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ABSTRACT

In this thesis, sone degoupling problems Ffor
linear multivariable dynamic systems are considered.
A (minimal) realization of a system with a given set
of high frequency characteristics, fixed by some quan-—
tities relevant to the decoupling problem, is obtained.
A set of decoupling invariants is shown to be inde=~
pendent and complete, for the class of decouplable
syStems which\prESérverobservability under arbitrary
state feedback. A.(unigue) canonical form is thus
defined. A necessary and sufficient condition for
the outéut feedback decoupling problem to have a sol-

ution is given, for this class of systems.

The decoupling problem of composite linear sys-
tems 1s considered for,cascade, feedback, and paral-
lel connections, and conditions for the overall sys=-

tem to be decouplable are given for all three cases.

The effect of parameter variations on the decou-
pling properties of a given system is studied. Vari-~
ations on both, the plant of the sysfem and the in-
put map, are considered, and the results include

those found in previous literature.



The decoupling problem of discrete time-varying
systems via state feedback is solved and the state
feedback decoupling pairs are characferized.' Finally,
the dynamic state feedback decoupling problem of con-
tinuous time-varying linear systems is counsidered,
and necessary and sufficient conditions for the exis-—-
tence of a solution are obtained, An algorithm to

find a (time=-varying) decoupling compensator is given.



A MARGARITA



Me duele este ninc hambriento
como una grandiosa espina,
y su vivir ceniciento-

revaelve mi alma de encina.

Me da su arado-en el pedho,
y su vida en la garganta
v sufro viende el barbecho

tan grande bajo su planta.

tQuiédn salvara a este chiquillo::
menor gue un grano de avena?
¢{De donde saldra el martillo

verdugo de esta cadena?

- [4
Que salga del corazon
de los hombres jornaleros,
que antes de ser hombres son

y han sido nifios yunteros.
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CHAPTER I

In this introductory chapter, we shall describe,
in general terms, the decoupling problem. We also
present a brief survey of the field, with particular
emphasis on those topics directly related to the con-
tributions of this thesis. In séection 3, all the new
fesults éontained in the main bpdj of the dissertation

are summarized.

1) Introduction.

A large number of dynamical systems found in
practice are multivariable in mnature,i.e., they
aore than
have more than one input and “one ocutput. One of the
main difficulties -encountered . when trying to con-
trol such systems is the presence of interaction
between inpufs and outputs. That is, in general,

control action on one of the inputs affects more

than one output.'

The available synthesis techniques for single-
input single-output systéms are not easily extended
t§ the multivariable case when coupiing.is present.
On the other hand, most of the technigques developed
so far for general interactive multivariable systems

are not powerful or simple enough to provide a suit~
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able answer to the synthesis problem. ~Moreover,-in
some control problems of practical interest, such as
certain process control problems or vehicle landing
systems, it is desirable or even mnecessary to dinclude

non-interaction as part of the design requirements.

Thus, if one is presented with an iﬁteraétive
multi-~variable system, and interaction is not "help-
ful"™ or is not desired at all, one may attempt to
transform the given system into a non—intgractive or
decoupled one, by some practicable means. One would
be left then, with a system decomposed into smaller-
subsystems each controlled independently of the
others. If the resulting subsystems are omne-input
one-output>systems, then all the Well known results
available for synthezising such systems cén be ap-
plied using individual control loops. Eveﬁ if the
subsystems are still multivariable, the synthesis
problem would be reduced to a set of independent s#b;
problems, each of smaller dimension and hopefully

simpler to control.

Finding the means for transforming an interac-
tive multivariable system into a nén-interactive one,
the conditions under which this is possible,and. the -
characteristics one may achieve for the resulting

non~interactive system are the basic questions which,



constitute the decoupling problem.

It is clear that if noninteraction is to be
achievgd, this,will have to be accomplished By speci~
fying the inputs or controls of the system in a suit-
able manner, for these are the only vériables which
can be manipulated direptly. Different tyPes of de-
coupling problems arise , according to the differentv
functions used to specify the.controlé of the system;
namely, decoupling by state or output feedback or the
"restricted decoupling' problem, and‘deooupling by
dynamic compensation and state or output feedback,

or the. "extended decoupling' problem.

A further classification of the decoupling prob~
lem can be made, according to the nature of the resultwv
ing subsystems,i.e., if the subsystem; are’to be single-
input single-output, then we refer to the problem as‘
"one~to~one decoupling'", whereas if the resulting sub-

1

systems are multi-input and/or multi-output, the prob-

v

lem is known as "block decoupling'.

The relatioﬁship'éf decoupling to other prob=-
lems such as closed-loop observability, closed-loop
stability (or pole placement in the case of linear
time invariant systems), data senéitivity, etc, rests
on the idea that one is interested in the quaiitative
and quantitative characteristics associated with the

response of the resulting noninteractive system.
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Other control problems, such as invertibility or out-
put-controllability are related to decoupling through

the ‘existence question.

What hés Eeen said‘so far, applies to arbitrary
multivariable dynamicalisystems. In this dissertation
only linear multivariable systems will be considered,
and attention will be concentrated on the one-~to-one

decoupling problem.

2) Brief Survey.

We will try to survey the most important ideas
and developments in the solution of the decoupling
problem as briefly as possible. In particular, at-
tentién}will be given to those sub—proble@s or spe—-
cific questions which are related to the topics stud-
ied in this thesis. A @ore comprehensive and detailed .
state of the art may be found in [2]. By sketching
only the outstanding ideas very briefly, it is hoped
that it will Dbe possibie to situate in the vast field

of decoupling, the contributions made by this dis-

sertation, which we will summarize in the mnext section.

In the last decade, the decoupling problem has
attracted the attention of many researchers and as ‘
a consequence major advancements have been made to-

wards its solution. Most of the results so far avai-



lable on the different facets of the problem how-

ever, apply only to linear time-invariant multivaria-

ble.systems. Few of these results have been .extended

to the linear time varying case, and even fewer to

nonlinear systems. .. .. S

In general terms we say'that

coupled if
th

a system is de-

(i) +the variations in the j output of the system
due to any variations in the ith inéut; i#d,
are ijdentically zero, and

(ii) the variations in the jth output of the system
due to any variations in the jth input are not

idéhtically zZero.

Intuitively, condition (i)} of this definition,

accounts for noun-interaction, whereas condition(ii)

is included simply to ensure that

trol exists on'the outputs of the

system.

The above conditions are not

definition of a decoupled system,

some degree of con-

non—-interactive

the only possible

nor are they the most

rigorous. However, it suits our purposes as it is

both intuitive and general.

A clearer picture of a one-to-one decoupled



system. is possible if we restrict our attention to
linear time-invariant systems. Consider the cons-
tant linear system S=(A,B,C) described by the set of

linear differential equétions

1

x(t) A x(t) + B ul(t)

_(1.1)

yv(t) Cc x(t)

(1.2)

where x(t)cR™ is the state vector, ult),y(t)eR™

are the input and output vectors respectively, and
A,B, land' C are constant matrices of appropriate dimen-

sions.

The system 5=(A;B,C) is said to be one~to-one
decoupled, if its transfer function matrix H(s), given

by
_ -1
H(s) = C(Is-A) "B (1.3)

is a nonsingular diagohal matrix (see Ref.[21]).

2.1 State-feedback decoupling: Existence of a solution.

B.S. Morgan [35], was the first to pose the de~
coupling problem in the state space description, and
he gave a gufficient condition for a solution to exist.

for a somewhat restricted class of linear systems.

The countrol law proposed to achieve noninteraction



was a state feedback law, i.e. a law of the form

d{t) = F x(t) + G v(t) (1.4)

where v(t)EBm is the closed~loop input and G is an

m+*m nonsingular matrix.

A year later, in 1965, Z.V. Rekasius [53], exten-
ded Morgan's results, but still considered only suf-

ficiency.

The central guestion of existence for the one-
to~ one decoupling problem via state~feedback was not.’
solved until 1967, when P.L. Falb and W.A. Wolovich
[17], gave a necessary and sufficient condition, for

the existence of a solution.

This condition is given in terms of the nonsin-
gularity. of a matrix formed by certain products of
the parameters ofttheVSys%em.S.Mbre.precisely,(if we.

denote %hé:i?hsrow of é]by e and define

d. = min {j:ciAJB;‘-{O; j=0,1,...,n-—l} (l.‘s)

i
or di"\'\‘l i$ CiAJB:d for a\\j,
and the m:m matrix B* as

m ’ (1.6)
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then, [17] there exists a feedback pair (F,G) in
eq. {1.%) such that the closed-loop system 5(F,G) =
(A+BF,BG,C) is decoupled, if and only if B* is non-

singular.

This has been proved since then, in many dif-
ferent ways and by several authors. The approach
used by E.G. Gilbert [21] is particﬁlarly important,
because it gave strﬁcture to the decoupling problem.
He gave-an alternative definition for di;i=1,...,m,
and B*, in the frequency domain, andﬁas he was to use
it later to build a canonical form, emphasized the
invariant nature of the di's under similarity (z=0x;
Q nomsingular) and state feedback (u=Fx + Gv) trans~
formations., Thus, the di's and B*.betame associated
with certain fixed '"high frequency characteristics’

of the system,

Two other papers are essential to the existence
gquestion. DBoth give sélutions‘to special subqases
of the block decoupling problem, which include the
one-to-one decoupling problem as studied by Falb and
-Wolovichh and Gilbert as a subcase. We remark that
the general block decoupling problem remains unsolvéd
to~date, although the cases for which a solution has

been found include most practical situations..

' The first of these papers is that of W.M. Wonham
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and A.S. Morse [86]. Their approach is of a geome=
tric nature and is based on the concept of control-
lability subspaces. Nééessary and sufficient condi=-
tions for the existence of a solution to the block
decoupling problem are given for two iﬁportant-sub—
cases (i.e. rank {Cﬂ=n, and more important, rank
[Bl=m ) in terms of the controllability subspaces.
Their results are mathematically beautiful and rigo-
rous. However, due to their geometric nature, they
are difficulf to translate into a direct design pro-

cedure,i.e.y a computer algorithm.

The second essential paper menﬁioned above is
that of L.M. Silverman and H.J.Payne [60]1. They
reproved the results of Wonham and Morse, for the
more general case where a direct input-output map
is allpwed in eq. (1.2} (di.e., y{t)=Cx(t) + Du(t})
and sol;ed a third subcase {when rankhgﬁjzm). Their
approach is algebraic and based on a structure algo-
rithm previously used by Silvermaniin [61] to find
the inversevof a linear system. Their results show
clearly a relationship between the decoupling and in-

vertibility problems.

2,2 State~feedback decoupling: Characterization of

the closed-loop noninteracting systems.

We now turn our attention to the type of closed -~



«19-

loop decoupled systems which may be obtained. When

a solution to.the one-to-one decoupling problem via
stafe-feedhack exists, it is known that it is not
unique; Thus, one ma&lobtain non~interacting systems
with differenf!;pefformance characteristics, accord-
ing to the decoupling state-feedback pair chosen.

It is desirable to characterizeithe!élass\ofﬂdécoupl—
ing laws and to determine the attainéble closed- |
loop subsystems. As the location of the poles of a
‘system and-its response are highly related, bne‘would
like to be able to place the closed~loop poles arbi- -

trarily while decoupling, or at least to ensure sta=-

bility.

Z.V.Rekasius [53], was the first to 1ookrat tﬁe.
decoupling and pole assignment prob;em, although he
gave no definite ansver. Later, Falb and Woiovich
[17],succeeded in characterizing the class of decou= .
pling feedback pairs, although-only. implicitly, . and
showed that at least m + Z;d (<n) poles of the sys=

izl
tem are assignable while decoupling.

E.G.Gilbert [21], was able to give a definite
answer to both questions. He established the number
of poles which can be freely assigned while decoupling

™ , #* ’
(i.e., 'Z;Pi , where pizdi+ri+l ji=1ly,...,m) and gave

an explicit characterization of the state feedback

o——

* rp= dim § - di-1, where
4 {’7 7R 7Ajb =0 for K=1,.,m, Kn,ano\ j=0 ,nl}

where b deno&es the KM olomn o} B

‘w



decoupling laws. Further, he éstablished in the
freqguency domain, the form of the achievable non-
intérécting closed~loop subsystems. Similar. and
equivalent results were obtained later by Wolovich
and Falb3[83], Wonham and Morse [86] geometrically,

Silverman.and Payne [60] and othérs {291,039]1,[46].

The question of zero—-assignment, also closely

related to the response of a system, has not received
as yet due attention, apart from very few results

L231,031].

Qua%itative characteﬁistics of decoupled sjs~
tems have been studied. In particular I.H. Mufti
[40] and P.C. Chandrasekharan [11], established
conditions for a system decoupled by state feedback

to be observable, in terms of the di‘s and the pi‘s.

2.3 Sensitivity and decoupling.

)

A further quesfion of significant importance is
the gffect that parameter variations have on the de~i
couplability properties of a system.  As, in genéral,
the parameters of a given system are known in prac-
gice only approximately, it is possible to arrive to
a wrong conclusion regerding the'possibilitybof ef~
fecting non~interactive control. Thé same is true

when the parameters of the system suffer variations.



Thus,it is important to be able to say under which
parameter variations or errors, the decoupling pro-

perties of a given system remain invariant.

One can distinguish two basic problems., First,
the '"data sensitivity and decoupling problem', étud—
ied by E. Fabian and W.M. Wonham [16], which is that
of finding under which variations there exists a feed-
back law which decouples both the nominal system and
the perturbed system, and such that the closed-loop
cutputs of both are identical for‘ali inputs, all
initial conditions, and all times. Using a geome-
tric approach, Fabian and Wonham solved this prob=-
lem for variations in A, the plant of the system, and

B, the input-state map.

The second problem, which is less restrictive,
is that of-characterizing the set of wvariations, un-
der which a decouplable system remains decouplable.
‘This problem was anali;ed by V. Sankaran [58] who
called it the "input-output invariance problem'. He .
only considered parameter variations in B, and in C,
the sfate—output map, but did not cqnsider variations
iﬁ A. Moreover, Sankaran's results are far from gi-

ving a complete answer,

Results on the sensitivity of decoupled sys-

tems on a different line can also be found in the
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literature [28],[481,[691,0[711,[77]1. The approach
in these paperé.is to include the error due to para=-
meter variations as part of the design considerations

and try to minimize it.

2.4 Output feedback decoupling.

In many practical instances, the states of the
system are mnot available for measurement. In these
‘cases, even if a solution to the state—feedback decou~
pling problem is known to exist, it may not be pos-
sible to implement it, unless an estimate of the state
is obtained first. However, this is not an economi=- .
cal situation if it can be avoided. As the outputs
of the.system are always available for controivpur;

poses, an output feedback law, i.e. a law of the form

u(t) = K y(t) + G v(t) (1.7)

b

is a possible altermative, to achieve non-~interaction.

It should be clear that the output~feedback
decoupling problem is a special case of the state
feedback decoupling problem. Namely, when there

exists a solution to

P K ~ a7
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with F a state-feedback decoupling matrix. Thus, a
system will be decouplable via output—~feedback only

if it is decouplable via state~feedback,

Several necessary and sufficient conditions for
the existence of a solution to the output-~feedback
decoupling problem are available in the literature.
That given by Falb and Wolovich [17], algebraically,
is in implicit form and therefore it is difficult to
use., =ﬁoweve# it was the first solution proposed for
the existence question. J.W. Howze [24] also solved
the problem, but his conditions are rather cumber-
some. S.H. Wang and E,J. Davison [811, attacked
the problem in the fregquency domain, and proved a
necessary and sufficient condition constructively.
M.J. Denham| [13] and S.H. Wang [80J used the geo-
metric approach and‘studied the more general block
decoupling problem via output—feedbgck, for those
subcases for which a solution via state~feedback is
known. The main difference between their approaches
is that Wang did not have recourse to the state feed—
back solution formulated by Wonham and Morse, but
introduced instead the concept of (A,B,C)—controi-
lability subspaces. A further necessary and suffi=
cient condition was given by A.K.FMajumdar and A.K.
Choudhury [33], but theirs is also given in an impldi-

. . . d;+1 .
cit form, i.e., it requires the vector ciA 1 to lie



in a subspace which in general, depends on the feed-
back matrix K. (Their results were originally for-

mulated for linear time-varying systems}.

As in the state~feedback case, the pole assign-
ment problem and the question of characterising the
class of output-feedback decoupling pairs (X,G),
have been considered by several authors,[13], [24],
[81]. as expected, the degrees of freedom when out-
put~-feedback is used to achieve noninteraction are
less than for the state-feedback situation {(i.e.,
only m poles of the system may be arhitrari;y;plﬁced»‘

while decoupling via output-feedback).

2.5 Dynémic decoupling

When a given system is not decouplable by state-
feedback, it may still be possible to achieve non-—
interaction if some dynamics is alléwed in the control

law,

Z.V. Rekasius [53], was the first to suggest
this, and he showed that if dynamic‘state—feedback,

i.e. feedback of the form ’ -

u(S) = F{s) X(S) + G(S) V(S) _ | (1.8)

where F{s) and G{(s) are proper rational matrices of

appropriate dimensions, is used instead of eq.(1l.4),



then every invertible system may be decoupled.

E.G. Gilbeft [21], formalized the idea, and clas-
sified the set of linear systems into-systems with no-
inhereﬁt coupling. (i;e;, decouplable by static state-
feedback of the form (1.4)), systems with weak-inhe~
rent coupling‘(i.e., invertible systems for which no static-
decoupling feedback pair exists) and systems with |
strong-inherent coupling (i.e., non-invertible sys-
tems). By means of an example,;he showed how a precom-
pensator connected in cascade with the plant. can
transform a system with weak»inherent‘coupling into
one with no-inherent coupling, and thus decouplable

by static state-feedback.

Frém’then on, different algorithms for finding
precompensators which yield an overall decouplable
system have proliferated. For obvious economic rea-
sons, a precompensator of minimal order is desirable.
Such cémpensators were‘féund by several authors,
using algebraic [9],[221, [541,062],[78] and geo-
metric approaches, [14]1,[361,[80], for both, state

and output feedback.

Dynamic precompensation has been used not only
to achieve noninteraction when this is not possible
by usihg state-feedback alone, but also to obtain

more freedom in the closed-loop system.' In [25]’



précompensation is used to achieve com?lete pole~
placement while decoupling, for those systems where
this is not possible using static feedback. 'In [10]

it is used to maintain observability while decoupling.

A detailed account of the precompensation schemes
used for decoupling and a discussion of their rela-

tive merits may be found in [2].

It should also be clear that one can view the
dynamic decoupling problem as equivalent to the decou-
pling problem of composite systems‘connec£ed in cas=-
cade. Visualized in this light, the cascade coénnec-—
tion is the only configuration of the decoupiing of
composite systems which has received‘proper attention.
Very little or mothing has been published on the feed-

back or parallel connectiouns.

2.6 Extensions to other classes of dynamical systems.

A1l the resulits reviewed in.prgvious sections
extend directly fo linear discrete—time—infariant
systems (e.g., see [30]1,[72]). An interesting study
of a hybrid situation (i.e., discre£e feedback and
continuous systems) was made by J.C. Johnsén [26]1,
and the decoupling problem for samplngdata systems
has also been studied [20],[66], although the resultis

so far available are far from complete..



The extension of the results to the time-—
varying situation or the non-linear case, presents
greétér technical aifficulties. " 0f all the different
definifions of 5 decoupied system given for the linear
time dnvariant case, only some apply to linear time~
varying systems. (e.g. ohe can né longer speak of
a nonsingular diagénal transfer function matrix).
Moreover, those definitions which ma& be generaligzed
to the time-varying situation are no longer necessar .
rily equivalent. (see Appendix A.1l). Further, in
the time-varying situation concepts such as complete,
total or uniform decoupling become meaningful (just
as with qualitative properties like controllability
or observability). That'is, decoupling has to be -

defined as a time dependent property.

In spite of the above, some results have been
generalized to the time-varying situation. In par-

ticular, some of those regarding static decoupling.

W.A. Porter [50], using certain differential
opefators defined recursively on the parameters of.
the system, defined a set of integer valued functions
di(t); i=ly...,m and a matrix B*(t) which are the

time~varying equivalent of di; i=ly...,m and B* in



egs. {(1.5) and (1.6); However, he was only able

to show that the nénsingularity of B*(t) is suffi-
cient for the existence of a solﬁtion to the state-
feedback decoupling problem. (Porter's results apply

to both, continuous and discrete time~varying systems)}.

Later on, several authors [331,0561,[631,[671,
[76], showed that B*(t) nonsingular[is also necessary,
and gave characterizations of the class of state~feed-
back decoupling pairs (F(t)gﬂt».'Ygt,'téfdd’%hisithé

assumption that the di's are constant was required.

The problem of pole~placement while decoupling,
which is no longer meaningful, was changed into the

weaker problem of closed—loop stability (e.g.[761).

The approaches used to obtain these results, are
extensions of those used by Falb and Wolovich [17]

and Gilbert [21] in the time-invariant case.

For the discretewéime~varying situation, the
only extension of Porter's results known to the author
i.e., a necessary and sufficient condition, and a
characterization of the class of degoupling state~
feedbaék pairs, is that préposed by V. Sankaran and
M.D. Srinath [57]. However, we believe their results

should be reviewed.

Some.results on the sensitivity of decoupled



time=-varying systems have been obtained by V. Sankaran
[58} and $5.G. Tzafestas and P.N. Paraskevoupoulos [71]

but much more research is needed in this area.

The time-varying 6utput—feedback decoupling prob-
‘lem has also been studied, and as we mentioned before,
Majumdar and Choudhury [33]. found a necessary and
sufficient condition for the problem to ﬁave a solu~-
tion, in an impliéit form. To date, this remains the
only condition known, although it is almost certain
that some of those given for time—iﬁvariant systems
are likely to hold with appropriate.modifications .

for time~varying systems.

On the dynamic decoupling problem of time-
varying systems almost nothing isvknown; All the
results so far available are for the output feed-
back case [33],[63],[643, and éven then, a complete

answer has not been given.

The situation for non-linear systems preseﬁts
even stronger technical.difficultigs; Most of the
researchers who have worked in this field. have res-
tricted their attention to the subclass of non-linear
systems. linear in the control. Even for this case,

where functions equivalent to the-di's can bg defined,

things are less tractible. The di's are not only .
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functions of time, as in the linear time-varying
case, but also functions of the state and even the
input. Thus, it has been usually assumed when solwv-
ing the problem, that the di's are constant for all
possible (x,t)ﬁ(RnfT). This assumptioﬁ is more cri-
tical herey for even when one is able to obtain a
diagonal input=-output map, without it, interaction

may occur through the d.'s, [517.

Answers to the existence question,for the non-
linear static state-~feedback decoupling problem have
been proposed in [341,[421,[59]1,[651,[68]1,[70]. The
problem of decoupling via output-feedback has mnot
been considered at all in the literature, and. very
few results [43],[1], exist for thg dynamic deboupIF‘

ing problem.

The ideas of noninteractive control have also
been applied to other types of systems such as dis-
tributed parameter systems [52], but with little

success.Thedecoupling of time-delay systems has re-

ceived some attention only lately [441,[743,[751.

Before closing this brief~sur§ey, we ought to
point out that other types of non-interaction., such
"as triangular decoupling [37]1,[79], where interaction
is allowed in one direction only, and asympto£ic de=

coupling [851, where the target is nohinteraction in



the steady-state, have also been considered in the
literature. For specific problems these types of
interaction may offer advantages overvdiagonal or

block diagonal decouplihg.

3 Contributions of the thesis.

The main aims of the research leading to this

thesis were

i) To study the decoupling problem of linear time-
invariant systems with a view to obtaining results
giving more insight into the structure of the problem.
ii) To amnalyze the effect of parameter variations on
the decoupling properties of the system.

iii) To study the noninteracting control problem for

composite linear systems, and

iv) To generalize some of the results available for
linrear time-invariant systems to the time~varying

situation (continous and discrete).

Accordingly, the contents of the thesis are as

follows;:

In chapter II, a procedure to obtain a minimal
‘order realization of a system with given di's and a
given matrix B* (not necessarly non-~singular) is

given. This shows that {di; i=1;...,m} and B* are



an independent set of invariants under similarity
and state-~feedback (u=Fx + v) transformaticus. From
thelfrequency domain definition of the di‘s and B¥,
it is élear‘that this minimal realization is a séiu+
tion to the problem of realizing a system with cer-
tain high freguency characteristics fixed,; but other-
wise arbitrary. It is evident however, that in gene-
ral the di's and B* are not a complefe set of inde-
pendent invariants. These properties are desirable,
because any set of invariants possessing them is a
solution to a universality problem, and the search:

for canonical forms may be considered such a problem.

In the next section of Chapter II, we show that
for the subclass of linear systems. satisfying

m
m 5 d, = n
Z;u i

: (1.9}
1=1 T

the set of di's, does constitute a complete set of
independent invariants: and thus,we are able to
define a (unique) canonical form, completely determi~
ned by the di*s.' In proving this, we first show that
any decouplable system satisfying eq. (1.9) 1is con-
trollable, observable, and preserveé observaﬁility
under arbitrary state-feedback. It is this last

characteristic which makes (L = {clasg of decouplable

N
systems satisfying (1.9)}}, interesting.
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In the last section of chapter II, we give a
necessary and sufficient condition for the output-
feédback'decougling problem to have arsolution, for
systems belonging to S, This conditionumay.be consi~
rdered a particular case of a known resul£ [33], but
the proof given is different and we believe, simpler.
Moreovér, for any member ofjl; the necessary and éuf-
ficient condition is explicit, Whéreas for thé gene—=
ral case considered in [33],‘it’is dependent on the
feedback matrix, and thus difficult to vérify.
Finally, we show that for any system,beionging'tofl?
the independence of thé observability subspaces is a
sufficient condition for the existence of a solution

to the output feedback decoupling problem.

In Chapter III, we comnsider the decoupling prob~
lem for composite systems; As rggafds the cascade -
connection, We‘have already said in the survey. that
many results are available 'in the literafure. Here,
we give some hecessary counditions oﬁ'the class of
pr%ccmpensators which yield overallldecouplable sys=—
tems. One such condition is thatjfhe precbmpensatof
must be input-observable with ihput-observability
index bounded above by the integer o in Silvérman's

«

structure algorithm [61].

In the section devoted to the feedback connec-
tion of composite systems, we show that the use of

dynamic state feedback or dynamic output feédback,
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does not enlarge the class bf decoupable systems;
that is given a ncndecoupabie ﬁlant, there is no
dynamic (staté or outpaf) feedback which, alone,
yields an overall decouplable system. This clearly
shbws_that its use in connection with precompensa-
tion, as in the more general compensation schemes
found in the litergture, ié simply to obtain more

design flexibility.

Iﬁ Chapter III we also consider the parallel’
connection, and give a necessary and sufficient con-
dition for the overail compoéiﬁe system to be decou~-
plable by static-state~feedback, In the discussion
it is shown that given two decouplable systems'conj

nected in parallel, it is not necessarily true that

the composite system will be decouplable.

Ix Chapter IV we analyze the effect parameter
variations have on the decouélability properties of
a system. Variations iﬁ‘both A¢-thé plant of the
system and B, the input-state map aré considered. A
necessary and sufficient con@ition.fo; the data sen-
sitivity and decoupling problem to havé a solution is
given, This condition is statéd in terms of a ma-
trix related to observability, and it is intuiti-
vely cleaxr since it requires th%t the variations
lie in the closed~loop unobservable subspace. The
approach used is algebraic iﬁ essence, and the proof
is simpler than that of Fabian and Wonham [16]. The

equivalence between tﬁeir result and ours is shown

rigorously.
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The other problem considered in Chapter IV is
that of'total input-output invariance. Again, the
effect of variaLians:> in A and B is analysed. A
characterizatiéﬁ of the parameter variation sub-
spaces such that the given decouplable system remains
decouplable is given, The main results, which extend

those of V. Sankaran [58], are presented in a way

which resembles those on robustness of controllers
(471,

In Chabter v, the decoupling problem for Tinear
discrete time varying systems is considered. A
necessary and sufficient condition for a solution

to exist via state-feedback is given,

These
results review those of Sankaran and Srinath [57],
which are not completely satisfactory. In proving
‘fhg results the assumption that di(k)yis constant is

made at an appropriate stage.

Chapter VI deals with the dynamic state~feed-
back problem for continruous time-varying systems.
It is shown that the dynamic state-feedback decoupl-
ing p;oblem is equivalent to the invertibility prob-
lem, just as in the time~invariant case. Again,
’assumiﬁgAconstancy of di(t){ i=1,...,m, and that the
parameters of the system are continuously differen-

tiable time functions, a necessary and sufficient

R VLS M S g 3




condition in terms of A(t),‘B(t) and C{(t) for the
problem to have a solution is given. This condition
is difficult to test in general,as it involves some
noh*fixed integers. Thus, a procedure to find the
precompensator is proposed which at the same time
yvields a necessary and sufficient condition for the
existence qguestion. For this the concept of rank
essentiality [9] is extended to the time-varying éi--
tuation. The question of minimai order precompensa= -
tion is posed, and the technical difficulties one
would have to overcome for its solution are discussed.
In the last section ﬁf‘Chapter'VI, some of the dif-
ficulties which wouldkarise if the assumption that
di(t); A=ly ... my are constant»is removed, are con-
sidere@. The possibility of using précompensation
to obtain an overall system, ﬁith congtant di's
over the time interval of interest, which at the same
time is‘decouplable is discusseg.‘

Finally, Chapter VII coptains’th; conclusions
and some suggestions for further gesearchf

E
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CHAPTER IX. Decoupling invariants.

1). Introduction.

Recent literature, [12],[181,[271,[%49]1,0[551,[82],
. shows a growing interest in establishing sets of in-
" variants with respect to equivalence classes defined
by different transformations, - such as similarity éné
state feedback. The'value of showing that a set of
invariants is complete and independent is that a set
with such properties is known to be a solution to a
universality problem [32], and the search for canoni-
cal forms may be consideréd such a problem. To be |
able to obtain a (unigue) canonical form is of impor-
tance since it may help understanding and"simplify

the solution of certain control problems.

Similarity and state‘feedb&ck transformations
define equivalence relations and therefore establish
a partition on the set of 1i§ear systegs into equiva=~
lence classes. Each of these equi%alence classes or
oribits is complefely determined by a particular value
of the elements of the complete set of indeﬁendent
invariants. That is to say, two‘linear systems belong
to the same orbit, if and only if they have the same

set of invariants. v

When solving the one~to-one decoupling problem
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via staté feedback it was found,[17]1,[211, that cer-
tain quantities which play a key role in its solution
were invariant under similarity and state feedback

" transformations. These quantities were the sét{dik
i=1lyes.ymy, which wé will réfer to as the set of decou—
pling invariants, and the matrix B*, defined by egs.
(1.5) and (1.6) respectively.. -

In this chapter, we show that the set of invar-
iants [d.,B*} is independent. That is, we show that
éiven an arbitrary éet {di’B*}’ there exists at least
one linear system S=(A73,C) which\has‘{di,B*} as its
set of invariants. (B* ié not restricted to be nonsin~
gular, i.e., nondecouplable systems are also consi-
dered). A realization of {d,,B*] is obtained, which
has minimum order among all the possigle realizations
of the given set. Two examples\afe‘given to illus-

trate the realization algorithm.

If we state the equivélént definition of the di’s

and B*, given by E.G.Gilbert [21] in the frequency
domain, ifé. ,
(. . j+1 . '

d, = mln{gz lim s Hi(s) # 0:33=0,1,.¢¢.,0-1 (2.1)
s> :

or di=n-1 if HijO=0.

where n is the state space dimension of sS=(A,B,C),
and Hi(s) is the itﬂ row of its transfer function ma-

trix, and
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. ,."di+l

S =

Bf = lim s H, (s) _ ‘ (2.2)

§—>®
‘ . . cth % sa

where Bi denotes the 4 row of B*, it is clear that
the realization problem above, may be regarded as
that of finding a minimal realization of a system
having certain high frequency gaih properties fixed,
but arbitrary otherwise.

1

Now, a set of invariants dis said to be complete
under a class of transformations ¥ , if given two

systems Sl and.52 having the same set of invariants,

we can find a transfofmatiqn T &% such that T:81FVSé
With this definition in mind, and as {di,B*} contains’
no information about the dimension of the system (other

than a lower bound), it may be trivially shown that

it is not a complete set of invariants under similar-

»,

v

ity and state feedback transformatiohs.A This is so,
because two systems of different dimension may héve
identical sets of invarianfs‘{di,B* and neither of
thg transformations mentioned alter the dimension of
a ;ystem.

In order to find a completelse£.of independent
invariants under these transfofmations, either the
set of«invariant§ {di,B*} muét be enlarged, or the

class of systems under study specialized., This last

option is taken in section 3, where it is shown that,



for the class ofvlinea} decouplable systems for which
m
m o+ d, = n (2.3)

1 i
i=1

holds, the set of decoupling invariants {di};i=l,...,m
is complete and iﬁdependent under Similarity and state
feedback transformations. Since {di} is complete:;nd
independent, a unique canonical form completely deter-
miped by {di}'exist;.and is \given, |

During the develépment, it 'is shown that systems
belonging to fl={S: S is decouplable and satisfies‘(Z.Bﬁ
are both controllable ;nd observable and preserve ob-
servability under arbitrary state feedback. It is
precisely this last property which makés Ilkintemsting

~

and which characterizes it.

In the last section‘of thehchaptef, a necessary
and sufficient condition for any system S¢ fL to be
decouplable via output feedbhck is found. Although
fhis condition may be considered a’épecial case of
tﬁgt given in [331, our proof is simpler. Moreover,
in our case it is in an explicit:form, ﬁhiéh makes
it easy to use. Finally, baséd on this result, we
show that‘the independence of the‘observabiiity sub=-

spaces of a system S¢ ()L is sufficient to ensure the

existence of an oﬁtput feedback deccupling pair.
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2). Realization of the Set of decoupling invariants.

‘Let us consider an m~input m-output linear time

invariant dynamical system S=(A,B,C), described by

the set of differential equations

=(t)

y(t)

1l

i

A x(t) + B u(t)

C x(t)

(2.5%)

_(2.5)

} -
where x(t)e iRn; u(t), v(t)e sﬂr.n and A, B; and C are constant

matrices of appropriate dimensions.

It is known [17],[211, that a solution to the

s

state feedback decoupling problem exists, if and only

if, the matrix B* defined by eq.(2.2), or

d
A 1

o .

1

W

o
¥
il
"ee
1

d

0
e
a3

is a nonsingular m=m matrix,‘where Ci denotes the i

m myl

1

D

th

row of C, and di si=ly...,m, are defined‘by eqg.(2.1)

ox eq.(1.5).

E.G.Gilbert [21], showed that the set {d.,D

.

)

iy 3}

iy j=ly...ym, is invariant under similarity (i.e., a

change of basis in the state space,

v

Q an n»n

nonsingular matrix) and state feedback (i.e., u=Fx+v)

transformations.

(Notice that no change of basis in
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the dinput space is considered in the state feedback
transfoxrmation. If u=Fx+Gv, then B*HOB*G.and is no

longer invariant).

We now centre our attention on the problem of

' independence. That is, we show that given a set

{a,.p, j} , it is possible to find a system S=(A,ByC)
L3 :

which has precisely this set as its set of invariants.

]
H

Let us assume a given arbitrary set {d.,D. .}
: 1774, 3
iy j=lyee.ym, and let us find a realization of it.
We first see that the dimension of the input and out—
put‘spaces of the realization must obviousiy be equal'>
to my di.e.; equal to the given number of di's. On
the other haﬁd, the set {dI,D. .} does .not contain
_ i'74, 3
any information about the dimension of the state space,
n, other than a lower bound on its value. In fact,
- : A\“ -~
by fixing di si=l,...,m, we have fixed the minimal
difference between the degrees of the numerator and
denominator of the elements in the. rows of the transfer
function of the realization (see eq.(2.1)}). Thus,
) o ‘
the possibility of finding two realizations of {di,Di j}
, -9
of different dimension, exists. Theorem 2.1 below,r
gives the smallest order any realization of {d.,D. .}
LR T NP

can have.

Let‘

rank[B*] = r < m (2.7)
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then

‘Theorem 2.1. The smallest possible order Y , of any

realization of a given set of invariants {di,Di j} s
3
is given by

7

V = »r + Z_. dmj_ . ' (2.8)

i=1

where {ai ;i=l,...,r} is the set of integers satiszing
(i) D&l’Dag"'°’Dar y are r linearly independent
rows of B*, and

» oo

r . , ,
(ii) é{l da..z / dBi ;where {Bi ;1:1,...,r}
1=1 i=1 ‘

is any other set of integers satisfying (i).

Proof.~ Let S=(A,B,C) be any realization of {di’Di j}'
Let n be the state space dimensiﬁn of S, We claim

that the smallest possible value of n is V.

Coy
Let {ﬂﬂ ;izl,...,r} be any set of integers satis-

fying (i), and define p(ﬂi) as
r
P (ﬂi) =r‘ + iZ:idni

and the (p(ﬁi)*n) matrix U(dﬂi)‘by

.. Lo . d
[U(dﬂl)]T = [(Cnl) F}(CT"’IA)T1--~a(Cn1A rrl)T»---

...,(cwr)T,(cﬁPA)T,...',(cwrg, 713



where (-)T denctes thedtfanspose of a matrix. Further,
let U, denote the itB pow or U(dﬂi)' By Succeéively
postmultiplying U(dni) by B,AB,AZB,i.., and using the
fact that Dﬂl,DﬂZ,...,Drrr are a set of r linearly

independent vectors, it is ?asy to see that

P(T1y)

Z A. U, =0 .
L] l 1 .
i=1

implies Ki=0 for every i. d.e., the rows of U(d;)

[

are linearly independent and thus
gank[U(dwi)] =,P(ﬁi}

Therefore, n Z.p(ﬂi), for every set Yﬂg} satig~-
fying (i). From (ii) and (2.7), Vo= max{p(ﬂi)} and

therefore n >y, which proves theorem 2.1.

To find a minimal system (i.e.; of dimension n=V)
' N

'.}, one procee@s as follows.

which realizes {d,,D,
i’ 7i, ]

Let the usnal orthonormal basis for R ' be given by

i

M = [(eal,o)T,(eal,l)T,...,ceal,d&l)T,...
| ...,(ear,p)r,...,(e&r’dar)T]
i.e.y M is the V«¥V identity matrix.
For every i%-&xj ;jzb,.;.,r} let
D, = @i,; pal + éi,z Da2 Faaot @i,r Dar 2.9y~
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where (@i i are suitable scalars and which obviously
3
exist as {D ,...,D' } span the row space of B*,
» 1 %y

Then,  define

ci = ea-,o ~ for ic [al,...,ar} (2.10)

. . oy ’
i 7 i,l’ci,2"“’ci,r] for l? galy.-ocg(xr} __.(2.11)

10y.%.,0] is a d #l-raw vector

where c. .=L0j3¢0..,0 .
_ i, t 1 ’ sgPl,J 5

and'@i’j is in the (daﬂ~di)th position.
Y 3

Define A by the relations

e ... A= e .
Gy 9 J Oy s Jtd

for j=0,1,...,d, -1 __ (2.12)
i

and

. A=0 — 2,
e“i’dai A ; __(2.13)

Remark 2.1. Instead of eq.(2J13) above, -we may use

the form
eai,dﬂ‘A =Z: Z.. 3&1,3,;\ e«i,K +Z_. Z_» -&isi,K eeti,k
J=1 K=0 - C Jriel k=0

where &%jﬁ are arbitrary scalars. This would have

‘been‘more general but would have complicated the nota-

¥

tion, and for our purposes is not necessary. .



~L6m

Finally, define the Vzm matrix B as

B = : : (2.14)

where B is the (duﬂkmﬁ matrix given by
i

i
- 0 ... ©
B, 7 0 ‘ o | —(2.15)
1 O .
Dyiiy o Dai’m-

A'direct but tedious verification shows that
5=(A,B,C), with A,B and C defined as in egs.(2.10)-

(2.15) above, satisfies

»

ClAkB = 0 fOl" i=l,...,m; k=0317-o-3(di"1)

and o

ﬂ c;A "B = [Di’l,Di’z,...,Di’m3 £ 0

i.e., S=(A,B,C) has the given {di}Di j} as its set
. v )

of invariants. This shows

Theorem 2.2. The set of invariants {di;Di j is ine-
v k]

dependent.
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To illustrate the realization procedure Just
described, we give two examples; one where B* is non=-

singular and one where it is singular.

Bxample 2.1. Let {di,Di j}-be given as
9

1 2
and
{1 0, 2
B*=| 3 0 0| - '; det B* # 0.
c 2 1
So, rank[B*] = 3 %f s and the minimum possible’

order of S=(A,B,C) which realizes {di’Di j} is
?

V = m + E di = 7

i=1

From egs.(2.10) to (2.15), we obtain

@10 0 0 0 0 0 1 .9_;5“
of"o-wzfuo”é?o ol |, o o o
o% o 0 1 o§ o o© 0o o0 o
A= oE 0 0 0 -1\}0 0 B= |0 0 O
. |
010 0 0 010 O 3 0 ©
_______________ | I
0 0 0 0 0,0 1 0 0 ©
0O 0 0 0 O© fo 0 o 2 1




110 0 o 0:0 0
t 1
C = o{ 1 0 0 of 0 ©
] }
0,0 0 0 Oi1 0 |
With A4+B and C so defined,
c,B = [1 o 2] — d,=0 ;
¢c.B="[0 o ¢l
¥
c,AB = fo o ol
COAZB = [o o ol
c2A3B =[3 0 0] —» d,=3 3
and
4B = [o o o]
cBAB ={0 2 11 = d3=l :

which is précisely the given set

we verify that

Dl=[l o 2]
DZ=[3 o 0]
D3=[O 2 1]

of invariants. A

direct verification shows that the realization is

truly minimal, in that it

observable.

Example 2.2. Let {di,Di’j} be
dy=1 ; dy=3 ; d;=0
and
1 0 0O { D, 1
B* = |1 1 ol =1!D

is both controllable and

: rank[B*] = 2

We now find all possible sets of. two linearly



independent rows of B* ‘and their associated values
p(T, ), 1.e.,

a)., {Dl’DZE; ﬂizl , 11.=2 and pl(ﬂ;)=4+2=6

b). {Dl,DBS; M=1, W,=3 and p,(T,)=1+2=3
c).v{Dg,DB};-ﬂi=2 ,'ﬁé=3 and pB(ﬂ£)=3+2=5

Therefore,

Vo= m§X ?jﬂTi)‘ = 6

and the minimal realization will be of order 6.

We see that D3_=~92—D1 7 S0, é3,1=*1 and @3’2=lr
then ‘ )
(1 0!0 0 0 O]
i
c= 10 o1 o o o
, 1
l0-110 0 0 1]
0 1 ~ ] N "0 0 0|
0O
o 0, 1 0 0©
_____ e SRS
y0 1 0 O ’ 0 0 0
A = ; and B =
' O o 0o 1 0 ' 0 0 O
1
' ‘o 0 0 1 0 0 ©
10 0 0 © 11 o
L J L d
With A,B and C so defined,
¢;B=1[o o ol .
c,AB = [1 o ol ::b;dl=l ; pl =[1 ¢ ol



¢, B = fo o o]
c,AB = [0 o o]
‘CZAZB = [o o o]
c2A3B =[1 1 ol=b a,=3 ; bz =[1 1 o]

c.B=[0o 1 0] —= d,=0 ; D, fo 1 o]

which is the given set of invariants. Again, a direct
calculation shows that S=(A,B,C) so defined is both

controllable and observable.'

Remark 2.2. It must be noticed that for a given set

of invariants to be consistent, no row of B* should
be didentically zero. for otherwise,it would contradict

the definition of the corresponding d,.

Remark 2.3. If the given matrix B* is nonsingular,

then theorem 2.1 above follows directly from the re-
sults in [17]. The results contained in this section

have been published by the.awthor in [4].

4

3). A complete set of independent decoupling invariants.

The set {di,D } considered in the realization

iy 3
problem of the previous section, is invariant under

similarity and feedback transformations of the form

u{t) = F x(t) + v(t). However, if we consider the



more general state feedback law

n{t) = F x(t) + G v(t) (2.16)

where v(t)ﬁRm and G is a nonsingular m»m matrix, then’
. B* does not remain\inﬁarian& (i.e., B*++ B*G). From
’{di,Di’j} the only quantities that remain invariant
under such state feedback are-{di}. However, unle;é
we rvestrict the clas§ of systems under considératioh,
it is again clear that they do not constitute a com~
plete set of independenﬁ invarianﬁs,completehess being

the absent property.

We shall first give some results on the observa=-
bility of decoupled systemé which will allow us to
charactérize an important’subclass of the set of 1li-
near systems, for which the di's are ancompleteTset
of independent invariants under similarity and state

feedback transformations.

Let c, denote the ith(raw of €. From the defini-

tion of di;izl,...,m, (eq.(1.5)), a simple calculation
4 e N .

shows that for any feedback pair (F,G},

k

ci(A+BF)k = CiA ;kzo,l,.;.,di ji=ly.ee.ym _ (2.17)

and

k d . k:—dl
ci(A+BF) = c A 1 (A+BF)

;kz(di+l),...,n;’izl,...,m

(2.18)



Further,

let the matrix U be defined by

(2.19)

then. the following lemma, which may be considered a

special‘case of theorem 2.1, is easily established.

Lemma 2.1. (Falb and Wolovich [17])s Let S=(a,B,C)

be a decouplable system.

and thus

We may now show

Theorem 2.3.

Then

L1

rank[U] = m + E d.

i=1

Let S={(A,B,C) be

a decouplable system.

The closed-loop system S(F,G)=(A+BF,BG,C) is observable
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for all possible feedback pairs (F,G) in eq.(2.16),

if and only if .

m +;" d, = n (2.20)
L 1 E—

Proof. (If). The closed-loop system S(F,G), for arbi-
trary (F,G) will be observable if its cbservability
matrix

c
C(A+BF)

W = .

c{a+Br) ™=t

is of rank n. From eq.{(2.17), it is clear that U in .
eq.{(2.19) is a submatrix of W (for all (F,G)). Thus,

rank{wW] > rank[U]

and from lemma 2.1 and eq.(2.20)
rank[ W] >n

but as W is an (nm)«n matrix, equality must hold, i.e.

the closed-loop system is observable for all (F,G}.

(Only if). To show that eq.(2.20) is necessary,

m
we first assume m + di < n. Next, we show that
() : ‘
there exists a feedback pair (F,G) for which S(F,G)

the closed-loop system is not observable. This feed-



-Gl

back pair is

1
T
oy

*

F* A* (2.21)

and
G* = B* (2.22)

where

Remark 2,4, The feedback pair just defined, decouples

the system. E.G.Gilbert [21], called it an "integra-
“tor decoupling' (I.D.) feedback, because the transfer

function of the closed-loop system S(F*,G*) is

d,+1
H(",F*,G*) = diag{s * }

i.e., the ith output is the (di+l)—fold integral of

From eq.(2.18), with (F*,G*) so defined,

d,+1 di+1 ' di
t * ¢, A "BF*

1
0
=

c. {A+BF*)
i

a,+1 d; 3
~ c.A BB A

= ¢c,A - e,A*
Ti
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, . .th s .
where ei is the i unit-row vector. Therefore

d.+k )
c, (A+BF*) Y = 0 for k=1,2,....

and the only nonzero row vectors in W are those of U.

This dimplies

m
rank[w] = rank{U] = m + ? -di < n
i=1
and the closed~loop system is not observable. This

proves the theorem.

Theorem 2.3 above effectively states that L,

the class of systems defined by

L= {S=(A,B,C): S is decouplable and {(2.20) holds}

is the subset of the set of decouplable systems,which
preserve observability under all possible state feed~
back transformations, and this property completely

characterizes (1.

*

Two further properties of flLare apparent,

Theorem 2.4, If Se{L then S is observable.

Proof. This is an obvious conseduence of Jlemma 2.1
above. The converse, i.e., if S is decouplable and
and observable then (2.20) holds, is not true in

general, as can be seen from the following example.



~56_

Example 2.3. Let S=(A,B,C)

0 1 0O 1
A = O O 1 B = 0
1 O O O
Then, dl=0, d2=O, and
‘ 1
B* =
O

s det{B*t =1 # 0, and the

Further, with no {feedback

W

and rank[wl=3.

m
m+§ d.
1

i=1

so eq. (2.

Theorem 2.5. Let SelfL .

Proof. The proof is not as

The system is observable.

be given by

0] 1 O O
C =

0 o O 1

1

0]

1

system is decouplable.

o 0]
o 1
10
o 0.
0 1
1 0

Yet

20) is not satisfied.

Then S is controlléble.~

dlrect as that of tneorem

2.4, If S is decouplable, then at least m + 2 d;

1=1
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poles of the system can be arbitrarly assigned [17],
L2117 (furthermore, whilst simultaneously\decoupling
the system). So, if (2.20) is satisfied, n poles of
the system can be arbitrarly specified. This in turmn
is only possible if and only if the system is control-

lable [41], so theorem 2.5 follows.

As in theorem 2.4 above, the converse is not true.
i.e., in general, S being decouplable and controliable
doés not mnecessarly imply that eq.(Z,ZO)«is satisfiedr
To illustrate this we may use examplé 2.3 above. The
system defined there isdecouplable.~ A simple calcu~
lation shows that its controllability matrix ?, is

given by

1 0 0 0 0 1
W o= 0O 0 0 1 1 o© = [B,AB,A283

© 1L 1 0 0 ©

which is of rank 3, and thus S is controllable. Yet

eq.(2.20) does not hold.

Theorem 2.3 above'was published by the author in
a less general form>in ‘{331, and a similar result was
established by I.H.Mufti [40]. Theorems 2.4 and 2.5
were proved by Chandrasekharan [113{ independently, but
using a different approach. In our.view his argument

is more involved (see also [31).
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Having characterized (1., the class of decouplable
systems which preserve observability under arbitrary
state fgedback, we are ready to show our'ﬁain result
of this section, namely that {di} ji=l,...,m, is a
complete set of independent invariants under similar-
ity and state feedback transformations for the class

of systems N,

That {di} ;i=l,...,m, is independent should be
clear from section 2 of this chapter. In fact, given
a set {di} si=lseeeym, it is easy to wverify that the

system SC=(AC,BC,CC) where . .

—— e - [ ] T
0 1 0 ...0 of :
i : N
O O l » o O‘ : O: t.
: : : :‘ltl’ ) :' 2 d +l
» Y . .i H O .:"'¥O l
i ! ! -
0O 0 O ... 1, o
i ! ; 1
0 0 0 ... 0} : 1, L
"“i"‘"_"”mﬁ:'”""’vf'”"~~“ ',5. . -
= : L : B, =|: ] Tl
AC . e am e e e ae e g .‘-1-. .............. ! c A ..:‘-— ;;..
v 10 1 0 ... 0 0
! I i }
o 0o 1 ...0 . 'o
boobe e . Feast a w1
0 R : O ii] “%m
'"lo o0 o 1 t o
1 . e ;
} i ! t
1 . i
L \ 10 0 O ... 0 !

(2.24)

(@)
1
A7
f
i
|
|
|
t
{
!
|
]
g 4



has {di} 3i=l,...,m, as its set of decoupling invar-
iants {and beloﬁgs to fL). Therefore, only complete-

ness remains to be shown.

Theorem 2.6. (di} ;i=l,...,m, is a complete set of

invariants (for systems belonging to {L)}, under stats

feedback and similarity transformations.

Proof. ‘Let S=(A,B,C) and %:(ﬁ,%,&) be two systems,
S,5¢f), having the same set of decoupling invariants
{di} 3i=ly ... ym. Let (F*,G*) and (ﬁ*,ﬁ*) be their
integrator decoupling feedback laws respectively, then
both slbz(A+BF*,BG¥;C) and §,, =(A+Bf*,88*,8) nhave the
same transfer function matrix. For if they have the
same set of di's, then ’
Hy, () = diag gdi+ﬂJ = Hoy(+)

From theorems 2.3 to 2.5, and the.fact that con-
trollability is preserved under state feedback, 5,;,
and gib are both minimal realizations of the same

transfer function matrix. So, there exists a nounsin-

gular matrix T such that

1

A+BF* = T(A+BT (2.25)
BG* = TBG* - . (2.26)
& = ¢t (2.27)



From (2.26), calling
a Bl - g

we obtain A~
B = TBG : (2.28)

where Gi1s nonsingular.

Substituting (2.28) in (2.25), we get

A = T(A+BF*)T T - TBGE*
or o '
A = r{a+Blr*-chrrl}1™t

and if we let

then

~ - 2
A = T(a+BR)T T _ —(2.29)

Eqs. (2.27)-(2.29) show that S and 5 belong
to the same equivalénce class of the ?artition of
the set of linear systems S<€JL introduced by the si-
milarify andfstétenfeedback tr%nsfbrmations. Thus,

{di}; i=l,...ym 1is complete, which proves the‘theo—

red,

It is clear now, that each equivalente class is
determined by a particular value of the di's and
therefore every element of any equivalence class is

equivalent to a system given by (2.23)-(2.2k) So,
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we are justified in calling (2.23)-(2.24) a canoni-
cal form. That this canonical form is unigue is
obviocus.

v

%). Decoupling by output feedback.

When solving the decoupling problem via output-
feedﬁack, L233,024]1,0333,08031,[81], a common assump-—
tion is that the syste&s under consideration are con~
trollable and observable. Here wé make the stronger

assumption that eq. (2.20) holds.
Ann output feedback law given by
u(t) = K y{t) + G v{t) {2.30)

where G is nonsingular, is clearly a special case of
the state feedback law of eq.(2.16). That is, when

there exists a matrix K&Rmxm which is a solution to

F = KC {(2.31)

This obviously means that a given system S =
(A;B;C) will be decouplable by output feedback only

if it is decouplable by state feedback.

To give a condition which is both necessary and
sufficient for the existence of a solution to- the
decoupling problem via output feedback, we need the

following preliminary results.



Let § be a similarity transformation z=Qx, such

-1 -
that Q: S=(A,B;C)~>S5=(2,8,8)=(qag 7,a8,ca"Y). Then

Lemma 2.2. 5=(A,B,;C) is decouplable by output feed-

~

back if and only if §=(A,§,8) is.duouﬂabebﬁoﬁqﬁ@«dhxk-

w .th N
Proof. Let ci be the i row of C. Then

1t

Si(ﬁ+§K§)J§ ciq”l(QAQ’l+QBch’l)3QB

it

¢, (A+BKC)IB  ji=l,...,m; j=0,1,...

for any matrix K€ R . The lemma follows directly

from the necessary and sufficient condition given by
Falb and Wolovich [17], i.e., S=(A,B,C) is decouplable
by output feedback if and only if B* in eq.(2.6) is

nonsingular and there exists a matrix K such that

o, (A+BKC)™ 1B

o, (A+BKC)™ "B
rank . = 1 for i=ly...,m

a.
¢, (A+BKC) )

Y

Lemma 2.3. There exists a solution X to the matrix

equation F=KC if and only if
Nlcle ¥(r1 L (2.32)

where )(['] stands for '"mull space’



Proof. The proof of this result is well known (e.g.

[14]) and is omitted here.

Lemma 2.4. (I.H.Mufti,[391). If 5=(A,B,C) is decou-
plable by state feedback and eq.{(2.20) holds, then

the class of decoupling feedback pairs is given by
- w1
F = -B L) (2.33)
where dl

d,+1 "
1 Z (1) J
clA + &d ClA

L) = (2.3%)

c A ™ + @gm)c Ad
m E 3 m

3=0

and ¥§l) are arbitrary scalars, and

G = 8t p o (2.35)

4

where A is an arbitrary diagonal nonsingular contant

matrix.

Now let us consider any system S=(A,B,CleflL, i.e.,
S is decouplable by state Tfeedback and satisfies (2.20).
It is clear that the matrix Ue¢ R™™™ in éq.(2.19) is a
nonsingular matrix. If we use U as a similarity trans-

~ ~

formation, i.e.y, U: S=(A,B,C)F0§=(A,§,C), then © has
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fhe form
1 0 ... 0 10 0 ... 0! 0 0 ... 0]
H t i .
1'\’ _l 0 O . & & O!l 0 - B & oi !O O . & » 0
C = CU =1 . . :.o . - H . s e i- - .
2o S - ool :
! : !
0 0 ... 010 O ...0" ‘1T 6 ... O

}»-dl+l~*~&k--d2+1 —k L. $~—-dm+l———4
(2.36)

' : A
and therefore, any column vector w&)([C} must be of

the form
T ¥ i \ .
w =[0 X...X!10 X...X}...:0 X...x] (2.37)

Koo d1+l~—*ﬁF“—-d2+l—-% .o H— dm+1———%

where the X's denote elements possibly different from

zero'

Theorem 2.7. Let S5=(A,B,C)¢ L. Then S is decouplable

by output feedback if and only if

d,+1 5 ' a; :
ciA & span{cl,...;cm,ciA,ciA ""’CiA } ;i:l,;..,m
(2.38)

Proof. (If). Assume eq.(2.38) holds. i.e., there

exist scalars mgl), Bgl), such that.

J
ad.
a.+1 - ) - . . : :
c.at - e plile A9 is1,...,m. (2.39)
1 J J J 1 —
#i 3=0 ‘

d.+1
1

- - > 1 »t ~ . -
A direct calculation shows that ciA is given
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by
o wdstl a;+1 4
CiA = ciA U = [zl,.,.,zml (2.40)
, dk
where zké R sk=l,...ym are of the form
z, = [X,...,x] - z5 = [X,0,...,0] ;3#i (2.41)

where again, the X's . eepresent scalars, possibly.
_ . _
different from zZero. Let L{)=L{($)U 1. ice., %(?)
i . S
is the matrix L(¥) corresponding to s:(X,%,E). By

. . : . »
an appropfiate choice of Tgl) in eq.(2.34), L(¥) can

be written as

X 0...0/X 0...0 ;X 0 ... O

| { 3
» X O > & » 0 ! X O L 'S O‘t ‘ X 0 . e ® 0
L(X\) = . . . . 3 . ] .v'. ; - - -
- - - t » » » » . .
- - - \ - 9 O; ; L) - -
| X 0...0,X O ...0 ‘X 0 ... 0

| { ' ‘ ]
#——d, +1 ~—*f-m~d2+1-—qa - gL——‘dm+1 _—

RN (2.42)
From eqs.(2.37) and (2.42), if wé)f[gj then
wé}{[i(?)] and thus ! .
NIEle NILOHD =N[F1 (2.43)

4
and from lemmas 2.2 and 2.3, thefé exiéts a matrix K
such that the output feedback pair (K,B*_l) decouples

3=(A,B,C).

v

: ; d.+1
(Only if). Assume ciA t depends linearly on

some row of U different from those already in eq.({(2.38).
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Then for some j#i2, Zj in eq.(2.40) has at least two
elements differént from zero, which implies that ii?)
will have at least one non-zero element in a .column
other than those with X's in eq, (2.42). Thus, for
some wﬁ}([g],

i(?) w £ O

and this implies that

NI&1¢ Nirl

' a2 N
So,vS=(A,%,%) cannot be decoupled by output feed~
back (lemma 2.3), nor can 5=(A,B,C) as a consequence

(lemma 2.2), which proves the theorem.

. ~ ’ '
To obtain L(¥) as in eq.(2.42) we must assign

specific values to ;j=l,...,di si=1, ... m.

E\(i)
N}
This means that only m parameters are left free. i.e.,

xél) ;i=ly...ym. To each set of values X‘gl) there
will correspond an output feedback decoupling matrix K.

Further, it is clear that only m closed-loop poles

may be arbitrarly assigned while decoupling by output

feedback, each corresponding to a Xél) %i:l,...,m.
Let us define now
o di+l
N i = Span{ci,CiA,...,CiA } ;i=1,.»,ym ____(2.4‘:13:)

then,
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Corollary 2.7.1.° Let 5=(A,B,C)€SL. If the subspaces

Proof. In this case, aj

@i are mutually independent subspaces, then there

eXists a decoupling output feedback control law,

(i)

in eq.(2.39) are all =zero,

and the choice
' &g;) + Bgl)—= C for jzl?...,di ;i=l,...,m

and
* S T ;i'—'—‘l,...,m

28, ) J g

yields L{¥)=TC, with T = diag{3(1§ which clearly

implies that N[cl€ A [rl. :

Corollary 2.7.2. Let S=(A,B,CY£!1._ If the observas-

bility subspaces of S are independent, then there is
a solution to the decoupling problem via output feed~-
back. \ .
Proof. The i'® observability subspace of S is, by
definition s an{c c.A c An_l} and thus the 06-
' P 117G e m 0y 2 Aax : :
follary follows tri#ially from coxrolliary 2.7.1 above.
A :
The results contained in this section may also

be found in [51.

To end this chapter, we must point out that
altough those syétems belonging to fl have some nice
properties (as shown in sections 3 and 4 above), they

have one possible practical disadvantage. i.e., the
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high sensitivity of their decoupling properties to

parameter variations. This will be shown later on

in chapter IV.
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CAPTER IIf[ Decoupling of composite linear systems.

1). Introduction.

.
In‘this chépt;f we will consider the problem of
decoupliﬁg composite linear systems connected in ééé-
cade, in both state and output feedback and-in.paréllely
via state ;E‘eed’back.‘g As suchg'ﬁheée problems have re-

ceived little or no attention in the decoupling lite-

rature.

The cascéde conne;tion, and. to a certain extend
also the feedbacg connection, have so far only been
studied when associated withlthe dynamic decqupling
problem. That is, when a non»deéoupléble system 5=
(A,B,C) is given and a dynamic g?ecbmpesator §=(K,§,8)
is to be found such that é:(ﬁ,ﬁiéj, the cascade con=-
nection of § followed by S; %s decdupiable by state
feedback. (see fig.3.1l, section 2‘below){ So, it is
only natural to expect tha£ the results thus obtained,
concern the conditions which thé»given system S must
satisfy in order that such a précompensator ex;sfs.
Hefe we are concerned with the properties‘which S and
g, the precompensator, must possess ir order that the

-

composite system is decouplable.

For example, it is well known {(e.g. [531) that
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a;necéssary and sufficient condition for the existence
of a solution to the dynamic decoupling pfoblem is

thaf the given. system is“inveftiblé. In section 2
below, we sﬁcwithat givéh two systems S and S connected
in cascade, it is necessary thaﬁ both are invertible

if the composite System is to be state feedback de~
couélable. - Sufficiency is lost because'we ne longer

have the freedom to chose g apprapriéte}y.

Proceeding further, we obtain a necessary and
sufficient condition for the composife system to be
decouplable by state.feedback. The‘appfoach used is
algebraic, and is based directly on the main result
_of Falb and Wolovich [17], and the condition . thus
obtained is expressed in termé of the parameters of
the subsystems S5 and §, An analysis~of this necessary
and sufficient condition Shows that in general, the
‘decouplability of the composite system is not deter-
mined by the decoupling properties of either S or g.
By means of two examples, we show that 5 and § decou=
plable does not nécessarily' imply that § is decoupla?
hle, and that 3 éan 5e’decouplable even if both S and

~
S are not.

FaY "N
However, if S is decouplable and{di};i=l,...,m,
its decoupling invariants,are all equal, it is possi-

ble to show that the possibility of decoupling the
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Y,
N ’

composite system §, rests exclusively on whether S
is decoupiable or‘nof. We also Show that the system
‘ . A
acting as a precompensator, that is S, must be input-

observable, {(with ihppt‘observability index bounded

_above], if the coméoéite system is to be decouplable.::

In section 2 wé_analyze the découpling probleg:
of‘feedback,éonnecteﬁlcomposite‘systemé,,and consi-
der two possibié cases; (a).> When the system in the
feedback path is drivénkby the.dutput‘of the feed—
forward systém (see fiéw 3.2, section 3 below)} and
(b).~ When it is driveg by the sfate of the feedfor;‘
ward system. (see fig.3.3, section 3 below). In
contrast with the parallel conneétiéh,ff;frﬁhe feed;
back (both state and 6utput) cénnection, fhe‘deceuplww
ing' properties of the composite-sysfem'are completely

N .
determined by those of the\system‘in the feedforvard
path. That is, 5, the composite sysfem is decpuplable
by stéte feedback if and‘oﬁl§ if 5, the feed forward«‘
sxsteé is. Taken in the context Qf;the dynamic.-decoup-
ling problem, this result shows that dynamic feed-
back alone, cannot,transform a sjétem ﬁith weak in-
herent coupling into one with néminherent cquéiing,
[2]. Therefore, the dyna%ic'feedback which results
from applying a‘sfate feedback pair (F,G) to a pre-

compensated system only provides possible degrees of

freedom in the design.
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In the last sectiomn of the chapter, {he decou~
pliﬁg of composite systems formed ﬁy the conmmection
in‘ﬁarallel of two systems is studied. We first
obtain a mnecessary and sufficient condition for the
cémposite system S to be decouplable by state feed~
back, baséd¢ once more, aireﬁtly'on the results of
ﬁalﬁ\and Wolovich [17]. As in the cascade connection,
itvis.possible to show from this condition that, 5
and g,-the systems connected in parallel being both
decouplabie, does not mnecessarily imply that 5,'the
compOSite system isj; and that 5 may be decouplable
even if neither of the subsystems is. At first sight
this may éeem contrary to expectafions, but if‘wé
notice that the stétes of each subéystem are being )
fedback noé in independent loops; but through the
same input vector, then the result is heuristically
reasonable. A set of necessary conditions for the
existence of a feedback pair (F,G) which decouples
the composite system a?e also given.

The results of this last section can be used
to stﬁdy the effeét.éprarameter‘variations on the
decoupling properties of a given system, particularly
for variations in the input map B, and the output
map C. However, this will not be Hone here because
a more ad-hoc approach, which will aiso allow‘us to

consider wariations in A, the plant of the system,
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will be presented in the neXt chapter.

. We also point out, that, with trivial nodifi-
cations in the.defimition of {d ; i=l,...,m}, the

set of decoupling invariants, the results contained

in this éhapter can be easily extended to the more

genéfal case where a direct input-cutput map is intro=
duced in the output equation of the state-space des~

cription of the systems cohsidered.

3.2 Cascade connection.

Let us consider two comnstant 1ine3r systems S=(A,B,C)
L

R AL A Lo . . N
. and S=(A,B;C) .des¢ribed respectively. by

Ax(t) + Bult)  ___ (3.1)

x{t) =
y(t) = C x(t) — 3.2
and
S(¢) = 4 %) + B 4w m_;m__(sma)
§(t) = ¢ %(¢) | “fﬂmmmﬁj,é}

where x(t)eR, R(£)eR™, u(t),y(t), ul(t) and F(t)eRr"

A
and A,B,C, K,B,Tand ¢ are matrices of appropriate

dimensions.,

Consider now the composite system 5=(A,B,C)

formed by’thé cascade connection of gnfollowed by S.
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thét is,y set.

Ft) = ult) ' (3.5)

This is dillustrated in the following figure

Fig. 3.1

Fig. 3.1.~ 5 = (A,E,E); the cascade connection of §

REL o followed by S. | - .

Remark 3.1

For the cascade connection to be meaniﬁgful, it
is obvious that §(t) and u(t) must se.of tﬁe same di-
mension,m, say. The assumption that G(t) and y(t) |
‘also have dimension:. m is made in order to be able
to consider_the one-to—~one decoupling problem for g and
S as .well as for S. . In most problems, (e.g., when
‘§ is considered as a dynamic precompensator to be
fixed by the designer) this assumption constitutes

no serious restriction.

¢
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It is evident that the vector xwi(t).z [2ety,

Ta L e T .
'x(t)] , where (")  denotes "transpose’, gualifies

asﬁthé State vector of the composite systemS3. Thus,

" using eq. (3.5) and substituting (3.%) in (3.1), the

) following state space description of §_=,(§,§,E) is?,~ s
. obtainedy
: | A o] | &) B | :
¥ = A X)) +Bak) = | g1 + Aty _(3.6)
“ Lee a] [xtey] o
y(t) = T %(t) = [ o <¢] |=x(t) |
| . - (3.7)
L x{t)] L

In what follows we shall investigate the state
feedback decoupling properties of 3=(A,B,C) and will

try to relate them to the parameters of S5=(A,B,C)
la) ~ V .

and 5=(4,8,8). The first obvious result is
. :

Theorem 3.1. Let S be the\cascade connection of g

o followed by S. A necessary gondition for 5 to be de~ -
- ) : . . " ‘ i : A
couplable by state feedback is that both S and S are

. i . .
invertible..

- A - >'_ °
Proof. Let H(s), H(s) and H(s) denote the transfer

function mgtrices of Sy § and‘g respectively. Then
-‘I ‘ " VA
CH(s) = H(s) H(s) : : (3.8}

) N
and if either H(s) or H(s) are singular matrices, then
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det(H(s)) = O, which implies that S has strong inherent

coupling E2l],‘and no control law can effectvdecoupling.

' Define now {di,Bf},{Sijg*},‘én& {ai,é*}‘as in

" eqs.(1.5) and (1.6) in terms of the parameters of,ijjx

S, 8§ and ‘S, respectively. Then, from [171,[21]1, the

~ = o '
systems S, S and S will be decouplable by state feed-
back if and only if ‘the matrices B} B* and B* are

A3

nonsingular.

From the form of X in eq.(3.6), a direct calcu-

1ation shows that

A o
A= o1 R ;k:i,z,.b;
adplhk-1-3 4k |
.. J=0
. ‘ =t
and thus;
k-1

- < i nak-l—7iA : ,
EiKkB = E [c,a9B] [ERF1-38] jim1,2,... ;i=l,...,m
. '3:0 N ‘ . )
4 - . | | (3.9)
Vv From the definition of di ;i;i,;.;,m, we have

AR

S,AB = 0 for k<d. ;i=l,...,m (3.10)

and

- ’ A
Lemma 3.1. Let S be the cascade connection of 3 followed




o

s

by S. Then, {gi ;i:l,:..,m} s the set of decoupling

invariants of S;satisfies

o A
d; >d; + 1+ d* si=l,...;m (3,;1)

v,wherevg* = mini{gi}.

DProof. . That Ei Z.di + 1 is clear from {3.10) abave.

With this in mind, from‘eq.(B;Q} we obtain

- :
_d, 1tk Tod,+k

C.A B = [c,Aa ™t
it i

v d.+k~1
B] [CB] + [c,a® BI1[CAB] + ...
4 d i, V &Akﬁ .
oo+ [e,a "Bl [CATB] %k=0,1,c..
’ __(3.12)

for i=l,;...,my and as by definition of ai and 8*§
*

AT AT A N
.CA™B = 0 foxr k < d*, then

d.+l+k : 7
- =i - g :
CiA B =0 for k=011,.aagdf"l ;l=1’--ogm
i.e., d; > d; + 1+ d* , and lemma 3.1 follows.
: )
. Notice that
4, +14+8* a, ~ :

: o : - 2 . k3 N
' EiA + B = [ciA 1] [2a¢ B1 si=l, .. m

thus equality in (3.11) holds if and only if

a. o,
[o A BIT ¢ N rea° 31T

In fact, define

d, +k d, +k-1 d

¥ = [ec.A® B,c.A T B,...,c.A TB] ik=0,1,...
1 a L

L
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and.
A M
cB
o ANA
A CéB ) A
‘Jk:: : " H;?“k::o,l’.oo
" 8aks
and let.

SO S M ST .
B, =min{k:[L7] [W 1#0; k=0,1,...}, di=l,..0ym

then

i=1,...,m (3"13)
> ax

and obviously Bi

for‘all‘iﬁl;.?a,mg~which proves
the lemma.

Let now QB* =

= maxi{B;} , and define theAm(B*+l)~
row vector ‘ii(Bi) ;i=l;..;,m, as

LB =[L;* 5 0y, T si=lec..sm

where O, is an m(B*wBi)~zero row vector, and
2 B
20 -

then,
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Theorem 3;2. Let S bekthe cascade connection of g

followed by S. Then, S will be decouplable by state
' feedback if and ohly if

. rank{[i(Bi)] [§5*3} = m (3L14)

Cox

Proof. From eq,(3;13) and the definition of B*, Qk/

and L(B,), it follows that

and thus, theorem 3.2 follows.

Let us analyze eq;(j;lS) in more detail. It is
obvious that rankﬂi(Bi)jv; m énd -fank[§6*3‘= B
afe both necessary conditions for 5 to-be'decouplable.‘
in general h§Wever, it is not possiblé,to relate these
conditions to the decoupling prqpérfieé ofrs and ge
(Although from the form ofithevmaériﬁ i(Bi) it is easy
to see that the first of Fhe§e7¢0naifi;ns-will‘be sSa-
tisfied whenever S is découplable);, In fact, the follo-
wing two propositions show that tﬁelnehsingularity of
B* is not related in any way to the nonsingularity

. N
of the matrices B* and B*,

e
P

Proposition 3.1. Let 5 be the cascade connection of

~ ] Yoa .
S followed by 5. If 5 and S are both decouplable, it
does not necessarily follow that the compoSite system

is decouplable.
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Proof. . To prove this, considexr the following example,

where S and S are both decouplable but S is not. Let

N

§=(A,%,e) be given by

o 1 ol ] "0 0]

0o o 11 O 0o o

4 -1 =3 =3] 1 0

A=  To 1o 8= |0 1

O 0o o0 1 1 -3

! i3z |-35 6.
o[ 200 O ]
| O 11 0 of

o 1. o] [ 0 O]
o o 11 O 1 0
Bt B A UL
A = o 1 o B = o 0
1
O 1o 0 1 o 1
i =1 =3 =3 ] Lt
1 o oi. O
C= [~ -
| O 1 o o

A direct calculétion shows that



(v P4
oy wr wmr

[edd
to>

i.e.,

Now, the composite sYStem

= [o,0]
= [0,0]

= [1,0] :»-31=2
-
= [0,11 = 32=o,

the, syétem §=(3,%,6)

= {0,0]
.
z’ 1
=\/[1,0] =» a,=1
. B*

[

[0,0]'

I

fo,1] = d,=l| .

the system S=(A,B,;C)

det[B*]=1£0

1o i)

is decouplable. Further

detIB*]=140

is also decouplable.

S=(A,B,C) is given

from eqgs.{(3.6) and (3.7), by

01 ;

o 0 15 C) ;
e I N N -
f“o 1 of '

O ;0 0 1

=1 =3 =3
5”5“625_6-5{6
1 0 0/0 0 0,0
~3 0 0'1 0 0,-1
FE'Efﬁdflfu}rﬁaf—
OOOil‘_O o

1 0 013 0 ©.

a _ T - [ T
T | o o
0 C)' | 0o o
L 10
O O 1 -3
' L -3 6

|
i
L
!
¥
|
|
i
!
it
1

l_ Ol
0 1; O ()
-3 -3,
"o 1 o
() , 0 0 1 ().
(=1 =3 -3 ] ]




—-80m

and

- — - W l _______ '
C = . 1 o o 0O
A _ (} . C) R Sk SRt
ooy T 0 11 0 0
Thusy
Elﬁ = [o,o].
e mOm
&,A"B = fo,0]
"
= R o 1
¢, B = [o,0] f Zh -
32KE = [0,0] 0 1
Eqﬁzé - [011} w 52 = 2

o

and det[B*] = 0, which implies that the composite

system 5 is not decouplable,

Proposition 3.2. Let S be the cascade connection of

§ followed by S. If S and S are both non-decouplable

it is not necessarily true that S is non~-decouplable.

Proof. We shall use an example again to show this.

Let S=(A,B,C) and g=(3,§,6) be given as below
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v 1 1 ki
400.100,0__4400
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e
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Then,



2h4
onp

o

O

N.
o>
i)

(34
S

Y

(wsbg

2
224
> W

B> W
j\"]
wr &y o

Oy

A

and det[%*]

it

il il

1.

[1
[d
[1
[o
To

[o

Siﬁilarly,
C;B = [0
c,B = [0
c,B :‘[o

and det{B*]

decouplable

Qo
TR
o

254
1}
Bt

7

&
S={A,

%,?:)

O o
oo

1
M o M

is not decouplable.

¢ 0 -1
B* = ¢ 0 1
0 -1

0, which shows that $=(A,B,C) is not

0 -1] =%

o o]

1 o) =%

o ol

o ol

1 1] =p
, '

= O, thus

0 -1] =p

o 11 =p

0o -1] =p

either.

LS

However, a direct calculation shows that

1
L
3

and therefore

2
Ll

0

\

and
and I

andi

3Ia _
Ly Wy = [o o0 -1]
L2 é =[1 o o]
2.3
3 A
L = {1 1 -1
13 Wy £ -11]
and
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S Bx = [d(B] ﬁwjl =’

© 0 0i-1 0 0;0 1 0;0 0-1 [1 0 -1
= {1 0 0/1 0 0/ 0=106:0 0 1 o 0 o] =
o 0 0i-1 1 0! 0 1 0io o0 -1 0 0 O©
’ o o0 1
1 1 ©
0 0 O
) o o o
. \ 0 0 0
: ‘ 0 1 1
. o o0 o
. ~ 0 0 ©
‘ 0 0 o]
0. 0 -1
= |1 0 o
101 -1
which is a nénsingdlar matrix (det B* = =1), and thus,

S=(A,B,C) is decouplable‘by<staté féedback.'
.Although‘in general, as\pfopositions 3.1 and 3.2
abOQe-shoﬁ, it is not possible to relateithe decoupling
pkoperties of S and % with those ofig; we may still
cdnsider'spebial cases where this is ﬁossible.' In
fact, these are cases where froﬁ_the form of K(Bi)
and %B* y "and the:facﬁ that they must be'full rank -
matrices if S is to be-deéoﬁplable, one.can:obtain

some information about the decoupling propefties of

g s
S and S. For: example,
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Corollary 3.2.1. Let be the cascade coanection of

S
A a8 P
S be decouplable and dlzdpz..;
A

~ -
=dm=d*. Then, the composite system S will be decou-

S followed by S. Let

plable by state feedback if and only if S is. decovplable
by state feedback,

s~

Proof. It d1=d2

1
*

i
A
I
2y

*
o
=
o
)

and if § is decouplable, g* is nonsingular. This
necessarily implies Bi=§* for every i=l,...,m, and

from eq.(3.15)

and as B* is nonsingular then rank[B*]=m if and only

if rank[B*]=m and corollary 3.21 follows.

Corollary 3.2.2., Let S be the cascade connection of

S followed by S. 5 will be decouplable only if § is
input observable with input observability index smaller than

or equal to PB*.

Proof. The corollary follows directly from eq.(3.15)

and the definition of input observability, i.e., § is

: s
input observable if and only if rankfwnul] = .
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The éonditign impésed upon § in coro;lary 3.2.1,
i.e., 3l=32=...=§m ,-is restrictive and we do not
cléimvit‘will ﬁe encountered frequently in practice.
The main interest of the result is theoretical. How=
- ever, in the contégt Bf the dynamic decoupling problem,
" corollary 3.2.1 is of help 'in that it states that the

. ’ _ . . . AN O AAN
first nonzero matrix in the ulknown sequence CB,CABs...
A AT

CA B,...‘, must be chosen to be. singulaxr if the over=-

all system is to be decouplaBle;

A very nice featur; of eq.(3.15) is that B* is
eipressed in termsfof'ﬁﬁo mafrices each exclusiveiy'
determined by one of tﬁe subsystéms S and g. This
was used to develop a prooedure~fo‘obt§in‘a @inimal
. order pfecompeﬁsator for the Qyﬁgmic decoﬁpling pro-
blem. Althouéh this procedure was‘qbtained in an in-
dependent manner, it was found tﬁ‘ﬁe-glmost‘identical
with that proposed by M.C.Cremer [9} apd'fof that

reason will be omitted here.,

3.3. Feedback connection.

We shall now consider the decoupling problem foxr
the feedback comnection. Therefore, assume we are
’ A A
given two linear systems S5=(A,B,C) and §=(4,8,¢) as
L

described by eqsi(j.l)—(B.&), and let them be connected =

as in fig.3.2 below.
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0]

= NI et
<
?3'

n

vi{t) -

T

5 ® d [Sadm
S={R50).

—. v mw— — _———.———-u--»-—l

3

Fig.3.2. 5=(A,B,C):; the output feedback connection

A
of S and S.

The resulting system S, will be called in this
case, the output feedback composite system to méke’
clear that y(t), the ocutput of the system in the feed-
forward path drives the system g in the feedback path.
i.e;, . ‘

v(t) = 4(%) : (3.16)

To complete the output feedback connection we

u(t) = $(t) + v(t) | (3.17)

where v(t)e R" is the closed-loop input.

As in.the case of the cascade connection, it is
clear that %o = [£(+1,x(t)]  qualifies as the
state vector for 5=(A,B,C). Thus;'from eqs.(3.1)~
{(3.4) and (3.16),(3.17), the output?feedback composité

system S is described by the set of linear differen-
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tial equations

Rk : A Bel [&t) 0
X(t) = = A%(t) + Be(t) = | + v(t)
L %)) | 8BS A {x(¢) B |
(3.18)
and
' R
y(t) = Cx(¢) = [0 cl . (3.19)
x(t)
-k .y
Let A" be partitioned as
R 5k
1,1 ; 1,2
:‘\,k = ""'"'“":"”""_ ;k:l’zgouo
-k b x
Ar,1 ) 2,2 ‘
- -~ ) - -
where A is ap nxn matrix and 3 an nsx atrix, a A
1,1 m i 0, g 28 n m ixy on

-k - . . .
Al,z anol A'?t,l are of sppropriste dimensions.

(@]

From the form of and B in eqs.(3,18) and (3.19),

ai‘ké = ciﬁg,ZB k=1,2, ... (3.20)

and we'only-need to find Kk in terms of the parameters

2,2

of the subsystems S and S. After a direct and simple,

but tedious manipulation, we obtain

=11
[\
1]

A

.}

)
B

Com

¢
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iy 5 &8 o c
A = A° + [AB,B]
CAB CB CA
A A
CB 0 0 c |
-y /A 2 ‘ANAA AR AR AR
Ay 5 = AT+ [A°B,AB,B]|CAB g8 o cA |+ BLCBIlLcBlLCBIC
, ‘
CAPH CGAB 881 |ca®
[~A A _ . -
CB 0 0 o) c
AR ©°B 0 0 CA
EZ o = A’ + [4°B,4”B,4B,B] AADA  Ann an ol *
! CA“B CAB cB o CA
|CA%R CA%B EAB CB] |cal)
&8 ollcB 01 (CB o] [c
+ [aB,B] :
AASS A A A A A
CAB ©CBjlcaB c¢Bj |CAB ¢BJlca
and in general
:-;k‘_' k 5 . . . ...
A2'2 = A7 4 1 Terms whose first factor is of the
’ .
‘form AYB; for some j S_k—Z}.' '
k=1,2,.. __(3.21)

Thus if we define-{d.,B*} and {é.,ﬁ*} as before,
R i i

then substituting (3.21) din (3.20) we obtain

Eiﬁkﬁ = 0 for k=0,1,...,d,-1 ji=l,...,m
and
Jdy d; . :
C.A "B =c.,A B#0 ;i=ly...,m
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which imply that ai = d; ji=l,...,m, and

B* = B* (3.22)

Thereforse

Theorem 3.3. Let 5 be the output feedback connection

of S and g‘as shown in fig.3.2 above. Then S is de-
couplable by state feedback if and only if S, the sys-

tem in the feedforward path is decouplable.
Proof. The theorem follows directly from eq.(3.22}.

A second feedback connection of two given systems
is possible if x(t), the state vector of S (imstead
of y(t) the output vector) is used to drive g; This.
will be called the state feedback connection to dis=-
tinguish it from the previous case, and is represented

in fig.3.3 below.

|
v{t) 1 Yyt
» Lo~

wn

-

x®=0

e GRS ANCH  ARGC  DOw SRR i e WS WYy

|
|
l
|
|
!
|

5=(A,B.0)

L-_----------'--’

Fig.3.3. 5=(4,B,C); the state feedback connection



To obtain S$=(A,B,C), we set

a(t) = x(t) o (3.23)
and

u(t) = $(t) + vi¢) (3.28)

Remark 3;2. Notice that for this connection to be

feasible, we require that f(t) is of dimension equal
to ﬁ,'and as ?(t) must still be of dimension m, we
will not be able to consider tﬁe one—~to—-one decoupling
problem for §. To obtain a feasible connection, man-—
taining the dimemnsion of 4(t) equal to m, one could

m=1n
34

considered using a linear map K€ between x(t)

and G(t), i.e.,

SG(t) = K x(t)

to connect the two systems S and g'in the feedback
path. However, this is not necessary. As will be

shown below, the decouplability of the composite sys~

tem is dominated by S and not §, and thus, there is

no need to consider the one-to-one decoupling problem

for §,

T T
Using i(t)T = [R(t),x(t)] . again as the state

vector of the composite system, we obtain

20ty A A Bl [ 2 )
Z(t) = = A%(t) + Bv(t) = : o+ vit)
%(t) ' vBé A x(t) B ‘

(3.25)
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"and

e

y(t) = Tx(t) = [o ¢l . (3.26)

and with Ak partitioned as before,

where again, a straightforward but tedious algebraic

manipulation shows that

Kg 5 = Ak + {Terms whose first factor is AJB for
N , '
some j < k-2}  ;k=1,2,... (3.27)
and therefore
- -k= .
ciA B =0 for k=0,l,...,di-l si=ly ey
and . ’
-di— di
EiA B = CiA B # o ;i:'l’.o-’m

which imply that aizdi ;i=l,...,m, and B*=B* , and

the following theorem follows.

]

Theorem 3.4. 'Let S be the state feedback connection

of S and S (see fig.3.3 above). Then 35 is decouplable
by étate feedback if and only if S is.decouplable by state
feedbach, '

Theorems 3.3 énd 3.4 show tﬁat in general, in
contrast with the'resulté'of sectién 2 above, in the

feedback connection the system in the feedforward



ﬁath completely determines the decouplability of the

overall composite system.

Tt is a simple matter to verify that if the
(state or output) feedback composite system S is de-

couplable, then a decoupling pair is

F = -[&,B*"1ax]
and )
G = B*"ta
where :
'C Adl+l
1
A* = .
d +1
| cmA J

and A is an arbitrary nonsingular diagonal matrix.

As we pointed out in the introduction of this
chapter, theorems 3.3 and 3.4, if interpreted suitably,
show clearly that dynamic feedback alone is not suf-
ficien£ to solve the d&namic decoupling problem. It
is the use of dynamic compensation in the feedforward
path which transforms a nondecouplable system into

a decouplable one.
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3.4, Paraliel connection.

In this last section of chapter'III, we study
the state feadback deccupling problem for systems
. . . A ANA
connected im parallel. Let S$=(A,B,C) and 5=(A,B,C)
- be described by eqs.(}.l)?(j.é) and let S=(A,B,C) be.
the composite system driven by wul(t)=u(t)=0(t), and

whose output ¥(t) is
, N

F(t) = y(t) + F(t) ' (3.28)

» - P AN Hews  wrwmn WA NG ARG GEeY NN GENNS GO AGmGtm  TEWW GRS AR ST
le€oy - o e oy |

and S- : . \ \

. - e T m e

¢ As in the previous sections; 2(t) ! = [R(e),x(t) 1
quélifies as the state vector of 5. Substituting
(3.28) in egs.(3.1)~(3.L4}), and with u(t)=u(t)=0(t),

we obtain the following state space descripéion of S
2(t) " ; A o7 [Rr) B

t) = = A%(t) + Bu(t) = + G(t)
=ty oo Lo A x(t) B

. (3.29)

Ll
P
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and %(t)‘

F(t) = C %(t) = [C c] _ (3.30)
x(t)

and from the form of A in eqg.(3.29),

A 0
AE = ) ;k=l,2,...
o aF
Therefore
3, AB = &A% ¢ o A®B sx=l,2,... gasl,....m (3.31)

If {di,B*},{ai,%*} and {éigé*}are defined as

usual,; we have

Lemma 3.2. Let S be the parallel comnnection of S and

~ . : -
Se. Then

- A :
d; > min{d,,d.} ;i=l,....m _(3.32)

Further, the inequality in (3.32) holds if and

only if
. _ LA
(i) di == di and
. d, o Al
(ii) c.A *B = -C.A "B
1 1

' A
Proof. From eq.(3.31) and the definition of di and di’

- =km ,_ . A i '
ciA B =0 for L—O,l,...,mln{di,di}l,1~l,...,m.

and (3.32) follows. Now, if di #"gi , and we let
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& Y

. -" A /
r, = min {di’di} , then from (3.31)
[ a,
¢c.A B #O0 if r_.=d., and
T, ot .
SAB=4{ &
T ~ Adi“ . ; %)
C-A BJT‘ O lf r.=d
i ot
\

which implies that equality holds in(3.32). Thus,,"
: : ' 4.
i

A - ! P
assume di:di' From eq. {(3.31), ciA B will be ZEero,

if and only if' ¥

-

d, ) d.
8

¢}
=
")
o
i
{
ay
=7

and the second part of the lemma follows.

Define now the following sets of integers.

g ={i:a,<8q; ;1%1,.{.,m}

i
~ n A. . ' . '
J={i a;>d, ;1:}M1..,m}
N A .‘ _
and J = { e B di = di; l=l’, o b'e ,m*}
v
and let o
da.+N d.+7.
&~ s . LY
i B * = ¢ A g+ 88T B Mied
i i ,
where , et
di+J, -A'Adi+JA —
M. = min {j:_c.A B £ ~c.A B bied
i i . 3
Then,

“

Theorem 3.5. Le{'g be'fhe parallel connection of

'S and 5. Then § will be decouplable by state-feedback
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if and only if

(.- {B,* eg}={r} 5 {Br; icT}={R,} ona
{%; ;ie3}={R3}'are sets of 1inearly indeéependent vec—
tors and

Py

i) +

C(dd) .- @;jﬂ j@. = 0 i,j=1,2,3.

where &i= span{Ri}

Proof. The basis of our result is again the main
theorem of [5], i.e. S is decouplable if and only if
B* is nonsingular. From eq. (3.31) and the definition
Ll

Mied and E;{ = B*

of J,3 and 3, it is clear that %; = B; ¥ieJd;
3 i
i .

1;,%i53;‘. Thus

il

B* = P {B;; ieJ} PR

{Br; iel}

[

’{ﬁj"j ; ieJ}

where P is a permutation matrix, and
rank {ﬁ*} = rank {R}

Now, if (i) is not satisfied, rank {R} < m, and §

will not be decouplable. So, assume (i) holds. Then,

if and only if (ii) holds.
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i.e., rank[B*] = m if and only

 if (ii) is satisfied and theorem 3.5 follows.,

Corollary 3.5.1. Let S. be the parallel connection

A -
of 5 and 5. "Then S will be decouplable by state feed-
back only if
(1) rank[B] > p, where p is the number -of
elements in J.
(ii) rank[B] > q, where q is the number of
elements in-?.
A
s 1B
(iii} rank = m
‘ B

(iv) rank[e , €1 = m

Proof. ‘Conditions (i} and (ii) are obvious from
theorem 3.5 (condition (i)). Conditions (iii) and
(iv) follow from the fact that the transfer function
matrix of the overall system 5 must. be nonsingular

if 3 is to be decouplable, which implies rank[l] =

= rankfﬁ] = m. Las].

From theorem 3.5, it is'evidenﬁ that the relation~
ship between thé decoupling properties of S and those
of § and g are not straightforward in general., In
this sense, the situation is somewhat similar,to that

of the cascade connection, i.e.,
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Proposition 3.3. Let be the parallel connection

w e

~ . ' )
of 5 and 5. If § and are both decouplable by state

feedback, it is not ﬁecessarily true that S is“dxmphﬂe :

by stele feedback.

' Proof. Let S5=(A,B,C) be such that d.=1 , d.=2 , and

1 2.
1 0
B* =
c 1
ALA A A \ e A
and S=(A,B,C} be such,that dl=2 . dzzl s, and
To 1
B ="
lr o

..
2

That'such systems;cén be found is clear, because
{di,B*} is an independgnt set of invariants (segtion 2,
chapter. I). S and § are botﬁ decouplaﬁle; but S, their
parallel connection is not bécauée.g éinple calcqlation

-y

shows that dl=l R dgzl and N‘

i.e., det[B*]=0.

#

Proposition 3.4. Let S be the paraliei connection

of S and S. If neither S nor § are decouplable it

does not necessarily follow that S is not decouplable,

L]

~«

A

Proof. Consider S=(A,B,C) and 5=(3,8,8) such that
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and

0 1

N

d,=1 , d_=2 ana ﬁ*;l: .
SN 0 1]

Néiﬁhef S nor 8 are decoupldble. Yet, S=(A,B,C)

.

will have the following set of invariants {5i,§*}

- - ¢ m 1.0
d,=0 , d, =2 and B* =1

11

and as det[B*] = 1 £ 0, then S is decouplable.

’

\
5

Although the ébéée ?ropositioﬁs showvthat the
situation is similar to that encaountered in the cas~ _
cade comnnection, for the pafallel conﬁecfion there
are two obvious cases when the‘decqupiability of S
is ‘""dominated" by one of .the suQSysﬁeﬁs.\ These are;
‘(a); When éi < 3i Sp"ir—‘l,...,m;‘ E[r% %;his case B*=B*
and S is decouplable if and fniy if S.is,‘énd‘

(b). When a;, > 3; ’\7"‘:?.:—"1,.....,mg wﬁéré B*=B* and § is

. : LA S _
decouplable if and only if S is. decouplable,

‘As we mentioned in sectionxl, the results in this
chapter can be easily extended to systems having a

mofe general output equatioﬂ, 1.€@.,y
y(t) = Cx(t) + Du(t)

To do so; one only mneeds to modify the definition
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o ,

o ’ A - .
of di ; i=l,...,m (and consequently of di,and di), as

~

> J .
0 if DirO

min{j: ciAJ“ls # 0 5§=1,2,...,0-1}, if D_=0

for i=l,;,.,m, where Di denotes the ith row of D./(Not
to be confused with,Di of chapter II (eq.{(2.6)), the

. .
ith row of B¥*). T .
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CHAPTER IV. Decoupling and parameter variations.

l); Introduction.

s

In spite of %he great amount bf research whicﬁlh
has been done on the noninteracting control probieﬁg»
‘very little is known about the effect parameter vari-

: , .

ations have on the decouplimg properties of a given
system, Yet, this_is of great practical importance,
. because, in general, tﬁékparameters of most systems
éuffer small variatoﬁé due,for example, to varying
environmental cdnditiéns, ageiné, etc. Moreover,
in practiée7ﬁhe parameters of a givén.sYste@ are
known énly approximately (excépt for some pérame—
ters which may 53 considered ”ha#ﬁfal” zZeros oruﬁnes,
and , one may reach a wréng conc¢lusion regérding the.
'possibility of effecting ﬁon~intera§ting control.
It is then Very'important'td be able to say undexr
ﬁhich parameter variations or‘estiﬁation errors,
ghe decoupling properties of aﬂsysﬁem remain inva—~

riant.

Let us consider a given linear time-invariant
system S = (A,B,C), which, we will call the “nominal"
system, described by the set of differential equa~

tions
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%(t)

i

A x(t) + B ult) o , (4.1)

y{t)

1l

¢ x(t) " (1.2)

where x(t)eR™, u{t),y(t)eR™ and A,B, and C are

" constant matrices pf appropriate dimensions.

If the parameters of the nominal systém vary;
i.e., if AwsA+DA, B:%B+6B, and C++C+8C, then
SV"?'S6 = (A§A,B¥8B,E¥5C) , where Sé" the "perturbed” sys-

tem is &escribed by

()

]

(A+5A)-$(t) + (B+6B)ult) (k.3)

1

¥(t) = (C+dC) K (%) | (L)
Do the nomimal and the perturbed systems have
the same decoupling properties? Iﬁ:what follows,

we will consider two différent.ﬁrqblemé:

(i) lThe‘decﬁupling and data sensitivity prob=
lem [16], or total-inputJQﬁtﬁut invariance problem
[58],:which can be stated as: Fin&;the class of
aémissible pgrameter variations such that ﬁhe;e
exists a state~feedback pair (Fgﬁj, (i.e. a control
law as given by eq. (1.4)), suéh that
(a).~ (F,G) decouples S:(A,B;C) and

(b).~ The outputs of S(F,G)=(A+BF,BG,C) and.saiF,G):

[(A+6A)+(B+SB)F, {B+0B)G, c+bcCl ére‘equal for
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m

all closed-loop inputs v(t)¢e R, and all initial con-

ditions x_=x(0)=X(0), for all times .t > O.

(ii). The inpﬁt—output invariance problem [58].
That is, under what parameter variations 5A, 5B and

8C does Sa=((A+6A),(B+5B),(C+5C)) remain decouplable.A

Of thiese two problems,rthe decoupling and data
sensifivity problem is perhaps'bf greater practical
importance, because if there exists a decoupling feed¥
back pair satisfying (i).(a) and (i);(b), it means
that theAclosedwloop.system is insensitive to parame=
texr variations and retains noninteraction, which are
highly desirable properties. Howeveyx, the inputeout~
put invariance problem is also Qf importance When l

decoupling is to be included as part of the design

requirements.

The results preéented below.for the decoupling
and déta\sensitivity problem ére equivalent to those
of [16], but the approach used here is simpler and
more direct. Further, in pracfice, it is easier to
calculate the subspace characterizing the class of
perturbations for which the problem has’a solution
using theorem k.l below, than it is using the beauti-

ful characterization given in [16], and our result

may be readily interpreted intuitively.
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The results fbr %he_input~output invariance pro-
blem extend thosé in [58}. Moreover, we also consider
poééible pérameter variations in A, the plant of the
‘sysfem; Some'éf the results are given in a way that
- resemble those éf [473 0n.the robustness of éontrol—
lers and it is in this‘éense that ﬁe may consider the
input-outpuﬁ‘invariance probliem as that of finding
coﬁaitioﬁs for the existence of ”robﬁst deccupling”‘

configurations.

2). Decoupling and data sensitivity.

In this section, we will assume 0C = 0 , i.e;,
wé will only consider parameter variations in A, the
p;ant-of the systeﬁ and B, the input map. This might
seem restrictive, bﬁt in a large number of practicai
situations the outputs of the system are only a sub=
set of thé states. Thus, the parameters of C, which -
are then only onés and. zeros, appear 'maturally', and
one does not expect variations. Furthermo:e, it 8cfo,
then clearly condition (i).(b) above in the statement '
of. the probiem, cannéﬁ-hold, and the decoupling and
data sensitivity problem has no solﬁtion, {Notice
that if B8C#0, then y(0)=C x(0) and $(0)=(c+8C) X(0)
will not be identical for all possible initial condi-

tions x(0)=%(0)e¢ R™).
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Let us define {di; i=l,..sgm}, thé set of .
decoupling invariants of 5=(A,B,C) as usual, (see

. ) ' t
eq. (1L.5)), and, with the i.h raow of C denoted c. .
define ' '

. (o)
l R -

| 4 L (kem)
and | ' | o, ) . .

o (4.6)

(&.7)
A A A, ’ . 7
and let di; i=l,...ym; B* and A* be the corresponding

matrices for the perturbed-sjsfemq'i86=(A+6A,B+6B,C).
i ‘ o ’

By.taking successive derivatites. of y.(t), the
i component of y(t) in eq. (4.2), it is straight-
forward to obtain, for the closed loop system S(F,Q)

b

yég)(t) - CiAJ‘ X(t) H jZO,l,...,'di H i=l,.‘_..,m (

£.8)



and

(a,+1) ° d,+1 ai d,
Yy (t);(ciA +ciA BF) ;(t)+§iA BG V(t)?1=1’°"'m(4,9y

(k) th .
where vy (t), denotes the k derivative of yi(t).

) ' th
Similarly, for ?i(t), the i component of §(t)
in eq. (%4.4), we obtain, for the closed loop system
_ o v .
Al 3 i A C, o .
YiJzt) = Ci(A+6A)Jx(t) ;J=O‘l’...,di ;l=;,..-,m . (,Ii:.lo)

*

) 3§+1 Q;&Q ‘ “
To(t) = [e (arda) & o+ c, (A+BA) H(B+dBIF] X(t)

~A

d. . S
' X ~ > B
+ ci(A+5A) (B+dB)G y(t) ; 1—1,‘..?m (4.11)

Now if we denote the image of a map by Im(")
. .‘ X ' ' .‘ .
and the null space by N(°), we have

*

Theorem L4.1. Let S=(A,B,C) bé given by eqs-(&.i},(é.Z).
The découpling and data sensitivity:prpblem has a
s;lution'if‘and only if ~
- (1). B* is nonsingular, andfr
‘(2). Im(dA) + Im(éa)c:j([w(°)]
_ .
Proof. Condition (1) abpve, simply ensures that there

exists a feedback pair (F,G) which decouples $=(A,B,C),

[17],[=21]. Thus, only (i).(b) in the statement of the
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4

problem (section 1) remains to be satisfied.

(If£). Assume that Tm(5A) + Im(6B)< N[w(®1,

then, it is clear that
ciA? = ci(A+6A=)J 5320yl 0. eyd 1 gi=l,...4m w;ﬁé.lz)

In fact, it is very easy.to show eqg.{L4.12) hélas

if and only if Im(6A)C:)([W(O)].: This means that

e, (A+84) I (B+6B) = c.AY(B+6B) = c.AYB + c.AYBB
' 1 . 3 i . 1

$ =01, 0h,d 0 il ,m | (4.13)
and‘as,Im(SB)C:)(fW(O)a,,then

c; (A+6A)I(B+BB) = c,AIB ;3=0,1,:i..,a, . . i=l,... w00

which implies

2>
0
o

;iﬁl,.:;.,m ) ) (Li:olli)

~,
and

A \ ' .
B* = B* Cos (k.15)

T
and from eqs.(&le)’(é.lé) and (&.7),

: A* = ax o (4.16)
Define ﬁow
F = _B*"lA’.*
and
-1

G = B* TA

with A:diag{xi} , nonsingular. With (F,G) so defined

the feedback law
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" ow(ty = Fx(t) + Gv(t)
integrator decouples S=(A,B,C), (see remark 2.k), and
thus for the closed-loop system S(F,G),
(di+l) '
Y4 “(ﬁ) = Kivi(t) si=1,...,m __ (4.17)

From egs.{(L4.14)-(4.16), the same feedback pair,i.e.

g(t) = FR(t) + Gv(t)

is also an integrator decoupling feedback law for the
perturbed system 56=(A¥6A,B+6B,C), and the output of
the closed-loop system\SS(F,G) is given by

I\(di+l)

Y.

4 (t) = Xivi(.t) ;ifl,...,m (‘1‘;&7.18)

Hence, from egs.(4.17) and-(4.l8)

(di+1) Ald+1)
V. (t) = ¥y, (t) ;i=l,...,m, ¥t > O
i . X ~ ' .

(&.19)

for every‘xo=§o=x(0) and all v(t)é'Bm: Furthermore,
- Ty
differentiating (4.19)

{a;+k) AL +k)

Yy (t) =¥y,

i () 3i=ly.e.,m  3k=1,2,...;%t >0

{&£.20)

for all initial conditions and closed-loop inputs.
- (3) - . old) - :
Define now y. (t) = Zi,j(t) and y, (t)y = =, j(t),

L

i‘-:]_,.-.,m ;jzo,l,aoojdi'*'l- Then,
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Zi’o(t) - ’ B
z;,1(t)
zi(t) = . () = Mz (t) + Nvi(t) =
l,d.
i .
"0 1 0 ... 0] | %i,0'%) o
- g N
0 0 1 ...0 zi,lft) o |
= O .. . + . v (£) _ (h.21)
0O 0 0 ... 1 o ‘
Zi,di(t)
|l 0 0 0 ... 0 AL
- 1 l_
and
Zi,o(t)
~ A
iv’l(t) | o |
S _ * - ﬁ. ’ ) ’
zi(t) = : = Mz, (t) + Nv, (&) L (Lh.22)
o \
;\ .
i Zi,d.+l(t)
L 1 -~

with M and N as in eq.(4.21) above. Comﬁaring'these
two sets of differential equations it is evident that
zi(t) = gi(t) ;i=l;...,&,‘fo£ all t > 0 and,all-vi(t);'
i=lgeeo.ym, if and only'if their initial conditions‘

are identical, i.e., if and only if z (0) = %i(o), or



w

~1i2~

S

eguivalently,

yéj)(O) = ?ii)(o) 7i=lyeeesm 33=0,1,...,d 41
| | (4.23)
With t=0 iﬁ eq.(4.19), it follows that (L.23) is't

satisfied for i=l;,.:}m, and j=d;+l. From eqs.(4.8},
(k.10) and (4.12); and x(0) = %(0), eq.(4.23) follows
for j=é,l,..;,di 3i=ly...ym. Therefore, the closéd—
loop outputs of the ;systems S(F,G) and Sﬁ(F,G) arer.
identical for all + > 0, all initial conditionms x_ s

and all inputs v(t), and sufficiency follows.

(Only if). To‘pfbve the necessity of condition
(2) of theorem 4,1, we first notice that in order to
satisfy (i).{(b) in the statement of the problem, it

is mnecessary that » .

~ . ‘ Y,
di = d,i N ;i=1’ cko‘c ’Ill- . ) (4.24)

If this is not so and, without loss of generality
. .
say, di > di for some i, then, assuming zero initial
conditions we obtain from eq.(L.8)
i .

(3,+l) -
vy, © (o) =0 : (&.25)

kR

whereas from eq. (4.11)

(d.+1) S, |
v, 5 (0) = cs(a+dA) T(B+BB)G v(0)
d

. . .
and as by definition of d , c, (A+BA) 1(B+6B) # 0, and
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G is nonsingular, then’

A(3.+1),

Yy t (0) # 0 for some v(0) (Lk.26)

and eqs.(4.25) and (4.26) violate ti).(b). Thus,
. (4.24) must hold. ‘Coﬁpariné now egs.(4.8) and (4.10),
Tit is also.obvious that for (i).(b) to be satisfied
for all initial -conditions Xox§0=x(0), it is neceéééry
that . | X
ciAj = ci(A+SA)§i ;jﬁol,l?...,di ji=l,0..ym (4.27)
Furthermore, from egs.(L4.9) and (4.11),,aésuming

x =AO=O, it is also regﬁired that
B* = B* (%.28)

and again from egs.(4.9) and (4.11), but now assuming
V(0)=O'

A = A% o . (4.29)

Clearly, the necessary conditions (4.27) -and
a Lot (o)
(4.29) hold if and only if Im(6a)ye N [w "’1, and
the necessary conditions eXpressed'by (4.24) and (4.28),
i : ' : :

imply Im(éB}c:j{[W(o)]. Thus,‘t?lsatisfy (i) (b}

it is necessary that

m(6B) + Im(&A)C-‘-j‘{[’W(O‘):!

v

and theorem 4.1 follows.



Tw

-114-

For the class of systems fL, defined in chapter

II, (1.e.,11 {S S is decouplable and m + Z:dl = n ),
=1
the following corollary holds

Corollary 4.1.1. The decoupling and data sensitivity

. problem. has no,sofution for the class of decouplable

linearisistems which preserve observability under-

arbitrary state feedback,
2
¥

Préof. As we have shown in chapter II, section 3,

i, the class of decoupiaéle linéar s&stems which
preserve observablllty under arbltrary state feedback,
is characterized by the equallgy m + ZL dl = n,
Further, the rows of W(o) are-iihéarlyﬁ?ﬁdependent
vectors [17], and therefore j([w(°)] = 0 énd'any Nnon=-
trivial variation (i.e., # 0) iﬁ A or B violates

condition (2) of theorem L.1. B

This means that although the systems belonging
to ML have the very desirable properﬁy of preserving
o%servability, they are extremely sensitive to any

parameter variations.

[P
S

The class of systems less sensitive to parameter
variations is, on the other hand, characterized by
di=0 ;i=l,...,ms For these systems the variations

for which a solution to the decoupling and data

sensitivity problem exists, must lie in the (n-m)-

- A\vy,;;'

)
4N

-
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dimensional subspace N[c].

Let us now establish the equivalence between
theorem 4.1 above and theorem 7 of [16], obtained
by Fabian and Wonhgm&using.a geometric approach, i.e.,
the decbupiing and data éensitivity problem has a
solution if and-only if

(i) S=(A,B,C)Qis decouplable, ahd

(ii) Im(SA) + Im(éB)C'YiO), where
V() sup {'))/‘))CA_]'(Y +<f5)ﬂ)/[c]} ; (4.30)

where A—.l(“() = {Z:)Az?s"y}, B = Im(B) and sup {}
denotes the maximal subspace with respect to the partial

ordering introduced by inclusion.

All we need to establish the équivalence is to
show that 9(0) =)([W(o)]. Forﬁihis, we require the

following preliminary results. Define

c. -
l .
wi=3r 2 $i=1yeee,ym (4.31)
i L ' d.=j : S
i
c. A
i
where Wi_;)=0 whenever di»< js and let

R At .32
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then,

.

Lemma 4.1. Let ® and ® be subspaces of R”. Let RcO®.

Then R=® if and only if dim®= dim®.

The proof of this is obvious and well known, and

is omitted here.

. z N -
Lemma 1& 2. Let S=(A,B,C) be decouplable. Then,

(i) @C}([W( l)]

(ii) Equality holds in (i) if and only if m +Zd

Y i=l
(iii) @ﬂj\/[w(o)] ={o}l.
Proof. ' To show (i) assume x€fd, then the:}e exists
v& BR" such that By=x. Thus wi- l) (-l)By = 0,
(~1) 8 (-1) s
i.e., xeN[w 1, ana BcNlw ] ~To show (ii),
notice that S= (A,B,C) decouplable means rank[Bl = m,
L4s], di.e., dlmﬁz m. Also, ‘the rows of W( -1) are

linearly independent if 8 is decouplable;'i.e.,

m . .m
Z'd ,andas m+z-‘di_<_n
i=l ' (1) i=1

(171, lemma), then, dim N[w ] >m . d.e.,

di mJ‘([W( 1)3

dlm)([W( l)] pd dlm@ y with equallty holding if and

only if m+2:' d. = n, (ii) follows from lemma L.1.
i=) . v

To prove (iii) let x # 0¢f. Then, By=x for some

y # o0¢grR® and.

1
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, C 0]
0
E
By
) W(o)x = W(Q)By = . Yy
G
6 y
B*
m

=3 -

{.
which is different from zero because S=(A,B,C) is
decouplable and B* is therefore a nonsingular matrig.

Thus xfj([w(o)3 and . (iii) follows. -

Lemma 4.3. Let S=(A,B,C) be decouplable. Then,
@ ej([w(°)_] =y w1 ‘ (4.33)

- ‘ N ﬂ‘ ) .
Proof. Let zeﬁﬁaj([w(°)3.\ Then there exist  (unigque)

vectors xe® and ys)([w(°)] such that' z = x + y.
, oy
So,

(-1,

(-1) ¥

W z = w x4

i
} (0)‘! o 1 (“"l)
but as ys}([w 1, then clearly .yeN[w ] and as
xefd, from lemma 4.2, (i), xe)f[w(—l)]. Then,rw(—l)zzo

i.e., zej{[w("l)] and

. BeXN [ixrv(°)]=ﬂ[%v(fl)3 - (h.3b)

If S is decouplable, then dim B= m, and
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. (O) . * /m . . ("l) _ )
dim N w 1 = n - (m +Z.«dj_) ; dim N[w ] -r-l_Z-di
i=1 : i=1
As it is well known that dim(X+Y) = dim A+ dim9
for any two disjoint subspaces'x,%}éﬁn, then

N ’ m . ’

dlm{ B @)([w'(o) ]} = mt+n-{m+ ZJ di) - dim}{[W(-l)]

| E R |

and from eq.(4.34) and lemma 4.1, lemma 4.3 follovés‘._

o .
We can now establish v

Lemma 4.4. Let 5=(A,B,C) be decouplable. Then

AT = AL BN (ha35)

Proof. Let ze/‘f[W(o)]. Then ‘
' Cz = O L ) (4-36)

and ~

w Bz = o
Thus, Azé)\[[w(—l)], and'from lemma L.3, Aze@-&-){[W(o)].
This together with eq.(4.36) implies that

e A;l(@>+)([w(°)])(LM£c]. ieeoy
Niwl1e a P w3 + BN NTedl (837

Now, let ze A" WIw'®1 +®) N\ N[cl. Then cz=0
&
and Aze63+J([w(9)], which from lemma 4.3 impliés
- ' o
Az e)/[if( 1) J. This together with (4.36) imply

e w1 e,
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ATt w01 e Nrcle vrw(e) ]  (4.38)

and the lemma follows from egs.(4.37) and {(%,38).

The above lemma 4.4, shows that ){[W(O)]‘is a
‘member éf the class of subspaces satisfying
Vv A-l(? +® )N N[cl. Lemma %.S below shows that
it is the maximal subspace belqnging‘to this class
and thus, that ¥°) - N7,

Let @j be any subspace independent of j([w(-3+l)]

such that @jCLM[W(Hj)],’and define %&»j)=}V[W("j+l)]+ @j'

Then

Lemma 4.5. Let $=(A,B,C) be decouplable. Then
A"l('\)(_j)d-@)n Niclc '\)(_J.) for j=1,2,... _(L4.39)

Proof. From lemma 4.2, (i), SBC;M[W(—l)]. Then,

obviously, 6;;X[w('j)3.;j:l,z,...,-so‘that
(’9(_3)%@5) SR AR ARl I P+ &) c w37
This implies that
AR 'Q(_i} +'¢5) c A;l(.)\(féf(—j)])
and |

Yy N atel e ATt TP DN



But clearly,

A”l(){[w(”j)]) N Nrca < /‘{[w("j”‘)]
thus, -

A7 m)(_j)db y (1 N e _c'_:]([w('j”)]

and as by definition N [w' 3*1)]c ’\)(_J}

AT e NNTel e Y,

and lemma 4.5 follows.

As j([w(o)]c: %) vy and ‘9- . is not a member
- (-3} (=3}
of the class of subspaces W/C:A—l(7/+65)(})([C],
for any (Pj and j=1,2,..., but jf[w(o)]rdoes belong

to this class, then NI[w'®'] =4(°)

From the intuitive point of view; the meaning
of Im{(OA) + Im(&B)C:)([W(O)] is moreAclear than
condition {(ii) above eq.(4.30), Roughly speaking,
it requires the parameter variations to be unobser-—
vable from the output of the closed~loop decoupled

(o)

_system. This is not so cilear if one uses ‘Q



-123 -

3. Input-output invariance problem.

In this section we shall be concerned with fianding
under which parameter variations a given decduplable

system will remain decouplable.

Let us first consider variations in the input
map only, i.e., S5S=(A,B,C) > SaBz(A,BfSB,C). Then,

we can prove

Theorem 4.2, Let S be decouplable. If Im(dB)c®,

i.e.y, BY = 0B for some (uniguely determined) Ye&mxm,
then the system 565=(A,B+6B,C) is decouplable if and:

only if (I + Y) is a nonsingular matrix.

Proof. (Only if). It is well known [55] and easy

N

to establish that a necessary condition for 86 to

B

be decouplable is rank(B+8B) = m. Thus, if Im(&6B)c®
this condition can be expressed as‘~rank[B(I+Y)] = I,
which applying Silvester's inequality, holds if and

only if (I+Y) is nonsingular. (Recall that S is decou-

' plable and therefore rank[B] = m).

(If). Im(dB)e(® implies, from lemma L,2,(41),
- N
that Im(ﬁB)C:)([W( l)], and this means that di Z_di,
¥i. Assume (I+Y) is nonsingular. Then,

d. d.
c A L(B+6B) = ciA.lB(I+Y) 3i=l,,..m.
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. ) : d.
which is non-zero by definition of diA(i.e., ciA'lB#O).

Thus &, = 4., and
‘ 1 1

B* = A**(B+8B) = A**B(I+Y) = B*(I+Y)

N i A
- where A** is defined by A**A=A*., Therefore B* is

nonsingular and theorem 4.2 follows.

As stated, theqrem 4.2 is - of little practical
importance beééuse it requiréé'the knowledge of Y,
and thus of 0B. Howe&qr, based on it, we can prove
a further result which,shows the robustness of the
decouplability of a sf%tem for the class of pertur-

bations defined by Im(dB)= (. i.e.,

Theorem L.3. Let S be a decouplable system. Then,

for every OB such that Im(8B)=® , there exists an
. ’ .~ o
® > 0 such that Sggp=(A,B+£(56B),C) is decouplable
for every £ such that l&l < .
o ‘

Pfoof; From theorem 4.2 above, Ssé%(A,B+e(6B),C);
(Im(dB)= B ), 'will be decouplable if and only if
(I+£Y) is nonsingular. For £ 50; (I+eY) is obviously
nonsingul;r. Let £€#0 and denofe s=l/5 . Then;

(I+€eY) = €(Is+Y), and if %e letxki 3i=1l,...,m, be

the eigenvalues‘df'(—Y) apd K; 3i=Lly 00 thosé'whichA
are.real, it islobvious that det(Is+Y)#0 for every

s such that (sl >,(K£axi = max{iki& . Therefore,



det(I+eY)#0 for every € such that‘1€‘< l/lk* ‘ N
max

and this together with theorem 4.2 imply theorem 4.3.

This result is in a useful form because it
simply ensures that whenever Im(8B)cZ @, then the

system will remain decouplable provided that the

perturbations are sufficiently small,.

A corollary of theoretical importance is easily k>

derived, i1.e.,

Corollary 4.3.1. Let S=(A,B,C) be decouplable and

Im(6B)=B. i.e., BY = 8B for some (uniqgue) Yer™ ™

»

Then, if Y is skew-symmetric, Sgg=(4,B+bB,C) is

decouplable.

Proof. If Y is skew-symmetric, then all the eigen-.
values of (~Y) are imaginary, except possibly one,

which is zero. Thus, from theorem 4.3, SaB=(A,B+£(6B),C)
will bé decouplable for all &3 |el< @ , and corollary

L.,3.1, follows.

A result similar to theorem 4.3 is still possible

if we enlarge the class of admissible variations 0B,

thus -
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Theorem 4.4, Let S=(A;B,C) be decouplable. Then,

for every OB such that Im(@B)C:)(fW(—l)], there

exists o > O such that 8 B=(A,B+£(6B),C) is decou-

)
plable for. every [El< a.

Proof. From lemma 4.3, )([w(“l)]‘=639)([w(°)]. Thus ,

Im(sB)e N [w'™t)]

implies that there exist unique

matrices N and Y.;WSO?N = 0 , such that

]

8B = N + BY ~ (4.40)
~ Now, consider A**[B+£(6B)]. From eq.{k.L0),

A**[B+e(8B)] = A**B(I+£Y) + € A**N

(o)

but as W N = ¢, then A**N=0 and

A**[B+E(8B)] = A**B(I+eY) = B*(I+eY)
. A
and following a similar argument to that of. theorem
b.3, Sgg=(A,B+&(6B),C) will be decouplable for all
vy o
IEl < %/&* ., and theorem 4.4 follows.
' l max‘ -

Let us ﬁow consider parametef variations in 4,
the plant of the system. i.e., S=(A,B,C)F+'56A=(A+5A,B,C).

Then,

L]

Theorem 4.5. Let S=(A,B,C) be decouplable. If

1m(6A)C:j([W(ﬁl}], then 56A=(A+5A,B,C) is also decouplable.
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Proof. If Im(éa)é:j([w<“l)], then
ci(§+6A)j = ciAj 537031y 0 0e,pdy ;i:l,...,m :
4ahd therefore
ci(A+6A);BE= ciAjB ;j:O,;,.;.,di ji=1l, ... m
which im?lies tgat ai:&i ;i=17‘..,m, and

* = B*

m>

{ T
. v
. A o N .
" 'Thus, B* is nonsingular because S=(A,B,C) is-
decouplable, and theorem 4.5 follows.

The resultS‘given‘above for the input-output
invariance problem are far froﬁ'being a complete
answer to it. In faét, the cases we have considered
are those where the di's remain invariant, but the

problem may still have a solution éven‘if_the di's

vary.

This can be easily seén‘from’the resﬁlts of
sgctibn 4, chapter III, on the decé#pling of systems
4 .
connected in parallel. If we cdniider only variatiqns’
'on'B (or C), the pérturbed sys?em‘SSB=(A,B+6B,C),
may be ﬁongidered to be the paréilel donnectioﬁ of
$=(A,B,C) and 5=(4,8B,C), and it is clear that 3

may ''dominate! fhe decouplability of 55 This is

B
illustrated by the following example. Let S=(A4,B,C),

'



A

wherxre - D L

"o 1 0 01 [o o] 1 0 0 ©
C =
1 0 0 1 0 1 ‘ O 0 1 o
A = « B =
0O 0 0 1 0 ©
0 0 1 O ] 1 0|

Then, dlil, dzz;, and

S0, the nominal system S is decouplable. Consider

w

now, for example, a matrix 0B of the form

1 X
X X
6B =
0o 1
-X X -t

where the X's represent elementg‘pOSSiﬁly different
from zero. Then, for g a direct calculation shows

that d,=0 , d,=0, and 5 "dominates" the decoupling

o? SﬁB (theorem 3.5). i.e.,
; .
A e 1 X
B* = B* =
c 1

and although the d,'s have varied, Sgp is still

»

decouplable,

Cases like .this where the response of the closed-



rOOP system is completely determined by the variations

are however, not desirable.

Finally, notice that although the pertufbed
system‘86 will remain decouplable if the variations
satisfy the conditions given in theorems 4.k and k.5,
the feedback pair (F,G) which decouples 3, does not

necessaxrily decouple Sﬁ'

Little 'e'mpha.s"'is has been placed In the case where BCZO
in' this section, because as we méntidned_before C will
in general, consist of "natural' elements (ones and
zeros). However, in contrast with the aata sénsiti~
vity and decoupling problem of szection 2, it is no
longer true that the input-output invariance problém

will have no solution if 8§CHO.

The results contained in this chapter can also

be found in [6].
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CHAPTER V. Decoupling of discrete time-varying systems.

1). Introduction.

In the previous three chapters we have analyzed
some problems associated with the noninteracting control
of linear continuocus time invariant systems. In
this chapter we will consider honstationary discrete
time systems and will solve the basic existence

question for one-to-one decoupling.

In the brief survey given in chapter I, we
mentioned that most of the results available for the
decoupling problem were obtained for continuous time
invariant systems, although they also hold for discrete
time invariant systems with trivial notatiomnal uwodi-
fications. Some of the results have been extended
to ﬁhe continuous time_varyiné_situatiog by sejeral
authors,[Bj],[50];[56],[63],[673,[76], and the basic
existence question has been sclved. The only attempts
to extend these results to linear discrete timenvarying
systems are those of W.A.Porter [50] and V.Sapkaran
and M.D.Srinath [57]. Of these, Porter's paper gives
only a sufficient condition for the existence of a

decoupling state feedback law. Sankaran and Srinath

extended Porter's results, and found a condition for
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the existence of a solution to the decoupling problem
which is both necessary and sufficient. Further,
they gave a characterization of a class of decoupling
féedback pairs.lAHowever,.theif pa£e£ containé some
undesirable concepts arising partly from their |

definition of a decoupled systém.

Remark 5.1. They require the variations in yi(k+l),

the ith output of the system at time k+1, due to

variations in uj(k) s J#£1i, the jth input of the sys-
tem at time k, to belidenticaliy’zefo. This ensures'
noninteraction in one time step, but interaction may
still occur through the input a£ previous times, i.€.,
the variations of yi(k+l) due to variations in uj(h),

j#i, h=k-1,k~2,..., may be different from zero.

Below, we reconsider the problem and under the
assumption that the decoupling invariants are constant
over the tiﬁe.interval,of interest, . we give-a-ﬁéceé—
sary and sufficient condition for the existence of
a solution to the decouﬁling problem via state feed-

back.
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2). - A necessary and sufficient condition.

Consider the linecr discrete time varying
system S=(A(k),B(k),C(k)), described by the set

of linear difference equations

x(k+l) = A(k)x(k) + B(k)u(k)
'and

: y(k) = C(k)k(k)
where u(k)s mm, y(k)e Rm, and x{k)¢ Rn, are the
input, output and state vectors respectively,
and A(k), B(k) and C(k) are time &ependent ma -~
trices of appropiate dikensions defined over the
time interval‘of interest fO,kf]. Consider the

state feedback law given by

u(k) = F(k)x(k) + G{k)v(k)

where v{k)¢ R™ is the external or closed-loop
input vector, G(k) is a nonsingular matrix for

every k E[Oskf]gand F(k) is an appropriate matrix.

If we apply this feedback law toc the system

of egs.(5.1),(5.2), the closcd~loop system

_(5.2)

(5.3)
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S(F,6)=(a%(x),B(k),Cc%(k)) is described by

x(k+1) = AS(K)x(k) + BC(k)v(k) - (5.4)

and

y(k) = c®(x)x(k) _ (5.5)
where

AS(k) = A(kx) + B(X)F(k)

B(k) = B(k)G(k)
and

cC (k) = C(k)

In general terms we shall say tha% the system
S in egs.(5.1), (5.2) is decouplable by state feed-
back if there exists a pair of matrices (F(k),G(k)),
gsuch that each component of thg outpit vector of
the élosed-loop'sYStem'of'eqs.(5.4);(5{5) is inde;A
pendently controiled by its corfespondent component

in the external input vector.

Although this intuitive definition is helpful
in understanding the problem, in what follows we

shall need a rigorous formalization of it. Let



yi(t) and ui(k) be the ith components of y(k) and
. .th
u(k) respectively, and let ci(k) denote the i row

of C(k) and bj(k) denote the jth column of B(k),

and define the following set of operators

%

Di'o(k) = ci(k) o (5.6?

- and

Di'r(k) = Di’r_l(k) A(kfr) L3 r=l,2,0.00,k (517)

for i=1l,...,m and every ke[O,kf}. Similarly, for

the parameters of the closed-loop system, define

c . _c
Di,o(k) = ¢ (k) (5.8)
and
D¢ (k) = DS oop (B) A% (k=) ir=1,2,.0 0,k (5.9)

,l,r o l’

for di=1ly...y,m and kG[O,kf], where cg(k) denotes

the i'® row of cS(k).

Definition 5.1. The system S=(A(k),B(k),C(k)) is

said to be decouplable by state feedback from time

k§[0,kf], if there exists a sequence of feedback pairs
{F(k),G(k)}, such that S{(F,G) is decoupled for some

k> &k .
: o



Definition 5.2. A'system S=(A(x),B(k),C(Kk)) is said

to be decoupled at time k, if
-(?). Di,r(k)bj(k—l—r) = 0 ;r=0,1,...,k-1 ;i#j,

for i,:j:l,'-o’mg and

(ii). D. (k)P.(k-1l-r) # O , for at least one
LT i )

re{o,1,...,k-1} ,and i=1,...,m.

We justify this definition as follows. After
.simple algebraic manipulations and repeated substiﬁ
tution of eqg.{5.1) in eq.(S.Z), it is easy to see

that

k-1
y; () = Dy L (x)x(0) +2ZJDi’r(k)B (k~1-r)ulk-l-r)

e (5.10)
and thus, neglecting fhe effecf of initial coudi{ions,
condition (i) above simply requires that the varjiations
of yi(k), due to variations on uj(k—l—r) ;3L s
re{0y1,...,k-1}, be zero. Condition (ii) simply .
states that the variations of the i'Y output due to
any variations on the ith input ui(k—l—r); rE{O,l,..,k~ﬂ
must not be iddentically =zero. This second condition
can be expressed more neatly as

rank(D , (k)b (k-1),D5) (k)b {k=2),...,D; ()b (0)] = 1

iK-1

(5.11)
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Let us now define the scalar valued functions

of k ; di(k) ;i=1l,...,m, @as follows

di(k)’: mih.{j;'Di’j(k)B(k-l~j)#O ;j:O,l,;..,knl} _(5.12)

Remark 5.2. Notice that if for some ié{l,...,n&,

Di;j(k)B(k-l—j):O for every je{o,l,...,k—l}, then
yi(k) will be independent of the value of all the
inputs and thus, no control may be exercised upon

it. If this happens the system will not be decou-
plable, bécaﬁse {di(k) ;i=l,...,m} is invariant

under state feedback transformations {(see theorem 5.1
below), and_therefore Di,j(k)B(k-l-j)zo for every
je{o,1,...,k=1} dimplies Dizj(k)B(k~l—j)=O for every
je{o0,1,...,k~1}, which clearly contradicts eq.{(5.11)
{or condition (ii) in déf.S.l). If this happens for
every ke[O,kf], then the decoupling problem is trivially
non-solvable. Therefore, we ;hall essume that for
every i ,i€{1l,...,m}, there.exists some ke[o,kf]'suchi
that Di’j(k)B(k—l~j)#O fof some~jé{0,l,...,k—l}. The
continuous time invariant analoge of the above discus-
sion would be when ciAjB=O for j=0;14...,n~1, and di
in eq.(1.5) is not defined. In this case, the ith row
of the transfer function matrix would be identically
zexro, and the decoupling problem is.trivially nomn-

solvable.
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Theorerm 5.1l.~ The set of functions di(k);i=l,...,m
defined by eq.(5.12), is invariant under arbitrary

'state feedback transformations”,o#*kecwﬂ\(S-Qt

To prove this theorem, we need the following

L 1 D . (k)=D, .(k) for j=0,1 - (k)
Lemma 5. iy = iy or J=04y1y.4e0 5 H

i=l,...,m for every ké[O,kf].

Proof. We proceed by induction. For j=0, equality
N . ¢ 1y _C - _
holds trivially,i.e., D (k)=Cj(k)=C{k)=D,  (R).
Assume then that D. .(k)=D. .(k). holds for some
147 L J
i<d, (x).

From eq.(5.9)

D;’j+l(k)=D;'j(k)[A(k~l—j)+B(k—l~j)F(k—l—j)]

=D. AK)A(Kk=-1~3)+D., {kK)Bl(k=1=d)F{k=~1=1
élld . as }< ’ d (k) ’ then‘
D. Ak B(k"'l— j =0

S50,

c . . .
Di,j+l(k) = Di,j(k) A(k=1-3); i=1l,...,m and

from.eq.(5.7)

[4 .
Dl,j+l(k) = Di,j‘l‘l(k)’ :L—l,...,m

which proves Lemma 5.1,
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Proof of Theorem 5.1l.-~ From the lemma above, eq.

(5.12), and the fact that G(k) is a nonsingular ma-

trix for all ke[0,l.], it follows that

C Cl.__'.—_ T ClemT 5 ) =
Di’j(k),s (k=1-3) Di,j(k),B(k 1-j) G(k=-1-j)=0

for every dei(k), and

C

kel = . - e ¢
Di’d_(k) B” (k-1 di) Di,d_(k) B(k-1 di) G(k-1 di) A0

1 R

for i=l,...,m. So, with d;(k) given by the familiar

definition

as = min { j: D] 5 0) B®(k=1-j) # 0 33=0,1,...,k=1} _(5.13)
]
i=l,...,m, it dis clear that
d%(k) = d.{k) 3i=l,...,m
i l ? 4 *

and the theorem follows.

“To %roceed-We'will now make the assumption that .
di(k) 3i=ly..0.,m, are independent of k, i.e., we will
assume that di(k):constant for every ks[O,kf];izl,...,m.

Mathematically this is expressed by

(i). If Di J.(k) B{(k~1-3j) = O for some kE[O,kf],

‘

then D, J.(k) B(k-1-j) = 0 for every k&[o,kf];(k > j+1)
?
and

(ii). 1If D, j(k) B(k=-1-j) # 0 for some ke[o,kf],
L]



then D, j(k) B(k=1-3j)#0 for every ke[o,kf];(k > j+1).

k]

An equivalent assumption is usually made in the
continﬁoﬁs time:varying-case [30]1,033] so that the
problem becomes tractable. In.the discrete time.vary—
ing situation, ([57] in particular), although @i(k)
are defined as functions of time, the constancy as-
sumptién is made implicitly in the development.
Otherwise the proposed input-output representations

contained in these papers cannot be obtained.

Remark 5.3 A discussion of the difficulties arising

from the removal of this assumption, will be post-
poned until later., It will be included in Chapter
VI, where we analyze the dynamic decoupling problem

for continuous time varying systems.

In our case, the assumption will allow us to
give an equivaient but siﬁpler definition for di(k),

than that of eq.(5.12), i.e.

di= 4, (k) = min{j: D, ;(i*1) B(0)#0; j:O,l,...lﬂ_‘15.l&)

and a number of facts become apparent. Firstly, if
we go back to Remark 5.2, it is cleaxr that the as-
sumption made in it, (i.e., there exists some ke[o,kf]

such that D; (k) B(k-1-j)=0 for some. j€{0,1,...,m}),
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simply dimplies that the di's are required to be fiunite,

and to have values within [O,kf].

It is also evident now, that for any §=l,...,m,
condition (idi) iﬁ definition‘5.2; c;nﬁﬁt be safisfied
for k < di and therefore, if d*=mgx{di}; the system |
will not be decouplable for k <‘d1. This is so because,
.although non-interaction (i.e;, condition (i), defini=-
tion 5.2) may be achieved at any time, at least df

time intervals must elapse before we can exercise some

control upon all of the outputs,

We are now ready to state and prove the main
results in this section. Let S=(A(k),B(k),C(k)) be
any system described by egs.(5.1)-(5.2), and let {di}

be its set of decoupling invariants, with dical,VieJl;

A $ ;i ' AT
dy=dg, Yi€J,5 wew j dy=d , ¥ied ; where J, C{l,...,m};
iz=l,...,q; J.03.20 ¥i#j, ana UJ. = {1,...,m}.
1 J i1 1

Then

Theorem 5.2.. The systém S=(A(k),B{k),C(k)) is

decouplable from time kOGEO,kf] if and only if, fér

j=l,y...4qy the sets of vectors

-] - + €
{Di’di(k) B(k-l-d;) ; i Jj}

are linearly independent for some k > ko+d*+l,(ke[0,kf]).

Proof. (If). By repeated substitution of eq.(5.5)



...139.-

in eq.(5.4), and after some direct algebraic manipula-
tions, it is easy to obtain
K=Kyl

yg(k) = Dz'k(k)x(ko) + Z:JDi,r(k)Bc(k—l—r)v(k~l—r)

=0 .
. - (5.15)

which from the definition of dg and theorem'S.l, can

be rewritten as

M‘Kg’l
yg(k) = Dz,k(k)x(ko) + E bg,r(k)Bc(k-l—r)v(kél—r)
Y=dj ) . © (5.16) . -

[

for i=l,...,m.

Let us consider Do (k) ;3 d. < r < k-k ~1.
i, r i - o
Applying eq.(5.9) repeatedly we obtain

c _.C ol
Di,r(k) = Di,r-l(k) A (k=)
_ ..C Crq Coq
= D} L, (k) A%(k-r+1) A% (k1)

e _nC AC temd —1YAC(teed =9 'V{ Cr1s
= . —Di,di(k)A (} d 1)4 (k a; 2) . A (k-1)

1 o - c — —
=Di'di(k)[A(k—di~l)+B(k-di-l)F(§ d; 1)1 A (k ¢, -1)

> e AC(}{"‘I‘)

(5.17)

for i=l,...ym.

. - mxm .
Define B*(k—dp—l)€ R ;3 p=ly...yqy, @s a matrix

whose 1D row, i€J , is given by D. (k) B(k-d.~1), i.e.,
P ‘ l’di 1
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i(k) B(k-qi-l)]

[D.

N
*(lcmd =
Bi(k dp 1) i,d

[Di‘éb(k) B(k-é?—l)] s ¥ies _(5.18)
If for p=1l,...,qs the sets.of vectors

{Di,di(k)B(k—di-l) ; iGJP} are linearly independent,

thén it is clear that we can defige B;(k—ap—l) ;

ié& {l,...,m}—Jp , so that B*(R—&p—l) is a nonsingular

-matrix,. That is, if the condition of theorem 5.2 is

satisfied, then there exist vectors z g p(k—&p-—l) ;
. . 3

i€ {l,...,m}—Jp, {(not uniQue) such that 4if

L

* --A- = —'A"' '¥.€ -
BY(k dp 1) Z:’p(k dp 1) ;ief{1,...,m} I

(5.19)
B*(k-ap-l) is nonsingular.
~ . .th
Let A*(k—dp—l) be an mxn matrix whose i rOow};
1EJP is given by Di,di+l(k)’ i.e.,
*(k-d -1 e - (k) 3 ¥ied
A5 'dp' ) ”'Di,di+l $= Di,€p+1 7T ey
(5.20)

and arbitrary otherwise. If we define now F(k—&p—l),

A
G(k"dp“l) ; p=lse..ygy by

.-A - = - *-l —A - * (k=g = . 2
Fk dp 1) B {(k dp 1) A*(k dp 1) (5 1)

and

G(k-aé—l) B*_l(k-ﬁg-l) A (5.22)

where A=diag{Ki} is nonsingular, then, substituting
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in eq.(5.17) we obtain

C i C _ - 2 C -
Di,r(k) [Di,di+l(k)—Dini+l(L)]A (k-d;-2)...A" (k-r)

*

for d, < r < k-k =1, d=ly...,m (5.23)

i
o

Thus, from eq.{(5.16),

[ [ Cc
yi(k) = Di’di(k)B (k—di—l) v(k—di—l)
= Di,di(k)B(k—di—l)G(k—di—l) v(k—di—l) si=1ly,veeym

and with G(k~di—l) as defined by eq.(5.22), we obtain -
c -
bl - — o q e 2
yi(k) Ki vi(k di 1) ji=l;...,m (5.24)

and the closéd~loop system is clearly decoupled at
time k. To verify that conditions (i)=-{(ii) of def.

5.2 are satisfied by S(F,GQ) is straight forward).

(Only if). To prove necessity, assume.5 is
decouplable from kéE[O,kfj. Then, there exists a
sequence of feedback pairs {F(k),G(k)} such that
conditions (i) and (ii) of definition 5.2 are satis-

fied for some k > ko, i.e.,

c Cro oo _ i
Di,r(k) B (k-1-r) Gy o€y i Llyeeo,m

for some k and all »r < k-1, where ai r are arbitrary
- L]

.th .
scalars and ei denotes the 1 unit-row vector.
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By definitioh of d; and theorem 5.1, it is clear

that
D¢ . (k) BS(k~d.-1) = o e. £ 0 3iz=l,...,m
i,d, ’ i i,d, i ? ! !
i i
S0, . # 0. This can be expressed as
1,di
Di’di(k) B(k“di"l) G(k—di—l) = ai’diei ;l=1,...,m

(5.24)
Thus, for every iéJp iP=l,..0490q,

[{Di{ap(k) B(k—dp-l)};ier] G(k—dp—l) f

= diag{ai’di}'[{ei} ;iéJp]

and as o, , #0, ¥i¢{l,...,m}, and G(k-d _-1) is non-
i,dy P
singular, then
A . B . ’ . .
rank[{Di,éé(k)B(k—dp—l)E ;16Jp] = rank[{ei} ;15Jp]
for every p=l,...,0. i.e., the vectors

D. (K)B(k-d,=1) sie€J must be linearly independent
l,di.,. A . . p i ’ . .

for all p=1,...,q, and necéssity follows.

Corollary 5.2.1. Let S=(A(k),B(k),C{(k)) be given.

If di # dj sifjs, i,j=ly...,m, then S is decouplable

from all k&E[O,k -d*-11].

£

Proof. If d; # d; , Mifj, i,3=1y...,m, then Jp;p=1,.,.,q,

contain only one element each (i.e., g=m), and as by
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definition of di, and the assumption that {di} is dine-

dependent of k,

Di’di(k)vB(k—di—l) g o- ¥ki

Thus, the condition of theorem 5.2 is satisfied

for all ke [0,k _~a*=1].
o f

Theorem 5,2 and corollary 5.2.1, are very interest-<
ing results, Indeed, whereas in the continuous time
situation a system can be decoupled if and only if a
matrix B*(t) is nonsingular, fo; discrete time-varying
systems this is not the case (gxcept if d, ffdj ’ }{
¥ i,j=1l,...,m, which is a very particular case).

Theorem 5.2, is less demanding. A partial explanation
of this is that for continuous time systems, control
action is instantaneous, at least theoretically, whereas
in the discrete time situation there is a delay in

the respbnse to a control, and this delay is not neces-

sarily the same in general, for all -the outputs.

Notice also that B*(k-&p—l} and A*(k—&p—l) ;
p=l,...5,9y defined by eqgs.(5.18)-(5.20), depend on
the parameters of the system at future times (i.e.,

on D (k) and Di (k) respectively). This,

d,ds

i ,di+l

however, should not be a matter for concern. It is
the discrete~time eguivalent to the dependence of
{F(t),G(t)} on the derivatives of the parameters of

the system in the continuous case (e.g. [33]).
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In theorem 5.2, we have given conditious for a
system S to be decouplable from koeﬂo,kf]. That is,
conditions for the existence of a sequence of feed-
back pairs such that the closed-loop system S(F,G)
is decoupled at some time k > ko+d*+1. This is the
discrete~time equivalent of "point-wise" decoupling
(see appendix A.l1, def.A.1l) in the continuous time
.situation. A further problem of interest wéuld be
to obtain conditions for the existence of a seguence
of feedback pairs such that the closed=loop system
S(F,G) is decoupled over a'time~intefval [kl,kzj ;

kl > ko+d*+l.

~ A
Without loss of generality, assume that di > diii 3

i=1l,.4.,9-1. Define the time intefvals

T,o= [k -d,-1), (y-d,-1)] 5i=1,...0q0 __(5.25)

T =7 = 0 (5.26)

J 11 ' '
Bs T { ﬂTP}—{UTS}_ Ty iA=Ly e eeq 53=lh e ehan
(5.27)

Theorem 5.3. There exists a seqguence of state feed-

back pairs {F(k),G(k)} such that the closed-loop

system is decoupled for every ke[kl,kq], for some



k.

1 > ko+d*+1, if and only if for every kefl-i i the

?

vectors
/ A A ~ - 3 . —
{Di A \kj@k—dj) B(k—dj—l)},leqi ,1—1,...,q,

j=8yee.3qy are linearly independent.

Procf, The necessary and sufficient condition of
theorem 5.3 above is a direct consequence of thé

condition given in theorem 5.2 for decoupling at

some point k > ko+d*+l,noticing that for’theqrem

5.3, it must be satisfied for.every'kefkl,kzl ;

(foxr some k; > ko+d*+l). To make this more evident,

1

consider Fig.S}l below,.

To decouple the system at kl; appropriate con-
trol action would have to be taken at the points
marked by @& in the figure, exactly as was done in
the proqf of fhebrem 5.2. That is, for example,
B*(ki;l—gé) would have its i" row, for iEJé;.

defined by

B;(kl-1~d2) = D. =~ (kl) B(kl—l—dz) %ier (5.29)

i,dz

» . N
and the remaining rows, 2, q(kl—l—dg) , would be
’ e [ .

chosen so that B*(kl-l—aq) is nonsingular.

Now, to decouple the ith cutput of the system

for any iéJl at time kl+3l~$0 , an appropriate
Pl
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control must be applied at the point marked b in

A
fig.5.1. i.e.y, at k = l{l--l--d,7 . This, from theorem

5.2, would imply fixing the ith row of B*(kl—l—a2 H

V' ieJl y as

*- i — - & 5 1.5 . :
Bi(kl i dz) = Di,31(1‘1+d1 dz)‘ B(kl 1 dz) ; >shheJl

_(5.30)

Therefore, to be able to decouple at both, kl

and k.+d,-d egs.(5.29) and (5.30) must be satis=-

171 27

fied simultaneously. i.e., some of the vectors

z q(kl~1-ae) are no longer arbitrary, but have been
’ [ - o

fixed by eq.(5.30). As we still require B*(kl—l—az)
to be nomsingular to achieve non-interaction, not

N . ~ . .
only must {B;(kl—l-dz) ;1£Ji} and {B;(kl—lmdz) ;1uJ2}

be sets of linearly independent vectors, but also

# - _,A . .
{Bi(kl 1-d,) ;ieJ U J2}

which is a stronger condition.

If the time interval [kl’kZ] is big enough, it
is clear that over some subinterval, no zi,p(')’s
will be arbitrary,because the decoupling conditions
will fix them all. Over this subinterval, the
condi£ion for decoupling given in theorem 5.3, can
be seen to correspond with the nonsingularity of
the matrix B*(k), and a direct analog with the con-

tinuous time situation can be established.
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If decoupling over é time interval [kl,kgj is
possible, and again assuming this interval is big
enough, after a period of time it may be possible
to ernlarge tﬁélclass of decoupling feedback pairs,

by defining
F(k)= -B* 1(k) [A*(k)-M(k)]

where M(k) is a matrix whose ith row, Mi(k)’ will

be of the form

Mi(k) = Difip(k+dp) ; Vler .

-

This characterization of the class of decoupling
pairs is the discrete time-=varying equivalent of that
given by Falb and Wolovich [17] for continuous time-

invariant systems.
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CHAPTER VI, Dynamic decoupling of linear time-

varying systems.

1). Introduction.

In this chapter we will study the extended orx

. dynamic decoupling problem via state feedback for time
varying systems. That is, given a nondecouplable
time varyihg plant, we will find conditions Ffor the
existence of a precompensator (also time varying),
such that the overall system is decouplable by state
feedback. This problem hés been extensively studied
for time invariant systems and soluticns have been
found using different approaches,[9]1,[221,[36]1,(54],
[627,0781,[80]. These results have not yect bheen
extended to the time varying situation, except some
regarding the dyn;mic decpupling prpblg% via output

feedback. What follows is an attempt to £ill this

gap.

The first technical difficulty arising in the
study of noninteracting control for time varying
systems is that of suitably defining what is meant
by a decoupled system. Whereas for stationary linear

systems all the existing definitions are equivalent



(see [2]), in the time varying situation this is no=-
longer true. A discussion of the cdefinitions of a
-decoupled system(is given in appendix A.l.. Throughout
this chapter we will adopt the definition given by
Majumdar and Choudhury [33] (see definitions A.l.1l-
A.1.3 in appendix A.l) for uniférm decoupling. i.e.,
‘consider the linear time varying system '

L (t)=(a(t),B(t),C(t)), described by

4

x(t) = A(t) x(t) + B(t) u(t) (6.1)

[}

y(t) c(t) =(t) (6.2)

where u(t),y(t)e r™ ;x(t)? Rn, and A(t),B(t),C(t)
are matrices of appropriate dimensions, whose elements
are continuous functions of time with sufficient
continuous derivatives defined over the time interval
of interest T = [to,tl]. Then, /,(t) is said to be
uniformly decoupled if

(i). Thélvariatidné of.yi(t), (the ith eiemenf
of y(t)) due to any variations on uj(t) $ J#L (uj(t)

denotes the jth element of u(t)), are identically

zero for all t¢T, and

(ii). The variatioms in yi(t) due to any
variations in ui(t) ;i=l,...y,m, are not zero for all

teT.



Define the Ffollowing set of differential operators

(1, e (8) = e (o) _(6.3)

and

(L;k) ci)(t) S [(L(k~l) ci)(t)] + (L(kfl) ci)(t) A(t)

dt A A
T (6.4)

where ci(t) is the ith row of C(t). Let

a (e) = min {50 @iPen0) B # 0 53=0,1,0) dslh L,

l -

. " (6.5)

for each t«T, and ;

(a4
(L, §l/(t) B(t)
B*(t) = , v , s¥teT. _ (6.6)
(a_(t))
(L, e ) (t) B(t)_

.Then, it is well known that

Theorem 6.1. [33],[76]. There exists a state feed-

back law given by
u(t) = F(t) x(t) + G(t) v(t) (6.7)

where v(t)e€ Rm, such that the closed-loop system is
uniformly decoupled if and only if the mxm matrix

B*(t) is nonsingular for every teT.
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To be able to establish this result,[33]1,[761,
it is required first, that di(t);i=l,...,m, are finite
for every t&T, and second, that they remain constant

over the time interval of interest.

Renark 6.1, If the di's are not constant, it is usually
said in the literature that »y the continuity and
~differentiability assumptions made on the parameters

of the system, if di(t) = k for some t€¢T, then di(t)=k
for some subinterval of T containing t. Following

this argument, the analysis may then be carried out

ig these subintervals where the di's are constant.
However, two points must be taken into consideration;
first, these subintervals are not necessarily all of
positive measure, nor closed, and secondly, even if

they are of positive measure, some practical difficulties.
arise near the boundaries of the subintervals,(i.e.,
unbounded,feedback gains). Wérwill.disc;ss the_
effect of removing the constancy assumption for di(t)

later, in section L.

Let us assume now that the plant of a given
system is not uniformly decouplable by state feed-
back, i.e., B*(t) is singular for at least one teT.
Is it still possible to decouple the system uniformly

by any other means? In the time invariant case the



answer to this question is well known [91,[21]1,[=221,
[361,[533,0541,0621,[78]; +the use of dynamic feed-
‘back (u=F(s3)x+G(s)v) enlarges the class of decouplable
systems. 1Indeed, a time invariant system is decoupla-
ble by dynamic precompensation and state feedback

if and only if it is invertible (and there are inver-

‘tible systems for which B* is singular).

A similar result can be obtained for regular [61]

time varying systems.

Remark 6.2, A system p(t) described by eqs.{(6.1),(6.2)
is 3aid to be regular if the matrices [C(t)B(t)] and

- T ~ T o .

[D(k)(t) ' (C(k)(t)B(t)) ] have constant rank on [io,m)

for k=1l1,...,n-1, where D )(t) and [g(k)(tyﬁ(t)] are

(k
defined by Silverman's structure algorithm. 1.e.,

Let [C(t)yB(t)] be of constant rank 4y {<mm) on [té,m).
Then, there exists a nonsingular differentiable matrix

Sl such that -

£

gy ()
S, Le(tyB(t)] =
O

where D )(t) is formed by the first g, linearly in-

(1
dependent rows {(on [to,m)) of [c(t)yB(t)]. Let
c(l)(t)

(1) . s
S, [(LA cY(t)l=

C(l)(t)



v ~N
where C(l)(t) has q, rows and C(l)(t) has m=q; Trows.

Now, define the m»m matrix D(l)(t) as

Diqy ()
D(yy(t) =

N

[C(l)(t)B(t)]

and let it be of rank q, (> q;), constant on [to,&).

Then there exists 52, nonsingular and differentiable,

such that

D2yt

R SZ'D(l)("t) =

0.

where 5(2)(t) is formed by the Iirst ¢, linearly

independent rows (on [tO,w)) of D(l)(t)' Now define

- - r.: N
Cry® Clay®)
5, -
(l)N ~
| Eay e | By

- ) N ’
1 e - v
where C(Z)(t) has q, rows and C(g)(t), m-q, rows.

In general, if D(k)(t) is defined by

A D(k)(t)
Dyt =

C(k)(tﬁB(t)

b

= *OF ¥ -
and rank[D(k)(t)] Qyepq? constant on [to, ), there

exists a matrix Sk+l’ nonsingular and differeantiable,
N



such that

D11y (t)

'S, D

e D (xcy (8)

o

where D(k+l)(t) consists of the first g,  ; linearly

independent rows (on [to,w)) of D(k)(t). The matrix

8(k+1)(t) would be defined by
) (V) €141y (¥
Skl : =
(L)n N
(LA L(k))(t) C(k+l)(t)

= & o -
where L(k+l)(t) has Qe pq TOWS and C(k+l)(t) has m-q, .

TOWS.

Theorem 6.2. A regular time-varying system is

uniformly decouplable by dynamic preconmnpensation and
state feedback if and only if it is uniformly invertible.

(i.e., invertible for all teT).

Proof. (If). If the system is uniformly invertible,
then it is obvious that the inverse system considered
as a precompensator will yield a uniformly decoupled

composite system.



(Only if). Assume that a given system J(t) is
uniformly decouplable by dynemic feedback, i.e., there
exists a precompgnsator, Eit), such that the cascade
connection of ,ﬁit) and J,(t) is decouplable by state
foedback. Thus, if we define Bé(t) as in eg.{(6.6)
for the parameters of the COmpoéite system, B;(t) will
‘be nonsingular for every t¢T, (by theorem‘é.l), and
clearly, the invertibility condition given in[61] is
satisfied by the composite system Zlc(t) ét ali times
teT. ji.e., there exists an integer « such that
rank[D(m)(t)] = m for every te[to,tl], where a.is the

mirnimum integerk such th}at rank'[D ] £ 1 ) with

(k)
D(k)(t) as given in remark 6.2 above. Therefore,

-1
Z:C(t), the inverse system of wat) exists and is

representable by a set of differential equations of
the form (6.1),(6.2). Now, if we conncct in cascade
Z«Z%t) and i(t), (see fig.6.1 below), the resulting
éystem héé.y(t) as its dinput and u(t) as its oﬁfputs
and is obviously realizable and causal, being
representable by a set of differential equations of
the form (6.1),(6.2). Thus, the cascade connection

-1 ~
of Z.C(t) and Z,(.'t) is an inverse for Z_.(t). i.e.,

w1
2. (t) exists and uniform decouplability implies

uniform invertibility and theorem 6.2 follows.



Yy L=l Wl s G T
! T O] ) O
. S , L

H MR

e avry sme EaEm EES SI SNUS St o G0N —r—rJ

Fig. 6.1.

2). Necessary and sufficient. condition.

Enowing that éhe use of dynamic elements enlarges
the class of uniformly decouplable systems, in this
section we will give @& necessary and sufficient condi-
tion for the dynamic state feedbaék decoupling problem
to have a solution, in terms of the parameters of the

given plant.

.

A :
So, consider the precompensator [ (t)= . -

= (R(t),B(t),C(t),B(t)), described by

%(t)

Aty R(e) + B(e) w(t) __ (6.8)
and

w(t) = B(t) &(t) + D(e) w(t) (6.9)

A
where w(t)eg R™® is the overall input, %(t)e Rﬂ, and
A A A A . .
A(t),B(t),C(t) and D(t) are matrices of appropiate

dimensions with continuous differentiable elements.



The dynamic state feedback decoupling problem
X A A A A
can be stated as finding A{(t),B(t),C(t) and D(t) such
~
that the cascade comnnection of J,(t) followed by
2,(t), i.e., the composite system Zm(t)z

=(Aé(t),BC(t),CC(t) is decouplable.

zzc(t) may be represented by

i\

x(t) ACt)  B(£)C(t) x(t) B(¢t)D(t)
. = + w(t)
2(t) 1 o Ao L) B(t)

_(6.10)
and
x(t)

[ c(t) o 1] (6.11)
L)

y(t)

This is the time—vafying version of the cascade
connection discussed in chapter III, eqs.(3.6),(3.7).
The order in which x(t) and %(t) appear has been
changed here for Qonvenience; and .a-direct input-out-
put map ﬁ(t) haslbeen introduced in the precompensa-

tor.

Let us define the differential operators

(& {28y (6) = B(®) (6.12)

and

(k) _a {k-1) _ (k=-1)
(L7 B () = op [OL,777/B) ()] - a(e) (X7 77 B)(%)
' (6.13)
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for k=Ll,2y¢s0 If we define differential operators
similar to those in eqgs.(6.3),(6.4) in terms of the
.parameters of Z:C(t), the composite system, then

after some tedious algebraic manipulation we obtain

(3)

(L, Co ) () = [(Lij)ci)(t) , 01 $3=0,1,...,d, (¢)
si=lye..ym  (D.14)
and |
(d, (t)+X) (4, (£)+1) a, (t)+k
(LAC cci)(fc) = [(L, e (e) My (t)]
k=l,2,;.. 3i=Lly e ,m ";wmm_ﬁ6;15)

for all teT, where Ccl(t)~denotes the ith row of

d, (t)+k
Cc(t) and Mil 1k=142y4003i=1,...,m, is given by
K-l " K=1-3
a, (t)+k UG SARNY Kl te) (k=371
Mil (t) =2:(5)(LA e;) (L) ( . ) (iA ) [4) (LA 2 (%)
j:o rz0

”j6.16),

Theorem 6.3. Let (dc)i(t)émin{j; (Léi)cc_)(t)Bc(t)#O;
i

j=0,l,...} for every teéT. Then (dc)i(t) > di(t);

i=lyeeaqymy, for all teT.

Proof. From eq.(6.14)

@9% ye (0 = ey 0rs)IBe) 55=0,1,...,a, ()
e o Cc ) A i . T
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‘and fxrom the definition of di(t),_

(LE‘J)CC )(?)BC(?) =0 ?j=0,l,...,di(t)~l; i=l, 40 4m

£

£

-
w

1

c Ti

or all teT. Thus, (dc)i(t} > di(t) and theorem 6.3

olliows.

Notice that this result is true for time varying

dc)i and di' In the remainder of the chapter we
ill assume that di(t) si=l,...,m, are constant, and

ater, a similar assumption will be imposed on (dc)ig

1=1 44 e e ylle

a

d.+k
Let us rewrite Mil () 3k=1,2,..., in eq.(6.16)

s follows

d.+k

l - o
Mi (t) =

x

K-1 " ' s . g
) () (1-(»:‘ AT [(;3) (G, . () é’)(a] |
J- |

j=0

or more explicitly

m-1~§3
ﬁﬁ& C)&)

4
(o

.
(Lg C)
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(%D
di*‘f\ K %D (L" 6)(“
My = ()(L c) {( )(;t B, ., (“)(4 b\} A,
(N o
e(Lﬁ )
) - Ly n"‘;(a ]
(d;+l (o) k-2 (x-2) A
(| (7)o, SN e T o] |
(o) ,,
(Ly )m
K (d}ﬁk o o) A |
peerr () (0 Ly cl)m U )(i“b)(t‘)H(L‘»’ c)(t)]
(6.17)
Thus, if we define
(d,+k) (d; +k) (o)
Q.. (&) = L, c)(e)) T, BY(£)] 5k=0,1,.
i=lyee.,m ___(6.18)
and |
(d.+k) 2 - (d.+p) (k-j~-p)
Q.5 ) —ZJ(‘;) (,fif;) (L, ¥ e (&, BI(E)"
oo
for kK=031l,...3 J=lyeeiyk; i=1ly.ee.,m (6.19)

then, from eq.(6.15) and rearranging terms in (6.17),

we obtain



(di+k)
(L, Coy)(8) B () = - S I
(d.+k) . -(di+k) (di+k) (o), L
= Lo, o (t)’91,1 (£)yeeenqy oo (31 1 (g C)(£)B(¢)
(k1)

for 1{.::0'1'--.

Define ki(t);i=l,‘..,m, as

a

(di+k)

ki(t) = min{k: (LA

c 1

ioe.,

(a,),(t) = q;

j_:lgooo,m ; teT

(L&

b

Cc.)(t)Bc(t)fo’;k=0,l,..%

C)(t)ﬁ(t)J

; i=l,...,m, for all t€T __ (6.20)

_(6.21)

+ ki(t) 3i=ly.e.,m; teT (6.22)

-He'shall assume from now on that ki(t);,and thus

(dc)i(t); i=l,...,m, are independent of t over the

interval of interest [to,tl].

If they are not,

by

continuity and differentiability assumptions, they

will be constant over some subinterval of T and the

analysis is carried out over these subintervals.

{(see remark 6,1).

If we let {Zi(t) ;i:l,...,m} be any set of
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continuous and differentiable linearly independent
vectors over T, (zi(t)e R, i=1,...,m) then the
dynamiq-decpupling problem can be reformulated as

A ~ A N '
finding matrices A(t),B(t),C(t), and D(t), such that
(Qi+3)

Ac

(i). (L Cci)(t)BC(t) = 0 §3=0,1y0000k =13

.i=l,....,m. _ (6'23_)
for all teT, where ki;i=l,...,m, are some positive
integers, and

(di+k.)

i ' _ . o7 :
Ac Cci)(t)Bc(t) = Zi(t)’ A=l s v e gl

(ii). (L

for all t&T. (6.24)

From eq.(6.éO) these two conditions can be

expressed as

(4 - DA -
g, , O e 00 D) 0
(4341) (dj+D © A

Qo QO 1 O .,y DOEY 0
(di;vki']) (di*\:&i-l\ ) (d-,i-;\yl) ' (ﬁii)\ N

Qi,o (t) )Qi’l 84) st Qi;krl(t)) O (L;a (‘.)(&36(0 O
(dj+hy) (di+Ki) (djrhi) (d5+K3) (KD A )
Qo (B, Qi (B " Qiya®, Qi,xim_ i (Ly c,){ais(t\_ _ 2;(t)

. (6.25)

for i=lyss.ymy, and every tel, for some ki > 05 i=1,...,m.

-l
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Thus, if we let k*::max{ki} and define Qi(t) to

be the kix[m(ki~l)] matrix given by

[ (d.)

. i N . . . . : .
ive (t) | 0 .o o)
(d.+1) (d.+1)

kN 1 . .
Qi’o (t) Qi’l (L)‘ . 0
Q () = ) : . S
(d.+k. -1) (d.+k.-1) C(d, +k.
3 3 3 3 - 3 1
Qi,o (t) 1 Ql,l (t) k) L | Qi,ki“"l
N ~ .

-1)
('t) y O

(6.26)

and ai(t) to be the kix [m{x*=1)] matrix given by

Loy =L ()} o]
and let T (t) be the mx[m{k*=-1)] matrix given by
[ (ditky) ERTA (d+¥)

Qo @, Qe 0,7y Gy, 0y ey Oy, O

(g4 Kp) (A KD ) gk
Qo @, ", Quy, ®©, 00 Ry O, . s Oz, (05" 3 0

T{{)‘-ﬁ . . . M ’

Qm,o(ﬂ:“WQm.K.,U")V'" 0 NELRN ¢ ,“-,O

(6.27)

[PEEYE———

-
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Then, eqgs.(6.25) can be wriltten as

ENOIT D) o ]
&,(0 | | @i 0B 0
: o = , (6.29)
b o | e e wsw] 0
T | e e b Z(t)

where Z(t) is the :sonsingular matrix (for all teT)

whose ith row is zi(t).

~ . . R A N , A
If we could find matrices A{t),B(t),C(t) and
A ‘ -
D(t) such that for some integers ki;1=l,...,m, eq. (6.29)
was satisfied, then B;(t) = Z{(t) for every t€T, and
from theorem 6.1, the composite system would be uniform=-

ly decouplable by state feedback.

Notice that if eq.(6.é9) is written im a concise

form as
Y(t) X(t) = w(t) (6.30)
all the unknown parameters of the problem, i.e., R(t),

F.S
B(t),e(t) and ﬁ(t), are in X{t), which is a very

desirable feature, allowing us to prove
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Theoremn 6.4, There exists a precompensator i(t)
such that the overall system Zb(t) of eqs.(6.10)=~
-(6.1}) is uniformly decouplable by state fieedback
if and only if for some set of positive integers

k.3 d=1,¢eeqym
1’ ? 1 b

[, ()] [ 4, (0 0
Q, (t) 3, () 0
rank : = rank : : ¥teT. ____(6.31)
Q) Q06 0
T (t) T () z(t)

where Z(t) is an arbitrary nonsingular matrix with

continuous and differentiable elements over [to,tl].

Proof. It is a well known fact that a matrix equation
of the form - Y X = W will have a solution X, if and

rank[Y,W]. If Y,X and W are tiﬂe

1t

only if rank[ Y]
dependent, then obviously, this must be satisfied
for all te€eT. Thus eqg.(6.31) is a necessary and suf=-
ficient condition for ithe existence of a solution to
eg.(6.29), If a solution does exist , then it is a
simple matter to show that there exists at least one
A A ~ ~ . )

representation A{t),B(t),C(t),D(t) which reproduces

the solution. This will be shown in the proof of
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theorem 6.6 (section 3 of this chapter). Although

we will come back to this later, we point out that
the éroblem of finding a minimal order representation
is a very difficult one.

T
T

Remark 6.3. Notice that if [Q (t)7,...,Q ()T, T(t)
( (‘}T denoting "transpose’) is a matrix of constant
rank over T, then by the implicit function theorem,
the solution to eq.(6.29),Awhen one exists, will be
‘continuous and differentiable, If this matrix is not .
of constant rénk, then one may partition T into open
subintervals over which it is of constant rank, and
carry out the analysis over these subintervals. How-
ever, it is not possible to'enSure continuity at the
times where the rank changes and thus, the solution
of the dynamic decoupling problem would probably re-
guire a different precompensator for eacg subinterval

(i.e., & precompensator with discontinucus parameters).

Remark 6./, Theorem 6.4 above, extends theorem 3.2
to the time varying case, although it has been stated
in a different fashion, better suited to the dynamic

o

decoupling problem.

Although theorem 6.4 has been stated for the
uniform decoupling problem, it is evident that with

trivial modifications it will hold for other types

s



-168-

of decoupling, i.e., total, complete, etc.(see appendix
A.1l). For example, if eq.{(6.31) holds for every oﬁen

subinterval of T, then Z:C(t) will be totally decouplable:

From eq.(6.29) it is also easy to establish

Corollary 6.4.1. Tor the overall system (t) to
b A ~c

be uniformly decouplable_ﬁy state feedback, the pre-
'cémpeﬂéétor‘ Ext) musf'be uniformly’inputuobSe}vable'
with dinput observability'index smailer or equal to
k*, Further, its direct input;outpuf map ﬁ(t) must

be .singular for all t€Ty4 , where T¢ denotes the set

of points where 2,(t) is not decouplable.

Préﬁf. That z&ﬁ) must be uniformly input observable
with input observability index sﬁalleg or egqual to

ik* follows‘from'eq.(6;29) because as Z(t) is nonsingular .
for all teT, then a?plying Sylvester's ineqﬁality it

must be true that -

D(t)

(L4 8) (£)B(t)
rank . =m NteT.

"
.

@A) () Be)
L _ ~

Now, if ﬁ(t) is nonsingular for any tET¢ s then

(d.)

(r, * ci)(t)B(f) Bt) £ 0 :i=l,...,m

S e SR T e T S |
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and

BZ(t) = B*(t) ﬁ(t)

which is singular for every. t€T, , and thus, Z:c(t)

is not decouplable uniformly.

Corollary 6.4.1 above is the time varying version

of corollary 3.2.%&,

3). Procedure to obtain the precompensator.

Theorem 6.4 above, gives a .necessary and suffi=-

A

cient condition for the existence of a solution %o
the dynamic decoupling problem in terms of a set of
integers ki; i=1l,...,ymy which have not beecn fixed,
i.e., it is-sufficient that eq.(6.BQ holds for some
combination of wvalues ki; i=ly.eeynm. Thus, in prac-
tice, theorem 6.4 is of little help because the pro-
cess of finding a priori a set of values ki;izl,...,m
for which-eq.§6.31) is satisfied (if there is ome),

would be, in general,excessively long and tedious.

Below we give a procedure to determine whether
or not a given system is dynemically decouplable,
which at the Same time yields the smallest possible
value for ki;i=l,...,m, when a solution to the prob-

lem exists,

Before describing the algorithm and our main

result, we shall give a definition and state a few
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results which will be needed later. The proofs are
omitted here +to avoid breaking the exposition un-

necessarily, but are given in appendix A.Z2.

Definition 6.1. Let A(t) be any prq matrix (p{q),

whose ith row is denoted by ai(t). Then ai(t) is
said to be a rank-essential {r.e)-=row of A(t) at
té[to,tl], if ai(t) cannot be expressed as a linear
combination of aj(t);j=l,...,p; jFéi, at teT. If
ai(t) is a r.e.-row of A{t) for all téT, then ai(t)
is said to be a uniformly rank essential (u.r.e.)-

row of A(t).

This definition extends the concept of rank-

essentiality Lo 1l to the time-varying situation.

Consider an arbitrary matrix X{(t) of dimension
p2rqg (p<qg) and let xi(t) denote its ithrow. Define
1={1,2,...,p} and I ={i:ie¢I and x_(t) is'a O
row of X(t)}, whefe IO has r eieménfs (r < p). 'Lét
JOEEIO be an arbitrary subset of Io with r, elements
{(r < r).

o ——

Lemma 6.1. For any arbitrary set of indices J eI

Qy

rank [X(t)]:ro + rank[{xi(t)};ieI—de for every tgT.

Proof. See appendix A.2.
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Theorem 6.5, Let X(t) be an arbitrary phxq matrix

(p < g). Let X(t) be partitioned as

X, (t)
X(t) =

Ko ()

where X,{(t) is an xrxq arbitrary matrix. Let Z(t) be

any rx+r nonsingular matrix over [to,tl}. Then,

X, () X, (t) 0
rank _ = rank ‘ yteT  (6.32)
X, (%) ’ X,(t)  z(t)

if and only if all the rows of Xg(t) Are U.T.2.=rows

of X(t).
Procof. See appendix A.2.

With these results in mind, let us assumne we
are given a system whose B*(%) matrix is singular for

every t € T¢§ T (T¢ as previously defined). From eq.

(6.18) we can rewrite B*(t) as

" (dl) ] T @) ]
(L, * e ) (t)B(t) Qo (6)
B*(t) = : = : : Nte T
( dm) (dm)
(L, e ) (6)B(e) | ()]




R R

Let us £ix k. =0 j;i=l,...,m, vte[to,tl] in eq.(6.22).

A
Then 1 (t) in eq.(6.28) becomes B*(t), and as Qi(t);

di=ly ... ,m, (eq.(6.27)) are non-existent in this case,

eq.(6.29) can be written as

T(t) Dty = [B*(t)]1 D(v)

r

= Z{(t)

.and there exists a solution to the uniform dynamic

decoupling problem if and only if (theorem 6.%)

‘rank[B*(t)] = rank[B*(t),

Z(t)] MteT

Clearly this does not hold, because B*(t)'is

singular over T, and on the other hand Z{(t) is non-

singular over T(2Ty ).
Thus, let
(d,)
(.. [, i
5o = {1 {og 5 )}

and let r
o)

Also let .I={l,...,m} and define

- .
(a.)

P 1

{Qi’o (t) , © }
(a.)

N R ECHN C N

{(d.+1)

{Qi,i

(t) ,Qi'l

- s e e e e we e e am Gem e e e e

o}

(d.+1) ,
() ;1 I-J

is a u.r.e.-row of B*(t)} __(6.33)

denote the number of elements in JO°

;i I-J
Al
¥teT _(6.34)

;i JO

Now, with kizo for 1€ Jo , and kizl for i g I-Jo,
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we must consider finding a solution for

D) ] [ o
[u (t)] : = ¥teT . (6.35)
(1) (o) A N S
(L7 70 (£)B(E) Z(t)

Prom theorem 6.5 above, there exists a solution

to ¢q.{(6.35) if and only if the last m rows of'H(l

t
)( )
AYEe UL+ Ws=rOWS, If this is the case, then the para-
meters of the precompensator would be found first

solving eq.(6.35) and then finding 3(t),%(t),6(t)}qnd

L : . .
D(t) to match, this solution. (See the proof of theorem

6.6 below).
If the last m rows of H(l)(t) are not u.r.e.-

rows, then define

d.)
J ={i: {Qi,z (t), O} is a u.r.e.~-row of H(l)(t); iEI}

(di+l) (di+1f
. - < . Y _t A" - .« a - « £ 4 3
J191 {1‘ {%i,o ( ),%i,l (t)} is Uel e €0=rOW

of Hipy(t); ie IJ-JO'}

and let



()
{Qi,z (t)s O , ol jieT-Jy
(a.+1)  (d.+1)
1 . IS 1 -
{Qi,o (£)q;,7 (£) 0} siel=J =Jy 4
(ay T T T
N 1
H(z)(t) = {%i,o(t), 0 k] 0} ,leJ]_,O
(di+1) (di+1) :
fog F e 3 (v, o] jied) . m
(d,+2) (d,+2) (d,+2)
1 1 . A « .
{Qi’o (t),Q; 7 (£)sQy 3 (t)} itel-dy o791, |
(6.36)
"and see-if a solution exists for
i D(t) ] 0
[, (01 | @O by | =] o (6.37)
wi ey s ||z
i | ] i i

Again, from theorem 6.3, a solution will exist
if and only if the last m~rows of H(z)(t) are u.r.e.=-

rows.s If.a solution exists, it wouid.yield.(dc)i;di‘

for all 1¢J H (dc)i=di+l for all 4 £ J and

1,0 1,1 °

= 2 1 - . ar >--=
(dc)i di+ for all ie I Jl,o Jl,l nd Bc(t) z(t),

nonsingular over T. If the last m rows of H(E)(t)
are not u.r.e.=-rows we would have to ‘define H(3)(t)
in a similar way as we did with H(z)(t) and go a step
further. In general, if the last m rows of H(q—l)(t)

N , . th
are not u.r.e.-rows, then we define in the g step

of the algorithm the matrix H(q)(t) as
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(49 -
F{Q. m, 0 -, 0

' (d"l‘ (dx"l\ o :

{ngm , Qum 0

(¥
-,

L]

(dﬁg n (d,+ S (dj+q-1) .
[Qip ® , Qyy 10, Qa0 Faiel-dda

1
ﬁqm-— {.Q“({) , 0 v Uy o , -0 } ;1€ Jq-l,o
V)

(di+D (dirD)
Qi,o ®, Qi,l(t) vo e

) b ]
(djtq-D {di+vq-D (dltq. 1)

{Qo®@, Q@ oo, 0 a0, 0 Jiiedug

(d3¢q) (ditq) (d \ (’ ";

-

__(6.38)

where

, o _ (a,+2) (aj+1) ' (@ +8)
=4 7 3 - ’ AR { ) ' .
i,y =19t 3eT=3, 5 and {Q 5 (t),Qj’l \t),...,Qj’l (t) 0y Rﬂ

is a w.r.e.=row of h(k)(t)}
for {=0,1,...,k, and k:O,l,...,‘where 0(k—2) is a

¢~ )m~zero row vector,
(k=-1) t

and
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With H(q)(t) so defined, we would seek a solution

for
[ D(t) | 0 ]
[y (01 | @g?O b | = | o _(6.39)
(qu’l’éut)ﬁ(t) | 2(0)]

which from theorem 6.5 exists if and only if the
last m rows of H(q)(t) are uniform rank essential,
and thus,

a

~
Theorem 6.6. There exists a precompensator 2.{(t)

such that the composite system Zb(t) is uniformly
decouplable by state feedback,if and only if there
exists an integer, say o, such that the lasts m rows

of H(a)(t) are U.r.e.-rows,

Prog£. From the discussion above and theorem 6.5,

.

it is obvious that the ex <is tence of an’ 1nLeger o for -
which eq.(6.39) has a solution is necessary. To show
sufficiency it remains to be shown that,when there
exists an o such that eq.(6.39) has a solution, we

~ fa ~ ~
can actually find matrices A(t),B(t),C(t) and D(t),
which will reproduce it. So, let the solution of
eq.(6.39) (g=a) be denoted by X(t) and let it be

partitioned as
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X ()

X, (t)
X(t) = 1

Xoc(t) .

b -

where Xi(t); i=0,1,...40, are msrm matrices. Define

fay : ' -
D(t) = xo(t) (6.40)
“and
A, 0 .. .0 0 1 0 .. . 0]
0 A, + . .0 0 0 1...20
Rey = | - o0 A =L DT Sl (6.11)
o) o ° " " A 0O 0O 0. . . 1
. m.—
0 0 0. . . O]

where ‘E‘ie R(oc«l)*(oc—l),

0 0. . . 0]

/\ - e - - 1 . - 0

C{t). = [cl, C.y « « «+.C 15 C. = © 0

A . m- i - ih
i 0. . « 0 i oW
0 0. . .0 (6.42)
—0 O > - O—
me{o=-1)

where Ei& R y and finally
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i ; [
B, () (o)},
B, (t) fx, ()}, |
B(t) = . ;Ei(‘t)z : ;Ei‘R(oc-l)xm
| B, (t) ixa'l(t)}j‘J (6.15)

where {Xj(t)}i denotes the it row of Xj(t).
With K(t) and e(t) 20 defined, it is evident

that

i) A A A .
(LéJ)C)(t) = &A%Y ;j=0,1,...

and a direct and simple verification shows that

(J)A A coANGA _
(L&A27C)(t)B(t) = CAYB(t) = Xj+l(t)

i

for j=0,l,.;.,a—l, and every téT. Thus ﬁ(t),ﬁ(t),
C(t) and g(t) as defined by egs.(6.40)~-(6.43),
reproduce the solution of eq.(6.39). Therefore they
are a solution to the uniform decoupling problem, and

theorem 6.6 follows.

Remark 6.5. When solving eq;(6.39), one only has to

consider the last m rows of H(a)(t) and thosc¢ which
form a basis for the span of the remaining rows of
H(a)(t). The rest of the rows of H(a)(t) provide no -

additional information and may be disregarded.

When particularized to the time invariant situation,
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the above resultlts correspond with those of M.Crcmér
fol. However, for time invariant systems it is
possible to show in a direct manner that whenever the
given syétemris invertible; there exists an inteéer
¢, for which the algorithm terminates.‘ Further, o is
the same integer which terminates the structure algo-
rithm of Silverman [60],[61]. _In the time Vafying
case this is still an open problem, but from theorem
6.2, it must,be.possible to show directly that if
Z:(t)_is invertible, there exists an o for which

the last m rows of H(a\(t) BYC el o€ o0 =rOWS,

e

The order of the realizationﬂgf the precompensator
obtained in the proof of theorem 6.6 (eqgs.(6.40)-(6.43)),
is unnecessarily large. It méy be possible ton find
a precompensator of s@aller or&er which reproduées
the solution of eq.(6.39). Notice however, that to
do so, time varying A(t) and C(t) matrices must be
considéred, in order to have'the‘nﬁmber of free paras=
meters which would be required. Thus, one would
have_to solve a set of (om) nonlinear differential
equations ( (L4P)8) (£)B(¥) = X, 1 (£) 1320,1,. 0. s0m1)
which is certainly a problem of greater magnitude
than our original problem.

Furthermore, from thevconstruction of the algo~-
rithm leading to theorem 6,6, it is clear that when
a solution exists it has the smallest possible values

of (dc)i yi=1,...,m,. In the time invariant case this
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. implies that the precompensator is of minimal order
[9). For time varying systems the(situatioh is

more cpmplicated, for even if we assume that a pre-—
compensator of order (o-1) was found, it would be
minimal only if we impose the festriction tha£ pre=-
compensators must be of constant order over the time
interval of interest. (In practice, this restriction

is reasonable). This is due to the fact that in each
step of the algorithm a scarch is made only for u.r.c.-
LTOWS. Notice however, that at all times taT, the
number of r.e.-rows of H(k)(t) 1k=1,2,4.049 is greafer
than or equal to the number of u.r.e.-rows. Hence,

if we apply the algorithm locally (i.e., searching

for r.e.-rows at each teT) and denote by o{t) the
smallest integer such that the last m rows of H(a(t)}(‘)
evaluated at t are r.e.-rows, obviously «(t) < o,

for evexry teT. Therefore, provided one could ensure
continuity, it may be péssiblé to obtaiﬁ & precompens
sator of variaﬁle.order d(t) <@ #teT,'which ié a

solution to the dynamic decoupling problem.

LY., Discussion of the difficulties arising from the

removal of the assumpticon d.(t)=Counstant,
A

As we have pointed out in section 1 of this

chapter, to obtain theovem 6.1 it is assumed that
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di(t) = Constant for i=1l,....m. We also mentioned
(remark 6.1) that if this is not the case, having
assumed continuity and differentiability of the para-
meters of 2.(t), then d,(t)=k for teT, implies d,(t)=k
for some interval containing t (k being an arbitrary
integer). It is customary [331,[56], in this situatzon
to split the time interval of interest T iﬁto sub-
intervéls over which the di's are constan‘t. and. to
carry on the analysis‘over these subintervals. How-
ever, at the discontinuity .points of'di(t) some
technical and practical problems arise. At these
points, the feedback gains may bé discontinuous,; or
worse, unbounded. To illustrate this, consider the

following time varying system L (t)=(A(t),B(t),C(t))

where
0o 1 o0 £(t) O
1 0 o
A(t) =|1 o0 of ; B(t) = 1 0] c(t) =
“ : .o o 1
01 1 o 1 '

defined over the tiﬁe interval of interest T:[O,Z],

and where
o ¥telo,1]
£f(t) =

t3-3t2+3t—1 ¥ te(1l,2].

Notice that for decoupling purposes A(t),B(t)

and C(t) satisfy the continuity aund differcntiability
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assumptions reguired. Simple calculations show that

1 ¥telo0,1]
d,(t)=
0 ¥te(1l,2]

and

d,(t) =0 ¥ telo0,2]

Further, B*(t) is given by

~

1 0
\“35[01]-]
. o 1
B*(t) = <
£f(t) o .
. yte (1,21
: 0 1

which is nonsingular for all té[O,Ej, and thus, the
system L(t) is uniformly decduplable. Howeveri,
1

BI l(t)T the (l,l)t}-element'of B*(t) is disconti=-
k]

NUOWUS, 1+€4y

Fig.6.2
Yol oo -

>t

N-—-——_.—-—

The integrator decoupling feedback pair,

(F*(t},Ga*{(t)) defined by

F*(t)

—B*(t)"l A*(t)

G*(t) = B*(£)7F A(t)

i



where A(t) = diag~{K4(t)} for all te¢T is nonsingular,
and ‘ _
i (dl+l)
A*(t) = .
{(d +1)
“(LA c ) (t)

-1 o
l ytel[o,1]
0o -1 =-1-
Fr(t) = 1
-1
0 2O
Nyte{l,2
0o -1 -1
L
and -~
e o ‘
¥tel[0,1]
) cht) .
Gx(t) = o |
[ (t) ]
AL 0
£(+t)
yte(1,2]
0 A, (t)

Fig.6.3 below depicts

functions of time.

e‘\gmgnts (1, 1) and 01, 2) of - F*4) as



~-184~

JFial®
1
2 o % - {, — t
: 1
!
:
-1 M
-%
Fig. 6.3,

Clearly F} .(t) is not bounded for t=1'*), and
thus, although (F*(t),G*(t)) decouples J,(t) uniformly,
it is unacceptable in practice. In this example,

di(t) ;i=1,2, are non—increasing'functions, but it
should be clear that a similar thing would happen if

di(t) ;i=l, ... ,m were non-decreasing integer valued

functions.

In general, if the parameters of [ {(t) satisfy
the continuity and differentiability assumptions,
then if di(t) changes its value at say %sT, eitherxr

.(i). The decoupling feedback matrices have some
unbounded feedback gains as t -+t from the left if
di(%(m)) < di(%(+)) {(i.e., if di(t) increascs its

A
value at t=t), or



(ii). The decoupling feedback matrices have
A
some unbounided feedback gains as t-+t from the right,
Y N A+ . PP ,
if di(t( }) > di(t< )) (i,e,, if di(t) decreases

A
its value at t=t),

Thus, if the parameters of the system are
continuous and differentiable, the feedback gains in
the dccoupling pair (F(t),G(t))cwill.be bounded only
if the di's are constant over the time interval of

interest.



CHAPTER VII. Conclusions and suggestions for further

research.

In Chapters II to VI of this dissertation we have
analyzed several decoupling problems extending the
results alrea@y published in the literature by look~
ing at the structure of decoupled systems in more
detéil, by conéidering problems which up to now had
scarcely been studied, and by generalizing known
results to the (discrete and continuous) time vary-
ing situation. However, it is clear that many inter-
esting possibilities remain open and many problems
are yvet to be solved, both within the areas studied

here and for the general decoupling problemn.

~In"Chapter II it was shown that for a subclass
of the set of linear systeﬁs, thé set of decoupling
invariants {di;i=l,...,m} was conplete and indepen-
dent under similarity and state feedback transfor-
mations. A (unigque) canonical representation is
therefore possible, which is completély determined
by the values of the di's. For the systems under
consideration, the set of decoupling invariants

coincides with both, the observability and control-



lability Kroneckser invariants [27]. It is possible
to show without great difficulty that, for general

" decouplable systenis S=(A,B,C) (i.e., decouplable

m

systems not necessarily satisfying m + 2: di = n),
) &=
a; > d* + l,i=1l,...,m, where d"";mini{di}, end q,

.th o . . .
denotes the i observability invariant, i.e.

qi = I{]in{j:clyc.ngcm, Ci.A,-on,CmA,..o,CiAJ'nnngCiAJy

are a set of linearly dependent vectors}.A

Also, if n, denotes the it--h controllability
dinvariant of S, then n, > d*+l for at least one

whe

ie{l,y ... m}.

To establish more definite relationships bet-
ween {di}, {ni} and {qi}, is not easy and further
research is needed. This could lead to establishing
an (A,B,C)-canonical form based on the set of decou~-
pling iﬁyariants suitably augmented, for general
linear sistems. It is our opinion that if a Caﬁo--
nical representation with A,B and C of a specific
form is to be found, one should look at input-
output invariants. “his makes the di's a suitable
starting point, although not the only omne. It would
also be helpful to study the partition into eguiva-
lence classes introduced by other transformatiomns
such as output feedback or even dynamic state and

e

output feedback, and their relation to the decoup-—
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iing problem.

In Chapter II, we were also able to obtain an
.explicit necessary.and sufficient condition for the
existence of a solution to the output feedback deeou~
pling problem for the set of linear systemsvwhich
preserve observability under arbitrary state feed-
back. 1If generalized to arbitrary linear systems
this condition would become dimplicit. i.e., it would
depend on the feedback matrix K in eqg.(2.30), [33].
This would render it difficult ;o ap@ly in practice.
We feel that for the general case a simple explicit
algebraic condition is still needed and may be found,
Posing the problem in the freguency domain may be
helpful. For iunstance, it is not difficult to show
that if H(s) denotes the transfer function matrix of
a given system S=(A,B,C), then 5 will be decouplable
by outpuf feedback (u(s) = K y(s) + G v{s)) if and
only if there‘exist matrices K and G. (G nOnsiﬁgu¥

lar} such that
. -1
K + G a(s) = H(s)

where @(s) is a diagonal nonsingular non-~-proper ra=-
tional matrix, The possibility of carrying this
result further to obtain the desired condition should
be investigated. (Notice that XK is the critical un=-

: . ~ =L
known, as G may be talken as G = B¥ TA).
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A second approach which also looks promising is
to manipulate algebraically the implicit neéessary
and suffipient condition given by Falb and.quowich_
{17], (see the proof of Lemma 2.2), to obtain an equi=-
valent but explicit condition, in the form of a matriﬁ
eguation required to be solveble. With this approach
it is likely that a nice general characterization of
' the class of (output and state) feedback decoupling

pairs may be also obtained.

In Chaptér I1r, Qe studied thevproblem of decou-
pling composite linear systems. Of the three possible
connections considered, it was seen that in general,
only in the feedback case the decouplability of the
overall composite system was "dominated" by one of
the subsystems; namely the subsystem in the feedfor-
ward path (Theorems 3.3 and 3.4). As we pointed out,
considered as part of the_dynamic deccuipling prob=-
lem,this ﬁeans'that dynamic Teedback alone is not
enough to obtain an overall decouplable zystem when
the given plant is non-decouplable. That is, B* of
eq.(l.5) remains invariant under dynamic feedback.
However, when precompensation is used to solve the
dynamic state-feedback problem, fhe closed loop sys=~

tem for the most common schemes L91,[361,[62], may

be diagramatically represented as
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| o) G 3 Gw=uw § 5 )
X® .
- X{%)
F; - ) W
\\ ‘
-~ . <3

E;

Fig. 7.1

Or equivaiently, as

U ' y)
.- S ——

X(4)

Fig,7.2

Where the closed-loop system g(Fg,I) (i.e., svstem

5 plus the local feedback u = F2 X + w ) has been

~N

denoted by S.
The dynamic compensation in the feedforward path
is the crucial transformation used to obtain an over-

all decouplable system. The dynamic feedback in fig.
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7.2, i used to obtain éxtra degrees of freedom in
the design, and possibly to decrease the order of
the.required precompensator. This last fact how-
evexr, has no£ been explicitliy shown in the.litera—
ture. Fufther; Theorem 3.4; and the fact thét uﬁdef
a slightly more general precompensation scheme tban
that of Fig.7.1, [22], the minimal precompensator
needed to decouple is still of the same order, indi-
cate that this may not be the case, However, if

" the minimal order precompensator for decoupling Wag
indeed of diéension strictly smaller than éhat of
the minimal order inverse system,.fhis would be so
only due to the presence of dynamics in the feedback
path. Hence the use of a more general compensation
scheme, where the feedforward and feedback paths

. were not constrained to have the same dynamics, as
in Fig.7.2, may_further reduce the overall state space
extepsibn“needed to solve the dynamic_decoupling.

problem.

‘Propositions 3.1-3.4, have been proved by the

author in the frequency domain, using a different

o

approach based on

Proposition 7.1. Let H(s) = N(S)/A(S) ; Als)=det(Is~A),

be the transfer function matrix of a given system
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5=(A,B8,C). Then, S is decouplable by state fecdback

if and only if N(s) is a row-proper matrix.

Proof. The proposition follows directly from the
Leverrier'expansioﬁ of H(s)-(eg.[Zl]),iand the defi=-

nitions of row—properness[8&], di;i=1,...,m and B¥*,

Now, given two proper rational matrices

H,(s) = Nl(S)/AfS) and H,(s) = NZ(S)/ where

A, (s)

Nl(s) and Nz(s) are row=proper polynomial mgtriceé,:

it is relatively simple to show that [Nl(s)*Nz(s)]

and ENl(s)+Nq(s)] are not necessarly row-proper and
2 nov

thus, propositions 3.1 and 3.3 follow. Propositious

3.2 and 3.4 can be proved using a similar argument.

To prove the remaining results of chapter IiI
using this approach is not as simple. Further
research would be needed. Although it is not completly
clear how “the résuiting p:oofs would improve'fhose.
given here, it is possible that working in the frequen-
cy domain, a link between non-interaction an& concepts

such as diagonal domindance,for example, could be

established.

The next problem considered in the thesis was
that of parameter variations. Although the results

given in chapter IV completely solve the data sensi-
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tivity and decoupling problem, more research is heeded
to solve the input~output invariance problem., From

lemma 4,3, it is clear that R can be decomposed as

*,

Fig.7.3. TDecomposition of RrR™.

where }(l[W‘—l)] denotes the orthogonal complement
of jV[W(-l)]. In section 3, chapter III, we only
considered those cases where OA and 8B lie in the
shaded areas of fig.7.2, (i.e., in j([w(—l)]).
However,.we showed with an example that solutions
to the iﬁpu£~0utput invariance problem also‘exiét
in JVLEW(-l)], even though these may be uunsatisfac=-
tory from the point of view of the controller. A
more detailed and expiicit partition of R™Y in terms
Aof){'[‘is}é—j)]; i=lyeseym 33=0,1,..., is possible and

may be useful to extend the results.
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NN )

Fig.7.4. Decomposition of R in terms of )([wi’?)],

jzo,lo

Notice that dim{){[W§o)](\@}<; mel 3 ¥i=l,...,m,
and that )([wéo)] + B = )([wi‘l)] ; ¥i=1,...,m, but

the sum is no longer a direct sun,

Recalling that decoupling is a generic property
for m=input m-output systems [15],[16], it is almost
certgin that very.general results will be obtqinable
(althoughvnot all will hold for the biockodécoupiing

problem which is non-generic).

Further problems which should also be invesgti-
gated are the effect of parameter variations in F,
the state feedback matrix, and the déta sensitivity
and decoupling, and input—outéut invariance problems
when output feedback is used to decouple. It is

clear that the results of chapter IV will be necessary
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.

conditions for the existence of a solutior to thése
problems in the output feedback situation, but they

almost certainly will not be sufficient.

1 4

The study of the effect that parameter variations
have on the decoupling problem can be used-to solve |
a further problem of interest. When decoupling is
not possible by state feedback, one is foréed to use
extra dynamic elements if noninteraction is to be
achieved. However, in some problems, sSuch as some
process control probiems,'”ste;dy sfate“ or "asympto-’
tic' decoupling may be sufficiept. One possible
approach to this type of problems was investigated
by W.A.Wolovich, [85], who defined and solved the
"gstatic" decoupling problem. A less rigid definition
of an asymptofic decoupling problem can be stated as:
Find a feedback pair (F,G) such that
o (i), ‘The variations Ayi,j(t) in yi(t), the
'ith outpﬁt of the closed-loop system,due to Vériations
in vj(t), the jth closed~-loop input, Jj#i, tend to
zero as tre® and ‘Ayi,j(t)‘ < ¢ for every t Z'%,
where £ 1is an arbitrary small scalar (€ > 0), and
%GEO)GJ), and

(ii). The wvariations in yi(t) due to variations

in vi(t) are not ddentically zero for all te[%,di).

One possible approach to solve this asymptotic
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decoupling problem may be as follows: Assume & given
system S=(A,B,C) is nondecouplable by state feedback,
Due to the genericity of decoupling, there exists a
./\ PR AT A ' . ..
system 3=(A,B,C) arbitrarily close to 35, which is
decouplable. Thus, we may f£ind at least omne feedback
PRATIES . A AN A AA AN A
pair {(F,G) such that S{(F,G)=(A+BF,BG,C) is decoupled.
A L
Now assume (F,Q) is applied to the original system
GAA I\I\’
S. Is the closed-locop system S(F,G)=(A+BF,BG,C) de=-
coupled in any sense? We believe that the ansver
‘may be in the affirmative if S is adequately chosen.
That is, the system S(#,Q) may be considered asympto=
tically decoupled in the sense of the definition
given above., Our belief is based on some simple

examples, and we)will illustrate the proposed approach

by one of them.

Consider a given system S=(A,B,C) where

0O 0o 0 © f1 0

1L 0 0 © 0 0 11 1 o
A = B = C =

0O 0 0 O 0 1 0O 0 O 1

1 0 1 O] [0 0]

Its transfer function matrix H(s) is given by

- -

s+l L
2
o1 s s
H(s) = C(I=z-~A) "B =
1 1
o =
| s S
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and a simple calculation shows that dl=o ’ d?zl,'

-

and
i 1
B* =
1 1 .
so, det{B*) = 0, and the system is not decquplable.‘

>

. L /.\A Al
If ws now consider the system S=(A,B,C), where

LA A
A=A 3 B =B and

(1+ € ) 1 1 0.
C+€&€ =

o»
1l

where £ is an arbitrarily small scalar, then

~

[(1+¢e) ,1] # 0 = d

A%:A = = O = 4.
Cl ClB 1 0 dl
A D A r
CZB = CZB = L 0 4, 0O 1 =0
A P A .\
GZAB = 82AB =[ 1,11 #0 =% d, = 1 =d,
and
| (i+.€) 1
PAS
B* =
1 1

A
Hence, det(g*)=é #0 and the system S, which is
obviously arbitrarily close to 3, is decouplable.
' ”~

The integrator decoupling feedback pair for 5 is

given by



-198-

=z 0o 0 0
P o= -Br71Rx =
% o 0 o
and |
.
T ;
SR 5]
- € € K
A

A A A A S .
The closed~loop system 3(F,G)=(A ,B ,Cc), where

t

A A AA
A, = A+BF = )
= 0 o0 o0
3
L1 0o 1 o]
1 -1 ] (1+6) 1 1 0©
€ 3 T o= ¢ - '
C
. . o o 0 0.0 1
B =B& = | .
-1 £+1
3 g

has as its transfer Ffunction matrix H{',F,G), where

E
H(‘ aF1G) =
i
0 =
S

AAM
If we now apply (F,G) to the original system’
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“

5=(A,8,C), a direct calcula{ion shows that the closed=
aoA A ‘ . )
loop system S(b,G)=(A+BF,B@,C) has asz its transfer

function matrix

A £
s{e€s+1)- {es+1)
H(‘a%,&) =
1
0 2
s

which is not one-to-one decoupled. However, some

interesting remarks may be made:

A

~ ~ AN
(A). Notice that as &—0, H(:,F,G) —H(+,F,G)

AN ~ AN
and at the limit, H(-,F,Q) H{+,F,GQ), which is th

1

transfer function matrix of a one-to-one decoupled
A \

system, Thus, at €&=0, (F,Q) decouples 5=(A,B,C).

- . ~ o ,

(Notice that S~* S as &£-0). This secems to be a

contradiction, because S was said to be nondeccouplable,

but in fact it is not because £=0 :implies that some

elements in F and. all the elenments in G are infinite. .

What it means is that although every idinvertible

system may be decoupled by state feedback, the feed-

back gains regquired will be finite if and only if B*

is nousingular. When B* is singular, a suitable pre-

compensator of large eunough order has the effect of

making the otherwise infinite required feedback gains,

finite.
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(B). Although H(',%,g) is obviously not oune=
to~-one decoupled, we\notice that the smaller & is,
the further to the left of the stable complex plane
the poles of the off-diagonal elements go; Thus,
provided that the closed-loop inputs are of tﬁe same
order of magnitude, the steady state response of the
closed~loop system S(F,G) w31l be determined by the
diagonal elements of H(-,%,a). In this sense, the
system is "asymptotically!" decoupled. The sooner the
closed=loop system is required to become "asymptotically"
decoupled, {(i.e., the smaller % in (i) of the defini-
tion of the problem is), the smaller £ will have to

be and the larger the feedback gains reguired.

In the example aboye, we chose to modify C for
simplicity and did it in such a manner as to mantain
the values of the di's. It is obvious that to make
the above synthesis proéedure_usefui, a-lot of work
is Still‘needed, TA gémeral aigorifhm'to coastfuéf
g must be found and a rigorous treatment of the pro=~
blem should be made. The results given in chapter
IV, particularly those on the input-output invariance
problem and their possible extensions, should provide

a good basis to do it.

A further problem of importance which is related

to (A) above, is that of decoupling with bounded
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state feedback. That is; if for practical reasouns
or comstraints, the feedback gains are bounded in’
some.way,'B* nonsingular may not be sufficient for
decotipling. However, from (A) above, and as the
inverse of a systéﬁ used as a precompeﬁsator bne-fo;
one decouples the system with F = 0, G = I, it is
possible to say that the decoupling problem ﬁiéh'
bounded feedback will always have a solution for

invertible systems (although precompensation may

‘be necded). .

Finally, the number of results available for the
decoupling of linear time invariant systems which
have been extended to the time-varying situation is
still comparatively small. The technical difficulties
which arise in the non-stationary case are large.
The results in chapters V and VI represent only a
step in«narrowing the existing gap in the litgrature,
Their extension to more geherél situations reguires |
more research. Of prime importance is to comnsider
the cése where di(t) si=1,...,my, are not constant
integer valued functions over the time interval of
interest., One possibie approéch is to design a pre-
compensator such that the overall system has a constant
set of decoupling invariants {d;(t)} over the time
interval of interest. Such a precompensator may not

exist for all systems. Further, when it does, the
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overall system is likely to be non~decouplable at
those times where the di's of the original systecm
were discontinuous, However, provided that the
overall system thus obtained remains unifofmly inver=-
tible, a second precompensator could bé found using
the procedure of section 3, chapter VI, to obtain an
overall uniformly decouplable system. To illugt;ate
that at least in some cases, a system with time-
varying di's.may be compensated so that the overall'
- system has constant di's, consider the following -

example. .

Remark 7.1. Notice that the example below is very

similar to that in section & of chapter VI (their
only difference being.that the first and third rows
of A(t) have been interchanged). However, for the
former no precompenéator which yields di(t) constant

over L0,2] for the overall system can be found.

Let th):[A(t),B(t),C(t)] be given by

c 1 1 4 £(t) ©
alt) = {1 o 0 B(t) = | 1 0
0 1 0] 0 1
(1 0 0]
c(t) =
6 0 1|
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where )
0 ¥tel0,1)
£{t) = A«
. t3-3£2%3t-1 '¥t?[l,;]
Then,
= 0 ¥telo,1]
(L% e ) (0)B(L) = o (£)B(E) |

£ 0 yte(1,2]

1

(L{Me ) (1)B ) cy (£)a(e)B() = [1,1] ¥telo,2]

and

(Lio)cz)(t)B(t) - Cz(t)B(t) = [o,1] = #tel0,2]
Hence,
1 ¥t€£071]
d, (t) =
0 vie(il;2]
and | '
d.(t) = 0 ¢telo,2]
and | ( 11
¥telo,1]
0O 1
Bx(t) ={

o 1

£(t) 0
: e (1,2]



Although .det[B*(t)] # o ¥telo,2]1, and the
system is therefore uniformly decouplable, discon-
tinuous unboundeq'gains will occur in the Feedback
pair (F(t),G(t)). This makes.decoupling impossible

in practice.

Let 2(t)=[3(t),%(t),€(t),%(t)] be a precompen=

sator for 2.{t), defined by

A A ~ 1
a(t) = [0l 3 B(t) = [1,0] C(t) =

0
and
g(t) o
D(t)=
2 1
where
t3-3t%45¢-1 | ¥te[0,1)
g(t) =
0 ¥tel1,2]

From eqs«(6.10),(611) and notiging that ﬁtﬁ)g(t)=0.“
¥ tef0,2], the state space description of the

composite system Zc(t)=[AC(t),Bc(t),CC(t)] will be

given by
o0 1 1 £(t)] 0 0]
. i
: 1 o ol 1 g(t) o
A (t) = N B (t) =
© o 1 o! o 2 1
________ - _ Do
o o o1 O | | 1 o]




@]
~
ot
—
It

and a simple calculation shcews that

(o) ‘ Y = -
'(LAc CC)(t)Bc(t)\g c (t)B_(t) = ) .

ahd
2+f(t)+g(t) 1
(1) . _ ) -
(LAC CC)(§)BC(t) = cg(t)Acpt)Bc(t) =
. ) o
Hence
(dc)l(t) = 1 ¥telo,2]
and
(dc)z(t) =0 ¥tel0,2]

i.e.y, the composite system Z%(t) has constant di's
over the time interval of interest. Notice however
that

Lo+e(t)+g(t)] 1

Bé(‘l’l) =

is nonsingular everywhere except at t=1. d.e., the
time where dl(t) was discontinuous. Thus to uniformly
decouple Z(t), a second precompensator is needed and

may be found using the results of section 3, chapter VI,



Knowing when a precompénsator giving constant
di‘s exists and a systematic procédure to find it
when it does, are still open research topics. Pro-
bably a sét of équationé similar to (6.29)‘may be

formulated to solve the problem.

The areas mentioned abcvg are only some of those
directly related to the main results contained in
this thesis, but among the decoupling problems not
coﬁsidered in the dissertation, there are many un-
answered questions. The general bléokndecoupling
problem has not been completely solved even for li-
near time-invariant systems, The results so far
available in the literature for decoupled non-~linear
systems are few and then, most of them concern non-
linear systems which are linear in the control. ‘To
remarlk that much research is still needed to solve

these and other decoupling problems seewts trivial.

—
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APPENDIX A.l. Discussion of definitions of decoupled

time varying systems.

In this appendix weé shall discuss the different
definitions of decoupling which have been publdished
in the literature for linear time varying systémé.
In.contrast with the time invariant case, for non~sta-
tionary systems decoupling is.a time dependent pro-
- perty. A wide variety of different types of decou-’
pling may be defined according to the instants of
time or tiﬁe intervals over which a given system is °
non~interacting. Below we list the different availa-

ble definitions and comment on theirrelative strength.

Let S=(A(t),B(t),C(t)) be an m-input, m-output
linear time varying system described by the set of
egqs.{(6.1),(6.2) and 1let T:[to,t1] be the time interval

of interest.

-

" Definition Al.l.—'(Majumdar and Choﬁdhury,[Bj]). 3

The system S is said to be completely decoupled if

(i) The variation of yi(t) (the ith element of
the output vector) due to any variation of u,(t); j#i
(the jth element of the input vector), is identically
zero for all t& T, and

(ii) The variation of yi(t) due to any variation
in ui(t) is not zero for at least one t €T $i=1,...ym,

and all ui(t)g Ui (the sct of admissible controls).
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Definition Al.2.~ (Majumdar and Choudhury [33]).

If S is completely decoupled on every open subinter-

val of [to,tl], S is said to be totally decoupled.

Definition Al,3.- (Majumdar and Choudhury [331).
If S is completely decoupled for all t €T, then S is

said to be uniformly decoupled.

It is evident that uniform decoupling implies
total decoupling. In the time invariant case, the three
definitions are indistinguishable because if S is de=
coupled at any time t €T, then it is'decoupled Lor ail
t € T. The word '"complete' used in definition Al.1l, is
a little unfortunate because it éoes not convey an ap=-
propiate picture of what the definition entails. A bet-
ter name would be "point-wise' decoupling, but this is
a rather philosophical question of not great importan-

ce.

°

-Definition Al.@.-‘(quuﬁaru and Iwai [67]). Let

X° be the set oftall possible values of onx(o). S is
said to be [X°,T]-decoupled if

(i) The value of yi(t) is independent of uj(t);
j#i. d.e., yi(t) is a fTunction of X t and ui(t) only,
for any X, € x° and every te€ T, and

(idi) yi(t) is not only a function of X s t, but

is also influenced by ui(t); izl .o yme



This definition which may also be considered of
a variational nature, is less rigorous and precise
than definitions Al.1 to Al.3, because there is no
time specified for condition (ii). It is clear that
definitions Al.1 to Al.3 imply [XO,T]—decouplingg and

definition Al.4 implies at least completé decoupling.

Definition Al.5.- (Tokumaru and Iwai [67]). If S

" is [XO,T]—decoupled and X°%=n" and T=[0,%), then S is
sajid to be decoupled at large. (The notation '"decou-
pled at large“ is ouré. Tokumaru and Iwai called this
type of decoupling ‘"complete', but in view of def.

Al.l, this name would be confusing).

Let now ®(t,2) be the transition matrix of S

and define the impulse response matrix H(t,%) of S by
H{t,2) = Cc(t) ®(t,3) B(t)
then, the input-output behavior of S is described by

t

y(t) = It H(t,z) ull) ds
[0}

Definition Al.6.- (Rugh [56]). 5 is said to be

decoupled on [to,tl] if H(t,%) is diagonal.

In the time invariant case, the nonsingularity
of H(t,7) is also an integral part of this definition

(see [38]). Rugh remarks that for time-varying sys-
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tems, H{t,%) nonsingular is not a necessary requiré—
Qent. Although this is essentially correct, one must
be careful. Other requirements should be introduced
in the definition, such as Hi(t,z) not identically
zero for all t €7T; %€[to,t], where Hi(t,é) denotes the
ith row of H(t,z). Otherwise, a system whose impﬁlse
resfonse matrix is H(t, %) = O for all te’F;ZEEtO,t]
would satisfy the definition Al.6 of a decoupled sys-
‘tem, and such a system is trivially seen not to be de-

coupled (ui(t) does not affect yi(t) at any time t €7T).

We remark that H(t,3) pnonsingular is nevertheleés
not requitred for complete, total or uniform decoupling
of defs. Al.l-Al.3. Indeed, all that is required for
complete decoupling is that for every i=l,...nl, thre
exists a time %i and a Qis %i such that hi(%i’ Zi),
the ith diagonal element of H(t,Z) evaluated at (%i,ﬁi),
is different from zero. These times %i s iA=L, ..., m,
do not necessarjly have to be equal., The 'following
exam?le iilustréteé a cﬁmyletely dééouﬁled systém.for

which H(t,Z) is singular for all t € T and all zelt ,tl.

Let S be a two=-input two=output time varying li-
near system, such that H(t,C) is diagomnal, i.e., H(t,2)=

diag {hi(t,z)} and hl(t,a) and hz(t,l) are as shown in

fig.AL. 1.
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hl(t,%)

Y

hg(tré)

Fig. Al.l1 .~ Example of a completely decoupled system
with singﬁlar diagonal impulse response matrix at all

times.
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Clearly, H(t,%) is singular for all t ¢T and all

' A
Ze [to,t]. However, at t=t, , the variation of yl(t)

1
due to a variation in ul(t) is not zero, and similarly,
at t=%2 y the variation of y,(t) due to any variation
in uz(t) is not zero. Thus, the system satisfies de-
finition Al.1 of a completely decoupled system. (Con—

dition (i) is trivially satisfied as H(t,%) was assumed

to be a diagomnal matrix).

If in definition Al.6 we follow the time invarijant
equivalent = and require H(t,?%) to be mnot only diagonal,
but also nonsingular for all t 7T ; ZEEtO,t], then,
definition AlL.6 implies definition Al.3, but is not
iﬁplied by it. In fact, the assumption H(t,2) diago-
nal and nonsingular for all t ¢ T and Zé[to,t], is the
strongest possible assumption and implies that hi(t,z);
i=1lyee.,my, has the same sign for all t e¢T ; ésfto,t].
We shall illustrate this by means of a second example.
Again, let S be a two~§nput,‘tﬁp~ou#put %niformly‘de~_
coupled system,.wifh H(t,é) diagonél an& hl(t,Z) and

hz(t,z) as shown in fig. Al.2 below.
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Fig. Al.2.- Example of a uniformly decoupled system
with H(t,%) diagonal but not a nonsingular matrix for

all t<T and all Ze [t _,tl.



System S so defined obviously satisfies defini-
tion Al.3 and is thus uniformly decoupled. However,
for évery t E[to ,tl] and every & € [t/2 ) t]Cl[to,t];
H(t,%) = 0, and definition A1.6 with the additional
requirement H(t,%Z) nonsingular for all teT and all -

¢ c [to,t] is not satisfied by S.

Qur discussion above szhows that some condition
must be imposed on the diagonal elements of H(t,3),

in order to specify any type of decoupling exéctly.

-

For example,’

Definition Al.7.- (Viswanadham-and Anbalagan [76]).

S is said to be uniformly decoupled almost everywhere,
«if

(i) hi’j(t,c) = 0 for every t € T and all zeft_,td,
and

(ii) hi i(t,Z) # 0 for almost all t > Z and all

2
ge [t ,tl.

Here the notation "almost everywhere!" is ours,

to distinguish between this definition and def. Al.3.

In our discussion above we showed that if, for
any system, condition (ii) of def. Al.7 holds for eve-
ry t itto,tl] and all éﬁ[to,t], i.e.,‘H(t,é) is non-
singular for all t e¢T and Zfitto,t], then the system
is uniformly decoupled (def.»Al.B). Definition Al.7,

as stated, only implies that S is completely decoupled
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for almost all t €7T. (Thus our notational addition in
def. Al.7). To seec this consider once more'a system
S with_two-@imensional input and output spaces, and
H(t,%) diagonal. Let hl(t,Z) be as shown 5elow, and

h,(t,%) # 0 for all t €T and all M[to,t].
- h, (4,2)

e C

Fig. Al.3.~ Example of a uniformly decoupled almost

everywhere system.

That is, hl(t,l) satisfies

# 0 for all t#%l and all E€[to,t]
hl(t,é).

~
= 0 for t:tl ; for all T.

Thus, the system is decoupled according to def.

A

Al.7. However, at tztl
~ Fal

N 1 " ) 1

v (t) = J n, (£,,2) u (%) a2 = | 0-u (%) di =

t . t
Q o

and yl(t) is insensitive to variations in ul(t) at

~
t:tl , which contradicts def. Al.3 for uniform decou-



Pling.

E. Freund [19], gave a definition of a decoupled
system which may be considered the time varying exten=-
sion of that given by Falb and Wolovich [17] for
stationary systems. However, Freund's definitioﬁ does
nof distinguish between complete, total, and uniform
decoupling, and although it is otherwise rigorous, it
- lacks the intuitive clarity of say defs. Al.1-Al.3.

We shall not state Freund's definition because this
would require'the intfoduction of long noﬁatiorai ex-

planations and would add little new to our discussion.
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APPENDIX A.2

Proof of Lemma 6.1.-

To prove the lemma we must show that span{xi(t);
iaJo} and.span{xi(t); iﬁI—JG} are independent sub=-.
spaces for every t¢T. So, let r(t)espan{xi(t);iﬁl—Jé}
for all t & T. de€ay

r(t) = ; ocj(t) xj(t) Yt eT

A—
Jal-d,

for some scalar functions‘aj(t);

If r(t)e¢ span{xi(t);ie Jo} for at least one t & T,

say for t = t s then

r(%)

i
™
®.
—
(i.
S’

for some scalars Bj y and thus

c sed, ' Je 1),

Ifr Bk # 0 for some k¢J_, then xk(%) is expres-—
sible as a linear combination of the remainig rows .
of X(z), which contradicts the fact that xk(t}; kéJo
are u.r.e.-rows of X{(t). Thus Bj = 0 ,%‘jeJo , and
r(%) = 0 , which implies that r(t) # O is not expres=—
sible as a linear combination of xj(t); ijo , at any

t € T. Therefore



span{xi(t);ieI—J;}fW span{x, (t)jieJ } = [0} 1¥ter

and the lemma follows.

Proof of Theorem 6.5.-

(If).~ Assume all the rows of Xz(t) are U.reC.=

rows of X(t). Then, from lemma 6.1,
rank[X(t)] = r + rankixl(t)] Mt eT.

As Z(t) is nonsingular over T, by definition,
then
X, (£) 0 _
rank = rank[Xl(t),O] + ranktxz(ﬁ),z(t)]
X, (t)  2(%) :
for all t € T, because span{Xl(t),O} and span{Xo(t),Z(tﬂ

are obviously independent for every te¢T. Thus,

X, () 0
rank = r + rank[Xl(t),O] = rank[X(t)]
Xz(t) Z(t)

®

for every t €T and sufficiency follows.

(Only if).=- Assume that eq.(6.32) holds, but not
all the rows of X,(t) are u.r.e.-rows of X(t). With-

out loss of generality, write Xz(t) as

X, (8) =
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where X, O(t) contains all those rows of Xg(t) which

are u.,r.e.-rows of X(t), and is a-(7-q) matrix. From

lemma 6.1,

Xi(t)
rank[X(t)] =" + rank ‘ ¥tel.
- t
LX.:i\) ( )
and as
X, (t) 1
‘rank < rank[Xl(t)] + rank[Xo l(t)] dt eT.
<y
.Xz,l(t)J
then,

rank[X(t)] <49 + rank[Xl(t)] + rank[Xz’l(t)] ¥teT. _(A2.1)

with equality holding if and only if span{Xl(tﬂ and

span{xz l(tﬁ are independent for every t€¢T,
?

On the other hand, and again from lemma 6.1, it

is clear fhat

X&) o R % T DR
rank ’ : = 7 + rank y t T,
\ X, (t)  z(t) 'xz,l(t) z,(t)

(A2.2)

where Zl(t) is the (r-1%)rq matrix formed by the first
(r-%) rows of Z(t), and is obviously of full rank for
every t € T. Thus
P X,(t) 0
rank =% + rank[Xl(t)] + ranﬂ[xg’l(t),zl(t)J

X, (t) Z{t)
- for every teT. (A2.3)



It is also evident that

rank[XZ’l(t)] < fanl:[xz’l(t),zl(t)l = r ~% ; ¥telT (Az2.4)

*

-Then,
(i) .~ If equality holds in (A2.4) for every teT,
substituting in eq.(A2.3) and comparing with eq.(A2.1},

~we obtain

X, () o _ .
rank{x(t)] < rank ; M teD (A2.5)
X, (t)  z(x)

with equality holding if and only if span{Xl(tﬁ and

span{X (tﬁ are independent for every téT. However,

241

we show now that these subspaces cannot be indepen-
i ; . { }
dent for all te¢T. Let Lxg,l(t)}i ' {Xz’z(t) i and

.th
{Xl(t)}i be the i rows of Xg,l(t)’ Xz,z(t) and

Xl(t) respectively. By assumption, no row of X, l(t)'
. Ll ]

;s a u.r.e.—réw of X(t). SO% {XE,l(t)}i 3 i=lsees 0=

are expressible as linear combinations of the remain-

ing rows of X(t), for at lest one t¢T. e,y

4-r 4
| ]
— i o
{Xg,l(t)}i = Z o {Xl(t)}j 4 Z 0By {X2’2(t)}j +
3=1 3:=1
~'%
a
+ éig 61,3 {Xz,l(t)}j
31
Iz 1
for at least one t:T, and some scalars «. ., P. ., d

iaj ivJ is3°



<,
~z3 G

If B, .# O for some j, then {Xr q(t)}. would be expres-
1sJ (72,2 J
sible as a linear combination of the remaining rows
of X(t), which is a contradiction. (Recall that X2 L(t)
' . >y < .
contains only u.r.e.~rows of X{(t)). Thus Bi j= 0 for
?

every Jj, and therefore,

q=-r =% | .
{X2,}(t)}i = EE; T {Xl(t)}j + 61,3 {Xg’l(t)}j
j=1 j=1
J#L

,fof at. least one te¢T. As we have assumed equality
holds in eq.(Aé.Q) then ranktxg,l(t)] =r -%, for
all teT, which impiies that at least one ai,j must
be different from zero, and therefore span{Xz’l(t%
“and span{Xl(t)} are not independent for every téT and
thus inequality holds in (A2.5).fdr at least one teT,

which contradicts the assumption that equality was

satisfied for all t<«T.

-

(ii) .= Contradiction in (i) above, rests on the -
assumption that equality holds in (A2.4) for every

teT., So, assume now

ranktxg,l(t)] <-rank[X2’l(t),Zl(t)] . (A2.6)

for at least one t<T,  From eq.(AZ.l) and substituting

(A2.6) in (A2.3)



_;jh_

rank[X(£)] < 1 + rank[Xl(t)] + rank[Xz l(t)] <

X, () 0 ‘.
< rank !

X, (t) z(t)}

for at least one t€¢T, which again contradicts éq:(6.32).
Thus, if eq.(6.32) holds, all the rows of Xz(t) must
be u.r.e.~rows of X(t). This proves necessity and

‘therefore Theorem 6.3.

»



