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ABSTRACT

The differer® approaches to stability which have been made
by various authors are discussed and an abstract framework is
formulated within which considerable unification of the existing
theories is possible. This framework is then used as a basis for
investigating in detail an initial value problem for an ordinary
differential equation and an initial value problem for a partial
differential equation. In the case of the initial value problem
for the partial differential equation the definition of the problem
may include boundary conditions or the problem may be of pure
initial value type and it is shown that different stability
equations arise in these two cases. The problem without boundary
conditions has traditionally been investigated using Fourier
methods of stability analysis but it is shown hete that the same
results can be obtained by direct analysis of the matrices
involved. This is achieved by formulating the problem so that
the matrices have circulant form and using the special properties
of such matrices., An appendix is included in which the properties
of these circulant matrices are developed. Also a wide class
of problems is found for which it is possible to transform a
problem inveolving boundary conditions to a problem in which the
boundary conditions are replaced by periodicity conditions.,

The transformed problem can then be investigated using

Fourier methods or the new direct approach based on circulant



matrices. These methods lead to necessary and sufficient
conditions for stability in terms of conditions on the powers
of a matrix known as the amplification matrix and a survey on

the results associated with the amplification matrix is given.
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Te Introduction

1«1 Introductory Remarks

Finite difference schemes for thec solution of an initial or
boundary value problem for an ordinary or partial differential
equation yield approximations to the solution at a set of grid
points in the domain in which the true solution is defined, The
convergence of the approximate solution to the true solution as
the grid spacings approach zero depends on the differential problem,
the difference scheme, and (in the case where the domain is a
region of more than one dimension) on the manner in which the
grid spacings of the various dimensions approach zero. In
attempting to design difference schemes which are good approxi-
mations to the differential problem it is found that some
apparently sensible difference schemes are not convergent. Thus
1t is essential that we have an adequate theory of difference
schemes and their convergence properties. Contributions to the
theory have been made by Dahlquist (1956) and (1959) and Henrici
(1962) and (1963) for ordinary differential equations and by
Lax and Richtmyer’(1956), Richtmyer (1957), Godunov and Ryabenki
(1964) and Richtmyer and Morton (1967) for partial differential
equations. These authors have defined two properties of the
difference schemes, consistency and stability, and shown that
these two conditions are sufficient and in many cases necessary
for convergence. Each of the authors has rcstricted himself to
particular classes of problem and although there is considecrable

compatibility of the ideas involved some of the concepts and



terminology differ from author to author. The abstract frame-
work which is presented here gives a basis for the unification of
existing theories and for the further development of the ideas
involved. This abstract framework is presented in Section 2

and applied in detail to typical ordinary.and partial differential
equations to show the practical implementation of the abstract
scheme. At a late stage in the development of the theory it was
found that the ideas were rather similar to those used by Stetter
(1965a), (1965b), (1966), so that the theory cannot now be regarded
as an entirely new development. However in applying this theory
in detail to particular examples it became clear that certain areas
of stability analysis were in need of clarification and further
investigation. The Fourier method of stability analysis is widely
used but is only theoretically justified for problems without
boundary conditions. In Section 3.4 it is shown that a wide class
of problems, which include boundary conditions, can be transformed
into an equivalent problem without boundary conditions in which
Fourier methods of stability analysis can then be used., In
practice the results derived from Fourier methods may often be
wrongly used to give stability criteria for problems with
boundary conditions but using the theory of Section 3.4t it is
possible to design finite difference schemes for which the
stability properties can be rigorously stated. A further
difficulty associated with the use of Fourier methods in the
Lax-Richtmyer theory is the necessity of creating an extended

Function defined for all values of x from the mesh values given



by a finite difference scheme. It is shown in Section 3.6

that for the problems in which Fourier methods can be used

an alternative approach can be adopted which is based on the
properties of circulant matrices and involves only the mesh
values produced in the finite difference scheme. Both of these
approaches lead to conditions on the powers of the amplification
matrix and the theory associated with the amplification matrix
is presented in Scction 3.7.

The work does not include a discussion of the influence of
round-off error since it is clearly necessary that a difference
scheme be stable in the absence of round-off error. However the
reader will note that the quantity A in the stability formulation
could be modified to include a term for round-off error as well as
the consistency term., Convergence could still be established in
the theoretical situation where the round-off error becomes zero
in the limit as h = O.

Before giving the precise definitions of consistency and
stability it would be helpful to discuss some terms which are
used in connection with stability, for example in Fox (1962),
Modern Computing Methods (1961), Dahlquist (1959) and Henrici

(1962).

1.2 Inherent Instability

Consider the equation %% = y=-t, ylo) = s+ 1 which

has the solution y = set + t + 1. The exponential part of the

solution of the differential equation will be represented by a



part of the finite difference solution which increases in a
similar manner. Thus even for schemes which are stable according
to the definition given later, if is found that initial, round-off
or truncation error gives rise to an exponentially increasing error
which will normally be insignificant compared to the true solution.
If the initial conditions are chosen so that s = 0, i.e. Let y =1
when t = O, then there is no exponential part to the true solution
but the exponential growth of the error in the finite difference
solution will almost always be present and may eventually dominate
the approximation to the true solution. However, this is due to
the sensitivity of the result to small variations in the initial
data and this type of ill-conditioning of the differential problem

is inevitably reflected in the solution of the difference scheme.

1¢3 Partial Instability

This type of instability, which is singled out by many authors,
is a situation where too large a size of h results in a poor
approximation to the solution of the differential equation. It is
not true instability since it can be removed by reducing the size
of h but in some circumstances the effect of partial instability
is particularly noticeable., For example this occurs when a known
decreasing true solution is transformed into an increasing finite
difference solution.

Consider the initial value problem

y(o) = 8

} (1.1)
ay  _
ay =M

with A>0,0 ¢t ¢ T.
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If we define a set of mesh points
T

Dz {t"sm:h=% n=0,1, .. N

we can use a simple Runge—Kutta formula to provide a solution on Dh.

]
i.e., for the problem y = f(t,y), y(o) = s we use n° = s,

nn - nn—ﬂ + % f(tn~1, nn—1) + % f(tn , 17n—1 + hf(tn—ﬁ’ T)n—’l))
n-= 1, 2, oo b N

where nT is the approximation to y(t™).

n n-1 2 22
The equation gives n° = 1= (1 - hA+h -

and we see that for hAD> 2, 1-hA + h° A2/2 > 1.
The sequence nn is then increasing and cannot represent y = ase-'At
in any way satisfactorily. We see from the above example that for
large values of A a small value of h is required, Thus in
equations of higher order than one, or in simultaneous equations,
which give rise to more than one value of A the largest value of A
will dictate the step size. This means that a rapidly decreasing
exponential solution can require a very small step size even after
its contribution to the solution has become negligible.

An example of this is given in Modern Computing Methods (1961).
Using a simple fourth order Runge-Kutta method on the initial value
problem

! -10y + 6z

Al

1

with the initial conditions y(0) = 4, 2z(0) = C we find solutions

_Aqx -A.Zx -A1x _Aax
¥y = 2e +2e ; 2 = 3e ~ 3e where A1 =1, Aé = 19.
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In order to avoid increasing terms the step length must be
chosen so that
n A< 2.8 i=1, 2
which give respectively the condition h < 2.8 and h < 2.8/19 % 0.14.
Thus, the step length must be taken less than O.14 even after the

part df solution giving rise to this condition has become

negligible.

1.4 Stability of Multistep Methods

1;4.1 Strong Instability

| hiThis type of instability is associated with multistep methods
in which spurious terms of the finite difference solution increase
without limit. A decrease in the size of the mesh cannot remove
strong instability. We give:. an example of strong instability
for the problem (1.1) with s =1, A = 1 which we solve on the
mesh Dh of Section 1.3 using the explicit finite difference' equation,

involving values at three points, which has maximum accuracy.

e 7%= WP 4 5P 4 R(L™ 2179

n-1 n-2

giving 7+ 4(1 + W™ ~(5 - 2n)7n = 0

with solutions n" = a,](p,l)n + aa(pz)n where the quantities

a, and a, are dependent on the initial conditions.

Lim p1 =1 and Lim Py = =5 so that the first term is the
h =0 h =0

approximation to the solution of differential equation but the

second term is a spurious solution. If the initial conditions

are represented by the equations no =8, nq = 8,, which are

consistent if so = 8, Lim 5, = s, then we can solve for a, and ase

h =0
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a, +a, =8 =1 a

178 =58, GPq 8Py =8

2P2 = &1

Hence a, = (s, - p1)/(p2 -pq) = (s, - p1)/(-6 + r(h))

where r(h) = O0(h). In the particular case where s,(h) = p,(h) then
ay = O and the scheme would be convergent, However, it is desirable
that a scheme should be convergent for any consistent initial
conditions which is not the case in this example. If s1(h) =

p1(h) + O0(h) then a, = 0(h) and the second term of the approxi-
mation at the end of the range equals,

T
0(h) . (=5 + o(n)®

which is unbounded as h approaches zero for fixed finite T,
The phenomenon of strong instability has been fully considered
by Dahlquist (1956) and (1959) and Henrici (1962) for ordinary

differential equations.

1.4.2 Weak Stability

If a finite difference scheme is not strongly unstable it may
still possess the property that a term in the finite difference
solution, which does not correspond to a solution of the
differential equation, increases without limit as the length of the
interval is increased. An example of this is the formula based on
approximate integration by Simpson's Rule for the problem (1.1)

with s = 1, A > O on the mesh Dh

n n-—

ies 9 = 7 2. %(Ann + ,”mn—'l + A7 n-2)

which has the solution 7= = c,l(p,])n + cz(pz)n where p,

Ah

approximates e-Ah and P, approximates (-1)e3 « Thus we
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have a second term in the finite difference solution

Ahn At”
02(—1)n e > which is proportional to e 3

. N . s s n . .
vhich increases without limit as t  increases. ¢, is dependent

2
on the closeness of the finite difference scheme to the differential
equation and normally approaches zero as the mesh size is

decreased. Thus for a finite T we can theoretically make the
spurious term as small as we please by reducing the mesh width,

Hence the phenomenon is classified as a property of a stable

finite difference scheme and not as a form of instability.

1.4,3 General Multistep Methods

dy
dt

y(0) = s on the infinite strip t&I= [0, T],m® <y < + @

Linear multistep methods for the problem = £(t,y),

have the general form

J . J L
T a0t onz B ety 2 oo
j=0 ¢ j=0 J

For a system of differential equations the same representation
can be used but y and n will then be vectors and we have a series

of equations

dy.
i .
dt bl fi(t’ y1’ yz, *Pre yd) 1 — 1’ LN ] d.

Part of the work of Dahlquist (1956) and Henrici (1962) and (1963)
was the investigation of the stability of the above finite difference
scheme., Stability was defined in terms of the polynomials

d . J

p(z) = = a_ 29, a(z) = £ B =z,
j=0 J j=0 J



According to their definition the difference scheme is said to
he stable if and only if the polynomial p(z) satisfies the
'root conditioﬁ‘, i,e, the roots of the polynomial z, are such
that lzi l < 1 and any roots for which l zil = 1 have multi-
plicity one.

If there is more than one root ‘zi \ =1 theﬁ the possi-
bility of weak stability arises.

Dahlquist shows that the stability requirement restricts the
order of accuracy which can be achieved and gives the following
results.

i)  The order of a stable operator where J is odd cannot

exceed J + 1.

ii) The order of a stable operator where J is even cannot
exceed J + 2. The necessary and sufficient condition for the
maximum order of accuracy J + 2 is that J be even, all the
roots of p(z) are of modulus 1, and the following relations
exist between'the coefficient of p(z) and 0(z)

G, = -0 . . = .
J=-jJ ﬁa pJ-a

Dahlguist also shows that 2 stable operator with maximum

order of accuracy will always have the property of weak stability.
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2. An Abstract Setting for Convergence Proofs

2.1 Development of the Abstract Formulation

2.7.1 A Simple Example

A formal definition of consistency and stability is given
later in this section but in order to introduce the ideas a
particular example of an ordinary differential equation is dis-

cussed here. Ve consider the initial value problem

y() = s 1(a)
L - (s, 1(b)

tel =z [0, T], £(t, y) is a continuous function of the variable
t in the infinite strip t €I, Iy ' { » and satisfies a Lipschitz
condition with respect to y

ie. |ty y+z) -2, < |z},
To obtain the finite difference solution,values are calculated on

the mesh

n- -s5=0 2(a)
n' -1 - net®, 1% =0 2(b)
77n _ 77n-2 _ % [ f(tn,17n) + hf(tn_1, nn-1) + f(tn-Z’ nn—a)] -0
2(c)
n=2, 3, «eo N
where n° is the approximation to y(t").

In order that the difference scheme is 'consistent' in terms

of our later definition the difference scheme will be written in
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the following equivalent form

n -s8=0 3(a)
1_.o0
ll_i;ll_ - £t° 2% =0 3(b)
n__n-2 1 n n n-1 n-1 n-2 _n~2
I — - 2 [eG%, 9™+ 4™, 07 + £ (6775, 0" )] = 0
3(c)

For a sensible difference scheme the finite difference operator
must approximate the differential operator in the limit as h - O.
If 7' is replaced by y(t”) on the left hand side of equations (3)

we have

y(t°) - 5 =¢° 4(a)

1 o
ey ) | op(s0, y(1%)) = 7 4(b)

n n~-2
pAL )gg(t ) _ %[f(tn, &™) + 48 g™ )

¢ 272 y(PEN] =7 k(o)
where 72 > 0 as h - 0, Forn=0, T2 =0 and for n =2, 3, +ss N
the result can be established using only the continuity of y'(t).
(e.g. See Henrici (1963)). Note that the condition Lim 7% = 0 is
not meaningful unless the difference scheme is in a 2§;£;al form.
It is clear that a factor of hp, P >> 0 could be introduced into a
difference scheme to make almost any schemes satisfy Lim ™ = o,

h 0
If we denote the left hand side of equations (2) by

P a0, B(n® 0y ™, B0, 0 )

respectively then the difference schenie can be written concisely as
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h o) 1 N
Fﬁ(n) EFn( n T] 4 ."T’ ) =O' n= O, 1, soe No
Equations (4) can then be written

h n
QnFn( Ahy) =7

where
QF = 5(a)
Q1F}1l = %F? 5(b)
P = AP me2 3 .en 50
and where

(A9, = y(&D

Ah.can be considered as an operation of discretization.

2¢1.2 Abstract Formulation

By the introduction of some simple ideas in functional
analysis we can formalize the concepts of consistency and
stability and show how this particular problem fits into the
general framework. We introduce the normed spaces E = C'[0,T]
and E° = RxC[0,T]. Thus an element w & E° comsists of an
ordered pair the first component of which is a real number and
the second of which is a function defined on I

i.e, W = (wR, wC)

If we define the mapping F:E = B0 by

(F@)® = u(0) - s u e E
FN® = - £(t, W (6)

then the initial value problem can be written as F(y) = O where

0 is the zero element of Eo.
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In the finite difference scheme (3) the vector 7 is an
element of a normed space Eh (which in this case is identical
to RN+1) and the right hand side belongs to a normed space
o . A o . . .
Eh (in this case E_ is also identical to RN+’1)' Thus the left
hand side of the finite difference scheme (3) can be interpreted

as a mapping Fh: Eh - EE defined by

(th)o nO -5

Hl

o
(th)’l = -7

1l
o3
1
H
~
ct
o
-.
=
[e]
~

(th)n - N -7

i
n
=

n - 2, 3, ase N (7)

where the components of an element X € E. are Xo, X1, ces XN.

h
The finite difference solution Y is given by the solution of the
equations FhY = 0,

In order to compare the true soluticn with the finite
difference solution we associated with any member of the space E

an element of Eh by a mapping A G E = Eh where in this case the

mapping could be defined by
(aw; = u(t®) 1 =0, 1 e N (8)

We also discretize the elements of E° which we represent by

a mapping A; : B0 - E;.
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For example we could define A ; by

i

(A; w)R —

o .
(Af’1 w)i wc(tl) i=1, 2, eoee N (9)

These are typical examples of discretization and other situ-
ations may suggest different definitions of this operation.

We can represent this abstract structure diagrammatically in

terms of the spaces and mappings involved.

)
_/

(+)
v
(¥)

A,

In each of the four spaces a norm will be defined but in
the future analysis it will be clear from the context which norm
is involved and so no distinguishing subscripts will gencrally

be used.



-19 -

In order that the discrete spaces correspond adequately
with the continuous spaces we will choose norms in corresponding
spaces that are consistent; i,e. the norms in the spaces E and

Eh and in the spaces E® and Eﬁ must be equal in the limit as

h » 0.
Lin Nlaga |l = Null wes
hs O
Lin lagw || = llw || wer’
hs 0 . N
For example ||n ||=h max| PR B, would mot be a suitable
n
norm for comparison with || u || = max Luce) | , WEE since
Lim || AhuH = 0 would not imply || ull = o.
->

The two norms of most interest i;]l a linear space C[a, b] are

b

a) Jjullp = (f lu(t) |P at)? p a2 positive integer
a

b) Hu“m = max |u(t) |
I

for ueE, and for the corresponding finite dimensional

space

1
a Alnll = (&R 1P wln'le o L InNPpP
v ol = mextl 2™D D=0y 1 eus N

for 7 eEh. We will also ensure that the norms in the

o} o .
spaces E~ and Eh are consistent.

2¢1.3 Consistent Difference Schemes

The spaces Eh and Eﬁ and the mapping Fh are designed to
'‘mirror' the properties of the spaces E and E° and the mapping F.

Thus if a difference scheme is to be sensible we should expect that



the associated mapping F* would be such that the mappings

Fh A n and AEF from E to El?x would approximate one another.
i.e. “ i Bpw - AgF(u) “ should be small and certainly should
approacé?:;)h + O, In order to prove convergence the minimum
requirement is that a condition of this kind should hold at the
solution yeE. But since the solution is unknown it is reasonable
to expect that Fh should approximate F over a range of elements
u gk and in many cases this will be the entire space E. How-
ever we have seen previously that the finite difference schemes
(2) and (3) are different formulations of the same computational
procedure. Any finite difference scheme can generate an infinite
number of schemes which have the same solution and not all of these
will correspond to F in the limit as h + 0. Before discussing
which finite difference scheme is most appropriate when defining
consistency the concept of equivalent difference schemes will be
expressed more formally. Two operators Fh and Gh will be said to
represent equivalent difference schemes if FhY =0 ¢>GhY = 0,

In particular if Q* is a mapping of EY into E) such that

x=0 ¢¢th = 0 then Qh?h is equivalent to Fh. In the example
given previously the operator Qﬁ which transforms equations (2)
to equations (3) is defined by equations (5).

The requirement that a difference scheme has the property

Lim ||Fh Ay H‘* 0 is now seen to be a very weak condition
h =0 h

unless the difference scheme is carefully chosen from the range
of equivalent schemes. This choice can be made by specifying ..
mapping Fh which approximates F not only at the solution y but

at least in some neighbourhood of the solution “ u-y ” <38 23>0,
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We therefore define u-consistency as follows.

Definition 1

The difference scheme represented by Fh is said to be u~
consistent if there exists an equivalent difference scheme Q?Fh
and a domein DCE yeD such that Lim || Q"F 4, m -a0mll = 0

->

for any u gD. e

This is a more demanding definition than is required to prove
convergeﬁce since 'D need only be the single point y. In the case
where D = y since Fy = O the second term in the consistency defi-
nition becomes zero giving Lim HthhA.hy ”"0. Although the form

-
QhFh which gives a direct cgmp:rison with the initial value problem
is often easily found there is no reason why y-consistency should
not be defined in terms of any difference scheme represented by
Fh. For example the discussion by Henrici (1963) on multistep
methods considers a form similar to equations (2) with a consistency
condition Lim || F* o y 1| = o).
h-o

In the subsequent presentation difference schemes will always

be formulated so that the operator Fh will be in a form which can

be used directly in the definition of consistency without an

operator Qh.

2.1.4 Stability and Convergence

The term convergent which has been used previously will now be
formally defined,

Definition 2

The finite difference scheme associated with Fh is said to

be convergent to the solution of the problem Fy = O
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if the solutions of F'Y = O are such that Lim || Ay - I =o.
h o
Note that we have a sequence of spaces Eh and vectors Y

whose dimensionality increases with n.

The most useful methods will be those which are convergent
for arbitrary consistent starting methods and applicable to a
class of initial value problems although the minimum requirement
to prove convergence in a particular case may be less restrictive.

If we define E = b,y - Y we have Fh( Ahy) = Fh(Y + E) =Q

and since Lim || Q ||
h->o

0 by consistency we require for convergence

that Lim | F(Y + 2) | = O implies Lim ||z] = ©
h =0 h-=+o

A scheme which satisfies this condition has the property of
stability. This definition of stability is a special case of the

following definition which is more suitable for the further theoretical

development.

Consider the equation

GU2) = FNE +2) - FYE) = A (10)

zeE , EeSCE , Ae:TCEf1

Definition 3

The finite difference scheme is said to be S-stable in a
region T if there exists a function Hg(x) satisfying the

conditions.

i) chx) >0 for x>0, for all Eeg

ii) Iim H_ (x) = 0 for all Ee&S
XxX2o g
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and for any z €E, the solution of the equation Pz) = A
satisfies the inequality | z“_(_ HE( lall) for all Ees and
all AeT, S,T may be defined as the entire spaces Eh or Eﬁ or as
a restricted region such as S = {17 : “ n “ < Mot Mo constant}.

In the special case where S = Y since FhY = 0 the equation
@™z) = A reduces to F*(Y + z) = A so that the less demanding
condition || z || < HY( l A ll) is clearly sufficient for convergence.
If S=7Yand T is the region f[al] < A, A_ constant this is the
least demanding situation which will be sufficient for convergence
if the scheme is consistent. Most definitions of stability are
more restrictive examples of definition 3. For example Godunov
and Ryabenki (1964) take the special case where F is linear so
that Gh(z) =4 redﬁces to th = A and use for the function H,
(which is now independent of &), a linear function X "A “ where
K is independent of h. We will use the term global stability when
T = El: and the term local stability when T is a restricted region.
There are finite difference schemes in which the stability con-
dition only holds in a region T which is dependent on h
Y- HA il _<_A° hm, m > 0, and in this situation it is possible
to achieve convergence by means of a stronger condition of con-
sistency. Stetter (1966) considers non-linear equations and

defines 'm-restricted stability' where T is defined by fall SAOhm

and HE( ” A ") = K “ Iy ” « If the consistency condition is

strengthened to || @ || = o(h™) then
Lm |Joll _ o
h=0 m

h



¢ o There exists ho such that
lal ¢ a,
h

ive. ll@ll<a " forall n¢n.

Hence there exists a value ho > 0 such that for all h £ ho
the consistency error liea within the region of stability T and
this will give convergence.

The two conditions of stability and consistency are inter-
related. If a consistency condition “ Q ll = O(hm), m positive,
is true then it is possible to relax the stability condition (ii)

on the function HE . All that would be required for convergence

is
Lim B (x) = 0(3-;1-) for all EES.
X 20 h

However such a condition would be more dangerous in practice
owing to the presence of round-off error which would not normally
have the same behaviour as the consistency error.

In the above development the abstract formulation has been
in terms of normed spaces whereas some of the other presehtations
are based on Banach spaces, (e.g, Lax-Richtmyer, Stetter).

For many problems it is possible to show that consistency and
stability are sufficient to ensure convergence without using the
completeness property associated with the Banach space. However,
in certain problems the elements which are involved can only be
defined as the limit points of a space and the space must be
carefully defined to form a Banach space so that the limit points

are members of the space. For example if the space E is composed
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of functions u(x) which are twice contimously differentiable with

respect to x and the norm used is

'u“ f ]u(x)l

then a discontinuous initial function would not be a member of
the space but a sequence of elements of the space E could be
found which approach the discontinuous function in the limit.
The use of a Banach space would ensure that the limit points
were members of the space. In the subsequent analysis normed
spaces will be used for the sake of simplicity but the extension

to Banach spaces can be made if required in a particular problem.

2.2 Application to Multistep Methods for Ordinary Differential

Equations
A linear multistep method applied to problem (1) can be

represented by the mapping

(Fh n)i i-= 07 1’ e d=1. 11(&)
h _yn+J J J n+j +3j
(F*m)™™ = ze g™ _ 3 B, £(+7I, ™) 94(p)
30 3 =0 3

n=0, 1 ses N=Jo
The aj_and ﬁ% may depend upon h and a suitable form for
these coefficients will arise from the consistency requirement.
(th)i represents a method for generating the starting values
ni required for the multistep formula and in a practical example
this could be a Runge-Kutta or Taylor Series formula. In order

to concentrate on the multistep formula Fuler's method will be
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used for the starting method since although it is unsuitable
practically the analysis involved is simple. The discretization
will be on the mesh D° according to equations (8) and (9) and
the appropriate maximum norm will be used in spaces E, Eh’ Eﬁ.

The norm in space E° will be defined by
Hwll© = max(| W] , max 1w ).
I

(o]
If.FhAhu -82Fu =x

then sufficient conditions for u-~consistency are that

Lim max lxi | = 0 is= O, 1, oo J-1
h=+o0 i
and Lim max | x93 | = © 523, eea N
h->o0 3
since || x “w = max(max lxil , max [x31)
i h/

the starting method and the multistep method can be

considered separately.

uw(o) ~ 5 -~ [u(o) - s]

=
n

)]

(o]

i uth) - wedh ie i1 du i1 e
& = = - 2T, weTT)) - t=ti+f(t1 au(tt™))

i = 1, eee J—1-
For any function v(t) continuous on I there exists an associated

function w(v, §), the modulus of continuity, defined by

w(v,8) = max vt - vt
el4?] < 8
t1 261
and clearly Lim w(v,8 ) = O,

6 =0



Thus since u ¢C'[0,T] and g(t) = £(t, u(t)) £C[0,T] there
exist wlu', §) and w(g, 8§) and for brevity we denote w(u', §) =

w(s) wig, §) = (8.

Hence (™) = (™ 4 (D + $191w(jh) (12)
(™3, ue™ ) = 2GR, wM) + 6,0 0GR (13)
Lol leyl <

Thus l xi I < (max |G1w(h)l ) »0 as h >0

for i =1, ¢sa J=1,

For the multistep formula

n+J J n+j J n+j n+j
X = 2 a u(t™d) - 2 op, 2™, w(t™Y))
j=o 9 j=0 J
du n n
- (-a-t-) + £(t ' u(t™)

t=t

J
= I aj[u(tn) + ghut (£ + §n0 w(in)] - w (&™)

=0
J n n n n
- = B[f(t", u(t™) +0,0(ih)] + £(t7, u(t™))
. 3 2
j=0
(1)
and the following conditions will give u-consistency
J J J
Z qgq.=0 L ina =1 2p=1
j=0" 3 g0 = g0

If we put « 3 = hx% then the following conditions are

sufficient for u-consistency.



J J
Ll =0 Z jal=1%¢ Zﬂ,:']
j:OJ 3=0 Jd j:Oa
(15)
For y-consistency when y' = f(t, y) the conditions become
J
zat' =0
j=0 Y
J J J
Z(jat -1=-p8,+1) =0 ie. I jel= Zpg. 16)
j=0 = 3 J 3=0 j=0
J J .
In terms of the polynomials p(z) = I al > and o(z) =3 g, z°
j=C j=0 9

the above results are the same as those of Dahlquist (1956) and
Henrici (1962) namely
p(1) = O p'(1) = a(1) .
In the future analysis the superscript ' on a will be dropped.
In order to establish stability we will first show that the

part of the equation Gh(z) = A associated with the starting

method satisfies

max( | 2%, 12, e 1277 < dla il o

(where N, is independent of h).

We will then show that the values |zn| n=4dJd, J+1, ..o N
obtained from the multistep formula satisfy a condition.

max( | 27| ) SNEHA i (18)
n

(where N2 is independent of h) if the initial values of the J-th

order finite difference equation satisfy condition (17). Then



mex(| 2" |) ¢ max(N,N,) o || n=0,1, .. N and the
n

finite difference scheme is globally stable at any point 77eEh.

(Gh(z))o = ZO - AO
. i i-1 . . . . . .
(Gh(z))l = g;_i_g___ _ tf(t1-1v n1-1 + z1-1) _ f(t1-1, n 1—1)] = At
i=1’ 2’ [ R X ] J_1.
Hence | zol < || A ll

12 < 2 +m |27+ nllall

¢a+m) 2] wnlall

Using the formula recursively gives

i-1

lzi|g (1 +hL)ilz°| +n[ = (1 +hL)3] Hall
3=0
N
¢ aemV Al n( L= 4
hLN
hIN - 1
< (e + S T Y all

since hN = T we have the condition

lzil <K ffa |l i=0, 1 ese J=1 (19

and hence condition (17) is satisfied with N1 = K1.

The multistep algorithm gives the equation

J a, . J . . . . .
(Gh(z))n+J = 3 'ifL zn+3 - ¥ ﬁj[f(tn*a, nn+3 + 2‘n+3) _ f(tn+3, nn+3)}
J=0 J=0
n+j
= A

n=0, 1, XX N-J



J .
Hence Z a zn+3 = Cn+J (20)
j=0 3
n+J J n+j n+j n+j n+j n+j
where €™ =nh @ B, ™ 4 2 (™Y, ™))
=0 9
+ h An+J.

The analysis will be concerned with methods which are
applicable to any problem of the type described by equations (1)
and we will first show that a necessary condition for stability is

that the solution of the difference equation

J .
Z aj zn+3 = 0 n= O' 1, veor N“J (21)
j=0

subject to initial values 2t i= 0, 1, oo J=1 must satisfy the

'root condition'; i.e. any root Xp of the associated polynomial

I e x3 = o (22)
3=0

must satisfy the condition |Xp I S 1 if it is a simple rocot or
[Xp < 1 if Xp is a multiple root. Since the scheme must be stable
for arbitrary A we choose A.n+J =0 n=0,1 eeoe N-J, If we
wish the multistep method to be stable for all functions f(t, y)
satisfying a Lipséhitz condition then it must be stable for
£(t, y) =0, s =0. Since C®™ 20, n =0, 1, vss N-J the
equation (20) now reduces to the homogeneous form (21). The
solution of (21) can be expressed in terms of the solutions of the
polynomial (22)

J

E Q.Xj = Oa
3=0
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Each root Xp of multiplicity mp gives rise to mp linearly
independent solution of the difference equation and the complete

solution is

r P
T S 2 b(pq) v(pq)

n::o’ 1’ oen N"‘J

=1 q=0 n+Jd
P2 _ aym G =0y 1y eoe m_~1 (23)
n p [} T oo p

where the superscripts q and n on the right hand side are indices.,

r
I m_=dJ where the polynomial (22) has r distinct roots. We
p=1
i

consider the starting method ° =0 i =0, 1y +ss J=1 which

gives the exact solution and satisfies condition (17) since

(Gh(z))i = zi = .Ai (24)
i = o, 1’ LN ] J‘1

and a solution of (24) and (21) is given by

Zn=hnq Xg n'—'O, 1, cso N. (25)

In this case A* = hiqx; i =0, 1 eee J=1 and Lim A* = 0 so that

h- o
the scheme will be unstable unless Lim zn =0
h-0
n=dJ, J+1 aea N
t
Now 2" = h(%)q (x B, £ T
p -

and this quantity has limit zero as h = O unless | xpl > 1

for a simple root or IXp lz 1 for a multiple root (e.g. See

Henrici (1962)p219).
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It is therefore necessary for stability that simple roots of (22)
satisfy | Xpl < 1 and multiple roots satisfy | Xp| < 1.

It can be shown that the root condition is also sufficient
for stability. FEquation (20) has J linearly independent solutions
defined by (23) but in order to simplify the analysis we take as

the fundamental set of solutions a linear combination of the

v(pq)

m_ -1
n r p (pa) (pa)
u(i) = z z 1(-) v i'—-o' 1, XX J-1
P=1 q=0 1 n
(26)

where the coefficients are independent of h and are determined

from the equations

3 r " (pa) (pa) 5
uy. = Z Z v, 1,. = .
(i) p=1 q0 3 (i) ji
j = O, 1., ese d=1
where aji =1 1i=j, 8ji =0 1i#£ j.

Using a discrete analogue of Duhamel's principle (e.g. See

Isaacson and Keller (1966)) we can show that the solution of (20)

has the form

J-=1 . n-J

n _ j.n a J+i  n-i-1
2 = jioz Wty 0 tw-n (27)
n=0, 1, ese N
i+d J i+]
and | €70 J<n(L 2 {ggl [0 dladl] (28)
J
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Since the u?j) are linear combinations of the vipq)

with coefficients independent of h then if the root condition

holds

n .
max Iu(j)‘ S KZ' 0 < j<J-1 and we note that K2 2 1.

. J-1 . Kb n=J J s
Hence |z"] < K, I | 29| + =@ =z gl 122 +Halh
R legl 30 30 9
J-1 K,hL n-J J .. hK N
<K, £ {29 |+ 2= =z lB 1 12342 ||all,
=2 40 ! BT io s 3 | |

If the starting method is stable then

lzilgx1 it all =0, 1, eos J-1
hK.N WK, B(J+1) n
then | 2| <{kkg + = | Hally —H—— 5 |2},
= | %51 | "5l 1=0
hLKZB(J+1)
Let B* = =
| %51
h1* = B*/(1 - B¥)
BK,N
K* = (K1K2 J + %] ) / (1 - B*),
n n-1 .
Hence |2"| < mnr* = |2t + k|| all : (29)
- i=0

n= J‘ J+1, see Nc‘
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Note that for sufficiently small h
121=8*>0

and since K, > 1, J 2 1 then using (29) K* > K,

Hence | zils K1|‘A Il K*(1 + hL*)iI‘ Al

A

i=0' 1, see J"‘1

J=1 .
Now |zJ | < hL*K* I (1+nne)* u A ll + K* ” A ll
i=0

[

= K*“A“[hL*(M) + 1]

= k*(1 + nn*)Y fla |
and by induction we have

L¥ha il a |

2% | <xr(r ol cxre (30)

n= 0, 1, co Na
Since this is true for all n we have the stability condition
Hz ll <kl adl (31)

where K = K* o T, T = Nh.

If a predictor-corrector method is used with a single
application of the corfector similar analysis can be applied to
a modified equation 11(b) in which the BJ term is replaced by

ﬂ f(tn+J n+J) is determined from a predictor equation of the type

J=-1 J=1

;;n+J = 3 a_ 17n+::'__h 3 br f(tn+r nn+r);
r=J~R r=J<R

In the consistency equation (14) the ﬁh term is replaced by
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J=1 J-1
£, AE™)) = ™Y, 2 auw(t®™) - : brf(tn+r))]
r=J-R ¥ r=J-R
(32)
g 970 n+J
= f(t° , I aru(t ) + 0(h))
r=J-R
g I n+J
= (™Y, = aru(t )) + 0(h) by continuity of f,
r=J-R
n 977 n
= £(¢7, Z au(t)) +6Q1(h) + 0(n),
r=J~R
n 971 n
where 1 ' is the modulus of continuity of f(t°, £ a u(t’)) and
r=J-R

}6]< 1. Hence the equations (15) will be

unchanged if

J=1
Zar=1
r=J=R

and this weak condition on the predictor equation is sufficient

for the consistency of the combined predictor-corrector method.
However the rate of convergence will be adversely affected unless
the usual consistency conditions are valid for the predictor formula
also.

The proof of the necessity of the root condition for the
corrector equation is unaltered. In the proof of sufficiency the
solution is given by (27) with the modified value of MY defined
by the new term (32)

J=1

el 4% a0l
j=0

lc**I | ¢ nen

31 : J-1 :
sl 2 la |12 s 2ol 12471
r=J=R r=J=R
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Assume R > J for simplicity. The argument would follow
the same lines with minor notational changes if R { J.
Let B = méx(] ﬁj‘ + |ﬁ5 e Iaj ]) j = =Ry es. J-1, where
ﬁj=o for 3 <O,

J=1

Then | ¢**¥ l¢ms = 12271 « nlladl
= r=J-R
3-1
+h2L2|ﬁJ| g Ier 2T |
r=J=R

Hence if the starting method is stable

KNIl Al Kb ned 31 .
12° | ¢kl + 2 ;== A r B+ul 81 .o D] A
= || °| 10 r=J-R J r
J J
for h < ho B+hL|pJ|.|brlg B! r = J-R, ... J-1.

K. h.,IB'.R n-1 :

Hence |z™|< (KK J +h'K2'N)||A||+ 2 s |z
) -T2 751 %1 o

<xeflallsme 3 |2 (33)
i=0

which has the same form as equation (29) but with different
values for the constants K* and L*., Hence condition (31) is still
true.

Thus for the predictof—corrector seheme to be stable the only
condition on the coefficients of the predictor method is that they
are bounded. The previous discussion has been concerned with

establishing convergence and therefore it is not surprising that the

results are weaker than the normazl requirements for a predictor
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method. In the prectical case where a high rate of convergence
is required more restrictive conditions are necessary for the

coefficients of the predictor formula. (e.g. See Henrici (1962)).
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2.3 Application of the Theory to a Parabolic Partial

Differential Equation

231 Introduction

In the case of partial differential equations the formu-
lation and analysis become more complicated since the definition
of a problem may involve conditions on several boundaries. In
particular some methods of stability analysis can only be
applied to restricted classes of problem with special types of
boundary conditions and simple shapes of domain.

In order to apply these methods of stability analysis it
is necessary to replace the boundary conditions by periodicity
conditions and this topic is discussed in Section 3.4. In this
section stability conditions will be derived both for the case
where periodicity conditions can replace the boundary conditions
and also for the case where boundary conditions are present.

The analysis presented here goes beyond that required as
a simple illustration of the general theory since it is convenient
to discuss the problem fully at this point. In this simple
problem stability can be established for alJ.T7SE%'and all

.AeEﬁ so that the stability regions are the entire spaces Eh

and Eﬁ.
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2¢3.2 Formulation of the Problem

The general problem is described by the equations

, s ,2 0¢t<T
AR e ws BRI )

1=1 & 9x 0<x <1 34(a)
¥(x,0) = £(x) 0<x < 1=1,2, oo 5 3(b)

where x is a vector of dimension s with components xl, 1=1,

2, eeo 8. The definition of the problem is completed by the
formula describing the boundary conditions which typically give
the value of a linear combination of the function y;and its first
derivative on the béundary. In the more complex problems the
solution y may be a vector of dimension d but in this section

attention will be restricted to the case 8 = d = 1 with boundary

conditions given by

y(0,t)

y(1,t)

n

pe(t) 34(d)

The functions considered will be members of a space E
consisting of functions which are twice continuously differentiable
with respect to t and four times continuously differentiable with
respect to x and have mixed derivatives up to these orders in x
and t which are continuous in the region

Dz {x,4:0¢x<1,0 (35)

A
s

[Py
L]

——



This will simplify the discussion of consistency although
consistency can be established for a wider class of functions if
required.

The space E° of the general theory'%s formed as the product
space 02,1[DJxC[IbeC[D1]xC[D1] where é2,1 denotes a space of
functions twice continuously differentiable with respect to x and

continuously differentiable with respect to ¢

OU
8

—~—
»
o
N
™
N
=3
[——

D,z {t:ogt<T} (36)

2

T, = & - &2 - g0 (x,8) €D 37(a)
ox

(Fu)2 z ulx0) - f£(x) x €Dy 37(b)

(Fu)3 = u{0,t) =~ p1(t) tep, 37(c)

(Fu), = u(1,t) - pz(t) t eD, 37(a)
ug B

Corresponding to the spaces E and E° there are the finite spaces

Eh and Eﬁ which have vector elements of dimension (M+1)x(N+1). A

simple discretization is defined by setting up the mesh

n

"
(Y
<t
~
i

JhyG =0y 1, eua M

%
T

ct
I

F
o}
!

"'0’ 1, see N

(38)
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where M and N are integers h = 1/M, k = T/N, and setting
(Ah u)g = u(xjgtn) j = O, 1, see M; n= O, 1, ees No As
shown by equation (37) an element w EE° has four components

which we discretize as follows

(A; w)fjl = w1(xj,tn) G =1, 2y eee M=1; n =1, 2, ¢oe N
39(a)
Ay w)g = wy(xy) § =1, 24 ees Me1 39(b)
(apwy = w3(tn) n=0, 1 see N 39(c)
(B wy = (" f=0, 1y ees N 29(d)

The finite difference solution, denoted by ¥, is found from
the equation FhY=O vhere a general finite difference scheme is used

which can be represented by the mapping Fh defined by

n-n21 082 i+ (1-8 )8% 07

(th)ljl = —-L-r‘j-— - s n - s(xj,tn)

h
4o(a)
j = 1’ 2, see M"’1 I n= 1, 2, aese N
h .o fe) .
(th)g =00 p (&9 D=0, 1, eou N 10(e)
(F'mp =y -, () n=0, 1, cee N Ko(a)
s2n} =%, - 275 « ml, . 6isaconstant 0 0¢1

and we let A= k/h? be constant.



The norm used in initial value problems usually takes the

form

Hall® ™ a2l nem (1)

where “ nn “ will be the maximum norm or the p-norm as defined

in Section 2.1. A similar definition is used in E;

2,3.3 Consistency

It will be shown below that for all mesh points the consistency
term (FhA LU - Aﬁm)g has a limiting value of zero. It follows
immediately that 1l FhAhu - 4 ;Fu | nas a limiting value of
zero as h > 0 in the case of the maximum norm. In the case of

the p-norm we have

1
M p /p
Nl = b = (l(FhAhu - a%m%h )
3=0 J
o 1/p
< (h.(M+1). max l(FhAhu—A;Fu)nl )
3 3 h
Since h(M+1) = 1 + h then if (FhA By - A ;; Fu)g has 1limit

zero as h-> 0 it follows that " wh “ * 0 for all n and

Lim “ \'4 H
h~o

0. Thus a sufficient conditions for u-

consistency in either the maximum norm or the p-norm is that

at each mesh point Lim l(l“hA u - AC‘F‘u)nl = O.
h>o h b
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At the boundary points n =0 or j = O,M we have

(Fh Ahu‘A;)lFu)g Oo Forj=1, 2’ eee M"", n=1’ 2’ tcoN

we have

ulx,,t® - ulx,,t% 1) t=t"
o n 37 ! du
(FhAhu - Ah Fu)j g T - (?t-
. X = X
k|
- e[u(xj_,‘,tn) - 2u(xj,tn) + u(xj+1,tn)]/h2

- (1-9) [u(xj_1,tn'1) - 2u(xj,tn'1) + u(xj+1,tn-1)]/h2
t=t"

o Fu

2

ox

X=X

= k["'utt(xj,‘r,‘) + (1-e)utxx(xj’ 72)]

2 2
- B BCELED + BB LN LB (g ™) 4 g(E )]

(Lk2)
n-1 T n
where ¢ < 4 < t X5 q < g N < xj+1
"
and ¢ = L‘&
ox

Since k = Aha where A is a constant then the right hand side

of equation (42) has limit zero as h = 0 and hence

Lim  max (I’hAhu- 8 F): = 0
h-=0 n,j J

Therefore the scheme is u-consistent both in the maximum norm

and in the p=-norm,



2.3.4 Stabilitx
2.3.4.1 Introduction

The stability equation G?Z = A derived from equations
(40) are given by

z‘af = Ag 3= 2y ees M= 43(a)

n n

ZO = AO ns= O, 1’ 'xTX) N !{’3(b)

Zﬁ = A!!; n =O, 1, XX N L"}(C)

and at interior points

_e7n n _ n _oyyn=1 - n-1 _oy78~1
%‘j_1+(1+22t6)zj A0z = A(1 G)Zj_1+(1+22t(1 0z, +A(1 6)Zj+1+k

1 3

43(qd)

e 33

j=172,.o.M"1 n=1‘2,c.0N

The most frequently used method of stability analysis for
partial differential equation problems is the Fourier method but
this cannot be applied directly to equations (43). In order to
apply the Fourier method it is necessary that the problem is of
pure initial value type or that the boundary conditions can be
replaced by periodicity conditions as described in Section 3.4.
The alternative approach to stability analysis presented in
Section 3.6 is also restricted to the periodic case. We will

first consider the problem of equation (40) transformed to

n
Ay
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periodic type and show how the theory based on circulant

matrices can be used to find stability conditions both for the
p~norm, p = 2 and for the maximum norm. The full stability
equations (43) will then be considered but in this case the
sufficient conditions for stability which are obtained are more
restrictive than for the periodic case. It should be noted that
in practice a difference scheme including boundary conditions is
used for computation but Fourier analysis is used to investigate
stability. Thus the theoretical results which are devised do not
apply to the computation scheme which is used. In practice the
results gerived by Fourier methods appear to give satisfactory
stability criteria but it should be realized that strictly
speaking these methods should only be applied to computation

schemes which are based on periodic properties.,

2.3,4,2 Stability in the Periodic Case

Following the arguments of Section 3.4 the problem can be
transformed to one of periodic type in which case the stability

equations are all of similar type to equation 43(d) and can be

represented by
VAVl n=1, 2, see N (bh)
Z°=A°

where Z” and A" are vectors of dimension 2M and A and B are
matrices of circulant form (see Appendix 1) with elements

defined by the first rows 1 +2A0, A6 , 0 .., 0, - A@
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and 1-2A(1-6~), A(1-0), 0, «u. 0, A(1- 0) respectively.
The extension of Z" to dimension 2M is required in order to
produce a problem of periocdic type.

A simple necessary and sufficient conditions can easily
be derived and this is then investigated for the case of the

p-norm, p=2 and for the maximum norm. From equation (4l)

7D A—-1an-1 + k A—-'l AR
and letting C = A8 ang A% -7 AR

n n o B n-3d ¥
2% =c" 2’ 4k 3, C Al (45)

Theorem 1

If, for a1l M, || k" “S LIl wll for an arbitrary vector
w of dimension 2M where 1o is constant independent of M, then the
necessary and sufficient conditions for stability is that there

exists a constant K such that

"Cn(k)“SK 0<k< T
0<nk T
- - (46)

Proof

The sufficiency is established first, From equation (45)

using the uniform boundedness of ||A-1 “ we have

LT bl P il
=

a3y

and using the norm Al max ” AR " and the condition (46)
n .
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we have

Hz2 1l ¢ xlall+ xenoxn. Al

k[ 1+2.0] A 1]

IN

Since it is true for all n we have
hzl < xremz)liad (47)

and condition (46) is sufficient for stability.
The necessity of condition (46) is established by con-

sidering the situation where At 0, 1 #0 in which case

2™ = ¢(k) A®

We assume condition (46) is not satisfied and show that
this leads to a contradiction., If condition (46) is not satis-
fied then there exists a sequence S of C°(k) such that Il Cn(k)llz M
where M can be as large as we please. Now for any H Cn(k)ll = Q
there exists a A © such that || ¢®) A° I = q Ao | ana
a sequence of A° is chosen corresponding to the sequence S of
c®(k) so that |l 2l = llcPa l, N a®h » ull &l wnien
contradicts condition (46). Hence condition (46) is necessary
for stability,

Stability in the 2-norm

The analysis of stability involves the comparison of
“ Zl| with |IA‘|and for convenience the common factor h% in

the norm
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2M \%
Na®ll = u2f zIn2l2 (48)
s 3 )
/
can be omitted. The norm used will then be the standard
Euclidean vector norm. The matrix C = A—1B is a product of
two circulant matrices and hence C and its integer powers c?
are also circulant in form. Since a circulant matrix is normal
the matrix norm subordinate to the Euclidean vector norm will

equal the spectral radius for any circulant matrix. Hence

e ll, = (max|uD®  forn=1,2, .00 ¥
] (49)

For this matrix and for the 2-norm we show that the
necessary and sufficient condition | e | < K reduces

to the condition

I,,jlg'l for 3 = 1, 2, see 2M, for all M (50)

The necessity is established first. We note that if an

eigenvalue uj = 8 for a matrix C of dimension 2Mo then there
)

is an eigenvalue equal to ® for all matrices C of dimension
2rMo where r is a positive integer. This follows by considering

the eigenvalues of C which are given by the results of Appendix 1,
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[ 2w 3ifoM 2w ;ji/aM:l
0) Le

1=2 A (1= 8) +A (1~ - e
2w 3i/2M -2 7 ji/2
1+2,\0-Ae[e J + e J J

+ e

ﬂj =

=4 (1-9) sin®( 7i/2M)
1+l A6 sin®( 7 3/2M) (57)

j=1’ 2’ [ A X 2M
Note that

My = "J(M) = F(j/M) (52)

for j =1, 2y eee 24 and hence for r = 1, 2, ++s we have

lﬁ(M) = "rj(rM)

Thus if for some matrix C of dimension 2Mo and some j = jo

[T (MO) = &
30

then for every matrix C of dimension 2r.Mo r = 1, 2, <+« there

is an eigenvalue s (rMo) = & where § is independent of h and k.
o

Let us assume that the scheme is stable but that condition (50)
does not hold and show that this leads to a contradiction. If
condition (50) does not hold then there exists jo and Mo such

that

!uj(Mo)l =8>1
[)

Let the r,Mo x r.,Mo matrix C have an eigenvector v(r)

corresponding to the eigenvalue H

u!jo (reMo) = ﬂjo(Mo).

Then taking a sequence of A%(r)

v(r), A" =0,1 £0
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we have

Zn(r) = CMr)v(r) u o(r)

n= 0, 1’ o0 e N Where N - T/k = T(rMo)a/A

Thus in particular Nr) = uN v(r)
|lZN(r)|‘ =|n | N v Il = 8N |l vz |l
Nz(e) | = max | 2%() |- sN “v(r) i
n
= Nl a i (53)

For a sufficiently large value of r we have sV sk

for any K and hence

Nz > xlla el r>R

which contradicts the stability condition

hzll <xllall

Hence condition (50) is necessary for stability.

The sufficiency of condition (50) follows from equation

59). 1t | "j ‘5 | then

“Cn(k)"2 = (mixl ujl )2

<1 (5%)
which gives condition (46) of the theorem. It must also be

shown that || a™M A < 1l A® || ¢o establish the theorem.
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Let the eigenvalues of A be v J=1,2, +o. 2M, Since

j’

A and A-1 are circulant matrices and hence normal we have

a1l = max | :3"1 |. Ssince v, =1 + 4A8 sin°(m3j/2M) then

3
. ~1
it follows that || A7 |} <1 and

%3

I a™m a2 < flam | (55)

Hence condition (50) is sufficient to establish condition (46)
of the Theorem 1, and this gives a stable scheme.

Condition (50) on ;& is equivalent to a condition
on the parameters A and 6. Since “j never exceeds one

condition (50) will hold if g > -1, i.e., the condition

reduces to
1=4 A (1= O)sin’(m §/2U) 3 = 1 - 420 sin®( m./2H)

2 (1-2 0)sin( m3/2M) < 1 for 3 =1, 2, see 2M
(56)

Since this must hold for all M we have the necessary and sufficient

condition for stability

2A(1=20) <1 0< 6 <3}

No restriction < 0.¢< (57)

which is the condition obtained by Richtmyer using Fourier

analysis.,
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Stability in the Maximum Norm

It will first be shown that condition (50) namely
‘“j‘ €1 for j =1, 2, see 24 for all M is a necessary

condition for stability in the maximum norm

o 1l = max |3 | (58)
3

lw = mexllo® I
n

The argument of the previous section is followed; it is assumed
that condition (50) does not hold and it is shown that this
contradicts the stability condition. As in the previous

section we have

M) = BN v(r) N = T(xMo)2/A
bzt = sMlall

and for a sufficiently large value of r we have 5N’> K for

any K and hence

Nzl > x I A )l for any x if r > R

which contradicts the stability condition “ 2 ” S K H A ll
Hence condition (50) is necessary for stability in the maximum
norm,

The sufficient conditions for stability in the maximum
norm are stronger than condition (50) and some preliminary

definitions and results are required. The families of matrices
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A and B which form C = A™'B 1in equation (45) have a special
property which is defined below. For such matrices it can be
shown that the eigenvalues of C are given by taking values of
a function g(x) which is independent of M, Lemma 1 shows that
lle “ will be uniformly bounded with respect to p if the
positive integer powers of g(x) have absolutely convergent
Fourier series with a bound which is independent of the power
p. Lemma 3.4 (Stetter) investigates the problem described

by equation (44) and gives conditions on A and € so that the
conditions on gf(x) are satisfied and lemma 1 will hold.

A further lemma estsblishes that | A~ Tw i <L oWl

for an arbitrary vector w, where L is a constant independent of
M and together with lemma 1 this gives sufficient conditions
for stability according to Theorem 1.

Definition of a Standard Family

The following lemmas are concerned with families of
related circulant matrices which we will call 'standard!

families in accordance with the following definition.

Definition
A family Q of circulant matrices DM of dimension M > M1
with elements d?k will be called a ‘'standard'family if there
exist constants M1 and ;j,l such that for every DM €Q M> M,‘
M z
. . Moo_ o1 _
there is a row Jq < M1 such that dj1k = dj1k k=1, 2y see M1
M
d,, = 0 M, <k <M (59)
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Expressing this less formally the definition means that every
matrix of a standerd family has in each row a group of constant
elements which appear in a banded fashion about the diagonal
and the remainder of the matrix has zero elements.

The Eigenvalues of C

The periodic problems involve a matrix 02M = (AZM)-1 B2M

2M

where A2M and B~ each belong to a standard family AZME Q1,

B2M€ QZ' In this case we can show that the eigenvalues of C2M
are given by the values of a function g(x), which is independent
of M, at a set of equally spaced values of the argument x. Since
a number of superscripts and subscripts are required on the
matrices the superscript 2M will be omitted in the subsequent
analysis where no confusion can arise.

Let the eigenvalues of C be denoted by 13 and the elements
of the defining rows of the standard families Q1 and QZ’ Ae Qq,

. 1 1 1 41 1
B eQ2 be denoted respectively by q_rq, cee QA _qr Qg1 Q1 eee qs1

qp qp qg 0 qp
- g oo - 1 [} LN ]

r, 1 4 5,
where subscript O denotes the diagonal elements. The eigenvalues

of C are the solutions of HKAX = BX and using arguments similar

to those of Appendix 1, this gives

1
0 2nkj i/2M
= X e
Uj —p qk
1
5, (60)
5 q; e2 nkj i/2M
krz-.'t'2
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These eigenvalues are given by the values ¢ 5= glx j)'

xj = j/ZM, j = 1, 2| LE R 4 EM Whel‘e

s
1 .
g(x) = T qg e2n kxi
kdhr1
0< x < 1

SZ - -

T q; e2 Tkxi
==T2 (61)

Lemma 1
R . . 2M
If a family of circulant matrices C M = M1, M1 + 1, see)

are formed from two standard families Q,‘ and Q2 by the formula

-1 2
C2M - (AEM) 1BM A2

?

M 2M
e
& Q1| B Q2'

the eigenvalues of 02M are given by

ﬂj = g(j/ZM) 3 j = 1, 2, ens 2M
81
where g(x) = T qi o2 Milx 0 < x < 1
k=—r,1
5
Z o1 2niks
qk e
k=-r2

and g(x) is independent of M.

If g(x) and all its positive integer powers have

absolutely convergent Fourietr Series for 0 < x < 1

- —



i.e.

EP(X) = Z al(P) 2 nilx (62)

1:-' (-

=7 1etp)
with z |§]? l < K, K independent of p

e €D

it follows that for an arbitrary vector w
HePu ll < xll w | (63)

where ” w “ = mgx ‘ wi l

i.e. The meximum norm of C* is uniformly bounded.

Proof

Consider the eigenvector 73 corresponding to the
eigenvalue uj' a{p), 1 =1 2, +es 2M are the elements
of the first row of CP then using the results of Appendix 1

we have

[cP +

2M
< aip)(ZM) o2 ngi(1-1)/2M

s 1=1

n

P _ _
uj[ vj]1 = u? =1, 2, ese 2M

Hence the powers of the function g(x) defined by equation (61)
are also given at the mesh points by
2M ¢

gp(x.) = P)(EM) e21t1x (1-1)
3 1_1 %
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Ve define a function

2M
(p) T

Gh (X)) = 2 (P) (o) (2MEx(1-1) (64)
1=1

%

This function coincides with gh(x) defined by equation (61) at
the mesh points x = x5 = ji/2M, j =1, 2, »+. 24 and provides
a Fourier interpolation formula for gp(x). By the assumptions
of the lemma there also exists an absolutely convergent Fourier

series for gp(x)

+ .
P = ©EP) P2 0<x<A (65)

. )

Fco
where z |§i(p) | ¢k< = , where K is independent of p.
i -

It can easily be shown that the following relation exists between
the coefficients of the Fourier interpolation formula and the
Fourier series coefficients (following similar arguments to

those of Hamming (1962) p.279).

®eyy = 3 g
8141 kz_c,al+2Mk (66)
Hence
2M-1 2M-1 + oo
(p) -(p)
D &l = = | = p) |
120 8141 10 ke le2Mk
- s la® ¢ K (67)
o= al -
1l=—

2M
Since ll Cpllmax = I ]

=

a{p)(EM) | < K; K independent of p
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then c¥ is uniformly bounded in the maximum norm and the lemma
is proved.

The conditions on gp(x) which are required to satisfy
lemma 1 will now be considered, This problem has been investi-
gated by Stetter (1963) and the lemma 3.4 of his paper is quoted
here,

Lemma 3.4 (Stetter)

If 'g(¢k) l = 1 for k = 1, 2, tae k,‘, ¢k8(—1!, +n]

and lg(¢)| < 1 otherwise then for condition (65) to hold it
is sufficient that g(@) is twice continuously differentiable in
[~ny +n] and

2Nk
le | ¢ 1-u@-9)

@< g E m 17 Loy
" < |¢_ :
# = % k (68)

where Nk(integer), M and M!, and &  are positive constants.

k
The function g(x), © { x { 1 can be transformed to the range

required by the lemma by letting & = =(2x - 1) then
g = g&EDH - @ .

Firstly we require that | B(¢) | < 1, which is
similar to condition (50), and any additional conditions
required to satisfy (68) must also be investigated. For the

example studied in equation (44) using equation (61)
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B = B®) = 1 - krsin®@EE
. 2.0+ :
1+ 4A0 sin (td-—a—) (69)
and ‘§(¢)l = 1 when@ = =%, or when 2A(1-2 6),sin2(g__._.; Ly = 1

The differentiability properties required by the lemma can be

gseen to be satisfied since

=4 A sin(g—;—-ﬁ) cos(L;—-E)

g e =
.2 (70)
[1+4 A6 sinz(g-g-l) ]
and
() 2 ABina(lg-l) -2 A cosz(g—-g—-ﬂ) +16 A28 sina(g—%—?-)

[ 1+4 A8 sinz(ﬁ'——-; %) ] >
(71)

Note that for a real function the second condition of (68)
is automatically satisfied if the first condition holds. We consider

the point @ = & where g(@#) = 1 and expand g(n + 2% ) by
Taylor Series

Fn+28) = 1-2A8° + K() 87
2 3!
where K(8) = g"{n +28p), 0<p <1 is uniformly bounded

k) | <«
Hence | g(n + 2 8) ls 1-62[A-K1.5]

If & is chosen so that K'u8 < */2 then

|8+ 28) | <1-82, %2 (72)
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and condition (68) is satisfied.
At the point @ where 2A (1-2 6) sina(z—;—E) = 1,
-é(g) = 1,

Let (@ +m)/2 = ¢ . Then

Bly+s) = 1-4Asin2;b + 8| -4 Asin ¢cos ¢
P
14k ABsin’ ¢ (144 AOsin® ¢)
+ 82K _(8)
1
where K1(5) = g(¥+pd), 0<p<1 is uniformly bounded
K1(5) < Kq. Since sin2 Y = 5 1-26

B9+ ® = 1-4r + 4ASSLRAABOI =T+ K (B) 8
2x - Y

(73)

Hence condition (68) cannot be satisfied for this value

of @. If the condition on g(x) is strengthened to

~1 < glx) <1 0<x<1 (74)

then the only point to be considered in applying lemma 3.4 is the
point @ = &, x = 1 and we have shown that the conditions of the
lemma are satisfied at this point and therefore lemma 1 also

holds.,

To establish the conditions of Theorem 1 it must also be
shown that there exists a constant L independent of M such that
Ha=t 1l <L llwll where w is an arbitrary vector. This can

be done by using some of the arguments of lemma 1 connecting

Fourier interpolation coefficients and Fourier series coefficients.



Let v (x) be the function defining the eigenvalues of el

i.e. vy = v(xj) I /M, § =1, 2, sas 24 where

v = b,A; 2
AT sinmx (75)
This function has an absolutely convergent Fourier series
+ o > .
v(x) = % a{"ﬂ A 0<x<
1= (76)
Following the line of argument of lemma 1 we also have
(-1
vj = 8oy )(xj) where xj = 3/2M, J =1, 2y ees 2M
2M-1 .
gy = 1 oaTlam &M o ¢x ¢
1=0 (77)

where N 1)(ZM) are the elements of the first row of A~ .

Using the relation (67) between the coefficients of (76) and (77)

we have
2M=1 +co
I P P I TP (78)
1=0 e €0
2M-1
and since [| a7 H= = l (- 1) | we have
1=0
||A‘1w I <L lwll , for an arbitrary vector w. (79)

The condition (79) together with condition (74)

- 1< glx) <1 0<x<1,

which gives the condition for lemma 1 to hold, are sufficient

conditions for stability in the maximum norm according to
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Theorem 1. Condition (74) reduces to a condition on A and @
in the same way as for the 2-norm giving

2A(1-28) < 1 0< 8 < 3
(80)

No restriction < 8 <1

Thus for the sufficient conditions 2A{(1 - 286)

i}

1
is not included for the maximum norm but is included for the

2-norm in condition (57).

2e3elt 3. Stability in the Presence of Boundary Conditions

In this case the full stability equations given by

equations (43) must be considered, i.e.,

zg = A g 3 =1, 2y eee M1 81(a)
zg = A': n=0,1 N 81(b)
Z;;ll = A}I; n= 0, 1, e e N 81(3)

and at interior points

-Afzt A0)HYZR o noo
Zj_1+(1+2 )Zj )LGZ:j+1

n=-1 n-1 n-1 n
A= e)zj_1+(1-2a.(1-e))zj + A(1-6)Zj+1 + kA

81(a)

j=1’2, .Q‘M-1 n=1,2' DOON
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These equations can also be written in matrix form as

- - — -
Az = 8277 4 A6 a® + A(1-0) AT st
o o) f
: : i
[o] (o]
n-1
n=1 2, eee N Aﬁ Ay |

and 2° = A°®
where 2% and A" are vectors of dimension M - 1 corresponding
to the internal points Z?, A ?, 3 =1 2, see M-1 and the
matrices A and B are defined by A = P(A8), B =P(~-A(1-0))
where P(q) is the symmetric tridiagonal matrix of dimension
M-1 with diagonal elements 1+2q and off-diagonal elements -q.
If this equation (82) is compared with equation (44) for the
periodic case it is seen that there ére two significant differences.
The matrices A and B are tridiagonal instead of circulant and
there are extra terms in A 0 and A(1= €) in equation (82). It
is these extra terms which necessitate more stringent sufficient
conditions than for the periodic case. For the investigation of
necessary condition we let 1\i = 0, i # 0 and the extra terms
are then no longer present and the proof for necessary conditions
follows the same lines as the proof in the periodic case. 1In
this section necessary conditions and sufficient conditions for
stability in the maximum norm will be establishéd.

Necessary conditions will be considered first.

Let Al = 0, i #0 and then equations (82) become

=CZn-1 = CnAo (83)

n=1,2’ 'lON

where C = A-qB.
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As for Theorem 1 of the last section the following

condition is necessary for stability;

hec®oll ¢x , o<k<w &0
0¢nk¢T

Following the argument of the last section on necessary
conditions for stability in the maximum norm we see that condition

(84) reduces to

ipjl < 1 3= 2 eee Mot (85)
This follows since the eigenvalues of C are

uj = 1=4 A(1-0) sina(nj/aM)/HhAG sina(‘n:j/ZM) (86)

j = 1‘ 2' aae M-1

(see Rutherford (1952) for the eigenvalues of P(q) and hence of C)

and uj(M) = nrj(r M) as before., Hence the condition

lujl< 1 3= 2y eee M1

is a necessary condition for stability in the maximum norm in

this case also. Since "3 can never exceed unity this reduces to
14 A(1~ 0) sin(nj/2M) >-1 - 4 AOsin(n3/2M)
2A (1-20) sin(nj/2M) < 1
for j = 1, 24 eee M=1. Since this must hold for all M we have

2A(1-20) < 1 0<6<3

No restriction <9< (87)

as in condition (57).
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Following similar lines to the discussion in John(1966),
Ralston and Wilf(1960) and Godunov and Ryabenki(1964) it can
be shown that 2 A(1- 0) < 1 is a sufficient condition for

stability in the maximum norm. From equation 81(d)
|(1+2Ao):/:.f_].1 l<a2re |2l + 1o ‘; |

(where IIII; denotes the right hand side of equation 81(d)),
for j = 1, 2, ses M-1
and hence taking the value of j for which 'Zgll is a maximum

on the left hand side we have

22 11 ¢ maxl 97|
h|

-1 n-1 n-1 n+1| -
_<_m§x (1A (1-0z3" 1+ (1-20(1-0)) 237+ M1-0)z L+l A X[

If 22(1-0) <1 then

“Zn “ £ “an H + kma.x‘ AR

5 J
¢ Iz Il + axllall (88)
Since this is true for n =0, 1, eea N
Iz ¢ v o |
<k lall (89)

where K & 1+T is independent of M,

Thus sufficient condition for stability in the maximum norm is

2 A(1-0) <1 (90)
whigh is more restrictive than the comparable condition (80)

in the periodic case.
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3, Stability Andlysis in Partial Differentisl Equations

3,1 Introduction

This section will consider problems of initial value type,
i.e., where the state of the system is given at t = 0 and a
solution is sought for O { t { T. In the most general case the
solution y(x,t) is a vector of dimension d dependent on the
quantity t and an S-dimensional vector x. The simplest type
of problem is the pure initial value problem in which no
boundary conditions are necessary and the solution is completely
defined by the values at t = O, However in other equations, such
as the example on the heat conduction equation in Section 2.3,

a differential equation is given in an open region D and subsidiary
equations describe conditions on the boundary of the region. 1In
the pure initial value problem stability can be determined from
the properties of the finite difference scheme which approximates
the differential equation. In the case where boundary conditions
are also present the problem is complicated by the presence of the
finite difference scheme representing the boundary conditions.

In some cases the problem with boundary conditions can be shown
to be equivalent to a pure initial value problem in which the
boundary conditions are replaced by periodicity conditions on

the initial function. The prohlems are equivalent in the sense
that the solution of the second problem is identical to the
solution of the first problem in the original region and the
boundary conditions are also satisfied. Section 3.4

discusses the replacement of boundary conditions by periodicity
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conditions and gives examples of problems which can be transformed
to equivalent periodic problems., For these periodic problems and
for the pure initial value problem the methods of Fourier analysis
can be used to investigate stability. It is shown in Section 3.6
that the results traditionally derived by Fourier methods can also
be derived by a new approach based on the properties of circulant
matrices. If the boundary conditions are to be fully considered the
stability of a scheme can sometime be investigated by means of the
energy method.

The stability of partial differential equations has been dis-
cussed by Forsythe and Wasow(1960), Godunov and Ryabenki(196l4),
Richtmyer(1957), Richtmyer and Morton(1967) and Wendroff(1966) and
the relationship of the general scheme to other frameworks is included
in this section. The work of Godunov and Ryabenki (abbreviated to
G-R in the later text) was one of the starting points for the
development of the general theory of Section 2.1 and therefore
fits easily into this framework. The G~R trecatment is restricted
to linear differential equations but the main difference is that
the differential equation and the boundary and initial conditions
are treated in parallel in the G-R scheme, but they are formulated
as one mapping in the general scheme. A typical differential equation

is composed of two parts which we represent in abstract form as

]

(F u)1 0 1(2)

0 1(b)

€3 u)2
where (F u)1 represents the differential equation and (F u)2

the initial conditions (aond boundary conditions if present).
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For example

u
ru), = &£ - & 0<t<T 2(a)
(r u)a z  u(x,0) - £(x) 0<x<1 2(b)

The finite difference acheme can similarly be represented by

(fhn )1
(Fh’n)2

0 3(a)

n
o

3(b)
where in the example above this could take the form

n+1 n+1 n A n n
(th)1 Enj “'nj “"2"(77 "le_a,)

n= 0, 11 ess Ne1

L(a)
Nk = Ty, A=k/hy h = 1/M
0
(F'n), = 0 - £xp 2 = b
4(b)

Godunov and Ryabenki study non-homogeneous equations which have

the general form

(L u)1

Il

glx) 5(a)

(L u)2

¢ 5(b)

where the left hand sides are linear operators and ¢ consists
of those terms in the boundary and initial conditions which
cannot be included in the linear operator, e.g., £(x) in
equation 2(b). The discussion of consistency then involves

the consistency of the four components of equations (5).
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It is clear that equations (5) can be formulated in the form
(1) by absorbing the non-homogeneous terms into Fu.

Since L is a linear operator if we form the equation

Gh(Z) = A from equations (5) we have
(L Z)1 = A1
(L Z)Z = Aa

whioch are of the same form as (5). Godunov and Ryabenki

define stability if the solutions of these equations satisfy

Pzl ¢ wtia en tall

If we define [l Al = max [m%xil A?’I‘,g AZH ]

then the G-R definition is equivalent to the condition for
s-stability, lzll ¢nll 2ll, v = max(N,,N,) where the
stability regions are the entire spaces Eh and E;.

Sections 3,2 and 3,3 give a brief survey of the analysis
given by Richtmyer and by Wendroff respectively, and the
relationship of each to the general scheme. This is followed
by a discussion of the problems which can be made amenable to
Fourier analysis. Richtmyer and Wendroff have shown different
ways in which Fourier analysis can be used in the study of
stability and in both cases the condition for stability is that
the powers of the amplification matrix should be uniformly
bounded., The two alternative Fourier approaches are presented

in Section 3,5 and it is shown in Section 3.6 that, for the



- 70 -

problems where Fourier analysis can be applied, the same result
can be derived directly. It is desirable that the condition of
uniform boundedness of the powers of the amplification matrix
should be expressible in terms of conditions on the amplification
matrix itself. A survey of the various conditions which have been
formulated is given in Section 3,7 leading to the necessary and
sufficient conditions of Kreiss and similar necessary and

sufficient conditions due to Buchanan.

3.2 The Lax-Richtmyer Theory

3.2¢1 Introduction

In the first and second edition of his book on the initial
value problem (Richtmyer (1957), Richtmyer and Morton (1967)),
Richtmyer formulates an abstract problem which embraces many
problems in partial differential equations. The fundamental
properties involved in the convergence of the finite difference
scheme are then discussed in relation to the abstract problem
and the ideas are applied to a2 variety of practical examples in
the later chapters, The important ideas of the Lox~Richtmyer
approach (abbreviated to L-R in the later text) are described
briefly here so that the relationship with the general scheme can
be discussed.

The type of problem involved is one in which the value of
the function is defined at the time t = O and an equation for

the derivative is given. Discussion is restricted to those
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problems where these two conditions, together with any
boundary conditions, define a unique solution in some domain
for 0 { t { T. For example a simple problem without boundary

conditions is defined by

u
%:% 0<tgT 6(a)
u(x,0) = sin x 0<x<1 6(h)

or as an example of a problem with boundary conditions the

following equation could be considered

u ga_u 0<t<T 7(a)
ot %% 0<x<1

u(x,0) = £(x) 0<¢x<1 7(v)
u(0,t) = p,(%) 0t 7(c)
u(1,8) = p,(¢) 0<t«T 7(d)

It should be noted that boundary conditions should be compatible
with the initial conditions at the points on the boundaries where
t = 0. The application of the general theory to the above
problem (7) is described in detail in Section 2.3 and the ideas
of consistency, stability and convergence are illustrated in

a practical context, In oxrder to cover a wide variety of
problems the L-R theory is formulated in terms of an abstract
problem which embraces many simple problems such as those
described above. The solution of the above problems depends

upon the one-dimensional variable x but in the L-R theory this
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is generalized to vector x = [x;, «.. x_], The solution u
may also be a vector quantity and this generalization enables
higher order equations to be represented in first order form.
In this case there will be a set of differential equations
defining the system of dimensionality equal to that of u,

For example a pure initial value problem involving the wave

equation can be described in this manner by the equations

3
?
o~

8(a)
0<t¢T
w
& ¢ & 8(b)
u(x,0) = £(x) 0<x<1 8(e)
v(x,0) = g(x) 0<x<1 8(a)

The following sections show how the concepts of Lax and
Richtmyer relate to those of the framework of Section 2.1 and
the example on the parabolic equation given in Section 2.3 is
used for illustrative purposes where appropriate., A significant
difference between the two approaches is that the L-R theory is
concerned with functions defined for all values of x whereas
the direct approach of Section 3.6 and the example in Section
2.3 are concerned with finite dimensional spaces in which the
vector elements have components which correspond to the values
calculated in a finite difference scheme, For the 1-R theory
it is therefore necessary to create extended functions defined

for all x from the functions composed of mesh values which a
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finite difference schems would produce. Two methods of

forming this extension are demonstrated but the theory is

then developed in general terms to keep in iine with the I-R
theory. It should be noted that although the I~R theory

allows any reasonable extension to be used, when stability

is being investigated for real examples using Fourier methods,
the extension which is implied is always that which is formed
by letting the finite difference operator apply at all points
including non-mesh points. A series of papers has been written
by Eisen investigating some of the differences which arise when
a mesh norm is used rather than a norm involving values for all
x in a given range. Eisen only consider the extension described
above, which is used in the Fourier methods, and some comments
are given on use of other extended functions in the example

studied by Eisen.

%.2+.2 The General Formulation of Lax and Richtmyer

The various problems which the theory describes are

included in a general formulation

=2 GO = A y® 0<t&T 9(a)
y(0) = £ 9(b)

where y and £ are vector quantities of dimension d. Attention
is restricted to the case wherc the operator A is a linear
operator and when boundary conditions are present the domain
of A is restricted to those functions satisfying the boundary

conditions., In the simple presentation the boundary conditions
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must be linear and homogeneous and equation 9(a) does not

contain a non-homogeneous term. However, it is also shown

in Richtmyer and Morton (1967) that a development of the theory
will extend the standard results to the case where a non-
homogeneous term is present in 9(a), It is also shown

that the problem with non~homogeneous boundary conditions

can be transformed to the standard form (9) with a non-homogeneous
term present.

The simpler problem (9) will be used in this section for
comparison with the scheme of Section 2,1. A further restriction
of the L-R scheme is that all problems are assumed properly
posed. This property is fully discussed in the two texts
previously mentioned; essentially a well posed scheme must
satisfy two conditions. Firstly, if there exists an initial
function for which a genuine solution does not exist then this
initial function can be approximated as close as we please by
an initial function vhich does give rise to a genuine solution.
Secondly, the solution must be such that ||uCt) || < x || £ll
for all t in 0 < t < T and for all f such that a genuine ‘
solution exists where K is independent of t, and Ilu(t)l‘,'lf H
are suitably defined noxrms., If this second condition is not
satisfied it can be shown that a consistent scheme cannot be

stable.




3¢2¢3 Relation with the General Scheme

In developing the I-R theory use is made of theorems in
functional analysis based on the properties of Banach Spéces.
The problem is formulated so that the quantities y(t) are
elements of a Banach space B and the completed solution y is
a family of elements y(t) each of which is a member of the
space B. The space E of the general theory would then be

formed of elements u

{u(t); 0 < t < T} where u(t) ¢B
with a suitable norm in E such as
|‘ uwll = max uce)

Thus the problem (9) can be represented as a single equation
F(y) = O where O is the mull element of E° and F:E-E°

is a mapping defined by

Fu, = £-m 0<t<T 10(a)
(B u)2 = u(©) - ¢ 10(b)
uek

The finite dimensional spaces Eh and Eg are avoided in the

I~R theory by forming extended functions from the mesh values
so that the extended functions, defined for all x, are elements
of the space B. The extended functions could be formed, for
example, by linear interpolation or by applying the finite
difference scheme at all points x; the latter method is

restricted to problems which do not involve boundary conditions.
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Formulation in Terms of Finite Dimensional Spaces

In this section a one~step method with homogeneous boundary
conditions will be formulated firstly in terms of mesh functions
and secondly in terms of the L~R extended functions, and the
example of Section 2,3 will be used to illustrated the discussion.,
The finite difference equations for the above type of problem
relating the values at time level tn+1 to those at time level
t® can be written

/

B, Y™ - pY? n =0, 1, eee Na1
1 o !
11(a)

¥° = Ah £ 11(b)

where ¥ is a component of the finite difference solution which
has dimension M and the finite difference solution Y& Eh is
given by

Y = {t%:n=0,1, ,.. N; t"= nk, k=T/N}
Since B1 must be invertible if the system is solvable we can

write this

™7 - B:|'1 B, ™ 2 Y n=0, «oe N-1

The dimension of the matrices is dependent on the value of h
and in general the elements may also depend upon h and k. If
we assume that some fixed relation exists between h and k then

the equation above can be written

™1 = cgor® D=0, 1, ees N1
(12)
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These equations can also be represented in the usual way by a

mapping
n+1 n
(th )n+’] = i) -C(k) ! n = 0, 1' cee Ne=1
k 13(a)
(th)o 5770- Ahf 13(b)

where y(x,0) = £(x). The element in Eh is a vector

77= {nn:n=0,1,...N, tn=nk,k=T/N}

The dimension of the vector Y and the form of the matrices B1
and Bo depend on the particular problem considered and this is
illustrated below by two finite difference schemes, one which is
applicable to the solution of the initial value problem defined
by equations (6) and the other of which is suitable for the
problem with boundary conditions given by equations (7).

The problem defined by equations (6) has a finite difference
solution within a triangular region given by the points (x,t)
with co-ordinates (0,0), (Q,1), (3, éb, where A=k/h is a
constant and A < 1. Thus the vector Y will have dimension
M = M#1=2n, n =0, 1, ¢se M2, h = 1/M and M is taken to be even
for convenience in notation. A finite difference scheme for

this problem is defined by

2
n+1 n n n n
LS S % [Yj+1 R S ﬁ- [Yj+1 - 2Ynj + Y‘nj_,]] (14)

n=0; 1 eee N=1, J=n ntl; eee M+l=n

or, in terms of the matrices B, and B. we have B1(M,n) = I,

1 0
(I is the identity matrix of dimension M+1-2n) and BO(M,n)
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is a (M~1-2n) x (M+1-2n) matrix given by

et

-

(15) —

Note that the matrix BO(M1n) = C(k) is not a square matrix but
has a simple form since it is a circulant matrix (sse Appendix 1)
and the elements of every row are given by three expressions the
values of which are independent of k.

For the problem defined by equations (7) the finite
difference scheme which was used in Section 2.3 and was
given by equations (2.40) will be considered. In the simplest
case where p1(t) =z PE(t) = 0O equations (2.40) can be repre-
sented in the form B,Y™' = BY®, n =0, 1, ... N-1 uhere
Y has dimension M = M+1, h = 1/M and the (M x M) matrices

Bo and B1 are given by



0]
r(1-68)

0
1=2r(1= 6 )

r(1-9)

1-2r(1- @)

r(1 =6)

16(a)

1-2rfl~6) r(1- 6)

0 0

16(b)

The matrices no longer have a simple form since they contain

rows which represent the approximation to the differential

equation and also rows which represent the approximation to the

boundary conditions.

It will be shown in Section 3,6 that the

Fourier methods of stability analysis cannot be applied to such

a problem since these methods can only be used when the finite

difference equations have the same form at all points.

_
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Formulation in Terms of I~R Extended Functions

The finite difference equations associated with equation (9)
can also be used as a basis for the formulation of the LR
extended functions and two possible methods of extension are
discussed below for the finite difference scheme defined by
equations (12).

The extended function can be formed by linear interpolation

between two calculated mesh values by the formula

n+1 n+1 +1
Y (xj+p) = (1-p)Yy +pYI5+,] (17)
xs ss.h, 0<p < 1, and if values of x exist at the

ends of the range which do not lie between two mesh points
then linear extrapolation must be used in equation (17), i.e.,
-1 < p { O at the lower end of the range and 1 <p<2at the
upper end,

In certain problems such as that described by equations
(14) the finite difference scheme is defined by a set of
equations which have the same form at all mesh points except
those on the initial line., For these problems the extended
operator can be formed by extending this finite difference
equation to apply at all points (x,t) within the domain of
determination Dh of the difference scheme. For example, in
the case of equations (14) the extended function Yn+1(x) is

given by the equations

2
() = TMx) + g [T7Cerh) = To(x=h)] + &= [¥0(erh) -27%(x) + Y*(x-h)]

(18)
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This type of problem can be expressed in general form as
follows, The finite difference equations can be represented by
a mapping with two components which represent the approximation
to the initial conditions and the approximation to the differential
equation at the mesh points. It is the form of the approximation
to the differential equation which is of interest.

A typical approximation to the differential equation
relates to the values of a function at a set of points N1 in
the neighbourhood of the point (xj,tn+1) to a set of points

N2 in the neighbourhood of the point (xj,tn) giving an equation

n 1 n+ly n
(> Ahu):j = [ ; Lo u(xj+p,t ) g ®op u(xj+p,t )]
! . (19)

and the extended function which we denote by Fh can be defined
be extending this relation to all values of x and t within the

RN « BN
domain Dy i.eey

F ulx,t) = 1{ T b

ulx+hp,t+k) = & b, ulx+hp,t)] (20)
k- o P

1p 0

1 NZ

Using an extension such as that described by equations (18) or
* E

(20) to define extended operators B, and B, gives an equation

similar in form to (11), i.e.,

* L]
B, ™0 = B, ™M) n =0, 1, see N-1

21(a)

¥ =4 ¢ 21(b)
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*—
Assuming (B1) T exists this gives rise to a bounded linear

transformation which may depend on k

#( ) * %
C (k =B']BO

and the equation (21) can be written

™l = ¢ &) (22)

n ——-O' 1’ 'Y X N"'1

YO = Z\hf

342.4 Consistency

As shown in the examples of Section 2 consistency is
usually established by assuming the functions concerned have
continuous derivatives up to a certain order., However, in the
L-R theory Banach spaces are used and the elements involved may
be the limit points of the space and therefore may not possess
the required differentiability properties. This necessitates
a more complex definition of consistency as follows.
Definition

The family C*(k) of operators provides a consistent
approximation to the initial value problem (9) if for every
u(t) in some class U of genuine solutions whose initial elements
u(o) are dense in B

Lim ” ( C*(k) ~ I

o o = -A)ut) || =0

0<t(T (23)
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For problems without boundary conditions it will be shown
that the condition of u-consistency is essentially the same as
the I-R condition of consistency. However, if the problem
includes boundary conditions the formulation of Section 2.1
is more satisfactory.

In most finite difference approximations to a differential
equation a formula is used which will be consistent at all points
(x4t) for any function u(x,t) which possesses suitable differenti-
ability properties. This can be expressed more formally by means
of a simple condition which will be sufficient for u-consistency
or for L-R consistency. The formulation of the problem given in
equations (10) is considered and we let TF u(x,t) equal the
value of %% - Au at the point (x,t), An extension of
equation (13a) is formed in the manner described by equations

s~

(19) and (20) so that F* ulx,t) equals the value of

u(tik) = C (k) ulk)
k

at the point (x,t).

A Sufficient Condition for Consistency

If Lim

. [ o u(x,t) - Fulx,t) |
>0

fl
(@

ey)

for all (x,t) within the domain of the differential equation D
then the finite difference scheme is L-R consistent and u-
consistent,

In the finite dimensional case the consistency error on
the initial line is zero and therefore the discussion of

consistency can be restricted to mesh points with co-ordinates
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X j,tn within the domain D' and using condition (24) we have,

at every mesh point,

Lim n
|(FhAhu)j - (A

n
ko Fu)jl = 0

o
h

where Ah and A; are defined by

n n
(Ahu)j = u(x,,t")

o n
3 P ( AhW)IJ} = W(xj,t )o

Hence using the p~norm or the maximum norm defined in Section

2.1.2 and letting I (Fh Ahu - Ai Fwill = g®  we have
Lim n
k 20 g = 0 for n = 0y 1y sae N
and Lim h ) _ Lim max n _
k_,OHF Ahu - AhFuH— kso 1 g = 0

Thus condition (24) is sufficient for u-consistency in the
finite dimensional case.

In order to establish the L-R consistency we consider

| (&=L . el =
u(tik) = € G)ult) du w(tek)en(t)  du
H m —(-afb--Au(t))-—-T——i- a-g”

u(t+k) - C (Q)ult) du u(tik) - u(t)  du
H - _(E-E-Au<t>>ll+ll . _EEII

(25)

The first term is equivalent to

HF;'u(t) -Fu )]l
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and using condition (24) it is seen that this term has limit
zero as k-+0o for all reasonable norms and for all values of
t, O S t S T. The second term has limit zero as k o since
the functions u under consideration are continuously differentiable.
Hence condition (24) is sufficient to ensure that a scheme is
L-R consistent.
The finite dimensional formulation can easily be extended
to the case where boundary conditions are present. In this

case the mapping F would be composed of four parts

du

(F u)1 = 3¢ - M 0<t<T 26(a)
(F u)2 = uo) - £ 26(b)

and components representing the boundary conditions for example

(F u)3 = ulo,t) - pq(t)

0<t<T 27(a)
F u)h = u(1,t) - pa(’c)

OLEET )

and the mapping Fh would have four corresponding parts
(Fh n)i, i=1,2, 3, 4. The element of Eﬁ formed by
Fh'Ahg - Aﬁ ¥ u would then have four components Xi

i=12, 3, & and the norm in E; could be defined by
_ max
el = ™% 0] g, | )

A sufficient condition for consistency would then be

Lim “(FhAhu- AZFu)ill = 0 i=1,2,3 4 (29)

k -»o



- 86 -

It can be seen that if condition (24) holds at all mesh points
within the region and on the boundary then for all reasonable
norms condition (29) will hold and the scheme will be u~-
consistent. These ideas have been used in the example of

Section 2.3 on the parabolic equation.

The L-R definition of stability is formulated in terms
*
of the operator C (k) of equation (22) and states that the
echeme is stable if there exists r > O such that the infinite

set of operators

¥
¢ (k) 0<k< 7
0<nk<T (30)
is uniformly bounded. A condition can be formulated for the
finite dimensional problem which has similar form and is
necessary and sufficient for S-stability where S is the entire

space Eh’ h PR -JO

H cn(k) lt 5 < 0<k< T
0<mk <T (31)

This has been established in Section 2.3 when discussing the
example of the parabolic equation but the argument is repeated

here for convenience.

The sufficiency is established first. From equations (17)

72 o o kA no 1, 2, w1

32(a)

7° = A° 32(b)
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n .

and this gives 2% = ¢™V)z° + x 3 ¢?d A I (33)
j=o

Hence || 2™ || < xI]4°]] + n.kKemax || 2*
n

< K[1+nk] || 2 |
Since this is true for all n we have

lz Il <x[1+2] llall (34)

so that (31) is a sufficient condition for convergence.
The necessity of condition (31) is established by considering

the situation where A = Oy 1 # 0 in which case

2% = ¢™(x) A® (35)

We assume that condition (31) is not satisfied and show
that this leads to a contradiction. If condition (31) is not
satisfied then there exists a sequence S of c™(k) such that
HCn(k) n 2 M where M can be as large as we please. Now

for any || ¢ (k) | = Q there exists a A° such that

e a° |l = q lacll  ang a sequence of 4° is chosen

corresponding to the sequence S of C™(k) so that
Hz® =1 c®e I 120 > wll All for any u

which contradicts condition (31). Hence condition (31) is

necessary for stability.
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3+246 Convergence

In the L-R definition of convergence all values of t are
considered rather than only the points on the sequence of meshes.
The scheme is said to be convergent if there exists a series of
increments kj tending to zero and a series of mesh points

n.k., such that
J 3

nk., =t as j-— and
5 e

Lim

* n,
s G Tu® —aw) 5 = 0 (36)

for a1l t, 0 < ¢ S T and for every w® in B, The corresponding

definition of Section 2.1 has a very similar form,

ieee,

iéfo || Ahy - Y ” Eh = 0 (37)
and if the norm llnHEh = max |7 ® ||is used equation (37)
becomes

Wn mloha) 1° -y ] = o (38)

Thus condition (36) is more demanding than (38) in two ways.
It requires convergence for any point t and it requires
convergence of the extended operator rather than the mesh

operator,
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%42»7 Discussion on Papers by Eisen

In a series of papers Eisen (1966), (1967a) and (1967b)
has shown that in certain cases schemes which are unstable and
non-convergent in the L-R sense can be shown to be stable and
convergent if the norms considered are defined in terms of
mesh values only. However, Eisen only considers the extension
to the mesh operator which is formed by taking the operator
which is applied at the point (xj,tn) and extending this to
any point (x,t). He does not consider other extensions such
as linear interpolation or similar methods., It must be
emphasised that the method of extending the function from its
mesh values determines whether the results in one framework
are equivalent to those in the other. If the example from
Eisen (1967a) is taken it is easy to show that a simple
modification of the extended operator will give stability and
convergence in the L-R scheme. Since the extension of the
mesh function by different methods can lead to differing
results, the discussion of convergence in terms of a mesh norm
which can be calculated from the computational values has much
to recommend it.

Eisen's example can be considered as a mapping defined by

(F u)1

3]

-g";i- 0<t<T0<x<1

39(a)

(F u), u(x,0) - £(x) 0<x<1 39(b)

and a corresponding finite difference scheme
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n+1 n n
(F'hn)n_*_.] - T]j - T’i _ hnj n = O, eoe N=1 L}O(a)
. . *3 324 2. ud
(Fh 77)‘; = n - f(xj) Jd = O, %1 %1 ese M“%
Lo(v)
" n)z)1+1 = il g? 120, ses N=1  140Cc)

where x, = h.j j 3 =0, y ves M=% h=14 ; and

for simplicity k = h. The operator C(k) on the finite mesh

is represented by the diagonal matrix with elements

[1, 142k, 14—%1: e 1+ oy g]

x
and Eisen takes C (k) to be defined as (1 + E%) at any point

x #0. Using the p norm with p = 1 and testing stability

1
1 Lim khy 0
2" =22 [ a5 e e

g

. . 1
mE L@ I e | .

[ AV

&

Lim
1 E =»

X ol[x+khlogx]1|

E (41)
Assuming XK, = m;n | 2°(x)| > 0 we can see that for any k # O
" Z1||is unbounded. Since for a typical A IIAP|| is
WM
bounded then C (k) as defined above gives an unstable scheme.
It should be noted that Lax and Richtmyer assume that the

*
operator C (k) is bounded and so Eisen is considering a case
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which the L-R theory does not attempt to cover. However,

’ %*
it is clear that if C (k) is unbounded then the scheme is

unstable and hence non-convergent. In fact the norm of the

error after one step is unbounded.
However, if we choose a different extension

iee., C (k) = (1+kh/%), x > h/2

¢ (k) 0 0 < x<h/2

vhich gives the same operator C(k) at the mesh points it

(42)

is shown below that this gives a stable and hence convergent

scheme,

Assume that 40(c) is calculated exactly and gives no

consistency error,

Zn+1 - C*(k)Zn4k Ap+1
* n * .
= € o™ P 1z (¢ ))d ant=d
J=0
Zo = Ao
1, n o,
| z™ gf e @)™ A%k & ¢ ()3 a™ 0] ax
O -

J=0

1
< f (™ ] 2% Jax + k
hb J=o0

1
+f [ Al | ax
0]

n .
2 (eI A ™G | ax
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1
¢ a2 [ 100 e vl 270 |
n

1
+f ‘fg(x)ldx
0
< 2T (2+T)“A I since N,k = T (43)

which gives a stable scheme.
The stability in the L-R sense of a scheme which is
known to be stable in terms of a mesh norm is thus shown to

be dependent on the method of forming the extended operator.
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3.3 The Wendroff Theory

3¢3.1 The Formulation of the Problem

Another approach is presented by Wendroff (1966) in which the
emphasis is on the discrete space. Since the definition of convergence
used in section 2.1 is concerned with norms in the space Eh the
discussion of convergence by Wendroff is much closer to the ideas of
section 2.1 than the L -~ R approach. However since. Wendroff does not
define an equivalent of the spaces E and E° it is not possible to compare
the Wendroff scheme and the general scheme in this respect.

The general form of the problem discussed is

g%é = £(x,tyuyu) 4h(a)

u(x,0) = @(x) 0<x<1 LL(b)

Note that this is a pure initial value problem without boundary conditions.

The finite difference scheme proposed can be written as a mapping as

follows
n+1

- Snp” = kGn( g™
k n = O' 1, ese Ne1

45(a)
(th )g ; ng - ¢(xj) j = O, 1, [ XX M )'{'5(b)
xj=jh, h=1M, k=T/N
Sn is a lineer operator whose coefficients may depend upon the values
of xj and t° corresponding to the mesh point n’j‘ and the form of the

operator considered is

+J
Sn = £ C_(x,tMT® (46)
p=—g P

where T is the translation operator defined by Tuj = \3+1

non-linear operator which must be such that there exists a bounded

and G is a
n
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linear operator 8Gn(u,U) satisfying
Ga(u) - Gn(U) = &Gn(u,U) (u-T) (47)

ieee for all u and U

I &nu,mvll < xllvl

where K is a constant independent of w andU. The norm is defined

I
in the usual way

| sentu,m|| = ;‘2” ILS%I(BJIﬁ)vﬂ
v

(48)
The discretization used by Wendroff is
' . + +

uj(t) = u(xj,t) . xj =X +hj s 320, =1, =2, ses
and this can be extended ¢ form l\q by defining

(A W = ulx,,tY, t"=nk, k=1N

h '] J

Wendroff considers a space of functions Q hdefined as follows. i)h
is the set of all mesh functions

u(t) = {uj<t) H j = O, t1,i2, XX } ('+9)

which satisfy the condition ‘ﬁ(t) =0 for| le < %o (t), where
xmax(t) depends on the particular problem. In the general case uﬁ(t)
may be a vector of dimension d. A scalar product is defined in £2p

by

(u,v) = 2 u v, (50)

The relation between Wendrofft!s approach and the general scheme
can be demonstrated by introducing spaces E and Eh in the following
manner, The elements of the space E are functions u(x, t) possessing

suitable differentiability properties and satisfying the following
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conditions in order that

(Ahu)n5{(Ahu)§:j=0,:'l,t2, o.o}

shall belong to fih

Le. [ uex,t) | =0 it xl> x5 (1)
and
X a5 (B »
[ lu(x,t)l dx & @ (51)
~x___(¢t)
max

The norm in E can then be defined by

5 xmax(t)
I u|‘ = s:pj[ lu(x,t)‘ 2dx (52)

_xﬁax(t)

The elements 1 of the space Eh are defined by

'—o’ 1, can N}

B
¥

7 = {n°

where n

]
|

{ny ¢+ 3=0,21,%2, ..}

n

and ( " ,7) < w» The norm in E, can then be defined by

I 7 ll= ™ [nCa®, 2™ (53)

which is consistent with the norm defined in E. The framework can

easily be extended to the case where x 1is a vector of dimension S

in which case J = [j1, j2, sas js ]and each component can range over
1

all integer values, Then xj =x '+ h j where x, x1, and j are vectors

of dimension S and h is a diagonal matrix with elements h1, eoa hs.

3.3.2 Consistency

In the development of the theory Wendroff restricts his attention

to the case of an explicit finite difference scheme in which the
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t™

1

-1?
t").  Equation 45(a) is then applicable at all points

solution at (xj’ £y depends only on the values at (xj

within the triangle po defined by the points (0, 0), (0, 1), (3, */2),
A=k/he The application of equation (45) to the true solution gives

the equation used by Wendroff to define the consistency error, i.e.

th(tn+1) = y(tn+1) - Sn y(&D) - k Gn(y(tD)) - ol
k k
n-= O’ 1, ese N~1 5’4’(6.)

]

ia yo) = O 54(b)

Wendroff defines the scheme to be consistent if En+1 = 0(kp+1) where
p > O. 3ince a sufficient condition for y- consistency is that
En+1 = 0(k) then if a scheme is consistent by Wendroff's definition

this implies the scheme is y- consistent,

3.3.3 Stability and Convergence

In formulating the equations which are used in the discussion of
stability and convergence Wendroff combines the equation Fh(Y) =0
derived from equations (45) with the equation,Fh(A??) = E/k derived

from equations (54). The stability equation considered is therefore

Ay - PN = BA (55)

or expressed in terms of the Wendroff formulation

2% < [on + k Sen(y(t™), YN ]ZR + B 56(a)
) n= O, 1, XX N=1
7° ° 56(b)

where Z° = y(tn)-Yn; The discussion of stability is therefore
restricted to y- stability and the only values of & which are considered

on the right hand side are those which represent consistency errors
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for particular values of N, In fact the stability conditions given

by Wendroff enable the argument to be applied to the case of general
Nand 7 as can be seen from the following discussion of the Wendroff
approach,

Equations (56) are only defined inside the triangle A and if the
difference scheme is to produce 7" which are members of §7hthe equations
must be extended to give

zg for 5 =0y = 1, see  with | z? | = o

for [x} > x E" is defined by equation (54) within the domain of

max”
dependence of the differential scheme. It is assumed that A lies
within this domain. The extension of E- is defined by letting B

be given by (54) inside and on b and E® = O outside &, Since Sn

and 8Gn may depend on x and t they may be undefined outside & but this
can be avoided by making the values independent of x outside 4, e.g.

at the point xj

+1
n.
p=§1 cp(xg, tHP (57)

Sn

}]

where the value of xg = X, if (x., t") €A or xg is replaced by the
J

value of x at the nearest boundary, The operator 3Gn can treated

in a simjlar manner. The quantities on the right of equation (56)

are now defined for all xj and it is easily seen that all Zg are zero

outside the region show below and hence > er Note that Xpax = 3/2.

(=3, A/2) (32, */2)

(0,0) (1,0)
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Equation (56) gives
n . .
g2+ = [ Eo S, + k3 Gi(y(tl), ) ]2° 58(a)
i

n n . .
+ = [ onm s +ksa e, THE™
m=0 i=m+1 T

Z- = B 58(b)
n
where it 8. + k8 G, is defined as the identity operator.
i=n+1 1

Wendroff defines a scheme to be stable if there exists a constant K
independent of k such that

.
I m (seesa) || < ~1<m<n<N (59)
i=m+1 = - -

This condition will be satisfied if there exists a uniform bound for
n

8Gi(u, v) and for I S;y m<n (see Strang 1964)., Using condition
i=m

(59) in equation (58) gives

Wz <l 22l + £ g |l
a, S o "k E,

and Wendroff shows that this leads to the condition

( z Zn+1(x )2 .h)% < (K h% + KT) o(®)  (60)
Gy, t7¢7) £ J -
vhere 787 = y(tn+1)— Yn+1 and hence condition (59) is sufficient for
convergence.

Although the Wendroff analysis was éarried out for the case
Z = Aly - Y it can easily be shown, by essentially the same argument,
that the condition (59) is sufficient for the scheme to possess y-
stability. A modified version of equation (55) is considered in which

the point Y is replaced by a general point Ahy + 2,

ie€ey Fh( Ahy+Z) - Fh(Ahy) = A
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This gives the following equations which have the same form as equations

(56)

L1 =[S0+ ksGn(y(t™ + 2%, y(+%)]z" + x A"

n= 0’ 1, ese N"'"

Following the argument used previously and using condition (59) gives

22y <z Ny o+ ke max 2 ™),
h h n h

which gives

Nz | < x01+1]{all
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3,4 Replacement of Boundary Conditions by Periodicity Conditions

3.4,1 Introduction

In the application of the Fourier method for stability analysis
the equations describing the finite difference scheme must have the
same form at all points., This is the case for a typical scheme
applied to the pure initial wvalue problem as exemplified by the Wendroff
theory of section 3.3 in which the operator Si is applied at all
points_ms x S + oo s However in the case of a problem which
includes boundary conditions, such as that of section 2.3, the operator
C(k) will be defined by two sets of equations one of which is applied
at internal points and the other at points on or near the boundary.
For the study of stability by Fourier methods the problems must be
formulated so that the finite difference scheme is completely defined
by a single equation which is applied at all points, t #¥ O. This
section discusses the transformation of the original problem to an
equivalent problem in which boundary conditions have been replaced by
periodicity conditions and the finite difference scheme 1s then
completely defined by the equation which is applied at the internal
points. A problem is said to be equivalent to the stated problem if
it has the same solution within the given region and if the boundary
and initial conditions are still satisfied. For these problems
with periodicity conditions or for the pure initial value problem
stability can be investigated by Fourier methods or by the direct
method of section 3.6,

The possibility of forming an equivalent problem is demonstrated
below by taking a particular example and showing how the equivalent
problem can be constructed for different types of boundary conditions.
The initial function is taken to be the definition of a function over
a half pericdand a continuation is defined in the other half period
so that the boundary conditions will be satisfied., The initial

function is then defined periodically for all values of x and the
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nev problem is effectively a pure initial value problem and the
conditions on the boundaries of the original problem are as required

in that problem.

The computational scheme can be easily constructed in terms of

values inside the region of the original scheme by letting

n n
M5 =7 5424

where xj = j«h, h = ®/M, The range of x values in the basic

whenever j lies outside the range -M+1, -M+2, «¢e0, coetM

problenm is 05 x S % in order to simplify the subsequent analysis.
The analysis is first given for the case of homogeneocus mixed boundary
conditions. However a simple transformation will enable the non-

homogeneous ¢ase to be considered and an example shows how this can

be achieved.

3.4,2 Homogeneous Mixed Boundary Conditions

The existence of an equivalent problem will be shown by considering
a simple example on the parabolic equation of section 2.3, The
analysis deals with the cases of boundary conditions on the function
alone, derivative boundary conditions and a class of mixed boundary

conditions. The equations considered are

2 82 0 S t S T
3% = -—% + glx,t) 61(a)

ox D<dx<=n
¥(x,0) = f(x) 0<x<m 61(b)

with mixed boundary conditions

o, g a(i ), ﬁ,] y(O,t) = 0 61(c)

0 S t S T

dy(m,t)

o, <ho + 52 y(n,t) = 0 61(a)

The equivalent problem without boundary conditions is defined by

extending g(x, t) and f(x) in some manner into the range -n < x < O
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and defining values outside that range by E(x+2pn) = f(x),
p=0, i1, coey _nS;;S Ko }(x) denotes the extended function which is
composed of the given function and a function p(x),~n% < x < 0, which
is chosen so that the boundary conditions are satisfied.
The existence of the equivalent problem is most easily demonstrated

by considering the class of problems whose solution can be represented

as a Fourier series

-] o)
] -rt
yix,t) = [ ge‘r cos rx + ‘Z‘ br sin rx] e (62)

(see Carslaw and Jaeger 1947). Although the Fourier solution is used
to demonstrate the existence of the equivalent problem it should be
noted that the stability of the periodic problem can then be analysed
without recourse to Fourier methods (see section 3.6). If y(x, t)

defined by (62) satisfies (61) then

a L rb_+f c:Z". a = 0 63(a)
LI r 1 o F

! z r r _

2 q TN b+ B, z (-1)"a, =0 63(b)

and these equations will be satisfied if a°=0 and for every r > 1

@ r br + ﬁ1 a, 0 64(a)

1
o

02 T br + ﬁz a, 64(v)

In the case of boundary conditions on the function alone we have
“ﬁ = “2 = 0 and the solution of (64) is a, = 0. Thus the periodic

function - © 2
ylx,t) =[ = b sin rx] e Tt
1
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will satisfy the boundary conditions and the continuation p(x),
-1 < x { 0 is defined to make the initial function odd, i.e. p(x)= -f&x),
-t < x<0 . In all cases the function g(x, t) is treated in the same
manner.

In the case of boundary conditions on the derivative alone we. have
ﬁ,‘ =ﬁ2 =0 and the solution of (64) is br =0, The solution is now
defined as a cosine series and f(x) and g(x, t) are defined by even
continuation p(x) = f(-x), =n < x < O,

In the case of mixed boundary conditions the equations (63) are

written in the form

=~} (=~ (=] o
e, [ T 2rb, + = (@r-Db,_.]+R, [ = + % a,_.] = 0
1 =1 2r r=1 2r-1 1 =0 Bor =1 21r-1

o0 o« o

o
e, [ 2 +B T -
2" q2r b, 21(21\-1)b2r_1] > [ oo Por ~ ri’\ a2r-1] = 0
and these equations are satisfied if a = 0 and for every »r > 1

&1[21‘ by + (2r-1)b2r_1] +ﬁ1[a2r + a2r-1] = 0 65(a)
a - - —
(ar by - (2r-1b, ] + ﬁz[a2r a,.4] = O 65(b)

It will be assumed that ﬁ1, ﬁa # 0 in order to simplify the notation
but similar arguments can be used if ﬁ,] or ﬁz are zero. Let
K1= Of‘ / ﬁ1, K2 = aa/ ﬁzwhich gives the following equations by addition

and subtraction of equations (65)

2r(K1+K2)b2r + (Zr—-’})(K,I-KZ)b

P + 28.2 = 0 66(a)

r

2r(K, =K, )b, + (@r-1)(K )b, . + 228, , = O 66(b)
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Therefore the boundary conditions will be satisfied if the initial
function can be represented by a Fourier series

f(x) = 121 b sin rx - 3 r§1[2r(1(1+K2)b2r +(2r-‘\)(K1-K2)b2r_1]cos(2rx)

-3 i [2r(K1-K2)b2r + (2r=1) (K, +K,)b,, ,_,Jeos((2r=1)x)

0<x<m (67)

For a finite Fourier series the extension p(x) can be calculated by
p(x) = £f(#x), =t < x < O but there is no simple pictorial description
of the extension p(x) such as the even or odd continuation of the
previous examples.
A simple example is given of a problem for which there exists an
equivalent periodic problem. ILet the boundary conditions be
- 2 (0,8) + u(0,t)

X

1
o

1
o

2 du (n,t) + uln,t)
%

and let the initial function be

f(x) =8 cos x+2 sin x + 3 sin 2x

O_<_x51:

]
Since 35 =~-8 sinx +2 cos x + 6 cos 2x

the boundary conditions are satisfied in the equivalent problem with

initial function defined by f(x),=®< x { « and it can be seen that
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the coefficients of the function f(x) satisfy equations 66.
Thus it can be seen that for those problems with an initial function
which can be represented in the form (67) then a periodic problem can
be formulated for problems with mixed boundary conditions which is

equivalent to the original problem.

3.4,3 Non-homogeneous Boundary Conditions

In the case of non-homogeneous boundary conditions the problem
can be transformed into a problem with homogeneous boundary conditions.
This is most easily demonstrated by means of a simple example. If the

boundary conditions are

11}

y(0,t) P.](t)

0<¢t(T (68)

y(n,t) pa(t)

then the problem can be reduced to the form (61) by defining a new

function
7*(x,t) = ylx4t) = (1-x)p1(t) - xpz(t) 69(a)
with
y*(x,0) = £*(x) = f(x) - (1—-x)p1(0) ~xp2(0) 69(b)
g*(x,t) = glx,t) - (1-x)‘?_{1_ -x a_ﬂa_

3t 7t 69(c)

and this has the required form to satisfy (61). The previous analysis
can now be applied to show that the problem is equivalent to a periodic

problem,
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3,4.4 Comparison of Difference Schemes

From the above discussion it can be seen that the problem defined
by equations (61) can be solved by two different approaches. The
problem can either be solved directly by setting up difference equations
which include approximations to the boundary conditions or the original
problem can be transformed to a periodic problem in which case the
finite difference scheme only involves the approximations to the
differential equation and to the initial conditions. From the results
of section 2.3.4 it can be seen that the stability conditions for the
two schemes are not necessarily the same. 1In many cases a difference
scheme with boundary conditions is used in practice and strictly
speaking the Fourier methods of stability analysis cannot be used in
such schemes,

The two alternative schemes are given below for the example of
equation (61) with boundary conditions on the function alone, i.e.

expressing the equations as a mapping

2
U O¢tgr
Fw, = 3% 22 G, ) - - 20(a)
0<x<n
(Fu), = ulx,0) - £(x) 0<x<m 70(b)
(F u)3 = u(o,t) =~ p,l('b) 0<tgT 70(c)
(Fu)y, = ulmt) - p,(t) 0<t<T 70(a)

Firstly a direct difference scheme based on equations 2.40 will

be considered which leads to the stability equations



- 107 -

AR =B ane | & ] -0 [ il N
(o] (o]
é é + Xk AP
i _] ART’I ?71(a)
N = 1,24 ase N
7° =4° 71(b)

where 2° and A™ are vectors of dimension M-1 corresponding to the
internal points j = 1, 2, «.s M=1 and the matrices A and B are defined
by A = P(A9), B = P(_X1- 0)) where P(q) is the symmetric tridiagonal
matrix of dimension M-1 with diagonal elements 1 + 2q and off - diagonal

elements ~q., The above equations can also be written

gD | i
3 A(1=6) 1-2AM1-6 A(1-6)
0 0
0
R — - [o] -
+ AT AR
o 1
(o] v
: + k .
* n
° Ay
n -1
Ag o (72)
. i § — -

n=1,2, eee N

where the vectors are of dimension M+1. However the form of these
matrices makes the evaluation of the norms in equation (72) more difficult
and therefore the form given in (71) is normally used.

Alternatively the scheme can be transformed to periodic form in two
stages, The boundary conditions can be transformed to homogeneous form

as follows
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Let U(x,t) = u(x,t) - (1-x) p1(t) - X pz(t)

o (1) O () 9p, (%)
g(x,t) = (1-x) gt x Zt 7%)

F(x) = £(x) = (1=x) pq€o) ~ x p,(0)
Secondly an extension to F(x) is defined in the region -5 < x< O

G(x,t)

by F(-x) = -F(x), 0 { x {7, It is assumed that the boundary and
initial conditions are compatible which ensures F(0) = F(n) = O,

The definition of the problem is completed by the extension
P(x+2nx) = M(x), -z {x<{+m n= X, %2, ...
This problem has the stability equations

=X +(14206)Z3-2025, 1 = AC1- @z’afj + (1-2)L('|-6))z‘a?"1+7\(1--e)z’?’1 + 3 K

3+ 3+1
74(a)
n=1. 21 eoe N [ j=']g 2, res 2M where x, = glt'j'-n
J 2M
o .
and z‘a? =4 , J=1, 2, ees 2M 74(b)

For any value of the subscript which is outside the range j = 1, 2,

sse 2M the subscript is taken modulo 2M giving
(75)

where Zn}.An'are vectors of dimension 2M and A and B are circulant
matrices with elements defined by the first rows

[1+208, =X6,0440¢.0,=20]and[ 1-2A{1=8 )y+ M1=6)4044.0,+ A (1~6)] respectively.
The two sets of stability equations to be compared‘ére given by equations
(71) and (75). The eigenvalues of the matrix A1 B in equation (71)

were given in equation (2.86) and are repeated here for convenience

_ 1=b A (1= ) sin® (n3/2M)

-

j 1+I+Ae Sina(nj/zM) ] j = 1, 2, se e M"1

and the eigenvalues of the corresponding matrix in equation (75) were
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given in equation (2.51)

p. o= AkA(9) sin® (ni/21)
14426 sin® (n3j/2M)

j=1’ 2' XX 2M
Thus the eigenvalues of both matrices are provided by mesh values of
the function

1=b A (1=0) sina(nx)
1+4A 6 sina(nx) 0

g(x) =

IN
b

IN
-

and the conditions which would lead to condition (2.46) would be the
same for both matrices in the case of the 2 - norm. It was seen
previously that for the case of the maximum norm the stability conditions
which could be obtained were different., However even if a condition
similar to (2.46) could be established the argument of Theorem 2.1

could not be followed due to the difference in the form of equation (71)
and (45), ILet the terms with coefficients A6 and A(1-6)in equation

(71) be A ¢?and A wg'1respectively which gives

7% - a7 zn""+(:,£Z‘1 + @"1) +k A%

n o n N 1 n <
=2+ 3 ™Il 4y vk 5 IR (76)
=1 =
0<k< 7T
1z | c®w || ¢ x
0<nk T (77)

is to be a sufficient condition for stability it must be established

that

n . . .
R S R A Iy (78)
i=s

and the absence of the factor k means that the previous arguments

cannot be applied.
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Although numerical experiments indicate that the stability criteria

derived for the periodic problem are also satisfactory for the problem
with boundary conditions'necessary and sufficient conditions for
stability are not available for the latter problem and it may be more
satisfactory to transform the problem to periodic type so that rigorous

conditions for stability can be given.

3.5 Fourier Theory

3+5:1 The Lax-Richtmyer Formulation

This section will discuss the stability of the difference scheme
defined by equation (20) in the case of the pure initial value problem
or where the boundary conditions can be replaced by periodicity conditions.
A wide class of functions have a convergent Fourier series and we
consider a member of this class u eB. Expanding u(x) as a Fourier

series we have

ulx) = 1l V(r) piTeX

@en)?/2 r (79)

The summation over r is multiple of dimension s as discussed in A1.11
and r.x is the normal scalar product. The components of r are integers
and the summation is over all possible values of these integers. The

norm in the space B is defined by

2rn

o - [ luGo [© ax
0

where the integral is multiple of order s and the x values are scaled
so that O { x; {21 . |u(x) |is the normal Euclidean length of a

vector, If the norm of V is defined by

vl = = ]vw]|? (80)
r
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then the elements V(r) form the member of a Banach space B' and the

two norms are equivalent by Parseval's relation

2%
j lu) [2ax= = |v@)] 2 (81)
0 r

Thus the behaviour of the norm of a function in the space B can be
studied by considering the equivalent norm in B!

For the problem under discussion a typical finite difference scheme
relatgs the values of 7 at a set of points I{]in the region of x at

time level t®*71 to a set of points N_in the region of x at time level

t®., As an example the difference scheme (2,40) of section 2.3 with
s =d = 1 has a set of three points x - hy, x, x + h at each time level.

Generally the problem is solved on a mesh

_ n _ e 2 _Tax . T
X, =hj t =nk: j= [31, 3y eee js],

e f ]
0< 3 <M, n=04 1 «eo N, k =I/N (82)

h is a diagonal matrix with element h, = 2n/M1 1 =1, 2, eno S and j
is a vector with integer components in the coordinate directiomns.

The form of the difference equations is

T C1p n*(x’ + hp, 2 = 3
N1 N
o

Cop n*(&x' + hp, t7) (83)

where the sets N1 and NO define the respective values of p, and
Cip’ i =0, 1 are d x d matrices which do not depend upon x and t in
the simple presentation but may depend upon k and h. Using a Fourier

series (79) for n*(x) and applying equation (83) at each point x gives

. . .
1s 5 01 5 V(§;1 e1r.(x +hp) _ 5 C 5 V? ) e1r.(x'+hp) -0
(em)/2 |8y Pr N, P or T

(84)
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Taking a typical value of r and removing the common factor

: s
elr'x;«an)/z gives

n+1 L5
r C, V(r) dr.hp T ¢ Vlr) TP 20
N 1p e - N OP
1 0
Let  Hy=Z C ATeIP j=0,1
Jp
N5 (85)

then H, vl = Hy v (r)

Since H1 must have an inverse if the system is solvable we have

n+1 -1
Wr) = H1 Hy v (x)
= Ga(k,r) V(r)
= ™k, 1) V(1) (86)
Tus || Vi) [ < (| 6*&yD) || || V0|
0<k< T
and if I &"Ce,e) || € K (87)
0<nk T

for all r with integer components then the growth of the norm in B'

is bounded and by (81) the same is true of the norm in B. Hence as
in Theorem 2.1 the scheme is stable according to the definitions of
section 2.1, The matrix G(k, r) is known as the amplification matrix.

For the excmple of equation (2.40) the finite difference scheme is

defined by
n+1 n+1 n+1 n n n
~A0 ;4% (1+2A6)nj -Aenj+1 --A(1-e)nj_1 +(1-2A(1e9))nj +,\(1-e)nj+1
(83)
Hence
H, = (1421.6) -\ [e:.r.27;/2M o -21:1r/2M]
H =14 - 2A-('|-6) _*_A(,l_e)[eEnir/ZM + e-21tir/2M]
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and G(k, r) is a scalar given by

1-2M1-6) +2A(1-68) cos 2nr/2M
14+2A6 -~ 2A6 cos 2nr/2M

It

G(k,r)

_ A=A (1-8) sin®(ar/2Mm)
145 6 sin® (nr/2M) (89)

so that the condition (2.50) is necessary and sufficient for stability
in the L - R sense as in section 2.3. In considering the necessity
of this condition a value of (A°)* is taken corresponding to the
maximum value of [| G(k, r) ||. However (A%)* is an extended function
and the L -~ R theory does not establish that the mesh function would
be subject to the same amplification factor. This topic is discussed

in section 3,6 which analyses the problem in terms of a mesh norm.,

2.5.2 The Wendroff Formulation

In order to satisfy equation (59) in the case of constant co-
efficients with no non-linear term it must be established that S" is
uniformly bounded O < k < r , O < nkk <T. The Fourier transform {

is formed as follows

+ . .
Aoy = = u, o7t (90)

where r.j is a scalar product of dimension S. The Fourier transform

applied to the operator T of equation (46) gives

/A\ + o0

- i
Pu = ¢ (T u)jelr“]

e.-:i.r.' ,',]

AR (91)
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Hence if we define é":eir‘a then

2\

o Aa
T u="T

4

and the operator (46) becomes in the transform space

_ +J .
8- 1 ¢ irp
P~ P

Wendroff proves that the norm in the space 04,

-+ co

2 2

ful® = ._Z ]u‘_j [ (92)

J= o

is equivalent to the norm in the transform space
5 2% 2n
A2

RV U B TP (93)

o) 0

Hence the uniform boundedness of S° is equivalent to the uniform
A
boundedness of ST « Thus the following condition is sufficient

for stability of the Wendroff scheme

A 0<k< T
Il s* 1< &
0<nkT (ok)

but Wendroff alsc shows that if this condition is not satisfied for a

single value of r in the transform space then the scheme cannot be

stable, Thus

+J . 0<k< 7
¢ 2 0 ™" || ¢ &
p=—J P 0 kT (95)

is also necessary for all r to ensure stability. An alternative

approach without recourse to Fourier analysis is presented in section

3.6.
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3,6 A Direct Analysis of Stability

3.6.1 Introduction

This scction provides a direct approach to the study of stability
in partial differential equations for the class of problems which are
amenable to Fourier methods; i.e., the method is restricted to either the
pure initial value problem or to the case where boundary conditions can
be replaced by periodicity conditions as described in section 3.4,

In the Fourier analysis it was established that stability was equiv-
alent to the uniform boundedness of the powers of the amplification
matrix. It is shown below that the same result can be obtained by using
the special properties of the matrix which results from the finite
difference equations which arise in the two cases mentioned above,

The matrices which are formed are shown to have circulant form and it

was necessary to have expressions for the eigenvalues, eigenvectors

and certain norms of the circulant matrices. The results available

were for the simplest case (Aitken (1958)) but a development of this
theory is presented in appendix 1 in which the required results are

derived.

3.642 A Problem with Boundary Conditions

It is assumed that the transformations described in section 3.4
have been performed so that the finite difference scheme is described
by an equation relating values at a set of points in the neighbourhood
of xj at time tn+1 to another set of points in the neighbourhood of
xj at time t". This equation will be applied at all points Xj and
where values are required at points outside the defined region these
will be replaced by values inside the region which are equal by the

periodicity property. An example has been given in section 2.3 for
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the parabolic equation where the values are defined on the mesh Dh

(2.38) and the finite difference equation by (2.40.a). By periodicity

over the extended range 1, 2M we would replace 7 by 4 etc., and

2M+1
this would give a circulant matrix. For the more generzl case where

the problem is to be solved in the region 0 < xl <1, 1 =12, «00 s,

0 € t £ T the finite difference solution will be calculated on a mesh

such as the following
x, =hj: §="Lini 5. 05, 1< 3, < @, by = M
h _ 3 1 J2r Vgl 1 1 71 1
D =
n (96)
t=nk: n=0,1, ..UCN, k:T/N
h is a diagonal matrix with element hl’ 1=12, «e.5 and j is a vector
with integer components in the co-ordinate directions. In the general
case the finite difference solution will be a vector of dimension d

defined for every point of Dh.

The form of matrices which arise is most easily demonstrated by
means of practical examples. The example of the heat conduction
equation in one and two dimensions is given below. For the case
5 = d = 1 discussed in section 2.3 the stability equation at the
point xj is defined at the point x‘_j by (2.43.d) and using the periodic.

replacement of external values the matrix equation is given by

14216 “AB.iee. O -Ae.l
-A8  142A0 =M .... O
e e e e e e e z"
O vevee =A8 14220 A8
-2 0 ... A8 142A6
- o -1
1«2X1-0)  AM1=-0 .... 0 A(1-6)
A(1-0 1-2X1-0) Ar(1-0) .... 0
= R F 92
0 veee AM1=9 1-2M1-6)  A(1-6)
AM1-6 0 ... M1-6) 1-2M1-9
n J



or A Zn =

- M7 -

B 721 4 k AR

where A and B are circulant.

This gives 7" =

vhere C =

2V B s

c 72V 4 kAR

a circulant matrix, A

N 72,

R €°12))

A~ tan,

In the two-dimensional case the equations are

K 7 72 #1421 0, 427, z . -A, 6
n n
z, . + 4, .
[ NPER P I PUR P
-1 n-= n-1
=2, (1-8) [2Z] i+ 2 1+ [1-2A (1-6,)-2A,(1- 0 )] 70
1 1 j1-1’32 +1132 31’32
-1 n n
+2,(1-6,) z? + + k AT
: APER P 31,32+1] J
IO..O..(99)
If we take the case M,l = M2 = 2 Wwe have
11 "0 o0 0
a 1 a > 0 > a 1 a 5 0 a >
a1 a1 a1 ap ap ap 0
2 1 2 n 2 2 n-1 n
0 a1 a1 1 : - 0 ao ao ao : Pk
2 1 2 2 1 2
1 1 1 0] 0 0
a > 0 a > 1 a > 0 & 5 a 1
] . ! i
en oo (100)
-A 6 =A_0
. =
- - 6
Aaea 1+ Zqu + 2A262 A2 5 o
0 - A0 AB o AD
/\202 l+211+222 575
=A_6 A0 A6 A6
3 A2 5 0 5% 1240+ 245
o=
; =246, 0 0 0
a =
2
=M 8
0 17 0 0
A0
0 0 1%4 0
A0
L 0 0 11
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T

where 2 T

- (zf, Z, zg, ZE)* z? = (B0 Zypr Zyze Bgy)
Thus the matrices are circulant in form with elements which are
themselves circulant matrices. In the most general case the elements
of C are & X d matrices a with multiple subscripts k = [k1, k2, . ks]
and C is circulant as defined by (A1.3).

Following the line of argument of section 3.2 equation (98)

gives

Hz 1< IFe™ ][] all + k.. max | e 1] all
j=T4ean

and if || ¢* || is uniformly bounded 0 < n.k < T then

Hzll < x [lall eerenes(101)

which gives stability. The results of appendix 1 will be used to find
conditions for the uniform boundedness of ||Cn||
Theorem 2

Jf the norm is taken as

&

Iz |5 - \ zjl2 teerinnenesss(102)

0 ™

J=1

then the subordinate matrix norm of C" is given by

e 1= max p% @@ = max &l .uev..Ci0®)
r r
where G = gM ay W k-1 eecsrcecnesasvsssesscnssee (104)
k=1 r

In the casewhere s > 1 the same notation can be used if we let

M 2My4 M ket _ ST K ks
- B8 a.nd W = W « W eeee W

2 = z aeeee 2 T I‘,] I‘2 r

k=1 k1=1 ks=1 s
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*
Proof [[c®]|® = o (¢ ™
. (n) n* .n . . .
If we define B = C~ C then we wish to find the spectral radius

of B, Let aﬁn)

be the element in the kth position on the first
row of C%. Using equation (41.3)

NS I CY LI ¢

Pq k=1 p-k+1 aq-k+"|

In the general case bég) i5s a square matrix of dimension d. Result

2 of appendix 1 gives the spectral radius of B(n)
M
o ™)z max o ( 2 bén)wf” )
r k=1
M &M 2M
z b<n) wk.'1 = X I {n)* a{n) wk-1
k=1 k r k=1 5= J j+k-1 r
2M - .. M .
- (3 a(.n) w-3+1) (% agn) y 1-1)
. r , i r
=1 i=1
M . . 2M .
= (2 ™I (5 2™ WA - gee) ()
J=1 J i=1
Ooooov-oo-(105)
Hence it is required to prove that
2M . 2M
Qn(r) = afn) w ( = a, wk'1)n z ¢™r) ....(106)
i=1 * T k=1 r

The proof is by induction. For n = 1 the two quantities are identical

and equation (106) is assumed for n = 2y ... n., Multiply (106)
2M

by Z a W k-1. The left hand side becomes
i=1 r
M . 2M . 2M 2M
(2 a w;'1) (z o™ wi—1) = I I a a£§i+1 w§'1 .+ (107)
i=1 j=1 9 k=1 i=1
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Now the elements a§n+1) are obtained from C.Cn .
Hence
(1) _ 2 o @) _ o, (n)
-z pi iq 121 i-p+1 q-i+1
i=1 =
k = (q - p+t1 mod 2M)
Therefore
2M 2M  2M
5 (n+1) e . a(n? K1
=1 r k=1 i=1 i-p+1 gq-i+1 r
_ alin) =1
- . i-p+1 “k+p-1-i+1 r
k=1 i=1
_ gM SM a (n) K
fot 5oq 3 k-j+1 "r

ceeeses(108)

j = i-p+1

and the right hand side of (108) equals the right hand side of (107)

thus proving (106) for value n+1.

Hence [1E*l12 = 5 ) = max (G GP)
r

It is therefore established that the C" isuniformly bounded if

6™ (k)] ¢ K 0< k< T veeees.(109)
0 nk T

for all r. This is the standard conditicn on the amplification matrix

(see equations (87) and (94).
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3.6.3 The Pure Initial Value Problem

The discussion of this section is based on the problem formulated
in section 3.3, the important features of which are summarised here.

The initial values are defined by

n3 ¢’("j) 0< 3§ <My 1=124... s

3
]

0 for other values of jJ

where j is a vector of S components the values of which range over all
)

n 0’1’1.- N’ T-'-'-N.k}

integer values. The solution Y = { Nt n

is composed of elements nn = { ng: jl = 0, pt 1y eaeoy 1 = 14250000 s}

where each ng may be a vector d in the most general case. The finite
difference scheme considered is an explicit scheme with constant

coefficients

n+1 n

n = Sn evessssc s (110)

It is assumed that the operator S is bounded, which will normally be
the case if the difference scheme approximates a differential scheme
without singularities. It is shown in section 3.3 that if the
problem is formulated carefully the mapping S maps the space Qh into
itself so that all nn+1 are members of Qh' The complete solution

is defined by a collection of elements defined on the mesh

P = x; = bt

I

- R e
[j'].’az’ (AR NS JS] ] Jl = O' - 1,'oo,hl = 1/}11}

B
=
It

0,1, es s N, k = T/N

For simplicity of notation the future discussion will be restricted to
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the case s = 1 but the results can be extended to the general case

quite easily, and the norm is defined by

nj2
H

te ni2
= hlmax = 7517 o)

2
Hnil= max | p

n n J==oe

Wendroff defines the space ) such that17? =0 for lxj‘ > xmax(t)
and therefore the norm (111) will always exist.

It will be shown in this section that if the ideas of section
3.6.2 are extended to the infinite dimensional case then the Fourier
framework occurs quite naturally in discussing the coefficients of
a vector nn when expressed in terms of the eigenvectors of the operator
s".  The condition on the amplification matrix is then found to be a

necessary and sufficient condition for stability on the 2-norm. The

equation (110) leads to the stability equation

Zn+1 g Zn + An+1

1

n+1 ] n ] n+1=3j
S A 4+ oz gd ATFITY L (112)
j=0

and the uniform boundedness of‘lsnl‘ is necessary and sufficient for
stability. It will first be shown that an element ng can be

expressed in terms of the eigenvectors of (sM* s". The operator

S can be represented as an infinite operator of the form

a-P a—P+1 e s s oo aO esesesscn o %

a Gsscsevsencrsone e ao essesesedes aP

-P

vesses(113)
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and S has a similar form but with elements aén), p =nP, «se + nP.
It can easily be seen that the elements of Sn+1 are given by the

coefficients of ZF in the expansion of

(a(n) gnP a(n) 5 ~1P+1

nP ~P
-npP + -nP+1 Y EX] anP Z )(a—P Z + eacve aP ZP)

and inductively by the coefficient of 7P in

(@ 2T 4 vevenn a ZP)n+1

P cecacseacensse(114)

(n)

Hence the elements of bp of the operator (87)* s are given by the

coefficients of ZP in

P

R D L CYE O N 2 IPTPNCL L)

The eigenvalues and eigenvectors of (Sn)* s" can now be found from the

equation
(n) (n) (n)
b-ZnP vj-EnP + b-2nP+1 vj-znP+1 F oeaers (bO -}bvj cesece
(n) _
+b2nP vj+2r1P_o ..l......(116)

Treating this as a difference equation for the vector components vj of
dimension d a solution can be obtained by assuming a solution v, = cjv
where vV is a constant vector and C is a constant raised to the power j.
Equation (116) becomes

2nP

¢d( = p) @ _unyv -0
p==2nP P

If the components vj are to be uniformly bounded with respect to n
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then Since j = O, +11 +2, eovee and j = O, "‘1, -2, sece it
follows that |C|= 1. Therefore equation (116) becomes
2nP

( =z b

ip 0
(n) Glp - IJI) v=0

and using equation (115) this is equivalent to

P -ipGin P ipfyn
[ ( = a*p e PH (3 a, e PHL _u1 Jv=o0

p:—P p:—'-—P
*
or (Gn Gn" ilI) v=o .noo-~o-ooo|(117)
P ipo
Where G = 2 a ep .oo-c-oloo(118)
p=-P

Thus the eigenvalues of (s™)* 5™ are given by ur(e), T =1, 2, eee dy
0 < 8¢ 2n defined by equation (117) and it can be seen by

inspection that the eigenvectors are given by

(v (0T = vveene o @75, [ (0], v (OT, ..enu119)

forr=1,2, «o.dy, 0¢ 9¢ 2n where Vr( 6) is an eigenvector of
@™+ ¢". It will now be shown that

“SnHE = (sup lu_ oy )‘2 = max p(Gn* ™) = max”Gn”2 .. (120)
r,0 T 6 o

It will now be shown that any vector u € Qh can be uniquely
expressed in terms of the eigenvectors given by equation (110) and
the condition for stability is then seen tc be the standard condition

on the amplification matrix. Now for any u EQh we have

+ oo
p> Iqu { » ceesesses(121)

'=- [}
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and hence a Fourier series can be formed
4o .
g (6) = = U, o~130 cennees.(122)

j:-oo
where ¥ (8) is a d x d matrix

and inverting this relationship gives

2n

_ ij@ . +
uj—zn e 4}(0) do J—O,"'1| )

o

If the eigenvectors vr(o) are linearly independent a unique reprecent-
ation Y(0) = v(0) w(0) exists where V(0) is a matrix whose columns

are the eigenvectors vr(éﬁ‘and w(0) is a column vector of coefficients.
Hence a unique representation exists

A 2n -9
u, =3 [ etd” v(9) w(6) a0 eeeees(123)
(o]

and if the eigenvectors vr(G) are taken as the columns of v(0) then

the desired representation of u is

.
u = Et' / 2o V(e) W(e) do .00.0--(12"")
(o]

If we consider the space B' with elements ¥(6) w(6) then by

Parseval's relation

Hull2 = lll?
Y B!
+ 2
i.€0 ) Iu.|2="211? IV(O)W(G) |2 a0 ..-.....(125)
hED T J o
[B" ull2
Hence l Bnllz = —_—D

max {
Bow i,
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and using the results of equations (115) and (118) the right hand

side becomes

2n n 2
Jo |6™@) v(0) w(o) |<da0 )

max
2
u 1l 12,
21 n* n o 0
o WO vx(0) G (6 G(6) v(9) w(9) 4
= max ( 3
u Hulle,
B
< mex ‘lGn*(a) c™(9) I - ( su% | (9)|)2 ceeees(126)
7] T, r
Thus a sufficient condition for stability is that
lle"e) |l ¢ x 0C K< T weaaa(127)
0 nkgT
for all 90

Wendroff also shows that this condition is necessary for
stability and hence (127) is the standard necessary and sufficient
condition which the amplification matrix must satisfy to give

stability.
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3s7 The Amplification Matrix

2,7,1 Introduction

The analysis presented in sections 3.5 and 3.6 established
that for a certain class of problems the necessary and sufficient
condition for stability is that the powers of the amplification
matrix be uniformly bounded, i.e. equations (87), (94) and (109).
This section discusses various useful results on the norm of G"
concluding with the necessary and sufficient conditions on G
to ensure the uniform boundedness of “Gn ”. These have been
derived in two different forms in the work of Kreiss (1962) and the
alternative approach of Buchanan (1963a), (1963b). However, owing
to the complexity of the Kreiss and Buchanan conditions the various
necessary or sufficient conditions which are presented here are often
helpful in analysing particular difference schemes. Firstly some
simple results are presented which may be useful in some difference
schemes,

The following rélation may given an explicit expression for the

norm required but generally an analytic form will not be available.

He2 1l = 0% (6™ &) veveeenenen.. (128)

where p(A) = max 'Ai I, Ai are the eigenvalues of A. The following

well-known matrix result will give bounds on the norm.

p (6™ ¢ eIt ¢ lleli® ceevenes (129)

In the case where G is a scalar or more generally where G is a normal

matrix the equality holds in (129).
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An important necessary condition which follows from (129)
is the Von Neumann necessary condition on the cigenvalues of G

which states that
Iuilg1+ak 0< kLT

i= 1, 2, seee d, ¢ constant essese (130)

where py are the eigenvalues of G. This condition is most easily

proved by considering an associated matrix A defined by
A=e G BB e s GB ersv et beten (131)

a = log K/T

It is first shown that a necessary and sufficient condition for

lla™l] ¢ x 0<k< T
0k T .e... (132)

is that || a” ||¢ K, for all positive integer V. ..... (133)
For the proof of necessity consider v = r. N+S, N = T/k where s { N
a7 llg {208 B0m (N ihyr, o8| e®] |

< KF. K. K=K

assuming K > 1
The condition (133) is also sufficient to establish (132) since

Ha® 1l = o™ [1an 1l

< Ko K,
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It follows from the left in equality of (129) that it is necessary
that
p(h) <1

Hence p(e_ak G) < 1

p (G) eak_<_ 1 +ak

which establishes condition (130). It was assumed that K > 1
since if K { 1 all the eigenvalues of G have modulus less than one
and (130) is trivially satisfied.,

If we consider the case where G is a normal maftrix then

16" l= »™@)

< (1 + K)?

KT
< e ceesereseass (134)

and the norm is bounded above by a quantity which increases
exponentially with T. Since this norm defines the amplification
factor for errors introduced in the finite difference scheme the
error growth may also be exponential with T. TFor problems in which
the true solution is known to be decreasing such growth would be
unacceptable and the Von Neumann condition should be strengthened

to

lu, | ¢ 1 berereeeneesa(135)

1

Condition (135) is used by Strang (1968) as a definition of strong
stability, The idea of strong and wéak stability is examined in some
depth by Stetter (1965). The definition of strong stability used
by Stetter is more demanding but is a more accurate reflection of

the property desired in a difference scheme, His definition of
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strong stability effectively states that when h tends to zero

the finite difference scheme has the same amplification properties
as the original differential equation, Thus for a scheme with a
strongly decreasing solution the condition (135) would not be

strong enough to give strong stability in the sense of Stetter.

3e7+2 Sufficient Conditions

| Tt is convenient to have conditions on G rather than G" for
determining stability. However the necessary and sufficient
conditions of Kreiss and Buchanan are often complicated to apply in
practice and it is useful to have some simpler sufficient conditions,.
The conditions given below were discussed by Richtmyer (1957)
Richtmyer and Morton (1967) and conditions (d) and (e) are special
cases of the result of Kato (1960). The conditions are summarised
below and the detailed discussion is available in the texts cited.
Any of the following conditions is sufficient for the uniform
boundedness of G® and hence by (109) is sufficient for stability.
a) The Von Neumann condition (130) is both necessary and sufficient

in the case where G is a normal matrix by the equality in (129)

b) HG“2 = m le|2=max v* G* Gy
o] =1 lv=1]
1
Hence H G |l= p2 (G*G@) and a sufficient condition is
a
P2 (G*G’) _<_1 + K.k o < k< T 000000(136)

c) If all elements of G(o,r) are bounded for all r and if G is
Lipschitz continuous at k = O

ice, G(kyr) € Glo,r) + M.k 0Kk 7
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where M is a matrix with bounded coefficients independent of k,

and if [|G(o,r)|l < 1 then condition (109) holds.  (137)

d) If G has a complete set of eigenvectors and there exists a
constant & such that &4 > 8> O where A% is the Gram determinant
of the normalized eigenvectors then the Von Neumann condition is
sufficient as well as necessary. (138)

e) If the elements of G(k,r) are bounded 0 < k { 7 for all r and

if all the eigenvalues of G with the possible of one satisfy

Ix.l ¢ ¥<n
l —
then the Von Neumann condition is
sufficient as well as necessary. (139)
f) The Lax-Wendroff condition states that if G(k,r) is such that
| v av | <1+ Kk)IVl2 0Kk T for any vector V then

the difference scheme is stable. (140)

3473 Necessary and Sufficient Conditions

Alternative versions of the necessary and sufficient conditions on
G for (109) to hold are given by Kreiss (1962) and Buchanan (1963a) and
(1963b). The work of Kreiss will be presented first. The Kreiss
matrix theorem proves that four conditions on a family of matrices Q
are equivalent so that if Q satisfies one condition then it satisfies
the other three also. Using A = e ¢ as in equation (131) it can
be seen that the first condition is equivalent to condition (109)
which is necessary and sufficient for stability. Hence any of the other
three is also necessary and sufficient for stability.
A) There exists a constant C such that for all A € Q and all positive

integers v
[1a¥lik ¢ R € L))
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R) There exists a constant CR such that for all complex numbers

% with |2 | < 1land for all & € Q the matrix (ZA - I)” exists and

%

ceese (142)
1-12]

l(za - Dl

S) There exist constants Cs and CB and for each matrix A ¢ Q a

matrix S exists for which

i) Max (fl sl Hs™ 1) ¢ ¢ and
ii) B = SAS™! = _A1 biy  eeeeees by )
Ay bus e by,
| ° "o |

is upper triangular, the eigenvalues are such that
[Aji S_Lhil €1 i< j and the off-diagonal elements satisfy

- A o0 o0 :

Ibijl < cgr = Ia ) (143)

H) There exists a constant CH > 0 and for each A € Q a positive
definite hermitian matrix H for which

max (|| H, ‘lH-ql‘) < Oy and
A*HA ¢ H cevsese  (4L)

A necessary and sufficient condition has also been provided by
Buchanan (1963a) (1963b). We first define the property ‘nesting' of a
set of complex numbers.

Definition The set of complex numbers A.1 veees Ad is said to be

nested with nesting constant R if for all i,j such that 1 i< j < d.

lAi—AjI < Rla, - Al r<i <5 ...(145)
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It is easily verified that any set of d complex numbers can be
nested with constant 2d¥1.

Theorem If there is a family of matrices Q of d X d matrices A
which have been reduced to upper triangular form with the eigenvalues
nested with constant R then the family is stable if, and only if,

the Von Neumann condition is satisfied lAil < 1 and the off-diagonal

elements satisfy

laij | ¢ K, max (1= [ag ], 1 - lAjl, A, - Ajl D eee.o(146)

where K1 is a constant independent of A,

Note that 4 = ¢ X G as before.

Details of the gbove theory can be found in Richtmyer and Morton (1967)

as well as in the texts quoted.
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L,  Summary and Conclusions

The main contributions to stability theory which have
been made in this thesis are summarised below, together with
comments on the work and suggestions for further developments.

One of the initial aims of the study was to provide an
abstract framework in which a wide variety of problems
involving finite difference approximations could readily be
discussed. The starting point for this development was the
theory on consistency, stability and convergence due to
Dahlquist and Henrici for ordinary differential equations,
the parallel theory for partial differential equations
presented by Lax and Richtmyer and the rather different
approach due to Godunov and Ryabenki. The abstract framework
which was developed (see Section 2.7) enables the convergence
of many types of discretization scheme to be discussed but
the investigation was restricted to the topics of ordinary
and partial differential equations, The work on the initial
value problem for partial differential equations gave several
opportunities for the development of the theory and therefore
boundary value problems for ordinary or partial differential
equations were not considered. Unfortunately the theory
cannot now be presented as a new development since it was

found that the theory has many similarities +to the framework

used by Stetter. However, it is hoped that the presentation

of this alternative development in detail, together with the
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examples of Section 2.2 and 2.3, will still provide a useful
contribution to the unification of stability theory for
differential equations. It will be noted that the regions

S and T are the entire spaces Eh and E; for those examples
discussed here. In the case of non-linear problems the region
T may be dependent upon h as discussed in Stetter (1966).

In the example on multi-step methods for ordinary
differential equations it is shown that the general definition
of stability leads to the 'root condition! of Dahlquist and
Henrici as a necessary and sufficient condition for stability.
Dahlquist and Henrici define a multi-step method to be stable
if it satisfies the 'root'condition' but this conditions seems
more appropriate as the necessary and sufficient condition to
ensure the more fundamental property of stability as defined
here. The later version of Henrici's work (1963) is in fact much
closer to the ideas of Section 2.1.

The example on the heat conduction equation and subsequent
discussion on periodic problems shows one of the gaps in the
present theory. The equivalent problem which is analysed for
stability does not correspond to the method of computation for
a problem with boundary conditions. It may well be that a method
of computation based on solving an equivalent problem with
periodic replacement of external values, as suggested in
Section 3.4, could be advantageous in that the stability
properties could be stated with confidence. However, practical

experience has shown that the stability results for the



equivalent problem seems to be closely related to the stability
results in the problem with boundary conditions.

For the application of Fourier methods of stability
analysis and the equivalent matrix analysis of Section 3.6
it is necessary to restrict coneideration to certain classes of
problem, In the works on Fourier methods it is stated that the
problems considered must be such that boundary conditions are
absent or can be replaced by periodicity conditions on the
initial function. However, a discussion of the problems which
are covered by these conditions was not available in the
literature and the analysis of Section 3.4 provides a class
of problems for which this replacement by an equivalent
periodic problem is possible.

In attempting to derive an alternative approach to the
L.R theory which was based on a mesh norm rather than the
I1-R extended function it was found that the results derived
by using Fourier methods of stability analysis could also be
obtained by methods based on matrix analysis. For the class
of problems which are traditionally investigated by Fourier
stability methods it is shown that the matrices relating values
at tn+1 to those at t" have circulant form. The eigenvalues
and norms of matrices of this type are derived in Appendix 1
and are used in Section 3,6 to show that the stability condition
of uniform boundedness on powers of the amplification matrix
can be derived directly without recourse to Fourier analysis.
The theory is used for the analysis of stability in terms of

a mesh norm, and the extension of a mesh function to form a
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function defined for all x, which is necessary for the L-R
approach, is not required in this matrix approach. The
section on the amplification matrix is of a survey nature and
is included because of the importance and frequent use of the
stability condition on the amplification matrix.

A problem which has not been examined here but which
would prove a useful field for further study is the question
of weakly stable schemes, This is defined by Stetter (1965a)
in mathematical terms but can be loosely described as the
situatioh where a scheme is stable and convergent but the
finite difference scheme is considerably more sensitive to
perturbations than the original differential equation. For

example a typical stability equation might give a condition

||

IA

(14k)" || & ||

& Tla |

| AN

The gquantity A represents the error such as truncation

error and round-off error and according to the above equation
this could be subject to a magnification by a factor eKT.

Such an error growth would be unacceptable in examples where

the true solution is a decreasing quantity such as the heat
conduction equation., The bound on the error growth for finite

h is the quantity which would give the most valuable information.

The work of Stetter shows that a framework such as that given

in Section 2.1 is very suitable for developing the ideas



- 138 -~

of weak stability and relative stability and it is felt that
this field would provide interesting possibilities for further

advance in the theory.
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APPENDIX 1

A.1 Circulant Matrices

A.1.1 Introduction

In coertain partial differential equation problems of initial
value type the boundary conditions can be replaced by periodicity
conditions. The set of equations for the determination of the

values at the mesh points can then be represented by the equations
C,u  =0C.,u B )
wheretci, i = 0,41, have circulant form,
Definitioh
A matrix C has circulant form if each row is a permuta?ion

of the elements Ay sees By of the first row so that the elements

of row p are

Cpq = &  vhere k = (q - p+1 mod N) .... (2)

Only square circulant matrices will be considered in the future

n
k

are scalar quantities representing values of the finite difference

discussion. In the simplest case the elements u’, of the vector u?

solution gt points of a one~dimensional mesh; the a are then scalars.

In the case where the solution is a vector quantity each unk is a
vector
PR S L

1 i 1

where unk is a scalar quantity, and the a will then be d x d
i
matrices. If the solution of the differential equation depends

upon an s dimensional variable Xg1 eee X then values of u" will be
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calculated on an s-dimensional mesh. The vector u? will have
n
M1 X M2 cses Ms components u K

. n
1 g.kl S-Ml’ 1 =1,24e.28. The quantity u K

point will be a scalar or vector as before according to the nature of

defined by the vector k = [k1, k2’ coe ks],

at a particular mesh

the solution of the differential equation. The dimension of C in

the most complex situation will be M1 XM eees Ms x d and the

2
elements of the first row will be a k = [k1, k2’ cee ks],

1< k1 < Ml’ vwhere each 2 is ad x 4 matrix. The elements of the
matrix C are defihed by the equation Cpq =& where p = [p1, Pyy e ps],

a = {a; 9, +ee q_] and k defined by
ky = (q=py + 1m0d M), 1= 12,008 vee(3)

This section will give results on the eigenvalues and eigen-

vectors or circulant matrices and the norm defined by
Heull,

lell = min [ P €3
u TaTh ]

whereHuIl2 is the Euclidean vector norm.

A1.2 The Determinant of a Circulant Matrix

The results presented are extensions of the simple result given,
for example, by Aitken (1958).
Result 2.1

In the case where the &, are scalars with a simple subscript

(ieee d =1, s = 1) it is easily shown that

My My
detc= n Z akw¥_1 “Seevsvepssee (5)
r=1 k=1

eEnrl/M1

where W, = is a complex M1th root of unity, and C is of

order M1.
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M -
Proof. Let Q be a diagonal matrix with values 1, LACEETE A 1 1

1 -

on the leading diagonal. The matrix C =0 1 CQthas the same
L 4

determinant as C and the elements of C are given by

¢ k-1
Cpq-akwr k = (q - p+1 mod M1) eeress(B)

1
If we form a matrix C by adding each subsequent row to the first
"
row then det C = det C and each element of the first row equals
z Qv k=1 which is therefore a factor of the determinant. Thus

for r = 1, +..s M;, we have the M, factors of equation (5).

1
Result 2.2

Result 1 is easily extended to the case where the quantity

ukn is a vector of dimension d in which case the a are d x d matrices

and

k-1
Where Dr-det 2 ak"]r .'......."l(?)

k=1
Proof The argument follows the same lines but the elements of 02

are now defined by the block diagonal matrix with diagonal elements

T w I W My-1 Iy The pracess of adding the rows
d' r d’ L N ) r

together is performed as a matrix addition of d X d matrix elements,

"
i.e. the elements of the first row of C are given by
M.~1
L
C. =
1q k=0 C1+kd,q

t

1]
The matrix C has for its first d rows M1 repetitions of the matrix

M .
1 -

) a wrk 1 and using Laplaces expansion along the first row of d X d

k=1

1] !
submatrices gives a factor of det(C ) (and therefore of det(C ) and

det(C)) equal to
M
det 2 W
- % "r

k-1
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Result 2.3
In the case where the quantity ujn is a vector of dimension d

and j = [j1, 32, ceas js], 1< jl < Ml then we have the following

result.
M M
1
det C = T eevee T D_
r_ =1 r =1
1 s
M1 Ms
= det 2 z k-1
Dr k1=1 o0 e ks=1 %wr '.....‘....(9)
k-1 k-1 K -1
where for vectors r and k we have w0 = w_ | . w_ 2 "ttty -+(10)
r, r, rg

To simplify the notation in the vector case let

M M4 M
T 2 0 eeveer. I
r=1 r. =1 r =1
s
M - M1 M
and 2 — z aoe e 2 s
k=1 k_=1 k =1
1 s

Hence the result (9) above can be written

M M -
detc= H Z akw es s eseee (11)
r=1 k=1 T
Proof. The proof follows the same lines as the proofs for the

previous results. A matrix 0 is defined which has only diagonal
elements which are defined in block diagonal form by the diagonal

elements given by P1(r) where P1(r) is defined by

M, -1

1l
Pl(r) = { P1+1(r), P1+1(r)o er, (X X} Pl+1(r) wrl } senoe (12)
1 = 1’ 2, oe e s

and PS+1(r) = Id .
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t t -
The matrix C is formed as before, C = Q 1 CQ and the

M1 ><M2 csce MS rows of d xd matrices are added to give the first

n
row of C which can be expressed as
" M ]

C = Z C sasesvesveses (l)
1,q k=1 1+k.d,q 5

where the summation is in vector form as defined by equation (11)

1t

and k.d = (k1 + k2 caes ks)x d. The first d rows of C contain

M1 X M2 seren MS elements which are identical and equal to

M

Y ak wk
k=1 r

-1

and hence by the previous arguments this represents one factor of
det(C). The product of such factors over all values of the vector

r gives the value of the determinant of C,

M M K1
det(C) = @1 det (2 a_ ) eseesnesanea (14)
r=1 k=1 r

As1.3 The Bigenvalues and Eigenvectors

We consider a modified matrix

Cu=C‘-lJI -oo.u--n-oo-uoo--‘o-co-u--.(ls)

vwhich is of circulant form so that the results of the previous
section can be applied. Result 2,3 includes the case where s = 1
or d = 1 and therefore the three situations described in section A.1.1

can be discussed together.,

Result 3.1
The eigenvalues of C are found from the equation det C“ =0

where
M [ M "
det C..= II |[det (2 w
S ko1 kT

-1
= HIP] eeeeen. (16)
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There are M1 X canne Ms><d eigenvalues urb defined for
[r1, Lo enes rs}, 1< ry < Ml’ b = 142, saee de The cigenvectors
vrb can be defined by using the set of d X d matrices defined by
equation (12). Let Rl(r) be a matrix of d rows defined by the

following matrix

M. -1
1
Rl(r) = [ R1+r(r) R1+1(r). wrl ceee R1+1(r). wrl 1....007)

l= 1,2’ vese B

where Rs+1(r) = Id

Ifx;rb is the eigenvector of dimension d defined by the equation

M

k-1
(k§1 a W, - llrb) Ve =0 S ¢ 123

I‘l=1,2,.-.. Ml‘ 1_—'1,2, soae 53 b=1,2’.¢.o d

then the eigenvectors Vb of C are defined by

T
(vrb) =V Rq(r) cecestestrassacasscscsss (19)

Proof. Equation (16) follows directly from equation (14) by
replacing the diagonal elements of C# by COPR T LlId.

In the case of s =d = 1 it can be seen by inspection that the
eigenvector is given by

T M,~1
Vr = [ 1, wr, esee Wr 1 ]

il

R1(r)
In the case of general s and d we proceed as follows. Let
a[kl, Ky qr eeee ks] be a circulant matrix with vector subscript k

and let the matrix of submatrices which is circulant with respect to

kl be defined by a first row with elements

a[kl-'_,], LI k5]1 ““““““ a[k].-’.,,, ?001 kS]Ml
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In cases where no confusion can arise the matrix is represented as

a[kl, K] with elements
k], alKl, ----- K]y,

The matrix C is a circulant matrix C = as[k1, KS_1] which has

eigenvalues and eigenvectors given by the equation

(as[k’l’ KS‘1]-u) V0=O .-.--.........(20)
i.e.
5 l'o) s o o
s fs) s .O _ °
a [KS_1]2 v'l esevsavoer + a [KS-1]1 VM1 - IJ VM1 0000(21)

It is first shown that an eigenvalue “ is also an eigenvalue of the

M 1

- 1 -

matrix a° 1[K 1= ¢ a®[k K ¥ kq-1
s=-1 kq=1 5-1"kq 1

ieee W, is given by the solutions of
!

M1 s k‘]-" 1
[ kz—1 a [Ks_1 ]k1 wr1 - u r1 ] Vr1 = O evsses (22)
1_

The subscript r, on # and v1 will be omitted in the future analysis in

1

order to simplify the subscript notation. The eigenvalues of

equation (20) are given by the roots of det(Cu) = O where C, can be

written
S s
a [KS-1]1 - IJIS-,] eseevssrecas 2 [KS—1]M1
8 s
a[KS—1]2 o eeaceerastoconvn a[KS—1]1 - uIS—1 00000(23)
where I is the unit matrix of dimension M, x M, x ... M X d
s=1 2 3 s
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A matrix Q is defined which has block diagonal form with elements

[1..,w I ceeee wMTY g ] and the matrix ¢ =al¢c 0
s-1' 'rq “s-1’ r, 5-1 U X

1"
is formed. A new matrix C;zis now formed by adding to the first row
of MaxM3 X «eeve. M_xd submatrices the following M1—1 rows of sub-

matrices. By the previous arguments it follows that a factor of

tt
det (C;z) and hence of det (Cu) is

My k=1
det (kz a. [Ks—1]k1 Wr - u) ...'O'O'(Zl")
1=1 1

and hence the eigenvalue of as[k1, KS_1] is also an eigenvalue of
as-1[Ks_1]. Note that due to the dependence of the matrix as-1[K5_1]
on r, there are M1 such matrices each of which has a set of M2 x M3 vee

Ms X d eigenvalues which are a subset of the eigenvalues of as[k1, Ks—1]'
A solution to equations (21) is assumed of the form

vko = v Qlr,k)

where v| has dimension M, X M3 cees XM_x d and Q(r,k) is a scalar.
This expression is substituted in equations together with the expression

for pv given by equations (22). Thus we have

as[Ké_1]1'v1. QUr,1) eee + aS[Ks_,]}M1 v Q(r,M1) |

= [kg:1 as[Ks_1}k1 wrj1-1] vl, Qr,1)
e Y
as[Ks_1]2 Vﬁ.Q(r,1) ces + as[Ks_1 i vl Q(r,Mq)

) [k%:1 as[Ks—1]k1 wrt1-1] v A M)

ceeseses..(25)
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and these equations are satisfied if
k-1

Qr,k,) = wr11

A(r,1)

Thus the eigenvector of (20) is given by

-1
S [ (v1)T, v, (vq)T, cevree wer (vq)T] ceees (26)
1 1

The matrix as-1[Ks 1} = as"1{k2, Ks—Z] can also be written in terms

of submatrices and this leads to the equation for the eigenvectors

1 .
V 43 Ls€e
-1 1 s=-1 1 _ 1
a [KS—2]1 v1 + s s e 0 [KB-Z]MZ VMZ - uv']
5~1 1 5~1 1 1
a [Ks-Z]Z v, +  ceveceses [Ks—2]1 Vi = leM
2 2
ceeees(27)

and these equations have the same form as equations (21). Using
the previous arguments the vector v1 can be expressed in terms of the

. 2 . .
eigenvector v given by equation

My M k.~1 k.1
[ = z as—1[K 1 Wt w © - u] vC =0 eees(28)
k=1 k.=1 s-27k, k, 'r, T,

=1 k=

In general form we have

-1
Gl LS T L S ! T eee(29)
1 a5

where v° = Id.v and v is the eigenvector of the equations

M

(z a W k
k=1 r

-u)v=0
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Letting Rs+1(r) = I, and

Rl(r) = [Rl+1(r), wrl R1+1(r), censee wr

it can be seen that

T =T R, ()

1+1

1)

and hence (vo)T =T Rq(r) ceessessevsssa{(30)

A.1.4 The Norm of a Circulant Matrix

For the norm defined by equation (4)
lcll = o2 (c*o) reeeeeea(31)

where p is the maximum modulus of the eigenvalues of C.

Consider the matrices B = C*C. Using cquation (3)
M

b = 3

®
pq s a ok aq—k+1 censes (32)

where bPq is a square matrix of dimension d. In the case s > 1
the summation and subscripts are multiple as before, Since

b =b the matrix B has circulant form, hence
p+g, qQtg pyq

M M
lell = mex p% (2 ax w1 o3 W k"1)
r ko1 KT g KT
= max HG(M,I‘) “2 0..0'0.0.0--(33)
r
M .
where G(Myr) = I eanr(k—1)1/M ceeesearss(3H)
k=1
where %% is a scaler product
r r r

M 1 M

2 5
[ 1 L4 k + . k s4esssnte . k
] L2 N 5
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