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Abstract

We study categories for reversible computing, focussing on reversible forms of event struc-
tures. Event structures are a well-established model of true concurrency. There exist a
number of forms of event structures, including prime event structures, asymmetric event
structures, and general event structures. More recently, reversible forms of these types of
event structure have been defined. We formulate corresponding categories and functors
between them. We show that products and coproducts exist in many cases.

We define stable reversible general event structures and stable configuration systems,
and we obtain an isomorphism between the subcategory of the former in normal form and
the finitely enabled subcategory of the latter.

In most work on reversible computing, including reversible process calculi, a causality
condition is posited, meaning that the cause of an event may not be reversed before the
event itself. Since reversible event structures are not assumed to be causal in general, we
also define causal subcategories of these event structures.
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1. Introduction

Event structures are a well-known model of true concurrency. They consist of events and
relations on events, describing the causes of events and conflict between events. Since the
original introduction of prime event structures [16], related notions such as general event
structures [25], often called simply event structures, which replace conflict with a set of
consistent sets of events and causation with sets of enabling events, and asymmetric event
structures [3], which make the conflict asymmetric, have been introduced. Winskel [24]
defined a category of event structures, and used this to define event structure semantics of
CCS.

Reversible process calculi are a well-studied field [14, 8, 9, 17, 6, 13]. When considering
the semantics of reversible processes, the ability to reverse events leads to finer distinctions
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of a true concurrency character [18]. For instance, using CCS notation, the processes a | b
and a.b + b.a are equivalent under interleaving semantics; however in a reversible setting
we can distinguish them by noting that a | b allows us to perform (an event labelled by) a
followed by b and then to reverse a, which is impossible for a.b + b.a. This motivates the
study of reversible event structures.

Reversible versions of various kinds of event structures were introduced in [19, 21]. Our
aim here is to interpret these as objects in appropriate categories and study functors be-
tween them (as a foundation for using reversible event structures to give true concurrency
semantics of reversible process calculi). Hitherto few reversible frameworks have been de-
fined categorically, though [10] used category theory to describe the relationship between
RCCS processes and their histories, and [5] used dagger categories to define a reversible
process calculus called II.

We formulate categories for the reversible prime event structures (RPESs) and reversible
asymmetric event structures (RAESs) of [19] and for the reversible (general) event structures
(RESs) of [21]. We define morphisms for each category and functors between them, which
in some cases form adjunctions. We construct coproducts, and, in the case of RESs and a
subcategory of RPESs (see Remark 4.22), products.

In the context of event structures and other models of concurrency, morphisms act as
partial synchronisations. Event structure morphisms are partial functions mapping events
from one event structure to events from another in such a way that (1) any acceptable
configuration of events from the first structure is also an acceptable configuration in the
second, and (2) if an event e; from the first structure is enabled in such a configuration
and mapped to an event e; in the second structure, then applying the morphism to the
configuration gives us a configuration in which e; is enabled. When two functors F': B — A
and G : A — B between a category of more powerful event structures A and a category of
less powerful event structures B form an adjunction, we can say that G is an approximation
which underestimates or overestimates the capabilities of the event structure described by
the more powerful framework A when translating to B. We anticipate that products and
coproducts will be useful when it comes to modelling reversible process calculi, as they
were used by [24] to model parallel composition and choice respectively in the forward-only
setting.

Although no functor is known from asymmetric event structures to general event struc-
tures such that the general event structure maps to the same domain as the asymmetric,
we define a functor from reversible asymmetric event structures to reversible general event
structures and show a correspondence between them (Theorem 6.23).

RPESs and RAESs differ from forward-only prime and asymmetric event structures by
adding not only the ability for events to reverse, but also having a causality and prevention
relation describing when events are allowed to reverse. RESs on the other hand modify their
enablings, adding asymmetric conflict specific to each enabling in the form of a preventing
set. Since the preventing set is specific to each enabling, RESs can have multiple different
asymmetric conflicts associated with an event depending on the enabling being used. This
is similar to how forward-only general event structures can have multiple different sets
of causes, or enabling sets, associated with an event, unlike prime and asymmetric event
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structures, which can only have one.

We believe these variants of event structures may all prove useful for describing different
reversible processes, as we shall illustrate in Examples 1.1, 1.2, and 1.3. Example 1.3 is
related to the parallel switch of Example 1.1.7 of [25].

Having functors between the different variants of event structures improves our ability
to compare systems modelled by different kinds of event structures. Examples 1.1 and 1.3
show reversible prime and general event structures being used to model CCS and m-calculus
processes respectively. Having a functor which maps the RPES created by the CCS process
to an RES allows us to compare the processes (e.g. by defining morphisms between their
corresponding RESs). We can also use the product or coproduct of the RESs to get a
parallel composition or choice between the processes if they are intended to be part of a
larger system.

Example 1.1 (Using an RPES to model reversible CCS). The simple CCS process a | a.b
can be modelled by an RPES which splits the b into two events, one caused by @ and one
caused by 7, wherein a and @ are both in conflict with 7. We can also say that both b’s
prevent 7 and @ from reversing before they do. We return to this in Example 4.2.

Example 1.2 (Using an RAES to model an error [19]). Suppose we wish to model a com-
putation wherein a series of events, eg,eq,es,. .. happens in a sequential fashion unless inter-
rupted by an error event, which causes the computation to undo all events in reverse order
and start over. We would need the error event to prevent the computation from continuing.
However, we would not want any events from the computation to prevent the error from
happening as we would have if we say error is in conflict with e; in an RPES. To model this
we need asymmetric conflict: error prevents e;. We return to this in Example 5.2.

Example 1.3 (Using an RES to model w-calculus [6]). Consider the m-calculus process
(vn)@@(n) | b(n) | c(z)), wherein a bound name n can be extruded on either channel a
or b after which it can be received by c. This creates an action with two possible causes,
which are not mutually exclusive. If ¢ receives n after both outputs have been performed
then either output could have caused the input, since either output could have been what
caused n to become free and therefore available for ¢ to receive. Hence one can argue that
to describe this process with a reversible event structure, we would need @ (n) or b (n) to be
able to cause c¢(n). Also we would want either output to be able to reverse after ¢(n) has
been performed as long as the other output has also been performed and not reversed. We
return to this in Example 6.2.

We also create a category of configuration systems (CSs) [19]. CSs are a model of concur-
rency intended to serve a similar purpose as domains do for the forward-only event structures,
letting the various kinds of reversible event structures be translated into one formalism. A
CS consists of a set of events, a set of configurations of events, and transitions between
them. We show that, just as domains can be modelled as event structures, so a subclass of
CSs which we call finitely enabled can be modelled as RESs. We prove that our functors
between RESs and finitely enabled CSs form an adjunction (Theorem 6.17). Furthermore
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they are inverses for finitely enabled CSs under certain conditions (Theorem 6.16). Having
these mappings in both directions is very useful, as modelling a system as a CS can often
be more intuitive than an event structure, especially an RES with many enablings.

We further define a subcategory of the RESs which are stable (SRESs), meaning that the
causes of an event cannot be ambiguous. While Example 1.3 required the use of a non-stable
RES, Example 1.4 below describes a case where we would want to use an SRES to describe
a reversible computation. We also define stable CSs, and functors between them and stable

RESs.

Example 1.4 (Using an SRES to model multiple errors). Consider the scenario in Exam-
ple 1.2, wherein a computation can be interrupted and forced to restart by an error event.
We now modify it so that we have multiple error events, only one of which can happen at a
time. Then we need to be able to say that an event e; in the computation can be reversed
if one of the mutually exclusive error events has happened. We cannot achieve this with
RAESs, as having multiple error events cause the same event to reverse would imply all
the error events need to have occurred before we can reverse. However with SRESs we can
realise the desired behaviour by creating a separate enabling for each error event. Since only
one error event can exist in any given configuration, this will be stable. We return to this in
Example 7.2.

We present a definition of normal form for RESs, which ensures that we only have the
minimum enablings necessary to describe the corresponding CS. This in particular gives
us mappings which are full inverses between stable finitely enabled CSs and stable RESs
in normal form (Proposition 7.13). We also define a normaliser functor (Definition 7.17),
which maps RESs to RESs in normal form. Some non-stable RESs become stable when
normalised. Since there only exists one stable RES in normal form which describes any
given stable CS, normalising two stable RESs which map to the same CS also gives us the
same result. This makes normalising a useful tool for comparing stable RESs and to a lesser
degree non-stable RESs.

With a few exceptions [20, 22], reversible process calculi have always adopted causal
reversibility, where an action can be reversed if and only if all the actions caused by it have
been reversed first. By contrast, the reversible event structures of [19, 21] that we consider
here allow non-causal reversibility, inspired by bonding in biochemical processes. Hence
causal subcategories are of interest.

We define subcategories of RESs which are (1) cause-respecting, meaning that no action
can be reversed unless all the actions caused by it have been reversed first [19], which can
be seen as a safety property for causal reversibility, and (2) causal, which means both cause-
respecting and also that events whose consequences have all been reversed can themselves
be reversed (a liveness property). Consider again Examples 1.1 and 1.2. The RPES in
Example 1.1 is causal, but the error event in Example 1.2 makes the RAES non-causal, as
the most recent e; event cannot reverse, despite not having caused any other events, unless
the error event is also present in the configuration.

Our longer-term aim is to formulate event structure semantics for reversible process cal-
culi. As a first step towards this, we have in subsequent work [12] defined event structure
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semantics of CCSK using causal reversible bundle event structures, and of CCSK with roll-
back using non-causal reversible extended bundle event structures. Bundle event structures
are more expressive than prime event structures, but less expressive than general event struc-
tures. The causal reversible bundle event structures without cycles in their causation which
we used to describe the semantics of CCSK could potentially have been expressed as causal
reversible prime event structures, given that products exist in the latter (Remark 4.22), al-
though the non-causal reversible extended bundle event structures we used to model rollback
could not.

Other models of concurrency have also been used to define semantics of reversible process
calculi. The reversible m-calculus has been modelled using rigid families [7], and RCCS has
been modelled using configuration structures [1]. Both of these took advantage of the fact
that categorical definitions of rigid families and configuration structures exist, as they used
the products and coproducts to model parallel composition and choice. However, while both
rigid families and configuration structures can model causality, since neither was designed to
be reversible, they cannot model situations such as the ones seen in Examples 1.2 and 1.4,
where the reverse transitions are not the exact inverse of the forwards transitions.

Structure of the Paper. Section 2 reviews forwards-only event structures, on which our re-
versible event structures are based. Section 3 describes the category of configuration sys-
tems, which we use to model reversible event structures. Section 4 describes the category
of the reversible variant of prime event structures, while Sections 5 and 6 cover reversible
asymmetric and reversible general event structures. Section 7 investigates stable variants of
general reversible event structures and configuration systems. Finally Section 8 describes
cause-respecting and causal variants of general reversible event structures and configuration
systems. Figure 1 shows an overview of the categories and functors introduced in this paper.

This paper is revised and extended from the preliminary workshop paper [11]. The
differences can be summarised as follows:

e We present an additional mapping from finitely enabled configuration systems to re-
versible event structures in Definition 6.14, which acts as a left adjoint to the mapping
from reversible event structures to configuration systems (Theorem 6.17). It also func-
tions as an inverse for a different group of configuration systems (Theorem 6.16).

e We correct Definitions 7.9 and 7.6 and Proposition 7.13 because we found that some
stable RESs did not correspond to stable CSs. We also move Definition 7.9 to Section 7,
as the new functor is much better suited for dealing with non-stable cases, while the
old one preserves stability (Propositions 7.10 and 7.11).

e We have added the notion of normal form for RESs mentioned above.

e We present revised definitions of causal and cause-respecting reversible event structures
and configuration systems.
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Figure 1: Categories of event structures and functors between them, with the definitions where they are
introduced. We use the prefix S to denote the stable variants, nf to denote the RESs in normal form, and
F to denote the finitely enabled CSs. We use dashed lines to indicate functors which do not commute with

the rest of the diagram and I to represent inclusions.



Figure 2: Categories of forward-only event structures and functors between them: PES were introduced in
[16], and defined categorically along with Dom, SES, ES, D,, P;, P,s, and Dy in [25], AES, A, and D,
were introduced in [3], and ¥ as a mapping in [19]. The adjunction between A and ¥ is new to this work.
Dashed lines indicate functors which do not commute with the rest of the diagram

e We define reachable configuration systems as ones in which any configuration is reach-
able by a series of transitions from the empty configuration. We define a functor
restricting CSs to their reachable parts, and show that it forms a right adjoint of an
inclusion functor. Based on this we define reachably cause-respecting (resp. reachably
causal) CSs as ones where the reachable part is cause-respecting (resp. causal).

e We provide proofs of all results.

2. Forwards-Only Event Structures

Before describing the different categories of reversible event structures, we review the
categories of forward-only event structures and domains, an overview of which can be found
in Figure 2. The only new work in this section is extending the mapping from asymmetric
event structures to prime event structures into a functor, and proving that it forms the
left adjunction of an established functor from prime event structures to asymmetric event
structures (Proposition 2.20).

2.1. Domains

Forward-only event structures are based on, and map into, a kind of partial order called
domains. To define domains we first need some notation on partially ordered sets (D, C)
from [25]:

Givenz € D, lx ={2’' € D | 2' C z}.

We write 1 X if X C D is compatible, meaning there exists a y € D such that for all
re X,z Cy.

X C D is pairwise compatible if for all z,y € X, 1{z,y}.

X C D is directed if for any x,y € X there exists z € X such that x C 2z and y C z.

(D,C) is a complete partial order (CPO) if for any directed subset X C D, there exists
a least upper bound | | X € D.

Element y € D is compact if for any directed set X C D, if y C | | X then there exists
an x € X such that y C x.

K(D) is the set of compact elements of D.
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A CPO (D, C) is finitary if for all x € K(D), |« is finite.

A partial order (D, C) is coherent if for all pairwise compatible X C D, there exists a
least upper bound | | X € D.

A complete prime of D is an element y € D such that for any compatible X C D, if
y C | | X then there exists an 2 € X such that y C x.

The set of complete primes of D is denoted Pr(D).

Given z € D, Pr(z) = {x N Pr(D).

A partial order (D, C) is prime algebraic if for any z € D, x = | | Pr(x).

Definition 2.1. Domains are coherent, prime algebraic, finitary partial orders.

Complete primes are considered to be atomic events, which cannot be expressed as the
upper bound of other elements, while non-prime elements z of domains are the states reached
when the events of which x is the least upper bound have happened.

To define the category Dom, we need a notion of domain morphism, which we present
in Definition 2.2.

Definition 2.2 (Domain Morphism [25]). Let (Do, C¢) and (D1, ;) be domains. A domain
morphism is a function f : Dy — D; such that:

1. for all zg,yo € Dy, if x <o y then f(z) =1 f(y) where < is defined as:
r<2 ifxCa and V2" € D. (x C 2" C 2/ implies z = 2" or 2’ = 2") ;

2. for all X C Dy, if X is pairwise compatible then f(| | X) =[] f(X);
3. for all X C Dy, if X # () and is compatible then f([]X) =[] f(X).

We also define prime intervals in Definition 2.3 for use in future mappings.

Definition 2.3 (Prime Interval [25]). Let (D,C) be a domain. A prime interval is a pair
[z, 2'] of elements of D such that = < 2’. We say [z,2'] <[y,y]if e =2'Myand zUy =¥/,
and ~ is the transitive and symmetric closure of <.

We furthermore define the mapping [z,z']. — p, where p is the unique element in
Pr(z")\ Pr(z), which is an isomorphism between the ~-classes of prime intervals of (D, C),
and the complete primes of D, with the inverse function p — [[ [{x € D | x C p}, p]~.

2.2. Prime Event Structures

We now recall the definition of prime event structures.

Definition 2.4 (Prime Event Structure [16]). A prime event structure (PES) is a triple
E = (E,<,#), where E is the set of events, and causality, <, and conflict, #, are binary
relations on E such that

1. # is irreflexive and symmetric;
2. < is an irreflexive partial order such that for every e € E, {¢' | ¢/ < e} is finite;
3. # is hereditary with respect to <, i.e. for all e,e’,e¢” € E, if e # ¢ and e < €¢” then

6// # 6/



A PES consists of a set of events, and causality and conflict relations describing when
these events can occur. If e < €' then €' cannot happen unless e has already happened.
Moreover if e # ¢’ then e and €' cannot both occur in the same computation. No event is
allowed to have an infinite number of causes, as every event should be reachable in a finite
number of steps. Furthermore, # is hereditary with respect to <, since if e and €’ never
appear in the same configuration, and €’ cannot appear in a configuration that does not
contain e, then ¢” and ¢’ will never appear in the same configuration. This condition, along
with # being irreflexive, also means that two events cannot be in conflict if they cause the
same event.

Definition 2.5 (Configuration [16]). For any PES £ = (F, <,#), we say that X C F is a
configuration of £ if X is left-closed under < and conflict-free, meaning no e, e’ € X exist,
such that e # ¢’. We use Conf(€) to denote the set of all configurations of £.

We recall the definition of a PES morphism in Definition 2.6, giving us the category
PES. Morphisms on event structures can be seen as a sort of synchronisation between the
two structures, where if X is a configuration then f(X) is too, and two events e and e’ can
only synchronise with the same image event f(e) = f(¢) if they are in conflict.

Definition 2.6 (PES morphism [25]). Let & = (Ey, <o, #0) and &; = (E1, <1, #1) be PESs.
A morphism f: & — & is a partial function f : Fy — F; such that

1. for all e € Ey, if f(e) # L then {e; | e1 <1 f(e)} C{f(¢) | € <oe};
2. for all e, e’ € Ey, if f(e) # L # f(e') and f(e) #1 f(€), then e #¢ €/;
3. forall e, e’ € Ey, if f(e) # L # f(€), f(e) = f(€'), and e # €/, then e #, €.

We can now describe functors between Dom and PES.

Definition 2.7 (From PES to Dom [25]). The functor D, : PES — Dom is defined as:
1. D,(&) = (Conf(&), Q);
2. D,(f) = f where f'(X) ={f(e) | e € X}.
Definition 2.8 (From Dom to PES [25]). The functor P; : Dom — PES is defined as:
1. Py({(D,C)) = (Pr(D),<,#) where p < p' if pC p' and p # p’ if not p 1 p/;
2. Py(f) = f where
p1 if po e w0, 2g]~s flxo) < f(ap) and [f (o), f(20)]~ — p1
f(po) = .
1 otherwise.

Example 2.9 shows a PES modelled as a domain.

Example 2.9. The PES £, shown in Figure 3a, with events a, b, ¢ where a < b, a < ¢, and
b # ¢, has configurations 0, {a}, {a,b}, and {a, ¢}, and therefore D,(E) = Dg¢ is the domain
seen in Figure 3b.



{a,b} {a,c}
AN V

b-------- c {a}
NS *
a 0
(a) PES & (b) Domain of PES &

Figure 3: Example of a PES and corresponding domain.

2.3. Asymmetric Event Structures

Asymmetric event structures resemble prime event structures, with the difference being
that the conflict relation e > e’! is asymmetric, so that rather than e and €’ being unable
to coexist in a configuration, e’ cannot be added to a configuration that contains e. The
inverse of this relation, written €’ <1 e, may also be seen as a relation of precedence or weak
causality, where if ¢’ <e (i.e. e>¢€’) and both events are in a configuration then ¢’ must have
been added first. Definition 2.10 describes asymmetric event structures.

Definition 2.10 (Asymmetric Event Structure [3]). An asymmetric event structure (AES)
is a triple £ = (F, <, <) where F is a set of events, < is the precedence relation, < is the
causality relation, which is an irreflexive partial order, and for all ¢,¢’ € E:

1. {" € E| ¢" < e} is finite and contains no < cycles;
2. if e < € then e < ¢;
3. if e # ¢ and e < €” then €’ # €', where #= <N >.

The configurations of an AES are defined in Definition 2.11. It replaces the conflict-
freeness condition in Definition 2.5 with requiring <1 to be well-founded, since the configu-
ration would not otherwise be reachable in a finite number of steps, as e < ¢’ means e must
have been performed before €’ if they are in the same configuration. This condition also
prevents cycles of asymmetric conflict, which would make the configuration unreachable.
Conditions 1 and 2 ensure that the partial order of an AES’s configurations will be finitary,
which is necessary for mapping AESs to domains.

Definition 2.11 (AES Configuration [3]). Given an AES £ = (E, <, <), A configuration
of £ is a set X C F such that

1. < is well-founded on X;
2. foralle € X, {e/ € X | ¢ < e} is finite;
3. X is left-closed with respect to <.

The set of all configurations of € is denoted by Conf(&).

We define a notion of morphism in Definition 2.12, giving us the category AES. This
works very similarly to PES morphisms, again creating a sort of synchronisation between
two AESs.

1[3] uses the notation e ¢’ to denote the inverse of this.
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Figure 4: Example of an AES and the corresponding domain.

Definition 2.12 (AES morphism [3]). Let & = (Eo, <o, <o) and & = (E1,<1,<i) be
AESs. A morphism f : & — & is a partial function f : Ey — Fj such that

1. for all e € Ey, if f(e) # L then {e1 | e1 <1 f(e)} C{f(€) | € <o e};

2. for all e, ¢’ € Ey, if f(e) # L # f(¢') and f(e) >y f(€), then e ¢ €/;
3. forall e, e’ € Ey, if f(e) # L # f(€), f(e) = f(€'), and e # €/, then e > €.

We define a functor from AES to Dom in Definition 2.14, but to do this we first need an
ordering of configurations, as defined in Definition 2.13. Like the functor from PES to Dom,
the functor from AES to Dom maps event structures to their set of configurations; however,
instead of ordering configurations by set inclusion, it orders them by the extension ordering,
which allows new events to be added to a configuration only if they are not prevented by
any of the existing events.

Definition 2.13 (C on configurations [3]). Given an AES £ = (E, <, <), and configurations
X, X’ € Conf(E), we say X' extends X, written X T X' if:

1. X C X",
2. noe€ X and ¢ € X'\ X exist, such that € <e.
Definition 2.14 (From AES to Dom [3]). The functor D, : AES — Dom is defined as:

1. D,(€) = (Conf(&),C);
2. given an AES morphism f : & — &1, D.(f) = f* where for all X € Conf(&),
(X)) ={f(e) | e X}.

Example 2.15 shows an AES modelled as a domain.

Example 2.15. Let the AES £ = (F, <, <) be given by F = {a,b,c} and a < b and b < c.
See Figure 4a, where we use dotted arrows for weak causality <. Then £ has configurations
0, {a}, {c}, {a,b}, {a,c}, and {a,b,c}, and therefore D,(&) is the domain seen in Figure 4b.

We define functors between AES and PES.

Definition 2.16 (From PES to AES [3]). The functor A : PES — AES is defined by:
11



1. A((E, <, #)) = (B, <, < U#);
2. A(f) =T

The following functor from AES to PES is based on a mapping given in [19].

Definition 2.17 (From AES to PES). The functor ¥ : AES — PES is defined by:

1. X((E,<,Q)) =(E,<,aND);
2. X(f)=f.

Proposition 2.18. ¥ : AES — PES is a functor.

Proof. [19] showed that ¥ maps AESs to PESs, so we need to show that for an AES mor-
phism f: & — &' X(f) : () — X(&') is a PES morphism satisfying the conditions of
Definition 2.6:

1. This is condition one of an AES morphism.

2. I X(f)(e) # 2(f)(€) then f(e) <’ f(¢') and f(e) >’ f(€'), which by definition of an
AES morphism implies e <€’ and e > ¢/. Hence e # €' in X(E).

3. If X(f)(e) = E(f)(¢’) and e # ¢’ then, again by definition of an AES morphism, e < ¢’
and e > €.

Having established that > maps between the categories, we show it to be a functor. The
proof is split in three parts:

N(f:E€=E)=%(f):2(€) = X(&):
Obvious since X(f) = f, ¥(F) = E, and X(E') = F'.

2(15) == 12(5).'
Obvious since the identity function for all PES and AES objects is f(e) = e.

X(f o f)=%(f) o X(f):
Obvious since X(f) = f and X(f') = f'. O

As our first result (Proposition 2.20) states, the two functors are not inverse, but form
an adjunction. We shall rely on the following characterisation of adjunctions, based on
Definition 9.1 of [2].

Definition 2.19. Let C and D be categories, and let ' : D — C and G : C — D be
functors. Then F'is a left adjoint of GG if one of the following holds:

1. there exists a natural transformation n : Ip — G o F' (the unit) such that for any
c € C, d € D and morphism g : d — G(c) there is a unique morphism g : F'(d) — ¢
such that g = G(g) o ng, where 7, is the component of 1 at d;

2. there exists a natural transformation € : F' o G — I¢ (the counit) such that for any
c € C, d € D and morphism f : F(d) — ¢ there is a unique morphism f : d — G(c)
such that f = e. o F(f), where ¢, is the component of € at c.

12



We shall write F' 4 G to denote that F' is left adjoint of G and G is right adjoint of F'.
Proposition 2.20. X 4 A.

Proof. For any AES £ = (E, <, <), we have A(X(€)) = (E, <, <) where </ =< U(<N>).

Let the unit n : £ — A(X(E)) be defined by n(e) = e for all e € E. This is easily seen
to be an AES morphism, noting that <’ C < since </ =< U(<N>) and < C <. Since
n(e) = e, it is obviously a natural transformation. Let £ be an AES and &£ be a PES, and
let g : € — A(E') be an AES morphism. Let g : £(€) — &£’ use the same mapping on events.
Then clearly g(£) = A(g) on(€) and g is the only morphism with this property.

We then show that for any AES morphism g : £ — A(£'), g : £(£) — &' is a PES
morphism, satisfying the conditions of Definition 2.6:

1. This is also a condition of an AES-morphism.

2. If g(e) # g(€’) then g(e) <’ g(¢’) and g(e) > g(€’), implying that e < e’ and e > €/, and
therefore e # ¢’.

3. If g(e) = g(¢') and e # €’ then by definition of an AES morphism, e <€’ and e > ¢/,
and therefore e # ¢’. m

Remark 2.21. In [3] it is shown that going from AES to PES via Dom gives the opposite
adjunction, that is, A 4 D, o P;. Thus A has both left and right adjoints.

2.4. General FEvent Structures

General event structures, or simply event structures, work somewhat differently from
PESs or AESs. Instead of causality they have an enabling relation, -, so that if a set of
events X enables e, X I e, then e can happen in the configuration X and any configurations
X is a subset of. General event structures also replace conflict with a set of consistent sets
of events, so that configurations cannot have any inconsistent finite subsets.

Definition 2.22 (Event structure [25]). An event structure (ES) is a triple € = (E, Con, F),
where F is a set of events, Con Cg, 2% is the consistency relation, F C Con x E is the
enabling relation, and

1. if X € Conand Y C X then Y € Con;
2. if XFeand X CY € Con then Y F e.

ES configurations are defined in Definition 2.23. Since conflict has been replaced with
consistent sets, we now require all finite subsets of a configuration to be consistent. In order
to ensure that the configuration is reachable, we need there to exist a sequence in which the
events could have happened.

Definition 2.23 (Configuration [25]). Given an ES £ = (£, Con, ), a configuration of £ is
a set X C F such that

1. for all X’ Cg, X, X' € Con;
2. for all e € X, there exists a sequence eg,eq,...,e, such that e, = e and for all
OSZSTL, {60,...,6i_1}|_€i.
13



Again, the set of all configurations of £ is denoted Conf(E).
We define an ES morphism in Definition 2.24, giving us the category ES.

Definition 2.24 (ES morphism [25]). Let & = (Ep, Cong, o) and & = (Fi, Cony, ) be
event structures. An ES morphism is a partial function f : Ey — E; such that

1. for all ey € Ey, if f(eg) # L and X ¢ ep, then f(X) 1 f(eo);
2. if X € Cong then f(X) € Cony;
3. for all eq, e, € Ep, if {eg, ey} € Cong and f(eg) = f(ef) # L then ey = €.

Stable event structures, defined in Definition 2.25, are a subset of event structures, which
along with ES morphisms between stable event structures make up the category SES. An
ES is stable if in any given configuration, each event has a unique enabling set.

Definition 2.25 (Stable event structure [25]). A stable event structure (SES) is an event
structure £ = (F, Con, ) such that if X e, X’ F e and XUX'U{e} € Con then XNX'F e.

We then define functors from PES to SES and from SES to Dom.

Definition 2.26 (From PES to SES [25]). The functor P,s : PES — SES is defined as:

1. Ps((E,<,#)) = (E,Con,F) where Con = {X Cg, E | e,/ € X = =(e # €)} and
XFeif{e]|e <e} C X e Con;
2. Pys(f) = f" where f'(X) ={f(e) | e € X}.
Remark 2.27. AESs are not as easily mapped into ESs. Consider the AES £ = (E, <, <)
where E = {a,b} and a <b. An attempt to describe € as a ES (E, Con,t-) where E = {a, b}
would require ) - a and {b} € Con, but not {b} - a, which is not possible. We shall see that

matters are different in the reversible setting, thanks to SRES enablings having a preventing
set.

Definition 2.28 (From SES to Dom [25]). The functor D, : SES — Dom is defined as:

1. Dy((E,Con,F)) = (Conf(&), C);
2. Ds(f) = .

Example 2.29 shows an SES modelled as a domain.

Example 2.29. £ = (E, Con,t) where E = {a,b,c}, Con = {0, {a}, {b}, {a,c}, {b,c}}, and
OFa, 0k b,{a} F ¢, and {b} - ¢ can be represented by the domain D,(€) seen in Figure 5.

We now have all the categories and functors seen in Figure 2.

14
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\@/

Figure 5: Domain corresponding to SES & of Example 2.29.

3. Configuration Systems

Before we start describing the various categories of reversible event structures, we de-
scribe a model of concurrency, into which we can translate the reversible event structures.
Obviously domains cannot model reversibility, and so we need a different model. We adopt
configuration systems [19] (Definition 3.1). These consist of a set of events, F, some of which,
F, are reversible, a set C of configurations on these, and an optionally labelled transition

relation — such that if X 222 ¥ then the events of A can happen and the events of B can
be undone in any order starting from configuration X, resulting in Y. When discussing re-
versible events we will use e to denote reversing e and e* to denote that e may be performed
or reversed and X + e* to denote X U{e} if e* = e and X \ {e} if e* = e. We may also leave
out Y when describing such a transition, since it is implied that Y = (X \ B)UA. A CS is
shown in Example 3.2.

We define the category of CSs, construct coproducts (Definition 3.5) and products (Defi-
nition 3.7), and extend the mappings from AESs and PESs to CSs defined by [19] into func-
tors, along with a new functor from ESs to CSs (Definition 3.14). We also define reachability
in CSs and a subcategory of CSs where every configuration is reachable (Definition 3.16)
and a functor mapping CSs to their reachable subsystems.

Definition 3.1 (Configuration system [19]). A configuration system (CS) is a quadruple
C = (E,F,C,—) where E is a set of events, ' C E is a set of reversible events, C C 2F is

the set of configurations, and — C x 2FYE x C is a labelled transition relation such that if

X AU%B Y then:

1. ANX = 0;
2. BC XNF,
3. Y = (X\B)UA;

4. for all A” C A and B’ C B, we have X
B)YuUA € Q).

R A\A"U(B\B’
AoB, g DDUEEL v (where Z = (X \

15



Example 3.2 (Configuration System). The figure shows a
CS with the events @ and b. Notice that there exist reverse {a, b}

transitions, which remove events from the configuration, and {b} {a}
that because we have a transition going directly from {b} to (b
{a}

{a}, we must be able to go from {b} to {a} both via () and
via {a,b}. However, despite there existing paths from ) to (b, a} {b}
{a,b} via {a} and {b}, we do not require a direct transition N; {b/

a} {0}

CS transitions have a lot more freedom than domains in how their transitions allow events
to happen, as their transitions are not derived from an ordering. The only requirement of
their transitions is that when events can happen concurrently, they must also be able to
happen in any order.

We introduce a notion of morphism in Definition 3.3, creating the category CS. The
two first conditions in this definition ensure that morphisms preserve configurations and
transitions, while the third condition corresponds to the third condition in Definitions 2.6,

2.12, and 2.24, ensuring that two events which map to the same event cannot appear in the
same configuration.

a,b .
o L, {a,b}. In future examples we will leave out the
labels of the transitions to avoid clutter, as they are easily
derived from the configurations.

Definition 3.3 (CS ITlOI'phiSHl). Let CO = (Eo,Fo,Co,—>0) and C; = (El,Fl,Cl,—>1) be
configuration systems. A CS morphism is a partial function f : Fy — F; such that

1. for any X € Cy, f(X) € Cy;
2. for any X,Y € Cy, A C Ey, and B C Fp, if X égo Y and f(AU B) # () then
f(AUF(B)
fX) ———=1 f(Y);

3. for all ey, e, € Ey, if f(eo) = f(ep) # L and ey # e then there exists no X € Cy such
that eg, e € X.

Proposition 3.4. CS where CSs are objects and CS morphisms are arrows, is a category.

Proof. Since CS morphisms are partial functions they are obviously associative, and f(e) = e
is an identity arrow. Hence we only need to prove composability, meaning that given CSs
Co, C1, and Cy and morphisms f : Cyp — C; and g : C; — Co, go f : Cyp — Cs is a morphism.
Each condition of Definition 3.3 is proved separately:

1. Since f is a CS morphism, f(X) € Cy, and since g is a CS morphism, for any X; € Cy,
g(X1) € Cy, and therefore g(f(X)) € Cs.

2. Since f is a CS morphism, f(X) wg f(Y) and, since g is a CS morphism, this
L A B
implies that g(f(X)) LD, o (v)),

3.1 g(f(eo)) = g(f(ch)) # L then fleo) = e and f(eh) = ¢} for some e, ¢} € Fy
such that g(e;) = g(e}) # L. Hence either e; = €} or no X; € C; exists such that
€1, 6/1 c Xl.

16



{a,b} {c,d} {a,b} {c,d}

/\ /N AN

{0} {a} {e} [ {4} {0} {a} {c}/{d}

/R Y

Figure 6: Example of a coproduct

In the first case, since f is a morphism, by definition, if ey # e}, then no X € Cy exists
such that ey, e € X.

In the second, by definition for any Xy € Co, f(Xo) € Cy, and therefore there cannot
exist any X € Cqy such that eg, e, € X. O

We construct a coproduct of two CSs in Definition 3.5. A coproduct acts as a ‘choice’
between which of the two CSs to behave like, as illustrated by Figure 6. We do this by
making a CS, which includes both sets of events, with their original configurations and
transitions, including the ones going to and from the empty configuration, but not creating
any configurations with events from both.

Definition 3.5 (CS COpIOdUCt). Given CSs Cy = (Eg, Fo, C(), —>0) and C; = (El, £, Cl, —>1),
we can construct Cy + C; = (E, F,C, —) with injections i and i; where:

1. E={(0,e)|e€ Ex}U{(l,e) | e € E1};

2. F={(0,e) | ec Fo}U{(l,e) |eec Fi};

3. for j € {0,1} and e € E; we have i;(e) = (j,€);

5. X 2By i there exist j € {0,1}, and X;,Y;, A;, B; C Ej; such that i;(X;) = X,

A;UB;
i;(Y;) =Y, 1;(4;) = A, i;(B;) = B, and Xj —; V.

Proposition 3.6. Given CSs Cy and Cy, Cy + Cy is their coproduct in CS.

PT’OOf. Let Cy = (E(),F(),CO,—)O), C, = (El,Fl, Cl,—>1>, and Cy + C; = (E, F,C,-)). Then,
since events from F; interact with each other in the same way in Cy + C; as in C; and
events from FEj are never in the same configurations as events from Fi, ig and i; are clearly
morphisms.

The coproduct Cy + C; of Cy and C; must satisfy the universal property that if there
exist morphisms fy : Co — Cy and f; : C; — Cs then there exists a unique morphism
f :Co+C — Cy such that foiyg = fo and foi; = fi;. In this case we define [ as
F((,e)) = f(e).

Obviously ig o f = fo and i1 o f = f1, so we prove f is a morphism, meaning it satisfies
the conditions in Definition 3.3:

17



{(a, %), (b, %), (. )}

P

{a,0} {(a,¢), (0, %)} {(b,%), (x, )} A, ), (b, )N (a, %), (+, )} {(a,%), (b,¢)}

[ \\\ ~

{o} {a}  {c} (a,c)y  {(b:%)}  {(x
/ X I = \ I
0 0

Figure 7: Example of a Product

c)}

1. Suppose X ALy in Co + Ci. Then there exists j € {0,1} and X;,Y;, A;, B; C E;
]uB
such that ZJ(X]) = X, Z](Y;) =Y, Z]<AJ) = A, Z](Bj) = B, and Xj —; Y;
fi(A;)U55(B;)
Therefore f;(X;) ———————2 f;(Y;).

2. Suppose X € C. Then there exist j € {0,1} and X; € C; such that i;(X;) = X. This
implies f;(X;) € Cs.

3. Suppose f((j,e)) = f((j';€¢')) # L and (j,e) # (j',¢'). Then either j = j" or j # j'.
If j = j' then f;(e) = f;(€'), implying since e # €', there cannot exist X; € C; such
that e, e’ € X, and therefore there does not exist X € C such that (j,¢e), (j',€¢') € X.
If j # j' then there does not exist X € C such that (j,e), (5, ¢') € X. ]

We also construct a product of CSs in Definition 3.7. A product can be described as the
parallel composition of two CSs, as illustrated by Figure 7. We do this by creating a CS
where the events from one set of events can either happen on their own or synchronise with
an event from the other CS. When an action happens in one CS without synchronising with
an action from the other, we use * instead of the other action. Configurations in this new
CS must consist of events such that if one looks only at the events that came from one of
the CSs, without considering what they synchronised with, they must be distinct and form
a configuration in the original CS. Similarly, projecting a transition onto one of the original
CSs, must yield a transition unless all the events being added or removed are events from
the other CS that have not synchronised with anything.

Definition 3.7 (partially synchronous CS product). Given CSs Cy = (Ey, Fy, Co, —0) and
Ci1 = (E1, F1,Cy,—1), we can construct Cy x C; = (F, F,C,—) with projections 7y and m
where:

1. E=FEyx, E={(e,*x) | e € Ex} U{(x,e)|ec E1}U{(e,€) | e € Eyand ¢ € E1};
2. F=Fyx,Fi={(e;x) | e € Fb} U{(x,e) |e€ Fi}U{(e,€) | e € Fy and ¢ € Fi };
3. for j € {0,1} and (eg,e1) € E we have 7;((eg, 1)) = €;.
4. X e Cif:
(a) mo(X) € Co;
(b) m(X) € Cy;
18



(c) for all e, e’ € X, if mo(e) = mo(€’) # * or my(e) = mi(€’) # x then e = €'.

5. x 228 vir
o (A)Umo(B)

(a) if mo(A U B) # 0 then mo(X) ——————¢ mo(Y);
(b) if 1 (AU B) # 0 then m (X) 2B, (v):

(¢c) BC X.

Proposition 3.8. If Cy and C; are CSs then Cy x Cy is their product in CS.

P’I"OOf. Let Cy = (Eo,Fo,Co,—)o)7 C, = (El,Fl, Cl,—>1>, and Cy X C; = (E, F C,-)) Then
o and m; as in Definition 3.7 are clearly morphisms.

A product is formally defined in the following way: if there exist morphisms f : Co — Cy
and f; : Co — C; then there exists a unique morphism f : Co — Cy x C; such that mgo f = fy
and m o f = fi. We define f as f(e) = (fo(e), fi(e)), where f;(e) =« if it is not defined.

Clearly myo f = fy and m o f = f1, so we simply need to show that f is a morphism,
meaning it satisfies the conditions of Definition 3.3:

1. If X € G, then fo(X) € Cyp and f1(X) € Cy, and since fy and f; are morphisms, there
cannot exist ey, e, € X such that fo(es) = fo(eh) # L or fi(es) = fi(ey) # L and
ey # €, implying f(X) € C.

Jo(A)Ufo( f1 fi
2. If X AU—B>2 Y then fo(X) %0 fo(Y) and f1(X) Lﬁ f1(Y). Therefore

fF(AUf(B)
f(X) ———= f(Y).
3. If f(e) = f(¢/) # L and e # € then for j € {0,1}, f;j(e) = f;(€'), and there exists
j' € {0,1} such that fj(e) = fy(¢) # L. This implies there does not exist X € C,
such that e, ¢’ € X. ]

Functors exist from both PES, AES, and ES to CS as described in Definitions 3.9, 3.11,
and 3.14. The first two are based on mappings from [19].

The definitions of configurations are not the same here as they were when mapping to
domains in the previous section, discarding the conditions which ensured the configurations
would be reachable, and keeping only those concerned with conflict. This is because (1)
CSs do not have the same requirements of the relationships between their transitions and
configurations as domains, and (2) it will become much more difficult to tell which configu-
rations are reachable (in a finite number of steps) once we start discussing reversible event
structures. Therefore not restricting ourselves to reachable configurations now will mean
that when we map our forward-only event structures into their reversible variants their CS
representation will be preserved.

Of the conditions for transitions in Definition 3.9, (a) to (c) are part of Definition 3.1,
and (d) simply ensures that e can only happen in transitions going from configurations that
contain all of e’s causes.

Definition 3.9 (From PES to CS). The functor C, : PES — CS is defined as

1. Co((E,<,#)) = (E,0,C,—) where C = {X C F'| X is conflict-free} and X A Y if:
19



Proposition 3.10. C, is a functor from PES to CS.

Proof. It was established in [19] that C, maps PESs to CSs, so we need to show that if
f & — & is a PES morphism then f : C,(&) — C,(&1) is a CS morphism satisfying the
conditions of Definition 3.3:

1. Suppose X € Cy. Then X is conflict-free. Since, by definition of a PES morphism,
fleo) #1 fl(e) = eo #o €, this implies that f(X) is conflict-free, and therefore
f(X) eG.

2. Suppose X go Y. Then f(X) wn f(Y) because we can observe that Fy and
therefore B is empty and:

(a) f(X),f(Y) € C; since X,Y € Cy, as implied by item 1.

(b) f(Y)=f(X)Uf(A) since Y = X U A.

(c) f(A) N f(X) =0 since AN X = @, and by definition of a PES morphism, for
all e, e, € Ep, if f(eo) = f(e) # L and ey # e then ey #¢ e, implying
ep ey ¢ (XUA) =Y € Cy, since Y is conflict-free.

(d) For every a € f(A), {e € E1 | e <1 f(a)} € f(X) because for every ay € A,
{e € Ey | e <o ap} C X, and by definition of a PES morphism, {e; | e; <3
flao)} S {f(e) | e <o ao}-

3. Suppose f(eg) = f(ey) # L and ey # e). By definition of a PES morphism, ey # €,
and since all X € Cy are conflict-free, there exists no X € Cy such that e, e € X.

Then to prove it is a functor we simply need to show that:

Co(f : & — &) = Cp(f) : Cp(E1) = Cp(&2), which is obvious since C,(f) = f, Cp(Ep) =
Eo, and Cp(El) = El-

Cp(1le) = 1¢, (¢ since the identity function for all PES and CS objects is f(e) = e.

Cp(f o f') = Cp(f) o Cp(f') since Cp(f) = f and Cp(f') = f". L

In addition to the conditions for transitions in the previous definition, Definition 3.11
also states that if ¢’ prevents e, then e cannot be part of a transition which contains ¢’ either
as part of the start configuration or as one of the events being performed simultaneously.

Definition 3.11 (From AES to CS). The functor C, : AES — CS is defined as:
1. C.((E,<,<)) = (E,0,C,—) where C = {X C E | < is well-founded on X} and
A v
X =Yift
(a) X,Y € C;
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(d) foreverye€ A, {¢’ € E|e <e} C X and{e €FE|e>a}nN(XUA) =0
2. Co(f) = 1.
Proposition 3.12. C, is a functor from AES to CS.

Proof. It was established in [19] that C, maps AESs to CSs, so we need to show that if
f & — & is an AES morphism then f : C,(&) — C,(&1) is a CS morphism because it
satisfies the conditions of Definition 3.3:

1. Suppose X € Cy. Then < is well-founded on X. Since, by definition of an AES
morphism, f(eg) <1 f(ef) = eo <o €p, this implies that <1y is well-founded on f(X),
and therefore f(X) € C

2. Suppose X go Y. Then f(X) wn f(Y) because we can observe that Fy and
therefore B must be empty, and:

(a) f(X),f(Y) € Cy because X,Y € Cy and we already proved item 1.

(b) Obviously f(Y) = f(X)U f(A), since Y = X U A.

(c) f(A)N f(X) =0 because AN X = (), and by definition of an AES morphism,
for all eg, ey € Ey, if f(eo) = f(ep) # L and eq # e then ey #o €;. Hence
ep e & (XUA) =Y € Cy, since < is well-founded on Y.

(d) Forevery a € f(A), there must exist an ag € A such that f(ag) = a, and {e € Ej |
e>oaoN(XUA) = (). If there exists an ey € {e € Ey | e>1a}N(f(X)Uf(A)) then
there must also exist an e € X U A such that f(ey) = e;. Since f(ep)>1 f(ag), by
definition of an AES morphism, eq>qag, but because {e € Ey | e>>gao}N(XUA) =
() we have a contradiction. Therefore {e € Ey | er>1a} N (f(X)U f(A)) = 0.

(e) For every a € f(A), {e € Ey | e <1 a} C f(X) because for every ay € A,
{e € Ey | e <p ap} C X, and by definition of an AES morphism, {e; | e; <;
flao)} € {f(e) | e <o ao}.

3. Suppose f(eg) = f(e) # L and ey # ef,. By definition of an AES morphism, ey #¢ €y,
and since < is well-founded on all X € Cy we have eg, e, ¢ X.

The rest of the proof is identical to that of Proposition 3.10. O]
Example 3.13 shows how the AES from Example 2.15 can be mapped to a CS.

Example 3.13. The AES £ = (E, <, <) where E = {a,b,c} and a < b and b < ¢, maps to
the CS C,(€), shown in the diagram below:

{a,b,c}

A
{a,0} {b,c} {a,c}
' '
VA"

~,7
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Notice that, unlike when we used the domain D,(€) to model £ in Example 2.15, we some-

times get transitions with multiple events, such as () ﬂ {a,c}, but at other times transi-
tions such as 0 — {a} — {a, b} exist without 0 — {a, b}, allowing us to distinguish between
concurrent and sequential events. We also get the unreachable configurations {b} and {b, c},
which were not present in the domain.

The first three conditions on transitions in Definition 3.14 are similar to the two previous
definitions, but that condition (d) instead states that e can only be part of a transition if e
is associated with an enabling set which is a subset of the starting configuration.

Definition 3.14 (From ES to CS). The functor C' : ES — CS is defined as:

1. C((E,Con,+)) = (E,®,C,—) where X € Cifforall X C4y X, X' € Con, and X 25 Y
if:

2.C(f) =1
Proposition 3.15. C is a functor from ES to CS.

Proof. We first prove that for any ES & = (E, Con,F), C(€) = (E, F,C,—) is a CS, meaning
AUB
that whenever X —— Y":

1. ANX =0, BCF=0,and Y = X U A according to the definition of C'.

’ A\A/
2. For all A’ C A, we have X A xuaA Ay because the conditions for transitions

in Definition 3.14 are clearly satisfied for both transitions.

We then show that if f : & — &; is an ES morphism then f : C(&) — C(&) is a CS
morphism satisfying the conditions of Definition 3.3:

1. Suppose X € Cy. Then for all X' Cg, X, X’ € Cong. Hence f(X’) € Cony, and
therefore f(X) € C;.

2. Suppose X ﬁj—%o Y. Then f(X) Mﬁ f(Y) because we can observe that Fy and
therefore B must be empty, and:

(a) f(X),f(Y) € C; since X,Y € Cy, this is implied by the first item.

(b) Obviously f(Y) = f(X)U f(A), since Y = X U A.

(c) f(A)Nf(X) =0 because ANX = (), and for all e, e’ € Y, {e, €'} € Cony, meaning
either e = ¢’ or f(e) # f(€).

(d) For every a € f(A), there exists an X’ Cg, f(X) such that X’ ; a because
for every ap € A, there exists an X Cg, X such that X{ ¢ ag, implying
f(Xo) F1 f(ao).

3. Suppose f(eg) = f(ep) # L and ey # €. Then {eg, ey} ¢ Cong, and therefore there
does not exist X C Ej such that eg, e, € X and for all X’ Cg, X, X’ € Cony.
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Having proved that C' maps from ES to CS we prove it to be a functor similarly to
previous functors. 0

We will usually not be interested in any part of a CS which is not reachable from the
empty configuration (), and so we will define a functor to remove those parts. However, we
first define reachability in Definition 3.16.

Definition 3.16 (Reachable CS). Given a CS C = (£, F,C,—), a configuration X € C is

AoUBg ApUBy,
20 Dn
7T e e e

> X. A configuration X € C is

forwards reachable if there exists some sequence () Aoy An XL We say that C is reachable
if all configurations in C are reachable. We let RCS be the category consisting of reachable
CSs and the CS morphisms between them.

reachable if there exists some sequence ()

We then define the reachable subsystem of a CS and a functor Reach restricting the CS
to said subsystem in Definition 3.17.

Definition 3.17 (Restricting to Reachable). Given a CS C = (E, F,C,—), the reachable
part of C, (E, F,C',—'), is defined as:

1. ' ={X | X e(, X isreachable}

!
2. X 228 xir x 28 X and X, X' e

We define a functor Reach : CS — RCS such that:

1. Reach(C) is the reachable part of C
2. Reach(f) = f

Proposition 3.18. Reach is a functor from CS to RCS.

Proof. First we show that Reach is a mapping, meaning:

1. If C is a CS then Reach(C) is an RCS.
2. If f is a CS morphism then Reach(f) is an RCS morphism.

This holds because:

1. Obvious.

2. Here we need to show that for any CSs Cy = (Ey, Fy, Co, —0) and C; = (E1, F1,Cq, —1)

and CS morphism f : Cy — Cy, if X € Cy is reachable then f(X) is reachable in C;.

AoUB AnUBp f(Ao0)Uf(Bo) f(An)Uf(Bn)
But clearly, if () e N X, then ) —— = > f(X).

In addition, since all reachable configurations were configurations of the original CS,
condition 3 of Definition 3.3 is clearly satisfied.

The rest of the proof is similar to previous functors. n

Proposition 3.19. Let I be the inclusion functor I : RCS — CS. Then I 4 Reach.
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Figure 8: Categories of forward-only event structures and CSs. We use dashed lines to indicate functors
which do not commute with the rest of the diagram.

Proof. For any CS C = (E, F,C,—) we define counit € : I(Reach(C)) — C such that for all
e € E, ¢(e) = e. Clearly € is a CS morphism.

We then show that given an RCS C, a CS C’, and a morphism f : I(C) = C', f: C —
Reach(C’) is an RCS morphism. As established in the proof of Proposition 3.18, if X is a
reachable configuration, then f(X) is a reachable configuration, and the result follows. [

RCS is a full subcategory of CS, i.e. includes all the functors between reachable CSs.
Moreover, Proposition 3.19 establishes that RCS is coreflective in CS, meaning its inclusion
functor has a right adjoint.

We then have the categories seen in Figure 8, which illustrates that in addition to mod-
elling reversibility, CSs are more powerful than domains even in the forward-only world, as
they are able to model non-stable ESs.

4. Reversible Prime Event Structures

We are now ready to start adding reversibility to our event structures, with the goal of
defining the categories and functors seen in the bottom half of Figure 9.

We begin with PESs. Reversible prime event structures (Definition 4.1) consist of events,
some of which may be reversible, causality and conflict similar to a PES (though conflict
is not necessarily hereditary), reverse causality, which works similarly to causality, in that
e < € means € can only be reversed in configurations containing e, and finally prevention,
which resembles the asymmetric conflict of AESs, in that e > ¢/ means that €’ can only be
reversed in configurations not containing e. Example 4.2 shows how we can use these to
describe a reversible CCS process with causal reversibility. We define the category of RPESS,
along with coproducts (Definition 4.6), and extend the mappings from PESs to RPESs, and
from RPESs to PESs and CSs defined by [19] into functors. We show that the functors
between RPESs and PESs form an adjunction (Proposition 4.16).

Definition 4.1 (RPES [19]). A reversible prime event structure (RPES) is a sextuple £ =
(B, F,<,#,<,>>) where E is the set of events and
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R:—i) C. I [+ Reach
Coy \ '
— - - R/ [ . [ /
SFCS - FCS CS

SCS

Figure 9: Categories of event structures and functors between them: We extend Figure 2 by categorically
defining RPESs, RAESs, CSs, P,, ®,, P, ®4, Cp, Cpr, Co, Crq, and A, [19] and RESs and P, [21]. The
categories SRES (Definition 7.1), SCS, SFCS (Definition 7.6), RCS, and FCS (Section 6.11), and functors

Py, Py, Reach, C,, C, and R are new, as well as the noted adjunctions. We use dashed lines to indicate

functors which do not commute with the rest of the diagram.

1. < is an irreflexive partial order such that for every e € E, {¢/ € E | ¢’ < e} is finite

and conflict-free ;

# is irreflexive and symmetric;

if e < €’ then not e # ¢€;

I C FE is the set of reversible events;

> C E x F is the prevention relation;

<C E x F is the reverse causality relation where for each e € F', e < e and {¢' | ¢/ < ¢}

is finite and conflict-free;

if e < € then not e > ¢’;

8. # is hereditary with respect to sustained causation <<, where e << ¢ means that
e <€ and if e € F then €' > ¢;

9. << is transitive.

SR

~

Example 4.2. Recall Example 1.1 wherein we wanted to model the reversible CCS process
a | @.b. This can be modelled by an RPES wherein we have two b events b, and b; such that
T <brand a < bz, by # bz, a # 7, and a # 7, and b, > 7 and bz > a.

As previously, in order to define the category RPES, we need a notion of morphism,
which we describe in Definition 4.3. An RPES morphism can be seen as a combination of a
PES morphism for the forwards part and an AES morphism for the reverse part.

Definition 4.3 (RPES morphism). Let 5[) = (E(), FQ, <o, #0, =<0, Do) and 51 = (El,Fl, <3
, #1,=<1,>1) be RPESs. An RPES morphism f : & — & is a partial function [ : Ey — E;
such that
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E=(E,F <,#,=<,>) where:

E = {a.b.c.d) we) e {hd)
F = {a,b}
pee NSNS
a#ba#dc#d {a} {c} {b} {d}
c<a,c<ba<a, b=
db \ V
0
(a) RPES & (b) The CS derived from &

Figure 10: Example of an RPES and corresponding CS.

for all e € Ey, if f(e) # L then {e; | e; <3 ()} {f(e) ] € <oe};

for all e, e’ € Ey, if f(e) # L # f(€’) and f(e) #1 f(€') then e #¢ € ;

for all e € Fy, if f(e) # L then {e1 | e; <1 f(e)} g {f(e )|e <o e};

for all e € Ey and ¢ € Fy, if f(e) # L # f(¢/) and f(e) > f(€') then e>q ¢ ;
for all e, e’ € Ey, if f(e) = f(¢/) # L and e # ¢ thene#oe,

f(Fo) C Fy.

Proposition 4.4. RPES, where RPESs are objects and RPES morphisms are arrows, is
a category.

Proof. Since RPES morphisms are partial functions they are obviously associative, and
f(e) = e is an identity arrow; so we only need to prove composability, meaning that given
RPESs &, &, and & and morphisms f : & — & and g : & — &, go f : & — & is a
morphism.

Each of the six conditions of Definition 4.3 is proved separately:

1.

If g(f(e)) # L then there must exist e; € E; and ey € Ey such that f(e) = e; and
g(e1) = es. Since f and g are morphisms, {€] | €] <1 e1} C {f(¢) | € <o e} and

{e5 | 6'2} <z ea} C {g(e}) | €] <1 e1}, and therefore {e; | €5 <2 g(f(e))} € {g(f(¢')) |
e <gel.

It g(f(e)) # L # g(f(¢))) then there must exist er, €] € Ey and eq, e, € Ey such that

fle) = e, f(¢) = €}, gler) = es, and g(€})) = €,. By definition of a morphism, if
es # €, then ey # €}, and if e; # €] then e # €.

Similar to the first condition.

Similar to the second condition.

df g(f(e)) = g(f(€')) # L then there must exist ej,e] € E; and ey € Ey such that

fle) =-e1, f(/) =e1, and g(e1) = g(€)) = ea. If e = €] then, since f is a morphism,
e #o €. If e; # €] then ey #; €], implying that e #, €.
Obvious, since f(Fy) C Fy and g(Fy) C F. O
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E=(E F < #, < ') where:

E' = {e1,es}
F' = {ey, e} {e1,e2}
el <! €9 Val >
e <'e,e1 < e, e < ey {e1} {e2}
e1 > ey N
0
(a) RPES & (b) The CS derived from &’

Figure 11: Another RPES and corresponding CS.

Example 4.5 (RPES morphism). Consider the RPESs £ from Figure 10 and &’ from

Figure 11. Then
ep ifee€{a,b}
o-fo

ey ife=c
is an RPES morphism between them, and a CS morphism between their associated CSs.

We also construct a coproduct of two RPESs in Definition 4.6. A coproduct of two
RPESs, which can be represented by the CSs from Figure 6, is shown in Example 4.8.
Similarly to Definition 3.5, we keep the two sets of events separate, and with the same
causality, conflict, reverse causality, and prevention as they had in their respective original
RPESs, but add conflict and prevention between the events that come from different RPESs.

Definition 4.6 (RPES coproduct). Given RPESs & = (FEy, Fy, <o, #0, <0, >0) and & =
(Eq, Fy, <1, #1, <1,D>1), we can construct &+ & = (E, F, <, #, <, >) with injections iy and
11 where:

1.E:{(O,e)|e€E0}U{(1,e)]e€E1};
0,e) | ee Fy} U{(1, e)|e€F1};
<(j,¢)iff j=7 ande <, ¢

# (j',€¢') iff j # j or e #; €

< (j,e ’)iffj:j’ande—<je_',

> (5',¢) iff j # j or e, €

for e € E;, ij(e) = (j,e) for j € {0,1}.

N Ot W

Proposition 4.7. Given RPESs & and &1, & + &1 is their coproduct in RPES.

PT’OOf. Let & = (Eo,F(), <0,#0, <0, [>())7 & = (El,Fo, <17#1, <1, [>1), and &+ & =€ =
(B, F,<,#,=<,>). Then it is straightforward to show that £ is an RPES, and ig and i; are
morphisms, so we simply need to prove that if there exists an RPES & = (Es, Fy, <a, #2
, <2, >9) and morphisms fy : & — & and f; : & — &, then there exists a unique RPES
morphism f : £ — & such that foiy = fy and foi; = fi.

Since Ey+ Fy, ig, and 7; comprise a coproduct in the category of sets and partial functions,
f must be unique.
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We define f as f((j,¢e)) = fi(e), giving us i o f = fy and iy o f = f1, and prove f to be

a morphism:

1. Suppose e <3 f(e). Then there exists a j € {0,1} and an e; € Ej such that e = (j, e;)
and ey <y fj(ej). Since f; is a morphism, there must exist an €, € E; such that

J
fj(e}) = ey and 63- <; e;. Hence that (7, e;) <e.

2. Suppose f(e') #2 f(e). The ¢ = (j',e;;) and e = (j,¢e;) for some j,5° € {0,1},

ey € Ej, and e; € E;, and therefore f(e) = f;(e;) and f(e’) = fir(ej).
If j = j', then e; #; e;, and therefore e; #; e;, (4,¢e;) # (7, €;).
If j # j' then €' # e.

3. Suppose e; <2 f(e). Then there exists a j € {0, 1} and an e; € E; such that e = (j, ;)
and e; <3 fj(e;). Since f; is a morphism, there must exist an e, € E; such that

j
fi(€}) = ey and €} <; ej. Therefore (j, €;) < e, and obviously f(j,e ;) = e.

4. Suppose f(e') >o f( ). Then there must exist a j € {0,1} and ej, ¢} € Ej such that

filej) = fe), fi(e]) = f(¢') and €] #; e;. Since €] >; ¢;, (j,€}) > o)
5. Suppose f(e) = f(¢/) # 1. Then e = (j,e;) and & = () and fy(e;) = /(¢)
f(e) = fy(ey).
If j = j' then e # ¢’ implies that e; # e;;. Hence e; #; e; and therefore e # €'
If j # j' then obviously e # ¢’

6. Suppose ¢ € F and f(e) # L. Then there exist j € {0,1} and ¢; € F; such that

e = (j,e;) and fj(e;) = f(e). Since e; € F}, fi(e) € F.

Example 4.8 (RPES coproduct). Given RPESs corresponding to the CSs in Figure

& = (E07F0,<0,#0,-<0,>0) and & = (El,F1,<1,#1,'<1,[>1) where Fy = {a,b}, Ey

{a,b}, a <o b, a <o b and F; = {c,d}, F} = {c}, and d >; ¢, the coproduct & + &

(E, F,<,#,=<,>), where

E={(0,a),(0,b),(1,¢),(1,d)},
={(0,a)

O
6,

18

F 0,0),(1,0)},

(0,a) < (0,0),

(0,a) < (0,0),

(0,a) # (L), (0,a) # (L,d), (0,5) # (1,), (0,5) # (1),

(0,a) > (1), (0,5) > (1,¢), (1,¢) > (0,a), (1,d) > (0,a), (1,¢) & (0,b), and (1,d) > (0,b)
(1,d) > (T, c). — — —

We do not give a way to construct a product of RPESs, as we have not found a notion of
PES product which translates to a reversible setting. One way to construct a PES product
can be seen in [23], where the definition is similar to mapping both event structures to
domains, and mapping the product of those domains to a prime event structure. Since we

do not have mappings from CSs to RPESs or RAESs, this is not a solution we can use.

Another way of looking at the PES product is that we can split an event, similar to in
Example 4.2, based on which of the events of the other PES the event’s causes synchronise
with. However, splitting an event to allow it to have multiple causes does not work when
dealing with reverse causation, as shown by Example 4.9. We shall see later in Remark 4.22
that splitting is not an issue in all RPESs, and so we can construct products in a subcategory.
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Example 4.9. Consider an RPES where we want a to be caused by either b or ¢. We attempt
to accomplish this by splitting a into a;, and a. such that b < a;, and ¢ < a.. However, we

would like to have a computation () % {a} after which we have both {a} LA {a,b} = {b}
and {a} = {a,c} = {c} are possible computations. We do not have this. By contrast, when
splitting because of forwards computation, we know when we first perform the split event
which of its causes is being used, and so we do not have this issue.

We leave it as an open question whether products exist in general in the category RPES.

In order to use CSs as a model for RPESs, [19] defined a mapping, which we extend to
the functor C,,, from RPESs to CSs, illustrated in Figures 10 and 11. It uses conflict-free
sets of events as configurations, and the transition relation is similar to the one generated
by PESs and AESs, except that we add reverse transitions, which remove events instead of
adding them, and treat reverse causality and prevention similarly to forward causality and
asymmetric conflict.

Definition 4.10 (From RPES to CS). The functor C,, : RPES — CS is defined as

1. Cop((E,F,<,#,=<,>)) = (E,F,C,—) where C = {X C E | X is conflict-free}, and

x 28 v ir.

(a) X, YeC ACE, and B C F}

) Y= (x\B)UA

) ANX =0

) B CX;

) X U A is conflict-free;

) for every e € A, if ¢ < e then e € X \ B;

) for every e € B, if ¢ < ethen ¢’ € X \ (B\ {e});
) for every e € B, if ¢/ > e then ¢/ ¢ X U A.

2. C(f)=1.
Proposition 4.11. C,, is a functor from RPES to CS.

Proof. [19] showed that given an RPES &, C,,(€) is a CS, so we show that given an RPES
morphism f : & — &1, f: Crp(&) — Crp(&1) is a CS morphism, satisfying the conditions
of Definition 3.3

1. Suppose X € Cy. Then X is conflict-free. Since, by definition of an RPES morphism,
fleo) #1 flef) = eo #o €, this implies f(X) is conflict-free, and therefore f(X) € C;.

2. Suppose X A9y Then f(X) %1 f(Y) according to Definition 4.10 because:
(a) Since X,Y € Cy, f(X), f(Y) € C; according to previous item.
(b) Obviously f(Y) = (f(X)\ f(B))U f(A), since Y = (X \ B)UA and B C X.
(c) f(A) N f(X) = 0 because AN X = (), and by definition of an RPES morphism,
for all ey, e, € Ey, if f(eo) = f(ey) # L and ey # ef, then ey # e[, implying
ep, €y ¢ (X UA), since X U A is conflict-free.
(d) f(B) C f(X) because B C X.
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(e) f(X)U f(A) is conflict-free because X U A is conflict-free, and for all eq, e, € Ey,
if f(eo) #1 f(ep) then ey #o €.

(f) For every a; € f(A), if ¢; <y ay then ¢; € f(X)\ f(B) because for every a € A,
if ¢p <o ap then ¢g € X \ B, implying f(c) € f(X)\ f(B), and by definition of
an RPES {61 ‘ e1 <q f(ao)} - {f(e’) | e <p CL()}.

(g) For every by € f(B), if dy <y by then dy € f(X)\ (f(B)\ {b1} for similar reasons
to above.

(h) For every by € f(B), if dy >1 by then dy ¢ f(X) U f(A) because, since b; € f(B)
there must exist a by € B such that f(by) = b;. If d; € f(X)U f(A) then there
must exist a dy € X U A such that f(dy) = dy. Since f(do) >1 f(by), by definition
of an RAES morphism dy I>¢ by, implying dy ¢ X U A which is a contradiction.

3. Suppose f(eg) = f(ey) # L and ey # ej. By definition of an RPES morphism,
eo #o €, and since all X € Cy are conflict-free, there cannot exist X € C such that
e, ey € X.

Having shown that C,, maps from RPES to CS, the rest of the proof is similar to
previous functors. O

We also have functors between PES and RPES in Definitions 4.12 and 4.13, likewise
based on mappings from [19]. Since # is only closed under conflict heredity with respect to
sustained causation in an RPES, turning an RPES into a PES requires expanding conflict
to be closed under all causality.

Definition 4.12 (From PES to RPES). The functor P, : PES — RPES is defined as
L B((E, <. #)) = (B0, <,#,0.0);
2. B(f)=F.
Definition 4.13 (From RPES to PES). The functor ®, : RPES — PES is defined as
1. ©,((E,F,<,#,=<,>>)) = (E, <,#') where # is # closed under conflict heredity and

symmetry using the rules:
a#b a#' b a# b<c
a#'b b#" a a #' c

2. ,(f)=T.
For an example of an RPES being mapped to a PES, see Example 4.17.
Proposition 4.14. P, is a functor from PES to RPES.

Proof. [19] showed that given a PES &, P,(€) is an RPES; so it remains to show that given
a PES morphism f : & — &, f : P,(&) — P,(&) is an RPES morphism. This is because
Fy = F, = 0, and items 1, 2 and 6 of Definition 4.3 are implied by the definition of a PES
morphism.

Having shown that P, maps from PES to RPES, the rest of the proof is similar to
previous functors. 0

30



{a,c} {b, c} {a,c}

N N

{a} {0} {c} {a} {0} {c}

A\l N

0 0
(a) Crp(€) (b) Cp(P,(€))

Figure 12: The CSs corresponding to the RPES and PES of Example 4.17.

Proposition 4.15. ®, is a functor from RPES to PES

Proof. [19] showed that given an RPES &, ©,(£) is a PES, so we show that given an RPES
morphism f: & — &, f: P,(&) = ,(&1) is a PES morphism, satisfying the conditions of
Definition 2.6

1. This condition is the same as condition 1 of Definition 4.3 of an RPES morphism.

2. Suppose f(eg) #, f(ep). Then either f(eo) #1 f(eg), f(ey) #) f(eo), or there exists
some e; € Fy such that f(ey) < f(ep) and f(eo) #, f(eh).
If f(eo) #1 f(ep) then obviously ey # €[, and therefore eq #; €j,.
If f(ep) #, f(ep) then obviously e # eo, implying eg # €o-
If there exists some e; € E; such that e; <; f(ep) and e; #] f(ef), then there exists
an e; € Ey such that f(e)) = e; and e <o e. This implies e #{ e, and therefore
€0 #0 €o-

3. Suppose f(eg) = f(ep) and e, # eo. Then, by condition 5 of an RPES morphism,
eo #o €p, and therefore ey #' €,

Having shown that ®, maps from RPES to PES, the rest of the proof is similar to
previous functors. O

While ¢,(P,(€)) = £ if Eisa PES, P,($,(£)) = £ only if £ is an RPES with no reversible
events [19]. However, ®, and P, do form an adjunction. This means that for any RPES &
there exists a natural transformation € : P,(®,(£)) — &, and for any PES &', if there exists
an RPES morphism f : P,(£') — £ then there exists a morphism f : & — ®,(€) such that
€0 Pp(f) = f. In our case € is the identity function on events and f = f. Hence we get
Proposition 4.16.

Proposition 4.16. P, 4 ®,.

Example 4.17. For an example of how the functors C,, and ®, work, we look at the RPES
E=(EF <,#,<,>) where £ = {a,b,c}, F = {a,b}, a<c,a# b, a<a, b<b c~<a,
and c¢>b. This means that ©,(€) = (£, <,#’) where ¢ #' b. The corresponding CSs C,,(&)
and C,(®,(€)) can be seen in Figure 12.
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Notice that not only do the transitions involving reversal disappear, but because of
hereditary conflict, so does the configuration {b, c}. Note also that {b, c} was not forwards-
reachable.

Since most reversible models restrict themselves to causal reversibility where actions
cannot reverse if they have caused other actions, unlike RPESs which may allow other
forms of reversibility as well, we define subcategories crRPES and CRPES of RPES,
consisting of cause-respecting and causal RPESs as described in Definition 4.18 and the
RPES morphisms between them.

Definition 4.18 (CRPES and crRPES [19]).

1. A cause-respecting RPES (crRPES) € = (E, F, <, #, <,1>) is an RPES such that for
alle € Fand ¢ € I, if ¢ < e then e > ¢’. In other words, all causation is sustained
causation as described in Definition 4.1.

2. A causal RPES (CRPES) € = (E, F, <,#, <,>>) is an RPES such that for all e € E
and ¢/ € F, ¢/ <eif and only if e> ¢/, and e < ¢’ if and only if e = ¢'.

We can regard P, as mapping to CRPES with empty set F'. Consider the alternative
mapping P, from [19], described as a functor below. This instead maps a PES to a CRPES
where F' = F, and the prevention is determined by the causality relation.

Definition 4.19 (From PES to CRPES). The functor P, : PES — CRPES is defined as
L. P((E,<,#)) = (E,F,<,#,=<,>) where F = E, ¢ < ¢ forall ¢ € F, and e > ¢ if

and only if € < e;

2. PI(f)=f.
Proposition 4.20. P, is a functor.

Proof. According to [19], for any PES &, P/(£) is a CRPES.

We show that given a PES morphism f : & — &1, f : P, (&) — F)(&1) is a CRPES mor-
phism, satisfying the conditions of Definition 4.3: conditions 1, 2 and 5 are also conditions
of a PES morphism and conditions 3, 4 and 6 are straightforward to prove.

Once established that P is a mapping from PES to CRPES, the rest of the proof is
similar to previous functors. [

We now show that P, forms a right adjoint of @, between the categories CRPES and
PES.

Proposition 4.21. ¢, - P/

Proof. For any CRPES & = (E, F, <,#,<,>), we have P/(®,(£)) = (E, E, <, #,<',>').
We define the unit 7 : £ — B(®,(£)) as n(e) = e for all e € E.
We show that 1 is a CRPES morphism, satisfying the conditions of Definition 4.3:

1. Obviously {e | e <n(e)} ={n(e) | e < €'}.
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Since all causation is sustained in £, we have #=%'.

Suppose €’ € F and e <’ n(€’). Then e = ¢’ and obviously e < ¢’
Suppose e € E, ¢/ € F, and e>' ¢/. Then €' < e, and therefore e > ¢’.
No e, ¢’ € FE exist such that n(e) = n(e’) but e # €.

6. Clearly FF C E.

A

And since n(e) = e, clearly 7 is a natural transformation.

Let £ be a CRPES, £ be a PES, and g : &€ — P;(£’) be a CRPES morphism. If
G :P,(E) — & uses the same mapping on events, then clearly ¢g(€) = ®,(g) o n(€) and it is
straightforward to show that g is a PES morphism. m

Remark 4.22. Since it is a right adjunction, P, preserves products. We therefore get a
product in CRPES by mapping to PESs using ®,, finding their product [23], and mapping
back using P;.

Note that this adjunction only exists between PES and CRPES, not RPES, and there-
fore this method for constructing products only works for CRPESs.

5. Reversible Asymmetric Event Structures

As we did with PESs, we will now add reversibility to AESs. Reversible asymmetric
event structures (Definition 5.1) consist of events, some of which may be reversible, as well as
causation < and precedence <, similar to an AES, except that < is no longer a partial order,
and instead just well-founded. In addition, both work on the reversible events, similarly to
the RPES. One possible use of RAESs could be to model a scenario where an error causes an
entire computation to reverse and start over, as illustrated by Example 5.2. We define the
category of RAESs, along with coproducts (Definition 5.5), and extend the mappings from
AESs and RPESs to RAESs, and from RAESs to AESs and CSs defined by [19] into functors.
We show that the functors between RAESs and AESs form an adjunction (Proposition 5.14)
similar to the one seen in Proposition 4.16.

Definition 5.1 (RAES [19]). A reversible asymmetric event structure (RAES) is a quadru-
ple £ = (E, F,<,<) where E is the set of events and

1. F C FE is the set of reversible events;
. < C(FEUF) x E is the irreflexive precedence relation;

W N

<C E x (EUF) is the causation relation, which is irreflexive and well-founded, such
that for all « € EUF, {e € E' | e < a} is finite and has no <-cycles;
foralle € F, e < e;

forall e € F and o« € EUF if e < « then not e > a;

e =< ¢ implies e < €/, where ¢ << ¢/ means that e < ¢’ and if e € I’ then ¢’ > ¢;

<< is transitive;

if e # ¢ and e =< €” then e’ # €/, where # = <N >.

® N o o
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{a,c} {b,c}
E=(E,F,<,<) where:
E ={a,b,c} \ / T
F = {a,b} {a} {c} {0}
b<c,c<b
a>b,b>a,c>a, c>b \ /

0
(a) RAES & (b) CS derived from &

Figure 13: Example of an RAES and the corresponding CS.

Example 5.2. Recall Example 1.2 where we wished to describe a computation, e, e, s, . . .,
which can be stopped and forced to undo itself causally by an error event. To model this as
an RAES we need for ¢ > 0: e; < €11, €41 D> €;, error < ¢;, and e; [> error.

We create a category RAES by defining RAES morphisms in Definition 5.3. This
definition is obviously nearly identical to that of an AES morphism, with the added condition
that, like in the RPES morphism, reversible events can only synchronise with other reversible
events.

Definition 5.3 (RAES morphism). Let & = (Ey, Fo, <o, <o) and & = (E4, F1,<1,<) be
RAESs. An RAES morphism f : & — &; is a partial function f : Ey — FE; such that

1. for all e* € EyU Fy, if f(e) # L then {e; | e; <1 f(e*)} C{f(€) | ¢ <o e*};

2. for all e € By and €™ € Ey U Fy, if f(e) # L # f(e”) and f(e”) <1 f(e) then ™ < e;
3. for all e, e’ € Ey, if f(e) = f(¢) # L and e # €' then e #¢ ¢/;

4. f(Fo) C Fu.

Proposition 5.4. RAES, where RAESs are objects and RAES morphisms are arrows, is
a category.

Proof. Similar to Proposition 4.4. O]

We construct a coproduct of RAESs in Definition 5.5, in much the same way as we did
for RPESs.

Definition 5.5 (RAES coproduct). Given RAESs & = (Ey, Fo, <o, <o) and & = (Fy, F1, <1
,<I1), we can construct & + & = (F, F, <, <) with injections iy and i; where:

- E={(0,e) [e€ Eg}U{(l,e)|e€ Er};
- FP={(0,¢) | ee Ry} U{(l,e) | e € I}
(4,e) = (j',€)* iff j =7 and e <, €;
(j,e)> (5, ) iff j # j or e>; e

. for e € Ej, ij(e) = (j,e) for j € {0,1}.
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Proposition 5.6. Given RAESs & and &, Ey + &1 is their coproduct in RAES.

Proof. Let & = (Eo,FQ,-<0,<]0), & = (El,F1,<1,<]1), and & + & = &€ = (E,F,-<7<]).
Then clearly £ is an RAES, and iy and 7; as in Definition 5.5 are morphisms, and so we
simply need to prove that if there exists an RAES & = (Es, Fy, <2,>2) and morphisms
fo:& — & and fi : & — &, then there exists a unique RAES morphism f : £ — & such
that igo f = fo and iy 0 f = f.

Since Ey+ FE1, 19, and i; comprise a coproduct in the category of sets and partial functions,
f must be unique.

We define f as f((j,e)) = fj(e). It is clear that igo f = f; and i; 0 f = f1. So it remains
to show that f is an RAES morphism:

1. If ey <o f(e)* then there exists a j € {0,1} and an e} € E; U F such that e* = (j, ¢;)*
and ey <2 fj(e;)*. Since f; is a morphism, there must exist an €} € Ej such that
fi(€}) = ez and €} <; e}. Hence (j,¢€}) < e*.

2. If f(€')" <2 f(e) then there must exist a j € {0,1} and e; € Ej and €] € E; U Fj such
that fj(e;) = f(e), fi(€}) = f(€') and e} < e;. Since € < e;, (j,€;)* < (4, €5)-

3. 1If fe) = f(¢/) # L then e = (j,¢;) and ¢’ = (j',e;) and f;(e;) = f(e) = f(¢) =
fi(eir).

If j = j' then e # ¢ implies e; # e;. Hence e; #; e; and therefore e # ¢'.
If j # ' then obviously e # €.
4. For j € {0,1}, if (j,e;) € F then e; € Fj, and f;(F;) C F. O

In order to model RAESs as CSs, [19] defined a mapping, C,,. C;, resembles C,,,, though
as with AES configurations, the requirement of conflict-freedom is replaced with < being
well-founded. Like C,,, C,, preserves morphisms, and is a functor. An example of applying
C,, to an RAES can be seen in Figure 13.

Definition 5.7 (From RAES to CS). The functor C,, : RAES — CS is defined as :
1. Cro((E,F,<,<)) = (E,F,C,—) where C = {X C F | < is well-founded on X} and

) Y = (X\B)UA;

) AnNX =0

) B CX;

) for every e € A, if ¢’ < e then ¢ € X \ B;

) for every e € A, if ¢’ > e then ¢/ ¢ X U A;

) for every e € B, if ¢ < ethen e € X \ (B\ {e});
) for every e € B, if ¢ > ¢ then ¢ ¢ X U A.

2 Cralf) = 1.
Proposition 5.8. C,, is a functor from RAES to CS.
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Proof. [19] showed that for an RAES &, C,,(€) is a CS.

Let & = (FEy, Fo,<0,<0) and & = (Fi, F1,<1,<1) be RAESs, and let C,,(&) =
(Eo, Fy, Co,—0) and Cu(&1) = (Ey, F1,Cy,—1). Suppose [ : & — & is an RAES mor-
phism. Then [ : Crq(&) — Cre(&1) is a CS morphism because it satisfies the conditions of
Definition 3.3:

1. If X € Cy, then < is well-founded on X . Since, by definition of an RAES morphism,
fleo) <y fley) = eo < €, this implies that <1y is well-founded on f(X), and therefore

(
f(X) e C.
(

X) wﬁ f(Y') according to Definition 5.7:

a) Since X,Y € Cy, this is implied by the first item.

(b) Obvious, since Y = (X \ B)U A and B C X.

(c) AN X = 0, and by definition of an RAES morphism, for all ey, e[ € FEy, if
fleo) = f(ep) # L and eg # e then eq #¢ €p, implying eq, ef, & (X U A), since <
is well-founded on X, and for every ag € A, if ¢ ¢ ag then ¢q ¢ X U A.

(d) BC X.

(e) For every ag € A, if ¢y <o ag then ¢ € X \ B, implying f(c) € f(X)\ f(B), and
by definition of an RAES {e; | e; <1 f(ao)} C {f(€') | ¢ <o ao}.

(f) Since a; € f(A) there must exist an ay € A such that f(ag) = a1. If ¢ €
f(X) U f(A) then there must exist a ¢g € X U A such that f(cy) = ¢;. Since
f(co)>1 f(ap), by definition of an RAES morphism ¢y > ag, implying ¢y ¢ X U A
which is a contradiction.

(g) Similar to above.

(h) Similar to above.

3. By definition of an RAES morphism, ey #¢ €, and since <y is well-founded on all
X e C(], 60,66 ¢ X.

Having established that C,, is a mapping, the rest of the proof is similar to previous
functors. O]

In order to create functors from RAES to AES (Definition 5.10), based on a mapping
from [19], we need to be able to split the causality and precedence relations into forwards
and reverse parts.

Definition 5.9. Given an RAES £ = (E, F, <, <), let

l. <g==<N(ExE)and <p==<N(E x F);
2. dp=<N(ExFE)and <p = <N (E X F).

We also define functors from RPES and AES to RAES, also based on mappings
from [19]. To turn an RAES into an AES, we need to remove events with < U <-cycles
in their causes, as these are not allowed in the definition of an AES. Conditions 6-8 of Defi-
nition 5.1 of an RAES also only apply to sustained causation, while in an AES, all causation
is sustained. We therefore expand the asymmetric conflict and causation relations to fulfil
those conditions for all causation.
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Definition 5.10 (From RAES to AES). The functor ®, : RAES — AES is defined as:

1. ,((E,F,<,<)) = (F',<',<') where E' is E where any event e that has a <gp U <p-
cycle in {¢' € E | ¢ = e or ¢ <}, e} has been removed, <’ = <5 N (E' x £'), and <’
is <g U <g closed under conflict heredity, using the rules

a<b a<'b a# b<c
a<'b a<b aF# c

2. 0,(f)=fTE.
Proposition 5.11. &, is a functor from RAES to AES.

Proof. [19] showed that for an RAES &, ®,(€) is an AES.
If f:& — & is an RAES morphism then ®,(f) = [ : ®,(&) — P.(&1) is a AES
morphism because it satisfies the conditions of Definition 2.12:

1. Suppose e; <} f'(eg). Then there must exist some sequence e; <1 €1, < -+ <7 €1, <1
f(eg) for some 0 < k. Since f is an RAES morphism, there must exists a corresponding
sequence e, <q €o, <o ‘- <o €1, <o €o such that f(ej) = e; and f(ep,) = e1,. This

implies that e} <, €.
2. Suppose f'(eq) < f'(ep). Then either f'(eg) <1 f'(ep), f'(e0) <} f'(ep), or there exists
some e; € Fy such that e; <) f'(ef,) and f'(eg) #] e1.
If f'(eo) >1 f'(ep) then obviously eg ¢ ef, and therefore ey > €.
If f'(ep) <) f'(ep) then there exists e such that f'(efj) = f'(ef) and ef <{ eo. If
e; = e then obviously e[, <{ e, implying eg > €.
If there exists some e; € F; such that e; <) f'(ep) and f'(eo) #) e1, then there exists
an e, € Ey such that f'(ef) = e; and e <{, e;. Hence ey #;, ef, and therefore eq <, €.
3. Suppose f(eg) = f(e;) and ey # €. Then according to the definition of an RAES
morphism, ey I>q €p, and therefore f(eg) >f f(ep).

Once established that ®, is a mapping from RAES to AES, the rest of the proof is similar
to previous functors. n

Definition 5.12 (From AES to RAES). The functor P, : AES — RAES is defined as:

1. P((E,<,<)) = (E,0,<,<);
2. Puo(f) =T

Proposition 5.13. P, is a functor from AES to RAES.

Proof. [19] showed that for an AES &, P,(€) is an AES.

If f:& — & is an AES morphism then f : P,(&) — ®,(&1) is an RAES morphism
because it satisfies the conditions of Definition 5.3 because Fy = F; = () and conditions 1,
2, and 3 are implied by Definition 2.12.

Having established that P, is a mapping from AES to RAES, the rest of the proof is
similar to previous functors. O
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The relationship between ®, and P, mimics that of ®, and P, in two ways: (1) ®,(P,(E)) =
Eif £ is a AES, but P,(®,(£)) = € only if £ is an RAES with no reversible events [19], and
(2) they form an adjunction, as described in Proposition 5.14.

Proposition 5.14. P, 4 ®,.
Proof. The proof is similar to Proposition 4.16, also using counit ¢(e) = e and f = f. O

To map an RPES to an RAES, we must combine the forwards and reverse causation into
one relation. We also need to define an asymmetric conflict relation. In the functor from
PES to AES, this was done by adding the causation to the conflict, but here we only add
the sustained causation, in order to fulfil Condition 6 of Definition 5.1. We need to add the
prevention as well.

Definition 5.15 (From RPES to RAES). The functor A, : RPES — RAES is defined
as:

1. A, (B F,<,#,<,>)) = (E,F,< U<, <U#U<);
2. A(f) = f.

Proposition 5.16. A, is a functor from RPES to RAES.

Proof. [19] showed that for an RPES &, A,(€) is an RAES.
If f:& — & is an RPES morphism then A,.(f) = f : A.(&) — A-(&1) is an RAES
morphism because it satisfies the conditions of Definition 5.3:

1. According to the definition of A,, < = <o U <, and <} = <; U <4, and according
to the definition of an RPES morphism for all e € Ey, if f(e) # L then {e; | e1 <4
fle)} CH{f() | € <o e}, and for all e € Fy, if f(e) # L then {e; | e1 <1 f(e)} C
{f(e) [ € <o e}

2. According to the definition of A,, < = <o U #¢ U<y and <} = <3 U #; U<y, and
according to the definition of an RPES morphism for all e, ¢’ € Ey, if f(e) # L # f(¢')
and f(e) #1 f(€') then e #, €/, and for all e € Ey and €' € Fy, if f(e) # L # f(€)
and f(e) > f(€') then e > €.
If f(¢/) <1 f(e) then f(e/) <; f(e) and either f(¢/) ¢ Fy or f(e) > f(¢/). Since
{e1 | e1 <1 fle)y C{f(€) | € <o e}, f(e) <1 f(e) implies that there exists €’ € Ej
such that f(e”) = f(¢’) and ¢’ <q e. If f(e’) ¢ F then, since f(Fy) C Fy, € ¢ Fy,
and e’ < e. If f(e) >y f(€') then, as shown above, e >¢ ¢/ and again ¢’ < e. If
e’ = ¢’ then this is enough. Otherwise, since #; is hereditary with respect to <, and
e’ 4o €, " 4 e.

3. This is item 5 of the definition of an RPES morphism.

4. This is item 6 of the definition of an RPES morphism.

Once established that A, is a mapping from RPES to RAES, the rest of the proof is similar
to previous functors. O
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We define subcategories crRAES and CRAES consisting of the cause-respecting and
causal RAESs defined in Definition 5.17 and the RAES morphisms between them.

Definition 5.17 (CRAES and crRAES [19]).

1. A cause-respecting RAES (ctRAES) € = (E, F,<,<) is an RAES such that for all
ecFande € F,ife <eorer>e thener>e.

2. A causal RAES (CRAES) € = (E, F, <, <) is an RAES such that for all e € E and
e eF,exeifand only if ¢ <eorer> €, and e < ¢ if and only if e = €.

The functor P, maps AESs to CRAESs with no reversible events, and we define an
alternative functor, P!, based on a mapping from [19], which maps AESs to CRAESs where
all events are reversible.

Definition 5.18 (From AES to CRAES). The functor P, is defined as

1. P((E,<,<))=(E,F,<,<') where F = E, e <e*ife <e™ ore* =e¢, and e* <€ if
e<te;
2. Pi(f) =1
Proposition 5.19. P! is a functor from AES to CRAES.

Proof. According to [19], given an AES &, P!(€) is a CRAES.

Given an AES morphism, f : & — &, it is straightforward to show that f : P.(&) —
P!(&;) is a CRAES morphism, satisfying the conditions of Definition 5.3.

Having established that P, is a mapping from AES to CRAES, the rest of the proof is
similar to previous functors. [

We show that P! forms a right adjoint of ®, between the categories CRAES and AES.
Proposition 5.20. ¢, 4 P..

Proof. For any CRAES € = (E, F,<,<), we have P.(®,(£)) = (E', E',<',>'). We define
the unit n : &€ — P)(®,(£)) asn(e) = e for all e € . We show that 7 is a CRAES morphism,
satisfying the conditions of Definition 5.3:

1. Obviously {e | e < n(e')} = {ne) | e < ¢} NE and if ¢ € F and e <’ n(€'), then
e = ¢/ and obviously ¢’ < e.

2. Suppose e € E, ¢ € EUF, and e’ &*. If ¢"* = ¢’ then clearly e>¢’. And if ¢* =¢’
then €’ < e, and since £ is a CRAES, e > €.

3. No e, ¢’ € E exist such that n(e) = n(e’) but e # €.

4. Clearly F C E.

Furthermore, since n(e) = e, n is clearly a natural transformation.
Let & be a CRAES, & be an AES, and g : & — P.(&) be a CRAES morphism.

If g : ®.(&) — & is g restricted to Ej, then clearly ¢(&) = ®.(g) o n(&) and it is
straightforward to show that g is an AES morphism.
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1. Suppose e; <; f(e). Then there exists an event ey € Ey such that ey <o e and
f(eo) = e1. We therefore need to show that ey € Ej. As & is a CRAES, —<—<0 <0g>
and therefore <o, =< . Hence any < U<-cycle in {e € E|e =¢ore <} e} would
be a <-cycle in {e’ | € = e or €' < ey}, which is impossible.

2. Suppose f(e) <y f(€'). Then f(e) <y f(€'), and therefore e <, €’

Suppose f(e) = f(e') # L. Then e # ¢’ by definition of an RAES morphism. O

6. Reversible Event Structures

The last kind of event structure to which we add reversibility is the general event struc-
ture. The reversible (general) event structure (Definition 6.1) differs from the general event
structure, not only by allowing the reversal of events, but also by including a preventing set
in the enabling relation, so that X © Y F e means e is enabled in configurations that include
all the events of X but none of the events of Y. Example 6.2 shows how RESs can be used
to model aspects of the reversible m-calculus that RPESs and RAESs cannot. We show that,
unlike in the forward-only setting, most RAESs can be modelled by RESs by using preven-
tion (Theorem 6.23), though the fact that we can only describe consistency of finite sets of
events is still an issue. We also formulate a subcategory of CSs, called finitely enabled CSs
(Definition 6.11), and create functors between these and RESs, called C, (Definition 6.10)
and R (Definition 6.14), which form an adjunction (Theorem 6.17) and are inverses on a
subset of finitely enabled CSs (Theorem 6.16).

Definition 6.1 (RES [21]). A reversible event structure (RES) is a triple £ = (E, F, Con, F)
where F is the set of events, F C E is the set of reversible events, Con Cg, 2F is the
consistency relation, which is downwards-closed, = C Con x 2¥ x (E U F) is the enabling
relation, and

L if X QY Fe* then (XU{e})NY = 0;
2. if X ©Y F e then e € X
3. (weakening) if X O Y Fe*, X C X’ € Con, and X'NY =0 then X' © Y I e*.

Note that in examples we will leave out enablings which are implied by the weakening
condition. See Figure 14 for an example of an RES and the corresponding CS.

Example 6.2. Recall Example 1.3 where we modelled the reversible w-calculus process
(vn)(@(n) | b(n) | c(z)). This can be achieved with an RES with a set of events {a@ (n) , b (n)}U
{c(z) | = is a name} with the consistent sets being any set not containing more that one
event from {c(z) | x is a name}. The enablings are as follows:

Do 0Fan) Do 0 b(n)
© 0+ ¢(z) for any name = # n
<>}®{C()|I#H}FC() {b(n)} © {c(x) | x #n} - c(n)
{ ,c(n)} ©0Fb(n) {b(n) @ (n),c(n)} ©0Fa(n)
<n>}®{ (n)} b (n) {a(m} o {cn)}Faln)

© 0 F c(x)

Fe(x) for any name z
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€ = (K, F,Con,F) where {a,b} {a,c} {b,c}

E=F={a,b,c}

Con = {0, {a},{b},{a,b},{a,c},{b,c}} I >< l
DODFa 0o {c}Fb {a} < {0}  {c}
{a} © {b} Fc, {b} o {a} Fec

{0} ©0F b, {a} © {b} F q, \I

{a,c} 90 F ¢ 0

(a) RES & (b) The CS derived from &

Figure 14: Example of an RES and the corresponding CS.

This RES cannot be represented by an RPES or an RAES, as they cannot express that b (n)
can reverse if @ (n) and c¢(n) are in the configuration, but not if ¢(n) is present without @ (n).

We next define a notion of morphism for RESs in Definition 6.3. With the exception
of the requirements regarding preventing sets, it is identical to the definition of an ES
morphism. We treat the preventing set similarly to (asymmetric) conflict in PES, AES,
RPES, and RAES morphisms, requiring the events of Y] to be either synchronised with an
event from Yj or no event at all.

The reason we do not say that if f(e) # L and X © Y ¢ e* then f(X) © f(Y) k1 f(e)*
is that we want our definition of an RES morphism to correspond with that of an RAES
morphism, and we will use {¢’ | ¢’ > e} to define our preventing sets when translating. Since
RAES morphisms allow e; > f(e) if no e exists such that f(eg) = e;, we have to express
the same in our definition of RES morphisms.

Definition 6.3 (RES morphism). Let & = (FEy, Fy, Cong, o) and & = (Fy, F1, Cony, 1) be
RESs. An RES morphism f : & — &; is a partial function f : Ey — FE; such that:

1. for all e* € Ey U Fy, if f(e) # L and Xy © Yj o €* then there exists a Y7 C E; such
that for all eq € Ey, if f(ep) € Yy then ey € Yy and f(Xo) © Y1 by f(e)*.

2. for any X, € Cong, f(Xy) € Cony.

3. for all e, e’ € Ey, if f(e) = f(e) # L and e # ¢’ then no X € Cony exists such that
e, e € X.

Proposition 6.4. RES, where RESs are objects and RES morphisms are arrows, is a
category.

Proof. Since RES morphisms are partial functions they are obviously associative, and f(e) =
e is the identity arrow. Then we only need to prove that given RESs &, £, and & and
morphisms f : & — & and g : & — &, go f 1 & — & is a morphism, satisfying the
conditions in Definition 6.3:

1. Suppose g(f(e)) # L and X © Y kg e. Then there exists an e; € E; and an e; € Fy
such that f(e) = e; and g(e;) = eg. It is clear from Definition 6.3 that there exists a
Y1 C Ej; such that for all e € Ey such that f(ef) € Y1,e; € Y, and f(X) © Y1 1 f(e)*,
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and therefore there exists a Y, C FE, such that for all €] € F; such that g(e}) € Y5,
¢y € Yy, and g(f(X)) © Ya b2 g(f(e))"

2. Suppose Xy € Cong. Since f is a morphism, obviously f(X,) € Con;, and using the
same argument, g(f(Xj)) € Cons.

3. Suppose g(f(e)) = g(f(e')) # L and e # €. Then f(e) = e; and f(e’) = €| for some
e1,€] € Ey such that g(e;) = g(e}) # L. Therefore either e; = €} or no X; € Cony
exists such that ey, e} € Xj.

In the first case, since f is a morphism, by definition if e # ¢’ then no X € Cong exists
such that e,e’ € X

In the second, by definition for any X, € Cong, f(Xy) € Cony, and therefore there
cannot exist any X € Cong such that ¢, ¢’ € X. O

We construct a coproduct of two RESs in Definition 6.5. Although this definition is a
little different from those of RPES and RAES coproducts, the principle is very much the
same. Similarly to having every event from F; prevent every event from F;_; in the RAES
coproduct, we here put every event from F; in the preventing set of every enabling of an
event from F;_;.

Definition 6.5 (RES coproduct). Given RESs & = (Ey, Cong, o) and & = (Ej, Cony,
),we can construct & + & = (F, Con, ) with injections iy and i; where:

1. E={(0,e) |e€ Eg} U{(l,e) | e € E1});
2. for e € E; and j € {0, 1} we have i;(e) = (j,¢);
3. X € Con iff 3X, € Cong.ig(Xy) = X or 3X; € Cony.iy(X;) = X;
4. X O Y F (j,e)* iff 3X;,Y; € Ej such that X; O Y; Fe*, i;(X;) = X, Y =;(Y;) U
(B 45(Ej)).
Proposition 6.6. Given RESs & and &, & + &, is their coproduct in RES.

Proof. Let & = (Fy, Cong,tq), & = (Ey,Cony, b)), and & + & = € = (F,Con,F). Then
obviously £ is an RES, and 7y and i; are morphisms, so we simply need to prove that if
there exists an RES & = (Es, Fy, <2, >2) and morphisms fy : & — & and f; : & — &,
then there exists a unique RES morphism f : & — & such that foiy = fy and foi = fi.

Since Fy+ F1, ig, and 1 comprise a coproduct in the category of sets and partial functions,
f must be unique.

We define f as f((j,€e)) = fj(e), giving us foiy = fy and foi; = f;, and we prove that
f is a morphism, satisfying the conditions of Definition 6.3:

1. Suppose X © Y I-e* and e = (j, ¢;) for some j € {0,1}. Then there exist X;,Y; C E;
such that i;(X;) = X, Y = ;(Y;) U(E \ ;(E;)), and X; © Y; - e;. If f(e) # L,
meaning f;(e;) # L, then there exists a Y C E, such that for all e; € E; if f;(e;) € Y3
then e; € Yj, and f;(X;) © Y2 k2 f(e)*. In addition, for all (j',¢’) € E, such that
j#7J', (j,€¢) €Y, implying that if f;((j',¢€')) € Ys then (j',¢') € Y.

2. Suppose X € Con. Then there must exist j € {0,1} and X; € Con; such that
i;(X;) = X. Since X, € Con;, f(X) = f;(X,) € Con,.
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3. Suppose f(e) = f(¢') # L. Then e = (j,e;) and € = (j',¢e;) and fi(e;) = f(e) =
f(e') = filey).
If j # j' then obviously no X € Con exists such that e, ¢’ € X.
If j = j' then e # €’ implies that e; # ej, and since f; is an RES morphism we get
that no X; € Con; exists such that e;,e; € X;. For there to exist an X € Con such
that e, e’ € X, we need an X} € Con; such that i(X}) = X, which obviously does not
exist. O

We also construct a product of RESs in Definition 6.7 based on the ES product described
in [25]. This notion of product translates better to the reversible setting than ones used for
PESs. In addition to adding reverse enablings, which are treated much the same as forward
enablings, our product must also deal with preventing sets, which are not present in the
product of ESs. Just as in the product of CSs, we can consider the product of RES a
synchronisation of two RESs. Each enabling of an event, X © Y I (eq, %), must correspond
to an enabling of the original event Xy © Yy ¢ €g, such that mo(X) = Xy, but Y includes
every €' such that my(e’) € Yy. This means that we generate an enabling for each X for
which this is true, all using the same Y, so (eg, *) is enabled as long as each ef, in X, has
been involved in some synchronisation, but none of the e in Y have. Enablings of (x,e;)
are created in a similar way, and enablings of (eg, e1) require this to hold for both. When
creating enablings for (eg, e1), the weakening condition in Definition 6.1 ensures that we also
get enablings where an event from X synchronises with an event from F; \ (X;UY]) or vice
versa.

Definition 6.7 (partially synchronous RES product). Given RESs & = (Ey, Cong, () and
&1 = (4, Cony, 1), we can construct & x & = (F, Con, ) with projections my and m; where:

1. E=FEyx, Ey={(e,*) | e € Ex} U{(x,e) | e€ E1}U{(e,€) | e € Ey and € € E1};
2. for (eg,e1) € E and j € {0,1}, mj((eo, €1)) = e;;
3. X e€Conit
(a) mo(X) € Cong;
(b) m(X) € Cony;
(c) for all e, e’ € X, if mo(e) = mo(€’) # * or my(e) = mi(€e’) # * then e = ¢/;
4. X OY Fe*if X € Con and
(a) if mo(e) # * then there exists Yy C Ey such that mo(X) © Yy F mo(e)* otherwise

0;
m1(e) # * then there exists Y7 C Ej such that m(X) © Y; F m(e)* otherwise
0

= {e | mo(e) € Yy or m(e) € Y1};
(d) if e* = e then e € X.
Proposition 6.8. Given RESs & and &1, & X &1 s a product in the category RES.

Proof. Let & = (Ey, Fy, Cong, ), &1 = (E1, F1,Cony, ), and & x & = € = (E, F, Con, k).
Then it should be obvious that £ is an RES and my and 7y, are RES morphisms. We then
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need to prove that for any RES &, such that there exist RES morphisms fy : & — & and
fi1: & — &, there exists a unique RES morphism f : & — (& x &) such myo f = fy and
mo f=fi.

Since Fyx, E1, m, and m; comprise a product in the category of sets and partial functions,
f must be unique.

We define f as f(e) = (fo(e), fi(e)) and prove that it is a morphism, meaning it satisfies
the conditions of Definition 6.3:

1. Suppose X © Y b5 e* and f(e) # L. If fy(e) # L then there exists a Yy C Ej such
that for any € € FEy, if fo(e') € Yy then ¢ € Y, and fo(X) © Yy Fo fo(e)*, and if
fi(e) # L then there exists a Y7 C Ej such that for any €' € Es, if fi(e’) € Y7 then
¢ eY,and fi(X) ©Y: k1 f(e)*. We define Y/ = {e | my(e) € Yy or mi(e) € Y1},
where Y; = () if f;(e¢) = L, and it is obvious that f(X) © Y’  f(e)* and for any
e € Fy, if f(¢/) €Y' then e €Y.

2. Suppose X € Cony. Then fy(X) € Cong and f1(X) € Cony, and there are no e, ¢’ € X
such that e # ¢’ and either fo(e) = fo(e') or fi(e) = fi(€'), implying f(X) € Con.

3. Suppose f(e) = f(e) # L and e # ¢'. Then fy(e) = fo(€') and fi(e) = fi(e’). Since
we cannot have fy(e) = fi(e) = L without f(e) = L, and fy and f; are morphisms,
there cannot exist X € Cony such that e, e’ € X. O]

Example 6.9 shows the product of two RESs, represented by CSs in Figure 7.

Example 6.9 (RES product). Consider the RESs corresponding to the CSs in Figure 7,
80 = (Eo, Fo, Cono, l_o) and 81 = (El, Fl, Conl, l_l), where

E[) = {CL, b} FO = EO Cono = 2E0
DO Dtoa {a} © Do b {a,b} SO ko b {a} ©0Foa

and

E, ={c} Fy = F; Cony = {0, {c}}
Dobkic {c}okic

The product & x &; is (F, F, Con, ) where

E =F ={(a,*), (b, %), (a,c), (b,c), (*,¢)}

Con = {0, {(a,#)},{(b, )}, {(a, ) },{(b, )}, {(x,0)}, {(a, ), (b, %)}

{(a,*), (0, 0)}, {(a, ), (+,0)}, {(a, c), (b, )}, {(b, %), (x, ) }, {(a, *), (b, %), (x,¢) } }
with forwards events enabled by DO0F (a,x*)

{(a, )} © 0 F (b, %) {(a,c)} S D F (b, %) DODF (a,c)

{(a,*)} © 0+ (b, c) {(a,c)} © O F (b, ¢), DODF (*c

and backwards events enabled by {(a, %)} OO F (a,*)
{(6,%), (@, )} ©OF (b,%) {(b,%),(a,0)} OO (b,%) {(a,c)} ©OF (a,¢)




We define a functor C, from RES to CS (Definition 6.10). We remark that [21] de-
scribed single event transitions of RESs and [22] discussed extending this to multiple events.
We define configurations according with the first condition of Definition 2.23, disregarding
the second condition, as we do not want to restrict ourselves to forwards-reachable configu-
rations. For the transition, condition i. follows from the definition of a CS. The other two
conditions require any event being added or removed in the transition to be enabled at any
intermediate configuration during the transition, both when all the events being removed
have been removed but nothing has been added, and also when all the events have been
added, but none have been removed. They also require that the same enabling can be used
in all intermediate configurations.

Definition 6.10 (From RES to CS). The functor C, : RES — CS is defined as

1. C.((E, F,Con,F)) = (E, F,C,—), where

(a) X € Cif for all X’ Cg, X, X’ € Con;
AUB

(b) for XY € C, X — Y if:
L Y=(X\B)UA ANX=(,BC X, and X UA € C;
ii. foralle € A, X’ © Z F e for some X', Z such that X’ Cg, X \ B and
ZN(XUA) =0
iii. foralle € B, X' © Z I ¢ for some X', Z such that X’ Cg, X \ (B\ {e}) and
ZN(XUA) =0
2 Cf) = 1.

Applying this functor to an RES results in a finitely enabled CS (FCS). We call this
‘finitely enabled’ because the configurations are all determined by the set of finite configu-
rations, and each transition from an infinite configuration X can be seen as enabled by a
transition from a finite configuration X', such that every configuration between them can
perform the same transition.

Definition 6.11. Let C = (E, F,C, —) be a CS. We say that C is finitely enabled if

1. Cis downwards-closed;
2. X € Cif and only if for all X' Cq, X, X' € C;

3. whenever X i), there exists a finite configuration X’ Cg, X such that X’ — for all
X" such that X’ C X" C X.

We call the category of FCSs and the CS morphisms between them FCS. Since this
is a full subcategory of CS, Proposition 6.13 implies that we can define the product and
coproduct in FCS in the same way as we do in CS.

Proposition 6.12. C, is a functor from RES to FCS.

Proof. We first show that if £ = (E, F, Con,F)is an (E, F, Con, ), then C,.(£) = (E, F,C, —

) is a CS, as defined in Definition 3.1, meaning that for X,Y € C, AC E, and B C F if

X AU—% Y, then:
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1. ANX=0,BCXNF,and Y = (X \ B)U A by definition.
2. Forall A C Aand B C B, (X\B)UA =27 € Cbecause Z C X UA € C.

Moreover there exists a transition X % Z because fore € A, X' © Z' I e for some
X' Capu X\BCX\B,and Z/N(XUA) CZ N(XUA) =0, and similarly for
A\A"U(B\B’
b € B’. There exists a transition Z % Y for similar reasons.
We then need to show that C,(&) is finitely enabled:

1. Clearly C is downwards-closed, since Con is downwards-closed.

2. X € Cif and only if for all X’ Cg, X, X’ € Con, implying X’ € C.

3. If X 5 then there exist X', Z such that X’ © Z I~ e, X' Cg, X, and ZN (X U{e}) = 0.
Hence X” 5 whenever X’ C X” C X. Similarly for X 5.

We then show that an RES morphism f : & — & is also a CS morphism (Definition 3.3)
f:C(&) = Cr(&):

1. This is implied by item 2 of the definition of an RES morphism.

2. Suppose X AU—%O Y. Then f(X) wﬁ f(Y) because:
(a) f(Y)=(f(X)\ f(B))Uf(A) because Y = (X \ B)U A and B C X.
f(A)N f(X) = 0 because AN X = @, implying that if e; € f(A4) N f(X) then
there must exist Fy € A and e[, € X such that e; = f(eg) = f(ep). However, by
definition of an RES morphism, this implies that no X’ € Cong exists such that
ep, €y € X', which cannot be true, since X U A € Cony.
f(B) C f(X) because B C X.
f(X)U f(A) € C; according to item 1 because X U A € C,.
(b) For all @ in A, X’ © Z F a for some X', Z such that X’ Cy, X \ B and
ZN(XUA)=0. If X’ © ZF a then there exists a Z’ such that for all eq € Ej, if
f(eo) € Z'theney € Z and f(X') © Z't f(e)*. Since X C Band X' Cyy,, X\ B,
f(X') Crin f(X)\ f(B), and since ey € Z for all eg € Ej such that f(ey) € Z',
we have Z' N (f(X)U f(A)) C f(ZN (X UA)) =0.
(c) Similar to previous condition.
3. This is implied by item 3 of the definition of an RES morphism.

Having proved that C,. maps from RES to FCS, the proof of it being a functor is similar
to previous functors. O

Proposition 6.13. Given FCSs Cy and Cq, both Cy + C; and Cy x Cy are FCSs.
Proof. Straightforward. O

We describe a functor, R, from FCS to RES in Definition 6.14. An example of a
mapping between an FCS and RES can be seen in Figure 15. The functor R works by
taking each transition and creating the minimum enablings required for C. to create that
transition (that is, if X 22V then we need X \BO E\(XUA)LF e for each e € A,
and similarly for e € B) and adding the additional enablings required by the weakening
condition of Definition 6.1 of RESs.
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{a,b} &€ = (F, F,Con, ) where

SN E=F ={a,b}
ta) jL o} Con = {0, {a}. {8}, {a.b}}
N DO0Fa, 00k,
0 YO 0Fb, {a} o {b}Fa

Figure 15: An FCS and the corresponding RES such that R(C) = £ and C,.(£) =C.

Definition 6.14 (From FCS to RES). The functor R : FCS — RES is defined as:

1. R(E,F,C,—)) = (E, F,Con,) where X € Con if X Cg, X’ for some X’ € C and
XQY Fe*if:
(a) XNY = 0;
(b) if e* = e then e € X
(c) there exists an X’ C E such that X’ 1—4% for some A and B such that e* € AUB,
X'\BCX,andY = E\ (X' UA);
2. R(f)=f.
Proposition 6.15. R: FCS — RES is a functor.

Proof. We first show that given an FCS C, R(C) is an RES according to Definition 6.1:

1. Suppose X © Y Fe* Then XNY =0, and Y = F\ (X"U A) for some X' and A
such that e* € AU X', Therefore (X U{e})NY = 0.
2. Suppose X O Y F e, then clearly e € X.
3. Suppose X O Y Fe*, X C X' € Con, and X’NY = (). Then:
(a) X'NY =10
(b) if e* =ethene e X C X',
(c) there exists X” C E such that X" 2B, for some A and B such that e* € A UB,
X'\BCXCX andY = E\ (X" U A).

We then show that given a CS morphism f : Cy — C;, we have that f : R(Co) — R(Cy)
is an RES morphism, satisfying the conditions of Definition 6.3:

1. Suppose f(e) # L and X © Y F e*. Then there exists an X’ C E such that X’ ﬁu—%o

for some A and B such that e* € AUB, X'\ BC X, and Y = E\ (X" UA).
Then f(X) © (Ey \ (f(X")U f(A))) 1 f(e)* because:

() XNY = 0 and f(¥) = f(E\ (X'UA) C B\ (F(X') U f(A)), implying

FX)NfY) =0
(b) if f(e)* = f(e) then e € X, implying f(e) € f(X);
A)UF(B
(€) FX) 550, £(e)* € F(A) U S(B), and F(X)\ £(B) € f(X)
And for all e € Ey, if f(eg) € (E1 \ (f(X')U f(A)), then clearly ¢y € E\ (X' U A).
2. Suppose X € Cong. Then there exists X, € Cy such that X Cg, X{. As f(X]) € Cy,

and f(X) Cqy f(X]), clearly f(X) € Con;.
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3. Suppose f(e) = f(¢') and e # €'. Then for all X € Cy, {e,e'} € X. Therefore for all
X" € Cong, {e,e'} Z X".

Having shown that R is a mapping from CS to RES, the rest of the proof is similar to
previous functors. 0

As Theorem 6.16 states, C,. and R are inverses of each other for CSs for which the set
of configurations is downwards-closed and derived from the set of finite configurations, and
no transitions starting from infinite configurations, which are not part of a larger transition
going through a finite configuration. In fact, if C is an FCS, then C,.(R(C)) will always be
such an FCS.

Theorem 6.16. Given an FCS C = (E,F,C,—), we have C,.(R(C)) = C if whenever
X AU—%, there exists X' such that X' %, X'\ B’ is finite, AC A, XUAC X'UA" and

B CB.

Proof. Let R(C) = (E, F,Con,I) and C,((E, F,Con,t)) = (E, F,C',—'). Then Con is the

finite subsets of the configurations of C, so since X € C iff VX’ Cg, X. X' € C, obviously

C'={C | VX Cq, C.X € Con} = C. For any X,Y,;A C F and B C F, there exists a
/

transition X 22 Y if and only if:

I.Y=(X\BJUA ANX=0,BCX,and XUA €

2. forallein A, X' © Z F e for some X', Z such that X’ Cs, X\ Band ZN(XUA) = ()

3. forall e € B, X' © Z F e for some X' Z such that X’ Cg, X \ (B )\ {e}) and

ZN(XUA)=0.

Item 1 holds for transitions in any CS, including C. For any e¢* € AU B, if X' C X,
XNZ=0, X eCon,and X' © Z I e*, then there must exist X” C FE such that X” %,
e*c AUB, X"\ B'C X, and Z = E\ (X" U A"). Therefore X =22,

Suppose X =2 Y. Then X \ B & V.

If X\ B is finite, and therefore in Con, we have X\ B © F\ (AUX) F e for alle € A, and
AU{e
for all e € B we have X'\ (B\{e}) g Y, similarly giving us X'\ (B\{e}) © E\(AUX) I e.

/
Therefore X 222 vy B
If X'\ B is infinite, then there exists X', A’ B’ such that X’ ——= X'\ B is finite, A C A,
XUA C X'UA’, and B C B’. This implies that foralle ¢ A C A", X'\B'© E\(A'UX")Fe

!/
and for alle e BC B', X'\ (B'\{e}) © £\ (A UX')F e. Therefore X By, O
We now show that R and ) form an adjunction between RES and FCS.
Theorem 6.17. R - C,.

Proof. For any RES &£ = (E, F, Con, ), we define € : R(C,(£)) — £ such that for all e € E
e(e) = e, and prove that it is an RES morphism.
If C.(€) = (E,F,C,—) and R(C,(£)) = (E,Con’,}') then:
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1. Suppose X © Y F e*. Then clearly there exists X’ C F such that X’ A9, for some
A, B such that e* € AUB, X’\BC X and Y = E\ (X'UA). And since X' =2 we
get X” © Y’k e* for some X" Y’ such that X” C X'\ (B\{e}) and ZN(X'UA) = 0.
Obviously Y’ C Y, and since X” C X and X NY =0 we get X O Y' I e*.

2. Suppose X € Con’. Then X Cg, X' € C, C = {X' | VX" Cg, X'. X’ € Con}, and Con
is downwards closed, implying f(X) € Con.

3. No e, ¢’ € E exist such that e(e) = e(¢’) and e # €.

Since €(e) = e, it is obviously a natural transformation.

We then show that given an FCS Cy = (Ey, Fy, Co, —0), an RES & = (E1, Fi, Cony, ),
and an RES morphism f : R(Cy) — &, it holds that f : Cy — R(&;) is an FCS morphism.

Suppose R(Cy) = (Ey, Fy, Cong, ) and C,(&1) = (E1, F1,Ci,—1). Then f satisfies the
conditions of Definition 3.3 because:

1. Suppose Cy € Cy. Then for all X Cg, Cy, X € Cong. Therefore f(X) € Cony if
F(X) Can f(Co), and consequently f(Cy) € C;.

2. Suppose X ﬂ)—%o Y. Then X\ B O E\(XUA)Fgeforalle € A, and X\ (B\{e}) ©
E\(XUA)HFqeforall e € B. This implies that f(X)\ (f(B)\{f(e)}) © Y1 k1 f(e)*
for some Y; such that for all ¢y € E, if f(ey) € V) then eg € E'\ (X U A). Therefore

F(AUf(B)
f(X) ———=1 f(Y).

3. If Cy € Cp then for all X Cg, Cp, X € Cong, and if f(eg) = f(ep) # L, then there
exists no Xy € Cong such that e, e € Xj. O

We also show in Proposition 6.18 that C.. preserves both coproducts and products up to
isomorphism, the latter being implied by Theorem 6.17.

Proposition 6.18. Given RESs & and &, C.(&) + C.(&1) = Cr(E + &) and C.(&) X
Cr(gl) = Cr((c:o X 51)

P?”OOf. Let 5() = (Eo,Fo, COI’](), "0), 81 = (El, Fl, C0n1,|_1), 50—|—51 = (E, F, COI’], l_), CT(EQ) =
(Eo,Fo,Co,—N]), 01(51) = (El,Fl,Cl,—)l), CT<50 -+ 51> = (E,F,C,-)), and Cr(g()) +
C.(&) = (B, F',C",="). Then C,(&) + Cr(&1) = C.(& + &1) because:

1. C={X|3ie{0,1}, X;.X = {i} x X, and VX| Cg, X;. X[ € Con;} = {X | VX' Cg,
X.3i € {0,1}, X, € Con,. X' = {i} x X;} = C.
2. If X 22 ¥ then X AU—%/ Y because:
(a) Y=(X\B)UA, ANX =0, BC X, and X U A.
(b) For all (i,e) € A, there exists X' © Z F; e for some X', Z such that {i} x X' Cg,
XCBand {i} xZN(XUA)=0.
(c) For all (i,e) € B, there exists X’ © Z F; e for some X', Z such that {i} x X' Cg,
X C(BC(iye)) and {i} x ZN(XUA) =10.

!
3. It X AU—% Y then X AU—% Y for similar reasons.
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Cr (&) x Cr(&) = Cr(&E x &) is implied by Theorem 6.17, since right adjoints preserve
products up to isomorphism. O

Just as we had functors between PES and RPES and AES and RAES, we have a
functor from ES to RES, extending the mapping from [21], described in Definition 6.19.

Definition 6.19 (From ES to RES). The functor P, : ES — RES is defined as

1. P.((E,Con,l)) = (E,0,Con,) where X © 0 I e if X I ¢;
2. P.(f)=F.

Proposition 6.20. P, is a functor from ES to RES.

Proof. 1t was shown in [21] that for an ES £, P.(€) is an RES.
If f:& — & is an ES morphism, then f : P.(&) — P.(&;) satisfies the conditions of
Definition 6.3:

1. When Y =Y, = (), this is analogous to condition 1 of ES morphisms.
2. This is condition 2 of ES morphisms.
3. This is condition 3 of ES morphisms.

Once established that P, is a mapping, the rest of the proof is similar to previous functors.
[

We also define a mapping from RAESs to RESs in Definition 6.21. The possibility of
doing so was first discussed in [22], though a mapping was not defined. The only time
we have C,.,(€) = C,(P,(£)) is when any set of events of the RAES which contains an
infinite chain ey <le; <ey <. .., also contains a finite <-cycle. This is because, while RAES
configurations require < to be well-founded, the set Con of the corresponding RES can only
contain finite sets, such that all finite subsets of a configuration of the RES must be in Con.
Obviously this does not allow us to define an RES with the same configurations as an RAES
which has an infinite chain ey < e; < ey < ... without any finite <-cycles. We do however
still get an RES, and the extra configurations will never be reachable in a finite number of
transitions. It is worth noting that, while we cannot map all RAESs to a corresponding
RES, thanks to the preventing set, we can get much closer than in the forward-only setting.
Recall from Remark 2.27 that such a mapping did not exist from AES to ES, due to ESs
not having a notion of prevention. Also note that, since in RAESs generated by RPESs a>b
if and only if b > a, we have C,, = C, o P,, o A,. The mapping F,, from RAES to RES
also acts as a functor.

Definition 6.21 (From RAES to RES). The mapping P, : RAES — RES is defined as

1. P ((E,F,<,<)) = (E, F,Con,I) where:
Con = {X Cg, E | < is well-founded on X }:
XOoYrteif{e|e<e}CXeClonY={e|e>e}, XNY =0,ande € E:
XOYteif{e|e<efCXeConY={|>e}, XNY =0 ande€eF.
2' Par(f):f’
20



Proposition 6.22. P,,. is a functor from RAES to RES.

Proof. We first show that given an RAES £ = (FE, F,<,<), P, (€) is an RES, satisfying
the conditions of Definition 6.1:

1. Suppose X © Y F e*. Then (X U{e})NY = 0 because by definition of P,., XNY =0
and by definition of an RAES, since < is irreflexive and e < e one cannot have e > e*.

2. Suppose X © Y F e. Then e € X because X = {¢’ € E | ¢/ < e} and by definition
e < e.

3. Suppose X O YV Fe*, X C X’ € Con, and X’NY = (). Then it is clear from the
definition of -, that X’ © Y I e*.

We then show that given an RAES morphism f : & — &, f: P, (&) — P (&) is an
RES morphism, satisfying the conditions of Definition 6.3:

1. Suppose X © Y Fge. Then {¢' € Ey | € <pe} C X € Cong, Y ={e' € Ey | ¢ >ge},
and X NY = . Since X € Cong, we have f(X) € Con;. By definition of P,
{¢/ € Ey| ¢ <pe} C X, and by definition of an RAES morphism, {e; | e; <; f(e)} C
{f(€) ] € <q e}, implying {e; | e1 <1 f(e)} C f(X). And since f(e') >; f(e) implies
¢ >¢ e, we get that for all ¢/ € Ej such that f(¢/) € {¢/ | ¢ > f(e)}, ¢ € Y. If
er € f(X)N{e' | ¢ >y f(e)}, then there must exist an ey € X such that f(ey) = ey,
and therefore eq >¢ f(e), implying e € X NY, which is not possible. Since f(e) €
f(Fy) € Fy, we can conclude that f(X) © {e' | ¢ >y f(e)} F1 f(e).

Suppose X © Y g e. Then the argument is similar.

2. Suppose X € Cong. Then < is well-founded on Xy, and for all e, ¢’ € X, if f(e) >4
f(€), then er>pe’. Hence < is also well-founded on f (X)), and therefore f(X,) € Con;.

3. Suppose f(e) = f(¢/) # L and e # €. Then e #, ¢ and Cong = {Y C Ej |
g is well-founded on Y'}. Therefore X € Cong implies {e, e’} € X.

Having proved that P,, is a mapping from RAES to RES, the rest of the proof is similar
to previous functors. O

Theorem 6.23. Given an RAES £ = (E, F,<,<), such that for any X C E, if < is not
well-founded on X then there exists a finite <-cycle in X, C.(Pu(£)) = Cor(E).

Proof. Let C,.(€) = (E,F,C,—), P, (§) = (E, F,Con,I), and C.(P,.(§)) = (E, F,C",=").

We first prove that C = C'. Suppose X € C. Then < is well-founded on X, implying for
all X' Cq, X, < is well-founded on X', and therefore X’ € Con, implying X € C'.

Suppose X’ € C'. This implies that for all X Cg, X', X € Con and therefore < is
well-founded on X. Hence there cannot exist a finite <-cycle in X', and therefore < is
well-founded on X', implying X’ € C.

It remains to show that — = —'. Suppose X Ay Then X, YeCACE BCF,
Y =(X\B)UA, AnNX = 0, and B C X, so we need to prove that for all a € A,
X' © ZF afor some X' C X\ B, Z, such that ZN (AU X) = (. Clearly this holds for
X'={e|e<a}and Z = {e | er>a}. Similarly for all b € B, we have that X' © Z |- b for
some X' C X \ (B\ {b}), Z, such that ZN (AU X) = 0.
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Suppose X 22"y Then X,Y € C, ACE, BCF,Y = (X\B)UA, ANX = 0,
and B C X. Additionally for all e € A, if ¢/ < e then whenever X' © Z ¢, ¢ € X', and
if ¢/ > e then whenever X' © Z e, ¢ € Z. Also for every e € B, if ¢/ < e then whenever
X' © ZF e, we have ¢/ € X', and if €/ > e then whenever X' © Z F ¢, we have ¢/ € Z. [

7. Stable Reversible Event Structures and Configuration Systems

Similarly to the stable event structures (Definition 2.25), we define the stable reversible
event structures (SRES) in Definition 7.1, and create the category SRES consisting of
SRESs and the RES morphisms between them. SRESs and SESs are defined identically,
with the exception that in an SRES the preventing sets are included as well, and treated in
much the same way as the enabling sets. Figure 15b showed an SRES. Though we needed
a non-stable RES to model the process described in Example 6.2, SRESs are still useful for
other cases, as illustrated by Example 7.2. We also define a stable CS (SCS), and a new
functor from SCSs to SRESs called R’ (Definition 7.6). Functors R' and C, act as inverses
on SCSs (Proposition 7.13), and on SRESs in normal form (Definition 7.17).

Like in an SES, an event in a configuration of an SRES will have a single unique possible
cause as long as the configuration has been reached by only going forwards. Also like the
SES for the PES, mapping an RPES or RAES into an RES always results in an SRES, as
stated in Proposition 7.3. In addition, the subcategory is closed under RES coproduct and
product. Since SRES consisting of SRESs and the RES morphisms between them is a full
subcategory, we can then construct SRES products and coproducts in the same manner as
we do RES products and coproducts.

Definition 7.1 (Stable RES). A stable reversible event structure (SRES) is an RES £ =
(E, F,Con ) such that foralle* € FEUF, if X QY Fe*, X' QY ke and XUX'+¢* €
Con,then XN X' QY NY'+ e~

Example 7.2. Recall Example 1.4, where we wished to model a computation ey, e, es, . ..
which can be forced to reverse if it encounters one of a number of different errors {error, error,
...,error, }. We do this with an RES with events {eg, €1, ...} U {errorg, errory, ... error,},
consistent sets Con = {X | 3, j.{error;,error;} C X}, and the enablings:

{ex | k <i} ©{error; | 0 < j <n} e forall e,

0 © 0+ error; and {error;} © {eg} I error; for all error;,

and {error;} © {ey | k > i} - ¢; for all combinations of ¢ and j.

This RES will be stable.

Proposition 7.3. If € = (E, F, <, <) is an RAES then P,,.(£) is an SRES.

Proof. Recall from Proposition 6.22, that P,,.(£) = (E, F, Con,F) is an RES.

We need to show that foralle* € FEUF, if X O Y Fe*, X' OY'Fe*, and XUX' +e* €
Conthen XN X' Y NY'F e*.

Suppose e* =e. Then {¢/ € E |/ <e} C X, X' €ConandY =Y ={e € E| e >e}.
Since < is well-founded on X U X'+ e*, X and X’ are finite, and €’ > e implies ¢/ ¢ X U X/,
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we know that < is well-formed on X N X’. Hence {¢/ € F | ¢/ < e} C X N X' € Con,
implying that X N X’ © Y F e as required.

Suppose e* =¢. Then {¢' € F | <e} C X, X € ConandY =Y ' ={e € E | >e}
and the logic is similar to above. [l

Proposition 7.4. Given two SRESs & and &1, &y + &1 is an SRES.

Proof. Let & = (Ey, Fy, Cong,tq), &1 = (F1, F1,Cony, ), and & + & = (F, F,Con,F).
Then suppose X O Y Fe*, X' © V' F ¢*, and X U X' + ¢* € Con. Then e* = (j,¢;)* and
HXJ',Y;‘ € Ej such that Xj O Y; + 6*7 ZJ(XJ> = X, Y = lJ(YJ)U(E\Z](E]» and ElX]/,Y;/ S Ej
such that X} © Y/ I e*, i;(X}) = X', Y’ = i;(Y]) U (£ \ i;(E})). Since X U X' +¢* € Con
implies X; U X} + e} € Cong, we get X; N X7 © Y I ef. Therefore X N X' QY e m

Proposition 7.5. Given two SRESs & and &1, Ey x &1 is an SRES.

Proof. Let & = (Ey, Fy, Cong, o), &1 = (E1, F1,Cony, 1), and & x & = (E, F, Con, ).

Then suppose X © Y F e*, X' © Y/ F e*, and X U X' 4+ ¢* € Con. Then either
e* = (eg, *)*, e* = (x,e1)*, or e* = (eg, e1)*

Suppose e* = (eg,*)*. Then my(X) © Yy F mo(e)*, for some Yy such that YV = {¢' |
mo(e') € Yo}, mo(X') © Yy F mo(e)* for some Yy such that Y’ = {¢’ | mo(€¢/) € Y}, and
mo(X UX'+e*) € Cong. Hence mo(X)Umo(X') + ¢ € Cong, and therefore m(X) Nmo(X') ©
mo(Y) F ef. Since if e* = e then e* € X N X', we therefore have X N X’ © Y F e*.

Suppose e* = (x,e1)*. Then similar logic can be used.

Suppose e¢* = (eg,e1)*. Then m(X) © Y1 F m(e)*, m(X') © Y] F m(e)*, mo(X) ©
Yo F mo(e)*, and mo(X') © Yy F mo(e)*, for some Yy, Yy, Y1, Y] such that Y = {e' | m(€’) €
Yo or m(e') € Vi}and Y’ = {e' | mo(€’) € Y or mi(€) € Y/}, and m (X UX'+e€*) € Cony and
mo(XUX'+e*) € Cong, implying mo(X)Umo(X")+ef € Cong and 71 (X ) U (X')+e € Cony,
and therefore 7o (X) Nmo(X') © Yo F e and m(X) N (X') © Y3 F ef, and, since if e* = ¢
then obviously e* € XN X', X NX' QY F e*. [

Similarly, we also define a stable configuration system in Definition 7.6. Again we want
events to have a unique cause in any configuration. Condition (a) states that if X; C X3
and both X; and X3 can do a transition, then so can every configuration in between them,
since this means X; is unambiguously what enables this transition in X3. Condition (b)
is very similar to Definition 2.25, but referring to configurations rather than enabling sets.
Condition (c) ensures that if X;UX5 can do a transition, and X; and X, can each do the same
transition individually, then that transition is caused by X; N X5 in all those configurations.
Finally, condition (d) states that if two transitions can both happen in any order between
two states, then they are independent and can therefore happen simultaneously.

Definition 7.6 (Stable CS). A stable CS (SCS) is a CS C = (E, F,C, —) such that:

1. C is downwards closed.
2. For X1,X5, X3 C,ACFE,and B C F:
(a) if X3 € Xy C X3, and there exist transitions X A8 and X3 AU—%, then
XQ ALJ_E),
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& = (FE, F,Con, ) where

E=F={ab}
{av b} Con = {@, {a’}a {b} {(L, b}}
AN DO0Fa,
{a} —— {0} {a} © 0+ b,
N S 0 ©{a} 0o,
0 {b}o0kD {a} 0 {b}Fa
(a) Non-stable CS C (b) Non-stable RES &

Figure 16: Example of a non-stable CS and the corresponding RES.

(b) if (X7 UX2)\ B)UA € C, and there exist transitions X; 2B and Xy — AVB, ,

AUB
then X; N X5 L)

(c) if XiNX, C X3 C X1UX2, (X3UA)\ B € C, and there exist transitions X; — AVB,

AUB AUB
X, 228, and Xy N Xy 228 then Xy 222
AoUBg

(d) if Xo, X3, X, X3 € C, Ao, A1, By, By C E and there exist transitions X ——

A1UBq A1UBq AoUBg AgUA1UByUB1
X17 XO Em— XQ, X1 — Xg, and X2 — Xg, then XO _— X3.

Proposition 7.7. Given an RAES € = (E, F,<,<), C..(€) is an SCS.

B

Proof. Straightforward. ]
Proposition 7.8. Given SCSs Cy and Cq, both Cy + C; and Cy x C; are SCSs.
Proof. Straightforward. O]

Figure 15a shows a stable CS. One way to make it non-stable would be to remove the
transition from () to {a, b}, since that would violate item 2d, giving us the non-stable CS from
Example 3.2, recalled in Figure 16 with a corresponding RES added. This also makes the
corresponding RES non-stable, as evidenced by the fact that {a} © 0 - b and 0 © {a} F b,
but not § © 0 + b.

We previously defined a functor R from FCS to RES (Definition 6.14), but some CSs
can be represented by more than one RES. Consider, for example, the one seen in Figure 17a,
where the two transitions could be caused by the same or different enablings. The functor
presented in Definition 6.14 gives us the RES in Figure 17b. Note that while the FCS is
stable, the RES generated by R is not. We would like a functor which maps SFCSs to SRESS,
and we therefore define a new functor specifically for stable FCSs in Definition 7.9, which
gives us the SRES in Figure 17c. Functor R will always create an enabling for each transition
(with the required subenablings caused by the weakening condition of Definition 6.1), while
R’ finds a maximum X and a minimum X’ such that for X' C X" C X, if X" € C and

X"+ e* € C then X" ﬂ, and generates one enabling (with required subenablings) for all
those configurations. For this reason R’ does not preserve morphisms on non-stable FCSs,
and we therefore only use it on stable ones. However, R’ also gives us the ability to model
transitions from infinite sets which are not a part of a larger transition from a finite set as
described in Theorem 6.16.
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R(C) = (E, F,Con,I) where

{a,b} E = {a,b} R'(C) = (E, F,Con,F) where
N F=0 E={a,b}
{a} {b} Con = {0, {a}, {b}, {a, b}} F=0
N Po{btta Con = {0, {a}, {b},{a,b}}
0 {pyodta Pobta
(a) CSC (b) RES R(C) (¢) RES R'(C)

Figure 17: Example of a CS and the two different corresponding RESs.

Definition 7.9 (From SFCS to SRES). The functor R’ : SFCS — SRES is defined as:

1. R((E,F,C,—)) = (E,F,Con,F) where Con = {X | X Cg, X’ € C} and for all
X, X', esuch that X' € C,ee FE, and X DO X' if:
(a) if X +e* € CthenXﬂn
(b) if X', X'+¢* € C then X’ * and whenever X’ C X” C X and X", X" +¢* € C,

there exists a transition X" Q;

(c) no X” C X' exists such that if X" X" + ¢* € C then X” 1, , and whenever
X" C X" C X and X", X" + e* € C there exists a transition X", X" + ¢* RGN ;

(d) no X” 2O X exists such that if X" X" + e* € C then X" ﬂ, and whenever

X' C X" CX"and X" X" + e* € C there exists a transition X" ﬂ;
(e) there exists C' C C, such that [JC = X, and for all X" € C, X" 1 and

X' X"
then we get the following enablings:
(a) ife* = e, then for all X” € Consuch that X’ C X" C XU{e}, X" © E\(XU{e}) -
€;
(b) if e* = ¢, then for all X" € Con such that X' C X" C X, X" 9 F\ X Fe.

2 R(f) = f.
Proposition 7.10. R’ is a functor from SFCS to SRES.

Proof. We first show that given an SFCS, C = (E, F,C,—), R'(C) is an RES, as described
in Definition 6.1:

1. Suppose X” © Y F e*. Then clearly there exist X’ and X such that X' C X" C X,
such that Y = E \ X, and therefore X NY = 0.

2. Suppose X" © Y Fe. Then e € X”, because there exists X’ C X" such that X’ g
3. Suppose X" QY Fe*, X" C X" € Con, and X" NY = (. Then, since X" C X" C
E\Y, clearly X" © Y I e*.

We then show that R'(C) is stable:
Whenever Xy © Yo Fe, X1 © Y1 F e, and XqU X; U {e} € Con we know that for all
configurations X, X] € C, if Xo C X[ C E\ (YaU{e}) and X; C X| C E'\ (Y1 U{e}) then
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X 19 and X1 19, Hence Xo U Xy U{e} € C, implying X, N X, ﬁ>, and Xo N X,

XN X, C X! Hence XN X! *% and therefore for all X € C, if XoN X, C X
(E\ (Vi U{e)) U(E\ (YoU{e})) then X ‘5. This gives us XoN X, © YoNYi Fe.
fXoO0Yoke Xy 0V Fe and XoU X \ {e} € Con the argument is similar.

We then show that given an SFCS morphism f : Cy — Cy, f : R'(Co) — R/(Cy) is an RES
morphism, satisfying the conditions of Definition 6.3:

N 1N

1. Suppose f(e) # L and X” © Y k¢ e*. Then there exists a minimum X’ such that
whenever X' C X" C Ey\ 'Y for X" € Cy, we have a transition X"’ Q Therefore

F(X" Y We also have X' U {e'} € Gy for all ¢ € Ey \ Y, and C is downwards-

closed, whenever f(X') C X" C f(Ey\Y), X" YO, s implies that there exists

a Y1 such that f(X) © Y1 F f(e)*, and if f(e/) € Y}, then ¢ € Y.

2. Suppose Xy € Cong. Then there exists X € Cy such that Xy Cq, X(. Clearly
f(Xp) € G and f(Xo) Can f(X), implying f(Xo) € Con;.

3. Suppose f(e) = f(€') and e # ¢'. Then there does not exist X € Cy such that e, ¢’ € C.
Since for all X, € Cong, there exists X, € Cy such that X Cg, X{, there also does not
exist X/ € Cong, such that e, e’ € X{. O

Proposition 7.11. If £ is an SRES then C,.(E) is an SFCS.

Proof. Let € be an SRES and recall from Proposition 6.12 that C,.(€) is an FCS. Then we
need to show that C,.(£) = (F, F, C, —) fulfils the conditions of Definition 7.6:

1. Cis downwards-closed because C,.(€) is an FCS.
2. For Xy, Xy, X5 € C:
(a) This means that for e* € AU B, there exist X7, X}, Y], Y3 such that X] C X\
(B\{e}), X; C X3\ (B\{e}), Xi oY1 ke, X0 Y3k e*, YIN(X;UA) =0, and
V3N (X3U A) =0, and therefore, since X7 N X, © Y1 NYs k- e*, we get Xy AL
(b) This means that for e* € AU B, there exist X7, X}, Y}, Y5 such that X] C X\
(B\{e}), X} C Xo\ (B\ {e}), X © Vi F ", X Ya %, Yy (1 (X U A) = 0,

and Y2 N (X2 U A) = 0, and therefore, since X; N X, © Y1 NYy F e* and C is

AUB
downwards-closed, we get X; N X5 ey

(c) This means that for e* € Ay U By, there exist Yy, Y1 € E\ X;, and Y5 C E'\ Xy,
such that X1 N Xy © Yo Fe*, X7 © Y, F e and Xy © Y, F e*, and clearly
(Xl ﬂXQ) ﬂXl N X2 = X1 ﬂXg, and }/0 N Yi ﬂlfg Q E \ (Xl UX2)7 1mply1ng
XiNX, 0 YyNYiNYs ke, Hence Xy 2.

(d) This means that for all e* € Ay U By, there exist X, X5,Y(, Ys such that X C
Xo\(Bo\{e}), X5 C Xo\(Bo\{e}), Xy © Yo e, X5 © Ya = e, YiN(XoUAg) = 0,
and%ﬂ(XQUAo) :Q) Hence X(l)ﬂXé ®}/0ﬂY2 Fe* and X()ﬂXQ Q Xo\Bl

AgUA
and Yy NY,; CY;, and similarly for ¢* € A; U B;. Therefore X, G )

O
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Though R’ and C, are inverses on SFCSs, they are not inverses on all SRESs, only those
whose enablings satisfy Definition 7.12 below. As Proposition 7.13 suggests, only one such
SRES exists per SFCS, but there can be one or more non-stable RESs with necessary and
minimal enablings which also generates the same SFCS, as Figure 17 shows.

An enabling is considered necessary if it is not implied by other enablings. If for example
we have an enabling {a} © @) F b then also having {a} © {c} I b is unnecessary, as there
cannot exist any configurations in which {a} © {c} I b allows us to do b, but {a} © 0 - b
does not. Additionally, we consider an enabling necessary if it is needed because of a
necessary enabling and the weakening condition of Definition 6.1.

An enabling is considered minimal if every event which cannot potentially be in the same
configuration as both the enabling set and the event being enabled is in the preventing set.
For example ) © @ + b is not minimal if there do not exist any configurations of which
{a,b} is a subset, as the enabling () © {a} I b would have had the same effect with a larger
preventing set.

Definition 7.12. Given an RES, £ = (E, F, Con,I-), an enabling X © Y  e* is

1. necessary if there exists an X’ C X such that X’ © Y F e* and there does not exist
an enabling X' © Y’ ¢e* for Y’ C Y,
2. minimal if for every €' such that X U{e, e’} ¢ C, ¢ €Y.

If all the enablings in £ are necessary and minimal, we say that £ is in normal form, and
we define the category nfRES (resp. nfSRES) of RESs (resp. SRESs) in normal form and
the RES morphisms between them.

Proposition 7.13.

1. If £ is an SRES in normal form, then R'(C,(€)) =E&.
2. If C is an SFCS, then C,.(R'(C)) =C.

Proof.

1. If &€ = (E,F,Con,F), C.(§) = (E,F,C,—), and R'(C,(£)) = (E, F,Con’,}), then we
have C = {C' | X C4, C = X € Con}, and Con’ = {X | 3X’ € C.X Cy, X'}, and
C,(€) is an FCS, and therefore obviously Con’ = Con.

Suppose X © Y Fe. Then for all X' € C,if X'U{e} € Cand X Cg, X' C E\ (Y U

{e}), then X' ﬁ>, which implies that there must exist some minimum X” C X and
maximum X" D E'\ (Y U{e}), such that if X" C X" C X" and X", X" U{e} € C,

then X" 19 As X © Y F e is a necessary enabling £\ (X" U{e}) =Y, giving us
X © Y F e. Similar arguments apply if X © Y | e.

Suppose X © Y ' e. Then there exists an X’ C X such that X’ Q, and if
X" X"+ee Cand X' C X" C E\ (Y U{e}), then X . As & is stable, this
obviously requires X’ © Y’ F e for some Y/ O Y such that if X NY’ = § and
X NY # 0 then X U {e} ¢ C. Since all enablings in £ are minimal, it must be that
Y =Y’ and therefore X © Y F e. Similar arguments apply if X © Y H e.
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2.1f C = (E,F,C,—), R(C) = (E,F,Con,I), and C.(R'(C)) = (E,F,C',—='), then
C' = C for the same reasons as in Theorem 6.16. ,

Suppose X AP,y Then for all e* € AU B, whenever X C X' C Y —e*, X/ {e—>

/
Hence there exists Y/ C E'\ (Y U B) such that X © Y’ I ¢*, and therefore X AB

/
Suppose X A5 Y Then for all ¢* € AU B, there exists X’ C X and Y’ such
that (XU A)NY' =0, and X’ © Y' F e*. This in turn requires X” 1), Whenever
X' C X" C E\ (Y U{e}). Since C is stable, this implies X ~-2 V', O

Proposition 7.14. If C is an SFCS, then R'(C) is in normal form.

Proof. Let C = (E,F,C,—) be an SFCS and let R'(C) = £ = (E, F,Con,I). Consider an
enabling X O Y + e*.

We first show that it is necessary. If ¢* = e then there exists an X; C X, such that

whenever X; C X C E\Y and X}, X] U{e} € C then X] ﬁn no Xy C X exists such

that whenever Xy C X, C E'\'Y and X}, X) U {e} € C then X} ﬁ>, and no X3 2 E\ (V)
exists such that whenever X; C X} C X3 and X}, X; U {e} € C then X} 19, Hence that
X € Con because X; C X € Con and there cannot exist an enabling X; © Y’ for Y’ C Y.

If e* = e the proof is similar.
The enabling X © Y F e* is also minimal, since C is downwards-closed and there exists

O C C, such that |JC = E\ Y, and for all X’ € €, X’ % and X C X, 0
Corollary 7.15. nfSRES and SFCS are isomorphic.
Proof. Implied by Propositions 7.13 and 7.14. [

We showed in Propositions 7.4 and 7.5 that the coproduct and product of two stable
RESs will always be stable. We now show that the coproduct and product of RESs in
normal form will also be in normal form.

Proposition 7.16. Given RESs & and &; in normal form, both £+ &, and & x &, are in
normal form.

Proof. Straightforward. O

We define a way of mapping from RESs to normal form RESs in Definition 7.17, and in
the following propositions show that the RES generated by this mapping will map to the
same CS as the original. To get an RES in normal form, we first minimise the enablings
by finding one not required by the weakening condition of Definition 6.1, X’ © Y’ I ¢e*,
and then adding any event €', for which X’ U {e,e’} ¢ Con to Y’, and considering this
enabling as well as those implied by it and the weakening condition part of F;,. Out of
these minimised enablings, we then take the necessary (Definition 7.12) ones, and those
required by the necessary ones and the weakening condition.
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Definition 7.17 (RES normaliser N). Given an RES & = (E, F, Con,tF), we define the
minimised enablings of £, Fi, as X © Y b, e* if there exist X', Y’ C E such that:

1. X € Conand (X U{e})NY =10;

2. X' QY'+ e

3. X' C X

4. no X" C X’ exists such that X" © Y’ I e*;
5. eYiffeeY or X' U{e, e} ¢ Con.

We say that X’ © Y'F e* generated X © Y by, €.
We then take the necessary minimised enablings, X © Y k.. €*, such that

1. XOY Fum €%
2. there exists an X, € X such that:
(a) Xmin ® Y |_min 6*;
(b) no X’ € Xy and Y C Y exist such that X’ © Y’ ki, e and not both
X' =Xpmand Y =Y.

We define the functor N : RES — nfRES as:

1. N((E, F,Con,)) = (E, F,Con, Fne);
2. N(f)=F.

We show that N maps from RESs to RESs in normal form, which can be represented by
the same CS (Propositions 7.18 and 7.19).

Proposition 7.18. N is a functor from RES to nfRES.

Proof. We first show that given an RES £ it is the case that N(&) = (E, F, Con, Fe) is an
RES. For every enabling X © Y Fpe e*, by definition (X U {e})NY =0, and if e* = ¢
then, since X' © Y’ I+ ¢ for some X' C X, ee X. If X C X” € Con and X" NY = () then
clearly X’ © Y’ | e* can be used to generate the enabling X” © Y k. €* according to
Definition 7.17.

Consider any enabling X © Y Fpe €. We show that it is both necessary and minimal.

We first show that it is necessary. From Definition 7.17 we know that there exists
Xmin € X such that X © Y by € and no X' € X, and Y/ C Y exist such that
X' ©Y' b € and not both X’ = X,;;, and Y/ =Y. Clearly this implies X ;0 © Y Fpec €.
If for all X’ C X such that X' © Y Fec €, there exists a Y’ C Y such that X' © Y/ ke €7,
then we have a contradiction when X’ = X, i,.

We then show that X © Y Fpec €* is minimal. If X’ © Y’ F e* generated X © Y F i, €,
then Y = YU {e' | X' U{e, e’} ¢ Con} and X' © Y ki €*. Clearly Xy € X', and
therefore whenever X,;, U {e, e’} ¢ Con, ¢ €Y.

We then need to show that given RESs & and & and RES morphism f : & — &,
f:N(&) — N(&) is an RES morphism, satisfying the conditions of Definition 6.3:
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1. Suppose f(e) # L and X © Y ko, e*. Then there exist X’ and Y’ such that
X' OY'ke*, X'\X,no X" C X'exists such that X” @ Y - e*, and ¢’ € Yiffe € Y/ or
X'U{e, €'} ¢ Con. Therefore f(X') © Y/ ©F; f(e)* for some Y] such that if f(e’) € V)
then ¢/ € Y. We then find a minimum X" C f(X’) such that X" © Y/ ; f(e)*,
and we need to show f(X) © YU {e' | X" U{f(e),e'} ¢ Coni} by, f(e)* and if
fle)yevY/u{e | X"u{f(e),e'} ¢ Cony} then ¢ €Y.
We show the latter first. Suppose f(e') € Y/. Then e’ € Y C Y. Suppose f(€') € {€'|
X"U{f(e),e'} ¢ Cony}. Then since X” C f(X’) we know there exists X C X’ such
that f(X(J) = X" and X" U {e, e’} ¢ Cong. Since Cong is downwards-closed we then
have X’ U {e, ¢’} ¢ Cong, and therefore ¢’ € Y.
We then show f(X) © Y/ U{e | X" U{f(e),e'} ¢ Coni} .. f(e)*. Clearly f(X) €
Cony, and (f(X)U{f(e)H)NY{U{e | X"U{f(e),e'}) = 0 because, as shown above, if
fleh)evY/u{e | X"u{f(e),e'} then ¢ € Y, and therefore (X U{e})NY = (). Hence
X" O Y/ Fy f(e)* can generate f(X) © Y/ U{e | X" U{f(e),e'} & Coni} Fy . fle)*.
Suppose f(e) # L and X © Y tq. €. Then X © Y Iy, e and there exists
an Xmin € X such that Xy, © Y o, € and no X' C Xy, and Y/ C Y exist
such that X’ © Y’ k. €* and not both X,;, = X’ and Y = Y’. There therefore
must exist a minimal Y; such that f(Xu,) © Yi b1 f(e)* and if f(¢/) € Y then
¢ €Y, and a minimal X;_, C f(Xum) such that X;  ©Y; . f(e)* and therefore
X1, O Y1 by, fle)*. Clearly Xy, C f(X), f(X) € Cony, and f(X)NY; = 0.
Hence, since N (&) is an RES, f(X) © Y] Fy,.. f(e)*.

2. N does not change Con.

3. N does not change Con.

min

Once established that N is a mapping from RES to nfRES, the rest of the proof is similar
to previous functors. O]

Proposition 7.19. Given an RES € = (E, F, Con,t-), C.(£) = C.(N(E)).

Proof. Suppose C,.(£) = (E,F,C,—), N(§) = (E, F,Con,), and C,.(N(€)) = (E, F,C,—'
). Then whenever X 225 V', we have Y = (X \ B)UA, ANX =0, BC X, and XUA € C.

There exist X’ and Z such that X' © ZF e, X' Cg, X, and ZN (X U A) = (). Therefore
we get that X' © (ZU{e' | X' U{e, e’} ¢ Con}) Fpin e and therefore X' © Z” e € for
Z"C Zu{ed | X'U{e, €'} ¢ Con}.

Since X U A € C, we have for all X" Cg, X U A, X” € Con, and therefore ({e’ |
X'U{e, '} ¢ Con})N (X UA)=0.

We use similar logic to show that for all e € B, X’ © Z I e for some X’ and Z such
that X' Cgp, X\ (B\ {e}) and ZN (X UA) = 0.

/
X 2% YithenY = (X \B)UA, ANX =0, BC X, and XUA € C.

There exist X’ and Z such that X’ © Z Fpec €, X' Cgy X, and ZN (X U A) = (). Hence
there exist X” C X’ and Z' C Z such that X" © Z' Fe.

We use similar logic to show that for all e € B, X' © Z I+ e for some X’ and Z such that
X' Can X\ (B\{e}) and ZN (X UA) =0. O
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Corollary 7.20. If € is an SRES in normal form, then N(&) = &.

Proof. Implied by Propositions 7.13, 7.18, and 7.19. O
Corollary 7.21. If € is an SRES, then N(&) = R'(C,(&)).

Proof. Implied by Propositions 7.13 and 7.19. O]

In some cases, a non-stable RES which maps to a stable CS can become stable when
normalized, as in Example 7.22. In other cases, such as the one seen in Figure 17b, a
non-stable RES in normal form can map to a stable CS.

Example 7.22. Consider the RES £ = (E, F, Con, ), where

E ={a,b,c}
F=10
Con = {0, {a}}
Do {b}Fa
Do{ctka

This is clearly neither normal nor stable, but N (&) instead only has the enabling ) © {b, c} -
a, which makes it both normal and stable.

We have now defined the categories and functors seen in Figure 9.

8. Cause-Respecting and Causal RESs and CSs

We define cause-respecting and causal subcategories crRES and CRES of RES in
Definitions 8.1 and 8.2. We show that the previously introduced functors preserve these
properties between the categories. The definitions are based on the idea that if e is enabled
in a configuration X U {e}, then e is enabled in X.

Definition 8.1 (Cause-respecting RES). An RES £ = (E, F, Con, ) is cause-respecting if
forany X € Con, Y C E,ande € F,if X O Y I ¢, then X\ {e} © Y'I e for some Y’ C Y.

Definition 8.2 (Causal RES). An RES £ = (E, F,Con,t) is causal if, given X € Con,
Y CE, and e € F such that XU {e} € Con, X O Y Feiff XU{e} O Y Fe.

We furthermore define a cause-respecting and causal CS (crCS and CCS) in much the
same way as a CRES in Definitions 8.3 and 8.4. The categories crCS and CCS consist
of respectively crCSs and CCSs, and the CS morphisms between them. The definition of
a causal CS is basically the looping condition from [8], as the square condition from [8] is
already part of the definition of a CS.
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Definition 8.3 (Cause-respecting CS). A CS C = (E, F,C,—) is cause-respecting if for any

XeCand BCF, it X 2% (X UA)\ B, then X \ B 225 X U A.

Definition 8.4 (Causal configuration system). A CS & = (E, F,C, —) is causal if for any
configuration X € C, A, B C I, if X A8, (XUA)\ B, then (XUA)\B 24 x

We show that C, (Definition 6.10), R (Definition 6.14), and R’ (Definition 7.9) preserve
the cause-respecting and causal properties.

Proposition 8.5.

1. If £ is a crRES, then C,.(€) is a ¢crFCS.
2. IfC is a crFCS, then R(E) is a ¢crRES.
3. If C is a ¢crSFCS, then R'(E) is a crSRES.

Proof.

1. Suppose € = (E, F,Con,t) and C,.(£) = (E,F,C,—). Then whenever X € Cis a

configuration, A C F, B C F,and X N (XUA)\ B, we have that (1) for all a € A,

there exist X' Cgy X \ Band Z C F'\ (X U A) such that X’ © Z F a and (2) for all

b € B, there exist X’ Cq, X \ (B\ {b}) and Z C E\ (X U A) such that X’ © Z F b.

Hence X'\ {b} © Z t b, and we therefore have X \ B A8, X U A

2. Suppose C = (E, F,C,—) and R(C) = (E, F,Con,I). Then whenever X © Y ¢, by
definition of R, there exists X' € C, A C F, and B C F such that X’ iu—%, e € B,
X'\BC X,and Y = E\ (X' UA). We therefore have X'\ B 222 X’ U A, and
consequently X \ {e} O Y I e.

3. Suppose C = (E, F,C,—) and R(C) = (E, F,Con,). Then whenever X © Y ¢, by

definition of R’ we have for all X’ € C,if X C X' C (E\Y), X' = X'\ {e}, implying
X"\ {e} 19, X7, We therefore get X \{e} © Y’ F e for some Y’/ C Y. O

Proposition 8.6.

1. If € is a CRES then C.(E) is a CFCS.
2. IfC is a CFCS then R(E) is a CRES.
3. If C is a CSFCS then R'(C) is a CSRES.

Proof.

1. Suppose X € C is a configuration, A, B C F, and X AB, (X \ B)UA. Then

(X\B)UA P4 x according to the definition of C,. (Definition 6.10) because:

(a) Obviously (X \B)UA = (X\B)UA, BN((X\B)UA)=0, AC (X\B)UA),
and (X \B)UA)UB=XUAe€C.

(b) For all a € A, we have X’ © Z F e for some X', Z such that X' Cg, X \ B and
ZN(XUA) =0. Therefore X’ U{e} © Z F e, and consequently X’ U {e} Cg,
(X\B)UA)\ (A\e)=(XU{ep)\Band ZN((X\B)UA)UB) =1.
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(c) For all e € B, we have X’ © Z F e for some X', Z such that X’ Cg, X\ (B\ {e})
and ZN(XUA) = 0. Therefore X'\ {e} © Z F e, and consequently X'\ {e} Cgy
(X\B)uA\A=X\Band ZN((X\B)UA)UB) =0.

2. Suppose X © Y F e. Then there exists a transition X’ N5 \ (Y U B), such that
BUA

X'\BC Xande € A Hence E\ (YUB) — X'. As(E\(YUB))\ A=
(X'UA\BC X \{e}andY =FE\ ((F\(YUB))UB), weget XU{e}OY Ie.
Similar arguments apply when X © Y I e.

3. Suppose X © Y  e. Then Y is a maximum set of events such that for all X’ € C such

that X C X’ C F\Y and X'U{e} € C, there exists a transition X' 19, Therefore Y
is a maximum set of events such that for all X’ € C such that X U{e} C X' C E\Y

and X'\ {e} € C, there exists a transition X' 19, Therefore we get XU{e} QY e
Similar arguments apply when X © Y I e. O

The cause-respecting and causal RPESs and RAESs of Sections 4 and 5 cannot always be
modelled by cause-respecting and causal CSs and RESs, as shown by Example 8.7. However,
the reachable part of the CS is cause-respecting (resp. causal) and forwards-reachable, as
proved in Theorem 4.54 and Propositions 3.37, 3.38, and 4.57 of [19]. We therefore define
reachably cause-respecting and reachably causal CSs (rerCS and rCCS) in Definition 8.8.
We define categories rerCS and rCCS of rerCSs and rCCSs and the CS morphisms between
them.

Example 8.7. Consider the RAES & = (F,F,<,<) where E = F = {a,b}, a < b,
a < a, b < b, and br> a. This is clearly causal, however when mapping to an RES,
P..(§) = (E, F,Con,I), we get the enablings § © 0 - a, {a} © O F b, {b} © 0 F b, and
{a} © {b} I a. Clearly this is not causal. This is also expressed in the CS in the following
diagram:

{a, b}
PN
{a} ——{b}
™ ] e

Here b can be reversed from any configuration containing b, but a can only be reversed if
b is not present. Conversely, a can be added to any configuration not containing a, but b
can only be added if a is present. However, this gives us the unreachable configuration {b},
from which we have three transitions without corresponding reverse transitions.

Definition 8.8 (Reachably cause-respecting and causal CS).

1. ACS (E, F,C,—) is reachably cause-respecting if for any reachable configuration X €
AUB AUB

C,ACE,and BCF,if X =25 (X UA)\ B, then X \ B 2% X U A.
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2. ACS & =(E,F,C,—) is reachably causal if for any reachable configuration X € C,
AUB BUA

ABCF it X — (XUA)\B, then (XUA)\ B— X.
Clearly, C is reachably cause-respecting or causal if and only if Reach(C) is cause-
respecting or causal.

Proposition 8.9.

1. If € is a crRAES, then C.o(E) is an rerCS.
2. If € is a CRAES, then C,,(E) is an rCCS.

Proof.

1. Suppose € is a crRAES. Then for any reachable configuration X of C,, (&), if X =N

X C B, then X\ B 5o x [19]. As C,4(€) is also an SCS (Proposition 7.7), we get
from item 4 of Definition 3.1 of a CS and Item 2d of Definition 7.6 of an SCS, that
Cra(€) is an rerCs.

2. Suppose € is a CRAES, then C,,(€) is an rCCS according to [19].

This gives us the causal and cause-respecting categories seen in Figure 18.

9. Conclusion

We have studied reversible event structures in a categorical setting. We have defined cat-
egories for configuration systems (CS), reversible prime event structures (RPES), reversible
asymmetric event structures (RAES), and reversible general event structures (RES). We
have defined functors between these categories, showing that all these event structures can
be modelled as CSs and finitely enabled CSs can be modelled as RESs in a way that preserves
morphisms. We also constructed coproducts for each of these categories, though products
only for RESs, CSs and causal RPESs (Remark 4.22). Constructing products of RPESs
and RAESs will likely be much more difficult than for RESs, since definitions of products of
prime event structures are far more complex than those of general event structures [23], and
products of asymmetric event structures have not been defined, to the best of our knowledge.

We showed that, unlike in the forward-only setting, reversible asymmetric event struc-
tures can be modelled as reversible general event structures, which in finitely-based cases
will generate the same CS (Theorem 6.23).

We showed that our functors between RESs and finitely enabled CSs form an adjunction
(Theorem 6.17), and defined a subset of finitely enabled CSs, for which our functors between
RESs and finitely enabled CSs form an inverse in some cases (Theorem 6.16).

We defined stable subcategories of RESs and CSs, in which we know which events have
caused each event in a given configuration. We defined a functor from stable finitely enabled
CSs to stable RESs. We defined a normal form of RESs and showed that the categories of
stable RESs in normal form and finitely enabled stable CSs are isomorphic (Corollary 7.15).

64



Crp CSFCS - CSRES
A, \ C, \f\
Chra I I 1 ,/———-R“-\*
CRAES —> rCCS , CCS 7* CFCS - L CRES
I Reach
I
] I 4
chPES —= rcrCS J_ crCS ~——

crRAES

Q

1 TCS
Reach

Figure 18: Categories of reversible event structures and their cause-respecting and causal subcategories and
functors between them. Note that while there of course exist stable subcategories of rcrCS and rCCS, we
have excluded them in order to reduce clutter. Dashed lines indicate functors which do not commute with
the rest of the diagram. The definitions of the categories and functors can be seen in the following table.
Those not listed in the table are intersections of other categories, e.g. CSRES is an RES which is both causal
and stable, fulfilling both Definitions 7.1 and 8.2.

CS Definition 3.1 SRES  Definition 7.1 Reach Definition 3.17
RCS Definition 3.16 crRES Definition 8.1 Crp Definition 4.10
CRPES Definition 4.18 CRES Definition 8.2 Chra Definition 5.7
crRPES Definition 4.18 crCS Definition 8.3 A, Definition 5.15
CRAES Definition 5.17 CCS Definition 8.4 C. Definition 6.10
crRAES Definition 5.17 rCCS Definition 8.8 R Definition 6.14
RES Definition 6.1 rcrCS  Definition 8.8 R Definition 7.9
FCS Definition 6.11
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We also defined a normaliser function, which maps RESs to RESs in normal form which
can be represented by the same CS. This significantly improves our ability to compare and
combine stable systems modelled by CSs and RESs.

We have also defined cause-respecting subcategories, in which events cannot be reversed
if they have caused other events, and causal subcategories, in which events can be reversed
if and only if they have not caused other events.

Our longer-term aim is to formulate event structure semantics for reversible process
calculi. With this in mind, we have subsequently developed a reversible variant of bundle
event structures [12]. Bundle event structures were used to define semantics of LOTOS [15],
and their products are simpler to construct than those of PESs. Similarly to bundle event
structures, flow event structures [4] are more expressive than PESs but less so than ESs,
and have a simple characterisation of their product. For this reason, a notion of reversible
flow event structures would be another option for modelling reversible process calculi in the
future.

Although reversible calculi are predominantly causal with few exceptions, a number
include control predicates (e.g. [10]), which will need to be modelled by non-causal event
structures. In [12] we have used non-causal reversible extended bundle event structures to
describe semantics of CCSK with controlled reversibility. Similar work could be done with
other process calculi, some of which may be expressive enough to require the use of reversible
general event structures.
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