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Abstract: We consider the equations of linearised gravity on the Schwarzschild space-
time in a double null gauge. Applying suitably commuted versions of the conservation
laws derived in earlier work of the second author we establish control on the gauge
invariant Teukolsky quantities «!*2! without any reference to the decoupled Teukolsky
wave equation satisfied by these quantities. More specifically, we uniformly bound the
energy flux of all first derivatives of «!*?! along any outgoing cone from an initial data
quantity at the level of first derivatives of the linearised curvature and second derivatives
of the linearised connection components. Analogous control on the energy fluxes along
any ingoing cone is established a posteriori directly from the Teukolsky equation using
the outgoing bounds.
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1. Introduction

The linear Teukolsky equation of spin £2 associated with the 2-parameter family of Kerr
spacetimes g, plays a central role in understanding the dynamical stability properties
of the Kerr family of black holes as solutions to the vacuum Einstein equations [32]. In
Boyer—Lindquist coordinates it is given by

2(£2 2(£2) 1 M (r% — a?
=i (£2) 2] (2)[ (r* —a®)
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where the quantities a*?! are spin-weighted functions corresponding to the two “ex-
tremal” linearised null Riemann curvature components (with respect to the algebraically
special null frame of Kerr) in the full linearisation of the Einstein equations near Kerr.
Remarkably, the «l*2] remain invariant both under infinitesimal coordinate diffeomor-
phisms and under infinitesimal frame changes, i.e. they only change quadratically in the
linearisation parameter. Moreover, it is expected that vanishing of both «*?! and ol 2!
reduces the space of solutions of the full system of linearised Einstein equations to (the
infinite dimensional family of) infinitesimal diffeomorphisms, frame changes and (the
finite dimensional family of) linearised Kerr solutions [33]. These facts, together with the
decoupled equation (1) that they satisfy, make quantitative bounds on «[*?! an essential
ingredient in many approaches to the stability problem [1,4,5,13-15,18,22,23,30].

1.1. Previous results on the Teukolsky equation. The difficulty in establishing quanti-
tative estimates for solutions of (1) is rooted in the equation itself not originating from
a Lagrangian, which reflects in the fact that no conserved energy at the level of first
derivatives is known for (1). Nevertheless, in the past decade a complete understanding
of the global behaviour of solutions to the Teukolsky equation in the form of quantitative
bounds in terms of initial data has been obtained, culminating in the recent [29,30]. See
also [27] for precise asymptotic decay rates. Progress started with a complete treatment
of the Schwarzschild case in [14], where the authors prove (amongst other things) bound-
edness and integrated decay estimates for the Teukolsky equation. The key insight was a
physical space version of the transformation theory of Chandrasekhar [7]: by applying a
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second order differential operator, the Teukolsky equation is transformed into a Regge-
Wheeler-type equation, which does originate from a Lagrangian and for which estimates
are known — in particular, there is a conserved energy! Estimates for the «[*?! them-
selves then follow by interpreting the aforementioned transformation as two successive
transport equations. The inherent loss of derivatives (resulting from integrating transport
equations) can finally be recovered by elliptic estimates using the original Teukolsky
equation leading to a uniform boundedness statement at the level of H>-Sobolev norms
for ol*2]. This strategy has since been generalised to the |a| < M case [13,24] and,
as already mentioned, recently to the full sub-extremal case |a| < M [30]. It should be
stressed that there is a significant increase in complexity in the analysis for |a| < M.
In that case both the classical Teukolsky-Starobinski identities and the seminal result of
Whiting [34], who proved mode stability for solutions of (1) (i.e. the absence of solutions
which grow exponentially in time), constitute important ingredients in the analysis. See
[2,3,28,31] for further quantitative mode stability results and a discussion of their role
in the stability problem.

1.2. Canonical energy and conservation laws of linearised gravity. In view of its non-
Lagrangian structure, the Killing symmetries of the Kerr metric do not directly translate
into conservation laws for the Teukolsky equation (1). There is nevertheless a sense in
which the linearised Einstein equations inherit conservation laws. However, these are
necessarily formulated at the level of the entire system of gravitational perturbations
and hence involve many of the linearised Ricci-coefficients and curvature components,
not the Teukolsky quantities alone. The most well-known approach to this is via the
canonical energy, which originated in the work of Friedman [17] (see also [6,8]) and
was further developed some years ago by Hollands and Wald [20]. The main difficulty to
successfully apply the resulting conservation laws, is to establish appropriate coercivity
for the associated canonical energy on spacelike slices, a property that in view of the
coupled nature of the Einstein equations is generally difficult to establish, even in a
suitably chosen gauge. In full generality, this has remained an open problem that has so
far prevented the direct use of the canonical energy for the stability problem.!

A resolution of this problem was proposed and carried out in the Schwarzschild case,
a = 0,1in [21]. Central to this approach are two conservation laws, which are established
“by direct inspection" from the system of gravitational perturbations expressed in double
null gauge. In the next step, these conservation laws are expressed for regions bounded
by null cones as indicated in the Penrose diagram below.

The associated fluxes on these cones are then shown to be gauge invariant up to
boundary terms on spheres, a fact that can be used — by adding an appropriately con-
structed pure gauge solution normalised to the outgoing cone C,, , —to establish positivity

of the fluxes after sending also the ingoing cone C, ;o null infinity.? This leads, for

instance, to a priori control on the linearised shear of the outgoing null cone C, p (the
shear remaining invariant under the addition of the pure gauge solution) and to a priori
control on the flux radiated to null infinity and hence a weak form of linear stability. We

1 On the other hand, the canonical energy has been used successfully to establish certain instability results
in the asymptotically anti-de Sitter setting. See [19].

2 One uses here the fact that the Einstein constraint equations become ODEs on null hypersurfaces, which
considerably simplifies the task to show coercivity of the fluxes. In addition, exploiting the decay towards
null infinity of the linearised quantities (as following from local existence) and a cancellation of terms on the
limiting sphere ng.oo is paramount. See [21].
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Fig. 1. The Penrose diagram of the exterior of Schwarzschild. In grey is indicated a region, bounded by null
cones (shown in blue), on which we consider the conservation laws

remark that the conservation laws central to this approach have recently been shown to
be in direct correspondence with the canonical energy [11,12]. In particular, with every
conservation law stated in [21] one can associate a suitably modified canonical energy in
the sense of [20]. Moreover, novel conservation laws in the style of [21] can be derived
from suitable modifications of the canonical energy in [20].

1.3. The main uniform boundedness theorem. While it is expected that the approach
outlined in the previous section (using a double null gauge for the linearised equations,
expressing the conservation laws on null cones and carrying out the limiting argument
at null infinity) also leads to stability statements for axisymmetric perturbations in the
Kerr case, we return in this paper to the Schwarzschild case. More specifically, we will
revisit the conservation laws proven in [21] to provide a proof of boundedness for the
Teukolsky quantities, which does not use the Teukolsky equation at all.

To state the main theorem we need some standard notation that the reader can pick up
from the beginning of Sect. 2. In particular, we employ standard Eddington-Finkelstein
(u, v, 0, ¢)-coordinates on Schwarzschild and use the notion of Siv-tensors (instead
of spin-weighted functions) to formulate the equations in a double null gauge. The
quantities &, & below are therefore symmetric traceless tensors and in direct one-to-one
correspondence with the quantities o!*?), al=2! introduced earlier.

1.3.1. Controlling fluxes on outgoing cones Our main theorem can be formulated as
follows (see Theorem 3.7 for a more precise statement):

Theorem 1.1. Given a smooth solution of the system of gravitational perturbations on

the Schwarzschild exterior arising from characteristic initial data on C,, UC,, , we have

the following flux estimates for the gauge invariant Teukolsky quantities A = r22a and
A = rQ2a on outgoing cones Cuy withuy € [ug, 00):
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Eéam (u ) < oo for regular initial data.

(uy) is an initial data energy on Cyy U (C,, N {u < u r}) with sup, .cp,.c0)

We immediately remark that the fact that the transversal derivative of A is also appearing
in the outgoing flux (2) arises from the fact that there is a Bianchi equation relating that
derivative to linearised curvature and Ricci coefficients whose flux we do control.

The energy IE?I ara (1 1) appearing on the right hand side of (2)—(3) is defined in (69)
below. It contains bounds on initial data quantities on the cones C,,, and C,, N {u <urj,
which involve only first derivatives of linearised curvature components and up to second
derivatives of connection coefficients.? Hence, from the point of view of regularity of the
full system of gravitational perturbations, the estimates (2)—(3) may be viewed as honest
boundedness statements at the H'-level. It is in this sense that Theorem 1.1 improves
previous boundedness results for the Teukolsky equation in terms of regularity: those
results relied on the Chandrasekhar transformation theory, which requires certain third
derivatives of &, & to be bounded initially even to establish boundedness of the first order
fluxes appearing in Theorem 1.1.

We note that unlike (2), the estimate (3) degenerates strongly towards the horizon
since it is Q2 and Q2a which extend regularly to the event horizon. This degeneration
is expected given that we are proving boundedness of the T-energy for the system of
gravitational perturbations. If one is willing to invoke the Teukolsky equation itself, one
can exploit the redshift (at the cost of including a weighted initial data energy for Q &
on the ingoing data cone C,, ) and obtain improved estimates leading finally to uniform

boundedness of 2~ 2ra as desired. See Corollary 4.1 below for more details.

1.3.2. Controlling fluxes on ingoing cones Having bounded the fluxes on arbitrary out-
going cones as in Theorem 1.1 itis easiest to obtain boundedness of the fluxes on arbitrary
ingoing cones from energy estimates for the Teukolsky equation.* We present the result
for the quantity A here. We first define the ingoing characteristic flux naturally associ-
ated with the wave equation for A (see (155)) and determined by a globally timelike
vectorfield which behaves like the timelike Killing field 7 asymptotically:

F[A](v):/ / |:|§21Y73A|2+|WA|2+i2|A|2] Q%sin0dudodp. (4
uo S2 r

Using the estimate (2) of Theorem 1.1 in conjunction with an energy estimate for A we

then obtain:
3 While Eﬁa 1o f) s non-negative and uniformly bounded for smooth asymptotically flat data, it is not
necessarily monotone in u . This is because it involves both (non-manifestly coercive) fluxes along Cys UC. w0
2
i fovo°
4 The authors have so far been unable to prove an analogous “ingoing” version of Theorem 1.1 directly
from the conservation laws. This may or may not suggest that the structure of null infinity is essential to the
argument.

and bounds on the sphere S,
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Corollary 1.2. Under the assumptions of Theorem 1.1 we have also the following esti-
mate

sup F[A](v) S F[Al(wo) +  sup  EZ,,(up). )

v=v0 u f€lug,00)

See Sect.4 for the analogous statement for A and the detailed proofs.

1.3.3. Pointwise boundedness We finally observe that the estimate (2) immediately im-
plies

sup / |Q%ar|? sin0dode < sup ]Efia,a(uf). (6)
St

u=ug,v=vp u g €lug,00)

From the fact that the equations of linearised gravity are invariant under suitable commu-
tations with angular momentum operators one may obtain angular commuted versions
of the estimates (2) and (6) at the cost of a higher order angular commuted energies on
the right hand side. Commuting twice in this way one obtains from (6) an L°°-estimate
on Q%ar through Sobolev embedding on the sphere. As this is standard, we will omit
the details. There are analogous statements for &, which a priori degenerate near the

horizon but can be improved using the redshift effect. See Sect. 4.6.

1.4. The main ideas of the proof. We now indicate the main ideas to prove the estimates
of Theorem 1.1 focussing on the estimate (2). We provide a discussion supplemented
by some schematic formulae (using notation introduced later in the paper) hoping that
readers familiar with the double null formalism can directly grasp the underlying ideas.
The main steps are as follows:

(1) Apply the conservation laws and the coercivity argument of [21] to appropriate
angular commuted equations of linearised gravity (this exploits the spherical sym-
metry of the background) to estimate additional quantities in the gauge adapted to
the cone C,, I8 i.e. where coercivity is manifest. This leads, for instance, to control

of angular derivatives of ¥, 77, i on the outgoing cone in the notation of this paper.
(2) Apply the conservation laws and the coercivity argument of [21] to the 7-commuted
equations of linearised gravity (this exploits the stationarity of the background) to
estimate additional quantities in the gauge adapted to the cone Cy . This leads,

for instance, to control of the flux of Y7 % in the notation of this paper. The main
difficulty in this step is that in the gauge adapted to the cone, coercivity of the
outgoing flux is no longer manifest as certain cross-terms appearing in the flux no
longer vanish after commutation with 7 (since T is not tangent to C, ;). However,
the bad terms can be controlled invoking the fluxes from Step 1 after inserting null
structure equations.

(3) Use the relevant transport equations in the linearised null structure equations to
estimate additional quantities in the gauge adapted to the cone Cy ;. For instance,

X can be estimated on the outgoing cone C,, using only the fluxes from Step 1
above.
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(4) Combine the control on quantities in the gauge adapted to the outgoing cone C,,
to estimate the gauge invariant quantities @ and a. For instance, we can write
schematically in the notation of this paper (ignoring any weights in r and at the
horizon):

m m

a~QVax+xX ~Vrx+x+Y0+X.

where we have inserted the null structure equation for QY3x and used 2T =
QY3 + QV4. Since we control the flux of all quantities in the gauge adapted to the
cone C, , on the right, we control the flux of @ in the gauge adapted to the cone C, P
and hence — by gauge invariance — in any gauge.

Of course keeping track of the weights in » and Q? = 1 — ZTM as well as regularity is one
of the technical challenges in the proof. Moreover, the above argument does not produce
control on derivatives of &. These are obtained in a similar fashion using Bianchi and
null structure equations with control on T-derivatives of certain curvature components
on the outgoing cone.

1.5. Final comments.

1.5.1. The gauge adapted to the cone C,, We comment briefly on the gauge adapted
to the cone Cy, that is employed to establish Theorem 1.1, which is the gauge of [21],
where further details can be found. The main idea is to add a pure gauge solution that
achieves the normalisation (59) for the linearised quantities on a fixed late outgoing
cone Cy, thereby making the flux on C,, appearing in the conservation law coercive.
Note that this normalisation is different from the one used in [14] (where the solution
is normalised at the horizon itself) but converges to the latter in the limit as u y — 0.
Of course, in the context of [14] estimates on «, & had already been obtained from the
transformation theory (independently of any gauge choice) while the premise of the
present paper is precisely to prove such estimates on any cone C up-

1.5.2. Applications and open directions One way to interpret Theorem 1.1 is as a bound-
edness statement at the H'-level of curvature, which improves on the H 3 statements
obtained through the transformation theory introduced in [14]. From the point of view
of the stability problem, an immediate question is whether Theorem 1.1 can be used in
conjunction with the Teukolsky equation to also derive an integrated local energy decay
estimate at the level of first derivatives of the Teukolsky quantities. If this could be done,
then combining with Theorem 1.1 one could potentially avoid the transformation theory
entirely to prove decay for the Teukolsky quantities with the additional benefit of pro-
ducing results in lower regularity. Related to this, one may also ask whether the way to
exploit the conversation laws presented here can be used to improve on (the regularity
of) the scattering theory for the Teukolsky equations as developed in [25,26,35], which
so far also relies on the Chandrasekhar transformations.

A further interesting direction is to try to generalise the argument to spacetime di-
mensions larger than four. Since the conservation laws persist in higher dimensions (but
the decoupling of the Teukolsky quantities does not) following the strategy of this paper
may lead to genuinely new boundedness results and a more robust approach to establish
stability results.
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Finally, one would like to generalise the results to the case of axisymmetric perturba-
tions of the Kerr metric, where in view of the absence of superradiance, positivity of the
fluxes can reasonably be expected. There are various difficulties starting from the an-
gular operators no longer commuting trivially and the required algebraic manipulations
being much more challenging. We leave this for future work.

2. Preliminaries

We only provide the minimal set-up here to make the paper self-contained. The reader
should consult [14,21] for details and more background.

2.1. The Schwarzschild background.

2.1.1. Coordinates We cover the exterior region of the Schwarzschild spacetime by
double null Eddington—Finkelstein coordinates (u, v, 6, ¢) € RZ x S,iv with

r—2M>

| 1
w=30=r).  v=s@+r), r*(r)i(r—4M)+2Mln( —

where (z, r, 6, ¢) are the standard Schwarzschild coordinates. The Schwarzschild metric
in (1, v, 6, ¢) coordinates is

g= 2w, )(du@dv+dv@du)+¢,  §=r*u,v)y,
2M
r(u,v)’

Qu,v)=1- (7

where y is the standard metric on the unit 2-sphere. In these coordinates constant v or
u level sets, which we denote C,, and C,, are ingoing or outgoing null hypersurfaces,
respectively. Strictly speaking, the coordinates (u, v, 6, ¢) do not cover the future event
horizon, H*, or future null infinity, Z*. However, formally we may parameterise the
future event horizon as (o0, v, 6, ¢) and future null infinity as (u, 0o, 6, ¢).

2.1.2. Null frames and S&yv—tensors We recall the standard future directed ingoing and
outgoing null directions,

which may be completed to a local null frame (a basis for the tangent space at each
point) by choosing a local frame {e4} =1, 2 tangent to the double null spheres Sgyv.

called SL%’U—
tensors in short. A covariant Siv—tensor may be identified with a covariant spacetime

A major role in this paper will be played by (covariant) tensors on S,f’v,
tensor that vanishes when it acts on the vector fields e3 or e4. Two types of S, 3 ,-tensors are

particularly important in this work, namely SL%’U one-forms and Sg,v symmetric-traceless
2-tensors.
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2.1.3. Background Ricci and curvature quantities Using notation standard from [10],
we record the non-vanishing connection coefficients of Schwarzschild with respect to
the above null frame. They are

. M . M
W= —Eg(Ve4e4, e3) = I = —Eg(Ve_;ea, eq) = -
. B 2Q2 . AB 202
Qtry = Qg""g(Ve,ea,ep) = - Qrx = Q2g""¢(Ve,e3,ep) = -

The only non-vanishing null Weyl curvature component is

2M

1
= —Riem(es, e4, €3, €4) = ——.
P= (€3, e4, €3, €4) P

Finally, for (S,f’v, #) we denote the connection coefficients by Vg p and the Gaussian
curvature by K = rll

2.1.4. Killing fields The Schwarzschild spacetime is static. We denote the Killing vector
field associated to staticity with 7', which in double null Eddington Finkelstein coordi-
nates given by

1 Q
T = E(BM +0y) = 5(63 +e4).

Additionally, the Schwarzschild spacetime is spherically symmetric, so SO (3) acts by
isometry. We define a basis of angular momentum operators 21, €22, 23 which generate
the Lie algebra s0(3) by demanding that in the standard coordinates (6, ¢) on the sphere
we have

Q) = singdy + cot O cos Py, Q) = cos¢dg — cot O sin Pdy, Q3 =0y. (8)

2.1.5. Norms and inner products For ®,® € I'(®/_, T S2 ) we define

(@, ) = ghBi_gMBr@, 4 g 5 10? = (0, 0)

n’

and the following L?-inner product on the spheres Siv:
(©, Py = f2(®’ ) (u, v, 0, d)es2,
s

where &g denotes the induced volume form on S2. This induces the L2-norm on the
sphere S2
phere S/,

181l = I ©l52 = \/f 0P, v, 0, p)ege.
’ N
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2.1.6. Differential operators on Siv Let © be a p-covariant S2 -tensor field. We define
the projected covariant derivative Y3, Y4, Y 4 by extending © trivially to a spacetime
p-covariant tensor field and projecting onto the local frame {e4} for Sg’v. One can then
check that the following formulas hold:

P

V304,..a, =€3(Oa;..a,) — EtrKGAI‘..A,, ,
V4

Y74®A1...A,, =e4(04,..4,) — Etr)(@A]...Ap ,

YVaOa,..a, =04(04,.4,) — VﬁA;®A1...A,-B...Ap'

Additionally, we define
Y
YO = 3(739 +Y40).

We define the projected Lie derivatives L1, Lg, as
(L1®)ay..a, = (L1O)A4, (L2,O)a;.a, = (LO)a,. 4,
and note that
L1O)a,..a, = (V1O)a;.a, =T(On. 4,).
We define the (p — 1)-covariant tensor fields div® and cyrl® as

(divO)a,..a, , = 5 (YO)ca, Ayt
(Url®)a,..a, , = #°C(VO)ca,..a, .

where ¢ is the induced volume form on S,iv.
For a Siv one-form & we define

DrE = —%[(WAE)B +(VBéE)a — (d,fVE)gAB] ,
which is the formal L2-adjoint of div. For fi, f> € C® (S,f,v) we define
[P1(fis )4 = =Vafi+£asV" f2,
which is the formal L? adjoint of 71, which maps an Si ,-1-form to the pair of functions

(divE, cyrlg).
Lastly, we denote the Laplacian on the szt’v sphere by

A® = div(V0O).

Note that the Laplacian on the unit sphere S, which we denote as A 52, s related by
A s2 = r 2A.
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2.1.7. Support on £ > 2 spherical harmonics In this work, we will deal with functions,

Si , one-forms and Sf’v symmetric-traceless 2-tensors that have support on £ > 2. For

a function f to be supported on £ > 2 this simply means that f has vanishing projection
on the ¢ = 0, 1 spherical harmonics. For a S,fyv one-form, &, we note that there exists
unique decomposition into two functions f, g supported on £ > 1 such that

£ =rDi(f. ).

A Sg’v one-form is supported on £ > 2 if f and g in this unique representation are

supported on £ > 2.
For a S,f,v symmetric-traceless 2-tensor, ®, we note that there exists unique decom-
position into two functions f, g supported on £ > 2 such that

® = r’DyDi(f. 9.

Therefore, S,iv symmetric-traceless 2-tensors are automatically supported on £ > 2.

We remind the reader if a function on Siu has vanishing spherical mean (as is the
case for functions supported on £ > 2) then the Poincaré inequality holds

V20 Flluw < 1YL o

This will be used liberally throughout this work.

2.1.8. Angular identities

Lemma 2.1. We have the following identities for the angular momentum operators de-
fined in (8):

Z(cdrle)z =4, Z(cu(rle)Qk =0, Z QiQf = r2gAB.
k k k
Proof. Direct computation noting that crl2; = —2 cos ¢ sin 0, cyrlQ, = 2sin 6 sin ¢,

crlQ23 =2cosf. O

Proposition 2.2. We have the following identities for Lie derivatives of products of S,fyv
tensor fields:

3
Z<£Qk®l’ Lo, ©2) = ([rY101, [rY102) if®1, Oy are functions,
k=1
3
Y (L 81, £o,©2) = ([rV1O1, [rV]102) + (©1, @)  if Oy, O are 1-forms,
k=1
3
Y (e, 01, Lo, ©2) = ([rY101, [rV102) +4(8), ©2)
k=1

if ®1, ©; are symmetric-traceless 2-tensors.
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Proof. Since 2 are Killing, one can compute that for a S&,u covariant tensor field of
rank n,

l n
Lo, 04, .4, = V2, O,..4, + 3 Z(Cl;frle){fA,.B®A1“_AiBmAn .
i=1

The result now follows after using Lemma 2.1 and the basic identity ¢ A,-B ¢C,,D =

BD D ¢B
gAing _(SAi(ng' o

2.2. The equations of linearised gravity. The system of linearised gravitational pertur-
bations in double null gauge is encoded by the linearised metric quantities

Vi fap ba, @71, ©)
the linearised connection coefficients
(Qury), (Qry). . &. fa. UA,XAB XABv (10)

and the linearised curvature components

ﬁa&vﬂAaﬁAv&ABa&AB' (11)

As in [21], we will speak of a solution .’ to the system of gravitational perturbations to
mean a a collection of quantities

y: (é? \/27 Qv b’ (Qtrx)’ (Qtrl)’ )2’ Xs ﬁ! ﬁ! C(b! é’ &’ ﬁ’ 187 &1 ﬁ’ é’ K)

12)

satisfying the system (13)—(40) below, which we call the system of linearised gravity
on the Schwarzschild background.® It consists of the following equations (see [14] for
a derivation):

au<%> = (Quy) av<“/—§) = (Qtry) — divb, (13)
VE ($A3> =29§AB , ﬁav(%> _2szxAB+2(7D2 ) 15 (14)
dubt = 292(71 — )", (15)
Q1) =, (') =0, 27 (Q7'Q) =n+1. (16)

» . . o 1 m 0
8, (Qiry) = 92<2d1vg+ 2 +4pQ 19) — SQuy ((Qtrl) — (Qtry) ) (17)

5 The quantity K appeanng in the above is the llnearlsed Gaussian curvature of the double null spheres and

given in terms ofg [by 2K = ——Atrgg+d,fvd]vg — —trgg where f_ 2[ trgg See [14].
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0 o o W 1 0] 0
3 (Qry) = 92<2d1v H42p+4pQ 19) — Sy ((Qtrl) — (Qtry) ) (18)

3, (QUry) = — (Qry) (Qry) + 2w (Qry) + 2 (Rrx) &, (19)
8u(QUry) = —(QU ) (QUry) +2w(Qry) +2(Qr ), (20)
Vi@ ')+ g =-97'd,
(@ e i “ @1
va@'p)+Q e x =-9'a,
g, 1 g 1 2 o
V3(Q3) + S QX + 5 (Qrx) X = —2QP57, (22)
g 1 g 1 5 x
V(%) + 3 (Qtry) X + E(Qtrl)x = -2QP51. (23)
0 T |
divy = —=(try)n+ B+ =YV (Qry),
A7V ANTET g S
(24)
divi = — ()i — B + ==Y (Qlrx)
VX = 2 X Q ZQ rx) .
m 1 o 0} o
Vin = E(trp (n —Q) +B
Van = 5 (trx) (m—n) — B, (25)
W 2 W 0] o
W4Q:§Y7w—trxg+,3 ,
Vin = 5?@—&@—&, (26)
cfrln =6 , clrlp = —0. (27)
i = — Q2 (,‘5‘ + 2p9—1§'z) , (28)
Bulh = —92(ﬁ+2p9*‘§2), (29)
Lol e 1w
K=—p— ——((Qtrx) —_ (Qtrx)) + Q' Qtrytry), (30)
4Q A 2 A
along with the linearised Bianchi identities,
S 1w ! o
Via + Srxs + 2Q \wa = 2058 —3p X, (31)
Vab +2(rx)f — Q7w = diva (32)
Y3+ (trx)f+ Q2 \wp =D} (—p. ) +3pi, (33)
0 3 W o 3 p !
Vaip + E(trx)p =divp - 30 (Qtry) , (34)
Y3+ ()b = —divp — 2 2 (Qiry) (35)
&l — _divg_2P ,
30+ (b B—35qQtrx
Yo + E(tr)()o = —curl B, (36)

V3o + %(trl)é‘y‘ = —cirl B, (37)
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Yab + )+ wp =D} (5, ) —3p1, (38)

V3p +20try)f — 2 wp = —diva, (39)
) 1 0 _ o * D N

%@+§mXM&ZQlwg=2ﬂ£—3pi. (40)

2.3. Pure gauge solutions. There exist special solutions to the system of gravitational
perturbations above which correspond to infinitesimal coordinate transformations pre-
serving the double null form of the metric. These are called pure gauge solutions of the
system of gravitational perturbations. A particular subset of them is identified in the fol-
lowing lemma, which is proven as Lemma 6.1.1 of [14]. Recall the notation A g» = rZA,
so Ag> is the Laplacian on the unit sphere with metric y.

Lemma 2.3. For any smooth function f = f (v, 0, ¢), the following is a pure gauge
solution of the system of gravitational perturbations:

G N N f
5—@811 (Q f), g r@z][rv]f ﬁ_T-FZASz?’
f L Q2 L1 Q?
" 2
X = ——[rwz] rY1f, (Qtrx) =20, (fiZ >,
2Q? AM
LM 6MQ Q?
p=—f B= YIS K=-=% = (A2 f +2f)

and

—4=4=0 B=0 &=0.

o=

We will call f a gauge function.

Remark 2.4. One can write down the analagous lemma for pure gauge solutions gener-
ated by a smooth function f = f(u, 6, ¢) (see Lemma 6.1.2 in [14]).

2.4. The class of solutions. We now define the class of (smooth) solutions of the system
of gravitational perturbations that we wish to consider in this paper. We first recall from
[21] the notion of a partially initial data normalised solution, see Definition 3.2 of [21]:

Definition 2.5. We call . a partially initial data normalised solution supported on
¢ > 2 of the system of gravitational perturbations if .# is supported on £ > 2 and the
initial data on C,,, U €, satisfies
° (Qtrx) (00, vo, @, d)) = 0 and (divn) + p) (o0, vo, 0, ¢) = 0 on the sphere S2
o 12K (ug, 00,6, ¢) = 0.

00,10
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We note that the first two conditions on the sphere Sgoyvo are evolutionary along the

event horizon while the second one is evolutionary along null infinity. Furthermore, for
a partially initial data normalised solution, the quantity (and angular derivatives thereof)

-2 —14 r
Q [29 G- o= (Qtrx)] (u, v, 6, ) (41)

extends regularly to the event horizon in the limit # — oo. This is Proposition 3.1 of
[21].

We also recall Definition 3.4 of [21], which we modify slightly here to include also
higher derivatives in (43), as in this paper we will need to study up to two commutations
of the equations.

Definition 2.6. We call a solution . extendible to null infinity if the following weighted
quantities of .# have well-defined finite limits on null infinity® for some 0 < s < 1

r3+‘v&, r3+sﬂ, ,,3'5’ r3&, r2,3, r&;, r3K,
- (42)

2R, rx, e, e, PAdivi, Pdivin, r2Re, @, r2(Qtry), r(Qtry), Q7.

In addition, denoting an arbitrary representative of the quantities in (42) by Q, we demand
that also [rY]' [V 7]’ O has a well-defined limit on null infinity for alli + j < 2, and that
for any fixed u ¢ with ug < u y < oo the estimate

sup FYIVrV Ql < C [uy] 43)

it+j<2 [wo.up]x{vzvobxs?

holds with the constant C [u 7 | depending only on u s (and the initial data) but not on v.

In this paper we will consider smooth solutions of the system of gravitational
perturbations that are partially initial data normalised supported on ¢ > 2 and
extendible to null infinity.

Remark 2.7. Tt follows from the well-posedness theory of the system of gravitational
perturbations [14,21] that there is essentially no restriction in considering this class
of solutions. In particular, given a general solution to the system of gravitational per-
turbations arising from asymptotically flat (to sufficiently high order) initial data, we
can make the solution partially initial data normalised by adding a pure gauge solution
which is computable directly from the initial data and the solution thus constructed will
be extendible to null infinity.

For completeness, we collect also the weighted quantities which extend regularly to

the event horizon H* for our class of solutions. The quantity [Q7Y31 [QV4)/ [r W]k @
extends regularly to H* N {v > vp} for any i + j + k > 0 provided

T B (oL 0 B ST S . B,
Je {5, (A1) . —ga— O o5 .1, QX 5. 5.6 K. @B, =, 2%, @} (44)

Finally, in view of (42) we will sometimes allow ourselves to refer to quantities £ “on
null infinity” formally as & (u, 0o, 6, ¢) or refer to the sphere “S,f f,oo” instead of carrying
the corresponding limits through the already complicated computations. The procedure
is always to carry out all computations for finite v and to take the limit vy — o0 in
the very end when (42) can be exploited. All this is always performed for a compact u
range, so that no issues with commuting limits ever arise.

6 In particular, for every u > u( fixed the limit of the quantity along the null cone C;, as v — o0 is
well-defined.
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2.5. The conservation laws. In this section we recall the conservation laws from [21].
To state them in a uniform manner that allows for commutation with Killing vectors,
we first define, for given i, j € N U {0} and any tuple k = (k1, k2, ... k;) with each
kg € {1, 2, 3}, the (Killing) commutation operator

KoK = b ®enk) = ) Loy, ...l',szj : “5)

Note that K'+*1:+-%)) maps a (0, k) covariant SL% v
tensor. We denote by |k| = j the length of the tuple k.
Let now . be a smooth solution of the system of gravitational perturbations. For

any up < u1 < upy <ooand vy < vy < vy < oo we define the (commuted) fluxes

-tensors to a (0, k) covariant SL% -

. uz . . . . w
Fyf 0, ST un) = / / [u@“szx [ +2Q% K12 — 2K e - KM (Qtry)
Ui §2 -

1 AM QN v
— E[K”k(Qtrx)f - —2<K”k§> ~IC”k(Qtr)():|r2duesz ,
X » X
(46)

. v2 . I . . . W
FkIn 1w = [ [ |k ke - 264 k@i
V1 S2 - -

1 .0 AM /.. Q o
- S @ + —2(/0"‘5) KK (Qtry) ]r2dveS2 .
r
47)
Additionally, we denote

PR SV = [ [ [SrRBR 3020 (I 4 o)
—3Mr|KPRQn 12 + 3MrK Ko IClk(Qtr)()
o i,k i,k
M (1 - >IC (Qtry) - k¥ (Q>]duesz, (48)
Flk[R y] (UO,U) / / —r |ICI kQﬂ|2+ Q2 4(|IC1 k,o|2+|IClk |2>
—3Mr|K" an| +3Mrkh ka) IC’k(Qtrx)

+3M( )/c' (Qtry) - K’k<g)]dv552. 49)

The above fluxes are related by the followmg conservation law:

Proposition 2.8. For any ug < uy < uy < oo and vg < vy < v2 < 00 we have the
conservation laws

FyR 0,71 (wo, un) + FRX T, 1 (v, v1)
= FLF D, ) (o, ) + FLE [T, (o, v1) 0
and
FPM IR, Z (o, un) + Fy X [R, 1 (vo, v1)
= FIX[R, .71 (uo, up) + FiX [R..7] (vo, v1) . Gh
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Proof. Direct computation as in [21]. Note that the projected Lie-derivatives commute
trivially through all equations so the proof is identical for the commuted versions. O

Remark 2.9. One can simplify the fluxes in (46) and (47) to

5 3 N (u1,v)
Fy[T, S (uo, ur) = Fy[T, S 1(uo, ur) + [@(Qtrﬁ (Qtrx)} ,

(u0,v)

5 3 . (u,v1)
Fu[T, Z1(vo, v1) = Full', Z1(vo, v1) — | 555 (Qtry) (Q2trx) ,
2Q - (u,v0)

where we use the notation [ X ]Z = X(b) — X(a), with

FIURIT, #ug, uy)
ui . " ) . . ‘
= / / |:|ICl,kQ)% 7+ 21K0RQin 12 — rKHR QU ) KR (6 + dlvﬁ)]r2duesz,
ug S2 - EAX
FUKIT, .Z](v, v1)
U] . o ) ' . '
= / / [|/C’*ksz;2|2 + 2Kk Q| + IR (Qirx) K6 (p +d,fv‘r‘;)]r2dugsz.
vy V8?2 - i

In view of Proposition 2.8 one has the analogous conservation law for F. Whilst this is
a remarkably simple form of the conservation law it runs into issues with obtaining the
optimal regularity result. Indeed, if one is not concerned with regularity, one could use
this conservation law to obtain uniform boundedness.

2.5.1. Changing gauge on the outgoing cone We next recall from [21] how the outgoing
fluxes transform under the addition of a pure gauge solution of the type in Lemma 2.3,
namely that they are invariant up to boundary terms on spheres:

Proposition 2.10. Let . be a solution of the system of gravitational perturbations. Let
f (v, 0, @) be a smooth gauge function generating a pure gauge solution 9 of the system

of gravitational perturbations as in Lemma 2.3. Finally, set ¥ = S+Y thereby defining
a new solution .#. Then the flux on fixed constant-u hypersurfaces satisfies

FIXD, 71 (v, v) = F¥[T, 7] (vo, v)
+/ (g?“ @, v,0.¢) — G (u, v0,9,¢>)> eg2
S2
FI¥IR, 71 (vo, v) = FE¥[R, 7] (vo, v)
+/ (93 . 0.0, 0) = G (w0, 00,0, 9)) e
S2

with
G = 6M’IC“‘¥‘2 + /ci’k(fTQz)
e s - (- ) i,
- 2r—g;[lcf’k (Qtry) o — KWK (Q’Erx)y;]/cﬂk(sz{’rl)y , (52)
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o) o)

ot awlen(G), i -2 g,

L L
2 r
A E) - M, - e e ()

(53)

Here the subscripts . or 7 indicate whether the geometric quantity is associated with
the solution . or .. In other words, the difference of the fluxes in the old and in the
new gauge is a pure boundary term.

Remark 2.11. There is an analogous proposition to Proposition 2.10 for the incoming
cone.

2.6. Useful identities involving the vector field T. We finally collect some identities that
follow directly from the system of gravitational perturbations and will be used later in
the proof. In fact, the reader may already anticipate their use as the expressions below
will appear naturally in the cross-terms of the fluxes (46)—(49).

Proposition 2.12. We have the following general identities for T applied to . :

o , Q2
2T (Qry) = 2Q2(divi] + f) + 49 ,0(5) - —[(Qtrx) + (Qtr)()]
. X
oM 2,
+— (Qry) + —o,
r r
o 5 o\ Q2r .
2T (Qry) = 2Q%(divi) + §) + 49 p(§> + —[(Qtr)() + (Qtrx)]
X n . X
" 4Q%
— @iy - s,
r r

27§ = Qdiv(B — B) — -P[ (Qtr) + (Q{@]’

o)

2Tl = Byl — 92[,) + 2,0(5)],

2T(—> =w+w,
o [}
and

2Y77n:—szﬁ—szg+7(n +Q)+2y@, (54)

2Wrn=szﬂ+szﬂ——(n+n)+2y7w, (55)
n B-- n
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which combine to give
2V 7 (n +’;’7_’) — 2V + 2V,
m m A ) Qz o m m 3 " "
2T (p — divi)) = —29ivf — 246 + ~—div(ij + ) - 5,0[ (Qtry) + (Qtr&)],
o ) A ) 92 o o m 3 " "
2T (5 +divii) = —2QdIvE + 246 + “—div() + ) — 5,0[ (Qtry) + (Qtrx)],
B . n X
2T (6 -+ divi)) = 29201y + 246 — =—div(Gi + 1) — 5,0[ (Qry) + (Qtrl)] . (56)

We have the following general identities for T* applied to . :

Lo 297 aM~, 291, .,
272 (Qry) = 22T (divi) + p) + — (1 B+ |80 —2Q%p
2

r r
402 SMy QN QP L 292
_Bep (2 _ —)( ) [deiv(n )+ —w]
r r - r

Q) r

oM 3IMN o 2MQ*
- —(1 - —) Qtry) + (divii + )
r3 r r2

_292(1 4M>,,, 202
r

. o+ =—[ 0,6 —29%|
r r
402 SMy /Q
_ee (2 — —) (5) —2Q2dVQp + 292 A
. B

p
204, 2M

3MN\ o 2MQ?
i —(1 - —) (Qtry) + Aivii + )
r2 r3 r r2
2

- E o[ @i + @ip)],

2008 o 295 AMY 297
2T (Qry) = 22T (diviy + )+ —5-(1 )

T (1- 7)o - 7| -20%)

402 S5My QN Q2 Lo 202,
Ao MY (@Y Py - 2]
r r Q r — r

oM 3IMN o 2MQ*
-5 (1= 2 )@y - (divi) + )
I‘3 r - l"z -

_292(1 4M),,, 202

: & — —[aué—zsz%]
r r r
402 S5MA /Q ,
L (2 - —) (—) + 2%V + 292 A
r r Q —
204, 2M 3IMN o
- Sro- 5 (1- =) @up
r r r -
2MQ? 2

S W 3Q 0 »
@i+ p) — ——p| (Str) + (@)
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a2( 2 = 2202[ 5420218 + 0,6+ i
Q - 10+ P + Ua)+ u@,

7202 )(2) -200+)

r r
+ 3—M(2 (Qtrx)+(Qtrx)>]

+ @[ 13- 22)5 — aaved - p)]

and

0

m g o Y A 7] m Q QZ ) )
2725 — divi)) = —29divY 7 f A[avw — Q- 292/3(5)] + (B + ho)

— So| @@+ i +2p) +42% ()

M " » 2Q° /.,
+ —2((Qtrx) _ (Qtrx)) + —(a) _ Q)]
r - r

I

_ _A[avc’b —20Q%) — 29%(%)]
+ Q—z(m’b + A&) + divdiv(22&) — %(1 - 3—M)d1vsz'§’
r r r

— Sp[@2ivGi - i) +2) + 4220 )
2 — Q
2

M W m 2Q Y )
+ —2((S2trx) - (Qtr)()) + —(w - Q)]
r - r

Proof. These follow from elementary computations using the equations of Sect.2.2. O

3. Estimates on Any Outgoing Cone

We now let . " be a partially initial data normalised solution supported on £ > 2 which
is extendible to null mﬁmty Given a cone Cy, 7 (uo < uy < oo) we will first construct

from éﬂ "a solution 5” = éﬂ’ — %y, where 9y is a pure gauge solution as in Lemma 2.3,

normalised to the cone Cy, .. We will determine f and hence 9y in Sect. 3.1. We will then
define appropriate energies for the solution(s) in Sect. 3.2 and be able to state the main
theorems in Sect. 3.3. The remainder of this section is then concerned with the proof.

3.1. The gauge normalised to the outgoing cone. Given a uy € (up, 00), we fix an
outgoing cone C,, .. We define’

f6,¢) = (uf,v 0. ) / (sztrx)j, (. 5.0.0)dv+ foluy.o. ¢>)]
(57)

7 This definition differs from the one in [21] only in the normalisation on the sphere S2 Fov0° Note also the

typo in (59) of [21], where a factor of % is missing.



Uniform Boundedness for Solutions to the Teukolsky Equation Page 21 of 56 138

where
1y r
foluy.0.9) :=2[227 'y = 55 @) 0| 4y v0.0.8) . (5B)

We note f (v, 0, ¢) = zrﬁfo(uf, 0, ¢) and recall from (41) that Q_zfo(uf, 0, ¢)
extends regularly to the horizon as uy — oo for an initial data normalised solution.

Note also that in view of Definition 2.6, % extends regularly to infinity. As mentioned
A
above, we denote from now on the original solution by g’ ’, and by .’ the solution
A
S = 7" — 9y, which is normalised to the cone C,, in the following sense:

Proposition 3.1. The geometric quantities of the solution . " have the following prop-
erties:

Q) 4 le, =0 . Q'R e,

0

6 plc, =0 Gi+i) 4, =0.

=0 s
y/
(9

Proof. In the following we suppress the angular dependence of all quantities in the
notation. From Lemma 2.3 we have

(Qtrx) o (g, v) = (Qtr)()y/ (i v) — E)U(—f)

_ ( r(uy,v) s22>2522

0.
NQ2up,v)y r/ o f=

The Raychauduri equation (20) then gives c‘byg/ (uy,v) = 0 on C,,f. Hence, from
Lemma 2.3, that ’

(@)1= () 000

o

Q
= (g) s = Tz () (g, v0) — 3 fo =0,

where we use that (Qtr)()gf = (Qtrx)y/ along C,,, and, f(vo) = ﬁfg.
The last identity in (59) follows from taking a ¥ derivative of Q! 959/ |Cuf = 0 and
using equation (16). O

For future reference we already note that along the cone C,

2Tf) 3y f = (Qtry) o | [1 4M] ! (60)
= T . - — =
Cuf v 2 92 X y Cu r r Cuf ’
and also
ATTS| a2 f M o) +20 2Mf ©1)
= = —— ’ w 1 —_ =
Cuy v rQ? X & » < Cuy r3 Cuy

As an immediate consequence, for i > 2 and j > 0 we have the limits

I[VW] f|

li)II;O|T[rW]jf(uf,v 0,¢)| = and 1irgo|T"[ry7]ff(uf,v,9,¢)|:0.

(62)
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3.2. The energies.
3.2.1. The master energies along the cone C,, We define the master energies for the
. .
solution .’ along the cone C, e

Fori =0,1,2

. A w . [ L
E"O[F,y’](uf)zf f[r2|[y77]'sz;z(A,|2+r292|[y7T]l;7(A,|2]’ dveg .
v S2 B -

M=Llf
(63)
Fori =0,1
0,i ) oo 4 iop 12
Ri ’ _ i N
E [R,Y](uf)—fvo fs [rrvres |
2.4 P02 iv 2
+ Q2 (|[r77] bR HlryYe ) )]‘u:ufdvssz,
0 A S 4 . m 2
I / _ 1 A
E [R,y](uf)_/vo fsz[r Y7128 |
+ @2 (1IV71 5, P4V ) || dvee. (64)

u=uy

3.2.2. The initial data energies We define fori = 0, 1, 2 the energies of the connection
coefficients

Bl [T ) = FLOT, 7 1(vo, 00) + FLO[T, " uo, uy)

+ — lim f Pyl (Qtrx) o - [Vr]' (Qrx) oeg, (65)
2 v—o00 52 < Y

as well for i = 0, 1 the energies of the curvature components

Efoa [ RIGup) = FLOIR, .7 1(v0, 00) + FLU[R, .7 Mo, uy) . (66)
By [RIus) = > FOKR,. 1w, 00) + Y FOMR, .S Mo up).  (67)

[k|=1 [k|=1

We complement the above with energies for quantities in the .’ " gauge on the initial

2 .
uf,vo*

data sphere S

Dluralie s, v0) i= Q2w s, v0)[ 1972 (Rrx), 20, 0,0, QA fol ]

uf,vo
+ Q2 ) IV Q7 () YRR, divi) + 5,
uf,vo

divii + p, r Y10, 7' BIE, L, |

and
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m

DZ ( - Dl 92 92‘” " Q_l = 92“‘ 2
data\U f > UO) — “data (uf’ UO) + Q’ avw’ auQ’ o, P, Q ’ o

ug.,vo

+92HT(d,fV17+,o) T(divi) + p), A Q20 — r2dive !B ?

- —llur,vo

m

oo .vi

+|(vo.¥

>uf,v0

|

where as mentioned all quantities that appear above are in the . " gauge and we denote

R

LY. V) ufu0|+‘< .3 W(Qtrx)>ufv0

o @2

L g byl = 1 f o + 18w + Ay + - - -
Remark 3.2. The data energies Eiigm [T1(up), E;Sm [R1(uy), Edata [R](u r) defined above
are not necessarily coercive. What we will show successively in the proof is that these
energies are indeed coercive provided a large constant (depending only on M) times an
appropriate ID)Z,M -energy is added. This is familiar from [21]. Alternatively, the afore-
mentioned data energies can be made manifestly coercive by suitably normalising the
initial data gauge.

Remark 3.3. Note that we have D!
data.

(00, vp) = 0 and D? (o0, vg) = 0 for regular

data data

Remark 3.4. The energy D} Jarg CONtains up to first angular derivatives of connection
coefficients and A g fo, which involves second angular derivatives. The reason we have
included the latter in D} dara 18 that Ag fo will play a distinguished role in the proof
and could be brought to vanish by normalising the initial data gauge slightly differently,
namely with respect to sphere S,f instead of Sgo o

Remark 3.5. To appreciate the structure of D? “ata (U £ > Vo) note that the terms in the first
line involve (besides A fo in D! dara (U £+ V0) as mentioned) only first derivatives of
Ricci coefficients and curvature components. The terms in the second line involve first
derivatives of the mass aspect functions and a renormalised second derivative of w.
Importantly, control on these quantities on the double null spheres can be propagated
in evolution at the basic regularity level considered here, namely fluxes of up to one
derivative of curvature in L?. This is well-known from [10] in the non-linear context.
Similarly, the terms in the third line involve (norms of) inner products on double null
spheres which can be propagated in evolution along the cones. Note that one derivative
of curvature on spheres cannot in general be propagated without loss of regularity which
is why we have retained the inner products.

3.3. The main theorems. We are ready to state the main theorems. In the following we
write X < Y if X < C - Y holds for a constant C depending only on M.

Theorem 3.6. Let .7’ be a partially initial data normalised solution supported on £ > 2
A\
of the system of gravitational perturbations that is also extendible to null infinity. Let
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52 " be as defined in Sect. 3.1 and recall the energies defined in Sect. 3.2. We have the
estimate

2 1 1
S B, gy + Y EMR,SVup) + Y EOR, S V) S By ()
i=0 i=0 i=0
(68)
where
Egara (1) = Bgra D100 ) + By [RIGu ) + By [Tl )
+ BRI ) + By [RIG ) + By [P0t 1) + Cona - D, v0)
(69)
for a constant Cy,qx depending only on M determined in the course of the proof.

Note that using Definition 2.6 and (44) near the horizon one easily verifies sup, relun,00)

Ega 1ot ) < oo for the class of initial data considered, as was claimed in Theorem 1.1
of the introduction already.

The proof of Theorem 3.6 will be carried out in Sect.3.5. Before that we provide
some preliminary estimates in Sect. 3.4 that will be used in the proof.

From Theorem 3.6 we will easily deduce the following theorem, which concerns
the gauge invariant quantities. It can be stated (but not proven) without reference to the

solution .%":
Theorem 3.7. Let Y " be a partially initial data normalised solution supported on £ > 2
of the system of gravztatlonal perturbations that is also extendible to null infinity. We

have the followzng estzmates for the ﬂuxes of the gauge invariant Teukolsky quantities
A= rQ? a// = rQ? aﬁ and A = r? Oty/ = rQ% X : along any outgoing cone

Cu, withuy € [ug, 00),

/ / dvd0de sin6 [r*|Q7 V3 AP + [QVIAP + [rY AP + [AP] (up) S By up),
v s2 .
(70)

o0 1
/ / dvdfdé sin HQ? |:r2|QY74A|2 +|VAP? + —2|A|2] (up) SE2 . up). (71)
2 r

Here E2 (u y) is defined in (69).

data
Remark 3.8. Note the strong degeneration in Q2 as actually @22 has a finite limit on
H*. Note also that the r-weights are not symmetric between the two estimates.

Theorem 3.7 will be proven in Sect.3.6. Afterwards, we will use the estimates of
Theorem 3.7 to obtain analogous estimates for the ingoing fluxes. See Corollary 4.1.
For A this will resolve the problem of degenerating Q2-weights mentioned in Remark 3.8.

3.4. Preliminaries: useful identities and estimates along C, ;. Before we begin with the
proof of Theorem 3.6, we prove in this section some preliminary estimates (both on

quantities of the solution .& " and of the solution .%" ) along the cone C, ; that will be
used in the sequel. We begin by exploiting the fact that the mass aspect is conserved

along C, , for the solution 4
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3.4.1. Bounding the mass aspect along Cy
Lemma 3.9. We have the following bounds for the lapse of the solution 52 "along C, IS

sup [r2divi) s, + 725 lugoo S Daara (i v0) - (72)

ve[vg,00) !

Proof. We compute the propagation equation (valid for any solution)

Qy, (r3d1vﬁ + r3,3) = Q2A02Q7 Q2+ 3M (Qry) (73)
For the solution . ’, the right hand side vanishes along C, 7 by Proposition 3.1
(FPdiv+1°p) 4 (ugp,v) = (Pdiv +r°p) (s, vo)
B S
34700, 30 r
= (rdivn +717p) 1 (u g, v0) — 5852 fo = 3Mfo,

where in the last equality we use Lemma 2.3 and f(u s, vo) = JW fo. Therefore, one
has

3 o 30 3 g0 30
102+ 125) o < 11G2 A +725) 0 g

r(uyg, vo)

T”Aszfonuf,vo +3M||f0||uf,v0- (74)
Since our solutions are supported on £ > 2, the last term can be estimated by the
prenultimate one by standard elliptic estimates on S> and the result hence follows from
the definition of D}, (s, v0). O

3.4.2. Bounds on the sphere S?

ug,00

Proposition 3.10. We have fori = 0, 1, 2 the following estimate on the limiting sphere

Si o0’
(o19), [ =ty :
H [VW] ( _7” ujg,00 4 [VW] uy,00 ( )
Proof. We first observe that with our choice of f from (57) we have
Q? 1
rdy <_fr > (ug,v,0,9)= 57 (Qtr)()g/ (uf,v,0,9). (76)

The right hand side goes to zero as v — oo by the asymptotics of the solution in the initial
data gauge (see (43)) and hence so does the left hand side. It follows that asymptotically
we have the identity

2

3 (fQD) (uf,00,0,¢) = f(uf,oo,9,¢). (77)

Moreover, this identity continues to hold if we commute with derivatives tangential to
the spheres. Now by definition of the pure gauge solution we have from Lemma 2.3 the
relation

v (o19),

| =il

= H [ry]

., (78)

/ uf,00

292

uf,00

where we have used that Q! Qy@/ =0along Cy,. O
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Proposition 3.11. We have fori = 0, 1, 2 the following estimates on the limiting sphere

iy o0°
1YV r Q) 1 o0 S | 9T (i) : (79)
Vv E r uy,00
I (Qtry) Anwoowz‘ Y] ( > - (80)

Proof. For the first estimate, we consider the linearised Gauss equation (30) multiply
by r? and take the limit v — oo along C, ; to produce (using the asymptotics of the

solution .’ " following from Definition 2.6) the asymptotic identity

[

FQuex) 0 (17, 00,0, 9) = —4<§)§w (. 00,6, 0). 81)
Combining this with (75) of Proposition 3.10 the estimate (79) follows.

The second estimate follows from the fact that by definition of the gauge function in
Lemma 2.3 we have the relation

H rQury) (82)

2 o 2
< [r@to 4
ug,o0

- Vv uf,00

uy,00

2 "
l
+ J—
> i1 (£)
i=0
Using now (79) for the first term on the right we obtain the second estimate. O

3.4.3. Estimating the gauge terms at infinity In this section we estimate the terms g?"
and QR appearing in Proposition 2.10 on the (asymptotic) sphere Su .00 88 this is what
will enter in the conservation laws applied later.

Proposition 3.12. On the sphere at infinity, S> we have fori > 1

uyr,00”

/ GEE (uy, 00,0, ¢) e
S2

= _/2 2QZIC’k(Qtr)()y/ lC’k(Qtrx)yn (uy,00,6,0)es . (83)

We also have for a constant C depending only on M,

Q22

/Szglox up.00.0.9)e52 = 4M| =

ug,00

3
r o m
__/52 ﬁ(ﬁtr)()ép/ (Qtr&)ép/ssz —CD(I,gam(uf,UO)-

llj ,00
(84)
For the g;’zk—terms we have the estimate
1,0
| /S G’ (7. 00.0.8) 52| <3M (16,5012 0 + 10 4,12 00) < OMIS 17

(85)
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as well as the identities

2 92
/Szg%‘)(uf,oo,e,d))eszz—M||[ W]f ||uf,oo—3M||fT||uf,oo, (86)

3 Q? Q?
Z/ Goy uf,oo,e,qb)ssz:5M||[ry7]2f7||uf,oo—3M||[ry7]f7||uf,oo.

k|=1
(87)

Proof. Recall throughout that we are free to use the properties (59) when evaluating the
expressions (52) and (53) in the proof.

The estimate (83) follows from (62) and the decay towards null infinity of the lin-
earised quantities.

For the second estimate in (84), we have from (53) that

02 3
r o w
G (u,v,6,¢) = oM (L) — 2 (Qtrg) 0 (@)
r 29 v — VvV
2722\ 3.0
()i,
where one uses that Qf/ = _ﬁjﬁ/ by Proposition 3.1. We then have
202N 50 WMfQE
( s >r3(p+d/{vn) A > —‘—fH— +divn)
r S r S
Q%2 2
2—2M‘f ‘ ‘r (,0+d,ivr7)A
where we have applied Young’s inequality. So,
02 3
f r o 2
QF (u,v,0,¢) >4M . @(Qtrx)y/ (Qtr)()yn——‘r (p+d,fvn) P

The conclusion then follows from (74).

To prove the estimate (85) we note that, using equation (62) and the decay towards
null infinity of the linearised quantities, all terms except the ones in the first line of (53)
vanish in the v — oo limit. So,

where we use the asymptotic relations 27Q ! Q — &and r27T (Qr X) = —4w, valid for

both ,5’/ and Y ’, on the asymptotic sphere S The last inequality of (85) follows

Mf [o.oh
from ¢ Qﬁ/ = @y as v — oo which is a consequence of the general relation Q}/ =
@ g — 2r—3MQZ f following in turn from Lemma 2.3 using that f is independent of u.

" We now directly prove (87) as the proof of (86) is analogous but without commutation.
We consider the expression (53) for k with |k| = 1 on the limiting sphere s2 Most

ug,00"
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terms vanish using the asymptotics of the solution Lvy " from (42) and the properties of

the solution .#” along C,, , (in particular that nyA/ = — 259/ and that rzﬁﬁ/ still extends
regularly to infinity). We are left with

0

Tim 3" 6% (v.up.0.) = lim [3M<[FY7](2>V,,[FV]F(Q&&),VV/>
|k|=1 v

3M & LFQ2p
+T,~; [ — } (88)

where we have used the angular identities of Proposition 2.2. For the first term on the
right of (88) we recall that as v — oo along the cone C,, we have the asymptotic
identity (81), so '

W 2
rYIQT'Qo| eg.
(89)

lim <[ry7](sz—1s”é)y,, [rW]r(Qf“rx)y»esz — 4 lim
S2 \ —_— VvV eed

V—>00 oo S2

The result now follows from inserting (75). O

3.4.4. Estimating the gauge terms at the data sphere in the conservation laws In this
section we estimate the terms g;k and Q;’zk appearing in Proposition 2.10 on the (data)
sphere S,f o @S this is what will enter in the conservation laws applied later.

2

Proposition 3.13. On the data sphere S, we have

[ 9% (w72 0.6 9) ] S Dl v, ©0)
S
\/zg}" (s, 0, 0. 8) 52| < DYy, v0) 1)
S
[ G2 (. v0.6.0) 2] < Dty . ©2)
Furthermore,
[ 9% (4. v0.6.6) £2| S Dhara ey v0). 93)
S
| ; G (ur, v0, 6, 9) 52| S DYy iy, o), (94)
Gx%( 0 < D} 95
P R ufa o, 7¢)852 ~ da[a(ufavo)- ( )

Remark 3.14. Note that we gain regularity here; naively one would expect to see third

derivatives of Ricci coefficients in Gl%’o but TTf (see (61)) allows us to gain regularity
via integration by parts.



Uniform Boundedness for Solutions to the Teukolsky Equation Page 29 of 56 138

Proof. For the estimate (90), we have from Proposition 2.10 and the properties of 52 !
in (59):
M P ©  ag @
G (g, v0.6.9) = =15 = 55 (). (Qrg) g+ for’ b+ div i) 4, . (96)

We can use Young’s inequality and Lemma 3.9 to conclude the result.

Turning to (93) and (94) we note from Proposition 2.10 and the properties of 52 "in
89) fori =0,1

g (s, v0,0,¢) = 3Mr{[r V1 (R7'Q) ., [FW][(Q&D‘?’)

3M
YT o, VY (divi +5) )

- Tqrw'fo, [rW]"ASzfm

[rW] fo

’

‘[ A 1+kf0

where we have used (96) and the angular identity for scalars of Proposition 2.2. Up to a
total divergence on S? this reduces to

; 3Mr 3M
O (ur.v0.6.¢) = =~ (~Agp) fo(Qtrx)//——( Ag) foAg fo

3Mr?

(—Ag)" fo(divn + p)y/

3M
t == 492 {[rvY (Qtrx)y/ [rYY (Qtrx)y/)

)

3M . 2
+Z 2 W]1+k fO T’[’,W]l‘fo

where we have inserted from (58) the definition of fj for the terms involving Q- !'Qand

(Q({r x). The result is now immediate from Young’s inequality and that A2 f controls
all second angular derivatives of fj by elliptic estimates (recall that fj is supported on
£>12).

We now move onto the 7-commuted estimates. Since we are working on the sphere

S 3 g WE will adopt the convention that ~ means equality up to r-weights and numerical

factors, i.e. we only keep track of ?-weights. We recall from (60) the identity
QT f(ug, vo) ~ Q[ (Qury) o (17, v0) + 272 fo].

The reduction of the equations in Proposition 2.12 in the <7? '-gauge to tg” '-gauge on C,, ;
is

2T (Qury) 4, ~ 92[(d1vﬁ + D)+ Qg g+ fo],

2T(Qiry)  ~ 92[(d,fvﬁ+ p)+Q7'Q+ QX (Qiry) + (Qry) +@] ,
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2T (5 — divip) 5, ~ Qz[div(Q_lé) +Q2(Qtry) + A (R fo) + Q_zfo]
and
2T (Qry)y, = 2T (Q'{rx)ép/ 2T (Q“t’rx)jg
~ 92[(9*1 25+ Q72 (Q‘{rx),vy, +opr+ fo],

where we use Lemma 2.3 and f(vg) = Q_zrfo.

For the estimate (91), we use Young’s inequality to estimate the terms in g}"’ (ur,vo)
(everything is evaluated at (u s, vo) and quantities appearing on the right-hand side are
in the .’ gauge):

2 i
@ f‘z < 94[}9*2 Qi) [P + }Q’2f0|2],
.

( ( - )T(Qtrx) N

3
r m It}
‘ﬁT (QUry)y, T(Qry)

’ T

<92[}Q 2@y + |22 @try) [

+ |72 fof + I(aivii + ).
(Qtrx)

< |+ o[ +

Qux) 2 ., . >
= +|w|2+|g|2+\ﬁ\ |
Q2 Q2

and

\/SZTU?Z) (b - divi) e

se[3 vy S0

S lesrdef {7+ T

where we have integrated by parts to achieve the last estimate. Therefore, all terms
arising in GI{’O(uf, vg) can be accounted for in ]D),},am (u r, vo) establishing (91).

Before proving (92), we prove the estimate (95). In addition to the identities collected
above for Q%’O we require

T(divii+ ) 4, ~ @ [div(Q_lé)y, +QAQUp) g+ A Q7 fo + Q_zfo]
+ A52(_Cllr)¢y/,
2T(Qf’r£)5g/ ~ 92[(5 +divi)). g+ Q Q) g+ g + Q72 fy

+ AR 2 fo) + A Q2 (QUry) o ]

where we use that Qj/ = —5'7'59/ and the definition of f{ to write
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(,8 - d,{Vﬁ)eﬂ/ = (,5 + d,ilvﬁ)y/ — 2AQ_1SUZy/

(o + divn)y/ - —A[fo +—= (Qtrx)// ]

to deal with the (p + divﬁ)ﬁ/ term arising in T(Qf’ri )§ from Proposition 2.12.

‘We can now estimate all terms that arise in g;é"(u f» Vo) via Young’s inequality (note
that &ﬁ/ =0onCy,):
@+ 5 T(@rp).7| S Q[16F + 16 +Idivi + o
+1Q7'QP + [ 2y [F + | (Qiry) |2] ,

1/ fQ? PN 2,2
’@T(T)T(Qtr)()yg s@fje @ [+ ]2

+ldivii+ P + (@,

Q2 .
(2 )f‘» s@

[\

|72 ) [P+ |72 fo + 16 ],

)2y
rvrr L2 < afrwrer i [ +2frvreal
| /S b T Q) jege 592]5+d1vﬁ|2+i(|[rw + vy )
i=0

< @[3 (jror SL vy o)

i=

‘ /52 T(fTQZ)T(dXvﬁ +) es

ey

where, once again, the latter two inequalities follow after integration by parts for angular
derivatives on div(2 é) 71, Ag wand A 52 fo. We have therefore established (95).

We finally move to the T?-estimate (92). We have from (61) the identity
QTS (uys. vo) ~ 92[9—2 (Qry) + & + Q_zfo] .

From Proposition 2.12 we deduce (after converting quantities in the 52 " gauge into cg” !
gauge) on C,,

272 (Qry) P 92[T(d1vﬁ +5)+ Asz[(sz'ErX) + fo]

+ (Qiry) + fo+ Q%0+ @+ (divi + ,5)],
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2725 — divip) J, ~ (T (@7 B)) + Ap[ 272 @0 + Q2 fo + p+ 6]
+ fo+ B+ Q2(Qiry) +Q].
Further,
2T2(fol)g/ ~ QZ[T(le”Q'+ B+ 6+ [aué+ 522;‘3]
+ Q710+ Q2+ p) + (divi + ) + o+ 22ty |,
2T (Qry)y, = 2T° (Q‘{rx)g, — 272 (Q[{rx)j/
Qz[avab + Q710+ Q72 (Qury) + Q26 + fo] .
We can now estimate the following terms in gﬁ*"(u f» o) via Young’s inequalty:
2@‘2
"

7 <@l @[+ fol +10F],

3
™ 2 o 200

< 92[|avc’b|2 +1Q7IQR + Q72 (Qtry) |
+ 1 fol? + 1T (diviy + §)1* + 161 + 18,1
+]Q2017 + |2 (divi + P17 + [diviy + oI + |o)?
+|e @]

and, similarly, after integrating by parts,

Q 2
) } QZ ( - )T (@) s

592[21:(‘0?7] Q- (Qtrx))‘ +1[r V1 ol +’[ry7]"(9‘2fo)‘2)

i=0

+IT @i+ PP+ 12251 + | + [diviy + 512

()i s

< 94[212 (\wv%]z Y Tar + ryrar + vy 22 )]

i=0

0 [152 + \(Q@\ (20 ), %% 191

Q2
+ \(w]g, 1p.o)+n+Q” é+d1vé>u '

To establish (92) note now that the terms involving one derivative of curvature on the
right hand side, are either already contained as inner products in ]D)fiam (ur,vo) (see

Sect.3.2.2) or can be further reduced by an integration by parts. (The latter applies to
the terms in the last line.) O
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3.5. Proof of Theorem 3.6. We now embark on the proof of Theorem 3.6 proper. The
proof will consist in applying, in a specific order, various appropriately commuted con-
servation laws. For each such conservation law, we will eventually send the ingoing cone
c, . to infinity, vy — oo. To simplify notation, we will, for the entire proof, denote by

R(vg) a smooth function defined on the cone C, ; N [ug, u ] (or one of the spheres

Sioyvf, S,ff’vf) which vanishes in the limit v — o00. The vanishing of R(v) is always

a consequence of Definition 2.6. In this context, we will also make use of the following
general identity

FiRIT, 7 | (o, uy) = Y Q7 Pdue g
vy [V YUf ; 52 X N
0

(g vp)

3 N . o
+ [f Lk (@try) ’C"k(Qth)Ss2i| +R(vy), (97)
2 2 - (ug,vy)

where all quantities on the right-hand side are evaluated at vy, which is proven as in
[21], Section 4.1.2.

We first provide a short overview of the proof in Sect.3.5.1 before carrying out each
step in detail.

3.5.1. The logic of the Proof of Theorem 3.6 We first prove (step 1) that for a constant
C1 depending only on M

data

A 2
EOOIT, 7)) + H%Hf S EGDITIw) + C1 Dl lup o). (98)

This is essentially the estimate of [21]. Note that this implies, as a corollary, positivity
of the initial data energy

=0,0
Egural Tl p) = ESL [Tl p) +Cy - DY, (g, vo) (99)

appearing on the right, something that is not manifest from the form of the energy.
Next we prove (step 2) that for a constant C» depending only on M

A 2
B[R,  (us) + H [r¥] (%) e
< B [R1 ) + € (Bl . v0) + By [Tlwp)) . (100)

Note that this implies positivity of the initial data energy

—=0,0 —=0,0
Eguta(t ) = Eg [RIGp) + Co (Blosg . v0) + Egr[Tlp)) . (101)

In step 3, we use elliptic and transport estimates with the fluxes controlled in Steps
1 and 2 to deduce

* 4 —=0,0
/ dvr? (IFYQRIZ, + 1P VA, o+ 1Yl ) S Bgualep), (102)

N —0,0
sup llwlly, , +sup (s, , +1rRxlz, o S Bgyay) . (103)
v v )
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In step 4, we show that there exists a constant C3 depending only on M such that

A 2
#0057 (),
= B [R1 ) + €5 (Dl 5, 00) + By ) ) (104)

Note that this implies positivity of the initial data energy
1 —=0,0
Egura(t ) 1= Egut [RIGp) + Cs (Dlorg . v0) + Egawp)) . (105)
In step 5, we show there exists a constant C4 depending only on M such that
1,0 1 —=0,1
EYOIT, %Y (us) < EYC [T s) + Cy (Dda,a(uf, vo) + Edm(uf)) . (106)
Note that this implies positivity of the initial data energy
=0,1
Eyora D1t ) = B [P ) + Ca (Dhosg a7 v0) + By @p)) . (107)
In step 6, we show there exists a constant Cs depending only on M such that
=1,0
EYO[R, . 1) SELS [RI(us) + Cs (D},m(uf, v0) +]Edam[r](uf)) . 108)
Note that this implies positivity of the initial data energy
=1,0 1.0 1 =1,0
Eota( ) = B [RIGp) + Cs (Blosg s, v0) + B [Tlap)) . (109)

In step 7, we use transport and elliptic estimates to prove estimates on

2 * 92 2 2 2112
sup - V1, QY3612 , + / dv= (281812, + IVIBIE, )
v r

vo

—1,0
S Egara ) + Dy, v0) - (110)

In step 8, we show there exists a constant C¢ depending only on M such that

E2OT, " 1(u ) < BE2° [T1(uy) + Co (Df,m(uf,vo)+E;’a°m(uf)) C a1

Note that this implies positivity of the initial data energy
—=2,0 2,0 2 —1,0
Eara ) := Byyo[C1u ) + Co (Ddata g, v0) + Egarg (uf)) : (112)

Adding (111), (108), (106), (104), (100) and (98) and setting Cy,qx = 21-621 C; yields
the desired (68).
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3.5.2. Step 1: proof of the uncommuted I -estimate We first prove (98). The I'-conservation
law in the 15” " gauge gives:

FBfO [F, éﬂ:l (o, uy) + FL?}O [F, téﬂ/] (vo, vy)
= FO0 [r, gﬂ’] (uo, ug) + FO [F, gﬂ’] (v0. V7). (113)

where, using Proposition 2.10, we have

(wg,vyr)
A
FYO, "1 (vo, vy) =F 1T, 2] (vo, vy) + [/2 G2%u, v, 0, (}5)832]

' S (1 f,v0)

with

A vf W
FOOIT, " J(vo, vy) = [QAA2+2Q“’A2] 2dveq
up L 1(vo, vy) W e 1$2X 5,1 S |7 |rodves

and invoking (97),

uf o
FoPIT, " (o, u ) =f S2|52L5w|2r2du852
uo
1 3 (ug,vr)
+[— 3 (Qry) o (Qtrx)y/ssz] +R(vf) .
2 Js2 Y % (uo,vy)

where werecallR(vy) — Oasvy — oo. Using the estimates on QIQ’O from (84) and (90),
the identity (113) turns into the estimate (note the cancellation of the (Q‘tyr X)) (Qry) o=
term at (ur, vy))

A uf o
FL?}O[Fv L§ﬂ/] (v03 U) +/ /2 |Ql€ﬂ/|2r2du852
ug S

+ / 4M’ sz )2852
52

r

- 6 ’ Déata(uf’ vo)
(wy,vyr)

< FROI, Vo, up) + FO[T, .7 | (wo. vy)

ug

1
+ 5/ 3 (Qtry) o (Qry) weg )+R(vf).
SZ v — Vv

(1o, vy

Taking the limit vy — oo and recalling definition (65) we deduce

o0

2108 12.,..26210 2

P2195 ~ 12+ P22 A ]) dveg
‘/;0 /;2 [ | Xy/| |Q7’| u=uys S

2
+4M !

L <ESY [Pluy) + CDY,,, (u s, vo). (114)
p .

data

ur,00
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3.5.3. Step 2: proof of the uncommuted R-estimate To prove (100), we apply the non-
commuted second conservation law for <V7 "

FYOR, S Vo, up) + FOR, S 1o, vy)
= Fp (R, o up) + FRU IR, . (v, vp) .

where

A (ug,vf)
FB}O[R, 7" (vo, vy) = F,?’O[R, "1 (vo. vy) + [/ Q%’O(u, v,@,qﬁ)esz] ,
52 (u f,v0)

FOUR, 71 (vo, vy) / f Sri18

292 4<|p S P16 ) )—3Mr|s25‘7‘ ,A,|2]dvesz,

F)UR, 7" (o, uy) f /—r |Q,8y,|2du8S2+R(vf)

Therefore, combining and using equation (86) from proposition 3.12 gives

vf r4 o o 4 o 0 .

/ / —|sz/3y¢,| + == (16 4P +16 ) Javes:

us of Cdves 2 M

— +_
f [ 5108, Paues 2 [ |
W2 fsz2

- IMr|Qi o Pdveg +3M (
w J82 -7 s2 r

0,0

, 9 b 91
+/S2 Or (W, v,0,p)eg (e p0)
+ FOY R, . 1(vo, vp) + R(vp). (115)

sz
p

e

(uy,vyr)

852
(wy,vf)

+ FOO[R, . V(uo. us)

The first two terms on the right-hand side of (115) is also controlled by (114). The last
two terms on the right hand side of (115) are equal to E® d m 4[R1(u ). The remaining

QR is estimated by D! dara W £ v0) via (93). It follows that there exist constants Ci,Cy
depending only on M such that

: 4
/ f —|sz/3 (|pA|2+|&A|2)]dv,sSz+/uf/ ep . Pdueg
o P o Jo 2y
92
+/ — er ‘ £ <E%
52 2 r (uy,00

daralRIG ) + CiDygp (1 1. v0)
+ 62 (Egata[ 1uyp) + C]D)Lliata (uy, UO)) ’

which is the required estimate (100).
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3.5.4. Step 3: refined bounds on Cy ; via elliptic and transport equations I 'We now use
the control obtained so far to deduce further bounds for quantities on the cone C,, .. We
begin with a flux bound:

Proposition 3.15. We have the following estimate along Cy ,:

/ f PRI P+ QY1 P+ QY | dveg
uf
< Bra 1) (116)
Proof. We begin with the bound on )2 From Codazzi, we have

o 2 )
X 0 <2|Q% 5 P +21rQp
rdiv(R )P = @2, +r2 | <219% 2+ 2r0f |

< 2(|szg§9,| +r |s2ﬁ;,|2),

hence

oo ) oo b
, R 22 <2 (Q“‘A2+2§2‘A2> 2d
/vo /..S‘Z |rd1V(QX<59/)| ridves < /vo /5'2 | 25”/| rl 'BY" rdves

the right-hand side of which we already control from (98) and (100). Next recall the
elliptic identity

. 1 A 2
/52 rdivQR ) e = Efsz [|rY7(Qx)y§/|2 + |2§2X§2,|2]8S2,

which immediately yields the required estimate

OO [
/ /2 ||rY7(Q)A(y§,)|2r2dvesz

Eguotu[R](uf) +C ( data[ ](uf) + C]Ddata(uf’ vO))

We turn to the fluxes of 7, 1. In view of Qy@ = —}‘jﬁ along C, , it suffices to show this
for [rW]ﬁyA/ and in view of elliptic estimates to show this separately for rd,iv‘r'ij/ and

rcyfrlﬁﬁ. The latter follows from (27) and control on the o -flux in (100). For rd,fvﬁjﬁ/,
Lemma 3.9 gives

o0 QZ 5 ) : 00 QZ 1
0 ooy <D D )
/UO /;2 2 |r (diVﬂ + ’O)y/| dv852 = Ydata (ufs Vo) /;0 2 dv = M data(uf7 Vo)

Since we have control on the flux of |Qr2p|? through (100), we conclude

* 4 2 o 92 3 2 2.4 2
r¥|Qdivn dveg < (— ro(divn + p +Qr|p A )dvs 2
fvo /52 | Utyé,| S _/vo /32 r2| (divn ,O)yM |,0yA,| s

—=0,0
5 Edata (uf)

as desired. O
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We next deduce a few L;° bounds for spheres along the cone C, s» all of which rely
on the following basic transport lemma:

Lemma 3.16. Ler &, E be SL%,U tensors satisfying QY 4& = Q*E along the cone C,, for
some ug < u < oo. Then for any v > vg:

v 1 v
< + | QP E|sdv < b /
&N < 11§ v /UO 1 Ellu.5dV < 1§ 1lu,vo m\/ .

Proof. See Lemma 3.1 of [9] for the first inequality and apply Cauchy—Schwarz using
Q2 = 9,r for the second. 0O

Q22| B2 db.

Proposition 3.17. We have © 7= Q 4 on the sphere Si‘ 200" Moreover we have
) 2 —=0,0 1
sup ”Qyﬁ/ ”uf,v S ]Edata (I/tf) + Ddata (uf’ vo) - arn

vE[vg,00)

. o _ [0 2 . . . . m _ o
Proof. The claim @ 7= @ 4, on S .00 18 immediate from the relation @H=0 7

2r—13‘4§22 f (see Lemma 2.3) and the fact that % is bounded in the limit as v — oo. As for

the relation at v = vy, we have QyA/ =Wy — rMZ fo. Hence,
Vv

- N (118)
fsv0

Finally, one applies the basic transport lemma to (28) resulting in the estimate

M
16 4, g0 < 1650+ | 75 fo

dv

Mug,v

v
[0 [0 2w
16 s <118 oo+ |2,

1 v
<1l + ——— [ [ s,
=@ £>0 3
7 (r(uy.vo)2 Y Ju 7

where we have applied Cauchy—Schwarz in the last step. Squaring and using (118) yields
(117). O

2
dv,
uf,v

We can also obtain uniform bounds along the cone C,, f for z and (Qtr X ):

Proposition 3.18. We have

=0,0
sup [P () 415, o S Egara ) + Dy a5 v0). (119)
velvg,00) b
% —=0,0
sup ||791yé/||5f,u SEypag) +DYya s, v0) . (120)
veElvg,00)

2

7130 and

Proof. Estimate (119) follows from control on this quantity on the sphere S,

A
using the transport equation (17), which, in .#’-gauge along C, ;> can be written as

QY4(r(Qtryp) = 2% (2divii+25)
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Applying Lemma 3.16 we have
! 2.4 2
Ir(@ur) 515,00 S Ir Q0 4l + / QL divii + ) I 5.
vo

Note that the first term on the right can be converted to r(Q& X).or using Lemma 2.3
Y

after which it is controlled by D! dara (U £+ v0). The estimate (119) now follows from the
fluxes controlled in equation (100) and Proposition 3.15.

Estimate (120) is similar now using the transport equation (23), which along C,,
takes the form

Qv (reg) = 2*Qx — 293Py
Applying Lemma 3.16 we have

||”QX N < Irx 4

/)/“Mf V0

ufp,v n~r

+/ erzllrﬂzh A||u, vd’”'/ 92r2”QX A””f“
vo Yo

Note that the first term on the right can be converted to X o+ using Lemma 2.3 after which
-V

it is controlled by D! dara (U £+ v0). The estimate (120) follows from the fluxes controlled
in (100) and Proposition 3.15. O

3.5.5. Step 4: proof of the angular commuted conservation law We now prove (104).
Let us fix the notation that

FIR,. Vo, u) = Y FIMIR,.S (uo. u),
k|=1

FYUR, .S wo, v) = Y FIXIR, .2 (v, v).
k|=1

We apply the once angular commuted second conservation law (with summation):
FNR, S o, up) + F RS (v, vp)
= Fo' IR, . Vuo. up) + Fi'[R.. 1(vo, vy) .
where, using Proposition 2.10 and Proposition 2.2, we have

(ug.vp)
FONR, 7 (v, vp) = FUNR, "1 (v, vy) + [f Gy (u, v,9,¢)852} ,
(e f,v0)

FOUR, ') (vo, vy) f [ [Grirvies 2+ it 4 P

2.4 2 o2
+2§2 ( [r¥16 | +|[rV]0yA,|)

o 2 W 2
— 3V IR0 5, — 3MrIQi | ]dvssz,
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uf 1 1 N
FO R, 7] (w0, uy) = /MO /52 [5r4|[ry7]sz§€,,|2+ §r4|§2éeéﬂ,|z]duasz +R(v)).
Therefore, combining, and using Proposition 3.12, gives
/ [ [Griwies e it 4 P

292 (V15 P+ 1rY16 5, P) |dvese

+/SZ|: W]Z fQ ’ &s? vy

. 1 W
+/M0 /Sz (5 VIOB .+ 50196 ,, P Jducs:
= Fyy'[R.- o, up) + F ' [R. "1 (v0. vs)

Q22
+/ 3M‘rvf—’ £g2
2 r (u

vy
) o2
+/v0 /sz [3MrIrY1Q4 4,12+ 300, P |dvese.

+R(vf>+/ GO (u. v. 6. e
7) 52

(uf,v0)

Taking the limit vy — oo the desired estimate (104) follows after using that we have
control over the terms on the right-hand side from (94) and (100) and Proposition 3.15.

3.5.6. Step 5: closing the once T -commuted I'-estimate We now prove (106). We apply
the first conservation law now once L7-commuted:

FOT, Vo, up) + Fy [T, .7 1o, vp)
= F, [T, (o, up) + Fi°IT..7"1(vo, vy) . (121)

By the change of gauge formula on the cone C,, , of Proposition 2.10 and Proposition 3.12
we have

Ful}o[l", éﬂ/] (vo, vy) = FJfO[l" ,7’ (vo, vy) / gr Ou, v, 6, P)eg

(uf,v0)
3

22

f T (Qux) oy T(Qp) e +R@)),
Y \ -V (uf,vf)
(122)

with the new flux given by
FHOr, QR o 2 +2Q% Y 1H 4 |2
S ng) = [ [1¥rei R eaeivn )
1 2
- ZVTwyﬁ,WT(Qtrl)ﬁ - E[WT (Qry) ]

m

aM_ G )
+=5V1(5) o Yr @, :|r dve.  (123)
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For the ingoing cone C, , we have from (97) the limiting expression

ur W
Fvl]’co[rv :\/7/] (M(), uf) = / /2 |WTQLV’|2r2du8s2
uo S v

r3 o o (u,00)
+ [— / T (Qry) o T(Qtrx)y/asz} +R(vy).
2 S2 \ — Vv (u0,00)
Note the cancellation that is going to appear on the sphere SL% .00 when taking the limit
vy — oo of (121) and inserting the above expressions.
We next evaluate the non-coercive cross-terms in (123). Using Proposition 2.12 in
the .#’ gauge we have (all quantities appearing on the right being with respect to the

A
solution .")

0z .
2T (Qury) 4, = 2Q%(divi) + p) — —(Qtry), (124)
e r -
5w o 1 AM~N o 402 |
2T (Qtry) » = 2Q2(divi + p) + -(1 - —)(Qtrx) _ 20, (125)
= - r r = ro-
2T » = —Q%p, (126)
Ey//
27(Q7'Q) 4, = 0. (127)

‘We therefore have

vf 1 )
/v 0 /S (2976, V1@ - 197 @0 )

AM (9
+ r_ZWT(§>_7/>’WT (Qtr)()yA, :|r2dv852

5/ / - [|Q|2+|r(SZtrx)|2+r4|d,ivn+,o|2+r2|d,ivn+,o|2]dvssz
Vo 52 r — 1

vf
+f f Q24 b dve g
Vo §2

=0,0
S ]Eda[a (Mf) + D:ia[a (I/tf, UO) 5 (128)
with the last step following from Proposition 3.17, 3.18 and 3.15 as well as the fluxes
controlled by (100).

We conclude from (121) and (91) after inserting the previous estimates and taking
the limit vy — o0

ur »
/ / Y7275 2 (u, 00)r*dus g
uo s2 -V

OO [0}
+ Q3 2+ 202V 2] 2d

< FUIO’O[F, :f/](uo, ur)+ Ful(;“[r, f/](vo, 00)

3 n m
+%/ T (Qtry) o T(Qry) pre g
SZ v — Vv

(10,00)

—0,0
+ C (Edata(uf) + Dé’ata(”f’ UO)) .
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The estimate (106) now follows after recalling the definition (65).

3.5.7. Step 6: closing the once T -commuted R-estimate 'We now prove (108). We apply
the second conservation law now once L£r-commuted:

Fvlf'o[R, Lo, uy) + F 'R, .7 1(vo. vs)

Ltf
= FLUR. "o, up) + FLUIR. " 1(v0. vy).

uo
By the change of gauge formula on the cone C,, of Proposition 2.10 we have
1,0 1,0 ) 1,0 v
/ / 5
L [R,.7"] (vo, vf) =F,; [R, 7] (vo, vf) + |:/SZ gr (u,v,0, ¢)852i| ,
(e f,v0)
(129)

with the new flux given by
1,0 2
FLOR. 1 (1. v)

vf 1 1
=/ / 5719021 + @2 (TP +1T6 ) - 3Mr|¥ Qi
v S2 2 2 -

AM Q
+3MrTOT (Qry) +3M <1 — —) T (Qtry) T(§>]dvesz . (130)
= r
Using (43) we also have the limiting flux

ur 1 W
lim Flﬂ[R y/] (uo. 1) :/ /2 5r4|y7rszg|2(u,oo)dwssz.
uo N

vf—>oo

We estimate (plugging in the expressions (124)—(127) in the integrand) the non-coercive
terms in (130):

'Uf m
‘/ / [—3Mr|y7TQﬁ|2+3MrTc‘BT(QtrX)
v §2 - -

+3M (1 - 47M> T (Qry) T(%)]dvssz

vf
/ / r |d,{vn+,o| +ridivy + p|? +|a)| +(r(§2trx)) ]dvssz

/ / rIWTnlzdvesz

Edm(uf) + Dlgra it . v0) . (131)

where we use (106) to estimate the ¥ 77-flux. In summary, using also the estimates for

g71€,0 from (95) and (85) (the latter in conjunction with Proposition 3.17) we deduce
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“f 14 )
—r*|IY7 QB (1, co)duse g
1o S2 2 -

x Lo
+/ / [_r4|VTQ’B|2+_QZr4 <|TIO|2+|TG|2>](Mf,U)dU8Sz
Vo §2 2 - 2

< FYOR. . wo. up) + Fi IR, . 1(vo, vp)
—0,0
+C (]Edata (uf) + Dzlluta (uf’ vO))
—0,0
< Ejuna R ) + € (Bgana ) + Digra it v0))

The estimate (108) follows after recalling the definition (66).

138

3.5.8. Step 7: refined bounds on C, ; via transport equatlons II With (108) proven we

now obtain control for the flux of angular derivatives of ﬂ

Proposition 3.19. We have the estimates

o @ =1,0
/ . |[rY7]2X59/|2r2§22 dveg SEy.(up),
Uy

0 u=ugr

o " —=1,0
/ / LrYIB P, dves < Buralu).
vy JS2 ’ e

Proof. For the bound on )2 we note that the Codazzi equation implies

o 202 2
AQR = —173277 - D5y (Qtry) + —szx + 27D2$2ﬁ.

(132)

By standard elliptic estimates the Laplacian controls all second derivatives up to lower
order terms which are in turn controlled by Proposition 3.15. The right hand side of

(132) is easily controlled since (Q’{r x) vanishes on C,,
terms are controlled by Proposition 3.15 and (104).

For the bound on ,3 we compute

. 3M . 3Q2%
dvQp = —QV3p + r—3(§2tr£) i

3%,
clrl2p = —QV30 + —a — —2T& — clrlQB

to conclude (note (Q({r x) vanishes along Cuf in the 52 '-gauge)

0 » 1 o
Q A2<T‘“A2+ T(H)]‘/\2+ Q 2+— Qtr A2.
V2B 2 SIT6 4, P 4176 L+ V06 5, P+ —l(@trp)

. 3M o 3M .
—2Tp +divQp — 5 (Qry) — ,,_3(Qtrl) ,

A
;inS ’-gauge and the remaining

(133)

(134)

The result follows after multiplying with 7*Q? and integrating using (108), (104) and

the bound (119). O
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We next prove a higher order version of Proposition 3.17:

Proposition 3.20. We have Q\/yl = ng, on the sphere S,% ;.00 Moreover, we have

w —=0,1
sup V12 a0 < Baara (4 ) + Daara it 5. v0) (135)
ve[vg,00)
and
o A2 <E D3 136
||aqu7§,||uf,v ~ data(uf) + data(uf’ vo) - ( )

We also have the top order bound

W o =1,0
sup ||A52g§9,—r2d,fvg2ﬁy@||2 S Eyara ) + D20 p, v0) - (137)

v€[vg,0) wpev
Proof. The estimate (135) is proven as the estimate (117) in Proposition 3.17 with one
angular commutation which we leave to the reader.
A
For (136), one can compute from Bianchi and commuting partials that in the .’

gauge along Cy,

JT(AM 0 3Q2\, . 3M o 4M,
9@ = [ (S5 — =5 ) s+ div@p) - 5 Q) + ).
2 , 23 XT3

From Lemma 3.16 we deduce the estimate

||aué_‘559/||Ltf,v 5 ||aué§2\/||uf,vo

' \// ok (npnif,l7 +Irdv@B) 2 o+ — | I@EI2 ;+ ||@||3f,l-,]> ds.
v

The flux is controlled using (100), Proposition 3.19, (117) and (119) while for the data
term we can use

3M_, . 2M?
3L¢Q59,(Mf, vo) = 0u@ o (U, v0) — —5-RQ% fo+ —— fo,
B v r r
whose right-hand side is easily controlled by Dflam (ur, vo).

Turning to (137) we note that from commuting the transport equation for @ we can
derive

QY4(rPAw) = —QPr Ap + t—Z;/IQZAszﬂ_lfé. (138)
Renormalising with the (commuted) Bianchi equation (38) we deduce
QY4 Ao — %r3divs2§> = Q%rdivep — 6TM522d1vﬁ + “r—fszZAszsz—ls‘i
= —20%TpH + QArdives — i—[;dszzr (Qtry)

3M 2 o 6M 247 0 4M 2 _l‘”
—r—39 r(Qtrl)—TQ d,iVQ'F r_SQ AsQQ Q, (139)
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where the second equality follows from inserting the Bianchi equation (35). Restricting
now to the solution in the gauge .#’, we can integrate the right hand side in v along C,, P
using Cauchy—Schwarz and the fluxes already controlled (recall also that (Q\{r X )yA/ =0

along Cuf) to obtain (137) but with the term || Aszw e rzd,{vQ,B A ||
hand side. From Lemma 2.3 we have the relation

rzﬁgﬁ/ - rzdfvfléyé/ = rzAQ,vV’ - rzdinézvy, + 7924&]‘,

i« v ON the right-

whose right-hand side is easily controlled by ]D)ﬁ atafsv0). O
Corollary 3.21. We have the following flux bound along C, ;:

2
/ / — Asza) A/
52

Remark 3.22. Note that (140) controls all derivatives up to order two by elliptic estimates
and the fact that @ is supported on £ > 2.

—=1,0
dvegr < B, (up) +D3,,, (s, v0) . (140)

-

Proof. The estimate follows from the bound (137) on the spheres S2 ;v and the fact that

the flux of Q2|dive2 ,3 |> can be controlled by (108), (104) and (119) after plugging these
estimates into the identity

e 3M 3IM
rAAivQp = —2r°T p + r*divQp — —-r (Qury) + —-r*(Qtry) .
P p p X
O

3.5.9. Step 8: closing the twice T -commuted I"-estimate We finally prove (111). To do
this we finally apply the first conservation law with two £7-commutations:
F3O, o, up) + F“[r, "o, v)
= F2T, Vo, ug) + F2OIT, .7 1(vo, vp) (141)

By the gauge change formula on C,, ; in Proposmon 2.10 and (83) from Proposition 3.12,
we have

F 0T, .71 (vo, v)

= F;'IT, 7' (v, v) — / GEou, v, 0, peg

(u f,v0)
3 2 ) 2 (0]
—— [ T~ (Qtry) e T (Q / +R(vy), 142
s J, T @0y TP@upes|  +RE@). (142
with the new flux given by
F2’0[F, 52/] (v(), vf)
/ / [l[VT P 42201 4 1P =20V Po [V (Quy)

— SIY P @) P+ 1 ( ) V71 (@try) y@]rzduesz. (143)
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For the term gf:" appearing in (142) we can apply the estimate (92). For the ingoing
cone C, ; we have from (97) the limiting expression

sz;ro [F’ ‘gﬂ/] (”0’”f / / V71> Qx//l r dussz

(uf,00)

3 U] [
+ [r—/ T2 (Qtry) o T2(Qtrx)y/esz] +R(vy).
2 Js2 v - (19,00)

Note the cancellation that is going to appear on the sphere S,f .0 when taking the limit
vy — oo of (141) and inserting the above expressions.
We next evaluate the non-coercive cross-terms in (143). From Proposition 2.12 we

have, using the properties of the 7 gauge (see Proposition 3.1), the following identities
along Cy;

y s o 2Q% 5, @227, 2522
AT* (Qury) = 2Q°pw — —2Q°p+ — —o +
r r r

(divn + p)

— @2 [29divB + Sp(@ury) | + 2924@,

5 0 2021 . 5, QPr2M o 202,
AT (@) = ~ = [ — 2% - —[—(sztrx> + 0]
- r - r

M 2M (Q X) 2 g o 3 m
[2(d,ivn +0) — PR ] +Q [ZQd,{v/S — —pg],
3Q2 ., 3M
AT24) = —2p92@ —2Q2wp — 92[2divszﬁ divep — —p- —(Qtrx)]

ATA(Q71Q) = 2925 + 9,

We therefore have (all integrals being along C,, and all quantities with respect to the

solutionﬁ’)
ot 2 002 o L2 o 2
f / [ - 2¥3 v} @iy — 193 (@)
v S2 - 2

aAM _, /Q
_2y72T<_) ZT(Qtrx)]rzdvssz

vf
/ / le + 0,01 + |divi) + p|*

+ 1divi) + B + A il + |r(§2fhrl)|2]dvesz

vf )
+f /52 92[|rp|2 +1r2div(Qp) | + |r2d1v(§2ﬁ)|2]dv852
vo

—=1,0
S Egara () + Dy uy . v0) . (144)

where the last inequality follows from Corollary 3.21, Propositions 3.15, 3.17, 3.18,
3.19, 3.20, and the estimate in equation (104).
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We finally conclude from (141) after taking the limit v ; — o0 and inserting previous
estimates

B

f / |[y7T]zssz~| r dv852+f / |[y7T]29X A2 +2Q° Y710 2 ]r dug g

< —/ T? (Qtrx)//T (Qtr)()y/esz +F20[F 5/’](uo,uf)
52 (up,00)

~ 7
2,0 / " .
+ FEPI, 77100, 00) + € (B () + D 1, 0) )

—1,0
= EgralT1 ) + € (Ejira (4) + D a5, v0) )

where we have inserted the definition (65) in the last step. This is (111).

3.6. Proof of Theorem 3.7. In this section we prove (70) and (71). Note that it suffices
to prove (70) and (71) without the zeroth order term as the latter is controlled directly
from the angular term by an elliptic estimate.

Before we begin, we first use the fluxes already controlled through (68) to prove
another flux estimate:

Proposition 3.23. We have the following estimate for é P along Cy :
* 2 2 2
/ / rPQAY 1 (2B) o Pdveg SEZ,,,(up). (145)
v S2 —
Proof. Solving (55) for é and applying Y1 with (56) from Proposition 2.12 yields

N ” 2
Vo =291 Vi - Vr(@f) + o (Vi + Vi)

Lo2MQ?
— Y (Vi) + QPVS — = (n +Q) . (146)
Since ZByA, =0,n+ ﬁ)ﬁ/ = 0 along C,,, by Proposition 3.1, we have from (146) in
j’—gauge along C,,
V7 (2B) 41 S WT(QB“) SV P
f— y/ _y/
Q4 5
+ —4|["V]Q59,| L2 | rW]py,, . (147)

Integrating with respect to the measure erzdvssz, the result follows from (68) and
Proposition 3.20. O

In the following, all quantities are with respect to the solution ﬁ ’. Recall also that

@ = éyh
7, Vv
We first prove (71). To control the ¥ A-part of the flux, we write (39) using (38) as

divA =2V 7 (rQp) — QX [rDi1(p. o) — ——1 — 2Q%(QP).
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whence

6MQ*
74

divA|* < 16(|vr(rszé>|2 +Q|[rY1p* + Q|[r Yo |* + nl* + |9#§|2) :

(148)
Integrating this along the cone C, with respect to the measure r?Q2dve 52 gives the

desired control after using Proposition 3.23 and (68). For QY 4A-part of the flux, we
write (40) as

6MQ?%
3 Qx.
p X

QV4A = 2Q%r DB +

Therefore,
o4 .
VAP S QI YIREP + — 19X

Integrating this along the cone C, ; with respect to the measure r’dve 52 we obtain the
desired control after using Proposition 3.19 and (120).

We now prove (70). For the angular part of the flux on the left, we write (32) and (33)
as

My o s, 6MQ?
)b - QP-4 6) + —5—n.

r

divA = 2Y7(rQ2B) +2(1

Therefore, we can estimate
, M?2
(VA2 S 1PV @) + 19817 + QUrY ol + QYo P+ — QY. (149)

Integrating over the cone C,, with respect to the measure r2dveg the result follows
from estimating the terms on the right hand side by (68) and using the elliptic divergence
identity |V A|? + %2|A|2 = 2|divA|? + div(-). In particular, we also control A itself.

We gain control of r>QY3 A using the Bianchi equation (31),
P2QY3A = 222 DA 1(QB) — 6MQPQy.
This lets us estimate QY 4A using that QY4A =2V 7 A — QY3A. So,
PIY3AR S rHr?pi@p) + @t (150)
QYA S VAP +1QY3A1. (151)

We now have control on r*|Q2Y3A|? since we control the right hand side of (150)
via (104) and (114). Additionally, to control |Q2¥4A|*> we now need to estimate |V 7 A|?
and use (151). To estimate the | Y7 A|?-term we use (21) and QY4 = 2V 7 — QV3

—A =2V 7(rQ3) + 295 DA + Q2Q% — 20r Q% + Q2Q% .
We apply ¥ to deduce an estimate for |V 7 A|?. This yields

2 1 4
Y7AP S VrYrox @ + Q49 Vinl + 41 @uP + 5 1Vr @l
(152)
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It is now manifest that integrating over the cone C,,, with respect to the measure dve g2,

one can control all terms on the right hand side by (68), except the terms QMY 71 (2 X )2
and Q*|Y 7 [rY15I%.
To deal with the term |V 7(Qr X )2, we combine (21) and (23) to write

@ 1 M o QP 8 2k
V(@) = -5 A= (@) + - Q% + 2% | - P,
= 2r r = 2rL = -

It follows that

@ Qt  _w, Qa8
QY1 QP S —|A| + T IrQRP + QK17 + 5 IVl (153)

After integrating with respect to the measure dveg2 over Cy, one controls all terms on
the right through (71), (120) and Proposition 3.15 respectively.
For the term Q*| Y 7[r ¥ 11|? we recall (54) to estimate

vy Qb L, Qf
QN VI S QUrY B+ QHUrY B + S Ir Vil + Vil + — 1Y Yol
(154)

After integrating with respect to the measure dveg> over C,, one controls all terms
on the right through (68), Proposition 3.19, Proposition 3.15 and Corollary 3.21. This
completes the proof of (70).

4. Controlling the Teukolsky Fluxes Along Ingoing Cones

In this final section we obtain bounds analogous to the ones appearing in Theorem 3.7
but on the ingoing cones. A natural approach would be to repeat the arguments of Sect. 3

now changing the gauge on the ingoing cone to satisfy (Qtr X) o= 0. However, this

argument does not seem to close as the change of gauge now produces a term of the wrong
sign as opposed to the good term on null infinity (the first term in (52)) generated in the
outgoing argument. We remedy this by obtaining the ingoing flux through a standard
energy estimate for the Teukolsky equation itself. The main idea is that the spacetime
term produced by the first order term in the Teukolsky equation (which a priori could
lead to exponential growth) can grow at most linearly in time by the estimate we already
proved on the outgoing flux.

4.1. The Teukolsky equations for A and A. We recall the form of the Teukolsky equations
for the quantities A = rQ?« and A = rQ%a.8

_ 2
QY4(QY3A4) — QZAA+MQV3A+MA —0  (155)
r
_ 2
QY4(QY34) — QKA — Mgmy wé —0 (156

8 Of course they can also be derived directly from the equations of Sect.2.2.
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While the equations take a nice “symmetric” form when written in this way, we recall
from the well-posedness theory (see (44)) that it is A and AQ~* which extend regularly

to the horizon. For A = 2*A we have the equation

. . 4Q? ~ 4M 20— MHQ? .
Qvi@V:h) - 8A - 2 av,d+ WMoy i 20D R o asy)
r r r
4.2. Energies and fluxes. We define for v > vg the fluxes
00 Al>+ A2
F[A](v) =/ Q? [|Q‘W3A|2+w] dugg
uop r
(o) AQ_4 2 AQ_4 2
F[A](U) — / 92 |:|Q—1V3(AQ—4)|2 + |[}’W](_ )|2 + |(_ )| :|du852 .
uo r

(158)

Note that these fluxes are the non-degenerate (near the horizon) energy fluxes natu-
rally associated with the Teukolsky operator when contracted with a globally timelike
vectorfield which asymptotically becomes ;.

4.3. The main result. We obtain the following estimates along arbitrary ingoing cones:

Corollary 4.1. Under the assumptions of Theorem 3.7 we have in addition the bounds

sup F[A](v) < C - F[A]l(vg) +CD, (159)
V=V
sup F[A](v) = C - F[Al(vo) +CD, (160)
V=00

where D := SUPy ; [ug.00) Eﬁam (u ) with Eflam (u r) the quantity appearing on the right
hand side of (70).

We will prove the estimate (159) in Sect. 4.4 and the estimate (160) in Sect.4.5.

We let N be the redshift vectorfield from [16]. In particular, for parameters o > 0,
2M < rg < 7/4M, welet N = x(r) (1+2Mo Q%) Q 'es + (1+2 Mo Q%4 (r)) T
where y is a radial monotonically decreasing cut-off function equal to 1 in [2 M, ry] and
equal to zero for r > R := 5/2 M. Note that N is uniformly timelike for r > 2M and
that N = T for r > R. In the following, C denotes a constant depending only on o and
rg, which may change from line to line.

4.4. Proof of the estimate on A. We start by applying the energy estimate associated to
the N multiplier for the Teukolsky equation (155) in a region A(vy, v2) := [ug, 00) X
[vi, va] x S? for arbitrary vg < v; < vp < 00.

Fixing o and rg, we obtain’

9 For the argument in this subsection any choice of o, ry will work since one does not have to exploit that
the spacetime term produced by the N-multiplier estimate has a favourable signin2 M < r < r( for a suitable
choice of o and rg.
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Fig. 2. The region A = A; U Aj U A3z on the exterior of Schwarzchild which we apply the energy estimate
for the globally timelike vector field N

F[A](v2) < C - F[A](v)) +CD
+c/ 2/ / |:1|Y7NA||Y73A|+1r<RQZ|DA|2}dudvasz. (161)
vy ug JS2 LT

Here the first term in the integrand on the right comes from the first order term in the
Teukolsky equation while the second term comes from the fact that the vectorfield N
is not Killing for r < R. In particular, 1,<g is the indicator function and |DA|2 =
IQ7'Y3A1% + |2V 4A|% + |V A|? denotes the sum of all regular derivatives squared. The
first two terms on the right come from controlling the fluxes on v = vy and u = uyg
respectively (using Theorem 3.7 for the latter). The term on the left comes from the
positive future flux on v = v (the good term appearing on the horizon we simply drop).

Denoting D = sup, p Eﬁ ara (U £), we claim that the estimate of Theorem 3.7 implies
the estimate

oo U2 QYA 2+ A 2+ A 2
f / /dudvd0d¢sin9§22|:|Q—1y73A|2+| YV4Al” + [rYA|]” +| I}
uo V] S?

r2

<CD(vy—v1)+CD. (162)

To verify (162) we split the domain of integration A(vy, v3) = A = A U Ay U Az
where Aj = AN{u >vy - R}, A =AN{vy — R* <u <vy)— R*}and A3 =
AN {u < vy — R*}, so that the decomposition is disjoint up to a set of measure zero, as
indicated in the figure above. For .4, one then observes that

o0 v QY4A2 + [rYA|? +]AJ?
/ du/ dv/ Qz[lsz‘%fn%' V4l 'rf i ']
vy —R* V1 S?

P
00 v2
5/ du$2 (u, v2) sup / dv
v

»—R* u>vr—R* Ju;

QY4A? A2 +|A)?
/ [|Q‘1Y73A|2+| V4A|* +|[rYA|” +| ']5C(R—2M)D,
Sz

72
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where we have used the monotonicty and angular independence of © in the first in-
equality and the fact that Q> = —d,r (and of course the uniform boundedness for the
outgoing fluxes following from Theorem 3.7) in the last. For .4, we note

vk vz QYA +[rV AP + |A]?
[ [ [ @ity iap o [2TAR I RARIAR]
v —R* V] S? r

v
< (v —vy) sup f dv

v —R*<u<vp—R* Jv

QY4AP +|[rYA]> + |A?
f2[|9—1W3A|2+' Al |r2 | ||j|SCD(U2—U1),
S

where we have used 92 < 1 and of course Theorem 3.7. Finally for .43 we note

vi—R v QYA+ [r VAP + |A?
/ du/ dv/ 92[|Q—1773A|2+| AL 'rj i '}
u vy S? r

0

v —R* v
5/ — (u,v1)du  sup / dv
ug r ug<u<vi—R* Jv;
CD

L [P0 vaaR v 1@9aa? 4 v ap +1aR] < 2.
S

where we have used the monotonicity of rLZ in the v direction, the boundedness of

d,r = —Q2 in A3 and Theorem 3.7.
Having established (162), it is easy to see that one can invoke the Cauchy—Schwarz
inequality to deduce from (165) the following estimate, valid for any vp < v| < v2 < 00,

F[A](v2) + fvz F[A](v)dv < CF[A](v1) +CD (v2 —v1) +CD. (163)

V]

A standard argument now gives

sup F[A](v) S F[A](vo) +CD, (164)

V=00

which is the desired (159).

4.5. Proof of the estimate on A. The argument for A is slightly more involved because
the fluxes obtained in Theorem 3.7 do not have optimal ©> weights near the horizon
and because the Y3 A-derivative is not part of the outgoing flux (and cannot possibly be
as there is no Bianchi equation for this derivative). However, we can exploit the redshift
effect in that the estimate of the vectorfield N will produce a spacetime term of the right
sign and with the correct weights near the horizon. The details are as follows.

We claim that there exists o > 0 and r¢ close to the horizon such that for all vg <
v] < vy < oo contracting (157) with ¥ N(Q"‘A) produces the following estimate after
integration over the region A(vy, v2) (with du = dudvd0d¢ sin 6):

FIA](v2) + ¢ / " FA) + / " / ” f il oy QY QAP < C - F[AI(v))
vl uy JS?

V1
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v2 o0 rY( QA1+ AP
cenrc, [ f /Szdu 1o @2 [|9W4<94A>|2+' € Ar+14 ] ,
v Jug

p
(165)

where we recall D = sup,, s dam (u r). The proof of the estimate (165) proceeds along
the following lines. Upon contraction with ¥ 5 (27*A) we have the following identity

0=, (S12vidr +[ 24 /] [%IWAF M Ap))

+av(s;2[9_zg+f]|9 AR+ L8 [ VAP —M)IAIZ])
€ - E)avir

+92[]; £]|Wé|2+?—j[(r—M)f/—(2—3TM)f]|A|2

- 2792[0 - 37M)g + Zf](Q‘l%A, QV4A). (166)

e Upon integration in u, v, the first two terms of (166) produce two good future
boundary terms (fluxes) since f, g > 0. The good term on the horizon we drop. The
past fluxes are easily estimated by F[A](v1) for the ingoing and by D for the outgoing
flux using Theorem 3.7.

e One can check that the coefficient of |Q~! W3A |>-term in the last line is globally
positive. Moreover, it controls a spacetime term of the type Mr—2Q2|Q ! Y73A ks

e Picking ry close enough to 2M allows one to establish that for » < r¢ (i.e. near the
horizon), the terms in the third line of (166) produce three good spacetime terms.
Moreover the |QY74A|2—term scales with o, which we view as a largeness factor (in
fact, the |VA|—term also has a largeness factor of o).

For r > rp, the terms in the third line of (166) are put on the right-hand side of (165).
Note that the angular and zeroth order term produce have no contribution to the bulk
for r > R since f is compactly supported.

e Forr < ry, the cross-term in the final line of (166) can be absorbed into the |Y74A|2
and |Q7! Y73A|2-term because of the largeness factor of o (see previous step) and the
favourable signs.

Forr > rp, we can apply Young’s inequality with € and absorb the resulting er ~1 Q71 V3
A2 using the good global Ir1Q~1V3A|?-term. The V4-term is put on the right. Note
the r-weights here.

The spacetime term on the right hand side (165) is now estimated by CD (v, — v1)+CD
exactly as in the case of A in previous section using Theorem 3.7. This time we may split
the region A(vy, v2) into A(vy, v2) = A = AJUA,UA] where A] = AN{u > vy —r{},

b =AN{v —ry Su < vy —rgl and.Aé = AN {u < vy — ry}, so that again the
decomposition is disjoint up to a set of measure zero. The spacetime term on the right
hand side (165) is still overestimated by integrating over the regions A’, U A} and those
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are indeed exactly handled as in the previous section. We conclude

FIAI(v2) + ¢ / " QUFIAI(W) < C - F[AIw) + CD (v —v)+CD,  (167)

V]

from which the desired (160) follows.

4.6. Uniform boundedness of A. Recall that uniform boundedness of A was a direct
consequence of Theorem 3.7, angular commutation and Sobolev embedding, see (6).
For A, the estimate (160) similarly implies

u>ug,v>vo

sup / sin 9d9d¢}‘:’/ 1 2ar)? < F[Al(vo) +supEZ,,, (uy), (168)
S2 uy

u,v

first with the crossed factor of } The factor % can be removed as indicated if one also
invokes the estimate (71) along the outgoing cones. After trivial angular commutation and
Sobolev embedding on spheres one finally obtains an L bound for AQ™* = Q2ar.
We leave the standard details to the reader.
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