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a b s t r a c t 

The present paper presents a comprehensive approach for modelling soot formation in turbulent flows 

that incorporates a recently developed conservative finite volume sectional method for the solution of 

the population balance equation (PBE) into the Large Eddy Simulation - Probability Density Function 

(LES-PDF) framework for modelling turbulent reacting flows. The approach thus predicts the particle size 

distribution of soot and accounts for the complete set of aerosol dynamic processes (nucleation, sur- 

face growth, oxidation, condensation and aggregation) as well as for the interaction between turbulence, 

chemistry and soot. We employ a combination of gas-phase chemistry, soot kinetics and aerosol dynam- 

ics recently used by the authors in the context of a laminar co-flow diffusion flame and maintain the 

same kinetics without adjustments in order to focus on the modelling issues in turbulent sooting flame 

simulations. The results show that several features such as the location of the soot forming zones and 

the qualitative profiles of soot volume fraction and species concentrations can be predicted reasonably 

well, but there is a considerable underprediction in the magnitude of soot volume fraction. The possi- 

ble reasons for this underprediction are discussed in the context of the aforementioned laminar flame 

simulation and the previous validation of the components of our methodology. The CPU time analysis 

shows that the solution of the PBE by the conservative sectional method and the associated transport 

of the discretised number densities account for less than 25% of the total CPU time, indicating that its 

incorporation in LES-PDF simulations of turbulent combustion is computationally feasible. 

© 2022 The Author(s). Published by Elsevier Inc. on behalf of The Combustion Institute. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Soot is polydisperse particulate matter formed during hydrocar- 

on combustion processes. It has severe consequences on human 

ealth [1] , while it can also be desirable in certain cases such as 

urnace combustion, where it enhances heat transfer. In the past, 

t was mostly the total soot volume that was being controlled, 

hile new regulations call for the control of the number of par- 

icles, especially for the smaller ones. Furthermore, nanoparticles 

uch as carbon black used as advanced materials can be produced 

ia flame synthesis [2] and control over the particle properties 

s essential for tailoring the product to specific applications. It is 

herefore becoming increasingly important to obtain accurate pre- 

ictions of the soot particle size distribution in combustion pro- 

esses. 

The prediction of the particle size distribution is the objective 

f aerosol dynamics and requires the solution of the population 
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alance equation (PBE), which is a methodology for modelling the 

volution of distributed properties in systems undergoing kinetic 

rocesses such as nucleation, growth and aggregation, as well as 

ransport processes. The simulation of sooting flames requires cou- 

ling of the PBE with the equations of fluid dynamics and scalar 

ransport. While there are no fundamental impediments in carry- 

ng out this coupling in the context of laminar flows, turbulent 

ows bring new modelling challenges by introducing randomness 

nto the distribution and unclosed terms into the PBE. Reviews 

f the issues related to the solution of the PBE and turbulence- 

oot interaction can be found in Refs. [3–5] . Recent advances have 

lso shown that polycyclic aromatic hydrocarbons (PAHs) are of 

aramount importance in the process of soot formation [6] , which 

eans that detailed chemical mechanisms must be employed for 

heir prediction. A comprehensive model of soot formation in tur- 

ulent flames must therefore include a number of components, 

amely accurate prediction of flow and turbulence, detailed gas- 

hase kinetics, aerosol dynamics models and an account for the 

nteractions between all these elements. 

Models for soot formation in non-premixed turbulent combus- 

ion include approaches based on Reynolds Averaged Navier Stokes 
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RANS), Large Eddy Simulation (LES) and Direct Numerical Simu- 

ation (DNS). RANS-based models have been the focus of sooting 

ame studies until the past decade, and a review of these works 

an be found in Ref. [5] . They have a low computational cost but

ely heavily on modelling choices in order to account for the effect 

f turbulent fluctuations and for the interactions between turbu- 

ence, chemistry and soot, as the effects of fluctuations and non- 

inear interactions at all scales must be accounted for by the mod- 

ls. DNS involves no modelling assumptions and provides detailed 

nd complete datasets that are valuable for model development, 

ut the high demands in CPU cost have limited its application to 

ooting flames to few studies dealing with simplified configura- 

ions and moderate Reynolds numbers [7–16] . In LES, the more 

nergetic flow structures are resolved while modelling is used for 

he small scale processes. For this reason, LES is the most promis- 

ng option for obtaining good predictions with affordable compu- 

ational cost. LES-based studies of sooting flames and combustors 

ave been appearing with increasing frequency, especially during 

he last decade (e.g. [9,10,17–34] ). The applications of LES to react- 

ng flows with soot differ in three main aspects, namely the mod- 

lling of turbulent-chemistry/soot formation interaction and subse- 

uent closure strategy, the level of detail in soot kinetics and the 

ormulation of aerosol dynamics. 

With respect to aerosol dynamics, the PBE is a partial integro- 

ifferential equation and several methods have been developed for 

ts solution including Monte Carlo, moment and discretisation (also 

alled sectional) methods. Of these, mainly moment and, to a much 

maller extent, sectional methods have been employed to simu- 

ations of turbulent sooting flames due to the need to keep the 

omputational overhead at minimum. Moment methods are gen- 

rally favoured because they involve the transport of just a few 

calars (the moments of the distribution), although they require 

losure assumptions and do not predict the distribution directly. 

y contrast, sectional methods do not suffer from these limitations 

ut are more computationally demanding. Still, some applications 

f them can be found in the context of RANS [35–41] and, lately, 

ES [27,28,34] simulations of turbulent sooting flows. 

The first (to the authors’ knowledge) LES of a turbulent non- 

remixed flame was conducted by El-Asrag and Menon [18] , where 

 moment method for soot was included under the framework 

f the Linear Eddy Model (LEM) for the subfilter process. Later, 

ueller and Pitsch [21] combined PAH inception kinetics and a 

oment-based soot model with an extended Flamelet/Progress 

ariable (FPV) model that accounts for radiative heat loss 

RFPV) [42] , and applied their approach to the Delft flame III [43] .

he small-scale interaction between turbulence and soot was ad- 

ressed by a presumed PDF method [19] . Specifically, the joint PDF 

as split into the PDF of the thermochemical variables and a con- 

itional PDF of the soot scalars on the thermochemical variables, 

ased on the assumption that the characteristic timescales related 

o soot precursors PAH and soot are much longer than that of the 

ain heat-releasing thermochemical variables. Subsequently, the 

DF of the thermochemical variables was modelled by a beta dis- 

ribution for the mixture fraction and delta functions for variables 

elated to progress variable and heat loss parameter, while a dou- 

le delta function was used to model the soot-related PDF. To ac- 

ommodate the slow chemistry of PAH, the authors added a sepa- 

ate transport equation for a lumped PAH mass fraction. In a sub- 

equent study, Xuan and Blanquart [10] solved the filtered trans- 

ort equations for benzene ( C 6 H 6 ) and naphthalene ( C 10 H 8 ) as an 

lternative approach to the lumped PAH evolution equation in [21] . 

he associated closure for the filtered source terms was achieved 

y a PAH relaxation model. As the soot evolution in these stud- 

es was described by moment-based method, no information on 

he soot distribution was predicted. A recent study by Rodrigues 

t al. [28] applied a soot sectional method within the scope of LES- 
2 
resumed PDF model of Mueller and Pitsch [21] , in which some 

ualitative trends in soot measurements were reproduced. 

Another mixture fraction-based method that has been em- 

loyed in soot modelling is the LES-Conditional Moment Clo- 

ure approach. In an early study, Navarro-Martinez and Rigopou- 

os [20] incorporated a two-equation semi-empirical soot model 

f Leung et al. [44] into an LES-CMC framework to model a tur- 

ulent non-premixed flame. Recently, the LES-CMC approach and 

he two-equation soot model were employed to study soot for- 

ation in a single sector model combustor by Giusti et al. [29] . 

oth studies assumed a presumed β-function to compute uncondi- 

ional filtered values. A more recent work by Grader et al. [34] em- 

loyed a presumed-PDF method with LES and a sectional method 

or the simulation of a lifted non-premixed turbulent flame. Mea- 

urements of sooting flames often do not provide joint data, which 

s a significant challenge for model validation [9] . In turbulent flow, 

AH species related to soot precursors are highly sensitive to tur- 

ulent mixing and scalar dissipation rate [7,8] , while their chemical 

eaction rates are relatively slow and do not respond promptly to 

he mixing phenomena [12] . In a recent work by Wick et al. [15] ,

rrors in soot predictions associated with flamelet-based combus- 

ion models were analysed comprehensively with the help of DNS, 

nd the largest uncertainties were attributed to the PAH chemical 

echanism and the modelling of PAH source term. 

The studies mentioned above are based on various forms of 

resumed PDF methods or CMC, in which a small number of vari- 

bles such as mixture fraction and progress variable are being 

ransported while models are employed for the unclosed terms 

ssociated with the turbulence-chemistry and turbulence-soot in- 

eraction. By contrast, transported PDF methods [45–48] were de- 

eloped with the aim to bring the unclosed terms relating to 

urbulence-chemistry interaction to a closed form. This is attained 

y solving an equation for the joint PDF of the reacting scalars. The 

esulting equation still contains two unclosed terms due to tur- 

ulent transport and micromixing. The first of these may be ad- 

ressed by a joint velocity-scalar PDF method [46] or modelled 

ia a gradient transport model. The second one represents the 

ain closure challenge in PDF methods, and a number of mod- 

ls have been developed for that purpose [46–48] . Another is- 

ue with transported PDF methods is the increase in the num- 

er of independent variables, which now includes the variables 

hose joint PDF is considered. For this reason, conventional dis- 

retisation methods cannot be employed and some form of Monte 

arlo method must be employed. RANS-PDF simulations were 

ased mostly on the method of Lagrangian stochastic particles [46] , 

here a number of virtual particles with different compositions 

re transported and the distribution of composition among the 

articles at each location is used to represent the PDF. In LES, 

n alternative method that is being increasingly employed is the 

tochastic field method [49–51] , where the PDF is represented 

y an ensemble of continuous fields. In the context of LES and 

tochastic fields, the Interaction with the Mean (IEM) [52,53] is the 

ain micromixing model that has been employed. Unlike models 

ased on jump processes such as Curl’s model and variants thereof, 

he IEM model provides continuous and differentiable solutions. 

The concept of transported PDF methods was extended to 

eacting flows with particles via the PBE-PDF approach [54] , where 

n evolution equation for the one-point, one-time joint probability 

ensity function associated with reactive scalars and the particle 

umber density is introduced. The PBE-PDF equation accounts 

or the unclosed terms resulting from turbulence-chemistry-soot 

nteraction that can be divided into three types: functions of 

eactive scalars, such as nucleation, terms involving correlations 

f scalars and number density, such as surface growth, and terms 

nvolving products of number densities, such as aggregation and 

ondensation. Furthermore, the method is inherently coupled 
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ith a sectional approach because the PBE is first discretised 

nd the sectional number densities function as the variables for 

he PDF. Initially, the approach was developed in the context of 

ANS and coupled with the stochastic particle method [55,56] . 

he PBE-PDF approach was later extended to LES and combined 

ith the stochastic field method [57] . The LES-PBE-PDF approach 

as first applied to a sooting flame in combination with a sim- 

lified soot model [27] . The transported PDF approach has also 

een employed in two-dimensional parabolic RANS computations 

ogether with a sectional method for modelling turbulent sooting 

ames [39–41] . Finally, transported PDF frameworks have also 

een combined with simplified soot models [58–61] and moment 

ethods [60,62] in RANS and also with moment methods in an 

ES simulation with the RFPV flamelet-based model [22] . 

The present paper has two main objectives. First, we introduce 

 complete physicochemical model of soot formation including 

omprehensive gas-phase kinetics including PAH formation [63] , 

 detailed PAH-based soot kinetic model [64] and particle aggre- 

ation into the LES-PBE-PDF modelling framework. The sectional 

ethod employed is a recently proposed conservative finite vol- 

me method that emphasises accuracy and conservation of mo- 

ents in the discretisation of aggregation [65] . Second, we perform 

he simulation of a turbulent non-premixed sooting flame, the San- 

ia ethylene flame [66] , by employing the same set of models for 

as-phase chemistry, soot kinetics and aerosol dynamics that was 

ecently employed by the authors in the context of a laminar co- 

ow diffusion flame [67] without any adjustments in parameters. 

mong laminar flame configurations, the co-flow diffusion flame 

equires the full coupling of PBE with an unsteady CFD code and 

hus its simulation bears the closest resemblance to the turbu- 

ent flame simulation performed here. By maintaining the same 

escription of kinetics and aerosol dynamics for both the lami- 

ar and the turbulent flame, we aim to shed light to the nature 

f discrepancies that arise in the simulation of turbulent sooting 

ames. The paper is organized as follows. First, the LES-PBE-PDF 

ormalism is summarised, followed by a summary of the models 

mployed for kinetics and aerosol dynamics. Subsequently, the tur- 

ulent flame configuration and numerical setup are presented, and 

odel predictions are compared with experimental measurements. 

his is followed by a discussion of results and an investigation of 

he underlying mechanisms, before summarising the conclusions 

rawn in this work. 

. The LES-PBE-PDF model formulation for turbulent reacting 

ows with particle formation 

.1. Equations of reacting flows with particle formation 

The PBE describes the evolution of the soot particle size distri- 

ution as a result of transport and aerosol processes. In a perfectly 

tirred reactor, the PBE can be written as follows: 

dN 

′ (v , t) 
dt 

= −∂(G (Y , v ) N 

′ (v , t)) 
∂v 

+ B (Y ) δ(v − v 0 ) + C(Y , N 

′ (v , t)) 

+ 

1 

2 

∫ v 

0 

β(w, v − w ) N 

′ (w, t) N 

′ (v − w, t) dw 

−
∫ ∞ 

0 

β(v , w ) N 

′ (v , t) N 

′ (w, t) dw (1) 

here a volume-based distribution is employed, such that N 

′ (v , t) 
s the particle number density per unit volume of mixture as a 

unction of particle volume and time. The functions G , B and C

ield the rates of particle growth/oxidation, nucleation and con- 

ensation respectively, and involve the concentrations of reactive 

pecies, Y , while the function β is the aggregation kernel. The 
k 

3 
etailed forms of these terms depend on the kinetic models em- 

loyed, which will be discussed in Section 3 . 

In order to couple the PBE with fluid dynamics, we introduce a 

pace-dependent distribution, N(v , x , t) . Furthermore, anticipating 

he application of the PBE to variable density flows, we consider 

he number density of particles per unit of mixture mass, such that 

 = N 

′ /ρ . The spatially dependent PBE can be written in Cartesian 

oordinates as follows (for brevity, the dependent variables will be 

mitted in the following wherever possible): 

∂ρN 

∂t 
+ 

∂(ρu j N) 

∂x j 
= −∂K j 

∂x j 
+ 

˙ s (v , Y , N) (2) 

here the source term, ˙ s (v , Y , N) , accounts for the chemical and

erosol processes that appear in Eq. (1) . The soot particles are be- 

ng transported via convection by the gas and diffusion, while ther- 

ophoresis can be neglected for turbulent flows. Diffusion is de- 

cribed by the diffusive flux, K j , as follows: 

 j (v , x , t) = −D p (v , x , t) 
∂(N 

′ (v , x , t)) 

∂x j 

= −D p (v , x , t) 
∂(ρN(v , x , t)) 

∂x j 
(3) 

here D p (v , x , t) denotes the particle diffusivity and is a function

f particle size, according to the Stokes-Einstein equation [68] . 

The PBE must be coupled with the conservation equations for 

ass, momentum, species and enthalpy transport. For low Mach 

umber flows, these can be written as follows: 

∂ρ

∂t 
+ 

∂(ρu j ) 

∂x j 
= 0 (4) 

∂ρu i 

∂t 
+ 

∂(ρu i u j ) 

∂x j 
= − ∂ p 

∂x i 
+ 

∂τi j 

∂x j 
+ ρg i (5) 

∂ρY k 
∂t 

+ 

∂(ρu j Y k ) 

∂x j 
= −∂ J k j 

∂x j 
+ ρ ˙ ω k (Y , N) (6) 

here τi j , g i and ˙ ω k (Y , N) represent the viscous stress tensor, the 

ravitational acceleration and the chemical reaction source term 

which depends on the species mass fractions and the number 

ensity, as the consumption of reacting species depends on the 

article surface area), respectively, while J k j denotes the diffusive 

ux of a reactive scalar, Y k : 

 k j (x , t) = −ρD m 

(Y (x , t)) 
∂Y k (x , t) 

∂x j 
(7) 

here D m 

(Y (x , t)) denotes the kinematic diffusivity of any scalar 

nto the mixture and can be related to the mixture kinematic vis- 

osity, μ, via the Schmidt number such that ρD m 

= μ/Sc [69] . The 

nthalpy transport equation is written in terms of the total en- 

halpy, which includes the enthalpies of formation, and therefore 

he corresponding transport equation assumes the same form as 

q. (6) with a source term accounting for radiative heat transfer 

nd a diffusion term involving the Prandtl number. In our study, 

he carrier fluid is treated as a multicomponent ideal gas, and its 

ixture density, ρ(Y ) , is a function of the local values of the reac-

ive scalars. 

.2. Filtered Navier-Stokes equations 

Using conventional filtering operations for low-Mach number 

ariable density flows, the LES-filtered conservation equations for 

ass and momentum are written as [69] : 

∂ ρ

∂t 
+ 

ρ˜ u j 

∂x j 
= 0 (8) 
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∂ ρ˜ u i 

∂t 
+ 

∂ ρ˜ u i ̃  u j 

∂x j 
= − ∂ p 

∂x i 
+ 

∂( ̃  τi j − τ ∗
i j 
) 

∂x j 
+ ρg i (9) 

here the operator ’ ̄. ’ indicates filtering and the operator ’ ̃ . ’ indi- 

ates the density weighted (Favre) filtering. Moreover, ˜ τi j denotes 

he resolved viscous stress tensor associated with the Favre-filtered 

elocity field 

˜ u (x , t) [69] and τ ∗
i j 

= ρ( ̃  u i u j − ˜ u i ̃  u j ) represents the 

ub-grid scale (SGS) stress tensor, which involves the unresolved 

GS term and thus requires modelling. In the present study, we 

dopt the standard Smagorinsky model [70] for the deviatoric part 

f the SGS stress tensor: 

∗
i j −

δi j 

3 

τ ∗
kk = −2 μsgs ̃  e i j (10) 

ith the SGS turbulent viscosity μsgs : 

sgs = ρ(C S �) 2 
∣∣| ̃  e i j | 

∣∣ (11) 

here || ̃  e i j || = 

√ 

2 ̃  e i j ̃  e i j is the Frobenius norm of the resolved rate 

f strain tensor, ̃  e i j = 0 . 5( 
∂ ̃  u i 
∂x j 

+ 

∂ ̃  u j 
∂x i 

) , and the Smagorinsky constant

s C S = 0 . 1 . For both the resolved and SGS stresses, the isotropic

art is absorbed into the pressure [69] . While the experimental 

ataset to be simulated in the present study does not offer velocity 

redictions, the LES model and parameter choices are the same as 

n the work of Sewerin and Rigopoulos [27] , which used the same 

ode for a sooting jet flame and where the flow field predictions 

greed well with the experimental data. 

.3. Joint scalar-number density PDF 

Applying the filtering operation to the transport equations of 

he reactive scalars ( Eq. (6) ) and number densities ( Eq. (2) ) would

esult in the unclosed source terms ˙ ω (Y , N) and ˙ s (v , Y , N) , as 

˙  (Y , N) � = ˙ ω ( Y , N ) and ˙ s (Y , N) � = ˙ s (v , Y , N ) . The first of these terms

s related to turbulence-chemistry interaction. The second one de- 

otes turbulence-chemistry-soot interaction, and the correlations 

ssociated with it result from non-linear functions of species con- 

entrations and number density. These terms have been discussed 

n Ref. [54] , where the PBE-PDF method was proposed to bring clo- 

ure to them, initially in the context of RANS. The derivation of the 

ES-PBE-PDF method was first shown in Ref. [57] in the context of 

onstant density flows and subsequently in Ref. [27] for variable 

ensity flows, based on the concepts of LES-PDF methods for re- 

cting flows pioneered by Gao and O’Brien [71] , hence only the 

ain points will be shown here. 

Before defining the joint scalar-number density PDF, we first 

ntroduce a discretised form of the number density by applying 

 sectional method. The choice of method is irrelevant here, and 

hat matters is the fact that the number density function, which 

s a continuous function of particle volume, can be represented by 

n array of m scalars, N i (x , t) , each of them denoting the number

ensity of particles within a section i with volume in the range 

 v i −1 , v i ). As a start, we follow the standard practice of first intro-

ucing the concept of one-point, one-time, Eulerian fine-grained 

DF g(y , n ; x , t) for the joint reactive scalars and particle number

ensities, where y k and n i denote the domain of definition of Y k 
nd N i respectively. This function is defined such that g(y , n ) d y d n

s the joint probability that at position x and time t , y k ≤ Y k (x , t ) ≤
 k + dy k for all k = 1 , . . . , n s , and n i ≤ N i (x , t) ≤ n i + dn i for all i =
 , . . . , m , formulated as: 

(y , n ; x , t) = 

n s ∏ 

k =1 

m ∏ 

i =1 

δ(y k − Y k (x , t)) δ(n i − N i (x , t)) 

= δ(y − Y (x , t)) δ(n − N (x , t)) (12) 
4 
here y k and n i denote independent variables and represent the 

ample space of the dependent random variables Y k and N i , respec- 

ively; Y and N denote the set of Y k for all k = 1 , . . . , n s and N i for

ll i = 1 , . . . , m , respectively. Following Ref. [27] , the joint scalar-

umber density PDF can be formulated under the framework of 

ES as follows: 

f Y , N (y , n ; x , t) = g(y , n ; x , t) 

= δ(y − Y (x , t)) δ(n − N (x , t)) 

= 

∫ 
	

G (x − x 

′ ) δ(y − Y (x 

′ , t)) δ(n − N (x 

′ , t)) dx 

′ 

(13) 

he joint scalar-number density PDF in the context of LES can be 

een as a cell-averaged representation of a single realisation, such 

hat its integral over a finite region of its sample space represents 

he likelihood of occurrence of a certain set of concentrations and 

article size distribution within a cell. In particular, f Y , N repre- 

ents the joint probability of Y = y and N = n arising within the

lter volume. For a positive definite filter, it can be shown that the 

f Y , N has the properties of a PDF. The LES-filtering of the non-linear 

ource terms ˙ ω (Y , N ) and ˙ s (Y , N ) can therefore be performed as

ollows: 

˙  (Y , N ; x , t) = 

∫ 
	

G (x − x 

′ ) ˙ ω (Y (x 

′ , t) , N (x 

′ , t)) dx 

′ 

= 

∫ 
	

G (x − x 

′ ) 
(∫ ∞ 

−∞ 

˙ ω (y , n ) g(y , n ; x 

′ , t) d y d n 

)
dx 

′ 

= 

∫ ∞ 

−∞ 

˙ ω (y , n ) 
(∫ 

	
G (x − x 

′ ) g(y , n ; x 

′ , t) dx 

′ 
)

d y d n 

= 

∫ ∞ 

−∞ 

˙ ω (y , n ) f Y , N (y , n ; x , t) d y d n (14) 

nd likewise for ˙ s (Y , N ) . In the above, we have used the sifting

roperty of the delta function and subsequently interchanged the 

rder of integration. Therefore, once the joint scalar-number den- 

ity PDF is known, the filtered source terms appear in closed form, 

n spite of their non-linear dependence on the scalar fields Y and 

 . This includes the integral terms in the PBE, where the source of 

he closure issue lies in the non-linearity of the products of num- 

er densities. The reader may consult Ref. [57] for more details. 

Following the derivation in Ref. [27] , the transport equa- 

ion for the density-weighted joint scalar-number density PDF, ˜ f Y , N (y , n ; x , t) can be written as: 

∂ ̃  f 

∂t 
+ ρ˜ u j 

∂ ̃  f 

∂x j 
= 

∂ 

∂x j 

(
ρ


∂ ̃  f 

∂x j 

)
−

n s ∑ 

k =1 

∂ 

∂y k 

( 

ρ ˙ ω k (y , n ) ̃  f − ρ˜ f 

ρ

(
∂ J k j 

∂x j 

∣∣∣y , n 

)) 

−
m ∑ 

i =1 

∂ 

∂n i 

( 

ρ˜ f 

ρ
˙ s i (y , n ) − ρ˜ f 

ρ

(
∂K i j 

∂x j 

∣∣∣y , n 

)) 

(15) 

here K i j denotes the diffusive flux associated with number den- 

ity N i , and we omit the subscript symbols in the PDF ˜ f for brevity.

he scaled turbulent kinematic viscosity, 
 = μsgs / ( ρSc) , is mod- 

lled via the SGS turbulent viscosity computed by Eq. (11) . The 

urbulent transport is modelled via a gradient diffusion hypothe- 

is [27] . We employ a constant turbulent Schmidt/Prandtl number 

c = 0 . 7 ; as with the other modelling and parameter choices, this

s guided by previous studies of turbulent jet flames with LES-PDF 

ethods and the same code [69] . The molecular diffusivity contri- 

ution is addressed in Section 2.4 . 
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In Eq. (15) , the non-linear source terms ˙ ω k and ˙ s i , which rep- 

esent the discretised form of the right-hand side of Eq. (1) , are 

n closed form, thus accounting for the interaction between tur- 

ulence, chemistry and soot without the need for further clo- 

ure assumptions. The only further closure required is for the mi- 

romixing terms for the reactive scalars and the number densities, 

.e. ( 
∂ J k j 

∂x j 
| y , n ) and ( 

∂K i j 

∂x j 
| y , n ) . These unclosed terms represent the 

olecular diffusion of the PDF in the sample space. The model for 

heir closure is presented in the next section. 

.4. Micromixing model 

There are two aspects of molecular diffusion to be considered: 

ne is the process of mixing, which appears as transport in reac- 

ive scalar and number density space in the PDF, and the other 

ne is spatial transport, which appears as gradient diffusion of the 

DF in physical space. A number of proposals have been made for 

losing the micromixing terms [72,73] . In our work, the associated 

losure is achieved by an augmented IEM micromixing model pro- 

osed initially by McDermott and Pope [74] and employed into the 

ES-PBE-PDF approach by Sewerin and Rigopoulos [27,57] : 

1 

ρ

(
∂ J k j 

∂x j 

∣∣∣∣y , n 

)
= κ(x , t)( ̃  Y k − y k ) + 

1 

ρ

∂ 

∂x j 

(
ρ ˜ D m 

∂ ̃  Y k 
∂x j 

)
(16) 

1 

ρ

(
∂K i j 

∂x j 

∣∣∣∣y , n 

)
= κ(x , t)( ̃  N i − n i ) + 

1 

ρ

∂ 

∂x j 

(
˜ D p,i 

∂ ρ ˜ N i 

∂x j 

)
(17) 

here κ(x , t) denotes a micromixing frequency common to all 

calars: 

(x , t) = 

C κ

2 


(x , t) 

�2 
(18) 

here the SGS mixing constant C κ = 2 , and � is the characteristic 

idth defined in the context of LES. Formally, Eq. (17) provides the 

losure of the transport equation of the joint scalar-number den- 

ity PDF ( Eq. (15) ). This model accounts for the spatial transport 

f the PDF and consequently accounts for the spatial transport of 

ll moments of the PDF. The decay of the SGS covariance can also 

e captured, as indicated in [74] . In order to guarantee that the 

GS covariance vanishes in the DNS limit, i.e. that the micromixing 

requency κ(x , t) → ∞ as the grid resolution approaches the Kol- 

ogorov scale, we introduce a scaling, which relates the turbulent 

iscosity to the molecular viscosity [75] : 

∗(x , t) = κ(x , t) 

1 + 

μsgs 

μ
μsgs 

μ

(19) 

his scaling ensures an increased micromixing frequency in regions 

here the flame is well resolved. It only becomes effective if the 

urbulent viscosity is small compared to the molecular viscosity. In 

igh Reynolds number flows, where the flame is typically located 

n an unresolved region, the turbulent viscosity is large compared 

o the molecular viscosity and the scaling has no significant effect. 

The modelling of micromixing is the most important assump- 

ion in transported PDF methods. In RANS-PDF methods, the model 

nd the corresponding constant determine the decay rate of, for 

xample, mixture fraction variance and this can have a profound 

ffect in RANS combustion modelling. In LES, the variance of 

calar quantities is resolved and the mixing model determines the 

ubgrid-scale scalar variance. As the energetic motions are resolved 

n LES, the representation of micromixing at the subgrid scale pro- 

ided by the IEM model may be adequate in many practical sit- 

ations [76] , and this model has been extensively used in studies 

f turbulent flames with the LES-PDF approach (see, for example, 
5

ones and Prasad [69] ). It must be noted, however, that the dif- 

usivity of soot is much smaller than that of gas-phase species. At 

he grid level, differential diffusion of both species and soot is con- 

idered (the diffusivity of the latter is calculated with the Stokes- 

instein equation), but this effect cannot be accounted for at the 

ubgrid scale via the standard IEM model. In the present study, 

n accordance with the premise of employing the models without 

djustments, we employ the IEM model with the same form and 

icromixing frequency as used in the majority of turbulent flame 

imulations. It must be acknowledged, however, that the modelling 

f micromixing for soot is an open problem for the time being and 

hould be addressed in future work, ideally via the development of 

n improved micromixing model. 

.5. Method of stochastic fields 

Due to the high dimensionality of Eq. (15) , obtaining its solu- 

ion via standard finite-difference or finite-volume solution meth- 

ds is computationally intractable. Therefore, we adopt the Monte 

arlo method for the solution of the joint scalar-number density 

DF. Our primary goal is to estimate the average values of scalars 

nd number densities, rather than to accurately compute the joint 

pecies-number density PDF. Several stochastic solution methods 

ave been developed for dealing with PDF methods, such as the 

ulerian stochastic particle method [77] , the Lagrangian stochas- 

ic particle method [46] and the method of stochastic fields [49–

1] (which is Eulerian). Sewerin and Rigopoulos [27,57] adapted 

he stochastic fields method to the LES-PBE-PDF approach, and this 

ormulation will be employed in the present work. 

The main concept underlying the Eulerian stochastic fields 

ethod is the construction of a system of stochastic differential 

quations (SDEs), statistically equivalent to the closed form of the 

ransport equation of the joint PDF. The final system of SDEs is 

erived using Itô calculus [78] and is shown below, while the de- 

ailed derivation can be found in Refs. [27,57] : 

dθ l 
α = −ρ˜ u j 

∂θ l 
α

∂x j 
d t + 

∂ 

∂x j 

(
ρ


∂θn 
α

∂x j 

)
d t 

− ρ
√ 

2

∂θ l 

α

∂x j 
dW 

n 
j (t) + ρ

(
˙ ω 

l 
α( θ, x ) + m 

l 
α( θ, x ) 

)
dt (20) 

here θ l 
α is the value of a scalar α, which can be either a species

ass fraction or discretised number density (hence α = 1 , n s + m ),

ssociated with field l (where l = 1 , n f ). Furthermore, ˙ ω 

l 
α is the re-

ctive source term and m 

l 
α is the micromixing term, both asso- 

iated with scalar α and field l, while ˙ W 

l 
j 
(t) is the increment of 

hree-dimensional Wiener process in the jth direction for field l. 

y construction, the filtered values of any scalar, ˜ Z k , can then be 

omputed via an average over the field values. 

 

 k = 

1 

n f 

n f ∑ 

l=1 

θ l 
α (21) 

. Models for chemical kinetics and aerosol dynamics 

.1. Gas-phase chemistry and radiation 

The objective of this study is to simulate a turbulent flame with 

he same set of kinetics employed in Ref. [67] for the simulation of 

he Santoro laminar co-flow diffusion flame. These include a mech- 

nism for gas phase chemistry due to Blanquart et al. [63] . The 

echanism was developed with focus on the important species for 

oot formation (e.g., acetylene, the C 3 H 4 isomers, propene and bu- 

adiene) and contains 149 species and 1651 reactions, accounting 

or the formation of larger PAH species up to C H . The complete 
18 10 
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echanism has been validated for a large set of fuels in laminar 

remixed and counterflow diffusion flames. An optically thin ra- 

iation model is employed, further information on which can be 

ound in e.g. Modest [79] , and the implementation is the same as 

n Refs. [27,67] . 

.2. Soot kinetics and aerosol dynamics 

The soot kinetics employed are also the same as in Ref. [67] , 

hich employed the model due to Blanquart and Pitsch [64] . The 

ucleation and condensation models involve the formation of in- 

ermediate dimers. Eight PAHs are considered to be responsible 

or the formation of dimers, and the collision between dimers re- 

ults in the formation of soot nuclei. Furthermore, condensation 

s considered to result from collisions between soot particles and 

imers. Since dimers are assumed to be in a quasi-steady state, the 

imer production rate due to PAH dimerisation equals the dimer 

onsumption rate due to soot nucleation and condensation and a 

uadratic equation can be solved to determine the concentration of 

imers [64] . The soot surface growth and oxidation are modelled 

ia the H-abstraction/C 2 H 2 addition (HACA) mechanism, pioneered 

y Frenklach and Wang [80] . The implementation details are the 

ame as in Ref. [67] . 

For the modelling of soot aggregation, the free molecule, tran- 

ition and continuum regimes and transition regimes are all ac- 

ounted for. The focus of Ref. [67] was on soot aggregation, 

here a more advanced method was developed based on a two- 

opulation balance model and the conservative finite volume 

ethod (CFV-2PBE). The aim of that method was to improve on 

he approach of modelling soot aggregates with a single PBE (CFV- 

PBE), which is based on the assumption of a cut-off size between 

rimary particles and aggregates. It was shown that the CFV-2PBE 

ethod improved on CFV-1PBE mainly on the prediction of vari- 

bles associated with soot aggregate structure, but not so much 

n the prediction of soot volume fraction and temperature. In the 

resent study, we choose to employ the CFV-1PBE method for sev- 

ral reasons: a) the experimental dataset that we will compare 

ith contains no other information on soot than volume fraction, 

) the CFV-1PBE method involves fewer PBE scalars and is thus 

ess expensive, and c) the experimental information on the fusing 

f soot primary particles is still at a primitive stage to allow for 

he full potential of the two-PBE approach to be realised [67] . 

In the CFV-1PBE model, particles smaller than the cut-off size 

re assumed to be spherical, while particles larger than that are 

ssumed to have fractal shapes with equally sized primary parti- 

les whose diameter, d p , is equal to the cut-off size. Subsequently, 

he collision diameter d g (v ) used in the calculation of aggregation 

ernel β can be related to the particle volume as follows: 

v 
v p 

= k f 

(
d g (v ) 

d p 

)D f 

(22) 

here v p is the volume of the primary particles, k f is the frac- 

al prefactor taken to be equal to 1.94 [81] and D f is the fractal

imension for which a value of 1.8 is used [82,83] . These values, 

s well as all other model parameters in the present study, are 

he same as those used in our simulation of the laminar Santoro 

ame [67] . In particular, the cut-off point is 30.8 nm and the sur- 

ace reactivity, α, is computed according to α = 0 . 0037 e 90 0 0 /T . 

. Numerical methods 

The LES-PBE-PDF method with soot formation for simulating 

urbulent reacting flow was implemented in our in-house CFD 

ode LES-BOFFIN [84] , which is based on a variable-density low 

ach number formulation of the three-dimensional Navier-Stokes 
6 
quations. For the coupled LES-filtered mass and momentum equa- 

ions ( Eqs. (8) and (9) ), we adopt a second-order accurate finite 

olume scheme on a staggered grid. For the reactive scalars, the 

ransport equations for the stochastic fields ( Eq. (20) ) are solved 

ith a fractional step method. Similarly, the stochastic field equa- 

ion for the population balance involves a convection/diffusion, 

icromixing and PBE fractional step. A schematic illustration 

f the overall LES-PBE-PDF code implementation is shown in 

ig. 1 . 

The aerosol dynamics solver is the conservative finite volume 

ectional method developed by Liu and Rigopoulos [65] . An im- 

ortant feature of this method is that it conserves the first mo- 

ent (which is proportional to the soot mass and thus impor- 

ant for the mass balance) during the aggregation processes, while 

lacing no restriction on the structure of the non-uniform grid 

mployed in the particle volume domain. The method has been 

hown to provide accurate solutions for the particle size distribu- 

ion with reasonable CPU requirements when incorporated within 

 CFD code [65] . In order to maintain the same implementation as 

n Ref. [67] , 60 sections are used to cover a particle size range from

.72 nm to 1.24 μm. 

In the convection/diffusion fractional step, the convective terms 

re discretised via a TVD scheme based on van Leer’s limiter; 

he spatial diffusion terms combine the diffusion due to turbu- 

ent transport and the diffusion due to micromixing and are dis- 

retised by the central difference scheme. A second-order accurate 

rank-Nicolson method is applied for the temporal integration of 

he deterministic terms, while an Euler-Maruyama scheme [78] is 

dopted for the stochastic terms. For the chemical reaction frac- 

ional step, a first-order accurate implicit Euler method is used. 

he temporal integration of the PBE fractional step is achieved 

ia an explicit Euler method as the PBE step is not stiff. The re- 

ction mechanism is hard-coded in order to accelerate the solu- 

ion process. Finally, a recently developed dynamic load balancing 

cheme [85] is applied to the reaction fractional step for better ef- 

ciency when running the code in massively parallel computing 

ystems. Cumulatively, all these techniques achieve a reduction in 

he runtime of the reaction fractional step by approximately one 

rder of magnitude. 

. Flame configuration and numerical setup 

The flame to be simulated is the Sandia ethylene flame, and the 

esign of this rig was first described by Zhang et al. [66] . The flame

as a central fuel jet surrounded by two concentric tubes of pilot 

ame and air. The fuel jet has an inner diameter (ID) of 3.2 mm 

nd an outer diameter (OD) of 4.6 mm, and it is encircled by the 

ilot of ID 15.2 mm and OD 19.1 mm. Ethylene at room temper- 

ture 295 K is injected with bulk velocity V f uel = 54 . 7 m/s in the

entral nozzle, resulting in a Reynolds number of 20,0 0 0. The pi- 

ot consists of premixed ethylene and air at an equivalence ratio of 

.9 and the flow rate of the pilot mixture is adjusted such that the 

eat release corresponds to 2% of that of the fuel jet. An adiabatic 

ame temperature is imposed for the corresponding equivalence 

atio. The pilot is surrounded by a co-flow of air at 295 K and 

 uniform velocity V air = 0 . 6 m/s. The experiment was conducted 

nder an atmospheric pressure. 

The computational domain is a rectangular parallelepiped, 

panning 900 mm in the axial x-direction and 300 mm in the y 

nd z directions with 240, 80 and 80 cells respectively. The grid 

s stretched by a factor of 1.013 axially, resulting in higher resolu- 

ion near the burner. Radially, ten cells are allocated in the central 

egion to resolve the fuel jet with a resolution of 0.3 mm, while 

he grid is stretched by a factor of 1.12 from the pilot towards the 

ateral boundaries. The mean axial velocities at the inflow for the 

uel, jet and pilot are set to power-law profiles with exponents 1 / 6
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Fig. 1. An overview of the LES-PBE-PDF code implementation. 

Fig. 2. Illustration of the burner and computational domain. 
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6

nd 1 / 2 , respectively. On the contrary, the air co-flow is set to a

onstant mean axial inflow velocity. The turbulence intensities for 

ll flows are set to 6% . The RMS inflow velocity for the fuel jet

aries quadratically (at the jet rim it is four times as large as the 

ominal centreline value) and maintains a constant value for the 

ilot and co-flow. The initial composition of the pilot is the adi- 

batic equilibrium one for the premixed mixture. The four lateral 

oundaries are set to have the same composition and velocity as 

he co-flow air, and entrainment/outflow is allowed at the lateral 

oundaries. At the domain exit, the convective outflow condition 

s applied to the velocity field and the zero gradient condition is 

pplied to the scalar fields. A schematic illustration of the compu- 

ational domain is given in Fig. 2 . 

Studies of convergence of the stochastic field method have 

hown that eight fields are sufficient to obtain convergence for the 

eans and RMS of the scalars. Mustata et al. [86] used eight and 

ixteen stochastic fields for a turbulent diffusion flame but found 

hat the changes in the mean and RMS of the major scalars were 

ery small, and a similar conclusion was reached by Jones and 
r

7 
avarro-Martinez [87] . In accordance with these findings, eight 

elds are employed in our simulations. 

As velocity measurements are not available, we adopt a simpli- 

ed inflow geometry where the thin wall of the tube and the jet 

mmersion are ignored. A similar configuration was used by Sew- 

rin and Rigopoulos [27] , where good agreements for both mean 

nd RMS velocity profiles were achieved for the Delft III turbulent 

ame. The temporal statistics have been collected for a period of 

.15 s (time step �t = 3 × 10 −6 s), corresponding to about three 

ow-through times and starting after the simulation had reached a 

tatistically steady state, which was sufficient for them to become 

ime-invariant. 

. Results and discussion 

.1. Comparison with experimental data 

In order to validate the LES-PBE-PDF approach, the numerical 

esults will be compared to the measurements in the Sandia ethy- 



B. Sun and S. Rigopoulos Combustion and Flame 242 (2022) 112152 

Fig. 3. Comparison of mean and RMS temperature radial profiles between experimental data (symbols) and numerical results (line) at x/D = 134 and x/D = 175 . 
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ene flame. The following experimental data are available for com- 

arison: 

• CARS temperature and X O 2 /X N 2 [88] 

• PLIF OH and PLIF PAH [89] 

• Axial profile of soot intermittency [89] 

• LII soot volume fraction [90] 

Figure 3 shows a comparison of computed radial mean and RMS 

emperature profiles with experimental results at x/D = 134 and 

/D = 175 [88] , while Fig. 4 shows a comparison of radial mean

nd RMS X O 2 /X N 2 profiles at the same heights. Overall, the pre- 

ictions are reasonably good for both mean and RMS values. At 

/D = 134 , an overestimation of the mean temperature around the 

entreline is observed ( Fig. 3 a) and the mean mole fraction ratio 

 O 2 
/X N 2 ( Fig. 4 a) is slightly underpredicted, while the peaks of the 

MS temperature ( Fig. 3 c) and RMS X O 2 /X N 2 ( Fig. 4 c) radial profiles

rom the simulation are in very good agreement with the experi- 

ental data. A similar level of discrepancy was also featured in 

he simulation of the same flame by Rodrigues et al. [28] which 

eatured a much finer grid (an unstructured grid with about 10M 

ells/1.7M nodes with a typical cell size of 0.2 mm at the jet exit). 

t x/D = 175 , an overestimation of the mean temperature profile 

t the centreline ( Fig. 3 b) is also observed, while the mean X O 2 /X N 2 
rofile ( Fig. 4 b) is slightly overpredicted. However, the shape of the 

ame tip is well reproduced and the RMS tempereture ( Fig. 3 d) 

nd X O 2 /X N 2 ( Fig. 4 d) radial profiles are in good agreement with

he experimental data. The underprediction of the temperature is 

robably associated with the underprediction in soot volume frac- 

ion that will be discussed below. 
8 
Figure 5 shows a comparison of simulation results and mea- 

urements for the mean OH radial profiles at different heights. As 

he experimental measurements are PLIF signals rather than mole 

ractions, numerical and experimental results are normalised by 

heir corresponding maximum values for each height. Very good 

greement is observed, apart from some small discrepancies at 

/D = 117 . 2 and x/D = 132 . 8 . This result indicates a satisfactory

rediction of the mean flame shape. Fig. 6 shows a comparison 

f mean PAH radial profiles at different heights between numer- 

cal results and experimental measurements [89] . Note that C 1 0 H 8 

A 2 ) is chosen as the representative PAH species in the numerical 

esults, as its mass fraction is dominant compared to that of other 

AHs contributing to soot nucleation/condensation. Despite a wider 

AH profile at the lower region of the flame, as indicated in Fig. 6 ,

he overall agreement is also satisfactory. As will be discussed later 

nd shown in Fig. 14 , the nucleation/condensation in the early re- 

ion ( x/D = 54 . 7 ) is not as significant as that in the peak region

 x/D = 85 . 9 ). Consequently, the discrepancy at x/D = 54 . 7 is not

xpected to result in a significant discrepancy in the predictions. 

ood matches in these profiles are required for a proper account of 

oot oxidation, nucleation/condensation and even surface growth 

s OH initialises H-abstraction in the HACA mechanism. 

The axial profiles of mean and RMS soot volume fraction along 

he centreline are shown in Fig. 7 . While qualitative features such 

s the locations of the soot formation zone and peak values are 

redicted well, the magnitudes are considerably underpredicted. 

n the literature, an overestimation of soot volume fraction by a 

actor of 2 [28] for the same turbulent jet flame can be found, 

hereas a level of underprediction similar to our work was also 

bserved in several studies [10,31] . In particular, several cases were 
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Fig. 4. Comparison of mean and RMS X O 2 /X N 2 radial profiles between experiment data (symbol) and numerical results (line) at x/D = 134 and x/D = 175 . 

Fig. 5. Radial profiles of normalised mean OH mass fraction from simulations (black line) and normalised OH signals from experimental data (black symbols). 

9 
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Fig. 6. Radial profiles of normalised mean A 2 mass fraction from simulations (black line) and normalised PAH signals from experimental data (black symbols). 

Fig. 7. Axial profiles of the mean and RMS soot volume fraction along the flame centreline. 
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onducted in Ref. [32] with different mixture fraction parameters 

ssociated with the conditional soot subfilter PDF model, and in 

ome of these cases an underprediction by an order of magni- 

ude were obtained, while in one case an overprediction by a fac- 

or of 3 was observed. In that work, the presumed PDF method of 

ueller and Pitsch [19] was augmented by introducing a mixture 

raction dependence on the soot subfilter PDF model and an addi- 

ional variable, and results were shown for different values of that 

ariable. Such a modification cannot be introduced to transported 

DF methods in a straightforward way, however, because in that 

ase the micromixing frequency is the only parameter of the sub- 

rid model. As mentioned in Section 2.4 , a mechanistic augmenta- 

ion of the micromixing model to account for differential diffusion 

f soot and gas-phase species is not attempted in the present work, 

here the standard form of the IEM model is employed. 

Furthermore, Fig. 8 compares radial profiles of mean soot vol- 

me fraction at different heights. The location and qualitative 

rends in the experimental data are reproduced, but the magni- 

ude of soot volume fraction in the region away from the jet is un- 

erpredicted. Moreover, Fig. 9 compares the normalised RMS radial 
10 
rofiles of soot volume fraction for the same heights, and similar 

eatures as for the means values are observed. The good predic- 

ions of the position and the shape of the profiles indicate that 

everal elements of the model, are performing well, but a quanti- 

ative agreement is still not possible. It must be mentioned that, 

n our simulation of the laminar Santoro flame with the same ki- 

etics [67] , while the integrated soot volume fraction at differ- 

nt heights above burner was predicted reasonably well (with an 

nderprediction to a smaller extent), the centreline profile was 

nderpredicted to an extent similar to the one observed in the 

resent study. Measurements of integrated soot volume fraction 

imilar to those in the Santoro flame are not available for the tur- 

ulent Sandia ethylene flame. 

In addition, Fig. 10 shows a comparison of predicted and mea- 

ured soot intermittency along the flame centreline. The resolved 

oot intermittency at each spatial position is defined experimen- 

ally as the probability of observing an instantaneous value of soot 

olume fraction lower than 0.03 ppm [89] . The simulation results 

eem to be translated upstream with an underestimation in the 

egion between x/D = 60 and x/D = 120 . The low intermittency 
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Fig. 8. Predictions of the mean soot volume fraction radial profiles at different heights. 
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s

round x/D = 100 is caused by the combined impact of both nu- 

leation/condensation and surface growth. We can see in Fig. 14 a 

hat, in the region x/D = 80 to x/D = 140 , nucleation/condensation 

ecrease but surface growth increases. The level of net mass ad- 

ition is still high (as shown by the dashed line in Fig. 14 a).

ince the intermittency is defined as the possibility of finding 

articles below 0.03 ppm, a high level of mass addition would 

ead to soot particles larger than 0.03 ppm, thus leading to lower 

ntermittency. 

In summary, despite some discrepancies in the simulation com- 

ared to the experiment, the overall performance of the proposed 

ES-PBE-PDF approach is reasonable in light of the current state of 

he art in the modelling of turbulent sooting flames. As the aim of 
i

11 
his simulation was to use the same kinetics as in the simulation 

f the Santoro flame [67] , there was no space for improving the 

esults via parameter adjustment. The level of agreement obtained 

oes indicate that several elements in the modelling approach are 

erforming well, but it is still not possible to obtain quantitative 

greement. An analysis of the sources of uncertainty is presented 

n the following section. 

.2. Discussion of modelling uncertainties 

At present, it is not possible to determine conclusively the rea- 

ons for the remaining discrepancies, the most important of which 

s the underprediction of the soot volume fraction. Some light, 
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Fig. 9. Predictions of the normalised RMS soot volume fraction radial profiles at different heights. The RMS is normalised by the associated maximum mean soot volume 

fraction. The ratio shown indicates the maximum experimental value over the maximum predicted one at each height. 
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owever, can be shed by considering the validation of various el- 

ments of our approach in previous works. As mentioned before, 

he kinetic parameters in the present study were chosen to be the 

ame as in our previous simulation of the laminar Santoro flame 

67] , while the LES parameters are the same as in a previous sim- 

lation of a jet sooting flame by our group [27] carried out with 
he same code. a

12 
LES has been shown to provide an accurate description of the 

uid dynamics of jet flames away from walls [69] . In our previous 

urbulent sooting flame simulation [27] , the predicted flow field 

as validated with experimental measurements and good agree- 

ent was obtained. While the validation dataset in the present 

tudy does not provide flow field measurements, some inferences 

bout the accuracy of the flow field prediction may be made from 
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Fig. 10. Comparison of numerical and experimental results for the axial soot inter- 

mittency profile along the flame centreline. 
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he computed scalar fields. The temperature and species profiles 

re well predicted apart from an underprediction of the peak tem- 

erature, which was also present in the best so far simulation of 

he flame studied here [28] featuring a much finer grid than the 

resent study, and which is most likely to do with soot volume 

raction and kinetics rather than fluid dynamics. The spread of the 

eans and RMS of most quantities is also well predicted and gen- 

rally the qualitative features of soot distribution are reproduced, 

hile the main discrepancy is in the soot volume fraction, which is 

lso present in all other studies of this flame. These features sug- 

est that the flow field is simulated to a good accuracy. 

The solution of the population balance with the conservative 

ectional method contains no modelling assumptions and has been 

hown to be accurate when validated with analytical and similarity 

olutions [65,67] . The convergence of the stochastic fields method 

as also been investigated [86,87] and the number of fields em- 

loyed here has been shown to be sufficient. 

With respect to turbulence-chemistry interaction, micromixing 

s the most important unclosed term in the transported PDF ap- 

roach. While a uncertainty about the micromixing model remains, 

ts impact is diminished in LES as compared with RANS and sim- 

lations of turbulent jet flames of the Sandia type with LES-PDF 

nd stochastic fields have shown that concentration profiles can be 

redicted quite well, except for cases with excessive local extinc- 

ion [69] . The impact of the micromixing model on soot is more 

uestionable, however, due to the very low diffusivity of soot that 

iffers greatly from that of gas-phase species. While this difference 

n diffusivities could be accommodated at the grid level, the IEM 

odel does not distinguish between species and soot and this is 

omething that should be investigated in future research, possibly 

ia the development of a micromixing model particularly for soot. 

ttili et al. [14] investigated the impact of non-unity Lewis number 

n turbulent nonpremixed sooting flame and concluded that the 

mpacts on flow field and major species such as OH and C 2 H 2 was

ot significant, but a relatively large difference was observed in the 

eld of A 2 . Furthermore, naphthalene is very sensitive to turbulent 

ixing (see e.g. [7,12] ). 

While micromixing is a modelling uncertainty that should be 

nvestigated in future research, it must be noted that the under- 

rediction in soot volume fraction along the centreline was also 

resent in our laminar Santoro flame simulation [67] , where the is- 

ue of micromixing modelling were not present. Therefore, kinetics 

nd particularly surface reactivity remain a major sources of uncer- 

ainty. More importantly, the model employed for surface reactiv- 
13 
ty is relatively simple and accounts for the change of temperature 

nly. Future work may consider incorporating models that consider 

he effect of soot carbonisation on surface reactivity [91,92] as well 

s aerosol dynamics models that account for the evolution of ag- 

regate structure in a more realistic way and include a timescale 

ssociated with the fusion of primary particles [67] . Further com- 

ined laminar and turbulent flame studies are also needed to de- 

ermine the extent to which each of the kinetic processes con- 

ributes to the discrepancy in the volume fraction prediction. 

.3. Investigation of soot formation 

In this section, the soot formation processes in the turbulent 

ame are further analysed. Fig. 11 shows contour plots of the in- 

tantaneous temperature, soot volume fraction and soot number 

ensity. As indicated in Fig. 11 b,c, soot is restricted to fuel-rich 

egions within the mixture fraction isocontour. Most soot parti- 

les are located in the region between x/D = 40 and x/D = 100 ,

hile the soot volume fraction peaks at a region between x/D = 80 

nd x/D = 160 , consistent with the prediction in Fig. 7 and ex- 

erimental observations [89] . Similar patterns were observed also 

n other simulations [10,28] . The distinct separation of the peak 

ones in these two plots indicates that soot would experience a 

trong mass addition after being formed, which is confirmed below 

 Fig. 13 c). 

To further analyse the soot formation phenomena associated 

ith the N and f v fields, the instantaneous and mean contour 

lots of mole fraction of several key species are shown in Fig. 12 ,

hile Fig. 13 shows the instantaneous and mean soot volume 

raction contribution rates from nucleation, condensation, surface 

rowth and oxidation. Regarding PAHs, only the contour plot of 

 2 mole fraction is shown, because the concentration of A 2 is or- 

ers of magnitude larger than that of other PAHs contributing to 

imer formation; furthermore, only the oxidation rate due to OH 

s shown, as it is much larger than the one due to O 2 (as shown

n Fig. 14 , to be discussed later). Firstly, by comparing Fig. 12 a with

ig. 11 c, it is clear that A 2 is formed before the appearance of mea-

urable soot in the flame and is limited to the inner jet, consis- 

ent with the experimental observation in Ref. [89] . Fig. 13 a,b and 

ig. 12 a show a strong spatial correlation between nucleation, con- 

ensation and A 2 species. This feature is expected, as the nucle- 

tion and condensation depend on the dimer concentration, which 

s associated with the concentration of A 2 . Fig. 13 a also confirms 

he early nucleation indicated by Fig. 11 b. By comparing Fig. 13 a,b 

ith c, it can be seen that surface growth is responsible for most 

f the mass addition, as its contribution rate is one order of mag- 

itude larger than that of condensation. According to Ref. [89] , 

he structure of OH should develop from straight, thin layers at 

he jet exit to increasingly wrinkled, thick structures downstream 

rom the nozzle, which is well reproduced in Fig. 12 c. A weak spa-

ial correlation between growth rate and C 2 H 2 is observed. As dis- 

ussed in Ref. [67] , this is because the rate-limiting reactions in 

he current soot kinetics are the hydrogen abstraction reactions, 

hich means that radical species (e.g., H and OH) contribute more 

o surface growth than C 2 H 2 . In the regions that are rich in OH

nd H, C 2 H 2 is consumed via the acetylene addition reaction step 

n HACA mechanism, which can be observed in Fig. 12 b-d. These 

bservations are consistent with those reported in Ref. [28] in a 

imulation of the same flame. 

Figure 14 shows several features of soot formation along the 

entreline, as predicted by the LES-PBE-PDF method. Similar to the 

bservation in Fig. 13 , a spatial correlation between the mean nu- 

leation and condensation can be found, and the mass addition 

long the centreline is dominated by the nucleation and condensa- 

ion in the early region and by surface growth afterwards, leading 

o a separation of the locations of peak values in the soot number 
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Fig. 11. Contour plots of instantaneous (top) and mean (bottom) (a) temperature, (b) soot number density and (c) soot volume fraction computed from the LES-PBE-PDF 

model. The isocontour of stoichiometric mixture fraction ( Z = 0 . 0634 ) is shown as a solid line in the instantaneous contour plot (black in (a) and magenta in (b) and (c)). 
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g  
ensity and volume fraction profiles. The mean primary particle 

iameter increases with distance from the nozzle up to the point 

here the oxidation process dominates. A similar trend was also 

bserved experimentally by Boyette et al. [93] . As the oxidation 

ue to OH is much larger than the one due to O 2 , the prediction of

he soot volume fraction along the centreline is mostly controlled 

y surface growth and OH oxidation. Since the rate-limiting pro- 

ess in HACA mechanism is the H-abstraction step (which involves 

 and OH radicals), as discussed in [67,92] , a good prediction of 

H is important for the surface growth process. 

Figure 15 shows the instantaneous particle size distribution at 

hree different axial cross-sections. At x/D = 70 . 3 the process is nu-

leation/condensation dominated, at x/D = 132 . 8 it is dominated 

y surface growth while at x/D = 210 . 9 it is dominated mostly by

xidation. Note that the points in which the soot volume fraction 

s below 0.001 ppm have been filtered out. At these three loca- 

ions, the highest soot number density appears for particles below 

 nm ( Fig. 15 a), which is in accordance with the experimental ob- 
14 
ervation in [94] . Fig. 15 b shows the particle size distribution func- 

ion (PSDF) defined as P SDF (d) = (1 /N 

′ 
t ) d N 

′ /d logD [95] , where N 

′ 
t 

s the total local particle number [95] ). In the early region where 

he flame is less intermittent, the PSDFs have a unimodal shape, 

hich is flattening as we move towards the flame front and the 

umber of larger aggregates increases. Both unimodal and bimodal 

hapes of the PSDF can be seen in the surface growth-dominated 

egion. As discussed also in [95] , soot particles going through dif- 

erent trajectories undergo different sooting processes. The com- 

ined effects of surface growth, oxidation, coagulation and nucle- 

tion/condensation lead to a bimodal PSDF which becomes more 

omplex away from the jet nozzle. However, in the region far away 

rom the jet, the PSDF assumes a unimodal shape due to strong 

xidation. Fig. 15 c shows the normalised soot volume fraction dis- 

ribution. At all three locations, the majority of soot volume comes 

rom aggregates larger than 10 nm, while the peak of the distri- 

ution shifts towards a larger size as the residence time of ag- 

regates increase, from 10 to 30 nm at x/D = 70 . 3 to 30–50 nm
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Fig. 12. Contour plots of the instantaneous (top) and mean (bottom) (a) A 2 mole fraction, (b) C 2 H 2 mole fraction, (c) OH mole fraction and (d) H mole fraction computed 

from the LES-PBE-PDF model. The isocontour of stoichiometric mixture fraction is shown in solid line in the instantaneous contour plot (magenta in (a), and magenta in the 

rest plots). 

Table 1 

Average runtimes for the LES-PBE-PDF method to advance one time step ( �t = 3 ×
10 −6 s) on 20 nodes (480 MPI processes) of ARCHER supercomputer. 

Process Average runtime (s) Percentage 

Scalar convection/diffusion 3.67 12.25 % 

Micromixing 1.59 5.31 % 

Gas phase reaction 14.86 49.60 % 

PBE solution 5.33 17.79 % 

Flow field 0.42 1.40 % 

All other processes 4.09 13.65 % 

Total CPU cost 29.96 - 
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t x/D = 132 . 8 . At x/D = 210 . 9 , the size corresponding to the peak

xperiences less fluctuation, from 30 to 40 nm. 

.4. Analysis of computational performance 

Table 1 shows the CPU breakdown for each process in the sim- 

lation, calculated based on an average over 30 0 0 time steps. It is 

vident that the greatest CPU cost is due to the gas-phase reac- 

ion, which takes almost half of the total CPU time. The solution of 

he PBE with the sectional method requires 17.79 % of the total CPU 
15 
ime. The sectional method requires also the transport of 60 scalars 

n addition to the 149 species and the flow field variables, hence 

pproximately one fourth of the transport and micromixing time 

hould be attributed to it, but overall the computational overhead 

ncurred by it is less than 25%, indicating that it is not a major 

verload in the LES-PBE-PDF simulation. It must also be mentioned 

hat the chemistry was accelerated by approximately one order 

f magnitude with various ways mentioned in Section 4 which 

o not incur any loss of accuracy, such as hard-coding the 

echanism. 

The integration of chemical kinetics therefore remains the bot- 

leneck in the simulation of sooting flames with the LES-PBE-PDF 

ethod. In future work, this can be alleviated by using mecha- 

ism reduction and tabulation methods. The In-Situ Adaptive Tabu- 

ation (ISAT) method [96] has traditionally been employed to accel- 

rate chemistry in PDF methods. Another method that can be used 

n this context is Hybrid Transported-Tabulated Chemistry (HTTC), 

riginally developed for premixed combustion [97] and later ex- 

ended to partially premixed combustion [98] . Machine learning 

abulation methods have also been used recently with success in 

urbulent non-premixed jet flames similar to the one employed 

n the present study [99–101] . Recent effort s have also employed 
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Fig. 13. Contour plots of the instantaneous (top) and mean (bottom) (a) nucleation rate, (b) condensation rate, (c) growth rate, and (d) oxidation rate due to OH computed 

from the LES-PBE-PDF model. The isocontour of stoichiometric mixture fraction is shown in solid magenta line in the instantaneous contour plot. 

Fig. 14. Mean profiles of (a) soot volume fraction contribution rate due to each soot formation process, (b) particle number density, (c) mass fraction of key species, and (d) 

soot volume fraction and mean primary particle diameter along the centreline, as predicted by the LES-PBE-PDF method. P1 and P2 indicate the locations of the peak values 

in the soot number density and volume fraction profiles respectively. 

16 
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Fig. 15. Instantaneous soot (a) particle size distribution, (b) particle size distribution function, and (c) normalised soot volume distribution at three axial cross-sections com- 

puted from the LES-PBE-PDF model. 
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achine learning for the solution of the PBE in laminar premixed 

ooting flames [102] . 

. Conclusions 

The present paper had two main aims. The first one was to 

resent an LES-PBE-PDF approach to soot modelling that includes 

etailed kinetics and comprehensive models for all aerosol dynam- 

cs processes, compare its results with experiments and examine 

ts computational performance and feasibility. The second one was 

o simulate a turbulent diffusion flame using the same models and 

arameters for gas-phase chemistry, soot kinetics and aerosol dy- 

amics as those employed in a previous work [67] for a simulation 

f the Santoro laminar diffusion flame. 

In the methodology presented here, the PBE-PDF method ac- 

ounts for the source terms associated with turbulence-chemistry 

nd turbulence-soot interactions without the need for closure as- 

umptions, as they appear in closed form, but requires a model 

s required for the micromixing term. While the lower diffusivity 

f soot can be accommodated at the grid level, the sub-grid mix- 

ng is modelled via the augmented IEM micromixing model which 

mploys a single micromixing frequency for all scalars. In line with 

he approach adopted in this paper to employ the models without 

odifications of parameters, no modification in the micromixing 

requency was attempted, but this is an element of the approach 
17 
hat should be reconsidered in future work via the development of 

n improved micromixing model for soot. A comprehensive mech- 

nism of combustion and PAH formation is employed to support a 

etailed soot aerosol dynamics model based on a population bal- 

nce equation which is solved via a conservative sectional method. 

inally, the stochastic fields method is employed for solving the 

ES-PBE-PDF equations. 

In the application to the Sandia turbulent non-premixed soot- 

ng flame, overall reasonably good agreement was obtained for 

he mean and RMS profiles of temperature, RMS X O 2 /X N 2 and 

ormalised species profiles. The location and qualitative shape of 

he soot volume fraction axial and radial profiles were also well 

redicted, but the soot volume fraction was underpredicted. By 

xamining the elements of the methodology and the degree to 

hich they have been validated in previous studies, the most likely 

ources of this discrepancy were identified to be the micromixing 

odel and the kinetics employed. It is clear that further research 

s needed to reach the state where quantitative agreement in sim- 

lations of turbulent sooting flames can be accomplished without 

djustments, but the fact that several features of the soot forma- 

ion could be captured with the same kinetic and aerosol dynamic 

odels employed in both the laminar and turbulent flame is en- 

ouraging. Apart from the improvements in the modelling of mi- 

romixing (as mentioned above), future work could consider incor- 

orating kinetics that account for the effect of soot carbonisation 
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n surface reactivity and population balance models that provide a 

ore detailed account of the evolution of aggregate structure. Fi- 

ally, the distribution of the CPU time among the various elements 

f the method showed that the incorporation of the PBE with the 

onservative sectional method into LES-PDF methods is feasible, as 

he CPU time required for the transport of the extra scalars and 

olution of the PBE was less than 25% of the total CPU time. 
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