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A B S T R A C T

Bayesian optimization is a popular framework for the optimization of black box functions. Multifidelity
methods allow to accelerate Bayesian optimization by exploiting low-fidelity representations of expensive
objective functions. Popular multifidelity Bayesian strategies rely on sampling policies that account for
the immediate reward obtained evaluating the objective function for a specific input, precluding greater
informative gains that might be obtained looking ahead more steps. This paper proposes a Non-Myopic
Multifidelity Bayesian Optimization framework (NM2-BO) to grasp the long-term reward from future steps
of the optimization. Our computational strategy comes with a two-step lookahead multifidelity acquisition
function that maximizes the cumulative reward obtained measuring the improvement of the solution over two
steps ahead. Our NM2-BO algorithm is demonstrated for a large set of benchmark problems to stress test across
a broad spectrum of mathematical properties, and a physics-based application relevant for the engineering
community. In all the cases, we observe that the proposed algorithm outperforms standard MFBO frameworks.
1. Introduction

Solving an optimization problem is a central task in disciplines
ranging from engineering to operational research, to computer science
and economics. Optimization problems are commonly formalized as the
minimization of an objective function by iteratively choosing an input
from a feasible set of variables. In many applications the function to
optimize does not have a closed-form expression and its evaluation can
be computationally expensive.

Bayesian optimization (BO) is a widely used strategy to solve op-
timization problems involving black-box objective functions that are
expensive to compute [1,2]. BO uses a probabilistic surrogate model
of the objective function to compute an acquisition function that is
repeatedly maximized to select a new input closer to the optimum.
Then, the objective function is observed considering this new training
sample, and is used to update the surrogate model improving the
accuracy of the prediction. BO requires evaluating the objective func-
tion several times to assess the solution of the optimization problem.
This may result in a prohibitively computational expense for real-
world applications requiring the use of lab-scale experiments or time
consuming computer-based models, and where a limited number of
evaluations of the objective are allowed to compute the optimization.

In practice, many applications allow to use alternative represen-
tations at different levels of fidelity to model the objective function,
where the lower fidelity levels tend to be less time consuming but
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produces less accurate results. Multifidelity methods target the efficient
combination of multiple sources of information, using low-fidelity anal-
ysis to systematically reduce the number of high-fidelity evaluations
through a continuous trade-off between cost and accuracy [3–7]. Mul-
tifidelity Bayesian optimization (MFBO) combines the function outputs
at different levels of fidelity into a single probabilistic model, and
uses these information to compute a multifidelity acquisition function
that allows to jointly select the new input location and the associated
level of fidelity to query [8–12]. Most widely-used MFBO algorithms
are based on greedy approaches, where the multifidelity acquisition
function measures only the immediate reward of the input selected
at each step of the optimization [13–17]. However, the quantification
of the long-term reward obtained at the future steps may lead to
greater improvements in the search of the optimum, enhancing the
computational efficiency of the predictive strategy.

This motivates the interest for non-myopic acquisition functions that
are capable to grasp the informative gains obtainable by looking ahead
into future steps. In most existing non-myopic methods, the location of
the new input is determined through a partially observable Markov de-
cision process (POMDP) [18–20]. However, the solution of the POMDP
is computationally intense, limiting this approach to small-scale opti-
mization problems [21]. Several works proposed approximations of the
POMDP to formulate two-step lookahead acquisition functions capable
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to enhance the performance of BO, while containing the computational
expense that would arise looking more steps ahead [18–20,22,23].
However, these non-myopic formulations are conceived for a single
fidelity Bayesian framework, which can be prohibitive for objective
functions characterized by high computational demand.

In a previous work, we addressed a specific aerodynamic design
optimization problem under multiple transitions of the fluid regime
through a two-step lookahead domain-aware multifidelity method [24];
the specific formalization of this acquisition function seeks to capture
the appropriate aerodynamic model to query introducing awareness
about the evolution of the fluid regime with the flight conditions.
Accordingly, the proposed methodology is tailored and highly prob-
lem dependent without possible extension to a broader class of opti-
mization problems. However, the encouraging results for aerodynamic
design catalyze our attention to the opportunity to generalize the non-
myopic multifidelity strategy for a broader applicability to optimization
problems of different nature in science and engineering.

In this work, we propose a generalized strategy for Non-Myopic
Multifidelity Bayesian Optimization (NM2-BO) to maximize the long-
term reward as an improvement of the optimal solution. The NM2-BO
algorithm is described and demonstrated as a general optimization
method for multifidelity optimization problems without limiting the
applicability of the formulation, and regardless the variety of math-
ematical properties that can be traced in physics-based optimization
problems. Our framework is based on an original scheme for the
maximization of the multifidelity acquisition function based on a two-
step lookahead strategy, that allows to predict the informative gains
obtainable at future steps of the optimization. We will refer to that as
the two-step lookahead multifidelity acquisition function. Specifically,
our contributions are:

1. Formalize MFBO as a Dynamic Programming (DP) problem and
define the best optimization policy that maximizes the cumula-
tive reward obtained evaluating a specific input with a certain
level of fidelity two steps ahead, quantifying its merit consider-
ing the long-term benefits.

2. Formulate the two-step lookahead multifidelity acquisition func-
tion as the solution of the DP problem encompassing intractable
nested expectations and maximizations problems whose closed-
form solution is not available. To overcome this issue, the Monte
Carlo approach is used to provide a robust estimate of the
two-step lookahead multifidelity acquisition function. We also
provide details about its integration in a multifidelity Bayesian
settings to draw our non-myopic MFBO framework.

3. Illustrate and discuss the proposed NM2-BO algorithm in com-
parison with standard MFBO methods over a suite of benchmark
problems recognized by the international community of mul-
tifidelity methods as stress-test problems [25], to assess and
validate the performance of multifidelity algorithms over a vari-
ety of mathematical properties that can be observed individually
or in multiple combinations in real-world applications. In ad-
dition, we investigate the capabilities of our NM2-BO for the
physics-based shape optimization problem of a RAE-2822 airfoil
with the objective of minimizing the drag coefficient subject
to constraints on the aerodynamic performances and modified
airfoil geometry [26].

The manuscript is organized as follows. Section 2 provides an
verview of Bayesian optimization with Gaussian processes and its
xtension in a multifidelity scenario. Section 3 presents our two-step
ookahead multifidelity acquisition function and its implementation in
multifidelity framework. Then, in Section 4 the NM2-BO algorithm is
umerically investigated and compared to standard MFBO frameworks
ver a variety of benchmark problems and on the physics-based airfoil
hape optimization application. Finally, Section 5 provides concluding
emarks.
2

2. Problem formulation and background

In this paper, we consider a sequential decision problem in which
we seek to minimize a black-box objective function 𝑓 ∶ 𝜒 → R from its
bservations for iteratively selected sample points 𝒙 ∈ 𝜒 in the input
pace 𝜒 . More formally, we can define our optimization problem as
ollows:

min
𝒙∈𝜒

𝑓 (𝒙) (1)

n real world applications, the evaluation of the objective function is
requently expensive, therefore the interest in computational strategies
o minimize the number of explicit calls of the function.

.1. Bayesian optimization via Gaussian processes

Bayesian optimization (BO) is a popular approach to solve the
lobal optimization problem in Eq. (1) [1,2]. BO learns a probabilistic
urrogate model to predict the values of the objective function across
he input space and quantifies the uncertainty of this prediction. These
nformation are used to compute an acquisition function that defines
policy to measure the improvement of the solution in different input

ocations, which usually encodes a trade-off between the exploration of
he input space and the exploitation towards the optimum. BO selects
he new input to query by maximizing the acquisition function, and
pdates the surrogate model with the observation of the objective
unction at the new point.

Commonly, BO relies on a Gaussian Process (GP) as the surrogate
odel to approximate the objective function [27]. The GP distribu-

ion 𝐺𝑃
(

𝜇(𝒙), 𝜅(𝒙,𝒙′)
)

is a joint Gaussian distribution over any finite
et of 𝑁 random input points 𝒙𝑁 = {𝒙𝑛}𝑁𝑛=1 completely specified
y its mean 𝜇(𝒙) = E [𝑓 (𝒙)] and covariance (also referred as ker-
el) function 𝜅(𝒙,𝒙′) = E

[

(𝑓 (𝒙) − 𝜇(𝒙))(𝑓 (𝒙′) − 𝜇(𝒙′))
]

. We assume
hat 𝑓 ∼ 𝐺𝑃

(

0, 𝜅(𝒙,𝒙′)
)

is the prior belief about the objective and
hat we have collected observations 𝒚𝑁 = {𝑦𝑛}𝑁𝑛=1, where 𝑦𝑛 ∼
(𝑓 (𝒙𝑛), 𝜎𝜖(𝒙𝑛)) and 𝜎𝜖 is the standard deviation of the normally

istributed noise. The formalization of the collected observations in-
luding a Gaussian noise variance permits to define the relationship
etween the function values 𝑓 (𝒙) and the observed responses 𝑦 as
he likelihood function 𝑝(𝑦𝑛|𝑓 (𝒙𝑛)) =  (𝑦𝑛|𝑓 (𝒙𝑛), 𝜎2𝜖 𝑰), where 𝑰 is the
dentity matrix. In deterministic analysis, this noise element – also
alled nugget term – permits a more reliable evaluation of the max-
mum likelihood function and estimate of the hyperparameters of
he Gaussian process surrogate model [27,28] given a contained con-
ition number of the covariance matrix, while in non-deterministic
nalysis it is necessary to model measurement errors. According to
he Bayesian inference principle, the Gaussian process prediction 𝜇
nd associated uncertainty 𝜎2 is computed through regression: the
rior belief about the objective function 𝑝(𝑓 (𝒙𝑁 )) is combined with
he likelihood function 𝑝(𝒚𝑁 |𝑓 (𝒙𝑁 )) to compute the posterior distri-
ution 𝑝(𝑓 (𝒙𝑁 )|𝒚𝑁 ) ∝ 𝑝(𝒚𝑁 |𝑓 (𝒙𝑁 ))𝑝(𝑓 (𝒙𝑁 )), representing the updated
urrogate model of the objective function. Assuming the prior of the
bjective as a GP: 𝑓 ∼ 𝐺𝑃 (0, 𝜅(𝒙,𝒙′)) with zero mean function 𝜇(𝒙) = 0,
he posterior distribution is a Gaussian process completely specified by
ts mean 𝜇 and variance 𝜎2

(𝒙) = 𝜅𝑛(𝒙)𝑇
(

𝑲 + 𝜎𝜖𝑰
)−1 𝒚𝑁 (2)

2(𝒙) = 𝜅(𝒙,𝒙) − 𝜅𝑛(𝒙)𝑇
(

𝑲 + 𝜎𝜖𝑰
)−1 𝜅𝑛(𝒙) (3)

here 𝜅𝑛 is defined as 𝜅𝑛(𝒙) ≐
(

𝜅(𝒙,𝒙1),… , 𝜅(𝒙,𝒙𝑁 )
)

.
The acquisition function 𝑈 ∶ 𝜒 → R+ under the GP prior depends

n the previous observations of the objective and determines which
oint in 𝜒 should be evaluated in the next optimization step via max-
mization 𝒙𝑛𝑒𝑤 ∈ max𝒙∈𝜒 𝑈 (𝒙). There is a variety of acquisition func-
ions commonly adopted in literature, such as the expected improve-
ent (EI) [29], upper confidence bound (UCB) [30], entropy search
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(ES) [31], max-value entropy search [32] and predictive entropy search
(PES) [33]. In this work we focus on GP based Bayesian optimization
with the EI acquisition function, given its simple implementation and
reasonable performances in practice:

𝑈𝐸𝐼 (𝒙) =
{ (

𝜇(𝒙) − 𝑓 (𝒙+)
)

𝛷(𝛾(𝒙)) + 𝜎(𝒙)𝜙(𝛾(𝒙)) if 𝜎(𝒙) > 0
0 if 𝜎(𝒙) = 0

(4)

where 𝒙+ is the current location of the best value of the objective
function, 𝛷 is the cumulative distribution function and 𝜙 is the proba-
bility density function of the standard normal distribution, and 𝛾(𝒙) =
(

𝜇(𝒙) − 𝑓 (𝒙+)
)

∕𝜎(𝒙) is the standardized improvement.

2.2. Multifidelity Bayesian optimization

Many applications allow multifidelity representations of the objec-
tive function {𝑓 (1),… , 𝑓 (𝐿)}, where the higher the level of fidelity 𝑙
the more accurate and costly the evaluation of 𝑓 (𝑙)(𝒙). We indicate
with 𝐿 the highest-fidelity level, that is considered as the ground
truth source of information about the objective function. Multifidelity
Bayesian optimization learns a single probabilistic model combining
low-fidelity and high-fidelity observations, and chooses the location of
the next input and the level of fidelity to query through a multifidelity
acquisition function. Among a variety of emulators that can be used
in the multifidelity scenario [34–36], we adopt the multifidelity Gaus-
sian process given the successful application over a broad variety of
methodologies and challenging optimization problems [16,37,38]. This
surrogate is defined extending the Gaussian process to a multifidelity
scenario through an autoregressive scheme [3]:

𝑓 (𝑙) = 𝜚(𝑙−1)𝑓 (𝑙−1) (𝒙) + 𝜈(𝑙) (𝒙) 𝑙 = 2,… , 𝐿 (5)

where 𝜚(𝑙−1) is a constant scaling factor that tunes successive represen-
tations 𝑓 (𝑙) and 𝑓 (𝑙−1), and 𝜈(𝑙) models the discrepancy between 𝑓 (𝑙)

and the scaled model 𝜚(𝑙−1)𝑓 (𝑙−1). This discrepancy 𝜈(𝑙) is assumed to
be a Gaussian process characterized by mean function 𝜐(𝒙)𝑇 𝛽(𝑙) and
covariance 𝜅(𝑙) (𝒙,𝒙′

)

, where 𝜐 is the vector of regression functions
and 𝛽(𝑙) are the coefficients weighting these regression functions. In
this work, we use the Gaussian correlation model as the covariance
function:

𝜅(𝒙,𝒙′) = 𝜍2(𝑙) exp{−
𝑀
∑

𝑚=1
𝜛(𝑙)

𝑚 (𝒙𝑚 − 𝒙′𝑚)
2} (6)

where 𝜛 = (𝜛(𝑙)
1 , 𝜛(𝑙)

2 ,… , 𝜛(𝑙)
𝑀 ) are the roughness parameters, and 𝜍2(𝑙)

is the process variance of the 𝑙-th level of fidelity.
Hence, we can obtain the posterior mean 𝜇(𝑙)(𝒙) and variance 𝜎2(𝑙)(𝒙)

of the objective through the covariance matrix 𝑲(𝑖, 𝑗) =
[

𝜅
((

𝒙𝑖, 𝑙𝑖
)

,
(

𝒙𝑗 , 𝑙𝑗
))

+ 𝛿𝑖𝑗𝜎𝜖(𝒙𝑖)
]

and 𝜅(𝑙)
𝑁 (𝒙) =

[

𝜅
((

𝒙𝑖, 𝑙𝑖
)

, (𝒙, 𝑙)
)]

:

𝜇(𝑙)(𝒙) = 𝜅(𝑙)
𝑁 (𝒙)𝑇𝑲−1𝒚 (7)

𝜎2(𝑙)(𝒙) = 𝜅 ((𝒙, 𝑙) , (𝒙, 𝑙)) − 𝜅(𝑙)
𝑁 (𝒙)𝑇𝑲−1𝜅(𝑙)

𝑁 (𝒙) (8)

where 𝛿𝑖𝑗 is the Kronecker delta function. The hyperparameters (𝜚, 𝛽,𝜛,
𝜍) of the multifidelity Gaussian process surrogate model are estimated
by maximizing the likelihood function [39].

The multifidelity acquisition function is computed starting from the
information of the multifidelity GP. Multifidelity acquisition functions
include the multifidelity expected improvement (MFEI) [8], multi-
fidelity predictive entropy Search [10], multifidelity probability of
improvement [11], and multifidelity max-value entropy search [12].

We base our non-myopic multifidelity framework on the MFEI given
its robust and effective performance over a broad variety of analytical
and real-world optimization problems [40,41]:
3

𝑈𝑀𝐹𝐸𝐼 (𝒙, 𝑙) = 𝑈𝐸𝐼 (𝒙)𝛼1(𝒙, 𝑙)𝛼2(𝒙, 𝑙)𝛼3(𝒙, 𝑙) (9)
where 𝑈𝐸𝐼 (𝒙) is the expected improvement in Eq. (4) evaluated at the
highest level of fidelity. The utility functions 𝛼1, 𝛼2 and 𝛼3 are defined
as follows:

𝛼1(𝒙, 𝑙) = 𝑐𝑜𝑟𝑟
[

𝑓 (𝑙)(𝒙), 𝑓 (𝐿)(𝒙)
]

=
𝜅((𝒙, 𝑙), (𝒙, 𝐿))

√

𝜎2(𝑙)(𝒙)𝜎2(𝐿)(𝒙)
(10)

2(𝒙, 𝑙) = 1 −
𝜎𝜖

√

𝜎2(𝑙)(𝒙) + 𝜎2𝜖
(11)

𝛼3(𝑙) =
𝜆(𝐿)

𝜆(𝑙)
. (12)

𝛼1(𝒙, 𝑙) accounts for the decrease of the accuracy of the objective func-
tion evaluation as the adopted level of fidelity decreases; it is defined
as the correlation between the evaluation of the objective function
at the 𝑙-th fidelity and the high-fidelity evaluation. 𝛼2(𝒙, 𝑙) considers
the reduction of the uncertainty on the multifidelity GP prediction
after a new evaluation of the objective function. 𝛼3(𝑙) accounts for
the computational cost 𝜆(𝑙) associated with the level of fidelity of
the objective representations: it is defined as the ratio between the
cost per evaluation of the high-fidelity model and the cost of the 𝑙-th
fidelity model. Typically, the computational cost 𝜆(𝑙) of the 𝑙-th level
f fidelity is evaluated as the average CPU time required to solve the
-th model of the objective function. Accordingly, if 𝛼1(𝒙, 𝑙) is excluded
rom the formulation, the algorithm would query only the low-fidelity
odel to reduce the computational cost of optimization; if 𝛼2(𝒙, 𝑙) is

not considered, the sampling procedure might concentrate resources in
regions of the input space already explored; if 𝛼3(𝑙) is discarded, the
algorithm would evaluate only the high-fidelity model to improve the
accuracy of the results.

3. Non-myopic multifidelity Bayesian optimization

In this section, we formalize the MFBO as a dynamic programming
problem and provide a general overview of the dynamic programming
approach (Section 3.1). Accordingly, we define the two-step looka-
head multifidelity acquisition function (Section 3.2) solving the specific
MFBO problem. The solution of our acquisition function requires an
approximation of its intractable formulation for which we adopt the
Monte Carlo approach (Section 3.3). The lookahead strategy is then
combined with a Bayesian approach for multifidelity optimization into
our non-myopic MFBO scheme (Section 3.4).

3.1. Dynamic programming problem

This section overviews some of the key aspects of Markov decision
processes and dynamic programming to address the optimal decision
making process for dynamic systems subject to uncertainty.

Markov Decision Processes (MDPs) are discrete-time stochastic con-
trol processes that permit to model the sequential decision making
process under uncertainty [42]. MDPs consist of three main ingredients:
(i) Markov chains model the transitions to future states of the system
given the initial state, (ii) a decision-making model implements an ac-
tion at each sequential state transition, and (iii) an objective formalized
as an utility function evaluates the benefits of any decision with a trade-
off between obtaining the utility from the current state and altering
the opportunities to obtain utility in the future. The goal of MDPs is
to determine an optimal strategy as a set of decisions to satisfy the
objectives over time.

Solving MDPs requires the definition of a procedure to perform
statistical inference of the system behavior to predict future states, and
to build a dynamic model to depict the transitions of the system from
one state to the other after exploring every possible decision. Dynamic
programming (DP) is an optimization strategy that permits to solve
MDPs partitioning the problem in simpler sub-problems defined in a
recursive way across several transitions [43]. DP addresses the decision
making process through an optimal policy formulated as a sequence of
rules that, regardless of the initial state and the decision, makes the
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Fig. 1. Bayesian networks describing the myopic (Fig. 1(a)) and the non-myopic (Fig. 1(b)) multifidelity Bayesian scheme. The shaded nodes (𝑆𝑧) are known, and the diamond
nodes are the results of a decision. In the non-myopic scheme, the two 𝑦 nodes are correlated under the multifidelity Gaussian process model.
remaining decisions optimal with regard to the state resulting from the
first decision. Thus, the effects of the current decision contribute to both
the current utility and to future utility through its effects on the future
states of the system.

Let us consider a dynamic system fully characterized at each stage 𝑧
by a state 𝑠𝑧 ∈ 𝑧, where 𝑧 denotes a set of states that represent all the
possible configurations of the system at each time step. The objective
of the DP approach is the maximization of an utility function over a
time horizon 𝑇 which measures the reward obtained applying an action
𝑐𝑧 ∈ 𝑧 to a certain state. The dynamic system evolves according to a
transition model represented as a Markov process in which the future
state 𝑠𝑧+1 depends on the current state 𝑠𝑧 and the action adopted 𝑐𝑧:

𝑠𝑧+1 = 𝑧(𝑠𝑧, 𝑐𝑧, 𝑑𝑧) (13)

where 𝑧 ∶ 𝑧×𝑧×𝑧 is the dynamics of the system at the stage 𝑧, and
𝑑𝑧 ∈ 𝑧(𝑠𝑧, 𝑐𝑧) is a random disturbance modeled as a random variable
with probability distribution 𝑃 (⋅|𝑠𝑧, 𝑐𝑧).

DP seeks to construct an optimal policy that maximizes the chance
of achieving the objective over a time horizon. A policy 𝝅 = {𝜋1,… , 𝜋𝑇 }
is defined as a sequence of rules 𝜋𝑧 ∶ 𝑧 → 𝑧 that maps each state 𝑠𝑧
to the action 𝑐𝑧 applied at that state. At each stage 𝑧, we can define
the value function 𝐽𝝅

𝑧 (𝑠𝑧) as the expected reward obtained using the
generic policy 𝝅 at the state 𝑠𝑧:

𝐽𝝅
𝑧 (𝑠𝑧) = E

[

𝛽𝑇+1𝑟𝑇+1(𝑠𝑇+1) +
𝑇
∑

𝑧=1
𝛽𝑧−1𝑟𝑧(𝑠𝑧, 𝜋𝑧(𝑠𝑧), 𝑑𝑧)

]

(14)

where 𝑟𝑧 ∶ 𝑧 × 𝑧 × 𝑧 is the stage reward function that quantifies
the immediate reward of applying an action 𝑐𝑧 to a state 𝑧𝑧 under the
disturbances 𝑑𝑧, and 𝛽 is the discount factor representing the relative
reward gained in the next period with reference to the current time.
Eq. (14) includes two elements: the discounted terminal reward 𝑟𝑇+1
which is a function of the state 𝑠𝑇+1 acquired by the system after the
last decision, and the sum of the discounted utilities from stage 𝑧 to the
horizon 𝑇 .

Considering a set of admissible policies 𝛱 , the optimal policy 𝝅∗ is
determined assuming that the last action 𝑐𝑇 taken at the horizon time
𝑇 is optimal and conditions the actions at the previous stages. Thus,
the optimal value function 𝐽𝝅∗

𝑧 is defined maximizing the long-term
expected reward:

𝐽𝝅∗
𝑧 (𝑠𝑧) = max

𝝅∈𝛱
𝐽𝝅
𝑧 (𝑠𝑧) (15)

Following the DP backward iteration algorithm, it is possible to define
a recursive relationship that identifies for each state a value function
𝐽𝑧(𝑠𝑧) for the stage 𝑧, given that stage 𝐽𝑧+1(𝑠𝑧+1) has already been
solved:

𝐽𝝅∗
𝑧 (𝑠𝑧) = max

𝑐𝑧∈𝑧
E
[

𝑟𝑧(𝑠𝑧, 𝑐𝑧, 𝑑𝑧) + 𝛽𝐽𝑧+1(𝑧(𝑠𝑧, 𝑐𝑧, 𝑑𝑧))
]

(16)

Then, the procedure is initialized by setting 𝐽𝑇+1(𝑠𝑇+1) = 𝑟𝑇+1(𝑠𝑇+1) and
the solution is determined working backward from 𝑧 = 𝑇 to 𝑧 = 1.
4

3.2. Formulating the two-step lookahead multifidelity acquisition function

Multifidelity Bayesian optimization can be formulated as a dynamic
programming (DP) problem. DP is conceived to address decision prob-
lems modeling the decision making process under uncertainty as a
dynamic system, where its dynamics characterizes the sequence of deci-
sions to achieve a specific goal [21,43]. Considering MFBO as a system
governed by a discrete stage dynamics, the DP problem consists of (i)
a dynamic system as the probabilistic surrogate model that synthesizes
the multifidelity representations of the objective function, (ii) a system
dynamics that describes how the surrogate model is updated when a
new input is observed adopting a certain level of fidelity, and (iii)
a goal that can be quantified with a measure of the two-step ahead
improvement of the solution quality achieved by evaluating a specific
input.

DP addresses the decision making process through a policy that
determines a decision given the information about the dynamic system.
In the following, we aim to construct an optimal policy for MFBO
that allows to select the input point together with the level of fi-
delity to query predicting benefits two steps ahead. Fig. 1 summarizes
the main differences between the decision making process realized
by the standard myopic MFBO (Fig. 1(a)) and the proposed non-
myopic MFBO paradigm (Fig. 1(b)). The myopic procedure makes a
sub-optimal decision with respect to the current knowledge of the
system without considering possible future scenarios. Conversely, the
non-myopic multifidelity scheme does not ignore the future decision
that will be made by the algorithm in the future step, and capitalizes
from this information to maximize the utility of the decision.

Let us consider the generic stage 𝑧 of MFBO, and define the input
𝒙 and the observation of the objective function 𝑦(𝑙) at the 𝑙-th level
of fidelity, where the levels of fidelity can be in principle extended
to any finite number. The system is fully characterized by a state
𝑠𝑧 corresponding to the training dataset 𝑆𝑧 = {𝒙𝑛, 𝑦(𝑙𝑛), 𝑙𝑛}𝑁𝑛=1 of 𝑁
observations, and an action 𝑐𝑧 = {𝒙𝑧+1, 𝑙𝑧+1} that activates the dynamics
of the system. Thus, a policy 𝜋𝑧 is defined as a function that maps the
state 𝑠𝑧 to an action 𝑐𝑧 = 𝜋𝑧(𝑠𝑧).

Given the state and the action of the system, we introduce the
disturbances to represent a simulated value of the objective function at
{𝒙𝑧+1, 𝑙𝑧+1}, defined as a random variable 𝑑(𝑙)𝑧 ∼  (𝜇(𝑙)

𝑧 (𝒙𝑧+1), 𝜎
2(𝑙)
𝑧 (𝒙𝑧+1))

characterized by the mean (Eq. (7)) and variance (Eq. (8)) of the
multifidelity Gaussian process. At the new stage 𝑧 + 1, the system
evolves to a new state 𝑠𝑧+1 following its dynamics, corresponding to
the augmented dataset 𝑆𝑧+1 = 𝑆𝑧 ∪ {𝒙𝑧+1, 𝑦(𝑙𝑧+1), 𝑙𝑧+1}:

(𝑙𝑧+1)
𝑆𝑧+1 =  (𝒙𝑧+1, 𝑦 , 𝑙𝑧+1, 𝑆𝑧) (17)
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Fig. 2. Illustration of the searches conducted through a non-myopic MFBO and myopic MFBO for the toy example of the minimization of a 1-dimensional multifidelity synthetic
function. Each row represents an iteration of the optimization procedure, and reports the high-fidelity queries together with the corresponding acquisition function for myopic
MFBO (first two columns) and non-myopic MFBO (last two columns).
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The disturbances 𝑑𝑧+1 are then characterized using the multifidelity
Gaussian process conditioned on 𝑆𝑧+1. We define a stage reward func-
tion to measure the benefits of applying the action 𝑐𝑧 to a state 𝑠𝑧
subject to the disturbances 𝑑𝑧. For the MFBO dynamic system, we
formulate the stage reward function as the reduction of the objective
function achieved at the stage 𝑧 + 1 with respect to 𝑧:

𝑟𝑧(𝒙𝑧+1, 𝑦(𝑙𝑧+1), 𝑙𝑧+1, 𝑆𝑧) = (𝑓 ∗(𝐿)
𝑧 − 𝑓 (𝐿)

𝑧+1)
+ (18)

where 𝑓 ∗(𝐿)
𝑧 is the minimum value of the objective function at 𝑧

evaluated at the highest level of fidelity. Following the dynamic pro-
gramming backward iteration scheme in Eq. (16), we formalize the
recursive relationship between each stage of the MFBO process con-
sidering the last decision at the future stage 𝑧 + 1 – horizon – already
solved. Accordingly, the two-step lookahead multifidelity acquisition
function at a generic stage 𝑧 can be formalized as a sequence of actions
under a generic policy 𝝅 whose benefits are quantified as the expected
reward obtained adopting that policy at the stage 𝑧:

𝑈𝝅
𝑧 (𝒙𝑧+1, 𝑙𝑧+1, 𝑆𝑧) =

E[𝑟𝑧(𝒙𝑧+1, 𝑦(𝑙𝑧+1), 𝑙𝑧+1, 𝑆𝑧) + 𝐽𝑧+1( (𝒙𝑧+1, 𝑦(𝑙𝑧+1), 𝑙𝑧+1, 𝑆𝑧))]
(19)

where the expectation is taken with respect to the disturbances, 𝐽𝑧+1
( (⋅)) is the long-term expected reward, and E

[

𝑟𝑧(⋅)
]

= 𝑈𝑀𝐹𝐸𝐼 (𝒙𝑧+1, 𝑙𝑧+1
is the multifidelity expected improvement (Eq. (9)).

Following the DP principle, the objective is to maximize the long
term reward defining an optimal policy 𝜋∗

𝑧 . For the case of our two-
step lookahead multifidelity acquisition function, the optimal policy is
the one that identifies the optimal input variable and the associated
level of fidelity to query at the second future step to minimize the
cumulative expected loss. Thus, we define the long term reward 𝐽𝑧+1
as the maximum of the multifidelity expected improvement conditioned
on the training set 𝑆𝑧+1:
5

𝐽𝑧+1 = max(𝑈𝑀𝐹𝐸𝐼 (𝒙𝑧+2, 𝑙𝑧+2)) (20) f
Combining Eq. (19) with Eq. (20), we formalize the two-step lookahead
multifidelity acquisition function:

𝑈𝝅∗
𝑧 (𝒙𝑧+2, 𝑙𝑧+2, 𝑆𝑧+1) =

𝑈𝑀𝐹𝐸𝐼 (𝒙𝑧+1, 𝑙𝑧+1) + E
[

max(𝑈𝑀𝐹𝐸𝐼 (𝒙𝑧+2, 𝑙𝑧+2))
]

(21)

We emphasize that 𝑈𝝅∗
𝑧 depends on the action taken at the two-step

ahead iteration 𝒙𝑧+2, 𝑙𝑧+2 and on the state of the MFBO system 𝑆𝑧+1
after the first step through the fact that the result of the decision as the
evaluation of the objective function 𝑓 (𝑙𝑧+2)(𝒙𝑧+2) is influenced by the
mean function 𝜇(𝑙𝑧+1) and standard deviation function 𝜎2(𝑙𝑧+1) of the mul-
ifidelity Gaussian process under 𝑆𝑧+1 from which 𝑈𝑀𝐹𝐸𝐼 (𝒙𝑧+2, 𝑙𝑧+2) is
omputed.

Fig. 2 shows the results for a synthetic optimization problem com-
aring three high-fidelity iterations of our non-myopic multifidelity
earch with the standard myopic counterpart based on the multifidelity
xpected improvement. The myopic acquisition function concentrates
he high-fidelity samples near a local optimum of the objective func-
ion, without exploring the domain with accurate evaluations. This
rovides a relatively small improvement of the global solution of the
ptimization problem: the algorithm might use several queries of the
bjective function to depart from the suboptimal valley and move
owards the global solution. Conversely, the non-myopic methodology
ses high-fidelity queries to significantly explore the domain during the
irst iterations. Those information are beneficial for future evaluations:
he exploration provides awareness about the distribution of the objec-
ive function and its local optimum that is used to maximize the future
ains and place the last sample near the actual global optimum — third
teration.

.3. Estimating the two-step lookahead multifidelity acquisition function

The evaluation of the two-step lookahead multifidelity acquisition

unction (Eq. (21)) is intractable in practice for the MFBO setting given
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Fig. 3. Monte Carlo approximation of the relationship between the future stage 𝑧 + 2
and the stage 𝑧 + 1. The shaded nodes (𝑆𝑧) are known, and the diamond nodes are
the results of a decision. Comparing with Fig. 1(b), the nested maximization problems
required for each pair 𝒙𝑧+1 , 𝑙𝑧+1 and 𝒙𝑧+2 , 𝑙𝑧+2 are now addressed approximating our
acquisition function 𝑈𝜋∗

𝑧 through the Monte Carlo strategy.

the demand for significant computational resources to compute the
expectation operators and nested maximizations. In particular, the long
term reward in Eq. (21) requires the knowledge of the MFBO dynamic
system at the step 𝑧 + 1 in terms of mean 𝜇(𝑙)

𝑧+1 and variance 𝜎(𝑙)𝑧+1
of the multifidelity Gaussian process: the exact computation of those
elements is computationally intensive given the extensive amount of all
the possible actions {𝒙𝑧+1, 𝑙𝑧+1} in the action space. To find a tractable
approximation of Eq. (21), we adopt a Monte Carlo sampling to ap-
proximate 𝜇(𝑙)

𝑧+1 and 𝜎(𝑙)𝑧+1 via simulation. Fig. 3 illustrates the proposed
Monte Carlo technique. Specifically, we use the reparameterization
strategy proposed by Wilson et al. [44] to formulate the value of the
objective function at the first step ahead with 𝑙-th level of fidelity:

𝑓 (𝑙) (𝒙𝑧+1
)

= 𝜇(𝑙)
𝑧 + 𝑪 (𝑙)

𝑧
(

𝒙𝑧+1
)

𝑍 (22)

where 𝑪 (𝑙)
𝑧 is the Cholesky decomposition of the covariance matrix 𝑲𝑧,

and 𝑍 is an independent standard normal random variable. Then, we
use Eq. (22) to compute the mean and variance of the multifidelity GP
at the step 𝑧 + 1 for the generic input 𝒙:

𝜇(𝑙)
𝑧+1(𝒙) = 𝜇(𝑙)

𝑧 (𝒙) +𝑯 (𝑙)
𝑧 (𝒙)𝑍 (23)

𝜎(𝑙)𝑧+1(𝒙) = 𝜎(𝑙)𝑧 (𝒙) −𝑯 (𝑙)
𝑧 (𝒙)𝑯 (𝑙)

𝑧 (𝒙)𝑇 (24)

where 𝑯 (𝑙)
𝑧 (𝒙) = 𝜅(𝑙)

𝑧 (𝒙)𝑪 (𝑙)−1
𝑧 (𝒙).

Eq. (23) and Eq. (24) are used to estimate the multifidelity expected
improvement at the step 𝑧 + 1:

𝑈𝑀𝐹𝐸𝐼 (𝒙𝑧+2, 𝑙𝑧+2) ∼ 𝑈𝑀𝐹𝐸𝐼 (𝒙𝑧+2, 𝑙𝑧+2, 𝑍) (25)

To approximate the expectation term of Eq. (21), we sample the ran-
dom variable 𝑍 and compute E[𝑈𝜋∗

𝑧 (𝒙𝑧+2, 𝑙𝑧+2, 𝑆𝑧+1, 𝑍)] averaging over
many realizations of the two-step lookahead multifidelity acquisition
𝑈𝜋∗
𝑧 evaluated using Eq. (25).

Although the need of numerous evaluations of 𝑈𝜋∗
𝑧 , we emphasize

that our Monte Carlo approach requires the evaluation of Eq. (23)
and Eq. (24) which are inexpensive to compute. Thus, the computa-
tional cost associated with the approximation of the two-step lookahead
multifidelity acquisition function is negligible if compared with the
cost of real-world optimization problems in science and engineering
applications, where usually the evaluation of the objective function
requires the query of expensive physics-based models.

3.4. NM2-BO algorithm

The Algorithm 1 and Fig. 4 detail the steps of our Non-Myopic
Multifidelity Bayesian Optimization (NM2-BO) scheme. The optimiza-
tion starts with the definition of the 𝑑-dimensional input space 𝜒 ∈
R𝑑 assembled through a Latin Hypercube design of experiments [45],
6

Algorithm 1 NM2-BO: Non-Myopic Multifidelity Bayesian Optimiza-
tion
Input: Feasible set 𝜒 ∈ R𝑑 , multifidelity objective function 𝑓 (𝑙)(𝒙) and

the multifidelity Gaussian process prior 𝐺𝑃 (0, 𝜅(𝑙)(𝒙,𝒙′))
Output: 𝑓 ∗ = min 𝑓 (𝒙)
1: 𝑆0 ← {𝒙𝑛, 𝑦(𝑙𝑛), 𝑙𝑛}

𝑁0
𝑛=1 collect initial observations

2: 𝜇(𝑙)
0 , 𝜎2(𝑙)0 ← learn the initial multifidelity GP

3: 𝑖 ← 1
4: repeat
5: Load 𝒙𝑖 and associated 𝑙𝑖
6: Evaluate 𝑦(𝑙𝑖)(𝒙𝑖)
7: 𝑆𝑖 ← 𝑆𝑖−1 ∪ {𝒙𝑖, 𝑦(𝑙𝑖), 𝑙𝑖}
8: 𝜇(𝑙)

𝑖 , 𝜎2(𝑙)𝑖 ← update the multifidelity GP
9: 𝑧 ← 𝑖

10: Compute 𝑈𝑀𝐹𝐸𝐼 (𝒙𝑧+1, 𝑙𝑧+1)
11: for 𝑗 ← 1, 𝑁𝑀𝐶 do
12: 𝑍𝑗 ←  (0, 1)
13: 𝜇(𝑙)

𝑧+1, 𝜎
2(𝑙)
𝑧+1 ← estimate the multifidelity GP

14: Compute 𝑈𝑀𝐹𝐸𝐼 (𝒙𝑧+2, 𝑙𝑧+2, 𝑍𝑗 )
15: end for
16: return 𝑼𝜋∗

𝑧 = {𝑈𝜋∗
𝑧𝑗

}𝑁𝑀𝐶
𝑗=1

17: 𝑈𝜋∗
𝑖 = E

[

𝑼𝜋∗
𝑧

]

18:
[

𝒙𝑖+1, 𝑙𝑖+1
]

← max(𝑈𝜋∗
𝑖 )

19: 𝑖 + 1 ← 𝑖
20: until 𝐵𝑖 ≤ 𝐵𝑚𝑎𝑥
21: return 𝑥∗ that minimize 𝑓 (𝒙) over 𝑆𝑖

together with the objective function at different levels of fidelity 𝑓 (𝑙),
and the multifidelity Gaussian process prior 𝐺𝑃 (0, 𝜅(𝑙)(𝒙,𝒙′)). We draw
an initial subset of feasible input points {𝒙𝑛}

𝑁0
𝑛=1 and associated levels

of fidelity {𝑙𝑛}
𝑁0
𝑛=1, where 𝑁0 is the number of points sampled at the

beginning of the optimization. Contextually, we collect observations of
the objective function {𝑦(𝑙𝑛)}𝑁0

𝑛=1 and determine the initial state 𝑆0 =
{𝒙𝑛, 𝑦(𝑙𝑛), 𝑙𝑛}

𝑁0
𝑛=1. The multifidelity GP prior together with the initial state

𝑆0 induce the multifidelity Gaussian process posterior with mean 𝜇(𝑙)

(Eq. (7)) and variance 𝜎2(𝑙) (Eq. (8)), representing the first surrogate
model of the objective function.

Let us now consider the generic iteration 𝑖 of the optimization
search. The NM2-BO algorithm selects the input 𝒙𝑖 along with the
associated level of fidelity 𝑙𝑖 at the previous step 𝑖 − 1, and computes
the value of the objective function 𝑦(𝑙𝑖)(𝒙𝑖). This information is used to
augment the state 𝑆𝑖 = 𝑆𝑖−1 ∪ {𝒙𝑖, 𝑦(𝑙𝑖), 𝑙𝑖} and update the multifidelity
Gaussian process conditioned on 𝑆𝑖.

At the same iteration 𝑖, we compute the two-step lookahead multifi-
delity acquisition function to determine the next input 𝒙𝑖+1 to evaluate
and the associated level of fidelity 𝑙𝑖+1. We indicate with 𝑧 = 𝑖 the
current step of the optimization and with 𝑧 + 1 and 𝑧 + 2 the first
and second step ahead, respectively. The first term of the acquisition
function (Eq. (21)) is computed on the current state 𝑆𝑧 = 𝑆𝑖, while the
second term is estimated using the Monte-Carlo approach discussed in
Section 3.3. Considering the 𝑗-th Monte Carlo simulation, we sample
independently a random variable 𝑍𝑗 normally distributed, and estimate
the mean 𝜇(𝑙)

𝑠+1 and variance 𝜎2(𝑙)𝑠+1 of the multifidelity GP computing
Eq. (23) and Eq. (24). Then, we evaluate the second term of the
acquisition function through Eq. (25) and compute 𝑈𝜋∗

𝑧𝑗
. The Monte

Carlo algorithm iterates until a maximum number of simulations 𝑁𝑀𝐶
is reached and returns the realizations of the approximated acquisition
function {𝑈𝜋∗

𝑧𝑗
}𝑁𝑀𝐶
𝑗=1 . This allows to estimate the two-step multifidelity

acquisition function 𝑈𝑖 as the expectation taken over the Monte Carlo
simulations.

Then, similarly to the multifidelity Bayesian optimization (Sec-
tion 2.2), we maximize 𝑈𝜋∗ and determine the next input to evaluate
𝑖
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Fig. 4. Schematic representation of the NM2-BO framework. In orange are reported the
distinguishing processes of NM2-BO with respect to a standard multifidelity Bayesian
optimization framework.

𝒙𝑖+1 and the associated level of fidelity 𝑙𝑖+1 to query. The NM2-BO
algorithm is iterated until a maximum computational budget 𝐵𝑖 = 𝐵𝑚𝑎𝑥
is reached, where 𝐵𝑖 is the cumulative computational cost expended
until iteration 𝑖.

4. Experiments

In this section, we illustrate and discuss the proposed NM2-BO
algorithm in comparison with popular MFBO approaches over a set
of well accepted benchmark problems specifically conceived to stress-
test multifidelity methods (Section 4.1) and an aerodynamic shape
optimization problem to minimize the drag coefficient of a RAE-2822
airfoil (Section 4.2). As competing algorithms, we implemented three
standard MFBO frameworks based on multifidelity expected improve-
ment (MFEI) [8], multifidelity probability of improvement (MFPI) [11],
and multifidelity max-value entropy search (MFMES) [12]. For all the
results presented in this section, we impose the same initial settings for
both the NM2-BO and the standard MFBO algorithms. We define the
number of points 𝑛(𝑙)0 for each 𝑙-th fidelity level that characterize the
initial dataset 𝑆0, together with the maximum computational budget
𝐵𝑚𝑎𝑥 quantified as the sum of the computational costs associated with
observations of the objective function at the 𝑙-th level of fidelity. The
initial observations of the objective function at different levels of fi-
delity are determined through a Latin Hypercube Sampling [46] and are
used to compute the first surrogate model as illustrated in Section 3.4.
We use the Gaussian kernel (Eq. (6)) for all the GP covariances, and
optimize the hyperparameters of the kernel and mean functions of the
GP via Maximum Likelihood Estimation [39].
7

4.1. Analytical benchmarks

We validate our methodology through the set of benchmark func-
tions proposed by [25] including the Forrester function standard (Sec-
tion 4.1.1) and discontinuous (Section 4.1.2), the Rastrigin function
shifted and rotated (Section 4.1.3), the ALOS functions (Section 4.1.4),
the Rosenbrock function (Section 4.1.5), the Paciorek function (Sec-
tion 4.1.6), a mass spring system optimization problem (Section 4.1.7),
and the Borehole function (Section 4.1.8). This set of functions is
specifically selected by an international community to validate multi-
fidelity methods through challenging mathematical characteristics of
the objective function that are frequent in physics-based optimization
problems, keeping contained the computational expense associated
with its evaluation [25]. Table 1 summarizes the experimental setup
for each test function.

4.1.1. Forrester function
The Forrester function [39] is a one-dimensional multimodal func-

tion well accepted as a benchmark test for multifidelity algorithms:

𝑓 (4)(𝒙) = (6𝒙 − 2)2 sin(12𝒙 − 4) (26)

The optimization problem (Eq. (1)) is defined over the domain 𝜒 = [0, 1]
with the minimum of the objective located at 𝑥∗ = 0.7572 and given
by 𝑓 ∗ = −6.0207. A total of three lower-fidelity levels are defined as
follows:

𝑓 (3)(𝒙) = (5.5𝒙 − 2.5)2 sin(12𝒙 − 4) (27)

𝑓 (2)(𝒙) = 0.75𝑓1(𝒙) + 5(𝒙 − 0.5) − 2 (28)

𝑓 (1)(𝒙) = 0.5𝑓1(𝒙) + 10(𝒙 − 0.5) − 5. (29)

4.1.2. Jump forrester function
The jump Forrester function [47] problem introduces a discontin-

uous behavior in the formulation of the Forrester function in order to
assess the performance of the algorithms in presence of objective func-
tions that are not continuous in all the input space. The high-fidelity
jump Forrester is defined as follows:

𝑓 (2)(𝒙) =

{

(6𝒙 − 2)2 sin(12𝒙 − 4) 0 ≤ 𝒙 ≤ 0.5
(6𝒙 − 2)2 sin(12𝒙 − 4) + 10 0.5 < 𝒙 ≤ 1

(30)

The input ranges is defined as 𝜒 = [0, 1] and the optimum equal to
𝑓 ∗ = −0.9863 at 𝑥∗ = 0.1426. The low-fidelity function is formulated as:

𝑓 (1)(𝒙) =

{

0.5𝑓 (2)(𝒙) + 10(𝒙 − 0.5) − 5 0 ≤ 𝒙 ≤ 0.5
0.5𝑓 (2)(𝒙) + 10(𝒙 − 0.5) − 2 0.5 < 𝒙 ≤ 1

(31)

4.1.3. Rastrigin function shifted and rotated
The shifted and rotated Rastrigin function is a benchmark function

used to simulate real world applications where the objective function
could be highly multimodal:

𝑓 (𝑙)(𝒙) = 𝑣22 + 𝑣21 − cos(10𝜋𝑣2) − cos(10𝜋𝑣1) + 2 (32)

where

𝒗 = 𝑅(𝜗)(𝒙 − 𝒙∗) (33)

with

𝑅(𝜗) =
[

cos(𝜗) − sin(𝜗)
sin(𝜗) cos(𝜗)

]

(34)

where 𝑅 is the rotation matrix, 𝜗 = 0.2 is the rotation angle. The
optimization problem (Eq. (1)) is defined in 𝜒 = [−0.1, 0.2]2 and the
minimum is located at 𝒙 = [0.1, 0.1]2 given by 𝑓 ∗ = 0 To obtain the
levels of fidelity, a resolution error [48] is defined as follows:

𝑒(𝑣, 𝜑) =
2
∑

𝜃(𝜑) cos2(10𝜋𝛩(𝜑)𝑣𝑖 + 0.5𝜋𝛩(𝜑) + 𝜋) (35)

𝑖=1
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Table 1
Summary of the experiments setup.

Function 𝑛(4)0 𝑛(3)0 𝑛(2)0 𝑛(1)0 𝐵𝑚𝑎𝑥 𝜆(4) 𝜆(3) 𝜆(2) 𝜆(1)

Forrester 1 2 3 5 100 1 0.5 0.1 0.05
Jump Forrester – – 2 5 100 – – 1 0.2
Rastrigin – 10 20 30 200 – 1 0.065 0.0039
ALOS 1D – – 2 5 100 – – 1 0.2
ALOS 2D – – 5 10 30 – – 1 0.2
ALOS 3D – – 7 14 300 – – 1 0.2
Rosenbrock 2D – – 5 10 200 – – 1 0.5
Rosenbrock 5D – – 15 30 500 – – 1 0.5
Rosenbrock 10D – – 50 250 1000 – – 1 0.5
Paciorek – – 5 10 200 – – 1 0.2
Mass Spring – – 4 10 400 – – 1 1/60
Borehole – – 100 500 800 – – 1 0.5
𝑚

w
s
o
t
0
T
[
w
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where 𝛩(𝜑) = 1−0.0001𝜑. The different levels of fidelity are determied
assigning 𝜑 = 10000 for the high-fidelity model (𝑙 = 3), 𝜑 = 5000 for the
intermediate level of fidelity (𝑙 = 2), and 𝜑 = 2500 for the low fidelity
model (𝑙 = 1).

4.1.4. ALOS functions
The Agglomeration of Locally Optimized Surrogate (ALOS) mod-

els are a set of functions conceived to evaluate the capability of
multifidelity optimization in presence of objective functions charac-
terized by oscillatory phenomena at different frequencies along the
domain. The high-fidelity ALOS functions are defined for one and two
dimensions [49], and extended to three dimensions as follows [25]:

𝑓 (2)(𝑥1) = sin [30(𝑥1 − 0.9)4] cos [2(𝑥1 − 0.9)] + (𝑥1 − 0.9)∕2 (36)

𝑓 (2)(𝑥1, 𝑥2) = 𝑓 (2)(𝑥1) + 2𝑥22 sin (𝑥1𝑥2) (37)

𝑓 (2)(𝑥1, 𝑥2, 𝑥3) = 𝑓 (2)(𝑥1, 𝑥2) + 3𝑥33 sin (𝑥1𝑥2𝑥3) (38)

The domain of the input is defined as the interval [0, 1]𝑑 where 𝑑 =
, 2, 3 is the dimensionality of the problem. The optimum is 𝑓 ∗ =
0.62489 located at 𝑥∗ = 0.2746 for 𝑑 = 1, 𝑓 ∗ = −0.56271 corresponding

o the input 𝑥∗ = [0,… , 0]𝑑 for 𝑑 = 2, 3. The low-fidelity ALOS functions
are derived through bridge functions:

𝑓 (1)(𝑥1) = (𝑓 (1)(𝑥1) − 1 + 𝑥1)∕(1 + 0.25𝑥1) (39)

𝑓 (1)(𝑥1, 𝑥2) = (𝑓 (1)(𝑥1, 𝑥2) − 2 + 𝑥1 + 𝑥2)∕(5 + 0.25𝑥1 + 0.5𝑥2) (40)

𝑓 (1)(𝑥1, 𝑥2, 𝑥3) = (𝑓 (1)(𝑥1, 𝑥2, 𝑥3) − 2+𝑥1 +𝑥2 +𝑥3)∕(5+ 0.25𝑥1 +0.5𝑥2 −0.75𝑥3)

(41)

4.1.5. Rosenbrock function
The Rosenbrock function [50] is a popular non-convex 𝑑-dimensi-

onal optimization benchmark problem defined in the interval 𝜒 =
[−2, 2]𝑑 as follows:

𝑓 (2)(𝒙) =
𝑑−1
∑

𝑖=1
100(𝒙𝑖+1 − 𝒙2𝑖 )

2 + (1 − 𝒙𝑖)2 (42)

The minimum of Eq. (42) is located at 𝑥∗ = [1,… , 1]𝑑 corresponding to
𝑓 ∗ = 0. We consider as the low fidelity level the linear mapping defined
as follows:

𝑓 (1)(𝒙) =
𝑑−1
∑

𝑖=1
50(𝒙𝑖+1 − 𝒙2𝑖 )

2 + (−2 − 𝒙𝑖)2 −
𝑑
∑

𝑖=1
0.5𝒙𝑖 (43)

n the experiments, we consider 𝑑 = 2, 5, 10 to investigate the per-
ormances of the algorithms as the dimension of the design space
8

ncreases. 𝑥
4.1.6. Paciorek function with noise
This multifidelity problem considers the Paciorek function [51] with

a noise term as the high-fidelity model, and uses a noisy low-fidelity
representation that permits to simulate real-world applications where
the measurements of the objective function are affected by noise [25].
The noisy high-fidelity Paciorek function is defined as:

𝑓 (2)(𝒙) = sin
(

1
𝒙1𝒙2

)

+ 𝑟𝑎𝑛𝑑.𝑛𝑜𝑟𝑚𝑎𝑙(0, 0.0125) (44)

where a uniformly distributed random noise parameter is included to
simulate the noise. Across the input domain 𝜒 = [0.3, 1]2 the optimum is
equal to 𝑓 ∗ = −1 and located in a belt of equal-minimum input points.
The noisy low-fidelity function is formulated as follows:

𝑓 (1)(𝒙) = 𝑓 (2)(𝒙) − 2.25 cos
(

1
𝒙1𝒙2

)

+ 𝑟𝑎𝑛𝑑.𝑛𝑜𝑟𝑚𝑎𝑙(0, 0.075) (45)

4.1.7. Mass spring system
This benchmark problem consists of a coupled mass spring system,

where two masses are connected by two springs. The system is charac-
terized by a friction-less dynamics along an horizontal plane, where
the masses are treated as point masses concentrated in their center
of gravity and the elastic force of the springs is modeled through the
Hooke’s law. Assuming that the system is connected to an ideal wall
through the first spring, its equations of motion are given by:

𝑚1𝑝̈1(𝑡) = −𝑘1𝑝1(𝑡) + 𝑘2[𝑝2(𝑡) − 𝑝1(𝑡)] (46a)

2𝑝̈2(𝑡) = −𝑘2[𝑝2(𝑡) − 𝑝1(𝑡)] − 𝑘1𝑝2(𝑡) (46b)

here 𝑚1, 𝑚2 are the masses, 𝑘1, 𝑘2 are the Hooke’s constants of the
prings and 𝑝1(𝑡), 𝑝2(𝑡) are the positions of the masses as a function
f time 𝑡. The fourth-order Runge–Kutta method is adopted to solve
he system of first-order ODEs (46), setting the time-step size 𝑑𝑡 =
.01 for the high-fidelity and 𝑑𝑡 = 0.6 for the low-fidelity analysis.
he optimization task consists of determining the input variable 𝒙 =
𝑚1, 𝑚2, 𝑘1, 𝑘2] that minimizes 𝑝1(𝑡 = 6) over the design space 𝜒 = [1, 4]4,
ith initial conditions of motion 𝑝1 = 1, 𝑝2 = 0, 𝑝̇1 = 𝑝̇2 = 0.

.1.8. Borehole function
The Borehole function models the water flow through a borehole.

e adopt the following multifidelity setting to compute the water flow
ate [52]:

(2)(𝒙) =
2𝜋𝑥3(𝑥4 − 𝑥6)

log(𝑥2∕𝑥1)
(

1 + 2𝑥7𝑥3
log(𝑥2∕𝑥1)𝑥21𝑥8

+ 𝑥3
𝑥5

) (47)

(1)(𝒙) =
5𝑥3(𝑥4 − 𝑥6)

log(𝑥2∕𝑥1)
(

1.5 + 2𝑥7𝑥3
log(𝑥2∕𝑥1)𝑥21𝑥8

+ 𝑥3
𝑥5

) (48)

here 𝑥1 ∈ [0.05, 0.15] is the radius of the borehole, 𝑥2 ∈ [100, 50000] is
he radius of influence, 𝑥3 ∈ [63070, 115600] is the transmissivity of up-
er aquifer, 𝑥4 ∈ [990, 1110] is the potentiometric head of lower aquifer,
∈ [63.1, 116] is the transmissivity of lower aquifer, 𝑥 ∈ [700, 820] is
5 6
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Fig. 5. Error of the minimum of the objective function obtained with the NM2-BO algorithm and compared to the baseline MFBO algorithms for the analytical benchmark problems.
the potentiometric head of lower aquifer, 𝑥7 ∈ [1120, 1680] is the length
of the borehole, and 𝑥8 ∈ [9855, 12045] is the hydraulic conductivity
of the borehole. The minimum of Eq. (47) is 𝑓 ∗ = 9.1884 𝑚3∕𝑦𝑟
corresponding to the design 𝑥∗ = [0.0504, 3584, 87130, 1007,
112.3, 813.2, 1.658, 9.858].

4.1.9. Results and discussion
In the following, the results are observed and discussed in terms of

difference error normalized in the input space:

𝛥𝑓 =
𝑓 (𝒙∗𝑖 ) − 𝑓 ∗

(49)
9

𝑓𝑚𝑎𝑥 − 𝑓 ∗
where 𝑓 (𝒙∗𝑖 ) is the best value of the objective function determined by
the algorithm at the 𝑖-th iteration, 𝑓 ∗ is the analytical solution of Eq. (1)
and 𝑓𝑚𝑎𝑥 = max𝒙∈𝜒 𝑓 (𝒙). The error 𝛥𝑓 is plotted as a function of the
computational Budget 𝐵 to compare the optimization results achieved
by the algorithms. To quantify and compensate the influence of the
random design of experiments, we carried out the tests by running 25
trials considering a random initialization for each benchmark problem,
and reported the result in terms of median values of the error together
with the values falling in the interval between the 25th and 75th
percentiles.

Fig. 5 summarizes the results we obtained from the experiments
discussed in Section 4.1. In all the benchmark problems, the Non-
Myopic Multifidelity Bayesian Optimization (NM2-BO) outperforms the
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baseline multifidelity Bayesian frameworks (MFEI-MFPI-MFMES) in
terms of the reduction of the error values, with a much smaller or
comparable computational cost.

Indeed, considering the optimization of the Forrester function
(Fig. 5(a)) with four levels of fidelity, our algorithm permits to deter-
mine the optimal solution with a significant reduction of the expended
budget if compared with the baseline MFBO algorithms. Also for the
case of the Jump Forrester problem (Fig. 5(b)), the NM2-BO algo-
rithm is capable to identify the optimum point with a fraction of the
maximum computational budget while the competing methods reduce
the error consuming more computational resources: MFPI requires
almost double the resource expenditure and both MFMES and MFEI
demand for more than three times the computational cost of NM2-BO
to converge.

A significant performance of our non-myopic framework can be
observed in the optimization of the Rastrigin function (Fig. 5(c)) consid-
ering three levels of fidelity. The step-like behavior of the error occurs
when the optimizer falls in a local minimum of the multimodal func-
tion, leading to a constant error until a new minimum is observed. This
behavior is emphasized for the myopic baseline MFBO algorithms while
is almost not appreciable for the NM2-BO: those outcomes suggest that
the lookahead property allows to handle objective functions with a
pronounced multimodal nature. A possible explanation for this finding
might be attributed to an efficient form of exploration, where the
observation of high-uncertainty regions of the input domain improves
future evaluations and leads to an effective exploitation towards the
optimum. This is in agreement with what observed by Ginsbourger
and LeRiche [18] for their non-myopic single-fidelity optimization
algorithm.

The results for the ALOS benchmark problem illustrate that the
NM2-BO achieves a significant acceleration of the optimization pro-
cedure if compared with the baseline MFBO frameworks for the one-
(Fig. 5(d)), two- (Fig. 5(e)) and three- (Fig. 5(f)) dimensional problems.
The performance of NM2-BO might be explained with the computation
of an accurate surrogate model thanks to the efficient exploration also
highlighted for the Rastrigin test case, that effectively guides the search
for the optimum in presence of objective functions with oscillatory
nature at different frequencies.

The experiments on the Rosenbrock function are conducted for
input spaces of various dimensionality (𝑑 = 2, 5, 10). For 𝑑 = 2
(Fig. 5(g)), the NM2-BO provides larger accelerations of the optimiza-
tion process, and identifies the optimum solution with a fraction of
the computational cost demanded by the baseline MFBO approaches.
As the dimension increases to 𝑑 = 5 (Fig. 5(h)), MFEI converges
to a sub-optimal solution while MFMES and MFPI achieve the exact
identification of the optimum with higher computational expenditure
if compared with our NM2-BO algorithm. At 𝑑 = 10 (Fig. 5(i)), the
algorithms are not capable to reach the optimum with the allocated
budget. This undesirable performance is due to the difficulties of the
GPs to accurately model high dimensional functions. After the initial
stages, the error decreases only with large computational expense for
both the non-myopic and the standard MFBO schemes. We observed
that the algorithms here mostly query the low-fidelity model to contain
the computational expense during a secondary exploration phase.

The outcomes for the Paciorek test case (Fig. 5(j)) shows that our
non-myopic algorithm outperforms the standard MFBO frameworks re-
ducing the error to zero with a fraction of the computational cost. These
results demonstrate that the lookahead strategy permits to improve
the performance of optimization even in the presence of noise in mea-
surements. In addition, the NM2-BO framework reaches the minimum
function value with a smaller cost than the competing standard MFBO
for both the optimization problem of the mass spring system (Fig. 5(k))
and of the Borehole function (Fig. 5(l)), consistently with the results
10

obtained for the other benchmark functions.
The results achieved for all the benchmark problems reveal that the
non-myopic multifidelity strategy leads to overall better performance
and accelerations with respect to the standard multifidelity settings. In
addition, the outcomes demonstrate the capability of NM2-BO to effi-
ciently explore the input space with contained computational expense
and take advantage from the acquired information to locally exploit
towards the optimum.

4.2. Airfoil shape optimization problem

The airfoil shape optimization task aims at computing the optimized
geometrical shape that minimizes the drag coefficient 𝐶𝑑 of a RAE 2822
airfoil, subject to maintaining a constant lift coefficient 𝐶𝑙. Additional
constraints include the pitching moment 𝐶𝑚, the flight conditions, and
the geometry of the airfoil. The shape of the RAE 2822 is modified
through the open-source code WG2AER developed by Quagliarella
and Diez [26], where the initial geometry of the airfoil is linearly
combined with the shape modification functions through the weights
𝒘. Specifically, we use the six shape modification polynomial functions
and assign the weights 𝒘 = [𝑤1,… , 𝑤6] at each function to modify
the shape of the RAE 2822 airfoil. The design optimization problem is
formulated as follows:

min
𝒙∈𝜒

𝐶𝑑 (𝒙)

𝒙 =
[

𝑤1,… , 𝑤6
]

(50a)

𝑠.𝑡. 𝐶𝑙 = 0.824 (50b)

− 0.1 ≤ 𝐶𝑚 ≤ −0.01 (50c)

𝑀 = 0.734 (50d)

ℎ = 10 000 m (50e)

𝑡∕𝑐 = 0.1211 (50f)

𝑟 ≥ 0.007𝑐 (50g)

𝜏 ≥ 5◦ (50h)

𝑡85∕𝑐 ≥ 0.02 (50i)

𝜒 = [−1, 1]6 (50j)

where 𝑀 is the flight Mach number and ℎ is the flight altitude, 𝑡
represents the thickness of the airfoil, 𝑐 is the chord, 𝜏 is the trailing
edge angle, and 𝑡85 is the thickness of the airfoil at the 85% of the
chord. The search for the optimal airfoil shape aims at identifying the
combination of design variables, namely the weights of the shape mod-
ification functions 𝒘, that minimizes the drag coefficient 𝐶𝑑 (𝒙) over the
design space 𝜒 defined by the move limits for the weights 𝐼𝑤 = [−1, 1]6.
The constraint on the lift coefficient is satisfied considering the angle
of attack 𝛼 as a free parameter in the CFD simulations and the con-
straint on the maximum thickness is automatically satisfied scaling the
airfoil after the geometry modifications. The remaining constraints are
considered formalizing the corresponding unconstrained optimization
problem through the quadratic penalty functions as follows:

min
𝒙∈𝜒

𝐶𝑑 + 𝑐1𝑔
+(𝐶𝑚,−0.1) + 𝑐1𝑔

−(𝐶𝑚,−0.01)+

𝑐2𝑔
+(𝑡∕𝑐, 0.007) + 𝑐3𝑔

+(𝜏, 5◦)+𝑐4𝑔+(𝑡85∕𝑐, 0.02)
(51)

where 𝑔+ and 𝑔− are the quadratic penalty functions [26], and 𝑐1 =
1000, 𝑐2 = 5000, 𝑐3 = 10, and 𝑐4 = 30.

The flow-field modeling consists of two levels of fidelity that are as-
sembled using an open-source computational tool for the aerodynamic
analysis [26]. Both the aerodynamic models take in input the airfoil
geometry modified through the assignment of the weights 𝒘 together
with the flight altitude ℎ, the Reynolds number 𝑅𝑒 and the free-stream
Mach number 𝑀 , and return the drag coefficient 𝐶𝑑 , lift coefficient 𝐶𝑙,
and the pitching moment coefficient 𝐶𝑚. We assume the flow-field in a

fully turbulent condition and model the aerodynamic domain through
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Fig. 6. (a) High-fidelity discretization of the computational domain with 90000 elements, and (b) high-fidelity pressure coefficient contours for the unmodified RAE-2822 airfoil.
Fig. 7. (a) Low-fidelity discretization of the computational domain with 30000 elements, and (b) low-fidelity pressure coefficient contours for the unmodified RAE-2822 airfoil.
the Reynolds Averaged Navier–Stokes (RANS) equations. The software
numerically solves the RANS equations using a finite volume method,
with an automatic procedure to generate a specific mesh for each
modified shape of the RAE 2822.

We determine the level of fidelity of the aerodynamic simulation
by modifying the element scale factor 𝐸𝑆 that defines the density
of the computational mesh, where the lower the element scale the
more refined is the discretization of the flow-field. For the optimization
problem in Eq. (50), two levels of fidelity are considered for the
aerodynamic modeling: we set 𝐸𝑆 = 2.5 for the high-fidelity model
corresponding to a grid of about 90000 cells, and 𝐸𝑆 = 12 for the
low-fidelity model with about 30000 cells. On average, the high-fidelity
model requires 35 minutes of computational time using a laptop PC
equipped with Intel Core i7-6700HQ (2.6 GHz) and 32 GB of RAM,
while the low-fidelity model reduces the evaluation cost of the 58%
requiring 15 minutes. Fig. 6 illustrates the high-fidelity computational
grid (Fig. 6(a)) and the corresponding distribution of the pressure coef-
ficient (Fig. 6(b)) computed with the high-fidelity aerodynamic model,
while Fig. 7 provides details about the low-fidelity mesh (Fig. 7(a))
and correlated distributions of the pressure coefficient (Fig. 7(b)) in
output from the low-fidelity aerodynamic model; all those outcomes
are obtained considering the unmodified RAE-2822 airfoil. The flow
solver leverages for all the levels of fidelity the finite-volume code
SU2 v6.2.0 to compute numerical solutions of the RANS equation
using the Spalart–Allmaras turbolence model, a II order monotone
upstream-centered scheme and an adaptive CFL number [53]. We
require computational residuals minor than 10−6 as the convergence
criteria, with a fixed maximum number of iterations of 20000. The
computational grid is generated through the GMSH software v4 where
an automated procedure allows to determine an hybrid grid of triangles
and quadrangles elements, balancing the accuracy and efficiency of the
CFD computation with the robustness of the grid generation when the
airfoil geometry is modified [54].
11
4.2.1. Results and discussion
To discuss the performance obtained for the aerodynamic con-

strained shape optimization of the RAE 2822 airfoil, we evaluate the
results in terms of:

𝐶∗
𝑑 = min(𝐶𝑑 (𝒙)) (52)

The minimum drag coefficient 𝐶∗
𝑑 provides a measure of the im-

provement of the design solution that allows to assess the effectiveness
of the optimal shape configuration identified by the competing meth-
ods. We consider a statistics over 25 experiments starting from different
initial samples determined through a Latin hypercube design of experi-
ments [46]. This allows to quantify and compensate the influence of the
random initial sampling process in the assessment of the performance
of the competing algorithms. In particular, the multifidelity searches
are initialized with 30 initial design configurations, of which 𝑛(1)0 = 25
samples are observed with the low-fidelity aerodynamic model and
𝑛(2)0 = 5 are computed with the high-fidelity aerodynamic model.

Fig. 8 illustrates the values of the minimum drag coefficient 𝐶∗
𝑑 as

a function of the computational budget 𝐵 to compare the optimiza-
tion outcomes achieved by the competing algorithms. The results are
reported in terms of median values of the minimum drag coefficient
together with the associated statistics in between the 25th and 75th
percentiles. At the beginning of the optimization procedure, all the
starting samples score worse than the baseline solution (𝐶∗

𝑑 >0.020475)
and the algorithms progressively improve the design solution through
the evaluation of the physics-based models. We can observe that the
competing methods are capable to achieve design solutions superior to
the baseline unmodified RAE 2822 airfoil. However, our non-myopic
multifidelity strategy permits to identify superior design solutions if
compared with baseline MFBO algorithms, providing larger reduction
of the drag coefficient with a fraction of the computational cost.

Specific median values that characterize the distribution of the
multifidelity experiments at 𝐵 = 15, 25, 50 and 100 are reported

in Table 2. In particular, the NM2-BO algorithm achieves a median
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Fig. 8. Minimum drag coefficient 𝐶∗
𝑑 obtained with the NM2-BO algorithm and the

baseline MFBO algorithms.

Table 2
Comparison between NM2-BO and standard MFBO algorithms median values of the
minimum drag coefficient 𝐶∗

𝑑 .

𝐵 𝐶∗
𝑑 MFEI 𝐶∗

𝑑 MFPI 𝐶∗
𝑑 MFMES 𝐶∗

𝑑 NM2-BO

15 0.02062 0.02064 0.02065 0.01925
25 0.02062 0.02036 0.02001 0.01872
50 0.01895 0.01917 0.01993 0.01727
100 0.01875 0.01876 0.01825 0.01727

Table 3
Comparison between the best design solutions evaluated with the NM2-BO and the
standard MFBO algorithms.

Method 𝑤1 𝑤2 𝑤3 𝑤4 𝑤5 𝑤6

NM2-BO −0.9875 0.9755 −0.1987 0.3927 0.8424 −0.9451
MFEI −0.3785 −0.1015 −0.4479 0.3031 0.2993 −0.4426
MFPI −0.4580 0.4574 0.2391 0.4266 0.4096 −0.2365
MFMES −0.4752 0.4857 0.2124 −0.1824 0.3324 −0.1692

value of the drag coefficient equal to 𝐶∗
𝑑 = 0.01872 for 𝐵 = 25 which

corresponds to a design improvement of the 8.6% if compared with
the baseline solution, and converges to an optimal median value of
𝐶∗
𝑑 = 0.01727 with a design upgrade of the 15.7% consuming a budget

of just 𝐵 = 32.7. The second best performing algorithm is the MFMES,
which scores 𝐶∗

𝑑 = 0.01825 and provides a design improvement of the
10.9% with respect to the baseline airfoil adopting a computational
budget 𝐵 = 93.6 approximately three times larger than NM2-BO.

Table 3 provides details about the best design solutions identified
by the optimization algorithms. Our NM2-BO framework identifies an
optimal design configuration that permits to achieve a drag coefficient
of 𝐶∗

𝑑 = 0.01723 which corresponds to an upgrade of the 15.9% with
respect to the baseline solution. These outcomes suggest that our NM2-
BO algorithm is capable to capitalize the two-step ahead informative
gains quantified through our original acquisition function (Section 3.2),
enhancing the wise selection of the aerodynamic model to query while
balancing computational cost and effectiveness of the design solution.

Fig. 9 illustrates the best optimal airfoil geometries obtained with
the competing algorithms compared with the baseline RAE2822 airfoil,
and the related distributions of the pressure coefficient. In particular,
the optimal airfoil computed with our non-myopic algorithm allows to
efficiently expand the flow at the upper surface leading edge while
reducing the intensity of the shock waves that occur at transonic
speed; indeed, the corresponding distribution of the pressure coefficient
(Fig. 9(e)) shows that the shock wave on the upper surface is reduced
in intensity, and the supersonic bubble evolves with an almost constant
pressure plateau. These outcomes are achieved through the reduction of
the adverse pressure gradient which results in the substantial decrease
of the drag coefficient.
12
5. Conclusions

This paper presented a Non-Myopic Multifidelity Bayesian Opti-
mization framework (NM2-BO) to accelerate the optimization of ex-
pensive objective functions using multiple representations at different
levels of fidelity and evaluating costs. This is achieved by measuring
the informative gains acquired from future steps of the optimization
procedure through a sampling scheme based on an original two-step
lookahead multifidelity acquisition function. Our approach can handle
an unlimited finite number of fidelity levels, ensuring its applicability
to a variety of real-world optimization problems. We demonstrate the
performances of our NM2-BO algorithm against standard multifidelity
Bayesian frameworks on a large set of benchmark optimization prob-
lems. These analytical experiments have revealed that the proposed
non-myopic multifidelity scheme is capable to outperform the standard
algorithms leading to a superior solution of the optimization proce-
dure with a fraction of the computational cost, investigating over a
variety of mathematical properties that are frequently encountered in
real-world applications in science and engineering – such as non lin-
earity, multimodality, oscillatory nature, non-convexity and presence
of noise. In addition, we demonstrated our approach for the physics-
based aerodynamic optimization problem of a RAE-2822 airfoil subject
to aerodynamic and geometric constraints. The NM2-BO permits to
improve the aerodynamic design of the 15.7% requiring a 65% lower
computational cost if compared with the best performing standard
algorithm, which achieved a design improvement of the 10.9%. Across
all the demonstration campaign, the non-myopic multifidelity scheme
allows to effectively capitalize from the use of limited high-fidelity
information to identify improved optimal solutions, while targeting a
trade-off between computational cost and future information gains as
prescribed by our two-step lookahead multifidelity acquisition function.
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