. The self energies, and intra-atomic Coulomb in-

teractions, of electrons on the adatom were estimated from free atom Hartree-Fock 

results. The Coulomb repulsion II
d' 

of electrons on the substrate atom was chosen ar-

bitrarily (they showed that the choice of U, did not prove critical, as long as they 
LL 
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kept away from the Anderson limit (Uci  = 0)). Finally the self energy Ed  of the elec-

trona on the substrate atom, was fixed by the restriction that Ed  + 9Ud  <nd-7 coin-

cides with the Fermi level when <nd",' = 0.5 . 

Their results for the binding energy are in good agreement with experiment. The 

calculated charges inaicate that adsorption is predominantly neutral. It should 

also be noticed that, in this model the sum of charges on the adatom and the subs-

trate is non zero, indicating that the surface molecule does not have a fixed num-

ber 5 N of electrons. 

Newns (1970b) has used the following two-atom Hubbard Hamiltonian 

10 

H= E 	 n . + E a i=1  ai 

10 10 

i + :/?  13  . (a. +be + b. +a. ) 
i=1 

   

se_ aj 	Ij 	211 b 	nbinb j(1-S*Iij) 	(5.401) 
isi 

where a.% b.+  are creation operators, n 	ei are number operators and the atoms 

a and b represent the adsorbate and substrate respectively, the index i=1,...010 

refers to atomic d spin-orbitals. The d-orbital self energies can easily be shown 

to be equal to 

Ea 	- Ua(N - 2  ) 6 	5Ub  
b 
	 ( 5 . 4. 2) 

on the simplifying assumption that 1,4 = ILI/2 (0(= a,b),as discussed in the previous 

section. The third term in (5.4.1) describes the coupling between the two atoms, the 

pies are the matrix elements pi  = (a. 	. The last terms in the Hamiltonian re- 

present Hubbard-like intra-atomic electron-electron interactions, we remind oursel-

ves that within the Hubbard model only interactions between electrons localised on 

the same lattice site are retained. 

An estimate of the 	for the (100) face of Wmay be made from consideration 



"2r".2(' R2  %-) j = 2a,3 

= (2) 2  (R%. R3  X j) j 	1,2b$4 

= (2)7 - R j = 1,210,4 

= ( 2 ) 2  (R - R3  X . 
a
) j =2a,3 

12a 

2bi 

(5.4.30 

(5.4.30) 
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of the following bonding configuration (see fig.1), assuming a to be at the origin 

then b is an effective atom representing the four nearest substrate atoms which are 
, 

assumed to lie at (- 42,0,1) and (00+42,1). The symmetry of the d-orbitals is illus- 

trated in fig.2. It is clear from fig.2 that any d -orbital at the origin can only 

couple to a limited number of orbitals at(4-2,0). e.g for the d3z2-r2  orbital at, 

(0,0) the only allowed orbitals at (42;o) are those that have the same parity about 

the x-axis (i.e the d3z2-r2,  x2-y2  dxz orbitals). From the atomic orbitals X. 

of symmetry j, normalised orbitals of symmetry i about the axis (0,0,z) may be con-

structed. If R denotes a rotation of Tr/2 about the z-axis, then the normalised orbi-

tals are given by 

2 j = 1,2b,4 (5.4.3a) 

3 
1'3i  = 2 7  (-1 Rn x. O 

 

3  
	 (-1 )n RnX. 
n=0 

j 2a,3 

j = 112b„4. 

(5.4.3d) 

(5.4.30) 

The matrix elements between orbitals at the origin and the linear combinations 

(9.i  are now given by ,4.2-/  = 	1 H PPii> where -1)-  is the orbital of symmetry 1, 

at the origin, e.g when 1 = 1 we have 



N 
// 	N 

(01-fiv i) 

A 

y 
x 

0 -93- 

(0,/7,1) 	 (./Y,0,1) 

Fig.1 Pyramidal W4A surface molecule. 



3z2 - r2  

4 

Fig..2 • 	Symmetry of various d-orbitals in the x-y plane 
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1 j 	7 <-4)1H IRn  X i 	= 2 0-111-1 I Xj) 
n=0 

(5.4.4) 

i for the appropriate Vs, and we have used the result ‹,±R1nj = <4.1) for all n. These 

matrix elements can be rewritten in the notation of Slater and Koster (1954), e.g 

if 1 = j = 1 we have 

 
1 	 3 
1 = ,(2.02 	r21 3z2 	) r2‘ = 2 2.(ddir) 	i.(ddc..) (5.4.5) 

where we have used table 1 of the above reference with the values 1 = (2/3)21  m = 0 

and n = (3) 2, of the direction cosines. All the matrix elements may be written in 

the same notation, they are given in table 1. 

Because of the several possible values of j compatible with a given symmetry of 

the d-orbital at (0,01z)1  the Hamiltonian no longer has the simple form (5.4.1) . 

But for purposes of estimating the tys appearing in (5.4.1), we diagonalize the pro-

blem at U = 0, which gives linear combinations of the '-Q's of a given symmetry. 

Effective  I
3 's may then be calculated representing the interaction between a d-or- 

 

bital at a and the appropriate linear combination. 

The secular equation for R. is easily shown to reduce to the quadratic equation 

1 i2 _
i 	

= 0 
. • 

(5.4.6) 

The results are 

pi  = 	( 2(a002  (dc102 
	

.887(ddv) i = xy,3z2 - r2 

pi 	5  (3(dacr)  + 2 OAT) 	4.(ddS ) 	1.265 (ddir) 1  i= xz ,yz ,x2-y2 2 	.2 	/ 	2 NA 2 

where we have expressed (dal) and (dds) in terms of (Mc) using the relative values 

of Fletcher and Wohlfarth (1951). 

The integral (did) may be estimated from the band calculation5 of Mattheiss (1965) 
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2a 

2b 

3 

4 

Table I 

Matrix elements Old in Slater-Koster notation, we have used the 

abbreviations er = ddc, IT = ddirt  g = ddS. 

2a 	 2b 	 3 	4 

2(3z2-r213z2-r2)' 

2(i -Tr+ *a) 

12(3z2-r2Ixz) 

2 (1Z--- 	---42.- 

2(3z2-r21x2-1, 
2 	2 g-- ir+--- s) 3rs 	3rs 11- 	a) 3 a 	343 

f2(xrpz 2-r2 ) 
rr 	,r2-  

12(73-1-343) 

ff .  (yzlyz) 

qt r+ is) 
ii(xzixz) 

i2-(kr+in zs) 9 	9 

	

a".(yz(xy) 	. 

12A--1-1  s) 3 	3 

I(xz 1. x2-y2) 

ii(g--.-1-.....2g:s) 3 	9 	9 

1-2-(xz 13z2-r2) 
mf  IT -TT 	ff I.\ 

-i2(yze.lyz) 

-ralilr+ 4S) 

•g(xz1xz) 

fiacr+ 11424) 9 	9 

-r2-(yz )xy) 

-Nrga-lr•-• gS) 3 	3 

f2(xzlx2-y2 ) 

4411-  8) 

2(xy lyz) 

4-S) 

2(xy lxy) 

2(iir + i4") 2( 	1T- 

2(x  2-y213z  2-r2) 

-2 	2 . 
. 	c 

2(x2-y21 xz) 
gga. -,12,11-2ffs,1  

3 	9 	9 ' • 

2(x2-y21x 2-y2 

, 	2 	4 	, 2( s-cri- .4m11*  -P--  S'J 9 	9 2(TEIT + Tr., 3-4) 
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who used two different potentials W1  and 1'2. It is found that (dda.) varies from 

1.33eV for the 2E3  direction to 1.47eV for the 42, A2', and P■ 5  directions, for 

the W1 structure, and from 1.80eV to 1.89eV for the W2 
structure. If we now assume 

that pi  may be replaced by an average (3= :17° 27 p i, we find respectively from WI  
and W2 	1.48eV 	1.63eV and (3 = 2.0eV 2.10eV . 

U can be estimated from spectral data (Atomic Energy' Levels, Circular of the NBS 

467, vols II and III) on 4d atoms (17 ze.11eV), one can argue that the effective va-

lue of Iris further reduced by a quantityof the order of the Coulomb integral bet-

ween nearest neighbours. 

The Hamiltonian (5.4.1) was solved exactly by Newns (1970b). The solutions were 

expressed in terms of the eigenvectors In'  of the Hamiltonian H°, which is equal to 

H minus the coupling term between the adsorbate and substrate atoms. The normalised 

In can be written 

I n> = [h1  (11.1-n) n I f.N d _ 	.,; a  + 	 0'.4.8) 
r 

1) r  .....an+bn+1
+ 	

101 
"1 

where 10'>' is the vacuum state Pr 
are the permutation operators operating on the 

spin-orbital indices-i, and the  sum runs over the Pr
. 

The set of Pr 
s commute with H, if lq-o) is the ground state of H then it is assu-

med that 

//p.x. I *o)  = (-1)11 
	

(5.4.9) 

/N 
where (-1)r  represents the parity of Pr  

Let us define the operator N. = nai  + nbi, and its eigenvalues 1, then we note 1 

that Ni 
also commutes with H, it is also assumed that 

Ni 11'0) 	s 2 1 t) 
	 (5.4.1o) 

i.e the possibility of completely full bonds is excluded. 
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The vectors In) are also eigenstates of the operator Na = 	n
ai 

with eigen- 

value n (n = 0,1, 	h
1
) and h

1 
represents the number of singly occupied bonds 

(i.e 	) 

The matrix elements of H can then be written 

n I H In> = 2 Ua  (N n)2  + 2Ub  (5 - h1  + n)2  

< n J H In+1> 	= 	(hi  - 	(n + 1)12  = <n+1 I HI n.> 

where the zero of energy is taken at the energy of the separate a and b atoms. 

The chemisorption energy which is easily shown to be symmetric about N = 5 is 

equal to 

LNE 	(H) 	 (5.4.12) 

The problem is thus reduced to the diagonalisation of the set of matrices 
• 

	

	
(5.4.11) of order (h

1 
+ 1) for each value of h (0 4:h1 

4:10). The lowest among 

the resulting set of eigenvalues is then, equated to -AE . The results which are 

shown in fig.3 show excellent agreement with the experimental curves for certain  

values of the parameters. In the Hubbard limit (Ua  = Ub = U), almost triangular 

peaks at N = 5 are obtained for U> 4r, whereas in the Anderson limit (Ua  = U, 13b 

= 0) the curves clearly exhibit parabolic maxima. 

If tLE at N = 5 is fitted to the experimental value of 9.3e1.7" for Re on W(100) 

(Plummer and Rhodin 1968), it is found that the values of p and U obtained from 

this extrapollation are consistent with other estimates (e.g in the case U = 6p, 

we find a value of e  = 1.66eVrand a value of U = 9.9501.  which are not far from the 

values estimated above). 

Before going any further it proves of interest to consider two important limits 

to the exact solution which can be solved analytically. 
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(i) The large U limit.  

In this limit the basis set lInsy } is truncated, so that it consists of only 3 

states, which are the neutral state IN> , and the two single charge transfer states 

IN - 1> and (N 1). The secular equation then reduces to the 3)(3 determinant 

 

	

f  SAE. 	0 

	

-E 	• IT 	- ) 
5 T. ) 	_ 	U 

 

- E+ U 

0 	 (5.4.13) 

   

   

which eventually reduces to the quadratic equation 

6(6 - U) :-.: (32(11N + 5) 	 (5.4.14) 

Grimley and Thorpe have calculated AE using this approximation, they estimated that 

the neglect of multiple charge transfer states contributed at most to 80 of QE for 

large values of U (U).413). (Grimley and Thorpe 1972). 

The physical interpretation of this approximation is that the Coulomb repulsion 

on the substrate and adsorbate atoms Ua 
and Ub)

are large enough compared with the 

coupling (3 between these two atoms to prevent multiple charge transfer states ha-

ving any significant amplitude in the ground state. 

In the large U limit the smallest root of (5.4.14) may be approximated to 

12(11N 5)/tr, so that LIE is now given by 

E = p2 (11N + 5) 
	

(5.4.15) 

i.e LE varies linearly with L 

114121e  Hartreo-Pock limit 



 

<n, 7 = 1 i - 	
E b 	Ea  

a 
((Eb  - E8) 2  + 4p2)1  

• -100- 

The chemisorption problem now resembles that of a diatomic molecule. The wave-

function may be written as a linear combination of the orbitals of the adsorbate 

atom and the nearest neighbour substrate atom. 

a, fa  + b (Pb 	 (5.4.16) 

where jal2 = ‹na>, ibi2 = 60. The secular equation reduces to the quadratic 

equation 

(E - Ea)( € Eb) = (32  (5.4..17) 

where in the Hartree-Fock approximation, the energy levels are shifted to the po- 

sitions 

Ea  = Di -(N - 	+ 9<n;,, ] 

Elo  = D[-4.5 + 9(1113) ] 

C5.4.i8) 

Equation (5.4.17) has two solutions corresponding to the bonding (E ) 

and antibonding (E+) molecular orbitals, given by 

[ 
E4,  = z Ea  + Eb  + ((E - Eb)

2 + 4 
(5.4.19) 

We can now find the eidenvectors a and b corresponding to the bonding 

eigenvalue E 	and hence deduce the occupancies <a a *> and <ng, given by 

( 5.4.20 ) 

<Lib)  
1 	<nas> 



'311 	
. 	E 

((E - E)2 + 4(12) 2  dN  (E a 	b) 
a 	h  

-2p2 (5.4.23) 
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The adat3m charge <na 	
is easily obtain az: from the self-cons:etcnt 

equations (5.4.18) and (5.4.20),It is found that for U = 4p, the diffarencs 

dh =<rc> 	N = 10<n> - r,i3 zero at N . 5 as expected, and is a 

at N = 0 equal to 2.4. This value is extremely large (being in fact co:Ipa-

rable to the zero correlation result which we shall consider in full r.:etail 

later in the text). 

The adatom charges obtained from the exact eigenvsctors corres3ong to 

the smallest eigenvalue of (5.4.11) are substantially smaller (Mauna 1974) 

than the Hartrea-Fock results. 

The chomisorption energy is given by 

AE(N) = -Ea
o 	Eba  -11- 18E-  - 45U(<n) 2 	(nb)2) 	(5.4.21)' 

where Ea
o and Eb

o are the energies of the free a and b atoms respectively. 

Again we expand AE(N) about N = 5, using the partial derivatives 

mE( N)  = 0 , 	alaLui/ 	u 110 N 	 = 	
1 (5.4.22) 

N2  N=S N5 

we find the self-consistent equations 

(E0  — Eh) = U 1-1 + 15 )11.-,  are 	 N 

at N = 5 we have Ea = Eb and AE reduces to 

AE(5) = lo(a u/4) 

Finally solving the self-consistent equations (5.4.23) and (5.4.24) at 

(5.4.24) 

(5.4.25) 

N = 5, we find 



)<na)/ 
iJ 	11:-.5 

U  
2B J 9U (5.4 .25) 

which replaced in (5.4.22) gives iramediatly 

-)26E(N)  
= ( 2(3 	4U) 

2 p + 9U PI= 5 

Hence the expansion for AE(N) about N = 5 gives us 

AE(N) = 10(f - 	H2U+g)(N 5)2 
9U -,r2p 

tr. 	27■ ,-;• '1 • 

tr oiJ  l,A ^(") ‘s 40,1 

which gives us once more the parabolic trend already observed in the virtual 

level description (eq (5.3.14)) in the small U limit.. However unlike equa-

tion (5.3.14) it always reproduces a maximum at N = 5o 

These two models (Newns 1970b, Grimley and Thorpe 1971b) have shown con-

clusively that the correlation effects play an important role in this pro-

blem. Although perhaps, the excellent agreement with experiment is rather 

fortuitus, depending on the choice of the two-atom Hamiltonian. It would 

thus prove of interest to consider the situation when we include the possi-

bility of an extra substrate atom situated inside the metal, and this is the 

subject of the next chapter. 



THE THREE ATOM MODEL 

6.1. The model  • 

We showed in the previous chapter the importance of electron corrolatian 

effects in the problem of the chenisorption of 5d transition atoms on W. 

However the inclusion of correlation effects was possible only within the 

context of a oreatly simplified model consisting of two atoms only it 

would thus appear of interest to consider these effects within a mare cc11- 

plea model taking some account of the band effects. 

We do this by introducing the case of three atoms, one adsorbed atom a, 

taken to have a variable number M of 5d electrons, and two substrate atoms 

b and c both having i1/2 5d electrons (el is the total number of spin-orbitals 

we take into consideration, in the practical case of the 5d series we have 

M = 	(Muscat 1970 

The two atom Hubbard Hamiltonian introduced by Newts (1970b) (eq.(504.1)) 

is conveniently generalised to its present form 

= Ho 	H1 
	 (6.1.1) 

where is the part of the Hamiltonian corresponding to the three free 

atoms 
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Ho 
	 (alai  i=1 0( 

  

- Si  ) 	(6.',.2) j 

  

0( 

where of denotes the stun oc= al5 cl  the index i refers to the atomic d 

orbitals laid. 

We showed in the previous chapter how on the basis of t;-,e simplifying a7- 

sumption 1. = U.0,2, we can express the d-orbital self enez.bies in thn form 

4: 
a 

= -u pr i) 

Ea  = _`up - 1) oc =b,c 

( 6 .1.3) 

The remaining term in (6.1.2) describes a Hubbard like intra-atomic elec-

tron-electron interaction. 

The second term in the Hamiltonian (6.1.1) may be written 

H
I  

 

+ p.(a. b 	+ bi
+
ci 

+ h.c) (6.1.4) 

  

This represents the coupling between atoms a and b and atoms b and c, we 
notice that no hopping between a and c has been included, this is designed 

to represent the linear chain model we are using, where the adatom a inte-

racts strongly with atom b which effectively represents the four nearest 

substrate atoms, upon which a is supposed to chemisorb in the pyramidal 

structure illustrated in fig .1 of chapter 5*  and atom b interacts strongly 

with atom c. 

pi  are the transfer integrals 

= (aitHibi) = <bill-1100 
	

(6.1.5) 

these being assumed equal. An estimate of these integral , was given in chap- 

ter 5 for the various d-orbitals. We shall assume that the i  0's may be re- t 
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placed by the average le=-1,„ 11 	" i=1 

6.2. Formal solution  

The chemisorption energy LSE
3(N) which is easily shown. to be symmetric 

about M/2 is given by the.expression 

ZSE3(N) = -0> u 
- 2? 	1. .„2 

aN 
	

4 bm 	Z1E2(M/2)  (6.2.1) 

where we have assumed that Ub = Uca
N2 + 4ubM

2 
represents the energy of 

the three separate atoms, and 11E2(M/2) is the binding energy of the two 

substrate atoms i.e/1E
2 is the chemisorption energy as calculated by Newna 

(1970b) for the two atom, problem. 

LetusintroducethenurriberoperatorNi =ineu,thenN.commutes with 

H. Now if V are the eigenvalues of N
i 

and ('*O) the ground state of H, we 

make the following assumptions 

ki) 	Ni  rto) 	3 1-1.0) 

(ii) 	Nil-1kt? 	0 

(6.2.2) 

There are altogether M bonds which must be shared by M + N electrons, 

where N is an integer not greater than M/2 (we shall limit our discussion 

to the case N411/2 since ZNE3  is symmetric about M/2). Making the assumptions.  

(6.2.2) implies that we exclude the possibility of completely full or com-

pletely empty bonds i. This is not too unreasonable since the singly and 

doubly occupied bonds are more stable, and thus more likely to occur. 

Without loss of generality, we can assume that vi = 1 for 0<i<hi „Vi  = 2 



-106- 

for h1< 	M, whereh
1 and h2 = M 	h1 represent the number of singly and 

doubly occupied bonds respectively. 

The set of permutation operators P operating on the spin-orbital indices 

i also commutes with H. An eigenstate 1,>of H will therefore be simultane-

ously an eigenstate of both the Ni  and P. 

The Hamiltonian (6.1.1) may be split into two parts 

H= H + Hm (6.2.3) 

where Hn  corresponds to that part of the summation 	hi  and Hm 
to 1111. An 

eigenstate l'Oof H can in general be written in the form 

= 
n m 

1,1 i 7`j (6.2.4) 

where
n 
 

1 1 	
j are.eigenstatesofHandHrespectivelyanda.are coef- a 	m 	lj 

ficients. We shall assume that the ground state of H, -moo transforms like 

the ground state of the two-atom Hamiltonian, i.e that 

= (1)131-0 	 (6.2.5) 

where p is the parity of the permutation P. 

This condition imposes a severe restriction on the allowedaij  ; an sn-

satz which we find to satisfy the condition is the simple form 

n ,to  ( 6.2.6 ) 

where 

" = (-1)Pm m 
P T m a 	 o 

(6.&.7) 
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a d 

P = P P 
m n.  (6.2.8) 

so that 4,
o
n 

and -)t-
o
m 
have the same transformation properties as ik

o 
with 

respect to permutations on the variables i h
1 

and i) h
1 

respectively. 

Let us consider Hn. Far i
1 

we can express the solution in terms of a 

complete set of eigenstates of Hn°  (where Ha°  represents the Hamiltonian 

H
n 

without the coupling term H
rt1). 

 The states may be specified by the good 

quantum numbers of H: n
a 

and n
b$ 

these represent the number of electrons 

present on atoms a and b respectively. na  and 
nib 
 must be restricted by the 

condition na  + nb IL hl. 

The normalised vectors can then, be written 

I nal n b) = (h !n a
In, h

1 	
n,
a 	

n
b 
 I ) 

' 	- ) n P
n 

P
n 

+ 
a 	

I 

	

b 	 0/ (6.2.9) 

	

l 
....a u 	. na 	e  na+n

b
n
a
+n

b
+1....ch

1 

where 10', is the vacuum state and the sum runs over the permutations on the 

variables i=1,2 	hl. The total number of these vectors is equal to the 

number of arrangements of na  and nb  as restricted by the condition na+nb4rh1  

this number is equal to *(h1  + 1)(h1  + 2). 

For i >h
1/ 
 the solution is expressed in terms of the eigenstates of 14

m 

these are specified by two new numbers ma  an&mb, which now determine the 

number of holes on atoms a and b respectively. From similar considerations, 

we show that the normalised vectors Ima
,m

b
) can be written 

Im
a
pm

b 	
= (h m tm ! h - m - m 

2'
I 
 a' 	2 	a 	b

)))4 	 (-1)Pm P 
• m 

"*N
ot 

VrN (6,.2■10) • 

hiti ho-mabhi+ma+1.
0414113h1. +ma  +m 

c
hI +ma. +m +1 M 
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where (F) represents the state with h2 
completely filled bonds. ma 

and mb  

are restricted in the range ma + mb 
h2
, and the total number of these vec-

tors is equal to i(h2  + 1)(h2  + 2). 

The eigenstates of H may now be expressed in terms of all possible pro-

ducts (nenb,ma,mb) of states (6.2.9) and (6.2.10) all these states trans-

forming like (6.2.5). 

The total number of these eigenstates in this representatIon is equal to 

i(hi  + 1)(h1  + 2)(h2  + 1)(h2  + 2), which is a maximum, equal to [8(11+2)(11+4)]2  

when h1 = h2 
= M/2. This maximum is a rapidly increasing function of M, 

being equal to 441 when M = 10. 

In order to write the matrix elements of (H>, we must know how H trans- 

forms the vectors Imenblmemb) 	For i .4-h1t  the Hamiltonian operates only 

on the vectors inapnb) leaving Im a 
 ,mb  ) unchanged. We have 

 	noilnenb) = nix imat,nb) 	of= a,bic 	(6.2.11) 
i=1 

	 (ai+b + b +c + h.c) I na,nb) = Ana+1)nb  I na+1,nb  -1) 
i=1 

ver1Ta  67b4751%-1,nb+1> + cb+I) InaIn+1) 

.+ 1)tnenb-1). 	(6.2.12) 

where nc = hl - na - nb• 

But not all these vectors are defined, for instance if nb  = 0 or nb  = hi  

then the vectors (nenb 1) or Ina,nb+1) are not defined, if this is the 

case we put them equal to zero in (6.2.12). 

For I> h1'  the Hamiltonian now operates 
on the vectors 1 memb"*? keeping 

Ina,nb
) unchanged. In this case we find 

n 	.m.) = (h - m 	.m 	04= at blc oei• a• b 	2 	a-  b,  i=h1+1 
(6.2.13) 
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( a. i b + bi
+c + h.c)imemb = a+1)mb tmailmb-1) 

+ ‘Ima(Mb+1) Ima-10b+1> +1)1mapmb+1) 

Ngmb.")mbl memb -1> (6.2.14) 

	

where me = h2 - a 
 -A 	and any vector which is not defined is put equal 

to zero in (6.2.14). 

The matrix elements of 01> can now be written, the diagonal elements are 

given by 

(n,nb0a  ,m JHJn b 	,n 0 0 	= a 	 a(na + h2 - m - N)2  a 

	

a 	, 

+ Ub  (nb  + h2  mb  - M/2)2  + (h1-na- +ma+mb-M/2)2 
	

( 6 • 2 el 5 a) 

where we have taken the energy of the three separate atoms 2TE ° to be zero. 0( 

The non-diagonal elements are 

<nenb iHIna+10b-1> = rinb(na+1) = <na+1,nb-11Ettna,nb 	(6.2.15b) 

<n.a,nb 	napnb ••• 1 > 	nc+ 1 ) 	= <ria,nb 1 I H1na0b) 
	

(6.2.15c) 

<memb iliima+1,mb-1› = ergiTI) = <ma+1,mb-11HImemb) (6.2.15d) 

and 

<memb illima,mb  -1) = pgigT31m1b  = (ma,mb  -11HIma.mb) 	(6.2.15e) 

Equations (6.2.15) define the matrix completely. The diagonalisation of 

the set of matrices must now be performed, the lowest amongst the set of ei-

genvalues being equated to -LSE3(N) -11E2(M/2), a knowledge of L1E2(M/2) now 
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gives us the chemisorption energyAE3(N).AE2(M/2) is obtained by solving 

the Hamiltonian (5.4.1) for the case of N bonds, this means diagonalising 

matrices of order N + 1, similar to those defined by equations (5.4.11). The 

matrices (5.4.11) being in fact for the special case N = 10. 

The diagonalisation of the matrices (6.2.15) must now be performed nume-

rically. This proves to be a very time consuming procedure, and in order to 

give a detailed anlysis of the problem for many values of the parameters, 

we must confine ourselves to the study of the special case M = 6. We then 

attempt to generalise the results to the more interesting cases m = B and 

M = 10. For each 'value of N, the diagonalisation was performed for various 

values of h
1 

and h
2 and the lowest amongst the set of eigenvalues was then 

selected. 

As seen from equations (6.2.15) the matrices are symmetric. We first re-

duce them to tridiagonal form using the Householder method (Wilkinson 1965). 

The method states that if Ar  is defined as the matrix resulting from r trans-

formations, then Ar  is given in terms of Ar_i  by the relation.  

A
r 

= P A 	Pr_ r 
(6.2.16) 

Ao 
= A (the original nxn matrix) 

where 

, 
P
r 	

u 1"  u 	2K
r
2 T / 

 
(6.2.17) 

u
T 
 is the column vector whose elements are defined by 

- 

u = (u. ) 	u. 	= 0 	i = 1,2,....r 
-T 	ir 

6.2.10 

r+1,r 
ar„r 	uir 

= ari 	= = 	+1 



1 Po(A) = 

P (X) = " 1 	1 

S
r 
is the sum 

n 

= 2_. a 
i=r+1 ri  

2 (6.2...19) 

and 

2 	2 
2K

r 
 = S

r 	ar,r+lSr 
(6.2.20) 

The sign associated with Sr  in (6.2.18) and (6.2.20) is taken to be that 

of 
artr+1, 

 so that cancellation cannot occur in the summation. 

The effect of the r
th 

transformation is to eliminate all the elements of 

row r except a
rr-1 

a
r,r 

and 
 arr+1 

 After 	- 2 such reductions, the ma- 
, 	, 

trix becomes tridiagonal. Let its elements be denoted by DC = a.. 

Pi = ai, + 
, then in order to obtain the eigenmalues, we need to find the 

roots of det(A
n-2 

 - XI) = 0. This is done by constructing the Sturm sequence 

Pi(X) = (c.( .  "* X )Pi-1(X) 	
, 2 
i 	) i = 21,•• • .n 

The zeroes of pn(X) are the eigenvaluea of A. The determination of the 

roots is simplified considerably if we make use of the property of the 

Sturm sequence that the zeroes of pr(X) must separate those of Pr+1(>) (a'g  

see Wilkinson 1965) at least in the weak sense. We are interested in the 

smallest eigenvalue here, so that the problem is further simplified. Star-

ting from X1  = al, we find the root X2  of p2(X) = 0 which is smaller than 

or equal to X
1* 
 the root X

3 
of p3(s) = 0 which is smaller than or equal to 

>
2* 

and so en until we find the root X
n 

of p 
n 
(X) = 0 which must satisfy the 

inequality 
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n 	n 
L A 

-1 — 
4f. 	 4 	 (6.2.22) 

A knowledge of the eigenvector corresponding to the lowest eigenvalue 

enables us to determine the amounts of charge present on the atoms. These 

are given by 

(Not) = 	jX1,1 
2 
 (h2  - ml.r + nor) 	c(= at b 

k — 
Zpa? = 21 1 Xk 

 1
2  (ma  + mb  + h1  - na  - 

k 

(6.2.23) 

where the summation is over all the combinations on the numbers (n
a,nb'ma'mb) 

and X
k is the k

th 
component of the eigenvector corresponding to the smallest 

eigenvalue. 

The determination of the eigenvector X is straightforward, if 	is the 

smallest eigenvalue of A, then X is given by 

(A - X I) X = 0 	 (6.2.24) n -- 

subject to the normalisation condition 

X.XT  = 1 	 (6.2.25) 

The numerical procedure is straightforward, A must be transformed to up-

per triangular form, and the various Xk  can then be simply read off. 

6.3. Results and discussion  

The Hamiltonian H was solved in the case of six bonds, for many values of 
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interaction parameters Ua  and Utl. The main difference between these results 

and those obtained in a two atom calculation is the magnitude of AE at the 

maximum, in fact it was found that in general 8.E3(14/2)4iAE2(M/2). This 

drop in magnitude is not totally unexpected, a simple verification of this 

phenomenon is provided by the study of the limiting case where no correla-

tion is included (1.4(  = 0). Then the bonds are independent of one another 

and AE is equal to the product of the energy of a single bond times the 

number of bonds. In the two atom case the energy of a single bond is equal 

to -X2' where ?%2 is the smallest eigenvalue of the matrix 

A2  = p0 1 , 
o)  

(6.3.1) 

so that AE2(N) .mp 	N= 0,1, 	M/2. 

In the three atom case, the energy of a single bond is equal to -X3 X2' 

where X3 
is the smallest eigenvalue of the matrix A3 

A3  = p (0 1 o) 
1 0 

(6.3.2) 

so that AE3(N) = Mp(fl - 1) 	= 0„1„....M/2. 

We thus notice that in this case ZNE34.i.LE2. If the number of atoms taken 

into consideration in the calculation is increased, it is found that the 

energy of a single bond is an osscillatory function of the number of atoms 

(e.g AE4(N) = .83Mp, L\E5(N) ce .5M P) converging to 2/71- (the result obtained 

for an infinite number of atoms in a linear chain) (e.g see Newns 19690. 

The limit of no correlation is an important one, since the chemisorption 

energy with U.> 0 should be smaller than: the chemisorption energy with U = 0. 

This means that LE3(M/2) < mOrf - 1) for all non-zero values of Ua 
and 

Ub« If we now take M = 10, and equate this maximum value to the experimen-

tal value for the chemisorption energy of 9.3eV (Plummer and Rhodin 1968) 

for Re/W(100), we obtain very large values of the parameter p ( > 2.3eV) 
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as compared to the values estimated from band structure above. And as a 

consequence of this, the values of U as estimated from the extrapollation 

to the experimental value are much too great. 

It would thus seem. that the case of three atoms is a rather unfavourable 

case to consider, just as perhaps the surface molecule results (Newns 1970b, 

Grimley and Thorpe 1971b) are too favourable. 

Apart from the magnitude of PE at the maximum, we notice similarities 

between our results and those obtained from-  a two atom Hamiltonian. 

The qualitative variations observed by Newns (1970b) are still present 

in our model. For instance, keeping (U
a 
+ Ub) constant, we notice that the 

triangular peak at M/2 is reproduced for a Hubbard like Hamiltonian (Ua  = Ub  

= U) at large values of U, while the maximum is clearly parabolic in the 

Anderson limit (Ub  = 0' 
U
a = U), we also notice that the values of 

AE at 

a given value of i(Ua  + Ub) are much smaller in the Anderson, limit than in 

the Hubbard limit (see fig.la). 

If we now assume that Ua 
= Ub (the Hubbard limit), we see that the maxi-

mum at M/2 is parabolic for small values of U (e.g U = .4p), while the peak 

is triangular in the large U limit (e.g U. = lop) (see fig lb). 

These results for PE are in agreement with the findings of Newns (1970b) 

that the Hubbard Hamiltonian is more successful in reproducing the qualita-

tive trend in the experiments. at large values of U, than the Anderson model)  

i.e that the correlation effects play an important 'role in this problem. 

These results are corroborated by those obtained in the case M=4. (sae 

fig.2). 

This approach was extended to the problem of 8 bonds, we remark the same 

qualitative behaviour in the results for PE as shown. in fig.3(the results 

for the case of four bonds are also plotted). The curves are similar in sha-

pe, in fact they look parallel. 

If AL is kept constant, it is found that AE varies linearly with the num-

ber of bonds M, at constant U/10. While if N is taken: equal to M/21. AE is 

then found to increase parabolically with 1 (see fig.4). These results are 
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in qualitative agreement with ftewnsi perturbation theory results, equation 

(5.4.15) which becomes for a general M 

/NE 0 	, = 	E(M + 1)N1 + M/2] (6.3.3) 

The variations of L1E with M may be used to predict the curves of AE vs 

N for the case M = 10. These predicted curves are similar in shape to those 

obtained in the cases M = 6 and M = 8. 

We now turn to the charges on the atoms. These are given by expressions 

(6.2.23), the results are plotted for the cases M = 4 (fig.5a) and M = 6 

(fig.5b). Again it proves of interest to consider the simple problem of ze-

ro correlation. 

In the two-atom case, the eigenvector corresponding to the smallest ei-

genvalue of (6.3.1) is given by the relations 

(1 1 \ 	= 0 
11 11 ix2) 

together with the normalisation condition 

X
2
2  

1 X
1
2 + 

 

(6.3.4) 

(6.3.5) 

x is thus given by x = (1/5, -1/5). 

Now in the two atom case there are M bonds to be shared by M/2 + N elec-

trons, and N..1:14/2, consequently according to the assumption (5.4.10) we have 

M/2 + N singly occupied bonds, and M/2 - N empty bonds. The charges on atoms 

a and b are then easily shown to be equal to 

‘Net> = e fit? = i(M/2 + N) , 
	 (6.3.6) 

the charge transfer on the adatom Xs.N =<q - N, is a linear function of N 
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decreasing with N. For an increase in N of 1 AN decreases by f. 

In the three atom case, the eigenvector corresponding to the smallest ei-

genvalue of (6.3.2) is given by 

= (1/2, -1/1-2-1  1/2) (6.3.7) 

Nowt  there are P1 bonds to be shared by M + a electrons, consequently ac-

cording to the assumptions (6.2.2), there will be (P1 - N) singly occupied 

bonds and N doubly occupied bonds. The charges on atoms atb and c are then 

easily shown to be equal to 

1 	,1. (fl 	(i)2 + N[(z)
2.] 

+ 	*M + iN ot= etc 

6.3.8) 

= 	- a){i)2  + a{(4)2  + (i)2J = 

We notice from (6.3.8) that the charge on atom b remains constant as N is 

allowed to vary, and that the charge transfer on the adatom varies linearly 

with N 

AN = <0) N = *M - iN (6.3.9) 

ios the same linear variation found in the two atom problem. 

It is significant that whereas in the case of the chemisorption energy 

some disparity exists at U = 0 in the values of 6E between the 2 and 3 

atom cases, which is reflected in the results at U A 0, in the case of the 

adatom charges, we obtain the same results at U = 0 for the 2 and 3 atom 

problems which is also reflected in the results at U A 0. In fact our re-

sults are in excellent quantitative agreement with those obtained in a two 

atom calculation (Newns 1974). 

The results for AN which are plotted in fig.5 show that AN is very 

small in the large U limit, so that in this limit adsorption is nearly neu- 

N,4  

Nib 
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tral and any violation of the Friedel sum rule does not appear too serious 

(Grimley 1973),In the small U limit, the adatom charges are larger but still 

sufficiently small compared to results from other investigations to justify 

the use of the model. 

Let us finish by saying a few words about the results. The results for 

the chemisorption energy are rather disappointing, however the qualitative 

trend observed here is similar to that obtained by Newns (1970b) in a two 

atom calculation, and we thus conclude by again remarking the importance of 

electron correlation both on the substrate atoms and the adsorbed atom. How-

ever we note that the excellent agreement with experiment obtained with the 

use of the surface molecule approximation should not be taken too seriously, 

and that the problem is far more complex than it was at first believed to 

be. 

In this thesis we have studied two particular problems in chemisorption 

theory, and we have shown how the physical nature of the system considered 

enables us to solve the problem within a given set of approximations, and 

how these same approximations break down when applied to another problem. 

The chemisorption systems we have considered here are two of many in this 

vast field, and the diversity of techniques encountered here shows not only 

the difficulty but also the great interest that are inherent in theories of 

chemisorption. 
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2 

I - INTRODUCTION - 

The magnitude of the surface spin susceptibility of a nearly magnetic 

metal plays a major role in some approaches to the theory of chemisorptioPInd 

catalysis(2). Recently several papers(3 - 7) have appeared concerned wifE fhd 

response in the surface region to a uniform static magnetic field. These 

papers employ the Hartree-Fock approximation to describe a degenerate electron 

gas with a strong short range electron-electron interaction. One form of interac-

tion considered in the case of tight-binding models(3)(5)(7)  is the zero-range 

interaction 

V(k, 	= I 6(ki  - ki) , 	 (1) 

th where A. denotes the location of the i site. The variable R. becomes continuous 42. 

in the free-electron limt(4)(6).  Finite range interactions have also been eonsi-

dered in Ref. 6. The boundary conditions are that the electron wavefunctions 7.anish 

at a plane which defines the surface in the free electron models but which is 

usually the first atomic plane outside the surface in tight-binding models. 

The main point at issue concerns the behaviour of the surface magnetiza-

tion in the neighbourhood of I = i (Y is the interaction renormalised to unity at 

the bulk critical point). Now the Bethe-Salpeter equation for the static surface 

paramagnetic susceptibility, when expressed in terms of the magnetization,gives 

a Fredholm equation whose kernel contains a complicated "non-uniform part" due to 

the surface. It has been found that the calculated .surface critical behaviour is 

in general sensitive to any approximations made either in writing the kernel or 

in solving the resulting equations. 

Numerical solutions of the Fredholm equation exist for the tight binding 

(7) 
(with zero range interaction) and free electron models (with zero(4)(6) and 



finite(6) ranges). It has been found that in the case of zero ravage interaction 

the magnetization near the surface is strongly enhanced compared to its bulk 

value(4)(6) ; moreover a surfade magnetic phase transition occurs at a value of 

I less than unity, at which the bulk transition takes place, for the free elec-

tron model(6) 
and for some tight binding systems (). In the free electron model 

the surface phase transition occurs at 	
(6) 

= 0.985 	whereas a value as low as 

nne. I
s 

= 0.9 has been found in oti-e- bi di modal(  .
7) 
 dhe surface phase transition is 

associated with a very large uniform field magnetization as I approaches s from 

below, which near the surface is much larger than the already enhanced bulk 

magnetization(4)(6)()  . Including a finite range of interaction has been found(6) 

to suppress the surface magnetic phase transition. 

In contrast to these numerical results, the analytical calculation of 

Ref. 3 is based on the assumption that when I is close to unity then long wavelengtl, 

spatial variations on the scale of the correlation length E will be dominant, as 

is usually the case in critical phenomena. Short wavelength oscillations en the 

scale of the Fermi wavelength were thus neglected enabling the Fredholm kernel to 

be approximated by the bulk one which is of Wiener-ppf form, exactly soluble. This 

resulted in a magnetization of the form (8) 

%.11(z) = 	- e 	), 
Te() .0 	

-z/ 
	

(2) 

I - T 

where m°(z) is the magnetization at I = 0 and z is the distance from the surface. 

Since E ti (1 - 7)1
/2  as r+ 1, a feature of this Fermi-Thomas type of result is 

that the magnetization close to the surface diverges only as (1 - I)-1/2 ; this 

result was shown to be retrieved in ref. 6 when the non uniform part of the kernel 

was neglected. 	Analytical results can also be obtained0 ) by replacing the 



nonuniform part of the kernel with a separable function chosen so as to include 

Friedel oscillations in an apparently realistic way but, in that case the uniform 

field magnetization either agreed with the conclusions of the last mentionaed 

approximations, i. e. is depressed near the surface, or is ,at most, unchanged 

compared to its bulk value ; in particular no surface phase transition could 

be found that vey ; this point will be settled in section III. Another type of 

analytically soluble form of the kernel has been discussed in ref. 5, which how- 

ever leads to results depending strongly on the parameters chosen ; this model 

will be mentioned again below. 

At this stage it is of interest to compare the above results on itinerant 

magnetism with numerous studies(
10)(i1) 

devoted to localised magnetism for 

Heisenberg or Ising models. In particular the results of ref. (3)(9) and (6) discus- 

sed in the preceding paragraph are quite analogous to those found in ref. (10) 

for the Heisenberg model in mean field theory. A useful review of the results 

obtainable using the phenomenological Ginzburg-Landau equation has been given 

in recent papers(II)  which go on to discuss the exact critical exponents for the 

Ising model. In these papers, two measures of surface paramagneaic susceptibility 

are emphasised. The susceptibility xl  describes the magnetization in the surface 

region due to a uniform magnetic field, as calculated in ref (3) - (7). An 

additional susceptibility 
Xlldes 

 cribes the magnetization in the surface region due 

to a magnetic field itself localised near the surface but translationally invariant 

in the surface plane. In the phenomenological approach, results similar to those of 

ref. (3), (6) and (9) for xl, and to those of ref. (9) for x ii(allowing for the 

reasonable transposition of temperature Tc/T to the interaction -I) are obtained 

when the logarithmic derivative of the magnetization is positive at the surface. 
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However a surface phase transition in the region I < 1 is predicted for a na ative 

logarithmic derivative. 

In conclusion to the above, the numerical solutions for the exact kerneir 

of the integral equation tend to show, in the case of zero range interaction, 

enhanced uniform field magnetization at the surface and a surface phase transition 

eta" < 1. The analytical models employing simplified kernels of ref. (3)(6) 	(9) 

show on the contrary a reduced or unchanged magnetization at the surface when 

T i compared to the bulk value. The model of ref. 5 and the phenomenological 

theory
(11) 

show parameter dependent behaviour. 

A need for some explanation of the superficially anomalous surface phase 

transition emerging from the numerical calculations, together with a description 
seems to exist. 

of the singularities in X
1 
 and x

11 
associated with it-,(This we attempt in the 

following using the zero PaW21122-eillgtron model. We preface the following with 

a discussion of the structure of the kernel in real and reciprocal space. The 

homogeneous Fredholm equation for the magnetization is then inspected for a 

solution 'f' = 's corresponding to a surface magnetic phase transition by a varia-

tional technique, yielding the result Is  < 0.992. The interpretation of this 

result is discussed. The susceptibility 
X11 

 , which seems to be more directly 

related to the surface phase transition than x i  , is then discussed in terms of 

the solutions to the homogeneous equation. This relationship enables interpreta-

tion of numerical calculations of
11 
 , which we found to present less difficulty 

than X 1  . Finally an exact relationship between X 11 and the uniform field magneti-

zation (i.e.x l) is given, with results which confirm the numerical calculations 

of ref. (6). 
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II - GENERAL FORMALISM AND QUALITATIVE DISCUSSION - 

We begin by recapitulating the main points of the basic formalism, 

discussed in detail in ref. (3). The unperturbed (I = 0) wavefunctions and energy 

eigenvalues for one electron in the model of ref. 12 are given by 

i K . X 
k(X, z) = e 	sin kz 	(3) 

e(Kil , k) = .);F (ea  k2) , 

(in atomic units), where z is the axis normal to the surface, given by the plane 

z = 0, X = (y, x) is a two dimensional vector in the surface plane, and k and Kii  

are the corresponding components in reciprocal space. Using translational inva-

riance parallel to the surface a susceptibility x(Kii  z z' w) may be introduced 

through the equation 
co 

m(K61  z w) = f 	z z' to) H(K11  z' to) dz' 	(4) 

where m and H are the magnetization and applied magnetic field respectively (the 

Bohr magneton is taken as unity). These quantities appear in the form of their 

Fourier transforms with respect to parallel wavevector Eii  and frequency w. 

Within the R. F. A. as shown in ref. (3), the susceptibility obeys the Bethe-

Salpeter equation 
00 

)(m il  z z' w) = x'(cil  z z' w) + I f 	z z" 	x(Ki/  z" z'w)dz" 	(5) 
0 

in the presence of the interaction (1). Note that we suppose here that the interac-

tion is the same everywhere whereas in ref. 3 it was allowed to be different in the 

surface plane. Here x°  is the susceptibility when I = 0, and may be calculated 

starting from (3). The solution of (5) is in general difficult ; we shall confine 

ourselves to the case of static fields, non-varying parallel to the surface 
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(K, = 0, w = 0). We therefore drop the suffixes KA  , and w in the following. 

It is convenient to introduce the dimensionless quantities Z = 2kr7' 

-4- = IN(EF), and to write h = HN(EF) where N(EF) is the density of states at the 

Fermi level. A one-sided cosine transform f(b) of any function f(Z) is then intro-

duced by 

f(b) = 	f f(Z) cos bZ dZ 	 (6) 
o 

(b obviously stands for k/(2kF) ). 

This transfom_ is its own inverse. Equations (4) and (5) may now .be rezTi=en 
03 

m(b) .= f x(b b') h(b') d b' 

03 

m(Z) = f x(Z Z') h(Z') dZ' 
03 

X(b b') = 	b') + 	X°  (bb") x(b" b') 
0 

X(Z V) = X°(Z Z') +yr x.(z Z") x(z.  2') dZ" 
0 

(7 a)  

(7 b)  

(8 a)  

(8 b)  

Note that a factor 2kr  TO(EF  ) has been absorbed into X to make this quantity dimen-  • 

sionless. 

Equations (8) may be expressed in terms of the magnetization by uslng (7) 
CO 

m(b) = m°(b) + I 
	

lb b') m(b') gib' 	(9 a) 
0 

and alternatively : 

m(Z) = m°(Z) + Y f X°(Z Z') m(Z') dZ' 
o 

where m°  is the magnetization when I 0. 

0 
x has been shown(13) to be given by 

0 
X (b b') E D(b) 8(b - b') 	A( b b') 

(9 b) 

(10) 
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where 

1 D(b) = + - b2 In 4b 	1 + 	b  - b 

A(b b') = 0 ( 1 - (b + b')) +0(b + b' - 1) 0(1 - lb-b' !) 1 	(b - b')2  
4bb' 

and 

0(x) = 1, x > 0 	; 	0(x) = 0, x < 0. 

The functions D and A are plotted in Figs. I a and 1 b. D(b), which 

appears in the static Lindhard dielectric function, possesses a well-known but 

weak singularity at b = 1. The non-uniform part A is 1.myortant only in giving 

a correct description for pert:ubations in the surface region. The behaviotir of 

A(bb') is seen from (11) and Fig. 1 b to be highly singular near the points 

(0, 1) and (1, 0), and this behaviour gives a dominant contribution to Friedel 

oscillations in the surface response(12) 

The functions D and A are related by the sum rule 
CO 

D(b) =f A(b b') d b' 
	

(12) 
0 

Using (7), (9) and (12) it is easy to derive the consequences 

m(b) = 0 	; h(b) = h 

0* 
	 (13) 
m(b) d b = 0 
	all h(b) 

Returning to real space via (6), the implication of (13) is that there is na 

magnetization for a field consisting of a deitkunction at the surface and no 
1 

magnetization at the surface for any field. These results must follow for wave-

functions (3) having a node at the surface. 

It is also useful to consider the real space form of the equation (9 b) 



where x°(Z, 2') is given by the cosine Fourier transform of (10) : 

2 rm  e°  x°(Z Z') = 7 )0  jo  x°(b b') cos bZ cos b'Z' db db' 

This calculation is straightforward though lengthy, and we give only the result 

X°(Z 	= -4g(Z + Z') + g( IZ Z'l ) - 2 g(Z) 13(Z-Z')-2g(ZI) 6(V-Z)j 	(15) 

where 

g(u) - d 
	sin 
du ( 

sou u) 
	Si (u) 

n si(u) = -je° si t et 

r g(u) du = 2 

The first two terms in (15) are due to the uniform part of x°(b, b') 

(i. e. the D part) whereas the last two are due to the nonuniform contribution 

(i. e. the A part connected with interference effects at the surface). The function 

g(u) is illuctrated in Fig. 2 a ; note that although g is predominantly positive 

a small negative region exists at u ft,  4 - 5 whose importance is emphasised below. 

The full kernel x°(Z, Z') is plotted in Fig. 2 b as a function of Z' for various Z. 

We note that the magnetization for the uniform field 

h(Z) = h 	 (17) 

h(b) = h 	6(b) 

in the unperturbed (I = 0) case is found from (7) to be 

uf
(Z) - h(1 	sin Z) 	 (18) 

Furthermore, E4. 7 b written for the non interacting case, would be 

identically verif:k4 if one could approximate the kernel x°(Z, Z')-by the form 

x 	
m°(Z) (Z, Z') = 	S(Z - Z') 
	

(19) 
"h(Z) 

9 

(14) 

• 
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Such an approximated kernel would put the main emphasis on the maxima of the 

real x°(Z, Z') of fig. 2 b if one takes into account that those maxima x°(Z, Z) 

follow approximately the curve m°(Z). Therefore one expects that the approxima-

tion (19) would overestimate reality. If (19) is used in (9 b) in the uniicrm 

field case Ch(Z') = h) one finds at once : 

m°(Z)  (Z) = 
1 - I m°(Z) 

Such a form qualitatively agrees with the previously cited numerical results ; 

in particular it means that m(Z) could diverge for values of I such that : 

, i. e. 0.83 < 'I< 1 	(21) 
max m°(Z) 

therefore for values of I for which the bulk is paramagnetic. This result indeed 

exagerates what really happens since it was noted in ref. 4 that some singulari-

ty appears for fr, 0.97 - 0.99 and the value corresponding to a surface phase 

transition was found to occur at I = 0.985 in ref. 6. However the approximation 

(20) appears useful in the sense that it allows for a reasonable physical expla-

nation for the occurence of surface phase transition. Indeed, in the bulk the 

magnetization for a uniform field is : 

• 
(20) 

< 

if one naively transpose this R. P. A. result as to apply near the surface, one 

could think of the following form for m(Z) 

m(Z) = 	m°(Z) 	 (23) 
1 - I N(EF, Z) 

where N(EF9  Z) would be the density of states at the Fermi level submitted to the 



Friedel type oscillations due to the presence of the surface ; this would lead to 

m°  m(Z) = 	(Z)  
1 - 	( 1 	sin Z

) 

for free electrons
(12) 

as iv the case here. Similar oscillations are found in 

tight binding models too (13).  Therefore this hand waving type of aTgument 

allows to predict a magnetic transition near the surface simply because the sur-

face induces oscillations in the behavior of the density of states (among other 

properties),so that N(EF, Z) can be larger than its bulk value and therefore (23) 

predicts then a divergence in m(Z) near the surface. As we shall see the real 

Z dependence of m(Z) is not that simple and it even appears impossible to be cal-

culated explicitly. However we believe that the above argument renders understan-

dable the magnetic surface phase transition found numerically. We also beD4ve that 

any feature which would smooth out the surface oscillations (a finite range for 

I(6  as well as surface roughness or mean free path effects) would tend to suppress 

the divergence in m(Z) so that one would recover the results of ref 3, 9, 10 

and 11, i. e. a depression of magnetism near the surface rather than an enhancement. 

Indeed a finite range for I was shown
(6) 

to lead back to the results of ref. 3. 

For practical purpose3, we expects that experimental data measuring surface quanti-

ties will strongly depend on the precise characteristics of the sample used much 

more than bulk experiments. 

III - EXISTENCE OF SURFACE PHASE TRANSITION. 

A surface phase transition will correspond to the existence of a solution 

to the homogeneous equation 

co 
m(b) = Y fo  x°(b, b') m(b') db' 	 (25) 

when I==IS  < 1. 

(24) 
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One ma,.31 which enables (25) to be solved exactly is obtained on repla-

cing A by the separable function(9)  

A(b, b') = a D(b) D(b') 
	

(26) 

where 

a= f0 D(b) db 
0 

The choice (26) is the only possible symmetric separable function 

satisfying the sum rule (12). It is in fact possible to find an approximate 

function D(b) which cn substitution into (26) and (8a) reproduces quite well 

the unperturbed susceptibilities 4 andX;1 
(9 ) . Now on substitution of (26) and 

(10) into (23) we have 

D(b) 	
0 	 (27) 

0 	1 - YD(b) 

For any reasonable D(b) we should have 0 < D(b) E 1, as is the case for the exact 

function (11). With this condition the left hand side of (27) is always positive 

so that (27) can not be satisfied. We conclude that no surface phase transition 

exists in the separable model (26) with any reasonable D(b). Hence the separable 

approximation is unreliable, and we turn to methods based on the exact kernel (11). 

An analytical approach which retains the exact kernel may be founded on 

a variational solution of the homogeneous equation (25). Using a Dirac-like nota-

tion, we rewrite (25) as 

f 1 m> = 1 m > 
	

(28) 

Or 

(1  - X°) Im> =Elm> 
	

(29) 

where 	E = ( 1 	 (30) 
I 

We shall assume that the eigenvalue c belonging to eigenfunction 1 S > which we 
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are seeking is the lowest eigenvalue of (25). Hence we are looking for an eigen-

value E which is lthe lowest eigenvalue of (29). It follows that if I m > is 

a trial function, then there exists the variational equality 

E 	< < 	I  (1  - Xo)  I  in  > = F 	 (31) 

< m m > 

Since (30) implies that E5 < 0 if 0 < Is  < 1, than a demonstration that F < 0 

is equivalent to proving that a surface phase transition exists. 

This can' be done by employing the trial function 

-AZ  sin Z m(Z) = e 	 (32) 

For A = 0, this is proportional to the unperturbed uniform field magnetization 

(18). The function (32) was used by one of the present authors in deriving a 

correction to the Fermi Thomas static dielectric response (32'.  

We wish to calculate F(X), obtained by inserting'(32) into (31) and 

eventually to minimize this with respect to A . We first note that in recipro-

cal space 

2X m(b) = ( 

	

	8( 1 - b))/11 
/r( x2.4. b2) 

from which it is easily shown that the denominator of (31) is 

mi(b)2  db = 	tan I  (1) 4' I ) o IrA 	X 	2 

Unfortunately the evaluation of the numerator of (31) is difficult except in the 

limit A 0. In this limit the leading term of (34) is 7 (it . A )-1. Hence in 

order to evaluate (31) to order A, it is in fact sufficient to evaluate the 

numerator of (31) only to zeroth order in X. We first evaluate 

r (1 - D(b)) m(b)2  db 
0 

•1 = 7r - I (1 - D(b) ) db + 0(X) 2 ,o 

it 	 1 
2 11.1  (2n-1)(2n-1757- 	0(A)  

0.134 + 0(X) 2 

(33) 

(34)  

(35)  

(35) 
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Similarly we find 

	

00 0 	C 0 

	

Jo 	fo  A(b, b') m(b) m(b') db' db 

= 	+ 7-2L• 	db fo  di)" A(b, bt ) + 0(A) 

_ 1 7 
I

1  

1 § 2   
11=2 (n4-2)2  (n-1).  

- 0.21 	 + 0(X) 

hence we have 

F(X) = •22 A 0(X2). 	 (40) 

Eq. (40) demonstrates that even when A -1- 0, the variational function (32) is good 

enough to give F < 0, i. e. to show that a surface phase transition exists. 

It is evident from (40) that E may be lowered by increasing A. At finite 

A the integral on the left hand side of (35) may be performed as a numerical qua-

drature, and this is also true of the left hand side of (37) which,may be analy-

tically reduced to a single variable integration. Performing these quadratures 

F(X) is found as a function of A, giving a minimum at A = 0.08 at F(X) = - 0.008. 

Using (30) we thus have 

;34,5 0.992 	 (41) 

This result should be compared with that of ref. 6, IS  = 0.985, obtained 

from a numerical solution of the inhomogeneous problem with a uniform field and a 

zero range interaction. 

We attempt to interpret these results physically by rewating the non-

uniform part of the kernel in real space using (15) and (16), when (31) can be 

written 

(37)  

(38)  

(39)  
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F = 	ff (1 - D(b)) m2(b) 
< m I m > 

(42) 

+ fc°  m(Z) 	g(Z') m(Z') dZ' } 

We note that for small b 

1 - D(b) = b2/3 	 (43) 

so that we are tempted by analogy with the one-particle Schr8dinger equation 

to interpret the first and second terms of (42) as kinetic and potential 

"energies" and F < 0 as the condition for a "bound state". For A small 

(and A = 0.OBis quite small) the main term in the "kinetic energy" comes from 

the second term in the magnetization (33) which using (43) is approximately e 

I fl  Jo b2  db = --. This is a slight undevecimate compared with (10) but it is clear 
9 

that the "kinetic energy" comas essentially from the small b region, and the 

logarithmic singularity in D(b) does not play any very important role in deter-

mining its value. 

The"potential energy" term in (42), though not simply related to a 

potential function, nevertheless has the form of a double integral containing the 

product g(Z) m(Z). The function m(Z) (32) at A = 0.08 is plotted in Fig. 3, and 

is seen to be dominated by a peak at Z = 4.5 which coincides with the minimum 

in g(Z) (see Fig. 2 a) so that m(Z) g(Z) possesses negative values near Z = 4.5. 

Now the second integral in the double integral is weighted by the factor m(Z) 

so we can see how the integral might lead to a significant negative value overall 

despite the fact that g(Z) 4s a mostly positive function. 

Our interpretation is thus that by peaking near Z = 4.5 where g(Z) < 0 

m(Z) is enabled to derive a negative"potential energy" froth the "potential' g(Z), 

but the m(Z) function is not too sharply peaked to build up significanekinetic 

energy" enabling a "bound state" 
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to be formed. A useful comparison is afforded with the work of Ref. 5, in 'which 

an approximate kernel was employed which nevertheless possessed the struetnre (15) 

when the parameter a was allowed to become infinite. The function g(Z) then took 

tha form 
-21 Z I / 

g(Z) cc e 	 = const.) 	(44) 

This form is always positive, though otherwise not unlike the correct g(7,), end 

it is significant that an exact calculation of the uniform field susceptibility 

using (44) showed no sign of a surface magnetic phase transition. 

The exact kernel with finite range interaction has been considered in 

ref. 6. We shall not consider this in detail here, but we note that in this 

model the "potential energy" term now contains m(Z') g(Z), where (Z' Z) is 

finite due to the finite range of the kernel. Hence •given a magnetization highly 

localised near the minimum of g(Z) will be affected by the strongly repulsive 

"core" of g(Z) to an extent increasing with interaction range. In this way the 

negative contribution to the "potential energy" can be easily counterbalanced, 

giving a qualitative understanding of the disappearance of the surface phase 

transition(6). 

IV - THE SUSCEPTIBILITIES x AND xi  

The kernel x°  may be expanded in terms of the complete set of norma- 

, 
lised eigenfunetions I n > with corresponding eigenva lues In;  belonging to the 

homogeneous equation (28)
(4) 

: 

X
0 .±.1.><Ed 

n T n 
(45) 
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Using  (45),(7) and (9), the solution 1 m > of the inhomogeneous equation for 

magnetic field 1 h> can be written 

1 m  > = n In > < n 1 h> 	
(46) 

If I is vary close to IS' and if h is a magnetic field localised near the surface, 
then the term in (I - I) should dominate (46), son we have 

1 m>  > 	 ; 
I r- s 

I 4. Ts  (47) 

or 

m, (Z) 
m(z)  

T - I 

where ms(Z) = < S 1 Z > . 

f ms(2) h
(Z) dZ (48) 

The susceptibility xll  is loosely defined as the response in the surface 

region to a magnetic field localized near the surface. This susceptibility is seen 

from (48) to diverge as (I - I) 	near the surface phase transition;. 

A convenient form for h(Z) proves to be 

h sin Z h(Z) = -------- (49) 

and we shall here define xi, as the response to (49) at h = 1. We have performed 

a numerical calculation of the magnetization which is appropriate for a film of 

thickness k with the applied field h(Z) - 	Z). In this case the equations 

resemble those given by one of the present authors for the film dielectric res-

ponse(12) 

I (' 17 40 mb = m°b 

CI) " 

 

6' X 
bb' hb' ' 

(50) 
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where 

b = (2n 1) 	. Here 	is is given by 

xbb r = Abblr 

	 b b' 

• 

(51) 
S 
	Abb' ebb b'0 b 

It is necessary to truncate the infinite matrix 4, at b = b' = bo  after which 

(50) is soluble by a standard routine. The choice b0  = 3, leads to negligible 

error for I .1. 0.95 but b
o needs to be increased in the region 0.95 < I < 

Furthermore the computed magnetization will only correspond to the single :surface 

problem studied in this paper if 2, greatly exceeds the range of the magnetization 

m (2). With these limitations reasonable accuracy has been achieved except for 
WWI 

the largest value I = 0.983 employed, where our results may underestimate m(Z) 

by 20 %. 

Equation (48) suggested plotting 1/m(Z) versus 

I at fixed Z, a value Z = 4.5 close to the maximum in m(Z) being chosen. The plot 

prot,.ed to be accurately linear in the range 0.95 .1 I < Y
S'  with intercept at 

IS  = 0.985. This is in agreement with the IS  obtained in ref. 6 from a similar plot 

in the case of a uniform field, which actually presents a more complicated problem 

(see below) 

According to Eq. (48), the quantity (I - 	m(Z) should be proportional 

to ms(Z), and thus be independent of Y. This function is illustrated in Fig. 3 

for various I, verifying that this prediction is fairly reasonable and also giving 

us a plot of the function m8(Z) which is the exact solution of the homogeneous 

equation. Fig. 3 also shows a plot of as  - a) m(Z) calculated by substituting the 
normalised variational function (32) into (48) for ms(2). We see that the exact 



- 19 - 

rs(Z) is even more sharply peaked at Z = 4.5 than the variational function ; in 

the context of the discussion of the previous section, this presumably gives an 

even more dominant contribution to the "potential energy" from the g(Z) < 0 

region than in the case of the variational function. 

We now turn to the uniform field susceptibility xi , which has been the 

subject of most previous studies(3)(7).  It is easily shown that a relationship 

exists between the magnetization muf(Z) in the presence of the uniform field (17) al 

and m(Z) corresponding to the local field (49), which is exact within the context 

of the present model. This relationship is straightforward : 

of  (Z)
= of  (Z) - I m(Z) (52) 

 

- 

Caere e
f 
 (Z) is given by (18) ) and can be obtained as follows 

u 

We define the function m(Z).  as : 

	

m(Z) = of (Z) - f x° (Z, Z')  of (v) dZ' 	 (53) u 

We replace it ref. (53) muf(Z) by its expression (9 b) in terms of the Bathe 

Salpeter equation. It thus appears that m(Z) obeys the same Bathe Salpeter equation 

(9 b) with a source term m°(Z) given by : 

m°(Z) = ef(Z) - I x°(Z Z') muf° (Z') dZ' 

f x°  (Z' Z') ( h 	m:f  (Z') ) dZ' 	(54) 

' f x°(z Ze) h sin ZdZ' 
2' 

hence m(Z) and m°(Z) are the magnetizations (in presence and absence of interaction 

respectively) for the local field h(Z) = h 5111 Z . On the other hand, if one eli-

minates fx°(Z Z') muf  (Z') dZ' between (9b) and (53), one obtains at once the 

relationship (52) 
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Eq. (52) may be regarded as a relationship between xi  on the left hand side and 

m (Z) (= x11). Substituting (48) into ((52) we have for I near 7--  

m°e(Z) 	i'm(Z)<S1h,- 

muf
(z) = (55) 

1 -I 	(1 -T.) (IS  -I)  

For small Z, the second term of (55) will be dominant. This has a double divergence 

at I.= 1 as well as I = IS, so that an enormously large uniform field magnetiza-

tion may occur at I near Ts, which has the form of ms(Z). At large Z, ms(Z) 

will be small and the first term of (55), representing the bulk enhancement nlon?, 

— 	 -1 will be dominant. Thus if 	we can say that x1 diverges as (1 - I)-1  a --f) 

but muf(Z) itself displays a complicated Z-dependent behaviour as a 

function of T.  and Z. 

We have inserted the computed localised field magnetization m(Z) into 

(52) and obtained results in excellent agreement with those of ref. 6. 

At this point it is appropriate to compare the numerical calculations 

of this paper and ref. 6 with those of ref. 4 since all refer to the same kernel. 

The most notable point is that a numerical solution of the homogeneous equation 

(2C) was carried out in ref. 4 but no eigenvalue Is  < 1 corresponding to a surface 

phase transition was found although the approach of a si-Igularity around 

I 0.97 - 0.99 was noticed as already recalled in section II. Nevertheless 

insertion of the eigenvalues and eigenfunctions of (28) into (46) predicted results 

for the uniform field magnetization in reasonable agreement with this work and 

ref. 6 up to I.= 0.95. Presumably, though insufficiently accurate to separate a 

"bound state" from the "band" I I, the technique of ref. 4 replaced this bound 

state by a virtual bound state which gave nearly correct results in (46) for the 

region 0 < ic,< 0.95. 
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Finally we wish to point out that the relationship (52) is not confined 

to the precise kernel x°  which has been employed above. The result is appropriate 

for any reasonable x°  ; if the definition (49) of the local field causing the 

magnetizaticn m(Z) is replaced by 

h(Z) = h m:f(2) 	 (55) 

Since m°  (7) 4' h as Z 4- co , (56) is indeed seen to be a local field. 

V - CONCLUSION - 

The point of departure for this paper has been the finding of a large 

surface-uniform field susceptibility xl
(4), followed by the identification of surface 

M(7) magnetic phase transitions , in numerical H. F. calculations on enhanced parana- 

gnets. In view of the fact that some approximate analytical calculations
(3)(5)(9) 

have shown small uniform field magnetizations near the surface under trajogous 

conditions, with no surface phase transition, our aim has been to gain some further 

insight into the former results especially since, as was shown in section II, we had 

the f el jng that the surface magnetic instability could be simply interpreted in 

terms of the oscillations in the density of states caused by the presence of the 

surface in its neighbourhood. We have worked with the free electron model, with an 

infinite square surface barrier, and a zero-range electron-electron interaction I. 

The existence of a surface magnetic phase transition implies a solution 

of the homogeneous equation (25) for the magnetizaticn at I = is  < 1. Using a 
simple varictional function, we demonstrate essentially analytically that IS  < 1 

and we 'find an upper bound IS  < 0.992. The "non-uniform part" of the kernel cf the 

equation (25) plays an important role, and its structure is revealed when the 

kernel is written in real space in terms of the function g(Z). An analogy is 

noted between the existence of a surface magnetic phase transition and the separa- 
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Hem of a bound state in the one-particle SchrOdingen equation, in which the non- 
, 

uniform part of the kernel plays the role of an attractive potential energy. Tha 

aolution ms(Z) to the homogeneous equation at I = I posesses a large peak at 

Z tz 4.5 where the function g(Z) is negative, enabling a negative"potential energy" 

to be  achieved despite the strongly repulsive nature of the "core" of g;Z). The 

function ms(Z) at Z > 4.5 shows slaw exponential decay with oscillations ; we 

have noted that, by adopting this form, the variational function retains a rela-

tively low "kinetic energy". A model calculation(5)  with a kernel of the correct 

form but with non-negative g(Z) showed no evidence of a surface transition, consis-

tent with the above argument. Other analytical calculations(3)(9)  did not retain 

the correct complete form of the kernel and again found no evidence of the surface 

phase transition. If however the interaction I has sufficiently long range, then 

even a function ms(Z) 413drply peaked at Z = 4.5 will be broeVet into interaction 

with the repulsive part of g(Z), and a surface phase transition should be inhibi-

ted, as found in ref. 6. 

. — — 
The susceptibility in the paramagnetic region I < I may be investigated 

• 
in via AA expansion'eeigenfunctions of the homogeneous equation (4). The magnetization 

for a field localised at the surface is proportional to (IS  - 1)-1  mc(2) when 

I 4. IS' 	 ' so that if x11 is the surface-surface susceptibility then 	a (1 - I) x11  

In fact choosing the local field h(Z) = h sin Z/Z we have calculated the megneti-

eation numerically, and used the latter result to estimate  • I = 0.985 (in 

agreement with ref. 6, 7) and also to illustrate the function m,(Z) (7ig. 3). We 

have found an exact relationship between the uniform field magnetization and the 

magnetization corresponding to the eabove local field h(Z). The magnetization for 
•■••• 

a uniform field then takes the form (55) when I + TS
' In the latter limit the 

- 

surface-uniform field susceptibility xi  is then seen to posers the strong diveegenc. 
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xi  c. (is  — I)-1  (1 — i)-1. On the other hand if Z w at fixed Y, the bulk 

magnetization m = (1 - Vi  is retrieved. It may be coincidental, but should be 

noted that the figure given in Weiner's paper(7)(8)for the f.c.c. (100) surface 

at I = 0.9 shows comparables enhancements for the uniform field magnetization 

and the "local" susceptibility )(Z, Z), in ccntrast to the above. 

In chemisorption applications(1)(2),  the spin of an atom on the 

surface is assumed to be coupled to the spin fluctuations of the solid via a 

short range exchange interaction. In this problem the perturbing field is 

thus localised near the surface, but also localised about a point in the surface 

plane, and the appropriate susceptibility is only approximately xll , though 

evidently x
1 is inappropriate. In the absence of a surface phase transition 

Gin burg-Landau equation01)  predicts that )(11 is enhanced, with only a cusp 

at 3 = 1. In terms of the HF itinerant model, we can rewrite Eq. (52) as 

M(Z) = I 1  ( e (Z) - (1 - I) III (Z)). uf 	•   (57) 

Thus the magnetization m(Z) due to the local field (56), which enters x
1 ,, will 

in general be uuer;lanced unless mui(z) diverges at I = 1 more strongly than 

(1 - 1)-1  or posesses a singularity at I.= I < 1. Hence calculations with 

zero-range interaction(3)(6)(9) showing m
Uf(Z) to be enhanced less (or as) 

strongly near the surface than (as) in the bulk should tend to show an unenhan-

ced 
X11.  On the other hand, in the presence of a surface phase transition, 

—  m(Z) and x
11 diverge like 4I - IS)

-1 
 as shown above. Nevertheless, we have found, 

for the model studied in this paper, that at a practical enhancement such as 

= 0.957. m(Z) has the unspectacular maximum value of m(4.5) = 0.66 h, for 

the local field (49). A more significant 
x11  could however result if 
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(s) I
s 
were closer to the actual I of the solid (wereee01%iner's finding of 

Y = 0.9); (b) the overlap < 3 I h > of the applied local field 11(Z) with the 

solution m (Z) at I a  Y of the homogeneous equation were larger than is the 

case for (49). On the other hand, since the surface phase transition isTphenome-

non of long wavelength in the surface plane, the divergence associated with it 

may enter in diminished form into the susceptibility seen by an adsorbed atom. 

It is difficult to make a general statement, but the possibility that this suscep-

tibility be large seems likely to depend on (i) the existence of a surface phase 

transition with Y close to the IF of the material (ii) a fairly long range atom-

metal exchange interaction. Strongly edAnced paramagnetism in the bulk does not 

appear to be a sufficient condition. 

It is necessary to take into account a number of factors before a pre-

diction of the occurrence of a surface magnetic phase transition in a real mate-

rial can be made. Weiner(7) found that the occurrence of the transition was sen-

sitive to the parameters of the model, and the sensibility to interacticn range 

found by Zaremba and Griffin(6)  has already been noted. The effect of taking into 

account the finiteness of the potential barrier presented by the surface is still 

unknown. The possibility that I be different in the surface layer from its bulk 

value was considered in Ref. 3, and a larger surface value of I was found to 

facilitate a surface phase transition. Such a variation of I is probable because 

both the Herring screening of I (14)  and the Kanamori t-matrix effect(15) sltould be 

sensitive to the surface environment, but the total sign of the effect is diffi-

cult to predict. At a real transition metal surface effects such as band degene-

racy and the transfer of electrons between sand d bands need to be considered. The 

cumulative complexity of these phenomena, given the apparent sensitivity of the 
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surface pita,ee transition to parameters of the model, evidently renders predic-

tion somewhat hazardous at this stage. 

Our discussion in this paper has been cn the basis of the molecular 

field approximation, which may be poorer for surface than for bulk problems 

since the former present a situation somewhere between two and three dimensions. 

(16Pati 
Furthermore it appears 	ile  R P A is correct, at 0°K, for uniform bulk 

systems, when translational invariance is broken up in the case of a local impu-

rity perturbation, R. P. A. is not sufficient, and beyond that, the effect of the 

fluctuations is to prevent the approach of the instability. If we extrapolate 

this statement to the present problem, which is another example of breaking doon 

of translational invariance, it might be that the fluctuation effects suppress 

the surface instability. Taking over a result from exact studies of the Teing 

model(11), xll  may in fact posers a very weak divergence at I =e I even in the 

absence of a surface phase transition, rather than the simple cusp found in mole-

cular field theory. This may render our comments on the possibility of finding a 

large susceptibility seen by an adsorbed atom a little too restrictive. 
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FIGURE CAPTIONS 

Fig. l (a)  : The uniform part D(b) of x°(b, b') versus b, for :la (12). 

Fig. I (b)  : The non uniform part A(b, b') of x°(b, b') versus b 

fixed b',formula (12). 

for several 

Fig. 2 (a)  : The function g(u)!g(o) versus u, formula (21) 

Fig. 2 (b)  The function 	x°(Z, Z') versus Z' for several fixed Z, formula (20) 

---, the charge neutrality boundary. 

Fig. 3 	: Broken and dot-dash curves ; • (IS  - 1) m(Z), where m(Z) is magneti- 

nation for local field (49). Full curve ; normalised trial function 

m5(Z) (see Eq. (32) ) for A = 0.08, multiplied by < S 1 h >. 
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