
tOPER 8 # F SERINS 
D$. 

11innoro. 

07 2'5 JuN 



ABSVACT 

The thesis is ralr'y concerned with the possibility 
of dbtaining non..trivial limitation theorems for (A,A.1 
=Inability methods*  It is shoes that for a large class 
of methods, including the (A.0n4) methods where 4410  the 
trivial limitation theorem cannot be improved*  However*  
it is found that non...trivial limitation theorems do 
exist When the sequence P.,,1 satisfies certain conditions. 
In particular*  the following Conditions are considered*  
Where 	= Iogx or 	and 41%1 

(i) 0(A.4-1) 0--) 

(ii) 2[40( )r1  converges*  

Vinally it is shown that these results can be used 
to obtain a number of inclusion relations between 
various (110.,) methods. 
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NOTATION 

The sztribola Z and f should be read as e4 and C. 
• ceptionaly it will be convenient to use to denote fr 
but this will be apparent from the text. 

The sequence {1.2 should aItvays be understood to 
mean a strict4r—increasing, divergent sequence of positive 
numbers starting at .. Where IlogAbd is also discussed 
it will be assumed that 2, >l,. 

Other notation should be unambiguous. 
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IntrocVaction 

Chop  
It is shown that Tor a certain class or 

(A, ) methods no non-trivial limitation theorems can 
exif3t 

Chaster 2 
A non.--trivia. limitation sequence is 

obtained, under the assumption that At, A.1"," e > 0 
for each n and some cal.  

chaster  
This contains the high'hulloes theorem 

It deals with the methods 	 c > O. 
04Eptav 4 

A limitat »on theorem la proved under the 
assumption that z A:I- converges for same c<<1 

Ohirotcr 5 
conditionthat (log) should 

converge is co fd rec. The case when A...Li/Li, ?-• 0 > 
for some positive k is also mentioned. 

Olgoter 6  
inclusion 	 obtained, 



/NTROLUOTION 

0.1 

A series, Zaw„ will be said to be sammable (A) to a 
sum s (that is, summable in the Abel sense to s) if 
x21" converges to a fUnctionf(x) for fxl<1 and f(x)-,s 

as x4,10.0. The method dertves its name from Abel's 
theorem on the continuity of power series, which 
establishes that if a series converges then it is 
summable (A) to the same sum. A sammability method with 
this property is said to be regular. An example of e 
series which does not converge but is summable (A) is 
the series Z(.0-1)n+1. We have 

Sic=";em44 'eft 

it follows that (-1)21+1  is Viable (A) to . A 
less trivial example is the series l(-1)11+11372  which is 
is =unable (A) to 	 ) z  (3...21-z k  )4,t for every complex z. 

We shall mainly 'be concerned with a generalisation 
of this method. Suppose that fa..3 is a strictly increasing, 
divergent sequence of positive numbers. Then Zs...  will be 
said to be summable (AIM to sum a if Za.t,e-x-  converges 
to a function. f(x) tor n>0 and. f(x)-.s as x4.04-. The (A) 
and (A,110 methods are then identical0  A. few examPles are 
given below 



The series Zz1  converges to 5(1.4-2)"1̀  only for I zi<1. 
However, it is shirk, rnable (Ail+nlogn) to this function for 
every z not in the interval [100),,, This example leads to 
some useful, results in the theory of analytic continuation. 

We have already seen that the series Z( .1)na is  
summable (A,n) to 	fact, the series is stumble 
(A,nk) to ± for each positive k. It is also summable 
(A,log(n+l)) to z However, if we take 11.3 to be the 
peg:gene° 1,3,4,6,7,... we obtain that 

6-1514 ‘71-74  ix0-4729A-F3D 

And so, with this choice of E 	x (.1)3'0.1  is summable 
(AO.) to -I-  * The series is not Mumble at all by the 
(A,loglog(n+,2)) method. Nor is it mumble(Ate) where 
0>1. 

Consider also the s 	Zn 	where c#0. This is 
summable (A,1+logn) but is not summable (Alm). 

The question of the relationships connecting some 
o the (AX,) methods is discussed in Chapter 60  

0.2. 

The Al2,..,) methods 	ell 	 a 
	easily 

proved by the following argument. 

Suopose that Zs,,, converges to as We  lose no 	by 
assuming s3x0 so let us do this. Now put a., 
is bounded, say by H, and, given s>0 there is an N 
that for n>N, 1 E344,1146 . Also, for x>0„ 

Z -44126  4,e 

 

   

a 
"T.  OiC X1P0+ 



And 2 
N+1 

It follows that 

1 21 < H 	e -44'4) i s E as PC4,00* 

Hence 

74  4..e 

0.3 
A limitation theorem for a given summdbility 

method (P) will be said to be a theorem of the type, 
summdble (P) implies 	= 0(11.) t. The sequenoe 

4,3 will be said to be a limitation sequence. Por 
summdbility it follows trivially from the definition 
that the sequence fes a'4? is a limitation sequence for each 
e>0. The bulk of this thesis is concerned with obtaining 
non-trivial limitation sequences for certain (A,1...) 
methods. This leads to some inclusion theorems which 
connect various of the (A01.4 methods. An inclusion 
theorem will be said to be one of the type,' 
summable (P) implies 2a,,, summdble (Q). 

3 



CHAPTER  

14 

Suppose that Zaw is summable (A11,...). Then. 204,e-°14" 
converges for each 6>0, and hence am,= 0(3611 for each 
e>0. This simple limitation theorem will be called the 
'crude* limitation theorem for the (Allw) method. At 
first sight it does not aopear that anything better may 
be true, and in fact this chapter will show that for a 
large class of (:A,1...) methods nothing better is true, 
However, in general the crude limitation sequences are 
not the best that can be obtained, and the following 
chapters will be concerned with obtaining others. 

Suppose 3uj and firj are two limitation sequences 
for an (A.0 ..) method and that u K  = o(v..). Then we shall 
say that fu,j is stronger than tv.3 . If vie only have 
that for some subsequence En,-1, u,,= o(v„,,), then we 
shall say that 4uj is stronger than tiLl on the 
subsequence in;}. 

In this and the following two chapters we shall 
consider only limitation sequences which are stronger 
than every crude limitation sequence. It will constantly 
be uneful to refer to the sequences be? and fi4j, 
where 

, 	/4, = ,r)gae Ele,p4 	• 

In particular, we shall show that if lim 	> 
then there is no limitation sequence stronger than every 
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crude limitation sequence. 

1.2 
We shall first prove a theorem of Austin, 

about the seauence b41 defined in q1.1. 

THEOREM 1.1 
Suppose (12.1 is a limitation sequence 

for (AIM summdbility which is stronger than every crude 
limitation sequence. Then 

= OA) • 

Proof 
Suppose the conclusion false. Then either 

   

=0 or 	--east " 1.14- 	 = 0 . I 

   

   

Suppose the former. To obtain a contradiction we 
now construct a series, Zs," summdble (10,) but such 
that it is not true that am, = 0(11„,) 

Let n, be the least integer n such that 

< / 

Then define n, so that 

* m,O,Austin4  J.L.M.S., 26 (1951), 304-307. 



Now let e 	144), 	1 41 = 41y 

	

"—VA"Pry 	) 44= My-t1 

0 ) eigerwise 

Then -ON) 	_ kkil 
S.  I A—X 4sf s?  —Nity+1) 

	

0 	Ave + sile 	= VaNy (c 	..."" e 

Ps,'Af  
= 11140x j e-141  affi 4 wisp  x (4N,,#,—.AO j z v  

Ny 

	

lam - Alp  ) 	e 	vz e / 

It follows that Z(ae -̀xAY+ 9.,yie,lc s'+') is uniformly 
convergent for ,m30,0  And so if f(x) is its sum, then 
f(x) 0 as x 0+ 

To complete the proof we just need to show that 
f(x) = Zt,,e1-14.x0  since then Zan, is summable (A01,,..) to 0. 

Now since fumi is stronger than every crude limitation 

	

sequence it follows that for emery x>0, 	= 0(e*xk'). 
Hence 

	

- x 	 _ON) ) 
1 4,10.1  e 	I 	e 	= V 44,), e 

= 0(ve÷i N. any ...x .119 

	

= 0 (ve 41"0 	0(ve-lx) 

	

Hence Zs,,,,e". 	is absolutely convergent, and the 
result follows. 

0/0EL.,-  141 44 =0 the proof follows the same 
lines. 

Now if fu,j is stronger than every crude limitation 
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-4551.4. sequence, then lim 	= 0. Hence it follows from 
the theorem that if' 

	

A4my 	.41= ),c2 

that. no no such limitation sequence .60 can exist. A 
typical example when this is true is the (A, a,4) method 
with 	logn, 

This result allows us to prove the following 
lemma. 

LEMMA 1.2 
#. 4t  

Suppose* -4-4'1- 4 ? /. 

Then there are no limitation sequences for (AIL) 
summdbility which are stronger than every crude 
limitation sequence. 

Proof 
6rAt 

	

we merely need to chow that Sim 	> 0. 

Now, there exists an N>3 suoh that for n›N 

< 

Hence 
< 1 4. 

47-42pq 

But 	
11+1 ▪ q• 	11.1:1 'AN

-( 

Thus 	T•Ct 	AK e N 	/-4/1- 

* Note that there are no (A,A„.,) methods with n(logn)(x= Ocgn 
where a>l, since then 	0(1) 



. 

Hence 	An11 --.< 	,4i e *(4:41-111  . 
A+ 	" 

''.1.  5' 
	dx  
3°  But 

	

	-= 11-4/41  — +11r fir-0 • 
tv ill/ 14-1 14Yr  

Hence for some Er, 4 Iflogn, for each n, 

Thus 4E, M4349 
11-afif 	H 

Hence 

I,3 
In fact the class of (Alik.) methods for which 

there are no limitation sequences stronger than every 
crude limitation sequence is much wider than the previous 
lemma might suggest. In particular the (A,n) method 
falls into this class. 

THEOREM 103 
There is no limitation sequence for 

(Alm) summability which is stronger than every crude 
limitation sequence. 

Proof 
Suppose [um/ is a limitation sequence for 

(Alm) summdbility which is stronger than every 'crude 
limitation sequence. 

Now )1(-1)12/1  is summable (A,n) to 	and so 
certainly 11,>1 for every n And, since 1u.3 is stronger 
than every crude limitation sequence, Zu,xn  converges 
for every x<l. It follows that if re define v„. to be 

S 



Z.,c1417elf 
and *1 42 'C 

nu then 

= 1 
	

[1] 

Now let nk = 	and define w,,,, so that 

iic  44a, < Rmie 

otkezto-tge 

  

Then for nk 4 n < 2n4 

I 
	

11414,1 4̀  < I vi.i4friw 
It follows by El] that 11-Giw„1-  = 1, and so Zw.,„x21  
converges for every x<1. 

• z 	v c--1) 	, mr= txleta 

(o04- 4110 

0 	ojtertd-ise 

Now define 

Then a1,14, = 	So fo..} does not dominate 
fa„3„ Hence if Zaw  is sumniable (A„n) we have a contradiction, 

NOW I a.,t < Vt. for each n It follows that Z8xn  
converges absolutely for each x<1, to a function, say f(x), 

(-447ci  
a 

ni4t 
= 2 Vplit tout4142  fx6-701 

iii 
—1 	

4* 
I I 
)
\NZ 	Go 	 AI 

But ( 
 

4:444:) .1 x 0 -41 <'. . 	andZylvIt  (4.) converges 
.1 	.2- 



by comparison with Xn.q.)n  

Hence f(x) 0 as x y 1.0. It follows that Ze,, is 
summable (Aln) to zero and so fum) cannot be a 
limitation sequence. 

This theorem can be generalised quite easily, by 
using known results, to the class of (AA„) methods 
which, have /t4.= On), where f(y) is a strictly 
increasing, unbounded function for 5r,A and has a 
completely mc06tonic dertvative on this range. The 
methods with %,= ncl (0<o<1) and 	logn WO belong to 
this class. 

) Under these enditions„ e (Y is a completely 
monotonic function of y on the range rahl„ for each x>0. 
Hence* be"."1 is a completely monotonic sequence for 
each. x>0. It' follows that** there is a function u(x,t) 
such that 

A,. 	1 	i = 4: dakx t) 

where Via(x001, 45 1. 

This in effect, trnDeforms the problem from one 
dealing with the sequence N3 to one dealing with the 
sequence W. And this problem we haVe already solved. 

However, this theorem is contained in the more 
general theorem which follows, so that further detail 
would be superfluous. 

See Widderts 'The Laplace Traneorm% D.158, 
**See is 	'The Laplace Transform', D.108. In the 
notation of the book, k 	__ 4e 

V reeN,+)110  45. 	c 24", 	= e 	S 

td 

e" 



, 
-el "'"' -4. co,...4 	11.„  

04614, P 

that 	
u(e) 
"40S, 

2,4 
We • now show that Theorem 1,3 generalises to the 

class of (Ait ?t,„) methods which hate lim et> 1. 

THEOREM  

 

 

Suppose 
Then there are no limitation sequences for At A,..) 

summability whit h are stronger than every crude 
limitation sequences  

The proof of this theorem is rather long and. is 
most conveniently dealt with by proving a series of 
lemmas. 

LEM 4,5 

'81.17)060 	> I 	Then As41-44, = 0(1 ) 
41. 

Proof 
There exists an N such that for n>N....e42- > 1. 

Hence for n>N 	 < 
Also 77‘. < 4- 

44,  
It follows 	 t 	111÷. < 	IE.  (if= 0(41)  

J=ar -  

And hence 	- 	= 0 (i)  

MAIM 1.6  
Suppose hoh, 	 are n+1 numbers and. 

11 



where p and qi ,qa... qr  are non—negative integers and 
cli *tai„ Ogqi4n. 

Then, 
(i) Rearranging the order of the of  po qr. 

does not alter the value of E 

( ) If r>s>1 then 

Fith 	 H
er-t) 1( 	ar-2) (a) 

44.4„.  = H ,"A tvs"--af.+  —cps 	n 

H"-') 	He.t9 	 Heift"  qf  
— 	  --111f 	 44.•-guff 

Proof •••••060.1.1.000 

(i) Zhis is obvious, 
(ii) It is clear that 

`d f  H a)  
tv- 

The result then follows by induction. 
(iii) 

a9 	 69 	= 1.40 

	

"4- 4*, r71-• 	"̀Prti 	— 
10.4 0) 

Q- 	)-(44÷ Q 074 

f - 
	 "T 

ci f if 	0 ) 	1" 
er4 4/44/ (44 

jj(1) 
tfv- 	(4#1 44) ICI  -44 

)r Li&_0 	0'-') ti  (0 
.1'444 - 	/ 	14ii) (4-4 	-pr'41 gi- fr 

CAt, - 4 ) (11) 
g's ft*, 

12 
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Before going any further, a few points of notation 
are necessary. Given a table of values, fi f(xi ) for 

= 0,1,...n, of a function f(x), the expressions 4\611 f0  
and Vfrt,,, are familiar as rth order forward. and 
backward. differences of the table. Thus 

0)4 _ 	ti  

and 
ti 

v,(C-at 

These definitions are of most use in connection 
with tables of a function evaluated at equal intervals 
of the argument. flowever, we ellen be concerned. with the 
function 6°67  evaluated at the points y = 	(j = 
To deal with this case we introduce ?divided backward 
differences' denoted. by Vie)  ti. and defined by 

viz% 4.  

- 
where ti = 

}14142.4, of the previous lemma, but with, h.; replaced 09 
We shall also define an entity NilePlqx... as the 

by i for 1 = 0,1s .,••ns 

From now on, whenever m and. n are defined so that 
m>n, we shall take hi to be defined by 

[13 

[23 

= £33 

13 



es) 
'SC 

(7ei - Xi) 
3%s 

vcs, 
.1E11=8 

We are now in a position to prove the remaining 
lemmas. 

LEMMA 1,7 
If m>no  then 

vMe-X a144. Z., 

where the dash indicates the omission of the term with i= j. 

Proof 
Suppose we have a table f. = f(x,i) 

	
0 • n) 

Then 72°)  = 
Now suppose 

Then, by El% 
votof 

r

-fi 

1 , 

;- 

...........-....1  	% 4--  ..' Xe..S.1 	 ,Ti .„g' 1 xi I 17- e-S-1 it (ri-z4) 	0.....-c_s ..- L• 
rus -t 	'  

    

c.„1  
.241. s  

11..1 

  

• 4f- 
rIt.iew; 	i-y 

      

      

      

IC" Vt-s- I 

   

       

_h _e' , 
4 =e-s- 	Cle f  -Xi 

because 

Tr (4  -we) Tr'  



) 
since„ by [33, 

e 	 AO•tv: V (40 k1t, 

It follows that 

D 

Hence, taiting f„;,.= 41.1E2'4 (j = 0.10 ...n), we obtain that 

Lt M! 1.8 
_,(44.4 	- (c7:-.1.1) 

PVoof 
e 	s dee d as A,- 	= 0 1, • • •n). 

it ronows 

7"e 	e-24‘1.e 714  

 

e ._7(1. 0- 
x , 

—,j I vas. y ti) 
_1 Hie  

 

Now suppose that 
es?e_x  xo- el-s? 

e 
i=5  

Then, by [13, 
17 `c7 es# 
 e- 

%4_-te-s-/ 

-4164-S+ I 

/6 



6-5) 
—1K-10 	

00 	, 

1'45 

.e-X(4144 „c0- 

u  
rT.L 	.12+S#1 

by Leta 1u6(iii), 

But he)  

ems 
....08.e. xi /4 

I* 0 and hence by Lemma 1.6(ii) 

11(fr")  

Thus 
M.) -7e In, 

V e 

-14• a (")._avx 
e 

0. 
e-241Xxien)  

Hence 

It follows that 
67) 

2,  e Xerti4- 

MIMA. L,9 
oo vc-a 0  

xt 
/1/(j-n) o 

P • 
cPS  • 

16 

) (41)e 	CHlire-"x0-E 
44! 

6-0 e 
0:00 



Proof of Theorem 1,,./4 

By Lemma 1.5, A4,4-1- 	•=- 0(1 ) . But 
summability (A,k,) is equivalent to summabilit3r (A,k3n) 
where 17..>(:). We may therefore assume that 

< I . 

It follows that ft,..< n for each n. 

ELI 

We may also assume that "lew Ist  := 0 	Since 
otherwise 	.tt >0 But this, together with the 
assumption of the theorem that -4—t-a4  ZJI >/ means 
that 	 0 . And we have shown by Theorem 1.1 
that this condition implies the conclusion of Theorem 1.4. 

The condition -40:, 	r c9 , R11   0175 us to eV 
that the abciseae of convergence and absolute convergence 
of any Dirichlet series Zcc..ea."' are the same. However, 
the condition is more useful in another way. 

Supnose fa.1 is a limitation sequence for (A, AA,.)
summability which is stronger than every, crude limitation 
sequence. Then if v i, = A.04., certainly vm,>1 for each n, 
and `2,v;.e.."*.• converges for every x>0. 

Now let Ilk 41 41% and let mit  be the smallest integer 
such that Astik > 2niz , Then certainly Amk....,4  > Aft 	Por 
convenience let us write 	Atooniz  and, suppose that 

is defined so that 40 < 	NOW define 

	

N(v 	) 4 < m 	*m 

	

0 	oierwise . 

It is clear that Zw,„ does not converge. 

/7 



Suppose 	 -= Vie  (.4e. 	) 
Vs 	

0 , ortertase 

Then the abcissa of convergence of lvs: 
	

is zero, 
but 2, does not converge. 

We now use the following result*s if Za...erx‘ is 
a Dirichlet series such that Ea," diverges and 

	

N.Pcso 	AL 

then the dbcissa of convergence of Zcr..e4m4zA44  is zero. 

We see that 
,i0;* 

But p.c., < 	• 	follovrs that 

Ak*ao 	 Ar->oo AF NiwO 

	

-101/±( Ai.ti < 	Z-411gel 
aK 
	0 

Hence Zw.,e-"44' converges for each x>0. 

In the preceding lemmas, 1,6-1.9, take n and m 
to benk  and mie  respectively, where these are defined 
as above. 

Then, by C 33, hi  00,42 —Atai": (i = 0 1...n ), But 
k..1- A...< 1. It follona that for each i 

* See for example Widder 'The Laplace 	orm'*  P.43. 

lg 



cie 

Now define 
(0 .4 4. 1444 

Now, by Lemma 1.7, we have that 
_ONri 

1914t C*,i' e e [63 0:r:a 

where 	-0]  

Now define Ck [73 law,x I 	hiljaIski",ili 

Fix the vie used in the definition of wm, so that 
= itik.K, Then certainly lit < V < m4t« 

Then 
lavk  I \44, = Av4,144z 

Hence if Za„, is =tamable (A1140 it follows that fa,„1 
cannot be a limitation sequence for (A.044) summability. 
This will be a contradiction, 

Now, by (7]0  

xL Hence Zawe 	is absolutely convergent for every x>0 
by comparison. with Zw0e4m."' Now surroose Za e xl" 
has the sum f(x), Then 

00 
	m4t 	exa ms  
c vro 

Hence, by [630  
;?/ \414e  

O
r 

221. I C42 

014.) _x  Aith 
V 

£83 
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00  0 

0.-1:VI it 

But by Lemma 1.8 
(4,40 _Omit 

V e 

And by Lemma 1.9 

fe-716-e-*4 = 

—Z awl 	"Ilk) 

"1--m* 

i24/leic x j Ist 
/-491  

Also for each = 	 < it  bY [5]. It 
follows that 

Hence 

and. so  

ziwo. 	(*1k) 	lawk 	el(491  - e-7() 
it  

N7 e 
m*  

-ximk 	I 
f e-x(i- e-** )1 V e 414,1. 

since istiz 2nk. 
Therefore  from [8] we obtain that 

1 -'Q 1 	 ex6 -e'91.1414  
4.40.Cie  

But 	
c4, = 	'(4k -40 < "Lie l• 4.0 

because Ihicrkil < 

Hence 

	

Oefi J 	 	y  V) ,* 

But since e x  (1-e x) 0* for 1:9)0 and also 
nk  >011,12-1, it follows that the series, [9], is 
uniformly convergent.(zhv(es*  converges by comparison 
with Zw eslix3"). 

(j14 ) 
< 	414 

[93 



Hence f(x) 0 as x -• 0+. 

It follows that Za,,is summable (10.) to zero, 
which furnishes the required contradiction. 

1,5 

We have proved Theorem 1.4 for the class of (Alqw) 
methods which have lim 	> 1, in Chapter 2, we shall 
show that limitation sequences stronger than every crude 
limitation sequence do in fact exist for (A.,4.-) methods 
with lim 2S <1. For (A.A) methods falling between these 
two extremes the Position is not yet clear. Certainly 
the result of Theorem 1.4 holds for a wider class of 
methods than that for which it was proved,(For instance 
it holds for summability (A,n) as was shown in Theorem 
1,3), However, for ouch cases as (Alrlogn) summabilitr, 
when, as with (A,n) summability, lim .6' i, nothing can 
be said either way as yet, It seems probable though, 
that if any limitation sequences of the type we are 
discussing do exist for these intermediate cases, then 
they will net represent any great improvement on the 
crude limitation sequences. For example*, 2(-1)1121  is 
summable (Aonlogn) to (1+20-1;  for each x>-1. It follows 
that if Ti wl is a limitation sequence for (A,nlogn) 
summability, then en  = 004,), for each a>0, 

Exactly where the line falls which divides those 
methods for which no overall improvement on the crude 
limitation theorems is possible from those where this is 
possible, is a question of some interest. Perhaps a 
more delicate condition on the behaviour of the sequence 
fpn than that considered is called for. 

* See, for example, Hardy's 'Divergent Series', p.78. 



1,6 

AB might be expected we can use the method of 
Theorem 1.3 to obtain a result for the Abel summability 
of integrals, We conclude Chapter 1 by spring something 
about this, 

Suppose fa(t)e dt converges to a function f(z) for 
every =4) and that f(x)..a as x4,04.. Then let us say that 
fa(t)dt is mumble [A) to e, With this definition it 
is not difficult to show that the aummability [A3 of 
fa(t)dt implies that for each positive s and 

„x4' 
J 	= 0(e69 as Z--pn■c•e,  • 
x 

The 	ogue of Theorem 3..3 is then the following result. 
There is no function, u(x), with u(z) = 0(en for each s>0 
and such that the summability [A] of fa(t)dt implies 
that for each c and. 8 

7:4.  (006e- = 06e-ex)) Rs x X06 

A modi.i Ettion of the proof` of Theorem 1,3 will prove 
this as well, 



CHAPTER 2 

2,1 

In Chapter 1, it was shown that if lim „4-17-> 1, 
then there are no limitation sequences for (A, A.4) 
summability stronger than every crude limitation 
sequence, In this chapter, it is shown that such 
limitation sequences do exist when lam 41! <1. A 
typical example is the (4,1.) method with 	= nP, 
where p>l, 

We begin with the following lemma, 

EI 	P.1  
Suppose that lim 

44,  

some c>0 and for every n 
<4.1  — A: > c-. 

s < 1. Then for 

Proof,  
There is an N such that for n.).11 

Hence 

Ift+1 + 

P447 (14 Sa - 
o=4  

It follows that there is an cx>0 such that 

%.4.1  
0=1 



TTC-1-) ;=-1 

m 	j.  
I se 	Tr e--  so- 

But 	 ze 4  WI 4 E.) e _ 
sZ 

4=1 

where Is is Buler/s Constant. 
Hence, for large n, 

11w 

and also 

It follows that there is a p>o such that A: > Pn. 
Also, for large n, 

ri_A=Lls..._ 1 	
(1+Fu, aft, ) 

= 	— s(1-.9A-1-12  

Hence, for large no, we have that 

- 	> 	> -te • 

The result then follows. 

In the following it will be convenient to introduce 
a new notation, If p>l is defined vie shall write 

= 

2.2 

We now prove Theorem 2,2 which is fundemental to 
this chapter. It is stated here in a rather different 



form to that in which it was first proved by 
Miss Cartwright* but the proof is essentially the 
same, 

THEOREM 2.g 
Let p>1, kl(1-1) and 

	A.„. 

Suppose that Za„„e" is absolutely convergent 
for w>0 to a function f(w) which is bounded for w›O. 

Then Za„,e".Asz  is milformly summable (.A, a..)  to 
P(z) in the region I argzhot  where, 

rCA) = 
Ice400 

 2Trt 	 44, 0 	 TO) 
te-lbe 

for each It>0, 

To prove Theorem 2.2 we need two lemmas. 

LEMMA 2.3 A-s 
Let ( s) 	 - 

A 
44 . Then for 

R(s)>0 and w>0, 

0(11s) = 	 f s_s l o 	I' 44 	( ,kt ti" ottc 
rt) 

* M.L.Cartwright, P.L,M,S., 31 (1930), 1-96, 
Miss Cartwright states the theorem for the case 

A.= n, but, as she notes, the extension to the above 
is immediate. Also her statement does not mention the 
uniformity of the summdbility but, as Kuttner pointed 
out, her proof is sufficient to prove this as well. 

6115 



Proof 

e 4 fritt e 044, 
194.4 

0 

Multiply both sides by a e 	and sum. Then 

"nfr) 	 „4. 

term by term integration being justified by the 
absolute convergence of 4,e 	for w>O. 

Az Suppose f(w,z) = ZELe 	Then, 
for R(z)>O, largzioP and. w>O, 

LEMMA 2.4 

kr ego 0O 
. 	 ) girt a  

-5  77A) 6t) ,s ds 
ie.-1117 44 	1  (T) 

where K.>0. 

For lb() and. I argzi< 

_A e 
ice ,r00 

a7TI"
-s _s 

/14‘, 	r(s)eis . 
e-voo 

Proof 

Multiply both sides by e. e 	and sum# Then, for X>0, 
w>O and 1 argzI,  

Idetk.2 

164 	Trz  --L. fa"' r(s) Ofi 1  s)is art 	) 

term by term integration being justified by the 
absolute convergence of Z4,: sswrI  e a. 	" for w>0. 



Substituting the result of Lemma 203 
Keiso 

4-(144Z) 	1-1
1,  J Z's  M-52. ZS-1-k41+ iZ t) du dg 

J 0 

for RA v>0 and largz1‹ 

for 1arm114, the double integral 
144,2•Av 

	

f 2-s  Ns) 4ts-11(4tr+ 	14s, du 

converges by comparison with 

1 ) 	f e 	÷..n. 4. E. 	K 
e 

41  -44„ 
-2 f 	11" (49 	P / e  

0 

where X>011  17>0, z = reie s  s = it ands is ax 
positive nudber 

For largmligh ve may therefore invert the order 
of integration of 13 and obtain the result of the 
lemma, 

of (air .'.ogre 	2.2 

Per u>0, r>O, L>O and 101( 'mite 
v 1-6s,w) 	r 	-77(s) 44, .74  

	

Trz Jk-e.0 	ret) 
foilavo that 

1 

0 	44 	-AI 

converges, 	 ;lose wo  0, hhen f(uP4).• ) * 0(1) 9 
ur,1044 	170. uniformly for Ogv$. Al e° f(1273411P) * 0(04"111-  ) 
as uric", uniformly for 74.wcao. Hence 

[13 

c27 



is uniformly convergent for 0.1ws70. I us forN>00  r›0 
and OW 

00 

-t4t4os, 1°04- c 
40 3o4 -13r Pg5z(E- Ak) 

0 

We now show that (I) is a mil Perri limit for 
args1$13, Consider 

00 

1 Fla) -1642-) I < 	110--) lc) )066 	oaf 
0 	4-4 

Dut 	h that for00wcwo  and 
every posit 	 d v, 	) f(r3V+w-  1 4 C. And 
anticipating the result of 1 rem 2.5, which does not 
use the uniformity of the limit in its proof, it is 
clear that 

-1(.17 k) ) 

converges and istided for 014 It follows that 
r(s) is a uniform i nit for 1 	1 

waren 2.5 non o 
again duo to Miss Cartwri 

ibid 

At? 



10  Let p>12  3<  I(1-1) and 4.,:x 

Suppose 2a,,. is summable (At ..) to a, and further 
that 2Ekt,e-* 	is absolutely convergent for R(w)>0. 

Then if P(z) is the sum of the series Zajr4"3  
in the (Ad,„) sense, r(z)-•a as z-•01  imll'ormly in the 
angle largzI op , 

Proof 
Write u = Mr, and otherwise use the notation 

of Theorem 2.2. Then, for K>0, r>0 and I 9 14*  

p 	
,„fp 

k) 
 Av , 

00 .f trovf ) ,„..v.., 	• 
0 

Consider the integral 
-11C0 

(416  -7)  Vt.) 

where C is the rectangle with vertices 	Ki+iTt  
KefiT and K2-iT, where -I < K1 < 0 < K2. The integrand 
is regular for R(s)>--1, and provided I tio, the 
contribution from the horizontal sides vanishes as T 
tends to infinity. It follows that 

6s9.61, rv`i 0 
J 4, em 

and so is ymPormly convergent for 19 W. 

Also f(rPvP)-•a as 2.4.01+, and f(rPvP) is bounded 
for positive r and 'v. We can therefore proceed to the 
limit under the integral sign of [13. 

azeI 

THEOREM 2.5 

R,ce-if) 

arri sr, 



pa f 1.(f k) !toy 
49 	V 	V  

Hence 

"=F
(-e4-9) 

19  4 

f rAvfv. = 	 ti-s
( 	

7 
 

47.7r 	 4--  "s.  T4) 

15#1e0  

rVifVer ASS155)015 

7-10) 
K-.130 

uriformly for 1814 

Both double integrals converge absolutely for 
I e top and so vie can invert the orders of integration. 

If R(s) = Ka>0 then iva-ldv = 

If R(s) = Ki<0 then i'vc42 8-1dv = 

Hence 

= !)  arri 

419S Tys) 64s  

Ty5s,1) 

Consider this integral around the rectangle C used 
previously. The horizontal contributions vanish as T 
tends to infinity, and we are left to compute the 
residue at the simple pole at the origin. But 

-105  ri(S) 

s-P49 	IT(*) 
• e°*";  el°;1 pS  
S.01:2 	

••••••••• •••..... 

A.7rs 

.444; F(,,,e/69 
0,04 

ormly for I ei413. 

2.3 
In the following we shall only be concerned with 

sequences D.] such that lim _42= = 0, in which case 
4,4.0 	"e14. 

SO 



the aboissne of convergence end absolute convergence 
of the series Za,e4"4;t7 are the same, By Theorems 2,2 
and 2.50 the tingle aosumption that Za„,, is sumable 
(Ad.() is then sufficient, as re shall Me, to obtain 
that the function P.(1,70 .2) = na.e4'.26:c7o— A7  is urliforraly 
bounded for vr>0 in the angle I argsl <13 < 

/Tort 	7,11.0-4it converges absolute3,,v to g(t), 
then g(t) is 11,211f0=3.7 a; at neriodie and 

I kl 	T'it;s4t'-o ai."- fr ifi0 /64- • 

Hence, rriting (r„ o' +it) = g(t), re obtain that 

65.4, f iN>02~40/ v - • 
—T 

However, for each fixed e>0, cre haVe information 
about il(voi +it) one' for a finite range of t. This 
range is in fact the line regent AB in the diagram 
below.  

The following theorem of InghrtV resolves this 
problem for the case rhen A.‘.-4._1 1( >0. 

(1950), 43$ 

s/ 



Let 
7(44) Q('4) -11-CR-rmt) 

M+ I 

532.710ir311 2&  

3uppose there is a V >c) such that for 
4-44 	and that g(t) in defined by 

Ni 
ftf) = 	3 

than 

a similar resIlt holding for the case of infinite series 
which converge uniform17 on L 	.): 3. 

Pr 0? 
Consider any particular At„ sag AI,. ":rite 

5-1.A  e--(44-  

where M is a sufficiently largeinteger and N0/0 m 0, 
bo  12  Ai, While Yin c V4,4, < 	(34,1) and -7(m 	> 'Mb  (m.o.) 
for m = 1,2, o.,M.1. 

This arrangement is possible because (- e Y) 
ca not contain am nµ  ni  encept 0,while no interval 

2rrt, y(m,a)), or (» r(+1),..rm], can contain more 
than one of the nuMbers 	41% If a 	 A. is 
contained in the interval [ "f a, Ir(m+1)) take 1.4. to be 
this. Otherwise take Y.w to be Yla. Ois ilarly 2or the 
interval ( 	(1:14./) 1-1(m]. For Ill> maz(4,  -As, - lAg ) 
all the terms of g(t) will be accounted for. 

where 'IL, indicates the omission of the term, (tt.V. 



riesolvinr: into partial fractions, 
-PAO 
Q64) 
	M  4c- VW, 

Torso  
dorNA) 

and Mme= 
ge 

ri 

4.c.r(44) 
000 

0 

Now define 

(f) 

1711011. 
(#) e-4(1-1:dt 

t±s4  C- ir 	J e -M 
F.41 

 	
rks,  a. tris4(011-14f- 

-M ?PM —114  

.2  :144 laT 1'60  
(44) 

17 
Afitt 	M- 

117 (#) #1#) e „de' -= 	k(v,) . 
-1441  

But gym) = 0 for ra+0 because :POLO 
i0 021 intocral function of it. Also 

kola) 	I< (0) = a77 "P(0) 	9 ko  4 0 

	

r Q1(0) 	 • 

f- 
7/ 	I matx 	f 1-101ett- 

1(i44 	-77 

Now 	Yr!) tal:os tho of rxu3 + and. 	.rnativar 
no El taken in oucceosion tho Values 	• • •,-41. 

23 

Now 

and lain 1-tejuj3 



Hence 	 vir  

211e samo ie true of -/± 2(m) if we count 	and 
rhere 	ez.11 s respectively (eV= if 

they are zero), oxce*,..)t that -P (3'm) Items the .sene 
sign for z 100 	-1, This determines the clime 
of the lc, „ Lhue 

'?lo) - 	Masi) K 	— >0 lc 	0 0 eta)  
Q'(m) 

It follows that M,  

Tr'nfd  NO 	;1it 15.., 	ICKt 	a -IA 

Thorofare 

I 40 	i<2 	Inf.,-1 0/ 4.  a f 

(414+ 0) . 

IC0 

stet for 1 
diately*  

 

converge (aeries 

 

2*  

Vle are .nov in a po 1 on to prove the limitation 
1F cer t70 have been 	up to, This id a 
generalisation of a t oorei or ItUttneret, who 'or° • d 

or the case 	whore 

* B,Xuttner, J.L.n.s., 37 (1962), 123-125*  



Trriam 2.7 
AP A .1:et p>1 and 	=1 ,46,  • SulToso that 

.Y›Ot  for some 'r>O aM every no  Then if 2e,„, 
is 	able (At  A..) 

a= 0( 
e  K•114,9 

for eaoh K> ff-tan At' • 

7ormn,r,  
sinco 	 tho aciosco or 

conver.r,onoe and absolute eenve,n7,ence of the series 
rmc tho ca,,'aeo  V can thereloro lase Theorems 

2,2 nryli  2.5, 

Ifia) r) 	 ; 2"  

ondo  by 7heorem 	(ro  z) ( z) a rm, uniformly 
for nrazick 	Purthermorep  by Theorem 2.5, 
(zYma no n.0, uniformly for inrigatPs where a is the 

(A L) sum of U." It follows that P(z) is bounded, 
nay 170 	'Pox. Inrcz1413*  

Vrito z a' +itt  and talkie (t) 
no.,e kT7e41.4"6 in Theorem 	mon 

I.e- i e-A") 4s-  ir 
Per 

14)(14;0-44.6)/014-  . 

iz -74-,cotpt  ;Thom fr4(1 
thro- 	the range ofintc7-1.-tvtion cy,D 

al(o24,101 p 

as 

(94-it) and 

I 3 



O 

But f(wilz)-40(z) as w-004-0  uniformly on the line 
segment, A8. It follows that we may let w40+ under the 
integral eia of Elio  We than obtain 

4F" 	re  r(d.  io I a- 4' 44. 

Finally, it is clear that if X exceeds T tan ,4; 
then there is a p such that P<I.(l4) and also 
e = -7.1r-cotr3 = K This completes the proof of the 
theorem. 

COROLLART 2.3 
Suppose lira 	< s < 1, and that 

Zan, is summable (A1%.), Then there is an A such that 

.014 = 0(eM .) 

Proof 
This follows immediately from Lemma 2.1. 

Theorem 2,7 is a best possible result, in the 
sense that no smaller lower bound for X will suffice 
An example of Kuttner's, derived from the following 
result of E.G.Phillips*will prove this. 

* E G,Phillips„ P.L.M.S., 40 (1936), 436-1448. 
36 

I 	...44.02  I 
I as. e 



LEMMA 2.9 
Suppose Za..e 	has a region of 

absolute convergence and that it defines a function 
f(s) with singularities 	for n = 1,20 	Suppose p>1, 
and that A = . Then the series is summable (A, &.) 
in a region defined by the inequalities 

gt•f3  (s-%,o1 < 	#49 • 

Now take list  = n, so that 	= 1. By the 
lemma, the series Zzn  is summable (A,nP) for all z 
satisfying 

isles 
ire < e 	 /Bic 

'where z = re 'e  . 
Taking 9 = ±-rc it is clear that Zzn  is summable (A0P) 
for values of r arbitrarily near eA, where A = iv tan 2r  

It follows that Theorem 2.7 is a best possible 
result in the sense described. 

37 



CHAPTER 3 

3.1 

This chapter is concerned. with (A,A„) methods 
for which 	= 0(1). In this case, fAml must satisfy 
the 'high indices' condition. This means that for 
some 0>1 and. for every n 

Theorem 3.10  the high indices theorem, was first 
conjectured by Littlewood* and later proved by Hardy 
and Littlewood** by their method of repeated 
differentiation. The proof given here, however, is a 
simpler one due to Ingham***. 

THEOREM 3.1 
Suppose that Ea.,, is summable (A,A,.,,) 

and. that fr„. = 0(1). Then 

a 

Proof 
For some 0>1 and for every n 

> 044. 	 [1] 

* J.E.Littlewood, P.L.M. ,(2), 9 (1910), 434-48. 
G,H.Hardy and J.B.Littlemodl  ibid., 25 (1926), 219..36 

*** A„E,Inghams  0.Q.J 8 (1937), 1-7. 

38 



site f(x) = Ze 	. Then for some H, 

f cx, 1 

Now choose a>0, Then a„e l'"cc  -0. 0 as n -• .0„ It 
follows that we can take m to be the smallest index 
such that 

1 e- 	I = 4ttet)e44, I C  4.. Isc4 ) 

Consider the function p(x) = 4(2-z  2-21). It is 
clear that p(x) increases from zero at x=0 to a 
maximum of 1 at x=l, It then decreases to zero as 
x‘sco,. Finally, it is 0(x) for small xs  and 0(1--) for 
large x. Nowt  define 

ep(70 = Ef,(z)] 

Then Tex) = 140-k.-02-27̀ )Iz  
,r-= 

E4. CI--1)Tz  = 

How define 

a 
And 	

Icc) 

say, 

r2 

C23 

C33 

 

e 	CA,,w) = 4,e 4e 

 

= 	 aw e 
-1-20 41=0  

Thus, by [2], 
12 

IF0t6() ) < 	)C-4-114 
'1:0 

•••• 
rNmla 

a 6  
cr  f(oc 4 vex) 

I" =0 

So Bloc(x) has a bound.independent of both x and a, 

f 



Now 

H 1 Foe 	) 1 = 	ce 
41=0 

QC 
 4•te-11"°‘ 44,,,,„ A 	P(t) 

[43 

But it follows from [1], that for r>0 

and. a <-+- 

Hence 

~~~~) T(e) + -Pk-) 
4 	T(0-9 + 2,4. ? (9(r) 

ro-1 	 4-= 

[4(0-9)1R14 ,61101-) + 	WTI l'(0) 

Et(,)7g-12,060-) f 11403 P-119(0-9 f-gt I 

Thue, for arge enough R 

Api#4ft. 	'344'• 
	. _L 

It follows from t4] that 

I ame-4.14°4 
	

a H e ft 

Hence, by [33 for every n 

a e -441°4 1 

 

40 

<111. 	 m >141. 



And thus, allowing a to tend to zero, we obtain that 

qit r: 00) • 

We have then that {i}  is a limitation sequence 
for (AA.) eummability if 	= 0(1). Also, by 
Theorem 1.1, we know that if fuj is a limitation 
sequence stronger than every crude limitation sequence, 
then Au 0(1 .j It follows that if 111 is a 
limitation sequence, then A‘k= 0(1), Thus £11 is a 
limitation sequence for (AIM sammability if, and 
only if, 	= 0(1) .  



CHAPTER  

Up to now ye have been looking for limitation 
sequences which are stronger than every crude limitation 
sequence. To obtain theorems of this type we found it 
necessary to insist that the sequence P...1 should 
increase not only rapidly but also steadily. We ensured' 
this by imposing conditions on the sequence 1/4,1 defined 
by 

14(4v 

However, where the sequence 	behaves irregularly 
it may be that, while no overall improvement on the crude 
theorem is possible, there are yet limitation sequences 
which are stronger than the crude ores on some subsequence. 
In obtaining this sort of limitation sequence we can 
escape with considerably weaker conditions. In this 
chapter, for example, we shall be largely concerned with 
(A, L) methods for which 2134- converges for some 

4,2 

We shall again use much of the notation of Chapter 2. 
In particular, if p>1 is defined we shall write Ar  = 

T 0 M tr,1  
Suppose Zaw  is summdble (42,0 and that, 

for some p>l, Z4",;, converges, Then for each €>O 



We first prove two lemmas. 

LEMMA 4.i2 

Proof 
This follows from the fact that for 0<x<1 

1- 	1 x > -(1-x-n  ). 

Before proving Lemma 4.3 a few definitions are 
necessary*  

to shall denote the Fourier transform of a given 
function by a capital letter. Thus given f(t) we define 
F(x) by 

FCx) = re'txt-1(-0 ea" • 

The convolution, If(t)g(x.4)dt, of two functions will 
be denoted by f(x)0,g(x), and the convolution of n functions, 
(x) ... r4.1(X) by 

f (x) 	 El) 

The Fourier transform of [13 ,-112 then be 

F7- 60 
= I 

We shall also uee the fact that if esL 	
 

is 
continuous and also FeL then 

4(3 



ixt 
e 	Fix) 04e . zic 

Finally let us define 8(t) and zN.(x) by 

SU) , 	<7r 

and = mix 
"Itt 41.1s  X=0) 

Thus 
6Cii) = 0 . 	 [23 

almnA 4.3 
Suppose 	converges. Let A>0 be given 

and suppose that 6 is =Sr positive number,. Then, for 
each largo m there are functions 4.,(t) and H 	rith 
the following properties. 

444(x) _ 	I (dt) o4 . 

C") de/404P ' / 

-40(0 = c2 A'r 

(& 	11„, (4r  4„) = O -A-- ivf 

09 	1111;q / > 	f e - e440#14.) 

Proof 
Define 

= 



Then 

cx) — 	46(7‘;43.0 

Now, 8(4..70 is zero for 1 ti 	A:;„ , It follows 
that j4,St) is zero for 1t1 	. Also jr6(t)dt = 3. 

and hence 
411-1 

I rciwyeI — l. 

And. by [23, for n<ra, 
•nt 

4„ 17-/ 

Also define 
ylrfAr 

linA, 	.r
Ai 

i'(A
i 
1) 

 
.wer•E I 

Then 

444 6o --- 
lisoN 

7 46. ( 
ic-'144-11 

Now pu 

k t  (7() = 	A14.,0 112"1 
	1=-0,1 A (ac Aft \ 

That the infinite product converges for each h follows 
from the convergence of ziV, Now, for 1W, it.,0(t)s/ 
since it is than a continuous function zero outside a 
finite interval, Also IC„,m(x)cli for N?..2. It follows that 

N 



Then by Lebesgue f s Convergence Theorem there is a k (t) 
such that 

-41041v 34_,WO 

and 00 

 

 

1<fx) 	77 

	

1.{1 	A - Iitt} 044  

Now, 0(40 is zero for Iti > -7r.4 . It follows 
that k (t) is zero for it! 	1V.51t1 . Also, for each N, 

/4,,,v(01-te 	I Poi t g  

Hence 

And by L2], for n>m, 	
00 

ki,(4,- 	4  ( A"- Aw)  

We can now define 1(t) 	j40,(t)4,17.(t), so that 
0:04x).K,,,(z). Clearly 11,.(t) and Ix) satisfy 

(i), (ii) and. (iv), and for large enough m they satiety 
(iii) since hjt) is zero for 

H-1Mt -I  4- 
-7r 
A0 

and this expression tends to zero withm. 

It remains to establish (v). 

Choose some c>l. Let the number of .414., such that 
A.<0.A., be # 4.2., Now suppose it is false that 

9t, 

 

- o (AO 

Then for each s>0 there is a subsequence fAm,7 such 
that 

46 



6/L Am, 

ibir.  4,, 
IMF. < AM, 

Then 
2.00  A + ... 

Alti. 	 / 

It follows that t = 0( EL) 

Norio  for 0,tz<1, .6(x) > 	Hence 

1 1L(°) Fif4pAA 	>4-0-A)-fr6- 
J.1 	 i.1 

And n = o( 4)„ Also w have Lemma I. 2, It follows that for 
large m 

IF — 
— 6  A ( 4- ri) 

L A  

C 33 
Also 

117 0 — 
A,„<lio  •04, 

Thus, for large tut  

`Tr - 
<521Am, 	A a 

na k A.1.141  

-f n 
> ( l + pw ) E43 

07 



/„IJ _ A„0- 
4,4e e = 

Finally 

TC 6- 1,n) = -041) 	46- 7 3 
But 

0-1 
Hence 

7T-  - +IV - 

4014‘'  

It follows that for large enough m 

e-P- 
iVO4... 

Combining [3], FA and EA we obtain (v). This 
completes the proof of the lemma, 

Proof of Theorem 1J4 
First fix an c>O, Now since 

/1:1  converges, the acissae of convergence and absolute 
convergence of the series 2a.,,e4-9L77  are the same. It 
follows that we may use again the results of Miss 
Cartwright's used in Chapter 2. Thus if we fix 
a<7E(l71) and write 

1°41e-, 

then f(w,z) is uniformly bounded, sar by H, for w>0 in 
the angle largzi4o 

Let us take the A of Lemma 4.3 to be ±tana. Then 
if Itl<AS 

I Po, t o 4-4) f <  H 

(5] 

El] 



But 

e4  14:1-161,r,:1:6  4-100# = Z43,671"1°. 4E4* 11.1A 4.) 

= efe e 	tido) 

And ho t) is zero for itl›As by Lemma 4.3(iii). Hence 
1/E  

ietwe tawe-1"1 	Mao). H le.1191•14-  4  N. 14.101-1  
Allowing w to tend to zero, we obtain 

ja.e...4e444.1 ( H. Vol"' 
	 g4;e70#14.0 

Hence 

0(e  e eAs- €4,,,4)-(1•P14.) 

4.3 
It is possible to coMbine the above method with 

that of Chapter 2, We can then obtain a limitation theorem 
for a somewhat wider class of (AIM methods. 

Let us say, just for this chapter, that a sequence 
is smrse if, for some p>1, the sequence f',1 has 

the following property. All of the points of {11,1 belong 
to one of two disjoint subsequences t41 and 121:r f 
where 

(1) lf"%1""' /u 
. 	?•,. 0) 	_) 	- ., 	3 , for some y >0 and every n, 

(ii) 2, -1--  "V converges. 

In the following theorem p and Y.  are as defined 

above. 



THEOREM 4.4 
Suppose that Za. is summable (A,&) Where 

f14.' is sparse. Then for each c>O and each Tr>3tanitr-, 

Choose a large m, Clearly we can choose 
sequences I 41 and. fie} satisfying conditions (i) and (it) 

	

and also such that 
	

fle) 
Art Theorem 2.6, we may take functions km(t) and 

Ktii(4 such that 

	

Ci) l<14(X.) 
	 foie 
I 	km  to 

Cho 4„ 	= 0 lece- 	. 

CY)  km 	- 	o fa- 4771-ne 	m 

Ando 	there are functions h,n(t) and AsyS4 which 
satisfy Lemma 4 3 for the adbsequence [An. 

Now define 

tt) = km(o) k,
414-) '4M/ 

	

(*) 
	k"pitx) 14,1,(4) 

kM10) 

Note 
	

for each x 

11-41(oloce- 
iu 

5-0 



Novr, for /1>mt  

/40(-0 	04) 

el-fl'e-4-7)„,„(0)€cti"e-4'11z?,,,,,,(4.,-.4..) 
Mtn 

 But the left hand side has a bound independent of M' and w*  
for appropriate k,  while the second term on the right 
hand side tends to zero Nlith M. The result than follows 
much as in Theorem 44. 



CHAPTER 5 

5.1 
In Chapter 2 it was shown that non-trivial limitation 

theorems could be obtained for (A, k..) eummability under 
the assumption that for some q.<1 

Axl" > o +1 -- 
We went on to show in Chapter 3 that a considerably 
better result could be obtained if 

- 41„, Y > 0 

Our first concern in this chapter will be to show 
that in the same way better results than those of 
Chapter Li. can be obtained by replacing the conditions 
there on On where q<1, by the same conditions on 
the sequence flogAil . We then go on to make some remarks 
about the case when for some k>0 and 0>1 

~Mf / A.,t, 

5.2 

Throughout this chapter it will be convenient to 
write 	logk. We then have 

MOREL!  
Suppose Za, is summable (Av A,) where 

Zir i converges. Then for each e>0 

a4t =7 0 (4:Ayi#140e414,) 

52- 



First ro need tro lemmas. 

LEM 5.2  

—x 0 (Aiii-via,)) 

Proof, 
Choose c',›1., Nov suppose /1.4.,<46 

that 104 > 1-x for 0<x<1 and hence 

4W ,- 
Anti 

we have 

Therefore 
11.14.1 .e• ofA. 1-1 

4. 

  

And if Am1 c5A, then 

A.+, 	< 
4*,-4,+ 	1-1  

The result no folloro. 

Lemma 5.3 is a simple extension 
Bark's* 

LEMMA 5*3 
Let 	3uppose that 

(AM to s and further that 264,,e44'm  
convergent for 11>0. 

Then 740? is uniformly summable 
11(s) in the angle largzkm, and Eqz)-• 
in this angle. 

a result of 

Law  is cummdble 
is absolutelY 

(AlAm) to a function 
as s...0 uniformly 

1' G sliardY, MX., 39(1910), 136 l39. 

52 



Proof of Lemma 5,2L Let f(t) = 
	t. Then 

f(t)..os as t-'0+. Now put 

tzsqe-a"'"e 
00 

 r ""+ele. -ma) 

713) 

The integral converges uniforra3y for w>0 and hence there 

exists 

rio) eviv÷ 

We must must now show that F(z) is a -uniform limit in 
the angle largzliga. Choose an s>0. Then there is an vo>0 
such that for 0..s.:w4wo  and. for t>0 

if(0-f6A)4-1-)1< Ee 
t 

Hence if R(z) = e and largsksa 

) FCC-)- 	< Imo, rte?-1/
1 9 

1(W-÷6  

/ 
-cp 	

/ 
, TrccP) ) 

It ollow that P(z) is a uniform limit for largz1.0c. 

We lose nothing by assuming that e = 0 so let us do 
this. Then, given c>0, there is a 8>0 such that for 
0<f.481  If(t)1<s, while there is an H such that for t>8, 

If(t)l<He-". 



I Fla) I = I -pm 	It+) act —L. r 

c ..r. 
-4..- 1 Too 1  I f "te.-°*  + I -ji-  i f cItelk.  0 	si-e-ree) c 

i 6 g °a 	',- 	4.  / 	l-1e....11 	i 	) 
I  2111,e) 	1   

Thus 

Hence r(z)-.0 no z..0 uniformly in the silgle largziv, This 
completes the proof, 

21,291altragm_542 
After Theorem /4„1 this presents 

MD difficulty, in, faet if we substitute Lemma 5.2 for 
Lemma 4.2 and Lemma 5.3 for Miss Cartwright's theorems 
then the proof of that theorem stands almost word for 
word 

It is worth noting that Theorem 33 cannot be 
obtained from Theorem 2,7 by the above technique (that 
is writing log k, for Al and then using the same proof) 
By this method we only obtain that under the high indices 
(*nation fel is a limitation sequence for each po. 
This is a considerably weaker re alt than the high indices 
theorem, In view of this, it seems probable that 
Theorem 5,1 is by no means a best possible result, 

53 

\7e nor need to say some 	about 	 Riess 
summdbility methods. Write 

-k (40 

A.s4  44 



Then Zaw  is said to be summable (R„A„. k) to s if 
44,_ftf ith)(.4) 	

46 

Summability (R,A,.,k) implies summability (A, L) if 
and on23r if 

-4;fri „' - 0 
This is a result of Euttner*, 

The sequence (14./4...,)k3 is a limitation sequence for 
(R,Aw„k) eummability, This is established, for positive, 
integral k, by the following argument**, 

Suppose that Za,„ is sumniable (R,. ,k)  to s. Then 

3:01-1" 
Writew 	jh for j  tat 0,1, ...k„ where kb. = 
Now take the kth  diffeztence of the k+1 equations so 
obtained*  Since the kth  difference of (w...Aci.)k  and that 
of Wit' are the same and equal to a constant multiple of 
h 	say ph we obtain that 

4°4  •#.114? 	sia  

ace 
.141 0 

sum 1•1,  

* 	Znttner, P.C.P4S4 57 (1 	61.75. 
** See Hart' 	Riet3Z/0 	of firic filetSeries', 
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The following is a theorem stated by Korebblyumts. 

TipOREM 5.14 
Suppose that or some positive integer k4 

Then erummability (A,  'A.) implies movability (RA, ),,, 

The following result is an immediate corollary. 

THEOREM 5 
Suppose that for some positive integer k 

Then (1.111.) is a limitation sequence for (A0,) 
summdbility. 

Note that. when lott Theorem 1 	we ghat the 
above result is the boat possible. 

,Norebblyum, Dokladi Akad. Nauk. S.S.S.R. (N,S.) 
81 (1951) 725.727. (I have not yet seen the proof). 



CFLAPM 6 

6.1 
In this chawtor we consider some of the inclusion 

theorems which can be obtained from the limitation 
theorems we have obtained so far, First of all we establish 
the following well—known result, 

TLii301 41,1 6 1 
Suppose that for each n 

Aii#1 

Then Za„, is sunable (A, L) if and only if it is 
convergent, 

Vie need a lemma which is itself a well—known. result. 
The leer is holds if the ‘o t  is replaced by °C0 but the 
proof is much deeper, 

LEMMA 6 2 

and. that 
Suppose that Zs is summable (A*  L) to s 

= o( 

.Then Za„ converges to s, 

Proof 
-arite 

1.() = 	fl• 
1.4(  



Suppose y.c.3  Then, 
170 have that 

Xsor-4.. 

since 0 .4 1-e 	.1 q„,,y for y>00  

v- 	t 
41aff-1 h/4-1 

Then 
g-* 	

,„<-1‘.. 
	 aa# 

Choose an s>0. Then there is an N such that for 
every xl>11 e  

 

  

Also there is 	H such that for ngN 

R < 

Also 
ey. 20.-1.-0e71" 

A.174 

 

e deo 
1.7 § 

< er e vojec  
a 

It follows that 

 

y-po÷ AV) pw+ 

Proof of 7:hoc)*teem 6.1 
Lot f (t) 	 Then 

f(t)-•s as t-•©+. Also if p>o then f(t) is uniformly 
continuous for t d.3. It follows that if s>0 there is a 6>0 
such that for every t>0 

I 	fif+E) I .< E. 
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In the proof of Theorem 3.3. it 17as shown that 
if lf(t)1<11 for t>0 then it follows that ta„„14311„ where 
C is a constant which depends only on 0. If, therefore, 
in Theorem 3.1 instead of f(t) WO use 

e) - 	(c) 	4+4,  0-el" e  
we will obtain that 

e-  
/a.,C% < C 

It follows that an, = o(1), The theorem then follows 
from the lemma. 

6.2 

By 0(x) we shall always mean a function with the 
followtag properties. For some positive Al  K and 6, 

) For ntA, 0(x) has derivatives of all orders. 

(ii) 'or x>0 and 0.(t<e) 
Ed* 	_ eof(r#4) 
-7k e *=0 04( 

Also, where p,.7 is defined, by f A,1 re chs3.1 
always Mean a SectaeMe of the type fo(1.01 

With these definitions, Kuttnere.1 has proved the 
following theorem 

TIMOREM  
If .5:,a,,, is Estimable (A.,1...) to s, then 

Zs.ed./39'2' is snmmab1e (A, A,,,) to a function 1.7(z), for z>0,_ 
and P(z)-P,s 	z-00+. 

* B,Kuttner, P.C.P.S.„ 145. (1949), 186-193. 
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7e have already seen, in Lemma 5.3 and in Theorems 
2,2 and 2,5, that this holds for 0(z) = logz and for 
0(z) = z-a  , where 0<o<1. Some examples of other functions 
for which it is true are 0(s) = z14-logz, z+logz, zq;-logz, 
z/logz, there 0<ql, An example for which it is not true 
is the function z-logz. 

Clearly, if wo have a limitation theorem of the 
Y,a,,summable (All...) implies ,4 = 0(e6A-) for 

each c>0 ', then it will follow that Zae*Ilwz  converges 
to VW and we shall then obtain from Theorem 61,3 that 
the (A, A.) method implies the (Avit,) method, 

In this section we shall give examoles of some of 
the inclusion theorems that can be obtained this way, 
For the case 0(z) = zq we shall use Miss Cartwrightis 
theorems rather than Theorem 6,3 since these give a 

. slightly stronger result. In this connection it is 
useful to extend the definition of (A.00) sammdbility. 
We shnl, say that 2pm,is summable (.M,,,ta) to s if 
2a.me 	converges for R(z)>0 to a function f(z) and 
f(z)-os es z-.0 uniformly in the angle fargaa. 17e then 
obtain 

THTOREM 6,4 
Suppose that for some g 

- C.°  Y 70  

Then summability (A1A„..) implies summability (AX'ta 
where go  .‹q<1 and a = 

Proof 
% It follows from Theorem 2,7 that a., = (4e'" ) 

for each .6*>0, The result then follows from Theorems 242 
and 2,5, 

6/ 



TEITOR3I 
StrY300c that 2X:1".  converges for some oli:(1 

and also that At, = 0(1:) for some p>0. 
Then =mobility (AA,) implies summdbility 

(At tlog1.,), 

Proof. 
It follows from Theorem h41 that e.„„ 

for each s>0. And Theorem 6.3 holds for 0(z) 
where 0‹q<1. The result follows. 

o(e6A7:d°1-‘) 
qlogz, 

TIMORM 6.6  
Suppose that glogLY converges and 

also that /4.4 = 0(1: ) for some p›o. 
Then samdbility (110,) i s ies summdbility (Al(log14) ) 

Proof 
Theorem 6.3 3 olds or 	= (logz 	We then 

dbtain the ebove result from Theorem 5,1, 

62 
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