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ABSTRACT 

In this thesis, some decoupling problems for 

linear multivariable dynamic systems are considered. 

A (minimal) realization of a system with a given set 

of high frequency characteristics, fixed by some quan-

tities relevant to the decoupling problem, is obtained. 

A set of decoupling invariants is shown to be inde-

pendent and complete, for the class of decouplable 

systems which preserve,  observability under arbitrary 

state feedback. A(unique) canonical form is thus 

defined. A necessary and sufficient condition for 

the output feedback decoupling problem to .have a sol-

ution is given, for this class of systems. 

The decoupling problem of composite linear sys-

tems is considered for,cascade, feedback, and paral-

lel connections, and conditions for the overall sys-

tem-to be decouplable are given for all three cases. 

The effect of parameter variations on the decou-

piing properties of a given system is studied. Vari-

ations on both, the plant of the system and the in-

put map, are considered, and the results include 

those found in previous literature. 
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The decoupling problem of discrete time-varying 

systems via state feedback is solved and the state 

feedback decoupling pairs are characterized. Finally, 

the dynamic state feedback decoupling problem of con-

tinuous time-varying linear systems is considered, 

and necessary and sufficient conditions for the exis-

tence of a solution are obtained, An algorithm to 

find a (time-varying) decoupling compensator is given. 



A MARGARITA 



-5- 

Me duele este niiio hambriento 

como una grandlosa espina, 

y su vivir cenicierita 

' revuelve mi alma de encina. 

Me da su arado en el pecho, 

y su vida en la garganta - 

y sufro viendo el barbeeho 

tan grande bajo su planta. 

./Quin salvara a este chiquillo,  

menor que un grano de avena? 

iDe donde saldrg el martillo 

verdugo de esta cadena? 

Que salga del corazcin 

de los hombres jornaleros, 

que antes de sex- hombres son 

y han sido niaos yunteros. 

Miguel Herngndez 
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CHAPTER I 

In this introductory chapter, we shall describe, 

in general terms, the decoupling problem. We also 

present a brief survey of the field, with particular 

emphasis on those topics directly related to the con-

tributions of this thesis. In section 3, all the new 

results contained in the main body of the dissertation 

are summarized. 

1) Introduction. 

A large number of dynamical systems found in 

practice are multivariable in nature,i.e., they 

01910W) 
have more than one input and 'One output. One of the • 

main difficulties encountered , when trying to con-

trol such systems is the presence of interaction 

between inputs and outputs. That is, in general, 

control action on one of the inputs affects more 

than one output. 

The available synthesis techniques for single-

input single-output systems are not easily extended 

to the multivariable case when coupling is present. 

On the other hand, most of the techniques developed 

so far for general interactive multivariable systems 

are not powerful or simple enough to provide a suit- 



able answer to the synthesis problem. Moreover, in 

some control problems of practical interest, such as 

certain process control problems or vehicle landing 

systems, it is desirable or even necessary to include 

non-interaction as part of the design requirements. 

Thus, if one is presented with an interactive 

multi-variable system, and interaction is not "help-

ful" or is not desired at all, one may attempt to 

transform the given system into a non-interactive or 

decoupled one, by some practicable means. One would 

be left then, with a system decomposed into smaller' 

subsystems each controlled independently of the 

others. If the resulting subsystems are one-input 

one-output systems, then all the well known resulti 

available for synthezising such systems can be ap-

plied using individual control loops. Even if the 

subsystems are still multivariable, the synthesis 

problem would be reduced to a set of independent sub-

problems, each of smaller dimension and hopefully 

simpler to control. 

Finding the means for transforming an interac-

tive multivariable system into a non-interactive one, 

the conditions-under. which. this is possible,and the 

characteristics one may achieve for the resulting 

non-interactive system are the basic questions which 
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constitute the decoupling problem. 

It is clear that if noninteraction is to be 

achieved, this will have to be accomplished by speci-

fying the inputs or controls of the system in a suit-

able manner, for these are the only variables which 

can be manipulated directly. Different types of de-

coupling problems arise , according to the different 

functions used to specify the controls of the system; 

namely, decoupling by state or output feedback or the 

"restricted decoupling" problem, and decoupling by 

dynamic compensation and state or output feedback, 

or the."extended decoupling" problem. 

A further classification of the decoupling prob-

lem can be made, according to the nature of the result-

ing subsystems,i.e., if the subsystems are to be single-

input single-output, then we refer to the problem as 

none-to-one decoupling", whereas if' the resulting sub-

systems are multi--input and/or multi-output, the prob-

lem is known as "block decoupling". 

The relationship of decoupling to other prob-

lems such as closed-loop observability, closed-loop 

stability (or pole placement in the case of linear 

time invariant systems), data sensitivity, etc, rests 

on the idea that one is interested in the qualitative 

and quantitative characteristics associated with the 

response of the resulting noninteractive system. 
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Other control problems, such as invertibility or out-

put-controllability are related to decoupling through 

the .existence question. 

What has been said so far, applies to arbitrary 

multivariable dynamical systems. In this dissertation 

only linear multivariable systems will be considered, 

and attention will be concentrated on the one-to-one 

decoupling problem. 

2) Brief Survey. 

We will try to survey the most important ideas 

and developments in the solution of the decoupling 

problem as briefly as possible. In particular, at-

tention will be given to those sub-problems or spe-

cific questions which are related to the topics stud-

ied in this thesis. A more comprehensive and detailed 

state of the art may be found in £2]. By sketching 

only the outstanding ideas very briefly, it is hoped 

that it will be possible to situate in the vast field 

of decoupling, the contributions made by this dis-

sertation, which.we will summarize in the next section. 

In the last decade, the decoupling problem has 

attracted the attention of many researchers and as 

a consequence major advancements have been made to-

wards its"solution. Most of the results so far avai- 



.fable on the different facets of the problem how-

ever, apply only to linear time-invariant multivaria-

ble systems. Few of these results have been-extended 

tO the linear time varying case,. and even fewer to 

nonlinear systems. 

In general terms we say that a system is de-

coupled if; 

(i) the variations in the j
th  output of the system 

due to any variations in the i
th 
 input; iiEj, 

are identically zero, and 

th 
(ii) the variations in the j 	output of the system 

due to any variations in the jth input are not 

identically zero. 

Intuitively, condition (i) of this definition, 

accounts for non-interaction, whereas condition(ii) 

is included simply to ensure that some degree of con-

trol exists on',the outputs of the non-interactive 

system. 

The above conditions are not the only possible 

definition of a decoupled system, nor are they the most 

rigorous. However, it suits our purposes as it is 

both intuitive and general. 

A clearer picture of a one-to-one decoupled 
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system is possible if we restrict our attention to 

linear time-invariant systems. Consider the cons-

tant linear system S=(A,B,C) described by the set of 

linear differential equations 

3c(t) = A x(t) 	B u(t) 

y(t) = C x(t) 	 (1.2) 

where x(t)eRn  is the state vector, u(t),y(t)Ele 

are the input and output vectors respectively, and 

A,B,and'C are constant matrices of appropriate dimen-

sions. 

The system S=(A,13,C) is said to be one-to-one 

decoupled, if its transfer function matrix H(s), given 

by 

H(s) = C(1s-A)-1B 

is a nonsingular diagonal matrix (see Ref.[21]). 

2.1 State-feedback decoupling: Existence of a solution. 

B.S. Morgan [35], was the first to pose the de-

coupling problem in the state space description, and 

he gave a sufficient condition for a solution to exist. 

for a somewhat restricted class of linear systems. 

(1.3) 

The control law proposed to achieve. noninteraction 
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was a state feedback law, i.e. a law of the form 

u(t) = F x(t) 	G v(t) 

where v(t)E m  is the closed-loop input and G is an 

mm nonsingular matrix. 

A year later, in 1965, Z.V. Rekasius [53], exten-

ded Morgan's results, but still considered only suf-

ficiency. 

The central question of existence for the one-

to- one decoupling problem via state-feedback was not 

solved until 1967, when P.L. Falb and W.A. Wolovich 

[17], gave a necessary and sufficient condition, for 

the existence of a solution. 

This condition is given in terms of the nonsin-

gularity. of a matrix formed by certain products of 

the parameters of , theySystem.:.More.precisely,:if we_ 

th 
denote the. irow of C: by c, and define 

• tC di 	min j:ciA B/O; 

or di= rt-1 it ci45 =0 or A j . 
and the msm matrix B* as 

c AdlB 1. 

 c Ad  mB ra 

(1.5) 

(1.6) 
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then, [17] there exists a feedback pair (F,G) in 

eq. (1.4) such that the closed-loop system S(F,G) = 

(A.+BF,BG,C) is decoupled, if and only if B* is non-

Singular. 

This has been proved since then, in many dif-

ferent ways and by several authors. The approach 

used by E.G. Gilbert [21] is particularly important, 

because it gave structure to the decoupling problem. 

Hegaveanalternativedefinitionford.;1=1,...,m, 

and B*, in the frequency domain, and as he was to use 

it later to build a canonical form, emphasized the 

invariant nature of the d.'s under similarity (z=Qx; 

Q nonsingular) and state feedback (u=Fx f Gv) trans-

formations. Thus, the d.'s and B* beCame associated 
1 

with certain fixed "high frequency characteristics" 

of the system. 

Two other papers are essential to the existence 

question. Both give solutions to special subcases 

of the block decoupling problem, which include the 

one-to-one decoupling problem as studied by Falb and 

Wolovich, and Gilbert as a subcase. We remark that 

the general block decoupling problem remains unsolved 

to-date, although the cases for which a solution has 

been found include most practical situations.. 

The first of these papers is that of W.M. Wonham 
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and A.S. Morse [86]. Their approach is of a geome-

tric nature and'is based on the concept of control-

lability subspaces. Necessary and sufficient condi-

tions for the existence of a solution to the block 

decoupling problem are given for two important sub-

cases (i.e. rank [C]=n, and more important, rank 

D31=111 ) in terms of the controllability subspaces. 

Their results are mathematically beautiful and rigo-

rous. However, due to their geometric nature, they 

are difficult to translate into a direct design pro-

cedure,i.e., a computer algorithm. 

The second essential paper mentioned above is 

that of L.N. Silverman and H.J.Payne [6o]. They-

reproved the results of Wonham and Morse, for the 

more general case where a direct input-output map 

is allowed in eq.'(1.2) (i.e., y(t)=Cx(t) 	Du(t)) 

and solved a third subcase when rank [G]=m). Their 

approach is, algebraic and based on a structure algo-

rithm previously used by Silverman in [61] to find 

the inverse of a linear system. Their results show 

clearly a relationship between the decoupling and in-

vertibility problems. 

2.2 State-feedback decoupling: Characterization of 

the closed-loop noninteracting systems. 

We now turn our attention to the—type of closed _ 
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loop decoupled systems which may be obtained. When 

a solution to%.the, one-to-one decoupling problem via 

state-feedback exists, it is known that it is not 

unique. Thus, one may obtain non-interacting systems 

with different performance characteristics, accord-

ing to the decoupling state-feedback pair chosen. 

It is desirable-to characterize-the, class-Of,cdecoupl-

ing Jaws and to determine the attainable closed-

loop subsystems. As the location of the poles of a 

system and its response are highly related, one would 

like to be able to place the closed-loop poles arbi-

trarily while decoupling, or at least to ensure sta-

bility. 

Z.V.Rekasius [53], was the first to look at the 

decoupling and pole assignment problem, although he 

gave no definite answer. Later, Falb and Wolovich 

[17],succeeded in characterizing the class of decou-

piing feedback pairs, although(only:impliCitly, and 
rn 

showed that at least m 	d. (<n) poles of the sys- 
I:1 

tem are assignable while decoupling. 

E.G.Gilbert [21], was able to give a definite 

answer to both questions. He established the number 

of poles which can be freely assigned-while decoupling 

(i.e., 	p4  , where pi=di+ri+1 ;i=li...,m) and gave 

an explicit characterization of the state feedback 

iK- = dim 	- di-1 , where 

: /E 0A"; 7AJ  b„ .7: 0 Tor K=1,...,m, K*i. 'aria jr-0) .-/P1-11 

where IDK denotes The Kph  cokum 
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decoupling laws. Further, he established in the 

frequency domain, the form of the achievable non-

interacting closed-loop subsystems. Similar. and 

equivalent results were obtained later by Wolovich 

and Falb, [83], Wonham and Morse [86] geometrically, 

Silverman and Payne [60] and others [29],[39],[46]. 

The question of zero-assignment, also closely 

related to the response of a system, has not received 

as yet due attention, apart from very few results 

[23],[31]. 

Qualitative characteristics of decoupled sys-

tems have been studied. In particular I.H. Mufti 

[40] and P.C. Chandrasekharan [11], established 

conditions for a system decoupled by state feedback 

tobeobservablet intermsofthed.'s and the pi's. 

2.3 Sensitivity and decoupling. 

A further question of significant importance is 

the effect that parameter variations have on the de-

couplability properties of a system. Ast  in general, 

the parameters of a given system are known in prac-

tice only approximately, it is possible to arrive to 

a wrong conclusion regarding the possibility of ef-

fecting non-interactive control. The same is true 

when the parameters of the system suffer variations. 

J 
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Thus,it is important to be able to say under which 

parameter variations or errors, the decoupling pro-

perties of a given system remain invariant. 

One can distinguish two basic problems. First, 

the J!data sensitivity and decoupling problem", stud-

ied by E. Fabian and W.N. Wonham [16], which is that 

of finding under which variations there exists a feed-

back law which decouples both the nominal system and 

the perturbed system, and such that the closed-loop 

outputs of both are identical for all inputs, all 

initial conditions, and all.times. Using a geome-

tric approach, Fabian and .Wonham solved this prob-

lem for variations in A, the plant of the system, and 

B, the input-state map. 

The second problem, which is less restrictive, 

is that of characterizing the set of variations, un-

der which a decouplable system remains decouplable. 

This problem was analized by V. Sankaran [58] who 

called it the "input-output invariance problem". He . 

only considered parameter variations in B, and in C, 

the state-output map, but did not consider variations 

in A. Moreover, Sankaran's results are far from gi-

ving a complete answer. 

Results on the sensitivity of decoupled sys-

tems on a different line can also be found in the 
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literature [28],[48],[69],[71],[77]. The approach 

in these papers is to include the error due to para-

meter variations as part of the design considerations 

and try to minimize it. 

2.4 Output feedback decoupling. 

In many practical instances, the states of the 

system are not available for measurement. In these 

cases, even if a solution to the state-feedback decou-

piing problem is known to exist, it may not be pos-

sible to implement it, unless an estimate of the state 

is obtained first. However, this is not an economi-. 

cal situation if it can be avoided. As the outputs 

of the system are always available for control pur-

poses, an output feedback law, i.e. a law of the form 

u(t) = K y(t) 	v(t) 	(1.7) 

is a possible alternative, to achieve non-interaction. 

It should be clear that the output-feedback 

decoupling problem is a special case of the state 

feedback decoupling problem. Namely, when there 

exists a solution to 

F = KC 	 (1. 7.3) 



with F a state-feedback decoupling matrix. Thus, a 

system will be decouplable via output-feedback only 

if it is decouplable via state-feedback. 

Several necessary and sufficient conditions for 

the existence of a solution to the output-feedback 

decoupling problem are available in the literature. 

That given by Falb and Wolovich [17]1_algebraically, 
■.■ 

is in implicit form and therefore it is difficult to 

use,;  'Ho ever. it was the first solution proposed for 

the existence question. J.W. Howze [24] also solved 

the problem, but his conditions are rather cumber-

some. S.H. Wang and BO. Davison [8l]s. attacked 

the problem in the frequency domain, and proved a 

necessary and sufficient condition constructively. 

M.J. DenhamC[13] and S.H. Wang [8o] used the geo-

metric approach and studied the more general block 

decoupling problem via output-feedback, for those 

subcases for which a solution via state-feedback is 

known. The main difference between their approaches 

is that Wang did not have recourse to the state feed-

back solution formulated by Wonham and Morse, but 

introduced instead the concept of (A,B,C)-control-

lability subspaces. A further necessary and Buff is 

cient condition was given by A.K. Majumdar and A.K. 

Choudhury [33], but theirs is also given in an impli- 

6it form, i.e., it requires the vector c1  A 1 	
to lie 
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in a subspace which in general, dependS on the feed-

back matrix K. (Their results were originally for-

mulated for linear time-varying systems). 

As in the state-feedback case, the pole assign-

ment problem and the question of characterising the 

class of output-feedback decoupling pairs (K,G), 

have been considered by several authors,[13], [24], 

[81]. As expected, the degrees of freedom when out-

put-feedback is used to achieve noninteraction are 

less than for the state-feedback situation (i.e., 

only m poles of the system may be arbitrarilyplaced 

while decoupling via output-feedback). 

2.5 Dynamic decoupling  

When a given system is not decouplable by state-

feedback, it may still be possible to achieve non-

interaction if some dynamics is allowed in the control 

law. 

Z.V. Rekasius [53], was the first to suggest 

this, and he showed that if dynamic state-feedback, 

i.e. feedback of the form 

u(s) = F(s) x(s) + G(s) v(s) 	(1.8) 

where F(s) and G(s) are proper rational matrices of 

appropriate dimensions, is used instead of eq.(1.4), 
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then every invertible system may be decoupled. 

E.G. Gilbert [21], formalized the idea, and clas-

sified the set of linear systems into systemS with no-

inherent coupling. (i.e., decouplable by static state-

feedback of the form (1.4)), systems with weak-inhe-

rent coupling (i.e., invertible systems for which no static-

decoupling feedback pair exists) and systems with 

strong-inherent coupling (i.e., non-invertible sys-

tems). by means of an example, he showed how a precom-

pensator connected in cascade with the plant, can 

transform a system with weak-inherent coupling into 

one.with no-inherent coupling, and thus decouplable 

by static state-feedback. 

From then on, different algorithms for finding 

precompensators which yield an overall decouplable 

system have proliferated. For obvious economic rea-

sons, a precompensator of minimal order is desirable. 

Such compensators were found by several authors, 

using algebraic [9],[22], [54],[62],[78] and geo-

metric approaches, [14],[36],[80], for both, state 

and output feedback. 

Dynamic precompensation has been used not only 

to achieve noninteraction when this is not possible 

by using state-feedback alone, but also to obtain 

more freedom in the closed-loop system. In [25] 
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precompensation is used to achieve complete pole-

placement while decoupling, for those systems where 

this is not possible using static feedback. In [10] 

it is used to maintain observability while:.decoupling. 

A detailed account of the precompensation schemes 

used for decoupling and a discussion of their rela-

tive merits may be found in [2]. 

It should also be clear that One can view the 

dynamic decoupling problem as equivalent to the decou-

pling problem of composite systems connected in cas-

cade. Visualized in this light, the cascade cOnnec-

tion is the only configuration of the decoupling of 

composite systems which has received proper attention.. 

Very little or nothing has been published on the feed-

back or parallel connections, 

2.6 Extensions to other classes of dynamical systems. 

All the results reviewed in previous sections 

extend directly - to linear discrete-time-invariant 

systems (e.g., see [30],[720. An interesting study 

of a hybrid situation (i.e., discrete feedback and 

continuous systems) was made by J.C. Johnson [26], 

and the decoupling problem for sampled-data systems 

has also been studied [20],[66], although the results 

so far available are far from complete.. 
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The extension of the results to the time- 

varying situation or the non-linear case, presents 

greater technical difficulties. Of all the different 

definitions of a decoupled system given for the linear 

time invariant case, only some apply to linear time-

varying systems. (e.g. one can no longer speak of 

a nonsingular diagonal transfer function matrix). 

Moreover, those definitions which may be generalized 

to the time-varying situation are no longer necessa:7-_, 

rily equivalent. (see Appendix A.1). Further, in 

the time-varying situation concepts such as complete, 

total or uniform decoupling become meaningful (just 

as with qualitative properties like controllability 

or observability). That is, decoupling has to be 	- 

defined as a time dependent property. 

In spite of the above, some results have been 

generalized to the time-varying situation. In par-

ticular, some of those regarding static decoupling. 

W.A.Porter [5O], using certain differential 

operators defined recursively on the parameters of_ 

the system, defined a set of integer valued functions 

d.(t); i=l,...,m and a matrix B*(t) which are the 

time-varying equivalent of d.; i=l,...,m and B*  in 
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eqs. (1.5) and (1.6). However, he was,only able 

to show that the nonsingularity of B*(t) is suffi-

cient for the existence of a solution to the state-

feedbaCk decoupling problem. (Porter's results apply 

to both, continuous and discrete time-varying systems). 

Later on, several authors [33],[56],[63],[67], 

[76], showed that B*(t). nonsingular is also necessary, 

and gave characterizations of the class of state-feed-

back decoupling pairs (F(t)G(t4. Yet, to .'do this the 

assumption that the d.'s are constant was required. 

The problem of pole-plaCement while decoupling, 

which is no longer meaningful, was changed into the 

weaker problem of closed-loop stability (e.g.[76]).. 

The approaches used to obtain these results, are 

extensions of those used by Falb and Wolovich [17] 

and Gilbert [21] in the time-invariant case. 

For the discrete,; time-varying situation, the 

only extension of Porter's results known to the author 

i.e., a necessary and sufficient condition, and a 

characterization of the class of decoupling state-

feedback pairs, is that proposed by V. Sankaran and 

M.D. Srinath [57]. However, we believe their results 

should 'be reviewed. 

Some results on the sensitivity of decoupled 
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time-varying systems have been obtained by V. Sankaran 

[58] and S.G. Tzafestas and P.N. Paraskevoupoulos [71] 

but much more research is needed i this area. 

The time-varying output-feedback decoupling prob-

lem has also been studied, and as we mentioned before, 

Majumdar and Choudhury [33L, found a necessary and 

sufficient condition for the problem to have a solu-

tion, in an implicit form. To date, this remains the 

only condition known, although it is almost certain 

that some of those given for time-invariant systems 
are likely to hold with ,appropriate,modifications 

for,,time-yaryingsystems. 

On the dynamic decoupling problem of time-

varying systems almost nothing is known-. All the 

results so far available are for the output feed-

back case [33],[63],[64], and even then, a complete 

answer has not been given. 

The situation for non-linear systems presents 
even stronger technical difficulties. Most of the 

researchers who have worked in this field, have res-

tricted their attention to the subclass of non-linear 

systems, linear in the control. Even for this case, 

where functions equivalent to the d.'s can be defined, 

things are less tractable. The d.'s are not only . 
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functions of time, as in the linear time-varying 

case, but also functions of the state and even the 

inpUt. Thus, it has been usually assumed when solv-

ing:the problem, that the di's are constant for all 

possible (x,t)E(RnsT). This assumption is more cri-

tical here, for even when one is able to obtain a 

diagonal input-output map, without it, interaction 

may occur through the di's, [51]. 

Answers to the existence question for the non-

linear static state-feedback decoupling problem have 

been proposed in [34],[42],[59],[65],[68],[70]. The 

problem of decoupling via output-feedback has not 

been considered at all in the literature, and, very 

few results [43],[1], exist for the dynamic deCoup1- 

ing problem. 

The ideas of noninteractive control have also 

been applied to other types of systemS such as dis-

tributed parameter systems [52], but with little 

success,Thedecoupling of time-delay systems has re-

ceived some attention only lately,  [44],[74],[75]. 

Before closing this brief survey, we ought to 

point out that other types of non-interaction, such 

as triangular decoupling, [37],[79], where interaction 

is allowed in one direction only, and asymptotic de-

coupling - [85], where the target is noninteraction in 



-31- 

the steady-state, have also been considered in the 

literature. For specific problems these types of 

interaction may offer advantages over diagonal or 

block diagonal decoupling. 

3 Contributions of the thesis. 

The main aims of the research leading to this 

thesis were 

1) To study the decoupling problem of linear time-

Invariant systems with a view to obtaining results 

giving more insight into the structure of the problem. 

ii) To analyze the effect of parameter variations 

the decoupling.properties of the system. 

11i) To study the noninteracting control problem for 

composite linear systems, and 

iv) To generalize some of the results available for 

linear time-invariant systems to the time-varying 

situation (continous and discrete). 

Accordingly, the contents of the thesis are as 

follows; 

In chapter II, a procedure to obtain a minimal 

'order realization of a system with given di's and a 

given matrix B* (not necessarly non-singular) is 

given. This shows that td 	i=1;...,mt and B* are 



an independent set of invariants under similarity 

and state-feedback (u=Fx v) transformations. From 

thefreauencyclornainciefinationofthed.,s and B*, 

it is clear that this minimal realization is a solu.*. 

tion to the problem of realizing a system with cer-

tain high frequency characteristics fixed, but other-

wise arbitrary. It is evident however, that in gene-

ral the di's and B* are not a complete set of inde-

pendent invariants. These properties are desirable, 

because any set of invariants P osses sing:.  them , is a 

solution to a universality problem, and the search 

for canonical forms may be considered such a problem. 

In the next section of Chapter II, we show that 

for the subclass of linear systems satisfying 

m *1--J d' = 
1=1 

 

(1.9) 

  

the set of d 	does constitute a complete set of 

 

independent invariants., and thusl we are able to 

define a (unique) canonical form, completely determi-

ned by the d is. In proving this, we first show that 

any decouplable system satisfying eq. (1.9) is con-

trollable, observable, and preserves observability 

under arbitrary state-feedback. It is this last 

characteristic which makes 	 f t class of decouplable 

systems satisfying (1-9)x, interesting. 
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In the last section of chapter II, we give, a 

necessary and sufficient condition for the output-

feedback decoupling problem to have a solution, for 

systems belonging ton. This condition, may be consi-

dered a particular case of a known result [33], but 

the proof given is different and we believe, simpler. 

Moreover, for any member of ,.€L, the necessary and suf- 

ficient condition 	explicit, whereas for the gene-,-  

ral case considered in [33],'it is dependent on the 

feedback matrix, and thus difficult to verify. 

Finally, we show that for any system, belonging toll, 

the independence of the observability subspaces is a 

sufficient condition for the existence of a solution 

to the output feedback decoupling problem. 

In Chapter III, we consider the decoupling prob-

lem for composite systems. As regards the cascade, 

connection, we have already said in the survey, that 

many results are available In the literature. Here, 

we give some necessary conditions on the class of 

prlecompensators which yield overall decouplable sy-

tems. One such condition is that'the precompensator 

must be input-observable with input-observability 

index bounded above by the integer a in Silverman's 

structure algorithm [61]. 

In the section devoted to the feedback connec-

tion of composite systems, we show that the use of • 

dynamic state feedback or dynamic output feedback, 
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does not enlarge the class of decoupable systems; 

that is given a nondecoupable plant, there is no 

dynamic (state or output) feedback which, alone, 

yields an overall decouplable system. This clearly 

shows that its use in connection with precompensa-

tion, as in the more general compensation schemes 

found in the literature, is simply to obtain more 

design flexibility. 

In Chapter III we also consider the parallel 

connection, and give a necessary and sufficient con-

dition for the overall composite system to be decou-

plable by static-state-feedback. • In the discussion 

it is shown that given two decouplable systems con-.  

neoted in parallel, it is not necessarily true that 

the composite system will be decouplable. 

In Chapter IV we analyze the effect parameter 

variations have on the decouplability properties of 

a system. Variations in 'both 	the plant of the 

system and B, the input-state map are considered. A 

necessary and sufficient condition for the data sen-

Sitivity and decoupling problem to have a solution is 

given. This condition is stated in terms of a ma-

trix related to observability, and it is intuiti-

vely clear since it requires that the variations 

lie in the closed-loop unobservable subspace. The 

approach used is algebraic in essence, and the proof 

is simpler than that of Fabian and Wonham [16]. The 

equivalence between their result and ours is shown 

rigorously. 
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The other problem considered in Chapter IV is 

that of total input-output invariance. Again, the 

effect of variation 	in A and B is analysed. A 

characterization of the parameter variaktOn sub-

spaces such that the given decouplable system remains 

decouplable is given, The main results, which extend 

those of V. Sankaran [58], are presented in a way 

which resembles those on robustness of controllers 

In Chapter V, the decoupling problem for linear 

discrete time varying systems is considered. A 

necessary and sufficient condition for a solution 

to exist via state-feedback.is given, 

These 

results review those of Sankaran and Srinath [57], 

which are not completely satisfactory. In proving 

the results the.assumption that d(k) is constant is 

made at an appropriate stage. 

Chapter VI deals with the dynamic state-feed-

back problem for conti.ouous time-varying systems. 

It is shown that the dynamic state-feedback decoupl-

ing problem is equivalent to the invertibility prob-

lem, just as in the time-invariant case. Again, 

assuming constancy of d (t); i=1,...,m, and that the 
i 

parameters of the system are continuously differen-

tiable time functions, a necessary and sufficient 
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condition in terms of A(t), B(t) and C(t) for the 

problem to have a solution is given. This condition 

is difficult to test in general, as it involves some 

non-fixed integers. Thus, a procedure to find the 

precompensator is proposed which at the same time 

yields a necessary and sufficient condition for the 

existence question. For this the concept of rank 

essentiality [9] is extended to the time-varying si-

tuation. The question of minimal order precompensa-

tion is posed, and the technical difficulties one 

would have to overcome for its solution are discussed. 

In the Iasi section df Chapter VI, some of the dif-

ficulties which would arise if the assumption that 

d.(t); i=1,...,m, are constant is removed, are con-

sidered. The possibility of using precompensation 

to obtain an overall system, with constant d.'s 

over the time interval of interest, which at the same 

time is decouplable is discussed.' 

Finally, Chapter VII contains the conclusions 

and some suggestions for further research. 
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CHAPTER II. Decoupling invariants. 

. Introduction. 

Recent literature, [l2],[18],[27],[1 9],[55],[82], 

shows a growing interest in establishing sets of in- 

" variants with respect to equivalence classes defined 

by different transformations,•such as similarity and 

state feedback. The value of showing that a set of 

invariants is complete and independent is that a set 

with such properties is known to be a solution to a 

universality problem [32], and the search for canoni-

cal forms may be considered such a problem. To be 

able to obtain a (unique) canonical form is of impor-

tance since it may help understanding and simplify 

the solution of certain control problems. 

Similarity and state' feedba.ck transformations 

define equivalence relations and therefore establish 

a partition on the set of li7ear systems into equiva-

lence classes. Each of these equivalence classes or 

oibits is completely determined by a particular,value 

of the elements of the complete set of independent 

invariants. That is to say, two linear systems belong 

to the same orbit, if and only if they have the same 

set of invariants. 

When solving the one-to-one decoupling problem 
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via state feedback it Was found,[17],[21], that cer-

tain quantities which play a key role in its solution 

were invariant under similarity and state feedback 

- transformations. These quantities were the setfdli; 

• i=1,...,m, which we will refer to as the set of decou-

piing invariants, and the matrix B*, defined by eqs. 

(1.5) and (1.6) respectively.,  

In this chapter, we show that the set of invar-

iants [d.,B*1 is independent. That is, we show that 

given an arbitrary set idi,B*1, there exists at least 

onelinearsysten whichha's0.01 as its 

set of invariants. (B* is not restricted to be nonsin-

gular, i.e., nondecouplable syStems are also consi-

dered): A realization of id. ,B.1 is obtained, which 

has minimum order among all the possible realizations 

of the given set. Two examples ,are given to illus-

trate the realization algorithm. 

If we state the equivalent definition of the d's 

and B*, given by - 4.G.,.Gilbert [21] in the frequency 

domain, i.e. 

d. = minfj: urn 	H.(s) 	0 ;j=0,1,...,n-11 

 

(2.1) 

  

or di=n-1, 4C Hi0= O. 
where n is the state space. dimension of S=(A,B,C), 

and H. (s) is the ith row of its transfer function ma-i 

trix, and 
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'd4+1 
= liras 	H(s) 

s-0.03 

 

(2.2) 

  

where W.' denotes the ith row of B*, it is clear that 

the realization problem above, may be regarded as 

that of finding a minimal realization of a system 

having certain high frequency gain properties fixed, 

but arbitrary otherwise. 

Now, a set of invariants is said to be complete 

under a class of transformations °It' , if given two 

systems S1  and S2 having the same set of invariants, 

we can find a transformation 'Pet' such that T:SI1---wS2. 

Withthisdefinitioninmind,andasid.,B*1 contains 

no information about the dimension of the system (other 

than a lower bound), it may be trivially shown that 

it is not a complete set of invariants under similar-

ity and state feedback transformations. This is so, 

because two systems of different dimension may have 

identicalsetsofinvariantstd.031- and neither of 

the transformations mentioned alter the dimension of 

a system. 

In order to find a complete set of independent 

invariants. under these transformations, either the 

setof , invariantsfd.,B*1 ;must be enlarged, or the 

class of systems under study specialized. This last 

option is taken in section 3, where it is shown that, 



for the class of linear decouplable systems for which 

m 	
/ 
	d. = n 

1=1 

 

(2.3) 

  

holds, the set of decoupling invariants tdil;i=1,...,m 

is complete and independent under similarity and state 

feedbacktransformations.Since ,fd.is complete and 

independent, a unique canonical form completely deter-
? 

mined by fdil exists and is ,given. 

During the development, it'is shown that systems 

belonging to -(1.={S: 5is decouplable and satisfies .(2.3)/ 

are both controllable and observable and preserve ob-

servability under arbitrary state, feedback, It is 

precisely this last property which makes Si interesting 

and which characterizes it. 

In the last section of the chapter, a necessary 

and sufficient condition for any system 	to be 

decouplable via output feedb6ck is found, Although 

this condition may be considered a special case of 

that given in E33, our proof is simpler. Moreover, 

in our case it is in an explicit form, which makes 

it easy to use. Finally, based on this result, we 

show that the independence of the observability sub-

spaces of a system Sc_a is sufficient to ensure the 

existence of an output feedback decoUpling pair. 



2). Realization of the Set of decoupling invariants. 

Let us consider an n--input rn-output linear time 

invariant dynamical system S=(A,B,C), described by 

the set of differential equations 

x(t) = A x(t) 	B u(t) 	(2.4) 

y(t) = C x(t) 
	 (2.5) 

where x(-t)E (RE; u(t), y(t)c R. and A, B, and C are constant 

matrices of approp6Ate dimensions: 

It is known [17],[21], that a solution to the 

state feedback decoupling problem exists, if and only 

if, the matrix B* defined by eq.(2.2), or 

 

d 

c1 A
1B 

      

 

. D1,m 

   

    

     

B* = 

    

(2.6 ) 

 

•d 
c A mB • D 

M 

   

       

        

        

is a nonsingular m..tm matrix, where c, denotesdenotes the ith 
s 

row of C, and ,d. ;i=li...,m, are defined by eq.(2.l) 

o eq.(1,5). 

E.G.Gilbert [21], .showed that the set ,cd.,D. .; 1,3 

i,j=l,...,m, is invariant under similarity (i.e., a 

change of basis in the state, space, z=Qx ; Q an n.n 

nonsingular matrix) and state feedback (i.e., u=Fx+v) 

transformations. (Notice that no change of basis in 



the input space is considered in the state feedback 

transformation. If 11.----Fx+Gv, then B*1-0B*G and is no 

lohger invariant). 

We now centre our attention on the problem of 

independence. That is, we show that given a set 

fdi,Diol , it is possible to find a system S=(A,13v) 

which has precisely this set as its set of invariants. 

Let us assume a given arbitrary zet 1 • il j 	' 

i,j=1,...,m, and let us find a realization of it. 

We first see that the dimension of the input and out-

put spaces of the realization must obviously be equal 

to m, i.e., equal to the given number of d.'s. On 

the other hand, the set fdi,Di,j1 does.not contain 
• 

any information about the dimension of the state space, 

n, other than a lower bound on its value. In fact, 

ti 
by fixing di  ;i=1,...,m, we have fixed the minimal 

difference between the degrees of the numerator and 

denominator of the elementS in the. rows of the transfer 

function of the realization (see eq.(2.1)). Thus, 

the possibility of finding two realizations of fdi,Dilil 

of different dimension, exists. Theorem 2.1 below, 

gives the smallest order any realization of
3- 3- .1 

tj 

can have. 

Let 

rank[B*] = r < m 
	(2.7) 
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then 

Theorem 2.1. The smallest possible order V , of any 

realization of a given set of invariants id ,D 	7 Di  . 
lj 

is given by 

V = r d 
ai .8) 

where tai  ;i=l,...,rl is the set of integers satisfying 

(i) D ,D
ar 

, are r linearly independent 
a1 a2 

rows of B*, and 

dai >  	J  d, 	;where fpi ;i=1,...,r1 ai   
1=1 	3-  

is any other set of integers satisfying (i). 

Proof.- Let S=(A,B,C) be any realization of (d.,D, ./. 

Let n be the state space dimension of S. We claim 

that the smallest possible value of n is V. 

I 
Let [TT. ;i=1,...,r1 be any set of integers satis- 

fying (1), and define p(1T) as 

and the ( (TT.)An) matrix U(d 	by 

[U(dni)] = [(c 	
T i  ,,,,c, A.,.., ,...,(c, Alt 	i  ,... AO' 	Adil.1 N T T - 

1 	"1 	2 
drri, 

T 	T ...,(c-, ) ,(o..1. A) ,... 	A 	)
m
43 II, 	i.r. 



where (-)T denotes the,transpose of a matrix. Further, 

let . denote the ith 'U 	row of U(dni). By succesively 

poStmultiplying U(dni) by B,AB,A2B,..., and using the 

fact that D-
11
1 ,D,2_ ,...,D, 	are a set of r linearly 

11   
independent vectors, it is easy to see that 

PC-at) 

1X. II. = 0 
1 1 

1=1 

implies X1=0 for every 1. i.e.1 the rows of U(dni) 

are linearly independent and thus 

rank[U(dTri )] = 

Therefore, n > p(Ty, for every set nl satis- 

fying (1). From (ii) and (2.7) 1'?h= max{p(11-31)} and 

therefore n >y, which proves theorem 2.1. 

To find a minimal system (i.e., of dimension n=V) 
ti 

which realizes1'1 j ' D 	One proceeds as follows. ,  

Let the usual orthonormal basis for R -  be given by 

MT  = [(e ) 1(e {ea  )T
, c"-1, 

T 	 T 
f • • • , • • • , 

al 'da
1 

, ...,(e 	) ,...,(ea d 
T/ 
) ...,(e

a o 	rl r 

i.e., M is the V.17 identity matrix. 

For every 	;j=1*,...,r1 let 

D. =D 1,1 a/  '2 
Da Dar  (2.9) 



where CT? 	are suitable scalars and which obviously 1,j 

exist as 4D ,...,D
ar 

span the row space of B*. L a1 
Then,.define 

= e a-, p 
	for !ai,.,.,ar (2.10) 

and 

for igl a 	..,ar 	_(2.11) c. = [ci,l'ci,2"'"c' 3 1,r 

where c1,j=[0,...,0, . 	0, • .,0] is a d a+1-row vector 

and is in the (d 11.7d.)th position. • 1 aa 

Define A by the relations 

. A = e 	for 	71 a, ai,j41 	ui (2.12) 

and 

e d ai 
A = 0 	(2.13) 

    

Remark 2.1. Instead of eq.(2J13) above, -we may use 

the form 

mia{d„ti+l 3 4,0 	 r tiro(dai,ad,) 

eaiackt i A -7 . 	 e   41)j1K 

	

ix1 Km° 	 j=141 KNO 

wherear,j,k are arbitrary scalars. This would have 

been more general but would have complicated the nota-

tion, and for our purposes is not necessary. 
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Finally, define the \rxm matrix B as 

B 

B
CC 

• 
• 

B 
ar 

where B 	is the (d +4(m) matrix given by a. 	ai  

(2.14 ) 

(2.15) 

A direct but tedious verification'shows that 

S=(A,B,C), with A,B and C defined as in eqs.(2.10)- 

(2.15) above, satisfies 

ciA B = 0 	 ) 

and 

d. 
c.A 'B = [Di 	,D, 	,...,D. 	0 ,1 	i,m 

i.e., S=(A,B,C) has the given 1 .03. 1, 

of invariants. This shows 

as its set 

Theorem 2.2. The set of invariants (d D1,j/  is in- 

dependent. 
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O 0 

3 0 0 

0 0 

0 

B 
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To illustrate the realization procedure just 

described,, we give two examples; one where B* is non-

singular and one where it is singular. 

Example 2.1. Let 	.1. be given as i t j 

d
1 

	; =0 • d2 	; =3 • d3  =1 

and 

[i 0
, 2  

B* = 	3 0 0 	det B* 	O. 

0 2 1• 

So, rank[B*] = 3 =r , and the minimum possible' 

order of S=(A,B,C) which realizes [d.,D. .1 is 

= m+ d. = 7 

1=1 

From eqs.(2.10)'-to (2.15),',1A.7e obtain 

i 0 1 0 0 0 0 0 

O 010 0 0 

O 0 0 1 00 

A= 0 0 0 0 1 0 

O 0 0 0 0 0 0 

O 0 0 0 0 0 1 

O 0' 0 0 0 0 0 

0 
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C= 

	

1 1  0 	0 	0 

	

0:1 	0 	0 

	

_0:0 	0 	0 

0 

0 

0 

0 	0 

0 	0 

1 	0 

With AB and C so defined, we verify that 

	

c1B = [1 	0 

	

c2  B = [0 	o 

	

c2AB = [0 	o 

2] 

o] 

o] 

d3 =0 DI=[1 	0 2] 

C9A
2B = LO 0 0] 

c,A3B 

and 

c3B 

= [3 

= Co 

0 

0 

0] 

o] 

d2=3 D2=[3 0 0] 

c3AB = CO 2 1] d
3
=1 D3=[o 2 1]. > 

which is precisely the given set of invariants. A 

direct verification shows that the realization is 

truly, minimal, in that it is both controllable and 

observable. 

Example 2.2. 	Let fd.,D. I  be i,j 

d1=1 ; d2=3 	d3=0 

and 

1 	0 	0 - 

1 	1 	0 

D1  

rank[B*] = 2 

0 	1 	O j  D
3  

We now find all possible sets of. two linearly 



independent rows of B*  'and their associated values 

p(Tri ), i.e„ 

a). ; n1=1 72=2  and pl(fl1)=4+2=6 

b). [D1,i 3 TT1=1  ' 	and p2(111)=1+2=3 

c). ID, 	1; 71=2 '11'2=3 and p3 (71)=3+2=5 

Therefore, 

V = max p (1T
1 

 ) = 6 

and the 

then 

C = 

minimal realization 

	

We see that 	D3. = 

0 	0 	0 	0 	0 

	

0 , 1 	0 	0 	0 

	

-1: 0 	0 	0 	1 

will be of order 6. 

D -D 	; 	so, Ji3,1=-,1  and  

1; 0 
O 0 

o 1 0 

A = 
0 	1 	0 

and B= 
0 	0 

0 	0 	1 0 	0 

' 0 	0 	0 	1 0 0 	0 

:0000 1 1 	0 

With A,B and C so defined, 

c1B = [0 	0 	0] 

c1AB = [1 ; = El 	0 0] 0 	0] 	t.d1 1 
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c2B = [0 0 0] 

c,AB = 10 0 0] 

c2A2  B = [0 0 0] 

	

c2A
3B = [1 1 0] 	D d2 	' =3 • D2 	[1 1 di 

	

c3B = [0 1 0] 	G d3=0 ; D3  = 	o] 

which is the given set of invariants. Again, a direct 

calculation shows that S=(A,B,C) so defined is both 

controllable and observable. 

Remark 2.2. It must be noticed that for a given set 

of invariants to be consistent, no row of B* should 

be identically zero., for otherwisel it would contradict 

the definition of the corresponding d4. 

Remark 2.3. If the given matrix B*,is nonsingular, 

then theorem 2.1 above follows directly from the re-

sults in [17]. The results contained in this section 

have been published by the , ay.thor in [4]. 

3). A complete set of independent decoupling invariants. 

The set fd.,D. .} considered in the realization , 

problem of the previous section, is invariant under 

similarity and feedback transformations of the form 

u(t) = F x(t) 	v(t). However, if we consider the 
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more general state feedback law 

u(t) = F x(t) 	G v(t) 	(2.16) 

where v(t)E.Rm and G is a nonsingular mAm matrix, then 

B* does not remain invariant (i.e., B*1-0" B*G). From 

fd.,D. ./ the only quantities that remain invariant 

unders'uchstate-feedbackaredl, However, unless 

we restrict the class of systems under consideration, ? 

it is again clear that they do not constitute a com-

plete set of independent invariants, completeness being 

the absent property. 

We shall first give some results on the observa-

bility of decoupled systems whiCh will allow us to 

characterize an important subclass of the set of li-

near systems, for which the di's are a complete set 

of independent invariants'under similarity and state 

feedback transformations. 

Let cI denote the ith row of C. 	From the 

tion of di;i=1,...,m, 	(eq.(l.5)), 	a simple calculation 

shows that for any feedback pair (F ,C), 

c 	(A+BF)k  = 	ciAk 	;k=0,1,. 	.,d 	;i=1,...,m 

and 

d 	k-d. 
c.(A+BF)k 	i  = 	c.A 	(A+BF) 	;k=(d1  +1),...,n; 

defini- 

(2.17) 

( 2.18) 
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Further, let the matrix U be defined by 

C
l 

c1A 

d, 
clA  
• 

U = (2.19) 
cm 

cmA 

• 

m  cmA  

then- the following lemma, which may be considered a 

special case of theorem 2.1, is easily established. 

Lemma 2.1. (Falb and Wolovich [17])... Let S=(A,B,C) 

be a decouplable system. Then 
m 

rank[U] = m 

i=1 

and thus 

m 	d. < n 
I 

i=1 

We may now show 

Theorem 2.3. Let S=(A,B,C) be a decouplable system. 

The closed-loop system S(F,G)=(A+BF,BG,C) is observable 

d. a_ 
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for all possible feedback pairs (F,G) in eq.(2.16), 

if and only if 

(1.=11 
---J 

1=1 

 

(2.20) 

  

Proof. (If). The closed-loop system S(F,G), for arbi-

trary (F,G) will be observable if its observability 

matrix 

C(A+BF) 

W = 

C(A+BF)11  -1  

is of rank n. From eq.(2.17), it is clear that U in. 

eq.(2.19) is a submatrix of W (for all (F,G)). Thus, 

rank[W] > rank[U] 

and from lemma 2.1 and eq. (2.20) 

rank[W] > n 

but as W is an (nm)xn matrix, equality must hold, i.e. 

the closed-loop system is observable for all (F,G). 

(Only if). To show that eq.(2.20) is necessary, 
m 

we first assume m 	d. < n. Next, we show that 

there exists a feedback pair (F,G) for which S(F,G) 

the closed-loop system is not observable. This feed- 



A 

where 

= B*-1  

d1+1 c1A 

d
2
+1 

c2A 

dm+1 cmA 

F* B*-1  A* 

and 

back pair is 

Remark 2.4. The feedback pair just defined, decouples 

the system. E.G.Gilbert [21], called it an "integra-

tor decoupling" (I.D.) feedback, because the transfer 

function of the closed-loop system S(F*,G*) is 

d,
I
+11  

H(' 	,G*) = diagls 

i.e., the ith output is the (d +1)-fold integral of 

the ith  input. 

From eq.(2.18), with (F*,G*) so defined, 

d.+1 	d.+1 	d4  
c (A+BF*) 1 	=cA l 	+cA -&-BF* 

= c A
di+1 ciA

d i
BB*A 

d+1 
= ciA 	- eIA* 

= 0 
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where e. is the i
th 

unit-row vector. Therefore 

d.+k 
c.(A-1-EIF*) 1 	= 0 	for k=1,2,.... 

and the only nonzero row vectors in are those of U. 

This implies 
m 

rank[W] = rank[U] = m 	d < n 

1=1 

and the closed-loop system is not observable. This 

proves the theorem. 

Theorem 2.3 above effectively states that SL, 

the class of systems defined by 

IL= {,S=(A,B,C): S is decouplable and (2.20) holds} 

is the subset of the set of decouplable systems1 which 

preserve observability under all possible state feed-

back transformations, and this property completely 

characterizes a. 

Two further properties of flare apparent. 

Theorem 2.4.  If SEA then S is observable. 

Proof.  This is an obvious consequence of lemma 2.1 

above. The converse, i.e., if S is decouplable and 

and observable then (2.20) holds, is not true in 

general, as can be seen from the following example. 



d2=0, and 

1 
B* = 

0, and the system is decouplable. 

Example 2.3. 	Let 

0 	1 	0 

A = 	0 	0 

0 

Then, 	d1=0, 

so, dettB*1= 1 / 

S=(A,B,C) be given by 

 

- 1 0 0 
C = 

0 0 1 

  

W = 

0 
0 0 

1 
O 0 

O 1 

1 0 

-56- 

Further,■.441.1no .ftealt 5tx 

and rank[W]=3. The system is observable. Yet 

m + 
m 	

= - 2 / n = 3 

 = 

i=1 

so eq.(2.20) is not satisfied. 

Theorem 2.5. Let Seil . Then S is controllable. , 

Proof. The proof is not as direct as that of theorem 
rn 

2.4. If S is decouplable, then at least m 
	d. 
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poles of the system can be arbitrarly assigned [17], 

[21] (furthermore, whilst simultaneously decoupling 

the system). So, if (2.20) is satisfied, n poles of 

the syStem can be arbitrarly specified. This in turn 

is only possible if and only if the system is control-

lable [41], so theorem 2.5 follows. 

As in theorem 2.4 above, the converse is not true. 

i.e., in general, S being decouplable and controllable 

does not necessarly imply that eq.(2,20) is satisfied. 

To illustrate this we may use example 2.3 above. The 

system defined there is.decouplable. A simple calcu- 

lation shows that its controllability matrix W, 

given by 

is 

1 	0 	0 0 0 	1 

W = 0 	0 	0 1 1 	0 = [B,AB,A2B] 

0 	1 	1 0 0 	0 

which is of rank 3, and thus S is controllable. Yet 

eq.(2.20) does not hold. 

Theorem 2.3 above was published by the author in 

a less general form in [3], and a similar result was 

established by I.H.NUfti [4o]. Theorems 2.4 and 2.5 

were proved by Chandrasekharan. [ll], independently, but 

using a different approach. In our View his argument 

is more involved (see also [3]).  



0 1 0 

0 0 1 
• • • 
• • 	• 

0 0 0 

0 0 0 

Ac = 

0 
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Having characterized IL, the class of decouplable 

systems which preserve observability under arbitrary 

state feedback, we are ready to show our main result 

of this section, namely that idil ;i=l,...,m, is a 

complete set of independent invariants under similar-

ity and state feedback transformations for the class 

of systems A. 

That Id. 0-=1,41001M, is independent should be 

clear from section 2 of this chapter. In fact, given 

a set fd.1 ;i=1,...,m, it is easy to verify that the 

system Se=(A c  ,Bc  ,Cc) where 

• • • 	0 

... 	0'  

• 
• • 

• • • 

... 	0 

1 
10 
1 
i 
1 0 
1 	. 
1 	• 

0 
1 
i 1  0 

1 

0 

• . 
0 

0 

• 
• 

0 

1 

• . 
0 

0 

• • 

: . 

• • 

• • 

• 

. 

• 

• 

;13C  

0 

0' I 

1 

1 

I 

1  

1- 

! 

• 

1 	• 

0 

i1  

d +1 

d
m
+1 

 

d1+1 

   

d
m+1 

   

(2.23) 

       

        

Cc  

 

(2.24) 
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has 	;1=1,...,m, as its set of decoupling invar- 

iants (and belongs to SI). Therefore, only complete-

ness remains to be shown. 

Theorem 2.6. fd- ;i=1,...,m, is a complete set of 

invariants (for systems belonging to ft), under state 

feedback and similarity transformationS. 

^ 
Proof. Let S=(A,B,C) and S=(A,B,C) be two systems, 

having the same set of decoupling invariants 

{dil 	Let (F*,G*) and (c*,G*) be their 

integrator decoupling feedback laws respectively, then 

both S11) =-(A+BF*,BG*,C) and t, /t)  =(:14-g-,* Jia*,) have the 

same transfer function matrix. For if they have the 

same set of di's, then 

HID  ( ) = ding is 	j = II.10 • ) 

From theorems 2.3 to 2.5, and the fact that con-

trollability is preserved ender state feedback, SID  

and SID are both minimal realizations of the same 

transfer function matrix. So, there exists a nonsin-

gular matrix T such that 

Ai-W4* = T(A+BD1)T-1  	(2.25) 

	

SG*  = TBG* 
	

( 2.26) 

	

C = CT  -1 
	

(2.27) 



from (2.26), calling 

0,  - 
G*

1 
 ) = G. 

we obtain 
B = TBG. 	 (2.28) 

where G. is nonsingular. 

Substituting (2.28) in (2.2$), sae get 

A = T(A+BF*)T-1 	TBGF* 

or 

A= TfA+BEF*4*111T-1  

and if we let 

F 
	

GF*T 

then 

A = T(A+BF)T-1  

 

(2.29) 

   

Eqs. (2.27)-(2.29) show that S and g belong 

to the same equivalence class of the partition of 

the set of linear systems ,S11. introduced by the si-

milarity and'state-feedback transformations. Thus, 

l{di 	i=l,...,m is complete, which proves the theo- 

reM. 

It is clear now, that each equivalence class is 

determined by a particular value of the di's and 

therefore every element of any equivalence class is 

equivalent to a system giyen by (2.23)-(2.24). So, 
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we are justified in calling (2.23)-(2.24) a canoni-

cal form. That this canonical form is unique is - 

obvious. 

4). Decoupling by output feedback. 

When solving the decoupling problem via output-

feedback, [23],[24],[33],[80],[81], a common assump-

tion is that the systems under consideration are con-

trollable and observable. Here we make the stronger 

assumption that eq. (2.20) holds. 

An output feedback law given by 

u(t) = K y(t) 	G v(t) 	(2.30) 

where G is nonsingular, is clearly a special case of 

the state feedback law of eq.(2.16). That is, when 
111 there exists a matrix Kin 	which is a solution to • 

F = KC 	 (2.31) 

This obviously :means that a given system S = 

(A,B,C) will be decouplable by output feedback only 

if it is decouplable by state- feedback. 

To give a condition which is both necessary and 

sufficient for the existence of a solution to.the 

decoupling problem via output feedback, we need the 

following preliminary results. 
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Let Q be a similarity transformation z=Qx, such 

that Q: S=(A,B,C) 	=(1,13,)=(QAQ-1,QB,CQ-1) 	Then 

Lemma 2.2. S=(A,B,C) is decouplable by output feed-

back if and only if g=(X,6,6 is .clecoupIabe by output kteclback• 

Proof. Let C
i be the ithrow of C. Then 

(X+5Ke 	= cig-1(QAQ 1+QBKCQ-1)jQB 

= c.(A+BKC)iB ;i=1,...,m; j=0,11... 

for any matrix K4 mNm The lemma follows directly 

from the necessary and sufficient condition given by 

Falb and Wolovich. [17], i.e., S=(A,B,C) is decouplable 

by output feedback if and only if B* in eq.(2.6) is 

nonsingular and there exists a matrix K such that 

(A+BKC) n-1B  . 	• 

c.(A+BKC) n-2B 
rank = 1 	for i= 

• 
d. 

c.(A+BK.C) 2B 

0 

Lemma 2.3. There exists a solution K to the matrix 

equation F=KC if and only if 

[c] X [F] 

 

(2.32) 

   

where )([*] stands for "null space". 
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Proof. The proof of this result is well known (e.g. 

[14]) and is omitted here. 

Lemma 2.4. (I.H.Mufti,[39]). If S=(A,B,C) is decou-

plable by state feedback and eq.(2.20) holds, then 

the class of decoupling feedback pairs is given by 

F = 	L(t) ( 2 . 3 3 ) 

(1) 	,j 
j 

d1+1 c A 
 

j=0 

d+1 
cA m m  

d 

(m) c A 
m 

(2.34) 

where 

L(t) = 

N(i) and 0 	are arbitrary scalars, and 

G = B*-1  A ( 2 . 35 ) 

where,A is an arbitrary diagonal nonsingular contant 

matrix. 

Now let us consider any system-S=(A,B,C)ea, i.e., 

S is decouplable by state feedback and satisfies (2.20). 

. 
It is clear that the matrix 	0

* 
 in eq.(2.19) is a 

nonsingular matrix. If we use U as a similarity trans-

formation, i.e., U: S=(A,B,C),g=(A,i5,G), then C has 
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the form 

• • • 	0 	1  0 	0 	• • 0 1 0 0 	... 

0 	• • • 	0 	1  1 	0 	• • • 0 10 0 	... 
CU .1-  • I 	.• 	• • • • 

• 

0 0 	... 	0 	4  0 	0 	• • • 0 11 0 	... 

. di+ I ----it-- d2+1 . . din+1 

(2.36) 

, 
and therefore, any column vector wcfiECJ must be of 

the form 

wT 	[0 x ... X 0 x ... X ... i 0 X 	x3 	(2.37) 

d1+1 	X 	d2+1 	-r   dm+1 	 

where the X's denote elements possibly different from 

zero. 

Theorem 2.7.  Let S=(A,B,C)4 SL. Then S is decouplable 

by output feedback if and only if 

d.+l 	 d. 
c
i
A 	E spante1"."  -C c.A ca.A

2,...,ciA I} Tit 1 

(2.38) 

 	(If). Assume eq.(2.38) holds. i.e., there 

existscalarsa(-:°113(-i),such that. 
d. 

= 

0 

0 

0 

d:+1 (i) c.A 	. 	c . 
J 

gi 

(i p. )  c.A 	0_=1,... t m. 	(2.39) 

j=0 

 

di  +1 
A direct calculation shows that ciA 	is given 



by 
N
d.+1 

c.A 
d.+1 - = c.A 	U 1  

I 

 

(2.40) 

    

dk where z, R 	;k=l,...,m are of the form 

z. = [X,...,X] ; z. = [X,0,...,0] (2.41) 

where again, the X's represent scalars, possibly. - 

different from zero. Let L(e)=L(t)U-1. 	t(t) 

is the matrix L(e) corresponding to g=(Z,t,t6j). By 

an appropfate choice of 03) in eq.(2.34), L( t) can 

be written 

= 

as 

X 0 	... 

X 	0 	... 
• • 
e 	• 
• • 

X 	o 	... 

0 ! X 

01 X 
• ' 	

• • 
• • 

o; X 

0 	... 

0 	... 

o 

01  

0' 
• t 
• 

0' 

• • 

	

i 	 • 

• 

IX 

IX 
A 

i X 

0 

0 

0 

64141 

... 

... 0 

	 d1+1 	 d2+1 	 . • 	dm+ 1 

(2.42) 

From eqs.(2.37) and (2.42), if wL/Wrin then 

we)([t(t)] and thus 

)(En c.:* X [1,00] =X[F] 

 

(2.43) 

   

and from lemmas 2.2 and 2.3, there exists a matrix K 

such that the output feedback pair (K,B*-1) decouples 

S=(A;B,C). 

d.+1 
(Only if). Assume c.A 	depends linearly on 

some row of U different from those already in eq.(2.38). 
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Then for some 	z. in eq.(2.40) has at least two 

m , 
elements different from zero, which implies that L(r) 

will have at least one non-zero element in a .column.  

other than those with Xls in eq,(2.42). Thus, for 

some wEj(En, 

1,(0 w / 0 

and this i lies that 

,A( En )([F] 
N N 

SO, S=(A,B,C) cannot be decoupled by output feed-

back (lemma 2.3), nor can S=(A,B,C) as a conseouence 

(lemma 2.2), which proves the theorem. 

To obtain L(t) as in eq.(2.42) we must assign 

. specific values to '6% () 	;±=1,...,m. 

This means that only m parameters are left free. i.e., 

(1) (i)  ;1=1,...,m. To each set of values e 	there o 

will correspond an output feedback decoupling matrix K. 

Further, it is clear that only m closed-loop poles 

may be arbitrarly assigned while decoupling by output 

feedback, each corresponding to a e i) .„ 

Let us define now 

d.+1 
= 
	 (2.44) 

then, 



and 

(i) + R(i) 	(i) 
0 	r0 . ;i=1,...,m 
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Corollary 2.7.1.' Let S=.(A,B,C).. If the subspaces 

are mutually independent subspaces, then there 

exists a decoupling output feedback control law. 

Proof. In this case, aci) 	eq.(2.39) are all zero, 

  

and the choice 

c i) 	(3 ( )  = 0 	for j=1,...,di  ;1=1,...,m 
_ 

yields L(e)=17C, with 	diaglI(i).1 which clearly 

implies that X[C] C )([F]. 

Corollary 2.7.2. Let s=(A,B4O1. If the observa-

bility subspaces of S are independent, then there is 

a solution to the decoupling problem via output feed-

back. 

Proof. The ith observability subspace of S is, by 

definition spanci,ciA,...i ciAn-1), and thus the co-

rollary follows trivially from corollary 2.7.1 above. 

The results contained in this section may also 

be found in [5]. 

To end this chapter, we'must point out that 

altough those systems belonging ton. have some nice 

properties (as shown in sections 3 and 4 above), they 

have one possible practical disadvantage. i.e., the 
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high sensitivity of their decoupling properties to 

parameter variations. This will be shown later• on 

in chapter IV. 
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CAPTER III. Decoupling  of composite linear systems.  

1). Introduction. 

In this chapter we will consider the problem of 

decoupling composite linear systems Connected in 6a's- 

cadel  in both state and output feedback and 	parallelr  

via state feedback. As such,, these problems have re-

ceived little or no attention in the decoupling lite-

rature. 

The cascade connection, and. to a certain extend 

also the feedback connection, have, so far only been 

studied when associated with the dynamic decoupling 

problem. That is, when a non-decouplable system S= 

(A,B,C) is given and a dynamic precompesator g=,g,e) 
- 	- _- 

is to be found such that S=(A,B - C), the cascade con- 

nection of S followed by S, is decouplable by state 

feedback. (see fig.3.l, section 2 below). So, it is 
• 

only natural to expect that the results thus obtained, 

concern the conditions which the given system S must 

satisfy in order that such a precompensator exists. 

Here we are concerned with the properties which S and 

2, the precompensator, must possess in order that the 

composite system is decouplable. 

For example, it is well known (e.g. BA) that 
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a necessary and sufficient condition for the existence 

of a solution to the dynamic decoupling problem is 

that the given system is invertible. In section 2 

below,we show 'that given two systems S and Ss  connected 

in cascade, it is necessary that both are invertible 

if the composite system is to be state feedback de- 

couplable. 	Sufficiency is lost because we no longer 

have the freedom to chose S appropriately. 

Proceeding further, we obtain a necessary and 

sufficient condition for the composite system to be 

decouplable by state feedback. The approach used is 

algebraic, and is based directly on the main result 

of Falb and Wolovich [17], and the condition . thus 

obtained is expressed in terms of the parameters of 
A 

the subsystems S and S. An analysis of. this necessary 

and sufficient condition shows that in general, the 

decouplability of the composite system is not deter-

mined by the decoupling properties of either S or S. 

By means of two examples, we show that S and S decou-

plable does not necessarily imply that S is decoupla-

ble, and that S can be decouplable even if both S and 

2 are not. 

A , 
However,if,Sisdecouplableand0.;1=1,...,m, 

its decoupling invariants, are all equal, it is possi-

ble to show that the possibility of decoupling the 
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composite system S, rests exclusively on whether S 

is decouplable or not. We also show that the system 
A 

acting as a precompensator, that is S, must be input- H. 

observable, (with input observability index bounded 

above), i the composite system is to be decouplable. 

In section -3 we analyze the decoupli.-ng problem 

of feedback connectep composite systems, and consi-

der two possible cases; (a).' When the system in. the 

feedback path is driven by the output of the feed-

forward system (see fig.. 3.2, section 3 below) and 

(b).- When it is driven by the state of the feedfor-

ward system. (see fig.3.3, section 3 below). In 

contrast with the parallel connection, for the feed-

back (both state and output) connection, the decoupl- 

g properties of the composite system are completely 

determined by those of the system inthe feedforward 

path. That is, S, the composite system is decouplable 

by state feedback if and only if S.,' the feed forward 

system is. Taken in the context of the dyuamLódecoup-

ling problem, this result shows that dynamic feed-

back alone, cannot transform a system with weak in-

herent coupling into one with no-inherent coupling, 

[2]. Therefore, the dynamic feedback which results 

from applying a 'state feedback pair (F,G) tea pre-

compensated system only provides possible degrees of 

freedom in the design. 
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In the last section of the chapter, the decou-

Piing of composite systems formed by the connection 

in parallel of two systems is studied. We first 

obtain'a necessary and sufficient condition for the 

composite system S to be decouplable by state feed-

back, based,: once more, directly on the results of 

Falb and Wolovich [17]. As in the cascade connection, 

it is possible to show from this condition that, 

and S, the systems connected in parallel being both 

decouplable, does not necessarily imply that S, the 

composite system is; and that S may be deCouplable 

even if neither of the subsystems is. At first sight 

this may seem contrary to expectations, but if we 

notice that the states of each subsystem are being 

fedback not in independent loops, but through the 

same input vector, then the result is heuristically 

reasonable. A set of necessary conditions for the 

existence of a feedback pair (F,G) which decouples 

the composite system are also given. 

The results of this last section can be used 

to study the effect ,of parameter variations on the 

decoupling properties of a given system, particularly 

for variations in the input map B, .and the output 

map C. However, this will not be done here because 

a more ad-hoc approach, which will also allow us to 

consider variations in A, the plant of the system, 
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will be presented in the next chapter.' 

• We also point-out that with trivial nodifi-

cationsinthe,definitionof(d.;i=1,...,m), the 

set of decoupling invariants, the results contained 

in this chapter can be easily extended to the more 

general case where a direct input-output map is Intro- . 

duced in the output equation of the state-space des-

cription. of the systems considered. 

3.2 Cascade connection. 

Let us consider two constant linear systems S=(A,B,C) 

and g=0‘3.1 ilia),:desdribed.- respeotiVelyby 

k(t) = A x(t) 	B u(t) 

 

y(t) = C x(t) 

(t) = Ak (t) 	]?) (1(t) 

crec)
A 
C '21(t) 

 

(3.2) 

and 

  

  

  

   

where x(t)(1e, 	u(t),y(t), :il(t) and Sr(t)faill  

". A 
and A,B,C, A,B, ';and C are matrices of appropriate 

dimensions. 

• - 	- - 
Consider now the composite system S=(A,B,C) 

formed by the cascade connection of S followed by S. 

( 3 . 
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that is, set 

y(t) = u(t) 	(3.5) 

This is illustrated in the following figure 

3 
h. VI. MI WV Mt% .11 .1 NW SO 14. OS esfl ate JR Mil MS MP OP IV 

Fig. 3.1 

A Fig. 3.1.- S = (A,B,C); the cascade connection of S 

followed by S. 

Remark 3.1  

For the cascade connection to be meaningful, it 

is obvious that y(t) and u(t) must be of the same di- 

mension,m, say, The assumption that a(t) and y(t) 

also have dimension, m is made in order to be able 

to consider the one-to-one decoupling problem for S and 

S as well as for g. 	In most problems, (e.g.,. when 

S is considered as a dynamic precompensator to be 

fixed by the designer) this assumption constitutes 

no serious restriction. 
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It is evident that the vector R: (t)-= E2c0, 

	

T, 	. T • 

	

x(t)j 	where ( ) denotes "transpose", qualifies 

as-the state vector ofthe composite systemS. Thus, 

using eq. (3.5) and substituting (3.4) in (3.1), the 

following state space-description of S = (X,B,e) is 

.obtained 

= a R(t) +41 u(t) 

y(t) 	= e ii(t) = 

 A 
A  

BC A_ 

C

] 

X(t)1 

 x(t) 

[

X(t)I 

x(t) 

-a( t ) J 3 .6 ) 

(3.7) 

In what follows we shall investigate the state 

feedback decoupling properties of .S=(A,E,e) and will 

try to relate them to the parameters Of S=(A,B,C) 

and g=(A,t,a). The firsts  obvious resultis 

A 
Theorem 3.1. Let S be the cascade connection of S 

followed by So A necessary qondition for g to be de-

couplable by state feedback is that both S and S are 

kdvertible.. 

A 
Proof. Let H(s), H(s) and H(s) denote the transfer 

function matrices of S, g and 5 respectively. Then 

H(s) = H('s) H(s) 	(3.8) 

and zf either H(s) or H(s) are singular matrices, then 
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det(11(s)) = 0, which implies that S has strong  Inherent 

coupling  [21], and AO control law can effect decoupling." 

Define now fd ,B*1 la 1:1*1, and lai'B*I as in • 

eqs.(1.5) and (1.6) in terms of the parameters of 

SI S ancHg, respectively. Then, from [17],[21J, the 
A 	-- 

systems S, S and S will be decouplable by state feed- 

back if and only if the matrices Bt fl*  and 5* are 

nonsingular. 

From the form of X in eq.(3.6), a direct calcu-

lation shows that 

A = 

 

A 

k-1 

AjB81Ak-1-j 

j=0 

;k=1,2,... 

and thus, 

  

Tks = 
'-d.1-1  

k -1 

[ciA jB] 

 

k=1,2,... 

 

j=0 

  

(3.9) 

From the definition of di  .i=1 	we have 

 

-k- c.A B = 0 	for k<d. ;i=1,... ,m 

 

(3.10) 

and 

   

■■ 	 A 
Lemma 3.1. Let S be the cascade connection of S followed 
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by' S. Then, fd. ;i=1,...,m1 , the set of decoupling 

invariants. of S, satisfies 

d
A 

d. > d. + 1 4. * i:=1,000,M 

 

(3..11) 

    

^ 	rA 
where d*  = min id 1. 

Proof. . That d > d 	1 is clear from (3.10) above. 

With this in mind, from eq.(3.9) we obtain 

1 

d.+k-1 A+1+k 
Z.31. j" 	= Ec.A 3-  133 [CB] + [ciA 	B]EcIt 

d. 

EciA 113] [al4] 

(3.12) 

for i=1,...,m, and as by definition of d
i 

and d*, 

nkg = Q for k < a*, then 

a 	B = 0 for k=0,1,...,d*- ;1=1,...,m 

i.e., d > d 	1 + a* , and lemma 3.1 follows. 

Notice that 

d +14* 	d 

B = Cc A 113.1 [CA d  c
i
A 	

i 
;i=1,000,M 

thus equality in (3.11) holds if and only if 

d. 

[c.A 1B] 

A. 
[ad *

g 
]T 

In fact, define 

EciA 3-  11,1c.A d

4 -1-k-1 	d. 	
;k=0,1,... 
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k=0,1,... 

kB  AAA CA  

and let. 

	

f7; 	n =miA k:r ki r 

	

Lw 	kJ; k=0 

then 

d. = . 
i=lfoostM ( 3.13) 

and obviously p > d* for all i 	proves 

the lemMa.. 

and 

CB 

w = 
CA 

, and define the m((3*+1) Let now 0*  max 

;i=1,... 	as row vector 

P. 
= [Li .  , ;1=14 ...,m 

where 0 	is an m(P*-0)-zero row vector, and 

then, 
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Theorem  3.2. Let S be the cascade connection of S 

followed by S. Then, S will be decouplable by state 

feedback if and only if 

rankI[4(0i)] EC;Tp*il m 

 

(3 .14) 

  

Proof. From eq.(3.13) and the definition of 15*, 

and toi), it follows that 

Lt(Pi)110*]. 	(3.15) 

and thus, theorem 3.2 follows. 

Let us analyze eq;(3.15)  in. more detail. It is 

obvious that rank[()] = 	and rank[W8 	= m 
401 

are both necessary conditions for S to be decouplable. 

In general however, it is not possible to relate these 

conditions to the decoupling properties of S and S. 

(Although from the form of the matrix t(3) it is easy 

to see that the first of these conditions will be sa- 

tisfied whenever S is decouplable). , In fact, the follo-

wing two propositions show that the-nonsingularity of 

B* is not related in any way to the nonsingularity 

of the matrices B* and ig*. 

Proposition 3.1. Let S be the cascade connection of 
* ^ 

S followed by S. If S and S are both decouplable, it 

does not necessarily follow that the composite system 

Is decouplable. 
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Proof. To prove this, consider the following example, 

A 	, 
where S and S are both decouplable but S is not. Let 
A AA A 
S=(A,B,C) be given by 

B = 	0 1 

-3;, - 6 

O 0 

1 0 

O 01 

1 -3 

c= 
1 0 0: 

c) 

  

1 0 0 

    

and let S=(A,B,C) be given by 

   

  

 

O 0 
1 0 

.2103 10 

O 1 

B= 

1 -3 

  

1 0 0 	0 
C= 

: 1 0 0 

A direct calculation shows that 



" 

A A 

c1 A B = [1,0] "› d1= 

c2B = [0,1] => a2=0 
B * 

0 

1 

A 

det[B*]=1!0 

   

c113 = [0,0] 

c1 AB =U[1,0] =t d1 = 

c2B = [0,0] 

c2AB = [0,1] 	d2= 

; det[B*]=1i0 

0 1 0 
0 0 1 

-1 -3 -3 

0 	0 	0 	0 

00 00 
o o 	o 

060000 

0 	011 	0 

0 	O -3 	0 

0 o 1 01' 

0 00 11 

o 21 -3 -3, 
0 	1 

0! o 0 
0, -1 -3 

= 0 

1 

0 

1 

0 0 
0 1 0 

1 0 
-1 -3 -3 

A A 
C
1
B 	[0,0] 

C
1
113 = Eo;o7 

AA. A 
i.e., the system S=(A,B,C) is decouplable. Further, 

i.e., the system S=(A,B,C) is also decouplable. 

Now, the composite system §=(I,E,Z)• is given 

from eqs.(3.6) and (3.7), by 



= [0,0] 

1AB 	[o,o] 

E1 A
2 
 B = [010] 

E A35 = [0,1] 

c2B 

220 

2A
2  B 

  

  

2 
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and 

:1 0 

Thus, 

and detEll*] = 0, which implies that the composite 

system S is not decouplable. 

Proposition 3.2.  Let g be the cascade connection of 

S followed by S. If S and S are both'non-decouplable 

it is not necessarily true that S is non-decouplable. 

Proof.  We shall use an example again to show this 

Let S=(A,B,C) and S=(A,B,C) be given as below 
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Co 	0 -1] 

= Cl 	0 	0] 

= El 	1 71] 

3'  a3  L1  

-L3  1■1-.'  
,42. 3 
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c113  = 	L1 

A A. c2B = E0 

2IA = Cl 

c3B = Co 

S
3
Ig = Co 

A 	A 2 1.• 
C
3
A B 	Co 

and det[B*] 

Similarly, 

c1B = CO 

c2B = CO 

c3B = Co 

and det[B*] 

decouplable 

0 -1i d1=0 

d2= 

a3= 
g=(P1,15,Z)'  

d1=0 

2=0 

d3=0 

shows 

= 

is not 

1 

I 
0 

[ 

0 

0 ° 

decouplable. 

- 
0 -1 

1 	0 
1 	1 

0-i 

0 	I 

0 -I 

is not 

0 	0] 

1 	0] 

o 

o 

1 

= 0, thus 

0 -1] 

0 	1] 

o -1] 

= 0, which 

either. 

B* = 

that - S=(A,B,C) 

However, a direct calculation .shows that 

3 	o 	3 	1 

	

o' 	1 ^ 	2 ^. 

	

L1 	
= 

wo- 	LI W1 = LI W2 

	

2 	o . 	2 	2 	2 

Lo i';•T 	Ll 	= L2 

 

L8 -14. 	= Li Cis 	= L2 171 	= 0 	and 

	

= 0 	and 

	

3 V42 = 0 	and 

' 	t 

and therefore Pi 	132 
	133 =3  , and 



= C4( pi)] tCy 

O 	0 0;-1 	0 	o ; 	o 	1 	0; 0 0 -1 1 0 -1 
1 	0 0: 	1 	0 	01 	0 -1 	0: 0 0 	1 0 0 	0 
0 	0 0!-1 	1 	01 	0 	1 	0' 0 0 -1 0 0 	0 

0 0 	1 
1 1 	0 
0 0 	0, 
o o 0 
0 0 	0 
0 1 	1 
0 0 	0 
0 0 	0 
0 0 	0 

0 	0 -1 
1 	0 	0 

1 	1 -1 

which is a nonsingular matrix (det -1), and thus, 

B,Z) is decouplable'by state feedback. 

Although in general, asp  propositions 3.1 and 3.2 

above show, it is not possible' to relate the decoupling 

pi-operties of S and AS with those ofS, we may still 

consider special cases where thiS is possible. In 

fact, these are cases where from the form of 40) 

and W
P* 

,*and the fact that they must be full rank - 

matrices if S is to be deeouplable, one can obtain 

some information about the decoupling properties of 

3 and S. 'For'eXample, 
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Corollary 3.2.1. Let S be the cascade connection of 

g.followed by S% Let g be decouplable and 

=dm
=d*. Then, the composite system S will be decou- 

plable'by state feedback if and only if S is.c:lecouplaWe 

by skate feedback. 

Proof. If 	then 

B* = CA B 

and if g S 	decouplable, 13* is nonsingular. This 

necessarily implies p=a* for every 	.,m, and 

from eq.(3.15) 

B * 

d 

c1 A
1B 

• 

c A mB 

B** 

    

and as B* is nonsingular then rankEE*1=m if and only 

if rank[B*]=m and corollary 3.21 follows. 

Corollary 3.2.2. Let S be the cascade connection of 

S followed by S. S will be decouplable only if g is 

input observable with input observability index smaller than 

or equal to p*. 

Proof. The corollary follows directly from eq.(3.15) 

and the definition of input observability, i.e., A. is 

input observable if and only if rank[ in-1] = m. 
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The condition imposed upon g in corollary 3.2.1, 

i.e., a1-a2=...=am ,'is restrictive and we do not 
claim it' will be encountered frequently in practice. 

The main interest of the result is theoretical. How-

ever, in the context of the dynamic decoupling problem, 

corollary 3.2.1 is of help'in that it states that the 

first nonzero matrix in the unknown sequence 

, must be c osen to be, singular if the over-

all system is to be decouplal;le'. 

A very nice feature of eq.(3.15) is that 5* is 

expressed in terms of two matrices each exclusively 
A 

determined by one of the subsystems S and S. This 

was used to develop a procedure to obtain a minimal 

order precompensator for the dynamic decoupling pro-

blem. Although this procedure was obtained in an in-

dependent manner, it was found tb be.almost identical 

with that proposed by M.C.Cremer 

reason will be omitted here.1 

• 

[9] and -for that 

3.n3. Feedback connection. 

We shall now consider the decoupling problem for 

the feedback connection. Therefore, assume:we are 

given two linear systems S=(A,B,C) and S,=(I,g,e) as 

described by eqs.(3.1)-(3.4), and let them be connected 

as in fig.3.2 below. 



r 
I 

yVO 9(0 

Fig.3.2. 	'.:0.,173,E); the output feedback connection 
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of S and S. 

The resulting system S, will be called in this 

case, the output feedback composite system to make 

clear that y(t), the output of the system in the feed-

forward path drives the system S in the feedback path. 

y(t) = (t) 	(3.16) 

To complete the output feedback connection we 

set 

u(t) = 9(t) + v(t) 	(3.17) 

where v(t)E 
m  is the closed-loop input. 

As inthe case of the cascade connection, it is 

_T 	"1"" -' 
clear that x = [5se(t),x(t)J -  qualifies as the 

- - 
state vector for S=(A,B,C). Thus, from eqs.(3.1)- 

(3.4) and (3.16),(3.17), the output feedback composite 

system S is described by the set of Linear differen- 

r 
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tial equations 

( t) ^ 
A 0 

R(t) 	= = ARM + bv(t) = v(t) 

x(t) A 
BC 	A x(t) 

and 

(3.18) 

( t) 
y(t) 	= ex(t) 	= [0 

x(t) 
(3.19) 

- Let Ak  be partitioned as 

A-k 

-k 	7k A1,1 	A1,2 

k 	_k 
A2,1 	A2,2 

;k=1,2,... 

   

-k 	Is A 	 - Ak where A 1,1 is an nAn matrix and 2,2  an n.n matrix, atia  
lc 

?NIA  6%101 AR y  are oT aprorri6te aimensipris. 

From the form of C and B in eqs. (3,18) and (3.19)  

CiA
k-  B = ci  A 2B 	;k=1,2,... 	(3.20) 

-k and we only-need to find A22 in terms of the parameters 

of the subsystems S and S. After a direct and simple, 

but tedious manipulation, we obtain, 

A2,2 

- A2 2 2, 

= 

= 

A 

A2 + BUMC 



-90- 

CB 0 C 
A3 	A3  = A -1- [AB,B] , 22 	CAB 

AA 
CAB CB CA 

14 
2,2 = A

4 A2B,AB,B] 

CA 

8.1.A 

el/et 

0 

CA 

CAB 

0 

O 

CB 

"c 

CA + B[eB][CB]CMC 

-AA 
CB 0 C 

CIA CB 0 O CA 

Cit't CAB CB 0 cA2  

Cl2S* CAB cB cA3  

- 5 	r 

A2 = A
5 	

L + A3  B,A2  B,AB,B1 2,  

0 -CB 	0 0- -0 
CB CAB 	CB Ca 	till CA_ 

GAB, B] 
-et 
_CAB 

and in general 

-k A2,2 = A
k 'Terms whose first factor is of the 

form AjB;  for some j < k-2). 
• 

k=1,2,.. 	(3.21) 

Thusifwedefine-{d.,Biandfa.,B*1 as before, 

then substituting  (3.21) in (3.20) we obtain 

- k c.A B = 0 	for k=0,1,...,di-1 ;i=1,...,m 

and 
d. 	d. 
1173 = c.A 1B if= 0 	;i=1,...,m 
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which imply that di  = di  ;i=1,...,m, and 

B* = B* 
	

(3.22) 

Therefore 

Theorem 3.3.  Let S be the output feedback connection 
A  

of S and S as shown in fig.3.2 above. Then 'S is de-

couplable by state feedback if and only if S, the sys-

tem in the feedforward path is decouplable. 

Proof. The theorem follows directly from eq.(3.22). 

A second feedback connection of two given systems 

is possible if x(t), the state vector of S (instead 

• A 
of y(t) the output vector) is used to drive S. This 

will be called the state feedback coanection to dis-

tinguish it from the previoUs case, and is represented 

in fig.3.3 below. 

v ) 	 VO 

x(04),(t) 

L. sir ow ea wee for nor taw ter my INS air am NW art mar sr at 

Fig.3.3. S=(A,B,C); the state feedback connection 

of S and S. 
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To obtain .(1,73,z), we set 

 

-11(t) = x(t) 

  

and 

u(t) = Y(t) + v(t) 

  

    

Remark 3.2. Notice that for this connection to be 

feasible, we require that 11(t) is of dimension equal 

A 
to n, and as y(t) must still be of dimension m, we 

will not be able to consider the one-to-one decoupling 

problem for g. To obtain a feasible connection, man-

taining the dimension.  of UM equal to m, one could 

considered using a linear map KE IR
man between x(t) 

and ?a(t), i.e., 

-111(t) = K x(t) 

to connect the two systems S and g in the feedback 

path. However, this is not necessary. As will be 

shown below, the decouplability of the composite sys-

tem is dominated by S and not S, and thus, there is 

no need to consider the one-to-one decoupling problem 

for S. 

Using 5-c(t)T  = r;cs(t)r,x(t).1 	again as the state 

vector of the composite system, we 

A 
A 

obtain 

A 
B - (t )" 0 

R(t) 	= AR(t ) 	+ av(t ) 	= v( t) 

3c.( t) BC A_ x(t) B 

(3.25) 
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and 

y(t) = e51(t) = 

 

(3.26) 

    

k- and with Ak partitioned as before, 

c- k- 	-_AB=cB 1A 2k ,2 

where again, a straightforward but tedious algebraic 

manipulation shows that 

-k A22 = A
k {Terms whose first factor is A3B for 

some j < k-2} 

and therefore 

;k=1,2,. 	(3.27) 

k A B = 0 for k=0,1,...,d
i
-1 ;1=1,...,m 

and 
_di_ 	di  

3.A 13 = c.A B j 0 ;i=1,...,m 

which imply that di=di  ;1=1,...,m, and B*=B* , and 

the following theorem follows. 

Theorem 3.4. Let S be the state feedback connection 

of S and S (see fig.3.3 above). Then S is decouplable 

by state feedback if and only if Sis.decouiciable by state 

feedbacK. 

Theorems 3.3 and 3.4 show that in general, in 
contrast with the results of section 2 above; in the 

feedback" connection the system in the feedforward 

r 



path completely determines the decouplability of the 

overall composite system. 

It is a simple matter to verify that if the 

(state or output) feedback composite system S is de-

couplable, then a decoupling pair is 

F = -MB*-1A*] 

and 

Ci = B* lA 

where 
d + 

clA 

d 
cA m m  

and A is an arbitrary nonsingular diagonal matrix. 

As we pointed out in the introduction of this 

chapter, theorems 3.3 and 3.4, if interpreted suitably, 

show clearly that dynamic feedback alOne is not suf-

ficient to solve the dynamic decoupling .problem. It 

is the use of dynamic compensation in the feedforward 

path which transforms a nondecouplable system into 

a decouplable one. 

A 



5(t) 

r

x

t) 

( t ) 
AR(t) 	(t) 
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3.4. Parallel connection. 

In this last section of chapter III, we study 

the state feedback decoupling problem for systems 

A A A A 
connected in parallel-. Let S=(A,B,C) and S=(A,B,C) 

- be described by eqs.(3.1).-(3.4) and let =(21,fl,e) be. 

the composite system driven by ii(t)=u(t)4(t), and 

whose output 57(t) is 

S7(t) = y(t) 	y(t) 

tAM=11.1a 	tt) 

1 	 
1 	 i 	I 

1-0041 	 M 

LW OW AN* MINA 4461■50  M.." masa SSW AMP MM. A.7 alirlf 	lair 

 

(3.28 ) 

  

Fig.3.4. 	the parallel connection of S 

and S. 

As in the previous sections, R(t)
T  =  

,-- 
qualifies as the state vector of S. Substituting 

(3.28) in eqs.(3.1)-(3.4), and.with ii(t)=n(t)=111(t), 

we obtain the following state space description of S 

[I

. 	0 

= 

5( t) B 

ii(t) 

0 	A x(t) B 

(3.29) 



Therefore 

N c..Ak  13 	= 

Ak  A 

A BkA  + 

= 

c.AkB 

Ak 

0 

0 

Ak 
;k=1,2,... 

;k=1,2,... 	;i= 
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and 

y(t) 	 (t) = [C* 	c] 

_ X  (t) 

 

(3.30) 
x(t) 

and from the form of A in eq.(3.29), 

If {di  ,B1 ,[ai,t1 and Vii,61 are defined as 

usual, we have 

Lemma 3.2. Let S be the parallel connection of S and 
A 
S. Then 

A 
d. > min(d.,d. 

- 	3- 3-1 
( 3.32 ) 

Further, the inequality in (3.32) holds if and 

only if 

(i) di  = di 	and 

d. 	a. 
(ii) c.A IB 

A 
Proof. From eq.(3.31) and the definition of di and d 

k6.2i. 	= 0 for k=0,1 ,...,min  a. 

and (3.32) follows. Now, if di  , and we let 
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r 	= 

which 

min fd,d 

... r4 _ 

i 

implies 

= 

that 

, 	then from (3.31) 

" 

	

d .  
d
i
A 	B / 0 	if 	r.=d., and 

a 
c.A 	B 	0 	if  

equality holds in(3.32). 
d. 

Thus. 
-  

assume  d.= i  

	

d . From eq. (3.31), 	lg will be zero, 1  

if and only if 

d 	d j 
c A IB = -c A .B i 	' 	1 

and the second part of the lemma follows. 

Define now the following sets of integers. 

J= 	d.<,  a. ;1=1,...,1121 

• 

and 	= {i: d = di, 
, 

and let 
d 

B1* = c 
A(414-/iB 

 + 	A i 'B 	i..€3 

where d +j d.,+j 

	

- A A 	1 0 . • 	ike 
n 	min ij: ci

A 	B / -c.A 	B 0.6,1 

Then, 

Theorem 3.5.  Let . E be the parallel connection of 

S and S. Then S will be decouplable by state-feedback 
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ifand only if 

1B. *  ia..j}={il 	Is* ' 
i 5  

R21 and 

;i471=tA:31 are sets of linearly independent vec-

tors and 

(ii).- U. 	FA. . 0 	i,j=1,2,3, 
J i 1  

where 6? = span1R. 

Proof. The basis of our result is again the main 

theorem of [5], i.e. S is decouplable if and only if 

B* is nonsingular. From eq. (3.31) and the definition 

of J, and 	it is clear that EI = B -Ni-iEJ; 

B? =t* ,tfiE3 and E* = g* ".• 	Thus i 

[ 

ii* = P .03:I; ie A. 

MI' ; ie31 

. frv!.; ifiSi ' 

= PR 

 

where P is a permutation matrix, and 

rank (B*1 = rank s[R1 

Now,. if (i) is not satisfied, rank {RI 	and S 

will not be decouplable. So, assume (I) holds. Then, 

span[ [12 ,{R kR1/ 1 	2 ' R31} 

if and only if (ii) holds. 
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i.e., rank[B*] = m if and only 

(ii) is satisfied and theorem 3.5 follows. 

Corollary 3.5.1. Let gbe the parallel connection 
A 

of S and S. Then S will be decouplable by state feed- 

back only if 

(i) rank[B] > pr  where p is the number of 

elements in J. 

(ii) rank[B] 
A 

elements in-J. 

(iii) rank 

,A 
(iv) rank[C 

Proof. 	Conditions 

B 

, 

> q, 

C] 

(i) 

where q is the number of 

= m 

and (ii) are obvious from 

theorem 3.5 (condition (i)). Conditions (iii) and 

(iv) follow from the fact that the transfer function 

matrix of the overall system S must. be- nonsingular 

if S is to be decouplable, which implies rank[E] = 

= rank[B] = m. E453. 

From theorem 3.5, it is evident that the relation-

ship between the decoupling properties of S and those 

of S and S are not straightforward in general. In 

this sense, the situation is somewhat similar,to that 

of the cascade connection, i.e., 
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Proposition 3.3.  Let S be the parallel connection 

of S and S. If S and S are both decouplable by state 

feedback, it is not necessarily true that S is-.detoucAakk,  • 

by site 

Proof. Let S=(A,B,,C) be such that d1=1 	d2 	, =2 	and 

1 0 
B 

0 1 

A. A A A 	 • 	4 and S=(A,B,C) be such that d
1 	d2=1 , and 

-0 1 

0 

That such systems, can be found is clear, because 

I
di,B*1 is an independent set of invariants (section 2, 

A 
chapter. I). S and S are both decouplable, but S, their 

° parallel connection is not because .a simple calculation 

shows.  that 31=1 , a2=1 and 

* 

  

E* 

 

   

i.e., 'det[B*]=0. 

Proposition 3.4. Let S be the parallel connection 

of S and S. If neither S nor S are decouplable it 

does not necessarily follow that S is not decouplable. 

A A A 
Proof. Consider S=(A,B,C) and S=(A,B,C) such that 
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and 

d1=0 

d1 	, =1 

d2=2 

A 
d9 2 

and 

and 

B* 

B* 

= 

= 

1 

1 

0 

01 

0 

1 

1 

Neither S nor 	are decoupldble. Yet,. g=a- 171,:4 

will have the following set of invariants ia1731. 

a =0 d2-2 and 

and as det[B*] = 1 j 0, then S is decouplable. 

Although the above propositions show that the 

situation is similar to that encountered in the cas-

cade connection, for the parallel connection there 

are two obvious cases when the decouplability of S 

is "dominated" by one of,the subsystems. These are; 

'(a). When d. G•d 	In this case fl*=B* 

and S is decouplable if and only if S is, and 

(b). When di > di 	where E*4* and S is 

A 
decouplable if and only if S is. detooplsble. 

As we mentioned in section 1, the results in this 

chapter can be easily extended to systems having a 

more general output equation, i.e., 

• y(t) = Cx(t) + Du(t) 

To do so, one only needs to modify the definition 
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A of d ; 1=/"...,m (and consequently of d
i and di

), as 

Q if Di,40' 

j-1 

for 	where D. denotes the ith row of D.J(Not 

tobeconfusedwithDi of chapter II (eq.(2.6.)), the 

.th 	. 
row of B*),.. 
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CHAPTER TV. Decoupling and parameter variations. 

1). Introduction. 

In spite of the great amount 'of research which 

has been done on the noninteracting control problem, 

very aittte is known about the effect parameter vari-

ations have on the decoupling properties of a given 

system. Yet, this is of great practical importance, 

,because, in general, the parameters of most systems 

suffer small variaton's due, for example, to varying 

environmental conditions, ageing, etc. Moreover, 

in practice, the parameters of a given.system are 

known only approximately (except for some parame-

ters which may be considered "natural" zeros or-ones, 

and , one may reach a wrong conclusion regarding the-

possibility of effecting non-interacting control. 

It is then very important 'td be able to say under 

which parameter variations or estimation errors, 
A 
the decoupling properties of a system remain inva-

riant. 

Let us consider a given linear time-invariant 

system S = (A,B0 C), which,we will call the ''nominal" 

system, described by the set of differential equa-

tions 



-104- 

k(t) = A x(t) 	B u(t) 	(4.1) 

y(t) = C x(t) 	 (4.2) 

where x(t)ERn, u(t),y(04-11/m and A,B, and C are 

constant matrices of appropriate dimensions. 

If the parameters of the.nominal system vary, 

if A—A+5A, B1-1.B.4-5B, and C%-.4 C-F8C, then 

6 = (44840-644530:sc), where 	the "perturbed" sys- 

tem - is described by 

X(t) = (A-1-5A) - (t) 	(B+EIB)ut9 

Y(t) = (C4-60:;i(t) 

Do the nominal and the perturbed ssystems have 

the same decoupling properties?' In. whatfollows, 

we will consider two different iil-qblemS: 

(4.3) 

(4.4) 

(i) The .decoupling and data sensitivity prob-

lem [16], or total-input-output invariance problem 

[58], which can be stated as:. Find the class of 

admissible parameter variations such that there 

exists a state-feedback pair (F,G), (i.e. a control 

law as given by eq. (1.4)), such that 

(a).- (F,G) decouples S=(A,B,C) and 

(b).- The outpUts of S(FI G)=(A+BF,BG,C) and S5(F,G)= 

E(A4-6A)+(B4-5B)F, (13-1-613)G 5  C-1-5C] are equal for 



-105- 

all closed-loop inputs 	 1R', and all initial con- 

ditions xo=x(0)=;(0), for all times.t 	O. 

(ii). The input-output invariance problem [58]. 

That is, under what parameter variations 6A, 613 and 

6C does S5.-=((A-4-6A),(B-1-613),(C46C)) remain decouplable. 

Of thbsetwo problems, the decoupling and data 

sensitivity problem is perhaps of greater practical 

importance, because if there exists a decoupling feed-

back pair satisfying (i).(a) and (i).(b), it means 

that the closed-loop system is insensitive to parame-

ter variations and retains noninteraction, which are 

highly desirable properties. However, the input-out-

put invariance problem is also of importance when 

decoupling is to be included as part of the design 

requirements. 

The results presented below for the decoupling 

and data sensitivity problem are equivalent to those 

of [16]4  but the approach used here is simpler and 

more direct. Further, in practice, it is easier to 

calculate the subspace characterizing the class of 

perturbations for which the problem has a solution 

using theorem 4.1 below, than it is using the beauti-

ful characterization given in [16], and our result 

may be readily interpreted intuitively. 
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The results for the input-output invariance pro-

blem extend those in [581. Moreover, we also consider 

possible parameter variations in A, the plant of the 

system. SoMe of the results are given in a. way that 

resemble those of [47] on the robustness of control-

lers and it is in this sense that we may consider the 

input-output invariance problem as that of finding 

conditions for the existence of robust decoupling" 

configurations. 

2). Decoupling and data sensitivity. 

In this section, we will assume 6C = 0 	i.e., 

we will only consider parameter variations in. A, the 

plant of the system and El, the input map. This might 

seem restrictive, but in a large number of practical 

situations the outputs of the system are only a sub-. 

set of the states. Thus, the parameters of C, which 

are then only ones and, zeros, appear "naturally", and 

one does not expect variations. Furthermore, if 6C/0, 

then clearly condition (i).(b) above in the statement 

of the problem, cannot hold, and the decoupling and 

data sensitivity problem has no solution. (Notice 

that if 6Ci-10, then y(0)=C x(0) and Y(0)=(C-PC) (0) 

will not be identical for all possible initial condi-

tions x(0)=;Z(0)6 
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Let us define {di; i=1,...,m1, the set of 

decoupling invariants of S=(A,B,C) as usual, (see 

eq. ,(1.5)), and, with the ith row of C denoted c., 

define 

W 	= (0) 	d.-1 

	

. - 	c.A 3" 1 d: 
cLA 2-  2 (4.5) 

() 

W(0) 
= 
 wl 

.1:‘' (0) 

 

(4.6) 

   

Also let B* be defined as in eq!. (1.6) , and 

A* = 

 

( 4.7 ) 

   

A 	A 	 A 
and let di; i=1,...,m; B* And A* be the corresponding 

matrices for the perturbed.system,' S8=(A1-6A,B4-61B,C). 

By taking,  successive derivatives. of y(t), the 

.th component of y(t) in eq. (4.2), it is straight-

forward to-  obtain, for the closed loop system S(F,G) 

k (i)1  . 	t) = c A x(t) ; j=0,1,...,U. 	i=1,.. 'm 	(4.8) 
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and 

(d.+1) 	d.+1 	d. 	d. 
yi.. 1 (t)=(c.A 1 +ciPi lBF)x(-04-c..k 1BG v(t);i= m(4.9)-  

(k) 	th 
where y. (t), denotes the k 	derivative ofY .(t). 

3_ 	 i 

Similarly, for Y.(t), the ith  component of y(t) 

	

1 	 . 
in eq. (4.4), we obtain, for the closed loop system 

S (F,G) 

^(j) y. tt) = c (A+5A) x(t) •j=0 1 	a .1.1 	m , 	, 	I..., 
(4:10) 

and 
r., 

„,(Ef.+1) 	d
i
+1 	... 

37- i  j-  (t) = [ci(A+5A) 
	+ ci  (A+5A) 

	B+5B)F]:SZ(t) 

a. 
+ c.(A+5A) 31(34-5B)G v(t) ; i=1,...,m 

i ( 4.11) 

Now if we denote the image of a map by W.) 

and the null space by.X(.), we have 

Theorem 4.1. Let S=(A,B,C)' 	given by eqs.(4.1),(4.2). 

The decoupling and data sensitivity problem has a 
4 

solution if and only if 

(1). B* is nonsingular, and 

'(2). Im(5A) + Im(5B)C:j([1f (°) ] 

4 

Proof.  Condition (1) above, simply ensures that there 

exists a feedback pair (F,G) which decouples S=(A,B,C), 

[17],[21]. Thus, only (i).(b) in the statement of the 
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problem (section 1) remains to be satisfied. 

(If). Assume that Im(oA) 	Im(5B)C=X 

then, it is clear that 

cAj =c(A4-510 j ;j=0,1,...,d.-1-1 ;i=1,...,m (4.12) 

In fact, it is very easy. to show eq.(4.12) holds 

r if and only if Im(5A)C.1)(LW(0) 1 	This means that 

c 	 bB 

;1=1,...,m _.(4.13) 

and as Im(bB)C:J([W(°)],.then 

ci(A-1-bA)a(E1+613) = c-A.4 ;j=0,1,..,,di. 

which implies 

;i=1,...IM d. = d. 

and 

B* = B* 

and from eqs.(4.12),(4.14) and (4.7), 

 

A 
A* = A* 

F = -B*-1A 

 

(4.16) 

Define n.ow 

  

and 

G = 32.."* -1A 

with A=diagf%1 , nonsingular. With (F,G) so defined 

the feedback law 
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u(t) = Fx(t) 	Gv(t) 

integrator decouples S=(A,B,C), (see remark 2.4), and 

thus for the closed-loop system S(F,G), 

(c1. 4-1) 
Y. 	(t) = X.v.(t) 	;i=1,...,m 	(4.17) 

From eqs.(4.14)-(4.16), the same feedback 

u(t) = FX(t) 	Gv(t) 

is also an integrator decoupling feedback law for the 

perturbed system S5=(A-14)A,B+5B,C), and the output of 

the closed-loop system So(F,G) is gi'ven by 

(d.+1) 
9. 	(t) = X.v.(t) 	;1=1,...1M 	(4.18) 

Hence, from eqs.(4.17) and (4.18) 

(d.4.1) 	(d.+1) 
. 	(t) = 9. 3- 	(t). ;1=1'. .,m, 4t > 0 

(4.19) 

for every x o  :41 o=x(0) and all v(t)6 l n. Furthermore, 

differentiating (4.19) 

(di-k) 	A (di  +k) 

Yi (t)=. Y3. 	(t) 	;i=1,...,m ;k=1,2,... 11t > 0 

(4.20) 

for all initial conditions and'closed-loop inputs. 

^(j) (t) = '2'i,j(t); 
. 	Yi 

i=1,...,m ;j=0,1,...,d.1+1. Then, 

a 



and 

zi,o (t)  

i(t) + Nvi(O 

 

(4.22) 

  

z1.. 	(t ) 1 0 

( i,1 t)  
• 
• 

• 
zi,d.(t)  

= NZI(t) + Nvi(t) = 

i,di+1(t) 

0 1 0 	... 

0 0 L 
* • • 
• • • 
• • • 

0 0 0 ... 

0 0 0 ...  

zit()(t)  

z4 i(t) 

z d (t)1 

zi,di+1(t)  

v.(t)
—  (4.21) 

z1,d+ (t ) 

with M and N as in eq.(4.21) above. Comparing these 

two sets of differential equations it is evident that 

zi(t) ) 

i=1,...,mi  if and only if their initial conditions 

are identical,' i.e., if and only if z. (0)z.(0), or 



-112- 

equivalently, 

^( ) yci)(0) = .j (0) ;i=1"'"n"j=c""—"Ii.+1 Yx  

	(4.23) 

With t=0 in eq.(4.19), it follows that (4.23) is 

satisfied for i=1"..,m, and j=del. From eqs.(4.8)-, 

(4.10.) and (4.12), and x(0) = 	eq.(4.23) follows 

for j=0,1,...,d 	'Therefore, the closed- 

loop outputs of the isystems S(F,G) and So(F,G) are 

identical for all t > 0, all initial conditions xo , 

and all inputs v(t), and sufficiency follows. 

(Only if). To prOve the necessity of condition 

(2) of theorem 4.1, we first notice that in order to 

satisfy (1).(b) in the statement of the problem, it 

is necessary that 

(4.24) 

If this is not so and, without loss of generality 
^ 

say, d. > d. for some i, then, assuming zero initial 

conditions we obtain from eq.(4.8). 

(1.4-1) 
y. l 	(0) = 0 

 

(4.25) 

   

whereas from eq. (4.11) 

a 
Yi 	(0) = ci.(A+6A) 1(8+6B)G v(0) 

A 	 d. 
and as by definition of d.

3- 	3. 
c.(A+6A) 1(8+68) 	0, and 



G is nonsingular, then' 

^ (a.+1) 
Yi 	(0) / 0 for some v(0) 

 

(4.26) 

  

and eqs.(4.25) and (4.26) violate (i).(b). Thus, 

(4.24) must hold. Comparing now eqs.(4.8) and (4.10), 

it is also. obvious that for (1).(b) to be satisfied 

for all initial -conditions x o=x =x(0), it is necessary 

that 

ciA3 = c (A+5A)J 	;1=1,...i m (4.27) 

Furthermore, from eqs.(4.9).  and (4.11),,assuming 

A 
X o =X o=0, it is also required that 

=B* 
	 (4.28) 

and again from eqs.(4.9) and (4.11), but now assuming 

v(0)=0, 

I* = A* 	 (4.29) 

Clearly, the necessary conditions. (4.27) .and 

(4.29) hold if and only if im(5A)<:/(N(.°) ]., and 

the necessary conditions expressed by (4.24) and (4.28) 

imply Im(aB)c)([W(°)]. Thus, to satisfy (i).(b) 

it is necessary that 

Im(6B ) im(5A)c/ C w(°)] 

and theorem 4.1 follows. 



For the class of systems IL, defined in chapter 

11, (i.e., SL={S: S is decouplable and m Ld = n ), 

the following corollary holds 

Corollary 4.1.1.  The.decoupling and data sensitivity 

problem. has no solution for the class of decouplable. 

linear , systems which preserve observability under,  • 

arbitrary state feedback. 

Proof.  As we have shown in chapter II, section 3, 

fl, the class of decouplable linear systems which 

preserve observability, under arbitrary state feedback, 

is characterized by the equality m 2L d. = n. 
1.,=1 

Further the rows of W(0)  are linearly independent 

vectors [17], and therefore X[W(°)] = 0 and any non-

trivial variation (i.e., / 0) in A or B violates 

condition (2) of theorem '4.1. 

This means that although the systems belonging 

to ft have the very desirable property of preserving 

observability, they are extremely sensitive to any 

parameter variations. 

The class of systems less sensitive to parameter 

variations is, on the other hand, characterized by 

d.=0 	For these systems the variations 

for which a solution to the decoupling and data 

Sensitivity problem exists, must lie in the (n-m)- 



dimensional subspace )([C]. 

Let us now establish the equivalence between 

theorem 4.1 above and theorem 7 of [16], obtained 

by Fabian and Wonham using a geometric approach, i.e., 

the decoupling and data sensitivity problem has a 

solution if and-only if 

(I) S=(A,B,C)is decouplable, and 

(ii) Im(oA) 	Im(oB)C:)", where 

1)(o)  = sup •)) /YCA -1(1) 	)n)liCcil 	(4.30) 

where A-1(1() =fz: 	Im(B) and sup L.1 

denotes the maximal subspace with respect to the partial 

ordering introduced by inclusion. 

All we need to establish the equivalence is to 

show that ,1)(o) 4Eur(o), J. For 'this,, we require the 

following preliminary results. Define 

C. 

; i'=11 • • • TM 
	

(4.31) 

c.A 

where W. ) =0 whenever d. < j, and let 

	(I .32) 
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then, 

Lemma 4.1. Let C4. and gEl be subspaces of Rn. Let RCP. 

Then R= 6* if and only if dim ti = dime>. 

The proof of this is obvious and well known, and 

is omitted here. 

Lemma 4.2. Let S=(A,B,C) bedecouplable. Then, 

(1) e )([w(-1)] 

(ii) Equality holds in (1) if and only if m 414di  = n 
- 

(iii) (i3 	w( ° ) 	o . 

Proof. 'To show (i) assume xet, then there exists 

yG Rm  such that By=x. Thus W(7.1)x- =W(-1)By = 0, 

i.e., xa[w(-1)], and elcx[w(-12]. . To show (ii), 

notice that S=(A,B,C) decouplable means rank[B] = m, 

[45],.i.e., dimdl= m-.  Also, the rows of W(-1)  are 

linearly independent if S is decouplable, i.e., 

dimjN(EW(-1)3 = n - 	di  , and as m 	d. < n — 

([17], lemma), then., dimX[W(-1)] > m . i.e., 

dimj([W(-1)] > dime , with equality holding if and 

only if m+L d1  = n, (ii) follows from lemma 4.1. 

To prove (iii) let x / Oct. Then, By=ai for some 

y 	0 R m  and: 
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= 

• 
which is different from zero because S=(A,B,C) Is 

decouplable and B* is therefore a nonsingular matrix. 

Thus xpaw(o)] and (iii) follows.,  

Lemma 4.3. Let S=(A,B,C) be decouplable. Then, 

sj[w(°)] (4.33) 

tb ()  Proof. Let z 	iEw°] . Then there exist, (unique) 

vectors x 	and ycjaW(°)] such that' z = x y. 

so, 

W(-1)  = w(-1) 	(-1) z 	X W Y 

but as ye/EW(°)], then clearly :,-yeJ([ld(-1)] and as 

xGe, from lemma 4.2,(i), xf)([11(-1)]. Then, W(-1)z=0 

i.e., z(EW(-1), _1 and 

X CuT (0)  3cX[w("1) ] 	. 	(4.34) 

If S is decouplable, then dim 6= m, and 
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,dimisfEW(°1 = n 	(m +7,  di) ; dimX[W(-1)] = n 

 

i=1 

As it is well known that dim(.441) = dimX+ dim `J 

for any two disjoint subspaces X,q-LI cflan then 

dimf 6 ®Y [W(°=)] = m+n-(m+ Ld.) = dimX[W(-1)] . 

and from eq.(4.34) and lemma 4.1, lemma 4.3 follovis. 

We can now establish 

Lemma 4.4.  Let S=(A,B C) be decouplable. Then 

)1[w(0)] = A-1(i[W(°)] ÷8)AX[C] 	(4.35) 

Proof. Let zej[W(°)]. Then 

-Cz = 0 
	

( 4.36) 
and 

W(-1)Az = 0 

Thus, Aza[W(-1)], andlfrom lemma 4.3, Aze-644[W(°)]. 

This together with eq.(4.36) implies that 

z€4  A-1(C5 1-XCW(°)DnAC]. i.e.., 

X[W(°)] 	A-1  Of[W(°)] 	)n /CC] 	(4.37) 

Now, let zc A-1 (gCW(0)1 (' )(1.g[c]. Then Cz=O 

and Az E Z-1- „Ji.[W(P)], which from lemma 4.3 implies 

AzjgW(-1)]. This together with (4.36) mply- 

Zkji[W(°)], i.e., 
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A-101[w(°) ] +8 )n Ac]clEtv(') 3 	 (4.38 ) 

anad the lemma follows from eqs.(4.37) and (4.33). 

The above lemma 4.4, shows that )([4(°)] is a 

-member of the class of subspaces satisfying  

.1/47- A-1N -1-8)n X[C]. Lemma 4.5 below shows that 

it is the maximal subspace belonging  to this class 

and thus, that 1)(°) =)1[W(°)]. 

Let V be any subspace independent of )([IT(-j+1)] 

such that (P.C;W[W(-j)], and define 	=X[W(-j+1)]+ P.. 
(-j) 

Then 

Lemma 4.5.  Let S=(A,B,C) be decouplable. Then 

A-1( 1s4)(—i) ± ) n )(cc] a (-3)  for J=1,2, 	4.39) 

Proof. From lemma 4.2,(i), 6C[W(-1)]. Then, 

obviously, 6C2,1ali(-j)I ;j=1,2,...,'so that 

e5( /N6)(_j)+Z) 	(J`IEW(-i+1)] + P 	) CI[W(-i)] 

This implies that 

and 

A 	( 14) (—‘i) 
+8) c A-1  

-1 A ( 	 (1) 11 )([c] a A-l t w€-J)Dnfi[c] 
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But clearly, 

A-1(x[w(--J)]) n x[c] c x[tv(--J4-1)] 

thus, 

( 	+6) n /[c] .x[w(-J-1-1)] 

, and as by definition XLW(-j+.1)J C: 1)(..j)? then 

A- (
(-j)+() (-1/1[0]C: 

and lemma 4.5 follows. 

As X[W(°)]C: 1,)( _j), and "(..j)  is not a member 

of the class of subspaces 	I c A-1(V+ ) n X[C], 

for any Pj  and j=1,2,..., but X[W(°)] does belong 

to this class, then)([00)] =1)(o)  

From the intuitive. point of view, the meaning 

of Im(bA) + Im(5B)C=X[0°)] is more clear than 

condition (ii) above eq.(4.30). Roughly speaking, 

it requires the parameter variations to be unobser-

vable from the output of the closed-loop decoupled 

.system. This is not so clear if one uses y(0) 

J 
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Input-output invariance problem. 

In this section we shall be concerned with finding 

under which parameter variations a given decouplable 

system will remain decouplable. 

Let us first consider variations in the input 

map only, 	S=(A,B,C) 	S6Bm(A' B+6B,C). Then, 

we can prove 

Theorem 4.2. Let S be decouplable. If Im(6B)c.d5, 

i.e., BY = 5B for some (uniquely determined) Yee"m,  

then the system Seil3=(A,B+6B,C) is decouplable if and 

only if (I + Y) is a nonsingular matrix. 

Proof. (Only if). It is well known [A5] and easy 

to establish that a necessary condition for SEJB to 

be decouplable is rank(B+6B) = m. Thus, if Im(5B)c 

this condition can be expressed as .rank[B(I+Y)] = m, 

which applying Silveater's inequality, holds if and 

only if (I+Y) is nonsingular. (Recall that S is decou-

plable and therefore rank[B] = m). 

(If). Im(6B)c.Ta implies, from lemma 4.2,(i), 

that Im(6B)c:X[W(-1)], and this means that d.a.  > d., 

Assume (I+Y) is nonsingular. Then, 

d. 	d. 
c.A 1(B+6B) = c.A.iB(I+Y) 1 
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d. 
which is non-zero by definition of d

i 	c
i
A 130). 

A 
Thus d. = d., and 

B* = A**(11-1-OB) = A**B(I+Y) = B*(I+Y) 

A 
where A** is defined by A**A=A*. Therefore B* is 

nonsingular and theorem 4.2 folloWs. 

As stated, the(Fem 4.2 is..of little practical 

importance because it requir'es -the knowledge of Y, 

and'thus of 5B. However, based on it, we can prove 

a further result which, shows the robustness of the 

decouplability of a system for the class of pertur-

bations defined by Im(513)C, 

. Theorem 4.3. Let S be a decouplable system. Then, 

for every OB such that Im(OB)c:a ,'there exists an 

a > 0 such that S6B=(A,B+E(OB),C) is :decouplable 

for every E such that (El < a. 

Proof. From theorem 4.2 above, S6B=(Al B+E(5B),C), 

(Im(5B)c:6),'will be decouplable if and only if 

(I+EY) is nonsingular. For E. =0, (I+EY) is obviously . 

nonsingular. Let E/0 and denote s=
1 
/E . Then, 

(I+EY) = E(Is+Y), and if we let'Xi ;i=1,...,m, be 

the eigenvalues of (-Y) and XI ;i=1,...,r those 'which 

are real, it is obvious that det(Is+Y)!0 for every 

s such that (s1 > (Xmax * 1 = max11% 11. Therefore, 
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det(I+EY)/0 for every E such that 1E:1< 1/1 
I Lx X 1 

and this together with theorem 4.2 imply theorem 4.3. 

This result is in a useful form because it 

simply ensures that whenever Im(6B)C: 6, then the 

system will remain decouplable provided that the 

perturbations are sufficiently small. 

A corollary of theoretical importance is easily 

derived, i.e., 

Corollary 4.3.1. Let S=(A,B,C) be decouplable and 

Im(6B)C:tB. i.e., BY = 6B for some (unique) YcRm.1/1 

Then, if Y is skew-symmetric, Sele(A,B+6B,C) is 

decouplable. 

Proof. If Y is skew-symmetric, then all the eigen-

values of (-Y) are imaginary, except possibly one, 

which is zero. Thus, from theorem 4.3, S6,13=(A,B+E(6B),C) 

will be decouplable for all E; lel<004 , and corollary 

4.3.1. follows. 

A result *similar to theorem 4.3 is still possible 

if we enlarge the class of admissible variations 6B7  

thus . 

r 
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Theorem 4.4.  Let S=(A;B,C) be decouplable. Then, 
1 for every 5B such that Im(513)c:j(Cli(-1)-17 there 

exists a > 0 such that S
6B=(A,B+E(513),c) is decou-

plable for every iEl< a. 

Proof. From lemma 4.3, 	[w(-1) ]- = fiex[w(o) ].  Thus, 

Irn(5B)L [0-1)- j implies that there exist unique 

matrices N and Y .(0)N = 0 	such that 

6B = N 4- BY 	(4.40 

Now, consider A**EB+4(6B)]. From eq.(4.40), 

A**[13+E(833)] = A**B(I+EY) 4-EA**N 

but as W(0)N = 0, then. A**N=0 and 

A,'*[B-1- e(5B)] = A**B(I+Ey) = B*(II-Ey) 

and following a similar argument to that of. theorem 

4.3, S5B=(A,B+E(6B),C) will be decouplable for all 

1E1 
 < 14\*axi and theorem 4.4 follows. 

Let us now consider parameter variations in. A, 

the plant of the system. i.e., S=(A,B,C).1-* S =(A+6A1 B,C). 

Then, 

Theorem 4.5. Let S=(A,B,C) be decouplable. If 

Im( 6A)=. X Eli( -1)1  ,, then SoA=(A-1-6A,B,C) is also decouplable. 



r (-, Proof. If Im(5A)C LW 1)  j, then 

c(A-FEIA)3 =cAj;j=-C4,1,...01.0.=1 . . . ,m 

and therefore 

	

ci(A+5A)3B = ciAjB 	;i=1,...,m 

which implies that di=di 	and 

A 
B* = B* 

A , 
Thus, B* is nonsingular because S=(A,B,C) is 

decouplable, and theorem 4.5 follows. 

The results given above for the input-output 

invariance problem are far from being a complete 

answer to it. In fact, the cases we have considered 

are those where the d.'s remain invariant, but the 

problernimaystillhalreas teveriAltheid.'s 

vary. 

' 	1 
This can be easily seen from 'the results of 

section 4, chapter III, on the decoupling of systems 

connected in parallel.. If we consider only variations 

on. B (or C), the perturbed system S5B=(A,B+5B,C), 

may be considered to be the parallel connection of 

S=(A,B,C) and ,'‘.(A,,E)B,C), and it is clear that 'g 

may "dominate" the decouplability of S5B. This is 

illustrated by the following example. Let S=(A,B,C), 
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where 

A 

1 	0 	0 

0 	0 	1 

0 	0 	1 
B = 

0 	0 

0 	1 

0 	O 

C = 
1 	0 	0 	0 

0 	0 	1 	0 

Then, 

0 	0 	1 	0 

d1  =1, 	d2  =1, and 

1 	0 

0 	1 
- 

1 	0 

So,. the nominal system S is decouplable. 	Consider 

now, for example, a matrix 6B of the form 

1 X 

X X 

1 
X X 

where the X's represent elements possibly different 

from zero. Then, for g a direct calculation shows 

that a1 	, =0 a2  =0, and S "dominates." the decoupling 

of S6B 
(theorem 3.5). i.e., 

B* = 1* = 

and althou'gh the di's have varied, S6B  is still 

decouplable. 

Cases like,this where the response of the closed- 
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loop system is completely determined by the variations 

are however, not desirable. 

Finally, notice that although the perturbed 

system s6  will remain decouplable if the variations 

satisfy the conditions given in theorems 4.4 and 4.5, 

the feedback pair (F,S) which decouples S, does not 

necessarily decouple S5. 

Little 'emphasis has been'placed In the case where 8C/0._ 

n' this section,' betause as we mentioned before C will 

in general, consist of "natural" elements (ones and 

zeros). However, in contrast with the data sensiti- 

vity and decoupling problem of section 2, it is no 

longer true that the input-output invariance problem . 

will have no solution if oC/C. 

The results contained in this chapter can also 

be' found in [6]. 
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CHAPTER V. Decoupling of discrete time-varying systems. 

1). Introduction. 

In the previous three chapters we have analyzed 

some problems associated with the noninteracting control 

of linear continuous time invariant systems. In 

this chapter we will consider nonstationary discrete' 

time systems and will solve the basic existence 

question for one-to-one decoupling. 

In the brief survey given in chapter I, we 

mentioned that most of the results available for the 

decoupling problem were obtained for continuous time 

invariant systems, although they also hold for discrete 

time invariant systems with trivial notational 

fications. Some of the results have been extended 

to the continuous time varying situation by several 

authors,[33],[50],[56],[63],[67],[76], and the basic 

existence question has been solved. The only attempts 

to extend these results to linear discrete time-varying 

systems are those of W.A.Porter [ 7O] and V.Sanicaran 

and M.D.Srinath [57]. Of these, Porter's paper gives 

only a sufficient condition for the existence of a 

decoupling state feedback law. Sankaran and Srinath 

extended Porter's results, and found a condition for 

a- 
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the existence of a solution to the decoupling problem 

which is both necessary and sufficient. Further, 

they gave a characterization of a class of decoupling 

feedback pairs. However, their paper contains some 

undesirable concepts arising partly from their 

definition of a decoupled system. 

Remark 5.1.  They require the variations in y(k+1), 

the ith  output of the system at time k+1,, due to 

j variations in uj  (k) 	th ;j/i, the 	input of the sys- 

tem at time k, to be identically zero. This ensures 

noninteraction in one time step, but interaction may 

still occur through the input at previous times, i.e., 

thevariationsof. Y1(k+1) due to variations in u.(h), 

j,-vi, h=k-1,k-2,..., may be different from zero. 

Below, we reconsider the problem and under the 

assumption that the decoupling invariants are constant 

over the 'time-interval.of interest,.we give a-neces-

sary and sufficient condition for the existence of 

a solution to the decoupling problem via state feed-

back. 
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2). 	necessary and sufficient condition. 

Consider the Jinec‘r discrete time'varying 

system S=(A(k),B(k.),C(k)), described by the set 

of linear difference equations 

x(k+l) = A(k)x(k) + B(k)u(k) 	(5.1) 

and 

y(k) = C(k)x(k) 	(5.2) 

where u(k)E.M  y(k). ?.m, and x(k)g n
, are the 

input, output and state vectors respectively, 

and A(k)1  B(k) and C(k) are time dependent ma-

trices of appropiate ditlensions defined over the 

time interval of interest [0,kf]. Consider the 

state feedback law given by 

u(k) = F(k)x(k) 	G(k)v(k) 	(5.3) 

where v(k)i 0 is the external or closed-loop 

input vector, 	G(k) is a nonsingular matrix for 

every k E[0,kiAland F(k) is an appropriate matrix. 

If we apply this feedback law to the system 

of eqs.(5.1),(5.2), the closed-loop system 
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S(F,G)=(Ac(k),Bc(k) Cc(k)) is described by - 

and 

x(k+1) = Ac(k)x(k) + BC(k)v(k) 

;-(k) = Cc(k)x(k) 

Ac(k) = A(k) + B(k)F(k) 

	 (5.4) 

  

(5.5) 

where 

  

BC (k) = B(k)G(k) 

and 
CC(k) = C(k) 

In general terms we shall say that the system 

S in eqs.(5.1), (5.2) is. decouplable by state feed-

back if there exists a pair of matrices (F(k),G(k)), 

such that each component of the outp-It vector of 

the closed-loop system of e s.(5.4);(5.5) is inde-

pendently controlled by its correspondent component 

in the external input vector. 

Although this intuitive definition is helpful 

in understanding the problem, in what follows we 

shall need a rigorous formalization of it. Let 
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yi(t) and u.(k) be the i
th components of y(k) and 

u(k) respectively, and let c. (k) denote the ith row 

of C(k) and b.(k) denote the jth  column of B(k), 

and define the following set of operators 

D. 	(k) = c.k)   (5.6) 

and 

D
i,r

(k) = Dilr-1(k) A(k-r) ,; r=1,2,...,k 	(5.7) 

for i=1,...,m and every ke[0,kf]. 	Similarly, for 

the parameters of the closed-loop system, define 

 

D 10
(k) 	c.(k) 

3.  

 

(5.8) 

and 

  

,r i,r-1 ( ) = D 	(k) Ac(k-,r) ;r=1,29.00,1k 

 

(5.9) 

  

fori=11-011andkc[Olkf],ullerec.(k) denotes 

, the ith row of Cclk). 

Definition 5.1. The system S=(A(k),B(k),C(k)) is 

said to be decouplable by state feedback from time 

k4[0,kf], if there exists a sequence of.feedback pairs 

'[F(k),G(k)1.  , such that S(F,G) is decoupled for some 

k > ko. 
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Definition 5.2. A system S=(A(k),B(k),C(k)) is said 

to be decoupled at time k, if 

Di,r(k)10 (k-l-r) = 0 ;r=0,1,...,k-1 ;i/j, 

for i,j=1,...,m, and 

(ii). D.i,r(k)b.(k-l-r) / 0 , for at least one 

rCt0,1,.. .,k-ll i and 1=1,...,m. 

We justify this definition as follows. After 

simple algebraic manipulations and repeated substi-.  

tution of eq.,(5.1) in eq.(5.2), it is easy to see 

that 

yi(k) = Di,k(k)x(0) 
ff 

D. (k)1.3 (k-l-r)u(k-l-r) 

(5.10) 

     

and thus, neglecting the effect of initial conditions, 

condition (i) above simply requires that the variations 

of yi(k), due to variations on uj(k-i-r) ;j/i ; 

1.-6100_ 	k-11 	be zero. Condition (.ii) simply. 

th states that the variations of the i . output due to 

any variations on the ith input u.(k-1-r); 

must not be identically zero. This second condition 

can be expressed more neatly as 

rank[Dijo  (k)bi(k-1) 	(k)bi(k-2) , • .. 	(0)] = 1 

(5.11) 
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Let us now define the scalar valued functions 

of k 	di(k) ;i=1,...,m,.as follows 

di(k) -=mii!
il 

{ ;"D .(k)*B(k-1-j)/0 	(5.12) 

Remark 5.2. Notice that if for some iEC1,...,m1, 

D 	(k)B(k-1-j)=0 for every jE{0,1,...,k-11, then 

vi(k) will be independent of the value of all the 

inputs and thus, no control may be exercised upon 

it. If this happens the system will not be decou- 

plable, because {d.(k) ;i=1,...,m} is invariant 

under state feedback transformations (see theorem 5.1 

below), and therefore D..(k)B(k-1-j)=0 for every 
1,J 

j6{0,1,...,k-1} implies
It

.(k)B(k-1-j)=0 for every 

je{0,1,...,k-1}, which clearly contradicts eq.(5.11) 

(or condition (ii) in def,5.1). If this happens for 

every k([0,kf], then the decoupling problem is trivially 

non-solvable. Therefore, we shall c.ssunle that for 

every i 	there exists 'sore 1“[O,kd such. 

that D.
11

.(k)B(k-l-j)/0 for some- jE{0,1,...,k-1}. The 

continuous time invariant analogue of the above discus-

sion would be when ci
A3B=0 for j=0,1,...,n-1, and d 

in eq.(1.5) is not defined. In this case, the i
th 

row 

of the transfer function matrix would be identically 

zero, and the decoupling problem is trivially non-

solvable. 
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Theorem 5.1.- The set of functions d1(k);i=1,...,m 

defined by eq.(5.12), is invariant under arbitrary 

'state feedback transformations otlivetorm 

To prove this theorem, we need the following 

Lemma 5.1 D. .(k)=D. .(k) for j=0,1,...,d-.(k); 

1=1,...,m for every k4[0,kf]. 

Proof. We proceed by induction. For j=0, equality 

holds trivially,i.e", I) 	00= .C1c)--=0.(k)=D 	(k). 1,0 	C1 	1,o 

Assume then that D  
,j
(k)=D 	(k). holds for some 

i 
j<di(k). 

From eq.(5.9) 

D1. ,3 .+1 	1 
(k)=D. 

 ,3  
.(k)[A(k-1-j)+B(k-1-j)F(k-1-j)] 

=D. .(k)A(k-1-j)+D. .(k)B(k-1-j)F(k-1-j) 

and as j<-d.(10, then 

D. .(k) B(k-1- ) =0 

so, 

Di,. 	(k) = D. 	(k) A(k-1-j); i=1,...,m 	and j+1 	1,3 

from eq.(5.7) 

D. . ,(k) 	D. . (k).'  1=1,...,m 1,3+1. 	 ,j+1 

which proves Lemma 5.1. 
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Proof of Theorem.  5.1.- From the lemma above, eq. 

(5.12), and the fact that G(k) is a nonsingular ma-

trix for all k([0,kf  ] it follows that 

De .(k). Be(k-1-j)=Di j  (k).B(k-1-j) G(k-1-j)=0 • 

for every j<d.3-(k), and 

De 	(k) Be(k-l-d.)=D. 	(k) B(k-l-di) G(k-l-di) / 0 i,d. 

for i=1,...,m. So, with dl(k) given by the familiar 

definition 

de = mint j: D
i,j 
 (k) Be(k-1-j) / 0.;j=0,1,...,k-1/ 	(5.13) 

i=1,...,m, it is clear that 

d?(k) = di(k) 	;i=1,...,m 

and the theorem follows. 

'To proceed we 'will now make the assumption that. 

d.(k) ;i=1,...,m, are independent of k, i.e., we will 

assume that d(k)=constant for every k6E0 kf  l'i=1,...,m. 

Mathematically this is expressed by 

(i). If Di,j(k) B(R-1-j) = 0 for some kE[0,kf], 

then D.. (k) B(k-1-j) = 0 for every kE[0,kf];(k > j+1) 1,3 

and 

(ii). If D. .(k) B(k-1-j) / 0 for some kE[0,kf], 
1,3 
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then Di,j .(k) B(k-1- 	J. j)/0 for every “[O,ktij(k > j+1). 

An equivalent assumption is usually made in the 

continuous time. varying case [30],[33] so that the 

problem becomes tractable. In the discrete time.vary- 

ingsituationt([57]inparticular), althouglad-00 

are defined as functions of time,- the constancy as-

sumption is made implicitly in the development. 

Otherwise the proposed input-output representations 

contained in these papers cannot be obtained. 

Remark 5.3  A discussion of the difficulties arising 

from the removal of this assumption, will be post-

poned until later. It will be included in Chapter 

VI, where we analyze the dynamic decoupling problem 

for continuous time varying systems. 

In our case, the assumption will allow us to 

giveallecluivalentbutsimplerdefinitionford-(c ) 

than that of eq.(5.12), i.e. 

Ai = di(k) = minfj: Di,j(j+1) B(0)/0; j=0,1,...1 (5.14) 

and a number of facts become apparent. Firstly, if 

we go back to Remark 5.2, it is clear that the as-

sumption made in it, (i.e., there exists some k6[0,kf] 

such that Di,j(k) B(k-1-j)=0 for some.j({0,1,...,M1) 



simply implies that the d.'s are required to be finite, 

and to have values within [0,kf]. 

It is also evident now, that for any i=l,...,m, 

condition (ii) in definition 5.2, cannot be satisfied 

fork<di andtherefore,ifd*=max(d.,the system 
i 

will not be decouplable for k < d*. This is so because, 

.although non-interaction (i.e., condition (i), defini-

tion 5-.2) may be achieved at any time, at least d* 

time intervals must elapse before we can exercise some 

control upon all of the outputs, 

We are now ready to state and prove the main 

results in this section. Let S=(A(k),B(k),C(k)) be 

any system described by eqs.(5.1)-(5.2), and let {di} 

be its set of decoupling invariants, with di=di,i(Ji; 
A, 

di=d2,VieJ2; 	; di=asq, klieJ 	, where J1C2{1,...,m}; 

i=1,...,q; 	J.r)J..0 vi/j, and 	Li J. = 	... ,m1. 
3.. 	j 

Then 

Theorem 5.2. The system S=(A(k),B(k),C(k)) is 

decouplable from time koE[0,kf] if and only if, for 

j=l,...,q, the sets of vectors 

(D,,,.(k) B(k-i-di) ; 

are linearly independent for some k > ko+d*+1,(ki[0,kf]). 

Proof. (If). By repeated substitution of eq.(5.5) 
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in eq.(5.4), and after some direct algebraic manipula-

tions, it is easy to obtain 

10y1 

yci(k) = 1)1,k (k)x(ko) + 	 i r(k)Bc(k-l-r)v(k-l-r , 
r=o 

( 5.15) 

which from the definition of d
c and theorem 5.1, can 

be rewritten as 

A-Kcl 

yl(k) = D1,k(k)x(ko) 	D c. 	(k)Bc  

n- di 	(5.16). 

for i=1,...,m. 

Letusconsiderp.00;c1-Cr < k-ko-1. 1,r 

Applying eq.(5.9) repeatedly we obtain 

D. 	(k) = D.1,r-1 (k) Ac(k-r) i,r  

= Dior-2  (k) Ac(k-r+1)Ac(k-r) 

=Died  (10CA(k-c1.1-1)-030c
-d.-1)F(k-d . -1) Ac(k-d. -1) 

1 
-  

... Ac(k-r) 

(5.17 ) 
for i=1,...,m. 

mxm Define B*(k-d -1)C LTt 	; p=1,...,q, as a matrix 

whose i
th row, iEJp, is given by Died  

(k) B(k-d.-1), i.e., 
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B*(k-d -1) = ED. , (k) B(k-d.-1)] 1,ui 

= ED. 	(k) B(k -S. -1)] 	; qicJ 	(5.18) 

If for p=1,...,q, the sets of vectors 

tDi,d.(k)B(k-d -1) ; 	1 are linearly independent, 

A 

then it is clear that we can define Bilk-d -1) ; 
• A 

iE{1,...,m1-J , so that B*(k-d -1) is a nonsingular 

•matrix. That is, if the condition of theorem 5.2'is 

satisfied, then there exist vectors z. (k-a -1) , 
lP 

{1,...,m1-J , (not unique) such that if 

B*(k-a -1) = z1,P (k.4 -1) ; 

(5.19) 

B*(k-d -1) is nonsingular. 

Let A*(k-d -1) be an mi.n matrix whose ith row; 

16,7 is given by D 	(k), i.e., 

.‘‘.(k-CZ -1) = DI d.+1(k) = D 	' (k) 	; 	±EJ i,d +1 

(5.20) 

and arbitrary otherwise. If we define now F(k-d -1), 

G(k-d -1) 	p=1,...,q, by 

F(k-rs. -1) = -B*-1(k-a -1) A*(k-a -1) 	(5.21) 

and 

G(k-S -1) = B*-1(k-a -1) A 	(5.22) 

where A=diagIN.il is nonsingular, then, substituting 
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in eq.(5.17) we obtain 

De  (k) = [D. 	(k)-D. i,r 	,d.+1  

= 0 	for d. < r < k-ko-1 , i=li•••,m 

 

( 5.23 ) 

  

Thus, from eq.(5.16), 

= Di,d. 1 
 (k)Bc(k-d.-1) v(k-d.-1) 

= D. 	(k)B(k-d.-l)G(k-d.-1) v(k-d..-1) ;1=1,...,m 1 

and with G(k-d.-1) as defined by eq.(5.22), we .obtain 

yc(k) = 1.**1 %i v(k-d -1) 1  .i=1 	m 

 

(5.24) 

  

and the closed-loop system is clearly decoupled at 

time k. (To verify that conditions (i)-(ii) of def. 

5.2 are satisfied by S(F,G) is straight forward). 

(Only if). To prove necessity, assume.S is 

decouplable from kj-[O,kf]. Then, there exists a 

sequence of feedback pairs {F.(k),G(k)1 such that 

conditions (i) and (ii) of definition 5.2 are satis- 

fied for some k > ko, i.e., 

D. (k) Bc(k-l-r) = 	 r ai  e. , 	I ;1=1,00.1m 

for some k and all r < k-1, where a. 	are arbitrary I,r 

scalars and e. denotes the I
th unit-row vector. 
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By definition of cq and theorem 5.1, it is clear 

that 

Deisd (k) 13e(k-di-1) = cxi,d e / 0 ;i=1,...,m 

so,/ 0. This can be expressed as ai,di  

D. 	(k) B(k-d.-1) G(k-d.-1) = a. 	e 	;i=1,... ,m 1,d. 

(5.24) 

Thus, for every iEJ
p 

;p=1,...,q, 

[(Di ,d 	B(k-d -1)1;iEJ ] G(c-a -1) = 
a.,U p 

	

= 	Ekeil ;i6Jp3 

and as a1,di/0, qiC[1,...,m1, and G(k-d -1) is non-

singular, then 

rank[CD. 	(k)B(k-dp-1)1 ;iej 	= rank[leil ;iEJp]  1,d 

for every p=1,...,q. i.e., the vectors 

Died  (k)B(k-d -1) ;i$J 	must be linearly independent
p  • 

for all p=1,...,q, and necessity follows. 

Corollary 5.2.1. Let S=(A(k),B(k),C(k)) be given. 

If di  / di  ;i/j, i,j=1,...,m, then S is decouplable 

from all kE[O'kf-d*-1]. 

Proof. If di / dj , 	i,j=1,...,m, then J ;p=1,...,q, 

contain only one element each (i.e., q=m), and as by 
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definition of d, and the assumption that {,di} is in-

dependent of k, 

D. 	(k) B(k-d.-1) 	0 4fk 

Thus, the condition of theorem 5.2 is satisfied 

for all k C- [0,kf  -d*-1] o  

Theorem 5.2 and corollary 5.2.1, are very interest 

ing results. Indeed, whereas in the continuous time 

situation a system can be decoupled if and only if a 

matrix B*(t) is nonsingular, for discrete time-varying 

systems this is not the case (except if d ! d j 

i,j=l,...,m, which is a very particular case). 

Theorem 5.2t  is less demanding. A partial explanation 

of this is that for continuous time systems, control 

action is instantaneous, at least theoretically, whereas 

in the discrete time situation there is a delay in 

the response to a control, and this delay is not neces-

sarily the sane in general, for all-the outputs. 

Notice also that B*(k-a -1) and A*(k-a -1) ; 

p=1,...,q, defined by eqs.(5.18)-(5.20), depend on 

the parameters of the system at future times (i.e., 

on D.1,u  (k) and Di,di+1
(k) respectively). This, 

i  

however, should not be a matter for concern. It is 

the discrete-time equivalent to the dependence of 

fF(t),G(t)1 on the derivatives of the parameters of 

the system in the continuous case (e.g. [33]). 
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In theorem 5.2, we have given conditions for a 

system S to be decouplable from koC[0,kf]. That is, 

conditions for the existence of a sequence of feed- 

- back pairs such that the closed-loop systetil S(F,G) 

is decoupled at some time k > ko+d*+1. This is the 

discrete-time equivalent of "point-wise" decoupling 

(see appendix A.1, def.A.l) in the continuous time 

situation. A further problem of interest would be 

to obtain conditions for the existence of a sequence 

of feedback pairs such that the closed-loop system 

S(F,G) is decoupled over a 'time interval [k12  ,k] ; 

k, > k o+d*+1. 

A 
Without loss of generality, assume that di 

> d 	• 
i+I ' 

i=1,...,q-1. Define the time intervals 

Ti  = [(k1-ai-1)'(k2-8i-1)] ;i=1,...,q 	(5.25) 

To = Tq+1 = 0 

 

(5.26) 

  

and let 

ri-tu T1 - /, 	p 	s 	3+1 	
;/=1,...,q ;j=1,...,q. 

P.1 	5=0 

Then, 

Theorem 5.3.  There exists a sequence of state feed-

back pairs IF(k),G(k)1 such that the closed-loop 

system is decoupled for every k4[ki,k2], for some 

(5.27) 



k, > k +d*+1, if and only if for every k6K1,j , the — 

vectors 

Di 	 (k-a -a.) B(k-a.-i )hies.1,, 
d. 	j 	J • ,   

;1=114.0.1411 

are ainearly independent. 

Proof. The necessary and sufficient condition of 

theorem 5.3 above is a direct consequence of the 

condition given in theorem 5.2 for decoupling at 

some point k > k o
+d*+1,noticing that for theorem 

5.3, it must be satisfied for every kE[k1,k2] 

(for some k1  > k o
+01*-1-1). To make this more evident, 

consider Fig.5.l below.,  

To decouple the system at Ri, appropriate con-

trol action would have to be taken at the points 

marked by 0 in the figure, exactly as was done in 

the proof of theorem 5.2. That is, for example, 

B*(k1-1-d%2) would have its-i:th  row, for iEJ0, 

defined by 

BI(ki_l_a2)
2
(k1) B(k1-1-(12) qiisJ2 	 

and the remaining rows, zi,2(k1-1-a2
) , would be 

A 
chosen so that B*(k1-1-dn

) is nonsingular. 

Now, to decouple the i
th output of the system 

(5.29) 

for any i6 J1  at time ki+al- 	, an appropriate 
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Figure 5.1. 
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control must be applied at the point marked 6 in 

fig.5.1. i.e., at k = k1-1-( 2  . This, from theorem 

5.2, would imply fixing the ith  row of B*( 1-1-32  ); 

iEJ1 	as 

BI(k1-1.40) =(lil+dl-c12 B(c1-1-a2) ; 4ieJi  

(5.30) 

Therefore, to be able to decouple at both, ki  

and ki+al-a2  , eqs.(5.29) and (5.30) must be satis-

fied simultaneously. i.e., some of the vectors 

zi,2(kI
-1-a,) are no longer arbitrary, but have been 

A 
fixed by eq.(5.30). As we still require B*(k1-1-d2) 

to be nonsingular to achieve non-interaction, not 

only must {BI(k1-1-a4) 	and {BI(kl-1- 2) 

be sets of linearly independent vectors, but also 

IBI(ki-l-a2) ;iGJ,L) J2} 

which is a stronger condition. 

If the time interval [kI' k2  is big enough, it 

is clear that over some subinterval, no z. (*)'s 
lip 

will be arbitrary,because the decoupling conditions 

will fix them all. Over this subinterval, the 

condition for decoupling given in theorem 5.3, can 

be seen to correspond with the nonsingularity of 

the matrix B*(k), and a direct analog with the con-

tinuous time situation can be established. 
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If decoupling over a time interval [lc1,k2] is 

possible, and again assuming this interval is big-

enough, after a period of time it may be possible 

to enlarge the class of decoupling feedback pairs, 

by defining 

F(k)= -13*-1(k) [A*(k)-M(k)] 

where M(k) is a matrix whose i
th row, ICI. (k), will 

be of the form 

Milk) = D. 	(ki-dp) ; VieJp  
P 

This characterization of the class of decoupling 

pairs is the discrete time-varying equivalent of that 

given by Falb and Wolovich [17] for continuous time-

invariant systems. 
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CHAPTER VI.- Dynamic decoupling eaLtille-

varyingLysLtems.  

1), Introduction. 

In this chapter we will Study the extended or 

.dynamic decoupling problem via state feedback for time 

varying systems. That is, given a nondecouplable 

time varying plant, we will find conditions for the 

existence of a precompensator (also time varying), 

such that the overall system is decouplable by state 

feedback. This problem has been extensively studied 

for time invariant systems and solutions have been 

found using different approaches,[9],[22],[36],[54], 

[62],[78],[80]. These results have not yet been 

extended to the time varying situation, except some 

regarding the dynamic decoupling problem via output 

feedback. What follows is an attempt to fill this 

gap. 

The first technical difficulty arising in the 

study of noninteracting control for time varying 

systems is that of suitably defining what is meant 

by a decoupled system. Whereas for stationary linear 

systems all the existing definitions are equivalent 
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(see [2]), in the time varying situation this is no-

longer true. A discussion of the definitions of a 

decoupled system is given in appendix A.1., Throughout 

this chapter we will adopt the definition given by 

Majumdar and Choudhury [33] (see definitions A.1.1- 

A.1.3 in appendix A.1) for uniform decoupling. i.e., 

'consider the linear time varying system 

li(t)=(A(t),B(t),C(t)), described by 

c(t) = A(t) x(t) 	B(t) u(t). 

 

(6.1) 

  

y(t) = C(t) x(t) 	(6.2) 

where u(t),y(t)c Rm  ;x(t) Rn, and A(t),B(t),C(t) 

are matrices of appropriate dimensions, whose elements 

are continuous functions of time with sufficient 

continuous derivatives, defined over the time interval 

of interest T = [to,ti]. Then, E(t) is said to be 

uniformly decoupled if 

(i). The variations of y(t), (the ith  element 

of y(t)) due to any variations on ui(t) ;j/i (ui(t) 

th 
denotes the j 	element of u(t)), are identically 

zero for all tCr, and 

(ii). The variations in yi(t) due to any 

variations in u-(t) ;i=1,...,m, are not zero for all 

t6T. 
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Define the following set of differential operators 

(I,(0)  c.)(t) = c.(t) 

 

(6.3) 

   

and 

(L(k) c.)(t)  = d [(L(k-1) c 1(0] 4. 	 (k-1) 
kLA 	c.)(t) A(t) 

A 	dt A 

	(6.4) 

where ci.(t) is the ith row of C(t). Let 

.d.(t) .= min ( j: (L(J)ci  )(t) B(t) / 0 ;j=0,1,...1 i=1,...,m. 

(6.5) 

for each 1:1`, and 

(d (t)) 
(LA 4- 	)(t) B(t) 

B*(t) = OiteT. __(6.6) 
. 	• 

(d (t)) 
(LA m 	cM)(t) B(t) 

Then, it is well known that 

Theorem 6.1. [33],[76]. There exists a state feed-

back law given by 

u(t ) 	F(t) x(t) + G(t) v(t) 	(6.7) 

where v(t)E m, such that the closed-loop system is 

uniformly decoupled if and only if the mxm matrix 

B*(t) is nonsingular for every tET. 
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To be able to establish this.result,[33],[76], 

itisrequirecifirst,thatc1.(t);i=1,...,m, are finite 

for every tiT, and second, that they remain constant 

over the time interval of interest. 

ReMark6.1. 	are not constant, it is usually 

said in the literature that 1,37-  the continuity and 

differentiability assumptions made on the parameters, 

of the system, if d.(t) = k for some tcT, then di(t)=k 

for some subinterval of T containing t. Following . 

this argument, the analysis may then be carried out 

ilithesesubilltervals-wherethed.fs are constant. 

However, two points must be taken into consideration; 

first, these subintervals are not necessarily all of 

positive measure, nor closed, and secondly, even if 

they are of positive measure, some practical difficulties. 

arise near the boundaries of the subintervals,(i.e., 

unbounded. feedback gains). We will discuss the 

effect of removing the constancy assumption for di(t) 

later, in section 4. 

Let us assume now that the plant of a given 

system is not uniformly decouplable by state feed-

back, i.e., B*(t) is singular for at least one tris. 

Is it still possible to decouple the system uniformly 

by any other means? In the time invariant case the 
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answer to this question is well known [9],[21],[22], 

[36],[53],[54],[62],[78]; the use of dynamic feed-

back .(u=F(s)x+G(s)v) enlarges the class of decouplable .  

systems. Indeed, a time invariant system is decoupla-

ble by dynamic precompensation and state feedback 

if and only if it is invertible (and there are inver-

tible systems for which B* is singular). 

A similar result can be obtained for regular [61] 

time varying systems. 

Remark  6.2.  A system L(t) described by eqs.(6.1),(6.2) 

is said to be regular if the matrices [C(t)YB(t)] and 

T 
[15(t)' 	(k)(t)FB(t)) .1 have constant rank on [to,m) 

for k=1,...,n-1, where 15
(k)

(t) and Cri.
(k)

(t),B(t)] are 

defined by Silverman's structure algorithm. i.e., 

Let [C(t)fB(t)] be of constant rank q1  (<m) on [t,m). 

Then, there exists a nonsingular differentiable matrix 

S such that • 

5(1)(t)  
s [c(t).B(t)] 

0 

where D(1)(t) 	is formed by the first q, 	linearly in- 
1. 

dependent rows (on [to,°°)) 	of [C(t)zB(t)]. 	Let 

(1) 
( 	)

(t) 
S
1  
[(LC)(t)] 

(t) 
( 	) 
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where E(I)(t)  has q
1 
rows and '61(I)(0  has m-ql  rows. 

Now, define the i3 *m matrix D(
1)(t) as 

• 

5(1)(°  

D
(1)

(t) = 

[C(1) (t )B(t)] 

  

and let it be of rank q
2 
 (> q

1 
 ), constant on Et

o 1 00).  

Then there exists S
2
, nonsingular and differentiable, 

such that 

S
2.D(1) 	= 

0• 

where D
(2)

(t) is formed by the first q0  linearly 

independent rows (on [t0,00)) of Do.)(t). Now define 

    

    

 

S2 

C(1)  (t) 

 

• 

 

(" 
(LA

1)
. 	C (1))(t)  

 

  

     

where C
(2)(t)  hasc12 	 - rows, and C

(2)
(t), 	o0  m- 	rows. 

In general, if Doo(t) is defined by 

D(k)(t) 

[

D(k)(t)  - 

C
(k)

(t),B(t) 

and rankED
(k)

(t)]=0 	, consta nt on Ct
o
,03), there 

" k+1 

exists a matrix SI_+1, nonsingular and differentiable, 
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such that 

D
(k+1)

(t) 

Slc AD (t) 
+1 (k) 

0 

where D(k+1)(0  

independent rows 
ro 
C
(10-1)

(t) 	would 

Sk+l 

where C 	(t) (k+1) 

rows. 

consists of the 

(on [t00:0)) 

be defined by 

C(k)
(t)  

(1)N 
A 	

C
(k)

)(t)  

rows has q
k+1 

and 

first 

of D(k)(t). The 

(k+1)
(t)  

k+1)
(t)  

(t) C
(k+1) 

k+1 
linearly 

matrix 

has m-o c+1 

Theorem 6.2. A regular time-varying system is 

uniformly decouplable by dynamic precomp'ensation and 

state feedback if and only if it is uniformly invertible. 

(i.e., invertible for all tET). 

Proof. (If). If the system is uniformly invertible, 

then it is obvious that the inverse system considered 

as a precompensator will yield a uniformly decoupled 

composite system. 
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(Only if). Assume that a given system L(t) is 

uniformly decouplable by dynamic feedback, i.e., there 

exists a precompensator.2:(t), such that the cascade 

connection of E(t) and E(t) is decouplable by state 

feedback. Thus, if we define I3(t) as in eq.(6:6) 

for the parameters of the composite system, 13(t) will 

be nonsingular for every tiT, (by theorem 6.1), and 

clearly, the invertibility condition given in[61] is 

satisfied by the composite system 11c(t) at all times 

t6T. i.e., there exists an integer a such that 

(t)] = m for every teEto
,t1

], where a is the rankED
(a) 

minimum integer .k such that rankCD (k)] = m, with 

D(k) (t) as given in remark 6.2 above. Therefore, 

-1 
Z1c(t), the inverse system of 2:c(t) exists and is 

representable by a set of differential equations of 

the form (6.1),(6.2). Now, if we connect in cascade 
-1 

2:c(t) and EXt), (see fig.6.1 below), the resulting 

system has y(t) as its input and u(t) as its output, 

and is obviously realizable and causal, being 

representable by a set of differential equations of 

the form (6.1),(6.2). Thus, the cascade connection 
-1 

of 2:c(t) and Zi(t) is an inverse for 2:(t). i.e., 
-1 

21 (t) exists and uniform decouplability implies 

uniform invertibility and theorem 6.2 follows. 
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MIMS Mialla 	11•11111. 4•11111 OM& - 0 .1.W 	, 	• 

Fig. 6.1.  

2  . Necessary and sufficient. condition. 

Knowing that the use of dynamic elements enlarges 

the class of uniformly decouplable systems, in this 

section we will give a necessary and sufficient condi-

tion for the dynamic state feedback decoupling problem 

to have a solution, in terms of the parameters of the 

given plant. 

''So, consider the precompensator DO= 

= (A(t),B(t),C(t),D(t)), described by. 

X(t) 	A(t) :c4t) 	S(t) w(t) 	(6.8) 

and 

u(t) = 	i)(t) w(t) 	(6.9) 

A 

where w(t)E
m 

is the overall input, x(t)E ITa
n
, and 

A 	 A 
A(t),i1(t),(t) and D(t) are matrices of appropiate 

dimensions with continuous differentiable elements. 



-158— 

The dynamic state feedback decoupling problem 

-A 
can be stated as finding A(t),B(t),C(t) and D(t) such 

that the cascade connection of 2L(t) followed by 

Zi(t), i.e., the composite system Z(t)=. 

=(A(t),Bc(t),Ce(t) is decouplable. 

27,c(t) may be represented by 

. 	..
x(t) 	A(t) 	B(t)C(t) x( t) 

w ( t ) 
(t) 	0 	2.(t) 	x(t) 

B(t)D(t)
- 

 

I3(t) 

(6.10) 

(6.11) 

and 

y(t) 	= [ C(t) 	0 ] 

x(t) 

This is the time-varying version of the cascade 

connection discussed in chapter III, eqs.(5.6),(3.7). 

The order in which x(t) and :
A  -.(t) appear has been 

changed here for convenience, and .a.direct input-out-': 

A 
put map D(t) has-been introduced in the precompensa-

tor. 

Let us define the differential operators 

 

(A.°)B)(t) = B(t) 

 

(6.12) 

and 

  

(is.A(k)E)(t) 
 = dt 
	A(k-1)B)(t)] 	A(t) (4A(k-1)33)(t) 

(6.13) 
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for k=1,2,.... If we define differential operators 

similar to those in eqs.(6.3),(6.4) in terms of the 

.parameters of 2: (t), the composite systemo  then 

after some tedious algebraic manipulation we obtain 

r 
A Cc )(t) = L(L 	i A c')(t) , 0] ;j=0,1,...,d.(t) 
c i  

(6.14) 

and 

(d.(t)+k) 	(d.(t)+k) 	d.(t)+k 
(L

Ac 	
C )(t) = [(LA 1 	ci)(t) , Mi 	(t)] CC  

k=1,2,... ;i=1,...,m 

 

(6.15) 

  

for all tiT, where C
ei
(t)-denotes the ith row of 

d4(t)+k 
Cc(t) and M 	

;k=1,2,...;i=1,...,m, is given by 

d.(t)+k 
1 M. 	(t) 

K-1-3 

r ) (.A 	(k1) 	e)(t) 
A 

   

J =0 r:: 

(6.16 ) 

Theorem 6.3. Let (dc)i(t)min{j; A 	C 
)(t)Bc(t)/0; C  i 

j=0,1,...] for every t6T. Then (dc)i(t) > di(t); 

i=1,.... ,m, for all teT. 

Proof. From eq. (6.14) 

r 	,A 
C )(t)B(t) = L(L(j) i  

c )(t)B(t)JD(t) ;j=0,1,...,d(t) 
 c I 
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and from the definition of di(t) , 

(,j) ‘1,A 	Cc )(t)Bc(t) = 0 	
;j=0,1,...,d (t) -1; i=1,...,m 

c  

for all teT. Thus, (dc)i(t) > d.(t) and theorem 6.3 

follows. 

Notice that this result is true for time varying 

(dc)i  and di. In the remainder of the chapter we 

will assume that d(t) ;i=1,...,m, are corstant, and 

later, a similar assumption will be 'imposed on (d 
C 

d.+k 
Let us rewrite M. 	(t) Oc=1,2,..., in eq.(6.16) 

as follows 

d,+k 
M.1(t) = 

j.0 

K-1 

0 A 5  
(0 

B)(t) 	6)(L)1 
A-1-j1,.(1" )  

A 
IK hicii4jc). \ io  1( 	• K-1-3  
kj)kuA 	1)% } 

[ oc-i-jl 
(LA  e.)(t) 

_ 	. 
. . 

(0) 
(L fl  e) (t' 

or more explicitly 



and 

(di+k) 
Q. . (t) 
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di+1% /K\ ((Jo 
(0= o jkLA  ci)(t) • • • 	(K-1 	A at 

(LA  e)(t) 

 

 

    

    

  

+ 	)(t) [(K1 (o'll,)(t) 	rz)(1.64-2 )IN 
t/j 

 
A Cl 	0 	A 	I).  • 5 K-2. 	A (6  

 

  

   

K 	(cii4K"1\ 
• • • # LI) (LA  di) (k) 1.( ()0) (k/ )(t)1 (L(;),  c) (t) 

( 6.17) 

Thus, if we define 

(d.+k) 	(d.-1-k) 	(o) 

	

Ri,1 	(t) = C(LA 	
0.)(t)] [(t.A B)(t)] ;k=0,1,... 

	

o 	1 

i=110 .o,M 

	 (6.18 ) 

K-3 
(d.+p) 	(k-j-p) (K) fw-1-p 

( P lµ-j- 	LA ci)(t)(/ A 	B)(t) 

P=a 

for k=0,1,...; j=1,..:,k; i=1,...,m 

 

(6.19 ) 

  

then, from eq.(6.15) and rearranging terms in (6.17), 

we obtain 



(0) 
C) (t)B(t) 

(k°'°1/ 

LA  A • C)(t)g(t) 

(d.-14) 

(Ltd 	CcC )(t) Bc(t) = ci 

(d.-1-k) 
= EQ.2.03 	Q1,1 1  (t), 	(t),...,Q. 	(t)] 

for k=0,1,... ; i=1,...,m, for all t4T 	(6.20) 

Define k.(t);1=1,...,m, as 

k.(t) = min 
(d:  +k) 

k: (L
Ac 	

Cc.)(t)Bc(t)/0 ;k=0,1,...1 

i=1,...,m ; tET 	(6.21) 

i• e • , 

(Id c) . (t) = td. 	
.k.(t) ;1=1,...,m; t4T 	(6.22) 

.Ne.shall assume from now on that k(t), and thus 

(d.).(t); 1=1,...,m, are independent of t over the 

interval of interest [tc,ti]. If they are not, by 

continuity and differentiability assumptions, they 

will be constant over some subinterval of T and the 

analysis is carried out over these subintervals. 

(see remark 6,1). 

If we let {z.(t) ;i=1,...,m1 be any set of 



4 .1 • 0 

0 • 

Q. 	it) 	0 otk-i 
Ni4K0 
Q i.Ki  (k) 

0 

• 
• 

• • 
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6 
• 

0 
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continuous and differentiable linearly independent 

vectors over T, (z.(t)E 0, i=1,...,m) then the 

dynamic decoupling problem can be reformulated as 
A 

finding matrices A(t),B(t),C(t), and D(t), such that 

(d +.j) 
(1). 	(LA 	Cc  )(t)B (t) = 0 ;j=0,11 ...,k.-1; 

c 

1 	
. 

.i=lt000411.10 

 

(6.23) 

  

for all ticr, where k.;i=1,...,m, are some positive 

 

integers, and 

  

(LAC3-3- CHt)13c(0=z-(t); i=lt ci  

for all tET. 

• • I In 

(6.24) 

From eq.(6.20) these two conditions can be 

expressed as 

(40 
Q1,0 ('\ 

mi+11 	(cli+D 
Q111  0.1 

• 
(aii*Kfq) 	(C11+14i.-1\ 

QL0 (t) ) 00.  (t) 

(di*Kj) 
Qj,() 	(t1 

for 1=1,...,m, and every -WI', for some k. > 0; i=1,...,m. 1 — 



• • • 0 	0 

014,h) 
Q1,0 (t) 

AdeK0 
'1 2.,15  (t) , • 

03+1(3) 	 (d i+ y.) 
Q1, vsi.  (-0 , • • ° 	K  (4), s • • 3 	0 	OPP 

) 

chi, 	 • Ato 

(42t4z)t+.) 

	

z, it.4 	3 	3 

• • 

• • 
• 
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Thus, if we let k*=max and define (.(t) to 7. t a.  

be the k.x[m(k.-1)] matrix given by 

(d.) 

Q. 	(t) 	0 	0 	.0 

(d.+1) 
1  Qi 	(t) o  

(d +1) 
Qi,1 (t) 

i(t) • 
• 

• • 

(d.+k.-1) 	(d.+k.-1) 	 (d.+k. -1) 
(t) 	 (t) 	••• 	 (1) , 0 

Qi,o 	Qi,1 	
..., 	- Qi,k.1 

(6. 26) 
A 

and .(t) to be the k.x[m(k*-1).] matrix given by 

k(t) = 	7zi(t) ; 0 	(6.27) 

and let r(t) be the mx[m(k*-1)] matrix given by 

• • 	• 	e 
• 1. 	• 	 • 
a 	• 	 • 	 • 	• 

rdM+kl 	(aro Km) 

Qtet,e) (t)  • • • I Qnti v, (t) 5 • • 	0 • • • 3 0 .110.• 	0 

( .28) 



0 

0 

• 

O 

z( t) 

A 
Q,)(t) 

• (6.29) 
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Then, eqs.(6.25) can be written as 

-where Z(t) is the nonsingular matrix (for all tET) 

th whose i 	row is z.(t). 

If we could find matricesA(t)At(t),t(t) and 

8(t) such that for some integers 	eq.(6,29) 

was satisfied, then B*(t) = Z(t) for every tET, and 

from theorem 6.1, the composite system would be uniform-

ly decouplable by state feedback. 

Notice that if e .(6.29) is written in a concise 

form as 

Y(t ) x(t) 	w( t) 	 (6.3o) 

all the unknown parameters of the problem, i.e., A(t), 

^ 
B(t),(t) and D(t), are in X(t), which is a very 

desirable feature, allowing, us to prove 
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Theorem  6.4.  There exists a precompensator 	(t) 

such that the overall system Lc  (t)of eqs.(6.10)- 

. • (6.11) is uniformly decouplable by ,state feedback 

if and only if for some set of positive integers 

ki; i=1,...,m, 

      

  

	

(t) 	0 

	

2(t) 	0 

   

rank = rank 14tCT. 	( 6.31) 

     

  

r (t) 	Z(t) 

   

       

       

       

where Z(t) is an arbitrary nonsingular matrix with 

continuous and differentiable elements over [to,t1]. 

Proof. It is a well known fact that a matrix equation 

of the form Y X = W will have a solution *X, if and 

only if rank[Y] = rank[Y,W]. If Y,X and W are time 

dependent, then obviously, this must be satisfied 

for all tET. Thus eq.(6.31) is a necessary and suf-

ficient condition for the existence of a solution to 

eq.(6.29). If a solution does exist , then it is a 

simple matter to show that there exists at least one 

representation A(t),B(t),C(t),D(t) which reproduces 

the solution. This will be shown in the proof of 
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theorem 6.6 (section 3 of this chapter). Although 

we will come back to this later, we point out that 

the problem of finding a minimal order representation 

is a very difficult one. 

Remark 6.3.  Notice that if n1(t)T,...,m(t)TT(t)T]  , 

( (*)T  denoting "transpose") is a matrix of constant 

rank over Ts  then by the implicit function theorem, 

the solution to eq.(6.29)s  when one exists, will be 

continuous and differentiable. If this matrix is'not.. 

of constant rank, then one may partition T into open 

subintervals over which it is of constant rank, and 

carry out the analysis over these subintervals. How-

ever, it is not possible to ensure continuity at the 

times where the rank changes and thus, the solution 

of the dynamic decoupling problem would probably re-

quire a different precompensator for each subinterval 

precompensator with, discontinuous parameters).. 

Remark 6./1. Theorem 6.4 above, extends theorem 3.2 

to the time varying case, although it has been stated 

in a different fashion, better suited to the dynamic 

decoupling problem. 

Although theorem 6.4 has been stated for the 

uniform decoupling problem, it is evident that with 

trivial modifications it will hold for other types 
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of decoupling, i.e., total, complete, etc.(see appendix 

AA.). For example, if eq.(6.31) holds for every open 

subinterval of T, then 2:c(t) will'be totally decouplable: 

From eq.(6.29) it is also easy to establish 

Corollary 6.4.1. For the overall system 22c(t) to 

be uniformly decouplable by state feedback, the pre-
^ 

compensator 22(0 must be uniforrAy. input obsei-vable 

with input observability index smaller or equal to 
A 

k*. Further, its direct input-output map D(t) must 

be.singular for all tUrcl, , where T4  denotes the set 

of points where L( t) is not decouplable. 

Proof. That DO must be uniformly input observable 

with input observability index smaller: or equal to 

.k* follows from eq.(6.29) because as Z(t) is nonsingular. 

for all tea', then applying Sylvester's inequality it 

must be true that 

rank 

D(t) 

( ,1° )Cm0(t ) 

• • 

(ak*-1) ) (t)11( t) 

= m 	4tET. 

   

Now, if t3 (t) is nonsingular for any tET4 	then 

(d.) 
(L

A 
	c }ME(L) D(t) -/ 0 ;i=l,...,m 
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and 

B*(t) = B*(t) 3(t) 

Which.is singular for every.teTep  , and thus, 2:c(t) 

is not decouplable uniformly. 

Corollary 6.41.1 above is the time varying version 

of corollary 3.2.1.. 

3). Procedure to obtain the  pre compensator. 

Theorem 6.4 above, gives a_necessary and suffi-

cient condition for the existence of a solution to 

the dynamic decoupling problem in terms of a set of 

integers ki; 	which have not been fixed, 

i.e., it is sufficient that eq.(6.31) holds for some 

eombinationofvaluesk.:i=1,...,m. Thus, in prac- i' 

tice, theorem 6.4 is of little help because the pro-

cess of finding a priori a set of values k.;i=1 . . . ,m 

for which,eq.(6.31) is satisfied (if -there is one), 

would be, in general, excessively long and tedious. 

Below we give a procedure to determine whether 

or not a given system is dynamically decouplable, 

which at the same time yields the smallest possible 

value for i 	
when a solution to the prob- 

lem exists. 

Before describing the algorithm and our main 

result, we shall give a definition and state a fear 
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results which will be needed later. The proofs are 

omitted here to avoid breaking the expositiOn un-

necessarily, but are given in appendix A.2. 

Definition 6.1. Let A(t) be any pxcl matrix (p<q), 

whose ith row is denoted by 	Then a.(t) is 
1 

said to be a rank-essential (r.e)-row of A(t) at 

“[toit1], if a.(t) cannot be expressed as a linear 

combination of a.(t);j=1,...,p; 	at ter. If 

ai(t) is a r.e.-row of A(t) for all tET, then ai
(t) 

is said to be a uniformly rank essential (u.r.e.)- 

row of A(t). 

This definition extends the concept of rank-

essentiality [9 ] to the time-varying situation. 

Consider an arbitrary matrix X(t) of dimension 

pxq (p<q) and let x.(t) denote its ithrow. Define 

I=f1,2,...,p1 and Io 	and x(t) is*a u.r.e.- 

row of X(t)}, where Io 
has r elements (r < p). Let 

J 0c:10 be an arbitrary subset of Io with ro elements 

(ro  < r). 

Lemma 6.1.  For any arbitrary set of indices o0, 

rankEX(t)]=r0 4.rank[{xl(t)1 	for every ter. 

Proof. See appendix A.2. 
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Theorem 6,-. Let X(t) be an arbitrary pxq matrix 

(p < q). Let X(t) be partitioned as 

x1  (t) 
x( t) 

X2(t) 

where X„,(t) 	is an rxq arbitrary matrix. 	Let Z(t) be 

any rxr nonsingular matrix over [to,ti]. 	Then, 

rank 

X 1(0 

x„ ( 

= rank 

X1(t) 

x,(t) z(t) 
4tCT 	(6.32) 

if and only if all the 

of X(t). 

rows of X,(t) 	are u.r.e.-rows 

Proof. See appendix A.2. 

With these results in mind, let us assume we 
• 

are given. a system whose B*(t) matrix is singular.  for 

every tE T 	T (Tq, as previously defined). From eq. 

(6.18) we can rewrite B*(t) an 

      

 

(d ) 1 
A 	

c1)(t)B(t) 

 

( 	) di  
‘ 	(t) 

 

B*(t.) 

  

• 

(d ) 
Qi 

3 o 
In (t) 

44.ttiT 

 

(d ) 

A 	cM)(t)B(t) 
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Let us fix k =0 ;1=1,...,m, 4tfi[to,t1J  in eq.(6.22). 

Then l'(t) in eq.(6.28) becomes B*(t), and as 1(4i.i(t); 

i=1,...,m, (eq.(6.27)) are non-existent in this case, 

eq.(6.29) can be written as 

r (t)  t(t) = [B*(t)J t(t) = Z(t) 

and there exists a solution to the uniform dynamic 

decoupling problem if and only if (theorem 6.4) 

rank[13*(t)] = rank[B*(t), Z(t)] /t(T 

Clearly this does not hold, because B*(t). is 

singular over Tc, and on the other hand Z(t) is non-

singular over T(2T ). 

Thus, let 

r  (di) , 
Jo = (i: t Q. 	

(t)1 is a u.r.e.-row of B*(t)1 	(6.33) 

and let r denote the number of elements in Jo 

Also let 1=4.I,...,m1 and define 

(di) 
(t) 1 	0 	;i I-J 

i,o 

te.T (6.34) 
(d.) 

IQ. o  (t) , 	0 } 	;i Jo i, 

(d.+1) 	(d.+1)  
1.0. 	(t) ,Qi,l  (t)) ;i I-Jo o 

Now, with k.1  =0 for i E Jo 9
and k.

1 
 =1 for i I-jo, 



we must consider finding a solution for 

A 
 D(t) 

"'(o) 	. C)(t)B(t) AA  
z( t) 

'ittT 	(6.35) 

From theorem 6.5 above, there exists a solution 

to eq.(6.35) if and only if the last m rows of.1-1 1)(t) 

are u.r.e.-rows. If this is the case, then the para-

meters of the precompensator would be found first 
A 	A 	A 

.solving eq.(6.35) and then finding A(t),B(t),C(t). and 

o. 
D(t) to match, this solution. (See the proof of theorem 

6.6 below). 

If the last m rows of H(1)(t)  are not u.r.e.- 

rows, then define 

(d.) 
J.
1,o

= ti: 'Ni,o 3-  (t), 0 is a u.r.e.-row of H(1)(t); iEI} 

and 

(d.+1) 	(d.+1) 

J1,1=fi: 'N. 1  (e),(4i,I 1,o 	
is a u.r.e.-row 

of H(1)(t); ie 

and let 
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f
(d.) 

(t), 0 	, 0} ;16I -J. 1,0 

r  (d.+1) 	(d.+1) 
1Q1,  (t),Q1,1" (t) 	0] ic Jo— J1 , 

H 	(t) 
(2) {(24 (, d1).(t) , 

1,0 

t 	(d.+1) 

kQa. io 
(d.+1) 

. (t)., 0 -iCJ ' 	1,1°  

;iEJ 1,o 

(d.+2) 	(d.+2) 	(d_.+2) 1 
(t),Q. 	(t),Q 	(t)J ;i6I-J1,o-J1,1 K. l o 	1,1 	i ,2 

(6.36) 
and see•if a solution exists for 

      

      

[H(2)
(t)]  

(t) 

(do)e)(t)11(t) 

 

0 

0 

Z( t) 

 

(6.37) 

    

 

(1)A  
(LA C)(t)B(t) 

   

       

       

       

Again, from theorem 6.3, a solution will exist 

if and only if the last m-rows of H(2)(t) are u.r.e.- 

rows.- If ..a solution exists,- it would yield Adc)=d 

for all i e J1,o ; (de)i=di+1 for all i E J1,1 ; and 

(d caa  ).=d.+2 for all iE I-J1,0-j1,1 and B"(t)=Z(t), 

nonsingular over T. If the last m rows of H(2)(t) 

are not u.r.e.-rows we would have to'define H(3)(t) 

in a similar way as we did with H(2)(t) and go a step 

further. In general, if the last m rows of H(q-1)(t) 

are not u.r.e.-rows, then we define in the qth step 

of the algorithm the matrix Hik  ,(t) as 



• 
• 
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• 

—175— 

C4,0 (t) 1  { ((.41) 	Q(.41.14(1)t) 

a • • 

 

0 le 41,o 

0 } ; i6"0- 11-111 
• • • 

3 

 

• • 0 	; 	JA. J1.111.1 

3 
	00 1 	; 16  41)0 

0 	0 	) ;16 J1.111 • • • 

. 

• • • Qi,ct-l (i)  5 	0 	1; 16  41,1-1 
(di tli‘ 

it• 3 Qi,c4.1  (t) , Oias  (t) }; te 

• • • H (0--1 
to 

(6.38 ) 

where 

(d 	) 	(d .+Q) 	• 	(d :4-1) 
° Jk,t=t: j4IJ4_, 	and {Q. 	 ,1 (t),Q: 	Q. . (t),0 

J$0  	311t 	(k-JZ) 

is a u.r.e.-row of H(k)(t)1 

for 	and k=0,1,...$  where 0(i 	
is a 

(k-l)m-zero row vector, 

={ 

and 

J1c,j 
5=0 
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With H
(q)

(t) so defined, we would seek a solution 

0 

for 

[FI
(q)

(t)] 
(OA C)(t)B(t) 
A 	. 

(q-1),  C)(013(t) 
• 

z ( t ) 

(6.39) 

which from theorem 6.5 exists if and only if the 

last m rows of H(q)  (t) are .uniform rank essential, 

and thus, 

Theorem  6.6.  There' exists a precompensator 21(t) 

such that the composite system2,c
(t) is uniformly 

decouplable by state feedback if and only if there 

exists an integer, say a, such that the lasts m rows 

(t) are u.r.e.-rows. of H
(a) 

Proof. From the discussionabove and theorem 6.5,  

it is obvious that the existence of an integer a for 

which eq.(6.39) has a solution is necessary. To show 

sufficiency it remains to be shown that,when there 

exists an a such that eq. (6.39) has a solution, we 

can actually find matrices Mt),13(t),(t) and Ti(t), 

which will reproduce it. So, let the solution of 

eq.(6.39) (q=a) be denoted by X(t) and let it be 

partitioned as 



are mAm matrices. Define 

X(t) (6.4o) 
o 

0 1 0 . . . 	0 

0 0 1 . . . 
• • • • 

;Ai • (6.41) 
• • 

0 0 . . 

0 0 . . . 

0 0 . • • 

• • 
• • 
• • 

J; 0 0 . • • 

1 0 . . . 0 I 	ith row  

0 0 . (6.42) 

0 0 . . . 0 

where X.(t); i=0,1,...i a, 

D(t) = 

and 

.1( t) 
A, . . . 0 

• • 

0 	. 

• . 

. • • a 
m 

• •• 

where A.

- 

i (a-1)x(a-1) 

A 
c(t).= [C1, 	. 

• 

.,c 
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x(t) 

  

xa(t) 

where C.- E.
mA(a-1) , and finally 



-178- 

   

B(t) -03. (t)= ; E .c ia(a-nx m 

txa 	( t )].   (6.43) 

   

    

'where  t.1""1i denotes the ith 1-(31"34. X J." 

With 1(t) and NO so defined, it is evident 
that 

)A ( 	c)(t) 11.(j  

and a direct and simple verification shows that 

(LP) )(t)B(t) = WA(t) = Xj4.1(t) 

for j=0,1,...,a-1, and every t6T. Thus IN.(t),(t), 

e(t) and 1)(t) as defined by eqs.(6.40)-(6.43), 

reproduce the solution of eq.(6.39). Therefore they 

are a solution to the uniform decoupling problem, and 

theorem 6.6 follows. 

Remark  6.5.  When solving eq.(6.39), one only has to 

consider the last m rows of H
(a)

(t)  and those which 

form a basis for the span of the remaining rows of 

H(a)
(t). The rest of the rows of H(a)(t) provide no' 

additional information and may be disregarded. 

When particularized to the time invariant situation, 
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the above results correspond with those of M.Cremer 

[9]. However, for time invariant systems it is 

possible to show in a direct manner that whenever the 

given system is invertible, there exists an integer 

a for which the algorithm t-erminates. Further, a is 

the same integer which terminates the structure alga- 

rithm 	
' 

 of Silverman [60],[61]. In the time varying 

case this is still an open problem, but from theorem 

6.2, it must be possible to show directly that if 

L (t.) is invertible, there exists an a for which  

the last m rows of H(a)
(t) are u.r.e.-rows. 

The order of the realization of the precompensator 

obtained in the proof of theorem 6.6 (eqs.(6.40)-(6.43)), 

is unnecessarily large. It may be possible to find 

a precompensator of smaller order which reproduces 

the solution of eq.(6.39). Notice however, that to 

'' 	
A 

do so, time varying ik(t) and C(t) matrices must be 

considered, in order to have the number of free para-

meters which would be required. Thus, one would 

have to solve a set of (am) nonlinear differential 

e,  equations ( (11,(j)  C)(t)t(t) = Xj-F1(t) ;j=O,l,...,a-l) 

which is certainly a problem of greater magnitude 

than our original problem. 

Furthermore, from the construction of the algo-

rithm leading to theorem 6.6, it is clear that when 

a solution exists it has the smallest possible values 

of (dc). ;1=1,...,m. In the time invariant case this 



-18G- 

implies that the precompensator is of minimal order 

[9]. For time varying systems the situation is 

more complicated, for even if we assume that a pre-

compensator of order (a-1) was found, it would be 

minimal only if we impose the restriction that pre-

compensators must be of constant order over the time 

interval of interest. (In p/cctice, this restriction 

is reasonable). This is due to the fact that in each 

step of the algorithm a search is made only for u.r.e.- 

rows. Notice however, that' at all times t T, the 

number of r.e.-rows of 11(k) (t) ;k=1,2,..., is greater "  

than or equal to the number of u.r.e.-rows. Hence, 

if we apply the algorithm locally (i.e., searching 

for r.e.-rows at each tAT) and denote by a(t) the 

smallest integer such that the last m rows of H(a(t)) (•) 

evaluated at t are r.e.-rows, obviously a(t) < a, 

for every tET. Therefore, provided one could ensure 

continuity, it may be possible to obtain a precompen-

sator of variable order a(t) < a 'i4ter, which is a 

solution to the dynamic decoupling problem. 

4). Discussion of the difficulties arising from the 

removal of the assumption d(t)=Constant. 

As we have pointed out in section 1 of this 

chapter, to obtain theorem 6.1 it is assumed: that 
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d.(t) = Constant for i=1,...,m. We also mentioned 

(remark 6.1) that if this is not the case, having 

'assumed continuity and differentiability of the para- 

metersofEMItherldi(t)=Icfor—WrItimpliesol.(t).=k 

for some interval containing t (k being an arbitrary 

integer). It is customary [33],[56],  in this situation 

to split the time interval of interest T into sub- 

intervalsoverwhichthed.'s are constant and to 

carry on the analysis over these subintervals. How-

ever, at the discontinuity points of- d(t) some 

technical and practical problems arise. At these 

points, the feedback gains may be discontinuous, or 

worse, unbounded. To illustrate this, consider the 

following time varying 

where 

0 	1 	0 

system 

f(t) 0 

21(t)=(A(t),B(t),C(t)) 

1 	0 	0 
A(t) 	= 	1 	0 [ 0 ; 	B(t) 	= 1 0 ; 	c(t) = 

0 	1 
0-  .0 1 

defined over the time interval of interest T=[0,2], 

and where 

f(f) 

Notice that for decoupling purposes A(t),B(t) 

and C(t) satisfy the continuity and differentiability 



assumptions required. Simple calculations show that 

4tE[o,1] 
(t)= 

4te(1,2] 

and 

d2(t) 

Further, 	B*(t) is given 

B*(t) 	= 

which is nonsingular for 

system 	L(t) is uniformly 

= 

[f (t ) 

all 

	

0 	14 

by 

	

1 	0 

	

0 	1 

0 

t[0,23, 

decouplable. 

0 

1 

t[0,2] 

Vt([0,1] 

Ytt(1,2 ] 

and thus, 

However, 

the 

B*,1 MI. the (1,1)th  element of B*(t) is disconti-

nuous, i.e., 

F3g.6.2 

L• 

The integrator decoupling feedback pair, 

(F*(t),G*(t)) defined by 

F*(t) = -B*(t)-1  A*(t) 

G*(t) = (t)-1  A(t) 
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where A(t) = ding X (t)1 for all teT is nonsingular, 

and 
(d1+1) 

(LA 	
c1  )(t) 

A*(t) 

(d +1) 
(LA m 	c )(t) 

is given for our example by 

_ 1: 1 0 0 

0 -1 -1 

F*(t) = 

/f (t) 0
- 

0 -1 —1 

4t6 [0,1] 

itE(1,2] 

1 

	 -tE[ 0 ,1] 
0 	X0(t) 

and 

G*(t) = 

X (t) 
0 

f(t ) 
Vtc(1,2] 

0 	X2(t)j  

Fig.6.3 below depicts 	ernt-rls C1J1 

functions of time. 

aria (11 z) oc Vi(t) as 



Fig. 
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Clearly F*}  ,(t) is not bounded for t=1(4.), and 1L 

thus, although (F*(t),G*(0) decouples L(t) uniformly, 

it is unacceptable in practice. In this example, 

d.(t) ;i=1,2, are non-increasing functions, but it 

should be clear that a similar thing would happen if 

d.(t) 0:=1,...,m were non-decreasing integer valued 

functions. 

In general, if the parameters of 2L(t) satisfy 

the continuity and differentiability assumptions, 
A 

then if d.(t) changes its value at say t4T, either 

.(i). The decoupling feedback matrices have some 

unbounded feedback gains as t-* -13 from the left if 

d.(0-)) < d.(T;(4')) 	(i.e., if d.(t) increases its 

value at t=t), or 
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(ii). The decoupling feedback 'matrices have 

some unbounded feedback gains as t-4t from the right ,  
• "\(-) 	i‘(+) 

ifd(t)>di(t)(i.e.,ifd,(t) decreases 

its value at t=t). 

Thus, if the parameters of the system are 

continuous and differentiable, the feedback gains in 

the decoupling pair (F(t),G(t)) will be bounded only 

if the d. 's are constant over the time interval of 1 

interest. 
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CHAPTOR VII. Conclusions and su,,gestions for further 

research. 

In Chapters II to VI of this dissertation We have 

analyzed several decoupling problems extending the 

results already published in the literature by look-

ing at the structure of decoupled systems in more 

detail, by considering problems which up to now had 

scarcely been studied, and by generalizing known 

results to the (discrete and continuous) time vary-

in, situation. However, it is clear that many inter-

esting possibilities remain open and many problems 

are yet to be solved, both within the areas studied 

here and for the general decoupling problem. 

.In'Chapter . II. it was shown that for a subclass• 

of. the set of linear systems, the set of decoupling 

invariants Id.;i=1,...,m1 was complete and indepen-

dent under similarity and state feedback transfor-

mations. A (unique) canonical representation is 

therefore possible, which is completely determined 

by the values of the d.'s. For the systems under 

consideration, the set of decoupling invariants 

coincides with both, the observability and control- 
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lability Kronecker invariants [27]. It is possible 

to show without great difficulty that, for general 

decouplable systems S=(A,B1.C) (i.e.-, decottplable 

systems not necessarily satisfying m + 	d. = n), 
1.1 

q. > d* + 1,i=1,...,m, where d*=min {di and. qi  

denotes the i
th observability invariant, i.e. 

• 

q. = minfj:c
1 	

, 	A,...,ci- 

are a set of linearly dependent vectors}. 

Also, if n. denotes the ith controllability 

invariant of S, then n. > d*+l for at least one 

ie (19..*IM). 

To establish more definite relationships bet-

ween td.1, t n..1 and fq.1, is not easy and further 
3- 	1 

research is needed. This could lead to establishing 

an (A,B,C)-canonical form based on the set of decou-

piing invariants suitably augmented,o for general 

linear systems. It is- our opinion that if a cano-. 

nical representation with A,B and C of a specific 

form is to be found, one should look at input- 

output invariants. This makes the dl's a suitable 

starting point, although not the only one. It would 

also be helpful to study the partition into equiva-

lence classes introduced by other transformations 

such as output feedback or even dynamic state and 

output feedback, and their relation to the decoup- 
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ling problem. 

In Chapter II, we were also able to obtain an 

explicit necessary and suffiCient condition for the 

existence of a solution to the output feedback decou-

piing problem for the set of linear systems which 

preserve observability under arbitrary state feed-

back. If generalized to arbitrary linear systems 

this condition would become implicit. i.e.., it would 

depend on the feedback matrix K in eq.(2.30), [33]. 

This would render it diffiCult to apply in practice. 

We feel that for the general case a simple explicit 

algebraic condition is still needed and may be found. 

Posing the.problem in the frequency domain may be 

helpful. For instance, it is not difficult to show 

that if H(s) denotes the transfer function matrix of 

a given system S=(A,B,C), then S will be decouplable 

by output feedback (u(s) = K y(s) 	G v(s)) if and 

only if there exist matrices .K and G. (G nonsingu-. 

lar) such that 

K 	G Q(s) = H(s)-1  

where Q(s) is a diagonal nonsingular non-proper ra-

tional matrix. The possibility of carrying this 

result further to obtain the desired condition should 

be investigated. (Notice that K is the critical un-

kno. , as G may be taen as G = 13*-1A). 
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A second approach which also looks promising is 

to manipulate algebraically the implicit necessary 

and sufficient condition given by Falb and Wolowich.  

[17],(see the proof of Lemma 2.2), to obtain an equi-

valent but explicit condition, in the form of a matrix 

equation required to be solvable. With this approach 

it is likely that a nice general characterization of 

the class of (output and state) feedback decoupling 

pairs may be also obtained. 

In Chapter III, we studied the problem of decou-

pling composite linear systems. Of the three possible 

connections considered, it was seen that in general, 

only in the feedback case the decouplability of the 

overall composite system was "dominated" by one of 

the subsystems; namely the subsystem in the feedfor-

ward path (Theorems 3.3 and 3.4). As we pointed out, 

considered as 	part of the dynamic deccdapling prob- 

lem,this means that dynamic feedback alone is not 

enough to obtain an overall decouplable system when 

the given plant is non-decouplable. That is, B* of 

eq.(1.5) remains invariant under dynamic feedback. 

However, when precompensation is- used to solve the 

dynamic state-feedback problem, the closed loop sys-

tem for the most common schemes [9],[36],[62], may 

be diagramatically represented as 
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Fig. 7.1 

Or equivalently, as 

Fig,7.2 

Where the closed-loop system g(F2,I) (i.e., system 

plus the local feedback u = F2  x + 	has been 

denoted by S. 

The dynamic compensation in the feedforward path 

is the crucial transformation used to obtain an over-

all decouplable system. The dynamic feedback in fig. 
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7.2, is used to obtain extra degrees of freedom in 

the design, and possibly to decrease the order of 

the required precompensator. This last fact how-

ever, has not been explicitly shown in the litera-

ture. Further, Theorem 3.4, and the fact that under 

a slightly more general precompen3ation scheme than 

that of Fig.7.1, [22], the minimal precompensator 

needed to decaupla is still of the same order, indi-

cate that this may not be the case. However, if 

the minimal order precompensator for decoupling was 

indeed of diniension strictly smaller than that of 

the minimal order inverse system, this would be so 

only due to the presence of dynamics in the feedback 

path. Hence the use of a more general compensation 

scheme, where the feedforward and feedback paths 

were not constrained to have the same dynamics, as 

in Fig.7.2, may further reduce the overall state space 

extension needed to solve the dynaMic decoUpling .  

problem. 

Propositions 3.1-3.4, have been proved by the 

author in the frequency domain, using a different 

approach based on 

Proposition 7.1. Let H(s) = 
N(s)/A(s) 	A(s)=det(Is-A), 

be the transfer function matrix of a given system 
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S=(A,B,C). Then, S is decouplable by state feedback 

if and only if N(s) is a row-proper matrix. 

Proof. The proposition follows directly from the 

Leverrier 'expa sion of H(s) -(eg.[21]) , and the defi 

nitions of row-properness[84], diji=1,...,m and B*. 

Now, given two proper rational matrices 

H1(s) = N1(s)/ 	N(s) 	
, where and H2(s) = 2/A  isl 

• 	Ai ) 	 L.1‘ r 

N1(s) and N2(s) are row-proper polynomial matrices,. 

it is relatively simple to show that [N1(s) 2(s)] 

and [N1(s)+N2(s)] are not necessarly row-proper and 

thus, propositions 3.1 and 3.3 follow. Propositions 

3.2 and 3.4 can be proved using a. similar argument. 

To prove the remaining results of chapter III 

using this approach is not as simple. Further 

research would be needed. Although it is not completly 

clear how the resulting proofs would improve'those 

given here, it is possible that working in the frequen-

cy domain, a link between non-interaction and concepts 

such as diagonal dominancel for example, could be 

established. 

The next problem considered in the thesis was 

that of parameter variations. Although the results 

given in chapter IV completely solve the data sensi- 
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tivity and decoupling problem, more research is needed 

to solve the input-output invariance problem. From 

lemma 4.3, it is clear that IR11 can be decomposed as 

Fig.7.3. Decomposition of 11/.11. 

fIr (1), where A LW. 	J denotes the orthogonal complement 

r (-1), of flLW 	J. In section 3, chapter III, we only 

considered those cases where 6A and 6B lie in the 

shaded areas of fig.7.2, (i.e., in jt[W(-1)]). 

However, we showed with an example that solutions 

to the input-Output invariance problem also exist 
( .._1) 

in 	], even though these may be unsatisfac- 

tory from the point of view of the controller. A 

more detailed and explicit partition of R
n 
 in terms 

of X [W(-j)] 	possible and 
. 	i 

may be useful to extend the results. 
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Fig.T 	m .4. Decor 	of 0 in terms of X[WY'j)], 
• 

J=Q,1. 

Notice that dimcit[V °)]MqL m-1 ; ili=1,...,m, 

and that j([W(°)] + 6 . X[wc-1)] ; 4i=1,...,m, but 
the sum is no longer a direct sure. 

Recalling that decoupling is a generic property 

for m-input m-output systems [15],[16], it is almost 

certain that very general results will be obtainable 

(although not all will hold for the block-decoupling 

problem which is non-generic). 

Further problems which should also be investi-

gated are the effect of parameter variations in F, 

the state feedback matrix, and the data sensitivity 

and decoupling, and input-output invariance problems 

when output feedback is used to decouple. it is 

clear that the results of chapter IV will be necessary 
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conditions for the existence of a solution to these 

problems in the output feedback situation, but they 

almost certainly will not be sufficient. 

The study of the effect that parameter variations 

have on the decoupling problem can be used to solve 

a further problem of interest. when decoupling is 

not possible by state feedback, one is forced to use 

extra dynamic elements if noninteraction is to be 

achieved. However, in some problems, such as some 

process control problems, "steady state" or "asympto-.  

tic" decoupling may be sufficient. One possible 

approach to this type of problems was investigated 

by W.A.Wolovich, [85], who defined and solved the 

"static" decoupling problem. A less rigid definition 

of an asymptotic decoupling problem can be stated as: 

Find a feedback pair (F,G) such that 

(1). The variations Ay. 	(t) in y1  (t), the 
 • 

th output of the closed-loop system I due to variations 

in v.(t), the j
th closed-loop input, j/i, tend to 

zero as ti-oco and lAy. .(t)1 <E for every t > t, 
.1 1J 

'where 6 is an arbitrary small scalar (6 > 0), and • 

ZE[0, co), 	and 

(ii). The variations in y(t) due to variations 

in v.(t) are not identically zero for all tECTI (D). 

One possible approach to solve this asymptotic 
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decoupling problem may be as follows: Assume a given 

system S=(A,B,C) is nondecouplable by state feedback. 

Due to the genericity of decoupling, there exists a 

system 	arbitrarily close to S, which is 

decouplable. Thus, we may find at least one feedback 
A A 	 A A A 	A AA AA A 

pair (F,G) such that S(F,G)=(A-1-BF,BG,C) is decoupled. 
A A 

Now assume (F,G) applied to the original syStem 

S. Is the closed-loop system S(P,a)=(A+BP,BalC) de-

coupled in any sense? We believe that the answer 

may be in the affirmative if S is adequately chosen. 

!_'! A That is, the ,system S(`,G) may be considered asympto- 

tically decoupled in the sense .of the definition 

given above. Our belief is based on some simple 

examples, and we will illustrate the proposed approach 

by one of them. 

Consider a given system S=(A,B,C) where 

      

 

O 0 0 0 

1 O 0 0 

O 0 0 0 

1 0 1 0 

 

1 0 

-0 

O 1 

O 0 

 

= B = C =. 

   

      

      

Its transfer function matrix H(s) is given by 

	

s+1 	1 

H(s) = C(Is-A)-1B = 
	s

2 

1 	1 

	

2 	2 
S S  



{(1+ £ ) 	1 	1 	0 
C = C+E = 

0 0 0 1 

A c,B = coB = [ 0 

82all = 2AB = [ 1 

and 

, 	0 = 0 

, 	1 ] r  0 =V 

(1+.6 ) 
A 
B* = 

a2 = 1 = d2 

1 
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and 

and 

a simple calculation shows 

1 	1-  

that d1=0 

B * = 

so, det(B*) = 0, and the system is not decouplable. 

A4\ 	A 	I. , 

If we now consider the system S=(A,B,u), where 

• A 
A=A;B=Band 

where E is an arbitrarily small scalar, then 

A • 
= C A

1
B = [(1+ E) 0.3 	> 3 = 0 = el 	 1 

A 	 A 
Hence, det(B*)=i 0 and the system S, which is 

obviously arbitrarily close to S, is decouplable. 

The integrator decoupling feedback pair for S is 

given by 
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-1 0 0 0 
A 	A ...1A 
F = -B* A*  = 

1 
0 0 0 

and 

   

    

 

A = AB * -1 

 

    

The closed-loop 
A A A 	A 

system S(F,G)=(A 

0 	0 

1 	0 	0 - 	0 

  
A 

,B c  ,C ), where 

A 	A AA 
Ac = A+BF = 0 	0 

1 	0 	1 	0 

-1 (1+ 6 ) 1 1 	0 
A 

C
c 	

C 

A AA • O 	0 0 0 . 0 	1 
Bc = BG = -1 	E+1 

0 	0 

has as its transfer function matrix 	W. G) , where 

If we 

H(. , F ,G) 

now apply 

= 

A 
(F,G) 

1 

0 

A 

to 

0 

1 
3
2 

the original system' 
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S=(A,B,C), a direct calculation shows that the closed-

loop system S( ,a)=(A-1-BP,B,C) has as its transfer 

function matrix 

s (Es+1) 

O 

which is not one-to-one decoupled. However, some 

interesting remarks may be made: 

(A). Notice that as E--PO, 

and at the limit, H(.,p,a) = ii(4,t),which is the 

transfer function matrix of a one-to-one decoupled 

system. Thus, at 6=0, (p,a) decouples S=(A,B,C). 

(Notice that S --* 1S as E-*0). This seems to be a 

contradiction, because S was said to be nondecouplable, 

but in fact it is not because 6=0 impl:tes that some 

A 
elements in F and. all the elements in - G are infinite.. 

What it means is that although every invertible 

system may be decoupled by state feedback, the feed-

back gains required will be finite if and only if B* 

is nonsingular. When B* is singular, a suitable pre-

compensator of large enough order has the effect of 

making the otherwise infinite required feedback gains, 

finite. 
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n A  
(B). Although H(., F 	i ,G) is obviously not one-

to-one decoupled, we notice that the smaller 6 is, 

the further to the left of the stable complex plane 

the poles of the off-diagonal elements go. Thus, 

provided that the closed-loop inputs are of the same 

order of magnitude, the steady state response of the 

closed-loop system S(F,G) wjla be determined by the 

diagonal elements of H(.,i,,a). In this sense, the 

system is "asymptotically" decoupled. The sooner the 

closed-loop system is required to become "asymptotically" 

decoupled,' (i.e., the smaller t in (i) of the defini- 

tion of the problem is), the smaller 	will  will.have to 

be and the larger the feedback gains required. 

In the example above, we chose to modify C for 

simplicity and did it in such a manner as to mantain 

the values of the ,d.'s. It is obvious that to make 1 

the above synthesis proCedure useful, a-lot of work 

is still needed. 'A general algorithm to construct 

A 
S must be found and a rigorous treatment of the pro- 

blem should be made. The results given in chapter 

IV, particularly those on the input-output invariance 

problem and their possible extensions, should provide 

a good basis to do it. 

A further problem of importance which is related 

to (A) above, is that of decoupling with bounded 
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.state feedback. That is, if for practical reasons 

or constraints, the feedback gains are bounded in 

some way, 13* nonsingular may not be sufficient for 

decoupling. However, from (A) above, and as the 

inverse of a system used as 'a precompensator One-to-

one decouples the system with F = 0, G = I, it is 

possible to say that the decoupling problem with 

bounded feedback will always have a solution for 

invertible systems (although precompensation may 

be needed). 

Finally, the number of results available for the 

decoupling of linear time invariant systems which 

have been extended to the time-varying situation is 

still comparatively small. Thd technical difficulties 

which arise in the non-stationary case are large. 

The results in chapters V and VI represent only a 

stepin.narrowing the existing gap in the literature. 

Their extension to more general situations requires 

more research. Of prime importance is to consider 

the case where di(t) ;1=1,...,m, are not constant 

integer valued functions over the time interval of 

interest. One possible approach is to design a pre-

compensator such that the overall system has a constant 

set of decoupling invariants {c1(01 over the time 

interval of interest. Such a precompensator may not 

exist-for all systems. Further, when it does, the 
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overall system is likely to be non-decouplable at 

thosetimeswherethed.'s of the original system 

were discontinuous. However, provided that the 

overall system thus obtained remains uniformly inver-

tible, a second precompensator could be found using 

the procedure of section 3, chapter VI, to obtain an 

overall uniformly decouplable system. To illustrate 

that at least in some cases, a system with time-

varying di's.may be compensated so that the overall 

system.hasconstarrtd.'s, consider the following. . 

example. 

Remark 7.1. Notice that the example below is very 

similar to that in section 4 of chapter VI (their 

only difference being.that the first and third rows 

of A(t) have been interchanged). However, for the 

former no precompensator which yields d(t) constant 

over [0,2] for the overall system can be found. 

Let 21(t)=EA(t),B(t),C(t)] be given by 

0 1 1 f(t) 0 

A(t) = 1 0 0 B( t) = 1 0 

0 1 0 0 

c ( t) = 
1 0 0 

0 0 1 
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where 

ite[o,i) 

f(t) = 

t
3
-3t

2
+3t-1 	ti [1,2] 

Then, 

= 0 	4te[0,1] 
0)c

1 
 )(t)B(t) 	c1(t)B(t) 

L 0 	4tE(1,2] 

(1).  
(LA c

1
)(t)B(t) = c

1
(t)A(t)B(t) = [1,1] 41;4[0,2] 

and 

(L
(
A
o) 

-2)(t)B(t) = co(t)B(t) = [0,1] 4te[0,2] 

Hence, 

4t ( [o,1] 
d
1
(t) 

VtE(1,2] 

and 

du(t) = 0 	4te[0,2] 

and 1 1 
ite[0,1] 

0 1 

f(t) 	0 

B*(t) 

4te(1,2] 
0 	1 



Bc (t) = 

0 

g(t) 

2 

1 
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Although ,det[13*(t)] 	0 q -LQ[0,2], and the 

system is therefore uniformly decouplable, discon-

tinuous unbounded gains will occur in the Feedback 

pair (F(t),G(t)). This makes decoupling impossible 

in practice. 

Let L(t)=0,(t),t(t),N0173(0] be a. precompen-

sator for 21(0, defined by 

1 
2(t) = [0] ; t3(t) = [i,o] 	= 

0 

and 

-g(t) 	o 
A 
p(t)= 

1 

where 

t

3

-3t

2

+3t-1 

g(t) = 

 keti[0,1) 

0 	4te[1,2] 

From eqs:(6.10),(611) and noticing that f(i)g(.t)=0 

4/-tE[0,2], the state space description of the 

composite system Ze(t)=EA (t),Bc(t),Ce(t)] will be 

given by 

0 1 1 	i f(t) 

1 0 0 	I 1 
A 	(t) = 

0 1 0 0 

0 0 0 0 



c (t) 
1 0 0 1 0 

0 	0 	1 ! 0 

and a simple calculation shows that 

 

(o) L
Ac 

Cc)(t)Bc 	= C (t)Bc(t) =  c 

 

0 0 

2 

   

and 

2+f(t)+g(t) 	1 
( (L A1)  C_)(t)Bc(t) = Ce(t)Ac(t)Bc(t) = 

2 	• 1 

Hence 

	

1(t) = 1 	4t teCo,23 

and 

	

(dc ) 2 (t) = 0 	4tc[0,2] 

i.e., the composite system Lc(t) has constant d.'s 

over the time interval of interest. Notice however 

that 

[21-f(t)-1-g(t)] 

B&(t) = 

2 

is nonsingular everywhere except at t=1. i.e., the 

time where d1(t) was discontinuous. Thus to uniformly 

decouple Z(t), a second precompensator is needed and 

may be found using the results of section 3, chapter Vi. 



Knowing when a pre compensator giving constnt 

d.'s exists and a systematic procedure to find it 

when it does, are still open research topics. Pro-

bably a set of equations similar to (6.29) may be 

formulated to solve the problem. 

The areas mentioned above are only some of those 

directly related to the main results contained in 

this thesis, but among the decoupling problems not 

considered in the dissertation, there are many un 

answered questions. The general block-decoupling 

problem has not been completely solved even for li-

near time-invariant systems. The results so far 

available in the literature for decoupled non-linear 

systems are few and then, most of them concern non-

linear systems which are linear in the control. To 

remark that much research is still needed to solve 

these and other decoupling problems seel;ts trivial. 
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APP'LNDIX A.1. Discussion of  definitions of decoupled  

time varying systems. 

In this appendix we shall discuss the different 

definitions of decoupling which have been published 

in the literature for linear time varying systems. 

In contrast with the time invariant case, for non-sta-

tionary systems decoupling is a time dependent pro- 

- perty. A wide variety of different types of decou-' 

piing may be defined according to the instants of 

time or time intervals over which a given system is • 

non-interacting. Below we list the different availa.7. 

ble definitions and comment on theirrelative strength. 

Let S=(A(t),B(t),C(t)) be an m-input, m-output 

linear time varying system described by the set of 

eqs.(6.1),(6.2) and let T=[t0 	] be the time interval 

of interest. 

Definition AI.l.- (Majumdar and Choudhury,E33]). ' 

The system S is said to be completely decoupled if 

(i) The variation of yi(t) (the i
th element of 

theoutplavector)duetoanYvariationof 11.(t); jai 

(the jth element of the input vector), is identically 

zero for all tE, T, and 

(ii) The variation of yi(t) due to any variation 

in u_(t) is not zero for at least one t T ;1=1,...,m, 

and all u-(t) U. (the set of admissible controls). 
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Definition A1.2.- (Najumdar and Choudhury [33]). 

If S is completely decoupled on every open subinter-

val of [tot al], S is said to be totally decoupled. 

Definition A1.3.- (Majumdar and Choudhury [33]). 

If S is completely decoupled for all t sT, then S is 

said to be uniformly decoupled. 

It is evident that uniform decoupling implies 

total decoupling. In the time invariant case, the three 

definitions are indistinguishable because if S is de-

coupled at any time t sT, then it is decoupled for all 

t s T. The word "complete" used in definition A1.1, is 

a little unfortunate because it does not convey an ap-

propiate picture of what the definition entails. A bet-

ter name would be "point7wise" decoupling, but this is 

a rather philosophical question of not great importan-

ce. 

-Definition A1.4.- -(Tokumaru and Iwai [67])?  Let • 

X° be the set of.all possible values of xo=x(0). S is 

said to be [X°,T]-decoupled if 

(i) The value of yi
(t) is independent of u (t); 

j/i.i.e.,y.(t)isafunctionofx0,tandu.(t) only, 

for any xoc X°  and every tc T, and 

(ii) yi(t) is not only a function of xo, t, but 

is also influenced by u.(t); i=1,...,m. 
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This definition which may also be considered of 

a variational nature, is less rigorous and precise 

than definitions A1.1 to A1.3, because there is no 

time specified for condition (ii). It is clear that 

'definitions A1.1 to A1,3 imply [e,T]-decoupling, and 

definition A1.4 implies at least complete decoupling. 

Definition A1.5.- (Tokumaru and Iwai [67]). If S 

is Lx 	and X0=Rn  e 	and T=[0,00), then S is 

said to be decoupled at large. (The notation "decou-

pled at large" is ours. Tokumaru and Iwai called this 

type of decoupling "complete", but in view of def. 

A1.1, this name would be confusing). 

Let now ql(t,) be the transition matrix of S 

and define the impulse response matrix H(t,) of S by 

H(t,‘) = c(t) §(t,b) B(t) 

then, the input-output behavior of S is described by . 

t 

y(t) = ft  li(t,z.) u() di; 
0 

Definition A1.6,- (Rugh [56]). S is said to be 

decoupled on [to,ti] if H(t,) is diagonal. 

In the time invariant case, the nonsingularity 

of H(t,) is also an integral part of this definition 

(see [38]). Rugh remarks that for time-varying sys- 



terns, H(t,,,) nonsingular is not a necessary require-

ment. Although this is essentially correct, one must 

be careful. Other requirements should be introduced 

in the definition, such as H(t,Z) not identically 

zero for all t ET; tE[to,t], where Hilt, e) denotes the 

.th row of H(t,). Otherwise, a system whose impulse 

response matrix is H(t,'0 ti 0 for all t e T; Ce[to,t] 

would satisfy the definition A1.6 of a decoupled sys-

tem, and such a system is trivially seen not to be de-

coupled (u.(t) does not affect yi(t) at any time t €T). 

We remark that 1-1(t,;) nonsingular is nevertheless 

not requited for complete, total or uniform decoupling 

of defs. A1.1-A1.3. Indeed, all that is required for 

complete decoupling is that for every i=1,...,m, there 

exists a time ti  and a ;i< ti  such that hi(ti, 1i), 

the ith diagonal element of H(t,b) evaluated at (-1 ,Z.) 
^ 

is different from zero. These times t. ; i=1,...,m, 

do not necessarily have to be equal. The'following 

example illustrates a completely decoupled system for 

which H(t,‘) is singular for all t ET and all ;E[to,t]. 

Let S be a two-input two-output time varying li-

near system, such that H(t,O is diagonal, i.e., H(t,O= 

diag(h.(t, Z.)) and hi(t,) and h2(t,Z) are as shown in 

fig.A1.1. 
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h1(t/  

h2(t,b) 

to 

t 
t 

t=t,, 

Fig. A1.1 .- Example of a completely decoupled system 

with singular diagonal impulse response matrix at all 

times. 
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Clearly, H(t,i;) is singular for all t GT and all 

[to,t]. However, at t=-4‘1  , the variation of y1(t) 

due to a variation in u (t) is not zero, and similarly, 

at t=-I2 ,  the variation'ef y0(t) due to any variation 

in u2(t) is not zero. Thus, the system satisfies de-

finition A1.1 of a completely decoupled system. (Con-

dition (i) is trivially satisfied as H(t,fl was assumed 

to be a diagonal matrix). 

If in definition A1.6 we follow the time invariant 

equivalent' and require H(t,Z) to be not only diagonal, 

but also nonsingular for all t cT Ze[to,-q, then, 

definition A1.6 implies definition A1.3, but is not 

implied by it. In fact, the assumption H(t,Z) diago-

nal and nonsingular for all t cT and c[to,t], is the 

strongest possible assumption and implies that h (t Z)- i 	7 9  

i=1,...,m, has the same sign for all t ET ; Zc[to,t]. 

We shall illustrate this by means of a second example. 

Again, let S be a two--input, two-output uniformly de-

coupled system, with H(t,Z) diagonal and hl(t,Z) and 

h2(t,K) as shown in fig. A1.2 below. 
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t 	 t=: 

Fig. A1.2.- Example of a uniformly decoupled system 

with H(t,Z) diagonal but not a nonsingular matrix for 

all tc'r and all ZE [to,t]. 
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System S so defined obviously satisfies defini-

tion A1.3 and is thus uniformly decoupled. However, 

for every t E[-to  ,t1] and every 7,; E [t/2  , t]C[to,t]; 

H(t,4) = 0, and definition A1.6 with the additional 

requirement H(t“:,)' nonsingular for all te-T and all 

[to,t] is not satisfied by S. 

Our discussion above shows- that some condition 

must be imposed on the diagonal elements of H(t,Z), 

in order to specify any type of decoupling exactly. 

For example, 

Definition A1.7.-  (Viswanadham-and Anbalagan [76]). 

S is said to be uniformly decoupled almost everywhere, 

if 

(i) h.1,j 	
= 0-for every tc.T and all tqto,t], 

and 

(ii) h. .(t,) / 0 for almost all t > 	and all 
1,1 

g c 

Here the notation "almost everywhere" is ours, 

to distinguish between this definition and def. A1.3. 

In our discussion above we showed that if, for 

any system, condition .(ii) of def. Al.7 holds for eve-

ry tE[to,ti] and all ,,G.Cto
,t3, i.e., H(t,,?4) is non-

singular for all t ET and ZE[to,t], then the system 

is uniformly decoupled (def. A1.3). Definition A1.7, 

as stated, only implies that S is completely decoupled 



hi(t , 10 

= 0 for t=t1  ; for all Z. 
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for almost all t e T. (Thus our notational addition in 

def. A1.7). To see this consider once more a system 

S with two-dimensional input and output spaces, and 

H(t,4) diagonal. Let h1
(t,?:) be as shown below, and 

ho(t 4) / 0 for all t eT and all 4e[to,t]. 

Fig. A1.3.- Example of a uniformly decoupled almost 

everywhere system. 

That is, hi(t,Z) satisfies 

for all t At and all Z[t ,t] 

Thus, the system is decoupled according to def. 
A 

A1.7. However, at t=t1  

t1 
 
t1 

y1(t1) = I 	h1 (t1, 	u1(Z) c1,7,  = f 	0=u1 (b) db = 0 
t 	 -t 
o 	 o 

and yi(t) is insensitive to variations in u1(t) at 

t=t1 , 
which contradicts def. A1.3 for uniform decou- 



piing. 

E. Freund [19], gave a definition of a decoupled 

system. which may be considered the time varying exten-

sion of that given by Falb and Wolovich [17] for 

stationary systems. However, Freund's definition does 

not distinguish between complete, total, and uniform 

decoupling, and although it is otherwise rigorous, it 

lacks the intuitive clarity of say defs. A1.1-A1.3. 

We shall not state Freund's definition because this 

would require the introduction of Icing notatioral exu-

planations and would add little new to our discussion. 

4-. 
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APPENDIX A.2 

Proof of Lemma 6.1.- 

To prove the lemma we Must show that spanixi(t); 

i4  Jo an.dspanfx.(t); lEI-Jo 	are independent sub-. 
1 

spaces for every t T. So, let r(t)spanxi(t);iciI-Jc;1 

for all t E.' T. 	i • e • , 

1 
r(t) = > 	a

j 
 (t) x (t) 	t T 

J 

for some scalar functions a (t). 

tIf r(t) span cx.a.  ( ) ;i 01 for at least one t E. T, 

say for t = t , then 

r(Z) = 

for some scalars
3 
 , and thus 

	 Pi xi(t) 	xj(Z)  
jtslo 	 3 E 1;3, 

If Pk 	0 for some lc.EJ0  , then xk(t) is expres- 

sible. as a linear combination of the remainig rows 

of X(t), which contradicts the fact that xk(t); kaJo 

are u.r.e.-rows of X(t). Thus p. 	,VjaJo , and 

r(t) = 0 , which implies that r(t) 	0 is not expres- 

sibleasalinearcombinationofx.(t); j6Jo , at any 

t E.: T. Therefore 
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spanlxi(t);iEI-Jcj fl  span i(t);1 01 = c01 ;4tET 

and the lemma follows. 

Proof of Theorem  6.5.- 

(If).- Assume all the rows of X2(t) are u.r.e.- 

rows of X(t). Then, from lemma 6.1, 

rank[X(t)] = r + rank[X1(t)] 	4t 	T. 

As Z(t) 	is nonsingular over T, by definition, 

then 

rank 
X1  (t) 0 

rank[X1(0,0] 	rank[X2(t),Z(t)] 
X2(t) Z(t) 

for all t s T, because spanIX1(t),0} and span.[X2(t),Z(t)I 

are 

rank 

obviously 

X1(t) 

independent for every tET. 	Thus, 

= r + rank[X1(0,0] = rank[X(t)] 

X2(t) Z(t) 

for every t E T and sufficiency follows. 

(Only if).- Assume that eq.(6.32) holds, but not 

all the rows of X2(t) are u.r.e.-rows of X(t). With-

out loss of generality, write X2(t) as 

X2,1(t)  
X2(t) = 

X2,2(t) 



where X22(0  contains all those rows of X2(0 which 

are u.r.e.-rows of X(t), 	and 

lemma 6.1, 

rank[X(t)] = 1 	+ rank 

is 	a 	(1.q) 

XL(t) 

matrix. 	From 

qteT. 	• 

X, 	(t) 
L -,1  

and as 

X1(t) 
rank < rank[X1(t)] + rank[X091(t)] 	4tCT. 

X2,1(0  

then, 

rank[X(t)] <I + rank[X1(t)] + rank[X2,1(t)] 	_(A2.1) 

with equality holding if and only if span[X1(t)} and 

span1X2,1(t)1 are independent for every tET. 

is clear 

rank 

where 

On the other hand, 

that 

X1(t ) 	0 

X2(t) 	Z(t) 

Z (t) 	is the 

and again from lemma 6.1, 

X 	(t) 
= 	+ rank 

[ X
2,1(t) 	Z1  (t) 

it 

t T. 

(A2.2) 

(r-1)xci matrix formed by the first 

(r-1) 

every 

rank 

rows of 

t 	T. 

r x to 

X,(t) 

Z(t), 

Thus 

Z(t) 

and 

= 

is obviously of full rank for 

rank[X1(t)] 	+ rank[X2,1(t),Z1(t)] 

for every ter. 	(A2.3) 
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It is also evident that 

rank[X2,1(t)] < rank[X2/(t),Z1(t)] = r 	° 4tET _(A2.4) 

Then, 

'(i).- If equality holds in (A2.4) for every ter, 

substituting in eq.(A2.3) and comparing with eq.(A2.1), 

we obtain 

X (t) 	0 

rank[X(t)] < rank ; 	tdp 	 (A2.5) 

X2(t) z(:t) 

with equality holding if and only if spaniXi(t)) and 

sPan1X2 1( )1  t 	are independent for every 	However, 

we show now that these subspaces cannot be indepen- 

dent for all tET. Let X r 	(t)) 	tX 	(01 L 2,1 	' 	2,2 	i and 

fX (t)) . be the ith  rows of X2,1(t),  X2,2(t) and 

X1(t) respectively. By assumption, no row of X,, 1(t) 

is a u.r.e..,row of X(t). So, fX,(t))1. 	.i=141." 
. 	• 

are expressible as linear combinations of the remain- 

ing rows of X(t), for at lest one tET. i • e • , 

{X, 	(t)} . . i,j  fx 	j 1  

 

Pi iJ  
x2,2(t)lj 

  

r- 

f X2,i (") j 

for at least one tc-T, and some scalars cc.Pi, i  l• 5. 
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If 3i / 0 for some j, then 
, j 	 '-2, 2 t j would be expres- 

sible as a linear combination of the remaining rows 

of X'(t), which is a contradiction. (Recall that X
2

0 ,2( 

contains only u.r.e.-rows of X(t)). Thus . .. 0 for 

every j, and therefore; 

q-r 

(t)j= 	fx (0) j 2,1 	a. 	i, j 	1  

 

j=1 

j/i 

for at least one tcT. As we have assumed equality 

holds in eq.(A2.4) then rank
[X2,1 

(t)] = r 	, for 

ail tET, t!hich implies that at least one a±, must 

be different from zero, and therefore spanfX 	(t)1. 
2,1 

and span(Xl(t)1 are not independent for every “T and 

thus inequality holds in (A2.5)• for at least one.tcT, 

which contradicts the assumption that equality was 

satisfied for all “T. 

Contradiction in (1) above; rests on the ' 

assumption that equality holds in (A2.4) for every 

tcT. So, assume now 

rank[X2,1(t)] < rankEX2,1(t),Z1(t)] 	(A2.6) 

for at least one tcT.. From eq.(A2.1) and substituting 

(A2.6) in (A2.3) 
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rank[X(t)] < 	+ rank[Xl(t)] + rank[X7,1(t)] < 

< rank 

X1(t) 	0 

X2(t) z(t) 

  

for at least one “T, which again contradicts eq.(6.32). 

Thus, if eq.(6.32) holds, all the rows of X2(t) must 

be u.r.e.-rows of X(t). This proves necessity and 

therefore Theorem 6.3. 


