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Abstract

This thesis deals with the numerical simulation of the short- and long-term response of post-
tensioned structural elements. It proposes and implements a numerical framework with partic-
ular orientation towards timber members and draped tendon profiles. The modelling approach
employs beam-column finite elements with a fiber-based approach to incorporate the material
nonlinearity and a corotational formulation to address the large displacements of the hosting
member. Displacement-based beam-column elements considering traditional and enhanced-
strain formulations as well as beam-column formulations with internal nodeless degrees of free-
dom were included in the proposed modelling approach. The proposed numerical framework
incorporates the inelastic and time-dependent behaviour of wood and the prestressing steel.
Prior to tackle the time-dependent response of the timber members, a moisture diffusion ana-
lysis using a finite difference scheme is carried out to assess the spatial and temporal distribution
of moisture inside the members.

The intricate behavior of unbonded tendons induce strain incompatibility and second-order
effects adding more complexities into the numerical framework. To address these complexities,
a constantly updated equivalent load scheme along with a resisting tendon element formulation
involving the explicit derivation of a material and geometric tangent stiffness matrix were
adopted. Additionally, a robust numerical formulation to assess the equilibrium state just after
the prestress transfer is evaluated. As post-tensioned structures can experience sharp variations
in their tangent stiffness matrices, robust numerical solvers were adopted to trace the whole
global and local responses of interest. After validating the capabilities of the proposed numerical
approach and carrying out several simulations to assess the influence of deviator spacing on the
short- and long-term response of post-tensioned timber beams, this thesis demonstrates that
the proposed modelling approach features versatility, numerical robustness and computational

efficiency to a greater extent.
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Chapter 1

Introduction

This thesis deals with the short- and long-term response of post-tensioned timber structures by
incorporating the intrinsic and intricate behaviour of unbonded tendons along with the large
displacement effects and material nonlinearities undergone by the hosting member. Further-
more, the characteristic hygroscopic response of wood is considered throughout the assessment
of the long-term response of these structures. This research is motived by the current rise in
popularity of post-tensioned timber structures around the world. The aim of this work is to
contribute in the development of a cost-effective modelling approaches for these complex struc-
tures. This introductory chapter includes a brief description of the background motivating this

research, followed by the main objectives and an outline of the thesis.

1.1 Background

Traditional materials such as concrete and steel are associated with large amounts of embodied
energy, specially during their fabrication process, which results the emissions of large quantities
of greenhouses gases contributing to global warming (John et al. [1]). Motivated by the need to
limit carbon emissions, sustainable materials such as timber have experienced a growing interest
in the construction industry. Despite of the good structural performance (Van De Lindt [2])
of traditional structures built with sawn timber, the resisting system of these structures is not
able to provide sufficient strength and stiffness to withstand the high gravitational and lateral
loads associated with mid- and high-rise buildings or long-span structures.

As an alternative to sawn timber, a new generation of timber products, denominated as
engineered wood products, emerged in the construction industry. Timber members with larger
section sizes and lengths, along with enhanced features such as: high strength characteristics,

reduced natural defects, uniformity, high strength-mass ratio, dimensional stability, have been
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attained (Harte [3]). These timber products experienced another wave of popularity at the
beginning of the 2000s due to the development of a damage-control seismic resisting systems
denominated as Pres-Lam (Palermo et al. [4]). These systems consisted of post-tensioned
engineered timber products with unbonded tendons that provide recentering capacity after
a major earthquake. However, in the majority of experimental programmes and numerical
studies, only concentric straight tendons have been considered for these emerging systems.

The use of eccentric and draped tendon profiles in post-tensioned timber members leads to
the possibility of creating a precamber and increasing of the load-carrying capacity of timber
beams and frames. As a result, longer spans for the case of designing open-space building
plans and short-to-medium span bridges can be achieved than adopting traditional timber
solutions (Palermo et al. [5]). Nevertheless, an accurate numerical modelling of these post-
tensioned structures with draped tendon profiles under short- and long-term loading involves
the consideration of material nonlinearity and large displacement effects, being the last one also
denominated as geometric nonlinear effects. Material nonlinearity address the complex inelastic
and time-dependent behaviour of wood whereas the incorporation of large displacement effects
allows an accurate description of the tendon and hosting member deformed configurations under
considerable displacements and rotations. The consideration of these geometric nonlinear effects
enables the modelling of intricate features introduced by the unbonded tendons such as strain
incompatibility and eccentricity variation.

Various semi-analytical iterative procedures (Lago et al. [6],van Beerschoten et al. [7]) and
continuum-based finite element (FE) models (van Beerschoten et al. [7],Quiquero et al. [8]) have
been proposed to assess the short-term response of post-tensioned members. Despite consider-
ing geometric nonlinear effects and being suitable for typical design purposes, semi-analytical
approaches lack versatility for modelling general tendon profiles and beam layouts, and only
accounts for linear-elastic behavior. In case of continuum models, large displacement effects
and material nonlinear behavior can be incorporated, however, these models involve high com-
putational cost and complexity. Regarding the long-term assessment of post-tensioned timber
structures, eccentric and draped unbonded tendon layouts, and large displacements effects have
not been addressed. Therefore, there is a lack of numerical modelling approaches to assess the
short- and long-term response of these post-tensioned timber structures that incorporate the
complex nonlinear behavior of wood and large displacement effects from the tendon and hosting
member motions, and are suitable for carrying out design-oriented parametric studies.

This research work proposes a novel numerical modelling approach that can address the

inelastic and time-dependent behavior of wood, as well as strain incompatibility and eccentricity
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variation for different unbonded tendon profiles by fully including large displacement effects
during the assessment of the response of post-tensioned timber beam-like structures under
short- and long-term loading conditions. Moreover, this novel modelling approach features
robustness, versatility and efficiency which allows performing parametric studies for design-

oriented purposes.

1.2 Research objectives

This thesis deals with the numerical assessment of the short- and long-term response of post-
tensioned timber structures, with a specific focus on post-tensioned beam-like structures. Its
aim is the development of a robust, versatile and efficient numerical framework that captures
the complex material behavior of wood and the intricate features of unbonded tendons by incor-
porating large displacement effects. The development of this novel approach would constitute
a first step towards a cost-effective FE model that allows performing parametric analyses for

typical design purposes. To achieve this goal, the following objectives were pursued:

e The implementation of efficient beam-column FE formulations to simulate the large dis-
placement and material nonlinearities undergone by timber hosting members enabling
the straightforward assessment of global and local responses of interest for the structural

design and assessment practice.

e Adopting modelling approaches featuring numerical efficiency which enables the simula-
tion of the intricate behaviour of unbonded tendons such as strain incompatibility and

eccentricity variation (second-order effects) for eccentric and draped tendon profiles.

e Examination of simple constitutive models to capture with sufficient accuracy the material
inelasticity and time-dependent behaviour of timber and the prestressing steel in the

particular case of longitudinal post-tensioned beams.

e Adoption of an efficient finite difference (FD) scheme to solve the moisture transfer equa-
tions governing the intrinsic hygroscopic behaviour of timber enabling the determination
of the temporal and spatial distribution of moisture content over the timber element for

different climatic conditions.

e Rigorous assessment of the equilibrium state of the post-tensioned beam immediately
after prestress force transfer by considering a specific stress level, denominated as effective

stress, in the tendon following its anchoring at the hosting member ends.
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e Evaluation of robust numerical solvers to tackle material and geometric nonlinearities
inducing sharp changes in the structural tangent stiffness enabling the overall tracking of

the ultimate or time-dependent response of post-tensioned timber members.

1.3 Thesis outline

As stated above, the main aim of this research work is the development of a versatile, robust
and efficient numerical modelling approach to assess the short- and long-term response of post-
tensioned timber beams by capturing the intrinsic and intricate behavior of these complex
structures. To this end, a general finite element framework along with a finite difference solver
were implemented. The FE and FD discrete equations comprising the framework and solver
are described throughout the thesis. It should be mentioned that the FE framework and FD
solver were developed as a stand-alone implementation for their general use in any programming
language. However, the code implementation was performed in MATLAB due to the its friendly
debugging interface and versatility in dealing with diverse and large matrix operations.

As first step to conceive the proposed numerical modelling approach, a comprehensive lit-
erature review of the current modelling techniques used in post-tensioned timber beams and
frames, and the essential features describing the response of these post-tensioned structures
observed from experimental programmes and numerical studies was performed in chapter 2.
This first stage allowed the identification of the research gaps to be addressed and to justify
the adopted assumptions throughout the thesis.

In chapter 3, a single Fickian diffusion equation is adopted to encompass the transport
mechanism of all different water phases occurring inside the timber member. This nonlinear
differential equation was solved by implementing a finite difference code to assess the transient
moisture distribution in rectangular and hollow sections. To validate the finite difference solver,
a series of numerical examples under different climatic conditions were carried out and were
then compared with the obtained results from a nonlinear finite element solver like Abaqus.

From the literature review was determined that timber beam members without openings
and notches, and non-predominant local defects can be accurately represented by uniaxial
stress states as the orthotropic behavior can be disregarded. As result, chapter 4 examines
a set of different beam-column (BC) FE formulations that incorporates large displacements,
shear deformations and material nonlinearities such as inelasticity and time-dependent beha-
vior. Regarding the material nonlinearities, a fiber based approach was adopted along with

uniaxial constitutive models. To incorporate shear deformations, BC element with a bubble or
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nodeless degrees of freedom were considered. With the aim of evaluating local responses with
higher accuracy and relative less computational effort, BC elements with enhanced-strain for-
mulations are also described and implemented in the numerical framework. The incorporation
of large displacements is tackled by considering a corotational approach to describe the de-
formed configuration of the hosting member. The corresponding geometric stiffness matrix for
each BC formulation was deduced and presented in this chapter. Finally, a series of benchmark
results were reproduced to validate the capability of the implemented framework to tackle all
the previously mentioned features.

In chapter 5 a brief description of all the numerical nonlinear solvers adopted and imple-
mented into the numerical framework was performed first. The implementation of this solv-
ers allowed tracking the whole global and local nonlinear response of timber beams with and
without post-tensioning. A series of numerical examples were performed to attest the numerical
robustness of each solver under different challenging conditions.

Two numerical modelling approaches were presented in chapter 6 to simulate the intricate
nonlinear behavior of unbonded tendons comprising strain incompatibility and second order
effects. These methods consisted of a equivalent load scheme that is constantly updated in
magnitude and orientation, and a load resisting FE formulation of the tendon element that
involved the deduction of material and geometric stiffness matrices. In this chapter, also a
robust numerical procedure was employed to assess the initial post-tensioning force before
the stress transfer to the hosting member. As a result, an augmented system of the original
linearized finite element equations was obtained. Depending on the modelling approach adopted
for the unbonded tendons, two different numerical procedures were used to solve the resulting
linearized equations. Following the description of the adopted numerical procedures, a set of
numerical examples were carried out to validate the implemented framework in performing
short- and long-term analysis of beams post-tensioned with different tendon profiles.

Finally, after performing a series of validation cases in the previous chapters, in chapter 7
the numerical framework was used to perform a numerical study of the short- and long-term
response of a post-tensioned timber reference beam. In this particular case, the distance
between deviators was selected as the parameter to study its influence on the ultimate and
time-dependent response of the post-tensioned beam. This numerical study demonstrated ver-
satility, robustness and numerical efficiency of the adopted modelling approach to tackle large
deflections, material nonlinearity, interaction of different time-dependent deformations, hygro-
scopic behavior of timber, shear deformations, as well as strain incompatibility and changing

eccentricity related to unbonded tendons.
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Chapter 2

Literature Review

Post-tensioning of timber members as a construction technique or retrofitting method has been
studied over many decades, more specifically since the 1960s. However, since the 2000s a
resurgence in post-tensioned timber structures has emerged as engineered timber structural
components have become popular in the construction industry. The post-tensioning action
can potentially improve the serviceability and ultimate loading capacity of timber elements.
Besides, post-tensioning can provide a self-centering capacity to timber structures upgrading
their seismic performance. However, the complex nature of timber and the challenging mod-
elling features of unbonded post-tensioned elements configure a demanding task, particularly
when the short-term or long-term response of these structures in the nonlinear range need to
be assessed. In these cases, a comprehensive knowledge of the hygro-mechanical behavior of
wood, the nonlinear behaviour of the hosting members and effects introduced by the slipping
behaviour of unbonded tendons is required. In this chapter, an extensive review of these topics

is performed.

2.1 Transient Moisture Diffusion Analysis

Like other biological materials, wood features a complex and sophisticated structure on several
length scales. Wood is a porous material composed of cell walls, lumens and pits as depicted
in Fig. 2.1 (Thybring et al. [9]). The cell walls are made up of fundamental polymers such
as cellulose, hemicelluloses and lignin which are present in all wood species. In the case of
softwood, the cell walls form a kind of honeycomb structure which in turn comprises a series
of tracheids which are long tubular macrovoids, also denominated as cell lumens, following
the stem axis of the tree. This honeycomb-like microstructure ensures the mechanical bearing

capacity and the transport of water and nutrients along the tree. The transport of water inside
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wood is possible due to the presence of pits which are round holes interconnecting the tracheids.
At the macrostructure scale, the tracheids of different sizes are set in a concentric array forming

the growth rings of the heartwood and sapwood regions (Thybring et al. [9], Eitelberger et al.

[10]).

Wood macrostructure

Porous microstructure
pm scale

Cell wall material
nm scale

Pit
Lumen
Cell wall

Hemicelluloses
Lignin

Figure 2.1: Hierarchical representation of softwood in the macroscale, microscale and cellular
scale (Figure taken from Thybring et al. [9]).

Generally, water inside wood can be found in three states: i) as liquid water and ii) water
vapor, both within the macrovoid structure (cell lumens); and as iii) bound water interacting
with the cell wall polymers. Liquid water, which interacts with the boundary surface of the
cell walls by capillary condensation or capillary action, is only found in living trees or in wood
directly exposed to water like during rainfall and leakage situations. However, wood products
are generally exposed to air and are usually being bellow the fiber saturation point (defined
as the moisture state where significant amounts of capillary water are present) meaning that
water vapor and bound water are the only existing phases (Thybring et al. [9]).

The transport of water in wood can be classified in general in three coupled processes: i)
water vapor diffusion, ii) bound water diffusion and iii) capillary liquid transport. In the case
of water vapor diffusion, the mean free path of water molecules, a measure of the average
distance these molecules travel between collisions with other molecules, and the connectivity
layout through pits among the tracheids play a key role. For bound water diffusion, the tor-
tuosity of the nano-pores located inside the cell walls and the hydrogen bond between the cell

wall polymers and water molecules are the governing factors. Similarly, the flow of liquid wa-
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ter depends on the connectivity between different tracheids through pits, but the gradient in
capillary pressure is also a relevant aspect (Thybring et al. [9]).

Commonly, the transport of water starts when a wood specimen is in contact with the
ambient air which has a specific relative humidity (RH) and temperature. This triggers the
uptake of ambient water vapor by a sorption mechanism leading to the gain of water mass
until equilibrium is reached with the ambient conditions. This sorption process is related to
the transition of water from a vapor phase to a condensed phase within the cell walls or in
the cell lumens. However, sorption can also refer to a change of water state from a condensed
phase as bound water to a vapor phase. Both processes are commonly known as absorption
and desorption, respectively (Thybring et al. [9]).

The equilibrium moisture content (EMC) obtained for certain environmental conditions can
be assessed by means of water vapor sorption isotherms describing the relationship between the
EMC and the RH of the ambient for a specific temperature as depicted in Fig. 2.2 (Thybring
et al. [9]). Sorption isotherms cover the hygroscopic and over-hygroscopic ranges, and have
different relationships for the absorption and desorption processes. In a strict sense, the EMC
depends on the moisture history due to changes in RH. This dependency on the moisture
history can be reflected by a series of relationships called sorption hysteresis. These hysteretic
relationships encompass the sorption mechanics of phase change from a vapor or liquid phase
to a bound water phase or vice versa related to the hygroscopic and over-hygroscopic regime,

respectively.

Hygroscopic moisture range

Over-hygroscopic
moisture range ==»

High R
& ::. :r

Saturation

Equilibrium moisture content (g g™")

Over-hygroscopic moisture range

0 100 ~99 100
Relative humidity, RH (%)

Figure 2.2: Absorption and desorption isotherms in the hygroscopic and over-hygroscopic
moisture ranges (Figure taken from Thybring et al. [9]).
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Moisture content and moisture concentration gradients inside wood could have serious re-
percussions in the serviceability and safety of timber elements. Fungal growth as a consequence
of elevated levels of moisture content in the elements could degrade wood material properties.
In the case of moisture gradients with notable spatial variations, they could produce a non-
uniform restraining of the swelling and shrinkage between the external and inner parts of the
timber element. This situation leads to the build-up of additional internal stresses denom-
inated moisture induced stresses (MIS) producing cracks in the surface of the elements. On
the other hand, moisture fluctuations over time due to a continuously varying climate could
induce large deformations due to the rheological behavior of wood. Therefore, the temporal
and spatial distribution of moisture content in timber elements need to be carefully assessed
using a moisture transport model. A series of macroscopic mathematical models for describing
the moisture transport process in wood has been proposed over the last decades. These models
are reviewed and described in the following part.

The denominated single Fickian moisture transport approach relies on considering a unique
total flux that encompasses all water phases together so the whole process can be represented
by a single Fickian diffusion equation (Kollmann and Cote Jr [11]). This approach is based
on Fick’s laws (Fick [12]). The flux is assessed by means of the first law of Fick by using the
gradient of the moisture content and diffusion coefficients. On the other hand, the variation
of the moisture content over time is evaluated through Fick’s second law using the divergence
of the gradient of the moisture content. In this approach is assumed that under transient
conditions the water vapor and bound water phase are always in equilibrium meaning that
there is no a rate of sorption (Krabbenhoft and Damkilde [13]). The single-Fickian diffusion
approach has been widely adopted in different types of hydro-mechanical analyses to assess
the response of timber elements under changing climatic conditions. Some of these studies are
described below.

Fortino et al. [14] extended a well-known unidimensional viscoelastic-mechano-sorptive model
to a three-dimensional orthotropic model to study the hygro-mechanical response of wood under
service loads and varying humidity conditions. To evaluate the moisture-dependent response,
the rheological model was coupled with a single-Fickian diffusion model. This Model allowed
the evaluation of the long-term deformation of wood specimens which were in agreement with
the experimental responses. The development of internal stresses perpendicular to the grain
due to an internal moisture gradient was also assessed for the case of a beam subjected to a step
increase in relative humidity. This rheological model coupled with a single-Fickian diffusion

equation has also been used to describe the creep and relaxation tests performed in Norway
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Spruce specimens compressed perpendicular to the grain and subjected to constant and vari-
able humidity loads (Massaro and Malo [15]). A numerical study of a simple supported curved
timber beam using the same previous coupled hygro-mechanical model in conjunction with a
heat transfer analysis was performed by Zhou et al. [16]. The aim was to evaluate the induced
stresses perpendicular to the grain in the curved beam under daily variations of relative hu-
midity and temperature. Their results pointed out that the environmental conditions were the
primary sources in the development of these stresses which could lead to a potential cracking
of the surface as the tensile strength of wood perpendicular to the grain could be surpassed.
A single-Fickian approach was also used to assess the rheological behavior of cross-laminated
timber (CLT) panels of three and five layer specimens (Nguyen et al. [17]). In this study, a
series of moisture diffusion tests were performed to calibrate the moisture diffusion coefficients
in the direction perpendicular to the surface panel. As part of this calibration process, several
numerical diffusion analysis were performed in order to obtain the best-fitted diffusion coeffi-
cients to match the experimental results. Likewise, a rheological model at the macroscopic level
was calibrated with a number of creep test carried out on CLT specimens. Finally, to assess the
long-term behavior of a CLT panel subjected to four-day length cycles with square wave shape,
a numerical analysis was performed with the calibrated models. The results showed that the
panels with three layers underwent larger axial strain variations than the five-layer panels.
The single-Fickian diffusion approach was also used to model the short-term coupled hygro-
mechanical behavior of wood specimens (Saft and Kaliske [18]). The authors proposed a three-
dimensional constitutive model considering a hygroscopic behavior through a moisture depend-
ency of the mechanical properties describing the elastic behaviour and material strengths, and a
ductile behaviour by means of a multi-surface plasticity model. Latter this model was extended
to consider a more comprehensive hygro-mechanically coupled approach to include the linear
viscoelastic, non-linear viscoelastic—viscoplastic, hygro-expansional and mechano-sorptive be-
haviour of wood (Reichel and Kaliske [19]). Similarly, Hassani et al. [20] presented a moisture-
dependent rheological model encompassing elastic, plastic, hygro-expansion, visco-elastic creep,
and mechano-sorption deformations in wood coupled to a single-Fickian diffusion equation.
The study of the moisture induced stresses in wood elements has been addressed by a number
of authors using the single-Fickian diffusion approach. Gereke et al. [21] studied the dimensional
stability of three-layered cross-laminated solid wood panels under a moisture gradient along
their thickness. The results showed good agreement with the experimental results and it was
concluded that the annual growth ring orientation of the board layers and the layer ratio related

to the outers play a key role in the hygroscopic warping of the panels. Then, additional studies

29



were performed (Gereke et al. [22] Gereke and Niemz [23]) on possible solutions to alleviate the
moisture-induced stresses and hygroscopic distortions on three-layered panels. These solutions
involved the use of wood composite in the middle layers (Gereke et al. [22]) and compressive
prestress in the outer layers (Gereke and Niemz [23]).

In the same way, Fragiacomo et al. [24] analysed a series of timber elements under different
European climates using a single Fickian moisture transfer model coupled to a three-dimensional
rheological model (Fortino et al. [14]) to evaluate the moisture-induced stresses perpendicular
to grain. From, the results it was noticed that the cross section size of the element, the type
of climate and protective coatings have a major effect on the variation of the moisture content
inside the element. Moreover, it was found that the Northern European climates generated the
higher moisture-induced stress due to their larger humidity variations.

Moisture induced stresses perpendicular to the grain have been also evaluated by means of
simplified numerical models (Angst and Malo [25]). These models uses an unidimensional single-
Fickian diffusion approach integrated with a two-dimensional model of the cross section of the
timber element in which a two-dimensional orthotropic hygro-mechanical model is incorporated.
This model has been applied to study the developed internal stresses due to restricted swelling
and shrinkage in glulam sections of different widths and piths location within the laminates
comprising the section exposed wetting conditions (Angst and Malo [26]). It was noticed that
wider cross sections had a risk of cracking when the wetting cycles have a long period. The
same model (Angst and Malo [25]) has also been used to study the moisture induced stresses
in glulam sections of different widths and heights under wetting, drying and European climatic
conditions (Franke et al. [27]). The results pointed out that under wetting conditions wider
cross sections with the same height can reduce the inner tension due to the moisture induced
stresses whereas in drying conditions the geometry does not have a effect in the tension stresses
as they develop in the area near the surface.

Single-Fickian approaches coupled with one-dimensional rheological models have been widely
used to study the long-term behavior of beam-column elements. Khorsandnia et al. [28] per-
formed the long-term analyses of timber—concrete composite beams integrating an implicit finite
difference scheme with a one-dimensional force-based finite element formulation. It was con-
cluded that the proposed frame finite element model can capture with sufficient accuracy the
long-term behaviour of timber and timber—concrete composite beams. Ormarsson and Gislason
[29] developed a frame element capable of considering the modulus of elasticity and shrinkage
coefficient of each wood laminate comprising the element. This finite element model was used

in conjunction with a Single-Fickian approach and Rheological material model to assess the
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long-term behaviour of a statically indeterminate curved frame structure subjected to mech-
anical loading and Norwegian climatic conditions. The results showed that the curved frame
experienced a significant stress redistribution due to the its statically indeterminate nature and
changing humidity.

The hygroscopic and rheological behaviour of wood plays a key role in the assessment of the
long-term tendon force losses in post-tensioned timber elements. Granello et al. [30] described
a procedure to assess the long-term behaviour of post-tensioned timber beams and frames
under controlled and uncontrolled environmental conditions. In this procedure a single-Fickian
diffusion analysis in the cross section of the element is performed first to assess the moisture
distribution and then these calculated values of moisture are used as input parameters in the
constitutive model defining the rheological behavior of wood. Finally, the time-dependent
deformations are evaluated and the post-tensioned force is updated. The model demonstrated
its ability to simulate with enough accuracy the post-tensioning loss in the specimens under
laboratory and real-case scenarios.

When considering the diffusion of water vapor and bound water separately, it is possible to
model both diffusion processes by two Fickian equations coupled by a sorption term account-
ing for the phase change from one state to another (Krabbenhoft and Damkilde [13]). This
mathematical description is called multi-Fickian moisture transport model (Frandsen et al.
[31]). The model developed by Frandsen et al. [31] is based on the approach introduced by
Krabbenhoft and Damkilde [13]. Further efforts were done by Eitelberger et al. [32] to obtain a
more comprehensive macroscopic description of the moisture transport process below the fiber
saturation point. In this approach, the change in internal energy involved in the phase changes
of water in the sorption process is considered by including a third equation representing the
conservation of energy. Thus, three coupled differential equations are obtained.

Over the last decade, multi-Fickian approaches have been extended to incorporate new
features in the assessment of moisture distribution under different varying ambient conditions.
Svensson et al. [33] carried out a series of numerical analysis incorporating a sorption hysteresis
into this approach to evaluate the influence of the features describing a sinusoidal humidity load
on the build-up of moisture induced stresses in timber elements. Similarly, the multi-Fickian
hygro-thermal approach Eitelberger et al. [32] was upgraded to include a hysteresis describing
the attainment of equilibrium moisture content to assess the moisture states in a monitored
timber beam of a pedestrian bridge in a natural environment (Fortino et al. [34]). Later, the
hygro-thermal approach was modified to adopt a sorption depending on temperature though

an average temperature-dependent sorption curve to evaluate the moisture state in bridge
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members under Northern European climates exposed to temperatures above and below zero
degrees Celsius (Fortino et al. [35]).

In cases in which free or liquid water is present in the moisture transport mechanism, the
three phases of water which are interacting with each other can be described by combining
the multi-Fickian approach with Darcy’s law (Autengruber et al. [36]). The multi-Fickian
approach describes the diffusion of the water vapor in the lumens and bound water in the cell
walls bellow the fiber saturation point (FSP), whereas Darcy’s law describes the transport of
free water above the FSP. In Darcy’s law the driving force starting the transport of free water
is the gradient of capillary pressure. To describe the interaction between the water vapor and
free water phase, a evaporation rate is introduced. This modelling approach has the potential
to study timber elements directly expose to water which could lead to the potential risk of local

cracking or delamination.

2.2 Nonlinear Numerical Modelling of the Short-Term
Response of Timber Structures

Besides wood’s hygroscopic behavior inducing water transport inside wood as stated in the
previous section, the orthotropic nature of wood along with the presence of natural defects and
geometric irregularities in timber members constitute an additional set of intricate features that
should be carefully considered as them strongly influence the short-term response of timber
beams and columns. The short-term assessment of these timber elements usually involves
the calculation of load-deflection curves under ultimate loads. In the case of modelling these
timber elements, a wide variety of different finite element (FE) models can be used to assess
their load-carrying capacity. Specifically, nonlinear continuum-based FE models by means of
brick or membrane elements have demonstrated their versatility and accuracy when geometric
irregularities such as holes and notches, or growth characteristics such as knots play a major
role at the ultimate state of loading. Under these circumstances, a multiaxial constitutive
model considering the orthotropic behavior of timber should be adopted (Khorsandnia and
Crews [37]).

Wood constitutive models should be able to reflect the directionality (orthotropy) of wood
mechanical properties (differing along and perpendicular to the grain directions) and capture
the failure modes observed in different experimental campaigns. In general, these failure modes

can be categorized as brittle failure due to tension parallel or perpendicular to the grain, ductile
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softening failure due to compression parallel to the grain, and ductile failure with slight harden-
ing (material densification) due to compression perpendicular to the grain (Oudjene and Khelifa
[38]). Fig. 2.3 (Karagiannis et al. [39]) illustrates the experimental strain-stress relationships
related to these failure modes obtained for Scandinavian Spruce specimens. The constitutive
models developed to encompass the behaviour of clear wood can be categorized as orthotropic
elastic models, elasto-plastic models, elasticity-damage models and coupled plasticity-damage
models (Khorsandnia and Crews [37]). A review of the existing constitutive models available
in the literature can be found in previous works (Khorsandnia and Crews [37],Gharib et al.

[40],Zhang et al. [41],Sirumbal Zapata [42]).
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Figure 2.3: Experimental stress—strain curves for Scandinavian Spruce Glulam specimens
(Figure taken from Karagiannis et al. [39]).

The size and distribution of defects such as knots influence the ultimate loading capacity
of timber members due to the local deviation of the grains around the knots. Bano et al.
[43] developed a modelling technique to take into account the effects of knots in the bending
load capacity of sawn timber beams as well as to predict the position of the rupture. In
their numerical assessment, three different models considering the local grain deviation were
proposed to characterize the knots using plane stress quadrilateral elements along with a yield
criterion for orthotropic materials. By comparing their results with the experimental data, they

found that the model considering holes instead of knots predicted most accurately results. The
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same authors then performed a numerical study, using the validated FE model, to quantify
the influence of different knot sizes and positions along the depth of the beam on its bending
strength (Bafio et al. [44]). After analysing 165 virtual beam cases, it was observed that the knot
size reduces the bending strength, in proportion to the separation distance from the centroidal
beam axis. In the case of knots located in the tension side, it was highlighted that the tension
parallel and perpendicular to the grain play a major role in the rupture of the element when the
knots are closer to the bottom edge of the beam whereas the shear stresses are relevant when
the knots are set apart from the bottom edge. Recently, a three-dimensional FE model was
developed using brick elements to replicate the geometrical features of knots in timber beams
(Saad and Lengyel [45]). Through a destructive approach, the conical shape of the knots and
three-dimensional fiber pattern surrounding the knot region was replicated. In this simulation,
the knots were represented by bonded contact elements and openings, and a failure criterion
including the orthotropy and interaction of stresses among the fibre deviations was adopted.
It was noticed that the simulations replicated well the measured load-deflection curves while
modelling of the knot itself was not as significant as an accurate representation of the fibre
deviations.

Openings in timber members are required due to construction requirements to facilitate
building services to pass through. However, the presence of these openings could affect the
ultimate load carrying capacity of timber members as the build-up of tensile stresses perpen-
dicular to the grain direction and longitudinal splitting shear stresses can initiate and propagate
cracks. Guan and Zhu [46] performed a numerical simulation of timber composite I-beams us-
ing oriented strand boards in the webs with circular and square openings in conjunction with
a experimental campaign. A FE model was built using iso-parametric solid elements incor-
porating a orthotropic elasto-plastic constitutive model along with a modelling procedure that
attempted to replicate the crack initiation and growth by removing damaged elements. The
results were compared with the experimental data which showed a good agreement and that
the element removal procedure was capable of replicating efficiently the crack growth. The
numerical and experimental results also confirmed a drop of the ultimate load capacity in these
timber members, especially in the case of square openings. A less computationally demanding
approach was proposed by Khorsandnia et al. [47] to assess the global and local behavior of
timber members including beams with notches and holes. This 2D continuum-based FE model
adopted a piecewise continuous orthotropic failure envelope in a simplified way. This model
used isotropic layers along with interface elements to represent the behaviour of timber per-

pendicular to the grain. The comparison of the numerical and experimental results attested
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the ability of the proposed technique to simulate the ultimate response of these beams at the
local and global level.

Valipour et al. [48] proposed another 2D continuum-based FE model in which timber is
considered as a composite material comprising a matrix with smeared fictitious reinforcing
fibers aligned parallel and perpendicular to the grain. The behaviour of the matrix is simulated
through a simplified version of a previous presented orthotropic failure envelope (Khorsandnia
et al. [47]). It was found that the simple modelling strategy proposed can capture the global
and localised failures modes in the case of timber beams with web openings and notched timber
beams strengthened with carbon-fibre-reinforced polymer (CFRP) strips/sheets. Due to the
quasi-brittle failure modes in tension and/or shear of beam-like timber members with openings,
the softening branches incorporated on the constitutive models lead to spurious mesh sensitivity
in the results if a localisation limiter is not adopted. In order to avoid this numerical issues,
Karimi-Nobandegani and Valipour [49] incorporated a nonlocal integral averaging technique
into a continuum damage model as a regularization technique. Using this modified constitutive
model in conjunction with a three dimensional FE model allowed a reasonable prediction of
the local and global response of timber beams with square and circular opening layouts under
ultimate loads.

More complex FE modelling techniques have also been introduced to study the ultimate
response of timber beams with openings. The use of cohesive elements allows the simulation
of crack propagation under gradually increasing loads. Ardalany et al. [50] considered solid
elements and predefined cohesive layers with bilinear traction-separation relationships located
in the hole edge where maximum normal stress are developed to assess the failure modes
and load-carrying capacity of timber beams with holes. Sophisticated models by means of
the Extended Finite Element Method can also be employed to simulate automatically crack
nucleation, propagation and branching. Gebhardt and Kaliske [51] assessed crack initiation
or propagation by employing a multi-surface failure criterion based on a failure envelope for
anisotropic materials.

The complexity involved in developing nonlinear continuum 2D /3D FE models could be a
overwhelming task as a large number of input parameters are required to define a constitutive
model, whose calibration process and the computational time could be significantly demanding.
However, if there are no openings or notches, and local defects such as knots are considered
negligible, the influence of multi-axial stress state within wood and its orthotropic behaviour
can be small for the assessment of the global response of timber structures (Khorsandnia and

Crews [37]). As aresult, unidimensional beam-column elements along with uniaxial constitutive
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laws can be used to assess the nonlinear response of beam-like timber members at the ultimate
state of loading with enough accuracy. The use of fiber beam-column elements adopting the
Euler—Bernoulli beam theory seems to be a reliable modelling option as it has been employed
in the assessment of the short-term global behaviour of timber and timber-concrete composite
beams as it will be described bellow.

Lukaszewska et al. [52] explored the nonlinear response of timber-concrete composite beams
using prefabricated concrete slabs with various types of shear connectors. In this study, six-
teen fiber beam elements were used to describe the behavior of the concrete slab and timber
beams employing quadratic and cubic interpolation functions to describe the axial and flex-
ural displacement field in each element. With regard to the modelling of the concentrated
connectors linking the concrete and timber beams elements, a smeared connection assumption
was considered by means of a continuous horizontal spring system. The behavior of the timber
fibers was modelled through a uniaxial stress-strain relationship in which a elasto-brittle and
elasto-plastic model were used in the tension and compression, respectively. By comparing with
experimental results obtained from four-point bending tests, the unidimensional FE model was
capable of simulating the failure load and mid-span deflection with less than 10% discrepancy.
After this validation, a parametric study was performed to investigate the response of these
composite beams with other configurations of shear connectors.

Apart from fibre beam-column elements based on displacement formulations, force-based
formulations have also been used in the nonlinear analysis of timber beam-like structures. Vali-
pour and Crews [53] assessed the global response of timber beams strengthened with externally
bonded fibre reinforced polymer (FRP) sheets and bars using a fiber force-based frame finite
element following a total secant approach. In this modelling procedure, a uni-axial material law
was adopted to describe the nonlinear behavior of the timber fibers parallel to the grain using
the compression stress—strain law presented by Glos [54] and a linear elastic-brittle relationship
in tension. Additionally, bond shear-slip effects were considered between timber and FRP sur-
faces. A high correlation between experiments and simulations with low dispersion among the
results was observed for ultimate load capacities. A three dimensional FE model incorporating
contact elements was also built to compare its results with the obtained from the proposed
frame FE model and its similar level of accuracy and superior efficiency was demonstrated.

The force-based formulation developed by Valipour and Crews [53] was extended by Khorsand-
nia et al. [55] to study the ultimate capacity of timber—concrete composite and timber—timber
composite beams. In this model, the FE element consist of two or three layers connected

through a shear transfer mechanism between them represented by lumped-nonlinear springs
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located at each end of the interlayer edge. This modelling technique uses the same uniaxial
constitutive law for timber layer as in their previous work (Valipour and Crews [53]). However, a
quasi-brittle behavior was consider in the tension regime by means of a linear softening branch.
The efficiency and accuracy of the proposed FE element was demonstrated by comparing the
numerically predicted global response of composite beams, such as load-deflection response,
midspan stresses and strain profiles, with experimental data. Moreover, the developed model
showed similar accuracy to the FE model proposed by Lukaszewska et al. [52].

A comparative analysis of a 2D continuum-based FE model, 1D frame FE model and manual
calculation based on Eurocode procedure was carried out by Khorsandnia et al. [56] to predict
the global behaviour of timber-concrete composite structures at serviceability and ultimate
limit state. The force-based frame FE model proposed by Khorsandnia et al. [55] to study the
nonlinear behavior of two and three-layered composite beams was employed in this comparative
study. The continuum-based model adopted a constitutive law to describe the failure modes
of timber under bi-axial stress states and lumped nonlinear springs to model the full shear-slip
behaviour of the mechanical fasteners. It was observed that the 2D FE model attained the
highest level of accuracy. Nevertheless, the 1D FE model predicted the global responses with
adequate accuracy as reflected in the estimation of the ultimate loading capacity and ultimate
deflection with average errors of 8% and 6%, respectively. Moreover, it was found out that the
manual procedure stated in the Eurocode can capture the serviceability and ultimate response
of these composite beams with reasonable accuracy.

Khorsandnia and Crews [37] performed a comparative numerical study of unidimensional
(1D), bidimensional (2D) and three-dimensional (3D) non-linear FE models to evaluate their
efficacy and accuracy in capturing the load-deflection response and failure load of flexural
dominated timber elements. The force-based 1D FE model presented by Valipour and Crews
[53] was adopted in this work. In the case of the 2D and 3D continuum-based FE models, quasi-
brittle constitutive laws adopted for describing the isotropic behavior of concrete were used to
describe the nonlinear behavior of timber as these laws require fewer material parameters than
the typical timber constitutive laws. A very good correlation was observed betweem numerical
and experimental results in terms of global response when notches, holes and knots were not
considered in the analysis. Otherwise, an overestimation of strength capacity was noted. It was
stressed that the 1D FE model showed greater efficacy from a computational point of view.

The frame FE model developed by Khorsandnia et al. [56] was used by Khorsandnia et al.
[57] to assess the behaviour of deconstructable timber-concrete composite beams with panelized

reinforced concrete slabs considering a number of different connections. In this assessment, an
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analytical method and a 2D continuum-based FE model were also employed with the aim
of contrasting the efficacy and accuracy of these methods. In the 1D and 2D FE models,
concentrated nonlinear springs were adopted to consider the load-slip curve relationships of
the mechanical connections. It was noticed that the 1D FE model in general overestimates
the stiffness and strength of the composite beams when the effect of the gaps between the
slab panels weights in the structural response. Otherwise, this model describes with enough
accuracy the global response of these structures. Nevertheless, the continuum-based model was
the most accurate in all the cases as it can include the effect of the gaps and contacts between
the precast panelised slabs.

Tao et al. [58] carried out a comparative numerical analysis of 1D, 2D and 3D non-linear
FE models to estimate their ability to predict the failure modes and load-deflection response
of timber-concrete composite beams adopting four types of interfacial connections. The 1D
FE model presented consisted of two parallel fiber beam elements linked through continuous
nonlinear spring elements incorporating a representative load-slip relationship of the shear
connections. In this 1D model, a ideal elasto-plastic behavior was assumed for the compression
range whereas a elasto-brittle law was adopted for tension. From the selected analysis cases, it
was observed that three of them experienced a first peak load related to the failure of the end
connections followed by a sequence of peak loads related to the remaining connections up to
the failure of the timber beam bottom. On the other hand, one of the composite beam showed
only one peak load related to the fracture of the bottom of the beam. A comparison between
the numerical results and experimental data showcased the capability of the 1D and 2D FE
models of capturing the global nonlinear response up to the first peak load related to the failure
of the end connections or timber failure at the beam bottom. These models were not able to
describe the subsequent stages of failure due to convergence issues. Nevertheless, only the 3D
model was able of replicate the failure models observed in the experimental campaign.

As described in this section, a wide variety of modelling techniques have been employed to
assess the short-term ultimate-load response of timber elements. However, not only these ulti-
mate state scenarios can compromise the integrity, safety and functionality of timber structures.
Long-term effects plays also an important role, specially in terms of functionality. Likewise,
a number of modelling approaches have been undertaken to assess the long-term response of

these structures. In what follows, a summary of these approaches is performed.
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2.3 Nonlinear Numerical Modelling of the Long-Term
Response of Timber Structures

As was pointed out in section 2.1, the hygroscopic nature of wood can compromise the safety
and serviceability of timber structures due to the build-up of moisture induced stresses and
strains under moisture content variations. However, if the timber members are subjected to
sustained load besides to continuously varying climate, large deformations can be induced in
these members due to the rheological behavior of wood which could potentially affect their
service life. Besides the normal viscoelastic creep experienced at constant humidity conditions,
an additional delayed deformation denominated mechano-sorptive (MS) creep is experienced as
a result of the moisture fluctuation. This additional deformation can be comparable to the res-
ult of superimposing the hygroexpansion and basic viscoelastic creep deformations (Hanhijarvi
[59]). From previous experimental results, Martensson [60] described a series of observed fea-
tures related to MS phenomenon. Among some of these features, it can be mentioned that
the MS deformation rates at absorption and desorption presents distinct behaviours. A MS
deformation increase is observed when the first humidity variation is related to an absorption
process. Besides moisture history dependency on previous attained thresholds, partial recovery
of MS deformations after unloading, and a limit on MS creep are all observed features of the
response. Some of these features are depicted in Fig. 2.4 (Frandsen [61]) from the experimental

results carried out by Hearmon and Paton [62].
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Figure 2.4: Wood beam subjected to different moisture conditions and stress levels (Figure
taken from Frandsen [61]).
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The complex rheological behavior of wood has led to the development of multiple explan-
atory theories based on the physical and chemical interactions taking place at the micro- and
nano-structural levels (Schanzlin [63],Chassagne et al. [64]). The microstructure and nanostruc-
ture of wood is depicted in Fig. 2.5 (Bengtsson et al. [65]). From this figure, it can be seen
that the cell wall consists of a primary and secondary wall, and that last one comprises three
layers labelled as S1, S2 and S3. These layers are formed by of fibril networks denominated
microfibrils and composed by cellulose, hemicellulose, and lignin chains. An important feature
of the microfibrils is that the ones comprising the primary wall are not closely arranged and
have a random alignment whereas the ones forming the secondary wall are closely placed and
aligned parallel to each other. Moreover, the S2 layer comprising more than 75 % of the cell
walls has a microfibril alignment almost parallel to the cell wall direction is considered to have
a key play role in influencing the mechanical response of wood. Nevertheless, reflecting this
structure on structural engineering level simulations is impractical due to their complexity and
great number of parameters involved.

On the other hand, phenomenological approaches to describe the rheological behavior have
demonstrated to be a feasible modelling technique to incorporate the mechano-sorptive (MS)
features observed (Martensson [60]) to a practical extent. Some of the uniaxial models de-
veloped are mentioned here. Models considering Kelvin-Voigt components in series to describe
the viscoelastic and MS creep were proposed by Toratti [66], Hanhijérvi [67] and Svensson and
Toratti [68]. Particular features among these models are the inclusion of dashpots activated
by moisture increments to represent the MS deformations (Toratti [66], Hanhijarvi [67], Svens-
son and Toratti [68]), MS dashpots interacting in parallel to plastic elements (Hanhijarvi [67])
to describe the irrecoverable deformations due to high moisture changes in drying conditions
and dashpots driven by moisture increments related to moisture levels not previously attained
(Svensson and Toratti [68]) to simulate the irrecoverable deformations. Models constructed
by assembling Maxwell elements in parallel were proposed by Hanhijarvi [69] and Bou Said
[70]. The model developed by Bou Said [70] considers separated Maxwell units to represent
the viscoelastic and MS deformations where the dashpots are nonlinear functions of the stress
levels, moisture rates and accumulated moisture variations. In contrast, the model proposed
by Hanhijérvi [69] encompasses the viscoelastic and MS mechanism together in the Maxwell
units through a nonlinear dashpot that couples the viscoclastic creep and hygroexpansion de-
formation. The generalization of these uniaxial models into a multiaxial rheological models was
carried out by Fortino et al. [14], Hanhijarvi and Mackenzie-Helnwein [71], Chassagne et al. [64],
Vidal-Sallé and Chassagne [72] and Hassani et al. [20]. More rheological models of wood can
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be found in the literature review of previous works (Hanhijéarvi [59], Schénzlin [63], Vidal-Sallé

and Chassagne [72], Yu et al. [73]).
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Figure 2.5: Description of the microstructure and nanostructure of wood (Figure modified
from Bengtsson et al. [65]).

Multiaxial rheological constitutive models have been widely applied in numerous long-term
assessments of timber members under sustained load and variable climate conditions using
three- and bi- dimensional continuum finite element models. For instance, Hu¢ et al. [74]
proposed a detailed FE model of wood boards including features such as the growth rings,
spiral grain and conical shape to study the development of the deformations during a drying
scenario of relative short-period duration. In this analysis, the mechano-sorptive strains were
estimated using the model developed by Santaoja et al. [75] which is a multiaxial extension of
the uniaxial model proposed by Ranta-Maunus et al. [76]. The same authors then performed
a numerical study (Ormarsson et al. [77]) concluding that the hygroexpansion and mechano-
sportive parameters had a high degree of influence in the assessment of the distortions.

Similarly, Florisson et al. [78] analysed the long-term behavior of small and medium sized
timber beams under controlled and natural climatic conditions, respectively, by developing
detailed 3D FE models of the timber beams with the fibre orientations were included. These
orientations comprised the curvature of annual rings due to the pith location, the conical angle
and spiral grain angle of the log. The authors adopted the mechano-sorptive model proposed
by Salin [79] in a multiaxial stress state. It was observed that the spiral grain angle had a
negligible influence in the variation of the longitudinal stresses and deflections whereas in the
case of the tangential stresses the influence of the angle is noticeable. The calibrated material
parameters were subsequently used to simulate the response of the medium specimens. The

numerically predicted deflection was in good agreement with the experimental results.
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Detailed FE models have also been employed to determine the rheological parameters of
wood samples based on the results of long-term tests. In these simulations, the pith location
of each lamella comprising the timber element were taken into account and the parameters
were obtained through a fitting procedure against the simulated and experimental response.
Hué et al. [74] simulated the long-term behavior of European oak blocks under a constant
and variable relative humidity conditions during 180 hours. The numerical work adopted a
rheological model based on proposal of Frandsen [61] and a multi-Fickian moisture transport
model for the diffusion analysis. Similarly, Massaro and Malo [15] analysed the long-term
response of Norway Spruce blocks under compression perpendicular to the grain. In this case,
the rheological model proposed by Fortino et al. [14] was employed in conjunction with a single-
Fickian approach for the diffusion analysis. In this study, a creep tests were performed first
under constant and variable moisture conditions to calibrate the material parameters. Then a
relaxation test was carried out to further validate the calibrated model.

Regarding engineering applications, Fortino et al. [80] performed a long-term analysis of a
mass timber girder of a bridge subjected to Northern European climates with temperatures
above and below zero-degree Celsius. In their assessment, the goal was to predict the moisture-
induced stresses, strains and deflections during a 10-year period under real climate conditions.
Only one slice of the cross-section beam located at the mid-span was simulated employing a
3D FE model including the modelling the pith locations of the different lamellas comprising
the beam. Previous to the mechanical analysis, a hygro-thermal multi-Fickian approach was
employed to assess the moisture content, relative humidity and temperature fields inside the
member. In a sequential analysis, these results were then used in conjunction with the ortho-
tropic rheological model proposed by Fortino et al. [14] to assess the long-term deformations
in the section. These deformations were then used to calculate the vertical deflection of the
beam by performing a second integration of the estimated curvature from the modelled cross-
section. The moisture induced stresses perpendicular to the grain highlighted the risk faced by
the bridge under the assumed environmental conditions as the tension strength of wood could
be exceeded.

Other applications of 3D FE models was found in the strengthening of timber beams.
The long-term behavior of strengthened timber beams with aramid fibre-reinforced polymer
(AFRP) sheets was analysed by Yahyaci-Moayyed and Taheri [81]. A three-dimensional (3D)
Finite Element (FE) model was built using brick elements for wood and the FRP laminates
joined by multi-point constraints to simulate the interaction at the bonding interface. The

viscoelastic behavior of the FRP composite and the viscoelastic-mechano-sorptive behavior of
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wood were fitted to creep tests performed under tension and flexural stresses, respectively,
using a power law model. The numerically simulated results showed a good agreement with the
experimental data in depicting the improved response of strengthened timber beam in terms of
reduced mid-span deflections.

A study on the long-term performance of timber beams strengthened with bonded carbon
fiber reinforced polymer (CFRP) bars embedded near the bottom of the beam was carried out
by Xu et al. [82]. A 3D model using solid, shell and truss elements was built to simulate the
long-term mid-span deflections of one unreinforced reference and two reinforced timber beams
under sustained load and ambient relative humidity ranging between 40% to 65% for 1200 days.
Previously, a calibration was performed on the reference beam by using a five-parameter model
and assuming that timber was the only material undergoing long-term effects. Their results
showed that the numerical model was able to capture the primary and secondary creep phases
well.

Similarly, O’Ceallaigh et al. [83] employed a three dimensional model to assess the long-term
effects on timber beams strengthened with basalt fibre reinforced polymer (BFRP) rods under
constant and cyclic variations of the environmental humidity conditions. Solid elements were
used to model the reinforcing bars and beam, and timber was considered as the only material
affected by long-term effects. Additionally, a modification was performed in the rheological
model proposed by Fortino et al. [14] to take into account the irrecoverable mechano-sorptive
creep effects in the longitudinal direction. The numerical results replicated with enough ac-
curacy the deflections and longitudinal strains obtained in the laboratory test showing the
beneficial effects of using BRFP bars in reducing the undergoing deflection and strains.

Three-dimensional FE models have also been employed in the assessment of the time-
dependent behavior of timber-concrete composite beams. Bou Said [70] simulated the medium-
and long-term response of composite beams using shear crown connectors and metal rods at
the interface layer adopted from experimental campaigns at full and reduced scale, respect-
ively. The uniaxial model originally proposed by the author was extended to a multiaxial stress
state to allow the 3D analysis. The comparison of experimental and numerical results showed
the capability of the 3D model to capture the development of time-dependent deflections over
time with good accuracy. Similarly, Fragiacomo et al. [84] also performed a 3D simulation
of timber-concrete composite beams using notched shear key connectors. An extension of the
model proposed by Toratti [66] was developed by assuming that the creep of wood perpendic-
ular to the grain is four timers greater than the experienced along the grain. The numerically

simulated results indicated good agreement with the experimental data highlighting the benefit
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of a 3D model as there was no need to model the rheological behavior of the shear connectors
compared with a fiber beam model. Moreover, the 3D modelling technique was shown adequate
to simulate long-term push-out (slip) tests with enough accuracy.

Timber-timber composite (TTC) beams were also assessed by means of 3D continuum-
based FE models. Nie [85] performed a long-term assessment of TTC connections and beams
with screw shear connectors. Brick elements were used to model the mass timber slabs and
beams as well as the steel crews and the orthotropic model proposed by Fortino et al. [14]
was adopted to model the rheological behaviour of wood. In this simulation, a surface-to-
surface contact modelling technique was employed to represent the contact interface between
the different materials involved by considering a penalty friction and soft contact method in
the tangential and normal directions to the interface face, respectively. Moreover, cohesive
zones with traction-separations laws were used to model the failure of the epoxy adhesives
employed in the interface of some connection and composite beam specimens. The 3D models
were validated against seven push-out and eight composite beams specimens monitored for 523
and 540 days, respectively. From the results, it was noticed that the numerically simulated
responses were able to capture the trend of the relative slips and mid-span deflections over time
with reasonable accuracy overall.

On the other hand, beam-like timber structures in which openings, notches and knots do
not play a key role in the governing behaviour can be analysed with sufficient reliability and
accuracy employing fiber beam-column elements. Fragiacomo [86] used two parallel fiber beams
in conjunction with a longitudinal continuous spring system simulating an smeared connection
to perform the long-term analysis of timber-concrete composite (TCC) beams. The well-known
uniaxial rheological model proposed by Toratti [66] was employed to include the long-term
behavior of wood under sustained load and changing humidity conditions. In this work, a
trapezoidal rule was used to solve the integral form equations defining the constitutive law
obtained for each incremental step. A similar process was followed to solve the constitutive
laws adopted to represent the rheological behavior of the concrete slabs and connection system.
In the finite element formulation, cubic and quadratic interpolation functions were used to
represent the transverse and axial displacement fields. The model was able to satisfactorily
depict the global long-term response of a simple supported timber beam and a TCC beam
with dowel shear connectors under controlled environmental conditions through cyclic and step
changes in humidity variations, respectively.

The former model proposed by Fragiacomo [86] was employed in the assessment of the

long-term deflection of two timber-concrete composite (TCC) beams with corrugated steel bars
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and inclined screws as shear connectors, respectively, under outdoor environmental conditions
by Fragiacomo and Ceccotti [87]. The simulated results showed a good approximation of the
experimental data of the tests recorded during almost five years. The same model was then
employed by Fragiacomo [88] to perform a parametric study to determine the most influential
rheological mechanisms and environmental conditions on the beam deflection and connection
slip of TCC beams. Based on the obtained numerical results, a simplified approach was pro-
posed to evaluate the long-term response of these composite structures. Further validation
of the unidimensional model to perform long-term analysis of TCC beams addressing differ-
ent connection systems and construction techniques was conducted by Fragiacomo et al. [89],
Fragiacomo [90], Fragiacomo and Lukaszewska [91], and Fragiacomo and Lukaszewska [92].

Another unidimensional beam element was developed by Khorsandnia et al. [28] to study
the long-term behavior of timber-concrete composite (TCC) beams. The beam model is an
extension of the model formulated by Khorsandnia et al. [55] to study the nonlinear short-
term behavior of TCC beams. The FE formulation is derived using a force-based approach in
conjunction with a total secant stiffness approach which then is sequentially coupled to a finite
difference analysis that estimates the variation of moisture content over the cross section. In this
case, the model allows to consider the nonlinear shear-slip behavior of the shear connectors. The
uniaxial rheological model proposed by Toratti [66] was also included in the long-term analysis.
The model’s ability to capture the variation trend and values of the long-term deflections
with satisfactory accuracy under outdoor uncontrolled environmental conditions was verified.
The same authors carried out further validations of the model and then used the verified
model to calibrate, by means of parametric and sensitivity analyses, the input parameters to
adequately describe the long-term response of a TCC beam made of laminated veneer lumber
(Khorsandnia et al. [93]). In this study, Toratti [66] rheological model, its modified version
(Schénzlin [63]) and the model proposed by Hanhijarvi [69] were considered in the numerical
analysis. In contrast, a different finite element formulation was followed by Chiniforush et al.
[94] to develop a unidimensional beam element allowing the long-term analysis of steel-timber
composite (STC) beams. Similar to former developments, this model allows the simulation of
discrete connectors through lumped springs which can incorporate the shear-slip relationships
calibrated from long-term push out tests. In this model also the rheological law proposed by
Toratti [66] was considered to describe the long-term behavior of the timber slabs.

Finally, it can be mentioned that Ormarsson and Dahlblom [95] proposed a unidimensional
beam element in which the inhomogeneous properties of the laminations comprising the timber

members can be considered in the long-term analysis. In this work, the variations of stiff-
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ness and hygroexpansion properties of each wood lamella constituting the cross section were
considered by allowing a piecewise and linear variation of these properties and moisture con-
tent distributions over the beam depth. Linear and cubic shape functions were employed to
describe the longitudinal and transverse displacement fields. Subsequently, this beam model
was employed by Ormarsson and Gislason [29] to perform the long-term analysis of a statically
indeterminate curved frame structure under sustained load and outdoor climate conditions.
However, high order interpolation functions were included to describe the displacement fields
in this analysis case. The model demonstrated a good ability to depict the long-term deflections
and complex stress profile variations over the service life of the structure under real climatic

conditions with computational efficiency.

2.4 Short-Term Response and Numerical Modelling of
Post-tensioned Timber Structures

The feasibility of applying post-tensioning to timber members was addressed by Bohannan [96]
in the early 1960s. Unbonded high-strength strands passing through internal pre-cut holes
were located in the tensile zone of the beams and then anchored to the beam ends by means of
bearing plates. The results showcased an average increase in load carrying capacity of 31% in
comparison to the unreinforced beams along with no significant change in the stiffness. Further
studies in sawn timber beams carried out by Lantos [97] and Bond and Sidwell [98] in the
mid 1960s, demonstrated the feasibility of using unbonded strands to reduce the permanent
deflections. Later on, in the late 1970s, Taylor and Csagoly [99] proposed the retrofitting of a
nail-laminated timber bridge deck by means of transverse post-tensioning. According to Oliva
and Dimakis [100], this retrofitting created the alternative of building economic bridges by
using stress-laminated timber decks to cover short spans. These bridge decks consists of timber
laminations placed side by side compressed together by using high-strand steel bars located
transversely. As a result of the post-tensioning, the deck behaves as an orthotropic plate as
frictional forces resist the vertical shear between the laminates.

As mentioned in chapter 1, since the mid of 2000s there has been a resurgence of interest
in longitudinally post-tensioned timber members driven by the introduction of wood-based
engineered materials and Pres-Lam technology (Palermo et al. [4]). Experimental campaigns
and numerical studies performed by several authors have shown that post-tensioning can be

used to achieve longer beam spans. Generally, the design of these members is governed by
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deflection limit states due to the low values of the elastic modulus of wood. Longitudinal post-
tensioning can effectively enhance the deflection and ultimate load carrying capacity of timber
beams by balancing the permanent loads, and even increase the stiffness of these beams. As a
result, open-space building plans and medium bridge spans can be designed. Some references
corroborating these claims are described bellow.

Experimental campaigns carried out by Deam et al. [101] on a series of innovative solutions
for composite timber-concrete beams for the construction of medium- to long-span flooring
systems. In the experimental tests, two full scale specimens with straight and draped tendon
profiles using stiff and flexible connections, respectively, were studied. It was concluded that
the initial precamber induced by the post-tensioning enhanced the serviceability performance
with regard to the deflection criteria which is crucial in the design of long-span floors.

The potential of engineered timber in conjunction with longitudinal post-tensioning to
design medium span bridges was investigated by Palermo et al. [5]. In this proposal, mono-
box and multi-box-girder solutions were deployed to obtain efficient and feasible dimensions in
accordance with engineered timber products provided by the manufactures. The extension of
post-tensioning techniques employed in precast concrete bridges allowed the possibility of con-
structing continuous spans by linking longitudinally the single segments with full-length post-
tensioning tendons. Additionally, a description of longitudinal and transversal post-tensioning
layouts for short-span bridges was also discussed.

Bending tests on post-tensioned timber beams ranging from service loads up to the failure
were carried out by McConnell et al. [102] to assess the level of strengthening obtained by
using unbonded steel tendons. The results attested to the benefits of post-tensioning in terms
of increasing the bending stiffness and flexural strength in comparison with unreinforced timber
specimens. Similarly, the same authors (McConnell et al. [103]) also performed bending tests
using basalt fibre-reinforced polymer tendons which possess a relatively low elastic modulus.
The test results showed similar benefits to those previously reported. However, the use of
tendons with stiffer materials was suggested to obtain an overall enhanced performance.

The results obtained by Lago et al. [6], based on experimental tests and parametric design
analysis of simply supported and two-span continuous beams, show the enhanced service per-
formance attained by using different unbonded tendon profiles. In the parametric studies, it
was noticed that the use of longitudinal post-tensioning enables the reduction of section depth
obtained by traditional timber solutions. As a result of the material savings and long-span

beams, competitive construction costs and greater architectural benefits can be obtained.
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van Beerschoten et al. [7] performed four-point bending tests on four full-scale timber spe-
cimens up to failure. In their study, three beam were post-tensioned with straight or draped
tendons, whereas one of the specimens was not post-tensioned and was used as benchmark. It
was concluded that the applied post-tensioning can enhance the load-carrying capacity of the
timber beams to different degrees depending on the tendon layout adopted. Furthermore, the
introduction of post-tensioning can influence the failure modes of the beams, specifically, by
transitioning from a brittle tension failure to a compression failure mechanisms with ductile
behaviour.

Innovative post-tensioning systems have also been proposed over the last two decades to
achieve longer spans, enhanced load-carrying capacity and deflection serviceability in timber
structures. Al-Hayek and Svecova [104] proposed a solution in which the tendons were attached
to external anchor plates with the aim of retrofitting on-site timber beams. Another innovative
solution developed by Negrao [105] consists of a mechanical anchorage system relying on nuts
allowing the tendons to be re-tightened after s given period of time. A new technology patented
by D’Aveni and D’Agata [106] was devised to include continuous concordant tendon paths inside
the post-tensioned members. It consisted of milled multi-layered engineered timber that are
then glued and assembled to conform a single structural element. Li et al. [107] proposed
new types of anchorage systems in conjunction with adjustable devices to control the level of
post-tensioning force. Based on the previous control devices, a group led by Li et al. [107]
developed a connection device to joint two simple supported beams to form continuous beams
with sufficient stiffness. Among these innovative solutions, Otero-Chans et al. [108] proposed a
self-tensioning system exerting a force of variable intensity depending on the magnitude of the
applied forces. This promising alternative can be employed to build long-span timber flooring
systems as stated by Bazli et al. [109].

Among timber beam-like structures, post-tensioned connections have also been proposed
to achieve long-span timber frames. In these post-tensioned structures, continuos unbonded
tendons are passed trough columns and beams and anchored at the exterior columns. The
post-tensioning effects clamp the beam-column timber joints allowing the generation of semi-
rigid moments resisting connections. In this way, the load-carrying capacity is enhanced as well
as the serviceability limit state deflections as precamber are created after the post-tensioning
operation (Buchanan et al. [110]). Experimental tests carried out by Wanninger and Frangi
[111] on a post-tensioned beam-column timber joint, and van Beerschoten et al. [112] on one-bay
and two-bay post-tensioned timber frames attested to the possibility of obtaining a system with

enhanced structural performance. In both tests, different reinforcement strategies were adopted
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to improve the connection strength governed by the limited compressive strength provided by
the column in its direction perpendicular to the grain.

It is worth noting that the relatively low elastic and shear modulus of wood could induce
large deflections in post-tensioned timber beams leading to non negligible geometrical nonlin-
earities under service and failure conditions. As a result, the assessment of the elongation in
unbonded tendons, which is member-dependent rather than section-dependent, must consider
the deformed configuration of the beam. In order to address this geometrical nonlinear problem
under service loads, a semi-analytical iterative procedure was proposed by Palermo et al. [113]
and validated through experimental tests performed on simple supported and two span con-
tinuous beams post-tensioned with internal tendons having straight and draped profiles, and
external tendons placed outside the beam section. Similarly, van Beerschoten et al. [7] proposed
a semi-analytical iterative procedure incorporating second-order effects to evaluate the tendon
elongation at the ultimate limit state.

Regarding the numerical modelling of post-tensioned timber beam-like structures, the use of
high-fidelity finite element (FE) models is currently a viable option. van Beerschoten et al. [7]
developed a three-dimensional (3D) model to study the short-term response of post-tensioned
timber beams. In this model, the planks conforming the built-up box section, the deviator
blocks and anchorage plates comprising the beam were modeled using solid brick elements. In
order to represent the complex behavior of timber, an orthotropic elasto-plasticity constitutive
model was adopted. For modelling the unbonded tendons, 3D beam elements were used along
with multi-freedom constraints such as Lagrange multipliers and penalty-based methods to
simulate the contact interaction between the contact surfaces of tendons and deviators. In
this way, the strain incompatibility complexity can be addressed. Other modelling challenges
such as second-order effects are also considered in the analysis by incorporating geometrical
nonlinearity. Similarly, Quiquero et al. [8] developed a 3D FE model to assess the response
of post-tensioned timber beams under ambient and fire conditions. However, it should be
mentioned that these models generally tend to be overwhelming and intimidating for design
practitioners.

In the case of post-tensioned timber frames, an additional modelling complexity is added
to the strain incompatibility and second order effects as the joint connection needs to be con-
sidered. An accurate modelling of these connections is crucial to assess the deflections at service
conditions and moment distributions at ultimate conditions. Van Beerschoten [114] proposed
modelling the joint deformation by means of three separated mechanism: joint panel shear de-

formation, interface compression deformation and gap opening. The author adopted full frame
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models with rotational springs to represent the previous deformation mechanisms. Addition-
ally, simplified procedures were used to estimate the parameters defining the rotational springs
which were validated with experimental results performed on post-tensioned timber beam-
column joints. On the other hand, Wanninger [115] developed a simplified model to simulate
the post-tensioned joint behaviour by adopting the analogy of a rigid foundation resting on a
flexible soil. Moreover, a two-dimensional continuum-based FE model was developed in which
zones were defined with orthotropic-plasticity behavior along with discrete elements without
tension allowed to simulate the embedment and gap opening at the contact zone between the
column and beams. The predicted response of the simplified and detailed FE model, and the
experimental results were in good agreement. However, the authors claimed that extensive

validation is still needed.

2.5 Long-Term Response and Numerical Modelling of
Post-tensioned Timber Structures

In the 20th century, timber was employed to a limited extent, mainly in low-rise buildings and
short-span bridges, due to concerns regarding its strength, durability, and moisture-dependent
and long-term behaviour. As mentioned in the previous section, post-tensioning was considered
as an alternative to enhance the load-carrying capacity and deflection serviceability of timber
members. However, the assessment of the long-term behavior of post-tensioned timber members
in the previous century was scarce. A preliminary long-term test on longitudinal post-tensioned
laminated timber specimens during eight years was carried out by Bohannan [116]. The exper-
imental results showed benefits in terms of a modest enhanced deflection and low post-tension
force losses, specifically less than 5% after eight years. Nevertheless, in the case of stress-
laminated timber bridges with transverse post-tensioning, high force losses were found due to
the rheological properties of wood perpendicular to the grain direction and the use of high-
strength unbonded post-tensioning bars. An experimental campaign performed by Taylor [117]
studied the effects of considering different wood species, stiffness ratio, post-tensioning sequence
and levels of relative humidity. Losses not exceeding the 50% of the initial post-tensioning force
were observed. Measurements carried out by Oliva and Dimakis [100] evaluated higher force
losses of the order of 60% in less than a year due to drying and shrinkage deformations.

From the references described in section 2.3, it can be appreciated that several studies have

been carried out on the rheological behaviour of wooden samples made of different sawn timber
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species since the 1960s. However, it was not until the late 2000s that attention was turned the
long-term behaviour of engineered timber sub-assemblies using post-tensioned connections suit-
able for the development of mid- and high-rise timber buildings as well as medium-span timber
bridges. Concerns arose regarding the long-term behavior of these post-tensioned timber struc-
tures as the post-tension force losses could affect considerably the serviceability performance
and the self-centering capacity provided by the post-tensioned connections.

Among the first experimental tests carried out to study the long-term behaviour of post-
tensioned timber specimens made of engineered timber was the study conducted by Davies
and Fragiacomo [118]. In this experimental programme, post-tensioned beams and frame
sub-assemblies with unbonded cables running trough the centroidal axis were monitored in
controlled and uncontrolled heated indoor conditions. The timber specimens were subjected
to sustained loads for approximately one year and the deflections, moisture content, level of
post-tensioning force, as well as the environmental temperature and relative humidity were
continuously measured. During the test, different post-tensioning sequences were performed
to assess their influences on the post-tension force losses. At the end of the test, total force
losses of 2.9% and 8.4% were estimated for the beam and frame specimens, respectively. Based
on the obtained experimental results, an estimation of the post-tension force losses at the end
of a 50-year service life period was performed. From the extrapolated results, force losses in
range of 6-10% and 27-39% for the beam and frame specimen, respectively, were expected. It
was concluded that the main factor influencing the reduction of post-tensioning forces was the
volume of timber loaded perpendicular to the grain. In the case of the frame sub-assemblies,
the post-tensioning force was applied parallel to the grain of the beams and perpendicular to
the grain of the columns.

The post-tensioning force in post-tensioned beam-column connections could exert high com-
pressions perpendicular to the surface of the columns at service and ultimate conditions. As a
result, the column surface can experience considerable long-term deformations and local crush-
ing. In order to avoid these issues, a research team in Switzerland proposed the use of hardwood
as local strengthening in the contact region of the column instead of other reinforcement op-
tions such as steel plates with self-tapping screws. Wanninger et al. [119] carried out laboratory
tests on several post-tensioned joint and beam specimens under controlled and uncontrolled en-
vironmental conditions for just over a year. On the basis of the experimental results, it was
predicted that the percentage of post-tension force losses in the timber joint was likely to reach
a value of 26% at the end of a 50-year service life which is larger than the losses expected in

post-tensioned concrete members. It was also observed that the column depth did not play a
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key role on the amount of post-tensioning losses.

Laboratory tests performed by Smith et al. [120] on full-scale post-tensioned beam-column
joint specimens reflected the effect of post-tensioning force variations on the overall perform-
ance of these post-tensioned systems. To this end, several quasi-static cyclic tests were carried
out using post-tensioned specimens with or without dissipation devices. In the case of post-
tensioned-only layouts, the total moment capacity of the connection was observed to decrease
with lower levels of initial post-tensioning forces. Similarly, the moment contribution of the
post-tensioning was reduced with decreasing initial post-tensioning values in specimens incor-
porating dissipation devices. These reductions led to larger and earlier gap openings at the
connection interface which resulted in earlier yielding and higher ductility demands in the
dissipative devices, and residual drifts in the specimens.

In previous experimental tests, the unbonded post-tensioning cables ran through the centroid
of the timber sections. With the aim of studying alternative cable configurations, Granello et al.
[121] performed a long-term test on two full-scale simply supported engineered timber beams
post-tensioned with eccentric unbonded cable. During the four-year test under uncontrolled en-
vironmental conditions, one post-tensioned specimen was subjected to permanent loads whereas
the other specimen was just post-tensioned without carrying a load. Relevant data related to
the variation of the post-tensioning force, midspan deflections, timber strains, end rotations,
environmental temperature and relative humidity were continuously recorded. After processing
the results, it was observed that the unloaded and loaded post-tensioned specimen experienced
post-tensioning losses of 3.4% and 4.5%, respectively, at the end of the four-year test. Re-
garding the long-term deflections, it was noticed that the unloaded specimen underwent an
increasing camber whereas the loaded specimen experienced a decreasing camber due to the
effect of the permanent loads. These results confirmed the reduction of long-term deflections
due to post-tensioning. However, the authors called to review the effects of the shear forces on
the long-term response of timber beams.

The monitoring of post-tensioned timber structural members during their construction and
operative stage is a useful alternative to complement the limited data related to the long-term
performance of these post-tensioned solutions. Granello et al. [30] monitored a set of two-story
post-tensioned timber frames reinforced with hardwood in the beam-column joints for almost
two and a half years. It was observed during the monitoring that the environmental conditions
transitioned gradually from outdoor to indoor conditions having an influence on the variation
of the post-tensioning forces. From the collected data, it was noticed that the post-tensioned

frames experienced an average post-tensioning loss of around 7% with a scatter of 4+ 3%.
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Two-story post-tensioned timber frames and walls reinforced with steel plates and screws at
the beam-column connection interfaces were monitored by Granello and Palermo [122] during
three years. An average and maximum post-tensioning loss of the order of 5% and 7%-8%),
respectively, were measured. It should be mentioned that environmental conditions inside the
monitored buildings reflected the service class I conditions stated in the Furocode.

A series of shaking table tests on a two-third-scale three-story timber building utilizing post-
tensioned beam-column connections was carried out by Di Cesare et al. [123]. The purpose
of this experimental programme was to study the feasibility of considering other engineered
timber products in Pres-Lam technology along with innovate dissipative steel angles placed
in the beam-column and column-foundation interfaces. After being dynamically tested, the
building specimen was subjected to a monitoring programme during four years in the laboratory
facilities to evaluate the tension losses in the post-tensioning bars. In the first stage of the
monitoring, the post-tensioning losses of the building configuration without energy dissipation
were recorded during 321 days. In the second stage, the configuration with dissipative steel
angles was monitored during 1101 days. From the gathered data, Di Cesare et al. [124] reported
post-tensioning losses in the range of 13%-29% in less than one year for the first stage and a
reduction of 22%-43% in the post-tensioning force during the second stage. It should be noted
that these losses are higher than the previous recorded values in laboratory tests and monitoring
programmes performed in operative timber structures.

Long-term experimental tests on two unreinforced post-tensioned timber beam-column joints
under uncontrolled environmental conditions, which can be considered as service class II condi-
tions according to the Eurocode, were performed by Li et al. [125]. In these tests, one specimen
was just subjected to post-tensioning effects, whereas the other specimen was withstanding
the post-tension and gravity loads. After 140 days of testing, the unloaded and loaded speci-
mens experienced a maximum post-tensioning loss of 11.4% and 19.1%, respectively. From the
recorded data, it was observed that in the case of the unloaded specimen the environmental
deformations in the beam and column strongly affected the post-tensioning force in the joint
specimen. Regarding the loaded specimen, it was noticed that the non-uniform stress distribu-
tion in the beam-column interface led to an increase of joint rotations over time. As a result,
the joint experienced an increase of 7.56 times the elastic rotation and a vertical deflection at
the end of the beam of 1.55 times the clastic deflection. It was concluded that local reinforce-
ment is needed to enhance the long-term performance of these post-tension joints as significant
long-term deformations are expected.

A set of nine unloaded post-tensioned timber beam-column joint specimens with different

93



structural details along with two environmental specimens were tested by Zheng et al. [126]
to assess the loss of post-tensioning force after 750 days of monitoring. This experimental
campaign was a continuation of the tests performed by Li et al. [125], so the same geometric
layout and environmental conditions were employed. However, different prestressing ratios and
the incorporation of two types of local reinforcement were studied during the experimental test.
In the case of the unreinforced specimens, it was observed that an increasing prestressing ratio
influenced the variation in the post-tensioning forces by rising the average loss and reducing
the average increase. Regarding the post-tensioning losses, average losses in the range of 11.3%
to 23.9% were found for the prestressing ratios employed. From the results of these set of
unreinforced specimens, it was observed that the time-dependent deformations were dominated
by the deformations perpendicular to the grain and the fluctuation of the variations in the
post-tensioning forces was strongly linked to the environmental conditions. In the case of the
reinforced specimens, reinforcement with self-tapping screws reduced the losses to the 7.8%-
13.7% range whereas the reinforcement with steel rods induced higher reductions. Moreover,
the reinforced specimens showed lower fluctuations in the variations of the post-tensioning force
due to the environmental conditions.

An analytical solution was derived by Fragiacomo and Davies [127] using a well-known
moisture-dependent rheological constitutive model. This derivation involved the following sim-
plifications: neglection of the dependency of the Young’s modulus on the moisture content,
cyclic annual history of the moisture content was assumed, consideration of an average mois-
ture content over the entire section instead of a local variation, disregard of the irrecoverable
mechano-sorptive effects, linearization of the nonlinear expression governing the relaxation phe-
nomenon of prestressing tendons and use of the age-adjusted effective modulus method to solve
the integral equations defining the time-dependent constitutive relations for timber and steel
strands. Although the analytical solution was able to represent the trend of prestress losses
obtained in the previous experimental results, some differences were noticed. The model un-
derestimated the prestress losses obtained in the beam specimens whereas it overestimated the
losses obtained in the frame specimens. However, the inherent variability in timber material
properties and their influence in the scatter of the experimental results made the analytical
results acceptable. A further simplification of the analytical solution was made by disregarding
the inelastic or environmental deformations, and assuming a null value for the aging coefficient
of the prestressing tendons and a unity values for the aging coefficients relate to timber. After
rewriting the simplified equation in a non-dimensional form, it was found that the amount of

long-term losses is highly influenced by the ratio between the axial stiffness of the the frame
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and the steel strands.

The simplified close-form expression proposed by Fragiacomo and Davies [127] to assess
the post-tension losses in post-tensioned timber beam and frames was modified by Wanninger
et al. [119] by neglecting the relaxation effects related to the prestressing tendon and including
the environmental deformations (shrinkage and swelling). Regarding the post-tensioned frame
specimens, the modified solution was able to reproduce the recorded data from the tendon
force for the different column depths and even the re-stressing case with reasonable accuracy
during the first 300 days of the test. After this period, the prediction started to underestimate
the tendon forces. In the case of the beam specimen, the losses were slightly overestimated.
Subsequently, the modified solution was employed to perform a parametric study to investigate
the benefits of using hardwood and steel reinforcements in terms of reduced amount of post-
tensioning losses in the joint specimen.

In the case of post-tensioned timber beams with tendon layouts incorporating eccentric
and draped profiles, Giorgini et al. [128] proposed a modified version of the analytical solution
developed by Fragiacomo and Davies [127] to assess the long-term losses by neglecting the
intrinsic relaxation of the prestressing tendons. This modified analytical model was employed
by Granello et al. [121] to estimate the post-tensioning losses in two simply supported beams
with eccentric tendon profiles under uncontrolled environmental conditions. In terms of the
evolution of the post-tensioning forces over time, the predicted results showed good agreement
with the observed post-tensioning trends. However, the calculated post-tension losses for a
service life period of 50 years were slightly lower (7-8%) than the extrapolated values (11-13%)
from the experimental results.

With the aim of applying in the design practice the closed-form expressions developed by
Fragiacomo and Davies [127] to predict the post-tensioning loss, Granello et al. [129] performed
calibrations on the parameters describing the moisture content variations in the members. Be-
fore performing the calibrations, environmental conditions were defined based on the three
categories described in the Eurocode standards. After defining these conditions, a series of
parametric diffusion analyses were carried out to determine the variation of the yearly moisture
accumulation and maximum moisture content attained, for a 50 years period, with respect the
wet perimeter of the section. Based on the previous assessed moisture variations and calib-
rated material parameters found in the literature, a range of values were determined for the
aging coefficients by solving numerically the time-dependent stress-strain relationship. From
comparisons with the recorded data in operative post-tensioned timber structures, it was ob-

served that the closed-form expressions were able to describe reasonable well the trend of the
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post-tension losses despite of not capturing the observed fluctuations. This same methodology
was employed by Li et al. [125] to predict the variation of the post-tensioning force over time
in post-tensioned beam-column joint specimens. Comparisons with the recorded experimental
data demonstrated the accuracy that can be attained with the closed-form solutions along with
further calibrated parameters.

A numerical modelling approach to assess the long-term response of post-tensioned timber
beams and frames was proposed by Granello et al. [130]. In this numerical approach a moisture
diffusion analysis following a single Fickian model was coupled with a fibre-based finite ele-
ment analysis employing a linear viscoelastic constitutive law. The adoption of a single Fickian
model and a linear viscoelastic constitutive law allowed the use of fewer material paramet-
ers and reduced the computational effort as the complexity of moisture transfer process was
simplified and the Boltzmann’s superposition principle could be employed, respectively. The
computational efficiency of the model was also enhanced by assuming that moisture content
distribution along the length of the member was constant. In this approach the time and mois-
ture dependent strain-stress relationships were numerically integrated by subdividing the time
domain into a number of steps along with a section subdivision to solve the moisture diffusion
equations through a finite difference scheme and to obtain the section response by means of
a fiber-based approach. The timber members were also discretized along their lengths to ap-
proximate the axial and transverse displacement field by adopting linear and Hermitian cubic
polynomials as the interpolation functions. Regarding the modelling of the post-tensioning ten-
dons, the well-know equivalent loads technique was adopted to take into account the action of
different tendon profiles. In this approach, the post-tensioning force was evaluated by imposing
displacement compatibility at the anchorages and its value was updated at the end of each
time step. Lastly, the relaxation phenomenon related to the steel strands was neglected and its
stress-strain relationship was considered linear-elastic.

In order to assess the accuracy of the numerical model proposed by Granello et al. [130],
the long-term response of two unloaded and loaded post-tensioned timber beam specimens with
eccentric straight tendons tested during four years under uncontrolled environmental conditions
were numerically simulated. The numerical results were able of reproducing the post-tensioning
loss trend with good accuracy. However, the predicted mid-span deflections differed from the
experimental measurements. Similarly, the numerical model was also used to predict the re-
sponse of post-tensioned timber frames from an operative post-tensioned building monitored
for two and a half years by covering the construction, transition and operation stages. Meas-

urements of the real environmental conditions, timber moisture content and force variations in
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the tendons were recorded by Granello et al. [30]. A comparison between the numerical results
and gathered data showed that the model was able to simulate with sufficient accuracy the
trend of average moisture content and post-tensioning forces over time. However, it should
be noted that the calibration of the material parameters, used in the constitutive law, had
been performed using post-tensioned beam and beam-column sub-assembly specimens instead
of conventional block specimens.

The previous numerical model proposed by Granello et al. [130] was also employed by Zheng
et al. [126] to predict the long-term response of unreinforced post-tensioned beam-column timber
connection specimens with different prestressing ratios tested over 750 days under unloaded
conditions. However, the authors employed an equivalent stress to capture the effects of the
different stress distribution regions in the beams and columns members due to the application
of the post-tensioning forces. The numerical model was able to depict the variation of the
moisture content at different locations and the post-tensioning forces with enough accuracy.
The model was then used to predict the maximum post-tensioning losses of unreinforced and
reinforced joint specimens during a service life period of 50 years. Later on, Zheng et al. [131]
performed a numerical study using the same numerical model to assess the post-tensioning losses
on unreinforced and reinforced post-tensioned timber joints under different climatic conditions

which can be categorized as Service Class 2 conditions according to the Eurocode.

2.6 Concluding Remarks
The following remarks are complied from the extensive literature review presented above:

e section 2.1 pointed out that multi-Fickian models offer a comprehensive description of
the transport mechanism of different water phases and their interaction. It was also
stressed that a large number of input parameters and details regarding wood morphology
and/or composition need to be known in advance to use these complex models. Last
but not least, the material properties of wood present an intrinsic variability between
different species and even between wood specimens of the same specie. Therefore, as
the goal of assessing moisture content variations is aimed at the long-term response of
wood members, the present work will adopt the simple global diffusion equation as this
approach in conjunction with some well-known rheological models was able to capture

the global response of timber members with adequate accuracy, see section 2.3.

e section 2.2 and section 2.3 emphasized that onedimensional (1D) beam-column elements
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have the potential to describe well the short- and long-term global response of timber
beam-like structures if the effects of knots, notches and holes do not dominate their
axial-flexural response. Moreover, validated 1D FE models are computationally efficient

and therefore are well suited for parametric and sensitivity studies.

Regarding the onedimensional (1D) beam-column elements described in section 2.2 and
section 2.3, in most cases the kinematic description employed in these elements is based
on the Euler—Bernoulli beam theory, hence neglecting shear deformations that are know
to be important in timber structures. Despite of having large span/depth ratio, tim-
ber beams can experience shear distortions due to the low shear modulus and type of
cross section. Therefore, 1D FE elements describing the short- and long-term response
should incorporate in their kinematic formulation the Timoshenko beam theory to obtain

accurate results under different beam layouts.

Following section 2.2 and section 2.3, force-based and traditional displacement-based
approaches have been employed to study the short- and long-term response of timber
beam-like structures. As emphasized in chapter 4, traditional displacement-based formu-
lations only allow a weak satisfaction of equilibrium. This feature demands a fine mesh
discretization and hence large time-consuming computations. In order to overcome this
drawback, force-based approaches where equilibrium is enforced have been used. How-
ever, the convergence of iterative process performed in the element state determination
is not always guaranteed. Therefore, opportunity exist for the use of more robust and

efficient onedimensional beam elements in the simulation of timber structures.

Continuum-based FE models have demonstrated high versatility to simulate the short-
and long-term response of post-tensioned members with improved accuracy since the
strain incompatibility between the tendon and host member, the progressive change in
tendon eccentricity with host deformation and complex material behavior can be modeled
extensively. These modelling features render continuum-based models a reliable option
for simulating the local and global response of post-tensioned timber members. Neverthe-
less, the benefits of these detailed models comes with high computational costs, complex
constitute laws difficult to implement, the requirement of several material parameters to
characterize specific wood species and potential convergence issues. As a result of these
demands, continuum-based models are less suitable for design-oriented parametric stud-

ies of large post-tensioned timber structures. On the basis of this, less computationally
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demanding models including strain incompatibility, varying eccentricity and nonlinear

material behaviour should be adopted.

The numerical modelling strategy depicted in section 2.5 consists on a coupled moisture
diffusion analysis with a fiber-based finite element analysis to numerically simulate the
long-term response of post-tensioned timber members. In this approach, the tendon
elongation is assessed by considering displacement compatibility at the anchorages, large
displacement effects are not considered, the post-tensioning effects are included through a
system of equivalent loads acting on the hosting member and the intrinsic relaxation of the
steel strands is neglected. However, there is a lack of generalization to incorporate different
tendon layouts and profiles, and to automatically update of the post-tensioning force
over each time step. Moreover, as mentioned before, large displacements effects in long-
span post-tensioned timber members can be significant under serviceability conditions.
Therefore, a more robust and efficient modelling approach is needed to address these

particular aspects.
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Chapter 3

Transient Moisture Diffusion Analysis

The assessment of moisture diffusion inside timber elements has become a key step to assess
the long-term performance of timber structures as the moisture content and moisture gradients
directly affect their serviceability and safety. Moisture values are used as input parameters in the
constitutive laws defining the hygro-mechanical behaviour of timber elements. In this chapter, a
moisture diffusion analysis is conducted by solving a single Fickian diffusion equation defined by
a nonlinear partial differential equation of the parabolic type. This equation is solved for solid
and hollow rectangular cross sections using the finite difference code OpenMoist developed
by Melchor and Maélaga [132]. A schematic description of the implementation is shown in

Appendix A.

3.1 Governing Differential Equations

As described in chapter 2, different moisture transport models have been proposed over the
last decades to assess the distribution of moisture content in timber elements. Single-Fickian
and multi-Fickian approaches are among the most popular models to describe the moisture
diffusion below the fibre saturation point. As stated by Frandsen et al. [31], the flux of the

water phases can be described by means of Fickian type gradient laws of the following form:

']b = —DbV(ib (31)

J,=—-D,Ve, (3.2)

where J;, and J, are the flux vectors, D}, and D, are the diffusion tensors, and ¢, and ¢, are the

mass concentrations of the bound water and water vapor, respectively. Based on a particular
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case of the convection-diffusion relations, the following coupled diffusion equations (Frandsen

et al. [31]) were used:

9 _ g, (DyVey) + § (3.3)
ot
6;” =V-(D,Ve¢,) + 5 (3.4)

where § represents the sorption rate which enables the change of water phase. Latest develop-
ments consider an additional coupled differential equation related to the conservation of energy
(Eitelberger et al. [32]) as described in chapter 2. The boundary condition setting the normal

flux vector of vapor through the boundary layer driven by the difference in vapor pressure is:

n-J, =k, (py — ) (3.5)

where m is the normal vector, k, is the surface emission coefficient, and pJ and p¢ are the vapour
pressure at the surface and in the ambient air, respectively.

If the moisture transport process of all the water phases can be considered together as
one, the whole process can be simplified to a single Fickian diffusion equation (Kollmann and

Cote Jr [11]). In this case, the flux is represented by a single Fickian type gradient law:

J=-DVec (3.6)

where J is the moisture flux, D is diffusion tensor and c is the water concentration. Similarly,

the diffusion process is expressed by a single equation following Fick’s second law (Fick [12]):

g—; =V - (DVec) (3.7)

Egs. (3.1) to (3.7) are formulated in cylindrical coordinates due the cylindrical orthotropic
nature of wood. However, it is mainstream engineering practice to disregard the growth rings
of the wood layers in timber elements. Moreover, if the timber elements have a dominant
dimension, as in the case of beam—columns elements (along their longitudinal axis), the diffusion

equations can be set in a two-dimensional Cartesian coordinate system over the cross section of

the element. The resulting diffusion equation describing the time-dependent diffusion problem
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is a parabolic partial differential equation:

om 0 om ) om
S (05 5 (0 ) 38)

where m is the moisture content, and D, and D, are the moisture-dependent diffusion coeffi-
cients along the x and y axes, respectively. In order to solve Eq. (3.8), a set of initial conditions
in time setting the initial moisture content and boundary conditions at the edges of the section
are needed. In this case a convective surface, categorized as a third type boundary condition,

is considered by means of the following equation:

om om
— (Dx E Nge + Dy 8_?/ ny> = S(m — mequil) (39)

where S is the moisture-dependent surface emissivity coefficient, n, and n, are unit vectors
normal to the boundary surface pointing outwards of the section, and meq; is the moisture
content in equilibrium with the environmental conditions. Eq. (3.9) represents the flux vector
perpendicular to the boundary surface driven by the difference in water concentration between
the wood surface and ambient air.

During the last years, multi-Fickian approaches has been increasingly employed in the as-
sessment of moisture content in timber members as described in chapter 2. However, the
large number of input parameters required for these complex moisture transfer models along
with wood’s intrinsic variability make them not suitable for design-oriented parametric studies
which is one of the main goals of this thesis. In order to meet this goal and for the sake of
simplicity, only the single-Fickian moisture diffusion approach is adopted. Additionally, the
moisture transfer analysis of timber elements performed in this research work is restricted to

bi-dimensional cases.

3.2 Numerical Methods

The assessment of the moisture content distribution inside one-dimensional timber elements can
be described by Eq. (3.8) and Eq. (3.9). Analytical solution methods are limited to very few
cases involving simple geometries and specific environmental variations. Therefore, numerical
solution methods such as the finite difference and finite element methods are widely used to
solve these equations allowing for complex geometries, nonlinearities and a wide variety of

environmental variations. A brief description of these methods is presented in this section.
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3.2.1 Finite Element Method

Classical variational and weighted-residual methods are the basis of the traditional finite ele-
ment method. The main idea behind this method is to subdivide the entire domain in sub-
regions referred as finite elements in which approximation functions are used to estimate the
desired unknown field in each corresponding subregion. The approximation functions are a
linear combination of appropriately selected functions and unknown parameters determined
after setting the finite element model, a set of algebraic equations, of the original differential
equations. These algebraic equations are the result of using approximated solutions to satisfy
the governing differential equations in a weighted-integral sense.

To establish the corresponding finite element equations of each subregion (i.e., element)
with regard to Eq. (3.8) and Eq. (3.9), the weak-form Galerkin formulation is employed. The
resulting element residual equation [133] in the subregion Q€ is:

/ [ om ow Om ow Om

4D, —2"+D - 1
w8t+ . 83:+ v By a}dmdy jéQEands 0 (3.10)

where w is the weight function and J,, is the flux normal to the edge boundaries. In the
derivation of the finite element equations, it is assumed that the approximation functions of
the unknown field can be represented in separated time-dependant and space-dependant terms
(133, 134]:

Ne

m (x,y,t Zrn t) N (z,y) (3.11)

i=1
where m¢ and Nf are the unknown moisture value and shape function (or interpolation function)
at node ¢, and n, is the total numbers of nodes in the element. Besides, the weight function is

assumed to have the same shape functions as the approximated moisture field:

D)= Y wENE ) (312

where wf are the unknown weight values at node i. After inserting Eq. (3.9), Eq. (3.11) and
Eq. (3.12) into Eq. (3.10), the following equations [133] are obtained:

- € dm; e e e
Z Cs, —+ KimS) — Ff =0 (3.13)

Jj=1

= /Q N{NS da dy (3.14)
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Ff = NfE S megua ds (3.16)
99°

And the element residual equation Eq. (3.13) can be rewritten in the following matrix form:

Cmh’ + K'm® — F° = 0 (3.17)

where m¢

is the vector collecting the nodal values of the moisture content field. To solve
Eq. (3.13) a direct integration can be performed using a finite difference technique. For instance,
the generalized trapezoidal algorithm can be applied. Labelling the vector containing the
assembled nodal moisture content values at instant t,, and ¢, as m,, and m,,,, respectively,
and At as the time step between the previous instants, the following approximation (Reddy

and Gartling [133],Bergheau and Fortunier [134]) can be adopted to estimate the rate of change

of the moisture field:

If Eq. (3.18) is replaced in the assembled version of Eq. (3.17) and a linearization of the
resulting equations is performed, the following incremental system of equations (Bergheau and

Fortunier [134]) is obtained:

KAm =F (3.19)

In order to solve Eq. (3.19), an iterative process has to be performed. Moreover, in the case
of strong nonlinearities, nonlinear solver algorithms should be used. Some of these algorithms

are described in chapter 5.

3.2.2 Finite Difference Method

Contrarily to the finite element method in which the approximate solution is continuous in the
domain, the finite difference method approximates the unknown field only at discrete (nodal)
points. In this method, the discretization equations are obtained by replacing the derivates of
the unknown field in the governing differential equations by finite difference approximations.

The resulting set of algebraic equations is then solved to obtain a discrete solution of the
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unknown field.

For this, a control volume approach is adopted (Patankar [135]). In this approach, Eq. (3.8)
is integrated over a time interval [t,¢ + At] and a non-overlapping control volume surrounding
a particular grid point (¢, 7). In the case of an interior node whose control volume is shown in

Fig. 3.1, the following integration (Patankar [135]) is carried out:

i3 g AL i+ 5 AL

om 0 om

i—% - t j t

ol
[N
[N
M

i3 5 t+At

0 om

t

In the resulting equations, the derivative terms regarding the spatial variations and the
homogeneous moisture-dependent coefficients are replaced with piece-wise linear and constant
approximations, respectively. An approximation for the variation of the moisture content field
over the time interval of analysis is still required. Usually, a weighted approximation (Patankar

[135]) is adopted for this purpose as follows:

mij = [fm 5%+ (1= f)m} ] (3.21)
where f is the time approximation weighting factor. This factor defines a unique finite difference
scheme ranging from explicit (f = 0) to fully implicit schemes (f = 1). Replacing Eq. (3.21)
into the expressions for the derivatives associated with the spatial variations of the equations

resulting from integrating Eq. (3.20) leads to the following expressions (Majumdar [136]):

t+AL t+AL
om _ fom%,j(miil,j —mi) L f)DzH%,j(mE—l-Lj —mi;) (3.22)
TOx livd; Az Az;i1 '
t+AL t+At t ¢
am Dy, (mi™ —miTy) Dy, (mi; —mi_y ;)

D,— = 2 + (1 — 2 3.23
T - n—t (3.23)
om yi,H%( fj;-ﬁ - mg;m) Dy”+l( §,j+1 m;f,g)

D, 7 =y - (3.24)
f)y i,J+5 ij+% ij+l

t+At N t ¢
om Dy”_l (mz] - mz‘,j—l) Dyij_; (mg; —mi ;1)
D,— = f—— +(1—-f)——2 (3.25)
Yoy lig-1 Ayji Ayjia
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Figure 3.1: Control volume of an interior node.

where Ax; 1 and Ay, 1 are the discretizations along the x and y axes, respectively. To obtain
the discretization equation or finite difference equation for the interior grid point (i, j), a finite
difference approximation of the first-order time derivative of Eq. (3.8) is needed. A forward
difference approximation is adopted here. Considering an explicit finite difference scheme, the
discretization equation for an interior node (4, 7) can be expressed in closed-form (Majumdar
[136]) as:

t+At ¢ t t

t t t t t t t
M5 = Cig1,jMiga,j T Cio1 M1 T Cija My T G My g + G My (3.26)

At ch.+1 .
t _ i+ 5,7
Cit1 = TApZ . 12 (3.27)
i+
At Dt
R (3.28)
=15 2 .
AxH%
AtD],
t ii+3
Cijr1 = A2 (3.29)
i,j+1 2
ij+%
At D!
,)— 2 .
Ayﬂ%
Cg,j =1- C§+1,j - 05—1,]' - C?,j+1 - C?,j—l (3.31)

Similarly, the discretization equation for an interior node (7, ) adopting a fully implicit

66



finite difference scheme [136] can be expressed as:

t  __ t+At t+At t+At t+At t+AL, t+AL t+AE, t+At t+At t+At
mi,j_ci-l—lj z+1]+cz lj i— 1]+CZ]+1mZ]+1+CZ] lmZ] 1+ zg (332)
At DEFA!
1
A Citga
= 3 (3.33)
!
+5
At Dt+At
t+At l—g ¥
Cl 1= ———5—— 3.34
i—1,j A2 ( )
z+2
At Dt+At
1
t+AL Yiitd
Cigtl = " AT (3.35)
Y1
At Dt+At
t+At ”—5
e (3.36)
Ay?
J+3
t+AL t+AL t+At t+At t+At
Gy =l=Git; — 6l — Gl — G (3.37)

A set of similar discretization equations have to be developed for the nodes at the boundary
surfaces. All the discretization equations form a system of algebraic equations. If an explicit

scheme is used, this system of equations can be expressed as:

m' " = Afm’ + b’ (3.38)

Eq. (3.38) is solved directly to obtain the solution in the next time step. In case of an

implicit scheme, the system of equations is:

m}gc_i_At A??t t+At+bt+At (3.39)

Eq. (3.39) requires an iterative procedure. In the next section the remaining finite difference

equations for a solid and hollow rectangular section are presented.
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3.3 Finite Difference Equations

As it was mentioned in the previous section, a set of algebraic equations involving the boundary
surfaces are needed to establish the complete set of finite difference equations required to solve
the moisture diffusion problem. To obtain the finite difference equation of a boundary node (4, 7)
an integration similar to Eq. (3.20) is performed over Eq. (3.8) with the limits of integration
corresponding to the control volume surrounding the grid node. In the resulting equations,
the derivatives terms and moisture-diffusion coefficients are approximated in the same way as
in case of an interior node. However, the boundary equation (Eq. (3.9)) is also used in the
development of the final discretization equations.

The discretization equation of the boundary nodes using an explicit scheme can be set in a

general form as:

t+At ¢ ¢ t t
My 5 = Cipy jMyiq; + Gy j_

t t t t t t
i 1j 1 CijpaMi 1+ Ci 1My jq + G ym

+p§,j equil + QZ] eqml (340)
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where af 1 as’

% and s7% are coefficients whose values depend on the position

’l+lj7 1, — T

of the nodal point (4, 7) along the boundary surface for an explicit scheme. The values of these
coefficients for solid and hollow rectangular sections are presented in the next section. Similarly,

the discretization equation of boundary nodes for an implicit scheme can be expressed in a closed

form as:
b AL AL t+AL t+AL t+AL, t+At t+ AL t+At t+At t+AL
mi,j - CH—lJ i+1,5 +C’l*1] i—1,5 +CZ]+1mZ]+1 +czy 1m +C mzy
t+AL, AL t+AL, AL
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il Ay? ~
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qt+At _ ‘Si,j At Si,j (3 54)
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where a! a¥® ., .oa¥ ., a1 and s%. are coefficients related the nodal boundary point
z+1]7 i—1,70 i, g+10 i -1 "45 ,]

(,7) for an implicit scheme. The value of these coefficients rely on the grid location of the
nodal point. The values of these coefficients regarding solid and hollow rectangular sections are

presented in the next section.
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3.3.1 Solid Rectangular Section

In the case of a solid rectangular section, the boundary surface consist of four edges and four

corners. Fig. 3.2 and Fig. 3.3 depict the edges and corners of the section and the corresponding

control volumes for each boundary node, respectively.

2,541 i,5+1
N 7
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Figure 3.2: Boundary nodes in the edges of a solid rectangular section.

The values of the coefficients employed in Egs. (3.41) to (3.46) for an explicit scheme and
Egs. (3.49) to (3.54) for an implicit scheme are summarized in Table 3.1 and Table 3.2, respect-
ively.
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Table 3.1: Coefficients for a solid rectangular section using an explicit scheme.
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Figure 3.3: Boundary nodes in the corners of a solid rectangular section.

Boundary surface position agiu ais 1. aﬁfj 11 aﬁfj_l rgfj sgfj
Right-Hand Edge 0 2 1 1 2 0
Left-Hand Edge 2 0 1 1 2 0

Top Edge 1 1 0 2 0 2
Bottom Edge 1 1 2 0 0 2
Northeast Corner 0 2 0 2 2 2
Southeast Corner 0 2 2 0 2 2
Northwest Corner 2 0 0 2 2 2
Southwest Corner 2 0 2 0 2 2

Table 3.2: Coeflicients for a solid rectangular section using an implicit scheme.

3.3.2 Hollow Rectangular Section

The distinct feature of a hollow rectangular section is the presence of two separate boundary
surfaces which could be referred to as exterior and interior surfaces. Both surfaces are comprised
of four edges and four corners. The exterior surface is identical to the boundary surface of a
solid rectangular section and Fig. 3.2 and Fig. 3.3 depict the corresponding control volumes for
each boundary node in this surface. However, in the case of the internal boundary the control
volumes surrounding the corner nodes are different whereas the control volumes of the edge
nodes are similar to the external boundary but with different locations. The locations of the
internal edge and corner nodes and their corresponding control volumes are shown in Fig. 3.4

and Fig. 3.5, respectively.
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Figure 3.4: Boundary nodes in the internal edges of a hollow rectangular section.
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Figure 3.5: Boundary nodes in the internal corners of a hollow rectangular section.
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Table 3.3 and Table 3.4 show the coefficient for Egs. (3.41) to (3.46) and Egs. (3.49) to (3.54)

for an explicit and implicit scheme, respectively.

Boundary surface position aff,, af®y, ai%.; a5, r{% si%
Exterior Right-Hand Edge 0 2 1 1 2 0
Exterior Left-Hand Edge 2 0 1 1 2 0
Exterior Top Edge 1 1 0 2 0 2
Exterior Bottom Edge 1 1 2 0 0 2
Exterior Northeast Corner 0 2 0 2 2 2
Exterior Southeast Corner 0 2 2 0 2 2
Exterior Northwest Corner 2 0 0 2 2 2
Exterior Southwest Corner 2 0 2 0 2 2
Interior Right-Hand Edge 2 0 1 1 2 0
Interior Left-Hand Edge 0 2 1 1 2 0
Interior Top Edge 0 1 2 0 0 2
Interior Bottom Edge 1 1 0 2 0 2

. 4 2 4 2 2 2
Interior Northeast Corner 3 3 3 3 3 3
. 4 2 2 4 2 2
Interior Southeast Corner 3 3 3 3 3 3
. 2 4 4 2 2 2
Interior Northwest Corner 3 3 3 3 3 3
Interior Southwest Corner 2 é 2 é g 2
3 3 3 3 3 3

Table 3.3: Coefficients for a hollow rectangular section using an explicit scheme.

Boundary surface position al%, ., al® . al., al_, % s
Exterior Right-Hand Edge 0 2 1 1 2 0
Exterior Left-Hand Edge 2 0 1 1 2 0
Exterior Top Edge 1 1 0 2 0 2
Exterior Bottom Edge 1 1 2 0 0 2
Exterior Northeast Corner 0 2 0 2 2 2
Exterior Southeast Corner 0 2 2 0 2 2
Exterior Northwest Corner 2 0 0 2 2 2
Exterior Southwest Corner 2 0 2 0 2 2
Interior Right-Hand Edge 2 0 1 1 2 0
Interior Left-Hand Edge 0 2 1 1 2 0
Interior Top Edge 0 1 2 0 0 2
Interior Bottom Edge 1 1 0 2 0 2

. 4 2 4 2 2 2
Interior Northeast Corner 3 3 3 3 3 3
Interior Southeast Corner é 2 2 é 2 2
3 3 3 3 3 3

2 4 4 2 2 2

Interior Northwest Corner 3 3 3 3 3 3
. 2 4 2 4 2 2
Interior Southwest Corner 3 3 3 3 3 3

Table 3.4: Coefficients for a hollow rectangular section using an implicit scheme.
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3.4 Verification Examples

This section shows the moisture diffusion analysis of five illustrative cases. These analyses
were performed using the finite difference code OpenMoist (Melchor and Mélaga [132]) imple-
mented in Python and MATLAB as well. The first four case studies describes the moisture
diffusion analysis of two section geometries widely used in current design practice. The results
of these analyses were compared to the results obtained using the commercial finite element
software ABAQUS [137] to further validate the capabilities of the developed finite difference
code. ABAQUS solves the nonlinear finite element equations described in subsection 3.2.1. The
last analysis case describes the moisture diffusion analysis of a cross-laminated timber (CLT)

panel under a sudden change of moisture in the environment.

3.4.1 Solid Square Section under Constant Conditions

A numerical diffusion analysis was carried out by Fragiacomo [86], Schénzlin [63] and Khorsand-
nia et al. [28] to assess the moisture content distribution in a timber beam of square cross section
under cyclic environmental conditions. The diffusion process was considered isotropic. Here
the same section is analysed but under a sudden change of humidity remaining constant there-
after. The case with cyclic environmental conditions is presented in the next section. The
section geometry and properties of the wood section are summarized in Table 3.5. The surface
emissivity coefficients are constant along the perimeter whereas the diffusion coefficient varies

exponentially with the moisture content according to the model proposed by Toratti [66].

Type of input data Parameter Value
Geometry Height (cm) 8.9
Width (cm) 8.9

Surface emissivity coefficient — Right-Hand Side Boundary (cm/day)  1.1232
Left-Hand Side Boundary (cm/day) 1.1232

Top Boundary (cm/day) 1.1232
Bottom Boundary (cm/day) 1.1232

Diffusion coefficient Parameter multiplying the base 0.10368
(cm?/day)

Parameter multiplying the exponent 2.28

Table 3.5: Geometry and material property data adopted for the solid square section.

In the finite difference analysis, a implicit scheme was chosen together with 1 hour time
steps. Also, a spaced grid of 24x24 as shown in Fig. 3.6 was adopted. An initial uniformly
distributed moisture content of 0.108 corresponding to a relative humidity level of 40% was

considered in the analysis.
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Figure 3.6: Grid generated for the solid square section.

The imposed new relative humidity in the wood section is 90%. The corresponding equi-
librium moisture content was assessed based on the sorption isotherm proposed by Toratti [66]
comprising the average of the absorption and desorption curves, i.e., the sorption hysteresis of
wood was not considered. The results of the analysis are depicted in Fig. 3.7. The results are
compared with the ones obtained by the software ABAQUS. The average moisture content in
the section and the localized moisture in nodes 13 (Exterior node), 163 (Mid node) and 313
(centre node) are plotted in Fig. 3.7. From the comparison, it can be concluded that the results

are almost identical.
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Figure 3.7: Moisture content variation in the solid square section under constant
environmental conditions.
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In order to have a better overview of the changing moisture distribution over the section,
Fig. 3.8 and Fig. 3.9 are generated. From Fig. 3.8, it can be noticed that after 1 day of
exposure the section experiences a sharp change of the moisture content just along its perimeter.
However, after 40 days the moisture content has increased over the whole section but at a slower

rate at the centre of the section.
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Figure 3.8: Moisture content distribution in the solid square section after 1 day of exposure
under constant environmental conditions.
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Figure 3.9: Moisture content distribution in the solid square section after 40 days of exposure
under constant environmental conditions.
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3.4.2 Solid Square Section under Changing Conditions

The numerical analysis performed by Fragiacomo [86], Schénzlin [63] and Khorsandnia et al. [28]
considered a cyclic variation of the moisture content. The changing environmental conditions
consisted of weekly cycles of square waves with amplitudes ranging between 40% and 90% as

shown in Fig. 3.10.
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Figure 3.10: Moisture content variation in the solid square section under cyclic variations in
the environmental conditions.

The average moisture content and nodal moisture in the same monitoring nodes (nodes 13,
163 and 313) as in the previous case are plotted in Fig. 3.10. The results indicate that the
exterior node experiences higher variations than the internal nodes. From the average results,
it is observed that the moisture in the section varies cyclically and gains moisture over the time.
These same results were also obtained using ABAQUS.

To have a better idea of the moisture variation and distribution in the section, moisture
contours and surfaces after 6, 10, 43 and 38 days are generated and presented in Figs. 3.11
to 3.14. Fig. 3.11 depicts the gain of moisture in the section when subjected to the first peak
cycle variation. It can be observed that the perimeter experiences high variations of moisture
whereas the internal nodes almost remain with the same initial moisture content. In contrast,
Fig. 3.12 describes the lose of moisture just after the first wave. It can be noticed that the

whole section returns roughly to the initial moisture scenario.

7



0.22
02
0.12
0.14
10.18
0.16
0.18 lo1s
0.2
0.22 0.14
0.12
(a) Contour (b) Surface

Figure 3.11: Moisture content distribution in the solid square section after 6 days of exposure
under cyclic variations in the environmental conditions.
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Figure 3.12: Moisture content distribution in the solid square section after 10 days of
exposure under cyclic variations in the environmental conditions.

Fig. 3.13 shows the moisture distributions when the section experiences the fifth wave.
As in the first wave, the perimeter undergoes higher variations whereas the internal nodes
experiences lower rates of moisture gain. However, the variation rates in the perimeter are
smaller in comparison with the first wave. From the pictures, it can be noticed that perimeter
experiences a drop of moisture content to the levels of the initial moisture content. But in
contrast to the lose scenario after the first wave (Fig. 3.14), the whole interior area of the

section remains at moisture levels higher than the initial moisture content.
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Figure 3.13: Moisture content distribution in the solid square section after 34 days of
exposure under constant environmental conditions.
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Figure 3.14: Moisture content distribution in the solid square section after 38 days of
exposure under constant environmental conditions.

3.4.3 Hollow Square Section under Constant Conditions

The moisture diffusion inside a timber beam-colum element with hollow square section is studied
in this section. The same material properties, sorption isotherm relationship, external height
and width of the section, and initial moisture content as in the previous section are used.
However, a uniform thickness of 1.78 ¢m and an equally spaced grid of 20x20, as shown in
Fig. 3.15, was adopted. The specimen was initially in equilibrium with the surrounding air
at a relative humidity of 40%. Then the external perimeter of the section was subjected to a
sudden change in the ambient humidity level of 90%. This value was keep constant over the

whole analysis whereas the internal perimeter remained steady at a humidity level of 40%.
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Figure 3.15: Grid generated for the Hollow square section.

The nodes along the middle of the web or flange length are chosen to study the variation
of the moisture content in the section. Specifically, the nodes located at the internal and
external boundary surface (nodes 11 and 53) as well as the middle node (node 95) are selected.
The nodal moisture variations along with the average moisture in the section are depicted in

Fig. 3.16.
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Figure 3.16: Moisture content variation in the hollow square section under constant
environmental conditions.
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From these results, it can be noticed that the moisture in the section reaches equilibrium
after 18 days of exposure. Additionally, the results match perfectly the results obtained with
the software ABAQUS. Fig. 3.17 shows the moisture distribution after 1 day of exposure, where
high rate variations are experienced close to the external perimeter whereas the area close to the
internal perimeter experiences slower rates. After 40 days of the exposure to the new climatic

conditions (Fig. 3.18), a steady gradient is reached along the thickness of the section.
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Figure 3.17: Moisture content distribution in the hollow square section after 1 day of
exposure under constant environmental conditions.
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Figure 3.18: Moisture content distribution in the hollow square section after 40 days of
exposure under constant environmental conditions.
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3.4.4 Hollow Square Section under Changing Conditions

The same hollow section described in the previous case is analysed here but subjected to the
same cyclic variations of the moisture content as those described in Section 3.4.2 whereas the
environmental condition in the internal perimeter stays unchanged at constant relative humidity
of 40%. The same data used in the former model is also employed here. Similarly, the same
monitoring nodes in the mesh (nodes 11, 53 and 95) are used in this analysis to depict the

moisture variation in the section.
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Figure 3.19: Moisture content variation in the hollow square section under cyclic variations in
the environmental conditions.

The obtained results ate plotted in Fig. 3.19, it can be observed that the node in the external
boundary surface undergoes a high variation of moisture in contrast to the interior and mid
nodes. Besides, the average moisture over the section shows that the there is a negligible gain
of moisture content over time. The results are identical to those obtained with the ABAQUS
software.

Fig. 3.20 and Fig. 3.21 presents the moisture distribution in the first wave and just after the
first wave, respectively. It is noticed that the external boundary experiences larger variation
rates under the first wave. After the ambient load is removed, a losing scenario of moisture
is generated leading the section to moisture levels roughly similar to the initial equilibrium

scenario.
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Figure 3.20: Moisture content distribution in the hollow square section after 6 days of
exposure under cyclic variations in the environmental conditions.
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Figure 3.21: Moisture content distribution in the hollow square section after 10 days of
exposure under cyclic variations in the environmental conditions.

Fig. 3.22 and Fig. 3.23 show the moisture distribution over the section under and just
after the fifth wave. They describe almost the same variation observed in the first wave. In
comparison with the solid square section under the same ambient load conditions (Section 3.4.2),
the hollow section has a marginal gain of moisture after being subject to various moisture waves.
This is due to the geometry of the section. The thickness of the web and flange does not allow

a steady moisture gradient in these lengths.
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Figure 3.22: Moisture content distribution in the hollow square section after 34 days of
exposure under constant environmental conditions.
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Figure 3.23: Moisture content distribution in the hollow square section after 38 days of
exposure under constant environmental conditions.

3.4.5 Cross-Laminated Timber Panel

A transient moisture diffusion analysis of a CLT panel is performed as an illustration of insu-
lated boundary conditions. This simulation is based on the numerical and experimental test
performed by Nguyen et al. [17]. In the setup of this test, two opposite boundary surfaces of the
CLT specimens were insulated. Generally, when the moisture distribution in CLT panels needs
to be assessed, a three-dimensional moisture diffusion analysis should be performed to consider
all the complexity involved. However, in this analysis case due to the CLT dimensions and test

setup, it can be assumed that the main moisture diffusion process is perpendicular to the panel
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surface. Therefore, the complexity of the model can be reduced to a one-dimensional problem.
To perform this type of analysis, insulated boundary conditions are set in the two insulated
boundary surfaces. The dimensions and material properties of the CLT specimen analysed can
be found in Nguyen et al. [17]. These parameter values are summarized in Table 3.6. From
the laboratory results, it was concluded that the moisture diffusion coefficients vary according
to different ranges of relative humidity levels. In regard to the non-insulated boundary con-
ditions, convective boundary conditions are considered in this analysis using the same surface
emissivity coefficients of the previous examples. A mesh size of 12 elements in the direction of
the diffusion process and 2 elements in the perpendicular direction are adopted. The mesh is

shown in Fig. 3.24.
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Figure 3.24: Mesh of the CLT panel.
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Type of input data Parameter Value

Geometry Height (cm) 60.9
Width (cm) 17.1
Surface emissivity coeffi- Right-Hand Side Boundary (cm/day)  1.1232
cient
Left-Hand Side Boundary (cm/day) 1.1232
Top Boundary (cm/day) 0.0
Bottom Boundary (cm/day) 0.0
Diffusion coefficient Relative humidity 50 % - 70 % 0.110
(cm?/day)
Relative humidity 70 % - 90 % 0.217
(cm?/day)

Table 3.6: Geometry and material property data of the CLT panel.

An initial moisture content of 0.106 was considered for the CLT specimen. This initial
value corresponds to an initial relative humidity of 50%. Then, the environmental conditions
surrounding the specimen are suddenly changed to a relative humidity level of almost 80%.
The equilibrium moisture content related to this relative humidity value is 0.161 (Nguyen et al.
[17]).

To have an overview of the moisture diffusion process inside the element, the transient nodal
moisture contents related to the boundary node (node 2), and the interior nodes located at the
mid point (node 11) and center point (node 20), shown in Fig. 3.24, are plotted in Fig. 3.25.
From the results, it is observed that the exterior node experiences the highest rate variation of

moisture content, whereas the centre node does not show a meaningful moisture variation.

T T T T T L T 100
0.155 4190
0.15
B I el 180
0 —
< 0.145 170 8
° N
O 014 -'?
o 1% =3
3 0.135 | 1S
k] 150 3
2 013 °
) 140 ;
D 0.125 ©
E - 30 3
o ; (14
> 0.12 Average OpenMoist
< Exterior Node OpenMoist | | 5q
0.115 == Mid Node OpenMoist
Center Node OpenMoist | 4¢
0.1 / — — —Relative Humidity

- 0
0 100 200 300 400 500 600 700 800 900 1000

Time (hours)

Figure 3.25: Moisture content variation in the CLT panel under a constant variation in the
environmental conditions.
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Figure 3.26: Moisture content contour distribution in the CLT panel under constant
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To gain a comprehensive understanding of the moisture distribution in the CLT panel,
Fig. 3.26 and Fig. 3.27 are generated. From these plots, it can be noticed that the moisture
variation in the panel is abrupt after 1 day having a moisture gradient concentration along the
perimeter. However after 28 days, the moisture gradient variation over the panel smoothens.
The moisture contours shown in Fig. 3.26 have a good agreement with the contours plotted by
Nguyen et al. [17].
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Figure 3.27: Moisture content surface distribution in the CLT panel under constant
environmental conditions.
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3.5 Concluding Remarks
From the finite difference equations derived and results obtained, it can be highlighted that:

e The derived discretization equations includes moisture-dependent diffusion and surface
emissivity coefficients resulting in a series of algebraic nonlinear equations. Solving these
equations for the transient non-linear moisture diffusion analysis cases presented in this
chapter produced results which are almost identical to the results obtained with the

software ABAQUS which performed a nonlinear finite element analysis.

e From the results of timber elements subjected to single humidity steps, it can be observed
that in the case of the hollow section the equilibrium is almost reached long before the
exposed time period. On the other hand, in the case of the solid section a longer period
of the humidity load is needed to reach equilibrium in the section. This can be explained
as a consequence of the moisture penetration depth which in the case of solid sections is

longer.

e When the sections are exposed to cyclic humidity loads, it can be noticed that the solid
section after experiencing a number of cycles gains higher moisture levels than its initial
moisture distribution. In contrast, the hollow section returns to moisture levels close
to its initial distribution. This result is also an implication of the moisture penetration

depth.

e The assessment of the moisture spatial and temporal distributions allows the generation

of the input data required in the evaluation of the rheological constitutive model.
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Chapter 4

Nonlinear Modelling of Timber

Beam-Column Elements

This chapter focuses on the modelling of the short- and long-term response of unidimensional
beam-column (BC) elements with geometric and material non-linearity. First, the finite element
(FE) formulation of different two-node BC elements adopted is described. These formulations
are derived within a corotational framework restricted to a two dimensional space. This is
followed by a description of material constitutive laws used to describe the short- and long-
term behaviour of wood under monotonic loading. In the context of material non-linearity,
the stress-strain relationships describing the short-term behaviour are considered. Similarly,
the rheological behaviour of timber can be categorized as material non-linearity because the
strain-stress laws describing the aging or hygroscopic effects have to be set in a rate form to
comply with the fundamental laws of thermodynamics [Bazant [138]]. Finally, the linearized
equations to be solved are presented and then a series of short- and long-term analysis involving

small or large displacements were performed to validate the numerical framework.

4.1 Beam-—Column Finite Element Formulation

Fibre BC elements have been widely used over the last decade to assess the ultimate load ca-
pacity of structural components comprising building and bridges under monotonic, cyclic and
dynamic loading scenarios. The popularity of these elements springs form their low computa-
tional cost in comparison with 2D/3D continuum elements despite their comparable accuracy
in the case of modelling beam and column structural components. Generally, the plane sec-

tion hypothesis encompassing the Euler-Bernoulli and Timoshenko beam theories are the most
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common kinematic assumption adopted. Regarding Euler-Bernoulli theory, displacement-based
formulations were among the earliest developments, assuming polynomial shape function to
approximate the field displacements inside the elements (Kang and Scordelis [139], Hellesland
and Scordelis [140], Scordelis [141]). However, due to the shortcomings of displacement-based
formulations requiring large mesh refinements to represent complex inelastic deformations, al-
ternative formulations were developed. Force-based and mixed formulations were developed
as an alternative based on the principle of virtual forces and mixed variational principles, re-
spectively (Spacone et al. [142], Neuenhofer and Filippou [143], Spacone et al. [144], Petrangeli
and Ciampi [145], Alemdar and White [146]). Lastly, enhanced formulations of the tradi-
tional displacement-based approaches have been proposed to overcome the weak enforcement
of equilibrium (Koutromanos and Bowers [147], Tarquini et al. [148]). All these fiber element
formulations based on the Euler-Bernoulli theory are capable of capturing the axial-flexure
coupling effects of flexure-dominant members.

When non-negligible transverse shear deformations are expected in BC members, the Timoshenko
beam theory which considers a constant shear strain distribution over the cross section can
be adopted. It is worthwhile to mention that higher-order theories to describe the section
kinematics including warping and distortion can also be considered to obtain more accurate
shear strain distributions, however, they are beyond the scope of this work. Timoshenko fibre
BC element formulations also comprise displacement-based, forced-based and mixed-based ap-
proaches. With regard to forced-based and mixed formulations, different elements have been
proposed considering axial-flexure-shear interactions (Ranzo and Petrangeli [149], Taylor et al.
[150], Filippou and Saritas [151], Marini and Spacone [152], Saritas and Filippou [153], Jafari
et al. [154], Feng et al. [155], Feng and Ren [156], Feng et al. [157]). One common feature
of these formulations is that they do not experience shear locking problems in contrast to
displacement-based formulations. However, several alternatives to avoid this numerical issue
can be found in the literature. Well-known techniques such as reduced integration if independ-
ent polynomial interpolations of equal order for the transverse displacement and rotation fields
are used (Ferreira et al., [158], Hughes et al., [159]), modification of the shear-strain energy
(Guedes et al., [160], Donea and Lamain, [161]) and the use of consistent interpolation func-
tions (Reddy, [162]) are among these alternatives. Further developments include the use of
material-dependent interpolation functions based on the exact solutions of the homogeneous
differential equations defining the equilibrium of a Timoshenko beam (Kotronis and Mazars
[163], Stramandinoli and La Rovere [164], Li et al. [165]). An alternative approach to overcome

the shear locking issue in displacement-based Timoshenko fibre frame elements is the addition
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of bubble terms to the interpolation functions of transverse displacements and rotations (Ceresa
et al. [166], Khalid [167], Jukié et al. [168], Caillerie et al. [169], Li et al. [170], Feng et al. [171],
Liu et al. [172]). Assuming the FE approximation of the displacement or rotation field in the

element is u (), this approach can be expressed as:

u(e) = Y usdi(a) + Y a;(0) (4.1

where the parameters u; in the first term of the equation represent the nodal values of the ap-
proximate field, whereas the parameters a; in the second term are nodeless parameters without
physical meaning. Meanwhile, ¢; and 1); are interpolation functions.

Similar to the displacement-based Euler-Bernoulli fibre frame elements, displacement-based
Timoshenko fibre frame elements only satisfy the equilibrium in an average sense due to the
weak-form formulation employed in these elements. As a result, Feng and Wu [173] developed
an improved formulation of the displacement-based Timoshenko frame element to enforce equi-
librium.

From the literature review presented in section 2.2 and section 2.3, force-based and displacement-
based Euler-Bernoulli frame elements were employed in most cases. Only in one of these studies
(Tao et al. [58]), a displacement-based Timoshenko BC element was adopted with linear inde-
pendent shape functions and a reduced integration scheme. Despite the well-known robustness
of force-based formulations, the element state determination of these formulations can result
in cumbersome iterative algorithms that not always guarantee convergence. Moreover, even if
non-iterative schemes are used, there is no certainty that the residuals of the global equilibrium
and weak compatibility conditions will be satisfied simultaneously [Koutromanos and Bowers
[147]]. Therefore, displacement-based formulations are adopted in this thesis in light of their
casier element state determination. With the aim of capturing the nonlinear response of tim-
ber BC members with different slenderness ratios and cross-sections, Timoshenko fiber BC FE
formulations without shear locking are also adopted in this work. It should be mentioned that
shear locking problems could arise specially in the case of post-tensioned timber members as
the shear forces and deformations in the elements can be drastically reduced due to the lift
effect provided by the post-tensioning system (Lyu et al. [174]). More specifically, the FE for-
mulation adopted by Feng et al. [171] and its enhanced version developed by Feng and Wu [173]
arc considered in the fibre-based FE analysis framework implemented in this work. Besides,
the traditional Euler-Bernoulli fibre BC formulation and its enhanced version are also included

in this analysis framework. A schematic description of the implemented FE framework and BC
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elements comprising it are shown in Appendix A.

4.1.1 Virtual Work Equation

The conventional consistent corotational approach which assumes large displacements in con-
junction with small-strain theory is adopted to describe the nonlinear geometric effects in BC
elements (De Borst et al. [175]). In this approach, the large displacements undergone by the
element can be separated in rigid and stretching displacements. For that reason, the element
deformations are assessed through a basic reference system, which is an auxiliary isostatic con-
figuration that does not allow rigid motions, attached to a continuously rotating configuration
in which the material nonlinearities can be isolated. Meanwhile, the large displacements are
related to the rigid motion undergone by the attached rotating frame described in a global ref-
erence system. Fig. 4.1 shows the global, local and basic reference system used in transforming
the element displacement and force vectors, and stiffness matrices from one system to another.
In contrast, the reference configuration in the updated and total Lagrangian approaches are
related to the last calculated or initial undeformed configurations, respectively [Yang and Kuo

[176], McGuire et al. [177]].

Figure 4.1: Reference systems of the beam-column element.

The transformation relation between the virtual nodal displacements of the element in the

global reference system d U, and the basic one 6 U, can be expressed as:

SU,=TU, (4.2)

where T is the global to basic transformation matrix which depends on the number of degrees of

freedom adopted. In the case of displacement-based Timoshenko fibre elements, the generalized
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displacement field is approximated as follows:

v(x)| = N(@) U (4.3)

where u(x), v(z) and 6(z) are the axial and transversal displacements of the centroidal axis, and
the section rotation, respectively; and N (z) is the matrix array containing the interpolation
functions. When Euler-Bernoulli fibre elements are considered, the section rotation is discarded
from Eq. (4.3) as it can be evaluated from the transversal displacement field.

In the case of BC elements is convenient to describe the undergone strain deformations in
terms of section deformations in an array called generalized strain vector, €. If a Timoshenko
element is employed, the section deformations can be calculated from the generalized displace-

ment field as follows:

- 7 [ OJu(x i
fo(7) 8(x)
= |r(z)| = 82;) (4.4)
. dvu(x)
_v( )_ - —Q(x)_

where £¢ (x), k (x), and v (z) are the longitudinal extension, curvature and shear deformation
of the section, respectively. In case of Euler-Bernoulli fibre elements, the shear deformations
are zero as the section rotation is perpendicular to the longitudinal axis.

An important relationship derived from Eq. (4.3) and Eq. (4.4) is the linear relation between

the generalized strain vector and the basic nodal displacement vector, U, described by:

é=BU, (4.5)

where B is known as the compatibility or strain-displacement matrix and its terms and size
depend on the type of displacement-based FE formulation employed. It should be noted that
this linear relationship reflects the small strain theory assumed in the basic reference system.
An alternative formulation of the equilibrium state of a BC element in its deformed con-
figuration can be derived following the standard principle of virtual work in terms of virtual
displacements (Bathe [178]). Adopting the derivation presented by De Borst et al. [175], the
internal work in the element after a linearization of the virtual work equations can be stated

as:
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T _
(fU B" 6dz AU,

+o6UT / T" B 6 dz (4.6)
l

SWins = U / T"B' Dy BT dz AU, +6U” /
l l

where AU, is the incremental nodal displacement vector, D7 is the section tangent stiffness
matrix, & is the generalized stress vector containing the stress resultants, and [ is the length of

the BC element.

4.1.2 Derivation of the Global Force and Tangent Stiffness at the

Element Level

The assessment of the element internal force vector and tangent stiffness matrix in the global
reference system is an important step in the assemblage of the linearized nonlinear equations at
the structural level. A midpoint method is applied to perform the numerical integration along
the fibre-based sections of the element. In the case of the internal force vector, the generalized
stress vector (also denominated section force vector) needs to be evaluated previously. Consid-
ering that the axial-bending and shear response are decoupled at the section level, the section

force vector for a Timoshenko fibre element can be obtained as:

6 ()= |M)| = |- 0k Aru (4.7)
ow| | ew

where N, @), and M are the stress resultants: the section axial force, shear force and bending
moment, respectively; and oy, A, and y are the stress, area and position with respect to the
centroidal axis of the k-th fibre, respectively. In this case, the shear force is obtained separately
from a phenomenological constitutive law dependent on the shear deformation, 7. Regarding
the Euler—Bernoulli fibre elements, the shear force is not assessed at the section level. Instead,
the shear force is evaluated at the element level from the nodal internal forces.

Similarly, the element tangent stiffness matrix depends on the evaluation of the section

tangent stiffness matrix. If uncoupled axial-flexure-shear behaviour is considered, the section
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stiffness matrix of a Timoshenko element is evaluated as follows:

Y E Ay =) By Ay 0
Dr= |- E.Avyr Y ErAry; 0 (4.8)
0Q(v)
0 0 —_—
L v |

where Ej, is the tangent modulus of the k-th fibre and 0Q(7)/0v represents the shear tangent
stiffness assessed from the derivative of the shear constitutive law. For Euler—Bernoulli elements,
the assessment of the shear stiffness term in Eq. (4.8) is not considered.

It is worth mentioning that the integrals comprising the right-hand side of the internal
virtual work equation Eq. (4.6) represent the stiffness matrices and force vector of the BC
element. Specifically, the first term represents the element material stiffness matrix, K ;| the
second term the element geometric stiffness matrix, K7y, and the last term the element internal
force vector, F%, ,. It should be mentioned that all these matrix arrays refers to the global

coordinate system and the tangent stiffness matrix is the sum of the material and geometric

e

stiffness matrices. On the other hand, these matrix arrays are denoted as K|, , K Z, and F

respectively, in a basic reference system . The evaluation of these integrals to determine the
previous matrix arrays is carried out by employing the fibre-based approach in conjunction
with a Gauss-Legendre integration scheme along the element length to include the section
stress variations and distributed inelasticity within the element.

In what follows, the general method described by Khalid [167] to obtain the global internal
force vector and tangent stiffness matrix, including the case with bubble or nodeless degrees of
freedom, is adopted.

For convenience, the transformation matrix in Eq. (4.2) can be rewritten as follows:

Ty T,
T=|" "' (4.9)
Tab Taa

where T, and T, represents the transformation of the mesh node and nodeless degrees of
freedom, while T, and T, are zero rectangular matrices. Similarly, the element material
stiffness matrix and internal force vector in the basic reference system as well as the element

geometric stiffness matrix in the global reference system, are rewritten as:

—. | K, K,
Ko = | T (4.10)
mab Kmaa
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FS

Fi,. = Fim"” (4.11)
int qa
e K;bb K;ba
K; = ’ ’ (4.12)
Kgab Kgaa

Finally, the global internal force vector and tangent stiffness matrix are assessed as follows:

T F;
int — bie o (413)
F

int qa

F¢

T g€ e T g€
K¢ — Tbb Kn_"bbb Tbb+Kgbb Tbb_Kmba (414)
K,  Thy K,

If using only interpolation functions associated with nodal values, based on the previous
equations, the internal force vector and tangent stiffness matrix in a global coordinate system

are evaluated as:

F¢ =T"F;, (4.15)

n

K'=T"K, T+K; (4.16)

4.1.3 Euler-Bernoulli Beam-Column Element

This two-node element is the simplest and most well-known BC formulation. The nodal dis-
placement vector comprises three degrees of freedom per node, two translations and one rota-

tion, in the global reference system:

T
Ue:[Ul Vi O Uy V O (4.17)

In contrast, the nodal displacement vector in a basic reference system consists of three

degrees of freedom in total:

_ . qT
Ue - [Ul @1 @2] (418)
The traditional interpolation functions consist of linear and Hermitian cubic polynomials

to approximate the axial and transverse displacement field, respectively. The adoption of Her-
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mitian interpolation functions allows continuity in the transverse displacements and rotations

over the entire element and between elements. The interpolation functions can be summarized

as follow:
1—-— 0 0 — 0 0
N, = l . , (4.19)
¢ 0 ) 322 N 213 212 N 3 0 32 223 x? N x3
_— — R I‘ —_— — JE— e — —_—— JE—
2 3 [ 2 2 3 l 2

From the previous interpolation functions, the strain-displacement matrix in a basic refer-

ence system can be evaluated as:

1
B 7 0 0
B-= I (4.20)
I 12 I 12
The transformation matrix from global to basic coordinates can be assessed as:

[ cos(a) —sin(a) 0 cos(a) sin(w) 0]

T — SlIll(Oé) Cosl(a) sml(a) _cosl(a) 0 (4.21)
sin(a)  cos(a) sin(a)  cos(a)
o e B B

Despite of evaluating the integrals in Eq. (4.6) by numerical integration, a set of closed-form
expressions of the material and geometric stiffness matrices can be obtained in a local reference
system as a preliminary validation of the adopted numerical integration scheme. Each fibre
stress and tangent modulus variations are assumed constant along the element. With the aim
of building closed-form expressions, the terms of the section stiffness matrix are rewritten as

follows:

Y Ep Ay —> B Ak yi
DT= =
- Y Ey Aryr Y. Ep Avy;

DT11 DT12

(4.22)

DT12 DT22

By adopting the previous notation and carrying out the integrations, the tangent stiffness

matrix can be evaluated in terms of its material and geometric matrices with reference to the
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local coordinate system as:

DTH 0 DT12 DTu 0 N DT12
l l l l
0 12Dy, 6Dr,, 0 12Dp,, 6Drp,,
E 2 NE E
DT12 6DT22 4DT22 N DT12 N 6DT22 2DT22
A l [? l l 12 l
K -
DT11 0 DT12 DT11 0 DT12
l l l l
0 12DT22 GDT22 0 12DT22 GDT22
B 2 I3 12
. DT12 6DT22 2DT22 DT12 . 6DT22 4DT22
L 2 [ [ 2 [
0 Q 0 0 —Q 0
l [
Q@ N Q@ N
| A )
[ l l l
o 0o 0 0 0 0
K, =
0 —Q 0 O Q 0
l l
Q N Q N
—< 9 £ g
l l l l
0 0 0 0 0 o0

(4.23)

(4.24)

Similarly, under the same previous assumption, the internal force vector can be calculated

(in a local reference system) through:

el

int —

— > ok Ay ]
0

> ok Akyk

> ok Ay
0

|~ Z g kAkyk_

(4.25)

4.1.4 Euler-Bernoulli Beam-Column Element with Enhanced-Strain

Formulation

Despite of the simplicity of traditional Euler-Bernoulli BC formulations that facilities the as-

sessment of internal force and tangent stiffness at the element level, a drawback concerning these

elements is the weak satisfaction of equilibrium. In a nonlinear analysis, this feature could lead
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to the need for extensively reduced element sizes to obtain accurate results (Calabrese et al.
[179]). This can also be reflected in the difference between the section stress resultants and the
internal basic forces (Pugh et al. [180], Almeida et al. [181]). The Euler-Bernoulli BC element
proposed by Koutromanos and Bowers [147] can overcome these equilibrium-related issues by
adopting a enhanced-strain formulation in the axial strain field and carrying out a modified
integration rule. This formulation which does not consider distributed axial and transverse
loads is describe bellow.

As mentioned before, the standard strain in displacement-based elements calculated in
Eq. (4.5) is enhanced by adding a strain enhancement, €. As a result, the strain field is

evaluated as:

=B |0, +¢ (4.26)

E=¢c ! (4.27)

where e is constant parameter determined iteratively at the element level. A requirement of
the strain enhancement is that it should be orthogonal to the stress vector. This condition is

satisfied through the following expression:

N
/ gl dr =0 (4.28)
! M

Before introducing the modified integration rule, a set of notations for the section force
vector and section stiffness matrix are adopted to represent the value of these at the left and

right end sections, they are:

Nloe

& oo = =0 (4.29)
_Mlzzo
Nloe

ot = o=t (4.30)
_Mlx:l
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DT11 |96=0 DT12|1‘=0 .
Drlo—o = (4.31)
DT12 |x:0 DT22 |:c=0

DT11|1‘=l DT12|I=1 .
Drlom = (4.32)
DT12 |50=l DT22 |x=l

As stated before, a modified integration rule is adopted to assess the internal force vector
and material stiffness matrix associated to the basic reference system. This modification is
performed by introducing a linear interpolation to approximate the generalized stress vector
using the resultant stresses at both end sections. This approximation assumes the following

form:

o~ (1- ?) &|ao + (%) & oy (4.33)

The adoption of the previous approximation yields the following expressions to assess the

basic internal force and basic material tangent stiffness matrix:

_ _ Noe Nloe
o= /BT (1- %) o] (%) =t | gy (4.34)
l Mlx:O M|x:l
|2
K, = [B"| (1= 7) Drleco | Blo+ | T|| B.
L l 0 x=0
2x
x _ 1——
+ (7) Dolot | Bloci + l B. ] dz (4.35)
0 x=l

where

B.= B, B., B.,

DT11 |I=l - DT11 |27=0

B, =
' [ (DTll |$:0 + DT11 |x:l)
4.36
B — 4:‘DTlZ|33:O + 2 DT12|IL‘=l ( )
° ! (DTll |$:0 + DT11 |.’L‘=l)
Be3 = 2DT12|9”:0 + 4DT12|x=l

! (DT11|96=0 + DT11|x=l)

101



A robust iterative process is performed to assess the element state determination. In this
process, convergence is achieved when the axial force at both end sections of the BC element are
almost equal. If this is not the case, an update of the parameter e is performed. By considering

the current iteration as ¢, the following expression is employed:

. N|x:0,e:ei - N|x:l,e=ei
DTll |1':07 e=e; + DT11 |z=l,e:ei

(4.37)

€i+1 = €

The geometric tangent stiffens matrix of the element, can be evaluated using the same

stiffness matrix used for the Traditional Euler-Bernoulli BC element shown in Eq. (4.24).

4.1.5 Timoshenko Beam-Column Element

Timoshenko beam theory, which is a first-order shear deformation theory, assumes a linear
warping and a constant distortion to describe the section kinematics. In contrast to Fuler-
Bernoulli beam theory, Timoshenko theory does not enforce the normality assumption. As
mentioned in section 4.1, a common numerical issue of displacement-based BC formulations is
the proneness to shear locking. An alternative to overcome this issue is the adoption of BC
formulations including nodeless or bubble degrees of freedom. In this section the methodology
described by Feng et al. [171] for a locking-free Timoshenko fiber BC element based on the
enhanced interpolations developed by Ehrlich and Armero [182] is adopted. However, the
axial-bending and shear behaviour are considered to be decoupled.

The element consist of two nodes comprising three degrees of freedom per node and one
nodeless or bubble rotation, O3, at the middle of the element in a global reference system. The

nodal displacement vector is:

U=, i & Ih ¥ 6, @3]T (4.38)
In a basic coordinate system, the degrees of freedom are:
_ T

U.-|0, 6 6, 6 (4.39)

The shape functions of the element involves mixed interpolations of the transverse and

rotations fields. The use of these interpolations allows the description of a constant shear

strain distribution and linear distribution of the curvature deformation. These interpolations
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are defined as:

_1_§ 0 o 7o 0 0 ]
vl D e 0 EE 6|
oo 1= 00 - 4%(1-%) |

Based on the previous interpolation functions, the strain-displacement matrix in terms of

the basic coordinate system can be obtained as:

7 0 0 0
_ 1 1 4-8
B=|0 -3 ; —3 (4.41)
1 1 2
Y 3 7 T3
And the transformation matrix from global to basic reference system is given by:
—cos(a) —sin(a) 0 cos(a) sin(a) 0 0
sml(oz) cosl(oz) ) sinl(a) _cosl(oz) 00
T = . (4.42)
sin(a)  cos() sin(a)  cos(a)
— 0 — 10
l l l l
0 0 0 0 0 0 1

As in the case of the traditional Euler-Bernoulli element, a set closed-form expressions can
be developed to verify the numerical integrations. For convenience, the section stiffness matrix

terms are rewritten as:

> EeAe =X EiAvye 0 Dr,, Dr, 0
D= |- E Avye B Avyp 0 — |Dy,, Dp,, O (4.43)
8 ~
0 0 Q0) 0 0 D,
i O

Following the same assumption adopted in subsection 4.1.3, the expressions for the tangent
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material and geometric stiffness matrix are given by:

[ DT11 DT12 DT11 DT12
l 0 l l 0 l 0
0 DT33 DTSS 0 _ DT33 DT33 2-DT33
[ 2 l 2 3
DT12 DT33 lDT33 DT22 _DT12 _DT33 lDT33 . DT22 ZDT33
[ 2 4 [ l 2 4 [ 3
~_€ DT11 DT12 DTll DT12
K, =|"7 0 ; ; 0 7 0
0 _ DT33 _ DT33 0 DT33 _ DT33 _ 2DT33
l 2 l 2 3
_ DT12 DT33 ZDT33 _ DT22 DT12 _ DT33 lDng DT22 ZDT33
l 2 4 l l 2 4 l 3
. 2Dry Dy, . _2Dr, Dy, 16Dz, | 4Dr,
3 3 3 3 3l 9
0 Q 0 O —Q 00
l )
N N
@ Ny @ Ny
[ l l )
0 0O 0 O 0 00
~ e Q Q
=10 — 0 0 — 0 0
K, l [
N N
@ Ny e N g
l l l l
0 0O 0 O 0O 00
0 0O 0 O 0 00

(4.44)

(4.45)

In the same way, under the same assumption made in subsection 4.1.3, the internal force

vector in the local coordinate system can be evaluated as:

- Zo'kAk

—Q(v)

F? = ZUkAk

Q(Y)

2Q(7)1

3
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4.1.6 Timoshenko Beam-Column Element with Enhanced-Strain For-

mulation

As stated in subsection 4.1.4, displacement-based BC formulations only satisfy the equilibrium
weakly or in average sense leading to the use of fine FE meshes. For this reason, Feng and Wu
[173] extended the enhanced-strain formulation proposed by Koutromanos and Bowers [147] for
Euler-Bernoulli fiber BC elements to the Timoshenko fibre BC formulation developed by Feng
ct al. [171] described in the previous section.

In this case, a strain enhancement, &, is added to the standard strain in Eq. (4.5). Hence,

the final strain field is evaluated as:

B +é (4.47)

(O
I

where B is given by Eq. (4.41). The proposed strain enhancement for the Timoshenko element

is expressed as:

E=c¢ 0 (4.48)

where e is the parameter that determines the element state determination. Similarly, the
stress vector of the Timoshenko element should be orthogonal to the strain enhancement. This

requirement can be expressed as:

/éT M| dz=0 (4.49)
l
Q

The section force vector and section stiffness matrix at the end sections following the next

notation are:

O|z=0 = Ml:c—() (450)
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N|z:l
6 lomt = | Moy (4.51)
Q

DTu |:c=0 DT12|I=0 0

DTlx:O = DT12|:C=0 DT22|1‘=0 0 (452)
0 0 Dty le=0
DT11 |x=l DT12 |x=l 0
Drle—i = | Drylo=t Dryyle=i 0 (4.53)
0 0 Dyl a=t

Similarly, the material stiffness matrix and internal force vector in the basic coordinate
system are evaluated using a modified integration scheme. In this integration, the generalized
stress vector is assessed by interpolating linearly the force values at the end sections. The same

expression in Eq. (4.33) can be used for this case. As a result, the following expressions are

obtained:
le:O N|x—l
—c — T T i

Q Q

2r

—

—e =T = !

Km=/B [(1__) DT|1‘:0 B|LE=0+ 0 Be
z ! »
0 =
2=
T B l
+ (7) Dle:l B|x:l + 0 B, ] dz (455)
=l
0

106



In which

B.-|B., B., B., B.)]

B — DTlllle - DT11|:L‘=O
o l(DT11|I=0 +DT11|x:l)
B.. = Driglo—0 = Dryg |a=—
° ! (DTll |$:0 + DT11 |x:l) (456)
B — DT12 |$:l - DT12 |z=0
o l(‘DT11|$:O + DT11|x:l)
B =-4 DT12|x:l + Dlelxzo
o l(DT11|z:0 + DT11|1‘=Z)

Similar to subsection 4.1.4, an iterative process has to be performed to assess the parameter
e. Eq. (4.37) is used to update the value of the parameter. With regard to the assessment of

the geometric stiffness matrix of the element, the matrix array in Eq. (4.45) can be used.

4.2 Material Constitutive Laws

In the assessment of the short-term response of timber BC elements, the uniaxial bilinear stress-
strain relationship proposed by Bazan [183] and further improved by Buchanan [184] has been
widely used (Schober et al. [185], Blank and Frangi [186] and Cao and Sebastian [187]). This
model includes a linear softening branch for compression and a brittle response in tension.
Other phenomenological relationships such as cubic (Lam and Oh [188]), quartic (Cao and
Sebastian [187]), power law (Tomasi et al. [189]), and rational (Ehrhart et al. [190]) expressions
have also been used to describe the compressive behaviour parallel to the grain. In this section,
the rational algebraic expression proposed by Glos [191] is adopted following previous works
(see section 2.2).

On the other hand, the long-term response of timber BC elements has been assessed by a
wide variety of uniaxial rheological models as described in section 2.3. Among models incor-
porating the hygroscopic and mechano-sorptive creep behavior of wood, the model proposed

by Toratti [66] is adopted herein as it is a well-know constitutive model.
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4.2.1 Inelastic Model

The stress-strain relationship proposed by Glos [191] to describe the short-term compressive

behaviour of wood is shown in Fig. 4.2. The expressions describing this relationship are:

o (e,) = — ke for —ee, <e. <0 (4.57)
Qo + (3. + el
o = Jey 0 7 for foy < fou—1 (MPa) (4.584)
(n—1)E; gln=b (1 — ﬁ)
feu
! (4.58b)
g = — )
)
1 n
= 4.58
s feu (n—1)E;e, ( c)
=St (4.584)
fcy
o
A
Fog | —--
i
l
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JE.
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Figure 4.2: Stress-strain curve for wood.

where feu, €0, fey, €cw and Ey are the compressive strength, strain at maximum strength,
residual strength, residual strain, and initial elastic modulus of the timber material, respectively.
Parameters ag and n are used to set up the slope at maximum strength, and the shape of the

curve.
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Regarding the short-term behaviour under tension, a linear-elastic relationship followed by
a linear softening is considered to describe a quasi-brittle response. From Fig. 4.2, f;, is the
tensile strength attained at tensile strain 4, and &4, is the ultimate strain.

After reaching the peak strength of the material, a softening stress-strain law is adopted in
the stress-strain curve to describe the complex fracture process in the failure region. In order
to avoid localization issues and consequently spurious mesh dependency in the assessment of
global responses at the peak load and post-peak regime (Bazant et al. [192], Jirdsek and Bauer
[193]), a material parameter defined as the fracture energy is introduced to represent coherently
the dissipated energy involved in the fracture process by means of a smeared equivalent response
(Blank and Frangi [186], Blank et al. [194]). Other types of localization limiters, also called
regularization techniques, can be reviewed in Jirasek and Bazant [195]).

Furthermore, a damage model with no plastic strains for unloading and reloading conditions
is considered for the timber material as also assumed by previous researches like Khorsandnia

et al. [55].

4.2.2 Rheological Model

The rheological constitutive relation based on the model developed by Toratti [66] and Svensson
and Toratti [68] consists of several elements arranged in series comprising different deformation
mechanisms as shown in Fig. 4.3. This constitutive model allows to decompose the total strain,

g, in different additive terms as follows:

p
e = Eel + 5hyg + Z&,;)e 4 gmsree 4 Ems,i'rr (459)
=1

where £ is the elastic strain, ™9 the hygroexpansion strain, £'¢ the ith element of the
viscoelastic strain, €™*7 the recoverable mechano-sorptive strain, ™" the irrecoverable
mechano-sorptive strain, and p is the number of viscoelastic Kelvin elements.

The hygroscopic nature of wood induces variations in the modulus clasticity with the vari-

ation of the moisture content. As a result, the elastic strain depends on stress changes as well

as variations in Young’s modulus. This dependency can be expressed as follows:

g% = /t Jo(m(7)) d(;(:) dr +/t o(r) —d@;n(zg)) dm(T) (4.60)
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Figure 4.3: Toratti’s rheological constitutive model.

where Jy, 0, m, tg, t and 7 are the elastic compliance, total stress, moisture content, initial
time, final time and current time of analysis, respectively.

The hygroexpansion strain is assumed to be dependent on the total strain. Besides, tim-
ber shrinks and swells more under compression loads than under tension solicitations. This

deformation mechanism can be written as:

v _ / g dm(r) = / (ange — be(r)) dm(7) (4.61)

to to
where ay,, and b are material parameters determined experimentally.
The basic or normal viscoelastic strain under sustained loads and constant moisture con-
ditions is represented by an arrange of Kelvin-Voigt bodies assembled in series as depicted in

Fig. 4.3. The pure creep strains are given by:

v = /t t Toe(t, 7)) dfl(:) dr (4.62)

where J,. is the delayed component of the creep compliance J.,. defined as follows:

Jo(t,7,m) = Jo(m) + Jpe(t, 7) (4.63)

Toe(t.7) = Jo(myey) zp: Jre (1 ~cap (-t;:» (4.64)

i=1 g
where 77¢ and JP¢ are material parameters calibrated in experimental campaigns and m,..y is

the reference moisture content. Replacing Eq. (4.64) into Eq. (4.62) results in:

ve . ! ve t—7 dU(T)
% = Jo(Myef) Z t Jll—exp| — e o dr (4.65)
=1 0

7

Similarly, the recoverable mechano-sorptive strain consists of Kelvin-Voigt bodies arranged

in series. However, the dashpots in these bodies are denominated as mechano-sorptive dashpots
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as their flow rate is driven by the absolute value of the moisture increment, |dm/|. This strain

can be calculated by

t t
crore — dfuney) [ 2 (1 eap (= [laml) ) D ar (4.6)
to T

where ¢ and J'* are material parameters fitted to experimental data.

The irrecoverable mechano-sorptive strain, can be modelled by means of an irrecoverable

mechano-sorptive dashpot as follows:

t
gmsATT — / Mns irr 0(T) | M ()| dT (4.67)
to

where My, ;- and M(7) are the irrecoverable coefficient and the moisture levels exceeding the
previous threshold during the preceding load history.

In what follows, Eq. (4.60), Eq. (4.61), Eq. (4.65), Eq. (4.66) and Eq. (4.67) are solved
using the numerical integration schemes employed by Fortino et al. [14], Khorsandnia et al.
28] and Granello [196]. These integration schemes were included in the numerical framework.
Consequently, the time is discretized in several time steps, At, comprising the discrete time
instants t,, and ¢,,, related to the previous time and current time in which quantities such as
strains, stresses and the moisture content are known and unknown, respectively.

The elastic strain can be assessed by either of the following expressions:
et 1 = e + Jo(my) Ao + o, (Jo(Mmus1) — Jo(my,)) (4.68)
gil—kl = J()(Tﬂo) (O'n — O'()) + J()(mn — mo) (o)) (469)
The hygroexpansion strain can be evaluated by:

523—191 = £" + (Qhyg — ben) Am (4.70)

The ith viscoelastic strain value at the end of the time step can be calculated by either of

the following equations:

U = eV (1= AY) Ao Jo(mieg) JY A+ (1= T8) (00 Jo(mpes) Ji© — £2) (4.71)

,n
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i = L &5 + Jo(myey) Ji° (1 = T7) (00 — 00) (4.72)

where

ve T At
AV = A7 <1 e.rp< T?)e)) (4.73)

2

A
T =exp (_T“i> (4.74)

7

In similar way, the recoverable mechano-sorptive strain can be obtained by either of the

following expressions:

n

SSTEC = TS (1= A™) A Jo(mreg) T2+ (1= T™) (0 Jo(mpeg) JI° — £7%) (4.75)

ep =" e+ Jo(myey) Joo® (1 —X™) (0, — 00) (4.76)

where

ms _ T , |Am|
A" = A (1 exp( s )) (4.77)

TMS = exp (— |Am|> (4.78)

7—m5

Finally, the irrecoverable mechano-sorptive strain is given by:

EMSIT = M s i O | AM| (4.79)
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4.3 Incremental Finite Element Equations

The tangent stiffness matrices and internal force vectors of the BC elements presented in sub-
section 4.1.3, subsection 4.1.4, subsection 4.1.5 and subsection 4.1.6 are evaluated by means of
a numerical integration scheme. In order to set up the incremental equilibrium equations of the
whole structure, the stiffness matrices and force vectors from all the elements comprising the
structure must be transformed to the global coordinate system to be assembled. The resulting
incremental equations are nonlinear, therefore an incremental-iterative procedure is needed to
solve them. For a specific step of the short- or long-term analysis, the resultant linearized
system of equations can be written as (Bathe [178]):

(K, + K))AU™" = AN'"'F,; + F.,, — F)

ext int

(4.80)

where the superscript ¢ indicates the ith iteration, A\ is the increment of the load factor , K,,
and K, are the material and geometric stiffness matrices of the structure, respectively, F'¢
and F';,; are the force vectors acting on the structure due to external loads and internal stresses,
respectively, F',..s is the reference vector of the external loads, and AU is the increment of the

displacement vector. Generally, Eq. (4.80) is compacted as follows (McGuire et al. [177]):

K'AU™ = AN F,.; + R’ (4.81)

where K and R are the total tangent stiffness matrix and unbalanced force vector, respectively.
It should be noticed that the iterative load ratio can be considered as an additional unknown
in the system of equations defined in Eq. (4.81) making it underdetermined. Therefore, an
additional equation imposed by a constraint condition is required to solve the system. In this
numerical framework, the well-known load and displacement control strategy (Batoz and Dhatt
[197]) as well as the cylindrical arc-length method (de Souza Neto and Feng [198]) adopting
non-consistent scheme are considered to evaluate the load ratio.

Regarding the global convergence criteria, the well-known residual force, displacement and
energy norm criterion were adopted here. It should be mentioned that the choice of criterion
depends on the type of nonlinear response addressed. More details can be found in De Borst
et al. [175].

In the solution process of incremental nonlinear equations in Eq. (4.81), traditional Newton-
Raphson solution algorithms are adopted. However, if the tangent stiffness matrix presents

sharp variations during the analysis, convergence could not be attained leading to the abortion
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of the ongoing analysis. Therefore, more robust nonlinear solution algorithms are also examined
in this thesis. The description and performance of these methods is described in the next

chapter.

4.4 Validation Examples

A set of analytical and numerical benchmark results were selected to validate the implemented
framework in performing material non-linear analysis, considering inelastic and rheological
behaviour, and including geometric non-linear effects. In the following examples, the different
implemented BC elements described in subsection 4.1.3, subsection 4.1.4, subsection 4.1.5 and
subsection 4.1.6 are going to be abbreviated and referred as EB (Euler-Bernoulli formulation),
ENH EB (Euler-Bernoulli enhanced formulation), TB (Timoshenko formulation) and ENH TB

(Timoshenko enhanced formulation), respectively.

4.4.1 Cantilever Beam with an End Moment

This analysis case was chosen to validate the capability of the numerical framework to deal with
large displacements involving highly deformed configurations. This nonlinear problem consists
of a elastic cantilever beam subjected to a moment at its free end, as shown in Fig. 4.4, leading
to a state of pure bending and constant curvature under each equilibrium configuration meaning
that shear effects are null. Several authors (Epstein and Murray [199], Bathe and Bolourchi
[200], Gummadi and Palazotto [201], Nanakorn and Vu [202]) studied this problem to test
the accuracy of different FE formulations in the large displacement regime. In this nonlinear
analysis, The four BC element formulations described in section 4.1 are used to assess the load-
deflection curves or equilibrium paths related to this problem. The results are then compared

with the analytical results used by Epstein and Murray [199]).

§ S}

Figure 4.4: Cantilever beam under an end moment.

During the analysis, a mesh of eight elements in conjunction with a discretization of ten
fibres along the section were employed for all the BC element formulations. In Fig. 4.5, the

results are presented in their normalized versions using the beam length for the vertical and
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horizontal displacements, and the analytical moment at a complete circle fold for the applied
load. From the results, it can be observed that the numerical and analytical results are almost
identical. Moreover, the TB element and its enhanced version (ENH TB) attest their shear
locking-free nature under large displacements. In this analysis, the results are independent

from the geometric and material properties chosen as long as a slender cantilever is modelled.
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Figure 4.5: Normalized load-displacement curves for a cantilever beam with an end moment.

4.4.2 Lee’s Frame

In order to test the capability of the implemented framework to address large displacements with
inelastic behaviour, the well-known Lee’s frame (Lee et al. [203]) depicted in Fig. 4.6 is analysed
here. This L-shaped pin-supported frame consists of two members in which one of its members
is subjected to a transverse load. The elastic and elasto-plastic response of this frame was
widely analysed by several authors to validate their proposed FE formulations (Cichon [204],
Hsiao et al. [205], Waszczyszyn and Janus-Michalska [206], Park and Lee [207], Battini [208]).
Regarding the geometric and material properties, the following data was considered: a member
length, L = 120 cm, area, A = 6.cm?, inertia, I = 2cm?, elastic modulus, E = 720tonf/cm?,

vielding stress, o, = 10.44 tonf/cm?, and elasto-plastic tangent modulus, Er = 72tonf/cm?.
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Figure 4.6: Lee’s frame.

In this numerical analysis, the four BC element formulations described in section 4.1 are
compared against the validated numerical results obtained by Battini [208]. In the assessment
of the nonlinear elastic response of the frame, ten elements in total were employed. In contrast,
a total of twenty elements were used for the inelastic case. Regarding the section discretization,
20 fibres along the depth were considered for both cases. In the case of the Timoshenko beam
formulations, a shear correction factor of one and a shear modulus equal to the elastic modulus
were adopted to prevent the shear effects. Fig. 4.7 and Fig. 4.8, show a very good agreement
between the different formulations and the benchmark results for the vertical and horizontal
displacements in the elastic and elasto-plastic regimes.

It should be mentioned that this example also allowed the validation of the implemented

cylindrical arc-length method as the frame’s response exhibits a snap-back behaviour.
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Figure 4.7: Load-displacement curves for Lee’s frame in the elastic range.
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Figure 4.8: Load-displacement curves for Lee’s frame in the inelastic range.
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4.4.3 Williams Toggle Frame

This simple frame structure consist of two sloped members fixed at its two ends and subjected
to a vertical load at its rigid joint as shown in Fig. 4.9. This nonlinear problem was first
addressed by Williams [209] and then analysed by several authors (Jennings [210], Wood and
Zienkiewicz [211], Chan [212], Tin-Loi and Misa [213], Teh and Clarke [214]) with the aim
of testing the accuracy of different FE formulations in dealing with geometrical nonlinearities
and snap-through behaviour. In this analysis case, the toggle frame proposed by Tang et al.
[215] considering a hollow section with elastic behaviour is analysed as shear effects and large
displacements are taken into account simultaneously. As is shown in Fig. 4.10, the problem is

studied using BC elements following the Euler-Bernoulli and Timoshenko beam hypothesis.
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Figure 4.9: Williams toggle frame.
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Figure 4.10: Load-displacement curves for Williams toggle frame with and without shear effects.
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In this nonlinear analysis the following geometric and material properties were employed:
horizontal projection length, L = 6m, vertical projection height, h = 0.6m, area, A =
41.98 cm?, inertia, I = 6490.28 cm?, elastic modulus, E = 20000 kN/cm?, shear modulus,
G = 7692.31 kN/cm?, and shear correction factor of 0.5. In the modelling of the toggle frame,
a mesh discretization of eight elements was employed along with fifteen fibres over the section
depth. From Fig. 4.10, a good agreement between the benchmark and obtained numerical
results is observed in both scenarios with and without shear effects. It should be mentioned
that the BC formulations employed by Tang et al. [215] includes the shallow arch effect and
a consistent axial displacement function (Tang et al. [216]). This fact could explain the slight

differences in the large displacement regime.

4.4.4 Four-Point Bending Tests

A set of simply-supported timber beams subjected to 4-point bending tests as shown in Fig. 4.11
were analysed with the aim of predicting the ultimate loading capacity of these timber beams.
The five beams analysed here were experimentally tested by Buell and Saadatmanesh [217],
Kim and Harries [218] and Gentile et al. [219] and labelled as Beam B1, DF-1, FS0, HSO-1
and HS0-7. From their dimensions and experimental results, these beams can be categorized
as flexure-nominated. As a result, the traditional Euler—Bernoulli BC element (BE) and its
enhanced formulation (ENH-EB) are used in this analysis by considering only material non-
linearity. In this assessment, the short-term behavior of timber comprises a compressive branch
governed by the stress-strain relationship proposed by Glos [191] and a brittle behavior in
tension. A summary of the material properties and beam dimensions used in the numerical
analysis is provided in Table 4.1. Regarding the dimensions, w and h are the width and height
of the beam, L is the length of the beam, and b is the span of the flexure zone.

<4+— NI
4¢— NI

L

Figure 4.11: Four-point bending failure test.
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Beam E feu ftu Eco hxw b L
Label (GPa) (MPa) (MPa) (mmxmm) (mm) (mm)
B1 13.2 34.0 34.0 0.004 300x 100 1820 7620
DF1 12.8 43.0 43.0 0.004 138x 38 430 2440
FSO 11.9 25.0 25.0 0.008 600 x 200 1300 10000
HSO0-1 7.0 18.8 18.8  0.004 300 x 100 600 4000
HSO0-7  14.7 44.0 44.0  0.008 300 x 100 600 4000

Table 4.1: Material property data and dimensions of the timber beams.

In Figs. 4.12 to 4.16 the obtained numerical results are contrasted with the measured experi-
mental results and the numerical results determined by Khorsandnia and Crews [37]. These au-
thors developed three-dimensional (3D) and two-dimensional (2D) continuum-based FE models
along with one-dimensional (1D) force-based fiber beam-column elements to assess the ultimate

loading capacity of the tested timber beams.
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Figure 4.12: Load—deflection curves of timber beam B1.
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Figure 4.13: Load—deflection curves of timber beam DF1.
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Figure 4.14: Load—deflection curves of timber beam FSO0.
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After performing a convergence analysis and modelling half of the structure due to its
symmetry, four elements along the element length and thirty-five fibers for the section depth
were determined to be sufficient in the assessment of the ultimate bearing capacity of the timber
beams. In contrast, the benchmark 1D model employed only one element but with more than
twenty five integration points. From the figures, it can be observed that the obtained numerical
results are in good agreement with the benchmark numerical results attesting the computational
efficiency of the analysis framework. Despite of obtaining almost equal results with both BC
formulations, the numerical performance of these formulations differ in the assessment of the
section and internal forces within the elements (local responses). These differences are depicted

in Appendix B.

4.4.5 Viscoelastic Cantilever Beam

The viscoelastic cantilever beam illustrated in Fig. 4.17 studied first by Vaz and Caire [220] and
then by Dadgar-Rad and Firouzi [221] is analysed here to validate the implemented numerical
framework in addressing long-term effects and large displacements simultaneously. In this
nonlinear analysis, a standard lincar or three-parameter solid model was used to represent the

rheological behaviour by adopting the Kelvin-Voigt representation.

P

§

Figure 4.17: Cantilever beam under an end point load.

The viscoelastic beam is analysed based on the following non-dimensional parameters: the
non-dimensional time normalized with respect to the characteristic relaxation time, ¢, the non-
dimensional relaxation modulus (NRM) which is the ratio of the impact to the asymptotic
relaxation modulus, ag, and the non-dimensional load normalized with respect to the ratio
of the impact bending stiffness to the square of the beam length, P. The adopted values of
these non-dimensional parameters for the analysis are: sustained load time period, ¢ € [0, 10],
unloading time period, £ €]10,20], concentrated vertical load at the free end, P = 10, and
relation modulus, ag = 0.25, 0.50 and 0.75. The variation of the beam deflection at the free

end over time is normalized with respect the length of the beam.

123



In order to validate the numerical framework in handling with long-term effects, the canti-
lever beam is first analysed by considering only viscoelastic behaviour without large displace-
ment effects. The long-term deflection of this beam with linear geometric effects can be evalu-
ated analytically following the Correspondence Principle (Fliigge [222]). As shear and inelastic
deformations are not considered, the traditional Euler-Bernoulli BC element was employed to
assess the long-term response. A total of ten elements along the longitudinal direction and
fifteen fibers were used in this analysis. From Fig. 4.18, it can be noticed that the numerical

and analytical results are almost identical.
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Figure 4.18: Time-dependent deflection by considering linear geometric effects.

In the case of incorporating nonlinear geometric effects and using the same mesh and fiber
discretization than the previous linear case, the obtained variation over time of the deflection
is shown in Fig. 4.19. From the figure, it can be observed that the numerical results are in close

agreement with the benchmark results obtained by Vaz and Caire [220].
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Figure 4.19: Time-dependent deflection by considering nonlinear geometric effects.

4.4.6 Hoyle’s test

The purpose of this analysis case is to validate the capability of the implemented framework in
performing a hygro-mechanical analysis by means of carrying out a coupled finite element-finite
difference analysis. Hoyle et al. [223] performed a series of long-term test on simply supported
timber beams subjected to three equally spaced vertical loads of the same value (Fig. 4.20)
and cyclic humidity variations represented by square waves. The two groups of samples that
were bearing a constant maximum stress level of 13.1 MPa are analysed here. One group was
subjected to weakly cycles of relative humidity (RH) raging between 40% and 90% whereas
the other was exposed to daily cycles raging between 40% and 88%. The dimensions of the
specimens were a square section of 89 mm x 89 mm and a span length of 800 mm. Regarding the
material parameters, the values summarized in Table 3.5 were used for the moisture transfer
analysis whereas the ones in Table 4.2 were adopted for the rheological model described in

subsection 4.2.2.
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Figure 4.20: Five-point bending creep test.

Timber Materials Parameters
¢ 0.01 days Jy¢ 0.0686 c 2.5
75¢ 0.1 days J3¢ -0.0056 J2° 0.7
T3¢ 1. days  Jg°¢ 0.0716 a™9  0.00625
/¢ 10 days Jj¢ 0.0404 b 1.3
3¢ 100 days  JZ°¢  0.2073  myey 0.2
7¢¢ 5000 days Jg¢ 0.5503 Ep, 14.0 GPa

Table 4.2: Adopted material parameters for Toratti’s rheological model.

In this long-term analysis, the large displacement effects are disregarded and the traditional
Euler-Bernoulli BC element was employed as shear and inelastic deformations were not expec-
ted. A discretization of twenty BC elements along with four hundred fibres over the section were
used to perform the analysis. The adopted dense fibre discretization allowed the capture of the
moisture variation over the height and width of the section. The obtained results are compared
with the previously assessed by Schénzlin [63] and Fragiacomo [86] as shown in Fig. 4.21 and
Fig. 4.22. From the results, it can be noticed that the obtained results are in close agreement

with the numerical benchmark results.
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Figure 4.21: Variation over time of the creep coefficient for weekly humidity cycles.
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Figure 4.22: Variation over time of the creep coefficient for daily humidity cycles.
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4.5 Concluding Remarks

From the obtained results in the validation examples, it can be highlighted the following:

e The use of bubble or nodeless degrees of freedom in the TB and ENH TB element for-

mulation allowed the consideration of shear effects without incurring in shear locking

problems even when large displacements are considered. This feature can be attested in

subsection 4.4.1. Moreover, in this thesis, a closed-form matrix expression was derived for

the geometric stiffness matrix of the Timoshenko element and its enhanced version using

a corotational formulation. To the current knowledge of the authors, this expression was

not provided before in the literature.

e From the obtained results in subsection 4.4.4, it was attested that the onedimensional

BC elements described in section 4.1 along with the stress-strain relationship presented

in subsection 4.2.1 can capture the global ultimate response of timber beams with similar

accuracy as the obtained with 2D and 3D continuum-based FE models and the force-

based BC fiber element. Therefore, the implementation of these BC elements into will

contribute towards the aim of developing a cost-effective numerical approach.

e As was noted in subsection 4.4.4, traditional displacement-based BC formulations and

their enhanced versions can attain the same level of accuracy in the assessment of the

global ultimate response even if the same coarse discretization was employed. However,

the numerical performance of the traditional formulations is poor in comparison with

their enhanced version when local responses such as section forces need to be evaluated.

This can be verified in Appendix B. In order to obtain accurate results, traditional

formulations would require a finer mesh discretization.

e In subsection 4.4.4 it can be observed that the coarse mesh FE model using an enhanced

formulation of the traditional Euler-Bernoulli BC element attained the same level of

accuracy obtained with the single forced-based BC element in terms of assessing global

ultimate responses. If the entire beam is modelled, the number of integration points used

in the force-based element (at least 25 integration points) and enhanced displacement-

based formulation (24 integration points) is very similar.

e In subsection 4.4.5 was attested that the inclusion of large displacement effects in the long-

term analysis of structures can induce stiffening effects in the time-dependent deflections

as a consequence of the geometrically nonlinear effects.
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e In subsection 4.4.6, it was found that a fine discretization of the cross-section along
its height and width was required to capture accurately the variation of the material
properties with the moisture content. If this is not the case, the assessment of global

responses such as of the time-dependent deflections can be determined inaccurately.
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Chapter 5

Nonlinear Solution Algorithms

As pointed out in the previous chapter, incremental-iterative procedures are needed to solve
the equilibrium equations obtained above. Among these procedures, the Newton-Raphson
algorithm and its modified version are the most renowned and thus the most widely adopted
solution algorithms. However, the presence of sharp variations in the tangent stiffness, even
if they are associated with few degrees of freedom (DOF), could lead to nonconvergent and
drifting away scenarios. As a result, more robust solution algorithms should be adopted to
overcome these numerical issues. In this chapter, three solution algorithms are described and
implemented. The convergence performance of these algorithms is compared to the traditional

Newton-Raphson algorithms by analysing three case studies.

5.1 Nonlinear Equation Solvers

Newton-Raphson algorithms are widely used in solving the nonlinear equations of equilibrium
due its quadratic rate of convergence. However, in the presence of drastic changes of the tangent
stiffness matrix an overwhelming number of steps could be required and in the case of large
structural systems this could lead to an excessive computational effort as the stiffness matrix
of the structure has to be calculated and assembled at every iteration. On the contrary, the
modified Newton-Raphson algorithm involves less computational effort as it only performs one
computation of the tangent matrix at the beginning of the step, although it only achieves a
linear rate of convergence. An improvement of this rate of convergence can be obtained if
the computation of the tangent matrix is performed periodically after a determined number of
iterations resulting in a superlinear convergence (Kelley [224]). Nevertheless, these traditional
Newton-Raphson algorithms could not attain convergence even for simple structural systems

if a numerically consistent tangent stiffness matrix is not attained due to the non-use of a
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consistent tangent operator (Simo and Taylor [225]) or round-off errors near singularity, as
shown in the case studies discussed in the next sections.

In order to obtain a convergent scenario (in the numerical assessment of the equilibrium
paths), more robust and sophisticated solution algorithms should be adopted. In what fol-
lows, the Krylov subspace accelerated Newton algorithm, the two-level consistent quasi New-
ton—Raphson algorithms, and the Lyapunov-based nonlinear solution algorithm are described
and implemented. Among other available algorithms, which are not reviewed here, the popular
approach of adding artificial viscosity to the tangent stiffness matrix to bypass the involved
numerical instabilities is worth mentioning. This viscous stabilisation method has been used in

the simulation of structural failure (Dai et al. [226], Nzabonimpa and Hong [227]).

5.1.1 Krylov Subspace Accelerated Newton Algorithm

This algorithm, proposed by Scott and Fenves [228], aims to accelerate the rate of convergence
of the improved modified Newton-Raphson algorithm with periodic updates by incorporating
a Krylov subspace. In the derivation of this algorithm, the system of nonlinear equilibrium
equations, which are a function of the global displacements, U, are represented compactly in a

residual form:

RU)=0 (5.1)

In the Krylov acceleration algorithm, the root of Eq. (5.1) is obtained for each analysis step

by solving a modified version of this equation:

RU)= (K 'RU)=0 (5.2)

where K ° is the initial tangent stiffness matrix at the beginning of the step and R(U) contains
the set of preconditioned residual equations. By performing a linearization process by means

of Taylor series, the following approximation is obtained:

N . IR
Rk+1 - Rk + 8_U AUk+1 (53)
U
which can be rewritten as:
Ri.i =R, — AAU.,, (5.4)
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In this solution algorithm, the displacement increment is conveniently decomposed into two

vector components. As a result, Eq. (5.3) can be expressed as:

R =R,—AAV,.  — AAW, (5.5)

where AV.; and AW, are the acceleration and standard modified Newton-Raphson com-
ponent, respectively. Moreover, it is assumed that the acceleration component is the linear
combination of the Krylov subspace conformed by the set of displacement increments previ-

ously attained during the iteration process. This combination can be given by:

=1

where m is the number of the previous iterations. Following this notation, the second term in

the right-hand side of Eq. (5.5) can be rewritten as:

ANV =) ¢ AAU; (5.7)
=1

To evaluate the acceleration component, the norm of the term If{k — AAV 1 needs to be
minimized by means of a low-rank least-square analysis. It should be noticed that the terms
A AU, can be implicitly assessed from Eq. (5.4). As a result, the coefficients ¢; can be evaluated
and the component AV, in Eq. (5.6) can be assessed. Finally, the standard component can

be calculated from Eq. (5.5) as follows:

AW, 1 =R, — AAV, (5.8)

After conducting a number of iterations, the process is restarted along with an updated

tangent stiffness matrix.

5.1.2 Two-level Consistent Quasi Newton—Raphson Algorithm

This algorithm, developed by Ren and Li [229], proposes the use of consistent secant operators
at the structural and material level to attain a superlinear rate of convergence. This means
that the linearization process performed at the structural level should be congruent with the
linearization at the material level. According to this, the solution of the linearized nonlinear
equations in Eq. (4.81) uses a secant stiffness matrix instead of a tangent matrix as is the case

in the traditional Newton-Raphson methods. By adopting the quasi Newton—Raphson method
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used by Matthies and Strang [230] based on the Broyden-Fletcher-Goldfarb-Shanno algorithm
to update the inverse of the secant matrix, the following iterative expression which performs

rank-two updates is employed:

(Ki) = (I_ AU@‘(AFZ-;t)T> (K (I_ AF}, (AU")T>

(AFi) AU ) " (AF.)" AU’

int int
AU (AU
(AF},)" AU’

int

(5.9)

where I is the identity matrix, ¢ the current iteration, AU is the displacement vector increment
and AF';,; is the internal force increment. With the aim of maintaining the consistency at the

material level, the element material stiffness matrices are evaluated as follows:

K = /BT D,.. Bdx (5.10)
l

where Dy, is the section secant stiffness matrix also denominated as the secant operator. In
the implementation of the analysis framework of this thesis, only two types of secant operators
were considered: the origin and incremental operator.

After performing a certain number of iterations, the stiffness matrix is updated at the
material level in order to reduce the bandwidth and cumulative errors of the updating process

at the structural level related to the stiffness matrix.

5.1.3 Lyapunov-Based Nonlinear Solution Algorithm

Liang and Mosalam [231] proposed a solution algorithm based on Lyapunov stability theory by
reframing the original nonlinear equilibrium equations of a structural system into a hypothetical
dynamical system described by a set of first-order differential equations. The equilibrium points
of the original structural system are assessed by solving the hypothetical dynamical system.

The differential equations describing the hypothetical system are given by:

dR(U)

U=GU)=-K [a—U

rR(U) - - KJWU)"RU) (5.11)

where K is a symmetric positive definite matrix that influences the convergence rate of the
differential equations, R(U) is the residual form of the nonlinear equilibrium equations and

J(U) is the Jacobian matrix. The corresponding Lyapunov function of the dynamical system
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is defined as:

o(U) = %R(U)TR(U) (5.12)

To assess the equilibrium points of the original structural system, a numerical integra-
tion scheme should be used to solve the differential equations set in Eq. (5.11). The explicit
Runge-Kutta formula proposed by Dormand and Prince [232] which combines expressions with
truncation errors of fourth and fifth order is employed in this thesis. In order to attain a linear

rate of convergence, matrix K is adopted as follows:

K=o JU) ' Jgwo)™" (5.13)

where pg is a positive scalar. One important feature of this solution algorithm is its global

asymptotic stability.

5.2 Study Cases

Three nonlinear static systems are analysed in this chapter to compare the convergence per-
formance of traditional Newton-Raphson algorithms against the three nonlinear algorithms
previously described. The first example consists of a single degree-of-freedom (DOF) repres-
enting the scenario of a singular Jacobian matrix near the equilibrium point. The second and
third benchmark problems describe a simple two DOF system with two and three resisting
springs, respectively, in which a numerically inconsistent tangent stiffness matrix is generated.
In these study cases, all units are omitted for convenience by assuming their consistent use
throughout. Regarding the Krylov acceleration and Quasi Newton algorithms, the global tan-
gent stiffness of the systems were updated after performing two iterative operations. In the

case of the Lyapunov algorithm, a value of jp = 15 was employed in all cases.

5.2.1 Single DOF System

This benchmark example was analysed by Ren and T.i [229]. Tt consists of a nonlinear single

DOF system (Fig. 5.1) governed by the following restoring force:

[ (u) = sign (u) u]" (5.14)

where r is the exponent parameter and sign represents the sign function.
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Figure 5.1: One degree of freedom spring system.

The initial displacement has a value of ten and the equilibrium point is associated with a
null displacement. The system incurs singularity in the vicinity of its equilibrium point when
the value of the exponent 7 in Eq. (5.14) is less than one, as shown in Fig. 5.1. The implication
of this singularity in the solution algorithms is depicted in Figs. 5.2 to 5.7 for an exponent of

T =

W=
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Figure 5.2: Newton-Raphson iterative equilibrium search for r = %
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Figure 5.3: Modified Newton-Raphson iterative equilibrium search for r = 1
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Figure 5.5: Quasi Newton iterative equilibrium search with origin operator for r =
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Figure 5.6: Quasi Newton iterative equilibrium search with incremental operator for r = %
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Figure 5.7: Lyapunov iterative equilibrium search for r = %

From the above figures, it is observed that the full and modified Newton-Raphson methods
diverge and oscillate, respectively, whereas the Krylov-Newton, Quasi Newton with incremental
secant operator and Lyapunov algorithms converge to the true solution. In contrast, in the case
of using an exponent of r = 2 there is no singularity and all the algorithms converge to the
equilibrium point as shown in Appendix C. Regarding the results related to the singularity
scenario, it can be noticed that the fastest convergence rate was achieved by the Quasi Newton
algorithm which uses an origin secant operator just after 1 iteration. The Lyapunov and Krylov-
Newton algorithms converged at lower rates by attaining 22 and 68 iterations, respectively. For
the no singularity scenario, the modified Newton-Raphson method converged after the striking

number of 6315 iterations.

5.2.2 Two DOF System with Two Springs

This benchmark problem was also proposed by Ren and Li [229]. The mechanical system
shown in Fig. 5.8 comprises two uniaxial springs with bilinear force-deformation relationships
as the resisting mechanism. If the system is subjected to a load of P = [10 QO]T, the resulting
displacement should be U = [21 39]T. In order to test the performance of the nonlincar

algorithms, an initial displacement guess of Uy = [100 50]" is adopted.
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Spring 1 Spring 2

Figure 5.8: Two degree of freedom system with two springs.

For this simple mechanical system, the consistent tangent stiffness matrix can be expressed

in a closed form as follows:

i+ ke —k
K= |t (5.15)
~ky ko

where k; and ko are the spring stiffness. In order to study the performance of the numer-
ical solvers, a numerically inconsistent tangent stiffness matrix is generated by introducing an

artificial coupling in the springs resulting in the following tangent stiffness matrix:

v+ ke —1 —ky+0.5
K= |7 2 (5.16)
—ky +0.5 ko

The modified stiffness matrix in Eq. (5.16) represents the scenario of having a complex
constitutive model leading to the assessment of an inconsistent tangent operator or round-
off errors during the computations. The results obtained for the case of using an inconsistent
Jacobian matrix are depicted in Figs. 5.9 to 5.14. The results related to the use of the consistent
tangent stiffness matrix in Eq. (5.15) are illustrated in Appendix C.

From the results, it can be noticed that under the consistent stiffness matrix scenario, all
the numerical solvers converge. The faster rate of convergence is obtained with the full and

modified Newton-Raphson methods after just 2 iterations.
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Figure 5.11: Krylov-Newton iterative equilibrium search for inconsistent Jacobian matrix.
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Figure 5.12: Quasi Newton iterative equilibrium search with origin operator for inconsistent
Jacobian matrix.
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Figure 5.13: Quasi Newton iterative equilibrium search with incremental operator for incon-
sistent Jacobian matrix.
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Figure 5.14: Lyapunov iterative equilibrium search for inconsistent Jacobian matrix.
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For the case of an inconsistent tangent stiffness matrix, the displacements in the full and
modified Newton-Raphson methods drift away and the system oscillates from/around the solu-
tion. Regarding the other numerical solvers, the faster convergence rate is achieved with the
quasi Newton method using an origin secant operator after 10 iterations. The Lyapunov, quasi
Newton method with incremental operator and Krylov-Newton algorithms converge after 27,

13, and 20 iterations.

5.2.3 Two DOF System with Three Springs

This analysis benchmark case was proposed and studied by Scott and Fenves [228] to study
the effects of a numerically inconsistent tangent stiffness matrix due to approximation errors in
the computational operations and not having a consistent tangent operator. The mechanical
system depicted in Fig. 5.15 consists of three uniaxial springs with bilinear force-deformation

relationships. In this problem, the system is subjected to a external load of P = [6 12]T which

T

leads to a nodal displacement of U = [2 5]

AN

=

Us

Spring 1 Spring 2 Spring 3

Figure 5.15: Two degree of freedom system with three springs.
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The consistent tangent stiffness matrix of this mechanical system can be written in closed

form as:

ki +k —k
K= |1t 2 (5.17)

—ky ko + ks

where kq, ko and k3 are the spring stiffnesses comprising the resisting mechanism. With the aim
of studying the performance of the nonlinear algorithms, a numerically inconsistent tangent
stiffness matrix is provided by introducing diagonal and off-diagonal terms in the tangent

stiffness matrix of the system as follows:

ki +ke—1 —ko+0.5
K = ! 2 2 (5.18)
—ko+0.5 ko + k3

The results related to the inconsistent tangent stiffness are shown in Figs. 5.16 to 5.21
whereas the ones corresponding to the consistent tangent stiffness are illustrated in Appendix C.
In this analysis case, the results are presented by plotting the traces of equilibrium search with

regard to the displacements.
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Figure 5.16: Newton-Raphson iterative equilibrium search for inconsistent Jacobian matrix.
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Figure 5.17: Modified Newton-Raphson iterative equilibrium search for inconsistent Jacobian
matrix.
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Figure 5.18: Krylov-Newton iterative equilibrium search for inconsistent Jacobian matrix.
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Figure 5.19: Quasi Newton iterative equilibrium search with origin operator for inconsistent
Jacobian matrix.
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Figure 5.20: Quasi Newton iterative equilibrium search with incremental operator for incon-
sistent Jacobian matrix.
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Figure 5.21: Lyapunov iterative equilibrium search for inconsistent Jacobian matrix.

When using an inconsistent tangent stiffness, the full Newton—Raphson algorithm fails to
converge as it oscillates around the equilibrium point whereas its modified version converges
after 143 iterations. In contrast, the other nonlinear algorithms reach convergence after per-
forming fewer iterations. Specifically, the Krylov, quasi Newton and Lyapunov algorithms
converge after 14, 16 and 18 iterations, respectively. On the contrary, for a consistent tangent
stiffness, the full Newton—Raphson algorithm attained the fastest converge rate after just 3
iterations whereas its modified version achieved the slowest converge with 140 iterations. Re-
garding the Krylov, quasi Newton and Lyapunov algorithms their convergence required 5, 16

and 13 iterations, respectively.

5.3 Concluding Remarks
From the previous results, the following observations can be obtained:

e The numerical framework implemented in this thesis, based on fibre beam-column ele-
ments, is susceptible to convergence issues, specifically when phenomenological mater-
ial constitutive laws defined by unsmooth force-deformation relationships are employed.

Therefore, the use of robust numerical solvers is necessary to trace the whole equilibrium

147



paths.

As observed, in general the assessment of the equilibrium points should start the iterative
process by using the full Newton—Raphson method to attain fastest convergence when
a numerically consistent tangent stiffness matrix is still used. If there are convergence
issues, the solution strategy should choose any of the robust algorithms to continue the
analysis. Once this issue has been overcome, the solution algorithm should return to full
Newton—Raphson method to perform another cycle. This solution strategy was implemen-
ted in the analysis framework developed in this thesis. It is worth mentioning that this

solution strategy enhances the computational efficiency of the implemented framework.

Traditional Newton—Raphson methods failed when there was an scenario of singularity
as a numerically inconsistent tangent stiffness matrix was assessed due to approximation
errors. Similarly, the adoption of constitutive laws involving the assessment of an incon-
sistent tangent operator also induced no converging scenarios. In the absence of these

drawbacks, the full Newton—Raphson method converges at a quadratic rate.
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Chapter 6

Nonlinear Modelling of Unbonded
Post-tensioned Timber Beam-Column

Elements

As it has been mentioned before in section 2.4 and section 2.5, the modelling of post-tensioned
beam-column structural components is a challenging task as unbonded post-tensioning tendons
introduce strain incompatibilities and second order effects (eccentricity variation). To consider
these features, two different modelling techniques are adopted and described in this chapter.
One is based on a constantly updated equivalent load system whereas the other one relies on a
load resisting element with a derived tangent stiffness matrix and internal force vector. Stress-
strain relationships describing the short- and long-term behaviour of the post-tensioning strands
comprising the tendons are presented together with a set of linearized nonlinear equations to
assess the equilibrium state in two different stages. The first stage comprises the state just after
the anchoring of the tendons whereas the second stage covers the states of the post-tensioned
timber member under the action of short-or long-term external loads. Finally, a number of

short- and long-term analyses are performed to validate the numerical framework.

6.1 Unbonded Tendon Modelling

In contrast to bonded post-tensioning tendons, unbonded tendons introduce a few additional
modelling complexities such as strain incompatibility and gradual change in eccentricity. Strain
incompatibility between the adjacent concrete and unbonded tendon implies that the displace-

ments of the tendons are only compatible with the hosting member at the anchors and thus
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the strain in the tendon is no longer section dependent. As a result, the assessment of strains
is based on whole-member deformations (Dall’Asta et al. [233]). In the case of external post-
tensioning tendons, the modelling complexities can be even more challenging as the tendon
profile should remain straight between adjacent anchorages and/or deviators after deflection of
the hosting member. This feature leads to second order effects as the eccentricity changes dur-
ing the loading history (Harajli et al. [234]). An accurate determination of the equilibrium state
after the force transfer or anchoring of the tendons is indispensable for modelling post-tensioned
beam-column structural components as this state, after self-weight and post-tensioning loads
self-equilibrate, establishes the initial condition for the next loading stage (Lou and Xiang
235]).

Within the various finite element (FE) models developed for post-tensioned reinforced con-
crete (RC) and composite members, unbonded tendons have been modeled as a system of
equivalent loads or as a load resisting element. In the case of the equivalent load scheme, the
tendon force components perpendicular and parallel to the centroidal axis of the hosting mem-
ber are transferred to the member ends as tendon-eccentricity dependent moments. Earliest
applications of this scheme to post-tensioned reinforced concrete structures can be referred to
Kang and Scordelis [139], Ramos and Aparicio [236] and Aalami [237]. In this context, Lou
and Xiang [238] proposed a method in which the tendon eccentricity and force are constantly
updated with respect to the current position of member local axis by adopting an updated
Lagrangian formulation. The eccentricity is assessed by means of a geometric method taking
into account second order effects based on deformation compatibility of the whole member and
kinematic assumptions of sliding behaviour between the tendon and the deviators.

The numerical method proposed by Lou and Xiang [238] has been used in a wide range of
applications to study the effect of span-to-depth ratio on the flexural response of externally
post-tensioned RC beams (Lou et al. [239]), the ultimate flexural behaviour of continuous
RC beams post-tensioned with external tendons (Lou et al. [240]), the ultimate and long-
term response of RC continuous beams with internal unbonded tendons (Lou et al. [241]),
the moment redistribution in continuous post-tensioned RC members (Lou et al. [242]), the
evolving eccentricities over time in externally post-tensioned beams (Lou et al. [243]), the
short- and long-term response of post-tensioned steel-concrete composite (SCC) beams (Lou
ct al. [244],Lou and Karavasilis [245]), and the use of fibre reinforced polymer (FRP) composites
as external tendons (Lou et al. [246],Lou and Karavasilis [247]). Pdez and Sensale [248] and
Péez and Sensale-Cozzano [249] have also employed the equivalent load scheme to study the

time-dependent response of post-tensioned RC beams with internal tendons.
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Regarding the modelling of unbonded post-tensioning tendons as load resisting elements,
several approaches have been developed. According to Aalami [250] and El-Ariss [251], truss
elements linked together by means of rigid arms to beam elements can be used to model post-
tensioned RC beams. Similarly, Ariyawardena and Ghali [252] proposed the use of truss and
beam elements connected through rigid arms to assess the ultimate response of post-tensioned
RC beams with internal or external tendons. However, an iterative process is necessary to adjust
the force in all tendon elements so that the converged force is the same throughout the tendon.
Other authors have employed multi-freedom constraints in conjunction with truss and beam
elements to simulate the ultimate response and progressive collapse response of post-tensioned
RC beams (Nassif et al. [253]) and post-tensioned RC beam-column sub-assemblages (Feng
et al. [254]), respectively. In these cases, the multi-freedom constraints are employed to impose
the kinematic compatibility conditions between the tendon and its hosting elements. Sanchez
et al. [255] adopted zero-length contact elements to model the slipping behavior of external
tendons in post-tensioned SCC beams in which catenary and shell elements were employed to
build a three-dimensional (3D) FE model.

Another FE modelling technique comprises the formulation of tendon elements incorpor-
ating a frictionless slipping behaviour whose benefits lays in the avoidance of multi-freedom
constraints and contact elements to address the strain incompatibility between the unbonded
tendons and hosting member. These techniques could potentially alleviate the numerical con-
vergence issues faced during a nonlinear analysis. Wu et al. [256] and Wu and Lu [257] developed
curved and straight sliding tendon elements embedded into bidimensional (2D) continuum ele-
ments to simulate the slipping behaviour of internal and external unbonded tendons at curved
ducts and deviators, in post-tensioned RC beams, respectively. In the case of one-dimensional
fibre beam-column elements, Dall’Asta and Zona [258] derived a sliding tendon element for
externally post-tensioned SCC beams with deformable shear connection based on the work of
Dall’Asta and Dezi [259]. In their derivation, the deformation of the sliding tendons, which con-
sisted of piecewise linear segments, was assessed using a linearized expression of the deformed
tendon length as the hosting member was assumed to undergo small deflections.

The derivation developed by Dall’Asta and Zona [258] was extended by Zona et al. [260]
to introduce geometric nonlinearities. On the basis of the approximated nonlinear kinematic
theory developed by Dall’Asta et al. [233], Zona et al. [260] derived a FE formulation for sliding
tendons with piecewise configuration by adopting a total Lagrangian approach to set the equi-
librium in the deformed configuration. Likewise, Moreira et al. [261] derived a sliding tendon

formulation for post-tensioned RC beams with internal tendons of piecewise configuration by
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describing the hosting member position with a total Lagrangian approach. However, Moreira
et al. [261] employed different kinematic variables and simplifications to assess the tendon de-
formed length and deformation. Sousa Jr et al. [262] expanded this last formulation to evaluate
the ultimate response of SCC beams with external post-tensioning and flexible shear connect-
ors. Multi-node sliding elements were developed by Gao and Lu [263] to simulate the behaviour
of self-centering connections by adopting a total Lagrangian approach in the element formula-
tion. Yan et al. [264] derived also a multi-node sliding element to model the flexural response
of precast RC segmental box girders post-tensioned with external tendons. Nonetheless, in the
derivation of the element a corotational approach was used and rigid arms were used to connect
the slipping tendon with the hosting member. The same research group then employed multi-
node corotational slipping-tendon elements to assess the response of externally post-tensioned
SCC beams with interfacial slip (Yan et al. [265]).

Another technique employed to model the complex behaviour of unbonded tendons includes
the use of solid brick elements in conjunction with multi-freedom constraints. These constraints
comprises Lagrange multiplier and penalty based methods that allow the simulation of the in-
teraction between tendons and deviators/ducts along the normal and tangential directions of
their contact surfaces. Regarding the normal direction, the constraints limit the penetration
of the element contact surfaces into each other under compression stresses and restrict the
development of tensile stresses between them to allow a gap. Otherwise, the constraints along
with Coulomb friction models can be adopted to simulate the friction or even frictionless be-
havior between the tendons and deviators/ducts surfaces in the tangential direction. These
models have been used to simulate the ultimate limit states of precast segmental RC beams
post-tensioned with external (Tran et al. [266]) and internal (Tran et al. [267], Le et al. [268])
unbonded tendons.

As discussed in section 2.4 and section 2.5, to date, only solid brick elements and a con-
ventional equivalent load scheme have been employed to simulate the short- and long-term
behaviour of unbonded tendons in post-tensioned timber beam-column structural components,
respectively. However, the use of solid elements leads to expensive computational cost and the
employed equivalent load scheme has neglected second order effects. Therefore, in the analysis
framework proposed in this chapter, a modified version of the constantly updated member-
dependent equivalent load scheme proposed by Lou and Xiang [238] and an extended version of
sliding tendon formulation derived by Moreira et al. [261] are adopted to address the strain in-
compatibility and second order effects as well as to attain computational efficiency. A schematic

description of the implemented tendon modelling techniques are shown in Appendix A.
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6.1.1 Equivalent Load Scheme

The numerical procedure for the modelling of unbonded tendons used herein is based on the
preceding works of Lou and Xiang [238] which was continued and extended by Lou et al.
[241] and Lou et al. [244]. Nevertheless, in the numerical approach formulated herein the de-
formed configuration of the hosting member is described by means of a corotational framework.
Furthermore, in the assessment of the tendon coordinates the basic nodal end rotations and
total rotation of the BC elements comprising the hosting member are used instead of the total
nodal end rotations and initial inclination of the elements. In this procedure, the tendons
are handled as equivalent loads applied to the centroidal axis of the hosting member and are
constantly updated (in magnitude and orientation) as the hosting member deforms during the
loading process. Moreover, a frictionless slipping behaviour between the tendon and deviators
is assumed. Regarding the eccentricities, their variations due to the deformation of the hosting
member are taken into account explicitly by means of a geometric method, described below,
that permanently updates the tendon geometry. This procedure allows modelling internal un-
bonded tendons with different tendon profiles by considering them as conformed by piecewise
segments.

It is worth noting that, unbonded external tendons refer to tendons that transfer the post-
tensioning force to the hosting member through anchorages and deviators. By contrast, in
the case of unbonded internal tendons, the tendon layouts have permanent contact with the
internal duct that passes through the whole hosting member. In the description of the numer-
ical procedure that follows, only the case of unbonded external tendons is considered as the
unbonded internal case can be regarded as a particular instantiation of the unbonded external
case by considering a sufficient number of deviators to describe the tendon profile.

A portion of a post-tensioned beam-column member between two contiguous deviators
and/or anchorages is shown in Fig. 6.1. In this figure, the subscript 0 is associated with the
initial or undeformed configuration before any self-weight and external loads are applied. As
it has been mentioned previously, deformation compatibility between the tendon and hosting
member occurs only at the anchorages. However, the deformed tendon length and orientation
of the tendon force rely on the displacement of the deviators and anchorages with respect to
the centroidal axis of the hosting member. In what follows, the deviator and anchorage co-
ordinates in contact with the tendon are designated as deviator coordinates. If m and n are
the left-end and right-end nodes of a portion of the post-tensioned member, respectively, a set

of transformation equations linking the total displacements of the hosting member ends and
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deviator coordinates can be established. To this end, the equations presented by Lou et al.

[244] are modified as follows:

Xpm = Xy + Uy — €0, Oy, cOS 0 — €5, Sin 0y (6.1)
Yom = Y + Vi — € O,, sin oy + e, cos oy (6.2)
Xpn =Xy + U, — €,0,, cosa, — e, sina, (6.3)

Yo = Yo, + Vo — ey O, sina, + e, cosa, (6.4)

where (X, Ypm) and (X, Yy,) are the deviator coordinates, (X, Y;,) and (X,,Y,) are the
hosting member coordinates in its deformed configuration, ©,, and ©,, are the basic rotations,
enm and e, are the tendon eccentricities; and (U,,,V,,) and (U,,V,,) are the displacements at
nodes m and n, respectively. Besides, the angles «; and «, are the inclinations of left-end and
right-end elements with respect to the global horizontal axis. The subscript 0 refers to the
initial or undeformed configuration.

The transformation equations, Egs. (6.1) to (6.4), describe the kinematic relationship linking
the deviator nodes and end nodes of the hosting member. It is assumed that the deviators
behave like rigid arms. As a result, the tendon eccentricities at the deviators remain unchanged
whereas the eccentricities in between are subjected to continuos change as the hosting member
deforms during the loading process. The use of these relationships allows the assessment of
the deformed tendon length and thus the evaluation of tendon strain considered constant along
the whole member due to the assumption of frictionless slippage behaviour between the tendon
and deviators. It is worth mentioning that non multi-freedom constraints are required to link

the deviator and hosting member nodes which may result in less computational effort.
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Figure 6.1: Tendon and hosting member in the undeformed and deformed configuration.

In the case of external unbonded tendons, the tendon eccentricity varies as the hosting
member deforms. This phenomenon is known as second-order effects which are characteristic
of externally post-tensioned members with tendon profiles inside and outside of the member
section. The present methodology addresses the eccentricity variations in an explicit way and
the corresponding numerical procedure is summarized in Fig. 6.2. To explain this procedure,
the beam-column element with nodes 7 and j and the hosting member portion between nodes
m and n are selected as the instance case. The initial tendon eccentricity of the element
is determined by the initial coordinates of the deviators at the ends of the hosting member
portion under consideration, and by the discretization of the tendon and hosting member in
between these end nodes. It must be highlighted that the discretization of the tendon segment
must correspond to each discretization of the member portion as shown in Fig. 6.2. After a
deformation is imposed to the hosting member, the deviator coordinates are updated by means
of Egs. (6.1) to (6.4). Then, to calculate the updated values of the tendon eccentricities at
nodes i and 7, perpendiculars to the deformed configuration at these nodes are traced. This
allows the determination of the intersections (points pi and pj) of these perpendiculars with

the straight line that defines the position of the tendon. Finally, the tendon eccentricity is
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the distance between these intersections points and the nodes of the beam-column element.
To consider internal unbonded tendons within this numerical procedure, the deviators can be
assumed to be located at every node of the hosting member. Therefore, the tendon eccentricity
remains constant along the entire procedure which reflects the main difference between external

and internal unbonded tendons.

m (X pio 7 YPio) (X pio? YPfo) pn

i
h (X,.Y,) KiorYi)

Ip?

Figure 6.2: Procedure to update the tendon eccentricity.

Assuming that the tendon profile has a piecewise linear shape during the whole loading
process, the deformed length of the tendon between two contiguous deviators, m and n, can be

assessed as:

Lo = ) (Xpm = Xpu)? + Yy = Yy’ (6.5)

The deformed length is constantly updated during the incremental iterative process. As
the tendon is assumed to slip freely without friction between itself and the duct/deviator, the
tendon strain can be regarded as constant along its full length. As a result, the strain increment

in the tendon due to the deformation of the hosting member during the loading process can be
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obtained as:

AEP — ZLP'Z'@ — LPO

Po

(6.6)

where Y L, represents the sum of each tendon segment length in the deformed state and Ly,

Pmn
is the total length in the initial or undeformed configuration.
The constant strain along the unbonded tendon for a specific state of post-tensioning and

deformation can be calculated as:

gp = Agp +€p, (6.7)

where ¢, is the initial tendon strain just after the post-tensioning operation or during the
anchorage.

The force in the tendon can be straightforwardly assessed by multiplying the tendon stress
by its area. To evaluate the stress in the tendon, the tendon strain [Eq. (6.7)] should be
substituted in the constitutive stress-strain relationship, f, (£,), that governs the behaviour of

the steel strands of the post-tensioning tendons. Then, the tendon force is obtained from:

= fy(ep) 4p (6.8)

Once the tendon force and eccentricities related to a specific beam-column element are
known, the post-tensioning equivalent load exerted by the tendon segment between nodes ¢ and

j can be determined as follows:

’ T
Fow= 1 [— cosff sinf ejcosf cosff —sinfl —ejcos B] (6.9)

where [ is the angle between the current position of the element longitudinal axis and the

corresponding tendon segment as depicted in Fig. 6.3. This angle can be evaluated as:

ei—ej

tan f = (6.10)

lp

where [, is the length of the tendon segment.
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Figure 6.3: Post-tensioning load in a tendon segment.

It should be noted that the equivalent loads in Eq. (6.9) are defined within a local coordinate
system. After the determination of the local equivalent loads, the total equivalent nodal load
resisted by the tendon at the structural level is computed by assembling all the local contribu-
tions. During this assembling process, the contributions of all the tendon segments are trans-
formed from the local coordinate system to the global coordinate system. These local equivalent
loads are constantly changing in magnitude and direction throughout the incremental-iterative

numerical procedure.

6.1.2 Load Resisting Element

Moreira et al. [261] derived a sliding tendon formulation for unbonded internal tendons on the
basis of a frictionless slipping behaviour between the tendon and the duct. It was assumed
that the tendon configuration consists of piecewise straight segments in contact with the duct
and anchorages at discrete locations through rigid arms as considered by [244] and Lou et al..
Furthermore, the same kinematic relationships employed by Lou et al. [241] to link the nodes of
the hosting member clements and rigid arms were adopted. In order to describe the deformed
configuration of the hosting member, the authors employed a total Lagrangian description that
considers large displacements and moderate rotations in conjunction with the Euler-Bernoulli
beam theory. As a result, a sliding tendon element that does not require the modelling of
rigid arms by means of multi-freedom constraints was formulated. The element was then
extended by Sousa Jr et al. [262] to address external unbonded tendons. Nevertheless, The
formulation was derived for hosting members without inclination and assuming a linearized

kinematic relationship between the displacements of the hosting members and rigid arms. In
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this section, the sliding element derived for internal and external tendons is extended to consider
a hosting member with an initial inclination by means of non-linearized kinematic relationships.
Furthermore, a corotational approach is adopted to describe the deformed configuration of the
hosting member.

The same derivation process adopted by Moreira et al. [261] and Sousa Jr et al. [262] is
followed here. The process consists first of setting a kinematic relationship in terms of global
coordinates and displacements between the nodes of the post-tensioned hosting member in
their undeformed and deformed configurations. These relationships are then used to assess the
deformed tendon length and thus the deformation in the tendon element. Finally, an internal
work expression is constructed for the tendon element with the aim of deriving its internal force
vector and consistent tangent stiffness matrix.

A kinematic relationship is established to link the coordinates of rigid arms in contact with
the tendon and hosting member. The rigid arms represent the deviators and/or anchorages
employed in externally post-tensioned members to transfer the post-tensioning force to the
hosting member. In the deformed configuration shown in Fig. 6.4, the following coordinate

transformation equations can be set:

Xpm = Xony + U, — €4, 8in Oy, cosag — e, sinag cos O, (6.11)
Yom = Yo + Vi — e sin©,, sin o + €5, cos oy cos O, (6.12)
Xpn = Xy + U, — €, 8in0O,, cosag — e, sin oy cos O, (6.13)
Yoo =Y., +V, — e, sin®, sinog + e, cos g cos O, (6.14)

where ©,, and O, are the global rotations of left-end and right-end elements in the hosting
member at nodes m and n, respectively, «q is the initial inclination angle of hosting elements
with respect to the global horizontal axis, and the subscript 0 in the coordinates refers to the

initial or undeformed configuration.
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(Xpno ’ ano)

Figure 6.4: Tendon and hosting member in the undeformed and deformed configuration.

It is worth noting that the transformation equations derived (Egs. (6.11) to (6.14)) are
similar to the ones employed by Lou et al. [241]. However, the rotations in the hosting elements
are not, considered to be small enough in the kinematic relationships. This assumption allows
the derivation of closed form expressions to assess the internal force vector and consistent
tangent stiffness matrix of the sliding tendon element. Similarly, the displacements of the
hosting elements at nodes m and n comprising the tendon segment k, U, can be related to

the displacement vector of the whole structure, U, as follows:

U Vi € U, Vi @n]T: U,=L.U (6.15)

where Lj, is the matrix relating the degrees of freedom (DOF) of the hosting member nodes
linked to the tendon segment k& and the DOF of the entire structure.

As a frictionless slipping behaviour is assumed, the tendon deformation is constant along the
tendon length. As a result, the internal virtual work associated with the tendon deformation

can be assessed in the following simplified way:

OWint, = / dep0,dV, = bep F, Ly, = e, F), Ly, (6.16)

Vb
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where L, is the deformed length of the tendon and d¢, is the variation of the tendon strain.
From this equation, it can be observed that the assessment of the virtual work for the tendon
can be approximated by using the initial length of the tendon instead of the undeformed one.
This approximation can be considered accurate enough if the strain experienced in the tendon
is small.

From Egs. (6.6) and (6.7), the variation of the tendon strain is given by:

de, = T (6.17)
Po

Considering that the current length of a tendon segment % is L, the variation of the

deformed length of the whole tendon can be assessed as:

0Ly =Y Ly (6.18)
k=1

where n,, is number of segments comprising the tendon. The current length of a tendon segment

k can be evaluated using Eq. (6.5) which can be rewritten as:

Lo =/ (Lt 2+ (L )’ (6.19)

where L, . and L, are the projections of the tendon segment in the axis X and Y, respectively.
As a result, the variation of the current length of a specific tendon segment can be assessed

through the following compact expression:

Lk = 0Ly 08 + 8 Lyy,, sine (6.20)

where 0L, and 0Ly, are the variation of the segment length projections, and ¢ is the
inclination angle of tendon segment in the deformed configuration as shown in Fig. 6.4.
From Egs. (6.11) to (6.14), the variation of the segment length projections can be evaluated

as:

0Ly = 6U,, — 0U,, + (cos ©,, cos g — sin o sin ©,,) €, 00,

— (cos O, cos ap — sin g sin O,,) e, 00, (6.21)
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Lk, = 0V, — 8V, 4 (cos O, sin ag + cos ap sin ©,,,) €, 60y,

— (cos O, sin ag + cos o sin O,,) e, 00, (6.22)

After inserting Eqs. (6.21) and (6.22) into Eq. (6.20) and performing some manipulations,
the variation of the tendon segment length can be conveniently arranged in the following matrix

form:

0Ly =W oU, (6.23)

where

—cos
—siny
€m €08 (O, + g — V)

Wk = (6.24)
cos

sin v
—ep o8 (0, + g — 1)

T
UL = |6V 6V 00, U, oV, 00,] (6.25)

If Egs. (6.17), (6.18) and (6.23) are substituted into Eq. (6.16), the virtual work equation

related to the tendon deformation can be evaluated as follows:

Wint, = 3 0Ly Fy=>_ F, W5 0U, (6.26)
k=1 k=1

From the previous equation, it can be established that internal force vector of the tendon

segment can be assessed as:

9o = Fp Wi (6.27)

If Eq. (6.15) is replaced into Eq. (6.26), the contribution of the tendon element to the

internal force vector of the whole structure can be evaluated as:

9,=> L gy, (6.28)
k=1
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However, in the numerical framework implemented herein, the internal force vector of the
tendon element at the structural level is obtained by a conventional assembling process of the
contribution of each tendon segment. This process can be represented by using the following
assembly operator:

np
g,= A g, (6:29)

The tangent stiffness of the tendon element at the structural level, K, can be obtained

by differentiating the internal force vector, g,,, with respect to the nodal displacements of the

whole structure:

g, NN 0
gp ZL;{ 8“’[’}’“ (6.30)

After inserting Eq. (6.27) into the previous equation, the tangent stiffness can be rewritten

as follows:

p

— T T
K,=Y L pkaU ZL

k=1

dwpk

F,=K,,+K, (6.31)

In Eq. (6.31), the first and second term of the right hand side are denominated as the ma-
terial and geometric stiffness of the tendon element. From Egs. (6.8), (6.17), (6.18) and (6.23),

the derivative of tendon force with respect the nodal displacement can be evaluated as follows:

oF, . Ofplep) 02y  E A,
U~ dg, OU Ly, ZW (6:32)

j=1

As a result, the material stiffness of the tendon can calculated as:
B, A, & _EA
Ky =—1—" > LiwW,, Z we 2w, W (6.33)
Po k=1 po

where E, is the tangent modulus of the strand material. The vector W, can be assembled as

follows:

np

w, ZLT =AW, (6.34)

The geometric stiffness of the tendon can be assessed as:

oW .. oU 154 %%
E : T pk k E : T pk
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The derivative of W, with respect to the nodal displacements of the hosting member at

its end nodes can evaluated as:

(9ka . 8ka 8@/)
oUu, oy 0U,

(6.36)

Taking the derivative of vector W, in Eq. (6.24) with respect to inclination angle of the

tendon segment is given by:

sin v
—cos Y
) em sin (0, + ag — )

=Zpp = 6.37
o ’ —sin ( )

cos
— e, sin (0, + ag — V)

Besides, it can be deduced that:

oy Z,
v _ Lok (6.38)
U, Ly
Therefore, after replacing Egs. (6.37) and (6.38) in Eq. (6.36), the geometric stiffness matrix
in Eq. (6.35) can be rewritten as follows:
Ny F np
K,=> L] L—p”k ZuZh L= LT K, L, (6.39)
k=1 k=1

where K, is geometric tangent stiffness of a tendon segment. As a result, the total geometric

tangent stiffness of the tendon element can be assembled as follows:

Kgp = é Kgpk (6'40)

6.2 Tendon Constitutive Laws

Uniaxial stress-strain laws are adopted to model the short-term and long-term response of
unbonded tendons to accurately represent non-linear material behavior of the steel strands that
comprise the these tendons. A well-known stress-strain relationship is adopted to describe a
nonlinear elastic behavior of the strands under short-term loading. For tendons under the action

of long-term loading, two different numerical procedures are adopted to take into account the
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time-dependent behaviour of the steel strands under different loading and interaction scenarios

as described bellow.

6.2.1 Nonlinear Elastic Model

The stress-strain relationship for steel strands under short-term uniaxial tension devised by
Menegotto and Pinto [269] is employed in this framework. The corresponding curve is depicted

in Fig. 6.5 and can be assessed by employing the following expression:

1-Q
(1+ (ﬁT)RY

where f,,, fpy and E, are the ultimate tensile strength, yield stress, and modulus of elasticity

op(ep) = Epep | @+ < fou (6.41)

of the steel strand; and R, K and () are empirical coefficients defined according to the type
of steel strand employed. It is worth noting that this constitutive law does not allow inelastic

deformation or damage in the material.

|
L

&

Figure 6.5: Stress-strain curves for the strand material.

6.2.2 Rheological Model

Regarding prestressing steel, two common expressions are widely adopted in the engineering
practice to assess the prestress loss due to the stress relaxation phenomenon. In the case of the

European practice, the CEB [270] considers the following equation:

op(to) = op(t) _ , (t - to)k (6.42)

O'p(to) )\1
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where t is the time that passed since the transfer of the post-tensioning force, ty is the time
at stress transfer process, o, is the axial stress in the steel strand or bar, Ay = 1000, p is
a parameter that depends of the initial stress and the class of prestressing steel, and k is an
exponent parameter depending on the type of prestressing steel employed.

In the case of the North American practice, the equation proposed by Magura et al. [271]
is adopted:

ap(te) — op(t) _ In (t goto) p(to) — so (6.43)

ap(to) Sy
where A\g = 1h, so = 0.55 f,,, sy = k,In(10) fpy, fpy is the specified yield strength of the
prestressing steel, and £, is a parameter considering normal or low relaxation.

It is worth noting that Eqs. (6.42) and (6.43) assess the stress relaxation under test condi-
tions meaning that the tendon length is kept constant and subjected to a single prestressing
force variation. Nevertheless, under real loading scenarios, the stress applied in the tendon and
its length can experience variations along the time due to different construction stages and the
interaction between the distinct long-term deformations. Therefore, a more robust numerical
procedure would be required to take into account these effects.

Alternatives such as the use of a linear Maxwell chain model as employed by Barbieri et al.
[272] following the procedure proposed by Bazant and Wu [273] or an equivalent creep coefficient
as describe by Au and Si [274] can be adopted to describe the long-term behaviour of the
prestressing steel under real loading scenarios. However, these procedures do not incorporate
the dependency of the stress relaxation on the initial prestress level. In the numerical framework
implemented here, the widely adopted numerical procedure proposed by Hernandez and Gamble
[275] and the realistic constitutive model for steel relaxation developed by Bazant and Yu [276]
are incorporated.

The method proposed by Hernandez and Gamble [275] consists in the assessment of the
prestress relaxation by employing an updated version of Eqs. (6.42) and (6.43). With this aim,
the initial prestress o,(to) is updated at each time step of the analysis. In this procedure, in
order to assess the initial prestress, the prestress level at the beginning of each analysis step
is taken as the result of the relaxation of this fictitious initial prestress. In case of using the
expression proposed by Magura et al. [271], the amount of prestress relaxation Ao, taking

place at time step n, comprising the time interval [¢,_1,t,], can be assessed as stated by Lou
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et al. [277):

o, (to) <Up"(7f0)

AO’” — p
fpy

where 0 (to) is the fictitious initial prestress for the time step n of the analysis. Similarly, in
case of using the expression proposed by the CEB [270], the following expression to assess the

prestress relaxation can be used:

Ao = o7 (to) p [(?)k - (%)k] (6.45)

Regarding the procedure proposed by Bazant and Yu [276], in order to incorporate the
dependency of the relaxation on the applied stress, the authors considered a viscoplastic con-
stitutive model capable of describing Eqgs. (6.42) and (6.43) for the case of constant deformation.
Based on the equation adopted by the CEB [270], the following differential equation describes

the viscoplastic behaviour of the prestressing steel:

£ _ % kp!/t F(ep)
T B Epdi(1—0y/F(5,)"

(6.46)

where E,; is the tangential modulus of the prestressing steel and F(g,) is a monotonically
increasing function describing the short-term stress-strain relationship of the steel strands. In
case of describing the relaxation expression proposed by Magura et al. [271] under a constant

deformation scenario, Bazant and Yu [276] suggested the following differential equation:

5B By P e | ()] o

To solve Egs. (6.46) and (6.47), the Runge-Kutta explicit integration method comprising

expressions with truncation errors of fourth and filth order are used (Dormand and Prince

232)).

6.3 Incremental Finite Element Equations

In order to solve the global incremental equilibrium equations of unbonded post-tensioned
members over the entire loading range, the nonlinear analysis is performed in two stages. The
first stage refers to the equilibrium state between the application of post-tensioning tendon
forces and the self-weight of the hosting members. More specifically, this stage represents the

state just after the stress transfer process in the post-tensioning operation. To estimate this
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state of equilibrium accurately, the initial tendon strain ¢,, in Eq. (6.7) should be known. In
case this strain value is available the incremental equilibrium equations can be solved directly
employing a load control method. However, in the majority of cases, only the tendon stress
at the end of the prestress transfer is known. This final value of tendon stress is usually
denominated as the effective prestress, o,.. Generally, the initial strain applied in the tendon
is greater than the resulting strain after the transfer process. This larger strain is the result of
the elastic shortening of the hosting member due to the post-tensioning force. Lou et al. [241]
proposed an iterative trial-and-error method to assess the initial strain in the tendon. However,
in this numerical framework a more robust method is implemented as described in the following
subsections. Once the equilibrium state after the release of the tendon and transfer of the post-
tensioned force is evaluated, a second stage is set to assess the effects of imposing additional

external loads on the structure.

6.3.1 Stage at the Transfer of the Post-tensioning Force

As it has been mentioned before, generally only the effective prestress is available. To determine
the initial strain in the tendon and thus any state of deformation in the tendon after the
prestress transfer, Moreira et al. [261] and Sousa Jr et al. [262] proposed a robust numerical
procedure which is followed in this work. This procedure consist in deriving a set of nonlinear
equations by adding an additional equation to the incremental equilibrium equations of the
structural system defining the equilibrium between the post-tensioning and self-weight loads.

The resulting nonlinear equations can be written as follows:

r (U, Epo) 0 (6.48)
Fp(Uagpo)_Fpe 0

where r (U, ¢,,) is the residual force related to the structural system, which is a function of
the global displacements, U, and the initial tendon strain, ¢,,; and Fj. is the corresponding
tendon force for a given effective prestress in the tendon.

To solve the nonlinear equations in Eq. (6.48), a linearization procedure is performed res-

ulting in the following nonlinear system of coupled equations:
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where K¢ is the tangent stiffness of the whole structure, E,; is the tangent modulus of the
prestressing steel and W, is the vector defined in Eq. (6.34). The resulting tangent stiffness
matrix of the system related to previous equation is going to be denominated as Krg.

It is worth noting that Eq. (6.49) is derived by considering the stiffness matrix and resisting
internal force of the hosting members and tendon element. Therefore, traditional Newton-
Raphson methods can be applied to solve these nonlinear equations. In case of employing the
equivalent load scheme described in subsection 6.1.1, only the forces generated by the tendon
segments are included. This feature implies that the evaluation of the true total tangent stiffness
matrix of the system is not possible. In this case, Quasi-Newton methods can be employed
to approximate the missing true stiffness matrix in the nonlinear system of equations. In
this work, the well-known Broyden and Broyden—Fletcher-Goldfarb—Shanno (BFGS) methods
(Dennis and Moré [278]) are adopted. The Broyden method consist on performing a first-order
update of the stiffness matrix whereas the BFGS method conducts a rank-two update. To start
these numerical algorithims, an initial guess of the tangent stiffness matrix K c?s has to be made.

In this case, the following approximation was adopted:

K 0
Ko — | (6.50)
TS :
0 A, E,

where K in this case only contains the stiffness matrix of the beam-column elements.

6.3.2 Stage after the Transfer of the Post-tensioning Force

The incremental equilibrium equations after the transfer stress process represents the equilib-
rium states when the structure is subjected to additional external loads besides the self-weight
load. In the case of the assessment of the short-term response, the external loads are varied con-
tinuously in each step analysis up to the failure state and tracked into the post-failure regime.
On the contrary, the external loads in the long-term assessment are only varied at specific steps

of the analysis and then hold constant. As described in section 4.3, the stiffness matrices and
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force vector of all the elements comprising the structure are assembled in a global coordinate
system to set up the incremental equilibrium equations of the whole structural system. Similar
to Eq. (4.80), to solve the resulting linearized equations comprising the incremental equilibrium
equations, a incremental-iterative procedure is adopted. As a result, the linearized equations
for a specific step of the short- or long-term analysis can be expressed as follows:

( ZM + KZ(;) Ale_l = A)\H_llrref + Feizt - F;ost - Fz’int

(6.51)

where the superscript ¢ indicates the ith iteration, and F,s and F,, are the force vectors
acting on the structure due to the post-tensioning load and internal stresses generated in the
hosting members, respectively. It is worth noting that the tangent stiffness matrices K,; and
K encompass the stiffness matrices of the hosting members and tendon element for the case
of using the tendon formulation described in subsection 6.1.2. Otherwise, the tangent stiffness
matrices only comprises the stiffness matrices of the hosting members when the equivalent load
scheme is adopted. In the assessment of the vector F o5, Eq. (6.9), referred to a local coordinate
system, or Eq. (6.27), referred to a global coordinate system, are employed depending on the
formulation adopted.

Similarly, the Eq. (6.51) can be compactly expressed as Eq. (4.81) and solved by imposing
a constrain condition using a load or displacement control strategy or a continuation technique
as the cylindrical arc-length method as described in section 4.3. Once a constraint conditions is
adopted, Eq. (6.51) are solved using the nonlinear solution algorithms described in chapter 5.
The iterative process is stopped when a global convergence criteria is satisfied. In the numerical
framework of this thesis, the well-known force, displacement and energy norm criterion are

adopted.

6.4 Validation Examples

The analysis framework detailed above was implemented to study the global behaviour of
post-tensioned timber members under short and long-term loading. As described before, the
finite element formulations of the hosting members and tendon element encompass material
nonlinearity as well as large displacements while assuming the development of small strains
inside the elements. To test the capabilities of the analysis framework, four benchmark test were
replicated for validation purposes. Given the dearth of available experimental data on unbonded

post-tensioned timber members with draped or eccentric tendon profiles using conventional
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anchor systems tested up to failure or under long-term loading, numerical and experimental
test performed on unbonded post-tensioned RC beams were also included. This will also serve to
illustrate the capabilities of the framework and the versatility of the implementation. Regarding
the study of the short-term response up to failure of post-tensioned members, two benchmark
tests performed on RC beams and one test involving timber beams were analysed. In relation to
the study of the long-term response of post-tensioned members, a benchmark test performed on
a RC beam including the interaction of the different time-dependent effects is also analysed. As
it has been mentioned before, unbonded tendons that depend on anchorages and deviators to
transfer the prestress force to the hosting member are denominated external tendons, whereas
the unbonded tendons passing through the hosting member through internal duct which are
in permanent contact with the member are referred to as internal tendons. The numerical
performance of the numerical procedures to address unbonded tendons presented in this chapter
will also be compared in terms of computational effort in two specific examples. In these
comparisons, the equivalent load scheme described in subsection 6.1.1 and the load resisting

element presented in subsection 6.1.2 will be refereed to EQL and LRE, respectively.

6.4.1 Simply-Supported RC Beams Post-Tensioned with External

Tendons

Lou and Xiang [235] performed a numerical test to assess the effects of using different deviator
arrangements on the ultimate load capacity of externally post-tensioned simply-supported RC
beams. The numerical framework developed by the authors had been previously extensively
validated against experimental results (Lou and Xiang [238] Lou et al. [241] Lou et al. [244]).
This particular numerical test is selected due to its challenging modelling features which include
a varying eccentricity (in value and direction) as well as large displacements and material
nonlinearity. In particular, the beam with a span of 16000 mm is selected as the test case. The
external post-tensioning applied on the beam consists of straight horizontal tendons with an
initial eccentricity of 200 mm and three different deviator configurations. These configurations
include middle and one-third span locations as well as no deviators in between the anchorages
as shown in Fig. 6.6. The beam section has a rectangular shape of 300 mm width and 600
mm height with a constant reinforcement layout top and bottom along its full length as shown
in Fig. 6.7. Regarding the material properties, it was considered a concrete cylinder strength
and elastic modulus of 40.0 MPa and 36.3 GPa were considered, respectively. Besides, an

ordinary reinforcement with a yield strength and elastic modulus of 450.0 MPa and 200.0
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GPa, respectively, a prestressing steel with a ultimate tensile strength and elastic modulus of
1860.0 MPa and 195.0 GPa, and, a specific weight of 25 kN per cubic meter was assumed. For
this analysis, an effective prestress in the tendon of 1120.0 MPa was used. In the analysis,
two loading scenarios were considered for the externally post-tensioned beams: uniform and

midpoint loads denominated in the following as UL and PL, respectively.

;;;;;/ /
. 16000 mm R
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;f;;:/ /
8000 mm | 8000 mm
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| I |

()

Figure 6.6: Simply-supported post-tensioned RC beam layouts: (a) No deviators; (b) One
deviator; (c) Two deviators.
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Figure 6.7: Rectangular section of the post-tensioned simply-supported RC beams.
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The same discretization and type of beam column elements adopted by Lou and Xiang [235]
were employed here for comparison purposes. The hosting member was discretized into 18
elements along the span using a traditional Euler-Bernoulli Beam-Column formulation whereas
its section was subdivided into 10 layers. Similarly, for the EQL, the tendon was discretized into
18 segments corresponding to each beam-column element of the hosting member as depicted in
Fig. 6.8. On the contrary, in the case of LRE, only one, two and three tendon segments were
employed for the no deviator, one deviator and two deviators configurations, respectively, as

shown in Fig. 6.9.

—~
&
~—

Figure 6.8: FE discretization used in the EQL: (a) No deviators; (b) One deviator; (¢) Two
deviators.

To consider the inelasticity of the materials, the Hognestad [279] and perfectly-plastic back-
bone envelopes were adopted for the unconfined concrete and reinforcing steel bars, respectively.
For the prestressing steel, the strain-stress relationship proposed by Menegotto and Pinto [269]
was adopted.

The results from the simulation are presented in Figs. 6.10 to 6.13, together with those
of Lou and Xiang [235]. From these figures, it can be noticed that the results obtained for
both tendon approximations are almost identical. However, the involved computational effort
in terms of the total number of iterations to achieve convergence during the whole analysis for
each tendon formulation and loading scenario is different as summarized in Table 6.1. It can
be observed from this table that the performance of the LRE formulation is slightly superior

in the majority of cases. However, for the specific case a one deviator configuration under UL,
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the performance of the EQL is markedly superior. From Figs. 6.10 to 6.13 it can be noticed
that the numerical framework used in this study is capable of accurately simulate the full load-
deflection response of these test cases and that key response features like stiffness degradation

and inflection points are well captured.

()

Figure 6.9: FE discretization used in the LRE: (a) No deviators; (b) One deviator; (c¢) Two
deviators.
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Figure 6.10: Load-deflection response for single concentrated load obtained with the EQL
scheme.
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Figure 6.11: Load-deflection response for uniform load obtained with the EQL scheme.
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Figure 6.12: Load-deflection response for single concentrated load obtained with the LRE
formulation.
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Figure 6.13: Load-deflection response for uniform load obtained with the LRE formulation.

EQL-PL LRE-PL EQL-UL LRE-UL

No Deviators 124 107 128 118
One Deviators 106 101 210 157
Two Deviators 126 102 132 121

Table 6.1: Number of iterations performed during the analysis.

6.4.2 Continuous RC Beams Post-tensioned with Internal Tendons

The second case study consists in the analysis of internally post-tensioned two-span continuous
RC beams subjected to three-point loadings up to failure tested experimentally by Chen [280].
This experimental results were also simulated numerically by Lou et al. [241] from where the
experimental test data was extracted. The aim of analysing this test is to attest the capability
of the implemented framework to address the use of piecewise parabolic profiles in internally
post-tensioned beams as shown in Fig. 6.14. The set of beams analysed have rectangular
sections of 150 mm width and 300 mm depth, and total lengths of 10000 mm with each span
covering 4800 mm. In this test, the layout of the internal unbonded tendons along the beam
were the same for all the specimens. This layout that consisted of 15 mm seven-wire strands

can be described by the following expressions:
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g =25297 x 107° 7% — 0.10067 0 < 7 < 1988 mm (6.52a)
7 =3.0518 x 107°7% — 0.12147 + 20.7 1988 mm < T < 4320 mm (6.52b)

g=—14817 x 1074 7% + 1.42257 — 3313.9  4320mm < T < 4800mm (6.52¢)

where 7 is the distance from the left end support of the beam and 7 is the vertical distance
between the tendon layout and the beam centroidal axis. Regarding the small lengths of the
beam outside the end supports, the tendon layout in these zones was considered as straight
lines that follow the tangent to the tendon curve at the end support.

Two specimens of the experimental campaign, namely YLA2 and YLB2, are studied. The
layout of the ordinary and prestressed reinforcement in the beam sections at the inner shear
spans and the span comprising the outer shear and flexural spans as well as the reinforcement
areas are shown in Figs. 6.15 and 6.16.

The reinforcing steel bars of 12, 16 and 18 mm have yield strengths of 361 MPa, 384 MPa
and 364 MPa, respectively. In the case of the prestressing steel, a ultimate tensile strength of
1941 MPa, a yield strength of 1680 MPa and an elastic modulus of 197 GPa were reported.
In regard to the reinforcing steel bars of 12, 16 and 18 mm, yielding strengths of 361 MPa,
384 MPa and 364 MPa, respectively, were employed. The shear reinforcement comprised 10
mm stirrups with a spacing of 150 mm in the outer shear spans and of 200 mm in the flexural
spans. In the specific case of specimens YLA2 and YLB2, the stirrup spacing in the inner shear
spans were 150 mm and 100 mm, respectively. Regarding the concrete material, a concrete
cylinder strength, tensile strength and elastic modulus of 36.7 MPa, 2.8 MPa, 32.5 GPa and
33.0 MPa, 2.6 MPa, 31.5 GPa were used for specimens YLA2 and YLB2, respectively. The
remaining material properties for the simulation were assumed as they were not provided, hence,
a specific weight of 25 kN per cubic meter, an elastic modulus of 200 GPa for the longitudinal
and transversal ordinary reinforcement, and a yield strength of 360.0 MPa for the transverse

reinforcement were adopted.
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Figure 6.15: Section and reinforcement layout of the continuous beam YLA2.
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Figure 6.16: Section and reinforcement layout of the continuous beam YLB2.

The parabolic profile of the tendon was approximated by a set of linear segments as shown

in Fig. 6.17. When using internal tendons, the mesh of the EQL and LRE formulations are

38 elements and segments, respectively. The cross section of the beam was discretized into
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10 concrete layers. These subdivisions are the same employed by Lou et al. [241] during their
simulation. For comparison purposes, the same type of beam-column element with a traditional

Euler-Bernoulli formulation was also used during the simulation.

Figure 6.17: FE discretization of the continuous post-tensioned RC beams.

To reflect the behaviour of the tested specimens, the different levels of confinement along
the beam provided by the stirrups were considered in the assessment of the concrete strain-
stress curves. The variation in the layout of the top and bottom reinforcement bars over the
length of the beam was taken into account. A perfectly-plastic, and modified Park et al. [281]
backbone envelopes were adopted for the reinforcing steel bars and concrete, respectively. In
the case of the steel strands, the backbone envelope curve described by Eq. (6.41) was employed.
Effective prestress levels of 1196 MPa and 1193 MPa for the beam specimens YLA2 and YLB2,
respectively, were considered in the analysis.

Fig. 6.18 presents the experimental force-displacement relationships recorded by Chen [280]
along with numerical predictions by Lou et al. [241]. These results are contrasted with the
numerical results obtained in the numerical framework of this thesis. In this validation case,
only the EQL formulation is used in the assessment.

Despite using the same discretization, element type and material properties used by Lou
et al. [241], the curves in Fig. 6.18 show some discrepancies between their numerical results and
those obtained with the present framework. This mismatch could be explained by unintended
differences in material parameters since these were not specified in Lou et al. [241] and had to
be assumed from nominal values in the literature. Nevertheless, the results show a reasonable

agreement with the experimental results.
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Figure 6.18: Load-displacement responses: (a) Specimen YLA2; (b) Specimen YLB2.

6.4.3 Externally Post-tensioned Timber Beams

van Beerschoten et al. [7] conducted a series of experiments on full-scale simple supported timber
beams with box section. These experimental results are taken here as the third validation
set. Furthermore, the authors developed high-fidelity 3D FE models which were validated by
comparing the numerically simulated results against the experimental ones. This numerical
results are also used for comparison in the present case. The post-tensioned beam specimens;
labelled as Beam 2, Beam 3 and Beam 4 in the experimental campaign, are the ones to be
analysed herein up to their ultimate state. In the experimental test, the beam specimens were
first subject to a post-tensioning force transferred through external tendons followed by the
application of four-point bending loads.

Regarding the unbonded tendon layouts, the tendon in Beam 2 is straight with an initial
constant eccentricity of 161 mm as shown in Fig. 6.19a. In contrast, the tendons in Beams 3 and

4 have a draped profile enforced through two deviators located at one-third of the span with
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zero eccentricity at both ends and maximum eccentricities of 185 and 215 mm in the flexural
spans, respectively, as depicted in Figs. 6.19b and 6.19c. The total span of the beams is 9150
mm and a box section of 426 mm width and 610 mm height overall were used in all cases.
These sections are comprised of webs and flanges with 63 and 90 mm of thickness, respectively,
for Beam 2 and 3 as illustrated in Figs. 6.20a and 6.20b, whereas the box section of Beam 4
has a top flange thickness of 180 mm as shown in Fig. 6.20c.

The compression strength of the timber material that comprises the full-scale beam speci-
mens is adopted directly from experimental tests performed by van Beerschoten et al. [282] on
scaled specimens analysed in parallel to the post-tensioned specimens. These strength values
were employed during the construction of the high-fidelity 3D FE model developed by van Beer-
schoten et al. [7]. In the analysis performed herein, two tension strength values are adopted to
set an upper and lower load-deflection response curves and to account for the natural variability
associated with wood. The first set corresponds to tension values assumed to be the same than
the compression values, similar to van Beerschoten et al. [7]. In the second case, the tension
strength is obtained from the bending strength values provided by the manufacturer Nelson-
Pine [283] as no test was performed to assess this strength during the original experimental
campaign. To this end, a scale factor of 0.733 is used in accordance with the manufacturer’s
recommendation which includes consideration of potential size effects. On the contrary, the
elastic properties of the box-section beams are obtained from the full-scale test on the beam
specimens. All these material properties are summarized in Table 6.2. Finally, a specific weight

of the timber beam of 5.7 kN per cubic meter was assumed.

Properties of timber material Value
Ultimate bending strength 48 MPa
Ultimate compressive strength parallel to grain 47MPa
Modulus of elasticity Beam 2 10.9 GPa
Modulus of elasticity Beam 3 11.2 GPa
Modulus of elasticity Beam 4 11.4 GPa
Shear modulus Beam 2 631 MPa
Shear modulus Beam 3 703 MPa
Shear modulus Beam 4 757 MPa

Table 6.2: Material properties for timber beams.

For the case of the prestressing steel comprising the externally post-tensioned tendons, seven
steel strands of 12.7 mm diameter are employed. Their material properties are summarized in
Table 6.3. Once the strength values are defined, the uniaxial constitutive model for timber and

steel strands can be assessed using Eq. (4.57) and Eq. (6.41), respectively.
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Figure 6.19: Externally post-tensioned timber beam layouts: (a) Beam 2; (b) Beam 3; (c)
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Figure 6.20: Box section layouts: (a) Beam 2; (b) Beam 3; (c¢) Beam 4.
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Properties of steel strands Value

Ultimate tensile strength 1860 MPa
Yield strength 1520 MPa
Modulus of elasticity 200 GPa

Table 6.3: Material properties for steel strands.

To assess the ultimate load capacity of the post-tensioned beams, two numerical models
were constructed. In one model the enhanced formulation of the traditional Euler-Bernoulli
beam-column element (subsection 4.1.4) is employed whereas in the other model the enhanced
version of the Timoshenko beam-column element (subsection 4.1.6) is used for comparison
purposes. These beam-column element formulations are denominated as ENH EB and ENH
TB, respectively. Following a mesh sensitivity study, it was found that a discretization of
4 elements along the hosting member, as shown in Fig. 6.21, was sufficient to capture the
failure load of the post-tensioned specimens in both formulations. On the other hand, the box
sections of all beam specimens were divided in 14 fibers along the section depth. Regarding
the modelling of the unbonded tendons, the LRE formulation was employed in this validation
study as the aim was to use a coarse-mesh FE model. As it is depicted in Fig. 6.21, the tendon

was discretized in one segment for Beam 2 and three segments for Beam 3 and 4.

~ T

)
@ I/
()
Figure 6.21: FE discretization: (a) Beam 2; (b) Beam 3; (c) Beam 4.
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Figs. 6.22 and 6.23, presents and compares the numerical and experimental benchmark
load-displacement responses of the post-tensioned timber beams with the ones obtained with
the implemented numerical framework. It can be noticed from these figures that the global re-
sponses obtained with the proposed numerical framework for both beam-column formulations
are in good agreement with the experimental and numerical results obtained by van Beers-
choten et al. [7]. It is worth mentioning that the benchmark numerical results in the case
of Beam 2 obtained from a 3D simulation (high-fidelity 3D FE model) were performed up
to the same level of failure load observed during the experimental test. This is because the
Beam 2 specimen experienced a premature failure during the physical testing due to an initial
damage state induced on the specimen during the prestress transfer operation. Therefore, the
performed simulation was also carried out up to the same premature failure load. However,
this is not the case for beam specimens 3 and 4, where the full set of numerical results are
plotted up to the limit point of failure. The numerically simulated results indicates a very good
prediction of the ultimate failure capacities of the post-tensioned timber specimens. Besides, it
can be noticed that the upper and lower load-deflection response curves obtained comprise the
benchmark experimental and numerical results. The obtained results show that the ENH EB
case presents a slightly stiffer behaviour in comparison with the ENH TB due to the absence of
shear deformations. However, the discrepancies between both analysis cases are marginal for
peak loads.

From the obtained results, it was noticed that the sectional forces at each integration points
(IPs) of the elements are almost identical to the internal sectional forces up to the peak load.
After reaching the failure point, the internal sectional started to slightly diverge in the post-
peak range. This is illustrated in Appendix D for the most strained element located at the
middle of the mesh. Therefore, the use of enhanced formulations in conjunction with the LRE
tendon formulation offer a potential alternative to carry out a performance assessment of post-
tensioned members up to the ultimate limit state with a relative coarse mesh. In case the
post-peak response is of interest, a localisation limiter has to be considered to avoid spurious

mesh sensitivity.
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Figure 6.22: Load-midspan displacement response for the ENH EB : (a) Beam 2; (b) Beam 3;
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Figure 6.23: Load-midspan displacement response for the ENH TB : (a) Beam 2; (b) Beam 3;
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6.4.4 Simply-Supported RC Beams Post-Tensioned with Internal

Tendons

The fourth validation test encompass the capabilities of the implemented numerical framework
to address the long-term response of post-tensioned beam-like structures. For the sake of sim-
plicity, the numerical results obtained by Lou and Karavasilis [284] are chosen as benchmark as
they use a widely validated FE model. This numerical exercise consist of a simply-supported
RC beam with a span of 12000 mm post-tensioned with a parabolic internal unbonded tendon
subjected to self-weight and four-point bending loads as shown in Fig. 6.24. Regarding the
parabolic profile of the tendon, a maximum eccentricity of 200 mm was considered at the mid-
span and no eccentricities at the end anchorages. The numerical results offers a comprehensive
benchmark as it includes the interaction of different time-dependent effects such as concrete
creep and shrinkage as well as the relaxation of the prestressing steel tendons. Importantly,
the FE model incorporated an aging material model proposed by Bofang [285] to describe
the dependence of the creep compliance on the loading age. Regarding the relaxation in the
tendons, the authors employed the procedure proposed by Hernandez and Gamble [275] by up-
dating the expression proposed by Magura et al. [271] to consider the interaction of the different
time-dependent deformations with the relaxation. In this analysis, low relaxation tendons were
considered. The rectangular section of the beam has a height and width of 600 mm and 300

mm, respectively, with a reinforcement layout distributed in the section as shown in Fig. 6.25.

l l

L =4000 mm I L=4000 mm | L=4000 mm

I‘ rI‘ rI‘ rl

Figure 6.24: Simply-supported post-tensioned RC beam layout.

With regard to the material properties, a concrete cylinder compressive strength and elastic
modulus of 35 MPa and 34 GPa at the age of 28 day, respectively, an ordinary reinforcement
with a yield strength and elastic modulus of 450 MPa and 200 GPa, respectively, were con-
siderer. Besides, a prestressing steel with a ultimate tensile strength, yield strength and elastic

modulus of 1860 MPa, 1674 MPa and 195 GPa, respectively, was used.
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Figure 6.25: Section layout of the post-tensioned simply-supported RC beam.
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To perform the long-term analysis, it was assumed a specific weight of 27.2 kN per cubic
meter for the beam and a total load of 100 kN for the four-point bending load was considered.
In the FE model employed by Lou and Karavasilis [284], the hosting member was discretized
into 18 Euler-Bernoulli beam-column elements and its section was subdivided in 10 fibers along
the height. For comparison purposes, the same element type and discretization are adopted
in the implemented framework. Regarding the modelling of the tendon, both formulations

implemented in the framework were employed. The mesh of the FE model used in the analysis

is illustrated in Fig. 6.26.

Figure 6.26: FE discretization of the simply-supported post-tensioned RC beam.

To consider the relaxation of the prestressing steel, both procedures described in subsec-
tion 6.2.2 are employed for comparison purposes. To this end, the procedures proposed by
Hernandez and Gamble [275] and Bazant and Yu [276] are denominated as RP1 and RP2,
respectively. The rheological behaviour of the ordinary reinforcement is neglected. In the ana-
lysis, two loading scenarios are considered. First, the self-weight is the only force applied to
the post-tensioned beam whereas in the second scenario both the self-weight and four-point
bending loads are acting on the beam. Both loading scenarios are applied at the age of 28 days
along with two effective prestress levels of 800 MPa and 1200 MPa.

The results are shown in Figs. 6.27 to 6.34. It is observed that the results obtained for both
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tendon formulations are very similar. However, the computational effort in terms of the total
number of iterations performed during the analysis is different. Specifically, the EQL scheme
performs twice more iterations than the LRE formulation. In general, satisfactory agreement
between the proposed FE model and the numerical benchmark results is observed. Therefore,
the implemented framework is capable of taking into account the different time-dependent

deformations and their interactions.
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Figure 6.27: Long-term deflections under self-weight loads obtained with the LRE
formulation.
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Figure 6.28: Long-term deflections under self-weight loads obtained with the EQL scheme.
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Figure 6.30: Long-term prestress losses under self-weight loads obtained with the EQL
scheme.
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Figure 6.31: Long-term deflection under self-weight and four-point bending loads obtained
with the LRE formulation.

190



w
a

N w
a o
T T

o
o
| |

N
o
T

|

-
(&)
T

Downward deflection (mm)

10 - . Lou & Karavasilis, 2018 - opO =800 MPa |
® Lou & Karavasilis, 2018 - 0 . = 1200 MPa
po
5+ This Framework - RP1 .
This Framework - RP2
O | | | | | |
0 100 200 300 400 500 600 700

Time (days)

Figure 6.32: Long-term deflection under self-weight and four-point bending loads obtained
with the EQL scheme.
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Figure 6.33: Long-term prestress losses self-weight and four-point bending loads obtained
with the LRE formulation.
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Figure 6.34: Long-term prestress losses self-weight and four-point bending loads obtained
with the EQL scheme.
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Regarding the relaxation procedures adopted, it can be noticed that the deflections are
almost identical whereas in the case of prestress loss the results presents minor differences. It
is worth mentioning that the small discrepancies observed between the results can be due to
an assumed specific weight of the beam which was not provided by the authors of the original
study. As it has been pointed out before, the self-weight of the hosting member is an important

parameter to set the right initial conditions after the prestress transfer.

6.5 Concluding Remarks

From the presented methodologies and obtained results in the validation examples, the following

conclusions can be offered:

e The equivalent load scheme (described in subsection 6.1.1) to consider strain incompat-
ibility and second order effects in unbonded tendons represents an improvement over the
methodology proposed by Lou and Xiang [238]. Specifically, the numerical procedure
has been extended to consider a corotational approach instead of an updated Lagrangian
approach to describe the large displacements of the hosting member. Moreover, basic end
rotations are used instead of the total end rotations. This approach seems to be more
appropriate in the derivation of the kinematic equations describing the geometry of the
tendons as small approximations for the rotations experienced by the hosting members

are considered.

e Similarly, the proposed FE formulation described in subsection 6.1.2 represents an up-
graded version of the formulation developed by Moreira et al. [261]. In this specific case,
te description of the hosting member is addressed by considering a corotational framework
instead of a total lagrangian approach. Furthermore, in the derivation of the kinematic
equations of the tendon, the total rotations at the ends of each tendon segment are not
simplified or considered small and an inclination of the hosting member is taken into
account. As a result, simplified expressions are obtained for the assessment of the force

vector and tangent stiffness matrix of the unbonded tendons.

e A robust and efficient numerical procedure to assess the equilibrium state immediately
after the prestress transfer process has been adopted. In contrast to an iterative trial-
and-error scheme, this numerical procedure increases the computational efficiency of the

numerical framework to a greater extent. Furthermore, in case of using an equivalent
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load scheme for modelling the unbonded tendons, Quasi-Newton methods are adopted to
address the lack of a tangent stiffness for the tendon elements. Last but not least, an

initial expression is proposed to start these Quasi-Newton algorithms.

The results presented attest to the capability of the analysis framework to address the
short- and long-term global response of timber members post-tensioned with different
tendon profiles as numerical and experimental benchmark results have been reproduced
with sufficient accuracy. Furthermore, the framework considers enhanced formulations for
the beam-column elements comprising the hosting members allowing the use of coarse dis-
cretizations and a better enforcement of equilibrium. As a result, the framework features

versatility, numerical robustness and computational efficiency.

The efficiency of this modelling approach allows carrying out design- oriented paramet-
ric studies of post-tensioned timber members where local responses such as strains and
internal forces as well as global responses up to the ultimate limit state or during service-

ability are of interest.

Despite of obtaining almost identical results for both tendon formulations, the computa-
tional effort differs. In case of assessing the short-term response, it was observed that the
numerical performance of both formulations is similar. However, during long-term assess-
ments it was noticed that the resisting element formulation has a superior performance

by carrying out less iterations.

It is worth mentioning that the resisting element formulation offers a less cumbersome
algorithm as the tangent stiffness matrix takes into account the change of eccentricities

as the hosting member deforms.

The presented numerical framework allows the consideration of shear deformations in the
assessment of the failure load of post-tensioned timber members. It was noticed that these
deformations influence the stiffness and deflections of the hosting members. However, in
terms of the failure load their impact seems to be not important for the case studies

considered.
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Chapter 7

Numerical Case Studies

In this chapter, a complementary numerical study is performed to gain insights into the short-
and long-term behavior of unbonded post-tensioned timber beams with draped external ten-
dons. To this end, the post-tensioned beam labelled as specimen Beam 3 tested by van Beer-
schoten et al. [7] and analysed in subsection 6.4.3 is considered as a case study due to the
practicality of its deviator layout which could be used frequently in the mainstream engineer-
ing practice. In the following analyses, it is assumed that the tensile and compressive strength
of the timber material are the same by adopting the highest strength for the reference beam.
In the first part of the analysis cases, the ultimate response under short-term loading of the
selected post-tensioned specimen beam is analysed by varying the spacing between the deviat-
ors defining the profile of the draped tendon. The different beam-column (BC) finite element
(FE) formulations described in subsection 4.1.3, subsection 4.1.4, subsection 4.1.5 and subsec-
tion 4.1.6 are employed herein. The traditional Euler-Bernoulli and Timoshenko BC elements
are referred as EB and TB, respectively, whereas their enhanced formulations are denominated
as ENH EB and ENH TB, respectively, in the following analyses. In the same way, the tendon
formulations described in subsection 6.1.1 and subsection 6.1.2 are abbreviated as EQL and
LRE, respectively. The aim of this comparisons is to show the versatility and efficiency of each
finite element modelling approach implemented in the numerical framework. In the second
part, only one modelling approach is considered to assess the time-dependent behavior of the

generated post-tensioned timber beam layouts.

7.1 Influence of Deviator Spacing on Ultimate Response

In this numerical case study, it is examined the ultimate response of the externally post-

tensioned timber Beam 3 by varying the draped profile of the tendon layout. Specifically, the
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distance between the two deviators defining the tendon profile of the specimen Beam 3, Sy, is
varied while the initial tendon eccentricity is maintained constant. To encompass the influence
of the deviator spacing on the ultimate response, the ratio of this distance to the span length
of the beam specimen, Sy, /L, is defined. This ratio is considered as the main variable to carry
out a numerical study of the nonlinear behaviour of post-tensioned timber beams subjected to
four-point bending and uniform loads up to failure. On the other hand, according to Lou et al.
[246], the spacing between deviators in post-tensioned reinforced concrete beams influences the
development of second order effects. To determine if similar effects can take place in post-
tensioned timber beams, 10 values of the ratio Sy, /L ranging from 0 to 1 were studied for
the two loading scenarios. A ratio of zero represents a post-tensioned beam with no deviators
whereas a value of one depicts a tendon profile with one deviator at mid-span. Global and
local responses such as ultimate loading capacity, midspan displacement, eccentricity variation
at the midspan, ultimate stress increase in the tendon, and midspan moment in the beam are
analysed to evaluate the influence of deviator spacing on these nonlinear responses.

In this numerical study, the BC and tendon elements described in section 4.1 and section 6.1,
respectively, are used to assess the ultimate response of the post-tensioned beams. In the case
of the four-point bending loading, four FE models were built. In the first and second FE
models, a fine mesh size comprising 18 BC elements was employed along with a EQL scheme
for the unbonded tendons. In these models, the traditional EB and TB formulations were
used, respectively. Fig. 7.1a shows some of the FE mesh generated for the analysis. On the
contrary, the third and forth model employed a coarse mesh size comprising 6 or 4 BC elements
depending on the value of the ratio S, /L adopted. More specifically, for ratios values of 0,
1/3 and 1, a discretization of 4 elements was used, whereas for the remaining values 6 elements
were employed as shown in Fig. 7.2. In these coarse-mesh FE models, BC elements with Euler-
Bernoulli and Timoshenko enhanced formulations, respectively, were adopted along with LRE
formulations for the unbonded tendons with the aim of using the smaller number of elements.
In what follows, the previously described FE models are denominated as FE model 1, 2, 3 and 4,
respectively. Similarly, the four-point bending and uniform loads applied on the post-tensioned
beam reference are denominated as loading scenario 1 and 2, respectively. In the case of loading
scenario 2 (uniform loads), only fine-mesh FE models, it means FE model 1 and 2, are used to
assess the short-term response of the post-tensioned beams. This discretization is more suitable

for this case as the uniform load is represented as equivalent loads along the beam length.
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Figure 7.1: Fine mesh discretization adopted for FE models 1 and 2: (a) Sge,/L = 0; (b)
Saev/L = 1/9; (¢) Saew/L = 1/3; (d) Saew/L = 2/3; (¢) Saen/L = 1.

Figs. 7.3 to 7.8 show the global and local responses obtained for the different ratio values
Sdev/ L and FE models described previously. From these figures, it can be observed that the
results obtained from the fine- and coarse-mesh FE models with the same section kinematics
hypothesis are very similar. By comparing the results obtained for different section kinematics
hypothesis, it can be noticed that larger variations of tendon eccentricities and ultimate deflec-
tions at the midspan are obtained when the shear deformations are included. From the results,
the larger tendon eccentricity variations are obtained for the tendon profile without deviators

whereas no variation is obtained when the deviator is located at the midspan.
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Figure 7.2: Coarse mesh discretization adopted for FE models 3 and 4: (a) Sgen/L = 0; (b)
Saev/ L =1/9; (¢) Sgev/L = 1/3; (d) Sgev/L = 2/3; (€) Sgew/L = 1.

In Fig. 7.9 the ultimate load capacity of the post-tensioned beam is plotted as a function of
the deviator spacing ratio Sge,/L. From this figure, it can be observed that the obtained results
from the fine-mesh and coarse-mesh FE models are very similar and shear deformations has a
negligible effect for the four-point bending loading case (loading scenario 1). In this loading
scenario, the maximum capacities are attained for span ratios ranging between 2/9 and 4/9. In
the case of the uniform distributed loading case (loading scenario 1), higher ultimate loads (up
to 28% more) were obtained by including or neglecting shear deformations. In this particular
case, the maximum capacity was achieved for the span ratio value of 1/9. Conversely, the

post-tensioned beams with no deviators shows the lowest failure loads under both load types.
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Figure 7.9: Effects of deviator spacing on ultimate load capacities: (a) Euler-Bernoulli
formulations; (b) Timoshenko formulations.

The increase of the ultimate stress in the unbonded tendon is depicted as a function of the
deviator spacing ratio Sy, /L in Fig. 7.10. From these results, it can be noticed that the loading
scenarios considered induces similar trends regarding the stress increments in the tendon at the
ultimate states. In the case of including the shear deformations in the hosting member, it
can be observed that these deformations incurred in the hosting member induce higher stress
increments in the tendon at the ultimate states. The lowest stress increments are registered for
the configuration with one deviator at the midspan. In overall, the fine- and coarse-mesh FE

models provide similar results for each beam kinematic theory.
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Figure 7.10: Effects of deviator spacing on ultimate tendon stress increase: (a)
Euler-Bernoulli formulations; (b) Timoshenko formulations.

7.2 Influence of Deviator Spacing on Long-Term Response

In this numerical study, the time-dependent behavior of the post-tensioned timber Beam 3

is analysed by considering only three of ratios values, Sge,/L, previously used in section 7.1.

The considered ratios values in this long-term analysis are: Sg,/L = 0, Sgep/L = 1/3 and

Saev/L = 1. In this analysis, traditional Euler-Bernoulli BC elements are used for modelling
the hosting member and the unbonded tendons are simulated by adopting the LRE approach.

A mesh of 18 BC elements is used along with one, two or three tendons segments depending

on the ratio value as shown in Fig. 7.11.
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Figure 7.11: FE discretization: (a) Sgev/L = 0; (b) Sgev/L = 1/3; (¢) Saev/L = 1.

For the numerical study, the post-tensioned beam is analysed under two loading scenarios.
One scenario consist of only self-weight loads applied whereas the other considers the self-weight
along with a four-point bending load. Additionally, as wood posses a hygroscopic behavior,
the surrounding environment is also included in the loading scenario. In this particular case
analysis, the weekly and daily cyclic humidity variations employed during the test performed by
Hoyle et al. [223] are used herein for comparative purposes. These cyclic humidity variations
consist of square waves with weekly and daily periods as was described in subsection 4.4.6.
By considering a total four-point bending load of 200 kN during the service life of the post-
tensioned beam, a maximum stress of 15 MPa at the midspan of the beam is induced meaning
that the beam remains in the linear-elastic range. As a result, a viscoelastic model such as the
model proposed by Toratti [66] can be used to describe the time-dependent behavior of the
beam. As the material comprising the post-tensioned beams tested by van Beerschoten et al.
[7] is radiata pine, the parameters used by Toratti [66] can no longer be used as they were
obtained for spruce sawn timber. However, Granello et al. [130] proposed a set of values for
the mentioned viscoelastic model after performing a calibration based on the creep coefficients
proposed by Fragiacomo and Davies [127] which in turn were deduced from the experimental

test performed by Davies and Fragiacomo [118] on radiata pine block specimens.
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Timber Materials Parameters

¢ 0.1days J® 000289 ¢ 6.3
79 1days  JY° 000492 J7 0.63
v 10 days  J2°  0.0088 a™9  0.00625
70 100 days  JU°  0.0297 b 1.3

75¢ 1000 days  Jg°¢  0.0441  myf 0.108
78¢ 10000 days Jg¢ 0.2321 Ey 12.65 GPa

Table 7.1: Adopted material parameters for Toratti’s rheological model.

Prior to perform the viscoelastic analysis, a moisture diffusion analysis is performed using
the finite difference code OpenMoist (Melchor and Mélaga [132]) implemented in the current
numerical framework. In a similar way to the viscoelastic model, Granello et al. [130] performed
a calibration of the moisture diffusion parameters defining the single Fickian diffusion equations
(Egs. (3.8) and (3.9)) based on the experimental test performed by Davies and Fragiacomo
[118]. These values resulted in 0.005 cm?/day and 1.123 em/day for the surface emissivity and
diffusion coefficient. To perform the moisture diffusion analysis, a grid of 560 elements was
generated as illustrated in Fig. 7.12. By considering that the cyclic humidity variations are
applied equally to the external perimeter and internal cavity during a period of 120 days, the
resulting average moisture content for the weekly and daily variations are depicted in Fig. 7.13.
From the results, it can be observed that the weekly variations induced higher variations in the

hollow section.

Figure 7.12: Grid generated for the Hollow square section.

In the diffusion analysis, the expression proposed by Toratti [66] to assess the moisture
content in equilibrium with the surround environment is employed herein. In relation to the re-
laxation experienced by the unbonded post-tensioned tendons, the viscoelastic model described
by Eq. (6.47) is adopted for the viscoelastic analysis by considering prestressing steel of normal

relaxation.
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To assess the effects of the different loading scenarios in the time-dependent behavior of the
post-tensioned reference beam under three different tendon profile configurations, the tendon
eccentricity at the midspan, the midspan displacement of the hosting member and prestress loss
in the tendon are evaluated. All these results for the different loading scenarios are depicted
in Figs. 7.14 to 7.17. From these figures, it can be observed in overall that the environmental
conditions do not have any relevant influence on the long-term deflections in the post-tensioned
beam. However, the applied loads induce downward or upward deflections which grow over the
time. For the case of inducing precamber in the beam, the eccentric tendon profile (Sge,/L = 1)
led to higher deflections (18% of the elastic deflection). On the contrary, under the combined
loading scenario, the draped tendon configuration with one deviator at the midspan (Sge,/L =

0) provokes larger deflections (29% of the elastic deflection).
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Figure 7.13: Average moisture content under weekly and daily relative humidity cycles.

Likewise, from the obtained results for the midspan tendon eccentricity, it can be noticed
that under the loading scenario of self-weight loads, the eccentricity for the eccentric profile
is the only one having variations (16% increase). Under the combined loading scenario, the
eccentric profile presents the highest variations (12% reduction) whereas the draped profile with
the ratio value of Sz, /L = 1/3 has a minor variation. As in the previous case of the deflections,
the environmental conditions have negligible effects on the overall eccentricity variations. In the
case of the prestress losses, it can be highlighted that under the self-wight loading scenario an
average reduction of about 6.9% of the prestress force is experienced whereas for the combined

scenario a reduction of about 5.4% can be induced.
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Figure 7.14: Time-dependent responses under self-weight load for weekly climatic variations.
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Figure 7.15: Time-dependent responses under self-weight and four-point bending loads for
weekly climatic variations.
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Figure 7.17: Time-dependent responses under self-weight and four-point bending loads for
daily climatic variations.
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7.3 Concluding Remarks
From the obtained results in the numerical case studies, it can be highlighted the following:

e The computational efficiency and numerical robustness of the modelling approach adop-
ted in the numerical framework allows carrying out design-oriented parametric studies of
unbonded post-tensioned members to assess the influence of specific parameters in the
global and local responses. Intricate features such as material and geometric nonlinearit-
ies, the interaction between different time-dependent effects as well as unbonded behavior
comprising strain incompatibility and eccentricity variation are taken into account in the

parametric study giving a level of accuracy for the obtained results.

e The numerical robustness of beam-column elements with enhanced formulations enables
the use of coarse meshes to assess local responses such as stresses and internal forces as well
as global responses up to the failure of the post-tensioned member without compromising

the accuracy of the results.

e The numerical results indicate that the shear deformations have a negligible effect on
the ultimate load capacity of the reference post-tensioned beam. Nevertheless, higher

ultimate midspan deflections and eccentricity variations were induced.

e The obtained results related to the short-term response of the post-tensioned beam show

that the optimum deviator position depends on the type of loading scenario considered.

e The time-dependent results indicate that higher variations on the midspan displacements
depends on the loading scenario applied on the hosting member and the tendon profile.
In this specific analysis case, the eccentric profile induces the higher displacements under
self-weight loads whereas the draped profile with one deviator at the midspan produces
the larger displacements for the loading scenario in which the self-weight and four-point

loads are applied at the same time.
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Chapter 8

Conclusions and Recommendations for

Future Research

This chapter summarizes the main conclusions of the thesis. Additionally, from the contri-
butions made in this thesis, new areas of research have been found and are also discussed

below.

8.1 Conclusions

This thesis deals with the numerical simulation of the nonlinear response of post-tensioned
timber elements under under short- and long-term loads. A modelling approach is proposed
and implemented to predict the short-term ultimate-load and long-term service-load behaviour
of post-tensioned timber beams with different tendon profiles. Important features of the re-
sponse of post-tensioned structures such as strain incompatibility, tendon eccentricity variation,
material inelasticity, time-dependent effects and large displacements are all well incorporated.
To address the particular behaviour of post-tensioned timber members, shear deformations are
included in the formulation of the hosting member and a moisture diffusion analysis is coupled
with finite element (FE) framework to simulate the intrinsic wood’s hygroscopic behavior. In
the proposed modelling approach, the hosting members were simulated using one-dimensional
beam-column elements. These elements considered a fibre-based approach along with a coro-
tational formulation to capture the material inelasticity and time-dependent behaviour as well
as the undergone large displacements of the hosting member, respectively. Moreover, besides
beam-column elements with traditional displacement-based formulations, enhanced-strain for-

mulations were also incorporated within the analysis framework. For the simulation of the
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unbonded tendons, two formulations were developed in this thesis by assuming a frictionless
slipping behaviour. One formulation consists in an improved version of a constantly updated
equivalent load scheme whereas the other involves the consistent derivation of a tangent stiff-
ness matrix for the tendon element. To solve the resulting nonlinear FE equations, traditional
Newton—Raphson methods along with more robust numerical solvers were implemented. The
proposed modelling approach was extensively validated throughout the thesis after performing

several simulations. From the obtained results, the following conclusions can be offered:

e The proposed numerical framework comprising one-dimensional beam-column elements
along with sliding tendon element formulations incorporating large displacement effects is
capable of capturing the intrinsic and intricate features of post-tensioned structural sys-
tems such as strain incompatibility and tendon eccentricity variation. Moreover, including
the hygroscopic, inelastic and time-dependent behavior of wood in the numerical frame-
work constitutes a first step to develop a robust, versatile and computationally efficient
novel modelling approach to assess the short- and long-term response of post-tensioned
timber structures. The numerical robustness and versatility of this novel framework is
attested by the accurate simulation of experimental data and benchmark numerical res-
ults of post-tensioned timber and reinforced concrete beam specimens having different
tendons layouts such as straight, draped and curve profiles. Likewise, the computational
efficiency of this framework in contrast to high-fidelity 3D FE models is attested by the
lower computation cost involved during the simulations allowing performing parametric

finite element analysis for typical design purposes.

e The proposed tendon element formulations implemented in this thesis allowed the inclu-
sion of a frictionless slipping behaviour in the interaction between the tendon and the
deviators resulting in the avoidance of modelling rigid arms, multi-freedom constraints,
and contact elements. This feature boosted the computational efficiency of the proposed
numerical approach as numerical issues associated with these modelling techniques can

be alleviated.

e As described in subsection 6.1.1, a novel modelling approach was developed to simulate
the intricate behavior of unbonded tendons based on an equivalent load scheme previously
developed and widely validated. The novelty of this modelling technique consist in the
incorporation of a corotational description for the hosting member and the use of nodal

basic rotations instead of nodal total rotations in the derivation of kinematic equations
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describing the changing configuration of the unbonded tendons as shown in Eq. (6.1).
This modification in considering basic rotations seems to be more suitable and consistent
as small rotations assumptions are made in the formulation derivation. From the ob-
tained results, it was demonstrated that these assumptions were capable of representing
the response of post-tensioned beam-like structures at ultimate and service states and
contributing to the numerical robustness and computational efficiency of the proposed

FE model.

The derived tangent stiffness matrix in subsection 6.1.2 for modelling unbonded tendons
constitutes a novel finite element formulation based on the extension and generalization
of a previously proposed tendon element formulation. In this development, a corotational
description is used to describe the deformed configuration of the hosting member, the
nodal rotations employed in the kinematic equations Eq. (6.11) describing the changing
configuration of the unbonded tendons are not assumed as small throughout the finite
element derivation and an initial inclination of the hosting elements is considered in
the element formulation. The simulated results attested the capability of the proposed
formulation to assess the short- and long-term response of post-tensioned members. The
derived tendon formulation brings numerical robustness and computational efficiency into

the proposed modelling approach.

One-dimensional beam-column elements with traditional displacement-based formula-
tions are capable of capturing the global responses of timber beams and post-tensioned
timber beams with an accuracy comparable to the results obtained with nonlinear con-
tinuum based FE models as attested in section 4.4 and section 6.4. However, if local
responses such as stress resultants and strains need to be assessed, fine FE meshes could
be required to obtain accurate results implying higher computational demands. To over-
come this, elements with enhanced-strain formulation were also incorporated. The ad-
option of enhanced beam element formulations constitutes a novel feature among the
development of modelling approaches for simulating the short- and long-term response
of post-tensioned structural systems. The simulated results demonstrated that elements
with enhanced formulations, even with coarse FE meshes, are capable of accurately assess-
ing local responses as satisfaction of equilibrium is enforced. These features translates
into more computational efficiency and accurate predictions well suited for structural
performance assessments. Nevertheless, it is worth mentioning that this efficiency is lost

when relative fine FE meshes are used.
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e Timoshenko beam column elements including elastic shear deformations were also in-
corporated in the developed numerical framework. Herein, bubble or nodeless degrees
of freedom were used to formulate a consistent-free-shear locking element. To incor-
porate a beam-column element that undergoes large displacements and includes shear
deformations, an explicit geometric stiffness matrix was derived in this thesis for this
element by adopting a corotational approach. The incorporation of consistent-free-shear
locking beam elements including large displacements into the development of modelling
approaches for simulating post-tensioned structures constitutes a novel attribute into the
field. The numerical results in section 4.4 and section 6.4 attested the capabilities of this

beam-column element to include the above-mentioned features.

e By comparing the results from both proposed tendon formulations, it can be observed
that very similar or almost identical numerically simulated responses are obtained. How-
ever, from the computational point of view, the formulation presented in subsection 6.1.2
tend to be more efficient as less lines of code are implemented. Moreover, if beam-column
elements with enhanced-strain formulations are combined with this last tendon formula-
tion in building a coarse FE mesh, greater computational efficiency can be achieved as
only one tendon segment is required to span the hosting member between consecutive

deviators.

e The use of phenomenological material constitutive laws, defined by unsmooth force-
deformation relationships, in the implemented framework led to convergence issues during
the numerical analysis carried throughout this thesis. Therefore, it was needed the imple-
mentation of robust nonlinear solvers such as the Krylov subspace accelerated algorithm,
two-level consistent quasi Newton algorithm and Lyapunov-based nonlinear algorithm,
to track the whole nonlinear response. However, as the traditional full Newton—Raphson
method tend to attain fast convergence, an adaptive solution strategy was adopted to
carry out the numerical simulations. This implemented strategy consisted in using the
aforementioned nonlinear solvers when convergence issues arise. Once this critical equi-
librium point is determined, the solution algorithm returns to use the traditional New-
ton—Raphson method. In this way, the computational performance of the implemented

framework is enhanced.

e As shown in chapter 7, the computational efficiency and versatility of the proposed mod-

elling approach allows carrying out design-oriented parametric studies of post-tensioned
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timber members to investigate the influence of specific parameters on the global and local

responses.

A robust and efficient numerical procedure to assess the equilibrium state after the
prestress transfer, involving a final stress value in the tendon, has been employed. This
methods works well if the tangent stiffness matrix of the tendon is derived as the case
presented in subsection 6.1.2. In this case, a traditional Newton-Raphson algorithm can
be employed to solve the equations. However, if the tendon formulation does not in-
volve the assessment of an explicit tangent stiffness matrix as the equivalent load scheme
presented in subsection 6.1.1, the tangent matrix of the coupled system in Eq. (6.49) can
not be directly assessed. As a result, quasi-Newton methods are proposed in this thesis
as a numerical strategy to assess the tangent matrix of the system. Moreover, an initial
guess of this tangent matrix is also proposed to start the quasi-Newton algorithms. The
adoption of this numerical strategy represents a new form of accurately evaluating the
equilibrium state after the prestress transfer in post-tensioned structures. From the com-
parisons and numerical analysis carried out, it was attested that the solution of Eq. (6.49)

using Newton-Raphson or quasi-Newton algorithms are almost identical.

The proposed modelling approach is capable of taking into account the interaction between
different time-dependent effects as shown in subsection 6.4.4 and section 7.2. Further-
more, the robustness of the implemented framework has been extended by coupling the
finite element framework with a finite difference code (OpenMoist) considering the wood’s
hygroscopic behavior and modelling the relaxation effects in the prestressing steel. As
a result, a more accurate prediction of the long-term response of post-tensioned timber
members under different environmental conditions and tendon layouts can be attained.
However, it is worth mentioning that the accuracy of the modelling approach depends on
the adopted constitutive models and the parameters defining them. The incorporation of
the hygroscopic behavior of wood and relaxation phenomenon in prestressing steels con-
stitutes a novel attribute in the proposed modelling approach for assessing the long-term

response of post-tensioned timber structures.

A finite difference code was implemented to solve the transient non-linear moisture dif-
fusion analysis as moisture-dependent diffusion and surface emissivity coefficients were
adopted. In the derivation of the finite different equations, variable grid sizes were con-
sidered. This feature of the implemented code allowed an accurate discretization of rect-

angular hollow sections with different web and flange dimensions.
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e The versatility of the current numerical framework have been extended to a greater ex-
tend as a compartmentalisation strategy have been adopted in the development of the
framework. This feature will ease the incorporation of new beam-column elements, ten-
don formulations, constitutive models and nonlinear equation solvers. This feature also

facilitates carrying out analyses under variable loading scenarios.

8.2 Suggestions for Future Work

The capabilities of the proposed modelling approach to assess the response of post-tensioned
timber elements under short-term ultimate and long-term service loads has been thoroughly
validated in this thesis. This constitutes a first step towards a robust and cost-effective FE
modelling of post-tensioned timber structures. however, to achieve this goal further research

need to performed in the following areas:

e All the analysis presented in this thesis have adopted phenomenological uniaxial con-
stitutive laws to represent the crushing and fracture behavior of timber under compres-
sion and tension solicitations, respectively. Although the adoption of these laws allowed
an accurate estimation of the ultimate global responses, the adoption of more sophistic-
ated constitutive models comprising multiaxial stress states would allow the inclusion of
shear effects in the assessment of the load carrying capacity of post-tensioned timber ele-
ments. Therefore, a wider variety of post-tensioned beam-column structural component

configurations can be analysed with the current numerical framework.

e In case of modelling post-tensioned timber beams in composite floors or bridge decks,
interfacial slip effects need to be carefully considered to simulate the deformable composite
action. The type of mechanical connection employed in composite timber beams influences
the shear interaction between the layers. Therefore, to simulate the response of these post-
tensioned timber structures in the current numerical framework, shear-slip constitutive
relationships in conjunction with beam-column elements incorporating an interlayer slip

should be added.

e One limitation of the current modelling approach, is the no incorporation of interface
elements to model the decompression and gap opening taking place in contact surfaces.
The implementation of this type of elements will allow the modelling of self-centering

beam-column connections in post-tensioned timber-framed buildings with seismic rocking
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mechanisms and joint discontinuities in post-tensioned segmental bridges. This addition

will extent the versatility of the analysis framework and its applicability.

In this thesis, only one well-known uniaxial constitutive model was used to simulate
wood’s rheological behavior. However, the extent of this model in capturing all the
involved time-dependent effects is limited. Moreover, from experimental campaigns, it
was observed that shear effects could present higher rates of deformation. Therefore,

more comprehensive constitutive models need to be considered.

The transport of water in wood consist in a complex coupled process that for the sake of
simplicity was modelled in this thesis by adopting a single Fickian diffusion equation to
describe the whole process. Nevertheless, multi-Fickian diffusion models seems to be more
appropriate as it describe the diffusion of water vapour and bound water in a coupled
process. The current finite difference framework could be extended to solve the coupled

differential equations defining the multi-Fickian models.

In this thesis, only numerical studies were carried out to show the capability of the
proposed framework to assess the long-term response of post-tensioned timber members.
For this reason, it is encouraged to validate the numerical framework against experimental
data recorded on post-tensioned timber specimens to attest in a more comprehensive way

the capabilities and limitations of the implemented framework.

The numerical analyses performed to assess the long-term response of post-tensioned
timber members only considered limited time intervals of analysis. With the aim of
having a better understanding of the service life of these post-tensioned structures, larger
periods of analysis such as 50 years or more should be employed. In this way, a more
accurate idea of the long-term deflections, post-tensioning force losses and reduced load-
carrying capacity that these post-tensioned systems would experience at the end of their

service life can be assessed.
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Appendix A

In this Appendix, descriptive flowcharts are illustrated in Figs. A.1 to A.8 to show the key
features and restrictions of the different implemented developments comprising the numerical

framework described throughout this thesis.

e

Figure A.1: Descriptive Flow Chart of Finite Difference Framework.
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Figure A.2: Descriptive Flow Chart of Finite Element Framework.
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Figure A.3: Descriptive Flow Chart of Traditional Euler-Bernoulli Formulation.
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Figure A.4: Descriptive Flow Chart of Enhanced Euler-Bernoulli Formulation.
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Figure A.5: Descriptive Flow Chart of Timoshenko Formulation.
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Figure A.6: Descriptive Flow Chart of Enhanced Timoshenko Formulation.
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Figure A.8: Descriptive Flow Chart of Tendon Load-Resisting Method.
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Appendix B

In this Appendix complementary results related to the validation example in subsection 4.4.4 are
presented. In order to compare the numerical performance of the traditional Euler-Bernoulli BC
element (EB) with its enhanced version (ENH EB), the obtained history of the basic normal
force and bending moment values of one of the most strained elements and the history of
the section normal force and bending moment values obtained at the integration Points (IPs)
used in each formulation are plotted in Figs. B.1 to B.20. In the case of the EB elements,
three integration points were adopted following the Gauss—Legendre quadrature. In contrast, a
modified integration rule is adopted for the ENH EB elements in which two integration points
located at the two ends points of the element are employed. In this analysis, the third element

of the mesh was selected to have a meaningful overview of the results.
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Figure B.1: History of normal forces obtained in the EB elements for Beam B1.
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Figure B.2: History of normal forces obtained in the ENH EB elements for Beam Bl1.
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Figure B.3: History of Bending Moments obtained in the EB elements for Beam B1.

256



300 . . .

Basic Left Bending Moment
Basic Right Bending Moment
w4 Bending Moment at IPs .

N

(@)]

o
T

N

o

o
T

100

Section Bending Moment (kN*m)
o
o

(@)]
o
T

0 1 1 1
0 10 20 30 40

Analysis Step

Figure B.4: History of Bending Moments obtained in the ENH EB elements for Beam B1.
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Figure B.5: History of normal forces obtained in the EB elements for Beam DF1.
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Figure B.6: History of normal forces obtained in the ENH EB elements for Beam DF1.
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Figure B.7: History of Bending Moments obtained in the EB elements for Beam DF1.
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Figure B.8: History of Bending Moments obtained in the ENH EB elements for Beam DF1.
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Figure B.9: History of normal forces obtained in the EB elements for Beam FS0.
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Figure B.10: History of normal forces obtained in the ENH EB elements for Beam FS0.
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Figure B.11: History of Bending Moments obtained in the EB elements for Beam FSO0.
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Figure B.12: History of Bending Moments obtained in the ENH EB elements for Beam FS0.
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Figure B.13: History of normal forces obtained in the EB elements for Beam HSO1.
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Figure B.14: History of normal forces obtained in the ENH EB elements for Beam HSO1.
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Figure B.15: History of Bending Moments obtained in the EB elements for Beam HSO01.
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Figure B.16: History of Bending Moments obtained in the ENH EB elements for Beam HSO1.
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Figure B.17: History of normal forces obtained in the EB elements for Beam HSO07.
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Figure B.18: History of normal forces obtained in the ENH EB elements for Beam HS07.
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Figure B.19: History of Bending Moments obtained in the EB elements for Beam HSO07.
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Figure B.20: History of Bending Moments obtained in the ENH EB elements for Beam HS07.
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Appendix C

In this Appendix, complementary results related to the study cases analysed in section 5.2
are presented. These results represents the scenario of using well-posed tangent stiffness. The
results of using an exponent value of r = 2 in the problem described in subsection 5.2.1 are
presented in Figs. C.1 to C.6. The results related to the use of a consistent tangent stiffness
matrix analysed in subsection 5.2.2 and subsection 5.2.3 are plotted in Figs. C.7 to C.11 and
Figs. C.13 to C.17, respectively.
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Figure C.1: Newton-Raphson iterative equilibrium search for r = 2.
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Figure C.2: Modified Newton-Raphson iterative equilibrium search for r = 2.
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Figure C.3: Krylov-Newton iterative equilibrium search for r = 2.
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Figure C.4: Quasi Newton iterative equilibrium search with origin operator for r = 2.
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Figure C.5: Quasi Newton iterative equilibrium search with incremental operator for r = 2.
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Figure C.6: Lyapunov iterative equilibrium search for r = 2.

C.2 Two DOF System with Two Springs
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Figure C.7: Newton-Raphson iterative equilibrium search for consistent Jacobian matrix.
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Figure C.8: Modified Newton-Raphson iterative equilibrium search for consistent Jacobian
matrix.

100

—o— U1

90 —eo— U2

80

70

60

50

Displacements

40

30

20 . ] |
0 1 2 3 4 5

Number of Iteration

Figure C.9: Krylov-Newton iterative equilibrium search for consistent Jacobian matrix.
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Figure C.10: Quasi Newton iterative equilibrium search with origin operator for consistent
Jacobian matrix.
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Figure C.11: Quasi Newton iterative equilibrium search with incremental operator for consistent
Jacobian matrix.
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Figure C.12: Lyapunov iterative equilibrium search for consistent Jacobian matrix.

C.3 Two DOF System with Three Springs
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Figure C.13: Newton-Raphson iterative equilibrium search for inconsistent Jacobian matrix.

272



Displacement

5.5 T

45 7

351 4

U2

25 7

1.5 7

1 1 1 1
0.5 1 1.5 2 2.5

U1

Figure C.14: Modified Newton-Raphson iterative equilibrium search for inconsistent Jacobian
matrix.
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Figure C.15: Krylov-Newton iterative equilibrium search for inconsistent Jacobian matrix.
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Figure C.16: Quasi Newton iterative equilibrium search with origin operator for inconsistent
Jacobian matrix.
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Figure C.17: Quasi Newton iterative equilibrium search with incremental operator for incon-
sistent Jacobian matrix.
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Figure C.18: Lyapunov iterative equilibrium search for inconsistent Jacobian matrix.
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Appendix D

Here are presented the complementary results related to the validation example in subsec-
tion 6.4.3. To attest the numerical performance offered by the enhanced formulation of the
traditional Euler-Bernoulli and Timoshenko beam-column element, denominated as ENH EB
and ENH TB, respectively, the obtained history of the basic normal force and bending moment
values of one of the most strained elements and the history of the section normal force and
bending moment values obtained at the integration Points (IPs) used in each formulation are
plotted in Figs. B.1 to B.4. Regarding the modified integration rule adopted for the enhanced
strain formulations, two integration points located at the two ends points of the element are
employed. In this analysis, the second element of the mesh was selected to have a meaningful

overview of the results.
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Figure D.1: History of normal forces obtained in the ENH EB elements for Beam B2 and
fru =47.0 MPa.
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Figure D.2: History of Bending Moments obtained in the ENH EB elements for Beam B2 and
fru =47.0 MPa.
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Figure D.3: History of normal forces obtained in the ENH EB elements for Beam B2 and
fru =35.2 MPa.
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Figure D.4: History of Bending Moments obtained in the ENH EB elements for Beam B2 and
fru =35.2 MPa.
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Figure D.5: History of normal forces obtained in the ENH EB elements for Beam B3 and
fru =47.0 MPa.
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Figure D.6: History of Bending Moments obtained in the ENH EB elements for Beam B3 and
fru =47.0 MPa.
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Figure D.7: History of normal forces obtained in the ENH EB elements for Beam B3 and
fru =35.2 MPa.
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Figure D.8: History of Bending Moments obtained in the ENH EB elements for Beam B3 and
fru =35.2 MPa.
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Figure D.9: History of normal forces obtained in the ENH EB elements for Beam B4 and
fru =47.0 MPa.
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Figure D.10: History of Bending Moments obtained in the ENH EB elements for Beam B4 and
fru =47.0 MPa.
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Figure D.11: History of normal forces obtained in the ENH EB elements for Beam B4 and
fru =35.2 MPa.

800 F Basic Left Bending Moment -
Basic Right Bending Moment
700 - [*==*#* Bending Moment at IPs .

600

500

400

300

200

100

Section Bending Moment (kN*m)

5 10 15 20 25
Analysis Step

Figure D.12: History of Bending Moments obtained in the ENH EB elements for Beam B4 and
fru =35.2 MPa.
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Figure D.13: History of normal forces obtained in the ENH TB elements for Beam B2 and
fru =47.0 MPa.
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Figure D.14: History of Bending Moments obtained in the ENH TB elements for Beam B2 and
fru =47.0 MPa.
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Figure D.15: History of normal forces obtained in the ENH TB elements for Beam B2 and
fru =35.2 MPa.
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Figure D.16: History of Bending Moments obtained in the ENH TB elements for Beam B2 and
fru =35.2 MPa.
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Figure D.17: History of normal forces obtained in the ENH TB elements for Beam B3 and
fru =47.0 MPa.
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Figure D.18: History of Bending Moments obtained in the ENH TB elements for Beam B3 and
fru =47.0 MPa.
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Figure D.19: History of normal forces obtained in the ENH TB elements for Beam B3 and
fru =35.2 MPa.
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Figure D.20: History of Bending Moments obtained in the ENH TB elements for Beam B3 and
fru =35.2 MPa.

286



0 T T T T T T T

Basic Normal Force

-100 § w4 Normal Force at IPs _

-200 .
-300 1
-400 | .
-500 .
-600 .
700 1
-800 [ -

-900 M |

-1000 [T

Section Normal Force (kN)

4 4
vy V-

—y 4

4
AAAAAAA
'''
M o

5 10 15 20 25 30 35
Analysis Step

Figure D.21: History of normal forces obtained in the ENH TB elements for Beam B4 and
fru =47.0 MPa.
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Figure D.22: History of Bending Moments obtained in the ENH TB elements for Beam B4 and
fru =47.0 MPa.
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Figure D.23: History of normal forces obtained in the ENH TB elements for Beam B4 and
fru =35.2 MPa.
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Figure D.24: History of Bending Moments obtained in the ENH TB elements for Beam B4 and
fru =35.2 MPa.
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