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Breuil-Mézard conjectures for central division algebras
ABSTRACT

We give a parametrization of the inertial classes of smooth representations of inner forms
of GL,, over a p-adic field, based on type-theoretic invariants. Then we give a complete
description of the behaviour of this parametrization under the Jacquet—Langlands corre-
spondence, proving a conjecture of Broussous, Sécherre and Stevens on preservation of
endo-classes. As an application of this result, we construct a Jacquet—Langlands transfer
of types and Serre weights for central division algebras, and use it to deduce a form of
the Breuil-Mézard conjecture, for discrete series Galois deformation rings and types of
central division algebras, from the conjectural statement for GL,,.
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Introduction.

This thesis is about the geometry of deformation spaces of local Galois representations
and its relationship with the representation theory of p-adic groups. The paradigm for
studying this is provided by the Breuil-Mézard conjecture, which aims to describing
intersections amongst certain special loci in the universal deformation space for a repre-
sentation

7: Gal(F/F) — GL,(F,)

where F'/Q, is a finite extension. These special loci are Kisin’s potentially semistable
deformation rings, which depend on two parameters: a Hodge type A, and an inertial
type 7. For the most part we will be concerned with 7, which has a direct interpretation
in terms of the representation theory of GL,(F). Namely, it singles out a Bernstein
component of the category Repap GL,(F) of smooth representations with coefficients

in Q;n' (We will be more precise about coefficients later in this work.)

The Breuil-Mézard conjecture, which is described precisely in chapter 9 (and generalized
slightly), links the special fibre of the potentially semistable deformation ring of type 7
to the mod p reduction of the Bushnell-Kutzko type of this component. This, together
with a version of the Serre weight conjecture, turns out to be the central input in proving
automorphy lifting theorems via Kisin’s extension of the Taylor—Wiles method. A con-
ceptual explanation of this phenomenon has been given in [Pasl5] and [CEGT16], where
it is presented as a consequence of a strong form of the p-adic Langlands correspondence

(which is available for GLy(Q,), but so far not for any group of higher rank).

One can therefore wonder if the principle of functoriality provides analogues of the Breuil—-
Mézard conjecture for groups other than G = GL,,(F'). In this thesis, we treat this ques-

tion for the Jacquet-Langlands correspondence between G and the unit group H = D*



of a central division algebra (see remark 1.0.1 for a comment about more general inner
forms). This has a precedent in [GG15], which treated the case of quaternion algebras:
although we follow a similar strategy, we remark that the techniques that we apply are
completely different, due to the more complicated behaviour of the representation theory
of GL,(F) when n is not a prime number. (When n is prime, analogues of the argu-
ments in [GG15] go through verbatim.) In our situation, we need to use the full theory
of Bushnell and Kutzko, as well as its refinements due to Bushnell and Henniart, and
its extensions to inner forms due to Broussous, Sécherre and Stevens. In addition, we
need complete information regarding the behaviour of types under the Jacquet-Langlands
correspondence, which implies as a particular case a positive answer to [BSS12, Conjec-
ture 9.5].

MAIN RESULTS. To state our main results, let G = GL,(F) and fix an inner form H =
GL..(D) of G, where we allow m > 1. Recall that the Jacquet-Langlands correspondence
is a bijection

JL:D(H) — D(G)
between the sets of essentially square-integrable representations (or discrete series repre-

sentations) of these groups, characterized by the equality
(=1)™tr(m) = (—=1)"tr(JLm)

on matching regular elliptic elements of G and H. Here, tr(7) denotes the Harish-Chandra
character of m, identified with a function on regular semisimple elements. The category
of smooth representations of the groups G and H, as for any other connected reductive
group over F', decomposes according to the action of the Bernstein centre. Two discrete
series representations are in the same block in the Bernstein decomposition if and only
if they are unramified twists of each other. Since the Jacquet-Langlands correspondence
commutes with twisting by characters, it yields a bijection on the sets of blocks for GG

and H containing discrete series representations.

Our first main result describes this bijection in explicit terms, through the parametriza-
tion that we construct in chapter 4. Although we expected this construction to be a
routine application of type theory, we have found it to be subtler than anticipated, and
in need of a more careful treatment than usual: we employ a technique that we learned
from [BH14], where a similar situation has been observed in a different context. We refer
the reader to the first sections of chapter 4 for a discussion of this point, together with an

explicit example of what can go wrong. Here we just give a sketch of the construction.

Given a simple inertial class s for GL,,(D), we denote by cl(s) the endo-class of simple
characters attached to s in [BSS12], which coincides with the endo-class of maximal simple

characters contained in any factor of the supercuspidal support of s. Fixing a lift of cl(s)



to its unramified parameter field, and a conjugacy class k(cls) of maximal S-extensions
in G of endo-class cl(s), we construct a second invariant of the simple inertial classes of G,
which we denote by s — A, 4 (s). It consists of a set of characters of the multiplicative
group of a finite field, corresponding to a representation of a finite general linear group.
Our parametrization is given by the fact that these two invariants cl(s) and A s)(5)
determine the inertial class s uniquely, by theorem 4.5.4. (To emphasize the fact that it
depends on the choice of a lift © g, we will write its inverse in a slightly different manner,

keeping track of the chosen lift of cl(s) in the notation.)

Theorem A (Theorem 5.3.1). Let s¢ and sy be simple inertial classes of complex rep-
resentations for the groups G and H respectively, and assume that s¢ = JL(sy). Then
the equality cl(sg) = cl(sy) holds.

Since cl(s) coincides with the endo-class attached to a simple inertial class in [BSS12] (see
remark 4.5.8) this theorem implies [BSS12, Conjecture 9.5], the “endo-class invariance
conjecture”. We emphasize that we make heavy use of the techniques developed in [BH11,
SS16b], which also prove special cases of our theorems A and B in the context of essentially
tame endo-classes. In our next theorem, we study the behaviour of the second invariant

in our parametrization.

Theorem B (Theorems 5.3.3, 5.3.4). Let O = cl(sg) = cl(sy), and let €}, and €}; be the
symplectic sign characters attached to any maximal simple character in G and H of endo-

class Op. Let kg and ky be the p-primary conjugacy classes of maximal S-extensions
in G and H of endo-class ©. Then

Aeéﬁc (EG) = AE}_IHH (BH)

Now we state our version of the Breuil-Mézard conjecture for D*. Let 7 be a dis-
crete series inertial type and A a Hodge type for p. In section 9.1 we construct a quo-
tient RZ(7, A)g,,,, of the universal framed deformation ring R7 whose characteristic zero
points correspond to potentially semistable lifts of the representation p whose Weil—-
Deligne representation is the Langlands parameter of an essentially square-integrable
representation. These can be transferred to D*: the Jacquet—Langlands correspondence
provides an inertial class sp(7) = JL™'s(7) of representations of D*, which admits types
on the maximal compact subgroup OF. In contrast with the case of GL,(F), they are
not uniquely determined, and we write op(7) for an arbitrarily chosen one: our results
apply to all possible choices of op(7). The weight A also determines a representation

of OF, and we write op(7, ) for the tensor product of the two.

Theorem C (Breuil-Mézard conjecture for D*, section 9.2). If the geometric Breuil-

Mézard conjecture holds for GL, (F), then there exists a group homomorphism
Ry, (05) = Z(R7 /)

3



which for any (7, ) sends the semisimplified mod p reduction p(7,A) of op(7,\) to
Z(RZ (T, N /7). Here Ry (Op) denoted the Grothendieck group of the category of
smooth finite-dimensional F,[O}]-modules, and Z(RF /) is the group of cycles on the

special fibre of R7.

To prove this theorem, we construct a group homomorphism
JLp : pr(OB) — pr(GLn(OF))

via Deligne-Lusztig induction, and we describe it in terms of the combinatorics of parabolic

induction. Our main technical result is theorem 8.0.4, stating the equality
JL,(Gp(T,N)) = 6$mm (1, ).

Granting this, one transfers the conjecture from GL, (F') to D* by composing with JL,,.

A JACQUET-LANGLANDS TRANSFER FOR MAXIMAL COMPACT SUBGROUPS. Since ¥ O}
is a normal subgroup of D* with finite cyclic quotient, one proves that every smooth ir-
reducible representation of QP[OE] is a type for a Bernstein component of Repap D*. Tt

follows that our constructions give rise to a natural group homomorphism
. __ X __
JLk : RQP(OD) — RQP(GLH(OF))

and our main results imply that the following diagram commutes. See section 9.2 for
details.
JL
Rg (05) %5 Rq (GL.(Or))

lrp l (1.0.1)

JL
Ry (0f) —— Ry, (GL,(OF))

After having obtained our results, we have been notified of work in preparation of Zi-

jian Yao that makes the following equivalent construction. Consider the abelian group

@(77 N) Z where the sum is indexed by Galois inertial types 7 with monodromy opera-

tor N. There is a map RQP(GL,L(OF)) — ;v Z. sending a representation o to

(dlmap Homer, (0, (o, 77, N)> o)
for any generic irreducible representation 7,y such that rec(m, n) has inertial type 7 and
monodromy operator N. By definition, our representations 0';5(7') yield a section of this
map. There is an analogous map defined for O}, whose image is contained in the direct

sum of the factors indexed by discrete series inertial parameters. Yao defines JLk as the



map making the following diagram commute

JLk

Rg (0%) » Rg, (GLn(Or))

\ ";*T)/ (1.0.2)

@(T,N) Z

and goes on to conjecture the existence of a map JL, making diagram (1.0.1) commute.

Our results therefore provide a proof of this conjecture.

Remark 1.0.1. Yao makes similar conjectures in the case of more general inner forms,
as this definition of JLk makes sense for GL,,(D) when formulated for those inertial
types (7, N) extending to a Langlands parameter for GL,,(D). At least in the case of
discrete series parameters, it seems that our methods extend to this situation without too
much trouble: our theorems A and B work in full generality, and there is a natural can-
didate for the JL, map, namely Lusztig induction for the twisted Levi subgroup GL,,(d)
of GL,,(f). We have chosen to focus on the simpler case of D* because here we are mainly
concerned with the Jacquet-Langlands correspondence, and outside of this special case
we would rather have a general framework for the transfer of Serre weights between inner
forms of unramified groups (see the end of this introduction for some remarks in this
direction). In addition, we point out that from the viewpoint of a Jacquet—Langlands
correspondence for maximal compact subgroups one expects somewhat weaker results
for GL,,(D). For instance, not every irreducible representation of GL,,(Op) is a type
for GL,,,(D), as GL,,(D) has infinite-dimensional representations, and JLk does not see
any information about non-typical representations of GL,,(Op), except their multiplici-

ties in restrictions of GL,,(D)-representations.

THE CASE | # p. Working with [-adic coefficients when [ # p, we can prove that there

exists a (necessarily unique) morphism JL; making the following diagram commute.

Rg, (05) LN Rq,(GL.(Op))
l” lrl (1.0.3)

Ry, (0}) — Rg (GL,(Op))

The uniqueness statement follows from the fact that the reduction mod [ map for O} is
surjective. In fact we can give an explicit description of J1; in terms of JLk, and (as usual)
the theorem is a tautology when [ does not divide the pro-order of GL,,(OF), since in this
case both vertical arrows are isomorphisms. It is worth stating explicitly a difference with
the case [ = p. The mod p irreducible representations of O} are characters, and they

lift to level zero types for D*. It follows that compatibility with the Jacquet—Langlands



transfer of level zero types already determines the JL, map uniquely, and compatibility
for all types imposes a strong constraint on their mod p reductions. When [ # p, there are
a lot more irreducible F-representations of O}, and the only congruences arise between
types with the same endo-class. This allows us to construct JL; by fixing the endo-class
and studying the mod [ reduction of the level zero part, which is what is done in the

proof of theorem 8.0.6.

Together with [Shol8, Theorem 4.6] (which requires the assumption that p # 2), this
implies that a form of the geometric Breuil-Mézard conjecture holds for D* and [-adic
coefficients, expressing the fact that congruences between the special fibres of discrete se-
ries deformation rings are described by mod [ congruences between types on the maximal

compact subgroup of D*. See theorem 9.2.1.

ENDOSCOPIC TRANSFER OF SERRE WEIGHTS. We point out that maps like JL, are
likely to exist for all inner forms of unramified groups, and to enjoy favourable proper-
ties with respect to the inertial Langlands correspondence. In more detail, one has the
Kazhdan—Varshavsky endoscopic transfer of Deligne-Lusztig functions [KV12], which
could be enough to transfer all Serre weights because the characteristic functions of
semisimple conjugacy classes are contained in the Q-linear span of the Deligne-Lusztig
functions. While a complete theory of types is not available for all groups, the analogue
of theorem 8.0.4 for the depth zero Langlands correspondence of deBacker—Reeder and
Kaletha should be within reach (see for instance the discussion at the end of the in-
troduction to [Kalll]). As an application, one would be able to formulate Serre weight
conjectures for non-quasisplit groups, and prove at least the “weight elimination” direc-
tion. In the case of D*, for example, this is a simple consequence of recent work of Le,
Le Hung and Levin [LLHL], and in this case it is even possible to prove the full weight
conjecture for D* (in the global context of unitary groups). We intend to elaborate on

these topics in future work.

THE STRUCTURE OF THIS WORK. We conclude this introduction by describing the

content of each chapter of this thesis.

First we recall some salient aspects of the representation theory of GL,,(D) and the local
Langlands correspondence for these groups, and we provide some complements. Some of
our results here will be known to experts, but we have not been able to find them in the
literature in the form we need, and we have preferred to give complete proofs. Others,

such as theorem 2.5.13, seem to be genuinely new.

In chapter 4, we give our parametrization of the inertial classes of smooth representations
of inner forms of GL,,(F). Chapter 5 contains the proofs of theorems A and B. It employs

a new argument for identifying an endo-class, using base change functoriality to pass to



a split form, and it builds upon a technique of Sécherre and Stevens for studying congru-
ences between the level zero parts of representations. We have found that this technique
can also be applied to the local Langlands correspondence, producing a canonical nor-
malization of the “f-extensions” of type theory: this is carried through in chapter 6. A

need for canonical normalizations of this kind has been observed, for example, in [BHS].

As mentioned above, the main ingredient in our treatment of the Breuil-Mézard conjec-
ture for D* is a Jacquet—Langlands transfer of weights and types. The types that we need
have been constructed by Schneider and Zink for GL, (F'): we review their construction
in chapter 7 and extend it to D*. Then we construct our transfer and prove its basic
properties in chapter 8. The applications to the Breuil-Mézard conjecture are given in

chapter 9.

NOTATION AND CONVENTIONS. Fix a finite extension F/Q, and an algebraic clo-
sure F'/F, and write Op for the ring of integers and 7 for a fixed uniformizer. The
residue field will be denoted by kg or f (we have tried to preserve the notation of the
references we have quoted most often), and its cardinality by ¢. Similar notation will
be used for other local fields and central division algebras over them (so, for instance, e
is the residue field of F). We remark that our theorems A and B are also valid for an

equicharacteristic local field F', with the same proofs.

We write F; for the unramified extension of F' of degree d in F, and f; for the extension of f
of degree d in the algebraic closure of f given by the residue field of the maximal unramified
extension of F' in F. The group of Teichmiiller roots of unity in F is denoted pp, and

the absolute value on F is normalized so that |rp| = ¢~1.

Representations of a locally profinite group like GL,,(D) will be tacitly assumed to be
smooth. The coefficient field R will change in the course of this thesis, but it will always
be an algebraically closed field of characteristic different from p, and we will specify
it explicitly when needed. Characters are not assumed to be unitary, and whenever a
character x of a group G and a representation 7 of a subgroup H C G are given, the
representation 7® x|y will be called a twist of 7; when G is a p-adic reductive group and y
is an unramified character, this will be called an unramified twist. We write unramified
characters of F'* as
nry : F* — R, mp — A

Hence the absolute value character is nr,-1. We fix an additive character ¢p : F' — R*,

which will be implicit in every discussion of simple characters. If E/F is a finite extension,
we will put Yp = ¢p o trgp.
If H K C G are an open, respectively a closed subgroup of a locally profinite group G

we write ¢-Ind$ and Ind$ for the functors of compactly supported smooth induction

and smooth induction, so that we have adjoint pairs (c-Ind%, Res$) and (Res%, Ind%).



Parabolic induction from a standard Levi subgroup of GL,,(D) is always taken along the
upper-triangular parabolic, and normalized. This requires us to fix a square root of ¢
in R*, but changing it does not modify the inertial class of the supercuspidal support of
any given irreducible representation, hence the choice will not affect any of our results
that are concerned with inertial classes. We write 7, X - - - X 7, for the parabolic induction
of m - - QRm,.

For a central simple algebra A over F' and E/F a field extension in A, the commutant of F
in A will be denoted Z4(F), and the centralizer and normalizer of F in G = A* will be
denoted Zg(E) = Za(E)* and Ng(FE) respectively. Throughout this work, the reduced
degree of a central division algebra D over F' (positive square root of the F-dimension) is
denoted by d. Usually GL,, (D) will denote an inner form of GL,,(F), so that n = md. The
character “absolute value of the reduced norm” is an unramified character of GL,,(D),
denoted v. An unramified twist 7 ® (y o ) will usually be written xm, and we reserve
the notation 7 (i) for 7 ® v*. For z € G, we write ad(z) for the automorphism z +— zzz™*

of A. In general, pullback by an automorphism ¢ will be denoted ¢*.

For an extension 1/k of finite fields, an element = € 1is k-regular if it has |1 : k] different
conjugates under Gal(l/k). A k-regular character of 1* is defined similarly, via the right
action g : x — ¢g*x = x? = x o g of Gal(l/k) on characters. Notice that x € 1* can be k-
regular and still generate a proper subgroup of 1* (consider, for instance, an extension
of prime degree). For any character o of 1%, define the stabilizer field k|a] as the fixed
field of Stabgai/x) (). It only depends on the orbit of v under Gal(l/k), which will be
denoted [a]. Similarly, if [ is a prime number then the character & decomposes uniquely as
a product a = a(l)a(l) in which a(; has order a power of [ and o has order coprime to I.
Since this decomposition is unique, the orbit [a(?] is independent of the representative [a],
and similarly for [a(y]. The orbit [aV] is the [-regular part of [a]. We will often apply

the following lemma.

Lemma 1.0.2. If 1/k is an extension of finite fields, and x is a character of 1, then there

exists a unique k-regular character x"& of k[x]*

such that x = X8 o Ny/ky-

Proof. Since the norm map N[y is surjective, for the existence part it suffices to prove
that if Nypj(x) = 1 then x(x) = 1. But by Hilbert 90, Ny (z) = 1 if and only if
x = # for some g € Gal(l/k[x]) and some y € 1, and then x(z) = 1 as x is Gal(1/k[x])-
stable. Uniqueness holds because N[y is surjective, and regularity holds because the
stabilizer of y in Gal(l/k) is Gal(1/k[x]). O

We consider partitions of a positive integer n as functions B : Z-y — Z> with finite
support, such that » ;. #B(i) = n. If n is an integer and [ a prime number, we write n;

for the highest power of [ dividing n and ny = n/n,.



We conclude by introducing our notation for the supercuspidal support of representa-
tions, which will be defined in section 2.1. We write cuspy D, resp. scuspp D, for the
set of isomorphism classes of irreducible cuspidal, resp. supercuspidal representations
of R[GL,,(D)] as m varies amongst positive integers. Recall that an effective divisor on
a set X is a function X — Z>( with finite support. We will sometimes refer to effective

divisors on X as multisets on X.

If 7 € Irrg GL,,, (D), its supercuspidal support admits a representative (L, o) such that L
is a standard Levi subgroup, and then ¢ is well-defined up to the action of the Weyl group.
It follows that the supercuspidal support of m defines an element of Div' (scuspy D), and
we write

sc: Irrp GL,,, (D) — Div' (scuspy D)

for the map there results. We write B z(GL,,(D)) for the set of inertial equivalence classes
of supercuspidal pairs over R. We will sometimes drop R from the notation if it is clear
from the context.



Representation theory of GL, (D).

In this chapter, R is an algebraically closed field of characteristic different from p unless

stated otherwise.

2.1 THE BERNSTEIN DECOMPOSITION.

The category Repp GL,,(D) of smooth representations of GL,,(D) with complex coeffi-
cients admits a block decomposition, according to the action of its centre and the cuspidal
support of representations. In this section, we briefly review this theory due to Bernstein
and Deligne [Ber84]. We will adopt the notation and viewpoint of [BK98], hence we work
more generally with a connected reductive group G/F and an F-rational parabolic P C G
with an F-rational Levi decomposition P = L x U; then L is also a connected reductive
group. We will usually denote algebraic groups over F' and their groups of F-points by

the same symbol.

CUSPIDAL SUPPORT. Throughout this thesis, we will work with the normalized parabolic

induction and restriction functors
i% : Rep(L) — Rep(@), % : Rep(G) — Rep(L).

When necessary, we will fix a square root of ¢ in R, which is real and positive when R = C.

In the case of GL,(F') and the upper-triangular Borel P = B, (F'), the normalization
means that i%(V) is the smooth induction from P to G of the twist 5]13/ V', where U acts

10



trivially and

op : L = l_IFX — CX, g " gal T

=1

Recall that a smooth representation V of G is cuspidal if it is admissible, and r&(V) = 0
for all proper parabolic subgroups P C G. If V is irreducible, then it is admissible, and
it is cuspidal if and only if it is not a subspace of a proper parabolic induction i% (V)
with Vp irreducible. If V' is cuspidal, and it is not a subquotient of any proper parabolic
induction, then we say that V is supercuspidal. These two conditions are equivalent if R

has characteristic zero, but not in general.

Definition 2.1.1. A cuspidal, resp. supercuspidal pair (L,o) over R consists of a
Levi subgroup of GL,(F') together with an irreducible cuspidal, resp. supercuspidal R-

representation of L.

The group G acts on the set of cuspidal pairs by conjugacy
g:(L,0) = g"(L,0) = (9Lg~",ad(g™")"0),

and the orbits are called cuspidal supports. For G = GL,(F), the cuspidal supports
are in bijection with effective divisors of degree n on the set of isomorphism classes of

irreducible cuspidal representations of some GL,,(F).

The cuspidal supports give rise to a partition of Irr(G), because the semisimplification of
i%(or) does not depend on the choice of a parabolic subgroup P with Levi factor L, by
[Ren10, Théoreme VI.5.4] and [MS14a, Proposition 2.2]. In addition, given 7 € Irrg(G),
one proves that the cuspidal pairs such that 7 € JH(i%(0)) form a G-orbit: this is the

cuspidal support of .

Definition 2.1.2. Two cuspidal, resp. supercuspidal pairs (L;, ;) are inertially equiv-
alent if there exists ¢ € G and an unramified character y : L; — R* such that
o1 = x ® ad(g)*oy. We write Br(G) for the set of inertial equivalence classes [L, o]

of supercuspidal pairs over R.

BERNSTEIN DECOMPOSITION IN CHARACTERISTIC ZERO. Assume that R has charac-

teristic zero. Then we have a decomposition

Rep(G) = €D Rep’(G)

s€B(G)

where the subcategory Rep®(G) consists of smooth representations all of whose irre-
ducible subquotients have cuspidal (or, equivalently, supercuspidal) support contained
in 5. Hence every smooth representation V' of G has a canonical subspace V* € Rep®(G)
for each 5 € B(G), and V = Py V™
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Remark 2.1.3. Fix an inertial class s = [L,0] in G. Let us write s, = [L, o], for the
inertial equivalence class of (L, o) viewed as a cuspidal support for L: it identifies with
the set of twists of ¢ by unramified characters of L. Hence, X,,,(L) acts transitively on s,
and sy, is a principal homogeneous space over a complex torus (a quotient of X, (L) by a
finite subgroup). By an argument using Clifford theory and the theory of the Heisenberg
group, one proves that the centre of the category Rep®* (L) is canonically isomorphic to
the ring of regular functions on the algebraic variety s;: evaluation of z at a point yo
corresponds to the scalar by which z acts on yo (guaranteed to exist by Schur’s lemma).
See [Ber84, 1.12—1.15].

Now s identifies with the quotient of s, by a finite group, namely the stabilizer W (L, s)
of s, in the conjugation action of Ng(L)/L. Hence s is also a complex algebraic variety

(singular in general). The centre of Rep®(G) acts on s, and the resulting map
L ZRep®(G) — (Z Rep™ (L))" F=2)

is an isomorphism. It can be described as follows [Ber84, Proposition 2.11]: if 7, € s,
and z € ZRep®(G), then z acts on i%(7;) by the scalar «(z) (7).

Remark 2.1.4. Tt is expected that the Bernstein component of an irreducible 7 € Rep(G)
is strongly related to the restriction of its Langlands parameter to the inertia subgroup
of F. In the case of G = GL,, this expectation is confirmed in proposition 3.1.10.
However, we point out that such a one-to-one correspondence between inertial param-
eters and Bernstein components is specific to GL,: in general, unramified Langlands
parameters (that is, trivial on inertia) correspond to unipotent representations, see for
instance [Lus95], and already for Sp,(F') these contain all the irreducible representations
in the block of unramified principal series, as well as a cuspidal block. See [Dat17] for

more on this.

BERNSTEIN DECOMPOSITION IN POSITIVE CHARACTERISTIC. Assume char R = [ # p.
In contrast with the discussion so far, complete results on the existence of a Bernstein
decomposition are only known for groups related to GL,,(D). While the uniqueness of
the cuspidal support still holds, its analogue for supercuspidal supports can fail: there
can be m € Irrg(G) which are Jordan—Hélder factors of parabolic inductions Indi o; for
non-conjugate supercuspidal pairs (L;, 0;). See [Datl18]. For this reason, we restrict our
discussion the case of GL,,(D).

Uniqueness of the supercuspidal support up to conjugacy holds for Repy GL,, (D) by [MS14a,
Section6.2]. By [Vig96, SS16a], an analogue of the Bernstein decomposition holds for
Repy GL,,(D), and the blocks are in bijection with inertial equivalence classes of super-
cuspidal supports. Again, the block corresponding to [L, o] consists of those smooth repre-

sentations all of whose irreducible subquotients have supercuspidal support in [L, o] [SS16a,
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Section 10.1].

SIMPLE INERTIAL CLASSES. In this thesis, we will mostly be concerned with the simple
inertial classes, which are the ones that take part in the Jacquet-Langlands correspon-

dence. They are defined as follows.

Definition 2.1.5. An inertial class s € Br(GL,,(D)) is simple if it has a representative
of the form (GL,, (D), n§") for some r|d. An irreducible representation 7 € Irrg(D) is

simple if (7) is contained in a simple inertial class.

We remark that it is often possible to generalize a result from simple inertial classes to
the whole of Br(GL,,(D)): see the discussion after proposition 6.2.4 for an example,
and [MS14a, Théoreme 6.18] for a general theorem to this effect.

2.2 THE BERNSTEIN—ZELEVINSKY CLASSIFICATION.

In this section, we write G, = GL,(F). Let D = m + -+ + 7, € Div(scuspp F') be
a supercuspidal support for G. The irreducible representations 7 with se(m) = D have
been classified in [BZ77, Zel80] when R = C and in [Vig96, MS14a] in general. We will
follow the notation of [SZ99], in order to be able to refer to their results later in this

document, and we will work with R = C until the next section.

Remark 2.2.1. The results in this section have analogues for the groups GL,,(D), due to
Tadi¢ and Minguez—Sécherre. Since we will not need them, we will restrict to the case
of GL,(F).

Fix a set C of representatives of the isomorphism classes of irreducible preunitary super-
cuspidal representations of G, (for variable n) up to unramified twist. Every irreducible
supercuspidal m admits a twist that is preunitary: it suffices to twist so that the central

character of 7 is trivial, because then 7 is a compact representation of GL,,(F')/Z(GL,(F)).

Definition 2.2.2. Given a divisor D € Div*(C), a partition on D is a partition-valued

function P on C, such that the divisor

D(P):m— Z.CEP,T(JZ)

>0
is equal to D.

Ezample 2.2.3. If D = >"" n;m;, a partition on D is the choice of a partition of each of
the ;.

The Bernstein components of G, are in bijection with the set of divisors on C of degree n,

where deg(D) = > .- D(0)deg(o). To see that this is a parametrization of the inertial
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conjugacy classes of cuspidal pairs, consider all G,, at once and attach to each effective

divisor D on C the inertial class [Mp, op] in the group Gaeg p, where
My = [T 6526 oni o~ @02
oeC oeC

for some ordering of the factors (which doesn’t affect [Mp,op]). This defines a bijection
Div*"(C) — (inertial conjugacy classes of cuspidal pairs of some G,,), D+ [Mp,op].

The Bernstein component associated to [Mp, op| will sometimes be denoted by Qp.

THE DISCRETE SERIES. We use the term “discrete series” as synonymous with “essen-
tially square-integrable”, so that m € Irrg Gy is discrete series if the matrix coefficients of
an unramified twist of 7 are square-integrable on G, /Z(G,,). Recall the absolute value
character

|| =nry,: F* = C~.

If € Qand o €C, we write o(z) =0 ® |- |* (with roots taken in RZ%), and

1—s

A(J,s):{a( +t),0§t§s—1}

for the segment of representations of length s centered at o. The parabolic induction

1—s s—1
2 )X...XO‘( 2

)

o

(which is the unnormalized parabolic induction of 0®#) has a unique irreducible quotient,
denoted LA(o,s), which is a discrete series representation of Ggeg, contained in Q.
The representations LA(o, s) form a set of representatives for the discrete series of any G,

up to unramified twist.

THE CLASSIFICATION. Let P be a partition-valued function on C. We can attach to P

the multiset of segments

{P,(i)A(0,i) : 0 € C,i >0}

containing A(c,4) with multiplicity P, (7). There is a corresponding discrete series rep-
resentation
P = ® LA(o, )%
(0,4)
of a Levi subgroup Np. More generally, we can enlarge C to the set cuspy G, (which
consists of representatives of the isomorphism classes of supercuspidal representations

of any G,,, rather than the twist classes), and attach a representation 7y of Ny to any
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partition-valued function B on cuspp G,. This is defined via the same formulas as 7p.
Similarly, to 8 we can attach a multiset of segments of cuspidal irreducible representa-
tions, and we have a bijection from the partition-valued functions on cuspy G,, to the set

of such multisets of segments.

The Bernstein—Zelevinsky classification states that if ¥ is a partition-valued function
on cuspy G, corresponding to the multiset {Ay, ..., A, }, then the representation parabol-
ically induced from 7y has a unique irreducible quotient L(Ay, ..., A, ), provided that the
factors in the induction are appropriately ordered. More precisely, if A; precedes A;
(meaning that their union is a segment that properly contains both, and the left extreme
of the union is in A;) then we require that ¢ > j. Furthermore, L(Ay,...,A,) only
depends on B, and every irreducible representation of any G, has this form for a unique

partition-valued function P on cuspyp Gy,
Ezample 2.2.4. Consider B, (i) = 0 unless (o,7) = (1g,,,n), in which case it is equal to

one. Then L(P) is LA(1,n), which is the irreducible quotient of

| [A=/2 5 | (er2,

This is the Steinberg representation of GL,,(F).
On the other hand, consider B, (i) = 0 unless (o,4) = (|- | = 1, 1) (for 0 < ¢t < n — 1),
in which case it is equal to 1. Then L(3) is the only irreducible quotient of

|- |(n—1)/2 X oo x| |(1—n)/2

by the ordering condition. Since normalized parabolic induction commutes with smooth
duality, this is the trivial character of GL,,(F).

Since one of the main concerns in [SZ99] is a parametrization of the tempered dual, they
use partitions on C rather than cusp, and write the classification in the following way.

Given a partition-valued function P on C and an unramified character a of Np, they
define
L(atp) = L(a1Aq, . .., . A,),

where P corresponds to the multiset {Aq, ..., A,}. This gives rise to a map
Qp : Xur(Np) = Irr(Qpepy), a — L(atp)

which is, in general, not injective. (This can be seen already for supercuspidal inertial

classes.)

Since the o € C are representatives of the supercuspidal twist classes, and nr, - LA(o, s) =
LA(nr,o,s) for all z € R*, the two classifications we have described are compatible.

In more detail, given a cuspidal support D € Div'(cuspr G, ), and a representation 7
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supported in D, the multiset of segments such that 7 = L(Aq,...,A,) identifies with a
partition-valued function on cuspp G,,. By twisting, we obtain a unique partition-valued

function P on C, and we have that 7 € im(Qp).

2.3 TYPE THEORY.

In this section we assume that R has characteristic zero, and for simplicity we take R = C.
By work of Bushnell-Kutzko, the Bernstein components of GL,,(F) can be distinguished
by representations of certain compact open subgroups, called types. Here we recall the
basic principles of this theory, which can be formulated for an arbitrary connected re-
ductive group G/F and aims to constructing Morita-type equivalences of Rep®(G) with
the category of modules over an explicit C-algebra A,, for an arbitrary connected re-
ductive group G over F' and inertial class s € B(G). The theory is essentially complete
for GL,,,(D), and a lot is known for classical groups by work of Stevens and collaborators.
We will review the construction of types for GL,,(D), and give some complements, in the

next section.

We will be considering pairs (K, p) consisting of a compact open subgroup of G and
an irreducible smooth representation of K. Since our coefficient field has characteristic
zero, the category of smooth representations of K is semisimple, and p gives rise to an
idempotent e, in the Bernstein centre Z Rep(G) as follows. Given any V € Rep(G),
e, - V. — V is the projection to the p-isotypic component of Vg, which is a direct
summand in V' (it is the sum of all K-subspaces of V' isomorphic to p). This idempotent
is contained in the image of H(G) — Z Rep(G), and represented by the function e,
supported in K with
dim p

6P<k) = VOl(K) tr(lO(kil))'

On the other hand, the spherical Hecke algebra H (G, p) = End(c-Ind%(p)) acts on the
right on Homg (p, 7) for each m € Rep(G), by Frobenius reciprocity. Hence we obtain an
exact functor

M, : Rep(G) — Mod(H(G, p)°?), m — Homg/(p, 7).

Type theory is concerned with situations in which H(G,p) is explicit and M, is an

equivalence.

Remark 2.3.1. We define H(G, p) as the convolution algebra of K-biinvariant, compactly
supported functions f : G — Endg(p), so that f(kigks) = p(k1) o f(g) o p(ks). In [BKOS,
BK93], they consider instead functions G — Endc(p”) to the dual, so our spherical
Hecke algebra identifies canonically with what they denote H(G, p"). However, there
is an anti-isomorphism f — f, where f : g — f(g7!)Y, which allows us to identify
the Bushnell- Kutzko H(G, p) with the opposite of Endg(c-Ind%(p)). Accordingly, they
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regard M, a functor to left H(G, p)-modules (for their version of H(G, p)). We won’t do
this.

By [BK93, Proposition 4.2.4], there is a canonical C-linear ring isomorphism
T H(G, ) @c Endo(p) = ¢,H(C)e,

and one checks that Y, (Homg(p, 7) ®c p) is isomorphic to the p-isotypic component 77,
by evaluation. In the case that p is the trivial representation, we know that the action
of e,H(G)e, = H(G,K) on n# = 7/ determines the isomorphism class of = when m
is irreducible: when K = GL,(Op), this is the familiar fact that the Hecke eigenvalues
determine an unramified representation. This stays true in general, and 7 — 7° induces a
bijection from irreducible representations = generated over G' by 7”, to simple e, H(G)e,-

modules. By Morita equivalence, the same is true for M,,.

What is not true in general is that M, is an equivalence, even when restricted to the
category Rep,(G) of representations generated by their p-isotypic component, as can

already be seen for unramified representations.

Ezample 2.3.2. In more details, let G = GL,(F). The smooth dual m = i%(trivg)" has
irreducible G-cosocle, isomorphic to the trivial character of G, and no other unramified
subquotient. Since the coefficient field has characteristic zero, this K-invariant lifts to 7,
and it generates 7 over G by the cosocle condition. However, My, (7) = My, (trive),

and trivg is also generated by its K-invariants over G. So My, is not an equivalence.

Definition 2.3.3. Given (K, p), the category Rep,(G) is the full subcategory of Rep(G)
whose objects are the representations generated over C[G] by their p-isotypic component.

The pair (K, p) is called a type in G if Rep,(G) is closed under taking subquotients.

In the terminology of [BK98|, (K,p) is a type if and only if e, € H(G) is a special

tdempotent, and properties of special idempotents imply the following result.

Theorem 2.3.4. [BK98, Propositions 3.5, 3.6, Theorem 4.3] The pair (K, p) is a type
if and only if there exists a finite subset & C B(G) such that Rep,(G) = Rep®(G):
equivalently, 7 € Irr(G) contains p if and only if 7 has cuspidal support in &. If (K, p)

is a type, then M, is an equivalence of categories.

Remark 2.3.5. Let s € B(G). As noted in [BK98, Section 3], it was already known to
Bernstein that the theory of special idempotents allows one to prove directly the existence

of an associative unital C-algebra A; and an equivalence
Rep®(G) — Mod(A4s).

See for instance [Ber84, Corollaire 3.9] for a related result (the trivial character of a

compact open subgroup K is always a type if K satisfies certain properties).
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2.4 CONSTRUCTION OF TYPES FOR GL,,(D).

In this section we recall some basic properties of the objects which go into the definition
of types for cuspidal representations of GL,,(D). A lot of this material is standard, but
we need generalizations to the non-split case of certain well-known properties of simple
characters of GL,, (F'), and we could not find these in the literature. While in the previous
section we have described type theory in characteristic zero, here we will allow R to be
an algebraically closed field of positive characteristic different from p. Even if one cannot
expect results as complete as those in theorem 2.3.4, these constructions are fundamental
to the classification of irreducible modular representations of GL,,(D) in [Vigd6, MS14a],

and our study of certain mod [ congruences will be based on these results.

Throughout this section, we write G = GL,,(D) and regard it as the group of units in
the central simple F-algebra A = M,,(D). We regard F' as a central subfield of A via the

given embedding, and we fix a simple A-module V' = D%™,

LATTICE SEQUENCES. Consider lattice sequences in V', which are decreasing functions
A:Z — (Op-lattices in V)

where the right hand side is ordered by inclusion, such that there exists a positive integer e
with Ay . = Agpp for all k. The number e is called the Op-period of the sequence, and
the sequence is called a chain or a strict sequence if it is strictly decreasing. A sequence
is called wniform if it is a chain and the dimension of Ag/Ajy1 over the residue field d

of D is constant as k varies [Fro87, 1.7].

Every sequence defines a hereditary Op-order 2L = Bo(A) in A equipped with a filtration
by Op-lattices B, (A), via

PBn(A) ={ae€ A:aly C Ay, for all k € Z}.

The Jacobson radical B () of A then equals P (A) (see [Séc04, 1.2]), and we write U"(A)

for 1 4+, (A). The normalizer of a sequence is defined as
R(A) ={g € G : there exists n € Z such that g(Ax) = Axy, for all k}.

Such an integer n is unique and denoted va(g). This defines a group homomorphism
vp : R(A) — Z whose kernel U () is the unit group of 2. The unit groups of hereditary
Op-orders in A are precisely the parahoric subgroups of G. As in [Séc04, 1.2], this defines
a bijection A — PBo(A) from lattice chains up to Z-translation, to hereditary orders in
A. Tt follows that the normalizer of a lattice chain coincides with the normalizer in G of

the corresponding hereditary order.
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Let E/F be a field extension in A. An Op-lattice sequence A in V is called E-pure if
E* C R(A). This condition is equivalent to A being an Og-lattice sequence in V' viewed
as an FE-vector space. Denote by B = Z4(F) the commutant of F in A. This is a central
simple algebra over E, and we write n'? for its E-dimension. Then B is E-isomorphic to
M,(Dg) for some central division F-algebra Dy of E-dimension d?, and we have the
identities*

/ n d /

o r_ 1 _
"= =@ Ey "

as in [BH11, 2.1.1].

The need of considering general lattice sequences instead of focusing on chains, which
can be done in the split case, arises from the behaviour of filtrations of hereditary orders
attached to E-pure sequences under intersection 2 — 20 N B. Upon fixing a simple left

B-module Vg, one has the following result.

Theorem 2.4.1. [SS08, Theorem 1.4] Given an E-pure lattice sequence A in V, there

exists an Op,-lattice sequence I' in Vy such that
sI?]C(A) NB= ‘Bk(l“) for all k € Z,
and the normalizer R(I") equals R(A) N B*. The sequence I' is unique up to translation.

The sequence I' = trgA is called the trace of the lattice sequence A, and A is called the
continuation of I'. Notice that the theorem does not say that every Op,-lattice sequence
has a continuation: this doesn’t necessarily hold (see [SS08, Exemple 1.6]). Usually, B
will denote the hereditary order 20N B = Py ().

When a,b € Z, we can rescale a lattice sequence A to
G,A—Fb:kl—)/\[@‘l,

and the set of these sequences is called the affine class of A. If A = aly for a lattice
chain A, the sequence A will be called a multiple of Ag: in this case we have R(A) = K(Ay),
and what changes is the filtration on this group. The map A +— trg(A) preserves affine
classes. One can’t say much about the trace of an arbitrary sequence—for instance, the
trace of a chain needn’t be a chain, see [BL02, Section 6]—but the following result on

preimages holds.

Proposition 2.4.2. Assume A is an E-pure lattice sequence in V' whose trace I' = al’y

is a multiple of a uniform chain I'y of Og-period r. Then A is a multiple of a uniform
re(E/F)

chain of @D—perlod m.

Proof. By [BL02, Proposition I1.5.4], if T" is a multiple of a uniform chain then so is A.

*The notation (d, [F : F]) stands for the highest common factor of d and [E : F].
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By [SS08, Théoreme 1.7] and its proof, there exists a unique chain Ay in V' whose trace
is a multiple of Iy, and the Op-period of Ag is re(E/F)/(d,re(E/F)) (see also [BSS12,
Lemma 4.18]). The claim now follows as A is a multiple of some chain, which must be Ay,

since trg commutes with scaling. O]

SIMPLE CHARACTERS. We only discuss simple characters attached to simple strata of
the form [2L, 5], consisting of a principal Op-order 2 in A attached to a lattice chain A
in V, and an element 5 € A generating a field £ = F[f], such that E* C 8(A) and the
condition

ko(ﬁ,m) <0

on the critical exponent holds (see for instance [Séc04] for an exposition). We fol-
low [BH14] in shortening notation to [2(, §] for what is otherwise denoted [, —vx(5), 0, 3],

as these are the only strata that will show up in what follows.

As in [Séc04, Proposition 3.42] and [BH11, Section 2.5], there exist Op-orders h(5,2) C
i(B,2) C A attached to a simple stratum [2(, 8] in A, with a filtration by ideals h*(3,2A)
and j*(3,2). There are compact open subgroups H(3,21) = h(3,2)* and J(B,2A) =
i(B,20)*, with filtrations by subgroups

JHB,A) = J(B,2A) NUMRA) = 1+i*(3,2)
H*(3,2) = H(B,20) NU*(A) =1+ b*(8,2).

These groups are normalized by J(3,2l) and by &(2) N B>, H* is normal in J*, and
the quotients J*/H* are finite-dimensional vector spaces over F, (see [Séc04, Proposi-
tion 4.3]). There are isomorphisms B /B (B) — j(3,2)/i'(8,2A) and U(B)/U(B) —
J(B,2)/J'(B,2) induced by the inclusions.

The group H'(3,2) carries a distinguished finite set C'(2, 3) of simple characters, which is
fundamental for the construction of types, and is defined and studied in [Séc04] and [SSOS,
Section 2|. These references treat the more general case of simple characters of posi-
tive level, which form a set C'(, m,[3): one has C(2,3) = C(,0,3). The definition
of C'(2, ) also depends on the choice of an additive character ¢ of F', which is fixed
throughout. Since the group H'(3,2l) is a pro-p group, simple characters are valued in
pipe (R). Hence there is a canonical bijection from the simple characters over Q, to those

over Fy, given by reduction mod [, whenever [ # p is a prime number.

Simple characters satisfy the “intertwining implies conjugacy” property to various de-
grees; in full generality, one has the following result, which in the split case can be
strengthened (see [BK93, Theorem 3.5.11] and [BH14, 2.6]). In order to state it, we need
the notion of an embedding in A, which is defined as a pair (E,A), where E is a field

extension of F'in A, and A is an E-pure Op-lattice sequence in V. Two embeddings are
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equivalent if there exists g € A* such that A; and gAs coincide up to translation, the
maximal unramified extensions E;' " of Fin F; and Ey of degree dividing d are isomor-
phic, and ad(g)Ey"? = E™. Two simple strata [2;, 5;] have the same embedding type if
the embeddings (F'[5;], A;) are equivalent, where A; is the chain attached to ;.

Theorem 2.4.3. [BSS12, Theorem 1.12] Given two simple strata [2(, §;] with the same
embedding type, and two simple characters 6; € C'(2, ;) which intertwine in A% let K
be the maximal unramified extension of F in F[3;]. Then there exists u € (1) such that

1. Ky = uKlu*1

2. H'(B9,2) = uH'(81,2M)u~" and 0; = ad(u)*6s.

ENDO-cLASSES. Consider now all the groups GL,(F') and their inner forms GL,,(D)
for varying n, and the set of all simple characters of these groups. There is an equivalence
relation on this set, called endo-equivalence, which is discussed in [BH96] in the split case
and [BSS12] in general. An endo-class of simple characters over F'is an equivalence class
for this equivalence relation. The endo-class of a simple character 6 will be denoted cl(0).

Again, we identify endo-classes of simple Q,-characters and simple F;-characters.

It is important to notice that we might have two endo-equivalent simple characters 6;
of endo-class Op, defined by simple strata [2l;, 5;], in which the extensions F[3;] of F
are not isomorphic. However, by [BH96, 8.11] and [BSS12, Lemma 4.7], they will have
the same ramification index and residue class degree. The degrees F[3;]/F therefore
also coincide. These are invariants of ©p, which which will be denoted e(OF), f(OF)

and 6(Op) respectively.

A simple character in A is maximal if it can be defined by a stratum [2, 5] such that
B = AN Z4(F[P]) is a maximal Opjg-order in Z4(F[f]). Such a stratum will be called
a maximal simple stratum. By proposition 2.4.6 below, maximality does not depend on
the stratum defining . Recall (see [BSS12, Definition 1.14]) that a simple stratum [, 3]
is sound if B is a principal Op-order and () N B* = K(B).

Proposition 2.4.4. Maximal simple strata are sound.

Proof. Let [, 3] be a maximal simple stratum, corresponding to a lattice chain A in V.
By definition, AN B = B is a maximal order in B. Consider the trace I' = trg(A). Then
Po([') = B, and it follows that the chain I'y associated to I' is principal of period 1. So
necessarily I' = tI'y for some positive integer ¢. It follows that K(B) = K(I'y) is actually
equal to (") (but the filtration on it changes). Since K(I') = K(A) N B* by definition,
we have R(2() N B* = K(B), that is, the stratum [, 5] is sound. O

The relation of endo-equivalence between maximal simple characters in the same group

takes on a simple form: it coincides with conjugacy.
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Proposition 2.4.5. Maximal simple strata [2l;, 5;] in the same central simple algebra A
over F', defining endo-equivalent maximal simple characters #;, have the same embedding

type. Endo-equivalent maximal simple characters in the same group are conjugate.

Proof. Write Bs, = Z4(F[3]), and let A; be the lattice chains in V' corresponding to
the 2;. By the Skolem—Noether theorem there exists x € A* conjugating the maximal
unramified extensions of F' in F[f3;], as they have the same degree f(Op) over F, so we
can assume that they both coincide with a subfield £ of A. Because the orders B; =
2(; N Bp, are maximal, there are extensions of F[f;] in Bp, which have maximal degree,
are unramified, and normalize the 2(;. To see this, observe that B is a maximal compact
subgroup of B . Choose any maximal unramified extension L; of F[3;] in Bg,, so that Oy,
is contained up to conjugacy in B.. Since L) = W%wi] x Of,, we have L] C R(%B;). By
proposition 2.4.4, we have &(2;) N B = &(B;) and so L; C K(2;).

To prove that [2;, 5;] have the same embedding type, it is enough to prove that trz, g)(A;)
are conjugate under Z4(E)* (up to translation), as then the same will hold for their
continuations A; by the uniqueness statement in theorem 2.4.1. The sequences A; =
trz,(z,)(Ai) are both multiples of a chain of period 1, since Z4(L;) = L; and so there are
no other lattice sequences for Z4(L;). By proposition 2.4.2, the sequence try A(E)(Ai) is
a multiple of a uniform chain I';, as its trace to L; is A,;. Write trz,g)(A;) = a;I';. The
Op,-period of I'; is equal to %, but e(L;/E) = e(F[f;]/F) is independent of i,
hence I'; and I'; have the same Op,-period and the same Opg-period, which we denote
by t. By the proof of [SSO8, Theorem 1.7}, the integer a; then equals m = (d%
and is independent of 4, and so the sequences try, ) (A;) are conjugate under Z,(E)* up
to translation. (By [SS08, Remark 1.8] and the fact that the A; are chains, a; is equal to
what is denoted p in that reference, and we are applying the formula for p that is given
there.)

That 0, and 605 are conjugate now follows from theorem 2.4.3. m

Proposition 2.4.6. If [, 8] and [y, £2] are maximal simple strata in A defining the
simple character 6, then 21; = 2y and J(S;,2;) = J*(S2,%Us) for i = 0, 1.

Proof. To see that J'(B;,2;) = J*(B2,23) we argue as in [BH14, 2.1.1]. Namely, first we
compute the normalizer J(#) of 6 in G, as follows. We know from [Séc05, Proposition 2.3]
that the intertwining of 0 in G is J(8,2()B; J(3,%), for any maximal simple stratum
[, 3] defining 6, and that K(Bg)J(8,2) normalizes 6 (using that K(Bg) = K(A) N By
by proposition 2.4.4). Now assume that g € Bg normalizes #. Then it normalizes
HY(B,24) N By = U'(Bp) (this equality is claimed in [Séc05] after Remarque 2.4). But
the normalizer of U (Bg) in Bj equals 8(Bp), by the argument in [BK93, 1.1], hence
g € R(B3) and so the normalizer J(0) equals R(B3)J (8, 2).

Since R(Bg) = D;[ﬁ]%;, we see that J(f) has a unique maximal compact subgroup Jy,
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which equals J(3,2() for any maximal simple stratum [2(, 5] defining 0, and Jy has a
unique subgroup J, that is maximal amongst its normal pro-p subgroups, which is then
equal to J1(8,2(). This recovers the groups H', J! and J intrinsically to 6.

By proposition 2.4.5, the strata [2l;, 5;] have the same embedding type, hence for some

L' = ;. The characters g*0 and 6 intertwine, hence there exists

g € G we have ¢g,9~
u € R(2y) conjugating them, by theorem 2.4.3. So (gu)*0 = 6, and then gu € J(0)
and conjugates ; to As. But J(6) normalizes Ay, as it equals (K(2;) N Bg,)Jy, and so

2, = Ay, as gu normalizes 2; and at the same time it conjugates it to 2s. O]

Definition 2.4.7. By proposition 2.4.6, the groups H*(3,21), J'(3,2() and J(3,2) for a
simple stratum [2(, 5] defining a maximal simple character 6 only depend on 6, and will
be denoted Hy,J; and Jj.

The endo-classes of F' can be lifted and restricted through tamely ramified field extensions

E/F. In this context there exists a restriction map

from the set of endo-classes of simple characters of F to those for F'. It is surjective, and
its fiber over a given endo-class O consists by definition of the set of E-lifts of ©p. We'll
need some details as to how the lifting can be performed in practice, in the unramified

case.

Proposition 2.4.8. ([BH96, Section 7] and [BSS12, Section 5, 6]) Let 6 be a maximal
simple character in A defined by the simple stratum [2(, 5], with endo-class Op. Let K
be an unramified extension of F'in A such that § commutes with K and generates a field
extension of K in Ax = Z4(K), and assume that K[3]* C K(). Then 0k = 0|H} N A

is a simple character, with

Hy = HyN Ak
Jg. = Jg N Ak
Jo,e = Jo N Ag.

These groups will be denoted H}, J) and Jg respectively. The character 0k is called the
interior K-lift of 0. Its endo-class O = cl(fk) is a K-lift of Op.

Finally, we state a compatibility of endo-classes with automorphisms of the base field.
More generally, if a : F; — F5 is a continuous isomorphism between local fields, it induces
a pullback

o E(Fy) — E(FY) (2.4.1)

on the sets of endo-classes. When a central simple algebra A over F; is given, together

with a simple character # in A*, one can regard A as a central simple Fij-algebra via «,
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and then clg, (0), the endo-class of # as a simple character over F}, is equal to o* clg, (6).
The functoriality property

(az)" = aza}

also holds. It follows that the group of continuous automorphisms of F' acts to the right
on the set £(F) of endo-classes of F. The action will be denoted g : Op — 0% = ¢*Op.

MoVING FROM H TO J. Let # be a maximal simple character in G, defined by a
simple stratum [, ]. There exists a unique irreducible representation n = n(6) of J,
which contains 6, called the Heisenberg representation attached to 6 (we will give more
details in what follows). The dimension of 6 is a power of p and the restriction n|H, is
a multiple of 6, and € and 7(#) have the same G-intertwining. By [MS14b, Section 2.4],
there exists an extension of 1 to Jy with the same G-intertwining as 6 and 7, called a
B-extension of n. By [Séc05, Théoreme 2.28] and [MS14b, 2.2] we know that the group

of characters of €* is transitive on the set of S-extensions of 7, by the twisting action
X:k—K®(xovg)

where x : ¢ — R* has been inflated to Oy, and vg : B> — O} is the reduced norm.

Proposition 2.4.9. There exists exactly one [-extension k of n to Jy such that the
determinant character of x has order a power of p. We will refer to x as a p-primary

[B-extension.

Proof. Write E = F[f]. Fix an E-linear isomorphism
®: B — M,y(D)

where D’ is a central division algebra of reduced degree d’ over F, such that the order B
gets mapped to M, (Op/). We then get an isomorphism ® : Jy/J; — B> /U (B) —
GL,v(d’), for d’ the residue field of D', via ® above and the inverse of the isomorphism
B> /U (B) — Jy/J; induced by the inclusion.

Let x be a B-extension of . The determinant character det s has prime-to-p part (det )®
that is trivial on the pro-p group Jj, hence (det #)®) is the inflation to J, of a character y
of d”* through the determinant of GL,,(d’) and the isomorphism ®. Assume that = is
norm-inflated from e*. Observe that det(x ® (x o vg)) = det(r)(x“™* o v5). Now since
dim k is a power of p and the character group of €* has order prime to p, there exists a

dimk

unique x such that y~ ovp|; = det P, and the claim follows.

So it’s enough to prove that « is norm-inflated from e*, which happens if and only if v is
stable under Gal(d’/e). If mp is a uniformizer of D', its conjugacy action on B> induces

on ®(B*) the Frobenius automorphism on matrix entries, so it’s enough to prove that
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the restriction of (det x)® to ®(B*) is normalized by 7y, and this is true because B>

intertwines , hence it intertwines both det x and (det x)® with themselves. [

MAXIMAL SIMPLE TYPES. Fix a maximal simple character # in GG, with corresponding
Heisenberg representation 7. Let x be a p-extension of 1 to Jy. Let o be a cuspidal
irreducible representation of Jp/J), and define A = 0 ® k. A pair (Jp, \) arising thus is
called a mazximal simple type in G. Over the complex numbers, these are types for the
supercuspidal inertial classes of G. The modular case is different, as for instance there
may exist cuspidal non-supercuspidal representations, which will contain maximal simple
types but won’t exhaust an inertial class. However, the following result holds, for which

we refer to [MS14b] and the references therein.

Theorem 2.4.10. Let p be an irreducible cuspidal R-representation of G. Then

1. p contains a unique G-conjugacy class of maximal simple types.

2. if (J,A) is a maximal simple type contained in p, then A admits extensions to its
normalizer J()), and for precisely one such extension A the compact induction
m(A) = C—Indi/\) A is isomorphic to p.

3. two irreducible cuspidal representations p; contain the same maximal simple types

if and only if they are unramified twists of one another.

We will need some information on the structure of the normalizers J(A). If (Jy, A) is
any maximal simple type arising from 6 and o, and [2, ] is a maximal simple stratum
defining 6, by [MS14b, Paragraph 3.4] the order s(o) of the stabilizer of ¢ in Gal(d’/e)
equals the index of F[5]*Jy in J(A\). Fixing an isomorphism B — M, (D’), we have
J(0) = R(B)Jy = 74, x Jy for any uniformizer wp of D', and so the index of J(\) in J(6)
equals the size b(o) of the orbit of o under Gal(d'/e).

SYMPLECTIC INVARIANTS. From now until the end of this section, we will work with R =

C. Fix a maximal simple character # in G. One has a well-defined map

where p1,,(C) is the group of complex roots of unity of order p and [z,y] = zyz~'y~!. By
[Séc05, Proposition 2.3], this map is a symplectic form on the F,-vector space J;/Hy: it

is alternating, F,-bilinear and nondegenerate.

This is a special case of the following situation, which is described in [BF83, Section §],
and [BH10, Section 3]. Consider triples (G, N, ) where G is a group with a normal
subgroup N such that the quotient V' = G/N is a finite-dimensional F,-vector space,
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and 6 is a faithful character 8 : N — C* such that 0 is stable under conjugation by G
and (¢gN,hN) — 6|g, h] is a symplectic form on V. In the above, we have G = J; / ker(6)
and N = Hj / ker(f).

Proposition 2.4.11. [BF83, 8.3.3] There exists a unique irreducible representation n =
n(#) of G which contains 6, called the Heisenberg representation attached to . The

dimension of 6 is a power of p and the restriction n|N is a multiple of 6.

Let now I' be a finite cyclic subgroup of the automorphism group Aut(G), of order prime
to p, preserving N and the character 0, so that V' is a symplectic F)-representation of I'.
Because I' is cyclic, n extends to I' x GG. All extensions are twists of each other by
characters inflated from I'. Since the dimension of 7 is a power of p and the order of I
is prime to p, there exists a unique extension 77 such that 7|’ has trivial determinant

character (as in the proof of proposition 2.4.9).

We will be interested in cases where the trace of I' on V' is valued in Z, and we will need
an explicit formula for its sign. In order to find one, we follow [BH10, Section 3] and
attach invariants to every symplectic F,[[']-representation (V, h), which will specialize to
this sign when V arises as G/N from (G, N,#) in the previous set-up. We give some

details since we’ll need the full construction in order to prove proposition 2.4.22.

The isomorphism classes of simple F,[I']-modules are in bijection with the Galois orbits
on Hom(F,F;< ). Given a character x : ' — F; , the corresponding simple module V, is

isomorphic to the field generated over F, by the values of x, with the I'-action through .

Proposition 2.4.12. [BH10, Proposition 3] If (V, h) is indecomposable, then exactly one
of the following holds:

1. (V. h) is T-isometric to a hyperbolic space H(V,) for x* =1 or Gg,x # Gr, X "

2. V = V, for a character such that x> # 1 and Gg,x~' = Gp,x. This is the

anisotropic case.

The T'-isometry class of any symplectic module (V) h) is uniquely determined by the

[-isomorphism class of V.

Proposition 2.4.13. [BH10, Proposition 4] Assume x* # 1,Gr,x = Gg,x . Then
k = F,[x] has p*? elements, for some integer d. Let T C k* be the only subgroup of
order p® + 1, namely the kernel of the norm k* — kg = F,2. Then x(T") C Ty.

Now let V' be a finite F,[I'|-module and fix § € I". We write sy(d) for the signature of
the permutation of V' issuing from the action of § (it has a fixed point, namely 0 € V).

This gives rise to a character I' — {£1}. Now assume V is symplectic. We are going to
define a constant t2(V) € {1} and another character ¢1.(V) : T' — {%1}.
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Definition 2.4.14. Assume V' is an indecomposable symplectic F,[I']-module. If V =
H(U), then
t2(V) = +1 and t1.(V) = sp.

If V =V, is anisotropic, let |V| = p??, and let T, be defined as in the above. Then we
put
+1 if x(d) € T2

X

t2(V) = =1 and t;.(V,8) = ‘
—1 otherwise.

We extend this definition to all symplectic modules by taking the product of the invariants
of their indecomposable summands.

Definition 2.4.15. Let V' be a finite symplectic F,[I'l-module. Then we define an in-
variant

te(V) = tp(V)tr(V.)

for any generator v of I'.

Since th(V, —) is a quadratic character of I'; and T' has at most two quadratic charac-
ters, we see that this definition is independent of the choice of v, and ¢.(V,~) measures
whether t.(V, —) is trivial or not. These refined invariants will usually be considered in

conjunction with the following proposition.

Proposition 2.4.16. [BH10, Proposition 5] Let A C T' be a subgroup such that V4 =
VT, Then
ta(V) = t2(V)tr(V,6)

for any generator 0 of A.

Now fix a maximal simple character # in G, defined on a simple stratum [, ] in A.
Let B = Z4(F[5]) and B = B N2A. Write n for the corresponding Heisenberg rep-
resentation of J'(3,2(), and let K be a maximal unramified extension of F[3] in B,
normalizing 2A: this exists by the argument in proposition 2.4.5. Let FF C L C K be
an intermediate field extension, unramified over F, write A, = Z4(L), and recall from

proposition 2.4.8 that we have equalities
JHBAL) = JH(B,A) N A} and H'(B,9,) = H'(8,2) N AL,
and 07, = 0|H'(3,2) is a simple character.

Lemma 2.4.17. 6}, is a maximal simple character.

Proof. Let A be the chain corresponding to 2. It suffices to prove that the trace trygA

is a multiple of a uniform chain of Op, ,-period one. But trris A is the continuation
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of trgA, which is a multiple of a uniform chain of Og-period one, since K C A is a

maximal subfield. The claim follows by proposition 2.4.2 since K/L[f] is unramified. [

We introduce notation
N =ker(0),Q = J;/N,Z = Hy/N,V = J; /Hj.

as well as
QL =Jj, [ker(d,) and V;, = J; /H,, .

These are subgroups of ) and V respectively. The group K> acts on () and V', and

centralizes Z.

Proposition 2.4.18. [BH10, Proposition 6] The fixed point subgroup of L* on @, resp. V’
is Qp, resp. V.

Introduce the group Vg, p = K*/F*U}. The action of K* on @ factors through Vg r,

and V' is a symplectic F, [V r|-module via the pairing
(z,y) — O(zyzty™t) for z,y € J.

Proposition 2.4.19 (Glauberman correspondence). [BH10, Lemma 10] View 7 as a

representation of ). Then

1. there exists a unique irreducible representation 7 of Vg, x @) such that

7@ =n and detn|¥g/p = 1.

2. let T' C Wk r be a cyclic subgroup. There is a unique irreducible representation n*
of Q' such that n''|Z contains 0. There exists a constant €y(I") € {£1} such that

tr7j(yz) = eo(D)trn' (2)
for all z € Q' and all generators ~ of T

3. assume I is the image of L* in W, p. Then the pullback of " through the canonical

map J; — Qp = Q' is isomorphic to the Heisenberg representation attached to 0.

Then the symplectic invariants we have defined compute the signs €y(I"), in the following

way.

Proposition 2.4.20. [BH10, Proposition 7] If I' C Vg,p is a cyclic subgroup, then
GQ(F) == tF(V).
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If v € pk, let us write eg(x) = €p((x)) = t(zy(Vp). Let us assume that = generates the field
extension L/F. Then it need not be true that (x) = p,. However, we have the following

lemma.

Lemma 2.4.21. The fixed points of x on Vj coincide with those of up.

Proof. The same argument proving that V*Z is the image of Jy N Z4(L) in V also implies
that V* is the image of J; N Za(x) in Vj (see the proof of [BH10, Proposition 6]). Since
L = F[z], the claim follows. O

By this lemma together with proposition 2.4.16, we deduce that
t (V) = t,, (V)t,, (V.2). (2.4.2)

Proposition 2.4.22. Let = € ux generate the field extension L/F. Then we have the
equality
co(r) =ty (Va, )t (Vo) (Vo, ).

Proof. We have an orthogonal decomposition
V= Vi L)

as symplectic Fp[ux]-modules. Indeed, the restriction of the symplectic form to VJ** is

nondegenerate because the order of uy, is prime to p.

Since by construction the invariants are multiplicative in V' with respect to orthogonal
sums, we deduce by (2.4.2) that

N L
eo(x) = 1), (Vg )t,, (Vi )ty (Vi o)t (Vi o).
Since pp, acts trivially on Vj*, we deduce

eo(x) = thL(VQ“L’L)tiL(VQ“L’L, ). (2.4.3)

On the orthogonal complement V' 1 the fixed subspaces of the groups (x), 1, i are

all trivial. Hence proposition 2.4.16 implies that

L L L
t<x> (‘/GML ) = tgL (VYQML )t/le (‘/YQML Y x)

. L L
by (Vg™ 7) =, (V§ ), (Vg ).
This implies that
L L L L
t(P)LL(‘/éuL >tLL(‘/éuL ,.T) = t?l,;((‘/éuL )t,tlLK (‘/GML ? I‘)
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Multiply both sides of this equation by & (Vy,)t,, (Vy,,z), and recall that Vy, = Vj*.
By (2.4.3), the resulting equality is

Uy Vo e (Vo 2)eo () = 1, (Vo)t,,, (Va, ).

There remains to notice that, by construction, the character tLK(%L, —) is the inflation

to px of tLK/#L(V“L, —), hence takes value 1 at x € py. O

Definition 2.4.23. We write e§ = ¢ (Vp) and e5(—) = €, (Vp, —). Hence we have an

equality

whenever x € px generates L over F.

Remark 2.4.24. We will sometimes abuse notation and identify e; with a character of
any group isomorphic to pug. Since a cyclic group has at most one nontrivial quadratic

character, there is no ambiguity in doing so.

2.5 REPRESENTATION THEORY OF GL,(F,).

In this section we recall the combinatorial classification, in terms of partitions, of the irre-
ducible R-representations of GL,,(F,) with simple supercuspidal support, following [SZ99,
Sections 3, 4]. Then we give a construction, in terms of Deligne—Lusztig theory, of certain
virtual representations which enjoy special properties with respect to this classification,
and which will appear in the construction of the element of Rg (GL,(Or)) corresponding
under the Breuil-Mézard conjecture to the maximal stratum of a discrete series defor-

mation ring.

Until the discussion of modular representations, we assume that R has characteristic zero.

We write G = GL,(F,).

HARISH-CHANDRA SERIES OF SIMPLE REPRESENTATIONS. Every irreducible R[G]-
module has a supercuspidal support, which is unique up to conjugacy. As in the previous
section, we identify it with an effective divisor on the set of supercuspidal representations

of GL,,,(F,) for m varying in Z-.

The simple supercuspidal supports are those of the form rmy. Amongst the representa-
tions with sc(m) = rm, there exists a unique nondegenerate one, denoted St(mg,r). To
classify the others, we consider partitions 8 of r, and to each P we associate a block-

diagonal Levi subgroup

Ly(mo) = [ GLuijr(Fy)*®

i€Z~0
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and a parabolically induced representation of GL,(F,)

Typ(mo) = IndIGDqg ® St (o, 7)F.

i€Z>0

The partition P sending 1 to r and every other positive integer to 0 corresponds to
writing r as a sum of 1. The representation my, . () is the full parabolic induction of

®r
UGB

Definition 2.5.1. The Harish-Chandra series corresponding to rmy is the set of irre-
ducible representations of GG with supercuspidal support rmy. It coincides with the set of

Jordan-Hélder factors of my, . ().

Write P’ < P for the reverse of the dominance partial order on partitions, as in [SZ99].

Then Pax is the maximal element amongst partitions of .

Proposition 2.5.2. [SZ99, Section 4] There is a bijection P +— op(m) from the set of
partitions of r to the Harish-Chandra series for rm, characterized by the fact that oy ()

occurs in myy (mp) if and only if P < P’, and it occurs in my (1) with multiplicity one.

The smallest element amongst partitions of r is P, sending r to 1 and every other

positive integer to 0. We have o, (7)) = 7, (7o) = St(mo, 7).

Definition 2.5.3. When ‘B < ', the multiplicity of oyp(mg) in my (7o) is the Kostka
number Ko g

We remark that our normalization coincides with [Shol8, Definition 6.2], since the partial

order there is the reverse of <.

LuszTiG INDUCTION. We follow the presentation of Deligne-Lusztig theory in [DM91]
and [Dud]. The material here is mostly standard, but we need certain results about
products and Weil restriction of scalars that are probably well-known but we couldn’t
find in the literature (although [Lus77, 1.18] is closely related). So we have decided to
provide the proofs.

Let Gy be a connected reductive group over k = F, fix an algebraic closure k of k, and
write G = G xi k. The rational structure gives rise to a k-linear Frobenius endomor-
phism F' of G, the pullback of the absolute g-th power Frobenius morphism of G,. The
Galois group Gal(k/k) acts to the right on G, via F-linear automorphisms. We write ¢
for the geometric Frobenius element of the Galois group, acting as = — z%/%. If H is a
subgroup of G we will write F'H for the parabolic subgroup ¢(H) of G, whose group of
k-points is F(H(k)). We will say that H is F-stable, or rational, if FH = H. Recall
from [DM91, Chapter 8] the invariant eg, = (—1)"°) where n(Gy) is the dimension of
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the maximal split subtorus of any quasisplit maximal torus in Gq (the quasisplit maximal

tori are those contained in a rational Borel subgroup).

Fix a parabolic subgroup P of G, with unipotent radical U and F-stable Levi factor L
(without assuming that P is F-stable). The associated Deligne-Lusztig varieties can be

defined in terms of the Lang isogeny
L:G = G,x 1 'F(z)
by setting

X¢ p =L (FP)/(PNFP)
Yy p =L (FU)/(UNFU).

Both varieties have an action of GI" = G(k) by left multiplication, and Y& p has an
action of L = L(k) by right multiplication. We write H (Y& p) for the alternating sum
Sz (V) HA(YEp, Q,)] of compactly supported [-adic cohomology groups, for a prime
number [ # p. BEach cohomology group carries a left action of G and a right action

of L¥. The associated Lusztig induction functor is
Ricp : Rg, (L") = Rg,(G"), [V] = H;(Yice) ®qur V-
On characters, we have the formula [DM91, Proposition 4.5

REp(#)(9) = L7171 Y > (1)t (9. D HA(YEp, Q) 6(71).

leLF i€Z

Remark 2.5.4. Since U N FU is an affine space we obtain the same induction functor
via the bimodule H}(L~'(FU)). This is the functor denoted Rf .p in [DM91], since
their R p is constructed via HX(£71(U)).

When L is a maximal torus, there is another description of Lusztig induction via the
Bruhat decomposition of G. Fix a pair (T, B) consisting of an F-stable maximal torus
and an F-stable Borel subgroup of G. By [DL76, Lemma 1.13], there is a bijection be-
tween the G'-conjugacy classes of pairs (B’,T') consisting of a Borel subgroup of G
and a rational maximal torus of B’, and the Weyl group W(T), given by the map
(9Bg~',gTg™') — g 'F(g) (here g € G(k)). The F-conjugacy classes in W (T) are
the equivalence classes for x ~ gzF(g~!), and they classify Gf-conjugacy classes of F-
stable maximal tori in G by [DL76, Corollary 1.14]. For w in W(T), we write T,, for an
F-stable maximal torus in G classified by the F-conjugacy class of w, and we say that w
is the type of T,,.

The Bruhat decomposition for G is G = |_|weW BwB for any choice of representa-
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tives w of W(T) in G (it is independent of the choice of w). The quotient BwB/B is a
Schubert cell in the flag variety G/B, and there is an associated Deligne-Lusztig variety

X(w) = (£L7'(BwB))/B

together with a covering
Y(w) = (£L71(UwU))/U

induced by the canonical surjection G/U — G/B. Both varieties have a left mul-
tiplication action by G¥. If we equip T with the twisted Frobenius endomorphism
wF : t — wF(x)w™!, then the group of fixed points T%! acts by right multiplica-
tion on Y (w). One checks as in [DL76, 1.8] that the isomorphism class of this covering,
together with the action of T%" and G¥, is independent of the choice of .

Now consider a pair (B’, T’) consisting of a Borel subgroup of G and a rational maximal
torus of B, classified as in the above by some w € W(T). By [DL76, Proposition 1.19]
whenever we have z € G with (B, T') = (B, T)x! and £L(z) = w, the map g — gz ™!
induces an isomorphism Y () — Y$ g that is equivariant for the isomorphism ad(z) :
TvF — (T')F and GF-equivariant.

It follows that we can attach to each element w € W(T) an induction map
: F F
Rw : RQZ(TUJ ) — RQZ(G )
via the cohomology H} (Y (w)) for any representative w of w.
RESTRICTION OF SCALARS AND PRODUCTS. We study the behaviour of the maps R,

with respect to Weil restriction of scalars and products. Let Gg be a connected reductive
group over k, and let G = Gy xx k, G, = Gy xi k,,, and

GS_ = Reskn/k (Go Xk kn) .

The base change GT = G xj k is isomorphic to a product [T, G, and its Frobenius
endomorphism acts (on R-points, for any k-algebra R) by

(91,5 9m) = (F(gm), F(91); -+ s F'(Gm—1))

where the map F' : G(R) — G(R) is the Frobenius endomorphism for the k-structure Gy
(hence the one for the k,-structure G,, is F'™). Notice that projection on the first factor
(GT)F — G is an isomorphism. We fix an F"-stable pair (B,T) in G and work
with the F-stable pair (BT, T*) = ([[\_;B,[[., T) in G*. Then there is an in-
clusion ¢ : W(T) — W(T"),w — (w,1,...,1), inducing a bijection on F-conjugacy

classes. Indeed, we see that (w,1,...,1) and (zwF™(x7'),1,...,1) are F-conjugates by
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(v, F(z),...,F" }(z)), and given an arbitrary x = (x1,...,x,) we can always find a =

-1

(a1, ..., ap) such that aza™" is in the image of «: it suffices to choose «; arbitrarily and

to solve the equations c;z;F(a;_1)~! = 1 recursively, for 2 <i < n.

Lemma 2.5.5. Let w € W(T). There is an isomorphism (T*)® — T identifying
R, and R,,.

Proof. The isomorphism is again projection on the first factor. Indeed, the fixed points
are given by (¢, F(t),..., F"1(t)) with the property that ¢t = wF™(t)w™!. For the iden-
tification of Lusztig functors, we have that the Bruhat cell BT¢(w)B™ decomposes as a
product BuwB x B x --- x B, and so the preimage £~!(B*/(w)B") is given on k-points
by

(9: F(g)br, -, " (9)binr)

for arbitrary b; € B(k) and g € G(k) such that g~ 'F™(g) € BwB. A similar calcu-
lation works for the unipotent groups, after choosing a representative w of w and the
corresponding representative (w,1...,1) of «(w). It follows that projection onto the first
component induces an isomorphism Y (w,1,...,1) — Y (w), which is equivariant with
respect to our isomorphisms (G*)F — G and (T+)“ W — TwF", O

Lemma 2.5.6. Fori € {1,...,n}, fix connected reductive groups G ; over k, pairs (B;, T;)
in G;, and elements w; € W(T;). Let Gy = [[, Go; with (B, T) = ([[,Bi,[[;, T:), and
W =1y X -+ X b, Then R, : Rg (], TF) — Rg, (11, GI') sends a one-dimensional
character x1 -+ Xn t0 Ry, (X1) +** Ruw, (Xn)-

Proof. As in the the proof of lemma 2.5.5 we have an equivariant isomorphism Y (w) —
[L Y (w;), and the claim follows from the Kiinneth formula for the cohomology of Y (w).
[

A CHARACTER FORMULA. We now specialize to the case of Gy = GL,, k, with B the
upper triangular Borel subgroup and T the diagonal torus. The Weyl group W(T) iden-
tifies with the symmetric group S, the F-conjugacy classes coincide with the conjugacy
classes, and we normalize the lifts w via permutation matrices. We give a formula for
the Lusztig induction map corresponding to the Weyl group element w = (12...n), on
semisimple conjugacy classes. The group T* is isomorphic to kX. Choosing a basis
of k, as a k-vector space yields an inclusion Resy, kG, — GL,x which represents the
GP-conjugacy class of rational maximal tori classified by w. These tori all have the same
e-invariant, which we’ll denote by €,. Notice that in our case the signs eg, = (—1)"
and €, = —1. The following proposition is a very special case of the Lusztig classification
we discuss in the following, but it is historically prior to it, and can be proved by different

means. See for instance [BH10, 2.1].
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Proposition 2.5.7. Assume that x : kX — le is a Gal(k, /k)-regular character. Then
the function (—1)""'R,(x) is the character of an irreducible cuspidal representation
of GL,(k), denoted o[x]. The map x — o[x] induces a bijection from the set of orbits
of Gal(k, /k) on the k-regular characters of kX, to the irreducible cuspidal representations
of GL, (k) over Q.

Remark 2.5.8. Tt is not always the case that (—1)" 'R, (x) is effective, if x is not regular.
However, these virtual representations will be important for us, since they will give rise to
the Breuil-Mézard cycles of discrete series deformation rings. We will sometimes abuse

notation and write o[x] for (—=1)""'R,(x), even if y is not regular.

In the next proposition, we compute the character (—1)""'R,, () on semisimple classes,

generalizing a well-known calculation in the case of k-regular y.

Proposition 2.5.9. Let y : kX — Q, be a character, and let w = (12...7). Then o|y]
vanishes on semisimple conjugacy classes of GL,, (k) not represented in kX, and for z € k¢

we have

U[X] ({L‘) = (_ l)n-i-n/ deg(e) (GLn/ deg(z) (kdeg(a:)) : k: )p’ Z X(7$>
’YeGal(kdeg(m)/k)

where deg(z) is the degree of x over k.

Proof. By [Car85, Proposition 7.4], we have the equality
€Go€wRuw(X)Sta, = Indf;"(k) (x)

where Stg, is the Steinberg character and the induction is taken with respect to the em-
bedding of k) in GL, (k) corresponding to some k-basis of k,,. By [DM91, 9.3 corollary],
the Steinberg character vanishes away from semisimple classes, and if x is a semisimple
element of GL,, (k) then

Sta, (%) = €€z ()| Z2&r (7))
where Z& () is the centralizer of z, a connected reductive group over k.

Hence R, (x)(z) = 0 if z is a semisimple element with no conjugates in k. When = € k¢,

we compute the character of the induction as

GLn(k -
" 00() = 128 @IkE >0 x(w)
vEGal(kyeg(x)/k)

since the G'-conjugates of z in kX are precisely its Galois conjugates. The centralizer is
isomorphic to GLy, deg(z) (Kdeg(z)). Then the claim follows since Resy dex (o) /kG,Xn"/ deg(@) g o

quasisplit maximal torus in Resy dex(n) /kGLy/ deg(2) Of rational rank ﬁ(m). O
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Remark 2.5.10. The formula in proposition 2.5.9 characterizes the map x — ol[y], from
Q,-characters of kX to virtual Q;representations of GL,(k), because of [SZ00, Theo-
rem 1.1]. It follows that for any field R of characteristic zero containing all roots of
unity of order dividing the exponent of GL, (k) there exists a unique map x — o[x],
from R-characters of k) to R-representations of GL,,(k), that satisfies the same charac-
ter identity. It induces a bijection from regular R-characters to irreducible supercuspidal
R-representations. We will sometimes abuse notation and refer to o[x| as the Deligne-
Lusztig induction of y, even if strictly speaking, we are not working with cohomology

with R-coefficients.

UNIPOTENT CHARACTERS. Let y : W(T) — Q, be the character of an irreducible rep-
resentation. By [DM91, Theorem 15.8], the unipotent characters of G are the functions

Ay= (D) Y x(w)Ru(lyer)

weW (T)

1 are intertwined by the

for varying x. Notice that the maps R,, for ws = wwjw~
isomorphism ad(w) : T — Tw2F since for an arbitrary F-stable maximal torus T the
map RS g does not depend on the choice of Borel subgroup containing T (see [DM91,

Corollary 11.15]). By orthogonality of Deligne-Lusztig characters we deduce that

(Ru(lpur), Ay)ar = x(w), (2.5.1)

and so
Ru(lper) = 30 v(w)A,
X€Elrr(W (T))

since the unipotent characters form an orthonormal family. Since R;q coincides with the
functor of parabolic induction from T¥, we see that the unipotent characters are the
characters of the irreducible representations with supercuspidal support n - 1yx. Further,
by [DM91, Proposition 12.13] we have that A, is the trivial character of G, Tt follows
from our discussion of Harish-Chandra series that oy, (1) = St(1,n) is the only other
factor of Riq(triv) with multiplicity one. This is Ay, where sgn : W(T) — Q, is the

sign character.

LuUszTIG SERIES. Recall that two pairs (T}, 6;) consisting of a rational maximal torus
in G and a character of TY are said to be geometrically conjugate if there exists g € G(k)
such that Ty = ad(g)T; and, for all n such that F"(g) = g, we have

0 o Ny, x = 0 o Ny, x © ad(g).
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Here, the norm of an F-stable torus S is defined to be the morphism
N, k1S = St tF(t) - F" (1),

and we are asking for equality to hold on T!™. For w € S,,, we write N,, for the k,, /k-norm

of the diagonal torus with Frobenius endomorphism wF-.

By Langlands duality, we associate to each geometric conjugacy class [S, 6] a semisimple
conjugacy class in G = GL,, (k). To do so, fix norm-compatible generators ¢, of every kX
and fix an embedding k' — le . Since all maximal tori of GL,, x split over k,,, by [DMO91,

Proposition 13.7] there exists an exact sequence
0—=Y(S)=Y(S) =S =0

where Y (S) is the cocharacter group of S, the first arrow is F' — 1 and the second arrow
is y = Ni,x(y(¢,)). Inflating 6 we obtain a character 6% : Y(S) — Q, trivial on
(F—1)Y(S). This identifies the geometric conjugacy classes with the G-conjugacy classes
of pairs (S,07) consisting of a rational maximal torus and a character of Y (S) trivial
on (F—1)Y(S) (see [DM91, Proposition 13.8]). These are in bijection with the W (T)-
orbits on the set of characters Y (T) — Q, that are trivial on (wF —1)Y (T) for some w €
W(T), hence descend to T (recall that T is the diagonal torus, and that the action
of W(T) on the cocharacter group is wy : z — wy(z)w~! while that of F'is Fy = F oy).

Fix dual bases (e;) and (f;) of X(T) and Y(T) over Z, such that f;(z) is the diagonal
matrix with x in the j-th place and 1 elsewhere on the diagonal. Via the inclusion
k" — Q, we obtain from 0% an element (07(f;)) of X(T) ®zk = (kK ). If 67 is
trivial on (wF —1)Y(T), then F acts as w™! on this element, and we find a bijection from
the geometric conjugacy classes to the F-stable W (T)-conjugacy classes in X (T) ®z k"
There is a Langlands duality isomorphism X (T) — Y (T) sending roots to coroots, and
we obtain an F-stable W (T)-orbit in Y(T) ®z k" = T(k), corresponding to an F-stable
semisimple conjugacy class in GL,, (k). Since an F-stable conjugacy class always contains
rational points, this determines a unique geometric conjugacy class of GL,,(k), which for
this group is the same as a conjugacy class. This constructs a bijection between geometric

conjugacy classes of pairs (S, ) in G and semisimple conjugacy classes in G = GL,, (k).
Ezample 2.5.11. A pair (S, ) such that S has type w = (1,2,...,n) corresponds to
(0(C),0(C)7, ..., 0(C)7" ") € X(T) ®z Kk, where 6(¢,) € ky,. This corresponds to the
conjugacy class in GL, (k) whose characteristic polynomial is the appropriate power of

the minimal polynomial of 0((,) over k.

By [DMO91, Propositions 3.1, 3.3|, two virtual characters R,,(#;) admit a common con-
stituent if and only if the (T,,,6;) are geometrically conjugate, and every irreducible

character of G!" is a constituent of some R, (). It follows that the geometric conjugacy
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classes partition the set of irreducible characters of G, and a class in this partition is the
Lusztig series of the corresponding semisimple conjugacy class s in GF', denoted £(GF', s).
The unipotent characters form the Lusztig series £(G, [1]). We record the following the-
orem, which implies that in certain cases Lusztig induction preserves irreducibility. We

will apply it in the next paragraph.

Theorem 2.5.12. [DM91, Theorem 13.25] Let s be a semisimple element of GL,,(k), and
let L be a rational Levi subgroup of G containing the centralizer Zg(s). Then the map

egerL, RY (taken with respect to any parabolic P with Levi factor L) induces a bijection

E(LY, [s]pr) — E(GT [s]gr).

VIRTUAL REPRESENTATIONS. Let m be a positive divisor of n and let 7, be an irre-
ducible supercuspidal representation of GL,, (k). Since the matrix of Kostka numbers is
upper unitriangular, it follows from the structure of the my(7,,) that they form a basis
for the Grothendieck group of finite length representations of GL,, (k) all of whose factors
have supercuspidal support (n/m)m,,. Then for any partition 3 of n/m there exists an

element oy (7,,) of this Grothendieck group such that

(o (), T (Tm) )@ ) = 13 P =P

= 0 otherwise.

We now give an explicit construction of a;gmm(wm) in terms of Deligne-Lusztig theory.

Theorem 2.5.13. Let w be an n-cycle in S, and assume m,, = o[f,,] for a character

Om k3 — Q. Let 0 = N 1 (0). Then

O (Tm) = €qewRu(0) = (=1)"" Ryy(6).

Proof. First observe that R, (6) is orthogonal to each of the my(m,) for P # P,
because these are full parabolic inductions, and the torus T,, has no conjugates in any

proper split Levi subgroup of G. So we have to prove that
(Ry(0), St(mpm, n/m))gr = (—1)"*,

Write z = 60,,((,n), so that the geometric conjugacy class of (T, #) corresponds to the
minimal polynomial of z over k (a degree m polynomial) to the n/m-th power, as in exam-
ple 2.5.11. The centralizer in GL, (k) of any rational element in this conjugacy class is iso-
morphic to GL,,/n (k. ), and it is the group of rational points of a Levi subgroup Ly of Gy,
isomorphic to Resy,, /xGLy/m k,,- By the discussion preceding lemma 2.5.5, the conjugacy

classes of rational maximal tori in Ly xy k are in bijection with those in GL,, Jmkm Xk K-
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Under this bijection, the torus T,, has type corresponding to the n/m-cycles, which we

write as Wy /m-

By lemma 2.5.5, the unipotent characters (L, [1]) coincide with the unipotent char-
acters of GL,/m(kn) viewed as the group of k,,-points of GL,/mnx,,. Hence they are
parametrized by x € Irr(S,/») as in our previous discussion: we write x +— A, for this

parametrization.

Lemma 2.5.14. The Lusztig series of the geometric conjugacy class of [T, 0] is
{(=1)""RE (0 Ay) X € Irr(Spym) }-

Proof. The character 6,, can be inflated to GL, (k) via the determinant, and its
restriction to kX is . By [DM91, Proposition 13.30], the Lusztig series of L attached
to the geometric conjugacy class of (T, #) consists of the twists by € of the unipotent
characters of L¥. Then the lemma follows from theorem 2.5.12 and our discussion of

unipotent characters. O

The theorem will follow from the lemma and the following two equations:

Ru(0) = Y x(wnm)RE (0 Ay) (2.5.2)
XEIrr(S,, /m)
St(m, n/m) = (=1)" /™ RE (0,, Agzn). (2.5.3)
Indeed, we see that
(Ru(0), 09, (M) )ar = Z X(wn/m)ngmAx)a (_1)n+n/mRE(6mASgn)
XEIrr(Sn/m) Gr

= (= 1) sgn(wym) = (=1)"*

since sgn(wy /) = (—1)"/™m .

Proof of equation (2.5.2). Transitivity of Lusztig induction (see [DM91, 11.5]) implies
that R, (0) = RE(R%. (0)), where we have chosen an arbitrary parabolic subgroup P C
G with Levi factor L = Ly xy k. By [DL76, Corollary 1.27], we have an equality
R% (0) = 6,,R% (1r,). By lemma 2.5.5, the functor R% ~coincides with R, /. baken
with respect to GL,,/m k,,. But we have seen in (2.5.1) that

Ry, (triv) = Y x(wn/m) Ay (2.5.4)

XEIrr(Sy, /)
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Lemma 2.5.15. The Lusztig series of [T, 0] coincides with the Harish-Chandra series

of n/m - mp,.

Proof. Let Wy, ;/m € Sn be the product of n/m disjoint m-cycles. Similarly to (2.5.4), we

have
RE. / (027/™) = 0, Riq (triv) = Z x(id)0,, A, (2.5.5)
’ X€Elrr(Sy,/m)
Let M = GL:ﬁfm be a split Levi subgroup of G. containing Ty, . By transitivity,
RE. ) (052"/ ™) is the character of the parabolic induction of RY ) (0n), because

Lusztig induction from a split Levi subgroup coincides with Harish-Chandra parabolic

induction [DM91, 11.1]. Now we can apply lemma 2.5.6 to compute R} / (9,%"/”’) =
RGLm’k(Gm)®”/ ™. Finally, we deduce that

wm

(1) im RS

Ym,n/m

n/m r m ®n/m GLn(k n/m
(0Sm™) = Indggr (1) Ry, (6)) :mdm:/;éLm(k)(wg/ )

- 7Tq3max (ﬂ-m) .

Then the lemma follows from (2.5.5), lemma 2.5.14, and the fact that the Harish-Chandra

series of n/m - m,, coincides with the set of constituents of my_ (7). O

Proof of equation (2.5.3). The character Ay, is the Steinberg character of GLy,/m(kn),
and the Lusztig induction of a nondegenerate character is nondegenerate, by [DMO91,
Proposition 14.32] (the nondegenerate characters are the constituents of a Gelfand-Graev
representation). Since nondegeneracy is preserved under twisting by abelian characters
(because unipotent elements have determinant one), we see that (—1)"*"/™mRE(6,, Asn)
is the character of a nondegenerate representation in the Lusztig series of [T,,,0]. By

lemma 2.5.15, this representation is St(m,,,n/m). O

This completes the proof of theorem 2.5.13. [

[-MODULAR REPRESENTATIONS. Now let R = F,; for [ # p. The irreducible R[GL,(F,)]-
modules have been classified by Dipper and James: see [Vig96, 111.2] for an exposition.
We will need some results about the mod [ reduction of cuspidal Q,-representations,

which we give in this paragraph.

Recall that a character x : e — le decomposes uniquely as the product of an [-singular
part x(y and an [-regular part x¥, whose orbits under Gal(e,/e) only depend on the
orbit of x. We use the mod [ reduction map to identify the prime-to-l roots of unity
in Q; and F;. Then the reduction mod [ of x identifies with x(®).

Proposition 2.5.16. [Vig96, I11.2.3 Théoreme] The reduction r;(c[x]) is irreducible and
cuspidal, and only depends on [x]. We denote it by o;[xV].
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The map [x] — oy[x] defines a bijection, from the orbits of Gal(e,/e) on the characters
of (€X)®) which have an e-regular extension to eX, to the set of cuspidal irreducible

representations of GL,(e) over F.

Proposition 2.5.17. [Vigd6, I11.2.8] and [MS14b, Théoreme 2.36]. The representa-
tion o;[x"] is supercuspidal if and only if [x()] is e-regular. If x() is norm-inflated
from an e-regular F-character y()*e¢ of e Ja for some positive divisor a of n, then the

supercuspidal support of r;(c[x]) is a - o;[xVre8].

Ezample 2.5.18. Since F has eight elements, the only character Fy — F, is the trivial
character. Hence GLy(F3) has no supercuspidal representations over Fy, and precisely

one cuspidal irreducible representation, with supercuspidal support 1 ® 1.

The following proposition is a consequence of the classification of cuspidal representations.

Proposition 2.5.19. Let R be an algebraically closed field of characteristic [ # p, let e =
F,, and let ) be an R-character of e such that ¢»m = 7 for all cuspidal R-representations

of GL,,(e). Then ¢ = 1.

Proof. Assume first that R = Q,. By [SZ00, Theorem 1.1], the equality tro[x;] = tro[x,]
holds on primitive elements of e, /e if and only if [x1] = [x2]. This implies that ¢ ®
o[x] = o[tbx]. Then the claim follows because if ¢ # 1 there always exists an e-regular
character y of e with no Gal(e, /e)-conjugate of the form ¢y. Indeed, if y? = ¥y
then Y@ D@D = 1 and taking x to be a generator of the character group yields a

contradiction if 0 < ¢ < n — 1. Then the claim holds for any R of characteristic zero.

For R = Fy, such a ¢ lifts to a character ¢ : (eX)¥) — le such that for all e-regular
X : el — Q, we have [x?] = [xD]. By duality, we get an element z € (*)® such that

whenever z € e is e-regular we have [z(Vz] = [z(].

Assume that e contains an [-singular element—that is, some ( € e (e,)—which is
e-regular. Then () = 1 implies [z] = [1], hence z = 1.

X

Otherwise, since (e

)@ is cyclic there exists a proper divisor a|n such that (e))q) =
(eX)@. Let 7 be a generator of (e)": then 7 is the l-regular part of some e-regular
element of e,’, which can be chosen to be a generator of e;;. There exists a proper divisor b
of n such that (Frob,)’r = &7 for some £ € e*, because the set of g € Gal(e,/e) with

(g7)7~! € e* is a subgroup and by assumption it is not trivial if z # 1.

Let w be the order of £ € e, which is a divisor of [€*| = ¢ — 1. Then (Frob,)’(7%)
(é7) = 7%, hence (Frob,)® fixes the subgroup w - (€X)®, which has index at most w

in (eX)". Since e} = (e)? x (e})q), we find a bound

~

¢" =1 < w(e)Vll(eX)wl-
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Since w|g — 1, we have that w|(e))| divides |e}|. Then the bound yields ¢" — 1 <
(q* —1)(¢® — 1) for certain proper divisors a, b|n. This is impossible even if both a and b

coincide with the largest proper divisor d of n, because

1 n
q —

The claim then holds over Fy, and follows over arbitrary R of characteristic [ because
an irreducible F-representation of GL,(e) is absolutely irreducible, and the number of
irreducible representations over F; and R is the same (it is the number of I-regular

conjugacy classes in GL,(e)). O

Remark 2.5.20. If R is an algebraically closed field of characteristic [ # 0, p, we obtain
a canonical bijection from the set of cuspidal irreducible representations of R[GL,(e)] to
the set of Gal(e, /e)-orbits on certain characters e — R*. More precisely, we consider
characters that are dual to [-regular elements = € e, with the following property: there

exists an [-singular y € e such that xy is e-regular.

We write the inverse of this bijection as x +— og[x]. It is characterized by being the
mod [ reduction of the Deligne-Lusztig induction (defined as in remark 2.5.10) over a

large enough finite cyclotomic extension of W(R)[1/1].

ALGEBRAIC AND p-MODULAR REPRESENTATIONS. The irreducible F,[GL,, (kr)]-modules
are well-known to be restriction to GL,(kr) of algebraic representations of restricted
weight. In this paragraph, we recall this classification following the notation of [EG14],
which relates them to Weyl modules in characteristic zero. We also construct some al-
gebraic OJ-representations, which will intervene in our Breuil-Mézard statements for
deformation rings with nontrivial regular weight. We let E/Q, be a finite extension,
with ring of integers Op and residue field kg, which we assume to contain all [F' : Q,]
embeddings of F.

Write Z7 for the set of n-tuples (\1,...,\,) of integers such that Ay > ... > A,. This
defines a dominant character diag(ty, . ..,t,) — [[i_, t;* of the diagonal torus in GL, r.
There is an associated algebraic Op-representation of GL,, o, with highest weight \. We
write My for the Op-points of this representation, so that M, = Indgf&,()(zf )(wmax)\) for
the upper-triangular Borel subgroup B,, and the longest element wy,., of the Weyl group.

Then fix A € (Z7)"mar("E) and define an Op-representation of GL,(OF) by

Ly =®rpop (M, ®oprOp).

Next we recall some mod p representations. Given a € Z} with p —1 > a; — a4 for all

42



1 <1< n—1, define

GLn (£
P, = IndBn(f() )(wmaxa)

and let IV, be the irreducible subrepresentation of P, generated by a highest weight vector.
The Serre weights of GL,(f) are the elements a € (Z")H°m(e) guch that for all o : f — e
we have p —1 > a,; — ap441 for 1 <i <p—1, and 0 < a,, < p—1. We furthermore
require that not all a,, = p — 1. To a Serre weight there corresponds an irreducible

e-representation of GL,(f), defined by
Fo = ®TEHom(f,e) (Na.r ®f,7— e) .

These are absolutely irreducible and pairwise non-isomorphic, and every irreducible e-

representation of GL,(f) has this form.

Finally, we introduce analogues for D*. For every Q,-linear embedding 7 : ' — E, fix
an embedding 7" : F,, — F lifting 7 and write M} for the O, -points of the algebraic
representation with highest weight A (so that M} |qr,, (o) is isomorphic to My ®o, OF,).
Then we introduce

Li_ = Qr+ (M)t Ko, =+ OE)

which has an action of O} via a choice of F,,-linear isomorphism j : D ®p F,, — M, (F},)
mapping the order Op®p,. OF, into M, (OF, ), and the inclusion D — D®pF,, d — d®1.

We have the following lemma.

Lemma 2.5.21. If zp € OF corresponds to z € GL,(OF), then trp+ (zp) = trp, (2).

Proof. This is because Ly is a lattice in a GL,(F},)-representation over E, try, (z) =

trLi(z), and z and zp are conjugate in GL, (F,,) under any choice of j. O
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The local Langlands correspondence for GLy,.

This section reviews the statement and basic properties of the local Langlands correspon-
dence for the group GL, (F'), and the classical Jacquet-Langlands correspondence, both

with complex and [-modular coefficients. Recall the exact sequence
0=Ip—=WrSZ—0

defining the Weil group of F as the subgroup of ¢ € G that act on kp through an
integer power of the geometric Frobenius element Frob, : x — 2'/%. The map « is defined
through the equality g = Frobg(g) on kp, and we give Wy the locally profinite topology

in which I is an open subgroup with its defining topology.

Definition 3.0.1. A Langlands parameter for GL,, r is a morphism
Wr x SLy(C) = “*GL, r = GL,(C),
with the following properties:

1. ¢|7, has finite image,
2. ¢(Frob,) is semisimple, and

3. ¢lsL,(c) is algebraic.
We regard two parameters as equivalent if they are conjugate under GL,,(C).

Because of the third condition, this definition could be formulated over any algebraically
closed field of coefficients. In order to emphasize this fact, as well as the relationship with

Galois representations, we introduce the following definition.
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Definition 3.0.2. Let R be a field of characteristic different from p. A Weil-Deligne
representation with coefficients in R is a pair (p, V) consisting of a smooth representation
p: Wr — GL,(R) and a nilpotent element N € (Lie GL,)(R) such that

(Ad p(w))N = g )N

for all w € Wg. We regard two Weil-Deligne representations (g;, N;) as equivalent if
there exists ¢ € GL,(R) such that p, = gp1g~* and Ny = Ad(g)N;. We say that (p, N) is
Frobenius-semisimple if p is a semisimple representation. We write ®r,,(R) for the set of
isomorphism classes of n-dimensional Frobenius-semisimple Weil-Deligne representations

over R.

Remark 3.0.3. We say that & € W is a Frobenius lift if o(®) = 1. If ® is a Frobenius lift
and R has characteristic zero, then (p, N) is Frobenius-semisimple if and only if p(®) is a
semisimple automorphism: this follows because the inertia group is acting on p through
a finite quotient, hence p(®)% has finite index in p(Wx). But in characteristic zero a
representation of a group is semisimple if and only if its restriction to a finite index

subgroup is semisimple.

We recall the construction of a bijection from the equivalence classes of Frobenius-
semisimple Weil-Deligne representations (p, V') over C to the equivalence classes of Lang-
lands parameters, following [GR10, Section 2|. Since p(Ir) is finite, the Lie algebra
h = gl,(C)?Ur) is reductive, and it contains N. It is normalized by any fixed Frobe-
nius lift Frob,, and we write h(\) for the A-eigenspace of the semisimple automorphism
Ad p(Frob,) of h. By a refinement of the Jacobson-Morozov theorem, there exists an

slp-triple in b such that

e=Nehg), henl), fehle)
(Hence h is fixed by Wg.) Furthermore, any two such triples are conjugate by an element
of GL,,(C) that centralizes both Wy and N.
Then the Langlands parameter corresponding to (p, V) is defined as follows. There exists

1
a morphism ¢ : SLy(C) — GL,(C) such that e = dy (8 0), and one checks that if

we put s = pdiag(q'/?,¢"/?) then sp(Frob,) centralizes ¢. So we obtain a morphism
¢ : Wg x SLy(C) — GL,(C) which is p on Ip, ¢ on SLy(C), and sp(Frob,) at Frob,.

CLASSIFICATION OF LANGLANDS PARAMETERS. Let E be a field of characteristic zero.
Every element of ®5,,(E) can be written as a direct sum of indecomposable subobjects,
whose isomorphism class is uniquely determined. Every indecomposable object is isomor-

phic to Sp,(W) for a unique isomorphism class of irreducible Wg-representations and a
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unique positive integer s, which is defined as follows. The underlying Wg-representation
of Sp,(W) is
WaeWl) @ - aW(s—1),

where W (i) = W ®¢ |Artz' (—)|. The monodromy operator is N : W (i) = W(i+1),z®
1 — x ® 1. Observe that Sp,(WW) = W ® Sp,(1) as a Weil-Deligne representation.

See [Del73, Proposition 3.1.3] for a proof of this classification. Here, |—|r is the normalized
absolute value character of ', which coincides with nr;,,. The Artin map is normalized

so that uniformizers correspond to geometric Frobenius lifts.

3.1 STATEMENT OF THE CORRESPONDENCE.

The Langlands correspondence for GL,, (F') [HT01, Hen00, Sch13] is a series of bijections
recc : Irre(GL,(F)) = @p,(C)

compatible with central characters, unramified twists and contragredients, given by local
class field theory when n = 1, and satisfying an equality of L-functions and e-factors
of pairs that we will not need in this thesis, although it is of fundamental theoretical
importance. (See the introduction to [HTO01] for a precise statement.) The normalized
correspondence

Too(T) = rece(m @ nrya-m)2),

for the positive real square root ¢'/? € C*, commutes with all automorphisms of C. We
will sometimes drop the index C from the notation when the coefficients are clear from the
context. (An automorphism 7 € Aut(C/Q) acts on the two sides of the correspondence
by 7(p,N) = (p®, C,N ® 1), and 7*7 = 7 ®, C.)

However, in order to access Vignéras’s results on the Langlands correspondence over more
general coefficient fields, we will fix a square root of ¢ in Q, for all prime numbers [ # p,

1/2

and we will work with rec. Any isomorphism ¢ : C — Q, sending the positive real ¢'/? to

our fixed choice defines the same bijection
recg, : Irrg, GL,(F) — Dr,(Q).

Remark 3.1.1. Most of our arguments will be concerned with the restriction to inertia

of recq (), which is independent of the choice of q'2.

Now we recall the results of [VigOla] on the reduction mod [ of recg . The first step is

to study the behaviour of the semisimple part of the Langlands parameter. Recall our
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notation and conventions for the supercuspidal support map

sc: H Irrg GL, (F) — Div* (scuspy F).

n>1

Given X =m +---+m, € Div+(scusp§l F), we define
recg, (X) = recg, (m1) @ - - & recg, (7).

The semisimple Langlands correspondence is the map 7 — recalsc(ﬂ).

Definition 3.1.2. Let G be a locally profinite group. A smooth Q,-representation of G
of finite length is integral if there exists a finite extension F/Q; and a representation of G

on a free Og-module L such that

1. Q ®p, L =7, and

2. L is a finite Og[G]-module.

In the case that G is a p-adic reductive group, a profinite group, or the Weil group W, the
semisimplification of F;®¢,, L is a finite length representation of F;[G] that is independent
of L [Vig96, 1.9.6]. Tt is denoted ry(m). One checks that o € ®x,(Q,) is integral if and
only if its determinant is integral, and 7 € scuspg, (GL,(F)) is integral if and only if its
central character is integral. At the same time, a semisimple Q;-representation o of Wp
is integral if and only if its irreducible constituents are integral, and 7 € Irrg (GL,(F))
is integral if and only if the constituents of sc(m) are integral. Since the central character

of 7 corresponds to det(recg, (7)), we deduce the following statement.

Corollary 3.1.3. The semisimple Langlands correspondence over Q, preserves integrality

of representations.

If 7 € Irrg, GL,(F) is integral and sc(m) = m1 + - - + 7, the factors of r;(7) have the

same supercuspidal support, which is equal to
sc(rymy) + - - + sc(rymg).
Theorem 3.1.4. [VigOla, Théoreme principall

1. Let m, 7" € Irrg, GL,(F') and write o = recq sc(m), o’ = recg, sc(n’). Then sc(r;m) =

sc(rym') if and only if rjo = r;0’.
2. There exists a unique sequence of bijections
recg, : scuspg, GL, (F) — Irrg, ,,(Wr)
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such that the induced semisimple correspondence over F; is compatible with mod I
reduction, in the following sense: if 7 € Irrg GL,(F) and o = recg sc(m), then

r;0 = recg, sc(rm).

Remark 3.1.5. Let 0 € Irrg, Wr. Recall that r;(0) needs not be irreducible. This phe-
nomenon corresponds to irreducible supercuspidal Q,-representations whose reduction is

cuspidal but not supercuspidal.

When R has positive characteristic, the semisimple correspondence is all we will need
in this thesis. However, for completeness we indicate how it extends to a full Lang-
lands correspondence over F;. The irreducible R[GL,(F)]-representations with a fixed

supercuspidal support can be classified via an analogue of Zelevinsky’s theory.

Theorem 3.1.6. Let (0,V) be a semisimple, finite-dimensional R|[Wp]-module. The
representations m € Irrg Wy such that recgsce(m) = o are in bijection with the nilpotent

conjugacy classes N in gl(V') such that
o(w)No(w)™' = ¢ “@N = |w|N

for all w € Wg.

Corollary 3.1.7. There exists a bijection
recg, : g, GL,(F) = @, (FY)

which refines the semisimple correspondence.

Remark 3.1.8. In the following lemma, we record explicitly the way that recq refines
the semisimple correspondence. Over Q,, one can also ask whether the nilpotent part
of the Langlands parameter is compatible with mod [ reduction, in the same way as the
semisimple correspondence. The answer is more complicated, since characters of GL,,(F)
over F; need not have trivial nilpotent part (but Q,-characters do). We will not need this

finer information.

Lemma 3.1.9. Let 7 € Irrc GL,,(F') correspond to the multiset {Aq,..., A}, where
A; = (pi,...,pi(n; —1)). Then recc(m) = @, rec(p;) ® Sp(n;). It follows that if = has

supercuspidal support
GL,, (F) x -+ x GL,, (F),m ® -+ - ® 7,
then the Wg-representation underlying recc(m) is recc(m) @ - - - @ rece(m,).

Finally, we study the behaviour of the Langlands correspondence with respect to restric-

tion to inertia.
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Lemma 3.1.10. Let 71, 5 € Irrg GL,(F), and assume R is C or Q. Then recg(m )|, =

recg(ma)|r if and only if m and my are in the same Bernstein block.

Proof. 1f the m; are inertially equivalent then the W representations underlying recg(;)
have the same restriction to Ir by lemma 3.1.9 and the compatibility of recg with un-

ramified twists.

Conversely, assume that recg(m )|, = recg(m)|r, and let 7 occur in the supercuspidal
support of m. By lemma 3.1.9, recg(m) is a direct summand of recg(m)|w,, hence
recg (7 )|IF shares a constituent with recg(72)|7,. for some 75 in the supercuspidal support
of my. Since the restriction of an irreducible Wg-representation to Ir is multiplicity-free
and consists of a single orbit of representations under the action of Wg/Ip, this implies
that recr(m)|Ir = recg(72)|Ir. Hence recg(7) and recg(72) are unramified twists of each
other, so that an unramified twist of 71 occurs in the supercuspidal support of m. The

claim follows. O

Concerning the wild part of the Langlands parameter, we recall the following result of
Bushnell and Henniart, which is for complex representations. Write Py for the set of
irreducible smooth complex representations of the wild inertia group P, and E(F) for
the set of endo-classes of simple characters over F'. There is a left action of Wr on P}
by conjugation. If ¢ is an irreducible representation of Wy, then let rh(0) € Wr\ Py be

the orbit contained in the restriction o|p, (which need not be multiplicity-free).

Theorem 3.1.11. [BH14, Ramification Theorem] The Langlands correspondence induces
a bijection

such that ®p(rk(0)) is the endo-class of recg! (o), for any irreducible o. If v : F — F
is a topological automorphism, extended in some way to an automorphism of W, then
Op(v*[a]) = v*Ppla] for all [a] € Wg\Py.

Remark 3.1.12. This result has been extended in the supercuspidal case to study the
behaviour of the whole ramification filtration under the local Langlands correspondence,

see [BH17]. However, we will not make use of this.

3.2 RELATION WITH GALOIS REPRESENTATIONS.

Let [ be a prime number (possibly equal to p) and p : Gr — GL,(Q,) is a continuous
Galois representation. If p is potentially semistable, which is always the case if | # p, it
is possible to attach to p an element of ®1,,(Q,;) and so a representation of Q;[GL,(F)].
When [ # p the construction is based on Grothendieck’s l-adic monodromy theorem,

which also holds for more general coefficient rings. The proof is essentially the same as
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in the classical case of coefficients in a finite extension of Q; [ST68, Appendix], but we

give the details for lack of a suitable reference. Let
t : I P — Zl

be the map that is obtained by composing the Kummer theory map I — Z;(1) with an
arbitrary isomorphism i; : Z;(1) — Z;. Then ¢, is the projection to the maximal pro-I
quotient of Ir. If L/F is a finite extension contained in F, the restriction of ¢; to I, is a
surjection to e(L/F)Z; = Z;, and it identifies with the projection to the maximal pro-I
quotient of I7. See [Ser72, 1.3, 1.4].

Theorem 3.2.1. Let [ # p and let A be a complete Noetherian local Z;-algebra with
finite residue field. Assume p : Gp — GL,(A) is a continuous morphism. Then there
exist an open subgroup H = I, C Ir and a unique element N € M, (A) such that the
equality

p(g) = exp(e(L/F)'t)(g)N) for all g € H

holds in GL, (A[1/l]). Furthermore, N becomes nilpotent in M, (A[1/]]).

Proof. Let H = p~t(14+m!M,,(A))NIp, for t large enough. This is an open subgroup of Ir,
hence it is the inertia group of a finite extension L/F. Since t;|;, maps onto e(L/F)Z,,
we find that there exists a € 1 +m'M,,(A) such that

p(g) = aE MO for all g € H.

Now «a — 1 is topologically nilpotent, and N = log(«) is well-defined. Furthermore, if ¢ is
large enough then exp(e(L/F)~t;(g)N) converges in M, (A[1/l]) and is equal to p(g) for
all g € H. The uniqueness of N follows since N = log(p(g)) for any g € H with ¢;,(g) =
e(L/F).
It remains to prove that the image of N in M, (A[1/l]) is nilpotent. For this, recall that
by Kummer theory we have

ti(wgw™") = xi(w)ti(g)
for all g € Ir and w € G, where x; : Gp — Z] is the cyclotomic character. It follows
that

p(w)Np(w)™' = x;(w)N. (3.2.1)
If a;(N) is the i-th coefficient in the characteristic polynomial of N, equation (3.2.1)
implies that a;(N) = y;(w)'a;(N) for all w € Gp. Since x; has infinite image in Z), we

can find w € G such that y;(w) is not a root of unity. But then the image of a;(NN)
in M, (A[1/1]) is zero, and the claim follows. O

Let ® € G be a Frobenius lift. It follows from the theorem and equation (3.2.1) that we
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can attach to every continuous Galois representation p : Gp — GL,(A) a Weil-Deligne

representation with coefficients in A[1/l], defined on w = ®™i by

p'(w) = p(w) exp(—e(L/F)" (i) N).

One checks that the isomorphism class of this representation is independent of the choice
of ® and T Zl(l) — Zl-

When | = p, we only treat the case of coefficients in the ring of integers of a finite
extension F/Q,. Fix a completed algebraic closure C'/F. Let us recall that p-adic
Hodge theory constructs a discretely valued field Bgg, with residue field C', and equipped
with its valuation filtration and a “canonical topology” inducing the valuation topology
on C'. It is furthermore equipped with a continuous action of G such that F' = Bg{ .
Write Fp for the maximal unramified extension of Q,, in Fj. We also have the crystalline
period ring B, which is an Fy-algebra equipped with an injective ring endomorphism
¢ @ Buis — Bais inducing 0 = [z +— 2P] on F,. There is a canonical ring extension
Beis — Bst, non-canonically isomorphic to Beis[X], to which ¢ extends. There is a
monodromy operator N : By — By, which is a Bs-linear derivation satisfying the

equation Ny = ppN, and we have B = BSJXZO‘

A continuous representation p : Gp — GL(V') on a finite-dimensional E-vector space V

is potentially semistable if there exists a finite Galois extension L/F such that
Dg (V) = (By ®q, V)"

is a free Ly ®q, £-module of rank dimg (V). By the p-adic monodromy theorem, this is
equivalent to p : Gp — GL(V) being a de Rham representation.

The module DL (V) carries a Frobenius map ¢ induced by ¢ ® 1 and a residual action
of Gal(L/F), which commute with each other and are o ® l-equivariant. It also has a
monodromy operator N, induced by N ® 1 and satisfying Ny = ppN. Following [Fon94],

we introduce a “linearized” action of Wr on DL(V), by letting
7"‘(0’) = O’(pa(o-)[kF:Fp] ® p(o-)

This makes sense because ¢ ® 1 is bijective on DL (V). Hence r is a smooth bounded

representation of Wy on DL (V), commuting with the endomorphism ¢, and satisfying
(N@1)r(o) = ¢"r(o)(N @ 1)

Hence we have a Weil-Deligne representation with coefficients in Ly ®q, E. We introduce
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the notation
WDTO(V) = Df:c(v) ®L0®QpE,To®1 E

for the specialization through an embedding 7y : Ly — E. When E contains all embed-

dings of Ly, we have the following lemma.

Lemma 3.2.2. The isomorphism class of WD, (V) is independent of the choice of 7 :
Ly — E. We denote it by WD(V).

Proof. We have an identification of WD, (V') with
DR(L)={z e DL(V): (I® )z =(1®m()r forall | € Ly}.
Then ¢ : DP(V) = D27 (V), because
(@)pr=9((cle®)z) = (1@ )z) =(1Q 10 )z

if x € DR (V). Furthermore, this map commutes with the Wg-action, and intertwines N

and pN. Since o acts transitively on the embeddings 7y : Ly — E, the lemma follows. [

We define the inertial type of V' as the isomorphism class of WD(7|;,.). Observe that we
have an isomorphism

D (V) = Lo ®q, WD(7)
of smooth Wp-representations, hence our definition agrees with that in [Kis08].
Remark 3.2.3. In [Kis08] the extension L is not specified, working instead with the functor

L/F

The formalism of period rings implies that WD(V) ® Qp is independent of the choice
of L and F (provided that Ly embeds in E). In addition, we will usually be working with
a finite collection of Weil-Deligne representations, and we will assume that E is large

enough that all their irreducible E-components are absolutely irreducible.
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A parametrization of inertial classes.

In this chapter we give an explicit parametrization of inertial classes of irreducible rep-
resentations of GL,,(D), in terms of type-theoretic invariants. Instances of this problem
have already been studied, but never in a systematic way, and this has led to inaccuracies

in the literature.

To see what might go wrong, let us consider a supercuspidal inertial class s for GL,,(F).
By theorem 2.4.10, it is uniquely determined by a GL, (F)-conjugacy class of maximal
simple types. To construct these, we fix a maximal simple character # and a S-extension x,
and we form a tensor product (Jy, k ® o) with a cuspidal irreducible representation
of Jo/J;. By proposition 2.4.5, the conjugacy class of 6 is uniquely determined by its
endo-class Op = cl(f). It is therefore natural to regard the pair (O, o) as an invariant

of s.

However, suppose that we want to compare these invariants for s and JLpx(s), as we
will need to do in order to study our Jacquet-Langlands transfer of weights. Since the

endo-classes are defined intrinsically to F', it makes sense to ask whether
Cl(ﬁ) = CI(JLDXE),

and indeed this is a special case of [BSS12, Conjecture 9.5 and theorem A in the in-
troduction. Hence one would like to express ¢ in a way that is independent of the

group GL,(F).

We know that Jp/Jy is isomorphic to GL, 5@, (kF @), and whenever an isomorphism
is fixed we can apply 2.5.7 and write o0 = o[x| for an appropriate choice of characters
of ki (@) Furthermore, it will turn out that the group Jy/J; on the side of D* is iso-

morphic to k;;in Je(Or)" Hence our problem is equivalent to finding canonical isomorphisms
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between these groups.

However, we find that one needs to introduce an additional piece of data (a “rigidifica-
tion”) in order to obtain such a canonical isomorphism. Neglecting to do so leads to
ambiguities in certain statements: see for example [SS16b, Section 9], which deals with
the problem in a similar way, or section 4.1, in which we give a thorough exposition of

another instance of this ambiguity, and we show how our method fixes it.

We conclude this introduction by giving a brief sketch of our construction. Let 6 be a

maximal simple character in GL,,(F), and fix a S-extension k to Jy. The space
K () = Hom (. )

carries an action of Jy/J;, by f — zfz~'. The resulting functor K has been introduced
in [SZ99] and further studied in [MS14b]. In section 4.2, we show that the choice of a
lift O of O = cl(f) to its unramified parameter field £ C F induces a well-defined

inner conjugacy class of isomorphisms
J9/J91 = GL5(9F)(e)a

which is furthermore independent of the choice of # in its G-conjugacy class. By means
of this isomorphism, we identify K (7) with a representation of GL,/50,)(e), writ-
ten K, (7).

If 7 is supercuspidal, then so is K, (), and we obtain a Galois conjugacy class of e-regular
characters

X : e:/é(eF) — R™.
The triple (Op, O, [x]) is well-defined in terms of 7, and only depends on the inertial
class s(m). We write

s(m) = 5¢(0F, O, [X]).

At this point, it is straightforward to prove that the map ss induces a surjection from
triples consisting of

1. an endo-class O of degree dividing n,
2. a lift of ©F to its unramified parameter field, and

3. a Gal(en/s(0,)/€)-orbit on the set of e-regular R-valued characters of € ;o
to supercuspidal inertial classes of GL,(F) over R. We extend this to simple inertial
classes via the supercuspidal support and a notion of compatibility for S-extensions. In
this thesis, we will only need this parametrization of simple inertial classes, but the results
of [SS16a] make it straighforward to extend it to the whole of By (GL,(F)).
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4.1 MOTIVATION FOR OUR CONSTRUCTION.

In this section we point out an explicit instance of the sort of ambiguities that our
rigidification process is intended to fix. We are concerned with [BHO05, Section 2.3,
where R = C. The authors start from an admissible pair (E/F,{) of degree n and
construct a cuspidal representation pme of GL,(F). We claim that this construction is
not well-defined: we will review it line by line, point out where it fails, and explain how
to fix it.

Ezample 4.1.1. To fix ideas, one could let F' = Q,, £ = Q,4, and take a character § of
E* such that £|Uy is inflated from Ug , but not Ug . Admissible pairs (E/F,§) with
this property do exist.

Let E'/F be the minimal subextension of E/F such that £|Uy factors through Ng/p.
In our example, E' = Q2. Write §|U} = N p®. Choose a simple stratum 27,0, 03]
in A= M,(F) and a simple character § € C(, ) whose endo-class is Resg//p(¢).

At this point of [BH05] we find the sentence “We then have F[5] = E'; we henceforward
identify E’ with F[5] C A.” The point of our discussion is that the isomorphism class of
the representation pme depends on the choice of this isomorphism £’ = F[3] (which we
take to be F-linear, even though [BHO05] is not precise about this). In our example there

are, of course, two such isomorphisms that we will denote ¢1, ¢o.

Let us assume that 2 is maximal among (E’)*-stable hereditary Op-orders in A, or
equivalently that 6 is a maximal simple character. The groups attached to 6 are de-
noted J* C J° € J = E*J° C GL,(F): they are the normalizers of 6 in, respectively,
Uy, Uy and G. Let B be the centralizer of E' in A. Let n be the only irreducible repre-

sentation of J! that contains 6.

Remark 4.1.2. Since endo-equivalent maximal simple characters in GL,,(F) are conjugate,
the choice of a defining simple stratum [21, 1,0, 5] for # can be ultimately proved not to
introduce any ambiguities. Our aim in this section is just to show that the construction
in [BHO5] fails to associate a well-defined representation of GL,(F) to an admissible
pair (E/F, &), hence we will work (as they do) with a fixed choice of [, 1,0, 5].

The next lemmas in [BH05] assert the existence of -extensions, as in our discussion in

section 2.4. Fix a uniformizer 7p of F'.

Lemma 4.1.3. There exists a unique irreducible representation # of J° such that x|J! =
1, K is intertwined by every element of B*, and det x has finite order which is a power

of p.

Lemma 4.1.4. There exists a unique representation % of J such that k|J = k, 7p € kerk,

and det k has finite order which is a power of p.
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Now we employ the uniformizer 7z to write down a factorization of &.

Lemma 4.1.5. There is a unique character &, of E* such that &,|UL = £|UL, &u(mr) = 1,

and &, has finite order which is a power of 7.

Proof. These conditions determine &,|7% x Uf. Since E* /7% x UL is a finite abelian
group with prime-to-p order, uniqueness is true. For existence, first extend from 74 x U
arbitrarily (using that C* is an injective abelian group) and then notice that the prime-

to-p part of this extension factors through E* /7% x UL. O

Set & = £,'¢. Then & is tamely ramified, and (F/E’, ;) is admissible. Let B = 24N B,
which is a maximal Og-order in B. At this point in [BH05] we find the sentence “We have
J =UgJ" and J/J' = Uy /Uy = GL4(kg), where d = [E : E']. We follow the procedure
of 2.2 to define, from the admissible pair (E/E’,&;), an irreducible representation A; of
EXUy /UL = /]

The claimed isomorphism J/J' = GLg(kg) is not well-defined. What we do have is an
isomorphism

J/J' = GLa(krpg),

and to go to GL4(kgs) one needs to choose an isomorphism kg = kg Of course
this is provided by our choice of E = F|[f]. The reason this matters is that changing
this isomorphism induces, in general, an outer automorphism of J/J! (nontrivial on the

centre), and this is going to act nontrivially on representations.

Remark 4.1.6. In our example, E' and F[] are unramified extensions of F', hence this is
the same as choosing an isomorphism E’ = F[S]: this is the same ambiguity that was
introduced at the start. In general, £’ and F[f] are isomorphic tame extensions, and
the only ambiguity comes from the induced identification of their maximal unramified
subextensions. So, for a totally tame endo-class, there is no ambiguity: this is the reason
[BHO5, Section 2.2] works, since it is concerned with the trivial endo-class, and the
main results of [BHO5] are not affected by this, since they work in the totally ramified
case. The sequel [BH10] works with more general extensions, but the authors change the
construction of pme in such a way that this is not an issue: however, this fix seems to only

work in the essentially tame case, since it relies on identifying GL,(F) with GLp(E).

Let us inspect “the procedure of 2.2” to see that this really plays a role. (Of course, we
will have to interpret what “the procedure” is, since this is not made precise: but it seems
clear that the following is what is intended.) First let us review [BHO05, Section 2.2]. This
is concerned with admissible pairs (E/F,¢) such that &|U} is trivial. By definition, this
implies that E/F is unramified and that ¢ yields a Gal(kg /kp)-regular character & of k.
This yields an irreducible cuspidal representation of GL,(kr) that depends only on the
Gal(kg/kr)-conjugacy class of . This representation can be inflated to GL,(OF), and
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then extended to a representation of F*GL, (Or) be requiring that A¢|F* be a multiple
of £&. Then c-Ind§ A is an irreducible cuspidal representation of GL,(F).

In our previous setting, we have an admissible pair (E/E’ §;). This yields a cuspidal
representation of GLg(kg), and our choice of isomorphism ¢ : kg — kpig yields a
representation of J/J!' = Uy /Uy (this last isomorphism is canonical). If we extend it to
a representation A¢ of J = F[f]*Us /Uy = E*Uy /Uy = E'™*Uy /Uy by letting it be a
multiple of & on E’, we obtain an irreducible representation

e = c—Ind_?L"(F) Ae ® K.

To see that this need not be well-defined, we can assume that &,, a character of kp, is not
just Gal(kg/kg)-regular but also Gal(kg/kp)-regular. In our example, this amounts to
requiring the Galois conjugacy class [¢,] to have size four. But now [¢,] splits into two con-
jugacy classes for Gal(kg/kg), corresponding to two nonisomorphic cuspidal represen-
tations of GLy (kg ), namely {o[¢,], 0[€]]}, that are switched by the outer automorphism
coming from Gal(kg /kr). The upshot is that the representation A¢ really depends on
the choice of ¢; : E' = F[f]. To see this, notice that the construction in [BH05] requires

us to always work with o[¢,]. Tt is immediate that the pushforwards of this representation

under the two different isomorphisms
L1,l2 GLQ(kE/) :> GLg(kF[g]) <: J/Jl

are nonisomorphic representations oy, oy of J/J'.

So the construction produces two nonisomorphic representations A¢,, of J, with the

property that A¢,,|J = o,. But then there is the following observation.

Lemma 4.1.7. With the notation above, the representations m; = c—Indg’L"(F) (Aey, @ R)
and mp, = C—Indg’L”(F) (A¢,, ® k) are nonisomorphic irreducible cuspidal representations

of GL,(F).
Proof. 1t is enough to prove that
K, (m;) = Hom 1 (k, m;)

are not isomorphic as representations of J/J!. One way of doing so is to apply [MS14b,
Lemme 5.3|, which says that

Hom i (k, m;) = 0;

as J/J'-representations, since m; contains the maximal simple type k ® o;. O

This is an issue since both 7,7 should be isomorphic to gme, according to [BHOS,
Section 2.3].
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Here is how to fix the problem in our example. The endo-class ©p = Resg/p(¢) has
degree two, and unramified parameter field isomorphic to £E’. By proposition 2.4.8 there
is an internal lift of 6, denoted @5, to a simple character for the group GLy(F|[f]) C
GL4(F'), which is the centralizer of F[] in A. There are two lifts of ©r to E’: both have
degree 1 over E’, hence they correspond to two characters of Uj,, which are conjugate
under Gal(E’/F). But the datum of the admissible pair (E/F, £) singles out one of these

two lifts, namely the one corresponding to ¢. Let us denote it O .

From this, we get a natural choice of the isomorphism ¢ : £’ = F[3], by requesting
that " cl(0p(s) = ©p/. This is precisely the outcome of the process of “rigidification via
Orp — Op” that will be described in the next section: in general, one does the same
thing, except that there is no need to fix a choice of £’ = F[3], but just of its restriction
to the maximal unramified subextension, that we regard as a subfield of a fixed algebraic

closure of F'.

4.2 LIFTS AND RIGIDIFICATIONS.

Let A = M,,(D), a central simple algebra over F' with mdeg(D) = n, and let G = A* =

GL,, (D). Assume 6 is a maximal simple character in G and write Op = cl(6).

Definition 4.2.1. A parameter field for 6 in G is a subfield of A of the form F[f] for a
simple stratum [, 5] defining 6. An unramified parameter field is a subfield of A of the
form F[5]™ for a parameter field F/[5] (the maximal unramified extension of F' in F[3]).

Proposition 4.2.2. Let 6 be a maximal simple character in G and let T, T5 be unramified

parameter fields for #. Then

1. there exists j € J; conjugating Ty to Th

2. if j € J} normalizes an unramified parameter field T for 6, then it centralizes it.

It follows that there exists exactly one isomorphism 7T} — T5 which can be realized by

conjugation by elements of J;.

Proof. This is very similar to [BH14, 2.6 Proposition]. Let [2, ;] be strata defining 6
with T; = F[B;]™. For the first part, given a generator (; of pg,, there exists some
generator (3 € uz, and some j; € Jy such that {; = (1j;. This is because the inclusion
yields isomorphisms U(Bg,)/U'(Bp,) — Jo/J; embedding pr, in the centre of Jp/J;.
The centre is given by the image of OJ,, hence might be larger than the image of yr;,
but it will still be a cyclic group. Since Zthe pr, have the same order, as the 7; have the

same degree f(©p) over F, they will have the same image under these maps.
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By [BH14, 2.6 Conjugacy Lemma|, (; = (1J; is Jj-conjugate to some (3 = (3o, where
J2 € J commutes with ¢;. But then j, = 1 as its order has to be both a power of p (as
j2 € Jg) and prime to p (as jo = ¢; '(3 and the factors at the right hand side commute).

So the generator (s of ur, is Jj-conjugate to the generator ¢; of pr,, and the claim follows.

The second part holds as ur generates T over F' and embeds in Jp/J), on which the

conjugation action of Jj is trivial. O

The degree of an unramified parameter field of 6 over F' equals f(Op), which is inde-
pendent of the choice of [2(, 5] defining 6, and even of the choice of a representative
of Op. Let E = Fy(o,), the unramified extension of F in I of degree f(Or). By proposi-
tion 4.2.2, between any two unramified parameter fields E; for 6 there is a distinguished

F-linear isomorphism tg, g, : E1 — E,. Choose F-linear isomorphisms
vr B —T

for any parameter field T for 0, such that vp, ¢, = tp, throughout. Denote the system

of the 7 by ¢.

Now fix a parameter field F'[§] for §, and an F[§]-linear isomorphism @ : B — M,/ (D’) for
some central division algebra D" over F[f], sending B = BN2A to M,,,(Op:). The choice
of ¢ yields a distinguished embedding e — d’, and the extension d’/e has degree d' =
d/(d,6(OF)), where 6(O) = [F[f] : F], so we get a well-defined Gal(ey /e)-orbit of e-
linear isomorphisms ey — d’ and M,,/(d") — M, (es). In all, the choice of ¢ specifies,
for every maximal simple stratum [2(, 5] defining 6 and every F'[f]-linear isomorphism
®: B — M, (D), an isomorphism

v J@/ng — GLm/(ed/),

well-defined up to the action of Gal(ey /e) on matrix entries.

Proposition 4.2.3. The conjugacy class () of this isomorphism under the natural
action of Gal(ey/e) x GL,(ex) on GL,(ey), by inner automorphisms and Galois
action on matrix entries, is independent of the choice of [, 5] and ®, and only depends

on 6 and ¢.
Proof. Take two maximal simple strata [2(;, 5;] defining 6, and fix F[f;]-linear isomor-
phisms ®; : B; — M,,(D}) to central division algebras D! over F[3;], sending B;
to M, (D}). We obtain isomorphisms

Jo/Jy — U(B;) /U (B;) — GLyw (d}) — GLyw(eq) (4.2.1)

well-defined up to Galois action on coefficients, where the first map is the inverse of
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the natural inclusion, the second is induced by ®;, and the third by an arbitrary choice
of an isomorphism d; — ey that is e-linear for the embedding e — d; induced by
tege © B — F[B;]". The integers m; and d; coincide as they only depend on the

endo-class of 6.

Observe that (4.2.1) arises from an analogous sequence
185 2:) /3 (B, i) — By /FB1(Bi) — My (d}) — My (ear)

of e-linear ring isomorphisms between e-algebras, on passing to the groups of units. The
equality j' (81, 24;) = j' (82, 2;) holds since j'(53;,24;) = J'(5;,2l;) — 1. The orders j(5;, 2;)
have the same group of units, since j(;,2;)* = J(8,2;). The quotient j(3;,2L;) /i (8, 24;)
is additively generated by its group of units (as for all matrix algebras over fields), hence

)(B1, i) = j(B2, Ai).

The e-algebra structure on j(5;,2;)/i*(5;,2l;) comes from the embedding ¢pjg,u for i €
{1,2}, and by construction these embeddings are conjugate by the action of Jj. So
these two e-algebra structures coincide. The claim follows as we have two e-linear
ring isomorphisms j(3;,2;) /i (8;, ;) — M, (eq), which therefore differ by the action
of Gal(es /e) x GL,y(es) by the Skolem—Noether theorem. O

Now we show how the choice of a lift O — Op of O to E defines such a system ¢
of isomorphisms. Let [2;, 5;] for i = 1,2 be a simple stratum in A defining 6, and
consider the unramified parameter field T; = F[5;|"" of F. Proposition 2.4.8 applies, as ;
commutes with 7; and T;[5;] = F[f;] is a field with F'[3;]* C R(%;), and we get an interior

lift 1,. Fix compatible isomorphisms ¢y, : £ — T; as in section 4.2. We get endo-classes
Proposition 4.2.4. The endo-classes ©L and ©% are equal.

Proof. Because the iy, are compatible, we have v, = vpy nytmy, for vy, T4 — T3 the
only isomorphism induced by conjugation by elements of J} (see proposition 4.2.2). The

relation

@2E = L;Q C]'(QTZ) = L'}gb;l,TQ C1(9T2)

holds. Assume ¢y, 1, is induced by conjugation by j € ng. Then
vy, Hbr,) = cl(ad(j)"br,).

However, ad(j)*0r, is the T3-lift of ad(j)*0 = 0, hence ad(j)*0r, = 6r,, and the claim
follows. O
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Proposition 4.2.5. The group Gal(E/F) is simply transitive on the set RGSE}F(QF) of
E-lifts of OF.

Proof. The action has been defined after (2.4.1). By [BHO03, 1.5.1], Gal(E/F) is transitive
on Resg} »(©F), which is in bijection with the set of simple components of £ ®@p F|[f]
for any parameter field F[3] for §. But E is F-isomorphic to the maximal unramified

extension of F' in F[f], hence

EopFlgl= [] FI8

o:E—F[f]

and so the fiber Res]_ﬂ}F(@F) has as many elements as Gal(E/F). O

It follows that for any unramified parameter field T" for 6 we can define 1 : E — T to
be the only F-linear isomorphism such that 5. cl(fr) = ©Og; by proposition 4.2.5, tp is
well-defined, and by proposition 4.2.4 this defines a compatible system of isomorphisms.

So a choice of a lift O — O gives rise to a conjugacy class
\I/(@E) : J@/ng — GLm/(ed/)

for any maximal simple character § in G with endo-class O, by setting W(Og) = V(¢)

for the ¢ just constructed.

4.3 LEVEL ZERO MAPS FOR SUPERCUSPIDAL INERTIAL CLASSES.

Using the construction in the previous section, we carry through the argument sketched
at the beginning of this chapter and we attach to each supercuspidal inertial class s of G
a conjugacy class of characters, that we call the level zero part of s. We begin by recalling
the definition and basic properties of the K-functor associated to a [-extension k of a

maximal simple character 6 in G, as in [MS14b, Section 5].

Definition 4.3.1. Define a functor from smooth representations of G to representations
of Jp/Jj}, by
Ki:me Hom 1 (k[ 53, 7] ),

with the action z : f — xfa~! for x € Jy.

The functor K is exact, and its behaviour on cuspidal representations of G is recorded

in the following lemma.

Lemma 4.3.2. [MS14b, Lemme 5.3 Let p be a cuspidal irreducible representation of G.
Then
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1. if p does not contain ¢, then K (p) = 0.

2. if p contains the maximal simple type (Jg, kK ® o) then

Ki(p)2owo® @@,

where ¢ is a generator of Gal(ey /e) and b(p) is the size of the orbit of o under the
action of Gal(ey /e).

If we fix a lift ©p — Op, we can attach to every cuspidal representation 7 of GG contain-
ing @ an orbit of cuspidal representations of GL,, (es) under Gal(es /e): it is enough to
take the pushforward of K/ (7) under any isomorphism in the conjugacy class U(Og).
By propositions 2.5.7 and 2.5.16, and remark 2.5.20, we get an orbit of Gal(e,/s@,)/€)
on the set of characters of e 5 ). We introduce the notation Xz(Op) for the set of
R*-valued characters of e/ 5 1, and I'(©) for the group Gal(e,/s0,)/€). We will refer

to the map just constructed
Ay r @ (cuspidal representations of endo-class Op) — I'(Op)\Xr(OF)

as the level zero map attached to O — O and k.

Proposition 4.3.3. If §; = ad(g)*, are conjugate maximal simple characters in G,
and k1 = ad(g)*kq are [-extensions of the 6;, then A, p = Ay, r. Conversely, if k1, Ko

are (-extensions of 6 with A, rp = A, g, then k1 = Ka.

Proof. Let E be an unramified parameter field for 61, and let tg, : E — E; be the only F-
linear isomorphism with ¢, cl(61,g,) = ©p. Then gF¢~" is an unramified parameter field
for 65, and we have an isomorphism ad(g) o tp, : E — gE1g~!. Since ; = ad(g)*6s, the
relation 0y g, = ad(g)*0s g, -1 holds on the interior lifts. Hence (ad(g)otg,)* clbggp, -1 =
Op and ad(g) o tg, is the isomorphism specified by ©z. So conjugation by g preserves
the classes (O p) of isomorphisms Jp, /J; — GLy /s, (€), and since K, = ad(g)*K,,

the first claim follows.

Now assume that the x; are [-extensions of § and A,, = A,,. By the proof of proposi-
tion 2.4.9, the k; are twists of each other by a character y of €*. Then Y fixes all elements
of I'(©r)\Xr(OF) giving rise to cuspidal R-representations of GL,50,)(e), because these
also give rise to cuspidal representations of GL,(es) (recall that m'd’ = n/§(Or)). By
proposition 2.5.19, we have that y = 1. O

By [MSl14a, Lemmas 6.1, 6.8], we see that A, r(7) is supercuspidal if and only if 7 is
supercuspidal, and we know that an inertial class of supercuspidal representations consists
of unramified twists of a single representation, and is determined by the corresponding

maximal simple type. So A, g only depends on the inertial class, when restricted to
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supercuspidal representations. To extend the level zero map to simple inertial classes, we
need to study the compatibility of K-functors with parabolic induction, which we do in
the next section, following [MS14b, Section 5.3].

4.4 COMPATIBLE [-EXTENSIONS.

Because of proposition 4.3.3, we will work throughout this section with S-extensions up to
inner conjugacy in GL,,(D). Let (mq,...,m,) be a sequence of positive integers summing
to m, defining a Levi subgroup M of GL,,(D). Let © be an endo-class whose degree
divides all the integers n; = m;d. Fix a (-extension x of a maximal simple character

in GL,,(D) of endo-class Op. Fix a lift ©p — O to the unramified parameter field.

Definition 4.4.1. For 1 < i < r, let k; be a conjugacy class of maximal [-extension
in GL,,,(D) of endo-class Op. We say that the sequence (k;) is compatible with (the
conjugacy class of) « if, for all irreducible representations of GL,,, (D), there is an iso-
morphism

Kq(m x - xm) = K (m) x - x K, (m,), (4.4.1)

where [[, GL,,,(D) is block-diagonally embedded, and the parabolic induction at the
right-hand side is for the Levi subgroup [[; GL, (ea) of GLyy(es).

Remark 4.4.2. We have m)d = m;d/)(Or), and d' = d/(d,0(OF)), so that m, =
m;i(d,§(OF))/d(OF) and >, m; =m’. So the parabolic induction makes sense.

Proposition 4.4.3. For any given choice of x and (m;), there exists a unique se-
quence (k;) that is compatible with x. It is already determined by equation (4.4.1)

for irreducible cuspidal representations ;. If m; = m;, then x; = &;.

Proof. Let us first prove uniqueness. Assume we are given sequences (x;) and (),
compatible with x in the sense that equation (4.4.1) holds whenever the m; are irreducible
cuspidal representations of GL,,, (D). There exist characters x; : €* — R* such that
ki = xi%;. It suffices to prove that x; = 1 for all . To do so, let [¢] be a Gal(e,, /5,)/€)-
orbit of R-characters of e:i /5(0r) giving rise to a cuspidal representation of GLméd/(e).

By proposition 2.5.19, it suffices to prove that [¢] = [x:].

Let o be an irreducible cuspidal representation of GL,, (es) attached to [§]. For arbi-
trary j (possibly equal to ¢) let y; be an irreducible cuspidal representation of GLyn (eq),

such that p;, = py, if mj, =m’,, and p; = 0. Let m; be an irreducible cuspidal represen-

tation of GLm;(D’ ) containing the maximal simple type x; ® y;.

Let X be a quotient of py X -+ X p; X -+ X p,. By the compatibility assumption applied
to K, (m X - -+ X m,), together with proposition 4.3.2, we deduce that X is also a quotient
of

(xa1)9" X - (Xata) % X ()"
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for certain g; € Gal(ey/e). But then uniqueness of the cuspidal support for finite general
linear groups implies that, whenever m; = m/, we have that o and x;o are in the

same Gal(ey /e)-orbit. Applying this to j = 4, it follows that [£] = [x:£].

The existence of compatible S-extensions is established during the construction of covers
of maximal simple types, and the rest of proposition 4.4.3 is a consequence of [MS14b,
Proposition 5.9], although this reference does not keep track of ©g. So we review the
construction briefly. Fix a decomposition D™ = D™ & --- @ D™ . Assume that 6
is defined by a stratum [Anax, 5] such that F(/3) preserves the decomposition and Aj.x
conforms to the decomposition (see [MS14b, 5.3]). We obtain an embedded block-diagonal
IL A = [, M, (D) in A = M, (D), for which F(3) is diagonally embedded. The
commutant B = Z4(E) contains the product By X --- X B,, where B; = Z4,(E). We

have furthermore lattice chains Ayax; = Amax N D™, and corresponding strata in the A;.

Now transfer 6 to maximal simple characters 6; defined on [Apax, 3], where §; is the
projection of g to B;. We are going to see that x determines a [-extension of each
of these ¢;. For this, we need to fix an F[f]-linear isomorphism ® : B — M,,(F[5])
identifying U®(Amax) N B with M,,(Op(g), and a simple stratum [A, 3] in A satisfying
conditions (1) and (2) in [MS14b, Section 5.3].

Transfer 6 to a simple character 8, defined on [A, 5] (it won’t be maximal) and let x5 be
the transfer of k to a [f-extension of 65. Then let N be the upper-triangular unipotent
group defined by (my,...,m,), and take the invariants of k5 under J(8,A) N N: this
is a representation of J(3,A) N M which by [SS12, Proposition 6.6] decomposes as a
tensor product of S-extensions x; of the 8;. If m; = m; then the same reference shows
that x; = k;: this implies the second claim of the proposition once we prove that (k;) is

compatible with .

Consider the functors K, that the maximal [-extensions x; define with the respect to
the same lift O — ©Op. The lift O defines an F-linear embedding ¢ : E — F[f],
characterized by the equality cl(t*0ppgw) = ©p. By construction, the image of F|[f]

under the projection to B; is a parameter field for 6;.

Lemma 4.4.4. The equality cl(¢*(6; pg)) = ©p holds.

Proof. Recall that 6; is the transfer of 6 to .. We know by assumption that the
interior lift 0p(gu has endo-class © under ¢, and the content of the lemma is that the
same is true for these transfers. This follows from the compatibility between interior lifts

and transfer maps, for which see for instance [BSS12, Theorem 6.7]. ]
Now by [MS14b, Proposition 5.9], we have an isomorphism

KH(m x- - xm)— K:l(m) x - x K (7).

Ky
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Here, both sides are representations of Jp/J) and the parabolic induction refers to
I1; Jo./J5,, identified with a Levi subgroup of Jy/J;. By lemma 4.4.4, any isomor-
phism Jy/J; = GLpy(eg) in the class ¥(Og) restricts to an isomorphism [T, Jo,/Jy —
[[; GL,; () which is in the class ¥(©g) on each factor. The claim follows. O

Whenever we have (mq,...,m,), and a sequence (k;) with the same endo-class as k,
it makes sense to ask whether they are compatible. As remarked above, a necessary
condition is that x; = k; if ¢ = j. In the simple case, all the m; are equal to m/r for

some positive divisor r of m, and we can make the following definition.

Definition 4.4.5. We say that maximal $-extensions i, /, in GLy, /(D) and fp, in GLy, (D),

of endo-class O, are compatible if k,, is compatible with (Kp/p, ..., Km/r)-

Notice that every element of a compatible pair (K, r, k) determines the other uniquely:
this follows from proposition 4.4.3 and the fact that if (x,,/, k) are compatible then so
are (XKm/r, Xtm) for all characters y of e*. We end this section by recording the following

transitivity result with respect to refining the decomposition (m;).

Proposition 4.4.6. Let (m;);e; be a sequence summing to m. Assume that for all ¢ we
have a sequence (m;;);ej, of positive integers summing to m;, such that §(Op) divides
every n;; = m;;d. Let k be a f-extension in GL,,(D) of endo-class Op. Let (k;);e; be
a sequence of (-extensions compatible with , and for all i let (k;;)jcs, be a sequence

compatible with ;. Then (x;;) is compatible with k.

Proof. Fix irreducible cuspidal representations p;; of GLy,, (D), and form K-functors
with respect to a fixed lift ©p. We can twist the p;; by unramified characters, and
assume that no two of them are linked. By [MS14a, Théoreme 7.24], this implies that
the parabolic inductions X ¢ p;; are irreducible. So by proposition 4.4.3 we deduce that

there are isomorphisms
Ky (Xijpij) = XiertKa, (Xjes,0i) = XK, (pig). (4.4.2)

Since the K-functors only depend on the restriction of a representation to a compact open
subgroup, they are invariant under unramified twists. Hence (4.4.2) is actually true for
all cuspidal irreducible representations p;;. Then the claim follows from the uniqueness

part of proposition 4.4.3. O

Remark 4.4.7. A compatibility of this kind is implicit in [MS14b, Remarque 5.17], so
probably it can be proved directly (without the use of K-functors).
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4.5 LEVEL ZERO MAPS FOR SIMPLE INERTIAL CLASSES.

Definition 4.5.1. Define the level zero map
Ay g : (simple inertial classes of endo-class Op) — ['(Op)\ Xr(OF)

by sending the inertial class of supercuspidal support [GL,, (D), 7"] to the inflation of
Ay, ,,,r(7;) through the norm e 5o v — €50, Here i, is the maximal f-extension

compatible with x.

Proposition 4.5.2. Let m be a cuspidal, non-supercuspidal irreducible representation

of GL,,(D). Then the two definitions we have given for the level zero part of 7 coincide.

Proof. Let [ be the characteristic of R. Choose an element of ¥(©g) and then a factor o
of K, (), viewed as a cuspidal representation of GL,,(ey). Then o corresponds to an
orbit [x]a of characters e’ I5©p) R* under Gal(e,/s,)/es). Our first definition yields
Ay r(m) = [x], the orbit under Gal(e,/s5©,)/€).

Since 7 is not supercuspidal, neither is o, and so y is not itself ey-regular. Hence it
is norm-inflated from an eg-regular character x, of some intermediate e 15(05)s" The

supercuspidal support of o corresponds to the Gal(e,/s5©,)s/€a)-orbit of x,.

The supercuspidal support of 7 is inertially equivalent to some (GLm (D), 7T;<T). The sec-
ond definition of A, g(7) is the inflation of the character orbit A, r(m.). By construc-
tion, A,im/mR(m) is an orbit of Gal(e, s ,)r/€) on the ey-regular characters of e:/(s(@F)r.
By compatibility of s and &,,/,, the supercuspidal support of o consists of representations

attached to A, r(m). It follows that r = s, and the two definitions agree. O

We have the following proposition concerning reduction modulo [, which uses the fact that
a B-extension s of a maximal simple Q;-character 6 is integral and the reduction r;(x) is

a B-extension of r;(), a maximal simple F;-character [MS14b, Proposition 2.37].

Lemma 4.5.3. Let 7 be an integral Q,-representation of GL,,(D) which is simple of
endo-class ©p. If 7 is a Jordan-Hélder factor of r;(7), then A, ) 7(7) = A, g, (m)®.

Proof. In this proof, we write “support” for “supercuspidal support”. There exists r such
that the representation 7 is a subquotient of a parabolic induction 7, X - - - X x,m, for an
integral supercuspidal representation 7, of GL,, /(D) and unramified characters x; valued
in Z, . Then the Jordan-Hélder factors of ry(7) form a subset of those of X, r;(m,) X - - - X

anl (7-(1”)'

By construction, every representation appearing in the support of a factor of Ky, .)(7) is
attached to A, ) 7, (7). By [MS14b, Lemme 5.11], the equality r;[K ()] = [Ky,(x) (r:(7))]
holds.
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Let o be a factor of K, (7). Then sc(o) € [K
by (4.4.1). Hence, the support of any factor of r;[K,(m)] coincides with the support of a
factor of r;[K, i
Q,-representations attached to AK@(W). The support of the reduction of any of these is

(m,)*"], where Ky, is compatible with r,

Km/r

(m-)*"]. By definition, [K,, , (7)] consists of the irreducible, cuspidal

a multiple of a representation attached to A, g (m)(Dree. Hence, every representation ap-
pearing in the support a factor of r;[K,(7)] is attached to A, g (m) e Since Ky, () (7))
is a subset of r;[K, ()], the claim follows. O

We can finally define our parametrization of simple inertial classes. Fix for every endo-
class O a lift ©p — O and a conjugacy class of maximal S-extensions k in GL,,(D) of
endo-class ©r. In more detail, by proposition 2.4.5 any two maximal simple characters
in GL,,(D) of endo-class O are conjugate, and it is possible to choose their S-extensions
so that, whenever ¢; = ad(g)*6, for some g € GL,,(D), one has r; = ad(g)*r2. For this
to be a well-defined conjugacy class we need to check that if ¢ € G normalizes 6, then
it normalizes x; but the normalizer J(#) of # in G normalizes Jy, which is the unique
maximal compact subgroup of J(), and € and k have the same G-intertwining (this is a

defining property of S-extensions), hence the claim follows.

This allows us to define two invariants of a simple inertial class s € Br(G), namely the
endo-class cl(s) of any maximal simple character contained in the supercuspidal support
of 5, and the level zero part A, r(s), where k(s) is any [S-extension in the class we have
attached to cl(s), computed with respect to the lift that we have fixed for cl(s). This is
well-defined by proposition 4.3.3.

Theorem 4.5.4. Fix lifts O — O for every endo-class O over F. The resulting map
inv : s = (cl(s), Aws),r(5))

is a bijection from the set of simple inertial classes of R-representations of GL,,(D) to
the set of pairs (O, [x]) consisting of an endo-class O of degree dividing n = md and a
character orbit [x] € ['(Op)\Xr(OF).

Proof. A supercuspidal inertial class s is determined by the conjugacy class of maximal
simple types it contains, which can be recovered from the image of this map. To see
this, assume given (Op, [x]) such that [x] is eg-regular, and let # be a maximal simple
character in GL,,(D) with endo-class O and [-extension k. Then the maximal simple
types (Jp, k ® 0;), where the o; are any two supercuspidal representations of GL,,(es)
in the orbit corresponding to [y], inflated to Jy/J; under any element of ¥(Of), are
conjugate in GL,,(D) and correspond to a supercuspidal inertial class. Indeed, if [, ] is
a simple stratum defining 0, and we fix an F'[3]-linear isomorphism B — M,,/(D’), then

the normalizer J(0) = 74, x Jy, and conjugation by 7p acts as the Frobenius element
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of Gal(d'/e) on d’. Hence our map is injective when restricted to supercuspidal inertial

classes, and its image consists of those (O, [x]) such that [x] is ez-regular.

The result then follows because, if s = [GL,,/-(D), 7,"], then

invar,,p)(s) = inver,, , (0)[GLn/ (D), m],

and we can use the result for supercuspidal inertial classes of GL,,;.(D), where we de-

fine invqr, | /(D) using the compatible f-extensions. O

Ezample 4.5.5. Fix ©p and notice that the simple inertial classes in GL,,(D) of endo-
class O are in bijection with the union of the supercuspidal inertial classes in GL;(D)
of endo-class O, where t is a divisor of m such that §(©) divides n/t. We are claiming
that these are also in bijection with I'(©r)\Xr(OF). Every element of I'(©7)\Xr(OF)
is regular for precisely one subfield of e, /5,) containing ey, and e,/s5e,)/€s has de-

gree m' = It is possible to see that the two sets have the same number of

23
sOp)d "
elements, independently of the previous discussion. To do this, it suffices to prove that

for a divisor t|m, we have that §(©p)|n/t and t|m’ are equivalent conditions.

Assume first that 6(Op)|n/t. Then GLi(D) has a maximal simple character of endo-
class ©p, with a parameter field whose commutant is isomorphic to some M, (D;) with

whereas m’ = 56 a - Since m;, is an integer and m’ = mj - t, we have t|m’.

my = t5(9np)d”
Conversely, assume that ¢|m’ and write m’ = m”t for an integer m”. Then n/§(OF) =

m'd =m"td, son/t = 6(Or)m”d and 6(Or)|n/t.
Definition 4.5.6. To emphasize the dependence of A on the choice of a lift of cl(s) to

its unramified parameter field, we will write the inverse to inv as a map (O, Og, [x]) —
$56(0OF, O, [x]), with finite fibers consisting of orbits of Gal(e/f) acting diagonally by
9+ (0r,08,[X]) = (Or, ¢°O&, (¢7)*[x])-

Ezample 4.5.7. The triple (Op,©g,[x]) corresponds to a supercuspidal inertial class
of GL,(F) if and only if [x] consists of e-regular characters of e s ). If this hap-
pens, then s4(OF, Of, [x]) is supercuspidal for all inner forms G of GL,(F). When the
inner form is D* for a division algebra D, one has e, 5,) = €, so every triple is su-
percuspidal for D*—of course, this is as expected because D* has no nontrivial rational

parabolic subgroups and so every irreducible smooth representation is supercuspidal.

Remark 4.5.8. In [BSS12] there is assigned an endo-class O(s) to every simple inertial
class s of complex representations of GL,,(D), defined to be the endo-class of any sim-
ple character contained in representations in s. Since s needs not be supercuspidal,
these characters need not be maximal simple characters, but if s, is supercuspidal then
O©(sp) = cl(sp) by definition. By [SS16b, Remark 6.8], we have that O(s) = O(s) if s is
inertially equivalent to a multiple of a supercuspidal inertial class s (this is implicit in the
construction of compatible S-extensions). Then by construction we see that cl(s) = O(s)

for every simple inertial class s.

68



Remark 4.5.9. In [MS14b, Section 3.4] there is defined a number of invariants attached
to a cuspidal representation p of GL,, (D). If (J,x ® o) is a maximal simple type in p,

these are

1. n(p), the torsion number, which is the number of unramified characters x of G such
that p ® x = x

2. b(p), the size of the orbit of ¢ under the action of Gal(ey/e)

3. s(p), the order of the stabilizer of o in Gal(eys/e)
4. f(p) =n/e(OF).

These only depend on the inertial class of p and can be read off from our parametriza-
tion. We make this explicit over the complex numbers. Write inv(p) = (O, [x]). We
have the equality f(p) = n(p)s(p), by an explicit computation using [BH11, 2.6.2(4)(b)]
(or see [MS14b, Equation (3.6)]). We also note that [BH11, Section 2] defines a para-
metric degree for all simple representations, and for a supercuspidal p this equals n/s(p)
(see [SS16b, Section 3.1]).

The stabilizer Sy of any representative x of [x] under Gal(e,/s50,)/€) is isomorphic to the
stabilizer Sy of the corresponding cuspidal representation of GL,, (es) under Gal(eys /e).
Indeed, S; surjects onto Sy by restriction and Sy N Gal(e, /50,)/es) = 1, because [x]
consists of ey-regular characters. The quantity s(p) therefore also equals s[x], the order
of the stabilizer of any element of [x] under Gal(e,/50,)/e). We will also denote by b[x]
the size of the orbit under Gal(es /e) of any representation of GL,, (e ) of the form o[y]

for x € [x].
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The inertial Jacquet—Langlands

COI”I"GSpOIldGHCG.

We now proceed to the proof of theorems A and B from the introduction. As in the
previous chapter, we let G = GL,,(D) and we fix lifts O — O of all endo-classes of
degree dividing n. For any given O, we will work with the conjugacy class of p-primary
maximal S-extensions in GL,,(D) of endo-class ©r. By compatibility, this determines a
conjugacy class of maximal f-extensions of any endo-class in any group GL,,(D), as m
varies. These compatible conjugacy classes, however, need not be p-primary. We write A,
and inv for the corresponding level zero and invariant maps. We will work over the

complex numbers unless stated otherwise.

5.1 A CHARACTER FORMULA.

Consider a supercuspidal irreducible representation 7w of G. Let s = s¢(Op, O, [x]) be
the inertial class of 7, and let (J,A) be a maximal simple type for s, so that 7 is the
compact induction C—Indg;()\) IT of an extension II of A to its normalizer J(A). The type
(J,A) is constructed from a maximal simple character 6 with endo-class O, and we fix

a simple stratum [2, 5] defining 0. Let T'= F[B]", an unramified parameter field for 6.

Write B = Z4(F[f]) = M, (D’) for the commutant of F[f] in A. Fix an extension
L/F[f] in B that has maximal degree, is unramified and normalizes the order 2(. Such
an L exists by the arguments in the proof of proposition 2.4.5. Consider the maximal
unramified extension K = L™ of F in L, write Ax for the commutant Z4(K), and

let Gk = AJ. In this context, the normalizer Ng(K) acts on Gg, and there is an
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isomorphism

Ne(K) /Gy — Gal(K/F)

by the conjugation action on K. It follows that Gal(/K/F') has a right action on isomor-
phism classes of representations of G: if 7 is a representation and ¢, € Ng(K) maps to
a € Gal(K/F), denote by 7 the representation g — 7(t,gt,'). The isomorphism class
of 7¢ is independent of the choice of preimage t, of a. If 7 has endo-class O, then 7

has endo-class a*Og.

Since  commutes with K and generates a field L = K[f] over K, and L* C R(2),
proposition 2.4.8 applies and 6 has an interior K-lift 0x. This is a character of Hi =
H; N B, and it is defined by the simple stratum [y, ] for Ax = AN Ax. It is a
maximal simple character, because [ generates L over K, L is self-centralizing in A,

and L has a unique hereditary Op-order, namely Oy, itself, which is a maximal order.
(See lemma 2.4.17.)

Take the Heisenberg representation nx of J attached to Ox. Let kg be its p-primary
[-extension to Ji. Then, if we set Ay = Kx we obtain a maximal simple type in Gx: the
representation kg is the extension of Ak to Jx in which uy acts trivially, and Ag thus

corresponds to the trivial character of Ji /J = .

By the discussion after theorem 2.4.10, the normalizer J(Ax) equals L* Jx. The represen-
tation A extends to K*Jx = 1% X J by letting 7 act trivially, and since J(A\x)/K* J}
is cyclic of order e(F'[B]/F) it also extends to J(Ag). However, as F'[5]/F might be wildly
ramified, we cannot normalize the extension via the order of the determinant as we did in
proposition 2.4.9. Instead, we will refer to any representation obtained by inducing one
of these extensions from J(Ag) to G as a K-lift of m. These are all supercuspidal irre-
ducible representations of G . This ambiguity in the definition will not affect arguments

concerning the inertial class.

Let 7 be a K-lift of 7. The aim of this section if to prove the following theorem, that
relates the characters of m and 7 In the context of essentially tame endo-classes, it is
due to Bushnell and Henniart (see [BH11, Section 6]). Recall that 7 contains a maximal
simple type (Jy, A) constructed from [, 8], and that T = F[p]".

Theorem 5.1.1. Let ( € pux generate the field K over F', and let u be an elliptic, regular

and pro-unipotent element of Gx. Then

tr(Cu) = (=1)™ +s[x] Les(¢) Z X (CH)tr 7% (u)

acGal(k/f)

where x is evaluated at ¢ via any e-linear isomorphism ¢ : k — e,/56,), where k is an
e-algebra via +(Op)r : € — t.

Remark 5.1.2. It is not immediate that the formula makes sense as written, but we will
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see while proving the theorem that the characters of 7 and 7 coincide on © whenever o €
Gal(k/t), hence the right hand side is independent of the choice of representatives of [x]
and of the choice of . Recall that Vp = J,/Hj, is a symplectic representation of jux
over F,, defining a sign €y(¢) as in proposition 2.4.19, and that m’ is defined by B =
ZA(F[B]) & M,/(D'). A pro-unipotent element u of G is one for which u*" — 1 as
n — +o00. See remark 4.5.9 for the definition of s[x].

Proof. By the following lemma, the Harish-Chandra character of m at (u can be computed

by the Mackey formula for an induced representation

trr(Cu) = Z trll(yCuy ™),

yeJA\G

as in [BH11, Section 1.2] and [BH96, Appendix].

Lemma 5.1.3. The element (u € G is elliptic and regular over F'.

Proof. Since F[Cu] is a finite-dimensional F-vector space, it is complete, and so it con-
tains ¢, which is the limit of a sequence of element of the form (u¢)?". But then it

contains u, hence F'[(u] = Ku| is a maximal field extension of F' in A. O

The theorem will follow from a careful study of this formula.

Lemma 5.1.4. If y € G and yCuy ™! € J()\), then yCuy ' € Jy and there exists 7 in the
normalizer Ng(K) such that J(\)y = J(A)y. For any such ¢, one has guy~—! € Jk.

Proof. Since the valuation of the determinant of (u is zero, and J(\)/Jp is infinite cyclic
generated by some power of a uniformizer of D', necessarily yCuy =t € Jp if yCuy™ € J(N).
The quotient Jy/.J; is isomorphic to a general linear group GL,,(es), and the degree [K :
F] equals n/e(OF), so k* embeds in GL,,/(d’) as a maximal elliptic torus. Now the claim
follows as in the proof of [BH10, Lemma 13]: first prove that y(y~! € Jp by raising to a
suitable power of p, and then notice that there exists some other ¢’ € ux generating K

1

over F with y(y~! conjugate in Jy to ('u’ for some v’ € J;. By [BH14, 2.6 Conjugacy

Lemmal] or [BH10, Lemma 14], we can further change y in its Jp-coset and assume that u’
and ¢’ commute, and this implies that v’ = 1. But then yCuy=' = ('yuy~! with yuy*
commuting with ¢’ and contained in Jy. As the image of ¢’ in Jp/Jj} is a regular elliptic

element, it commutes with no unipotent elements except the identity, so yuy™" € J3. [

Lemma 5.1.5. The group J(A\) N Gk equals J(Ag), and the order of the image of
J(A) N Ng(K) under the isomorphism Ng(K)/Gr — Gal(K/F) equals n/6(Op)b[x| =
m'd' /b[x], where b[x] equals the index of J(\) in 7%, x Jj.
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Proof. (Compare [BH10, Proposition 9].) We can determine an element in Gal(K/F)
by its action on pg, and px = pur. Any choice of isomorphism ¥ : Jp/J; — GL(eq)

in U(Og) induces a surjective group homomorphism
U 78, % Jp — Gal(eg /e) x GLyy(eq)

which sends mp to a generator of Gal(ey/e) and maps p;, isomorphically onto its image,
which is an elliptic maximal torus in GL,,(es), hence self-centralizing in Gal(es/e) x
GL,(ex) (to see this, embed this group in GL,, 4 (e), where the image of yy, is still an
elliptic maximal torus). So, if x € 7%, x Jy centralizes pg then it is contained in 7%Z x Jp,

which equals W%[ﬁ} x Jg as OF, C Jy. This implies that

JA) N Za(K) = (ng x Jo) N Za(K) = s x Jk = I(Ak).

Every automorphism of px induced by a conjugation in Gal(es/e) x GL,(eq) is also
induced by a conjugation in 7%, x Jp; to see this, observe that if z € 74, x Jy and
z(x~' = ('u for some u € J} then we can change z in its Jp-coset and assume that ¢’
and v commute, by [BH10, Lemma 14]. Then since the order of { and (’ is prime to p,

and J} is a pro-p group, we conclude that u = 1, and the claim follows.

The group of automorphisms of an elliptic maximal torus 7" in GL,(es) induced by
Gal(eq/e) x GL,(es) is cyclic of order m/d’: this holds because up to conjugacy T
arises from restricting scalars of the e, g-vector space e, 4 to ey. Restricting scalars
further to e, we see that the normalizer of e, in GL,, (e) is Gal(ey /e) x GL,(es), and

it contains the normalizer of e, in GL,,4(e), which induces Gal(e, 4 /€) on €, .

The lemma now follows since the group J(A) has index b[y] in 74, x Jp and contains Jp,
hence maps under ¢ to Ax GL,, (eq), for A C Gal(ey/e) the only subgroup of index b[y].
O

The space J(A\)Ng(K) decomposes into double cosets

IONe(E) = | IOtGr

oceGal(K/F)

where t, € Ng(K) induces o on K upon conjugation, and J(A\)t,Gx = J(A\)t, Gk if and
only if 767! is induced by J(\). Then by lemma 5.1.4 and lemma 5.1.5 we may rewrite
the sum as

rr(Cu) = Y tl(yCuy') = (5(Op)blx/n) > > ull(yaCu)y ™),

yEJAW\I(N)Ne(K) a€Cal(K/F) yeI(Ax)\Gk

Here, a(Cu) = t,Cut,’.

73



These y commute with all the a(¢). We are now going to fix an isomorphism ¢ : Jy/Jj —
GL,v(es) in the conjugacy class U(Og), and a representation o of GL,(eqs) so that
A = Kk ®¢*o. Furthermore, we will choose a representative y for [x] such that o = o[x]

under the Green parametrization®. Then

tril(yo(Cu)y ™) = trll(a(Qya(u)y ") = tro(¢*)trr(Cya(u)y ™)

since IT extends A\, where (* = «(() and o is evaluated at (* via 1.

Lemma 5.1.6. The equality

tr(Cya(u)y ) = ep(¢")trAx (ya(u)y )
holds whenever ya(u)y~! € JL.

Proof. Compare [BH14, Section 5.2]. We use the Glauberman correspondence (propo-
sition 2.4.19 for the cyclic group I' C pux generated by ¢, acting on J/ker(f) and
normalizing 7. This implies that there exist a unique irreducible representation ' of
(J/ker())! and sign € = &1 such that

trn' () = etrn((x) (5.1.1)

for all z € (J'/ker(6))" and every generator ¢ of I'. Recall that 7 is the only irreducible
representation of ' x J; with trivial determinant on T

By construction, 77 is isomorphic to the restriction of the p-primary [-extension k to
I'x Jj, since det k has order a power of p and T has order prime to p. Since  generates K
over F, the fixed point space (J})' = JL, and since ker(6) is a pro-p group and T' has
order prime to p, a cohomological vanishing argument as in [BH10, Proposition 6] implies
that (J)/ker(0))" = Jk/ker(0x). We claim that actually n = ng, the Heisenberg
representation associated to 8. To see this, it is enough to prove that n' contains 0, by
the uniqueness statement in proposition 2.4.11. Replacing = by xh for h € H}; in(5.1.1),
we find

trn" (xh) = etrij(Cxh) = etrj(Cx)0(h) = Ok (h)trn* (z).
Setting z = 1 and letting h vary through H}, yields the claim.
Finally, we compute € by letting © = 1 in trng(x) = etrn({z). The resulting equality
etrn(¢) = dimnk implies that € equals the sign of the trace of ¢ on 77, which by definition
is €9<C). ]

*Recall that [x] only determines a Gal(eq /e)-orbit of representations of GL,(eq ). Via the choice
of ¢ and o, we are fixing an element of this orbit.
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If ya(u)y™' & J, then ya(Cu)y=t € J(A) by lemma 5.1.4. So we have

trll(ya(Cu)y ™) = o (C¥)tro (™) trA g (ya(u)y ™)

where the traces of II and Ax are extended by zero to G and G respectively. Since 7 is

induced from an extension of Agx to J(Ax), we deduce that

Z trA g (ya(u)y™) = trr(a(u))

yeJ(Ak)\GK

and so

trr(Qu) = (3(OpbIX]/n) Y eol((*)tro(¢™)trr(alu)).

a€Gal(k/f)

Now the Galois twists 7 = 7 o ad(t,) have character = +— trr(a(x)), and the endo-
class cl(7%) of 7* satisfies cl(7*) = a*(cl7). By [BH03, 1.5.1], the group Gal(k/f) is
transitive over the K-lifts of ©p, and there is the same number of these as simple com-
ponents of K @ F[f]. So the stabilizer of cl(7) in Gal(k/f) is Gal(k/t), and it follows
that for a € Gal(k/t) the supercuspidal representations 7 and 7 of Gk have the same
endo-class. By proposition 2.4.5, they both contain the simple character 6, so their
restriction to J}{ contains ng. Since JK/J}{ = up = pg, which by construction acts triv-
ially on 7 and 7%, these representations contain the same maximal simple type (Jg, Kk ).
So they are inertially equivalent, and their characters therefore agree on elements whose

reduced norm has valuation 0, such as u.

We can now rearrange the sum further to

trr(Cu) = (GO /meo(©) D |trw) Y te(()

vEGal(t/f) deyGal(k/t)

since €4(C) only depends on the subgroup of px generated by (.

The trace tro(¢°) can be computed as follows. We are evaluating o at ¢° using a fixed
choice of isomorphism 9 : Jy/J} — GL,(ex) in ¥(Of). Recall that any such 1 comes
from an e-linear isomorphism 1 : jg/i5 — M, (es) by passing to groups of units. The
elliptic maximal torus ¢ (ux) is conjugate to e, ,,, where the trace of o = o(x) is given
by explicit formulas, and this isomorphism px — e/, (¢ followed by conjugation) comes

from an e-linear isomorphism k — e,,/¢ by passing to groups of units. Then one has the
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character formula

Y o) = (™Y X

5eGal(k/t) 0eGal(k/t) veGal(e,, y/eq)

m

— 7Y Y (@)

veGal(e,, g /eqz) Xo€[X]

= (=)™ Y x(¢)

5€Gal(k/t)

where ¢ is evaluated on (° via 1 and y is evaluated on ¢’ via any e-linear isomorphism
L k — erqg. Because the sums are taken over Gal(k/t), the answer is independent of
the choice of ¥ and ¢, and the second line shows that the answer does not depend on the

choice of y in [x].

Now since n/§(Op) = m’d’ we have

(8(Op)blx]/n)m’ = b[x]/d" = s[x] ™",

and rearranging further we obtain

tr(Cu) = (=1)" s e D (0 (w) X(¢%)
~vyeGal(t/f) devGal(k/t)
= (=" s Te(C) Y. T (w)x((Y).
~€Gal(k/f)

5.2 RESULTS FROM [-MODULAR REPRESENTATION THEORY.

Let [ # p be a prime number, and fix an isomorphism ¢ : C — Q,. In [SS16b, Section 4.1]
there is defined a notion of mod [ inertial supercuspidal support for irreducible smooth
Q,-representations of G = GL,,(D). It is an inertial class of supercuspidal supports
for GL,,(D) over F;, and it only depends on the inertial class of the representation.
Write i;(s) for the mod [ inertial supercuspidal support of the inertial class s, and say

that two classes s; and s, for the category of Q-representations of G are in the same
[-block if 1;(s1) = i;(s2).

Given simple inertial classes s1, 5, of complex representations of G, we say that they are
[-linked if the Q,-components corresponding to them under ¢ are in the same I-block. By
[SS16b, Lemma 5.2] this is independent of the choice of t. We say that the s; are linked if
there exist prime numbers [y, ..., [, all distinct from p and inertial classes s°, ..., s" such

that s° = 50, 5" = 51, and s ! and s’ are [;-linked for all 7.
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By [SS16b, Lemma 4.3], the mod [ inertial supercuspidal support of an integral represen-
tation 7 coincides with the supercuspidal support of every factor of r;(m). From this and

proposition 4.5.3 it follows that
cl(is(s)) = cl(s) and Ao (is(5)) = Au(s5)®.

So, two simple inertial classes s; are I-linked if and only if cl(s;) = cl(sy) and A, (s;)V =
A (s2)Y. Letting [ vary, we see that the s; are linked if and only if they have the same
endo-class (compare [SS16b, Propositions 5.5, 5.8]). The compatibility of the Jacquet—
Langlands correspondence with respect to mod [ reduction [MS17] then implies the fol-

lowing result.

Theorem 5.2.1. [SS16b, Corollary 6.3, Theorem 6.4] Let H = GL,(F') and consider the

Jacquet—Langlands transfer of simple inertial classes of complex representations
JLG : %dS(G) — %ds(H)

Let [ # p be a prime number. Then two simple inertial classes s, and s, for G are [-linked
if and only if JLg(s1) and JLg(s2) are I-linked.

5.3 PROOF OF THEOREMS A AND B.

Consider central simple algebras A; = M, (F) and Ay = M,,(D) over F. Write JLg, :
D(Gy) — D(Gy) for the Jacquet-Langlands correspondence between their unit groups,
as well as for the map it induces on simple inertial classes. Let s; be simple inertial classes
of the GG; with

51 = JLg,(s2).

Theorem 5.3.1. We have the equality cl(s;) = cl(s2).

Proof. Let d be the reduced degree of D over F. For all integers a > 1 there exist
simple inertial classes s} in GL,, (F') and GLg,, (D) which correspond under the Jacquet—
Langlands transfer on these groups and have endo-class cl(s}) = cl(s;): it suffices to
let their supercuspidal support be a multiple of the supercuspidal support of the s;.

Letting a = d, we can assume that d divides ﬁ for all i =1, 2.

We can assume that both s; are supercuspidal: to see this, recall that the parametric
degree of a simple inertial class is preserved under the Jacquet—Langlands correspon-
dence [BH11, 2.8 Corollary 1]. Since a simple inertial class of GL,(F) is supercuspidal
if and only if it has maximal parametric degree, we see that the transfer of a super-

cuspidal representation of GL,(F) is supercuspidal. Let s{ be a supercuspidal inertial
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class for GL,(F), with cl(s;) = cl(s{). Then s; and s] are linked, hence by theo-
rem 5.2.1 also s, and JL(_;; (s7) are linked, and so they have the same endo-class. So if
cl(JLgL(s7)) = cl(s) then the theorem follows.

When the s; are supercuspidal, their parametric degree is maximal and by the formulas
in remark 4.5.9 the invariants s[y;] are equal to 1, where [y;] = Ax(s;). Fix maximal
simple characters 6; in G; of endo-class cl(s;), with underlying simple strata [2;, 5;]. Let
T, = F[8;]™. Let L; be an extension of F'[f;] contained in Z4, (F[3;]) which has maximal

degree, is unramified, and normalizes 2;, as in the proof of proposition 2.4.5. Let K; be the

maximal unramified extension of F' contained in L;. The quantity ¢ = 5(’@1% 7 (F[Bi]/F)
is preserved under the Jacquet—Langlands correspondence (it is the torsion number of
the inertial class, by the formulas in remark 4.5.9, which is preserved since the Jacquet—
Langlands correspondence commutes with twists by unramified characters), hence the K

have the same degree t over F'.

Because d divides 5(%%), it divides [K; : F], hence the commutant Z4,(K3) is a split
central simple algebra over Ky: indeed, we have Z,(Ks) = M, (D’) for a central division
algebra D’ of reduced degree d/(d, [K, : F]) = 1 over K3. We can therefore fix an F-linear
isomorphism «p : K3 — K7, and then an ag-linear isomorphism o : Z4,(K3) — Z4, (K7).
We emphasize that these isomorphisms are chosen arbitrarily, and that this ambiguity will
not affect our results. Using o and «yq to identify K; and Ky, and Z4, (K;) and Z4,(K>),

we can write K for any of the K; and Ag for any of the Z4,(K;)T.

Choose supercuspidal irreducible representations 7; in the inertial classes s;, correspond-
ing to each other under the Jacquet-Langlands correspondence. Let 7; be some K-lift
of m;. Choose ( € ug generating K over F', and an elliptic, regular and pro-unipotent
element u of Gx = Aj. The (u are matching elements of A; and A,, and by proposi-

tion 5.1.1 and its proof, we have equalities

trm(Cu) = (=1)" e () > | ter () xi(¢%)

vEGal(t; /f) sevGal(k/t;)

By [BHO03, 1.5.1], the group Gal(k/f) is transitive on the set of K-lifts of cl(s;), which
has f(cl s;) elements. Since cl(7;") = v* cl(7;), the representations 7; as v runs through
Gal(t;/f) are pairwise inertially inequivalent (as they have different endo-classes). They
are furthermore totally ramified representations of G, in the sense that their unramified

parameter fields all coincide with K.

Lemma 5.3.2 (Linear independence lemma). Let 7, ..., m, be irreducible, supercuspi-

dal, totally ramified representations of GL,,(D) for a central division algebra D over F,

tFormally, K is really an inverse limit of the diagram og : Ky — K, and similarly for Ax and a :
ZA2<K2) — ZA1 (Kl)
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whose central characters agree on ppr. Assume that they are pairwise inertially inequiv-
alent. Then the characters trm; are linearly independent on the set of elliptic, regular,
pro-unipotent elements of GL,,(D).

Proof. This follows from [BH11, Lemma 6.6], as we can twist the m; by unramified char-
acters of GL,,(D) until the central characters also agree on a uniformizer of F'. This
does not change the inertial classes of the m;, nor the character values on elliptic, regular,

pro-unipotent elements of GL,,(D) as these have reduced norms of valuation 0. [

The central characters of the 7; are trivial on px by construction. Then by the linear
independence lemma either there exists v € Gal(K/F') such that 7{' and 7, are inertially

equivalent, or

> ) =0
seyGal(k/t;)
for all values of i, v and (. That this does not happen follows when i = 1 by [SZ00,
Theorem 1.1], stating that there exists no character x of k* such that > 145 X(¢7) =

0 for all f-regular elements of k.

So we have proved that 71 and 7, are inertially equivalent for some v € Gal(K/F). But
then they have the same endo-class, and since their endo-classes are K-lifts of cl(s;)
and cl(sy) respectively, the theorem follows. ]

We pass now to the study of the level zero part of the s;. Let us first assume that the s;
are supercuspidal. Choose maximal simple characters ; contained in the s;, defined by
strata [24;, 3], and let T; = F[3;]™. As in the proof of proposition 2.4.5, we take a
maximal unramified extension L; of F[f;] in Z4,(F[5;]) normalizing 2;, and identify the
maximal unramified extensions K; of F' in L;. Now we know that the 8, have the same

endo-class, and we take the only F-linear ring isomorphism o : Ky — K such that

ajcl(bh k) = cl(f2.k,)

for the interior lifts 6; x,. Notice, however, that the commutants Z4,(K;) need not be
isomorphic. As in the proof of theorem 5.3.1, we write K for any of Ky and Ky and T'

for any of Ty and 77, using the isomorphism «y.

Theorem 5.3.3. The equality ej A.(s1) = €j,Ax(s2) holds, where the ¢ are the sym-
plectic sign characters (definition 2.4.23), and & is the conjugacy class of p-primary (-

extensions.

Proof. We choose supercuspidal representations m; of G; in s;, Jacquet—Langlands trans-

fers of each other, and we let 7; be some K-lift of 7;; then, because of our choice of «y,
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71 and 7 have the same endo-class.

Fix a root of unity ¢ € ux generating K over F', and let u; be an elliptic, regular, pro-
unipotent element of Gk = Zg, (K). The matching conjugacy class in Gk » then consists
of pro-unipotent elements, as in the case of an elliptic regular element this is a condition
which can be checked on the eigenvalues of the characteristic polynomial. Let us be an

element of this conjugacy class. We apply proposition 5.1.1 and obtain an equality

trm; (Cug) = (—1)™ ey, (€) Z trr, (u;) Z xi(¢%)

yEGal(t/f) 5e7Gal(k/t)

where A, (s;) = [x;]. By the linear independence lemma (lemma 5.3.2), we have that 7'
and JLg,,(72) are inertially equivalent for some v € Gal(t/f) (this is the Jacquet—
Langlands correspondence for the groups Gy ,;, which are inner forms of each other).
This 7 is unique, as the 7, have pairwise different endo-classes for v € Gal(t/f). By
theorem 5.3.1, the endo-class of JLg, ,(72) is cl(02k,). By our choice of ay, this im-

plies v = 1.

Fix u; so that the characters of the 7; are nonzero at w;; this is possible by the linear
independence lemma, because the 7; are totally ramified. Then the Jacquet—Langlands
character relation

(=1D)"%trmy(ug) = (1)K trre(us)

holds, where Z4,(K7) = M,

nKg

(K) and Z4,(K3) = M, (Dk) for some central division
algebra Dy over K.

We now have an equality

(L, () Y xe((T) = ()T e Q) xi(¢’)  (5.3.1)

5€Gal(k/t) 5eGal(k/t)

on comparing trm (Cuy) and trme(Cug) by the Jacquet—Langlands correspondences over F
and over K. This equality holds for all ( € ux generating K over F—equivalently, for
all ¢ € k* generating k over f. To be more preciset, we are evaluating y; at (° € ug,
via a choice of e-linear isomorphism ¢; : k; — €,/50,), as in theorem 5.1.1. Since
ajcl(by k,) = 02.k,, we have agip, = vy, hence the ¢; can be chosen compatibly with

ap : ko — ki, allowing us to evaluate both characters y; at ¢? € uxk-.

Recall that there exist a sign e and a quadratic character e (—) of px such that,

whenever z € uy generates a subgroup A of px with Ve’j K= Vbi‘, one has

¥This becomes clearer if we consider K to be an inverse limit of the diagram «aq : Ko — K.
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In our case, every ( generating K over F' satisfies V;C = V"% even if ¢ does not gener-
ate g, by a cohomological vanishing argument as in [BH10, Proposition 6]. Comparing

coefficients, one gets an equality

(_1)n+n’+nk+1681 Z eél(gé)xl(cd)

§eCal(k/t)
_ (_1)m+m/+mK+1€g2 Z €é2 (C(S)X2<Cé)
5eGal(k/t)
which we rewrite as
D)"Y 6, (Ol
seCal(k/t)
_ (_1)n+nk+m+m/+mk+1621622 Z 62)2 (Cé)XQ(Cé). (532)
seGal(k/t)

This equation stays true if  varies over all generators of the extension k/f. Since s; is a

supercuspidal inertial class for GL,,(F'), the character y; is e-regular.

For any e-regular character x; of e /5(0r) there exists a e-regular character y, of the
same group such that

56,(Or, O, [x1]) = JL(sa,(OF, O, [x2]))-

This follows from theorem 5.3.1 and the invariance of parametric degrees under the

Jacquet—Langlands correspondence. Then equation (5.3.2) continues to stay true.
At the left hand side of (5.3.2), one has the trace of the supercuspidal irreducible repre-
sentation ofej x1] of GLy/s0,)(t). By [BH10, 2.3 Corollary] we deduce that®

(—1)’"L+",+”K+1621 = (—1)m+ml+mK+1€22 and

U[‘féle] = U[Gép@],
and the claim follows. O]
It follows from theorem 5.3.3 that, twisting the p-primary [-extension by the symplectic

sign character (a quadratic character), we obtain conjugacy classes r; of [-extensions

in G, of endo-class Op, such that Ay, (s1) = Ay, (s2) whenever the s; are supercuspidal

§We couldn’t apply this directly to equation 5.3.1 to deduce

xi] = [x2]
(D) ey, () = (1) ey, (¢)

because the sign €, (¢) may not be constant on the ¢ which generate K over F', since these may generate
proper subgroups of .
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inertial classes and Jacquet—Langlands transfers of each other. Notice also that by [BH11,
6.9], the sign €” and the character ¢! determine each other: €' is the nontrivial quadratic
character if and only if p is odd and € = —1. It follows that the quadratic character

€y, €y, 1s nontrivial if and only if p is odd and n +n’ +ng +m+m’ + mg is odd.

Theorem 5.3.4. With the notation of the previous paragraph, the equality Ay, (s1) =
A, (s2) also holds for non-cuspidal s;.

Proof. This follows from theorem 5.3.3 by the method of [SS16b, Lemma 9.1]. Namely,
write [x;] for Ay, (s;) and assue that y; is not e-regular, as the e-regular case has already
been treated in theorem 5.3.3. Write &(k1, ko) for the permutation of T'(Op)\ Xc(OF)
such that

E(k1, ko)A, (1) = Ay, (22)

for all simple inertial classes x; = JLg,(x2) of endo-class ©p. By the results in section 5.2
we see that for any prime number [ # p this permutation preserves the equivalence relation
of having the same [-regular parts on I'(© )\ Xc(Or). We will prove that £[x:1] = [x1]-

Because the parametric degree of simple inertial classes, as defined in [BH11], is preserved
under the Jacquet—Langlands correspondence, one finds that e[xi1] = e[xa] (since by
the formulas in remark 4.5.9 the parametric degree of sg,(Op, ©Og, [x;]) equals n/s[x;]).

Hence ¢ preserves the size of a Frobenius orbit.

Let a be some large integer (a > 7 will suffice) and write x for the maximal S-extension

in GLy,(F) or GLgy, (D) compatible with ;. Let s; correspond to the supercuspidal
Qr; ®ar;

support m;*, and let s; , be the simple inertial class with supercuspidal support m;”*".
Then the 57 are Jacquet-Langlands transfers of each other, and we claim that that A (s})
is the inflation [x}] of A, (s;). To see this, observe that 7; is a supercuspidal representation
of some GL,, (F') or GL,,,(D) and write ;. for the S-extension in this group compatible
with ;. Then by construction A, (s;) is the inflation of A, (7;). By transitivity, ;.

and ] are compatible, hence A, (s7) is the inflation of A, , (m;), and the claim follows.

So &(kT,K3)[xa]* = [xo]", and since the norm is surjective in finite extensions of finite
fields it suffices to prove that (7, k3)[x1]* = [x1]*. By [SS16b, Lemma 8.5] we can find
a prime number [ # p not dividing the order of e[y;]*, an integer a > 1 and an e-regular
character S of e:n/a(@F) with the same I-regular part of x*. Then (£[x:])® = (¢[B]])?, so
it suffices to prove that &[] = [5] and &[x]] is [-regular. That £[xj] is l-regular follows as

¢ preserves parametric degrees and [ does not divide the order of e[x;]*.

By theorem 5.3.3 we know that there exists some f-extension s in GL,,(F) such that
&(s2, k5)[B] = [B], hence there exists some character § of e* such that (k7, k5)[5] = [00]
for every e-regular character 3 of e 15(0p)’ because ] and sr are unramified twists of
each other. An argument analogous to the one used in the proof of theorem 6.2.2 to
follow then proves that 6 = 1, and the theorem follows. O
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Canonical f-extensions.

In this chapter we show that the methods of section 5.3, when applied to the local
Langlands correspondence, yield a canonical choice of -extensions for GL,,(D) that is
characterized by a compatibility with the semisimple tame part of Langlands parameters.

As a byproduct, we generalize some of the results of [BH14| to arbitrary representations.

We let R be an algebraically closed field of characteristic [ # p.

6.1 CLIFFORD THEORY ON THE WEIL GROUP.

Our definition of canonical f-extension for GL,(F') will go through a comparison of
the map A.can with A o rec, where A is a map that we construct in this section, by an
application of Clifford theory as in [Vig01b] and [BH14, Section 1]. We keep the same
choice of lifts ©p — O for all endo-classes of degree dividing n that we have fixed when
defining our parametrization. The definition of A will depend on this choice (in the same

way as Ag).

Definition 6.1.1. A supercuspidal inertial type for Wr over R is the restriction to inertia

of an irreducible R-representation o of Wp.

Let o be an irreducible R-representation of Wy of dimension n. Since Pr is a normal
subgroup of W, the restriction o|p, is semisimple and consists of a single Wg-orbit of
irreducible representations (possibly with multiplicity). Let « be a representative of this
Weg-orbit. Let T =T, = Zp(a) be the tamely ramified extension of F' corresponding to
the stabilizer of o in Wp. It is a subfield of F.

By [BH14, 1.3], there exists a unique extension p,, of & to I with p-primary determinant,

and p, extends to Wr. We denote by p(«) an arbitrary choice of extension of p, to Wr.
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As in [Vig01b, Section 2.6], there exists a unique tamely ramified representation o* ()
of Wy, denoted 7 in [BH14], such that ¢ = Ind%(p(a) ® o' (a)).

Lemma 6.1.2. The a-isotypic component of o, denoted o, is isomorphic to p(a)®c™ (a)

as a representation of Wry.

Proof. Notice that p(a) ® o™ («) is an irreducible Wr-subspace of o,. Let {g;} be a set
of representatives of Wr/Wyp. Then g;(p(a) ® 0" (a)) C 04,4, hence

R[Wr](p(a) @ 0" (a)) = EB gi(p(e) ® 0" ()

and R[Wr](p(a) ® o (a)) would be a proper Wg-subspace of o if p(a) ® o' (a)) were

properly contained in o. O]

The representation o' () can be written uniquely as an induced representation Indf, (x1(c))
for some unramified extension T,/T of degree d > 0 and some Gal(T,/T)-orbit of T-
regular characters [xi(«)] of T, where x;(«) is trivial on U(T}) and is inflated to a

character of Wy, via the Artin reciprocity map
Arty: W, = T

One finds that o = Indr{ﬁd (pa(a) @ x1(a)) for the restriction pg(a) of p(a) to Wr,.

Remark 6.1.3. Write x(a) = xi(a)|pr,. Let [x(«)] be its orbit under Gal(7,/T). The
restriction of o, to I7, = I7 is a direct sum of the twists p, ® x for y € [x(«)], hence we
can recover [y(a)] from o as follows. Take the a-isotypic component o, and restrict it
to Ir,. The restriction will decompose as a direct sum of twists of p,, which is the only
irreducible extension of a to I, with p-primary determinant character, by characters
of pr,. Since pr, has order coprime to p, the map x — p, ® x is injective, and this

determines [y(«)] as the set of characters such that p, ® x is a constituent of o,|Ir, .

By theorem 3.1.11, the Wg-orbit [a]f defines an endo-class ©p (denoted ®r[a]p in that

reference).

Lemma 6.1.4. We have the equality d = n/§(Op).

Proof. By [BH14, Tame Parameter Theorem], the field 7" is isomorphic over F' to a tame
parameter field for O, and the degree §(Of) equals [T : F|dim a. Since o decomposes
as the direct sum of its a-isotypic components for o € [a]p, and the orbit [o]p has [T : F]

elements, and p(«) extends «, we have the equality
n = [T : F](dim a)(dim o™ ().
Hence d = dim o™ (o) = n/d(OF). O
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Let’s introduce the maximal unramified extension £ = T" of F'in T. This is independent
of the choice of o, and it is the unramified parameter field of O in F. At this stage, we
have attached to o an endo-class ©p of degree dividing n = dim(o), and whenever we
choose a representative o of the orbit [a]p attached to Op, we obtain a Gal(e,/s©,)/€)-
orbit [x(«)] of e-regular characters of e:/é(eF), since pur = pg, pr, = pug, and d =
n/0(OF). This is, of course, very similar to the data of a triple (©r, O, [x]). To push the
resemblance further, we now consider how [y(«)] changes when we change representative

a € [ao]p.

Lemma 6.1.5. Let ¢ € Wg. Then [x(ad(g)*«)] only depends on the image of g

Proof. By our explicit description of [y(«)] in terms of the a-isotypic component of o
(see remark 6.1.3) it follows that g*[x(ad(g)*a)] = [x(«)]. However, by definition, the
group Wg fixes the Gal(E,/E)-conjugacy classes of characters of ug,, for every d. O]

A choice of lift O of O to E defines an orbit of Wg on [, and we are now in a similar
situation as for GL, (F'), except that we have no ambiguity coming from the S-extension:
we can define

A, ro = [x()],
for any « such that ©p = ®gla]g. Notice that [x(«)] € I'(Op)\Xr(OF). The behaviour

of level zero maps under change of lifts is also the same as for GL,,(F).

Lemma 6.1.6. Let v € Gal(E/F). Then v* o Alg = Ag .

Proof. By theorem 3.1.11, if O = ®g[a] then 7*Op = ®g(ad(g)*[a]) for any lift g € W
of 7. We have seen that ¢*[x(ad(g)*«)] = [x(«)], which implies the lemma. O

From now we fix a lift ©p — ©p and write AT for A .

Proposition 6.1.7. Two irreducible Wg-representations oy and oy containing a € Irrg Pp

have the same image under A if and only if they have isomorphic restriction to Ir.

Proof. By remark 6.1.3, the restriction o;|;, determines AgE(ai). Conversely, one can
construct ol if one knows that A§ (o) = [x]. Indeed, choose a representative « of the
Wr,-orbit of representations of Pp attached to ©g. Then the isotypic component o, is

isomorphic to
pla) ®Ind%: ya(a)

for some p(a) and some extension xi(a) of x to a character of T trivial on U'(T}).

These are not determined by the level zero part. However, we see that

allr, = poa ® @ € (6.1.1)

€€lx]
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and so the restriction o,|Ir, is determined by AgE (o). Similarly one computes all the
ay| Iy, for v € [a]F, applying lemma 6.1.6, and then the restriction o|/p is determined by
the Mackey formula for induction and restriction

Wg . Wg Wg _ Ip ’771WTQV *
Res;, "o = Res;, " Indy," 0 = @ Ind)%,;  Res . ad(y)*os.  (6.1.2)
YEWr \WF /IR

O
By the proposition, we have a well-defined injection
AT : (supercuspidal inertial types of dimension n over R containing Or) — I['(0p)\Xr(OF)

with image the e-regular orbits. The left-hand side consists, of course, of those represen-

tations whose restriction to Pr corresponds to ©Op.

Now we extend this to non-regular orbits. The Langlands parameter of a simple R|GL,,(F)]-
representation 7 has restriction to inertia isomorphic to o™, for some m|n and some

supercuspidal inertial type o of dimension n/m. This motivates the following definition.

Definition 6.1.8. A simple inertial type of endo-class O is a representation of R[Wpg|

isomorphic to ¢®™, for some supercuspidal inertial type o of endo-class Op.

We extend the map AT to simple inertial types of endo-class O and dimension n by
putting
AT (a®™) = N*A* (o)

where N : e:/é(@F) — e is the norm.

n/mde
Remark 6.1.9. To see that n/(md(OF)) is an integer, one could notice that it equals
dim " by the proof of lemma 6.1.4, since o is an n/m-dimensional irreducible represen-

tation of Wr of endo-class OF.

It will be convenient (because of the statement of theorem 6.2.3 to follow) to twist AT
by a certain automorphism of e* 15(0r)" Let p" be the degree of any parameter field P
of ©r over the maximal tamely ramified extension of F' it contains (this is the degree of
the “wildly ramified part” of the endo-class Op).

Definition 6.1.10. Let 7 be a simple inertial type of endo-class ©. Define the level

Z€ero map as

A®E(1) = AS, ()P,

Now every maximal f-extension k in GL,(F') defines a map A, on simple inertial classes
with endo-class ©p. The local Langlands correspondence over C puts the simple C-

inertial classes with endo-class ©p in bijection with the simple C-inertial types with
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endo-class Op. We write rec for this bijection. We define a permutation £(k) of the
set ['(Or)\Xc(OF), depending on &, via

§(r)(A(m)) = Afrec)

for any simple irreducible representation 7 of GL, (F') with endo-class ©p. Any isomor-
phism ¢ : C — Q, defines a bijection recg, analogous to rec, identifying both simple
inertial classes and simple inertial types over C with their analogues over Q,;. These
identifications commute with the level zero maps through ¢;. The map recq, defines a
permutation §(x) of ['(Or)\Xgq, (OF) in the same way, and § () is intertwined with {(x)
by ¢;.

Lemma 6.1.11. Define the parametric degree of [x] € I'(©r)\ Xc(OF) as the size of the

orbit [x]. Then the map (k) preserves parametric degrees.

Proof. This is an immediate consequence of the definition of A, and A, together with
lemma 3.1.9. O

Theorem 6.1.12. Two elements of I'(Or)\ Xc(O©F) have the same [-regular part if and

only if their images under £(x) have the same [-regular part.

Proof. By the discussion above, it suffices to prove the theorem for & (k) instead of £(k).
Since & (k) is a bijection, it suffices to prove that it preserves equality of [-regular parts.

Consider two simple irreducible integral representations 7; with endo-class ©r and such
that Am,@(ﬂi) = [¢i] and [g4]® = [1hy]®).

It suffices to prove that A(recg mi) = A(recg, m2). Assume that ¢; is norm-inflated from an
e-regular character y; of e Jais(@p)- BY proposition 4.5.3, the equality A, , 7, (rim;) = [10;]
holds.

Lemma 6.1.13. We can choose the 7; in their inertial class so that the r;(m;) have the

same supercuspidal support.

Proof. First choose the m; so that they have supercuspidal support of the form a;- (7?) for
integral representations 7¥. By the classification of cuspidal representations in [MS14a,
Section 6], the supercuspidal support of r;(7?) has the form 7, ® --- ® 7;(m; — 1) for
some 7;. It follows from our assumption on AK’@ (m;) that a;m; = agme and 7 is an
unramified twist of 7. So there exists unramified QQ;-characters x; such that any two Q;-
representations 7; with supercuspidal support ;70 ® y;7(m;) ® - - @ x;me ((a; — 1)my)
satisfy the conclusion of the lemma. m

Write 7; = recg (sc(m;)) for the semisimple Wr-representation underlying recg (m;). It
is a direct sum of a; copies of some irreducible representation ;. By theorem 3.1.4, we

know that r;(7) = r;(72).
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By theorem 3.1.11, there exists an irreducible representation o of Pr that is contained
in o; and oy. Let Wy be the stabilizer of o in Wr. Then o0; can be written as the

induction of its a-isotypic component:
0i = Indy(p(a) @ o} (a)).

There exist integers d; and characters x; = x;(«) of T such that oj"(a) = Indf:d_ Xi(a)
and 0; = Ind% . pla) ® xi(a). (Notice that the x; may be characters of different éroups,
and at this stade we don’t attempt to compare them with the 1;.) It suffices to prove
that (x1lpr,, ) and (x| ,quQ)(l) are both norm-inflated from p-regular characters of the

same pr, for some r > 0, and that these characters of u7. are conjugate over 7'

Now we proceed as in [VigO1b, Section 6.2.1]. Since the wild inertia group Pr is a pro-p
group, we can identify its representations over Q; and F;. Then, we use that r;(c;) is
the semisimplification of Ind?dv(p(a) ® 1;(x:)). The character & = r;(x;) needs not be
[-regular, and it extends to ité stabilizer in Wyp, the Weil group of some intermediate
unramified extension 7, of T'. Since p(a) extends to Wr, hence to Wr, , the induction
Ind%i pla) ® & semisimplifies to a direct sum (possibly with multiplicity) of represen-
tations of the form p(a) ® &, where & ranges over extensions of & to T,,. All these

extensions are unramified twists of each other.

By [VigO1lb, Proposition 4.2] and its proof, the induction functor from 7, to G gives
rise to an equivalence between the categories of p(a) ® &-isotypic modules for Fy[T},]
and F;[G]. It follows that each induced representation Indf. (p(a) ® &) is irreducible. So
r;(0;) is a direct sum of unramified twists of a single irreducible representation, which
can be taken to be any of the Indgi(p(a) ®&).

Since r;(7) = r;(72) and r;(7;) is a multiple of r;(¢;) in the Grothendieck group, we see
that Indri1 ple) @& and Indi2 p(a) ®&, are unramified twists of each other. This implies
that r; = ro and the restriction to O  of the & are conjugate over T, by (6.1.1). But
since & = r;(x;) this implies that (Xl\,u;dl)(l) and (X2|,qu2)(l) are conjugate over T, after

descending to pg,. via the norm (here r =1 = ry). O

6.2 CANONICAL [-EXTENSIONS.

By requesting that the level zero maps for the same ©p — O on GL,(F') and on Wg
coincide, we obtain a canonical normalization for maximal [-extensions. In this section

we work over the complex numbers.

Definition 6.2.1. Fix a lift O — Op. We say that a maximal [-extension k"
in GL,,(F') of endo-class O is canonical if A% (7) = A(rec(r)) for all simple irreducible

representations of GL,(F") of endo-class Op. Equivalently, £(k%") is the identity.

88



Theorem 6.2.2. Let k" be a maximal S-extension of endo-class O such that &(k°")
fixes the e-regular elements of I'(Op)\ X (Op). Then {(k*") = 1.

Proof. This is proved in the same way as [SS16b, Lemma 9.11]. Assume that « is a
character of e 5y which is not e-regular: we will prove that {(k°")[a] = [o]. Consider

a simple representation 7 of GL,,(F) with supercuspidal support 75" and Ayean (1) = [a].

Let a > 1 be some large integer (a > 7 will suffice) and write x®"* for the maximal
p-extension in GL,,(F') compatible with x, and let 7, be a representation of GL,,(F)

Kar

with supercuspidal support 7;*". Then it follows from proposition 4.4.6 that Acan«7, is

the inflation [a*] of & to €], /5 ,.)-

)|79", so that if A(recw) = [u] then A(recm,) =
[1*]. Hence by definition we have [u] = {(k“")[a] and [p*] = £(k™)[a*], although at
this stage we do not know whether [o] = [p]. Tt follows that &(k%™)[a*] = (£(k™)[a])*

and so it suffices to prove that £(k°™)[a*] = [a*], because the norm is surjective in finite

By lemma 3.1.9 we have rec(m, )|, = rec(mp

extensions of finite fields.

Write e[a]* for the fixed field of the stabilizer of a in Gal(e,/s@,)/e). By lemma 8.5
and [SS16b, Remark 8.7], there exist an e-regular character § of e 15©) and a prime
number | # p not dividing the order of e[a]* such that o* is the l-regular part of f.
By proposition 6.1.12 we have that (&(s)[a*])®) = (£(xk°*)[3])?, and it suffices now
to prove that £(k®™)[5] = [A] and that £(k°™)[a*] is l-regular. That &(k®™)[a*] is
l-regular follows by proposition 6.1.11, because it has the same parametric degree as [a*]

and [ does not divide the order of e[a]*.

Now, we know by theorem 6.2.3 that there exists some [-extension s in GL,,(F') such
that &(22)[5] = [5]. So there exists some character ¢ of e such that £(k™)[f] = [0f] for
every e-regular character 3 of e /5(05)’ because » and k™ are e*-twists of each other.

We will prove that 4 is trivial: this implies the theorem.

Fix some e-regular character a of e 15(05)" Because a is large enough, there exists some
prime number [ # p not dividing the order of e* n/5(Op) = e[a, ] (maybe not the same [ as

before) and some e-regular character 5, of e /5(0r) such that o is the [-regular part
Of /8+.

We know that £(k°")[ay] = [ag] by regularity of oy and by definition of xk®". At the
same time, &(k%")[ar] = [684]?D = [6Wa?] (and this § is the same § as before), and
since £(k°)[a] = (£(k%)[a4])* we find that [a] = [§@ar].

It follows that we can write § = 5(1)(ai)|e‘l*1 for some [-primary character d(y and some

integer i € {0, ... — 1}. The order of § divides |e| — 1, as it is a character of e*,

’ 6(£F) )
and so (&) 71el = (a7 )Uel'=Del=D But the order of &) is a power of I, and [ is coprime

to |e:/5(®F)| = |e|”/5(®F) — 1, hence to |e] — 1. So dur) = 1.
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Finally, we can take o, to be a generator of the character group of e* 15(05)" hence we
can assume that . has order |e["/%(®r) —1. But the order of o divides (|e|’ —1)(|e| —1)
by the above; and since |e| > 2 we have |e|[*/*®r) — 1 > (Je|' — 1)(Je| — 1), hence i = 0

and 9§ is trivial. O]

can

The existence of k" satisfying the assumptions of theorem 6.2.2 can be deduced from the

Types Theorem of Bushnell and Henniart, see [BH14]. We will give an explicit description

can

of K" as a twist of a p-primary [-extension.

Theorem 6.2.3. Let 6 be a maximal character in GL, (F) of endo-class Op. Let k be
the p-primary (-extension of 6 and let €j be the symplectic sign character of 6 (as defined
in 2.4.23, or equivalently in [BH14, 5.4]). Write €g, for the quadratic character of e*
which is nontrivial if and only if p # 2 and the degree of a tame parameter field of Op

over F is even. Then k®" = ega€pk has the property that
Ajean (1) = A(rec(m))
for all supercuspidal irreducible representations 7 of GL, (F') with endo-class ©.

Proof. Let o be an irreducible representation of Wp with A(c) = [x], so that if we
fix @ € [a]g corresponding to ©f then the isotypic component o, of ¢ is isomorphic to
p(a) ® o' («) for some choice of p(a) and o(a)). The Types Theorem in [BH14] then says

that rec™' (o) contains an extended maximal simple type of the form
(XO) )\O-tr(a) X V.

Let us give definitions for these objects. First, one fixes a simple stratum [2, 3] defining 6,
with tame parameter field Ty C F[f], and identifies T = T,, with Tp. This is done via an
isomorphism ¢ : T,, — T} in such a way that the pullback to T of the endo-class over Tj
of the interior lift #7, coincides with the endo-class O = ®r(a) corresponding to the

Wr-orbit [a]r of representations of the wild inertia group Pr = Pr.

By construction, ®g(a) = O, and by [BH14, 6.2 Proposition] we have that O is a lift
of O to T But cl(f,) is a lift to Tj of the endo-class cl(frx) of the interior lift of 0 to
the unramified parameter field T3 contained in F[f]. It follows that this isomorphism

LT — Ty induces the isomorphism Ly E — Ty associated to Op, because

(LTélr)* Cl(@Téw) = (I/’E)*RGSTQ/Télr Cl(QTe) = ReST/E(L* CI(QTQ)) = ReST/E@T = Op.

Then write d = n/6(Of) = dimo*(a). Take an unramified extension F[(]4 of F[5] of
degree d, contained in the centralizer of F[f] in M, (F), such that F[f]] normalizes 6.
Let K, be the maximal unramified extension of F' in F[3]4. The representation v is a

full Heisenberg representation of Jy over ¢ in the sense of [BH14, 3.2 Definition], such
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that the trace of v is constant over K,;/F-regular elements of jix,. Since this condition

determines v|Jp uniquely, we find that v|Jy & e}x.

The representation A, (o) is constructed as follows (see [BH14, 3.6]). Consider the char-
acters [x1(a)] of Ty attached to 0" (a), and the restrictions x(a) = x1(«)|Op,. Observe
that the isomorphism ¢ : T° — Tj extends to an isomorphism ¢ : T; — Ty, to the
maximal tamely ramified extension Tp4 of F' in F[f]4, which is a degree d unramified
extension of Ty. We get via ¢ a well-defined orbit [x;(«)] of Ty-regular characters of Tp 4
under Gal(Ty q/Tp).

X

Inflate x; to a character xj of F[3]; via the norm Npj,/7,, © F[8]; — Ty, and let B
be the intersection of 2 with the centralizer of F[3] in M, (F). The restriction of xj
to prg), = pr, =t =e; =€ 54, is an e-regular character x*. Embedding p7, = e
in GLg4(e) as a maximal elliptic torus, we see that there exists a unique supercuspidal
irreducible representation o[x*] of U(%B)/U"(B) whose trace on pipg), = fiz, , is given in

terms of x* under the Green parametrization and the isomorphism ¢ : pr, — pr, ;-

The representation o[x*| is extended to Jy = F[B]*U(B)J; by letting J; act trivially,
and the extension is denoted )v)]q. Then, by definition,

)\O-tr(a) X v = )\;](T & v.

Since ¢ : Ty — Ty 4 induces ¢y : E' — T3, any isomorphism in the conjugacy class
U(Op) : U(B)/U'(B) — GLa(e) induces the isomorphism ¢~ : ur, , = pr, = €} 50.,
up to GLg(e) conjugacy and the action of Gal(e,/s@,)/e). Then, &[x*| is isomorphic
to the inflation of the representation o[x*] of GL4(e) through any isomorphism in the
conjugacy class W(Op). It follows that the restriction of Ay X v to Jy is a maximal
simple type corresponding to the unique Bernstein component s with endo-class O
and Ag,.(s) = [x?'], for p" = [F[B] : Tp] = [F|Ba : T4]. Indeed, the norm N : F[B]; — T
induces on the residue field the automorphism of raising to the p"-th power, and the trace

of )\g'“(a) on fip(p), is given in terms of x* = x*'.

By definition, v is a character of T trivial on U(T') and corresponding to €ga on pr.
By part (1) of [BH14, 3.6 Proposition], one has

’QD © )\Utr(a) X V= /\U“(a) X (Q,D ® V)

where the operation ¢ ® v is defined in [BH14, 3.2.1] as given by ¢ @ v for the -flat
character 17 of Jy attached to 1. This character is defined in [BH14, 3.1 Definition], and
by part (1) of [BH14, 3.1 Proposition] we have ¢! (z) = 1 (dety(z)) for all x € JoN Zg(T).
But then the restriction of ¥ ® Ayu(q) X v to Jp is a maximal simple type for the unique

Bernstein component s’ with endo-class O and Acan(s) = [x¥']. O
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This together with theorem 6.2.2 completes the construction of canonical S-extensions,

and now we prove that they behave well under transfer.

Proposition 6.2.4. Let " be the canonical S-extension in GL,(F’) of endo-class Op.
Consider a sequence (n;) of positive integers summing to n, such that §(©p) divides
each n;. Let k; be the corresponding sequence of compatible 5-extensions in the GL,,, (F).

Then each k; is canonical.

Proof. Fix a lift ©p — ©Op. By proposition 4.4.6, it suffices to prove that <" is

can

compatible with s§(g ,, the canonical p-extension in GLse,)(F). Write x for the j-

extension in GL,, (F') compatible with K§ep- Let Tso,) be a supercuspidal representation
of GLs(e,)(F) with endo-class © and Ang?g) )(7r5(9F)) = [1]. There exists a character x
F

of € such that yx®" = k., and then Ayean (7) = XA, (7) for all simple representations

of endo-class O.

Let 7 be a simple representation of GL,, (F') with supercuspidal support inertially equiv-

alent to ng/j)(@ﬂ. Then A, (7) is inflated from [1] = Agean  (T50,)) = A(rec ms,)), by

RICTD)
compatibility and the fact that g, is canonical. But we also know that Ayem(7) =

" ig canonical. By construction, we have that A(recn) is inflated from

A(recm), since K
A(recmse,)), hence A, (m) = Ayean(m) = [1]. It follows that x = 1, hence £ is com-

patible with /-@g?gF). O

Finally, we mention that the connection between K-functors and level zero parts of Lang-
lands parameters carries over to arbitrary Bernstein components of GL,(F"). We briefly

sketch how to see this. Given an inertial class of supercuspidal supports in GL,,(F")

5 =

=1

we can assume that the m; are ordered according to their endo-class, so that there is a
partition Iy,...,I; of {1,...,r} such that ¢ € [; if and only if m; has endo-class ©;. For

1 <j <twrite nj =), mj. In [SS16a, Section 6] there is constructed a functor

t
K : (smooth representations of GL,,(F")) — (representations of H GLy, (e(G)j)))

j=1

with the following two properties:

1. K only depends on the choice of a maximal S-extension r; in GLy,(F) of endo-

class ©;.

2. (see [SS16a, Theorem 6.2]) taking the [-extensions k; in GL,,, (F) compatible
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with x;, for ¢ € I;, there is an isomorphism

K(Ind%(®"_,m)) = xI_ K;(m).

The induction at the left-hand side is unnormalized, but this does not affect conclusions
regarding inertial classes. If 7 is a representation with supercuspidal support in s, we
see that rec(m)|r, = @®)_jrec(m;)|r, by lemma 3.1.9. It follows that, if all the x; are
canonical and we compute with the corresponding K-functor, then the supercuspidal

support of K(7) encodes the level zero part of the Langlands parameter of 7.

THE CASE OF GL,,(D). The canonical S-extension of endo-class O ¢ for the group GL,,(F)

1S
can _ 1
KGL, (F) = €Gal€php;

where k), is p-primary and eq, is nontrivial if and only if p # 2 and the degree of a tame

parameter field of ©p over F' is even. We make the same definition for GL,,(D).

Definition 6.2.5. Let 6 be a maximal simple character in GL,,(D). The canonical (-
extension of 6 is Ky (D) = €Gal€gkp, Where we used the same notation as in the previous
paragraph.

Because of theorems A and B, kgt (D) has the property that if 7 is an essentially square-
integrable representation of GL,,(D), then A’fszmw) (7) coincides with the level zero part
of the Langlands parameter rec(JL(7)), as defined in 6.1.10. Furthermore, since the
canonical f-extensions of endo-class O in GL,(F') are compatible with each other for
varying n, we see (by theorem 5.3.3 and an argument similar to the proof of proposi-

tion 4.4.3) that the same is true for GL,,(D) and varying m.
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K-types for GLy,(F) and D*.

In this chapter we recall the results of Schneider and Zink about GL, (F)-typical repre-
sentations of K = GL,(OF), which we also refer to as K-types, although they are not
types in the sense of section 2.3 (see the discussion after proposition 7.0.8). Then we es-
tablish analogues for the maximal compact subgroup of D>, and we prove some formulas
for the trace of a maximal K-type in terms of its level zero part and its base change to

unramified extensions, similar to the ones in chapter 5.

We will also fix the maximal compact subgroup K = GL,,(OF) of GL, (F) for the rest of
this thesis. Unless otherwise stated, in this chapter we work over an algebraically closed

field R of characteristic zero.

K-TYPES FOR GL,(F). Let A = M,(F) and G = A* = GL,(F). We recall some
results from [SZ99] and translate them in the form we will need later on. Let F[5] be a
field extension of Fin A = M, (F), and let B = Z4(F[B]). Choose a pair B i C Bax of
hereditary Op(g-orders in B, such that B, is minimal and B, is maximal. Recall that
hereditary Op(g-orders 95 in B are in bijection with Op(-lattice chains in V' = F™ viewed
as an F'[]-vector space via the inclusion F/[5] C A. Since these are also Op-lattice chains,
there corresponds to B a unique hereditary Op-order 2 = 2(B) of A, which is actually
the continuation of B to A in the sense of theorem 2.4.1. It satisfies A(B) N B = B.
Following [SZ99, Section 5], we associate to B a subgroup J = J(B) = J(B,2A(B)) of the
unit group 2A(B)* such that J = JIB* for J' = JH(B) = JTNUHA(B)). We write Jyax
and J!

max

for the groups corresponding to B ..

Remark 7.0.1. From now on, we make the assumption that the group Jy.x is contained
in our fixed maximal compact subgroup K. This can always be achieved after possibly

replacing F[f] with a conjugate.
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We let 6 be a simple character of the stratum [ay, 3], so that Jy.e = Jp and J!

max = Jél
by definition, and we write Kyax = K(Bmax) for the corresponding canonical S-extension
(the paper [SZ99] works with an arbitrary S-extension). Notice that 6 is maximal. There
is a corresponding family of representations x(B) of J(3), one for each for any hereditary

Opg-order B € B C B, satisfying a coherence property as in [SZ99, Lemma 5.1].
Writing O for the endo-class of 6, and E/F for the unramified parameter field of O
in F', we have attached an inner conjugacy class of isomorphisms

Jmax/J1

max

— GLy/s0r)(€)

to every lift of O to an endo-class O over E. Fix such a lift, and let ¢) be a representative
of the corresponding conjugacy class, such that ¢ identifies B, JL /JL —with the

min ax

upper-triangular Borel subgroup (compare the discussion after [SZ99, Lemma 5.5]).

The functor K} is denoted V = V(Kmax) in [SZ99], and we will sometimes adopt this
notation. Also, we will compose it with our isomorphism v, and denote the resulting
functor still by V' + V(Kmax)- It sends admissible representations to finite-dimensional

representations.

For any positive divisor 7 of n/§(©r) we have a standard parabolic subgroup of GL,, /5 ,)(e),
with Levi factor isomorphic to [[;_; GL,/rs(e,)(€), and consisting of block upper triangu-

lar matrices. It coincides with the image under ¢ of B*J._/J! for some principal order

Bin € B C B that we fix. If o0y = o[x] is a cuspidal representation of GLy /50, (€),
and 0 = ¢ is inflated to J(B)/J(B), then the pair (J(B), x(B) ® o) is a simple type
in GL,(F). It is a maximal simple type precisely when r = 1. The next lemma connects

this construction with our parametrization of simple inertial classes.

Lemma 7.0.2. With the notation of the previous paragraph, the pair (J(*B), x(8) ® o)
is a type for the Bernstein component s¢(Op, Og, [x]).

Proof. Let V be an irreducible representation of GL,,(F) contained in the inertial class of
the simple type (J(B), k(B)®0c). It suffices to prove that the supercuspidal support of V'
is inertially equivalent to r - V4, for some Vg € Irr(GL,(F)) with inv(Vy) = (O, O, [x])-

By [SZ99, Proposition 5.3] the supercuspidal support of V(kmay) is

H GLn/ré(@;r) (e)7 O-E)@r

i=1

Let 0, be a maximal simple character in GL,,/,(F') of endo-class Op. Let Amax, be its
canonical f-extension to Jy,. The representations kmax and Kmax, are compatible, by
proposition 6.2.4. Then the claim follows from (4.4.1), which implies that the super-
cuspidal support of V' is inertially equivalent to [H:Zl GL,/r(F), VO®T}, where 1} is any
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irreducible representation with K, .. . (Vo) = 0. O

Write s = 5¢(Op, Og, [x]) and 0y = o[x]. We define two classes of virtual representations
of K attached to s, depending only on the maximal simple character 6. Assume that .Jy C
K. If‘B is a partition of r, the constructions of section 2.5 provide us with a representation
Fmax @ og(00) of Jy/Jz = GL, /50, (€) (via the lift Op).

Definition 7.0.3. Write oy (s) = Ind’} (kmax ® o9(09)), which by the discussion at the
end of [SZ99, Section 5] is an irreducible smooth representation of K. Write oy;(s) for the
virtual representation Indf,f)(mmax ® a% (00)) of K. We will refer to these representations

as K-types for s.

Next we show how the K-types provide a refinement of Bushnell-Kutzko type theory
for generic representations. Via the Bernstein—Zelevinsky classification, we can attach to

each irreducible representation V' € Irr(s) a partition (V') of r, in the following way.

Definition 7.0.4. Let V € Irr(s). We define B(V)(i) to be the number of times a
segment of length ¢ appears in the multiset corresponding to V. We will sometimes
shorten notation to P = P(V).

Proposition 7.0.5. Let V' € Irr GL,,(F') be generic. Then Hom j, (Kmax ® og(00), V) # 0
if and only if V' € s and its partition (V') satisfies P < P(V).

Proof. By [SZ99, Lemma 5.2], the nonvanishing implies that V' € Irr(s). By [SZ99,
Proposition 5.9] we have that V(kmax) = mpv)(00) whenever V' € Irr(s) is generic. Then

the claim follows from the existence of an isomorphism

Hom,, ("{max ® U‘B(UO)> V) - HomGLn/a(@F)(e)(U‘B<00)a V(HmaX))'

]

Remark 7.0.6. By [SZ99, Lemma 5.2], the fact that V' € Irr(s) if Hom j, (Kmax®0oq(09), V') #
0 holds for any V' € Irr GL,,(F"), with no genericity assumptions.

Ezample 7.0.7. Let V be irreducible and generic. We have (a?gmin (s),V)k # 0 if and only
if V€ Irr(s) and V(Kmax) = 7, (00), in which case it equals one. This happens if and
only if P(V') = Puin, that is the multiset of V' has only one segment (because Py, is the
partition with only one summand). Equivalently, V' is an essentially square-integrable

representation in s.

Finally, we remove the dependence of the K-types on 6.

Proposition 7.0.8. The representations oy(s) and oy (s) are independent of the choice
of 0.
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Proof. Let 6, and 6, be conjugate maximal simple characters in GL,(F), with Jy, C
K. The orders 2; attached to the 6; are principal orders with the same ramification,
corresponding to lattice chains containing the lattice chain defined by K (because 24
is the continuation of B and B* C J; C K). Hence the 2; are K-conjugate. Since
intertwining maximal simple characters defined on the same order are conjugate under
the group of units of that order (see theorem [BK93, Theorem 3.5.11]), we see that
the 0; are conjugate under K, hence so are the Jy,. Write Jy, = ad(g)Jy,. Since the
lift O — Op is fixed, by the proof of proposition 4.3.3 the inner conjugacy classes
0] = Jo, /Ty, — GLnyse,)(e) satisfy [¢1] = ad(g)*[vs]. It follows that we get isomorphic

representations when inducing. O

So there are well-defined representations ow(s) and oy (s) of K for every simple Bernstein
component s of GL,(F). By remark 7.0.6, these are typical representations: each of
them determines the Bernstein component of an irreducible representations of GL,,(F)
that contains it. We do not claim that these are the only typical representations of K,
although some variant of this statement (perhaps assuming p > n) is expected to hold,
as in [EG14, Conjecture 4.1.3]. This is closely related to the problem of “uniqueness of
types”, for which see [Pas05] and [BM02] appendix.

K-TYPES FOR D*. The group D* has a unique maximal compact subgroup OF. Let
(Jo, A = Ko ® x) be a maximal simple type in D*. Then Jy C Of. Fix a simple stra-
tum [OF, 8] for § and a uniformizer mp of the central division algebra D' = Zp(F[5])
over F|[f]. Then the normalizer J(0) of § in D* is 74, x Jp = (D')*J}, and the nor-
malizer J(A) of A in D* has index in J(#) equal to the size b(x) of the orbit of y un-
der Gal(e,/50,)/€) (see remark 4.5.9).

By [BH11, Proposition 2.6.1], the D*-intertwining set of (Jp, A) coincides with J(\),
which intersects Of in Jy. It follows that the intertwining set of A in Of is Jp and that
Indi” A is irreducible. By Frobenius reciprocity, it is a type for the Bernstein component

corresponding to (Jy, ). We will refer to these representations as K-types for D*.

Another construction of K-types in this context can be given through Clifford theory, as
follows. (See [Roc09, Remark 1.6.1.3, Lemma 1.6.3.1] for details.) A smooth irreducible
representation 7w of D restricts to a semisimple representation of O, whose irreducible
constituents form a unique orbit under conjugation by a uniformizer I1p of D*. Each
constituent occurs with multiplicity one. If 7 is another smooth irreducible representation,
it. follows that Homgx (7, 7) is nonzero if and only if 7o, and 7|o,, are isomorphic,
and this is equivalent to m and 7 being unramified twists of each other. It follows that
any irreducible constituent of 7|p_, is a K-type for the inertial class of 7. This is the

construction used in [GG15].

In contrast with the case of GL, (F') (see [Pas05]), the K-type of a supercuspidal repre-
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sentation needs not be unique: the number of constituents of mo ., equals the torsion

number of m, namely, the number of unramified characters x of D* such that ym = .

Remark 7.0.9. This numerical coincidence can also be explained as follows. The maximal
simple types giving rise to the same Bernstein component as (Jy, kg ® x) are all conjugate
in D*, and the normalizer J(\) has index in 7%, x J equal to the size b(x) of the orbit of .
Since the valuation of 7p in D* is [e : f], we see that there are b(x)[e : f] orbits of O}
on the set of D*-conjugates of (Jy, kg ® x) (the same as the cardinality of D*/OJJ())).
On the other hand, a computation as in [Séc09, Proposition 4.1] implies that the torsion

number of the type equals b(x)[e : f].

LOCALLY ALGEBRAIC TYPES. For applications for the Breuil-Mézard conjecture, we
will need the following class of locally algebraic representations of maximal compact

subgroups.

Definition 7.0.10. Let 7 be a discrete series inertial type for F', defining simple inertial
classes s € B(GL,(F)) and sp € B(D*). Fix a choice of a OF-type o(sp) for sp. (Our
results will be independent of this choice.) Let E/Q, be a finite extension such that T,
op(s) and o(sp) are defined over E, for all partitions 9. Finally, let A € (Z7)Homar(F2E)
be a weight.

Then we define

oqp(7,\) = op(s) ®g Ly, J;E(T, A) = a;g(s) ®p Ly, op(1,\) = 0(sp) @p L.

TRACE FORMULAS FOR K-TYPES. A conjugacy class in a profinite group is pro-p-
reqular if its elements are p-regular in all finite quotients of G (that is, its order is

coprime to p). We have the following lemma.

Lemma 7.0.11. If G is a profinite group, H is a finite group, and 7 : G — H is a
continuous surjection with pro-p kernel, then 7 induces a bijection from the pro-p-regular

classes of G to the p-regular classes of H.

Proof. Since a filtered inverse limit of nonempty finite sets is nonempty, it suffices to
prove the claim for G a finite group. In this case, the surjectivity of m on p-regular
classes follows because every p-regular element 7(z) of H admits a p-regular lift, since
if z = x(,)z?) then the images of these under m commute, hence 7(z(,)) = 7(z)p) = 1
and 7(2®)) = 7(z). Then the claim follows because G and H have the same number of
p-regular classes, since every irreducible F,-representation of G is trivial on ker(r), and

the number of irreducible F,-representations of a finite group equals the number of its

p-regular conjugacy classes [Ser77, Section 18.2, Corollary 3. O
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Consider a pair (Jy, A = kg ® o[x]) in G = GL,(F) for a maximal simple character 6 of
endo-class O and a character y : e;/é(@F) — R*, and let [2, ] be a simple stratum for 6.
As in the above, we assume that Jy C K. Fix a maximal unramified extension K+ of F[]
in Z4(F[B]) normalizing 2, which exists by the argument in the proof of proposition 2.4.5.
Let K be the maximal unramified extension of F'in K. We remark that the unit group
K> normalizes K: this is because Ox C Og+ C B, and K* = p% x Op, and p is central.

By theorem 2.5.13 we have

O (56(OF. O, [x])) = Indj (N),

which is a virtual representation of K if y is not e-regular. When y is e-regular, this is

a maximal simple type. We shorten notation to o+ = 03;  (5¢(0Or, O, [x])).

Proposition 7.0.12. If x € K is a pro-p-regular element that is not K-conjugate to an

element of g then tro™(x) = 0.

Proof. By the Frobenius formula for an induced character we have

trot(x) = Z trA(yzy ).

yeJp\K

By lemma 7.0.11, the pro-p-regular conjugacy classes of Jy are in bijection with the
semisimple conjugacy classes of GL,, 50, (€), via our isomorphism Jp/Jy — GL,/s5(0,)(€).
Now the claim follows by proposition 2.5.9, as o[x| vanishes on semisimple conjugacy
classes that are not represented in a maximal elliptic torus (equivalently, their character-
istic polynomial has more than one irreducible factor up to multiplicity), and px = g+

maps isomorphically to such a torus. O

We now give a formula for tro™(x) when x € ux generates an unramified extension L/F.

For this, we take the interior lift 8, and notice the decomposition

Jo, = GLn/[L[m:F](OL[B})JelL'

We write G = Zg(L) and notice the equality Zx (L) = KNGy. Since K* normalizes K,

this is a maximal compact subgroup of GG;, that we denote K.

Recalling the representation 77(6) of pu x J; from our discussion of symplectic invariants,
we see that it is isomorphic to the restriction of ega€jrg to pux x Jj, since this is the
p-primary [S-extension of 6. Also, inflating n** through Jy, — Qg, — Q4" (the first
map is the canonical surjection) yields n(f;) by the uniqueness property of Heisenberg
representations. It follows from this and proposition 2.4.22 that if © € py generates L/F,
then

trig(2) = eca(z)eg(2)e(x, Vo) dimn(0L,) = eca(x)eg, € dimn(6,) (7.0.1)
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Now consider the pair (Jy,, A\, = kg, o[x]) where the Deligne-Lusztig induction is taken
from e;/é(ep) to the centralizer of the image of = in GL,, /r|g).r](€), Which is the group GLy, 5.7 (€[2]).
When Y is e[x]-regular, this is a maximal simple type in G. The corresponding K -type

of = Indlfgi Ar has dimension equal to
dim(o}) = dimn(01)]Jo, \KL|(GLy (11571 (€[]) = €} 50,0 (7.0.2)

Remark 7.0.13. The dimension of a virtual representation is the value of its character at

the identity. In this case, it is independent of .

Proposition 7.0.14. Let = € ux generate an unramified extension L/F. Then

trot(z) = (_1)n/[F[ﬁ]:F]+n/[L[5}:F]EGa1<$)€2L€g dim(o7) Z x(vz).
v€Gal(L/F)

Remark 7.0.15. As in theorem 5.1.1, we are evaluating x at x through any isomorphism
UK — € I5(0r) that is induced by a e-linear isomorphism k — e,,/56,), where k is an

e-algebra through «(©p).
Proof. We begin with the Frobenius formula

tro™(z) = Z trA(yoy ') = Z olx)(yzy treg(yry )

JG\K JQ\K

and the remark that if y € K and trA(yxy~!) # 0 then there exists an element of Jy
conjugating yxy~! to an element of jx. Indeed, by lemma 7.0.11 the pro-p-regular classes
of Jy are in bijection with those of GL,,/rig.#)(€), and by proposition 7.0.12 the only ones
on which tro[x] is nonzero are those represented in pg. It follows that Jyy = Jpy for
some y € Nk(L) (this is the normalizer of L for the conjugation action of K). We
have an isomorphism Nk(L)/K; — Gal(L/F), and the intersection Nk (L) N Jp maps
onto Gal(L/L N F[B]). To see this, notice that if z € Jy = B2, J; normalizes uy, then
its image T in GLy/(r(g).F] (e) normalizes the image of uy, and the automorphism of p,
induced by adZ determines that induced by ad z, which therefore is also induced by an

element of B, = GL,/r5.7(Org)-

It follows that the space Jy Nk (L) decomposes into double cosets

JNk(L) = |J Jt.Ky
o€Gal(L/F)

where t, € K induces ¢ on L by conjugation, and Jyt,K; = Jyt. K if and only if
to~ ! € Gal(L/L N F[B]). Since Jot, K = JyKt,, we deduce that

trot(z) = [L: F[B] N L] Z |Jo, \K|tr A (7).
~EGal(L/F)
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Recalling formula (7.0.1), this implies that

tro™(z) = [L : F[B] N L] eca(w)eg, €5 dimn(0;,) Z |Jo, \KL|o[yx].

~EGal(L/F)

By proposition 2.5.9, we have

(_1)n/[F[B]:F]+n/[L[/3}:F}(GLn/[L[B]:F](e[x]));e:/é(eF))p/ Z x(ax).
acGal(e[z]/e)

olx] =

Recall that e is isomorphic to the residue field of F[3], and since L[3]/F[f] is an un-
ramified extension generated by z, e[z] is isomorphic to the residue field of L[5]. The

restriction map is an isomorphism
res : Gal(L[B]/F[p]) — Gal(L/F[p]N L)

and it follows that

L:FBnL > Yo Xy = > x(e).

vEGal(L/F) acGal(e[z]/e) ~EGal(L/F)

The claim now follows from (7.0.2). O

We end this section by proving an analogous result for D*. Let (Jp,\ = kg ® x) be
a maximal simple type in D* and let o, = Indi’é A be the associated K-type. Fix a
simple stratum [Of, §] defining 6 and fix a maximal unramified extension Kt of F[f]
in D' = Zp(F[P]). Let x € px+ generate an extension L/F. Let 6, be the interior lift

of § to L, and write Ay for any maximal simple type in Zpx (L) with maximal simple
Z,x (L)

character 67. Write o = Ind JQOLD Ar, for the corresponding K -type.

Proposition 7.0.16. We have an equality

traj{)(x) = eGal(x)egegL dim(az)x(x).

Remark 7.0.17. Here we use the same conventions as in remark 7.0.15.

Proof. It y € O} and yay™' € Jy = OF,J;, then yxy~! is Jy-conjugate to an element
of ug+, because pg+ represents the pro-p-regular conjugacy classes in Jy by lemma 7.0.11.
Again by lemma 7.0.11, elements of ux+ are pairwise nonconjugate in OF. So Jyy = Jyy
for some y € Z E<L)’ and we deduce that

tro}y(z) = |Jo, \Z, « (L)[trA(z).
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By the discussion of symplectic invariants, we know that
eqal(7)ep(2)trrg(z) = €o(x) dimn(0;) = eg(z) dim(Ay),

hence the claim follows from proposition 2.4.22. O]

THE FORMAL DEGREE FORMULA. Let s be a supercuspidal inertial class for GL, (F),
and let sp = JL7'(s) be its Jacquet-Langlands transfer to D*. We give a relation
between the dimension of a K-type o}, for sp and the dimension of a K-type o™ for s.
We assume that o}, and 0% have been constructed as in the above. Write ¢ = |f| and
t(s) = t(sp) for the torsion numbers of the inertial classes. Normalize the formal degrees
for GL,(F) so that the Steinberg representation has formal degree one, and let Iw C K

be an Iwahori subgroup.

Theorem 7.0.18. [BH04, 1.4.1] The formal degree of any irreducible representation

containing a maximal simple type (Jy, A) corresponding to s is

¢" —1 pe(lw)

dlm) = #s) dim(N) 332 2T

for any Haar measure pg on G.
Proposition 7.0.19. We have an equality dim(c™) = (GL,(f) : £¢), dim(c})).
Proof. Multiplying numerator and denominator of the equation in theorem 7.0.18 by pq(K)™!

yields
d(m) = t(s) dim(c ") (GL,(f) : fnx);,1

because dim(c™) = dim(\)(K : Jp) and (K : Iw) = (qy;;({l)'_"l()‘jz(_q(_q:);l)). We have seen that
any irreducible representation in sp restricts to OF to a sum of ¢(sp) representations
each appearing with multiplicity one and all conjugate under D*, which are precisely the

K-types for sp. Since d(7) = dim(JL™'7), we deduce that
t(sp)dim(c}) = t(s) dim(ct)(GL,(f) : £* );,1

and the claim follows since t(sp) = t(s), as the Jacquet-Langlands correspondence com-

mutes with character twists. O
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Jacquet—Langlands transfer of weights and

types.

In this chapter we construct a Jacquet-Langlands transfer of Serre weights from D*
to GL,(F'), and prove its compatibility with the inertial Jacquet—Langlands correspon-
dence. We also consider analogues for [-adic coefficients when [ # p, so we begin by fixing
a prime number [ (allowing, of course, the case [ = p). We will mostly be interested in
proving that our transfer preserves congruences of locally algebraic types, in the sense of
theorem 8.0.4. However, we point out that in the case of trivial regular weight we can in-
terpret our result as describing a Jacquet—Langlands correspondence for representations
of maximal compact subgroups of D* and GL,(F). This is because of the following

lemma.

Lemma 8.0.1. Let R be an algebraically closed field of any characteristic (includ-
ing char R = p) and let 7 be an irreducible smooth R-linear representation of OF. Then 7

occurs in the restriction to O of an irreducible smooth representation of D*.

Proof. We regard 7 as a representation of F'*OJ with 7 acting trivially. As in [Vig01b,
Section 4], 7 extends to a representation 7' of its normalizer N = Npx(7), and the

induction IndY" (7') is an irreducible representation of D* containing 7. O

Choosing an isomorphism ¢; : Q; — C, one gets a Jacquet-Langlands transfer from iner-
tial classes of Q;-representations of D* to inertial classes of Q,-representations of GL,,(F).
Because the Harish-Chandra character is compatible with automorphisms of the coeffi-
cient field, this transfer is independent of the choice of ¢, [MS17, 10.1].
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Definition 8.0.2. Define a map JLk : Rg (Op) — Rg, (GL,(OF)) as follows. Let op be
an irreducible representation of Of. Then op is a type for some Bernstein component s,
of DX, by lemma 8.0.1, and we let 5 = JL(sp). We define JLk(op) = oy, (s).

MOD p REDUCTION. Set [ = p. We construct a map
JL, : Ry (Op) — Ry, (GLA(OF))
and prove our first main result of this chapter, the equality
JL,(Gp(1,N)) = Engmin (1, ).

Since every irreducible smooth F,-representation of a pro-p group is trivial, it is enough
to define a map
JLp : pr(dx) — pr(GLn(f))

We choose any f-linear isomorphism ¢ : d — f,, and we define this to be the semisimpli-
fied mod p reduction of x — o[x], composed with the isomorphism Rg () — Rap(fnx).
(Compare remark 2.5.8.) Since y + o[x] is constant on Gal(f,,/f)-orbits, this is indepen-
dent of the choice of . Recall the explicit formula 2.5.9, and observe that this is a direct

generalization of the construction in [GG15, Section 2].

For a general profinite group G, one defines the Brauer character of a finite-dimensional
representation V' of G over a finite field F, as in the finite group case, obtaining a
function x (V') on the set of pro-p-regular conjugacy classes of G valued in Qp. From
lemma 7.0.11, and the corresponding assertion for finite groups, we find that when-
ever (G has an open normal pro-p subgroup the Brauer character induces an isomorphism
Ry, (G) ®2 Q, — C?)(G,Q,), where Ry (G) is the Grothendieck group of finite length
smooth representations of G over F,, and the target denotes the space of functions from

the set of pro-p-regular classes of G to Qp. We get an induced map
JL, : (£, Q,) = CP(GL,(f), Q,)
such that if 2 € GL,(f) has a conjugate in £ with degree deg(z) over f then

JLp(f)(@) = (1) 9O (GLy) deg(a) (Facey) 620 D> f(yx). (8.0.1)
YECal(Egeg (2 /F)

Remark 8.0.3. Since JL, is defined by an explicit formula, we need not worry about

subtleties in the definition of Deligne-Lusztig induction over Qp. See remark 2.5.8.

Theorem 8.0.4. Let 7 be a discrete series inertial type for I and \ € (Z7)Home, (¥ Q)
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Then we have the equality
JL,(Gp(T,N)) = E;ngin(ﬂ A)
Proof. We have an equality of Brauer characters

X(@g,.., (7)) = X(La)x (Tgs,.,, (7))

and similarly
X@p(r,\) = x(I)x(@p(7)).

The representation o (7) is smooth and defined over a finite extension £/Q,, so we
can compute x(Tg (7)) as the restriction of the trace of oy (7) to p-regular conju-
gacy classes: this follows from the corresponding statement in the finite group case, via
lemma 7.0.11. By proposition 7.0.12, both x(7p(7)) and x (73 (7)) vanish away from
certain conjugacy classes represented by roots of unity. If z and zp are matching p-
regular roots of unity, then lemma 2.5.21 actually implies that x(Ly)(z) = X(Zj\r)(zl)),
because the Brauer character of a representation of the finite groups generated by =z

and zp can be computed on a lift to characteristic zero. Hence it is enough to prove that
JL, (x(@p(7))) = x(Ty,,,, (7))

Fix a pair (Jy, kg ® o[x]) in GL,(F), a simple stratum [2, 5] for 6, and a maximal
unramified extension K /F[f] in Z4(F[f]) such that Jy C K and the maximal unramified
extension K of F in KT normalizes the group K. By proposition 7.0.8, U;Smm (1) =
Ind?g(/@g ® o(x]). where we have fixed a lift ©p — O of Op = cl(f) in order to get the
character orbit [x]. By theorems A and B, we have the equality sp(7) = JL™!(s(7)) =

spx(OF, O, [X])-

It follows that we can find a maximal simple character 0 in D* with cl(d) = cl(fp) and a

X

simple stratum [Op, fp| for Op such that op(7) is isomorphic to the induction Ind%l’j (Ko®
Xp), for a character xp : € 50, = Q: such that the Gal(e,/s5©,)/€)-orbits [x] and [xp]
coincide. We fix a maximal unramified extension K}, /F[8p] in Zp(F[Bp]) and write Kp
for the maximal unramified extension of F' in K},. Since the Jacquet-Langlands cor-
respondence preserves torsion numbers, we have [K : F|] = [Kp : F], and there exists
a unique isomorphism ¢ : Kp — K such that the equality of endo-classes cl(0p k) =
" cl(0g) holds.

Let z € px and zp € pk,, generate isomorphic extensions of F', which we identify via ¢

with an unramified extension L/F. By propositions 7.0.14 and 7.0.16 we have equalities

~EGal(L/F)
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and

trop(7)(zp) = eGal(zD)egDyLegD dim(aaL)xD(as). (8.0.3)

These compute the Brauer characters of the mod p reductions 7, _ (7) and Tp(7) at z
and zp. It follows that

JL, @p(7)(2)) = (=) GLy, (frm) = £)peca(zp)ey, 6, dim(oh ) Y xo(v2p)

~EGal(L/F)

by formula (8.0.1), and we have to compare this to (8.0.2).

The two sums are equal because [x] = [xp]. Now recall from remark 7.0.13 that dim(o})

and dim(c}, ;) are equal to the dimensions of the K-types corresponding to an arbitrary
choice of mazimal simple types with maximal simple character 6y, respectively 0p .. By
our choice of ¢ : F[zp] — F|[z], these characters have the same endo-class, hence we can
choose o7, and op 1, so that they determine inertial classes corresponding to each other
under the Jacquet-Langlands correspondence between Zpx(F[zp]) and Zqr, r)(F[2])

(identified with groups over L via ¢). By proposition 7.0.19, we see that

dim(aByL)(GLnL(f[L:F]) :£9)y = dim(o])
since f1.p) is isomorphic to the residue field of L and £ =2 ((fi1.r7)n,)*. The charac-
ters ega coincide as they only depend on the endo-classes cl(f) = cl(fp). Finally, the

computations at the end of the proof of 5.3.3 show that*

(_1)n+n/[K:F}+n/[F[6]:F]€2 _ _EgD
and
(— 1)/ P/ P/ LAY g

[
We remark that when the weight A = 0, theorem 8.0.4 implies that the following diagram

Rg (Op) LN kg, (GLn(OF))
lrp lrp (8.0.4)

Rg (0%) — Rg (GL,(Or))

commutes.

*the integers there denoted m are all equal to one, since D is a division algebra.
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MobD [ REDUCTION. Now assume [ # p. By our discussion of K-types for D*, lemma 8.0.1
implies that every irreducible smooth Q-representation 7 of Op is a K-type for a

Bernstein component of D*. As such, there exists a simple character 6 such that

T Ind?g’é(m ® x) for some character x of Jp/J}, and the O)-conjugacy class of the

maximal simple type (Jp, £ ® x) is uniquely determined by 7.

Lemma 8.0.5. Every irreducible Fj-representation of O}, is the mod [ reduction of a Q;-
representation of O5. The mod [ reduction of an irreducible Q,-representation 7 of O}

is irreducible.

Proof. The first claim is a consequence of the Fong—Swan theorem, since O is a solvable
group. For the second claim, observe first that 7|14y, is a direct sum with multiplicity
one of representations forming a unique Op-orbit. This follows from Clifford theory:
by [VigO1b, Proposition 4.1] the group Homi.,, (o, 7) is a simple module for the Hecke
algebra H (O}, o), for every irreducible representation o of 1 + pp. Since the quotient

5/1 4 pp is cyclic, by [VigOlb, Proposition 4.2] this Hecke algebra is commutative,

hence its simple Q-modules are one-dimensional, proving the claim of multiplicity one.

Now, if 70 is any Z;-lattice in 7 then the reduction T14p, Will again be a direct sum
with multiplicity one of irreducible F-representations of 1 + pp, because 1 + pp is a
pro-p group, and OF will act transitively on the summands. Hence every irreducible

O} -subrepresentation of 7° has to coincide with 7. O

Theorem 8.0.6. There exists a unique map JL; making the following diagram

Rg, (05) LN Rg,(GL.(Op))
. Jr (8.0.5)

s R, (GL,(Op))

commute.

Proof. The mod [ reduction map for Q,-representations is defined as the direct limit of
the reduction maps over finite extensions of Q;. That JL; is unique follows from the first
claim in lemma 8.0.5, since the left vertical arrow is surjective. For the existence, by
lemma 8.0.5 it suffices to prove that if 7 and 7» are irreducible representations of O
with the same mod [ reduction, then r;(JLk (7)) = r;(JLk(72)). Indeed, this allows us
to define JL;(7) as r; JLkx (o) for any irreducible lift o of @, and then commutativity of

the diagram holds by definition and the second part of lemma 8.0.5.

. - X
Since r;(71) = r;(72), we have 71 = 1,®1 for some character ¢ : OF/14+pp — Q, , because
the restrictions 7;]14,, are isomorphic modulo [, hence they are isomorphic over Q; as

1+4+pp is a pro-p group. Hence there exists a simple character #p with endo-class © such
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that 7, = Indzi (k ® x;) (where the x; are computed with respect to a lift O — Op).
By assumption, the representations r;(k ® ;) intertwine in O, as they have isomorphic
inductions to 0. Since k is a [-extension, the intertwining set of x in D* coincides
with that of 6p, which is also equal to its normalizer 74, x Jy, (where we have fixed
a parameter field F[5] for 0p, and D' = Zp(F[5])). Hence we see that r;[x1] = r;[x2],
where [x;] denotes the orbit under Gal(e,/s56,)/€).

There exists a maximal simple character € in GL, (F) with the same endo-class as 6p,
together with a conjugacy class of isomorphisms Jp/.J; — GL,/s(0,)(€) induced by O —
Or. We assume that the subgroup Jy is contained in K, so that the virtual representation
JLKk (7;) is the induction Ind?g(ne ® oxi])-

To conclude, it suffices to prove that ro[xi1] = r;0]xs], or equivalently that the [-
Brauer characters of the o[x;| coincide. These are the restrictions to [-regular classes
in GL, 50,)(e) of the characters of the o[y;]. An element of GL, 5e,)(e) is l-regular
if and only if its semisimple part is [-regular, because the unipotent elements of this
group have order a power of p. The character formula of Deligne and Lusztig [DL76,
Theorem 4.2 expresses the value of o[x;] at g € GL,/50,)(e) with Jordan decomposi-
tion ¢ = su in terms of a Green function evaluated at w (this is independent of x;) and
the value of x; at those conjugates of s contained in the inducing torus. Since s is an

l-regular element, and we have seen that [y\"] = | S)], the claim follows. O
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Breuil-Mézard conjectures.

9.1 GALOIS DEFORMATION THEORY.

Working in the framework of [EG14, Section 4], we recall the definition and some prop-
erties of potentially semistable deformation rings of fixed Hodge type and discrete series
Galois type, and introduce the monodromy stratification on these rings. Then we state a
form of the geometric Breuil-Mézard conjecture for the mod p fibers of these rings, and
deduce a description of the cycle corresponding to discrete series lifts. In this section,
we fix p-adic coefficients consisting of a finite extension E/Q, with ring of integers Op,
uniformizer 7g, and residue field e. We let p : Gp — GL,(e) be a continuous represen-
tation, and we assume that E is sufficiently large (so that, for instance, it contains all
[F': Qp] embeddings of F').

Let 7 be a discrete series inertial type. Our results will relate a;gmm(r) to the locus in the
deformation space of p consisting of discrete series lifts of inertial type 7: that is, Galois
representations lifting p whose associated Weil-Deligne representation is the Langlands
parameter of an essentially square integrable representation in § = rec™!(7). Making this

precise requires an account of the monodromy operator on the universal deformation ring.

To start with, we recall some commutative algebra. Let A be a commutative ring with 1
and let M be a finite projective A module of rank n with a nilpotent endomorphism N :
A — A. To each prime ideal x € Spec(A) we attach a partition 9B, of n by considering the
Jordan canonical form of the nilpotent endomorphism N(x) on M ®4 k(x), where k(z)

is the residue field at z.

Lemma 9.1.1. Each partition B of n defines a closed subset of Spec(A)

Spec(A)>q = {z € Spec(A) : B, > P}
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Proof. See for instance [Pyv, Section 4]. By our definition of B, > P as the re-
verse of the dominance partial order on partitions, we find that B, > B if and only
if dim(ker N(z)*) > dim(ker N ()*) for all i, where N (3) has Jordan canonical form given
by . Since dim(ker N(z)") = dim(cokerN(z)") and cokerN(z)" = (cokerN') @4 k(x),

the claim follows since the set
{z € Spec(A) : dimyy)((cokerN*) @4 k(z)) > m}.

is closed for all m € Z. O

Remark 9.1.2. One gets a canonical subscheme structure on this set by the vanishing, on
open subsets where M is free, of the (n —m+1) X (n —m+ 1) minors of the matrix of N

with respect to a basis of M. We will not need this.
Remark 9.1.3. It follows that if Spec(A) is irreducible then the function x — B, is

constant on a dense open subset of Spec(A), where it attains its minimal value. So we
can define subsets Spec(A)y as the union of irreducible components of Spec(A) where

the minimal value of 3, is P—equivalently, where the monodromy is generically B.

POTENTIALLY SEMISTABLE DEFORMATION RINGS. Let 7: Ir — GL,(F) be a discrete
series inertial type and A € (Z’}F)Home(F “E) " To be more precise, we assume that 7
is a multiple of a representation 7y of E[[r] that extends to an absolutely irreducible
representation of E[Wr|. Let L/F be a finite Galois extension such that 7 is trivial
on Ir. By [Kis08, Theorem 2.7.6] there is a quotient (R5[1/p])(7, A) of the generic fibre of
the universal lifting Og-algebra Rg, whose points in a finite extension E’/E correspond
to potentially semistable lifts of p with Hodge type A and inertial type 7. By [Kis08,
Theorem 2.5.5], there is a finite projective Ly ®q, (R3[1/p])(7, A)-module Dz(7, \)[1/p]
with an automorphism ¢, semilinear with respect to 0 ® 1, and a Lo ®q, (R [1/p])(T, A)-
linear nilpotent endomorphism N, specializing to D, (r®V|g,) for any Og-linear ring
homomorphism z : (RF[1/p])(7, ) = E’. Since D5(7,\)[1/p] is a direct factor of a free
Lo ®q, (RF[1/p])(7, \)-module, it is also projective over (RZ[1/p])(, A). By lemma 9.1.1
we have a stratification Spec(R5[1/p])(7, A) >y, and Spec(RF[1/p]) (T, A) 5., cOrresponds
to the vanishing of the monodromy operator, hence to potentially crystalline deformations
of p (recall that Pay is the partition n =14 -+ 1).

We write (R7[1/p])(7, A)q for the reduced quotient corresponding to the set Spec(RZ[1/p]) (7, Ay,
and we let R5(7, A)g be the image of RY — (RF[1/p])(7, A)y. This is a reduced 7 p-torsion
free Op-algebra whose generic fibre is isomorphic to (R3[1/p])(7, A)y, and its minimal
primes have characteristic zero (by Op-flatness), hence they are in bijection with those
of the generic fibre, which are the components where the monodromy is generically ‘.
(By definition R5(7, A)q is the Zariski closure in RﬁD of the set of these components of the
generic fibre.) We define R5(7, A)>y similarly. By [Kis08, Theorem 3.3.4], these rings are

110



equidimensional of the same dimension, which we denote by d.

CYCLES. Since the rings R5(7, \)g are equidimensional and 7g-torsion free, their special
fibres R5(7,\)y/7p are also equidimensional, and define a (d — 1)-cycle on R7 [BM14,
Lemma 2.1]. The geometric conjecture in [EG14, Section 4.2] states that for each Serre
weight a for GL,(f) there exists a cycle C, on R such that

Z(Bp(T, N/ T1) = Zna o

where the multiplicity n, is equal to the multiplicity of the representation F;, in oy, (7, A),
the semisimplified mod 7g reduction of oy, (7,A). Notice that R5(T, A)g,... is a poten-
tially crystalline deformation ring of p. This can be reformulated by defining a group

homomorphism

TyC 1 Re(GL,(£)) = ZY(RS), Fy— C,
and one can generalize the statement of the conjecture, and ask whether

Z(Rp(T, A2 /mr) = Cyc(ap(T, A)).

This is motivated by the fact that o(7)y is contained in a generic absolutely irreducible
representation m of E[GL,(F)] if and only if the inertial class of 7 ®g Qp corresponds
to 7 and the partition () attached to 7 satisfies P(7) > B, that is

Homg (op(7), 7) # 0 if and only if reCQP(W ®r Q)| =7 ®p Q, and P(r) > P.

Under some assumptions on p, this is true when F' = Q, and n = 2 by [Kis09] or when
n =2 and A = 0 by [GK14]. However, we expect that this statement has to be modified
for n > 3 to account for multiplicities: it is not true in general that Homg (op(7), 7) is

one-dimensional when it is nonzero. The general statement should be
Z(Ry(r, Ny /m) = Tye(Tg (7, A)),
because of the multiplicities

dim Homg (o3 (1), 7) =1 if recap(w ®p Q)| = 7 and P(r) =P

0 otherwise.

We offer two pieces of evidence towards this. The first is our theorem C, concerning the
case Puin, which gives a compatibility with the analogous statement on central division al-

gebras. Second, observe that dimp Homk (o9 (7), g (7)) equals the Kostka number Ky g,
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and so we have an equality in the Grothendieck group

Eqﬁ;(T, )‘> = Z K%U,‘B’a—;;/ (Ta )‘)
deg P’'=deg B

and
Ta(r N = ) Ky opw(T )
degP'=deg P
where (Kg gy ) is the inverse of the matrix (Kpg) of Kostka numbers. Now [Shols,
Corollary 4.9] says that the direct analogues of our formulas give the right answer for
deformation rings with [-adic coefficients, where [ # p is a prime number. This is also

consistent with the work of Yao described in the introduction.

Remark 9.1.4. A computation of Kostka numbers implies that the multiplicities
dlmE HOHlK(O'qg(T), 7'(') S 1 lf sB = sBmim

so we do expect that Z(R5(T,\)/mg) = Cyc(Tp,., (T, A))-

9.2 (CYCLES ON DISCRETE SERIES DEFORMATION RINGS.

Fix a prime number [, possibly equal to p, and a finite extension F/Q; of coefficients.
Let p : Gal(F/F) — GLy,(kg) be a continuous representation. Let RY be the framed

deformation ring of p over Op.

CASE [ = p. We prove theorem C in the introduction. Assume that F is large enough
that all irreducible components of RE are geometrically irreducible, and all irreducible
F,-representations of GL,(Or) and O} are defined over e. Assuming the existence of a
homomorphism

eyC : Re(GL,(OF)) = Z4 (RS [7p)

such that cyc(ag, (7,A)) = Z(R5(T, N)p,../TE), We see that if we set
CyCpx = cyc o JL, : Re(OF) — Zdil(RﬁD/ﬂ'E)

then €yCpx (@p(7, A)) = Z(R3 (7, M)y, /TE) by theorem 8.0.4, providing a description of
the mod p fibres of discrete series lifting rings in terms of the representation theory of Of
and the type theory of D*.

CASE [ # p. In this case, we cannot find a finite extension £/Q; such that all irreducible
e-representations of O} are absolutely irreducible. We assume that E is large enough

that whenever p has a lift of inertial type 7 to some finite extension of Q;, then 7 and
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all the corresponding K-types for GL,,(F') and D* are defined over E. We also assume
that £ and kg are large enough that all irreducible components of Spec(RZ[1/p]) and
Spec(Rg /mg) are geometrically irreducible. For any pair (7, N) consisting of an inertial
type and a monodromy operator, write R%(T, N) for the corresponding quotient of the Op-
deformation ring R7, as in [Shol8]. The characteristic zero points of R7 (7, N') correspond
to lifts of p whose attached Weil-Deligne representation has inertial type 7, N. Define a

map

cyc : Rp(GL,(OF)) = ZURS), o= ) dimg Homg g, (0. (0 @EQu, mrn) [R5 (7, N)]

P
T,N

where 7, y is any irreducible generic Q,-representation of GL,(F) such that recg, (7-,n)
has inertial type 7, N. (This is compatible with definition 7.0.4.) The map recq, is only
well-defined up to the choice of a square root of ¢ in Q;, but this plays no role when

considering the inertial type. Similarly, we introduce a map

cycpx : Rp(OF) — Zd(RﬁD), o ZdimHomQZ[GLn(OF)](UV(X)EQl, JL*I(WTJV))[R%'(T, N)J.
TN

In this formula we set JL™!(7) = 0 when 7 is a generic representation that is not es-
sentially square-integrable (this is consistent with the fact that the Langlands—Jacquet
transfer is nonzero on elliptic representations only, and the only generic elliptic represen-

tations are the essentially square-integrable representations. See [Dat07].)

Theorem 9.2.1 (Breuil-Mézard conjecture for D*, case | # p). Assume p # 2. There

exists a unique map Tycpx ; making the following diagram commute.

CYCpx

Rp(Op) A

lrz s (9.2.1)

CYCpx 4

Ry (Of) —— Z47Y(R7 /)

Proof. Since the map r, is surjective for O}, it suffices to prove that if « € ker(r;) then
x € ker(red o cycpx). This says that every congruence between K-types gives rise to a

congruence between deformation rings: it is not a formal statement.

By [Shol8, Theorem 4.6], there exists a commutative diagram

Rg(GL,(Op)) —— Z4(RY)

ll‘z [ (9.2.2)

Ry (GLn(Or)) —5 Z4Y(RY /7).

X

Let zg, be the image of z in Rg (Op). Fix a finite extension L/E large enough that
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all irreducible summands in zg, and JLk(2g,) are defined over L. Then cycp«(zr) =
cyc(JLk(zg,)), where we regard JLk(2g,) as an element of R;(GL,(Or)) and the two
sides as cycles on the deformation ring with Op-coefficients. Indeed, if o is an L-

representation of OF then we have by construction the equality
dim Homg ox (0, JL ™" (77,x)) = dim Homg 61, (0, (ILx (0g,), Tr,n)

because this equality holds on K-types, and by lemma 8.0.1 the K-types span Rg (Op).
Because of our assumptions on E, the natural maps Z%(R7) — Z%(RJ ®o, Or) and
Z" YRS /mg) = Z7(RF ®0, ki) are isomorphisms, hence it suffices to prove that

red cyc JLk (zg,) = 0.
Since diagram (9.2.2) commutes (working with L-coefficients in the diagram), we have

that redcycJLx(zqg,) = ¢y¢ rJLk(2g,). By theorem 8.0.6, we have r; JLx(zg,) =
JLiri(zg,) = 0, and the claim follows. O
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