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Abstract—Hierarchical federated learning (HFL) enables dis-
tributed training of models across multiple devices with the
help of several edge servers and a cloud edge server in a
privacy-preserving manner. In this paper, we consider HFL with
highly mobile devices, mainly targeting at vehicular networks.
Through convergence analysis, we show that mobility influences
the convergence speed by both fusing the edge data and shuffling
the edge models. While mobility is usually considered as a
challenge from the perspective of communication, we prove
that it increases the convergence speed of HFL with edge-level
heterogeneous data, since more diverse data can be incorporated.
Furthermore, we demonstrate that a higher speed leads to faster
convergence, since it accelerates the fusion of data. Simulation
results show that mobility increases the model accuracy of HFL
by up to 15.1% when training a convolutional neural network
on the CIFAR-10 dataset.

Index Terms—Hierarchical federated learning, mobility, con-
vergence analysis, heterogeneous data

I. INTRODUCTION

The advent of 5G has revolutionized intelligent vehicles,
enabling them to generate and share vast amounts of data
through vehicle-to-everything (V2X) services [2]. In this con-
text, machine learning (ML) has become an essential tool
to efficiently exploit patterns of data while adapting to the
dynamics of the mobile environment [3]-[5]. Conventional
ML solutions rely on offloading the data collected by mobile
devices to the cloud server. Such centralized solutions, how-
ever, encounter challenges of limited communication resources
and privacy concerns in vehicular networks [6]-[8]. Federated
learning (FL), where multiple devices cooperatively train a
model by updating the model parameters with their local
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data and sharing the gradients through a parameter server,
emerges as a privacy-preserving alternative [2], [9]. FL has
great potential in various vehicular network scenarios, such
as edge caching [10], resource allocation [11], radio-based
localization [12], and augmented reality [13].

Nevertheless, FL faces challenges when applied to vehicular
networks. Traditionally, the parameter server of FL is located
on a remote cloud. However, the communication links between
the cloud server and vehicles lead to large communication
delays and dropout rates [14], resulting in a long training
time [15]. Training tasks such as edge caching and channel
estimation are required to be trained up-to-date based on the
changing data generated by the dynamic environment, and the
timeliness of these tasks can not be guaranteed by the cloud-
based FL. Federated edge learning (FEEL), where an edge
server acts as the parameter server, has a lower communication
delay to vehicles [16], [17]. However, the edge server generally
covers a small area, and the density of vehicles is low. As a
result, the number of participating vehicles is often too small
to make the model converge [2]. To balance the training delay
and coverage range, hierarchical federated learning (HFL) has
been proposed [18], [19], which trains a global model at a
central cloud server in a federated manner with the help of
edge servers. The wide coverage of the cloud server ensures
sufficient participating vehicles, while the edge servers are
mediators for model aggregation, which help decrease the total
training time. This three-layer structure has shown its potential
in balancing the volume of training data and latency in mission
cognitive wireless emergency networks [20].

In this work, we consider HFL in vehicular networks
(see Fig. 1 for an illustration). The performance of HFL in
vehicular networks is mainly affected by two factors. Firstly,
different vehicles have diverse routes and may collect data
with diverse statistics, e.g., different classes, resulting in data
heterogeneity (or, non-i.i.d. data) [9], [21]. Heterogeneous data
causes the local objective function to diverge from the global
objective function, thereby degrading the learning performance
[22], [23]. Many research efforts have been devoted to the
problem of heterogeneous data in FL. and HFL, but few in
the context of vehicular networks. Secondly, unlike traditional
HFL where the devices are fixed, the mobility of vehicles
dynamically changes the network topology. Some studies have
considered the impact of mobility on scenarios in vehicular
networks, such as edge attacks [24], and opportunistic com-
munication between vehicles the edge server for collaborative



Fig. 1. Illustration of HFL in vehicular networks.

learning [25]. The impact of mobility in HFL is examined
in [26], but the authors claim that mobility deteriorates the
training performance by decreasing the number of vehicles
that successfully upload their models.

We have a different perspective on the impact of mobility
on HFL. On the one hand, the mobility of vehicles cause
frequent cell handovers and channel variations, which makes
the uploading of models from the vehicles to the edge servers
more difficult. Vehicles may frequently receive the edge model
from one edge server, while uploading its local model to
another. This phenomenon is called shuffling the edge models.
On the other hand, mobility promotes mixing of heterogeneous
data, because vehicles can act as ‘data mules’ [27], which
potentially improve the learning performance. This is called
fusing the edge data.

Therefore, in this work, we investigate the effect of mobility
on the performance of HFL. The main contributions of our
work can be summarized as follows.

o« We analyze the upper bound of the loss function of
general HFL tasks w.r.t. heterogeneous data and general
mobility models, showing how mobility influences the
bound.

o We further analyze the performance of HFL for classifica-
tion tasks with Markov mobility of vehicles. Three typical
initial label distributions are discussed and theoretical re-
sults demonstrate that mobility improves the performance
of HFL with edge-level label imbalance. Specially, when
the edge servers form a ring topology, a higher vehicle
speed leads to faster convergence.

e Through simulations we show that mobility indeed en-
hances the convergence speed and accuracy of HFL with
edge-level label imbalance. Furthermore, the potential of
mobility to reduce resource consumption is studied.

The rest of this paper is organized as follows. Section II
introduces the related work. Section III describes the sys-
tem model, characterizes the learning task, and presents the
training algorithm. In Section IV, convergence analysis of the
system is conducted, showing the impact of mobility on HFL
with heterogeneous data. Section V presents simulation results
and discussions. Finally, Section VI concludes the work.

Throughout the paper, we use E[-] to represent the expec-
tation operation, and IP[-] to represent the probability of an
event. ||-|| maps the 12-norm of a vector, while ||-||; maps the
11-norm of a vector. The cardinality of a set is denoted by |-|.

II. RELATED WORK

The issue of heterogeneous data has gained attention ever
since the inception of FL. In [9], it is highlighted that non-
1.1.d. data across devices is a natural occurrence in FL. To date,
numerous efforts have been made to address this problem,
which can be broadly categorized into three types: data-based,
algorithm-based, and framework-based [28], [29]. Data-based
methods aim to balance data among different devices by shar-
ing a small portion of global data [30] or generating augmented
samples [31]. Algorithm-based methods focus on designing
specific aggregation [32], [33] or optimization strategies [34].
Framework-based methods employ new paradigms to model
the data heterogeneity of devices, such as multi-task learning
[35], personalized learning [36], clustering [37], [38], and split
learning [39]. Nonetheless, these studies treat data heterogene-
ity as a generic phenomenon [40], and most of them examine
the performance of their algorithms by simulations without
much analysis on the convergence bound of FL.

The authors of [41] classify data heterogeneity into four
specific types: feature distribution skew, label distribution
skew, concept shift between features and labels, and quantity
skew. Among them, label distribution skew, also known as
class imbalance, is more prevalent in realistic scenarios. Con-
sequently, most subsequent researches focus on this aspect.

Simulations have demonstrated that imbalanced data neg-
atively impacts the training performance [23]. A mitigation
strategy is then proposed, which measures the class imbalance
by the ratio between the number of samples in the majority
class and the minority class, and adds the ratio loss to the
training loss. In [42], devices are categorized into uniform
and biased groups based on their data distributions. Mediators
are then introduced to manage the training and balance biased
devices according to the Kullback-Leibler (KL) divergence of
their data distributions. The authors of [40] adjust the cross-
entropy loss based on the occurrence of each class to train a
more balanced local model. The final classifier layer of the
neural network, typically a softmax layer, is modified in [42],
[43]. A scaling factor is introduced into the softmax function
to accommodate missing classes in [42], while the i.i.d. raw
features are employed to calibrate the trained model [43].
The accuracy decrease in FL with non-i.i.d. data is attributed
to weight divergence in [30], where earth mover’s distance
(EMD) is introduced as a measure to quantitatively assess
weight divergence. Although the class imbalance problem
is effectively addressed in these work, vehicular network
scenarios are not considered, where the mobility of vehicles
impact the training performance.

In the context of vehicular networks, to balance the training
time and the number of participating vehicles, HFL structure is
considered, where vehicles cooperatively train a global model
with the help of the cloud and edge servers. Several work
attempt to reduce the degree of heterogeneity of HFL by
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Fig. 2. The training procedure of HFL.

shaping the data distribution at the edge. The user-edge asso-
ciation problem is often considered, which involves allocating
users that fall under the coverage of multiple edge servers. By
minimizing the KL divergence among the data distribution of
each edge server, a user-edge association method is adopted
in [44], reducing the total number of communication rounds
during training. The authors of [45] model the optimal user-
edge association problem by minimizing the weight divergence
between the global and optimal models, which can be further
converted to data distribution imbalance. As a result, the
assignment problem is transformed into a distributed optimiza-
tion problem. Despite the value of these work, they do not
consider the change in data distribution when vehicles move.

The impact of mobility in HFL is examined in [26]. The
convergence speed of HFL in relation to mobility rate is
analyzed, showing that mobility decreases the convergence
speed of HFL, and an algorithm is then proposed to mitigate
the impact of mobility by adopting cosine similarity as the
aggregating weights. However, the authors ignore vehicles that
cross the coverage of edge servers (crossing vehicles) when
edge servers aggregate models of vehicles. In contrast, we
think the data on the crossing vehicles is important as they help
mix diverse data, so these vehicles should also be considered.

Theoretical analysis of FL with heterogeneous data has been
conducted by several work. The authors of [46], [47] measure
non-i.i.d. by the upper bound of gradient divergence and the
difference between the optimal values of the local and global
loss functions, respectively. The corresponding convergence
bounds with respect to the non-i.i.d. metrics are then derived.
Subsequent work [18], [26], [48]-[51] further analyze the
convergence bound for HFL with heterogeneous data. These
work does not consider the scenario of vehicular networks, so
the impact of mobility is not examined.

The authors of [3] suggest that mobility has two-fold
impacts on data-heterogeneous FL. On the one hand, it brings
uncertainties to the network topology, which may decrease
the number of vehicles that successfully upload the model
or deteriorate the quality of the model. On the other hand,
it facilitates data fusion which potentially accelerates the
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convergence speed of training. Simulations show that mobility
increases the test accuracy of the edge-based FL.

In our previous work [1], the upper bound of the loss func-
tion of HFL with respect to mobility and data heterogeneity
is derived, which shows the potential of mobility to improve
the performance, but the gain of mobility is not analyzed.
In this work, we show the two-fold effects of mobility by
a more comprehensive convergence analysis and exploit the
gain of mobility on HFL by constructing a mobility model
and plugging it into the bound. Further simulations show the
potential of mobility to reduce training costs.

III. HFL IN VEHICULAR NETWORKS

We consider HFL in vehicular networks. A central cloud
server equipped with a macro base station controls several
edge servers, which can represent base stations or roadside
units. Each edge server is static, and covers a limited area
of streets. The vehicles move on the streets and cross the
coverage of an edge server occasionally. We assume that the
cloud server has a large enough coverage, so all the vehicles
are always within its coverage. Therefore, the cloud and edge
servers, and the vehicles together form a closed system without
input and output flows. We denote the central cloud as C, and
assume that there are N edge servers and M mobile vehicles.
In practice, M is much larger than N. The vehicles in the
system cooperatively train a model with the help of the cloud
and edge servers.

The HFL task attempts to find the connection between
inputs x; and labels y; in the global dataset D = {x;, y,}g1
Let D,, denote the dataset of the m-th vehicle; we have
D =UM_ D,

For a sample {x;, y;}, let g; (w) be the sample loss function
for models w. The loss function of the m-th vehicle is
given by f,, (w) = ‘D—ll Y iep,, 9i (w), and the global loss
function is then determined by an average of the sample loss
functions, F (w) = b 3,cp g (w) = Y0 alf ().
The training objective of HFL is min,, F' (w).



Algorithm 1 Mobility-aware Hierarchical Federated Averag-
ing (Mob-HierFAVG)
Require: 7

1: procedure MOB-HIERFAVG

2 Initialize the cloud model with parameter w(®)

3 for k=0,...,K do

4 fort.=0,...,7. do

5: EdgeDlstnbute({w N Aw 5,:)}%:0

6: fort;,=1,...,7, do

7 T+ T1+1

8 LocalUpdate ({'wg NM_ )

9: end for

10: for all edge server n = 1,..., N in parallel do
11: gl el

12: ngr)L <~ ZnLES(T) arn,nwg‘:l—)

13: end for ! > EdgeAggregation
14: end for

15: w(™) Z 0w

16: {w(T) L ’UJ(T) > CloudAggregation
17: end for

18: end procedure
19: function EDGEDISTRIBUTE({we o b 1,{w My

20: for all edge server n = 1,..., N in parallel do
21 for all vehicle m € £\ in parallel do

22: w) — wl)

23: end for

24: end for

25: end function
26: function LOCALUPDATE({wm M

27: for all client m =1,..., M in parallel do
28: w%) — w%_l) -9 (w%_l))

29: end for
30: end function

A. Mobility-aware Hierarchical Federated Averaging

We follow the HFL framework in [18], [19] while further
incorporating the mobility of vehicles. We call the stochastic
gradient descent (SGD) process on a batch of samples at each
vehicle as a local update. We maintain an iteration enumerator
7, which records the number of local updates each vehicle has
carried out in total. A synchronized system is considered, so
7 is tracked by all the vehicles. We denote the models of the
m-th vehicle, the n-th edge server, and the cloud server at
iteration 7 as wﬁn), wﬂ,w(”, respectively.

The training procedure is illustrated in Fig. 2. We assume
that vehicles sample data before training in the preparation
stage, and the dataset carried by each vehicle does not vary
during training. After sampling, all the cloud and edge servers
initialize with a global model w(®). The training stage is
consist of the following four steps:

1) Edge distribution: Let each edge server maintain a
covering vehicle set Sr(f), and assume that each vehicle is
associated with the nearest edge server only. Each edge server
distributes the edge model to all the vehicles within its

coverage, i.e., wiy) = wl), m e 7.

TABLE I
SUMMARY OF MAIN NOTATIONS

Notation Definition
D; D,, global dataset; dataset of the m-th vehicle
F (w); fmn (w) global loss function; loss function of the m-th
vehicle
T number of total local updates
(1), (1)

w); welp; wy,)  model at the cloud server, n-th edge server and

m-th vehicle

552) the batch sampled by the m-th vehicle
g (wsfl ) gradients calculated over the batch 55,?
; Tey K local period; edge period; cloud period
9(7) (y,,f)n aggregation weights of the n-th edge server and

m-th vehicle

2) Local update: For each local update, the m-th vehicle
performs SGD using its local data by ﬁjg) = wfﬁ_l) —
NV fm (w (771)75%71)), where 7 is the learning rate, and
Y fm (wm ,€'7)) is the stochastic gradient of the loss function
with data batch &, () sampled from D,,,. For notation simplic-
ity, we define g( (T)) L0V fm (w%)@m). Local update is
repeated 7; times until the next edge aggregation starts.

3) Edge aggregation: Each edge server first updates the
covering vehicle set &(LT . Then it collects and aggregates
models from all the vehicles within its coverage at that time.
The aggregated model at the n-th edge server is denoted by

it (7') _ ( ) (7—) (T) A ‘Dm,‘
w, = ZmGS(T) Qi nw . where Qmn = Zm ES(T) D,/

denotes the aggregation weight of the m-th vehicle.

The edge distribution, the local update, and the edge aggre-
gation form one edge epoch, which is repeated 7. times until
the next cloud aggregation starts.

4) Cloud aggregation: The cloud server receives, aggre-
gates, and distributes edge models. The aggregation process
is denoted by wg},, =w() = Zﬁ[: o' ){ugﬂ)l, where 0\ 2
2, cetr) Pml

Eﬁ{:l |D77L|
All four steps above form one cloud epoch, which is

repeated K times. We call 7, 7., K the local period, the edge
period and the cloud period, respectively.

Following the steps above, the evolution of the local model
at the m-th vehicle is denoted by

denotes the weight of the n-th edge server.

(T), TtT
wﬁ,:) = wg%, T T Tt T
w7, | 7

Here a | b means b is divisible by a, while a 1 b means b is
not divisible by a.

The main notations are listed in Table I, and the details of
the training procedure are described in Algorithm 1.

B. Data Distribution

The performance of HFL is affected by the data hetero-
geneity during training, which is mainly related to the initial
data distribution and the mobility of vehicles. Except for the
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(a) The i.i.d. case.

Fig. 3. Illustration of three initial data distributions.

vehicle-level heterogeneity that has been widely taken into
account in literature, we further consider edge-level hetero-
geneity, where the dataset of an edge server is denoted by the
union of the datasets of all the vehicles within its coverage.
Three typical sampling cases of initial data distributions are
considered:

(1) i.i.d. The data patterns are homogeneous for all vehicles,
and each vehicle owns a dataset of the same distribution. As
shown in Fig. 3(a), taking the MNIST dataset as a visualizing
example, each vehicle holds the same number of images
containing digits from 0 to 9.

(2) edge non-i.i.d. The training tasks have spatial depen-
dence, such as trajectory forecasting and beam selection,
where the data patterns depend on the location of vehicles.
In this case, the data distributions are non-i.i.d. across edges,
but i.i.d. among the vehicles within the same edge server. For
example, in Fig. 3(c), the top edge server holds 0 to 4, and
the bottom edge server holds 5 to 9. All of the vehicles within
an edge server hold the same digits.

(3) local non-i.i.d. The data patterns are heterogeneous
for different vehicles. In this case, vehicles own datasets of
different distributions, as shown in Fig. 3(b).

In the local non-i.i.d. case, the edge-level heterogeneity
usually exists, but it happens when the edge servers hold
homogeneous data. For example, if the top right vehicle and
the bottom right vehicle swap their positions, the data on edge
servers would become i.i.d. This is called local non-i.i.d. edge
i.i.d.. Generally, if the number of vehicles is large enough, the
dataset of each edge server is more likely to be homogeneous,
since the data of vehicles is sufficiently mixed up.

C. Mobility Model

Since the edge server that each vehicle belongs to at the
time of edge aggregation is needed, the mobility of vehicles is
modeled by a discrete Markov chain. The observation interval
of the Markov chain is equal to the interval between two
consecutive edge aggregations. The states of the Markov chain
represent the relationship between the edge server and the

(b) The edge non-i.i.d. case.

(c) The (local) non-i.i.d. case.

vehicle, with a state space size N. Denote the transition
probability matrix by P € RY*N | where the i-th row and j-
th column element P;; represents the probability of a vehicle
that stays within the i-th edge server at the last epoch and
moves to the coverage of the j-th edge server at the current
epoch.

IV. CONVERGENCE ANALYSIS

In this section, the upper bound on the loss function of the
Mob-HierFAVG algorithm for general tasks and classification
tasks are derived. The impact of mobility is then discussed
based on the bounds.

A. Convergence of HFL in static and mobile scenarios

We first quantify data heterogeneity by the gradient differ-
ence. Define §,, and Al g

|9 (w) = VF (w)]] < 5,
|VEG) (w) = VF (w)| < A0,

where F7) (w) 2 > el a7 fn (w) . Here, 8, and A
represent the data distribution difference between the dataset
of the m-th vehicle and the cloud server, and between the n-
th edge server and the cloud server at the 7-th local iteration,
respectively.

Furthermore, the edge-local gradient difference is repre-

sented by
o0& Y b,
771,ES,(LT)
and the cloud-local and cloud-edge gradient differences are

M N
§2 3 ambm, A ENT9OAD,
m=1 n=1
respectively, where a,, £ %.

The definition indicates that the cloud-local gradient dif-
ference is not time-varying, while the cloud-edge and edge-
local gradient differences are. This is because the whole
datasets of vehicles remain the same during training, while



the dataset of each edge server varies over time due to the
mobility of vehicles. Therefore, d,, and Agf) represent the
data heterogeneity impacted by the mobility of vehicles.
Next, a general convergence bound for HFL is introduced.
Define the following virtual models:
1) w(™): The virtual cloud model. It records the weighted
sum of local models at each iteration by:

w23 o).

2) v(™: The virtual centralized model. It monitors the
process of centralized learning and synchronizes with
the virtual cloud model periodically. It evolves as

() & f)(T) = U(Til)_nvF (U(Til)) y TiTe Jf T
v'\7) = u), .

D

TITe | T
The upper bound on the central-federate (CF) difference at
the k-th cloud epoch is denoted by Uy, where

(kmire) _ gy(kmiTe) < U,.

Uy, represents the difference of the convergence speed between
HFL and centralized learning. Also, denote the optimal model
parameters by w*.

Assumption 1. We assume the following for all m:
1) fm (w) is convex;
2) fm (w) is p-Lipschitz, ie.,
[ fm (W) = fm (w')]| < pllw — w'|| for any w,w';
3) fm (w) is B-smooth, i.e.,
IV fi (w) =V fin (w')]

Proposition 1. For any m, if assumption 1 holds, and for
some € > 0, we have

() 1< 3,
@) e

Ty Te€2

< Bllw — w'| for any w,w’.

_Bn
2

A .
>0 for allk, wherego—mk}n —”6((1671)7176)_1“* 5,

3) F (i;(’””f'? — F(w*) > ¢ for all k,
(4) F (w(KTLTE ) - F(w*) 2 €,
after T 2 K17, local updates, the loss function of HFL is

bounded by
F (w(T)) — F(w") <
Tne -5

Proof. See Appendix A. O

We then focus on bounding the CF difference in the static
scenario and mobile scenario, respectively.

1) Static Scenario: In this scenario, we assume vehicles
move in a small range and thus do not cross the coverage of
edge servers during training. Then the edge gradient difference
satisfies A(7) = A,

Theorem 1. In the static scenario, the CF difference has an
upper bound

1
Uk,nomob :r(TlTev m, 5) -n (6_A) |:§Te (Te_ 1) Tl+H(T[, Te)} )
2)

where r(1,1n,0) = %[(1—1—175)7—1]—7'775, and H () is a non-
polynomial function of 7, and T,.

Proof. See Appendix B. [

Theorem 1 shows that the upper bound on the CF difference
is irrelevant to the cloud epoch k, so we further set U =
Uk,nomob-

Here r(7;7.,7,0) is equals to the CF difference of FL with
aggregation period 7;7., learning rate 7, and gradient differ-
ence §. The right hand side of Eq. (2) can be recognized as
the improvement of HFL over FL by introducing edge servers
as the intermediate layer. It is shown that the improvement of
HFL is determined by both the data heterogeneity J, A and
aggregation periods 7, Te.

Besides, 7; and 7, are not symmetric. If 77, is set to a
fixed value, then the choice of 7; and 7. still influences the
convergence speed. This is aligned with the conclusions in
[26].

2) Mobility Scenario: We now consider that vehicles have
high mobility and may cross the coverage of edge servers.

Theorem 2. In the mobility scenario, the CF difference has
an upper bound

Te—1
1 < .
Uk,mob :T(TlTev m, 6) —nT [57_6 (Te_l) 5_ Z jA[(kil)Te+J]:| )
j=1
‘ } 3)
where Al = AU,
Proof. See Appendix C. O

Compared with Eq. (2), A is substituted by A(™) in Eq. (3),
because the dataset of the edge server is varying with mobility
of vehicles.

To compare the convergence bounds of static and mobility
scenarios, we define the mobility factor and derive the form
of this factor in some typical cases.

Definition 1. Define the mobility factor i as

_ Uk,nomob - Uk’,mob

Vi pp (4)
Te—1 ' s H(Tl77-e)
=7 ;j (A[O}_ch 1) ,+J])_(5_A[O])T ’

which characterizes the effect of mobility on the convergence
speed at the k-th cloud epoch normalized by local updates.

The convergence bound of HFL with mobility is then
expressed by

F (w(T)) — F(w")

mob

IN

PUk,mob
T Te€?




Therefore, the effect of mobility with fixed n, 7" and U is

K
determined by v £ % > Ag. If v > 0, mobility accelerates

the convergence speedkof1 HFL; if v = 0, mobility has no
apparent influence on the convergence speed; if v < O,
mobility degrades the performance of HFL.

We also notice that y;, is Composed of two parts with the
core elements APl — A7+l and (5§ — AYH (7, 7),
respectively. Here the first element expresses the evolution of
the cloud-edge gradient difference, which is caused by the
fusion of data on vehicles as they move across the coverage
of edge servers. The second element emerges because some
vehicles receive models from one edge server and upload
their model updates to another edge server, which decreases
the quality of models. Therefore, mobility influences the
convergence bound of data-heterogeneous HFL in two ways,
fusing the edge data and shuffling the edge models.

B. Convergence of HFL for classification tasks

To further analyze whether the mobility factor « is positive
or negative, the magnitude relationship among , A% and
Al(E=17e+3] ghould be figured out.

1) Mobility Factor for Classification Problem:

Since 8, Al and AlD7e+il are all related to the loss
function, we further consider a classification task with C
classes, which adopts the cross-entropy loss. Denote p {y =c}
and p%] {y=c} by the proportion of samples with label
c in the global dataset and the dataset of the n-th edge
server at the j7-th iteration, respectively. Then the proba-
brhty Vectors is expressed by p = [p{y=1},...,p{y=c}],

= {y=1}, ., {y=c}].

Assumption 2. The global and edge loss functions for the
classification task are denoted by

C
F(w) =Y p{y=c} Eqp[log g; (w)],
c=1
C
FO (w) =Y plH {y=c} Bqyyellog gi (w)],
c=1

Assumption 2 claims that the gradient difference can be
expressed by the weighted sum of expectation of loss function
over each class. In other words, the loss function, as well as
its gradients, are determined by the class distribution.

Based on this assumption, the relationship between ¢ and
Al is derived as follows.

Proposition 2. For classification tasks with the i.i.d. and edge
non-i.i.d. initial distributions, § — A%l = 0.

Proof. For the i.i.d. case, the local and edge data distribution
is identical to the global data distribution. According to
Assumption 2, § = Al’l = 0. Similarly, for the edge non-
ii.d. case, the local data distribution is identical to the edge
data distribution, so we obtain § = Al0, O

Proposition 2 points out that the convergence bounds of the
i.i.d. and edge i.i.d. cases are not impacted by shuffling the
edge model.

To compare A% with Al#=D7e+7] we consider deriving an

upper bound of A% ! Firstly, we have

Al = [V (w) ~ VF (w)

C
Z (p {y:c} - pE{] {y:c}) vw]E:ch/:c[lOg gi (w)] H

c=1

<2Hp{y ¢} = {y=} | | VuEapellog g (w)]]

<|lp —piz']lllc, (5)

where G = max{HV Ezjy=c[log gi (w)]

}, and |[[p —

pn H1 = Z Hp {y=c} — pn {y—c}H denotes the probability

difference. Therefore for a classification problem with cross-
entropy loss, the variation of edge gradient difference is
bounded by the variation of probability difference ||p— p Il
Next, the mobility model is introduced to further decompose
the probability difference. Assume the mobility of vehicles
follows a discrete Markov model as stated in Section II. Then
the transition probability of vehicles from edge server n to
edge server n’ during the last edge epoch is denoted by

Q. =P [m e g™y e g

To simplify the model, we assume that the number of
vehicles within the coverage of the n-th edge server does not
change sharply in two adjacent edge aggregations. That is to
say, 0™ ~ gUFVT for all .

As the training goes on, the label distributions of edge
servers change accordingly by

S0 Qu pr)

[+1] — (7]
Pn - en(J-‘rl)‘rz) Z/ Qu P
Define Pl = [p[lj],p[Qj ], ,pk,]] as the label probability
matrix, and the transition of P[J I can be written as
plbi+l = p[j]Q.

Then the probability difference is bounded w.r.z. the mobility
model.

Lemma 1. If all vehicles follow a discrete Markov model
with a transition probability matrix Q, then the probability
difference of edge server n in jT;-th iteration is bounded by:

lp — P [l1 < NLy|A 7, 6)
where L, is a constant determined by n, and A\, is the largest
eigenvalue of Q satisfying ||A.|| < 1.

Proof. See Appendix D. [

Lemma 1 indicates that the probability difference decreases
as the training goes on with a speed of ||A.||. Taking Eq. (5)
into Eq. (6), we obtain

AV <GN|NIP D OnLy = GINJ'NL, (D)
n=1

N

where L =Y 6,L,.
n=1

Now we derive v w.rt. initial data distributions.



Theorem 3. For classification tasks, the mobility factors with
different initial distributions have the following form:

iid vy, =0, 3
§
local non-i.i.d. / edge i.id.: v, = — 1 H(7,7e), )
TiTe
Te—1
NL < ;
edge non-i.i.d.:v,= nG Zj (1 — || A« ||(k71)T€ﬁ> ,(10)
T,

e i=1

Proof. For the i.i.d. case, since the local and edge data dis-
tributions are always identical to the global data distribution,
we have 6 = AUl = 0 for all j, so Eq. (8) is derived.

For the local non-i.i.d. / edge i.i.d. case, § > 0 because the
datasets of all vehicles are heterogeneous, and A7l = 0 for all
J because the datasets of edge servers are assumed to be i.i.d..
Since the upper bound of AUl decreases over j as shown in
Eq. (7), we can further assume edge i.i.d. always holds during
training, i.e. A/l = 0 for all j. Taking it into Eq. (4), Eq. (9)
is obtained. Here ~;, < 0 for all &, so v < 0.

For the edge non-ii.d. case, we assume that Al
AlEDTe4I] 5 GNL(||A|© = ||\ ]7). Inserting (7) into (4),
and based on Proposition 2, Eq. (10) is obtained. Here v, > 0
for all k since [|[A.]| < 1, so we have v > 0. O

From Theorem 3, the impact of mobility on data-
heterogeneous HFL depends on the initial data distribution.
Mobility has no apparent influence on HFL with i.i.d. data.
In the local non-i.i.d. / edge i.i.d. case, mobility decreases the
convergence speed of HFL by shuffling the edge models. In
the edge non-i.i.d. case, mobility accelerates the convergence
speed of HFL by fusing the edge data.

On the other hand, the performance of HFL with different
data distributions can also be compared.

In the static scenario, the CF difference is bounded by Eq.
(2). For the ii.d. case, § = A = 0, so the CF difference
equals to 0. For the local non-i.i.d. and edge non-i.i.d. case,
assuming the vehicle-level data heterogeneity § is the same,
we have Ajgcar niid < Aecdge niid» since the data heterogeneity of
edge servers is as much as that of vehicles in the edge non-
i.i.d. case. Therefore, the performance of the local non-i.i.d.
case should be better than that of the edge non-i.i.d. case.

In the mobile scenario, the performance of the i.i.d. case
does not change. Meanwhile, the edge non-i.i.d. case con-
verges faster, while the local non-i.i.d. case may converge more
slowly, so it’s possible that Al[glal niid > Agj]ge aiig for some j,
and ultimately the performance of the edge non-i.i.d. case may
surpass that of the local non-i.i.d. case.

2) Mobility Factor for Ring Topology: Next, we want to
further dig into the edge non-i.i.d. case to study the improve-
ment brought by mobility in more detail. The mobility factor
in Eq. (10) connects the convergence bound of HFL with the
eigenvalues of the transition probability matrix, but the relation
between the eigenvalues and the speed of vehicles is not clear.
In this part, a closed-form solution of eigenvalues is derived
given specific topology and mobility model.

Consider edge servers are connected from head to tail to
form a ring, so all edge servers are homogeneous in topology.
The transition probabilities of vehicles is assumed to satisfy

(1) Vehicles within any edge server have the same sojourn
probability pg,

(2) At each transient step, vehicles can only move to the
coverage of adjacent edge servers with equal probability.

Under these assumptions, the transition probability matrix
is denoted by

- 17 s 17 S-

1]35 21’ 19 o 0 217
2Ps 1]95 2175‘ 0 0
0 Pe o p, 0 0

Q= : ) . (1D

0 0 0 ps e

1—ps 1—ps

== 0 0 == Dps

Then the closed-form solution of eigenvalues can be derived.

Lemma 2. The transition probability matrix (11) is a circulant
matrix with eigenvalues

2nm

An:ps+(1_ps)COS<N>, n=01,---,N —1.
(12)

Proof. From (3.2) in [52], the eigenvalues of circulant matrices
take the following form

N—1

A= e ¥ n=01 N-1  (13)
k=0

Here c;, denotes the k-th component in the first row of the

matrix. Taking Eq. (11) into Eq. (13), Eq. (12) is obtained. [

Proposition 3. For HFL with classification tasks, when the
edge servers form a ring topology, the mobility factor in the
edge non-i.i.d. case is expressed by

Te—1
NGNL — . o
= 1—p,)(1— 27 /N .(14
Yk - ;][( ps) (1 —cos (2m/N)) | (14)
Proof. From (12) we have A\, = p, + (1 —p,)cos(3F).
Inserting it into (10), the proposition is proved. O

From (14) we see that with a ring topology for the edge
servers, the mobility factor is directly correlated to the so-
journ probability of vehicles. Specifically, when vehicles move
faster, their sojourn probability decreases, and the mobility
factor v increases correspondingly, indicating the acceleration
of the convergence speed of HFL.

V. SIMULATION RESULTS

In this section, we conduct simulations on HFL to show the
influences of data heterogeneity and mobility and to verify our
theoretical analysis.

A. Simulation Settings

We consider a city road system on a square grid, where
each side of the square is covered by an edge server, as
shown in Fig. 4. There are N = 4 edge servers and a total
of M = 32 vehicles in the system, and each edge server
covers 8 vehicles initially. The initial positions of vehicles
are uniformly distributed. The Simulation of Urban MObility



Fig. 4. Simulation scenario: HFL with one cloud server, N = 4
edge servers, and M = 32 vehicles. The edge servers form a
ring topology to compose a square.

(SUMO) [53] platform with the Manhattan model is adopted to
simulate the mobility of vehicles, which monitors real-world
vehicle dynamics. The length of each side of the road is a
m, and vehicles travel on the road at a maximum speed of v
m/s. Two main scenarios of the vehicle speed in simulations
are considered:(1) the static scenario, where v = 0; (2) the
mobile scenario, where v = 30 m/s. The interval between
each edge aggregation is assumed to be 1 second. Since the
edge servers follow the ring topology in our scenario, the
mobility of vehicles is denoted by (11) with respect to the
sojourn probability. As shown in Fig. 5, the average sojourn
probability is negatively linearly correlated with the vehicle
speed v with a high correlation coefficient. Therefore, we can
approximately change the sojourn probability by changing the
vehicle speed with a linear scaling factor.

HFL simulations are conducted on the CIFAR-10 dataset'.
We consider three initial data distributions mentioned above:
i.i.d. case, local non-i.i.d. case, and edge non-i.i.d. case. To
create heterogeneous data by uniformly distributing the classes
to edge servers, we only choose data of 8 classes from the
dataset, with 40000 training samples and 8000 testing samples
in total. For the i.i.d. case, the 40000 training samples are
uniformly divided into M disjoint subsets, and allocated to
vehicles so that each vehicle owns one subset. For the local
non-i.i.d. case, all the data are sorted by labels, and [ classes
are allocated to each vehicle (denoted by ‘local niid(l)’ in
the following), with all vehicles holding the same number of
samples. For the edge non-i.i.d. case, the sorted data is first
allocated to each edge server so that each edge server owns
l classes of samples, and then the edge servers uniformly
allocate their data to vehicles within their coverage area
(denoted by ‘edge niid(!)’ in the following). If not specially
noted, [ is set to 2.

We train a convolutional neural network (CNN) with a

Ihttps://www.cs.toronto.edu/ kriz/cifar.html

1.00

o
©
a

Correlation Coefficient: -0.9971

o o
® ©
a =}

Average Staying Probability
o
®
o

012 6 15 30
Vehicle Speed (m/s)

Fig. 5. Average sojourn probability of vehicles with different vehicle
speeds. The length of each side of the road is set to a = 1000 m.

batch size of 20 using the following architecture: the first
convolutional block consists of two 3 X 3 convolution layers
with 32 channels, ReLU activation, followed by a 2 x 2 max
pooling layer and 0.2 dropout; the second convolutional block
contains two 3 x 3 convolution layers with 64 channels, ReLU
activation, followed by a 2 x 2 max pooling layer and 0.3
dropout; a fully connected layer with 120 units and ReLU
activation; and a final 10-unit softmax layer. The network takes
an input of size 20 x 3 x 32 X 32 and produces an output
of size 20 x 10. The ResNet18 model [56], which has shown
superior performance on the CIFAR-10 dataset, is also adopted
to prove that the system can reach a high accuracy. As stated
and proved in [57], models containing batch normalization
layers do not converge in FL training when the data is non-
ii.d. To obtain converged results, we further replace all the
batch normalization layers with the group normalization layers
in the local non-i.i.d. and edge non-i.i.d. case.

The learning rate is set to n = 0.1. If not especially noted,
the local period and edge period are set to 7; = 6 and 7, =
10, separately. The Mob-HierFAVG algorithm is run for up to
K =600 cloud epochs.

B. Performance

1) Impact of initial data distribution: The performance of
HFL under several initial data distributions is shown in Fig
6(a). In the i.i.d. case, the maximum test accuracies of the
static and mobile scenarios are approximately equal, which
is consistent with (8). In the local non-i.i.d.(2) case, the
static accuracy is the same as the mobile accuracy, which is
different from the theoretical result of local non-i.i.d. / edge
i.i.d. case in (9). This is because the number of simulated
vehicles is not large enough to produce edge i.i.d., and as
long as edge non-i.i.d. happens in any cloud epoch, the effect
of data fusion emerges, which offsets the negative effect of
model shuffling. While in the local non-i.i.d.(1) case with
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Fig. 6. The test accuracies within 600 cloud epochs for different initial data distributions on CNN and ResNet18 models.

M = 80, the test accuracy of v = 0 is 1.5% more than that
of v = 30, which is consistent with the conclusion in (9).
In the edge non-i.i.d. case, mobility obviously increases the
performance. Specifically, when [ = 2, mobility improves the
accuracy by 5.7% (74.9% to 80.6%); when [ = 1, mobility
improves the accuracy by 15.1% (40.9% to 56.0%). These
results reflect that if an edge server holds fewer classes, the
accuracy of HFL decreases, while the accuracy improvement
brought by mobility increases. Experiments have also been
carried out with the ResNetl8 model. The results lead to
similar conclusions, but with a much higher accuracy, where
the i.i.d. and edge non-i.i.d.(2) case reaches the accuracy of
93.3% and 87.8%, separately.

Furthermore, by comparing the results of local non-i.i.d.
and edge non-ii.d. cases when | = 2, we find that the
local non-i.i.d. case achieves higher accuracy than the edge
non-i.i.d. case in the static scenario, but reaches a similar
or even lower accuracy with mobility. This is aligned with
our analysis in Section IV. This phenomenon can also be
described by the change in the equivalent aggregation period
of heterogeneous data. In the local non-i.i.d. case, the data
heterogeneity exists at the local level, so the edge aggregation
sees a fusion of heterogeneous data, and thus the equivalent
aggregation period is 7; local updates. In the edge non-i.i.d.
case, the data heterogeneity exists at the edge level, so only
the cloud aggregation sees a fusion of heterogeneous data with
the equivalent aggregation period of 7;7. local updates. As
demonstrated in [54], a greater aggregation period results in
worse training performance for heterogeneous data. However,
when the vehicles start moving, data of different edge servers
gradually mix up, and thus the equivalent aggregation period
goes back to 7;.

2) Impact of vehicle speed: For the edge non-i.i.d. case, the
impact of vehicle speed v on the convergence speed is further
studied. As is shown in Fig. 7(a), the test accuracies of the
scenarios with mobility, i.e., v > 0, are obviously higher than
the one achieved when v = 0. Furthermore, the rounds to
reach certain target accuracies are shown in Fig. 7(b), which
demonstrates that with high accuracy requirements, mobility
greatly reduces the training epochs, and thus saves resource

utilization and power consumption. Specifically, at Acc=0.8,
only two points are plotted, since when the vehicle speed
takes other values, the test accuracy does not reach 0.8 during
training. Also, Fig. 7(b) indicates that it takes nearly the same
number of cloud epochs to reach the accuracy of 60% for all
scenarios. Models of this accuracy contain basic features of the
datasets without the information of class variety and generally
can be achieved by pre-training. Actually, this situation usually
happens in vehicular networks. For example, for the beam
selection task, when the channel condition changes, the model
needs to be fine-tuned, and the original model, which carries
the basic features for beams, can be set as the pre-trained
model.

Therefore, we further assume that the training is started
from a pre-trained model with a test accuracy of 60%. With
a pre-trained model, the training time is obviously decreased,
as shown in Fig. 7(c) and 7(d). Besides, Fig. 7(d) illustrates
that a higher speed generally results in faster convergence. In
particular, it takes only 142 cloud epochs for the v = 30 case
to reach an accuracy of 75%, reduced by 65.5% compared
with the v = 0 case (412 epochs), and 39.8% compared with
the v = 1 case (236 epochs). These results are in line with
the convergence analysis in Section IV.

On the other hand, the improvement brought by high mobil-
ity is limited. In our simulations, both the final accuracy and
the convergence speed typically saturate beyond v = 6 m/s.
Fig. 8 shows the evolving trends of the average probability
difference which is the average of the probability differences
between edge servers and the cloud. A smaller average prob-
ability difference indicates that the data on the edge servers is
more similar to the data on the cloud, meaning that the data is
more sufficiently mixed. The results demonstrate that trends
of the average probability differences in v = 6,15,30 m/s
cases are similar. Therefore, the convergence performance
saturates possibly because data from different edge servers
is sufficiently mixed at v = 6 m/s, and no further gains
can be achieved with even higher mobility. We also notice
that the average probability difference does not monotonically
decrease with time, but oscillates downward in a certain cycle.
Besides, the theoretical analysis indicates that the average
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Fig. 7. Performance of HFL with different vehicle speeds.
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probability difference goes to zero after a long enough time,
but during the simulation time, the value only decreases to
around 0.4. These results may originate from the limited
number of vehicles and training epochs.

3) Impact of aggregation periods: Eq. (10) shows that the
impact of mobility is correlated with not only the sojourn
probability but also the aggregation periods and the number
of vehicles. Further simulations for the edge non-i.i.d. case
with [ = 2 are carried out for verification. Fig. 9(a) shows
the test accuracy of the static and mobile scenarios for several
values of 7.. In the static scenario, a small 7, results in faster
convergence speed and higher accuracy; while in the mobile
scenario, different values of 7. report similar convergence
speed and test accuracy values. This finding indicates that
mobility reduces the reliance on cloud aggregation, and thus
saves communication resources.

The impact of local period 7; is shown in Fig. 9(b). Although
not explicitly expressed in the mobility factor, mobility slightly
enhances the benefits of edge aggregation. For the 7; = 12
case, mobility improves the max test accuracy by 5.2% (73.5%
to 78.7%); while for the 7; = 3 case, mobility improves the
max test accuracy by 6.0% (76.4% to 82.4%).

From another perspective, if the local updates per cloud
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epoch 7y7, are fixed, we can learn the trade-off between the
edge aggregation and cloud aggregation. Fig. 9(c) tells that
mobility brings greater improvement when edge aggregation
is more frequent.

4) Impact of the number of participants: For the edge non-
ii.d. case with [ = 2, we also change the number of vehicles
and edge servers to see the change in the test accuracy. As
demonstrated in Fig. 10(a), the number of edge servers does
not influence the convergence in the static scenario, but if the

vehicles have mobility, fewer edge servers contribute to higher
test accuracy. To understand the results, we consider two
extreme cases: when N = 1, the system degenerates to edge-
based FL with 7 = 7;; when N = M, the system degenerates
to cloud-based FL with 7 = 7;7.. The former case converges
fast because the vehicles aggregate more frequently. As N
increases, the number of vehicles within one edge decreases,
and if the data of vehicles are non-i.i.d., the models of edge
servers will become more and more unstable, which causes the
performance to degrade. However, this result is based on the
assumption that the cloud server has a certain coverage. If the
number of edge servers decreases, each edge server needs to
cover a larger area, with a longer communication delay during
the edge aggregation.

Fig. 10(b) demonstrates that more vehicles lead to higher
test accuracy for both the static and mobile scenarios. This
result matches the conclusion in FL: with more clients partic-
ipating in the edge aggregation, the aggregated model is more
stable, thus bringing a higher convergence speed. Besides, the
improvement caused by adding vehicles is sharper for the
mobile scenario, because the probability difference of edges
with more vehicles becomes smaller as more data mixes up.

VI. CONCLUSION

In this article, we have investigated the impact of mobility
on data-heterogeneous HFL. The convergence analysis of HFL
has been conducted, showing that mobility influences the
performance of HFL by fusing the edge data and shuffling the
edge models. Next, the mobility factors under three initial data
distributions for classification tasks have been derived, which
proves that mobility increases the convergence speed of HFL
in the edge non-i.i.d. case. Furthermore, when the edge servers
form a ring topology, a higher speed of vehicles lead to faster
convergence of HFL. Simulations have been carried out on the
CIFAR-10 dataset and the SUMO platform, demonstrating the
benefits of mobility from multiple perspectives. Results have
shown that mobility brings an increase in test accuracy by
up to 15.1% in the edge non-i.i.d. case. Higher speed results
in higher test accuracy, while the achieved accuracy saturates
when the speed of vehicles exceeds 6 m/s. Moreover, mobility
has also shown the potential for reducing training costs.

In the future, we plan to consider communication con-
straints. Due to the limited bandwidth, not all vehicles will
be able to successfully upload their models. Convergence
analysis will need to be reperformed to account for the partial
aggregation of vehicle models. Subsequently, optimization
strategies can be employed to maximize the performance of
HFL with mobility based on the convergence bound.

APPENDIX A
PROOF OF PROPOSITION 1

This is an extension of Lemma 2 in [46]. The proof is
provided in [58].

APPENDIX B

PROOF OF THEOREM 1

In the static scenario, the vehicles do not step from the
coverage of one vehicle to another, so the covering vehicle



0.80 ;i —
//
0.75
0.70
>
[5)
© 0.65
3
8 0.60
< Vi 0.750
N 7
® 0.55 f
|_
0.50
— N=4
0.45 mobile N=8
static —— N=16
0.4
0 100 200 300 400 500
Cloud Epoch

(a) Different numbers of edge servers. (M = 32)

o
%0
(=}

=
92
G

o
2
S

5
o
<&

Test Accuracy
[=3
[=}
(=}

0.55
0.50
. 4 — M=16
0.a5L11f mobile M=32
static ——- M=80
0.4
0 100 200 300 400 500
Cloud Epoch

(b) Different numbers of vehicles. (N = 4)

Fig. 10. Test accuracy of HFL with different numbers of vehicles for the static and mobile scenarios.

set satisfies E,ST) = &,, and the aggregation weights satisfies

a%?n =y, 97(17) = @, for all m, n. Denote the virtual edge

model as uf) 23 o why -

To prove Theorem 1, we first propose some lemmas. We
provide a brief proof for each lemma in the following, while
the complete proof can be found in [58].

Lemma 3. For the virtual cloud model, we have
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where the inequality holds because of the triangle inequality

and the assumption of 5-smoothness.
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where the first equality holds because w ™™ = w(*77) for
all m and Y v nfm () = F (), and the last equality holds

m
because u(¥77e) = y(k77e) according to the definition. [

Lemma 4. For the virtual edge model, we have
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The proof is similar to Lemma 3.

Lemma 5. Denote 7 = k7. +710,70 € (0, 717], and we have
the following for the m-th local model:

< %m[(l +n8)"™ —1].

Proof. The m-th local model is bounded by

Hw;? 5" (16)

ng)_{,(f)
=[S =0 D] = [19 s (V) =1 (o)
_ [anm (”(T_l))—WVF (U(T_l))} H

§(1+nﬂ)Hw5,§*1) —W*UH + o (17)
We then prove (16) by mathematical induction.
Firstly, the conclusion holds when 79 = 1, since

wgﬁ_l) =v(™1 when 77, | 7 — 1. Secondly, if the con-
clusion holds for 79 = ¢ — 1, then we have the following:

ngjjn‘rﬁrt) _ pkmiTett)

<1408 1) — 87 4,

— (1 + 77/6) ngsn'rﬁ»tfl) _ ,b'(knfe—i-t—l) H + ném

—(1+P) %"[(1 +08)™t = 1] + 1bm
=221+ 9)' - 1.



where the inequality comes from (17), and the first equality
holds because v(™) = &7 when 7,7, { T according to Eq. (1).
So Eq. (16) holds for 7y = ¢, and the lemma is proved. [J

Lemma 6. Denote 7 = k7. +710, 70 € (0, 717], and we have
the following for the virtual edge model:

w?) = 50| <[4 - 1
=1 (0n — Ap) [10 + h(0)], (18)
where h (t) = 7| % (1+n8)" — Ry] and R, = L%J

=1
Proof. We first derive the recursive form of the virtual edge

model similar to (17), and then prove the lemma by mathemat-
ical induction. The complete proof can be found in [58]. [J

Now we can turn to prove Theorem 1. By substituting (16)
and (18) into (15), we obtain

‘um_
0, m7e|7-1,
[ —o =D+ 9s](1 4 98) =17 f 1,

|[w=D —oT=D || 4+ 5s[(1+nB)"" 1]
N O0=A)[(r=1)+h(r=1)],n | T—1,iTe t T—1.

5

<

Summing up over 7y, we further get

Hu(imrﬁm) _ g(kTime+70)
0 .
“E[ﬂ+4ﬁ)°—ﬂ—n&b
Roga
fnwa)ERm4u+Jﬂr1n+f§: wz] (19)
r=1

Taking 79 = 7;7¢, k = k—1 into (19), and denoting H (7, 7) =
Te—1

> h(rm), we finally get
r=1

Uk S%[(l""f]ﬁ)ﬂ‘re_l

1 (3-8) 57

] —TTend
ro—1)m+H]|.

APPENDIX C
PROOF OF THEOREM 2

In the mobile scenario, we denote the virtual edge mobility
model as u(T) £ Zmé c, am,nwsr:), where the vehicle set and
the aggregation weights vary in time because of mobility of

vehicles. We first introduce two lemmas.

Lemma 7. For the mobility case, E? (15) holdsfor the virtual
cloud model if we substitute un

The proof is similar to Lemma 3.

Lemma 8. Denote 7 = k7. +710, 70 € (0, 717], and we have
the following for the virtual edge mobility model:

()

58 -
<~ [@+np)

al) — 5™

~1]-nm (57 -A0). 20)

This is a simple extension of (18) if we consider a no-
mobility training procedure where vehicles follow the topology
of 7-th iteration.

Taking (20) and (16) into (15), and summing up over 7,
we get

HMﬂ_aﬂ

Snaij [(1+nB) —1]
t=1

T0—1 R
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t=1 r=1
Let 7 = 7y7. and k = k—1, and we obtain
6 TIT,
Uk:,mob SB[(l"‘nﬁ) ! 6_1}_7—17—6776
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APPENDIX D
PROOF OF PROPOSITION 2

To prove the proposition, we first introduce a lemma.

Lemma 9. [55]Suppose transition probability matrix Q sat-
isfies ||A«|| < 1 and is diagonalizable. Then there is a unique
stationary distribution 7, and given an initial distribution L,
the k-th distribution py = quk satisfies

ik () = 7 ()] < Ll AP,
where py, (x) denotes the x-th element of .

Based on the lemma, let QU = [s” sg], . s[é]] and the
evolution of Q[J can be regarded as C separate distributions
that converge to steady dlstrlbutlon Assume the global dataset
is balanced, and thus we have Hsc |l = ||s] Iy for all ¢,c,
and we can calculate them by

Dolsdlli=>"la =N
c=1 n=1

So Hs[cj]Hl = & for all c. Then we define bl = to
make it a regularized distribution, and take it into (9) to get

1857 (n) —

Then we can bound the probability divergence by

1
— "[J
= Zn -5l

c [J]

1 )
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_ v 31l _
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