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Abstract

The thesis uses Malliavin's Stochastic Calculus of Variations to identify the hedging strate-
gies for Barrier style derived securities. The thesis gives an elementary treatment of this
calculus which should be accessible to the non-specialist. The thesis deals also with ex-
tensions of the calculus to the composition of a Generalized Function and a Stochastic
Variable which makes it applicable to the discontinuous payoffs encountered with Bar-
rier Structures. The thesis makes a mathematical contribution by providing an elementary
calculus for the composition of a Generalized function with a Stochastic Variable in the
presence of a conditional expectation.
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Introduction

Malliavin calculus, which is also called the stochastic calculus of variations, is named after
Paul Malliavin. It was originally created as a tool for studying the regularity of densities of
solutions of stochastic differential equations. See, for exampl and [31]. Essentially,
it is an infinite-dimensional differential calculus on Wiener space. Then in 1984, Ocone
published the papeB[], and then in 1991, the pape2] was published; subsequently
Malliavin calculus was recognized to have an important role in the field of mathematical
finance. Today, more and more applications in mathematical finance are based on Malliavin
calculus. For example, they include Greeks calculation by simulatioB]jin T], [20],
[21],[22] and [29], hedging portfolio in #] and [5], and not just for systems driven by
Brownian motion, but for systems driven by the gene@hy.processi4.

In fact, much of the theory of Malliavin calculus is based upon the well kno@n It
stochastic calculugp], named after the Japanese mathematician@ .During the middle
of the 20th century, & gave the martingale representation theorem which states that a
random variabl&s € L? (Q2) is Fr-measurable with respect to the filtration generated by a
Brownian motionit;, t € [0, 7], can be written in terms of andtintegral with respect to
this Brownian motion, i.e., there exists a unique square-integrable adapted prdcess
such that .

G () = E[C] +/0 o (1 w) WV,

This result is important in mathematical finance because it asserts the existence of the
representation, and this leads to the existence of a replicating trading strategy. However, it
does not help with the finding aof (¢, w) explicitly.

It would be quite interesting to see whether there is an explicit expressiasfar)
in the martingale representation. After comprehensive consideration of the fundamental
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theorem of classic calculus, intuitively, people think the, w) term should be associated
with a differentiation type of operation in a probabilistic setting. Then, in the late 20th
century, mathematicians J.M.C Clark and Daniel Ocone gave the Clark-Ocone theorem
of stochastic analysis3[7], which is a generalization of thedtrepresentation theorem, in
the sense that it gives an explicit expression for the integgindy) (under some extra
conditions):

o(t,w) = E[DG|F],

where D,G is the Malliavin derivative ofz and is the bridge between Malliavin calculus
and 16 stochastic calculus. In addition, the Clark-Ocone formula can be used to obtain
explicit formula for replicating portfolios of contingent claims in the complete mag&#@t [
There are many ways of introducing the Malliavin derivatives, like the original way,
via Chaos expansion, se8q and [39] for examples. Another way is via the directional
derivative, see46] and [47] for examples. In this thesis, we follow the approachShijy
using the definition of directional derivative and subsequently extend the classical Malli-
avin Calculus and the Clark-Ocone formula. §j,[H.P. Bermin used the Riesz represen-
tation theorem to give the relationship between the directional derivative and the Malliavin

derivative: .
D, F(w) = / DyF(w)y (1)t .
0

Using this definition, we develop a lot of useful propositions for the Malliavin derivative.
However, Bermin$] does not give a complete treatment in his paper, so in this thesis, we
will give a more detailed treatment.

In this thesis, we follow the result ir3f] and present the Clark-Ocone formula in
D, .. However, the limitation of the Malliavin derivative is demonstrated by giving an
example and we find that the spabe, is not large enough for our application. So we
follow [46], [47] and describe the extension of the Clark-Ocone formula such that it is
true for the spac®_., whose elements are to be interpreted as generalized stochastic
variables, that is, as composites of distributions and stochastic processes. So the extension
will involve the composition of distributions with stochastic variables, $4y;), where
T is a distribution, andb, is the usual log-normal variable. This kind of “calculus” has
been developed by Watanab&7]. If T is infinitely differentiable, ther¥" (S;) is a nice
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object and we can do Malliavin Calculus easily. Buffifr) = 1(x ) (S¢), for example,

then there are problems. This occurs in practice because barrier options contain indicator
function, 1. ky, for example, which are discontinuous functions, and the derivative of this
indicator involves the Dirac Delta functian, in the sense of distributions. However, we
also make a mathematical work by providing an elementary calculus for the composition of
a generalized function with stochastic variable in the presence of a conditional expectation.

Subsequently we arrive at a hedging portfolio formula by using the extended Malliavin
calculus and Clark-Ocone formula.

Then we follow the definition of the directional derivative to extend Malliavin calculus
to the two-dimensional case and extend the propositions and proofs in detail. Also, we
derive the hedging portfolio formula in the multi-dimensional case.

Our main application using Malliavin calculus is to two exotic barrier optidi®, the
rainbow barrier option and the protected barrier option, which are driven by one Brownian
motion in one asset and two Brownian motions in multi-assets, respectively. According to
[12], the protected barrier option is an up-and-out call option with a protection period for
a fixed period of time|0, t*], at the start of the option’s life during which the up-and-out
call cannot be knocked out. At the end of this fixed period, the call is knocked out and a
rebateC’; is paid if the underlying stock price at tinté, satisfiesS;- > B > K, where
B is the given barrier level anfl” the strike level. Otherwise, the up-and-out call remains
alive until the first time after the protection period ends that the underlying stock price hits
the barrier, or until expiration, whichever comes first. That is, if after the protection period
has elapsed, the underlying stock price hits the barrier prior to expiration, the up-and-out
call is knocked out and a constant reb@tais paid at timer. We denote by the first time
aftert* that.S hits B conditional onS;- < B. If, on the other hand, the stock price has not
hit the barrier by the expiration daf€, the up-and-out call becomes a standard call, and
consequently is exercised if the underlying stock pAgdinishes above the strik&, and
becomes worthless otherwise. So the payoff of a protected barrier option &t isne

Cre" T Nygnmy + Co™ T o5 cmy + (S7— K) ' 1rons,. <y -

We couldn’t find any examples of this in the literature to apply Malliavin calculus to find
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the Malliavin derivative of a random time. Although we follo®] o look at the so-called
protected barrier option or partial barrier option, we find the barrier options described in
[5] are not exactly the same as the protected barrier optiohZln Pne way in which they
differ is that the protected barrier option it has a rebate amoutt; which is paid ifS'is
greater than the barrier at tinteand a rebate amout, which is paid if the timer occurs
before timel'. However, the barrier options iB]are still partial or protected, because the
term “r” appearing in p] is the length of the monitoring period, like the otiein [12],

but it is different from the random timein [12]. So our application of Malliavin Calculus

is an extension of the ones iB][and include the calculation of Malliavin derivative of a
random time.

The rainbow barrier option inlp] is another extension to a European up-and-out call
option. There are two assets in this option, denotefgndS?. Like a standard European
up-and-out call, this option is knocked out if the value of a “trigger” asSetises to hit
some barrieB > S} before the option expires &t In contrast to a European up-and-out
call, if the barrier is not hit prior t@", then the payoff ai’ is (S2 — K)*, whereS2 is the
terminal spot price of some other asset. So the payoff of a rainbow barrier option is

(St —K)"1 {

max St1<B} '
0<t<T

The first objective of the thesis is to calculate the Malliavin derivative of a random time
occurring in the protected barrier option; then the multi-dimensional Malliavin Calculus
is applied to the rainbow barrier option. Finally the replicating portfolios of these two
exotic barrier options are formulated and a comparison of the results between the Malliavin
approach and the traditional delta-hedging approach is made.

This thesis is organized as follows. In Chapter 1, we summarize some preliminar-
ies, like the Black and Scholes framewof,[and state the necessary conditions for the
possibility of hedging different options. In Chapter 2, the concepts of Malliavin calculus
are stated and some propositions and proofs via the definition of directional derivative are
given in detail. In Chapter 3, we describe the extension of the Malliavin derivative and
the Clark-Ocone formula in a bigger space. The hedging procedure is explained by means
of a self-financing portfolio and is thereafter related to the Malliavin Calculus. Then, in
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Chapter 4, we describe the extension of the Malliavin derivative to the multi-dimensional
case, some propositions and proofs are given and the hedging portfolio strategy is derived
in the two-dimensional case. Finally, in Chapter 5, we will apply Malliavin calculus to
show how to hedge three types of barrier options: the digital barrier option with a random
time, and the protected barrier option and the rainbow barrier option as studigd).in [

We find the Malliavin derivative of (7), whereg is some nice functions andlis the time
described above. We could not find any examples of this in the literature so we took a
simplistic approach. Nonetheless, our treatment may shed light upon the case of a more
general time when applied to the protected barrier option and by using an extension of
multi-dimensional Malliavin calculus, we find a replicating portfolio of the rainbow barrier
option. At the end, | compare the hedging results of the three exotic barrier options by
using the Malliavin calculus approach with the traditional delta-hedging approach.
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Chapter 1
The Preliminaries

In this chapter, we first recall some basic concepts from functional analysis, stochastic
calculus and review some concepts about market model in finance. All the definitions and
theorems are quoted from text books; for more detail, we refexGp [16], [39] and [44].

1.1 Basic Concepts from Functional Analysis

Let us recall some basic concepts from functional analysis, and quote some definitions and
theorems from, see for exampl&(], [16], [39] and [44].

Definition 1.1. A map7 from a non-empty subs&X7") (the domain of") of a linear space
X to alinear space’ is linearif for all o, 8 € R, z,y € D(T),

ax + By € D(T)

and
T(azx + By) = oT'(z) + BT (y).

Notation 1.2. Let X be a Banach space, that is a complete, normed vector spaceRover
and let||z|| denote the norm of the element X.

Definition 1.3. A linear functional” is called bounded (or continuous), if

T == sup |T(z)| < oo.

=<1
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Sometimes we writéf", zz) or T'x instead ofT’(z) and call(T', z) “the action of T" on .

Definition 1.4. The set of all bounded linear functionals is called th&al of X and is
denoted byX*. Equipped with the norrfj|-|||, the spaceX™* is a Banach space.

Example 1.5.Let X = C([0,7]) be the space of continuous real functian®n [0, 7|
such thatv(0) = 0. Then

[w]lo == sup_|w(t)]
te[0,7T

is a norm onX, called the uniform norm. With this norn¥, is a Banach space and its dual
X* can be identified with the spadé ([0, 7)) of all signed measures on [0, 7], with the
norm

[vlll = SUP/O f)dv(t) = [v] ([0, T7).

[fI<1

Definition 1.6. LetT : X — Y be a continuous map of a Banach spacento a Banach
spaceY. X andY have dual spaceX* andY*. LetT* be defined as follows:

T f(x) = f(Tz) for feY™ andz € X,

and

T f ()] < AT,

soT™* f is a bounded linear functional oX, i.e.,T*f € X*. So
T .YV — X7,

andT™ is called theadjointof 7.
Notation 1.7. For a set,E, in a Banach spaceX, we write £ for the closureof E.

Definition 1.8. Let H be a Hilbert space. By aaperatoiin H we mean a linear mapping
T whose domairD(T') is a subspace ol and whose rang®&(7') lies in H.

Definition 1.9. Thegraphg(T') of an operator? is the subspace dff x H that consists
of the ordered pair§z, Tz}, wherex ranges oveD (7).
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Definition 1.10. An operatorS is anextensionof 7', if D(T') ¢ D(S) and Sz = Tx for
z € D(T).

Remark 1.11. If the operator? is continuous, thefl’ has a continuous extension to the

closure ofD(T), i.e., D(T'), hence taH, sinceD(T') is complemented i/ .

Definition 1.12. A closedoperator inH is one whose graph is closed subspacéiot H.
That is, a linear operatof’ : D(T)) C H — H is closed, i.e., i¥{z,} C D(T') and

limz, =€ H
n—o0

and
lim Tz, =y € H,

n—oo

then one has
ze€D(T) and Tz =y.

Definition 1.13. An operatorT’ is closableif G(T'), the closure of the graph afin H x H,
is the graph of a linear operator, which veall 7. NotethatT extendsl'.

Definition 1.14. An operator]’ in H is denselydefinedif and only if D(T') is dense inH,

i.e.

Notation 1.15. LetD(T™) be the domain of the adjoiffit* to 7". That is,D(7™*) consists of
all y € H for which the linear functional

z— (Tz,y) (1.1)

is continuous oD(T').

If y € D(T*), then the Hahn-Banach theorem extends functiahd) o a continuous
linear functional o, and therefore there exists an eleméhts € H that satisfies

(Tz,y) = (z, T"y), =€ D(T). (1.2)
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Obviously, T*y will be uniquely determined by equatiot.p) if and only if 7" is densely
defined.

Definition 1.16. LetU be an open subset of a Banach spacand letf be a function from
UtoR™.

e We say thaff has adirectional derivativéor Gateaux derivativeD,, f (x) at the point
z € U in the directiony € X if

exists.

e We say thaff is Frechet-differentiablat z € U if there exists a bounded linear map
A:X — R™ thatis,A = (Ay,...,An)", with A; € X*fori = 1,...,m, such

that
po @40 — fl@) —An|
e 2l
We write
f'(@h
f(@) = : =Ae X))
(@) m

for the Fréchet derivative of at x.

Proposition 1.17. [See Proposition 4.6 of39]]

o If f is Fréchet-differentiable at € U C X, thenf has a directional derivative at
in all directionsy € X and

Dyf(x) = (f'(z),y) € R™,

where(f'(z),y) = ((fi(z),y),...,{f (x),y))" is them-vector whoseth compo-
nent is the action of thé&éh componeny;(x) of f'(x) ony.
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e Conversely, iff has a directional derivative at alt € U in all the directionsy € X,
and the linear map
y— D,f(z), ye X

is continuous for allz € U, then there exists an eleméviff (z) € (X*)™ such that

Dyf(z) = (Vf(z),y).

If this mapz — V f(z) € (X*)™is continuous ofi/, thenf is Fréchet-differentiable
and

f'(x) = V().

1.2 Distributions

In this section, we review some concepts of distributions, which, also known as generalized
functions, extend the concept of derivative to all integrable functions. See, for example,
[44] and [49].

Definition 1.18. Let .S (R™) denote the Schwartz space, which is the space of all infinitely
differentiable rapidly decreasing functions. We say= S (R"), if any derivative ofp,
multiplied with any power ofz|, converges towardg for |z| — oo.

Definition 1.19. LetS” (R™) denote the Schwartz distribution space, which is the dual of the
Schwartz space. We say a distributibne S” (R"), if 7" is a continuous linear functional
on S (R™) with values inR.

Remark 1.20. From the above definition, we s&ec S’(R") ifand only ifT" : S(R™) — R
is linear andf,, — f in S(R™) implies thatl'(f,,) — T'(f) in R.

Definition 1.21. If T'is a distribution, we define its derivativ€ by
(T, f) =—(T, f). (1.3)

Remark 1.22. This definition extends the ordinary definition of derivative, every distribu-
tion becomes infinitely differentiable and the usual properties of derivative hold.
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Proposition 1.23. [See Theorem 2.2 o#ip]] If ¢ is a continuous and piecewise differen-
tiable, then its distributional derivative is given by

(T,) =T,. (1.4)

Definition 1.24. A sequencé,, in S’(R™) is said toconvegein S’(R"), if T,,(f) — T'(f)
for eachf € S(R").

Remark 1.25. Lebesgue’s Dominated Convergence Theorem implies that if
e g, is measurable for alh,
e g,(z) — g(x) pointwise,
e |g,(2)| < h(x) for some integrable functioh,

then

/ 4a(2) () — / 4(2) f(2)dz (1.5)
for eachf € S(R").

Proposition 1.26.[See Theorem 5.19 ofif]] For any T' € S’(R™), there is a sequence
(pn) In S(R™), such thatp,, — T in S’(R™). Thatis, for everyf € S(R"),

(1) =t [ pu(a) (o)

Remark 1.27. The above proposition tells us that every distribution can be approximated
by a sequence if(R").

Definition 1.28. The so-called Dirac delta function dg, d,, (-)
e Obeys, (s) = 0forall s # z,

e Satisfies[”_d, (s)ds = 1.
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Remark 1.29. For f € S(R),

<(1{~>z})’7f> = _<1{->£}af/>

Notice thatlim;_,, f(s) = 0, becausef € S(R) and is a rapidly decreasing function.

Remark 1.30. For f € S(R), since(f(s) — f(z)) é.(s) = 0 onR, we have

/ " u()f(s)ds = / " (F(s) — F(2)) a(s)ds + f(2) / " 5u(s)ds

[e.9] o0 —00

= fx).

We cannot interpref”_4,(s) f(s)ds as an integral in the usual sense, because there is no
such functiond, (s) with these properties. Theg(s) function is thought of as generalized
function

Let us recall the following functions which can be used for the construction of some
test functions, seelp]. Now consider the function

= > 0,
h(a:)—{e xz

0 z <0.

The key property ofi(x) is that, at the transition point = 0, all of its derivatives exist and
are zero. Now consider the function

Amb(x):h(z:g)h(z:z). (1.6)

This is a test function, i.e), ,(z) € S(R), whose graph is a smooth “pulse " with support

[a, b]. We will often assume our smooth pulse to have integral 1. See Flglire
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Figure 1.1: A pulse function supported on [a,b]

a

1.3 Stochastic Calculus

In this section, we review some basic concepts from stochastic calculus, see, for example,
[41].

Definition 1.31. A filtration is a family ofs-algebras(F;),,.,, that is increasing, i.e.,
F, C Fif s <t.

For convenience, we will writg- for the filtration (7)o, .-

Definition 1.32. A filtered complete probability spa¢€, F, P) is said to satisfy thesual
hypotheses#

e F, contains all theP-null sets.

o Fi =\, Fu forallt,0 <t < oo; that is, the filtration is right continuous.

« Fu=o(UR).

t>0

We always assume that the usual hypotheses hold.

Definition 1.33. A random variabler : 2 — [0, o] is a stoppingtime if the event{r <
t} € Fi, foreveryt, 0 <t < cc.
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Proposition 1.34(See f#11]). 7 is a stopping time if and only if the evept < ¢} € F;, for
each0 <t < 0.

Definition 1.35. A stochastigrocessX on (Q, F, P) is a collection ofR-valued orR¢-

valued random variablegX;),.,. ... The process is said to beadaptedf X; € F; (that
is, is F; measurable) for each The functiort — X;(w) mapping[0, co) into R are called
the samplepathsof the stochastic process.

Definition 1.36. Let X be a stochastic process and lebe a Borel set ilR. Define
T(w)=inf{t > 0: X; € A}.

Thenr is called thehitting time of A for X.

Proposition 1.37(See f#1]). Let X be an adapted stochastic process with almost surely
sample paths which are right continuous, with left limits. Then the hitting timeisfa
stopping time.

Definition 1.38. Let (X2, F, P) be a filtered probability space and; be a stochastic pro-
cess.WW, is called aWienerprocesswith respect taF;, if

e W, = 0 almost surely,

e W, is F;-measurable for every

o P(weN:t— Wy (w)iscontinuous function in) = 1,

e W, — W, is independent t&; for all t > s andW; — W, ~ N(0,t — s).

Definition 1.39. The Banach spac@ = Cy([0,T1]) is calledWienerspace which is natu-
rally equipped with the Boret-algebra generated by the topology of the uniform norm.

Remark 1.40. Because we can regard each path» 1 (¢, w) of the Wiener process start-
ing at 0 as an element of Cy([0,77]), so we call it Wiener space. Thus we may identify
W (t,w) with the valuew(t) at timet of an element € Cy([0,T]): W (t,w) = w(t).
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Remark 1.41. This measurable space is equipped with the probability meaBuwmehich
is given by the probability law of the Wiener process:

P{W, — Wy, € Fi, Wy, — Wy, € Fy,..., Wy, — W, € Fi,}

= / p(ti,x,x1)p(t2 —t1,x1,22) - - p (tk — th—1, Th—1, k) dxy - - - dg,
F1><---><F;€

whereF; CR,0<t; <ty <---<t, <T,and

1
p(t,z,y) = \/ﬁe—zw—yz, t€0,7], z,y €R.

The measuré is calledWienermeasuren ).

Definition 1.42. Letm be a real number, and define the first passage time to tevel
7 = min{t > 0; W; = m}.

This is the first time the Brownian motioW reaches the leveh. If the Brownian
motion never reaches the level we setr = oo.

Proposition 1.43(Reflection principle, seedfl]). Let W, be standard Brownian motion
starting at zero. Then

P{r <t,W,; <z} =P{W, >2m—z},
forz <m,m > 0.
Definition 1.44. Anltd processs a stochastic process of the form
t t
X = X +/ 05d3+/ P dW,
0 0

where X, is nonrandom and,, ¢, are adapted stochastic processes.

Proposition 1.45(1td formula, see41]). Let X;, ¢ > 0, be an 16 process and lef (¢, x)
be C*? function (i.e.,f:(t, x), f.(t,z) and f,.(t, z) are defined and continuous). Then, for
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everyl > 0,
dF (£, X)) = £, (£, X)) dt + Fo (, X)) dX, + % Fou (8, X)) d (X, X,

Definition 1.46. Let F : QO — R be a random variable, choosg € L?([0,T]), and
consider

v(t) = /0 g(s)ds € L. (1.7)

Then we define thdirectional derivativeof F' at the pointw € ) in the directiony € Q2 by

D.,F(w) = % [F(w + €y)] |e=o0

if the derivative exists in some sense (to be made precise later).

Remark 1.47. The set ofy € Q which can be written in equatiori(7) for someg €
L*([0,T)), is called theCameron-Martin spacand denoted bf.

1.4 Black-Scholes Model

In this section, we review some concepts in the Black-Scholes model, see for exéhple, [
[8], [9] and [45].

On the complete Wiener measure spéeeF, P) live two assets, one locally risk-free
assetR; (i.e. a bank account where money grows at the short interest)rated one risky
assetS;. They satisfy the stochastic differential equations

dS; = pSidt + oS dWy, te€0,T], (1.8)
dR, = rRdt, Ry=1, t€[0,T]. (1.9)
Here the mean rate of return the volatility o andr are positive constants.

Definition 1.48. Leth? be the number of risk-free asset aljdthe number of stocks owned
by the investor at timeé. The coupleh;, = (h), h}), t € [0,T], is called aportfolio or
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trading stratgy. Assume:? and ] are measurable and adapted processes such that

T T T 9
/ \hg}rdt<oo,/ |ht1p‘dt<oo,/ (hjo)™dt < oo
0 0 0
almost surely. Then the value of the portfolio at titne
V= hoR, + hlS,. (1.10)

For a trading strategyh?, hl), the gainG made via the portfoligh?, hl) up to timet
is defined to be

t t
Gl = / RYdR, + / hldS, .
0 0

Note that both of integrals are understood to be the limit over partitions of Riemann-
Stieltjes sums, the essential point is these are stochastic integrals.

Definition 1.49. The portfolioh is said to beself-financingf
V=V G

i.e., there is no fresh investment and there is no consumption. An alternative definition is
given by
dV" = hYdR, + hidS . (1.112)

Definition 1.50. The discounted value of an asset, ), say, is defined by

- A,
A==
t R,

SoA, is simply the value afl, in units of the bond.

Now we look at the discounted prices of stagk By 1td’s formula,

t

dgt =d (%) = (/.L — 7’) gtdt + O'S’tth y
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and the discounted value of a portfolio is

~ Vh Vh dvh
AVt =d| -t ) = —r-Ltat L
t (m) "R R,
= —rhlS,dt + h!R;1dS,
= hidS,. (1.12)

Notice thats,  andr are all constants and not stochastic processes se-if-, thens, is
a P-martingale.

To avoid arbitrage, we restrict the class of trading strategy that we can adopt, specifi-
cally we require that there is a be a non-negative, integrafjlaneasurable random vari-
able¢ such that

- Vi
Vh=-t > —EP[¢|F], (1.13)
Ry
and writeh, € SF(). Such strategies have discounted values which cannot lose more than
an amoung(w). A strategy inSF'(¢) will be calledadmissible.One obvious choice fof
is¢ =0.

Definition 1.51. Anarbitrageopportunity is a self-financing portfolib; such that
Voh <0, VTh >0 a.s.
and

Plw:Vi(w) >0} > 0.

Proposition 1.52(See f5]). Leth?, h! be (progressively) measurable adapted processes
satisfying the integrability conditions faR; and S; respectively. The(h?, ;) is a self-
financing trading strategy if and only if

t
4 :voh+/ hidS, .
0

Proposition 1.53(See #5]). Suppose that under the measiiteS, is a martingale andh;

t
/ hldS,
0

is (partial) strategy such that
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is a local martingale. Define a portfolio value by setting
~ t ~
‘/;:.7304‘/ hldss,.ToER
0

and a partial strategy:? by

R =V, —hlS,.
Then(h?, h}) is a self-financing strategy withy = V. If b} is chosen so thdt! € SF(¢),
thenf/}h Is a super-martingale.

Proposition 1.54(See B5]). Withk?, hl, V;* as in the previous lemma, théh?, h}) cannot
be an arbitrage opportunity.

Proposition 1.55(See §5]). If the strategy(h?, h!) such thatS, and [, hldS, are P-
martingale, ther" is a P-martingale too.

We refer to ] and [45] for the proofs of these propositions in detail.

Definition 1.56. A derivativeis a contract on the risky asset that produces a pagbét
maturity timeT'. The payoff is aiF-measurable nonnegative random variable.

Definition 1.57. A nonnegativeF--measurable payoti can bereplicatedf there exists a
self-financing portfoligh?, h}) in R; and S, such thatl’} = G.

We present some famous theorems as follows.

Proposition 1.58(Martingale Representation Theorem, sé8). Let M(¢), 0 <t < T,
be a martingale with respect to the filtratioR, i.e., for everyt, M(t) is F;-measurable
and for0 < s <t < T, EP [M(t)|F] = M(s). Then there is an adapted procds),
0 < s < T, such that

Aﬂw:NMD+/%@MW@0§t§T. (1.14)

Proposition 1.59(I1td Representation Theorem, se&]). If G € L*(Q, Fr, P) is Fr-
measurable, then there exists a unique adapted progess»(t),0 < ¢ < T', such that

GzEﬂ@+KﬁﬂWM@ (1.15)
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Proposition 1.60(Change of Measure, se€q). Let P and@ be measures off2, F) such
that @ is equivalent withP with Radon-Nikogim derivative of) with respect taP

dQ
7 = -
dP’

whereZ is non-negative random variable wifi”[Z] = 1. Lets andt satisfyingd < s <
t < T be given and let” be anF;-measurable random variable. Then

EP[Z(0)Y (0)]F.]

E® [Y (1) Fs] = EP [Z(t)|F,]

(1.16)

Proposition 1.61(Girsanov Theorem, sedf]). Letd(¢t), 0 < t < T, be an adapted
process. Define
t 1 t
Z(t) = exp {—/ 0(s)dWs — 5/ 92(s)d8}
0 0

¢
W, =W, +/ 6(s)ds.
0

and

AssumelEP[f0T<9(s)Z(s))2ds] < oo, and suppose that”[Z(T)] = 1 and define a mea-

sure@ on (2, F) by
aQ _
dP

Then the proceslzi/t, 0 <t < Tisa@-Brownian motion.

Z(T).

Proposition 1.62(Cameron-Martin Theorem, se4q]). For any F' € L?(Q), andy € H,
we have

E[F(w+ey)]=E {F(w) exp {E/OTg(t)th — %62 /OT g2(t)dtH : (1.17)

wherey(t) = [} g(s)ds, for somey € L*([0,T7).

Remark 1.63. ConsiderE” [F(w + ey)] wherew is an element of, ([0, 7]), and~(¢) =
f(f g(s)ds, g € L?[0,T]. The measurd® seesv as a path of a Brownian motion. Rewrite
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EY [F(w+ ey)] as

E°[Fw+ey)] = E”

By Girsanov’s theorem, let us defid€)/dP = exp {—e fOT g(t)dW, — Lé OT gQ(t)dt}

2
andW, = W, + ¢ [, g(t)ds, i.e., W, = W, + ey is Q-Brownian motion. Then

EP [F(w + ey)]

= E° [F(J)) exp {e/OTg(t)d <I/T/t - e/otg(t)ds> + %8 /OTg2(t)dtH

_ pe [F(a)) exp{e/OTg(t)th— %8 /OTg2(t)dtH |

This expression has the same value what €vand 1V, are chosen, so long a3 seesiV’
as a Brownian motion ang as the paths of’.

Definition 1.64. The probability measurg defined in Remark.63is called theisk-neutral
probability measure if, is aQ-martingale on(Q), Fr, Q).

Hereatfter, let us assume we are in the risk-neutral probability megsurhen the
evolution of the risk-neutralized process for the stock price is geometric Brownian motion:

dSt = TStdt + O'Stth ) te [0, T], (118)

where{W,,t € [0, T]} is standard Brownian motion defined on a complete filtered prob-
ability space(Q2, F, Q), andr, Sy, o with o # 0 are all positive constants. By letting the
coefficients be constants we know for sure that there exists a unique continuous solution
to the stochastic differential equation, SOE]18and1.18 see e.qg. 18] for further details

about regularity conditions. The solution to the stochastic differential equdtid8 (s:

2

Sy = Sgexp{(r - %)t+aWt}, t€[0,7].
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Now let us value portfolio process under the risk-neutral meaQurgirst, we know
under the measur@, the discounted stock price is a martingale. Then

dgt = O'Stth y
and from equationl(12, we know the discounted value of a portfolio is
dV* = hldS, = o S;hldW, .

From here we confirm again that the discounted value of the portfolidiJar@artingale.
Then using the martingale property, if we have

E°[V = V) =0, (1.19)

thenV? = 0, Q-a.s., if V2 > 0. So, we cannot havE(V} > 0) = 0. This implies there
are no arbitrage opportunities resulting from admissible portfolids snd R;.

V= B9 [V;ﬂft] ,
or
VI =EQ e TOVEF]. (1.20)

Definition 1.65. The basic market isompleteif every contingent clain in L?(Q2, Fr, Q),
a Fr-measurable stochastic variable, is attainable by a self-financing portfolioG Let
the set of such contingent claims.

Proposition 1.66(See §#5]). LetG be a nonnegativé? (2, Fr, Q) random variable. Then
there exists a self-financing admissible portfolio = (Y, h}) in S, and R; such that
G =V

Proof. We follow [45] to give the proof. Sinc&' € L* (Q, Fr, Q), theng € L* (Q, Fr, Q).
By the I representation theorem, there exists an adapted and measurable preeess
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{¢,0 <t < T} such that

Q| & !
— =LE" | — +/ AW .
Ry [RT} 0 "
Set .
G G
M, =E° | —|F| = E9 | — / AW,
t [RTV:t} [RT} i 0 T
soG = Ry Mry. Define the portfolich; = (h?, hi) by
ho= L,
O'St
h? — Mt - h%gt .

The discounted value of this portfolio is
VP =h) +hlS, =M, .
So its final value will be
VI = RyVE = RpMyp =G
Finally, let us show this portfolio is self-financing.
vl = d(R,M,)

- thMt -+ Mtht

= Rt@th + MtTtht

— hloS,R.dW, + (h? + hiét) rRdt

= RhYdR; + h;dS; .

O

So the market modeled by equatidng) and equationX.18) is complete. So we know
anyG € L? (Q, Fr, Q) is attainable by a self-financing portfolio. Hence, we can write the
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value at timef of a derivative with payofts as follows:
VI =E9 [eTG|IR] . (1.21)

However, we cannot see the explicit form of the portfolio from the equation above, then we
want to find the self-financing portfolib satisfying

AV = [h{rR, + hirS/dt + hioSdW, (1.22)
vk = @ Q—a.s.. (1.23)

The initial value of the portfolio that replicatésis
Vo =E°[eG].
Finally, let us state the first and second fundamental theorems of asset pricing. See,

[15] and [23] for detall.

Proposition 1.67(First Fundamental Theorem of Asset Pricing, sE®)[ No arbitrage if
and only if there is a risk neutral measugg

Proposition 1.68(Second Fundamental Theorem of Asset Pricing, 28.[ An arbitrage-
free market is complete if and only if there is a unique equivalent martingale me@sure

1.5 Multi-dimensional Black-Scholes Model

In this section, we recall some definitions and theorems from multiple stocks driven by
multi-dimensional Brownian motions, see for examp83][[38] and [45].

Let W, = (W},..., W) be a multi-dimensional Brownian motion on a probability
space(§2, F, P).

Proposition 1.69 (Girsanov Theorem in higher dimensions, séB|). Let 7" be a fixed
positive time, and lef;, = (0%, - ,Qf) be a d-dimensional adapted process. Define

Z(t):exp{ /et daw, — /||9 E ds}
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t
W, = W, + / 0.ds, (1.24)
0

and assume that

EF {/OT ||98||2Z2(s)ds} < .

Supposey[Z(T)] = 1 and define a measu@ byj% = Z(T). Then the proces¥/, is a
d-dimensionat)-Brownian motion.

Proposition 1.70(Martingale Representation in higher dimensions, g&§) [ Let T" be
a fixed positive time, and assunte, 0 < t < T, is the filtration generated by th&
dimensional Brownian motioi/;,, 0 < t < T. LetM;, 0 < t < T be a martingale
with respect to this filtration undeP. Then there is an adapted;dimensional process
Iy = (I},...,I'?),0< s <T,such that

t
M, = Mo—i—/F dWs, 0<t<T.
0

Definition 1.71. A probability measurg) is said to be risk-neutral if
e () and P are equivalent (i.e. for evenpt € F, P(A) = 0if and only ifQ(A) = 0);
e under(@, the discounted stock pricé(t) is a martingale for every=1,...,m.
We assume there are stocks, each with stochastic differential equation
dS! = alSidt + S Zaw ®dW?, i=1,...,m. (1.25)
j=1

where the mean vectée}),_, , and the volatility matrixo;;(t))

.....

i=1,..m. j=1,.,4 Ar€ adapted

processes. These stocks are typically correlated.cSet w/zj , 075 (t), which is as-
sumed never zero, and define processes

Z/ U” dW] 1=1,...,m.

By Lévy’'s theorem}¥;* is a Brownian motion and we rewrite equatidnZ5) in terms of
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the Brownian motioriV;** as
dS} = o}S;dt + SiotdW;" .
Then the discounted stock prices are

S = (af—7)Sidt+oiSidWr, i=1,...m.

d
= (o —r) Sjdt+ 5] oy(t)dW7 . (1.26)

j=1

By using the multi-dimensional Girsanov’s theorei¥, given by equation.24) is ad-
dimensional Brownian motion under an equivalent probability meaguieand only if

d
ap—r=>Y oyt)el, i=1,...,m (1.27)
j=1
ie.,
ap —rl =X(t)0,

wheref = (0,...04)" andX(t) is the matrix of covariances. We call these tharket
price of risk equationsThere arem equations in thel unknown processed, ... 0%, If
there is a solution to the market price of risk equations, then there is no arbitrage.

Assume the initial capital value ig* and choose adapted portfolio processgs=
(RO, h}, ... ™). Then

dv" = > hidS;+ hjdR,

=1
= ) hdS;+ (V;h -y hiSZ) rdt
i=1 i=1
= rVidt+ Y hi ((of = r) Sidt + SjordW,)
i=1

= rVldt+ ) hiRdS;,

i=1
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and the process of the discounted portfolio value is
dv" = " hdS; . (1.28)
i=1

Then we have the following proposition.

Proposition 1.72(See B5]). LetQ be a risk-neutral measure, and [gf* be the value of a
portfolio. Under the measur@, the discounted portfolio valu%'th Is a martingale.

Proposition 1.73(See A5]). Suppose we have a market model with a filtration generated
by ad-dimensional Brownian motion and with a risk-neutral measreLet G be aF-
measurable random variable, which is the payoff of some derivative security. Then, there
exists a self-financing admissible portfolip= (h},--- , h™) such thaiG = V2.

Proof. We follow [45] to give the proof. Let us definE (¢) by
II(t) = E? [e " T YG|F]

so thatll (¢) /R, satisfies
I (t) G
g — ’
R, [RT m}
i.e. I1(¢) /R, is @ martingale. Then according to the Martingale representation theorem,
there are proceds, = (T%,...,I'Y) such that

I (#)
R

d t
:H(O)+Z/O dWi, 0<t<T. (1.29)
j=1

Consider a portfolio value proce$¥' that begins at/". According to equationl(.28)
and equation.26),

m m d
a7 = S has = 303 WiSion ()47
=1

i=1 j=1
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or equivalently,

h d t m _ o
%’ﬁ =Vi+) / > hiSioy(s)dW . (1.30)
¢ j=170 =1

Comparing equatioril(29 and equation).30), we see that in order to hedgg we should
take

and choose the portfolio process . . . 1" so that the hedging equations
I{ =Y hie"Sioi; (t), j=1,2,...,d.
=1

are satisfied. There arkequations inn unknown processés, . .. hi". N
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Chapter 2
Concepts of Malliavin Calculus

Malliavin calculus is about a probabilistic differential stochastic calculus over an infinite-
dimensional space. L€f2, F, Q) be a complete probability space, abt{ 2, F, Q) be the
set of square-integrable random variables; we wiitg?) for short.

Roughly speaking, Malliavin calculus deals with quantities suctifgsiw, for F' be-
longing to L*(Q2) andw € Q. It is not too difficult to define such a term over a finite-
dimensional subspace. Obviously, it comes down to classical functional calculus. However,
we would like to extend this theory to an infinite-dimensional spacelli&?).

For the Malliavin calculus developed in the next sections, we recommend our reader
to refer to papers listed in the Bibliography. The pa@8] gives a basic introduction to
Malliavin calculus, while 82] and [35] give a detailed discussion of the theory. The reader
can also see more applications of Malliavin calculusdhgnd [5]. They provide a good
insight into how Malliavin calculus connects with mathematical finance.

We mainly follow the method of35], [39], [46] and [47], which developed Malliavin
calculus in a number of alternative ways.

We let [0, 7] be a fixed finite time-interval and 18V; = W;(w), t € [0,T], w € Q,
be aone-dimensionaWWiener process, or equivalently Brownian motion, on a complete
probability spacé, F, Q) such thati, = 0, Q-a.s.. For any, let 7, be thec-algebra
generated byV,, 0 < s < ¢, augmented by all th€-zero measure events. We denote the
corresponding filtration by = {F, : t € [0, T}.

There are a number of alternative ways to introduce the Malliavin derivatives. In this
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thesis, we follow the original construction to identify the probability spdzeF, @) with
(Co[0, T, B(Cy[0,T1), p) such thailV(w) = w(t) for all t € [0, T]. We call this concrete
infinite-dimensional spac€,[0, T'] the “classical Wiener space”. Readers are suggested to
look at Examplel.5. Herew is its sample path and, [0, 7'] denotes the Wiener space - that
is, the space of all continuous real-valued functieran [0, 7' such thatv(0) = 0,

[wlle := sup |w(t)]
t€[0,T]
and
Wi(awy + Pws) = aw (t) + Bwa(t);

B (Cy[0,T]) denotes the corresponding Boteklgebra and. denotes the unigud/iener
measure

In[16] and [39], they use an approach based on Wienéichtaos expansion to introduce
the Malliavin derivatives. The chaos expansion theorem concerns the representation of
square-integrable random variables in terms of an infinite orthogonal sum. The theorem
was first proved by WienedB] in 1938. Later, 10 [25) showed that the expansion could be
expressed in terms of iterated integrals in the Wiener space setting. Here we give some
related definitions and state the Wiendr-¢haos expansion.

Definition 2.1. A real functiong : [0, 7" — R is calledsymmetricif

g(tap"' 7t0'n) = g(tla 7tn>

for all permutationsy = (o4, -+ ,0,) of (1,2,--- ,n).

Let L?([0, T]") be the standard space of square integrable Borel real functidasioj
such that

||9||i2([0,:r]n) = 4)T}" GP(tr, -+ ty)dty - - - dt, < o0.

Let L2([0, T]") c L*(|0, T]") be the space of symmetric square-integrable Borel real func-
tions on[0, T'|". Let us consider the set

Sp=A{(t1, - ,tn) €0, T]":0<t; <---<t, <T}
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Definition 2.2. Let f be a deterministic function defined 6 for (n > 1) such that

T / Pt )t dt < oo, 2.1)

Then we can form the-fold iterated 10 integral as

/1/‘ / / flb, o t)dWey - AW, € L¥(Q), (2.2)

due to the construction of thedlintegral.

Definition 2.3. If g € L*([0, T]") we define

I(g): = [W]wh, tn)dWy, - - dW,, (2.3)

= nl / / / / t17 thl thn

We also call iterateck-fold 1t integrals thel,,(g) as above.

Proposition 2.4. [Wiener Chaos Expansion, see Theorem 1.138||[Let F' be anF-
measurable stochastic variable such tiiat L*(2). Then there exists a unique sequence
{fa}22, of deterministic functiong, € L*([0, T]") such that

F =Y I(fa)=E%FI+ Y L(fa), (2.4)
n=0 n=1

where the convergence is ii¥ (2). Moreover, we defind,,(F') to be the orthogonal pro-
jection of the stochastic variabl& on then-th Wiener chaos, and as a consequence,
J.(F) = I,(f,) and

F—ii%uw. (2.5)
n=0

For a complete proof, refer t39).

We see that the Wiener chaos expansion is closely related to&heptesentation
theorem and the Clark-Ocone formula. We see many proofs of theorems and propositions
are based on Wiener chaos expansion fr@gj, [but in this thesis we follow the classical
approach of the Malliavin derivative on the Wiener space.
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Definition 2.5. Let us define&Cameron-Martin spa¢é, which is a subspace of Wiener
Space, by:

w={v: 01158 20 =[S0 b= [ G <ol

Remark 2.6. The elements df{ are the absolutely continuous functions [on7"]. For
v € H the derivative ofy exists almost everywhere ¢y ¢] and~y(t) = fot Y(s)ds, see,
[19]. Note that* is a Hilbert space with inner product

W@MWMZA%@%@w.

Definition 2.7. Let P be the space of random variablés: () — R of the form
Fw)=p(Wy(w),...,W,;, (w)), forall weQ, (2.6)

where the deterministic functign: R” — R is a real polynomial im variables, i.epis a
finite linear combination of finite products of powers of the variablesndp (x4, ..., z,) =
Yo @z, Withz® = 27" - - 20" anda € {(o,...,0,) : o € NU{0}} andty,...t, are
any choice of ¢ s"from [0, 7], n € N.

We now define the directional derivative of a stochastic variable in all the directions in

the Cameron-Martin space.

Definition 2.8. For F' € P, the directional derivativeD.,F'(w) at the pointw € Q in all

the directionsy € H is defined by
Flw+ey) — F(w)

) d
D, F(w) := lim - = ~F(w+ 7)o, (2.7)

wherege is real.
Remark 2.9. Note that for allt € [0, 7], we can writeW,(w + e7) = w(t) + e(t).

We start our treatment from the definition of the directional derivatives. Using this
definition, we will develop a lot of useful propositions for the Malliavin derivative and give
a full treatment, providing our own proofs in detail.
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Proposition 2.10. For F' € P, the directional derivative of’ can be expressed as

D, F() = 3 % (Wi (), o, W () (8, 28)

wherep is a polynomial and the notatioflp/0x; means the partial derivative with respect

to the:-th variable. In particular, ify(t;) = 0, for all 4, thenD., F(w) = 0.

Proof. We offer the following proof. Fo# € P, by Definition2.7, F' is in the form of
Fw)=pW, (), W, () = p(w(tr), - w(tn)),
for some polynomial functiop. Forvy € H, we have

Flw+ey) = p(Wy(w+ey), - W, (w+ey))
= p(wt) +ey(tr), -, w(tn) +ev(tn)) .

By adding and subtracting each term, we have

= pt) +ev(ta), - wlts) +ev(tn)) —p(w(t), -+ w(tn))

= plw(t) +ev(tr), - w(tn) +e7(tn)) — p(w(tr), w(ta) +€7(ta), -, w(tn) +&7(tn))
+ pw(t),witz) +ev(ta), - wltn) +ev(tn)) —p(wtr), w(ta), - w(tn) +&7(tn))
+ pwt),w(ts),w(ts) +ey(ts), - w(tn) +ev(tn)) —

+ pwlta), - wltn-1),w(tn) +e7(tn)) —p(W(t), -, w(tn)) .-
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By Definition 2.8, we have

v(t2)

D,F(w)
— lim F(w+ey) — F(w)
e—0 g
_ g P@) T et w(ta) Fev(tn)) —p(wlty), wits) +ey(t2), - wltn) +ev(tn))
c0 ev(t1)
N iy 2@(t), @ (t2) +7(t2), -+ w(tn) +ev(tn) —p (W), wlta),- -, w(tn) +e(tn))
c0 ev(t2)
. pw(ts), - w(tn-1),w(tn) +ey(tn)) —p(W(t1), - ,w(tn))
+ il—rftl) 1 : 5’}’(%) . 'Y(tn)
= W) W @ (0) + S W) W, () (0)
O]

Remark 2.11. In particular, by takingp(xz) = = andt € [0, T, the directional derivative
of the Wiener procesd’,(w) is given byy(t), i.e.,D, W (w) = ().

Proposition 2.12. For ' € P, the mapy — D, F'(w) is a continuous linear functional on
‘H for eachw € Q.

Proof. We offer the following proof. For each € Q2 and anyt € [0, 77,

0 =l = | [ (56) =) ds
< /Ot 3(s) — ’y:n(s)‘ ds

([0 2)" o

< (s) = ()l VT

Y(8) = Ym(s)

IN

Hence, wheny,, — v in H, then we havey,,(t) — ~(¢) for anyt € [0,7], asm — oc.
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Moreover, from Propositio2.10 we have

D, Fw) = 3 2L (W) Wi (@) m(t)

]

Proposition 2.13. [Product Rule for Directional Derivatives] Fof’, G € P, the direc-
tional derivative of the produck'G is given by

D,(F(w)G(w)) = F(w)D,G(w) + G(w)D, F(w) . (2.9)

Proof. We offer the following proof. Fo' € P, andG € P, by Definition2.7, we can
write

F(w) =pr(Wy, (w),..., W, (w)) and G(w) = pg (W, (w), ..., W, (w))

for some polynomial functiong; andpr. Observe that the produpt= pgpr is a poly-
nomial in the variable$V;, (w), ..., Wy, (w), Wy, (w), ..., Wy, (w). Fory € #H, by adding
and subtracting each term, we have

Flw+ey)G(w+e7) — F(w)G(w)
= pr(w(ty) +ey(t), - wtn) +e¥(tn)) pa (wls1) +ev(s1), -+ w(sk) +ev(se))
—pr (W(t1), -+, w(tn)) pe (w(s1), ..., w(sk))
= pr(w(t) +ev(t), - wltn) +7(tn))
{pc (w(s1) +ey(s1), -+ wlsk) +ev(sk) — pe (W(s1), -+, wisk))}
+ pe(w(s1), -+ wisk))
{pr (w(te) +ev(ta), - w(tn) +e7(tn)) — pr (W), -+ w(ta))} -
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Taking the limit and by Definitior2.8, we have

D, F(w)G(w)
_ iy Flw+e7)Gw +ey) — Fw)G(Ww)

= pc(w(s1), - ,w(sk)) "
o 2 @(00) + €3(00), - w(tn) + £1(ta) — pr (@(0), -, w(ta)
i pp (w(tr) +3(t), - wlta) +e7(t) -

o P @s1) +1(51), -+ (o) + £9(51)) = po (@(s1), -+ (o)
e—0 9

= F(w)D,G(w)+ G(w)D,F(w).

2.1 Malliavin Derivative for F'(w) belonging toP

In this section, we introduce the Malliavin derivative via the relationship with the direc-
tional derivative. From PropositioR.12 we see the map — D.F(w) is a continuous
linear functional onH for eachw € Q. Then by the Riesz representation theoreid,|
there exists a unique stochastic varia®le(w) € H such that

D, F(w) = (7, VF(w)); = /0 VF:(w)'.ydt . (2.10)

Moreover, VF.(w) is unique inL?([0,T]), and sinceVF(w) is an#H-valued stochastic
variable, the map — V F'(¢,w) is absolutely continuous with respect to Lebesgue measure
on [0, 7. Now, let the Malliavin derivativeD, F'(w) denote the Radon-Nikodym derivative
of VF(w) with respect to the Lebesgue measure, thayiB(w) = VF.(w). Then we have

D,F(w) = /0 ' Dy F(w)y(t)dt . (2.11)

Identifying equationZ.11) with equation 2.8) we have the following result, which is taken
as a definition in].
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Proposition 2.14.[See Definition 3.2 in§]] For F' € P, the Malliavin derivative of' is
the stochastic proced, F' : t € [0, 7]} given by

Op
(9:62'

DF(w) = Y

i=1

(W (), -, W (w)) Lo, (B)- (2.12)

Proof. We offer the following proof. Rewritey(¢; asf0 Ljo.,y(t)y(t)dt. By Proposition
2.1Q we have

D,Fw) - Z(fm Wovveo W) [ Tous 300

W) Lo (D) (E)dt . (2.13)

Identifying equationZ.11) and equationZ.13), we conclude that

op

DF(w) = (9

(th, ey th) 1[0,152.] (t)

Remark 2.15. Note thatF’ — D, F is a linear operation fronP into L2([0, 7] x Q).

Proposition 2.16. [Product Rule for Malliavin Derivatives] FoiF, G € P, the Malliavin
derivative of the product'G is given by

D (F(w)G(w)) = F(w)D;G(w) + G(w)D{F (w) . (2.14)

Proof. We offer the following proof. From the relationship given by equati®ri(), we

/Dt t)dt and D,G(w /Dt

know
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Inserting the above two equations into equatid), we get

D,(F(w)G(w)) = )+G( )D,F(w)
_ /Dt Bt + Gl /Dt ) (1)t

_ / (F(0)DG(w) + G(w) D F(w))5(t)dt (2.15)

0

We also have .
D, (F@)Gw) = [ Di(F@)G@) . (2.16)

Comparing the above two equations, we get

D; (F(w)G(w)) = F(w)D:G(w) + G(w) D F (w).

Remark 2.17. Note thatD; is a derivation orfP.

Now we consider the Malliavin derivative &f(w) whenF'(w) has the form 01‘/’0 s)dW;
with respect to dsimpledeterministic integrand. In the following proposition, we show that
the Malliavin derivative ofF'(w) is the integrand itself.

Proposition 2.18. If F(w fo s)dW, and the integrand; : [0,7] — R is a simple
function, thenF'(w) € P and the Malllavm derivative of’ is given by

D) =i ([ atsaw.) = st ) (2.17)

Proof. We offer the following proof. Lel(s) = Z? Lol (s) ande; € R, and
0=ty <t; <---<t,=T. Then the stochastic integral gfwith respect to Brownian
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motion TV can be written ag’o s)dW, = Z o; (W, — We,_,). Think of

Zaj —zj1) = oq(x —xo) +ag (2 —x1) + -+ oy (T — Tp1)

= (g —ag)ry + -+ (g1 — Q) Tp_1 + g — Q12

= p(waTla-"axk)?

wherep is a polynomial in the variables, =1, . . ., z,. S0 we get

T
/ g(s)dWs =p (Wi, Wy, ..., W) . (2.18)
0

We note the integral of simple functions with respect to Brownian motion can be written
as a polynomial function in Brownian motion, i.é(w fo s)dW, € P. Then by
Proposition2.14, we conclude that

D, (/OT g(s)dWs> — D, (p (Wi, Wi, .. W)

Moreover, note thadlp/0x; = (o; — aj4q) for j = 1,...,k — 1 anddp/0x, = o4, and
Op/dzxy = —ay, then we have

D, ( /0 : g(s)dWS)

= (a1 — )l (t) + -+ + (1 — aw) Lo, (t) + arlio (t) — arljo(t)
= arlpg)(t) + - arlp (1)
= g(t)Ljom(t).

Proposition 2.19. Let the stochastic variabl€(w) be in the form of

F(w) :p(91, e 79n)> (219)
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wherep is polynomialg; = fo 9:(s)dW, andg;(s) aresimplefunctions fori = 1,2,...,n
Then the Malliavin derivative oF (w) is given by

DF@) =3 2 (1, 0,) 6(t) o). (2:20)

Proof. We offer the following proof. By PropositioR.18 we haved; € P and writed; as

T
Hi = / gl(s)dWS =D (Wtu"':Wtk)
0

for some polynomialg;. Then we rewrite (6, --- ,6,,) as

p(elv'” 79n>:p<p1(Wt17"'7Wtk)7”' 7pn(Wt17"'7Wtk))'

Notice thatp is polynomial in the variable¥,,, ..., W;,, soF(w) € P. By Proposition
2.14 we have

k
Z 8_p Wt17 tee 7Wtk) 1[0,tj](t)' (221)
But by the standard derivative chain rule

9 _ <~ 9p Opi
81’j N im1 ({9pi &rj'

(2.22)

Then inserting equatior?2(22 into equation 2.21), we get

kK n
Jp Op;
DtF(w) = Z Z op; 8$j (Wt17 IR Wtk) 1[0,tj](t)

i=1 j=1
n ap
= 8—&Dt (6;)
i=1
n ap
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Now let g;,,(s) be a sequence of the simplé([0,7]) functions converging tg; in
L*([0,T]) fori =1,2,...,n. For a polynomiap, we define

Fu(w): = p ( /0 " gm(s)d W /0 ' gnm(s)dWS) (2.23)
and
T T
Fw): = p (/0 g1(s)dWs, .. .,/0 gn(s)dWS) . (2.24)
By LemmaA.1, we haveF (w) € L*(2). By LemmaA.2, we know
Fo(w) = F(w), inL*Q), asm — oo. (2.25)
We will use these facts to calculate the Malliavin derivative"¢®) later.
Remark 2.20. By Holder’s inequality, we know the spaé&((2) are “nested”, i.e.
L®(Q) C LP(Q) C LP2(Q) C LY(Q)

for 1 < p; < ps < co. BesidesP is dense inL?(Q2) forall 1 < p < co. See Problem 1.1.7
in [35] for detail.

Now we state the Integration by parts formula fQiG € P.

Proposition 2.21. [Integration by Parts Formula, see Lemma 4.12 BB]] SupposerF,
G € P andy € H, with~(t) = [ 7(s)ds and(s) € L*([0,T7). Then

E[D,F-G]=E [F G- /OT :y(t)th] — E[F-D,G]. (2.26)

Proof. We follow [39] to give a proof. By Definitior2.8, we have

E[D,YF.G]:E{hmF(w"‘f’Y)_F(W) -G} :hmE[F(w—l—ev)-G—F(w).G]‘

e—0 € e—0 €
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Now let us recall the Cameron-Martin theorem (sé4])] We have

EF(w+ ey)G(w)] . .
_E [F(w)G(w—e'y) exp {6/0 5 () dW; — %62/0 (fy(s))zdtH .

Then

Te T/(e 2
ED,F-G = lim-E [F(w)G(w — ey)e o SO [T (@) _ ey G}

e—0 €

T 1 T /(e 2
= lim lE [F(w)G(w — &) (eﬁfo Y)W —3€* [5 ('y(s)) dt 1>:|

HEO E[F(w) L G) — G- 67)}

e—0 €

= E [F-G-/OT:y(t)th] — E[F-D,G].
O

Proposition 2.22. [Closability of the Operator, see Theorem 4.11 89]] The Malliavin
derivativeD; is closable fromZ? (Q) to L? ([0, T] x Q).

Proof. We follow [39] to give the proof. FOKF,} >~ € P such thatf,, — 0in L*()
and D, F,, converges in? ([0,T] x ), we want to showD, F,, converges to zero. Now

suppose the limit ig, and prove; = 0. By Propositior2.21, for anyG € P, we have
T [ ]
ED,F,-G = E {Fn Nes / fy(t)th} _E[F,-D,G].
0

SinceG, fOT Y(t)dW; andD, G are elements of?(Q2), andF, — 0in L*(Q) asn — oo.
Then
E[D,F,-G] =0, n— oo,

foranyG € P. NoteD, F, = [ D,F,%(t)dt, and we have
T [ ] T [ ]
D,F, —D.F, = / D.F5()dt — / D.F, (1) dt
0 0
T

= / (D,F, — D,F,,) ¥(t)dt.
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Then take the absolute value on the both side of the above equality,

T
D, F, - D,E,| < / |D,F, — D,F,,|
0

%(t)‘ dt

T 1/2 T
< (/ |DtFn—DtFm|2dt> (/
0 0

) 1/2
fy(t)‘ dt) .
Then

2

dt

T T
|D,F, — D, F,|[5 < E{/ \DtFn—DtFmﬁdt]/ (1)
0 0

2 2
= ||D:F, — DtFmHLZ(Qx[O,T]) 17113

— 0,

since by hypothesi®), F,, converge inL? ([0, 7] x Q). SoD, F, is Cauchy sequence in
L? (). Consequently,

E[D,F,-£ —0 asn— oo, forvé € L*(Q),

becauseP is dense inL?(2). Then conclud®, F,, — 0in L*(Q) asn — oco. Since this
holds for ally € #, we obtain thaD, F,, — 0in L? ([0, T] x Q). O

Proposition 2.23. Let the stochastic variabl&(w) be in the form of
F(CU) :p(gb 7077,)7

whered; = [ gi(s)dW, and deterministidunctionsg,(s) € L*([0,T7) for all i. Then the
Malliavin derivative ofF'(w) is given by

Proof. We offer the following proof. Let us consider a sequehggw) defined by equation
(2.23 with
Fp(w) — F(w) in L*(Q)
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asm — oo. By Propositiorn2.19 the Malliavin derivative off,,(w) is given by

D) = SR ([ gt [ gnm<s>dws) Gin(@) 60

]

Hereafter, we redefin® from Definition2.7 as the set of random variablés: ) — R
of the form

Flw)=p (/0T91(3>dWsa s 7/0Tgn(5)dws> : (2.28)

whereg;(s) € L*([0,T]) are somaleterministidfunctionsi = 1,2,...,n

2.2 Malliavin Derivative for F'(w) belonging toD;

Following [35], we define theterated derivativeD*F = D, --- D,, F such thatD*F is
defined almost everywher#* x d@. Then for every > 1 and any natural numbér> 1,
we introduce the semi-norm on the g&by

1/p
IE N, = |E[IF] +ZEQ[}D3F||L2(OT ]] . (2.29)

7j=1

Here, we set||F'[|[, = EQ|[|F|F]. Since the operatab; is closable by Propositiod.22
we define byD;, , the Banach space which is the closuré?iinder]|-|[|, ,. The family of
semi-norms verifies the following properties, s8g||

e Monotonicity: ||| F||[, , < [[[F|l[, . foranyF € P, if k < k"andp < p’.

e Closability: The operatob* is closable fronP into L? ([0, T] x ).
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e Compatibility: Letk, k¥’ be natural numberg, p’ > 1 be real numbers. Suppose that
the sequence of random variablgs€ P is such that| £/, , — 0, asn — oo and

1Fn — Fllly , — 0, @sn,m — oo. Then|[|F,[[,, , — 0asn — oo.

Remark 2.24. By the property of monotonicity, it follows th, ,, C Dy, if & < k" and
p<p'. Fork=0,weset|Fl|,, = ,andDy, = LP(%2).
Remark 2.25. In particular, sett = 1 andp = 2 and introduce the norrfj|-[||, , on the set

P and we get the norm

1/2
1PNz = [B2 (1FP) + B2 [ID Pl || - (2:30

Foreachw € Q,t — D,F(w) € L*([0,T]). Thatis,

oo, and

T
DtF(w)Hi?[O,T] = (DiF(w))*ds <

T
B2 [IDF o) = 52| [ (DiFC) as].
So this is thel? norm squared ofw, t) — D, F(w) as an element af?(Q2 x [0, 7).

Remark 2.26. The norm||-||[, , is exactly that defined in equation (4.18) 68]. But the
difference with the approach of Bermif][is that @ksendal defines differentiable random
variables as in Definition 4.7 of his notes and then defines the fjgfm. Bermin shows
that everyF in P is differentiable in the sense of Definition 4.7, then defijjeg, , on P
and then defineB , as the Banach space which is the completio®afnder||[-|[, ,.

Remark 2.27. In fact, the Banach spad®, , is a Hilbert space and consists of all stochas-
tic variablesF € L?(2) such that there exists a sequence of stochastic varidhles P
suchthat{F,,}>, — Fin L*(Q) and{D;F, }22, is a Cauchy sequence iit ([0, 7] x ).

In fact, the spac®, , have some nice properties and will play an important role in the
sequel. For example, we have the following proposition.

Proposition 2.28.If F' is F;-measurable and i, , with s < ¢, thenD,F = 0.

Proof. For F € P, andF is F,-measurable, we have

DF(w) = Zn: Op

i=1 0z;

< /O g1 (r)AW,, - /O gn@«)dWr) o)
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Fors < t, we haveD, F(w) = 0. It also true forF' € D, » by approximation. ]

Before ending with this section, we state two important chain ri@epsfpr the Malli-
avin derivative.

Proposition 2.29. [See Proposition 1.2.3 in3p]] Let ¢ : R — R be a continuously
differentiable function with bounded partial derivatives. Suppose khat (Fi, ..., F,)
be a stochastic vector anl € D, , fori =1,...,n. Thenyp(F) € D, 5, and

D,p(F) =
tSO( ) — 8[171

(F)D,F; . (2.31)

From [35], we have the following result, which we will use in the later section.

Proposition 2.30. [See Lemma 1.2.3 in3p]] Suppose that there exists a sequence of
stochastic variable$;, € D, , such thatF},, — F in L*(Q2) and

2
sup E? [HDtFn”LQ([O,T}) <00

ThenF € D, and{D,F,}>>, — D,F in the weak topology af? ([0, 7] x Q).

Moreover, ifG is a Lipschitz function of a stochastic vector process belongiridy t9
then there is a chain-rule formula on which we can calculate the Malliavin derivative of

as follows:

Proposition 2.31. [See Proposition 1.2.4 in3p]] Let ¢ be a Lipschitz function, i.ey :
R™ — R such that

(@) —o(y)] < K|z —y|
foranyx,y € R™ and some constarit, andF = (Fy, . .., F,,) be a stochastic vector and

F, e Dy, fori =1,...,n, and the law ofF' be absolutely continuous with respect to the
Lebesgue measure @&f. Theny(F) € D 5, and

Dig(F) = 32 2E(F)DE,. (2.32)
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In the next two small sections, we will give the proof of the Malliavin derivatives of
defined by equationl(18), and its maximum in detail, which we need to use frequently in
the application to exotic barrier options.

2.2.1 Malliavin Derivative ofS;

In this section, let us calculate the Malliavin derivativeSpidefined by equationl(18).

Proposition 2.32.[See Corollary 9 in #]] Fix s € [0, 7] and letS, denote the time price
of the stock following the stochastic equatidnl@. ThenS; € D, » and

Dy (Ss) = Gssl[o’s] (t). (2.33)
Proof. We offer the following proof. By Taylor expansioef]V= = >"° ("V:f)k for every

w and also inL2(2). Moreovery " T ¢ pandyr_ (@l oW in [2(0)).

Define

2 n k
Pu(s) = SoeF)1 S0 <”ZV'5) . (2.34)
k=0 ’

AS

(oW,)k
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we have

—_

3

(O'WS)k
21 Olos (t)
< k!

S 50T e Moo () in I2(Q)
= 0351[073](t).

r_o-

Dy(Pols) = Sl %)

i

By Proposition2.22, we knowD; is a closable operator, so we get(S,) = 0Ss1j0,4(t).
Moreover, by the nornjy-[|[, , on the se®, we have

1Pa(5) = Silll1o = B2 [|Pals) — S| + E? [IIDt (Pa(3)) = D (S)llz2 0.1y | -

SinceP,(s) — S, in L (Q) and D, (P,(s)) — Dy (Ss) in L* (2 x [0,T]), we complete
our proof by showing|| P, (s) — S||[; , — 0, i.€.5, € Dy 5. O

Remark 2.33. SinceP is dense inL?(2) for 1 < p < oo, we can follow the proof above
and getS; € Dy, for everyk > 1 andp > 1.

2.2.2 Malliavin Derivative of\f

Let us first introduce the following stochastic variables for later use:

Mf_f’tZ =  sup S
te(t,ta]
for0 <t; <ty < T, whereS; is the solution to1.18.
In this section, we find the Malliavin derivative 8f; , in detail. In fact, Bermin4]
gives a proof of this result, but not fully treated and we supply more mathematical detail.

Definition 2.34. Let the random variable(t;, ts) denote the first time thaf achieves its
maximum in the intervdk,, t;] with 0 < ¢; < ¢,, whereS, follows the process in equation
(1.18. Thatis

a(ty, t) =inf {t € [t1,t] : Sy = M, }. (2.35)



2.2 Malliavin Derivative for F'(w) belonging toD; » 56

Let us consider for each € N, a partitionr,, = {t; = s; < --- < s, = 5}, and
requirer,, C m,4, anduU,, is dense ift;, t;]. Definey,, by

on(z) = Iax ; ;

herex = (x4, - - x,,) and notep, (z) is a Lipschitz function. Define a sequence of sets

E = {gER”:mlz maxxi},
i <n

1<i<

E, = {gER”:xk:maxmi andm1<mk,---,mk_1<mk}.
1<i<n

We list some properties of this sequence

e ()ENE; =0ifi<j.

For shouldz € E; N E;, thenz € E; andz; < maxa,, -+, z; < maxz, = ;. But
1<r<n 1<r<n
z € E;, means that; = ax z, = z;, which is contradictory.
<r<n

For if x € R™, thenlrggélxr exists and there is a first indgxsay, such that; = max z,.
For this indexx; < z;,--- ,z,1 < z;, S0z € E;. SoVz € R", 35 € [1,n] NN, such that
z € E; CUE;, thatisR™ C U, E;.

So we can write

on(z) = Z z:1p,(z)

and
Opn
8%1‘

in the sense of distributions. Now we compasge with the values ofS at points of a

(331, to ,l‘n) = 1Ez<£)7

partition, ,,. Thatis,M? = ¢, (S, -+ ,Ss,) = max; S;,. We define

A = {w:S, () €E) (2.36)
= {w : SS1 (w) < Ssi(w)7 e 7531’—1((’")) < Ssi(w) = an(w)} )
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whereS, (w) = (Ss,(w), -+, Ss,(w)) € R". So

ME = S5 (S,) = Sala, (2.37)
i=1 i=1

and)M? coincides withS,, on the set4;.

Definition 2.35. Let us define a measurable function

an =Y sila,, (2.38)
i=1

wheres; € m, and A; is defined by equatior2(36).

Note thato,, is not a stopping time, but is a measurable function. It is the first time that
the finite sequencess,, . .., Ss,) achieves its maximum, i.e.,

an = min{t; : Sy, = MZ %} and MZ =S, (w).

and we provide the following lemma.

Lemma 2.36. Let a,, be defined by equatior2 38 and a(t;,t2) be defined by equation
(2.395. We show that
an, — a(t;, ty) Q —a.s.. (2.39)

Proof. First, we notice that for index < m, we have the partitiom,, C =,,, and clearly
there exists a sequengg such that we havg), m,,, C |J,, m.. On the other hand, for fixed
n, there existsg such that, > n andn, C 7w, C |J, 7, soU, ™ € U, m,. Hence,

Ura=Ure
n k

Now givene > 0, there exist$ > 0 such that ifit — a(t1,t2)(w)| < d, then

we have

}St(w) - Sa(tl,tQ)(w)‘ < e

Hence there exists € m, inside{s : |s — a(t1,t2)(w)| < 0} for all fine enoughr,, such
that‘Stl(W) — Sa(tth)(W)’ < €, |e, Sa(tl,tg)(w) — StZ(CU) < €. But an = San((.U) lies
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betweenS,, (w) and Sy, +,)(w), SO

So, (W) = M5 — thtz (w).

Tn

Therefore consideringim,, sup «,, there is a subsequeneg, — lim, supa,, € [t1, 2],

i.e.
M =S5, — S
Ty, Qny, limy, sup ag,»
and
_ S S
Sank (w) = Mnnk - Mtl,tz (w).
Hence

Slimn supan — Mg,tz (L(J) = Sa(tl,t2)(w)’

Similarly for lim,, inf «,,, we have

Slimn infay, — M{?,m (w) = Sa(tl,tZ)(w)'
Therefore
Slimn supayn — Slimn infan, — Mt?,tQ (w) = Sa(tl,t2)<w>’

and

limsup v, = lim inf o, = a(ty, t2).

We finish the proof with the remark stated in 8.16 Remark2ig],[for w € 2, the point
t € [t1,t2] @t whichS, (w) = M}, (w) is uniqueQ-a.s. O

Now we can prove the following proposition due to Bermdh [

Proposition 2.37.[See Corollary 9 infi]] For 0 < t; < t, < T, we haveMtSm €Dy
and

DtMg,tg = Mtslf’tQO'].(_oqtl)(t) + MtSl”Q1{M£S;,t§MtS:t2}O-1[tl’t2} (t), (240)
or

DtMtfh - O-Mg,t21[07a(t17t2)] (t) (241)
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Proof. By Proposition2.31, and plugging in outp,,

Digpn (S) Z o () Disi - > 1S Lt (2.42)
andM? € Dy ,.

SinceU,m, is dense inft,t;] and forQ-a.e.,w € Q, s — Ss(w) is a continuous
function. So it is uniformly continuous ofi,, t;], and we can arrange for our partitions
such that for alk € [t1, 5], there exists, 1 < ¢ < n such tha{S;(w) — Ss, (w)| < € for all
large enough. So

Mt?,m(“) - an(w) <€

for all large enough.. Also by Lemma2.36 we have

S S
M, — Mg, Q—a.s.

Then sinceS is a sub-martingale it follows from Doob’s maximal inequalitthat

2 2
I8 ey = B9 | w15 < (525 B9 D] < e

t1 <t<ts

HenceM; ,, € L*(2). Moreover,

B (Mg, - M5,)°| = BO|(ME,,)°| - 2B ME M) + B9 | (E)’)]
and we know0 < M2 < M7, , Q-as., whenc® < M7 M7, < (M7, )* and each
term lies inL'(Q) and M} M7, 7 (Mf,,)%, Q-a.s. Then the monotone convergence
theorem tells us that? [M7 M, | ~ E9[(M;,,)?]. Similarly, EQ [(MS)*]

*See e.g. 3.8 Theorem i&§], For anyp > 1, we have

E{ sup |Mt|p] < (L)pE[Mﬂp]

0<t<T

Actually, the inequality holds if we replad@/;| by any continuous non-negative sub-martingale.
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EQ [(M ,,)?]. Since all integrals are finite, this shows

M2 — M, in L*(Q).

Tn

Moreover,
Dthn = Gsanl[(),an} (t) = Oanl[(),an} (t) (2.43)

Taking L*(]0, T'])-norms in the above equation, we get

T
e AR

T
/02 (M2) 1g.a,(t)dt
0
o (ME)'T
< o*(MS,)'T.

IA

Taking the expectation on both sides of the above inequality, we get

E¢ |:||DtM7§nHiz([0,T})} < o*TE? [(Mg,t2)2i| = 0’T || M, < 0.

2
HL2(Q)

By Proposition2.30 we showsup,, E° [HDthn H;([O T])] <ooandMy ,, € Dy,.
On the other hand, sineg, — «a(ty, t2) a.s. it follows that

Dthn = O'Sanl[()’an](t) — USa(tl,tz)l[O,a(tl,tg)] (t)

By Proposition2.30again, D, M7 converges weakly td, M, in L?([0,T] x Q) and
Satit) = My, € L*(2), hence

DtMtf,tz = O-Mg,tzl[oaa(thh)] (t)
It is also noticed that the indicator function can be written as

Lo.a(tr )] (t) = Lootn) (8) + Lpngs  <nss, yLitr ) ()-
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Now consider a function

t,t>

J(t,w) = 1(Coo)(t) + 1{Ms S }(w)l[tl,tz] (t) . (2.44)
t,ty
We observe when one of these two terms is non-zero, the other is zero. So

1 if t<t;andw e Q,
Jtw)=< 1 ift1<t<tpyandM], <M, ,
0 ifty<t<toandM],> M5, .

Note that in the casg < ¢t < ¢, andM;, < MP, , thenMf, = Mp, . But, as soon
asM; , is achievedw is no longer in the sef M , < M}, } for ¢ greater than the first
time S hits its maximum oveft,, t;]. SoJ(t,w) switches off the (first) time& achieves its
maximum overt, t5]. SoJ(t,w) = 1 for points(¢,w) such that) <t < a/(ty,ts). O

Remark 2.38. Notice that if we set; = 0 and¢, = ¢, then we have
DtMﬁg,t - UMég,tl[Oa(o,t)] (t). (2.45)

Notice that for Brownian motion, there is a result, (e.g. 8.15 Propositior28j)[which
states that Brownian motion 0, t|, @-almost surely hits its running maximustrictly
beforet, and another result, (e.g. 8.17 Problem &f]), which says the last time Brownian
motion is equal to its running maximum has a distribution obeying an arc-sine law, which
shows that the probability that tHast timeBrownian motion hits its maximum is strictly
beforet is equal to one. We then can extend these two results to the pocasd therefore

lpa@y(t) =0 Q—as. (2.46)

That s,
D:M§, =0, Q—a.s. (2.47)
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Chapter 3

The Clark-Ocone formula and its

extension

We will present the Clark-Ocone formula and its extension in this chapter and show how
the self-financing portfolio generating a contingent claim can be formally derived by using
Malliavin Calculus.

3.1 The Clark-Ocone formula and its limitations

Let us begin this chapter by recalling the well-knowa tepresentation theorem, which
states that it7 € L%*(Q) is Fr measurable, then there exists a uni@fuadapted process
p(t), for0 <t < T, such that

G = E9G] + /0 " oW, (3.1)

This result only provides the existence of the integrand, but does not give us a way to
calculate the integrand explicitly. However, from the point of view of applications it is
important also to be able to find the integrand more explicitly. This can be achieved by
the Clark-Ocone formula, which says that, under some suitable conditions, we have an
explicit form for the integrand given by(t) = E9[D,F|F], 0 < t < T, where D;F

is the Malliavin derivative ofF’. This is one reason why the Clark-Ocone formula makes
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Malliavin calculus useful in mathematical finance.
We only present the formula as a theorem as a generalization ofthepitesentation
theorem, and for details on how the Clark-Ocone formula was established, we r&f@ to [

Proposition 3.1. [Theorem 5.8 in 89]] Let G € D, » be Fr-measurable. Then we have

T
G = E9[G] +/ E®[D,G|F,) dW, .
0

Note that the Clark-Ocone formula presented here is only valid for those contingent
claimsG € Dy, C Dy, = L?(Q). Therefore, there are some restrictions when we use
the Malliavin calculus approach. We follow Example 4.1 5ffih detail to show how the
Malliavin Calculus approach has its limitations.

Example 3.2. Let us assumel € Fr such thatl, € D, ,. Then there exists a sequence
(Fn) C P converging tal 4 in [||]||, ,- By Proposition2.31, if we takep(z) = z* on [0, 1]
andF = (1,), i.e., a one-dimensional vector, thénl, =2-1,4 - D;14. SoD;14 =0o0n
O\A; for w € A, Di14(w) = 2Dy14(w), so thatD;14 = 0 on A also. SoD,1,4 = 0, for
everyA € Fr. Now by Propositior8.1for 1 4,

T
1y = EQ[lA]IQ—i-/ EQ[Dt1A|JTt]th

0
= E°14]lq

= Q(A)lq,

which cannot be true for everyt € Fr. If ) # A # Q, then the assumptiohy € D, -
leads tol, = Q(A)lq, which is a contradiction. Noté&? (Q2) is equivalent classes and
sets which differ by & null set are regarded as the same set. SA i), ) # A # Q,
meand) < Q (A) < 1. If A = 0 or , then no contradiction occurs. So we can conclude
that whenA € Fr, thenl, ¢ D, ,. So for example, the indicator of the séf, < K},
does not have a Malliavin derivative in the usual sense, althdygh.x} € L* (Q2).

In order to use the Clark-Ocone formula in applications, we see the &packs not
big enough. However, in the next section, we will describe how to extend the Clark-Ocone
formula to a larger space.
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3.2 The Extension of the Clark-Ocone formula

From the previous section, we see there are some limitations to calculating the Malliavin
derivative ofG if the claimG is not inID, 5, hence we need to extend the Clark-Ocone for-
mula. As mentioned before, for aiff--measurable claind’ € L*(€2), we can find a self-
financing portfolio to replicaté;, and in our thesis, our purpose is to find the self-financing
portfolio via the Clark-Ocone formula. Hence, from our point of view, for applications we
need Clark-Ocone formula to be valid for aRy-measurable stochastic variablelif ().

Note that the spadg, , is a dense subspacebf (2). One’s first reaction might be that the
extension of the Clark-Ocone formula seems trivial. However, we will see the key point is
that theMalliavin derivativecannot be defined in the usual way for all stochastic variables
in L% (Q), and we have to define the Malliavin derivative in the sense of distributions in
order to extend the Clark-Ocone formula.

First let us follow 7] and extend some definitions and summarize some results, then
characterize the new space for which the Clark-Ocone formula is valid. Note th&din [
Watanabe deals with abstract Wiener space, but to see the connection with our concrete
case observe that; is an element of the dual of our concrete Wiener Space.

Now we describe the Ornstein-Uhlenbeck semi-group and Ornstein-Uhlenbeck opera-
tor by following [47].

Definition 3.3. For ' (w) € P andt > 0, defin€eT;, (F) as follows:
T (F) (w) = / F (e_tw +V1-— e_2tu) Q (du) .
Q

The operatoff; satisfies the following properties. Se¥/] for a complete proof.
Proposition 3.4. [See Properties of; F' on page 13 in47]]

o If F € P, thenTi(F) € P.

e ForFePandF =>"  J.(F), thenT,(F) =" e ™J,(F).

e T,is acontraction onl?, 1 < p < oo, i.e., | TLF, < [|F|[,.
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Definition 3.5. [Ornstein-Uhlenbeck Operator] Ldt € P be a square-integrable random
variable. Define the generatdr of the semi-grouf; as follows:

L(F) =) (-n)Ju(F), (3.2)

n=0

provided this series convergesir (2). We callL the Ornstein-Uhlenbeck operator. The
domain of this operator is the set

DomL = {FEP,F:ZJn(F): > P || F|l; < oo} :
n=0 n=1

Remark 3.6. Note thatZ, mapsP to P.

Definition 3.7. [See Definition 1.10 in47]] For FF € P, —oco < k < oo and1 < p < oo.
Define the nornj - ||, as follows:

I1Fll, & [ =L F . (3.3)

where -
(=D FE3 (1 +n)" J,(F) e P. (3.4)

n=0

Remark 3.8. In [47], it is shown that the nornfi| - |||, defined in equation.29 and the
norm||-|, , defined in equation3(3) are equivalent whenever> 1 andk € N. This is in
fact given by the Meyer inequalities. For more details, see, for examf@gand [47].

Example 3.9. By Definition3.5, on the orthogonal subspaces (L?), 0 < n < oo, the
operator L acts as a scalar multiplier by

L (Ji(F)) = Z(—”)Jn (Je(F)) = —kJi(F),

n

sinceJ, is an orthogonal projection and,, J, = 0 for n # k. Therefore,

(I—L)(F)=> (1+4n)Ju(F).

n
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Moreover,

(I-L(F) = (I-L){(I-L)(F)}
= Y (1+n)Jo((I = L)(F))

n

= > (1+n), <Z<1+k)Jk<F)>

n

= ) (14+n)> (1 + k) (Je(F))

n

= ) (L+n)J.(F).

n

So we can take polynomial function bf L, and it follows that ifh is a polynomial (in
one variable), then

W= L)} (F) =) h(1+n)Ju(F
Proposition 3.10. [See Proposition 1.7 in47]] For k£ < k" andp < p/, we have
o 1) ||IF|l,, <IFlly,. YF € P.

e 2) Forany—oo < k < ooandl < p < oo, ||-[|, , are compatible. i.e., for anf, p),
(K, )1
n,m — oo, then

p, > 0asn—ocoand|F, — F,l, , — 0as

[ Fnllyry — 0 asn — 0o .

Proof. We follow [47] to give the proof, but in more detail. For fixéd by Definition3.7,
we know || F'[|, , < [|F'[|,,» whenp < p'. Itis enough to prove{F'[|, , < [|F,, for
k < k'. To do so, we need to show

/ e I Fdt = / e~te! (Ze‘”tjn(F)> dt
0 0

n

— Z < /O h e_tt"‘_le_mdt) Jn(F)

n

=Y </OOO e_(””)tta_ldt) T (F).

n
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Changing variables = (1 + n)t,

o 1 o 1
/ e~ Umita—lg — —/ e "r* tdr = ———T'(a),
0 (L+n)* Jo (1+mn)"

wherel'(«) represents the Gamma function with> 0. Therefore

ﬁ /0 h e I Fdt = Z (%a) /0 h e_(””)tto‘_ldt) J(F)
= Z::(1+n)‘“Jn<F)

= (I-L)™°F.
From above the equation and by PropositBo4 7; is an L? contraction, so we get

a 1 [~ .
|(I-L)F|, < W/O et H|TF||, dt < || F)|, .

Then (I — L)~ maps fromP to P, for all @ > 0. We know ||F'[|, , < [[F],,, when
k < k'. By Definition3.7, that means

(I-L*F| < H(I —L)¥*F| , whenk <F.
p p

So

(I—L1)° ((I YALIE F) < ( (I-L)**F

p p
Inally, let us choose-a = “5* > 0, then we finish theroof.
Finally, | h k= h finish theroof 0
Proof. 2) LetG,, = (I — L)*/?F, € P. Then
_ — N2 (7 K2
G = Gully = |0 = L) B = (1= LB

_ H(I LY (E, — F,)

p/

= |F = Fully, — 0 asn,m — oo.
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Therefore, there exists € ¥, such that|G,, — Gll,, — 0. But by Definition3.7,

— 0.
p

1Bl = (- 02|, = 0 - D726,

It is enough to show = 0. If H € P, then(I — L)*~*/2[ ¢ P. Noting thatP C L9,

for everyl < ¢ < oo, we have

E[G-H] = lim E[G, - H]
n—oo
= lim E |(I - L)**2q, . (I — L)*~k/2 H]
n—oo
= 0,

sinceP is dense inL¢, for all g. ThenG = 0.
Finally, we get

1Pl = || (7 = L),

=G, —o.

Now, we move forward to extend the previous definitiorDgf, in Chapter 2.

Definition 3.11. For —oo < k < oo and1 < p < oo, defineDy , as the completion P
by the norm- |, ..

Remark 3.12. Note that by this definition, we hallg , = L”.

Remark 3.13. By Propositior3.10 we know|| F'[|, , < [|F[[,, ,, whenk < k" andp < p'.
So a Cauchy sequenceljr|,, ,, is also a Cauchy sequence|jr[, ,. Hence we get

]D)k./yp/ C Dk,p if k < l{?l andp < p/.
Moreover, if we let) < k£ < k' and1 < p < ¢, we have the following inclusions:

Dy, C Dip C Dy, = LP(Q) C Dy, C Doy
U U U U U (3.5)
Dygy C Dy C Do, = LI(Q) C Dy, C D_py,
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Figure 3.1: Any point in this cone givedia, , smaller tharDy, ,,
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Proposition 3.14. [See page 26 in47]] Define an operatorA as follows:
A= (I—-L)™"2, (3.6)

Then the mapsl : LP — Dy, and A : D_,, — L? are isometric isomorphisms. Hence
A* i (Dy,) — Lis also an isometric isomorphism,lifp + 1/q = 1.

Proof. If G € L?, then

|AG e, = || =)™

=a-prra-ntre| =,

If G € D_j g4 then
146, = |4 - L2 6| =16y,



3.2 The Extension of the Clark-Ocone formula 70

hS

= L9. We also know thdb_; , = L9,

-1

[

A A*
Remark 3.15. Sincel? = Dy, thenD; | = (L
A rAx

1%

?)
thereforeL? = D_;,. Hence we geb; D_gq-

Remark 3.16. We knowf — E[fg] is a linear functional or® and
(£.9) 20y = Elfg)- (3.7)
For F, G € P, taking the absolute value of' G) - g, we have

(F.G) )| = [ = D)2 = L*F,G) g

)<(I — L)"?F,(I - L)*?G) m)‘

k2 _7\—k/2

< g =DPF|, -0l

= NFlp 1Gl kg - (3.8)
This shows that ang € (P, |- ||-x,,) defines a continuous linear functional ¢R, || - || )

and this extends to elements of the completioR of || - ||, and || - [| 4 4- SOD}, , =D 4,
wherel/p+1/q = 1.

Definition 3.17. Define
]Doo = r\lk,]D]Dk,p ; (39)

thenD,, is a complete countably normed space, see Proposition 23}.iThe dual ofD,
IS

A
D, = Up,D, , ED o ; (3.10)

see Proposition 2.9 ind]. SinceD;, , =D 4, Wherell) + % = 1, we conclude that
D_oo = UpgD_gyq . (3.11)

Remark 3.18. By Remark2.33we knowsS, € D, and it is quite natural to think/ , €

1,

Ds. Butitis shown in 86] that M, ¢ D, althoughM;, € D;,, as we prove in
Proposition2.37.
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3.2.1 Composition of a Distribution with a Stochastic Variable

In this section, we follow47] and understand the elements in the spdkzgsD_,, S(R)
andS’(R) and their relationship clearly.

First, we follow 47] and consider only the one-dimensional case. Now suppose that
F: Q — R belongs tdD,, while (D, F', D,F),, € D, also and

1

Fl|l——————— 1 . 3.12
{(DtF,DtFY;[ <oo, Vi<p<oo ( )

Watanabe shows thatgf € S(R), theny (F(w)) belongs tdD,. The following spaces are
introduced: forp € S(R),

lels, © = H(1+x2—A)’“ngm, (3.13)

where A is the Laplacian and is an integer. The completion ¢f(R) in this norm is
denoted byT,,. The following relations hold;

° S(R)C"’CTQkC"'CTQCTOCT_Q"'CT_Qk,
* N, Tr = S(R),
e U, T = S'(®).

Theorem 1.12 of section 1.4 047] shows that for any: € N andp € (1, o), there
exists a constard, , > 0 such that Meyer’s inequality holds:

lp(F @D arp < Crp llllz,, - (3.14)

for all ¢ € S(R). So the mapp — ¢(F(w)) from S(R) into D, can be extended,
uniquely, to a map fronT_y into D_o ,. Sincep € (1,00) andk € N are arbitrary, the
mapy — ¢(F(w)) extends a map af, T, — Uy ,D_ox, = D_,. Consequently, the map
¢ — ¢(F(w)) from S(R) — D, has a continuous extension$gR) — D_ .

By Theorem 1.12 of47], we know an element]” € T_y, is the limitin||-||. ofa
sequence(p,) C S(R). So(y,) is Cauchy in[|-||;.and thereforep, (F) is Cauchy in
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D_s,. Hence one defin€éB(F') as
T(F) =limpa(F) in [l g, - (3.15)

This is well-defined. So we have
Definition 3.19. Let F' : Q@ — R and F € D, while (D, F, D,F’),, € D, and

1

Fl—————— V1 ) 3.16
[(DtF,DtFﬂ;j < 00, <p< o ( )

For T € S'(R), we call T(F) the compositionof the distribution?" with a stochastic
variable F" as an element id_, i.e.,T(F) € D_.

Before we finish this section, let us state a general chain rule for the Malliavin derivative
of T'(F') belonging taD_.. For the proof, we refer tdg].

Proposition 3.20.[See Corollary 5.1 in§]] Let T" be the element of the spaceRsfvalued
Schwartz distributiort’ (R™). Suppose that” = (F,..., F,) is a stochastic vector with
F; € D, for all i and suppose that the law &f is absolutely continuous with respect to
the Lebesgue measure Bfi. Then the compositg(F') € D_,,, and

" 0T
DT(F) =) =~ (F) DiF, (3.17)
i=1 " °

where

9T is the derivative of as a distribution and’~ (F') the composition of a distribu-

tion with a stochastic variable.

Remark 3.21. Note that when the stochastic varialdieis restricted tdD,,, one can com-
pute the Malliavin derivative of'(F') without specifying the restriction fdf(-) as long as

T € S'(R). Of course, we can use this proposition to compute the Malliavin derivative of
(St — K)* due toSr € D..

Later we present a more elementary way of dealing with the composition of a distribu-
tion and a stochastic variable, but only when a conditional expectation is present.
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3.2.2 Extending the Clark-Ocone formula to a larger space

From the inclusions stated in the previous section, we knowlihatC D, ,, hence the
Clark-Ocone formula is obviously valid for any elementlaf. However, in this section,
we describe the extension of the Clark-Ocone formula to be validlin in the sense of
distribution.

We introduce new spaces to assist our extension of the Clark-Ocone formula. We adapt
the treatment in47]. Let {e; : 1 < i < oo} be an orthonormal basis &([0,T]). For
polynomial variableds, . .., F,, € P we can form arL?([0, T'])-valued stochastic variable,
F(w), by defining

ZF w)e; € L*([0,T7]), (3.18)

wheren € N is arbitrary. The operatof, — L, defined previously in equatioB.d), can be
extended to stochastic variables sucl¥és) by

(I - L)F(w) =Y (I - L)Fy(w)e; € L*([0,T]). (3.19)

=1
Note that/ — L mapsP into P. This allows us to define

(1= DVF@) = Y (T - DFEE) e 3.20)
The stochastic variable
w e [[(I = L)*?F(w)]l2 (3.21)

L2([0,T))

is measurable and an element/s{(2) for 1 < p < co. We defing|- ||/, on the linear

space of sucli” by

/p
i = ([ - peeg) .22)

We denote the completion of the linear space of shchith respect to|| - ||,€p[0 D py
Dy, (L*([0,77)). Clearly,Dy,(L*([0,7])) is a generalization dby,. The extension of.
to Dy ,(L*([0,T])) is possible, as is the extensioniof to Dy ,(L*([0, 7)), by a procedure
identical to that we just employed fdr— L. The relation betweei, ,(L?([0,T])) for
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various values of: andp is identical to those fob),, ,, in equation 8.5). Accordingly, we
can define

Do (L*([0,T1)) = () Dip (L*([0, 1)), (3.23)

k,p

and it turns out that the dual &f,,(L?[0,7]) can be identified:

D, (L*([0, 1)) = (JD}, (L*(0,70)

k,p

= (JD_s, (L2([0,70))

k,q

= D_. (L*([0,77)) . (3.24)

We prove the following Theorem about the constructiordif].[

Theorem 3.22.Let F and G be the stochastic variables with valuesliA([0, 7)), and of
the form given by equatior8(18 and define,

F,G]=E [<F, G>L2[07TJ . (3.25)
For F with [F, F'| < oo, define an operator
AF = (I —L)™*?F. (3.26)

ThenA = (I — L)~*/? is self-adjoint operator.

Proof. Consider

n

Flw) = ZE(w)ez-eL%[o,T]),

Gw) = 3. Giwe, € L2(0,T)).

Jj=1
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Then

n

<F, G)LZ([O,TD = -Fz 617 Gj(w)€j>
=1 L2([0,T])

n

:ZF’

=1

By equation 8.25, we have

ARG = E[((I~D)*F.G) )
= FE <Z([—L)k/2(Fi(w))ei,ZGj(w)ej> ]
| V=t 7=t £2([0,T))

[ n

= E|> (I-L)**F)G,
— Y[~ DR) G
= > AT - L) *F. G -

7

We know the operataf = (I — L)~*/? is a self-adjoint operator faF; € P. Then we have
<(I - L)ik/2F’L'7 G7‘>L2(Q) = <F’L7 (I - L)ik/ZG’L’>L2(Q)
Hence, we have

[AF,G] Zm, (I—-1L) k/ch>L2 = [F, AG]. (3.27)

]

The reason for introducing these spaces is for their use in the next theorem, which holds
by the Meyer inequalities. See, for exampl/]|

Proposition 3.23.[See Proposition 1.9 in47]] For every p > 1 andk € R, the Malliavin
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derivative operatorD, is a continuous operator frofy, , to Dy_1,, (L*([0,77)), that is
L2(jo,T
IDGIS"Y < NGy -

In fact, if ¥ € Do = (), Dryp, thenF € Dy, for everyp > 1 andk € R,
and by the theorem abové),FF € Dy_;, (L*([0,7])), so by equation3.23, we get
D,F € Dy (L*([0,77)). On the other hand, foff € D_, = J_, D &, then there
existsg > 1 andk € R, such thatG € D_;,, and by the theorem above again, we
getD,G € D_;_,(L*([0,T7])). Using equation3.24), we haveD,G € D_, (L*([0,T])).
Consequently, the Malliavin derivative, is a continuous map frof.,, to D, (L*([0,T]))
and extends continuously as a nfap,, — D_, (L*([0,T7)).

HenceD,G is well-defined ifG € D_,,, and we need to interpré?;G in the sense
of distributions. However, we already knab#(Q2) ¢ D_,, and the space that we are
interested in for the Clark-Ocone formula to hold7i$(Q2) rather than all ofD_.,. If
G € L*(Q), we can understand the Clark-Ocone formula in the usual way, although we
may have to understand,G in the sense of distributions. The next proposition shows this.

Proposition 3.24.[See Lemma 5.1 irf]] For G € L?(Q), the mapG — EY[D,G|F,] is

continuous fromL?(2) to L? ([0, 7] x Q), i.e., for some constarit’,

| E [D:G|F, ) S KL G ) -

] HL2(QX [0,T]

Also, the mag? — D, (E€ [G|F]) is continuous fronL?(Q) to L2 ([0, 7] x ), and
E“ [D:G|F:] = Dy (EQ [G|E]) : (3.28)

Proof. We follow [5] to give the proof. Notice that if this relation holds on a dense linear
subspace of.? () then it will hold on all of L? (2), because one can extend it from the
dense subspace to the whole space. So consider a dense subsgR pfthe linear span

of the martingale exponentials

{exp (/OT h(s)dV (s) — %/OT h2(s)ds) . he Lg([O,T])} |
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Let us denote byy;(T) = exp (fOT hi(s)dW (s) — 1 [ h?(s)ds). Then the following
three properties hold; see, for examplé]f

o 8) B9 [pi(T)y(T)] = exp (g hals)h(s)ds)),
o b) E [pi(T)|F] = ¢ilt),
e C) pi(T) € Dy with Dyps(T) = hi(t)pi(T).

Now consider a real-valued linear combination of these martingale exponentials:
OMT) =Y cipi(T).
=1

From a), we get
&7 (T) 22 0 = E° [(Z cigoi(T)> ] =3 ) e ( /0 hi(s)hj(s)ds) |

Moreover, from b) and c), we get

n

> cihi()pi(T)|F,

i=1

n

=) chiDeit),  (3:29)

=1

E°[Dq (™(T)) |F] = EY

and

n

S (1) |7

i=1

D; (E? [@™(T)|F]) = Ds (EQ

> = chi(t)pi(t). (3.30)

i=1

Hence, we have
E[D@"(T)|F,] = Dy (E° [@"(T)|F]) -
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Hence, inserting the results, we get

|E® [D,@™(T)|F

HL2 (0,77 %)
L2([0,7]x%)

:/ (ZCH i >2 (Qx ).

So by Fubini’s theorem,

| E? [D,®"(T)| F] HL2 (10,T]%) /OT : y cicihi(t)h; (1) (/Q %(t)%‘(f)dQ> dt

By property a) again, we have

| E? [D,®™(T)|F] HL2 oy = /OTizn:cicjhi(t)hj(t)exp(/Othi(s)hj(s)dS) dt

from which we finish theproof. ]

Remark 3.25. So, forG € L* (Q), the Malliavin derivative D,G, might only make sense

in terms of distributions, as a composition of a distribution with a stochastic variable, but
the process2® [D,G|F] is a stochastic process ih? (2 x [0,77) in the usual sense and
fOT E?[D,G|F,) dW, is an ordinary 16 integral.

Remark 3.26. Note that for given a sequen¢g, — G in L?(Q) and D,G exists, then we
have
?[D,G,|F] = E?[D,G|F] inL*([0,T] x Q). (3.31)

We can use this proposition to calculai®’ [D,G|F;] by approximation, as we will show
in Chapter 5.

Hence the Clark-Ocone formula actually make sense in the usual way when restricted
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to L?(Q). In Chapter V part 1, Theorem 1 o#¢], Ustiinel describes the extension of
the Clark-Ocone theorem f_,. Since we are only interested it?(Q2), we finish our
discussion of the Clark-Ocone theorem here.

Proposition 3.27.For G € L*(2), we have the representation formula
T
G = E°[G] +/ E°[D,G|F,] dW; . (3.32)
0

The replicating portfolich of any contingent claind in L?((2), is represented as fol-
lows

Proposition 3.28.[See Theorem 5.2 in5[] Any contingent claimG € L?*(2) can be
replicated by the self-financing portfolio= (h°, h') defined by

h = e (VP —hS), (3.33)
hy = e TN 181 E?[DG|F], (3.34)

whereh! is the number of units to be held at tirhin the locally risk-free assek;, andh;
is the number of units to be held in the statk

Proof. We offer the following proof. First recall that the discounted value prot&ssz;
is a@-local martingale, and

dle "V = eVl —rVle dt
= (e"hIrR, 4 e "t hirS, — rVie ™) dt 4+ e hio S, dW,
= e "'r ()R, + /S, — V") dt + e "' hj oS, dW,
= e_rth%aStth .

Thus, by using the @& formula and the Girsanov kernel for Radon-Nikodym derivative, we
have T
Vh =TV + / e"TDhleS,dw, . (3.35)
0

We can identify the coefficients in the Clark-Ocone form8a39 and equation3.35.
We see that the initial amount of money required to replicate the contingentGlayrthe
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self-financing portfolich is given by
Vg = e "TEC[G), (3.36)
and the number of units to be held at timia the stockS by
hi = e " T 057151 E9[D,G|F,).
So the number of units to be held at tihm the locally risk-free asseR; is given by

R = e " (VI — hlS,).

3.3 Generalization of Conditional Expectation of Distributions

In this section, we will develop our way of generalizing the conditional expectation of a
distribution composed with a stochastic variable. Note that in the previous sektiisn,
restricted by the conditions stated at the outset,say D.,. However, our treatment of

this matter is elementary and direct and leads to a formula for, for exam(&,(Sr)|F]
whereT is an element of5’(R). It does not construct’'(Sz), and only suggests that it

may exist independently of equatioB.15. Although it would be a pleasant piece of
mathematics to demonstrate how our approach is consistent with Watanabe’s, the thesis
has another direction.

Definition 3.29. Let X = (X;) be an adapted.' process o0, T]. For B a real number,
random variable E%[1x, <5 |F] is a function ofB. The function

E?XT(B,W) = E9 [Lix, <5} F] (3.37)

is called theF;-conditional distributionfunction of X+ under the measur@.

Remark 3.30. SometimesFt?XT(B, w) can be expressed as a deterministic functiofpf
X, and other real variables, some of which are functions of
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Example 3.31.For our stockS following equation {.18), it has theF;-conditional distri-
bution function under the risk-neutral measupeand is given by equatiorC(14). Note
E?ST(BM) is a deterministic function of several real variables and one stochastic vari-
able. We suppress the dependence-enT,t as these remain fixed in our context, and
observe thaFfST(B, w) is the composition of the smooth function

o(B,z) = N (hl% ?/é_ t)) >0, (3.38)

with (B, S;) andy is given by equationQ.2).

Example 3.32.For0 <t < T'and0 < z = S; < B, the F;-conditional distribution
function ofoT under the measuré is given by equation.22. NoteFZ;%T(B,w) is

a deterministic function of several real variables and one stochastic variable. Again we
suppress the dependencergn, 7', t as these remain fixed in our context, and observe that

Ff]’\‘js (B,w) is the composition of the smooth function
e T

E_ - 2u B —
wua,x):zv(“lw - ﬂ)_eﬁmm( n
o _

) — (T —1)
T ¢

Q |z |w

>, 0<z<B,

with (B, S;) andy is given by equationQ.2).

WhenFt‘?XT(B, w) is the composition of a smooth function of several real variables with
B, X, and, possibly, other real variables, sla%(T(B,w) = p(B, Xy), p = p(y, x), clearly,
then the proces§X;) is Markovian. The range of the variable3, X, may be restricted;
for example, if(X;) is a non-negative process, it makes no sense to Bave 0. Later
when we consideﬂfﬁs’T(B,w), the value ofS;(w) occurs in theF;-conditional density

function and asS;(w) < MET this provides a lower bound for the possible values3of
With these remarks in mind, we define

0 0
5 e (Brw) £ g,/ B: X0 2 [, (B,w). (3.39)
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We callff?XT(B, w) the F;-conditional density function aKr, and note that
E? [lpx<my|F] = e, (B,w). (3.40)

If Xris@Q-a.s. strictly positive, we will write
B
F (Bw) = / £, (b,w)db . (3.41)
0

Remark 3.33. Sinceft?XT (b, w) is the composition of a deterministic function with and
B and is smooth, then as a functionwfc €, ft?XT is F;-measurable. In fact, for a Borel
setB C R, (§2)~'(B) is a Borel set and¥, ' ((32)7'(B)) is in F,.

For now we are interested jffXT (b,w) as afunction of the real parametierMoreover,
b— ffXT(b, w) is a continuous function. In view of the relation

B

b fSXT(b,w) is non-negative)-a.s.. Moreover) < E9 [1(x,<py|F:| < 1q, so that

0o B
/ Jip (b,w)db = lim / F (b,w)db =1, (3.43)

Hence,fSXT(b, w) gives us a probability measure &) @-a.s.. However, its null sets can
be non-null Lebesgue sets. Now let us constiie{ X ;| F;] from E< [1{x,<p| %], and
B € R, by the next theorem.

Theorem 3.34.Let X7 € L*(Q) be as above. Then

E9[X | F] = / h bf %, (b,w)db, (3.44)

whereffXT (b,w) is the F;-conditional density function oX .
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Proof. Let us defineX7 by

2n+l . .
>t (-ntaw) 1[—n+i2}1,—n+2%) (Xr) if [X7| <n,

Xr=13 n if Xp > n,

-n if X7 < —n.

ThenX? — X7 Q-a.s., and sinc&r € L'(Q), then by dominated convergence theorem
we haveX? — Xrin L'(Q). So,E9[X2|F] — E?[Xr|F]in L' norm also. Some subse-
guence will convergé)-a.s.. Moving to that subsequence (but not changing our notation),
we have

n2ntl .

1

EQ[Xﬁft] = EQ [ Z <—n+ 2—n> 1[7n+i2%1’7n+2%) (XT) ‘ft
=1

+E9 [nlix,>n Fi] + E9(—n) 1 {xpcn} | F]

n2n+1

= Z e —n—i—i FO (b,w)db
= - 7n+z277n1 2TL t,XT )

—-n

[Tl i [ em G

—0Q0

— / beXT (b,w)db asn — oo, @ — a.s.

This result is a special case of the next theorem.

Theorem 3.35.Letg: R — R be a Lebesgue measurable function anddetbe as above.
If g is such thatg(Xr) belongs toL! (2) and g(b)ffXT(b,w) is Lebesgue integrable for
@-almost everywhere, then

(o)

E9Yg(X1)|Fi] = / 9(6) 1%, (b, w)db, (3.45)

Whereff?XT(B, w) is the F;-conditional density oX 7.

Proof. Rewrite the proof of the previous theorem withX’:) replacingX’.. We consider
integrability of g(b) f;%., (b, w) in explicit cases later O
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One can regardﬁXT(b,w) as a family of measures indexed by There are some
details, of howff?XT(b, w) behaves as the real parameters which depend wpohwhich
X; (w) is one, approach the boundary of their values, which may need consideration. There
is a discussion of this for the casé, = S7 in Section 3.3.1. One consequence of this
theorem is that it allows us to defid&?[T'(X1)|F;] whenT € S’ (R) is a distribution. Let
(pn) be a sequence of test function with definifigthen

B9 (Xr)|F] = / " 0u®) %, (b,w)db.

[e.o]

If, for example,ft?XT(b, w) is Q-a.s. a test function, then

ElenCnIF) = [ al0) 2 (b

o0

— / h T(b) £, (b, w)db

o0

2 E°[T(Xr)|F).

We shall see that this is the case wkk = Sr. Even ifngT(b, w) is nota test function—as
is the case wheX = M;”,—one can still compose a distribution willf’,. See Section
3.3.2 for detail.

Example 3.36.For §z(-) the Dirac delta function aB,

B9 5 (X0 |F] = [ 0n(0)25, (badd = £, (B.).

Notice that this is a function af € ().

3.3.1 Conditional Expectation of the Composition of a Distribution with
St

In this section, we continue to consider the conditional expectation of a composition of
distribution with a random variable. Here, let us consider the casexthat Sr.

Definition 3.37. Letft?ST denote theF,—conditional density function ¢¥;, corresponding
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to the distribution functiorFt%T(s,w). Note that there is a generalization of the usual
idea of a density and we can think Q?ST(s,w) as “the F;-conditional probability that
ST =s", i.e.,

0
ft;QST(S?w) = %Ft;QST(S7w) (346)

and is given by equatiorC(15. We extend‘fST(s,w) to all of R by defining it to be zero
fors < 0.

Lemma 3.38.For Q-a.s.w € , ftf?ST(s, w), given by equation&.15), is a test function.

Proof. We must proof thay‘t?ST(s,w) is infinitely differentiable at zero and rapidly de-
creasing ass| — oo. Thatis, to show tha,fSST(s, w) and its derivatives with respect to the
variables decay faster than any polynomial @$ — co. Since we defing”t?ST(s, w) =20
for s < 0, we need to make surf?‘?ST(s,w) is infinitely differentiable at 0O, i.e. as — 0.
LetA=1/(ov/T —t),C = —A(lnz + pu(T —t)) and takeD = 1/ (v2rov/T —¢). In

our calculation we can with loss of generality It= 1. Then we simplifyft?sT(s, w) as
fSST(s,w) — s le3(AlstO)? (3.47)

Then take the first three orders of partial derivatives with respegtand we get

Q
aft,ST(Saw) _ 8—26—%(Alns+0)2{_A(Alns + C) _ 1}’

0s
Q
aszST(S’ w) _ 8—36—%(Alns-i-0)2 .
0%s
{3(Alns+ C)A+ (Alns + C)*A? — A% + 2}
Q
O frosp (5, 0) _ gl i(Alnsto)
03s

{—A3(Alns+ C)?* + (242 — 64%)(Alns + C)?
+ (A* — 114)(Alns + C) + 6A* — 6}
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By induction, we find the partial derivatives have the general form

8”fSST(s,w)

5 = 5 (=3 (AMSHOp(Aln s + C)), (3.48)
s

whereh(-) is a polynomial. Then for any: € N, assume the limit

s—0 o"s

lim s™
§—00 o"s

Take the(n + 1)-th partial derivative:

an+1ft;QST (87 CU)

Gty = e (Al s + 0)), (3.49)

whereg((Alns+0)) = AZUARAE) _(A(Alns+C)+ (n+1))h((Alns+0O)) s st

a polynomial function. Then take the limit:

8"+1ftQS (s,w) o+l f@ (s,w)
: m Yy OT ) _ : m t7ST ) _
At ey S end It e =0

which complete the proof byduction. n

The next theorem shows us that for R™ — R a Borel measurable function, integrals

/000 g(s)ft?ST(s, w)ds

will exist for a class of functionfarger thanL? (R™).

Theorem 3.39.Let L! ([O, ), BB, A) be Lebesgue measure space. Consider a space
Ll ([07 OO)J BJ :ul‘) )

wherey,(E) = [, f.(s)ds, for E € Band

fals) = ! exp {1 (hl(s/gﬁ) —(r— %2)(Tt)>2}
T s\/%a\/m 2 oTIT — 1 ‘
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Then we have
L ([O,oo),g, )\) c L} ([O, ), B, uw) )
Proof. By Lemma3.38 we knowlimg_,, f,.(s) = 0 andlim,_,, f.(s) = 0. Besidesf.(s)

is differentiable and has a unique maximuny‘at= z exp {(r — 262)(T — ¢)} such that

1
B A/ 2mo T — t

Hencef,(s) € L= ([0, 0), B, A).
For X € L'([0,00),B, 1), of course[,, Xd\ < oo, we want to show thai ¢
L' ([0, 00), B, ;). SinceX is B—measurable we only need to show thiat Xdpu, < co.

fu(s™) exp {—(r — o*)(T —t)}.

We already know that for a simple functiog,we have

[ ot = [ ae)n.ts)ds.

This formula extends to every elementof ([0, c0), B, 11,), S0X is , integrable if and
only if X f, is A-integrable. It follows thafX f, € L' ([0, 00), B, \). This is because

[ X fel < Nfa(8)llo 1XT -

Hence, X € L' ([0, 0), B, 1) O
Corollary 3.40. For eachz > 0, we have

U Lp ([07 00)7E7 )‘) g Ll ([07 OO),B, ,ux) .

p=1

Proof. We haveY € L*()\) & |Y|P € LY(\), then|Y|P € L' (u,) = Y € LP(u,) which
is the subset of.* (u,,). O

Remark 3.41. For eachz, L' ([0, 00), B, 1) containsS(R), the test functions.

By the theorem above, we can define

E°[g(Sr)|F] = /000 g(s)fSST(s,w)ds (3.50)
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for a large class of’s for which g(Sr) € L*(2). Note that while the right-hand side of the
above equation exists for a large class of functignsye must restrict these, so thatSy)
lies in L, otherwiseE?[g(S7)] may not be defined.

Example 3.42.Take the approach to the Dirac delta function that it is obtained as the limit
of a sequence of‘smooth spikes3,,(-), converging tdjz(-) in the sense of distribution.

Then we have

EUen(Sn)IF] = [ ouls), (5,0)ds

0
- 05(5) %, (s,w)ds = f1% (B,w)
0

2 E%[65(S7)|F).

So we have shown thdt™ é5(s) ft?ST(s,w)ds makes perfectly good sense, and we have

given a complete treatment of the exampledh [

The next few lemmas compute various Malliavin derivatives under the conditional ex-
pectation. We do this directly, by approximation. We are aware of the treatment of distribu-
tion in [44], in particular Theorem 6.16, which shows that any continuous function can be
approximated byC> functions (infinitely differentiable function) uniformly on compact
sets, and its distributional derivatives too. But we prefer to get our results by elementary

methods.

Lemma 3.43.For G = 1(5,<p) € L*(Q2), we have
E® [Dils,<py|F] = —E°[05 (S7) DiSr|F]  Q — a.s.. (3.51)

Proof. Let ¥y 5, be the functions defined in equatioB.{) and denotely, ., by the

distributional derivative o, 5 ,,. By LemmaB.1, we know

lim Ty, . () = do() — 5(")

n—oo
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in the sense of distribution. F&kr € D, 5, we have

Vo n (ST) = 1105 (S7), @ —a.s.

By Propositior2.29 we know¥, z ,, (S7) € D; 2 C L*(2). Note thal| ¥, 5., (S7) ||2 < 1,
foralln. So{¥3 5, (Sr) : n € N} is bounded irj - |, and therefore a uniformly integrable
set. The Vitali convergence theorem (see Ill. 6.1518f) tells us that

Wo,,n(S7) = 1,5 (Sr) in L*(Q).
Consequently, by Remafk26
E°[DyVo 5, (S7) |F] = E° [Dilis,<py|F] - (3.52)
By Proposition2.29 we have
EQ[DWos.(Sr)|F] = E° [\P;’B’n (S7) DtsTm} .

SinceV, 5, is differentiable, by Propositioh.23we know ¥ 5, = Ty, , .. Moreover,
by Lemma3.38 we knowffST Is a test function and we have

P9 (Wi, (S DSHIF] = [ o a(s)osi, (s)ds
= / T‘I’O,B,n (S)Usft?ST<S=w)dS
0

5 = [ dnloss, (sw)s @
0
— —E9[65(S7) D,Sr|F), (3.53)

in the sense of distribution. Note that we use the fact fhat- 0, Q-a.s., s@(Sr) = 0,
@-a.s. Therefore,

E° [Dtl{ST<B}|ft:| = —E¢ [53 (ST) DtST|~7:t] Q—as.



3.3 Generalization of Conditional Expectation of Distributions 90

Lemma 3.44.For G = (S — K)* € L*(Q2), we have
E°[Dy(Sr — K)*|F] = E°[lxee)(St)DiSr|F]. (3.54)

Proof. Let ®,, be given by equatiorB.8) andTy, denotes the distributional derivative of
®,,. By LemmaB.2, we know

n—oo

in the sense of distribution. Note the seque(i®g) approximatez — K)* pointwise and
for eachn € N, (z — K)* < &,(z) < z*. For Sy € L*(Q) a non-negative stochastic
variable, we have

®,(Sr) = (St — K)", Q—a.s.

and(Sr — K)© < @,(Sr) < Sr, Q-a.s. Thereforep?(Sr) < S2, which means that
{®2(Sr) : n € N} is a uniformly integrable set. By Vitali Convergence Theorem (see llI.
6.15 of [19]), we have

®,(S7) — (Sr — K)*, in L*(Q).
Consequently, by Remafk26
E®[D,®,(S7)|F] — E°[Dy(Sy — K)|F). (3.55)

By equation B.12) we know the partial derivative ob,, is bounded, then by Proposition
2.29we have
E°[Dy®,(Sr)|F] = B°[®],(S7) DSt Fi).

Since®,, is differentiable, by Propositioh.23we knowTy, = &, . Moreover, by Lemma
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3.38 we knowft?ST is a test function and we have

EQ[®.(Sr)D,Se|F] = / Ty, (5)051%, (5,0)Lperyds
0
— / 1[K7oo)(s)asfgST(s,w)l{tST}ds
0
= E°[lik 00)(ST) D1Sr| Fi, (3.56)

in the sense of distribution. Therefore,

ECDy(St — K)"|F] = E%[lixe)(Sr)DSr|F).

Lemma 3.45.For G = (Sr — K)™1s,<p € L*(Q) with B > K, we have

EC [D, ((Sr — K) " ys,<my) |7 (3.57)
= E9 [lxes,<pyDiSr|F] — E9 [(Sr — K)"0p(Sr)DiS7|F] Q —as..

Proof. Let ®,, and ¥, 5, be the functions defined in equatioB.8) and equationRg.1).
For Sy € Dy 5, we have

®,(Sr) — (Sr—K)" Q-as,
Vo.8n(ST) — 10,8(ST) Q —a.s..

Therefore,
®,,(S7) W08 (ST) = (S — K)"10,3(S1), Q —a.s.

Note that0 < &@,,(S7)¥o p.(Sr) < Sr, for alln. So{®?(Sr)¥; 5, (Sr) : n € N} is a
uniformly integrable set. Then Vitali convergence theorem (see Ill. 6.139j fells us
that

®,(S7)Wo n(ST) — (ST — K)*1p,5(Sr), in L*(Q). (3.58)
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Consequently, by Remafk26we have
E9 Dy (2,(S1)W0,5,(S1))] = E[D, (St — K) 1ps(Sr) |F] . (359)

Note that®,,(z) ¥ 5, (z) is a continuously differentiable function afl, (x) ¥, g, (z)| <
@), (z)] < 1and|®,(x)¥ 5, (7)| < M, for some constant/,, for eachn. So by Propo-
sition 2.29 we have

Dy (2,,(S7)%0,8,(S7)) = @n(S7)¥4 5, (S7)DeST + Yo B.n(ST) 7, (ST) DiSt-
Then taking the conditional expectation of the first term in the above equation, we have
E® [V 5 o (S7)®., (Sr) D Sr|F]
= / Vo gn(s)Te, (s)asfSST(s, w)ds
0

— / 1[0,31(3)1[K’Oo)(s)asft?ST(s,w)ds Q — a.s.
0

= EQ [1[K,B](ST>DtST‘ft] Q — a.s., (360)
in the sense of distribution and

E? [q)n<ST)T\I/0YB,n(ST)DtSTU:;t}

= [ @)y (S, (5w
0

- - /Oo(s - K)+5B(s)asft?ST(s,w)ds Q — a.s.
0
= —E9[(Sr— K)"65(Sr)DiSr|F) Q — a.s. (3.61)

in the sense of distribution. Therefore,

[D: ((Sr — K) " lys,<my) | ]
[1{K<ST§B}DtST|-7:t} - EQ [(ST - K)+5B(ST)DtST|ft] Q — a.S..

E°
— E9
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3.3.2 Conditional Expectation of the Composition of a Distribution with
M

In this section, we continue to consider the conditional expectation of a composition of
distribution with a random variable. Here, let us consider the casexthat MET.

Definition 3.46. Let ftQMS denote theF,—conditional density function af/, corre-
T )

sponding to the distribution functioRi® w). We can think oﬁf M, (m,w) as the

t My (
F; conditional probability thathT =m,i.e.

0
ft;QMtST (m7 (,U) = a_mFtQ (m7 w) :
Note that for each fixed,(w) = =z > 0, f s, (m,w) is a continuous function on
[z, 00) with
lim f M, (m,w) = 0. (3.62)

m—r0o0

Also notice that we cannot have > m, becauser = S; = M, < M. The time
t-conditional distribution functiorQ(MfT < m|F;) only makes sense for < m, the
probability that{ A/, < S;} is zero. So the time-conditional distribution function only
works for certain values. The timeconditional density function only exists for the same
range of values as the timeconditional distribution function does. The timeonditional
density is actually

Loy () fys (mow) 1= f1is (m,w). (3.63)
Wheref S, (m,w) is given by equation.23. Notice that asn — x, we have
2 —u(T —t 2 —u(T —t
e, p( )) p ( 1 ))
w) = — | — 3V — |, 3.64

wheren(-) is the standard normal density function and given by equatr) @nd N(-)

is the standard normal cumulative distribution function and given by equaZi@h (Note
that for eachr > 0, we have thaﬁ"ﬁs (B,w) is infinitely differentiable ain = z. Then
we multiply it by the indicatorl[mo)(;;), which puts a jump in it if one regards it to exist
for m < z, but a perfectly logical and consisted view is that the titro@nditional density
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function is given by a smooth function of o, T, t, 2, m, in the region{(m,z) : 0 < x <
m}. However, it is still true that

0< E@ [1 (s, SB}|‘7:75} <lg Q-as (3.65)

and
B \lys B > 1a s Booo, Q-as. (3.66)
Butleys <p} = l{s,<ums,<p)> SO the “left end point is random”. Fd8 < S(w), the

indicator is zero at that. However the time-conditional density function still gives us
a probability measure, but it is zero until As before, we can define integrals for a wide
class of functions of//;%;..

Remark 3.47. Let ¥, 5, be the functions defined in equatidd.{). Although by Lemma
B.1, we knowl'y, ,, . (-) — do(-) —d5(-) in the sense of distribution, we cannot immediately
make our conclusion such as

/ T\po’B,n(m)fZﬁsT(m,w)dm%/ 5B(m)ffﬁsT(m,w)dm Q —a.s.,
0 t, 0 VL

in the sense of distribution, becauﬁ@fjs (m,w) is not a test function. However, for each
T
x # B, itis still true that

/ \I/;)’B’n(m)fzﬁsT(m,w)dm—)/ 5B(m)f:ﬁsT(m,w)dm.
0 t, 0 VL

Whenz = B, we cannot make sense of the delta functiomatBut this only occurs on
Q-null set{S;(w) = B}. So long as # B, we take the limit at points of continuity of the
integrand. With these in mind, we have the following lemmas.

Lemma 3.48.For G = L, <p) € L?(2), we have

B[ Dl g, sl Bo] = B[P (g e aagy <) 1] Q=0
= —E°[6p (Myr) DMy | F] Q —a.s. (3.67)

= ~lfrs,<5)0B ftfﬁfT(B,w) Q — a.s..(3.68)
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Proof. Let ¥, 5, be the functions defined in equatidd.{). As the procedure in Lemma
3.43 we have

B D% (Mir)|F] = E? |5, (MSr) DiMir|Fi|.
Fort € [0, 7], we have

E? [, ., (Miir) DMl
I R 5Q
— /0 \IIO,B,n<m>am1{M5t§m}ft,MfT (m,w)dm
- — /0 5B(m)am1{M(it§m}fz}%T (m,w)dm @ — a.s.
= _1{M5t<B}Usz}SST<B,w> Q —a.s.
= —E°[6p (M{7) D:M§r|F] Q—a.s..
Therefore,

B Dy ] = ~E° 05 (M5p) DML F] Q- a.s.

]

3.3.3 Conditional Expectation of the Composition of a Distribution with
St and M,

In this section, we consider the extension of our form@ld%9. We suppose that we have
two non-negative, adapted ass&t@andY . Define

E° [Lixy<aypmy|Fe) = H(s,m), (3.69)

whereH is some twice continuously differentiable functionspfn, with = X;(w) > 0
andy = Y;(w) > 0. The parameters, r, T, etc will be deprecated. The mixed partial

derivative;
0H(s,m .
8:5(9m ) - tjéfYT(s’m?w) (3.70)



3.3 Generalization of Conditional Expectation of Distributions 96

is the timet-conditional density function ofXr, Y7). Let g(s, m) be a simple function of
the forme:1 a;1g,(s,m), wherea; € R andR; = E; x F; is bounded rectangle iR.
Then

Ol YolF) = [ gl (somw)dsdm. @.71)

Rt xR+
This extends to alj : R™ x Rt — R which are integrable with respect to evd[;ﬁl)?fYT
and for whichg(Xr, Yr) is an integrable random variable. As before;

0 < E® [1ixp<syremF] < Lo (3.72)

So thatf” Q -.(s,m,w) > 0is continuous for andm in the appropriate range of values,
and

/ ft’;(/QY (s,m,w)dsdm =1  Q — a.s.. (3.73)
R+xR+

That is, it gives us a probability measure®n x R* almost surely. So the class of func-
tions, g, we can compose withXr, Yr) is very large. As before witbifﬁt,j,, the region for
which the expressmgfl}TQYT(s m,w) makes sense, and therefore equat®i@l) makes
sense, needs to be determined for each (p&ir, Yr).

Remark 3.49. Let ®,, and ¥, 5 ,, be the functions defined in equatio.§) and equa-
tion (B.1). The function¥ 5, (m)®,(s)s — 15 (m)1x ) (s)s, almost everywhere in
(m, s) and | ¥ g,,(m)®, (s)s| < s which is integrable with respect to the measure given
by fzﬁST,ST<m’ s,w). By the dominated convergence theorem, we have

/ / o pn(m)®,(s)s tzj\?s 5 (m, s, w)dsdm
— / / Lio,5)(m) L[k 00)(5)S £, tMS So (m,s,w)dsdm @ — a.s..

t, T

Let®,, be the functions defined in equatid®.{7). Now let us consider,

lim / / Vo.5n m)aml{MétSm}fzﬁ§T7ST (m, s,w)dsdm.

n—0

First of all, ¥; 5 ,,(m) amounts to the symmetric pulse with unit integral[éh B + 2],
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also®,,(s) — (s — K)* uniformly on[0, B + 1]. Indeed, for all largen, ®,,(s) only differs
from (s — K)* on[K — K + 1], for s € [0, B + 1]. For large enough, and a fixedr,
fzﬁfT,ST (m, s,w) is a continuous function on the rectang®, B + ] x [K — 1 K + 1].
This argument works for alt # B, and the set ob such thatr = B is Q-null set. This

allows us to prove that

/ / OBn m)aml{Ms <m}ftxﬁs S (m, s,w)dsdm
/ / s — K)*ég(m )aml{Ms <m}ftMS S (m,s,w)dsdm @ — a.s.

With this remark in mind, we have the following lemma.

Lemma 3.50.For G = (St — K>+1{M§T<B}' we have

B [Dt ((ST B K)+1{M5T<B}) IE] (3.74)
= g, <51 E? [Los (M) L) (S7) DeStl F]
B 1{M§,t<B}EQ KST - K>+5B(M§T)DthT|ﬂ} . Q —a.s..

Proof. Note that(Sr — K)*l{M5T<B} = (Sr — K)+1{M{it<3}1{MET<B} Q-a.s.. Let
®,, and¥, 5, be the functions defined in equatidd.g) and B.1). We modify®,, here by
making it as a bounded function. The reason for this is that the prddued ¥y 5 .(y) Vo 5.n(2)
has partial derivative with respect tpor z which are unbounded. Becau$eg is un-
bounded and this prevents us from using the chain rule given by Propo2i2én So
we defined,, be given by equation17). Notice thatd, (z) — (z — K)* for everyz.
For Sy € Dy, we haved,(Sy) — (Sr — K)*, Q-as.. Fongﬂ, MPp € Dy, we have
Wo,B,n(M§,) = 1j0,5/(Mg,), Q-a.s. and¥ p (M) — Ljo,.5/(M), Q-a.s.. Therefore,

‘i)n(ST)\Ifo,B,n (M(ft) Yo,B,n (MfT) — (St — K)+1[0,B] (Més:t) Lo, (M[,gT) , Q@—as.

Note thatd) < &,,(S7) ¥ s.n (M§,) Wo,n (M) < Sr, for all n. Therefore, we have that
{QA'),%(ST)\I%’B’” (Mg,) 93 5., (M) :n € N} is a uniformly integrable set. Then Vitali
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convergence theorem (see lll. 6.15 09]) tells us that

&, (S7) W0, (Msy) Yo, (M)
= (Sr— K)o, (M§,) Lom (M), in L*(Q). (3.75)

Consequently, by Remafk26we have

E? | Dy ($0(S7) 0,50 (Mg 0,50 (M7) ) 1 7]
— B9 [D; (St — K) " 1o.m(Mg) Lo.p (My7)) | 7] (3.76)

A

Let pn(x,y,2) = @,(2) Vo .0 (y)¥o.5.(2), Wwhich is continuously differentiable. Then

dpn . .

T = 180(@) Yonn(®)Tona(2)] < [ @) < 1,
Opn 2 ’

| = 1@V, 0)Vosa(2)] < M,

apn &S /

5, | = 12a(@)Y05a(y)¥o pa(2)] < Mn,

for some constant/,, for eachn. So by Propositior2.29 we have

D, <(i)n(ST)\IJO,B,H(M(SS:t)‘IJO,B,n(MgT)) = Wopn(My) Vo pn(Mp)®, (Sr)D,Sr
(ST)Wo,B.n(Mgy) V4 g o (MP7) DM
(ST) o, 5,0 (M) 5o (Mgy) DM,

+

D,
+ &,

Then taking the conditional expectation of the first term in the above equation, and by
noticing \IJO,B,H(M&) is F-measurable, we have

B2 |Wo,n (M) Wo.5.0 (M) ¥, (Sr) DiSr | 7|
— \IIO,B,n(M(it)/O /o \IJO,B,n(m)fla);L(s)asfzﬁnysT(m,s,w)dsdm

— 1{M5t<3}/() /0 l[o,B](m)l[Kpo)(s)osf;ﬁtS’TﬂT(m,s,w)dsdm Q — a.s.

- 1{M(§t<B}EQ [1[0,81 (MtST) 1[K,oo)(ST)DtST|~7ﬂ ; (3.77)
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and for0 <t < T, we have

B9 |®0(S1)Wo 5.0 (M)W 5,1 (M) DMEL | F2|

= Wopn(M§)E? |0(Sr) ¥} (M) DML | 7

= Uyp.(M, Ot / / an m)amf M S (m, s,w)dsdm
— 1{M(39t<B}/ / s — K)tog(m)omf’ tMS sp(m,s,w)dsdm  Q —a.s.
= —Lpug,<p) B [(Sr — K)"op(Mp) DiM;r| 7] (3.78)

Notice thatD, M, = 0 by Remark2.38 then the third term is zero. Hence, we have

£ (87— K0 gz, ey ) 17
= Lgass,<5)E? [Lo.s) (Mi’r) o0 (S1) D1 Sr| F]
B 1{Mos,t<B}EQ [(ST - K>+5B<MST>DtM5T|.7:t] . Q —a.s..

O

We have offered our own proof for the calculation of the Malliavin derivative of the
indicator functionlg, - 5y under the conditional expectation, the Malliavin derivative of
the function(Sy — K)* under the conditional expectation and the Malliavin derivative
of the product(Sy — K)+1{M5T<B} under the conditional expectation. We need those in
Chapter 5 when we apply Malliavin calculus to find the hedging formula for the exotic
barrier options. Let us think about the well known European Call option and Digital barrier
option as examples before we finish this section.

Example 3.51.Consider the European call optiocil = (S; — K) . SinceG € L*(Q), it
is attainable by a self-financing portfolio = (h°, h'). By Proposition3.28and Lemma
3.44 we get

ho= e T 0oL ERID (S — K)t|F)
= e TG B[S g, i3 ] -
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For S given by equation(18, we haveSy = Syexp {(r — 10?) T+ ocWr}. LetF =
Soe’T and¢ = exp {—302T + oWy} and defining an equivalent probability measadie
by dQ*/d@Q = &, we have by Girsanov theorem,

E°[Srlispsiy|F] = FEC[El(sp>i3]F
= FEC[E|FRIE? [Lis, >k} F)
= Ster(Tit)EQ* [1{ST>K}|ft] .

Therefore,
hi = B9 [Lggpsiy| R =1 = F% (K, w), (3.79)

wherethg;T is the F;-conditional cumulative distribution function 8% under the measure

@* and is given by equatiorC(45.

Example 3.52.Consider the digital barrier optiords = 1{MOST>B}' SinceG € L*(Q), it
is attainable by a self-financing portfolio = (2°, ). By Proposition3.28and Lemma
3.48 we get

htl _ e—r(T—t)O.—lst—lEQ [Dtl{M5T>B}|ft:|
_ e_r(T—t)O_—lst—lEQ [53 (M£T> DtM(fTU:t}

For 0 <t < T, M§, < M}, means that the maximum value ®in the interval [0, T

happens in the intervat, '], hence

h% = e_T(T_t)J_lst_lEQ [53 (M(SS:T) UMng{Mg,tSMfTﬂE]
= e "T-Ug-1EQ [53 (M;r) Mt?Tl{M(itSMfTﬂft]
— TG / S5 (m)mL (a5, < flyzs, (o) dm
0 ’ o

= e*T(T*t)S;lBl{MOS,tSB}f;j}SET (B, (.U) 5

whereff}fjs denotes theF;-conditional density function o/, under the measur@ and
T ’

is given by equation@.23.
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3.4 Discussion

The next proposition is stated iB][and claims that when a stochastic variabldelongs
to D, » andyp is apiecewise Lipschitiunction, such thap(F) € L*(Q), we still have the
chain rule for the Malliavin derivative ab,p(F).

Proposition 3.53(See Corollary 5.3 inf]). SupposeF’ = (Fy,..., F,) is a stochastic
vector with eachF; € D, ,, and that the law of’ is absolutely continuous with respect
to Lebesgue measure @¥. Lety: R — R be apiecewiselipschitz function such that
¢ (F) e L*(Q). ThenD,p (F) € D_; 5 (L*([0,T])), and

Dyp (F) = Z gf (F) D,F; (3.80)

whereg—;’; (F) is interpreted as an element Bt , , for all 4.

As a generation of the chain rule of Propositidr31 (which is Proposition 1.2.4 in
[39]), it would be very useful for some of our specific calculations. However, we look at
the proof and find it is not transparent and difficult to follow. So we have provided explicit
proofs for the cases that this result would cover. While we looked for a proof of this result
we noted a remark in Chapter 6 of Nualart's bo8k|[ where he states that, for a function
®(-), “By means of an approximation procedure these formulas still hold although the
function ® and its derivative araot Lipschitz We just needb to bepiecewise continuous
with jump discontinuities with linear growthn particular, we can apply these formulas to
the case of and European call optid(rr) = (x — K)* or digital option®(z) = 1,~x}"

But there is no mention of a chain rule fprecewise Lipschitiunctions of elements of
Dy 5.

For a piecewise Lipschit#’, each “piece” will be continuous, indeed absolutely con-
tinuous and possess a derivative almost everywhere. One can envisage that by smoothing
out the jJump discontinuities one might be able to prove a version of Bermin’s Corollary 5.3
of [5] by approximation.

In Malliavin and Thalmaier3?2], there is a version of Nualart’s Proposition 1.2.4 stated
as Theorem 1.10, but not proved. They also examine two methods for dealing with barrier



3.4 Discussion 102

style options in their Chapter 2, computation of Greeks and Integration by parts formu-
las. Based upon ‘pathwise smearing’, it has its roots in a P.D.E. view. They provide two
techniques for computing the Greek. One uses martingale methods, the other a mixture of
p.d.e’s and use of Brownian motion reflected at the barrier.
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Chapter 4

Malliavin Calculus in the
Multi-dimensional Case

In this chapter, we extend the concepts of Malliavin calculus from the one-dimensional
case to the multi-dimensional case. The reason for this is for the consideration of barrier
structures which rely on more than one asset. We will give the derivation of Malliavin
derivative of random variable driven by multi-dimensional Brownian motions, and find the
replicating strategy of a contingent claim in which there are multiple stocks.

We let|0, T'] be a fixed finite time-interval and assui(i&;) is a two-dimensional Brow-
nian motion on the complete filtered probability spate F, Q), i.e., W, = (W}, W2),
whereWV; is a one-dimensional Brownian motion for= 1,2 and W}, W? are strongly
orthogonal, i.e.W}!W? is an L' martingale,(W}, W?) = 0 and moreoveiV!, W? are

independent.

Definition 4.1. LetC;°(R™) denote the set of all infinitely continuously differentiable func-

tionsy : R™” — R, such thatp and all its partial derivatives have polynomial growth.

Let f € C°(R*") : R** — R, andty, - - -, t,, be time points irf0, '], and set

F(w) = f(WtNWtz;”' ?th)
f(Wl W2 thgawtia"' 7Wt1n?Wt2n> '

t19 t1)

Then F' is said to be emoothstochastic variable and denafeby the class of smooth
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stochastic variables.

In this section, ouf? is all continuous functions oft), 7] with values inR? and ini-
tial value zero:Cy([0, 77, R?). Brownian motion is the evaluation map as befoie:c
Co([0,T],R?), andw = (w!,w?), wherew® is a continuousR-valued function or0, T'|
with w'(0) = 0 for < = 1,2. Note that, as in the one-dimensional case, we take a concrete
realization of two-dimensional Brownian motion. We had¥&(w) = (w'(t),w?(t)) =
(Wi (w), Wi (w))-

Definition 4.2. Define the Cameron-Martin spacH, a subspace af ([0, 7], R?), by
t [ ] T L] 2
n={r 0t B0 = [Seashi= [ el @y
0 0
Remark 4.3. Note thaty : [0, 7] — R2is (B([0, T]), B%)-measurable and

/OT %th:/: ((7.1>2+ (72>2) dt < co.

First, consider a very special case. Take a random varfabl@ — R of the form

F(w) = f(Wi(w)), (4.2)

where the deterministic functiofi € C;° : R* — R, and considelf(z) = f(z',z?)
composed witthV, = (W}, W?).

Proposition 4.4. For F(w) defined by equatiord(2), the directional derivative of'(w) is
given by

B, F() = 2 (@A 0),02(0) 7 (1) + o8 (0,20) ¥, (43)

for~v e H.

Proof. We offer the following proof. By definition of directional derivative and assuming
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y1(t) # 0 and~2(t) # 0, we have

Flw+ey) = Fw)

D,F(w) = lim

() + () — ()

~ lim- (f(@'(t) + &' (1), F(w*(t) + (1)) — f(w'(t),w*(1)))

g JWHE) + ey (1), fP(E) + e’ (1)) — f(wl (), w?(t) + (1))
= 7 (1)l 1 (t)
2oy JWH(), WP (1) + () = FlW'(1),w?(t))
+(1) 11—{% ey2(t)

]

It is easy to check that for each € Q2 the mapy — D, F(w) is a continuous linear
functional on the Cameron Martin Space, and by the Riesz representation theorem, there
exists a unique stochastic variallld” (w) € H, such that

D, F(w) = (VF (), 7)y = / D,F () - }(s)ds, (4.4)

with D, F' (w) anR?-valued stochastic proces®)! F (w) , D*F (w)).

Proposition 4.5. For F' defined by equation4(2), the Malliavin derivative ofF’ is the
stochastic vector proceds, F = (D!F, D?F') with components

of

D;F(w) = ﬁ(Wt(w))l[o,t}(s)’
DIF) = S5 (W) Tag(s)

Proof. The mapy — D, F' is a continuous linear map of the two-dimensional Cameron-
Martin space intoR. Now v = (y!,+?) and~+* are elements of the one-dimensional
Cameron-Martin space = 1, 2. By Propositior2.12 we knowy* — ~'(s) is a continuous
linear functional on the one-dimensional Cameron-Martin space, and from Propdsi#tion
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we have
DLF() = o (W) 7 (1) + o2 (W) (1)
= 2wy [[Fas+ 2w [ Fas

0 9 ol o2
- /0 (afl (Wi(w)) Lpog(s), 8_;2 (Wi(w)) Ljo,(s )) (’Y Y )ds .(4.5)
Comparing equatiord(4) with equation 4.5), we get

D) = (2 (Wilo) L 5) o (W) Tos) ) @6

O

Let us rerun this calculation but with a more general smooth stochastic vad&hlg,

Definition 4.6. Let the random variablé’ : 2 — R be of the form
F<w) = f (VVt1 (w)7 e Jth(w)> ) (47)

wheref = f (z,z}, 25,23, ,z},2%) and f € C° : R* — R.

For I defined by equation4(7), we calculateD., ' by the definition of directional
derivative and work it out in the explicit realization ¢fV;) as the evaluation map on
Co ([0, T], R?). The derivative quotient is

Fw+ey) — F(w)
f(W(t1)+€’7(t1),"' 7w(tn)+€7(tn)>_f<w(t1)7"' 7w<tn)).

€
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Recall how one breaks this into parts: formally,

f(wt) +ey(tr), w(t) + ey(ta), -+ w(tn) + €y(tn))
flwlt),wita) +ex(ta), -+, w(tn) + €v(tn))

+f (W(t), wlta) +ex(ta), -+, w(tn) + €v(tn))
—fwt),wita), - wita) + ev(tn))

H{f (w(tr), - w(tn) +ey(tn)) = Fw(tr), -, w(tn))}-

However, we have to do this for each componentigf. So, for example, looking at the

Wy, term, and writing out its components only:

fw(ty) + ex(tr), wlte) + ey(ta), -+ wltn) + €y(tn))
—f(w(tr),w(tz) +ex(ta), -, w(tn) + €y(tn))

= f('(t) +er' (), w’(t) + er’(t), w(te) + ex(ta), - w(tn) + €v(tn))
—f (W(tr),w?(tr), w(ta) + ex(ta), -+ w(tn) + €y(tn))

= [ (' (t) + e (t), W' (t) + e (ta), wlta) + ex(ta), -+, w(tn) + €x(tn))
—f (W!(t),w(t2) + €7 (tr), w(ta) + ex(ta) -+ wtn) + €7(tn))
+f (WH(t), W (t) + e (t), w(t2) + ex(ta), -+, w(tn) + €x(tn))
—f (W' (tr), w?(tr), w(ta) + ev(ta), -+ w(ta) +€x(tn)) -

Dividing by ¢ and then multiplying byjy—i for the first difference anqé for the second

difference, and taking the limit and we get

o W)+ Wi, ) 7100 + 5 (W), W ()71

So each formal difference gives us two derivative terms, one for the first variable of the pair

and one for the second. Then we get the next proposition.

Proposition 4.7. For F(w) defined by equation4(7), the directional derivative of’ is
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given by
. 9 1 . 8f 2
D,Fw)=2_ 57 Wulw), - W, ()7 (tj)+Z 52 W), We, (W) 7°(t;).

(4.8)

Again, it is easy to see — D, F'(w) is a continuous linear functional on the Cameron-
Martin space, so there &2-valuedV F'(w) belonging to Cameron-Martin space such that

D, F(w) = (VF@) ) = [ D) 300 @9)
As before
D, F(w)
- Z:;;—fwv ,thwmégg (Wiss W) (55
_ ]no%(wtl, ,th)/tjy.l(t)dwjiggg (Wi, ,th)/otjfy.2(t)dt

Comparing the last line of the above equation with equato®),(we get
DtF(w) = (]z:; 5_3:; (Vtha Tt 7th) 1[0,tj]7 ; 8_1'3 (Wt17 o 7th) 1[0,@}) .

So we have the next proposition:
Proposition 4.8. Let F' : 2 — R be of the form
Fw) = f Wy (w), - W, (w)),

wheref = f (z1,23,23,23,- -+ ,z,,z7) and f € Cp° : R*" — R. The Malliavin deriva-
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tive of F' is the stochastic vector process F' = (D} F, D?F') with components

)
D;F(w) = Za—i(th“thnﬂ{tsm,
j=0 "3

"9
D?F(w> - 28_3{2 (Wtu"' 7th) l{tStj}'
Jj=0 J

Now let us consider the case where the stochastic variable has thesfdrin with
F = (F,Fy)andgp € C° : R? — R andF; is of the form

Fi == ¢1 (VVi,t“ .o 7Wi7tni) , (410)

with ¢; € C° - R — R for i = 1,2. Then we have the following proposition.

Proposition 4.9. Let » : R? — R be aCye function andF = (Fy, F,) be a stochastic
vector andF; is given by equatiord(10 for all : = 1, 2. Then,

Dep(F) = (D;o(F), Dip(F)), (4.11)

where each component is given by

0 0

Djp(F) = (6_12’8_1(’52) - (D{F1,D}F) , (4.12)
0 0

Dip(F) = <8_}g;1’8_£) - (D}F\, D}F) . (4.13)

Proof. Note thaty (11, 15) : R2™+72) 5 R, and

@(FIJFQ)
1 2 1 2 1 2

_ 1.2 1 2 1 2
= @(@Z)l(%,l, T119%1,2: %125+ -5 L1 s $1,n1)7 2/}2@2,17 L1y L22:L225 3L pys $2,n2))-

We can see that (¢4, 12) is continuously differentiable. By using the usual chain rule, we
can work out the specific form of any partial derivative. So the first componedjefF'),
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is given by

Dip(F) = Z

cey letnl) , Y2 (WZ,tly ceey W2,tn2)) Dthl,tj

— 0
Zo ED (01 Wigyso oo s Wi, ) stha (Ways oo, Way, ) DtW21,t]-
N~ 0

0
= 0 (01 Witys s Wi, ) 502 (Wayty, -+, Wap,,, ) %thf,tj
j=0 "1 L
n2
+) = Wity o, Wig, Wotys s Wag, ) o DiW3,.
j:06¢2 (1 (Wi Ltn, ) » %2 (Way 2t2))am%7j Wy,
Do <~ O 1 Do =~ O 1
= —_— D
«'wl;a o, D T gy el P
_ Oy 9o 1
- 61/} Dt¢1+a¢2th2
dp D¢
<8F1 ap) (DiF1, Dy F)
with a similar derivation for the second componenfgf’(w). So we get
_ 1 2
DtSO<F) = (Dt ‘P(F)7Dt SO(F))a
where each component is given by
dp Oy
DtlSO(F) = (6_]:178_]72) . (DtlFl,DtlFb),
dp Oy
Dip(F) = <8_Fl’8_F2) - (D}Fy, D}F) .
O

In Proposition 1.2.1 of35], Nualart shows the Malliavin derivative extends beyond
the smooth random variables. In particular, for the dase 2 the spacéD, 5, which is
the domain of the closure of the derivativelii(?), is the closure of the smooth random
variables with respect to the norm

1/2
IFlhz = [B [IFF] + B [IDFIZgomen)| - (4.14)
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Nualart proves the following chain rule, Proposition 1.2.3 3|] and subsequently
proves Proposition 1.2.4 08§], for a Lipschitz functionp.

Proposition 4.10. [See Proposition 1.2.3 in3p]] Let ¢ : R — R be a continuously
differentiable function with bounded partial derivatives. Suppose khat (Fi, ..., F),)
be a stochastic vector anfl € D, , fori =1,...,n. Thenyp(F) € D, 5, and

Dig(F) = 3" SE(FID.E:. (4.15)

For our two-dimensional case, we have the chain rule in equatid)(explicitly,
Dyp(F) = (Dyo(F), Dip(F)), (4.16)

with the components given by

) )

Dlp(F) = (8—2,...,8}0) .(D!F,,...,D\F,), (4.17)
) )

D2p(F) = (a—z,...,alf) . (D2F,,...,DF,). (4.18)

4.1 Extending the Hedging portfolio by using multi-dimensional Malli-

avin calculus

In this section, first we consider an extended Black-Scholes model driven by multi-dimensional
Brownian motion, and assume that under the risk-neutral probability me@stinere are

two risky assetss' and.S? and one risk-free assét in the market. The evolution of the
risk-neutralized process f¢it and.S? are as follows:

dS! = rS'dt+ o SHdW}, (4.19)
dS? = rS2dt + 0557 (detl +/1- ,02th2) . (4.20)

where{W;,t € [0, T} is a standard two-dimensional Brownian motion defined on a com-
plete probability spac&?, F, Q), andr, S3, Sz, o1 # 0 ando, # 0 are all positive con-
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stants, ang is the correlation betweei;! andW?2. We follow [5] to give two examples
as an application of the chain rule for the two-dimensional case.

Example 4.11.For a fixed timet € [0, 7], we haveS} given by equation4.19 and S?
given by equation4.20 belong toD; ,, and
DsStl = (Ulsgl[o,t]<8)7 0)7 (421)
DSSE = (pO’gSEl[O’tKS), vV 1— ,020'232521[07,5}(8)). (422)

In fact, if we take
Stl = @Sl(thy Wt2) and StQ = 90S2(Wt17 Wt2>7

whereps1 and g2 are given by

1
psi(zt,2?) = Spexp { (r — 50%) t+ alazl} ,
1
ps2 (', 2?) = S§exp { (r — 503) t+ pogxt + /1 — p202x2} ,

and then following the same idea for the proof as we did in Proposii88 we approxi-
mateS! and S? by Wiener polynomials. Due to the closability of the Malliavin derivative,
we have the results.

Example 4.12.For a fixed timet € [0, 7] and S} given by equation4.19, we have

DMy = (MSil s ass, 19:0) (4.23)

We follow the derivation thM(fT from the earlier Section 2.2.2 and use the functign
given by
SDTL (St117 St127 U ’Stln) = max Stlz’

1<i<n
then we can easily get the result. Notice that althogghs driven by two-dimensional
Brownian motioniV, = (W}, W?), the termiW? is zero all the time foiS.

As before, we can extend the Malliavin derivative toll($2) and the Clark-Ocone for-
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mula [27] extends likewise, and we have the following proposition of the multi-dimensional
Clark-Ocone formula, which we need for the following theorem.

Proposition 4.13. For everyG € L?*(2), we have

T
G=E%GI+ [ E(DGY|FW:, (4.24)
0
where W, is R?-valued Brownian motion an&l, = (W},--- Wa)*, 0 < ¢t < T and
D,G = (D}G,--- ,DIG)*. Here(- - - )* means the transpose of the vector, and note that
E°[(D,G)*|F] = (E®[D,G|F), -+ ,E®[D{G|F]). (4.25)

Theorem 4.14. Any contingent claintG € L?(Q2) can be replicated by the self-financing
portfolio h = (h°, h!, h?) defined by

h = eV} —nSt— RS}, (4.26)
—r(T—t)

o= ¢ (/1= R2ECIDIG|F]| — pE°[D2G|F)) | 4.27

t 0_15,}\/1_7/)2< 1Y [ t | t] 1Y [ t | t]) ( )
e—r(T—t)

h? = —ZEQ[DEG]E]. (4.28)

09S82\/1 —p

Here h? denotes the number of units to be held at tinie the locally risk-free assek;,
andh;, h? denote the number of units to be held in the stdtksS? at timet.

Proof. Consider the value of the portfolio at time V,* = kYR, + h}S} + h?S? and the
corresponding stochastic equation is

dV/" = R)dR;+ h;dS} + hidS}
= hdrRydt + hyrStdt + hioyStdw}
+h2rS2dt + h20, 82 (detl +/1- p2th2)
= rVldt + hloy SIAW] + h20,S? (deg /1 pzdwf) .
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Then the discounted value procesd4fis given by

d(eirt‘/;h) _ ef'rtdv;h o T‘/;hefrtdt
= e "hio1S{AW! + e hjoa S pdW + e T R0 ST/ 1 — p2dW

Thus, by using iv’'s formula and the Girsanov kernel for the Radon-Nikodym derivative,
we have

T
Vi o= eV / "7V (hjorS) + hioaSip) W
0
T
+ / TG0y SE/1 = p2d W}

0

T Wl
= TV 4 / "= (Ulh%Stl + poahiSE, \/1_7:0202hfst2) d(WtQ).

. t

We can identify the coefficients in the Clark-Ocone formdul24 We see

EODIGIF] = T (0,hlS} + posh?S?)., (4.29)
ECDX}G|F] = TY\/1— p2o,h?S?2. (4.30)

Solving the above two equations, we have that the number of units to be held dtitime
the stockS! andS? are given by

—r(T—t)
R
h S (\/ﬁE [DIG|F] - pE [DtGU%]),
e r(T=1)
e = EQ[D2G|F).

0952/ 1 — p?
and consequently the number of units to be held at time¢he locally risk-free assek, is
given by
hy = e (V]! = 1y SE = 1iSP).
Note that the initial amount of money required to replicate the contingent ckaby the
self-financing portfolic: is given byV* = e "7 EQ[G]. O
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Let us end this section with the following lemma which we need in the next chapter.

Lemma 4.15. For the random variables = (S2 — K)* 1{Msl <p)We have
E?[DiG|FR] = (E®[D;G|F], E? [D{G|F])
with

B [DIGIR] = B2 |Lig.iq (s <p DiSHE (4.31)
—E?[(83 - K)o (MSy) DIMSLIF] Q- as.

B [DIGIR] = E? |Lig il (ys < DESHE Q- a.s. (4.32)

Proof. Let &,, and VU, 5., be the functions defined in equatioB.{7) and equationi.1).
We give the proof as we did in the proof of LemrB&Q For S2 € Dy, $,(52) —
(S2 — K)*, Q-as. and foV§ € Dy g, Vo pn(My) — 1jo.5(Ms7), Q-as.. Therefore,

,,(S2) o . (Mg;) s (S2— K) g (ng;) C Q—as.

Note that) < ®,,(S2)¥o s (MOS}) < 52, foralln. So{®2(S2)¥2 5, (MOSIT) :n €N}
is a uniformly integrable set. Then Vitali convergence theorem (see Ill. 6.15%)ftells
us that

B, (S2) o . (M(f;) (82— K) 'l (M(f;) ,in LX(Q).  (4.33)

Now let p,(z,y) = ®,(2)¥o 5, (y) with composition ofS3 and M. Now we use the
fact thatG — E®[D,G|F,] is continuous or.2(Q2). There is a proof in chapter 5 o4§].
However, it is more elementary to simply rewrite the proof of Proposii@4for the case
of two-dimensional Brownian motion and the Malliavin derivative. We have

E® [Dtpn (S%, M(;?;) |}'t] 5 E° [Dt ((S% — K)o (Mg;)) |ft} . (434)
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with
E? [ D}p, (S}, M5r) 17| — B9 [Dtl (s2-K)"1 {M5;<B}|ft} . (4.35)
EQ [Dfpn (s%, M@?}) yft} —~ E@ [Df (s2-K)"1 (< B}]]-}} . (4.36)
By Propositior4.10 we have
Dipo (83, M57) = (Dlon (83, M57) , Dipu (3, M57) )
with

1 A 1 A 1 1
D{ pn(S%, Mﬁg,T) = ‘I’;L(S%)‘I’O,B,n(Még,T)Dgs% + &, (57) 6,B,n(M6g,T)Dt1M69,T
1 A 1 2 1 1
D pn(S7, M(SS:T) = @Z(S%)‘I’O,B,n(M(fT)Dgs% + (I)N(S%)\I}B,B,n(M(iT)D?M(SS:T

By taking the conditional expectation, we have
ECDipa($3, MEPIF] = (B} pn(S3, Miy) 1), E2D}pn(S3, Mir) 7] ) (4.37)
Now compute the first component of the above vector and we get,

E? | D} po(S%, Mi7)| 7|

= B2 |&),(S})W0,5.0(M5r)DESHF] + B2 | &0 (S3)Wh 5, (M) DEMr | Fe
Moreover, by Exampld.11we have

B2 [&/,(53)%0,5,n(Mi') D} S35

= [<sT>%Bn<MOT>po2sT|ft}

— / / $)¥o.Bn(Mm )pagsf MoslTvs2 (m, s,w)dmds

— / / 1K ,00) (8) 1[0, (m )pagsft 1\35}5% (m, s,w)dmds Q — a.s.

_ Q 2 _

= F [1{5%>K}1{M§1T<B}pU2ST"7:t] Q — a.s. (4.38)
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and by Examplé.12we have

1 1
B9 [6,(S3)Wh 0 (M) D} M| Fi|
= B9 (W (MEDMST ot o111

= / / (8) ¥, (M )ml{Msl<m}U1f ML 2 (m, s,w)dmds

t, T

— / / s—K)Tog(m ml{M51<m}01f ML 52 (m,s,w)dmds @ — a.s.

t, T
= —EQ [(S% ) (SB (MOT) MOT]‘{M51<MSI}O-1|‘7{| . (439)
Therefore, the first component of the vector equat3?) converges)-a.s. to
~BQ (83 - ) o5 ( ) DEMSIF] . (4.40)
Now compute the second component of the vector equadi@)(and we get
E2 [D}p, (83, Mir) 17|
= E¢ [‘I" (S7) %o, B,n(M(;S,lT)V 1- P2<725%|7'—t}
= / / $)¥o,Bn(m)y/1— pQJgsf:’Q (m, s,w)dmds
— / / Lk 00)(8)Lj0,B1(M) V1 = p agsf o1 o (M, s,w)dmds
0 0 Mo T’ST

- E© {1{S%>K}1{M51T<B}\/1 — pQUQS%]]:t} Q — a.s.. (4.41)

We complete the proof by comparing equatidn3§ with equation 4.40 and equation
(4.36 with equation 4.41). ]
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Chapter 5

Hedging Exotic Barrier Options

After the extension in previous chapters, in this chapter we use the extended Malliavin
calculus approach to find the self-financing replicating portfolios that generate the square-
integrable payoff functions of barrier options. Barrier options are a family of options with
the common property that their terminal payoffs are functions of the maximum or the min-
imum value of the underlying security. That means, the terminal payoff of barrier options
depends on the whole trajectory of the underlying security, so barrier options are typical
path-dependent contingent claims.

If we consider barrier options as alternatives to ordinary options, we find that barrier
options are always cheaper than a similar option without barrier. Hence, barrier options
are normally attractive alternatives to ordinary options for an investor. There have been a
large number of papers published in this area, among tAgrfb] and [12], which develop
and price new types of exotic barrier options. We can find from these papers that the most
important feature of all kinds of barrier options is, of course, that the payoff functions of the
options are discontinuous in the sense that the owner of a barrier option receives at maturity
either the amount zero or the payoff of a standard option, depending on the history of the
underlying.

Based on the Black and Scholes framework, €evwe will in this thesis show how
to hedge the Digital Barrier Option with a random time, Protected Barrier Option and
Rainbow Barrier Option studied iig], by using Malliavin Calculus.



Chapter 5. Hedging Exotic Barrier Options 119

5.1 Digital Barrier Option with a random time

A digital barrier option is an option that pays a set amount if the maximum or minimum
value of the underlying asset is above or below the predetermined barrier level, or nothing
at all.

Definition 5.1. Let T denote the first time that the proceSits the barrier levelB:
T(w) =inf{t: Sy(w) > B}, we Q. (5.1)

Remark 5.2. From the definition of, we haveS, = B. If, for w € 2, S never reaches the
barrier level, our definition gives = oc.

However, by the term digital barrier option with a random time, we mean the maturity
is a fixed timeT’, but the payoff depends on the random timand the payment time is a
random time which is the minimum of the timeand the maturityl”. Write min{r, T} =
T AT and seeE[(1 AT)% < T? < co.

In this section, we first derive the price of the digital barrier option with a random time.
Then we find the self-financing portfolio that generates the digital barrier option with a
random time by using Malliavin calculus. Finally we compare the results we get between
the traditionalA-hedging approach and the Malliavin approach.

Definition 5.3 (Digital Barrier Option with a Random Time)Consider a claim that pays
one at the first time tha$ hits the barrier levelB before the fixed maturity timé, i.e.
pays one at time, zero otherwise. Formally, the payoff is definedlpy. 7, at timer or,
equivalently tw”(T—T)l{Tg} at timeT'. So under the risk-neutral measugeand at time
0 <t < 7, the value of this claim is given by

DBRT(t) = €"E®[e " 1<my|F] . (5.2)

Remark 5.4. Notice that when = T, then it becomes the ordinary digital barrier option
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5.1.1 A-Hedging for the Digital Barrier Option with a Random Time

Now let us first consider at time zero, i.e+~ 0, the price of the digital barrier option with

a random time.
Proposition 5.5. By using Girsanov’s theorem and changing measure, we can show

E® [e_rTl{TST}} = e%bEQ [1{T§T}}
= e_bEQ |:]-{T§T}:| , (5.3)

whereE? denotes the expectation under the probability mea€yrg is given by equation
(C.37), u by equation €.2) andb by equation €.4). Note also thaty — ji)/0? = —1.

Proof. Note that the terra~"" is a function of a random time, so we can’t remove it directly
from the termE® [e™""1(,<r]. This term is dealt with by a change of measure. Here we
follow some similar steps inlp], but in more detail. Note we can always change the drift
of the arithmetic Brownian motioX in equation C.1) from x to i and find a change of
measure(? andQ, so that undef), X, follows the process(, = jit + oW, t € [0, 7],
with W, a@Q Brownian motion. We rewritéX, asX, = jit + o (W, + ££t), and let

W, =W, + %t . (5.4)

By Girsanov’s theorem, the kernel is given by

~ ~\ 2
— — t
Zt:exp{_%wt_(uaﬂ> 5}

Observe thal, = b, i.e.,ur + oW, = b, a fixed number, and also observe that

exp{—ﬂ_'th} = exp{M;MaWH— M_'uut— 'u_Z'uth}
o o

o2 o

o] (E5E) i () )
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So at timer, we have

exp{ﬂ_MWT} :exp{'u_Zub— ,u—z,um_} .
o o o

Multiply by 1 inside E@, where

1 = exp{—M;'uoﬂ/VTvL QO'WT}GXP{M_QM/LT— M;MMT}
o o o o

W=t  (p=p)°7
exp{ o? 2+ g 2
_ - _ )2
= ZTeXp{’u 2lub— ® 2”#7+MZ}'
o o

which we must combine with~"". If we collect the exponents involvingand determine

~ 2 ~
Lip—p Il
2 o o2 ’

i1 by equation

then

Then we have,

— 7 _ 27
E¢ [e’”l{TST}} = FEY [ZT exp {'UUQ'MXT — /~602Mw_ + %5 — ’I“T}].{TST}:|

_ e B f
= F {ZTexp{ 0_2 b}l{rgT}]

= "B [Z1p<n)].

Now Z, is aQ-martingale andZ?[Y Z;] = E?[Y], butif Y is F, measurable and bounded,
then

E°[YZy] = E°9[E°[YZr|F,]]
- EQ [YEQ [ZT|fTH
= EQ [YZT] )
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and therefore

EC[YZ,] = E9[Y] (5.5)

Sincely, <1y is F, measurable, the claim value can be represented as
E9 [elpeny] = e "E°lrany]

whereE? denotes the expectation under the probability meaduigotice that sinceZ, .,
is a martingale,28], and by the Martingale Convergence theorem, we have

E[Z.] = lim E[Z,p] .

t—o0

Moreover, for anyt, E[Z, ] is constant, henc®[Z, ;] = E[Z, ] = E[Zy] = 1. Hence
ElZ,]=1.

So Z. gives us a change of measure which agrees @itn the F,-measurable random
variables. ]

Proposition 5.6. At time zero¢ = 0, the price of digital barrier option with a random time
is given by
DBRT(0) — 20 (1- P2, (B 5.6
=% (1-Fs () . (5.6)

whereF]ggT(B) is given by equation.38.

Proof. For a fixed timeT’, the event thatS following the process equatiorl.(L§ hits
the barrier levelB after T is equal to the event thgtMy, < B}. Also Q(r>T) =
Q (M(fT < B). Then finally by Propositio®.5, under the measur@ we have the time-
zero price of digital barrier option with random time as

DBRT(0) = E°[e " 1<r]
e e%bEQ[l{TST}}
= 0 (1-Q (M5, < B))

= % (1-Fi;, ®).
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whereFﬁ(iT(B) is given by equation.38). O

According to theA-hedging approach, we then differentiate the equattof) (with
respect to the variabl&, and get

hy = 5(1-Fi: (B)) ~ Boagy s, (B

By equation C.40), we have

hl(0) = (1 - FﬁgT(B)) + iFﬂ%T(B)

9B
(1-Fe, B) + 1 (B, (5.7)

@~ =

wherefﬁs (B) is given by equation.39).
0, T

Now let us consider the price of the digital barrier option with a random time, at time
t > 0. Under the risk-neutral measutk the timet price is given by

DBRT(t) = €"E%[e " l<r}|F]
= €"E? [e " renyli<ery|F] + € EC (67 Loy Lty | F]
_ ertEQ [eirTl{TSt}’E} + ertEQ [eirTl{t<TST}|ft] ]

Sincee™"" is anF,-measurable random variable, and @iymeasurable random variable
Y is such thalt'1, <, is F;-measurable, theer' 1, <4, is F;-measurable, so

e B9 [e 1 renlFr] = € ey (5.8)

We consider only then the second term where the option is still alive. So we have the next
proposition:

Proposition 5.7. For 0 < ¢t < 7, we have the following equation:

S -
eTtEQ [eirTl{t<T§T}‘ﬂ} d (1 - F%Q (va)) ) (59)

= Yus,<s) g LMS,
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whereFfA‘js (B, w) is given by equationQ.41).

Proof. Observe/, = S,e™"" /Sy = Be " /Sy, so look at

S
e EY [e_rT]‘{t<T§T}|‘7:tj| = ¢ BOEQ [Z 1{t<T<T}|ft]

S
= " ZE(Z|F]EC [Lucreny|F]

rt SO

= B ‘r/\tE [1{t<‘r§T}|ft] )

using the Bayes law in the last line of the equation. Notice that

1 1 S o
Zy = exp {GWt - 50%} = exp {Xt - (u + §o2> t} = S; t

andZ; is a@)-martingale. So

e"E® [e "l perery|F] = et 7, B9 [Li<rery|Fi)

St z,Q
= Lgen} 5 (1 g <va>)
Noticel{Most<3} is F;-measurable, anﬂ’fﬂ% (B,w) is given by equation.41). ]

Proposition 5.8.For 0 < t < 7, the timet price of the digital barrier option with a random
time is given by

DBRT(f) = 1 {M£t<3}% (1- £, (B.w)) (5.10)

where 9 (B,w) is given by equation&.41).

tMS

Remark 5.9. We not only cover the derivation of the time-zero pricelif]] but also we
obtain any timet price of the security.

According to theA-hedging approach, we differentiate the equatma @ with respect
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to the variableS; and get formally

1 5 Sy 0 5
1 _ :E,Q t ny
ht N 1{M65:i<B} (E <1 B F;MET(B’W)) B Ea_»s’tFt’MET(B,W)> '

Using equation€.43, we have

1 ~ o .
;o= 2,Q 2,0
ht - 1{M5t<B} <E <1_Ft,M5T(B’w)) 8BFt7M5T(B7w))
1 m’Q x,@
— 1{M5t<B} <§ <1 — Ft’MST(B,w)) + ftnyT(B,w)> : (5.11)

Whereff}gs (B,w) is given by equation.42).

5.1.2 Hedging Digital Barrier Option with a Random Time by using Malli-

avin Calculus

In this section, we formally derive the hedging portfolio of digital barrier option with ran-
dom time by using the Malliavin-calculus approach. Note that the randonvtima key
feature of this option, and we then approximateefined in equation5.1) on a dyadic
partition of [0, 7]. We denote the partitions by = =7, wherei = 0,1,---2", n € N
andty = 0 andt}, = 7. We define a sequende,, } as follows:

on
Ta= D 1 ](7) + 0oLy (5.12)
=1

Remark 5.10. The approximation sequencgdefined in equatiorb(12), has the following
properties:

o {1, <0} ={r=0} € F.

e ON0O<7<T,7, > 7in L*(Q).

e From the way in which, is constructed, we haveg, > 7,4, forw € {0 < 7 < T}.

e For0 <t < T, we have{r, < t} = U {t7, < 7 < t]'}, and each term
{t?., <7 <t} is Fin-measurable, hencgr, <t} € F.
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Hencer, is a stopping time.

What we need is that, 1 r(7) = 71¢,7(7) in L?(2) and also recall that the payoff
of Digital barrier option with a random time at times given by

ert_TTl(()’T] (1) . (5.13)
Hence, in order to find the hedging portfolip by equation 8.34), we need to approximate
T1(,7] by a decreasing sequence of random timgs, 11(7) and calculate the Malliavin
derivative ofe~"™1(o7)(7) under the conditional expectatioB® [D; (e="™ 1o 11(7)) | 7]
Since the set§t? | < 7 < t7'} are disjoint with each other, we can write"™ 1 11(7) as

follows:
e Loy (T Ze*”" ] (7)- (5.14)

Assumet € (7,17, ] for somej, and split the sum above into three parts:

on

> e Lom <rem) (5.15)

1=1

Ze rty l{tn <r<tp} +en 1{tn<r<t]+1} T Z e 1{t - <r<tp}

1=j+2

Notice that each indicator function of the first sum term in the above equatidﬁyis
measurable and time poitit is strictly less than time, and by Propositio2.28 we have

J

D e Dy oy =0 (5.16)

=1

<T <t”

We split the indicatoﬂ{tn ! into two parts, one with < 7, i.e.,

1{t"<7‘<t} +1 {t<7'<t . (5.17)

1
{ty<r<t +1

J+1

Notice alsol{t;<TSt} 1{Msn<B}1{ Mg 2B) = = Lo, J<B} ~ 1{M§,t<B}' Taking the
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conditional expectation and by Lemr8at8 we have

E© [Dt]‘{t?<7'§t}|f t]
— EQ |:Dt1{M(itﬂ<B}|j:t:| - EQ |:Dt1{M(‘§t<B}|fti|

_ _pe [5B(M(ft?)DtM(fty m] + E9 [55(MZ,) Dy MZ, | F]
= 0’

due to Propositio2.28and Remark.38 Hence,

E? Dy (7™ Lom(7)) 7]
2”

= B Dy JIR] + 3D T DG 7] (618)

i=j+2

In fact, from the above equation, we can see that without loss of generality we can modify
our partition and start our approximation from time paimn the intervalt, 7', such that
tr =t+ = (T —t), wherei = 0,1,---2" andn € N andty = ¢t andt3, =T

Theorem 5.11.For 0 < t < 7 < T, and a fixedn, the conditional expecatation of the
Malliavin derivative of the indicator functiom{w_lqgtn} IS given by

EQ Dt]‘{tfb-il<7§t?}|‘7:t = 1{Mos,t<B}UB {ft%}\%tn (B,w) - ftgj}gs (B,w)}519)

n
bt

Proof. Note that although we start our partition frommwe have to remember that, for
t < 7, we have implicit information thaM(ft < B, so we have

1 = 1y.,5 1 1
{tr <r<tp} {Mm5,<B} {Mtstn <B} {an ,nzB}
i—1 i—1'"1

= 1{M§,t<3}1{Mftng<B} <1 — 1{Mts?1’t?<3})

= Mgenyton, <~ gy ton, e

Taking the conditional expectation of the Malliavin derivative of the indich{g{lqgtn},
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and according to Lemm&48we have
E Dy ey

- B [Dt <1{M&t<3}1{M5w1<B}> 'E} B [Df (1{M&t<3}1{M5w<B}) 'Ft}

_ 1{M3t<B}aB{ftMtsn(B,w) ff;js (B,w)}.

n
tfl 1

]

Moreover, we knowe "1 7 (7) € L*(Q), ande "™ 1o 1(T) — € 1o (7) in
L?(Q). So by Remarld.26 we have

E9 [D; (e 1(om(7)) |F:] = E® [Dy (e " Liom (7)) | 7] in L*([0,T] x Q).
Hence, take the conditional expectation on equatioh4j, we have

E? [Dy (e z<ry) | F]

on

— Z —rtnEQ [Dtl{tn <T<t"}|ﬂi|

i=1

2”
= 1{M6S:t<B}O'B Ze—'r’t? {fzﬁtst” (B7w) ftz]\?s <B7w>} (520)

n
i=1 i

T
= 1{Mét<B}UB/t *”d(ftMS (B,@) in L2([0,T] x ).

At this point, the integral is just a formal expression for a limit we know to exist. So we
write

T
E? Dy (e r<ry) |F] = 1{M§t<B}UB/ ~d (ft Mg, (B, W)) : (5.21)
’ t

Whereffﬁs (B,w) is given by equation.23.
Now let us find the replicating portfolid; by equation 8.34), and consider the case
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wheret > 0. We have

1
hy = €”U—StEQ (D (€7 1rery) 1 F2]

B rt g —rl8 z,Q
1{M§,t<3}§te t e atval(B,w)dl, (5.22)

Wherefzﬁ{gl (B,w) is given in equation.23.

Before we finish this section, let us consider a special case of the digital barrier option
with a random time, that is the normal digital barrier option. Therefore, the payoff at time
maturity7' is 1.<7y. In the following example, let us calculate the hedging strategy for the
digital barrier option by the Malliavin approach and thenedging approach.

Example 5.12. The price of the Digital barrier option, at tim& under the risk-neutral
measure) is given by

DB(t) = e "TVE 1<y |F]
= e "TVE? [1yecrery|F] + e "TIEQ 1<y |F] (5.23)

For 7 < t, it means the underlying stockhas already hit the barrier level. Therefore for
the hedging, there is no number of units to be held in stock but one holds money amount

e—r(T—t).

Now we consider the cage< T,

DB(t) = e "™ E? [Lt<r<ry|F]

—r(T—
= e ( t)]‘{M(‘)S:t<B}EQ |:1{M£S:T>B}‘fti|
= "Ny ys 5y Q (M > B|F)

— -r - va
o—r(T=0) (i) (1 _ FtﬁMgT(B,w)> : (5.24)

where F*:¢ (B,w) is given by equation@.22). By using theA-hedging approach, we

6, MPp
have the number of units to be held in stécht timet is given by

0 e

1 - —T(T—t) - )
ho == g <n) g, Foniz,

(B,w), (5.25)
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and due to equationd.25, we have

B 0
) - l’,Q
1{M§t<B} S, 0B Ft,Mg‘T
B ..
)1{Mét<3}§ftﬁ%(3, w), (5.26)

1 —r(T—t
h, = e

(B,w)

efr(Tft

Wheref:}fjs (B,w) is given in equation.23).
Now consider the Malliavin approach and find the replicating portfalibby equation
(3.39 for t > 0. We have

1
Bl = eir(T?t)O'_StEQ (D (Lir<ry) | 7]

B —r(T—t Ta z,Q
— 1{M65:t<B}§te ( )/t\ a t,Mfl(B’w)dl

B 1 e
Loig,<myg e s, (Byw), (5.27)
wheref"%; (B,w) is given in equation.23 and notice thaif"*; (B,w) = 0.
T Rt
From equation $.26 and (.27, we see the Malliavin approach and tleHedging
approach match each other and give the same results for the digital barrier option.

5.1.3 Numerical Implementation

In this section, we implement our calculation for the Digital barrier option with a random
time numerically. In the next two tables, we list different combinations of model parameters
and see that the differences between the results from the Malliavin Calculus approach and
the A-Hedging approach are very small — in fact, they are almost zero. We can conclude
that the formula we derived in Chapter 5 and Appendix are correct and that they have been
correctly implemented.

Fort = 0, we numerically implement the equatiob.7) and the equation5(22 with

t=0:
B [ _.d

h=2 s
N A

Fits, (B)dl, (5.28)

wherefﬁs (B) is given in equation@.21). It is complicated to calculate equatiob.28
0,l
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in explicit form, although we know the density functidﬁgl (B) explicitly. However, we
estimate the integral in equatioB.28 by numerical calculation and split intervgl, 7’|

into 2" partitions withn = 13. We implement it by using the standard central-difference
method 0] to perform the numerical integration. VBA codes are provided in Appendix.

Figure 5.1:t = 0 Comparison of the Malliavin calculus results and thdHdedging results

the payoff is One at time tau delta-hedging |Malliavin Appn=13

S50 |Barrient T |vol r mu_tildel mu h{0) h(0) dif

39 50| 0] 1] 30%|10%| 0.145] 0.055 4.80369%| 4.80366%| 0.00003%
40 50| 0] 1] 30%|10%| 0.145] 0.055 4.93395%| 4.93392%| 0.00003%
41 50| 0] 1] 30%|10%| 0.145] 0.055 5.03144%| 5.03141%]| 0.00003%
40 49] 0] 1] 30%|10%| 0.145] 0.055 5.11833%| 5.11830%| 0.00003%
40 50| 0] 1] 30%|10%| 0.145] 0.055 4.93395%| 4.93392%| 0.00003%
40 51 0] 1] 30%|10%]| 0.145| 0.055 4.73978%| 4.73975%| 0.00003%
40 50| 0] 0.9] 30%|10%| 0.145] 0.055 5.08628%| 5.08625%| 0.00003%
40 50| 0] 1] 30%|10%| 0.145] 0.055 4.93395%| 4.93392%| 0.00003%
40 50| 0] 1.1] 30%|10%| 0.145] 0.055 4.78732%| 4.78729%| 0.00003%
40 501 0] 1] 25%|10%| 0.1313| 0.0688 5.40235%| 5.40232%| 0.00003%
40 50| 0] 1] 30%|10%| 0.145] 0.055 4.93395%| 4.93392%| 0.00003%
40 50| 0] 1] 35%|10%| 0.1613| 0.0388 4.54890%| 4.54887%| 0.00003%
40 50| 0] 1] 30%| 5%| 0.095| 0.005 5.01052%| 5.01051%]| 0.00002%
40 50| 0] 1] 30%|10%| 0.145] 0.055 4.93395%| 4.93392%| 0.00003%
40 50 0] 1] 30%|15%| 0.195] 0.105 4.78893%| 4.78888%| 0.00004%

Fort > 0, we numerically implement equatiob.(1) and equationg.22. Again we
estimate the integral in equatioB.22 by numerical calculation and split intervgl, 7’|
into 2" partitions withn = 13. We implement it by using the standard central-difference
method 0] to perform the numerical integration. VBA codes are provided in Appendix.

5.2 Protected Barrier Option

In this section, we deal with the so-called “partial” or “protected” barrier option, referring
to [5] and [12]. The “partial” barrier option means there is a time period, $ay*| and

t* < T, for which the predetermined barrier level disappears. We find the partial barrier
options described irg] is slightly different from the ones inlpP]. One way it differs is that

the protected barrier option irl®] has a rebate amount which is paidSifis greater than
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Figure 5.2:t = 0.5 Comparison of the Malliavin calculus results and thddledging results

the payoff is One at time tau delta-hedging |Malliavin Apgn=13

5t |Barrieqt1 |t2 |vol r mu_tildeimu hit) hit) diff

39 501 0.5 1] 30%[10%]| 0.145] 0.055 5.09495%| 5.09494%| 0.00002%
40 501 0.5 1] 30%[10%]| 0.145] 0.055 5.57826%| 5.57825%| 0.00002%
41 501 0.5 1] 30%[10%]| 0.145] 0.055 6.01080%| 6.01078%| 0.00002%
40 49| 0.5 1| 30%[10%]| 0.145] 0.055 6.05683%| 6.05681%| 0.00002%
40 50| 0.5 1] 30%[10%]| 0.145] 0.055 5.57826%| 5.57825%| 0.00002%
40 51| 0.5 1| 30%[10%]| 0.145] 0.055 5.10083%| 5.10081%]| 0.00002%
40 50| 0.5 0.9] 30%][10%]| 0.145] 0.055 5.51142%| 5.51140%]| 0.00001%
40 50| 0.5 1| 30%][10%]| 0.145] 0.055 5.57826%| 5.57825%| 0.00002%
40 50| 0.5 1.1] 30%][10%]| 0.145] 0.055 5.51205%| 5.51203%| 0.00002%
40 50| 0.5 1] 25%[10%]| 0.1313] 0.0688 5.60594%| 5.60592%| 0.00002%
40 501 0.5 1] 30%[10%| 0.145] 0.055 5.57826%| 5.57825%| 0.00002%
40 501 0.5 1] 35%(10%]| 0.1613] 0.0388 5.38206%| 5.38205%| 0.00002%
40 501 0.5 1] 30%]| 5%| 0.095] 0.005 5.38757%| 5.38756%| 0.00001%
40 501 0.5 1] 30%[10%| 0.145] 0.055 5.57826%| 5.57825%| 0.00002%
40 501 0.5 1] 30%[15%]| 0.195] 0.105 5.72058%| 5.72056%| 0.00003%
40 501 04 1] 30%[10%]| 0.145] 0.055 5.51205%| 5.51203%| 0.00002%
40 501 0.5 1] 30%[10%]| 0.145] 0.055 5.57826%| 5.57825%| 0.00002%
40 50| 0.6 1] 30%[10%] 0.145] 0.055 5.51142%| 5.51140%] 0.00001%

the barrier at time* and is also paid at time if the time 7 occurs before tim&". This

alone makes it different. However, the ternappearing in the formula irg] is the length

of the monitoring period, i.e. protected period; it is not a random time, but a fixed time.
According to [L2], the Protected Barrier Option is an up-and-out call option with a

protection period for a fixed period of timé), ¢*|, at the start of the option’s life during

which the barrier disappears. At the end of this fixed period, the call is knocked out and a

rebateC; is paid if the underlying stock price at tinté satisfiesS; > B > K, whereB

is the given barrier level andl is the strike level. Otherwise, the up-and-out call remains

alive until the first time after the protection period ends and the underlying stock price hits

the barrier, or until expiration, whichever comes first. That is, if after the protection period

has elapsed, the underlying stock price hits the barrier prior to expiration, the up-and-out

call is knocked out and a constant rebéteis paid at timer. We denote by? the first

time aftert* that.S hits B conditional onS,- is below the barrier level at timg, i.e.,

(w) =inf{s: t* < s <T,M:, > B,S; < B}. (5.29)
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So on{S > B}, 77 = co. If on the other hand, the stock price has not hit the barrier by
the expiration daté’, the up-and-out call becomes a standard call, and consequently is ex-
ercised if the underlying stock pricgr, finishes above the strik&, and expires worthless
otherwise. So the payoff of a Protected Barrier Option at matirity

G=eT"C s 5m + T ™0 oers, <py + (St — K) ' 1gwsr s, <py. (5.30)

The initial price of this option has already been derived in the palddr [n order to
find the replicating portfolio for the protected barrier option, we need to calculate units of
the assefb at timet. Now let us break= into three parts, we let

A= Ce T Mg opy, (5.31)
Ay = Coe™ T ™ N ner s, <y (5.32)

and since the s€tv : 77(w) > T, S < B} is equivalent to the setw : M (w) < B},
Ag = (S1 = K) Lmrersemy = (St = K) T lpys gy (5.33)

Then we give the calculation of the Malliavin derivative4f, A, and A3 under the condi-
tional expectation in the next three subsections.

5.2.1 Malliavin derivative ofd; and E® [D; A | F]

In this section, let us compute the Malliavin derivativeAf = CleT(T—t*)l{SwB} under
the conditional expectation. According to Lem®3d3 we have

EQ[DAF] = Ce TR [Dtl{St*>B}’E}
= Cler(Tit*)EQ [53 (St*) DtSt* ft]
— 1[0’t*}(t)Cler(T_t*) / dp (s) Usft?st* (s,w)ds

0
= 1y (O)C1e’ T oBfE (B,w), (5.34)




5.2 Protected Barrier Option 134

Whereft‘?st* (B,w) denotes theF;-conditional density function o~ under the risk-neutral
measure&) and is given by equatiorC(15).

5.2.2 Malliavin Derivative ofd; and E© [D; A5 | F]

In this section, let us compute the Malliavin derivativeAf = Cge’“(T‘T”)l{Tp<T,St*<B}
under the conditional expectation. Notice that by the definitionrforf 77 < oo, then
S~ < B. Therefore, the sefr? < T, S;- < B} is equivalent to the seftt* < 7 < T'}.
In this section, we will adopt the same idea that we used in the previous section in the
calculation of the Malliavin derivative of "™ under the conditional expectation occurring
in the Digital barrier option with a random time by approximation.

Fort < t*, we approximate®1- 1(7) on a dyadic partition oft*, 7] and denote the
partitions byt§ = t* andt? = t* + ;5 (T'—t*),wherei = 1,--- 2" andn € N andt}, = 7.
Define a sequencgr?} as follows:

on

o = Zt?l{tll«z’gtlﬂ} + oolresy - (5.35)

=1

Note thate*”ﬁl{t*qp@} = e*”fgl{t*qu}, Q-a.s. and inL%(Q2). For a fixedn,

1 =1 1
<P <D s s
{ <=} {usy <8} {3 28
= 1 1 .
{ug o <8} g <n)

By Lemma3.48 we have

EQ Dtl{MS B}|}"t — _E9[sy <Mt€7t?_1) DtMﬁﬁ_lU-}}
[ i )
= _E9 0B <Mt*,t? )O’Mﬁ’tn 1[0,a(t*,t?_l)](t)“7:t}
E? D F| = —E?Js <M*n)DM5;n]-'}
t {M{i,tn<3}| t |98 ! T4V ,ti| t
S ) 0B <Mt*,t?> O-Mgi?l[(),a(t*,t?)}(t)|‘7:t}
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Sincet < t*, thenl[oya(t*ﬂ_l)](t) =1 andl[o,a(t*ytn)] (t) = 1. Therefore, we get

E? [Dy (7™ e crv <1y Lis, <) | Fi)
2n

_ Ze’Tt?EQ {Dtl{t?_lﬁpﬁt?}w—t}
i=1

= Ze zaB(tMs (B,w) = s (B,w)>

ti—1

— aB/: ftMS (B,w)dl asmn — oo in L*([0,T] x Q). (5.36)

Therefore, fort < t*, the Malliavin derivativeD; A, under the conditional expectation is

EC[D;As|F] = Coe™'oB : e—’"’gl ft s (B,w)dl, (5.37)
WhereffMg Z(B,w) denotes theF;-conditional density function ofiZ ; under the risk-
neutral measur® and is given by equatior(34).

Fort* <t < 7P, notice that the everftv : t* < 77 < T andS;- < B} is equivalent to
the even{w : M, < Bandt < 77 < T'}. Therefore, we adopt the same idea as in the
previous section to approximaté on a dyadic partition oft, 7] and denote the partitions
by ¢ty =t and¢? = ¢ + 55 (T — ¢), wherei = 1,---2" andn € N andtj, = T. Define a
sequencéd?} as follows:

on

Tn = Ztyl{t?,1<rpgtg} + oolgzesty (5.38)
=1
By Theoremb.11, we have

E? [Dt (eiTTnl{t*<T§T}1{St*<B}) \ft]

2”1
= 2B D (g oy or covcery)

$n

_ <B}aBZe * (5, B - (B)

n
tt "1

T
d :
= Lys <B}O’B/ e_rla :]\?S (B,w)dl asn — oo in L*([0,T] x Q) .
et ¢ M
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Therefore, fort* < t < v < T, the Malliavin derivativeD; A, under the conditional
expectation is

T
d o
EQ[DtA2|ft] = I{Mg 1’<B}C(2€TT0'B/ 6—7’1@ t}}\?Sl (va> dl ’ (539)
it t t,

where ffﬁs (B,w) denotes theF;-conditional density function of\/®, under the risk-
T )
neutral measur® and is given by equatiorC(23.

Remark 5.13. Notice that if we set* = 0, i.e., there is no protected period, and §gt= 1,
then we find equatiorb(39 is exactly the same as equatidnZ?.

5.2.3 Malliavin Derivative ofd; and E© [D; A3|F]

In this section, let us compute the Malliavin derivativedf = (S — K)* l{Ms <B}
t*T

under the conditional expectation. By Lem@&0we have:
E“[D,A;|F)
= B [1{1‘4{?« T<B}1{ST>K}DtST|}—t] - E¢ [(ST —K)" 05 (MﬁﬂT) DtMtS*,TU'—t}
= oF® [STl{M;i T<B}1{ST>K}|7'5] + KB [Lsrory05 (M7 1) DiMyi 7| 7]
—E° [Stl(s,>ry08 (Mg 1) DM 1| F] .

Sinces follows the process in equatioh.(.8), we haveSr = Syexp {(r — 30%) T + cWr}.
Let F = Sy’ andé = exp {—%oﬁT + oWr} and define an equivalent probability mea-



Chapter 5. Hedging Exotic Barrier Options 137

sureQ* by dQ*/dQ = ¢. By Girsanov’s theorem, we have

E° [D,As| ]

= oFE? el lseonl ] + KE? [Ls,ox (ME 1) DME 7|7
~FE® [€1s,5x908 (M 1) DiM: 1| F)]

= GFEPEIFIEY [1ys sy lisrrlF) + KE? [1s,om05 (M 1) DME 1|
—FEC[E|FIE? [Lis,5>k308 (M 1) DM 1| F]

= 0T ISEY [11ye o lgser 7] (5.40)
+KE [1is,>xy05 (M2 1) DME 7| F) (5.41)
"TDGEY [1spsry08 (ME 1) DeMg 1| F] (5.42)

Fort < t*, we compute the conditional expectation in equat®AQ:

[{ t*T<B}1{sT>K}\ft}— F2s o (BBw —F% (B Kw) (543)

t*T t*T

Q*
whereFtMS 7ST(-,-,

St under the measur@* and is given by equatiorC(47). Now compute the conditional

w) denotes;-conditional joint distribution function of\Z{ ;, and
expectation in equatiorb(41):

E® [1{ST>K}5B (M 1) DM 1| F]
= 1{ST>K}5B ( ) O'Mt€ Tlf-t}

Q Q
- / dn(m)om 6FtM’fS””’SW - i ey a
= ; B 8m m,m,w am m, , W m
Q Q
NG Gy (5.44)
= 0B —m tmmlns = —5 T K wles | (5,
WhereFtQMS ST(~, -,w) denotesF;-conditional joint cumulative distribution function of

Mt*,T and ST under the measur@ and is given by equationC(36. Now compute the
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conditional expectation under the meas@rein equation $.42:

EY [Lisr>K}08 (Mt“j’T) DtMtS*7T|.7-'t]

OF OFY
MS S M5 8
= oB %(ﬂ% m, w)|m:B - %(ma K; w)‘m:B ’ (545)

whereFt?A;g’TvsT(-, .,w) is given by equationG.47). Hence, by putting equations.43),

(5.44) and 6.45 into equation .40, (5.41) and 6.42 we have, fort < t*,

EX [D,As| ) (5.46)

_ r(T—t) Q* Q@
= ge'TY5, (Ft,Mﬁ,T,SJB’ Bw)~Fs (B K,w))
Q Q
8Ft,Mt*§; T’ST aFt,Mt's; T’ST
OB | 5 (m,m, 0)|mp —

om

(m7 K7 CU) ‘m:B

Q" Q*
8F;,Mt‘s; T’ST 8Ft,MtS,'; T’ST
(m7 m, w)|m:B -

—er(T=t) S;oB T B

(m7 Kaw)lm:B )

WhereFfMts*’T’ST is given by equation@.47) andengT’ST by equation C.36).
Fort* < t < T, we compute the conditional expectation under in equatiofd.

Noticing thatl{Ms <5 is F;-measurable, we have
t* ot

EQ* |:]‘{M§k’T<B}1{ST>K}’ft:|
= 1{Mt§,t<B}EQ |:1{MST<B}1{ST>K}|ft:|

—_ x?Q* x,Q*
- 1{Mt~i,t<3}{FnMsT,sT (B, B,w) = Fis, s <B7K,w>}, (5.47)

whereF;\; _ denotesF, -conditional joint cumulative distribution function af;%. and
s ol ’

St under the measur@* and is given by equatiorC(48. Now compute the conditional
expectation in equatiorb(41). Since under the conditiofw : M7, < M}, S takes its
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maximum value in the intervat, T, we get

E? [1{ST>K}5B (Mts*,T) DtMtg,Tu:t]

oo m
_ b0
- /]\4tst/l( Op(m)om t,MgT,sT(WS,W)dsdm

’ z,Q z,Q
. o 5 aFt,MST,ST aF’t,]wt‘sz,ST K d
= /. s(m)om T(m,m,w) - 8—m(m’ ,w) | dm
t*,t
OF" OF "
t,M?..S t,M5,.,S
- 1{Mts*yt<B}UB 87;; T(m7m’w)‘m=3_ (97;; T(ma K7w>ym=B (548)

whereFf"ﬁs S denotesF;-conditional joint cumulative distribution function @, and
Ve T ’
St under the measur@ and is given by equatiorg(19. Now we compute the conditional

expectation in equatiorb(42):

E? [Lgsp>k108 (M7 1) DeMy | Fo|

OF" OF"?;
t,Mt‘S: ST t,Ms: ST
= g ,<poB | —5 = (m.m,w)lm=p — —5 2= (m, K, w)|m=p |(5.49)

WhereFfﬁ; Sr denotesF;-conditional joint cumulative distribution function @/, and
’ t, T )

St under the measur@* and is given by equation(48. Hence, by putting equations
(5.47), (5.48 and 6.49 into equations{.40), (5.41) and 6.42), we get, fort* <t < T,

B9 (D Ay ) (5.50)
= 0TS s <y (B, 5, (B.B.w) = Fks o (BK,w))
m?Q :I:’Q
aFt,M,fT,ST aFt,MtS:T;ST
+0-KBl{MtS*’t<B} 8—m(m,m,w) lm=p — o (m, K,w) |m=p
OF "2, OF "2,

tyMts:Tst

om

t,Mt’s:T,ST

om

—aeT(T_t)StBl{Mﬁ,t@} (m, m, w) |m=p — (m, K, w) lm=5 | »
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whereF™%; _ is given by equation@.48 and ™%, _ by equationC.19.

£, M5, S7 £, M5, St

For hedging purpose by using the Malliavin approach and putting equatoB4, (
(5.37), (5.46 together, we have the number of units to be held in the stbakcording to
equation 8.34), for ¢t < t*:

r(t—t*)BC
€ 1

h% = S ft;QSt* (B7 w) +

t
Q*
+Ft,Mf*Tv
Q Q
n KB 8Ft7MtS*T’ST ( w)| aFt,MtS*T,ST
m,m m=B — ——————
er(T-1) 8, om T B om

GTtBCQ
St

T 0 g
/t e Tﬁft’Mg’l(B,w)dl

*

Q*
B,B,w) ~ Fs

B, K, w)

ST( ST(

(m7 K7 w)|m:B

OF<

tths;T7ST

om

OF<
M s

om

St

-B (mamaw)|m:B - (ma Kv“’)’sz ) (551)

wheref% _is given by equationG.19), /2 ; by equationC.34, F2 5, by equation
Wt ) t*,l ) t*,T’

(C.47) andFt?Mg’T’ST by equation C.36).
Fort* <t < 7, by putting equationsx(39), (5.50 together, we have

C.B (T 0
hy = lous <mye” : / e " f0s (B, w)dl
)t ¢

S, oL 1My
ZL‘,Q* I,Q*
+1{Mt5;,t<B} (Ft:Mt'S:T’ST (37 Ba w) - thMtS:T’ST (Ba K, w))
z,Q z,Q
1 KB (9, s OF, \s, 50 .
+ {M ,<B} er(T-t) 8, om (m7 m, w)|m=B - om (m7 7("}) ’sz
OF"%; OF"

t,MS,.S t,MS, .S

+1{Mts*,t<B}B 87;; T(mv K: w)|m:B - #(m,m,w>|ng ) (552)

where f“9, is given by equationG.23, F“; . by equation C.48 and F*% by

t,Mfl t,MjT,ST t,MfT,ST

equation C.19.
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5.2.4 Numerical Implementation

In this section, we implement our calculation for the Protected barrier option numerically.
Comparing the results, we see the Malliavin hedging results are the same as those using the
A-hedging approach.

In our numerical calculation, we assurne: 0, set the rebaté’; = C,. and implement
equation §.51) and equationd.5) numerically.

Again, we estimate the integral in equati@X1) by splitting the intervalt*, T'] into 2"
partitions withn = 12. and implement it by using the standard central difference method
[40] to perform the numerical integration. VBA codes are provided in Appendix. See
Figure5.3.

Figure 5.3: Comparison of the Malliavin Calculus results andARdedging resultg = 0

ProtectedBarrier delta-hedging Malliavin n=12

S0|K |B |Rb|t1 |t2 |vol |r Divilmu |mu_tilde|mu_star|Price{0) | h{0) h(0) dif

| 391 401 50| 5| 0.5 1| 30%]| 10%| 0%]| 6%| 14.5%| 14.5%| 2.4467 0.1810| 0.1810| 0.0000
40( 40| 50| 5| 0.5 1] 30%| 10%|0%| 6%| 14.5%| 14.5%| 2.6254 0.1762| 0.1762| 0.0000
41| 40| 50| 5| 0.5| 1| 30%| 10%| 0%| 6%| 14.5%| 14.5%| 2.7988 0.1703| 0.1703| 0.0000
40( 39| 50| 5| 0.5| 1] 30%| 10%|0%| 6%| 14.5%| 14.5%| 2.7579 0.1716| 0.1716| 0.0000
40( 40| 50| 5| 0.5 1] 30%| 10%|0%| 6%| 14.5%| 14.5%| 2.6254 0.1762| 0.1762| 0.0000
40( 41| 50| 5| 0.5| 1] 30%| 10%| 0%| 6%| 14.5%| 14.5%| 2.5157 0.1799| 0.1799| 0.0000
40( 40| 49| 5| 0.5| 1] 30%| 10%] 0%| 6%| 14.5%| 14.5%| 2.6727 0.1788| 0.1788| 0.0000
40( 40| 51| 5| 0.5| 1] 30%| 10%] 0%| 6%| 14.5%| 14.5%| 2.6005 0.1735| 0.1735| 0.0000
40( 40| 50| 4| 0.5 1] 30%| 10%] 0%| 6%| 14.5%| 14.5%| 2.1823 0.1385| 0.1385| 0.0000
40( 40| 50| 6] 0.5 1] 30%| 10%]0%| 6%| 14.5%| 14.5%| 3.0685 0.2140| 0.2140| 0.0000
40( 40| 50| 5| 0.4 1] 30%| 10%]0%| 6%| 14.5%| 14.5%| 2.6944 0.1852| 0.1852| 0.0000
40( 40| 50| 5| 0.6| 1] 30%| 10%]0%| 6%| 14.5%| 14.5%| 2.5532 0.1686| 0.1686| 0.0000
40( 40| 50| 5| 0.5| 0.9] 30%| 10%] 0%| 6%| 14.5%]| 14.5%| 2.5459 0.1814| 0.1814) 0.0000
40( 40| 50| 5| 0.5 1.1] 30%| 10%] 0%| 6%| 14.5%| 14.5%| 2.6986 0.1716| 0.1716| 0.0000
40( 40| 50| 5| 0.5| 1] 25%| 10%] 0%| 7%| 13.1%] 13.1%| 2.6435 0.2044| 0.2044| 0.0000
40( 40| 50| 5| 0.5| 1] 35%| 10%] 0%| 4%| 16.1%]| 16.1%| 2.6247 0.1548| 0.1548| 0.0000
40| 40| 50| 5| 0.5 1] 30%| 5%]|0%| 1% 9.5% 9.5%| 2.4023 0.1831 0.1831| 0.0000
40| 40| 50| 5| 0.5 1] 30%| 15%] 0%| 11%| 19.5%]| 19.5%| 2.8280 0.1660| 0.1660] 0.0000

5.3 Rainbow Barrier Option

In this section, as an application, we apply the multi-dimensional Malliavin calculus we
developed in Chapter 4 to find the hedging portfolio of Rainbow Barrier Optid8js [
Rainbow Barrier Options signify that there are two underlying securities. One of them
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determines the value of the potential payoff, while the other determines whether the owner
at maturity will receive the potential payoff or not. More precisely, it is an extension to a
European up-and-out call. Like a European up-and-out call, this option is knocked out if
the underlying stock pric8! hit a predetermined barrié? > S} before the option expires
attimeT. In contrast to a European up-and-out call§ifis below the barrier level all the
time prior to7, then the payoff af is [S2 — K|"; hereS2 is the terminal price of asset
S2. So the payoff at time T of Rainbow barrier option is
G = [Sh—K]" 1pye oy

AssumeS; andS? are in the standard Black-Scholes model and given by equati@s) (
and equation4.20. The Black-Scholes value of Rainbow Barrier Option at time zero
is given by fL2]. In this section, we compute the Malliavin derivative Gf under the
conditional expectation, which are given by equatidr2@), (4.27) and @.28, such that
we find the replicating portfolio of Rainbow barrier option via Malliavin calculus.

Now let us find the hedging portfolib} according to equatiord(27). The number of
units that we should hold if* is given by

Blo— e EQ [pL p Q 2
L= o ( [D;G|F,] - \/1—_7sz [DtG|ft]> :

By Lemmad4.15 we knowE® [D!G|F;] is given by equation4.31) and E? [D?G|F;] by
equation 4.31). Therefore,

—r(T—t)
(&
o=~ B9 (S} - K) T dn (Mr) DIMSIF
Ulst ’
Ke (-1 o o
= g2 (Yo (M) M <y
—r(T—t)

e

St St
5 EQ [5%1 (52205 (MO’T) Mgl ng,;}Vt] . (5.53)
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Now let us calculate the first expectation term of equat®bJ):
E° [1{52>K}5B (MS ) M‘iTl{M(fiSMf}ﬂE]
B / /]ws 5B mf MSl S2 (m7 S7w)dmd8

= /I{ Bf Msl 5'2 (B,S,W)l{M51<B}d

OF "9, OF™ 9,
t,M, %52 t,M?5 5,52,
= 1{M51<B}B —0m (m,oo,w)\m:B——am (m, K,w)|m=p |(5.54)

WhereF"”]\j2 52 denotes theF;-conditional joint cumulative distribution function dﬂf}

t,T'~T

andSZ under the measur@ and is given by equatior®(61). Now sinceS? follows the pro-
cess in equationd(20, we haveS? = Sgexp {(r — 303) T + poa Wi + /1 — p2 o W2}
Let

1
¢ = exp {503 T+ poaWr + /1= po W7}

1 1
= exp {—§P20'§T + poaWr — 5(1 — p")o3T + /1 — p*o Wi},

and define an equivalent probability meas@rby d@/dQ = £. By Girsanov’s theorem,
we havell} = W} — poyt andW2 = W2 — /1 — p2o,t are standard Brownian motions
on the probability spacé?, F, Q). Note that under the measute

= rdt + oy d(W} + post) = (r + poyosy)dt + o1 dW},

? = Tdt _I_ ) (pd(th + pazt) + V ]‘ - p2d(Wt2 + ]' - p202t))
t

= (r+o3)dt+ oy (detl ++/1— p2th2> :
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Thus the second expectation in equatibrb8) becomes

B9 [$31 g3y 0 (M) METL gt cpgsny |
= S5t €y O (M) ML g ety )
= SETEAIFIE? [Lgp B (M) MirL gt carey)

= SprTIE (L iy 0n (M5T) Mrd s cgsny 2]

txﬁsl s2 3173?51 S2

_ 2 T’(T—t) 7, TONT o e, TP T
- 1{M05j<3}5t6 B <8—m (m, 00,w) |;m=p —am (m, K,w)|m3> ,
(5.55)
WhereFt"’“"’QS1 s denotes theF;-conditional joint cumulative distribution function dﬂf}

Wi 9T

andS2 under the measur@ and is given by equatior®(62). Finally, put equations(54)
and 6.55 into equation $.53; we get

JC,Q :UaQ
1 KB aFt’Mtb}"’S% aF;E?ME;US%
y er(T—1) Gl 1{M§,1<B} om (m, 00,w)|m=p — am (m, K, w)|m=p
va LE,Q
BS? oty Pogisn o
B g1 {Mosi <B} om <m7 S w)|m=B - om (m7 7W)|m:B )
h ,
(5.56)

z,Q . . . ac,Q . . .

whereFtyM%,S% is given by equation.61) andFt7M§;7S% Is given by equation.62).

Now let us find the hedging portfolib? according to equatiom(28. By Lemma4.15
EQ [D2G|F,] is given by equation4.32. Therefore,

—r(T—t)
2 _ _ ¢ -~ Q[ — }
ht UQSEME 1{S%>K}1{M65:;<B} ma2ST‘ft
—r(T—1)

e
s & [ spo)  uighen) SH
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By changing measure and under an equivalent probability megswre have

—r(T—t) A
2 _ € 2_r(T—t) Q[ }
M= T ST R Yot g <y

= Lo} B (1o} Lorghmy 17
1{M(’)S:i<B}{FZ‘,Q51 S%(B7 w,CU) — z,Q (B,K,C(J)} y (557)

1
t,MP, t,MfT,S%

whereFt””]’\?s1 o denotes theF;-conditional joint cumulative distribution function df[ﬁ}
VA TPT

andSZ under the measur@ and is given by equatiorQ(62).

5.3.1 Numerical Implementation

In this section, we implement our calculation for the Rainbow barrier option numerically.

Comparing the results, we see the Malliavin hedging results are the same as the ones by

using theA-hedging approach.
We assumeé = 0 and implement our calculation in equatidn%6), equation $.57),
equation D.8) and equation.9) numerically in VBA enviroment. See Figuke4.

Figure 5.4: Comparison of the Malliavin Calculus results andXRdedging resultg = 0

RainbowBarrier Formula Malliavin
$1_0|52_0 | Strike |Barrier| T voll |vol2 |rho |r w.rt $1w.rt.S2|h1_0 h2_0 |diff_S10 |diff_S20
39 40 40 50 1 0.3 0.3 0 0.1]-0.3265| 0.3629| -0.3265/0.3629| 0.0000| 0.0000
40 40 40 50 1 0.3 0.3 0 0.1(-0.3328| 0.3291| -0.3328{0.3291| 0.0000| 0.0000
41 40 40 50 1 0.3 0.3 0 0.1]-0.3367| 0.2948| -0.3367/0.2948| 0.0000| 0.0000
40 39 40 50 1 0.3 0.3 0 0.1]-0.2995| 0.3144| -0.2995/0.3144| 0.0000] 0.0000
40 40 40 50 1 0.3 0.3 0 0.1(-0.3328| 0.3291| -0.3328{0.3291| 0.0000| 0.0000
40 41 40 50 1 0.3 0.3 0 0.1]-0.3676| 0.3428| -0.3676/0.3428| 0.0000| 0.0000
40 40 39 50 1 0.3 0.3 0 0.1(-0.3593| 0.3432| -0.3593/0.3432| 0.0000| 0.0000
40 40 41 50 1 0.3 0.3 0 0.1(-0.3078| 0.3148| -0.3078{0.3148| 0.0000] 0.0000
40 40 40 49 1 0.3 0.3 0 0.1]-0.3430] 0.3011| -0.3430{0.3011| 0.0000| 0.0000
40 40 40 51 1 0.3 0.3 0 0.1]-0.3216] 0.3556| -0.3216/0.3556| 0.0000| 0.0000
40 40 40 50| 0.9 0.3 0.3 0 0.1]-0.3221| 0.3431| -0.3221{0.3431| 0.0000| 0.0000
40 40 40 50| 1.1 0.3 0.3 0 0.1(-0.3418| 0.3165| -0.3418/0.3165| 0.0000| 0.0000
40 40 40 50 1 0.25 0.3 0 0.1]-0.3683| 0.3655| -0.3683|0.3655| 0.0000] 0.0000
40 40 40 50 1 035 0.3 0 0.1(-0.3044| 0.3011| -0.3044/0.3011| 0.0000| 0.0000
40 40 40 50 1 0.3 0.25 0 0.1(-0.2979| 0.3361| -0.2979/0.3361| 0.0000| 0.0000
40 40 40 50 1 03| 0.35 0 0.1]-0.3684| 0.3252| -0.3684/0.3252| 0.0000| 0.0000
40 40 40 50 1 0.3 0.3] -0.5 0.1]-0.3313| 0.4279| -0.3313{0.4279| 0.0000] 0.0000
40 40 40 50 1 0.3 0.3 0.5 0.1(-0.2738| 0.2301| -0.2738{0.2301| 0.0000| 0.0000
40 40 40 50 1 0.3 0.3 0| 0.05(-0.2869| 0.3354| -0.2869|0.3354| 0.0000{ 0.0000
40 40 40 50 1 0.3 0.3 0] 0.15[-0.3731| 0.3136| -0.3731|0.3136| 0.0000] 0.0000
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Chapter 6
Conclusion and Future Research

The thesis demonstrates that Malliavin calculus can be useful for pricing and hedging of
different securities with a discontinuous payoff function, say Barrier style options. We have
shown in this thesis how to use the extended Malliavin calculus to generate the the hedging
portfolio formula for these contingent claims I1¥(Q2). We have compared the results we

get from the Malliavin approach with those from thehedging approach.

We have developed a lot of useful propositions for the Malliavin derivative via the
relationship between the directional derivative and the Malliavin derivative, and given a
more detailed treatment in the thesis.

We then make a mathematical contribution by providing an elementary calculus for
the composition of a generalized function with a stochastic variable in the presence of a

conditional expectation, i.e.,

B [g(X)|F) = / " gb) fx (b )b, 6.1)

We have been unable to find this result in the literature. It may prove useful subsequently.
We find the explicit hedging formula for the two-dimensional securities by using the
extended Malliavin calculus. The calculations we mentioned in the thesis can be extended

to higher dimensions to many possible applications, say, a basket of equities.
The computation of the Malliavin derivative of the stopping time discussed in the thesis

suggests two things.



Chapter 6. Conclusion and Future Research 147

e That the Malliavin derivative of other random times may be computed so long as the
level sets:m < t can be identified in terms of other sets whose Malliavin derivative
are known.

e That more general payoffs, involving functions of the timesay ¢g(7), could be
priced and hedged for suitable functions

Again, we have been unable to find an explicit computation of the Malliavin derivative of
a random time in the literature.

We restricted our assets to the Black-Scholes model in order to find the explicit for-
mula for the replicating portfolio of the exotic barrier options and make a explicit formula
comparing with a classical delta hedging formula. However, we also notice that Malli-
avin calculus can be extended to assets which do not follow the Black-Scholes model. For
example, in 1], a Heston stochastic volatility model is considered,

dS; = aSydt + /.S, dW}, (6.2)
dv; = k(0 —v,)dt + v\/o,dWE, (6.3)

whereW?! andW? are two correlated Brownian motions. The explicit expression for the
Malliavin derivative ofv; is given by [L]. Moreover, we also believe that our expression in
equation 6.1) can be extended to a model where the volatiityecomes a functiom;(S;),

of the current stock valus;. Bermin suggests as much in equation 7.15)f It would
benefit from considering stochastic volatility model, but from the theoretical point of view,
in order to find the explicit formula, the Black-Scholes model is enough for our purpose.
We leave it as future research work.

There are several areas for the application of the Malliavin calculus, such as the calcu-
lation of “Greeks ", hedging portfolio selection. For the application to sensitivity analysis
and computation of Greeks in Finance, there are a large amount of published papers in this
area, seed], [7], [20], [21],[22] and [29]. These papers address far more general payoff
functions than we consider here, but the approach is to simulate the payoff rather than seek
an analytic form. The method is to use integration by parts formula to obtain the “Malliavin
Weight ” rather than employ the Clark-Ocone formula directly.
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The so-called Greeks represent the pricing sensitivities of financial derivatives with
respect to small changes of model parameters, say

E°[f(Vr)] — E=F[f (Vr)]

G k = ’
ree 6

(6.4)

wherez represents the model parameter giiél) denotes the discounted payoff func-

tion. Often, the greeks cannot be represented in explicit formula and need numerical im-
plementation. Practically, given a model parameteby using Monte Carlo simulation

one generates millions of scenarios and takes the average of the discounted payoffs. Then
one changes the model parameter frono = + J and regenerates the scenarios and take
the average of the discounted payoffs. However, as fantagration by parts formulas
concerned, one can transform

E*[f(Vr)] — E*[f(Vr)]
o

— B[ (V) MW, (6.5)

whereM.W. represents a random variable named Malliavin weight. One needs the Malli-
avin derivative to calculate the Malliavin weight. One advantage of this transform is that for
a discontinuous payoff, one avoids the difficult of the differentiability of the discontinuous
function, but one needs to specify the model, i.e. the diffusion process.

Greeks calculation is one area application of the Malliavin calculus and normally it
requires numerical calculation and simulations in implicit form. However, our thesis has
another direction of the application of the Malliavin calculus, i.e. the extension of the
Clark-Ocone formulaas a generalization of theéltepresentation formula, from which we
can find the hedging portfolio formula explicitly.

We also considered a problem where the numerical value of the volatility changes at
time 7, the first time a security hits a barrier level. Consider that a risky assdias
dynamicsS; = Spexp {o:W; + (r — 0% /2) t} unless at timer,, it hits a barrier leveB for
the first time. Thereafter, the volatility becomes The dynamic process ¢, is,

St = SO exp {O’lwt + (T - 05/2) t}l[O,T/\T) (t)
+S;- exp{oa(W, — W) + (7“ - 05/2) (= 7)Hrnrr)(t)-
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We imagine that whef' hits the levelB, the market changes its view Sfand this results
in a change of volatility. We consider an option 8mwith payoff (S — K)*. This payoff
has two components:

(St — K) 1gr<ry + (S — K) T lamy

_ (ST€a2(WT Wo)+(r—o3/2)(T—7) _ K)+ Liery + (SO€UIWT+(T 03/2)T K)+ Lo
(ST — K) " Lr<ry + (Sp — K) " Lgromy

= (Sr—K)'1 (mgh>By T (St — )+1{M51T<B} :

The possible extensions of this problem is, to a finite sequence of timeshich are the
first times of hitting barriers3,,, after timer,,_; whereS hit barrierB,,_;. However, we do

not have time to continue this problem here, so we leave it as a possible future work.
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Appendix A
Wiener polynomial

Lemma A.1. For f(s),g(s) € L*([0,T]), we have

e a) For f,(s) € L*([0,T]) such thatl| f — f,.|l» — 0, we have
T T
/ Fuls)dW, — / F(s)AW, in |- [,y p € [1,00). (A1)
0 0

e b) Every Wiener polynomial is ihi?(2).
e c) Every Wiener polynomial is ib?"(2), forr = 1,2,. . ..

Proof. a) We writeX = fOTf(s)dI/VS and X, = fOT fn(s)dW,. By Itd isometry property,
we know that

Since||f — f.l|l2 — 0, we have
X—-X,—0 in L*Q). (A.3)
Forl <p<2,wehavel?(Q) C L”(Q) C LY() and| - |[s < |- |l, < || - |l2- Then
1 X — Xall, =0, (A.4)

for eachp € [1,2]. SoX,, — X in || - ||, for everyp € [1,2]. Now forp € (2, c0), we write
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o2 = ||f - full3 and have,

&0 1 1( z )2
Blx-xp - [ zpre ()

—oo \/2m02
- p/°° ,/—1 T
B Un — 0 27'(' c ' On

<1 1,2

= g¢g? tPe 2V dt

n/oo V2

< Q.

X

On

This result shows several things;
e ReplaceX — X, with X or X,,, and we see thaX,X,, € L?(Q2) for 1 < p < oc.
e Letn — oo and observe? — 0, so thatX,, — X in || - ||, for everyp € [1, c0).

b) Let! € N and considetX!. By a), X € LP(Q2) for 1 < p < oco. Of course,
X e L2(9). So
Xte L2(Q). (A.5)

For g.(s) € L*([0,T]) such thatllg — gn|l2 — 0, we writeY = fOT g(s)dW, andY,, =
5 ga(s)dW;,. Letk € N. We know thatX! andY™* are both inL?(2) as areX? andY?*,
therefore

E [X2ly2k] S HX2lH2Hy2k”2 < 00.

So
Xv* e L2(Q). (A.6)
Now let Z;, = fOT hi(s)dWs, fori = 1,---  m. Suppose that we know that all expressions
of the form
A=zhzl... 7m 1 c [2(Q) (A7)

forly,...,lm_y € N. Thenwritez' Z%2 ... Z'm-1 7im — AZ!m Note thatd? € L*(Q) and
Z2m ¢ [2(Q), then

E[(AZY)") = E [A2Z2] < ||A|)o)| 22 2 < oo.
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So
207 ... Zim i 7l e [A(Q). (A.8)

The principle of mathematical induction tells us that all finite products of finite powers of
deterministicstochastic integrals are elementd3{(2). So every Wiener Polynomial is in
L2(92).
c) SinceX' € L*(Q), forl > 1, thenE [X*"'] < oo, forr = 1,2,.... Thatis,
Xe 17(Q). (A.9)
SoY* e L?(Q) too andX?, Y** are inL?(Q). Therefore,

E[XZrly2rk] S HXQTZHQHkaHQ < 0.

SoX'Y* € L?(Q). Re-run the induction proof above, we have

E[A" Zyt] < A7) 25" 2 < 0. (A.10)
So all Wiener Polynomials are ib*"(Q2), forr = 1,2,.. .. O

Lemma A.2. Every Wiener Polynomial in the variablqgf VAW, -+ ,fT h(s)dW, is
the limit in L?(Q) of the sequence of Wiener Polynomials in the varlatﬂ)ggfn )dW,
fOThn(s)dWs, wheref,,(s), - -+, hno(s) € L?([0,T]) such that|f — fulla — O, ---,
| — hpll2 — 0.

Proof. We write X = [ f(s)dW, andX,, = [ f.(s)dW,. ConsiderX’, ¢ N. By
LemmaA.1, we knowX,, — X in L*(Q2) and therefor&)-a.s. So

Xfl—>Xl, Q — a.s.

Now

EIX?) = |2 / F%—m
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and(||f.||2) is a convergent and therefore bounded sequence. This shows that
sup || X2 < oo,

Now L?(Q) is a reflexive space and a bounded subset is uniformly integrable. This means
that (X!) satisfy the conditions of Vitali's Convergence Theorem, (see IlI. 6.15.6f) [
and we conclude that

XL — XU in LA(Q). (A.11)

We writeY = [7 g(s)dW,, Yy = [} ga(5)dWs, Z = [} h(s)dW,andZ, = [,/ hn(s)dW,.
Con5|derX,QYnm---Z; with X,, - X,Y, - Y,--- ,Zn — Z in L*(Q). It follows that
they all convergé)-a.s. as well and so

XY Ty — XY -2, Q—as.

Note that each ofX,,, Y,,---, Z,, lie in every L?(Q2), p € [1,00), as do their powers,
XL, ym ... Zr. Suppose that there abefactors in this product of powers, bydttler’s
inequality

XY™ Zillo < 11Xl 1Y |2 - 1 25 -

Now

w2
IXLI2 = BIX) = | £, / fx e % e, (A12)

so that|| X[l = || £ |lbmals?, wheremyy is the 2bl-th absolute moment of the standard
normal random variable. Noting thétf,||») is a convergent sequence, we have that

sup || X2 ||lap < 0.
n
Similarly, sup,, ||Y,*||2s < 00, - ,sup,, || 2" ||2p < 00. SO
sup | XEYF... 77|, < .
n

Therefore, the sefX'Y* ... Z" : n € N} is a uniformly integrable set in?(2). Once
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again the Vitali Convergence theorem tells us that
Xykoo.zr 5 X'yR. Z70 in LA(Q), (A.13)

with which we complete ouproof. O
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Appendix B
Distributions

Lemma B.1. For a fixed constanB > 0, let ¥, 5, be given by, see Figuig.1,

0 $§—%Ora:>B_|_%,
ffl >\_i (t)dt _% <$§0,
Topa(z)=3 ~n " (B.1)
1 O0<z <D,
| 1-J5 A agt)dt B<z<B+1,

where) . , is given by equationl(6) and a sequence of positive test function such that
A_1, is non-zero in(—1, 0), zero outside of this interval and such th@t, A_1 (z)dz =
1. Denotely, ,, , by the distributional derivative 0¥, 5 ,,. Then

lim Ty, () = do(-) = 05(") (B.2)

n—o0

in the sense of distribution.

Proof. Note that for each, ¥, 5, is a test function. Also it converges to the indicator
function 1y 5)(x) pointwise onR, i.e.,

Vo pn(zr) = lpp(r), as n— oo. (B.3)
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Figure B.1: A mesa functio¥, 5 ,,

%.H.x(x)
(Y (B, 1)
s ;
_l I E 5+l
" "
Now for a test functiory € S(R), we consider
/OO Vo pn(x)f (x)dx
go B B+1
= / \P07B7n(x)f'(x)d:v+/ \IIOVBW(:L*)f’(a:)da?—I—/ Vo pn(z)f (x)de
1 0 B
0 B+1
= [ Wm@ s @in+ (B - 10+ [ Wop@f@in. @4

Consider the first integral in the above equation, and we have

_1 n _

/ Vo pn(@)f (v)de = [\IIO,B,n(m)f(m)}Ol—/IA_i’O(m)f(m)dm

— f(O)—/ A_1o(z)f(z)da . (B.5)
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Similarly,

[ Wosa)f @ = Wosa@i@ly [ 3B - o)

B

Therefore,

By Propositionl.23 we know

| Woma@s@is =~ [ Ty, o f@te.

Hence,
lim Ty, ,,(-) = dol-) — 3" (B.7)

n—0o0

in the sense of distriliion. OJ

Lemma B.2. For a fixedK > 0, let ®,,(x) be given by, see Figui®.2,

0 if 2€(—o00,K—1),
O,(z) = ho(z) if z€[K—2 K+1] (B.8)
r—K if ze[K+21 00),

where
z 1
hn(x) :/ gn(r)dr, z € {K — %,th E] . (B.9)
and .
gn(t) = / AK_;7K+;(s)ds (B.10)
K*l n n

with g,,(K + 1) = 1andg,(K — ) = 0, see FigureB.3. LetTs, denote the distributional
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Figure B.2: The functio®,,(z)

(x-k)

1

Figure B.3: The functiom(t)

z(t)

:
;
—

}
1
i
i
M3 r===== ‘:.///

0 k-1 k b+l
M b
derivative of®,(x). Then,
lim T, (+) = Ljg.00) () (B.11)

in the sense of distribution.
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Proof. Observe tha®, (z) is differentiable. For example, the first derivative is

0 if € (—oo,K—1),
. (z) =9 gnlz) f ze[K—-L K+1], (B.12)
1 if ze[K+1+ 00),
and its second derivative is
0 if € (—o0, K—1),
Op(z) = Mg 1ga(z) if ze[K—2 K+1],
0 if z€[K+1 00).

The pulse/\K_%KJr% Is a test function, so the functiah, is infinitely differentiable. More-
over®, is a decreasing function asgets larger, i.e®,(z) > ®o(z) > --- P, (x) > ---
and if K > 0, there isN € N such thatk' — + > 0, so the sequendgb,),n € N, will
approximatgz — K)* pointwise, i.e.,

P,(r) = (x — K)", as n — oo. (B.13)

Now for a test functiory (z) € S(R), we consider
) K—{—% [e's)
/ B, () f (x)dz — / ho(@) f(2)dz + / (z — K)f'(z)dz
—00 Kf% K+%
Consider the first integral of the above equation, we have
K+5
- [ @
K—3

=t - [ @),

K—1
n

[ @@ = @

1
K-
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Similarly,
/ (oK) f@dr = (- K)f@)E, ~ [ @)
K+5 K+
1 1 0
= fE =) - s f(x)dz .
Therefore

oo

lim ®,(z)f (z)de = — /Koo f(z)dz = —/_ Ly f(x)de . (B.14)

o0
n—oo o0 e

Moreover, by Propositiofh.23we have

/ B (@) f'(2)dz = — / T (2) f(z)dz (B.15)

Therefore,
Tim T, () = Lo (*) (B.16)
in the sense of distrildion. ]

Remark B.3. In some cases, we need to modyhere by making it a bounded function.
So we defin®,, be equal to, see FigurB.4,

o, if © <[K]|+1+n,
O,(z) =4 [K]+14+n—K+m(z—(K|+1+n)) if z€ (K] +1+n[K]+2+n],
K]+24+n—-K if x> [K]+2+n,
(B.17)
where[ K] denotes the integer part & andm(z) is given by,
1
m(z) = 5 h(l1—z) x€]0,1], (B.18)
and
h(x) :/ g(r)ydr, z€]0,1], (B.19)
0

o) = [ Nox(s)ds, reo,1] (B.20)
0
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Figure B.4: The functiom,, (z)

[K]+2-n-K¢
[K]-15-nK
[K]+1-n-K 4

with g(0) = 0, g(1) = 1, h(0) = 0 and k(1) = 1. While,r’(z) = g(z), so thath'(0) = 0
andh'(1) = 1. Here \o; is symmetric pulse off, 1] with the integralfo1 Moi(s)ds =1
and given by equatiori(6).
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Appendix C

Derivation of cumulative distribution

functions

In this section, we derive some cumulative distribution functions under different measures.

Definition C.1. Let B be the predetermined barrier level arid be the strike level. Let
S; be the geometric Brownian motion defined byl@. If X, = In(S;/Sy), thenX; is an
arithmetic Brownian motion:

dX; = pdt + odW, t €[0,7], (C.1)

where
L=r— — (C.2)

is the drift of the process. Integrating equatid.{) over time yields

Remark C.2. The derivation of arithmetic Brownian motion from geometric Brownian

motion is given by Ito’s formula. Notic&, = 0. Furthermore, ifS; = B, then define

B
b=In—, CA4
ng (C4)
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while if S; = K, then define

K
=Iln—. .
k nSO (C.5)

Notice also thatX; is normally distributed with meapt and variances?t. Define the
stochastic variable

X —
M., = sup X;

te[tl,tg}
f0r0§t1 <ty < T,

Let us denotéV(z), the cumulative distribution function of a standard normal stochastic
variable, which is given by

1,2

N(z) = \/LQ_TF/ e 2" du, (C.6)

and denotex(x) by the standard normal density function which is given by

n(x) = e 2" (C.7)

and denoteV,(z, y, p), the cumulative distribution function of a standard bivariate normal
stochastic variable, which is given by

1u —2uvp+v2

1 Yy x 1 2
No(x,y,p) = ——— e 2 1= dudv. C.8
o) = [ [ .8

Denote byn,(u, 2) the bivariate normal density function with mean veqtcand covari-
ance matrix:

’

11y 1 .
Q)=—|Q ——(z—p) Q2 — :
09 = 510 exp {5 - 07—
We present some different cumulative distribution functions under different measures
that we need in this thesis. All the calculations of the cumulative distribution function
are based on the reflection principle, see, for exam2@|, [Notice that the following

cumulative distribution functions are the functions of some variablesBsdy, Sy, 1" and
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so on. In order to find the corresponding density functions, we need to have the formula to
show how to differentiate the bivariate normal cumulative distribution function with respect
to some variable. Denot€( K, B) by

F(K,B) = Na(¢1(K, B), p2( K, B); p),

wherey, (K, B) andy. (K, B) are some continuously differentiable functions with respect
to K andB. Then we have

2 P(K.B) = n(sal(K,B))N(wg(K’BH’““(K’B)) O o1(K.B)

0K Vi oK "
+n (pa(K, B)) N (‘Ol(K’ o B)) 22K, B), (C9)

whereN(-) is given by equation@.6) andn(-) is given by equation.7).

We present a proposition about a relationship between standard normal distribution
function and bivariate normal cumulative distribution function. We need this proposition
for our calculations in the thesis.

Proposition C.3. We can show

N(y) — No(z,y; p) = No(—x,9; —p), (C.10)

whereN () is given by equation.6) and N, (-, -; p) is given by equationG.8)
Proof. Notice that

_ 1 w2 2uvpto?

1 yorr
No(—x,y; — Z—/ / e 2 19 dudv.
2( Y; —p) o /—1_p2 )

Let us change variable and sét= —u andv’ = v and

-1 0
det =1.
0 1

‘ d(u,v)
A, )
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Therefore, we have

17/2 2ulvipen | O(u,v) 130
— P — = 2 du'd
N2( x,Y; p) 27]_\/1_7/ / a(u17v/) uav
/ / P (C.11)
= 1-p? udv. .
2m4/1 —

Then put equation®.8) and C.11) together, we have

N(fvyp )+ No(—z,y; —

1 u? u®—2uvp+v? _ 1 u®—2uvptv®
= (/ / R dudv+/ / 217 dud’u)
27r 1 —

:E/ /\/ﬂ\/? S dudo
- = / 3 gy, (C.12)

C.1 Under the measure)

Proposition C.4. The cumulative distribution function &f under the risk-neutral mea-

sure( is given by
InZ —uT
FSQT(B)ZN<—S° . ) (C.13)
oVT

wherey is given by the equatiorC(2).

Proof.

Q(ST§B>=Q<XTSb>:Q(WTg b‘a“T).

Notice thatlW is normally distributed with meaf and variancel’, so the cumulative
distribution function ofS7 is given by:

Q(Sr<B) = N (hl(B/So) — MT> |

oVT
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Proposition C.5. For a fixed timet € [0, 7], the F;-conditional cumulative distribution
function ofSt under the risk-neutral measueg is given by

nB _
ﬂ?ST(B,w):J\f<l SO\/% 0), (C.14)

and the correspondingF;-conditional density function af; under the risk-neutral mea-

sure@ is given by

1% (Bow) = ———n In g, — (T~ (C.15)
ST BoT —t oT —t ’ '

wherey is given by the equatiorC(2) andn(-) by equation C.7).

Proposition C.6. For K < B, the joint cumulative distribution function @5, and Sy
under the risk-neutral measutg is given by

In& —uT B % In& —2In 2 —ur
Fe BK) = N|[—% " | _ (—) N[ —2° So ,(C.16
M(iT’ST( ) ( ovVT ) So oVT ( )

wherey is given by the equatior(2).

Proof. Initially, we calculate the distribution function forstandardBrownian motioni?’°
defined on a probability spa¢€, F, Q°), and by the reflection principle,

Q°<M(¥Y;’2b,wﬁgk) - QO(M()VY;’zb,Wgzzb—k)
— QO (WR =2 k)
— QO (WR <k 2)

k —2b
= N|{—— ). C.17
& (€17
Differentiating the above equation with respecttmnplies that
Q° (MOWT? > b, W0 e dk) L ) (C.18)
’ VorVT

Define a probability measurg, equivalent ta®, by its Radon-Nikodym derivativé® /dQ° =
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exp {£W) — 1(£)*T}. By Girsanov's theorem\V, = W9 — ut/o, t € [0,T] is Q-
Brownian motion. So under the measupe oW = ut + oW, = X;, t € [0,T], and
we get

Q (Mé),(T > b, X1 < k) = E¢ [1{Mngzb,XT<k}]
o )

dQo 1{M&VTV° >boWo<k}

0 ﬁWo_l(ﬁ)2T
— EQ |:60 T 2\co 1 0b k
(Mg =2 W<t}

k
= eé(ﬁVT/g e%ZQO <M()W§:) > 27W70‘ c dZ)
oo ’ o

and
1 g 1 (2—2—5 2
M >0, Xp <k) = 6_2(5)2T/ ea? e e dz
@ (Wair 2, Xr <4) o VarT
k 1 (27@7£)2
_ e—é<g>2T/" rerr L5,
—0o0 T
B B%N(k—Qb—pT)
ovT
Therefore,

Q (Mg <b,Xpr <k) = Q(Xr<k)—Q(Myp>0bXr <k)

_ N(k_'uT)—eib;N(k_%_uT),
oVT oVT

Proposition C.7. For0 <t < T, K < Band0 < z = S;(w) < B, the F;-conditional
cumulative distribution function dW,fT and St under the risk-neutral measueg is given

by

2
t,MtS:TysT ’ ) Y St . — 7

]

(C.19)
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wherep is given by the equatiorC(2).
By letting K — B in the equation€.16) we have the follow the result.

Proposition C.8. The cumulative distribution function 813, under the risk-neutral mea-

sure( is given by

InZ —uT B % —InZ —ur
FO, (B)=N|—2 1= —(—) N{—22—|, C.20
Mg,T( ) ( U\/T ) So U\/T ( )

and the corresponding density functionMﬁT under the risk-neutral measueg is given

by
1 lnﬁ—,uT 1 B % —lnﬁ—,uT
f2s (B) = n | —= - <_> "o
0,7 BoVT oVT Bov/T \ So oVT
(27’5 —InE —ur
2 (BN (T PE M : (C.21)
BO’2 S() o'ﬁ

wherey is given by the equatior(2).

Proposition C.9. For a fixed timet € [0,7] and0 < z = S;(w) < B, the F;-conditional
cumulative distribution function deT under the risk-neutral measufg is given by

2p

nZ — (T -t P —InE — (T -
o - » () (0 ()

t,MfT

and the corresponding;-conditional density function df/[fT under the risk-neutral mea-

sure@ is given by

(C.23)

Tiats, (B:w)

1 (T 1 B %¢ —InZ — (T 1)
= t + - t
BovT —t ovVT —t BovT —t (St) oVT —t
o (E)% T 1)
Bo? \ S ovIl —1 ’

wherey is given by the equatiorC(2).
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Remark C.10. We find

—_F*? (B,w) (C.24)

o

L 1 Ing — u(T —1) B 1 (E)ag@ Ing — u(T—1)
ST —t oVT —t Syo/T —t \ St oVT —t
ou (B\# (~ImE —u(T 1)

+5,0 (E) N ( oy T 1 >

From equation C.23 and (C.24), we have the relation

0 z,Q _ B 0 z,Q
T&Ft,MfT(B’w) = St aBFt’MtS:T(B,CU). (C25)
Proposition C.11.If Q (Mg, > b, X, < ki, My, < b, X,, < k») is the probability that
X hits the leveb beforet,, and is below the levél, at timet; and below the levél between

t; andt, and is less than levél, at timet,, then

Q (Mgy, > b, Xy, < ki, M\, <b, Xy, < k) (C.26)
2bp k1 —2b— puty ko —2b— /Ltg tl k1 —2b+ puty ko — pts t
= eo? N2 ’ N2 ) yTA T
oVt o/t to o\t o/t to

wherep is given by equation.2), b by equation C.4) and % by equation C.5).
Proof. Initially, we calculate the distribution function forstandardBrownian motioni?°
defined on a probability spa¢€, F, Q°),

Q" (ML) = b, W < ka, MY, < b, W5, < k) (C.27)

= Q" (M, = b Wh < ki W < k) = Q° (MY = b, WS < ki, MY, > b, W < ko).
By the reflection principle,

Q" (MY} = b, Wh <k, Wi <o) = Q (MY = b, W8 > 2b— kn, W, > 2 — k)
t1

= Q" (WY >2b—ky, W) >2b— k)

I
O

(
O(—WP < ky —2b,— W2 < ky — 2b)
<k1—2b By~ 2b. >

Via t2

|
&

(C.28)
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By the reflection principle again,

Q° (M&Zf > b, W < ki, MY, > b, W0 < k2> (C.29)
= Q" (ML) = b, WY > 20— ki mlly, < b, W < ky)
= Q" (W) >2b— ki, W) < ks)

= Q" (-W2 < ki —2b, W) < k)
- (b b
2 \/E 7\/57 to .

Substituting C.28 and C.29 into (C.27), we get
0 wo 0 wo 0
Q" (MY = b, W < ki, MY, < bW, < ko)
. N<k1—2b k2—2b' t—l)—N <k1—2b ﬁ._ t_1>
2 \/H ’ \/E ) to 2 \/E ’ \/E’ to .

Differentiating the above equation with respecktandk; yields

Q° (M({Zf > b, WP € diy, M)y, < b, W0 € de)

) ) e (e

Now define a probability measurg, equivalent toQ°, by its Radon-Nikodym derivative
dQ/dQ° = exp {EW? — 1(£)*t,}. By Girsanov's theoremiy, = W — ut/o, t € [0, 5]

2
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is Q-Brownian motion. So under the meas@ecW)? = ut + cW; = X;, t € [0, to]:

Q (M5, = b, Xy, < ki, MY, <b,Xy, < k)

= E@9|1
{Mg(tl >b, X1y <k, M, <b,Xo, <kz }
dq

= B¢ L,j@o {M"WO>boWO <k1,MZW? gbaW02<kz}]

t1,tg
0 #WO _7(7 t
= E© 2”2 21
{MI > wp <L MVl <2 wd <2

0,t1 t1tg o0
k2 k1 2b
o T B, 1l(ny2y > tl tl
= / / 6022 2( ) 2 nZIZZ ;) ,
—oo J —o0 > t1 to
2b
= 1 —t
Nzi29 ) dz1dzo
0 —t1 1o
k k1
/U /U 2bp %_Tjﬂ t ot
= €% Nzizo ,
oo J—oco %_J;Iﬂ t, to
2b7££t1 t t
-n 7 ! ! dz1dz
2122 uto ’ " . 1U<2
o —u 2

o\t T o/t "Vt

2bp k1 —2b— ut; ko — 2b— uts 131 k1 —2b4 ut; ko — uts t1
= eo? N2 s N — — N2 N .
oVt o/t to

O
Proposition C.12. Q (X;, < b, X3, < k, 7 > t3) is the probability thatX hits the barrier

aftert,,and is below its barrier at time;, and is belowk at timet, and

Q (th < b’XtZ < k,T > t2) (030)

b—uty k— uts t1 2bp b+ pty k—2b— uts t1
= N s A/ — ) —e-o? Ny , ;— ] —
oVt oVt oVt otz t2

wherey is given by equation&.2), b by equation C.4) and k£ by equation C.5).

Proof. We can decompos@ (X;, < b, Xy, < k,7 > t5) as follows:

Q(Xt1<bXt2§kT>t2)
= Q(Mgy, <b,Xy <b, Xy, <k,7>t) +Q (M, >b,Xy, <b,Xy, <k,7>ts)

= Q(Mgy, <b Xy, <k)+Q (M4, >b,Xs, <b, Xy, <k,7>ts).
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From equation@.16), we know that

k—utg 2y k:—2b—,ut2
ME <b X, <k)=N —e2' N[ ——— =) C.31
Q (M, < by < 1) = (AR ) ey (B2 ©31)

Setk; = b andk, = k; from (C.26), we know that

Q (Mé),(tl Z baXt1 < baXt2 < va > t2) (C32)

2bp —b— uty k—2b—ut2' t1

- N( ot ol E)‘M( oVt oVl Vit
Putting C.31) and (.32 together, we have

= Q (Mg, >b,Xy, <b,MY, <b Xy, <k)
—b+ pty k— pto t1>

Q(th < b,Xt2 <kT> t2)

b—uty k— utsy t1 2bp b+ pty k—2b— uts t1
= N ) /| —e°? Ny ) yTA ]
o\t o4/19 to ov/t1 o+/t9 to

H

Remark C.13. In fact, by lettingk — b in equation C.30), we have fol) < ¢; < t,, the
cumulative distribution function d\%tsl’t2 under the risk-neutral measufg is given by

b—put; b— uto t1 2bp b+ puty —b— uts t1
B) = N =) e . “1
15 1, P 2<a¢a’ ovis Vi) °7 ’

oL oVt T\t
wherey is given by equation.2) andb by equation C.4).

Proposition C.14. For 0 < t < t; < to, the F;-conditional cumulative distribution func-
tion of Mtf’t2 under the risk-neutral measufg is given by

ovti—t ota—t T\ ta—t
2
B ﬁN lns%—i-u(tl—t) —1115%—,“(752—&_ ty —t
S, 2 oVt —t ovia -t Vita—t])’

and the corresponding;-conditional density function is given by

Q
Fovs (C.33)

(B,w) =

(1115% —pltr—t) mE —plta—t) g —t>
Ny

(a)
t,M?°

¢ s (Bw)=-=F
f» tl,tz( ’W) aB t’Mtsi,tz

(B,w) . (C.34)
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Remark C.15. The sef{ M\, < b, X,, < k} is equivalent to the setX;, < b, X;, <
k, T > to}. In fact, the equation@.30 gives us the joint cumulative distribution function
of M ,, andS,, and forK < B,

FQ

S
M o

b— uty k — uto 1 2bp b+ uty k—2b— ute t1
= N , ) —e N2 , A )
ovt1 o4/19 to ov/t1 o+/t9 to

wherey is given by the equatiorC(2), b by equation C.4) andk by equation C.5).

. (B,K) (C.35)

ta

Proposition C.16. For 0 < t < t; < t; and K < B, the F;-conditional cumulative
distribution function of\/; ,, andS,, under the risk-neutral measu@ is given by

th?Ms 5. (B K,w) (C.36)

t1,t97°t2
. g —p(tr—t) mg —pulta—t) [t
-2 ovii—t  ovia—t Vit

2
C(BYE (St ot g 2 ulmt)  fr
5 ot oV 1 CVh—t)

wherey is given by the equatiorC(2).

C.2 Under the measure)

The measuré) is equivalent ta). Under the probability measurg, X, follows an arith-
metic Brownian motion

dX, = jdt + odW,

with drift

0.2

? )

p=r+ (C.37)
and

Wt:Wt—Ut

is Q) Brownian motion. We present some conditional cumulative distributions under the
measure).
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Proposition C.17. The cumulative distribution function dﬂ(fT under the measuré) is

given by

In £ — T B —In & —aT

Q _ TR el O el E S T M
g, ® = N( T ) (%) N( T ) (€39

and the corresponding;-conditional density function dw(fT under the risk-neutral mea-

sureQ is given by
) In & — iT % [(-mE —pr
O, B) = L _a(om ), <5> Y it
Mg Baﬁ ax/T BO’\/T So Jﬁ

- 20 B ~
2/_,L B\ 2 —lnS— — [LT
——— | = N| —=2 .
Bo? <SO> < ovVT ’ (C.39)

whereji is given by equation&.37).

Remark C.18. We have the following relationship:

0 .o B9 ¢4
aSOFM(fT(B = SOGBFM(fT(B)' (C.40)

Proposition C.19. For a fixed timeg € [0, 7] and0 < z = S;(w) < B, the F;-conditional
cumulative distribution function defT under the measuré is given by

- InZ — j(T —t) B\% [(—ImB _uT-1
F*Q (B — N[ 2 —(Z)" N St C.41
t,MgT( ) ( T —t (st) oVT —t (G4

and the corresponding;-conditional density function dﬂ(fT under the risk-neutral mea-

sureQ is given by

B 1 n & — (T —t) 1 B\2 [(—In& — QT -t
B BO’\/T—tn oVl —1t +BO’\/T—t<§t> " oV —t

T % (-l - T -t
2 (E) N (s o ATZD) (C.42)
Bo? \ S oyl —1

wherefi is given by equation.37).
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Remark C.20. We have the following relationship,

0 20 BO 5
——F"9% (B,w) = — 7=F5% (B,w). (C.43)
aSt T St 0B tMir

C.3 Under the measureQ*

Now let us introduce a measuég, which is equivalent t@). Under the probability mea-
sureQ*, X, follows an arithmetic Brownian motion

dX, = pdt + odW;

with drift

0.2

o (C.44)

and
VVt* = Wt — ot

is @* Brownian motion. We present some conditional cumulative distributions under the
measure)*.

Proposition C.21. For a fixed timet € [0, 7], the F;-conditional cumulative distribution
function of S under the measur@* is given by

. In& — (T —t
Ft?ST(K7w> =N ( % - ( )> ) (C45)

oVl —t

and the corresponding;-conditional density function &7 under the measur@* is given
by

. In& — (T —t
ft(:?ST(K, w) = KU\/lT——tn < n sta\//% )> , (C.46)

wherey* is given by the equatiorC(44).

Proposition C.22. For 0 < t < t; < ty and K < B, the F;-conditional cumulative
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distribution function of\/;? , andS,, under the measur@* is given by

FY (C.47)

t,Mﬁ7t275t2 (B,K,w)

_ N lns%—,u*(tl—t) lnsﬁt—,u*(tQ—t)‘ t1—t
ot —t ’ o\t —t Nty —t
B %N Ing +p*(ti—t) mg -2 g —p(ta—1t) [t —¢
S, 2 oVt —t oia — 1 "Vt —t)

wherep* is given by the equatiorC(44).

Proposition C.23. For 0 < t; < t < t3, K < Band0 < z = Si(w) < B, the F;-
conditional cumulative distribution function @f;%, and S,, under the risk-neutral mea-

sure@* is given by

F™9 _ (B,K,w) (C.48)

t,Mt‘S:Q,StQ
oy (rE-re-0\ (B ?JN mE —2m 8~y (ty 1)
N oty — 1 S, oty — 1 ’

wherey* is given by the equatior(44).

C.4 Under the measure)

Since S} follows geometric Brownian motion equatiod.{9 and S? follows geometric

Brownian motion equatiord(20, and let
1 2 1 2 2
& = exp —§O'QT + poosWr + /1 — p20. Wy

1 1
= exp {—gpzagT + poa Wi — 5(1 — pH)osT ++/1 — pQJQW%}

and define an equivalent probability meas@réy dQ/dQ = ¢ and by the Girsanov the-
orem, we havéV; = W} — po,t andW? = W2 — /1 — p?o,t are standard Brownian
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motions on the probability space, F, Q). Note that under the measuge
ds} -
o = (r + poroa)dt + o1dW,
t
a5 _ 2)d AW} + /1= p2dW?
S (7’+02)t+02(0 ¢ T+ —p t)'
or equivalently
1 .
S} = Sjexp {(T + poiog — 50%)75 + Uthl} , (C.49)
1 . .
S? = Slexp {(7’ + 503)15 + 09 (thl ++/1— ,02Wt2>} : (C.50)
By changing variable, let
S 2 S
X;=In—o; and X;=In_; tcl0,T], (C.51)
So S0
By Itd’s Lemma, under the measuewe have
dX! = jdt+ o dW}, (C.52)
dX? = padt + oo(pdW}r 4 /1 — p2dW?) , (C.53)
where
0.2
i = T— 71 , (C.54)
2
o = -2 (C.55)
Under the measur@, we have
dX} = jndt+ o dW}, (C.56)
dX? = [idt + oo(pdW} + /1 — p2dW?), (C.57)
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where
. o}
M1 = T — 7 + pPo102 , (C58)
2
fg = 1+ % . (C.59)

From [12], we knowQ (MoslT > B, 5% > K) is given by

0 (ng; > B,S2 > K) (C.60)

lns—éqL,ulT lns—g+g2T
= N2< £ 5 §P>

0'1\/7 ’ UQ\/T
2pq

B\ -2 1 S _ Tlns—g—QﬂlnS—é—l— T
+( ) VA e K Poy N T H2t
2 )

Ulﬁ ’ UQ\/T P

Notice that

Mg;<3)—Q(S%>K)+Q(M3}>B,S%>K>

(ng;<B) ~14Q(S% < K) +Q(M5?1T>B,S% >K).
Putting equation@.20, equation C.13 and equation®.60 together, we have

Q(M(flT < B,S2 <K)
= Q (M5 < B) - Q (83> K) +Q (Mg > B, S} > K)

S} 52
_ N (—lnfo—,ulT —In 32 — T )

B 0'1\/T ’ UQ\/T P
(B)QJ?N S T 3+ 2p2m % — T
S(% ? 01\/T ’ 02\/T i

Proposition C.24.For0 < ¢ < T'and0 < z = S} (w) < B, theF;-conditional cumulative
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distribution function oﬂwf} and S2 under the measur@ is given by

2.Q
Fites g (B Ew) (C.61)

lns%—,ul(T—t) lns%—,uQ(T—t)
Ny PP

ovVT —t = oo /T—t
<B>2:%1N (—lns%—,ul(T—t) lns%—2pi—flns%—u2(T—t)‘p>
— 2 ) )

S_tl o v —t ’ ooV —t
wherey; is given by equation@.54) and u is given by equation.55.

Proposition C.25.For0 < ¢t < T'and0 < =z = S} (w) < B, theF;-conditional cumulative
distribution function ofl\lf} and S2 under the measuré is given by

z,Q
Ft,ME,},S%
N In & — (T —1t) Ings — (T — )

2 o vIT —t ’ ooV I —t i

<B>2:’121 —lns%—ﬂl(T—t) ln%—2pg—flns%—ﬂg(T—t).

S1 2 ovT —t oo/T — 1 )

(B, K,w) (C.62)

whereji; is given by equation@.58 and i, is given by equation.59.



180

Appendix D

A-Hedging for Protected Barrier option
and Rainbow Barrier option

The price of the Protected barrier option and Rainbow barrier option at time 0 are derived
by [12]. In this section we just present the results. For the derivation of the formula in
detail, we refer to12].

Proposition D.1. The price of the Protected Barrier option at time zeR¥30(0), is given
by

So *
mB—+m> + B, (G(T) - G(t*) + H(t",T))

PBO(0) = e "'RN =
q00) ( Y 5
+So (Fund B, B, So, u*,t*,T,0) — Fund B, K, Sy, u*,t*, T, 0))

—e "I K (FunqB, B, Sy, i, t*, T, 0) — Fund B, K, Sy, i, t*, T,0)), (D.1)

where

Git) = N <—1n %\2’”) + <%> N <—1n %Jgﬂt) , (D.2)

HEET) = N ln%+[bt* —ln%—ﬁT._ t_*
( ’ ) B 2 oVt a\/T ’ T

2/i

So\ 2 In % — gt* —In2 4 4T £
+ (= N. B , B gy D.3
(%) 2( PN r) ©3
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and

FundB, K, So, i1, *, T, 0) (D.4)

~ N (—ln%—ut* —ln%—,uT. t_*)

ovt*+ ' oJT VT

So\ H [~ gt —InS g 2m% T [
_(_0)0N2( nZ+p n ngy —pud
B

ovE VT | T) |
wherey* is given by equation@.44), i by equation C.2) and i given by equation&.37).

Remark D.2. From PropositionC.3, we see the formula (17) in Appendix A3 ] is
incorrect, which leads to the time zero price of the Protected barrier option formutbZjn [
being incorrect. What we present here is the corrected formula.

To find the the number of units to be held in stoglat time zero, we take the partial
differentiation equation¥.1) with respect taS, and get

B
55.PBO0) (D.5)

. 1 In 50+ pt* R

= e ™R P B + = (G(T) - G(t*) + H(t*,T

e ( - ) S o) - aw) + H@E,T)
+ (Fund B, B, So, u*, t*,T,0) — Fund B, K, So, u*,t*, T, 0))

R 0 0 . 0 .

0 0
—F B,B T - —F B, K T
+So ((950 Un(( , ,So,,u , T , ,O') (950 Unq , ,So,/L , T , ,0'))

—r 0 * 0 *
—e TK <8—&)Fuan,B,So,/L,t ,T,O’) — a—SbFuan,K,So,u,t ,T,O')> .

Proposition D.3. The price of Rainbow Barrier option at time ze@®BO(0), is given by

RBO(0) (D.6)
K
= SgP(BvKﬂS(%a337[1'17/1270170-271—') - TP(BvKvsé7sgaﬂlvﬂ2vola027T)1
er
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where
P(B,KaSé7S§7u17u270-17027T) (D7)
("Rl mE T
— 2 O'lﬁ 9 0_2ﬁ 5P
20 2 1
- (s_g>—f§N 3% T 3 225 4T
B 2 Jlﬁ ) 0_2\/7 P

and u; is given by equationG.54), u, by equation C.55), /i; by equation C.58 and i,
by equation C.59.

To find the the number of units to be held in statkat time zero, we take the partial
differentiation equationld.6) with respect taS;, and get

0
—RB D.8
e 0 1 Q2 5 = _ K 9 1 o2
- SO 1P(B>K7507507M17M27017027T) T 2P<B7K7S07SO?M17M270-170-27T)'
0S5, el 0S5

To find the the number of units to be held in stagk at time zero, we take the partial

differentiation equationl.6) with respect taS2, and get

0
——RBO(0 D.9
0
= P(B7K7S(%?Sg)/lln&%alvo-%T)+S&WP(B7K7557587/117/1270-17027T)
0
K 0

~oragzt (B K50, 50, 1, 12, 01,00,T)
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Appendix E

VBA implementation code

Figure E.1: Integration implemented in VBA code for the Digital barrier option with a
random time

Public Function caleulate_integration tTit As Double, bT As Double, _
St is Double, B As Double, r As Double, mu As Double, vol As Double

Dim N iz Integer
N = Application.Power(z, 13)

ReDim ti(N) As Double

For i =1 Ta N

ti{i) =t + i/ N * (bT - t)
Next i

Dim temp As Doukle
Dim sum s Double
sum = Exp(-r # £i{1]} * time_t_conditional CDF_MaxStl _wrt_B(t, ti(l), St, B, mu, vol

For i = 1 To N - 1

temp = time t_conditional CDF_MaxStl wrt Bit, ti(i + 1], St, B, ma, vol
— time_t_conditional CDF_MaxScl_wre_B(t, ti(i), %t, B, mu, val)

surw = swn + Exp(-r * ti(i + 1)) * temp

MNext i

calculate_integration tT = sum

End Function

Figure E.2: Integration implemented in VBA code for the Protected barrier option

Public Function t_conditional_integration t1tZ (t1 is Double, t2 As Double, time_t ks Double, _
5t As Double, B As Double, r As Double, mu As Double, vol As Double

Dim N As Integer
N = kpplication.Power (2, 12)

ReDim tiiN] As Double

For i =1 To N

tifi) = £l + i/ N * (t2 - 1)
Hext i

Dim temp Az Double
Dim sum As Double
sum = Exp{-r * ti) # [cime t_conditional CDF_MaxStitZ_wre E(St, B, mu, vol, tl, ti[l), cime &) _

- phif({Log(B / St) - mu # (tl - time t]) / (wol * Sgricl - time t))) / (B # vol * Sgri(cl - time_t])
For i =1 To N - 1
temp = time_t_conditional CDF_MaxZtitZ_wre_E(Sc, B, mu, wol, tl, ti(i + 1), time_t)

- time t_conditional CDF_MaxStltZ_wrt_B(St, B, mu, vol, tl, ti(i), time_t

sum = sum + Exp(-r * ti{i + 1]} * temp
Next i

t_conditional integration ticZ = sum

End Function
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