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Abstract

In this paper, we are interested in a generalised Vlasov equation, which de-
scribes the evolution of the probability density of a particle evolving according
to a generalised Vlasov dynamic. The achievement of the paper is twofold.
Firstly, we obtain a quantitative rate of convergence to the stationary solution
in the Wasserstein metric. Secondly, we provide a many-particle approxima-
tion for the equation and show that the approximate system satisfies the
propagation of chaos property.
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1. Introduction

1.1. The main equation

This paper is concerned with the long time behaviour and particle ap-
proximation of solutions of the following equation

Oipr = —p-Vepet[Ba + Alq) + B * pi(q) — A2]-Vyppetdiv.[(Ap+a Z)pt]+Az(pt)~
1
The spatial domain is R3¢ with coordinates (q,p, z), with ¢, p and z each in
R¢. Subscripts as in V, and A, are used to indicate that the differential
operators act only on those variables. The unknown is a time-dependent
probability measure p: [0,7] — P(R3*?); A and B are given R%to-R? maps;
a,f and A are given positive constants. Throughout the paper, p, denotes
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both the density of a probability measure at time ¢ and the corresponding
probability measure. Finally, the convolution B x p;(q) is defined by

B pi(q) = /3d B(q—¢")pi(d,p, z)dq dpdz. (2)
R

It is well-known that Eq. (1) is the forward Kolmogorov equation of the
following stochastic differential equation (SDE)

th = Pt dt?
dP;, = =B Qudt — A(Qy) dt — B * py(Qy) dt + A\ Z, dL, (3)
dZ, = APy dt — a Z, dt + /2 dW,,

where (W});>0 is the d-dimensional standard Wiener process.

The law of the R*¥-valued process (Q;, P;, Z;)i>o evolving according to
the SDE (3) is a solution of Eq. (1) at time ¢. Systems of the form as in
(1) and (3) have been studied by many authors. When B = 0 and A is a
gradient of a potential A = VV, (3) is called a generalized Langevin dynamic
in [12, 15]. It is also a special case of the so-called Nose-Hoover-Langevin
dynamic studied in [16, 13, 2, 11, 3]. In these papers (3) is considered as a
stochastic perturbation, via the external heat bath variable Z;, of the classical
deterministic Hamiltonian system for (Qy, ). The generalised Langevin and
the Nose-Hoove-Langevin dynamics play an important role in molecular dy-
namics because they maintain canonical sampling of the original Hamiltonian
system while being ergodic. When B # 0, the involution term B p;, which is
often known as Vlasov term or mean-field term in the literature, models the
self-interaction of the underlying physical system. In this case, (3) belongs
to the class of weakly interacting particle systems and have been used widely
in applied sciences, especially in plasma physics, see e.g., [8, 9, 14, 10] and
references therein. Combining both cases, the full dynamic (3) can also be
seen as stochastic perturbation (via the augmented variable Z) of Vlasov’s
dynamic similarly as the generalised Langevin dynamic. This motivates the
name in the title of the present paper.

The purpose of this paper is twofold. First, we prove the existence and
uniqueness of a stationary solution as well as convergence to the stationary
solution of other solutions of (1). Second, we provide a particle approx-
imation of solutions of (1). We address both issues using the stochastic
interpretation (3) of (1) and the so-called coupling technique introduced in
[18, 20] and used further in [6, 5]. We now state the assumptions and main
results of the present paper.



1.2. Assumptions and main results of the paper

Throughout the paper, we make the following assumption.

Assumption 1. B is an odd map on R3*?. Furthermore, A and B are
Lipschitz, i.e., there are non-negative constants C4,Cp such that for all
¢1,q2 € RY

|A(q1) — Alg2)] < Calgr — @2, [Blar) — B(q2)| < Crlgr — qof (4)

The assumption that B is odd is motivated by the fact that in applications,
B is often a gradient of a symmetric interaction potential which depends only
on the distance of two different particles in the underlying physical system.
The Lipschitz conditions (4) are standard assumptions to ensure the existence
and uniqueness of the SDE (3) with square-integrable initial data, see e.g.,
[14]. Tt also guarantees the well-posedness of Eq. (1): it admits a unique
measure solution p; € Po(R3?) for any ¢ > 0 provided that the initial data
po € Po(R3?), where Py(R3?) denotes the subspace of probability measures
on R3? with finite second moments.

The first result of the present paper is the following theorem concerning
the existence and uniqueness of a stationary solution as well as convergence
towards to the stationary solution of all solutions of (1). The trend to equi-
librium is measured in terms of the Wasserstein distance Ws on Py(R3?).
In particular, Wy (p,v), with u,v € Py(R3*?), can be formulated as the in-
fimum over a set of all coupled random variables that distribute according
to p and v respectively (more details follow in Definition 12). The usage of
the Wasserstein distance has two advantages. Firstly, it makes use of the
relationship between the SDE (3) and Eq. (1), which is the underlying idea
of the coupling technique, see Section 2. Secondly, the infimum formulation
of the Wasserstein distance is convenient in estimating upper bounds, which
is needed to prove convergence, by choosing any admissible couple of random
variables.

Theorem 1. Under Assumption 1, for all positive o, B and X\ there exists a
positive constant ng such that, if 0 < Cy + Cp < 1y, then there exist positive
constant C' and C" such that

W2<pt7ﬁt) < ' e_Ct W2(,0[),ﬁ0), fO’I” all > 0, (5>



for all solutions (pt)i>0 and (p,)i>o0 of (1) with respectively initial data py and
Do in Pa(R34). Moreover, (1) has a unique stationary solution ps and all so-
lutions (pt)i>0 converge towards it exponentially in the Wasserstein distance

Wa(pr, poc) < C" et Wa(po, poo)- (6)

We recall that C'4 and Cg are respectively the Lipschitz constants of the
confinement A and interaction B forces. The condition that 0 < C4+Cp < 1
in the theorem means that they are linear-like forces, and that the interaction
is weak enough. The proof of this theorem is given in Section 3.1.

We now describe the setup and state the second main result of the
present paper. Let (W?);>; be independent standard Brownian motions
on RY, and (Qf, P, Z{)i>1 be independent random vectors on R3¢ with
law po € P(R3?) and independent of (W#);>;. Let (QEN),Pt(N),Zt(N))tZO =
( PN NN Y PN BN ZtN’N)tzO be the solution of the
following SDE in (R3¢)":

dQ;™ = PPN dt,
i,N i,N i,N N i,N N i,N
dzpN = XPPNdt —a z)N dt + /2dWF,
N pi,N i,N i pi i
Qo™ Py Zo™) = (Qo, Fo, Zo)-
(7)
This is an interacting particle system since there is an interacting term
%Zﬁ\; B(QY — @Q2™) in the SDE for each i. However, the interaction
is of weak type in the sense that the interacting term for each ¢ depends only
on the empirical measure pl¥ associated to the whole system

N
1 iN N / iN N
— E BQ —QF") = B(Q;" — dgdpd
N < ( t Q; ) s ( t Q)Nt ( qap Z>7

where
| X
pl (dqdpdz) = N Z 5(Q§,N7PZ,NZ§,N)(dqdpdz). (8)
i=1

On the other hand, we consider the following non-interacting particle



system, which is a many-particle version of the SDE (3)
dQ; = P} dt,
AP} = =B Qjdt — A(Q}) dt — B u(Q}) dt + A Z{ dt,
dZ! = —\P}dt — a Z! dt + /2 dW},
(@6, 1o, Zg) = (Q, 5, Z5),

where i is the distribution of (Qi, P}, Z!). Since the initial data and the
driving Brownian motions are independent (Q%, P/, Z});> with ¢ > 1 are in-
dependent. Furthermore, they are identically distributed and their common
law evolves according to (1), so y; is the solution of (1) at time ¢ with initial
data pg. In comparison with the system in (7), the interacting term is re-
placed by B*ut(Qi), i.e., integrating of B(Q"" —.) with respect to 4 instead
of the empirical measure ;" .

In the second main result of the present paper, we prove that as N be-
comes larger and larger, the weakly interacting processes (Qi’N, PZ’N, ZZ ’N)tzo
in (7) behaves more and more like the independent processes (Qi, Pi, Z!);q
in (9). In other words, the particle system (7) satisfies the property of prop-
agation of chaos as defined in [17], which we recall in Section 2.

Theorem 2. Let (Qi, Pi,Zi), i = 1,...,N be N independent R**-valued
random variables with law po € Po(R). Let (QPY, PPN, Z7™ Vis0.1<i<n and
(QF, P!, Z!)1>0 respectively be the solution of (7) and (9) with initial datum
(Q, P, Z8), i=1,...,N. Under Assumption 1, for all positive o, 3, \ there
exists a positive constant ng such that, if 0 < C4+ Cp < 1o, then there exists
a positive constant C, independent of N, such that for allt=1,..., N

Q)S%. (10)

(9)

2

, - . ~ .12 . ~.
s ([0 - i + [P - A 4|2 - 2

t>0

As a consequence, the particle system (7) satisfies the property of propagation
of chaos. In addition, the law ptl’N) of any (QUN, PPN ZINY converges to the
law py of (Q%, P}, Z}) uniformly in t and in the Wasserstein metric
1LN) C

sup WQ(Pg 7Pt>2 <=

. 11
UL <N (11)

We stress that this theorem not only proves the convergence but also
provides a quantitative rate of convergence. This theorem is proved in Section
3.2.



1.3. Organization of the paper
The rest of the paper is organized as follows. In Section 2, we recall some

preliminary knowledge. We present the proof of Theorem 1 in Section 3.1
and that of Theorem 2 in Section 3.2.

2. Preliminaries

2.1. Wasserstein metric

We recall that Py(R3?) denotes the space of probability measures p on
R3? with finite second moment, i.e.,

/ laP + 1o + 1217 u(dgdpdz) < oo.
RSd

The Wasserstein distance W, between two probability measures i, v € Py (R39)
is defined via

Wa(e,v)? = inf {E(IQ = QI + [P = PP +|Z - Z]")
Law(Q, P, Z) = pu, Law(Q, P, Z) = l/}, (12)

where the infimum is taken over all joint distributions II with marginals p and
v respectively [21, Definition 6.1]. We note that convergence in Wasserstein
metric is equivalent to narrow convergence (i.e., tested against continuous and
bounded functions) plus convergence of the second moments. The Wassertein
metric plays an important role in many fields of mathematics such as optimal
transport and dissipative evolution equations. We refer to [19, 21] and [1] for
expositions on the topic.

More generally, given a positive definite quadratic form Q on R3¢, one
can define a Q-Wasserstein distance Wag (11, v) between p, v € Po(R3?) via

Wao(p,v)* = irﬁf {EQ(Q —-Q,P—-P,Z—-2):
Law(Q, P, Z) = p, Law(@,f’, Z) = V}, (13)

where the infimum is taken over all joint distributions II with marginals pu
and v respectively. Moreover, since v/Q is equivalent to the Euclidean norm
Vg2 + |p|? + | 2|2, there exist positive constants C' and C” such that

CWQ(M? V) < WQQ(#? V) < ClWQ(M? V)? (14)
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for u, v € Pa(R3%).

The underlying idea of the coupling technique introduced in [18, 20] and
used further in [6, 5] is based on (14). First, we find a positive definite
quadratic form Q on R3? such that (3) is dissipative with respect to Q. Then
we apply (14) to obtain estimations in terms of the Wasserstein metric. We
note that the Wasserstein distance can be defined via a variety of different
ways, but for the purpose of this paper, the definition above will be the most
useful because of two reasons as already mentioned in the introduction: it is
facilitated with the coupling technique and is convenient in obtaining upper
bound estimates.

2.2. Propagation of chaos

We now recall the definition of propagation of chaos of a particle sys-
tem introduced in [17]. Let XN = (QMN, PN, z™), and denote dz'N =
dgNdpNdzN for i = 1,...,N. Let p™(da™V, ..., dz™"N) be the join law
of (XN, ..., XNNY) where for each i = 1,...,N, X} satisfies (7). Let
k > 1 be a fixed integer, and let (i,...,i;) be any k-uple of [1, N]. The

(41, ...,1x)-marginal pyl"”’i’“) of pEN) is defined via

pgil"“’ik)(Al X ... X Ag) ::pEN)(RX XA XL x Ay x ... x R),

for all Borel sets Ay, ..., Ax C B(R) and in the right hand side of the above
expression A; is at position i; for 1 < 7 < k. We recall that j; is the law of
(QF, P}, Z}), which solves Eq. (1). The particle system (7) is said to satisfy
the property of propagation of chaos with respect to p, if p(il"“’ik) converges
narrowly to (u;)®* for all k-uple (iy,...,i). According to [17, Proposition
2.2], this is equivalent to the statement that the empirical measure p¥ con-
verges narrowly to p;. We refer to [17] for more information on the topic.

3. Proofs of the main theorems

The proofs of Theorem 1 and Theorem 2 are presented respectively in
Section 3.1 and Section 3.2. The proofs follow the procedure of [6, 5] (see also
[18, 20]) which use the stochastic interpretation (3) of (1) and the coupling
technique explained in the previous section.



3.1. Stationary solution and long time behaviour of the main equation: proof
of Theorem 1

The main ingredient of the proof of Theorem 1 is the following proposi-
tion, which is the content of the coupling technique.

Proposition 1. Under the assumption of Theorem 1, there exists a positive
constant C' and a positive definite quadratic form Q on R3¢ such that

Waa(pi, py) < €' Wao(po, ), forall t 0. (15)

Proof. Let (Qy, Vi, Z,) and (Q,, Py, Z;) be two R3%-valued stochastic processes
evolving according to (3) with the same Brownian motion (W;)so in R%. Let
(¢, D1, 2) = (Qi— Q,, Pi— Py, Z,— Z,) be the difference between them. Then
(q¢, pt, 2¢) evolves according to

dg; = py dt,

dp; = = qp dt — (A(Qr) — A(Qy) dt — (B * p(Qs) — B xp(Qy)) dt + Xz dt,
dzy = —Apdt — a z dt.
(16)

Let aq,--- ,as be positive constants, which will be specified later on. Define
Qg,p,2) = arlg|* + aslp|* + as|2|* + 2a4q - p+ 205 - 2+ 2p- 2. (17)

Assume that (g, pt, z¢) evolves according to (16). Then we have

d
% Q(qt7 Dt Zt)

d
= %(a1|%|2 + ag|pi|® + aslz)?® + 2a4q; - pr + 2a5q; - 2 + 2D - 2)

= 2a1G; - pt + 2a2p; - [_5 qt — (A<Qt) - A(@t) - (B * Pt(Qt) — B x ﬁt(@t)) + )‘Zt]

+2a32; - [~ Apr — azy] + 2a4|p:|?

+2a4q; - [-Bq — (A(Qr) — AQy) — (B pi(Q1) — B*7,(Qy)) + A2

+ 2a5p; - 2 + 2a5q; - [~Ape — az] + 2py - [Ap — azy

+22 - [=Bq — (AQ) — A(Qy) — (B * p(Q1) — Bxp,(Q,)) + X\ 2]
= (2&1 — 2Xas — 2“2/6)% P+ (2/\(14 — 2aas — 25)% T2

+ (2Xag — 2Xas + 2a5 — 20) py - 2 — 2Bay |qe)* — (2X — 2a4) |p|?

— (2aaz — 2)0)|z)* — (2a9p; + 2a4q: + 22:) (A(Qy) — A(Q,))

— (2a2p¢ + 2a4q; + 22) (B * pr(Q) — B+ p,(Q,)). (18)

8



Now we estimate the last two terms on the right-hand side of (18) using the
assumptions on A and B. The first term is bounded from above by

— (2a9p; + 2a4qs + 22¢) (A(Qr) — A(@t))
< 2a5C|qt||pe] + 2a4Calqe|* + 2Ca|qel| 2|
< asCall@? + [pil*) + 2a4Calqe* + Callal? + |2[%)
= (as + 2a4 + 1)Calqe]* + asCalpe]? + Calz|*. (19)

The second term is a bit more intricate. Let IT, be the joint law of (Qy, P, Z;; Q,, Py, Z)

on R* x R*. Then its marginals on R are distributions p; and p; of
(Q¢, Py, Zy) and (Qy, Py, Z;) respectively. We have

Bxp(Q) = B+pl@)= [ B@-adntap)- [ B@-0dn@r?
= | (B(@i—0) = B@, ~ ) dlla.p.557.5.9)

Hence

—2F [g; - (B * pe(Q1) — B+ ,(Q,))]
= —2/ (Q—-Q)- (B(Q—q)—B(Q—7)dl(Q,P,Z;Q,P,Z) dll(q, p, 27,7, %)

=2Cp

2
/R6d |Q_@}2 dHt(Q7P727@7F77) - (/ (Q—@)dl’[t(Q,P,Z,@,F,Z))

S QC’BE|qt‘27

where we have used the fact that B is odd to obtain the equality (). So, we
have just proved that

—E [q: - (B *pi(Q1) — B+1,(Q1))] < CElail”. (20)



Similarly, we have
—2E [pt (B *pi(Qr) — B x ﬁt(@t))}

= -2 /Rl2d(P — ﬁ) (B(Q—q) — B(@_ q)) d(q,p, 2,4, p, Z) dIL,(Q, P, Z;@,?,i)
o /R (P=p)=(P=p) (BQ—q) — B@—1)dll(g.p.7.5.7) dIL(Q, P, Z:Q, P, Z)

SCB/RM\(P—JD)—(TD—?)I 1@ =-q) —(@Q-79)| dlli(q,p,74,p,%) dIL(Q, P, Z;Q, P, Z)

C — — —
STB 12 [I(P_p)_(P_ﬁ)|2+|(Q_Q)_(Q_a)|2] dHt(qvpaquaﬁ72>dﬂt(Q7P72anpvz)
_% R12d U(P_?>_(p_p)‘2+|(Q_@)_(q_q)|2:| dHt<q7p?Z;q7ﬁ>z>dHt(Q7P>Z;§7F77)

< CeE(lg:* + pe]?),

ie.,
—2E [p; - (B * pi(Qs) — B #4 f[p)(Q)] < CE(la:]* + [pe]?). (21)
In the same way, we also obtain
—2E [2 - (B * pi(Qi) — B*p(Qy))] < CpE(lge|* + |2/%). (22)

Substituting estimates from (19) to (22) into (18), we get

d
%Q(tht; 2) < (2a1 — 2Xas — 2a283) ¢ - pr + [2has — 20a5 — 26) q; - 2

+ [2Aas — 2Xag + 2a5 — 2a] py - 2z — [2Bay — (ag + 2a4 + 1)(Cy + CBp)] |q1t|2
—[2X = 2a4 — ax(Ca + C)) |pe|* — [2aaz — 2X — (C4 + Op)] |2/

(23)
Set n := C4 4+ Ci. We choose aq,...,as such that
(2a1 — 2\as — 2a,5 = 0,
2 ay — 2cas — 26 =0,
2Xay — 2 a3 + 2a5 — 2a = 0, (24)

260,4 — (CLQ + 2a4 + 1)77 > 0,
2\ — 2a4 — agn > 0,
( 2aaz — 2\ — 1 > 0,

10



and that Q(q, p, z) is a positive definite quadratic form on R3?. Firstly, we
choose a4 = % and express aj, as, as in terms of as. Then we show that there
exists az and 79 > 0 such that all the requirements are fulfilled for 0 < n < ;.
Conditions in (24) are equivalent to

( Mas—B _ N*/2-P
as = —4 a

— o a,
as =az+ 5 — 3,

a1 :Aa5+5@2=>\a5+5<a3+%—a75>7

25
2Bas — (a2 +2as+ ) =AB—(az +§ — F+A+1)n>0, (25)
2\ —2a4 —asgn = X — <a3+%—“75>77>0,
K2()wzg,—2/\—77>0.
Let a3 = 2 4 a3, where a3 will be chosen later on. Then we have
p
Qap,2) = (as(r = 5) + Blag + ) ) lal + (a5 + 5 = 52) ol + asl” + Aq-p

—2a5q-24+2p- 2

= (as0 =5y 4 8@+ S+ 2)) ol + (34 S b2 DY 4 2+ a)P

A A
+Aq-p—2a5q-z+2p-z

A

2

= (a5 =) 8@ + T +2) == 2o+ (3 + & — %) ol + P

A A
A 2
+ (§q +p) + (asq + 2)* + (p+ 2)>.

A

Now we choose a3 such that

(fi(@s) == as(A\ = §) + Blas + § +2) —a2 — 5 >0,

fol@s) =as+ § — F >0,

f3(as az > 0, (26)
filaz) =5+ S+ A +3—% >0,

fs(as) := 2a(2 + as) — 21 > 0.

~—

Since all f;, with ¢ = 1,... 5, are linear functions of as with positive slopes,
it is obvious that there exists as that is large enough so that all of them are
positive. We choose such a a3 and define

AB A .
AT ARECI 0

11
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It then follows from (26) and (27) that (25) are fulfilled for every 0 < n <
and Q is a positive definite quadratic on R??.

From (23) it follows that there exists a positive constant C', depending
only on «, 8, \,C4 and Cp such that

d
%E (g, i, z) < —CE|q]* + |pe)® + |2)%], forall ¢>0. (28)

Since in a finite dimensional space, all norms are equivalent to the Euclidean
norm, the right hand side of (28) is bounded above by —C'E Q(qy, pt, 2¢) for
some positive constant C i.e.,

d
EE Qg pe, 2e) < —CEQ(qi, pr,2), forall t>0. (29)

By Gronwall’s inequality, we obtain that

E Q(qi,pr, 2t) < e “"E Q(qo, po, 20), for all ¢ > 0.

We can re-write the above inequality using definition of (g, ps, z;) as follows
E Q((Qta Pta Zt) - (@t?ﬁhzt)) g eict]E Q((Q(b PO7 ZO) - (@0>F0770))7
for all £ > 0. We then proceed as follows

WZQ(IOt?pt)Q S lnff _ EQ<<Qt7 Pt7 Zt) - (@hﬁbit))
(Q0,P0,Z0),(Qp,P0,Z0)
e inf EQ((Qo, Py, Zo) — (Qq. Po, Zy))

(Qo,P0,%0),(Qg,P0,Z0)
—C —_
= e “Wao(po, 7o),

which is equivalent to (15).
This completes the proof of the proposition. O

The following lemma will be used later to prove the existence and uniqueness
of the stationary measure.

Lemma 3. [7, Lemma 7.3] Let (M, dist) be a complete metric space and
S(t) be a continuous semigroup on (M,dist). Assume that there exists 0 <
L(t) < 1 such that

dist(S(t)(x), S(t)(y)) < L(t)dist(z,y),

for all t > 0, and x,y in M. Then there exists a unique stationary point
Too EM, de., S(t)(Too) = Too for all t > 0.

12



We are now ready to present the proof of Theorem 1.

Proof of Theorem 1. Let Q(q, p, z) be the positive definite quadratic form on
R3? obtained in Proposition 1. Since Q is equivalent to the canonical form
lq|* + |p|* + |2|?, there exists positive constants C’ and C” such that

Wi(pr, ) < C" Wag(pr, ;) < C"e™ " Wag(po, o) < C'e™ Wa(po, po),

for all ¢ > 0 and all solutions (p;);>0 and (p,)i>0 of (1) by Proposition 1. This
proves the first assertion (5) of Theorem 1. Since /@ is a norm on R*?, which
is equivalent to the Euclidean norm +/|g|2 + [p|2 + | 2|2, according to [4], the
space (Py(R34), Who) is a complete metric space. The existence of a unique
of stationary measure p., is then followed from the contraction property of
Proposition 1 and Lemma 3. Moreover, taking (p,)i>0 = peo it (5) we obtain

(6). O

3.2. Particle approzimation of the main equation: proof of Theorem 2

We start with proving that the second moments of all solutions of (1) are
finite provided that the second moment of the initial data is finite.

Lemma 4. Under Assumption 1, for all positive o, 5 and X\ there exists a
positive constant ny such that, if 0 < Cx+ Cp < 1, then sup,sq [gaa(lq]® +
Ip|2 + |2|?)dps(q, p, 2) is finite for all solutions (p;)e>0 of (1) with initial data
Po € PQ(Rgd).

Proof. The assertion of this lemma can be obtained using Theorem 1. Indeed,
let ps be the unique stationary measures of (1) obtained in Theorem 1. For
all solutions (p;)i>o of (1) with initial data py € P(R3?), from Theorem 1,
we have for all ¢ > 0

/ d(IQ|2 +p? + [2)dpi(q, p, 2) = Walps, 6)?
R3
2 (W2(:0t7 poo)2 + W2(507 pOO)Q)

2 (C" et Walpo, poo)? + Wa(do, poo)?)
2 (C" Wal(po, poo)® + Wa(bo, poo)?) -

= A

)

IA A

13



Remark 1. It is worth pointing out that the finiteness of the second mo-
ments, and hence the property of propagation of chaos of the system (7),
is independent of the long time behaviour of the solutions. Lemma 4 can
be proved directly without using Theorem 1 but using again the coupling
technique. Since it is similar to the proof of Theorem 1, we only sketch the
main steps here. This proof also demonstrates further the usefulness of the
coupling technique.

A sketch of proof of Lemma 4 using coupling technique. Let p; be a solution
of (1) with initial data py in Po(R39).

Step 1) We define
(g, p, 2) = ailql® + as|pl® + as|z® + 2a4q - p+ 2a5q - 2+ 2p- 2, (30)

where aq,- -+ , a5 be positive constants, which will be specified later
on.

Step 2) We compute % Jrsa Q(q,p, 2)pi(dgdpdz). Similarly as in the proof
of Theorem 1, there exist positive constants aq,...,as such that
Q(q,p, z) is a positive definite quadratic form on R3¢ and that

3d

d
7 / Q(q, p, 2)pe(dgdpdz) < Cy — Cz/ (Ig]* + |p|? + |2*) pe(dgdpd=)
R

< -0 ) Q(q, p, z)pe(dgdpdz),
R3

for some positive constants C7, Cy and Cjs.
Step 3) Applying the Gronwall’s lemma, we obtain that

sup Q(q, p, z)pe(dgdpdz) < oo,
t>0 JR3d

provided that initially [gs. Q(q,p, 2)po(dgdpdz) < co. This is equiv-
alent to the statement that

sup [ (af + o+ 12 )pu(dadpd) < .
R

>0

if initially py has finite second moment. This completes the proof of
the Lemma.
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We are now in the position to prove Theorem 2.

Proof of Theorem 2. We recall that for each 1 < ¢ < N, the law p; of
(Qi, P!, Z!) is the solution to Eq. (1) at time t with the initial datum
po and that the two processes (Q, P!, Z!)=o and (QV™, PPN, Z0N),50 are
driven by the same Brownian motions and initial datum. Define (¢f, pi, 2}) :=
QN PN ZPNY —(Q1, Pi, Z1), then (¢!, pi, zi) satisfies the following SDE

dq; = pj dt,
dp; = =B, dt — (AQy™) — A(@})) dt — % 332, (BQYY = Q™) — B+ my(Q))) dit + Az dt,
dzi = = \pldt — Mozl dt,
(9b- 6> %) = (0,0,0).
(31)
The underlying idea of remaining of the proof will be similar as that of
Theorem 1 and Lemma 4. We will find a positive definite quadratic form D
on R3? such that the SDE (31) is dissipative with respect to D. Let ay, ..., as
be positive constants to be chosen later on. We define

D(q,p, 2) := a1|q]* + aslp|® + as|z|* + 2a4q - p + 2a5q - 2+ 2p- 2. (32)

15



Let (g}, pi, 2{) be a solution to the SDE (31). We have

d i i
%D(Qtaptazt)

d
dt (al‘Qt’ + @2’1%’2 + a3’2t’2 + 2a4qt pt + 2G5Qt Zt + 2pt Zt)

= 2a1q, - p} + 2a4|p)|* + 2asp} - 2
+ (2a32; + 2a5q; + 2p}) - (—Ap; — az})

2

. . . 4 . 1 . .
+ (2aap} + 200} +22)) - (= Baf — (AQFY) - A(@) - N 2@t et

— B (@) + 12
= (2a; — 2Xas — 2Ba3) ¢! - p. + (2a5 — 2 az — 2a + 2May) p. - 2L + (2hay — 2aas — 28) gl - 2
— 2Bas g, — (2X = 2a4) [p1|* — (20005 — 2X) ||
— (2azp; + 2a4q; + 227) - (A(Qy™) — A(Q}))

N
1 , : , : , ~
= 2L Q0w + 2+ 22) - (BQYY = QFY) = B (@) (33)
j=1

Similarly as in (19) we have

—(2a9p} + 2a4q; + 220)(AQyN) — A(Q})) < 2a9C.a|¢!||pi| + 2a4Calg* + 2Calql]| 7]
< axCallgi)* + 1pi1?) + 2a4Calgy)* + Callgs)* + |2°)
= (az + 2a4 + 1)Calq;|* + a2Calpi* + Calz>.
(34)

Substituting (34) into (33), we obtain
dSi i
%D(thta z)
< (2a1 — 2Xas — 2Pas) q; - p; + (2a5 — 2Xa3 — 20+ 2hag) p; - 2, + (2hag — 2aas — 26) q; - 2,
— (2Bay — (ag + 2a4 + 1)Ca) |¢:]* — 2\ — 2a4 — 2a20) [pi]* — (2aaz — 2\ — Cy) |2)?
N
1 . . ) i ) ~
% D (2aaph + 2aag) + 220) - (BQY = QFY) = Brpu(@D). (35)
j=1

We first choose aq, ..., as such that the cross terms in the right-hand side of

16



(35) vanish, i.e.,
2a1 — 2Xas — 2a568 =0,
2Xaz — 2 a3 + 2a5 — 2o = 0, (36)
2 ay — 2aas — 23 = 0.

With this choice, (35) reads

dSo i i
%’D(Qtvpm z)
< —(2Bay — (ag + 2a4 + 1)Ca) |Gi1* — (2N — 2a4 — 2a2,C4) |pi]* — (2aas — 2\ — Cy) |21 ]?
N
(2000} + 2a4q; +22) - (B(QY™ — Q1) = Bx (@) (37)
j=1

1
N
Note that this estimate holds for every i = 1,..., N. By averaging (37) over

7 we have

d
_D(Qtla p%? Ztl)

dt
< —(2Bay — (ag + 2a4 + 1)Cy) ]qtl]2 — (2A — 2a4 — 2a2C4) ]p%|2 — (2aaz —2X — Cy) ]ztl|2
N
=~z 2 (e +awgi +2) - (BQYY = QFY) = Bru(@). (38)
ij=1

Next we estimate the last term in (38). Using the following identity
B(Qr" =QI"™) =B (Qf) = B(Qy™ =Q1™)—B(Q—Q)+B(Qi— Q) —B1,(Q}),

we now decompose the last term in (38) into six terms and estimate them as
follows.
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1) By symmetry and the Lipschitz property of B, we have

- ZE BQy" = Q") = B(Qr — Q)]

2,j=1

— Y B[N =@ - (B@Y — Q) = B(Qi — Q)]

1,7=1

= —% DB - QM) = (@ - Q) (B@"Y - Q™) - B - QD)

3,j=1

B|(@iY - @) - @i - ah|

IA
o|Q
Mz

ij=1

N
=% B[ - @) - @ - |
—CBZEMt‘Q CBE‘th

zyl

<Cp Z Elg;|* = Cp N*Elg; |*

ij=1

18



2) By assumption on B and Young’s inequality, we have
- ZEpt B(Q;" = Q") - B(Q - @)

= B - p) - (B@Q - Q) - B@Qi - QD)

< S0 S Bl @ - ) - (G- @]
g%i E[5lot - plP + 51@ - @) — (@ - D]
:% N2E|p}|? —Q;Ept\ + N2E|g}|? —\Z]eq )
< N E]g? +Ipil]

3) Similarly we obtain

N
. ; . <~ C
— D El - (B@Y — Q) - B@Qi — QD) < 5 N*Ellg/* + |21 ).
i,j=1
4) We continue with the term
N
— 2a4E [q Z — B Mt(Q ))]
j=1
~. 2
< NBawE|¢> + —E] Z — B+ u(Q)))

— NBa Eq* + <= ZE\B 0 — 0f) — B+ ()|

5 SE[(B@: — Q) — B+l @) - (BGi = G = B+l @)
J#k

(39)
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We need to analyse further the last two terms in (39). Because B is
odd, we have B(0) = 0. Hence for any y € R? it holds that |B(y)| =
|B(y) — B(0)| < Cgly|. Tt implies that

2

E’B(Q;‘ ~ Q) — B*m(Ql)
gz@ﬁ%@-@bﬁ+ﬂ3*m@Mﬂ

<20} {E Qi — Ql* + / 5 lq — ' Pui(q,p, 2) (', ', 2') dqdpdzdq' dp' d2'
R

< 8C% / || 1(q, p, 2) dgdpd=z
R3d
<M, (40)

where in the last inequality above we have used Lemma 4 to obtain

M =16C% (C" Wa(po, ps)? + Wa(do, poo)?). Certainly M depends only on
the initial second moment and the coefficients of the equation and but not
ontor N.

The last term in (39) vanishes since for all j # k, we have

E[(B(@} - Q) - B+ m(@) - (B(Q} - QF) — B+ u(Q)))]
— Eg; | (Egy[B(Qi — Q1) = B u(Q))]) - (Egs[B(@ — @F) = B+ (@)

t

= E:[0] = 0. (41)

t

The equality above holds true because Qi and Qf are independent and
have the same law, which is the first marginal of ;.
Substituting (40) and (41) into (39), we get

N
20, g} 3 (BQi~ @)~ B ml@))] < NoasElgP + 5 M.
j=1

from which, by summing over i, we obtain

N

. ~ . .. . . a
—2ay4 Z E [qi . (B(Qft —Q])— Bx Nt(@i))] < N25Q4E|q2|2 n E4 MN
3,j=1
2 112 , Q4
:NBCME'qtl +§MN

(42)
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5) Similarly we obtain the following estimate
N i B ) p
—2as Z E [p; . (B(Qi — Qi) — Bx Mt(@;))} < NZ)\E’])%P 4 fMN

ij=1

6) Finally, for the last term we also get

2y E S (B — G~ B u(@))] < Naas Blpif* + —MN.

2,7=1

Set i := Cy + Cp. Bringing all terms together, it follows from (38) that

d
dtD(qmpt?Zt) < —(Bas — (az + 2a4 + 1)n) "Jt ’2 (A — 2a4 — 2a97m) ’1%’2
1 \M
—9 24 (% @ _>_ 4
~aa -2 -mdP (G o) @

Note the difference between the right hand side of the above inequality and
that of (23) in Section 3.1. The difference is due to the extra terms involving
B(Qi—Q})— Bx14(Q}) as shown in the above computations. We now choose
as = %. From (36) we can express aj, as and a; in terms of az and choose ag
such that

( has—f _ N*/4-8
a a )

— [0} a
a2—a3+;—75,

a1 = Aas + Bz = Aas + B(az + § - %),

as =

44
Bas— (az+2as+1)n=28—(az+ < — %L+ +1)n>0, (1)
/\—2a4—a277:%— <a3+%—af’)n>0,
\aa3—2)\—77>(),
and that D(q,p, z) is a positive definite quadratic form on R3¢, where
B
D(g.p.2) = (a4 8(ast D)) lal+ (k5= [ baslo+] gp—205 -2+ 2p-2

Similarly as in the proof of Theorem 1 and from (43), we obtain the existence
of a positive constant 19 depending only on «, 5, A\, C4 and Cg such that for
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all 0 < C4+Cp, there exist aq, . . ., as such that D(q, p, z) is a positive definite
quadratic form on R?? and such that

d Cs

%ED(q},pi, %) < —CiEllg; " + Ipe* + 12 ] + =7 (45)
for all £ > 0 and for positive constants C; and C5, which depend only on the
parameters of the equation and the initial second moment, but not on N.
Since D is a positive quadratic on R3?, the right-hand side of (45) in turn is
bounded by —C3ED(q},p}, 2} ) + S2, for some positive constant Cj, so that

d C
EED(QLPL z}) < —CsED(q},p}, %)) + WQ (46)

From this inequality, we deduce that
1,1 1 Cy
ED(q;,p;, 2 ) < N for all ¢t >0,

for some positive constant Cy. Using the fact that D is a positive definite
quadratic on R3¢ again, we obtain the following bound

¢

EQ" — Qi + [P = PP +120" = ZiP) = Ellg) P + |pi P + 151" < &

for all ¢ > 0 and for some positive constant C' depending only on the pa-
rameters of the equation and the initial second moment, but not on N. This
completes the proof of (10).

The assertion that the particle system (7) satisfies the property of propa-
gation of chaos is a direct consequence of (10). In deed, let (iy,...,ix) be an
arbitrary k-uple of [1, N] and ¢ be a 1-Lipschitz function on (R3*?)*. Then

‘ / o ptit ) / o ()"
(R3d)k (Rdd)k
< ‘EQD(X?’N, XNy J (XN xiN ,XZ’“N)) ¥

BN, . K, )| B (RN, i)

k
<D EXT XN < o=,
i=1 N

22

_ )]E@(Xfl’N, XNy DXL

ik, N
JXt

)



where we have used the Lipschitz property of ¢ and (10). This estimate

is tested against 1-Lipschitz functions. Since the 1-Wasserstein distance is
equivalent to narrow convergence plus convergence of the first moments, this
concludes that p}"" converges to (u)®* narrowly.

Finally, the estimate (11) is followed straightforwardly thanks to (10)
and definition of the Wasserstein distance (12). We complete the proof of
Theorem 2. O
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