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Preface

This handbook has been compiled with the aim of providing a clear, organ-
ised, and accessible collection of fundamental equations, assumptions, and modelling
frameworks that underpin the study of thermodynamics and fluid dynamics for both
perfect gases and non-ideal fluids.

The document systematically tidies up and clarifies many behaviours, derivations,
and relationships that are frequently encountered in research and industrial practice
but are often scattered across various textbooks and publications. Covering topics
from basic assumptions and equations of state to compressible flows, turbulence,
and turbomachinery, it serves as a concise yet comprehensive reference for students,
researchers, and practising engineers alike.

Since this booklet serves as a formula handbook for quick equation retrieval and
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1972

e H. Schlichtiing and K. Gersten, Boundary Layer Theory. 1992, vol. 42, 307-311
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Edition. 2015, 1-447
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By making this work openly accessible, it is hoped that it will contribute to
the wider scientific community, offering a reliable point of reference that can help
reinforce understanding, reduce repetitive derivations, and support rigorous analysis

in both teaching and advanced research.
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Nomenclature

Romen Letters

R

Q=

S

N » U

~

v
Z

Universal ideal gas constant 8.3144621 [J
K= mol™}]

Deformation (strain) tensor

Flux vector

Body force vector [N]

Normal vector

State vector

Helmholtz free energy [J]

Local constants or parameters in the scheme
Speed of sound [m s™!]

Dissipation coefficient

Constant-pressure heat capacity [J K~}]
Constant-volume heat capacity [J K™!]
Discharge coeflicient

Base pressure coefficient

Internal Energy [J]

Force [N]

Gibbs free energy [J], Griineisen Parameter
Clearance gap size [m]

Enthalpy [J K71

Jacobian

Turbulent kinetic energy [J]

The Mach number, momentum [kg m s™}]
Mass [kg]

Isentropic exponent for TP

Molar number [mol kg~?]

Isentropic exponent for PV

Absolute pressure [Pa]

Ideal gas constant [J K~1 kg™1]

Entropy [J K71

Absolute temperature [K]

Time [s], Blade thickness [m]

Velocity [m s™!]

Volume [m?]

Compressibility factor

Greek Letters

@ Thermal expansion coefficient, angle of at-
tack [°], volume/void fraction

oy Absolute blade angle, subscript i refers to lo-
cation in stage of a component [°]

Ié] Mach line angle [°], shock line angle [°]

Bi Relative blade angle, subscript i refers to lo-
cation in stage of a component [°]

X Mass fraction/vapour quality/dryness frac-
tion

) Kronecker Delta, deviation angle [°]

€ Levi-Civita symbol

n Efficiency

r Fundamental derivative

0% Heat capacity ratio

K Compressibility, Von Karméan constant, isen-
tropic expansion coefficient

A Degree of reaction

U Dynamic viscosity kg m™t s71]

v Prandtle-Meyer function (angle) [°], kine-
matic viscosity [m? s7!]

w The angular velocity of shaft [rad s™!]

d Mole fraction

1) Flow coefficient, arbitrary property

P Work coefficient

p Density [kg m~3]

o Total stress [Pa]

T Viscous (shear) stress [Pa]

0 Boundary layer thickness [m], flow deflection
angle [°]

9 Spin tensor

Symbols

R Impulse function [kg m s™2]

\Y Nabla operator

® Dyadic product

Abbreviations

Bi Biot number

Ek Eckert number

Fu Euler number

Fo Fourier number

Gr Grashof number

Nu Nusselt number

Pr Prandtl number



Re

LCV

SGS

Reynolds number
Low calorific value

Subgrid scale

Sub- and superscripts

{}
{y
{y
{}
{r
{1
{1}
{1}
{7
{}o
{}1
{}2
{}e
{}e
{1}
{ }
{ Im
{1
{}s

Rate of change of the property
Fluctuation term in Reynolds averge
Fluctuation term in Favre averge
Property at the throat of nozzle
Semi-local values for tubulent boundary layer
Reduced property

Ideal-gas part of SW EOS

Real-gas part of SW EOS

Transpose of the tensor

Stagnation property

Property right before normal shock plane
Property right after normal shock plane
Property at critical point

Property at the exit of nozzle

Property of saturated vapour

Property at the reference plane of nozzle
Property of saturated liquid

Property of mixture

Property at the pressure surface

Property at the suction surface

ref

— —~ = —~= —~
>
—— —— —— —— ——

‘;—A—\
L N

—
—

{}
Operators
A{}

Di}
Dt

v-{}
Vil
Vx{}
va{}

(507).
EOS; ,

XA

{X,x}

Reference property

Nondimensionlised property

Property divided by the molar number
Reynolds-averaged property

Second order tensor
First order tensor (vector)

First order tensor (vector)

Favre-averaged property

Difference, Laplace operator

Material derivative

Divergence operator
Gradient operator
Curl operator

Laplace operator

Partial differentiation holding property X as

constant
Equation of state calculation of { }

Property X is a function of *, equivalent to

X=f{}

X is the Extensive property and x is the
corresponding specific property (divided by
mass)



1 Assumptions and Modelling

1.1 Thermodynamics Assumptions
Thermally Perfect means ideal gas law Pv = RT ap-
plies.

Calorically Perfect means heat capacity values C), and
C, are constant.

Perfect Ideal Non-ideal
EOS Pv=RT Pv=RT Pv=ZRT
z 1 1 #1
Cp, Cy Constant () f(pPT)
R c,—C, c,—C, £Cy—C,

1.2 Types of Flows
1.2.1 Steady vs. Unsteady

Stready flows are without time variant terms.

1.2.2 Uniform vs. Non-uniform

Uniform flows’ velocity at a given instant of time is
the same at any point of the fluid and has the same magni-
tude in all directions, the flow depth does not change with
distance as well.

Non-uniform flows’ velocity changes at every instant
for any point at a given time.

1.2.3 Inviscid vs. Viscous

Inviscid flow are with © = 0 and is governed by Euler’s
equations.

Viscous flow are with © # 0 and is governed by Navier-
Stokes equations.

1.2.4 Laminar vs. Turbulent

Laminar Flow are with smooth movement to the fluid
flow with parallel streamlines.

Turbulent flow is a type of flow in which the inertial
forces of the fluid dominate and is generally seen to flow
with a higher velocity at any given point and time.

1.2.5 Incompressible vs. Compressible

Incompressible can be assumed for liquid or flow with

M < 0.3. The flow is solenoidal as V - U = 0.
p = Constant

i (1)

V-U=0

The energy equation is decoupled with pressure and veloc-
ity for incompressible flows.
Compressible flow is a more generic assumption:

p # Constant (2)

1.2.6 Irrotational and Rotational

Irrotational flow V x_‘(j' =0
Rotational flow V x U # 0

1.3 Viscous Fluid Modelling
1.3.1 Newtonian Fluid

Viscous stresses arising from its flow are at every point
. . ou .
linearly correlated to the local strain rate 7 = ua—, and in
Y

matrix forms:

hence:

1.3.2 Generalised Newtonian Fluid

Although this type of fluid is non-Newtonian (i.e. non-
linear) in nature, its constitutive equation is a generalised
form of the Newtonian fluid.

T = peff (V)7 (6)

Power-law Fluid A .k.a. Ostwald—de Waele relationship:

ou\" ou n-l
T:K<ay) ’ “eff:K<ay> @)

where K is flow consistency index and n is the behaviour
index. For Newtonian fluids n = 1.

Cross Fluid

Mo — Moo (8)

eff = Moo+ —F 7w
Heff = H l—l—(k"y)

where * is the shear rate, g and s are zero- and infinite
shear viscosity.

Carreau Fluid

n—1

sy = Hoo + (o — 1) (14 O9)F) 7 (9)

where )\ is characteristic time.

1.3.3 Other Non-Newtonian Fluid

A wide range of non-Newtonian fluid types ex-
ists: viscoelastic, timp-dependent viscosity (Rheopectic or
Thixotropic), and non-Newtonian viscosity (shear thicken-
ing/thinning).



2 Thermodynamics Basics

2.1 Definition of Properties

Defining the thermodynamic properties:

E=E(S,V)
S=S(E,V)
oF
T‘(as>v
__(9E (10)
)
H=F+ PV
A=FE-TS
G=H-TS

2.2 Stagnation Properties

For specific total energy and stagnation enthalpy (not
the same thermodynamic state):

’LL2
60:€+?

U2

ho=h+ — (11)

)wl\.')

:eo—i——
p

For ideal gas:
e=0C,T
€y = CUTO
h=C,T
ho = CpTo

with manipulation:

2.3 Fundamental Equations

Derivatives of internal energy, enthalpy, Helmholtz and
Gibbs free energy.

dE =TdS — PdV
dH =TdS+VdP

(14)
dA = —SdT — PdV
dG = —SdT + VdP
The Gibbs equations:
de =Tds — Pdv
(15)

dh = Tds + vdP

2.4 Maxwell Relationships

From the fundamental equations:

(16)

2.5 Important Conservation Laws
First Law of Thermodynamics

dQ —dW =dFE (17)
where for quasi-equilibrium process:

dW = PdV (18)

Steady Flow Energy Equation

Q-W =1y (h—l—;uQ—l—gz)
’ (19)

1
—1my (h—i— §u2 —i—gz)
1

Bernoulli Equation Valid for incompressible flows only

1 1
Py+ Spui + pgzy = Pa + Spu3 + pga (20)

2.6 Equation of State

For consistency, knowing all is important.

T = T(S,V, Ny, .., Ny);
P = P(S,V,Ny, ..., Nyy); (21)
= .[‘L(Sv‘/lea 7Nm)7

General form of EOS:

f(P,V,T)=0 (22)

2.6.1 Ideal Gas Law

Thermally perfect gas:

PV = NRT = RT (23)

2.6.2 Cubic Equation of State
General form:

RT «

pP= -
V_btc VZ+oV+e

(24)
where «, b, ¢, § are given for different models.

Noble-Able gas

P(V —b) = NRT (25)



Van der Waals gas [11] where

A
_ ¢ = — Reduced Helmholtz energy
(P + “2> (V—b) = RT (26) RT
4 T,
7 == Reduced Temperature (35)
where T
—9 5=2> Reduced Density
a =3P, x Vc Pe
Ve (27) and superscript o and r mean ideal and residual fluid be-
b= 3 haviour, respectively.

The ideal-gas part:
which is also written as:

hy E oT,
ref ref ref
@ (0,7) = — —1+1In
o 27 (RT0)2 ( ) RTC R 5Tef7— (36)
h 64P T T CO 1 T co
¢ 28 - = e il P
,_ RT. (28) Rl 2VTR) TV
8P where ideal-gas heat capacity is
Redlich-Kwong [12 % _ uiy?_ et
g [12] Za+Y0(F) (37)
i=1 (6 — 1)
RT a
P=ce—-——— (29) :
V—-b VTV (V + b) and u; and v; are coefficients.
The real part:
where: Tpol Tpor+leap
R*T? ¢ (6,7) =Y Nproh 4 Y Nyrteghee=o"
a = 0.45724 k=1 k=1+I+pol
RTC (30) Ipor+Ieap+Ispn
b~ 0.07780?; + 3 N7tk 5 = (0—ck)? =i (T —k)?
k=1+I+4+pol+Icsp
(38)
Peng-Robinson [13]
where all parameters are empirically fitted fluid-related val-
RT aq ues.
P=— — 31 )
V—b VoV -2 ey Hence'P 6 ”
) T "
where oRT 1+9 95
5 s(0,7) 0
22 — =7 —
o~ 0427487 PTC R or ¢
c h(6,7) 19J0) ol
T, =14+7—+4+9
b~ 0.086642° RT or 9o
Fe (32) e(d7) _ _0¢
1NN 2 =T 39
a=(1+k(1-7%)) RT "~ "or (39)
c(d,71) dp"  ,0%a"
k ~ 0.37464 + 1.54226w — 0.26992w> T 1+26 2% +90 552
T r 2 7\ 2
T = — 0¢ 0%«
T 146 -0
T. B < 05 T&a&)
, (0% 0%a”
2.6.3 Virial Equations of State ™2 + 972
Compressibility factor Z is fitted as polynomials [14]: .
2.7 Helmholtz Equations
PV B C D
Z = AT = A+ v + 72 + Ve + ... (33) First Helmholtz equation
(5v),~ 7 (57), 7]
2.6.4 Multiparameter Equations of State ov )y or )y (40)
P
Such equations are usually formulated using Helmholtz -T2 _ai
energy A: or v

Span-Wagner Equation of State [15] Second Helmholtz equation

¢ (6,7) = ¢°(3,7) + 6" (6,7) (34) (ZI;)T = {V -T (ZZ)P} (41)
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2.8 Properties
2.8.1 Compressibility

Isothermal compressibility

o = L (OV
T v\er),

Isobaric compressibility

_Ll(ov
"r=y\ar),

Isentropic compressibility (rarely used)

s — L (VY
ST v \ar)y

2.8.2 Coefficient of Thermal Expansion

Change of volume due to temperature change.

a= (O
SV A\aT ),

2.8.3 Heat Capacities

Specific heat at constant volume/pressure.
OF aS
= —_— — T -
o~ (ar), =7 (7).
__p (V) (9F
oTr )¢ \oT },,
OH oS
o= (5r),~7(5r),
(2P (o
or ) \oT ) p
For mass specific heat capacity:
L (%) L P (%
Po\oT ), p2 \OT ),

2.8.4 Viscosity

Dynamic viscosity p and kinematic viscosity v.

_ K
y =
p
Polynomial Dependency
N
p=2 Cul”
=0

Power-law Viscosity

T S
:U':/”LTef T f

Sutherland Model

B T \2 Tyep+C
W= Href Tref T+C

(42)

(46)

(47)

(48)

(51)

where C is Sutherland’s constant that is empirically fitted.

2.8.5 Fundamental Derivative

A non-dimensional fluid derivative that is influential to
the flow variables:

p
c
S () )
2¢2 \ Ov? ) 4

which sometimes denoted as I'. The value for perfect gas is
y+l
5

2.8.6 Grineisen Parameter

Describes the effect that changing the volume of a crys-
tal lattice has on its vibrational properties, and, as a con-
sequence, the effect that changing temperature has on the
size or dynamics of the crystal lattice.

a=o(22). -

and for non-ideal fluid U = C, T

1 oP
“= pCly (8T>v
v [0S
“aav),
- v <35) <‘9p) (54)
Cy \0P ), . \oV ),

__ v (oV [op
o, \ar ), \av ),

2.9 Thermodynamic Relations

2.9.1 Specific Heat Relationship

Specific heat ratio

op
vg”gggj (55)

Difference

oP ov
CP‘C”TQT)V (aT)P

(56)
— a£ + P al
~\\av ), or ) »
and in terms of a and k:
Ta?V
Cp—C,p = — (57)
KT
and another handy relation for perfect gas:
R=C,-C,
R
“=11 (58)
R
C, = L

v—1



2.9.2 Entropy Difference
By definition:

d@
5-(F),, i
hence:
de + dw

ds = ( T )rw (60)
_ (de+ Pdv
B T rev

For non-ideal fluids:

ds de dp
—_— = -7 — 61
R RT p (61)

For thermally perfect gas, entropy change for a process:

2 2
v R
89 — 81 :/ %dT—i—/ —dw (62)
1 1 v

For perfect gas:

T
S9 — 81 :cvln?z—i—Rlnv—2

1 U1
T P,
:cplnﬁ—Rlnﬁ (63)

fé (%]
= ¢, ln == In =2
cvnlercanl

2.9.3 Clausius-Clapeyron Relation

The Clausius—Clapeyron relation characterises be-
haviour of a closed system during a phase change at con-
stant temperature and pressure. L is latent heat.

r_ L _ As
dT ~ TAv  Av

(64)

2.9.4 Joule—Thomson effect

Joule-Thomson effect (also known as the Joule-Kelvin
effect or Kelvin—Joule effect) describes the temperature
change of a non-ideal fluid or liquid (as differentiated from
an ideal gas) when it is forced through a valve or porous
plug while keeping it insulated so that no heat is exchanged
with the environment.

por = (gg)H - (T (65)

2.9.5 Crocco’s theorem

Crocco’s theorem is an aerodynamic theorem relating
the flow velocity, vorticity, and stagnation pressure (or en-
tropy) of a potential flow.

DU
— =TVs—Vh
D1 Vs—V (66)
Other forms:
Stagnation pressure
Uxa@=uvVP, (67)

12

Entropy
ds dho
T—=—
dn dn tuw
Momentum
7 2
%lt]+v<”2+h) —Ux&+TVs+ G

(68)

(69)



3 Fluid Dynamics Basics

3.1 Reynolds transport theorem (RTT)

Rate of change in CV is equal to the generation plus net

flux.
d _ [ 9p¢ / 3
dt/vp¢dV—/V 5t dv + Ap(;SU ndA

where ¢ is property per unit mass (specific property). Using
divergence law:

(70)

< (00) = 2 (p0) + V- (po0) (71)

3.2 Conservation laws
Classifications:

1. Integral Form: finite control volume that allows dis-
continuities (more fundamental)

(a) Conservation Form: Element fixed in space
(%)
i. Strong Form: No flow variables outside of
partial derivatives (Eq. (73))
ii. Weak Form: Derivatives of x, y, z, and t
explicitly appearing on RHS (Eq. for
momentum and energy)

(b) Non-conservation Form: Element moving
with the flow (pam +ud)

2. Partial differential form: infinitesimally small vol-
ume that assumes flow properties are differentiable
and continuous.

(a) Conservation Form

i. Strong Form
ii. Weak Form

(b) Non-conservation Form

3.3 Euler’s Equation

Governing equation for inviscid flow:

=+ V-

Zt ( ):O

(pﬁ)+v-(pl7®(7) = VP4 pF

Bo(eeper)) - (o o) -

V- (kVT)+ U - F + Qgen

(72)
In a more compact (strong conservative) form:
oW OF .
=C (73)
o o

where W is the vector of conserved quantities (primitive

variables or solution vector), F' is vector of fluxes and C is
the source term vector.
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p
W = | pU (74)
PEO
p(H i
F= |0 (0-)+ Pi (75)
0
C = F (76)
Q+F-U

3.4 Incompressible Navier-Stokes Equa-

tions
3.4.1 Conservation of mass

The balance of mass is 0:

/ op dV+/ ((7 ﬁ) dA=0 (77
Op
5+ (pU) =0 (78)
dp
o TU (Vo) +pV U = (79)
Dp
ﬁ +pV-U=0 (80)
3.4.2 Conservation of momentum
The balance of momentum is the net force.
dM opU L .
—_— = -n = 1
W=/ dv+/ApU(U n) dA=S"F (81)
Derived from momentum balance of RTT:
ou /- - 1 1 .
il . — __VP4+-V. 9
o +(U V)U VP+IVerHG o (82)
where ((7 . V) is the advection operator
((7 v) U= (VU) 0
=0 (veD) (83)
=§V(U-U) x(VxU)

Simplified Navier-Stokes Equation From the Cauchy
equation and assumptions of

1. Newtoinian fluid: 7 =2uD + AV - ﬁi,
2. Incompressible flow: V - U= 0;
3. Constant p,

Navier Stokes equation can be derived:

ou

o (54

(VU) - —%VP + %VQﬁ +d



3.5 Compressible Navier-Stokes Equations

Navier-Stokes equations are a set of conservation equa-
tions for mass, momentum, and energy (in conservation
form here):

%Jrv- (v0) =0
%(pﬁ)—l—v-(pﬁ@[j) = -VP+V-1+pF

) - A AN
at(p(e—&-ZU|))—l—V-(pU((ﬁ—|—2U|>>—
~PU

V~(k:VT)+V-( +;-l7)+17-ﬁ+@gen

For weaker forms LHS is taken as p times the mategrgiz)l
o Dp -~ DU Deg
bt -0
ow oF 0G 0H -
o Tar "oy T on =C (86)
W=(p pui puz pus peo)’ (87)
puy
pui + P — 7py
F= PUIUL — Tyz (88)
puULUZ — Ty
puthy — U1 Tee — UTry — U3Ty
pu2
pUUL — Try
G= pud + P — 1y, (89)
pUUZ — Tzy
pusho — U1Tys — UaTyy — U3Ty.
pu3
puzUl — Tyz
H= PUSUY — Ty (90)
pu3 + P —1,,
puzhg — U1T.p — UaTzy — U3T.,
0
C= F (91)
Q+F.-U

3.6 Entropy Transport Equation

Transport equations are derived using energy balance
and Gibbs Equation.

Ds _@ k(OT\* & (koT\
th - T T 8951- 8331 T 89@
or in other forms
Ds g\ @® Kk [0T\>
me'(T)—T*T(ax,) (93)
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In integral terms

Ds
2 |
v Dt v

3.7 Jacobian Matrices
3.7.1 Convective Flux Jacobian

Using 1D inviscid NS equations form of Eq. without

source term:

p pu
W= | pu , F=|p2+P (95)
peo puho

Convective Flux Jacobian is the partial derivative of flux
vector F' w.r.t. flow state vector W:

oFy 0F, OF;
owy, owyp oW,
F
J= 87_' _ oF, 0F, OF; (96)
= ow oWy  OWo  OWs
oF, 0F, OF;
oWz oOWs OWs
which can be written as :
J=RAL (97)
In general cases:
0 1 0
oP 9 oP Lo oP
I=1 ow, OWs oW
oP oP
—h h 1
u<8W1 0) ot o ( +8W3>“
(98)
or equivalently
0 1 0
5 5 ho — u? OP u OP 10P
c*—u®— -— ——— -
J= p Oe p Oe p Oe
U (02 — ho)
u P u? OP u P
——Z (ho — u? ho — — —— -
pae(o u) 0 p Oe u+p8€
(99)
For a non-ideal fluid with (p, e) flash (P = P (p,e)):
oP 0P n 1/1, oP
oW,  0p p 2" 7 °¢) Be
or _ uob (100)
8W2 14 86
orP 10pP
8W3 N P de



An important relationship is

OP opP

= —U— 101
oW, oW (101
The speed of sound is defined as
OP oP
2 2
= —_— h — —_—
“Tow o, (102
0P POP
~ dp  p? Oe
and the eigenvalues are found to be
AM=u—c
Ao =u (103)
A3 =u-+c
u—c 0 0
A= 0 U 0 (104)
0 0 u+c
and the corresponding eigenvectors are
1
1 U 1
"1: u—=c ’_’2: C2p ,_03: u—+c
ho — uc h0_37p ho + uc
de
(105)
hence
1 1 1
uU—c U u—+c
R= , . 2p , (106)
0 — uc 0 — 87P 0 —+ uc
Oe
and
L=R" (107)
For ideal gases:
oP 'yfl%i 771u2
oW, 2 Wi o2
oP Wy
— = —(y=1)=—==—(v-1 108
aw, = Dy =—0-Du (108)
orP 1
owy !

hence for an ideal gas the convective flux Jacobian matrix
is:

22 3y

y—1 4
——u® — uh
5 u® — uhg

v—1

I~
I

(109)
ho—(y—1u® ~u

The eigenvalues are the same and the eigenvectors are:

1 LIL 1
ri=| u—c |, =L, = utc | (110)
hg — uc w ho + uc
2
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Therefore:

1 1 1
R= uU—c U u—+c (111)
=t 2
ho — uc 5 ho + uc
1/(v-1, u 1 /~v—-1 1 v—1
2(22 Jrc> 2<02 v 2¢?
_ -1, y—-1 -1
L= 92 ¢ 2z v 2
L(r=1lp_w) _1(y-1 1) 3-1
2\ 2¢? Y c 2 c? c 2c2
(112)

For non-ideal fluids: The simplification for perfect gas
is not applicable and the original form of Jacobian needs to
be maintained.

3.7.2 Velocity Jacobian

Velocity Jacobian is the gradient of the velocity vector.

Jur Our - Ow

8x1 8I2 81‘3

- - 8u2 6162 8’11,2
=gradU=VU= |2 = 2|=u,; (11
J =grad U =VU 9%, Oz, O u;; (113)

Qus - Juz - Oug

83:1 81‘2 83?3

with Helmholtz’s decomposition into irrotational and
solenoidal part:

J=D+Q (114)
where
D=1(z+J7)
T (115)
_ - _qT

3.8 Strain Tensors

Strain or deformation tensor is the symmetric part of
velocity Jacobian:

1 . N\T 1 [ Ou; an
D—2<VU+(VU)> mj_z(m%+a%>(n®

D* is the deviatoric part of the strain tensor.

D'=p- L@ =D-;(v-O)L (7
. 1 [0u;  0Ou 1Ouy
D} = 3 (8xj+ 8xi> 3 90, 00 (118)

3.9 Shear Stress Tensor

Shear (viscous) stress tensor is the total stress tensor
without hydrostatic pressure:

(119)

IS
I

I
\

I~



Viscous stress tensor is related to strain tensor by vis-

cosity:
u(Vﬁ+(Vﬁ)é)§u(V~ﬁ)]

(120)
:Q%Q—§u<v'ﬁ)£:m4£

or in index notation
Ou;  Ouy 2 Ouy,
= i 121
Tid M((ax]—+8mi> 3 Oy, 0 ) (121)

3.10 Dissipation Function

The Dissipation function is defined as:

8ui - 8u2 aui an 28uk
7”a@j“axj(<&q’%a@> 300 > (122)
In explicit terms:

e ((5) () (5))
(%5 %( vy

b =

(123)
8u2 8u3

* (a T oy
2 8U1 6UQ aU3 2
3 (&r Tyt a) )
3.11 Vorticity

Pseudovector field that describes the local spinning mo-
tion of a continuum.

G=VxU (124)
and its relationship with spin tensor:
1
W; = —62‘ij]‘]€ or QL] = —§eijkwk (125)

3.12 Circulation

Circulation is the integral of the velocity around a closed
contour.

:/ﬁM:/VxﬁﬁM:/Q%M (126)
4 A A

where counterclosckwise is positive.

3.13 Boundary Layer Thickness
Displacement thickness:
Y
51 (2) = / (1_ Wy)u(fvy)) dy (127)
0 PooUco
Momentum thickness:

awy_AYp@wﬂN%y)GfﬁN%w>dy (128)

Poo Uoo Uco

Energy thickness:

5*@)_EAYP(%y)U(%y)<11Nw402>dy (129)

PoolUso
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4 Compressible Flow

4.1 Governing Equations
4.1.1 Isentrope Equations

Polytropic isentrope

PV"™ = Constant

B (130)
TP™™s = Constant
This is a common assumption to make but have problems
in some thermo ranges such as near the critical point, where
the exponents varies significantly. Corrections of this form
are proposed in [16].

Callendar isentrope [17]

P(V-b"=A (131)

Rayleigh adiabat [18]
(P+B)V"=A4 (132)

Walker isentrope [19]
PV = A (133)

4.1.2 Isentropic Expansion Coefficient/Exponents

2
k=L —n, (134)
4.1.3 Speed of Sound
Sound speed of the flow:
<6P> ) <8P) kP
C = —_— = —v B = _
op /) ov /g p
L <3€> (135)
_r \9)p
(o7)
oP 0
and the Mach number is defined as:
U
M= — (136)
c
4.1.4 Compressibility factor
Ratio of real volume and ideal volume.
PV
Z =f(T,P) = — 137
FT,P) = o (137)

17

4.2 Generalised One-dimensional Flow

My, m,, +dm
B T
Un! iy ' U, +dU
Mrml Uy ¢ M, +dM
N R :
A dx A+ ufﬁl—

Figure 1: Generalised 1D flow control volume analysis [1]

Mass conservation:

drin = 1y 4 17 (138)
Energy conservation:
U2
i (AQ — dWy) = dh +d—-
U2 -UZ2\ dm
+ (hgT —hg+ —5—+ g) mg (139)

U2 —U?\ dii
+<hZT—h1+l>T.nl
2 m

Momentum conservation:
PA+ PdA — (P +dP) (A + dA) — 7,dA,, — dF,
= (mm + mg + my) (U +dU) — Ugarng — Upprng — Ui

(140)
Since
foU?
Tw= "5
141
Ay _ 4ds e
A D
the equation can be re-written as:
dP dU  kM? dzx dF,
7+I€M27—|— (4f+ - x 2)
P U 2 D 3 P(fl'M (142)
+RM2(1—y)ﬂ:O
m
where
U _Us
Yg U s Yl U
dri dri driy
-y — =0y —*+L—m)——
m . m m (143)
d _ dig | diiu
mom m
dr drig driy
Y— =Yg—— +Yyi——
m m m
Entropy Generation
drn driy
ds=d — g —8) — 144
s=ds+ (s —sg) o + (s —s1) - (144)



4.3 Perfect Gas vs. Non-Ideal Fluid Flow

Perfect Gas

Non-Ideal Fluid (Polytropic

Assumption)
Gas Law Pv=RT Po— ZRT
1 1 1 1 8Z
Compressibility AT =5 - =57 \3p
1

= 1 v 1 1

Rp = — L 1
T v (8 + Z < >

Heat Capacity
Difference

R
Cp—C, = U Constant

Heat Capacity G Constant (0P OP
Ratio =, T=\ov v ).,
Isentropic Indicies n. — Ng = 2 <8P) - <8P)
(polytropic <=7 1 PAov /s P \ov /)y
assumption) me = i _ P opP _ "
Y P\op/)s &P
P (8T) y—1kr P
ms = — —_— =
T \OP )4 v kpT
Fund?une-ntal T v4+1 r 1 N v [ Ong
=1- = 2| n, _
Derivative 9 9 ns \ v ) ¢
Non-isentropic . oc? On
Exponent =7 WZP(@)p_nS_FP(aP)p
g
Speed of Sound c= \/ﬁ = 7 c=+\/nsPv= nsP
p
U2 _
Ny fam
T v=1, T, ne—1_ o\ "
— =11 M 20— s 2
Isentropic T ( + 2 ) o (1 + 2 M )
Relations P v—1 1 P 1 U
0 — 2 Ne — ng—
— =1 M 0 s 2
- ( + ) - (1 + M )
”0:(1+7 1M2)71 Po_ (yq ey .
p 2 2
Compres§ibility Zo—7 =1 ne — 1 e
Relation 5

Entropy Difference

T
82—81—01;1HT + RIn —

U1

Ty P

=cpln — Tl —RIn P,
P2

—cpln +cvln P

No explicit expression

Griineisen
Parameter

G=~v-1

oP
G=v (M)V =MNgMg
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4.4 Quasi-1D Nozzle
4.4.1 General Analysis

Conservation laws

for mass, momentum and energy, re-

spectively, where U is velocity here instead of energy.

pUA = Constant

P + pU? = Constant

1
h + §U2 = Constant

and in differential form:

o 40 04,
dP + pUdU =0
dh+UdU =0
Other important relations
Toorng

4.4.2 Perfect vs. Non-Ideal Fluid Nozzle

(145)

(146)

(147)

Perfect Gas

=[5

Flow behaviours

M <1

1 dM
=) = 14
(1+(F—1)M2> M (148)
dA M2 -1 dM
) = (149)
A 1+T—-1)M?2) M
M\? I d’A
dMAT_ (474 (150)
dx 24 da? ),
r>1 dAM « dA
r<i dM « —dA
dA =0 (151)
I>1- 45 dM o« —dA
P<l-yp dMocdA

Non-Ideal Fluid (Polytropic

Assumption)
Area-Mach a1 no; +1
Number Relation M; y—1 2) 20 A M; [ng, ns, — 1. 5\ 20ms-1)
S Y R A V ¢ R T LT V'
Arbitrary i M ( 2 ! A, M\ n, + 9 i
Reference a1 a1
-1 EICESY _ s
(1 n 7M2) y (1 N Ng 1M2) 2(ns—1)
2 2
Area-Mach ntil
vl A 1 /n* 2 2(nk-1)
Number Relation A 1 v—1_ 5,\]2D ==/ ( - )
Critical Reference A M [7 +1 (1 + 9 M A MV ns \ny+1 B
=1 25— 1)
(1 + “M2>
2
Mass Flow Rate ~yPyAM y—=1_5\" 2= ne—1_, ]
= 1+ M = AM\/nspoPy [ 1+ —=——M
CpTo (v —1) 2 2

Critical Mass Flow
Rate

y+1
. N ¥ +1 T 2(v-D)
m* = A"\/vpoPo (2)

i = A*\/mipo By <ng2+ ) 2(nf-1)

n*41

Non-dimensional = my/CpTo Y lici
Mass Flow Rate PyA 1 No explicit expression
y+1
1 “at-n
(1 +1== M2> ’
2
ey *\ 2
Exit Mach Number js2 — 1 2 2\ (Pad] No explicit expression
© (7—1)2 771 ’Y+1 PeAe
1
v—1
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4.5 Shock

4.5.1 General Equations

Rayleigh line

o P—P P-DP
m- = = (154)
Mach Line Angle (Shock Angle) vp—vy L 1
L1 P1 P2
=sin" " — 152
f=sinl o (152)
Rankine-Hugoniot Equation
Shock Strength
P,—-P 1
(153) hy —hi = = (P2 — P1) (v1 + v2) (155)
Py 2
4.5.2 Perfect vs. Non-Ideal Fluid Normal Shock Relations
Perfect Gas Non-Ideal Fluid
Py 2yM? —(v—1)
Static Pressure P 1’y 1 P 1+ k1 M?
1 ) Py 1+ kM2
=14+ —= (M7 -1
+ S+ (M7 —1)
. 2 741
Stagnation % :< (71‘1]\)4];/[1 2) Poz _ 1+ Kk M? Pop P1
Pressure 01 (v —1) M7+ 1 Por 15 M2 Y waM2) Py Poy
(i)
2yME — (v = 1)
2
Static Temperature T _ (27M12 -—(- 1)) ((7 — 1) M} + 2) T Z1ko M3 (1 + m]V[f)
I (v +1)° M3 T Zyky M2 (1 + kyM2)°
Total Enthalpy @ -1 @ =1
Ho Hp,
Stagnation Tos ) Tos 41
Temperature Tor Tos
Density p__(y+1)ME p2 _ maM7 (14 roM3)
pr (y—1)MP+2 p1 KaMF(1+ ki M?)
Mach Number M2 = (Y- ME+2 No explicit expression
2T yME - (v 1)
Speed @ — 24+ (y—1) M? No explicit expression
U1 (’Y + 1) M12
P
Entropy AS = —Rln -2 . o
Generation 2p01 No explicit expression
~R— (M2 -1)°
3(y+1)
4.5.3 Oblique Shock 0-5-M Relation
Equations were derived based on assumption that tan- tan® = 2 cot 3 M? sin? B — 1 (157)
gential component of velocity does not change across shock. M2 (v +cos28) +2
where 6 is the deflection angle of flow.
Exit Mach Number in Flow Direction
4.6 Prandtl-Meyer Function
1 (y—1) M2 +2 . . . .
= (156) v is Prandtl-Meyer Function, which determines the an-

sin (8 —0) \| 2yM? — (y—1)

gle through which a sonic flow must turn to reach a partic-

ular Mach number. By convection v(1) = 0.

Flow Property Relations Substitute M; = M;sing

where § is the shock angle (8 =

7 for normal shock).
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dU
1 —

dv =+vM?— (158)



M?2—-1 dM

dv=—Y2 = %7
YTIr oMM

(159)

oiV(Mg) 7V(M1) (160)

The differential form of mach number M and the flow
deflection angle @ relation.

dM vy—1_, —de
— =1 M 161
M <+ 2 ) M2 —1 (161)

Integrating for explicit form (Prandtl-Meyer Function):

Vo 0> Mo 2
WMF/‘M:/—Mz VMR -1 M
vy 61 M, 1+ 'YTM 2 M
(162)
For a specific problem with inlet Mach number M; =1
and for exit Mach number M, §; =0, 65 = 6:

1/(M):\/7ry_|_1‘car1_11/,y_1 (M2 -1)
v—1 y+1 (163)
—tan" 'V M2 -1

When M — oo, tan~! co — 5

m vy+1 o
mafczemaz:* — — 1| = 130. 164
v 2(”7—1 ) 30.5 (164)

For isentropic expansion:
I/(Mg) = V(Ml) + 0 (165)
For isentropic compression:

v(My) = v(My) — 0 (166)
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5 Turbulence

5.1 Turbulence Scales
5.1.1 Integral Scale
The correlation distance of a process in terms of space
or time.
Length
0= / " Row (7)d7 (167)
0

Time -
T :/ R, (t)dt (168)
0
For isotropic homogeneous turbulence:

_ J kT E (k) dk

¢ [ E (k) dk

(169)

where E (k) is the energy spectrum and & here is wave num-
ber.

5.1.2 Kolmogorov Microscales

Smallest scales in turbulent flow: viscosity dominates
the flow and turbulent kinetic energy is dissipated into ther-
mal energy.

Length
1
3\ 7
== 170
=(%) (170
Time
v
™=z (171)
Velocity

uy = (ve) (172)

where ¢ is the average rate of dissipation of turbulence ki-
netic energy per unit mass, and v is the kinematic viscosity
of the fluid.

The Reynolds number formed with these quantities is

unity:
nuy
v

=1 (173)

5.1.3 Scale reations

L is characteristic length and ¢ is the interal length. U
is free stream velocity and u is the characteristic velocity
fluctuation.

B

2
N\
~—
ks

I

=

9]

s

SIS Sls
¢
/

d
h‘t
N
|
[N
I
oy
®

(174)

5.2 Averaging Methods
5.2.1 Fluctuation

The fluctuations for two different averaging methods:

f=r+r
f=F+f

5.2.2 Reynolds (Time) Average

Turbulence is seen as a statistical phenomenon.

1 to+T
f= lim — fdt
to

T—o00

Properties of Reynolds averaging:

F=7
=0
Fg =0
f9=17g
Tro=TF+3
of _of
dr Oz

5.2.3 Favre Average

With density variation considerations:

ol
Vi
Properties of Favre averaging:
f// — ffff p/f/
7
o S
o P
J7#0
pf"=0
of=pf
F=F+7

fo9=Ffa+fg+fq"

For incompressible flows only:

=7
—f f=r

2 Ry
|

5.3 Turbulence Study Parameters

5.3.1 Skin Friction Coefficient

Local .
Cr=—2
I L0z
Total P
Cpm — drag
YR

(175)

(176)

(177)

(178)

(179)

(180)

(181)

(182)



5.3.2 Correlation Coefficients

The general form of correlation:

AT (Z,1) B' (T + AT, t + At)
VA (@6 B (& + AZ, t + At)?

Rap = (183)

Space correlation: AZ # 0, At =0 and A, B are U
Autocorrelation: AZ =0, At # 0 and A, B are U

Parameter Correlations
A'B’

TV VB

5.4 Vortex Identification Criteria

Rap (184)

5.4.1 Q Criterion

Based on the second invariant of the velocity gradient
tensor:

1
Q=5 (2l - 12I]°) >0 (185)

where 2 and D are the vorticity and deformation tensors.
In index notations:

1
Q = 5 (@5 — Di; Dij) (186)

5.4.2 A Criterion

Based on second (@) and third (R = det (Vﬁ)) invari-
ants of velocity gradient tensor.

1.\? 1 \?

5.4.3 )\ Criterion

(187)

Calculate the second largest eigenvalues of 22 + QQ.

AL > A 2> A3 (188)

5.5 Energy Spectrum of Turbulence

Energy spectrum is the Fourier transform of the auto-
correlation.
5.5.1 Turbulent Kinetic Energy

Turbulent kinetic energy is usually a measure of the en-
ergy associated with the turbulent motion of a fluid.

l=——= 1, %
k= -U U =~ (u;u;) - / E(k)dk  (189)
2 2 0
or for Favre averaged turbulent kinetic energy:
|
ky = - ——+ 190
=5 (190)
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5.5.2 Dissipation of Turbulent Kinetic Energy

Diffusion goes as the Laplacian of velocity, the dissipa-
tion rate may be written in terms of the energy spectrum.

c— 2,// K2E (k) dk

0

(191)

and is to the order of € ~ "T?

5.5.3 Energy Cascade

An energy cascade involves the transfer of energy from
large scales of motion to the small scales (called a direct en-
ergy cascade) or a transfer of energy from the small scales
to the large scales (called an inverse energy cascade).

n(EG) Energy Containing Inertial Sub-range Dissipation
Range \ 8 Range
5
Nk_g
Integral Kolmogorov
length length

scales scales

Energy Production | i Viscous Dissipation

Energy Flux

k;, ky  In(k) wave number

Figure 2: Turbulence energy cascade

For Energy in inertial subrange, Kolmogorov -5/3 law:

E (k) =Ce3k™3 (192)

5.6 Tollmien—Schlichting Wave

A streamwise unstable wave which arises in a bounded
shear flow.

5.7 Boussinesq (Eddy Viscosity) Approxi-
mation

This assumption ignores small-scale vortices and in-
cludes their effects on large-scale motion with an effective
viscosity called eddy viscosity (u¢, which can be both posi-
tive or negative). The overall effective viscosity p.sy of the
flow

Heff = [+ [t

Meff iz ht (193)
B/l - £ L 20 A, <0

Pr Pr  Pry 2

Boussinesq’s hypothesis for turbulence modelling as-
sumes that the Reynolds stress tensor is aligned with
the strain tensor D of the mean flow.

Reynolds Averaging:

e 2 = 2
(194)
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where p; is eddy viscosity and k; is the turbulent kinetic
energy. Or in index notations:

R ou; Ou; 20u 2
—pulu. = ! j—f—éi- —*7]6(51"
ity = He (6xj + Ox; 3 O0xy ]> g i
—_— 2/Lt aﬂk 2,
=2 Di‘—iiéi‘—* ]{7(51 (195)
1243 J 3 893k J 3,0 tUsig
— 2
= 2Mt-D*ij - gﬁktéw
Favre Averaging:
T ~ 2 = 2_
—pU" @U" = py | 2D — 3 V-U|)L)- gpkti (196)
where
—ﬁﬁ” ® U’// — _p[j'// ® (j’// (197)
and in index notations:
- ou; ou; 2 0uy 2
—puilu! = d L 225, ) — Zpkd;;
pritty = e ( orj  Ox; 30wy '7> 3P0
~ 211 Oy, 2_
=2 Dy; — EL RS — Spkdy, (198)
St A L
—~ 2
=2peD*i5 — gﬁktéij
5.8 Turbulent Stress Tensors
Total stress tensor:
tot __ _lam turb __ = turb __ ~ I turb
=" +z =T+1 =7+7"+1 (199)
Reynolds Averaging
vt = —pU @ U'
:t b f 7.7 (200)
T = —puu
Laminar stress as 7/ =7/ =0
= T 2 =
=y (VU + (VU) —n (v U) I (201)
Favre Averaging
turb — 2 =
= S0 U’
L e (202)
Tit]yrb _ —ﬁu;’u;’ _ —pug’u;’

There will be non-zero 7 but is normally approximated to
Zero

T=T+71"
> ~\7 2 >
:u<VU+(VU) )—3u<V-U)I

+ <vﬁ"+ (vﬁ”)T) - %u (v-0)1

but the latter two terms are normally ignored due to small
fluctuations.

(203)
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5.9 Reynolds-Averaged Incompressible
Navier-Stokes Equation (RANS)

Incompressible NS equations are usually Reynolds av-
eraged.

V.U=0
= o (204)
opU = o7 tot
SV (U0 0)=-VP+V 1
where
:tOt:?fﬁ_’/(g _'/:2(/l+ﬂt)D71j Pkt-[ (205)
5.10 Favre-Averaged Compressible

Navier-Stokes Equations

Due to the density variation, compressible NS equation
must be Favre-averaged:

(70) =0

0 = > 3 _
at(pU) +V- <pU®U) =-VP+V. '

dp
TR

% pE)+v.(pﬁf1) =V. (#f’tﬁ)—v-q%wv.f?

(206)
where (with approximations in 7)
P = EOS (p, T)
E=¢+-—+k
e+ 5 +
g=ns Y
2
[j// X U’//
b= — (207)
2p
:tot _ i _ pﬁ// @ U"
= 2(pu+ ) D* — Skl
qt_ét _ —£Vh+pl7”h”
Pr
. - . (j” . lj”
K — gU// _ pU// 2
Or in index notations:
op | Opu; 0
at ax]- o
ot oz, | om " aw, \0 TP
opE  opu;H  Oph'd! Opuuliul
ot dx;  dx;  Ox;
o (piig\ e
81‘]‘ 2 8$j 81‘]‘
(208)



For Boussinesq approximations:

- ~ AT
_p(j// QU" = 1 (V[j+ (V[j) )

(v )t O
T
pU"h" = Prch

5.11 Transport Equation for Reynolds

Stress

Starting from the Favre averaged momentum conserva-
tion equation Eq. (208) and using Eq. (202) for Reynolds
stress calculation.

87'12}”-1) ~ aTlftql”.b _ tu7baul turb auk turb aﬂ]
ot " 0x, T\ aw, T G, TR G,
g oP 0P
t 8 k@xl
au// au//
P! k / l
+ ( 8:5; 8$k>
P + o)
(93;‘1 k 15] k !
3 -
+ 5 7z, (pu%u?’ué’))
/ /
+ u”a L tu L
L ox; k(‘)xj
8 k] aTlJ
T G, T e,
(210)

5.12 Transport Equation for Turbulent Ki-
netic Energy

Reynolds Averaging

Opk: | Opujk  _——ouw; 9 (1 [\
(925 6.13] - [ Jaxj a$] U Puzu
w o i(u’T--)—T--a—u;
kaxk ox; \ 1Y Y Oz ;
(211)
Favre Averaging
opky  Opujke  _— 0w 0 ( (1 .\
ot T T T A Tl
—9F 9 ou”
N/ el . " R
KOz Oz, (ul T”) i ox;
(212)

5.13 Transport Equation for Vortices
For votices (defined as the curl of velocity field):

(5w ()

9
ot

0

]8$j

' 8U+ L ~Vpx VP4~ rot (E)

(213)

p Ox;
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where . A .
i J k
dp Op Op
Vpx VP =19r, 0zo Ozs (214)
oP oP 0P
Oy dwy  Oxs
and A . .
i j i
. 0 0 0
wt () =| do;  des s (215)
10m; 10m; 1073
P O0x; P Oz » Ox;
5.14 Turbulence Modelling

5.14.1

Subgrid-scale (SGS) Modelling for LES

Subgrid stress tensor Tsgs = Uty — Ui U;.

Smagorinsky Model

= CA*\/2D;;D;;

5.14.2 RANS Model
Mixing Length Model

Lt
Ve = — =
17

oU
e

12

(216)

(217)

Spalart-Allmaras Model A viscosity-like variable o is

introduced for this model:

3
fl/l = X

vy = I)fula

X3+ C37

X:

One additional transport equation:

R R

(218)

_i_%(v.((y-kﬂ)v ) + Cr2 |V )

%) (¢

v
il

1
6
3)
3

(d2+qt d2)

ov .
SV (70) = C (1= fio) Do
- (Cwlfw -
where
D = /29;;Q;; +
X
vp2=1-——
f ? 1 +va1
1+C8
oo (i
g:r+Cw2(T6—r)
_ 1
- Dr2d?
and
w?
fo = Ctlgte RNE AUQ

fro = Cige=Cnx*

) + fnAU?
(219)

(220)

(221)



where d is the distance to the cloest surface and the con-
stants are:

2
73
Cp1 = 0.1355
Cp2 = 0.622
k= 0.41
Cur = C—"; 4 1+ G
K o
Cwo = 0.3 (222)
Cypz =2
Cnhr="71
Cy =1
Cio =2
Ciz=1.1
Cpuy=2
A modification is made:
Cis =12 (223)
Ciy = 0.5

K-Epsilon Model Two additional transport equations:
Turbulent kinetic energy k;

Opke | Opujke _ =iy 0ui o O ( jie Oky
ot 893]' ¢ JafL‘j 8a:j Ok axj

(224)
o0 (a0
8.”L’j M&‘mj p

Rate of dissipation of turbulent kinetic energy ¢

Y A N
= ktpui i O0x; + Oz <a€ Ox;

L0 (0
87}]' M@xj zgpkt

where Eddy viscosity g is:

% (%ﬂjg
ot (9$j

(225)

_k

Bt = Cup; (226)

with C1. = 1.44, Cy. = 1.92,C,, = 0.09, 0}, = 1.0,0. = 1.3.
Finally, the Reynolds stresses can be calculated as in
Section [5.71

K-Omega Model Two additional transport equations
are needed:

apke | Opujke O .
o T ow, PTigy, PPkt
22
([ O 0
8mj H kaxj
and
Opw | Opujw  Aw_ O o
ot " om; Tk Tiag, PP
0 Ok
| = 22
poa Ok 0w
w Oz 0z
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_ PR

~ (229)

et

where w is the specific eddy dissipation.

5.15 Turbulent Boundary Layer
5.15.1 Logarithmic Law of the Wall

ut and yT are non-dimensional velocities and wall co-
ordinates, respectively. wu, is friction velocity or shear ve-
locity.

Tw
Ur = ——
w
e (230)
Uy
y+ ﬁwjh-y
Hay

The Logarithmic law of the wall states that (x is Von
Kérmén constant and CV is another constant, experimen-
tally fitted to be 0.41 and 5.0 respectively for air, E is 9.8

):

1
ut = =Inyt +C7T (231)
K
or 1
+ +
ut=—1In(F 232
—In (Ey") (232)
or in dimensional form:
U
u="mY (233)
K Yo
3
104 107 107 10! 10°
25
|
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Figure 3: Turbulence log law of the wall. Source: https:
//en.wikipedia.org/wiki/Law_of_the_wall

As shown in Fig.

yt <5 yT =ut Viscous Sub-layer
5 <yt <30 Buffer Layer (234)
. 1
yt >30 ut = —Inyt +C*
K


https://en.wikipedia.org/wiki/Law_of_the_wall
https://en.wikipedia.org/wiki/Law_of_the_wall

5.15.2 Spalding’s Wall Function

An empirically fitted function to logarithmic law. A
smooth function for y™ < 300 [20].

1 + rut (mﬁ)Q
+ _ 4+ — Ky v
vy =u +E<e == 21
(235)
(sut)® (st
34l

5.15.3 Wall Function Implementation in CFD

Criterion : By equating the viscous sublayer equation to
log law region (k = 0.41, CT = 5.5):

1
yt = - Inyt+C* (236)
the critical y™ is 11.45.
gt <1145 7y =2t = e
oy " yp
ou Urt (237)
+>11.45 =p—=—r
Y w M(‘?y Lyt +Ct

where subscript p indicates the value at the first element
away from the wall.

The second equation comes from
PUFUp

Linyt +C+ (238)

9 U
Tw = PUr = Puruj =

5.16 Boundary Layer with Compressibility
5.16.1 Semi-local Values

For compressible flow with density variations, semi-local
values are used:

* ?w
'LLT = e
A (239)
* — puTy
i
Reynolds Numer:
l
Rel, = pBiLB
S (240)
. l puil
Re‘l’ = — = —
oy I
Mach Number:
Ma="
5 (241)
Map = TB
c

5.16.2 Van Driest (VD) Transformation

To account for the effect of eddy diffusivity in the vis-
cous sublayer, the Van Driest hypothesis states that the
eddy diffusivity decreases as one nears the wall, instead of
two regions where it is “on” or “off. It considers the density
variation in the boundary layer for compressible flows. It

is defined as:
uyp = / ,ﬁ du
0 Pw

where uy p is the average velocity in the boundary layer
[21].

(242)
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5.16.3 Trettel Larsson (TL) Transformation

Taking both density and viscosity variation into consid-
eration [22]:

um:/aﬂO+1®%J¢¢
0 pw 2p dy ﬁ dy

5.17

y) da  (243)

Walz’s Equation

A relation between mean velocity and mean tempera-
ture in the turbulent boundary layer:
7\ 2
<1 () )
Us

(244)

T T, —To (@ — 1
Ts Ts Uus 2

where subscript § refers to boundary layer edge, T, is the
recovery temperature and r is the recovery factor, where

T v—1
T
T, T

M? (245)

For non-ideal fluids:

~h=1+hr~hw(~“—1)+a~lf£S 1- (f)
hs hs Uus 5 Us
(246)
where
-~ - 2
h, = hs + r?S (247)
is the recovery enthalpy.
5.18 Morkovin Hypothesis
The turbulent Mach number is defined as
a2
M, =2 (248)
¢
where
V= \Ju + o + ul? (249)

When M, is small, the fluctuation in pressure, density and
temperature are small compared to the averaged values.
Methods like Favre average and van Drient transformation
can be used to match compressible and incompressible tur-
bulence statistical characters.



5.19 Turbulent Prandtl Number

The terms can be split into mean and fluctuating terms
. . L [24]: Velocity terms:
Pr; is the ratio of turbulent heat transfer and kinetic

energy exchange. 5 o oty 2 Oty 2 s 2
_ gen—U — ? 2 87 =+ 67 + 87
—— 0T * Y :
Uty o—

Pro= — 0% _ % (250)

(0, 0w (om | ou)®
ub T — Ky Jy  Ox 0z  Ox
0y Oy Ous ) 2
o +( 2+ 5
where turbulent viscosity is 0z dy
[ ouy Oy Ous 2
_pulul — ( + 5+
e = Tur (251) Ox Oy 0z
Ay

oy’ oy’ ouy\ >
+ +
ox oy 0z

—c,pul T’ +
K, = Pt (252)
or
Jy

For Favre averaged turbulent Prandtl number:

2
3
SgenfU/ = i <2 (
and turbulent diffusivity is T
2
3

3 (81/1 Oul 8u§>2>
—— Ol ox dy 0z
ufuf 3y (255)
Pry= ——= (253)
5, 0u
ugh'' — Temperature terms:
Ay
k ((oT\* (oT\> [(oT\
5.20 Transition SgenfT:? o) T dy {5
(256)
Sy = () 4 (Y (2
Forcing Environmental Disturbances g 72 \\ oz Ay 0z
amplitude
Receptivity

Transien!t Growth I
A E

RN

'
Primary Modes ' Bypass

Secondary Mechanisms

Breakdown

!

Turbulence

Figure 4: The path from receptivity to laminar-turbulent
transition 23]

5.21 Entropy Generation

Volumetric entropy generation is

)

Sgen = 7 (254)
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6 Mixture

6.1 Mixture Type
6.1.1 Gibbs-Dalton’s Law of Mixture

For a mixture of non-reacting gases. Also known as the
law of partial pressure.

% = (257)
and for other properties:
Vi =Vi
T =1T;
Pn=)_P
! (258)

My, = Zmi
Pm = Zaipi

6.1.2 Amagat’s Law of Mixture

More suitable for two-phase mixtures. Also known as
law of partial volumes.

Vi 2
v (259)
and for other properties:
P,=P
Tn="T;
Vi =>_V;
i (260)

My, = Zmi
Pm = Zalpz

6.2 Mixture Fractions
6.2.1 Volume Fraction

A.K.A. void fraction. Dependent properties includes
density.
Vi
Vin

(261)

o =

6.2.2 Mass Fraction

A K.A vapour quality. Dependent properties includes
most extensive properties: entropy s, enthalpy h, internal
energy u, specific volume v etc.

(262)

6.2.3 Molar Fraction
The fraction of molecule number of different species.

o, = 1 (263)

N

6.3 Two-phase Mixture
6.3.1 Wet Vapour Fractions

Volume Fraction

N
Ve VitV
264
el Vi .
V. VitV
Mass Fraction
X = ﬂ = 7mg
Mo my+ myg
apg
=07 2
apg+ (1 —a)p (265)
my my
1 — X = —=
Moy my+ Mg
6.3.2 Wet Vapour Fraction Relationships
Mixture Density
pm = apg + (1 —a) py
1
R — (266)
1—
X, T=x
Pg PL

Mixture Extensive Properties Entropy s, enthalpy h,
internal energy u, specific volume v:

¢7n = X(ybg + (1 - X) ¢l (267)
a — x Relation
Y Pm
o (268)
xX=—"*a
Pm
and
1
14+ 5—=-
X P

where S is the velocity fraction of vapour and liquid stream
Ug

U
Pm = PPy
" xet (1) py
e X1
xpr+ (1= x) pg (270)
1
o =X)pg
xpr+ (1= x) pg
6.3.3 Speed of Sound
By definition:
Cm = (8]3) (271)
pm ) s



Thermodynamic Equilibrium

aPm 8pg> (1—a)pm (8,01)
em =2 (L2) 4 ——m (22 4
( Pg (8P s 14 OP S
P (Pg — P1) <3x) -
PLPg oP )

_ 1
B apm+(1—a)pm+p3n(pg—pz)((%c) ’
- " ) Ix
PgCy pIc; PiPg oP ) g

(272)

Relaxation Models The equilibrium models with differ-
ent assumptions: Mechanical (pressure P = P;), thermal
(temperature T = T;), and chemical (chemical potential

W= pi):

cm = pm (Zp + Zpr + Zpr)) (273)
where:
o l—«a
Zp = > T T3
Pgc:  pici
P 1 CpyCry (G —¢y)°
PT = =
T Cpg+Cpy
_ 7 CrgCri_ (G G, )’ (274)
T Cpy+Cpy \ 2 pyc2
,g Pl \ PG pgcg

Zpr, =T (Cpy+Cpy)

( pL— Py ¢Cpg + CzC'P,l)2
pgpi(hi —hg) T (Cpg+Cpy)

and

(0T _oT
\0P/)g  pc?

1 /0P
G=- (==
p <3E>v (275)
OH a8
%—(aT)P—T(aTL
Cp = pac,

Frozen Homogeneous Expression

apm, 1—a«)pm -
Cbubble=< P +( )p )

2 2
PgCy pic

N

1

2

Cliquid = (O(pl + (1 — OZ) pg) (276)

<a§z L a- ;v)pg>
Cg Cl

[N
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7 Turbomachinery

7.1 Isentropic Efficiency

Since AS > 0:
. has— M
comp — 1 1
ha — hy
b (277)
Nturb = hl — h23
7.2 Axial Compressor Analysis
Euler Turbomachinery Equation
W =1l (Cp, — Ch,)
= 1mUCyz (tan ag — tan as) (278)
= 1mUCy (tan By — tan B3)
Degree of Reaction
A= Ahrotor _ h2 — h3 _ h2 — h3
Ahgstage  hor —hos  hoz — hos
_ %C% (tan2 B3 — tan? 52) (279)

UCy (tan By — tan fB3)

Oz

=30 (tan B2 + tan B3)
Special cases:
A Flow Angle Note
0 Bz = —pB2 Symmetric rotor
0.5 ag = —fs Mirrorfad velocity
_ triangle
fs = —az

Stage Loading and Flow Coefficient

o= W —Ah
U2 U2 (280)
b C
U
and
¥ = ¢ (tan B — tan Bs) (281)
7.3 Turbomachinery Loss
7.3.1 General Equations
Stagnation Pressure Loss Coefficient
_ Po1— Poz
Yeome = Py~ Py
(282)
Po1 — Po2
Yur = S 5
M Pog — P
Energy Loss Coefficient
¢ _ha—has  hy — has
comp h01 _ hl %Ug
(283)
C _h2_h25_h2_h2s
turb — h02 — hg - %U%
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Entropy Loss Coefficient

¢ _ TAS
comp — h01 — hl
(284)
T,AS
Cturb =37
hoz2 — ha
Polytropic Efficiency
vd P
Tpoly = W (285)
For perfect gas:
I 22
n=2
y—1"P
Npoly = T T; (286)
In =2
n T
and for non-ideal fluid:
> (As)n > (As)n
S = 287
Moty = (NS, T As+ > (As) (287)
Entropy Rise Coefficient
TO (Se - 51)
=—— 2
¢ 0.5u? (288)
7.3.2 Loss mechanism
Boundary Layer Loss Definition:
) d r?
Sa = = (pUs (s — 50)) dy
)0 (289)
/ L e dU
- —Tyx T
o T
Approximation model:
. T 3
§, = / PUsCa g, (290)
o T
where dissipation coefficient is:
TQSa
C, = 291
d peUg’ ( )

Mixing Loss The non-dimensional form of the impulse
function of general mixing of two streams:

~ I VY —1(1+~yM?2

o = o oo T LU (o
Mm om —1
T (2
and the impulse function < is defined as:
S = PA+ Uy +1msUs (293)
mc Y- 1 2 TO(: - TOm,
As=C 1 M

i pmm<(+ 2 m) Tom

(294)

+(y=1)M2 (1 - UC;OSQ> )



For main flow m is mixed with flow ¢, assuming Tp,,, =
Toc; Mme < My, and incompressible flow:

Trg,As =TS = 1, (Ufn — U, U, cos a) (295)

For modelling purposes, an approximation below as-

sumes all the relative kinetic energy of the small flow {}.
is lost.

S T 2 .\2
S = T Me ((Um —Ugcosa)” + (U, sin «) ) (296)
Shock Loss For adiabatic flow:
P02>
As=R In| =
(P01
2 _ _
—¢,| I (Q’YMl (v 1))
v+1
( (y+1) M7 ) (297)
—y In |
(y—1) M7 +2
2y (y -1 3
=201 -
3(v+1)
+o (M2 -1)"
For oblique shock approximation:
2 —1
As = CULQ) (M?sin?0 —1)° (298)
3(v+1)
Other handy relations:
AP 27 o
— = —— (M7 -1 2
P oy+1 (M7= 1) (209)
v+1 (AP 3
As ~ j——
s~ R 152 ( 2 (300)
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7.3.3 Loss types
1. Profile loss

(a) Attached boundary loss

1 3
- CapUy x
= —_— 1
§=Y C, /0 (o (301)
(b) Separated boundary loss
(¢) Trailing edge loss
TAS  Cwt 20  (6+1)
0502  w + w * ( w > (302)

which involves drag, mixing and blockage loss,
and base pressure coefficient with reference at
blade exit condition:

Pb - Pref
=2 -~ 303
pb 05[)‘/;2”( ( )

2. Tip leakage loss

1
TS = Odisg/ Uf <1 -

0

U, 2 2dz
U> 4/ U _UPE (304)

where discharge coefficient is around 0.8.
3. Endwall loss
4. Shock loss

5. Others

(a) Unsteadiness
(b) Windage

(¢) Leaving kinetic energy



8 Non-Dimensional Numbers

Name Expression Interpretation Notes
Reynolds Re=" UL inertial force All fluid problems
1 viscous force
Euler Eu = il pressure force Pressure and pressure difference are of interest
pU? inertial force
N L
Eckert Ek — u kmetlcﬂ Dissipation is of interest
AH enthalpy
Biot Bi — hL CondUCt_ive res.iStance Heat transfer
ks convective resistance
Fourier Fo = at rate of conduction Heat transfer
L2 rate of heat storage
Nusselt Nuy = hL __comvection Heat transfer
ky pure conduction
Prandtl Pr = v _ 1Cyp momentum diffusion Heat transfer
o k heat diffusion
Schmidt Sc = . momentum diffusion Heat transfer
pD mass diffusion
Turbulent Pr. — €M _ ch eddy viscosity Heat transfer
Prandtl Y en &k eddy heat diffusivity
Turbulent Go, — M eddy viscosity Turbulence
. ;= ——
Schmidt €D eddy mass diffusivity
Grashof _ grp (Ts = T) L? buoyancy Heat transfer
V2 viscocity
Cy T drag coefficient Fluids
J 1 2
r drag(F=D) / . .
Cp/L TS lift(F=L) coefficient Aircraft Design
Ty Tt/ CpToo air mass flow rate Aircraft Design
P()QA
fn\f _ OV fuel mass flow rate Aircraft Design
POQA\ / CpT02
w wD rotational speed Aircraft Design
VY RTo2
F/‘tr-;f maU + PoA thrust Aircraft Design
P W —Ah stage lo;.iding Turbomachinery
Uz - U2 coefficient
10) % flow coefficient Turbomachinery
U
A Ahrotor degree of reaction Turbomachinery
Ahstage
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A Mathematics

A.1 Calculus Basics

Chain rule

0X 0X oY
07 = ov oz (305)
Cyclic rule
6X> <8Y) (82)
— — — ] =-1 (306)
<8Y 2 \07 ) \0X /
Higher order derivatives
d*y dy d [dy
W de dy <d:r) (307)
d*z d?y . (dy 3
i+ (1) (0%

A.2 Partial Differential Equations Classi-
fication

For a general form of second-order PDE:

the classification is based on the shape of characteristic
equation:

b? —4dac < 0, Elliptic
b*> —4ac =0, Parabolic (310)
b* — 4ac >0, Hyperbolic

From a numerical point of view, hyperbolic and parabolic

PDEs are initial value problems (time evolution) while el-

liptic PDEs are boundary value problem (static solution).
First order PDEs are all hyperbolic.

A.3 Quasi-linear Partial Differential Equa-
tions Classification

A general form of quasi-linear PDE with 2 spacial di-
mension:

ou ou ov ov
G +b—F+a—+di—=f

or oy ox dy (311)
“or Ty T %5 T oy ~ 2

where u,v are functions of (x,y), a,b,c,d, f can be func-
tions of (z,y,u,v).

A characteristic line is a curve in the domain of the PDE
along which the solution of the PDE is constant (PDE be-
comes ODE). For characteristic lines the derivatives of u
and v are inderterminant. Two methods can be applied:

A.3.1 Method of Cramers Rule

For total derivatives of u, v:

du = ?dx + %dy
" Y (312)
dv = @dx + @d
ox oy Y
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system can be rewritten in a linear form A z = b:

@
ay bl C1 d1 Ox fl
ou p
a9 bz Co d2 67 2
8‘” = (313)
dr dy 0 O gv du
ox
0 0 dr dy ov dv
Ay
For z to be indeterminant, [A| = 0.
du\ 2
(0102 - 11201) (di)
d (314)
— (a1d2 — agdy + bica — bacy) é

+ (bido — body) = 0

which is second order ODE in form of az? + bz + ¢ = 0.
Hence similarly:

b?> —4ac < 0, Elliptic
(imaginary characteristic lines)
b*> — 4ac =0, Parabolic (315)
b?> —4ac >0, Hyperbolic
(two real characteristic lines)
A.3.2 Eigenvalue Method
For w:
U
w=(1) (316)
the quasi linear system can be re-written:
a a)Ow (b d)ow_,
az c2) Oz ba da) Oy
0 0
v y (317)
8} + Kfl aiw =0
r = =0y
ow  NyOw _
or =09y
The eigenvalues of N determine the classification. If all

eigenvalues are real, system is hyperbolic. If all eigenval-
ues are complex, the equation is elliptic. If the eigenvalues
are a mix of both real and complex number, the equations
exhibits a mixed hyperbolic-elliptic nature.

A.4 Method of Characteristics

Two real characteristic lines are needed for method of
characteristics. Followsing are the steps:

1. Identify the characteristic curves: These are the
curves along which the solution is constant. They are
determined by the initial conditions of the problem.

2. Transform the partial differential equation: Using
the chain rule, the partial differential equation can
be transformed into a system of ordinary differential
equations along the characteristic curves.



3. Solve the system of ordinary differential equations:
This can typically be done using standard techniques
for solving first-order differential equations, such as
separation of variables or integrating factors.

4. Express the solution in terms of the original variables:
Once the system of ordinary differential equations has
been solved, the solution can be expressed in terms
of the original variables of the problem.

A.5 Behaviours
Equations

of Physical Governing

A.5.1 Hyperbolic

Two real characteristic curves exist through a given
point. Following flows are governed by hyperbolic PDEs:

e Steady inviscid supersonic flow

e Unsteady inviscid flow (w.r.t.
marching in time)

time, hence always

A.5.2 Parabolic
e Steady boundary layer flows

e "Parabolized” viscous flows
e Unsteady thermal conduction

e Unsteady incompressible Couette flows.

A.5.3 Elliptic
The disturbance is left everywhere in the domain.
e Steady subsonic inviscid flow

e Incompressible inviscid flow

A.6 General Forms of Partial Differential
Equations

Advection’ Equation

99 09 _

bt — = 1
oD +a B 0 (318)
Diffusion Equation
d¢ 0%
& _,7 7 1
ot~ ox2 (319)
Parabolic.
Burgers’ Equation
0¢ ¢ 0%
b i 2
ot + ¢8x Ox? (320)
Hyperbolic or parabolic if v is large.
Inviscid Burgers’ Equation
9¢ 09
— — =0 321
ot + oz (321)

Hyperbolic.
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Laplace Equation

Vip=Ap =0 (322)
Elliptic.
Poisson Equation
V2 = f () (323)
Elliptic.
Diffusion Equation
Vi k90 = 1 (@) (324)
Wave Function
V23— %‘?Tf =0 (325)
Hyperbolic.
Biharmonic Equation
A% =0 (326)

A.7 Physical Governing Partial Differen-
tial Equations

A.7.1 Heat Equation
From governing equation:

or

V-kVT + Qgen = pcpa (327)
with constant k:
dgen 10T
AT+ =2— = —— 328
+ k a Ot (328)
without heat generation:
oT 0T
— =a— 329
ot~ “ox2 (329)

The PDE is parabolic and hence an initial value problem.

A.8 Boundary Conditions

Dirichlet
p=C (330)
Touman % =C (331)
Ox
fon ap + b@ =C (332)
ox
A.9 Trigonometric formulas
Identities
sin (—0) = —sin6 (333)

cos (—0) = sinf



Relations

sin? 0 + cos?0 =1

sec?§ —tan® 6 = 1 (334)
csc?f —cot?0 =1
Complementary Angles
sin (90° — 6) = cos @
cos (90° — 0) = sinf
tan (90° — 0) = cot
00" —0) (335)
cot (90° — 0) = tané
sec (90° — ) = csc b
csc (90° — 0) = secd
Sine Relations
sin (o + B) = sinacos 8 + cosasin 8 (336)
sin (v — B) = sinacos 8 — cosasin 8
Cosine Relations
cos (a+ ) = cosacos B — sinasin
(a+B) B B (337)

cos (e — ) = cosacos B + sinasin 3

A.10 Index Notations
A.10.1 Kronecker Delta
Identity matrix. Note that dgxr = 3 (implying summa-

tion).

1 ifi—
by=q. ) (338)
0 otherwise

A.10.2 Levi-Civita Symbol

Even cycle mean 123, 231, 312 and odd cycle is 321,
213, 132.

1 if ijk is even permutation
€ijk = 4 —1 if ijk is odd permutation (339)
0 otherwise
hence
€ijk = €jki = €kij (340)
€ijk = —€j5ik
and ¢ — e identity:
€ijk€ipg = OjpOkq — Okpljq (341)
A.10.3 Others
Coordinate vector
T
F=x= |22 | =x1€1 + 265 + x3€3 (342)
€3
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Index notation for partial differentiation (e.g. for

3D)
of ~of . of .  Of .
= = — —_— —_— 343
f’ 8:177 31‘1 “ + 8502 = + 81’3 € ( )
hence
xi,j = (Sij (344)
Determinate of a tensor
1
Det (é) = 6€ijk6pqrApiquArk = EijkAilAjQAkS (345)
Trace
Inverse of a tensor
_ 1
0= @%qﬁjm&p&q (347)
Modulus of a vector
lul = Vu-u = Juu, (348)
Unit normal vector
Vo bi
n= 0— N = —F——— (349)
Vo) V0.
Nabla operator V
0
V= 350
oz, (350)
A.11 Tensor basics
A.11.1 Tensor Construction
Vector and tensor
U
U=u= | uy | =u1€1 + us€s + usés (351)
u3
A Ap Az
A=Ay Ay A (352)
Az Az Asg
Vector and matrix bases
€1 €1€1 €1€y €1€3
€ €2€1 €2Cy €2€3 (353)
53 5351 €3€2 6353
Unit vector ¢
ST (354)
€; X €j = €jkCk
Cylindrical Coordinates
e dr
€= |¢ép de= | rdé (355)
€, dz
where:
96
00 "’
% o (356)
a0 7



Spherical Coordinates

€
e=|ép (357)
€
where:
o
53 = sin¢ (?9
% = —cos¢ €y —sing e,
% =cos¢ €y (358)
9
ap — °
0 _
oo "
A.11.2 Special Matrices
Identity Matrix
1 00
I=10 10 (359)
0 0 1
Unitary Matrix
At =A" (360)
and hence
[=AAT=A"A (361)
Hermitian matrix A .k.a. self-adjoint matrix.
A=AT =" (362)

where éH is the conjugate transpose of the matrix A

Orthogonal Vectors

n-n=m-m=10-1=1
(363)
n-m=m-l=n-1=0
and
n@n+mem+lel=1 (364)

A.11.3 Coordinate Transformation of Vectors

Cylindrical to Cartesian:

Uy cos) —sinf O Up
Uy | = [sind cosf O Ug (365)
Uy 0 0 1 Uy
Cartesian to cylindrical:
Uy cosf sinf O Uy
ug | = [ —sinf cosf 0 Uy (366)
Uy 0 0 1 Uy
Spherical to Cartesian:
Ug cosfsing —sinf cosfcos ¢ Uy
uy | = [ sinfsing cosf sinfcos¢ ug | (367)
Uy cos ¢ 0 —sin ¢ Ugp
Cartesiam to Spherical:
Uy cosfsing sinfsing cos¢ Uy
ug | = | —sind cos @ 0 uy | (368)
Ug cosfcos¢p sinfcos¢p —sing Uy
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A.12 Tensor Operators
A.12.1 Dot Operator

Vector dot product

(a-b) = av; (369)
Vector dot with tensor
A-a) = A;a;
(4-0), = 4sa, 0
(a-4), = a;A;
Tensor dot with tensor
(4-B),; = AiBy;
(A:B) = Ai;Bj; (371)
(A4--B) = Ai;Bji
A.12.2 Cross Operator
Cross vectors
(@ x b); = €ijna;br (372)
and
axb=-bxa (373)
Vector cross with tensor
(ax 4) G €ipqpAq; (374)
(é x Q)ij = €jpqlqAip
Tensor cross with tensor
(é X é)l = GijkAlekl (375)

A.12.3 Dyadic Operator

Dyadic tensor builds a second-rank tensor out of two
vectors:

(a® Q)ij = aib; (376)
for some identities
®blc=al(b-
(a®@b)c=a(b-c) (377)
a®b#b®a

A.12.4 Scalar Triple Product

Calculates 1/6 of the volume composed of three vectors:

a-(bxe)=b-(cxa)=c-(axb) (378)
A.12.5 Vector Triple Product
Lagrange’s formula or vector product expansion
ax(bxc)=b(c-a)—c(a-b) (379)



A.12.6 Gradient Operator

Gradient reduces the order of tensor.

_of.  of.  Of.
Vf= D €r + By €y + 92 €, (380)
and in index notations:
(Vf)1 = fz
(V@)ij = U j (381)
(Ev)ij = Uji
Important identities:
V(p+4)=Ve+Vy
V(g) =¢Ve + oV
\Y =V \Y
(¢u) =Vo@u+¢Vu (382)
V(u-v)=w Vvt (v V)u
+ux (Vxu)
+ux(Vxu)
In cylindrical coordinates:
ou, lﬁur _ug ou,
ar r 00 r 0z
Vu— | Qe 10us  ur Ouy (383)
ar r 00 r 0z
Ou,, 1 ou,, ou,,
or r 00 0z
In spherical coordinates:
ou, 1 Ou, _ug lﬁur _ug
or rsing 00 r r ¢ r
u= | L U ur U 10u,
= or rsing 00 r  rtan¢ r O¢
Ou. L Jus g L0u; | ur
or rsing 00  rtanf r 0¢ r
(384)
A.12.7 Divergence Operator
”Dot product” of nabla and the vector or tensor:
(V Q) = U4, (385)
For operation with tensor:
V-A). =Ay;
(V-4), = Ay, -
(é V)i = Aijj
Important identities:
Vi(u+v)=V-u+V-uv
Vo (¢u) = ¢V -u+u-Vé (387)

Ve(uxv)=(Vxu)-v—(Vxv)u
A.12.8 Curl Operator
”Cross product” of nabla and the vector or tensor:

(V X g)z = €ijkUk,j (388)
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For tensors:

(V x é)” = €ipgAgjp (389)
Important identities:
Vx(u+v)=Vxu+Vxuv
Vx(¢u) =¢(Vxu)—(uxV)¢
=¢(V +(V
¢ (V xu)+ (Vo) xu (390)
V X ($V¢) = Vé x Vi
Vx(uxv)=u(V-v)—v(V-u)
+@-V)u—(u-V)v
In cylindrical coordinates:
Ou, 7 Orug
ol 0z
€r
V=t |, (0 _0u) | (g (391)
r 0z or e,
Orug B ou,
or 00
In spherical coordinates:
1 Oug sin ¢ B %
rsin ¢ oo} 00
B 1 (0rug Ou, é’“
S S
€¢
1 1 Ou, B Oruyg
r \sing 00 or

A.12.9 Laplacian Operator

Laplace operator is the divergence (V-) of the gradient
(V).

Af=V2f=V-(Vf)

and for index notations

(393)

(V?u), = uij;
(V24),. = Aij

ij

(394)

A.12.10 Inner Product

Inner product space (or, rarely, a Hausdorff pre-Hilbert
space[1][2]) is a real vector space or a complex vector space
with an operation called an inner product.

1y} = / 1 (2)ya(2) da (395)

A.12.11 Material derivative

Change rate of ¢ in an element in the velocity field.

D¢ 99 =
B~ at(0°9)¢ (396)
where (lj . V) is an operator defined as:
- 0 0 0
(U~V) —u%—&—va—y—kw@ (397)



with index notation:

[((7 : v) gb} = ¢.U; (398)
A special case when ¢ = U:
(17 : v) 0= (vﬁ) 0 (399)
with index notation:
(0-v)0] =vi,0; (400)
A.13 Theorems
Divergence law for vectors:
V-udV = / u-ndA
/ Us 4 dV:/ u;n; dA
R SR
and for tensors:
/V~QdV:/ n-UdA
R - SR
/ Uj@j dVv Z/ Ujinj dA
R oR (402)
/ U-vdV = / U-ndA
R SR
/ Uij,j dVv :/ Uljnj dA
R SR
Stoke’s Theorem
/ng-QdS:/ u dl (403)
s a8
A.14 Linear Systems
Matrix form of a linear system is:
Az=b (404)
and the solution of z is:
z=A""b (405)
From Cramer’s rule:
Det(A;) A 206
" D@ 1A 1o

where A; is matrix A with the i column substituted by b.

A.15 Eigenvalues and Eigenvectors

for n X n tensor A:

(A-A)r

(A=) o

=0
=0

it has n Eigenvalues A1, Ao, ..., A, each associated with
eigenvectors ry,ry, ..., T,,, and left eigenvectors {;,l,, ..., [,,.
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|
—

A=R"AR
A=LAR
- T T (408)
A=RAR
A=RAL
where right Eigenvector matrix R is given by:
R=(ryry - 1,) (409)
left Eigenvector matrix L = ﬁfl:
I
5
L= (410)
ZT
A0 0
0 A2 0
A= ) (411)
: 0
0 0 0 X,

For symmetric matrix A, Eigenvector matrix is orthorgonal

L=R"

A.16 Random Variables
A.16.1 Expectation (u)

Discrete
EX] =) aP(X =) (412)
reX
Continuous -
E[X] = [ +f(z) dz (413)
A.16.2 Variance (02)
Discrete
VIX] = E[(X - )2 = Y (e - w)?P(X =a)  (414)
Continuous
VX = [ @ewPr) de= [ ) demp? @15)

A.16.3 Covariance

Measures the linear dependence between X; and Xo.

Cov[Xy, Xo] = E[(X1 — p1) (X2 — p2)]

(416)
=E[X1 Xo] — pape
A.17 Correlation Coefficient
Non-dimensionalized covariance
COV[)(l7 XQ]
Rxy = COI"I“[Xl,Y2] = —— 417
v



A.18 Probability Density
A.18.1 Probability Density

. 1
B(U)AU = lim — > (A (418)
where B (U) is a probablity density.
B(U) >0, / B(U)dU =1 (419)
First Moment
Uirat = / UB(U)dU (420)
Second Moment (Variance)
U = Usecond = / U2 (421)
Third Moment (Skewness)
Uthira 1 sp
S = e DQU (U)dU (422)
Fourth Moment (Kurtosis / Flatness factor)
Ufourth 1 > 4
K==t = 5| UB@AU ()
A.18.2 Joint Probability Density
B (U,V) is joint probablity density.
B(U,V) >0// (U,V)dudv =1 (424)
A.19 Fourier Transform
Forward:
€) :/ f(z)e %y (425)
Inverse:
fa) = [ F@ea (126)
A.20 Singular Value Decomposition
(SVD)
A.20.1 Full SVD
For any matrix ¥ with dimension n x m:
y=usy! (127)

where U and V are unitary matrices: (wT = I) with
dimension n x n and m x m, respectively. ¥ is a diagonal
matrix of dimension nxm with decreasing and non-negative
diagonal entries.
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A.20.2 Economy SVD

By trimming U and ¥ in full SVD (if m > n, and vice
versa): o
y-0sy

(428)
where Q and ; have dimensions n x m and m X m. respec-
tively.

A.20.3 Truncated SVD

By removing more columns for a ”good enough” rank-r
approximation of Y:

I~

~Y,=Up 5 V!

—1
Za]uj Uy

where U, X,, and V;. have dimensions n x r, r x r, and

(429)

r X m. respectively. @; and 17]._1 are j'

Ve

The required optimisation is the minimisation of

x|, = (D - 00)

=1 k=1

columns of U, and

(430)

A.21 Proper Orthogonal Decomposition
(POD)

To modal decompose a vector @ (f, f) field into a set of
deterministic spatial functions:

@(7,1) = ) ax(f)ou ()
k=1

(431)

Using the method of snapshot with n spacial elements
and p times samples:

y(21,11) y (21,1p)
L= : : (432)
(znatl) y(:l:n,tp)
= (g(fatl) y(fatl))
For multiple properties, the snapshots are vertically
stacked.
y1 (21, t1) y1 (21, tp)
hn (Zna tl) Y1 (Ina tp)
Y = 433
= Y2 (z1,t1) Y2 (21,tp) (433)
Y2 (l'natl) Y2 (l'natp)
Inner product:
Godide = [ o t)aloste) do = 7 W
2o (434)

<Z_"j;5k>t = / Zl(l'j,t)fé(l'k,t) dt = E?thk
Qq

For the eigenvalue problem of temporal correlation ma-
trix ¥ gT:

Y'G=\p (435)

I~



The eigenvector are simply the principal axes of the cloud
of data y in vector space.
From the SVD in the previous section:

T
Y=USV"=> 0,50 (436)
j=1

The original field can hence be reconstructed using r
POD modes.

Y ~Y .:Zai(j)@'i (437)

where a;(j) = (¥, X;) is the time coefficient of POD basis
Uj
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B Derivations

B.1 Fundamental Equations

Internal energy F is a function of extensive properties
S, V. Same for S.

438
S=S(E,V (438)
hence,
dFE = 8—E ds + 0F dVv
as / ov )
oS oS (439)
= P — E _—
5= (52), 28+ (ov), 4
By definition:
OF OF
- (%), 7= (), @
hence:
dE =TdS — PdV (441)
rearrange:
ds = ldE + EdV (442)
T T
hence:
1 oS P oS
r=(o5), r=(ow),  o®

B.2 Legendre Transformation

The Legendre transformation is a mathematical process
that changes one function into another using its derivative.
By defining

Y=Y(X); A= % <)\ (X;) = g—)};for multiple X
(444)
and
P (A) =Y - AX (445)

series of thermodynamic properties can be defined with
Y =Uand X = N,.

B.2.1 Enthalpy

Setting
X=V (446)
and A is hence
oF
A=|—) =-P 447
(%), wn
The corresponding Legendre potential is given by
Y(P)=FE—-\NV=FE+PV=H (448)
which is defined as enthalpy (H).
dH =dE+d(PV)
=1TdS — PdV + PdV + VdP (449)

=7TdS +VdP
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B.2.2 Helmholtz Free Energy

Setting
X=S5

oF
= _— :T
A <05>V

The corresponding Legendre potential is given by

WIT)=E—-AS=E—-TS=A

and X is hence

which is defined as Helmholtz free energy (A).
dA =dE —-d(TS)
=TdS — PdV — TdS — SdT
= —-5dT — PdV
B.2.3 Gibbs Free Energy

Setting
X172 = S, |4

OF
n=(55), =7

and \ is hence

The corresponding Legendre potential is given by

(450)

(451)

(452)

(453)

(454)

(455)

W(T,P)=FE—-MS—MV=E-TS+PV=H-TS=G

which is defined as Gibbs free energy (G).

dG = dH — d(TS)
=TdS + VdP — TdS — SdT
— —SdT + VdP

B.3 Helmholtz Equations
B.3.1 First Helmholtz Equations
From fundamental equations:

7TdS =dE + PdV

E=E(T,V)
OE OE
dE = <8T>VdT+ (W)Tdv

1 oFE oF P
ds = T( (8T>VdT+ (a‘/)TdV) + de

1 (O0F 1 oF

Therefore
o5\ _
arT /), -

(456)

(457)

(458)

(459)

(460)

(461)

(462)



rearrange last equation:

(3), - (+ (), ")

from Maxwell relationship

(@), = (@),

Substituting, we get the first Helmholtz equations:

9EN _ (p (22 _p
ov ), or /.,
B.3.2 Second Helmholtz Equations

Similarly but for enthalpy:
dH =TdS +VdP

H = H(T, P)

0H [

hence
1 O0H (')H 14
1 (0H aH

Therefore

(o7), =1

1Q =l

0H

ar ),
(5), - (),
P ) P ),

rearrange last equation:

(5), (r(3),+v)

from Maxwell relationship

(ar), = (&),

H\Hq

Substituting we get second Helmholtz equations:

0H ov
(%), (- (0),)
B.4 Navier-Stokes Equations

Starting from transport theorem:

dt/ pp dV = /

d7 (po) =

an

2 (00)+ V- (pol])

dv+/p¢(ﬁ-ﬁ) dA

(463)

(464)

(465)

(466)

(467)

(468)

(469)

(470)

(471)

(472)

(473)

(474)

(475)
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B.4.1 Mass

- dp _ .
¢ =1 for mass and ¥ = 0:

dm p 2 _
5= dV+/ (0-7) aa=o0 (476)
and hence: 5
P _
SV (b0) =0 (477)

B.4.2 Momentum

¢ = U for momentum 4 — 3~ F
dM / 00 dv+/pﬁ(ﬁ.ﬁ) dA=3"F (478)

by divergence law:
/ gt (pU) YtV (pU®U) v =S F

For left hand side of the equation (with volume integral
neglected):

(479)

LHS—aat (pU)—i—V (p(?@[j) (450)
= 51 (20) 0 (9 (40) + (v0) (+0)
as in index notation they are equivalent:
(v-(Te0)),=(Te0),,
= (pU;Ui)
= pU;U; ; + pU;Uj, 5
O ) -
= (PU>j’j Ui
= pU;Uj
((v0) (+7)), = (v0),, (D),
= pU;.iU;j
Therefore,
1irs =20 4 7% (i) 1 0 - (o07) + () (0)

(482)
For right hand side of the equation (with integral) with

three terms describing body force, frictional forces, and
pressure force respectively:

/RHSdV:/pédV—i—/zﬁdA—/BﬁdA
14 Vv AT A
:/pédV—l—/V-de—/V-BdV
\4 \4 - \%4 -

(483)



Since
g=1-PL
Ozz Ozy Oxz Tex Toy Toz P 0 0
Oyz Oyy Oyz | = | Tyz Tyy Tyz | — |0 P O
Oze Ozy Ogzz Tew Tzy Taz 0 0 P
(484)
and
(V-P),=Pji;=Pi (485)

RHS can be simplified into:

/RHSdV:/pédv+/v-;dV—/vpdv
14 14 14 Vv

:/ —VP+V -7+ pGdV
v T

(486)
Equating LHS = RHS:
U N\ - .
,0<+(VU)U>:—VP+V-T+pF (487)
ot =
From definition of materials derivative:
DU oU /- .
E—E+(U~V)U (488)
For index notation proof:
. 98U oU = oU
(0-V)0 =ugy +o5, +vg,
((U v) U>l = Uiyl (489)

Hence the Euler’s equation for momentum balance can be
written as:

pU 1 1 o
= __VP+-V- F 490
Dt pV + pV T+ (490)
B.4.3 Energy
For energy ¢ is total internal energy:

dE, d 1

=0 _ - d

dt dt/vp<e+2U| ) u
:/ 9 p e+1\U|2 AU+ (491)

v ot 2

For LHS:

/Ap <e+ ;|U|2) (ﬁ.ﬁ) dA
R

= %(pEo) +V- (pﬁEo)

- EO% + p% + BV - (pﬁ) +(VEy) - (pﬁ)
= p% + (VEp) - (0(7)

_ DE,

Dy

(492)
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From energy conservation (first law of thermodynam-
ics):

_de _dw (493)
& At de

For heat transfer rate:

%:—/cj’-ﬁdfl—k/ Qgen AV
A v (494)
= / -V-q+ Qgen dv
v
The calculation of work is:
= / T dA
A (495)
m:/fﬁM
A
with
T=n"g (496)
and ¢ =1 — P =1 — PZ for rate of work done:
fﬂz/g ﬁﬁdA+/ﬁ Uav
:/ (g-ﬁfPﬁ>ﬁdA+ F-Uav  (497)
A 1%
:/ Ve(z-0-PO)+F.-0av
1%
Thus:
dE, _dQ _aw
At dt dt
= [ -v.7+V. (;-ﬁ—Pﬁ)
1%
(498)

+F U+ Qgen dV

:/VV~(WT)+V~(;U—P(7)

+ F U+ Qgen AV

The five terms in the equation above corresponds to heat
flux via conduction, shear work, pressure work, body force
work, and heat generation term in the domain.

Therefore, Euler’s equation for energy balance is given
by LHS=RHS:



B.5 1D Inviscid Navier-Stokes Equation
Primitive Form

B.5.1 Auxiliary Relations

Speed of Sound Rewrite function of Pressure as:

P =P Wy, Wa, Ws) (500)
SO
oP oP OP
dP = o, dWy + oW, dWs + oW dWjs (501)
Speed of sound can be re-written as:
o-(%)
Op )¢
oP
_.(amq)s (502)
_opP oP [ 0W, 4 oP (0Ws
0wy OWo \OW; )¢ OW3 \ OW;
Since op op
PIE = —u—avv3 (503)
SO
oP OP oW. ow.
2 3 2
= - 4
<= aw, T ows ( (8W1)s ! <8W1>s> o
Along an isentrope:
ds=de+dw=0
—Pdv = —de
%dp =de (505)
p
(2) -7
o)s p*
_ P15,
ho—e+;+§u (506)
In addition, from the definition:
(5w),- (%)
oWy S
507
o 87 (507)
(), (%)
6W1 S 8p S
dpe 1 [ 0pu?
o) T2
s s
508
—etp( L) p L2 .
TP G ) T2 T p )

Therefore, continue from Eq. (504)),

p_ 9P 0P (ou\ o, (o
Towy o\ T\ ap ) P\ p ) 4

OP oP

_ 2 2
_5W1+(h0 u)3W3
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Alternatively:

P=P(pe)

Thus

9 <8P>
==
op /)

Relation 1

opP

de

= OWs de

opP opP
on). 0 (30),

(5).(5),(5),

oP P (0P
op), p? de ),

0P 0Opeg
dpeg Oe
oP 0 (

+ L o
pe + 5pu
oP

~ Pows,

Relation 2

oP 0P Opu
dp  dpu de.
oP
" ow,

Relation 3 Using cyclic rules:

o _
opu

opr

oWy

OP 0Opey Ou
8peo ou apu
oP 0 1 1
~ oW au (” o ) »
oP
oW,

Relation 4 From Egs. and -

or .,
S =

oP
ap
oP
ap

dp
Since Egs.

oP
oW,

190p
pa (h —u)

PoOP 10p 1,
2aepae<h2“)

10P 1,
+pae<—h+2u>

€0 oP 28£

?66

(b09) and (511)) is equivalent:

_op (. 1u2 oP
_8p 8W3

(510)

(511)

(512)

(513)

(514)

(515)

(516)



B.5.2 Jacobian

From the definition for 1D inviscid NS equation:

Wi p Fy pu

W:WQZpu,ﬁ:FQZ

W3 peo F3 puhg

Alternative forms of Fy, F3 can be taken:

p2u?

p

F=p’+P= +P

_ws

P
W1Jr

P
F5 = puhy = pu (eo + ) = pueg + uP
p

WoWs Wy
= 2p
W,

Therefore the terms in Jacobian can be derived:

0F,  0W,

o, ow, °

OF)
oW,
OF,
oW

OF,

oW,

_ oW
= S =

L
= 8W3 =
Wz oP
72 _l’_

Wl an
_or
oW,

oF;
ow,

Wy, 0P W,oP
Wy oW, W2
or _uP

= —uey + u——r
0t owr p

(o)
(%)

_ws P
W, W

Wi

B
— o,

W, 0P
Wy 0Ws
oP

W Wy op
WL Wh W,

= 1—|—a—P U
B OW3

pu? + P

(517)

(518)

(519)

(520)

(521)

(522)

(523)

(524)

(525)

(526)

(527)
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Therefore the Jacobian can be retrieved as:

0 1 0
or ., P op
=1 oawm oW W3
oP oP oP

(528)
Using auxiliary relations (Egs. (516)), (513), and (512]))

derived in the previous section:

oF, 0P 2
ow, oW,
_oP ([ _1p\OP
_8/) 2 8W3
_op ([ _Lp\10P _
~Op 2 p Oe
orP POP POP 1 ,\10P 9
=+ - —(e—zu?) - —
Op  p%0e p2 Oe 2 p Oe
1 /P 1 oP
2 2 (L L9\ of
=c"—u (p 2u)8e
— 2 2_h07u287P
p  Oe
(529)
Using Egs. and :
0F, oP
=42
oW, oW, "
oP
= —u—— 42
s+ 2 (530)
__387P+2u
~ pOe
Using Eq. (512):
or, 0P
oWs — OW;
_1op o531
~ pOe
Using Eq. (516):
ors oP h
ow, — \ow; °
_ (9P «oP wor P 1,
b dp p Oe p Oe p 2"
_ (98 _eop _wroP wOP P 1,
- dp poe 2p Oe p Oe P 2"
= 87]3* E+u72,u72 aipfh
T\ \p 2 p)oe
oP POP POP e u?\ OP
=u|l—+———-——S———-|—-——— | =— —ho
p  p? Oe  p2 Oe p  2p) Oe
P e u?\ 0P
_ 2 _ [ -
_u<c <p2 p 2p> de ho)
2 _py_uoP (P W
—u(c h) e (p—i— >
u OP
:u(CQ—hO)—f%(ho—ug)

(532)



Using Eq. (513):

=ho+ —
v, 0T "
oP
=ho — u?—r
0— U I (533)
u? OP
= h e —
0 p Oe
Using Eq. (512)):
ory (1 0 )u
oWz O0W3
534
_y 4 uoP o3
N p Oe
Hence, the Jacobian can also be written as
0 1 0
ho — u? OP u OP 10P
2 2 0
_ 2 2% 49 il
J= o p Oe p Oe + p Oe
u (02 - ho)
u 0P u? OP u P
2 (R — w2 ho — — — el
p Oe (o —w?) 0 Oe p Oe
(535)
B.5.3 Perfect Gas
From ideal gas law:
P = pRT
= (v—1)pe
1
— (-1 (e~ 5 (530)
Loy
=(y—1){ pey — 5Pu
- 1W3
= (=D Wae =2
(v—1) > W,
Therefore:
oP _7—1W722_’y—1 9
owy 2 W 2
oP Wy
o = (v =—(y—1 537
=0 -DiE=—G-Du (63
o°P )
owy !

hence for an ideal gas the convective flux Jacobian matrix
is:

0 1 0
¥—=3
J= 5 B-=vu =1 (538
-1
VTug —uhg ho—(y—1)u® ~u
For eigenvector ry:
1
u
Ty = b c27p (539)
" or
Oe
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For perfect gases:

or _opor

de  OT Oe
R
N C?)

Therefore:
p pC,
vTor T R

Oe
_h YRT pC,
= ho R
=ho —C,T

1

= §u2

e=¢e(P,p)
de = (?)P dp + (g;)p dP
Since:
dg — dw = de
Tds — Pdv =de
Therefore,

Oe Oe
Tds — Pdv = — — P
ds dv (ap>Pdp+(5‘P>pd
P Oe Oe
Tds + —dp= | == ) ap
ds+p2dp (8p>Pdp+(5‘P>pd

for isentropic process ds = 0
P Oe de
—dp=|=—) d — | dP
p? g (8P>P p+<ap>p
de > ( P (86) )
— | dP=(=—-| — dp
(8P , P> op)p
hence
P (0
<8P) P2 o) p
s

v ()
or),

(540)

(541)

(542)

(543)

(544)

(545)

(546)

(547)

(548)



B.7 Isentropic Relations
B.7.1 Perfect Gas

From entropy difference equations for ideal gas:

T:
So — S1 :cvln—Q—i—lev—2
T U1
TS P
=cpyln — — Rln —
c,,nT1 nP1
(%] P2
:cplnaJrcvlnﬁ

(549)

for constant entropy:

’ylngz—ln—

V1 P1 (550)

By definition of stagnation enthalpy:

1
h0:h+§U2

1
C,To = C,T + 5U2

(551)

To U?

R
T 23R T,

—1
=1+ =

The rest can be easily derived using isentropic exponents.

B.7.2 Non-Ideal Fluid

Heat capacities

_ (e __p(9v) (9P
@=\or),~ " \or) \or),

552
o (), (0. ),
P or ) or ) \oT)p
()
_ ov )
e <8P> (553)
ov )
(2P (2
w-@="\or) \or),
Isentropic exponents
Pv"™s = Const (554)

TP~ = Const

Hence in derivative form:

0= v"dP + ngo"™ 1 Pdv

nsP

0=dP + dv
v

or

ov /g

_ vy (9P
s = P avT

nNg = —

ol

and for my:

0= P "dT —m, TP ™" 1dP

Then since:
(), ()
Cp —Cy or ), \oT ) p
). ()
oT ) 4 \O0T ) p
- (o), (57)
or /., \oP )4
_—1
oy
2%
RT <8P T
kp  [(OV
~(57),
ov oT
(7). (), (

SO

T\ _a=lkr
oP Si Y Kp

_pror
=71 \op ),

vy—1kp P

v kpT

and

Static-Stagnation relation

dh = vdP

ho Po
/ dh = / vd P
h P
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(555)

(556)

(557)

(558)

(559)

(560)

(561)



3

Po P »
RHS = / vo (0> dp
» P

ng—1
Ng P\ ns
= Pll—|—=
ng — lvO ()< (f%)) >

by setting LHS = RHS:

ng—1

M2 N P\

S nPu= Pl1- (=

g T =1 0( <P0> )
, »

Py ne—1_ o\
D14y
p= (1)

B.8 Nozzle Analysis
B.8.1 General Relations

Conservation laws: From mass conservation:

m = pUA = Constant

Momentum conservation:

P + pU? = Constant
dP +2pUdU + U?dp =0

dpP d
= ovdv+ 2L =
p p

dp _ _dU

Then from mass conservation

p U

P
d7-1—2UdU—UdU:O
P
d7+UdU:O

Relations for nozzle du
dA_ dp, ap
A p  pU?

_drp /1 dp
 p \U2 dP
aP )
:ﬁ(l—M)

By rearrange we have < =

and

dA dU
(M) ==
i i
Since
562
( ) I'=1+ [ (66)
c\0p/)g
p [ Oc oP
— 1 . - R
" ¢ (8P>s (3,’))3
and
o (2)
op /g
By substitution and rearrangement:
c ( Oc
'-1=-(—==
v <8P)S
(563) cde
P =
vd 1
Therefore,
cde
UdU = T
(564) By definition:
U=cM
dU = edM + Mdc
av _ M | de
Uu M ¢
d U dM
c— [ —2 - =
U M
(565) Combining the equations:
c dU  dM
Ul =~ (U_M>C
2 dM c?
r—-1M <U+ (r—1)U> v
dM  (UT—-1) 1
(566) E < = +U> v
dM U?([ - 1)+ c?
W < U ) v
w_( 1 N
U \1+T-1)M2) M
(567) From
dA_(_ar-1 \au
A \1+@T-1)M2) M
_dP.
pU?"
1dM (14T —-1)M?)\1dA4
M dzx M2 -1 A dx
(568)

(569)

(570)

(571)

(572)

(573)

(574)

(576)

(577)

where z is along the nozzle axis. When M =1, % =1 and

hence right hand side of the equation above is in form of %.

Using L’Hopital’s rule:
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dA
a MA@-1)ME=

= dx
dz (M2-1)A
dM 5 dM\ dA
(dx+3M =05 )dx
opgadM _dA (578)
dx dx
d?A
M+ T -1)M3)—
+
dM dA
2MA—— — —
dx dx
WhenM—L‘é’;‘ =0:
d?A
ay  (+T=1)
dz dM
QAE (579)

A\ (T a4
dr ) \24d2?),,_,

B.8.2 Area-Mach-Relations
For AMR (Area-Mach-Relation) equation:

pUA = p*U* A* (580)
hence
A _pU _piplUic e
A* poU  pop ct cU
_1\7T 1 5T
:<1+7 ) (1+72 M2)
M* |yRT*
M \| yRT
1\ 7 L\
<1+7) (1+7M2) (581)
2 2
1 /"D
M\ Ty, T
1 1\ 77 15\ 70
w () ()
R R A T By
M\ 2
hence

v+

A 1 2 v-1 L\
= - = 1 M 2
e M<7+1<+ 2 )) (582)

The derivation follows the same principle for the arbitrary
location and for non-ideal fluid.

B.8.3 Mass flow rate

The mass flow rate can be derived:

PAM
€ PAM

P

(583)
= Py AM 1 —M2
0 RT, ( + )

l
~,12

. Y y—1. 5\ 2079
= P,AM 1 M
m= 1o w—C>A*'2 )

— Py AM \/ @

For non-dimensional form:

y+1
o m CpTO ¥ v — 1 9 T2(v—1)
— = M1+ —M
METRA Aol Tt
(585)

B.8.4 Exit Mach number for isentropic flow

When calculating exit mach number: since m =
P"A f (7, R) and m and Ty are constant through shock:

PyA* = Constant
Py1 AT = Py Aj (586)
POlAT = POGAZ

hence
P.A.  P.Ac 587
Py Ar P4 (587)
where
P, v—1 L\ T
— =14+ —M
po= (1)
(588)

beey
A, 1 2 y—-1_ .\
=€ 1 M,
Ax Me<7—|—1( L ))

Therefore:

y+1 1
P.A 1 2 2(v—1D) -1 —3
e = —_— 1+ LMEQ
Py A M, \v+1 2

PANY 1 [ 2\ ~1 5\
elle _ ([ 1+LM62
POeAZ Mg ’Y+1 2

2\ [/ PA, 2 1
=\ — elle M2 (1 LM2
(551) = (F) e (75t

Using root finding for the quadratic equation above:

1 2 2\ [Py Ar\>
v\t ) (R
(=17 ry=L\n+ ede / (590)

since

PpeA* = Py Al (591)

1 P 2\ [Py A2
e ) G
(y-17 r-l\v+1 eAe /] (592)




The M, can be calculated as % is the known pressure

ratio and ﬁ—z is geometrical information. Hence FPys can
be calculated using total-static relations. The ratio of 5—2?
cross normal shock can be known. After that, M; right be-
fore shock can be calculated, and hence the normal shock
location can be determined.

For non-ideal fluid flows under polytropic assumption:

ngP
m = pUA—— po:—-c-A=pgAM L
Po P Po
P po Bop
_pOAM\/ns
P Po po

(593)

P
ZAM\/TISP(),OO Fopﬁo

ng+1
T 2(ns—1)
:AM\/’I’Lspopo <1 )

hence for non-dimensional mass flow rate:

ng+1

-1 T 2(ns—1)
7fM,/nq 1 594
Av/'Fopo < 2 ) (594)

B.9 Normal Shock Relation
B.9.1 General

Conservation equations for mass, momentum and en-
ergy:

p1UL = paUs =
1 1
hi + 5Ul2 =hy + 5U§
From mass continuity:
piUL = p3U35 = m® (596)
substituting into momentum equation and rearrange:
m? m?
h+—r=h+->
1 2
597
o (597
=TT
P1 P2
hence
Py, — P,
U12 = — 2 1
pi (V1 —v2) (598)
2 P2 - Pl
Uy =—r—"=
p3 (v1 — v2)
Rankine-Hugoniot equation:
I T
ho —hy = 3 (Ul UQ)
1 PA-P < 1 1 )
2 (Ul - U2) p% p% (599)
1 P—P 9
= 57—y (v )
2 (’Ul — ’UQ)

% (PQ — Pl) (U1 + ’()2)

B.9.2 Perfect Gas

Mach number derivation From energy equations:

1 1
cpT1+§U12:cpT2—|—§U22
RT, 1 RT, 1
'7 1_~_7U12:'Y 2 722
v—1 v—1

2 2
=l 1o ) Lo

U = ~U.

- T 7—1+2 2

A reference state for critical point:

c? 1o c? +lc*220*2(7+1)
y—1 2 y—1 2 2(y-1)
hence:
o Y+l o -1,
=5 — Y1
2 2

1 —1
2 gl o2 2

9 2

(600)

(601)

(602)

Using momentum equation divided by mass conserva-

tion equation:

P
pUn
o

Ui

P
= 2
U, = PN +U
2
+ U, = 72+U2

(603)

Substituting with Eq. and simplifying we get Prantl

relation:

=U,U,
From Eq. [60]]
*2 1 2 1
c (’7—’_ ): c +*U2
2(y—-1) -1 2
0*2 02
(7+1)m:2ﬁ+(7*1)
c? 24 (-1 M?
Uz (y+1)M
based on Eq. [604
c_b
Ul_C*

2+ (y—1) M?
(v+1) M?

By rearrangement:

2 _

2T 2y M? -

Speed ratio

Uy _ Ul _
U, U}
Density
r2_ U
p1 U
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24+ (y-1) M3
(1) M3

(v—1) M} +2

(v—1)

a? 24 (y—1) M}
U? (v+1) M3

(M7
2+ (y—1) M?

(604)

(605)

(606)

(607)

(608)

(609)



Pressure ratio

Py + pUP = Py + paU3
Py — Py = p\Ut — poU3

P, 1 ) )
5 — 1= 5 (mUf — p2U3)
Py Iil (610)
= — (pU? — p1 UL U
P, (,01 1 — P1Y1 2)

_nUi (U
P U,

hence:
Py VUi U
21  ——
P1 + C% ( U1>
2y 2
=14+ — (M7 -1 611
2 (- 1) (611
_yME—(v-1)
v+1
Temperature
T2_Bp_Pop
T1 P2 Pl P1 P2
2yM?Z — (v -1 2+ (y—1) M
Mo 2e0oDME
v+1 (v+1) M;
_ @M - -1) (=D M +2)
(v+1)* M}
Stagnation pressure ratio
Po2
P22
P ",
P01 - POl
p, o
1 Pr
_ %M (=) P Py
v+1 Py Py (613)
e
_ ( (v+1) M? )“
(y—1) M} +2

(ei=tm)
2yMf — (v —1)

B.9.3 Non-Ideal Fluid

Static pressure Similar to ideal gas, starting from

Eq. (95

P12
P14+ =U
1 ( +P1 1)

P2 .o
P14+ =U.
2 < + P2 2)

P1o Pr P2 3o Po (619
P (1 + PlMlnslpl> =P (1 + P2M2n52p2>
hence:
P, 1+ nsle (615)

P 1+4n,M2

Density From mass conservation:

ﬁ_&_%cl_% ns1Pl P2
Us B P1 B %202 B My P1 Ng, Po
p2 _ My [, \/?1 (616)
pr Mo\ ng, VP
P2 _ ng, M2 Py
p1 ne,MiP»

hence:
P2 _ ng, M? (1 + n52M22) (617)
P1 n52]\4'22 (1 + nslMIQ)
Temperature
T, Z1Papy
—_ == 618
T ZyPipo (618)
2
T, Z1n32M22 (1 + nsle) (619)

?1 B ZQn81M12 (1 + n82M22)2

B.10 Prandtl-Meyer Function

Figure 5: Prandtl-Meyer expansion wave, 6 is v

From illustration in Fig. [5| L is constant:

Veosa = (V4 dV)cos (o — db)

R (620)
= (V 4+ dV) (cos a cos df + sin asin d6)



Using small angle approximation:

(V+dV) (cosa+ dfsina) =V cosa

V+dv
v (1+dftana) =1 (621)
dv
(1 + > (1+dftana) =1
v
hence: v 0
Since
dU 1 dM
= = | == 2
U <1+(F—1)M2> M (623)
substituting:
M?2—-1 dM
df = 624
1+ -1) 1+T—-1)M2 M (624)
B.11 Loss Mechanism
B.11.1 Boundary Layer Loss
From second law of thermodynamics:
pds _di1dp
de dz pdzx (625)
_dho dU, 1dP
- dx T da p dx
from momentum balance
1dP dU,
_ 2 _yg == 9
Yo pda T da (626)
Therefore:
ds _dho 3 (627)
dz  dz

From Euler’s equation for energy balance:

)

+z- )+U F 4 Qgen

L)

(628)
and its weaker form
Deo — 1 —
— =-V¢-V.-(PU V.—|(z-U
P Dt 4 ( ) + P (g ) (629)
+U-F+ Qgen
Assuming no heat generation:
D 1 1 N
=0 _ Iy ~PV.-U--U-VP
bt p P p (630)
+V- (’T ﬁ) +U-F

The material derivative of % can be shown to equal to:
D /1 g (1 g (1
5 (5)-a <) Mz (p>

1
Yy ( ) (p)

_ (p Op

0

ap
5 (50

(631)
dp
oy az)

—+m—+U

)

bw‘,ib
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From continuity equation:

ap —

STV (pU) —0

& T () 49V T =0 (632)
ap =
E—&-U-(Vp)——pv U
Therefore:

% <1> _1 (v-0)

pr (633)

D /1 1 .
P— (=) =-P(v-0)
Dt \ p p
Hence for 2D problem with assumptions, the Euler’s
equation reduced to:

D 1 5 D /1 190P
s 2 —_p=Z (= A F =
i (+3) =i () + v (25 5)
(634)
JL(, U o\ 1oy
p\"" oy oy p dy
with some algebra assuming steady flow:
oD (1 _gror o (,20) vor
Dt \ p “po * or p Ox
oL
_y | Ze
__Db(p
Dt \p
1 P P
e+-U>+—=e+—
2 p
(635)
Thus:
Dhyg 1 U, ouU, 190q
7:FLEUI - T z"a | T T35
Dt +p<Ty ay 3y> p Oy
1 1
x
d Y Y P (636)
S
o (15 + )
ds 1 oU, oU, 1 9q
'rTi:* yr o yz - —=a_
Vel 3 p(T" ay T 31/) p Oy

given mass flow rate pU,AA = 1 = constant, and times
on top of equation above:

o ou, oU.  9q
) o9
/O = (pUs) dy = /O = (732U, + 7,20, — dg)
(637)

For adiabatic process with dg = 0, and now skew condition
Ty =0
d [°

a dlL’ (pUa: (8 - 30)) dy

) 1 (638)
= — Ty AUy
I



The physical interpretation of the equation is the rate of
change of entropy flux per unit length is equal to the rate
of entropy generation per unit surface area by viscous ef-
fects in the boundary layer.

B.11.2 Constant Area Mixing Case

P  E— |
01 T 1 —
Tos 11 /x/\/ |
Ul: /\/—\/ : Pe
—— — T,
e Pl Ting U
Toz Ta, \—/—\_/—\_‘_’

UZE m 3

Mixing Plane Outlet

Figure 6: Mixing of two streams in a constant area duct

Assuming common and uniform static pressure P. at
the mixing interface:

v

vy—1 o5\y-1
1+ 4—M
P. ( Tt 1)
Y
(H

(639)

v-1 -1
Mg) "

The total momentum flux at the mixing plane C is

I. = P. (A1 + As) + myug + 1haus (640)

Neglecting wall friction in CM section, the exit momentum
flux must be equal to I..

Assuming perfect gas and adiabatic flow:

mqTo1 + 1heTh2

Tom = (641)

My + 1

Therefore the non-dimensional form of impulse function
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can be evaluated:

I,
fm = (11 4 12) \/CpTom
_ P A + M,
mm\/C’me (1 + W;1M,2n>
_ P Ay + pmu?, Am
pmumAm\/Cme (1 + ’}l;lMﬁL)
_ Lo
pmMmm\/ CoTh (1 + 72_1M31>
N M /YRT;,
\/Cme (1+ 5 1M2>
— P
P Lo Moy [ YRC), <1 + TME,L)
n Mm\/fl
\/<1 + M2 )
_ \/ﬁ n M v/y—1
'me\/<1 + TM%) \/<1 + 7;1M,2n>
(642)
hence:
1 +yM?2, ) (643)

7M’¢ 142 M?>

B.11.3 Mixing Loss

From momentum conservation of generalised 1D flow:

dP AU kM2 dF,
— + kM — + 0‘+w2)
P U ﬁfM’ (644)
+rM2(1—y) 2 =g
m

with no external forces and inviscid calculation:

dpP dU dm U
kM2 — M? (| Z2it g 645
P + U m < ( U > ) (645)
The mass conservation equation
dp dU, dm
st = 646
o T (646)
The energy conservation equation:
dToy  dmv [T jet
D (Y AL 647
Ty m ( To (647)
From perfect gas assumptions:
d dT —1dP
_& Y- (648)



The total temperature:

1
To=T+ —U?
0 +20p
U
dTy =dT + —dU
0 JGC
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7o _ S DM dU
To 1+ 21— mz T 1+ 21— w2 Y

Therefore:
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Hence from the entropy equation:
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with Ty, = Tp,, assumption:
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For stagnation pressure variation:
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B.12 Turbulence
B.12.1 Eddy Viscosity Models

From 2D assumption:

oy

R TU
—pUL Uy = Mo
5‘x2

v
S / v
e cp<1+721M2)TU

(649)

(650)

(651)

(652)
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(654)

Since wjuh = uhu], hence the shear stresses can be defined

as
— ouq Ouo
—puhul, = —+ — 655
puy Uy Mt <8x2 + 31’1) ( )
or in index notation:
ou; ou;
—pulu’, = ! J 656
pUU; = [t (c‘knj + 5‘:&) (656)
The normal turbulent stresses can be written
— ou
P = 2 (657)

However, there is an internal inconsistency in this assump-
tion for the normal turbulent stresses as their sum does not
match the turbulent kinetic energy definition:

8Ui
8$i
From turbulent kinetic energy:
1 (—— 1
ko= (wwr) = 5 (Wfuf + gty + ) (659)

The sum of normal turbulent stresses must hence be

7 —2pk: (658)

—puiu; = 2/t

—pui], — pubdy — pudy = ~2pk, (660)

Therefore, to correct the normal stress terms:
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so that Eq. can be guarenteed.
For consistency, the turbulence stress tensor can be

written as

— ou; ou; 2 Juy, 2
—Bul — v )3 _ZZTRs ) 2 -
pu;u; ,ut( j+ T3 kéw) 3/’kt5z3 (662)

where §;; is only non-zero for normal stress terms.

B.13 Mixture
B.13.1 Mixture Properties
From total mass equation:
My, = My + My

Vmpm = Vipi + thpg

V, v (663)
Pm = Vmpg + Vmpz
=apg+(1—a)p
Derived from Amagat’s law:
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According to o — x relation:

N—1
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B.13.2 Mixture Fraction Relations

« — x relation:

(668)
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B.13.3 Wet Vapour Speed of Sound
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From Eq.
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From last equations in Eq.
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Grouping terms for a—x coefficient:
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0
Grouping terms for %P9 coefficient:
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B.13.4 Relaxation Models

Using Maxwell relations:
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