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Abstract: We consider the equations of linearised gravity on the Schwarzschild space-
time in a double null gauge. Applying suitably commuted versions of the conservation
laws derived in earlier work of the second author we establish control on the gauge
invariant Teukolsky quantities α[±2] without any reference to the decoupled Teukolsky
wave equation satisfied by these quantities. More specifically, we uniformly bound the
energy flux of all first derivatives of α[±2] along any outgoing cone from an initial data
quantity at the level of first derivatives of the linearised curvature and second derivatives
of the linearised connection components. Analogous control on the energy fluxes along
any ingoing cone is established a posteriori directly from the Teukolsky equation using
the outgoing bounds.
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1. Introduction

The linear Teukolsky equation of spin ±2 associated with the 2-parameter family of Kerr
spacetimes gM,a plays a central role in understanding the dynamical stability properties
of the Kerr family of black holes as solutions to the vacuum Einstein equations [32]. In
Boyer–Lindquist coordinates it is given by

�gM,aα
[±2] +

2(±2)

ρ2 (r − M)∂rα
[±2] +

2(±2)

ρ2

[M(r2 − a2)

�
− r − ia cos θ

]
∂tα

[±2]

+
2(±2)

ρ2

[a(r − M)

�
+
i cos θ

sin2 θ

]
∂φα[±2] +

1

ρ2

(
(±2) − (±2)2 cot2 θ

)
α[±2] = 0,

(1)

where the quantities α[±2] are spin-weighted functions corresponding to the two “ex-
tremal” linearised null Riemann curvature components (with respect to the algebraically
special null frame of Kerr) in the full linearisation of the Einstein equations near Kerr.
Remarkably, the α[±2] remain invariant both under infinitesimal coordinate diffeomor-
phisms and under infinitesimal frame changes, i.e. they only change quadratically in the
linearisation parameter. Moreover, it is expected that vanishing of both α[+2] and α[−2]
reduces the space of solutions of the full system of linearised Einstein equations to (the
infinite dimensional family of) infinitesimal diffeomorphisms, frame changes and (the
finite dimensional family of) linearised Kerr solutions [33]. These facts, together with the
decoupled equation (1) that they satisfy, make quantitative bounds on α[±2] an essential
ingredient in many approaches to the stability problem [1,4,5,13–15,18,22,23,30].

1.1. Previous results on the Teukolsky equation. The difficulty in establishing quanti-
tative estimates for solutions of (1) is rooted in the equation itself not originating from
a Lagrangian, which reflects in the fact that no conserved energy at the level of first
derivatives is known for (1). Nevertheless, in the past decade a complete understanding
of the global behaviour of solutions to the Teukolsky equation in the form of quantitative
bounds in terms of initial data has been obtained, culminating in the recent [29,30]. See
also [27] for precise asymptotic decay rates. Progress started with a complete treatment
of the Schwarzschild case in [14], where the authors prove (amongst other things) bound-
edness and integrated decay estimates for the Teukolsky equation. The key insight was a
physical space version of the transformation theory of Chandrasekhar [7]: by applying a
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second order differential operator, the Teukolsky equation is transformed into a Regge-
Wheeler-type equation, which does originate from a Lagrangian and for which estimates
are known – in particular, there is a conserved energy! Estimates for the α[±2] them-
selves then follow by interpreting the aforementioned transformation as two successive
transport equations. The inherent loss of derivatives (resulting from integrating transport
equations) can finally be recovered by elliptic estimates using the original Teukolsky
equation leading to a uniform boundedness statement at the level of H3-Sobolev norms
for α[±2]. This strategy has since been generalised to the |a| � M case [13,24] and,
as already mentioned, recently to the full sub-extremal case |a| < M [30]. It should be
stressed that there is a significant increase in complexity in the analysis for |a| < M .
In that case both the classical Teukolsky-Starobinski identities and the seminal result of
Whiting [34], who proved mode stability for solutions of (1) (i.e. the absence of solutions
which grow exponentially in time), constitute important ingredients in the analysis. See
[2,3,28,31] for further quantitative mode stability results and a discussion of their role
in the stability problem.

1.2. Canonical energy and conservation laws of linearised gravity. In view of its non-
Lagrangian structure, the Killing symmetries of the Kerr metric do not directly translate
into conservation laws for the Teukolsky equation (1). There is nevertheless a sense in
which the linearised Einstein equations inherit conservation laws. However, these are
necessarily formulated at the level of the entire system of gravitational perturbations
and hence involve many of the linearised Ricci-coefficients and curvature components,
not the Teukolsky quantities alone. The most well-known approach to this is via the
canonical energy, which originated in the work of Friedman [17] (see also [6,8]) and
was further developed some years ago by Hollands and Wald [20]. The main difficulty to
successfully apply the resulting conservation laws, is to establish appropriate coercivity
for the associated canonical energy on spacelike slices, a property that in view of the
coupled nature of the Einstein equations is generally difficult to establish, even in a
suitably chosen gauge. In full generality, this has remained an open problem that has so
far prevented the direct use of the canonical energy for the stability problem.1

A resolution of this problem was proposed and carried out in the Schwarzschild case,
a = 0, in [21]. Central to this approach are two conservation laws, which are established
“by direct inspection" from the system of gravitational perturbations expressed in double
null gauge. In the next step, these conservation laws are expressed for regions bounded
by null cones as indicated in the Penrose diagram below.

The associated fluxes on these cones are then shown to be gauge invariant up to
boundary terms on spheres, a fact that can be used – by adding an appropriately con-
structed pure gauge solution normalised to the outgoing coneCu f – to establish positivity
of the fluxes after sending also the ingoing cone Cv f

to null infinity.2 This leads, for
instance, to a priori control on the linearised shear of the outgoing null cone Cu f (the
shear remaining invariant under the addition of the pure gauge solution) and to a priori
control on the flux radiated to null infinity and hence a weak form of linear stability. We

1 On the other hand, the canonical energy has been used successfully to establish certain instability results
in the asymptotically anti-de Sitter setting. See [19].

2 One uses here the fact that the Einstein constraint equations become ODEs on null hypersurfaces, which
considerably simplifies the task to show coercivity of the fluxes. In addition, exploiting the decay towards
null infinity of the linearised quantities (as following from local existence) and a cancellation of terms on the
limiting sphere S2

u f ,∞ is paramount. See [21].
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Fig. 1. The Penrose diagram of the exterior of Schwarzschild. In grey is indicated a region, bounded by null
cones (shown in blue), on which we consider the conservation laws

remark that the conservation laws central to this approach have recently been shown to
be in direct correspondence with the canonical energy [11,12]. In particular, with every
conservation law stated in [21] one can associate a suitably modified canonical energy in
the sense of [20]. Moreover, novel conservation laws in the style of [21] can be derived
from suitable modifications of the canonical energy in [20].

1.3. The main uniform boundedness theorem. While it is expected that the approach
outlined in the previous section (using a double null gauge for the linearised equations,
expressing the conservation laws on null cones and carrying out the limiting argument
at null infinity) also leads to stability statements for axisymmetric perturbations in the
Kerr case, we return in this paper to the Schwarzschild case. More specifically, we will
revisit the conservation laws proven in [21] to provide a proof of boundedness for the
Teukolsky quantities, which does not use the Teukolsky equation at all.

To state the main theorem we need some standard notation that the reader can pick up
from the beginning of Sect. 2. In particular, we employ standard Eddington-Finkelstein
(u, v, θ, φ)-coordinates on Schwarzschild and use the notion of S2

u,v-tensors (instead
of spin-weighted functions) to formulate the equations in a double null gauge. The
quantities

(1)

α,
(1)

α below are therefore symmetric traceless tensors and in direct one-to-one
correspondence with the quantities α[+2], α[−2] introduced earlier.

1.3.1. Controlling fluxes on outgoing cones Our main theorem can be formulated as
follows (see Theorem 3.7 for a more precise statement):

Theorem 1.1. Given a smooth solution of the system of gravitational perturbations on
the Schwarzschild exterior arising from characteristic initial data on Cu0 ∪Cv0

, we have
the following flux estimates for the gauge invariant Teukolsky quantities A = r�2 (1)

α and
A = r�2 (1)

α on outgoing cones Cu f with u f ∈ [u0,∞):
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∫ ∞

v0

∫

S2

[
r4|�−1 /∇3A|2 + |�/∇4A|2 + |r /∇A|2 + |A|2

] (
u f

)
sin θdvdθdφ � E

2
data(u f ) ,

(2)∫ ∞

v0

∫

S2
�2

[
r2|�/∇4A|2 + | /∇A|2 +

1

r2 |A|2
] (

u f
)

sin θdvdθdφ � E
2
data(u f ) , (3)

where E2
data(u f ) is an initial data energy on Cu0 ∪ (Cv0

∩ {u ≤ u f }) with supu f ∈[u0,∞)

E
2
data(u f ) < ∞ for regular initial data.

We immediately remark that the fact that the transversal derivative of A is also appearing
in the outgoing flux (2) arises from the fact that there is a Bianchi equation relating that
derivative to linearised curvature and Ricci coefficients whose flux we do control.

The energy E
2
data(u f ) appearing on the right hand side of (2)–(3) is defined in (69)

below. It contains bounds on initial data quantities on the cones Cu0 and Cv0
∩{u ≤ u f },

which involve only first derivatives of linearised curvature components and up to second
derivatives of connection coefficients.3 Hence, from the point of view of regularity of the
full system of gravitational perturbations, the estimates (2)–(3) may be viewed as honest
boundedness statements at the H1-level. It is in this sense that Theorem 1.1 improves
previous boundedness results for the Teukolsky equation in terms of regularity: those
results relied on the Chandrasekhar transformation theory, which requires certain third
derivatives of

(1)

α,
(1)

α to be bounded initially even to establish boundedness of the first order
fluxes appearing in Theorem 1.1.

We note that unlike (2), the estimate (3) degenerates strongly towards the horizon
since it is �−2 (1)

α and �2 (1)

α which extend regularly to the event horizon. This degeneration
is expected given that we are proving boundedness of the T -energy for the system of
gravitational perturbations. If one is willing to invoke the Teukolsky equation itself, one
can exploit the redshift (at the cost of including a weighted initial data energy for �−2 (1)

α

on the ingoing data cone Cv0
) and obtain improved estimates leading finally to uniform

boundedness of �−2r
(1)

α as desired. See Corollary 4.1 below for more details.

1.3.2. Controlling fluxes on ingoing cones Having bounded the fluxes on arbitrary out-
going cones as in Theorem 1.1 it is easiest to obtain boundedness of the fluxes on arbitrary
ingoing cones from energy estimates for the Teukolsky equation.4 We present the result
for the quantity A here. We first define the ingoing characteristic flux naturally associ-
ated with the wave equation for A (see (155)) and determined by a globally timelike
vectorfield which behaves like the timelike Killing field T asymptotically:

F[A](v) =
∫ ∞

u0

∫

S2

[
|�−1 /∇3A|2 + | /∇A|2 +

1

r2 |A|2
]

�2 sin θdudθdφ . (4)

Using the estimate (2) of Theorem 1.1 in conjunction with an energy estimate for A we
then obtain:

3 While E
2
data(u f ) is non-negative and uniformly bounded for smooth asymptotically flat data, it is not

necessarily monotone in u f . This is because it involves both (non-manifestly coercive) fluxes alongCu0 ∪Cv0

and bounds on the sphere S2
u f ,v0

.
4 The authors have so far been unable to prove an analogous “ingoing” version of Theorem 1.1 directly

from the conservation laws. This may or may not suggest that the structure of null infinity is essential to the
argument.
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Corollary 1.2. Under the assumptions of Theorem 1.1 we have also the following esti-
mate

sup
v≥v0

F[A](v) � F[A](v0) + sup
u f ∈[u0,∞)

E
2
data(u f ) . (5)

See Sect. 4 for the analogous statement for A and the detailed proofs.

1.3.3. Pointwise boundedness We finally observe that the estimate (2) immediately im-
plies

sup
u≥u0,v≥v0

∫

S2
u,v

|�2 (1)

αr |2 sin θdθdφ � sup
u f ∈[u0,∞)

E
2
data(u f ) . (6)

From the fact that the equations of linearised gravity are invariant under suitable commu-
tations with angular momentum operators one may obtain angular commuted versions
of the estimates (2) and (6) at the cost of a higher order angular commuted energies on
the right hand side. Commuting twice in this way one obtains from (6) an L∞-estimate
on �2 (1)

αr through Sobolev embedding on the sphere. As this is standard, we will omit
the details. There are analogous statements for

(1)

α, which a priori degenerate near the
horizon but can be improved using the redshift effect. See Sect. 4.6.

1.4. The main ideas of the proof. We now indicate the main ideas to prove the estimates
of Theorem 1.1 focussing on the estimate (2). We provide a discussion supplemented
by some schematic formulae (using notation introduced later in the paper) hoping that
readers familiar with the double null formalism can directly grasp the underlying ideas.
The main steps are as follows:

(1) Apply the conservation laws and the coercivity argument of [21] to appropriate
angular commuted equations of linearised gravity (this exploits the spherical sym-
metry of the background) to estimate additional quantities in the gauge adapted to
the cone Cu f , i.e. where coercivity is manifest. This leads, for instance, to control

of angular derivatives of
(1)

χ̂ ,
(1)

η,
(1)

η on the outgoing cone in the notation of this paper.
(2) Apply the conservation laws and the coercivity argument of [21] to the T -commuted

equations of linearised gravity (this exploits the stationarity of the background) to
estimate additional quantities in the gauge adapted to the cone Cu f . This leads,

for instance, to control of the flux of /∇T

(1)

χ̂ in the notation of this paper. The main
difficulty in this step is that in the gauge adapted to the cone, coercivity of the
outgoing flux is no longer manifest as certain cross-terms appearing in the flux no
longer vanish after commutation with T (since T is not tangent to Cu f ). However,
the bad terms can be controlled invoking the fluxes from Step 1 after inserting null
structure equations.

(3) Use the relevant transport equations in the linearised null structure equations to
estimate additional quantities in the gauge adapted to the cone Cu f . For instance,

(1)

χ̂ can be estimated on the outgoing cone Cu f using only the fluxes from Step 1
above.
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(4) Combine the control on quantities in the gauge adapted to the outgoing cone Cu f

to estimate the gauge invariant quantities
(1)

α and
(1)

α. For instance, we can write
schematically in the notation of this paper (ignoring any weights in r and at the
horizon):

(1)

α ∼ �/∇4

(1)

χ̂ +
(1)

χ̂ ∼ /∇T

(1)

χ̂ +
(1)

χ̂ + /∇ (1)

η +
(1)

χ̂ ,

where we have inserted the null structure equation for �/∇3

(1)

χ̂ and used 2T =
�/∇3 + �/∇4. Since we control the flux of all quantities in the gauge adapted to the
cone Cu f on the right, we control the flux of

(1)

α in the gauge adapted to the cone Cu f

and hence – by gauge invariance – in any gauge.

Of course keeping track of the weights in r and �2 = 1− 2M
r as well as regularity is one

of the technical challenges in the proof. Moreover, the above argument does not produce
control on derivatives of

(1)

α. These are obtained in a similar fashion using Bianchi and
null structure equations with control on T -derivatives of certain curvature components
on the outgoing cone.

1.5. Final comments.

1.5.1. The gauge adapted to the cone Cu f We comment briefly on the gauge adapted
to the cone Cu f that is employed to establish Theorem 1.1, which is the gauge of [21],
where further details can be found. The main idea is to add a pure gauge solution that
achieves the normalisation (59) for the linearised quantities on a fixed late outgoing
cone Cu f thereby making the flux on Cu f appearing in the conservation law coercive.
Note that this normalisation is different from the one used in [14] (where the solution
is normalised at the horizon itself) but converges to the latter in the limit as u f → ∞.
Of course, in the context of [14] estimates on

(1)

α,
(1)

α had already been obtained from the
transformation theory (independently of any gauge choice) while the premise of the
present paper is precisely to prove such estimates on any cone Cu f .

1.5.2. Applications and open directions One way to interpret Theorem 1.1 is as a bound-
edness statement at the H1-level of curvature, which improves on the H3 statements
obtained through the transformation theory introduced in [14]. From the point of view
of the stability problem, an immediate question is whether Theorem 1.1 can be used in
conjunction with the Teukolsky equation to also derive an integrated local energy decay
estimate at the level of first derivatives of the Teukolsky quantities. If this could be done,
then combining with Theorem 1.1 one could potentially avoid the transformation theory
entirely to prove decay for the Teukolsky quantities with the additional benefit of pro-
ducing results in lower regularity. Related to this, one may also ask whether the way to
exploit the conversation laws presented here can be used to improve on (the regularity
of) the scattering theory for the Teukolsky equations as developed in [25,26,35], which
so far also relies on the Chandrasekhar transformations.

A further interesting direction is to try to generalise the argument to spacetime di-
mensions larger than four. Since the conservation laws persist in higher dimensions (but
the decoupling of the Teukolsky quantities does not) following the strategy of this paper
may lead to genuinely new boundedness results and a more robust approach to establish
stability results.
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Finally, one would like to generalise the results to the case of axisymmetric perturba-
tions of the Kerr metric, where in view of the absence of superradiance, positivity of the
fluxes can reasonably be expected. There are various difficulties starting from the an-
gular operators no longer commuting trivially and the required algebraic manipulations
being much more challenging. We leave this for future work.

2. Preliminaries

We only provide the minimal set-up here to make the paper self-contained. The reader
should consult [14,21] for details and more background.

2.1. The Schwarzschild background.

2.1.1. Coordinates We cover the exterior region of the Schwarzschild spacetime by
double null Eddington–Finkelstein coordinates (u, v, θ, φ) ∈ R

2 × S2
u,v with

u = 1

2
(t − r�), v = 1

2
(t + r�), r�(r)

.= (r − 4M) + 2M ln
(r − 2M

2M

)
,

where (t, r, θ, φ) are the standard Schwarzschild coordinates. The Schwarzschild metric
in (u, v, θ, φ) coordinates is

g = −2�2(u, v)(du ⊗ dv + dv ⊗ du) + /g, /g = r2(u, v)γ,

�2(u, v) = 1 − 2M

r(u, v)
, (7)

where γ is the standard metric on the unit 2-sphere. In these coordinates constant v or
u level sets, which we denote Cv and Cu , are ingoing or outgoing null hypersurfaces,
respectively. Strictly speaking, the coordinates (u, v, θ, φ) do not cover the future event
horizon, H+, or future null infinity, I+. However, formally we may parameterise the
future event horizon as (∞, v, θ, φ) and future null infinity as (u,∞, θ, φ).

2.1.2. Null frames and S2
u,v-tensors We recall the standard future directed ingoing and

outgoing null directions,

e3
.= 1

�
∂u, e4

.= 1

�
∂v

which may be completed to a local null frame (a basis for the tangent space at each
point) by choosing a local frame {eA}A=1,2 tangent to the double null spheres S2

u,v .

A major role in this paper will be played by (covariant) tensors on S2
u,v , called S2

u,v-
tensors in short. A covariant S2

u,v-tensor may be identified with a covariant spacetime
tensor that vanishes when it acts on the vector fields e3 or e4. Two types of S2

u,v-tensors are
particularly important in this work, namely S2

u,v one-forms and S2
u,v symmetric-traceless

2-tensors.
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2.1.3. Background Ricci and curvature quantities Using notation standard from [10],
we record the non-vanishing connection coefficients of Schwarzschild with respect to
the above null frame. They are

ω
.= −�

2
g(∇e4e4, e3) = M

r2 , ω
.= −�

2
g(∇e3e3, e4) = −M

r2 ,

�trχ
.= �/gABg(∇eAe4, eB) = 2�2

r
, �trχ

.= �/gABg(∇eAe3, eB) = −2�2

r
.

The only non-vanishing null Weyl curvature component is

ρ
.= 1

4
Riem(e3, e4, e3, e4) = −2M

r3 .

Finally, for (S2
u,v, /g) we denote the connection coefficients by /�

C
AB and the Gaussian

curvature by K = 1
r2 .

2.1.4. Killing fields The Schwarzschild spacetime is static. We denote the Killing vector
field associated to staticity with T , which in double null Eddington Finkelstein coordi-
nates given by

T = 1

2
(∂u + ∂v) = �

2
(e3 + e4).

Additionally, the Schwarzschild spacetime is spherically symmetric, so SO(3) acts by
isometry. We define a basis of angular momentum operators �1,�2,�3 which generate
the Lie algebra so(3) by demanding that in the standard coordinates (θ, φ) on the sphere
we have

�1 = sin φ∂θ + cot θ cos φ∂φ, �2 = cos φ∂θ − cot θ sin φ∂φ, �3 = ∂φ. (8)

2.1.5. Norms and inner products For �,� ∈ �
( ⊗n

i=1 T S2
u,v

)
we define

〈�,�〉 .= /gA1B1 .../gAn Bn�A1...An�B1...Bn , |�|2 .= 〈�,�〉

and the following L2-inner product on the spheres S2
u,v:

〈�,�〉u,v
.=

∫

S2
〈�,�〉(u, v, θ, φ)εS2 ,

where εS2 denotes the induced volume form on S2. This induces the L2-norm on the
sphere S2

u,v ,

||�||u,v
.= ||r−1�||S2

u,v
=

√∫

S2
|�|2(u, v, θ, φ)εS2 .
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2.1.6. Differential operators on S2
u,v Let � be a p-covariant S2

u,v-tensor field. We define
the projected covariant derivative /∇3, /∇4, /∇ A by extending � trivially to a spacetime
p-covariant tensor field and projecting onto the local frame {eA} for S2

u,v . One can then
check that the following formulas hold:

/∇3�A1...Ap = e3(�A1...Ap ) − p

2
trχ�A1...Ap ,

/∇4�A1...Ap = e4(�A1...Ap ) − p

2
trχ�A1...Ap ,

/∇ A�A1...Ap = ∂A(�A1...Ap ) − /�
B
AAi

�A1... Âi B...Ap
.

Additionally, we define

/∇T�
.= �

2

(
/∇3� + /∇4�

)
.

We define the projected Lie derivatives /LT , /L�k as

(/LT�)A1...Ap

.= (LT�)A1...Ap (/L�k�)A1...Ap

.= (L�k�)A1...Ap

and note that

(/LT�)A1...Ap = ( /∇T�)A1...Ap = T (�A1...Ap ).

We define the (p − 1)-covariant tensor fields /div� and /curl� as

( /div�)A1...Ap−1

.= /gBC ( /∇B�)CA1...Ap−1 ,

( /curl�)A1...Ap−1

.= /εBC ( /∇B�)CA1...Ap−1 ,

where /ε is the induced volume form on S2
u,v .

For a S2
u,v one-form ξ we define

/D�
2ξ

.= −1

2

[
( /∇ Aξ)B + ( /∇Bξ)A − ( /divξ)/gAB

]
,

which is the formal L2-adjoint of /div. For f1, f2 ∈ C∞(S2
u,v) we define

[ /D�
1( f1, f2)]A .= − /∇ A f1 + /εAB /∇B f2,

which is the formal L2 adjoint of /D1, which maps an S2
u,v-1-form to the pair of functions

( /divξ, /curlξ).
Lastly, we denote the Laplacian on the S2

u,v sphere by

/��
.= /div( /∇�).

Note that the Laplacian on the unit sphere S2, which we denote as �S2 , is related by
�S2 = r2 /�.
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2.1.7. Support on � ≥ 2 spherical harmonics In this work, we will deal with functions,
S2
u,v one-forms and S2

u,v symmetric-traceless 2-tensors that have support on � ≥ 2. For
a function f to be supported on � ≥ 2 this simply means that f has vanishing projection
on the � = 0, 1 spherical harmonics. For a S2

u,v one-form, ξ , we note that there exists
unique decomposition into two functions f, g supported on � ≥ 1 such that

ξ = r /D�
1( f, g).

A S2
u,v one-form is supported on � ≥ 2 if f and g in this unique representation are

supported on � ≥ 2.
For a S2

u,v symmetric-traceless 2-tensor, �, we note that there exists unique decom-
position into two functions f, g supported on � ≥ 2 such that

� = r2 /D�
2 /D�

1( f, g).

Therefore, S2
u,v symmetric-traceless 2-tensors are automatically supported on � ≥ 2.

We remind the reader if a function on S2
u,v has vanishing spherical mean (as is the

case for functions supported on � ≥ 2) then the Poincaré inequality holds

√
2‖ f ‖u,v ≤ ‖[r /∇] f ‖u,v.

This will be used liberally throughout this work.

2.1.8. Angular identities

Lemma 2.1. We have the following identities for the angular momentum operators de-
fined in (8):

∑
k

( /curl�k)
2 = 4,

∑
k

( /curl�k)�k = 0,
∑
k

�A
k �B

k = r2
/gAB .

Proof. Direct computation noting that /curl�1 = −2 cos φ sin θ, /curl�2 = 2 sin θ sin φ,
/curl�3 = 2 cos θ. ��

Proposition 2.2. We have the following identities for Lie derivatives of products of S2
u,v

tensor fields:

3∑
k=1

〈/L�k�1, /L�k�2〉 = 〈[r /∇]�1, [r /∇]�2〉 if�1,�2 are functions,

3∑
k=1

〈/L�k�1, /L�k�2〉 = 〈[r /∇]�1, [r /∇]�2〉 + 〈�1,�2〉 if�1,�2 are 1-forms,

3∑
k=1

〈/L�k�1, /L�k�2〉 = 〈[r /∇]�1, [r /∇]�2〉 + 4〈�1,�2〉

if�1,�2 are symmetric-traceless 2-tensors.
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Proof. Since �k are Killing, one can compute that for a S2
u,v covariant tensor field of

rank n,

/L�k�A1...An = /∇�k�A1...An +
1

2

n∑
i=1

( /curl�k)/εAi
B�A1... Âi B...An

.

The result now follows after using Lemma 2.1 and the basic identity /εAi
B/εC j

D =
/gAiC j

/gBD − /δ
D
Ai

/δ
B
C j

. ��

2.2. The equations of linearised gravity. The system of linearised gravitational pertur-
bations in double null gauge is encoded by the linearised metric quantities

(1)√
/g,

(1)

/̂gAB,
(1)

bA,�−1 (1)

�, (9)

the linearised connection coefficients
(1)

(�trχ),
(1)

(�trχ),
(1)

ω,
(1)

ω,
(1)

ηA,
(1)

η
A
,

(1)

χ̂AB ,
(1)

χ̂AB, (10)

and the linearised curvature components

(1)

ρ,
(1)

σ,
(1)

βA,
(1)

β
A
,

(1)

αAB,
(1)

αAB . (11)

As in [21], we will speak of a solution S to the system of gravitational perturbations to
mean a a collection of quantities

S =
(

(1)

/̂g,
(1)√
/g,

(1)

�,
(1)

b,
(1)

(�trχ) ,
(1)

(�trχ),
(1)

χ̂ ,
(1)

χ̂ ,
(1)

η,
(1)

η,
(1)

ω,
(1)

ω,
(1)

α,
(1)

β,
(1)

ρ,
(1)

σ,
(1)

β,
(1)

α,
(1)

K

)

(12)

satisfying the system (13)–(40) below, which we call the system of linearised gravity
on the Schwarzschild background.5 It consists of the following equations (see [14] for
a derivation):

∂u

( (1)√
/g√
/g

)
= (1)

(�trχ) , ∂v

( (1)√
/g√
/g

)
= (1)

(�trχ) − /div
(1)

b , (13)

√
/g ∂u

( (1)

/̂gAB√
/g

)
= 2�

(1)

χ̂AB ,
√

/g ∂v

( (1)

/̂gAB√
/g

)
= 2�

(1)

χ̂AB + 2
(
/D�

2

(1)

b
)
AB, (14)

∂u
(1)

bA = 2�2( (1)

η − (1)

η
)A

, (15)

∂v

(
�−1 (1)

�
) = (1)

ω , ∂u
(
�−1 (1)

�
) = (1)

ω , 2 /∇(
�−1 (1)

�
) = (1)

η +
(1)

η. (16)

∂v

(1)

(�trχ) = �2
(

2 /div
(1)

η + 2
(1)

ρ + 4ρ �−1 (1)

�
)

− 1

2
�trχ

(
(1)

(�trχ) − (1)

(�trχ)
)
, (17)

5 The quantity
(1)

K appearing in the above is the linearised Gaussian curvature of the double null spheres and

given in terms of
(1)

/g,
(1)√
/g by 2

(1)

K = − 1
2

/�tr/g
(1)

/g + /div /div
(1)

/̂g − 1
r2 tr/g

(1)

/g where
(1)√
/g = 1

2
√

/g · tr/g
(1)

/g. See [14].
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∂u
(1)

(�trχ) = �2
(

2 /div
(1)

η + 2
(1)

ρ + 4ρ �−1 (1)

�
)

− 1

2
�trχ

(
(1)

(�trχ) − (1)

(�trχ)
)
, (18)

∂v

(1)

(�trχ) = − (�trχ)
(1)

(�trχ) + 2ω
(1)

(�trχ) + 2 (�trχ)
(1)

ω, (19)

∂u
(1)

(�trχ) = −(�trχ)
(1)

(�trχ) + 2ω
(1)

(�trχ) + 2(�trχ)
(1)

ω, (20)

/∇3
(
�−1

(1)

χ̂
)

+ �−1(trχ)
(1)

χ̂ = −�−1 (1)

α ,

/∇4
(
�−1

(1)

χ̂
)

+ �−1 (trχ)
(1)

χ̂ = −�−1 (1)

α ,
(21)

/∇3(�
(1)

χ̂ ) +
1

2
(�trχ)

(1)

χ̂ +
1

2
(�trχ)

(1)

χ̂ = −2�/D�
2

(1)

η , (22)

/∇4(�
(1)

χ̂ ) +
1

2
(�trχ)

(1)

χ̂ +
1

2
(�trχ)

(1)

χ̂ = −2�/D�
2

(1)

η . (23)

/div
(1)

χ̂ = −1

2
(trχ)

(1)

η +
(1)

β +
1

2�
/∇ (1)

(�trχ),

/div
(1)

χ̂ = −1

2
(trχ)

(1)

η − (1)

β +
1

2�
/∇ (1)

(�trχ) .

(24)

/∇3
(1)

η = 1

2
(trχ)

(
(1)

η − (1)

η
)

+
(1)

β ,

/∇4
(1)

η = −1

2
(trχ) (

(1)

η − (1)

η) − (1)

β, (25)

/∇4
(1)

η = 2

�
/∇ (1)

ω − trχ
(1)

η +
(1)

β ,

/∇3
(1)

η = 2

�
/∇ (1)

ω − trχ
(1)

η − (1)

β, (26)

/curl
(1)

η = (1)

σ , /curl
(1)

η = − (1)

σ . (27)

∂v
(1)

ω = −�2
(

(1)

ρ + 2ρ�−1 (1)

�
)

, (28)

∂u
(1)

ω = −�2
(

(1)

ρ + 2ρ�−1 (1)

�
)

, (29)

(1)

K = − (1)

ρ − 1

4

trχ

�

(
(1)

(�trχ) − (1)

(�trχ)
)

+
1

2
�−1 (1)

�(trχ trχ) , (30)

along with the linearised Bianchi identities,

/∇3
(1)

α +
1

2
trχ

(1)

α + 2�−1ω
(1)

α = −2 /D�
2

(1)

β − 3ρ
(1)

χ̂ , (31)

/∇4
(1)

β + 2(trχ)
(1)

β − �−1ω
(1)

β = /div
(1)

α , (32)

/∇3
(1)

β + (trχ)
(1)

β + �−1ω
(1)

β = /D�
1

(− (1)

ρ ,
(1)

σ
)

+ 3ρ
(1)

η , (33)

/∇4
(1)

ρ +
3

2
(trχ)

(1)

ρ = /div
(1)

β − 3

2

ρ

�

(1)

(�trχ) , (34)

/∇3
(1)

ρ +
3

2
(trχ)

(1)

ρ = − /div
(1)

β − 3

2

ρ

�

(1)

(�trχ) , (35)

/∇4
(1)

σ +
3

2
(trχ)

(1)

σ = − /curl
(1)

β , (36)

/∇3
(1)

σ +
3

2
(trχ)

(1)

σ = − /curl
(1)

β , (37)
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/∇4
(1)

β + (trχ)
(1)

β + �−1ω
(1)

β = /D�
1

(
(1)

ρ ,
(1)

σ
) − 3ρ

(1)

η , (38)

/∇3
(1)

β + 2(trχ)
(1)

β − �−1ω
(1)

β = − /div
(1)

α , (39)

/∇4
(1)

α +
1

2
(trχ)

(1)

α + 2�−1ω
(1)

α = 2 /D�
2

(1)

β − 3ρ
(1)

χ̂ . (40)

2.3. Pure gauge solutions. There exist special solutions to the system of gravitational
perturbations above which correspond to infinitesimal coordinate transformations pre-
serving the double null form of the metric. These are called pure gauge solutions of the
system of gravitational perturbations. A particular subset of them is identified in the fol-
lowing lemma, which is proven as Lemma 6.1.1 of [14]. Recall the notation �S2 = r2 /�,
so �S2 is the Laplacian on the unit sphere with metric γ .

Lemma 2.3. For any smooth function f = f (v, θ, φ), the following is a pure gauge
solution of the system of gravitational perturbations:

(1)

�

�
= 1

2�2 ∂v

(
�2 f

)
,

(1)

/̂g = −4

r
[r /D�

2][r /∇] f ,

(1)√
/g√
/g

= 2�2 f

r
+ 2�S2

f

r
,

(1)

b = −2r [r /∇]
[
∂v

(
f

r

)]
,

(1)

η = �2

r2 [r /∇] f, (1)

η = 1

�2 [r /∇]
[
∂v

(
�2

r
f

)]
,

(1)

χ̂ = −2�

r2 [r /D�
2][r /∇] f, (1)

(�trχ) = 2∂v

(
f �2

r

)
,

(1)

(�trχ) = 2�2

r2

[
�S2 f +

(
1 − 4M

r

)
f

]
,

(1)

ρ = 6M�2

r4 f,
(1)

β = 6M�

r4 [r /∇] f, (1)

K = −�2

r3

(
�S2 f + 2 f

)

and
(1)

χ̂ = (1)

α = (1)

α = 0
(1)

β = 0
(1)

σ = 0.

We will call f a gauge function.

Remark 2.4. One can write down the analagous lemma for pure gauge solutions gener-
ated by a smooth function f = f (u, θ, φ) (see Lemma 6.1.2 in [14]).

2.4. The class of solutions. We now define the class of (smooth) solutions of the system
of gravitational perturbations that we wish to consider in this paper. We first recall from
[21] the notion of a partially initial data normalised solution, see Definition 3.2 of [21]:

Definition 2.5. We call S a partially initial data normalised solution supported on
� ≥ 2 of the system of gravitational perturbations if S is supported on � ≥ 2 and the
initial data on Cu0 ∪ Cv0

satisfies

• (1)

(�trχ) (∞, v0, θ, φ) = 0 and ( /div
(1)

η +
(1)

ρ)(∞, v0, θ, φ) = 0 on the sphere S2∞,v0
,

• r2
(1)

K (u0,∞, θ, φ) = 0.
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We note that the first two conditions on the sphere S2∞,v0
are evolutionary along the

event horizon while the second one is evolutionary along null infinity. Furthermore, for
a partially initial data normalised solution, the quantity (and angular derivatives thereof)

�−2
[
2�−1 (1)

� − r

2�2

(1)

(�trχ)
]
(u, v0, θ, φ) (41)

extends regularly to the event horizon in the limit u → ∞. This is Proposition 3.1 of
[21].

We also recall Definition 3.4 of [21], which we modify slightly here to include also
higher derivatives in (43), as in this paper we will need to study up to two commutations
of the equations.

Definition 2.6. We call a solutionS extendible tonull infinity if the following weighted
quantities of S have well-defined finite limits on null infinity6 for some 0 < s < 1

r3+s (1)

α, r3+s (1)

β, r3 (1)

ρ, r3 (1)

σ, r2 (1)

β, r
(1)

α, r3 (1)

K,

r2
(1)

χ̂ , r
(1)

χ̂ , r
(1)

η, r2 (1)

η, r2 /div
(1)

η, r3 /div
(1)

η, r2+s (1)

ω,
(1)

ω, r2
(1)

(�trχ) , r
(1)

(�trχ), �−1 (1)

� .
(42)

In addition, denoting an arbitrary representative of the quantities in (42) byQ, we demand
that also [r /∇]i [ /∇T ] jQ has a well-defined limit on null infinity for all i + j ≤ 2, and that
for any fixed u f with u0 < u f < ∞ the estimate

∑
i+ j≤2

sup
[u0,u f ]×{v≥v0}×S2

|[r /∇]i [ /∇T ] jQ| ≤ C
[
u f

]
(43)

holds with the constant C
[
u f

]
depending only on u f (and the initial data) but not on v.

In this paper we will consider smooth solutions of the system of gravitational
perturbations that are partially initial data normalised supported on � ≥ 2 and
extendible to null infinity.

Remark 2.7. It follows from the well-posedness theory of the system of gravitational
perturbations [14,21] that there is essentially no restriction in considering this class
of solutions. In particular, given a general solution to the system of gravitational per-
turbations arising from asymptotically flat (to sufficiently high order) initial data, we
can make the solution partially initial data normalised by adding a pure gauge solution
which is computable directly from the initial data and the solution thus constructed will
be extendible to null infinity.

For completeness, we collect also the weighted quantities which extend regularly to
the event horizon H+ for our class of solutions. The quantity [�−1 /∇3]i [�/∇4] j

[
r /∇]k Q̃

extends regularly to H+ ∩ {v ≥ v0} for any i + j + k ≥ 0 provided

Q̃ ∈
{ (1)

�

�
,

(1)

(�trχ) ,

(1)

(�trχ)

�2 ,
(1)

ω,

(1)

ω

�2 ,
(1)

η,
(1)

η,�
(1)

χ̂ ,

(1)

χ̂

�
,

(1)

ρ,
(1)

σ,
(1)

K ,�
(1)

β,

(1)

β

�
,�2 (1)

α,

(1)

α

�2

}
. (44)

Finally, in view of (42) we will sometimes allow ourselves to refer to quantities ξ “on
null infinity” formally as ξ(u,∞, θ, φ) or refer to the sphere “S2

u f ,∞” instead of carrying
the corresponding limits through the already complicated computations. The procedure
is always to carry out all computations for finite v f and to take the limit v f → ∞ in
the very end when (42) can be exploited. All this is always performed for a compact u
range, so that no issues with commuting limits ever arise.

6 In particular, for every u ≥ u0 fixed the limit of the quantity along the null cone Cu as v → ∞ is
well-defined.
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2.5. The conservation laws. In this section we recall the conservation laws from [21].
To state them in a uniform manner that allows for commutation with Killing vectors,
we first define, for given i, j ∈ N ∪ {0} and any tuple k = (k1, k2, . . . k j ) with each
ks ∈ {1, 2, 3}, the (Killing) commutation operator

Ki,k = Ki,(k1,...,k j ) := [/LT ]i /L�k1
. . . /L�k j

. (45)

Note that Ki,(k1,...,k j ) maps a (0, k) covariant S2
u,v-tensors to a (0, k) covariant S2

u,v-
tensor. We denote by |k| = j the length of the tuple k.

Let now S be a smooth solution of the system of gravitational perturbations. For
any u0 ≤ u1 < u2 ≤ ∞ and v0 ≤ v1 < v2 ≤ ∞ we define the (commuted) fluxes

Fi,k
v [�,S ] (u1, u2) =

∫ u2

u1

∫

S2

[
|Ki,k�

(1)

χ̂ |2 + 2�2|Ki,k (1)

η|2 − 2Ki,k (1)

ω · Ki,k (1)

(�trχ)

− 1

2
[Ki,k

(1)

(�trχ)]2 − 4M

r2

(
Ki,k

(1)

�

�

)
· Ki,k

(1)

(�trχ)

]
r2duεS2 ,

(46)

Fi,k
u [�,S ] (v1, v2) =

∫ v2

v1

∫

S2

[
|Ki,k�

(1)

χ̂ |2 + 2|Ki,k�
(1)

η|2 − 2Ki,k (1)

ω · Ki,k
(1)

(�trχ)

− 1

2
[Ki,k (1)

(�trχ)]2 +
4M

r2

(
Ki,k

(1)

�

�

)
· Ki,k (1)

(�trχ)

]
r2dvεS2 .

(47)

Additionally, we denote

Fi,k
v [R,S ] (u1, u2) =

∫ u2

u1

∫

S2

[1

2
r4|Ki,k�

(1)

β|2 +
1

2
�2r4

(
|Ki,k (1)

ρ|2 + |Ki,k (1)

σ |2
)

− 3Mr |Ki,k�
(1)

η|2 + 3MrKi,k (1)

ω · Ki,k (1)

(�trχ)

− 3M

(
1 − 4M

r

)
Ki,k

(1)

(�trχ) · Ki,k
( (1)

�

�

)]
duεS2 , (48)

Fi,k
u [R,S ] (v0, v) =

∫ v

v0

∫

S2

[1

2
r4|Ki,k�

(1)

β|2 +
1

2
�2r4

(
|Ki,k (1)

ρ|2 + |Ki,k (1)

σ |2
)

− 3Mr |Ki,k�
(1)

η|2 + 3MrKi,k (1)

ω · Ki,k
(1)

(�trχ)

+ 3M
(

1 − 4M

r

)
Ki,k (1)

(�trχ) · Ki,k
( (1)

�

�

)]
dvεS2 . (49)

The above fluxes are related by the following conservation law:

Proposition 2.8. For any u0 < u1 < u2 < ∞ and v0 < v1 < v2 < ∞ we have the
conservation laws

Fi,k
v [�,S ] (u0, u1) + Fi,k

u [�,S ] (v0, v1)

= Fi,k
v0

[�,S ] (u0, u1) + Fi,k
u0

[�,S ] (v0, v1) , (50)

and

Fi,k
v [R,S ] (u0, u1) + Fi,k

u [R,S ] (v0, v1)

= Fi,k
v0

[R,S ] (u0, u1) + Fi,k
u0

[R,S ] (v0, v1) . (51)
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Proof. Direct computation as in [21]. Note that the projected Lie-derivatives commute
trivially through all equations so the proof is identical for the commuted versions. ��
Remark 2.9. One can simplify the fluxes in (46) and (47) to

Fv[�,S ](u0, u1) = F̌v[�,S ](u0, u1) +

[
r3

2�2

(1)

(�trχ)
(1)

(�trχ)

](u1,v)

(u0,v)

,

Fu[�,S ](v0, v1) = F̌u[�,S ](v0, v1) −
[

r3

2�2

(1)

(�trχ)
(1)

(�trχ)

](u,v1)

(u,v0)

,

where we use the notation [X ]ba = X (b) − X (a), with

F̌ i,k
v [�,S ](u0, u1)

.=
∫ u1

u0

∫

S2

[
|Ki,k�

(1)

χ̂ |2 + 2|Ki,k�
(1)

η|2 − rKi,k
(1)

(�trχ)Ki,k(
(1)

ρ + /div
(1)

η)
]
r2duεS2 ,

F̌ i,k
u [�,S ](v0, v1)

.=
∫ v1

v0

∫

S2

[
|Ki,k�

(1)

χ̂ |2 + 2|Ki,k�
(1)

η|2 + rKi,k (1)

(�trχ)Ki,k(
(1)

ρ + /div
(1)

η)
]
r2duεS2 .

In view of Proposition 2.8 one has the analogous conservation law for F̌ . Whilst this is
a remarkably simple form of the conservation law it runs into issues with obtaining the
optimal regularity result. Indeed, if one is not concerned with regularity, one could use
this conservation law to obtain uniform boundedness.

2.5.1. Changing gauge on the outgoing cone We next recall from [21] how the outgoing
fluxes transform under the addition of a pure gauge solution of the type in Lemma 2.3,
namely that they are invariant up to boundary terms on spheres:

Proposition 2.10. LetS be a solution of the system of gravitational perturbations. Let
f (v, θ, φ) be a smooth gauge function generating a pure gauge solution G of the system
of gravitational perturbations as in Lemma 2.3. Finally, setS = S̃ +G thereby defining
a new solution S̃ . Then the flux on fixed constant-u hypersurfaces satisfies

Fi,k
u [�,S ] (v0, v) = Fi,k

u

[
�, S̃

]
(v0, v)

+
∫

S2

(
Gi,k

� (u, v, θ, φ) − Gi,k
� (u, v0, θ, φ)

)
εS2

Fi,k
u [R,S ] (v0, v) = Fi,k

u

[R, S̃
]
(v0, v)

+
∫

S2

(
Gi,k
R (u, v, θ, φ) − Gi,k

R (u, v0, θ, φ)
)

εS2

with

Gi,k
� = 6M

∣∣∣Ki,k �2 f

r

∣∣∣
2

+ Ki,k
( f �2

r

)

[
2r3Ki,k

(
(1)

ρ − /div
(1)

η
)
S̃

−
(

1 − 4M

r

) r2

�2 Ki,k (1)

(�trχ)S̃

]

− r3

2�2

[
Ki,k (1)

(�trχ)S − Ki,k (1)

(�trχ)S̃

]
Ki,k

(1)

(�trχ)S , (52)
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Gi,k
R = 3Mr

[
Ki,k

( (1)

�

�

)
S

· Ki,k
(1)

(�trχ)S − Ki,k
( (1)

�

�

)
S̃

· Ki,k
(1)

(�trχ)
S̃

]

+
3M

2

∣∣∣r /∇Ki,k f �2

r

∣∣∣
2 − 6M2

r

∣∣∣Ki,k f �2

r

∣∣∣
2

+ 3M
[4M

r
Ki,k

( (1)

�

�

)
S̃

− M

�2 Ki,k (1)

(�trχ)S̃ − r2Ki,k (
/div

(1)

η +
(1)

ρ
)
S̃

]
Ki,k

( f �2

r

)
.

(53)

Here the subscriptsS or S̃ indicate whether the geometric quantity is associated with
the solution S or S̃ . In other words, the difference of the fluxes in the old and in the
new gauge is a pure boundary term.

Remark 2.11. There is an analogous proposition to Proposition 2.10 for the incoming
cone.

2.6. Useful identities involving the vector field T . We finally collect some identities that
follow directly from the system of gravitational perturbations and will be used later in
the proof. In fact, the reader may already anticipate their use as the expressions below
will appear naturally in the cross-terms of the fluxes (46)–(49).

Proposition 2.12. We have the following general identities for T applied to S :

2T
(1)

(�trχ) = 2�2( /div
(1)

η +
(1)

ρ) + 4�2ρ
( (1)

�

�

)
− �2

r

[
(1)

(�trχ) +
(1)

(�trχ)
]

+
2M

r2

(1)

(�trχ) +
4�2

r
(1)

ω,

2T
(1)

(�trχ) = 2�2( /div
(1)

η +
(1)

ρ) + 4�2ρ
( (1)

�

�

)
+

�2

r

[
(1)

(�trχ) +
(1)

(�trχ)
]

− 2M

r2

(1)

(�trχ) − 4�2

r
(1)

ω,

2T
(1)

ρ = � /div(
(1)

β − (1)

β) − 3

2
ρ
[

(1)

(�trχ) +
(1)

(�trχ)
]
,

2 /∇T
(1)

β = �/D�
1(

(1)

ρ,
(1)

σ) +
6M

r3 �
(1)

η +
2

r

(
1 − 3M

r

)
(1)

β − /div(�
(1)

α),

2T
(1)

ω = ∂v
(1)

ω − �2
[

(1)

ρ + 2ρ
( (1)

�

�

)]
,

2T
( (1)

�

�

)
= (1)

ω +
(1)

ω,

and

2 /∇T
(1)

η = −�
(1)

β − �
(1)

β +
�2

r

(
(1)

η +
(1)

η
)

+ 2 /∇ (1)

ω , (54)

2 /∇T
(1)

η = �
(1)

β + �
(1)

β − �2

r

(
(1)

η +
(1)

η
)

+ 2 /∇ (1)

ω , (55)
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which combine to give

2 /∇T

(
(1)

η +
(1)

η
)

= 2 /∇ (1)

ω + 2 /∇ (1)

ω ,

2T (
(1)

ρ − /div
(1)

η) = −2� /div
(1)

β − 2 /�
(1)

ω +
�2

r
/div(

(1)

η +
(1)

η) − 3

2
ρ
[

(1)

(�trχ) +
(1)

(�trχ)
]
,

2T (
(1)

ρ + /div
(1)

η) = −2� /div
(1)

β + 2 /�
(1)

ω +
�2

r
/div(

(1)

η +
(1)

η) − 3

2
ρ
[

(1)

(�trχ) +
(1)

(�trχ)
]
,

2T (
(1)

ρ + /div
(1)

η) = 2� /div
(1)

β + 2 /�
(1)

ω − �2

r
/div(

(1)

η +
(1)

η) − 3

2
ρ
[

(1)

(�trχ) +
(1)

(�trχ)
]
. (56)

We have the following general identities for T 2 applied toS :

2T 2
(1)

(�trχ) = 2�2T ( /div
(1)

η +
(1)

ρ) +
2�2

r2

(
1 − 4M

r

)
(1)

ω +
2�2

r

[
∂v

(1)

ω − 2�2 (1)

ρ
]

− 4�2ρ

r

(
2 − 5M

r

)( (1)

�

�

)
− �2

r

[
�2 /div(

(1)

η +
(1)

η) +
2�2

r
(1)

ω
]

− 2M

r3

(
1 − 3M

r

)
(1)

(�trχ) +
2M�2

r2 ( /div
(1)

η +
(1)

ρ)

= 2�2

r2

(
1 − 4M

r

)
(1)

ω +
2�2

r

[
∂v

(1)

ω − 2�2 (1)

ρ
]

− 4�2ρ

r

(
2 − 5M

r

)( (1)

�

�

)
− 2�2 /div�

(1)

β + 2�2 /�
(1)

ω

− 2�4

r2
(1)

ω − 2M

r3

(
1 − 3M

r

)
(1)

(�trχ) +
2M�2

r2 ( /div
(1)

η +
(1)

ρ)

− 3�2

2
ρ
[

(1)

(�trχ) +
(1)

(�trχ)
]
,

2T 2
(1)

(�trχ) = 2�2T ( /div
(1)

η +
(1)

ρ) +
2�2

r2

(
1 − 4M

r

)
(1)

ω − 2�2

r

[
∂u

(1)

ω − 2�2 (1)

ρ
]

+
4�2ρ

r

(
2 − 5M

r

)( (1)

�

�

)
+

�2

r

[
�2 /div(

(1)

η +
(1)

η) − 2�2

r
(1)

ω
]

− 2M

r3

(
1 − 3M

r

)
(1)

(�trχ) − 2M�2

r2 ( /div
(1)

η +
(1)

ρ)

= 2�2

r2

(
1 − 4M

r

)
(1)

ω − 2�2

r

[
∂u

(1)

ω − 2�2 (1)

ρ
]

+
4�2ρ

r

(
2 − 5M

r

)( (1)

�

�

)
+ 2�2 /div�

(1)

β + 2�2 /�
(1)

ω

− 2�4

r2
(1)

ω − 2M

r3

(
1 − 3M

r

)
(1)

(�trχ)

− 2M�2

r2 ( /div
(1)

η +
(1)

ρ) − 3�2

2
ρ
[

(1)

(�trχ) +
(1)

(�trχ)
]
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4T 2
( (1)

�

�

)
= −2�2

[
(1)

ρ + 2ρ�−1 (1)

�
]

+ ∂v
(1)

ω + ∂u
(1)

ω,

4T 2 (1)

ω = ∂2
v

(1)

ω + �2
[
ρ
([3

r
− 8M

r2

]( (1)

�

�

)
− 2(2

(1)

ω +
(1)

ω)
)

+
3M

r3

(
2

(1)

(�trχ) +
(1)

(�trχ)
)]

+ �2
[1

r

(
3 − 2M

r

)
(1)

ρ − � /div(2
(1)

β − (1)

β)
]

and

2T 2(
(1)

ρ − /div
(1)

η) = −2� /div /∇T
(1)

β − /�
[
∂v

(1)

ω − �2 (1)

ρ − 2�2ρ
( (1)

�

�

)]
+

�2

r
( /�

(1)

ω + /�
(1)

ω)

− 3

2
ρ
[
�2( /div(

(1)

η +
(1)

η) + 2
(1)

ρ) + 4�2ρ
( (1)

�

�

)

+
M

r2

(
(1)

(�trχ) − (1)

(�trχ)
)

+
2�2

r

(
(1)

ω − (1)

ω
)]

= − /�
[
∂v

(1)

ω − 2�2 (1)

ρ − 2�2ρ
( (1)

�

�

)]

+
�2

r
( /�

(1)

ω + /�
(1)

ω) + /div /div(�2 (1)

α) − 2

r

(
1 − 3M

r

)
/div�

(1)

β

− 3

2
ρ
[
�2( /div(

(1)

η − (1)

η) + 2
(1)

ρ) + 4�2ρ
( (1)

�

�

)

+
M

r2

(
(1)

(�trχ) − (1)

(�trχ)
)

+
2�2

r

(
(1)

ω − (1)

ω
)]

.

Proof. These follow from elementary computations using the equations of Sect. 2.2. ��

3. Estimates on Any Outgoing Cone

We now let ∨S
′ be a partially initial data normalised solution supported on � ≥ 2 which

is extendible to null infinity. Given a cone Cu f (u0 ≤ u f < ∞) we will first construct

from ∨S
′ a solution

∧
S ′ = ∨S

′ −G f , where G f is a pure gauge solution as in Lemma 2.3,
normalised to the coneCu f . We will determine f and hence G f in Sect. 3.1. We will then
define appropriate energies for the solution(s) in Sect. 3.2 and be able to state the main
theorems in Sect. 3.3. The remainder of this section is then concerned with the proof.

3.1. The gauge normalised to the outgoing cone. Given a u f ∈ (u0,∞), we fix an
outgoing cone Cu f . We define7

f (v, θ, φ) = 1

2

r

�2

(
u f , v, θ, φ

) [ ∫ v

v0

(1)

(�trχ)
∨S

′
(
u f , v̄, θ, φ

)
d v̄ + f0(u f , θ, φ)

]
,

(57)

7 This definition differs from the one in [21] only in the normalisation on the sphere S2
u f ,v0

. Note also the

typo in (59) of [21], where a factor of 1
2 is missing.
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where

f0(u f , θ, φ) := 2
[
2�−1 (1)

�
∨S

′ − r

2�2

(1)

(�trχ)
∨S

′
] (

u f , v0, θ, φ
)

. (58)

We note f (v0, θ, φ) = r
2�2 f0(u f , θ, φ) and recall from (41) that �−2 f0(u f , θ, φ)

extends regularly to the horizon as u f → ∞ for an initial data normalised solution.
Note also that in view of Definition 2.6, f

r extends regularly to infinity. As mentioned

above, we denote from now on the original solution by ∨S
′, and by

∧
S ′ the solution

∧
S ′ = ∨S

′ − G f , which is normalised to the cone Cu f in the following sense:

Proposition 3.1. The geometric quantities of the solution ∨S
′ have the following prop-

erties:
(1)

(�trχ) ∧
S ′ |Cu f

= 0 , �−1 (1)

� ∧
S ′ |Cu f

= 0 ,
(1)

ω ∧
S ′ |Cu f

= 0 , (
(1)

η +
(1)

η) ∧
S ′ |Cu f

= 0.

(59)

Proof. In the following we suppress the angular dependence of all quantities in the
notation. From Lemma 2.3 we have

(1)

(�trχ) ∧
S ′ (u f , v) = (1)

(�trχ)
∨S

′ (u f , v) − ∂v

(2�2

r
f
)

= −∂v

( r(u f , v)

�2(u f , v)

�2

r

)2�2

r
f = 0.

The Raychauduri equation (20) then gives
(1)

ω ∧
S ′(u f , v) = 0 on Cu f . Hence, from

Lemma 2.3, that

( (1)

�

�

)
∧

S ′(u f , v) =
( (1)

�

�

)
∧

S ′(u f , v0)

=
( (1)

�

�

)
∨S

′(u f , v0) − r

4�2

(1)

(�trχ)
∨S

′ (u f , v0) − 1

4
f0 = 0.

where we use that
(1)

(�trχ)G f
= (1)

(�trχ)
∨S

′ along Cu f and, f (v0) = r
2�2 f0.

The last identity in (59) follows from taking a /∇ derivative of �−1
(1)

� ∧
S ′ |Cu f

= 0 and
using equation (16). ��

For future reference we already note that along the cone Cu f

2T f |Cu f
= ∂v f = 1

2

r

�2

(1)

(�trχ)
∨S

′ |Cu f
+

[
1 − 4M

r

] f

r

∣∣∣
Cu f

, (60)

and also

4T T f |Cu f
= ∂2

v f = − M

r�2

(1)

(�trχ)
∨S

′
∣∣∣
Cu f

+ 2
(1)

ω
∨S

′
∣∣∣
Cu f

− 2M

r3 f
∣∣∣
Cu f

. (61)

As an immediate consequence, for i ≥ 2 and j ≥ 0 we have the limits

lim
v→∞ |T [r /∇] j f (

u f , v, θ, φ
) | = |[r /∇] j f |

r
and lim

v→∞ |T i [r /∇] j f (
u f , v, θ, φ

) | = 0 .

(62)
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3.2. The energies.

3.2.1. The master energies along the cone Cu f We define the master energies for the

solution
∧

S ′ along the cone Cu f .
For i = 0, 1, 2

E
i,0[�,

∧
S ′](u f ) =

∫ ∞

v0

∫

S2

[
r2|[ /∇T ]i� (1)

χ̂ ∧
S ′ |2 + r2�2|[ /∇T ]i (1)

η ∧
S ′ |2

]∣∣∣
u=u f

dvεS2 .

(63)

For i = 0, 1

E
0,i [R,

∧
S ′](u f ) =

∫ ∞

v0

∫

S2

[
r4|[r /∇]i� (1)

β ∧
S ′ |2

+ �2r4
(
|[r /∇]i (1)

ρ ∧
S ′ |2 + |[r /∇]i (1)

σ ∧
S ′ |2

) ]∣∣∣
u=u f

dvεS2 ,

E
i,0[R,

∧
S ′](u f ) =

∫ ∞

v0

∫

S2

[
r4|[ /∇T ]i� (1)

β ∧
S ′ |2

+ �2r4
(
|[ /∇T ]i (1)

ρ ∧
S ′ |2 + |[ /∇T ]i (1)

σ ∧
S ′ |2

) ]∣∣∣
u=u f

dvεS2 . (64)

3.2.2. The initial data energies We define for i = 0, 1, 2 the energies of the connection
coefficients

E
i,0
data[�](u f )

.= Fi,0
u0

[�, ∨S
′](v0,∞) + Fi,0

v0
[�, ∨S

′](u0, u f )

+
1

2
lim

v→∞

∫

S2
r3[ /∇T ]i (1)

(�trχ)
∨S

′ · [ /∇T ]i (1)

(�trχ)
∨S

′εS2 , (65)

as well for i = 0, 1 the energies of the curvature components

E
i,0
data[R](u f )

.= Fi,0
u0

[R, ∨S
′](v0,∞) + Fi,0

v0
[R, ∨S

′](u0, u f ) , (66)

E
0,1
data[R](u f )

.=
∑
|k|=1

F0,k
u0

[R, ∨S
′](v0,∞) +

∑
|k|=1

F0,k
v0

[R, ∨S
′](u0, u f ) . (67)

We complement the above with energies for quantities in the ∨S
′ gauge on the initial

data sphere S2
u f ,v0

:

D
1
data(u f , v0) := �2(u f , v0)

[
‖�−2

(1)

(�trχ) ,�−2
(1)

(�trχ),
(1)

ω,
(1)

ω,�−2�S2 f0‖2
u f ,v0

]

+ �2(u f , v0)
[
‖[r /∇�−2

(1)

(�trχ) , r /∇�−2
(1)

(�trχ), /div
(1)

η +
(1)

ρ,

/div
(1)

η +
(1)

ρ, [r /∇] (1)

ω,�−1β‖2
u f ,v0

]

and
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D
2
data(u f , v0)

.= D
1
data(u f , v0) + �2

∥∥∥�2 (1)

η, ∂v
(1)

ω,�−1∂u
(1)

ω,
(1)

σ,
(1)

ρ,

(1)

β

�
,�2 (1)

α

∥∥∥
2

u f ,v0

+ �2
∥∥∥T ( /div

(1)

η +
(1)

ρ), T ( /div
(1)

η +
(1)

ρ),�S2�−2 (1)

ω − r2 /div�−1 (1)

β

∥∥∥
2

u f ,v0

+ �2
[∣∣∣

〈
/∇T

(1)

β

�
, /∇ (1)

ω
〉
u f ,v0

∣∣∣ +
∣∣∣
〈
/∇ (1)

ρ, /∇
(1)

(�trχ)

�2

〉
u f ,v0

∣∣∣

+ |〈 /∇ (1)

ρ, /∇ (1)

ω〉u f ,v0 | +
∣∣∣
〈
/∇T

(1)

β

�
,

/∇ (1)

(�trχ)

�2

〉
u f ,v0

∣∣∣
]
,

where as mentioned all quantities that appear above are in the ∨S
′ gauge and we denote

||| f, g, h, ...||u,v = || f ||u,v + ||g||u,v + ||h||u,v + . . . .

Remark 3.2. The data energiesEi,0
data[�](u f ),E

i,0
data[R](u f ),E

0,1
data[R](u f )defined above

are not necessarily coercive. What we will show successively in the proof is that these
energies are indeed coercive provided a large constant (depending only on M) times an
appropriate D

i
data-energy is added. This is familiar from [21]. Alternatively, the afore-

mentioned data energies can be made manifestly coercive by suitably normalising the
initial data gauge.

Remark 3.3. Note that we have D
1
data(∞, v0) = 0 and D

2
data(∞, v0) = 0 for regular

data.

Remark 3.4. The energy D
1
data contains up to first angular derivatives of connection

coefficients and �S2 f0, which involves second angular derivatives. The reason we have
included the latter in D

1
data is that �S2 f0 will play a distinguished role in the proof

and could be brought to vanish by normalising the initial data gauge slightly differently,
namely with respect to sphere S2

u f ,v0
instead of S2∞,v0

.

Remark 3.5. To appreciate the structure of D2
data(u f , v0) note that the terms in the first

line involve (besides �S2 f0 in D
1
data(u f , v0) as mentioned) only first derivatives of

Ricci coefficients and curvature components. The terms in the second line involve first
derivatives of the mass aspect functions and a renormalised second derivative of

(1)

ω.
Importantly, control on these quantities on the double null spheres can be propagated
in evolution at the basic regularity level considered here, namely fluxes of up to one
derivative of curvature in L2. This is well-known from [10] in the non-linear context.
Similarly, the terms in the third line involve (norms of) inner products on double null
spheres which can be propagated in evolution along the cones. Note that one derivative
of curvature on spheres cannot in general be propagated without loss of regularity which
is why we have retained the inner products.

3.3. The main theorems. We are ready to state the main theorems. In the following we
write X � Y if X ≤ C · Y holds for a constant C depending only on M .

Theorem 3.6. Let ∨S
′ be a partially initial data normalised solution supported on � ≥ 2

of the system of gravitational perturbations that is also extendible to null infinity. Let
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∧
S ′ be as defined in Sect.3.1 and recall the energies defined in Sect.3.2. We have the
estimate

2∑
i=0

E
i,0[�,

∧
S ′](u f ) +

1∑
i=0

E
0,i [R,

∧
S ′](u f ) +

1∑
i=0

E
i,0[R,

∧
S ′](u f ) � E

2
data(u f )

(68)

where

E
2
data(u f ) := E

2,0
data[�](u f ) + E

1,0
data[R](u f ) + E

1,0
data[�](u f )

+ E
0,1
data[R](u f ) + E

0,0
data[R](u f ) + E

0,0
data[�](u f ) + Cmax · D2

data(u f , v0)

(69)

for a constant Cmax depending only on M determined in the course of the proof.

Note that using Definition 2.6 and (44) near the horizon one easily verifies supu f ∈[u0,∞)

E2
data(u f ) < ∞ for the class of initial data considered, as was claimed in Theorem 1.1

of the introduction already.
The proof of Theorem 3.6 will be carried out in Sect. 3.5. Before that we provide

some preliminary estimates in Sect. 3.4 that will be used in the proof.
From Theorem 3.6 we will easily deduce the following theorem, which concerns

the gauge invariant quantities. It can be stated (but not proven) without reference to the

solution
∧

S ′:
Theorem 3.7. Let ∨S

′ be a partially initial data normalised solution supported on � ≥ 2
of the system of gravitational perturbations that is also extendible to null infinity. We
have the following estimates for the fluxes of the gauge invariant Teukolsky quantities
A := r�2 (1)

α
∨S

′ = r�2 (1)

α ∧
S ′ and A := r�2 (1)

α
∨S

′ = r�2 (1)

α ∧
S ′ : along any outgoing cone

Cu f with u f ∈ [u0,∞),
∫ ∞

v0

∫

S2
dvdθdφ sin θ

[
r4|�−1 /∇3A|2 + |�/∇4A|2 + |r /∇A|2 + |A|2] (u f ) � E

2
data(u f ) ,

(70)∫ ∞

v0

∫

S2
dvdθdφ sin θ�2

[
r2|�/∇4A|2 + | /∇A|2 +

1

r2 |A|2
]

(u f ) � E
2
data(u f ) . (71)

Here E2
data(u f ) is defined in (69).

Remark 3.8. Note the strong degeneration in �2 as actually
(1)

α�−2 has a finite limit on
H+. Note also that the r -weights are not symmetric between the two estimates.

Theorem 3.7 will be proven in Sect. 3.6. Afterwards, we will use the estimates of
Theorem 3.7 to obtain analogous estimates for the ingoing fluxes. See Corollary 4.1.
For A this will resolve the problem of degenerating�2-weights mentioned in Remark 3.8.

3.4. Preliminaries: useful identities and estimates along Cu f . Before we begin with the
proof of Theorem 3.6, we prove in this section some preliminary estimates (both on

quantities of the solution ∨S
′ and of the solution

∧
S ′) along the cone Cu f that will be

used in the sequel. We begin by exploiting the fact that the mass aspect is conserved

along Cu f for the solution
∧

S ′.
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3.4.1. Bounding the mass aspect along Cu f

Lemma 3.9. We have the following bounds for the lapse of the solution
∧

S ′ along Cu f :

sup
v∈[v0,∞)

‖r3 /div
(1)

η ∧
S ′ + r3 (1)

ρ ∧
S ′ ‖u f ,v � D

1
data(u f , v0) . (72)

Proof. We compute the propagation equation (valid for any solution)

�/∇4

(
r3 /div

(1)

η + r3 (1)

ρ
)

= �2�S2 2�−1 (1)

� + 3M
(1)

(�trχ) . (73)

For the solution
∧

S ′, the right hand side vanishes along Cu f by Proposition 3.1

(r3 /div
(1)

η + r3 (1)

ρ) ∧
S ′(u f , v) = (r3 /div

(1)

η + r3 (1)

ρ) ∧
S ′(u f , v0)

= (r3 /div
(1)

η + r3 (1)

ρ)
∨S

′(u f , v0) − r

2
�S2 f0 − 3M f0,

where in the last equality we use Lemma 2.3 and f (u f , v0) = r
2�2 f0. Therefore, one

has

||(r3 /div
(1)

η + r3 (1)

ρ) ∧
S ′ ||u f ,v ≤ ||(r3 /div

(1)

η + r3 (1)

ρ)
∨S

′ ||u f ,v0

+
r(u f , v0)

2
‖�S2 f0‖u f ,v0 + 3M‖ f0‖u f ,v0 . (74)

Since our solutions are supported on � ≥ 2, the last term can be estimated by the
prenultimate one by standard elliptic estimates on S2 and the result hence follows from
the definition of D1

data(u f , v0). ��

3.4.2. Bounds on the sphere S2
u f ,∞

Proposition 3.10. We have for i = 0, 1, 2 the following estimate on the limiting sphere
S2
u f ,∞:

∥∥∥[r /∇]i
(
�−1 (1)

�
)

∨S
′

∥∥∥
2

u f ,∞
= 1

4

∥∥∥[r /∇]i
(

f

r

) ∥∥∥
2

u f ,∞
. (75)

Proof. We first observe that with our choice of f from (57) we have

r∂v

(
f �2

r

) (
u f , v, θ, φ

) = 1

2
r

(1)

(�trχ)
∨S

′
(
u f , v, θ, φ

)
. (76)

The right hand side goes to zero as v → ∞ by the asymptotics of the solution in the initial
data gauge (see (43)) and hence so does the left hand side. It follows that asymptotically
we have the identity

∂v( f �
2)

(
u f ,∞, θ, φ

) = �2 f

r

(
u f ,∞, θ, φ

)
. (77)

Moreover, this identity continues to hold if we commute with derivatives tangential to
the spheres. Now by definition of the pure gauge solution we have from Lemma 2.3 the
relation∥∥∥[r /∇]i

(
�−1 (1)

�
)

∨S
′

∥∥∥
2

u f ,∞
=

∥∥∥[r /∇]i 1

2�2 ∂v( f �
2)

∥∥∥
2

u f ,∞
= 1

4

∥∥∥[r /∇]i f
r

∥∥∥
2

u f ,∞
, (78)

where we have used that �−1
(1)

� ∧
S ′ = 0 along Cu f . ��
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Proposition 3.11. We have for i = 0, 1, 2 the following estimates on the limiting sphere
S2
u f ,∞:

‖[r /∇]i r (1)

(�trχ)
∨S

′ ‖2
u f ,∞ �

∥∥∥[r /∇]i
(

f

r

) ∥∥∥
2

u f ,∞
, (79)

‖r (1)

(�trχ) ∧
S ′ ‖2

u f ,∞ �
2∑

i=0

∥∥∥ [
r /∇]i ( f

r

)∥∥∥
2

u f ,∞
. (80)

Proof. For the first estimate, we consider the linearised Gauss equation (30) multiply
by r2 and take the limit v → ∞ along Cu f to produce (using the asymptotics of the
solution ∨S

′ following from Definition 2.6) the asymptotic identity

r
(1)

(�trχ)
∨S

′
(
u f ,∞, θ, φ

) = −4
( (1)

�

�

)
∨S

′
(
u f ,∞, θ, φ

)
. (81)

Combining this with (75) of Proposition 3.10 the estimate (79) follows.
The second estimate follows from the fact that by definition of the gauge function in

Lemma 2.3 we have the relation

∥∥∥r
(1)

(�trχ) ∧
S ′

∥∥∥
2

u f ,∞
�

∥∥∥r
(1)

(�trχ)
∨S

′
∥∥∥

2

u f ,∞
+

2∑
i=0

∥∥∥ [
r /∇]i ( f

r

) ∥∥∥
2

u f ,∞
. (82)

Using now (79) for the first term on the right we obtain the second estimate. ��

3.4.3. Estimating the gauge terms at infinity In this section we estimate the terms Gi,k
�

and Gi,k
R appearing in Proposition 2.10 on the (asymptotic) sphere S2

u f ,∞ as this is what
will enter in the conservation laws applied later.

Proposition 3.12. On the sphere at infinity, S2
u f ,∞, we have for i ≥ 1

∫

S2
Gi,k

�

(
u f ,∞, θ, φ

)
εS2

= −
∫

S2

r3

2�2 Ki,k (1)

(�trχ)
∨S

′ · Ki,k
(1)

(�trχ)
∨S

′
(
u f ,∞, θ, φ

)
εS2 . (83)

We also have for a constant C depending only on M,

∫

S2
G0,0

�

(
u f , ∞, θ, φ

)
εS2 ≥ 4M

∥∥∥ f �2

r

∥∥∥2

u f ,∞

−
∫

S2
u f ,∞

r3

2�2

(1)

(�trχ)
∨S

′
(1)

(�trχ)
∨S

′εS2 − CD
1
data(u f , v0).

(84)

For the Gi,k
R -terms we have the estimate

∣∣∣
∫

S2
G1,0
R

(
u f ,∞, θ, φ

)
εS2

∣∣∣ ≤ 3M
(
‖ (1)

ω
∨S

′ ‖2
u f ,∞ + ‖ (1)

ω ∧
S ′ ‖2

u f ,∞
)

≤ 6M‖ (1)

ω ∧
S ′ ‖2

u f ,∞ ,

(85)
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as well as the identities
∫

S2
G0,0
R

(
u f ,∞, θ, φ

)
εS2 = 3

2
M‖[r /∇] f �

2

r
‖u f ,∞ − 3M‖ f �2

r
‖u f ,∞ , (86)

and

∑
|k|=1

∫

S2
G0,k
R

(
u f ,∞, θ, φ

)
εS2 = 3

2
M‖[r /∇]2 f �2

r
‖u f ,∞ − 3M‖[r /∇] f �

2

r
‖u f ,∞ .

(87)

Proof. Recall throughout that we are free to use the properties (59) when evaluating the
expressions (52) and (53) in the proof.

The estimate (83) follows from (62) and the decay towards null infinity of the lin-
earised quantities.

For the second estimate in (84), we have from (53) that

G0,0
� (u, v, θ, φ) = 6M

(
�2 f

r

)2

− r3

2�2

(1)

(�trχ)
∨S

′
(1)

(�trχ)
∨S

′

+

(
2 f �2

r

)
r3(

(1)

ρ + /div
(1)

η) ∧
S ′ ,

where one uses that
(1)

η ∧
S ′ = − (1)

η ∧
S ′ by Proposition 3.1. We then have

(
2 f �2

r

)
r3(

(1)

ρ + /div
(1)

η) ∧
S ′ ≥ −

∣∣∣2
√
M f �2

r

∣∣∣
∣∣∣ r3

√
M

(
(1)

ρ + /div
(1)

η) ∧
S ′

∣∣∣

≥ −2M
∣∣∣ f �

2

r

∣∣∣
2 − 1

2M

∣∣∣r3(
(1)

ρ + /div
(1)

η) ∧
S ′

∣∣∣
2
,

where we have applied Young’s inequality. So,

G0,0
� (u, v, θ, φ) ≥ 4M

(
�2 f

r

)2

− r3

2�2

(1)

(�trχ)
∨S

′
(1)

(�trχ)
∨S

′ − 1

2M

∣∣∣r3(
(1)

ρ + /div
(1)

η) ∧
S ′

∣∣∣
2
.

The conclusion then follows from (74).
To prove the estimate (85) we note that, using equation (62) and the decay towards

null infinity of the linearised quantities, all terms except the ones in the first line of (53)
vanish in the v → ∞ limit. So,

G1,0
R

(
u f ,∞, θ, φ

) = 3M
(

(1)

ω2 ∧
S ′ − (1)

ω2

∨S
′
)

,

where we use the asymptotic relations 2T�−1
(1)

� = (1)

ω and r2T
(1)

(�trχ) = −4
(1)

ω, valid for

both ∨S
′ and

∧
S ′, on the asymptotic sphere S2

u f ,∞. The last inequality of (85) follows

from
(1)

ω ∧
S ′ = (1)

ω
∨S

′ as v → ∞ which is a consequence of the general relation
(1)

ω ∧
S ′ =

(1)

ω
∨S

′ − 2 M
r3 �2 f following in turn from Lemma 2.3 using that f is independent of u.

We now directly prove (87) as the proof of (86) is analogous but without commutation.
We consider the expression (53) for k with |k| = 1 on the limiting sphere S2

u f ,∞. Most
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terms vanish using the asymptotics of the solution ∨S
′ from (42) and the properties of

the solution
∧

S ′ along Cu f (in particular that
(1)

η ∧
S ′ = − (1)

η ∧
S ′ and that r2 (1)

η ∧
S ′ still extends

regularly to infinity). We are left with

lim
v→∞

∑
|k|=1

G0,k
R

(
v, u f , θ, φ

) = lim
v→∞

[
3M

〈
[r /∇]

( (1)

�

�

)
∨S

′ , [r /∇]r (1)

(�trχ)
∨S

′
〉

+
3M

2

2∑
i=1

∣∣∣[r /∇]i f �
2

r

∣∣∣
2
]

, (88)

where we have used the angular identities of Proposition 2.2. For the first term on the
right of (88) we recall that as v → ∞ along the cone Cu f we have the asymptotic
identity (81), so

lim
v→∞

∫

S2

〈
[r /∇](�−1 (1)

�)
∨S

′ , [r /∇]r (1)

(�trχ)
∨S

′
〉
εS2 = −4 lim

v→∞

∫

S2

∣∣∣[r /∇]�−1 (1)

�
∨S

′
∣∣∣
2
εS2 .

(89)

The result now follows from inserting (75). ��

3.4.4. Estimating the gauge terms at the data sphere in the conservation laws In this
section we estimate the terms Gi,k

� and Gi,k
R appearing in Proposition 2.10 on the (data)

sphere S2
u f ,v0

as this is what will enter in the conservation laws applied later.

Proposition 3.13. On the data sphere S2
u f ,v0

we have

∣∣∣
∫

S2
G0,0

�

(
u f , v0, θ, φ

)
εS2

∣∣∣ � D
1
data(u f , v0) , (90)

∣∣∣
∫

S2
G1,0

�

(
u f , v0, θ, φ

)
εS2

∣∣∣ � D
1
data(u f , v0) , (91)

∣∣∣
∫

S2
G2,0

�

(
u f , v0, θ, φ

)
εS2

∣∣∣ � D
2
data(u f , v0) . (92)

Furthermore,

∣∣∣
∫

S2
G0,0
R

(
u f , v0, θ, φ

)
εS2

∣∣∣ � D
1
data(u f , v0) , (93)

∣∣∣
∫

S2
G0,1
R

(
u f , v0, θ, φ

)
εS2

∣∣∣ � D
1
data(u f , v0) , (94)

∣∣∣
∫

S2
G1,0
R

(
u f , v0, θ, φ

)
εS2

∣∣∣ � D
1
data(u f , v0) . (95)

Remark 3.14. Note that we gain regularity here; naively one would expect to see third
derivatives of Ricci coefficients in G2,0

� but T T f (see (61)) allows us to gain regularity
via integration by parts.
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Proof. For the estimate (90), we have from Proposition 2.10 and the properties of
∧

S ′
in (59):

G0,0
�

(
u f , v0, θ, φ

) = 3M

2
f 2
0 − r3

2�2

(1)

(�trχ)
∨S

′
(1)

(�trχ)
∨S

′ + f0r
3(

(1)

ρ + /div
(1)

η) ∧
S ′ . (96)

We can use Young’s inequality and Lemma 3.9 to conclude the result.

Turning to (93) and (94) we note from Proposition 2.10 and the properties of
∧

S ′ in
(59) for i = 0, 1

G0,i
R

(
u f , v0, θ, φ

) = 3Mr
〈[r /∇]i (�−1 (1)

�
)

∨S
′ , [r /∇]i (1)

(�trχ)
∨S

′
〉

− 3Mr2

2
〈[r /∇]i f0, [r /∇]i ( /div

(1)

η +
(1)

ρ)
∨S

′ 〉

− 3M

4
〈[r /∇]i f0, [r /∇]i�S2 f0〉

+
i∑

k=0

3M

2

∣∣∣[r /∇]1+k f0
2

∣∣∣
2

+
3M2

r

∣∣∣[r /∇]i f0
∣∣∣
2
,

where we have used (96) and the angular identity for scalars of Proposition 2.2. Up to a
total divergence on S2 this reduces to

G0,i
R

(
u f , v0, θ, φ

) = 3Mr

4
(−�S2)i f0

(1)

(�trχ)
∨S

′ − 3M

4
(−�S2)i f0�S2 f0

− 3Mr2

2
(−�S2)i f0( /div

(1)

η +
(1)

ρ)
∨S

′

+
3Mr2

4�2 〈[r /∇]i (1)

(�trχ)
∨S

′ , [r /∇]i (1)

(�trχ)
∨S

′ 〉

+
i∑

k=0

3M

2

∣∣∣[r /∇]1+k f0
2

∣∣∣
2

+
3M2

r

∣∣∣[r /∇]i f0
∣∣∣
2
,

where we have inserted from (58) the definition of f0 for the terms involving �−1
(1)

� and
(1)

(�trχ). The result is now immediate from Young’s inequality and that �S2 f0 controls
all second angular derivatives of f0 by elliptic estimates (recall that f0 is supported on
� ≥ 2).

We now move onto the T -commuted estimates. Since we are working on the sphere
S2
u f ,v0

, we will adopt the convention that ∼ means equality up to r -weights and numerical

factors, i.e. we only keep track of �2-weights. We recall from (60) the identity

�2T f (u f , v0) ∼ �2[�−2
(1)

(�trχ)
∨S

′ (u f , v0) + �−2 f0
]
.

The reduction of the equations in Proposition 2.12 in the
∧

S ′-gauge to ∨S
′-gauge on Cu f

is

2T
(1)

(�trχ) ∧
S ′ ∼ �2

[
( /div

(1)

η +
(1)

ρ)
∨S

′ +
(1)

(�trχ)
∨S

′ + f0
]
,

2T
(1)

(�trχ)
∨S

′ ∼ �2
[
( /div

(1)

η + ρ) + �−1 (1)

� + �−2
(1)

(�trχ) +
(1)

(�trχ) +
(1)

ω
]
,
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2T (
(1)

ρ − /div
(1)

η) ∧
S ′ ∼ �2

[
/div

(
�−1 (1)

β
)

+ �−2
(1)

(�trχ) + �S2(�−2 f0) + �−2 f0
]

and

2T
(1)

(�trχ)G f
= 2T

(1)

(�trχ)
∨S

′ − 2T
(1)

(�trχ) ∧
S ′

∼ �2
[
(�−1 (1)

�)
∨S

′ + �−2
(1)

(�trχ)
∨S

′ +
(1)

ω
∨S

′ + f0
]
,

where we use Lemma 2.3 and f (v0) = �−2r f0.
For the estimate (91), we use Young’s inequality to estimate the terms in G1,0

� (u f , v0)

(everything is evaluated at (u f , v0) and quantities appearing on the right-hand side are
in the ∨S

′ gauge):

∣∣∣T �2 f

r

∣∣∣
2

� �4
[∣∣�−2

(1)

(�trχ)
∣∣2 +

∣∣�−2 f0
∣∣2

]
,

∣∣∣ r
3

�2 T

(
f �2

r

)
T

(1)

(�trχ) ∧
S ′

∣∣∣ � �2
[∣∣�−2

(1)

(�trχ)
∣∣2 +

∣∣�−2
(1)

(�trχ)
∣∣2

+
∣∣�−2 f0

∣∣2 + |( /div
(1)

η +
(1)

ρ)|2
]
,

∣∣∣ r
3

�2 T
(1)

(�trχ)G f
T

(1)

(�trχ)
∨S

′
∣∣∣ � �2

[∣∣∣( /div
(1)

η +
(1)

ρ)

∣∣∣
2

+
∣∣∣

(1)

(�trχ)

�2

∣∣∣
2

+
∣∣∣

(1)

(�trχ)

�2

∣∣∣
2

+ | (1)

ω|2 + | (1)

ω|2 +
∣∣∣ f0
�2

∣∣∣
2]

,

and

∣∣∣
∫

S2
T

(
f �2

r

)
T

(
(1)

ρ − /div
(1)

η
)

∧
S ′εS2

∣∣∣ � �4
[ 1∑
i=0

∣∣∣[r /∇]i
(1)

(�trχ)

�2

∣∣∣
2

+
1∑

i=0

∣∣∣[r /∇]i f0
�2

∣∣∣
2

+
∣∣∣

(1)

β

�

∣∣∣
2

+
∣∣∣

(1)

(�trχ)

�2

∣∣∣
2]

,

where we have integrated by parts to achieve the last estimate. Therefore, all terms
arising in G1,0

� (u f , v0) can be accounted for in D
1
data(u f , v0) establishing (91).

Before proving (92), we prove the estimate (95). In addition to the identities collected
above for G1,0

� we require

T ( /div
(1)

η +
(1)

ρ) ∧
S ′ ∼ �2

[
/div

(
�−1 (1)

β
)

∨S
′ + �−2

(1)

(�trχ)
∨S

′ + �S2�−2 f0 + �−2 f0
]

+ �S2
(1)

ω
∨S

′ ,

2T
(1)

(�trχ) ∧
S ′ ∼ �2

[
(

(1)

ρ + /div
(1)

η)
∨S

′ + �−2
(1)

(�trχ)
∨S

′ +
(1)

ω
∨S

′ + �−2 f0

+ �S2(�−2 f0) + �S2�−2
(1)

(�trχ)
∨S

′
]
,

where we use that
(1)

η ∧
S ′ = − (1)

η ∧
S ′ and the definition of f0 to write
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(
(1)

ρ − /div
(1)

η)
∨S

′ = (
(1)

ρ + /div
(1)

η)
∨S

′ − 2 /��−1 (1)

�
∨S

′

= (
(1)

ρ + /div
(1)

η)
∨S

′ − 1

2
/�
[
f0 +

r

�2

(1)

(�trχ)
∨S

′
]

to deal with the (ρ + /div
(1)

η) ∧
S ′ term arising in T

(1)

(�trχ) ∧
S

from Proposition 2.12.

We can now estimate all terms that arise in G1,0
R (u f , v0) via Young’s inequality (note

that
(1)

ω ∧
S ′ = 0 on Cu f ):

∣∣∣( (1)

ω +
(1)

ω)
∨S
T

(1)

(�trχ)
∨S

∣∣∣ � �2
[
| (1)

ω|2 + | (1)

ω|2 + | /div
(1)

η + ρ|2

+ |�−1 (1)

�|2 +
∣∣�−2

(1)

(�trχ)
∣∣2 + | (1)

(�trχ) |2
]
,

∣∣∣ 1

�2 T
( f �2

r

)
T

(1)

(�trχ) ∧
S

∣∣∣ � �2
[∣∣�−2

(1)

(�trχ)
∣∣2 +

∣∣�−2 f0
∣∣2

+ | /div
(1)

η +
(1)

ρ|2 + | (1)

(�trχ)|2
]
,

∣∣∣T
( f �2

r

)
(1)

ω ∧
S

∣∣∣ � �2
[∣∣�−2

(1)

(�trχ)
∣∣2 +

∣∣�−2 f0
∣∣2 + | (1)

ω|2
]
,

∣∣∣[r /∇]i T f �2

r

∣∣∣
2

� �4
∣∣∣[r /∇]i�−2

(1)

(�trχ)

∣∣∣
2

+ �4
∣∣∣[r /∇]i�−2 f0

∣∣∣
2
,

∣∣∣
∫

S2

(1)

ω ∧
S
T

(1)

(�trχ) ∧
S

εS2

∣∣∣ � �2
[
| (1)

ρ + /div
(1)

η|2 +
1∑

i=0

(
|[r /∇]i (1)

ω|2 +
∣∣∣[r /∇]i f0

�2

∣∣∣
2)

+
∣∣∣

(1)

(�trχ)

�2

∣∣∣
2

+
∣∣∣[r /∇]

(1)

(�trχ)

�2

∣∣∣
2]

,

∣∣∣
∫

S2
T

( f �2

r

)
T ( /div

(1)

η +
(1)

ρ) ∧
S

εS2

∣∣∣ � �4
[ 1∑
i=0

(∣∣∣[r /∇]i
(1)

(�trχ)

�2

∣∣∣
2

+
∣∣∣[r /∇]i f0

�2

∣∣∣
2)

+
∣∣∣

(1)

β

�

∣∣∣
2

+
∣∣∣[r /∇]

(1)

ω

�2

∣∣∣
2

+
∣∣∣

(1)

(�trχ)

�2

∣∣∣
2]

,

where, once again, the latter two inequalities follow after integration by parts for angular
derivatives on /div(�

(1)

β)
∨S

′ ,�S2
(1)

ω and �S2 f0. We have therefore established (95).

We finally move to the T 2-estimate (92). We have from (61) the identity

�2T T f (u f , v0) ∼ �2
[
�−2

(1)

(�trχ) +
(1)

ω + �−2 f0
]
.

From Proposition 2.12 we deduce (after converting quantities in the
∧

S ′ gauge into ∨S
′

gauge) on Cu f

2T 2
(1)

(�trχ) ∧
S ′ ∼ �2

[
T ( /div

(1)

η +
(1)

ρ) + �S2

[
(1)

(�trχ) + f0
]

+
(1)

(�trχ) + f0 + �2 (1)

ρ +
(1)

ω + ( /div
(1)

η +
(1)

ρ)
]
,
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2T 2(
(1)

ρ − /div
(1)

η) ∧
S ′ ∼ �2

[
/div

(
/∇T (�−1 (1)

β))
)

+ �S2

[
�−2

(1)

(�trχ) + �−2 f0 +
(1)

ρ +
(1)

ω
]

+ f0 +
(1)

ρ + �−2
(1)

(�trχ) +
(1)

ω
]
.

Further,

2T 2
(1)

(�trχ)
∨S

′ ∼ �2
[
T ( /div

(1)

η +
(1)

ρ) +
(1)

ω +
[
∂u

(1)

ω + �2 (1)

ρ
]

+ �−1 (1)

� + �2( /div
(1)

η +
(1)

ρ) + ( /div
(1)

η +
(1)

ρ) +
(1)

ω + �−2
(1)

(�trχ)
]
,

2T 2
(1)

(�trχ)G f
= 2T 2

(1)

(�trχ)
∨S

′ − 2T 2
(1)

(�trχ) ∧
S ′

∼ �2
[
∂v

(1)

ω + �−1 (1)

� + �−2
(1)

(�trχ) + �2 (1)

ω + f0
]
.

We can now estimate the following terms in G2,0
� (u f , v0) via Young’s inequalty:

∣∣∣T 2 �2 f

r

∣∣∣
2

� �4
[∣∣�−2

(1)

(�trχ)
∣∣2 +

∣∣�−2 f0
∣∣2 + | (1)

ω|2
]
,

∣∣∣ r
3

�2 T
2

(1)

(�trχ)G f
T 2

(1)

(�trχ)
∨S

′
∣∣∣ � �2

[
|∂v

(1)

ω|2 + |�−1 (1)

�|2 +
∣∣�−2

(1)

(�trχ)
∣∣2

+ | f0|2 + |T ( /div
(1)

η +
(1)

ρ)|2 + | (1)

ω|2 + |∂u (1)

ω|2
+ |�2 (1)

ρ|2 + |�2( /div
(1)

η +
(1)

ρ)|2 + | /div
(1)

η +
(1)

ρ|2 + | (1)

ω|2

+
∣∣�−2

(1)

(�trχ)
∣∣2

]

and, similarly, after integrating by parts,

∣∣∣
∫

S2

r3

�2 T
2
(

f �2

r

)
T 2

(1)

(�trχ) ∧
S ′εS2

∣∣∣

� �2
[ 1∑
i=0

(∣∣∣[r /∇]i (�−2
(1)

(�trχ))

∣∣∣
2

+ |[r /∇]i (1)

ω|2 +
∣∣∣[r /∇]i (�−2 f0)

∣∣∣
2)

+ |T ( /div
(1)

η +
(1)

ρ)|2 + |�2 (1)

ρ|2 + | (1)

ω|2 + | /div
(1)

η +
(1)

ρ|2
]
,

∣∣∣
∫

S2
T 2

(
f �2

r

)
T 2( (1)

ρ − /div
(1)

η
)

∧
S ′εS2

∣∣∣

� �4
[ 1∑
i=0

(∣∣∣[r /∇]i
(1)

(�trχ)

�2

∣∣∣
2

+ |[r /∇]i (1)

ω|2 + |[r /∇]i (1)

ω|2 +
∣∣∣[r /∇]i f0

�2

∣∣∣
2)]

+ �4
[
| (1)

ρ|2 +
∣∣∣

(1)

(�trχ)

�2

∣∣∣
2

+
∣∣∣
〈
[r /∇]

( (1)

(�trχ)

�2 +
(1)

ω
)
, /∇T

(1)

β

�
+ [r /∇] (1)

ρ
〉∣∣∣

+
∣∣∣
〈
[r /∇] f0

�2 , /D�
1(

(1)

ρ,
(1)

σ) +
(1)

η + �−1 (1)

β + /div
(1)

α
〉∣∣∣

]
.

To establish (92) note now that the terms involving one derivative of curvature on the
right hand side, are either already contained as inner products in D

2
data(u f , v0) (see

Sect. 3.2.2) or can be further reduced by an integration by parts. (The latter applies to
the terms in the last line.) ��
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3.5. Proof of Theorem 3.6. We now embark on the proof of Theorem 3.6 proper. The
proof will consist in applying, in a specific order, various appropriately commuted con-
servation laws. For each such conservation law, we will eventually send the ingoing cone
Cv f

to infinity, v f → ∞. To simplify notation, we will, for the entire proof, denote by
R(vk) a smooth function defined on the cone Cv f

∩ [u0, u f ] (or one of the spheres

S2
u0,v f

, S2
u f ,v f

) which vanishes in the limit v f → ∞. The vanishing of R(vk) is always
a consequence of Definition 2.6. In this context, we will also make use of the following
general identity

Fi,k
v f

[
�, ∨S

′] (u0, u f ) =
∫ u f

u0

∫

S2
|Ki,kr�

(1)

χ̂ |2duεS2

+

[∫

S2

r3

2
Ki,k (1)

(�trχ)Ki,k
(1)

(�trχ)εS2

](u f ,v f )

(u0,v f )

+ R(v f ), (97)

where all quantities on the right-hand side are evaluated at v f , which is proven as in
[21], Section 4.1.2.

We first provide a short overview of the proof in Sect. 3.5.1 before carrying out each
step in detail.

3.5.1. The logic of the Proof of Theorem 3.6 We first prove (step 1) that for a constant
C1 depending only on M

E
0,0[�,

∧
S ′](u f ) +

∥∥∥ f

r

∥∥∥
2

u f ,∞
≤ E

0,0
data[�](u f ) + C1 · D1

data(u f , v0) . (98)

This is essentially the estimate of [21]. Note that this implies, as a corollary, positivity
of the initial data energy

E
0,0
data[�](u f ) := E

0,0
data[�](u f ) + C1 · D1

data(u f , v0) (99)

appearing on the right, something that is not manifest from the form of the energy.
Next we prove (step 2) that for a constant C2 depending only on M

E
0,0[R,

∧
S ′](u f ) +

∥∥∥ [
r /∇] (

f

r

) ∥∥∥
2

u f ,∞

≤ E
0,0
data[R](u f ) + C2

(
D

1
data(u f , v0) + E

0,0
data[�](u f )

)
. (100)

Note that this implies positivity of the initial data energy

E
0,0
data(u f ) := E

0,0
data[R](u f ) + C2

(
D

1
data(u f , v0) + E

0,0
data[�](u f )

)
. (101)

In step 3, we use elliptic and transport estimates with the fluxes controlled in Steps
1 and 2 to deduce

∫ ∞

v0

dvr2
(
‖r /∇�

(1)

χ̂‖2
u f ,v

+ ‖r /∇ (1)

η‖2
u f ,v

+ ‖r /∇ (1)

η‖2
u f ,v

)
� E

0,0
data(u f ) , (102)

sup
v

‖ (1)

ω‖2
u f ,v

+ sup
v

‖r (1)

(�trχ)‖2
u f ,v

+ ‖r� (1)

χ̂‖2
u f ,v

� E
0,0
data(u f ) . (103)
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In step 4, we show that there exists a constant C3 depending only on M such that

E
0,1[R,

∧
S ′](u f ) +

∥∥∥ [
r /∇]2

(
f

r

)∥∥∥
2

u f ,∞

≤ E
0,1
data[R](u f ) + C3

(
D

1
data(u f , v0) + E

0,0
data(u f )

)
. (104)

Note that this implies positivity of the initial data energy

E
0,1
data(u f ) := E

0,1
data[R](u f ) + C3

(
D

1
data(u f , v0) + E

0,0
data(u f )

)
. (105)

In step 5, we show there exists a constant C4 depending only on M such that

E
1,0[�,

∧
S ′](u f ) ≤ E

1,0
data[�](u f ) + C4

(
D

1
data(u f , v0) + E

0,1
data(u f )

)
. (106)

Note that this implies positivity of the initial data energy

E
1,0
data[�](u f ) := E

1,0
data[�](u f ) + C4

(
D

1
data(u f , v0) + E

0,1
data(u f )

)
. (107)

In step 6, we show there exists a constant C5 depending only on M such that

E
1,0[R,

∧
S ′](u f ) � E

1,0
data[R](u f ) + C5

(
D

1
data(u f , v0) + E

1,0
data[�](u f )

)
. (108)

Note that this implies positivity of the initial data energy

E
1,0
data(u f ) := E

1,0
data[R](u f ) + C5

(
D

1
data(u f , v0) + E

1,0
data[�](u f )

)
. (109)

In step 7, we use transport and elliptic estimates to prove estimates on

sup
v

‖[r /∇] (1)

ω,�/∇3
(1)

ω‖2
u f ,v

+
∫ ∞

v0

dv
�2

r2

(
‖[r2 /�] (1)

ω‖2
u f ,v

+ ‖[r /∇] (1)

β‖2
u f ,v

)

� E
1,0
data(u f ) + D

2
data(u f , v0) . (110)

In step 8, we show there exists a constant C6 depending only on M such that

E
2,0[�,

∧
S ′](u f ) ≤ E

2,0
data[�](u f ) + C6

(
D

2
data(u f , v0) + E

1,0
data(u f )

)
. (111)

Note that this implies positivity of the initial data energy

E
2,0
data(u f ) := E

2,0
data[�](u f ) + C6

(
D

2
data(u f , v0) + E

1,0
data(u f )

)
. (112)

Adding (111), (108), (106), (104), (100) and (98) and setting Cmax = ∑6
i=1 Ci yields

the desired (68).
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3.5.2. Step1: proof of the uncommuted�-estimate We first prove (98). The�-conservation
law in the ∨S

′ gauge gives:

F0,0
v f

[
�, ∨S

′] (u0, u f ) + F0,0
u f

[
�, ∨S

′] (v0, v f )

= F0,0
v0

[
�, ∨S

′] (u0, u f ) + F0,0
u0

[
�, ∨S

′] (v0, v f ), (113)

where, using Proposition 2.10, we have

F0,0
u f

[�, ∨S
′] (

v0, v f
) =F0,0

u f
[�,

∧
S ′] (

v0, v f
)

+

[∫

S2
G0,0

� (u, v, θ, φ)εS2

](u f ,v f )

(u f ,v0)

with

F0,0
u f

[�,
∧

S ′](v0, v f ) =
∫ v f

v0

∫

S2

[
|� (1)

χ̂ ∧
S ′ |2 + 2|� (1)

η ∧
S ′ |2

]
r2dvεS2 ,

and invoking (97),

F0,0
v f

[�, ∨S
′] (

u0, u f
) =

∫ u f

u0

∫

S2
|� (1)

χ̂
∨S

′ |2r2duεS2

+
[1

2

∫

S2
r3

(1)

(�trχ)
∨S

′
(1)

(�trχ)
∨S

′εS2

](u f ,v f )

(u0,v f )
+ R(v f ) ,

where we recall R(v f ) → 0 as v f → ∞. Using the estimates onG0,0
� from (84) and (90),

the identity (113) turns into the estimate (note the cancellation of the
(1)

(�trχ)
∨S

′
(1)

(�trχ)
∨S

′ -

term at (u f , v f ))

F0,0
u f

[�,
∧

S ′] (v0, v) +
∫ u f

u0

∫

S2
|� (1)

χ̂
∨S

′ |2r2duεS2

+
∫

S2
4M

∣∣∣�
2 f

r

∣∣∣
2
εS2

∣∣∣
(u f ,v f )

− C̃ · D1
data(u f , v0)

≤ F0,0
v0

[�, ∨S
′](u0, u f ) + F0,0

u0

[
�, ∨S

′](v0, v f )

+
1

2

∫

S2
r3

(1)

(�trχ)
∨S

′
(1)

(�trχ)
∨S

′εS2

∣∣∣
(u0,v f )

+ R(v f ) .

Taking the limit v f → ∞ and recalling definition (65) we deduce

∫ ∞

v0

∫

S2

[
r2|� (1)

χ̂ ∧
S ′ |2 + r2�2| (1)

η ∧
S ′ |2

]∣∣∣
u=u f

dvεS2

+ 4M
∥∥∥ f

r

∥∥∥
2

u f ,∞
≤ E

0,0
data[�](u f ) + C̃D

1
data(u f , v0). (114)
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3.5.3. Step 2: proof of the uncommuted R-estimate To prove (100), we apply the non-
commuted second conservation law for ∨S

′:

F0,0
v f

[R, ∨S
′](u0, u f ) + F0,0

u f
[R, ∨S

′](v0, v f )

= F0,0
v0

[R, ∨S
′](u0, u f ) + F0,0

u0
[R, ∨S

′](v0, v f ) ,

where

F0,0
u f

[R, ∨S
′] (

v0, v f
) = F0,0

u f
[R,

∧
S ′] (

v0, v f
)

+
[ ∫

S2
G0,0
R (u, v, θ, φ)εS2

](u f ,v f )

(u f ,v0)
,

F0,0
u f

[R,
∧

S ′] (
v0, v f

) =
∫ v f

v0

∫

S2

[1

2
r4|� (1)

β ∧
S ′ |2

+
1

2
�2r4

(
| (1)

ρ ∧
S ′ |2 + | (1)

σ ∧
S ′ |2

)
− 3Mr |� (1)

η ∧
S ′ |2

]
dvεS2 ,

F0,0
v f

[R, ∨S
′] (

u0, u f
) =

∫ u f

u0

∫

S2

1

2
r4|� (1)

β
∨S

′ |2duεS2 + R(v f ).

Therefore, combining and using equation (86) from proposition 3.12 gives

∫ v f

v0

∫

S2

[r4

2
|� (1)

β ∧
S ′ |2 +

�2r4

2

(
| (1)

ρ ∧
S ′ |2 + | (1)

σ ∧
S ′ |2

) ]
dvεS2

+
∫ u f

u0

∫

S2

r4

2
|� (1)

β
∨S

′ |2duεS2 +
3M

2

∫

S2

∣∣∣r /∇ f �2

r

∣∣∣
2
εS2

∣∣∣
(u f ,v f )

=
∫ v f

v0

∫

S2
3Mr |� (1)

η ∧
S ′ |2dvεS2 + 3M

∫

S2

∣∣∣ f �
2

r

∣∣∣
2
εS2

∣∣∣
(u f ,v f )

+
∫

S2
G0,0
R (u, v, θ, φ)εS2

∣∣∣
(u f ,v0)

+ F0,0
v0

[R, ∨S
′](u0, u f )

+ F0,0
u0

[R, ∨S
′](v0, v f ) + R(v f ). (115)

The first two terms on the right-hand side of (115) is also controlled by (114). The last
two terms on the right hand side of (115) are equal to E

0,0
data[R](u f ). The remaining

G0,0
R is estimated by D

1
data(u f , v0) via (93). It follows that there exist constants C̃1, C̃2

depending only on M such that

∫ ∞

v0

∫

S2

[r4

2
|� (1)

β ∧
S ′ |2 +

�2r4

2

(
| (1)

ρ ∧
S ′ |2 + | (1)

σ ∧
S ′ |2

) ]
dvεS2 +

∫ u f

u0

∫

S2

r4

2
|� (1)

β
∨S

′ |2duεS2

+
∫

S2

3M

2

∣∣∣r /∇ f �2

r

∣∣∣
2
εS2

∣∣∣
(u f ,∞)

≤ E
0,0
data[R](u f ) + C̃1D

1
data(u f , v0)

+ C̃2

(
E

0,0
data[�](u f ) + C̃D

1
data(u f , v0)

)
,

which is the required estimate (100).
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3.5.4. Step 3: refined bounds on Cu f via elliptic and transport equations I We now use
the control obtained so far to deduce further bounds for quantities on the cone Cu f . We
begin with a flux bound:

Proposition 3.15. We have the following estimate along Cu f :

∫ ∞

v0

∫

S2

[
r2�2|[r /∇] (1)

χ̂ ∧
S ′ |2 + r2�2|[r /∇] (1)

η ∧
S ′ |2 + r2�2|[r /∇] (1)

η ∧
S ′ |2

]∣∣∣
u f
dvεS2

� E
0,0
data(u f ) . (116)

Proof. We begin with the bound on
(1)

χ̂ . From Codazzi, we have

|r /div(�
(1)

χ̂ ∧
S ′)|2 =

∣∣∣�2 (1)

η ∧
S ′ + r�

(1)

β ∧
S ′

∣∣∣
2 ≤ 2|�2 (1)

η ∧
S ′ |2 + 2|r� (1)

β ∧
S ′ |2

≤ 2
(
|� (1)

η ∧
S ′ |2 + r2|� (1)

β ∧
S ′ |2

)
,

hence
∫ ∞

v0

∫

S2
|r /div(�

(1)

χ̂ ∧
S ′)|2r2dvεS2 ≤ 2

∫ ∞

v0

∫

S2

(
|� (1)

η ∧
S ′ |2 + r2|� (1)

β ∧
S ′ |2

)
r2dvεS2 ,

the right-hand side of which we already control from (98) and (100). Next recall the
elliptic identity

∫

S2
|r /div(�

(1)

χ̂ ∧
S ′)|2εS2 = 1

2

∫

S2

[
|r /∇(�

(1)

χ̂ ) ∧
S ′ |2 + |2�

(1)

χ̂ ∧
S ′ |2

]
εS2 ,

which immediately yields the required estimate
∫ ∞

v0

∫

S2
||r /∇(�

(1)

χ̂ ∧
S ′)|2r2dvεS2

� E
0,0
data[R](u f ) + C

(
E

0,0
data[�](u f ) + C̃D

1
data(u f , v0)

)
.

We turn to the fluxes of
(1)

η,
(1)

η. In view of
(1)

η ∧
S ′ = − (1)

η ∧
S ′ along Cu f it suffices to show this

for [r /∇] (1)

η ∧
S ′ and in view of elliptic estimates to show this separately for r /div

(1)

η ∧
S ′ and

r /curl
(1)

η ∧
S ′ . The latter follows from (27) and control on the σ -flux in (100). For r /div

(1)

η ∧
S ′ ,

Lemma 3.9 gives
∫ ∞

v0

∫

S2

�2

r2 |r3( /div
(1)

η +
(1)

ρ) ∧
S ′ |2dvεS2 ≤ D

1
data(u f , v0)

∫ ∞

v0

�2

r2 dv = 1

2M
D

1
data(u f , v0).

Since we have control on the flux of |�r2 (1)

ρ|2 through (100), we conclude
∫ ∞

v0

∫

S2
r4|� /div

(1)

η ∧
S ′ |2dvεS2 ≤

∫ ∞

v0

∫

S2

(�2

r2 |r3( /div
(1)

η +
(1)

ρ) ∧
S ′ |2 + �2r4| (1)

ρ ∧
S ′ |2

)
dvεS2

� E
0,0
data(u f )

as desired. ��
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We next deduce a few L∞
v bounds for spheres along the cone Cu f , all of which rely

on the following basic transport lemma:

Lemma 3.16. Let ξ,� be S2
u,v tensors satisfying �/∇4ξ = �2� along the cone Cu for

some u0 ≤ u ≤ ∞. Then for any v ≥ v0:

‖ξ‖u,v ≤ ‖ξ‖u,v0 +
∫ v

v0

�2‖�‖u,v̄d v̄ ≤ ‖ξ‖u,v0 +
1√

r(u, v0)

√∫ v

v0

�2r2‖�‖2
u,v̄d v̄.

Proof. See Lemma 3.1 of [9] for the first inequality and apply Cauchy–Schwarz using
�2 = ∂vr for the second. ��
Proposition 3.17. We have

(1)

ω
∨S

′ = (1)

ω ∧
S ′ on the sphere S

2
u f ,∞. Moreover we have

sup
v∈[v0,∞)

‖ (1)

ω ∧
S ′ ‖2

u f ,v
� E

0,0
data(u f ) + D

1
data(u f , v0) . (117)

Proof. The claim
(1)

ω
∨S

′ = (1)

ω ∧
S ′ on S2

u f ,∞ is immediate from the relation
(1)

ω ∧
S ′ = (1)

ω
∨S

′ −
2 M
r3 �2 f (see Lemma 2.3) and the fact that f

r is bounded in the limit as v → ∞. As for

the relation at v = v0, we have
(1)

ω ∧
S ′ = (1)

ω
∨S

′ − M
r2 f0. Hence,

‖ (1)

ω ∧
S ′ ‖u f ,v0 ≤ ‖ (1)

ω
∨S

′ ‖u f ,v0 +
∥∥∥M

r2 f0
∥∥∥
u f ,v0

�
√
D

1
data . (118)

Finally, one applies the basic transport lemma to (28) resulting in the estimate

|| (1)

ω ∧
S ′ ||u f ,v ≤ || (1)

ω ∧
S ′ ||u f ,v0 +

∫ v

v0

∥∥∥�2 (1)

ρ ∧
S ′

∥∥∥
u f ,v

dv

≤ || (1)

ω ∧
S ′ ||u f ,v0 +

1

(r(u f , v0))
3
2

√∫ v

v0

r4�2
∥∥∥ (1)

ρ ∧
S ′

∥∥∥
2

u f ,v
dv ,

where we have applied Cauchy–Schwarz in the last step. Squaring and using (118) yields
(117). ��

We can also obtain uniform bounds along the cone Cu f for
(1)

χ̂ and
(1)

(�trχ):

Proposition 3.18. We have

sup
v∈[v0,∞)

‖r (1)

(�trχ) ∧
S ′ ‖2

u f ,v
� E

0,0
data(u f ) + D

1
data(u f , v0) , (119)

sup
v∈[v0,∞)

‖r� (1)

χ̂ ∧
S ′ ‖2

u f ,v
� E

0,0
data(u f ) + D

1
data(u f , v0) . (120)

Proof. Estimate (119) follows from control on this quantity on the sphere S2
u f ,v0

and

using the transport equation (17), which, in
∧

S ′-gauge along Cu f , can be written as

�/∇4(r
(1)

(�trχ)) = �2r
(

2 /div
(1)

η + 2
(1)

ρ
)

.
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Applying Lemma 3.16 we have

‖r (1)

(�trχ) ∧
S ′ ‖2

u f ,v
� ‖r (1)

(�trχ) ∧
S ′ ‖2

u f ,v0
+

∫ v

v0

�2r4‖( /div
(1)

η +
(1)

ρ) ∧
S ′ ‖2

u,v̄d v̄.

Note that the first term on the right can be converted to r
(1)

(�trχ)
∨S

′ using Lemma 2.3

after which it is controlled by D
1
data(u f , v0). The estimate (119) now follows from the

fluxes controlled in equation (100) and Proposition 3.15.
Estimate (120) is similar now using the transport equation (23), which along Cu f

takes the form

�/∇4

(
r�

(1)

χ̂
)

= �2�
(1)

χ̂ − 2�2r /D�
2

(1)

η .

Applying Lemma 3.16 we have

‖r� (1)

χ̂ ∧
S ′ ‖2

u f ,v
� ‖r� (1)

χ̂ ∧
S ′ ‖2

u f ,v0

+
∫ v

v0

�2r2‖r /D�
2

(1)

η ∧
S ′ ‖2

u f ,v̄
d v̄ +

∫ v

v0

�2r2‖� (1)

χ̂ ∧
S ′ ‖2

u f ,v̄
d v̄ .

Note that the first term on the right can be converted to
(1)

χ̂
∨S

′ using Lemma 2.3 after which

it is controlled by D
1
data(u f , v0). The estimate (120) follows from the fluxes controlled

in (100) and Proposition 3.15. ��

3.5.5. Step 4: proof of the angular commuted conservation law We now prove (104).
Let us fix the notation that

F0,1
v [R, ∨S

′](u0, u) =
∑
|k|=1

F0,k
v [R, ∨S

′](u0, u),

F0,1
u [R, ∨S

′](v0, v) =
∑
|k|=1

F0,k
u [R, ∨S

′](v0, v).

We apply the once angular commuted second conservation law (with summation):

F0,1
v f

[R, ∨S
′](u0, u f ) + F0,1

u f
[R, ∨S

′](v0, v f )

= F0,1
v0

[R, ∨S
′](u0, u f ) + F0,1

u0
[R, ∨S

′](v0, v f ) ,

where, using Proposition 2.10 and Proposition 2.2, we have

F0,1
u f

[R, ∨S
′] (

v0, v f
) = F0,1

u f
[R,

∧
S ′] (

v0, v f
)

+

[∫

S2
G0,1
R (u, v, θ, φ)εS2

](u f ,v f )

(u f ,v0)

,

F0,1
u f

[R,
∧

S ′] (
v0, v f

) =
∫ v f

v0

∫

S2

[1

2
r4|[r /∇]� (1)

β ∧
S ′ |2 +

1

2
r4|� (1)

β ∧
S ′ |2

+
1

2
�2r4

(
|[r /∇] (1)

ρ ∧
S ′ |2 + |[r /∇] (1)

σ ∧
S ′ |2

)

− 3Mr |[r /∇]� (1)

η ∧
S ′ |2 − 3Mr |� (1)

η ∧
S ′ |2

]
dvεS2 ,
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F0,1
v f

[
R, ∨S

′] (
u0, u f

) =
∫ u f

u0

∫

S2

[1

2
r4|[r /∇]� (1)

β
∨S

′ |2 +
1

2
r4|� (1)

β
∨S

′ |2
]
duεS2 + R(v f ).

Therefore, combining, and using Proposition 3.12, gives
∫ v f

v0

∫

S2

[1

2
r4|[r /∇]� (1)

β ∧
S ′ |2 +

1

2
r4|� (1)

β ∧
S ′ |2

+
1

2
�2r4(|[r /∇] (1)

ρ ∧
S ′ |2 + |[r /∇] (1)

σ ∧
S ′ |2

)]
dvεS2

+
∫

S2

[3M

2

∣∣∣[r /∇]2 f �2

r

∣∣∣
2
εS2

∣∣∣
v f

+
∫ u f

u0

∫

S2

[1

2
r4|[r /∇]� (1)

β
∨S

′ |2 +
1

2
r4|� (1)

β
∨S

′ |2
]
duεS2

= F0,1
v0

[R, ∨S
′](u0, u f ) + F0,1

u0
[R, ∨S

′](v0, v f )

+
∫

S2
3M

∣∣∣r /∇ f �2

r

∣∣∣
2
εS2

∣∣∣
(u f ,v f )

+ R(v f ) +
∫

S2
G0,1
R (u, v, θ, φ)εS2

∣∣∣
(u f ,v0)

+
∫ v f

v0

∫

S2

[
3Mr |[r /∇]� (1)

η ∧
S ′ |2 + 3Mr |� (1)

η ∧
S ′ |2

]
dvεS2 .

Taking the limit v f → ∞ the desired estimate (104) follows after using that we have
control over the terms on the right-hand side from (94) and (100) and Proposition 3.15.

3.5.6. Step 5: closing the once T -commuted �-estimate We now prove (106). We apply
the first conservation law now once LT -commuted:

F1,0
v f

[�, ∨S
′](u0, u f ) + F1,0

u f
[�, ∨S

′](v0, v f )

= F1,0
v0

[�, ∨S
′](u0, u f ) + F1,0

u0
[�, ∨S

′](v0, v f ) . (121)

By the change of gauge formula on the coneCu f of Proposition 2.10 and Proposition 3.12
we have

F1,0
u f

[�, ∨S
′] (

v0, v f
) = F1,0

u f
[�,

∧
S ′] (

v0, v f
) −

∫

S2
G1,0

� (u, v, θ, φ)εS2

∣∣∣
(u f ,v0)

− r3

2�2

∫

S2
T

(1)

(�trχ)
∨S

′ T
(1)

(�trχ)
∨S

′εS2

∣∣∣
(u f ,v f )

+ R(v f ) ,

(122)

with the new flux given by

F1,0
u f

[�,
∧

S ′] (
v0, v f

) =
∫ v f

v0

∫

S2

[
| /∇T�

(1)

χ̂ ∧
S ′ |2 + 2�2| /∇T

(1)

η ∧
S ′ |2

− 2 /∇T
(1)

ω ∧
S ′ /∇T

(1)

(�trχ) ∧
S ′ − 1

2
[ /∇T

(1)

(�trχ) ∧
S ′ ]2

+
4M

r2
/∇T

( (1)

�

�

)
∧

S ′
/∇T

(1)

(�trχ) ∧
S ′

]
r2dvεS2 . (123)
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For the ingoing cone Cv f
we have from (97) the limiting expression

F1,0
v f

[�, ∨S
′] (

u0, u f
) =

∫ u f

u0

∫

S2
| /∇T�

(1)

χ̂
∨S

′ |2r2duεS2

+

[
r3

2

∫

S2
T

(1)

(�trχ)
∨S

′ T
(1)

(�trχ)
∨S

′εS2

](u f ,∞)

(u0,∞)

+ R(v f ) .

Note the cancellation that is going to appear on the sphere S2
u f ,∞ when taking the limit

v f → ∞ of (121) and inserting the above expressions.
We next evaluate the non-coercive cross-terms in (123). Using Proposition 2.12 in

the
∧

S ′ gauge we have (all quantities appearing on the right being with respect to the

solution
∧

S ′)

2T
(1)

(�trχ) ∧
S ′ = 2�2( /div

(1)

η +
(1)

ρ) − �2

r

(1)

(�trχ), (124)

2T
(1)

(�trχ) ∧
S ′ = 2�2( /div

(1)

η +
(1)

ρ) +
1

r

(
1 − 4M

r

)
(1)

(�trχ) − 4�2

r
(1)

ω, (125)

2T
(1)

ω ∧
S ′ = −�2 (1)

ρ, (126)

2T
(
�−1 (1)

�
)

∧
S ′ = (1)

ω. (127)

We therefore have∣∣∣∣
∫ v f

v0

∫

S2

[
− 2 /∇T

(1)

ω ∧
S ′ /∇T

(1)

(�trχ) ∧
S ′ − 1

2
[ /∇T

(1)

(�trχ) ∧
S ′ ]2

+
4M

r2
/∇T

( (1)

�

�

)
∧

S ′
/∇T

(1)

(�trχ) ∧
S ′

]
r2dvεS2

∣∣∣∣

�
∫ v f

v0

∫

S2

�2

r2

[
| (1)

ω|2 + |r (1)

(�trχ)|2 + r4| /div
(1)

η +
(1)

ρ|2 + r2| /div
(1)

η +
(1)

ρ|2
]
dvεS2

+
∫ v f

v0

∫

S2
�2r4| (1)

ρ|2dvεS2

� E
0,0
data(u f ) + D

1
data(u f , v0) , (128)

with the last step following from Proposition 3.17, 3.18 and 3.15 as well as the fluxes
controlled by (100).

We conclude from (121) and (91) after inserting the previous estimates and taking
the limit v f → ∞

∫ u f

u0

∫

S2
| /∇T�

(1)

χ̂
∨S

′ |2(u,∞)r2duεS2

+
∫ ∞

v0

∫

S2

[
| /∇T�

(1)

χ̂ ∧
S ′ |2 + 2�2| /∇T

(1)

η ∧
S ′ |2

]
r2dvεS2

≤ F1,0
v0

[�, ∨S
′](u0, u f ) + F1,0

u0
[�, ∨S

′](v0,∞)

+
r3

2

∫

S2
T

(1)

(�trχ)
∨S

′ T
(1)

(�trχ)
∨S

′εS2

∣∣∣
(u0,∞)

+ C
(
E

0,0
data(u f ) + D

1
data(u f , v0)

)
.



  138 Page 42 of 56 S. C. Collingbourne, G. Holzegel

The estimate (106) now follows after recalling the definition (65).

3.5.7. Step 6: closing the once T -commutedR-estimate We now prove (108). We apply
the second conservation law now once LT -commuted:

F1,0
v f

[R, ∨S
′](u0, u f ) + F1,0

u f
[R, ∨S

′](v0, v f )

= F1,0
v0

[R, ∨S
′](u0, u f ) + F1,0

u0
[R, ∨S

′](v0, v f ) .

By the change of gauge formula on the cone Cu f of Proposition 2.10 we have

F1,0
u f

[R, ∨S
′] (

v0, v f
) = F1,0

u f
[R,

∧
S ′] (

v0, v f
)

+

[∫

S2
G1,0
R (u, v, θ, φ)εS2

](u f ,v f )

(u f ,v0)

,

(129)

with the new flux given by

F1,0
u f

[R,
∧

S ′] (v0, v)

=
∫ v f

v0

∫

S2

[1

2
r4| /∇T�

(1)

β|2 +
1

2
�2r4

(
|T (1)

ρ|2 + |T (1)

σ |2
)

− 3Mr | /∇T�
(1)

η|2

+ 3MrT
(1)

ωT
(1)

(�trχ) + 3M

(
1 − 4M

r

)
T

(1)

(�trχ) T
( (1)

�

�

)]
dvεS2 . (130)

Using (43) we also have the limiting flux

lim
v f →∞ F1,0

v f

[
R, ∨S

′] (
u0, u f

) =
∫ u f

u0

∫

S2

1

2
r4| /∇T�

(1)

β|2(u,∞)duεS2 .

We estimate (plugging in the expressions (124)–(127) in the integrand) the non-coercive
terms in (130):

∣∣∣∣
∫ v f

v0

∫

S2

[
− 3Mr | /∇T�

(1)

η|2 + 3MrT
(1)

ωT
(1)

(�trχ)

+ 3M

(
1 − 4M

r

)
T

(1)

(�trχ) T
( (1)

�

�

)]
dvεS2

∣∣∣∣

�
∫ v f

v0

∫

S2

�2

r2

[
r2| /div

(1)

η +
(1)

ρ|2 + r4| /div
(1)

η +
(1)

ρ|2 + | (1)

ω|2 + (r
(1)

(�trχ))2
]
dvεS2

+
∫ v f

v0

∫

S2
r | /∇T

(1)

η|2dvεS2

� E
0,0
data(u f ) + D

1
data(u f , v0) , (131)

where we use (106) to estimate the /∇T
(1)

η-flux. In summary, using also the estimates for

G1,0
R from (95) and (85) (the latter in conjunction with Proposition 3.17) we deduce
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∫ u f

u0

∫

S2

1

2
r4| /∇T�

(1)

β|2(u,∞)duεS2

+
∫ ∞

v0

∫

S2

[
1

2
r4| /∇T�

(1)

β|2 +
1

2
�2r4

(
|T (1)

ρ|2 + |T (1)

σ |2
) ]

(u f , v)dvεS2

≤ F1,0
v0

[R, ∨S
′](u0, u f ) + F1,0

u0
[R, ∨S

′](v0, v f )

+ C
(
E

0,0
data(u f ) + D

1
data(u f , v0)

)

≤ E1,0
data[R](u f ) + C

(
E

0,0
data(u f ) + D

1
data(u f , v0)

)
.

The estimate (108) follows after recalling the definition (66).

3.5.8. Step 7: refined bounds on Cu f via transport equations II With (108) proven we

now obtain control for the flux of angular derivatives of
(1)

β:

Proposition 3.19. We have the estimates
∫ ∞

v0

∫

S2
|[r /∇]2

(1)

χ̂ ∧
S ′ |2r2�2

∣∣∣
u=u f

dvεS2 � E
1,0
data(u f ) ,

∫ ∞

v0

∫

S2
�2r2|[r /∇] (1)

β ∧
S ′ |2

∣∣∣
u=u f

dvεS2 � E
1,0
data(u f ) .

Proof. For the bound on
(1)

χ̂ we note that the Codazzi equation implies

/��
(1)

χ̂ = 2�2

r
/D�

2
(1)

η − /D�
2 /∇ (1)

(�trχ) +
2

r2 �
(1)

χ̂ + 2 /D�
2�

(1)

β. (132)

By standard elliptic estimates the Laplacian controls all second derivatives up to lower
order terms which are in turn controlled by Proposition 3.15. The right hand side of

(132) is easily controlled since
(1)

(�trχ) vanishes on Cu f in
∧

S ′-gauge and the remaining
terms are controlled by Proposition 3.15 and (104).

For the bound on
(1)

β we compute

/div�
(1)

β = −�/∇3
(1)

ρ +
3M

r3

(1)

(�trχ) +
3�2

r
(1)

ρ

= −2T
(1)

ρ + /div�
(1)

β − 3M

r3

(1)

(�trχ) − 3M

r3

(1)

(�trχ) ,

/curl�
(1)

β = −�/∇3
(1)

σ +
3�2

r
(1)

σ = −2T
(1)

σ − /curl�
(1)

β , (133)

to conclude (note
(1)

(�trχ) vanishes along Cu f in the
∧

S ′-gauge)

| /∇�
(1)

β ∧
S ′ |2 � |T (1)

ρ ∧
S ′ |2 + |T (1)

σ ∧
S ′ |2 + | /∇�

(1)

β ∧
S ′ |2 +

1

r6 | (1)

(�trχ) ∧
S ′ |2 . (134)

The result follows after multiplying with r4�2 and integrating using (108), (104) and
the bound (119). ��



  138 Page 44 of 56 S. C. Collingbourne, G. Holzegel

We next prove a higher order version of Proposition 3.17:

Proposition 3.20. We have
(1)

ω
∨S

′ = (1)

ω ∧
S ′ on the sphere S

2
u f ,∞. Moreover, we have

sup
v∈[v0,∞)

‖[r /∇] (1)

ω ∧
S ′ ‖2

u f ,v
� E

0,1
data(u f ) + D

1
data(u f , v0) , (135)

and

||∂u (1)

ω ∧
S ′ ||2u f ,v

� E
1,0
data(u f ) + D

2
data(u f , v0) . (136)

We also have the top order bound

sup
v∈[v0,∞)

‖�S2
(1)

ω ∧
S ′ − r2 /div�

(1)

β ∧
S ′ ‖2

u f ,v
� E

1,0
data(u f ) + D

2
data(u f , v0) . (137)

Proof. The estimate (135) is proven as the estimate (117) in Proposition 3.17 with one
angular commutation which we leave to the reader.

For (136), one can compute from Bianchi and commuting partials that in the
∧

S ′
gauge along Cu f

∂v(∂u
(1)

ω) = �2
[(4M

r2 − 3�2

r

)
(1)

ρ + /div(�
(1)

β) − 3M

r3

(1)

(�trχ) +
4M

r3
(1)

ω
]
.

From Lemma 3.16 we deduce the estimate

||∂u (1)

ω ∧
S ′ ||u f ,v � ||∂u (1)

ω ∧
S ′ ||u f ,v0

+

√∫ v

v0

�2

(
‖ (1)

ρ‖2
u f ,v̄

+ ‖r /div(�
(1)

β)‖2
u f ,v̄

+
1

r4

[
‖ (1)

(�trχ)‖2
u f ,v̄

+ ‖ (1)

ω‖2
u f ,v̄

])
d v̄.

The flux is controlled using (100), Proposition 3.19, (117) and (119) while for the data
term we can use

∂u
(1)

ω ∧
S ′(u f , v0) = ∂u

(1)

ω
∨S

′(u f , v0) − 3M

r3 �2 f0 +
2M2

r4 f0 ,

whose right-hand side is easily controlled by D
2
data(u f , v0).

Turning to (137) we note that from commuting the transport equation for
(1)

ω we can
derive

�/∇4(r
2 /�

(1)

ω) = −�2r2 /�
(1)

ρ +
4M

r3 �2�S2�−1 (1)

� . (138)

Renormalising with the (commuted) Bianchi equation (38) we deduce

�/∇4(r
2 /�

(1)

ω − 1

r
r3 /div�

(1)

β) = �2r /div�
(1)

β − 6M

r
�2 /div

(1)

η +
4M

r3 �2�S2�−1 (1)

�

= −2�2rT
(1)

ρ + �2r /div�
(1)

β − 3M

r3 �2r
(1)

(�trχ)

− 3M

r3 �2r
(1)

(�trχ) − 6M

r
�2 /div

(1)

η +
4M

r3 �2�S2�−1 (1)

�, (139)
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where the second equality follows from inserting the Bianchi equation (35). Restricting

now to the solution in the gauge
∧

S ′, we can integrate the right hand side in v along Cu f

using Cauchy–Schwarz and the fluxes already controlled (recall also that
(1)

(�trχ) ∧
S ′ = 0

along Cu f ) to obtain (137) but with the term ‖�S2
(1)

ω ∧
S ′ −r2 /div�

(1)

β ∧
S ′ ‖2

u f ,v0
on the right-

hand side. From Lemma 2.3 we have the relation

r2 /�
(1)

ω ∧
S ′ − r2 /div�

(1)

β ∧
S ′ = r2 /�

(1)

ω
∨S

′ − r2 /div�
(1)

β
∨S

′ +
4M

r
�2 /� f ,

whose right-hand side is easily controlled by D
2
data(u f , v0). ��

Corollary 3.21. We have the following flux bound along Cu f :∫ ∞

v0

∫

S2

�2

r2

∣∣∣�S2
(1)

ω ∧
S ′

∣∣∣
2∣∣∣
u=u f

dvεS2 ≤ E
1,0
data(u f ) + D

2
data(u f , v0) . (140)

Remark 3.22. Note that (140) controls all derivatives up to order two by elliptic estimates
and the fact that

(1)

ω is supported on � ≥ 2.

Proof. The estimate follows from the bound (137) on the spheres S2
u f ,v

and the fact that

the flux of �2| /div�
(1)

β|2 can be controlled by (108), (104) and (119) after plugging these
estimates into the identity

r2 /div�
(1)

β = −2r2T
(1)

ρ + r2 /div�
(1)

β − 3M

r3 r2
(1)

(�trχ) +
3M

r3 r2
(1)

(�trχ) .

��
3.5.9. Step 8: closing the twice T -commuted �-estimate We finally prove (111). To do
this we finally apply the first conservation law with two LT -commutations:

F2,0
v f

[�, ∨S
′](u0, u f ) + F2,0

u f
[�, ∨S

′](v0, v f )

= F2,0
v0

[�, ∨S
′](u0, u f ) + F2,0

u0
[�, ∨S

′](v0, v f ) . (141)

By the gauge change formula onCu f in Proposition 2.10 and (83) from Proposition 3.12,
we have

F2,0
u f

[�, ∨S
′] (v0, v)

= F2,0
u f

[�,
∧

S ′] (v0, v) −
∫

S2
G2,0

� (u, v, θ, φ)εS2

∣∣∣
(u f ,v0)

− r3

2�2

∫

S2
T 2

(1)

(�trχ)
∨S

′ T 2
(1)

(�trχ)
∨S

′εS2

∣∣∣
(u f ,v f )

+ R(v f ), (142)

with the new flux given by

F2,0
u f

[�,
∧

S ′] (
v0, v f

)

=
∫ v f

v0

∫

S2

[
|[ /∇T ]2�

(1)

χ̂ ∧
S ′ |2 + 2�2|[ /∇T ]2 (1)

η ∧
S ′ |2 − 2[ /∇T ]2 (1)

ω ∧
S ′ [ /∇T ]2

(1)

(�trχ) ∧
S ′

− 1

2
|[ /∇T ]2

(1)

(�trχ) ∧
S ′ |2 +

4M

r2 [ /∇T ]2
( (1)

�

�

)
∧

S ′ [ /∇T ]2
(1)

(�trχ) ∧
S ′

]
r2duεS2 . (143)
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For the term G2,0
� appearing in (142) we can apply the estimate (92). For the ingoing

cone Cv f
we have from (97) the limiting expression

F2,0
v f

[
�, ∨S

′] (
u0, u f

) =
∫ u f

u0

∫

S2
|[ /∇T ]2�

(1)

χ̂
∨S

′ |2r2duεS2

+

[
r3

2

∫

S2
T 2

(1)

(�trχ)
∨S

′ T 2
(1)

(�trχ)
∨S

′εS2

](u f ,∞)

(u0,∞)

+ R(v f ).

Note the cancellation that is going to appear on the sphere S2
u f ,∞ when taking the limit

v f → ∞ of (141) and inserting the above expressions.
We next evaluate the non-coercive cross-terms in (143). From Proposition 2.12 we

have, using the properties of the
∧

S ′ gauge (see Proposition 3.1), the following identities
along Cu f :

4T 2
(1)

(�trχ) = 2�2ρ
(1)

ω − 2�2

r
2�2 (1)

ρ +
�2

r

2�2

r
(1)

ω +
2�2M

r2 ( /div
(1)

η +
(1)

ρ)

− �2
[
2� /div

(1)

β +
3

2
ρ

(1)

(�trχ)
]

+ 2�2 /�
(1)

ω,

4T 2
(1)

(�trχ) = −2�2

r

[
∂u

(1)

ω − 2�2 (1)

ρ
]

− �2

r

[2M

r2

(1)

(�trχ) +
2�2

r
(1)

ω
]

− M�2

r2

[
2( /div

(1)

η +
(1)

ρ) − 2M

r2

(1)

(�trχ)

�2

]
+ �2

[
2� /div

(1)

β − 3

2
ρ

(1)

ω
]
,

4T 2 (1)

ω = −2ρ�2 (1)

ω − 2�2ω
(1)

ρ − �2
[
2 /div�

(1)

β − /div�
(1)

β − 3�2

r
(1)

ρ − 3M

r3

(1)

(�trχ)
]
,

4T 2(�−1 (1)

�
) = −2�2 (1)

ρ + ∂u
(1)

ω .

We therefore have (all integrals being along Cu f and all quantities with respect to the

solution
∧

S ′)
∣∣∣∣
∫ v f

v0

∫

S2

[
− 2 /∇2

T
(1)

ω /∇2
T

(1)

(�trχ) − 1

2
[ /∇2

T

(1)

(�trχ)]2

+
4M

r2
/∇2
T

( (1)

�

�

)
/∇2
T

(1)

(�trχ)
]
r2dvεS2

∣∣∣∣

�
∫ v f

v0

∫

S2

�2

r2

[
| (1)

ω|2 + |∂u (1)

ω|2 + | /div
(1)

η +
(1)

ρ|2

+ | /div
(1)

η +
(1)

ρ|2 + |�S2
(1)

ω|2 + |r (1)

(�trχ)|2
]
dvεS2

+
∫ v f

v0

∫

S2
�2

[
|r (1)

ρ|2 + |r2 /div(�
(1)

β)|2 + |r2 /div(�
(1)

β)|2
]
dvεS2

� E
1,0
data(u f ) + D

2
data(u f , v0) , (144)

where the last inequality follows from Corollary 3.21, Propositions 3.15, 3.17, 3.18,
3.19, 3.20, and the estimate in equation (104).
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We finally conclude from (141) after taking the limit v f → ∞ and inserting previous
estimates

∫ u f

u0

∫

S2
|[ /∇T ]2�

(1)

χ̂
∨S

′ |2r2dvεS2 +
∫ ∞

v0

∫

S2

[
|[ /∇T ]2�

(1)

χ̂ ∧
S ′ |2 + 2�2|[ /∇T ]2 (1)

η ∧
S ′ |2

]
r2duεS2

� r3

2

∫

S2
T 2

(1)

(�trχ)
∨S

′ T 2
(1)

(�trχ)
∨S

′εS2

∣∣∣
(u0,∞)

+ F2,0
v0

[�, ∨S
′](u0, u f )

+ F2,0
u0

[�, ∨S
′](v0,∞) + C

(
E

1,0
data(u f ) + D

2
data(u f , v0)

)

= E
2,0
data[�](u f ) + C

(
E

1,0
data(u f ) + D

2
data(u f , v0)

)
,

where we have inserted the definition (65) in the last step. This is (111).

3.6. Proof of Theorem 3.7. In this section we prove (70) and (71). Note that it suffices
to prove (70) and (71) without the zeroth order term as the latter is controlled directly
from the angular term by an elliptic estimate.

Before we begin, we first use the fluxes already controlled through (68) to prove
another flux estimate:

Proposition 3.23. We have the following estimate for
(1)

β ∧
S ′ along Cu f :

∫ ∞

v0

∫

S2
r2�2| /∇T (�

(1)

β) ∧
S ′ |2dvεS2 � E

2
data(u f ). (145)

Proof. Solving (55) for
(1)

β and applying /∇T with (56) from Proposition 2.12 yields

/∇T�
(1)

β = 2 /∇T /∇T
(1)

η − /∇T (�
(1)

β) +
�2

r

(
/∇ (1)

ω + /∇ (1)

ω
)

− /∇ (
�/∇4

(1)

ω
)

+ �2 /∇ (1)

ρ − 2M�2

r3

(
(1)

η +
(1)

η
)

. (146)

Since
(1)

ω ∧
S ′ = 0 , (

(1)

η +
(1)

η) ∧
S ′ = 0 along Cu f by Proposition 3.1, we have from (146) in

∧
S ′-gauge along Cu f

| /∇T (�
(1)

β) ∧
S ′ |2 � | /∇T (�

(1)

β) ∧
S ′ |2 + | /∇T /∇T

(1)

η ∧
S ′ |2

+
�4

r4 |[r /∇] (1)

ω ∧
S ′ |2 +

�4

r2 |[r /∇] (1)

ρ ∧
S ′ |2 . (147)

Integrating with respect to the measure �2r2dvεS2 , the result follows from (68) and
Proposition 3.20. ��

In the following, all quantities are with respect to the solution
∧

S ′. Recall also that
(1)

α ∧
S ′ = (1)

α
∨S

′ .

We first prove (71). To control the /∇A-part of the flux, we write (39) using (38) as

/divA = 2 /∇T (r�
(1)

β) − �2[r /D�
1]( (1)

ρ,
(1)

σ) − 6M�2

r2
(1)

η − 2�2(�
(1)

β),
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whence

| /divA|2 ≤ 16
(
| /∇T (r�

(1)

β)|2 + �2|[r /∇] (1)

ρ|2 + �2|[r /∇] (1)

σ |2 +
6M�4

r4 | (1)

η|2 + |� (1)

β|2
)

.

(148)

Integrating this along the cone Cu f with respect to the measure r2�2dvεS2 gives the
desired control after using Proposition 3.23 and (68). For �/∇4A-part of the flux, we
write (40) as

�/∇4A = 2�2r /D�
2�

(1)

β +
6M�2

r2 �
(1)

χ̂ .

Therefore,

|�/∇4A|2 � �4|[r /∇]� (1)

β|2 +
�4

r4 |� (1)

χ̂ |2.

Integrating this along the cone Cu f with respect to the measure r2dvεS2 we obtain the
desired control after using Proposition 3.19 and (120).

We now prove (70). For the angular part of the flux on the left, we write (32) and (33)
as

/divA = 2 /∇T (r�
(1)

β) + 2
(

1 − 4M

r

)
�

(1)

β − �2[r /D�
1](− (1)

ρ,
(1)

σ) +
6M�2

r2 η.

Therefore, we can estimate

| /divA|2 � |r /∇T (�
(1)

β)|2 + |� (1)

β|2 + �4|r /∇ (1)

ρ|2 + �4|r /∇ (1)

σ |2 +
M2

r4 �4| (1)

η|2 . (149)

Integrating over the cone Cu f with respect to the measure r2dvεS2 the result follows
from estimating the terms on the right hand side by (68) and using the elliptic divergence
identity | /∇A|2 + 2

r2 |A|2 = 2| /divA|2 + /div(·). In particular, we also control A itself.

We gain control of r2�/∇3A using the Bianchi equation (31),

r2�/∇3A = 2r2�2[r /D�
2](�

(1)

β) − 6M�2�
(1)

χ̂ .

This lets us estimate �/∇4A using that �/∇4A = 2 /∇T A − �/∇3A. So,

r4|�/∇3A|2 � r4|r�2 /D�
2(�

(1)

β)|2 + �4|� (1)

χ̂ |2, (150)

|�/∇4A|2 � | /∇T A|2 + |�/∇3A|2 . (151)

We now have control on r4|�/∇3A|2 since we control the right hand side of (150)
via (104) and (114). Additionally, to control |�/∇4A|2 we now need to estimate | /∇T A|2
and use (151). To estimate the | /∇T A|2-term we use (21) and �/∇4 = 2 /∇T − �/∇3

−A = 2 /∇T (r�
(1)

χ̂ ) + 2�2r /D�
2

(1)

η + �2�
(1)

χ̂ − 2ωr�
(1)

χ̂ + �2�
(1)

χ̂ .

We apply /∇T to deduce an estimate for | /∇T A|2. This yields

| /∇T A|2 � | /∇T /∇T (r
(1)

χ̂�)|2 + �4| /∇T [r /∇] (1)

η|2 + �4| /∇T (�
(1)

χ̂ )|2 +
1

r2 | /∇T (�r
(1)

χ̂ )|2.
(152)
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It is now manifest that integrating over the cone Cu f with respect to the measure dvεS2 ,

one can control all terms on the right hand side by (68), except the terms �4| /∇T (�
(1)

χ̂ )|2
and �4| /∇T [r /∇] (1)

η|2.

To deal with the term | /∇T (�r
(1)

χ̂ )|2, we combine (21) and (23) to write

/∇T (�
(1)

χ̂ ) = − 1

2r
A − M

r2 (�
(1)

χ̂ ) +
�2

2r

[
�

(1)

χ̂ + �
(1)

χ̂
]

− �2 /D�
2

(1)

η.

It follows that

�4| /∇T (�
(1)

χ̂ )|2 � �4

r2 |A|2 +
�4

r4 |r� (1)

χ̂ |2 +
�8

r2 |� (1)

χ̂ |2 +
�8

r2 |r /∇ (1)

η|2 . (153)

After integrating with respect to the measure dvεS2 over Cu f one controls all terms on
the right through (71), (120) and Proposition 3.15 respectively.

For the term �4| /∇T [r /∇] (1)

η|2 we recall (54) to estimate

�4| /∇T [r /∇] (1)

η|2 � �4|r /∇ (1)

β|2 + �4|r /∇ (1)

β|2 +
�4

r2 |r /∇ (1)

η|2 +
�4

r2 |r /∇ (1)

η|2 +
�4

r2 |r2 /∇ /∇ (1)

ω|2 .

(154)

After integrating with respect to the measure dvεS2 over Cu f one controls all terms
on the right through (68), Proposition 3.19, Proposition 3.15 and Corollary 3.21. This
completes the proof of (70).

4. Controlling the Teukolsky Fluxes Along Ingoing Cones

In this final section we obtain bounds analogous to the ones appearing in Theorem 3.7
but on the ingoing cones. A natural approach would be to repeat the arguments of Sect. 3
now changing the gauge on the ingoing cone to satisfy

(1)

(�trχ) ∧
S ′ = 0. However, this

argument does not seem to close as the change of gauge now produces a term of the wrong
sign as opposed to the good term on null infinity (the first term in (52)) generated in the
outgoing argument. We remedy this by obtaining the ingoing flux through a standard
energy estimate for the Teukolsky equation itself. The main idea is that the spacetime
term produced by the first order term in the Teukolsky equation (which a priori could
lead to exponential growth) can grow at most linearly in time by the estimate we already
proved on the outgoing flux.

4.1. TheTeukolsky equations for A and A. We recall the form of the Teukolsky equations
for the quantities A = r�2 (1)

α and A = r�2 (1)

α.8

�/∇4(�/∇3A) − �2 /�A +
4(r − 3M)

r2 �/∇3A +
2�2(r + 3M)

r3 A = 0 (155)

�/∇4(�/∇3A) − �2 /�A − 4(r − 3M)

r2 �/∇4A +
2�2(r + 3M)

r3 A = 0 (156)

8 Of course they can also be derived directly from the equations of Sect. 2.2.
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While the equations take a nice “symmetric" form when written in this way, we recall
from the well-posedness theory (see (44)) that it is A and A�−4 which extend regularly
to the horizon. For Â = �−4A we have the equation

�/∇4(�/∇3Â) − �2 /�Â − 4�2

r
�/∇4Â +

4M

r2 �/∇3Â +
2(r − M)�2

r3 Â = 0 . (157)

4.2. Energies and fluxes. We define for v ≥ v0 the fluxes

F[A](v) =
∫ ∞

u0

�2
[
|�−1 /∇3A|2 +

|[r /∇]A|2 + |A|2
r2

]
duεS2 ,

F[A](v) =
∫ ∞

u0

�2
[
|�−1 /∇3(A�−4)|2 +

|[r /∇](A�−4)|2 + |(A�−4)|2
r2

]
duεS2 .

(158)

Note that these fluxes are the non-degenerate (near the horizon) energy fluxes natu-
rally associated with the Teukolsky operator when contracted with a globally timelike
vectorfield which asymptotically becomes ∂t .

4.3. The main result. We obtain the following estimates along arbitrary ingoing cones:

Corollary 4.1. Under the assumptions of Theorem 3.7 we have in addition the bounds

sup
v≥v0

F[A](v) ≤ C · F[A](v0) + CD , (159)

sup
v≥v0

F[A](v) ≤ C · F[A](v0) + CD , (160)

where D := supu f ∈[u0,∞) E
2
data(u f )withE2

data(u f ) the quantity appearing on the right
hand side of (70).

We will prove the estimate (159) in Sect. 4.4 and the estimate (160) in Sect. 4.5.
We let N be the redshift vectorfield from [16]. In particular, for parameters σ > 0,

2M < r0 < 7/4M , we let N = χ(r)
(
1 + 2 Mσ�2

)
�−1e3 +

(
1 + 2 Mσ�2χ(r)

)
T

where χ is a radial monotonically decreasing cut-off function equal to 1 in [2 M, r0] and
equal to zero for r ≥ R := 5/2 M . Note that N is uniformly timelike for r ≥ 2M and
that N = T for r ≥ R. In the following, C denotes a constant depending only on σ and
r0, which may change from line to line.

4.4. Proof of the estimate on A. We start by applying the energy estimate associated to
the N multiplier for the Teukolsky equation (155) in a region A(v1, v2) := [u0,∞) ×
[v1, v2] × S

2 for arbitrary v0 ≤ v1 ≤ v2 < ∞.
Fixing σ and r0, we obtain9

9 For the argument in this subsection any choice of σ, r0 will work since one does not have to exploit that
the spacetime term produced by the N -multiplier estimate has a favourable sign in 2 M ≤ r ≤ r0 for a suitable
choice of σ and r0.
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Fig. 2. The region A = A1 ∪ A2 ∪ A3 on the exterior of Schwarzchild which we apply the energy estimate
for the globally timelike vector field N

F[A](v2) ≤ C · F[A](v1) + CD

+ C
∫ v2

v1

∫ ∞

u0

∫

S2

[
1

r
| /∇N A|| /∇3A| + 1r≤R�2|DA|2

]
dudvεS2 . (161)

Here the first term in the integrand on the right comes from the first order term in the
Teukolsky equation while the second term comes from the fact that the vectorfield N
is not Killing for r ≤ R. In particular, 1r≤R is the indicator function and |DA|2 =
|�−1 /∇3A|2 + |�/∇4A|2 + | /∇A|2 denotes the sum of all regular derivatives squared. The
first two terms on the right come from controlling the fluxes on v = v1 and u = u0
respectively (using Theorem 3.7 for the latter). The term on the left comes from the
positive future flux on v = v2 (the good term appearing on the horizon we simply drop).

Denoting D = supu f
E

2
data(u f ), we claim that the estimate of Theorem 3.7 implies

the estimate
∫ ∞

u0

∫ v2

v1

∫

S2
dudvdθdφ sin θ�2

[
|�−1 /∇3A|2 +

|�/∇4A|2 + |r /∇A|2 + |A|2
r2

]

≤ CD (v2 − v1) + CD . (162)

To verify (162) we split the domain of integration A(v1, v2) = A = A1 ∪ A2 ∪ A3
where A1 = A ∩ {u ≥ v2 − R�}, A2 = A ∩ {v1 − R� ≤ u ≤ v2 − R�} and A3 =
A∩ {u ≤ v1 − R�}, so that the decomposition is disjoint up to a set of measure zero, as
indicated in the figure above. For A1 one then observes that

∫ ∞

v2−R�

du
∫ v2

v1

dv

∫

S2
�2

[
|�−1 /∇3A|2 +

|�/∇4A|2 + |r /∇A|2 + |A|2
r2

]

≤
∫ ∞

v2−R�

du�2(u, v2) sup
u≥v2−R�

∫ v2

v1

dv

∫

S2

[
|�−1 /∇3A|2 +

|�/∇4A|2 + |r /∇A|2 + |A|2
r2

]
≤ C(R − 2M)D ,
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where we have used the monotonicty and angular independence of �2 in the first in-
equality and the fact that �2 = −∂ur (and of course the uniform boundedness for the
outgoing fluxes following from Theorem 3.7) in the last. For A2 we note

∫ v2−R�

v1−R�

du
∫ v2

v1

dv

∫

S2
�2

[
|�−1 /∇3A|2 +

|�/∇4A|2 + |r /∇A|2 + |A|2
r2

]

≤ (v2 − v1) sup
v1−R�≤u≤v2−R�

∫ v2

v1

dv

∫

S2

[
|�−1 /∇3A|2 +

|�/∇4A|2 + |r /∇A|2 + |A|2
r2

]
≤ CD(v2 − v1) ,

where we have used �2 ≤ 1 and of course Theorem 3.7. Finally for A3 we note

∫ v1−R�

u0

du
∫ v2

v1

dv

∫

S2
�2

[
|�−1 /∇3A|2 +

|�/∇4A|2 + |r /∇A|2 + |A|2
r2

]

≤
∫ v1−R�

u0

1

r2 (u, v1) du sup
u0≤u≤v1−R�

∫ v2

v1

dv

∫

S2

[
r2|�−1 /∇3A|2 + |�/∇4A|2 + |r /∇A|2 + |A|2

]
≤ CD

R
,

where we have used the monotonicity of 1
r2 in the v direction, the boundedness of

∂ur = −�2 in A3 and Theorem 3.7.
Having established (162), it is easy to see that one can invoke the Cauchy–Schwarz

inequality to deduce from (165) the following estimate, valid for any v0 ≤ v1 ≤ v2 < ∞,

F[A](v2) +
∫ v2

v1

F[A](v)dv ≤ CF[A](v1) + CD (v2 − v1) + CD . (163)

A standard argument now gives

sup
v≥v0

F[A](v) � F[A](v0) + CD , (164)

which is the desired (159).

4.5. Proof of the estimate on A. The argument for A is slightly more involved because
the fluxes obtained in Theorem 3.7 do not have optimal �2 weights near the horizon
and because the /∇3A-derivative is not part of the outgoing flux (and cannot possibly be
as there is no Bianchi equation for this derivative). However, we can exploit the redshift
effect in that the estimate of the vectorfield N will produce a spacetime term of the right
sign and with the correct weights near the horizon. The details are as follows.

We claim that there exists σ > 0 and r0 close to the horizon such that for all v0 ≤
v1 ≤ v2 < ∞ contracting (157) with /∇N (�−4A) produces the following estimate after
integration over the region A(v1, v2) (with dμ = dudvdθdφ sin θ ):

F[A](v2) + c
∫ v2

v1

dvF[A](v) +
∫ v2

v1

∫ ∞

u0

∫

S2
dμ 1r≤r0�

2|�/∇4(�
−4A)|2 ≤ C · F[A](v1)
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+ CD + Cr0

∫ v2

v1

∫ ∞

u0

∫

S2
dμ 1r≥r0�

2
[
|�/∇4(�

−4A)|2 +
|r /∇(�−4A)|2 + |A|2

r4

]
,

(165)

where we recall D = supu f
E

2
data(u f ). The proof of the estimate (165) proceeds along

the following lines. Upon contraction with /∇N (�−4A) we have the following identity

0 = ∂u

(g
4
|�/∇4Â|2 +

[�2g

2
+ f

][1

2
| /∇Â|2 +

(r − M)

r3 |Â|2
])

+ ∂v

(�2

2

[�2g

2
+ f

]
|�−1 /∇3Â|2 +

�2g

2

[1

2
| /∇Â|2 +

(r − M)

r3 |Â|2
])

+ �2
[g′

4
− 2g

r

]
|�/∇4Â|2

+ �2
[ f ′

2
− f

r

]
| /∇Â|2 +

�2

r3

[
(r − M) f ′ −

(
2 − 3M

r

)
f
]
|Â|2

+ �2
[5M

r2 f +
2M

r2 �2g − �2 f ′

2
− �2g′

4

]
|�−1 /∇3Â|2

− 2�2

r

[(
1 − 3M

r

)
g + 2 f

]
〈�−1 /∇3Â,�/∇4Â〉. (166)

• Upon integration in u, v, the first two terms of (166) produce two good future
boundary terms (fluxes) since f, g > 0. The good term on the horizon we drop. The
past fluxes are easily estimated byF[A](v1) for the ingoing and by D for the outgoing
flux using Theorem 3.7.

• One can check that the coefficient of |�−1 /∇3Â|2-term in the last line is globally
positive. Moreover, it controls a spacetime term of the type Mr−2�2|�−1 /∇3Â|2.

• Picking r0 close enough to 2M allows one to establish that for r ≤ r0 (i.e. near the
horizon), the terms in the third line of (166) produce three good spacetime terms.
Moreover the |�/∇4Â|2-term scales with σ , which we view as a largeness factor (in
fact, the | /∇Â|-term also has a largeness factor of σ ).
For r ≥ r0, the terms in the third line of (166) are put on the right-hand side of (165).
Note that the angular and zeroth order term produce have no contribution to the bulk
for r ≥ R since f is compactly supported.

• For r ≤ r0, the cross-term in the final line of (166) can be absorbed into the | /∇4Â|2
and |�−1 /∇3Â|2-term because of the largeness factor of σ (see previous step) and the
favourable signs.

For r ≥ r0, we can apply Young’s inequality with ε and absorb the resulting εr−1|�−1 /∇3

Â|2 using the good global |r−1�−1 /∇3Â|2-term. The /∇4-term is put on the right. Note
the r -weights here.

The spacetime term on the right hand side (165) is now estimated byCD (v2 − v1)+CD
exactly as in the case of A in previous section using Theorem 3.7. This time we may split
the regionA(v1, v2) intoA(v1, v2) = A = A′

1∪A′
2∪A′

3 whereA′
1 = A∩{u ≥ v2−r�

0},
A′

2 = A ∩ {v1 − r�
0 ≤ u ≤ v2 − r�

0} and A′
3 = A ∩ {u ≤ v1 − r�

0}, so that again the
decomposition is disjoint up to a set of measure zero. The spacetime term on the right
hand side (165) is still overestimated by integrating over the regions A′

2 ∪A′
3 and those
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are indeed exactly handled as in the previous section. We conclude

F[A](v2) + c
∫ v2

v1

dvF[A](v) ≤ C · F[A](v1) + CD (v2 − v1) + CD , (167)

from which the desired (160) follows.

4.6. Uniform boundedness of A. Recall that uniform boundedness of A was a direct
consequence of Theorem 3.7, angular commutation and Sobolev embedding, see (6).
For A, the estimate (160) similarly implies

sup
u≥u0,v≥v0

∫

S2
u,v

sin θdθdφ
�
��1
r
|�−2 (1)

αr |2 � F[A](v0) + sup
u f

E
2
data(u f ) , (168)

first with the crossed factor of 1
r . The factor 1

r can be removed as indicated if one also
invokes the estimate (71) along the outgoing cones. After trivial angular commutation and
Sobolev embedding on spheres one finally obtains an L∞ bound for A�−4 = �−2 (1)

αr .
We leave the standard details to the reader.
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