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Summagz

In this thesis we study the performance of network state-dependent
routing rules. Our motivation is to maximize the traffic carrying
capacity of any given telephone network for any offered traffic pattern,
i.e. to give "the best" overall grade of service.

There are two other considerations. Firstly, I em keenly aware
that the optimization of the overall (network) grade of service tends to
be accompanied by a debasement in the service given to the smaller
parcels of traffic. I have endeavoured to preveht this debasement.
Secondly, alternate routing schemes usually give a very poor service
when the network is subjected to an overload. I have therefore
concentrated on those routing schemes that glways give a performance
that is at least as good as that given when no alternate routing is used.

The results show that we can carry up to about six per cent more
treffic using the state-dependent rules than we can carry without
alternate routing., e have succeeded in providing adequate protection
to all parcels of traffic, and in realising a consistently good overload
performance. Another important and exciting outcome of thisg study is the
ooncépt of "time to congestion" which hes played a central role in our

routing schemes.

I believe that an improvement in the traffic carrying capecity of
six per cent is, by itself, too small to Jjustify the investment
necessary to implement the state-dependent routing rules. I say "by
itself" because the use of such rules may also have the advantage of
enhancing the network security. Nevertheless, the chief recommendation
is that this work should be continued and extended; this thesis is
only a preliminery study. We would, for example, like to examine the
pexrfommance of networks having more than half a dozen exchanges. And
we look forward to better state-dependent routing rules being devised.



TO

MY WIFE GLADYS



ACKNOWLEDGEMENT S

The author is deeply indebted to his supervisor,
Professor Z. C. Cherry, for his sustained enthusiasm, help and advice

during the course of his work.

Thanks are due to Mr. R. E. Bogner and Dr. L. Turner of
the Imperial College, and Mr. A. C. Cole of the British Poct Office for
extending their help at various critical stages of the work. I would
also like to acknowledge the critioism and help that has come through
the innumerable discussions I have had with my student collsagues at

the Imperial College.

The unfeiling encouragement and moreal support from my
wife, especially at those times when it seemed that the task I had set
nyself was practically impossible, is deeply acknowledged. My thanks
also Eo to Miss Barbara Robertson for typing the thesis.

Pinally, I would like to thank the Ugenda Government
without whose financiel assistance this work could not have been carried

out.



Title page
Summary
Dedication
Acknowledgements
Contents
~_CHAPTER TITLE
1. INTRODUCTICN TO THE ROUTING PROBLEM.
1.1 Introduction.
1.2 The case for a study of advenced routing cystems.
1.2.1 Routing and advenced signaslling systems.
1.2,2 Routing and stored progrem controlled
exchanges.
‘ 1.2.3 Routing and the cheanging network structure.
1.3 The routing problem.
"1.3.1 The construction of routing rules.
1.3;2 The eveluation of routing schemes.
1. Routing experience in Denmark: a motivation
exemple.
1.5 The scheme of this thesis.
2, AN INTRODUGTION TO TELEPHONE SYSTEMS.
2,1 Introduction. ’
2.2 Telephone DNetwork Structures.
2.3 Some factors effecting the Routing Plan in a
practical netwoxk.
2+3.1 The Transmission Plan.
2.3.2 The Switching and Signalling Flans.
2.3.3 The Numbering plan.
2+3.4 The Network Structure.
2., Routing in & Hierarchical Network.
. 2,5 Automatic (Sequential) Alternate Routing.
2.6 Automatic Dynasmic Alternate Routing.
3 ELEMENTS OF TELEPHONE TRAFFIC THECRY.

CONTENTS

3.1 Introduction.

Page

wm oW N

10
11
11
11

13
13
13
15
15

16
18

20
21
22

23
23
24
24
25
25
25
27

28
29



L.

5e

3.2 The nature of telephone traffic.
3.3 The units of telephone traffic.
3¢4 The random arrival of cells.
3eltel The Poisson process.
3¢5 The non-random arrival of calls.
3eb5el The smoothness of telephone traffic.
3e5.2 Smooth traffic; the Binomial distribution
3.5.3 Smooth traffic: the Erlang distribution
3.5s4 Rough traffic: the negative Binomiel
distribution. : '
3¢5.5 Rough traffic: the hyper-exponential
distribution
3.6 Duration of calls: the negative exponential
distribution.
3.7 Loss formulze.
3.7.1 The Erlang loss formula.
3.7+2. The Engset (Erlang's Bernoufli) formula.
3.8 Overflow traffic.
3.8.1 The Equivalent random theory.

ROUTING IN A SWITCH
L1 Introduction.
L.2 The 6 to l access concentrator problem.
4.2,1 State assigrment
4.2,2 Probabilistic assumptions and network
operation
4.2.3 Mathematical formulation of the problenm.
Le2.4 The statistical equilibrium equa%ions for
the general state x.
4.2.5 Solution of the problem.
L.3 The Clos network of switches.

4.4y Conclusion

SIMULATION OF A TELEFPHONE NETWORK

5.1 Introduction .

5.2 The need for models

5.3 Advantages of simulation.

5.4 Roulette and Event-by-event simulation.

5.5 Computer simulation programming languages.

5.6 The generation of uniformly distributed random

numbers.

29
30

31

31
33
33
34
34

35
37

38
40
41

44

47
47

49
50
50
51

57
58

61
62
64
67

68

69

69
(Al
Al
73

73



6.

5.7

5.8
5.9

Non~uniform continuous random numbers

5¢7.1 The exponential distribution
The computer simulation of a telephone network
The verification of simulation results.

ROUTING IN A NETWORK OF EXCHANGES AND RELATED FROBLEMS

61
6.2
6.3

Introduction.

Routing in a network of exchanges

75
76
77
78
79

80
80

Some problems that are similar to the routlno probleng?

6¢3.1 Network flow problems.
6¢3.2 The inventory problem.
6e3.3 Markov processes with rewards.

ROUTING IN A FOUR-EXCHANGE NETHORK

7ol
Te2
T3,

Toly

7.5

- Introduction

The direct routing strategy.

Alternative routing strategies.

7¢3.1 The three-exchange network.

The four-exchange network.

7ehel Dynamic routing strategies

Te4.2 The hyper-diagonal routing strategy.
Telie3 The min-max routing strategy.

Telioly The random routing strategy.

Conclusion.

STOCHASTIC BEHAVIOUR COF A GROUP OF CIRCUITS : THE TIME TO
CONGESTION CONCEPT

8.1

8,2

8.3

8.4
8.5

8.6

8.7

Introduction ' ‘

Trensition probabilities in the occupancy of a

group of trunks.

The computation of the stationary probabilities.

The fundamental matrix

The first passage time

8.5.1 The mean first passage time

B.5.2 The variance of the first passege time

8.5.3 The probability distribution of the first
passage time.

The stochastic behaviour of a group of circuits

offered non-random traffic.

8.6.1 The transition matrix for smooth traffic

8.6.2 The trensition metrix for rough traffic

The first passage time distribution in continuous time 116

84
86
86

88

- 89

89
90
91
94
96
%6
97
102
103

104
105

106
107

109
110

111
112
112

13
113
114

e



10

11,

8.8 The  probability density function of Z = X - Y
8.8.1 The probability of a routing error
8.9 Conclusion

- ROUTING STRATEGIES USING THE MEAN TIME TO THE CONGESTION

STATE

9.1 Introduction

"9¢2 The four-exchange network

9¢3 The non-symmetrical four-exchange network
9¢3.1 The protection of the point-to-point grades
of gervice
9¢3+.2 The effect of the variance t mean ratio on
the mean time to congestion
9.4 A non-symmetrical network with large trunk groups
9.5 Conclusion ’

ROUTING RULES DEPENDING ON THE DISTRIBUTION OF THE TIME
T0 CONGESTION

10.1 Introduction
10.2 The probability that the time to congestion exceeds
~ unity’ ]
10,3 A comparison of routing strategies used in the four-
exchange network
10.3.1 Routing strategies to be compared
10,3.2 Comparison of overall (network) grade of
service
10.3.3 Comparison of the point-to—point/grades of
service
10.4 Conclusicns
10.5 Appendix : Tables of the point-to-point and overall
grades of service for the network of Figs. 10.3a
and 10, 3b.

THE SIX-EXCHANGE NETWORK ; FURTHER ROUTING TECHNIQUES
1l.1 Introduction
11.2 Routing in the fully connected six—exchange network.
1l.2.1 Performance comparisons
11.2.2 Overall grades of service
1l.2.3 Point-to-point grades of service.
11,3 Networks in which sone exchanges have no direct .

links to other exchanges

118
119

119

121

122
122

128

130

133
135
136

137

138

138

141
141

143

146
146

149

153
154
154
157
157
157

159



11.3.1 Exchange and route partitioning.
11,3.2 Exchange lumping.
11.3.3 Exchange lumping : an example.

12. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER RESEARCH.

12.1 Conclusions.
12.2 Some aspects of the routing problem needing
further research.
12,2,1 Data processing requirements.
12.,2.2 Optimal routing rules.
12.2,3 Analytical evaluation of network
performance.
12,2, State-dependent rules in & hierarchical
network. .
12.2.5 Routing with imperfect information.

12,2.6 Economic considerations.

12,2.7 Reduction in network status data.
12.2.8 Datsa and message traffic.

REFERENCES

160
161
162

165
166

166

-166

167

167

168
168

168
169
169

171

T )



CHAPTER 1 INTRODUCTION TO THE ROUTING PROELEM

1.1

1.2

1.3

1.4

1.5

Introduction

The case for a study of advanced routing sgystems.
1.2.1 Routing and advanced signslling systems. "

1.2.2 Routing and stored program controlled exchanges.
1.2.3 Routing and the chenging network structure.

The routing problem |

1.3.1 The construction of routing rules.

1.3.2 The evaluation of routing schemes.

Routing experience in Denmark: & motivation example.

" The scheme of this thesis.

10



11

CHAPTER 1 JINTRODUCTION TO THE ROUTING PROBLEM,

-1.1 Introduction

The goodness of & telephone service is judged, amongst other things,
on the proportion of calls that encounter & "busy" tone even if the
called subscriber is not using his telephone. Economic considerations
meke it impossible to dimension the traffic routes so as to guarantee
the hendling of traffic without any blocking. It is, therefore, vital
that we should be able to use the available routes as efficiently as
possible. This effectively means that we must continually re-appraise

“our routing methods in search of better performance.

Routing studies carried out by telephone administrations are, rightly,
geered to their immediste routing problems. But it is important that we
should also keep an eye on the near and the distant future. In this
thesis, we address ourselves to the distant future. We are trying to
understand and evaluate the performance of networks, that are not
necessarily hierarchical, in which the routing rules are continually
updated and matched to the state of the network.

1,2 The case for a study of advanced routing systems.

1.2.1 Routing and advanced signalling systems.

One of the main reasons that have prevented the application of complex
routing plans in the commercial network is the lack of signalling
facilities that can support such routing schemes. Another main reason, of
course, is cost. So what are these qualities that are required of such .
signelling systems? I consider the following four qualities to be

necessary:

l. a fast signalliﬁg speed,

2. & large signal set,

3. & means of conveying network-management signals at a
reasonable cost,

1 high reliability and very low error rates.

These qualities are, at the moment, only approached by the C.C.I,.T.T.
No 6 Separate-channel date signalling system, Crew (141). Although
originally intended for use in international signalling, its great
rotential has been recognized, and modifications have been mede to it so

had ]
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that it can be economically applied to nationel networks. Let us pause,
therefore, to look at this signalling system.

The diagrem of Fige lel shows how a separate ohannel signalling
system could be implemented. At each exchange, & processor is require«i
to interpret the data stream, control the switch block, and if a transit
exchange, forward the necessary signals to the next exchange, or deal
with the subscribers' lines if it is a terminel exchange. The processor

also has the duty of requesting re-transmission

r—-=-—==-=-- 1 r=—-==-=-7
| ) |
Speech | Exchange A | Speech | Exchange B
circuits : 1 circuits 1 |
] Switch : : Switch Subscriber
; Block i | | Block _[?_'__‘ lines
T l I I N
| | |
| y 3 i I & 3 :
: 3 i } v |
! | | I
|
D | |
% Processor - ::Dli‘zi I Processor |,
- | )
I i i :
L o o e ] I I, J

Fig. l.1 -A separate-channel éignalling scheme

in the case of parity errors. It is mainly in the error control mechenism

that the modified system for national networks reelises most of its

savings. But because it is unlikely that this method of signalling can

be applied economically to the smell auxiliery routes, it has been

proposed that data-link signals relating to treffic on such routes should

be transmitted indirectly vie one or more other switching centres so
chosen that the data links to be used can be loaded economically.

The complexity of the processors in Fig. l.1 will depend on the level
in the hierarchy that the associated exchange enjoyse. For locel exchanges,
the processor could be very rudimentary. The local exchange would, in
fact, be effectively remote processor controlled by its group switching
centre, the control being exercised over sscured data links,

o
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l.2.2 Routing and stored progrem controlled exchanges

The advent of electronic exchanges, and stored program controlled
(SPC) exchanges in particular, just like the new signelling system, makes
the idea of using complex routing plans more meaningful., There are meny
eleotronic and guasi-electronic exchanges on the market, and meny more
in various stages of development. Large SPC exchanges are already in
service. Perhaps the most well known is the Bell System's ESS No. 1.
Others include L.M. Ericsson's AKE 12 and AKE 13. For the smaller exchanges,
of say 1000 lines, the ESS No. 2 has been designed and field tested in
the Bell System. Northern Electric's SP-1, end L.M. Ericsson's AKE 11
are 8lso available for the small exchanges. All these SPC exchanges can

cope with complex routing schemes quite easily.

le2.3 Routing and the changing network structure.

There is a tendency for telephone network structures to depart
further and further away from the strictly hierarchical arrangement. This
trend is likely to continue as high usage routes grow Dbigger and bigger.
We shall then see a highly connected telephone network. Already vigorous
discussion is taking place on what constitutes a good structure, Dejean
et &l (73). Routing plans that have been designed with the hierarchical

structure in mind mey soon have to be drastically changed. ﬁ
~ rlzﬁ

le3 The routing problem

This then is a very suiteble time to re-~examine our routing
philosophy. In this thesis, I study end evaluate the performance of
small networks using state-dependent routing rules. My model of a
telephone network is highly simplified; I view the network as a
topological graph with nodes (exchanges) and capacitated links (trunk
groups). I em satisfied, though, that this skeleton model is adequate
for this prelimihary stud&. As this work is extended, some flesh will
have to be added to the skeleton; the limitations of the exchange
switching equipment,signalling systems and trensmission plans will have
to be reflected in the model.

Stﬁdies have already been cerried out on the optimal routing of
telephone calls in small networks of switches, Benes (24, 25) and of
exchanges, Grandjean (1), Wilkinson (9) and Weber (30,31). Such studies A
have highlighted problems that arise in the use of alternate routing.
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The very poor performance of these alternate routing systems under
heavy loads has been of great concern. The most generally recommended
practice has been to cancel completely eny alternate routing if the
loading of the network, or part of it, exceeds a certain predetermined
level. This measure certainly gives an overall service improvement, but
it also leads to certain parcels of traffic being elmost completely
isolated. Traffic parcels designed to use high efficiency (high usage)
routes with fecilities for overflowing on to more generously dimensioned
routes are very seriously affecteds A better method of protecting the
network against serious service deterioration is to make a selective
cancellation of alternate routes in conjunction with trurk reservation.

With state~dependent routing schemes, the traffic imbalances in the
network are smoothly and quickly dealt with, while at the same time
maintaining & unif'ormly good performance even at the highest overloads.
Excess capacity in some parts of the network can be used to take up some
of the demand in the overloaded sections. In faot, the methods that have
been used to take advantage of the different time zones in the
international routing of calls, or in countries like the U.S.A. which span
several time zones, are now effectively proposed although the networks
envisaeged in this thesis do not necessarily spsn more than one time zone.
The results obtained when compared with those obtained using different
routing rules show that the network's treffic carrying capacity is
certeinly enhanced.

The small trunk groups that usually suffer from the traffic
overflowing on to them from the bigger groups are now protected by a
system of automatic selective cancellation of alternate routing. This in
turn means that the network need not suffer a catastrophic degradation of
service when it is heavily loaded.

The routing schemes that I have constructed and evaluated have not
been proved to be optimel. Nevertheless, the methods of study have
produced some decision variables that could be of immense value in the
construction of even bvetier routing schemes. Perhaps, even optimal
routing rules could be constructed using these variables. Of particular
importance is the random varieble that represents the "time to congestion,
and its probability distribution. These quantities are reasonsbly easy
to oompute as we shall show in Chapter 8.
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Routing problems divide up neturally into three perts. The first
part consists of sotting down the requirements that the routing rules
should satisfy. Then comes the actual process of dévising the routing
rules. Finally, the performance of the network under those routing rules

must be estimated.

l1.3.1 The construction of routing rules

In this thesis, we are looking for routing rules that give a high
circuit utility (erlangs per circuit) for all groups of circuits in the
network at all levels of traffic. We are satisfied with the performance
of the present alternate routing systems at engineered loads, but we are
disappointed in their overload performance. We have therefore turned to
state-dependent rules to try and rectify this.

We have found no easy or automatic way of constructing routing rules
for use in a network of exchanges. In Chapter 6, we have drawn
extensively from the work of Dr. V. E. Benes of the Bell Laboratories Inc.
U.S.A. to show that some routing rules for networks of switches can be
constructed and shown to be optimal using linear programming. But
computational diffiiculties make it almost impossible to apply these methods
in a network of exchanges.

The routing rules that we have applied in the earlier parts of this
study have been chosen mainly because of their commonsense and intuitive
eppeal. After evaluating the perfomence of some networks using these
rules, we found that we had an inadequate understanding of the stochastic
behaviour of a group of circuits. In Chapter 8 we meke a detailed study
of this behaviour, and in so doing we develop the "time to congestion"
concept which' pleys & central role in the routing rules which we
subsequently develope.

[

If we are given a set'of‘ routing rules, the question of which one to
choose arises naturally. In other words, we must evaluate the performence
of the network for each of the routing rules.

1.3.2 The evaluation of routing scheme s

An analytical treetment of the statistical performance of networks is
usually prohibitively difficult. For simple routing rules, the Lee~Le
Gall technique, Syski (22) and Grand jeen (1), can be used to obtain some
approximate results, This technique requires that we assume that the
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occupation of any link is independent of the occupations of all other
links in the networke This assumption we have 1o make in & study that
relies heavily on alternate routing over two or more links in tandem.
Yet unless we make it, we cannot proceed because of the very complex

interactions in the network.

Katz (98,99) has, in fact, worked out an algorithm for the
statistical perfomance analysis of a switched alternate routing network
using the {independence) assumption that the trunk groups throughout the
network ere statistically independent of each other. It has been claimed
that this elgorithm gives results that compare very favourably with
those obtained by simulation, and which are obtained in only a fraction of
the (computer run) time. The algorithm is suitable only for networks
using stage-by-stage ( progressive) route control whereby a call is
transmitted from one exchange to the next one without any guarantee that
a successful path will be obtained through the distant exchange. While
this is the method employed by most, if not all, commercial networks, the
routing rules studied in this thesis depend on right-through rather than
progressive routing. This effectively leaves simulation as the only way of

evaluating the network performance under a given routing rule.

Because of the difficulty of analytical eveluation, call-by-call
simulation techniques on a computer have been predominantly used to
perform steady-stéte and transient enalyses of telephone networks. At the
Bell Laboratories, U.S.A., & general telephone network simulator UNISIM
has been written for the IBM 7094, Weber and Gimpelson (84).

. 411 the performance evaluations carried out in ﬁhis study were made by
computer simulation ﬁsing either the GPSS III or the SIMSCRIPT progremming
languages. Because of the enormous amount of time needed to write and
debug computer programs, only a limited range of networks were considered.

l.4 Routing experience in Denmark : a motivation example

Few people will argue that a network's utility.cannot be improved
by using a more appropriate routing plan. But one suspects that even
fewer realise just how much difference a good routing plan can make to the
service offered to the public. An example from the Danish telephone
network, Asgersen (151), may deepen our motivation in making a closer study

of telephone traffic routing.



17

In 1953 stbsoriber trunk dialling was introduced in Denmark, end
within the next ten years more than helf of all long distanoe osalls were
subseriber dialled. About 1960 it beoame clear that the service offered
to the long distanoce traffic was quite unsatisfaotory; operator
originated test oalls showed the unaooeptably high grade of servioe of
about 0.25. . Further investigation revealed that this high level of
blocking oould not be explained away by overloaded trunk groups or
exohanges. The highest blooking values were, as expeoted, found for
oalls destined to, or originated by small exchanges to whioh no high
usage trunk groups existed so that the oells had to follow the baokbone
route. A full investigation of the influence of the traffio routing plan
on the quality of the traffio handling was called for.

The new Danish traffio routing plan, Asgersen (151,102), was the
result of the investigation. The tremendous difference made by this new

routing plan is shown in Fige. 1.2 re-drawn from Asgersen (151).
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"1.5 The scheme of this thesis

This chapter has introduced and 5ustified the routing problen.
Chapter 2 is a very brief introduction to telephone sjstems. It is written
especiélly for the reader whose speciality is not in telephone systems, 50
that he has a framework end a perspective as he reads the following chapters
which analyse the routing problem using a topological greph as a model.

One can hardly discuss the routing problem without frequent and
liberal use of telephone traffic theory concepts and terminology. Chapter 3
is designed to introduce the reeder to the elements and language of
traffic theory. Those who need a deeper understanding of this theory should
consult E11ldin end Lind (12), and Syski (22).

In Chapter 4 we review and summarize the work which has been done on
the routing of calls in & network of switches. We find that these methods
cannot be easily adopted for use in the routing problem in a network of
exchanges.

Because of the very complex interactions taking place in a telephone
network, it is usuelly prohibitively difficult to obtain analytical
performance results. We have, therefore, made extensive use of simulation
techniques. Chapter 5 serves to introduce the reader to the simulation
concepts and methods that have been used.

Chapter 6 is a brief review of the more importent work that has been
‘published on the routing of telephone calls in a network of exchanges. We
also examine some problems that are similar to the routing problem. It is
on the recommendations for further research explicit or implicit in these
studies, and obvious gaps in our wnderstanding of routing processes that

we have based our own investigations.

In Chapter 7 we devise and evaluate various routing rules for the
three— and four-exchange networks. The performance evaluations ars

carried out by computer simulation.

After reading Chepter 7, one is cdnvinced that although we appreciate
qualitatively the factors involved in the routing problem, we must pursue a

quantitetive approach. Chapter 8 fulfils this neede In that chapter we

re-cxamine the stochastic behaviour of a single group of circuits offered
random or non-random traffic from a routing point of view. It is from
this examination that the important "time to congestion" concept emerges.
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In Chapters 9 and 10 we use the mean time to congestion and the
distribution of the time to congestion, respectively, in devising more

routing rules and applying them to the four-exchange network.

We consider the six-exchange network in Chapter 11, and apply to it
the routing rules developed in Chapter 10, We also take a brief look at
further routing problems that we have not been able to explore more fully,
and propose possible solutions or methods of attack.

In Chapter 12 we draw conclusions and meke concrete recommendations

for further research.
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CHAPTER 2. AN INTRODUCTICN TO TELEPHONE SYSTEMS

2.1 Introduction

The main objective of telephone traffic engineering is to fomulate
& set of procedures for the design and day-to-day mansgement of a
telephone system that will result in the mcst economic provision of
telephone exchange switching equipment, trunk and junction circuits,
subject to providing a satisfactory service at an acceptable cost to the

users of the system.

Because of economic considerations, telephone systems ere designed
in such a way that there is a linit to the number of simultaneous calls
they can handle. For most systems ths limit is expressed in terms of
"the grade of service"”, which is the probability that & call made in the
busy hour will fail because of equipment congestion. This is the
probability that a calling subscriber will get a "busy tone" signal.

An objective that practically all (national) telephone administrations
ere aiming at is complete subscriber trunk dialing (S.T.D.), and
eventually International subscriber dialing (I.S.D.). This objective
" necessitates the use of common control methods for telephone swi'tching 80
as to exploit the network to the maximum for routing traffic. This
routing philosophy underlies the concept of network menagement which
effectively means that the common control of an exchange should have
data on the ability of other parts of the network to carry traffic, end
thus, at any one time, the ability to pass & particular call. As the
ability of the network to carry traffic will continually change, it is
clear that the data must be continually updated.

This flexible routing scheme would have its greatest impact in
international long distance systems, but the basic concepts sould also be
epplied to national, and even local networks.

It is evident that rigid routing rules, such as those used in the
hierarchical structure, prevent the network being exploited as a whole
for routing traffic. The alternative, which allows full exploitstion of
the network, is to allow a particular call to be routed in any way
consistent with transmission considerations, depending upon the free
availability of circuits in the network as a whole. This alternative is
pessible with network management, and this thesis is the result of the
introductory work done on trying to increase the traffic hardling
capacity of a network by using a flexible routing scheme.



22

But before plunging into the routing problem let us very briefly
examine the telephone network structure and the routing schemes as they
ere currently epplied.

2.2 Telephone network Structures

In trying to understand the telephone network structwres of present
day networks, it is instructive to review network developments right
from the beginning, Wernander (62).

If a network is made up of e small number of subscribers
geogrephically near each other, it is best covered by a complete mesh,
Figc 2ele

4 subsoribers 6 subscribers -

Pig. 2.1 The mesh network

-

Meny intercom sets and small internal telephone services have é. complete
mesh structure. For n subscribers, it is readily seen that n(n-1)/2
direct comnections are needed. If n is greater than 10 or 20, it

becomes imperative to have a centralized switching exchange, This results
in a star network as in Fig. 2.2

\ / / Subscribers
Switching

*__————_______,, Lxchange L___‘__---‘-—-
~ l

Pig. 2.2 A Star network

By e similar argument, the local switching exchanges are mesh
comnected by junction circuits until there are too many local exchanges.

Then & higher order exchange, & Group Switching Centre (G.S.C.) is made
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the centre of a star of local exchanges. This very simplified procedure
~underlies the way the hierarchical network of Fig. 2.3 has evolved.

MSC MSC
// ”
Z
27
-
~
e ] MSC~ Main Switching Centre
BSCE == == 3dsC DSC- District Switeh £
- striet Switching Centre
27 ¢SC- Group Switching Centre
7z
L “
il a = L~wire-switched basiec route
ST - T T T Tesc === " auxilisry "
Sel i ~—— 2-wire-switched " "
@ ——— " basic "
- O
\O_ - - _
LlocAl

Fige 2.3 The British Telephone Network

This hierarchical structure has evolved quite naturally in all networks
of any complexity, with more or less levels of hierarchy, and varied
nomenclature for the exchanges. For example, the U.S. and Italy have
hierarchies of fi';re levels, West Germany four levels, while Switzerland
has only three.

The basio or backbone structure of the network provides an assurance
that any telephone oan be connected to any other telephone, and ths
auxiliary (direct) routes are permitted and provided where sufficient
traffic exists to justify them. These auxiliary routes are quite often
provided on a high-efficiency (high usage and high loss) basis, with the
final or ultimate grade of service being given by the backbone network.

2.3 Some factors affecting the Routing Plan in a practical network.

The routing plan of a network is very closely tied up with the
switching plan, the transmission plan, the actual structure of the

network, and to some (ever decreasing) extent the numbering plan.

2.3.17 The Transmission Plan
The main sim of the transmission plan is to ensure that all
subscribers can get a reasonably good quality comnection. Good in the
sense that the noise on the line, the eross-talk, the distortion
(inoluding echogs for long distance calls), and the actual transmission

losses are kept to an acceptable leveles Fig. 2.4 shows the transmission
(1oss) plan for the British (trunk transit) network.



24

—
| Msc] —msc]
0.0 db including
- e switching losses
bSC - ==="""""———3dbhsc :
J
@rsg Gsc) L %F.0 av
d) IMormally 4.5 db maximum
rd
Local .
Exchange '

Fig. 2.4 Trensmission plaen for the trunk transit network.

Seen as a routing constraint, the transmission plan limits the number of
links in tandem that a call oen use in order that the maximum loss of |5 db .

nay not be exceeded.

2.3.2 The Switching and Signalling Flans

The transmission losses due to switching have been mentioned in
section 2.3.1, and will not be considered any further. But there is much
to be said sbout switching delays. We shall content ourselves, however,
by saying that the use of many links in tandem is undesireble because it
leads to long post~dialling delays that mey result in calls being abandoned.
There are some purely technical reasons too. If the links are seized
link-by-link, then circuits mey be engeged for eppreciably long times only
to find thet the last link to the required subscriber is congested.

2343 The Numbering Plan
In step-by-step (usually Strowger) systems where the routing of e
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call is under the direct control of the dielled digits, the routing plan
cannot be divorced from the numbering plan. The use of Register-
Translators provides the only wey of separating the routing end
numbering plense This separation is very welcome from both the routing
and numbering points of view.

2.3.4 The Network Structure

The provision of circuits between the different exchenges
effectively determines the structure of the network. This dimensioning
of the routes is made on the assumption, explicit or implicit, that the

telephone traffic is going to be routed in a particular way. The
routing plen is thus built into the network structure.

2. Routing in & Hierarchicael Network

Consider a call from one local exchange A to another local exchange
. By Fige 2.5

b ~——— Basic route
~=~-~ Auxiliary Route

Fig. 2.5 Routing a locel ceall

If, because of sufficiently high treffic between A and B, a direct
Junction route had been provided between A end B, then the cell would be
offered to the A~B junction route in the first place. If this route is
either congested or non-existent, the call may be connected through the
tandem exchange C. If this is not possible, the backbone route A~D-C-B

is used.

2.5 Automatic (Sequentisl) Alterzate Routing

- In the Strowger step-by-step system, the routing of the telephone
calls is directly dependent on the disled digits. Even with the
Director system which can give e fixed translation code, the basic
situation is still the same. And this is that every cell from a
particular exchange to another exchange must pass over the same route
whether it is direct, or it involves one or more tandems. Such a system
demeands that the number of circuits on each route should be carefully
planned to provide the specif'ied grade of service. If the traffic
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forecasts are not sufficiently accurate, or if the traffio pattern hes a
tendency to shift, the specified grede of service cannot be realised.

In common control systems using automatic alternate routing, the
testing of the routes is performed by the common control equipment. The
exchange identif'ication digits are translated by the Translator into
routing digits, then the common control equipment tests the first-choice
route. If this is congested, & second choice route is tested. This
precedure continues until either a free route is found or the final route
is also found to be congested in which case the call fails and busy tone
is returned.

Fig. 2.6 An exemple to demonstrate slternste routing

Using the diagram of Fig. 2.6 we can draw a route tree which shows
the sequential order in which the routes are searched for & call from
exchenge A to exchange B as in Fig. 2.7

Y

order of search

l

Fige 247 The Route tree for a oall from A to B
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The British Post Office does not use automatic alternate routing even
though it presently has availeble equipment for testing up to three
‘routes (including the first choice route). Automatic alternate routing
is, however, used in the U.S. and in Sweden.

2,6 Automatic Dynsmic Alternate Routing

We have discussed automatic sequentiel alternate routing. This is a
static routing plen that does not take into account the momentary
distribution of traffics Thus regardless of whether the treffic pattern
has shifted or not, the same routes are searched in the same order. 1In
~automatic dynemic alternaté routing, on the other hand, ell the available
alternate routes are considered together, and the route that is expected
to lead to the least congestion is chosen, basing the decision on the
instentaneous state of the network.

In this thesis, we exemine . various dynemic alternate routing
strategiess But first, we must review the mathematics of telephone
traffic in Chapter 3.
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CHAPTER 3, ELEIRENTS OF TELEPHONE TRAFFIC THEORY

2.1 Introduction

This chapter is written for the benefit of those readers
who may not be familiar with the basic goncepts of telephone

traffic theory. As such, it contains no original work,

I have set out to introduce the reader to five basic
aspects of telephone traffic theory:

1. The mature of telephone traffic,

2. The units in which telephone traffic is measured.

3« A mathematical description of telephone traffic that
recognizes the differences between. various kinds of
traffic,

4., The loss formulae that give the probability of finding
all circuits in a group engaged. J

5. A description of overflow traffic,

These traffic theory concepts run through this thesis and
provide the language in which the routing problem is most
naturally formulated. We begin by examining the nature of
tele phone treffic, )

o

3.2 The nature of t=lephone traffic -

It is vsually assumed in studies of tele phone traffic
that the tele phone calls arise (collectively) by pure chance
because there are so many subscribers that one can assume that
their actions are uncorrelated by anything except the time of
day. There are, however, situations vwhich can influence a
large numbér of subscribers to make calls; for instance, a
national public holiday like Christwmas, & local or national
disaster, or any other ocurrence of national interest. Since
most switching systems are only desicned to operate under
average conditions, they will be unable to deal with such
changes in the traffic pattern. Manual intervention is then
necessary, for example to cut-off all but a limited number of
telephones, '
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Although teiephone calls usually originate from independent
actions of individual subsbribers, the telephone traffic so
produced has definite statistical properties, like means and
variances, that can be measured.

3.3 The units of telephone traffic

There are three major, inter-related factors that define
telephone traffic:

(a) The average number of ‘calls N that are originated in
some specified interval of time T,
(b) The average holding (conversation) time t of these calls.
(¢c) The average number of simultaneous calls A during the
time interval T.
These factors are evidently related by’

A: Nt 48800800080 03.1

T

The following definitions have been adopted by the C.C.I.T.T.
(Comite Consultatif International de Telegraphique et
Telephonique)
" The amount of traffic carried by a group of circuits, OTr
a group of switches, during any period is the sum of the

holding times expressed in hours."

" The traffic flow on a group of circuits, or a group of

switches, equals the amount of traffic carried, divided by
the duration of the observation, provided that the period
of observation and the holding times are expressed in “the

same units. The trafic flow is expressed in erlangs."

The erlang is a measure of the averace number of simultaneous
calls. From the relation 3.1 it is clear that the average
traffic intensity in erlangs is numerically equal to the
averége number of calls which originate during the average
holding time of a call., This equality is quite often used as
the definition of an erlang.

In the United States, the cedhundred call seconds) is

also used as a unit of traffic flow. Numerically

1t ces = 1 erlangs

36

But for caléulationsit is generally necessary to express.the
traffic in erlangs.
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Thé process describing telephone traffic is fully defined if
one knows: '

1. the times of arrival of calls,
2. the holding times of the successful calls,
3. the disposition of unsuccessful calls.

3.4 The random arrival of calls

In Section 3.3, it was assumed that we know the average
number of calls N arriving during a given time interval T.
This mean of the random process x(t) describing the arrival of
calls, while sufficient for defining the traffic intensity,
it is not enough for the more detailed calculations that are
necessary in traffic theory. We must, therefore, postulate
the probability density function which gives rise to this mean,

%.4.1 The Poisson Process

It turns out that if we use the Poisson process as our
arrival process, we get a very good approximation to the arrival
of calls in a real telephone network,

“To use the Poisson process, and talk of Poissonian or
Poisson traffic, we must make the following assumptions:

(a) the number of subseribers is so large that assuming
it to be infinite would cause a negilible error.

(b) the traffic has not been modified by any switching

: arrangenent le ading to loss or delay. We are thus
excluding smoothed and overflow traffic.

(c) +the individual calls are not related in any way.

(d) calls may be originated at any moment during the
period under consideration.

Then the probability of precisely n calls arriving during an
observation period t is given by
Prob (ezactly n calls in t) = p (t,\)
_ ( A" e-'>\t

n! n=0,1,2....
t%o0

=0 n<0
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The parameter )\is the calling rate, i.e. the average number

of calls arriving per unit of time. It is convenient to assume,
without any loss of generality, that the mean holding time is
also the unit of tinme.

The average number of calls arriving during the period
t is the mathematical expectation of Eh(t,>\).

0

gﬂkh(t,)) = ‘/\t R T

n

By dividing by t in equation 3.2, we can verify that 'x is the
average number of calls arriving pzr unit time, and is, therefore,
by definition the offered traffic. ‘

The Poisson density function is illustrated in Fig. 3.1 for
two values of At. . \

03

pn()\,t) 0.2-—' I , \ -
_ - Nt = 2,5 -
l I | S N |
5
n

- O |

o] 15 20

o3 T

| p, (A, t) °oar At = 6.5 - - -

s :
Rouni RN RN N
- n

) (5, 20

Fig.3.1 The Poisson density function for two values

of PR

It can be shown that for the Poisson process the mean is
always equal to the variance; this is the only distribution for
which this equality always holds.

The probability that no calls arrive during a2 time
interval + is
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P°(>\st) = € ->\t

Regarding this as a complementary distribution function, the
corresponding probahility density function

P(t) = Ae -

is the negative exvonential densityvy function. We shall have

more to say about tris p.d.f. in Section 3.6 when we discuss
the holding time distribution. It sufficés to say that p(t)
is the density function of the inter-errival interval, i.e.
the time between two call arrivals. The mean time between
the arrival of calls is therefore
oo
E(t) = )\Ste.-xtdt = —'5\—

[+

For Poissonian traffic, therefore, the inter-arrival
time has an exponential distribution with a mean of 1/X\ .
This fact will form the bosis for the generation of random
traffic in the simulation of telephone systems.

The probability of a call arriving'in a small interval
of time dt is obtained by expanding h(dt,)\)

p (35, N ) = Nt e~ et
= Ndt + o (hat) 2
= )\ dt ‘ as dt-»o

3,5 The non-random arrival of calls

In Section 3.4.1, we assumed that the traffic described
by the Poisson procesé had not been modified by any switching
arrangement leading to loss or delay. This excluded smcothed
and overflow traffic. We are now going to attempt a description
of this "non-random "traffic.

3.5.1 The Stioothness of televhone treffic
The most usual measure of the smoothness of trafiic is

-

the ratio Lof the variance to  the meon. For random traffic,ol=1|
as shovm in Section 3.4. A ratio of zero means perfectly
smooth tra2f<ic in which each terminated call is immediately

replaced by a newly originated one. A ratio £ greater than
one defines rouch +traffic.
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The other measure of the smoothness of telephone traffic

is the ratio of the standard deviation to the mean.

3¢5¢2 Smooth traffic: the Binomial . distribution

Smooth traffic can be described approximately by the
Binomial . distribution. We make two assumptions:

(a) the number of subscribers is finite, and equals n
(b) the probability thet an idle subscriber makes a call
is constant, and equal to p. :
Let x be the number of calls in progress simultaneously at any
given time. The experiment behind this distribution is to
take the n subscribers and.find the probability p(x) that x
of them are engaged; out of a sequence of n Bernoulli trials
we are looking for x successes,p(g) is then given by

p(x) = ( i)p * (1-p) MF X = 0,7,0000sen

The mean m, and the variance v are given by

m=E (x) = np (= offered traf ic by
definition)
i v = E[(x—m)2] ( = variance of offered
traffic)
— v —
and /<= o = i-p .
Therefore N = n
. .

Thus if we are given the mean and the variance of the traffiec,
both n and p that define the Binomigl distribution are easily
determined.

35,3 Smooth traffic : the Brlang distribution

An alternative description of smooth traffic is the
Erlang distribution, named after A,X. Erlang who found this
family of distributions to be approximately representative of
smooth traffic.

The probability density function is

| 0 RO e N where k is a
P> = (kX) [ (1) t £S0 positive integer
—-1)r R4

greater than zero
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The cumulative complementary distribution Pc(t) is

Folt) =1 - Dy [eng @) t=0

‘where the incomplete Gamma function E; (z) is defined by -

y
=  [.z-1 -¢
Eﬁ (z) = ltz e "dt real part of z >0

The case k = 1 corresponds to the poisson process as can be
easily verified by substitution in p(t) and P C(‘b) using the
fact that ;;(1) =1 - exptY)

This Erlang distribution of type k with parameter'X is
in fact, the k-fold convolution of the negative exponential
distribution with parameter kA . The mean m, and the

s

variance v are given by,

m= 1/n
v = 1/kW

3.5.4 -Rouch traffic: the nesative Binomial distribution

Rough traffic can be described approximately by the
negative Binomial distribution, Wilkinson (129), Mina (40),.

‘In the experiment underlying the (positive) Binomial
distribution we had a fixed number n of trials out of which we
were looking for x successes. In the negative Binomial
distribution,on the other hand, we go on making more trials
until we get x_sﬁccesses. The random variable of interest is
the number of trials that we have to .make before we obtain x
successes. Let p be the probability of a success, and g ( =l=p )
the probability of a failure. Suppose there are k failures
before the first success, The probability of this event, that
the first success happens at the (k+1) -th trial, is

g(k)‘—:q_k(1—q_) k=0,1’2..-oooo

This is known as the gepmetric distribution.
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The probability that the r—th success occurs at the trial
numbered x+r is the same as the joint probability that there
are r-1 successes in x+r-1 trials and a success on the (x+r)-th
trial. It is given by

‘ X+1=1
_ r—-1 x
Pr(x) - {I‘-1 } p q P X:::O, 1,.0000

(2 - () -]

We can therefore re-write B(X) as -r x r
RO = (=q) “(1-a)"

Using the identity

X =O,1,o.

Note that we have now tacitly resumed our assumption that we
have a countably infinite number of subscribers as we did in
the Poisson process.

Al though in the derivation of pé@' we assumed $hat r
- was a positive integer, P. (x) remains meaningful for any non-
negative real number r, '
Note ¢ T r{r=1)e....o(r=k+1) for all real r

= k(k—1)o.-.ooo--(1) arld in_teger k}o

=0 integer k<O

The mean m, and the variance v of the negative binomial
distribution are '

kq

And
T-g
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The parameters r and g which define the distribution are

therefore easily detevymined from m and v.

3.5.4.1 The ergodicity of the negative Binomigl process

In both the positive and the negative Binomial processes,
the calling rate )(x) is dependent on the number x of calls in
progress. For the positive Binomial process,'X(x) decreeses as
X increases, and it is therefore intuitively obvious that the
system will attain statistical equilibrium. In the negative
Binomial case,on the other hand, A (%) increases with x. It
can be showm, Wallstrom (148), that this process will also
attain statistical equilibrium if for large x, A(x) does not
increase faster than a linear function of x in which the
coefficient of x is less than uvnity. The negative Binomial
process satisfies this condition,

3+.5.5 Rough traffic : the hvper-expvonential distribution

. The hyper-exponential distribution defines a class of
distributions that have a standard deviation that is greater
than the mean. This class of distributionscan, therefore, be
used to approximate rough trafTic. 3But it has, in fact, found
more application in gqueuing theory than it has in telephone
traffic theory. The distribution F(+t) can be written as,

F(t)

h 4] .
Eak(’l-éxP(-\{t)) , for t30, with ak,>\k>0 .

k=t
_ _
n>1 , and zar = 1
Vi

= 0 , t<o

The mean E(t) , and the second moment E(ta) are given by Cohen(39) as

n

E(t) = pu )
g;ak/lx

2 A a
d = E
an E(t ) 2 2 a}J}k
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3.6 Duration of calls: the negative exvonential distribution

In a study of telephone traffic, we must postulate a
probability distribution function for the holding time of the
sucgessful calls, This is evidently necessary since the telephone
traffic we are trying to describe is essentially a birth and death

process,

It is usually assumed that the duration of the calls follows

the negative exponential distribution. Thus the probability that

a particular call does poi terminate before a duration t, or
équivalently, that the holding time exceeds a time interval t,is

given by
Pc(t) = e_tﬂt , Where T is a paraneter

(The subscript ¢ stands for complenmentary, because Pc(t) is a

complementary cumulative distribution function). The probability

density function is given by

d - 4 %
p(t) = o rc(t) = e

and is illustrated for some values of T in Fig.3.2.

2.5 : :

Fig.3.2 The negative exponential density function for

.  several values of C.
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The mean holding time EB(%) is

. Q0
B(t) =J:%expc—t/z> dt = 7T

The parameter tj therefore, stands for the mean holding time.
The probability that a call terminates in a small interval of
of time dt is obtained by expanding the distribution function.

1 - Pc(dt)

il

1 - exp(-dt/%¢)

n

at/t + o(dta)

p)

So that in the limit as dt-o, thb probahility of a particular
call terminating is proporticnal to dt . If we have n callq,
the probability of one out of the n calls terminating in the
time interval 4+t is evidently n d4t/T .

From repeated series of observations of real telephone

traffic, Kruithof(21) , it has been found that the negative
exponential distribution function fits the observations

reasonably well, Figs. 3.3 and 3.4.

PO

Fig.3.3 Distribution of holding times f%rlncul calls
1. Observed distribution

2. Exponential distribution
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Pc(t) AD 2

o

) ; o

Fig.3.4 Distribution of holding times S%rloca‘ calls
T« Observed distribution
2. Bxponential distribution

Actually the distribution of the holding times is not
vitally important in the full availability case, and many loss
formulae, including Frlang's formula, make no assumptions
about the distribution apart from requiring that it has a
finite mean. The distribution is important, however, for
limited availability and overflow traffic situations.

3.7 Loss Formulae

-~

In a telephone system workinz on a demand bagis, it is not
always possible to connect an attempted call. The reasons are
entirely economic. The complete elimination of congestion

. would mean the use of leased circuits instead of a switched
circuit network, resulting in expenses that are judged to he
uwnsuitable because of their influence on the tariff charges. -
It is important, therefore, in attempting to evaluate the
performance of a network to study first the loss of a simple
system offered random ov non-random traffic,.

The simplest system is a network consisting of only two
exchanges, A and B, connected by a group of n two-way circuits,
Fig 3.5. ‘

BExchange
A

n circuits

Fig. 3.5 A two-exchange network

Exchange
B
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Let us assume, without any loss of génerality, that all the
traffic is originated by the subscribers connected %o exchange
A, We are now intecrested in the probability that a call
originated at A will find all n circuits busy, i.e. the
probability that the call a; J%gff'

3e7el The Erlang loss formula

Since this is the most important formula, we sh=ll deal
with it first.

Let us assume that:

(1) The inter-arrival times of the .calls are independent
random variables with the same negative exponential
distribution with mean 1/A.

(2) The holding times and the inter—-arrival times are
independent of each other.

(Z) The holding times a-e independent random variables,
all with mean equal to m . We further assume,
without any ioss of generality, that . =1, i.e. the
mean holding time is being used as the unit of time.

We have now defined a Birth and Death random process a

realisation of which is shown in Fig, 3.6

R

engaged --
circuits - _I—-I_

t

Fig 3.6 A realisation (za.ple function) of the
traffic Birth and Death Process.

Let pxdenote the stationary probability that x out of the n
circuits are in use (the system is in state x) at any ziven
time. We can write dovm the statistical equilibrium equations

Tor statex using Fige3.7.
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xdt (x+1)at
State State . State
= \—/ - =
Adt h Adt

Fig. 3.7 Transitions into and out of state x

' The total probability of a transition out of state x in time dt is
equal to the total probability of a transition into state x under

statistical equilibrium. Therefore,

(xdt + Adt + o(dt))pX = (Adt + o(dt))px_1 + (x+1)dtpx+1

In the limit as dt—0,

1

(x + A)px Ap_ . + (x +1)pX+1 , X = 1,2, e n~1

Therefore

.(A+x)px - Ap__4

p o~
x+1 . % + 1

By considering the-equilibrium conditions for state O, we find that
Adtpo + o(dt) = dtp1
And in the limit as at —»O0,
p, = p A

Using these starting values, we can determine all the P by dinduction.

We find that

Now the probabilities sum to unity. \
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.Therefore
1

n it}
A
mz-.-.o mi

So the probability of finding x circuits in use is

AX
- x! -
Wi, mb

En(A,x) is known as Erlang's formula. Whenever it is understood
that x =n , it is wusuvally written as En(A) , and is +the
probability that a call arriving at any time t will find all

the n circuits busy, i.e. the probability that a eall will

be blocked. '

3.7.1.1 Some properties of Erlang's formula

(a) Because we assumed a Poisson arrival of calls in the
derivation of Erlang's formula, we implicitly assumed
that we had an infinite number of subscribers. This
assumption was necessary so that the probability of
a transition from state x +to state x+1is constant
at Adt for all x=0,1,..n-1. clearly, if +the number
of subscribers is finite but large compared with n,
this transition probability will remain resonably
constant, and we can still use Erlang's formula
without much error.

(b) Erlangs formula was derived assuming the holding
times to have a negative exponential distribution
but it can be shown that it is valid provided only
that the holding time has a finite mean.

(¢} We can express the loss formula En(A) in terms of
the incomplete Gamma function, Syski (22), as
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. Ae
ER(A) = [:\(RH)
where

[ae)

f;(RH ) = _f tRe Yat
A

This expression for ER(A) is valid for any positive
real number R, It is identical with the original
expression for Frlang's fomula for integer R, and
it interpolates for the original formula when R is
not an integer .

This extension of Erlang's formula is
useful because in some calculations, especially in
optimisation procedured, an intermediate result for
the trunks in a group can fturn out to be a
non-integer, If this happens, we use the extended
formula and continue our calculation at the end of
which we round up our real R to the next highest
integer. If we had rounded up in the middle of
the calculation, we would have had rounding-—off
errors piling up.

(a) =i
ince [:(R+'I ) _e-AAR + R r’:(R)

it follows that

AE, ()

Ep(a) =
-- R + AE, ,(A)

This recursive relation can be used in %he
computation of Erlang's formula.

3.7.2 The Tngset (Erlans's Bernoulli) formula
Let us now assume thats

1. The number of subscribers N is finite, and

greater than the number of circuits n. If N¢n ,
we can have no loss,

2. The probability of exactly 1 call arriving in a
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time interval dt, given that x circuits are engaged
is

(-x) 2 at + o(dt)
where B is the calling rate, i.e. the expected
number of calls per unit time per subscriber
when the subscriber is idle, The probability
of more than one call arriving in dt is o(dt).

3. The probability that a call in progress will
terminate during dt is equal to dt. e are
here assuming, with no loss in generality, that

the mean holding +time is unity.
4, Busy sources make no calls

Proceeding as in the derivation of Erlang's formula, let
us denote the stationary probability that x circuits are in
use at any time t by Py o We can now write down the statistical

- equilibrium equations with reference to Fig. 3.8.

P(H-x+1)dt . p(N-x)dt

: State

x-1

N

State ' State

x x4+

-

Fig.

I~

xdt : (x+1)dt

3.8 Transitions into and out of state x
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?x_,]P(N-xM)dt + Pyiq (x+1)dt + o(dt) = px(xdt.,.l'e,(N_x)dt) + o(dt)

fOI‘ X = ,] 4 L s n""]
and -

P, pldt + oldt) = p,dt

Dividing through by dt, and then letting dt—=o

2

px(>x+ PE-x)) - P4 IB (N—x+"l )

X+
P s x+1

p, ATW-1)(F=2) ... (H-xe1)

x!

Imposing the condition that the Py, sum to unity we find that

- (D

p - - X=O’1’ [ 2 B ] n

T e

Let us denote the traffic offered per source by a .
(Note that this is different from p which is the traffic
offered per subscriber when the subscriber is idle)

It can be shown that,

_ P %
@ = By + | 0"%» lj;> P

If Pn is small,

It can be shown that the call congestion is

LR
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and is always less than the time congestion p, . The total

offered +traffic is Wa.

3.8 Overflow traffic

There are two major traffic intensity fluctuations
observed in a telephone network: .
(a) "primary Tluctuations" due entirely to the varying
activities of the subscribers,

(v) "secondary fluctuations'" caused by interactions
between subscribers and the telephone network,
e.g. fluctuations due to overflow traffic,or
repeated calls..
It is the overflow traffic that concerns us here.

The (renewal) process of calls overflowing from a full
avail@bility group offered FPoison traffic has been considered
by Wilkinson (9) leading o his Equivalent Random Theory.

(It had already been shown by C. Palm (13) that the
interarrival times of the overflowing calls are independent,

and equally distributed. ie. the overflow process is a
" renewal process)

3.8.1 The Tguivalent random theory

* The Equivalent random theory offers an approximatve
solution to the congestion problem when a common group of
trunks is offered several indevendent traffic streams, some

or all of which have overflown from first choice trunk groups
offered Poison traffic.

It is assumed that the traffic can be adequately
described by the mean m ,and the variance v , of its
probability distribution. The mean of the traffic offered
to the common group is clearly the sum of the individual Yeans.
The Voriance 1S alsg equal To the Swuwn of {he indivichwat .
variances since the'covariance is equal to zero because of

the independence assumption.

Kosten (14) has shown that the total traffic
overflowing trunk sroups of Litrunks offered A; erlangs of

random traffic has a mean m and variance v given by



i1,
H e
Ay
v = YA E. (A,) |1 - 4B (A) + - =
1L ch | L, + 1 A, (7 ELi(Ai))
i

- *

Wilkinson (9) found that the composite traffic
(m,v) can be approximated by the traffic of equal mean m
and variance v overflowing a single full availability group
(called the equivalent group) offered Toisson traffic.,

We now have an equivalént group of L trunks
offered A. erlangs, having overflow traffic of mean m,and

variance v.

dle.€e.

B
i

= AEL(A)

o
i

A
AEL(A)['I - AEL(A) ¢ TR S B (4)) ] .

From these implicit equations, A and L can bhe
computed by iteration. The starting values for the dteration

A = v 4+ 3%‘:% - EJ

A
L 1 - 1/(_m + v/m ) m

have been found to be "remarkably accurate' by Rapp(57) and Wallstrom(8).

The equivalent random theory applies to rough traffic

. \\} .
only. In the case of smooth traffic, we can use the carried

equivalent theory'" developed by Katz(98).
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CHAPTER 4. ROUTING IN A SWITCH

el Introduction

The aim of this chapter is to review the methods that have been used
in solving routing problems in a switch, the 6 to 4 access ooncentrator,
and in a network of switches, the Clos network. After studying these two
exemples, we ask ourselves whether we can uge similar methods for
solving the routing problem in & network of exchanges. The anawer is

that in general we cannot.

The chapter is based closely on the work that Dr. Benes (25) has done
at the Bell Lsboratories in the U.S.A,  He has formulated and given the
formal solution to the 6 to 4 access concentrator routing problem.
Although he gives a formal solution, and then some computed results, he
gives very little intermediate detail. My ocontribution to this chapter
is, therefore, in working out the intermediate stages within Dr, Benes's
fremework. This is necessary in order to appreciate whether or not the
same methods can be applied to routing in a network of exchanges.

4.2 The 6 to ) access concentrator problem

The 6 to 4 access concentrator switch is shown in Fig. 4.1

K = orosg-point

Trunks
AB®CD
Subscribers

. rd
2 > >
3 > >
4- N \\
5 >
6

Fige 4.1 The 6 to L access concentrator switch.

-
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Each of the six subscribers has access to two trunks. For example
subscriber 1 has access to trunks A and B. The problem is that if at eny
given instant a subscriber wants a connection to the trunk lines, how
should this connection be effected? Different questions arise depending
on the state of the network (concentrator);

1. If both trunks to which he has access are availahle, to which one
should he be connected?

2, If there is only one trunk available, should he or shouldn't he be

connected to it?

In order to proceed to a general solution to this problem, it is
necessary to make the idea of a "state of the network" more precise.

4e2.1 8tate assigmnment

Any given cross-point in Fige. L.l is either open or closed, i.e. it
hes only two possible states. Therefors, given all the states of the
~eross-points, we can define the state of the network.

The problem of assigning states is simplified if we adopt  the
(mixed)graph representation of Fige 4.2

c
e 4 c
D 2 Ng
3 > A
A

Fig. 4.2 The diagramatical representation of a state

Fige 4e2 illustrates the state in which subscriber 1 is connected to
trunk B« The number on each branch of the graph stands for a subsoriber,
while each node stands for a particular trunk. The arrow points to the
trunk which is being used.
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By enumerating the number of different ways of placing 1 call, then
2 oalls, then 3 calls, and finelly 4 oalls, a large number of primitive

states is obtained.

' To reduce this large number of states, certain equivalences are noted,
so that a state now really stands for a . olass of primitive
statess This process has been carried out on the next four pages, in
which we define the states starting with state O, (the ground state in
which no call is in progress), and working up to state 1l. As each state
is defined, we enumerate the states that can be reached from that state by
the placing of one more call. If this placement can be done in two ways
‘which lead to different states, then we have a routing choice. The
reader will notice that routing choices exist in only states 1, 3 and L.
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State Assignment

State O

state O

States reachable from <55133>
1

State 1

States |
reachable <EEE;>\ <:i[:> <:]:;>

from state 1 2 2 P A

Choice Choice

5359

A\

State 2 !

from state 2

States |
reachable
A 6 7 7
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State 3

Choice

States J k
reachable @ @ @ % @
from state 3

5 ) 6 8 6 7

State 4
Choice
States
reachable
from state 4 9 8 e 7
State 5
States
reachable

from state 5
11 11 11



State 6

States reachable
from state 6

10 1"

State 7

from state 7
State 8

State reachable ‘ <€£%;;;>
: 11

States reachable
from state 8

11 1"



State 9

State 10

State 11

56
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L4.2.2 Probabilistic assumptions and network operation

Each of the six subscribers (also called inlets) has a calling rate
of A calls per unit of time. The holding time of each call is a random
variable with a negative exponential distribution of unity mean. (The
meen holding time being unity, also serves as the unit of time.)

We define three functions on the set of states S:
1. oL(x) = number of idle inlets in state x.
2. ‘G(x) number of blocked inlets that are idle in state x.
3. g(x) = number of calls that can be connected in state x.
In fact, s(x) = o (x) - @ (x).
The values of these functions are given in the table below.

State x | O | 1 2 3 L 5 6 7 8 g |10 |1
oL (%) 615 b L b 3 3 3 3 3 2 2
B (x) 0] o0 1 0 1 0 1 2 1 3 2 2
s(x) 6| 5 3 b 3 3 2 1 2 0 0 0

The reader can easily verify the entries in the table by referring to the

state assigonment diagrems.

The operation of the metwork can be viewed as a particle making &
random walk on the statea, The routing rules determine the "upward"
transition probabilities. The"downwerd" transition probabilities, which
are independent of the routing rules, are shown in Fig. 4.3



58

1.0

Fige 4e3 Downward Transition Probabilities

Le2.5 MNathematical formulation of the problem

. Let
Ax = Set of states which can be reached from x by adding one cell,
B, = Set of states which can be reached from x by terminating one

call,
= mean holding time.
|x]= number of calls in progress in state x.
¥ (y,x)= the probebility of a transition from state y to x as a result
of a call terminating in y (Fig. 4.3), multiplied by |y}.
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= the rate at which x calls y (y € Ax)’ i.e. the rate at which
the network moves from state x to state y.

5/

P

&

]

S
I

Px = equilibrium (stationary) probebility of state x.

v = r(x, y)

= the probebility of moving into state y(éAx) as & result of a
call being placed in state x.

Fige Lol shows .)\(x, y) for our state assigmnment.

3
2A
A
3A a )
c 7 (3)
J 7\(\-\—‘('363 A e
d ' ¥ 8
AG-Ya0) INp - '
o / > AT
4 ' 2A :
@] S @)
2)\(|+f‘3)
A 7\(\-‘7\3)
(D
GA

Fige Lot Diagrem showing )\(x, y) -

Benes (25) has shown that the probability of congestion B (overall
grade of service)of the switoh is given by
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beﬁoo
. Xes

Pxol(x)

B

Xe

The problem, therefore, is to choose matrix R( = rxy) , which
determines the stationery probabilities P , so as to minimise B.

In the Section 4.2.1, we noticed that we only had & routing choice
in three states. This is again reflected in Fige Lok

le In state 1, +wo calls could arise that we can accommodats
in such a wey that we make a transition to either state 3
or state L.

2. In state 3, & call could be offered that can be routed in
such a way that we make a transition to either state 6 or
state 7.

3¢ A call can arise in state 4 which can be completed in such e

way that & transition to state 8 or state 9 occurs.

Therefore, in the 12 by 12 matrix R, the only elements of real interest

eve Iy, Ty, Tsgs Tyys Tygs 8nd Ty ge Since, in fact,

rm=1-r13
r37=1-r56
and rw:l--rl‘J8

we need only concern ours.elves with 135 T3gs and Iy 8°

There is no need to treet the general matrix R. But if for some
reason we wanted to use the whole matrix R, we would proceed &s Di. Benes
(25) and make the transformation

| Yy = Pxlyy .
which reduces the unknowns to one matrix U, A useful check on the row
sums of U is

Z;’W ru ==.px( rm; +Z r) = pe(x)

yeAx yEAx -
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Le2.4 The statistical equilibrium equations for the general state x

The statistical equilibrium equations define the relationships
between each state x, and the other states adjacent to it.

At equilibrium, the probability of entering a state x is equal to
the probaebility of leaving it.

Now, there are two (mutually exclusive) ways of entering x, or
leaving it. State x may be left by either entering yEBx or yeAx,
end may be entered by leaving y€ A or y € B..

The probability of leaving x in the smell intervel &t

The probability of entering y € B from x equels Px times the
probability that one of the calls in progress will end in the time
interval &t ,ie Px |x\uft. The probability of moving to y € A , depends
on Px times the rate at which the demand for connection leads to
transitions to y ie A(x, y), times the probability of routing an incoming
call so as to lead to y, i.e.

) E A% y)v;(y pét

- Yea,

The probability of entering x

To enter x fromy € Ax & call must terminate. But the state
gz € By' that the system goes into is determined by the state assignment.
So the probability of entering x from A equals ng B Y (4. ) m st
Entering x from y € Bx is very gimilar to moving from x to y € Ale It is

IR
yes,

Now equating the probability of entering x, and that of leaving it
we get - ’

|| +Z>\(x,9)rxj [; - ZX(y;)h-} X(y,x)gryx

yeh,
YeA, SEBX

-~
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The equilibrium equations can now be written as follows:
(0 + 6Np, = py = O _
(L+r+2n(+ ry5) + 27\(l-r13))p1 -2py = 2p, = 2p3 - 6dp, = O
(2 +2M+Np, = pg =~ Py = Apy =0 |
(2 + >\+>\(l+r36) + MArgg) +X)ps= 3pg = 296 = Py —2p8-2)\pl-2>\plr13 =0
(242 N+ )\rw + N1-1,8))p, = P4Pg = 3pg - 2>\(l-r13)pl =0
(3 + 30pg = pyy ~Apy = 0
(3 + X4 X)pg - kg = iy ML + w3)ps = 2hp, = O
(34 N)pg = by~ Wpy - Mmrggdpg - 2hp, = O
(3 +2) pg = pyy Ay = Argp, =0
(3 + O)pg -)\(l—rhs)pll- = 0
(4 + O)p;y =Ap, = O
(% + 0)pyy - 3>\p5 - Apg -)\p7 - 27\198 = 0
The following constraints must also be satisfied:

1l

p, = 1
53"

Pz =P £ 0
Psfse = P35 = O
Ppois = By

Le2¢5 Solution of the problem

The problem is formally solved if we can determine all the Py such
that ' ’ )

2 p, A(x)
B = x€3S8
EE pfﬂ(x) is minimised.
x €S ' '
From the equilibrium equations, we note that
Pl = 6 >\ PO

and zl-Plo = 7\ P6'
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Two equations can, therefore, be eliminated by substituting for Py and

P19 wherever they occur.

We can now proceed to solve the routing problem by linear progremming.

The function to be minimised is the numerator of B, with the additional
constraint that the denominator is equal to unity. The cost vector is
filled in with the values of B, while the cost for the three slack
variables is zero. Note that the constraint that the probebilities sum

to unity is only imposed as a normelising condition af'ter the linear
program has been completed; this constraint would otherwise be
inoconsistent with ths constreint that the denominator of B is equal to

wnity.

Solution by inspection

If the number of states of & network, similar to the 6 to 4 access
concentrator, in which a routing choice exists is not large, we may be
gble to solve the routing problem by inspection. For the 6 to k4 access
concentrator, there are only three states in which alternative routes
exist,s These are states 1, 3, and 4. As can be seen from the table of
page 57 , in state 1 we prefer a transition to state 3 to a transition to
state L because s{3) is greater than s(i). Ve therefore choose ::‘13 to be
equal to one., Similarly, we put both Tzg ard rl,.8 equal to unity. We
now have as many equilibrium equations as we have unknowns; we can
therefore solve for the stationary probabilities and hence determine the

blocking B.

Computed results

The linear programming results, which agree with those obtained by
inspection, are compared to those obtained by Benes and Lloyd, Benes (25),
in the teble of Fige. 4.5. For the random routing rule, rl}’ r36, and
rA.B are all equal to 0.5
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Calling Overall gracie of service
rate
(Erlengs) Author Benes Lloyd Random
(z.P.) (Benes)
0.1 0.00536 0.00536 0.0049 0.00865
0.2 0.0209 0.0209 0.02972
Ol 0.0717 0.0717 0.0716 0.08856
0.7 0.1627 0.1628
1.0 0,278 0.2315 0.2478 0.249%
1.3 0.3207 . '
1.7 0.4006
2.0 04497 044,97 0.4498 O.461L.

Fig. Le5 A comparison of computed results

4¢3 The Clos network of switches

Congider the Clos network of switches, Fige 4.6

Y xM Txt T moaxm

NN

S
3

* e s s
e ¢ e 9

]
<
3
+
A
3

Fige L+6 The Generasl Clos network.

There are m middle switches &all of which have r, shown equal to two,
inlets and outlets, each inlet being able to be comnected to any outlet,
Fige Le7 .
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Fige 4e7 A 2 x 2 switch

Let us define a network to be non-blocking in the strict sense if
it is impossible for any call to be blocked however "badly" the calls may
be routed. Let us further define a network to be non-blocking in the wide
sense if it is possible to find a route for any call provided the calls

are routed carefully.

Clos showed that the network of Fige Le6 with m=2n-1 is strictly
non-blocking, Clos (134). Benes then made the important step in showing
that the seme Clos network with m= [311/2] is non~blocking in the wide

- 8ense.

( [x] is defined as the largest integer less than or equal to x.)

This step is important because it is an exsmple of how major economies
may be realised through the study of routing.

The Clos network with 2 middle switches

Fig. 4.8 is a simple Clos network for which optimal routing has been
studied by Benes (25).

R . D

Fig. 4.8 The Clos network with two middle switches
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This network can handle a meximur of four calls from the inlets to the
outlets.

Consider the case where an inlet on {switch) A requires a connection
to an outlet on C, and an inlet on B needs a comnnection to an outlet on
D. These requirements can be satisfied in two different ways as shown
in Figse 4492 and 4.,10a.

(=] TSNS I

Fige L.9a Fige 4.10a

Suppose now that-there is a further request for an inlet on A to be
connected to an outlet on Cs This can be done starting from either the
state in Fig. L.92 or the state in Fig. 4.10a. leading tc, respectively,
the states in Fig. 4.9 and fig. 4.10b.

|
A ) C A c
\o / \\ /o : \° e o/
\° Vi / \ /° \ °/
/\ o\ ° o/
-] / \ /
7\ o M o o
/ -3 ’ \ \° /
B ‘ > Bl 1 [__I>

Fige 491 .Fig. 4.10b

-But if' the third request is for an inlet on B to be conneoted to
an outlet on C, it cannot be satisfied in the state shown in Fig. 4.10a
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because the only free outlet from switch B lsads to switch D. On the
other hend, the request can be satisfied starting from the state of

Fige 498+ The network of Fige 4.8 is in fact non-blocking in the wide
senses By alweys choosing the state in Fig. 4.92 rather than the state
in Fige 4.10a we obtein the optimel result of no blocking.

4. Conclusions

In this chapter, we have considered routing problems in ths 6 to &
access concentrator, and in the Clos network. '

In each case we have effectively defined & partial ordering on the
set of states. (A partial ordering is defined on & set S if a relation
R is defined between some pairs of elements in S such that for all these
pairs (e,b), where a and b are elements of S, the relation aRb or bRa
is true. If the relation R is defined over the whole cartesian product
S x8, . we talk of a complete ordering.)

In the case of the access concentrator, we have seen that the problem

can be solved either by linear programming or by inspection of the partial
order of the statess The Clos network was solved by inspection. The
question now arises. Can we use these methods in studying routing
problems in a network of exchanges?

The answer turns out to be 'no' for solution by inspection unless
the number of states is very small. But there is no clear cut answer if
we wish to proceed by linear progremming., One obvious limitation is
the total number of states; if we have a very large number of states,
it may turn out that we cannot solve the linear program. This could be
due to a shortage of high speed (core) memory in a digital computer.

It may be that the limits of a standerd L.P. program may be exceeded by,
say, the number of variables or the number of oconstraints, or the
computer run time needed inay be ridiculously long. Another disadvantage
is that we have to store the whole rcuting matrix.

In considering the prospects of using linear programming, we have
glossed over the state aszsignment prbblem. In fact, the process of staté
assignment, including the problem of equivalencing certain states, is no
trivial matter. :

Because of the astronomicelly large number of states that a simple
retwork,of say four exchanges, can take, the methods used in this chapter
- are quite wunsuiteble for use in a network of exchanges.

- -
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CHAPTER 5. OSIMULATION OF A TELEPHONE NETWORK

5.1 Introduction

The intelligent use of simulation allows us to investigate
realistic physicel systems, such as telephone networks, or their
mathematical representations(modeld whose complexity is such that a full
analytical treatment is prohibitively difficult. The results of such an
investigation enhance our understending of the physical system, and this
often in twrn enasbles us to make appropriate simplifying assumptions
about the original system, and may even enable us to carry out the
mathematical analysis.

Simulation serves a threefold function:

1. It is a way of verifying theoretically obtained results.

2. It enables us to obtain experimental results in areas where
the mathemetical analysis is prohibitively difficult.

3e It acts as a feedback mechanism by suggesting new ideas.

The computer as‘a network simulator is indespensable in an
investigation of traffic flow in telecommunication networks. But,
perhaps, its single most important contribution is in the study of
networks without assuming the independence of link occupancies in multi-
link routes. Without this assumption the mathematicel analysis of traffic
flow bogs down completely. Alternate routing procedures become impossible
to investigate.

But computer simulation should not be regarded as an automatic
solution for all problems that we find difficult. 7We must, therefore,
guard egainst "mechanitis" defined by mathematicien B.O. Koopman as
"the occupational disease of one who is s0 impressed by modern computing
machinery that he believes that a (mathematical) problem whioh he cen
neither solve, nor formulate can be readily answered once he has access to

a sufficiently expensive (high speed) machine".

5.2 The need for Models

A telephone network is a complex system subject to sitochastic
behaviour. If the Communications Engineer decides to make a change in the
gystem, he cannot be sure, just by thinking about it, what side effects
this change will have., He can, of course,simply meake the change and
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experiment with the real system. More usually, however, he will meke &
serious attempt to predict the effect of the change by doing some more or
less complicated calculetions. When he does this, he is using & model of
the system, however mathematically crude it may be.

If we have an adequate model, we have the overriding adventage of
being able to experiment with the model rather than the real system.
This advantage is not only one of cost and convenience; many decision
processes cannot be the subject of experimentation with the real system,
if only because the 'real' system has not been built.

Many types of models have been used in system studies, and have
been classified in & number of ways. The classification is sometimes
made in terms of the nature of the system they model, such as continuous
versus discrete, or deterministic versus stochastic. For our purposes,
models will be treated as physioal models or mathematical models.

Mathematical models have been used to analyse the loss in switching
systems by Gosztony and Endrody (94).

But in this study, only physical models have been used. Let us, therefore,
examine an example of a physical model of a telecommunication network.

The computer contains an image of the telecommunication network in
which there is indicated for each group of circuits, defined by the
telephone (or telex) exchanges where they originate and terminate, +their
capacity and their instantaneous gvailability. For each comnection
defined by & pair of exchanges, wé note the number of calls attempted,
and the number of calls which weré unsuccessful due to the congestion of
the circuits. We oan thus evaluate the Grade of Service, i.e. the
proportion of unsuccessful calls.

As input to the computer are presented, spaced out in time, calls
between the different exchanges which attempt to reproduce the variations
of real traffic. Vhen & call is made, we try to route it taking into
account the actual operating rules of the network, and the
availabilities of the groups of circuits of the simulated network. If
we can complete the oall, we note that one more call has been
successfully placed between the two given exchanges, and prepare to release
the cirouits used by this call at the en& of a time corresponding to
the duration of the call.
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5.3 Advantages of Simulation

Three advantages of simulation will be emphasiséd. First, even if
an analytical or relational model is available, it may still be more
advantageous to use simulation particulerly as analytic models for
stochastic systems often deal with long run expectations and rar'ely
provide much insight into transient behaviour, A simulation model, on
the other hand, would draw explicit attention to the transient behaviour,
while in the analytic model this behaviour may only be implicit.

/ Secondly, it is less tempting in constructing a simulation model to
make unjustified assumptions in order that the problem may be made to fit
& solution fechnique. For example, in a teletraffic simulation there is
no difficulty in letting the inter-arrival distribution of calls have a
distribution other than the usual negative exponential.

Thirdly, simulation is easy to use. The major drawbecks of
simulation are that it is expensive, and that it is not an optimising
technique. )

5.4 Roulette and Event-by-event Simulation

There are two main methods of implementing a computer telephone
traffic simulation in current use; the Roulette and the event-by-event
methods,.

In the event~by-event method, right from the beginning of the
simulation, we keep a "calendar" of the time certain events are to occur.
If the events are caused by occurrences that are external to the systenm,
they are called exogenous events. An example of an exogenous event is
the origination of a call by a subscriber. ZEvents originated in the
system, like cleéring dowﬁ the connections of a terminated call, are

called endogenous events. The simulation progrem stores in its time
calender, the times at which all known events are to occur, and as

further events are foreseen they are scheduled in the calendar. The
calendar is scanned every time an event is completed so that further
events arising from that event can be scheduled. The-most—imminent
event—i-s—placed-at-the-top-of- the-list, -and--the-least-imminent-is-placed
-at—the-botton.

If en event takes place, like the successful connection of & call, at



12

simulated time to s & random variable is drawn from the appropriate
distribution to determine the holding time of that call, equal to say tl'
We then immediately schedule the call to be terminated and the relevant
circuits released at simulated time to+ tl » Notice that it is easy to
choose the random variable representing the holding time from any

distribution function.

This technique of event-by-event simulation is also called direct
call-timing simulation.

Roulette simulation is the name given to the more popular indirect
method of simulation due to Kosten (110).

In this method, the system being simulated is examined regularly
at equally spaced intervals of simulated time, and changes are made to the
state of the system in accordence with probabilities that depend only on
the state of the system at that particular epoch of time. The model so
formulated is, therefore, & discrete Markov process (with its total lack
of memory), and can be used to simulate a telephone system having Poisson
arrivals, and holding times described by the negative exponsntial
~ distribution.

To implement the roulette method, rules are needed for deciding from
& random number whether a call arrival, or a call termination is required.
If it is a call termination, we must use another rule to decide which
trunks to release. For a call arrival, yet another rule is needed to
déoide which group of trunks must be exemined for a free path.

This method, while being easy to use, suffers from the severe
disadvantage of being able to cope with only the negative exponential
distribution. This is & very severe limitation since most of the
telephone systems we may wish to simulate are at one point or another
offered non-random traffic. Adeptetion-of-this-method-to-simulate-delay
workingy—es—opposed—to—demand-working,-presents-so-many-diffiiculties-that
t—is-petter-to—change—to--the-event-by-event—-simuletion-method.

A further disadvantage arises in ognneotion with calls using a multi-
link route, in that we ocannot release all tﬁe links connecting a particular
call at the same instant in simulated time. What is worse, it would seem
that the information about which links were used to connected which call

is not available.

The event-by-event method of simulation was adopted for the present
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study because it can easily handle the following situations:

1. Smooth end Rough traffic.

2. Non-exponential distributions of call arrival and call
'~ termination.

3« Queuing situations, which may arise if a more detailed

model is used.

The Roulette method cannot handle these situations easily.

5«5 Computer Simulation programming langzuazes

Any progremming language used for the implementation of a simulation
model can qualify as a simulation language. But we shall confine
ourselves to the languages that have been specifically written for
simulation, such as SIMSCRIPT, SIMULA and GPSS III.

Early attempts at simulation revealed that the task of developing
and implementing a workable representation of & system couLi'be extremely
arduous.s It was apparent that some form of generalised approach was
necessary to make simulation a practical technique. The simulation
languages which developed serve the following two vitel functions:

1. They provide a conceptual structure or framework on which a
" representation or model of a particular system can be built.
This way of approaching the problem both reduces the intellectual
task, and assures an easy transition from the modeling to the
computer programminge.

2., Simulation languages provide the user with "Status Descriptors"

by means of which the essential elements of the system to be
modelled may be describeds They also provide the ability to
initiete extensive modifications to the simulated system with a
minimum of computer instructions, but at the same time enable
modifications to be made on a highly selective and deteiled basis.
Most of the languages supply some kind of internal timing and
control mechanisme Thus the necessary 'housekeeping' is done
automatically. In some languages, e.ge GPSS III, much relevant’
data is collected automatically. '

506 The generation of uniformly distrubuted random numbers

Simulation, and & number of other techniques in applied mathematics

and statistics, depends on having available sequences of numbers which
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appear as if they are drawn at rendom from a particuler probability
distribution. For convenience, these numbers will be referred to simply
as random numbers. This seoction is devoted to outlining some methods by
which these pseudo~rendom numbers are generated on a digital computer.

The computing procedure is as follows:

1, Choose a positive integer Xq called the seed, or starting value.

2. Choose an integer, a, called the multiplier.

3« Choose enother integer c. ) _

4. Choose yet another positive integer m called the modulus, such
that m>xy, m>lal, m >lecl

We then define the sequence x5 of non-negative integers, each x5 less
then m, by means of .the congruence relation. '

x; = ax; 4 +c¢ (modulo m)
To obtain numbers in the interval (0,1) we form the sequence Xy /n

Such an arithmetic ssquence is completely determined, and could hardly be
called rendom. It turms out, however, that the statistical behaviour of
our sequencesis quite good, with only a few exceptions, as long as the

_sequences do not repeat themselves too soon,

Any sequence must repeat itself eventually, because it cah oontain at
most m different numbers, each number in a particular sequence being
determined solely by its predecessor. It is possible by imposing conditions
on X, , &, n and ¢, that the maximum period m is obtained. On & binary
machine, it is desirable for ease of computation to choose m to be a power

of 2, but other choices are possible.

With m a power of 2, and ¢ an odd integer, with a=1 (modulo 4), the
sequence defined by. the congruence relation above has the full period m,
Greenberger (113).and Rotenberg (112). This method of generating rendom
numbers is known as the mixed congruential method. The special case,

c=0 is called the multiplicative congruential method, or the power residue

method. In this case, while we can no longer choose the integera so that
our sequence has the full period, we can obtain a period that is still
quite large by choosing integer @ such that the smallest value of n
satisfying ’

a? = 1 (modulo m)
_is & meximuw. This velue of n is called the indicator of m. (see IBM(114)).
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The mixed congruentisl methods have longer periods than the
nultiplicative congruential methods, but in either case, the periods are so
long that this is not usually & real adventage. The disadventage of mixed
methods is in their stetistical beheviour.ictually, this is generally
good, but e small fraction of ceses are completely unacceptable. Therse
are no such cases amongst the multiplicetive methods.

For the computer used in most of the simulations, the CDC 6600, turee
pseudo-random number generators are aveilable:

(a) x; = (270 4 3) x;_; ( moaulo 2°%)
(v) ;= ( 229 + 3) Y51 ( modulo 259)
and (o) u; = ( 22 , 3) w1 ( modulo 257)

.In (a) end (b) the sterting integers Xy end ¥, can be any odd positive
integers less than 25 9. The multiplicative congruentiel method as has been
discussed possesses & long cycle, good statistical properties, and is easy
to implement on a digital computers The statisticel properties are claimed
by the Control Data Corporation to be improved further by combining (a)

and (b) in one rendom number generator,

5¢7 Non-uniform continuous random numbers

A general requirement in simulations, is a sequence of random numbers
drawvn from a distribution thet is both continuous and non-uniform.

If £(x) is the given probability density function, consider the
ounulative distribution F(x).

r

F(x) = 5 £(x)ax

-
F(x) is a monotone increasing fumction whose values lie in the range 0 to 1,

Fig. 5.1 »
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0 . x |

Fig. 5.7 The generation of non-uniform random numbetrs

Assume that we have & uniform random number generator and that we draw a
nunber say Yy From the distribution function this corresponds to the
value Xye If we draw a large number of ¥s the corresponding x; will be
distributed asccording to the probability distribution function F(x)

5.7.1 The Exponentisl Distribution

The probability density function (p.d.f:) in this cese has the
form '

fl
|
et

o Q-

p(t) e t20

t <o

and the distribution funotion F(t) is given by
: + .
P(t) = j p (t)at = l-e
[=}
We can obtain the exponentielly distributed random numbers by inversion as

-&
=

t = -Tloge (1~ (%))

If each particular value of F(t) is replaced by the random variable called
RANDM, which is uniformly distributed in the open interval (0,1), we can
obtain exponentially distributed random numbers from RANDM by using

t= -Tlog, (RANDM)

Because the exponential distributed is used so frequently in telephone
traffic simulations, ( it is not unusual to need of the order of 1,000,000
exponentially distributed random variebles), we try to avoid evalueting
the log function every time we need an exponentially distributed random
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variable. The solution is to use table look-up procedures. We choose
values 8y i= 1,2 ..N where N is arbitrery but fixed, say 1000, in the
open interval (0,1), work out ~log, (ai), and tebulate as in Fig. 5.2

a. -10ge(ai)

S : Pig. 5.2 A rendom look-up
table.

Now whenever we draw a velue from the uniform random number
generator, we look up the table and find that it lies between, say, aj
and aj+1. The oorresponding exponentially distributed random variable is
then obtained by linear interpolation between -log, (aj) and —105(aj+1).

548 The. Computer simulation of a telephone network.,

o~

The computer contains an image (a capacitated topological graph) of
the network in which there is indicated for each group of circuits, their
capacity and their instantaneous availability. Statistics are collected
during the run. For example, the number of calls attempted between each
‘pair of exchanges, and the number of cells which were unsuccessful due
to the congestion of the circuits are noteds Thus we can obtain the point~
to-point, as well as the overall (network) grade of service. Similarly we
can obtain the trunk group utilities (erlangs per circuit).

As input to the computer, we have the offered traffic between each
pair of exchanges, the mean holding time, the structure of the network, end
a routing table that reflects the routing strategy being used. Fictitious
calls are generated, spaced out in simulated time, between each pair of
exohanges. A cell has associated with it two attributes representing the
originating and destination exchanges, and the holding time.

As each cell is made, we try to route it taking into account the routing
rules and the instantaneous aveilabilities of the groups of circuits of

the simulated network. If we succeed, the call acquires as many etiributes
as are required to specify the route used so that the connection can be -
cleared down at the end of the holding time. The network status is then
updated. But if we are unsuccessful in placing the call, we note that a
call has encountered congestion, update the statistics of unsuccessful
calls, "destroy" the blocked call, and then proceed to the next most

imminent event in the simulated time calender.
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Bef'ore ending this chapter, we present the method that has been used
to verify the simulation results.

5.9 The verificetion of simulation results

The gredes of service and link utilities obtained as simulation
results are, in fact, just samples used to estimate the parameters of the
distribution from which they are drawn. We must, therefore, test the
significance of our simulation results.

The method of establishing the confidence intervals used in this
study is based on two assumptions, First, that the distribution from which
the observations are made is stationary, and secondly, that the
observations are independent.

Typically 100,000 calls were processed in each single run. This run
would be divided up into 10 intervals of 10,000 calls each, and for each
intervel i the grade of service bi would be estimated. The average
grade of service b and its variance S are then estimated, for n

intervals, by
n

LEFDIN

=1

CR . 2
, S = \’\-lz (bi"b_)
=i
If the true mean and variance are given respectively by M end 02 s
the nomalized random variable z given by .

2 = (b~§)fﬁ

has & Student-t distribution. To find the confidence level, usually
expressed as a percentege,.the Student-t distribution is integrated
between & —o¢ and L where + /£ is the confidence interval.
In practice, the integration need not be done beceuse the Student co-
efficients can be easily found in statistical tables.

L d
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CHAPTER 6. ROUTING IN A NETWORK OF EXCHANGES AND RELATED PROBLEMS

6.1 Introduction

Very little research work has been published on the routing of
telephone traffic in a network of exchanges, This is in direct contrast
to the voluminous literature on routing in e switch or network of switches,
and the routing of store-and-forward (message) traffic.

Most telephone administrations are apparently content with their
routing plans, and are therefore not researching into the construction and
use of more efficient routing rules. The fact that the majority of the
present telephone exchanges cannot be used in implementing complex
routing strategies has also been a hindrance. But with the advent of
Register Translators (RTs), it has become possible to divorce the routing
plan from the numbering plan; +the digits dialled by the subscriber need
not be used directly in determining the routing of the call. Buf even with
RTs, the information processing ability of exchanges has not been enough‘
to handle complex routing planss It is only with the introduction of
Stored Program Controlled (SPC) exchanges that we have the date processing
capacity that we needs The time has come to re-examine the efficiency of
our routing plans.

6.2 Routing in a network of exchanges.

Some of the major research work on the routing of telephone traffic
in a network of exchanges has been done by Wilkinson (9), Weber (30,31),
Wright (29), Grandjean (1) and Wallstom (8).

The present study was, in fact, inspired by the anelysis of the
network of Fige. 6.1. by Grandjean (1).

Fig. 6.1 A fully connected four-exchange network
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This is a completely connected network of four exchanges A,B,C, end D,
with trunk groups having n,, Dyy Nz Wy ,05, O two-way trunks. <The

(symmetrical) Comnection matrix C is therefore.

A B Cc D
[ 0 n n ) A
el 2 3
n, 0 nh. n5 B
C= n, nl.. 0 n6 Cc
ng n ne 0 D
- J
And the offered traffic matrix T is given as
A B Cc D
0 tAB tAC tAD A
tBA 0 th tBD B
= Yen Yo 0 ep c
Yoa . Ypp e ° - D

VWhere tij’ i,j = A,B,C,D means- that exchange i offers exchange J
ti,j erlangs. The following four assumptions were made in Crand jean's
study:
1. All trunk groups have an egual number n of trunks,
ieees Fig. 6.1 is a "symmetrical" network.
2. Each exchange offers every other exchange an equal amount of
traffic a erlangs (The network is "symmetrically" loaded).
3+ The network has no hierarchy, and each exchange is fully informed
about the state of the network as defined by the instentaneous
number of engaged circuits In each trunk group.
L. All exchanges can act as transit centres.

The problem then was to devise and investigate various alternate
routing rules. The network performances corresponding to the various
routing rules were then compared to the performance obtained when no

alternate routing was permitted.

The results obterined were of the form shown in the graph of Fig, 6.2
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+Alternate routing

_ «4-Alternate routing with
: trunk reservation

-

No alternate routing

Overall Grade of Service

Total offered traffic

Fig. 642 A comparison of routing strategies

The important observation to be drawn from Fig. 6.2 is that the
elternate routing strategy produced results that were better than those
obtained with no altermate routing up to a certain critical velue of
offered load. But above that the alternate routing strategy gave results
that were worse than those obtained without using alternate routing.

The use of the technigue of itrunk reservation reduced this grade of

service deterioration considerably.

The three-exchange network of Fig. 6.3 behaves in a manner that is
gimilar to that of the four-exchange network,

Fige 6.3 The three—-exchange network
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Both these networks will be reviewed in more uctail in Chapter 7.
The important problem thet is outstanding at this stage 1~ whether we
can devise routing strategies that give a performance that is clwmays
better than that obtained without the use of alternate routing regardless
of the level of offered traffic.

Weber (30,31) has studied extensively the traffic characteristics
of telephone networks using automatic alternate routing. Using computer
simulation, Weber and Gimpelson (&), he observed the performance of the
sequential alternate routing strategy. His mein conclusion was that
several critioal problems in the design and utilization of telephone
networks are still outstanding. One of these is "our lack of understanding
of the behaviour of eslternate routing strategies under overload conditions,

both local and system-wide". This lack of understanding is revesled Hy
the two problems:

l. How can we design networks that are efficient during nomal
operation, but which do not deteriorate catastrophically
~ under abnormal loads?

2. If we are given a network design, how can we best alter the
switching pattern, for the duration of en overload, so as to
improve the performance?

In this thesis, we re-formulate and outline & possible solution to these
problems.

Wilkinson (9) made an important contribution to routing studies by
establishing his Equivalent random theory, and by studying the
characteristics of overflow traffic. His studies showed that overflow
traffic is rough, and that it can be adequately described using the
negative Binomial distribution. Wallstrom (8) has followed in Wilkinson's
footsteps. ' .

We conclude this very brief survey by emphasizing how much routing
studies owe to such papers as that of Wright (29) for motivation, guidance
and perspective.

6.3. Some problems that are similar to the routing problem

In this section I propose to draw the reader's attention +~ three
classes of problem that have a close similarity +~ lue routing problem:

1. Network flow pioblems.
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2. The inventory (or storage) problem.
3. The problem of Markov processes with rewerds.

6.3.1 Network flow problems

The methods of network flow, Hu(4), Ford and Fulkerson (5), have
been used by several authors, Silk (6), Ling (7), Gomory and Hu(15),
Onaga(16) , Frank and Hakimi(17), Kleinrock(75), and Hakimi(83), *o meuntion
only a few, in the analysis of the routing of message traffioc.

The problem of immediste interest in this thesis, is the design of
routing rules that would enable us to use the telephone line plant most
effectively, thereby enhancing the network's telephone traffioc carrying
capabilities; Similar problems have engaged students of network flow
theory for a long time. %The results and insights obtained from these
studies have enabled students of message switching to apply network flow
methods to message routing problems with great success. I have, therefore,
examined these methods to find out if they provide & suitable model or
framework for our studies. If they do not, then we must set down clearly
why not, and point out the modifications required to make them more
suitable.

It is importént at the outset to meke a clear distinction between the
netures of telephone and message traffic. The vital diff'erence between
them is that telephone traeffic is 'live' whereas message traffic is not.
We Say 'live' in the sense that & dialled call must be set up on demand
(we are excluding manuel connection or delay working). This means that if
a call requires three links in tendem, it must have them all (&lmost at
once) before the call is completed. In contrast, in s message switching-
network, & message can be held at the originating exchange, or a transit
exchange if there are no free available links, and then sent on later

when free paths in the required direotion are available.

This vital difference between 'live' and 'dead' traffic leads to a
difference in the service oriterion to be applied in each network. For
telephone traffic we judge the quality of the service by, among other
things, the "grade of service", i.e. the fraction of attempted calls which
get the 'busy signal' as a result of ocongestion in the network. For
message traffic it is the expected delasy between initiating s message and
its being received at its destination that defines the quality of service.

Let us examine the multi-commodity network flow problem to see if we
have & suitable framework for formulating our telephone traffioc problem.
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The multi-commodity flow problem

We are given a topological graph G = (N;A) of nodes or exchanges Ni R
and arcs or trunk groups Aij' A commodity flow from N 1 to Nj is defined
as the distinct flow from node Ni to Nj' The problem is to maximize the
sum of the commodities flowing between all pairs of nodes.

This problem has been solved using the arc-chain formulation, Hu(4,49)
Ford snd Fulkerson(80), Tomlin (81), and Grinold(87,88). So let us try
and set our problem in the framework provided by this problem. The nodes
of the graph represent telephone exchanges, and the arc capacities
represent a3 before the number of circuits in a link.

The point of departure between the multi-commodity problem set up
and the telephone traffic problem is in the initiation of flows. The
nulti-commodity problem tacitly assumes that we have & very large (ideally
infinite) amount of commodity that we wish to transfer from eny node N,
to any other node Nj’ and the demand is constent and deterministic. The
situation is completely different for the telephone traffic problem for
which the demand is stochastic.

Another important difference is that while in the multi-commodity
flow problem we are interested in maximizing the total commodity flow in
the network, +this is not the case in a telephone network where service
considerations require that every parcel of traffic should be given an

equitable service.

In the feasibility problem.of multi-commodity flows, the flow values
of each of the commodities is prescribed, and the question then is whether
or not all these flow values can be realised simultaneously in the given
network without violating the arc capacities. Hu(k) has given & solution
to this problem. Because this is a feasibility problem, the solution
does not necessarily give us any guidance on how the flows should be set
up. Nevertheless, this feasibility problem is important because we can
now divide up the time axis into the intervals (o,tl), (tl,tz) csnee
during which we have & fixed set of requirements and we want to know if
they can all be satisfied simultaneouély. In telephone systems, we do nof
set out to satisfy each and every one of the subscriber's demands. We
are content if we are able to satisfy a prescribed percentage of these
demands. As we have elready noticed, this idea of a grade of service is

conspicuously absent in network flow methods.
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It is now clear that before we can use the network flow methods, we
must incorporate into them the concept of grade of service, and a method
for dealing with stochastic demands.

6.3.2. The inventory problem

Consider the problem of routing a call between exchanges A and D
in the four-exchange network of Fige 6.4

Fig. 6.4

The obvious choice of route is the direct link AD. But if this route is
congested, we may try routes ACD and ABD. Now it may be useful to consider
each trunk group, AB, BD, etc. as an inventory. Each of these

inventories is subjected to a stochastic demand because of the stochastic
arrivel of telephone calls. Each inventory has & "home" demend, and a
"foreign" demand. Teake the trunk group AD. The home demand consists of
the A to D and D to A callse And the foreign demand consists of all

other cells that use AD as an overflow trunk group. The "re-ordering
policy" of the inventory depends on the release of the circuits as the
calls temminate. If a2 home demand is not satisfied, the inventory incurs

a penaltye ‘“hen & foreign or home demand is satisfied, the inventory
makes a gain, But if a foreign demand is not satisfied no penalty is
incurred.

We now wish to determine the policy that will meximise the average gain
per demend. Inventory problems of this kind are unusual, Moran (149),
because there is a home as well as a foreign demand. This type of inventory
problem, as far as the author knows, has not been solved.

6.3.3 Markov process with rewards

Problems involving Markov process with regards ere similer to inventory
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problems in that they wuse the idea of average gain per state transition.
Let us re-examine the routing of the A to D call, Routing the cell via
exchange C leads to a difflerent stete from that obtained by routing the
call via B. If for every state transition we define a reward, we may well
ask for a policy of meking transitions that will result in the maximum gain
per transition. Howerd (152) has worked out an elegant method, called
policy iteration, for dealing with this problem for the case of all demands
being home demands. - If only we had & method for dealing with both a home

and foreign demand?
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CHAPTER 7. ROUTING IN A FOUR-EXCHANGE NETWORK

7.1 Introduction

.Up~to now, we have considered routing strategies in a network of
switches. Ve have given as examples the Clos network and the 6 to 4
access concentrator. It is important to notice that these routing
problems have been solved by writing down and resolving the state
equilibrium equations. For the access concentrator, a solution by linear
programming was also included. The number of states in these examples
was small thus simplifying the process of state assignment and state
reduction. The process of writing down and solving the equilibrium
equations was also simalarly simplified.

In turning our attention to networks of exchanges, as opposed to
networks of switches, we find that even the simplest networks have a very
large number of states meking it extremely difficult to apply the mefhods
we have used so far. (For some state variable solutions with a large
number of states, see Kibble (135) ). 1In a search for alternative methods
of solution, let us start with a simple three-exchange network, and then

consider the four-exchange network in mors detail,

7.2 The direct routing strategy.

The diagram of Fig. 7.1 shows a three-exchenge network, in which the
exchanges A,B, and C are connected by the two-wey trunk groups AB, AC, and
BC having n,, ng and n, trunks respectively.

Fige 7.1 The three-exchange network.

Let us designate as a direct routing strategy & routing rule that

prohibits any alternate routing. In our three-exchange network of Fig.7.l,
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the direct routing strategy requires that only the direct one link route
be used for any call. In & network in which some peir of exchanges has no
direct link, & basic, multi-link route is assigned to the traffic between
the two exchenges. That multi-link route , some links of which may be
shared by other parcels of traffic, is then considered as the direct route
between the pair of exchanges. This is the routing plan, for example, in
a hierarchical network in which no alternate routing is used.

Assume that the sum of the traffic offered to B by A, and the traffic
offered to A by B equals 8y erlangs. Thus 8, erlangs are offered to the
ny trunks of AB. Similarly &, erlangs are offered to BC, and :aL3
offered to AC. The probebilities of congestion encountered by these three

erlangs

(isolated) parcels of traffic are, by definition, given by Erleng's

formula of
o’
E (a) = -
k n = number of trunks
a
z kT & = offered traffic
k:D

The overall (network) grade of service B for the three-exchange
network using the direct routing strategy is given by

3
. e 1:21 8y Eni (a,)
3
S -
=1

7«3 Alternative routing strategies

This kind of routing that attempts to place & cell by trying out two
or more possible paths in & given order until either e free path is found,
or all the alternatives are exhausted is known as a sequential alternative

routing strategy. This strategy cen be described in more detail as

follows. VWhen a cell originates at an exchange, an immediate attempt is
mede to establish & communication path to the required exchange along a
direct route if one is available. If the direct route is busy or

otherwise not available, the route translators step through a pre-determined
sequence of alternate routes to try and complete the call. If the direct,

and & limited number of alternate routes are 8ll occupied, a busy tone is
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then returned. An exchange that cen choose an alternate route when the
most prefered route is not available, is said to have automatic
alternate routing capabilities. In the three-exchange network, a call
from A to C will be offlered to route AC first. If AC is congested, an-
attempt will be made to use the altermate route ABC provided trunk lines
are aveilable on both AB and BCe A similar procedure is used for a call

between any other two exchanges. Beoause the network has no high usage
routes, we can say that we are using mutual alternmate routing.

It is difficult to determine analytically the exchange-to-exchange
and the overall grade of service of the network when the sequential
alternate routing strategy is used. A very rough approximation can be
obteined by using Erlang's formula and the Lee-le Gall theorem, Grandjean
(1), and Syski (22). After compering the results obtained using this
analytical method with those obtained by simulation, I came to the
conclusion that the grade of service is better estimated using simulation

that asnalytical methods. Lately, S.S. Katz has proposed a much more
accurate method for compubting overall and exchange-to-exchange grades of
service, Katz (98)., This method is applicable to sequential alternate
routing networks using step-by-step (progressive) routing. Katz has
claimed that.the results obtained by his method are just as acourate as
those obtained by simulation, and that they are computed in a fraction of
the time.

In this thesis, we are using right-through (end-to-end) routing, as
opposed to step-by-step routing. Katz's method has therefore mnot been

used.

The overall (network) grade of service B is determined from the

exchange-to-exchange grades of service B; and offered traffic a; Qas

z.

B

7.3+l The three-exchange network

The three—exchange network of Fige 7.1, with n=n,= n3 = 50 and
8y = a8y = a, in the renge 38 to 48 erlangs, using the sequential
elternate routing strategy waes simulated on a computer. The results,
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together with those of the direct routing strategy, are plotted in
Figo 70 2.

Two important observations can be drawn from the graph of Fig. 7.2:

1. The use of sequential alternate routing improves the overall
grade of service for all traffic levels up to an overload of
25 per cent,from what it is when the direct routing strategy
is used. (The nominal rated loed is defined as that load which
gives an overall grade of service of 0,002 under the direct
routing strategy). -

2. For overloads above 25 per cent, the performance of the
elternstive routing strategy is inferior to that of the direct
routing strategy.

As far as the routing problem is concerned, this obeervation makes it clear
that above 25 per cent overload it is better to reject a call rather than
place it on a two-link route even if that route is availasble, The
explanation of this poor overload performance is not difficult to find.
The use of a two-link route for a single call is, in general, inefficient.
At low traffic loads, this inefficiency is preferable to rejecting a c¢all.
This is so because at this low traffic level the average trunk utilities
(carried erlangs per trunk) are very low, with most of the trunks being
free most of the time. At the high traffic loads, on the other hand,

there are much fewer trunks that are free for any sizeable proportion of
the time. At this traffic level it does not pay to engage two trunks for
a single call when each of these trunks is likely to be needed for carrying
a call in its own direct group.
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Fige 742 was drawn for the case when all trunk groups had 5C c¢ircuits.
In that case, the alternative routing strategy started giving a
.performance inferior to that given by the direct routing strategy at an
overload of 25 per cent. Similar simulations were done for the three-
exchange network with trunk groups having a number of circuits in the
raenge 10 to 1C0., The overloads at which this cross-over happens were
observed. Fig. 7.3 whows this "threshold" overload plotted against the
nunber of e¢ircuits in each trunk group. For example, deterioration sets
in at about 14 per cent overload for a group of 100 circuits.

100
W0r

70
60 -

PER CENT OVERLOAD

Te) 20 50 70 q¢ 100

NUMBER OF CIRCUITS PER TRUNK GROUP

Fige 7«3 Per cent overload at the oross-over

Tely The four-exchange network

In the last section, we considered routing in the three~exchange
network., This is the simplest network for which any routing problem exists.
But because of its simplicity, it allows only two possible routes for any
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call, and it is quite clear from the outset that it is preferable to use
the direct route, if it is not congested, than to use & two-link route.

What emerged as being very interesting was the fact that at high
overloads it is better to reject & call rather than place it over e two-
link route. We now move on neturally to investigate the four-exchange
network,

The four-exchange network of Fige 7.4 provides many more possible
routes for each call than the thres~exchange network.

Fige 7.4 The four-exchange network.

Thus a call from A to B has five possible routes:

1.

A-B
2, A-C~-3B
3. A-D-3B -
k. A-C-D-B

5 A-B-€-B
Previous studies of this and similar networks, Grandjean (1), heve shown
that choices (4) end (5) lead to routes that are too circuitous, engeging
too many links for a single call, By the same reasoning used in Section
7¢3.1, this would lead to very severe deterioration in the grade of
service. For this reason choices (4) and (5) were disallowed without any
further investigetion. This leaves the direct route and the two two-link

routes as the possible choices.

Again we observe that the direct route is the best route to use if
it is not congested. But it is not at all obvious in general which of the
two two-link routes one should choose if they are both available and the
direct route is engaged.

Before exemining various routing strategies, let us make the assumption
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that each exchange offers every other exchange &/2 erlangs, and that each

trunk group has n circuits.

7+l Dynamic routing strategies

The sequential strategy used for routing in the three-exchange
network is a static strategy in the sense that it does not take into
account the number of circuits in use in all trunk groups at the instant

when the choice of a route is made,

A dynamic rduting strategy, on the other hand, pays particular

attention to the number of busy circuits in each one of the groups that
might be used for routing & given call.

Telee2 The hyper-diagonal routing strategy

From the diagram of Fig. 7.4 let us abstract the two routes ABC and
ADB as in Fig. 7.6

route 1 ACB

g

route 2

Fige 7.6

Assume that the following information is given:

1. The number of busy circuits in the links AC, CB, AD, BD, is
given by Doos Dops Mggo and na respectively.

2. The number of calls in progress, at a given instant, between
exchanges A and C, C and B, A and b, and D and B are given by

1 1 1,4 end 1y,

ac’ “cb’?

Since the network structure is symmetrical, i.e. all trunk groups
have n circuits, and since the loaeding is also symmetrical, each exchange
offers every other exchange a/2 erlengs, it is reasonable. to expect that
the state of the network defined by the six dimensional state vector
(nab’ Dood Bogs Myos Tygs ncd) should lie in the neighbourhood of the
hyperdiagonal connecting the points (0,0,0,0,0,0) and(n,n,n,n,n,n).
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An heuristic routing strategy was therefore constructed in which

e call would be routed in such a way that the distance between the

resulting points (nab’ Dae’ Paa? Ppe’ Moa? ncd) and (1ab’lao’1ad’lbc’1b6?lcd)

would be a minimum, i.e,.

. 2 . s . .
min :Z (nij - lij) i,j = a,b,c,d and i # j
We would then keep as close to the leading hyper—diagonal as possible and

try to even out any temporary traffic imbalances.

No computation procedure was found for evaluating this routing
stretegy even approximately, so an event-by-event simulation was set up
on a digital computer. The simulation results together with those of the
direct stratégy are plotted on Fige 7.5

Fig. 7.5 bears a very close resemblance to Fig. 7.2, and the general
observations made on Fige 7.2 hold for Fige 745

Tete 3 The Min-max routing strategy

Consider the two possible two-link routes of Fig. 7.6 Let,

m, = max (n

ac’ Tob )

g = MEX (nad’ Agp)

- m

and k

it

min (ml, m, )

If k= my yWe route the AB call via exchange C. If, on the other hand,

k=m2 we youte the csll via D. Should my

route ACB and ADB at randome. This is the min-pax routing strategye.

= by, We would choose between

Simulation results using this stretegy in a four-exchange network with
n = 10 are compared to those of the direct routing stretegy in Fig. 7.7
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One interesting observation is that the results of the min-max
routing strategy are almost exactly the same as those obtained by using
" the hyper-diagonal routing strategy as shown in the table below.

g;;zizgegizggighange Overall grade of service
(erlangs) Min-max Hyper-diagonal
Strategy Strategy
4.0 0.000 0.000
b.0 0.001 0.001 N= 10
5.5 0.00L 0,004
6.0 0.012 0.013
6.5 0.029 0.031
7.0 0.056 0.050
8.0 0.133 .13
9.0 0.209 0.213

This near equality is to some extent expected, since both the routing
strategies aim at getting a uniform oircuit usage throughout the network.

Trunk Reservation

A persistent feature of the elternative routing strategies that we
have looked at so far, is their rapid deterioretion in performance at
high overloads. This phenomenon has been observed by other workers, e.g.
Weber (31) and Grandjean (1). One method of dealing with it, is to
cancel any alternative routing at a pre-determined traffic level. But
this has the disadventage that it would give rise to unacceptably high
probabilities of congestion for those calls which depend on alternative
routing to overflow from their high usage routes on to other (perhaps
final) routes. A better method of dealing with this service deterioration
is to use the technique known as trunk reservation.

Iet us apply trunk reservation to ow four-exchange network with
n = 50, If a call cannot be eccommodated on the direct route, it is only
allowed to use a two-link route if there are at least m free circuits on
each one of the two links. The velue for m may be 2,3 or more; in
general m has to be optimised. By using trunk reservation, we are, in
faot, reserving the last m - 1 circuits for direct traffic only. The oase

m = 1 means that there is no trunk reservation,

Simulation results obtained using trunk reservation with m = 4 are
shown in Fige 7.8. The traffic level et which degradation sets in has now
been reised from 25 per cent to 35 per cent overload, and the performance

once degradation has set in is now much better than it was without trunk
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reservation.

Tobelr The random routing strategy

. In & symmetrical network that is symmetrically loaded, the stete
vector tends by itself to lie fairly close to the hyper-diagonel. This
means that the hyper-diagonal routing strategy is given little opportunity
to show its usefulness, and the degenerate case of my = m, is presumably
& frequent occurrence . This conjencture was tested by setting up a
simulation in which the probability of choosing route ADB was made equal
to the probability of choosing route ACB if they were both simultaneously
availeble. The results obtained are, as one would expect, almost exactly
the same as those obtained by the hyper-diagonal and min~-max routing
strategies.'
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7.5 Conclusion

It is clear that both the min-max and the hyper—diagonal routing
strategies as so far presented, depend for their success entirely on the
network's structural ard loading symmetry.

But there is no reason why they cannot be gensralised to networks
which are both ungymmetrical in their structure and loading. Nevertheless,
it seems that more fruitful results can be obtained by studying more
carefully the stochastic behaviour of a group of ocircuits from a routing

point of view.
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8.1 Introduction .

In Chapter 3 we determined the probebility that a call offered to a
group of trunks will find all the trunks engaged. This is the probability
that a call is lost; and for random traffic it is given by Erlang's
formula. In this chapter we shift owr emphasis. Suppose x trunks are
busy et time t. .hat is the average time intervai before y trunks are
busy for the first time after t? This is, in fact, the first passage
problem that has been extensively studied in the theory of Markov
processes. In this chapter we concentrate on the average passage time,
and the probability distribution of the passage time. ‘e look at the

problen first in discrete time, and then in continuous time.

But first let us be quite clear as to why we need to solve the first
passage time problem. Let us take the simple example of the three-
exchange network of Fig. 8.1 .

Fige 8.1 The three-exchange network

Consider the call from exchange B to C. If the direct route BC is
ocongested, we may try the .two link route B~A-C. In Chapter 7, Section
7+3.1 we have seen that this is advantageous if the traffic level in the
network is low, and disastrous if it is high. We have given the

qualitative argument that at high traffioc levels it is unwise to use up

two links for a single call because the demand for circuits is very highe

It is therefore better to reject the BC cell even if it is possible to
place it via exchange A. Yes, but at what traffic level should we start
rejecting calls? The answer to this question can only be found re-examining
the stochestic behaviour of & group of trunks,.

Suppose each of the trunk groups in Fig. 8.1 has N trunks. We are



106

then vitally interested in the first passage time from any state where

J (J<N) trunks ere engaged to the congestion state when all trunks are
‘busy. This we have called the "time to congestion". It is this time to
congestion thet is of prime importence in routing. If we use the route
B-A~C, what is the time to congestion for B-A and A-C? How likely is it
that either B-4 or A-C or both will pass through the congestion state
while the call we are considering is in progress? To my knowledge these
questions have not been answered up to now. Yhis Chapter provides some

answers.

8.2 Trensition probabilities in the occupancy of a group of trunks

Consider a group of N trunks offered A erlengs. We let, without
any loss of 'generality, the mean holding time be our unit of time. For
the case of random (Poisson) traffic, the mean of the offered traffic is
equal to its variance. The probability of a call being offered to the
group in a small interval of time dt is given by

Prob{1 call offered in time intervel dt) = >\dt + o (at)

where ILim 0 (at) = 0
it >0 dat .
Prob (2 or more call offered in dt) = 0 (at)

We define the state of the group of trunks as the number of trunks that

are simulézneously in use at a particular epoch of time t. There are thus
a total of N + 1 states ranging from state O to state N.

If the trunk group is in state j, j+ 0, j # N, only three events
can take place during e small interval of time dt :

l. A call may terminate.
2. A call may errive.
3« The state may remain unchanged.

Assume that the holding time is characterised by the negative exponential
distribution with mean «¢=1 . Then the probebility of one call emong
n calls in progress terminating during dt is

Prob (1 call out of n cells terminates in dt ) = n 4 4t + o (dt)
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Using the standard notation of stochastic processes, the probability
of a state transition from n ton +.1, from =n to n - 1, and the

probability of no transition are given by

A at o+ o(at)

Pn, n+l (at)

P, p1 (@t)

n,n~ nudt + o(dt)

Py o () 1 - Aat - n pat + 0(at)

For the boundary stetes O and N, we have the following transition
probabilities.

Pp,1(at) = A at + o(as)
Pp,olat) = 1- A at+ o0(at)
. |
Py, y-2(d8) Nudt + 0(at)
py,y (%) = 1-Nuat + o(at)

For convenience we ocan arrange these state transition probabilities in
an N+1 by N+1 square matrix P.

P(at) = (Pij(dt) ) | i, §, = 0,1, ...N

The stochastic behaviour of the; group of trunks can now be studied in
terms of the transition matrix P,

The Matrix P represents a regular Markov process with discrete states
in continuous time, i.e. it is possible to be in any state after some time
interval T no matter what the starting state was. The imbedded Markov
Chain can be revealed by giving dt a small numericel value (the velue of dt
depends on A\ ) say dt = 0,01, thus turning the continuous time varisble
into a discrete time variable, '

Having so reduced the problem, We can now proceed to use the standard
(finite) Markov Chain methods for the rest of the investigation, Feller (2,3)
Chung (36,37,38), Cohen (122), and Kemeny and Snell (35).

8.3 The computation of the stationary probabilities

By definition, a Markov Chain is reguler if and only if (iff)
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it is possible to be in any state af'ter some number of steps N, no
matter what the starting state is. :

Tt is a2 well known result that P° has & limit as n -+ o

A = Lim P

n -

where each row of A is the same probability row vector

L = (ao, 8.1, ecsece GN)

Therefore,

A= (8:0, al, sees ﬂN)

e e o

The matrix A can be evaluated by three distinct methods :

1.

o,

3e

By multiplying P by itself n times, for sufficiently large n,

we can obtain the matrix A to any desired accuracy. This method
is not very practicable if it is applied directly, but we can
reise P to the powers 2, L, 8, and obtain '

n
b (29
and for reasonably small values like n = 10, or even less we can

epproach A as closely as desired. Some theorems are available
that indicate the rate of convergence of P", Kemeny and Snell (35).

We csn determine P" by diagonelising P first, or reducing it to
the Jorden canonicel form.

Telephone traffic theory approach

The row vector £ = (ao,al, cos aN) is the stationary
equilibrium probability distribution of the Markov Chain. In
telephone traffic temms, the a; are the probabilities of finding
i trunks simul taneously engaged at any time t. From the
derivation of Erlang's Iloss formula, the a; are given by
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where as before

7\ = calling rete in erlangs
number of trunks in the group.

=
i

Method (3) was used to compute A for the case of random offered
traffice Note that the following properties of A can be used to check
the computed value of A,

PA=AP = A
AA

i
-3

8.4 The fundamental matrix

The fundementel matrix Z, a2lso known as the characteristic matrix,
pleys a very important role in the anelysis of Markov chains. It is
defined by

Z =(71-(p-a) )t

By realising that the row <wector L = (ao, ces & ) is in fact the
eigenvector of matrix P corresponding to the elgenvauue )x =1 (which P
must always have) it can be shown that the inverse matrix defining Z

always exists.

The matrix Z can also be expanded (using the binomiasl theorem) into

the infinite series

)
z2=1I4+ (P - a)"
=

Using the properties AP = PA = A, and AA = A, this reduces to

o |
‘ZeTa > (-1
N=|
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By invoking the matrix theorem which states :

If B" tends to O (the zero matrix) as n tends to infinity,

then (I - B) has an inverse

(I-B)-1=I+B+Bz+oo-uo
(e8]
=T + Z B
k=1

we sce that the infinite series converges since Lim (Pn - A) = 0 as

n o .

The following properties of Z can serve as useful computation

checks:
lo PZ=ZP
2. (2)f11= [1]
1 1
1 1
1 1
1 ] .
3- AZ = A
e I -2 =A-PZ

Note that while Z has several properties in common with a transition
matrix, e.g. row sums equal 1, it does not necessarily have non-negative

elements.

8.5 The first;passage time

- Define T §?) as the probability of entering state j at the n-th
step for the first time after leaving the initial state i

Thus for the Markov chain x , n =0, 1, «ese (with stetionary
transition probabilities) teking on velwes ( .. i, j, .«) in state space

S, we can define fijn as

= ,j, Xm+k * Jds k = 1, oe n—llxm= l)

for n=2, 3, «
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The trensition from i to j can evidently take place in two mutually
exclusive ways. Either the transition tekes place in one step directly
from i to j, or it can tske place through an intermediate state k, and

then from k to j in some number of steps n, n = 1, 2, coee

8.5.1 The mean first passaze time

The mean first passage time m is defined by

ij
[e o]
m,., = E nf'(n)
1J 1J
N=\

and is given recursively by

mij=1'pij+ E (l+mkj)Pik
k%)

( 1 step or (1 + my s ) steps )

Ve can write this equation for the matrix M = (mij ) as

M= P+PM-M + E-E
+ P( de g )
Where E is the square matrix with all elements
- equal to 1,
Bag is the diagonal matrix (bi,j 513 )
&j is the Kronecker delts.
It follows that
M:P(M-Mdg) + P(I+E-Edg)
= P (M~ Mdg ) + PE
M = P(M-H. ) +E
(M-t )

This implicit equation determines the mean first passage time metrix.
Multiplying through by A

M = A(M-lﬁdg ) + AE

AMa€=AE

Therefore,
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E=AM
ag
. _ 1 .
1.8, mﬁ- e‘i ié€ s

Iet us define the dlagonal matrix D by

) = i

D= (4, ay

It ocan then be shown, Kemeny and Snell (35), that the mean passage time

matrix M is given by

M= (I-2Z+EZ, )D

dg

8.5.2. The variance of the first passage time

By using arguments similar to those used for the mean, it can be shown,
Kemeny and Snell (35), that the variance of the first passage time matrix
M2 is given by

M, =M (22. D~ 1 + 2(zu - E(2ZM - M
where M =(m2)
sq ij

84543 _ The probability distribution of the first passage times

Using the matrix methods outlined above, we can obtain all the mean
first passage times for i,j € S, and all the variances of the first
passage times. It is most unlikely though that we are interested in all
of these. In fact, in the routing problem we ere principally only
concerned with the passage times to the state of congestion N from the
internal states 0,1,2, +ee N-1. It is, therefore, wasteful of both
computation time and memory space used for storing the square matrices,
to consider the whole mean passage matrix.

The alternative is to consider the disjoint possibilities of reachirg
state j from state i in exactly n steps. By applying some renewal
theory, Feller (2,3), it is seen that

S0 L) ) | awe2) () )

( (n-1)
ij P33 P33

ij Jd ij Jd i Jd

N-1

SLRIDIRE i

k=1
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(n

where p i% is the n-step transition

probability from i to §

Note that P% = (p(?z ) .
iJ
Ve can therefore compute f§g) i,j € Sfor n=1,2, «.o

using the recursive relation aboves By using a column vector F1J
containing a sufficiently large number of elements, we can caiculate
the mean, variance, and ell the other moments of the first passage time.
Similarly, we can compute the cumulative distribution function Fij (n) by

N

Fis (n) = Z{: fggﬂ

™z=0

8.6 The stochastic behaviour of a gro@g_of circuits offered non-random
traffic

The difference between the stochastic behaviour of & group of ciréuits
offered non-rendom traffic from the behaviour of the same group offered
random traffic is easily studied by making & suitable modification to the
transition matrix P. The rest of the analysis is then exactly the same
as in the case of random traffic. We shall assume that the non-random
traffic can be adequately desoribed by its mean m, and its variance v.

8.6.1 The trensition matrix for smooth traffic
|

The Binomial process has been used to describe smooth traffic, i.e.

traffic whose variance is less than its mean, with remarkably good
success, Mina (40). It is proposed to write the matrix P using the
Binomial distribution as the c¢all arrivel process. The holding time is
again assumed to have a negative exponential distribution with unit mean.

Iet us assume that the number of subscribers having access to the
group of circuits is finite, and equal to n. The probability that an
idle subscriber makes a call is equal to p. Then the probability that
x calls are originated, p(x), is given by.

p(x) = (2) »* (2-p) ¥ *

0 ‘ - X = n+1, esce

0,1, cece 11

n

The mean m, and the variance v of x are found to be

m = np
np(1-p)
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We define & to be the variance to mean ratio, i.e. a = v/m.

We can express P and n in terms of a and m as

p=1l-2a
—_—
l-a

If we let the average calling rate per subscriber be B, (the time when the
subscriber is busy is also included in working out this average) we find,
Elldin and Lind (12), that B is given by

B = 1-a
a

Now if the circuit group is in a state with k calls in progress, the
probability thet an additional call arrives in the time interval 4t is

Prob (1 call arrives in dt) = (n-k) Bt + 0(at)

Therefore,
Py, kel = (n-k) Bdt + o(dt)
Py k-1 = kdt + 0O(at)
Pk =1 7 Pk T Piokel

Let Py be the stationary probability for state i. If we are given a trunk
group with N trunks, then the mean carried traffic m, is given by
N

m, = > ips

1=0
If the mean offered traffic is m, then we should find that

m=m, + mpy

Where WPy is the mean overflowing traffic. If this equelity is not
satisfied, then B should be adjusted (slightly) until the relationship is
satisfied, If n is very much greater than N, then no adjustment should

be necessary, but for values of n of the same order &s N, an adjustment in

B is necessary.

8.6.2 The transition metrix for rough traffic

We have already remarked that the arrival distribution for rough
traffic, whose variance is'greater than its mean, cen be very closely .
approximated by the negative Binomial distribution, Wilkinson (9). We are,
therefore going to write down the transition matrix P in terms of an

arrival process governed by the negative Binomial distributions.
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The probability of having x simultaneous calls from x + r

subscribers is glven by
-T X r
pr (X) = (.'X.)(-q) (l"q) X = Ool, seesae

Now the mean m and the wvariance v of x are

_ kg
m = g g
v:—lL—
(1-q) (1~q)
and,
8 = o= = ——.-].'...—
n 1-q
m
T =
a =1
g=1-=
e

In the positive Binomiael description of smooth traffic, the calling
rate was state dependent, decreesing linearly with the nub er of busy
subscribers. This gave a variance that was less than the mean. In the
negetive Binomial description of rough traffic, the calling rate is also
state-dependent, increasing linearly with the number of busy subscribers.

Let the average calling rate per subscriber be B (the number of
subscribers depends on the number of circuits in the group and equals
r + N)l Then

B=g=1~

o]

If the trunk group is in a state with k calls in pfogress, the
probability that another call arrives in a time intervel dt is

Prob (1 cell arrives in dt) = (ks+r) Bdt + O(dt)

The transition metrix P is, therefore given by

Pk 1" (k + r) Bdt + O(at)
Ppg-1 = kd.t + 0(at)
Pk = Y P17 Proka

An adjustment may be made to B as was done in the smooth traffic case
to make sure that the offered traffic is ingeed equal to the prescribed value

Me
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8.7 The first passage time distribution in continuous time

We consider a trunk group of n circuits which is offered A erlangs.
In particular, we are interested in the Markov process X(t), 0 £ t

in continuous time with discrete states j, Jj= 0,1, ceen .

tet pyy (£,u) = prob ( X(t) = 3 X (W) =1)

Since the process is time-homogenous, we can write

py; (t-u) = prob (X(¢) =5 | x () = 1)

In the case when t - u is =mall, say dt, we cen write the probabilities
as

pij(dt) 9 5 dt + 0(dt) i

p,;(at)

Let us define

1+aq,;dt+0 (at)

P (t,un)

( Pij (t,u) )
(a5, (£))

and Q(t)

If the row sums of matrix Q are all equal to zero, the process is said to
be conservative and satisfies Kolmogorov'!s forward and backward equations,

9P(t,u) P(t,u)q(t)
Du
'%lz(t,u) = Q(£)P(t,u)

These Kolomogorov equations enable us to calculate the matrix P when we

are given the matrix Q.

For the trunk group, -

qi,i+l ) i = 0’ sss n_l
qi,i—l = i i i=1l, o n
9 3 = =(A+ i) i=0, esen

3

and ell other elements of Q equal to zero. Thus,
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[\ A 0 . .0 0 0 0 o )
1 ~(A+1) X

’Q= ) n-1 -(A+n-1) pN
0 0 -n --(>\+n)J

For our case of constant Q, the formal soclution to both the forward

and backward equations is
P(t) = exp ( Qt)
The first passage time distributions of particular interest in
& routing context are fin(t) s 120, eee , n-1,
where £;5(t) = prob (x(t) = 3, X(u) % §, Osu<t | x(0) =4 )
Thus fij(t> is the distribution of the smallest velue of t at which
stete j is reached given that X(0) = i.

The simplest way to study the first passage time distributions is
to modif'y the process and turn state n into an absorbing state. The Q

matrix is then
N

[-> X o o o
R CTHIDN
Q= .
n-i ~(Axn-1) A
| © o o o
By re-naming the states, and letting
) new state O = o014 state n
" 1l = " n-1
" i = " n-i
" n = " 0

we get the new metrix Qnew

'e) o . 0o '®)
AN (A=) -

new
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Ledermann and Reuter (137) have shown that if matrix Uew has

eigenvaelues BO’ Bl, Bz, eens Bn , we have O=BO> Bl> 327 s > Bn .

That is, all the eigenvalues are distinct, and nega;tive with the

exception of B, which equals zeroc.

Since the eigenvalues of @ are obviously the same as those of

Qnew’ we can always diagonalise Q, and obtain a compact solution for P,

Then starting from an initial state i defined by the column vector
Po» with zeros everywhere except the i-th row which has & 1, the n-th
element in the column vector PR, gives the probability of being in
state n at time t in the modified process. This is equal to the
probability, in the first process, that the first transition to state n
has occurred at or before the time te So that the n-th element of
P(t)po is the cumulative distribution of the first passage to state n.
Now fin(t) is the derivetive of this cumulative distribution. From
the solution it turns out that fin( t) has the form,

ht
fin(t) = § b, exp( -ait)
=1 o

In the study of routing, an event of paramount interest is

that of the first passage time to the congestion state being
less than the holding time. Suppose we wish To place an alter-
natively routed call using trunk group A - B connecting excha-
nges A and B, If we place the call on this group, and if

during its holding time the congestion state on A-B is attained,

any calls that may be originated between A and B will be lost.
The first passage time to the congestion state reflects the
probability of such calls being lost.

_ Let X be & random variablé representing the time to congestion, and
Y a rendom variable representing the holding time of a telephone call.
We are interested in the random variable Z defined as Z2 = X = Y.

8.8 The probability density functionof Z= X - Y

let the p.d.fes. of the random variables Z,X,Y, be fz(z) s fx(x),
and fy(y) respectively.

-fy(y) = p exp (py) y>»O0
=0 ¥y L 0
ané L
A fx(x) =.2|biexp(-aix) x%0
¢ 1= .

=0 ) X<o



119

+c0
Then ’ fz(z) = jfz(z-u) fy(-u) du
-0 ’ .
U=2
= prbiexp(-ai(z-u)). exp (- Pu)du
The case z £ 0.
W=z
fz(z) = z pbiexp(-aiz) j exp( u(p + ai) Jau
i -2 _
_ s PPy . exp (pz)
A
The €Case z >0 U0
£,(2) = 3 pvemi-an) | exp( ulpea;) Jau
~co
=5 Py exp(-aiz)
top+ay

It is easily verified that the integrals of fz( z) and fx(x) from
- 00 to +00 are both equael to

2 (by/a;)

8.8.1 The probability of a routing error

The probability that the time to congestion is less than the
holding time is found by integrating fz(z) from =00 to O giving the
result

Prob (routing error) = S by

0 . ¥
‘Lalp

This probability of a routing error will form the basis of a class
of routing strategies to be used in Chapters 10 and 1l. .

8.9 Conclusion

In this chapter we have introduced the concept of "time to
congestion”. We have shown how the probability distribution of the time

to congestion can be computed and how it cen be used in a routing
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context. It is my belief thaet this probability distribution of the
time to congestion will in time assume an importance in routing studies
similar to that assumed by Erlang's formula in trunk group dimensioning.

' One computational difficulty must be mentioned, however, before we
pass on to the next chapter. In the computation of the distribution of
the time to congestion, we have used the eigenvalues of a matrix.

Tt is clear that for large trunk groups, of sa& over 100 circuits, the
computation of the eigenvalues can become a very serious problem,
especially if they are close to each other. I hope that a better
method of detemining the distribution of the time to congestion will
soon be found.

I mgst emphasize that the first passage time to congestion
plays a vital role in indicating the probability that a direct
call may be lost as a direct result of placing an alternately

routed call. This important point has been discussed on
page 118.
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- CAPTER 9. RNUTING STRATHGIES USING TEE ImAN TILE TO THE
CONGESMTON STATH

9,1 Introduction

In this Chapter we use the mean time to the congestion
state (M1TC) in devising routing strategies. Consider the
three-exchange network of Fig. 9.1.

Fig. 9.1 The three-exchange network

A call from exchange B to C can either use the direct route B
or be routed indirectly via ezchange A,

We have already seen that this overflow capability can
be used to improve the overall grade of service. Unfortunately,
the use of this capability at high overloads leads to a severe
degredation of service. Qualitatively, this is due to the
"uneconomical"™ occupation of circuits by some
calls; some calls are ing two circuits at a time when circuits
are in severe demand. This leads to a severe loss in efficiency.

For a quantitative explanation, we turn to the mean time
to the congestion state (1iTC). Using the methods of Chapter 8,
we have computed the mean time to congestion for a ten-~circuit .
group for various levels of offered traffic in the range 5 to 11
erlangs and plotted the family of curves in Fig. 9.2. In
Section 9.2, we make use of these curves.

9.2 The four_exchanse netvork

Let us re~consider the four-exchange network of Fig. 9.3a,
and the A to B call in particular.

i
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MEAN TIME TO CONGESTION

o.|
- 5 6 7 3 S

NUMBER OF ENGAGED CIRCUITS

Fig. 9.2 The mean time to congestion for a group of ten circuits

for various levels of offered traffic
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Fig. 9.3a The four—exchaﬁge network,

The first choice route for an AB call is the direct link
AB. If the AB group of circuits is congested, we may choose
.77 between the two routes of Fig. 9.3b as follows,

Fig. 9.3k The two alternative.routes for an AB call with the
mean time to congestion for each link,

Denote  routes '~ ACB and ADB by
Route 1 and Route 2 respectively. Then let

¥y = min ( tac -1, t ., -1)

cb
and y, = min (tad—l, tdb—l) .

Route ACB is disallowed if ¥ is less than or equal to zero.
Similarly route ADB is not allowed if Yo is negative or equal
to zero., This disqualification means that each link of an
alternative route must have a mean time to congestion greater
than uvnity (the mean holding time). With this constraint we
hope to reduce considerably the uneconomical occupation of
circuits. From Fig. 9.2, for example, we see that if the
offered trafric is 9 erlangs, three circuits are reserved for
direect traffic. If the offered traffic is 8 erlangs, on the
other hand, then only two circuits are reserved for the direct
traffic, The mean- time to congestion has thus enabled us o

employ the selective reservation of trunks
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If both routes are still in the running, we use

the min-max method (Chapter ) on the reciprocals of the mean-
times to congestion to choose the better of the two routes.
(This is equivalent to a max-min choice on the MTC. The
changé from min-max to max-min is due to the fact that the
MTC'decreases monotonically with an increase in the number
of busy circuits). »

This MTC routing strategy was applied to the four-
exchange network of Fig. 9.3a in which each trunk group has
ten trunks. The offered traffic between each pair of exchandes
was varied in the range-4 to 10 erlangs.

The performance of the network using.this MTC routing
strategy is almost exactly the same as that obtained in
Chapter 7, using the min-max strategy, at the low levels of
offered traffic. But at the higher overloads, the MTC strategy
is definitely superior, see Fig.9.4. In fact, the overall
grade of service is always better than that obtained with the
direct routing strategy.

We have tested the MNTC routing strategy for the four—~
exchange network whose trunk groups have all got ten circuits. -
This network has special properties; our next step must
therefore be to investigate this strategy for netwofks
which have truk groups with an unequal number of circuits ,
and which have unequal exchange-to-exchange offered traffic
levels., But before doing this,'lef us make three observations
on our MTC routing strategy:

1. In computing the mean time to congestion we ascume
that we know the exact (nominal) amount of traffic offered
to each link. In fact, the offered traffic is greater than
its nominal value because we are re-offering the overflow
traffic to the alternative routes.

2. The holding time is a random variable with unity
mean. It also has a variance o2 which is non~zero, and
which should be taken into account. It is more appropriate,’
therefore, to require that the mean time to congestion should
be greater than 1 + f( c72), where £ ( 02), is some function
of the variance, before =lternative routing is allowed.



-0

5, OVERALL GRADE OF SERVICE ©

°
°

C.00!

126

T 71 11

f

DIRECT

\\

5

=

2

EXCHANGE-TO-EXCHANGE OFFERED TRAFFIC(ERLANGS)

Fig. 9.4 A comparison of the MTC and the direct routing strategies
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3. We ascumed in computing the mean time to congestion
that the call arrival process was Polsson, with the mean of
the offered traffic being equal to its variaﬁce. This is no
longer the case because of the overflow traffic component,
which, in general, has a variance that is greater than its
mean.,

If the overflow trafific is small compared to the nominal
offered traffic, as is the case for the very low levels of
offered traffic or very high overloads, observations (1)
and (3) diminish considerably in importance. Similarly, if
many parcels of overflow traffic are offered to the same
link, the total offered overflow trafiic tends to have a
variance that approaches its mean in wvalue.
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9.3 The non-symmetrical four-exchange network

made
The four-exchange networks considered so far werejup of

trunk groups that had an equal number of circuits. We now
take a four-exchange network whose trunk groups have an unequal
number of circuits, and whose inter-exchange offered trafiics
are in general different. The network is shown in Fig. 9.5.

B

Fig. 9.5 The four-exchange network

?ha}circuits per trunk group, and the amounts of directly
Tar vyt

offeredAfor each trunk group are shown in the table below.

Trunk group Number of circuits Directly offered
traffic (erlangs)

QW W k= e
!

U uQu auw
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It is now required to evaluate the performance of the
network for loads ranging from the nominal (rated) load as
defined in the table above to 100 per cent overload. This
performance was evaluated by simulation using the MTC
routing stratesy. The overall grade of service obtained .
using this strategy is plotted on Fig. 9.6, and for comparison
the overall grade of service using the direct routing strategy
is plotted on the same graph.
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Fig. 9.6 The overall grade of service for the non-symmetrical

four-exchange network
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It is evident from Fig. 9.6 and Fig., 9.7 that the overall
grade of service using the KMTC routing strategy is always
better than thet given by the dirsct strategy, This re-
inforces the same conclusions we came to in the case where all
the trunk groups had the same number of circuits.

9.%.1 The protection of the point-to-point grades of service

One of the fears voiced about optimising the ovsrall
grade of service of a network has been the danger that some
parcels of traffic might become isolated in this effort to
maximise the trafric carrying capacity of the newvwork. This
fear of providing an inequitable service is entirely justified,

In the example where all the trunk groups had an equal
number of circuits, each trunk group had an individual grade
of service that w-s better than that obtained by evaluating
Erlang's formula for each trunk group. Thus not only did the
system as a whole perform better than the scme network with no
alternate routing, but the individual point-to-point grades of
service were always better than would huave been obtained with
no alternate routing.
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6 .
The Relzative Performance measure is
5t defined as the ratio of the overall
grade of service without alternative
o 4t routing to that with alternative
5 routing.
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Fig. 9.7 Relative Performance lMeasure against
overload

But in the case of unequal numbers of circuits per trunk
group, the smaller groups suffer to some extent at relatively
high overloads because of the alternate routing. It would seem
therefore that while the decision r1ule to use alternate routing
if the mean time to congestion is greater than unity produces
some very acceptablé results, it does not safe-guard the small
groups sufrficiently.

To get further insight into the behaviour of the mean time
to congestion (LITC) strategy, we have investigated the MIC from
the penultimate state to the ultimate (congestion) state; in an n-
trunk group, this is from the state in which n-1 circuits are
engaged to the state in which all n circuits are ocoupicd,
This MTC is plotted against overload for the six trunk groups
in Fig.9.8. From this graph it can be seen that for a five-. .
trunk group , the MTC is only less than one for overloads
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Fig. 9.8 The effect of overloads on the mean time to congestion

for the trunk groups of Fig. 9.5
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exceeding 80 per cent. In the case of a four-trunk group,

the overload must exceed 200 per cent for the MTC to fall

below one., This reveals that the small truﬁkAgroups are

rather insensitive in their MTC to overloads. (The nsual
graceful deterioration of the grade of service of small-

trunk groups with overload is also reflected in the insensitivity
of the MIC to overloads) ‘

9.3.2 The effect of the variance to mean ratio on the mean
time to concestion

In computing the mean time to congestion to be used in the
MTC rout§g§A§£ the four-exchange network, we assumed that the -
variance to mean ratio of the offered traffic stays constant
at unity. We know, in fact, that this ratio is not equal to
unity in practice, but rather tends to be greater than unity
because of the rough component of trafflic overflowing some
other trunk group.

The mean time to congestion has been computed ag a function
of both the mean, and the variance to mean ratio of the offered
traffic, The gravhs of Fig. 9.9 and Fig. 9.10 show the case
for a six trunk group, the mean time to congestion being
computed from the state in which five of the six trunks are
engaged. In Fig, 9.9, if the mean of the offered traffic is
4.%erlangs, the mean time to congestion is greater than unity
if £ is less than 1.1. But for £ = 1.3 the mean time to
congestion is less than uvnity. This example is designed to
show that decision er»ors will oc~our either because the mean
offered traffic or the variance to mean ratio of the offered
traffic is not known snfficiently accurately.
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9.4 A non-symmetrical network with larce trunk asroups

- The example in Section 9.3 treated a non-symmetrical
network with rather gmall trunk groups. In this section

we consider a four—-exchange network with large trunk groups
and correspondingly heavy point-to-point offered traffic,
Figs, 9.11a and 9.11b.

oS ®

12

@

Fig.9.1la Network structure Fig.9.11b Exchange to-
showing the number of exchange offered traffic in
exchange-to exchange trunks. erlangs.

Fig.9.11la shows the size of the trunk groups, while T'ig.9.11b
shows the nominal (zero per cent overload) offered traffic.

The performance of the network was evaluated for the MTC
routing strategy. TFor comparison the network~pe?formance using
the direct routing stratesy was computed using Erlang's loss
formula. In Fig.9.12 we have tabulated the ov-rall grade of
service Simulation results of the I'TC strategy, the computed
results of the direct routing strategy, and the per cent
increase in the traffic carrying cepacity of the netvork.
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OvVERALL GRADE OF SERVICE
OVERLOAD TOTAL LTC STRATRGY DIRRCT PRROENT
OFZERED STRATEGY 1I0RE

TRATIC CARRI D

TRLAYMGES) TR LFFIC
o 51.0 - 0.006 0.6
10 56.1 0.0004 0.011 1.1
20 61,2 0.002 0.018 1.6
30 66.3 0.006 0.029 2.3
40 71.4 0.019 0.042 2.3
50 76.5 0.042 0.058 1.6
60 81.6 0.064 ° 0.077 1.3
70 . 86.7 0.092 0.099 0.7
80 91.8 0.117 0.122 0.5
90 96.9 0.145 0.145 0.0
100 102.0 0.171 0.170 - 0.1

Fig. 9.12 Tabulation of the performance results of the non-
symmetrical four-exchange network with lzrge trunk
groups.

Again as in the case of the non-symmetrical network
with small trunk groups, the MTC strategy is almost always
better than the direct strategy. The exchange-to-exchange
grades of gervice for this network seem to have been adequately

proctécted.

9.5 Conclusion

The MTC strategy is promising. It has given
overall grades of service that are almost always better than
those given by the direct strategy. Its main shortcoming
has been the poor protection given to some exchange-to-exchange
grades of service in the non-symmetrical network with small
trunk groups.

In Chapter 10 we investigate some routing strategies
that make use of the probability distribution of thes time to
congestion,
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10.1
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10.4
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TIME TO CONGESTION,

Introduction

The probability that the time to congestion exceeds unity.

A comparison of routing strategies used in the four-exchange
network.

10.%3.1 Routing strategies to be compared

10,3.2 Comparison of overall (network) grade of service

10.3.3 Comparison of the point-to-point grades of
service, -

Conclusions.

Appendix : Tables of the point-to-point and overall grades
of service for the network of Figs. 10.32 and 10,3b.
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CHAPTIR 10, ROUTING RULTS DEPUINING ON THE DISTRIBUTION OF THE
DI T0 CONGHSTION '

10.1 Introduction

Up to now we have only used the mean time to
congestion in devising routing rules. It is natural to
expect that we can device better routing schemes if we are
given more information about the random variable X representing
the time to congestion.

If we have the first four central moments of X,
we can approximate the probability density function ol X
using the Gram—-Charlier or Bdgewo~th series, Barton and
Dennis (136), and Fry (153). As it happens, we know from
Chapter 8 the probability distribution of X. In this
chapter we examine routing strategies that make use of this
distribution of X, and apply them to the network of Fig.9.5
in Chapter 9.

10.2 The nrobability that the time to con~estion sxceeds unity

Phe event that the time to congestion exceeds the mean
holding time (which is unity) is of great interest. We can
easily determine the probability of this event using the
distribution of X, TFig.1l0.1l and Fig.1l0.2 show how this
probability reacts to overloads, the time to congestion being
compﬁted from the state where two and three circuits respectively
are free,

We have devised a routing plan,nsamed RP4, that uses
the probability of the event that the time to consgestion
exceeds the mean holding time. If the probability of this
event is greater than 0.5 for a given trunk group in a given
state, then that trunk group may be used to carry alternately
routed traffic. This condition must be satisfied by each one
of the trunk groups forming the alternate route. If two or
more routes satisfy these requirements, then we make a min-max
decision using the reciprocals of the probabilities, The

evaluation of RP1 was done by simulation. The resunlts of this
and other routing stratesies will now be compared.
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10.3 A comparison of routing stratecies used in the

four—~exchanse network

At this stage it is important that we pause and
compare the various routing strategies that we have
experimented with,

I must confess that I am not aware of any unique
yardstick by which I can determine the goodness of a routing
plan; there is no generally agreed performance measure to
optimize. TIn this study we have restricted ourselves to
three main consiterations: (1) we want a routing plan that
will give the "best" network grade of service Ior any traffic
pattern, (2) in attemptinzg to approach the optimum network
grade of scrvice, we want to make sure that no parcel of
traffic sufrers a disproportionately lower grade of ssrvice
than other pzrcels, (3) we are looking for a routing plan
that is efficient, i.e. that leads to maximun carried itraffic
at all levels of offered traffic.

It is in the light of these considerations that vie wish
to compare the routing rules. Let us now list the Six

strategies to be compared.

10.3.1 Routing stratesiss to be compared

1. MTC (Mean Time to Congsstion) Stratesy

In this strategy, a link in a milti-link route

is consi‘ered available for alternate routing

at any given time if the mean time {to consestion
at thzt time is greater th=t unity. (Remember that:
the mean holding time is the unit of time).

For example, in a two-link route, that route can
only be used if for both links the mean time to
congestion is greater than'unity. We use the nin-.
‘max metvod on the reciprocals of the mean times to
congestion for clhioosing between two available
routes as explained in Chapter 9.
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RP1 (for Routin~ Plan 1) Siratesy

In RP1 we use the cumulative distribution of the time to
congestion. In particular if for a given link the

probability th=t the time +to congestion exceeds unity is
greater than 0.5, then that link is considered available
for use in an alternate route. Aszain the choice between
two available routes was made Using the min-max method.

PERR1 Stratesay

In PERR1, the probability of a routing decision error was

used, see page 119. A link is considered available if
the probability of error is less than 0.5, Again for two
available routes, the min-max method -vas used.

PERRZ Stratesy

PERR2 is similer to PERR1., The only difference is that in
addition to reguiring that every link of a multi-link route
has a probability of error less than 0.5, we also require
that the sum of the probabilities of error for all the
links in the route be less than 0.5. We again use the
min-max method to choose.between two‘available routes.

PERR% Strateevy

PERR3 is very similar to PPRR2., The only difference is in
the way we choose between two available routes. In PTERR3
we choose the route whose sum of probabilities of error is

minimuam,

PERR4 Stratesy

This strategy is designed to determine the importance
of the method we use for choosing between two available
routes. PERR4 is similar to PER?3, the sicnificant
difference bheing that out of two or more available
routes, we choose that route which is least preferred
in routing strategy PE3R3.
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10.3.2 Comparigson of Overall (network) crade of service

The nominal offered traffic and the number of circuits
between the exchrnges are shown in Fig.l0.3q znd Fig.10,3b,.

Fig:10.%2 The number : Fig 10.3b The Inter-
of circuits in each exchange offered traffic
trink group. - (erlangs)

The graph of Fig.10.4 shows the overall grade of
service of the network for uniform ov=rlozds ranging from O
(rated load) to 100 per cent overload.

We notice that all state-dependent alternative routing
stratezies show a better routing performance than the direct
strateny, and this performance is maintained for the whole range
of overloads. The reader will recall from Chapter 7 that this
ability to give a pefformance that is always superior to that
given by the direct routing strategy is not in general possesed
by the alternative routing strategies that are not state-
dependent.

For clarity we have redrawn in Figz,10.5 the overall
grade of service performance for PERR1 to compare it to the
performance of PERR2., It is evident from the graph that
PERR1 gives a better overall grade of service than PERR2,

PBERRS and PURT4 give overall and point-to-point
grades of service that are very nearly the same as those
given by PER22. This would su gest that very few occasions
arise when both alternate routes are "available".
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10.3.3 Comparison of the point-to-noint egrades of gervice

We have already made the point that we should not try to
optimize the overall grade of service at the expense of some
p~rcels of traffic. We now show how we can give some protection
to these parcels of traffic. TITet uvus Ffocus our attention on
the traffic between exchanges A and B which needs,by far,the
greatest protection in our four-exchange exanple.

We have plotted the grade of service for this parcel of
traffic in Fig.10.6 for the direct routing stratezy, PERR] and
PURR2. Notice that PERR1 which gave the best overall grade of
service perform=nce gives the best results for the very small
overlozds, but deteriorates catastrophiczlly for the higher
overloads. PSRR2, on the other hand, almost always gives worse
results that the direct strategy, but for high overlo=-ds
performs much better than PERR1.

10.4 Conclusions

The choice between PERR1 and PERR2 must remain open.
If the overloads are unlikely to exceed 15 p=2r cent, then
PERR1 is better than PERR2. But in order to provide more
effective protection for parcels of traffic like AB, especially
if high ovszrloads are likely, we would prefer PERR2,

Appendix 10.5 gives the detailed results of the strategies
that we have compared. The readsr may have noticed that the
four-exchange network we have taken as an example has been
investigated by Weber(31l). The results in the appendix to
this chapter wi"l enable the reader to make detailed comparisons
if he so wishes.

Before concluding this comp=arison, I wish to make one
final point about the protection of p=rcels of traffic. TFor
both PERI1 and PERR2 we hove used the value 0.5 as the
threshold for our decision; only if the probability of error
is less than 0,5, do we allow the pertinent trunk group to be
used for alternate routing.
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By decreasing this threshold slightly to, say 0.45 or
some enmpirically or otherwise decided value, we may be able
to give greater protection to parcels of traffic. OFf course
the threshold necd not be the same for all trunk groups
in the network. Further investigation of traffic parcel
protection by optimizing the threshold is needed, but we sh=1ll
pursue this problem no further in this thesis.
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CONPARISON OF RNUTING THSULTS

10.5 Appendix: Tables of the point-to-noint =and overall

srades of gervice for the network of Figs.,
10,.3%a and 10,%b

A1l the resuvlts in this appendix are approcimately
within + 0,0004 of the stated values with a 95 per cent
confidence level. A dash instead of a result means that that
particular result was not obtained.

OVERLOAD = 0%

LINK MTQ RP1 . PERRL PERR2 DIRECT

AB 0.010 0.011 0.006 0.012 0.0154
AC 0.007 0.006 0.007 0.007 0.0304
AD 0.006 0,010 0.009 0.010 0.0367
BC 0.007 0.009 0,005 0.010 0.0522
BD 0.005% 0.006  0.003 0.005 0.0375
ch 0.006 0,009 0.004 0.010 0.0431

OVERALL .0.007 0.008 0,005 0.008 0.039



LINK

AB
AC
AD
BC
BD
CD

" OVERALL

LINK

AB
AC
AD
BC
BD
¢D
- OVERALL

LINK

AB
AC
AD
BC
BD
CD
OVERALL

MTC

0.019
0,016
0,018
0.018
0.015
0.016
0.017

MTC

MTC

0.063
0.061
0.075
0.071
0.062
0.042
0.059

OVERLOAD = 10%

RP1

0.025
0,018
0.017
0.021
0.021
0.024
0.021

PERR1

OVERLO AD = 20%

RF1

© 0,052

0.033
0.038
0.040
0.038
0.047
0.040

PERR1

0.057
0.029
0.054
0.033
0.015
0.035
0,031

OVERT.0AD = 30%

RP1

0.077
0.054
0.058
0.063
0.056
0.072
0.062

PERR1

0.094
0.057
0.100
0.062
G6.026
0.052
0.055

PERR2

0.030
0.017
0.021
0.020
0.015
0.028
0.021

PERR2

0.044
0.034
0.043
0.042
0.037
0.051
0.042

PERR2

0.070
0.053
0.068
0.076
0.061
0.084
0.069

DIRECT

0.0204
0.0444
0.0488
0.0697
0.0548
0.0634
0.055

DIRECT

0.0262
0.0609
0.0624
0.0891
0.0751
0.0869
0.0742

DIRECT

0.0328
0.0797
0.0773
0.1100
0.0978
0.1127
0.0953
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LINK

AB
AC
AD
BC
BD

CD
OVERALL

LINK

AB
AC
~AD
BC
BD

CD
OVERALL

LINK

AB
AC
AD
BC
BD

CD
OVERALL

MTC

MTC.

0.151
0.106
0.160
0.117
0,104
0.108
0.115

MTC

OVEITO0AD = 407

RP1

0.100
0.083
0.086
0.094
0.085
0,107
0.093

PERR1

0.123
0.079
0.061
0.077
0.087

- 0.093

0.085

OVERI,0AD = 50

RP1

0.133

0.113
0.133
0.120
0.107
0.139
0.123

OVERLOAD = 60s

A irais

PERT1

0.167
0.100
0.107
0.105
0.103

0,130

0,114

~
2]

RE1

101166
0.136 .

0.158
0.145
0.131

- 0.170

0.149

PERR1

0,198
0.127
0.1411
0.136
0.135
0.154
0.143

PIRR2

0.081
0.083
0.096
0.101
0.091
0.117
0.098

PERRZ2

0.093
0.112
0.115
0.127

- 0.117

0.157
0.128

PERR2

0.099
0.139
0.138
0.150
0.150
0.192
0.156

DIRECT

0.0400
0.1002
0.0933
0.1318

0.1221

0.1400
0.1178

DIRECT

0.0480
0.1219
0.1101
O0.1l542
0.1474
0.1680
0.1411

DIRECT

0.0565
0.1444
0.1274
0.1768
0,1731
0.1960
0.1648
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LIWK

AB
AC

BC
BD

OVERALL

OVERALL

LINK
AB
AC
AD
BC
BD
CD

OVH:RALL 0,227

LINK

AB
AC
AD
BC
CD

OV3ERALL

- KTC

MTC
0.228
0.214
0.235
0.221
0.207
0.254

MTC

0.247
0.226
0.259
0.257
0.293
0.253

RP1

0.178
0.150
0.196
0.184
0.148
0.209
0.177

0.116
0,190
0.183

0.210

0,207
0.244
0.208

RP1
~0.130
0,212
0,204
0.237
0.231
0,274

0,233

0.134
0.237
0.219
0.257
0.302

0.256

OVERLOAD = 0%

PERR1

0.217
0.134
0.170
0.190
0.154
0.192
0.171

PERR2

0.112
0.157
0.165
0.186
0.172
0.221
0.181

"OVIRLOAD 80%

PERR1

0.227
0.180
0.215
0.192
0.173
0.233
0.200

~ PERR2

0.114
0.188
0.186
0,211
0.202
0.253
0.209

OVERLOAD 90%

PERR1 PERR2
0.252 0,113
0.210 0.215
0.235 0.194
0.216 0.236
0.199 0.237
0.257 0.277
0.226 0.234
QVERTOAD = 100

PERR1 PERRZ2

- 0.117

- 0.257

- 0.257

DIRECT

0.0655

0.1673
0.1452
0.1994
0.1989
0.2238
0.1886

DIRECT

0.0750
0.1903
0.1631
0.2217
0.2243
0.2508
0.2121

DIRECT
0.0850

0,2131 -

0.1811
0.2436
0.2491
0.2769
0.2351

DIR=CT

0.0952
0.2356
0.1991
0.2649
0,301S

0.2575
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CHAPTRR 11. THE SIX-UXCHANGE TaTWORZ: FURTHRR ROUTING
DCHMIQUES.

11.1 Introduction

e have up to now been devising routing
strategies for the three— and four-exchange networks.
We have compared these strategies in Chapter 10, and
found that PERR1 and PERR2 possess many of the
characteristics that we desire. In this chapter we move
on to the six—exchange network.

The reader recalls that we started this study
by devising routing rules for networks that were not only
fully connected, i .e . every exchange had a direct link
to every other exchange, but which also had an equal
number of circuits in each trunk grouv. In Chapter 9 we
removed the assumption that all trunk groups had an equal
number of circuits. Jow, in Section 11.3, we remove the
remaining assumption that all exchanges are interconnected
by direct links.

11.2 Routing in the fully connected six—exchanze networlk.

The six-exchange network of Fig.11.1 that we are
about to analyze was designed and used by Weber (31) to
study alternate routing in communication anetworks.

JoEW: ,
1z2.11.1 The fully connected six-exchange network.



155

The directly offered traffic, and the number of circuits ver

o !

trunk group are given in Tig. 11.2.

Tink Tumber of Tfered traffics
circuits (erlangs)

1
5

AB

-—

t
]
® ~§ W ~3 ~] o Ww U W 3 >~ OO N

o
:—;j
=
e BN B B " T - T N O R R \C IR \V IR

3|
5]

Tig. 11.2 The nunber of circuits and the offered traffic

for the network of Fig. 11.1.

A routing table which allows alternate routes of up

to three links in tandem was constructed, and the network
simulated for each of the Tollowing strategiesr

. SRR
. PZRR2
. HTC

Static sequential alternate routing (SBQ. ALT. ROUT.)

U~ W -

™ .
oequential alternate routing with one trunlk

reserved (1 ™% RmS. )
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The computed results of the direct routing strategy, aud the
simulation results of the other strategies, including the 95

per cent confidence interval, are tabulated in T

io

11.3.

.

OVER-| PERR2 PERR1 117 SEQ. 1 TRNK|DIRECT
TOAD : AT, . RES.
o ROUT.
/9
0 0.010 0.006 | 0.006 | 0.005 | 0.007 {0.057
+0,0002 |*0.0007 [t0.0006|+0.0004 [£0.0009
10 0,032 0.017 | 0.027 | 0.020 | 0.021 {0.079
+0.0012 |+0.0038|+t0.0012{+0.0009 [t0.0016
20 0.063 0.044 | 0.052 | 0.074 | 0.052 |0.103
+0.0022 |£0.0074 {0.0001[:+0.0100 [+t0.0026
30 0.091 0.095 | 0.099 | 0.138 | 0.102 {0.128
+0.0010 |20.0041 [+0,0044|£0.0003 {£t0.0060
40 0.123% 0.129 | 0.141 | 0.214 | 0.132 [0.154
+£0.00%6 |+0.0014 [+0,0062|+0.,0137 {20.0054
50 0.173 0.140 | 0.167 | 0.256 | 0.173 |0.181
£0.0028 |+0.0011 [£0.00%5|x0,0017 |=0.0070
60 0.195% 0.178 | 0.197 | 0.309 | 0.215 |0.207
£0.0015 |+0.0026 {f0.0012|£0.,0094 |+0.0086
70 0.23%1 0.225 | 0.222 0.243 0,233
+0.003%31 10,0290 |£0.0090 10.0096
80 0.264 0.237 | 0.252 | 0.376 | 0.279 |0.258
+0.0006 |*0.0034 [£0.0166|10.0058 [20.0009
90 0.269 0.271 | 0.278 | 0.407 | 0.303 |0.282
+0.0027 |%0.0012(+0.0047 |t0.0035 [20.0040
oo 0.299 0.300 | 0.301 | 0.455 | 0.341 |0.305
+0.0082 |10.0084 {+0.0041 [10.0026 [t0.0115

Fig.11.3 The overall grades.

routing strategies

of service for the various
with the 95%% confidence interval.




157

11.2.1 Performance comparisons

The conclusions we Camehto regarding the relative
verformances of PHERR1, PYRR2 and I'TC in the four-exchange
network have, in general, been reinforced in this
six-exchange networlk. The traffic interactions are now nmuch
more complex, however, so that it is no longer easy to give
clear cut preferences between the different strategies Tor
a large overload range.

11.2.2 Qverall srades of service.

PERR1 gives a better overall grade of service than

ITC 0Yﬁ£m+he whole overload ranze considered, TPERAZ2 is, as

before )1nf%rlor to PERR1 for the small overloads of up to
about 25 per cent. Above that, within the confidence level

of 95 per cent, PURR1 is sometimes still superior to PERRZ,

The sequential alternate routing strategy verfcrms
just as well as PERR1 at the rated load (0 per cent overload),
but as usual, deteriorates much more rapidly at overloads
above ten per cent. PTURR1 is superior to the sequential
alternate routing strategy with one trunk reserved.

On the strength of the results of the results of
Fig.11.3 giving the overall grades of service, I would choose
as my routing strategy TTRR1 which at between ten and twenty
per cent overload carries approximately six per cent more
traffic than the direct stratezy.

11.2.3 Point-to-noint srades of service

As in the iour—Vdchmge network, we have chosen the
link AR which haQAAost vulnerable point-to-point grade of
service in order to compare the protection given by the
different routing strategies to the smell parcels of traffic.
The results, with the 90 per cent confidence interval, are
tabulated in Fig.11.4.
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OVER- | PERR2 | PERR1 1ITC 3EQ, 1 RVIZ.| DIRWCT

TOAD ATT, RES,

% ROUT.

o 0.029 0.010 0.010 {0.010 0.0154
$0,019 |t 0.0065 [+0.0067 [t0.0064

10 0.038 0.032 0.027 {0.024 | 0.013 0.0204
10,0245 |{10.0024 [£0.0054 [£0.0024 |+0.0085

20 0.050 0.082 0.077 10,078 | 0.042 | 0.0262
$0.0234 |t0.0035 |20.0047 [10.0049 |20.0040

30 0.073 0..149 0.130 | 0.155 | 0.033 0.0%28
10,0448 |£0.0051 [+0.0054 [t0,0223|+0.,0025

40 0.122 0.181 0.205 |0.204 | 0.073 0.0400
t0.0146 |+0.0164 [t0,0197 [t0.0005 [£0,0151

50 0.139 0.231 0.288 |0.313 | 0.116 0.0480
10,0337 (10.0190 |+0.0074 {t0.0010 {+0.0070

60 0.158 0.292 0.316 |0.364 | 0.110 0.0565
£0,0405 [£0.0218 [t0.0266 [t0.0393|£010106

70 0.165 0.414 0.376 |0.379 | 0.116 0.0655
£0,0042 |:0.0258 {10.0045 {10.0155 |[10.0033

80 0.214 0.355 0.475 0.138 0.0750
10,0317 [£0.0222 {t0,0303 10,0230 |

90 0.229 0.457 0.453 |0.448 | 0.171 0.0850
10.0137 [t0.0016 [£0.0304 }0.0319 |$0.0300

100 0.212 | 0.390 0.498 [0.471 | 0.198 0.0952
£0.0076 {£0.0483 [10.0094 [t0.0885 [10.0696

Fig. 11.4 The 4-B point-to-point grades of service

the 903 confidence level.

s

with

But before proceeding with the comparison, let us make two points.

Firstly, the reader may have noticed from Fig. 11.4
that the confidence intervals Tfor the small parcels of traffic’
like AB are quite often too big even for the 90 per cent
confidence level. This is not altogether suprising.

If the smallest parcel contributes only 1/50 of the total
number of simulated calls, and the grade service of this
parcel is say 0.01, then out of a total of 100,000 calls
processed only (1/50) (1/100) (100,000) or twenty calls

will be blocked. This number is not big enough to give
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a reliable estimate of the grade of service. A further
reason for the big confidence intervals,discussed

in detail by Xarlsson (52), is that the small trunk groups
take a very long time to attain statistical equilibrium.
This confidence problem did not arise in the four-exchange
network because the simulator used was ruch faster than the
one used in the six-exchange network, and therefore we could
process orders of magnitude more calls.

Secondly, the reader may also have noticed that the
values of the point-to-point grades of service in PERRT,
PERR2 and I:TC are not necesarily monotone increasing with the
offered traffic. Sece, for example, HTC between 80 and 90
per cent overload, and PERR1 between 70 and 80 per cent.

As far as the comparisons of the point-to~-point
grades of service are concerned, we come to the same
conclusions as we did in the four-exchange network. We note,
however, that the sequeﬁtial alternate routing strategy with
one trunk reserved for direct traffic provides, as is to be
expected, the strongest protection for the small parcels of
traffic . ’ '

- Finally, we recognize an additional factor in the
six—exéhange network that d4id not play an important part in
the four-exchange network. The small trunk groups like AB
and AD (4 trunks each), and AF and BC (5 +trunks each ) are
less protected in the six-exchange network than they were in
the four-exchange network. This is because we can now
establish many two- or three-link routes that are entirely
made up of small trunk groups. In the four-exchange networlk,
on the other hand, we quite often had to use a big trunk
group in tandem with a small one. Thus the big trunk group
by trying to protect itself also indirectly gave protection
to the small group.

11.3 Yetworks in which some exchanges have no direct links

to other. exchances.

Tn all the networks we have considered so far, we
have assumed the existence of direct junctions or trunk groups
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between 211 the exchanges. In practice for a network of
several exchanges, this arrangement is economically unsuitable.
We therefore propose two methods, exchange partitioning and
exchange lumping,for dealing with networks that are not fully
connected.

11.3.1 Exchange and route partitioning,

Consider the network of Fig. 11.5a where nij is
the number of circuits between exchanges i and j.

\
Y\

Fig. 11.5a A four-exchange network that is not fully
connected

In this case, calls from exchange D to A or B have no direct
routes. /e can proceed by partitioning the routes AC, BC and
CD,and exchange C as in Fig. 11.5b.

AT n 7
n \\ \:\Qc.s bCa// I;‘
) A, '\ S o P / bc.2
R CERCENE
/
\\ 0 | /
o\ %l o/m
dC_‘ \ i / dcz

Fig.11.5b The network of Fig.11.5a2 partitioned -
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Because we have partitioned exchange C into C1 » Cp and C,

We assume that the circuits connecting 01 and 03 , and 02

and 03 are infinitely many. It should be understood that

ac, .ac3 ac
+ = n
nbc2 nbc3 be
and ndc + ndc + nd -= n a
1 3 02 . c

We can now use the same method§ +that have been used
before. The partitioning of the routes may be done in the
vropotion of the traffic offered between the varicus exchanges.
This method of partitioning routes has been used to safeguard
small parcels‘ of traffic in the Danish network, Asgersen(ﬂﬂz),

11.3.2 Dxchange Tumping

A method that is complenentary to partitioning is
exchange lumping. ( In network flow theory this process is
better known as ™node condensation'). Consider the
six-exchange network of Fig.11.6 ,

Fig.11.6 A six-exchange network

-
*



162

Te can effectively reducethis six-exchange network
to a four-exchange one by lumping exchanges A and C , and B
and D , This method of lumping is important because it makes
it possible to use state~dependent routing rules at the
highest exchange levels in a hierarchical network. We can
for example use state-dependent rules in the network of
I'ain Switching Centres in the B.P.O. network, or Regional
Centres in the U.S. network. Even at the present time, it
may be economical to use state dependent routing procedures
at these levels.,

11.3.3 Bxchange lumping ¢ an examovle.

Let us work through an example using exchange
lumping on  Fiq.11.6. The table of Fig.11.7 gives the
number of circuits connecting each pair of exchange the
directly offered traffic, and the "direct" route between each
pair of exchanges. '

L&nk Humber of Offered Traffic Direct route
circuits (erlangs)

AB 0 1 A=C=D-B

AC 16 2 A-C

AD 0 1 A=-C=D

AW 0. 3 A-C-%E -

AF 0 2 A-C=-F

BC 0 2 B=D-C

BD , 20 2 B-D

BE. 0 3 B-D-E

BF 0 4 B-D-F

cD 15 4 C-D

CE 11 2 C-T

CF 13 4 C-T

DE 15 5 D-E

IF 14 3 DT

gL - 10 4 E-F

Fig.11.7 Mumber of circuits, exchange-to-
exchange offered traffic, and the
"direct" routes.
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Since some pairs of exchanges have no direct connection,

we can no
strategy.
determine

The

longer compute the performance for the direct
A simulation program was therefore written to
this performance.

use of PERR2 in this network also needs some

explanation. The procedure is this:

1.

For each link we determine the total amount of
"directly'" offered traffic. Take the link AC as
an example. This link carries 1{14+2+1+3+2=%e made
up of the traffic parcels AB, AC, AD, A% and AF
respectively.

Compute the probabilities of routing errors for each
link using the total amount of directly offered
traffic, and the number of circuits in the link,

Set up an alternate routiﬁg table that allows up to
two links in tandem for each link that forms part
of the direet route. Tor example the routes
A~C-D-B and A-C-E-D-B are allowed for an AB call.
The routes C~D,0~E~D, C-I’-T are allowed,
but the route C-E-F-D is not allowed for a CD call.

During the simvlation, a call from A is treated as if it was
a call from exchange C. Similarly for B and D. But in

searching

for alternate routes, the conditions for the PERR2

routing strategy must be satisfied.
o ; .

The

simulation results for both the direct and the

PERRZ routing strategies are shown in the table of Fig. 11.8.
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PERR2 STRATEG NIRACT STRATEGY
OVERTOAD | BLOCKING | 95¢5 CONPIDENCE | TLOCKING | 95% CONFINENCE
o | INTTRVAL THTHRVAT,
0 0.005 -| % 0.0002 0.011 + 0.0007
10 0.010 +0.0018 0.020 £0.0013
20 0.017 40,0001 0.034 £0.0009
30 0.034 +0.0004 0.051 £0,0033
40 0.052 +0.0008 0.066 £0.0001
50  0.078 £0.0018 0,092 £0,0094
60 0.111 £0.0016 1 0.123 +0.0069
70 0.125 +0.,0011 0.144 +0.006

80 0.146 +0.,0045 | 0.157 +0,008

90 | 0.170 +0.0045 0.173 £0.0055
100 0.201 +0.0009 0.200 £0.0014

iz, 11.8 Simulation results for the lumped six-exchange

o

network. (overall grade of service).,

Yet. again we see the excellence of the state-
dependent routing rules (PERR2 this time). The PERR2 overall
crade of service is superior to that given by the direct
strategy ur to over 90 pér cent overload. The point-to-point
srades of service for the relatively big.trunk groups of
this network have been good.

Finally, we emphasize that this exchange lumping
example has been desisned to show how the routing strategies
that we have developed in this thesis can be apnlied to networks
in which some exchanges have no direct links to other exchange.
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CHAPTER 12. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER RESEARCH

12,1 Conclusions

This thesis has been a preliminary study of state-dependent
routing rules in a telephone network of exchanges.

By working through some examples of routing in a switch or =
network of switches, we have come to the conclusion that the methods
used in these examples are inadequate for attacking our problem. We have
then drawn analogies between our problem and other problems in network -
flow, Markov processes with rewards, and inventory systems only to find
‘that those problems are still unsolved in their fields.

It is, therefore, with a sigh of relief that we have come up with
the concept of "time to congestion". We have then used this concept in
devising routing strategies. These strategies, we maintain, are good
strategies. They provide a good overall (network) grade of service, and
point-to-point grades of service that are acceptable. In particuler, we
would recommend PERR1 and PERR2 for further study and development.

A matter for urgent consideration is the establishment of a better
(perhaps optimal) "threshold" for use in these strategies. We have used
the velue of 0.5; we could not have used a higher value. But somewhere
between 0,0 and 0.5 there must be a better threshold. If we hit on this
threshold, we could produce results that are significently better, in
both overall and point-to-point grades of service, than those we have

obtained.

A1l the same, we believe that there must always be & trade-off
between the overall and the point-to-point grades of service. We can, up
to a limit, improve 'the overall grade of service at the expense of some
point-to-point grades of service. This compromise between overall and
point-to-point grades of service remains the responsibility of the
telephone administration. We, on our part, have shown how this balance

can be regulated.

12.2 BSome aspects of the routing problem mneeding further research

12,2.1 Data processing requirements

- The routing techniques described in this study are all dependent on
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continuously monitoring the network, collecting traffic flow information
and sending data to some central processor which in turn issues routing

instructions to all the exchanges in the network.

" This situation makes great demands on the dats processing

capability of the exchanges. It is assumed that not only does each
exchange have some sort of special purpose computer, but that it can also
access and process information held in a common data bank. To say that
this deta problem is very complex is perhaps an understatement. It is,
therefore, important that research should be underteken to determine if
data processing of this magﬁitude can be carried out efficiently, reliably
“and economically.

12,2,2 Optimal routing rules

Research effort should also be channeled into finding methods of
determining optimal routing ruless In this thesis, we have used an
heuristic epproach in divising routing rules. We have then eveluated the
network perf'ormance under these rules, and chosen the rule that leads to
the best performance amongst those considered. We have at no stage proved
a routing rule to be optimal in any way. Therefore, depending on the
criteria for optimaelity, it may be possible tp find routing rules that
are not only better than those we have used, but are, in fact, optimal.

We may be able to use some form of mathematical programming to obtain
the most efficient rules. It may turn out that, like the transportation

problem, our problem has & special structure thet cen be easily exploited.

12,2.3 Analytical evaluation of network performance '

The method for evaluating the performance of a network under & given
routing rule used in this thesis has been computer simulation. Ketz(98,
99) has devised an.algorithm for analytically evaluating network performance
for certain alternative routing networks with progressive route control.
This method has been tested for networks having more than fifty exchanges,
and the results have compared very favourably with those obtained by
computer simulation. It is worth pointing out thet the computer run time
required in an analytical evaluation is usueally a small fraction of that
required for simulation. The availatility of analytical methods for
evaluating a network's perrormance under more complex routing rules would,

therefore, be a great asset to routing studies.
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12,2.4 State-dependent rules in & hierarchical network

The routing rules studied in this thesis have been devised on the
implicit assumption that all the exchanges have equal capabilities.
It is not conceivable that a practical telephone network could be
completely free of any form of hierarchy. The present work should
therefore be extended to include the hierarchical situation. Since the
hierarchical network is, in fact, the equal-rank exchange network with
certain routing constraints, it should not be too difficult to determine
its performance under any of the routing rules discussed. Of course,
severe routing constraints will reduce the networks traffic carrying

capacity.

12.2.5 Routing with imperfect information

Perfect information about the state of the network has been assumed
in ell the routing rules used. This is the ideal situation. In practice,
errors will pass through the data processing system undetected, and the
routing control should be sble to recover quickly from such errors. This
in fact raises an interesting question. Can we devise a routing scheme
that performs almost as well as those we have been using, but whioch needs
considerably less information? The reduction of the data processing
requirements could well turn the scales of the economic feasibility of
using complex routing schemss. DeJjean and Grandjean (70) have made an

approech in this data reduction field, see Section 12.2.7.

12.2.6 ZIconomic considerations

We must not be so engrossed in devising routing schemes that we lose
sight of the economic factcrs. No attempt has been made to cost the
routing schemes that have been considered in this thesise This is not to
say that the econonics is not important. It means rather that we have
chosen to concentrate our initial effort in trying to determine Jjust by
how much we can expect to increase the traffic carrying capacity of the
network. /e have not even tried to determine or quantify the enhancement
of the reliability and survivability of the network. But after an '
extensive study has been made of the routing techniques, the logical and
natural step will be to look at the economics of the class of proposed

systens and determine if they make economic sense.

If it should turn out that all the propositions are outrageously
inappropriaste from an economics point of view, it will not mean that the
time and effort spent on the more general routing plans has been wasted.
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Quite zpart from the discussion and critical review of the more classicel
routing plans it will haeve initiated, it will have served a most useful
purpose. Has it not been said that the so-called 'negative' results are
sometimes more useful than their more popular colleagues the "positive'
results?

12,2.7 Reduction in network status data

If every change in the exact number of busy trunks is notified to
the routing control centre, the information traffic would be
prohibitively large.

An approximate knowledge of the occupation level may be sufficient
for an efficient routing process. This approximate knowledge may be, for
instance, that the number of busy trunks in a group of N trunks is
smaller than £ or at least equal to P , for gless than « . We then
have two overlapping classes.

¢class 1

—_—

class 2 N

o----3

{

oL

In this case we know that the number of busy trunks at time 1 is between
- end o« .+ Dejean and Grandjean (70) have studied the reduction in
the information traffic that caen be achieved by having these overlapping
classes. Their results show that the information traffic may be reduced
approximately in the proportion of the overlapping number of trunks.

12.2.8 Date and message traffic

This thesis has addressed itself to problems of telephone traffic
routing. But other "on demand" services like telex and date transmission
have similar problems, but perhaps with different emphases. For example,
in the deta problem, holding times tend to be approximately equal to or
even less than the call setting up time,

This is not the case for telephone traffic. 5o while we were Justified,
at leagt as a first approximation, in plaecing the emphasis on the holding
times, this emphasis would be misguided for data traffic., If it is true

that in data most of, or a large proportion of the time is spent in
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sotting up the call, then it is the switching centre speed that should
receive first attention. These problems should receive some research
attention whether we are interested in an integrated data and telephone

network, or separete networks.

Otterman (85, 86) has treated the related problem of increasing the
trunk group utility, especially of long haul links, by mixing short
holding time Store-and-Forward (S/F) message traffic with telephone
traffic for various ratios of the holding time of telephone traffic to
S/F traffic holding time. He has also investigated the effect on the
grade of service of the telephone traffic, and the average messege delay
of the S/F treffic if the two types are mixed. This work could be usefully
extended for the "on demand" telephone and data situation.
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