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Abstract

The di↵erential branching fraction of B0! K⇤
1(892)

0µ+µ� decays is measured as a function

of the squared invariant mass of the dimuon system. The data corresponds to 3 fb�1 of

integrated luminosity collected in 2011 and 2012 by the LHCb detector at the Large Hadron

Collider at CERN. Integrated across squared dimuon invariant mass, and interpolated

through excluded regions, the total branching fraction is found to be

B
⇥

B0! K⇤
1(892)

0µ+µ�⇤ = (1.058+0.017
�0.016 ± 0.013± 0.070)⇥ 10�6.

In the theoretically favoured region of squared dimuon invariant mass, (1.1 < q2 <

6)GeV2/c4, the di↵erential branching fraction is found to be

dB [B0! K⇤
1(892)

0µ+µ�]

dq2
= (0.402+0.020

�0.019 ± 0.008± 0.027)⇥ 10�7.

In the two results above, the first uncertainty is statistical, the second systematic, and the

third due to the uncertainty of the branching fraction of the normalisation channel. The

di↵erential branching fraction is in agreement with, although lower than, the Standard

Model prediction of (0.49 ± 0.08) ⇥ 10�7. As with the measurement of several decay

modes including a quark-level b! s`+`� transition, the Standard Model predictions are

consistently higher than the measured values.

In this analysis, for the first time, the fraction of S-wave in the K⇡ system is measured

and explicitly accounted for. Previous analyses had measured the branching fraction of

both P- and S-wave components and compared to predictions for pure P-wave. In the

same theoretically favoured region of (1.1 < q2 < 6)GeV2/c4, and for the K⇡ invariant

mass range (796 < mK⇡ < 996)MeV/c2, the fraction of S-wave is found to be

FS = 0.097± 0.016± 0.008,

where the first uncertainty is statistical, and the second is systematic. This value is

somewhat larger than expected, although no concrete theoretical predictions exist.
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Chapter 1

Introduction

It has been said that the overall goal of the study of fundamental physics is to answer the

question

L =? (1.1)

where L is the Lagrangian density [2]. This statement was presumably written somewhat

in jest, but is in reality, rather close to the truth.

The working theory of fundamental particle physics is the so-called Standard Model

(SM). In this theory, matter and three of the four known fundamental forces are described

as interacting quantum fields. Aspects of the SM have been verified to exceptional accuracy

therefore

L ⇡ LSM. (1.2)

There are at least three problems with the SM which necessitate the approximation in

Eqn. 1.2. Firstly, gravity is not successfully described at the quantum scale and is omitted

from the SM. Secondly, there is evidence for matter which interacts through gravity but

does not emit electromagnetic radiation [3, 4]1. There is no description of this dark matter

in the SM. The third problem is the naturalness and fine tuning of the theory. In the SM,

many parameters are set to values provided by experiment. The seemingly arbitrary input

parameters mean that the SM is unsatisfactory as a fundamental theory. So whilst the SM

provides an excellent description of the results of subatomic particle physics experiments,

one hopes that there will be some theory of physics Beyond the Standard Model (BSM)

which will alleviate these problems.

It is natural to ask: what does one require of a theory of physics? Occam’s razor

dictates that the theory be the simplest thing which describes all experimental results.

In this context, ‘simple’ means that the theory should have few input parameters and

that the minimal version is best. The theory should make new predictions contrary to

the previous theory which are verified by experiment. The theory should unify the forces,

provide some candidate for dark matter, and describe the force of gravity.

1Review 24 in [4]
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Figure 1.1: The two leading order Standard Model (SM) diagrams for the process

B0! K
(⇤)0

µ+µ�. The electroweak penguin diagram (left) and box diagram (right) are ex-

amples of flavour-changing neutral current (FCNC) b! s`+`� transitions which, in the SM,

which must occur with intermediary, virtual particles.

sb

µ−

µ+

W−

Z0, γ

d̄ d̄
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W−

W+

νµ

d̄d̄

The class of supersymmetry (SUSY) theories, which postulate one extra symmetry

in the quantum field theory, is one of the simplest plausible extensions to the SM. The

additional symmetry implies a duplicate of all known fundamental particles. Unfortunately,

at the time of writing, no statistically significant direct experimental evidence for SUSY

has been observed [5].

This thesis presents a measurement of a physical observable quantity as an indirect

probe for physics BSM. The decay process B0! K⇤0µ+µ� is one example of a general class

of decays mediated by the quark-level b! s`+`� transition. The transition of a quark into

another of the same electric charge requires a flavour-changing neutral current (FCNC)

and is then sensitive to contributions from virtual BSM particles. The leading order

Feynman diagrams for the B0! K(⇤)0µ+µ� process in the SM are shown in Fig. 1.1. The

left hand diagram in Fig. 1.1 is known as an electroweak penguin. ‘Electroweak’ since the

dilepton pair are propagated by a virtual electroweak Z boson, ‘penguin’ since, with some

imagination, the diagram could be seen to resemble a penguin. In the SM, all FCNCs

must proceed via higher order diagrams (loop-level processes) like those shown in Fig. 1.1.

This is because it is not possible to directly connect two neutral quarks of di↵ering flavours

via a single vertex (a tree-level transition). This fact is a consequence of the structure

of the SM and is described in Section 2.1.4. This may not be the case in BSM theories,

which su↵er no such restriction. Examples of Feynman diagrams for this process mediated

by possible BSM particles are given in Fig. 1.2. Since the SM diagrams are suppressed,

BSM diagrams may occur at a comparable level to the SM diagrams.

The branching fraction, B, is the fraction of B0 mesons which decay to some final

state with respect to all possible final states. The branching fraction for the decay process

B0! K⇤(892)0µ+µ� is a physically observable quantity which is sensitive to contributions

from these BSM particles. It is also useful to express the branching fraction as a di↵erential
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Figure 1.2: Two example Beyond the Standard Model (BSM) diagrams for the process

B0! K
(⇤)0

µ+µ�. The process could be mediated by a virtual Z 0 vector boson at tree-level

(left) or by supersymmetric sparticles (right). Whilst FCNCs do not occur at tree-level in the

SM, there is no such restriction in BSM theories. The BSM diagrams may therefore occur at a

comparable level to the SM diagrams.
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d̄ d̄
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H̃0
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d̃

branching fraction in squared dilepton invariant mass (q2) which allows for a more rigorous

comparison to theoretical predictions in the SM. As will be explained in more detail

in the following chapter, observables related to the decay B0 ! K⇤0µ+µ� su↵er from

a largely undesirable pollution when the K⇤0; which, for the analysis presented in this

thesis, is reconstructed from the decay K⇤0! K⇡; is in a scalar J = 0, or S-wave, state.

This S-wave component (or S-wave pollution) has the e↵ect of diluting the sensitivity to

possible BSM e↵ects. This thesis presents the first measurement of the size of this S-wave

component. Having extracted the S-wave component, a measurement of the (di↵erential)

branching fraction of the decay with a pure vector K⇤ (P-wave) is performed for the

first time. The analysis is performed on data collected by the Large Hadron Collider

beauty (LHCb) detector at the Large Hadron Collider (LHC) during 2011 and 2012.

This thesis is organised as follows. A summary of the flavour-changing structure of

the SM, followed by a motivation for the study of the b! s`+`� process, is presented

in Chapter 2. In the final sections of Chapter 2, some angular conventions, and the

theoretical angular distribution are introduced. The LHCb detector is introduced in

Chapter 3 and the selection of B0! K+⇡�µ+µ� events in data is described in Chapter 4.

The fractional size of the S-wave component (FS) is extracted with a partial angular

analysis comprising a fit to K⇡ invariant mass (mK⇡). The fit is performed over the range

mK⇡ 2 [644, 1200]MeV/c2. This range is chosen such that the e↵ect of tensor D-wave

resonances (such as the K⇤
2(1430)

0) are vanishingly small [6]. This fit procedure requires

a description of the angular e�ciency and the e�ciency in regions of q2. The e�ciency

function is extracted from simulation, the procedure for which is described in Chapter 5.

The model and fit procedure used to extract FS and the di↵erential branching fraction

is presented in Chapter 6. Finally, results are presented in Chapter 7 followed by the
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conclusions in Chapter 8.

Throughout most of this thesis charge conjugation is implied. The exceptions are:

Section 2.5, where angles are defined separately for the charge-parity (CP )-conjugate

process; and Section 2.6, where the angular distribution is derived but subsequently the

CP -averaged observables are used. Specific kaon resonances are always specified with

subscript J in addition to the full name allocated by the PDG, e.g. K⇤
1 (892)

0, K⇤
0 (1430)

0.

The notation K⇤ denotes any exited kaon of any angular momentum state2.

2Elsewhere in literature the specific process in the case of the vector B0! K⇤
1 (892)

0`+`� is often

referred to as simply B0! K⇤`+`� for shorthand.
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Chapter 2

Theory of flavour-changing neutral

currents and b! s`+`� processes

The decay B0 ! K(⇤)0`+`� is a FCNC process. Such processes serve to illustrate the

hierarchical flavour structure of the SM. This structure within the SM, and why it arises, is

described in Section 2.1. Extensions to the SM often predict some di↵ering flavour structure,

and/or extra particles, which must contribute to the loop-level processes virtually. With

many possible models, a largely model-independent e↵ective field theory framework known

as the operator-product expansion (OPE) is employed in order to assist the search for

physics BSM. The e↵ective field theory approach is motivated and described in Section 2.2.

The specific example of the OPE for b ! s`+`� processes such as B0 ! K⇤0µ+µ� is

described in Section 2.3. The current status, and phenomenological interpretations of

b! s`+`� measurements is presented in Section 2.4. This serves to motivate the interest

in B0! K⇤
1(892)

0`+`� observables and gives context to the measurement presented in this

thesis. The di↵erential branching fraction is corrected for the contribution of the scalar

component. This is achieved by a partial angular analysis, therefore angular conventions,

and the angular di↵erential decay rate for B0! K⇤
J `

+`� are described in Sections 2.5

and 2.6.

2.1 Flavour structure of the Standard Model

The argument presented in this section follows Ref. [7] with additional reference to [8,9].

The SM is a quantum field theory with local gauge symmetry under the group

SU(3)⇥ SU(2)⇥ U(1). (2.1)

The group SU(3) describes the strong interaction through the theory of quantum chromody-

namics (QCD) [10], with eight gluon fields, Ag
µ (g = 1...8). The groups SU(2)⇥U(1) describe

the unified electroweak interaction [11] with four associated gauge fields, W a
µ (a = 1, 2, 3)
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and Bµ. In addition, there is a minimal procedure for spontaneous symmetry breaking

through the Higgs mechanism [12]. The matter content of the theory consists of three

flavours of leptons and three flavours of quarks described by Dirac spinor fields. Of

importance to the present discussion, the left- and right-handed chiral fields are given by

 R = PR =
(1 + �5)

2
 , (2.2)

 L = PL =
(1� �5)

2
 , (2.3)

where �5 ⌘ i�0�1�2�3 is the product of all four Dirac gamma matrices (�µ).

The lepton fields can be arranged into three doublets

Li =

"

⌫iL
`iL

#

2
("

⌫eL
eL

#

,

"

⌫µL
µL

#

,

"

⌫⌧L
⌧L

#)

(2.4)

and three singlets

`i = (`iR) 2 {eR, µR, ⌧R} . (2.5)

Right-handed neutrinos are not included in the theory. The quark fields may be written

in a similar way,

Qi =

"

ui
L

diL

#

2
("

uL

dL

#

,

"

cL
sL

#

,

"

tL
bL

#)

(2.6)

with right-handed singlets of both up- and down-type quarks,

ui = (ui
R) 2 {uR, cR, tR} (2.7)

and

di = (diR) 2 {dR, sR, bR} . (2.8)

The flavour indices i = 1, 2, 3 select one of the flavour doublets or singlets. Summation is

implicit over pairs of flavour indices.

The SM Lagrangian density is the most general renormalizable Lagrangian density

consistent with the observed particle fields and the gauge symmetry of the theory. It may

be written in three parts,

LSM = LKinetic + LGauge + LHiggs. (2.9)

The first part of this equation contains terms of the form1

LKinetic ⇠ i ̄�µDµ , (2.10)

describing the kinetic energy of the fields,  . In these kinetic terms, the gauge covariant

derivative is

Dµ =
�

@µ + igAg
µT

g + ig2W
a
µ ⌧

a + ig1BµY
�

. (2.11)

1Spacetime contraction is implicit over pairs of spacetime indices µ, ⌫.
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The second, third, and fourth terms contain the generators of SU(3), the T g; of SU(2), the

⌧a; and the U(1) hypercharge generator, Y . The g, g1, and g2 are coupling constants. The

second term in Eqn. 2.9 describes the gauge fields with terms like

LGauge ⇠ �iF µ⌫Fµ⌫ , (2.12)

where F µ⌫ is a Gauge field strength tensor. These terms do not distinguish between the

generations of the quarks and leptons. They are sometimes called flavour blind or flavour

diagonal in the literature.

2.1.1 The complex scalar doublet field

The last term in Eqn. 2.9 is the source of flavour-changing structure in the SM. It is

LHiggs = (DµH)†(DµH)� V (H) + L`Yukawa + Lq
Yukawa, (2.13)

where the terms, in order, are: the Higgs field’s kinetic term; its potential; and its Yukawa

interaction terms with the lepton and quark fields. Flavour structure arises due to these

Yukawa terms. The Higgs doublet is formed of two complex scalar fields,

H =

"

H+

H0

#

, (2.14)

and the simplest renormalizable potential is of the form2

V (H) =�(H†H)2 � µ2H†H (2.15)

=�

✓

(H†H)� µ2

2�

◆2

� µ4

4�
. (2.16)

This has a non-zero minimum for µ2 > 0. The minimum is

H†H =
µ2

2�
, (2.17)

so the vacuum expectation value (vev) of the Higgs field is
r

µ2

2�
⌘ 1p

2
⌫. (2.18)

Without loss of generality one can perform a global gauge transformation so that the

vacuum state of the field is,

hHi =
"

0
⌫p
2

#

. (2.19)

An example of such a potential is shown in Fig 2.1, the vev corresponds to the trough in

this figure. A global gauge choice is equivalent to a choice of position in the trough of

Fig 2.1.

2Some references define the potential without the relative sign between the � and µ2 terms. If one

does this then one must flip the inequality of µ2 later.
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[H]

[H]

V(H)

0
Figure 2.1: A potential of the form

of Eqn. 2.15 with µ2 > 0. A sector

is omitted to display the inside. The

central minimum of the potential is

positive, spontaneously breaking the

symmetry corresponds to choosing a

position in the trough.

The field can be expanded about this expectation value to obtain

H =

"

h+ + i�+

⌫p
2
+ h0 + i�0

#

, (2.20)

where h+, �+,0 are real scalar fields. Reinserting this into Eqn. 2.15 and expanding, yields

only one mass term3

2⌫2h2
0 ⌘ m2

Hh
2
0 =) mH =

r

�

2
⌫. (2.21)

The fields h+, �+, and �0 represent the massless Goldstone bosons4. Local gauge transfor-

mations further allow one to remove the Goldstone boson fields. In this unitary gauge, the

form simplifies to

H =

"

0
⌫p
2
+ h0

#

. (2.22)

2.1.2 Aside: mass terms for the gauge bosons

Although not directly related to the flavour structure of the SM, the Higgs mechanism is

introduced in order to provide mass terms for the gauge bosons in a gauge invariant way.

This important result will now be highlighted as an aside. The gauge covariant derivative

for the Higgs doublet field is,

DµH =

✓

@µ + ig2W
a
µ

�a

2
+ i

g1
2
Bµ

◆

H. (2.23)

The Pauli sigma matrices, are the generators of SU(2) ⌧a = �a/2 (a = 1, 2, 3) for doublets

and Y = 1/2 is the hypercharge assignment for the Higgs field.

3From dimensionality arguments, the Klein-Gordon mass term for a boson field must be quadratic in

the field (i.e. ⇠ m2�2).
4In fact this is a more general result than for a complex doublet. For any n scalar fields introduced,

breaking the symmetry in this way will result in n� 1 massless fields and one with a mass term such as h0.
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Substituting Eqn. 2.22 into the terms (DµH)†(DµH) of Eqn. 2.13 yields the terms

g22⌫
2

8
(W 1µW 1

µ +W 2µW 2
µ) (2.24)

and
⌫2

8
(g2W

3µ � g1B
µ)(g2W

3
µ � g1Bµ) (2.25)

amongst others. Substituting

W±
µ ⌘

W 1
µ ⌥ iW 2

µp
2

(2.26)

into Eqn. 2.24 gives a mass term for a charged vector boson field W±,

g22⌫
2

4
W+µW�

µ ⌘ m2
WW+µW�

µ =) mW =
g2⌫

2
. (2.27)

One can redefine the couplings g1 and g2 in terms of a weak mixing angle, ✓W ,

g1 = sin ✓W ·
q

g21 + g22, (2.28)

g2 = cos ✓W ·
q

g21 + g22, (2.29)

and substitute these formulae into Eqn. 2.25 obtaining

⌫2 (g21 + g22)

8
(W 3µ cos ✓W � Bµ sin ✓W )(W 3

µ cos ✓W � Bµ sin ✓W ). (2.30)

Substituting

Zµ ⌘ W 3
µ cos ✓W � Bµ sin ✓W , (2.31)

into Eqn. 2.30 gives a mass term for a neutral vector boson field Z0,

⌫2 (g21 + g22)

8
ZµZµ ⌘ m2

ZZ
µZµ =) mZ =

mW

cos ✓W
. (2.32)

Finally, the massless field

Aµ ⌘ W 3
µ cos ✓W +Bµ sin ✓W , (2.33)

is the photon described by quantum electrodynamics (QED).

To summarise this important result, the minimal Higgs mechanism (a complex scalar

doublet) is introduced into the theory. The Higgs field acquires a vev which breaks the

electroweak symmetry SU(2) ⇥ U(1) in such a way as to introduce massive Higgs, W±,

and Z0 bosons and a massless photon. The parameters introduced are related by simple

expressions,

mH =

r

�

2
⌫; mW =

g2⌫

2
; mZ =

mW

cos ✓W
. (2.34)
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2.1.3 The Yukawa terms

A Yukawa interaction is an interaction between any Dirac field and a scalar field. The

interaction of the lepton and quark fields with the Higgs doublet is given by

L`Yukawa = �y`ijL
iH`j + h.c., (2.35)

and

Lq
Yukawa = �ydijQ

iHdj � yuijQ
i✏Huj + h.c., (2.36)

where h.c. denotes Hermitian Conjugate and the yij are the couplings. The 2⇥ 2 antisym-

metric matrix,

✏ =

"

0 1

�1 0

#

, (2.37)

serves to select the up-type fields. There is no equivalent term for the neutrinos. Following

the principle of including all renormalizable terms consistent with gauge invariance and the

matter content of the theory, one is obliged include Eqns. 2.35 and 2.36 in the Lagrangian

density of Eqn. 2.13.

After the Higgs field acquires a vev the Yukawa terms simplify. Substituting Eqn. 2.22

into Eqn. 2.35 the lepton Yukawa term becomes:

L`Yukawa = � y`ij

h

⌫iL `iL

i

"

0

⌫/
p
2 + h0

#

`jR � y`ij`
i
R

h

0 ⌫p
2
+ h0

i

"

⌫jL
`jL

#

(2.38)

= �
y`ij⌫p
2
`iL`

j
R �

y`ij⌫p
2
`iR`

j
L + terms with h0. (2.39)

The first two terms are Dirac mass terms for the lepton field, except that the Yukawa

couplings, y`ij have two flavour indices ij. They may be re-written as a matrix product in

a flavour space with,

`L ⌘

2

6

4

eL
µL

⌧L

3

7

5

; `R ⌘

2

6

4

eR
µR

⌧R

3

7

5

; Y ` ⌘

2

6

4

y`11 y`12 y`13
y`21 y`22 y`23
y`31 y`32 y`33

3

7

5

. (2.40)

Equation 2.39 becomes

L`Yukawa = � ⌫p
2

�

`LY `R + `RY `L
�

+ terms with h0. (2.41)

Similarly for the quark Yukawa terms, Eqn. 2.22 is substituted into Eqn. 2.36, which yields

Lq
Yukawa =� ydij

h

ui
L diL

i

"

0

⌫/
p
2 + h0

#

djR � ydijd
i
R

h

0 ⌫/
p
2 + h0

i

"

uj
L

djL

#

� yuij

h

ui
L diL

i

"

⌫p
2
+ h0

0

#

uj
R � yuiju

i
R

h

⌫p
2
+ h0 0

i

"

uj
L

djL

# (2.42)

=�
ydij⌫p
2
diLd

j
R �

ydij⌫p
2
diRd

j
L �

yuij⌫p
2
ui
Lu

j
R �

yuij⌫p
2
ui
Ru

j
L

+ terms with h0.

(2.43)
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Defining

dL ⌘

2

6

4

dL
sL
bL

3

7

5

; dR ⌘

2

6

4

dR
sR
bR

3

7

5

; Y d ⌘

2

6

4

yd11 yd12 yd13
yd21 yd22 yd23
yd31 yd32 yd33

3

7

5

; (2.44)

and

uL ⌘

2

6

4

uL

cL
tL

3

7

5

; uR ⌘

2

6

4

uR

cR
tR

3

7

5

; Y u ⌘

2

6

4

yu11 yu12 yu13
yu21 yu22 yu23
yu31 yu32 yu33

3

7

5

; (2.45)

one may be similarly re-write,

Lq
Yukawa =� ⌫p

2

�

dLY
ddR + dRY

ddL

�

� ⌫p
2
(uLY

uuR + uRY
uuL)

+ terms with h0.
(2.46)

2.1.4 Diagonalising the Yukawa matrix in flavour space

Any matrix may be diagonalised with a bi-unitary transformation. Therefore the following

transformations
`L 7�! U `

(L)`
0
L; `R 7�! U `

(R)`
0
R;

dL 7�! Ud
(L)d

0
L; dR 7�! Ud

(R)d
0
R;

uL 7�! Uu
(L)u

0
L; uR 7�! Uu

(R)u
0
R;

(2.47)

are defined. In these expressions, the U `,d,u
(R/L) are six independent 3⇥ 3 unitary matrices

required to bring the matrices of Yukawa couplings into diagonal form. By design, they

yield

Y `
diag. =U `†

(R)Y
`U `

(L) =

p
2

⌫

2

6

4

me 0 0

0 mµ 0

0 0 m⌧

3

7

5

; (2.48)

Y d
diag. =Ud†

(R)Y
dUd

(L) =

p
2

⌫

2

6

4

md 0 0

0 ms 0

0 0 mb

3

7

5

; (2.49)

Y u
diag. =Uu†

(R)Y
uUu

(L) =

p
2

⌫

2

6

4

mu 0 0

0 mc 0

0 0 mt

3

7

5

. (2.50)

Equation 2.41 then becomes

L`Yukawa = � ⌫p
2

⇣

`0LY diag.`
0
R + `0RY diag.`

0
L

⌘

+ terms with h0 (2.51)

= �me

�

e0Le
0
R + e0Re

0
L

�

�mµ

�

µ0
Lµ

0
R + µ0

Rµ
0
L

�

�m⌧

�

⌧ 0L⌧
0
R + ⌧ 0R⌧

0
L

�

+ terms with h0,
(2.52)

31



which are the lepton mass terms. Similarly Eqn. 2.46 becomes

Lq
Yukawa = � ⌫p

2

⇣

d0
LY

d
diag.d

0
R + d0

RY
d
diag.d

0
L

⌘

� ⌫p
2

�

u0
LY

u
diag.u

0
R + u0

RY
u
diag.u

0
L

�

+ terms with h0

(2.53)

= �md

�

d0Rd
0
L + d0Ld

0
R

�

�ms

�

s0Rs
0
L + s0Ls

0
R

�

�mb

�

b0Rb
0
L + b0Lb

0
R

�

�mu

�

u0
Ru

0
L + u0

Lu
0
R

�

�mc

�

c0Rc
0
L + c0Lc

0
R

�

�mt

�

t0Rt
0
L + t0Lt

0
R

�

+ terms with h0

(2.54)

which are the quark mass terms. The redefinition of the fermion fields in Eqn. 2.47 to the

eigenstates of the Yukawa coupling matrix provides a mass basis, denoted with primes.

Reverting to the element notation (with flavour indices i, j, k,m, p, q), the original SU(2)

doublets transform into the mass basis as

Li =

"

⌫iL
`iL

#

7�!
"

⌫iL
(U `

(L))ij`
0
Lj

#

(2.55)

Qi =

"

ui
L

diL

#

7�!
"

(Uu
(L))iju

0
Lj

(Ud
(L))ijd

0
Lj

#

= (Uu
(L))ij

"

u0
Lj

(Uu†
(L))jk(U

d
(L))kmd

0
Lm

#

. (2.56)

The doublet Qi combines up- and down-type quark fields which have di↵erent unitary

transformations.

The gauge covariant derivatives for the doublets are,

DµL
i =

✓

@µ + ig2W
a
µ

�a

2
� i

g1
2
Bµ

◆

Li, (2.57)

DµQ
i =

✓

@µ + igAg
µT

g + ig2W
a
µ

�a

2
+ i

g1
6
Bµ

◆

Qi. (2.58)

The hypercharge assignments are Y = �1/2 for Li and Y = 1/6 for Qi.

After the introduction of the Higgs doublet and the spontaneous symmetry breaking,

the covariant derivatives may be re-expressed in terms of the physical W±, Z0, and photon

fields

DµL
i =

✓

@µ + i
g2p
2

✓

W+
µ

�+

2
+W�

µ

��

2

◆

+ i
q

g21 + g22

✓

�3

2
� sin2 ✓WQ

◆

Zµ + ieQAµ

◆

Li,

(2.59)

DµQ
i =

✓

@µ + igAg
µT

g + i
g2p
2

✓

W+
µ

�+

2
+W�

µ

��

2

◆

+ i
q

g21 + g22

✓

�3

2
� sin2 ✓WQ

◆

Zµ + ieQAµ

◆

Qi.

(2.60)

Where the electric charge generator

Q =
�3

2
+ Y =

"

1 + Y 0

0 Y � 1

#

(2.61)
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the electric coupling strength

e ⌘ g2 sin ✓W , (2.62)

and

�± = �1 ± i�2 =

"

0 1± 1

1⌥ 1 0

#

(2.63)

are all introduced.

The kinetic terms, i �µDµ , give interaction terms for the quark and lepton fields

with the physical boson fields. Expanding iQi�µDµQi yields the coupling term for the

left-handed quark states with the charged bosons,

iQi�µ
ig2p
2

✓

W+
µ

�+

2
+W�

µ

��

2

◆

Qi, (2.64)

and with the neutral bosons,

iQi�µi
q

g21 + g22

✓

�3

2
� s2WQ

◆

ZµQ
i + iQi�µieQAµQ

i, (2.65)

amongst others. The shorthand notation sW ⌘ sin ✓W is introduced for brevity. The

coupling terms with the charged bosons (Eqn 2.64), in the mass basis in element notation

(Eqn. 2.56) is,

iQi�µ
ig2p
2

✓

W+
µ

�+

2

◆

Qi + h.c. (2.66)

=
�g2p
2
W+

µ

h

u0
Lp (Uu†

(L)U
d
(L))pqd

0
Lq

i

(Uu
(L))

⇤
pi(U

u
(L))ij

"

0 �µ

0 0

#"

u0
Lj

(Uu†
(L)U

d
(L))jkd

0
Lk

#

+ h.c.

=
�g2p
2
W+

µ (Uu†
(L)U

d
(L))jku

0
Lj�

µd0Lk + h.c. (2.67)

The factor

(Uu†
(L)U

d
(L))jk ⌘ Vjk (2.68)

is the jkth element of the Cabibbo–Kobayashi–Maskawa (CKM) matrix [13]. In matrix

notation,

Uu†
(L)U

d
(L) ⌘ V CKM =

2

6

4

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

3

7

5

. (2.69)

This matrix is where flavour structure enters into the theory. The CKM matrix is unitary

(by construction) in the SM and has four degrees of freedom which are independent of

the choice of phase of the quark fields5. The matrix has a hierarchical structure which

5A complex 3 ⇥ 3 unitary matrix has 9 degrees of freedom, however 5 phases may be absorbed by

redefinition of the lepton fields. Supposing that there were more than 3 quark families, the 3⇥ 3 unitary

matrix would not be unitary, therefore testing the unitarity is an indirect way to search for physics BSM.
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Figure 2.2: Values from [4]. A visualisation of the hierarchical

structure of the CKM matrix. The blob radius is proportional to

the matrix element size.

is visualised in Fig. 2.2. Mathematically, the structure is illustrated by the Wolfenstein

parameterisation [14],

V CKM =

2

6

4

1� �2

2 � A�3(⇢� i⌘)

�� 1� �2

2 A�2

A�3(1� ⇢� i⌘) �A�2 1

3

7

5

+O(�4). (2.70)

The parameter of expansion,

� = Vus ⇡ 0.22. (2.71)

The complex part of the CKM matrix is the source of violation of CP symmetry in the weak

interaction. Significant experimental e↵ort is devoted to measuring elements of the CKM

matrix and checking that it is unitary. The latest combinations of such measurements are

available in Refs [15].

On the other hand the neutral coupling terms (Eqn. 2.65),

iQi�µi
q

g21 + g22

✓

�3

2
� s2WQ

◆

ZµQi + iQi�µieQAµQ
i (2.72)

= �
q

g21 + g22 Zµ

h

u0
Lp Vpqd0Lq

i

(Uu
(L))

⇤
pi(U

u
(L))ij

"

(12 �
2
3s

2
W )�µ 0

0 (�1
2 +

1
3s

2
W )�µ

#"

u0
Lj

Vjkd0Lk

#

� eAµ

h

u0
Lp Vpqd0Lq

i

(Uu
(L))

⇤
pi(U

u
(L))ij

"

2
3�

µ 0

0 �1
3�

µ

#"

u0
Lj

Vjkd0Lk

#

= �
q

g21 + g22 Zµ

✓✓

1

2
� 2

3
s2W

◆

u0
Lj�

µu0
Lj +

✓

�1

2
+

1

3
s2W

◆

d0Lk�
µd0Lk

◆

� eAµ

✓

2

3
u0
Lj�

µu0
Lj �

1

3
d0Lk�

µd0Lk

◆

,

(2.73)

do not mix up- and down-type quarks6. Therefore FCNCs do not occur at tree level in

the SM. All flavour transitions must proceed via the W± bosons whose flavour-changing

6The CKM factors in the down-type neutral coupling terms (V �V d�d) dissappear in the last line of

Eqn. 2.73 since

Vpq�pjVjk = (Ud
(L))

⇤
qm(Uu†

(L))
⇤
mp�pj(U

u†
(L))jn(U

d
(L))nk = �qk
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quark couplings arise from the non-diagonal Yukawa couplings yqij. In other words, the

mass eigenstates and the weak eigenstates are misaligned in flavour space.

Since FCNC processes must proceed via loop-level diagrams in the SM, they are an

excellent place to search for possible BSM e↵ects due to the small SM contribution. Often,

BSM theories require additional particles and interactions that have not yet been observed.

The contribution from diagrams with virtual BSM particles can be at a visible level or

can interfere with the SM contributions to give measurable e↵ects. Much theoretical and

experimental e↵ort is therefore devoted to improving and testing predictions for FCNC

processes.

2.1.5 Qualitative description of quantum chromodynamics

The strong interaction, described by the theory of quantum chromodynamics (QCD),

does not contribute to the flavour-changing structure of the SM. However the b! s`+`�

quark-level process receives higher order corrections from diagrams with gluons. In addition

the quark-level process is contained within a physical meson system which is described by

QCD. It is therefore relevant to qualitatively describe QCD, which will assist in motivating

the e↵ective theory approach in Section 2.2 and the application to B0! K⇤
1(892)

0`+`�,

described in Section 2.3.

The theory of QCD describes the gluon field interaction with the quarks. In QCD, the

running coupling of the theory becomes stronger at lower energies (long distances). The

converse of this, that the coupling becomes weaker at high-energy scales is known as the

asymptotic freedom of QCD. Analogous to the fine structure constant of electrodynamics,

the definition

↵s =
g2

4⇡
, (2.74)

where g is the coupling coe�cient for the fields (introduced in Eqn 2.58), is usually made.

The solution to the renormalisation group equation is

↵s(%) =
6⇡

(33� 2nf ) log(%/⇤QCD)
, (2.75)

where nf is the number of quark flavours. This expression governs the behaviour of ↵s at

some scale %. The scale of the theory, ⇤QCD, is defined as the scale at which ↵s becomes

large as %2 is decreased. Experimental measurements find a value of ⇤QCD ⇡ 200MeV/c2.

This behaviour means that perturbative calculations become di�cult at low energies (long

distances).

2.2 Motivation for an e↵ective field theory approach

The majority of particle physics is concerned with testing the SM, and searching for new

physics (NP). Often, searches for NP are performed within the context of a given BSM
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theory. Such an approach is ‘top-down’ in nature: the measurement of a physical quantity

is motivated by a given theory which predicts some measurable di↵erence with respect to

the SM prediction. For the b! s`+`� transition, and more generally, FCNC processes,

this approach is somewhat reversed. The ‘bottom-up’ approach used here is an e↵ective

field theory description. This approach has two main advantages: model-independence and

the separation of scales. The e↵ective field theory framework makes no model-dependent

assumptions about the structure of NP and the general form of the couplings can be

included explicitly. The second advantage that low-energy e↵ects, which are di�cult

to reliably predict due to the nonperturbative nature of QCD, are separated from the

high-energy e↵ects that are sensitive to contributions from NP. Since b-quarks cannot be

created at energy scales smaller than their mass, e↵ects below this scale are not normally

relevant to the system of the energetic weak decay [8]. Therefore the b-quark mass provides

the scale of the system:

% = mb ⇡ 5GeV/c2 � ⇤QCD. (2.76)

Such an approach is not without disadvantages. Whilst the low-energy e↵ects in the

quark-level process are separated out, the description of the physical hadronic system

introduces additional low-energy QCD e↵ects. The hadronic system is parameterised by

so-called hadronic form factors which are di�cult to calculate. Another issue arises in

FCNC decays of the b-quark to light quarks (b! s or b! d). This issue is regarding

treatment of corrections due to loops involving a c-quark. Both of these disadvantages

will be discussed in the following sections.

2.2.1 Operator-product expansions

The e↵ective field theory approach used to describe b ! s`+`� processes is a specific

example of an operator-product expansion (OPE). The OPE technique has often been

used during the development of the quantum field theory description of particle physics.

The canonical example, is in the description of nuclear beta decay before the discovery of

the W± bosons where a four-point operator was used with a coupling strength GF. This

section provides a brief description of the technique before the details of the OPE for

b! s`+`� processes is presented in Section 2.3.

The Lagrangian density of the SM and any BSM theories can be written

L = LSM +�LNP (2.77)

where �LNP refers to extra terms in the theory due to NP contributions.

An OPE replaces this with the e↵ective Lagrangian,

Le↵ =
X

i

Ci(%)Oi. (2.78)

In performing this replacement, e↵ects of interactions above the scale % (high-energy, short-

distance) are contained within the Wilson coe�cients, Ci = Ci(%). These interactions are
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often referred to as the ‘heavy degrees of freedom’. In the case where % = mb, the SM W±,

Z0, and t-quark all fall under this definition of ‘heavy’ and are absorbed into the Ci.

The low-energy (long-distance) e↵ects below the scale % are absorbed into the local

operators Oi = Oi(%). The e↵ective operators act on the low-energy fields with some

generic Lorentz structure. For example one operator will describe a scalar interaction.

The corresponding scalar Wilson coe�cient represents the size of the scalar contribution

which is predicted in the SM and within BSM theory frameworks. A deviation from

the SM prediction for the corresponding Wilson coe�cient would imply a NP scalar

interaction. Testing theoretical predictions for the Wilson coe�cients with experiment

therefore provides sensitivity to broad classes of NP particles, independent of any model.

The Wilson coe�cients are often separated into predictions within the SM, and some

additive modification due to NP contributions,

Ci ⌘ CSM
i + CNP

i . (2.79)

More convenient for the calculation of decay amplitudes, is the equivalent e↵ective

Hamiltonian

hf |He↵|ii =
X

i

Ci(%)hf |Oi|ii
�

�

�

�

%

, (2.80)

for some transition from initial state |ii to a final state |fi, evaluated at the scale, %. The

decay amplitudes contain the Wilson coe�cients which would ideally be compared directly

to data. However the quark-level decay occurs within a hadronic system.

Unlike the b-quark mass, the length scale of the hadronic system is on the order of ⇤QCD

and therefore described by low-energy QCD which is theoretically challenging. Hadronic

form factors are introduced to parameterise the decay amplitudes for the meson-level

transition. Typically, form factors are calculated with nonperturbative techniques. The

hadronic uncertainty associated with these form factors is typically the dominant source

of theoretical uncertainty in predictions for observables. There is therefore a preference to

measure observables, which are typically ratios or di↵erences of quantities, where the form-

factor uncertainty cancels, at least to leading order. In b! s`+`� decay phenomenology,

so-called ‘theoretically clean’ observables are constructed in such a way as to maximise

sensitivity to NP e↵ects through the Wilson coe�cients and minimise dependence on the

form factors.

37



sb

�

sb

`+

`�

sb

cc

Figure 2.3: Schematic diagrams for operators O7 (top),

O9,10 (centre), and O1c,2c (bottom). The e↵ective operator

O7 relates to diagrams mediated by a radiated photon, the

operator O9 relates to diagrams mediated by a vector current,

and the operator O10 to diagrams mediated by an axial

current. The operators are defined in Equations 2.82, 2.83,

and 2.84 respectively. The e↵ective operators O1c,2c relate to

diagrams with internal c-quarks.

2.3 Application of the e↵ective field theory approach

to b ! s`+`� and the hadronic description of

B0! K⇤
1(892)

0`+`� decay amplitudes

The b! s`+`� processes can be described by the following e↵ective Hamiltonian [8, 16],

He↵ = �4GFp
2

e2

16⇡2
VtbV

⇤
ts

X

i=1,...10,S,P

(CiOi + C 0
iO0

i). (2.81)

In this expression, GF and e are Fermi’s constant and the electromagnetic coupling strength

respectively. The operators expected to be dominant and their chiral partners are [16–18],

O7 =
e

g2
mb(s̄�µ⌫PRb)F

µ⌫ ; O0
7 =

e

g2
mb(s̄�µ⌫PLb)F

µ⌫ ; (2.82)

O9 =
e2

g2
(s̄�µPLb)(`�

µ`); O0
9 =

e2

g2
(s̄�µPRb)(`�

µ`); (2.83)

O10 =
e2

g2
(s̄�µPLb)(`�

µ�5`); O0
10 =

e2

g2
(s̄�µPRb)(`�

µ�5`); (2.84)

where PL,R are the chrial projection operators (introduced in Eqns 2.2 and 2.3). The chiral

partner operators receiving the primes are such that O0
i is zero or suppressed in the SM.

The factor F µ⌫ is the electromagnetic field strength tensor, �µ⌫ ⌘ i [�µ, �⌫ ], and mb is the

running mass of the b-quark.

Equation 2.82 is the radiative photon operator and relates to diagrams mediated via

a photon which decays into the dilepton pair. Equations 2.83 and 2.84 are the vector

and axial vector operators respectively. Schematic diagrams of O7 and O9,10 are shown in

Fig. 2.3.

The remaining operators (O1�6,8,S,P) are either heavily suppressed, or the corresponding

coe�cient is already well constrained by experiment [16]. For example the scalar coe�cient
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CS is constrained by the measurement of the B0
s ! µ+µ� decay process [19]. Two further

operators (which will be mentioned in Section 2.4) are those where the diagrams have

internal c-quarks

O1c = (s̄�µT
gPLc)(c̄�

µT gPLb); O0
1c = (s̄�µT

gPRc)(c̄�
µT gPRb); (2.85)

O2c = (s̄�µPLc)(c̄�
µPLb); O0

2c = (s̄�µPRc)(c̄�
µPRb). (2.86)

These are the so-called ‘four-quark’ operators and are also shown schematically in Fig 2.3.

There are also O1u,2u which are obtained making the replacement c ! u in the above. The

remaining O2�6,8,S,P are given full in, for example Ref. [18], and will be mentioned only

briefly. The operators O3�6 are QCD penguin operators; the operator O8 is the radiative

gluon operator; and OS,P correspond to diagrams with an internal scalar or pseudo-scalar

particle and are extremely suppressed.

In the SM there are no right-handed interactions for the vector and axial vector currents,

so C 0 SM
9,10 = 0, and the SM contributions to C 0

7 are helicity-suppressed: C
0 SM
7 = (ms/mb)CSM

7 .

There is an additional technicality where the Wilson coe�cients are more conveniently

expressed as e↵ective Wilson coe�cients,

Ce↵
7 =

4⇡

↵s

C7 �
1

3
C3 �

4

9
C4 �

20

3
C5 � 80

9
C6 (2.87)

Ce↵
9 =

4⇡

↵s

C9 + Y (q2) (2.88)

Ce↵
10 =

4⇡

↵s

C10 (2.89)

C 0 e↵
7,9,10 =

4⇡

↵s

C 0
7,9,10 (2.90)

since they frequently appear in amplitudes with such combinations of the other coe�-

cients [16]7. The function Y (q2) is a suppressed combination of further Wilson coe�cients

that is given in Refs [16,18], for example. Given present measurements, that will be dis-

cussed further below, it is important to note that Y (q2) contains the coe�cients C1c,2c. An

equivalent statement is that Ce↵
9 receives corrections from charm-loop diagrams, with O1c,2c.

Reference [16] gives predictions according to the SM of Ce↵, SM
7 ⇡ �0.3, C 0 e↵, SM

7 ⇡ �0.006,

Ce↵
9 � Y (q2) ⇡ 4.2, and Ce↵, SM

10 ⇡ �4.1 which are calculated at the scale % = mb. No

uncertainties are provided for these SM predictions. However, the Wilson coe�cients are

not observable quantities, and the dominant uncertainty contributing to observables comes

from form factors.

7In fact, the Ci are evaluated at the scale % ⇡ MW and evolved down to the scale of the b-quark

(% = mb). This procedure introduces a mixing between the Ci which is why the Ce↵
i are written as above

and why one can consider e↵ect of the reduced set of operators Ce↵
7,9,10. This technical point is described

in, for example, Section 2.2 of Ref. [18]. For the purposes of this discussion the simple statement given in

Ref. [16] is su�cient.
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Figure 2.4: An illustrative sketch of the squared dilepton invariant mass, q2, (lower scale)

or hadron energy, EK⇤ , (upper scale) distribution for B0 ! K(⇤)`+`� decays, including the

charmonia resonances. The various regions depicted are, from left-to-right: the photon pole

region containing the divergence as q2 ! 0; the low q2 region where the K(⇤) has relatively

high-energy (EK⇤ � ⇤QCD); the resonance region where cc e↵ects dominate; and finally, the high

q2 region where the K(⇤) object has relatively low-energy (EK⇤ . ⇤QCD) and where q2 = O(m2
b).

The figure is adapted from Ref. [22].
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2.3.1 The B! K⇤ form factors and regions of squared dilepton

invariant mass

The meson-level decay amplitudes depend on the e↵ective Wilson coe�cients and the

B ! K⇤ form factors. The latter parameterise the hadronic system and depend on the

energy shared between the dilepton object and the K⇤. It is convention to use q2 as the

variable describing this energy share. The amplitudes are parameterised in terms of a set

of seven form factors [16] which are often referred to in the literature as the full form

factors and are typically denoted {V (q2), A0,1,2(q2), T1,2,3(q2)}. As discussed below, under

certain conditions it is possible to reduce this set to two soft form factors [20,21], typically

denoted
�

⇠k(q2), ⇠?(q2)
 

.

The treatment of the form factors di↵ers in regions of q2. An illustrative sketch of the

q2 distribution for B0! K(⇤)`+`� and the various regions is given in Fig. 2.4.

Below the threshold q2 ⇡ (2mc)2 ⇡ 7GeV2/c4 is the low-q2 region. This region is often

referred to as the region of ‘large hadronic recoil’ since the energy of the K⇤ is relatively

large, EK⇤ � ⇤QCD. In the low-q2 region the assumption of QCD factorisation (QCDF)

applies. This assumption is that gluons exchanged between the quarks in the meson do

not interact with the decay process and these two e↵ects are separable. An expansion in

⇤QCD/EK⇤ may be employed to parameterise the form factors. The soft form factors are
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derived from the leading order term in this expansion and are given in terms of the full form

factors in, for example, Ref. [21]. So called ‘power corrections’ to the expansion are the

leading source of systematic uncertainty for predictions at low q2. There are also so-called

‘non-factorisable corrections’ which correct the assumption of QCDF. In the low-q2 region,

form factors may be calculated using light cone sum rules (LCSR) techniques [22]. At the

time of writing, the most recent calculation of the full form factors using LCSR is given in

Ref. [23] which is an update to Ref. [24].

The threshold q2 ⇡ (2mc)2 ⇡ 7GeV2/c4 arises where cc pair production e↵ects are

conventionally expected to become large. Below q2 ⇡ 1GeV2/c4, the e↵ects of light

resonances become large and a divergence appears in the theory as q2 ! 0. This divergence

is the so-called photon pole. In the vicinity of the photon pole, O7 dominates [22]. There

is therefore a region 1 . q2 . 6GeV2/c4 which is far from the photon pole and the cc

threshold and is ‘theoretically clean’. For q2 2 [1, 6]GeV2/c4, the interference between O7

and O9 is large and provides good sensitivity to C9 [22].

The charmonia resonances of the J/ and  (2S) dominate above the cc threshold

until q2 ⇡ 15GeV2/c4. The cc loop diagrams and the associated long-distance QCD e↵ects

dominate in this region by around two orders of magnitude [16]. This resonance region is

therefore very challenging and no precise theoretical predictions are available.

The high-q2 region is above q2 ⇡ 15GeV2/c4. Analogously with low q2, this region

is often referred to in terms of the K⇤ energy as ‘low hadronic recoil’. In this region,

q2 = O(m2
b) and EK⇤ < ⇤QCD. High q2 is treated with heavy quark e↵ective theory (HQET)

expanding in powers of ⇤QCD/mb. Additionally, QCD calculations may be performed on a

lattice here, with the assumption that the K⇤ is a narrow resonance and is at rest in the

rest frame of the B meson. Lattice QCD calculations use the same seven full form factors

that describe low q2. The most recent lattice predictions are available in Ref. [25].

2.3.2 The B0! K⇤
1(892)

0`+`� decay amplitudes

To give an explicit example of a meson-level decay amplitude, the leading order expression

for the longitudinally polarised B0! K⇤
1(892)

0`+`� amplitude from Ref. [16],

A1L(R)0 = � N

2mK⇤
p

q2

⇢

⇥

(Ce↵
9 � C 0e↵

9 )⌥ (Ce↵
10 � C 0e↵

10 )
⇤

⇥


(m2
B �m2

K⇤ � q2)(mB +mK⇤)A1(q
2)� �

A2(q2)

mB +mK⇤

�

+ 2mb(C
e↵
7 � C 0e↵

7 )



(m2
B + 3m2

K⇤ � q2)T2(q
2)� �

m2
B �m2

K⇤
T3(q

2)

��

,

(2.91)

contains the Wilson coe�cients and the full form factors. The right-handed amplitude is

formed by taking the sum where ⌥ appears. Using the soft form factors, Ref. [21] shows
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that this simplifies to

A1L(R)0 = �N(m2
B � q2)2

2mK⇤mB

p

q2



(Ce↵
9 �C 0e↵

9 )⌥ (C10 �C 0
10) + 2

mb

mB

(Ce↵
7 �C 0e↵

7 )

�

⇠k(q
2). (2.92)

The normalisation, N / VtbV
⇤
ts, and the factor � are consistently defined between the

two expressions. As will be shown, these expressions (and similar) appear in the angular

di↵erential decay rate as bilinear combinations. Various bilinear combinations of these

expressions are observable quantities which give constraints on the size of the Wilson

coe�cients. Relevant examples of such observables are the total and di↵erential branching

fractions, of interest in this thesis.

2.3.3 The e↵ect of a scalar component

Sensitivity to Ce↵
7,9,10 is enhanced in the ideal case of the P-wave decay B0! K⇤

1(892)
0`+`�.

Experimentally, the K⇤ is selected with a window of mK⇡. In previous experimental

measurements [26–29] a requirement was made that mK⇡ 2 [796, 996]MeV/c2. This

window is equivalent to ±100MeV/c2 around the nominal mass of the K⇤
1(892)

0, m892 =

(895.81± 0.19)MeV/c2 [4].

However such an approach does not exclude contributions from other K⇤ states. In

particular, the contribution from the K⇡ system in a scalar, J = 0 state (S-wave) is known

to be problematic, in particular at low q2 where it may be sizeable [30]. Assuming massless

leptons, the S-wave component adds two complex decay amplitudes to the six P-wave

amplitudes. The extra amplitudes interfere and add extra nuisance terms to the angular

distribution. This will be shown in more detail in Section 2.6. All of the P-wave angular

terms e↵ectively obtain a factor of (1� FS), where FS is the fractional size of the S-wave

component. This is also true for the di↵erential branching fraction, as will be shown in

Section 2.6. This is often referred to S-wave pollution in the literature since it is di�cult

to estimate. The S-wave contribution is the leading source of systematic uncertainty in

the experimental analyses of Refs [26–28].

The analysis described in this thesis makes the first determination of the size of this

S-wave contribution and the first measurement of the branching fraction of the P-wave

decay where this contamination is not treated as a systematic uncertainty.

2.3.4 Summary

To summarise this section, the quark-level b! s`+`� transition is described in a model-

independent way in terms of e↵ective operators and corresponding Wilson coe�cients.

This OPE relies on the separation of scales mb � ⇤QCD. The dominant coe�cients

are Ce↵
7,9,10 which receive corrections from other coe�cients. The hadronic structure is

parameterised in terms of seven (two) full (soft) form factors. The decay amplitudes

contain the Wilson coe�cients and the form factors. The form factors are determined
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using di↵erent methods for di↵erent regions of q2 (or EK⇤). At low q2 it is possible to

expand in ⇤QCD/EK⇤ and use the soft (or the full) form factors. At high q2 the expansion

is performed in powers of ⇤QCD/mb. At low (high) q2, LCSR (lattice QCD) techniques are

used to calculate the full form factors. Above the cc threshold and below q2 ⇡ 15GeV2/c4,

the narrow charmonia resonances are overwhelmingly dominant and low-energy QCD

e↵ectively prohibits predictions in this region. The dominant uncertainties in predictions

of the amplitudes are the corrections to the hadronic form factors, 1/mb power corrections

(at low q2), and the e↵ect of cc contributions (at high q2). There are six complex decay

amplitudes in the case of B0! K⇤
1(892)

0`+`�. The presence of a S-wave component to

the K⇤ adds two additional amplitudes which dilute the NP sensitivity to the Wilson

coe�cients.

2.4 The current status of experimental measure-

ments and the phenomenology of b! s`+`�

With data corresponding to 1 fb�1, measurements of two sets of angular observables

for B0! K⇤
1(892)

0µ+µ� have been performed at LHCb [26, 27]. The measurement of a

particular set of observables, which will be defined in Section 2.6 (Eqn. 2.140), found

a local deviation of 3.7� from the SM prediction in Ref. [31]. During the preparation

of this thesis this deviation has been confirmed with data corresponding to 3 fb�1 [29].

Additionally, the branching fractions of the channels B0
s ! �(1020)µ+µ�, B! Kµ+µ�,

and B+! K⇤+µ+µ�, which are all b! s`+`� transitions, are measured at LHCb. The

former is found to be 3.3� below the SM prediction for q2 2 [1, 6]GeV2/c4 [32]8, the

latter two are found to be slightly lower than theoretical predictions, although consistent

within uncertainties [28]. The process B0
s ! �(1020)µ+µ� has the same leading order SM

diagrams as shown in Fig. 1.1 but with the spectator d-quark replaced by an s-quark.

These decays are sensitive to analogous form factor e↵ects as those described above in

Section 2.3.1, although the exact form factor parameterisations may be di↵erent.

Global fits to the above experimental data, which extract the Wilson coe�cients,

indicate a tension from the SM in C9 [33–35]. This tension could be explained by an

additional vector boson Z 0 contributing to these decays [35]. There has been some

debate [36–38] about the size of the uncertainty of the soft form factors from Ref. [31],

however recent calculations using the full form factors [23] have shown that this uncertainty

was only slightly underestimated and the tension remains.

It has also been suggested [39] that the size of the cc contribution (equivalently, the

size of the O1c,2c contribution to the function Y (q2)) has been underestimated. Predictions

of Ce↵
9 should then receive larger corrections from gluons introduced by the cc loop. This

8Reference [32] states 3.5�. However a minor problem was discovered, after submission for publication,

with the theory uncertainty which reduces this.
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Figure 2.5: A schematic picture of potentially underestimated contributions from operators

O1c,2c. The left-hand figure shows O9. The gluon lines in the left-hand figure represent the

long-distance e↵ects that are accounted for by form factors. The right-hand figure shows an

example of a diagram with operators O1c,2s. The gluon lines from the quark loop represent the

part of the correction to Ce↵
9 which may be underestimated.
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is shown schematically in Fig. 2.5. Such an e↵ect is postulated based on a disagree-

ment between descriptions of the resonances in the dimuon spectrum of B+! K+µ+µ�

decays [40].

If the phenomenological interpretation of CNP
9 6= 0 and a new vector Z 0 particle are to

be believed, there is a natural question of whether the Z 0 couples universally to leptons [41].

The ratio of branching fractions of the B+! K+µ+µ� to B+! K+e+e� decays,

RK ⌘ B [B±! K±µ+µ�]

B [B±! K±e+e�]
, (2.93)

is predicted to be RK = 1 + O(m2
µ/m

2
b) in the SM for q2 > 1GeV2/c4 [42]. This ratio

was measured by the LHCb collaboration, and found to lie 2.6� from unity in the region

q2 2 [1, 6]GeV2/c4 [43]. This deviation is not statistically significant, however long-distance

QCD uncertainty is not an issue for this observable and a consistent explanation is a Z 0 with

non-universal couplings to leptons. This measurement will be improved with additional

data and analyses of R� and RK⇤ defined analogously to Eqn. 2.93 are in preparation. If

lepton couplings to the proposed Z 0 are non-universal then di↵erent operators and Wilson

coe�cients should be included for the di↵erent leptons. This possibility is explored in

Refs [44, 45].

The addition of the modest deviation in RK contributes to the tension in the global

fits [44,46,47]. An alternative NP interpretation is that the deviation is caused by the scalar

operator, OS. A scalar NP contribution is less favoured once other FCNC constraints,

particularly from the observation of the decay B0
s ! µ+µ� [19], are taken into account [44].

Figure 2.6 shows some of the most recent global fit results from Ref. [48] which is an

update to the analysis in Refs [34, 47]. This fit is performed with the full form factors,

and takes 88 measurements of 76 observables as inputs. The inputs are described in
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Figure 2.6: The result of a global fit to the Wilson coe�cients shown as the Re
�

CNP
9

�

�Re (C 0
9)

plane (left) and the Re
�

CNP
9

�

� Re
�

CNP
10

�

plane (right). The darker and lighter contours

correspond to 1� and 2� best fit regions respectively. The blue shaded area shows the best fit

point which is 3.7� from the CNP
9 = 0 (the SM point by construction). The red (green) area

shows the constraint from angular observables (branching fractions). Figures taken from Ref. [48].
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the above references and are not listed here. Of particular note, angular observables

from B+ ! K+µ+µ� and B0 ! K⇤0µ+µ� are included. The branching fractions of

B0
s ! �(1020)µ+µ�, B! Kµ+µ�, B+! K⇤+µ+µ�, and B0

s ! µ+µ� are also inputs9. A

non-zero CNP
9 is preferred at the 3.7� level. This increases to 4.1� when the RK deviation is

included. The possibility of an underestimated contribution from the four-quark operators

O1c,2c is not excluded. Figure 2.7 illustrates a hint of a q2-dependence of the fitted CNP
9

that might indicate such an e↵ect. Underestimating the cc loop diagrams (i.e. O1c,2c

suggested by Ref. [39]) could lead to such an e↵ect however the required shift in the

amplitudes is thought to be unfeasibly large [48]. Furthermore an underestimated hadronic

e↵ect should be lepton flavour universal, and would not explain the deviation seen in RK .

By contrast, a mistreatment of the form factors would be manifest at the edges of the q2

where the di↵erent methods (LCSR and lattice QCD) dominate; this kind of dependence

is not seen.

The di↵erential branching fraction which is relevant to this thesis, will add additional

information to the global fits.

9Although in the case of B0
s ! �(1020)µ+µ�, the analysis in Ref. [48] predates the publication of the

3.3� discrepancy in Ref. [32].
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Figure 2.7: The possible e↵ect of cc loop interference. The solid blue (dashed green) box

represents the best fit point of the global fit (a fit only with B0! K⇤0µ+µ� observables). Red

shaded boxes represent global fits for several bins of q2 and the resulting value of CNP
9 . Whilst

all are consistent with no q2 dependence (a flat line), the central values appear to show a trend

approaching the J/ resonance at q2 = 9.58GeV2/c4. The dashed red box is the global fit in

the region q2 2 [6, 8]GeV2/c4. This region is excluded from the global fit specifically because cc

e↵ects are expected there. If this were genuinely a q2 dependence of the fitted CNP
9 , it would

indicate mistreatment of cc e↵ects as there should be no q2 dependence for any CNP
i . The size of

the cc contribution necessary to create such an e↵ect is very large. Figure taken from Ref. [48].
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2.5 Definitions of helicity angles, the angular basis

The remainder of this chapter is devoted to a description of the theoretical angular

distributions of the B0! K⇤
J `

+`� decay. Before describing the angular distribution, it is

necessary to define the angular basis used. The angular basis is not directly relevant for

the di↵erential branching fraction, however the size of the S-wave contribution is extracted

using a partial angular analysis. Furthermore the description of the angular e�ciency

introduces a slight dependence on the full set of angles.

The process B0! K⇤
1(892)

0`+`�, is a pseudo-scalar to vector, vector transition. It has

four degrees of freedom. These are conventionally chosen as three angles, (✓`, ✓K , �), and

q2. For a general K⇤ state, that is: B0! K⇤
J `

+`�, the K⇡ invariant mass (mK⇡) provides

information about the resonance spectrum.

The angle ✓K is defined as the angle between the kaon in the rest frame of the K⇡

system and the direction of the K⇡ object in the rest frame of the B meson,

cos ✓K =
~pK⇡
K · ~pB

K⇡

|~pK⇡
K ||~pB

K⇡|
= ~uK⇡

K · ~uB
K⇡, (2.94)

for both B0! K+⇡�`+`� and the CP -conjugated decay (B0! K�⇡+`+`�). The notation

~p b
a denotes the vector momentum of particle a in the rest frame of particle b and the notation

~u b
a denotes the corresponding unit vector. Figure 2.8 shows this angle diagrammatically.
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Figure 2.8: Diagrams showing the angle ✓K . The decay B0! K+⇡�`+`� (left) and the decay

B0! K�⇡+`+`� (right) have the same definition, via Eqn. 2.94. Both diagrams are shown in

the rest frame of the K⇡ system.
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Figure 2.9: Diagrams showing the angle ✓`, for the decay B0! K+⇡�`+`� (left) and the decay

B0! K�⇡+`+`� (right). For the former ✓` is defined via Eqn. 2.95, for the latter, via Eqn. 2.96.

Both diagrams are shown in the rest frame of the dilepton system.
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The angle ✓` is defined as the angle between the positively (negatively) charged lepton

in the rest frame of the dilepton system and the direction of the dilepton object in the

rest frame of the B (B) meson. For the decay B0! K+⇡�`+`�,

cos ✓` =
~p ```+ · ~pB

``

|~p ```+ ||~pB
`` |

= ~u ```+ · ~uB
`` , (2.95)

and for the decay B0! K�⇡+`+`�,

cos ✓` =
~p ```� · ~pB

``

|~p ```� ||~pB
`` |

= ~u ```� · ~uB
`` , (2.96)

These are shown in the left- and right-hand diagrams of Fig. 2.9 respectively.

Finally, the angle � is defined as the angle between the planes of the K⇡ and dilepton

systems in the rest frame of the B meson. For the decay B0! K+⇡�`+`�,

cos� =
~pB
`+ ⇥ ~pB

`�
�

�~pB
`+ ⇥ ~pB

`�

�

�

· ~p
B
K ⇥ ~pB

⇡

|~pB
K ⇥ ~pB

⇡ |
= ~nB

`+`� · ~nB
K⇡; (2.97)

sin� =

 

~pB
`+ ⇥ ~pB

`�
�

�~pB
`+ ⇥ ~pB

`�

�

�

⇥ ~pB
K ⇥ ~pB

⇡

|~pB
K ⇥ ~pB

⇡ |

!

· ~p
B
K⇡

|~pB
K⇡|

=
�

~nB
`+`� ⇥ ~nB

K⇡

�

· ~uB
K⇡ (2.98)
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Figure 2.10: Diagrams showing the angle �. For the decay B0! K+⇡�`+`� (top), � is defined

via Eqns 2.97 and 2.98. For the decay B0! K�⇡+`+`� (bottom), it is defined via Eqns 2.99

and 2.100. All diagrams are shown in the B meson rest frame.
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`+

K+

⇡�
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�
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`+`�

⇡+

K�

`�

`+

B0
�

K� ⇡+

~nB
K⇡

�~pB
K⇡

`�

`+

~nB
`�`+

and for the decay B0! K�⇡+`+`�,

cos� =
~pB
`� ⇥ ~pB

`+
�

�

�

~pB
`� ⇥ ~pB

`+

�

�

�

· ~pB
K ⇥ ~pB

⇡
�

�

�

~pB
K ⇥ ~pB

⇡

�

�

�

= ~nB
`�`+ · ~nB

K⇡; (2.99)

sin� =

0

@

~pB
`� ⇥ ~pB

`+
�

�

�

~pB
`� ⇥ ~pB

`+

�

�

�

⇥ ~pB
K ⇥ ~pB

⇡
�

�

�

~pB
K ⇥ ~pB

⇡

�

�

�

1

A · ~pB
K⇡

�

�

�

~pB
K⇡

�

�

�

=
⇣

~nB
`�`+ ⇥ ~nB

K⇡

⌘

· ~uB
K⇡. (2.100)

The notation ~n c
ab denotes the unit normal to the decay plane of particles a and b in the

rest frame of particle c. The ordering of indices ab picks a direction for the normal vector,

~n c
ab = �~n c

ba. The angle � is shown diagrammatically in Fig. 2.10.
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2.6 Angular di↵erential decay rate

The angular decay rate for B0! K⇤
J `

+`� [6]10 is,

d5�

dq2dmK⇡d cos ✓Kd cos ✓`d�
=
3

8

✓

J c
1 + 2J s

1 + (J c
2 + 2J s

2 ) cos 2✓` + 2J3 sin
2 ✓` cos 2�

+ 2
p
2J4 sin 2✓` cos�+ 2

p
2J5 sin ✓` cos�

+ 2J6 cos ✓` + 2
p
2J7 sin ✓` sin�

+ 2
p
2J8 sin 2✓` sin�+ 2J9 sin

2 ✓` sin 2�

◆

.

(2.101)

The angular coe�cients, Ji, are given by,

J c
1 = |AL0|2 + |AR0|2 + 8

m2
`

q2
Re (AL0A⇤

R0) + 4
m2
`

q2
|At|2 (2.102)

J s
1 =

3

4

⇣

�

�ALk
�

�

2
+ |AL?|2 +

�

�ARk
�

�

2
+ |AR?|2

⌘

✓

1� 4m2
`

3q2

◆

+
4m2

`

q2
Re
�

ALkA⇤
Rk +AL?A⇤

R?
�

(2.103)

J c
2 = � �2

`

�

|AL0|2 + |AR0|2
�

(2.104)

J s
2 =

1

4
�2
`

⇣

�

�ALk
�

�

2
+ |AL?|2 +

�

�ARk
�

�

2
+ |AR?|2

⌘

(2.105)

J3 =
1

2
�2
`

⇣

|AL?|2 �
�

�ALk
�

�

2
+ |AR?|2 �

�

�ARk
�

�

2
⌘

(2.106)

J4 =
1p
2
�2
`

�

Re
�

AL0A⇤
Lk
�

+Re
�

AR0A⇤
Rk
��

(2.107)

J5 =
p
2�` (Re (AL0A⇤

L?)�Re (AR0A⇤
R?)) (2.108)

J6 =2�`
�

Re
�

ALkA⇤
L?
�

�Re
�

ARkA⇤
R?
��

(2.109)

J7 =
p
2�`
�

Im
�

AL0A⇤
Lk
�

� Im
�

AR0A⇤
Rk
��

(2.110)

J8 =
1p
2
�2
` (Im (AL0A⇤

L?) + Im (AR0A⇤
R?)) (2.111)

J9 = �2
`Im

�

ALkA⇤
L?
�

+ Im
�

ARkA⇤
R?
�

, (2.112)

where �` =
p

1� 4m2
`/q

2. The functions A are defined as

AH 0/t =
X

J=0,1,2...

Y 0
J (✓K , 0)AJH 0/t gK⇤

J
(mK⇡) (2.113)

AH k/? =
X

J=0,1,2...

Y �1
J (✓K , 0)AJH k/? gK⇤

J
(mK⇡) (2.114)

10The notation of Ref. [6] is adapted to avoid confusion with conventional notation for the pure P-wave

coe�cients (namely that the Ii and A in Ref. [6] are written Ji and A here). The normalisation of Eqn

(13) in Ref. [6] is slightly altered for consistency with the convention in Refs [16, 21].
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where Y m
l (✓, 0) are the spherical harmonics, the function gK⇤

J
encodes the mK⇡ dependence,

and AJHp are the complex decay amplitudes. The subscript order JHp will be preserved

and will be: orbital angular momentum J ; chirality H = L, R; and polarisation p =

0, t, ?, k with symbols corresponding to longitudinal, time-like, perpendicular and parallel

polarisations. Note that the P-wave longitudinally polarised amplitude, A1L(R)0, was

introduced in Eqns. 2.91 and 2.92.

For q2 � m2
` , one may neglect lepton mass terms. In this approximation, �` ! 1 and

m2
`/q

2 ! 0. The angular coe�cients, particularly J1,2 are simplified and the time-like

polarised amplitudes AJHt disappear. Such a simplification holds for most of the q2

spectrum of B0! K⇤
1(892)

0µ+µ� and B0 ! K⇤
1(892)

0e+e� decays. For simplicity, the

approximation of vanishing lepton mass is made in this thesis.

2.6.1 The angular di↵erential decay rate for pure P-wave

B0! K⇤
1(892)

0`+`� decays

The angular distribution in the ideal case of P-wave B0! K⇤
1(892)

0`+`� has been exten-

sively studied [16–18, 21, 31, 36, 49, 50]. This distribution is obtained from Eqns 2.113

and 2.114 by specifying J = 1.

In this case, the relevant bilinear combinations of Eqns 2.113 and 2.114 become:

|AH0|2 =
3

4⇡
|A1H0|2

�

�gK⇤
1
(mK⇡)

�

�

2
cos2 ✓K (2.115)

�

�AH k/?
�

�

2
=

3

8⇡

�

�A1H k/?
�

�

2 �
�gK⇤

1
(mK⇡)

�

�

2
sin2 ✓K (2.116)

AH0A⇤
H, k/? =

3

8⇡

1p
2
A1H0A

⇤
1H k/?

�

�gK⇤
1
(mK⇡)

�

�

2
sin 2✓K (2.117)

The angular coe�cients (Eqns 2.102–2.112) become:

J c
1 =

3

4⇡

�

|A1L0|2 + |A1R0|2
�

�

�gK⇤
1
(mK⇡)

�

�

2
cos2 ✓K

=
3

4⇡
Ic1
�

�gK⇤
1
(mK⇡)

�

�

2
cos2 ✓K (2.118)

J s
1 =

3

4

3

8⇡

⇣

�

�A1Lk
�

�

2
+ |A1L?|2 +

�

�A1Rk
�

�

2
+ |A1R?|2

⌘

�

�gK⇤
1
(mK⇡)

�

�

2
sin2 ✓K

=
3

8⇡
Is1
�

�gK⇤
1
(mK⇡)

�

�

2
sin2 ✓K (2.119)

J c
2 = � J c

1 =
3

4⇡
Ic2
�

�gK⇤
1
(mK⇡)

�

�

2
cos2 ✓K (2.120)

J s
2 =

1

3
J s

1 =
3

8⇡
Is2
�

�gK⇤
1
(mK⇡)

�

�

2
sin2 ✓K (2.121)

J3 =
1

4

3

8⇡

⇣

|A1L?|2 �
�

�A1Lk
�

�

2
+ |A1R?|2 �

�

�A1Rk
�

�

2
⌘

�

�gK⇤
1
(mK⇡)

�

�

2
sin2 ✓K

=
3

8⇡
I3
�

�gK⇤
1
(mK⇡)

�

�

2
sin2 ✓K (2.122)
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J4 =
3

8⇡

1

(
p
2)2
�

Re
�

A1L0A
⇤
1Lk
�

+Re
�

A1R0A
⇤
1Rk
��

�

�gK⇤
1
(mK⇡)

�

�

2
sin 2✓K

=
3

8⇡

1p
2
I4
�

�gK⇤
1
(mK⇡)

�

�

2
sin 2✓K (2.123)

J5 =
3

8⇡

p
2p
2
(Re (A1L0A

⇤
1L?)�Re (A1R0A

⇤
1R?))

�

�gK⇤
1
(mK⇡)

�

�

2
sin 2✓K

=
3

8⇡

1p
2
I5
�

�gK⇤
1
(mK⇡)

�

�

2
sin 2✓K (2.124)

J6 =2
3

8⇡

�

Re
�

A1LkA
⇤
1L?
�

�Re
�

A1RkA
⇤
1R?
��

�

�gK⇤
1
(mK⇡)

�

�

2
sin2 ✓K

=
3

8⇡
I6
�

�gK⇤
1
(mK⇡)

�

�

2
sin2 ✓K (2.125)

J7 =
3

8⇡

p
2p
2

�

Im
�

A1L0A
⇤
1Lk
�

� Im
�

A1R0A
⇤
1Rk
��

�

�gK⇤
1
(mK⇡)

�

�

2
sin 2✓K

=
3

8⇡

1p
2
I7
�

�gK⇤
1
(mK⇡)

�

�

2
sin 2✓K (2.126)

J8 =
3

8⇡

1

(
p
2)2

(Im (A1L0A
⇤
1L?) + Im (A1R0A

⇤
1R?))

�

�gK⇤
1
(mK⇡)

�

�

2
sin 2✓K

=
3

8⇡

1p
2
I8
�

�gK⇤
1
(mK⇡)

�

�

2
sin 2✓K (2.127)

J9 =
�

Im
�

A1LkA
⇤
1L?
�

+ Im
�

A1RkA
⇤
1R?
��

�

�gK⇤
1
(mK⇡)

�

�

2
sin2 ✓K

=
3

8⇡
I9
�

�gK⇤
1
(mK⇡)

�

�

2
sin2 ✓K . (2.128)

The Ii which have been introduced will become the angular coe�cients of the pure P-wave

angular distribution.11 The mK⇡ dependence is the same for all A1Hp. Integrating over

mK⇡, all bilinear combinations of the amplitudes obtain a constant factor

⇣ ⌘
Z

�

�gK⇤
1
(mK⇡)

�

�

2
dmK⇡. (2.129)

This factor is often absorbed into the normalisation of the angular distribution, however

here it is left explicit since it will have a di↵erent form for P- and S-wave contributions in

the following section. Substituting Eqns 2.119–2.128 into Eqn. 2.101 and integrating over

11The Ii are defined in, for example, Refs [16, 21] analogously to the Ji (Eqns 2.102–2.112) but for the

specific pure P-wave case. Note that some Refs, e.g. [21] use Ji.
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mK⇡,

1

⇣

d4�

dq2d cos ✓Kd cos ✓`d�
=

9

32⇡

✓

Ic1 cos
2 ✓K + Is1 sin

2 ✓K

+ (Ic2 cos
2 ✓K + Is2 sin

2 ✓K) cos 2✓`

+ I3 sin
2 ✓K sin2 ✓` cos 2�

+ I4 sin 2✓K sin 2✓` cos�

+ I5 sin 2✓K sin ✓` cos�

+ I6 sin
2 ✓K cos ✓`

+ I7 sin 2✓K sin ✓` sin�

+ I8 sin 2✓K sin 2✓` sin�

+ I9 sin
2 ✓K sin2 ✓` sin 2�

◆

.

(2.130)

Integrating over cos ✓K , cos ✓`, and � one obtains

1

⇣

d�

dq2
=

1

4
(3Ic1 + 6Is1 � Ic2 � 2Is2) (2.131)

=
X

L,R

X

0,?,k

|A1Hp|2 . (2.132)

Equations 2.130 and 2.132 were derived for B0! K⇤
1(892)

0`+`�. Following the same

procedure for B0! K⇤
1 (892)

0`+`�, yields a distribution �̄ with angular terms Īi in terms

of bilinear combinations of the amplitudes Ā. A set of CP -averaged observables, Si, are

conventionally defined,

Si ⌘
�

Ii + Īi
�

�

1

⇣

d(�+ �̄)

dq2
. (2.133)

Note that the CP -averaged rate is the sum of the squares of longitudinal and transverse

P-wave amplitudes,

� ⌘ 1

⇣

d(�+ �̄)

dq2
=
X

L,R

X

0,?,k

⇣

|A1Hp|2 +
�

�Ā1Hp

�

�

2
⌘

, (2.134)

which is proportional to the P-wave di↵erential branching fraction,

dB [B0! K⇤
1(892)

0`+`�]

dq2
=

d

dq2
�+ �̄

�
=
�

�
, (2.135)

where � is the total rate of decay of B0 and B0 mesons. The di↵erential branching fraction

to the dimuon final state, dB [B0! K⇤
1(892)

0µ+µ�] /dq2, is the observable of interest for

this thesis.

The definition in Eqn 2.133 implies that the fraction of longitudinal polarised amplitudes

FL ⌘
|A1L0|2 + |A1R0|2 +

�

�Ā1L0

�

�

2
+
�

�Ā1R0

�

�

2

�
=

Ic1 + Īc1
�

= Sc
1, (2.136)
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and that the fraction of transverse polarised amplitudes

1� FL =
4

3

Is1 + Īs1
�

=
4

3
Ss
1. (2.137)

Conventionally, the CP -averaged forward-backward asymmetry of the lepton12 is also

introduced, as

AFB =
3

4
S6. (2.138)

Thus the CP -averaged angular distribution may be written

1

⇣�

d4(�+ �̄)

dq2d cos ✓Kd cos ✓`d�
=

9

32⇡

✓

3

4
(1� FL) sin

2 ✓K + FL cos
2 ✓K

+
1

4
(1� FL) sin

2 ✓K cos 2✓` � FL cos
2 ✓K cos 2✓`

+ S3 sin
2 ✓K sin2 ✓` cos 2�

+ S4 sin 2✓K sin 2✓` cos�

+ S5 sin 2✓K sin ✓` cos�

+
4

3
AFB sin2 ✓K cos ✓`

+ S7 sin 2✓K sin ✓` sin�

+ S8 sin
2 ✓K sin 2✓` sin�

+ S9 sin
2 ✓K sin2 ✓` sin 2�

◆

.

(2.139)

Several parameterisations of the angular coe�cients have been proposed [16, 31, 49, 50].

These parameterisations are designed to maximise experimental sensitivity to the Wilson

Coe�cients whilst minimising the e↵ect of form-factor uncertainties. One particular

reparameterisation, presented in Ref. [31], makes the definition

Pi ⌘
Si

p

FL(1� FL)
, (2.140)

such that the soft form factor dependence is minimal. The authors of Ref. [31] refer to the

Pi as ‘form factor independent’ which should, arguably more accurately, be called ‘soft

form factor independent’.

The angular distribution presented in this section is for the ideal case of purely P-wave

B0! K⇤
1(892)

0`+`� decays. Experimentally, the K⇤
1 (892)

0 is selected by requiring the data

lie within mK⇡ 2 [796, 996]MeV/c2. This approach is unable to distinguish the P-wave

decays from other decays B0! K⇤
J `

+`�. In particular scalar, S-wave processes such as

B0! K⇤
0(1430)

0`+`� will, at some level, be selected by such an invariant mass window.

12The asymmetry of the positive (negative) lepton in the rest frame of the dilepton with respect to

the B (B) direction. Equivalently this is the di↵erence of integrals of the CP -averaged distribution for

cos ✓` 2 [�1, 0] and cos ✓` 2 [0, 1].
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2.6.2 The angular di↵erential decay rate for B0! K⇤
1(892)

0`+`�

decays with an additional S-wave component

In many studies and analyses, the S-wave component is added as a corrective term to the

pure P-wave distribution,

d4(�+ �̄)

dq2d cos ✓Kd cos ✓`d�
7�!(1� FS)

d4(�+ �̄)

dq2d cos ✓Kd cos ✓`d�

�

�

�

�

P

+ FS cos 2✓` + P-S interference terms

(2.141)

This approach is not su�cient for the analysis presented in this thesis which models the

mK⇡ dependence of an explicit S-wave component. Instead, Eqns 2.113 and 2.114 are

evaluated for the two-component13 case J = 0, 1:

AH,0 =
1p
4⇡

A0H0 gK⇤
0
+

r

3

4⇡
A1,H,0 gK⇤

1
cos ✓K (2.142)

AH,||/? =

r

3

8⇡
A1H,||/? gK⇤

1
sin ✓K ; (2.143)

In order to further simplify the distribution, and to increase the statistics of the data,

the so-called ‘folding’ transformation in �:

� 7�! �0 =

8

<

:

�+ ⇡; � < 0

�; � � 0
(2.144)

is employed to make terms cos� and sin� vanish from Eqn. 2.101. This is the same

strategy as used in Refs [26, 27].

The terms J c,s
1 are of immediate relevance since they do not disappear when integrating

over cos ✓K and �. Additionally J c
1 is the only term containing the S-wave amplitude.

13Specialising the formalism of Ref. [6] in this case has previously been performed in Ref. [51]. However

the present section uses a slightly di↵erent convention and accounts for minor errors in Ref [51].
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Making the substitution above of Eqns 2.142 and 2.143:

J c
1 =

1

4⇡

�

�gK⇤
0

�

�

2 �|A0L0|2 + |A0R0|2
�

+
3

4⇡

�

�gK⇤
1

�

�

2 �|A1R0|2 + |A1R0|2
�

cos2 ✓K

+

p
3

4⇡
2Re

⇣

(gK⇤
0
g⇤K⇤

1
) · (A0L0A

⇤
1L0 + A0R0A

⇤
1R0)

⌘

cos ✓K (2.145)

⌘ 1

4⇡

�

�gK⇤
0

�

�

2 · �S

+
3

4⇡

�

�gK⇤
1

�

�

2 · �P0 cos2 ✓K

+

p
3

2⇡
Re
⇣

(gK⇤
0
g⇤K⇤

1
) · (x1 + ix2)

⌘

cos ✓K , (2.146)

J s
1 =

3

4

3

8⇡

�

�gK⇤
1

�

�

2
⇣

|A1L?|2 +
�

�A1Lk
�

�

2
+ |A1R?|2 +

�

�A1Rk
�

�

2
⌘

sin2 ✓K (2.147)

⌘ 9

32⇡

�

�gK⇤
1

�

�

2 · �PT sin2 ✓K . (2.148)

In Eqns 2.146 and 2.148, five parameters {�S, �P0, �PT, x1, x2} are introduced. These are

observables, but are not of direct interest14. Pragmatically, they control the relative size of

the P- and S-wave components in the angular distribution, with the lineshape information

provided by gK⇤
J
. The fraction of longitudinally polarised amplitudes in the P-wave state,

introduced in Eqn. 2.136, becomes

FL =
�P0 ·

�

�gK⇤
1
(mK⇡)

�

�

2

�P0 ·
�

�gK⇤
1
(mK⇡)

�

�

2
+ �PT ·

�

�gK⇤
1
(mK⇡)

�

�

2 =
�P0

�P0 + �PT
(2.149)

in this notation, and the mK⇡ dependence divides out.

The analysis presented in this thesis is concerned with the size of the S-wave component,

but not other angular observables. In the ideal case of constant angular e�ciency in cos ✓`
and � these angles, which provide no information about the S-wave component, would be

able to be integrated out. The angular distribution of the data would be
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(2.150)

14The subscript notation P0 and PT is used since the parameters �P0,PT are the sum of the squares of

the longitudinal and transverse P-wave amplitudes (after factorising the mK⇡ dependence).
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The angular e�ciency is described in more detail in Section 5.3 and discussion of folding

the e�ciency e↵ects into the model of the data reserved for Section 6.2.1 in particular,

Eqn. 6.8. Su�ce to say that in reality, the angular e�ciency function in cos ✓` and � is not

constant. Performing the integral over cos ✓` and � will therefore not describe the data,

as the e�ciency e↵ects cannot not be ignored. The full angular distribution is therefore

required. It retains contributions from the remaining Ji, which are:

J3 =
3

16⇡
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2
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and contribute one further parameter (J̃i) each. Substituting

Eqns. 2.146, 2.148, 2.152, 2.154, and 2.156 into Eqn. 2.101, yields the full distri-

bution:
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(2.157)

Discussion of the parameters is presented in Chapter 6. It should be noted, however, that

the parameters
n

J̃3, J̃6, J̃9
o

are related to the parameters {S3, AFB, S9} introduced in

Eqns 2.133 and 2.138 (for the pure P-wave case). To translate the tilde parameters into

conventional P-wave angular observables, measured in previous analyses, one is obliged to
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integrate over the mK⇡ window and scale by the total P-wave rate. In this notation this is,
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AFB =
3

4

J̃6
�P0 + �PT

, (2.159)

S9 =
J̃9

�P0 + �PT
, (2.160)

which are independent of mK⇡ in an analogous way to Eqn 2.149. These three parameters

only appear in the model due to the e�ciency shape in cos ✓` and �, since the last three

terms of Eqn 2.157 disappear with a uniform e�ciency. They are therefore nuisance

parameters in this analysis. As will be shown, the model has a low sensitivity to them.
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Chapter 3

The LHCb experiment

This chapter cites Ref. [52] throughout unless specified otherwise.

The LHCb detector is one of the four main detectors at the LHC at CERN,

Geneva. The LHC is a proton–proton (pp) collider installed in the tunnel previously

occupied by the Large Electron Positron collider. The tunnel has a circumference of

approximately 27 km and spans the Franco-Swiss border between the city of Geneva and

the Jura mountain range. The LHC is designed to collide protons at a centre-of-mass

energy (
p
s) of 14TeV. The datasets used in this thesis, were taken at reduced energies,p

s = 7TeV and
p
s = 8TeV. They correspond to integrated luminosities of 1 fb�1 and

2 fb�1, in the 2011 and 2012 running of the LHC respectively. This is often referred to as

‘LHC Run-I’ in the literature. For the LHCb experiment, the proton beams are slightly

o↵set at the collision point such that a lower but uniform luminosity is provided during

the entire period when a single fill of the LHC circulates.

The LHCb detector is designed to study the properties of b hadrons. Located at

interaction point 8 on the LHC just outside Ferney-Voltaire, LHCb is a spectrometer

covering the azimuthal beam angle range (10 < ✓ < 250)mrad or equivalently, the

pseudorapidity1 range 2 < ⌘ < 5. The detector is often referred to as a ‘single-arm,

forward spectrometer’. ‘Single-arm’ since there is no instrumentation about ✓ = ⇡ and

’forward’ due to the angular acceptance. As shown in Fig. 3.1, the production of bb quark-

pairs is enhanced at small angle, driving the design choice of the detector acceptance.

The detector itself comprises a dipole magnet and several subdetectors for tracking,

particle identification (PID), and calorimetry. Figure 3.2 shows a cross-section view of

the detector. The pp collision point is on the left hand side of this figure, at the origin of

the cartesian coordinates shown. In this diagram, the detector instrumentation and the

forward-going particles flow from left to right. Following this direction, the subdetectors are

introduced as follows. High resolution tracking around the pp collision point is performed

by the vertex locator (VELO) subdetector which is described in Section 3.1. The first of two

1pseudorapidity, defined as ⌘ = � ln (tan (✓/2))
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Figure 3.1: The simulated production of bb

quark pairs in proton-proton collisions as a

function of the opening angle, ✓1 (✓2) of the

b- (b̄-) quark, shown in the inlay. The red

coloured section shows the acceptance of the

LHCb detector. Figure from Ref. [53].

ring-imaging Cherenkov (RICH) detectors, which contribute PID information, is followed

by the upstream tracking station (TT) and then the magnet. Downstream of the magnet

are further tracking stations (T1–3) and the second RICH detector. The tracking stations

TT and T1–3 and the magnet are also described in Section 3.1. The RICH detectors and

hadron PID are described in Section 3.2. Following the second RICH detector is the first

of the muon chambers and the calorimetry system. The muon system is described in

Section 3.3. The calorimetery system consists of: the scintillating pad detector (SPD),

the preshower detector (PS), the electromagnetic calorimeter (ECAL), and finally the

hadronic calorimeter (HCAL). Information from the calorimetry system is not used in

the present analysis, but is used in other triggers and for the analysis of complementary

radiative or electron decay modes such as B0 ! K⇤
1(892)

0�, and B+ ! K+e+e� for

example. Triggering is described in Section 3.4. The calorimetry system is followed by the

remaining four muon chambers, each of which are interleaved with iron shielding. The

chain of algorithms used to generate simulated data samples is described in Section 3.5.

This thesis concerns B0! K+⇡�µ+µ� decays. The four charged particles produced

in these decays, and from elsewhere in the collision event, will pass through the detector

leaving deposits of energy in the tracking system. These deposits are referred to as ‘hits’.

The tracking system is used to perform a fit to all hits recorded in a collision event, and

associate the hits to ‘tracks’. Tracks are associated to vertices, and some PID or ‘mass

hypothesis’ is associated to each track. An example of a reconstructed collision event

is shown in Fig. 3.3. Successful reconstruction and selection of a true B0! K+⇡�µ+µ�

decay corresponds to a candidate four-track vertex or ‘four-body object’ with the correct

PID hypothesis. The nomenclature ‘candidate’ is used to denote that a given four-body

object in an event may be a genuine B0! K+⇡�µ+µ� decay and could also be due to

some background process. Furthermore a single event, such as the one shown in Fig. 3.3,

may contain more than one candidate four-body object.
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Figure 3.2: A cross-sectional view of the detector showing the main subdetectors. The collision

point is at the origin of the cartesian coordinate system surrounded by the vertex locator (VELO).

From left-to-right the remaining subdetectors are: the first ring-imaging Cherenkov (RICH)

detector, the upstream tracking station (TT) the magnet, the downstream tracking stations

(T1–3), the second RICH detector, the Electromagnetic and Hadronic CALorimeters (ECAL and

HCAL), and the muon stations (M1–5). Figure taken from Ref. [54].
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Figure 15: Display of the reconstructed tracks and assigned hits in an event in the x-z plane [21].
The insert shows a zoom into the VELO region in the x-y plane.

After the fit, the reconstructed track is represented by state vectors (x, y, dx/dz, dy/dz,603

q/p) which are specified at given z-positions in the experiment. If two or more tracks have604

many hits in common, only the one with most hits is kept. Figure 15 shows the tracks605

reconstructed in a typical event.606

Mis-reconstructed (fake) tracks are those that do not correspond to the trajectory of a607

real charged particle. Due to the large extrapolation distance in traversing the magnet,608

most of these fake tracks originate from wrong associations between VELO tracks and609

tracks in the T stations. The fraction of fake tracks in minimum bias events is typically610

around 6.5%, increasing to about 20% for large multiplicity events [42]. This fake rate611

is significantly reduced, at the cost of a small drop in e�ciency, with a neural network612

classifier which uses as input the result of the track fit, the track kinematics and the613

number of measured hits in the tracking stations versus the number of expected hits.614

2.2.1 Track finding e�ciency615

The tracking e�ciency is defined here as the probability that the trajectory of a charged616

particle that has passed through the full tracking system is reconstructed. In particular it617

does not account for interactions with the material, decays in flight and particles that fly618

outside of the detector acceptance.619

The e�ciency is measured using a tag-and-probe technique with J/ ! µ

+
µ

� decays.620

In this method one of the daughter particles, the “tag” leg, is fully reconstructed, while the621

24

Figure 3.3: An example of an

o✏ine-reconstructed event. Hits

(blue points) in the vertex loca-

tor (VELO), the upstream track-

ing station (TT) and tracking sta-

tions (T1–3) are fit globally associ-

ating hits to tracks (red lines) and

tracks to vertices. In the case of

muon tracks, hits in the muon sys-

tem would also be included although

they are not shown in this figure.

Figure taken from Ref. [55].
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Figure 3.4: A schematic decay topology for a B meson production and decay in the lab frame

at LHCb. The B meson is produced in the proton–proton collision, the primary vertex (PV).

The particle flies and decays at the secondary vertex (SV). The momenta of the daughters are

used to reconstruct the momentum of the parent B meson, ~p(B). The shortest distance from

the reconstructed direction of the parent, ~p(B)/|~p(B)|, to the PV is the impact parameter (IP).

An IP may also be calculated for any of the daughter tracks with respect to any vertex. The

pointing angle (#), is the angle between ~p(B)/|~p(B)| and the FD direction.

IP

PV

SV

FD

daughters

pp

p⃗ (B)

|⃗p (B)|
θ

Candidate b hadron decay events (without PID information) are selected first by the

trigger. The trigger applies initially simple tracking and vertex reconstruction algorithms

which become more complex (and therefore time-consuming) as the candidates are selected

by the algorithms at earlier stages. All candidates following the trigger are re-analysed in

a so-called ‘o✏ine reconstruction’ step. The nomenclature ‘o✏ine’ is used to mean any

analysis to stored data.

3.1 Tracking charged particles

The lifetime of b hadrons at LHC energies means that they fly on the order of millimetres

before decaying. This flight distance (FD) is resolved with the VELO subdetector. The B

meson is produced in the proton-proton interaction or primary vertex (PV), it then travels

for some FD before decaying at its secondary vertex (SV). Figure 3.4 shows a schematic

topology of a decay event highlighting these vertices.

The VELO is a fine-grained tracker consisting of silicon strips. The silicon strips

instrument so-called ‘modules’ of which there are 42. The modules are mounted on two

retractable bellows (21 modules per side). When data taking during stable pp collisions,

the bellows are moved in to 7mm from the collision point. Each module has two sets of

strips arranged in either radial (R) or angular (�) geometry2 as is shown in Fig. 3.5. An

overview of the VELO is shown in Fig. 3.6.

The choice of R,� coordinate geometry enables fast reconstruction of the impact

2In the context of this chapter, � denotes the angular beam coordinate. For all other chapters it is

used for the helicity angle of B0! K+⇡�µ+µ� decays defined in Section 2.5 (Fig. 2.10, Eqns 2.97–2.100).
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Figure 3.5: The geometry of the VELO silicon

strips. Strips are arranged radially to measure

angle, �, (left) and in concentric curves to mea-

sure radial position, R, (right). Figure taken

from Ref. [52].

parameter (IP), which is the minimum distance of a track to a vertex. The IP is also

shown in Fig. 3.4. The resolution of this IP is dependent on the component of the

momentum transverse to the beam line (pT) and is measured be (15 + 29GeV�1c/pT)µm.

The single hit resolution in the VELO is a function of the microstrip positioning and pitch.

In general, the hit resolution is smaller than 30µm [56]. The PV position resolution is

dependent on the number of tracks, N , in the vertex. The resolution of the x position

is measured to be (�1 + 97.7/N0.61)µm which is very slightly worse than the y position

resolution. The resolution of the z position is measured to be (�16+ 923/N0.69)µm which

is roughly an order of magnitude worse. For PVs with fewer than 10 tracks, the x or y

position resolution is between 15 and 35µm, the z position resolution is between 100 and

300µm [56].

The TT is comprised entirely of silicon strip detectors whereas T1–3, are each divided

into silicon strip inner tracker (IT), and straw tube outer tracker (OT) sections. The

layout of T1–3 is shown in Fig. 3.7. For the TT and the IT parts of T1–3, the single hit

resolution is between 50 and 55µm [55]. For the straw tubes in the OT parts of T1–3 the

single hit resolution is around 200µm [55].

The magnet has a bending power of about 4Tm. The curvature of tracks in the

magnetic field allows for charge separation and momentum measurement. The combined

tracking system and magnet measure momentum with a relative uncertainty (�p/p) in

the range 0.4% (at low momentum) to 0.6% (for high momentum) [55]. The momenta of

tracks used by this measurement are typically within this range. The magnet polarity was

periodically reversed throughout data-taking in 2011 and 2012 such that measurements of

CP violation may be performed and the magnet polarity bias assessed.

3.2 Hadron identification

The ability to correctly identify hadron tracks is important for selecting the K⇡ system in

B0! K+⇡�µ+µ� decays.
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Figure 3.6: An overview of the VELO layout. The upper part shows the arrangement of the

VELO modules. The lower left (right) show the active area of the modules in closed (open)

position. Figure taken from Ref. [52].

Figure 3.7: A schematic layout of the track-

ing stations with the beam-pipe. The inner

tracker (IT) sections of the upstream tracking

station (TT) and tracking stations (T1–3) are

shown in red and blue. The outer tracker (OT)

sections of T1–3 are shown in green. Figure

taken from Ref. [57].
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Two RICH detectors, with sensitivity over di↵erent track momentum regions, are

employed for this purpose. As charged particles pass through matter faster than the

speed of light in that matter, they emit radiation conically. This phenomenon is known as

‘Cherenkov radiation’. The RICH detectors collect these Cherenkov photons and measure

the opening angle (Cherenkov angle, ✓C) of the photons. The Cherenkov angle of the

radiation and momentum of the passing particle are related through

cos ✓C =

p

m2c2 + p2

pn
, (3.1)

where n is the refractive index of the radiating medium, which follows from a geometric

argument.

The first of the RICH detectors is shown in Fig. 3.8 and makes use of two media,

aerogel and C4F10 gas. These media provide K⇡ hypothesis separation for tracks in the

(2 < p < 60)GeV/c and (10 < p < 60)GeV/c momentum ranges. The second RICH

detector makes use of CF4 as a radiating medium and is able to separate tracks in the

(15 < p < 100)GeV/c range. The Cherenkov angle resolution is found to be 1.6mrad and

0.6mrad in C4F10 and CF4 respectively [58].

The Cherenkov angle is combined with reconstructed momentum information and

each track is fit to a particle mass hypothesis using Eqn. 3.1. The Di↵erence in Log-

Likelihoods (DLL) between two hypotheses is then calculated. The DLL between a kaon

and pion hypothesis,

DLLK⇡ = logL(✓C , p|K)� logL(✓C , p|⇡), (3.2)

is the discriminating variable to di↵erentiate kaon and pion tracks. An analogous variable

is computed for protons, DLLp⇡.

The left-hand side of Fig. 3.9 illustrates the separation of particle types. Distinct bands

corresponding to a particle of given mass are visible as a function of the Cherenkov angle

and the reconstructed momentum. The K⇡ separation performance of the RICH system

is shown to the right of Fig. 3.9. The DLLK⇡ variable provides close to 100% separation

for low momentum tracks. Separation worsens with higher momentum tracks and with a

less severe requirement on the DLLK⇡ variable.

3.3 Muon system and muon identification

Energetic muons from B meson decays are separated from other tracks by the LHCb muon

system. The system, shown in Fig. 3.10, comprises five muon tracking stations M1–5. The

stations are shielded in order to absorb hadrons and lower momentum particles. Each

station is subdivided into regions (R1–4) of decreasing mean occupancy. Stations M1–5

comprise of 276 multi-wire proportional chambers (MWPCs) for hit detection, with the
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Figure 3.8: A side-view schematic layout of

the first ring-imaging Cherenkov (RICH) detec-

tor in the same orientation as Fig. 3.2. Particles

travel from left to right through the subdetector.

Following the arrow labelled ‘track’, an incident

particle travels faster than the speed of light in

the C4F10 radiator and emits Cherenkov radi-

ation depicted as the blue (darker grey) solid

cone. The cone of light is reflected and fo-

cused into a ring by the spherical mirror, and

reflected up into an array of photo-multiplier

tubes by a plane mirror. From the cone of re-

flected Cherenkov photons, a measurement of

the Cherenkov angle is performed for each parti-

cle track in the subdetector. Figure taken from

Ref. [52].

Figure 3.9: The reconstructed Cherenkov angle versus reconstructed momentum for selected

calibration data (left), and the performance of K⇡ separation (right). In the left-hand plot,

distinct bands are visible for particle types according to their mass. The curves follow the function

in Eqn. 3.1. The right-hand plot shows kaon identification e�ciency and pion misidentification

rate for the RICH system as a function of track momentum. The e�ciencies are measured using

D0! K⇡ calibration data. Figures taken from Ref. [58].
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Figure 3.10: A side view of the muon system (left) with the muon stations (M1–5), and a

planar view of one quadrant of the muon stations M2 and M3. The left-hand figure is orientated

as in Fig 3.2 with particle travel from left to right. Station M1 is shielded by the RICH detector,

M2 by the calorimeters, and M3–5 by iron muon filters. The right-hand figure depicts the

regions (R1–4) with decreasing mean occupancy. A logical pad is shown for each region shaded

in black. Figures taken from Ref. [52].
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exception of M1R1 which comprises gas electron multipliers (GEMs), where the occupancy

is highest. The MWPCs and GEMs have a time resolution of 5 ns and 3 ns respectively.

Good time resolution enables the muon information to be used in the trigger, which is

discussed in Section 3.4.

The linear dimensions and segmentation of the regions R1–4 scale in the ratio 1 : 2 : 4 : 8.

This design choice is so that particle flux and occupancy are roughly equal throughout

all regions. To reduce the number of input channels to the trigger, the stations M2+3,

and M4+5 are paired into ‘logical’ layers. Each of the regions is then divided into ‘logical

pads’ as shown in Fig. 3.10. The number of logical pads in a region determines the spatial

resolution. The muon identification used in the trigger is discussed in Section 3.4 and is

not discussed any further in the present Section.

The muon system provides two main variables for o✏ine muon identification [59].

They are a boolean muon identification variable (IsMuon) and a continuous DLL. The

IsMuon variable is based on the presence of hits in logical pads in the stations following an

extrapolated field of interest. The field of interest is determined by the track momentum

and designed to account for the multiple scattering one expects for a muon traversing the

iron. The exact requirements of IsMuon are presented in Table 3.1. The DLL variable is

defined in an similar way to the DLLK⇡ variable defined in Eqn. 3.2,

DLLµ⇡ = L(✓C , p,D2|µ)� L(✓C , p,D2|⇡). (3.3)
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Momentum range Hits required in muon stations

3GeV/c < p < 6GeV/c M2 and M3

6GeV/c < p < 10GeV/c M2, M3 and either M4 or M5

p > 10GeV/c M2, M3, M4 and M5

Table 3.1: The IsMuon iden-

tification requirements. Taken

from Ref. [59].

Figure 3.11: The reciever operating characteristic (ROC) curves for the DLLµ⇡ variable defined

in Eqn. 3.3. The e�ciency of selecting true muons using this variable is shown as a function of

pion misidentification (a) and kaon misidentification (b) probabilities. ROC curves are described

in more detail in Section 4.3. Figures adapted from Ref. [59].
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In this expression, ✓C is the Cherenkov angle provided by the RICH subdetectors, and D2

is the average squared distance significance of hits in the muon chambers with respect to

the linear extrapolation of the tracks from the tracking system. True muons have a much

narrower D2 distribution than other particles incorrectly accepted by IsMuon. The precise

definitions of the field of interest and the D2 variable are given in Ref. [59].

The IsMuon variable has an e�ciency between 95 and 100% for true muons, and

misidentification probability below 2% for protons, pions, or kaons. The DLLµ⇡ e�ciency

is shown in Fig. 3.11 as a function of the pion and kaon misidentification probability.

3.4 Triggers

A particle detector’s triggering system is designed to reduce the data readout to a man-

ageable level. Generally the collision rate of an experiment is much higher than the

rate at which a detector readout electronics, and the reconstruction algorithms can cope.

Furthermore, disk storage considerations limit the output. The problem of this high rate

is alleviated by selecting or rejecting events, at the time of data-taking. This drives the

design of the triggering system.

The LHCb trigger [60,61] is required to reduce the data rate from the LHC collision

frequency of approximately 40MHz to around 3 kHz. The trigger is split into three stages,
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one of which is based in hardware, and two of which are software stages. Each of these

trigger stages are described in the following sections. The aim of this split is that a coarse

decision precedes the more computationally intensive decision making to improve time

e�ciency. A coarse decision is made initially, as to whether a given event is worth reading

out the whole detector. Given the event readout, a more complex decision is made as to

whether it is worthwhile to perform the full reconstruction, and so on.

Of relevance to the analysis described in this thesis, the hardware stage uses a simple

search for high pT muons, the first software stage aims to reconstruct energetic muon and

hadron tracks, and the final software stage performs a full event reconstruction and is able

to select data events based on topology.

3.4.1 Hardware trigger

The hardware-level or ‘level-zero’ (L0) trigger takes information from the calorimeters

and the muon system. A trigger decision is made based on this limited information. The

L0 trigger comprises bespoke hardware and runs with the LHC clock, it reduces the rate

to below 1MHz. After the L0 stage, the bandwidth is low enough such that the whole

detector may be read out.

The L0 trigger algorithm is formed of three trigger ‘paths’, which use calorimeter

information, muon system information, and pile-up information. Only events that satisfy

the trigger path using information from the muon system (L0Muon) are used in the analysis

described in this thesis.

For the L0Muon algorithm, the muon stations are divided into quadrants. In each

quadrant, the pT of the muon candidate tracks in M1–3 is measured with a resolution of

⇠ 20% [62]. Each quadrant reports the track with the highest and second-highest pT. The

L0Muon algorithm passes the event if the threshold for the highest pT track is exceeded by

at least one of the eight candidates. This L0Muon threshold was set to 1.48GeV/c in 2011

and increased to 1.76GeV/c in 2012 [61].

A second algorithm that is not used in this analysis requires a threshold for the product

of the highest and second-highest pT tracks (L0DiMuon) [60]. In Fig 3.12 the e�ciency of

these trigger algorithms is presented. There is a significant overlap between L0Muon and

L0DiMuon candidates, as well as a somewhat lower e�ciency for L0DiMuon. Therefore the

analysis described in this thesis requires only that the signal candidate was selected by

the L0Muon trigger, a so-called trigger on signal (TOS) event3.

3The alternative, being a trigger independently of signal (TIS) event, is used for control purposes,

testing the trigger e�ciency (described in Section 7.3.10 of this thesis) and in some cases, selecting

background events.
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Figure 3.12: The e�ciency to trigger on

signal (TOS) for B+! J/ (! µ+µ�)K+ de-

cays for the L0Muon and L0DiMuon algorithms

(described in the text) as a function of the

component of the momentum transverse to

the beam line (pT) of the J/ . Candidates are

required to have been selected by the L0Muon

algorithm for the analysis described in this

document. Figure taken from Ref. [60].

3.4.2 The software triggers

Data events selected at L0 are forwarded to the software trigger algorithms. Both of the

software trigger algorithms, described in the two sections that follow, are compiled C

++

programs. Copies of the two programs run on a dedicated farm of computers located at

ground-level above the experimental cavern.

The computer nodes on the dedicated software trigger farm are able to write events

from the L0 stage to hard-disk, for a limited time [61]. Since the LHC only delivers stable

beams for ⇠ 30% of the time, these events are processed between fills of the LHC. About

20% of the events accepted by L0 are ‘deferred’ in this way. The thresholds of the L0

trigger are therefore able to be somewhat looser than they would otherwise be.

The first-level software trigger

The VELO reconstruction algorithms are fast enough to be run over the events output from

L0, however the full detector event reconstruction is not. The first software trigger (HLT1)

algorithm for L0Muon candidates is able to perform a fast muon identification, described

as follows. For every track stem in the VELO, a search window is opened in M3 defined

by the deflection of a track of at least 6GeV/c in the bending plane. Hits found inside the

search window in M3 are combined with the VELO track stem to define search windows

in M2, M4, and M5. If any hits are found in the secondary search windows, the track is

tagged as a provisional muon candidate. The quality of the provisional muon candidates

is assessed using the �2 divided by the number of degrees of freedom (�2/ndf) of a track

fit. The first provisional muon candidate is fit, if the �2/ndf is less than 25, the algorithm

tags the track as a muon candidate and exits, otherwise the next provisional candidate

track is fit.

A VELO track may be selected without being tagged as a muon if it has an large IP

with respect to any primary vertex. However the minimum IP threshold is set high in

order to keep the output rate manageable.

Following these selections ‘forward tracking’ is performed on both muon candidate
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tracks and large-IP VELO tracks. In the forward tracking procedure, minimum momentum

and pT are imposed on these tracks, defining search windows in the T1–3 stations. Hits

found in the search windows in the tracking stations are attached to the track and the track

is refit using a Kalman filter [63,64]. This forward tracking algorithm is slightly simpler

than the o✏ine tracking algorithm for timing reasons. The invariant mass resolution of

the J/ ! µ+µ� decays is found to be ⇠ 3% larger than that achieved o✏ine [60].

The algorithms used to trigger B0! K+⇡�µ+µ� events are the HLT1 track trigger

path (Hlt1TrackAllL0) or the HLT1 muon track trigger path (Hlt1TrackMuon). The

former selects all track candidates with a pT > 1.6GeV/c. The latter selects forward tracks

with a lower threshold pT > 1GeV/c but also requires the IsMuon variable. Both algorithms

require a minimum IP from the primary vertex. The e�ciency of Hlt1TrackMuon is shown

to the left of Fig. 3.13.

The second-level software trigger

The second software trigger (HLT2) runs forward-tracking over all VELO tracks with

pT > 500 (300)MeV/c in 2011 (2012) [60,61]. The IsMuon variable is evaluated for all tracks

and is used to select muon candidates. With this level of reconstruction: track quality,

vertex quality, and event topology are used to select events consistent with containing a b

hadron decay.

The analysis described in this thesis requires candidate events pass either dedicated

exclusive muon algorithms (Hlt2SingleMuon, Hlt2DiMuonDetatched) or any of six topo-

logical algorithms.

The single muon algorithm requires either a very high pT (10GeV/c) muon candidate,

or a good quality candidate with a somewhat lower pT which is also inconsistent with

originating at the PV. Furthermore, this algorithm is pre-scaled by a factor 0.5 to reduce

the rate to an acceptable level. The dimuon algorithm requires two reasonable quality

muon candidate tracks which make a vertex and that both tracks are inconsistent with

originating at the PV. For these tracks, the dimuon invariant mass (mµµ) is computed

and required to be above 1GeV/c2. The exact requirements are shown in Table 3.2.

The topological algorithms are somewhat more sophisticated and make use of a

multivariate analysis (MVA) technique. The technique is based on a modification of

the boosted decision tree (BDT) [65, 66] algorithm known as ‘Bonsai’ boosted decision

tree (BBDT) [67]. The BBDT classifier forms bins of continuous distributions and trains

the BDT algorithm in a discrete way. This has the advantage of being very fast to evaluate

the BBDT response for a set of tracks forming an n-body topology candidate. There are

six topological BBDT algorithms for 2-, 3-, and 4-body topologies with or without one or

more muon candidates (Hlt2TopoMuNBodyBBDT or Hlt2TopoNBodyBBDT). The topological

algorithms do not require that all of the b hadron daughter tracks are reconstructed into

the n-body object. Allowing for this possibility means that the n-body invariant mass
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Table 3.2: Muon selections required by the HLT2 algorithms relevant to this analysis. The

impact parameter �2 (IP�2) is the change in �2 of a vertex fit when including a track (in this

case, the PV). This quantity will be described in more detail in Section . Other abbreviations

used here are described in the text and shown in Fig 3.4. Table adapted from Ref. [60].

Hlt2SingleMuon Hlt2DiMuonDetatched

IsMuon True True True

Track IP�2 with the PV > 200 – > 9

Track pT > 1.3GeV/c > 10GeV/c –

Track �2/ndf < 2 – < 5

Dimuon FD – – > 49

Dimuon vertex �2/ndf – – < 25

Dimuon pT – – > 1.5GeV/c

mµµ – – > 1GeV/c2

Pre-scale 0.5 1.0 1.0

may be less than that of the b hadron, the BBDT is therefore trained with the addition of

the ‘corrected’ mass,

mcorr. ⌘
q

m2 + |pT0
miss.|2 + |pT0

miss.| , (3.4)

where m is the invariant mass of the n-body object, and pT0
miss. is the missing momentum

transverse to the FD vector. More information regarding this variable may be found in

Ref. [60], for example. As well as the invariant mass and corrected mass, the sum of the

daughters’ pT, the IP, the distance of closest approach (DOCA) between the tracks, the

minimum pT of all of the tracks, and the FD are included in the classifier. These variables

are binned and the BBDT algorithm is trained using these discrete variables. Candidates

are accepted if a threshold of the BBDT response is met in the lowest of the n-body

classifiers. That is: a 2-body candidate is formed, and Hlt2Topo2BodyBBDT is evaluated,

if this is not passed then a third track is added to the candidate, Hlt2Topo3BodyBBDT is

evaluated, and so on. More details may be found in Refs. [60,61,67]. At the time of writing,

this novel technique of using a MVA classifier in the triggering is unique to LHCb. The

performance of the topological algorithms is found to be better than equivalent cut-based

selections. The e�ciency is shown to the right of Fig. 3.13.

3.4.3 Summary of triggering requirements

Candidates are required to pass the trigger requirements listed in Table 3.3. At HLT2 the

logical ‘or’ of the various algorithms is employed. At all stages the o✏ine-candidates are

required to have been selected by the trigger.
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Figure 3.13: The e�ciency to TOS for B+! J/ (! µ+µ�)K+ for the Hlt1TrackMuon,

amongst other algorithms not described (left), and the topological HLT2 algorithms (right).

Figure taken from Ref. [60].
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Table 3.3: Triggers required of candidate events.

Stage Triggers Note

L0 L0Muon

HLT1 Hlt1TrackAllL0 or Hlt1TrackMuon

HLT2 Hlt2SingleMuon or Hlt2DiMuonDetatched

or Hlt2TopoNBodyBBDT or Hlt2TopoMuNBodyBBDT n = 2, 3, 4
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3.5 Generation of simulated data

The analysis described in this thesis makes use of simulated data (or pseudodata) events

in several areas. Generation of simulated data makes use of existing generic open-source

simulation software in a specific LHCb configuration [68].

In the first step, pp collision events are generated using Pythia 6.4 [69] and 8.1 [70] in

approximately equal measures. The simulated bb quark pair is hadronised repeatedly until

a target b hadron4 is produced. The decay of the b hadron is described by EvtGen [71]

and final-state radiation is generated using Photos [72]. The particles are then passed

through a full simulation of the LHCb detector where the detector model, and the material

interactions are implemented using Geant4 [73]. The data from the simulated detector

is then stored and reconstructed as if it were real data.

4Of relevance to this measurement: B0, B0, B0
s , and ⇤

0
b .
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Chapter 4

Selection of B0! K+⇡�µ+µ�

candidate events

Candidate events which are selected by the trigger algorithms summarised in Table 3.3 are

fully reconstructed o✏ine. The present chapter describes the selection of B0! K+⇡�µ+µ�

events following this reconstruction. The selection is developed with the goal of removing

background events and preserving the yield of genuine B0! K+⇡�µ+µ� signal decays.

Background events may be separated into two categories: ‘combinatorial’ and ‘specific’.

Combinatorial background events are candidate four-body objects comprised of random

combinations of tracks that happen to pass the preceeding selection stage. By contrast,

specific background processes are candidates formed from similar B-hadron decays where

tracks are misidentified, or the correct topology is misreconstructed.

The selection is applied in three main stages. The preselection stage, which reduces

the size of the dataset and removes large contribution of combinatorial background events,

is described in Section 4.1. Specific background processes are considered individually and

criteria to reject such processes, so-called vetoes, are designed and implemented. The

specific background rejection stage is described in Section 4.2. A multivariate classifier is

trained in order to suppress combinatorial background events. The multivariate classifier

stage is described in Section 4.3. Finally, the performance of the full selection chain is

presented in Section 4.4.

4.1 Preselection stage

Candidate events are initially filtered by a set of preselection criteria. The preselection is

designed to reduce the dataset to a manageable size. All preselected event and particle

track information is stored in data files on the order of a few gigabytes in size, which

should be compared to the full triggered and reconstructed dataset which is over three

petabytes.

A simple requirement made at the preselection stage is that there be fewer than 600
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hits in the SPD. This removes excessively noisy events with a lot of activity in the detector.

The cartesian (x, y, z) position of the PV is required not to be excessively separated from

the mean position. This removes interactions likely to originate from beam gas in the

LHC pipe.

All tracks are required to be separated by 1mrad from each-other (measured from

the SV), and have a low probability of being ghost tracks. A ghost track is an erroneous

combination of hits not produced by a single particle. A detailed description of the ghost

probability algorithm can be found in Ref. [74]. Tracks are further required to lie inside

the detector acceptance. These requirements ensure clean, well reconstructed tracks.

The remainder of the preselection requires kinematic and PID properties of the four-

body object which are chosen to be consistent with a genuine B0! K+⇡�µ+µ� decay. A

list of the full set of requirements may be found in Table 4.1. At the preselection stage, a

window is placed on the full B0 candidate invariant mass (mK⇡µµ) and an upper limit is

placed on mµµ and mK⇡. Also, a requirement is made that # (marked on Fig. 3.4) between

the sum of the daughters’ momenta and the FD vector be smaller than 14mrad.

The IsMuon decision is required to be true for all of the candidate muon tracks, and

the DLLµ⇡ is required to be larger than -3 (i.e. not excessively pion-like). The candidate

pion track is required to have a DLLK⇡ smaller than 25 (i.e. very loosely pion-like). The

candidate kaon track is required to have a DLLK⇡ greater than -5 (i.e. not excessively

pion-like).

Finally, requirements are made on the impact parameter �2 (IP�2), and the flight

distance �2 (FD�2) of vertices and tracks respectively. The former is defined as the change

in �2 of a vertex fit when including a track. Much like a small IP, a smaller IP�2 is more

consistent with that track originating from the vertex. Combinatorial combinations of

K⇡µµ tracks will usually originate at the PV. The daughter candidate tracks are therefore

required to have individually large IPs and IP�2s with respect to the PV and small IP

and IP�2 with respect to the SV. The momentum vector of the four-body object, which is

the vector sum of the daughters’ momenta, should have a small IP and IP�2 with respect

to the PV. This is since the genuine B0 will originate at the PV. The FD�2 is defined, for

two vertices, as the change in �2 when the two vertices are combined into a single vertex

fit. Vertices formed by pairs of tracks, or by all four daughter tracks should have a large

FD and FD�2 with respect to the PV. In some literature, the FD�2 is called the ‘vertex

separation �2’.

4.2 Specific background processes

Several specific backgrounds processes are considered. For each process, a sample of

simulated events is generated. Using this sample, the total e�ciency of misidentifying and

selecting the process, ✏bkg, is measured. An estimate for the number of expected events
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Table 4.1: Preselection requirements applied to triggered data. In this table: ✓ is the azimuthal

beam angle, # is the pointing angle, and hxiPV, hyiPV, hziPV denote the mean PV position. All

other variables are introduced in the text.

Selection

Event SPD multiplicity < 600

PV separation |x� hxiPV | < 5mm

PV separation |y � hyiPV | < 5mm

PV separation |z � hziPV | < 200mm

Tracks azimuthal angle (0 < ✓ < 400)mrad

Tracks ghost prob. < 0.4

Tracks minimum IP�2 with the PV > 9

Track pair angular separation > 1 mrad

Muon track IsMuon

Muon track DLLµ⇡ > �3

Kaon track DLLK⇡ > 5

Pion track DLLK⇡ < 25

mµµ < 7100MeV/c2

Dimuon vertex �2/ndf < 9

mK⇡ < 6200MeV/c2

Dihadron vertex �2/ndf < 9

Dihadron vertex FD�2 > 9

Four-body invariant mass (4600 < mK⇡µµ < 7000)MeV/c2

Four-body object IP�2 with the PV < 16

Four-body object # < 14mrad

Four-body vertex FD�2 > 121

Four-body vertex �2/ndf < 8
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Table 4.2: The values of the hadronsiation fractions used in estimates of specific backgrounds.

A pT dependence of the ⇤0
b production fraction is observed [76] thus the last row of this table

contains an approximate average.

Value Ref.

B [b! B0] (40.1± 0.8)% [4]

B [b! B+] (40.1± 0.8)% [4]

B [b! B0
s ] (10.3± 0.9)% [4]

B [b! ⇤0
b ] (20± 8)% [76]

from each sample is then computed using,

Nbkg,expected =
R

Ldt · 2�bb · ✏bkg · B [b ! X] · B [X ! bkg] . (4.1)

In this expression, the total integrated luminosity
R

Ldt = 3.05±0.11 fb�1. The production

cross-section, �bb, is measured in the LHCb detector acceptance and extrapolated to 4⇡

using Pythia 6.4, this results in �bb = 284 ± 69µb [75]. The hadronisation fraction,

denoted1 by B [b! X], is for the relevant B hadron/baryon and listed in Table 4.2.

Finally, B [X ! bkg] is the total branching fraction for the specific process. For example

the hadronisation and total branching fraction for B0! J/ K⇤0, forming a background

as described in Sections 4.2.1, would be

B
⇥

b! B0
⇤

· B
⇥

B0! J/ K⇤0⇤ · B
⇥

J/ ! µ+µ�⇤ · B [K⇤! K⇡] , (4.2)

the hadronisation and total branching fraction for ⇤0
b ! ⇤⇤(1520)0µ+µ�, forming a

background as described in Section 4.2.2, would be

B
⇥

b! ⇤0
b

⇤

· B
⇥

⇤0
b! ⇤⇤(1520)0µ+µ�⇤ · B

⇥

⇤⇤(1520)0! pK
⇤

. (4.3)

And the probability to misidentify tracks is folded into ✏bkg as applicable. In cases where the

decay of a K⇤
1 (892)

0 is involved, isospin arguments show that B [K⇤
1(892)

0! K+⇡�] = 2/3,

and B [K⇤(892)+! K+⇡0] = 1/3.

Criteria are designed to reject these specific background processes. The estimated

yields, computed using Eqn. 4.1, of each background before these criteria, and after the

full selection are summarised in Table 4.3. The simulated events that are not excluded by

the full selection are shown in Fig 4.1. This figure shows stacked histograms scaled to the

estimated yields.

1In the literature, hadronisation fractions are often denoted fX . This thesis follows the PDG convention,

B [b ! X] [4].
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Table 4.3: Estimated yields, and percentage relative to estimated signal yield, of specific

background events. Yields and percentages of signal are quoted before and after the vetoes and

selection detailed in this chapter. The processes are described in the corresponding sections given

as a reference (charges are omitted from daughters for brevity).

Before vetoes After vetoes and selection

Process § Estimated % signal Estimated % signal

⇤0
b! ⇤⇤µµ 4.2.2 (2.0± 1.0)⇥103 24± 10 (1.0± 0.5)⇥102 1.2± 0.5

B0! J/ K⇤ 4.2.1 75± 24 1.31± 0.26 64± 21 1.12± 0.24

B0
s ! �µµ 4.2.3 (1.0± 0.4)⇥103 18± 6 43± 18 0.75± 0.26

signal swaps 4.2.4 (8.4± 2.1)⇥102 14.7± 1.2 28± 7 0.49± 0.05

⇤0
b! pKµµ 4.2.2 (2.7± 1.3)⇥102 4.7± 2.0 13± 6 0.22± 0.09

B+! Kµµ 4.2.6 70± 18 1.21± 0.13 4.4± 1.2 0.077± 0.011

J/ K⇡ swaps 4.2.5 (3.7± 1.0)⇥102 6.4± 0.7 5± 4 0.09± 0.07

Figure 4.1: Distributions of simulated events shown as stacked histograms and scaled to

the number of expected events that survive the vetoes described in this section. The dis-

tributions are shown before the application of the multivariate descriminator, described in

Section 4.3, since this removes most of the simulated background samples’ statistics. The chan-

nels shown are: B0! K⇤
1 (892)

0µ+µ� (signal) in cyan; signal mode with hadron swaps in pink;

B0
s ! �(1020)µ+µ� in green; B+ ! K+µ+µ� in red; and samples of ⇤0

b ! pK�µ+µ� and

⇤0
b! ⇤⇤(1520)0µ+µ� in black. Supplementary figures are included in Appendix A in Fig. A.1.
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Figure 4.2: The mK⇡µµ-q2 plane for selected data candidates (left) and the dimuon invariant

mass spectrum in the vicinity of the �(1020) (right). The red shaded regions of q2 are excluded

from the analysis due to the large contributions from B0
(s) ! J/ K⇤0 and B0

(s) !  (2S)K⇤0.

The region q2 2 [0.98, 1.1]GeV2/c4 is also excluded since weak evidence is seen for the decay

B0
(s)! �(1020)K⇤0 (right).
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4.2.1 Contribution from correctly reconstructed quarkonia res-

onances

Decays of the type B ! XK⇤ where X is some quarkonium resonance, which decays

X! µ+µ�, can form a background when correctly reconstructed. This is discussed in the

present section. These quarkonia decays also form a background when particle tracks are

misreconstructed. The misreconstructed contribution is discussed below in Section 4.2.5.

In the case of correctly reconstructed decays they are excluded from the analy-

sis by removing regions of q2. The decays: B0
(s)! �(1020)K⇤0; B0

(s)! J/ K⇤0; and

B0
(s)!  (2S)K⇤0 are excluded by removing: q2 2 [0.98, 1.1]GeV2/c4; q2 2 [8, 11]GeV2/c4;

and q2 2 [12.5, 15]GeV2/c4, respectively. These exclusions are incorporated into the choice

of binning scheme described in Section 6.5.1. The branching fraction for B0! �(1020)K⇤0

and �(1020)! µ+µ� is (2.8±0.24)⇥10�9 [4] and interference between theB0! �(1020)K⇤0

and the penguin B0! K⇤0µ+µ� diagrams may be significant. Therefore only weak evi-

dence for the decay is observed. The excluded regions and the region of dimuon invariant

mass in the vicinity of the �(1020) are shown in Fig 4.2.

In order to select B0 ! J/ K⇤0 events, for use as control channel data, the region

q2 2 [9.22, 9.96]GeV2/c4 is used. This bin is equivalent to a 60MeV/c2 window around the

nominal mass of the J/ , mµµ 2 [3036, 3156]MeV/c2.

4.2.2 ⇤0
b! pK�µ+µ�

A background from ⇤0
b ! pK�µ+µ� decays, inclusive of all possible pK� resonances,

arises when the p is reconstructed as either of the hadron candidates. The dominant

contribution to the pK�µ+µ� final state is expected to be from the ⇤⇤(1520)0 ! pK�
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Figure 4.3: Planes of ⇤0
b candidate mass (m(⇡!p)Kµµ) and pion candidate DLLp⇡ for simulated

B0! K⇤
1 (892)

0µ+µ� events (left) and simulated phase-space ⇤0
b! ⇤⇤(1520)0µ+µ� events (right).

The red shaded box shows the area that is excluded by the veto (Eqns 4.4 and 4.5).
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resonance. However there is evidence for other structure in the data, as can be seen in

Fig. 4.4 (right).

Decays of this type are rejected by making alternative mass hypotheses for a candidate

and removing events in regions of mass and DLLp⇡, as detailed below. The background

from ⇤0
b! pK�µ+µ� can occur in two ways.

The simplest is when the p is reconstructed as the “pion” candidate. In this case,

changing the hypothesis of the pion track; from the pion mass to the proton mass; and

remaking the invariant mass, m(⇡!p)Kµµ, will give an invariant mass consistent with that

of the ⇤0
b baryon. The contribution from these events is removed by vetoing events with

m(⇡!p)Kµµ around the nominal ⇤0
b mass where the “pion” candidate track has a proton-like

DLLp⇡. Candidates are removed if:

(5575 < m(⇡!p)Kµµ < 5665)MeV/c2 (4.4)

and

DLLp⇡(⇡) > 0. (4.5)

Figure 4.3 shows the m(⇡!p)Kµµ and DLLp⇡(⇡) plane for simulated signal and phase-space

⇤0
b! ⇤⇤(1520)0µ+µ�.

The second way ⇤0
b! pK�µ+µ� decays can contribute is when the p is reconstructed as

the “kaon” candidate and the K� is reconstructed as the “pion”. In this case, both hadron

track mass hypotheses need to be changed. The resulting invariant mass, m(K!p)(⇡!K)µµ,

will similarly be consistent with the ⇤0
b baryon. This contribution is removed by a similar

requirement on m(K!p)(⇡!K)µµ and by requiring that the pion candidate has a kaon-like

DLLK⇡. That is:

(5575 < m(K!p)(⇡!K)µµ < 5665)MeV/c2 (4.6)

and

DLLK⇡(⇡) > 0. (4.7)
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Figure 4.4: The m(⇡!p)Kµµ (left) and m(⇡!p)K (right) spectra in selected data candidates. The

black points show the spectrum with the preselection and vetoes used in the analysis presented

in Ref. [1]. There is evidence for a peak at the nominal ⇤0
b mass. The blue points are the spectra

after the vetoes described in Section 4.2.2.
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The planes of m(K!p)(⇡!K)µµ and DLLK⇡(⇡) (i.e. the equivalent to Fig. 4.3), as well as

figures justifying the DLL cut values used, are included in Appendix A, Figs A.2 and A.3.

4.2.3 B0
s ! �(1020)µ+µ�

The decay process B0
s ! �(1020)µ+µ� where the �(1020)! K+K� forms a background if

either of the kaons are misidentified as pions. If a true �(1020) decay is misidentified as

K⇤0! K⇡ then changing the mass hypothesis of the “pion” track to that of a kaon and

remaking the dihadron (m(⇡!K)K) and four-body object (m(⇡!K)Kµµ) invariant masses

should be consistent with a �(1020) and the B0
s respectively.

Candidates are therefore rejected if all of

(5321 < m(⇡!K)Kµµ < 5411)MeV/c2; (4.8)

(1010 < m(⇡!K)K < 1030)MeV/c2; (4.9)

DLLK⇡(⇡) > �10; (4.10)

are fulfilled, or if

(5321 < m(⇡!K)Kµµ < 5411)MeV/c2; (4.11)

(1030 < m(⇡!K)K < 1075)MeV/c2; (4.12)

DLLK⇡(⇡) > 10. (4.13)

The former veto (Eqns 4.8–4.10) removes candidates with a fairly kaon-like DLLK⇡ for the

“pion” track and that peak near the nominal �(1020) mass. The latter veto (Eqns 4.11–4.13)

is designed to remove candidates in the tail of the �(1020) distribution that will sit under

the K⇤
1(892)

0 when misreconstructed, in this case a stronger requirement is made on

DLLK⇡ of the “pion”.
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Figure 4.5: Simulated signal candidates (color

scale) overlaid with simulated hadron PID

swap events (grey points). The red line is at

DLLK⇡(K) � DLLK⇡(⇡) = 10. Events to the

lower right of this line, indicated by the direction

of the shading, are excluded.

4.2.4 Hadron hypothesis swaps

Signal decay events and control channel events can form a background if the kaon and

pion are misidentified as a pion and kaon respectively. These ‘hadron PID swap’ events are

removed with a requirement on the di↵erence in the DLLK⇡ of the hadrons. The selection

imposed on candidates is that

(DLLK⇡(K)�DLLK⇡(⇡)) > 10. (4.14)

This has the e↵ect of excluding events where the “kaon” candidate looks more pion-like

than the “pion” candidate. The excluded region forms a diagonal region in the plane of

the DLLK⇡ variable, as shown in Fig. 4.5.

4.2.5 Misreconstructed B0! J/ K+⇡� and B0
s ! J/ K+⇡�

In addition to hadron hypothesis swaps, B0! J/ K+⇡� decays can form a background if

either of the hadron candidates are misidentified as a muon and the muon of corresponding

charge is misidentified as the hadron. These hadron-muon swaps are only relevant for decays

where the quarkonium resonance is the J/ , since the branching fraction of B0! J/ K+⇡�

is so large that the double misidentification becomes significant.

For these processes, changing the hadron mass hypothesis to a muon and remaking the

invariant mass with the other muon candidate (either m(⇡!µ)µ or m(K!µ)µ) will give an

invariant mass consistent with a J/ ! µ+µ� decay. For the case of the pion, candidates

are rejected if

3036 < m(⇡!µ)µ < 3156MeV/c2 (4.15)

and the either DLLµ⇡(⇡) > 5 or the pion track fulfills IsMuon. For the case of the kaon,

candidates are rejected if

3036 < m(K!µ)µ < 3156MeV/c2 (4.16)

and the either DLLµ⇡(K) > 5 or the kaon track fulfills IsMuon.
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4.2.6 B+! K+µ+µ�

A background contribution can be formed if a pion from elswhere in the event is combined

with the decay B+ ! K+µ+µ� forming a four-track final state. In this case, the Kµµ

invariant mass should be consistent with originating from a B+ decay. Furthermore adding

a pion track will e↵ect the upper side of the distribution of mK⇡µµ. The upper side of

mK⇡µµ is used in training the multivariate classifier (Section 4.3) and included in fits in

order to control the background component. Candidates are removed if

mkpimm > 5380MeV/c2 (4.17)

(5220 < mKµµ < 5340)MeV/c2. (4.18)

4.3 Multivariate classifier

In the final step of the selection chain, a multivariate analysis (MVA) technique is employed

to suppress combinatorial background events and any remaining specific background

processes. In general, many individual variables will separate signal events from background.

Defining a list of selection criteria based on these variables, such as the preselection listed

in Table 4.1, does not usually exploit all of the available information. Extra separating

power can be achieved using MVA methods which take correlations between the variables

into account.

For this analysis, the boosted decision tree (BDT) algorithm [65,66] is the specific MVA

algorithm used. The implementation of the BDT algorithm is taken from the toolkit for

multivariate analysis (TMVA) package [77]. A brief description of the algorithm is given

in Section 4.3.1. The algorithm is trained to select control channel B0! J/ K⇤0 data

events (as a proxy to the B0! K⇤0µ+µ� signal) and reject background proxy events from

the region mK⇡µµ 2 [5350, 7000]MeV/c2 in data. The statistical power of the technique is

maximised using the k-folding procedure which is described in Section 4.3.2. The data

samples are prepared for training as described in Section 4.3.3. The algorithm requires a

set of input variables. A description of the 13 variables chosen for this analysis is described

in Section 4.3.4. The performance of the training is presented in Section 4.3.5.

4.3.1 Description of the boosted decision tree algorithm

The BDT algorithm is an extension of the decision tree algorithm. A single decision tree

is a sequence of splits chosen to maximise separation of signal from background for a given

set of variables. The algorithm requires a training sample of events flagged as ‘signal’

(s) or ‘background’ (b)2. This training sample is then split into subsamples, or nodes.

The splitting is based on one variable at a time and is chosen to maximise some measure

2To be explicit: roman ‘s’ and ‘b’ is used to avoid any possible confusion with the b- and s-quarks.
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of separation at each node. The splitting continues until some termination criterion is

fulfilled, typically having achieved a predefined level of signal purity, P , or node depth.

Once termination criterion is fulfilled at each node, the terminated leaf nodes are classified

as signal (S) or background (B), based on the dominant portion of events in each. A

schematic example of a single decision tree is shown in Fig. 4.6. Misclassified signal events

that end up in a background leaf node and vise versa are given a larger weighting and a

subsequent tree is trained. This procedure is known as boosting. Boosting and training a

new tree is repeated to obtain a forest of decision trees. The final BDT classifier is the

average of the individual decision trees in the forest.

The algorithm used in this analysis trains decision trees with a subset of four out of

the 13 variables chosen at random. Each node splitting is decided according to the Gini

scheme, The scheme requires the definition,

Gini ⌘
 

X

i

wi

!

P (1� P ), (4.19)

where the sum runs over all events in the node (subsample), each with a weight, wi. The

purity of each sample is defined as

P ⌘
P

s ws
P

i wi

=

P

s ws
P

s ws +
P

b wb
(4.20)

where the sum in the denominator runs over all events in the node, and the sum in the

numerator over only the events flagged as signal. The split into two daughter nodes is

then chosen to maximise the quantity

Giniparent � Ginidaughter 1 � Ginidaughter 2. (4.21)

The configuration used for this analysis, is that trees are terminated at a maximum depth

of three nodes, and/or leaf nodes are classified as signal like for purity > 0.5. Misclassified

events are given a new event weight, defined by the adaptive boosting procedure [66]. In

this boosting scheme, a common multiplicative weight for all of the misclassified events in

the tree,

� ln



1�Rmis.

Rmis.

�

(4.22)

is calculated. The factor � is a tunable parameter. In the configuration used in this

analysis � = 0.05 is chosen. The rate of misclassification is

Rmis. ⌘
P

s|B ws|B +
P

b|S wb|S

N
, (4.23)

where N is the sum of the weights of all events in the tree and the numerator contains the

sum of signal events classified as background (s|B) and background as signal (b|S). The
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Figure 4.6: A schematic exam-

ple of a single decision tree. The

training sample of signal and back-

ground events are split in order to

maximise some measure of separa-

tion at each node. The splitting

continues until some termination

criterion is fulfilled and the sam-

ple is designated as a signal node

(S) or a background node (B). In

a boosted algorithm, events that

are misclassified (signal events that

end up in a background node and

vice versa) are assigned a higher

weighting and the decision tree is

retrained.

weights are updated:

ws|B 7�! � ln



1�Rmis.

Rmis.

�

· ws|B wb|S 7�! � ln



1�Rmis.

Rmis.

�

· wb|S (4.24)

ws|S 7�! ws|S wb|B 7�! wb|B (4.25)

and then rescaled in such a way as to preserve the total weight of the sample. Following the

weighting of misclassified events, a new tree is trained with a di↵erent random subsample

of four the variables. This is repeated 2000 times. The average of the 2000 trees in the

forest is taken as the BDT classifier.

4.3.2 k-Folding the data samples to maximise statistics

The limiting factor in such an MVA technique is typically the low statistics available for

the training sample. The available statistics are further reduced by the need to evaluate

the performance of the algorithm on a second data sample that has not been used by the

algorithm for training. The use of this so-called testing sample ensures that the algorithm

is not biased by the statistical fluctuations of the training sample provided. This e↵ect

is known as overtraining. Furthermore, the BDT classifier obtained by the procedure

described above is a continuous variable. A single ‘cut’ threshold is required which requires

an optimisation on an unbiased dataset. For this analysis in particular, the algorithm

su↵ers from low statistics in the sample of background proxy events.

In order to combat this problem, the k-folding technique is employed. The available

data are split into k = 10 subsamples. The BDT algorithm described above is trained and

tested on 90% of the data. The resulting BDT classifier is evaluated on the remaining 10%
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Figure 4.7: A schematic di-

agram showing the data flow

with the k-folding technique.

The full data sample is split

randomly into ten subsamples.

Ten individual classifiers are

trained and tested/optimised

each using 90% of the data.

Each classifier is assigned to the

remaining subsample that was

not used in training or testing.

of the data. This procedure is repeated and ten statistically independent BDT classifiers

are obtained, each one is written only to the 10% subsample on which it was not trained.

In this way, all of the available background events are used for training but may also be

used in subsequent stages of the analysis without bias. The 10-folding procedure is shown

schematically in Fig 4.7.

4.3.3 Sample preparation using the sPlot technique

The sPlot technique [78] is used to prepare the signal proxy sample prior to the BDT

algorithm. This technique is employed in order to remove other components from the signal

proxy sample. Namely the combinatorial background component to and the B0
s ! J/ K⇤0

component which contaminate the sample. The candidate events are fit with the sum

of four Crystal Ball (CB) functions [79] and an exponential function to describe the

background component in the signal proxy sample. The CB function, FCB, consists of a

Gaussian core with a power-law tail. It is described precisely in Appendix B.1 in terms

of the Gaussian width, �, the mean mB, the tail power n, and threshold of transition ↵.

Two of the four CB functions describe the B0! J/ K⇤0 events, a so-called double-CB,

and the other two describe the B0
s ! J/ K⇤0 component. In a double-CB function, FdCB,

two di↵erent width parameters combined with a relative fraction, f�1 . The definition used

in this thesis is,

FdCB(mK⇡µµ;mB, ~↵) ⌘f�1 · FCB(mK⇡µµ;mB,↵, n, �1)

+ (1� f�1) · FCB(mK⇡µµ;mB,↵, n, �2).
(4.26)
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Figure 4.8: The result of the fit of Eqn. 4.28 to the control channel data (left) and the sPlot

weights (right). The sPlot procedure defines an event weight based on the first component of

Eqn. 4.28 (describing B0! J/ K⇤0 decays) and to suppress the other components. The data on

the right are shown before (black histogram) and after applying the event weight (blue histogram).
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The tail parameters, ↵ and n are shared between the two. For brevity, the notation ~↵ is

introduced as a shorthand for a set of double-CB component parameters:

~↵ ⌘ {↵, n, �1, �2, f�1} . (4.27)

The B0
s ! J/ K⇤ component is described with an identical function FdCB except that the

mean mB is replaced with the nominal mass of the B0
s meson. The full model is then,

(1� fB0
s
) · nJ/ K⇤ · FdCB(mK⇡,mB0 , ~↵)

+fB0
s
· nJ/ K⇤ · FdCB(mK⇡,mB0

s
, ~↵)

+nbkg ·
ep0mK⇡µµ

R

ep0mK⇡µµdmK⇡µµ

(4.28)

where the components are, in order, the B0 component; the B0
s component; and the

combinatorial background component.

Event weights are then generated based on the probability that the event contained

a B0 ! J/ K⇤0 decay. The B0
s ! J/ K⇤ and combinatorial background events are

suppressed by small or negative weights. The results of the fitting and sPlot weighing

procedure is shown in Fig 4.8. In addition to the BDT training, the sPlot event weights

are also used to derive and assess corrections to account for mismodelling in the simulated

samples. Corrections to the simulated data are described in Section 5.1.

4.3.4 Classifier inputs

The choice of input variables for the BDT algorithm drive the performance. The more

information provided to the algorithm, the better the resulting classifier will be. However,

inclusion of certain variables is known to have a biasing e↵ect on the variables of interest.
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For the purposes of this analysis, the selection should not bias the mK⇡µµ, mµµ, or mK⇡

spectra, nor the helicity angles (cos ✓K , cos ✓`, �). The choice of variables to use as inputs

is therefore a balance between maximal selection power and whilst incurring minimal bias.

Variables such as the momenta of the individual particles, or the IP of individual

tracks to the vertex are avoided since these are correlated with the angles, despite the

fact that they are powerful when separating signal from background. Variables related to

the four-body object are preferred since they are generally more weakly correlated to the

variables of interest [1]. The pointing angle of the four-body object; # (depicted in Fig 3.4);

the �2/ndf and lifetime, ⌧ , of the four-body vertex; and the scalar momentum and pT of the

four-body object are all uncorrelated to the variables of interest [1]. These variables each

provide good separation power individually. The signal proxy, and background dominated

sample distributions are shown in Fig. 4.9.

A substantial improvement in performance is also observed by the inclusion of PID

information for each of the track types. For the hadrons, the DLLK⇡ variables are included

and for the muon candidates, the DLLµ⇡. The distributions of these PID are shown in

Fig. 4.10.

Track isolation variables

The performance of the BDT algorithm is improved with the inclusion of track isolation

variables [80]. Isolation variables are derived for the hadron and muon tracks which make up

the B0! K+⇡�µ+µ� candidate. All tracks not assigned to the signal B0! K+⇡�µ+µ�

candidate; i.e. tracks that are not tagged as the kaon, pion or either muon; are considered as

a potential tertiary decay from each of these candidate tracks. This is shown schematically

in Fig. 4.11. The isolation variables used here are a count of the number of these ‘extra’

tracks that could reasonably have originated from a tertiary decay. Signal candidate tracks

with a low ‘isolation count’ are ‘isolated’. Tracks with a high count are more likely be the

result of a poorly reconstructed cascade-type decay.

For hadrons: the number of extra tracks which can form a tertiary vertex, which passes

the criteria in Table 4.4 is recorded. This provides the isolation count variable which

describes how isolated the hadron tracks are [80].

For muon tracks: the quantities listed in Table 4.4 as well as the IP, pT, and �2/ndf

of the extra track are combined into a track-wise BDT. The track-wise BDT is trained

to select or reject single tracks (in contrast to the main BDT for event selection). The

muon isolation BDT is trained on simulated signal tracks to reject simulated background

tracks. The resulting muon isolation count is the number of extra tracks, for each signal

muon track in an event, that are selected by the muon isolation BDT > 0.15 (the optimum

selection). This procedure uses techniques developed for Ref. [81] and described in more

detail in Ref. [82]3. The samples of simulated background tracks were generated for the

3Sections 6.5 and 6.6 in Ref. [82].
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Figure 4.9: The kinematic variables related to the four-body object that are given as input to

the BDT algorithm. The distributions are shown for weighted signal proxy candidates (blue)

and background dominated candidates (red).
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Figure 4.10: The hadron and muon candidate PID variables that are given as input to the

BDT algorithm. The distributions are shown for weighted signal proxy candidates (blue) and

background dominated candidates (red).
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Figure 4.11: A schematic diagram

showing the addition of an extra

track (marked in red) to form a ter-

tiary vertex (TV) The number of

extra tracks that may be added to

each signal candidate track (marked

in blue) fulfilling some selection cri-

teria is recorded. The angle � is the

angle between the hadron candidate

and the extra track. The angle ↵ is

the angle between the original line of

flight and the vector momentum of

the hadron candidate combined with

the extra track.
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Table 4.4: The selection applied to extra tracks forming a tertiary vertex (TV) with a signal

candidate hadron track as shown in Fig. 4.11. The number of tertiary vertices selected according

to these criteria is recorded for each signal candidate hadron track. This provides an integer

variable for each event which describes how isolated the hadron tracks are. The angle � is the

angle between the hadron candidate and the extra track. In the last row, the quantity is built

from the vector momenta and transverse momenta of the hadron candidate and the track. The

angle ↵ is the angle between the original line of flight and the vector momentum of the hadron

candidate combined with the extra track. The angles ↵ and � are marked in green on Fig. 4.11.

Selection

Distance between the PV and the TV (0.5 < (TV� PV) < 40)mm

Distance between the SV and the TV (�0.15 < (TV� SV) < 30)mm

The DOCA between the hadron and the extra track < 0.13mm

The IP in units of its resolution > 3

The angle between the hadron and the extra track � < 0.27mrad

|~ph + ~ptrack|↵
|~ph + ~ptrack|↵ + pTh + pT track

< 0.6

muon track BDT classifier
-0.2 0 0.2 0.4 0.6

dx/
(1

/N
) d

N
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Signal muon tracks

Background tracks

1

2

4

3

5
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Figure 4.12: The muon isolation BDT clas-

sifier distribution. The y-axis of the histogram

shows the (normalised) number of tracks. The

muon isolation variable is the number of tracks

that pass a cut of 0.15. Figure from Ref. [80]

following the procedure described in [82].

analysis presented in Ref. [83]. The track-wise BDT algorithm is configured in a similar

way to the main BDT for event selection (described in Section 4.3.1) except that the trees

are allowed to go five nodes deep before termination, and the forest contains 850 trees

from which the average is made. The track-wise muon isolation BDT classifier is shown in

Fig. 4.12.

The distributions of isolation count variables for both track types are shown in Fig. 4.13.

These distributions are inputs to the event selection BDT algorithm.

4.3.5 Results

The BDT algorithm is run with the above configuration and input variables (Figs 4.9, 4.10,

and 4.13). The training results are shown in Fig. 4.14 in the form of a reciever operating
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Figure 4.13: The hadron and muon candidate integer isolation variables. The hadron variable is

the number of tracks in the event that pass the selection given in Table 4.4. The muon variable is

the number of tracks in the event which have a muon isolation BDT classifier response > 15. The

distributions are shown for weighted signal proxy candidates (blue) and background dominated

candidates (red).
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Figure 4.14: The ROC curves (left), and classifier distributions (right) for all ten folds overlaid.

In the right-hand plot, the peaks correspond to the classifier response for background (signal)

where the peak is centered at around -0.5 (0.7). Figure from Refs [80].
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characteristic (ROC) curve. A ROC curve is any plot of a true-positive rate, against a

false positive rate and maps the performance of a boolean selection (such as signal versus

background) for a given discriminating variable. A more severe curve indicates better

performance since it maps a lower false-positive probability for a higher true-positive

probability, whereas more gentle curves indicate a worse performance.

The value of the BDT classifier at which to select events is found by an optimisation

procedure. For each value of a cut on the BDT, the signal yield, nK⇤µµ, for the range

q2 2 [1.1, 6]GeV2/c4 is estimated by performing a fit to control channel B0! J/ K⇤0 data

events in a window around the nominal B0 mass: mK⇡µµ 2 [5230, 5350]MeV/c2. The yield

is scaled by the product of the ratio of the selection e�ciency (excluding the BDT cut)

and the ratio of branching fractions,

B [B0! K⇤0µ+µ�]

B [B0! J/ K⇤0]
. (4.29)

The background yield, nbkg, is estimated by fitting the sum of two exponential functions

below (mK⇡µµ 2 [5000, 5180]MeV/c2) and above (mK⇡µµ 2 [5500, 7000]MeV/c2) the signal

region for q2 2 [1.1, 6]GeV2/c4.

For each value of the BDT cut, the figure of merit,

n̂K⇤µµ
p

n̂K⇤µµ + n̂bkg

=
Sp

S + B
, (4.30)

is evaluated. The hat notation is used to denote that these are estimated quantities.

Following this procedure, the selection cut, BDT > 0.2 is chosen. A plot of the estimated
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Figure 4.15: Estimated background yield (left) and the figure of merit (right) as a function of

the selection cut of the BDT classifier. An aggressive cut is chosen at BDT > 0.2 to reduce the

e↵ect of the background and to guard against the possibility of miscalibration in the extrapolation

procedure used to obtaining the expected background yield. This threshold is the same as the

angular analysis presented in Ref. [29].
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background yield, and the significance in steps of incremental BDT cut is shown in

Fig. 4.15.

4.4 Selection performance

The e�ciency to select signal and control channel events is calculated using simulated

signal and control channel events. This is shown in Table 4.5. A discussion of the angular

e�ciency shape, and the relative e�ciency binned in q2 is given in Chapter 5. Figure 4.16

shows the correlation between several parameters and the BDT classifier. No significant

correlations are observed.
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Table 4.5: E�ciencies of various stages of the selection as measured on simulation for the signal

and control channel. The e�ciencies are split into absolute (abs.) and relative (rel.), namely the

number of selected simulation events with respect to the original number simulated and with

respect to the output of the previous stage respectively. Uncertainties are due to statistics of the

pseudodata sample at each stage.

B0! K⇤
1(892)

0µ+µ� B0! J/ K⇤
1(892)

0

stage abs. (%) rel. (%) abs. (%) rel. (%)

LHCb acceptance 15.3± 0.01 15.3± 0.01 14.9± 0.01 14.9± 0.01

reconstruction and preselection 1.30± 0.004 8.5± 0.03 1.32± 0.003 8.9± 0.02

triggers 1.02± 0.004 78.2± 0.14 1.06± 0.003 80.2± 0.09

hadron swap (Eqn. 4.14) 0.92± 0.004 90.3± 0.11 0.96± 0.003 90.9± 0.08

all other specific vetoes (§4.2) 0.89± 0.004 96.7± 0.07 0.92± 0.003 96.0± 0.05

BDT 0.80± 0.003 89.7± 0.12 0.83± 0.002 90.2± 0.08

Figure 4.16: The data distributions for the BDT classifier against several variables of interest

for this analysis. No significant correlation e↵ects are observed.
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Chapter 5

Describing the e�ciency using

simulated events

Knowledge of the e�ciency to detect B0! K+⇡�µ+µ� decays is required in two main

steps of the analysis presented in this thesis. The e�ciency in terms of the variables of

interest is required when performing a fit to extract the S-wave component. And the

ratio of e�ciencies for B0! K+⇡�µ+µ� relative to B0! J/ K⇤0 events, binned in q2, is

required when normalising the di↵erential branching fraction. The e�ciencies are taken

from simulation in the form of large pseudodata samples.

These pseudodata samples are taken from the output of the algorithms described in

Section 3.5. Before using the samples to extract the e�ciency, they are first corrected

for di↵erences between data and simulation. The correction procedure is described in

Section 5.1. The e�ciency is extracted in two ways: the first method produces the binned

ratio of e�ciencies in q2, and is described in Section 5.2; the second method results in a

functional description of the angular e�ciency and is described in Section 5.3.

5.1 Correcting for di↵erences between data and sim-

ulation

The procedure described in Section 3.5 is, in general, able to reproduce realistic pseudodata.

However significant di↵erences are observed in several distributions. The symptoms of

this mismodelling are corrected using control channel data. The corrections are derived in

two steps and validated using control channel data and simulation. The first step involves

correcting the DLL variables which are not, in general, well reproduced by the simulation.

The correction procedure is to re-sample the DLL distributions based on high purity

calibration samples of muon, kaon, pion and proton tracks. Re-sampling is described in

Section 5.1.1. The second step is to derive an event weight to account for the discrepancy

observed in the control channel samples of B0! J/ K⇤0 data and simulated events. The
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derivation of these event weights is described in Section 5.1.2. Finally, the improvement

observed in several variables of interest is presented in Section 5.1.3.

5.1.1 Re-sampling the particle identification variables

The selection includes requirements on the DLLK⇡, DLLµ⇡, and DLLp⇡ variables. The

former two are included in the training of the BDT algorithm (Section 4.3.4). In simulated

data, these variables rely on the simulation of the RICH subdetector. The RICH detector

response is a↵ected by the number of tracks in an event (Ntracks), the detector alignment,

and the gas properties. Accurate simulation of the RICH response is di�cult. Agreement

between data and simulation in the PID variables is therefore rather poor. In order to

achieve good agreement, the simulated DLL distributions are re-sampled from calibration

sample events from the data.

Calibration data samples comprised of D⇤+ ! D0(! K�⇡+)⇡+, ⇤0 ! p⇡� and

J/ ! µ+µ� decays are used as a pure source of kaons and pions, protons, and muons

respectively. These samples are obtained from data without requirements made on the

PID variables, except for a requirement on DLLp⇡ of the proton tracks from ⇤0 ! p⇡�

decays. The calibration samples are collected into 3D bins of ⌘, Ntracks, and pT. For each

3D bin, histograms of all of the DLL variables are stored as template distributions.

The re-sampling procedure is as follows. All signal candidate tracks in all simulated

events are iterated over. For a given simulated track, the 3D bin corresponding to the ⌘,

Ntracks and pT is recorded. Since the true identity of the simulated particle which generated

the track is known, the correct calibration sample in the bin is retrieved. The histograms

of each of the DLL variables of the corresponding track type are used to generate a new

re-sampled DLL value. This re-sampled variable is used as a replacement for the original

poorly simulated variable throughout.

The procedure improves the agreement between simulation and data in the PID variable

distributions. However, it only preserves the correlations of the sampled variables (i.e.

⌘, Ntracks, and pT) and breaks any other correlations. Figure 5.1 shows the improvement

achieved by the re-sampling by comparing re-sampled simulation, uncorrected simulation

and sFit weighted B0 ! J/ K⇤0 data. The agreement found by re-sampling is found

to be better than by weighting kinematic distributions of the daughters. An estimate

of the systematic uncertainty incurred due to breaking these correlations is discussed in

Section 7.3.8.

5.1.2 Event weights to correct for residual di↵erences

An event weighting for all simulated samples is derived from the distributions of three

kinematic variables that show di↵erences between data and simulation. The event weights

are calculated directly from the di↵erence in distributions of sFit weighted B0! J/ K⇤0
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Figure 5.1: Validation plots for the re-sampling procedure. Original simulated PID (red)

is re-sampled (blue) and compared to sFit weighted B0 ! J/ K⇤0 data (black points). The

boundary at DLLK⇡(⇡) < �100 (bottom row) is due to a cut in the calibration samples. This

variable is only used in the veto against ⇤0
b peaking background, described in Section 4.2.2. The

fraction of missing events amounts to O(10�4) of the B0! J/ K⇤0 data.
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data and the simulation. It should be noted that the B0! J/ K⇤0 data itself has a genuine

S-wave component, whereas the simulation does not. This S-wave component in data is

minimised by performing the comparison in a narrow window of mK⇡ 2 [796, 996]MeV/c2.

The presence of this component in the data which is used to correct the pseudodata,

results in small discrepancies in the kinematic distributions of the hadron momentum

and pT. This is treated as a source of systematic uncertainty, described in Section 7.3.3.

The distributions from which the weights are derived are: Ntracks; the pT of the four-body

candidate B meson; and the �2/ndf of the K⇡µµ vertex fit. These distributions are

chosen such that the e↵ect of the selection, which might bias the distributions, is minimal.

The weights are derived cumulatively: an event weight is derived for Ntracks which is

then applied before deriving the weight for pT and the product of the event weights for

Ntracks and pT is applied before deriving the weight for the vertex �2/ndf. The order of

the variables in this procedure is chosen such that the largest discrepancy (in Ntracks) is

corrected first, and so on. Although no di↵erence is observed when changing the order.

These event weights are stored in histograms which are then used to weight all

simulation samples. This procedure is illustrated in Fig. 5.2 which shows all three

simulation distributions agreeing with the data by construction.

5.1.3 The e↵ect on the multivariate classifier variable

The most important variable, in terms of correctly modelling the e�ciency is the BDT

classifier. The BDT classifier evaluated using re-sampled DLL variables and corrected by

the event weights is shown in Fig. 5.3. A significant improvement in agreement with data

is observed in the simulated BDT classifier.

Additional comparison plots for the isolation variables may be found in Appendix C in

Fig. C.1.

5.2 Binned ratio of e�ciencies

The measurement of the di↵erential branching fraction result, discussed in Chapter 7,

requires the ratio of e�ciencies for B0! K+⇡�µ+µ� signal decays and B0 ! J/ K⇤0

decays. The ratio is required because the control channel B0! J/ K⇤0 is used to normalise

the rate.

The ratio of e�ciencies is taken from two simulated data samples. One sample is

generated according to the full simulation chain described in Section 3.5 with a physics

model based on the form factors given in Ref. [84]. The corrections described above are

applied, and events are required to pass the selection requirements described in Chapter 4.

This sample will be referred to as the selected and reconstructed (reco.) sample.

The second sample is generated using the Pythia and EvtGen steps, but without any

simulation of the detector or its response. This sample is generated with the same physics
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Figure 5.2: Illustration of the event weighting procedure. The original simulation (red) and

sFit weighted B0! J/ K⇤0 data (black points) are used to derive weights for the simulated

events. Applying these weights results in near-perfect agreement (blue) by construction. Minute

di↵erences are expected since the final weights are derived cumulatively. These weights are

applied to all other selection-level simulation samples.
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Figure 5.3: Comparison plot of the average BDT response on linear (left) and logarithmic (right)

scales. The ten separate BDT variables (from k-folding) are averaged to form one response for

simulated events. Uncorrected simulation (red) is weighted and re-sampled (blue) and compared

to sFit weighted data (black points).
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Figure 5.4: The ratio of e�ciencies to re-

construct and select B0! K+⇡�µ+µ� and

B0! J/ K+⇡� decays. This is obtained us-

ing generator-level and selected and recon-

structed simulation samples. The horizontal

error bar shows the q2 bin size (Section 6.5.1)

hence overlapping bins. The vertical uncer-

tainty, not visible on this scale, is due to the

statistics of the pseudodata samples. Several

sources of systematic uncertainty (that con-

tribute in addition to the pseudata sample

statistics and are not shown) are discussed in

Section 7.3.

model as the reco. sample. The sample will be referred to as the generator-level (gen.)

sample.

The binned e�ciency in q2 is then the ratio of the reco. sample to the gen. sample for

a given binning scheme. The ratio of e�ciencies is simply the ratio of each q2 bin to the

bin q2 2 [9.22, 9.96]GeV2/c4. The resulting distribution is shown in Fig. 5.4.

Forming the e�ciency ratio in this way implicitly integrates over all other variables.

This introduces some model-dependence, since it relies on the assumption that the angular

distribution in simulation is the same as that of the data. This model-dependence is

assessed as a systematic e↵ect and is described in Section 7.3.5.

5.3 Extraction of the angular e�ciency

When performing the partial angular fit to extract the S-wave fraction, the physics is

described by the angular distribution. However it is necessary to correct for biases

induced by the LHCb detector geometry, the trigger and the selection. These e↵ects, often

referred to as acceptance e↵ects elsewhere in the literature, have the e↵ect of warping the

angular distribution. For the analysis described in this thesis, the e↵ects are corrected by

multiplying the physical angular distribution, with the e�ciency function1,

ZZZ

d cos ✓`d�dq
2
bin



d5�

dq2dmK⇡d cos ✓Kd cos ✓`d�
⇥ ✏(q2, cos ✓K , cos ✓`,�,mK⇡)

�

. (5.1)

The angular e�ciency function ✏(q2, cos ✓K , cos ✓`,�,mK⇡) accounting for correlations

between variables, is determined from simulated events.

Similarly to the extraction of the ratio of e�ciencies, there are two simulated data

samples required for this procedure (reco. and gen.). However no explicit physics model

1The triple integral makes the partial angular analysis (in variables mK⇡ and cos ✓K) explicit.
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is used, instead the samples are generated with a phase-space (phsp) model. In contrast

to the ratio of e�ciencies, this approach is model-independent since the e�ciency is

parameterised in terms of all relevant dimensions and the integral is explicitly performed.

The reco. sample follows the full chain of algorithms described in Section 3.5. Following

this chain, a sample of 14 ⇥ 106 events, which are selected by the preselection stage, is

generated. Since there are no model requirements in this case, the Pythia and EvtGen

steps are not required for the gen. sample. A gen. sample of 1.5⇥ 109 events is therefore

generated with the phsp model.

Normally, to obtain an e�ciency one would divide the distributions of gen. and reco.

samples. However, the dimensions cos ✓K , cos ✓` and � are generated flat according to the

phsp model description. It is therefore not necessary to divide the distributions by a gen.

sample distribution, the distribution of the reco. sample in these dimensions is also the

e�ciency. By contrast, mK⇡ and q2 have a correlated 2D shape.

An event weighting procedure is employed which is equivalent to dividing the reco.

(mK⇡, q2) distribution by the gen. distribution. This simple division is not done performed

as the event weighting results in a 5D un-binned sampling of the e�ciency surface. The

un-binned approach allows determination of the functional form of the e�ciency without

the need to implement a 5D histogram-fitting framework.

The event weighting procedure is as follows. The gen. sample is binned into a 2D

histogram (with binned entries, n(mK⇡, q2)) from which a weight, w(kin.!✏)
i / 1/n(mK⇡, q2),

is derived. The 2D histograms for the gen. sample is shown in Fig. 5.5. Close to the

kinematic edge of (mK⇡, q2) the weights become arbitrarily large, as may be seen in the

central hand plot of Fig. 5.5. A fiducial cut based on the analytically allowed phsp invariant

mass function (or triangle function given in Appendix B.2) is therefore applied before

applying the weights. This results in the more realistic distribution of weights shown in

the right-hand plot of Fig. 5.5.

The reco. sample is then weighted by this e�ciency weight, which converts the kinematic

distributions of the reco. sample into the e�ciency. The weights are scaled to preserve the

number of data of the reco. sample. The method to extract the functional e�ciency is

described in the following Section 5.3.1. The results are presented in Section 5.3.2.

5.3.1 Method to extract the e�ciency function

A functional description of the sampled e�ciency is extracted using a parameter estimation

technique called the method of moments (MoM)2. The MoM requires an orthogonal basis

for which the set of Legendre polynomials of the first kind, Pn(x) are chosen. They are

2The MoM technique is described in, for example, Ref. [85]. The technique may also be applied

to extract physics parameters from angular distributions in data. Reference [86] describes this for the

B0! K⇤0µ+µ� angular distribution.
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Figure 5.5: Two-dimensional (mK⇡, q
2) histograms of the generator-level (gen.) kinematic

distribution (left) and the inverted bin content distribution (centre). Simply inverting the bin

contents results in unphysically large weights which overwhelm any structure in the rest of the

(mK⇡, q
2) plane. In order to remove the unphysically large weights in the inverted distribution, a

fiducial cut is applied, resulting in the weight distribution (right). The weights in the central

and right-hand plots have been scaled to preserve the number of events in the selection-level

sample. The z-axis scale in both cases is therefore arbitrary.
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defined by

P0(x) = 1; (5.2)

P1(x) = x; (5.3)

Pn+1(x) =
1

n+ 1
((2n+ 1)xPn(x)� nPn�1(x)) ; (5.4)

and have the orthogonality condition,
Z +1

�1

Pm(x)Pn(x)dx =
2

2n+ 1
�mn, (5.5)

which is valid for the domain x 2 [�1, 1].

Given that any function may be expressed as a decompostion into any orthogonal basis,

the e�ciency function is written

✏ =
X

ghijk

cghijkPg(mK⇡
0)Ph(q

20)Pi(cos ✓`)Pj(cos ✓K)Pk(�
0), (5.6)

where the primes indicate a variable is transformed over some domain y 2 [a, b] to the

domain [�1, 1] by

y 7�! y0 = 2
y � a

b� a
� 1. (5.7)

The cosines are already in the required domain. The relation of Eqn. 5.6 is exact if the

quintuple sum is infinite and provided that ✏ is a smooth continuous integrable function.

The coe�cients of the expansion are determined using the relation:

cghijk =

ZZZZZ

dm0
K⇡dq

20d cos ✓`d cos ✓Kd�
0 ✏(m0

K⇡, q
20, cos ✓`, cos ✓K ,�

0)

⇥


Pg(m
0
K⇡)Ph(q

20)Pi(cos ✓`)Pj(cos ✓K)Pk(�
0)

⇥ (2g + 1)

2

(2h+ 1)

2

(2i+ 1)

2

(2j + 1)

2

(2k + 1)

2

�

.

(5.8)
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Which is obtained from Eqns 5.5 and 5.63.

However, the e�ciency is not a known continuous integrable function; the e�ciency

function is sampled by the simulated events, as described above. The exact quintuple

integral therefore becomes a discrete sum over weighted simulated events, e, which provides

statistical estimator of the coe�cients. Namely,

cghijk =
X

events, e



w(kin.!✏)
e w(data-sim.)

e Pg(m
0
K⇡e)Ph(q

20
e)Pi(cos ✓`e)Pj(cos ✓Ke)Pk(�

0
e)

⇥ (2g + 1)

2

(2h+ 1)

2

(2i+ 1)

2

(2j + 1)

2

(2k + 1)

2

�

,

(5.9)

where w(kin.!✏)
e and w(data-sim.)

e are the weights which turn the kinematic sample into the

e�ciency (Section 5.3) and which correct for di↵erences between data and simulation

(Section 5.1) respectively. This procedure of summing over events to obtain estimators for

the coe�cients as shown in Eqn. 5.9, is the Legendre basis implementation of the MoM.

It is also possible to calculate the variances between estimators [85] and form a covariance

matrix. The variances are defined by

v2ghijk,mnopq =
X

events, e



w(kin.!✏)
e w(data-sim.)

e Pg(m
0
K⇡e)Ph(q

20
e)Pi(cos ✓`e)Pj(cos ✓Ke)Pk(�

0
e)

⇥ (2g + 1)

2

(2h+ 1)

2

(2i+ 1)

2

(2j + 1)

2

(2k + 1)

2

� cmnopq

�2

.

(5.10)

As a brief aside, the formulae above may be made more palatable by making some

notational changes. The coe�cients, cghijk may be ordered into a single list. Therefore a

simple map of the five-dimensional indices to the one dimensional position in the list, I or

J , may be defined. Making the definitions,

⇥e ⌘
n

w(kin.!✏)
e , w(data-sim.)

e , m0
K⇡e, q

20
e, cos ✓`e, cos ✓Ke, �

0
e

o

(5.11)

and

P ghijk(⇥e) ⌘w(kin.!✏)
e w(data-sim.)

e Pg(m
0
K⇡e)Ph(q

20
e)Pi(cos ✓`e)Pj(cos ✓Ke)Pk(�

0
e)

⇥ (2g + 1)

2

(2h+ 1)

2

(2i+ 1)

2

(2j + 1)

2

(2k + 1)

2
,

(5.12)

Eqns 5.9 and 5.10 simplify to

cI =
X

events, e

P I(⇥e) (5.13)

3A brief derivation is provided in Appendix C.2.
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and

v2IJ =
X

events, e



P I(⇥e)� cJ

�2

. (5.14)

By inspection of Eqn. 5.9 it is clear that the method requires some configuration. The

choice of a set of maximum values {g, h, i, j, k} for the expansion (Eqn. 5.6) is required.

Choosing large values is computationally expensive in calculating the coe�cients, more so

in calculating the variances, and in evaluating and integrating the functional e�ciency

polynomial for use in a fit. It is also possible to generate a very high order polynomial

e�ciency function which erroneously accounts for the statistical fluctuations. Conversely,

a low order polynomial is too coarse to correctly account for the shape of the e�ciency

distribution.

5.3.2 Resulting e�ciency function

The Legendre method of moments is run including terms of all orders from zeroth to

(5, 6, 4, 7, 4)th in (mK⇡, q2, cos ✓`, cos ✓K ,�) respectively.

One-dimensional projections of the e�ciency sampling (the weighted simulated events)

are shown with the integral of the polynomial function returned by the MoM in for the

variables of interest in Fig 5.6. Similar plots for cos ✓` and � are included in Appendix C

in Fig. C.2. Two-dimensional projections of the planes between variables of interest are

shown alongside the integrated polynomial function in Fig 5.7. Similar plots of planes

including cos ✓` and � are included in Appendix C in Figs C.3–C.5.

A good functional description is observed in the projections. The polynomial e�ciency

is used, as described in Chapter 6 and Eqn 6.8, to correct for the detector acceptance

e↵ects. The variances are used in assessing a contribution to the systematic uncertainty

due to the statistics of the simulation sample. This is described in Section 7.3.
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Figure 5.6: One-dimensional projections of the simulated e�ciency distribution with the

polynomial function returned by the Legendre method of moments (MoM) integrated and

overlaid. Supplementary figures are included in Appendix C in Fig. C.2.
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Figure 5.7: Two-dimensional projections of the sampled e�ciency (left) and polynomial function

returned by the Legendre method of moments (MoM) (right). The z-axis in both plots shows

the projected e�ciency scaled to the number of entries in the o✏ine selected simulated sample,

and is therefore arbitrary. Supplementary figures are included in Appendix C in Figs C.3–C.5.
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Chapter 6

The model and fit procedure to

extract the branching fraction and

S-wave component

The total fitted model used to extract the S-wave component and the di↵erential branching

fraction is a combination of empirical models for the invariant mass spectra together with

the theoretical angular distribution. The fit procedure consists of a multi-dimensional

fit to mK⇡µµ, mK⇡, and cos ✓K in bins of q2. For convenience, a fit to these dimensions

will be referred to as the ‘3D fit’. For cross-checks it is also possible to perform a ‘2D

fit’ to mK⇡µµ and mK⇡ in order to determine FS, but with less precision than in the 3D

case. In both cases, the mK⇡µµ spectrum is included in order to constrain the signal and

background yields.

The region of mK⇡µµ 2 [5230, 5330]MeV/c2, equivalent to ±50MeV/c2 around the

nominal mass of the B0 meson will be referred to as the ‘signal region’ as it is dominated

by genuine B0! K+⇡�µ+µ� events1. The region of mK⇡µµ above the B0 signal region

is also included in the fit in order to constrain the shape of background events in the

mK⇡ and cos ✓K distributions. This region, which consists of mK⇡µµ 2 [5400, 5780]MeV/c2,

will be referred to as the ‘background sideband’ as it is dominated by combinatorial

background events. Remaining specific background events are treated as a source of

systematic uncertainty as described in Section 7.3.6. Partially reconstructed decays are

not included in the model. The full mK⇡µµ fitting range,

(5180 < mK⇡µµ < 5780)MeV/c2, (6.1)

excludes the significant contributions from partially reconstructed backgrounds. The

selection and peaking background vetoes make the remaining such contributions negligible.

1The signal region has a signal-to-background ratio of roughly 0.6 across q2, excluding the charmonia

regions (Section 4.2.1).
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In order to extract the di↵erential branching fraction in q2, the fit is performed in

bins of q2 which exclude the B! J/ K+⇡� and B!  (2S)K+⇡� resonance regions. The

exact binning scheme to be used will be motivated in Section 6.5.1 and is presented in

Table 6.3.

The full 3D model is

nsig · S(mK⇡µµ) · S(mK⇡, cos ✓K) + nbkg · B(mK⇡µµ) · B(mK⇡) · B(cos ✓K). (6.2)

The signal, S, and background, B, component probability density functions (pdfs)2 are

individually normalised and the fit is performed with an extended term in the likelihood

such that the signal and background yields, nsig and nbkg float individually.

It is also possible to perform a fit to only the mK⇡µµ spectrum with

nsig · S(mK⇡µµ) + nbkg · B(mK⇡µµ), (6.3)

in order to extract the signal event yield. There is no way to distinguish between P-

and S-wave components in this case. A fit to this spectrum in B! J/ K+⇡� is used to

extract the yield of B0! J/ K⇤0 and the set of double-CB parameter values, used when

a fit is made to the B0! K+⇡�µ+µ� data.

The simplified 2D model is

nsig · S(mK⇡µµ) ·


Z

S(mK⇡, cos ✓K)d cos ✓K

�

+ nbkg · B(mK⇡µµ) · B(mK⇡). (6.4)

This model is used as a cross-check.

The exact form of the individual model components and associated assumptions will be

described in the remainder of this chapter. In Section 6.1, the components S(mK⇡µµ) and

B(mK⇡µµ) are described. The angular fit model including mK⇡ is described in Section 6.2.

Section 6.2.1 describes the angular distribution and Section 6.2.3 describes the modelling

of the P- and S-wave lineshapes. The remaining background components, B(mK⇡) and

B(cos ✓K) are described in Sections 6.2.4 and 6.2.4. Given the definition of these models,

the procedures to extract the FS parameter and the di↵erential branching fraction are

presented in Section 6.3. Finally, tests and validation of the model are presented in

Sections 6.5 and 6.6.

6.1 Model for the K⇡µµ invariant mass spectrum

A model of the mK⇡µµ spectrum was described in Section 4.3.3 in the context of preparing

the B! J/ K+⇡� sample before training the BDT classifier. An identical model is used

2To be totally explicit: in Sections 4.3.1 and 4.3.5, roman S and B are used to represent the signal

and background event yields with regards to training and optimising the multivariate classifier (as is

conventional). In the present discussion, the italic S and B denote the pdfs. From here on, nsig, nbkg are

used for yields.
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here. The signal component for B0! K+⇡�µ+µ� is described by a double-CB function,

S(mK⇡µµ) = FdCB(mK⇡µµ;mB, ~↵) =f�1 · FCB(mK⇡µµ;mB,↵, n, �1)

+ (1� f�1) · FCB(mK⇡µµ;mB,↵, n, �2),
(4.26)

and the combinatorial background component is described by an exponential shape,

B(mK⇡µµ) =
ep0·mK⇡µµ

R

ep0·mK⇡µµdmK⇡µµ

. (6.5)

For B0! K+⇡�µ+µ� events where the B! J/ K+⇡� and B!  (2S)K+⇡� components

are removed (discussed in Section 4.2.1) the functions above are the mK⇡µµ components

used in Eqns 6.2–6.3. The background model contributes one parameter, p0, the coe�cient

of the exponential shape. The signal component contributes six parameters, ~↵ and mB0 ,

which are described in Section 4.3.3.

In order to extract the yield of B0! J/ K⇤0 events and a set of double-CB parameters,

the control channel of B0! J/ K+⇡� decays in the range q2 2 [9.22, 9.96]GeV2/c4 is

fitted. The yield of B0 ! J/ K⇤0 events, taken from a subsample of events in the

range mK⇡ 2 [796, 996]MeV/c2, is used to normalise the di↵erential branching fraction

measurement. The double-CB parameters are taken from a fit to the full sample of

B0! J/ K+⇡� events in the range mK⇡ 2 [644, 1200]MeV/c2.

When fitting the control channel events in either mK⇡ range, the signal model is

extended to include a component for B0
s ! J/ K+⇡� decays.

SJ/ K⇡(mK⇡µµ) = (1� fB0
s
) · FdCB(mK⇡,mB0 , ~↵)

+fB0
s
· FdCB(mK⇡,mB0

s
, ~↵),

(6.6)

with the fraction of B0
s events, fB0

s
, which floats in the fit and account for the relative

sizes of the two components. The mK⇡µµ spectrum for control channel B! J/ K+⇡�

data are fitted with this two-component signal model (with Eqn 6.5 and 6.6 inserted into

Eqn. 6.3). The fitted mK⇡µµ distributions are shown in Fig. 6.1.

The fit to the rangemK⇡ 2 [796, 996]MeV/c2, which is ±100MeV/c2 around the nominal

mass of the K⇤
1(892)

0 gives the yield of B0! J/ K⇤0 events,

nB0!J/ K⇤0 = (1� fB0
s
) · nsig = 324480± 610. (6.7)

This yield is needed to normalise the branching fraction calculation. The reason that the

first fit is performed in the window mK⇡ 2 [796, 996]MeV/c2, is for compatibility with

the measurement the branching fraction of the normalisation channel, B [B0! J/ K⇤0],

which is taken from Ref. [87]. Extraction of the di↵erential branching fraction, and the

normalisation is discussed in Section 6.3. The values of the parameters returned by this fit

are not used elsewhere in the analysis. They are given in Appendix E.1 in Table E.1 for

completeness.
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Table 6.1: The parameters from the fits to B0! J/ K+⇡� and B0
s ! J/ K+⇡� candidates in

the ranges q2 2 [9.26, 9.96]GeV2/c4 and mK⇡ 2 [644, 1200]MeV/c2. These parameters correspond

to the lower plots in Fig. 6.1. The ~↵, and mB0 parameters are fixed in subsequent fits to the

B0! K+⇡�µ+µ� sample.

parameter value units

nbkg 41670± 380 –

nsig 395590± 710 –

mB0 5284.40± 0.039 MeV/c2

mB0
s
�mB0 87 (fixed) MeV/c2

fB0
s

1.383± 0.032 10�2

p0 � 4.872± 0.044 10�3[MeV/c2]�1

↵ 1.360± 0.011 –

n 36 (fixed) –

f�1 0.643± 0.027 –

�1 14.97± 0.17 MeV/c2

�2 24.25± 0.46 MeV/c2

The fit to mK⇡ 2 [644, 1200]MeV/c2, the mK⇡ range in which the full 3D fit is

performed, gives the parameters listed in Table 6.1. When performing the full 3D fit to

B0! K+⇡�µ+µ� data away from the B! J/ K+⇡� and B!  (2S)K+⇡� regions, the

six double-CB parameters are fixed to these values. This reduces the number of parameters

in the fits to the B0! K+⇡�µ+µ� data samples which are statistically limited, having

determined them rather precisely in a large sample of events. The resonant shape in mK⇡µµ

is universal between B0! J/ K+⇡� and B0! K+⇡�µ+µ� decays as it is dominated by

the detector resolution. This procedure is the same as used in previous experimental

analyses [26–28]3.

As a check, the signal model, S(mK⇡µµ), is fit to simulated B0! K⇤
1(892)

0µ+µ� events.

This fit is shown in Fig. 6.2.

3More details about which, may be found in Refs [1, 88].
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Figure 6.1: The fitted mK⇡µµ spectrum for B0! J/ K+⇡� and B0
s ! J/ K+⇡� candidate

decays shown on linear (left) and logarithmic (right) scales for two regions of mK⇡. This fit is

for q2 2 [9.92, 9.96]GeV2/c4 and the upper (lower) two plots are for mK⇡ 2 [796, 996]MeV/c2

(mK⇡ 2 [644, 1200]MeV/c2). The yield of B0! J/ K⇤0 events, used to normalise the di↵erential

branching fraction of B0! K+⇡�µ+µ� is taken from the fit to the narrow window mK⇡ 2
[796, 996]MeV/c2. The set of shape parameters for the double-CB, ~↵ and mB0 , found for the

wider window of mK⇡ 2 [644, 1200]MeV/c2, are fixed in subsequent fits to B0! K+⇡�µ+µ�

(away from the J/ and  (2S) resonances). These parameters are given in Table 6.1.
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Figure 6.2: A fit to the mK⇡µµ spectrum for reco. level simulated B0! K⇤
1 (892)

0µ+µ� events

shown on linear (left) and logarithmic (right) scales.
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6.2 Model for the angular fit including K⇡ invariant

mass

6.2.1 The theoretical angular distribution

The full angular distribution,

d5�

dq2dmK⇡d cos ✓Kd cos ✓`d�
=

1

4⇡

�

�gK⇤
0

�

�

2 · �S(1� cos 2✓`)

+
3

4⇡

�

�gK⇤
1

�

�

2 · �P0 cos2 ✓K(1� cos 2✓`)

+

p
3

2⇡
Re
��

gK⇤
0
gK⇤

1

�

· (x1 + ix2)
�

cos ✓K(1� cos 2✓`)

+
9

16⇡

�

�gK⇤
1

�

�

2 · �PT sin2 ✓K

✓

1 +
1

3
cos 2✓`

◆

+
3

8⇡

�

�gK⇤
1

�

�

2
J̃3 sin

2 ✓K sin2 ✓` cos 2�

+
3

2⇡

�

�gK⇤
1

�

�

2
J̃6 sin

2 ✓K cos ✓`

+
3

4⇡

�

�gK⇤
1

�

�

2
J̃9 sin

2 ✓K sin2 ✓` sin 2�.

(2.157)

as well as a simplified angular distribution obtained by integrating over cos ✓` and �,

d3�

dq2dmK⇡d cos ✓K
=

2

3

�

�gK⇤
0

�

�

2
�S + 2

�

�gK⇤
1

�

�

2
�P0 cos

2 ✓K +
�

�gK⇤
1

�

�

2
�PT sin2 ✓K

+
4
p
3

3
Re
⇣

(gK⇤
0
g⇤K⇤

1
) · (x1 + ix2)

⌘

cos ✓K

(2.150)

were derived in Section 2.6.2. They are repeated above for the reader’s convenience.

The modelling of the mK⇡ dependence, encoded in the functions gK⇤
J
, is discussed in

Sections 6.2.2 and 6.2.3.

In the 3D fit case, the signal is described by the theoretical angular distribution with

the angular e�ciency function folded in,

S(mK⇡, cos ✓K) /
ZZ

d cos ✓`d�



d5�

dq2dmK⇡d cos ✓Kd cos ✓`d�
⇥
Z

dq2✏(q2, cos ✓K , cos ✓`,�,mK⇡)

�

.
(6.8)

This expression represents the complete signal model which used for the final fit to

B0! K+⇡�µ+µ� data from which the results are extracted. Several approximations of

Eqn 6.8 are used for cross-checks.

Assumptions used in cross-checks

In the ideal case of constant e�ciency in cos ✓` and �, which is approximately true,

✏ ⇡ ✏(q2, cos ✓K ,mK⇡), (6.9)
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or if the parameters {S3, AFB, S9} are all zero, then Eqn. 6.8 reduces to

d3�

dq2dmK⇡d cos ✓K
⇥
Z

dq2✏(q2, cos ✓K ,mK⇡). (6.10)

This simplification is useful as a cross-check.

Integrating Eqn. 2.150 over cos ✓K , gives

S(mK⇡) /
d2�

dq2dmK⇡

=
4

3

�

�gK⇤
0

�

�

2
�S +

4

3

�

�gK⇤
1

�

�

2
(�P0 + �PT). (6.11)

In doing this, one assumes that the e�ciency function is constant in cos ✓K which is a

much less valid approximation than constant e�ciency in cos ✓` and �. However it may be

fit to data ignoring the e↵ect of the e�ciency as rather coarse cross check.

6.2.2 Modelling the K⇡ invariant mass lineshape

In Eqns 2.142 and 2.143 from Section 2.6.2, the complex functions gK⇤
J
= gK⇤

J
(mK⇡),

J = 0, 1 were introduced. These functions model the mK⇡ spectrum which contains several

resonances.

The mK⇡ dependence of a resonance, R, may be modelled as a relativistic Breit-Wigner

function. Each resonance also has a spin-dependent Blatt-Weisskopf barrier factor, B0
L,

and a spin-dependent phase-space factor for both the B! K⇤
J [µµ] and for the K⇤

J ! K⇡

parts of the decay. The two parts of the decay are often referred to as the ‘birth’ and

‘death’ of the K⇤
J .

The first three Blatt-Weisskopf barrier factors [89] are:

B0
0(p, pR, d) = 1; (6.12)

B0
1(p, pR, d) =

s

1 + (pRd)2

1 + (pd)2
; (6.13)

B0
2(p, pR, d) =

s

9 + 3(pRd)2 + (pRd)4

9 + 3(pd)2 + (pd)4
; (6.14)

where p is the linear momentum available to the daughters, pR is the linear momentum

calculated at the resonance pole mass (i.e. mab = mR) and d is the impact parameter, or

‘meson radius’ which is a parameter taken from scattering experiments. The Blatt-Weisskopf

factors account for the fact that low momentum particles have di�culty generating su�cient

angular momentum to conserve the spin of the resonance [4]. The meson radius parameter

is fixed to d = 1.6 [GeV/c]�1 which was the value used in the analysis presented in Ref. [90].

This choice is considered as a source of systematic uncertainty in Section 7.3.2.

The lineshape of a single resonance R, with orbital angular momentum J , may be
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written as:

fR(mK⇡, q
2, J) =

p

kp · B0
LB

(p, pR, d) ·
✓

p

pR

◆LB

· B0
LK⇡

(k, kR, d) ·
✓

k

kR

◆LK⇡

⇥ 1

m2
K⇡ �m2

R � imR�J(mK⇡)
,

(6.15)

where mR is the pole-mass of the resonance; p (k) is the phase-space momentum for the

K⇤ (kaon) in the rest frame of the B (K⇤) evaluated at a given mK⇡; pR and kR are the

same, except that they are evaluated at the pole-mass. The function is formally dependent

on q2 since it is used to compute p and pR. The factor B0
LB

(p, pR, d) · (p/pR)LB is therefore

the ‘birth factor’ of the K⇤, and B0
LK⇡

(k, kR, d) · (k/kR)LK⇡ is the ‘death factor’. The LB

and LK⇡ are the relative angular momentum between the daughters. In literature this is

sometimes referred to as the ‘break-up angular momentum’. For all K⇡ states K⇤
J ! K⇡

the daughters are spinless, so LK⇡ = J of the resonance/state. For B0 ! [K⇤
0] [µ+µ�]

the dimuon object may be in a vector state and therefore LB = 1 in this case. For

B0 ! [K⇤
1(892)

0] [µ+µ�] there are three possible values, LB 2 {0, 1, 2}. However, the

di↵erence is completely negligible in the kinematic ranges under consideration in this

analysis. The LB = 0 state is therefore used for the birth factor of the vector K⇤
1(892)

0.

The so-called running width, �J(mK⇡), is a function of the resonance width, �R and is

given by

�J(mK⇡) = �R · B0 2
LK⇡

(k, kR, d) ·
✓

k

kR

◆2LK⇡+1✓ mR

mK⇡

◆

. (6.16)

The description of a resonant lineshape given in Eqn. 6.15 follows the form used in EvtGen

and by the PDG [4]. It di↵ers slightly from Ref. [90], where the factor (k/kR)LK⇡ was

replaced by (k/mK⇡)LK⇡ for consistency with Belle [91]. This change is investigated as a

source of systematic uncertainty, described in Section 7.3.1.

The function, fR, is su�cient to describe the mK⇡ shape of the P-wave component,

gK⇤
1
(mK⇡) = f892(mK⇡), (6.17)

where f892 is used as a shorthand for fK⇤
1 (892)

0 .

6.2.3 Models for the S-wave component

Several possible models for an S-wave component exist. For the purposes of this analysis,

which su↵ers from low statistics, two models that are found to perform well empirically

are employed. The model used by default is referred to as the ‘LASS model’ [92]. It

is combination of a relativistic Breit-Wigner shape to describe the K⇤
0(1430)

0 with an

empirical non-resonant (NR) component. Another model, known as the ‘Isobar model’, is

used to assess the systematic variation due to this choice. The Isobar model is a coherent

sum of components for the dominant K⇤ resonances which includes a component for the

K⇤
0(800)

0. As will be shown in Section 7.3.1, the choice of S-wave model is the dominant

source of systematic uncertainty in the measurement of FS.
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The LASS model

The so-called LASS model was developed to empirically describe the K⇡ spectrum from

the scattering experiment of the same name [92]. It is often used to describe the scalar

component in the vicinity of the K⇤
1(892)

0, although usually in a small window around

the nominal mass. The functional form is,

gLASS
K⇤

0
(mK⇡) ⌘ B0

LB
(p, pR, d) ·

✓

p

pR

◆LB p
p ·
✓

1

cot �B � i
+ e2i�B

1

cot �R � i

◆

. (6.18)

With the terms

cot �B =
1

ak
+

rk

2
; (6.19)

and

cot �R =
m2

1430 �m2
K⇡

m1430�S(mK⇡)
. (6.20)

Reference [93] quotes the running width corresponding to Eqn. 6.16 with L = 0 for the

K⇤
0(1430)

0:

�S(mK⇡) = �1430,LK⇡=0(mK⇡) = �1430
k

kR

m1430

mK⇡

. (6.21)

The second term of Eqn. 6.18 is equivalent to a Breit-Wigner for the K⇤
0 (1430)

0. The first

term of Eqn. 6.18 contains two empirical parameters {a, r}. These parameters are fixed to

the values reported by the analysis of Ref. [90],

a = 2.86 [GeV/c]�1 (6.22)

r = 3.83 [GeV/c]�1. (6.23)

In order to assess the systematic e↵ect of this choice they are also fixed to values from the

LASS experiment,

a = 1.94 [GeV/c]�1 (6.24)

r = 1.76 [GeV/c]�1, (6.25)

which is detailed in Section 7.3.1. The values in Eqns 6.24 and 6.25 are reported by

BaBar [93] as coming from private communication with the LASS authors [92].

The Isobar model

The Isobar model consists of a coherent sum of components for the dominant S-wave

resonances. Within the region mK⇡ 2 [644, 1200]MeV/c2, the dominant resonances are

the K⇤
0(800)

0 and the K⇤
0(1430)

0. A component, using Eqn 6.15, is included for each of

these resonances. In addition, a NR component is included with a shape determined by

phase-space alone. The mK⇡ dependent S-wave shape is then given by

gIsobarK⇤
0

(mK⇡, q
2) = f800(mK⇡, q

2)↵800e
�i��800 + f1430(mK⇡, q

2) +
pk

mB0mK⇡

↵NRe
�i��NR ,

(6.26)
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Figure 6.3: The raw resonance functions |fR|2 with J = 0, 1 spin assignments and the non-

resonant shape scaled by a factor 10�4.
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where, as in Eqn 6.17, the notation fR with R = 1430 (R = 800) is used as shorthand

for K⇤
0(1430)

0 (K⇤
0(800)

0). In Eqn. 6.26 above, ↵800 (��800) is the relative magnitude

(phase) of the K⇤
0 (800)

0 relative to the K⇤
0 (1430)

0. The variables ↵NR and ��NR are defined

analogously for the NR component.

As might be expected, given the very similar mK⇡ dependence (see Fig. 6.3) the model

is found to be degenerate when the NR component is used in addition the K⇤
0(800)

0.

This is the case even in fits to subsamples of the control channel B0! J/ K+⇡� dataset

with statistics far in excess of those expected for B0! K+⇡�µ+µ�. Figure 6.4 shows

likelihood profiles for the relative magnitude of the K⇤
0(800)

0 and NR fit to a subsample

of the control channel data. The degeneracy is removed by fixing either component. As

the LASS model contains a NR component, the NR component in the Isobar model is

removed leaving only the K⇤
0 (1430)

0 and K⇤
0 (800)

0 components. Whilst for a full analysis

of B0! J/ K+⇡�, this approach is not likely to be su�cient, the model is able to describe

the B0! K+⇡�µ+µ� dataset very well.

Parameters for the K⇤
0(800)

0

The function f800 describes the component for the K⇤
0 (800)

0 resonance. This function takes

the mass, m800, and the width, �800, of the K⇤
0 (800)

0. Unfortunately, measurements of the

properties of the K⇤
0 (800)

0 from scattering experiments and from production experiments

are in poor agreement [4]. In addition, the value taken from the scattering experiments is

itself a phenomenological average. In order to obtain realistic values, the mass and width

to are fixed to a recomputed average of the production experiment values given in the

PDG. This average is shown in Fig 6.5 with the counterpart for m800 from the PDG. The

average values are found to be

m800 = (819.2± 42.4)MeV/c2 (6.27)
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Figure 6.4: Likelihood profiles of the ↵800 (left) and ↵NR (right) parameters performed on

25 ⇥ 103 B0! J/ K+⇡� data events. The values of the parameters shown on the x-axis are

arbitrary. The red point and error band corresponds to the minimum and uncertainty found by

the fit minimisation algorithm. The parameters are observed to be degenerate with one another.

Fixing ↵NR to zero lifts this degeneracy.
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and

�800 = (472.8± 90.4)MeV/c2. (6.28)

In the Isobar model, these parameters are fixed to the central values above. They do

not appear in the (default) LASS model.

6.2.4 Background models for K⇡ invariant mass and cos ✓K

K⇡ invariant mass parameterisation

The background shape in the K⇡ invariant mass is modelled as a smooth shape with a

kinematic turn on. The simple function:

B(mK⇡;mth, n) = (mK⇡ �mth)
1
n · � (6.29)

is found to perform well empirically. It contributes two parameters, the nth root-parameter

and the threshold mass, mth, which is fixed to be

mth = m⇡ +mK = 634MeV/c2. (6.30)

At large values of q2, the available phase-space becomes too small to produce events

across the full range of mK⇡. The factor �, is the phase-space momentum for an object of

mK⇡µµ = 5780MeV/c2 (the end of the fitting range) to produce a K⇡ object at the q2 of

the centre of the bin. The phase-space factor is described in Appendix B.2.

As a cross check, the empirical ‘D⇤-D0’ shape function is used. The function was origi-

nally used by BaBar [94] to model background from slow pions in D0 mixing measurements.

This function is

Balt.(mK⇡; c, a, b) =

✓

1� e�
(mK⇡�mth)

c

◆

·
✓

mK⇡

mth

◆a

+ b ·
✓

mK⇡

mth

� 1

◆

, (6.31)
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Figure 6.5: The measured values of mass (left) and width (right) of the K⇤
0(800)

0 from

production experiments taken from the PDG [4]. The statistical error is represented in blue and

the systematic in green. The average values (used in this analysis) are represented by the red

points. The PDG figure taken from [4] is shown below.

Citation: J. Beringer et al. (Particle Data Group), PR D86, 010001 (2012) and 2013 partial update for the 2014 edition (URL: http://pdg.lbl.gov)
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Figure 6.6: Background-only fits to mK⇡ in the regions of mK⇡µµ and q2 specified above each

plot.
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where c is a parameter controlling the curvature at low mK⇡, a is the power with which

the function grows at high mK⇡, and b is a further parameter determining the fall o↵

at high mK⇡. For Balt., the parameter mth is also fixed. In fits to simulated data, the

{a, b, c} parameters were found to be excessively correlated, hence the default use of of

B(mK⇡;mth, n).

To further justify the choice of a single parameter, n, to describe the mK⇡ background

shape, fits to mK⇡ are shown in Fig. 6.6 for the mK⇡µµ background sideband. In this

figure, the background-dominated data are well described by the simple function.

cos ✓K parameterisation

The background component in cos ✓K is described by a sum of Bernstein polynomials,

hi(x), up to quadratic order,

B(cos ✓K ; k1, k2) = 1 + k1h1(cos ✓K) + k2h2(cos ✓K). (6.32)

The ki are free parameters. This choice is studied, similarly to the mK⇡ choice, with the

‘background-only’ fits which are shown in Fig. 6.7. Models containing cubic and higher
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Figure 6.7: Background-only fits to cos ✓K in the regions of mK⇡µµ and q2 specified above each

plot.
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order Bernstein polynomials were found to be degenerate when exploring the minimum

found in the fits to B0! J/ K+⇡� data. A sum of Chebyshev polynomials was tried,

however such a model is not forced to be positive, and fits then have convergence problems

owing to negative pdf values. In order to estimate the systematic uncertainty due to

this choice of model, a model up to cubic order is used. This is found to be a negligible

contribution in the total systematic uncertainty, and is discussed in Section 7.3.7.

6.3 Extracting the size of the S-wave component and

the di↵erential branching fraction

Having included the mK⇡-dependence explicitly in the angular distribution (Eqn 2.157),

the fractional size of the S-wave component itself acquires mK⇡-dependence. The quantity

FS, is defined as the fraction of the S-wave amplitudes to the total. Using the notation

121



introduced in Section 2.6.2, this is

FS = FS(mK⇡) (6.33)

⌘

⇣

|A0L0|2 + |A0R0|2
⌘

·
�

�gK⇤
0
(mK⇡)

�

�

2

⇣

|A0L0|2 + |A0R0|2
⌘

·
�

�gK⇤
0
(mK⇡)

�

�

2
+
⇣

P

H

P

p |A1Hp|2
⌘

· |f896(mK⇡)|2
(6.34)

=
�S ·

�

�gK⇤
0
(mK⇡)

�

�

2

�S ·
�

�gK⇤
0
(mK⇡)

�

�

2
+
⇣

�P0 + �PT
⌘

· |f896(mK⇡)|2
(6.35)

In order to obtain the fractional size of the S-wave contribution in a format that is useful

to inform the measurement of B [B0! K⇤
1(892)

0µ+µ�], in which the mK⇡ dependence is

not included, one must integrate over some region of mK⇡ in both the numerator and

denominator individually. It is therefore convenient to introduce the notation:

FS

�

�

�

�

b

a

⌘
�S ·

R b

a
dmK⇡

�

�gK⇤
0
(mK⇡)

�

�

2

�S ·
R b

a
dmK⇡

�

�gK⇤
0
(mK⇡)

�

�

2
+ (�P0 + �PT) ·

R b

a
dmK⇡ |f892(mK⇡)|2

, (6.36)

for brevity, the units of a and b will always be MeV/c2 and will be dropped for the remainder

of this thesis. The parameter of interest for this analysis is FS|1200644 . Angular analyses are

typically performed in the window of ±100MeV/c2 around the nominal K⇤
1 (892)

0 mass, in

this notation the FS parameter of concern to these analyses is FS|996796.

The S-wave-corrected di↵erential branching fraction is given by,

dB [B0! K⇤
1(892)

0µµ]

dq2
=
(1� hFS|1200644 i)

�q2
· hnK⇡µµi
nJ/ K⇤

· ✏J/ K⇤

h✏K⇡µµi
⇥ B

⇥

B0! J/ K⇤0⇤ · B[J/ ! µµ].

(6.37)

In this equation, nf (✏f ) is the number of signal events returned by the fit (e�ciency) for

the decay B0 ! f . The parentheses hi are used to denote quantities measured in a q2 bin,

with bin width

�q2 = q2max. � q2min.. (6.38)

It is important, for the above formula to hold, that B [B0! J/ K⇤0] does not distinguish

S-wave from P-wave, i.e. that FS for B0! J/ K⇤0 decays need not be taken into account.

In this case, a simple fit to the mK⇡µµ spectrum of B0! J/ K⇤0 candidate events can

be used rather than the 3D fit needed to separate the P- and S-wave components. The

normalisation branching fraction is discussed as an external input in the following section.
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ulated q2 distribution shown on a logarithmic

scale. The red shaded areas are removed by the

charmonia vetoes (Section 4.2.1) or excluded by

the binning scheme. In order to compute the

total branching fraction, a factor to account for

this, fq2 , is computed.

The total branching fraction is then given by

B
⇥

B0! K⇤
1(892)

0µµ
⇤

= fq2 ·
X

q2 bins

�q2 ·
⌧

dB [B0! K⇤
1(892)

0µµ]

dq2

�

(6.39)

= fq2 ·
✏J/ K⇤

nJ/ K⇤
· B
⇥

B0! J/ K⇤0⇤ · B[J/ ! µµ]

⇥
X

q2 bins

(1� hFS|1200644 i)hnK⇡µµi
h✏K⇡µµi

.
(6.40)

The correction factor, fq2 , accounts for the events that are removed due to the q2 vetoes,

described in Section 4.2.1, and that the final q2 bin terminates at 19GeV2/c4 (as will be

discussed in Section 6.5.1). This factor is taken from the gen. level simulation sample

and is found to be fq2 = 1.5322± 0.0002 which is slightly larger than the value quoted in

Ref. [88]4 due to the exclusion of B0! �(1020)K⇤0 events that is performed in the present

analysis. Figure 6.8 shows the q2 distribution of the gen. sample with the vetoed regions

shaded in red. The sum of the events that remain after the vetoes accounts is 1/fq2 ⇡ 65%

of the total.

External inputs

The di↵erential (and total) branching fraction requires two external inputs: the branching

fraction of the normalisation channel, B [B0! J/ K⇤0], and the branching fraction of the

decay J/ ! µ+µ�.

The PDG average for B [B0! J/ K⇤0] takes values from analyses which make the

assumption that the ⌥ (4S) decays equally to B+ and B0. For the analysis of Ref [28, 88]

the most precise values from Ref. [87] were taken, translated into partial widths and,

assuming isospin of the B! J/ K⇤ decays, translated back into branching fractions. This

procedure avoids the assumption of equal production at the expense of a slightly larger

uncertainty due to the normalisation channel.

4Ref. [88] used fq2 = 1.50, with no uncertainty, given in the same notation as above.
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The normalisation branching fraction is therefore taken from Ref. [28]. Which is

calculated from the most precise single measurement [87] and does not distinguish between

P- and S-wave components,

B
⇥

B0! J/ K⇤0⇤ = (1.331± 0.025± 0.084)⇥ 10�3. (6.41)

This value is consistent with the PDG average, but less precise. The remaining branching

fraction is taken from the PDG average, it is

B
⇥

J/ ! µ+µ�⇤ = (5.961± 0.033)%. (6.42)

The BaBar measurement of the control channel branching fraction made no dis-

tinction between P- and S-wave components and selected the K⇤0 using the window

mK⇡ 2 [796, 996]MeV/c2 [87]. Therefore the normalisation channel yield, nJ/ K⇤ , must be

taken from the fit to the mK⇡µµ spectrum for this narrower mK⇡ window. By contrast,

the 3D fit to the window mK⇡ 2 [644, 1200]MeV/c2 yields nsig = nK⇡µµ. The ratio of

e�ciencies accounts for this di↵erence in mK⇡ window used to select the B0! J/ K⇤0

and B0! K+⇡�µ+µ� candidates.

6.4 Parameter count

The full combined model with the LASS (Isobar) description of the S-wave has 27 (29)

parameters. Not all of these parameters are allowed to float freely in the fit.

The background model contains five parameters,

{p0, n, k1, k2} [ {mth} . (6.43)

The kinematic threshold, mth is fixed to the value of Eqn. 6.30.

The signal model contains 22 parameters,

~s = {�S, �P0, �PT, x1, x2} [ {a, r}
[ {m892, �892, m1430, �1430, d}
[ {S3, AFB, S9} [ {~↵, mB0}

(6.44)

which are referred to as the ‘angular distribution parameters’, the ‘LASS parameters’, the

‘mK⇡ lineshape parameters’, the ‘nuisance parameters’ and the ‘double-CB parameters’

respectively.

The angular distribution parameters have an arbitrary scale, governed by the integral

of the mK⇡ lineshapes which are not individually normalised. As in Ref. [90], d is fixed to

1.6 [GeV/c]�1. The parameter d is found to be uncorrelated to other parameters in high

statistics pseudodata fits and in fits to the control channel when they are allowed to float.

The systematic uncertainty incurred by the choice of fixed d is described in Section 7.3.2.
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By contrast, the LASS parameters a and r are found to be rather correlated to each other

although uncorrelated to other parameters. The systematic uncertainty due to fixed values

of a and r is included in the discussion in Section 7.3.1.

In the case of the Isobar model:

~s 7! ~s+ {↵800, ��800, m800, �800}
� {a, r} .

(6.45)

That is, that the LASS parameters are replaced by parameters related to the K⇤
0(800)

0

component.

The nuisance parameters are only present due to the shape of the acceptance in cos ✓`
and �. The model is very weakly dependent on them. For the B0! K+⇡�µ+µ� (control

channel B0! J/ K+⇡�) fits, the nuisance parameters are locked to the values given in

Ref. [29] (zero) and varied to assess the systematic bias due to this choice. The e↵ect of

these nuisance parameters is discussed in Section 7.3.9. The Crystal Ball parameters are

fixed to the values found in a fit to the mK⇡µµ spectrum of B0! J/ K+⇡� events, in

Table 6.1.

From inspection of Eqn. 2.157, the overall scale of the model is still undetermined. This

freedom allows one angular distribution parameter to be fixed by normalisation convention.

This is chosen to be �P0. As a cross check, �S is fixed instead and has no e↵ect on the fit

result if an S-wave component is present. A second cross check is to fix �P0 to a number

a factor of 100 larger, a rescaling of the remaining angular distribution parameters is

observed, which also has no e↵ect on the fitted minimum in any other parameters as

expected. One area where this choice does have some e↵ect is in the coverage, as will be

discussed in the following section. The choice to allow �S to float and explore unphysical

(negative) values improves the coverage of the derived FS parameter.

6.5 Validation using pseudodata

Fits to pseudodata are employed to check the model for degeneracies and to assess the

sensitivity to FS and the signal yield. Initially, fits to subsamples of the control channel,

B0! J/ K+⇡�, are used to obtain realistic starting values for parameters. Following

this initial fit, pseudodata samples are generated with varying number of pseudodata per

sample in order to assess the sensitivity of the model and ensure there are no large biases.

Pseudodata are generated from the full 3D fit model (Eqn 6.2) using the accept-reject

Monte Carlo method. In addition to validation of the model, this study drives the choice

of binning scheme in q2 which dictates the size of the real data samples that are fitted.

After performing this study, the fit is found to give an unbiased estimation for the

parameters of interest with samples of 200 signal pseudodata per dataset. For a realistic

signal-to-background ratio, this sample size corresponds to 100� 200 background pseudo-

data. The number of data generated for each sample is Poisson fluctuated about the total.
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Figure 6.9: The fitted value of the parameters of interest. These correspond to the first two

pull distributions of Fig. 6.10.
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The pull of each of the parameters (and the derived value and pull of FS|996796) is calculated

for each fit result.

The resulting histograms of the fitted value of FS and nsig for 5000 pseudoexperiments

are shown in Fig. 6.9. These two parameters are the parameters of interest. The spread of

the values correspond to the expected precision on FS|996796 and the branching fraction.

For toys where FS is small, the coverage is improved by allowing the parameter �S to

explore negative (unphysical) values. The other floating parameters ensure that the total

pdf remains positive. Negative values of �S only occur in a small minority of fits. This

can provide an unphysical error interval, but avoids the need to correct the coverage.

The histograms of pulls for the signal and background parameters are shown in Figs 6.10

and 6.11 respectively. The histograms and the result of making a fit of a Gaussian to

these pull distributions are presented in Table 6.2.

Some of the background parameters have non-Gaussian pull distributions. This bias is

restricted to the background parameters. The worst of these is n (the exponent of the

mK⇡ background model) and this parameter is seen to be uncorrelated to the parameters

from which FS is calculated. Furthermore no significant bias is observed in FS, since the

uncertainty calculation for the derived quantities takes the correlations into account. This

e↵ect, that the background parameters are broadly uncorrelated to the signal parameters

is a consequence of including the background region of mK⇡µµ in the fit.

6.5.1 Defining a q2 binning scheme

A secondary result of fits to pseudodata, is that it drives the choice of the q2 binning

scheme employed to extract the result.

Fitting data samples with O(200) signal events are found to provide an acceptable

coverage of the signal parameters of interest, whereas fits to O(100) are not. This is a

balance of precision on FS, for which more data are better, and fitting the finest q2 binning

scheme possible to provide more information about the shape of the di↵erential branching
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Figure 6.10: The results of pseudodata sample fits presented as histograms of pulls of the signal

model parameters. Each sample has a number of data which is Poisson-fluctuated about 300

events. The non-Gaussian behaviour in some of the S-wave parameters is not at a level where it

has an e↵ect on the parameters of interest (FS and nsig).
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Table 6.2: The pulls for signal and background parameters in the full 3D model, shown as

the ‘raw’ and fitted mean and widths corresponding to Figs 6.10 and 6.11. The parameters of

interest are FS, and the signal yield, nsig which are used in calculating the di↵erential branching

fraction.

parameter raw mean RMS fitted mean fitted �

FS �0.08± 0.03 1.11± 0.02 �0.05± 0.03 1.05± 0.02

nsig �0.03± 0.03 1.05± 0.02 �0.02± 0.03 0.98± 0.02

x1 0.01± 0.03 1.10± 0.02 0.02± 0.03 1.06± 0.02

x2 0.03± 0.03 1.09± 0.02 0.03± 0.03 1.02± 0.02

�S �0.07± 0.03 1.15± 0.02 �0.09± 0.03 1.05± 0.02

�PT �0.11± 0.03 1.05± 0.02 �0.08± 0.03 0.92± 0.02

nbkg �0.05± 0.03 1.05± 0.02 �0.02± 0.03 1.00± 0.02

Figure 6.11: The results of pseudodata sample fits presented as histograms of pulls of the

background model parameters. The lower two plots are the mK⇡ background parameter, n, and

cos ✓K background parameter, k1 which display non-Gaussian behaviour. These two parameters

are uncorrelated to all signal parameters and this behavior has no e↵ect on the parameters of

interest. The upper two plots, particularly the background yield are correlated (as expected) to

the di↵erential branching fraction, however these parameters show Gaussian behavior.
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q2 bin (GeV2/c4) nsig nbkg

[0.1, 0.98] 373± 21 135± 14

[1.1, 2.5] 240± 19 282± 20

[2.5, 4.0] 195± 19 442± 24

[4.0, 6.0] 367± 24 643± 30

[6.0, 8.0] 403± 26 733± 31

[11.0, 12.5] 349± 23 454± 25

[15.0, 17.0] 446± 25 389± 24

[17.0, 19.0] 256± 19 275± 20

[1.1, 6.0] 802± 36 1367± 43

[15.0, 19.0] 703± 31 664± 31

Table 6.3: The fitted signal yield, nsig,

of B0! K+⇡�µ+µ� events and background

yield nbkg in bins of q2. The binning scheme

follows the convention of Ref. [29] and pro-

vides at least 200 signal events per bin, for

which the coverage is found to be acceptable

and the fit is unbiased. The fitted spectrum

for the region q2 2 [1.1, 6]GeV2/c4 is shown in

Fig. 6.12. The remaining fitted distributions

are included in Appendix E.2.

Figure 6.12: Fit to the mK⇡µµ spectrum for B0! K+⇡�µ+µ� decays shown on linear (left)

and logarithmic (right) scales for the theoretically clean region q2 2 [1.1, 6]GeV2/c4. The set

of shape parameters for the double Crystal Ball, ~↵, are fixed to those of Table 6.1. The yields

extracted from this fit corresponds to the ninth row in Table 6.3. The remaining fitted spectra

are given in Appendix E.2.
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fraction. The binning scheme that is chosen is identical to that of Ref. [29] and provides at

least 200 signal events per bin. Table 6.3 shows the fitted signal and background yields, nsig

and nbkg, respectively. One should note that the purity is low since the background region

of mK⇡µµ is included. Figure 6.12 shows fits to mK⇡µµ for the region q2 2 [1.1, 6]GeV2/c4,

as described in Section 6.1. The remainder of the fitted distributions which result in the

yields in Table 6.3 are included in Appendix E.2.

6.6 Validation using control channel data

Fits under a variety of configurations are performed on B0! J/ K+⇡� data events.

The default configuration of the model is the full 3D model (Eqn 6.2) with the LASS

description of the S-wave component. The alternative Isobar model, is also fitted in the 3D

configuration. In order to check the e↵ect of the acceptance, the 2D fit is also performed
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Table 6.4: Fitted parameter values from the 3D fit to control channel B0! J/ K+⇡� data.

The S-wave component is described by the LASS model which is the default model choice. The

angular distribution parameters have an arbitrary scale, governed by the integral of the mK⇡

lineshapes which are not individually normalised.

parameter fitted value units

FS|1200644 12.2± 0.12 %

FS|996796 5.19± 0.056 %

nbkg 41356± 272 (events)

nnsig 395540± 654 (events)

�S 1.07± 0.01 (arb.)

�PT 0.0422± 0.0002 (arb.)

x1 � 0.2418± 0.002 (arb.)

x2 0.071± 0.002 (arb.)

m892 894.84± 0.06 MeV/c2

�892 48.7± 0.2 MeV/c2

n 1.42± 0.02 –

p0 � 4.76± 0.04 10�4[MeV/c2]�1

k1 0.1± 0.1 –

k2 0.1± 0.2 –

with no acceptance function. In all cases, values of FS|996796 are found in the range 4� 5%.

Some mismodelling is observed in the approximate region cos ✓K 2 [�0.8,�0.5] (at a

level below the required statistical uncertainty for the statistics of fits to B0! K+⇡�µ+µ�).

The mismodelling is also seen around the same region of cos ✓K by the CMS analysis [95].

This mismodelling was investigated and found to be consistent with a contribution from a

state similar to the Z(4430)�. The Z(4430)� is a candidate for a tetraquark state recently

observed in the decay mode B0!  (2S)K+⇡� [90]. In the case of the control channel,

this contribution would be of the form B0! X�K+ with X�! J/ ⇡� which is claimed

to be observed by Belle [96]. The results of some studies performed in collaboration with

others are given in Appendix D. The full analysis of the B0! J/ K+⇡� decay mode

would require a more precise description of many other components. This is beyond the

scope of this analysis which only requires that the model be valid for the statistics of the

B0! K+⇡�µ+µ� data sample. An analysis within the LHCb collaboration is ongoing.

Projections of the fitted 3D model with the LASS description of the S-wave are shown

in Fig. 6.13. The values of the fitted parameters are given in Table 6.4. This fit finds

FS|996796 = (5.19± 0.06)% and FS|1200644 = (12.2± 0.1)%. The Isobar model is also fitted to

this data and the resulting fitted projections are shown in Fig. 6.14. The fitted parameters

for this Isobar model fit are given in Table 6.5.
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Figure 6.13: Projections of the 3D fit to control channel B0! J/ K+⇡� data. The S-wave

component is described by the LASS model which is the default choice. Some mismodelling

is observed in the region cos ✓K 2 [�0.8,�0.5]. This is understood to be consistent with a

contribution from a state similar to the Z(4430)� (see Appendix D).

)2 (MeV/cπKm
800 1000 1200

 )2
Ev

en
ts 

/ (
 2

.7
8 

M
eV

/c

0

2000

4000

6000

8000

10000

12000

14000

)2 (MeV/cπKm
800 1000 1200

 )2
Ev

en
ts 

/ (
 2

.7
8 

M
eV

/c

1−10

1

10

210

310

410

data
total pdf
background component
signal component
P-wave sub-component
S-wave sub-component

Kθcos 
1− 0.5− 0 0.5 1

Ev
en

ts 
/ (

 0
.0

1 
)

0

500

1000

1500

2000

2500

3000

3500

4000

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

0

20

40

60

80

100

120

140
310×

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

1

10

210

310

410

510

131



Table 6.5: Fitted parameter values from the 3D fit to control channel B0! J/ K+⇡� data.

The S-wave component is described by the Isobar model which is used as an alternative model to

the LASS in order to estimate the systematic uncertainty from the choice of model. The angular

distribution parameters have an arbitrary scale, governed by the integral of the mK⇡ lineshapes

which are not individually normalised. In this fit the parameter �P0 was allowed to float in place

of �S.

parameter fitted value units

FS|1200644 11.8± 0.16 %

FS|996796 5.05± 0.063 %

nbkg 41431± 290 (events)

nsig 395464± 662 (events)

�P0 6931± 452 (arb.)

�PT 5739± 383 (arb.)

x1 � 567± 461 (arb.)

x2 15636± 614 (arb.)

↵800 0.69± 0.01 (arb.)

��800 3.18± 0.06 rad.

m892 895.09± 0.06 MeV/c2

�892 48.5± 0.2 MeV/c2

n 1.61± 0.03 –

p0 � 4.77± 0.04 10�4[MeV/c2]�1

k1 0.1± 0.2 –

k2 0.2± 0.6 –
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Figure 6.14: Projections of the 3D fit to control channel B0! J/ K+⇡� data. The S-wave

component is described by the Isobar model which is used as an alternative model to the LASS

in order to estimate the systematic uncertainty from the choice of model. As with Fig 6.13, some

mismodelling is observed in the region cos ✓K 2 [�0.8,�0.5]. This is understood to be consistent

with a contribution from a state similar to the Z(4430)�.
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Chapter 7

Results

The fit is performed in all q2 bins, resulting in the di↵erential branching fraction measure-

ment shown in Fig. 7.1. The results for the fractional size of the S-wave component (FS)

are shown in Fig. 7.2. Both results are given in Table 7.1 which also shows the total

systematic uncertainty described in Section 7.3. Multiplying the di↵erential branching

fractions by the bin widths, summing, and accounting for the vetoed regions as described

in Section 6.3, yields the total branching fraction which is found to be

B
⇥

B0! K⇤
1(892)

0µ+µ�⇤ = (1.058+0.017
�0.016 ± 0.013± 0.070)⇥ 10�6, (7.1)

where the first uncertainty is statistical, the second systematic, and the third is

due to the uncertainty on the branching fraction of the normalisation channel,

B [B0! J/ K⇤0] · B [J/ ! µ+µ�].

Individual projections of the fitted distributions are shown in Figure 7.3 for the bin

q2 2 [1.1, 6]GeV2/c4 and in Figures 7.4 and 7.5 for the bins q2 2 [2.5, 4]GeV2/c4 and

q2 2 [4, 6]GeV2/c4 respectively. The remainder are included in Appendix E.3.

7.1 Comparison to theoretical predictions

Theoretical predictions for the di↵erential branching fraction at low q2 are given in Ref. [23].

This reference provides predictions for the first four bins of q2 where the uncertainties due

to parametric sources of uncertainty, form-factor uncertainty, and an estimate of hadronic

e↵ects are separated out. From private communication with the authors of Ref. [23], an

additional prediction was provided in the ranges q2 2 [1.1, 6]GeV2/c4, q2 2 [15, 19]GeV2/c4,

and additional information was given regarding the treatment of the three sources of

uncertainty which are not precisely Gaussian, and therefore the total error is not exactly

the quadratic sum of the three components. The value at high q2 is calculated by the

authors of Ref. [23] using the form factors given in Ref. [25]. These predictions are given

in Table 7.2, and shown on Fig 7.1 as blue bands.
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Figure 7.1: Results for the di↵erential branching fraction of B0! K⇤
1 (892)

0µ+µ� in bins of q2.

The vertical error bars are divided into the statistical component alone (before the crossbar) and

the extra contribution due to systematic sources of uncertainty and the normalisation channel

(full error bar). The horizontal uncertainty denotes the q2 bin. The blue shaded areas correspond

to the SM predictions from Refs [23, 25] which are summarised in Table 7.2.
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Figure 7.2: Results for the fraction of S-wave in bins of q2. The left- (right-) hand figure

corresponds to the range mK⇡ 2 [796, 996]MeV/c2 (mK⇡ 2 [644, 1200]MeV/c2). The vertical

error bars are divided into the statistical component alone (before the crossbar) and the extra

contribution due to systematic uncertainty. The horizontal uncertainty denotes the q2 bin. The

systematic contribution is small in all bins except for high-q2 bins for FS|1200644 (rightmost points

on the right-hand plot) where it is just visible.
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Table 7.1: Table of results of the 3D fit to extract FS and the di↵erential branching fraction.

In all columns, the first uncertainty is statistical and the second systematic. In the final column,

the third error is the systematic due to the branching fraction of the normalisation channel.

q2 bin (GeV2/c4) FS|996796 FS|1200644 107 ⇥ dB/dq2 (c4/GeV2)

[0.1, 0.98] 0.018+0.012
�0.012 ± 0.0085 0.045+0.030

�0.030 ± 0.0123 1.203+0.071
�0.069 ± 0.030± 0.080

[1.1, 2.5] 0.140+0.032
�0.032 ± 0.0092 0.296+0.058

�0.058 ± 0.0123 0.384+0.038
�0.035 ± 0.010± 0.025

[2.5, 4.0] 0.023+0.021
�0.021 ± 0.0086 0.057+0.051

�0.051 ± 0.0120 0.392+0.036
�0.034 ± 0.008± 0.026

[4.0, 6.0] 0.112+0.024
�0.024 ± 0.0078 0.246+0.047

�0.047 ± 0.0120 0.422+0.033
�0.030 ± 0.011± 0.028

[6.0, 8.0] 0.030+0.019
�0.019 ± 0.0072 0.074+0.046

�0.046 ± 0.0135 0.517+0.033
�0.032 ± 0.010± 0.034

[11.0, 12.5] 0.018+0.018
�0.018 ± 0.0062 0.044+0.044

�0.044 ± 0.0132 0.562+0.036
�0.035 ± 0.013± 0.037

[15.0, 17.0] 0.007+0.018
�0.018 ± 0.0053 0.016+0.039

�0.039 ± 0.0111 0.606+0.035
�0.033 ± 0.021± 0.040

[17.0, 19.0] 0.015+0.017
�0.017 ± 0.0089 0.028+0.031

�0.031 ± 0.0188 0.393+0.026
�0.025 ± 0.017± 0.026

[1.1, 6.0] 0.097+0.016
�0.016 ± 0.0084 0.218+0.031

�0.031 ± 0.0122 0.402+0.020
�0.019 ± 0.008± 0.027

[15.0, 19.0] 0.011+0.015
�0.015 ± 0.0068 0.020+0.026

�0.026 ± 0.0122 0.494+0.020
�0.022 ± 0.017± 0.033
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Figure 7.3: The result of the full 3D fit to the data for the bin q2 2 [1.1, 6]GeV2/c4 which is

the sum of the second, third and fourth bins in Fig. 7.1. This bin is the theoretically favoured

region away from the photon pole and before the cc e↵ects are thought to become sizeable.
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Figure 7.4: The result of the full 3D fit to the data for the bin q2 2 [2.5, 4]GeV2/c4 which is

the third bin in Figs 7.2 and 7.1.
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Figure 7.5: The result of the full 3D fit to the data for the bin q2 2 [4, 6]GeV2/c4 which is the

fourth bin in Figs 7.2 and 7.1.
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Table 7.2: Theoretical predictions for the di↵erential branching fraction in the SM. The central

value, and projected uncertainties for the first four bins are taken from Ref. [23], the value for

q2 2 [1.1, 6]GeV2/c4 and the total errors are from a private communication with the authors of

Ref. [23]. The value at high q2 is computed by the authors of Ref. [23] using the form factors

from Ref. [25].

q2 range (GeV2/c4) prediction 107 ⇥ dB/dq2 (c4/GeV2) total uncertainty

[0.1, 1.0] 1.08± 0.07± 0.15± 0.06 ±0.20

[1.1, 2.5] 0.49± 0.07± 0.07± 0.02 ±0.08

[2.5, 4.0] 0.46± 0.06± 0.06± 0.02 ±0.08

[4.0, 6.0] 0.51± 0.06± 0.06± 0.03 ±0.08

[1.1, 6.0] 0.49± 0.03± 0.06± 0.02 ±0.08

[15.0, 19.0] 0.59 ±0.07

As can be seen in Fig. 7.1, the results are compatible with the SM within uncertainties.

There is some tension with the prediction at high q2 for the region q2 2 [15, 19]GeV2/c4.

However this prediction is taken purely from form factors calculated at using the lattice

QCD method [25], if instead one combines the form factors from the LCSR and lattice

results in order to provide predictions, then the SM prediction in this region becomes

(0.54 ± 0.06) ⇥ 10�7c4/GeV2 which is more compatible with the result of this analysis.

The results across q2, are low with respect to the predictions. As discussed in Section 2.4,

this is consistent with other b! s`+`� decay processes.

7.2 Cross checks of the result

Several cross checks are performed on the result presented above. They are described in

this section.

Since the background is described by a threshold model in mK⇡ and a polynomial model

in cos ✓K , there is the possibility that signal S-wave, which has a similar mK⇡-dependence

and is linear in cos ✓K , might be mistaken for background. However, Fig. 7.6 shows that

this is not the case. The signal yields obtained by fitting the mK⇡µµ spectrum (given in

Table 6.3) are completely comparable with the yield parameters from the 3D fit.

From Eqn. 2.149 it is possible to extract the fraction of longitudinal polarised amplitudes

(FL) from the fitted parameters of the 3D fit. Good agreement is found with the values

reported in Ref. [29], as shown in Fig. 7.7. Whilst the angular analysis described in

Ref. [29] was performed on the same Run I data sample, the present analysis employs a

di↵erent selection, with a wider window of mK⇡, and does not include the angles cos ✓` and

�. It is therefore to be expected that these values should not agree perfectly, in particular

as the extra angular information is known to provide a somewhat orthogonal fit.

The fast variation between the first and second bins is understood in terms of the
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Figure 7.6: Plots of the background (left) and signal (right) yields from fits of mK⇡µµ alone

(black points, Eqn. 6.3) overlaid with the yields from the 3D fit (blue points). Uncertainties are

statistical only. The values are compatible, which implies that there is no exchange of S-wave

signal with background in the 3D fit.
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Figure 7.8: Individual components that enter the calculation of FS|1200644 . The first bin is

expected to contain a dominant contribution from the photon pole which contributes to the

P-wave and does not contribute to the S-wave. The left- (right-) hand figure corresponds to the

S-wave (P-wave) amplitude given by Eqn. 7.2 (7.3) which enter into the calculation of FS in

Eqn. 6.36. The uncertainties shown are statistical only.
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photon pole in the P-wave state. This can be seen by plotting the individual terms entering

into the FS calculation,

�S ·
Z b

a

�

�gLASS
K⇤

0
(mK⇡)

�

�

2
dmK⇡, (7.2)

which is the squared magnitude of the total S-wave amplitude, and

(�P0 + �PT) ·
Z b

a

|f892(mK⇡)|2 dmK⇡, (7.3)

which is the squared magnitude of the total P-wave amplitude. These terms are shown

in Eqn. 6.36. Integrating over the window mK⇡ 2 [644, 1200]MeV/c2, these are shown in

Fig. 7.8. Since the lowest q2 bin is dominated by the photon pole, which is not present in

the S-wave decay, the P-wave component is expected to dominate there and FS will be

much smaller in the first bin than in subsequent low-q2 bins.

The remaining variation (between the second, third, and fourth bins) is not altered by

even aggressive simplifications to the acceptance. One such simplification is to exclude all

dimensions except for cos ✓K from the angular e�ciency function so that

✏(q2, mK⇡, cos ✓`, cos ✓K , �) 7! ✏(cos ✓K). (7.4)

This test also has the e↵ect of excluding any possible e↵ect of the nuisance parameters.

The possibility that the fit has landing in a local minimum is tested by randomising the

parameters’ starting values in repeated fits. These randomised fits are repeated at least

twenty times for each of the second, third, and fourth q2 bins. Furthermore, if the pattern

were caused by a local minimum, then changing the model should have an e↵ect. The

pattern is not altered by performing a fit with the Isobar model, nor upon varying the

mK⇡-lineshape parameters. The e↵ect of any remaining specific backgrounds is small,

as will be shown in Section 7.3.6. The hypothesis of a statistical fluctuation is explored.

Unfortunately, the assessment of a fluctuation e↵ecting the FS parameter is rather di�cult

as there are no real predictions for the shape of FS in q2. It is often asserted that FS

should behave roughly as FL. Indeed in Ref. [30] the S-wave amplitudes are shown to be

similar to the longitudinal P-wave amplitudes. The assertion that FS ⇠ FL is used in a

rather coarse way to assess the level of this variation. A spline interpolation is performed

on the FL distribution which is then scaled, by minimising the �2, to the distribution of

FS|1200644 . The �2/ndf of the spline fit to the FS|1200644 data is 13.9/6 which has a corresponding

probability of 3.4%. The spline interpolation of FL and the distribution of FS|1200644 is shown

in Fig. 7.9.

The di↵erential branching fraction has recently been measured by the CMS collab-

oration [95], and previously by the BaBar [97], Belle [98], and CDF [99] collaborations.

Figure 7.10 shows a comparison of the results presented in this thesis with these values.

Several di↵erent binning schemes are used across the di↵erent measurements. However,

broadly speaking, the results are in good agreement.
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Figure 7.9: An assessment of the variation in FS|1200644 as a statistical e↵ect. The FL shape is

extracted using a spline interpolation (left), this is scaled to the distribution of FS|1200644 (right)

which yields a �2 probability of 3.4%.
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recent BaBar [97], Belle [98] results (open and filled squares respectively) as well as results from

CDF (open triangles) [99]. All the results are in agreement.
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7.3 Systematic uncertainties

The measurement of the (di↵erential) branching fraction presented in this thesis is dom-

inated by the the uncertainty on the branching fraction of the normalisation channel,

B [B0! J/ K⇤0]. This uncertainty is considered separately from the systematic uncer-

tainties presented in this section. In both the measurement of the branching fraction and

FS, the statistical uncertainty dominates over the systematic.

For the branching fraction measurement, the dominant systematic uncertainty is due

to the model dependence of the simulation, which a↵ects the ratio of e�ciencies. The

leading sources of systematic uncertainty on the measurement of FS is the modelling of

the S-wave lineshape and residual di↵erences between data and simulation which a↵ects

the determination of the angular e�ciency. In general, the uncertainty on FS is a small

e↵ect, when propagated to the branching fraction.

A common strategy is employed to assess the size of various modelling e↵ects and

several of the e↵ects related to the description of the angular e�ciency. This strategy is

to generate very large pseudodata samples with a realistic alternative choice of model

(or e�ciency function). The pseudodata are then fitted with the nominal model and the

alternative fit, the di↵erence between the fitted values of FS and the signal yields under each

configuration is recorded. This is repeated for around 50 samples (or pseudoexperiments),

and the size of the systematic bias is taken as the average of the di↵erences observed in

each pseudoexperiment. High statistics are used in order to exclude any statistical e↵ect,

typically O(106) pseudodata per sample is used. E↵ects that are small require a larger

sample size in order that the be resolved above the statistical precision.

The remainder of this section is a discussion of the assessment of the size of these

e↵ects. A summary is provided in Tables 7.3–7.5.

7.3.1 S-wave lineshape

The dominant source of systematic uncertainty on FS is the choice of model used to

describe the S-wave lineshape. It is also possible that this model choice might have a

biasing e↵ect on the signal yield, nsig, since this parameter floats in the same fit. However

the variation in nsig that is observed to occur is well below the statistical uncertainty of

even very large samples of pseudodata. With the inclusion of mK⇡µµ in the fit, which

provides a strong constraint on the yields, this secondary e↵ect can be safely neglected.

The S-wave shape choice is therefore considered as a standalone uncertainty on FS which

is directly propagated to the branching fraction according to the derivative of formula

given in Eqn 6.36.

Several variations of the S-wave lineshape are tested. The average of the observed

di↵erences (per pseudoexperiment) is taken as the systematic variation due to the specific

model choice. With several possible model variations to assess the same systematic e↵ect,
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Table 7.3: A summary of the systematic uncertainties applicable to FS. The columns are split

by q2 range in units of GeV2/c4. The S-wave model choice is the dominant uncertainty in most

bins, the second largest being the e↵ect of residual di↵erences between data and simulation

due to the presence of S-wave in the control channel. The first five rows are propagated to the

branching fraction neglecting secondary corrlation, for example to the signal yield. The last four

rows are propagated taking correlations into account. Continued in Table 7.4.

[0.1, 0.98] [1.1, 2.5] [2.5, 4.0]

§ FS|996796 FS|1200644 FS|996796 FS|1200644 FS|996796 FS|1200644

S-wave model 7.3.1 0.0065 0.0022 0.0070 0.0013 0.0066 0.0017

simulation stats 7.3.4 0.0006 0.0013 0.0004 0.0009 0.0004 0.0009

meson radius 7.3.2 0.0010 0.0018 0.0010 0.0018 0.0010 0.0019

B(mK⇡) 7.3.7 0.0009 0.0017 0.0012 0.0021 0.0006 0.0011

re-sampling 7.3.8 0.0033 0.0071 0.0034 0.0064 0.0035 0.0076

nuisances 7.3.9 0.0000 0.0000 0.0009 0.0016 0.0002 0.0003

⇤0
b! pK�µ+µ� 7.3.6 0.0001 0.0002 0.0001 0.0001 0.0001 0.0002

B0
s ! �(1020)µ+µ� 7.3.6 0.0002 0.0004 0.0002 0.0003 0.0002 0.0004

kaon mismodelling 7.3.3 0.0024 0.0053 0.0021 0.0047 0.0017 0.0038

pion mismodelling 7.3.3 0.0035 0.0077 0.0040 0.0087 0.0037 0.0080

sum in quad. 0.0085 0.0123 0.0092 0.0123 0.0086 0.0120

[4.0, 6.0] [6.0, 8.0] [11.0, 12.5]

§ FS|996796 FS|1200644 FS|996796 FS|1200644 FS|996796 FS|1200644

S-wave model 7.3.1 0.0055 0.0015 0.0037 0.0004 0.0009 0.0011

simulation stats 7.3.4 0.0004 0.0009 0.0004 0.0008 0.0007 0.0015

meson radius 7.3.2 0.0011 0.0021 0.0011 0.0023 0.0011 0.0031

B(mK⇡) 7.3.7 0.0007 0.0013 0.0007 0.0013 0.0007 0.0016

re-sampling 7.3.8 0.0032 0.0069 0.0035 0.0075 0.0034 0.0071

nuisances 7.3.9 0.0000 0.0001 0.0003 0.0005 0.0003 0.0007

⇤0
b! pK�µ+µ� 7.3.6 0.0002 0.0003 0.0001 0.0003 0.0001 0.0002

B0
s ! �(1020)µ+µ� 7.3.6 0.0003 0.0005 0.0003 0.0006 0.0002 0.0004

kaon mismodelling 7.3.3 0.0023 0.0052 0.0032 0.0072 0.0028 0.0061

pion mismodelling 7.3.3 0.0035 0.0077 0.0038 0.0081 0.0039 0.0084

sum in quad. 0.0078 0.0120 0.0072 0.0135 0.0062 0.0132
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Table 7.4: Continued from Table 7.3. A summary of the systematic uncertainties applicable

to FS. The columns are split by q2 range in units of GeV2/c4. The S-wave model choice is the

dominant uncertainty in most bins, the second largest being the e↵ect of residual di↵erences

between data and simulation due to the presence of S-wave in the control channel. The first five

rows are propagated to the branching fraction neglecting secondary corrlation, for example to

the signal yield. The last four rows are propagated taking correlations into account.

[15.0, 17.0] [17.0, 19.0]

§ FS|996796 FS|1200644 FS|996796 FS|1200644

S-wave model 7.3.1 0.0031 0.0065 0.0080 0.0169

simulation stats 7.3.4 0.0004 0.0008 0.0007 0.0015

meson radius 7.3.2 0.0012 0.0025 0.0003 0.0005

B(mK⇡) 7.3.7 0.0016 0.0033 0.0024 0.0045

re-sampling 7.3.8 0.0036 0.0075 0.0031 0.0068

nuisances 7.3.9 0.0003 0.0006 0.0002 0.0004

⇤0
b! pK�µ+µ� 7.3.6 0.0000 0.0000 0.0000 0.0000

B0
s ! �(1020)µ+µ� 7.3.6 0.0002 0.0005 0.0000 0.0000

kaon mismodelling 7.3.3 0.0004 0.0008 0.0001 0.0002

pion mismodelling 7.3.3 0.0012 0.0024 0.0004 0.0009

sum in quad. 0.0053 0.0111 0.0089 0.0188

[1.1, 6.0] [15.0, 19.0]

§ FS|996796 FS|1200644 FS|996796 FS|1200644

S-wave model 7.3.1 0.0063 0.0015 0.0054 0.0113

meson radius 7.3.4 0.0011 0.0020 0.0007 0.0012

simulation stats 7.3.2 0.0008 0.0019 0.0005 0.0012

B(mK⇡) 7.3.7 0.0006 0.0012 0.0021 0.0038

re-sampling 7.3.8 0.0034 0.0074 0.0034 0.0072

nuisances 7.3.9 0.0001 0.0002 0.0003 0.0006

⇤0
b! pK�µ+µ� 7.3.6 0.0004 0.0007 0.0001 0.0002

B0
s ! �(1020)µ+µ� 7.3.6 0.0006 0.0011 0.0003 0.0005

kaon mismodelling 7.3.3 0.0019 0.0042 0.0007 0.0016

pion mismodelling 7.3.3 0.0037 0.0080 0.0003 0.0005

sum in quad. 0.0084 0.0122 0.0068 0.0142
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Table 7.5: A summary of the systematic uncertainties applicable to the di↵erential branching

fraction. The columns are split by q2 range in units of GeV2/c4. All values are in units of

10�7c4/GeV2.

§ [0.1, 0.98] [1.1, 2.5] [2.5, 4.0] [4.0, 6.0] [6.0, 8.0]

✏/✏ model 7.3.5 0.0173 0.0039 0.0026 0.0019 0.0065

kaon mismodelling 7.3.3 0.0111 0.0038 0.0030 0.0037 0.0018

pion mismodelling 7.3.3 0.0153 0.0068 0.0047 0.0064 0.0050

re-sampling 7.3.8 0.0151 0.0042 0.0049 0.0070 0.0054

⇤0
b! pK�µ+µ� 7.3.6 0.0007 0.0002 0.0003 0.0005 0.0005

B0
s ! �(1020)µ+µ� 7.3.6 0.0011 0.0003 0.0003 0.0005 0.0006

FS uncorrelated – 0.0045 0.0019 0.0012 0.0017 0.0016

sum in quad. 0.0301 0.0099 0.0080 0.0105 0.0102

[11.0, 12.5] [15.0, 17.0] [17.0, 19.0] [1.1, 6.0] [15.0, 19.0]

✏/✏ model 7.3.5 0.0034 0.0091 0.0086 0.0024 0.0082

kaon mismodelling 7.3.3 0.0079 0.0153 0.0110 0.0028 0.0115

pion mismodelling 7.3.3 0.0067 0.0082 0.0039 0.0051 0.0031

re-sampling 7.3.8 0.0066 0.0065 0.0063 0.0049 0.0061

⇤0
b! pK�µ+µ� 7.3.6 0.0003 0.0001 0.0000 0.0009 0.0003

B0
s ! �(1020)µ+µ� 7.3.6 0.0005 0.0006 0.0001 0.0010 0.0005

FS uncorrelated – 0.0024 0.0048 0.0071 0.0015 0.0060

sum in quad. 0.0130 0.0212 0.0173 0.0082 0.0168
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the largest e↵ect observed is taken as the size of the systematic uncertainty. The systematic

uncertainty obtained is combined with other uncertainties by summation in quadrature.

Since it is di�cult to assess whether this method of obtaining the uncertainty returns the

width of the normally distributed variation, the uncertainty is also combined assuming

a uniformly distributed variation as a test. The two combinations are indistinguishable

for all of the values of the di↵erential branching fraction and FS|1200644 in all q2 bins and

for FS|996796 at high q2. For FS|996796 measured in the low-q2 bins, the test indicates a possible

slight over-estimation of the total systematic uncertainty which is ignored.

The e↵ect of using the LASS parameters given by Eqns 6.22 and 6.23 is assessed by

the alternative parameters given by Eqns 6.24 and 6.25. Since these LASS parameters are

correlated with eachother the combinations are also tested. This choice contributes the

dominant systematic e↵ect at low q2 at around 0.6% for FS|996796 and in the range 1� 2%

for FS|1200644 . The alternative Isobar model is considered with factors (q0/mK⇡)LK⇡ and

(q0/q)LK⇡ . The latter contributes at higher q2, whereas the former has a smaller e↵ect

than both other alternatives.

7.3.2 Meson radius parameter

Another modelling choice was to fix the meson radius parameter, d, as described in

Section 6.2.2. This parameter is present in the P-wave lineshape, described by the function

f892(mK⇡) (Eqn. 6.15). The size of the e↵ect is assessed by generating a pseudodata sample

using the alternative values of d = 3.0, 5.0 [GeV/c]�1 and refitting. The e↵ect is small

compared to the e↵ect of the S-wave shape choice, described above, and is given in the

third row of Tables 7.3 and 7.4. As with the S-wave modelling choice, there is negligible

e↵ect on the yields and the uncertainty is therefore only assigned to FS and propagated to

the (di↵erential) branching fraction.

7.3.3 Residual di↵erences between data and simulation due to

the presence of an S-wave component in the control chan-

nel data

A systematic e↵ect arises due to the presence of a genuine S-wave component in the control

channel data from which corrections to the simulation were derived. This has an e↵ect on

the event weight corrections described in Section 5.1.2. The simulated control channel

data is pure P-wave events, whereas the sFit weighted control channel data contains both

P- and S-wave events. This will a↵ect the kinematic properties of the hadrons.

The size of this e↵ect is assessed by reweighting the hadron momentum distributions

in simulation to reproduce the sFit weighted B0! J/ K⇤0 data. In order to minimise the

e↵ect of genuine S-wave, which is not present in the simulation, the weights are derived in a

very narrow window of ±20MeV/c2 around the K⇤
1 (892)

0. The reweighting is performed in
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momentum and pT of each hadron. The 2D distributions of data and simulation, and the

correction weight are shown in Fig 7.11 for the pion momenta. A similar plot for the kaon

momenta is given in Fig. C.6 in Appendix C.3. The resulting projections of momentum

before and after the correction are also included in Appendix C.3. The common strategy

of large pseudodata samples is employed: the samples are generated with an acceptance

function (derived from the reweighted simulation) and refit with the nominal model and

the same model with the new acceptance function. The resulting di↵erences observed in FS

are given in the eighth and ninth rows of Tables 7.3 and 7.4. In general, this e↵ect is below

level of systematic uncertainty assigned to FS due to the S-wave modelling uncertainty.

For the di↵erential branching fraction, these weights are also applied to the reco. sample

which is used to form the ratio of e�ciencies. The uncertainty on the branching fraction is

propagated from the correlated variations observed in the ratio of e�ciencies and the value

of FS|1200644 for each q2 bin. This is given in the second and third rows of Table 7.5. The

possible correlation between the two reweightings is ignored when combining to obtain the

total systematic uncertainty. The size of the correlation is estimated by applying both

weights and repeating the above procedure. The values of the correlations are below the

level that the e↵ect the total systematic uncertainty.

7.3.4 Statistical uncertainty of the simulated data sample used

to extract e�ciency function

Section 5.3 described the procedure to extract a functional description of the angular

e�ciency from simulated data. This procedure is a↵ected by statistical fluctuations in the

sample of simulation from which the function is extracted. In order to assess the size of

this e↵ect, the covariance matrix, formed of the variances between estimators, is calculated

following Eqn. 5.10. The covariance matrix is used to draw fluctuated sets of coe�cients

corresponding to a fluctuated e�ciency function. These fluctuated sets of coe�cients

are treated as alternatives to the nominal e�ciency function. Each fluctuated e�ciency

function is used, with the nominal model, to generate a large sample of pseudodata. The

pseudodata sample from a fluctuated e�ciency function is refit with the fluctuated model,

and with the nominal model (with the nominal e�ciency function). This procedure is

repeated for 100 fluctuations. The resulting systematic bias is found to be small relative

to the e↵ect of modelling; except at high q2, where it is of a comparable size. This e↵ect

contributes less than 0.1% uncertainty on FS in either mK⇡ range, the exact values are

presented in the second row of Tables 7.3 and 7.4. No significant e↵ect is observed on the

yields in these pseudoexperiments therefore only the uncertainty on FS|1200644 is propagated

to the branching fraction.
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Figure 7.11: Extra correction weights (bottom centre) are derived for disagreement between

the pion momenta in data (left) and simulation (right) for sFit weighted B0! J/ K⇤0 (shown

on a normalised z-scale) with a narrow window around the K⇤
1 (892)

0.

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

P(K) (MeV/c)
0 20000 40000 60000 80000 100000

(K
) (

M
eV

/c
)

TP

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

0

0.01

0.02

0.03

0.04

0.05

P(K) (MeV/c)
0 20000 40000 60000 80000 100000

(K
) (

M
eV

/c
)

TP

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

) (MeV/c)πP(
0 20000 40000 60000 80000 100000

) (
M

eV
/c

)
π( TP

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

150



Figure 7.12: Di↵erent model predictions for the (unnormalised) di↵erential rate, d�/dq2 (left).

The form factors are taken from BZ [24] and KMPW [101] (according to the authors’ initials),

amplitudes are found with the EOS software package [100] for two models: the SM and a model

where CNP
9 = �1.5. The functions are used to estimate the systematic uncertainty in the binned

ratio of e�ciencies, shown in the right-hand plot, and described in the text. For the purposes

of estimating this systematic uncertainty: only the shape information in the di↵erential rate is

used. The left-hand figure is shown unnormalised in order to demonstrate that a modified CNP
9

predicts a somewhat lower rate which is consistent with the picture presented in Section 2.4.
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7.3.5 Model dependence of the ratio of e�ciencies and veto cor-

rection factor

The ratio of e�ciencies, and the veto correction factor, fq2 , (introduced in Eqn. 6.39)

are taken from simulation which is integrated over the angles in order to provide the q2

spectrum. As such, there is a model-dependent assumption that the angular distribution of

the data agrees with the SM angular distribution which is simulated. In order to test the

possible e↵ect of this model dependence, the simulation samples are weighted to reproduce

alternative models. Weights are derived from the functional forms of alternative model

descriptions of the di↵erential rate, d�/dq2. The functions, shown to the left of Fig. 7.12,

are extracted using the EOS open source software package [100]. Two sets of form factors

are used from Refs. [24, 101], in two model scenarios: the SM and a realistic NP scenario

where CNP
9 = �1.5. The original gen. sample is used to derive four sets of weights which

reproduce each of these four curves. The gen. and reco. samples are both weighted and

the ratio of e�ciencies, shown to the right of Fig. 7.12, is recomputed in each case. For

each q2 bin, the largest di↵erence between each of the weighted values and the nominal

is taken as the systematic uncertainty due to the model dependence of integrating the

simulation in this way.

The veto correction factor is also recomputed and the largest variation is ±0.01 cf.

the uncertainty due to the statistics of the gen. sample, ±0.0002. This is treated as

correlated to the uncertainty assigned to the ratio of e�ciencies when propagated to the

total branching fraction.
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7.3.6 Remaining contribution from specific background pro-

cesses

Several sources of specific background processes are listed in Table 4.3. Whilst all

contamination is < 2%, it is possible that the dominant background processes, ⇤0
b !

pK�µ+µ� (which can contribute as described in Section 4.2.2) and B0
s ! �(1020)µ+µ�

(described in Section 4.2.3) may be present in the q2 spectrum in a way that conspires to

have an e↵ect in a local region of q2. In the case of ⇤0
b! pK�µ+µ�, the q2 spectrum is

not known (and the simulated sample therefore relies on a phase-space model). The e↵ect

of a contribution from either of these processes is assessed using data.

The strategy employed is: remove the vetoes that are normally employed to reject

the process in question and remove the BDT requirement, employ a selection to remove

signal B0! K+⇡�µ+µ� and other background events, take the distribution of these events

in data as ‘template’ shapes, and make an assessment of the contribution using these

templates. The template shapes are implemented as 3D histograms (of the mK⇡µµ, mK⇡,

and cos ✓K dimensions) from which a random samples of pseudodata background events

are drawn. The e↵ect is quantified, as with systematics due to modelling e↵ects, with large

samples of pseudodata generated from the nominal model except that it is the data which

is given an alternative, rather than the model. For every high statistics pseudodata sample,

the sample is refit with the model, then a sample of the specific background component

is generated at the proportion according to Table 4.3 and the proportional size of that

bin in the q2 spectrum. These background events are added to the original pseudodata

sample, and this pseudodata-plus-background sample is refit. The mean of the di↵erences

in the parameters of interest for each sample, is taken as the systematic variation.

Candidate ⇤0
b! pK�µ+µ� events are selected if

(5575 < m(⇡!p)Kµµ < 5665)MeV/c2, (7.5)

and

DLLp⇡(⇡) > 20. (7.6)

The doubly misidentified candidates, where the proton is misidentified as a “kaon” track

and where the kaon is also misidentified as the “pion” track, are not used. Candidate

B0
s ! �(1020)µ+µ� events are selected if

(5317 < m(⇡!K)Kµµ < 5417)MeV/c2, (7.7)

(1010 < m(⇡!K)K < 1030)MeV/c2, (7.8)

and

DLLK⇡(⇡) > 0. (7.9)

It is important that the above criteria remove the genuine signal B0! K+⇡�µ+µ�

component. This is necessary, since injecting extra signal into the large pseudodata samples
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Figure 7.13: The q2 spectrum for all ⇤0
b ! pK�µ+µ� candidates selected in data (left) and

the ⇤0
b hypothesis four-body invariant mass (m(⇡!p)Kµµ) spectrum for ⇤0

b! J/ pK� candidates

(right). Away from the J/ , there are only few candidates for each q2 bin.
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Figure 7.14: The q2 spectrum for all B0
s ! �(1020)µ+µ� candidates selected in data (left)

and the B0
s hypothesis four-body invariant mass (m(⇡!K)Kµµ) spectrum for B0

s ! J/ �(1020)

candidates (right). Away from the J/ , there are only few candidates for each q2 bin.
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under the guise of ‘background’ will result in an overestimate for the uncertainty on the

fitted signal yield and therefore the branching fraction.

For the q2 bins given in Table 6.3, there are few candidates of either specific process

per q2 bin. Rather than use template shapes from each q2 bin, where the samples have low

statistics, the resonant J/ mode for each decay, ⇤0
b! J/ pK� and B0

s ! J/ �(1020), are

used. The J/ modes are selected by the addition of the window q2 2 [9.22, 9.96]GeV2/c4.

The proportion of background for each q2 bin is scaled to the proportion of data candidates

in that bin (using the q2 spectra of the data candidates) and relative to the 1.2% (0.75%)

of signal for the ⇤0
b (B0

s ) decay given in Table 4.3. Figure 7.13 (7.14) shows the ⇤0
b (B0

s )

candidates selected by the requirements in Eqns 7.5 and 7.6 (7.7–7.9) and the q2 spectrum

for all candidates.

The e↵ect observed on FS is rather small, however it is given in the sixth and seventh

rows of Tables 7.3 and 7.4. This e↵ect observed on the yields is also small. The uncertainty

on the signal yield and FS|1200644 is propagated to the branching fraction accounting for the

correlation and given in the fifth and sixth rows of Table 7.5.
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7.3.7 Background modelling

In Eqn. 6.31, an alternative model for the background in mK⇡ is given. This model is

used to assess the systematic bias which arises from the choice of the simple background

model given in Eqn 6.29. Realistic values for the parameters {a, b, c} are taken from fits

of the mK⇡ dimension in the background sideband in mK⇡µµ. These values are then used

to generate a large pseudodata sample of the full 3D model, but with B(mK⇡) replaced

by Balt.(mK⇡). As with other modelling e↵ects the resulting di↵erence observed in the

parameters of interest is taken as the systematic uncertainty. The resulting uncertainties

are shown the fourth row of Tables 7.3 and 7.4. Very little e↵ect is observed in the yields

and therefore the uncertainty is assigned to FS only and propagated to the branching

fraction as uncorrelated.

For cos ✓K , the alternative model used is to extend the quadratic function to include a

cubic term. Reasonable values for this higher order model are similarly taken from fits

to the background sideband region of mK⇡µµ. Large pseudodata samples are fit with this

alternative model, and with the nominal model, as above. In the worst q2 bin, which is

q2 2 [1.1, 2.5]GeV2/c4, the observed variation is an order of magnitude smaller than the

smallest of the systematic uncertainties; elsewhere the variation is smaller still. Therefore

no systematic uncertainty is assigned.

7.3.8 Re-sampling

The re-sampling procedure for correcting the DLL variables in simulation is described

in Section 5.1.1. This procedure only preserves the correlations in simulation, for the ⌘,

Ntracks, and pT variables. The size of the systematic uncertainty due to breaking these

correlations is estimated by deriving an acceptance correction where the selection is applied

with the original (‘un-re-sampled ’) DLL variables and uncorrected BDT. That is, the use

of the red distributions in Fig. 5.1. This alternative e�ciency function is treated as an

alternative similarly to the procedure described in Section 7.3.4, above. The alternative

e�ciency function is used to generate a large sample of pseudodata. The pseudodata

sample from the alternative e�ciency function is refit with the fluctuated model, and with

the nominal model (with the nominal e�ciency function). The resulting systematic bias is

generally found small relative to the e↵ect of modelling.

7.3.9 Nuisance parameters

The e↵ect of fixing the parameters {S3, AFB, S9} is assessed by performing the fit with

them set to zero, and set to the value ±1� of the quoted uncertainty, in whichever direction

is furthest from zero in Ref. [29]. Note that the latter is rather aggressive, but results in a

negligible di↵erence in the fitted values of FS. Fitting with the terms fixed to zero also

has very little e↵ect except in the bin q2 2 [1.1, 2.5]GeV2/c4where the e↵ect is small but
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should not be neglected. All values are therefore included in the fifth row of Tables 7.3

and 7.4 for completeness. As with many other e↵ects, the variation is only observed in FS

and therefore propagated directly to the branching fraction as a component of the seventh

row of Table 7.5.

7.3.10 Other subdominant e↵ects and checks

Various other e↵ects could introduce a systematic bias. The e↵ects discussed in this section

are considered and no systematic uncertainty is assigned.

The mismodelling of the tracking e�ciency in simulation is often considered as a source

of systematic uncertainty, however this e↵ect has been shown to contribute at less than

the percent level in previous work [1] and is therefore not considered here. Similarly, the

e↵ect of the invariant mass resolution which is similarly neglected.

Agreement between data and simulation due to the modelling of the trigger

Any systematic uncertainty related to the mismodelling of the trigger e�ciency in the

simulation is assessed by comparing the trigger e�ciencies in simulation and data. In data,

it is possible to extract the trigger e�ciency, with relatively poor precision, using events

that were trigger independently of signal (TIS). The data used is selected with the full

selection chain, as described in Chapter 4, with the exception of the trigger requirements.

The background component in the data is removed using the sFit technique, as described

in Section 4.3.3. Using the independent sample of events that were selected but were TIS,

the e�ciency is given by the ratio of the number of events that were both TIS and trigger

on signal (TOS) to the total number of events that were TOS,

✏trigger =
nTIS&TOS

nTIS
. (7.10)

The e�ciency distributions are shown for data and simulation in Fig 7.15. These distribu-

tions are compatible within the statistical uncertainty, therefore no systematic uncertainty

is assigned. In some cases in the data, there are no TIS events in the sample therefore the

bin reports an e�ciency of unity, these bins should be ignored.
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Figure 7.15: The e�ciency of, the L0 trigger (top left), HLT1 (top right), and HLT2 (bottom

centre) in data and simulation. The trigger e�ciency in data is extracted using the method

described in the text. The distributions are compatible to within uncertainties and therefore no

systematic uncertainty is assigned.
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Chapter 8

Conclusions and outlook

This thesis presents the world’s most precise measurement of the di↵erential and total

branching fraction of B0! K⇤
1(892)

0µ+µ�. The analysis makes the first measurement of

the S-wave pollution using a partial angular analysis and modelling of the K⇡ invariant

mass spectrum. This procedure allows the branching fraction of the pure P-wave component

to be measured. Previous analyses have only ever extracted the sum of the P- and S-wave

components and compared to the theoretical predictions for the P-wave.

The measured di↵erential branching fraction for all q2 bins is in shown Fig. 7.1 and

given in Table 7.1. The results are below SM predictions although consistent within

uncertainties. In the theoretically favoured region q2 2 [1.1, 6]GeV2/c4, the di↵erential

branching fraction is found to be

dB [B0! K⇤
1(892)

0µ+µ�]

dq2
= (0.402+0.020

�0.019 ± 0.008± 0.027)⇥ 10�7, (8.1)

where the first uncertainty is statistical, the second is systematic and the third due to the

precision on the branching fraction of the normalisation channel. This measurement can

be compared to the SM prediction of (0.49± 0.08)⇥ 10�7 [23].

Although the di↵erential branching fraction for q2 2 [1.1, 6]GeV2/c4 is within 1� of the

prediction, the measurement exhibits the same trend as measurements of other b! s`+`�

processes, such as the branching fractions of B0
s ! �(1020)µ+µ� [32], B+ ! K+µ+µ�,

B0! K0
Sµ

+µ�, and B+! K⇤+µ+µ� [28] which are all lower than SM predictions. This

is intriguing as it could be explained by a NP contribution to the Wilson coe�cient C(0)
9

which describes a left- (right-) handed vector coupling for the b! s`+`� transition. The

NP contribution makes C9 smaller than predicted in the SM. This modified C9 could be

explained by, for example, a Z 0 with a mass of mZ0 ⇠ 7TeV/c2 which is not excluded

by direct searches [35]. A low value of C9 is consistent with the 3.7� anomaly in a

quantity derived from the angular distribution of B0! K⇤
1(892)

0µ+µ� decays [27,29], and

the 2.6� deviation from unity in the ratio of branching fractions of B+ ! K+µ+µ� to

B+! K+e+e� decays, RK , (see Eqn 2.93) [43]. Whilst a consistent NP explanation of

the various anomalies is viable, the SM hypothesis is by no means excluded [47, 48].
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Figure 8.1 shows the result of a global fit to the Wilson Coe�cients from Ref. [29]

and an updated analysis with measurements of the di↵erential branching fraction of

B0
s ! �(1020)µ+µ� decays [32] and the measurements presented in this thesis. The tension

between the best fit point and the SM, since publication of Ref. [48], is somewhat reduced.

This is due, in part to a slightly smaller tension in the di↵erential branching fraction

of B0! K⇤
1(892)

0µ+µ� than was reported in the previous measurement [26] which is

superceded by the analysis of this thesis. Whilst the di↵erential branching fraction of

B0
s ! �(1020)µ+µ� is in tension for the region q2 2 [1, 6]GeV2/c4, the overall agreement

of the angular observables for this process with the SM predictions is good [32]. This also

contributes to the slightly reduced tension.

The LHC is currently running, and the LHCb collaboration will update these mea-

surements with several times the dataset size. However, for the angular observables

in B0! K⇤
1(892)

0µ+µ� decays, and the branching fractions, there is still considerable

debate in the theory community as to whether the theoretical uncertainties are as small

as claimed. In particular, the size of charm-quark-loop corrections to the predictions

for the Wilson coe�cients (and therefore to SM predictions of observables) is still the

subject of intense debate [39]. A future measurement of the relative phase between the J/ 

and  (2S) resonances may help in testing the understanding of this source of theoretical

uncertainty [39].

Conversely, the lepton universality observable, RK , should not be sensitive to charm-

loop e↵ects. Future measurements to test lepton universality such as measurements of

R� and RK⇤ (defined analogously to Eqn 2.93) are planned at LHCb, and may help to

clarify the situation. Given lepton non-universality, lepton flavour violation becomes well

motivated [45]. Searches for lepton flavour violating processes of the type B! K``0 are

also under study.
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Figure 8.1: Global fits to the Wilson coe�cients shown as planes of Re
�

CNP
9

�

�Re
�

C 0NP
9

�

(upper) and Re
�

CNP
9

�

�Re
�

CNP
10

�

(lower) performed before (left) and after (right) the inclusion

of the results presented in this thesis and the branching fraction of B0
s ! �(1020)µ+µ� from

Ref. [32]. The darker and lighter contours correspond to 1� and 2� best fit regions respectively.

The blue shaded area shows the global best fit point. The red (green) area shows the individual

constraint from angular observables (branching fractions).
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Appendix A

Supplementary figures related to the

selection

The figures shown in this appendix are supplementary to those shown in Chapter 4.

Figure A.1 shows the cos ✓` and � distributions for simulated events that are not

excluded by the full selection. This figure is supplementary to Fig. 4.1.

Figure A.2 shows the m(K!p)(⇡!K)µµ and DLLK⇡(⇡) plane for simulated signal and

phase-space ⇤0
b ! ⇤⇤(1520)0µ+µ� where the p is reconstructed as the “K+” candidate

and the K� is reconstructed as the “⇡�”. This figure is analogous to Fig. 4.3 and depicts

the veto detailed in Eqns 4.6 and 4.7.

Figure A.3 shows the relative e�ciency to select simulated signal events and reject the

misidentified and doubly misidentified tracks originating from the ⇤0
b! pK�µ+µ� decays.
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Figure A.1: Distributions of simulated events shown as stacked histograms and scaled to the

number of events expected in 3 fb�1. The chanels shown are: B0! K⇤0µ+µ� (signal) in cyan;

signal mode with hadron swaps in pink; B0
s ! �µµ in green; B+ ! K+µ+µ� in red; and

samples of ⇤0
b! pK�µ+µ� and ⇤0

b! ⇤⇤(1520)0µ+µ� in black.
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Figure A.2: Planes of ⇤0
b candidate mass (m(K!p)(⇡!K)µµ) and pion candidate DLLK⇡ for

simulated physics signal (left) and simulated phase-space ⇤0
b! ⇤⇤(1520)0µ+µ� events (right).

The red shaded box shows the area that is excluded by the veto (Eqns 4.6 and 4.7).
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Figure A.3: The relative e�ciency to select signal (blue) and reject misidentified ⇤0
b !

pK�µ+µ� decays (red). Two samples are used to determine the signal e�ciency. One simulated

with a physics model (dark blue) and one simulated with a phsp model. The left-hand plot shows

the e↵ect of varying the cut at zero in Eqn. 4.5 for events which also fulfil Eqn. 4.4 and are

candidate ⇤0
b decays to be removed. The right-hand plot shows similar but for varying the cut

in Eqn. 4.7 for the veto designed against doubly misidentified ⇤0
b ! pK�µ+µ� events (double

swaps).
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Appendix B

Supplementary description of various

functions

This appendix gives further information concerning various functions used in this thesis.

B.1 Crystal Ball function

The Crystal Ball (CB) function [79]1 is a Gaussian core with an asymmetric power-law

tail. The function is used to model the mK⇡µµ spectra. It is introduced in Sections 4.3.3

and 6.1. The function is defined

FCB = FCB(mK⇡µµ; mB, �,↵, n) (B.1)

⌘ 1

NCB

8

>

>

<

>

>

:

exp

✓

�(mK⇡µµ �mB)2

2�2

◆

, for
mK⇡µµ �mB

�
> �↵

X ·
✓

Y � mK⇡µµ �mB

�

◆�n

, for
mK⇡µµ �mB

�
6 �↵

(B.2)

X =

✓

n

|↵|

◆n

· exp
 

� |↵|2

2

!

, (B.3)

Y =
n

|↵| � |↵| (B.4)

and is normalised by the factor,

NCB = �(U + V ); (B.5)

U =

r

⇡

2

✓

1 + erf

✓

|↵|p
2

◆◆

; (B.6)

V =
n

|↵| ·
1

n� 1
· exp

✓

=
|↵|2
2

◆

. (B.7)

1Appendix E of [79]
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B.2 Triangle function and phase-space momentum

The phase-space momentum for a decay of the type M! m1m2 is given by

P(M,m1,m2) =

8

<

:

p
�(M2,m2

1,m
2
2)

2M �(M2,m2
1,m

2
2) > 0

0 otherwise
(B.8)

where the triangle function is given by,

�(a, b, c) ⌘ a2 + b2 + c2 � 2ab� 2bc� 2ac. (B.9)

In Eqns 6.15, 6.16, 6.18 and 6.21, the notation p, pR, k, and kR is used to denote various

phase-space momenta. The K⇤ in the rest frame of the B is given by:

p ⌘ P(mB0 ,mK⇡,
p

q2), (B.10)

and pR is defined as above with the value of mK⇡ set to that of the mean (pole mass)

of resonance. For example, when evaluating Eqn. 6.15 for the K⇤
1(892)

0: pR = p892 =

P(mB0 , 896,
p

q2). The kaon momentum in the rest frame of the K⇤ is:

k ⌘ P(mK⇡,mK ,m⇡) (B.11)

and similarly, kR is obtained from the above with mK⇡ at the mean of the resonance.
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Appendix C

Supplementary information and

figures related to the angular

e�ciency

The figures shown in this appendix are supplementary to those shown in Chapter 5 and

Section 7.3.3. They either show the e↵ect of (re)weighting simulation (Figs C.1, and C.7 or

the e�ciency projections for dimensions over which the integral is performed (Figs C.2–C.5).

A brief proof of Eqn. 5.8 is also provided.

C.1 Figures supplementary to Chapter 5

Using the event weights a comparison of the track isolation distributions is shown Figure C.1.

This figure is supplementary to Section 5.1.3 and Fig. 5.3.

Figure C.2 shows the 1D projections of the simulated e�ciency and MoM results for

cos ✓` and �. This figure is supplementary to Fig. 5.6.

Figures C.3–C.5 show 2D projections of the simulated e�ciency and the integrated

polynomial for all combinations containing cos ✓` or �.

C.2 Proof of Equation 5.8

The orthogonality condition for the Legendre polynomials is

Z +1

�1

Pm(x)Pn(x)dx =
2

2n+ 1
�mn. (5.5)

The e�ciency function is expanded as

✏ =
X

ghijk

cghijkPg(mK⇡
0)Ph(q

20)Pi(cos ✓`)Pj(cos ✓K)Pk(�
0). (5.6)
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Figure C.1: Comparison plots for isolation variables on linear (left) and logarithmic (right)

scales. Uncorrected simulation (red) is weighted and re-sampled (blue) and compared to sFit

weighted data (black points)
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Figure C.2: One-dimensional projections of the simulated e�ciency distribution with the

polynomial function returned by the Legendre method of moments (MoM) integrated and

overlaid. Supplementary to Fig. 5.6.
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Multiplying Eqn. 5.6 through by Pm(mK⇡
0) and integrating over mK⇡

0,

Z

Pm(mK⇡
0) · ✏ · dmK⇡

0 =
X

ghijk



cghijk

Z

Pg(mK⇡
0)Pm(mK⇡

0)dmK⇡
0

Ph(q
20)Pi(cos ✓`)Pj(cos ✓K)Pk(�

0)

�

(C.1)

=
2

2m+ 1

X

hijk



cmhijkPh(q
20)Pi(cos ✓`)Pj(cos ✓K)Pk(�

0)

�

. (C.2)

Repeating the process of multiplying by a term Pn(x) and integrating for each variable

yields
ZZZZZ

Pm(mK⇡
0)Pn(q

20)Po(cos ✓`)Pp(cos ✓K)Pq(�
0) ✏ dmK⇡

0dq2
0
d cos ✓`d cos ✓Kd�

0

=
2

2m+ 1

2

2n+ 1

2

2o+ 1

2

2p+ 1

2

2q + 1
cmnopq,

(C.3)

which may be trivially rearranged to give Eqn. 5.8.

C.3 Figures supplementary to Section 7.3.3

Figure C.6 is supplementary to Fig 7.11 and shows the correction weights applied to the

simulated events due to mismodelling the kaon momenta. Figure C.7 shows the e↵ect of

reweighting simulated data based on the distributions of hadron momenta shown in Figs C.6

and 7.11. The e↵ect of mismodelled hadron kinematics contributes a relatively large portion

of the systematic uncertainty, although considerably smaller than the uncertainty due to

the limited statistics of the data.
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Figure C.3: Two-dimensional projections of the sampled e�ciency (left) and polynomial

function returned by the Legendre method of moments (MoM) (right). The z-axis in both plots

shows the projected e�ciency scaled to the number of entries in the o✏ine selected simulated

sample, and is therefore arbitrary. This Fig, together with Figs C.4 and C.5 are supplementary

to Fig. 5.7.
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Figure C.4: Continued from Fig C.3
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Figure C.5: Continued from Fig C.4
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Figure C.6: Supplementary to Fig. 7.11 in Section 7.3.3. Extra correction weights (bottom

centre) are derived for disagreement between the kaon momenta in data (left) and simulation

(right) for sFit weighed B0! J/ K⇤0 with a narrow window around the K⇤
1 (892)

0.

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

P(K) (MeV/c)
0 20000 40000 60000 80000 100000

(K
) (

M
eV

/c
)

TP

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

P(K) (MeV/c)
0 20000 40000 60000 80000 100000

(K
) (

M
eV

/c
)

TP

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

P(K) (MeV/c)
0 20000 40000 60000 80000 100000

(K
) (

M
eV

/c
)

TP

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

181



Figure C.7: Validation plots for the reweighting of hadron kinematics to account for residual

data-simulation di↵erences. The plots, in linear (left), and logarithmic (right) scales show

momentum distributions for the hadrons. The simulation is corrected as described in Section 5.1

(red histogram), and compared to sFit weighted B0 ! J/ K⇤0 data (black points). Further

weights are derived and applied resulting in the blue histogram. These weights are applied to the

phase-space simulation sample and two sets of acceptance coe�cients are rederived accounting

for the kaon and pion reweighting.

p(K) (GeV/c)
0 20 40 60 80 100

N
or

m
al

ise
d 

ev
en

ts

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

p(K) (GeV/c)
0 20 40 60 80 100

N
or

m
al

ise
d 

ev
en

ts

3−10

2−10

1−10

(K) (GeV/c)
T

p
0 2 4 6 8 10

N
or

m
al

ise
d 

ev
en

ts

0

0.02

0.04

0.06

0.08

0.1

(K) (GeV/c)
T

p
0 2 4 6 8 10

N
or

m
al

ise
d 

ev
en

ts

3−10

2−10

1−10

) (GeV/c)πp(
0 20 40 60 80 100

N
or

m
al

ise
d 

ev
en

ts

0

0.02

0.04

0.06

0.08

0.1

0.12

) (GeV/c)πp(
0 20 40 60 80 100

N
or

m
al

ise
d 

ev
en

ts

4−10

3−10

2−10

1−10

) (GeV/c)π(
T

p
0 2 4 6 8 10

N
or

m
al

ise
d 

ev
en

ts

0

0.02

0.04

0.06

0.08

0.1

0.12

) (GeV/c)π(
T

p
0 2 4 6 8 10

N
or

m
al

ise
d 

ev
en

ts

5−10

4−10

3−10

2−10

1−10

182



Appendix D

E↵ect of a possible new resonant

state in the control channel fit

This appendix briefly describes studies performed on the control channel B0! J/ K+⇡�

fits in order to understand the di↵erent values of FS found by di↵erent fit methods. The

appendix is supplementary to Section 6.6. Some values quoted are from the angular fit

presented in Ref. [29] as well as analysis methods to be published soon, based on the

methods described in Refs [86, 102].

The di↵erences observed are consistent with the e↵ect of a resonance, X�, similar to

the Z(4430)� state recently observed [90] in the decay process B0!  (2S)K+⇡�. The

Z(4430)� is a tetraquark candidate and contributes to these decays as B0! Z(4430)�K+

where the Z(4430)� !  (2S)⇡�. The contribution to the control channel decay,

B0! J/ K+⇡�, would be of the analogous form B0 ! X�K+ with X� ! J/ ⇡�.

Such a state is claimed to be present in the Belle analysis of B0! J/ K+⇡� [96]. The

presence of this state could explain the mismodelling in the region cos ✓K 2 [�0.8,�0.5].

The e↵ect also appears in the cos ✓K spectrum of the CMS analysis [95]. Figure D.1 shows

several cos ✓K distributions where this mismodelling may be seen. This contribution can

only a↵ect the control channel and cannot contribute to non-resonant B0! K+⇡�µ+µ�

signal decays. The mismodelling is also below the level of precision required for the analysis

of B0! K+⇡�µ+µ� which su↵ers from low statistics. A full analysis of this structure is

ongoing within the LHCb collaboration.

The value of FS found by the fit presented in Fig 6.13 and Table 6.4 is lower than values

found by other methods. In general, methods including mK⇡ are found to give consistently

lower values of FS than methods including angular information. This is most evident in

comparing the result of the nominal 3D fit model (FS|996796 = 5.19± 0.06%) with the result

of a purely angular fit (FS|996796 = 8.3± 0.3%). The angular fit is also performed with the

addition of the mK⇡ dimension simultaneously, resulting in a value FS|996796 = 7.9 ± 0.3.

Whilst the angular and mK⇡ spectra provide somewhat orthogonal information, and values

found with the fit method described in this thesis are measured on a wider window of
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Figure D.1: An indication of a possible X� contribution in an excess of events around cos ✓K 2
[�0.8,�0.5] for the control channels in this analysis cf. figures where the Z(4430)� component

was discovered. The result of an amplitude method fit [102] to a bin mK⇡ 2 [826, 861]MeV/c2 is

shown to the (upper left) and the projection of the nominal LASS model 3D fit described in this

thesis (upper right). The upper right-hand figure is also shown in Fig. 6.13. These should be

compared to the cos ✓K distribution of B0!  (2S)K⇤ decays where a component is included for

the Z(4430)� state (central figure, dark blue component). The central figure is given by private

correspondence with the authors of Ref. [90]. Finally, the results of the CMS analysis control

channel fits (taken from Ref. [95]) to B0! J/ K⇤0 (lower left) and B0!  (2S)K⇤ (lower right)

show similar mismodelling.
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mK⇡
1, such a di↵erence is unexpected. However, the angular and angular-with-mK⇡ fitted

values are performed on exactly the same dataset.

The analysis method of this thesis (both the 3D and 2D fits) agrees with the fitted FS

found by angular methods for pseudodata samples of a known FS. This has been tested

extensively with pseudodata samples generated with several di↵erent models. To test the

hypothesis of a X contribution, the model developed for the analysis published in Ref. [90]

is used to generate pseudodata samples. These pseudodata samples are fit with several

methods, including the 3D fit documented in this thesis. Di↵erences are observed in the

fitted FS values in the range 1� 3%, dependent on the parameters of the X�. A summary

of several well motivated model configurations is provided in Table D.1. Also of note,

the angular methods [29,102], when performing fits to mK⇡, su↵er from poor modelling

uncertainty as the fit is performed in a region mK⇡ 2 [796, 996]MeV/c2. The analysis

method described in this thesis, is performed in the range mK⇡ 2 [644, 1200]MeV/c2 which

provides a better modelling control of the resonance parameters. Indeed, the angular

analysis methods quote a systematic uncertainty on FS|996796 due to modelling of the mK⇡

spectrum in the range 1� 2%.

1and therefore di↵ering datasets
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Table D.1: A summary of the results of several fitters results on toy data with and without a

resonant X� contribution. All pseudodata samples are generated using the model adapted from

the analysis of Ref. [90] with resonance parameters from Ref. [96] for the J/ resonance rather

than the  (2S). The rows marked as “Angular” fits are performed using the fit for angular

observables described in Refs [29]. The ‘3D’ fit is documented in this thesis. The rows marked

“1D” are performed with a fit to only the mK⇡ spectrum with an independent implementation

from that of this thesis, but following Eqn. 6.11. The observed di↵erences between methods are

su�cient to explain the discrepancy observed in the control channel B0! J/ K+⇡�, between

angular fit methods and fit methods involving mK⇡. Uncertainties shown are statistical only.

Model configuration Fit method FS|996796 (%)

X� amplitude at default for Angular 0.0668± 0.0020

the Z(4430)� 3D 0.0545± 0.0013

1D 0.0497± 0.0016

X� with width 100MeV/c2 Angular 0.0695± 0.0020

larger than Z(4430)� 3D 0.0543± 0.0013

1D 0.0484± 0.0016

X� state with width 100MeV/c2 Angular 0.0754± 0.0020

smaller than Z(4430)� 3D 0.0557± 0.0013

1D 0.0531± 0.0016

X� amplitude scaled up by
p
2 Angular 0.0683± 0.0020

(i.e. 50% larger contribution) 3D 0.0557± 0.0012

1D 0.0510± 0.0016

No X� state Angular 0.0521± 0.0020

3D 0.0502± 0.0015

1D 0.0464± 0.0016

No X� state, with K⇤
0(800)

0 Angular 0.0399± 0.0020

parameters set to averages from 3D 0.0339± 0.0007

Section 6.2.3 1D 0.0358± 0.0016

No X� state Angular 0.0575± 0.0020

including D-wave K⇡ states 3D 0.0527± 0.0016

1D 0.0525± 0.0016
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Appendix E

Supplementary fitted parameter

values and fitted projections of the

result for each q2 bin

E.1 Parameters found by the fit to K⇡µµ invariant

mass

The fitted mK⇡µµ spectra for control channel data shown in Fig 6.1 correspond to fits to

two regions of mK⇡. The upper two figures are the result of a fit to B0! J/ K⇤0 data for

the regions q2 2 [9.22, 9.96]GeV2/c4 and mK⇡ 2 [796, 996]MeV/c2 which is used to extract

the yield of B0! J/ K⇤0 events. The values of the parameters found by this fit, which are

not used in any other area of the analysis presented in this thesis, are given in Table E.1

for completentess.

E.2 Fitted distributions of K⇡µµ invariant mass

spectrum for all remaining q2 bins

This appendix contains the remaining fitted mK⇡µµ spectra for the fitted yields given in

Table 6.3. Figures E.1 and E.2 are supplementary to Fig. 6.12 in Section 6.5.1.

E.3 Fitted projections for all remaining q2 bins

This appendix shows the remaining projections of the fit for the q2 bins that have not

been included in Chapter 7. Table E.2 provides a summary of the figures corresponding to

all q2 bins, for convenience.
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Figure E.1: Continued from Fig. 6.12. Fits to the mK⇡µµ spectrum for B0! K+⇡�µ+µ�

decays shown on linear (left) and logarithmic (right) scales in bins of q2 (rows). The set of shape

parameters for the double-CB, ~↵ and mB0 , are fixed to those of Table 6.1. See Fig. E.2 for

further bins.

q2 2 [0.1, 0.98]GeV2/c4

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

0
20
40
60
80

100
120
140

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

1

10

210

q2 2 [1.1, 2.5]GeV2/c4

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

0

20

40

60

80

100

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

1

10

210

q2 2 [2.5, 4.0]GeV2/c4

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

0

20

40

60

80

100

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

1

10

210

q2 2 [4.0, 6.0]GeV2/c4

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

0
20
40
60
80

100
120
140
160

)2 (MeV/cµµπKm
5200 5400 5600

 )2
Ev

en
ts 

/ (
 1

5.
25

 M
eV

/c

1

10

210

188



Figure E.2: Continued from Fig. E.1. Fits to the mK⇡µµ spectrum for B0! K+⇡�µ+µ�

decays shown on linear (left) and logarithmic (right) scales in bins of q2 (rows). The set of shape

parameters for the double-CB, ~↵ and mB0 , are fixed to those of Table 6.1.
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Figure E.3: The result of the full 3D fit to the data for the bin q2 2 [0.1, 0.98]GeV2/c4.
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Figure E.4: The result of the full 3D fit to the data for the bin q2 2 [1.1, 2.5]GeV2/c4.
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Figure E.5: The result of the full 3D fit to the data for the bin q2 2 [6, 8]GeV2/c4.
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Figure E.6: The result of the full 3D fit to the data for the bin q2 2 [11, 12.5]GeV2/c4.
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Figure E.7: The result of the full 3D fit to the data for the bin q2 2 [15, 17]GeV2/c4.
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Figure E.8: The result of the full 3D fit to the data for the bin q2 2 [17, 19]GeV2/c4.
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Table E.1: The fitted parameters from the fits to B0! J/ K⇤0 and B0
s ! J/ K⇤ candidates

in the window mK⇡ 2 [796, 996]MeV/c2. These parameters correspond to the upper two plots in

Fig. 6.1. Only the yield of B0! J/ K⇤0 events, nB0 , is used in the analysis.

parameter value units

nbkg 15089± 258 –

nsig 374730± 616 –

mB0 5284.40± 0.041 MeV/c2

mB0
s
�mB0 87 (fixed) MeV/c2

fB0
s

1.170± 0.029 –

nB0 324482± 609 –

nB0
s

3844± 98 –

p0 � 5.511± 0.080 10�3[MeV/c2]�1

↵ 1.329± 0.0107 –

n 35 (fixed) –

f�1 0.671± 0.022 –

�1 15.12± 0.170 MeV/c2

�2 24.78± 0.499 MeV/c2

q2 bin (GeV2/c4) Fig.

[0.1, 0.98] E.3

[1.1, 2.5] E.4

[2.5, 4.0] 7.4

[4.0, 6.0] 7.5

[6.0, 8.0] E.5

[11.0, 12.5] E.6

[15.0, 17.0] E.7

[17.0, 19.0] E.8

[1.1, 6.0] 7.3

Table E.2: A summary of the figures corresponding the 3D

fit results for each q2 bin. Some are included in Chapter 7, the

remainder in this Appendix.
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