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ABSTRACT

The present work is concerned with laminar boundary layers
when the fluid-properties are non-uniform. The non-uniformity of the
properties may be caused either by large temperature differences
and/or by variations of composition in the boundary layer,

The differential equations governing the preblem were briefly
developed for the most general case, special emphasis being lzid on
the hitherto much neglected coupling effects of the energy and mass
transport phenomena, The exact solutions to these equations zvailable
in the literature were collected and systematically tabulated, Based
on these solutions the influences of the various parameters on the
heat and mass transfer characteristics were discussed. A new procedure
has been developed to correlate these solutions; the method does not
require any details of property-variations and is simpler to use than
the existing methods available; it is sufficiently accurate for
engineering applications., Functions needed for the use of the new
procedure are included,

Experiments were carried out at an axi-symmetric stagnation-
flow region formed by an air jet impinging on a flat plate; and heat-
transfer measurements made on a solid surface as well as on a porous
plate with injection through the pores of the gases: hydrogen, helium,
air, nitrogen, carbon-dioxide and "Arcton-13" (CClF5). The results

confirm the existence of large differences (up to +102°F) between



the adiabatic-surface temperature and the main-stream stagnation
temperature when the lighter gases of hydrogen and helium are injected
into an air stream, even in the absence of any appreciable aerodynamic
heating; much smaller temperature differences of the opposite sign
( up to -ZO.SOF )} were observed for the injection of carbon-dioxide
and "Arcton-13", These temperature differences can be accounted for
between

by the effects of thermal diffusion and of the coupling[diffusion
and heat conduction,

All the results agree satisfectorily with the theoretical

predictions; they also confirm the rcliability of the correlation

developed in the present work.
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CHAPTER 1 INTRODUCTION

1.1 The problem considered and its practical relevance.

The thermodynamic properties and transport coefficients of
gases are generally functions of the pressure, temperature and, in
the case of mixtures, also composition. In boundary-layer flows the
pressure variation across the boundary leyer is very small, and the
dependence of fluid properties on pressure can be ignored. However,
in many instances the temperuture and/or composition varistions are
gquite large,and 1t 1s necessary to take into zccount the resulting
variations in fluid properties.,

We shall here restrict our attention to laminar flows, This
type of flows occurs in many practical situations; and,in many other
cases, is the desired alternative to turbulent flows, which give rise
to higher drag as well as higher heat-transfer rates.

In the front portion of an uerofoil wing the flow is usually
laminar; and if the aireraft is moving at high speeds the kinetic
heating effect will cause a large temperature voriation across the
boundary layer, At the blunt nose of a high specd object the flow is
again laminar. The nose may be fabricated from & porous material and
transpiration~cooled by the injection of a light gas through the pores;
here in addition to the temperature variation there is also a concen-
tration gradient across the boundary layer, ciusing non-uniformity of
fluid properties., Similar processes may also occur in the transpira-

tion-cooling of gas turbine blades or combustion-chamber walls,
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Although the process of mass injection is known to be
destabilising, there are indications that the stabilising effect of
cooling, enchanced by the much lower surface temperature atiained by
transpiration-cooling, can offset the initial instability associated
with mass injection and thereby provides a higher transition Reynolds

number than thet obtained without injection [851, 528, 656] .

1.2 Qutline of present state of knowledgg.

Many theoretical analyses to the problem have been made in the
past thirty years; during the same period,relatively little experimental
work has bcen done. These will be revicwed in some detail in sections
3.7 and 6.1.35 rescvectively. Llthough many theoretical solutions are
availuble, the comparatively lirge number of the parameters prohibits
an adecuate coverapge of all the ranges of interest to the designer-
engineers, For most applications, a high degree of accuruacy can be
sacrificed for a simpler method of culculations, To answer the designers"
need, engineering correlation methods have been devised, Of the methods
available, Icxert's reference enthalpy method [68] is the most widely
used one for zero-mass-transfer; for the case with gas injections
there are the methods of Gross-lartnctt-Masson-Gazley [G14] and Knuth
(G197 , both make use of a reference state. All these methods suffer
from the drawback that details of property-variations are neecded for
their use; furthermore, they tend to give erroneous prediction for skin

friction for flows with large pressure gradients.
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Until recently the reciprocal phenomena of thermal diffusion
and diffusional conduction or diffusion-thermo# in binary boundary
layers have been ignored, apparently because of their supposedly
negligible effects and mainly perhaps of the insufficient knowledge
of the thermal diffusion factor, which governs these vhenomena, Te
first of these, thermal diffusion- sometimes known as the Soret effect,
is the tendency of a heat-flux through a gaseous mnmixture to cause
proportionate gradients in the mass fractions of the mixture componentsj
its existence was predicted theoretically by Fnskog and Chapman,
working independently, in the period 1911 - 1917, The second phenomenon,
the diffusional conduction is the tendency of the diffusion of &
particular component through a gas mixture to cause a proportionate
temperature gradient; it was discovered experimentally by Dufour in
1873, and is thus somtimes known as the Dufour effect.

The realization of the practical importance of these coupling
effects was prompted by the persistent discrepancies observed between
the measured and the predicted zdiabatic-surface temperatures when
the surface was transpiration-cooled by the injection of heliunm into a

high-speed air stream. Recent analyses indicate that even in the

# Although the term "diffusion-thermo" has been used frequently
in the literature, it does not readily convey the meaning it
represents., Here we shall follow Prof. Spalding's suggestion [G37]
and adopt the term "diffusional conductiom” , which corresponds
with "thermal diffusion" describing the opposite phenomenon.

Sometimes the abbreviations are used: TD = thermal diffusion;

DT = diffusional conduction ,
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absence of any aerodynumic heating,the coupling effects can cause an
appreciable difference between the adiabatic-surface temperature and
the main-stream stagnation temperature, The sign of this temperature
difference can be either positive or negative, depending on the sign
of the thermal diffusion factor c%T for the mixture concerned.

Generally, +the injection of &« lighter gas, e.g., hydrogen or helium,

into an air stream (o,  negative) produces zn adiabatic-surface

T
temperature higher than the main-stream stagnation temperature: the
injection of a heavier gas, e.g. cirbon-dioxide, into the air siream

( ¢, positive) tends to produce an adiabatic-surface temperature lower

T
than the main-stream stagnation temperature. Experimental measurements
were usually mude at high speeds, consequently, the effect of
aerodynamic heating could not be separated from these coupling effects,
It is thus desirable to have some low-speed experimental data, which

can bring the effects of thermal diffusion and diffusional conduction

more into focus.

1.3 Purpose and scope of present work.

It is one of the main aims of the present work to develop a
simpler method for the correlation of the theoretical solutions than
the ones mentioned above. The moethod will be checked against the
theoretical solutions collected from the literature and will be seen
to be of sufficient accuracy for engineering azpplications. The nmethod
is developed for two-dimensional flows with and without a pressure

gradient, The flows for non-zero pressure gradients covered correspond



to the axi-symmetric and the two-dimensional stagnation flows,

A series of experiments at an axli-symmetric stagnation-Iflow
region formed by a low-speed air jet impinging on a porous plate,
through which were injected a range of gases, both lighter and heavier
than air, provide data for checking the theoretical predictions. The
absence of any appreciable aerodynamic-heating effect should allow
these data to provide a cleur demonstration of the coupling effects
of thermal diffusion and diffusional conduction, The design of the
apparatus allows the use of Lydrogen as one of the injectants, providing
the first results using this gas in forced=-convection experinents,

Chapter 2 below contains a very brief development, with some
dis\cussion, of the generul laminar boundary layer equations, emphasis
being laid on the coupling effects between energy and mass transfer.

In Chapter 3 the exzct theoretical solutions to the preblem are

surveyed and systematically tabulated; based on these, the influences

of the virious parameters on the characteristics of the gzlutions are
discussed, Chapter 4 is concerned with the correlztion methods: the
methods availuble are first introduced and the development of the new
procedure occuples the rest of the chanter. A summary of the conclusions
zbout the theoretical solutions appear in Chapter5, Chapter & is
entirely concerned with the experimental part of the present work, in
which is contained a survey of similar cxperiments, as well as detuils
of the apparaztus and various tests conducted; results und discussions
are contained in section 6.4; the conclusions derived from these results
appear in Chapter 7. In Chapter 8 is suggested a future extension of

the present studies,
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To facilitate reference, the thesis has been divided into
two volumes, The main text is in this volume, Vol. I, and all the
figures, tables, references, appendices and the section on nomesclature

ére contained in Vol. II.
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CHAPTER 2 GOVERNING EQUATIONS

2.1 Introduction

In this chapter tne governing equations to the problem under
consideration are presented. While the main object is to provide
equations as a basis for later discussions, it is also intended to
introduce the equations in such a way that some insight to the
problem may be gained,

Although the equations have been known for a long time now,
in the literature invariably only particular formsof the eguations,
simplified under various assumptions, are given, The laminar boundary
layer equations which take into account fully the effects of mass
transfer, thermal diffusion, diffusional conduction, pressure gradient,
kinetic heating and non-uniform fiuid propertiies, have seldom been
discussed in a single work. Hence, without extensive reading,one is
often at a loss to grasp the various aspects of the problem, In this
chapter, the laminar boundary-layer equations are introduced; emphasis
is laid on highlighting the various stages through which the final
equations are obtained, rather than on a thorough mathematicl derivation.

From the basic conservation equations for a continuum fluid,
the boundary layer equations for both two-dimensional and axi-symmetriec
flows are obtained. In the most general case,the equations take into
account the effects of mass transfer, thermal diffusion, diffusiocnal
conduction, pressure gradient, kinetic heating and non-uniform fluid
properties. From these equations, equations applicable for a few

simpler particular cases are deduced,
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Finally, the more important class of the so-called "similar"

solutions for the boundary layer equations is discussed.

2.2 Basic conservation equations

Some defintion. Before writing down the fundamental

conservation equations,we introduce the following definitions in
connection with the process of mass transfer. The formulation is
essentially that of Spalding {¢38] .

The partial density, [g, is defined as the mass of substunce
i to be found instantaneously in a small volume surrounding the point
in question divided by the magnitude of the volume. It is related to
the local mixture density fD, defined as the total mass of material

per unit volume locally, by:

(_) = El Pi (2.2-1)

The mass fraction m, is simply defined as:

mi = fj_/P . (2.2-2)
This definition implies that
> n. = 1 . (2'2-3)

. 1
1

Across uny arbitrarily orientated surface in the medium,there
v
is a net ﬁensfer of mass, And in the vicinity of any point & maximum
mass flux exists for a particular orientation of a surface elenent.

The magnitude and the associated direction of the normal of the

surface of this maximum mass flux is represented by the "total mass
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flux" G, which is necessarily a vectorial quantity.
With G thus defined, a mean mixture velocity v can then be
defined by:

v = G /p N (2.2=4)

For & substance i we can similarly define a "total mass flux

of i", Em,i . G and §¢,i are connected by:
G = = G, (2.2-5
G = Gy 5)

Similarly, a mean velocity for species i, Vs may be defined as:
= =6
i o= G5 /P . (2.2-6)

The total mass flux of i is often split into two parts, one,

the convective mass flux, Ec i 0 is defined by:
?

Co,i =M &
=AY , (2.2-T)
and the other, the diffusive mass f{lux, Ed,i y 18 the difference
between 9¢,i and Ec,i s, that is:
fa,0% S, 7 Seyd
= Ay vy - ¥ (2.2-8)
Also:
Z G tT &y T Z L

= _G_ - g = 0. (202-9)
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Conservation equations. For a steady, non-reacting, binary

fluid system of i and j components when the
forces such as gravitational, magnetic etc,
of the physical laws (conservation of mass,

yield the following equations, which may be

effects of external
are excluded, application
momentum and energy)

readily found in standard

text books or published papers, for example, Bird, Stewart and

Lightfoot [G2], Hirschfelder, Bird and Curtiss [G17] , Aris (1] ,

Merk [G22] , Hell [G16] . For compactness the equations are given

y

in vectorial form' .

Conservation of mass for the mixture

Veg = 0

Conservation of mass for species i

CoVm + Yy = O

Conserveaetion of momentum

9_0\71[. = -9Yp + v-

Il

Conservation of energy

—

G e Vh + Ve*Q =V.yYp + 2;: \VALS

(2.,2-10)

(2.2-11)

(2,2-12)

(2,2-13)

# Vectorial quantities are singly underlined and tensorial quantities
doubly underlined. The "del'" operator, v , is used, with:

Vevector = div § Vacalar = grad ;

Vvector = a tensor.

A 'double dot product® of two tensors can be expressed as:
b

T:VY = Ve (Tev) ~v.e(v.el)
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The shear stress tensor T is given by:
T=®-50 00y +ulvv+(vo)'] (2.2-14)
/

where U is a unit tensor of the second order; (§7x)+ is the transpose
of the dyadic product Yv . It should be noted that the sign of the
shear siress tensor l; is so chosen that the right hand side of
equation (2.2-12) represents the net force acting on the fluid
element.

In the energy equation (2.2-13), Q is the total energy-flux
vector relative to the mean velociiy of the fluid mixture, and may

be written as the sum of two terms:

= h, G k = 1,2 2.,2-1
g—3+%k"‘d'k ' ’ ( 5)

+ 3 3 . " ] D
where g 1s sometimes called the reduced" energy fluxj and :%_hk gd,k
is of course the energy flux caused by the interdiffusion of the
species.

Since Vhk =c VT

P,
and Yh =§k m.k'vhk + kzthmk p)

the use of the mass conservation equation (2.2-11) gives us the
following identity:

G VR +VAZ Ry Gy ) = 08 VT w2 op e By VT

G
e k

Hence, in terms of g and T, the energy equation may be written as:

(2.2'158')

I

[__‘A____, e |
| - . i
' Cp_(}_‘VT +§cp,k g{i,k. VT +V‘El. = X' VP + 'Vl'i

—_—
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2.3 Flux laws

Although the basic conservation equations have been quoted
for two-~component systems, they can be readily adapted to multi-
component systems by extending all the summations to n components.
The main difference in the flow equations between a two-component
system and a multi-component system lies in the expressions for the

fluxes and q . While it is possible to deduce E-d i and g for
?

G. .
—-d,i
two-component system from the corresponding expressions for multi-
component systems, we shall introduce the binary expressions directly.
In this way, much sinmplification in presentation can be achieved.

According to kinetic theory, Chapman and Cowling [G4], the

energy flux g for a binary mixture of i and j components is given

by
q = kyr s R -y (2.3-1)
M
where k’I‘ is the thermal diffusion ratio; and the diffusion velocity
(E-i - y_j) is given by:
r Ms ~M: M. M.k
v, - Vv, = =D, .E—LVln m, + —>—3Vlnp + S I VlnT:I (2.3-2)
-1 -3 ij. m, i M 2
L J mimjh:

For the binary mixture, we have:

-
~~
no
.
\H
L}
\H
~—

Emk =mi+mj=1

and from equations (2.2-8) und (2.2-9) we have:

f-q-d,k =/0[mi(zi - ¥) o+ mj(y_j - 1)] = 0. (2.3-4)

How , G 5 =Ipmi(y_i -v) .
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Thus, making use of eugations (2,3-3%) and (2.3~-4), we can write:

Gq,i /mi[(mi + mj)(-‘ii -v) - vy ~y) - mj(lj ‘Y.)] }

thence we obtain:

Ga,0 = Py (Y - vy (2.3-5)

Combination of equations (2,3-2) and (2.,3-5) then gives the

following expression for the diffusive mass flux for the i species:

( mimj(Mj- Mi) MiM.kT
g-d,i = - [_’iLvmi + T Vinp + —J—Mz VlnT:\ (2.3=6)

]
where fji is the’gxchange coefficient, = fDij; and equation (2.3-1)

may be written as:

Riq T
g = kVE e qma G (2.3-7)
1

BEquation (2.35-6) shows that the diffusive mass flux is made
up of three contributions. The first one is associated with a con-
centration gradient and is known as "mass diffusion", or sometimes
as "ordinary diffusion"; this is the term described by Fick's law,
The second contribution is caused by & pressure gradient and is
accordingly known as "pressurc diffusion'", The third contribution
arises from a temperature gradient and is the "thermal diffusion",
also known as the Soret effect.

The expression for the energy flux g , equation (2.3-7), shows
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that besides the familiar Fourier conduction term there is a ternm

directly proportional to the diffusion mass-flux « This transport

84,1
of energy through diffusion is termed the diffusional conduction
or diffusion-thermo, it is also known as the Dufour effect.

As can be seen from equations (2.3-6) and (2,.,3-7), the vhenomena
of thermal diffusion and diffusional conduction are reciprocal effects;
both are characterised by the same thermsal diffusion ratio kT# . In a
constant pressure system, if two gases initially at the same temperature

interdiffuse, then for a negative k|

y & péositive <Xi - Xj) is
accompanied by a negative values of the‘concentration gradient thi,
as can be seen from equation (2.3%3-2), Since initially the temperature
is uniform, the diffusional conduction effect, equation (2.3-7), then
produces a negative energy flux; this sets up & negative temperature

gradient, as shown in the sketch. From equation (2.,5-2) it is seen

that due to this temperature gradient the reciprocal effect (thermal
pya <

diffusion) tends to reduce the diffusion 5
velocity and hence the diffusive mass- 7l r
7

flux, The argument holds also for positive ; " Inital

distribution.
values of kT. Thus we see that the direction My \\\\\\\

2

of the temperature gradient is such that the . \\\\\\ﬁ_

Inita
thermal diffusion which results from it opposes T /d@4huhcm

the diffusion to which the gradient is due.
Distance..

# The sign of kT (and hence o(T) deserves particular attention,

For nore detials ., refer to section 2.7.3.
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For example, if hydrogen diffu%ﬁb into nitrogen (kT negative)
the temperature rises where hydrogen is in excess and falls where
the nitrogen is in excess,

A more detailed account of the physical aspects of these

phenomena may be found in the monograph by Grew and Ibbs (G15] .

2.4 Boundary layer equations for two-dimensi onal flows

This and the next two sections are devoted to the boundary
layer quations, for two-dimensional as well as axi-symmetric flows,
and the associated boundary conditions, For those who are not interested
in the discussion of the equations, these may be skipped and turn |

their attention 1o p. B¢ .

24,1 General case

The two-dimensional flow equations (Appendix 2.1), are seen
to be quite complicated. lowever, if we assume that each of the
various processes of mass transfer, momentum transfer and energy
transfer takes place witnin a thin layer of thickness § (the boundary
layer), small compared with, for example, a characteristic dimension
of the body L, some terms are seen to be much smaller then others
and hence may be neglected,

By these order-of-maugnitude considerations, it may also be
seen that of the two components of the diffusive mass flux vector
gd,i only the y component, (Gd,i)y’ is of significance; similarly
for the energy flux vector g, only q‘y is of significance. As confusion

is not likely to arise now, we shall drop the subscript y and write

Gd,i instead (Gd,i)y and q instead of qy.
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The resulting simplified flow equations, the boundary-layer

equations, can be written as follows:

Conservation of mass for the mixture

2 2u) 2(FPv) .
_-—__—’__T)X '—'-5'-5'-*— 0 (2.4-1‘1)

Conservation of mass for species i

o my 3|y 3
[011 Bx + ‘[)V ay = -—é—y-Gd,i (2.4.1"2)
Conservation of momentum
X = component
Ju Ju 3p 3 Y N
= - —— a—— (7 ey alie I =
Fu — -ﬂ)v ¥ X ¢ 37 (/ By) (2.4.1=3)
¥y - component
EEL 0 (2edal-4)
By = ety o -4
Conservation of energy
2T )T B} 9T _ . 2p _ 29, ,(2my2
Pl 5x *PV% 5yt (cp,i Cp.j)Gd,i oy T Y ox T oy + ay)
(2¢4-1‘5)

Dropping the subscript y, we have from equation (A2.1 =9):

k
BT - RT T
=" k a—— + }i{mimj * Gd,i (2.4.1‘6)

As a consequence of eyfgption (2,4.1-4), the pressure diffusion

contribution %o (Gd i)y vanishes, hence equation (A2.1-4) becomes
1]
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(with subscript y dropped):
[, M, M,k ]
6, , =-D j—t , 147 0T (2.4.1-7)
d,i i Lay M2T b |

The boundary layer equations (2.4.1-1) to (2.4.1-5) fogethér
with the equations of state for the fluids constitute the set of
equations to be solved. These equations are vulid for the general case
when the effects of mass transfer, thermal diffusion, diffusional
conduction, kinctic heating, variable fluid-properties and pressure
gradient are included.

Unless specifically stated we shall assume that the partial
pressure of each component in the mixture is given by the following

perfect gas reluationship:

pi = '}{—-" /9. T (2.4.1-8)

Consequently, the total pressure is similarly related to the mixture
properties:

P = ——/QT . (2-401-9)

These are then the appropriate state equations.

2.4.2 Non-zero mass transfer, low-speed flow with constant fluid

roperties

Since the fluid properties are constant, i.e. independent of
both temperature and composition, the phenomena of thermal diffusion
and diffusional conduction do not arise. The hest flux g and the

diffusive amnss flux Cd § rre then given bv:
3
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gy
= =k — 2.4.2=-1
q X (2.4 )
bmi
and Gﬁ,iz - r& K, (2.4.2=2)
The boundary layer equations (2.4.,1-1) to (2.4.1-5) then
reduce to:
Conservation of mass for the mixture
du dvV
ax + %—y— = O (20402-3)
Conservation of mass for specijes i
2
oMy 0 By 3y
— D -
Pu ()x + /‘OV ay - P]_ 5 2 (204'(- A)
y
Conservation of momentum
x = component
u D > Pt
pu ax + {QV by = -TJE( ; ':H\) . (2.4.2 5)
y - component
2p/2y = 0 (2.4.2=6)
Conservation of energy
DT QT )% ..
/Ou ax + {LQV ay =r7 ayz (2-4.2’7)
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2.443 Non-zero mass transfer, high speed flow with non-uniform
fluid properties but thermal-diffusional effects neglected
Por this case the boundary-layer equations may be obtained
from equations (2.4.17-1) to (2.4.1-5) with the thermal diffusion
ratio kT set equal to zero.
Conservation of mass for the mixture
————L—H( u + ———-ﬁ-———a( V) = 0 (2-4-3‘1)
dx Yy
Conservation of mass for species i
9 By 0 my ) 0 By
= — N 2' . -2
Pu Tx * ﬂv-gv— 3y ( Fl 3y ) (2.4.3-2)
Conservation of momentum
x = component
du du d D du 2
IV S— = - L (X 2,4, 5=
l[?u—g—i‘ +T7V 3y 'F—E' +ay(/ C).Y) (?435)
y = component
2p /2y = O (2.4.3-4)
Conservation of energy
ar or AT
uc =— ve ==~ (c_ . -¢ — .
4 padx M POy ( D,i p,j)a (r
~udl oL (2.4,3-5)
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2404 Zero -mass transfer, high speed flow with non-uniform

fluid properties

In this case the main stream fluid is the only fluid under
consideration and the boundary layer equations may be obtained from
equations (2.4.1-1) to (2.4.1-5) by neglecting any terms pertaining

to mass transfer. The resulting equations are:

Conservation of mass

d(pu) . d(~ V)

ax Dy = O (20404-1)
Conservation of momentunm
X - component
u 2 u + 0V su _ _dp + : ( au) (2.4.4-2)
{ﬁ ax ;u ay - bx Jy Oy sit e
¥y = component
ap/dy = 0 (2.4.,4-3)

Congervation of energy

27 O J 3T ) Ju 2
fOuCpH +;uvcpﬁ_=;}_§—(k§_f) +u5£+/u(5—§) (2.4.4-4)
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2¢5 Boundary layer equations for axi-symmetric flows

The basic conservation equations (2.2-10) to (2.2-13) can be
adapted to different coordinate systems., For two-dimensional flows it
has been found convenient to use the Cartesian coordinates, and the
equutions expanded in component form for this system accordingly,
equations (A2,1-1, -2, -5 and -7). However, for axi-symmetric flows
it is more convenient to choose a new set of curvilinear orthogonal
coordinates; this has been discussed by, among others, Millikan [G25]
and Rosenhead [GZA] .

If dS is an element of length, then for an ortnogonal coordinate
system we have in gemeral:

2 2.2 2.2 2 2 '
65% = by dx] + by dxy + by dxg (2.5-1)

where Xgy X and x, are the three axes of the orthogonal system and

2 3
h1, h2 and h3 are scale factors, which may be functions of X1y %o and x3.
Operations involving the differential operator ¥/ may be
expanded in terms of h,, h, and h3, X4y X, and Xy and the scalar
quantity or components of the vector quantity, to be operated on#.
For axi-symmetric flows, we define an orthogonal coordinate

systen (x, 4 , y)*, fig. 2.5-1, such thzt x measures,in the direction

of flow, the distance along the body of revolution from the leading

# For example, if ¢ is a typical scalar quantity, then
1 a3 1 8 . 139 .
VP= [T 3x —~x+h2 3%, =x, *h, O0x, =x, °
1 1 1 2 2 3 3 3
As it is not likely to cause any confusion here with the conrdinates
used for two-dimensional flows in previous sections, the sane '

symbols x and y are used,
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edge of the forward stagnation point (for a closed body); 6 is the
angle between the meridian plane through the axis of revolution and
a fixed plane also through the axis; y is the normal distance from

the surface. If we put x, = x, x, = § and x, = y,then by letting

2 3
dx = dy = O, it can be seen from equation (2.5-1) that h2 = r, where

1

r is the distance from the axis of the point (x,85, y). ¥c are intereste
only in the region within the thin boundary layer § ; hence if the
longitudinal cenire of curvature of the boundary, Cr’ is very much

greater than 5~, l.e. CI_§>S , We can write:

d5° = dx° 4 (r 48 )° + dy°. (2.5-2)

By comnaring this equation with equation (2.5-1) , it can bve deduced

that:

Because of the symmectry there cannot be any flow across a
meridian plane through the axis of symmetry. llence, our chosen
curvilinear system is specified by:

X1=X, h,]=1,

d . of . 2.5 ._3)
= r{x,y), —— = 0, this conmponent velocity = C, (@

X, = b 36

2
x5 ¥y h5 1.

no
!

1}
Y

With these relations and the appropriate formulae for changing
the veCtorial operations into equivalent component expressions, the
basic conservation equations (2,2-10) to (2.2-13)may be expanded in
terms of the coordin:tes (x,8&8, y). On making the usual boundary-layer

assumptions and the additional one that r(x,y)ﬂ:ro(x), we obtain
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the following boundary layer equations for axi-symmetric flows:
Conservation of mass for the mixture

2 (r_ pu) + 9 (r_pv) =0 (2.9-4)
dx of7 Ay oﬂ ¢
Conservation of mass for species i
Jm, om, )
i i
Fusx * PV Ty =3y G (2.5-5)
Conservation of momentum
x = component
du Q u Jp 3 Ju
— = - u 2. '6
f7u — + fjv.*i; T * Iy ( ;;) (2.5-6)
¥y - component
dp /a3y = O (2.5-7)
Conservation of energy
oT T a7 2p _ 24 du,2
/ - 4 2 — - . = = - 2.
PRI *AVp3y * (Cp1m % ,30%, 3y S Vi — 3y TAGY .
(205-8)
And the fluxes are given by:
[Am, M. M k ]
- T
6 4 = - =2 (2.5-9)
d,i L”y 2 J
/ k
2T R Tky ‘
Q@ =-ksz o+ Wy 3,0 (2.5-10)

As can be seen, except the mass conservation equation for the
mixture, all equations are identical in form to those for two-

dimensional flows, equations (2.4.,1-1, -2, -3, -4, and -5).
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2.6 Boundary conditions

What follows applies to both two-dimensional and axi-symmetric
flows, and no distinction will be made between the different coordinate
systems used, It will be assumed that the i component is the fluid
injected into the boundary layer, and the j component is the main-
stream fluid., While it is not necessary to specify what the main-stream
fluid is, it is often helpful to have atmospheric air in mind.

Referring to fig, 2.6-1, we define the following quantites:

A" & total mass-flux across the interface into the main stirean,
2
lbm/ft hy
ﬁg = value at the S-surface of the normal component of the
heat-flux vector g , Btu/ft2 h.
In addition we define:

mY =z total mass-flux of the i species into the mainstream, lbm/ft2h;

)
[
o
=]
L]

7" 1]
ﬁxi/ &
= mass fraciion of the transferred substance,

At the surface, only the normal components of G

t,i and q are

of significance; hence we can drop the subscript y denoting the

normal components and write:

ﬁl;‘_ = m, o " = (G (2.6-1)

i,T t,i)s

2n - -2
and Gg dg (2.6-2)

where subscript S denotes conditions at the surface, snd q is
as given by equation (2.4.1-6).
For the gemeral case, the following boundary conditions are

seen to be appropriate :
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e
o

A2
i) at the surface, y = O,
u = 0
v = vs(x) 1
vV, = V, = 0
J J S I/ (2.6-~3)
T = Ts(x) or §§ = 0 (adiabatic surf.)J
m; = mi,S(X)
ii) at y = o0,
u = uG(x) ?
m, = mi,G(x) (2.6-4)
T = T (x)
The condition Vis T 0 implies that (Gt,j)s = 0, This is

#

obviously valid when the surface material itself evaporates” or
sublimes# and the surface is impermeable to tue main stiream component

( § ). When the surface is a porous one and the diffusing component (i)
is injected through it, as in the case of transpiration-cooling,

the existence of the conidtion vj,S = 0 implies that there is no net
flow of the main stream fluid into the coolant reservoir: the diffusion
flow being just balanced by the convection flow.

We have from equation (2.2-5):

R TR ‘

hence at the sgurface,

G. = & (G + (G

S

t,30s t,i)s

1]

(64,505 + (Gd,i)s] +(6y 50 + (G 5)g

# In these cases the surface temperature will be controlled by the
mass transfer rates and vice versa.
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i.eo G = Ih"

Lol +@is+ 21,87

(2.6-6)

or,

In terms of the difiusive and convective mass fluxes, equation (2.6-1)

may be written as:

m oo &= (Gd,i)s + (G5 3)g
Ga,i ) ?i s Vs (2.6-7)
Eliminating Vo between equations (2.6-6) and { 2.6-7) gives:
1" - ]

m oo B = (Gy j)g + " my o

.

f (Cq i) |
Th&'t is ‘ I’l” = ; . (2.6-8)

1 m -m r

| l’T l,S '

. ]

sives: - P
i,S i/ami MjkT 3
i = fg Vg = Syt 5y
m, - m, . \ J M 7 J
l,T l’t)
I 'P' 1,5 /am . my{T-m) oty 3p ) | (2.6
or i - m \u T H g !

BT
pure coolant only, m, , = 1.
- 1,T

Similarly, combination of equations (2.6-2), (2.6-8) and

(2.4.1-6) gives:

2 n / Z\T ) /‘RTk -
Qg = - 'k _—/,S \ Srh

\ Mml

-9)

is invariably a prescribed quantity. When the reservoir contains
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(1-m, ) T
or ' —qg m - (k %)S-{.@ = T }
: \ 4 -
. : LMi+ (Mj Mi)mi S

(2.6-10)

When TS is prescribed,equation (2.6-9) suggests that either

v_, or but not both, may also be prescribed; otherwise the

s °F Mi,s0
problem becomes a trivial one: this may be seen easily for the case
when kT or o<T equals zero (thermal diffusion neglected) then
equation (2.6-9) will yield (bmi/ihy)s immediately. Hence, although
eight conditions, (2.¢-3) and (2.6-4),are listed, we have only seven

independent boundary conidtions. Usually, is prescribed vg or

4,5
f" is then computed from equation (2.6-9).
In the present work we shall consider mainly the following

set of boundary conditions, which may be regarded as a particular

case of those given by equations (2.6-3 and -4):

At y = 0,
u =20
v = vs(x)
T =1, = constant, or §" = 0O
] 5
mi = mi,S = constant,
At y--o00,
- Al
u o= uG(x)
. = .6-1
m; =0 (2.,6-12)
T = TG = constant,

It should be noted that the conidtion v. 5= 0 has been taken
1

into account in ecquation (2.6-9), which also provides a functional

relationship between Vg and m, _.

1,453

The condition m o= O implies that the main stream fluid is

,C
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composed entirely of the j species,

The same set of boundary conditions is also appropriate for
the special case of constant fluid-properties considered in section
24442,

For zerd mass-transfer with either unifbﬂm or non-uniform
fluid properties, the boundary conditions (2.6-11) and (2.6-12) then
reduce to:

at y = 0, u =0,
v =0, (2.6-13)

T = TS = constant, or ﬁg = 03

at y-=oo, u = uG(x) ,
(2.6"14)
T = TG = constant.
27 "Similar" solutions

24761 Transformation of boundary layer equations

The transformétion of tie boundary layer equations to a form
suitable for obtaining "similar" solutions has been discussed, in
one way or another, by many authorsj; but it appears that no single
discussion is sufficiently general ewewgh to embrace all the aspects
of the problem. Here we shall try to provide such a discussion.

It has been seen that with the exception of the conservation
equation for the mixture mass,the boundary-layer equations for two-
dimensional and axi-symmetric flows are identical in form, However,
the two forms of the conservation equation for the mixture mass may

be represented by a single equation of the form:
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3 ( ure) d( vxﬁ)
Pxo N aﬂyo -0 (2.7.1-1)

By letting €= 0, we have the equation for two-dimensional flows; and
putting € = 1 we get the equation for axi-symmetric flows., This
equation together with ecuations (2.4.1-2) to (2.4,1-5) are then

the equations we shall now consider.

It must, however, be borne in mind that although we are dealing
these equations in the same set of coordinate symbols, x and y, these
coordinates should be differently interpreted according to whether
they are used in the itwo-dimensional flows or in the axi-symmetric
flows.

The mass conservation equation for the mixture is always

satisfied if we introduce a stream function 5bsuch that

d($rs)
& [s]
purg = — (2.7.1-2)
y
- 3(yrg)
and pvrf = "‘“;}—c—e"" . (207-1‘3)

In order to obtain "similar" solutions for the equations
(2.4.1-2) to (2.4.1-5) we nmust change the (x,y) coordinates to some
suitably "stretched" ones. For this the new coordinates (s,? ) are

defined:
r (x) 2€
dx

J[ /X‘é/)c;uc [ "E'f,'"

(2-7-1'4)

s (x)

I8

€
u, (r /Ly Y '
and ’7(x,y) = chee 2 J[ Y(Y) dy (2.7.1-5)
(28) 0
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where L-is a characteristic dimension and Y = Y(iz) is an as-yet-
unspecified ratio of some fluid properties., The above are essentially
comBinations of the transformations used by Mangler [G21] ,
Illingworth [G18] , Dorodnitzyn [G5] and Lees [G20] .

The transformation from the (x,y) coordinates to the (s, 7)

coordinates can be accomplished  via the following rclations:

2¢ ) 3Y D

0
3% =4l (r /L) =57 = ERY; (2.7.1-6)
€
o, (r /L)
and jy - Gj)vg Y ﬁ[ | (2.7.1-7)

It will become clear later that it is not necessary , for the present
purpose, to express the function ( 3% J x) in terms of the new
coordinates (s, % ).

We now stipulate that the velocity, concentration and static
temye rature profiles in the boundary layer are similar, i.e, they
are functions of the independent variable ¥ only.

From equations (2.7.1-2) and (2.7.1-7) we have:

Y 2. u ,
Fete 0T € ,
poos oo Lyt ] (2110

From this equation it is clearly seen possible to introduce, within
the restriction of similar profiles, a dimensionless stream function

f(z ) defined by:

sr) = e ) /s (2.7.1-9)

il
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In terms of this dimensionless stream function, equations (2.7.1-8) and

(2.7.1-3) become respectively:

pu = /pGqu' (2.7.1-10)

and v = =

[ u.ou (r /Lfsf 23)%f' :
I ¢ 2 A A 3 1211
j 172 T e Tx| (2.T.1-11)
L (2s) (r /L)

where ( )' denotes differentiation with resypect to 7 .

In terms of the dimensionless temperature & ( = T/TG), f
and the similar coordinates, the boundary layer equations for two-
dimensional flows and axi-symmetric flows are seen to acquire the

following identical dimensionless form:

Conservation of mass for species 1

/ ! , oyt
SRR T e o i = 0 (2.7.1-12)
‘N mi' + fmi + ) —6—
L7 se / \ M ch
Conservation of momentum
r f 'y2 1 »
L (o \ 4 /L%
Conservation of energy
[ 2
)
1 N ' ony ) 2 Ye'
T (2,Y8) +2_ 18 +2 ZMY———-————+[(2§ -1 ]ZYH -
NPr,G k | cp cp,ij// NSc G Ma,G up
, 0 ' WE&Y}‘T . ,]’ Z, zkmlm T(a'f
-/}[( b = Mya G]—Z'- S N_ Mm, (1 (fms+8) + —HH e LT
% Cp,olgetmy (Tmy ) ] 8

—eem (2.7.1-14)
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In the above equations,

2s du .
/8 = EE E;& (2.7.1-15)

and Z denotes the ratio of some property quantity, local value to main
stream value; the particular property concerned appears as a subscript,
€ef e %}(5 /ﬂ/;!é, Zf = f?//ﬁb etc, Zc . has the special meaning
v/ p,iJ
c
p

.

of (¢ . =~ ¢
( P

e Dyd oG

It may be noted that in deriving equatii ons (2.,1.,1-12) to
“eTe1-14) the following conditions have been invoked: 468/3s= 0 =Dmi/ds,
and the fluid properties /ﬂ,{pu k, cp etc. being functions of 7% only;
all these conditions arise out of the stipulation of similarity in
the various profiles, In addition, it has been assumed that for the

main stream fluid the accoustic velocity "a" is given by the perfect

\
gas relationship, viz.: a = (3’RT)A ; hence,
u2
¢ _ . () 2 (2,7.1-16)

c T

» ol G"”NMa,G
?

where X is the ratio of specific heats,

Boundary conditions

After transformation, the boundary conditions (2.6 ~17) and

(2.6-12) become:

at % = 0, £ =0 , }
L =%, | p o (2.7.1-17)
& =;§S = constant, or Q§ = 0,
m, = m = constant,

i 1,5
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L
at ?-*Pm ’ f =1 3
n;, = mi,G =0, (2.7.1-18)
9 =8G = 1 .
From equation (2.7.1-11) the mass-transfer parameter fo may
be expressed as follows:
%
v, (23) %
e - . Ls"s dn (28)2 (2.7.1-19)

o~ /“(}F(}“(‘,(ro/l‘)E ) -/G,pGuG(To/L)C

It should be noted that fo takes different forms for two-dimensional
flows and for axi-symmetric flows., Making use of equétion (2.6-8), we
obtain another expression for fo:

e ol

° L Sc 1 -

L

]
Y mi+mi( 1 -mi)dTB/a]
is

\:N

(2.7.1-20)

=

oy

From equations (2.6-10) and (2.6-9), there is obtained:

\
g (28)" Yo, |, Rz,MG 8
o e S B el {’“i STGRERSET)
/676%6%p ¢t et o Pr,G p,G i3 sc S
"""" (2.7.1-21)
Thus when dg = 0, i.,e, adiabatic surface,
N (R/e_ Dz MxX_ B8
i ’+ Pr,G PG A~ T {m. +m {1 - m.) 6'/6} = 01,
| Z N MU S T s
L_ k"se "i7j
----- (2.7.1-22)

Inspection of the transformed equations (2.7.1-12, -13% and -14)

shows that some simplification may be effected by setting Y(¥) = 1/Z,.
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or Y(¥) = ZP . The latter has of course been used by Dorodnitzyn [G5];
the former was frequently adopted by ZTceckert and his co-workers

[s37, s44, s50, s52, s53] .

2eTe2 Conditions for existence of "similar" solutions

In order to validate the stipulation of similar profiles, the
transformed equations must be of single-variable ones. Inspection of
equations (2.7.1-12) ta (2.7.1-14) and boundary conditions (2.7.1-17)

and (2.7.,71-18) shows that this condition is satisfied only when:

. 25 dug
8.) /8 =-bTG-d—x~'— = COnS'tant ’ (2.7-2'1)
2
b) (Xé - 1) NMa,G = constant |, (2.7.2=2)
and c) the boundary conditions es, my o and fo are all constant,
9

Equations (2,7.1-12) to (2.7.1=14) then becomé a gset of
ordinary differential equations, of order sevenj they are soluble with
the seven boundary conditions, (2,7.1-17) and (2.7.1-18).

Instead of similarity in static temperature profiles we could
have stipulated similarity[in stagnation temperaiture profiles. In that
cagse & slightly different set of conditions would have resulted.
However, we shall confine our attention to the problem with similar
static temperature profiles,

We now consider in greater detail condition (a). Integration

of equation (2.7.2-1) gives:
u, =6 8 (2.7.2-3)

where ¢ is a constant,
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For two-dimensional flows € = 0, differentiating equation

(2,7.1-4) yields:
ds

——-——a———— = dx . (2.7.2'4)
S&l6G

Eliminating ug between equations (2.7.2-3) and (2.7.2-4) and integrating

the resulting equation, we obtain for cons‘tant/yG and/OG:

2/ (2 - 8) (2.7.2-5)

2] =(:,I

where c, is a constant, Combination of equations (2.7.2-3) and

(2.7.2-5) then gives:

S
u, = constant « x A2 -3) : (2.7.2-6)

!

SO

This external velocity distribution belongs to the well-known Falkan-
Skan "wedge flow" [G13] ; /3/(2 -/ ) is the Euler number,¥u, Physically,
/BR'is simply the included angle of the "wedge". lience except for

/3 = 0, the main strean velocity Ue will vary with x3 for this
reasonfﬁ is often referred to as thelbressure gradient parameter: This
means that for/[%é 0,the second condition for '"similar" solutions,

viz. { 4§ = constant, can be realized only when T, varies

G
c - Clearly, for constant TG and
%3£ 0 the conditions (2.7.2-1) and (2.7.2-2) can only be simultaneously

G ,G
in such a way that (Cp,GTG) o 1

satisfied if NMa,G“’O or NM&,G—'OO .

2

(§n- Ne_ T N
From the expression, u_, = G p,G stagn,G Ma,G y it

G W >
T Rl 1)NMa,G

i3 seen that ag NN

a Gapproaches infinity,uG takes a constant finite
Ad ,
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\
value of (2¢_ T )/é

p,G stagn,G’ ° However, since 1/§ (Knudsen number) is
y y

4

proportional to NMa/(NRe>£’ for very large Mach number, the boundary
layer thickness & becomes comparable with the molecular mean free

path 1 and the continuum theory, based on which the conservation
equations have been derived, ceases to be valid. Consequently, the
boundary layer equations do not apply to these situations. For this

reason, we shall exclude the case when N —»00,

Ha ,G
For 3 =0, i.e. u, = constant, both conditions (b) and (c¢)

can be satisfied at the same time for arbitrary constant values of
N and T
e ,G G*

In summary, we note that for constant TG’ "simibﬂp" solutions
exist in two-dimensional flows for the following combinations of
conditions:

3

1) 3=0 ond Ny, o = constant > O; } (2.7.2-7)

2) ',¢,4 0 and IIMa,G~-—-O.

Similarly, for axi-symmetric flows that corresrtond to two-
dimensional flows under the above conditions, "similar" solutions

exigte.

2eTe3 parameters and fluid properties

Parameters

From equations (2.7.1-12) to (2.7.1-14) and the associated
boundary conditions (2.7.1-°7) and (2.7.1-"8) it may be seen that
the solutions to the equations in general depend on the following

paraneters:
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1) /3— "pressure gradient" parameter;

2) N (N -0 for /Bﬁ 0);

Ma,C
3) To

Ma,G

4) TS/TG if Qg £ 0, or dg = 0 i.,e. adiabatic surface ;
5) Fluid property values;

and 6) m. or £ .
i 0

S
’
When there is no mass transfer, only the first five are

relevant parameters,

Fluid-property values

In order to solve the boundary layer equations, we need to
know as a pre-requisite the variations with temperature and/or
composition of: density 2, molecular weight M, specific heat Cp’
viscosity/}t, thermal conductivity k, binary coefficient of diffusion

Dij and thermal diffusion factor C(T.

#ith the exception of & all these propertics have been

T

discussed in oné way or another by many investigators concerned with
boundary layer flows, and no more need be said about them here, Ve
shall, however, discuss . in some detall the thermal diffusion factor
C{T’ as this is a less familiar property.

As has been seen in cquations (2.3-6) and (2.%-7), the thermal

diffusion retio kT is the quantity governing the phenomena of thermal

diffusion and diffusional conduction. kT is defined by:

kp = DT/Dij , (2.7.3-1)

where D, is the coefficient of thermal diffusion and Di is the binary

T J

coefficient of ordinary diffusion ,
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kT usually varies quite considerably with concentration,and
assumes a value of zero when either of the two mass fractions becomes
zero. For this reason, it is semetimes more convenient to use instead

the thermal diffusion factor 0% defined by:

D(T = kT/(nl nj) (20703"2)

where n, is the mole fraction of the mixture component i. So defined,
0& varies less with concentration than kT’ and it assumes finite
values even at very low concentrations.

The mole fraction n, and the mass fraction m, are connected by:

n, = miM/Mi . (2.7.3=3)

The sign ofC><T deserves gome attention. In the relevant
literature [é.g. G15, G17] y this quantity is invariably given as
positive, This implies that the following convention is adopted:
if 1 is used to refer to the heavier component in a binary mixture
comprising of i and j components, positive values of CKT (or kT)
always implies that thermal diffusion causes the i molecules to diffuse
down the temperature gradient, i.e, to & cooler region., If, however,

i is chosen to refer to the lighter corponent, then the sign reverses.
In boundary layer flows concerned here we shall adopt i to denote the
transpiring ¢as and j the main stream fluid, which is, without
exception, air. Hence, the i component may be lighter or heavier than
the j component; this will be reflected through the sign oftXT. As a
general rule, when the i component is lighter than the J component

(air), e.g. Hz-air, X, is negativej; when the i component is the

T
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the heavier, e.g. COz-air, X, is positive,

T

Experimental data for o are very scarce [G15] ; and there

T
seem to be no data at all for mixtures with air as one of the components,
Hence most of the investigators concerned with the problem of thermal
diffusion and diftfusional conductionz%oundary layers rely on a
theoretical method in calculating this quantity. The method used is
invariably the first approximation of Hirschtelder [P7] . In Appendix
2.2 1s contained an outline of Hirschfelder's first anproximation to
the thermal diffusion factor, which is a complex funcition of both
temperature and composition.

Fig. 2.7 =1 shows some plots of c(T versus m, for six mixtures

as calculated by various authors; on the tigure are also shown sone

experimental data,

2eTed Conductznces, driving forces and recovery factors

The guantities that are of purticular importance in engineering
applications are the values ut the surface of heat-traunsfer coefficient,
skin friection and mass fraction as well as the recovery factors. The
first three quantities can usually by embodied in various forms of
dimensionless groupsj here we shall adopt Spalding's concept of
conductances and driving forces [G27, ge8] .

Following Spalding, we introduce the "Ohm's law" relationship

between a conductance g and the driving force B ithrough:

m'"= g.B (2-7'["1)

and the conductance is then defined by:

g Elﬁ"/B . (20704"2)
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0f particular interest are the following driving-force expressions:

s = _cs,ad” s
h - AN " 1] (2070[0‘5)
qS/ h
Bu = m" uG/ 'T:,S D (20704'4)
f. - f
and B, = —& S , (2.744-5)
f. -1
S T

where the subscript GS denotes fluid of G-stute composition reduced

to the temperature of the S-state; the subscript "ad" denotes adiabatic
#

surface condition; TZS is the shear stress at the surface and f is

the mixture fraction. As far as the present work is concerned { can

be treated as identical to m, hence

5 - e " Ms
'F -m (:.).-7.12'6)
ml,S i,T
m,
= 1,5 for m, = 0 and m, = 1
1 -m e i,T
i,S

it In [{G28] Spalding definea f as:

f = (P ~pr)/(pP P..)

v u v

in which P is a conserved extensive property, and subscripts U and V
revr-sent two reference "streams". In the present work, all the systems
considered have zir as the main stream fluid; so by choosing the
injected fluid (thei component) as our "father" reference stream und
dir (the j component) as the other reference strcam we have for the
conserved property m,

f = _— = m
17 -0

Thus f has the same value and significance as the nmass fraction for
the injected fluid,
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In transpiration-cooling problems, the surface heat flux

ég can be conveniently related to the mass-transfer rate " and

the supply conditions of the coolant (denoted by the subscript T)

by applying the Steady Flow Energy equation to a control volume

bounded by'the S-surface and by a control surface crossing the

coolant-supply gtream, When lateral heat conduction is neglected

there results:

4y = d"(bpg = bp) -4, -

Hence the driving force Bh may

also be'written as:

S~ surface

(2.704'58)

be

The corresponding conductances can obtained through equation

(2.7.4-2), For "similar" flows the following dimensionless forms

of the various conductances are independent of the variable x :
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g 11
ey 2 3 5, (27ae
Utefavie/™) (hgs,aa™ Pes) Vafeve’™)
g T
L % = 5 1/6 5 (20704-8)
SﬂGFGuG/x) u, 9“Gfqu x)
gf Ih"
% = % . (2-7-4‘9)
(3 feve/*) By (M%)

In a way entirely analogouslto the case of constant-property
solutions, in presenting solutions in later chupters we shall incor-
porate in the conductances the Prundtl number, Schmidt number and the
pressure -gradient parameter /8 in the following form to reduce their

influences on the conductances:

~ 2/3 %o A
(&g = (Nppg) 72 -2) en/ (Hg feug/*) )

~ % %
(e)g = (2 -3)" g/ (/uG/pGuG/X),Q (2.7.4-10)
(Gelg = (NSG,G)Z/3 (2 -5 )}é gf/(/uG/aGuG/X)%

In the limiting case when B—-= 0 (i.,e, fi"—+0), the corresponding
quentities are denoted by the superscript | ( )*, ol g; ’ ot R

(

PR *
qs) ' hGS,ad etc,

The local Nusselt number, Stunton number, skin friction factor
and Reynolds number are connccted to the conductunces through the

following relations:
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> -
Nyu,¢ - x/Kg - NPr,G(hGS,ad hes) & o
% % %
(Mo G (4 Fgue/) °p g T5,aa = Ts) ug/x)

---- (2.7.4-17)

where the heat-transfer coefficient o< = qé/( T ag = 7T )
?

% = [ fug X/ 9(;)'/2

No, (N, )¢ =
S5t,G 7 ie ,G /DGuG Cp,G \\ Ma
h - h
_ GSL?d GS ) ®n . (2.7.4-12)
T e T ~ T ’ : e
G Syad S u -
P ’ G/QG
e
) - QrC uG(‘OG % 2 8,
op (Npo )7 = = 7 (2.7.4-13)
’cdG e (M Pgug/x)"
Recovery factors
Two recovery factors are defined:
(I) Temperature recovery factor, NRF,T y
T -7
= S,ad G -
NRF,T = . (20704 14)

wo/ (26,3 )

If the accoustic velocity "a" is given by the perfect gas relation
%
a = (¥R T)A, then,

T -7
N = S,ad G (2.7.4-148)

RF,T ] o .
% (5 D6 T
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(II) Enthalpy recovery factor, Nep 0

Des,aa ~ Be

2
cp,G uG/(2goJ)

RF (2-7-4"15)

Again, if the accoustic velocity is given by the perfect gas law then:

h -h

Npo = GS,ad g ] (2.7.4-15a)
1 -
% (B = Dy o) oTo

2¢TeD Relationship between two-dimensional flows and axi-symmetric

flows
Since s, % and f (section 2.7.1) are varizbles in the truns-
formed common equations (2.7.1-12) to (2.7.1-14), their respective
values for corresponding two-dimensional and axi-gymmetric flows must
be identical, To distinguish the two types of flow we shall in this
section denote the two-dimensional flow by single-barred quantities
and the axi-symmetric flow by double-barred quantities, Hence, we have:

S =855 =75

il

=1 .
Sinilarity of profiles holds, thus u is & function of % only.

It then follows:

<o

= U .
It is also assumed that all the fluid properties are identical for the
two systems, i.e. L = i 5 = 7 etc, As confusion will not

y ’ // /“' ’ /& {

arise it is not necessary to distinguish these by bars,



24765

61

From the definition of s, equation (2.7.1-4), we have for

constant Ma and %9G

X orr (078
=/4le /o‘“ct L }dx

af

and

Q|
]
RS
[*p]
T
[*p]
é““ﬁ
=l
[op]
jo 8
i
[ 3

But 8 = s and uG

. ¥ i, (7
- T (7/L) 5 /oY% -
/7 = . % Y dy M and 7 = —7 Y dy
(25) 0 (28)” Jp
But V= v , 4y =u, end § =35, thus:
- i r (X)
rO(X) . di = dy , i.e' 1 Sr- - OL ?
L
]

Relations (2.7.5-1) and (2.7.5-2) are of course the

Mangler's transformation., Using these, we easily obtain the

(2-705'2)

well -known

following

ratios, two-dimensional flow quantities to axi-symmetric flow

guantities:
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AT 2O W S L WAL W Y |
R = _— = — — = — — = :
S ﬂ‘"/(r“c;huc/")z gh/(v'“c?c,“c/x)%
z W . . mork %k
o/ (4 dGuG/X)é gu//(,uG:oGuG/x)/i’ | JV[ ‘Kro(x)/L)z dx] ,

Bo/(ugogig/)E B/ 20/ IR VAL J l

where the FTuler number Eu is connected to Zby Eu = /(2 -3)Y., It

thus follows that:

S e S ey
| Bh = Bh H Bf = Bf H BU. = Bu | (2.7.5‘4)
Lo - o
For an axi-symmetric stagnation-~point flow, we have:

;_GO( ;, i.e }?u = 1 and I‘O = ;(: M (2.7.5-5)

Equation (2.7.5-3) then gives:
_ fguy I's r"_./
R2D/5D = 1//\43 (2'70) U)

Thus: Lu = 1/3
_ (2'7-5-7)

and j&) = 1/2

/

Hence, solutions obtained for two-dimensional flows with fgz 1/2
are applicable, after suitable modifications, to the axi-symmeiric

stagnation-point flowsj; and vice versa.
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CHAPTER 3 "SIMILAR'SOLUTIONS TO THE BOUNDARY-LAYER EQUATIONS

3.1 Survey of exact solutions available in the literature

As the heading of this section suggests, only exact "similar"
solutions to the boundary layer eguations will be considered. The
gualifying word "exact" 1s used here mainly to distinguish the
solutions that satisfy exzctly the differential equations from those
which only satisfy the integral equations across the whole boundary
layer thickness.

Without exception all the exact solutions that are available
in the literature were obtuzined by a numerical method. Though here
we are concerned more with the solutions themselves than the actual
methods used to obtain  them, it should be noted that the form of
the differential equations for "similar" flows as presented in section
2+.7+.1 is not the only one; other variants are possible. However, the
form chosen is the most generally used one. Once again, we shall not
discuss the particular form each author adopted in obtaining the
solutions,

As far as possible the solutions have been collected from the
literature and tabulated in Tables 3.1-1 to 3,1-28 (pp.275~291). The
tabulated solutions include the dimensionless conductances

(@ )g= (2-p)o8 /(g pue/™) %y (80)g = (g5 3(2- 20 e/ (v

cﬂcG
and (G ). = (W_.) /3(2 5)/é /( u /x)é and the enthalpy recover
n’c £ “pr’c &’ Ve fe%e ’ 124 ¥

factor NRF or the temperature recovery factor N . Where applicable

RF,T
1/
the dimensionless mass-transfer rate 1!1"/('//A-GﬁGuG/x)/2 and the driving

forces Bu, B, and B, are also included., It may be noticed that in

pil h



the above groups the fluld property values in the main stream
(the G state ) have been used,

¥ith ecach set of solutions is a summary of the particular
property-variations which have been used in the solving of the boundary
layer equations. Very often the difference between tvo sets of solutions
lie only in the choice of slightly different yproperty-variations.

Examination of these solutions reveals that for the zero-muss-
transfer case the great majority of the solutions were obtained
explicitly for alr as the fluid; a2nd for the non-zero mass-transfer
case air was invariably the main streem fluid., This contrasts with
the many constant-property solutions available for a wide variety of
fluids, as characterized by the Prandtl number ranging from zero to
infinity for the zero-masgs-transfer case and from 0.0001 to 20 for
the non-zero mass-transfer case [GTZ, G31] .

For convenience further discussions will be divided into

two groups, viz. A= 0 and ﬁ%# 0.

3,141 = 0

From equation (2.7.,2-6) it can be seen that/g = 0 corresponds
to an external Tlow with zero pressure-gradient, 1.e. uniform main
stream veloclity. One of the most common situation for the realization
of this flow is when a [luid flows over a flat plate at zero incidence,
For this type of flow similer solutions exist for a main stream Mach

number, N y of any finite constant value, greater than or

Ia ,G

approaching to zero, as has been discussed in section 2,7.2.

(a) B~0 , i,cs 2zcro-mass-transfer




The first solutions for variable fluid properties obtained
for this case were for property-values varying with temperature
according to power laws, e.g,. /u<XTﬁ>where the index w was invaribly
chosen as a constant. Solutions were obtained by Busemann [51] ,
Karman and Tsien [S2] , Hantzsche and Wendt [s3] , Emmon and Brainerd
[ s4, s5] and, most extensive of all, Crocco [S7] . All these solutions
arefgonstant Prandtl numbers and constant cp with/;uxTQJ (w varies
between 0,5 to 1.25); temperature ratios TS/TG from 1/4 to adiabatic-
surface conditions and Mach number from O to 12,5. Crocco [S?]in
addition presented skin friction results for viscosity variatioms
following Sutherlands formula; van Driest {314] also used Sﬁtherland's
formula and obtained solutions for a constant N of 0,75 for TS/TG

Pr
from 1/4 to 6 and NMa from O to 20,

,G
As a departure from the power-law variations, Klunker and

McLean [S12, S17] , Young and Janssen [S15] , Moore (S16] , Romig and
‘Dore [519] and ven Driest [520] obtained solutions explicitly for air
with actual property-variations taken from tables. For these solutions
the main-stream temperature TG appears as an explicit parameter, Moore's
results are for air in dissociation equilibrium. However, as pointed
out by Hansen [P13] the Prandtl number for dissociated air as used
by Moore is in error. Following Hansen's suggestion on the calculation
of Prandtl number for dissociated air, Romig and Dore ({S19] obtained

"improved" solutions for air in dissociation equilibrium. This provides

the most extensive results for a dissociated, laminar boundary-layer,



(b) B>0, i.,e, with gas injection

Smith [S22] considered the diffusion laminar boundary layer
with variable fluid properties., As one of the boundary conditions for
the momentum equation he assumed that the normal convective velocity

at the plate surface is zero, i.e. v, = O, Eckert and Schneider [530)

S
pointed out that Smith's choice of this boundary condition is not a
realistic representation of the actual situation at porous surfaces.

Instead they allowed a non-vanishing v, and stipulated that none of

S
the main stream fluid passes through the surface (cf. section 2.6).
All subsequent investigators seem to adopt this as one of the constrains
to the boundary-layer equations.

Low [s528] présented results for an air-air system; Baron [529]
considered hoth the cases of helium and carbon-dioxide injection into
an air stream. Under certain simplifying assumptions these results
are independent of Mach number and temperature ratio TS/TG.

Sziklas [S31] reported results for a comprehensive range of

mixtures: air-air, Hzo-air, He-air and H,-air., He assumed that the

2
value of mixture Prandtl number ( = 0,72 ) was independent of both

the temperature and composition; this produced the unexpected increase
in recovery factor with blowing rates for helium and hydrogen injections.
To improve on this, Sziklas end Banas [532] obtained solutions for

the same mixtures with Prandtl number allowed to vary with both the
temperature and composition., Though the temperature ratio TS/TG was
confined to unity, a range of main stream Mach number between O and 6
was congidered., The case of helium injection was again considered by

Baron and Scott [S541] for TS/TG = 0.8 and N, -~0j in eddition to the

M
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flat plate case results for /2: 1/2 and /9: 1 were also reported,
Eckert et al [357, 844] considered the case of hydrogen
injection. Solutions were reported for a wide range of parameters:
o o
T, from 123~ to 2000°R, TS/TG from 0.5 to 6 and NMa’G from O to 12.

These represent the most extensive results for the H,-air system.

2
Gross [S49] studied the stability of laminer, binary boundary-
layers on a flat plate and obtained solutions for sxin friction and

mass-fraction for three isothermal binary mixtures: H_-air, Coz-air

2

and I,-air (Iodine-air).

2
Baron [S48] conducted a searching discussion into the
discrepancies between measured and theoretical recovery temperatures,
and presented recovery factor solutions for helium injection with the
hitherto neglected reciprocal effects of thermal diffusion and diffu-

sional cnduction fully accounted for; up to now these appear to be

the only solutions obtained with these effects included for ﬁ%: 0.

5012  B#0

With the exception of a few for vanishing mass-transfer rates
(B+~0) all the available solutionsg for non-zero /6 values are for /3
equal to either 1/2 or 1. Some solutions were explicitly obtained for
an axi-symmetric stagnation point. However, through Mangler's trans-
formation (section 2,7.5) these solutions can be readily converted to
two-dimensional results for ﬁ%: 1/2, and vice versa. The case of /3 =1
corresponds to the plane stagnation flow,

AS have been discussed in section 2.7.1, for constant T, and

G

TS similar solutions for /3 # O exist only for NMa,G*'O; hence the
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Mach number does not explicitly appear as a parameter for these cases,

(a) B0

Solutions for property-values varying according to power laws
were obtained by Brown and Livingood [S131 , Ito [s818] , Levy (s21],
Li and Nagamatsu [524] , Cohen and Reshotko [S25] and Bade [S47] .
While Bade restricted consideration to the B= 1/2 case, all the others
covered a wide range of ﬁ values., Mark [S23] and Fay and Riddell [S35]
provided results for S= 1/2 for air in dissociation equilibrium; they

both covereda wide range of temperature levels.

(p) B=0

All the solutions available for B # O are for /Qvalues of 1/2
and 1 only. Furthermore, among the hundreds of points only four are
for B< 0, hence we shall concentrate our attention on the B >0 case,
For air injection into an sir stream solutions were obtained
by Brown and Livingood [815] for /6= 1,and by Howe and Mersman [538]
and Libby [s45] for B= 1/2. All these authors used power-law variations
of fluid properties. The case of helium injection was considered by
Hoshizaki and Smith [536] and Fox and Libby [S46] for A= 1/2, by Baron
and Scott [541] for both ﬂ=-1/2 and 1, and by Eckert et al [$50] for
B = 1. Hayday [s3,540] presented results for hydrogen injection
for 3= 1/2 and 1. Hurley [S42] reported solutions for /8: 1 for
isothermal binary mixtures of Hz-air, He-air, Hzo-air and COz-air.
So far, all the above mentioned solutions were obtained with

the effects of both thermal diffusuon and the coupling between

diffusion and heat conduction neglected. It was Baron [5487] who first
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took full account of these effects and obtained results of adiabatic
surface temperature with helium injection for /6= 1/2. In a later
publication [S51] he presented further results with helium and
Freon-13 (CClFB) injections, again for F}: 1/2., The contrasting thermal

diffusional properties of the He-air and CClF, -air mixtures provide

b
an informative comparison between the results.
The influences of the coupling between energy and mass transfer
on the heat-transfer and skin-friction characteristics of laminar
binary boundary-layers received more detailed consideration by
Sparrow et al [852, s$53, $54] . They presented solutions for /3= 1/2
and 1 for a wide range of binary mixtures with contrasting properties:
Q-air, CO

H,-air, He-air, H -air and Xe-air (Xenon-air). Particularly

2 2 2
important are some results which permit a comparison to be made of
the igolated effects of thnermal diffusion and diffusional conduction

on the boundary-layer characteristics,

3.2 Characteristics of the laminar boundary-layer solutions

The complexity of the boundary-layer equetions makes it quite
impossible to obtain from examination of the equations alone the
influences of the various parameters on the solutions. However, as
many solutions are available, it is possible, and profituble, to deduce
from them the qualitative trends of the influence of such parameters
as TS/TG, NMa,G’ /8 , molecular weight ratio MG/MT etc. For this
purpose some of the collected solutions (extracted from Tebles 3,1-1
to 3.1-28) are plotted in figs. 3.2-1 to 3.2-10; based on these plots

the following discussions are made. Once again we remark here theat
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the great majority of the solutionsare explicitly obtained with air
as the main stream fluid., The validity of the discussions following

should be viewed bearing this in mind,

34241 Effects of temperature ratio, THZTS
[
In order to exclude as far as possible other parameters we
shall examine the data for zero mass-transfer with NMa Gd—O. On
4

figs 3.2-1 are shown the variations of the shear conductance ratio

* *
(G)g/(6,)

. _ . . :
wo.p. with TS/TG for 3= 0, % and 1; the subscript c.p.

signifies that the quantity it attaches to is that for constant —
properties (’I‘S/TG = 1 in this case). As can be seen, variations of
this sk in-friction ratio differ according tolﬁ value . For/8= 0 (flat
plate) the skin friction decreases only slightly with TS/TG, while
for B= 1/2 and 1 it increases rather rapidly with TS/TG. The rate

of change appears to increase with‘ﬂ value ; the plot in diagram (a)
of fig. 3.2-2 accords with this view. Physically, the increase of
skin friction or the conductance (G:)G with both 3 and 'I‘S/TG can be
explained as follows.,

As can be seen from equation (2,7.2-6), between O and 2 the
"pressure gradient" parameter‘ﬁ characterize an accelerating main-
stream flow; the accelerating pressure-gradient increases with increas-
ing /3 values. For boundary-layer flows the same pressure gradient
will be impressed by the main-stream flow on the fluid in the boundary
layer, If the density of the fluid in the boundary layer is lower than
that of the main-stream fluid, as in the case of TS/TG>>1, the accel-

eration of the boundary layer will be enhanced, producing a "steeper"
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profile with higher skin friction. Obviously, higher values of the
temperature ratio TS/TG and the parameter/B will produce higher skin
friction, Sometimes the acceleration of boundary layer fluid is enhanced
so much that it may exceed the main steam velocity and produce an
"overshoot" in the velocity profile (i.e. u/uG first increases with
distance from the surface to a vulue greater than 1, then decreases
with increasing distance until unity is apvroached at infinity).

This overshoot phenomenon was first discussed by Brown and Livingood
in reference [S13] . By the same reasoning one can also expect this
overshoot to occur when a light fluid is injected into an saccelerating
flow of a heavier fluid, providing TS/TG is not too small éompared
with unity. Hurley [S42] and Eckert et al (S50] do indeed provide

this evidence for /3 = | with the binary systems of H,-air, He-air and

2

HZO-air. Conversely, a denser fluid in the boundary layer (TS/TG<:1

and/or injection of a heavier gas) results in a lower skin friction.
On diasgrams (a) to (c) in fig. 5.2-3 are plotted (G;)G/(G;)c.p.

versus R (= TS/’l‘G or hs/hG) for 3= 0, 1/2 and 1:; in accordance with

established practice the hs/hG ratio is used far dissociation data,

Aé can be seen, the influence of RT on the heat-transfer rates is not

lerge. No precise trend can be detected; it, however, appears that

the enthalpy conductance (G;:)G increases with decreasing RT for /8 = 0

and 1/2, the rate of change being slightly higher for /3= 0 than for

3= 1/2, as can also be seen from diagram (b) of fig., 3.2-2, For

/B= 1 the available data show little influence of TS/TG; and no

definite trend can be spotted.

Taking the 3= 1/2 case, one notices that for the same TS/TG
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range of 0,01 to 4, approximately, (G:)G/(G:)c > varies between

0.8 and 1.7, while (G;)G/(G;)c . varies only between 1.16 and 0.98.,

3.2.2 Effects of main-stream Mach number, NMa,G — é =0

Once again we shall examine data for zero mass-transfer, On
")

- al *
figs. 3.2-4a are plotted the data of (Gu)G/(Gu cup.

y, the abscisgsa

being N « ASs can be seen, for a given TS/TG the skin friction

Ma,G

decreases with increasing N the rate of change decreases with

Ma,G?
increasing TS/TG' The same data are also plotted in fig. 3.2-4b,

this time with TS/TG as the abscissa, Here it is seen that for a given

N the skin friction decreases with increasing T_./T., the rate
Ma ,G S TG

of decrease being higher at lower value of N . It appears that at

Ma ,G
very high Mach numbers the skin friction tends to become independent
of TS/TG.
o *
The effects of NMa,G on (Gh)G

above, as may be inferred from figs. 3.2-5a and 3.2-5b.

are gimilar to those described

The variations of zero-mass-transfer recovery factors with
Mach number are shown in figs. 3.2-6a and 3,2-6b., The temperature

recovery factors, N p+ 8re contained in fig. 3.2-6a; as can be seen

*
RF,

there, when NPr and cp are both constant, N*

RF,T

of NMa,G . However, if both NPr and cp vary with temperature, then

decreases with increasing NM

is almost independent

N For a given N the wvalues

*

RF,T a,G* Ma,G

of N;F p can differ quite appreciably, according to the variations of
?

the fluid properties. This is evident from the distinet curves for

three.TG's obtained by Young-Janssen in fig. 3.2-6a,

On fig. 3.2-6b the enthalpy recovery factors, N§F , are
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plotted against NMa . There it is seen thsat the data separate thenm-

G

gselves into two groups: those for dissociation air and those for non-

dissociation air. In both groups, however, N has only small

Ma ,G

* . Furthermore, the effects of main stream temperature

influences on NRF
on the enthalpy recovery factor are much smaller than the corresponding
effects on the temperature recovery factor N;f p ¢ @8 may be verified

]
by comparing the same data of Young and Jenssen in both figs. 3.2=-b6a

and 6b ]

24243 Effects of injection of different gases

Generally, the injection of any gas into a gas stream has the
effect of reducing the local skin-friction or the conductance (Gu)G
and heat-transfer rate or the conductance (Gh)G,as well as (Gf)G and

the recovery factor N . This may be seen from the plots of the

RE,T
exact solutions in figs. 3.2-Ta to 3.2-Te for /3 = 0, figs. 3.2-8a to
3,2-8f for /3 = 1/2 and figs. 3.2-9a to %,2-94 for /8= 1.

When the gases are inert ones the injection usually acts in
two ways. Firstly, the blowing causes the boundary layers to thicken,
reducing the skin friction and the heat-transfer rate. Secondly, the
added mass may act as a sort of distributed heat sink, which further
lowers the heat-transfer rate.

However, if the external flow field is of a highly accelerating
type (as, for example, when /3 = 1) and the surface temperature is
higher than the main stream temperature (TS/TG'> 1), the iﬁjection

of a light gas into a heavier one might at first cause a slight in-

crease in the skin friction. This can be seen from curves 14 and 1B
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in fig. 3.2-9a showing variations of (Gu) with Bu for ﬁ%: 1. The

G
cause for this has been explained in section 3.2.1.

If a gas of high thermal conductivity (helium, for example)
is injected into a gas having comparatively low thermal conductivity
(air, for example) the heat-transfer rate may at first increase with
the injection rate and then decreases with it steadily. This is due
to the fact that-at small blowing rates the high thermal conductivity
of the injected gas successfully counteracts the comparatively small
blowing effect, causing an increase in the heat-transfer rate. At
higher injection rates, however, the blowing effect becomes dominant
and the heat-transfer rate decreases steadily., A good example of this
is provided by curve 7 for helium injection at a two-dimensionzal
stagnation-point in fig. 3.2-9c.

The injection of different gases into an air stream produces
different effects. Generally, at a given injection rate and for the
same boundary conditions the injection of a lighter gas produces a
higher reduction in the conductances 8y 8o end oo Reference may be
mede to fig, 3.2-7a showing variations of (Gu)G with Bu for ﬁ?: 0.
There it may be seen that curves 5 (12’air), 4 (CO2-air), constant-
properties (air-air), 1 (HQO-air), 2D (He=-air) and 3 (Hz-air), all for
’I‘S/TG = 1 and NMé"O’ lie progressively lower in the sbove order,

When the effects of thermal diffusion and diffusional conduction
in binary mixtures are neglected the qualitative effects of injection
of different gases on the temperatgre recovery factor NRF,T are the
same as on the various conductances. This may be seen in diagram (A) of

fige 3.2-7d. Diagram (B) of fig. 3.2~74 is inserted merely to show
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the unexpected increase in N with the injection rate &"/gququ/x)%

RF,T

for He-air and H,-air (curves 3A, 3B, 4A, 4B and 4C). This is entirely

2
due to the incorrect assumption that the Prandtl number is constant,
i.e, independent of both compositiin and temperature.

.
Fig. 3.2-Te shows the variation of N with m"/gycfth/x)é

RF,T
for the H,~-alr mixture for various values of N and T_,., Comparison
2 Ma ,G G
of curves 2C, 2D, 2G and 2J (all for NMa G = 4) reveals that TG exerts
]

guite 2 large influence on the recovery factor,

3.2.4 Effects of thermal diffusion (TD) and diffusional conduction (DT)

Some of the more obvious effects of thermal diffusion and
diffusional conduction can be revealed by examining the surface mass-

flux and energy-flux expressions, viz,.:

m = _[__l_ omy o mp(1-m) oty EI)] (2.6-9)
s

1~ \ 0¥ T 2y

X T T (1 =M)T %y N/
and -9.= (k2. +R m (2-6-10
= -k ITRICTEVD L N )
In the absence of any mass addition (4" = Q) eguation (2.6-9)

indicates the existence of a temperature gradient as well as a
concentration gradient in the equilibrium state. For an i species of
relatively low molecular weight, c(T is negative and an enrichment of
the i species takes place at the higher temperature zones,

Equation (2.6-10) shows that whenever there is mass addition
(4" > 0) the presence of the DT term mey produce a finite heat-flux
when the surface temperature-gradient vanishes; and a zero heat-flux

condition (adizbatic surface) may not be accompesnied by & vanishing
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temperature gradient., This tends to suggest the important role played
by DT in influencing the adiabatic-surface temperature,

To assess the relative importance between the TD and the
concentration diffusion terms, snd between the DT and the thermal
conduction terms, we make use of the ratios formed by the respective,

corresponding terms, viz. :

rJT ™. (1-mm;) b(ln’ﬂ/&)y
RTD = ) e (30204"1)
_ 3mi/dy S
o o [ RC=m) Tty {Mp+ (M5 =mdmg }
and T = L“ﬂ““““‘“"”‘““'”“— - (3.2.4-2)
k 2T/ 2y S
Based on the flat plate solutions obtained for He-air with
cﬁ.T = 0 , Baron [S48] evaluated these ratios for a range of the

temperature retio TS/TS ag * @ figs. %.2-11(a) and 3.2-11(b) are
1
. . ) % .
replotted these ratios against /(/uGﬁGuG/x) , from which some
interesting,though necessarily approximate, vpoints may be noted.
Fig. 3.2-11(a) shows that for a given injection rate the effect
of thermal diffusion on mass-flux increases with increasing heat-

transfer rate or decreasing TS/TS retio; it also increases with

pad
decreasing injection rate.

Fige 3.2-11(b) showing the relative importance of the DT term
and the heat conduction term suggests that RDT approaches infinity as
TS/TS,ad tends ﬁo unity. This underlines the much more pronounced
effect of DT on:the hezt-flux near the adiabatic conditions. On the

other hand for a highly cooled surface (TS/T small) the heat

S,ad

conduction term dominetes,
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As can be seen from eguations (2.4.1-1, -2, -5, -6, and -7)
the interaction of the transports of energy and mass introduces
additionel complications into the boundary-layer equations. Even in
the case of one-dimensional Couette flow the differential equations
are still highly coupled., To gain more insight into the effects of
TD and DT we shell now revert to examining the solutions obtained
with these effects included, so that their influences on TS,ad . dg ’
as well as on the conductances gy 8y and 8p may be ascertained,

&) Adiabatic surface temperature, ms,ad

Examination of the solutions available reveals that one of

the more pronounced effects of TD and DT is the alteration of the
adiabatic surface temperature (i.e. surface temperature attained when
dg 0 ), Without these thermal-diffusional effects the condition

dg = 0 can be tzken as meaning (beby)s = Q03 when they are present

this is no longer true., Instend the much more complicated expression
of (2.,7.1-22) prevails.,

The effect of TD is contained in the last term of the diffusion
equzation (2,7.1-12); while that of DT is contained inthe L.H.S. terms
of the energy equation (2,7.1-14). By neglecting appropriate terms
it is possible to take into account of only one of these two effects,
This was tried by Sparrow et al {S52, S53] . Their results show that
the DT effect has by far the stronger influence on the adiabatic

surface temperature, T . On figs. 3.2-10(a) and 10(b) are plotted

S,ad

all the available exact solutions for (T - TG)/TG for/6= % and 1.

S,ad
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In both figures the closeness of curves 1A (with DT & TD) and 1B (with
DT only) clearly illustrates the dominating influence of DT over that
of TD., Although results for He-air only are available to show this,
the same is expected to apply for other binary mixtures., Perhaps this
could have been deduced from the fact that the DT term is directly
involved in the energy equation while the TD term operates via the
diffusion equation,

Further examination of figs. 3.2-10(a) and 10(b) shows that

the ratio (T - TG)/TG increzses with the injection rates; also

S,ad

the temperature level, as characterized by TG s can exert quite a large
influence on TS ad in certain binary mixtures, e.g., He-air., Another

’
important feature is that when the injectant is lighter than air (the

main siream fluid) T is greater than T, ; when it is heavier,

S,ad G

c* However, the magnituds of these effects cannot

be simply related to the molecular weight ratio, MG/MT .

TS,ad is less than 7T

b) Surface heat flux, Qg

.
Fig. 3.2-12a shows a plot of Q§/(§%)* V3, xh"/(/uGPGuG/x)é with

helium injection at a two-dimensional stagnation point for the two

. - §20° - - o -
cases: = 520°R, TS/TG = 1.1 and T, = 5000°R, TS/TG = 0,2, For

TG
each case three curves were obtained corresponding to: (1) neither

DT (diffusional conduction) nor TD (thermal diffusion), (2) with DT and TD
and (3) With DT only. It can be seen that for TS/TG = 1,1 the influences
of diffusional conduction on d% are very significant while that of thermal
diffusion is only very small; this is manifested by the closeness of

the two curves "with DT and TD" and "with DT only” and the much higher

curve for "meither DT nor TD". For the case with a highly cooled wall,
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TS/TG = 0,2, all three curves are guite close together, incicating the
much smaller influence on ég of both TD and DT.

The behaviour observed above may be explained by reference to

expression (2.6-10) for Qg y "hich may be re-written as:

-4 = (k2 cRAmM X T Ty
Te 2Y/s LM'L'*'(MJ“ML)"“LJS T o
In the case when TS/TG = 1,1, <fk59/5ﬂs is positive, For a helium-air
mixture c{T is negative, but A" and (1-mi’s)/[_—Mi + (Mj-Mi) mi,S] are
positive, hence the DT term, second term of E.H.S. of (3.2.,4-1), is
negative, i.e, of opposite sign to the conduction terle-kBQQy)S .
Since TS/TG is close to unity theigg;guction term is of moderate
magnitude, At larger values of A" the DT term becomes of comparable
magnitude, Thus we observe that as ﬁ"/gythuG/x)% increases the
difference between the curves "with neither DT nor TD" and "with DT

2

only" increases (fig. 3.2-122). In fact, at ﬁ”/(/AGPGuG/x) larger
than about 0.225 the sign of ﬁ% reverses,

For the case of the highly-cooled surface TS/TG (=0,2) is
much less than unity; the conduction term is of much larger magnitude,
With T, less than T, (}kéq@j@ is negative and the DT term is also
negative as has been seen above; hence these two effects augment each
other., However, as the conduction tern is now of much larger magnitude,
it overshadows the influence of the DT term,

Similar inferences may be made from the data of Baron [S51]for

B = % , which are plotted in fig., 3.2-12b for the mixtures of He-air

and CCIFB-air, though in these plots the individual effects of TD and
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diffusional conduction can not be isoclated,

The above findings are in accord with the representation on
diagram (b) in fig. 3.2-11. Thus one may summarize (552] : the
influences on the heat-transfer rate of thermal diffusion and
diffusional conduction will be large only when TS/TG is c¢lose to
unity (laboratory type situations); whenever these diffusional effects
are significant, the dominating one is diffusional conduction rather
than thermal diffusion.

¢) Enthalpy conductance, N

The existence of an adisbatic surface temperature different
from the main stream temperature even in the absence of any kinetic
heating suggests that the following definition for the enthalpy
conductance should be used,irrespective of flow speed:

qS

g = 2
h h - h (502.4-2)
¢s,ad ~ ¢S

Of course, when the effects of TD and DT are neglected and the flow

d simply

is of negligible kinetic heating, TS,ad = TG , and hG

S5,a
becomes hG.

From an examination of all the exact solutions collected, the
conclusion is reached that the enthalpy conductance g, @&s defined in
(3.244~2) is only slightly affected by TD and DT. This may be readily
seen by comparing the corresponding curves for "neither TD nor DT" and
for "with TD and DT" in figs, 3,2-8b, 8¢, 8d and 8e for /3=1/2 and
figss 3+2-9b and 9c¢ for /3: 1 There is no solution available for

/5 = 0 with TD and DT taken into account. However, the results of
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g
the one-dimensional analyses made by Twefik et al [G33] and Tewfik
[GBA] for the binary mixtures of He-air, Hz-air and C02-air fully
support the above conclusion. We thus expect that the same should
apply also to the two-dimensional flat-plate case,

As the great majority of the solutions for the problem under
consideration were obtained with these thermal-diffusional effects
neglected the zbove finding allows these solutions to be used without
much error, provided &y is defined as in equation (3.2.4-2),

d) Conductances €, and g,

A close study of the solutions available shows that the
influence of TD and DT on the skin friction or g, is very small. Some
idea of the magnitude of these effects may be gained by reference to
fige 3.2-8a showing (Gu)G vs. B for ﬂ=1/2, from which the results of
Baron and Scott for helium injection (cross points) "with neither TD
nor DT" may be compared with those of Sparrow et &1, curve 2¢c, for
"with TD and DT", both are for To/T, = 0.8 and T, = 570°R.

The influence of TD and DT on Ers however, is slightly larger,
as may be ascertained from curves 1A - 1D and 4A -4D in fig. 3.2-8c¢

showing (Gf) ve, B )

G £ for ﬂ=:1/2 with helium and Freon-13 (CCIF

3

injections.
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CHAPTLL 4 CORRLLATION OF SOLUTIONS

4,1 The need for a correlation method in engineering applications

Though the number of exact solutions available are quite large,
they are still not sufficient to cover adequately the practical ranges
of such parameters as TS/TG, (NMa)G or molecular weight ratio MG/MT .
With the help of modern electronic computers the solving of the
differential equations to the problem does not present any unusual
difficulties; it nevertheless is gtill a rather time-consuming task.

It is thus desirable to have a correlation method with which
interpolation, and perhaps extrapolation, of the solutions already

obtained can be achieved simply and with an accuracy sufficient for

engineering applications.

4.2 Correlation methods available

Nearly all the methods aveilable in correlatung the variable-
property solutions make use of the concept of a "reference state", at
which property values are to be evaluated so thut the dimensionless
groups of such quantities as, for example, wall shear-stress, may be
approximated to the corresponding constant-property value, In the case
of zero mass-transfer the reference state becomes mercly the "reference
temperature"; for a binary boundary layer the reference state may mean
a mixture at a certain "reference temperature” and with a certain
"reference composition®,

The use of a reference temperature was apparently first

introduced by Rubesin and Johnson [G25] , who studied the skin-friction
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results for a flat plate obtained by Karman and Tsien and Crocco,

and recommended:

T T
ref 2 S
T =1 4 O.32(NMa,G) + 0.58 <-q-?-(; 1) (4.2-1)

Later, Young and Janssen [815] derived from their own solutions for
a flat plate the same expression (4.2-1) for the reference temperature

for N up to 5, and for N between 5 and 10 they recommended:

Ma,G Ha ,G

T
T

T,
Adiabatic-surface case - —L2& - 0.0556 (15 _S,ad | 6) (4,2-2)

G Tq
T T
ref 2 3
= 0070 + O.OZB(NLI&,G—) + 0058 ",:f"— (4-2"5)

TG G

Heat-transfer case =~

Re-examining Young and Janssen's solutions, Eckert [G?, GB]
arrived at the following single reference temperature expression,

which is valid for the whole Mach number range as well as for the

two cases of TS = Ts,ad and TS # Ts,ad:
T [/ Ta T
E;ZZQ = 0,5 \1 + E;i) + 0,22 (E;lﬁﬂi - 1) (4.2-4)
G G G

Since then this expression has been the most widely used one. For
this reason we shall in later discussions refer to this as the
representative of the reference temperature formulae,

There are at present two procedures available for the correla-
tion of variable-property laminar-~-boundary-layer solutions, which
can be applied to non-zero mass-transfer case, These are the methods

of Eckeri/Gross-Hartnett-Masson-Gazley (abbreviated as E/G-H-M-G) and
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Knuth. Before proceeding with the discussion of these two methods in
greater details we note for the sake of completeness the correlating
formula obtained by Young [G35] for the skin friction on a flat plate

when there is no mass-trunsfer and Npr is constant:
w-1

r_—— * r 2

where ¥ 1s the rztio of specific heats, and w is the index for the
[48)

variation of viscosity with temperature: Waalhe T « Becausc of the

rather restricted application of this formula we shall not discuss

it any more,

AeZ 41 Method of Eckert/Gross-Hartnett-Masson-Cazley, (L/G-H-%-G)

As the name implies this is a composite method consisting of
Eckert's method [G7, G8] for zero-muss-transfer and that of Gross,
lartnett, Masson and Gazley [G14] for non-zero mass-transfer; both
these methods make use of a reference enthalpy or reference temperature,

For 2 flat plate (8= 0) without mass transfer Eckert [c7, 68]
recommended the following procedure for calculating the recovery
factors, shear conductance &, or skin friction factor e and <the
enthalpy conductance 20N

(i) The reference enthalpy or reference temperature is

calculated by solving the following psirs of equations:

ref _ 1 hs o ¥ 2
-ﬁ-G-u = 2(1+;’€) + 0,22 NRF—%Z—— (N dg (4.,2.1-1)

. .
and N = ,f(upr)ref (4.2.1-2)
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where the suffix "ref" signifies that the property values are to be

evaluated at the reference state;

T ’s Y1
ref 2
- = (1+ -;- ) + 0,22 NRF 0 2 (NMa)G (4e241-3)
G G
*

The enthalpy expression (4.2.1-1) reduces to the temperature expression
(4.241-3) when the specific heat is constant; hence expression (4.2.1-3)
may be regarded as a particular case of the more general expression
(4.2.1-1). Expressions (4.2.1-3) and (4.2.1-4) are inserted as they
are reduired in the method of Gross-Hartnett-Masson-Gazley.

(ii) The skin friction factor and the shear conductance can

then be calculated from:

( l a") ) = 0.332 , (4.2.1-5)
T ) gl |

i
also : (G':)G_ = ‘Jz—f’ SiH = 0.4696 [_UL_P)"Ef_}z (4.2.1-6)
N P Y /% wP)g
(iii) The enthalpy conductance is determined from:
-2/3
n (Np.) ref (4.2,1-7)
In terms of (G;:)G and (G*) we have:
% 2/3
(Gh)G- — /\/—FZ ﬁ (NPr)G\- 9h /,J/UG_,DGuG./X (NP‘- g } (4.2.1-3)
(G':)G- r’ﬁ 9u. /J/“G, PGr uer/x (Np ) ref

For a flat plate with different gases injected into an air

stream, Gross, Hartnett, Masson and Gazley [G14] recommended the
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following formula for calulating 8y and the heat-transfer rate Qg :

/3 .
9 _ (Gl m’

~u = | —2.08(_§
3% (6)e <MT> f\{(,#/))&,re{:u&/x
Y 3 U

%s Mg il
15 = [ - 182 UL (4.2.1-10)
(%s) ' (MT) J P et e/

The suffix "G,ref" signifies that the properties are evaluated for the

(4.2.1-9)

fluid with G-state composition but at a reference temperature ‘I‘ref 3

for air as the main stream fluid this means that Qufa) is eveluated

of * The recommended reference

temperature is as given by equation (4.2.1-3).

for air at the reference temperature ‘1‘r

The surface mass fraction for the injected gas m; g is to be

3 o " Y ’ﬁ -
deduced from a series of curves, mi,S vs, B"/ [9ﬁp’G,requ/x] , each

curve being valid for a particular mixture. These curves are reproduced

*
ar, 0/ VR 0

similarly correlated and the corresponding curves are also shown in

in fig. 4.2-1., The temperature recovery factor ratios N are
fig. 4.2-1; as may be seen,the correlation is not very successful with
the mixtures of Hz-air and He-air,
The authors also considered correlating the Stanton number
- * 111 - i
ratio, Nst/NSt (Nst = S/ [(foucp)G (Ts,ad TG)] ) in the same way
as they treated gu/g: and &é/(dgfe . However, they did not recommend

the use of this as it does not yield as good a result as in the case

of the hest-transfer rate ratio,

4.2.2 Method of Knuth

This is another method employing the concept of a "reference

state"., While &1l the others mentioned so far obitained the referecnce
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state by a purely empirical method, Knuth made use of a much simplified

Couette flow model in the derivation of the reference state.

The

Couette-flow expressions for the reference temperature and composition

were then empirically adjusted to give good correlation to boundary-

layer solutions. Knuth finally recommended the following reference

temperature and reference enthalpy expressions for laminar boundary-

layer flows:

2

Tref _ _TE - Y @;"Cpm; s 251
= “O‘5<‘+TG>+O‘2NRET e +o.1ﬁ5hreF +(Eh,reF+Em,reF) == ! 1(4,. )
Mot =os(l+ﬁé)+02N* _Ye Loqle +(E, CE )E"——C—"ﬁji/l“iﬂ (422-2)
o ) hg_ «Nepr th_ ' Lh,re{C h ref m,ref Fret | e .
"The E's are defined by:
.
r“/jgﬁnm¥u6/x
E = - (4.2.2_3)
+ref 0332
1
064-!— Su./»\/—ciup?re‘r‘ U.(;‘./X_ }
_ / \' L 0.3372 .
Emref = Bp et NseJrer (4.2.2-4)
T
064r 9u/~/wp)re$ Ug/X 'J 6
_ ( ' L 0.332 )
Eh e = EF\re{?\NPr> res . (£.2.2-5)
The reference mixture is given by:
M (M) (e )
Mi/Mi o Iniwar T\l (1-res))
mi)re‘F = ]—‘ T (4.2.2_6)
WM an M M ]
I=Mis My

With the reference state complleely defined, Knuth then
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recommended two curves, one connecting the conductances with mass-
transfer rates and the other connecting the recovery factor and
mass-transfer rates. The respective ordinate and abscissa are listed
in Table 4.2-1,

As a typical application of the method, we assume that the
following data are provided:
T TS/TG » Uss Mj/Mi’ Tps together with details of property-variations,
If we regard these quantities and any others that can be computed
from these not as variables, Knuth's method may be broken up into the

following six functional relationships for the unkowns:

B3 rer = f, { Bf} (4.2.2-7)
Tref = T { oot By ropr Bpr 8,y A7) (4.2.2-8)
gu = f3 (m"’ |I‘ref’ mi,ref}' ' (4.2,2-9)
gf = f4 {ﬂl", Tref’ mi,ref’g’ll>- (4.2.2-10)
&, = T { B Toerr By peps €y NRF>' (4,2.2-11)
N = fg {a, 1 m £, + (4.2.2-12)

RF 6 \ '’ “ref ' Ti,ref ! ®u ; sce

With the coolant supply conditions known we can make use of
the expression for Bh in equation (2.,7.4-3a), viz, (when radiation

effect is neglected):

B, = (h - hGS)/ (hpe = h

GS,ad TS T)

mn/gh

This permits us to write, in accordance with the previous stipulations,

the additional funetional relationship;:
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gh = f7 ‘(l‘h", NRF} (4.2.2‘13)

In the seven functional relati onships (4.2.2-7) to (4.2.2-13)
there are seven independent unknowns ( since Bf, a" and g, are
connected by g, = ﬁ"/Bf, only two of these are independent):

T £ ", g, €1 Eps and NRF « Hence they may be determined,

m,
ref! “i,re u

As the functions are interlinked, the determination of these knowns

invariably involves some procesg of iterationm,

4.3 A new correlation procedure

4.3.1 Introduction

Both of the above two metinods described suffer from the
drawback that detailed knowledge of the fluid properties is required.
In this cénnection the E/G-H-M-G method is better because only the
main stream fluid properties are required, while Knuth's method needs
all details of the variaztion of mixture properties with both tempera-
ture and composition,

0f the two,the metnod of E/G-H-M-G is much simpler to use, but
it does not give satisfactory correlation oof the surface mass-fraction
and the recovery factor, as manifested by the need of using different
curves for different binary system in fig. 4.2-1.

Although both the metlhiods are derived for tne flat plate case,
they have also been recommended for use in flows with pressure gradient,
for example, with /3= 1/2 or 1. While this may be successful for the
enthalpy conductance &9 the methods may be greatkly in error for the

skin friction.
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According to the reference enthalpy method, for zero-mass-
transfer,
* r * ‘I
gu _ ! gu |
o x| Japeie
N Quf)refuc/x LNK;L uG/x 1 c.p.
. I
(Gu)G Q”ﬁ)ref
i.e —— = | e——— irrespective of/gvalues if (NMa)d-O.
(67, (4p)
sDe 4 G
2/3
s [ torer]
Similarly, ———%%ii— = ¥~—££4£2£ ! .
1
(Gh)C.p. L(NPr)c.p.—J
If we consider the case when NMa G*-O, then according to the above,
]

. e * * * *
for the same TS/TG ratio, the ratios (Gu)G/(Gu)c.p. and (Gh)G/(Gh)c.p.
should be constant for all 3 values. However, reference to figs. 3.2-1,
3.2=2 and 3,2-3 shows that this may not be the case. As may be seen

. 2 * * . )
from fig. 3.2-3, for a given TS/TG value (Gh)G/(Gh)c.p. does not vary
very much over the /3 value range from 0 to 1, However, fig., 3.2-1

. * * .
clearly shows that for TS/TG = 4 the rat}o (Gu)G/(Gu)c.p. varies from
0.9 to over 1,8 when the /9 value changes from O to 1; furthermore,
the trends of variation of (G:)G with TS/TG are of opposite nature
- for /6 = 0 and for /3 = 1/2 and 1. Thus if the reference state method
. . N »*
is successful in accounting for the effect of TS/TG on (Gu)G for /9 =0,
the same method cannot possibly be successful when applied to the
case of /§> 0.

With the goal of overcoming the aforementioned shortcomings of

both the methods of E/G-H-M-G and Knuth, the new procedure is developed,



4.,3.2 Development of the new procedure

ol . ¢ —_—
4.3.,21 The conductances (Ga)G, (Gh)__G and (GflG

a) Basic functions

From plots of (G)G vs., B (omission of the subscript to the
conductance G means that the discussions following hold for all the
three definitions of conductances introduced) it is observed that for
a given fiow configuration, i.e. for a particular value of /6 , the
curves generally exhibit great regularity with respect to the governing
parameters To/T., (N ).

can be brought close to the corresponding constant-prbperty one by

and MG/MT . Furthermore, any particular curve

first multipling the driving force by a constant FB, and then by

multiplying the ordinate by another constant F The constant

g’T/NMa
F_ does not vary much for & given binary mixture; and F is

B 'T/NMa
almost independent of the type of gas injected. This suggests that we
can stipulate the following general relationship, rather similar to

the parallel case of furbulent boundary layers investigated Dby

Spalding et al [G30] :

- T ——
TS TS MG ﬁ : )
(G) . *F =, N , PT = £1BeF 1, N y =, , C(de3.2-1
G g,T/NMa T,' Ma,C ﬁ B\T,' "Ma,G’ M {g / |
e . 1
As may be seen, this form of correlation removes the need for detailed
knowledge of any property variations. The functions F and F
617/ Ny B
have the following properties:
Fg,T/N = 1 for alllg values when TS/TG =1& (NMa)G =0
Ma (43.2-2)
. _ o _ ~ . )
Fg = 1 for all ﬁ v?.lueg when TS/T_G =1, (NMa)G_O & L.G/MT 1
O0f course, the relationship (4.3.2-1) allows the functions F
g'T/NMa

and FB to vary according to the definition of the conductance, e.g.
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r may differ from F

etc,
gu’T/NMa bh’T/NMa '

In the formulation of (4.3.2-1) it has been implied that
the function f is that appropriate for air as the main stream fluid

(N = 0,7 assumed). Thus for constant-property case eguation

Pr/Sc
(4.542-1) reduces simply to :

(G)Clp. = f {B, /3} 3 (430302'3)
and when in addition B = 0 , we have:
M+,
= f O—'12"
(G)c.p.. { fg,} . (4.342-4)

The parameter NPr or Ng, does not explicitly appear. The reasbn for
adopting this lies in the fact that, excluding a few solutions for
the zero-mass-transfer cese, all the available exzct solutions are
for air as the main stream fluid; the validity of any correlation
procedure derived from these solutions can hardly go beyond this
restriction,

As has been remarked,the dependence of F_ on TS/TG and N

B Ma ,G

is only slight, Thus it seems reasonable to split the function into

the following form, so as to facilitate its determination:

‘ Tq [ My l !
P = Fp gy T NMa,c',Q; " Pyl W0 3 | (4.5.2-5)
Ma G / v T L/
f
And FB’T/NMa and FB,M have the rollowing properties:
FB’T/NMa =1 for all;ﬁ values when TS/TG= 1 & NMa,G= 0
(4-5-2'6)
F =

1 for &ll p values when MG/MT = 1
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(b) How the functions may be determined

Here we shall very briefly indicate how the functions F
G,T/NMa

B’T/NMa and FB,M may be determined from the solutions availeble,

Details of their derivation will be discussed in section 4,3%.3.

F

Relation (4.7%,2~1) yields for B

0

*

(&)g Fg,T/NMa\(Ts/Tc' NMa,Gv/ﬁ’}= f{[b’} , (4.5.2-7)

Thus the function F can be determined from the zero-mass-transfer

g ’T/NM&

data alone, Once this function has been determined the funciion FB /%
! Ma

may then be determined from the data for MG/MT =1, i.e, injection

of air into an cir stream, With these two functions found the third

function FB " can be derived from mass-transfer data other than those
¥

for the air-air system.

de3.22 Recovery factors — flat plate only

(a) Enthalpy recovery factors, N

RF

For the zero-mass-transfer case,no noticeable variation of the

enthalpy recovery factor N; with main stream Mach number is observed,

F

as may be inferred from fig, 3.2-6b. Nor is there any appreciuble

influence of the main-stream temperature level observed. However,

fairly large differences between the values of N;F for air in

dissociation equilibrium and those for non-dissociating air,., Thus,

as a simple approximation, we may taket

N;F = 0,825 for non-dissociating eir with TG between )
100 end 800°R and (NMa)G up to 165 |
4.3.2-8)
and N;F = 0,95 for air in dissociation equilibrium with
o
T . between 800 and TOOO'R wﬂ(uwgeup+c17,.

G
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For the case with gas injections the recovery factors ere
usually defined in terms of temperatures, and we shall discuss them
under heading (b) below.

(b) Temperature recovery factors, N

KR ,T

The recovery factor data are frequently needed so that the

recovery temperature, or adiabatic surface temperature, T may be

S,ad

calculated, For this purpose the temperature recovery factor is more
convenient to use than the enthalpy recovery factor; with the latter,

variztions of enthalpy with temperature are required before T ad
]

can be computed, Thus it is useful to be able to determine NRF T
?

without the need to have any detailed knowledge of property-variations,

Zero-mass=transfer. Examination of fig. 3.2-6a shows that when

the Prandtl number Nur and the specific heat cp are temperature-

dependent NRF p varies with both (NMa)G and TG’ However, if we plot
l 2 R 3 *
RF T/(N ) vs. (Gu)G/(Gu)C.p. the effects of both (NMa)G and T,

are greatly reduced. Fig. 4.5-1 shows such a plot; the data used are
those obtained for non-dissociating air with both the Prandtl number
and the specific heat varying with temperature, For constant Npr and

,
cp the ratio NRF T/(N )A is close to unity and is almost independent
?

of (N and thus of (G *) /(G )

Ma)G u‘cCyDe i

data,as the assumption of constant Npr and cp does not hold well for

and we shull not here use these

air at high Mach numbers,

Fige 4.3-1 clearly shows that the data c:n be well represented

by:
* . ¥* jp
i !
B A O I
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where p is a constant. By the method of least square p was determined

to be 0.621. Thus:

i

! SR M. S

B (443.2-9)
l

The accuracy of egquation (4.3.2-9) may be judged by reference
0.621
Do o ,

U Cape

*

*

) 1
to fig. 443-2 showing Ny. o/ (N, )2 vs. {(G:)G/(G In-

so-far as can be checked by availuble data,relation (4.302-9) is valid

for TG between 100 and 800°R and for N up to 20, The equation is,

Ma ,G

however, not recommended for use with dissociating air,

With gas injection, In & similar manner the temperature

recovery factor data for flat plate with gas injection are plotted in
fig. 4.3-3, The only difference irom the corresponding zero-mass-

*
t ali
RF,T)c.p. o normalize the recovery
1/

factor instead of (Npr)g 3 this is adopted because when there is mess

injection into the boundary layer, even for the constant-prOperty case

transfer plot is in the use of (N

the recovery factor can no longer be approximated by the square root

of the Prandtl number. Thus it is more meaningful to normalize NﬁF 7
4
*
) .

RF ,T CeDo

.As may be seen from fig., 4.3-3> all the data lie above the mean

with reSpedt to (N

zero-mass~-transfer line., This suggests that the injection process

reduces the value of (Gu) far more than that of NR + The plot does

G F,T

not show significant influence of the type of gas injected. Instead
the data tend to separate themselves into groups according to the main

stream temperature T .. We shall therefore ignore the influence of the

G

type of gus injected and account only for the effect of the temperature
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level T, , according to the form ( Tg in °R):

B-(TG/AOOO)

Nep _ ir_fy_)_f}__J

* - ¥*
(NRF,T)c.p. L (Gu)C.p.J ’

By the method of least square fitting, P1 was found to be 0.0936, Thus:
0.0936(T_/400°)
Ngp,1 (e ] ¢
=4 l | )
X * ] f(‘io‘)’n2'1o)

(NRF,T)Copo L ( u)C.p. |

Equation (4.3,2-10) is valid for all binary systems with air as the

up to
-0936 (Tg /400

}

main stream fluid and for TG between 392 and 2000°R and (NMa)G
« - o . * *

12+ Fige 443-4 shows a plot of NRF,T/(NRF,T)c.p. VS.RGQG/(Gu%¢1

from which the accuracy of equation (4,3.2-10) may be ascertained,

From equation (4.3.2-9) and (4.).,2-10) it appears that the

recovery factor approaches zero as the skin friction tends to vanish.

P and P
B,T/NMa————~——B,M

Ade303 Determination of the functions Fg,T/NM ’

The functions vere determined from the exact solutions collacted
in this work., After suitable forms for the functions had been ascert:iined
the various constants were then deduced by the method of least sguare
from the relevant solutions. As the number of the solutions aveilable
are quite numerous, all the computations were performed with the help
of thé Atlas Computer of London University.

As have been discussed earlier, the effects of TD and DT on

the conductances (G and (C—u)G are small, their effects on (G

h)G f)G

are somewhat larger. However, in the derivation of the various



functions we shall use indiscriminately both the solutioms with neither
TD nor DT included and those with TD and DT included, This procedure
is adpoted because the available solutions with TD and DT included
neither are sufficiently large in number nor cover wide enough ranges

of such parameters as TS/TG, (N and B. In fact for the

Ma g Mg/
case of flat plate no solution at all is available., It is, neverthe-
less, expected that the correlation procedure thus derived will be
.reliable over the whole ranges of the parameters considered even when
the effects of thermsul diffusion and diffusional conduction are not
negligible., This statement cun of course be checked when more solutions

with TD and DT become available,

(a) The function F

BT/ My

Relation (4,%.,2-1) yields for B = O, i.c. zero-mass-transfer:

*
G . F T T N - } 4070 "'1
( )G g’T/NMa{ S/ G’ "Ma,G ﬂ }' £ {/3 (445.3-1)
Thus for & given A& value, we simply have:

[ e e
(6. PR Y = (¢ )C.p. i (4.3.3=2)

The above shows that for zero mass-iransfer the multiplication

Ha

of the variable-property vulue of (G*) by the function F_ _,
G g,T/NM&

should give a quantity equzl to the corresponding constant-property

value., can thus be deduced from the zero-mass-transfer data.

F
E’T/NMa
Since (G )G is often the quantity to be determined, the relation

(4e3.3-2) suggests that it is more convenient to have an expression

of 1/F /N rather than F itself. For this reason,we shall
9

' Ma )
seek the formulation for 1/7

g,T/NMa

& ’T/waia
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On examining the (G:)G data for a flat plate (/@ = O))it

emerges that the effects of TS/TG and N on this conductunce can

Ma,§
be satisfactorily accounted for, if the function F takes the
gu'T/NMa
form of :
a, a3 2, _
1/Fg“’T/NMa = (Tg/Tg) 4 ay (Tg/T5) "My, o) (4.343-3)

where the a's are constants. This form also proves to be satisfactory

for (G;)G' Je shall, however, generalize the above form to read:

- N e e e
b c .
{ 1/Fg’T/NMa = £, AT/T.7 -[1+a (Tg/T.)" (N g ] (44345-4)
where a, b and c are constanié. When NMa G = 0, we simply have:
9
1 = = 1 -
/Fg,T/NMa t (TS/TG} /gg,T (44343-5)

. s . . o d
For this case Fg’T/NMa is a function of TS/’I‘G only, and we have adopted
the symbol Fg X with the subscript T indicating this. For flows with

?

ﬂ2>0, (NMa)G = 0 is always the case; hence for these flows Fg,T will

be the appropriate function. Nevertheless, Fg may be regarded as a

T
?
particular variation of the function collectively known as P

Combination of equations (4.3.3-5) end (4.3.3.,2) then yields:

1 (G*)G
* (403.5-6)
£4T/T, ) (G,

re

Thus the function-?1 may be found from the zero-mass-transfer data for
. * * .

NMa,G = 0 by plotting (G )G/(G )C.p. VS, TS/TG. This has been done

and the plots for /3 =0, 1/2 and 1 are shown in fig., 3.2-1 for G:

and in fig. 3.2-3 for G: + The sources and mzin-stream temperature

information of the data used are also listed in the figures. The
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curves through the points represent 1/f,£TS/TG})and were determined
by least square fitting after suitable forms hed been chosen, In the
case of G; for B= 1/2 (fig. 3.2-3),some data for air in dissociation
equilibrium have been included; 2and in accordance with established
practice we use for these.dissociation data the enthalpy ratio hs/hG
in place of the temperature ratio TS/TG as the suitable parameter,
In the case of G:, it is found unnecessary to use the enthalpy ratios
even for dissociation data,

No G? data are available for determining the corresponding f1

function. However, since the variation of Gf with TS/TG is expected

*

h

*

than G:, the function £, for G is assumed

to be more like thzt for G 1 h

to apply also to G; .
With the function f1 known, the constants a,b and ¢ can then be

determined by considering the zero-mass-trunsfer data for N a G:>-O .
?

M

Combining ecquations (4.3.5-2) and (4.3%.53-4) now yields:

a(ny/1) My, 0% = V/[(67) . tdrg /10y (65 T-1 (4.5.5)

Ma,G) P

All the quantities on the R.H.S., of equation (4.3.,3-7) are known, thus
the best value for the constants a, b and ¢ can be readily deterﬁined

by the method of least square, The results may be found in the summary
in Table 4.3-1. The datz used for eviluating these constants arc those

displayed in figs. 3.2-4a and 4b for G: and figs. %.2~5a and 5b for GZ.
*.
h s

The sources and main-stream temperature information of the data are

Agéin,the enthalpy ratio was used for the dissociation data for G

also contained in the figures.
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No data are available for G;. However, with hydrogen injection
guite a number of solutions covering a comprehensive range of both
T./T. and N are available., Thege data were used in the determina-
S Ma ,G
tion of the constants a, b and ¢. The method used is similar to that

described above except that equation (4.3,3-7) was modified to read:
b

2 (;-S-B (NM; G) — 1 71 (43379)
G ’ F(G E!

)
£ ’

\‘\TG )

(G
I. ( f)TS/TG=1 s NMa™© SameB‘F
(b) The function F

BT/ Ny
This function may be determined from data with air injec-
tion. For this system MG/MT is unity, hence combination of eqguations

(/e3e2=1) and (4.3.2-5) gives:
(G).o F = £43 .F N ¥ (4.3,3-8)
G" g ,’I‘/NMa B ,T/NMa P

Graphically, this implies that for a given /3 value the curves of

(G)G. F Vse B.F should coincide with, or lie close to,

g, T/Ny, BT/ My

the corresponding curve for constant-properties. If the function

F is significant,then the same data plotted with (G).. F

B ’T/NMB. g’T/NMa

vs. B will show two distinct curves, the amount of separation depending

on the magnitude of F
(¢), /L(C). F

CeDe

m . .
B’T/NMa . Thus by evaluating the ratio

2 T/N ] for the same B value the magnitude of the
9 Ma

function F may be ascertained,

B,T/NMa

Fig. 4.3-5 shows such a plot for both G, and G, and for 3= 0,

h

1/2 and 1. From this it is seen that the function F_ is close to
B’T/NMa

unity. Also no systematic influence of both TS/TG and NMa,G on the
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ratio (G), > /{(G)G .F was detected, On this evidence we shall

- ]
E’T/NMa

adopt for all three types of driving forces:

(c) The function F_ |
EREE YL

With F = 1 , the relationship (4.5.2-1) becomes:

B’T/NMa

T

5 ' Mg | ! o
(G)G.Fg’T/NMa{TE’ NMa,G,p} = f B°FB’M{EI-T—, ﬂ}, /5 (4.3.,5-10)

I

This implies that the function F accounts entirely for the
Ma

Na,G’ while the function Fp accounts solely

g)T/N
effects of TS/TG and N

for the effects of injecting different gases into the air stream.
FPor a given {low configuration (or /6 vazlue) and a perticuler

binary system, F is merely a constant number, We shall first

B,M

determine such constants for each system, i.e. without stipulating
any functional relationship between these constants and the molecular
weight ratios MG/ MT . The procedure adopted for the determination of
these constants is outlined below.

For a particular /2 value (e.g. B =0 ) and a particular

system (e.g. Hz-air) the collected solutions for 3> 0O, (Gu) ~ B,

G

for example, will be used. For a given data point the conductance is

multiplied by the corresponding value of F to yield

gu’T/NMa
(Gu)G. F /N « Next, a value of the corresvonding constant-property
€urt/ Mya

driving force, (Bu) s is found such that the constant-property

CeDe

conductance (Gh)c.p. is given by:
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(Gu)c.p. = (Gu)G * Fgu,T/NMa .

This is graphically illustrated in fig, 4.3-0. FB y 28 determined
w”

from this data point is given by:

FB oM = (Bu)c.p. / Bu

The procedure is repecated for all the date point and an arithmetic

mesan vulue of FB i is found, This mean vzlue may not be the value

giving the best results. To obtain the best value, the mean value is
varied, usuelly by steps of 55, over the range of between 0.5 und 2
times the mean vulue, and the best value of FB " is picked out as
’I

the one that gives the smallest overall root-mean-sauare velue of

the deviation
{E(Gu)C.p./ Fg:u,T/N - (G )G}/(G e,

where (C—u)C _ 1is the constant-property conductance corresponding

to a driving force (Bu)C . given by:

(Du)c.p. = B, - Ty B
u
The functions T ., end F so found for the various
Bu oM Bh oM
systems for the three cases of /5 = 0, 1/2 and 1 are listed in

Table 4.3-2. They are wlso plotted ageinst MG/L{T in fig. 4.53~7, from

which it can be seen that for both B and B. the sinmple relationship

e U [

!

B 3 = AJ /h
: Bu/l] ,.l‘l{ l

(4.3.3-11)

|
?
j

gives a feirly good reprcsentation of these functions for most of
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the systems considered,
For (Gf)Gru Bp,it was found thut for z particular B value,

with FB y as 2 function of MG/MT alonc the accuracy of the correla-
£
tion tends to drop with increasing velue of Bf. This dependence on

Bf can be largely luken into account by incorporuting B, into the

f
function F in the following form:
B, M
M
AL =& )‘3>--+ e B
B o = My i (43.3-12)
£ 1 + e E?

where A = A {MG/MT,/B } and e is a constant., The function A has the

value of unity for all values of /3 when MG/MT is egual to unity;

so that F 5till assumes the value of unity for M./M_ = 1,
Bf,M G'TT
Once the constant e is known A cun be determined in exactly
the same way as FB y vere determined, To find the best value for
h/u 9 i

e, we first assigned different values to it. For euach vazlue, the best
values of A were determined and the overall root-mean-square deviation
calculated; the procedure was then repeated for all the other values
of e assigned. The value of e giving the lowest root-mean-square

deviation was then chosen. In this wzy e was found to be 0,03, Thus

S - P S R s e

i
_ A + 0,03 Bf 1
BfQM 1 + 0.0% Bf i

we have:
(44343-13)

i
i
| F
|

-

With e known the function A was determined and the results are listed
in Table 4,3-2. They are also plotted against MG/MT in fig., 4.%-83
as may be seen there,{or the three cases of B=0, 1/2 and 1

(—~A = MG/MT (4e303=14)

gives a good approximation for most of the systems considered.
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(d) Constent-property solutions

In the derivation of the above functions the constant-property
solutions were frequently required. To facilitate the use of the
computer to perform the calculations, the constant-property solutions

vere calculated from an interpolation formula of the form:

”_ — B

POy < anle/s™) < e w1 e B veg a1 4 B]F | ()

The constants c, and ¢, wefeAde%E;ﬁiﬂed”ﬁ& leaé% square fitting of

the exact solutions extracted from refercnces [G10, G11, G29, G31] .
In this way equation (4.7.3-195) can be readily used to give constant-
property solutions with a maximum deviation of less than 0.5% for
driving force B between the range of O and 120. Table 4.3-% contains
these constants for the various conductances for /2 values of 0, 1/2

. . » * o »
and 1, For & given ratio of g/g , B can be found from:

2 :
-c, —N/c1 +4 ¢, (1n g/g+)

n ( =
n\1 +E> 2 o (‘1-5-3'16)
2

(e) Discussions

Although the functions are derived from the solutions themselves,
success of the proposed procedure in correlating these solutions can
only be assured if the various assumptions involved in the formulation
of the functions are justified. To validate these assumptions we shall
provide assessment to see the extent the present method is successful

in correlating the solutions,

Zero-mass~transfer, For a given /5 value we simply have:

#* *
¢/, ., = 1/Fg’T/NMa . (4.3.3-2)
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Thus by plotting (G*)G/(G*) vs, 1/F the accuracy of

C.p. g,T/NMa
the correlation may be easily judged. These plots are displayed in
figs. 4.5-9 end 4.5-10 for B = 0 and in fig. 4.3-11 for 8= 1/2
and 1.

For each data point the percentage deviation, d, was calculated,

where *
(G .., .
4 = |—2xeld 1008 .
(6™,
And the root-mean-square (RMS) value of these deviations was evaluated

for each case according to :

RMS deviation = |

where n is the number of data points., These RMS values are also shown
on the respective figures,

In the above, (G*) . is the predicted value of (G*)G from

pre'd
the given values of T_/T. und, where applicable, N . As may be
S He ,G
seen from equation (4.3%.3-2), for a given /8 value,
* *
(G )pre'd = (G )c.p./ Fg,T/N *

Ma
The overall RMS deviation for all these data concerned (some

653 points) is 5.8%, which is considered a satisfactory figure.

With gas injection. With F = 1, reducing the varieble-

B,T/NMa

property date, (G)Gru B, to the form: (G)G. Fg /N
> 9

~y B,F should
Ma B,M

bring the data close to the corresponding constant-property curve.
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These plots have been made and are displayed in figs. 4.3-12a to

4.3-1T4c, The values of F used are those taken from Table 4.3-2.

B,M
The success of the correlation may be judged visually by the degree
of scatter of the points around the constant-property curve. It
should, however, be noted that many data points are so close together
that some have been omitted from the graphs to preserve clarity.

To provide a more precise measure of the accuracy of the

procedure, the RMS values for the percentagedeviation:
[(G)pre,d/(m(} - 17 100%

have again been computed for each case and are also displayed in the

is the valuc of (G)G for the given

respective figures, Here (G)pre'd

value of the driving force B predicted from the corresponding constant-

property solutions together with the approvriete functions Pg /N
7 Ma

and FB e for a given aariable-prOperty data point [B, (G)ijwe
N

first computed the constent-property value (G)c for a driving

L d *

force of B'EB’M , (G) g ves then given by:

pre'

(G) /F

(G) . vqg = 2
pre d c‘pn {)’T/Nhﬂa .

As can be scen, for the case when the surface is not at the
adiabatic temperature the RMS values for the deviation vary between
5.1% and 10,4%. The overall RMS value is 7.3% for a total of some
1539 points; this is again considered a satisfactory figure.

For the adiabatic surface, the RMS deviation is 14.1% for

(Gu)G and 10.3% for (G The total RMS deviation +or +hese data

f)G'
is 12,0% for a total of some 210 points,
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The total KMS deviation for all the data points, both with
and without mass transfer, is 7.5%; this figure speaks favourabdly for

the present method.

gh IT
is recommended on exzmining a rather limited number of solutions,

In Table 4.3~1 it may be seen that F for ﬁ3= 1 is 1., This

when more data become available it may be necessary to re-determine

this function. The function F o for /9= 1 was assumed to be

gf’

équal to th,T'

Tne functions F are tabulated in Table 4.3-2 for each

B,M

pair of gases, It may be noted from figs. 4.5-7 and 4435-8 that for

T B ? b
B, oM B, s}

MG/MT are not "smooth", This lack of "smoothness" may be due to the

a particularle value the variations of F ~and A with

fact that some‘of these fucntionsvwee derivgd from relétively few
solutions. It is, hochor, reassufing to note that no exceptionally
large change in these functions for ahy fwo adjécent values of the
MG/MT ratio considered., In view of this a linear interpolation.
between two suitable vulues of MG/M is possible. This procedure is
expected to bé more reliable ﬁhaﬁ the simple approximationé suggesfed
earlier, viz, |

. ’ 1.3 " :
F = (M/M) : (4.3.3-11)
Bu/h’M o G T : )

E_lI.‘ld-_ | A MG/MT . S (4.3.5=14)
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4;4‘ Comparison of the correlation methods

»4;4.1 Introduction
| Because of the lﬁj:ofdetailed information on the property-

7 variations far most of the solutionscollécteg,the methods of E/G-H-N-G
and Knuth cun not be checked against all the solutions. Even when
sufficient information is ‘available from the source reference

‘containing the solutions, invariablylthe property-values had-to be
séaled df‘rather small graphs, with cénsequent noor representations
of the properties. It is thus imposSiblg‘fo make é precise éompariSén

AofAfhe'methods. #ithout the need for this‘prOperty-information the

present mothod can be readily checked against the solutidns collected;

this has been discussed under "Discussions" in section 4.5,3.

However, we shall try to improvise & comperison under the

headings of : simplicity of use; accuracy and range of applicubility.

4.4.2 Simplicity of use

#ithout the need for.details of any proPérty-variations, the
_ presént procedure is simpler to use than either the E/G-H-l-G meﬁhod
or Knuth!s.‘Tgé fact that the presenf procedure requires knowiedge~of
the constantfprOpefty solutions does nét reduce this_attraction, as
the relevant constant-property valﬁes cen be reudily and accurately
ébtained from the algebraic fofmulaé (4.%43=15) and (4.3.3-16).

Of the other two methods, that of E/G-KE-M-G is simpler to use
than Knﬁth's.-As nay 5e seen in section 4.2.2, in normal applications

Knuth's method may require the determination of seven qﬁantities
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simultaneously from seven functional relationships by an iterative

process,

Adadia) Accurucy and ranges of applicability

As bas been emphasized muny times, in using the methods of
E/G-I"-li~G and Knuth,detuails of property-variations are required,
Unfortunately, as so often the case when theoretical solutions are
reported in the literature, the fluid-property variations used to
obtain the solutions are seldom given in sufficient details; conse-
quently it is guite impossible to make any dircct quantiteative
comparison of the accuracy of the methods by checking them against
all the collected solutions. However, some suitable solutions are
available, and computations huve been made 1o providé & comparison,
which, though not conclusive, will at least give some indications of
the relzative accuracy of the three methods,

All the computations were again performed vith the help of
the Atlas computer., Before using the methods of E/C-I-X-G and Knuth,
the varistions with ftemperature of pure component gases, which were
invariably sculed off smull graphs in the source reference with
consequent poor accuracy, were first fitted in polynomial forms. These,
together with the siven expressions for the mixture properiy variations

with composition, provide the required details for the property values.

The correlation methods were then used to predict the solutions,

€efle (Gu)G, with the same boundary conditions and, in the case with
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mass transfer, with thé same nags ~-transfer rate as those for the
theoretical solutions obtained for the same set of property-variations,
The deviations between the ﬁredicted value_and the theoretical value,
€ele [(Gu)pre'd/(Gu)G - 1] , for each cprrelatiog method were
determined and the corresponding RMS values of these deviations
evaluated, These RMS values then provide the basis for comparing the
relative accuracy of the methods, Since the data used in this comparison
are only & small percentagé of the.301utions collected, we shall just
give, for each set of solutions, the RMS values for each set of
solutions, and shall not try to provide an overail RMS valﬁe, which
‘might be rather misleading,

Furthermore, as the methods of E/G-H-M-G and Knuth were not
explicitly derived for use in flows with pressure gradients, this
quantitative comparison will be confined to the flat plate cése,

i.e. /5 =0 .

a) Zero-mass-transfer. For this case, both the methods of

Eckert/Gross~-Hartnett-lMasson-Gazley and Knuth are essentially the
samej the only difference is in the use of a slightly‘different
reference staté; Since, however, Eckeri's reference—eﬁthalpy formula
has been much more widely used, we‘shall try to compare the present
procedufelwith this one only. |

As the present method is valid only for air as the main stream
fluid, we shall choose thé solutions for air obtained with "actual®

property~-variations. The RMS deviations for the various sets -of
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solutions are listed in Table 4e4,1, From there it can be inferred
that Eckert's reference enthalpy method is generally more accuraté
than the present procedure, especiully for the enthalpy conductance
(G;)G when the air is in dissocilation equilibrium, For the skin
friction or the conductance (G:)G, the present method gives a rather
satisfactory performunce; znd in the case of dissociated air, the
present simpler method gives a smaller RMS value than Eckert's method.
This contrésts the poorer performance in the case of (G;)G; and
reflects the relative insensitivity'of (G:)G to property variations,.
On the whole, Eckert's method still scores higher, but the difference
is not large, and the present method is sufficiently accurate for
engineering calculations. It'may be noted fhat for zero-mass-transfer
‘the present method is especially simple to use,

As has been pointed out in section 4.3.1 the reference enthalpy
method will give erroneous predictions on the skin friction for )5: 1/2
and %3: 1; the present method gives quite reliable predictions for
these cases, as may be seen‘from fig. 4.3-11,

As far as can be checked)the present method is valid for: TG
between 100 and YOOOOR; TS/TG between 0,25 and about 20 for /3 = O,
0.01 and 4 for B = 1/2, and 0.25 and 4 for B =1 NMa,G up to about
20. Eckert's reference enthalpy method alsoj?gthly the same ranges
for /9 = O,

b) With gas injections, In this case, the flat-plate solutions

of Sziklas and Banas [S32] and those of Eckert et al ([837, S44] in
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Tables 3.,2-22 and 3,2-25 respectively are used for the purpose of
comparison. These solutions are chosen because the property-variations
are given in sufficient details in the source references; also the

solutions of Sziklas and Banas cover 2 wide range of mixtures: H,-air,

2

He-air, air-azir and H2O-air, while those of Eckert et al (for Hz-air

only) cover & wide range of the parameters Teo TS/TG and NMa,G’

In using the correlation method of Gross-Hartnett-Masson-Gazley

. ¥
h)G,the actual correlation curves for gu/gu and

Q§/(ﬁg)* in reference [G14] were used instead of the quoted formulae

.for (Gu)G and (G

(4.2.1-9) and (4.2,1-10); the use of the formulae will greatly lower
the accuracy. The sume method has not been used for the recovery
factors as the correlation in this case is not unique; however, some
reccovery fzuctors have been plotted in fig, 4.4-1 in the form used by
‘Gross et al. This figure may be compared with fig. 4.3-3 on which are
plotted the same data in our form; the comparison clearly favours the
present method.

The RMS values for the various sets of solutionsg are listed
~in Table 4.4-2. From there it is seen that in general the present
procedure is better than either the method of E/G-L-¥-G or Knuth,
Once again we remark that the ?rOperty values used were not precisely
those used to obtain the exact solutions and the comparison must not
be viewed as an exact one.

The methods of E/G-H-M-G and Knuth were not derived for use

with pressure gradients., In the case of zero-mass-transfer we have
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seen that the reference enthalpy method gives erroneous predictions

for the skin friction for /8 = 1/2 and ﬁ3= 1. The satisfactory

results obtained by the present method for these cases for B = 0

as well as for B >0 suggests that the reference state method may

also give erroneous predictiéns for the skin friction when B> 0 .,
All the thrge methods are inaccurate at very low main-strean

temperature ( == 123°R). As far as can be checkxed, the present method

gives satisfactory results for: T, between 390 and 2OOOOR; TS/‘I‘G

G
between 0.5 about 15 for /3 = 0 and between 0.25 and 4 for A = 1/2
and /3 = 13 NMa,G up to 12, The other two methods cover roughly

the same ranges for /6 = 0,

4.5 Summary of recommended method of calculation

(1) Zero-mass~-transfer

For given values of TG, TS/TG’hMa,G and /6 the conductances

can be calculated from equations (A.5.5-2)} viz.:

* 2
(G )G = (G )COP'/Fg’T/NMa (4030)-2)

Definitions of the conductances are given in (2.7.4-7) to (2.7.4-10);

appropriate values of the constant-property conductance (C*)C P may

be found from Table 4.35-3 (p.295) and of the function 1/F .
g’T/NMa

from Table 4.5-1 (p.293).
The temperature recovery factor N* for KS = 0 when the air
. RF,T
is non-dissociating can be estimated from equation (4e5.2-9), viz.:
0.621

. ()
Nepp = N Vor,c (# i (432-9)
U

Uu’Cepe J
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Or the simple approximations (4.3.2-8) may be used to estimate the

*

enthalpy recovery factor NRF :
NgF = 0.825 for non-dissociating air;
= 0,95 for air in dissociation equilibrium./

Definitions of the recovery factors are given in (2.7.4-14) and

(2-704"15)‘

(II) with gas injection

In most cases of mass-transfer cooling the problem is specified
as follows:

I or u

, . _ : . s . I\
Main-stream conditions: TG’ Ma ,C c!? /@

-

Maximum surface temperature: T_, hence TS/TC;

S

Coolant supply conditions: T hence MG/MT'

.
T’ I\"T
It is required to find the coolant flow rate m" which is needed at

each point of the surfacc to keep the temperature there to the specified
value., The procedure of solving this problem by the use of the present

method may be summarized as follows:

1) The driving force B

N is calculated by inserting the data

of the problem into equation (2.7.4-3a), viz.:

- hGS)/(hTS - by - q;ad/ﬁ") . (2.7.4-32)

The adiabatic-surface temperature needed to evaluate h may be

GS,ad

obtained from equation {(4.5.2-10) for B = 0 when the effects of

thermal diffusion and the coupling between diffusion and heat conduction

can be neglected: O.O936(TG/4OOOR)
Fo(ey)
- 0.: | G % 51
Rerp,p = 09T emy | (4:3.2-10)

u Copo o
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or from fig. 3.2-10 for /6 ; 1/2 and /B = 1 when the thermal-
diffusional effects are taken into mcount. |

2) The conductance (G)G can then be calculated from equation
(4e343=2), viz.:
(4.3.5-2)

) (G)G = (G)C.p./ Fg’T/NMa

Definitions of the conductances are given in (2.7.4-7) to (2.7.4-10);

the constant-property conductance (G)c can be obtained from
equation (4.3.3-15) with (B-FB N) as the 'driving force inserted there.
g il
: i i ' «5=1(p.23
The functions 1/Fg'T/NMa and FB,M can be cbtained from Tables 4.3-1(p.23)

and 4.5-2 (p.294 ) respectively, Functions F can also be approximated

B,M
by equations (4,3,3-11) | (4.3.3=13%) and (4.3.5=-14).

3) Fvaluate g and obtain &" from:

n" = g e+ B .
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CHAPTER 5> CONCLUSIONS ABOUT THEQRETICAL SOLUTIONS

Many exact solutions are aveilable for laminar boundary-layer
flows with non-uniform properties. They have been collected from the
literature and are tabulated in Tables 3.1-1 to 3.1-28, It is a great
pity that most of these had to be scaled off graphs from the source
references, Although the solutions collected are gquite numerous, the
large number of parametegs precludes an adeguate coverage of all the
ranges of interest,

Most of the zero-mass-transfer solutions were explicitly
obtained for air,and all the solutions for binary boundary-layers are
for air as the main stream fluid. The flat plate (/6= Q) solutions
predominate; and solutions for flows with pressure gradients are
mainly confined to B= 7% and B= 1.

For binary boundary-layers most of the solutions were obtained
with the reciprocal effects of thermal diffusion and diffusional
conduction ignored, Those with these effects included are all for
either /8 =% or /5 =1,

Examination of the solutions shows that the interaction of
energy and mass transport phenomena does not have significant effects
on the conductances g, &p O 8 provided &y, is defined as in equation
(5¢244-2), irrespective of flow speeds., Its mein effect is in altering

the adiabatic wall temperature s which can no longer be taken

TS,ad

as equal to the main-stream stagnation temperature, even in the absence

of any aerodynamic heating. Generally, is greater than the

TS,ad

main-stream temperature for injection of a lighter gas; it is less
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than the main-stream temperature for injection of a heavier gas, The
difference between the adiabatic wall temperature and the main-stream

temperature is most marked for an H,-air boundary layer., As a very

2
rough guide the magnitude of this temperature difference may be taken
as proportional to the molecular weight ratio MG/MT' However, the

temperature level in the boundary layer also exerts some influence

on T

S,ad °*

The surface heat-rlux is affected strongly by the coupling
between diffusion and heat conduction and only slightly by thermal
diffusion when the surfuace temperature TS is close to the adiabatic
temperature Ts,ad s when the surface is highly cooled both these
effects have only slight influence on the surface heat-flux.

A new procedure has been developed empirically to correlate the
theoretical sclutions, wWithout the need for details of fluid-property
variations this method is easier to use than the two methods available
at present, viz. those of Eckert/Gross-Hartnett-Masson-Gazley and
Knuth., The extent to which the present method is successful in
correlating the solutions may be judged from figs. 4.3-2, 4.3-4 and
4.5=9 to 4.3-14c, Checked against the solutions the>method gi?es a
total RMS deviation of T.5%; it is thus of sufficient accuracy for
engineering calculations,

For flows over a flat plate with zero mass-transfer the present
method tends to give a slightly lower accuracy than Eckert's reference
enthalpy method. But the reference enthalpy method can give gross

errors in predicting the skin friction for flows with high pressure-
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gradiends, e.g. 3= % or /g = 1; the present method gives much
more reliable performence for these cases. For the case with gas
injections the presenf method seems to be more accurate than the
other two methods. A precise comparison with all the solutions

was hampered by the lack of detailed information on fluid-properties

for most of the solutions,
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CHAPTER 6 EXPERIMENTS

6541 Introduction

6etel Purpose of present cxrveriments

Recently the hitherto neglected effects of thermal diffusion
znd diffusional conduction onthe heat znd nass transfer characteristics of
a binary boundary layer have been fully reccognized (S48, £38] and new
theoreticul unalyses for laminar boundary layers have been made to
include these effects (S51, S52, S53] . Accurate experimental data
are required for comparison with the analyses as well as with sone
engineering correlation nmethods.

As has been discussed in section 3.2.4, one of the nain effects
of thermul diffusion and diffusioral conduction isin affecting the adiabatic
surface temperature, Since the zdiabatic surface temperature is also
influenced by the rree stream Moch number, in order that these tvwo
effects may be separated it is desirable to use a low-speed free
stream flow, for which the effect of kinetic hesting is negligible.

As will be seen in section 6.1.3, some experimental data for
supersonic free siream Mach numbers sith foreirm pgas injections are
available; most of these are, however, of rather poor accuracy.
Low-speed data are more accurate but are very scorce. The nresent
experiments provide a comprehensive range of low-speed data with
injection into an sir stream of the [ollowing gases: hydrogen, helium,
nitrogen, air, caurvon-dioxide and "Arcton-13" (CCLFB). It appears

that the experiments with hydrogen injection have not been reported

in the literature before,
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Hele?2 Description and characteristics of the exverimental flow

confipguration

The experiments described in this chapter were carried out
for a laninar boundary layer with gas injection in an axi-symmetric
stagnation~point-Ilow region. '

The axi-symmetric stagnution-point~flow is characterised by
an external flow velocity (outside the boundery layer) directly
proportional to the radial distunce from the stagnation point,

i.e. us = constant.x « As far as the present experiments are concerned
this particular flow offers the following two advantages:

1) The external flow is of the accelerating type, with an
inherent high favourable pressure gradient., The presence of a
favourable pressure gradicnt is known to stabilize the boundary layer;
hence under ordinary circumstances the attendant boundary layer for
this type of flow #ill inveriably be laminar,

2) According to theoreticzl anélysis, the linear variation

of the main stream velocity u, with the distance from the stagnation-

G
point x gives rise to a boundary layer of uniform thickness, allowing
an isothermazl surface 1to be obtained with uniform mass=-flux through
the surface., This means thai in experiments a porous plate of uniform
thickness need be used to achieve a uniform surface temperature. A
uniform surfece temperature is desirable because in nearly all the
theoreticel anualyses this is one of the conditions stipulated.

From potentiel flow theory, it may be deduced that the chosen

configuration can be conveniently rezlized by impinging a circular

jet against a flat plate held normal to the jet axis., However, it is
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necessary to check that the conditions of a stagnation-point-flow

are satisfied with this arrangement for z real jet (air jet in the
present case). For although many experiments (these will be reviewed
in section 6.1.3) have been carried out with this jet-on-plate system,
measurenents on the velocity distributions outside the boundary layer

Y

are almost non-existent.

6ela3 Related cxperiments cerried out by others

Experimental heat trunsfer results for laminar boundary layers
with gas injection are not numerous., Broadly, these results may be
classified into two groups. The first group consists of those for
zero pressure gradient; these were inviriably obtained for cylindriceal
cones at supersonic free»stream Mzch numbers (s32, £23, E32, E13, £28].
The second group encompasses those for non-zero pressure gradients;
apart from the two low-speed cylinder experiments [E£18, t40), all the
results were obtained for hemispheres [£1, E14, E15]. Since in the
small but finite region surrounding the stagnation-point of a hemisphere,
the flow may, for all practical purposes, be re;arded as an axi-
synmetric stognation-~point flow, the hemisphere results in this region
are thus particularly relevant to the present experiments. As may be
seen from the summary in Table 6.1-1 all these results were again
obtained at supersonic free stream Mach numbers,

In both groups early investigators [S32, E23, E1) were puzzled
by the results with helium injection which showed that the temperature
recovery factors might increase with mass injection rates, This was

in contrary to the trend predicted by the theorectical analyses
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available at that time. It was later pointed out by Baron [S48] that
the unecpected behaviour may be exrlained if the coupling effects of
heat and mess transfer, which had up to then been neglected in the
analyses, are taken into account.

More recently Tewfik et al [E41) and Sparrow et al [E37]
reported experimental results for binary free-convection boundary
layers. These results azlso confirmed the practical significunce of
the thermal-diffusional effects.

As has been neniioned, the rresent experiments were carried
out with an air jet impinging on a flat plate held normal to the jet
axis. This jet-on-plate system nas been emnloyed by many investigators:
in experiments of "pure" heat-transfer [211, ©12, E16, 1.29, E34, B43] ;
sublimation (27, 135] ; and dissolution (liquid jets) [£31, ©30] .
With the exception of Christie [E7] =1l the investigators presented
their results in terms of the jet velociidles; hence it was not
necessary for them to know the main stream velocity distribution
(u,~ x). In the present experiments this knowledge is required for

G

the correlation of the results,

6.1.4 OQutline of nresent chapter

Although the main purpose of the present experianents was to
obtain results with simultaneous hesat and mass transfer, it was also
desirable to obtain with the same rig results with heat-transfer
oniy, ag these represent a convenient limit of the blowing rate range.
In view of the findings of Kestin et al [£20] on the large influence

of main stream turbulence intensity on local heat=-transfer rates at
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a two-dimensionual stagnition-point-flow region, these "bure" heat-
transfer results would zlso serve to establish whether such a large
influence is present in an axi-symmetric stagnation-point flow,

The experiments may ve conveniently separated into two stages.
The first may be called tue propving stage during wonich the main
stream velocity distributions (uGoéx), the turbulence intensities in
the main stream and tlre heat-transfer rates when there was no mass-
transfer were measurecd., Tne second stage was then entirely concerned
with tests with gas injeciion.

For convenience of presentation,all the apparatus are described
in section 6.2 and details of ithe various tests may ve found in
section 6,%., In section 6.4 tne method of reducing the various data
is outlined; the final results are presented and comparison with
appropriate theoretical analyses and correlation nethod made;
discussions of the various results are also included. Final conclusions

based on the experiment results appear in section T.

6.2 Apparatus
6.2.1 The air jet .

The general srrangement of the air jet system is schematically
shown in fig. 6.2-13; it may also be seen in the photograph of
fig. 6.2-2.

Air drawn through tie filter box by a centritfugal blower was
delivered along a 5" diameter brass pipe with two right-angled bends
to a 5"/2" diameter copper-spun nozzle and was then discharged to the

atmosphere.
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The blower was belt driven by & 5/4'h.p., constant speed
induction motor; The pipe work was supported through a stcel plate
selded to the exit end of tihe nozzle by a frame integral with the
base for the whole assembly. To avoid vibration the plate on which
the jet impinged was supported by a separate frame resting onm the
laboratory floor directly.

The air flow rate could be measured by a 2" diameter 3.S.
orifice plate placed some 7 pipe diameters from the blower outlet.
Tiie tempexature of the jet could be raised by & 5 kw electric heater
consisting of five 1 kw elements situated in the first right-angled
bend. The heater power suprly could be varied between zero angd
240 volts,

Immediately after the second right-angled bend was a 6" long
sectvion of aluminium honey comb. This straightened tae flow through

it and reduced the turbulence of the discharging jet.

6.2.2 Measurement of velocity distributions outside the boundary layer

The set up for the meusurement of the velocity profiles outside
the boundary layer is shown in Tig. 6.2-3. The cquipment used that
require any discription are the rotating static -pressure plate and
the micro-manoneter,

a) The rotating static-pressure plate

The velocity profiles were obtained from dynawmic-pressure
distibutions, which were measured with the help of this static-
pressure plate,

The plate was made of clear perspex, 9" square and %" thick,
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in which were drilled 5 static-pressure holes, each 0,015" diameter
with the edge slightly chamfered. One of the holes was approxinmately
at the centre of the plate and'me other four were accurately positioned
on a pitch circle of 1% inches radius from the first hole and equally
spaced from each other. These four holes were used to locate the
stagnation point when the circular jet impinged on the plate.

The plate was mounted, through a channel steel section, on a
tool maker's dividing table, the centre hole being 1.976" from the
axis of rotation of the dividing table.

b) The micro-manometer

As the velocities to be measured were smell, a sensitive nmicro-
nanometer was needed, The one used was a modified version of that
designed bySpalding (E361 . Fig, 6.2-4 is a schematic diagram of the
comélete manometer, The only difference between this one and that
of [E36] is the addition of the syringe system,

With the inclusion of the syriuge system the manometer can
be used either as & null-reading or a direct-reading one. The former
was adopted in favour of the latter which requires careful calibration,

With reference to fig. 6.2~4, when P1 and P2 are equal the
light beam appears at the "zero" position of the scale. When P1 is
greater than P2 the light beam will move to another position on the
scale., However, by adjusting the syringe micrometer the light tean
can be brought back to its original position, This in effect restores
the liquid level in c¢ylinder 2 to its orginal height. The net amount

x moved by the syringe plunger, as deduced from the micrometer readings,

bears a simple, fixed relationship with the pressure difference, or,
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more accurately, with the difference in liquid levels of the two

cylinders, h . If A, and A1 are respectively the cross-sectionel area

3

of the syringe and of cylinder 1, then:

ho= (Ag/Ay) * x (6.2-1)

In the manometer used, Aj/A1 = (0.824)2/(2.0)2, henée:
h = 0.170 x ' (6.2-2)

In comnon with most other mic ro-manometers,it is necessary
to check from time to time the zero reading of the nanometer. In the
present one this checking was facilitated by the use of a simple
guick-action valve similar to the one described by Spalding [E36] ,
which communicated the two cylinders to the atmosphere at the same

time without disconnecting any pressure line.

6243 Test plate and instrumentation for ftests with heat-transfer only

As will be seen later in section 6.4.1 the useful region (i.e.
where Uy is directly proportional to x) preocduced by the 2" diameter
jet on the plate was just over 1" diameter; the heat transferring area
must therefore be less than this, For easy fabrication of the test
plate a transient method was used to measure the heat-transfer rates.

Two solid copper discs of different sizes were used, One,
designated Disc 1, was 0.986" diameter and 0.233" thick; the otier,
designated Disc 2, was 0.50" dianeter and 0.,1538" thick. Tach disc was
buried flush in the nmiddle of a 9" diameter, }i" thick nerspex plate
as shown in fig., 6.2-5.

An iron-constantan thermocouple was soldered to tne middle of
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each copper disc to measure the disc temperature T, and another was
held above the perspex plate to measure the main stream temperature TG.
Calibration of the iron-constantan thermocouple is described in
section 6.2.42,

A Honeywell multipoint "Electronik" indicating and recording
potentiometer was used to record the emf-time history of thedisc
thermccouple, whicn nad as its other junction the thermocouple in the
main stream. Hence the emf output was that corresponding to (TG - T)e
By using a double pole switch the main stream thermecouple could be
connected to a cold junction immersed in an ice bath as shown in fig.
6.,2-5; thus the absolute value of the main stream temperature TG could
also be measured.

The stagnation pressure of the jet was measured by the gitot
tube fixed on the perspex plate and connected to one limb of a 36-linmb,
paraffin-filled inclined manometer, the reservoir of which was open
to the atmoshpere. From this pressure measurement the maximum velocity

of the jet, U , could be calculated and uG/x deduced from the

jet ,max

graph of U VS, uG/x in fig. 6.4-53.

jet ,max
The four concentric and egually spaced static-pressure tappings
in the perspex plate were used to locate the copper disc centrally

with respect to the jet. They were also connected to the 36-limb

inclined nmanoneter,

6.2.4 Heat and mass transfer experiments

6.2.41 Test plug assembly

A sectional view of the norous plug assembly is sihown in fig,
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6.2-6, and a photograph if it may be seen in fig. 6.2-6a.

The plug was made of porous bronze#, 0.997" diameter and 0,25"
thick. It was surrounded by a 5" ouiside Jiameter brass disc, which
in turn was surrounded by a 9" diameter perspex plate. The porous
plug was tightly fitted to, and flush on the top side with, the brass
pvlate, wich was 0,06" thick., The protruding lower portion of the
plug was fitted over by a 0.06" thick perspex sleeve, which was
positioned to leave & gap of about 0.1" between its end and tne bottom
surface of the brass disc. The gap wes later filled with Araldite epoxy,
holding the brass disc, the plug snd the perspex sleeve firmly together,
at the same time providing a gas tight seal, Trhe outside of the sleeve
was tien well wrapred with fibre glass heat-insulating material,

At a radius of 14" from the centre of the porous plug four
0.035" diameter static-pressure holes, equally spaced, were drilled
in the brass plate. These were used to locate the plug cnetral with
respect to tue jet. Durinyg tests iu measuring the velocity distributions
outside tie boundary layer it was found tiet by this nethod the
stagnation-point could be located to within 0.010" of the cenim®m of the
plug. A deviation of this magnitude was not important because the whole
plug would still be inside the stagnation-point flow region, which
encompassed an area of about 1,2" diameter,

Two concentric cliannels were machined on the underside of the

brass dise, In one an eleciric heating coil was cemented by Autostik

]

1

k=

Of "grade C" pore size and supnlicd by Sintered Products Ltd.
& P or N ’

Sutton-in-ishfield, England,
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( 2 high temperzturc adhesive) %o it und served as a guerd heater
to the pluge. The heater voliage could be varied between zero and 240
volis,

The other channel was closed by soldering a brass ring 1o its
open side and served zs a guard cooler., Four openings in the ring
provided two puirs of inlet and outlet for the cooling water, Cooling
water was drawn directly from a constant pressure main and cculd be
accurately regulated by a fine globe valve,

The need of the use of guard heater and/or cooler to eliminate
any redizl conduction neat-transfer beiween the plug and its surround-
ing plate was revealed from preliminary tests, which showed that
even when the plete surrounding the porous plug was a perspex one, the
conduction heat-transfer could zmount to as much as 35% of the total

hesat transferred throush the plug.

£.2.42 Thermocouple installation and calibration,and temperature

measurement

Installation, Six 0,005 dianeter, iron-congtantan, fibre
9 ]

glags insulated thernocouples were attached to the porous plug; they
are designated T1 to 76 in fig. 6.2-6. Also in fig. 6.2-56 is & sketcn
showing how tne thermocouples were attached to the pluy: a 0.020¢
diameter hole was first carefully drilled in the plug and iue beaded,
shellac insulated thermocouple wires were inserted into the hole, the
hole was tanen filled with Technical "G" copper cement# and alloved

to set. The procedure adopted was essentially that recommended by

2,
# A cement which is an electric insulating material naving good
thermal dconduction properties.
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reference [E2].

All the thermocouples in the plug were installed in such a
way that a thin layer of the top portion of the porous material was
left free from any drilling or other mecheanical operations. This
ensured thaet the top layer of thne randomly formed pores would distribute
the flow through it uniformly.

Thermocouples T4, T5 and T6 were positioned along a line
perpendicular to the plug surface znd led out parallel to the surface,
while T1, T2 and T35 were led out penpendicular to the surface, T6 was
0.03%5" below the top surface, T5 was 0.130" from the top surface and
T4 was in the bottom surface. T1, T2 and T3, which were positioned
along one diameter of the plug, provided information on the temperature
gradient across tne plug surfacej T4, TH and T6 yielded temperature
profiles in the thickness of the pluyg, from which the surface tempera-
ture could be extrapolated.

The shielded thermocouples T9 and T10 measured the temperature
of the gas Defore it reached tie plug. T9 was placed directly under,
and 0.18" belov, T4; T10 was 1/2" from the porous discs used to even
out the gas temperature.

T7 and T8 were attached to the perspex sleeve to measure the
temperature gradient along it.

11, T12, 715 amd 714 were soldered to the under side of the
brass plate. These provided a means of checking the temperature
gradient across the contacting circle with the porous plug. In the
experiments the guard hester 4nd/or the guard cooler were adjusted to

give a zero gradient.
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The main stream temperature TG was measured by T15, which
was held 3/16 inch above the top-surface, pointing towards the centre
and just outside the rim of the plug.

One thermocouple was taped to the plate supporting the nozzle
to measure the plate temperature for radiation correction, and another
placed just behind the "porous-plate flow meter'" measured the gas
temperature there for mass flow rate calculations,

Calibration. The thermocouples were not individually calibrated.

Instead, two portionmns, oné from eacni end, of the particular small
batch of wires were calibrated at the same time against a standard
thermometer with 0.1°F graduations, Tne results of the calibration
showed that the wires were of very consistent quality., In fact the
two calibration curves coincided, the root-mean-square deviation of
all the calibrated points about the mean curve being less than 0,5%,
On the basis of this, it seemed Jjustified in using this calibration
curve as "the" curve for the whole small batch of wires used. The
celibration curve is shown in fig, 6.2-7; it is a linear one in the
range of temperature considered.

Temperature measurcenent. The thermocouple circuit diagran

is shown in fig. 6.2-8. Since all the thermocouples used were of

the same type, viz. iron-constantan, only one cold junciion was needed.
This junction was immersed in oil in a 1/4 inch diameter glass tube,
which was in turn immersed in & mixture of water and crushed ice
contained in a thermos flask. Each thermocouple was connected to the
cold junction via a multi-point thermocouple selector. *he emf output

from the thermocouples was measured by a Tinsley variable-resistance
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type potentiometer together with a sensitvie Pye Scalamp galvanometer.
The smallest emf that could be measured by the potentiometer set-up

was 1 MV

6.2.43 Coolant flow systen

a) General arrangement

By coolant here means the injected gas, regardless of whether
its iemperature is higher than that of the main stream fluid,

The flow circuit may be traced in fig. 6.2-9. The coolant
gas under high pressure from cylinders passed a pressure-reducing
regulating valve, through a 4" diameter, very f{ine vorcus-vnlate filter,
g coarser porous plate (5/3 inch diameter and 1/8 inch thick grade
"C" porous bronze) uscd as a "flow-umeter", an electric heater, two
porous discs to even out the gas temperature,and,finally,tnrough
the porous test plug to the adjacent boundary layer,

The upstream pressure of the "porous-plate flow meter" was
naintained constant to within 0.25 nmn of water by 2 bleed tube immersed
in a water column. The pressure could be adjusied by varying the length
of immersion of the bleeding tube, By this means the flow rate could
be automatically maintained constant for a long periocd.

b) Coolant flow rate measurements

For small flow rates the pressure drop across a porous plate
had been found to be directly proportional to the volume flow rate[ﬁQS].
Hence this is a convenient means of measuring small flow rates.

The porous disc used was 5/8 inch diameter, 1/3 inch thick

having moderate porosity (grade C)., As it was anticipated that dirt in
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the flow might, after long use, change the characteristics of the
porous plate, a very fine filter with small pressure drop was installed
vefore the flow meter, This {ilter was laifer proved to be extremely
effective.

The porous=~-plate flow umeisr was calibrated for each gas against
o positive-displacement,wet-type gas meter in conjunction with a
1/20 second stop watch. The calibration curves, volume flow rate vs.
pressure drop across the porous plate, for various gases are shown
in figs. 6.2-10a and $,2-10by the data are also contained in Table
Ged=1, In the case of carbon-dioxide, which dissolves in water, care
was taken to saturate the water in the pas ueter with the gas before

it was used.

3.1 ¥easurcument of velocity distribution outside the boundary layer

Purnose. Although the flow configuration produced by an

ke

air jet impinging on a flat plate held normal to the jet axis had been
frequently used in exveriments [T11, E12, E16, 129, E35, 43} , in
none of these had the velocity Jdistribution outsude the boundary layer,
uG(x), in the impinging region been measured., If, however, exverimental
results are to be compared with +the theoretical calculations, it is
necessary vo lave unowledge of this.

Procedure. In the present experiments, the velocity distri-
butions were measured for a fixed disfance between the nozzle exit

plane and the plate of 2-21/52 inches. This distance is a little in

excess of the minimum distance of 2.4 tines the radius of the jet
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beyond which (measured from the piate surface) the flow field of the
arriving Jjet will not be disturbed by the presence of the plate :

this has been theoregtically deternined by LeClerc for a potential
Tlow {E24) and experimentally verified for an a2ir jet by Jakob and
Kezios [E11] (see the "Discussion" of [235]). It was hoped that by
keeping this distarnce 2 minimum the flow close to the plate would have
a lower turbulence level,

Before measurements were taken, the rotating stetic-pressure
plate (see section 6.2.2(a)) was first positioned by eye-sight so that
the centiral pressure hole was roughly central with respect to the
nozzle, The air Jet was then turned on and the plate position was
further adjusted until the four concentric, equally spaced static-
pressure tappings gave the same readings, or as nearly the same readings
as pessivle, on the multi-limdb inclined manometer. The hydrodynanmic
axis of the jet was then assumed to be normal to the »late; and the
stagnation point either coincided with the central hole in the plate
or was in its close vicinity. Generally, 2 deviation of about 5%
between the four pressure readings was unavoidable.

From some preliminary tests it had been established thet the
stagnation pressure of the Jjet was essentidly the sane as thai of
the radial flow within about 1" radius from the jet axis md a short
distance above the plate. As a consequence of this observation, a
pitot wbe of 0.020" diameter was fixed irn space, pointing towards the
jet axis and 0.6" from it, and 1/32 inch above the plate, to measure
the stagnation pressure of the jei. This pitot tube was connected to

one limd of the multi-linmb inclined manometer as well as to one of the
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two cylinders of itne micro-manometer; the central static-pressure
tapping was connected to the other c¢ylinder of the micro-manometer,

as shown in fig. 6.2-3. By neasuring the difference between tie
stagnation pressure and the static pressure, or the dynamic pressure,
directly the fluctuations in the pressure lines caused by the jet
velocity fluctuations tended to cancel each other out. However, in
order to get a reasonably stesdy reading on the nicro-mancneter it was
5111l necessary to include a 3" long piece of fine capillary tube in
each pressure line. This lengthened the resvonse time of tune micro-
nanometer to about four minutes,

In the near-symmetrical position as locsted by the four static
pressure readings the static pressure from the central hole was
usually one to two thousandths of an inch water lower than the
stagnation pressurc from the pitot tube., This suggested thaet th
sturnation point did not coincide with the central hole. The procedure
used to locate the true stagnation point is outlined in the following
paragraphs,

From the position shown in fig., 6.2-3 the plate was rotated
o2 known angle and the pressure differcnce between ithie central nole
and the fixed pitot tube noted, this was the dynamic pressure at that
location. By repeating the procedure at different locations, and on
the othier gide of the initial position, -x in fig, 6.2-3, a plot of
dynampic pressure, Ap, versus X was obtained., From the Ap-x plot the
point of symmetry could be located, and this was taken as the true
stagnation point, The curve was tlien shifted so that this point of

the curve coincided with the orgin (0,0), ensuring that at the
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stagnotion point the dynamic pressure waos ulvays zero.

$5a542 Main stream turbulence intensity - measurement

Purpose. Kestin et al [E20] reported that the influence of
mzin stream turbulence on the local heat-trunstfer rates when a high
pressure gradient exists mey be quite considerable. In view of this
it was thought necessary to have some idea of the turbulence level
of the flow, particularly in regions close to the plate.,

Method. A DISA hot wire anenmometer set of the constant
temperature type was used to mcasure the turbulence intend ty., A
brief description of how this was zmeussured may be found in Appendix 6.1,

As the quantitaetive relationship between the turbulence
intensity in the main stream snd the change irn the loczl heat-transfer
retes is not known, a very thorough neasurement was thought to be
unnecesgary for the present project. It was therefore decided to
neasure the turbulence intensities along the jet axis only.

The solid plate used to measure the velocity distributions
was again fixed at 2-21/32 inches from the nozzle and the Lot wire
probe was traversed along the jet axis between the nozzle exit and
points as close to the plate as possible. Traverses were mazde for

three different jet velocities,

# . .
“ The help rendered by Dr. A.J. Taylor-Russel in connection with

these measurements is gratefully acknowledged.
J &
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Ge343 Heat transfer tests

Purpose. The turbulence intensity in the main stream had been
found to be of the order of 4%. iccording to Kestin et al EEZO] y this,
coupled with the hijh pressure gradient encountered in the stagnation-
point-flow region, might affect the heat-iransfer rates (and probably
also the mass-tronsfer retes) quite considerably. as the findings of
reference [E20] were derived from experiments on a two-dimensional
body, it is not certain whether the came applies 1o the axi-symmetric
stapnation~point flow considered here. In order to settle this point
some experinents were carried out with heat trensfer only.

Procedure., The solid test plate and instrumentation has been
deseribed in Section $,2,3.

Reference is made to fip. 6.2-9. By means of the four conceniric
pressure tappings the plate was shifted until the copper dise wus
central with respect to the jet; and the jet temperaiure was raised to
betwoen 30 to GOOF above the ambient tempersture end allowed to attain
stewdy conditions. The Jjot, however, wzs preventcd from striking the
disc by a baffle plate keld between the nozzle and the disc; hence
the initisl tenmperature of the disc waos approximately the prevailing
ambient temporature, When the jet had attained steady conditions, the
deflecting plate was guickly withdrawn to allow the jet to strike on
the disc. 4t the sawme time the automatic emf recorder was started.

The following data were =21s0 noted: main stream temperature TG’
etnospheric pressure, pressure drov across the 2" orifice plate, and

the stzgnation vressure of the jet as registered by the pitot tube,
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6,35.44 Heat and nmass tronsfer tests

(92N
.
N
.
s

-

Coolant tempersture, TT

As nentioned earlier in section 6,2.42,two shielded
thermocouples T9 and T10,'fig. Ge2=6, were available to measure the
coolant temperature beiore it reached the porous plug. T9 was
situated 0.18" below the bottom surfaceand T10 was %" from the
porous disc used to even out the gas temperature and was about 1-%
inches from the bottom surfuce of the plug. During runs wvhen the
coolant was not heated and TSD’TT , the difference between 79 and T10
was between O and O.BOF, T2 being always the higher. lHowever, when
the coolant was heated and TT:’TS s T10 might be some 10°F higher
than T9, depending on the mass flow rate, This cast some doubt as to
which of these two temperatures should be tuken as the coolant
temperature., In order to throw some lijht on this, testis were made in
which both T10 and T4 (i.c. bottom surface of the plug) were maintained
constant by adjusting the coolant heater and the guard heater or guard
cooler respectively, while the mass flow rate and hence the velocity
of the flow in the chamber was varied, and the temperature registered
by T9 were recorded., On plotting (T10 - T3) versus {low velocity in
the chamber (fig, ¢,7-1 shows & tyriczl one) it wes apparent that
(710 - 79) gradually increszsed with decreasing {low velocity. On the
evidence of this it was thought that the difference between the
temperatures measured by T9 and T10 was mainly due to the frece

convection effect inside the chanber., It may be remarked that similar

phenomenon was also experienced by Gollnick [E14]
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By keeping the flow rate a?d the coolant heater input constant
mperature
but varying the botton surfac;jé; the pluz,it was found that while
T9 changed T10 renained constant throuchout,
On the basis of these tests,it was concluded that T10 and
not T9 should be taken as TT .

Ce3s42 Variation of mass-flux across the plug surface

Experiments using sintered poxous materizl by Libby et al [E25]
and by Bartle [B3] showed that if the pressures on both sides of the
porous plate were unitf'orm the distributions of mass-ilux across the
plaete was constant within the accuracy of the reasurement, It was
assuned that the szme applied here.

Bowever, in the present experimerts the side of the porous
plug on which the wir jet impinged experienced a pressure gradient,
the pressure decreaging radiully from the centre of the plug. Since
this pressurec distribution had been mcasured,it is possible to
estimate the likely variation of mass-flux across the nlu;. This has
been done in Appendix 6.2, using Forscheimer's formulation, It shows
that even with the meximum pressurc vuriation on the surface the
variation of the mass-flux between the centre and the edge of the
plug was not more than 3%, This was considercd small enough to be

neglected,

6eFe43 Meusurement and distribition of the plug surfsace temperature

From the temperature profiles across the thickness of the

porous plug (some typical ones are shown in fig. 6.3-2), it is
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inferred that in nearly 2ll the cases the teaperature as neasured by
the thermocouple 76 (fig. 6.2-6) could be accurately taken 28 the
surface temperature of the plug. As may be seen in fig, 6.3-2 the
difference between the temperaiure measured by 76 (located 0.035"
below the surface) and the extrapolated surface temperature wuas,in
nearly all the cases, only 1/Mv, corresponding to less than 0.04°F.
Even in the worst case the difference was not more than S/MV {about
0.1°F). In view of the fact that thne smallest emf that could be
measured by the potentiometer used was 1/uv, the use of T6 as the
surface temperature was anmply justified.

It may be renurked that the above finding is in accord with
the experimental investigation of Bartle [EB] and the analytical
results of Bernicker (E4] .

Fig., 6.3-3 shows the results of plotting (T - T2) for many
tegts in the locavions of 71, T2 and T3, which were gituated along
z diameter of the porous plug. From the plot it may be inferred that
the maximun temperature gradient present was 0.36OF/in, i.e. the
naximum temperature difference between one end of o diameter and the
other end was O.}GOF. However, most of the tests showed 2 gradient
much less than this maximum. Since 76 was situated at & radius of 0.25",
i.e. midway between the centre and the edge, it would register a
temperature somewhere between the maximum and the minimum, In the
light of all these considerations it was justified to assume that T6
registered a temperature which could be taken as "the" surface
X

The following are possible causes for the existence of =

tenperature of the porous plug, T
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temperature gradient on the surface:
1) slightly non-uniform temperature in the brass plate
surrounding the plug;
and 2) the three thermocouples T1, T2 and T3 might not be exactly
in the same plune as they were supposed to be (it was

guite impossible to check this accurately).

6.3.44 Procedure of tests

The general procedure of a test was as follows:

The coolant flow was first set for a particular rate by adjust-
ing the immersion length of the bleed tube, The air jet was then turned
on and the jet heater and coolant heater adjusted to give the desired

level of the main strean temperature T, and tne coolant tcmperature T

G T°
For the first run of a day, usually 1% hours were required for tiae jet
temperature to get steady; for later runs with gradual temperature
changes,balf an hour sufficed for it to attain steady conditions. When
the coolant heater was used,about 1z hours were invariably required
for the coolant temperature to become steady.

The surface temperature of the porous plug and the temperatures
of the brass plate surrounding it were frequently monitored and the
guard heater and/or guard cooler adjusted to eliminate any temperature
difference across the contacting circle, iiken conditiors became steady
the following deta were taken: atmospheric pressure, atmospheric
temperature, pressure drop across the 2" diameter orifice, pressure

drop across the “porous flow meter", stagnation pressure of the jet
p * P

a8 registered by the pitot tube and the emf's from the 17 thermocouples,
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6.4 Results and discussions

6edel Velocity distributions outside the boundary layer

Results, From the dynamic pressure profiles (figs. 6.4-1a
and 6.4-1b; also Table 6.4-2) the velocity distributions outside the

x
boundary layer were deduced using the Bernoulli equation ror incom-

pressibe flow:
- 1 ~ - — > O
Ye =4 2€bo(pstagn pG)/f)G T oW 260 Ap/'!G

which may ve written as:

"/
= N\ -
B¢ = Coressure ~velocity (4p) (God=1)

The quantity C depends on the temperature and

pressure -velocity
pressure of the flow {fluid and also on the property of the nanometer
fluid used, It is, however, coastant for each nrofile, since esach
profile was taken at constant teuwperature and practically constant
absolute pressure Pge

The velocity profiles obtained are shown in figs. 6.4-2a2 to
6.4-2c and Table 6.,4-2 for eight jet velocities, covering jet temper=-
atures from 67 to 160°F. The velocity distribution in fig., 6.4-2a shows
that U, wes directly proportional to x only for a region of just over
0.5" radius; the change of velocity gradient with x occured at about
the same value of x for all the jet velocities., For this reason it
was necessary to restrict the test area in later heat and mass transfer
tests to within this limit; actually, a round figure of ¢ diameter
was decided upon.

From each of the velocity profiles the veloclty gradient was
the results are

deduced and plotted against U and U

jet ,mean jet max’
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displayed in fig. 6.4-3. U was the mean velocity of the jet

jet,nean
as calculated from the pressure drop across the 2" diameter orifice
in the 5" diameter pipe; calculating procedure used was that of

BS 1042 [E5]. U,

jet ,nax was the maxipum velocity of the Jjet as measured
, -

by the fixed pitot tube, the static pressure being assumed to be that
of the prevailing atmosphere.

Discussion. The limit of the accuracy of the micro-manoneter
used (section 6.2.2(b)) was set by the optical lever chosen., It was
estinated that the smallest pressure that could be detected corresponded
to a change of water level of 0.,00004"., Thus, the accuracy of the
velocity measurement was of the order of 0.5 ft/s.

The plots of the velocity profiles show that within this
accuracy the profiles were linear.

From tig. 6.4-5 it is seen that the straight line correlation

between uG/x and U ig slightly better than that between u

. pid
Jet ,max G

and U, « As U. was also easier to calculate from measure-~
jet ,mean jet,nax
ments this was used to obtain uG/x in later experinents.
Compared with the simple relationship given by LeClerc [£24],

uG/x = Ujet/d s (6.4-2)

d being the diameter of the nozzle, the mean curve of U, ve. u./x
jet ,uean G

is some 4% lower. The discrepancy might be due to the departure fron

a truly flat jet-velocity-profile sssumed in [E24] .

bale2 Yain stream turbulence intensities

Phe results of the mezsurement of turbulence intensities along
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the jet axis are shown in fig. G.4-4; they are also contained in
Table 6.4-3. Inspection of tuese results shows that near the plate the
turbulence intensity increased as the plate was approached. Similar
phenomenon was reported by Kueth et al [£22] on the measurement of
turbulence nesar the stagnation point of a blunt body. Close to the
plate turbulence intensity varied between 3.5 to 4.7% depending on
the jet velocity. Generally, lower jet velocity produced nigher tur-
bulence, and vice versa., This npay be due to the fact tnat the lower
jet velocity wes obteined by blocking & larger part of the blower inlet
with a sluice-gate type plate, which tended to produce u "rougher"
flow.

It may not be unreagonable to believe that when the plate is
a porous one with gas blown through it to the main strean the corres-

ponding turbulence level might be higher in regions close to the plate.

6e4e3 Heat-transfer without mass-transfer

£.4.517 Analyois of the trazsient metiod

Fer en axi-symmetric stagnetion-point flow the main gtrean

velocity is directly proportional %o the radial distance, ie., u,xx,

G
. . . . * %

and the theoretical dimensionless conduciance gh/QﬂthuG x)~ for zero

mass-transfer is constant. Hence in the reglon of constant uG/x and

with constant fluid properties the temperature throughout the heat

transferring area will be the sane, so is the heat transfer coefficient

o{ . In the case of a good conductor like the copper discs des cribed

in section 6.2.7,1it may be assumed that the temperature throughout

the whole thickness of the disc is also uniforn.
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where

where T

145

From Newton's law of cooling we have:

X A (TG -7) =M, ¢ dT (6.4-3)

a - dac
o« = heat-transfer coefficient = dg/(TG- T), Btu/ftzh degFj
(2]
“ = heat-flux from the main stream to the surface, Btw/ft“h;

A = area of the disc, ftz;

Md = mass of the copper disc, lbm;

¢ = specific heat of the disc material, Btu/lbmdegF;
T = temperature of the disc at time T, OR;

TG = nmain stream temperature, OR;

T = tine, h.

Integrating equation (C.4-3%), we obtain:

T, -T
;{CAC T = lnT—(}——_—TQ (6o4"4)
d G

0 is the temperature of the heat trunsferring disc at T = O,

Now, the iron-constanten thermocouple used had a linsar

relationship between enf and temperature in the tenperature range met

in the

experiments (see calibration curve in fig. 6.2-T7). Thus equation

(6.4~4) may be written as:

(emf)G - (emf),E=O
(emf)G - (emf)q;=t d

in T (Coi=5)

Since A, Md and ¢ are knowm guantites , o may be deduced from the

slope VY of a plot of ln'[Remf)G-(emf)Tzo]/[(emf)G-(emf)TzTJ} va. T .

. K s . PR s .
In terms of &y 0 \p and the characteristics of the disc,
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equation (6.4-5) may be written as:

c

* disc

€ = (c * /Ddisc "“)'50 (6.4-6)
PG .

where f7 is the density, lbm/f'tj and t 1is the thickness of the

disc ’ ft.

6.4.32 Results =nd disccusion

From the emf-time chad obteined from the automatic recorder,

plots of 1ln {[(emf)G—(emf)Tzo] /L(emI)G-(emf)T=@l} vs. U were made
and e&re shown in fig. 6.4-5, from which values of g;

according to equetion (6.4-0). Table 6.4-4 chows the calculated results

were evaluated

and otier relevant dats for tie four runs made,

Y
The mean value of gﬁ/(ﬂbfqu/x)‘ for the four runs was 0,919,

1

which is some 5% lower than the theoretical valueﬁ of 0.959 obteined

by Howe -and Mersman [EBU] for a zero turbulence-intensity situation.

The good agreement was o ttained in spite of the rather high turbulence
intensity (about 4%) present in the main strean flow., This contrasts
with the findings of Kestin et al [E20] , wio reported that & turbulence
intensity of 3% in the main strean flow sufficed to effect an increase
of some 80% in the heat-transfer rates at a two-dimensional stagnation
region. Partly, this may well be due to the fact that a smaller

pressure gradient is associated with an axi-symmetiric stagnation flow

e
e

The theoretical value was transformed from a suitable two-
dinmensional value to the one applicable to the axi-symmetric
stagnation-point flow,using Mangler's transformation (see section

2.7+5).
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then with a two-dimensional stagnation {low,

The present results, however, are roughly in accord with the
findings of Buyuktur et al [£E6] , who experimented with an accelerating
flow along a flat plate with various main stream turbulence-intensities.

On the sgtrength of.the ebove comparison it may ve inferred
that; 1) the flow was a laminar one, and

2) for a main strean turbulence intensity of less than about
4% the turbulence level has, if any, only slight influence on the
heat-transfer rate for an axi-symmetric stagnation-point flow.

The satisfactory agreement obitained also lends confidence

to the performance of the jet system as a whole.

Gedad Heat ans mass transfer results

, 4
6.4.41 Evaluation of ghéggcfbuc/x) and Bh

a) Analysis
By considering the heat balance for the control volune embracing
the porous plug and the coclant chamber (see sketch), we have for a

well insulated chamber:

s * 9pud * Tcond © %out “in (€od=T)
113
. S
rad éout
{ é(/"s-surface
i _ '_T :T_T";—- ,_ B /_‘__..___
j -Pbrcu.s p{us f/\ dcond
4 O
A i control volume
SR
* T~surface
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where = rate of heat transferred from siream to surface, Biu/hy

S

= rate of heat radiated to the surface, Btu/h;

e De
I

rad

— pa- £ Want - :
cond = rate of heat conducted to the plug, Btu/h;

in rute of heat carried in by the coolant, Btu/hj

L De Qe
it

out = rete of heat carried out by the coolant, Btu/a.

We assune:
1) +that no main stream fluid (a&ir) got into the coolant
cranber, l.e. the chanber contains pure injectant,
(cf. section 2.0),
and 2) that as the injected gas emerged from the porous plug it
acquired a temperature egual to the surface temperature

of the plug, TS.

Then clearly:

]
- q .

.
aq
1

n =B (g - Bp)y

where f = the rate at which tne gas is injected through the porous

out

plug, lbm/h;

hTS= specific enthalpy of the transferred substance (injected
gas) at the swface temperature TS;
b, = specific entualpy of the transferred substance just before

entering the control volune.

Now, the design of the apparatus was such that radial cond-

uction through the plug rim could b eliminated, thus écond = 0,
And equation (v.4-7) for unit arca of test region becones:
ég = lﬁ" (hTS - hT) - é"I"a.d . (6.[}"8)

In the temperature range considered the specific enthalpy
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difference for all the gases used may be quite accurately represented

by Ah = Ep' AT, hence we may write:

g = (e )g(Tg = To)d" -4 o (8.4-8a)

And the driving force Bh becones:
(e )Py g = T,) &7
B = v’ G L.,ad S . ('5.4-9)

(Cp)T(TS - TT) At - ;ad

As can be seen, all the guanitities appearing on the r.h.s. were either
known or could be measured or calculated, The radiection heat-flux i;ad
was calculated according to the formulation in Appendix 6.3,

The conductance is then given by:

gh/(/“(}fsuc/x)% = [ /(a0 /By (6.4-10)

b) The velocity gradient u@[ﬁ

In section G.4.1 the velocity distributions outside the
boundary layer of the jet impinging on a smooth solid surface were
obtained. From selected checks on the static pressure distributions,
it was established that for the same jet velocity the velocity dis-
tribution on the porous plate , uG(x), was, within tne accuracy of
the neasurement, the same as that for the smooth plate. Purthermore,
within the range of mass blowing rates used , the velocity profiles
outside the boundary layer were not affected by the blowing.,

On this basis,the velocity distrivbutions,and hence uG/x,
obtained for the smooth solid plate could be confidently used in the

case of the porous plug with gas injection,
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It may be noted that similar conclusion was reached by Tewfik

et al [EAO] in the case of a plane étagnation-flow region.

c) Adiabatic surface temperature

Recent publications [S48, s51, £15, $52, 853, £38, E39, E40]
have underlined the importance of the role played by the hitherto
neglected coupling effects of heat and mass transfer in binary boundary
layers. In the absence of aerodynamic heating but in the presence
of these coupling effects the surface temperature for an adiabatic
wall condition may considerably exceed the main stream stagnation
temperature, Hence, in experiments involving binary boundery layers
the adiabatic surface temperature should be measured and cannot be
simply assumed to be that of the free stream stagnalion temperature.

In the present tests, for a fixed mass-transfer rate the

adiabatic surface temmerature was deduced from plots of Qg versus

LX)

G iy

For 2 given constant mass-transfer rate §! may be changed by varying
o

(7, = Ts); where the curve cuts tihe = 0 line gives (TG -7 )e

S,ad

the stream temperature T, and/or the coolant (injected gas) temperature

G

TT.

d) Properties of gases

The fluid properties required for the reduction of experimental
results are the viscosity, density, and the specific enthalpy.

For air the viscosity deta were taken from reference [E42]. Fig.
6.4-6 shows its variation with temperature.

The operating temperature range was between 530 and 600°R, In
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this range, for all gases used it can be asgsumed that:
Ah‘-:-é'AT .
)Y

The values of Ep for the different gases are contained in the following

tablec
Ny .
Gas égizgzlar ! cp Reference 1
v  Btu/1b degF |
; |
: |
air 28,96 | 0.240 E42] |
nitrogen 28,02 0.248 1 (E19] 5 see fig.6.4-Ta |
cerbon- 44.01 0.203  [B19]; see £ig.6.4-Tb
dioxide | ?
helium | 4 .00 "1.242 [£8]
bydrogen | 2,016 3,425 (E19]; see fig.6.4-Tc !
'Arcton- | 104.47 0.157 [E9] ; sec fig.5.4-Td |
15" I
(001F3) l

Density of ihe gases was calculated from the perfect gas law:

)0"' Y M/‘((R TJ ’
where M is the molecular weight of the gasj the universal gas constant
(R was taken as 1545.4 ft-lbf/mole OF. For "Arcton-13" in the
temperature and pressure ranges considered, the density calculated from
the above relationship agrees within 0,5% with those tabulated in

ref, [E9] .
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6-4042 Air ianCtion

Some plots of dg versus (TG - TS) for air injection runs are
shown in fig. 6.4-8, As can be seen there ég varies linearly with

(T, =~ TS); furthermore, all the curves pass through the origin (0,0),

G
indicating that an adiabatic-surface condition (dg = 0) was achieved
when TG = TS. This was expected: there was essentially no azerodynamic
heating; and since the boundary layer was a single-component one the
questgon of thermal diffusion and diffusional conduction did not arise.

Hence for these runs, =T

TS,ad G*

As the equality of 7T and TG holds for all the mass-transfer

S,ad
rates,the driving force B, (equation (6.4-9)) may be evaluated from
measurements of one single test, i.e., it is not necessary to obtain
first the full ignJ(TG - TS) curve for each mass-transfer rate. Fig.

%
6.4=9 shows the results of gh/QﬂGfqu/x) versus B these results

h?
covered jet velocities between 70 and 90 ft/s, mass-transfer rate @"
between 17.6 and 11,91 lbm/ftzh, and (T, - o) between -40 and 42°F.
As may be seen from fig. 6.4-9 the experimental data cluster around
the theoretical constant-property curve for Prandtl number of 0.7,
which may be taken as the value for air in the temperature range
considered here. The agreement between the measurements and the
theoretical prediction is, for the great majority of cases, within
10%.

Further examination of the results leads us to the following
deductions,

1) Since the theoretical curve is valid for flows with a zero

main-stream turbulence-intensity, the rather satisfactory agreement
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between measurements and theory seems to support the conclusion
reached in section 6.4.32: for a main-stream turbulence —intensity of
less than about 5% the turbulence level has but little effect on the
heat-transfer rates in an axi-symmetric stagnation-point region,

2) In spite of the not-very-smooth surface of the porous plug
the boundary layer on it was essentially a laminar one. Also, no
sudden increase of the conductance gy, Was observed in the whole range
of driving force realized (0 to 7), indicating that the transition
point had not been reached., Though blowing is known to be destabilizing,
the characteristically‘high favourable pressure-gradient of the
stagnation-point flow must have nelped to stabilize the boundary layer
and maintained the flow laminar.

3) The independently obtained results for Bh = 0 blend well

with the mass-transfer results., This lends support to the technique

of measurement as a whole .

6.4.43 Nitrogen injection

Typical curves of Q§ versus (TG - TS) for nitrogen injection
are disélayed in figs., 6.4-10a and 6,4-10b. All the curves pass the
origin (0,0), again indicating the absence of any coupliﬁg effects.
This was expected as the transport properties of nitrogen are only
very slightly different from those of air,

)
In fig., 6.4-11 are plotted results of gh/QﬂGfqu/x)é vs, Bh>
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again the data agree, within 10%, with the constant-property
theoretical curve., These results support the validity of the general

remarks made on the air injection results in Section 6.4.42.

bededd Helium and hydrogen injections

For experimentis with hydrogen injection precautions were taken
to ensure that both the operating temperature end the hydrogen
concentration were well below the linit, beyond which chemical
reactions may occur, Thus, as far as the present measurements are
concerned hydrogen may be considered as an inert gas.

In the tests, for & {ixed muass transfer rate the main
strean temperature was varied to obtzin variation of ég. 0f course, the
variation of dé could also be attained by raising the coolant tempsra-
ture TT with the heater instulled. In the case of helium injeciion
this was done for itwo runs only, because it necessitated an unpracti-
cally hipgh rate of helium consumption, owing to the much longer tine
requircd for steandy conditions tc be resched, In the case of hydrogen
injection, for safely reason it was necessary to resirict the time
for each test to & minimum; this ruled out the possibility of varying
the coolant temperature to obtain variction of ég.

The ruange of mein stream temperature was generally between
5500 and 59OOR; and the temperature difference across the boundary
layer was about 50°F. As the only effect of mein sirean temperature
on the results is through its influence on the thermal properties

of the fluids,the sumell range encountered here is not expected to

affect the results much; i.e. for & given mass trensfer rate the
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dgﬁJ(TG - Ts) curve, obtained through a small range of main streem
temperatures, may be assumed, for comparison purposes, to be also
valid for the mean stream temperature.

Adiabatic surface temperature

Plots of dg versus (TG -7 for several mass flow rates are

5/
displayed in figs.6.4-12a and 6.4-12b for helium injection, and in
figs. 6.4138 and €.4-13b for hydrogen injection. Unlike similar plots

for air or nitrogen injection the curves do not pass the origin (0,0 ).

Actuelly, 11 the curve cut the ég = 0 line a* (TG - TS) < 0. When

@g = 0 the surface tcmperature of ihe porous plug is TS aq ! hence
?
we see that for heliunm and hydrogen injection,Ts ad>-TG « 48 the jet
1

velocities were not high enough to cause any appreciable aerodynamic

) . , . 0.
heating, such a large difference between T and 'I'G (up to 73°F for

S,ad
heliun injection and up to 102°F for hydrogen injoction) could only
be caused by some other mechanisom,

Anslyses made by Baron [548] and by Sparrow et al [552, 353]
indicate that in the absence of any aerodynamic heating, thermel
diffusional effeets (both thermal diffusion and diffusional conduction)
in the laminer binary boundary layer of helium-air and hydrogen-air
can cause appreciable difference betwecen the adiabatic surface
temperature and the mein stream temperature. To ascertain whether
these thermal diffusional effects were really responsible for the
large differences noted, (Ts,ad - TG) are plotted against the non-
dimensional mass-transfer rate ﬁ"/(/AGquG/x)% and compared with the

above analyses on fig. G.4-14 for helium injection and on fig. 6.4-15

for hydrogen injection. The results are also contained in Table 6.4-6.
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The values of (T - TG) were obtained by extrapolating the mean

S ,ad
curve through the experimental points on plots of g% vs. (TG - TS)
o]
in figs. 6.,4-12 and 6.4-13. Where the curve cubs the §! = O line gives
the (TG - TS ad) value, Generally, the scatter of the points iS not
]

T_ ) larger than 1°F

large enough to cause an uncertainty in (Ts,ad - T

for helium injection or 3OF for hydrogen injeciion., The likely uncer-
tainty in the extrapolating procedure for both cases is thus less
than about 3%.

Inspection of figs. 6.4-14 and 6.4-15 shows that the experimental

results of (TS - TG) for both helium and hydrogen injections agree

,ad
well with the corresponding analyses of Baron [S48] and Sparrow et zl
Ls52, S53] « For helium injection the slight difference beiween the
analyses of Baron and Sparrow et al is mainly due to the different
choice of the fluid properties. As all these theoretical analyses
include the coupling effects of energy and mass transfer, but not
aerodynamic¢ heating, the rather satisfactory agreement beiween
measurements and theories points out that these thermal diffusional
effects were indeed largely, if not entirely, responsible for the

large differences between T and TG observed.

S,ad

If mean values of TG are used, the experimental result may be

replotted in the dimensionless form of (T - TG)/TG versus

S ,ad
1/
i"/QuGFGuG/x)ﬁ; these are shown in fig. 6.4-16 for helium injection

and in fig. 6.4-17 for hydrogen injection.

Heat-transfer results

Reference to the Q§ versus (TG - TS) curves in figs. 6.4-12a to
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6.4-13b suggests that in evapluating the conductance gh given by

- = 4n ‘r -
€n qS/ ch,G(TS,ad TS)j

T must not be substituted by TG even though no aerodynamic heating

S,ad

was present; otherwise g, Tay assume not only both positive and
negative values but also infinity,.
The heat-transfer results plotted in the form of the dimension-

, "
less conductance gh/guGFGuG/x)“ against the driving force B, are

h

presented in fig, 6.4-18 for helium injection and in fig, 6.4-19 for
hydrogen injection. It may be noted that in the cace of helium injeciion

‘the heat-transfer results for the range of mass-iransfer rates represented

-

by the full égru(TG - T.) curves in figs. €,4-12a and 6.4-12b covered
W)

values of the driving force B, up to 0.5 only. The results for higher

h

drivin;g-force were obhtained from measurements for single runs with

the corresmonding (T - 7.) values exvtrapolated from the mean
M

S,ad

. ar
curve of (T qa - TG) versus r'n"/(l,uG,/JGuG/x)/2 in fig, 6.4-14. This

S,a
procedure was necessary because it was not possible to ensure supnly
of helium gas in large enough quantities to enable full qgnJ(TC - T.)
D i ol
curves to be obtained for high mass-transtf'er rates, It 1s, however,

believed thet the extrapolated values of (T, were reliable,

-T)
S,ad G

With helium injection. Reference to fig., 6.4-13 reveals

that where comparison is permitted the results agree well, within 10%,
with tne theoretical prediétion of 3parrow et al [552] , which has
taken into account the full thermal diffusional effects. For small

blowing rates (B_ small) the conductance 8y tends to remain constant

h

for increasing B This may be due to the relatively high thermal

-
h
A

conductivity of helium (approximately 6.5 times thatv of air), which,
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at small blowing rates, successfully counteructs the blowing effects,
as has been discussed in section 3.2.3., At large blowing rates,
however, the blowing-cifect overpowers this and the conductance is

seen to decrease fairly rapidly with increasing B Generally, the

n’
“experimental results clusier around a curve distinutly separated
from the constant-property one. It may also be noticed that good
agreement exists for the whole range between the experiméntal results
and the theoretical znalysis of Baron-Scott [S41] , which does not
include any coupling effects. The temperature ratios, TS/TG’ for

the present measurements ranged from 0,97 to 1,09 whereas the theories

are for T“/TG = 0.8, However, according to the correlation method
£

developed in. section 4.3, for axi-syumetric flows gh/(/LLGFGLxG/x)X2
oL (TS/TG).'O54 i and for the sezme driving force B, the difference

betwecn the value of gh/gucféuc/x)% fbr TS/TC = 1,09 and that for
TS/TG = 0,8 amounts to less thgn 1%, Hence the comparison is valid.
It is interesting to know that éimilarly good agreement was also
obtalned between the experimental results of Tewfik et al [EAO} and the
theoretical prediction of Baron and Scott [541] for khelium injection
into aﬁ alr strean af a plane stagnation region. I the analyses of
Sparrow et al [852] may be used as a guide,then when the reciprocal
effects of thefmal diffusion and diffusional conduction were taken
into account the curve of RBaron and Scott would lie somewhat (a few
percent) below their corresponding curve for no thermal diffusional
effects., Iven 80, the agreement would still be quite satisfactory.

Yith hydrogen injection. Inspection of fig. 6.4-19 shows

that all the experimental points lie some 10% above tue analysis of



Sparrow et al [S553] , which has taken into accouﬁt the full thermal
diffusional effects. At small blowing rates the experinmental results
seem to indicate a slight tendency for gh to .increase with Bh. This
may again be due to the high thermal conductivity of hydrogen (appro-
ximateiy 7 times that of air) as has been explaihed in-the last
parégraph in connecfion with helium-injéction results. At large

97
blowing rates gh/(u o> u./x)” decreases with increasing B, ; the rate

(TR ehae) h'

of decrease is more rapid than that for helium injection. Once again
somewhat better agreement is observed between the experimental data
and thevtheorefical analysis that does not take into account the:
coupling effccts,

From the foregoing comparison it appears that the use of

(1 - TS) in the definition of g 1is quite successful in accounting

S,ad

for the effects on the conductance &, of thermal diffusion and tre

coupling between diffusion and heat conduction.

6.4.45 Carbon-dioxide and "Arcion-13" (CClF}) injections

The resultsrwith injection of light gases (nelium and hydrogen)
have becn presenied and discussed in section ©6.4.44., In this section
the results for injection of the heavier gases,viz., carbon-dicxide
and "arcton-1%" (commonly known as "Freon-13" in the U.S.A.) are
presented. It may perhaps be helpful in later discussions to bear
in mind that the thermal diffusion factor « for both He;air and

T

Hz-air mixtures are negative; and those for Coz-air and CCle-air

are both positive but arc much smaller in magnitude than those for

the He-air and H,-air mixtures. Reference may be made to fig. 2.7-1



6.4.45 160

T

for more information on «_ for the various mixtures.,
Adiabatic surface temperature

Plots of é" versus (T - Té) aré.diSpla&edbin figs;‘6.4-20a
to 6.4-20d for car boq-qlox1de.1njecfion and in fig. 6.4-21 fof
"Arcton-?}" 1u3ec¢10n,,As_may;be séen, inlboth cases the meanucurves
ﬂhr0u3h tue experimental‘ﬁuints cuf_fhe ﬁg-s 0 line at points on the
‘right‘hand side of'tﬁe origin (O;O);.Thus fur'these binary boundary~

layers the adiabatic surface temperature T is lesé.than the main

. 5,ad .
‘stream temperaturefTG; this cdntrésts with helium and hydrogen
injection, in which Ts,ad’is grester tian T,

Va

| ponding values of #"/(
Values of (T LG) and corresponding values © l/thuG/ﬁ

S,ad

are contained in Table 56.4-( and plotted in fig, 6.4~22'for carbon-
dioxide injection and in fig. 6.4-23 for ‘Arcton-13%" injection. The"

values of (T - TC) are obtained from interpolation of ﬁhé_d% ~

Syad

(TG - TS) curves in figs. 6.4-20 and 6.4-21, where it is seen that
the scatter of the'C02 injection fcsults_is quité large conmpared with

the difference'bétweenfT‘ and Tu; for "Arcton-13" the scatter is

_ S,ad G
slightly smaller.
In the case of carbon-dioxide injection, values of.(TS ad -'TG)
. . . . '3

are of the same order of magnitude as the uncerteinty in- the inter-

polation procedufé. Hence it is not ‘altogether surprising that no

, o %
,deilnlte trend of the varlatlon of KTu,ad lG) with m /(#GFGuG/x) _

can be detected in flg. 0.4 22 However, it should be borne in mind

that (T '_LG)-VdS only in the order of 1% of the maln-(tream

S,ad

absQlute»temperature; this may be seen-more»clearly_irom.a plot of-

-(Ts,ad - TG)/TG versus m“/gﬂcfqu/x)é~in fig. ©.4-24. The value of
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TG in the denomninator used was the mean value for each mass-transfer

rate and was approximately SGOOR. Compared with the theoretical curve
of Sparrow et al [s53] for a TG of 535°R the experimental data tend
to lie below it; however, they definitely show the same order of

magnitude and the same sign in the deviation of T from TC,EB
: g

S,ad

predicted by Sparrow et al. On this basis the agreement between
measurements and the theory is satisfactdry.
For "Arcton-13" injection the only theoretical analysis

available is that of Baron [S51] for T, = 1360°R. In the present measure-

G
ments the mean value of TG was 557OR. Thus it is not unexpected that
1
x)é

. . _ " A -
plotted in the form of (Ts,ad TG) vs., h /@ﬂcfqu/ , Tig. 6.4-23,

Baron's curve lies well above the experimenﬁal data, Plotted in the

%
. I3 o - - m ." »
dimensionless form of (Ts,ad TG)/lG versus h /9ﬂbfqu/x) in

fig. 6.4-25, the discrepancy is somewhat smaller; this is expected as

in this form the influence of TG is smaller. Though the measurements

show roughly the same trend in the variation of -(T -T.,)/T
S,ad G G

1, p
with ﬂ"/gfbfqu/x)” as Baron's prediction, no satisfactory quantitative
agreement is obtained. Collnick [E15] experimented with "Freon-13"
injection in a2 small region around the stagnation point of a hemi-

sphere in a flow with free-stream Mach number 8,07, and obtained
results of -(Ts,ad

used in Baron's analysis; the agreement between his measurements and

- TG)/TG under conditions closely resembling those

Baron's prediction was good. This seems to suggest that the deviation
between Baron's analysis and the present measurements is due to the

difference in main stream temperature level,
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Heat -transfer results

The heat-transfer results in the form of gh/gﬂGfb uG/x )%
versus Bh are plotted in fig., 6.4-26 for carbon-dioxide injection
and in fig. 6.,4-27 for "Arcton-13" injection. For comparison purposes
the corresponding theoretical curves as ﬁell as the constant-property
one are also plotted on the graphs.

For carbon-dioxide injection, it can be seen in fig., 6.4-26
that the theoretical curvesfor constant-properties and carbon-dioxide

injection are close together. At large values of B, the 002 curve

h

tends to lie above the constant-property cne. With the exception of
one, all the experimental points lie above the constant-property curve,

The small range of the theoretical 002 curve coes not allow detailed
at
comparison with the measurements; it appears that ;large Bh values the

agreemnent is fairly good. However, the scatter of the experimental

results is quite large; this is undoubtedly e reflection of the

relative inaccuracy in the determination of the (TS ad
’

was only betveen O and 5°F

- TG) quantity.
For though the "measured" value of T
S,ad

lower than the mean stream temperature TG’ an error of the order of
1 or 2°F will be proportionally transferred to &y, through the quantity

(T - T.); this may be seen from equation (6.,4-9). In spite of the

5,ad S

fairly large scatter, inspection of fig. 6.4-26 shows that the mean
curve through the experimentul points lies somewhat above the constant-
property curve; and that the conductance &y decreases with increasing

blowing rates, i.e. increasing B the rate of decrease beingabout the

h y

same as that for the constant-property case,

The results for "Arcton-13" injection are displayed in fig,
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6.4-27. Compared with Baron's analysis the experimental results show
satisfactory agreement., This contrasts with the poor agreement in
the results for the adiabatic surface temperature; this is due to

. . . . %
the relatively small influence of TG on bh/(/uG{aGuG/x) .

6.4.46 General discussions of the results

. % : ,
Inspection of plots of gh/gucfqu/x) Vs, Bh for the various
gas injections in figs. 6.4-9, -11, -18, -19, -26 and -27 shows that

for all cases the conductance €y decreases with increasing B the

h;
rate of decrease is the highest with hydrogen injection,
Analyses which do not include thermal diffusion and diffusional
conduction suggest that compared with air hydrogen and helium are by
far the better coolant; this is mainly because of their relatively
high specific heat (about 5 times that of air for helium and about
14 times that of air for hydrogen). However, the thermal diffusional
effects in an actual hydrogen-air or helium=-air boundary layer may
"reduce" the attractiveness of either}wdrogen or helium as a trans-
piration-coolant. This may be demonstrated below..
The plot of gh/g#GfbuC/x)% vs, B, for hydrogen injection in
fig. 6.4-19 or helium injection in fig. 6.4~18 shows that the conduct-
ance g, is only slightly affected by the thermal diffusional effects;

that is, the slopes of the curves Qg vs. (T, - TS) for the same mass-

G

iransfer rate are approximately equal as ghown in the sketch below. The

o1 - With theemal diffusiona! effects,
S - '
S -l 'F R //
ame ™ Fo I o Without thermal
both curves . —7 P ditfusional effects.
o LTQ—TS)
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difference between the curves for the two situations is a shift to
the left for the one with thermal diffusional effecis. It is easily
seen that for the same mass-transfer rate and the same "thermal
potential" (TG - TS) the thermal diffusional effecis cause an increase
in the heat-flux to the surface, with a corresponding decrease in the
effectiveness of the gas as a coolant.

Actual variations of dg with (TG - Ts) are plotted in fig.
6.4-28 for the same mass blowing rate of m"/gMGFGuG/X)% = 0,35 with
injections of hydrogen, helium, air and carbon-dioxides; the solid
part of the curves are obitained from interpolation of the experimental
results, and the dashed parts are extrapolations from the solid curves.
The figure shows clearly that in the range of small (TG -'Ts), i.e.
TS/‘I‘G close to unity, for the same thermal potential (TG - TS) both
air and carbon-dioxide injections result in lower heat-transfer

ratesg than hydrogen or helium injection. However, as (T, =- TS)

G

increases, ie. TS/TG decreases, both the curves for hydrogen and
helium injection tend to lie below those of air and carbon-dioxide
injections,., In faect, at this particular mass injection rate the
hydrogen curve and helium curve cross the air curve respectively at

[¢] —~
(TG - TS)~,145 F or TS/TGFV 0.72 or TS/T ~ 0,62 and (TG - Ts)~4

S,ad

o} - - ~
180 F or TS/TG 0.48 or Ts/ls, 0,42,

ad
These confirm the deductions in section 3.2.4 that when

TS/T is close to unity the thermal diffusion and diffusional

S,ad

conduction have particularly strong influence on the surface heat-

flux g; and that when the surface is highly cooled their influences

are proportionally smaller and both hydrogen and helium are still



effective transpiration;coolants.

To test the correlation method developed in section 4.3, in
fig, 6.4-29 are plotted all the experimental heat-transfer results
in the f flg, / /% | i i
in the form o kh gﬁGquG x)"? ] T, vs. By FBh,M ; the appropriate

nt

thos 3 = i 1,31
values of th,T and FBh,M are those for y 1/2 in Tables 4 ?

and 4.%5-2. As can be seen all the data cluster around the constant-

property curve, confirming the reliability of the correlation.
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CHAPTER 7 CONGCLUSIONS BASED ON EXPERIMENTAL RESULTS

An axi-symmetric stagnation-flow was satisfactorily created
by impinging an air jet onto a flat plate held normal to the jet axis.
Although a turbulence intensity of some 5% was measured in the main
stream flow near the stagnation point, the heat-tranéfer measurements
on a solid plate by & transient method confirmed the existence of a
laminar boundary layer over the stagnetion-flow region. The measured
heat-transfer rates there ugree well,.within 7%, with the theoretical
value for zero turbulence intensity, suggesting the slight influence
of main stream turbulence on the heat-transfer rates; this is roughly
in accord with the findings of Buyuktur et al [E6] , but strongly
 disagree with those expected from the findings of Kestin et al [E20],
i The heat-transfer measurements with injection into the air
stream of : hydrogen, helium, air, nitrogen, carbon-dioxide and
"Arcton-13", agree well with theoretical prédictions. It is seen that
reduction in heat-transfer rates can be achieved by mass injection,

Large differences (up to +1020F) betwveen the adiabatic-surface
temperature and the stagnation temperature of the main stream with
hydrogen and helium injections were observed, The corresponding
differences for carbon-dioxide and "Arcton-13" injections are very
much smaller (maximum —20.50F) end are of opposite nature to those
for hydrogen and helium injections.

A temperature difference of up to 102°F could not possibly be
due to errors in measuremen£s, nor could it be attributgd to aerodynamic

heating as the maximum jet Mach number was only about 0.1, It must
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therefore be actuated by some other mechanism. The close agreement
between the measured adiabatic wall temperatures and those predicted
when the reciprocal effects of thermaL diffusion and the coupling
between diffusion mnd heat conduction are taken into account points
out that these effects are responsible forfme observed temperature
differences, These temperature differences are seen to increase with
mass injection rates.,

Good agreement bwiween the experimental results and theories
which do not tske into account of any coupling effects confirms the
smell influence of these thermal-diffusional effects on the enthalpy
conductance &, defined in equation (3.2.4-2)., However, the results
emphasize their importance in experimental measurements close to the
adiabatic surface temperzture; under these conditions, & light gas

with high specific heat (e.g. helium or hydrogen) may not be amore

effective transpiration-coolant than a heavier gas with lower specific

heat (e.g. carbon-di oxide). Nevertheless, it is expected that for
a highly cooled surféce the light gas is still the more effective
coolant,

The experimental data also confirm the reliability of the

correlation method developed earlier in the present work.
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CHAPTER 8 SUGGESTIONS FOR FUTURE WORK

(I) From the survey of the theorétical solutions it is
clear that there is a need for more theoretiéal solutions with the
effects of thermal diffusion and the coupling between diirfusion and
heat conduction included, especially for the flat plate case. |

Sonme valueg-of FB’M(MG/MT,iﬁ.) have Dbeen determined from
e rather limited number of solutions; when more solutions become
availabee , these hay have ‘to be re-determinéd.-.

Flows over objects of arbitrary shape can usually be treatéd
as a series of "equivélent wedge" flows. For these calculations it
is necessary to have "similar" solutions for a comprehensive range
_ of the pressure graaient parameter /3 . So far, all the sqlutions
for B>0 are for /8 values of 0, 1/2 and 1. It will be useful to
obtain soltuions for /3 values pther than these, so that the
present correlation method can be extended,

(II) The jet-on-plate system has been proved to be & simple
and reliable means of creating an axi-symmetric stagnation-flow.
This arrangement should be fully exploited to obtain more experimental
data. At present,.few experimental data with combution in the boundary
layer are availabe, and studies in this drrection will be of gréat
importance. For this purpose, it appears that the jet-on-plate systen

is an ideal arrangement.
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