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Abstract— A full analytical description of a bowtie
nanoantenna excited by a localized emitter is presented using the
transformation electromagnetic technique. By applying the
conformal mapping, the bowtie nanoantenna is transformed into
a periodic multi-parallel plate transmission line problem which
can be easily evaluated analytically providing physical insight of
the coupling between the dipole nanoemitter and the bowtie
nanoantenna. The non-radiative Purcell enhancement spectrum
is evaluated both analytically and numerically for different
lengths, arm angles and metals, demonstrating a good agreement
between both approaches. The method here presented fills the
gap of the design techniques for optical nanoantennas.

Keywords—conformal transformation, nanoantenna, bowtie
nanoantenna, Purcell enhancement.

. INTRODUCTION

Antennas are well-known transducers between guided
waves and radiation (and vice versa) for radiofrequency and
microwave signals [1]. Recently, antennas have been scaled
down to optical wavelengths benefited by the great advance in
nanofabrication techniques [2]. These so-called nanoantennas
have been proposed for biosensing [3], optical wireless
communications [4], nonlinear optics [5], etc. One of the most
common nanoantenna geometries is the bowtie due to its high
field concentration between the arms over a wide bandwidth.
Given the breadth of bowtie nanoantennas, it is necessary to
have a method that can provide physical insight about their
performance in order to ease their design.

At optical frequencies, the finite conductivity model of
metals (used in radiofrequency and microwaves) is no longer
valid and dispersive models should be used. This difference
hinders the application at optics of the vast knowledge in
antenna design from radiofrequency and microwaves. Hence,
the design of nanoantennas in general, and bowties in
particular, relies strongly up to now on intensive numerical
simulations, with few isolated exceptions [6].
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In this work, the transformation electromagnetic technique
is used as an analytical tool to evaluate the electromagnetic
response of bowtie nanoantennas [7]. This technique, which
allows to work at the level of Maxwell’s equations, has been
applied before to different nanostructures [8] demonstrating
that it can give a full description of the interaction with light
and nanoantennas. In this way, the work here presented fills the
gap of analytical methodologies for nanoantennas.

Il. ANALYTICAL METHOD AND RESULTS

The sketch of the bowtie nanoantenna is shown in Fig. 1(a).
It consists of a nanoantenna with two arms of angle &, total
length I’ = Ly’+L,” and a gap between the arms illuminated by
a line dipole with arbitrary polarization. Here, we will consider
that I’ << A, to work within the quasi-static approximation
where the electric field can be described by an electrostatic
potential which satisfies Laplace’s equation. This nanoantenna
can be transformed to a periodic array of parallel plate
transmission lines by applying the conformal mapping z =
In(z’) to the original coordinates (where z = x+iy and z’ =
x’+iy’ are the coordinates of the transformed and the original
scenario, respectively). With this transformation the properties
of the materials remain the same and the electrostatic potential
in both coordinates can be expressed as O(x,y) = ®’(x",y ") [8].

In the transformed frame (Fig. 1(b)) the dipole triggers
surface plasmon polaritons (SPP) into the metal plates and they
are reflected back and forward at the end of the slabs. Because
of the finite length of the metal slabs, a standing wave pattern
is produced generating discrete values of the wave vector k =
(nm-A)/(L,+L,), where n =1, 2... are the discrete SPP modes
and Ao is the phase correction because of the non-perfect
reflection at the end of the slabs, as it will be discussed later.

The process to find the analytical solution is as follows:
first the electrostatic potential in each region of Fig. 1(b) is
calculated in k-space as the sum of discrete transverse modes.
Then, boundary conditions are applied. Finally, the induced
potential in each region is obtained by applying the inverse
Fourier transform to the electrostatic potentials. The electric
field in each region can be calculated by simply applying the
derivative to each induced potential.
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Fig. 1. Bowtie nanoantenna under study (a) and the transformed geometry
(b) that consists of a periodic multi parallel plate geometry.

Since the power absorbed in both frames is identical, the
non-radiative Purcell enhancement (power absorbed by the
bowtie nanoantenna under the dipole illumination with respect
to the radiated power by the dipole alone) will be used as a
figure of merit to evaluate the performance of the nanoantenna.

We consider a bowtie with a total length I’, an angle 6* =
20° for both arms and a gap between the two arms of 1 nm.
Gold and silver (with a permittivity fitting Palik’s experimental
data [9]) are used for the bowtie for comparison purposes. The
dipole nanoemitter is placed at (x> = 1 nm, y’ = 0). The
analytical results of the non-radiative Purcell enhancement
spectra for values of I’ ranging from 10 to 20 nm using a dipole
with vertical polarization and the two different metals are
shown in Fig. 2(a). Here a correction of phase of Ap = 0 is
used in order to discuss the influence of this parameter. It can
be observed that high values are obtained (close to 35 dB) for
all the cases. Two peaks of non-radiative Purcell enhancement
are obtained when gold is used while only one is observed for
silver within the spectral window shown. This stems from the
different dielectric properties of gold and silver.

The numerical values calculated with COMSOL
Multiphysics are shown in Fig. 2(b) as continuous lines. By
comparing Fig. 2(a,b), one can notice a frequency shift. This is
because A@ = 0 refers to the ideal case where the SPPs are
perfectly reflected at the end of the parallel plates. However,
the SPP has complex (waveguide) impedance, resulting into a
complex reflection coefficient. Hence, a phase correction
should be applied to account for the complex reflection. The
results of A for each bowtie under study are shown in Fig.
2(c). The longer the bowtie, the smaller the value of A, which
holds for both models of metals. This tendency stems from the
fact that the SPPs are significantly attenuated at Y’ max (Xmax) aS
I’ increases, and thus, the effect of the slab truncation is
minimized. After applying the corresponding correction to the
analytical model, we obtain the results shown in Fig. 2(b) as
symbols. Now it is evident that the analytical and numerical
results are the same with both curves overlapped. Moreover,
note that with this correction the magnitude of the non-
radiative Purcell enhancement is almost 5 dB above those
observed without the phase correction, demonstrating the
importance of this parameter on the analytical model. Also,

note that the peaks are red-shifted when increasing the length
of the nanoantennas as expected in a resonant cavity.

Similar results are derived when looking at a horizontal
dipole, but they are not presented here due to page limit.

50

——/'=10nm ——/'=10nm
wl (@) ——I'=15nm I'=15nm
I'=20 nm I'=20 nm

300 400 500

600 700 800 900 1000
Wavelength (nm)

——['=10 nm—-—1=10 nm
I'=15 nm——I'=15 nm
1'=20 nm 1'=20 nm

Non-radiative Purcell Enh. (dB) Non-radiative Purcell Enh. (dB)

ot
300 400 500 600 700 800 900 1000
Wavelength (nm)

=)
®

i —=—gold
ossf-(C) —— el
032

0.31 F

Ag (1)

0.30 -

029 i 1 i L " 1 "
5 10 .15 20 25
I'(nm)

Fig. 2. (a) Analytical non-radiative Purcell spectra without phase correction
for several bowtie nanoantennas with different lengths (I') and angle of the
arms 6 = 20° under vertical polarization of the dipole. (b) Analytical
(symbols) and numerical (continuous lines) results of the non-radiative
Purcell spectra for the bowtie nanoantennas under study when the phase
correction is applied to the analytical model. (c) Phase correction applied.
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