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ABSTRAGT

The thesis is mainly concerned with the possibility

of obtaining nonetrivial limitation theorems for (A,A.)
summeability methods, It is showvm that for o large class
of methods, including the (A,nq) methods where ge¢l, the
trivial limitation theorem cannot be improved, However,
it is found that non~trivial limitation theorems do
exist when the sequence {4+l satiasfies certain conditions,
In particular, the following conditions are considered,
vhere o{x) = logx or x% and a<l,

(1) o(du)=o{An) ¢ > 0,

(11) 2[o(A)T"F converges,

Pinally it is shown that these resulis can be used
4o obtain o number of inclusion relations behween
various (4,7.) methods,
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NOTATIO

The symbols 2 and J should be read as 3,": and J‘”,
Exceptionally it will be convenient to use S to denote [
but this will be apparent from the text,

The sequence 2.} should always be understood to
mean o strictly-increasing, divergent sequemcs of positive
mmbers siarting at 4, . Whera {logA.} is also discussed
it will be assumed that A >1.

Other notation should be unamblguous,



coNTENTy

Introduotion

Chapter & _ »
’ it 48 shown that Tor a certain class of
{4,).) methods no non-trivial limitation theorems can
exlst,
Chapter 2
A non-trivial limitation sequence is
ohtained under the assumption that A, = A 3> ¢ > 0
for each n and scme g<l,
Chepter 3
This contains the high indices theorem
which deals with the methods for which logA., ~logi. > ¢ > O,
Chapter L . .
A limitation theorem is proved under the
assumption that 3 ALY converges for some qe<l.
| The condition that 2(logh)™ shouid
converge is considered., The case when Awk./A. 2 ¢ > 1
for some positive k is slso mentloned,

Some inclusion theorems are obiained,



INTROTUCTION

0.1

A series, 2a,, will be sald to be summable (A) to a
sum s (that 1s, sunmsble in the Abel sense to o) if
3a,x" converges to a function £(x) Por 1xi<l and £(x)-s
a8 x»1-0, The method derives its name from Abel's
theorem on the continuity of power series, which
ostablishes that if 2 series converges then it is
summable (A) to the same sum, A summability method with
this property is sald to be regular, An exgmple of o
series which does not converge but 13 gummeble (A) is
the series =(-1Y**L, we have

P2 X - g as x>0

= o+l

It follows that 3(-1)™ 1s sumsble (A) to = .
less trivial example is the series 2( 1)m1 “Z which 19
is summable (A) to (1-21"%)2(z) for every complex z,

We shall mainly be concerned with o generalisation
of thisz method, Suppose that {A.} is a strictly increasing,
divergent soquence of positive numbers. Then Za.. will be
seid to be summsble (A,A.) to sum s 4if 0,0 XA converges
to a function £(x) for >0 and £(x)-s a5 x+0+, The (A)
and (A,n) methods are then identical, A few exzmples are
given below.



The series 2z" converges to z(l«-z)“l only for izl<l,
However, it is sﬁmmable (A, 1+nlogn) to this function for
every z not in the interval [1,~), This example leads to
some useful results in the theory of analytic continuation.

Y/e have glready seen that the series z(ul)m'l is
summsble (A,n) to = . In fact, the series is summable
(A,nk) to &£ for each positive k, It is algo summedble
(A,log(n+1)) to L . However, if we take {2.3% to be the
sequence 1, 3‘,&,6,7’ «»s W& obtain that

Z(—OM e o 5"(/-519/ (-6%) > & as xzo0+

And so, with this choice of {A.} , 2(-1)“*1 is summable
{A,2.) to %, The sories is not summsble at all by the
(4,1l0glog(n+2)) method, Nor is it summable (A,0") where
gel, ' A

Consider aleo the series 3n"+~1¢ wyhers c40, This is
summable (A,1l+logn) but is not summable (A,n).

The question of the relationships connecting sone
of the (A,\.) methods is discussed in Chapter 6,

0.2,
The (A,2.) methods are gll regular, This is easily
proved by the following argument.

Suppose that Jg,. converges to s. We lose nothing by
assuning 8=0 so led us do this. Wow put g. = %’a-,-. Then 8.,
is bounded, say by H, end given e»0 there is an N such
that for n>N, Is,l<e. Also, for =0,

ad® o Se et



And

-]

> I o e/A...x' < | ]

N+

It follows that

Iﬂ‘ke‘a"x/ < H(éq'x"' e'%%) +€ > € as x9OF

Hence
. &7
Zdne - as w3 O

0.3

A limitation theorem for s given summability
method (P) will be said to be a theorem of the type,
' Sa, summadle (P) implies g, = 0(u,) '. The sequence
4,7 will be sald to be a limitation sequence. For (A,4.)
summability 1t follows trivially from the definition
that the sequence {eaa“} is a limitation sequence for each
€>0, The bulk of this thesls is concerned with obtaining
non-trivial limitation seauences for certain (A,4.)
methods, This leads to soms inclusion theorems vhich
connect various of the (A,%.) methods. An inclusion
theorem will be said %o be one of the type,' 2a,.
summable (P) implies Sa,. sumsdbie (Q),'



CHAPTER 1

l.1
Suppose that Za,, is summable (A,%.). Then Zaue“eﬂ“
converges for each €>0, and hence a,, = 0(e®™) for each
£>0, This simple limitation theorem will be called the
‘crude' limitation theorem for the (A,2..) method, At
first sight it does not appear thgt anything better may
be true, and in fact this chapter will show that for a
large class of (A,4.) methods nothing better is truas,
However, in general the crude limitation sequences are
not the best that can be obtalned, and the following

chapters wlll be concerned with obtaining others,

 Suppose {u\,? and {v.} are two 11mitation sequences
for an (A,A.) method and that w. = o(v.), Then we shall
say that fu.} is stronger than {v.}? ., If we only have
that for some subsequence {n.}, u..= o{w,_), then we
shall sey that {u,} is stronger than {v.} on the
subsequence in.}.

In this and the following two chapters we shall
consider only limitation sequences which are stronger

~ than every crude limitation sequence, It will constantly

be useful to refer to the sequences §y*f and §m/},

where , ‘
* * ¥
Kim = = e EUT
s A
&
In particular, we shall show that if 1im -ﬁ-—— > 1,

then there is no limitation sequence sironger than every



erude limitation sequence,

1.2
We shall first prove a thecorem of Austin®

sbout the sequence fy] defined in §1,1,

THEOREM 1,1

Suppose {u..} is a limitation sequence
for (A,A,) sumability which is stronger than every crude
limitation sequence, Then

poo = Ofewy -

Proof
Suppose the conclusion false, Then either

b [bcte]y =0 or é_w[-“:ﬂ%‘?:-]«uwo.‘

Suppose the former, To obtaln a contradiction we
now construct a series, 2a,, summable (A,2,) but such
that 1t 1s not true that a, = 0(uw,).

Let n, be the least integer n such that

Then define n, so that
(y 2y > Myt

* 4,C.,Austin, J,L,M,8,, 26 (1951), 30L~3207,



Now let Vil m=

’V’“"y 3 M:‘—‘My‘f’l

ay =
0 otherwise
)
Then 'y -X 4"v“ —Xﬂﬂv Py
O 5 ane + dyue = W.,,(e - "

Dup P
= Vuy X f e"bygéj S Vim, X (/)n.m" %) e.l ’
Py

’ -2y ¢ .

Vﬂny(ﬂ_”L_—-—L(;;ﬂ").xﬁ"ve S 577

It follows that E(a“,e“xa“"-r aw“e“x““'*') 1s uniformly
convergent for x»0, And so if £(x) is its sum, then
f(x) »0asx -+ 0+,

To complete the proof we Just need to show that
£(x) = za_“e“a"x, sinece then 2a, is summzble (A,4..) to O,

Now since {u,} is stronger than every crude limitation
sequence it follows thaet for every x»0, u, = O(e *XAW).
Hence e_,(ﬁ,,v’ _ -xMy,

g ¥M] < 1o Vi ¢

_ 0(ve+i-xﬂnye_xﬂn,9
- O™ = OveE)

Hence Zg, 8% 4 gbsolutely convergent, and the
result follows,

- I é_"’[ ﬂ“;_;'ﬂ“]qm =() the proof follows the same
lines,

Now if {uu} is stronger than every crude limitation
A



— & ;
sequence, then l1lim —*%—1—4"— = 0, Hence 1t follows from
the theorem that if

,/Z;./Zié’-‘—>0

then no such limitation sequence {u.} can exist. A
typical example vhen this is true 1s the (4,4.) method

with 4, = logn,

This result zllows us to prove the following
lemma, | |

LEMUA 1,2 e
Supposetr L S > /.
w‘é‘f%

Then there sre no limitation sequences for (4,4.)
summability vhich are stronger than every crude
limitatlon sequence,

Proof : o .
We merely need to show that lim %‘3 > 0.
Now, there exists gn N>3 such that for n>N

wtogrr < Dpes = o
Hence
Avat + A
Eu R
But :
¢ﬂﬂ = | a;‘——"::" ’?:‘—-; .ama . QN-H_. AN’

Thus Mt < “NTI:(’*" 4”> A en 4}(/»«@ )

* Note that there are no (4,4.) methods with n(logn)®= O(4’)
where a>l, since then 4,= 0(1)

-7



A 62‘/1"&"})

Hence Anet <

1 < v - e-1) .
But 4:_";;@1 <N. @z = dyiy '@@”'

Hence for some H, A, < Hlogn, for each n,

e gl > GLEGD - g [10 Ghefsjf e e

Hence Zont «ézfﬁln >'O .

1.'3

In fact the class of (A,A.) methods for vhich
there sre no limitation sequences sironger than every
erude 1limitation ssquence is much wider than the previous
lemma might suggest, In particular the (A,n) method
falls into this class, |

THEOREM 1
There is no limitation sequence for

(A,n) sunmebility which is stronger than every crude
limitation sequence,

Proof
Suppose fu,f is a limitation sequence for
(A,n) summsbility which is stronger than every crude
1imitation sequence, |

Now $(~1)™n is summsble (A,n) to -F and so
certainly u,>1 for every n, And, since {u.] is stronger
than every crude limitation sequence, Su.x" converges
for every x=<l, It follows that if we define v, to be



nu,, then
. L : ' ‘
3 Aesns 'VMIW = , . [1]

Now let np = & and define w,, so that

= V‘i‘”‘k s MM < e
o - .
o ’ ofkertse

Then for ng € n g 2n4
J‘ ——
Vg | 7% < Ju™ € 1 Vame|™

It follows by [1] that Tmlw, {* = 1, and so S, x
converges for every x<i,

Now define ( .0 ( ) s , M= Thtg
<4< M)
O olterwAise

’
Then agme = FNeUaw . S0 fual does not dominate
fa.}. Hence if 2a,, is summsble (A,n) we have a contradiction,

Now la.l < W, for each n, It follows that 3z x™
converges absolutely for each x<l, to a function, say £(x),

and ‘ ot - mb . . k
foo = Zax™ = 2% (——“i') J—ﬁ—o""ﬂ"’( 7

2

o) - miz
“ e () fx6-= .

=y

But (Ma) {x(l-t)} < (q.) and Z k(lr) converges



by comparison with Sy, (ﬁ)n.

Hence £(x) - O as x » 10, It follows that 3g , is
summable (A,n) to zerc and so {u,} canmmot be a
‘1limitation sequence,

Thls theorem can be generalised quite easily, by
 using known results, to the class of (A,2,) methods
which have A.= £(n), where £(y) is a strictly
increasing, unbounded function for y»l and has a
completely mo otonic derivative on this range, The
methods with A, = nd (0<a<1) and A,= logn all belong to
this class,

Under these cnditions, e =t (y) is a completely
monotonic function of y on the rangs y»l, for each x>0,
Hence* [e™*™} is a completely monotonic sequence for
each x>0, It follows that*® there is a function a(x,t)
such that

e"‘x““ = J; % (x, t)

vhera V[a(x,t)], < 1

Thig in effect, transforms the problem from one
dealing with the sequence 4.1 to one desling with the
sequence fn}, And this problem we have already solved,

However, this theorem is contained in the more
general theorem which follows, so that further detail
would be gsuperfluous,

¢ See Widder's '"The Laplace Transform', p.158,

«*5ee Widder's 'The Laplace Transform', p,108, In the

notation of the book, o
V[__oe(x.-l')] HZIQ* l -40‘2""4:.«.‘ f‘o-exlf | .

14



1.
We .now show that Theorem 1,3 generalises to the
class of (A, 2.} methods which have lim ﬁ!> 1,

ZHEOREM 2,1 :
THEOREM .

Suppose '—'—‘:“ﬂ’ > 1.

Then there are no iimitation sequences for (A,4.)
summability which are stronger then every crude
limitation sequence, '

The proof of this theorem is rather long and is
most conveniently dealt wlth by proving s series of
13mma81 ’

LEMMA 1,5

* .
Suppose é'_."',%"> | . Then ﬁ,,ﬂ—ﬂ«. = 00).
Proof , | *

There exlsts an N such that for wﬁ,,’gl > 1,

Hence for n>N
am—c "/A‘“ < '?J-

o

Also M. < H"L'.

4
"

' m
It follows that M < M IE‘(‘* ;’) = Oﬁ‘) :
And hence Mo =2 = OO),

Suppose ho,h,...h,, are n+l numbers and
that f
® ." 2’ l\o' _&’92- ko“
Hq'liq'l""v* - éB‘-FP a'l q’:.u“' %f‘

o<6; <P

i



where p snd q,,4,.s. 4, 8Y¢ non-negative integers and
q‘i *q’j » Ocq.,‘n (131; . .1‘) .
Then,

(1) Rearranging the order of the q,... Q.

does not alter the vaiue of Hfz @ *
¢ el -

(ii) If r»>s»1 then
()]

_ oy OO H;P-z) => r)
qu.,% N Hq,,-..q, H¢'~4r H%ﬂ 4 B E H“&+ ~Ye

- (2 (2
(111) H = Hq,‘._q,,ﬂ qu Y~

v~ Fees
ba, - 4,

’

Proof
(1) This is obvious,
{11) It is clear that

@ %P f‘/ (l) ”)
H"’rf""r = Tq 7 % -4, *--F ”‘72-»‘2

The result then follows by induction,
(111) |

f) » P r)
i,.ﬂ - H"i' G H%}' ¢2-"¢ H¢ Y

g -1 1)

= (ﬁt»f, +4¢;H¢3 et B ) - (e by v # WAS *H” )
(4;-4{) Ui G v v oA ) B,
&) o HO’ HY s Hg-;}

4,“ G bru ¢z“¢r

i

"-ﬂ

r-rl 4 ) H” I)zn‘l ‘g% Gi) .

2



Before poing any further, a few points of notation
are necessary, Given a tzble of values, f; = £(x;) for
i=0,1,..,n, of a function £(x), the expressions 27f,
and ", ore familiar as r'P order forward and
backward differences of the table, Thus

Ao}‘ﬁ{ = v(").‘& = {
A‘(}; -f N . _ A“-c) -_-f,;
v‘lﬂ £ '_ =) f _ =

These definitions are of most use in connection
with tables of a function evaluated at equal intervals
of the argtment.' However, we shall be concerned with the
~ function ¢~ evaluated at the points y = A; (J = m-n,..n),
To deal with this case we introduce ‘'divided backward
differences’ denoted by V''fi end defined by

Y(O).f;: = i":
YYo= Y4 - YL [1]

= 1=

X — Lg-v

i

where £; = £(x).

Ve shall also define an entity quz .4, a8 the
ﬁm,--«».- of the previous lemma, but with h; replaced [2]
by & for 1 = O,lyuoon‘

From now on, whenever n and n are defined so that
m>n, we shall take h,; to be defined by

1

i3



We are now in a position to prove the remaining
lemmas,

LEMMA 1,7
- If m>n, then

Yme-l aw = Z-L -,'E

7=9 4=0

o 1 w?-

/4 %)

where the dssh indicates the omission of the term with i=}],

Proof
Suppose we have a table £, = £(z;), (1 = 0,..n),

Then V4 - £ .

Now suppose

Then, by [1], © .
(33
Vm;ﬁ Y f‘—| - Y ;f-

(]

= (= % ij}_l

zﬂl"‘xa"-s-l s —I-E G TPUICI-’W )
1= "r E £ 75) $=C=8 A

=w—-\-— {r::f:-s_-c_ +23e(t - N }

e Xes-1 { TC(; - xﬁs_.) PP, T (7(‘ %) '\T (x;7(5) -ﬂ:(\’z %)
g
_ © ;ga.
= <7
g=cs- M (4 Xy )
» Vgt
becauss
_!__ _ ! xr “7{-(‘_3.. 1
~t, r/ = e,
T i T O -5)
A 3 -5 r-g—)

I



1t follows that - ,

_V_.(")Z,é = Z 7'564 -%;

ZEMan poing 7

g.
D 7

Hence, teking £, = e "')(j = 0,1,...n), we obtain that
P

—7( 94..?;

¢
Y “)e’xﬂm

aasme
r

7’%’(4 )
since, by [31, © =0
A Ao {7‘ v

m-q mp

Proof | |
Since h; is defined as A.-A.., (1 = 0,1,...n),
it follows that

©) - ﬂ,.‘.k x e 14 e _7(“;-.. ?‘ A 9«‘
Yo)e x = g g" = Z Ee __&_.{:laze x &

Now suppose that )
o A 7
¢ Rn-to ~% x
V s)e 22 - Z e ;—-——! H,éé*, Res

Then, by [1],

G1? o \V4 ) oMt _ V(s> —xAm-te

Y e-' = Vv e Y e
Mt ~ Apatp—s~1

&> E e
- V e-om\mk _ ‘v e-?‘

——

“4{'-&5-” - 44’

15



Hence

: e W &-s) _,, =
Y e XAm-te = _xﬁ‘“ JC"{ Hkﬂ Kesry Hk 493}
"S
'} 4‘&”—9 — 44
- e”‘ﬁ“‘ x" H(J—S—O
9_5‘_' '(e kﬂ k-o-sﬂ

by Lemma 1.6{111).

It follows that
("7) M = ,xﬂu 7’ (} ")
-X — : x°
Ve 5 Sy

‘But h, = O and hence by Lemma 1.6(ii)

-1 ")
' 'L/a = Hgf .
¢ T
Thus
’ oV ¢ .,,A..,, & ;2
Y e = .Z\ / }ll,z-..ﬂf
==
o0 : ;.
2w ¢ G-
Z e T =N = () em(/—e
f=n . Y.
- ~ /
Broof
[~

~2nK 5 ot )] ) _2nx ” ) -
2L é _9_5__,% _ e—""”"_(l Ve _ &) it
2! - T

s=n

,,,I
fn/
N -/) ”l)e = )™ (- -")
*".’ J—"" /
1

i



Proof of Theorem 1l.U

By Lemma 1.5, AM#I_ ﬂu ot O(‘) . But
summebility (A,4.) is equivalent to summebility (A,k4.)
where ks0, Ve may therefore assume that

qﬂ&-t"?‘“ < | . U—l]

It follows that A, < n for each n.

We may also assume that z3 -‘-’fi =0 , since
othervise %= %2 >O . But this, together with the
assumption of the theoz'em that <= é‘-‘l >/ means
that % :@%":_' > ¢ . And we have shovm by Theorem 1.1
that this condition implies the conclusion of Theorem 1.4,

The condition -@w L7 =0 , allows us to say
that the sbeissae of convergence and sbsolute convergence
of any Dirichlet series Jawe “xhe ore the same, However,
~ the condition is more ugeful in another way,

Suppose {u.} is a limitation sequence for (A,A.)
summability which is stronger than every crude limitation
sequence, Then if v, L u,,, certainly v,>1 for each n,
and ’é'.j; "% c’unverges for every x>0,

Now let nj = hk, and let me be the smallest integer
such that Aw» 2np, Then cortadnly Au,-w, > 2wy, » For
convenlence let us write 1x = mg-*iin and suppose that
Vi 18 defined so that 1 & Vi € Bp. Now define

" = Vy, , s ms mk, (k=0,..)
o , oltererise .

It is clear that 2w, does not converge.

rd



, ) m:l’* (‘k:O,t.u)
Vs

O |, olkertstse

Ao

Suppose {, %ﬁ

Then the abeissa of convergence of Syle™¥
but 3v! does not converge,

is zero,

We now use the following resuli¥ys 11? 26,8 XA is
a Dirichlet series such that Za., diverges and

P 4’%/2%""/

NPoo
then the sbelssa of convergence of 2o, e % e 8 is zero,
We sec that
lorst 4@*/£ZZV = O
N o ﬂu “

But £w, < Nv!. It follows that

N,
B o G JEEE o
NP0 N .

A N A0 * w0
Hence zw”e"xa“ converges for each x»0,

In the preceding lemmas, 1,6«1.,9, toke n and m
to be ng and me rea:pectively, where these are defined
as dabove,

Then, by [3], h; =Mmp - A -2 (4 = 0,1...n ), But
A= A< 1. It follows thad for edch i

%4; < 4 . [5j

* See for example Widder's 'The Lsplace Transform', p.u3.

iy



Now, by Lemma 1.7, we have that

—2tAmy -
Vénk) e_.x ﬂmg Z Ck,; ] #
~ | #=0 [6]

: M , -~
vhere Cg4 = [ 3;[0 (% '4")] -

Tow definme Ck = ICik,cl = 19%,, 1Ck; 1, 7]

Fix the Yk used in the definition of w,, so that
Vi = mp=K, Then certainly 1, < £ k.

Now define |
v Gy N, m=mg (0eg < )
<k

0 0%@11‘}45:&

)

Then

Hence if 3a, is summsble (A,%«) it follows that fu.}
cammot be a limitation sequence for (A,2w) summgbility,
This will be a contradiction,

Néw, vy (71, l Chy ‘g |

(=0, 1)
Ch
Hence Zg,6 ~xhe is sbsolutely convergent for every x>0

by comparison with Sw,e X, Now supvose 3a e >
has the sum £(x)., Then

foo = Z“‘"" Zi\/yh ZF‘* ~xlug-g

=

: Vk VvV
f(w) = 2 c‘k e [8]

=1

Hence, by [6]’

19



But by Lemma 1.8

Bie 4 . GF-me)
MR _xH i ~x l_
R e X AMp - e H”"'"k

—

-'ng

Angd by lLemma 1.9

Lo }““_
] {e (1-¢7)

Algo for each 1 = 0,1,...ne, B, < 1, by [5]. It
follows that

ﬁ _2X 3 N(:"””k)
> I
=% 2! ‘

4-Me) (1""4¢)
Hl-..'hk < N
Hence AR -2 "R
- 4 -
exﬂmn Y(me)e x e o ol e [l D
m
and so Me) _xAme A { -x '-e—"()
V e € 1€ }

since dme > 2n,.
Therefore from [8] we obtain that
b { v -~ Me
] < Yy, —— {7 (-€%)
],-90‘ é L Ch { }

But m
| T -br | < !

because th ~h,/1 < IK=~il,

1$e0) < i Vil 5 e --e"()}mt
=y

Hence

9l

But since e ~(l-e™™) g7 for x»0 and also
N >t Ame=1, it follows that the series, [9], is
uniformly eonvaz-gent (shw ()™ convergee by comparison
with 5w e % ).



Hence £(x) - 0 as x = O+,

It follows that Sa,. is summsble (A,%.) to zero,
which furnishes the required contradiction,

-

1.5

We have proved Theorem 1.4 for the class of (4,%.)
methods vhich have lim £ > 1, In Chapter 2, we shall
show that limitation sequences stronger than every crude
limitation sequence do in fact exist for (4,4.) methods
with Tim -,,/—:'— <l, For (A/M\.) methods falling between these
two extremes the position is not yet clear, Certainly
the result of Theorem 1,4 holds for e wider class of
methods than that for which it was proved.(For instance
it holds for summability (A,n) as was shown in ‘heorem
1,3), However, for such cases ame (A,nlogn) summsbility,
vhen, as with (A,n) summability, lim £» =1, nothing can
be seld either way as yet. It seems probeble though,
that if any limitation sequences of the type we are
discussing do exist for these intermediate cases, then
they will not represent any great improvement on the
crude limitation sequences. For example®, 5(-1 ™ is
sumsble. (A,mlogn) o (1+x)™>, for each x>-1. It follows
that if {y,} is a limitation seguence for (A,nlogn)
summability, then e*® = 0(uw,), for each as0,

Exaetly vhere the line Lalls which divides those
metheds for which no owverall lmprovement on the crude
limitation theorems is possible from those vhere this is
possible, 1s a question of some interest. Porhaps a
nmore delicate condition on the behaviour of the sequence
{4t than that considered is called for,

% See, for example, Hardy's 'Divergent Series', p.78, *

&l



1,6

As might be expected we can use the method of
Theoren 1.3 to obtain a result for the Abel summability
of integrals, Ve conclude Chapter 1 by saying something

gbout this,

Suppose J‘a(t)e Xbay, cowerges to a function P(x) for
every x>0 and that £{x)<s as x+0+. Then let us say that
Ja(t)at is summable [A] to s, With this definition it
is not difficult to sghow that the summebility [A] of
J‘a(t)dt 1mplies that for each pooitive & and 6

xe€
St = O"D x>

The snalogue of Theorem 1.3 is then the following result.
There is no funotion, u(x), with u(x) = 0(e®™) for each €0
and guch that the summability [A] of fa(t)dt implies

that for each & and &

&
/ ’:/f),a— = /uw) S xpoo

A nodification of the proof of Theorem 1,3 will prove
this as well,



CHAPTER 2

2.1

In Chapter 1, it was shown that if 1im 4% 1,
then there are no limitation sequences for (4, A.)
summability stronger than every crude limitation
sequence, In this chapter, it is shown that such
limitation sequences do exist when Tim &% <1, A
typical exemple is the (4,4.) method with 4, = n®,
where p>l,.

We begin with the following lemma,

LEMMA 2.3 -
Suppose that 11m.£? < 8 < 1. Then for

some ¢>0 and for every n

’ s
ﬂfkl‘-ﬂw >/co

Proof
There is an N such that for npN

K

e n
vy ,
Hence Aney > ﬁ"qu (' + g)

It follows that there 1s an a»0 such that

2D



Y2 TT -%
But L - = T[('*f—) e 7
Z z2=1 7

where ¥ is Buler's Constant.
Hence, for large n,

—f/é - A
T 13 Tle& %
;’J{('* F) > 3 Tl(_é.) 251

" and also

It follows that there is a B>0 such that A. > fn.
Also, for large n,

(B=y-1 > Gear) -1
;L'— - "f.é.':f.)(;';>2+ > ;:: .

Hence, for large n, we have that
o

e Al > LA >2p.

The result then follows.

_ In the following 1%t will be convenient to introduce
a new notation, If p>l is defined we shall write

AE_:“«.

2,2

We now prove Theorem 2,2 which 1s fundemental to
this chapter, It is stated here in a rather different

a4



form to that in which it was firast proved by
Miss Cartwright* but the proof 1s essentially the
same , '

THEOREM 2,2 o

Let p>1, B« 3‘5(1-%) and A’La A,
Suppose that zame""\“"" is absolutely convergent

for w>0 to a function £(w) which is bounded for w»0O.,
Then 3a,e “%Z 45 uniformly ‘summable (A,4,.) to

F(z) 4in the region largszlgB, where,

o iCe Yoo -< r{s) S
Fo = 5[0 2 [ 2) T

for ench K>0,

K-100

To prove Theorem 2,2 we need two lemmas,

LEMMA 2.3 | —
“ Let ¢(w,s8) = 3a, /) e "'*, Then for
R(s8)>0 and w0,

¢/w':s) = %[M&'f/aﬁuf)ﬂ

* M.L,Gartwrigh‘b, P.’,L.M,S., 31 (1930); 81“"960

Miss Cartwright states the theorem for the case
A= n, but, as she notes, the extension to the above
is immediate, Also her statement does not mention the
uniformity of the summability but, as Kuttner pointed
out, her proof is sufficient to prove this as well,

&



Proof ‘
-yﬂf

c - M Al - et -u'l
ATE) = [47 ¢ = pf«"e"
Hultiply both sides by a.e WM and sum. Then
o |
T6) Zia A7 F L L ety

term by term integration being Justified by the
absolute convergence of Ea,ne””““ for w»0.

LEMMA 2.4
Z\.z - Ay
Suppose £(w,z) = Zg.e" . Then,
for R(z)>0, fargzl¢f and w0,

o ke oo
f/wi?) = m%ff/u'iu’)%“—f (z-) _.;(7:1% s

k- 10
where K>0,
Prool
For K»0 and iargzh: =,
e'A"E = ,/0 /.\ T F I TYds .

-z

Multiply both sides by a,-ue"'wp“" and sum, Then, for EK>0,
w>0 and largzi< &,

Ke loo
£z = o ﬁ i’s T @pls)dds

term by term integration 'being ;justified by the
absolute convergence of Zg A P e for w0,

Al



Subpotituting the result of Iema 2,3

Faizy = 2%1_ f 21;1‘1_13(_:2 (s ") e s
ke TG % | [1]

for K0, w0 and targzlic L.
Hotr, for !awvzlsﬁ, the double interral

f f / =T ::;gu& w”)} lds| e

converges by comparison with

0 P
J‘“ I e(m/-;z&,u)/ﬂ(_;fe’a'u e 2

vhere E»0, w0, 2 = rel®

positive nunmber,

s 8= K¢lt and € is any

For tarpgzigf, we may therefore invert the order
of integration of 1] and obtain the reeult of the
lemma,

For w0, r»0, ¥»0 and 16 1B, write

e - g e Ik - O]

It folliowe tha;h
i
[ |22, 0 )&

converges, Hew suppose w,>0, Then f(w Pee?) = 0(1) ag
ue0+, uniformly for Ogwev,. Also £(uPsv) = o™ Aty
as u=s, wniforaly for Ogweyw,, Hence

L7



/0 f(%mr IZ );’E“—

is unifornly convergent for Omgw,, . Thus for K0, r>0
and | O 1¢p

3R - 2o fwlay = j: fabIE )

WO+

Yo now schow that #(z) is a uniform linit for
largzl-:ﬁ. Connider

| Fe) - f(w,z)l < ?f |z || 165 - f’“““))'a’

M
= 2 (TR D - feI G

But there existo an w, cuch that for Ogugyy and
every positive v and v, 19(rPv?)-f (2" v )1 < €, And

anticipating the result of Theorem 2.5, which does not
use the unifornity of the 1imit in its proof, 1t is

clear that
| f/I[~a7<)}é";!

converges and is bounded for | Olgl, It follows that
M(z) 4o o wiform Jinit for lorgzled,

Theorsn 2,5 now follows quite naturally, This 1s
again duc to Miss Cartwright®, ‘

= ibid,



THEOREM 2.5 b .
Let p>1, B« '1'-'—(1«-3'-) and A\.= Au,

Suppose 2a,, is summable (A, ‘A.,,) to «, and further
that Za. e~ ™V 1s sbeolutely convergent for R(w)>0,

Then 1f F(z) is the sum of the series Za e~ ‘™%
in the (4,4, ) sense, F(z)=a as z+0, uniformly in the
angle largzlgp,

2roof
Write u = rv, and otherwise use the notation
of Theorem 2,2. Then, for K>0, r>0 and |6 I8,

Fee®®) = p [ F50 T(E) %
o oo .

Consider the integral
e ""(-‘)
vhere C 1s the rectangle with vertices X -iT, X +iT,
K,4+1T and K, -4iT, vhere -1 <« K, <« 0 < K,, The integrand
is regular for R(s)>-1l, and provided |© i1<B, the

~contribution from the horizontal sides vanishes as T
tends to infinity., It follows that

f/I({;,K)/v f/l: —us)/”“’ +f/r/—, ,)I——

and so is uniformly convergent for 16 1«B.

Algo £(rPvP)-a as r+0+, and £(rPvP) 1s bounded
for positive r and v. We can therefore proceed to the
1imit under the integral sigm of [1],

aq

[1]



Henece oo

16
Flee™® = prr(%,k)-;'ﬁ’

4‘-;»04- o

’{ﬂﬁv
M s—*ﬂs 77(5)4‘4_ Ay 48:’(5)4
-] f ) f )

unifornly for L igp

Both double integrals converge gbsolutely for
10 1<B and so we can invert the orders of integration,

] "
If R(s) = K,>0 then ,};vs"ldv s

5
If R(s) = K.<O then j"?rs"lav =

1.
| <]
g & T
/fwn F(-I‘e10 -‘lﬂ'z {f f } = T(:)&‘S

L T2 ]

Hence

Consider this integral around the rectangle G used
previously, The horigzontal contributions vanish as T
tends to infinity, and we are left to compute the
residue at the simple pole at the origin, But

ewnt e-1@$ TI(S) - /sfnz Sene -7-’:—!5( _
- s®o T ‘F) "7 pwTrs P
Thus .
Ao Flre™®) = o
20+
uniformly for | Bi<B.

2,3

In the followling we shall only be concerned with
sequences §A.] such that iim ?g:_’ = 0, 1n which case
" ;

Y

30



the abeissace of convergence ond absolute convergence
0f the serice fa.e” ¥ are the same. By Theorene 2,2
and 2,5, the oingle assumption that Za,, is cumsble
(A, 2.} is then sufficlent, ac we shall sce, to obtain
thet the function £(w,z) = 3ae” ™Y¢™ M 1 unifornly
bounded for w»0 in the angle largsl € f < = (1-= l)

Wew, if WA 6 - ALt convorges gbgolutely to g(t),
then gl{t) is uniformly olmoot periodiec and

-
Loy L
A s Zo i [ Jpttr) o -
Hence, writing £(v, @ +it) = z(t), we obtain that

[a,eh¥ 22| < sz/fWﬁmth

T=>x

However, for each fized ¢’ >0, wo have 1nf’or~mation
gbout £{w,0 +1t) only for & Lfinite ranme of ¢, This
ronge i in foet the line cegment AB in the diapran
bolow,

The followvine theoren of Inchom® pesolves thic
problen for the ease vhen A ~Aw,2Y>0.

® AJ3.Ingham, P.C.PyS., 46 (1950), 535-537.

2/



Suppooe thers is a ¥s0 such’ that for
each n, A A, Y, and that {t) is defined by

N’ .
208 = ZN e

then I
| (7
Il < #(0)| A

a sinilar res:lt holding for the case of infinite series
vhich converge uniforaly on [~ , % 1.

Proof
Gonsider m particular A,, say Ag. ‘rite

glf)e'[ltt"' Z‘_’\n -(A-Ay )'t"'r Z"é - ¥l
~He

whers ¥ is & pufficiently lorge integer and Y, = 0,
bo = A, vhile Ymg VY, < Y(ml) ond «¥m » v, > =Y {(ml),
for n = 1,2, ,.,/~1,

This arrangement is possible beesuse (-, Y)
cannot contain any N Ay excont 0,vhile no intervsl,
[ ¥m, ¥(ms1)), or (=« ¥(zs1),~¥n], con contain more
than one of the mumibers A=Ay, If o Ac= Ay 1o
contoined in the interval [ Yn, Y(m+l)) take v, to be
this, Otherviso take Y to be Y1, Similarly for the
interval (= ¥ (m1),~¥nl. For Yit > max(Av-A,, A - A
all the termp of p{t) will be sceounted for,

Led M4l , M
Plwy = T (w-%y , Qw = ",]1[(«_)’“)
~H#

/I,
vhore [|, indleates tho omission of the term, (u=V,),

22



Resolving into partlal Irectlons,
Poy _ L ke

@) M u- Y
where
= m ona M = /&”"‘ "‘_f_?!"i) = QO
Q' (¥ %‘{k‘" M QM) '
flow def'ine
M yamtr
4 (f) = Z("')m km-e
Then - Wy t. ’
kmw) = f »/cﬂ‘)e.“ A
“x ¥ .
" (Ym-aa)lr
= ek, [ e o
- i )
M . > S u® )
3 0 I Petica s PNy Y%
- oM —14 .
Now 7 " M=t
félf)}ﬂ‘)eﬂ’}t = HZ‘;”/((){.,).
| “M+|
T

But &(Y,) = 0 for méd because P(¥) = 0 and 2sin "—‘-,;’-[Q(u) 3-'
is aa interral function of v, Also

- = ﬂm - gﬂk
kw) = k@) = 2T T - i 40

Honee

l6$6] s o, ]km[fr/%/(-)/;u—

Tow 0'(¥n) tales the signs + and - alternatively
a8 n talkes in succescsion the values M Mel,  ..,~1,

23



the gamo 1o ftrie of -¢{( ¥m) if we count mel, ond
Y, , ThePs myl, ac - 2nd + respectively (even if
they uwe zero), oxcevt that ~P(¥m) keeps the same
aiem for m = 1,0 ond -1, This determincs the cigns
of the ¥,, Thus

PO 5o k= M <o (mPpO) .
/() g Q'(¥m)

It followe that

" M
max )] € ikl = %-‘ZMZ\/KM= Ak, .

Fet< L "

Thenefore

(43
o] = I Fel« 2 [ luol#

Henco

7y
lay) < %f |40 |k
7

fhe resldt for uniformly convergent sories
follovws immediately,

2,8

vie ave now in o ponition o prove the limitation
Zheorom we have been loading up to. This is a
peneralisation of = theorem of Kuttner®, vwho proved
it for the cane A, = n°, vhere psl,

AN

¢ B, Xuttner, J,L,1,8,, 37 (1962), 123=125,

34



et p>l and A,‘ :Aw , Suppose that
A,‘ A,, 2 YV>0, for pome ¥>0 and every n, Then if Z2a,,
is sumnsble {A,%.)

A
4= Oe"™)
for each > Ztmn G Er

Ppaaf
since A,~A., 3 Y>3, thc sbelasce of
converconse and sboolute converpence of the serles
506" ane the came, Ve oma thorefore use Theorems
2,2 and 2,5,

How

%/W,z) = Z a, e"ﬂ"we‘A"2

and, by i‘heevam » Tl 2)=F(2) as t+0s, uniforaly
for 391‘?’2363&3}(1";) Farthernore, by Theoren 2.5,

F(z)=x ap zed, tmii‘amily for jarpzigp, vhere o is the
(A,A.) oum of Zm.. It follows that F(z) is bounded,
nay by i, Dor largzigh.

2

Trite z = O 1%, ond dake g{) = 2(v,P+1t) and
A, = 2,8 A, o ~Auc in Thesren 2,6, Then

[, 8™ 2] < “’/’ " $souits)dt .

Now fix o = T-cotf, vhere @« 3!—(2.-'5)* Then
theoarhoud the ronge of insegration of [1]

| argoeitr| < g

35
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But £(w,z)~F(z) as we0+, unifornly on the line
segment, AB, It follows that we may let w+0+ under the

integral sign of [1], We then obiain

r .
I“«JA“&I & 1‘?{5 E!F{d’iﬂ".’)lﬂu' s <4,

Finally, it is clear that 1f K exceeds T tan

then there is a P such that B«:'—"-(lm-) and also

S = ., cotf = K, Thias completea the prooi‘ of the

theorem.

COROLLARY 2,8

Suppose im -,,4,'5 < 8 « 1, and that
Sa, is summeble (A,A.). Then there is an A such that

&, = O&Mi) -

Proofl : :
This follows immediately from Lemma 2.1.

Theorem 2,7 it a best possible re‘sult, in the
sense that ne smaller lower bound for K will suffice,
An example of Kuttner's, derived from the following
repult of E.G Phillinstwill prove this,

* §,6,Phillips, P,L,M,S,, k0o (1936), L436-LL8,
36



LEMIA 2,9
Suppose za,e"A“B has a region of
absolute convergence and that it defines a function
£(s) with singularities 5. for an = 1,2,.., Suppose p>l,
and that AL = 4., Then the series is summable (A, 4.)
in a region defined by the inequalities

|ag (s-su)] < Z(eF

Now take A, = n, s0 that A.-A. = 1, By the
lemma, the series Sz" is summable (.l\.,np) for all z

satisfying

ol tan &
.' * Bl< T

~ < e ;

e
where g = rei .

Taking 6 =+ it ig clear that 22" is summable (A,np)
for values of » arbltrarily nsar eA, where A = T tan 23;1_ .
I% follows that Theorem 2.7 is a vest vogalible

result in the sense described.

37



C TER

This chapter is concerned with (A,A.) methods
for which M. = 0(1). In this case, {A} must eatisfy
the 'high indices' condltion. This means that for
some ¢>1 and for every n

Asy = B

Theorem 3,1, the high indices theorem, was first
conjectured by Littlewood?® and later proved by Hardy
and Littlewoodd® by their method of repeated
different:!.ation. The proof given hex'e, however, is o
simnler one due to Inghamuss, ‘

THEO ﬁM 5‘1 )
Suppose that Za,, 1s smmnable (a,2.)

and that A, = 0(1). Then

= O
- Proof
For some ¢>1 snd for every n
’ﬂ'u-, > ¢ﬂ~l . [1]

# J,B,Littlewood, P,L.M,S.,(2), 9 (1910), L34-48,
«# @,H,Hardy and J,E.Littlewood, ibid., 25 (1926), 219-36.
we AE,Ingham, 0.Q.7,, 8 (1937), 1-7. -

38



Write £(x) = Sg e X

ch-pl < H. [2]

. Then for some H,

Now choose a>0, Then a,,e"”"'“ - 0 asn- oo, It

follows that we can take m to be the smallest index
such that

[awi ] = "*xx!«,,a“““) I

Consider the function p(x) = h(27% 2"‘:) It is
clear that p(x) increases from zero at z=0 to a
nmaximum of 1 at x=1l, It then decreases to zero as
xsn, Finally, it is 0(x) for small x, and 0(%)1‘01*
larpge xz, Now, define : :

R
’P(x) = ['r(x)]

Then ?(x) = f4(a'* 1")_-] Z\Cfgv 2 » séy;

=0
R R
And 5‘&-) = [4 Clg—l)] = ®

~=20

Now define

F, (x> 2_1 AP = al s ¢ gV

n=0 =0

L (V%) R
Z‘c‘\ Z A(x+V, 2 . f{x +Y )

2 =0

Thus, by [2],
: R
EGo| € Slle)H = He®
~=p :

So F(x) has a bound independent of both x and «,

27



No:‘ga}_ |E,.(£)] = ’2&;41,.&73[4_&))

mn=0
= | g™+ 2L %EM'P(%)’
> Jag™ (|- Do
? | ’{ ,,%‘.,?(a:::)} S Y
But 1t follows from [1], that for r>0
o\m . Am— -
——Q—;f- > & and . < &

Hence

IR < ZTR) ¢ PG
< JP(e) + S(eD

s ﬁ(ﬁ-')]“'g;ﬂp") + [pmf"é‘é(rf)
= L1 20009 + [p1™ F0(p9)
] += ’
Thus, for large enough R
SPE) < &
2 TED) < -

It follows from [4] that

‘%e‘q"‘“} s aHg®
Hence, by [3], for every n

awe_%“] < ,'ZHQR



And thus, allowing « to tend to zero, we obtain that

g, = O0.

We have then that {1} is a limitation sequence
for (A,%.) summsbility &f 4. = 0(1), Also, by
Theorem 1.1, we know that if {u.} is a limitation
sequence stronger than every crude limitation sequence,
then f = 0(w,.). It follows that if {11 is =
limitation sequence, then /. = 0(1). Thus {1} is a
limitation sequence for (A,A.) summsbility if, and

only if‘ /‘4,,, = 0(1):

W



CHAPTER 4

4,1
Up t0 now we have been looking for limitation
sequences vwhich are stronger then svery crude limitation

sequence, To obtain theorems of this typs we found it
necessary to insist that the sequence §A.} should
increase not only rapidly but also steadily., We ensured ’
this by imposing conditions on the sequence §u.} defined
by

fow = max [Ank?‘:a” ’ aj':"an-.]

However, vhere the sequence {%] behaves irregularly
it nay be -hhat while no overszll improvement on the crude
theorem is possible, there are yet limitation sequences
which are stronger than the crude ones on some subsequence,
In obtaining this sort of limitation sequence we can
escape with considerably weaker conditions, In this
chapter, for example, we shall be largely concerned with
(A, A.) methods for which 2 A% converges for some gel,

b,2

We shall again use much of the notation of'Chapter 2, -
In particular, if p>l is defined we shall write AL =4.,

THEOREM L. 1

. Strppose %a. is sumsable (A,4.) and that,
for some p>l, 3 A, converges, Then for each £>0

42



We first prove two lemmas,

LEMHA L. 2
Auni_
TN NP’ A 4,,] Oliepmy.
Proof

This follows from the fact that for O<x<1
1-*: > -(1 -zF). ‘

Before proving lLemma h.3 a few definitions are
necessary., .

. We shall denote the E'ourﬁ.er transform of a given
function by a capital letter, Thus given £(t) we define

F(x) by ‘
Ftx) = f e"“’f/é)(# :

The convolubtion, S£(t)g(z~t)ds, of two functions will
be denoted by £{x)=g(z), and the convolution of n funetions,

£, (X)’pbtgfn(x)y by
»
;[zieﬁg) . | - [1]
The Fourier 4ransform of [1] will then be
M .
T E. 60
gt 7

%We shall also nge the fact that if fel. and is
continuous and also ¥eL then

#3



fw - = [ & Fo

Finally let us define 6(t) and A(x) by

Sty = 5 mo o <
md Ay = [ SO = P (e fe np
o Y =0)
Thus

A(il) = 0 [2]

TEMMA b

Sunpose 2/\'," converges, Let A>0 be glven
and suppose that € is any poglitive number, Then for
each large m there are functions h (t) and H,(x) with
the following properiies.

b Heo - Fh
(v [l < 1 .
@i L) =0 Fo IH=Ae
@0 HlA:A) = O P mFn
O ) > 62 metnlplip)
Proof
Def'ine

gw = Tl sun]

HH



Then

-
7[ -PA Y

Fow, 8(A.t) is zero for Iti > AL . It follows
that j (t) is mero for 14l 3 wm . « Also f6(t)at = 1

and hence et
[liwn < { fima] = 1.

inag by [2], for n«n,

m-/
A= N v Ay _
T, (A ) = TACEZZY) = 0

-

Also define

meN
Autt) = T e agant
et

Then

2t
| - T A2l
k;nh( (7() F=mel ( A)‘ )
Now put
M - T PAY Al Am
km(") = Ny }{MN 0 = ;'Z,,,Z:q ( A; ) :

That the infinite product converges for each x follows
from the convergence of 1.4 , Now, for Np2, k. [(t)eL
since it is then a continuwous function zero outside a
finite interval, Also K,.(z)ck for 2. It follows thab

%ml\( #) = ;7'; e-atkm/(")ﬁéc :



Then by Lebesgue's Convergence Theorem there is a k (+)

such that
Mé) = /V->ao /é)
and

km(x) = 7[A (1’ A"“) ﬂdzfénﬁ‘)»f

mEf

-
Now, 6( A;4) is zero for Itl » w4y . It follows
thet Xk, (t) is zero for Itl » T34, Also, for each N,

[ )% < { favkl”

Hence

[1A.m)% <

And vy [2], for n>m,

kfnon)= Ta(s o ”‘")

mef

We can now define h (%) = 4, (t)*k.{t), so that
3,(x) = J.{x).K.Lx). Clearly h (%) and H.(x) satisfy

(1), (11) =and (1v), and for large enough m they satiefy
(1411) since h_{%t) is zero for

H> e 2%

and this expression tends to zero with m,
It remains to establish (v).

Choose some ¢>1. Let the mmber of . such that
NS A 20N, be # +1, Now suppose it is false that

#‘ = O(AM)

Then for each &>0 there is a subsequence { Am} such
that

#6



mh
anen o 0o ‘
Zx> B
= O = " DN, b,
00 o0 s
£ Awe . £
n=y My /

Wow, for O«z<l, A(x) > i-x, Hence
| o] = {TFA( };;Ef(/l”)} >;'},-(‘ &)’E,("'

Bat . ' -t A —Am_ m

And o = o{A,. ). Algo we have hLemma 4,2, It follows that for
large n ,
m-i /] . -£A __é‘A
TO-58) > (em)y™ 7~ &
. {r[ ’
Also
- NApir— ».)
T (- %) > (D=l

An<A; <fA,

- Thus, Lor large n,
—E‘A”\f -é Am

Tr (I—- .___..-) > (’*ﬂm . 2

A <A <¢A

/74

£

3]

[4]



T (- 42) = o | 51 %g(i- 2)]

A~7/¢A f ﬁA
But _
- AM — ‘- 4.. — "_g. 4“.‘.
45’(1 Z}')Z {,‘P + }" a1 A
flence
AL Sx
AEA{, 20 7 é’”P{ A é‘A’} '
I+ Pollomws that for large enough m
"~ -~ £A“~
‘71-(""/34‘:)2 e ?® | £5]
A}7/¢/’m ¢

Combining [3], [4] and [5] we obtain (v). Thie
completes the proof of the lemma,

Prool of Theorem L.l
First £ix an e>0, Now since
2 A7 converges, the abcissac of convergence and sbsolute
convergence of the series 3.6 ™V are the same, It
£ollows that we may use agaln the regullts ol Uiss
Cartwright's used in Chapter 2, Thus if we fix
ae F(2-5) and write

f{w)g—) = Z ﬂ”e— ﬂnue. Aui}

then £(w,z) is vniformly bounded, say by H, for w»0 in
the angle largzige,

Let us take the A of Lemma L.3 to be =tenx, Then
if Iti<he

| $lo, 646 < H (11

“4E



But _
/o 4,0€) em"'ff/u, de ¥ ) A S, Mstel H (4:4.)

é—ﬁmue-j-e/l“ IZ"/D)

i

And b,(t) is zero for Iti>Ac by Lemma 4.3(1i1), Hence

{3
|a e st | < ol H [ 140l < bl
-he

Allowing w to tend {0 zero, we obtain

oAl < Kl ¢ HeEE A S 1)

Hence

4, = O Agliep) )

L.3
It is possible to combine the gbove method with

that of Chapter 2, We can then obtain a limitation theorem
for a somewhat wider claes of (A,A.) methods,

Let us say, Just for this chapiter, that a sequence
j4.} is sparse if, for some p>l, the sequence {4A.1 has
the Pollowing property. All of the points of {A.}] belong
to one of two disjoint subseguences {AV] and (A%

wnere ,
(1) Acl,i.n A} o ¥, for some Y >0 and every n,

(11) =2 Zr:, converges,

In the following theorem p and Y are as defined

above,

#9



THEOREM L !
Suppose that Za,, 4s suzmna‘ble (4,2, ) where
{8.7 1s sparse. Then for each €50 and each >FtenZ

4= O(e’m”(/%-)m")

Proof
Choose a large m, Clearly we can choose

sequences { A’} end { AP} satisfying conditions (1) and (11)
and also such that A.e {AO].,
Atter Theorem 2,6, we may take fumctions k,(t) and
K,(x) such that '
B Kntw = [ bt |

G k] s ERuo) #0
(Y 4, t) = O Lo 1El2 T .
@ K (A p) = 0 Fer nim,ASM.

And similarly there are functions h,(t) and H,(x) which
satisfy Lemma 4,3 for the subsequence [ AJ}.

~ Now define

B = -';a'—‘z) { b (6) s %mlé)}

: ki () H, (0>
BM () = M > =
,"[o)

Hote that i"or each x

| Bn 00 ) s s X //{‘,nﬂ) <

)



Now, for Mom,

o, AL L o, )
o0 ) ~fe
= g AL )+ Za ™D, )

M#
But the loft hend side has a bound independent of M and w,
for oppropriate k, vhile the second term on the right
hend gide tends to zero with M, The result then follows
much as in Theorem l,1.

1



CHAPTER 5

5.1

In Chapter 2 it was shown that non-trivial limitation |
theovems could be obtained for (A,A.) summability under
the assumpiion that for some q<l

ﬁ:;,_Az;i>O.

Ve went on to show in Chapter 3% that a considersbly
better result could be obtained if
*‘éfﬂ”f! ‘é;ﬂ‘u =z Y >0 .

Our Pirst concern in this chapter will be to show
that in the same way better results than those of
Chapter L can be obtained by replacing the conditilons
there on {4%} , vhere g<l, by the pame conditions on
the gequence flogAJ . Vie then go on %o make some remarks
about the case when for some k>0 and o>l

L !
W > ¢ > 1.

5.2

Throughout this chapter it will be convenlent to
write A, = logh,. Ve then have

THEOREM 5,1

Suppose Za,, is summable (A,A..) where
- 2A! converges. Then for esch &>0

4, = /O(A:A"[t.«-/(")’ﬂ”) .



Pirst we need two lemmas,

LEMMA 5.2
Vi A—A ] O(Adiepy)
Proof

Choose ¢»1, Wow suppose A, <¢A, . Wo have
that 1033:!‘; > l-x Tor O«xz<l and hence

A - _ P
e~ D 71 A

+/

Therefore
An(—l < d A 9;--&0
Anf, - A n q"‘fl —q

And if A, 39A, then
| ‘ Au+| ‘ __g__

I)“ﬂ - 4 w ¢ - ’
The result now follows,

Lemna 5.3 is a simple extension of a result of
Hardy's®,

Let a< T, Buppose that Za, is sumsdble
(4,2.) to s and further that Sg. o =27 15 absolutely

convergent for w0,
Then 2,47 is uniformly summsble (A,%,.) to a function

P(z) in the angle largzige, and F(z)=s asg z+0 unifamly
in this angle.

# G,H,Hardy, ¥.M,., 39(1910), 136~139,

s3



Proolf of T.emmg 5.3

Let £(t) = Ea,,e.ﬂ“t. Then
£(t)=s as t+0+, Now put
| ~AW -2
f[u;?) = A, € Z,.
- -ﬂuﬂ ”2-1 At
- - fo Z-t
Tiz) | t jf/‘l.)w-é)aa‘

The integral converges unifornly for w»>0 and hence there
exliste
Aeow - =1
R - e = e[t foue

We must now show that F(z) is o uniform limit in
the angle iargzig¢u, Choose an &£»0, Then there is an w, >0
such that for Ogwgvw, and for i»0

[f({') -f[wi-é')/ < £e_ﬁ't

Hence if R(z) =¢ and largzlice

| s - > | < |7y /a G - flrely [

< A7) Fes |

It follows that F(z) is a uniform linmit for largzige.

We lose nothing by sssuning that e = 0 o let us do
this, Then, given &»0, there is a §>0 such that for
O<tgd, 15(t)i<s, while there is an H such that for 8,

1e(t) 1<He™ M,



Thus -
IFe| = ,#,;,ft FOd |

,T'cz)‘ 50 fe‘w- * ,&""w)’

6 s = ) He §y
,—.»-r'tz)' A g""‘ wz)

-’«\t

Hence F(z)+0 ap z+0 uniformiy in the angle targzige, This
completes the proof.

Proof of Theorem 5.1
After Theorenm 11,1 this presents
no difficulty, In fact if we substitute Lemma 5.2 for
Lemma L.2 and Lemma 5,3 for Miss Cartwright's theorems
then the proof of that theorem stands slmost word for
wrd,

I% is worth noting that Theorem 3,1 cannot be
obtained from Theorenm 2,7 by the shove technique (that
is writing logA. for 4% end then using the seme proof),
By this method we only obtain that under the high indices
condition A5} 1s a limitetion sequence for each B0,
This is a considerably weaker reunlt than the hipgh indices
theorem, In view of this, it seems probable thet
Theoren 5,1 is by no means a best possible resull,
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Ve now nced to say something about the Rieaz
punmabllity methods, VWrilte

ck) ' *
By = Sh(m-4n) 4
| As™



Then 35, is sald to be summeble (R,A.,k) to s if
,éﬂpé/“) -> S a6 mFoS
Summability (R,%.,k) implies summebility (4,4+) if
and only if

g i
This is a result of Kuttnere,

The sequence §(1+/¢w)k} is s 1limitation sequence for
(R,An,k) summadility, This is established, for positive,
integral k, by the following argumentas,

Suppose that Zg, is smma‘ble (R,2. ,k) to s, Then

"bs«r%‘(w' "‘) - st v o )

Write w = A, + Jh for J = 0,1,...k, where kh = A4 -’A..,..
Now take the kt'h difference of the k+l pquations so
obtainad, Since the k' arrrerence of (w-% ) and that
of wk gre the same and equal to g constant miltiple of
hk, say phk‘, we obtain that

4 4 e
A Ty = 2t ., (e
F=y '
3@:133 _ m . ( Aary >
~ ?’» = + Qﬂfl"ﬂ"
=l

& B Ruttner, P,C.P.8,, 57 (1961), 61«75,
## See Hardy and Riesz's 'Theory of Dirichlet Series', p.36.
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The following is a theorem stated by Koremblyum®,

THEOREM 5.4

Suppose that for some positive integer k,
/f\v;&!_ﬂ > ¢ >/ ' .

Then summsbility (A, 2.) implies summability (R,A. k).

The followinglremut is an immediate corollary,

THEOREH 5.5
- Suppose that for some pos:!.f;ive integer k

?‘ui-&t-! 3¢> /

Then {(14/1,.)1"{' is & limitation sequence for (4,A.)
pummability,

Note that when k=1, Theorem 1,1 shows that the
above reault ia the best poasi'ble.

e B,I Korenblyum, Doklady Akad. Nauk. 5.8,8.R, (¥.S.)
81 (1951), 725-727. (I have not yet seen the proof).



CHAPTIR G

6,1

In this chapter we conelder some of the inclusion

thacrenes which can be obitained from the limitabtion
theorems we heve obtained sgo far, First of all we establisgh

the following welle-kmown result,

THIOREM 6,1
Suppoge that for each n

ﬁn-&l ¢>/ B

Then Za,, is gmnmable (4,2.) if =nd only if it is
convergent,

/e need a lemma vhich ig itaelf o wolleknown reguld,
The lemma holds if the 'o' is replaced by '0' but the
proof 1s much deeper,

LOINIA 6,2
Suppose that 3a,, is summeble (A,4.) to s

< Poa— q.w>

Then Ja, converges Lo 8.

and that

Eroof

vrite

. -AY
/ = Zﬂ@v =
2) = , T 2’_’,4

-1



Then i
2G) - Ty = el ) - Sad

M ’— ﬁ"?ﬁ
Choose an £>0, Then there is an I such that for
every nsN I A e
12.] < €( ~a.
Alszo there is an H such that for neN
(4] < H
w A7

- Suppose y<% . Then, pince 0 g l-e
we have that

Z«,,(/ ) < ZH(” e™Y) + eZ(m-mq)y{' -’M}

M=)

< 2,7 for y»0,

<€ HNAYy + Ey—- > € ae YTO+ .

- » ﬂ,.- ~ - _Q,.
')2 ;%é’ ﬂ”# < é‘a‘r“ v—-—-,}é"—-e ¢ < €y,a%(a an-l)
Iy 7 . z
Pt 2
<Q%Z‘f¢%<€}/e,d¢-—€
' 1"7§ - o

1% Pollows that
Ao /‘/l) 3¢->a+ /y') s .

3-?04-

Proof of Theorem 6,3

Lot £(t) = sa_o~ ™V Then
£(t)»s ag $+0+, Also if >0 then £(1) is uniformly
continuous for t2f., It follows that if £>0 there is a &0
such that for cvery t>0 |

| £¢6 ~ $1+¢8) | < €.
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In the proof of Theorem 3,1 4t was shown that

ir 1£(t)1<H for t>0 then 1t follows that la,l<CH, where
C 4is a constant which depends only on ¢, If, therefore,
in Theorem 7,1 insiead of £(%) we use '

f/t‘) - F(t+&) = b %(/—c’.q“f) AT
we will obtain that
4. (1- M) < ce

It follows that a, = o{l), The theorem then £ollows
from the lemma,

6.2

By ¢(x) we shall slways mean a function with the
following properiies, For come positive A, K and 6,

(i) Por xpa, 0(x) heas derivatives of all orders,

{ii) For x>0 and O«t<d

2./ A* _tﬁlxm)/ __x_‘_é < k
a . _ .
#eo dx‘k ‘k‘,

Also, vhere {M} is defined, by {A.}] we snall
alweys meen & sequence of the type {o({a.)}.

With these definitions, Kutiner® has proved the
following theoren

HEOREM 6 |
If Za,, 1s summeble (AyA.) to s, then

sa.0~ % 15 mumable (4,4.) to a function F(z), for z>0,.
and P(z)»s as z+0+,

% B,Kuttner, P,C,P,.3,, 45, (1949), 186-193.

&0



Ve have already scen, in Lempz 5.3 and in Theorems
2,2 and 2,5, that this holds for o{z) = logz and for
o(z) = 2+, vhere O<q<l. Some examples of other functions
for vhich it is truc are ¢(z) = z%logz, z+logz, zq-logz,
z/lopz, vhore O<g«l, An example for which it is not true
is the function z-logz.

Q

Cleariy, if wc have a limitation theorem of the
type,! 2a. sumable (4,4} implies a, = 0{e®*) ror
each >0 ', then it willl follow that Ja o “ % converges
to T(z) and we shell $hen obtain from Theorem 6,3 that
the (4,4,) method implies the (A, A,) method,

In this section we phall give owamples of some of
the inclusion theorens that can be obtained this way.
For the case ¢{z) = z% we chall use Migss Cartwright's
theorens rather than Theorven 6,3 since thece give a
- slightly stronger result., In this connsction it is
usefil to extend the definition of (A,A.) summcbility.
We shall say that fa, is sumuable (AA.,0) to s if
Ja.e" A3 converges for R{z)s0 to a function £(z) and
£(z)»s os z»0 uniformly in the angle lergzlgw, Ve then
obtain

THREORSM 6, L
Suppoee that for gome g,<li,
) %
qﬂ#' = au«o Y >0

Then smm*wbili'b:, (4,A.) implics svmmshility (A,’/L o),
vhere q, <g<l ond ¢ = Z(L-g).

Proof e
I% follows from Theovenm 2,7 that a, = 0(cM)
for cach &»0, The recult then follows from Theorems 2,2
and 2,5,

6l



wind ayE Lo
S R

Sunnose that DALY converges for some g<l
end also that M4, = 0(A5 ) for some fsny,
Then sumnability (A, ) lmplies summabiiity
(A, Ar08%) .

Proof Py
4 " c ‘ Sﬁ”‘é}—ﬁw
I+ follows From Theorenm Ll that a., = O(e ),
Tor each =53, And Theorem 6.3 holds for o(z) = quogz,
wvhere O<acl, The peguld followe.

THROREMN 6,6

- ‘
Suppose that 2(lopgi.) converges and
also that M. = 0{4f ) Por some 50,
Then sumnebllity (A, A.) imolies summability (A, (logA) ).

Proof

Theoren 6,3 holds for #{z) = ‘(10552)2'. We then
obtain the sbove resvlt from Theorem 5.1,

e
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