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Abstract

Non-Gaussianity plays an important role in quantum information theory and testing outstand-

ing foundational problems. Cavity quantum optomechanics provides a promising experimental

platform for quantum science and technology. An outstanding challenge is the generation and

verification of a two-mode Schrödinger-cat state in the displacement of two mechanical oscilla-

tors. We introduce a protocol to create this state and verify its non-Gaussian entanglement.

These entangled states may find exciting applications including fault-tolerant quantum com-

putation, and quantum metrology.

To verify the presence of entanglement, inseparability criteria are explored. The second por-

tion of research builds on this theme: we examine the broader question of choosing appropriate

inseparability criteria for arbitrary non-Gaussian states — a typically challenging problem as

higher-order moments are required. Focusing on inseparability criteria derived from the prop-

erty that separable states have a positive partial transpose, we present a statistical framework

to quantify the error and consequently the success of such tests. To demonstrate the scope of

this method, we identify experimentally-amenable criteria which are tailored towards verifying

entanglement in two specific non-Gaussian states; one mechanical and one optical. We also

study an optical scheme to measure the relevant bipartite statistical moments needed to assess

these criteria.

Thirdly, we explore whether the displacemon device (an electromechanical device consisting of a

vibrating nanobeam coupled to a superconducting qubit) can be used to test objective collapse

models which have been offered as possible resolutions to the measurement problem and the

quantum-to-classical transition. We study two prominent examples of collapse models: Contin-

uous Spontaneous Localization (CSL), and Diosi-Penrose (DP). To investigate these models, a

protocol involving qubit manipulations is developed to both generate mechanical non-Gaussian

states and probe the subsequent decoherence. We study the experimental requirements neces-

sary to isolate CSL and DP collapse over conventional decoherence.
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Thesis summary

In classical physics, a particle can exist in a well-defined state. We can precisely specify all the

attributes needed to deterministically recreate it; for example, its position, momentum, energy,

spin, and so on. In contrast, a quantum mechanical particle, or more generally a quantum

system can exist in a superposition of observable outcomes. This superposition principle gives

rise to distinctly quantum phenomena. For example, a massive object existing in a superposition

exhibits wave-like properties with testable signatures such as a diffraction pattern when passed

through a double-slit. When a measurement is performed on the system, the detector registers

only one of many permitted outcomes. This outcome is randomly selected from a probability

distribution which depends on both the state of the system and the measurement device or

setting used.

A natural question arises when considering particles in a superposition: how many particles can

exist in a coherent superposition? This question has resided at the heart of quantum mechanics

since its inception in the early 20th century. Schrödinger’s famous thought experiment envisions

an extreme version of the superposition principle in which a cat, composed of around 200

septillion atoms 1, is prepared in a superposition of being ‘alive’ and ‘dead’ simultaneously in

an unopened box. In continuous variable quantum mechanics, the cat’s fate is closely akin to

an optical, or mechanical, harmonic oscillator in a superposition of two coherent states, giving

the canonical even (+) and odd (−) Schrödinger-cat states

|ψ⟩± ∝ |α⟩ ± |−α⟩ . (1)

We will explore the mathematics of this in subsequent chapters however here it is sufficient to

associate the component |α⟩ with the ‘alive’ state while |−α⟩ is the ‘dead’ state. Such a state

can be realised in optical systems comprised of many photons [1, 2] and can be used to encode

quantum information in a manner which is resilient to errors induced by photon losses [3].

In mechanical systems the generation of macroscopic cat states, consisting of billions of atoms

in a spatial superposition, is an exciting challenge. The motivation to study these non-Gaussian

states is fueled in part by their promising quantum information and sensing applications. The

1Assuming our (un)lucky cat weighs 4 kg and is composed entirely of carbon atoms, a quick calculation
yields 2× 1026 atoms.
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desire to explore the classical-to-quantum boundary also motivates the study of such states.

Although there can be many particles in a cat state, we describe the system in terms of a single

degree of freedom, for example the centre of mass position of the bulk object. Such states can

be used to test our conventional understanding of decoherence [4] and, if any deviation from

standard quantum theory is detected, determine whether or not it can be ascribed to other

phenomena such as gravity. If the system in superposition is of sufficiently large mass, the

interplay between gravity and quantum mechanics cannot be neglected [5]. Consequently, the

field of cavity quantum optomechanics is well-placed to investigate these fundamental questions

with numerous exciting proposals striving to realise a macroscopic cat-state in a mechanical

system [6, 7].

So far we have only considered a superposition of a single degree of freedom in a (potentially

multi-atom) system. Things become more complicated when our system possesses multiple

degrees of freedom, which could be associated to the system as a whole or individual subsystems.

When applied to systems with multiple degrees of freedom, the superposition principle leads

to the phenomenon of entanglement. An entangled system cannot be described in terms of

its individual subsystems 2 and can only be described as a whole. Hence, entangled states are

often dubbed inseparable. Bell showed that entangled systems can exhibit stronger correlations

than are permitted with classical (local hidden variable) theories of physics [8]. One can show

that if a Bell-CHSH inequality is violated we can conclude that a state is entangled [9, 10].

However, proving that any entangled state violates a Bell-type inequality is an open research

question with important implications for our interpretation of quantum mechanics [11, 12, 13].

The violation of Bell-type inequalities is not the only way to test for entanglement which can

also be detected via operational criteria. Such entanglement (or inseparability) criteria are a

recurring theme and focus of this thesis.

Entangled states show up in nature, usually with a small number of particles. However, entan-

gling degrees of freedom of microscopic states, comprised of thousands or millions of particles,

is much more challenging. Decoherence caused by coupling to a noisy environment makes these

states short-lived; nevertheless, the decoherence itself is of great interest. Thus, the generation

of macroscopic entangled states is hugely intersting due to their potential to probe the quantum-

to-classical boundary. Beyond resolving such foundational questions, quantum entanglement is

2While we use the term subsystem here, which usually refers to a constituent object/particle within a
multipartite system, the same description can be used for a single object with many degrees of freedom.
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a key resource for surpassing some of the limitations set by classical physics. It has widespread

applications, including sensing [14, 15], and quantum communications; for example, quantum

key distribution [16], computing [17, 18], networking [19, 20].

This thesis is structured in two parts; in Part I we introduce all the relevant literature and

background theory required to follow the results presented in Part II. These results constitute

the majority of work completed as part of my PhD research. The focus of this research falls

into three principle strands which share common themes.

The first strand of research examines a proposal to generate and verify entanglement in the

degrees of freedom of two mechanical oscillators. Specifically, we study a scheme to generate

the two-mode version of the Schrödinger-cat state given in Eq. (1); for an introduction to these

quantum states see Chapter 1. Our scheme uses cavity quantum optomechanics, specifically

exploiting nonlinear optomechanics, to achieve this non-Gaussian entangled state. The physics

of optomechanics is outlined in Chapter 2; here we emphasise that cavity quantum optome-

chanics is an exciting platform in quantum science and technology with applications ranging

from quantum-information processing to tests of the foundations of physics. In Chapter 5 we

outline and examine our protocol which focuses on the outstanding challenge in optomechanics

of observing a canonical two-mode Schrödinger-cat state in the displacement of two mechanical

oscillators. Briefly, our scheme uses pulsed light in order to exploit the nonlinearity of the

radiation-pressure interaction combined with photon-counting measurements in order to gen-

erate this entangled non-Gaussian mechanical state. Importantly, we also describe a protocol

using subsequent pulsed interactions to verify the non-Gaussian entanglement generated. Our

pulsed verification protocol allows quadrature moments of the two mechanical oscillators to be

measured up to any finite order. These statistical moments can be used to detect bipartite

entanglement using entanglement criteria. We specifically examine two entanglement criteria

and assess the feasibility of experimentally evaluating them. More broadly, our verification pro-

tocol provides a tool-set for the experimental characterisation of bipartite mechanical quantum

states and furthermore allows for a broad range of inseparability criteria to be evaluated.

Choosing a suitable entanglement criterion for a non-Gaussian entangled state can be a formidable

task. The body of work outlined in Chapter 5 uses two entanglement criteria, one of which

is frequently-cited in the context of two-mode cat states. Using this criterion is sufficient for

the aforementioned protocol since we wished to demonstrate that our verification scheme of
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measuring moments could feasibly detect entanglement. Indeed, one of the strengths of our

verification protocol is that arbitrary moments can be measured. Thus, using the same experi-

mental set-up, we have access to a plethora of entanglement criteria which are also constructed

using moments. This naturally leads to the second strand of my research which was motivated

by the desire to thoroughly examine if there exist suitable entanglement criteria (based on

moments) which are more closely-tailored to our specific two-mode Schrödinger-cat state, or,

more broadly, other non-Gaussian entangled states.

Central to the entanglement criteria which we examine in this thesis is the requirement for a

separable quantum state to possess a positive partial transpose. The violation of this condition

indicates entanglement and can be translated to a number of experimentally amenable tests.

The infinite hierarchy of negative partial transpose (NPT) inequalities introduced by Vogel

and Shchukin gives us a necessary and sufficient criterion to test this positivity [21]. The

theoretical methods of this approach are outlined in Chapter 3. However, the interplay between

experimental factors and feasibility must also be considered when choosing such a condition.

In Chapter 6, we provide a method of error propagation which can be used to evaluate the

feasibility of an NPT criterion for an arbitrary bipartite state. This feasibility is quantified

through hypothesis testing and uses techniques from classical statistics in order to model the

sampling error; these methods are discussed in Chapter 4. We carefully consider coupling to the

environment through a beam-splitter model, and also estimate the number of measurements

required to unambiguously verify entanglement. We use this statistical framework to identify

simple NPT criteria which are experimentally-viable for identifying entanglement in both two-

mode Schrödinger-cat states, and photon-subtracted two-mode squeezed states. Moreover, the

scope of the statistical framework is not limited to these two states alone. Therefore, this work

builds on Chapter 5, specifically, how to choose a suitable NPT entanglement criterion for a

non-Gaussian entangled state.

As has been emphasised, the moments of a bipartite quantum state are important in charac-

terising its entanglement; therefore, it is crucial that schemes to measure such moments are

feasible. While in Chapter 5 we outline a method for measuring arbitrary mechanical moments

using a sequence of pulsed verification pulses, more generally it is also important to be able to

measure arbitrary moments of a two-mode light state (which perhaps has information pertain-

ing to a mechanical state encoded in its modes). In the latter half of Chapter 6 we examine
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a proposal to measure such two-mode moments of light composed of two spatially separated

modes. This borrows some key mathematical steps from the verification scheme of Chapter 5,

and hinges on homodyne detection to iteratively obtain any moment.

Finally, the third portion of this thesis is dedicated to an electromechanical protocol which

probes for wavefunction collapse by generating a single-mode non-Gaussian state encoded in

the displacement of a mechanical resonator. Proposals such as this aim to test the limits of the

applicability of quantum mechanics and deepen our understanding of the universe. Successful

experiments may shed light on the interplay between quantum mechanics and gravity.

The question of how or even whether wavefunctions collapse is often termed the measure-

ment problem. This, together with the precise nature of the quantum-to-classical interface,

are fascinating and highly-debated foundational topics in quantum mechanics. Objective col-

lapse models have been offered as a possible solution to these unsolved questions and have

gained wide interest in the community as, crucially, they can be tested with experiments. Two

prominent examples of collapse models are continuous spontaneous localization (CSL) and the

Diósi-Penrose (DP) collapse theory. In CSL theory the Schrödinger equation is supplemented

with a nonlinear and stochastic diffusion process which localizes the wavefunction even in the

absence of a measurement. The larger the system, the stronger the collapse, thus explaining the

emergence of classical phenomena when the system’s mass increases. In the DP collapse model,

wavefunction collapse is specifically attributed to gravity. Penrose has argued that this collapse

manifests as a result of the mismatch in the spacetimes of particles in spatial superpositions

and the incompatibility of general relativity and quantum mechanics.

Tests of objective collapse models aim to detect deviations from standard quantum theory,

often through sensing additional sources of heating, which are predicted by collapse models.

Numerous exciting proposals and experiments have been produced exploiting a large range of

physical platforms including but not limited to optomechanics, superconducting devices, and

ultracold atoms. Additionally, many exciting matter-wave interferometric experiments have

been designed and proposed to detect unconventional decoherence mechanisms in quantum

superposition states.

The “displacemon” is a proposed electromechanical device consisting of a mechanical resonator

flux-coupled to a superconducting qubit enabling generation and readout of mechanical quan-

tum states. The design features and Hamiltonian of the displacemon device are introduced
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in Chapter 2. In the original displacemon proposal [22] the mechanical resonator was a car-

bon nanotube, containing 106 nucleons. In Chapter 7 we directly build on this work with

the specific intention of probing quantum mechanics at a more macroscopic scale. We thus

propose using an aluminium mechanical resonator on two larger mass scales, one inspired by

the Marshall-Simon-Penrose-Bouwmeester moving-mirror proposal, and one set by the Planck

mass. For such a device, we examine the experimental requirements needed to perform a more

macroscopic quantum test and thus feasibly detect the decoherence effects predicted by both

CSL and DP collapse models. Our protocol for testing these two theories takes advantage of

the displacemon architecture to create non-Gaussian mechanical states out of equilibrium with

their environment and then analyze the measurement statistics of a superconducting qubit to

determine the timescale over which the mechanical state completely decoheres.
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Chapter 1

Concepts and tools

In this chapter we outline some physical principles and mathematical tools that will be utilized

in later chapters of this thesis. Following a brief review of some basic concepts and tools of

quantum mechanics, we describe the field of Gaussianity in quantum mechanics in order to

formally define what is meant by a non-Gaussian state, and discuss the motivation behind

studying non-Gaussian entanglement. Finally, we present two specific non-Gaussian entangled

states which will be used extensively in Part II of the thesis.

1.1 Mathematical formalism

To describe a pure quantum state we introduce the quantum state vector |ψ⟩ which contains

all knowledge about the system, for the degrees of freedom of interest. From the superposition

principle, this vector can be represented as a linear combination of orthogonal basis vectors

|ψi⟩ in a Hilbert space

|ψ⟩ =
∑
i

ci |ψi⟩ , (1.1)

where ci are complex coefficients. We should not infer from this vector that a our state is in

one of states |ψi⟩ and that knowledge of the precise state is obscured. Instead, the state is in a

coherent superposition which is distinct from the notion of a classical distribution of component

2
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states. This coherence manifests in distinctly quantum phenomena such as interference effects

or the notion of a projective measurement.

It is usually convenient to use the density matrix which, for the pure state |ψ⟩, is defined as

ρ ≡ |ψ⟩⟨ψ| . (1.2)

Using Eq. (1.1), the density matrix in this particular basis {|ψi⟩} can be written as

ρ =
∑
ij

cic
∗
j |ψi⟩⟨ψj| , (1.3)

where the terms i ̸= j are usually referred to as interference, or off-diagonal, terms. A further

crucial tool is the trace operation which acts in the following way on some quantum operator

Â

Tr
[
Â
]
≡
∑
i

⟨ϕi| Â |ϕi⟩ , (1.4)

where {|ϕi⟩} form an orthonormal basis of the Hilbert space of the system. While density

matrices are themselves operators, we will denote them without the hat for simplicity. The

trace operation is basis independent and thus we are not constrained to a particular choice of

basis vectors. The trace operation has a physical interpretation when we consider Â = ρÔ,

where Ô is a Hermitian operator representing an observable that is measured on the system.

Decomposing Ô into its orthonormal eigenstates Ô =
∑

i oi |oi⟩⟨oi|, where oi are its eigenvalues,

we can evaluate the trace in this eigenbasis

Tr
[
ρÔ
]

=
∑
ij

oi ⟨oj| ρ |oi⟩ ⟨oi|oj⟩

=
∑
i

oi ⟨oi| ρ |oi⟩

=
∑
i

oiP (oi) = ⟨Ô⟩ .

(1.5)

From Born’s rule 1 we can identify ⟨oi| ρ |oi⟩ as the probability of measuring the outcome oi.

1This key axiom of quantum mechanics states that for a pure state |ψ⟩ the Born probability of the outcome oi
is simply | ⟨oi|ψ⟩ |2 assuming the states |oi⟩ with eigenvalues oi are the only possible outcomes of an experiment.
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Therefore, we see that Tr
[
ρÔ
]

gives the expectation value of the observable Ô. This expectation

is the average over all possible outcomes oi of this measurement weighted by their probabilities

P (oi).

Density matrices are particularly powerful tools for describing mixed states. Mixed states can be

understood as classical ensembles of different pure quantum states. This could be as the result

of probabilistic state preparation, either by design or as a result of experimental imperfections,

or through interactions with a system’s environment of which we have insufficient knowledge

for a joint pure state description. This is distinct from a coherent superposition of pure states

in that while for any pure state there exists a measurement with a deterministic outcome; this

is not true for a mixed state whose measurement outcomes are fundamentally probabilistic. A

typical example of a mixed state is a thermal state, the quantum description of a system in

thermal equilibrium, as described by the Bose-Einstein distribution.

Suppose we have an experimental set-up which prepares the state |ψi⟩ with probability pi (each

|ψi⟩ may be a superposition state in a given basis). The density matrix describing this scenario

is written as

ρ =
∑
i

pi |ψi⟩⟨ψi| , (1.6)

where 0 ≤ pi ≤ 1 and
∑

i pi = 1. We see that the mixed-state density matrix is a convex

combination of pure-state density matrices. If pj = 1 (so that all other pi = 0) we recover the

pure state density matrix |ψj⟩⟨ψj|, showing that the pure-state description is fully encompassed

by the density matrix formalism. The trace operation defined in Eq. (1.5) is also valid for

mixed-state density matrices. Density matrices describing both pure and mixed states obey

the following normalization condition

Tr[ρ] = 1 . (1.7)

From the definition in Eq. (1.2), we see that a pure-state density matrix is simply the projection

operator of the pure state. From this it follows that ρ2 = ρ. This property is not shared with

mixed states. We can define measures of mixedness which quantify the observer’s uncertainty
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about which pure state a system is in. One example is the purity of a quantum state, defined

as Tr[ρ2]. Unsurprisingly, a pure state has purity equal to 1, while the purity of a mixed state

can range between 1/N ≤ Tr[ρ2] ≤ 1, where N is dimension of the system in question.

We introduce an additional measure of purity, namely, the von Neumann entropy. This measure

is an extension of the notion of entropy in classical statistical mechanics and is defined as

S(ρ) ≡ −Tr[ρlog2ρ] =
∑
i

λilog2λi , (1.8)

where λi are the eigenvalues of ρ. Note that the logarithm is taken to base 2 in accordance with

the convention that entropy is measured in bits [23]. It follows that a pure state has S(ρ) = 0,

while for a maximally mixed sate we have S(ρ) = log2(N).

Bipartite states

So far we have treated the state vector |ψ⟩ completely generally. However, it is often important

to divide our total system into two (or more) subystems. For example, in order to describe the

phenomenon of quantum entanglement we must consider correlations between two subystems.

We now we consider a bipartite state describing two composite subsystems A and B, each with

its own degree(s) of freedom. Such a state is described by vectors in the Hilbert vector space

HAB = HA⊗HB. For now, we will consider only discrete-variable systems but in Section 1.2 we

will extend these notions to systems with continuous variables. A state vector of the composite

system is now written as,

|ψ⟩ =
∑
ij

cij(|ai⟩ ⊗ |bj⟩) , (1.9)

where {|ai⟩} ∈ HA and {|bj⟩} ∈ HB. Often the tensor product is dropped to keep notation

more succinct. We can express the density matrix of the pure state |ψ⟩ as

ρ =
∑
ijkl

cijc
∗
kl |ai⟩⟨ak| ⊗ |bj⟩⟨bl| . (1.10)
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We now arrive at another powerful tool which is integral in understanding quantum entangle-

ment: the partial trace. The physical motivation which underpins this mathematical operation

is to describe everything that can be learnt about the composite system if we only take mea-

surements on, say, system A and make no observations of B. This scenario is described by the

reduced density matrix of subsystem A

ρA = TrB[ρ] , (1.11)

where the trace operation is performed using only an orthonormal basis in the Hilbert space

HB. This is often referred to as “tracing out B”.

Entangled bipartite states

Having introduced the concept of a bipartite pure state, it is now natural to consider entan-

glement. If it is possible to express the state vector of a bipartite state as a tensor product

|ψ⟩ = |a⟩ ⊗ |b⟩, then this state is said to be separable. If it is not possible, then it is said to be

entangled. The partial trace of a separable state can then be calculated as

ρA = TrB
[
|a⟩⟨a| ⊗ |b⟩⟨b|

]
= |a⟩⟨a| , (1.12)

which is itself a pure state. Using the definition of the von Neumann entropy in Eq. (1.8), it

follows that S(ρA) = 0. Therefore, the von Neumann entropy of the reduced state is non-zero

S(ρA) ̸= 0 only if the state is entangled. The von Neumann entropy of entanglement thus

provides a proper measure of entanglement and is defined as

S(ρA) = Tr[ρAlog2ρA] = Tr[ρBlog2ρB] = S(ρB) . (1.13)

For mixed states, a state is said to be separable if it can be written, in some basis, as

ρ =
∑
k

pkρ
k
A ⊗ ρkB , (1.14)
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where
∑

k ρk = 1, and {ρkA} and {ρkB} are pure ensembles of each subsystem. This formulation is

valid also for continuous variable systems and Eq.(1.14) will be used extensively in this Thesis.

Here, we note the important caveat that the von Neumann entropy of entanglement is no longer

a valid measure of entanglement for mixed states. This will be discussed further in Section 1.2.

Quantum measurements

We now introduce a description for the act of taking a quantum measurement. Any quantum

measurement is characterised by a ‘positive operator valued measurement’ (POVM). A POVM

is a set of positive semi-definite matrices {Mi} which describe the outcomes of the measurement

that together obey the following constraint

∑
m

M̂m = 1̂ . (1.15)

The values {m} corresponds to the different outcomes of the measurement. If the state is

initially prepared in state ρ, then the probability of obtaining the outcome m is

P (m) = Tr
[
M̂mρ

]
, (1.16)

where P (m) ≥ 0 and
∑

m P (m) = 1 are satisfied. Since M̂m is a positive semi-definite matrix

it can be decomposed in the form

M̂m = K̂†
mK̂m , (1.17)

where {K̂m} are sometimes referred to as Kraus operators. This decomposition is not unique

since K̂ ′
m = V̂ K̂m, where V̂ †V̂ = 1̂, also gives the same M̂m. However, the choice of K̂m

corresponds to the physical implementation of the measurement and so determines the post-

measurement state.

Following a measurement where the outcome m is obtained, the state conditioned on this

outcome is

ρm =
K̂mρK̂

†
m

Tr
[
K̂†

mK̂mρ
] . (1.18)
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We can identify the denominator as P (m) which renormalizes the state following the non-

unitary action of a measurement.. This denominator is referred to as the heralding probability

by which ρm is obtained.

We can condition on such a state by performing the POVM described and keeping only outcomes

where m is obtained. This post-selection can be generalized to some filtering map where we keep

a set of measurement outcomes {m} and discard the rest. Since, in general, this state is only

obtained probabilistically, such a post-selection process is referred to as ‘non-deterministic’.

This filtering map is nonlinear in ρ and its nonlinearity will be exploited in Chapter 5 to create

a non-Gaussian bipartite quantum state.

In contrast, deterministic processes are described by quantum maps which are completely pos-

itive (CP). CP-maps which act on the density matrix Φ(ρ) can be described using the Kraus

operator formalism

Φ(ρ) =
∑
m

K̂mρK̂
†
m , (1.19)

where, like for a POVM,
∑

m K̂
†
mK̂m = 1 and K̂†

mK̂m ≥ 0. One of the most well-known CP-

maps is obtained by considering a POVM with a single Kraus operator given by a unitary

operator Û . The condition
∑

µ K̂
†
µK̂µ = 1 is automatically satisfied since Û †Û = 1̂. Therefore,

all unitary evolution described by evolving a Hamiltonian in a closed-system Û = e−iĤt is

in fact a CP-map and is thus deterministic. Another example would be a POVM where the

measurement outcomes are not recorded or are inaccessible.

1.2 Continuous variable systems

In the previous sections we restricted ourselves to considering subsystems which are described

by discrete variables. This is a suitable description for discrete systems such as spins or systems

that are restricted to finite-dimensional subspaces, for example the logical degree of freedom of

a qubit. However, many states are encoded in continuous variables, for example, the quantized

electromagnetic field in a cavity which we will explore in greater detail in subsequent chapters.
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Here we adopt some of the notation from Ref. [24].

A continuous variable system of N canonical bosonic modes is described by the Hilbert space

H = ⊗N
k=1Hk where Hk an infinite dimensional Fock space associated with mode k. For a

quantum harmonic oscillator, the energy levels are discrete (or quantized). These discrete

excitations are known as phonons for a mechanical system and photons for an optical system.

The Hamiltonian for a system of N harmonic oscillators each with a different frequency ωk is

Ĥ =
N∑
k

p̂2k
2m

+
mω2

kx̂
2
k

2
. (1.20)

Each frequency constitutes a mode of the field which has an associated momentum p̂k and

position x̂k operator.

The quantized harmonic oscillator forms a ladder of permitted eigen-energies, and so the space

Hk is spanned by the Fock basis {|n⟩k}. Therefore, the system is naturally characterised by

ladder operators âk and â†k which describe the effect of annihilation and creation of a quantum of

energy in mode k with frequency ωk. These operators obey the bosonic commutation relations

[âk, â
†
k′ ] = δkk′ , (1.21a)

[âk, âk′ ] = [â†k, â
†
k′ ] = 0 . (1.21b)

If the kth mode is initially prepared in the Fock state |n⟩k, the ladder operators act on the Fock

states in the following manner

â†k |n⟩k =
√
n+ 1 |n+ 1⟩ , (1.22a)

âk |n⟩k =
√
n |n− 1⟩ . (1.22b)

Thus, these operators describe transitions between the rungs of the energy-level ladder. Each

mode has its own vacuum state |0⟩k such that âk |0⟩k = 0, since we cannot remove a phonon

(or photon) from an oscillator already in its ground state. From these equations it follows that

â†kâk |n⟩k = n |n⟩k and so it is convenient to introduce the number operator n̂k = â†kâk whose
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eigenvalue when acting upon |n⟩k is simply n.

The ladder operators are linked to the position and momentum operators via the following

relations

x̂k = xzp,k(â†k + âk) , (1.23a)

p̂k = ipzp,k(â†k − âk) , (1.23b)

where the prefactors are the zero-point motion and momentum of the kth mode

xzp,k =

√
ℏ

2mωk

, (1.24a)

pzp,k =

√
ℏmωk

2
. (1.24b)

These prefactors are linked to the zero point energy of the oscillator. It is straightforward

to demonstrate, using [âk, â
†
k′ ] = δkk′ that the position and momentum operators obey the

following commutation rule

[x̂k, p̂k′ ] = iℏδkk′ . (1.25)

While discussing the properties of the ladder operators, it is important to also introduce the

coherent state |α⟩. This state is the eigenvector of the annihilation operator âk with eigenvalue

α such that âk |α⟩k = α |α⟩k, where, in general, α ∈ C. Coherent states can be generated by

applying the single-mode Weyl displacement operator to the vacuum state

D̂k(α) |0⟩k = |α⟩k , (1.26)

where the displacement operator is defined as

D̂k(α) = eαâ
†
k−α∗âk . (1.27)

Coherent states are an important set of states which, while not orthogonal, form a basis in Hk.

In fact, coherent states form an overcomplete set and must be treated accordingly. They can
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be expressed in the Fock basis as follows

|α⟩k = e−
|α|2
2

∞∑
n=0

αn

√
n!

|n⟩k . (1.28)

Optical coherent states have an important physical interpretation: they are the quantum-

mechanical equivalent a classical monochromatic electromagnetic wave.

Phase space methods

It is often convenient to define a pair of dimensionless, self-adjoint position and momentum

operators for each mode

X̂k =
âk + â†k√

2
, (1.29a)

P̂k = i
â†k − âk√

2
. (1.29b)

These quadrature phase operators are often referred to as a pair of canonical operators which

arises from their classical analogue in Hamiltonian dynamics. Grouping together the canonical

operators into the following vector

R = (X̂1, P̂1, . . . , X̂N , P̂N)T , (1.30)

these non-commuting operators obey commutation relations which can be expressed in the

compact form

[Rk, Rl] = iΩkl (1.31)

where

Ω =
N⊕
k=1

ω , ω =

 0 1

−1 0

 . (1.32)

The phase space representation of a continuous variable state corresponds to quantities mea-

sured in homodyne experiments. Therefore, it is often amenable to study the dynamics of the

state in phase space rather than the density matrix representation. The vector R permits us to
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represent the state as vector on a phasor diagram with dimensionless position and momentum

on each axis. However, due to the uncertainty principle, the direction and length of the vector

cannot be precisely known leading to the ‘ball-and-stick’ representation on a phasor diagram, for

a single mode. The stick indicates the vector while the ball illustrates the quantum mechanical

uncertainty in knowing both X and P simultaneously. When we consider higher-dimensional

spaces, phasor diagrams become increasingly difficult to visualise. It is thus often appropriate

to use a phase space distribution to entirely characterise the state. One such class of phase

space distributions is derived from the s-ordered characteristic functions. For a single mode

this is defined as

χs(α) = Tr
[
ρD̂(α)

]
es|α|

2/2 , (1.33)

where s is real valued and α is complex 2. Taking the Fourier transform of this family of

characteristic functions gives us the s-ordered distributions

Ws(α) =
1

π2

∫
C

d2βeαβ
∗−α∗βχs(β) . (1.34)

Setting s = −1 gives the Husimi ‘Q-function’ [25], while s = 1 gives the Glauber-Sudarshan

P-representation [26, 27]. Here we emphasise the case where s = 0, which yields the Wigner

function [28]. For a single mode, the Wigner function can be defined more concisely by setting

α = (X + iP )/
√

2 and β = (X ′ + iP ′)/
√

2 to give

W0(X,P ) ≡ 1

2π

∫ ∞

−∞
dX ′eiPX′ ⟨X +

X ′

2
| ρ |X − X ′

2
⟩ . (1.35)

The Wigner function has features similar to a classical probability distribution and is normalised

such that
∫

dX
∫

dP W0(X,P ) = 1. The probability distributions of X and P can be recovered

from the marginals of W (X,P )

P (X) =

∫
dP W0(X,P ) , (1.36a)

P (P ) =

∫
dX W0(X,P ) . (1.36b)

2The s-ordered characteristic functions can be readily extended to N mode systems by replacing D(α) =
⊗N

k Dk(αk) where α = (α1, . . . , αN ), αk ∈ C.
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These are the same positive-definite quantum distributions predicted by Born’s rule. Therefore,

the Wigner function is often interpreted as a probability distribution in phase space and the

marginals of the Wigner distribution are related to the results of homodyne detection. However,

intriguingly, the Wigner distribution can be negative in some regions, in contrast to what

is permitted in classical probability theory. Hence, this function is often dubbed a ‘quasi-

probability distribution’.

Gaussian states

We will now apply these mathematical tools directly to define and study an important class of

quantum states: Gaussian states. These states are integral to the field of quantum optics and

quantum information theory. The class of Gaussian states encompasses states such as coherent

states, thermal states, and squeezed states; but also combinations of these such as squeezed

thermal states.

By definition, a state is considered Gaussian if it has a Gaussian characteristic function or

Wigner function. In direct analogy with classical statistical theory, such a distribution is

completely characterized by its first and second statistical moments in phase space. Using the

notation we have introduced, this means an N -mode Gaussian state can be fully characterized

with just knowledge of the vector of first moments

R = (⟨X̂1⟩ , ⟨P̂1⟩ , . . . , ⟨X̂N⟩ , ⟨P̂N⟩)T , (1.37)

in conjuction with the covariance matrix σ

σij =
1

2
⟨RiRj + RjRi⟩ −RiRj , (1.38)

where R is defined in Eq. (1.30). Therefore, despite the density matrix of a Gaussian N -mode

system residing in the infinite dimensional Hilbert space H = ⊗N
k=1Hk, we can form a complete

description using a 2N × 2N covariance matrix σ. In this notation, the Wigner function of a
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Gaussian state can be written in the following manner

W0(R) =
2N

πN
√

Det(σ)
exp

[
− (R−R)Tσ−1(R−R)

]
, (1.39)

which is clearly a Gaussian function in R. Gaussian states must also have Gaussian character-

istic functions. These states can be mathematically explored in a very clean framework offered

by symplectic formalism; however, the richness of this approach is beyond the scope of this

Thesis.

Gaussian entanglement

Here, we state some key results in the theory of Gaussian entanglement; an overview of these

results can be found in Ref. [29]. In Section 1.1 we introduced one way of quantifying bipartite

entanglement: the von Neumann entropy of the reduced density matrix, see Eq. (1.13). Cru-

cially, the von Neumann entropy of entanglement cannot be increased by performing only local

operations on a state. This arises from the fact that entanglement cannot be generated with

local operations and classical communication (LOCC) operations alone [30]. However, this en-

tanglement monotone fails for mixed states because there is no unique way of decomposing the

density matrix defined in Eq. (1.6). In demonstrating that a bipartite mixed state is entangled,

we must show that the correlations between the two subsystems could not be induced by LOCC

operations. Due to the ambiguity in the state preparation, it is often more amenable to use

alternative operational criteria for mixed quantum states.

One approach is offered by entanglement witnesses, where methods have been explored for

finding optimal continuous-variable entanglement witnesses [31, 32, 33]. However, one of the

most powerful of these operational criteria – valid for both pure and mixed states – is the

requirement that a separable state has a positive partial transpose (PPT). This is the continuous

variable extension of the Peres-Horodecki condition [34, 35]. To demonstrate this let us first

consider a separable mixed state defined in Eq. (1.14). We now apply the partial transpose
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map which has the effect of transposing one of the subsystems

ρPTAB =
∑
k

pkρ
k
A ⊗ (ρkB)T , (1.40)

where we have chosen to apply the transpose operation to subsystem B. The same results can

be demonstrated by applying the operation to either subsystem. Since the transposition map

preserves eigenvalues, the spectrum of (ρkB)T must be the same as that of ρkB and thus (ρkB)T is

still a positive semi-definite matrix. Therefore ρPTAB must also still be positive semi-definite. And

so PPT is a necessary condition for separability. The PPT criterion was extended to continuous

variable systems by Simon [36] who also showed that the PPT criterion is a necessary and

sufficient criterion for bipartite Gaussian states where each subsystem is composed of one mode

(i.e. a (1 × 1)-mode entangled Gaussian state will not be positive under the partial transpose

operation). For these states, it is possible to reformulate the PPT criterion in terms of first and

second-order moments of canonical operators to form a necessary and sufficient entanglement

criterion, known as Simon’s criterion 3. This criterion will be formally introduced in Section 6.2.

We note that the partial transpose is an example of a positive but not completely positive map

(PNCP) and so cannot be realised by a physical channel such as those described by a POVM

(see Section 1.1). In fact, the partial transpose physically corresponds to time inversion in one

subsystem from the mirror reflection of the momentum operator.

In addition to the PPT criterion, a number of other operational criteria exist such as entan-

glement witnesses and several experimentally-amenable criteria. The latter are based on the

violation of inequalities composed of variances of canonical operators. A well-known example of

this is the Duan inequality [38] which is calculated via the total variance of a pair of Einstein-

Podolsky-Rosen type operators. Like Simon’s criterion, this criterion is in fact necessary and

sufficient for (1 × 1)-mode entangled Gaussian states.

Gaussian entanglement can be routinely generated in a range of different systems. For example,

3In fact, the PPT criterion is necessary and sufficient for the separability of all (1 × N)-mode Gaussian
states [36, 37]. The PPT criterion is no longer necessary and sufficient for (2×2)-mode Gaussian states however
this is beyond the scope of this Thesis. We will limit our study to (1 × 1)-mode Gaussian states, where each
subsystem consists of one mode.
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entangled electromagnetic fields can be made using parameteric amplifiers or oscillators which

have the following linear Hamiltonian â†b̂† + âb̂ [39]. Assuming the initial state is a Gaussian

separable state, then after this linear interaction, the final state will be an entangled Gaussian

state whose entanglement properties are completely encoded in the covariance matrix σ. Fur-

thermore, two-mode squeezed states, generated by Hamiltonians of the form i(â†b̂† − âb̂), are

important entangled resources for quantum information protocols [40]. Squeezing is a process

that decreases the variance of one continuous variable (e.g. position) at the cost of an increased

variance in its conjugate variable (e.g. momentum). This state can be generated in the output

of an idealised degenerate parametric down conversion process. In the limit of infinite squeez-

ing the state approaches the EPR state. For example, squeezed light can be used for enhanced

metrology and sensing, such as in the detection of gravitational waves. Another elegant example

illustrating the power of Gaussian states is in providing secure quantum key distribution [41].

Many quantum information protocols which were first envisioned for finite-dimensional Hilbert

spaces have been re-imagined for CV platforms which exploit Gaussian states [42].

1.3 Non-Gaussian states

Gaussian states and Gaussian operations are the foundational building blocks of many quantum-

optical tasks. However for many applications, non-Gaussianity can be desirable or, in fact, a key

resource. In some instances, tasks for which Gaussian states are sufficient can be improved with

non-Gaussian states or non-Gaussian operations. For example, the entanglement of Gaussian

states cannot be increased, or distilled, by local Gaussian operations alone [43]; a non-Gaussian

operation can therefore improve a quantum protocol which relies on enhanced entanglement. A

prime example of a nonlinear, local operation on a Gaussian state is photon subtraction [44, 45],

which helps achieve the optimal fidelity when cloning coherent states [46], and also improves

the fidelity in the teleportation of coherent [47] and other non-classical input states [48]. Non-

Gaussian states also offer advantages in parameter estimation [49, 50].

On the other hand, non-Gaussianity is required for certain tasks where Gaussianity alone does
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not suffice. Gaussian states can be reproduced by stochastic classical systems and thus it is

argued they cannot offer a genuine quantum advantage. For example, non-Gaussian entangled

states are a key resource in the actualisation of universal quantum computing on a continuous

variable platform [51]. It has been proposed that Gaussian cluster states could provide a route

for universal one-way quantum computing; however, a single-mode non-Gaussian measurement

is needed to achieve this [18, 52]. Non-Gaussianity is also crucial in quantum error correction;

with no-go theorems proving that Gaussian operations do not protect Gaussian states against

Gaussian errors in quantum communication protocols [53]. Furthermore, non-Gaussian entan-

gled states are necessary for testing foundational physics; for example, in detecting violations of

loophole-free Bell tests using a continuous variable platform [54, 55, 56]. Non-Gaussian states

can be achieved either through a nonlinear interaction whose Hamiltonian has order greater

than two (e.g. the Kerr effect), or through conditional measurements such as heralded pho-

ton subtraction(addition). The mathematics of conditional measurements were discussed in

Section 1.1.

1.3.1 Non-Gaussianity quantifier

There exist two closely related measures of non-Gaussianity both of which aim to quantify

the difference between a state ρ and a reference Gaussian state ρG. The first quantifies the

difference using the Hilbert-Schmitt distance [57], while the second uses the quantum relative

entropy [58]. Both measures share the same qualitative properties however are not strictly

monotone to each other. We will focus on the quantum relative entropy measure which has

been shown to have several useful applications in quantum information theory. The subtle

differences between the two measures are discussed in Ref. [59]. This entropic measure requires

knowledge of the full density matrix. Therefore, in this Thesis it should be viewed a theoretical

tool rather than an operational measure.

The quantum relative entropy of the state ρ with respect to another state ρ1 is defined as

S(ρ||ρ1) = Tr[ρ(ln(ρ) − ln(ρ1))] , (1.41)
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such that S(ρ||ρ1) ≥ 0. If we set ρ1 = ρG, where ρG is a reference Gaussian state with the first

and second moments of ρ, we can use this quantity as an exact measure of non-Gaussianty.

Letting δ(ρ) = S(ρ||ρG) this reduces to [59, 60]

S(ρ||ρG) = S(ρG) − S(ρ) , (1.42)

where S is the standard von Neumann entropy defined in Eq. (1.8). This can be viewed as a

quantum generalisation of negentropy in classical statistics which quantifies the distance from a

distribution to normality. This simple expression as the difference of two entropies stems from

the fact that of all distributions with a fixed variance (i.e. first and second moments), the one

with the largest entropy is Gaussian. This further reinforces the property δ(ρ) ≥ 0.

As noted in Section 1.1, the von Neumann entropy of a pure state is 0. Supposing our state ρ

is pure and Gaussian, it follows that S(ρ) = S(ρG) = 0 and consequently δ = 0 implying the

state is exactly Gaussian. If ρ is pure and non-Gaussian, then S(ρ) = 0 but S(ρG) > 0 and so

δ > 0. Finally, let us consider the case where ρ is mixed. Firstly, if ρ is mixed and Gaussian

then S(ρ) = S(ρG) and so δ = 0 as expected. Secondly, if ρ is mixed and non-Gaussian then

S(ρ) ̸= 0 but S(ρG) > S(ρ) and so δ > 0. Since δ is an exact measure of non-Gaussianity [60],

a greater δ suggests a greater degree of non-Gaussianity, while δ = 0 implies the state is exactly

Gaussian. However, the measure has no upper bound (there is no maximally non-Gaussian

state) so we can only comment on a state being more non-Gaussian than another.

Using the covariance matrix formalism introduced in Section 1.2, we can calculate the non-

Gaussian quantifier without needing to find the full spectrum of ρ. Firstly, we calculate σ for

the state ρ, and then we compute the symplectic eigenvalues

ν = Eig[iΩσ] , (1.43)

where Ω is defined in Eq. (1.32). For a bipartite state, this yields 4 symplectic eigenvalues. The

symplectic eigenvalues come as repeated pairs of numbers which are greater than 1; and so for
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a bipartite state there are 2 unique eigenvalues, ν1 and ν2. Using the following function [61]

s(x) =
(x+ 1)

2
log

(
x+ 1

2

)
+

(x− 1)

2
log

(
x− 1

2

)
, (1.44)

we can compute the non-Gaussianity measure in a straightforward manner,

δ = s(ν1) − s(ν2) . (1.45)

1.3.2 Two-mode Schrödinger-cat state

We now introduce a specific non-Gaussian entangled state that is one of the central themes of

this Thesis. We will define the two-mode even (+) and odd (−) Schrödinger-cat states as

|Ψ⟩±cat = N
(
|α⟩1 |0⟩2 ± |0⟩1 |α⟩2

)
, (1.46)

with normalisation

N =
1√

2 ± 2e−|α|2
. (1.47)

This state has various alternative forms in the literature; the most prominent being |Ψ⟩ ∝

|α⟩ |β⟩ ± |−α⟩ |−β⟩, or |Ψ⟩ ∝ |α⟩ |α⟩ − |−α⟩ |−α⟩, up to some normalisation. However, with

local displacement and rotation operations all these states can be brought into the same form.

We will use the definition in Eq. (1.46) since in Chapter 5 we will introduce a protocol to generate

such a non-Gaussian state of two mechanical oscillators. Nevertheless, since the various two-

mode Schrödinger-cat states are connected by LOCC operations we expect them to possess

similar entanglement structure and therefore applications.

Two-mode Schrödinger-cat states have a wide range of applications with prominent examples

including quantum metrology [15], quantum teleportation [62], quantum networks [63], and

fault-tolerant quantum computation [64]. These entangled states, when encoded in mechanical

degrees of freedom, can also be applied for empirical studies of quantum macroscopicity [65, 66],

sensing, and the quantum-to-classical transition [6, 7, 67, 68]. This has motivated proposals to
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generate two-mode Schrödinger cat states in mechanical platforms [69, 70].

It can be shown that in the limit of |α| → 0, the odd cat state |Ψ⟩−cat tends to the Bell state

|Ψ⟩−Bell ∝ |1⟩ |0⟩ − |0⟩ |1⟩, expressed in the Fock basis. We can demonstrate this by inserting

Eq. (1.28) into Eq. (1.46) to give

|Ψ⟩−cat = N e−
|α|2
2

∑
n=0

[
αn

√
n!

|n⟩ |0⟩ − αn

√
n!

|0⟩ |n⟩
]

= N e−
|α|2
2

[
α

(
|1⟩ |0⟩ − |0⟩ |1⟩

)
+
α2

2

(
|2⟩ |0⟩ − |0⟩ |2⟩

)
+ . . .

]
≈ |1⟩ |0⟩ − |0⟩ |1⟩√

2
,

(1.48)

for small α. We note that in the limit of small α the even cat state |Ψ⟩+cat approaches the

vacuum state |0⟩ |0⟩. Although we note that when α = 0 we are left with the vacuum state

|0⟩ |0⟩.

In the asymptotic limit where |α| → ∞, both cat states |Ψ⟩±cat tend towards a maximally-

entangled Bell-like state encoded in the coherent basis. To demonstrate this, we can analytically

compute the von Neumann entropy of entanglement using Eq. (1.8). Firstly, the reduced density

matrix is found by tracing out one of the subsystems

ρA =
1

π

∫
dβ2 ⟨β|B ρAB |β⟩B

=
1

2(1 ± e−|α|2)

[
|α⟩⟨α| + |0⟩⟨0| ± e−|α|2/2

(
|0⟩⟨α| + |α⟩⟨0|

)]
,

(1.49)

where ρAB = |Ψ⟩⟨Ψ|±cat. In the limit of α → ∞ this tends to ρA = 1
2
|α⟩⟨α|+ 1

2
|0⟩⟨0|. The overlap

⟨α|0⟩ = e−|α|2/2 → 0 as α → ∞ and so the states |α⟩ and |0⟩ become increasingly orthogonal.

The von Neumann entropy can be trivially calculated in this limit as S(ρA) = log22 which is

equivalent to the von Neumann entropy of the Bell states. Such maximally entangled states

have applications in quantum teleportation schemes, for example in optical platforms [71, 62],

and hybrid teleportation in circuit quantum electrodynamics [72].
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1.3.3 Phonon added/subtracted two-mode squeezed vacuum states

As previously discussed, non-Gaussian entangled quantum states are hugely important in quan-

tum information theory, for example in quantum error correction [53] and achieving universal

quantum computing. Deterministically producing a non-Gaussian quantum optical state by us-

ing the Kerr effect is not always feasible as it requires high optical nonlinearities. However, pho-

ton subtraction (and addition) operations can be exploited to create highly non-Gaussian states

and give rise to curious statistical properties in bosonic systems [73]. These non-unitary inter-

actions can be achieved probabilistically by conditioning on a particular photon detection out-

come. This heralded addition or subtraction has been experimentally demonstrated on a range

of physical platforms. For example, single-photon detection has been exploited to create optical

‘kitten’ states by subtracting a single photon from a squeezed vacuum state [74, 75]. The tech-

nique has been explored in other bosonic systems including cavity quantum optomechanics [76],

with recent experiments confirming the non-Gaussianity and statistics which arise from phonon

subtraction operations [77, 78, 79]. In a multipartite setting, photon addition/subtraction can

have further interesting effects. For example, it can be used to create photon-(added)subtracted

two-mode squeezed vacuum (TMSV) states. Up to some normalisation, this subtracted state

is defined as

|Ψ⟩sub ∝ ânb̂meζ
∗âb̂−ζâ†b̂† |0⟩1 |0⟩2 , (1.50)

which describes a TMSV state with squeezing parameter ζ which undergoes n- and m-photon

subtractions on modes A and B, respectively. The normalisation factor is cumbersome to write

out fully but can be found in Ref. [80]. The non-Gaussian operation of photon-subtraction(addition)

has been been found to enhance entanglement as n and m are increased [80]. Therefore we will

also consider this class of non-Gaussian entangled states in Chapter 6.
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Cavity optomechanics

In this Chapter we will introduce some of the key concepts in cavity optomechanics. This term

encapsulates the phenomenon of a mechanical element coupling to the optical field inside a

cavity via the radiation pressure of the light. Interest in this field has been fueled partly by

precision sensing applications within and beyond gravitational wave detection [81, 82], and also

by the radiation-pressure interaction itself which enables us to generate nonclassical states in

optical and mechanical modes [83]. Optomechanical devices offer exciting applications in the

ever-burgeoning field of quantum technologies; for example as light-matter interfaces [84], or

quantum memories [85]. Furthermore, the nonclassical mechanical states could be exploited in

tests for fundamental physics such as probing for decoherence [6, 7, 86] and testing collapse

models [67], enabling us to explore parameter sets which are tantalisingly close to the quantum-

to-classical interface.

Transitioning from Maxwell’s description of electromagnetic waves to the quantum picture was

a necessary step taken at the start of the 20th century to explain outstanding problems such

as black body radiation and the photoelectric effect. In quantum theory, light is composed of

discrete quanta, or photons, which have energy given by the Planck-Einstein relation E = hf .

A photon has momentum p = h/λ and so a photon bouncing elastically off a surface will impart

a momentum kick of 2h/λ. This radiation pressure had been remarked upon before the advent

of quantum mechanics. The often-cited example being Kepler’s observation in 1619 of the tail

22
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of a comet being directed away from the sun. Other spectacular manifestations of radiation

pressure in astronomy include the Pillars of Creation in the Eagle Nebula. The radiation

pressure phenomenon was first observed on Earth in 1899 by Lebedev and independently in

1901 by Nichols and Hull. The radiation pressure interaction from a laser can be exploited

for purposes such as optical tweezers [87], which have important applications in biology and

medicine.

Another application includes solar sails which have even been use to weakly propel spacecraft

by exploiting the radiation of the sun hitting mirrors on the sails. The radiation pressure

we experience on Earth from the sun is on the order of a micropascal [88]. Unfortunately,

the radiation pressure force is so weak that even with a laser, launching rockets with light is

currently constrained to the annals of science fiction.

Nevertheless, let us consider a suspended mirror which reflects light elastically. The radiation

pressure effect can be observed in the displacement of the mirror. Particularly interesting for

quantum mechanics would be the case where a single photon has reflected off a mirror which

is initially prepared in its ground state of motion. That way, a displacement in the mirror

would directly correspond to the number of photons in a field. However, the mirror itself

has an intrinsic position uncertainty given by its zero-point motion, see Eq. 1.24a. For the

light-induced displacement to exceed xzp we require the mass of the mirror to be very small or

the intensity of light to be very bright [89]. One way to mitigate these challenges is to trap

the light and resonantly enhance the interaction by recirculating the photons. Optical cavities

offer a platform to achieve this where light reverberates between two mirrors. One mirror is

fixed, while the other is free to oscillate and thus its displacement responds to the momentum

transferred by the photons.

In this Chapter we will first explore cavity quantum electrodynamics, which concerns itself with

the quantized optical fields inside a cavity. We will then examine quantum optomechanics,

where one mirror is free to oscillate. We also consider the quantum treatment of optical

fields entering and leaving the cavity which will lead us to the quantum Langevin equations.

Using this formalism, we will introduce a particular regime known as pulsed optomechanics
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whereby the cavity decay rate is much faster than the mechanical frequency. This has important

implications on the light-matter interaction and the information imprinted on the outgoing

optical field. Finally, we will examine the field of electromechanics where microwave photons

are used to couple to the displacement of a mechanical element instead of visible light. Such

an electromechanical system can be coupled to a superconducting qubit via the mechanical

component enabling one to create and measure the mechanical state via qubit manipulations.

We will use the physical principles outlined in this chapter to describe two experimental pro-

posals that form key parts of this thesis. Firstly, in Chapter 5 we will outline a cavity optome-

chanics protocol to generate a non-Gaussian entangled state encoded in the displacement of a

mechanical resonator. Specifically, we will study experimental scheme to generate two-mode

Schrödinger-cat states and verify their entanglement (we introduced non-Gaussian entangle-

ment in Chapter 1.3). Secondly, in Chapter 7 we will examine an electromechanical protocol

which can be used to generate a single-mode Schrödinger-cat state in the centre-of-mass dis-

placement of a mechanical nanotube.

2.1 Cavity quantum electrodynamics

Here we will highlight the key steps in the quantization of light in a cavity. This is not a

rigorous proof, and more detailed derivations are covered in many quantum optics text books.

We will summarize the steps taken in Ref. [90].

The behaviour of classical electromagnetic waves in a cavity can be fully described by Maxwell’s

equations for the electric E and the magnetic B fields. By considering a single mode of light,

i.e. one wavelength, which is confined between two conducting mirrors separated by a distance

Lcav along the z axis, the resonant modes of the electric and magnetic fields are described by

the following wave solutions

Ex(z, t) ∝ q(t) sin(kz) , (2.1a)

By(z, t) ∝ q̇(t) cos(kz) , (2.1b)
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with both fields propagating along the z-axis. We assume the electric and magnetic fields are

polarized in the x and y directions, respectively. We identify the time-dependent variable q(t)

with position as it has dimensions of length, and q̇(t) with momentum, since p(t) = q̇(t). The

classical energy is defined as

H =
1

2

∫
dV

(
ϵ0E

2
x(z, t) +

1

µ0

B2
y(z, t)

)
, (2.2)

where we have used the symbol H for the classical Hamiltonian of the system. Integrating the

wave solutions yields the following result,

H =
1

2
(p2 + ω2q2) . (2.3)

This is immediately identifiable as the Hamiltonian of a harmonic oscillator with frequency ω

and unit mass. Therefore, q (the electric field) and p (the magnetic field) are the canonical

position and momentum variables.

We will now assume that when going from the classical to the quantum picture, we can replace

the canonical variables with their operator equivalents q → x̂ and p → p̂. This yields the

Hamiltonian for a quantum harmonic oscillator defined in Eq. 1.20 with m = 1.

With these new variables, it is apparent that the quantum Hamiltonian for light in a cavity

can be rewritten as

ĤL = ℏωL

(
â†â+

1

2

)
, (2.4)

where â and â† are discussed in Section 1.2. The subscript L will be used throughout to denote

variables pertaining to the optical system.

2.2 Quantum optomechanics

In this section, we will examine quantum optomechanics through the pedagogical model pro-

vided by the Fabry-Pérot cavity. We emphasise that optical cavities can be actualised in a
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plethora of physical systems which are underpinned by the same quantum mechanical descrip-

tion. Examples include whispering-gallery-mode resonators, optically levitated nanoparticles,

and photonic crystals.

Let us consider the simple Fabry-Pérot cavity which consists of two flat mirrors. Each mirror

has an associated transmitivity and reflectivity and they are separated by a distance Lcav.

Thus, the mirrors act as beam-splitters admitting light into and out of the cavity. The mirrors

are parallel such that inside the cavity light bounces backwards and forward in a medium with

refractive index n. These Fabry-Pérot cavities have a rich history in the field of classical optics,

particularly as interferometers. Here we will consider the electromagnetic fields which exist

in cavities and their coupling to matter. This is captured by the subject of cavity quantum

electrodynamics. We will begin by reminding the reader of some basic properties of cavities

which are derived from a classical optics perspective and then building on these ideas present

a quantum mechanical description of an optomechanical cavity.

Optical cavities: a classical perspective

In classical optics, we envision light of wavelength λ bouncing around inside a cavity, accu-

mulating a phase each round trip ϕ = 4πnLcav/λ, where n is the refractive index between the

mirrors. Assuming there are no absorption or scattering losses in the cavity, using the plane

wave solutions to Maxwell’s equations, we can derive a transmission through the cavity

T =
1

1 + (4F3/π2) sin2(ϕ/2)
. (2.5)

The cavity finesse is defined as

F =
π(R1R2)

1/4

1 −
√
R1R2

, (2.6)

and R1 and R2 are the reflectivity coefficients of each mirror. Here, we will introduce the notion

of a ‘single-sided’ cavity where the back mirror has a reflectivity of unity. The second mirror is

referred to as the input mirror and has some reflectivity bounded between 0 and 1. A cavity is

said to be on resonance when the cavity length is equal to an integer multiple m of intracavity
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half wavelengths

Lcav = mλ/(2n) . (2.7)

When the cavity is on-resonance the light bouncing around is in phase each round trip and can

be intuitively understood as the case where standing waves are supported.

As we scan the frequency of monochromatic light inside the cavity, we find that the transmitted

light is sharply peaked at the so-called resonant modes. This can be seen from Eq. (2.5) which

has maxima when ϕ equals integer multiples of 2π. This naturally leads to the concept of

resonant modes which satisfy the following condition

ωL,j = j
πc

nLcav

, (2.8)

where j is an integer and c is the speed of light in a vacuum. These modes are preferentially

selected by the cavity since these light waves will constructively interfere. It is evident that the

resonant modes depend on the refractive index of the cavity medium n, and the length of the

cavity Lcav. The spacing between frequency modes is known as the free spectral range. The

spectral width ∆ω is defined as the full-width at half maximum of the transmission response

centred at the resonant modes. This is commonly referred to as the linewidth and using the

above equations one can show that ∆ω = πc/(nFLcav). Therefore, a greater finesse leads to

narrower peaks in the cavity spectrum. Since finesse is determined by the reflectivity of each

mirror, it follows that if photons are lost from the cavity each round trip, this will lead to a

broadening of the linewidth. The process of photons leaking out of a cavity is an exponential

decay process where κ is the photon decay rate. This leads to the concept of a photon lifetime

defined as κ ≡ τ−1
cav. Combining these equations we can show that ∆ω = τ−1

cav.

It is important to consider the factors which affect the linewidth: intrinsic losses and extrinsic

coupling. In the case of the idealised one-sided Fabry-Pérot cavity, the back mirror has a

reflectivity of unity. However, in practice this will not be the case as we cannot have a perfectly

one-sided cavity. Furthermore, there will be scattering and absorption events at the boundary

of both mirrors. These factors are collectively referred to as intrinsic losses. On the other hand,
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extrinsic coupling is dictated by the reflectivity of the input mirror and describes the rate at

which cavity modes couple to the desired input and output modes. These ideas also feed into

our quantum description of an optomechanical cavity.

Derivation of the quantum optomechanical Hamiltonian

We have already seen how a photon reflecting off a mirror will impart a total momentum of

2h/λ. In the usual description of a cavity we assume that these mirrors have infinite mass

and so are not displaced by the reflected photons. Now we consider the case where one of

the mirrors is a harmonic oscillator whose harmonic motion will be affected by the imparted

momentum. Of course, this will now change the cavity length Lcav which will in turn affect the

resonant cavity modes (see Eq. (2.8)). Since the total energy, or Hamiltonian, of the system

depends on the frequency of the cavity resonances, we say the cavity light is coupled to the

displacement of the mechanical oscillator. Here we will derive the light-mechanics Hamiltonian

for such an optomechanical cavity, first by considering the classical Hamiltonian and then by

promoting the conjugate variables to quantum operators.

Now we examine how replacing one end mirror with part of a mechanical oscillator will affect the

resonant modes of the cavity. In Eq. (2.8) we defined the resonant frequency for the jth cavity

mode. However, the length of the cavity will now change as the oscillator moves L(x) = Lcav−x,

where Lcav is the cavity length in equilibrium. Therefore the resonant frequency is now a

function of the oscillator displacement x

ωL,j(x) =
jπc

nLcav

1

1 − x/Lcav

. (2.9)

For small displacements x ≪ Lcav we consider the expansion to first order around the equilib-

rium position

ωL,j(x) ≈ ωL,j(0)

(
1 +

x

Lcav

)
. (2.10)

Therefore the frequency has a linear shift dependent on the displacement of the moving mirror.

Eq. (2.9) gives the resonant frequencies in a planar cavity with two parallel mirrors. Therefore,
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Eq. (2.10)is valid for the geometry of a Fabry-Pérot cavity. However, more generally, we may

instead Taylor expand ωL,j to obtain

ωL,j(x) ≈ ωL,j(0) +Gx , (2.11)

where

G ≡ ∂ωL,j(x)

∂x

∣∣∣∣
x=0

, (2.12)

quantifies the frequency shift per meter. As noted already, G = ωL,j(0)/Lcav for a Fabry-Pérot

cavity.

Although a mechanical oscillator could range between a single particle up to millions of con-

stituent atoms, we will only consider the macroscopic degrees of freedom and how they couple

with light. An oscillator may be vibrating in a linear sum of many harmonic modes, also called

phonons. We will focus on a single mode parameterised by frequency ωM with effective mass

m. In classical mechanics, a harmonic oscillator has the following Hamiltonian

HM =
p2

2m
+
mω2

Mx
2

2
, (2.13)

where x is displacement, and p is momentum. As with the derivation of the cavity Hamiltonian,

we can promote these variables to quantum operators x → x̂ and p → p̂. The total quantum

Hamiltonian is simply Ĥ = ĤM + ĤL, thus inserting Eq. (2.4) and ignoring the zero-point

energy of the light oscillator, this is given by

Ĥ =
p̂2

2m
+
mω2

Mx̂
2

2
+ ℏωL(x)â†â . (2.14)

Inserting and quantising the linear shift in frequency Eq. (2.10) gives the light-matter Hamil-

tonian for an optomechanical cavity

Ĥ = ℏωLâ
†â+ ωMb̂

†b̂+ ℏg0â†â(b̂† + b̂) , (2.15)

where we have used the shorthand ωL = ωL,j(0). Unless otherwise stated, we will generally use
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the ladder operators â(â†) for light and reserve b̂(b̂†) for mechanics. We have also introduced

the optomechanical coupling rate

g0 ≡ Gxzp , (2.16)

which is a ubiquitous parameter in the field of optomechanics and has units of angular frequency.

Hamiltonian in a rotating frame

One final consideration is the laser that we use to drive the cavity which may excite the photons

in the cavity. The laser frequency ωD is typically close to the resonant cavity frequency ωL;

as such, both frequencies are much larger than the other system rates such as the mechanical

frequency ωM, mechanical and optical decay rates. Therefore, it is often more convenient to

consider a frame rotating with the laser frequency ωD.

To switch to a rotating frame, we perform the following transformation on the Hamiltonian

H̃ = Û †ĤÛ − Â , (2.17)

where Â = ℏωDâ
†â and Û = e−iÂt/ℏ. Applying this transformation gives the following Hamil-

tonian

H̃ = ∆ℏâ†â+ ℏωMb̂
†b̂+ ℏg0â†â(b̂† + b̂) , (2.18)

where ∆ = ωL−ωD is the detuning between the cavity and drive frequencies. This Hamiltonian

is used extensively so we will drop the tilde notation.

2.3 Quantum Langevin equations

From classical physics, we are familiar with the mechanics of a damped harmonic oscillator

subjected to external driving forces

mẍ+mγẋ+mω2x = F (t) , (2.19)
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where γ is the friction term. The driving force F (t) is the sum of all external forces, including

forces from the thermal bath in which the oscillator is in contact. In the absence of driving

forces and at non-zero temperature, the oscillator experiences a stochastic force from the envi-

ronment causing it to undergo Brownian motion. In our classical model, this coupling between

the system and the environment leads to dissipation (loss of energy to the environment) and

thermalization. In our quantum model, the open-system dynamics lead to a further entirely

quantum phenomenon: decoherence. Briefly, if a state is prepared in a quantum superposition,

decoherence causes it to tend towards a classical ensemble of states. If we consider a density

matrix, decoherence causes the off diagonal elements to decay until only a diagonal matrix re-

mains. Decoherence is discussed further in Chapter 7 where we introduce a protocol for testing

decoherence in the context of objective collapse models.

2.3.1 Quantum harmonic oscillator

In order to model a harmonic oscillator more realistically, we couple the system to a bath

consisting of a large number of oscillators. We shall explore the quantum Langevin methods to

model this open system and derive equations of motion for optical and mechanical operators.

As we shall see, there are two quantum Langevin equations we will use: (i) equations derived

under the assumptions of the rotating wave approximation which are valid for optical frequencies

which oscillate much more quickly than the other system parameters, (ii) the ‘non-rotating wave

approximation’ equations which are often used for mechanical operators. We will first consider

these two regimes for a generic harmonic oscillator system without making explicit reference

whether the system is mechanical or optical.

The first step in both regimes (rotating and non-rotating wave approximations) is to consider

the Hamiltonian of the system, in addition to the environment and the coupling with the

environment. The environment is typically modelled as a system of independent oscillators

where the quantum system is coupled to the jth mode of the bath via springs with spring

constant kj. Each bath oscillator has an associated position x̂j, momentum p̂j, mass mj, and

angular frequency ωj. The usual definition of the spring constant applies kj = mjω
2
j . We are
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primarily concerned with the aggregate effect of the bath rather than the exact dynamics of

each environmental oscillator. The total system Hamiltonian is thus

Ĥ = Ĥsys + Ĥbath + Ĥsys−bath . (2.20)

We wish to solve this for an arbitrary system, so we will express the Hamiltonian of the quantum

system in question as

Ĥsys =
p̂2

2m
+ V̂ (x̂) (2.21)

where the first term is the kinetic energy and the second term is the potential energy as a

function of the position of the harmonic oscillator (we have not explicitly defined the platform

yet). The independent-oscillator model dictates the following Hamiltonian for the bath

Ĥbath =
∑
j

p̂2j
2mj

, (2.22)

and system-bath interaction

Hsys−bath =
∑
j

kj
2

(x̂j − x̂)2 . (2.23)

Physically this coupling means that the potential energy depends on the deviation of x̂ from

all positions x̂j, and so the position of the oscillator is harmonically bound to each bath mode.

This important step assumes linear coupling between system and bath position operators kjx̂jx̂,

although more exotic couplings exist which we will not examine in this Thesis. This implies

that energy is transferred between the two systems by absorption or emission of bath quanta,

which is valid for the optomechanical systems under consideration here. Inserting the total

Hamiltonian in Eq. (2.21) into the Heisenberg equation for an arbitrary operator Ô gives

˙̂O = − i

ℏ
[Ô, Ĥ] . (2.24)

We can derive expressions for ˙̂x, ˙̂p, and for the jth bath oscillator ˙̂xj, ˙̂pj. Eliminating momentum
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by using the fact that p̂ = m ˙̂x, we obtain two coupled, second-order differential equations

m¨̂x =
∂V̂ (x̂)

∂x̂
+
∑
j

kj(x̂j − x̂) , (2.25a)

mj
¨̂xj = −kj(x̂j − x̂) . (2.25b)

We begin by solving Eq. (2.25b) for x̂j. We remind the reader that when solving second-order

ordinary differential equations, we must first solve the homogeneous equation m¨̂xj + kj q̂j = 0

to obtain the complementary function

x̂CF
j (t) = x̂j(0) cos(ωjt) +

p̂j(0)

ωjmj

sin(ωjt) . (2.26)

The particular integral must then be obtained by finding a suitable ansatz for the non-homogeneous

equation. The general solution is the sum of the complementary function and particular inte-

gral. Although it may not seem entirely obvious, the following solution can be shown to be

valid by substituting it back into the differential equation

x̂j(t) = x̂CF
j (t) + x̂−

∫ t

−∞
dt′ cos[ωj(t− t′)] ˙̂x(t′) , (2.27)

where one must use Leibniz rule to differentiate under the integral. Now we insert this solution

into Eq. (2.25a) to give the quantum Langevin equation

m¨̂x+

∫ t

−∞
dt′µ(t− t′) ˙̂x(t′) +

∂V̂ (x̂)

∂x̂
= F̂ (t) , (2.28)

where µ(t) is the memory kernel, and F̂ (t) =
∑

j kjx̂
CF
j (t) is a stochastic force from the en-

vironment with zero expectation value. The memory kernel dictates the timescale over which

the bath remembers its interaction with the oscillator. One can see from Eq. (2.28) that the

equations of motion at time t depend on the values of ˙̂x at earlier times. Therefore, if µ(t) is

fast-decaying then the equations have a short memory. Explicitly it is given by

µ(t) =
∑
j

kj cos(ωjt) . (2.29)
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We now approximate the spectrum of phonon (or photon) modes ωj to a continuous spectrum

µ(t) =

∫ ∞

0

dωρ(ω)k(ω) cos(ωt) , (2.30)

where ρ(ω) is the density of oscillators and the spring constant for a given mode is now a

continuous function of the frequency of the oscillators k(ω). It is possible that a number of

modes may have the same frequency and so the density function ρ(ω) is needed. The continuum

limit is valid provided the bath is very large implying the normal modes of the environment

are very close together in frequency.

Fourier analysis of the integral in Eq. (2.28) shows that it can be written as

∫ t

−∞
dt′µ(t− t′) ˙̂x(t′) = kbathx̂(t) +m

∫ ∞

−∞
dt′γ(t− t′) ˙̂x(t′), (2.31)

where

kbath =

∫ ∞

0

dω ρ(ω)k(ω) , (2.32)

is an additional effective spring constant from the bath, and γ(t) is the Fourier transform of

γ(ω) = k(ω)ρ(ω)/4m.

In order for the bath to be memoryless we make the so-called first Markov approximation.

This is achieved by setting γ(t) = γδ(t) where γ is a constant capturing the dissipation rate.

Inserting this into Eq. (2.28) gives the following Markovian Langevin equation for the position

of the oscillator

m¨̂x+ γ ˙̂x(t) +
∂V̂ (x̂)

∂x̂
= F̂ (t) , (2.33)

which is the quantum analogue of Langevin’s original description of a particle moving in a

viscous fluid, cf. Eq. (2.19). This implies that the coupling between our system and the normal

modes of the bath are independent of mode frequency. We note that the potential which the

particle experiences is now replaced V̂ (x̂) → V̂ (x̂) + kbathx̂
2. This describes a potential in

addition to the the initial potential felt by the particle. This shifts the energy levels of the

harmonic oscillator and is similar to the Lamb shift in atomic physics. This effect is present
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even when vacuum noise is the sole input from the environment.

Instead of inserting x̂ into the Heisenberg equation (see Eq. (2.24), we can proceed with an

arbitrary operator Ô. We can follow the same steps, using the solution x̂j(t) and making the

first Markov approximation, to derive the quantum Langevin equation for Ô

˙̂
O = − i

ℏ
[Ô, Hsys] +

i

ℏ
[Ô, x̂]F̂ (t) − im

2ℏ
{[Ô, x̂], γ ˙̂x(t)}+ . (2.34)

The final term contains the anticommutator notation whose operation is defined as {Â, B̂}+ =

ÂB̂ + B̂Â. We note, without going into the details, that the first Markov approximation does

not result in a completely memoryless bath. As the system becomes more classical, i.e. in the

limit ℏ → 0, the force from the bath on the oscillator does indeed become memoryless. However,

in the quantum model the bath has a memory of the oscillator which is sharply peaked at t− t′

with a characteristic time scale ℏ/kBT . Provided ℏγ ≪ kBT we can safely assume that the

bath coupling is in fact Markovian.

Finally, we note that it is often easier to work in phase space with dimensionless position and

momentum quadratures X̂ and P̂ defined previously for a harmonic oscillator in Eqs. (1.29a)-

(1.29b). Anticipating this, we define an input operator for momentum

P̂in =
i√
2

(
â†in(t) − âin(t)

)
=
xzpF̂ (t)

ℏ√γ
, (2.35)

which dimensional analysis shows to have units of s−1/2, as do the input annihilation/creation

operators. Substituting this into Eq. (2.34), we obtain an alternative form of the quantum

Langevin equation

˙̂O = − i

ℏ
[Ô, Ĥsys] + i

√
2γ[Ô, X̂]P̂in(t) − i

2Q
{[Ô, X̂],

˙̂O}+ . (2.36)

The quality factor of the oscillator Q = ω/γ is analogous with the classical oscillator and

describes the amount of energy dissipated per cycle. We will use this equation to examine the

open-system dynamics of a mechanical oscillator.
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Correlation relations

Here we will briefly examine the properties of the momentum noise operator P̂in, and the inputs

and outputs of the system. The incoming modes induce random noise effects and provide energy

to the particle; whereas the outgoing modes dissipate energy and give rise to radiation damping.

The outgoing channel provides us with a means to perform measurements related to the light

in the cavity or the state of a mechanical oscillator.

The input operator can consist of electromagnetic radiation from a number of sources. In

the case of a driven cavity, the input includes the laser field. The laser light will have some

noisy statistics from random fluctuations in the laser. The input modes also include vacuum

noise which is present even in the absence of any light. The vacuum contribution preserves

the canonical commuation relations and prevents them decaying to zero and thus violating

quantum mechanical foundations.

The input noise operator âin(t) and its adjoint have the the following commutation relations

[âin, â
†
in] = δ(t− t′) , (2.37a)

[âin, âin] = [â†in, â
†
in] = 0 . (2.37b)

Assuming the input is a thermal state it follows that

⟨â†in(t)âin(t′)⟩ = n̄δ(t− t′) , (2.38a)

⟨âin(t)â†in(t′)⟩ = (n̄+ 1)δ(t− t′) , (2.38b)

⟨âin(t)âin(t′)⟩ = ⟨â†in(t)â†in(t′)⟩ = 0 , (2.38c)

where n̄ is the thermal occupation of the thermal state given by the Bose-Einstein distribution

n̄ =
1

eℏω/kBT − 1
, (2.39)

where ω is the angular frequency of the oscillator, and T is the temperature of the bath. In the
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limit where kBT ≫ ℏω we can use the following approximation

n̄ ≈ kBT/ℏω . (2.40)

From these relations we can derive the following correlation relations for the dimensionless bath

momentum operator

⟨P̂in(t)P̂in(t′)⟩ =

(
n̄+

1

2

)
δ(t− t′) . (2.41)

2.3.2 Rotating wave approximation

The general Markovian Langevin equation for an arbitrary operator in Eq. (2.34) holds for any

system described by a harmonic oscillator potential which is assumed to be lienarly coupled to a

bath, i.e. both quantised light in a cavity and also a quantum mechanical resonator. However,

it is more convenient when considering optical fields to invoke a rotating wave approximation.

In quantum optics, the bath coupling rate is often much smaller than other relevant rates in the

system. Transforming to a frame rotating at the frequency ω using Eq. (2.17) and neglecting

the fast rotating terms gives the following Hamiltonian for the system and bath

ĤRWA = Ĥsys +
∑
j

[
ℏωj â

†
j âj + iℏγj

(
âj â

† − â†j â
)]

, (2.42)

where γj is the coupling to each bath oscillator. This is valid provided we are only interested

in the behaviour of the oscillator within a relatively narrow bandwidth around the resonant

frequency ω. Following the same steps as in Section 2.3.1, using the Heisenberg equation and

applying the Markovian approximation, we can derive the following equation of motion for an

arbitrary optical operator Ô

˙̂
O = − i

ℏ
[Ô, Ĥsys] − [Ô, â†]

(γ
2
â−√

γâin(t)
)

+
(γ

2
â† −√

γâ†in
)
[Ô, â] . (2.43)
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For the field operator â, this yields the equation [91]

˙̂a = − i

ℏ
[â, Ĥsys] −

γ

2
â+

√
γâin(t) , (2.44)

which will be used extensively in the subsequent section of this chapter. It is customary to

reserve the symbol γ for mechanical damping, and κ for optical decay rates. As such, we will

make the following substitution

γ → 2κ . (2.45)

Finally, the Langevin equation for an optical system coupled to the environment is

˙̂a = − i

ℏ
[â, Ĥsys] − κâ+

√
2κâin(t) . (2.46)

By following the same steps but deriving a time-reversed Langevin equation for the output

operators we can define the following input-output relation

âout(t) + âin(t) =
√

2κâ(t) , (2.47)

where we have used the convention that the input field is left-going and negative while the

output field is right-going and positive [92]. We will use these equations to solve for the cavity

optical field when we examine pulsed optomechanics protocols.

2.4 Pulsed optomechanics

In this chapter we explore the optomechanical unitary interactions which underpin in the area of

pulsed optomechanics [93]. Pulsed optomechanics is a class of cavity optomechanical protocols

where the pulse length is much shorter than the mechanical period such that the optome-

chanical interaction occurs in a window of time in which the mechanical oscillator remains

effectively stationary. Protocols that exploit the pulsed regime could be used to test commu-

tation relations [94], and to achieve a range of exciting nonlinear states such as single-mode
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Schrödinger-cat states [95]. It has been demonstrated that this back-action-evading interaction

can be exploited for precision measurements of the position of a mechanical oscillator which

can be used to perform full state tomography of the mechanical motional state [81, 82].

Driving an optomechanical cavity with a laser ωD leads to sidebands in the optical field at

ωD ± ωM, where ωM is the resonant mechanical frequency. In the resolved-sideband regime,

where κ < ωM, the optical sidebands can be resolved as they lie outside of the optical cavity

bandwidth. This enables efficient laser cooling of the mechanics when the laser is red-detuned

from the cavity resonant frequency ∆ ≡ ωD − ωL = −ωM, and the squeezing interaction when

the laser is blue detuned ∆ = ωM.

In contrast to the resolved-sideband regime, one consequence of the pulsed regime is that it

operates in the non-resolved sideband regime such that κ ≫ ωM, where κ is the optical decay

rate of the cavity. The sidebands created lie within the bandwidth of the optical cavity and

so are not well-resolved. In this regime, and when ∆ = 0, high-precision measurements on the

position of the mechanical motion can be made. The radiation-pressure interaction itself can

also be exploited to create non-linearity as we shall explore.

In Eq. (2.18) we introduced the light mechanics Hamiltonian in a frame rotating at the optical

frequency. When the drive laser is on resonance with the cavity frequency we obtain the

following Hamiltonian

Ĥ/ℏ = ωMb
†b− g0a

†a(b† + b) . (2.48)

We remind the reader that ωM is the mechanical angular frequency, and g0 is the optomechanical

coupling rate. We now proceed using the Langevin equations derived in Section 2.3 to describe

the open system dynamics of a cavity optomechanical system in the pulsed setting. We treat

both optical and mechanical baths as Markovian however for the optical field we use Eq. (2.46)

which assumed the rotating wave approximation, whereas for the mechanical operators we use

Eq. (2.34).

Operating in the unresolved sideband regime means the interaction happens on a scale where

ωM ≪ κ. Physically, the mechanical position remains constant during the pulse interaction.
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We assume that our oscillator has a high quality factor Q = ωM/γ ≫ 1, and thus we can

neglect mechanical harmonic motion, damping and open system dynamics during the light-

matter interaction. Therefore, under these assumptions, the equation of motion of the field

operator during this short interaction is found from Eq. (2.34) to be

˙̂
b ≈ ig0â

†â . (2.49)

Separating this into real and imaginary parts yields the Langevin equations for the dimensionless

X̂M and P̂M quadratures

˙̂
XM = 0 , (2.50a)

˙̂
PM =

√
2g0â

†â , (2.50b)

where we can instantly see that the position of the mechanical oscillator remains stationary

but the momentum will change. The magnitude of the momentum which is imparted to the

resonator clearly depends on the cavity field â. Therefore, we now examine the dynamics of the

cavity field for a pulsed interaction. As already discussed, the cavity field is governed by the

optical Langevin equation Eq. (2.46) where we insert the Hamiltonian in Eq. (2.48) to obtain

˙̂a = (ig0
√

2X̂M − κ)â+
√

2κâin , (2.51)

âin is the field operator for the input field and obeys the input-output boundary condition

defined in Eq. (2.47). By considering the transformation of âin to the output field operator âout

we can derive a unitary transformation for this interaction and thus model the effect on the

mechanical mode.

2.4.1 Nonlinear pulsed interaction

Supposing we address a mechanical mode such that g0 is weak, we can keep the full nonlinear

interaction given in Eq. (2.48) without approximating this to a linear interaction. As previously
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mentioned, our goal is to derive a unitary to model the effect which the light-matter interaction

has on the mechanical system. We now follow the same arguments outlined in Ref. [94].

If we work in a regime where the characteristic pulse length τ is much longer than the char-

acteristic time it takes for the light to leave the cavity then κ ≫ τ−1. This is equivalent to

saying the cavity linewidth is large compared to the pulse bandwidth. This is in addition to the

non-resolved sideband constraint and so we require κ ≫ τ−1 ≫ ωM to ensure the mechanical

position remains constant during the pulse interaction. Under these assumptions, the cavity

field can be adiabatically eliminated ˙̂a = 0, see for example Refs. [96] and [97], and so from

Eq. (2.51) it follows that

â(t) =

√
2κ

κ− i
√

2g0X̂M

âin(t) . (2.52)

Using the input-output relations in Eq. (2.47) gives the following transformation for light en-

tering and leaving the cavity

âout(t) =
κ+ i

√
2g0X̂M

κ− i
√

2g0X̂M

âin(t)

âout(t) =
1 + iµX̂M/2

1 − iµX̂M/2
âin(t) ,

(2.53)

where we have introduced the dimensionless parameter µ =
√

8g0/κ. The physical interpreta-

tion of µ will shortly be discussed. Since we assume that the position of the oscillator remains

essentially unchanged for the duration of the interaction, we can Taylor expand the prefactor

of âin(t). This agrees with the series expansion of the exponential function up to second order

in µX̂M, and so

âout(t) ≈ eiµX̂M âin(t) . (2.54)

Now let us consider the effect that such a pulsed nonlinear interaction has on the mechanical

momentum quadrature. Let us begin by integrating Eqs. (2.50a) and (2.50b)

X̂ ′
M − X̂M = 0 , (2.55a)

P̂ ′
M − P̂M =

∫ τ

0

dt
√

2g0â
†(t)â(t) , (2.55b)
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where we use primed notation to indicate the final quadratures following the light-matter in-

teraction. Note that we have set the limits of integration to the cover only the duration of the

pulse rather than [−∞,∞]. This choice of integration limits is valid provided we are operating

in the adiabatic regime, κ≫ τ−1, such that the cavity fills quickly, saturates such that ˙̂a = 0 for

the pulse’s duration, and quickly empties after the pulse has passed. From these preliminary

solutions we can see that the mechanical position does not move on the time length of the

interaction, whereas a non-zero momentum kick has been imparted on the mechanics. We now

define a time-integrated input photon number operator nL to be

n̂′
L =

∫ τ

0

dt â†in(t)âin(t) ,

=

∫ τ

0

dt â†out(t)âout(t) ,

(2.56)

where the second equality holds assuming a lossless pulsed interaction. Therefore the change

in momentum is

P̂ ′
M − P̂M =

2
√

2g0κ

κ2 + 2g20X̂
2
M

n̂′
L , (2.57)

where we substituted âin(t) using Eq. (2.52). Using the variable µ = 2
√

2g0/κ it follows that

P̂ ′
M − P̂M =

µ

1 + (µX̂M/2)2
n̂′
L . (2.58)

Expanding this to second order in µX̂M (as was done in the derivation of Eq. (2.54)) gives

P̂ ′
M − P̂M = µn̂′

L . (2.59)

So we achieve a momentum kick of size µn̂′
L meaning that the effective unitary for such an

interaction can be approximated to

Û = eiµn̂
′
LX̂M . (2.60)

We have implicitly assumed that the input optical pulse shape is Gaussian with temporal width

τ ≫ 1/κ, as this allows one to adiabatically eliminate the cavity field even at early times in

the cavity’s dynamics. This value of µ = 2
√

2g0/κ is the result of the coherent sum over all
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possible trajectories the photons may take as they enter and then leave the cavity. Certain

trajectories where the photons reflect only a small number of times from the mechanical mode,

and trajectories where the photons remain in the cavity for a very long time compared to 1/κ,

lead to smaller or larger optomechanical couplings, respectively. However, in the adiabatic

regime these few-reflection and high-reflection-number photon trajectories occur with a negli-

gible probability amplitude and so the optomechanical coupling strength is well approximated

by µ = 2
√

2g0/κ. This nonlinear pulsed interaction is explored in more mathematical rigour in

Ref. [98].

We can satisfy ourselves that this captures the correct dynamics by examining the transforma-

tions of the light and mechanical operators before and after the interaction. The unitary maps

the incident light âin onto the output light âout in the following way

âout = Û †âinÛ , (2.61)

which gives Eq. (2.54) as expected. Similarly, the mechanics are transformed as follows

P̂ ′
M = Û †P̂MÛ

X̂ ′
M = Û †X̂MÛ

(2.62)

which agrees with Eq. (2.59) and the fact that the mechanical position remains unchanged

X̂ ′
M = X̂M. Therefore we can see that µ plays the role of a dimensionless optomechanical

coupling strength.

A note on µ

In our derivation of the pulsed nonlinear interaction we made the assumption that the pulse

length is much longer than the cavity decay rate τ ≫ κ−1. This is a key step in the adiabatic

approximation which allows us assume that the intracavity field is effectively constant during

the interaction to set ˙̂a = 0.

More generally, we must solve Eqs. (2.49) and (2.51) for a given input pulse ain(t). Assuming
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we are still operating in the unresolved sideband regime, the unitary interaction is still given

by Eq. (2.60) however more generally µ ∝ g0/κ. The expected change in momentum can be

found by integrating
˙̂
PM =

√
2g0â

†â from which it follows that

⟨P̂ ′
M − P̂M⟩ =

∫ ∞

−∞
dt
√

2g0 ⟨â†(t)â(t)⟩ = µ ⟨n̂′
L⟩ , (2.63)

where a(t) are the time-dependent cavity field operators and ⟨n̂′
L⟩ is the expectation of the

time-integrated input number operator of the pulse defined in Eq. (2.56). For a single photon

input ⟨n̂′
L⟩ = 1 and so,

µ =
√

2g0

∫ ∞

−∞
dt ⟨â†(t)â(t)⟩ . (2.64)

Before we can solve for µ we first directly integrate Eq. (2.51) giving,

â(t) =
√

2κ

∫ t

−∞
dt′âin(t′)e−(κ−i

√
2g0X̂M)|t−t′|, (2.65)

where we have used the technique of an integrating factor. (We note that the adiabatic approx-

imation can be intuited from this equation since under the assumption τ ≫ κ−1 this integral

can be approximately evaluated to give Eq. (2.52).) Inserting Eq. (2.65) into Eq. (2.64) gives,

µ =
√

8g0κ

∫ ∞

−∞
dt e−2κt

∫ t

−∞
dt′
∫ t

−∞
dt′′eκ(t

′+t′′) ⟨â†in(t′)âin(t′′)⟩ , (2.66)

where we have used the fact that ⟨X̂M⟩ = 0 because the mechanical displacement remains con-

stant during the optomechanical interactions. Therefore the coupling strength µ is dependant

on the input pulse shape. As demonstrated in the Appendix of Ref. [95], it can be shown that

for a single photon input with a temporal envelope f(t) which matches the cavity spectrum

f(t) =
√
κe−κ|t|, (2.67)

then ⟨â†in(t)âin(t)⟩ = f ∗(t)f(t) and the integral can be evaluated to give µ = 3g0/
√

2κ. In

the subsequent work outlined in this Thesis we will use the greater value of µ = 2
√

2g0/κ

(obtained by using a Gaussian pulse with κ≫ τ−1 as previously discussed) as this gives rise to
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a greater optomechanical coupling strength. Furthermore, it is more experimentally challenging

to optimise the input pulse to match the cavity spectrum.

2.4.2 Linear pulsed interaction

Now we examine the pulsed interaction for the case of a linearized optomechanical Hamil-

tonian [93]. We will follow the derivation from Refs. [97] and [96]. Starting with the same

optomechanical interaction Hamiltonian defined in Eq. (2.48), we can linearize this Hamilto-

nian. To physically switch from the nonlinear interaction outlined in Section 2.4.1 to a linearised

interaction, we can use light of different wavelength to address a different cavity resonance with

a weaker coupling strength g0. The linearized Hamiltonian is derived by writing the optical

field as a small quantum noise operator δâ around a coherent amplitude α(t) = ⟨â(t)⟩. We

therefore make the following substitution

â = δâ(t) + α(t) . (2.68)

Inserting this into Eq. (2.48) gives the linearized Hamiltonian

Ĥ/ℏ = −
√

2g0X̂M|α(t)|2 − 2g0|α(t)|X̂MX̄L(t) , (2.69)

where we have defined an optical fluctuation operator

X̄L(t) =
α∗δâ(t) + αδâ†(t)√

2|α(t)|
, (2.70)

with an similar equation for P̄L. We assume that we are operating in the weak coupling

regime g0 ≪ κ such that the coupling between the mechanical element and optical fluctuations

δâ†δâXM is negligible and so the term quadratic in δâ is dropped.

Substituting (2.68) into the Langevin equation, Eq. (2.46), for the optical field we can identify
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equations of motion for α and δâ

α̇ = −κα(t) +
√

2καin(t) , (2.71a)

δ̇â = ig0
√

2[α(t) + δâ]X̂M − κδâ(t) +
√

2κδâin(t) , (2.71b)

Note that X̂M has no explicit time-dependency as in the non-resolved sideband regime the

operator does not have time to evolve over the course of the interaction.

From the input-output relation Eq. (2.47), we obtain equivalent relations for the optical fluc-

tuation quadratures

X̂L,out + X̂L,in =
√

2κX̄L , (2.72a)

P̂L,out + P̂L,in =
√

2κP̄L . (2.72b)

Using the same methods as in Section 2.4.1, we proceed by making the adiabatic approximation

α̇ = 0 which is valid for a pulse whose width is much larger than the cavity decay rate τ ≫ κ−1.

First, by setting α̇ = 0 in Eq. (2.71a) we obtain α(t) = αin(t)
√

2/κ. Assuming a real α and

considering the real and imaginary parts of the equation δ̇â = 0 separately leads to the following

transformations for the optical fluctuations

X̂L,out = X̂L,in , (2.73a)

P̂L,out = P̂L,in +
4g0αin(t)

κ
X̂M . (2.73b)

Using
˙̂
b = ig0â

†â (cf. Eq. (2.49)) we can obtain equations of motion for the mechanical phase

quadratures

˙̂
XM = 0 , (2.74a)

˙̂
PM =

4g0αin(t)

κ

(
X̂L,in +

αin(t)√
2

)
, (2.74b)

where we have taken α to be real and positive. Following the steps outlined in Ref. [97], we
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can integrate these equations to obtain the post-interaction mechanical fluctuations (indicated

by primed variables)

X̂ ′
M = X̂M , (2.75a)

P̂ ′
M = P̂M + χXL + (χ

√
N/2) , (2.75b)

where the dimensionless coupling strength χ is

χ =
4g0

√
N

κ
, (2.76)

the collective pulse quadrature XL is defined as XL =
∫∞
−∞ dt αin(t)X̂L,in(t)/

√
N , and N =∫∞

−∞ dt αin(t)2 is the average number of photons in the input pulse. As noted in Ref. [97],

the transformed P̂ ′
M contains a classical momentum kick χ

√
N/2 which can be removed via a

post-interaction mechanical displacement. We henceforth ignore this classical kick.

Performing similar analysis shows that one can arrive at the post-interaction light fluctuations

(again indicated by primed variables) by integrating Eqs. (2.73a)-(2.73b) multiplied by αin(t)

to give

X̂ ′
L = X̂L , (2.77a)

P̂ ′
L = P̂L + χXM , (2.77b)

These transformations are captured by the following light-matter unitary1

ÛLin = eiχX̂MX̂L . (2.78)

This is an example of a quantum non-demolition interaction between the light and mechan-

ics and can be used to obtain precise information about the displacement of the mechanical

1If one does not ignore the classical momentum kick of χ
√
N/2 the full unitary to describe the interaction

is Û = eiλX̂MeiχX̂MX̂L , where the first exponential describes a deterministic momentum transfer to the mechan-
ics [93]. This is not important in the transformation of the light quadratures and so has been omitted in this
discussion. If one wishes to mitigate this effect on the mechanics it is possible to subtract the classical kick by
performing a displacement on the mechanical oscillator immediately after the interaction.
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resonator. We can see that each oscillator acquires information about one quadrature of the

other during this interaction. In particular, the phase of the output light P̂ ′
L has received a

shift proportional to the initial displacement of the mechanical oscillator X̂M. Therefore, χ

quantifies the position measurement strength; in other words how much mechanical position

information is imparted onto the optical phase quadrature.

As argued in Section 2.4.1, the coupling strength χ is dependant on the input pulse shape. If

we were to similarly consider a single-photon input whose temporal shape matches the cavity

spectrum then we would obtain χ = 2
√

5
√
Ng0/κ as demonstrated in Ref. [93].

2.5 Electromechanics

So far we have implicitly assumed that optomechanics is the study of visible light interacting

with a mechanical system. The high frequency of visible light has the advantage of not in-

teracting with the surrounding thermal bath; furthermore, the small wavelength also means

that smaller cavities can be fabricated with enhanced coupling strengths. Nevertheless, the

microwave domain can also be used to achieve electromechanical coupling. While microwaves

are not impervious to the thermal environment and exert weaker radiation pressure, capac-

itive coupling means electromechanical systems can be created comprising of a mechanical

resonator coupled with a superconducting microwave circuit. The coupling strength between

the resonator and superconducting qubit can exceed the qubit decoherence rate, enabling us to

control and read out the state of the mechanical oscillator via qubit operations [99].

The authors in Ref. [22], propose a device called the ‘displacemon’ which enables strong coupling

between a nanomechanical resonator and a superconducting qubit. The design is based on a

split transmon qubit that can achieve strong and coherent coupling to the mechanical motion

of a carbon nanotube. Specifically, a concentric transmon architecture is proposed where one

of the Josephson junctions is replaced with a vibrating nanotube. This design favours strong

coupling to nanomechanical displacement, hence the name: displacemon. In this Section we

will briefly introduce transmon devices in general before discussing the displacemon device
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specifically. The advantages of this geometry are outlined in greater detail in Ref. [22]. We will

also derive the displacemon Hamiltonian which consists of a qubit, a resonator and a qubit-

resonator interaction term. This Hamiltonian will then be used extensively in Chapter 7 where

we will show how qubit rotations, initialization, and projective measurement can be exploited

to generate and measure quantum states in the centre-of-mass displacement of the nanotube.

The purpose of the protocol outlined in Chapter 7 is to generate a non-Gaussian mechanical

state which can be used to test for wavefunction collapse.

2.5.1 Transmon physics

The first iteration of a superconducting qubit was the Cooper Pair Box (or charge qubit) [100],

whose qubit is a tiny superconducting island which is coupled via a Josephson junction to

a superconducting reservoir. The state of the qubit is determined by the number of Cooper

pairs which have tunneled across the junction. If the superconducting island has an extra

Cooper pair with charge 2e it is in the state |0⟩, otherwise it is |1⟩. The mathematics is

similar to the classical LC circuit where energy oscillates between electrical energy stored in

the capacitor and magnetic energy in the linear inductor. The quantum analogy of the classical

LC circuit gives rise to the harmonic oscillator Hamiltonian introduced in Eq. (1.20) with

regularly spaced energy levels |0⟩ , |1⟩ , |2⟩ , . . . in the energy eigenbasis. Instead of phonons or

photons, here, the basis states are charge states. However, crucially, in a superconducting qubit

the Josephson junction introduces a nonlinearity in the Hamiltonian which in turn introduces

an anharmonicity in the transition frequencies between the energy levels. This anharmonicity

enables us to individually address two energy levels and achieve a subspace consisting of only

the two lowest-energy states (i.e. a qubit system) which we henceforth denote as |+⟩ and |−⟩.

Therefore, the superconducting qubit Hamiltonian is

Ĥ = 4EC(n̂− ng)
2 − EJ cos ϕ̂ , (2.79)

where EC = e2/2C is the charging energy required to add each electron of the Cooper-pair to

the island, EJ is the Josephson energy, n̂ is the excess number of Cooper pairs on the island
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Figure 2.1: Circuit diagram of a charge qubit circuit consisting of a superconducting island
(dotted line) coupled via superconducting electrodes to a capacitor and a Josephson junction
(purple cross). The charge qubit is a LC circuit with the Josephson junction acting as a non-
linear inductor. The anharmonicity in the energy states allows us to exploit the lowest energy
states to achieve a qubit system. A transmon is a type of superconducting charge qubit in the
regime EJ ≫ EC which is less sensitive to charge noise.

and ϕ̂ is the phase across the junctions. The gate offset charge ng is unimportant in this work.

The original Cooper Pair Box was designed to operate in the regime EJ ≤ EC meaning the

charge states were particularly sensitive to charge noise; and so the system is governed by the

important ratio EJ/EC . To mitigate the charge noise, these days the regime EJ ≫ EC is

favoured, which can be achieved by shunting the junction with a large capacitor as is accom-

plished in the transmon device [101].

One widely-used technique is to replace the single Josephson junction of the transmon with a

superconducting quantum interference device (SQUID) comprised of a loop interrupted by two

identical Josephson junctions. This so-called ‘split transmon’ design is shown in Figure 2.2. In

the conventional design, we assume each junction has energy E0
J/2, where E0

J = IcΦ0/π. Ic

is the critical current in each junction which is assumed to be equal, and Φ0 = h/2e is the

superconducting flux quantum. The combined Josephson energy of the SQUID is then

EJ = E0
J

∣∣∣∣ cos
πΦ

2Φ0

∣∣∣∣ , (2.80)

where Φ is the magnetic flux through the SQUID loop. Mathematically, the SQUID-loop

can still be treated as a single junction, with the important modification that EJ is tunable

via an external flux [102]. Mechanical dependence can be introduced to EJ by replacing one

of the Josephson junctions with a superconducting beam. The qubit can be controlled by a
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Figure 2.2: Circuit diagram of the split transmon where the single Josephson junction is replaced
with a SQUID. The Josephson energy EJ depends on the flux through the SQUID. We can
introduce mechanical dependence by replacing one of the Josephson junctions with a vibrating
nanotube. The position X of the resonator centre-of-mass is now flux-coupled to the qubit
energy.

static magnetic field while the displacement of the beam X modulates Φ and therefore EJ and

consequently the qubit state. Such electromechanical coupling between an oscillating beam and

a transmon was recently demonstrated [103].

In the transmon limit EJ ≫ EC the qubit Hamiltonian can be approximated to

Ĥ ≈ 1

2
ωqσ̂z , (2.81)

where ωq =
√

8ECEJ/ℏ is the qubit frequency, and σ̂z is the Pauli matrix acting in the basis

{|+⟩ , |−⟩}. The external magnetic field can be controlled to implement qubit algorithms [104].

2.5.2 The displacemon device

A drawback of the split transmon shown in Figure 2.2 is that the qubit is sensitive to flux

noise which enters through the term Φ. In the displacemon proposal in Ref. [22] the design

is adapted so that it contains two flux loops. This can be achieved with two inner and outer

superconductors which operate as the two electrodes of the capacitor. A superconducting beam

is introduced into one arm of the loop and the qubit is operated in a static magnetic field, so

that the displacement of the beam modulates Φ and therefore EJ . This set-up is shown in

Figure 2.3 and is similar to the concentric transmon design [105]. The Josephson energy now

depends on the flux difference ∆Φ0 ≡ Φ1 − Φ2 between the two junctions
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Figure 2.3: The displacemon differs from the split transmon design (see Figure 2.2) by incor-
porating two enclosed flux regions so that the qubit energy depends on ∆Φ ≡ Φ1 − Φ2. One
of the Josephson junctions (purple) is a vibrating superconducting nanotube (red). The blue
indicates a superconductor with the inner and outer circles effectively being the electrodes of
the capactior. Compared with the split transmon design, this has the additional advantage
of decoupling the qubit from homogenous magnetic field fluctuations and thus decrease the
sensitivity of EJ to flux noise. The perpendicular magnetic field B⊥ tunes the flux difference
∆Φ while the parallel static magnetic field B∥ couples to X and in turn also tunes ∆Φ. The
qubit and mechanical nanotube are thus flux-coupled.

EJ = E0
J

∣∣∣∣ cos
π∆Φ

2Φ0

∣∣∣∣ . (2.82)

The qubit frequency can therefore be tuned via an externally applied perpendicular magnetic

field B⊥, such as in a traditional split transmon. In the displacemon device, an additional

in-plane magnetic field B∥ which is perpendicular to the plane of the oscillating conducting

nanotube also tunes the flux difference. Therefore

∆Φ = A∆B⊥ + 2β0lB∥X , (2.83)

where A is the area of the SQUID loop, X is the position of the nanotube’s centre-of-mass and l

is the length of the nanotube. The coupling coefficient β0 relates the displacement of the beam

to the area it sweeps out. We will consider cuboid beams which have β0 ≈ 0.831 [106]. We

note that the symbol X is usually dimensionless while the symbol x usually has units of [m].

However, to maintain consistent notation with Refs. [22] and [106], X has units of displacement

in chapters pertaining to the displacemon device.

As the position of the nanotube is swept, the qubit frequency will be modulated accordingly

dωq

dX
= −ω0

q

πβ0lB∥

2Φ0

sin(π∆Φ/2Φ0)√
| cos(π∆Φ/2Φ0)|

, (2.84)
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where we have inserted Eqs. (2.82) and (2.83) into ωq =
√

8ECEJ/ℏ and differentiated with

respect to X. The maximal qubit frequency is ω0
q =

√
8ECE0

J/ℏ. The resonantor-dependent

qubit frequency shift can be inserted into the qubit Hamiltonian, which together with the usual

Hamiltonian of a mechanical harmonic oscillator of angular frequency Ω, gives the following

qubit-resonator Hamiltonian

Ĥ =
1

2
ωqσ̂z + ℏΩb̂†b̂+ ℏλ(t)(b̂+ b̂†)σ̂z , (2.85)

where

λ(t) =
Xzp

2

dωq

dX

= −ωq

πβ0XZPlB||

4Φ0

tan
π∆Φ(t)

2Φ0

,

(2.86)

and the time dependence arises through the tunable flux offset ∆Φ(t). Therefore, flux coupling

between the qubit and the mechanical resonator is achieved. Qubit operations and read-out

are performed using established techniques for concentric transmons [105]. Importantly, by

intialising, controlling and measuring the qubit using standard techniques of circuit quantum

electrodynamics we can generate mechanical states of interest in the resonator and furthermore

perform measurements on the mechanical state.

In principle, Eq. (2.86) allows arbitrarily large λ(t). In practice, the inevitable asymmetry

between the two Josephson junctions has the effect of limiting the useful range of ∆Φ, meaning

that the tan π∆Φ(t)
2Φ0

factor is likely to be of order unity.

2.5.3 The resonator

In the Hamiltonian for the combined qubit-resonator system (see Eq. (2.85)), we assumed that

the resonator can be modelled as a mechanical oscillator in the quantum regime ℏΩb̂†b̂. Here,

we will explore how the resonator frequency Ω depends on its geometry.

The resonator is modelled as a superconducting cuboid beam with length ℓ, and a square
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cross-section with area D × D (see Fig. 2.3 for the orientation of beam). For simplicity, we

assume that the beam has been fabricated without tension. Its motion is described by the

Euler-Bernoulli beam equation [107]

(
ρ0D

2 ∂
2

∂t2
+
ED4

12

∂4

∂Z4

)
u(Z, t) = 0 , (2.87)

where u(Z, t) is the displacement profile of the beam as a function of time t and coordinate

along the beam Z, with Z = 0 being the centre. We note again that contrary to the usual

convention, Z has units of [m] in keeping with published works on this topic. Here ρ0 is the

density of the beam and E is its Young’s modulus, and Poisson’s ratio has been neglected.

To solve for the frequency of the fundamental displacement mode, we make the following ansatz

u(Z, t) = u0(Z)eiΩt , (2.88)

which means that u0(Z) must satisfy

d4

dZ4
u0(Z) = k4u0(Z) , (2.89)

where

k ≡
(

12 Ω2 ρ0
ED2

)1/4
. (2.90)

The solution, respecting the boundary conditions u0(±ℓ/2) = 0 and normalising [107] so that∫
u20(Z) dZ = 1, is

u0(Z) =
√

2
cos kℓ

2
cosh kZ − cosh kℓ

2
cos kZ√

cos2 kℓ
2

+ cosh2 kℓ
2

. (2.91)

The additional boundary conditions u′0(±ℓ/2) = 0 constrain k to obey

cos
kℓ

2
sinh

kℓ

2
+ cosh

kℓ

2
sin

kℓ

2
= 0, (2.92)

whose lowest solution is kℓ ≈ 4.730. Therefore, for a cuboid beam the frequency of the funda-
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mental mode is approximately

Ω ≈ 6.47
D

ℓ2

√
E

ρ0
. (2.93)

An ideal square beam has two degenerate fundamental modes corresponding to orthogonal

directions of motion. However, only the out-of-plane mode couples strongly to the qubit.

Furthermore, fabrication imperfections will generally break the degeneracy of the two modes. (If

necessary, this can be enforced by designing the beam width to be different from its thickness.)

We therefore consider only the out-of-plane mode in the rest of this work.

In Chapter 7 we will examine two devices with two different parameter sets for D, l, E, and

ρ0. Therefore, the two devices are characterised by different fundamental angular frequencies Ω

and, importantly, different mass density distributions. These parameters are proposed with the

intention of probing the quantum-to-classical boundary and potentially observing the effects of

gravity.



Chapter 3

Inseparability criteria for non-Gaussian

entangled states

The phenomenon of quantum entanglement, describing correlations which go beyond our clas-

sical understanding of the universe, is a key concept in quantum information theory, quantum

communication, and fundamental studies. In Section 1.2 we introduced the definition of a

Gaussian state and furthermore the important class of Gaussian entangled states. Neverthe-

less, there are a plethora of non-Gaussian entangled states which permit exciting avenues in

fields such as quantum information and foundations of physics. We have already introduced

two such states; the two-mode Schrödinger-cat state in Section 1.3.2, and the photon-removed

two-mode squeezed vacuum state state in Section 1.3.3. While in Section 1.2 we introduced

some methods for testing entanglement in the context Gaussian states, in general, characterising

non-Gaussian entanglement is challenging and remains a lively research question.

Firstly, we note that Gaussian entanglement is very well-studied. By Gaussian entanglement we

mean entangled states which have Gaussian characteristic functions and Wigner distributions

(see Section 1.2). In Section 1.2 we introduced the positive partial transpose requirement for a

separable state (see Eq. (1.40)). For Gaussian states, this condition can be elegantly recast in

both the covariance matrix and symplectic representations. Furthermore, one can even define

a monotonic measure of entanglement by quantifying the degree to which the PPT criterion is

56
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violated, known as the negativity. The closely-related logarithmic negativity is often employed

in the study of Gaussian entanglement [108].

We now turn our attention to the problem of observing entanglement in two-mode non-Gaussian

states. It is possible to show that any two-mode state with the same covariance matrix as an

entangled Gaussian state will be entangled [29]. Therefore the criteria developed for Gaussian

entanglement will also be sufficient conditions for non-Gaussian entanglement. However, all

the Gaussian tests rely on first and second order moments, but non-Gaussian states cannot be

characterized in this manner. It will not always be possible to detect entanglement in non-

Gaussian states using these same entanglement tests; for example, if the covariance matrix of a

non-Gaussian entangled state does not correspond to an entangled Gaussian state. Therefore,

in order to capture the entanglement in non-Gaussian states we must consider higher-order

moments of the state.

3.1 Higher-order inseparability criteria

There are a number of inseparability criteria that utilise higher-order statistical moments to

verify entanglement in non-Gaussian states. Examples of this methodology include the entan-

glement criteria developed by Argawal and Biswas [109], and the hierarchy of inequalities put

forward by Hillery and Zubairy [110]. We will discuss the overarching and unifying criteria pre-

sented by Vogel and Shchukin (VS) [21] which exploit the PPT requirement. The criteria take

the form of an infinite set of inequalities. In its entirety, this hierarchy gives us a necessary and

sufficient criterion for PPT in any bipartite state, Gaussian or non-Gaussian 1. An individual

1A negative partial transpose is a sufficient criterion for entanglement but not all entangled states necessarily
have a negative partial transpose. Entanglement detected via a negative partial transpose is often called ‘free’
entanglement since this entanglement can be distilled [111]. Entanglement distillation refers to protocols
that allow us to transform noisy entangled states to maximally entangled Bell states. However, if a partially
transposed density matrix ρ has only positive eigenvalues then either it is separable, or it describes a ‘bound’
entangled state. If the dimension of a bipartite system is larger than six [112], there exist bound-entangled
(or PPT-entanged) states that cannot be distilled. It is an open question whether or not there exist bound
entangled states with negative eigenvalues after partial transpose [113, 114]. Bound entanglement is beyond the
scope of this thesis and we emphasise that the VS hierarchy in its entirety is still equivalent to assessing the
negativity of a density matrix.
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inequality, when violated, indicates the state has a negative partial transpose (NPT) thus pro-

vides a sufficient condition for entanglement. Therefore, the hierarchy of inequalities provides

us with an operational way of deducing the positivity of ρPTAB defined in Eq.(1.40) for a bipar-

tite mixed state. By operational, we mean that these NPT inequalities are constructed from

measurable moments (expectation values of field operators) and so by scanning the hierarchy

of criteria we can identify experimentally suitable entanglement tests.

Finally, we note that a number of well-known entanglement criteria, including the aforemen-

tioned tests for Gaussian and non-Gaussian entanglement [115, 109, 116, 110, 38, 36], are shown

to be individual NPT conditions within the VS hierarchy.

3.2 Vogel and Shchukin inseparability criteria

Here we will briefly outline the key steps in deriving the VS criteria following the methods of

the original paper [21]. Let us begin by reiterating the PPT condition for a bipartite state

ρAB composed of two single-mode subsystems A and B. The condition states that the partially

transposed density matrix ρPTAB, defined in Eq. (1.40), is a positive semi-definite matrix for a

separable state. By definition, positive semi-definite matrices have eigenvalues which are all

greater than or equal to zero. In general, a Hermitian matrix A (not necessarily the density

matrix) is positive-semidefinite if and only if all the principal minors of A are nonnegative.

A principal minor is the determinant of the matrix which remains when we delete rows and

columns from A in a pairwise manner. This is known as Sylvester’s criterion which states that

the existence of at least one negative principal minor is a sufficient criterion for indicating the

matrix is not positive semi-definite. We will use these matrix properties to demonstrate an

equivalence between PPT and the negativity of a Hermitian matrix A composed of moments

of the state.

We recall that a Hermitian operator Â is positive semi-definite provided it satisfies

⟨ψ| Â |ψ⟩ = Tr
[
Â |ψ⟩⟨ψ|

]
≥ 0 , (3.1)
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for all states |ψ⟩. This positivity condition can be rewritten as

⟨f̂ †f̂⟩Â = Tr
[
Âf̂ †f̂

]
≥ 0 , (3.2)

where f̂ is any operator whose normally ordered form exists. Applying the PPT condition to

the partially transposed density matrix of a separable state gives

⟨f̂ †f̂⟩
PT

≡ Tr
[
ρPTABf̂

†f̂
]
≥ 0 . (3.3)

Since f̂ is an arbitrary normally ordered operator, we can use the following definition

f̂ =
∞∑

n,m,k,l=0

cnmklâ
†nâmb̂†kb̂l , (3.4)

where â and b̂ are the annihilation operators associated with subsystem A and B, respectively,

and cnmkl are complex coefficients. Inserting this into the PPT criterion in Eq. (3.3) gives

⟨f̂ †f̂⟩
PT

=
∞∑

n,m,k,l,p,k,r,s=0

c∗pqrscmnklMpqrs,nmkl ≥ 0 , (3.5)

where M contains the field operator moments

Mpqrs,nmkl = ⟨â†qâpâ†nâmb̂†sb̂rb̂†kb̂l⟩ . (3.6)

It is convenient to fold these indices into multi-indices to give an equivalent form of the PPT

criterion
∞∑
ij

c∗i cjMij ≥ 0 , (3.7)

where M is an infinite-dimensional Hermitian matrix consisting of expectation values of oper-

ators of a bipartite state ρAB such that the ith and jth element is

Mij = ⟨â†qi âpi â†nj âmj b̂†lj b̂kj b̂†ri b̂si⟩ . (3.8)
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Figure 3.1: An example of how the matrix A can be constructed. Here, we have deleted all
the rows and columns in matrix M except the first, second and fourth rows and columns to
constitute A. Since M is infinite there are an infinite number of ways of constructing A.

The ith index is equal to the ordinal number 2 of the ordered, but infinite, list of multi-indices

(pi, qi, ri, si); likewise, the jth index corresponds to the ordinal number of the multi-indices

(nj,mj, kj, lj). The ordering of the multi-indices is arbitrary but once a convention is picked it

is consistent between the two sets of multi-indices. For example, one might choose an ordering

convention where i = 1 indicates (p1, q1, r1, s1) = (0, 0, 0, 0), i = 2 indicates (p2, q2, r2, s2) =

(0, 0, 0, 1), and so on. Since the ordering must be consistent between the two sets of multi-indices

then (pN , qN , rN , sN) = (nN ,mN , kN , lN) for all positive integer values of N .

Therefore we have demonstrated that the PPT criterion is equivalent to the statement that the

Hermitian matrix M is a positive semi-definite matrix. We will subsequently discuss how to

determine the positivity of M.

Let us consider the main minors (or leading principal minors) MN which are constructed by

keeping the first N rows and N columns of M,

MN =


M11 . . . M1N

...
...

MN1 . . . MNN

 . (3.9)

This is motivated by the practical desire to deal with a finite-dimensional matrix. Following

from the definition of a positive semi-definite matrix and the application of Sylvester’s criterion,

M is positive semi-definite if and only if all the principal minors are positive. In the context of

entanglement, ρAB is separable if and only if det[MN ] > 0 for all N . Conversely, if det[MN] < 0

2Ordinal numbers indicate the position or rank of an element in some list, or set of objects; e.g. first, second,
and so on, are ordinal numbers. Whereas cardinal numbers convey a quantity; e.g. one, two, and so on.
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Figure 3.2: Schematic outlining the hierarchy of entanglement inequalities as derived in
Ref. [21]. The upper panel captures the infinite hierarchy of inequalities which together form a
necessary and sufficient condition for NPT. If there exists a principal minor which is negative
det[MN ] < 0 then the partial transpose is not positive and thus entanglement is demonstrated.
As shown in the upper panel, NPT is only a sufficient criterion as bound entangled states con-
stitute a small class of entangled states which have a positive partial transpose; see footnote 1.
In the lower panel we demonstrate how an individual inequality can be used as a sufficient
criterion for entanglement. The matrix A is constructed by deleting rows and columns of M
in a pairwise manner.

for any N , then the state has a negative partial transpose and is thus inseparable. These

notions are schematically demonstrated in the upper pane of Fig. 3.2.

More generally, we can consider the submatrix A which is constructed by deleting rows and

columns of M in a pairwise fashion. The process of constructing such a matrix is shown in

Fig. 3.1. From Sylvester’s criterion it follows that det[A] < 0 also indicates NPT and so is a

sufficient criterion to demonstrate entanglement. This condition will be used extensively in our

analysis and has been outlined schematically in the lower pane of Fig. 3.2.

It should be emphasised that the magnitude of the negativity is not significant and should not

be interpreted as a monotonic measure of entanglement. The only meaningful information is

whether or not det[A] is negative. Nevertheless, it is crucial to consider a confidence interval on

the value of the determinant; a negative determinant with an uncertainty that is greater than

its absolute value is clearly not a conclusive entanglement test. Therefore in this thesis, the

interplay between the error and the magnitude of the negativity of a determinant is carefully

examined when searching through a potentially infinite number of entanglement tests. The

question of how to choose a suitably negative determinant is discussed in Chapter 6 and is a

key theme of this thesis.



Chapter 4

Classical statistics of quantum

measurements

In order to verify the inseparability of a quantum state using the criteria outlined in Chapter 3

we must perform measurements to ascertain moments of the field operators given in Eq. (3.8).

At first this might sound rather abstract; however, ultimately we are finding the expectation

value of a quantum operator ⟨Ô⟩. For an observable Ô with a continuous spectrum, we can write

its spectral decomposition as Ô =
∫

do o |o⟩⟨o| where o is some continuous variable measurement

outcome, and ⟨o|o′⟩ = δ(o− o′). If we were to assemble identical quantum states and measure

Ô on each we would find that the outcome of an individual measurement o is random but the

probability of an outcome P (o) is dictated by Born’s rule

P (o)do = ⟨o| ρ |o⟩ do . (4.1)

Following the same steps as in Section 1.1, the expectation value of a continuous variable

observable can be found through the trace operation

Tr
[
ρÔ
]

=

∫
do′
∫

do o ⟨o′|o⟩ ⟨o| ρ |o′⟩

=

∫
do oP (o) = ⟨Ô⟩ ,

(4.2)
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where we note that in going from a discrete to continuous spectrum we replace the sum in the

trace operation with an integral (c.f. Eq. (1.4) for discrete trace operation). Therefore, to find

statistical quantities such as ⟨Ô⟩, or higher-order moments, we may experimentally infer these

from P (o).

Indeed, one of the key goals in science more generally is to uncover parameters of an un-

known probability distribution, such as P (o), which describes some physical phenomenon. If

the probability distribution were known then we would be able to deduce all system parameters

and would not need to conduct further measurements! If we work in a regime where a single

measurement of Ô is obtained per experimental run, then the only way to uncover parame-

ters relating to the probability distribution is by repeated measurements. In each repeated

measurement, the quantum state must be recreated since the very act of performing a strong

measurement of Ô will project the quantum state into one of the measurement eigenstates.

Subsequent measurements with Ô on the conditioned state (see Eq. (1.18)) will not yield any

useful information since the measurement outcomes will not be governed by P (o).

Once the desired measurements have been performed on a quantum state and a string of

numbers is recorded, measurement noise and classical statistics will also be present in the data.

In this chapter we will explore some of these classical statistics which feed into estimating

quantities derived from P (o).

4.1 Sample statistics

Suppose we have a physical process and we wish to measure some quantity x from a population

which is characterised by a probability density function P (x). If we perform N measurements to

obtain the dataset {x1, . . . , xN}, we expect each outcome to be slightly different every time an

experiment is performed. If the experiment is repeated from scratch every time then {xi} form

a set of N random variables. Assuming that the accuracy of the measuring procedure remains

constant then each measurement will be drawn independently from the same population P (x).

The collection of random variables {xi} are thus referred to as being independent and identically
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distributed (i.i.d).

Any function of {x1, . . . , xN} is referred to as a sample statistic, or simply a statistic. One of

the best known statistics is the mean

x̄ =
1

N

N∑
i=1

xi . (4.3)

The next natural statistic to construct from one’s data is the variance

s2 =
1

N

N∑
i=1

(xi − x̄)2 , (4.4)

which describes the spread of data around the mean, x̄. Closely related is the standard deviation

which can be found by taking the square root of the variance.

4.1.1 Estimators and sampling distributions

In general, the distribution P (x) of a population from which the sample is drawn is unknown.

The central aim of experimental physics is to use sample values to infer properties about

the unknown population. Populations are characterised by certain parameters; for example,

populations which follow Gaussian distributions are characterised by the mean µ, and standard

deviation σ. Let us denote some population parameter as a; then if we wish to estimate

a we must estimate this using our sample {x1, . . . , xN}. Therefore, sample statistics which

aim to estimate a are known as estimators and are usually denoted as â. As this is a self-

contained chapter on classical statistics, we will use a hat to indicate an estimator in this

chapter alone in keeping with mathematical literature; elsewhere in the thesis a hat denotes a

quantum operator. However, â is a function of the random variables {x1, . . . , xN} and therefore

estimators are themselves random variables. The estimator â will vary from one sample to the

next and so will not necessarily equal a. The variation in the estimator is described by its

sampling distribution 1.

1An estimator is usually judged by three criteria: consistency, bias, and efficiency. A consistent estimator
â should tend towards the population parameter a as N → ∞. Whereas an unbiased estimator should have
an expectation value equivalent to the population parameter we are trying to estimate, E[â] = a. Efficiency
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Since an estimator might vary from one data set to the next, it is often necessary to quantify

the uncertainty associated with the estimator â. One way of characterising this uncertainty is

via the standard deviation of the sampling distribution

σâ = (V[â])1/2 . (4.5)

And so when we try to estimate the true parameter a using an estimator we must include the

uncertainty which is associated with it; i.e. a = â± σâ.

Suppose the distribution P (x) has a known mean µ and variance σ2. If we use the sample

mean x̄ defined in Eq. (4.3) as our estimator of the mean µ̂, then we may apply the central

limit theorem to show that

E[x̄] = µ , (4.6a)

V[x̄] =
σ2

N
. (4.6b)

In this limit of large N , we can obtain an approximate form for the full sampling distribution

of x̄

P (x̄) ≈ 1√
2πσ2/N

exp

[
−(x̄− µ)2

2σ2/N

]
, (4.7)

which follows from the central limit theorem.

However, finding suitable estimators is complicated by the fact that one does not usually know

the functional form of the distribution from which the sample is drawn. If we already knew µ

and σ there would be no need to conduct the experiment and obtain a sample. Therefore, if σ

is unknown we must replace σ2 in Eq. (4.7) with an estimated value of the variance σ̂2. This

comes at the cost of substituting the equality sign with an approximate sign

V[x̄] ≈ σ̂2

N
, (4.8)

where the hat symbol spans σ2 to symbolise that we desire an estimator for the variance σ̂2; not

quantifies the variance of an estimator with population size N and is closely related to the Fisher information.
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the square of the estimator for the standard deviation σ̂2. A natural first guess at the form of

σ̂2 is that it should be the sample variance s2 given in Eq. (4.4). However, this yields a biased

estimator since E[s2] = σ2(N − 1)/N . This can be easily adjusted with the following correction

to give an unbiased estimator

σ̂2 =
1

N − 1

N∑
i=1

(xi − x̄)2 , (4.9)

such that E[σ̂2] = σ2. Then it is common practice to use the following estimator for standard

deviation

σ̂ = (σ̂2)1/2 , (4.10)

which we note is biased. Indeed, no known unbiased estimator exists for standard deviation.

However, this is of little concern as for large N these biases become negligible.

4.1.2 Hypothesis testing

Samples can be used to estimate various population parameters. We can also use the informa-

tion contained in the sample to test whether or not our estimated parameter equals a particular

value of interest, or lies in a particular range of values of interest.

This method is formally known as hypothesis testing. A hypothesis is a statement made about

the value of a population parameter. It can be tested by carrying out an experiment or taking

a sample from the population. The statistic calculated from the sample is called the test

statistic. The null hypothesis (H0) is the hypothesis assumed to be correct. This is rejected if

the test statistics is lower than a given threshold, called the significance level. The alternative

hypothesis (H1) tells us about the parameter if your assumption is shown to be wrong.

As a simple example, let us assume that X1, . . . , Xn are i.i.d random variables drawn from a

population which is normally distributed N (µ, σ2). A particular value has been suggested for

the population mean µ = µ0. We wish to see if the data supports this or if the mean has a

lower value µ < µ0, according to some other model proposed by another scientist. And so, the
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null and alternative hypotheses are

H0 : µ = µ0 , (4.11a)

H1 : µ < µ0 . (4.11b)

To test this we must use an estimator of µ. A natural estimator is x̄ defined in Eq. (4.3) which

will act is our test statistic. From the central limit theorem, this follows a Normal distribution

N (µ, σ2/N) (cf. Eq. (4.7)). From this we can calculate the probability of observing this test

statistic under the assumptions of the null hypothesis. This quantity is known as the p-value

where p = P (x̄ < µ0|H0). This is usually calculated via the univariate Normal distribution

where the test statistic is

Z =
x̄− µ0

σ/
√
n
, (4.12)

and it follows that p = Φ(Z), where Φ(Z) is the cumulative probability function for the standard

Gaussian N (0, 1). If the p-value exceeds some threshold known as the significance level then

we reject the null hypothesis (e.g. if p > 95% we might choose to reject H0). Since the null

and alternative hypothesis form complementary sets of parameter space, if we reject H0, then

we must accept H1 as our new hypothesis.

However, if the samples x1, . . . , xN are drawn from a Gaussian distribution with unknown mean

or standard deviation we must instead use the following test statistic

t =
x̄− µ0

σ̂/
√
N

, (4.13)

where σ̂ is the estimate of the standard deviation, given in Eq. (4.10). Under the null hypothesis,

the test statistic now follows a Student’s t-test distribution with N − 1 degrees of freedom 2.

The cumulative probability function can be found in statistics tables (or statistics packages

for the more technologically-oriented). The methods of hypothesis testing are the same as the

ones described for the Normal distribution. The t-distribution tends towards the Gaussian

2This distribution was first derived by William Gossett who, while working as a mathematician at Guiness
Breweries, wrote using the pseudonym ‘Student’ and is thus unrelated to the countless students who have since
studied this method!
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distribution for large values of N .

4.2 Error propagation

Summarizing the results from the previous section, we conclude that in an experiment to

estimate some population parameter a, the result is given by

a = â± σâ , (4.14)

where â is the estimator we have chosen for a, and σâ is the standard error on the estimator. If

we do not know all the parameters of our population, it may be necessary to use an estimated

standard error, in which case a = â± σ̂â. This estimated standard error is found empirically.

Suppose instead of just estimating a single parameter a, we instead wish to estimate some other

parameter which is computing by combining other population parameters, each of which it is

possible to observe. We introduce a scalar-valued function f(a) = f(a1, a2, . . . , ad), where a is

a vector containing d population parameters. Using the arguments of the previous section we

expect the final result of an experiment to find this quantity to be

f(a) = f̂(â) ± ∆ , (4.15)

where ∆ is the standard error on the estimator f̂(â) and is found via ∆2 = V[f̂(â)]. We have

included a hat to demonstrate that in some cases we might use a different function f̂ to estimate

f , and the hats on â indicate that the arguments of the function f̂ are also estimates of the

population parameters a. We now assume the estimator to be the function in question, with

arguments given by estimators of the input parameters such that f̂(â) = f(â). The arguments

of the function are the estimated values of each population parameter where â = (â1, . . . , âd).

We now outline how to calculate ∆ for an arbitrary function.
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In order to find V[f(â)], we start by Taylor expanding this function to first order

f(â) ≈ f(µ) +
d∑
i

∂f

∂âi

∣∣∣∣
âi=µi

(â− µ)i , (4.16)

where the d-length vector µ contains the expectation of each estimator such that µi = E[âi].

Following from Eq. (4.7), if each estimator is constructed by finding the mean of lots of repeated

independent measurements, it follows that an estimator is a normally distributed random vari-

able âi ∼ N (E[âi],V[âi]). Now, in order to find V[f(â)] we use the definition of variance

V[f(â)] = E

[(
f(â) − E[(f(â)]

)2]
. (4.17)

Inserting Eq. (4.16) into the expression for variance, we obtain the following standard result

V[f(â)] =
d∑
i

d∑
j

∂f

∂âi
Cov[âi, âj]

∂f

∂âj
, (4.18)

where the first partial derivative is evaluated at âi = µi and the second at âj = µj. The

covariance matrix is

Cov[âi, âj] = E[(âi − µi)(âj − µj)] . (4.19)

Contrary to a quantum physicist’s intuition, it is again stressed that in this chapter hats denote

sample estimators constructed from repeated measurements, and not quantum operators. If

the estimators âi and âj are found through independent data sets where no joint measurements

are made, then Cov[âi, âj] = 0. Under these assumptions, this statement is valid even the

population parameters ai and aj have a non-zero covariance.

To demonstrate this we take a trivial example of tossing a fair coin. Suppose a Heads (H)

detector records 1 every time there is a Head or 0 if there is not a Head; similarly for the Tails

(T ) detector. In an experiment where joint measurements of H and T are taken we might

have the following results {H,T}: {1, 0}, {1, 0}, {0, 1}, and so on. Clearly, when considering

the population parameters H and T , it follows that Cov[H,T ] = −1/4 as they are perfectly

anticorrelated and can be described by a joint probability distribution P (H,T ) ̸= P (H)P (T ).
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However, if we adapt our experiment and instead only measure H then we might obtain the

following results {0}, {1}, {0}, etc. With sufficiently large samples, we would conclude that

H̄ = 1/2 and similarly T̄ = 1/2, recall that the bar indicates these are estimators for the mean.

But if we now consider Cov[H̄, T̄ ] = E[(H̄ − E[H̄])(T̄ − E[T̄ ])], then under the assumption

that H̄ is found through repeated measurements where only H is measured, then H̄ is itself a

random variable which follows a normal distribution H̄ ∼ N (E[H̄],V[H̄]), which is independent

of T̄ . The joint sampling probability density function is thus entirely separable P (H̄, T̄ ) =

P (H̄)P (T̄ ), and Cov[H̄, T̄ ] = 0.

Extending this simple example, it follows that Cov[âi, âj] = δijV[âi], under the assumption that

independent data sets are used to estimate âi and âj. If âi is the estimator for the mean then

Cov[âi, âj] = δijσ
2/N , from Eq. (4.7), provided the population variance σ2 is known.

When all the population parameters a1, . . . , ad are estimated independently in this manner,

then the variance of the function we are estimating f(â) reduces to the simple form

V[f(â)] =
d∑
i

(
∂f(â)

∂âi

)2

s2i , (4.20)

where si =
√

V[âi] is the standard deviation of each estimator. This is in fact the well-known

‘adding-in-quadrature’ formula used for uncorrelated variables. If we take a straightforward

linear function, f(â) =
∑d

i âi then the standard error of the estimator of this function is

∆ =

√√√√ d∑
i

s2i . (4.21)

However, if the function estimator is not simply a linear combination of the estimated quantities

âi then we must take care to differentiate this function appropriately. A particularly useful non-

linear function is the determinant. Suppose we wish to estimate the error on a determinant

calculated from some matrix A. We start with the simple assumption that each element Aij

of matrix A is estimated independently. The determinant of A is a function of all Aij and

we denote this as det[A]. Technically, det[A] and Aij are estimators and so should have hats.

However, this notation is unnecessarily cumbersome. Having introduced the key concepts of
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error propagation we henceforth drop the hats and in doing so avoid confusion with quantum

mechanical operators in subsequent sections. Then the standard deviation of the estimator of

the determinant can be found using Eq. (4.21)

V[det[A]] =
∑
ij

(
∂det[A]

∂Aij

)2

s2ij , (4.22)

where sij is the standard deviation of each estimator Aij. As a special case

∂det[A]

∂Aij

= adj[A]ji , (4.23)

where adj[A] is the matrix adjugate. The adjugate (or classical adjunct) is defined as

adj[A] = CT , (4.24)

C is the cofactor matrix of A. This should not be confused with the Hermitian adjoint com-

monly used in quantum mechanics. From this we obtain the following formula for the standard

error on the determinant,

∆ =

√√√√∑
ij

(
adj[A]jisij

)2

, (4.25)

which is sometimes referred to as Jacobi’s rule. We will use these ideas in Chapter 6 where we

consider the specific case where A is a Hermitian matrix. Importantly, we will examine the

standard error when some of the estimators are found from the same sample set which precludes

us from using Jacobi’s rule. This, in conjunction with the hypothesis testing, will allow us to

compute confidence levels on a determinant which has been found via repeated measurements

of each matrix element. This purpose of this is to establish the suitability of an entanglement

criterion (which is related to the aforementioned determinant) at detecting entanglement in a

given non-Gaussian state.



Part II

Results

72



Chapter 5

Generating and verifying two-mode

mechanical Schrödinger-cat states

The work described in this chapter was conducted in collaboration with Jack Clarke, Sofia

Qvarfort and Michael R. Vanner and has been published in Quantum Sci. Technol. 7 (3),

035012, 2022 [117]. This chapter is partly based on this publication.

5.1 Introduction

Quantum mechanics allows for two or more objects to exhibit correlations that are stronger

than what is permitted by classical physics. The existence of such correlations—or quantum en-

tangled states—are one of the most counter-intuitive and powerful aspects of quantum mechan-

ics, and offer exciting prospects to develop quantum technologies and to explore fundamental

physics.

As we have explored in Chapter 2, cavity quantum optomechanics now provides a rapidly pro-

gressing new platform for quantum science [83], with quantum entanglement in macroscopic

mechanical oscillators currently emerging as an active avenue of study. In particular, the

radiation-pressure optomechanical interaction defined in Eq. 2.18 can be utilized to generate

73
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a rich variety of different entangled states. Notably, this interaction, when linearized such as

in Eq. 2.69, gives rise to Gaussian entanglement. In Section 1.2 we defined bipartite Gaus-

sian entanglement as a property of two arbitrary bosonic subsystems whose composite Wigner

function is Gaussian and inseparable. More specifically, such Gaussian entanglement has been

studied both theoretically and experimentally between optical and mechanical modes. The-

oretically, entanglement between both field and mechanics, and also between two mechanical

elements has been explored in this regime [115, 118, 119, 120, 121, 122, 123, 124, 125, 126].

While experimentally, two-mode squeezed states have been prepared between a microwave field

and a mechanical oscillator [127], and excitingly, continuous-variable entanglement between two

mechanical oscillators has also been generated [128, 129, 130].

In addition to such Gaussian states, the linearized regime combined with photon-counting en-

ables the preparation of single- and two-mode non-Gaussian mechanical states [131, 76, 132,

133]. Photon-counting generates a conditioned state defined in Eq. (1.18) and as such in-

troduces a nonlinearity in the state preparation. Recent experimental progress using this

combination has enabled single-phonon addition and subtraction to single-mode mechanical

systems [134, 84, 135, 136, 78, 77, 79], and, similarly, to generate entangled mechanical states

that share a single quanta [137, 138]. Furthermore, photon-counting protocols have been pro-

posed to create macroscopic superposition states which can help to overcome the challenge of

single-photon weak coupling [86, 139]. Beyond the linearized regime, continued experimental

progress has enabled early signatures of the intrinsically cubic radiation-pressure interaction to

be observed [140, 141], and there has also been increasing theoretical interest in this nonlinear

regime [142, 143, 144, 145, 146]. Theoretical progress in this direction has examined entangling

operations and the properties of the mechanical states generated [147, 69, 70], and the non-

linear regime remains as a rich avenue of study for mechanical quantum states. In particular,

an experimental recipe for mechanical continuous-variable non-Gaussian entanglement verifi-

cation remains outstanding. For a discussion on the far-reaching implications of non-Gaussian

entanglement see Chapter 1.3.

In this Chapter, we propose a protocol for generating two-mode mechanical Schrödinger-cat

states encoded in the displacement of two mechanical oscillators. This class of entangled states
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has a wide range of applications which are discussed in Section 1.3.2. Importantly, we also

introduce an operational technique to verify the non-Gaussian entanglement with a scheme

that enables any bipartite mechanical moment to be measured up to any finite order. Our

protocol comprises a state preparation stage followed by a verification stage, which both utilize

pulsed optomechanical interactions [93] in the unresolved sideband regime. For entanglement

generation, we take advantage of the nonlinear radiation-pressure interaction together with

photon-counting measurements with an interferometric set-up to herald a two-mode mechan-

ical Schrödinger-cat state. For the entanglement verification stage, we propose a method to

determine arbitrary mechanical moments utilizing subsequent pulsed measurements with an

iterative verification protocol whereby lower-order moments are used to unlock higher-order

moments. We then use the moments obtained to evaluate inseparability criteria discussed in

Section 3.2 which identify the presence of non-Gaussian mechanical-mechanical entanglement.

Our scheme is applicable to current experimental approaches and non-Gaussian entanglement

can be created and verified with only minor improvements to current experiments operating

outside the resolved sideband regime. To establish the feasibility of this scheme, we care-

fully model the key experimental factors including those arising from the system’s interaction

with the environment which occur during the verification stage; and optical losses, detection

inefficiency, and dark counts in the heralding stage.

5.2 Entanglement protocol

We first outline our scheme to generate non-Gaussian entanglement between two mechanical

oscillators before exploring each stage in more mathematical detail. This entanglement scheme

can be applied to optomechanical systems that operate outside the resolved sideband regime

κ ≫ ωm (where κ is the cavity amplitude decay rate and ωm is the mechanical angular fre-

quency). We consider two distinct configurations involving a Mach-Zehnder interferometer

set-up: (i) the ‘parallel’ case where light in the two paths interact with separate mechanical

oscillators (see Fig. 5.1a), and (ii) the ‘series’ case where only light in the first path interacts
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(a) (b)

Figure 5.1: Proposed experimental schematics to prepare mechanical oscillators in a two-mode
Schrödinger-cat state. Both schemes involve injecting a weak coherent state |Φ⟩L = |α⟩L1

|0⟩L2
,

or a single photon |Φ⟩L = |1⟩L1
|0⟩L2

into a Mach-Zehnder interferometer containing two op-
tomechanical cavities. Following a nonlinear interaction, photon-counting is then performed
at the two outputs of the interferometer, with counts {m,n}, that heralds the creation of the

mechanical state ρ
{m,n}
out . The phase ϕ influences the properties of the state. (a) The ‘parallel’

set-up described by the measurement operator in Eq. (5.4a). (b) The ‘series’ set-up described
by the measurement operator in Eq. (5.4b). The phase ϕ in both configurations is used to
control the properties of the resulting non-Gaussian entangled mechanical state.

with two mechanical oscillators sequentially (see Fig. 5.1b). In both cases, a pulse of light is

first injected into one input of the interferometer. The light in the lower interferometer-path

is subjected to a phase shift ϕ, which is an experimental handle that allows us to directly

influence the the properties of the resulting mechanical quantum states. Following a pulsed

nonlinear optomechanical interaction [94, 148, 95], the two optical modes recombine at another

50:50 beam splitter and are subsequently measured by photon-counting detectors. We denote

the event where m and n photons are detected in the two outputs as {m,n} thus heralding the

creation of the entangled mechanical state ρ
{m,n}
out .

We consider separately two initial optical states to implement our scheme. Firstly, a weak

coherent state, i.e. |Φ⟩L = |α⟩L1
|0⟩L2

, where subscripts 1 and 2 denote upper and lower light

modes in the interferometer. And, secondly, a single-photon input, i.e. |Φ⟩L = |1⟩L1
|0⟩L2

which offers advantages for the quantum measurement process, however with the increased

experimental complexity of requiring a single-photon source. At the first beam splitter the

light interacts with the vacuum mode and undergoes the following transformations: Û †
12â1Û12 →

(â1 + â2)/
√

2 and Û †
12â2Û12 → (â1 − â2)/

√
2, where â1 and â2 are the annihilation operators

associated with optical modes 1 and 2. A 50:50 beam splitter unitary is given by

Û12 = ei(â
†
1â2+â1â

†
2)/

√
2 . (5.1)
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The subsequent interaction between the optical pulse and the mechanical oscillator is captured

by the following Hamiltonian:

Ĥint = −ℏg0â†i âi(b̂j + b̂†j) , (5.2)

where g0 is the optomechanical coupling rate, and b̂j is the mechanical annihilation operator

for the jth oscillator. The justification for this Hamiltonian can be found in the text preceeding

Eq. (2.15). We do not require strong coupling and furthermore assume the same g0 for the

two optomechanical cavities for brevity and clarity of presentation, but that can be readily

generalized if needed. We consider this interaction happening in the pulsed regime where the

pulse duration is much shorter than the mechanical period. The framework underpinning the

pulsed regime is outlined in Section 2.4. This assumption allows us to model the optomechanical

interaction by the unitary eiµâ
†
i âiX̂Mj ; where µ ∝ g0/κ is the dimensionless coupling strength

(and depends on the shape of the pulse), and X̂Mj
= (b̂j + b̂†j)/

√
2 is the position-quadrature

operator of the jth mechanical system. We remind the reader that the pulsed regime assumes

κ ≫ ωM, however, the interplay between the unitary eiµâ
†
i âiX̂Mj and a finite value of the ratio

ωM/κ is analysed in Section 5.2.1, where we demonstrate that the entanglement generation

protocol is robust with respect to this ratio.

Physically, this unitary has the effect of imparting a momentum kick onto the mechanical

oscillator but leaves the position unchanged. This can be demonstrated by examining how the

dimensionless position and momentum phase quadratures transform as

e−iµâ†âX̂MX̂Meiµâ
†âX̂M = X̂M , (5.3a)

e−iµâ†âX̂MP̂Meiµâ
†âX̂M = P̂M + µ , (5.3b)

for the case of a single photon. Therefore, in phase space, the quantum state has been kicked

along the momentum axis with a displacement of magnitude µ. For a visual representation of

the phase space see Fig. 5.3.

For a pulse duration τ which satisfies ωM ≪ τ−1 ≪ κ, it can be shown that µ = 2
√

2g0/κ as
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the cavity mode can be adiabatically eliminated [94]. We have assumed that the input pulse

shape is Gaussian with temporal width τ. The details of this approximation are outlined in

Section 2.4. Furthermore, the input-output theory [149] used to derive eiµâ
†
i âiX̂Mj in Ref. [94]

demonstrates that in this adiabatic regime the output pulse from the optomechanical cavity

experiences minimal distortion. This has the advantage of more easily ensuring spatio-temporal

mode matching at the second beam splitter if the two optomechanical cavities are not totally

identical, e.g. slightly different values of κ between the two cavities.

After the pulse has imparted a momentum kick, an {m,n} photon click heralds the mechanical

state ρ
{m,n}
out = Υ̂mnρinΥ̂†

mn/Pmn, where ρin is the initial mechanical density operator, and Pmn

is the heralding probability of an {m,n} click event. The measurement operator Υ̂mn captures

the propagation of the light through the interferometer, its interaction with the mechanical

systems, and the final measurement of {m,n} photons. For the parallel configuration, this

is given by Υ̂mn = ⟨m| ⟨n| Û †
12e

iµâ†1â1X̂M1eiµâ
†
2â2X̂M2eiϕâ

†
2â2Û12 |Φ⟩L, where |m⟩ and |n⟩ are Fock

states. The measurement operator for the series configuration can be deduced in a similar

manner. For |Φ⟩L = |α⟩L1
|0⟩L2

, the measurement operators are:

Υ̂mn = Nmn[eiµX̂M1 + eiµX̂M2
+iϕ]m[eiµX̂M1 − eiµX̂M2

+iϕ]n, (5.4a)

Υ̂mn = Nmn[eiµ(X̂M1
+X̂M2

) + eiϕ]m[eiµ(X̂M1
+X̂M2

) − eiϕ]n, (5.4b)

for the parallel and series set-ups, respectively. For a single-photon input state |Φ⟩L = |1⟩L1
|0⟩L2

,

the measurement operators are:

Υ̂mn = Nmn[(eiµX̂M1 + eiµX̂M2
+iϕ)δm,1δn,0 + (eiµX̂M1 − eiµX̂M2

+iϕ)δm,0δn,1], (5.5a)

Υ̂mn = Nmn[(eiµ(X̂M1
+X̂M2

) + eiϕ)δm,1δn,0 + (eiµ(X̂M1
+X̂M2

) − eiϕ)δm,0δn,1], (5.5b)

for the parallel and series cases, respectively. The prefactor Nmn depends on the injected light
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state |Φ⟩L:

Nmn =


e−

|α|2
2

(
α
2

)m+n 1√
n!m!

for |Φ⟩L = |α⟩L1
|0⟩L2

,

1/2 for |Φ⟩L = |1⟩L1
|0⟩L2

.

(5.6)

While the assumptions of the non-resolved sideband regime are implicit through our choice of

optomechanical unitary, this analysis is exact for α and consequently these results are valid for

α of any magnitude.

Two-mode mechanical Schrödinger-cat states of interest are heralded by the click events {1, 0}

or {0, 1}, although we note that with high efficiency and photon-resolving detectors, {m,n}

photon click events can be exploited to herald a range of other mechanical states. In fact,

the operators Υ̂10 and Υ̂01 can be made identical with a π phase shift in the interferometer.

As ϕ is an experimental control, we only need to consider one of these operators to probe the

entanglement structure of the state. Therefore, without loss of generality, subsequent analysis

will focus on the click event {1, 0}, which heralds the mechanical state ρ
{1,0}
out .

As a motivating example, let us consider the case where the mechanical oscillators are initially

in their ground states |0⟩M1
|0⟩M2

, and an optical coherent state is used |Φ⟩L = |α⟩L1
|0⟩L2

.

After the input pulse travels through the first beam splitter the resulting product state is

|α/
√

2⟩L1
|eiϕα/

√
2⟩L2

, where the lower path has also experienced a phase shift. In the paral-

lel set-up shown in Fig. 5.1a, the upper path L1 leads to an interaction with oscillator M1

while the lower path L2 interacts with oscillator M2. The total light-mechanics state is now

proportional to D̂L1(e
iµX̂M1α/

√
2)D̂L2(e

iµX̂M2
+iϕα/

√
2) |0⟩L1

|0⟩L2
|0⟩M1

|0⟩M2
, where DLj

is the

Weyl displacement operator acting on the jth optical mode (this operator is first introduced

in Eq. (1.27)). At the second beam splitter the light beams are recombined yielding the state

D̂L1((e
iµX̂M1 + eiµX̂M2

+iϕ)α/2)D̂L2((e
iµX̂M1 − eiµX̂M2

+iϕ)α/2) |0⟩L1
|0⟩L2

|0⟩M1
|0⟩M2

. At this point,

we have a light-mechanics correlated state and the mechanical state of interest is not yet pro-

duced until the photon measurement is performed. The detection of a single photon in one de-

tector but no photon in the other detector within the coincidence window dictated by the pulse

duration gives the desired {1, 0} click, while we discard runs which have different click events. A
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{1, 0} click projects the mechanical state into the form eiµX̂M1 |0⟩M1
|0⟩M2

+eiµX̂M2
+iϕ |0⟩M1

|0⟩M2
.

Since µ is a real number, the operators eiµX̂Mj can be expressed as exp
[
(iµ/

√
2)b̂†j − (iµ/

√
2)∗b̂j

]
which is the usual displacement operator D̂Mj

(iµ/
√

2). These displacement operators act on

the mechanical ground state of the jth oscillator in the usual manner: D̂Mj
(iµ/

√
2) |0⟩Mj

=

|iµ/
√

2⟩Mj
. As the amplitude of this displacement is purely imaginary, this physically corre-

sponds to a momentum kick of magnitude µ. Therefore, the heralded mechanical states in the

parallel and series set-ups, respectively, are given by the two-mode Schrödinger-cat states:

|Ψ⟩10 ∝
(
| iµ√

2
⟩ |0⟩ + eiϕ |0⟩ | iµ√

2
⟩
)
, (5.7a)

|Ψ⟩10 ∝
(
| iµ√

2
⟩ | iµ√

2
⟩ + eiϕ |0⟩ |0⟩

)
, (5.7b)

where, for now, we have omitted the proportionality constants. We note that these states are

independent of whether we use a coherent state or a single photon for the input optical pulse

|Φ⟩L. For convenience we have dropped the labels M1 and M2 when describing the bipartite

mechanical state. In the parallel example we have been considering, one oscillator receives

a single-photon momentum kick while the other remains in its ground state but whichway

information has been erased.

Magnitude of momentum displacement

As a brief aside, we note that in order for the momentum transfer from a single photon to

exceed the momentum zero-point fluctuations we would require µ > 1. As discussed in the

Introduction to Chapter 2, reaching this regime is a highly sought-after goal within the quan-

tum optomechanics community and remains outstanding outside of cold-atom and trapped-ion

implementations. It must be stressed, however, that our proposal does not require µ > 1. As

we will demonstrate in this Chapter, one can still create and verify entanglement with µ < 1.

In fact, this is one of the strengths of our scheme. The central idea of our protocol is that

we can still create a quantum interference effect with ϕ-dependency through the superposition

of a ‘kick’ and ‘no-kick’ for each oscillator. The subsequent state is inseparable because the

which-way information of the photon is erased by the interferometer, and we will demonstrate
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Figure 5.2: The von Neumann entropy of entanglement calculated for the pure states defined
in Eqs. (5.7) which are generated following a {1,0} photon click. This proper measure of
entanglement is plotted as a function of the interferometer phase ϕ and optomechanical coupling
strength µ. For large µ the entanglement tends towards its maximal value of 1 regardless of
phase ϕ. For small µ the entanglement is maximal when ϕ = π.

that even with very small µ non-Gaussian entanglement can be verified.

Pure state: a closer look

Two-mode Schrödinger-cat states are usually defined as being proportional to |α⟩ |β⟩±|−α⟩ |−β⟩

where α, β ∈ C. Acting upon such a state with the local displacement operations D̂M1(α)D̂M2(−β)

and setting 2α = −2β = iµ/
√

2 gives rise to Eq. 5.7a, while D̂M1(α)D̂M2(β) with 2α = 2β =

iµ/
√

2 gives Eq. 5.7b. Again, we denote the displacement operator acting on the jth oscilla-

tor as D̂Mj
= eαb̂

†
j−α∗b̂j . As these are entirely local operations, we expect the von Neumann

entanglement entropy to be equivalent to that of a traditional Schrödinger-cat state; this is

also discussed in Section 1.3.2. Therefore, we refer to the generated mechanical states as

Schrödinger-cat states; although one could also call them displaced Schrödinger-cat states.

We now examine the two states in Eq. (5.7) and discern some properties related to their en-

tanglement. Firstly, we calculate the von Neumann entropy of entanglement which is a proper

measure of entanglement and is defined in Eq. (1.13). This can be done using Python packages
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like QuTip but we will outline a way to do this analytically too. Acting on the bipartite me-

chanical state produced in the parallel set-up Eq. (5.7a) with the unitary D̂M2(iµ/
√

2)R̂M2(π)

will map the state onto the density matrix produced via the series set-up in Fig. 5.7b, where

R̂M2(π) = e−iπb̂†2b̂2 . Therefore, the von Neumann entropies of entanglement of the states pro-

duced via the parallel and series configurations are identical [150]. We complete the von Neu-

mann entropy calculation for the parallel case however the result will be the same for the series

state too. The mechanical state after an optical measurement of {1,0} is given in Eq. (5.7a).

Including the normalization, this is

|Ψ⟩10 =
1

1 + e−µ2/2 cosϕ

(
| iµ√

2
⟩ |0⟩ + eiϕ |0⟩ | iµ√

2
⟩
)
. (5.8)

The state is not in an orthogonal basis (⟨ iµ√
2
|0⟩ ̸= 0) and furthermore the coherent state | iµ√

2
⟩

has infinite dimensions in the Fock basis. Instead of truncating the density matrix we construct

an orthogonal basis:

|χ⟩ =
| iµ√

2
⟩ + |0⟩
N

, (5.9a)

|χ⊥⟩ =
| iµ√

2
⟩ − |0⟩
M

, (5.9b)

where

N 2 = 2 + 2e−
µ2

4 , (5.10a)

M2 = 2 − 2e−
µ2

4 . (5.10b)

After recasting the state in this orthogonal basis and performing a partial trace over the second

oscillator, the density matrix of the first oscillator in the new basis is simply

ρM1 =
1

4
(

1 + e−
µ2

2 cosϕ
)
N 2(1 + e−

µ2

4 cosϕ) −iNMe−
µ2

4 sinϕ

iNMe−
µ2

4 sinϕ M2(1 − e−
µ2

4 cosϕ)

 . (5.11)

By finding the two eigenvalues of this matrix λi we can compute the von Neumann entropy of
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entanglement using

S(ρM1) =
∑
i

−λilog2λi , (5.12)

where

λ1,2 =
1

2
± e−µ2/4

2

√
(1 + cosϕ)(2 − e−µ2/2 + e−µ2/2 cosϕ)

1 + e−µ2/2 cosϕ
. (5.13)

This function is plotted in Fig. 5.2 and we will now discuss some of the features.

• Magnitude of µ

We can see from Figure. 5.2 that for large µ the von Neumann tends towards its maximal

value of 1. We know that the entanglement entropy for a two-mode state cannot exceed

S(ρM1) ≤ log2N , where N is the dimension of the Hilbert space; in this case N = 2.

This agrees with our calculation in Section 1.3.2 where we showed that the two-mode

Schrödinger-cat states have an upper bound of log2(2). Recalling that since ⟨0|iµ/
√

2⟩ =

e−µ2/4, for large µ the two components become increasingly orthogonal ⟨0|iµ/
√

2⟩ → 0,

and thus both Eqs. (5.7a) and (5.7b) approach maximally-entangled Bell states in the

coherent basis. While the phase ϕ will dictate which Bell-like state we approach, it does

not affect the magnitude of the entanglement in the limit of large µ.

• Phase dependency For the regime where µ ≪ 1, the entanglement entropy is highly

dependant on the phase ϕ. Setting ϕ = π, we can expand Eqs. (5.7a) and (5.7b)

in the Fock basis. In the limit of µ → 0 this also results in the Bell states |Ψ±⟩ =

(|0⟩ |1⟩ ± |1⟩ |0⟩)/
√

2 in the Fock basis, where |Ψ−⟩ corresponds to the parallel state in

Eq. (5.7a) and |Ψ+⟩ the series state in (5.7b). This calculation is demonstrated in

Eq. (1.48). However, setting ϕ = 0, and performing a similar expansion results in a state

that tends to |0⟩ |0⟩ as µ → 0. Indeed, we can differentiate the analytical expression for

the von Neumann entropy of entanglement and show that for a fixed µ, the entropy is

always maximised when ϕ = π.
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Thermal state

We now turn our attention to an initial thermal state ρin = ρn̄1 ⊗ ρn̄2 , where ρn̄j
denotes the

jth oscillator being in a thermal state with thermal occupation number n̄j. A thermal state is

defined in the Fock basis as

ρn̄ =
1

1 + n̄

∑
n=0

(
n̄

1 + n̄

)n

|n⟩⟨n| , (5.14)

where n̄ is the expected phonon occupation number ⟨n̂⟩ = n̄ = (eℏω/kBT − 1)−1. The resulting

state ρ
{1,0}
out approaches the desired two-mode Schrödinger-cat state as n̄1 and n̄2 are reduced

and the probability of generating ρ
{1,0}
out is:

P10 = N10[1 + e−µ2(1+n̄1+n̄2)/2 cos(ϕ)] , (5.15)

where the prefactor N10 is defined in Eq. 5.6 and depends on whether the input state |Φ⟩L

is a coherent state or single photon. With a coherent state input pulse, P10 is maximised

when |α| = 1. As we have already noted, the mechanical states produced by the parallel (Fig.

5.1a) and series schemes (Fig. 5.1b) are related by a local unitary operation. Nevertheless,

implementing the parallel set-up may be more experimentally convenient as it more easily

ensures temporal-mode matching at the beam splitter. Therefore, subsequent analysis will

consider the entangled mechanical state produced by the parallel configuration.

5.2.1 Finite mechanical evolution during entanglement preparation

The assumption that we operate in the unresolved sideband ωM/κ≪ 1 is a crucial step in the

derivation of the optomechanical interaction unitaries both in the generation and verification

stages of our protocol. Here we discuss the interplay between the sideband resolution ratio

ωM/κ and state generation and verification and find that our protocol is robust with respect to

this ratio.

The requirement that ωM/κ ≪ 1 implies that the cavity fills and empties on a much faster



5.2. Entanglement protocol 85

Figure 5.3: In the manuscript we assume κ ≫ ωM allowing us to model the optomechanical
interaction unitary as U = eiµa

†aXM . For a single-photon click event, this results in a displace-
ment in PM of size µ shown by the vertical red arrow. If the sideband ratio is not sufficiently
large, we cannot assume ẊM = 0 during the interaction and we have to consider the evolution
of both XM and PM during the pulse window. The purple dotted line shows the trajectory of
the mechanical state in phase space as a function of time; this trajectory is a circle centred at
(
√

2g0/ωM, 0) with radius
√

2g0/ωM. The resulting displacement is shown by the green line and
has magnitude µ′; the PM quadrature is shifted by µ′ cos(ωMt) while XM by −µ′ sin(ωMt).

length of time than the mechanical period, and so in the derivation of the state-generation

unitary Û = eiµâ
†âX̂M it is assumed that

˙̂
XM = 0. However, if the sideband ratio is relaxed

then we have to consider the mechanical evolution during the timescale of the pulse. For the

purposes of exploring Û we focus on a single light mode interacting with a single mechanical

mode, but these results can be generalised to the multimode unitary Û = eiµâ
†
i âiX̂Mj which

is used in Section 5.2. Starting with the light-mechanics Hamiltonian in a frame rotating at

optical input frequency which is on resonance with the cavity:

Ĥ/ℏ = ωMb̂
†b̂− g0â

†â(b̂† + b̂) , (5.16)

we can formulate the Heisenberg equations of motion for X̂M and P̂M:

˙̂
XM =

i

ℏ
[Ĥ, X̂M] = ωMP̂M (5.17a)

˙̂
PM =

i

ℏ
[Ĥ, P̂M] = −ωMX̂M +

√
2g0â

†â . (5.17b)
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These coupled differential equations can be solved for X̂M(t) and P̂M(t). Strictly, â†â(t) should

be solved using the Heisenberg-Langevin equation that follows from Eq. (5.16) however for

purposes of this order-of-magnitude calculation we can set â†â = 1 which follows from a single

photon input. This gives:

X̂M(t) = −
√

2g0
ωM

cos(ωMt) +

√
2g0
ωM

(5.18a)

P̂M(t) =

√
2g0
ωM

sin(ωMt) . (5.18b)

Therefore at time t, the optomechanical unitary interaction U should displace the mechanical

quadratures according to the following transformations: X̂M → X̂M + µ′ sin(ωMt) and P̂M →

P̂M + µ′ cos(ωMt), where µ′ = 2g0ω
−1
M

√
1 − cos(ωMt) is the effective dimensionless coupling

strength. Thus, the displacement predicted by the Hamiltonian in Eq. (5.16) is captured by

the following unitary:

Û = exp

[
iµ′( cos(ωMt)X̂M + sin(ωMt)P̂M

)]
. (5.19)

We can see from this unapproximated unitary that there are two effects which are dependant on

the ratio ωM/κ: (i) the effective size of the displacement µ′, such that as ωM/κ ≪ 1 is relaxed

µ′ is reduced, (ii) the direction of the displacement in phase space. Therefore, without making

any assumptions on the size of ωM/κ we can still generate an entangled bipartite mechanical

state (albeit with a different displacement magnitude and direction).

The displacement direction is freely rotating in phase space during the pulsed interaction. This

effect can be be accommodated by adjusting the verification times in order perform homodyne

measurements relative to the rotated displacement direction. We can keep track of this rotation

by introducing the time-dependent variable X̂θ
M = cos(ωMt)X̂M + sin(ωMt)P̂M.

We now focus on the effect which the sideband parameter has on the magnitude of the dis-

placement µ. Relaxing ωM/κ ≪ 1 leads to a reduction in the effective size of µ which is

described by µ′. This is not necessarily a disadvantage as the inseperability criteria outlined in

the verification stage are better-suited to smaller values of µ. Therefore, to analyse the effect
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Table 5.1: Mechanical parameters taken from recent experiments (cf. Table 5.2). Parameters
considered are optomechanical coupling rate g0, cavity amplitude decay rate κ, mechanical
frequency ωM, and sideband resolution ratio ωM/κ. We can see that strong coupling is not
required for our protocol. Using the formula µ = 2

√
2g0/κ we have derived values for µ in

Table 5.2. This formula comes from assuming the pulse length τ satisfies ωM ≪ τ−1 ≪ κ. In
the final column, the percentage reduction in µ is calculated using the expression Eq. (5.21)
which results from the ratio ωM/κ.

Mechanical parameters
Refs. g0/2π κ/2π ωM/2π ωM/κ % reduction in µ

[151] 127 Hz 15.9 MHz 1.139 MHz 7.16 × 10−2 8.6 × 10−2

[152] 20 kHz 0.44 GHz 4.3 MHz 9.77 × 10−3 1.6 × 10−3

[141] 35 MHz 8.8 GHz 3.74 MHz 4.25 × 10−4 3.0 × 10−6

of the sideband ratio on the size of µ′ we now consider the unitary which acts on the mechanics

Û = exp
[
iµ′X̂θ

M

]
given a single-photon has been detected. Let us take t = C/κ, where C is of

order unity and depends on the pulse shape and duration (the details here are unimportant).

Inserting the expression for µ′ and Taylor expanding gives:

Û = exp

[
i
√

2g0C

κ

(
1 − ω2

MC
2

24κ2
+ . . .

)
X̂θ

M

]
. (5.20)

We can see that for ωM/κ ≪ 1 we recover the mechanical displacement after a single photon

measurement Û = eiµX̂M where µ =
√

2Cg0/κ (this is used in Section 5.2). For a pulse which

satisfies ωM ≪ τ−1 ≪ κ then C = 2, and the percentage reduction in µ to second order is:

% reduction in µ =
ω2
M

6κ2
× 100 . (5.21)

This reduction is presented in Table 5.1 for the experimental parameters we consider in Table

5.2.

The sideband resolution ratio is also important for the verification stage. The verification

stage uses a different wavelength and cavity mode, so will have a different sideband resolution

ratio compared with the generation stage. The effect that significant ωM/κ has on the linear

interaction ÛV = eiχX̂LX̂M is analyzed in Ref. [93], where it is demonstrated that the correction

to χ is likewise second order in ωM/κ.
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Figure 5.4: Two beam splitters are introduced into the state generation optical set-up in order to
model optical losses and detector inefficiencies (cf. Fig. 5.1a). The beam splitters have intensity
transmission η, and couple the entangling pulse with the environment (which is described by
vacuum states). In our formalism, k and l photons are lost to the environment in the upper and
lower arms, respectively; m and n photons are measured by the photodetectors. When |Φ⟩L is
a coherent state it is possible that more than one photon interacts with the two oscillators but
the photodetectors measure {1,0}.

5.2.2 Optical losses, detector inefficiencies and resolution

With a single photon input state, assuming no optical losses in the apparatus, the use of

a {1, 0} click event to herald the mechanical state ρ
{1,0}
out is robust against optical losses: if

a photon is lost in the interferometer, no click is detected and this run of the experiment

is discarded. In contrast, a coherent state input risks creating a mechanical state which is

different to that indicated by the photodetector clicks. Reverting to the single photon input

case, if there are optical losses then it is possible to lose the input photon in the apparatus but

accidentally register a dark count, thus incorrectly concluding that the desired mechanical state

has been generated. Therefore, in addition to the notion of heralding probability defined in

Eq. (5.15), we must also consider the possibility that a different mechanical state ρ
{m,n}
out (where

{m,n} ≠ {1, 0}) is created even when the detectors have recorded a {1, 0} click due to optical

losses, detector inefficiencies, or dark counts. This would lead us to incorrectly identify this

state as ρ
{1,0}
out , resulting in a ‘false positive’ event. Conversely, if a {1, 0} click does successfully

herald the creation of ρ
{1,0}
out this is a ‘true positive’ event.

Here we examine how experimental imperfections can affect the success with which we herald

our desired mechanical state. We can model optical losses and detector inefficiencies which

are present during the state generation stage by introducing loss-model beam splitters with

intensity transmission η in the lower and upper arms of the interferometer in Fig. 5.1a, such
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that when η = 1 there are no optical losses and the detectors are perfectly efficient. The

optical loss model is shown schematically in Fig. 5.4 where we have introduced a3 and a4 as the

annihilation operators of modes of the environment to which entangling pulse couples to at these

additional beam splitters. At optical frequencies we can assume that the initial environment

mode is well described by the vacuum state. Considering that we performed photon counting in

the output ports of modes 3 and 4, the full measurement operator for the parallel configuration

with an injected coherent state is given by:

Υ̂mnkl = ⟨m|1 ⟨n|2 ⟨k|3 ⟨l|4 U12U24U13e
iµâ†1â1X̂M1eiµâ

†
2â2X̂M2

+iâ†2â2ϕÛ12 |α⟩1 |0⟩2 |0⟩3 |0⟩4 , (5.22)

where Û13 and Û24 describe the unitary beam spitter interactions which couple modes 1 and 2

to the environment, with the subscript indicating which modes they act upon:

Û †
13â1Û13 =

√
ηâ1 +

√
1 − ηâ3, (5.23a)

Û †
24â2Û24 =

√
ηâ2 +

√
1 − ηâ4. (5.23b)

We have assumed the same beam splitter parameter η between the environment and both

the upper and lower arms of the interferometer. This could be generalised however if we can

distinguish between the upper and lower path due to differing η then this asymmetry is a

greater problem for entanglement generation than false positives. The measurement operator

is then:

Υ̂mnkl = e−
|α|2
2

(√
ηα

2

)m+n(√
1 − ηα√

2

)k+l
1√

m!n!k!l!

× (eiµX̂M1 + eiµX̂M2
+iϕ)m(eiµX̂M1 − eiµX̂M2

+iϕ)n

× eiµkX̂M1eiµlX̂M2
+ilϕ,

(5.24)

and can be interpreted as losing k and l photons to the environment via each mode (either due

to optical losses or detector inefficiencies) but measuring m and n photons at the detectors.

In addition to the case where {k, l} photons are lost to the environment, we must consider dark

counts which occur independently to the photons in the experiment. In the time window of the



90 Chapter 5. Generating and verifying two-mode mechanical Schrödinger-cat states

Figure 5.5: Probability tree outlining the photon pathways which could lead to photo-detectors
recording {1, 0}. We assume detectors have the ability to resolve single photons and so a single
photon exists in the output of the upper arm of the interferometer and there are no photons in
the lower. Events outlined in red are pathways which lead to heralding the incorrect mechanical
state while the green pathway is the only route to truly heralding the desired mechanical state.
The probabilities of each pathway are labelled on the branches. We emphasise that this tree is
valid given a {1, 0} photon measurement. Therefore, one must use Bayes’ theorem to normalise
the probabilities of false or true positive outcomes. For the notation of the pathways see Fig. 5.4.

pulsed interaction there are 3 potential dark count outcomes: 0 dark counts, 1 dark count, 2

or more dark counts. Assuming the dark count rate is 1 s−1 and the detectors are on for 10 ns

we expect 10−8 dark counts. The probability P (k) of k dark counts being detected during the

experiment is captured by a Poisson distribution P (k) = λke−λ/k! with mean λ = 10−7. It

then follows that P (0) = 0.9999, P (1) = 9.99 × 10−9, and P (k > 1) ≈ 10−14. We henceforth

assume the probability of more than 1 dark count is negligible on this timescale. Therefore, we

introduce the independent, binomial probability D that a single dark count is detected during

the detection window, where D ≈ 10−8.

To calculate the probability of successfully heralding the desired mechanical state given a {1, 0}

click, let Pmnkl = Tr
[
Υ̂mnklρinΥ̂†

mnkl

]
, such that Pmnkl is the probability of losing {m,n, k, l}

photons at each of the outputs labelled accordingly in Fig. 5.4. The probability for resolving
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detectors to herald a mechanical state other than ρ
{1,0}
out , given a {1,0} click, is:

P (False|{1, 0}click) =
(1 −D)

∑
kl(P10kl − P1000) + D

∑
kl P00kl

(1 −D)
∑

kl P10kl + D
∑

kl P00kl

, (5.25)

where we have made use of Bayes’ Theorem to normalise the probability. The probability tree

in Fig. 5.5 outlines the possible routes that could lead to heralding an undesired mechanical

state. The probability of heralding the correct ρ
{1,0}
out state, given a {1,0} detector click, is:

P (True|{1, 0}click) =
(1 −D)P1000

(1 −D)
∑

kl P10kl + D
∑

kl P00kl

. (5.26)

Let us denote the ratio of false positives (Eq. 5.25) to true positives (Eq. 5.26) as R. Then

the fraction of true positives we expect for a given number of {1,0} clicks is F = 1/(1 + R).

Therefore, when using number-resolving photodetectors, the fraction F of true positive events

per total number of {1,0} clicks is expected to be:

F =

[
e(1−η)|α|2 +

e−η|α|2D
ηP10(1 −D)

]−1

, (5.27)

where P10 is defined in Eq. (5.15) (for |Φ⟩L = |α⟩1 |0⟩2). In order to neglect false positives and

confidently ensure that a {1, 0} click heralds the ρ
{1,0}
out state, F must be as close to unity as

possible. Therefore, we require that (1 − η)|α|2 ≪ 1, and that D is sufficiently low compared

to P10. Thus, Eqs (5.15) and (5.27) can be used to establish the feasibility for the heralding

process, in particular, for the dependence on µ.

We now consider the case where the photodetectors in the heralding stage are non-resolving.

The combination of a click in the upper detector and no-click in the lower detector would

indicate at least 1 photon has been detected in the upper detector, but there could be more

photons present. We still label this as a {1, 0} click event. Similarly we can construct a

probability tree for the possible photon events that lead to such a detection outcome, shown in
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Figure 5.6: Probability tree outlining photon pathways which could lead to photo-detectors
recording {click,0}. We now model non-resolving detectors which cannot distinguish between
one or more photons. Events outlined in red are pathways which can lead to heralding the
incorrect state while the green pathway is the only route through which it is possible to herald
the correct state. The diagram is very similar to Fig. 5.5 but with subtle differences due to
non-resolving nature of detectors.

Fig. 5.6. Following the same analysis as above, the analogous equations are:

P (False|{1, 0}click) =

∑
m>0,kl Pm0kl − P1000 + D

∑
kl P00kl∑

m>0,kl Pm0kl + D
∑

kl P00kl

, (5.28)

P (True|{1, 0}click) =
P1000∑

m>0,kl Pm0kl + D
∑

kl P00kl

. (5.29)

The ratio of false positive (Eq. (5.28)) to true positive events (Eq. (5.29)) is again denoted as

R. Using F = 1/(1 + R) we can find F for non-resolving detectors:

F =

[
e−η|α|2L
ηP10

+
e−η|α|2D
ηP10

]−1

, (5.30)

where P10 is defined in Eq. (5.15) (for |Φ⟩L = |α⟩1 |0⟩2), and

L =
∞∑

m=1

2m∑
k=0

(
2m

k

)(
η|α|2

4

)m
1

m!
e−i(m−k)ϕλ(m−k)2 , (5.31)
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with λ = e−
µ2

2
(1+n̄1+n̄2). Similar to the model for resolving photodetectors, the non-resolving

model similarly requires D and optical losses to be sufficiently low such that we can neglect

false positives.

By examining the fraction of true positives F for resolving (Eq. 5.27) and non-resolving

(Eq. 5.30) detectors we can see that it is parameterised by the optomechanical coupling strength

µ, the initial occupation number of the mechanics n̄, the amplitude of the coherent state input

α, the optical transmission probability through each arm of the interferometer η, and the dark

count probability D. Assuming steps have been taken to mitigate D and η and the state has

been prepared as close to the the ground state as possible, then the only parameter we have

freedom over is α, through attenuation methods. Therefore, one should also optimise α in

order to maximise the probability of generating the correct state. We noted that the heralding

probability of a {1, 0} photon click is optimised when α = 1 and so tuning α can come at

the cost of a diminished overall heralding probability which means more experimental runs are

required before the desired {1, 0} photon detection event is recorded.

To investigate this behaviour we have plotted Eq. 5.27 as a function of µ in Fig 5.7a, while

we have plotted Eq. 5.30 in Fig. 5.7b. In both plots we fix n̄ = 0.1 and D = 10−8. For both

resolving and non-resolving models we consider separately two cases: (i) we fix α = 1, (ii)

α is chosen in order to maximise F . In general, F increases with µ before saturating. The

exception is for the non-resolving detector case when α = 1. Here, we see that when µ > 10−1

the probability of generating the correct state given the desired detection outcome starts to

deteriorate. This is because as the optomechanical coupling µ grows, multiphoton interactions

between the light and mechanics become more likely than single photon interactions. These

multiphoton kicks would still be recorded as a correct photon detection by the non-resolving

detectors.

Single-photon input state

So far we have only considered the case where the injected light used to generate entanglement

is |Φ⟩L = |α⟩1 |0⟩2. We stated that in the idealised case, a single photon input is robust against
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(a) (b)

Figure 5.7: True positive fraction F as function of coupling strength µ. The following param-
eters have been assumed throughout: ϕ = π, initial thermal occupation number of oscillators
n̄ = 0.1, number of dark counts during detection window of 10 ns is D = 10−8. (a) F with
coherent input state |Φ⟩L = |α⟩ |0⟩ for the case of number-resolving photodetectors. Orange
line is for a fixed coherent state amplitude α = 1; blue line is when α is allowed to vary in order
to maximise F . (b) F for coherent input state |Φ⟩L = |α⟩ |0⟩ with non-resolving photodetec-
tors. Similarly, orange line is for a fixed coherent state amplitude α = 1; blue line is when α
is allowed to vary in order to maximise F . As µ increases, F increases exponentially before
saturating. Note: in (b) for α = 1, as µ increases above ≈ 10−1 F begins to deteriorate; this is
due to the increased likelihood of multiphoton interactions with the oscillator which cannot be
distinguished by non-resolving detectors.

false positives since a {1, 0} detection means one photon has passed through the interferometer.

However we can now also consider dark counts in conjunction with optical losses both in the

case of number resolving detectors and non-resolving detectors given a single photon input state

|Φ⟩L = |1⟩1 |0⟩2.

Following the same method as we used for the case where the injected light is prepared in a

coherent state, we introduce two beam splitters into each optical arm in order to model optical

losses and detector inefficiencies. We can derive the following measurement operator:

Υ̂mnkl =

√
η

2
(eiµX̂M1 + eiµXM2

+iϕ)δm1δn0δk0δl0 +

√
η

2
(eiµX̂M1 − eiµX̂M2

+iϕ)δm0δn1δk0δl0

+

√
1 − η√

2
eiµX̂M1δm0δn0δk1δl0 +

√
1 − η√

2
eiµX̂M2

+iϕδm0δn0δk0δl1 .

(5.32)

For the case where detectors can resolve single photons, the probability of a false positive
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detection event is:

P (False|{1, 0}click) =
D
∑

kl P00kl

D
∑

kl P00kl + (1 −D)P1000

,

=
(1 − η)D

(1 − η)D + η(1 −D)P10

,

(5.33)

and for correctly detecting the desired state given a {1, 0} click

P (True|{1, 0}click) =
(1 −D)P1000

D
∑

kl P00kl + (1 −D)P1000

,

=
η(1 −D)P10

(1 − η)D + η(1 −D)P10

.

(5.34)

We can similarly define the ratio R between false and true positive probabilities

R =
(1 − η)D

η(1 −D)P10

, (5.35)

where P10 is the heralding probability for {1,0} defined in Eq. (5.15) (for |Ψ⟩L = |1⟩1 |0⟩2).

Therefore, it follows from F = 1/(1 +R) that the probability of obtaining a true positive event

is

F =
ηP10(1 −D)

ηP10(1 −D) + (1 − η)D
. (5.36)

In the non-resolving case where the detector just clicks when a photon is detected but we can’t

distinguish between 1 or more photons, then the false positive ratio is as follows:

R =
D
∑

kl P00kl

P1000

=
(1 − η)D
ηP10

. (5.37)

Again, F can be calculated

F =
ηP10

ηP10 + (1 − η)D
. (5.38)

The fraction of true positives for photon resolving (Eq. (5.36)) and non-resolving (Eq. (5.38))

are both plotted in Fig. 5.8 assuming a single photon input. For the parameters considered

in the plot (n̄ = 0.1 and D = 10−8) the two functions are approximately equal, therefore

it is unimportant whether one uses resolving or non-resolving detectors. This reinforces the
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Figure 5.8: Plot of fraction of true positives we can expect for a given set of {1, 0} photon
heralding events for a single photon input. The functions show the probability that the desired
photon measurement event actually generates the expected mechanical state as a function
of µ. The solid blue line is for the case of resolving photodetectors (Eq. (5.36)) while the
dashed orange line is for non-resolving photodetectors (Eq. (5.38)). These lines are further
parameterised by assuming the interferometer phase of ϕ = π, mechanical thermal occupation
number of n̄ = 0.1, and a dark count probability of D = 10−8. The two functions are almost
identical so appear to be superimposed.

desirability of a single photon pulsed input source in this protocol.

5.3 Entanglement Verification

In order to verify the mechanical-mechanical entanglement generated, we propose an exper-

imental procedure in order to measure the components needed to test inseparability criteria

for the state produced via the parallel-configuration (Fig. 5.1a). We include the analogous

verification set-up for the series configuration in A.1.2. The verification protocol is tailored

towards assessing inseparability criteria belonging to the class of criteria in Ref. [21]. These

inseparability tests take the form of inequalities (constructed from physical observables) which

when violated verify the existence of entanglement. The experimental procedure we propose

here can provide access to all the inequalities belonging to this class of inseparability criteria.

To demonstrate the strength of our scheme we have selected two such inequalities from this

class; one of which is guaranteed to detect entanglement in Gaussian states, while the other is
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able to detect entanglement in states with a greater degree of non-Gaussianity.

5.3.1 Inseparability Criteria

In Chapter 3 we discussed the challenges of finding a suitable inseparability criterion for non-

Gaussian entangled states. While many continuous-variable entanglement tests are necessary

and sufficient for detecting entanglement in Gaussian states, not all are capable of capturing

entanglement in highly non-Gaussian states (to our knowledge there is no single test that

is guaranteed to detect all forms of non-Gaussian entanglement in a state). Since higher-

order moments are needed to characterise non-Gaussian states, criteria formed from higher-

order moments are a natural choice for confirming non-Gaussian entanglement. Shchukin and

Vogel introduced a class of inseparability criteria derived from the negative partial transpose

(NPT) of the state which take the form of inequalities constructed from arbitrary moments of a

continuous-variable quantum state [21]. Therefore, this class of operational criteria lends itself

well to the identification of entanglement in non-Gaussian states. The mathematical formalism

of these criteria is discussed in detail in Section 3.2.

We have previously discussed that a bipartite state ρAB is separable if and only if det[MN ] > 0

for all N ; the matrix MN is defined in Eq. 3.9. We will henceforth denote this determinant

more succinctly as DN . Therefore, if DN < 0 for any N then NPT has been demonstrated

and the state is entangled. Using the ordering convention in Ref. [21], the first few rows and

columns of the matrix from which DN is calculated are shown here:

DN =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 ⟨b̂1⟩ ⟨b̂†1⟩ ⟨b̂†2⟩ ⟨b̂2⟩ . . .

⟨b̂†1⟩ ⟨b̂†1b̂1⟩ ⟨b̂†21 ⟩ ⟨b̂†1b̂
†
2⟩ ⟨b̂†1b̂2⟩ . . .

⟨b̂1⟩ ⟨b̂21⟩ ⟨b̂1b̂†1⟩ ⟨b̂1b̂†2⟩ ⟨b̂1b̂2⟩ . . .

⟨b̂2⟩ ⟨b̂1b̂2⟩ ⟨b̂†1b̂2⟩ ⟨b̂†2b̂2⟩ ⟨b̂22⟩ . . .

⟨b̂†2⟩ ⟨b̂1b̂†2⟩ ⟨b̂†1b̂
†
2⟩ ⟨b̂†22 ⟩ ⟨b̂2b̂†2⟩ . . .

...
...

...
...

...
. . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (5.39)

We have previously discussed how many other entanglement criteria are special cases of this
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overarching hierarchy of inequalities. In particular, D5 (the determinant of the first 5 rows

and columns of the matrix in Eq. (5.39)) is a reformulation of Simon’s criterion [36] which

is a necessary and sufficient entanglement test for single-mode bipartite Gaussian states [37].

Therefore, applying D5 to a Gaussian state will always verify entanglement (although some

non-Gaussian entangled states might also satisfy D5 < 0 since a negative D5 is only a sufficient

condition for non-Gaussian entangled states).

We can construct other inseparability criteria by deleting rows and columns of the matrix in

Eq. (5.39) in a pairwise fashion. This leaves behind a submatrix A, see Fig. 3.1 for a visual

representation of this. If the determinant of the resulting matrix is negative then this also fulfils

the NPT criterion and the state is entangled. In this way, we can delete entries in DN to arrive

at the following specific subdeterminant which we will label S3

S3 =

∣∣∣∣∣∣∣∣∣∣
1 ⟨b̂†2⟩ ⟨b̂1b̂†2⟩

⟨b̂2⟩ ⟨b̂†2b̂2⟩ ⟨b̂1b̂†2b̂2⟩

⟨b̂†1b̂2⟩ ⟨b̂†1b̂
†
2b̂2⟩ ⟨b̂†1b̂1b̂

†
2b̂2⟩

∣∣∣∣∣∣∣∣∣∣
, (5.40)

such that if S3 < 0 we have a sufficient criterion for entanglement. S3 is one of the simplest

subdeterminants that goes beyond combinations of quadratic moments, thus allowing non-

Gaussian entanglement to be detected. As a result of its simplicity, it has been previously

highlighted in the context of two-mode Schrödinger-cat states [21, 153]. We note that lower-

dimensional matrices, from which the determinant is computed, offer a more practical route to

experimental verification.

Since D5 captures all entanglement for Gaussian states, if S3 indicates entanglement in a

region of state space for which D5 does not, we can conclude that these entangled states are

non-Gaussian. Therefore, applying these two inequalities together to a state, we can identify

parameter regions where the state is non-Gaussian and entangled. We note that there may

be entangled non-Gaussian states that are not detected by D5 or S3, since these are only

sufficient entanglement criteria. Furthermore, for states where both S3 < 0 and D5 < 0, or

D5 < 0 but S3 > 0, we cannot infer if the entangled state is non-Gaussian. It should also
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be highlighted that the magnitude of a determinant has no relevance to the NPT criterion;

only the sign of a determinant matters for entanglement verification. Nevertheless, a more

negative determinant could be easier to experimentally confirm since each expectation value

has an associated experimental uncertainty. We will explore the effect of errors arising from

environment on the expectation values in Section 5.3.3.

5.3.2 Verification protocol

We now detail our experimental scheme to obtain the moments of the mechanical state which

are needed for the inseparability criteria in Section 5.3.1. Our verification protocol can be used

to extract arbitrary mechanical moments. These can then be used to calculate D5 and S3 or

more complicated subdeterminants composed of higher-order moments.

The experimental schematic for the verification protocol is illustrated in Fig. 5.9. After the en-

tangling pulse has interacted with the two oscillators and photon-detection has been performed,

we are left with a mechanical-mechanical entangled state. After this photon measurement, up

to four verification pulses are sent into each arm of the apparatus. For the verification pulses to

provide an independent readout, and to operate in the linearized regime, these fields are reso-

nant with a different optical mode. The pulses also address each oscillator individually further

improving the independence of the readout. Assuming the verification pulses are strong and the

optical phase shift imparted to the light is small, we get the following linearized optomechanical

interaction for each pulse: Ûv = eiχX̂Li
X̂Mj , where X̂Li

and X̂Mj
are the position operators of the

ith light mode and jth oscillator respectively [122, 123, 126]. The assumptions which underpin

the derivation of this unitary are discussed in Section 2.4.2. We emphasise that the verification

pulses are independent from the generation pulse, but to avoid overloading the notation we

simply use Li in this section to refer to the verification light modes. The dimensionless inter-

action strength is given by χ ∝ g0
√
Np/κ where Np is the mean photon number in the input

field. The coupling rate here g0 differs to the coupling rate for the state-preparation stage as a

different cavity mode is used, and the proportionality constant is of order unity, which depends

on the properties of the input pulse. If we use a long verification pulse with duration τ that
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Figure 5.9: Proposed verification scheme to measure arbitrary quadrature moments of the
mechanical state produced in the parallel configuration. These moments allow us to compute
the inseparability criteria D5 (Eq. (5.39)) and S3 (Eq. (5.40)). The entangling pulse (red)
generates a mechanical state. Following a {1,0} click event, the verification stage is subsequently
conducted. Up to four pulses of light are sent into apparatus at times τ = 0 and/or τ =
π/(2ωM). These verification pulses (orange) have a different wavelength to the entangling pulse
and so spectral filters ensure that the verification and entangling pulses follow different optical
paths. Both the entangling and verification pulses are on resonance with a cavity mode that
interacts in the unresolved sideband regime. Following an optomechanical interaction, the light
quadratures of the verification pulse transform according to Eqs. (5.41a)-(5.41b); mechanical
quadrature information is transferred to the momentum quadrature of light. Switches 1 and 2
provide the option to hold earlier pulses in a delay line, ensuring all pulses are incident at the
beam splitters concurrently. Pulses which do not require a delay follow path 1b or 2b. Variable
phase shifts ζl (where l = 1, 2, 3, 4) can be changed between pulses and runs, providing us with
the degrees of freedom necessary to solve for the desired moments. Homodyne measurements of
P̂Lk

(where k = A,B,C,D) are performed on the momentum quadrature of light as it emerges
from the final set of beam splitters. For each configuration of pulses, switches, and phase shifts,
we require many runs (each requiring state creation followed by a measurement of P̂Lk

) in

order to construct a data set of measurements {P (i)
Lk
}Ni=1. From this data set one can calculate

moments such as ⟨P̂ d
Lk
⟩ using Eq. (5.42) which can in turn be expanded in terms of mechanical

quadrature moments, thus allowing us to find all moments of the form ⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩.
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satisfies ωM ≪ τ−1 ≪ κ, then χ = 4g0
√
Np/κ [96, 97]. Similar to the generation stage, using

such a pulse has the advantage of more easily ensuring spatio-temporal mode matching at the

second beam splitter if the two cavities are not identical. Note also that an additional deter-

ministic momentum kick is also imparted on the system per verification pulse that depends

on the optical intensity, which may be accounted for in post-processing or cancelled with an

appropriate feedback force.

Following the interaction Ûv, the ith-mode light quadratures X̂Li
and P̂Li

are given by:

X̂Li
(θj) = X̂Lin

, (5.41a)

P̂Li
(θj) = P̂Lin

+ χX̂Mj
(θj) , (5.41b)

where X̂Mj
(θj) is the mechanical position operator before the interaction Ûv. Here, we have

assumed the input light quadratures X̂Lin
and P̂Lin

are quantum noise limited with variances

of 1/2, and the mechanical quadratures freely evolve as a function of θj = ωMj
τ , where ωMj

is the mechanical frequency of the jth oscillator, and τ is the time elapsed between state

generation and the interaction Ûv. We henceforth assume that the two oscillators have the

same parameters for brevity and drop the j label on ωM. For a system isolated from its

environment, X̂Mj
(π/2) = P̂Mj

(0), so by switching on the verification pulse at different times

we can imprint different mechanical quadratures on P̂Li
.

As X̂M and P̂M are more experimentally accessible than b̂ and b̂† we will recast the determinants

in Eqs. (5.39) and (5.40) to be in terms of these operators using the relation b̂i = (X̂Mi
+

iP̂Mi
)/
√

2. From this, each element of DN (Eq. (5.39)) can be expressed as a linear combination

of moments in X̂M and P̂M:
∑

pqrs cpqrs ⟨X̂
p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩ where cpqrs ∈ C. This is convenient

as the optomechanical interaction in Eq. (5.41b) is dependent on the mechanical quadratures.

To obtain all the terms in the inseparability criteria we must measure moments of the form

⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩. Since we cannot simultaneously measure X̂Mi
and P̂Mi

, we exploit a network

of switches, time delays, and phase shifts {ζl} in the optical set-up (Fig. 5.9) to probe these

quantities. This network should be integrated with the optical apparatus used for entanglement
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generation as each verification run involves recreating the entangled state. Our proposed scheme

allows us to control which combination of mechanical quadratures are obtained via homodyne

measurement of the output light quadratures PLk
, where k = {A,B,C,D} (see Fig. 5.9).

We can build a data set of N homodyne measurement results {P (i)
Lk
}Ni=1 for a particular optical

pathway (a specific combination of switches, time-delays, and phase shifts characterises a path-

way) by repeatedly generating the mechanical state, and then performing a verification pulse

with homodyne detection. From the data we can directly compute moments using the formula:

⟨P̂ d
Lk
⟩ =

1

N

N∑
i

(P
(i)
Lk

)d . (5.42)

Eq. (5.41b) allows us to expand the measured ⟨P̂ d
Lk
⟩ as a linear combination of mechanical

quadrature moments with coefficients determined by the phase shifts {ζl}. Repeating these

steps with sufficiently many appropriate combinations of {ζ1, ζ2, ζ3, ζ4} will provide us with

enough linearly independent equations to solve for any of the mechanical quadrature moments

that appear in the expansion of ⟨P̂ d
Lk
⟩ [154]. From these moments D5, S3, or any other subde-

terminant can then be calculated.

As a simple example we can consider finding ⟨X̂M1⟩. After a {1,0} click heralds the state

ρ
{1,0}
out , the verification pulses are allowed to interact with the mechanical oscillators. Spectral

filters ensure the verification pulses follow a different pathway to that of the entangling pulse,

since the entangling and verification pulses have a different wavelength (see Fig. 5.9). For this

mechanical quadrature moment, a single verification pulse is injected at time τ = 0 into the

upper arm and interacts with oscillator 1. The pulse then follows path 1b, passes through a

set of beam splitters (for this moment {ζl} are unimportant). Finally, we perform a homodyne

measurement of P̂Lk
(Eq. (5.41b)). Over numerous runs (each time recreating the entangled

state) we build a data set of N homodyne measurements {P (i)
Lk
}Ni=1. According to Eq. (5.42), by

summing over the data set we can deduce the first moment ⟨P̂Lk
⟩ = χ ⟨X̂M1⟩ /2 (where we have

assumed vacuum noise statistics ⟨P̂Lin
⟩ = 0, and the factor 1/2 arises from the beam splitters).

The value of χ is assumed to be known accurately via an initial calibration stage (see A.1.1),

allowing us to extract the value of ⟨X̂M1⟩. Repeating this entire sequence but sending in a single
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pulse at time τ = π/(2ωM) will yield ⟨P̂M1⟩. Using Eq. (5.42) we can calculate higher-order

moments of P̂Lk
from the same data set and thus find higher order mechanical moments. For

example, the third moment can be expressed as ⟨P̂ 3
Lk
⟩ = χ3 ⟨X̂3

M1
⟩ /8 + χ ⟨X̂M1⟩ /4 (where we

have assumed ⟨P̂ 3
Lin

⟩ = 0 and ⟨P̂ 2
Lin

⟩ = 1/2). This contains the already-calculated term ⟨X̂M1⟩,

and ⟨P̂ 3
Lk
⟩ is found from the data set of homodyne measurements; and so we can now determine

⟨X̂3
M1

⟩. Continuing this iterative procedure, we can use lower-order moments to iteratively find

those of higher order.

The full method for finding an arbitrary mechanical moment ⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩ is outlined in

A.1.1, while a simpler experimental approach for finding some of the lower-order moments in D5

and S3 is presented in A.1.1. The iterative nature of our verification scheme (using lower-order

moments to find higher ones) means that, by determining all the moments for S3, one also

unlocks all the lower-order moments for D5, making it experimentally convenient to calculate

both determinants together. We note that, in practice, to confidently measure higher-order

moments using Eq. (5.42) and thus unambiguously determine the sign of the determinants D5

and S3, we must ensure a sufficiently large data set of homodyne measurement results {P (i)
Lk
}Ni=1

for each optical pathway considered. The size of the data set will affect the standard error of

⟨P̂ d
Lk
⟩ and in turn will affect the overall error on D5 and S3 and subsequently our confidence in

entanglement verification. These factors are discussed in great detail in Chapter 6. In general,

increasing N will reduce this error and consequently mitigate the propagation of errors as we

iteratively solve for higher-order moments. We note that unlike pure optical schemes [155],

our protocol allows increasingly high-order moments of the bipartite state to be found without

requiring additional optical apparatus (only those in Fig. 5.9).

5.3.3 Open-system dynamics

In the verification protocol described in the previous section, we assumed that the mechanical

state is isolated from its environment while the verification stage is performed. This idealised

version captures the essence of the scheme; however, we now consider the effects that occur

from the system interacting with a thermal environment during the time elapsed between state
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preparation and the verification stage. We henceforth assume that the two oscillators are in

identical thermal environments, and share the same mechanical properties and initial thermal

state (n̄1 = n̄2 = n̄), prior to the entangling pulse. The mechanical quadratures evolve between

X̂Mi
and P̂Mi

and undergo damping and rethermalisation due to their coupling with an external

heat bath.

We can find equations of motion for each oscillator by considering the evolution of the dimen-

sionless operator X̂Mi
and P̂Mi

. Inserting these into Eq. (2.34) yields the following quantum

Langevin equations

˙̂
XMi

= ωMP̂Mi
, (5.43a)

˙̂
PMi

= −ωMX̂Mi
− γP̂Mi

+
√

2γξ̂i , (5.43b)

where γ is the damping rate, and ξ̂i is Brownian force term acting on the ith oscillator which

models random excitations from the bath [156]. Note that we have made the substitution

P̂in =
√

2ξ̂ where P̂in is defined in Eq. (2.35). We observe that the damping and fluctuations

only appear in the equation of motion of the momentum. The Brownian force has the following

properties:

⟨ξ̂i(t)⟩ = 0 , (5.44a)

⟨ξ̂i(t)ξ̂j(t′)⟩ = (2n̄B + 1)δ(t− t′)δij , (5.44b)

where n̄B is the thermal occupation number of the bath. In general, n̄ ̸= n̄B if cooling strategies

are implemented. The time-dependent solutions to these coupled differential equations are:

X̂M(t) = e−γt/2[cos(ωMt) + ϵ sin(ωMt)]X̂M(0) + e−γt/2[sin(ωMt)P̂M(0) + ∆XM(t)], (5.45a)

P̂M(t) = e−γt/2[cos(ωMt) − ϵ sin(ωMt)]P̂M(0) + e−γt/2[− sin(ωMt)X̂M(0) + ∆PM(t)] , (5.45b)

where γ and ωM are the mechanical damping rate and angular frequency, respectively; and

ϵ = γ/2ωM. We have assumed the optomechanical device has a high quality factor such that
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Q = ωM/γ ≫ 1. The operators ∆XM(t) and ∆PM(t) contain random excitations entering from

the thermal bath:

∆XMi
(t) =

√
2γ

∫ t

0

dt′eγt
′/2 sin(ωM(t− t′))ξ̂i(t

′) , (5.46a)

∆PMi
(t) =

√
2γ

∫ t

0

dt′eγt
′/2ξ̂i(t

′)[cos(ωM(t− t′)) − ϵ sin(ωM(t− t′))] (5.46b)

where ξ̂i is the Brownian force on the ith oscillators whose properties are captured in Eqs.

(5.44a) and (5.44b).

The influence of the environment will manifest during the time delays between verification pulses

and we characterise this effect through n̄B, and the oscillators’ quality factors Q = ωM/γ. Since

the optomechanical interaction is governed by Eq. (5.41b), the X̂M quadrature of a particular

oscillator is imprinted on the verification pulse, and so we only make use of Eq. (5.45a) For

example, the moment ⟨P̂Mi
⟩ is measured at a time that has allowed the X̂Mi

quadrature to

evolve by a quarter of a mechanical oscillation (via the use of a delay line). However, in the

presence of damping, the time which is equivalent to a quarter of an mechanical cycle is no

longer τ = π/(2ωM). Instead, it takes time τ ′ for the X̂Mi
quadrature to evolve into the P̂Mi

quadrature, where τ ′ = arctan(−ϵ−1) +π/ωM. In the limit that γ → 0 then τ ′ → π/(2ωM) as is

expected in the absence of damping. Based on our proposed verification scheme, the value which

is measured is in fact ⟨P̂Mi
⟩ = ⟨P̂Mi

(0)⟩ e−γτ ′/2 sin(ωMτ
′), where ⟨P̂Mi

(0)⟩ is the expectation of

the initial momentum quadrature at the time of state generation. The excitations from the

bath via the Brownian force appear in moments which contain second order terms of the same

mode. For example

⟨P 2
Mi
⟩ = ⟨P 2

Mi
(0)⟩ e−γτ ′ sin2(ωMi

τ ′) + 2γ(2n̄B + 1)e−γτ ′I(τ ′) , (5.47)

where

I(τ ′) =
−γ2 + 4(eγτ

′ − 1)ω2
Mi

+ γ2 cos(2ωMi
τ ′) − 2γωMi

sin(2ωMi
τ ′)

2(γ3 + 4γω2
Mi

)
. (5.48)

Similar expressions can be found for terms such as ⟨X̂Mi
P̂Mi

⟩ and ⟨P̂Mi
X̂Mi

⟩. These open-system

effects have been taken into account for all the matrix elements in D5 and S3 throughout the
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Table 5.2: Parameter sets of proposed and experimentally-realised values; considered for the
parallel entanglement configuration with ϕ = π, where ϕ is the phase in Fig. 5.1a. The two
oscillators are characterised by the dimensionless optomechanical coupling strength µ, their
quality factor Q, their initial thermal occupation number n̄, and the occupation of the thermal
bath n̄B. The inseparability criteria D5 and S3 have been calculated to incorporate the open-
system dynamics which the system undergoes in the time elapsed between state generation and
verification (see Section 5.3.3). We assume the following throughout: η = 0.8 (overall optical
intensity efficiency), D = 10−8 (the probability of a single dark count during the detection
window; assuming a dark count rate of 1 s−1 and a detection window of 10 ns). The fraction F
of true positive {1,0} events is shown both for the case of number-resolving photodetectors (Eq.
(5.27)) and non-resolving (Eq. (5.30)). The main values of F are calculated with α = 1 (the
amplitude of the injected coherent state in the entanglement stage) and the values in brackets
show F maximised by tuning α. (i)-(iv) are theoretically proposed parameters. Experiment-
inspired parameter sets are used based on Refs [151], a micro-mechanical membrane; [141], a
nanobeam oscillator; and [152], a sliced photonic-crystal structure. The rows corresponding to
each of these three references are divided into two sub-rows: the first sub-row contains pub-
lished protocol parameters, in the second-row we use values for n̄ and n̄B based on near-future
improvements (involving additional cooling techniques) of existing systems. For a pulse which
satisfies ωM ≪ τ−1 ≪ κ, it follows that µ = 2

√
2g0/κ (for example experimental parameters see

Table 5.1). ∗These n̄B values have been calculated assuming the thermal bath has been cooled
to 100 mK.

Protocol parameters Determinants True positives F [%]
Refs. µ Q n̄ n̄B D5 S3 Resolving Non-resolving
(i) 10−3 105 0.1 1000 0.56 −0.080 79% (84%) 79% (84%)
(ii) 10−2 105 0.1 1000 0.56 −0.080 82% (98%) 82% (98%)
(iii) 10−1 105 0.1 1000 0.56 −0.080 82% (> 99%) 82% (> 99%)
(iv) 100 105 0.1 1000 0.54 −0.029 82% (> 99%) 66% (> 99%)
[151] 2.26×10−5 1.03×109 0.29 105 1.4 0.084 1.3% (2.8%) 1.3% (2.8%)

2.26×10−5 1.03×109 0.1 103∗ 0.51 −0.089 0.99% (2.1%) 0.99% (2.1%)
[152] 1.29×10−4 7.54×105 5.3 2.1×104 3500 420 65% (65%) 65% (65%)

1.29×10−4 7.54×105 0.1 484∗ 0.51 −0.089 23% (30%) 23% (30%)
[141] 1.12×10−2 3.74×104 1.7×104 1.7×104 1.3×1017 6.3×1012 82% (> 99%) 60% (> 99%)

1.12×10−2 3.74×104 0.1 559∗ 0.58 −0.074 82% (98%) 82% (98%)

results presented in Figs. 5.10a, 5.10b, 5.12, and Table 5.2.

5.4 Results

In this section we present our theoretical model results for the verification of entanglement

between two optomechanical oscillators which have been prepared in the state ρ
{1,0}
out using the

parallel set-up shown in Fig. 5.1a. The oscillators are initialized in a separable thermal state
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(a) (b)

Figure 5.10: Inseparability criteria outcomes as obtained via the verification method for the
state ρ

{1,0}
out produced via the parallel configuration (Fig. 5.1a). Plots of D5 (a) and S3 (b)

as functions of the interferometer phase ϕ, and the optomechanical coupling strength µ. The
open-system dynamics predicted to occur while measuring the determinants (see Fig. 5.9)
is parameterised by Q = 105, n̄ = 0.1, and n̄B = 500; for a summary of the experimental
parameters see Table 5.2. Both determinants are periodic with ϕ and repeat every 2π. The
black line demarcates regions where determinants are negative therefore indicating regions
where the state is found to be entangled. All Gaussian entangled states fall within the purple
region of (a). Non-Gaussian entangled states are captured by the Green region of (b) since it
does not overlap with the purple region of (a).

ρin with equal n̄. For a summary of the key experimental parameters used to calculate the

results see Table 5.2. For an example experimental parameter set that goes into Table 5.2 see

Table A.1 in A.2.

Firstly we present our results for the inseparability criteria D5 (Eq. (5.39)) and S3 (Eq. (5.40)).

The moments for these criteria were calculated using the open-system dynamics outlined in

Section 5.3.3. This model allows us to simulate the loss of energy to and random excitations

from the environment that would arise in an experimental implementation of the verification

scheme outlined in Fig. 5.9. As previously mentioned, we assume that both oscillators are

initially identical with the same quality factor Q, thermal mechanical occupation number n̄,

and bath occupation number n̄B.

Figs. 5.10a and 5.10b showD5 and S3, respectively, as functions of the experimentally controlled

phase ϕ, and the optomechanical coupling µ. We have chosen Q = 105, n̄B = 500, and n̄ = 0.1.

The state ρ
{1,0}
out has a phase periodicity of 2π in ϕ, which is reflected in the determinants. The
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Figure 5.11: Measure of non-Gaussianity computed on the mechanical state ρ
{1,0}
out created via the

entanglement scheme in Fig. 5.1a. The mechanical oscillators have initial thermal occupation
number n̄ = 0.1. The state becomes more non-Gaussian as ϕ → π or as µ is increased. We
note that parameter regions which are more Gaussian qualitatively correlate with the negative
contours in Fig. 5.10a. Regions which are more non-Gaussian are centred around the same
phase (ϕ = π) as the negative contours in Fig 5.10b.

parameter regions for which entanglement can be verified using D5 and S3 are indicated by

the negative values and demarcated by solid black lines. For D5, the negative region is centred

at ϕ = {0, 2π} while for S3, it is concentrated around ϕ = π. We reiterate that it is the sign

of the determinants, not their magnitude which indicates entanglement. Nevertheless, a more

negative determinant could be more resistant to experimental errors. That is, for successful

verification, the magnitude of a negative determinant should be greater than the uncertainty

of the value.

To better understand the features of Figs. 5.10a and 5.10b we examine the non-Gaussianity of

the state ρ
{1,0}
out in terms of a non-Gaussian quantifier δ(ρ

{1,0}
out ) defined in Eq. (??). Since δ is an

exact measure of non-Gaussianity [60], a greater δ suggests a greater degree of non-Gaussianity,

while δ = 0 implies our state is exactly Gaussian. However, the measure has no upper bound

(there is no maximally non-Gaussian state) so we can only comment on a state being more

non-Gaussian than another.

While we do not propose an experimental way to obtain δ, the measure δ(ρ
{1,0}
out ) is shown in Fig.

5.11 as a function of µ and ϕ for n̄ = 0.1. For simplicity, we have computed the non-Gaussianity

of the heralded state before verification has been conducted (i.e. for a closed system). As µ→ 0,
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Entanglement 

unverifiable with S3

μc

Figure 5.12: Contour plot of the maximum oscillator thermal occupation n̄max for which S3 can
verify entanglement. This maximum is plotted with µ and n̄B for an oscillator of Q = 105. The
phase in the entanglement stage is set to ϕ = π. The gray region corresponds to the parameter
space for which S3 is unable to verify entanglement even at n̄ = 0. Note, for coupling strengths
greater than µc, the scheme is unable to verify entanglement using S3 even at n̄ = n̄B = 0 due
to the interactions with the environment present with finite γ.

the state becomes more Gaussian; physically at µ = 0 there is no optomechanical interaction,

therefore the state ρ
{1,0}
out is comprised of two separable, fully Gaussian thermal states. For a

given µ, the state becomes more Gaussian as ϕ → 0, 2π; likewise, the negative regions of D5

where entanglement can be verified are centred at ϕ = 0, 2π. This is in line with the established

notion that D5 can detect all entanglement in bipartite Gaussian states. In contrast, for a given

µ the state becomes increasingly non-Gaussian as ϕ→ π. Comparing Figs. 5.10b and 5.11, we

see that S3 performs best around the values of ϕ that correspond to higher non-Gaussianity.

However, in high µ regimes, we are unable to verify entanglement with S3 despite the state

becoming more non-Gaussian as µ increases (we discuss this feature in Section 5.5.1).

The ability to verify entanglement is strongly dependent on the mechanical initial thermal

occupation n̄. This can be reduced by lowering the temperature of the oscillator using laser

cooling techniques and/or cryogenics. Here we determine the levels of cooling (in terms of

n̄) required for entanglement to be verified. We are specifically interested in non-Gaussian

entanglement and therefore investigate how high we can allow n̄ to be while still achieving a

negative S3. For this analysis, the phase in the entanglement stage is fixed to ϕ = π (at which

point the mechanical state is most non-Gaussian). For a given µ, n̄B, and Q, the oscillators

can take a range of thermal occupation numbers between 0 < n̄ < n̄max over which S3 is still
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negative. When n̄ = n̄max, S3 = 0 and we can no longer verify entanglement. The maximum

mechanical occupation number n̄max is shown as a function of µ and n̄B in Fig. 5.12 for Q = 105.

As expected, in order to compensate for an increasing bath temperature one must pre-cool the

oscillator more. The gray region in Fig. 5.12 bounded by the black line designates the values of

µ and n̄B for which S3 is not capable of verifying entanglement, even as the oscillator approaches

the ground state (n̄ → 0). We note that beyond a cut-off value of µc ≈ 3.6, S3 cannot verify

entanglement regardless of bath temperature and oscillator cooling. This does not preclude

anything about the entanglement structure of the state at higher µ but would suggest S3 is

more suitable for lower µ regimes (this behaviour is further discussed in Section 5.5.1). In

Table 5.2, we give the values of D5 and S3 calculated for seven chosen parameter sets (four

theoretically proposed and three taken from state-of-the-art experiments). The experiments

that we consider operate in the unresolved sideband regime and so are suitable for our protocol.

For the parameter sets taken from these experiments, we include both published parameters and

suggested near-future improvements to the oscillator occupation number n̄, and the thermal

bath occupation number n̄B. Comparing the entries in the S3 column of Table 5.2, we see that

a negative S3 is achievable with modest amounts of additional cooling.

The final two columns of Table 5.2 give the fraction F of true positive {1,0} clicks for the

corresponding experimental parameters. The ‘resolving’ photodetectors column is calculated

using Eq. (5.27) while the ‘non-resolving’ column uses Eq. (5.30). In the latter equation, we

must calculate a sum to inifinity over the index m. When numerically computed, the sum over

the mth index is truncated at a sufficiently high m such that higher order terms are negligible.

Physically, m corresponds to the number of photons at the detector, and since the entangling

pulse is a weak coherent state with low mean photon number it is reasonable to neglect very

high m.

We have mentioned already that setting the amplitude of the entangling pulse to be |α| = 1

maximises the probability P10 of heralding the state ρ
{1,0}
out (Eq. (5.15)), therefore the main set

of results in these two columns assumes α = 1. However, in order to be confident that we have

successfully heralded state ρ
{1,0}
out , we require F to be as high as possible. We can experimentally

tune α by attenuation, and so the values of F parentheses have been optimised, having been
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calculated with the value of α that maximises Eqs. (5.27) and (5.28), with all other variables

in the equations kept constant.

5.5 Discussion

5.5.1 Verification of non-Gaussian entanglement

Here we discuss the interplay of the non-Gaussian nature of the state and our ability to detect

entanglement. As established in Section 5.3.1, the equivalence between D5 < 0 and Simon’s

criterion provides a necessary and sufficient condition for the existence of entanglement in

Gaussian states. It must also be noted though that D5 < 0 is only a sufficient criterion

for entanglement in non-Gaussian states. As different moments require different time delays

between verification pulses they are affected by open-system dynamics to differing degrees. If

there is a high degree of environmental interactions across the time-scales we consider this could

impede our ability to identify all Gaussian entanglement through use of D5. A sufficiently high

quality factor, and low bath occupation n̄B, ensure that the system is well-isolated from the

environment, meaning that a region of state space where S3 is negative but D5 is positive

corresponds to states which are guaranteed to be non-Gaussian. On the other hand, if the

consequences of an open system do prevent us from identifying Gaussian entanglement with D5,

then we can no longer assume merely from studying D5 and S3 that the state is entangled and

non-Gaussian. This ambiguity could potentially be resolved using post-processing mitigation

schemes that correct for the effects of noise and open-system dynamics on measured moments

[157, 158]. Within the parameter set we have explored in Figs. 5.10a and 5.10b, the region

for which S3 < 0 does not overlap with that where D5 < 0. As the quality factor considered

is large (Q = 105) we can be confident that all the states which fall in the negative (Green)

region of Fig. 5.10b are non-Gaussian, and this is confirmed by the non-Gaussianity measure

shown in Fig. 5.11.

As discussed in Section 5.4, both the regions of high non-Gaussianity and negative S3 are
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centred at ϕ = π. However, we are unable to verify entanglement at higher values of µ using

S3 (Fig. 5.10b), despite the measure δ(ρ
{1,0}
out ) suggesting that non-Gaussianity increases with

µ (Fig. 5.11). This is reinforced by Fig. 5.12 which suggests that there is a cut-off µc beyond

which S3 fails regardless of cooling (even when n̄ = n̄B = 0).

To aid our understanding of the behaviour of S3 in the higher µ regime, we can examine the

analytic formula for S3 calculated for the idealised state ρ
{1,0}
out with n̄ = 0 (defined in Eq.

(5.7a)). Assuming a closed system, S3 is given by:

S3 = − µ6e−µ2

64(1 + e−
µ2

2 cosϕ)3
. (5.49)

Notably, this expression is negative for all choices of µ and ϕ, approaching 0 from below as

µ → ∞. Also note that, Eq. (5.49) counter-intuitively suggests that at ϕ = π, S3 tends to

−1/8 as µ→ 0 which indicates that there is entanglement even when there is no optomechanical

coupling. However, this must be considered in conjunction with the heralding probability in

Eq. (5.15) which tends to 0 as µ→ 0, meaning that such a state cannot be created.

From studying this ground state behaviour (for a closed system), we see that the magnitude

of S3 decays exponentially with increasing µ. Therefore, in the regime where we consider

the effects of n̄ and and open-system dynamics, at greater values of µ the possible negative

contribution from entanglement detection is too small to compete with these effects causing S3

to become positive. Even at n̄ = n̄B = 0 there are interactions with the environment present

due to finite γ, thus for coupling strengths greater than µc, the scheme is unable to verify

entanglement using S3. Indeed, as Q is improved to values greater than 105, the gray region of

Fig. 5.12 shrinks: µc increases beyond 3.6, and entangled states in environments of even higher

n̄B can be verified using S3. This analysis suggests our protocol is better suited to parameter

regimes where µ is up to approximately unity, which also corresponds to what is experimentally

accessible at present. The experimentally viable systems we have considered [151, 152, 141]

(see Table 5.2) are well within the range of µ where S3 captures entanglement (Fig. 5.12).

In addition to open-system dynamics, additional mechanical modes that couple to the optical
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field within the bandwidth of the pulsed interaction will lead to unwanted correlations between

the mechanical mode of interest and other mechanical modes, and affect the non-Gaussian en-

tanglement criteria used here. In the pulsed optomechanics literature, this unwanted effect was

qualitatively noted in Ref. [93] and then such contributions were experimentally investigated

for pulsed position measurements [81, 82]. This type of multimode contribution was also an

experimental factor and carefully studied in Ref. [125]. These unwanted contributions may

be minimized by engineering the optical and mechanical mode profiles to provide negligible

coupling to unwanted mechanical modes, which has, for instance, been used successfully for

photonic crystal devices [159]. Additionally, optical trapping based approaches to optomechan-

ics provide excellent coupling to the centre-of-mass motion with few other modes contributing.

Moreover, co-levitation [160, 124] provides a promising means to implement the ‘series’ optical

circuit we have in Fig. 5.1b. Lastly, we would like to note that, rather than optimizing the

interaction to couple to a single mechanical mode per device, one can utilize this type of pulsed

interaction to entangle multiple mechanical modes of a single device. In this direction, bipartite

Gaussian entanglement has been explored [126], and this proposal can also provide tools and

techniques for studies of non-Gaussian entanglement in such a single mechanical device regime.

5.5.2 Optical effects

The following discussion addresses the effect of optical imperfections for the coherent state input

case |Φ⟩L = |α⟩1 |0⟩2 (as opposed to the single-photon input case which provides more resilience

to the effects considered). Optical losses, dark counts, and the entangling pulse amplitude do

not directly affect the values of the moments used to calculate D5 and S3, however they do

have experimental implications. For example, the entangling pulse amplitude α dictates the

probability of heralding the desired mechanical state ρ
{1,0}
out , see Eq. (5.15). In the presence of

dark counts, the fraction of false positives also depends on α, as well as on η, and D. These false

positive events result in mixing of the desired state with the initial state and higher photon-

number contributions. This could introduce errors in the measurement of the moments for D5

and S3, which can be readily mitigated by operating in a parameter regime where F is close to
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unity (>≈95%).

The rows (i) to (iv) of Table 5.2 show that F is highly dependent on µ. For photon-number-

resolving detectors, F improves with increasing µ (keeping other experimental parameters con-

stant). From Eq. (5.27) we see that as µ decreases, so does the heralding probability P10 (with

ϕ = π in Eq. (5.15)), meaning that the desired state ρ
{1,0}
out is less likely to be created. Once P10

is small enough that it is comparable to the dark count rate D, dark counts become significant,

thus reducing F . By maximising Eq. (5.27) with respect to α, we can compensate for this

reduction in F , as demonstrated by the values in parentheses. For the same reasons as the

photon-number-resolving case, the reduction in F for small µ is also present for non-resolving

photodetectors. However, non-resolving photodetectors suffer an additional drawback and thus

never outperform resolving photodetectors: as µ is increased the probability of a multi-photon

interaction grows more quickly than one involving a single photon. As a non-resolving detector

cannot distinguish between these and a true {1,0} click, this reduces F compared with a resolv-

ing detector (this is demonstrated in row (iv)). One can find the optimal F (shown in brackets

in Table 5.2) by adjusting α in Eq. (5.30) to balance the competing effects of dark counts and

multi-photon events. In a similar manner to µ, increasing n̄ both reduces P10 (for ϕ = π) and

increases the probability of multi-photon interactions. This means that the qualitative effect

of n̄ on F can be explained by the same arguments as for µ.

5.6 Conclusion

We have proposed a scheme to generate two-mode mechanical Schrödinger-cat states using

pulsed nonlinear optomechanical interactions in conjunction with a photon-counting heralding

scheme. The heralding scheme is based on an optical interferometer set-up, with a variable

phase that is used to control the form of the entanglement generated. To verify the presence of

entanglement we have introduced an experimental protocol which exploits subsequent pulsed

interactions and measurements in order to obtain moments of the bipartite mechanical state.

Inseparability criteria can be computed from these moments and we have considered the D5
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and S3 criteria. When used together, the two criteria allow us to identify non-Gaussian en-

tangled states. To assess the feasibility of the protocol we have included the key experimental

factors including optical losses, detection inefficiency, and dark counts, as well as open-system

dynamics.

Our findings indicate that the protocol presented here provides a realistic means of generating

non-Gaussian entanglement between two mechanical oscillators. The inseparability criterion

S3 < 0 can verify entanglement in parameter regimes accessible in state-of-the-art experiments

with only modest additional cooling required. While the influence of the environment degrades

the entanglement, we have demonstrated that for realistic experimental parameters, including

a low optomechanical coupling strength, non-Gaussian mechanical entanglement may still be

generated and verified.

Furthermore, the experimental verification scheme proposed here enables the measurement of

bipartite mechanical moments of arbitrarily high order. While we have focused on extracting

quadrature moments used for the two suggested inseparability criteria, any entanglement or

non-classicality test that relies on measuring higher-order moments [161, 155, 162] can be

applied without making any changes to our set-up.

In this chapter we specifically used S3 as a proof-of-principle to demonstrate the feasibility of

our entanglement verification scheme in detecting non-Gaussian entanglement. Nevertheless,

we have emphasised throughout that this verification protocol can be extended to a plethora of

other NPT criteria constructed from bipartite moments of the state. In the following chapter

we will investigate whether there are other matrices that can outperform S3 for this specific

entangled state. More broadly, we will identify factors which influence the choice of a suitable

NPT criterion.



Chapter 6

Constructing entanglement criteria for

bipartite non-Gaussian states

The work described in this chapter was conducted in collaboration with Jack Clarke, Sofia

Qvarfort and Michael R. Vanner. Some of the work in this chapter is currently preparation for

peer-review.

6.1 Introduction

In continuous variable systems, entangled non-Gaussian states are of crucial importance in wide-

ranging applications such as enhancing entanglement in teleportation schemes [74], and Bell

tests of nonlocality. Nevertheless, choosing a suitable entanglement criterion for a non-Gaussian

state can be a formidable task. Entanglement can be detected by the application of all positive

but not completely positive (PNCP) maps. To this end, methods of constructing optimized

entanglement witnesses have been proposed [33, 163]. Though an entanglement criterion may be

guaranteed to detect entanglement in a given state, if experimental verification is too resource-

intensive then this must be factored into the utility of this criterion. Moreover, the experimental

uncertainty on a criterion may lead to an inconclusive entanglement test. One such PNCP

map is the partial transposition discussed at length in Chapter 3. We remind the reader

116
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that bipartite separable quantum states possess a positive partial transpose (PPT) [34, 35].

Entanglement criteria which aim to detect any violation of the PPT requirement of a separable

state are especially useful as they are valid for both pure and mixed states. Such criteria are

interchangeably referred to as negative partial transpose (NPT) tests.

In contrast to Gaussian states, which only require second-order moments to detect entan-

glement, identifying a suitable NPT criterion for non-Gaussian states can be challenging as

we must consider higher-order correlations. The entire class of NPT tests are encompassed

by the Vogel and Shchukin (VS) hierarchy discussed in detail in Section 3.2. Subsets of the

VS hierarchy have been applied to specific non-Gaussian states. For example, the authors

in Ref. [164] evaluate higher-order Hillery-Zubairy criteria in order to detect entanglement in

two-mode squeezed number states. The authors benchmark the success of a criterion against

the von Neumann entropy of entanglement, made possible by fact that these are pure states.

Using another subset of the VS criteria which are equivalent to high-order covariance matrices,

the authors in Ref. [162] have proposed systematic frameworks for assessing PPT in states

generated from nonlinear Hamiltonians, such as those that generate partially degenerate N-

mode spontaneous parametric down conversion. These works demonstrate that higher-order

correlations play a key role in entanglement tests for highly non-Gaussian states. Nevertheless,

even if a suitable criterion is identified for a specific non-Gaussian state, we must also consider

the interplay with experimental feasibility since the criterion may require a prohibitively large

number of measurements to evaluate it with a high degree of certainty. Given that there are an

infinite number of potential NPT inequalities to explore it is likely that more than one inequal-

ity will register entanglement in a given state. Therefore, it is crucial to also assess the ability

of an NPT condition to unambiguously evaluate entanglement even in the face of experimental

factors such as losses to the environment.

In the first half of this chapter, we will outline a statistical framework for quantifying the un-

certainty on any NPT criterion which exists in the infinite VS hierarchy. This will build on the

entanglement theory introduced in Section 3.2 and will use the statistical theory concerning

samples which is covered in Chapter 4. We will shortly explore each assumption in mathemat-

ical detail; however, here we will very broadly outline the methodology used to quantify the
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uncertainty of an NPT criterion. The methodology consists of five steps:

1. The NPT criteria are constructed by finding the determinant of a Hermitian matrix

of bipartite moments such as in Eq. (3.8). We assume each moment is estimated by

repeatedly measuring the quantum state (which is recreated between runs) and taking

the appropriate statistical average over the measurements; we adopted a similar approach

for calculating moments from measurement data in Section 5.3.2 cf. Eq.(5.42).

2. The mean of these measurements is thus subject to sampling errors which propagate into

the inequality itself. Sample errors arise when we estimate a population parameter via

the use of a sample.

3. These statistical considerations together with losses to the environment allow us to cal-

culate an uncertainty associated with an NPT inequality.

4. With this uncertainty, our method provides a confidence level in rejecting the no-entanglement

hypothesis for a specific NPT criterion.

5. By searching through all possible criteria (matrices) we can identify state-dependent NPT

criteria which offer the most experimentally-feasible route to entanglement detection. As-

suming experimental resources are finite, the most experimentally feasible NPT criterion

ideally has the smallest number of total measurements for a given confidence level.

We apply our statistical framework to two states: (i) the two-mode Schrödinger-cat state, and

(ii) the phonon subtracted two-mode squeezed vaccuum state. This enables us to determine

the most suitable NPT test for a given set of state parameters.

In the second half of the chapter, we examine how one might experimentally measure an

arbitrary two-mode moment of optical fields. Measuring these moments is crucial in practical

applications of the NPT entanglement tests which we identify in this chapter. We examine

previously proposed schemes and also identify an alternative measurement scheme based on

homodyne detection which is potentially experimentally straightforward especially for lower-

order moments.



6.2. Entanglement criteria 119

6.2 Entanglement criteria

Here we will reiterate the key results laid out in Section 3.2 and establish our notation. First,

consider an infinite-dimensional square matrix M whose entries consist of expectation values of

operators of a bipartite state ρAB, also called moments. The matrix elements given by indices

i and j are

Mij = ⟨â†qi âpi â†nj âmj b̂†lj b̂kj b̂†ri b̂si⟩ , (6.1)

where â and b̂ are the annihilation operators associated with subsystem A and B, respectively.

The multi-indices i and j are discussed in Section 3.2 and we will define the ordering of the

multi-indices shortly.

The main minors MN are constructed by keeping the first N rows and N columns of M. The

state ρAB has a positive partial transpose if and only if det[MN ] ≥ 0 for all N . Conversely, if

det[MN] < 0 for any N , then the state has a negative partial transpose and is thus inseparable.

Since swapping rows and columns in a matrix in a pairwise way leaves the determinant invariant,

we can more generally consider the submatrix A which is constructed by deleting rows and

columns of M in a pairwise fashion (see Figure 3.1). If det[A] < 0 this also indicates NPT and

so is a sufficient criterion to demonstrate entanglement. Therefore, we consider the determinant

of matrix A to be a more general way of evaluating individual NPT criteria within the VS

hierarchy as these also encompass the leading principle minors det[MN ].

6.2.1 Characterizing determinants

Finding suitable NPT tests, and indeed a systematic method, for successfully identifying en-

tanglement in an arbitrary non-Gaussian state can be challenging since it is not always obvious

which moments one should consider. Nevertheless, by considering the entire hierarchy of criteria

generated by all possible A and testing the negativity of det[A] we have access to a necessary

and sufficient NPT test for any bipartite state (Gaussian or not) 1. All NPT tests, which

1A negative partial transpose is a sufficient entanglement test for any state however not all entangled states
possess negative eigenvalues. These bound entangled states are briefly discussed in Section 3 but we do not
concern ourselves with this class of states here.
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are only sufficient, are contained within this hierarchy. We could theoretically calculate every

possible A for a given state. However this must be done in a systematic way that incorporates

errors and experimental factors which impact the overall success of entanglement detection.

The matrix A is generated by deleting rows and columns from the matrix M in a pairwise way;

therefore A can be fully described by the indices of the rows (and columns) that remain after

this deletion. See Fig. 3.1 for a visual representation of this process. An important parameter

in our characterization of A is therefore its matrix dimensions d. It is desirable for d to be

as small as possible as it means fewer moments must be measured in total. Consequently, we

anticipate (and will later prove) that the overall error on det[A] reduces with d. Furthermore,

it is favourable to keep the order of the moments which appear in A as low as possible. For

example, examining the moment in Eq. (6.1) we define its order as qi+pi+nj+mj+lj+kj+ri+si.

From an experimental perspective, measuring higher-order moments is more challenging as it

may require a more elaborate measurement procedure. Therefore, we introduce the parameter

n which is defined as the order of the highest-order moment in A

n = max[qi + pi + nj +mj + lj + kj + ri + si] . (6.2)

In Section 6.5 we will search through all suitable A which are able to detect entanglement for

specific states, while keeping d and n constrained.

Multi-indices

The matrix M has entries dictated by Eq. (6.1). The indices i and j are the ordinal numbers

of two ordered sets of multi-indices. The precise ordering is arbitrary but once it is picked it is

consistent across the two sets of multi-indices. The first few ordered multi-indices according to

the ordering we have adopted are listed in Table 6.2.1.

We can generate entanglement criteria by deleting rows and columns of M in a pairwise fashion

to leave behind a submatrix A with dimensions d× d. Therefore, we can denote matrix A as

a vector of the rows (or, equivalently, columns) of M which we have chosen to keep. We have
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Table 6.1: The ordering convention we have adopted to generate the indices of the matrix M
defined in Eq. (6.1). We have only listed i, j ≤ 15 as these indices are sufficient to specify all
moments which have a maximum order less than or equal to 4. Any submatrix A generated
by keeping rows and columns of M up to i, j ≤ 15 will have n ≤ 4. Including i, j > 15 will
generate higher order moments.

i (pi, qi, ri, si) j (nj,mj, kj, lj)

1 (0, 0, 0, 0) 1 (0, 0, 0, 0)
2 (1, 0, 0, 0) 2 (1, 0, 0, 0)
3 (0, 1, 0, 0) 3 (0, 1, 0, 0)
4 (0, 0, 1, 0) 4 (0, 0, 1, 0)
5 (0, 0, 0, 1) 5 (0, 0, 0, 1)
6 (2, 0, 0, 0) 6 (2, 0, 0, 0)
7 (1, 1, 0, 0) 7 (1, 1, 0, 0)
8 (0, 2, 0, 0) 8 (0, 2, 0, 0)
9 (1, 0, 1, 0) 9 (1, 0, 1, 0)
10 (0, 1, 1, 0) 10 (0, 1, 1, 0)
11 (0, 0, 2, 0) 11 (0, 0, 2, 0)
12 (1, 0, 0, 1) 12 (1, 0, 0, 1)
13 (0, 1, 0, 1) 13 (0, 1, 0, 1)
14 (0, 0, 1, 1) 14 (0, 0, 1, 1)
15 (0, 0, 0, 2) 15 (0, 0, 0, 2)

chosen this precise ordering for i and j because it enables us to systematically increase the order

of the moments in M as i and j are increased. For example, restricting ourselves to considering

only i, j ≤ 5 gives us matrices A made of only first and and second moments. In our notation,

this gives us matrices characterised by n ≤ 2. If i, j ≤ 15 we can generate all matrices A which

contain moments up to and including fourth order n ≤ 4, but no higher moments will feature.

Concretely, the full 15 × 15 matrix will contain every possible first, second, third, and fourth

order moment.

Using the ordering in Table 6.2.1, we can generate the first few row and columns of the matrix
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M

M =



1 ⟨â†⟩ ⟨â⟩ ⟨b̂⟩ ⟨b̂†⟩ ⟨â†2⟩ ⟨â†â⟩ . . .

⟨â⟩ ⟨ââ†⟩ ⟨â2⟩ ⟨âb̂⟩ ⟨âb̂†⟩ ⟨ââ†2⟩ ⟨ââ†â⟩ . . .

⟨â†⟩ ⟨â†2⟩ ⟨â†â⟩ ⟨â†b̂⟩ ⟨â†b̂†⟩ ⟨â†3⟩ ⟨â†2â⟩ . . .

⟨b̂†⟩ ⟨â†b̂†⟩ ⟨âb̂†⟩ ⟨b̂b̂†⟩ ⟨b̂†2⟩ ⟨â†2b̂†⟩ ⟨â†b̂b̂†⟩ . . .

⟨b̂⟩ ⟨â†b̂⟩ ⟨âb̂⟩ ⟨b̂2⟩ ⟨b̂†b̂⟩ ⟨â†2b̂⟩ ⟨â†âb̂⟩ . . .

⟨â2⟩ ⟨â2â†⟩ ⟨â3⟩ ⟨â2b̂⟩ ⟨â2b̂†⟩ ⟨â2â†2⟩ ⟨â2â†â⟩ . . .

⟨â†â⟩ ⟨â†ââ†⟩ ⟨â†â2⟩ ⟨â†âb̂⟩ ⟨â†âb̂†⟩ ⟨â†ââ2⟩ ⟨â†ââ†â⟩ . . .

...
...

...
...

...
...

...
. . .



. (6.3)

We can assure ourselves that taking just the first 5 rows and columns leaves the minor matrix

M5 which contains all possible first and second order moments. Therefore, this submatrix

gives us a necessary and sufficient criterion for Gaussian states: an entangled Gaussian state is

guaranteed to have det[M5] < 0 due to its equivalence with Simon’s criterion [36].

In Table 6.2.1, we have only listed i, j ≤ 15 as these indices are sufficient to specify any

submatrix A with n ≤ 4. Including i, j > 15 will generate higher-order moments which

are more challenging to experimentally measure. We will also demonstrate that higher-order

moments can suffer more greatly from losses to the environment. Nevertheless, we emphasise

that the error propagation method we outline in this chapter can be extended to arbitrarily

high i and j but at the cost of increased experimental complexity and thus sampling error. And

so, for the purposes of demonstrating our statistical framework we have limited the search to

n ≤ 4.

Example

We illustrate these notation conventions with the following example. It has been noted [21, 153]

that the following determinant

DV =

∣∣∣∣∣∣∣∣∣∣
1 ⟨b̂†⟩ ⟨âb̂†⟩

⟨b̂⟩ ⟨b̂†b̂⟩ ⟨âb̂†b̂⟩

⟨â†b̂⟩ ⟨â†b̂†b̂⟩ ⟨â†âb̂†b̂⟩

∣∣∣∣∣∣∣∣∣∣
, (6.4)
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is negative for any canonical two-mode Schrödinger-cat state |ψ⟩ = N (|α⟩ |β⟩ − |−α⟩ |−β⟩),

where N is the normalisation factor. This is the same determinant as that defined in Chap-

ter 5 as S3, see Eq.(5.40). Here, the highest-order moment in the matrix from which the

determinant is then computed is ⟨â†âb̂†b̂⟩ and so n = 4; the dimension of the matrix from

which the determinant is calculated is d = 3. If we generate M using the multi-index ordering

summarized in Table 6.2.1, then this criterion is generated by keeping the first, fifth and thir-

teenth rows/columns. In other words, the submatrix A is generated by keeping the vector of

rows/columns (1, 5, 13). Then the NPT criterion is established by calculating det[A] and eval-

uating whether or not it is negative. We have specifically labelled the determinant in Eq. (6.4)

as DV as it will feature in later sections.

6.2.2 Invariance of an NPT criterion under rotation

In experiments and for many states, it may be challenging to control the local phase on an indi-

vidual subsystem to a high degree of precision. Here we note the theoretical result that an NPT

criterion det[A] < 0, which has been constructed from a particular matrix A for a bipartite

state ρAB, is invariant as the state is mapped onto the state ρ̃AB via local rotations. More specif-

ically, we define ρ̃AB = Û(θA, θB)ρABÛ
†(θA, θB) where Û(θA, θB) = exp(−iθAâ

†â)exp(−iθB b̂
†b̂)

describe local rotations of θA and θB on subsystems A and B, respectively. Considering a

specific matrix of moments A from which we construct the entanglement test det[A] < 0 for

the state ρAB, the ith and jth entry is Aij = ⟨â†qi âpi â†nj âmj b̂†lj b̂kj b̂†ri b̂si⟩. Calculating the same

moments for state ρ̃AB will yield a different matrix of moments denoted by Ã. The entries of

the matrix Ã for the rotated state are

Ãij = ⟨Û †(θA, θB)â†qi âpi â†nj âmj b̂†lj b̂kj b̂†ri b̂siÛ(θA, θB)⟩ . (6.5)

Using the identity exp
(
iâ†â

)
â exp

(
−iâ†â

)
= âe−iθ, and similarly for b̂, it follows that

Ãij = Aije
−iθA(pi−qi+mj−nj)−iθB(kj−lj+si−ri) . (6.6)
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As discussed in Section 6.2.1, the two sets of multi-indices have the same ordering such that

the vth multi-index is the same for both (pv, qv, rv, sv) = (nv,mv, kv, lv). From this property we

can group the indices in the following manner

Ãij = Aije
−iθA(pi−qi)−iθB(si−ri)eiθA(pj−qj)+iθB(sj−rj) , (6.7)

and using the substitution ϕu = θA(pu − qu) + θB(su − ru) where u = {i, j}, then

Ãij = Aije
−i(ϕi−ϕj) . (6.8)

Hence, matrix A is mapped onto Ã by the following transformation Ã = U†AU where U is a

diagonal, unitary matrix whose ith and jth elements are Uij = eiϕiδij. Since det[U†] = det[U]−1,

it is evident that det[Ã] = det[A]. Therefore, the NPT criterion det[A] < 0 is invariant as

a state undergoes local rotations. In general, and notably, this result does not hold for local

operations such as displacements. The statement that these NPT criteria are not invariant

under local displacement operators may initially seem surprising since entanglement cannot

be generated by local operations, nor can the entanglement entropy be enhanced by local

unitaries [30]; however, a single NPT criterion in isolation is only a sufficient test and is not a

proper measure of entanglement.

In Section 6.5 we will apply these NPT criteria to specific states and examine all such criteria

which are capable of detecting entanglement. One state we will consider is the two-mode odd

Schrödinger-cat state

|Ψ⟩−cat = N
(
|α⟩ |0⟩ − |0⟩ |α⟩

)
, (6.9)

where N is the normalisation constant. This state was first introduced in Section 1.3.2 and in

Chapter 5 we introduced a protocol to generate this state in the displacement of two mechanical

oscillators. In general α ∈ C; therefore, the NPT criteria which are the most suitable candidates

for entanglement verification in this state must be evaluated as α is varied in complex parameter

space. However, using the rotational invariance simplifies our search: a particular NPT criterion

det[A] will be the same for two states which are separated by local rotations. For example, with
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α = |α|eiθ where θ = arg(α), then rotating this state by Û(−θ,−θ) to give |Ψ⟩ = N (||α|⟩ |0⟩ −

|0⟩ ||α|⟩) will yield the same value for det[A]. We henceforth restrict our search to α ∈ R+ for

the state in Eq. (6.9). The values we find for det[A] will be the same for all rotated states

Û(θA, θB) |Ψ⟩−cat, even when open-system dynamics are incorporated.

We will also analyse the photon-subtracted TMSV state which we introduced in Section 1.3.3.

The squeezing parameter is usually a complex number ζ = |ζ|eiϕ where ϕ = arg(ζ). Applying

the rotation Û(−iϕ, 0) gives the following state up to a global phase

U(−iϕ, 0) |Ψ⟩sub ∝ ânb̂me|ζ|âb̂−|ζ|â†b̂† |0, 0⟩ . (6.10)

As outlined previously, we will likewise only consider ζ ∈ R+ in order to simplify our parameter

search.

6.3 Propagation of uncertainty in NPT criteria

In Chapter 4 we discussed sampling errors relevant to the quantum measurements considered

in this thesis. To summarize, a collection of random variables is independent and identically

distributed (i.i.d) if each random variable has the same probability distribution as the others

and all are mutually independent. We consider such a variable X whose mean is to be estimated

via many repeated measurements. The sample mean X̄ is a type of statistic which follows its

own probability distribution. The error on this statistic is quantified by the standard deviation

of its distribution which is often dubbed the standard error. The distribution of the sample

mean tends towards a normal distribution when a large number of measurements are taken.

For instance, suppose the variable X has population mean µ and standard deviation σ[X]. The

expectation of the sample mean is given in Eq. (4.6a) and is the same as the population mean,

E[X̄] = µ. However, the standard deviation of the sample mean σ[X̄] is generally not equal

to the standard deviation of the population σ[X], see Eq. (4.6b). Assuming independent ob-

servations of X (an assumption underpinning i.i.d variables), it follows that σ[X̄] = σ[X]/
√
M
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where M is the number of measurements made.

The same principles are applicable for a quantum observable X̂. We will use hats to denote

quantum operators, and a bar to denote the expectation value of an observable calculated from

repeated measurements. It follows that the quantum expectation value ⟨X̂⟩ is equivalent to

the sample mean X̄ found from repeated observations of X̂. Crucially, we assume only one

quantum observable is measured per experimental run, and that the quantum state is perfectly

recreated between runs. We use these concepts in the following section to formulate a method

for finding the standard error on det[A].

6.3.1 Error on the determinant

We henceforth denote the error on a determinant as ∆det[A]. The ith and jth entry of

the d-dimensional square matrix A is a moment given by Aij = ⟨Ôij⟩, where Ôij =

â†qi âpi â†nj âmj b̂†lj b̂kj b̂†ri b̂si . For a discussion on the multi-indexing see the paragraph below

Eq. (3.8).

There are d2 such moments which appear in A. One might naively assume that a moment

⟨Ôij⟩ can be found independently from another moment ⟨Ôi′j′⟩ (where i ̸= i′ and j ̸= j′) by

taking repeated measurements of Ôij and computing the sample mean Ōij which is equivalent

to ⟨Ôij⟩. Then the standard error on each of these means can be predicted and we may use

Jacobi’s rule given in Eq. (4.25) to quantify the overall error ∆det[A]. Furthermore, A is a

Hermitian matrix and so a second naive assumption is that it is only necessary to experimentally

calculate the upper triangle of this matrix plus diagonal elements which comes to a total of

d + d(d − 1)/2 such operators. We are now presented with two challenges. Firstly, Jacobi’s

rule no longer holds since we can no longer assume that all the entries of A are calculated

independently. Secondly, Ôij is not necessarily a Hermitian operator and so cannot always be

directly measured to obtain Ōij in the laboratory. In general, an off-diagonal element of A is

complex Aij = Re[Aij] + i Im[Aij] (the diagonal entries of A are all real from the Hermiticity

that arises by construction). In order to analyse how measurement errors propagate through
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the determinant, we decompose the operator Ôij into two Hermitian operators

Ôij =
Ôij + Ô†

ij

2
−

(Ô†
ij − Ôij)

2
,

= B̂ij,0 + iB̂ij,1 .

(6.11)

We use the notation B̂ij,p to collectively refer to either of these two Hermitian operators. The

label p = {0, 1} specifies each operator such that

B̂ij,p =
(i)p
[
Ô†

ij + (−1)pÔij

]
2

. (6.12)

From this it follows that Re[Aij] = ⟨B̂ij,0⟩ and Im[Aij] = ⟨B̂ij,1⟩. Since the operators B̂ij,p

are Hermitian they are all observable in theory and so we can repeatedly measure an operator

to obtain B̄ij,p. Depending on the particular quantum platform, post-processing is potentially

required to obtain B̄ij,p. For example, measurements schemes have been proposed for gen-

eral moments of the form ⟨â†kâlb̂†mb̂n⟩ [155]. We will examine these measurement schemes in

Section 6.6.

Therefore, assuming only one Hermitian operator operator B̂ij,p is measured in a given run,

there are d2 such operators which must be independently measured in order to compute A. If

Mij,p measurements are allocated to the computation of each expectation value [165], then the

expected value of the operator B̂ij,p is

⟨B̂ij,p⟩ = B̄ij,p =
1

Mij,p

∑
m

b
(m)
ij,p , (6.13)

where b
(m)
ij,p is the result of a single measurement (by definition b

(m)
ij,p ∈ R). The sample mean

follows its own sampling distribution. As previously discussed, with sufficient measurements the

sample mean is approximately normally distributed B̄ij,p ∼ N (E[B̄ij,p],V[B̄ij,p]). The variance

of this distribution is

V[B̄ij,p] =
V[B̂ij,p]

Mij,p

, (6.14)

which follows from Eq. (4.6b). We emphasise that B̄ij,p is a classical statistic but B̂ij,p is a
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quantum operator and so its variance is given by V[B̂ij,p] = ⟨B̂2
ij,p⟩−⟨B̂ij,p⟩

2
, where the quantum

expectation values are evaluated using Born’s rule. In general, V[B̂ij,p] is not known but can

be approximated using the unbiased estimator of the sample variance defined in Eq. (4.9).

Therefore, we can empirically approximate the variance of the sample mean to

V[B̄ij,p] ≈
1

Mij,p

Mij,p∑
m=1

(B̄ij,p − b
(m)
ij,p )2

Mij,p − 1
. (6.15)

As previously mentioned, obtaining a single measurement b
(m)
ij,p may require post-processing

depending on the platform. Therefore, m might not strictly correspond to a single experimental

run; however Mij,p quantifies the size of the data set from which the mean is then calculated

thus providing an indication of the resources required. Nevertheless, we will assume that each

data set — from which each statistic B̄ij,p is calculated — is obtained in isolation from data

sets for other operators.

In general, quantum operators have a non-zero covariance Cov[B̂ij,p, B̂kl,q] ̸= 0. In order to

capture this quantum covariance, joint measurements of B̂ij,p and B̂kl,q must be made. How-

ever, the covariance between the sampled means of two operators is necessarily zero if they

are calculated independently Cov[B̄ij,p, B̄kl,q] = δikδjlδpqV[B̄ij,p], where V[B̄ij,p] is defined in

Eq. (6.14). This is because B̄ij,p and B̄kl,q are not quantum operators but instead are two

random variables which follow two independent normal distributions; as already emphasised

B̄ij,p ∼ N (E[B̄ij,p],V[B̄ij,p]) while B̄kl,q ∼ N (E[B̄kl,q],V[B̄kl,q]).

Using the aforementioned definitions, we can calculate ∆det[A] using the first order Taylor

expansion which has been previously introduced in Eq. (4.18). We will reiterate it here without

the hat notation to avoid confusion between estimators and quantum operators. First, we

consider some multivariable function f(x) expanded around x = x0 where x is a vector of

random real variables, and x0 is the vector of expectation values of each variable x0 = E[x].

The standard error of this function is denoted as ∆f(x) where the error squared is given by
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the following expression

(∆f [x])2 =
∑
ij

∂f(x)

∂xi

Cov[xi,xj]
∂f(x)

∂xj

. (6.16)

Now we replace f(x) with det[A] which is a function of d2 variables. The arguments of this

function are the expectation values B̄ij,p which appear the upper triangle and diagonal of the

matrix A, thus

(∆det[A])2 =
d∑
i

d∑
j≥i

d∑
k

d∑
l≥k

1∑
p=0

1∑
q=0

∂det[A]

∂B̄ij,p

Cov[B̄ij,p, B̄kl,q]
∂det[A]

∂B̄kl,q

. (6.17)

We proceed using the identity ∂det[A]/∂Aij = adj[A]ji where adj[A] is the adjugate of matrix

A, defined in Eq.(4.24). The adjugate of a matrix equivalent to the transpose of its cofactor

matrix and so for non-singular matrices this can be expressed as adj[A]ij = det[A]A−1. Fol-

lowing the steps outlined in Appendix B.1, we derive the following result for the error on the

determinant squared

(∆det[A])2 =
d∑
i

(
adj[A]ii

)2
V[B̄ii,0]

+ 4
d∑
i

d∑
j>i

1∑
p=0

[
δp0(Re[adj[A]ij])

2 + δp1(Im[adj[A]ij])
2

]
V[B̄ij,p] .

(6.18)

We remind the reader that Re[Aij] = ⟨B̂ij,0⟩ and Im[Aij] = ⟨B̂ij,1⟩. For the purposes of

investigating this formula and identifying feasible inseparability criteria for a specific state, we

assume knowledge of the quantum state itself. Therefore, in our subsequent simulations, terms

such as ⟨B̂ij,p⟩ and V[B̄ij,p] = V[B̂ij,p]/Mij,p will be evaluated using Born’s rule. Nevertheless,

the quantity ∆det[A] can also be empirically determined using the measurement data set {b(m)
ij,p}

with no assumptions made concerning the state itself. The equivalent expression for the error

on the determinant calculated from a data set can be found by inserting Eqs. (6.13) and (6.15)

into ⟨B̂ij,p⟩ and V[B̄ij,p], respectively. When no knowledge of the state is assumed and we

only use the data set, the quantity ∆det[A] is approximate due to the approximate relation

in Eq. (6.15). However, in the limit of a large number of measurements Mij,p, the discrepancy
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between the V[B̄ij,p] and its estimator is negligible. We emphasise that, since B̂ij,p are Hermitian

observables, it follows from Eq. (6.18) that ∆det[A] is real and positive. This is in keeping

with the statistical interpretation of the standard error on a real quantity such as det[A].

While we noted in Section 6.2.2 that det[A] is invariant when the quantum state undergoes

local rotations; in general, the quantity ∆det[A] is not invariant under such rotations. This

feature will be discussed in Section 6.7.

6.3.2 Minimizing the error of an NPT criterion

In the previous section we introduced Mij,p as the number of measurements allocated to cal-

culating the expectation of each Hermitian operator B̂ij,p. However, some operators may have

larger V[B̂ij,p] and thus may require a larger data set (and consequently additional measure-

ments) in order to unambiguously calculate B̄ij,p. Here, we consider the optimal choice of Mij,p

in order minimise the overall error ∆det[A], while keeping the total number of measurements

fixed. The total number of measurements used to compute det[A] is Mtot and is defined as

Mtot =
d∑
i

d∑
j>i

1∑
p=0

Mij,p , (6.19)

where we have summed over all the measurements used for each of the observable operators

which appear in the upper triangle and diagonal of A (according to our decomposition in

Eq. (6.11)). Using the method of Lagrange multipliers outlined in Appendix B.2 we can min-

imise ∆det[A] under the constraint of a fixed Mtot. This allows us to compare the performance

of entanglement criteria assuming the same total number of resources are allocated to each

criterion. The minimum error on the determinant calculated in this way is

∆det[A] =
Γ√
Mtot

, (6.20)
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where

Γ =
d∑
i

|adj[A]ii|σ[B̂ii,p=0] + 2
d∑
i

d∑
j>i

|Re{adj[A]ij}|σ[B̂ij,0] + | Im{adj[A]ij}|σ[B̂ij,1] , (6.21)

where σ[B̂ij,p] = V[B̂ij,p]
1/2. The quantity Γ depends on the quantum state, the choice of

subdeterminant, but is independent of the number of measurements per operator Mij,p and

total number of measurements Mtot. If knowledge of the quantum state is not assumed a

priori, a similar optimisation method can be adopted where Mij,p are assigned in proportion to

the estimator of the sample variance defined in Eq. (6.15).

By examining Eq. (6.21), we note qualitatively that as the dimension d of the matrix A increases

(while keeping Mtot fixed), the number of terms in Γ also increases. Consequently, the error

∆det[A] will be larger if more rows and columns are added to A. Therefore, while matrices

with higher d might be able to detect entanglement in a greater number of non-Gaussian states,

this comes at the cost of a greater uncertainty in the conclusion of the insperability test. This

uncertainty can be reduced but at the experimental cost of more measurements. Therefore, it

is desirable from the perspective of experimental feasibility to have matrices with smaller d if

possible.

6.4 Loss and open-system dynamics

In the laboratory, all quantum systems interact with their environment, which leads to loss of

quantum information in the form of dissipation, thermalisation and decoherence. Such losses

affect the entanglement between two systems, and thus have a detrimental effect on the success

with which the inseparability criteria can detect entanglement. Here we explore the effect which

the environment has on the moments of a bipartite state. Interactions with the environment in

the time that elapses between state generation and verification will change the value of det[A]

and ∆det[A].

We use a beam splitter model to capture the decoherence of a state ρAB [166], which is applicable
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to the optical and mechanical systems we consider. Considering subsystem A, the field operator

â at the point of measurement will be

â = â0
√
η + âE

√
1 − η , (6.22)

where â0 is the initial mode in the absence of loss, η is the beam splitter parameter, and âE is

the annihilation operator for the environment mode. The environment is uncorrelated with â0,

and obeys the following correlation-relations

⟨â†E âE⟩ = n̄B , (6.23a)

⟨âE â†E⟩ = n̄B + 1 , (6.23b)

where n̄B is the thermal occupation number of the bath, and for optical systems we set n̄B = 0.

There are analogous equations for subsystem B where â is substituted for b̂. The environmental

modes, âE and b̂E, are independent of each other. In this work, we assume that both subsystems

couple to the environment with the same η but this can be generalized if necessary.

In order to experimentally calculate the entries in A, moments such as ⟨â†âb̂†b̂⟩ must be mea-

sured. To predict the value of this measurement in the presence of loss, we can use Eq. (6.22) to

write these moments in terms of the beam splitter parameter η, the initial moment ⟨â†0â0b̂
†
0b̂0⟩,

and correlations between field operators of the same environment mode. In calculating the

latter correlations, we use the identities such as

⟨â†pE â
q
E⟩ = δpqp!n̄

p
B , (6.24)

which are derived in Appendix (B.3.1). By studying Eq. (6.21) we can see that the dependence

of the quantum state and the measured moment on η will propagate into det[A] and indeed

∆det[A].

A Langevin-equation-based approach can be adopted instead of a beam splitter model for

platforms such as optical cavities and optomechanics where there are time-continuous dynamics.
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We can switch between the two frameworks by substituting
√
η = e−κt, where κ is the amplitude

decay rate and t is the time of measurement. We note that this assumes that moments are all

measured at the same time t. In this formalism, the determinant and its error are parameterized

by κt. The equivalence between the two approaches is outlined in Appendix B.3. This holds

for an initially entangled state (which has been created through some interaction Hamiltonian

and/or performing some conditional measurement), but in time t that elapses between state

generation and verification, this interaction is switched off.

6.5 Simulations

Using the error propagation outlined in Section 6.3 and incorporating the beam splitter de-

coherence model from Section 6.4, we assess the success with which a specific NPT criterion

within this class of tests can detect entanglement in: (i) a two-mode Schrödinger-cat state,

(ii) a phonon-subtracted TMSV state. Through our analysis we identify specific entanglement

criteria which are the most successful at unambiguously verifying entanglement in these states.

We limit our analysis to n ≤ 4 and d = 2; as discussed in Section 6.2.1 keeping these as small

as possible and thus reducing experimental complexity. Nevertheless, the method outlined can

be readily extended to search all possible matrices A characterized by n > 4 or d > 2; especially

if higher-order moments are required to unambiguously verify entanglement in a given state.

Numerics to analyse the confidence of a particular NPT criterion and thus select the criterion

that is best suited to a particular quantum state is written in Python and uses the following

steps.

1. There are 105 possible matrices A which are characterized by d = 2 and n ≤ 4, some of

which will potentially be capable of detecting entanglement. We perform a preliminary

step to narrow the number of candidate matrices A by first assuming there is no coupling

to the environment and no sampling error. Only determinants that are negative in absence

of decoherence and errors will possibly be negative when decoherence and sampling errors

are later included in our calculations.
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2. All 105 matrices are numerically calculated across the desired parameter space of the

state under consideration. For example, with |Ψ⟩−cat we consider α between some range of

real, positive numbers. As shown in Section 6.2.2, the NPT criteria are invariant under

local rotations, which means we can constrain our parameter space to only consider

real α. Using QuTip, we compute the lossless moments (for example ⟨â†m0 ân0 b̂
†k
0 b̂

l
0⟩) in

order to calculate 105 possible det[A] for the state when isolated from the environment.

We identify any determinants that exhibit negativity for any value of α, consequently

discarding the rest.

3. We now investigate the effects of the environment and sampling errors on this subset of

determinants. With this subset of matrices A, we calculate det[A] and also ∆det[A] as

functions of the beam splitter parameter η and the total number of measurements Mtot.

The effect of decoherence is calculated both using the analytical expressions in Eqs. (B.18)

and (B.19), and using the lossless moments which are found numerically with QuTip.

4. We then examine the relationship between a given determinant, and the loss and uncer-

tainty. Consequently, we quantify the success of that determinant at detecting entangle-

ment by considering the confidence of rejecting the no-entanglement null hypothesis, in

the face of decoherence and sampling errors. A confidence which is below some critical

threshold implies that there is insufficient evidence to reject the no-entanglement hypoth-

esis; however does not necessarily preclude a state from being entangled. The hypothesis

testing is discussed in greater detail immediately below.

Confidence in NPT entanglement tests

To compute the confidence with which we can conclude that a negative determinant indicates

entanglement we can conduct a hypothesis test. The null hypothesis is that the state is not

entangled det[A] ≥ 0. The alternative hypothesis is that the state is entangled det[A] < 0.

For now, let us assume that, since our test statistic X is constructed from sample means, it

follows a normal distribution X ∼ N(µ, σ2) with mean µ = det[A] and standard deviation

σ = Γ/
√
Mtot (this is equivalent to the standard error of the determinant, see Eq. (6.20)). We



6.5. Simulations 135

Figure 6.1: Cartoon plots to demonstrate the probability density functions of the test statistic
X of three different NPT criteria shown in green, orange, and blue. The area of the shaded
regions corresponds to their respective p-values defined in Eq. (6.25). We assume that each test
statistic follows a normal distribution X ∼ N (det[A],Γ2/Mtot). All three NPT criteria have
the same p-value of 95% despite having different expectation values.

can conduct a one-tailed hypothesis test by finding the probability that X is negative under

the null hypothesis. Therefore the probability of rejecting no-entanglement hypothesis is

p = P (X < 0) = Φ

(
−µ
σ

)
, (6.25)

where Φ is the CDF of the standard normal distribution. We will refer to p as our confidence

in rejecting the no-entanglement null hypothesis. If p exceeds some threshold confidence level,

say 95%, then we can assuredly conclude the state is entangled. We note that even if an

entanglement criterion is not sufficient to reject the null-hypothesis at a specified confidence

level, it does not imply the state is necessarily separable. It simply means that we have

insufficient evidence to reject the hypothesis that the state is separable.

This is visually demonstrated in Figure 6.1 where we consider the probability density functions

of the test statistic of three different NPT criteria in green, orange, and blue. The area of

the shaded regions corresponds to their respective p-values. We have made the assumption

that each test statistic follows a normal distribution given in the previous paragraph. In this

example, we have chosen the standard deviation of each distribution in such a way that their

p-values are all 95%. This shows that despite a determinant potentially being more negative,
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it is crucial to also take its error into account. It is also important to note that if, in our

simulations, the test statistic is distributed around a positive mean, one should not perform

the hypothesis test. This is partly because a positive mean value is not insightful with regards

to entanglement so should not be used as an entanglement test. More importantly, if we

admit positive expected values of det[A] into our hypothesis test we obtain intriguing results

in our simulations which can lead to misconstruing the underlying physics. For example, let us

consider an NPT criterion which happens to yield a determinant whose mean value is positive

for a given entangled quantum state, with some degree of loss to the environment 0 < η < 1.

Repeated measurements of the determinant are assumed to be distributed normally N (µ1, σ
2
1),

where µ1 > 0. Our hypothesis test will tell us that the p-value, say p1, is some number less

than a half, i.e. p1 < 50%. Now let us take the extreme case where η = 0 and each mode

of the quantum state is replaced with the environment modes (see Eq. (6.22)). The state is

decidedly separable and so repeated measurements of the determinant are normally distributed

around a positive mean N (µ2, σ
2
2), where µ2 > 0. We can find the p-value which will again be

constrained p2 < 50%. However, in some cases it is feasible that p2 > p1, due to the complicated

interplay between Γ/
√
Mtot and the quantum state. One might incorrectly think that since p2

is larger, the NPT criterion is better-suited at detecting entanglement for this quantum state,

despite it being separable for these parameters! Of course, p1, p2 < 50% so it is unlikely one

would ever be satisfied with such a low confidence level for either of the two tests. However,

when we present our simulations we will omit any NPT criteria whose expected determinant

is distributed around a positive mean value to avoid any confusion concerning these potential

‘revivals’ in confidence. This is merely a feature of the hypothesis test and does not impact the

key results. Considering only µ < 0 also means by construction that the confidence levels will

range between 50% to 100%.

In our simulations we assume that we know the quantum state and use Born’s rule to accurately

calculate the mean and variance of the distribution of the test statistic. Therefore, we conduct a

hypothesis test under a normal distribution. Assuming the test statistic is normally distributed

but the mean and variance are estimated using the data set, then it is more appropriate to

assume that the test statistic follows a Student’s t-distribution if one has to estimate the mean
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and variance of the distribution from the data. This is discussed in Section 4.1.2. In the limit

of a large Mtot this converges to a normal distribution.

6.5.1 Two-mode Schrödinger-cat state

We now present the results for the two-mode odd Schrödinger-cat state |Ψ⟩−cat ∝ |α⟩ |0⟩−|0⟩ |α⟩.

In Fig. 6.2 we display the four entanglement criteria det[A] (under the constraint d = 2 and

n ≤ 4) which exhibit negativity as α is varied in our region of interest. We use the labels

DI−IV for these determinants which are summarized in Table 6.2. We remind the reader that

a negative determinant is a sufficient criterion for entanglement. We note that DI is in fact

the simplest Hillery-Zubairy condition [110]. The beam splitter parameter η, and the thermal

occupation number of the bath n̄B affect the values of these determinants; these are kept fixed

with η = 0.9, and n̄B = 0. As previously discussed, the value of det[A] is invariant for any

state generated by local rotations Û(θA, θB) |Ψ⟩−cat. We have also included DV defined in Eq.

(6.4). This determinant is potentially more experimentally demanding to measure because it

has d = 3; nevertheless, we have included this criterion in our analysis as it has been previously

highlighted in the context of this state (see Section 6.2.1). Also in Fig. 6.2, superimposed on

top of the thick lines of DI−V, are semi-transparent error bars representing ∆det[A] for each

determinant, defined in Eq. (6.20). This uncertainty is parameterised by the total number of

measurements Mtot in addition to η and n̄B. We note that this uncertainty in the determinant

is not invariant for states generated by local rotations; rotating the state changes the value of

Γ in Eq. (6.21).

In theory, DI−V < 0 should be sufficient criteria for entanglement. Indeed, we initially observe

that DI, DIII, and DIV are the most negative as we scan α in this range. However these tests

alone are not entirely conclusive in determining entanglement due to ∆det[A]. From this plot,

this problem is especially apparent for larger values of α where ∆det[A] > |det[A]|.

Therefore, the success of a criterion in detecting entanglement is displayed in Fig. 6.3 where

we have plotted confidence p (see Eq. (6.25)) as a function of α. As previously discussed,

this is the confidence in rejecting the no-entanglement null-hypothesis. A low confidence level
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Table 6.2: Suitable NPT criteria for the two-mode Schrödinger-cat state |Ψ⟩cat ∝ |α⟩ |0⟩ −
|0⟩ |α⟩. Determinant negativity is a sufficient criterion for entanglement. These determinants
are plotted in Fig. 6.2-6.5 where sampling errors and open-system dynamics are considered.
The matrix A from which the determinant is calculated is provided; furthermore we consider
the dimension d of the matrices and the order n of the highest-order moment which appears.
Valid matrices can be constructed by keeping pairwise rows and columns from the super matrix
M in Eq. 3.8 to leave a submatrix A. However not all matrices A are guaranteed to be negative
even if a state is entangled. Determinants DI−IV are the only determinants with d = 2 and
n ≤ 4 which exhibit negativity in the region of parameter space have plotted. The indices
of the rows and columns which are kept in order to generate A are shown; M is generated
using the ordering in Table 6.2.1. The determinants for the pure state |Ψ⟩−cat isolated from
the environment are also included (η = 0, n̄B = 0). We note that these determinants are
negative for all values of α however when experimental factors are considered negativity alone
is sufficient to detect entanglement; we should instead evaluate the confidence of rejecting the
no-entanglement hypothesis. Note that DI is the first-order Hillery-Zubairy criterion. We have
also included DV (see Eq. (6.4), for comparison, despite having dimensions d = 3.
Determinant Matrix form Dimension Order Rows/ Pure state

A d n Columns

DI

∣∣∣∣ 1 ⟨âb̂†⟩
⟨â†b̂⟩ ⟨â†âb̂†b̂⟩

∣∣∣∣ 2 4 (1,13) − |α|4e−2|α|2

4(1 + cosϕe−|α|2)2

DII

∣∣∣∣ ⟨ââ†⟩ ⟨ââb̂†⟩
⟨â†â†b̂⟩ ⟨â†âb̂†b̂⟩

∣∣∣∣ 2 4 (2,13) − |α|6e−2|α|2

4(1 − e−2|α|2)2

DIII

∣∣∣∣ ⟨âââ†â†⟩ ⟨âââb̂†⟩
⟨â†â†â†b̂⟩ ⟨â†âb̂†b̂⟩

∣∣∣∣ 2 4 (6,13) − |α|8e−2|α|2

4(1 − e−|α|2)2

DIV

∣∣∣∣⟨ââ†b̂b̂†⟩ ⟨ââb̂†b̂†⟩
⟨â†â†b̂b̂⟩ ⟨â†âb̂†b̂⟩

∣∣∣∣ 2 4 (9, 13) − |α|8e−2|α|2

4(1 − e−|α|2)2

DV

∣∣∣∣∣∣
1 ⟨b̂†⟩ ⟨âb̂†⟩
⟨b̂⟩ ⟨b̂†b̂⟩ ⟨âb̂†b̂⟩
⟨â†b̂⟩ ⟨â†b̂†b̂⟩ ⟨â†âb̂†b̂⟩

∣∣∣∣∣∣ 3 4 (1, 5, 14) − |α|6e−2|α|2

8(1 − e−|α|2)3

does not indicate an increased certainty in separability; it only suggests there is insufficient

evidence to conclude the state is inseparable when that particular determinant is used. We

have included the 95% confidence level as a dotted black line. For these specific values of η,

n̄B, Mtot, and considering only matrices which satisfy d = 2 and n ≤ 4, we can conclude that

DI is best-suited for states with smaller α, while DIV is capable of detecting entanglement

with the highest degree of certainty for the highest α. We also note that DV is able to detect

entanglement for small α with very high certainty. However, all tests degrade in confidence

as α is further increased. This can be qualitatively understood by referring to Figure 5.11

which depicts how the non-Gaussianity of the state increases as α is increased. To confidently
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Figure 6.2: Determinants det[A] for the two-mode Schrödinger-cat state |Ψ⟩cat are plotted as
functions of α. By first considering all matrices A which have d = 2 and n ≤ 4, we have
selected the determinants DI−IV which exhibit negativity in this range of α. We have also
plotted DV defined in Eq. (6.4) which has d = 3 and n = 4. The criterion DI−V < 0 is
not entirely conclusive in detecting entanglement without also considering the finite errors on
each determinant ∆det[A] which are shown as semi-transparent error bars. In this plot, the
experimental factors are kept fixed Mtot = 1000, η = 0.9, and n̄B = 0.

detect entanglement in states with higher α we must therefore consider more complicated A

with higher d and n. This can be done with our statistical framework and leads to many more

feasible determinants. When considering more complicated A this comes at the cost of a higher

Mtot to attain the same confidence (assuming the same η and n̄B), since more moments must

be measured and each moment could be of higher order.

In Fig. 6.4 we plot the confidence in rejecting the no-entanglement hypothesis as a function

of the total number of measurements Mtot allocated to calculating each determinant. We set

α = 1, η = 0.95, n̄B = 0.01. Provided det[A] < 0, it is evident that confidence increases with

increasing Mtot. This follows directly from Eqs. (6.20) and (6.21).

Finally, in Fig. 6.5 we have calculated confidence as a function of η; we recall that η = 1 is

a lossless system while η = 0 is entirely lossy. As the system is made more lossy it becomes

more entangled with the environment and consequently the bipartite state which was initially

entangled becomes more separable. Therefore, one might intuitively expect the confidence of

each determinant to decreases as the system becomes more susceptible to losses. This behaviour

is visible in DI−V. We also qualitatively note that DIII and DIV degrade the most quickly as
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Figure 6.3: Confidence in rejecting the no-entanglement null hypothesis for each determinant
DI−V. We find that for the given parameter set, Mtot = 1000, η = 0.9, n̄B = 0, DI and DV are
best-suited for small α (the two lines overlap completely for small α). While for higher α the
determinant DIV can most confidently detect entanglement.

Figure 6.4: Confidence in rejecting the no-entanglement null hypothesis as a function of Mtot,
the total number of measurements allocated to determining a single determinant. Experimental
factors are kept constant η = 0.9, n̄B = 0. α = 1 has been chosen since at this value all DI−V

are negative. At this value of α, DI requires the fewest number of measurements to approach
100% confidence, while DIII requires the most. For different values of α different determinants
would perform better. If we are in a region where D is greater than 0, increasing Mtot does not
lead to a confidence which approaches 100%.
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Figure 6.5: Confidence in rejecting the no-entanglement null hypothesis as a function of loss
parameter η. For a lossless system with η = 1 all determinants have 100% confidence. As
decoherence is introduced, the confidence of DIII in detecting entanglement tends to just below
50% because the expected value of this determinant (with Mtot = 1000, α = 1, n̄B = 0) is a
positive number with a bigger uncertainty than its value; whereas the other determinants are
positive numbers with errors larger in value than the magnitude of the determinant, and so
tend to 0%.

η is increased since these are the only determinants where all four entries are comprised of

fourth-order moments. Therefore, determinants composed of increasingly high n will be more

susceptible to losses. This dependence can bee seen by studying Eq. (6.22).

We have also computed analytical expressions for DI−V which are summarized in Table 6.2 for

the idealized state |Ψ⟩−cat in isolation from the environment and with no sampling errors. We

find that these determinants are negative for all values of α. However, as demonstrated by

the results in Fig. 6.3, when experimental factors are considered, negativity in isolation is not

sufficient to confidently detect entanglement.

We also note that because of the symmetry between the two subsystems of the state |Ψ⟩−cat, we

can swap the operators â (â†) with b̂ (b̂†) which appear in the moments in A and we expect

the same results. This means we can generate three further determinants by swapping the field

operators corresponding to each subsystem in DII, DIII, and DV with no effect on the results;

however the same statement could not be made for a state which is not invariant when the

subsystem labels are swapped.
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6.5.2 Photon-subtracted two-mode squeezed vacuum state

Here we conduct the same analysis as outlined in Section 6.5.1 but for the state |Ψ⟩sub which

is generated by subtracting 1 photon from each of the two subsystems of a TMSV state. This

state can be mathematically expressed by setting n = 1 and m = 1 in Eq. (1.50). We

note very similar characteristics between these results and the plots in Section 6.5.1 and so

have summarized all the results in Fig. 6.6. We use the labels DVI−IX to denote the relevant

determinants, these are summarized in Table 6.3. We will now examine each subfigure in turn.

In Fig. 6.6a we have plotted the subset of determinants which exhibit negativity as we vary the

squeezing parameter ζ but keep all other parameters fixed. These determinants are labelled

as DVI−IX. We reiterate that this subset of four determinants is found by first considering all

possible matrices A which satisfy d = 2 and n ≤ 4 and identifying which are determinants are

negative as we sweep ζ in the absence of losses and sampling errors. Using this narrower set,

we then evaluate the determinants when losses and sampling errors are introduced. We thus

set Mtot = 1000, η = 0.8, and n̄B = 0 and identify the subset for which det[A] < 0 for any

value of ζ which leaves us with DVI−IX. We set n̄B = 0 as we consider an optical state in this

thesis. The error bars are quantified by ∆det[A]. We can qualitatively see that as ζ increases

the determinants DVII−IX become increasingly negative, with the exception of DVI which does

not appear to decrease as dramatically. However, the error bars on all four determinants also

increase therefore this plot in isolation is not conclusive in establishing which of the four NPT

criteria are best-suited to this particular state.

Similar to Figure. 6.3, we therefore plot confidence as a function of ζ in Fig. 6.6b. For very

small ζ, confidently detecting entanglement is challenging. This is understood to be due to the

fact that the degree of entanglement is very small with small ζ. However, for greater ζ we find

that DVI and DIX can detect entanglement with the greatest degree of confidence.

We can see in Fig. 6.6c that as the total number of measurements Mtot is increased, the

confidence also increases. This is plotted for a fixed ζ = 1, η = 0.8, and n̄B = 0. This same

behaviour is exhibited in Fig. 6.4, which attributed to the fact that as Mtot is increased the
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(a) Determinants det[A] for the TMSV state are plot-
ted as functions of ζ. By first considering all matrices
A which have d = 2 and n ≤ 4, we have selected the
determinants DVI−IX which exhibit negativity in this
range of ζ. The criterionDVI−IX < 0 is not entirely con-
clusive in detecting entanglement without also consider-
ing the finite errors on each determinant ∆det[A] which
are shown as semi-transparent error bars. In this plot,
the experimental factors are kept fixed Mtot = 1000,
η = 0.8, n̄B = 0.

(b) Confidence in rejecting the no-entanglement null
hypothesis using one of the negative determinants.
Confidence is calculated using hypothesis test as ζ is
varied but Mtot, η, and N are kept fixed. We note
that for small ζ, the lines for DVI and DVII are almost
overlapping.

(c) Confidence in rejecting the no-entanglement null
hypothesis as a function of Mtot, the total number
of measurements allocated to determining a single de-
terminant. Experimental factors are kept constant
η = 0.9, n̄B = 0. ζ = 1 has been chosen since at
this value all DVI−IX are negative. At this value of
ζ, DVI requires the fewest number of measurements
to approach 100% confidence, while DVIII requires the
most. For different values of ζ different determinants
would perform better.

(d) Confidence in rejecting the no-entanglement null
hypothesis as a function of beam splitter parameter
η. As η tends towards 0, the system becomes more
lossy. The confidence of DVI−IX tend towards 50%
because the expected value of these determinant (with
Mtot = 1000, ζ = 1, n̄B = 0) tend towards 0 but with
a finite error.

Figure 6.6: Results for the photon subtracted TMSV state |Ψ⟩sub. A negative determinant im-
plies an inseparable state however it should be emphasised that the magnitude of negativity of
the determinant has no physical interpretation. The error on the determinant is an important
consideration in concluding whether or not a state is entangled therefore also plotted is the
interplay between the confidence in an entanglement criterion and the state-dependent ζ, and
experimental factors such as the beam splitter parameter η and the total number of measure-
mentsMtot. Confidence should be interpreted as the confidence in rejecting the no-entanglement
null hypothesis.
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Table 6.3: Suitable NPT criteria for the photon subtracted TMSV state, |Ψ⟩sub. Determinant
negativity is a sufficient criterion for entanglement. These determinants are plotted in Fig. 6.6
where sampling errors and open-system dynamics are considered. The matrix A from which
the determinant is calculated is provided; furthermore we consider the dimension d of the
matrices and the order n of the highest-order moment which appears. Valid matrices can be
constructed by keeping pairwise rows and columns from the super matrix M in Eq. 3.8 to leave
a submatrix A. However not all matrices A are guaranteed to be negative even if a state is
entangled. Determinants DVI−IX are the only determinants with d = 2 and n ≤ 4 which exhibit
negativity in the region of parameter space have plotted. The indices of the rows and columns
which are kept in order to generate A are shown; M is generated using the ordering in Table
6.2.1.

Determinant Matrix form Dimension Order Rows/
A d n Columns

DVI

∣∣∣∣⟨â†â⟩ ⟨â†b̂⟩
⟨âb̂⟩ ⟨b̂†b̂⟩

∣∣∣∣ 2 4 (3,5)

DVII

∣∣∣∣⟨â†ââ†â⟩ ⟨â†ââ†b̂†⟩
⟨ââ†âb̂⟩ ⟨ââ†b̂†b̂⟩

∣∣∣∣ 2 4 (7,12)

DIIX

∣∣∣∣⟨â†â†ââ⟩ ⟨â†â†âb̂†⟩
⟨â†ââb̂⟩ ⟨â†âb̂†b̂⟩

∣∣∣∣ 2 4 (8,13)

DIX

∣∣∣∣⟨â†â†ââ⟩ ⟨â†â†b̂†b̂†⟩
⟨ââb̂b̂⟩ ⟨b̂†b̂†b̂b̂⟩

∣∣∣∣ 2 4 (8,15)

overall error on a given determinant decreases. Finally, in Figure 6.6d, we plot the confidence

of detecting entanglement using these four NPT criteria as η is reduced from 1 to 0. The

confidence of DVI−IX reduces from 100% down to 50% as the system is made more lossy.

As with |Ψ⟩−cat, the state |Ψ⟩sub generated when m = 1, n = 1, is invariant when labels A and

B of each subsystem are swapped. Therefore, we could construct two further determinants by

swapping â (â†) with b̂ (b̂) in DVII and DIIX and produce identical results. Unlike in Table 6.2,

we have not analytically computed expressions for each determinant for the pure state when it is

isolated from the environment and there are no sampling errors. This would be mathematically

cumbersome to succinctly express.

6.5.3 Discussion

In finding the standard error of an NPT criterion, ∆det[A], we assume that we first find the

expected value of each relevant Hermitian operator B̄ij,p which appears in the determinant
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by taking repeated measurements of B̂ij,p and directly averaging. This enabled us to find an

analytical formula for the first-order error correction ∆det[A] = Γ/
√
Mtot. The sample mean of

each Hermitian operator follows a normal distribution B̄ij,p ∼ N (E[B̄ij,p],V[B̄ij,p]) which follows

from the central limit theorem. In our hypothesis test we made the further assumption that

repeated measurements of det[A] will also follow a normal distribution. Thus, our confidence

of rejecting the no-entanglement hypothesis was given by P (X < 0) where X is a test statistic

which follows a normal distribution X ∼ N (det[A],Γ2/Mtot).

However, are we justified in assuming that the test statistic follows a normal distribution

under the null hypothesis? Even though the sample means B̄ij,p are normally distributed, the

determinant det[A] is a nonlinear function of these variables.

We can predict the probability density function of the test statistic X by numerically simu-

lating the process of experimentally measuring each B̄ij,p. A single sample of X is made by

randomly sampling values of B̄ij,p. We randomly sample B̄ij,p under the assumption that it

is normally distributed as discussed above; we assume that V[B̄ijp] = V[B̂ij,p]/Mij,p and Mij,p

have been allocated in the optimum way to minimize the overall error on the determinant (see

Appendix B.2). From a set of sample values {B̄ij,p} we calculate a matrix determinant which

constitutes a single sample of X. Repeating this sampling process many times we can construct

a histogram which corresponds to the probability density function of X.

In Figure 6.7, we have simulated the probability density function of a test statistic X for two

separate NPT criteria calculated for the pure cat-state |Ψ⟩−cat with α = 1, in the absence of

losses. The blue histogram is the simulated probability density function of X assuming the

values B̄ij,p are randomly drawn from normal distributions as discussed above. We have fitted

a normal distribution from the mean and standard deviation of the histogram which is shown

by the solid blue line. We have also superimposed a normal distribution under the assumption

that the test statistic follows the normal distribution X ∼ N (det[A],Γ2/Mtot), which was a key

assumption made in the results presented in Section 5.4. This is shown by the dotted orange

line for each NPT criterion. For some NPT criteria the histogram and orange line coincide

remarkably well. For example, in Fig. 6.7a we have plotted DI (the determinants are defined in
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(a) (b)

Figure 6.7: Empirical estimates of the distributions of the test statistic X for DI and DV

obtained through numerical simulations of the sampling process used in their calculation. This
involved simulating a measurement of each B̄ij,p which are needed to compute a specific NPT
criterion. A single sample of X is obtained by sampling each value of B̄ij,p under the assumption
that it is normally distributed according to its sampling distribution N (E[B̄ij,p],V[B̄ij,p]). A
sampled set of {B̄ij,p} values are used to compute a matrix determinant, providing a single
sample of X. For each histogram 104 samples are grouped into 100 bins. When drawing a
value of B̄ij,p from its sample distribution we assume that V[B̄ijp] = V[B̂ij,p]/Mij,p and Mij,p

have been allocated in the optimum way to minimize the overall error on the determinant.
The solid blue line indicates a reference Gaussian distribution corresponding to the mean and
variance of the empirical data. The orange dotted line shows the distribution of X under
the assumption that it follows X ∼ N (det[A],Γ2/Mtot) as assumed in the results presented
in Section 6.5. (a) Empirical distribution of X for DI. (b) Empirical distribution of X for
DV. The histogram deviates from the solid blue line indicating that X is not well-described
by a Gaussian distribution. While the yellow dotted line does not fully match the histogram it
provides a decent estimate of the spread of X.

Table 6.2). The agreement between the orange dotted line and the histogram means that for this

criterion we are justified assuming that X is distributed as X ∼ N (det[A],Γ/Mtot). However,

for other NPT criteria, such as in Fig. 6.7b where we have plotted DV, the histogram of the

simulated probability density function is not Gaussian. This non-Gaussianity is qualitatively

evident from the fact that the fitted normal distribution (solid blue line) does not match

with to the histogram. Interestingly, the assumption that X follows the normal distribution

X ∼ N (det[A],Γ2/Mtot) shown by the dotted orange line is a better fit to the histogram than

the solid blue line. The widths of the orange dotted Gaussian and the histogram are fairly close

suggesting that we have accurately predicted the first-order error correction on a given NPT

criterion.
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Therefore, a more thorough hypothesis test for a given NPT criterion would assume that the

test statistic is distributed according to the blue histogram under the null hypothesis, and

one would compute p = P (X < 0) by finding the area of the histogram that corresponds to

this probability. One would have to simulate a histogram for each NPT criterion and perform

the hypothesis test against this histogram. Nevertheless, the formula we have derived for the

standard deviation of the expected value of the determinant ∆(det[A]) = Γ/
√
Mtot is still

a valid first-order approximation of the standard error; however, we cannot always assume

that the null hypothesis follows a normal distribution. As a general method of comparing the

expected value of a determinant to its standard error, a normal distribution hypothesis test is

still beneficial in identifying a smaller subset of suitable NPT criteria for a given quantum state

from the infinite class of inseparability criteria.

6.6 Towards the measurement of arbitrary two-mode

moments of an optical field

As we have seen throughout this chapter, knowledge of bipartite moments of the form

⟨â†pâq b̂†rb̂s⟩ is hugely important in detecting entanglement. Specifically, higher-order moments

are crucial in the verification of non-Gaussian entanglement where states cannot be described

by first and second moments alone. These moments can also be used to evaluate nonclassicality,

similarly, through the violation of inequalities constructed from moments [167]. We will now

examine schemes which have been proposed for measuring single- and two-mode moments. We

will also present an alternative measurement scheme which may be advantageous in certain

experimental settings.

Firstly, let us examine the method of optical homodyne tomography which in principle gives us

access to all statistical quantities pertaining to the state, including ⟨â†pâq b̂†rb̂s⟩. For a single-

mode state, homodyne tomography requires a balanced homodyne detector (BHD) whereby

the field of interest â is combined with a local oscillator αLOe
iϕ1 at a 50:50 beam splitter. The

difference in signal between two photodetectors at the outputs of the beam splitter provide the
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quadrature measurement q̂1(ϕ1) = (â†eiϕ1 +âe−iϕ1)/
√

2. An ensemble of repeated measurements

of the quadratures for various phases ϕ1 is obtained [168]. This is repeated as the phase is varied

discretely and for each phase a probability density function Pq1(ϕ1) (or histogram) is found. The

Wigner function is related to these sets of probabilities through the inverse Radon transform

which can be achieved by using a filtered backprojection and also via maximum likelihood

methods. This reconstruction algorithm acts as a smoothing filter which dictates the resolution

with which the Wigner function is determined and introduces statistical errors. The density

matrix of the field can then be obtained by Fourier transforming the Wigner distribution. This

can be straightforwardly extended to two-modes by introducing a second BHD which measures

q̂2(ϕ2) = (b̂†eiϕ2 + b̂e−iϕ2)/
√

2. Measuring q̂1(ϕ1) and q̂2(ϕ2) many times and then discretely and

independently varying the phases allows us to build a joint probability distribution Pq1q2(ϕ1, ϕ2).

Again the inverse Radon transform can be applied. However, for two-modes this is much more

computationally expensive and many more inversion operations are required.

It is also possible to obtain the density matrix by directly averaging experimental data [169],

and this method has been examined for reconstructing a two-mode density matrix in the Fock

basis [170]. Using a direct sampling method to obtain information pertaining to a two-mode

state is therefore a powerful tool as it avoids going through the Wigner function and does not

require the storage of large amounts of data as the sample averages (and therefore the state

reconstruction) can be found in real time. Therefore, we henceforth consider quantum state

measurement schemes which do not rely on tomographically recreating the Wigner function or

density matrix. Since two BHDs are sufficient to obtain a tomographically complete measure-

ment for determining the density matrix of a bipartite state [171], this set-up should also be

sufficient in the measurement of other bipartite statistical quantities.

Assuming the modes of light are spatio-temporal it is important to distinguish two cases: the

case where the two modes cannot be spatially separated, and the case where the two modes

can be spatially separated (e.g. via filtering, polarizers, propagation direction). In the former

case, the internal correlation statistics of optical pulses can be measured using a single BHD

[170, 154]. In the latter case where the two modes can be separated in space, one must send the

two separated modes into two separate homodyne detectors and average over the experimentally
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determined joint quadrature measurements. To this end, there exist a number of schemes for

measuring the quantum state of light based on homodyne detection [172, 173, 171], which

exploit correlations between the two homodyne measurements in order be used to reconstruct

the quantum state. For example, the authors in Ref. [171] examine the reconstruction of

an N -mode optical state. Using N -BHDs and retaining joint count distributions and joint

difference-count distributions once can reconstruct the density matrix and any moment of the

annihilation and creation operators. Crucially, in this scheme two Fourier integrals per mode

are required. In all the schemes we have referenced, Fourier transforms are a recurring theme

and one must vary the phases of the local oscillators of each BHD between 0 and 2π. Building

on these homodyne protocols it has been suggested that in some applications it advantageous

to use a weak local oscillator impinging on an unbalanced beam splitter [174]. It can be shown

that this set-up can still extract information about the quantum state even when detection

efficiences are small.

Let us narrow the discussion and focus specifically on the measurement of moments. Intuitively,

we anticipate fewer measurements are necessary for calculating a subset of specific moments

compared with reconstructing a two-mode density matrix and subsequently finding the moments

from that. The aforementioned weak local oscillator scheme has been examined in detail with

regards to measuring single-moments of the form ⟨â†kâl⟩ [155]. It has even been suggested [110,

21] that this single-moment protocol can be extended to two-modes in order to solve for any

bipartite moment of the form ⟨â†pâq b̂†rb̂s⟩. This is not entirely straightforward to outline here

however we can be confident that two independent local oscillators will be required (in order

to be tomographically complete). Repeated measurements must subsequently be taken to

construct some joint-count probability density function with fixed ϕ1 and ϕ2. Furthermore, by

studying the single-mode scheme we can deduce that one must perform two Fourier transforms

by varying ϕ1 and ϕ2 continuously and independently between 0 and 2π. Below, we will briefly

outline the scheme proposed in Ref. [155] for measuring ⟨â†pâq⟩. We will then outline an

alternative method for measuring ⟨â†pâq b̂†rb̂s⟩.
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Figure 6.8: Homodyne detection scheme to determine single-mode moments ⟨a†paq⟩. A weak
local oscillator is combined with the field of interest â at a beam splitter with transmitivity T0
and reflectivity R0 where T0 ≫ R0. Through repeated photon number-resolving measurements
we can build a function Pn for the probability of n clicks. Scanning ϕ1 between 0 and 2π allows
us to subsequently perform a Fourier transform which yields the function fn(n). Assuming we
have calculated all the moments contained in fn(m) we can iteratively find increasingly high
order single-mode moments by then calculating fn+1(m).

6.6.1 Calculating single-mode moments

The single-mode scheme outlined in Fig.1 of Ref. [155] is able to calculate moments of the form

⟨â†kâl⟩ where n = k + l is the order of the moment. In the protocol a local oscillator âLO

combines with the mode of interest â at a beam splitter of transitivity T0 reflectivity R0. The

intensity of the local oscillator is typically of the same order of magnitude as the signal field,

which can be realized with T0 ≫ R0. The signal then passes through a sequence of 50:50 beam

splitters where the number of beam splitters scales with the order of the moment. Coincidence

clicks between n photodetectors are registered to obtain a correlation function Γ(n). The optical

set-up is constructed under the assumption that one does not have access to photon-resolving

detectors. We can achieve the same effect and bypass some of the mathematics by replacing

the latter part of the apparatus with a photon-resolving detector. Instead, one can deduce

the probability of an n photon detection event Pn via repeated measurements. The correlation

function is defined as

Γ(n) ∝ ⟨â†n0 ân0 ⟩ , (6.26)

where

â0 = (T0â+R0âLO)/
√

2 . (6.27)
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However, from Glauber’s Theorem, an idealized photon counting device absorbs n quanta when

n photons are detected. The field transitions from the initial state |i⟩ to the final state |f⟩.

The probability amplitude of this is transition is given by ⟨f | â†n0 |i⟩. Therefore, the probability

of an n photon detection is found by taking the modulus squared, summing over all possible

final states, and inserting the resolution of identity to obtain

Pn =
∑
f

| ⟨f | â†n0 |i⟩ |2 = ⟨â†n0 ân0 ⟩ , (6.28)

which is equivalent to Γ(n) up to some normalization. Therefore we will circumvent some of the

mathematical details of the linear optics by just assuming we have access to photon-resolving

detectors and consider the function Pn.

With access to the probability Pn one can iteratively obtain all the moments ⟨â†kâl⟩. This

can be seen by inserting Eq. (6.27) into Eq. (6.28). Assuming the local oscillator is simply

âLO = αeiϕLO we obtain

Pn =
n∑

m=−n

fn(m)eimϕ , (6.29)

where ϕ = ϕLO − π/2. The term

fn(m) =
1

2n

∑
k−l=m

(
n

k

)(
n

l

)
|T0|k+l|R0α|2n−k−l ⟨â†kâl⟩ , (6.30)

contains the moments of interest. Therefore, by Fourier transforming the correlation function

we obtain

fn(m) =
1

2π

∫ 2ϕ

0

dϕ Pne
−imϕ . (6.31)

An individual moment, say ⟨â†k′ âl′⟩ can be found iteratively. First one must calculate all the

first order terms which are found via f1(−1), f1(0), f1(1) before progressing onto the second

order terms f2(−2), . . . , f2(2).

We will take inspiration from these schemes and construct a similar measurement BHD protocol

that does not involve scanning the local oscillator phases continuously. The protocol is iterative,

similar to Ref. [155] however we will also exploit some of the techniques outlined in Section. 5.3.2.
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Figure 6.9: Optical schematic outlining an alternative method for obtaining arbitrary two-
mode moments ⟨âdagpâq b̂†rb̂s⟩. Assuming the modes are spatially separated they are initially
combined at a 50:50 beam splitter whose phase is θ. The outputs of the beam splitter are then
mixed with two independent local oscillator fields whose phases, ϕ and ξ, are independently
controlled. The difference between the two photocurrents of each detector (shown in purple)
are then added to obtain a final joint ‘homodyne’ measurement given in Eq. (6.33).

6.6.2 Alternative measurement scheme

Here we outline another method inspired by homodyne measurements. This will allow us to

find any moment ⟨â†pâq b̂†rb̂s⟩ of order n = p + q + r + s quantum states comprised of two

spatially separable modes. The scheme works in an iterative manner whereby we must first

find all the moments of order less than or equal to n first before progressing to n+ 1.

Our set-up is outlined in Fig. 6.9, whereby each mode of interest â and b̂ is combined at a 50:50

beam splitter with two independent local oscillators αLOe
iϕ1 and αLOe

iϕ2 , respectively. We have

assumed both local oscillators have the same real amplitude but this can be generalised and

is unimportant here. Two photodetectors are connected together so that their photocurrents

are subtracted giving an output which can be renormalized to be equivalent to the following
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quadratures:

q̂1(ϕ, θ) = (â† + b̂†e−iϕ)eiθ + (â+ b̂eiϕ)e−iθ , (6.32a)

q̂2(ϕ, ξ) = (â† − b̂†e−iϕ)eiξ + (â− b̂eiϕ)e−iξ . (6.32b)

We can combine these quadratures by adding the photocurrents again. This is essentially a

four-detector correlation where we add two of the outputs and subtract the other two outputs.

Therefore the final ‘homodyne’ measurement made each run is

q̂12(ϕ, θ, ξ) = â†(eiθ + eiξ) + â(e−iθ + e−iξ) + b̂†(ei(θ−ϕ) − ei(ξ−ϕ)) + b̂(e−i(θ−ϕ) − e−i(ξ−ϕ)) .

(6.33)

Keeping the phases fixed we can take repeated measurements (recreating the state between

runs) in order to build up a probability distribution for the joint quadrature measurement

q12(ϕ, θ, ξ). From the data set of repeated measurements we can deduce the nth-order moment.

This can be done by directly averaging over each data point raised to the power of n which

is discussed in detail in Section 5.3.2 (see Eq. (5.42)). The nth-order moment of the joint

quadrature distibution is

⟨q̂n12(ϕ, θ, ξ)⟩ =
∑

p′+q′+r′+s′=n

(eiθ + eiξ)p
′
(e−iθ + e−iξ)q

′
(ei(θ−ϕ) − ei(ξ−ϕ))r

′
(e−i(θ−ϕ) − e−i(ξ−ϕ))s

′

× S[⟨â†p′ âq′ b̂†r′ b̂s′⟩] ,

(6.34)

where S[⟨â†p′ âq′ b̂†r′ b̂s′⟩] is the symmetrized sum of the possible moments which can be made from

these annihilation and creation operators. For example, S[⟨â†2â⟩] = ⟨â†2â⟩ + ⟨â†ââ†⟩ + ⟨ââ†2⟩.

Assuming the measuring procedure is conducted iteratively and we have access to all lower

order moments, we can consequently compute every moment that appears in S[⟨â†2â⟩]. For

example, suppose we wish to calculate ⟨â†2â⟩ then we note that ⟨â†2â⟩ = 1/3(S[⟨â†2â⟩] − ⟨â†⟩).

Provided we know S[⟨â†2â⟩] and ⟨â†⟩ then we can compute ⟨â†2â⟩. Therefore, the problem

of finding an arbitrary two-mode moment ⟨â†pâq b̂†rb̂s⟩ is reduced to calculating the relevant
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quantity S[⟨â†pâq b̂†rb̂s⟩] which contains the desired moment. However, before we progress to

higher-order moments n + 1 we must calculate all terms S[⟨a†p′aq′b†r′bs′⟩] which appear in the

expansion of ⟨q̂n12(ϕ, θ, ξ)⟩.

Studying Eq. (6.34), there are N unknown terms of the form S[⟨â†p′ âq′ b̂†r′ b̂s′⟩] where N =∑
p+q+r+s 1. Therefore, in order to solve each of these unknown symmeterized terms, we must

repeat the whole process with N sets of phases {ϕk, θk, ξk} where the k = 1, . . . , N . For each

set of phases, we must calculate ⟨q̂n12(ϕk, θk, ξk)⟩.

These phases must be picked appropriately such that we obtain a set of N linearly independent

equations which can be solved for each S[⟨â†p′ âq′ b̂†r′ b̂s′⟩]. If we consider the example of n = 2,

then we have a vector of 10 unknown symmeterized terms

x =



S[⟨b̂2⟩]

S[⟨b̂†b̂⟩]

S[⟨b̂†2⟩]

S[⟨âb̂⟩]

S[⟨âb̂†⟩]

S[⟨â2⟩]

S[⟨â†b̂⟩]

S[⟨â†b̂†⟩]

S[⟨â†â⟩]

S[⟨â†2⟩]



. (6.35)

With a set of 10 phase sets {ϕk, θk, ξk} we can construct a 10 × 10 matrix P whose entries can

be found from the coefficients in Eq. (6.34). By inverting P we can solve the equation

Px = y , (6.36)

where y is a vector of length 10 containing the second order moments such that the ith element

is yi = ⟨q̂212(ϕi, θi, ξi)⟩. In order to solve for each symmetric term S[⟨â†p′ âq′ b̂†r′ b̂s′⟩] in x where

p′ + q′ + r′ + s′ = 2 we must ensure that P has rank 10.
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Let us examine P in more detail. Making the substitution Ak = eiθk + eiξk and Bk = ei(θk−ϕk)−

ei(ξk−ϕk), where Ak, Bk ∈ C, we can fill out the first few rows of P noting that as we go down

the rows the index k increases, such that

P =



(B∗
1)2 |B1|2 (B1)

2 A∗
1B

∗
1 A∗

1B1 (A∗
1)

2 A1B
∗
1 A1B1 |A1|2 (A1)

2

(B∗
2)2 |B2|2 (B2)

2 A∗
2B

∗
2 A∗

2B2 (A∗
2)

2 A2B
∗
2 A2B2 |A2|2 (A2)

2

...
...

...
...

...
...

...
...

...
...

(B∗
10)

2 |B10|2 (B10)
2 A∗

10B
∗
10 A∗

10B10 (A∗
10)

2 A10B
∗
10 A10B10 |A10|2 (A10)

2


.

(6.37)

Choosing the 10 phase sets {ϕk, θk, ξk} in a suitable manner is therefore crucially important in

order to solve for each symmetric term. Although we have now parameterised the matrix P

in terms of 20 complex numbers {Ak, Bk}, do we have complete freedom over our choice of Ak

and Bk within a pair corresponding to kth index? By rewriting Ak and Bk in terms of their

magnitudes and complex phase

Ak = |eiθk + eiξ|ei arg(Ak) , (6.38a)

Bk = |eiθk − eiξ|ei arg(Bk) , (6.38b)

it is evident that the magnitudes are not independent. Furthermore, the argument of the

complex number Ak is some function of θk and ξk. However, the argument of Bk can be

separated into part that depends on θk and ξk, and an independent part which depends on ϕk

alone. Assuming one picks Ak first then it follows that

Ak = |Ak|ei arg(Ak) , (6.39a)

Bk =
√

1 − |Ak|2eif(θk,ξk)eiϕk , (6.39b)

where f(θk, ξk) = arg(eiθk − eiξk). Since θk and ξk are dictated by the choice of Ak, but ϕk

is defined only for Bk, we can conclude that for a given Ak, Bk is a complex number whose

magnitude depends on |Ak| but whose direction in the complex plane can be arbitrarily chosen

by altering ϕk. This is visually demonstrated in Figure 6.10. Therefore, choosing the entries of
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Figure 6.10: Argand diagram representing two complex parameters Ak and Bk as vectors.
We can parameterise the kth row of the matrix P using Ak and Bk. These complex numbers
depend on the choice of phases {ϕk, θk, ξk}. As demonstrated in the diagram, for a given set of
phases the magnitude of Bk depends on the magnitude of Ak. However, the phase Bk can be
independently picked by varying ϕk.

P is now reduced to selecting appropriate pairs {|Ak|, ϕk} to ensure that P is a rank 10 matrix,

for the case where we consider moments of order n = 2. This method can be extended for an

arbitrary n in which case the matrix P must be of rank N where we remind the reader that

N =
∑

p+q+r+s=n 1.

Generating a matrix P of rank N is a formidable task due to the nonlinear interplay between

Ak and Bk. Checking the linear independence of each row of P analytically is challenging

especially for large n as one has to perform Gaussian row elimination on a N ×N matrix. To

demonstrate how N scales with n we have listed the first few terms in Table 6.4.

Intriguingly, choosing |Ak| and ϕk randomly between the ranges [−2, 2] and [0, 2π], respectively,

is particularly effective. Through simulations, one can show that it is possible to generate a

rank N matrix in this manner and thus solve for all N unknown S[⟨â†pâq b̂†rb̂s⟩]. One potential

drawback of this approach arises from the precision of ϕk (and the precision with which we can

control θk and ξk which in turn affect the error on |Ak|). When randomly picking phases, it is

possible that two phases overlap when their precision is taken into account.

We can attempt to introduce a greater degree of structure in our choice of {|Ak|, ϕk}. For a

matrix to have linearly independent rows it is not sufficient for each entry in the matrix to
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Table 6.4: We present how N scales with n up to n ≤ 9. In order to calculate all the moments
which have order n one must calculate ⟨qn12(ϕk, θk, ξk)⟩ via repeated measurements for a set of
N phases {ϕk, θk, ξk}, where N =

∑
p+q+r+s=n 1. Assuming all the moments of order n−1 have

previously been calculated, one can solve for all moments ⟨a†paqb†rbs⟩ for which p+q+r+s = n
by choosing the phase sets in an appropriate manner such that we obtain N linearly independent
equations which can be stacked into the matrix P such that the rank of this matrix is N .

n 1 2 3 4 5 6 7 8 9
N 4 10 20 35 56 84 120 165 220

simply be different. We can begin by picking a different Ak as k is varied. To introduce a

nonlinearity between the rows we pick ϕk to be some nonlinear function of k. We can construct

Ak and Bk in the following manner, for k = 1, . . . , N ,

Ak =
k

N
eik2π/N , (6.40a)

Bk =
√

1 − |Ak|2eik
22π/N . (6.40b)

This choice of {Ak, Bk} is sufficient for solving all the symmetrized terms in n = 8 where one is

able to generate a rank 165 matrix. Consequently all moments of order 8 can also be deduced

from the symmetrized terms. However, for n = 9, this method only generates a matrix P of

rank 217 instead of the desired rank of 220. This rank deficiency could be due to numerical

error since the eigenvalues of P become extremely small. Interestingly, randomly choosing Ak

and Bk works for calculating moments higher than n = 8 and the size of the eigenvalues does

not reduce as quickly.

6.6.3 Discussion

Measuring arbitrary two-mode optical moments of the form ⟨â†pâq b̂†rb̂s⟩ is crucial for the ver-

ification of entanglement using the inseparability criteria we first introduced in Chapter 3.

We have examined the methods by which we can measure such moments which fall into two

categories: (i) first reconstructing the quantum state using the Wigner distribution or den-

sity matrix and consequently deducing moments. State reconstruction can be achieved either

through state tomography or through the less-resource intensive method of direct sampling. Or
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(ii), by performing homodyne measurements and measuring statistical averages, one can infer

the moments through post-processing. The latter methods are less resource-intensive since we

do not have to reconstruct the entire quantum state. Proposals which fall into the second

category rely on homodyne detection (either with photon counting or difference-counting at

the output) to build up joint distributions. By Fourier transforming the average of this joint

distribution we can find the desired moment, usually in an iterative manner. Crucially, the

Fourier transform is performed with respect to the phase of the local oscillator used in the

homodyne set-up. Therefore, one must scan the phase making sure that one takes a sufficient

number of repeated measurements for each phase.

We have introduced an alternative protocol for calculating an arbitrary moment ⟨â†pâq b̂†rb̂s⟩

assuming the two optical modes can be spatially separated. This approach also relies on a homo-

dyne set-up where the two modes are first combined at 50:50 beam splitter with a controllable

phase shift. The two outputs of the beam splitter are then combined with two local oscilla-

tors at 50:50 beam splitters. The phases of the local oscillators are independently controlled.

The four outputs are then measured by photodetectors and by combining the photocurrents

we can obtain a joint quadrature measurement given in Eq. (6.33). Taking repeated measure-

ments allows us to find the nth order moment of this distribution ⟨q̂n12(ϕk, θk, ξk)⟩ for a given

set of phases {ϕk, θk, ξk}. We must repeat the process with N distinct phase sets such that

k = 1, . . . , N , where N =
∑

p+q+r+s=n 1. This enables to solve an arbitrary moment ⟨â†pâq b̂†rb̂s⟩

where p+q+r+s = n, assuming we have already found all moments with order n−1. In order

to have sufficient information to solve for any moment of order n we must choose the phases

carefully.

Therefore, one advantage of our approach is the fact that a Fourier transform is not required. We

can identify a smaller set of relevant phases without needing to scan each phase independently

between 0 and 2π. However, for higher n we need an increasingly large number of phase sets.

For example, with n = 9 we require 220 phase sets. There will come a point where it is no

longer advantageous to consider distinct sets of phases due to the precision error of each phase.

For such high order it may be more straightforward to scan each phase and perform a Fourier

transform.
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For small n it is relatively easy to identify a suitable sets of phases {ϕk, θk, ξk} such that we

have a sufficient number of linearly independent equations to solve for each moment. However,

for n ≥ 9 using a systematic method of phase allocation becomes increasingly challenging.

While we have identified a structure which works for n ≤ 8, due to numerical errors it is

inconclusive whether this method can work for higher order moments. However, choosing the

phases randomly is surprisingly effective even for n ≥ 9. Nevertheless, for such high-order

moments even when we choose phases randomly, we again encounter the problem of ensuring

phase sets do not unintentionally overlap due to their precision error.

Finally, a strength of our approach is its relative experimental simplicity. Our optical set-up

(see Figure. 6.9) relies on established homodyne detection techniques which do not require

photon-number-resolving detectors. Furthermore, as the order of the moments n increases, we

require more measurements to be taken, however there is no increased complexity in the set-up.

6.7 Conclusion

In the first half of this chapter we simulated the experimental process of verifying entanglement

using an NPT criterion to test the entanglement of a two-mode state. We construct an entan-

glement criterion by assessing the negativity of the determinant of a valid matrix. The matrix

is composed of moments of annihilation and creation operators of the modes. However, as we

have demonstrated, the negativity in isolation is not necessarily a conclusive entanglement test

as it is important to also consider the magnitude of its uncertainty. Therefore, we have derived

an analytical expression for the first-order error on an NPT criterion, taking into account sam-

pling errors and interactions with the open system. This is done on the assumption that the

expectation value of each Hermitian operator which appears in the criterion is independently

obtained by averaging a data set of repeated measurements (with the caveat that we reuse

the same data set to also calculate the expectation of its Hermitian conjugate). Therefore, the

interplay between the magnitude of the negativity and its error is an important factor which we

have explored through hypothesis testing. This has enabled us to identify state-specific NPT
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criteria which are best suited at detecting entanglement with a high degree of confidence for a

given number of experimental runs and degree of coupling to environment.

Through our simulations, we have identified specific NPT criteria which are optimal at detecting

entanglement in two states for the parameters we have considered. The two-mode Schrodinger-

cat state criteria are listed in Table 6.2; while criteria for the photon-subtracted TMSV state

are presented Table 6.3. We have investigated the interplay between the total number of

measurements allocated to the evaluation of an NPT criterion; as the number of measurements

increases the error associated with an entanglement criterion decreases. We have also examined

the success of these criteria when we introduce coupling between the bipartite state and a noisy

environment. We have used the confidence in rejecting the no-entanglement hypothesis as our

metric for success. This determines how sure we are that a criterion is negative under the

assumption that the repeated measurements of the criterion are normally distributed with a

standard deviation given by its first-order standard error. We have therefore also discussed the

validity of assuming our test statistic follows a normal distribution.

More generally, our method of error propagation can be applied to other non-classicality

tests [167] and separability tests [153] which are based on the positivity of a determinant

found from a matrix of moments.

The latter half of this chapter has been dedicated to experimental protocols for measuring

arbitrary two-mode moments of annihilation and creation operators. We have examined the

literature concerning the reconstruction of a two-mode quantum state and also proposals for

homodyne detection schemes which aim to measure these moments without knowledge of the

density matrix. A common feature of these schemes is their reliance on scanning the phase of

the local oscillator in order to perform a Fourier transform. We have therefore proposed an

alternative homodyne scheme which relies on repeated measurements but with a sets of fixed

phases. This is potentially more experimentally amenable in some cases as fewer phases are

required for lower-order moments compared with other measurement schemes. However, for

extremely high-order moments, analytically choosing suitable phases sets can be challenging.

Surprisingly, randomly picking phases sets can be more successful. However, high-order mo-
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ments become increasingly difficult to measure as many more phase sets, and therefore more

total measurements, are required. Nevertheless, for the states we have considered in the first

section of this chapter, one does not require such high-order moments to confidently detect

entanglement.

A final caveat which should be addressed is that the measurement schemes for measuring two-

mode moments (both in the literature and the scheme we have proposed) are iterative. One

must possess knowledge of all moments of order n before progressing to moments of order n+1.

This means that a data set of repeated measurements which is used to calculate the moment

of a Hermitian operator of order n is not necessarily independent from the data set of another

Hermitian operator of order n+ 1. Analytically computing the covariance of these data sets is

challenging and also depends on the precise measurement scheme employed. Mathematically,

the assumption that Cov[B̄ij,pB̄k,q] = δikδjlδpqV[B̄ij,p] used in Eq. (6.18) is no longer valid; one

instead must use Cov[B̄ij,pB̄kl,q] = E[(B̄ij,p − E[B̄ij,p])(B̄kl,q − E[B̄kl,q])]. The error propagation

would have to be simulated in accordance with the way the data sets are combined. In fact, for

an iterative homodyne detection scheme, one might use the same data set for the calculation

of many moments. However, one could still assume that the data sets for each moment are

independent if they are partitioned in an unbiased manner and each data subset is only used

in the calculation of one moment. However more measurements would be required so that

each smaller data set has sufficient measurements. Our analytical formula may not be entirely

accurate for these iterative homodyne schemes; however, it still provides a method of quantifying

the anticipated error in order to compare suitable NPT criteria. Our formula for the error of a

criterion ∆det[A] = Γ/
√
Mtot is parameterised by the total number of measurements allocated

to determining the criterion. In these iterative schemes we are likely to require a fewer number

of total measurements since data can be reused for more than one moment. However, the value

of Γ may be greater due to the covariances between the data sets.



Chapter 7

Testing wavefunction collapse with the

displacemon device

The work described in this chapter was conducted in collaboration with Jack Clarke, Michael

R. Vanner, and Edward A. Laird and has been published in AVS Quantum Sci. 3 (4), 045603,

2021 [106]. This publications is part of a Special Collection of topics involving quantum theory

that have been inspired by Roger Penrose’s work. This chapter is partly based on this publi-

cation and examines whether the device first introduced in Ref. [22] could be exploited to test

objective-collapse theories.

7.1 Introduction

The quantum measurement problem and the quantum-to-classical interface have been much

debated since the inception of quantum mechanics. This debate has sparked numerous ques-

tions such as: “Is there a limit to the extent that the Schrödinger equation may be applied?”

and: “What are the mechanisms that cause a coherent quantum superposition to lose its inter-

ference features and result in classical behaviour?” This debate and these particular questions

explore the two key dynamical processes in quantum mechanics, namely the linear deterministic

Schrödinger evolution and the nonlinear stochastic wavefunction collapse owing to a measure-

162
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ment. Several different physical interpretations of these two processes have become popular

among various groups within the physics and philosophy communities. However it is often very

difficult or even impossible to experimentally distinguish between these differing views of the

world.

One resolution to the measurement problem and the quantum-to-classical interface is provided

by objective collapse theories. These propose physical mechanisms, not encompassed by stan-

dard Schrödinger evolution, which cause wavefunctions to collapse without the need for collapse

by a measurement; hence the terminology ‘objective’ collapse.

Following early progress in modifying the Schrödinger equation [175, 176, 177, 178], spontaneous

localization models were studied by Ghirardi, Rimini, and Weber (GRW) [179]. GRW theory

satisfies the requirements of a physical collapse model with the key ingredient being that an N -

particle wavefunction ψN(x1, . . . , xN) experiences a spontaneous Gaussian localization with the

effect of premultiplying it by an operator of the form exp
(
−(X̂ − xk)2/(2r2)

)
, where r is the

localisation length and X̂ is the position operator. These Gaussian jumps happen at randomly

distributed times with a mean rate λ which is chosen to preserve unitary time evolution for

microscopic systems, but importantly accounts for classical features emerging as the number of

particles in an object is increased [180].

A further refinement of this type of collapse theory combines the ideas of stochastic dynamical

reduction together with GRW to obtain continuous spontaneous localization (CSL) [181], which

is now a widely studied model. In contrast to GRW theory, CSL assumes the localization

operations happen continuously in time. Like GRW, CSL behaviour is characterised by two

phenomenological parameters, the collapse rate λCSL and the localization length rCSL. The

goal of many experimental tests of CSL is to impose bounds on these constants. To this end,

rCSL = 100 nm and λCSL = 10−8±2 Hz have been identified as an interesting part of parameter

space to explore [182, 183, 184, 185].

Another contender to reconcile the issues presented by the measurement problem, offered by

Diósi [186, 187] and later rederived through a different line of reasoning by Penrose [188], is

now referred to as Diósi-Penrose (DP) collapse. This gravity-induced collapse model is argued
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by Penrose to arise from the incompatibility of the theories of general relativity and quantum

mechanics. The essence of the theory is that for a massive particle in a superposition of two

well-localised states, each state has an associated space-time geometry leading to a conflict

with Einstein’s theory of general covariance [189]. This superposition of differing gravitational

fields leads to an instability which induces wave-function collapse after a characteristic lifetime

tDP. To quantify the difference between two space-times, Penrose has suggested using the

gravitational self-energy from classical physics EG, and relating this to tDP via tDP = ℏ/EG.

Tests of objective collapse models aim to detect deviations from standard open-quantum sys-

tem dynamics. Non-interferometric tests focus on sensing the additional sources of decoher-

ence which are predicted by collapse models, usually in the form of heating. Searching for

this excess noise has led to experimental realisations including test masses on ultracold can-

tilevers [190], underground tests [191], and entangling macroscopic diamonds [137, 192]. Mean-

while, a host of non-interferometric experiments have been proposed using a range of platforms

including optomechanics [193], superconducting devices [194], ultracold atoms [195], and levi-

tated nanospheres [196]. Notably in optomechanics, building on the Bose-Jacobs-Knight pro-

posal [6], the Marshall-Simon-Penrose-Bouwmeester mirror-superposition scheme proposes how

to study spatial superposition states involving 1014 atoms [7]. On the other hand, interferomet-

ric tests strive to create large superpositions with increasingly massive objects in order to probe

the quantum-to-classical transition [68]; these experiments include atom interferometry [197],

superpositions of large molecules [198, 199], interferometry of free-falling nano-particles [200],

and also proposals with ultracold atomic systems [201]. Meanwhile, electromechanical de-

vices have been used in several experiments that, while not testing collapse models directly,

nevertheless probe fundamental aspects of quantum behaviour, such as coherent exchange be-

tween a mechanical resonator and a qubit [202], and entanglement between a resonator and

a microwave field [127] or another resonator [128]. Moreover, there is growing evidence that

electromechanical devices are a viable route for tests of collapse, particularly with mechanical

oscillators coupled to superconducting circuits [203]. We have already introduced the field of

electromechanics in Section 2.5.

In this Chapter we propose an experimental scheme to probe collapse models using the displace-
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mon platform [22]. This device consists of a vibrating nanobeam coupled to a superconducting

qubit such that operations performed on the qubit allow us to generate non-Gaussian states of

the centre-of-mass of the mechanical system. The displacemon device and Hamiltonian are dis-

cussed in detail in Section 2.5. Building on this theory, here we will outline the qubit operations

required to produce mechanical superpositions. A scheme is then presented that allows us to

monitor the decoherence of these large-scale mechanical superpositions via qubit measurement

and thereby test for sources of decoherence that could be attributed to DP or CSL collapse

theories. We carefully examine the feasibility of our protocol given current and near-term ex-

perimental parameters and find that with technical improvements in isolating the device from

vibrational noise, the displacemon device provides an experimentally viable route for testing

DP and CSL models of objective collapse beyond existing bounds.

7.2 Grating operations with the displacemon

7.2.1 Relationship between the displacemon and a conventional

matter-wave interferometer

A matter-wave interferometer works by passing the test particle through a series of diffraction

gratings and then measuring its position. A well-known example is the electron double-slit

interferometer. Quantum superposition manifests itself as a series of spatial fringes, which

arise from interference between different paths a particle could take through the gratings.

This kind of matter-wave interferometry, now realised using increasingly massive test particles

in sophisticated interferometers, allows the most stringent interferometry-based exclusions of

spontaneous collapse theories [204]. The largest mass tested so far is 27,000 amu, surviving

in a superposition for 7 ms [199]. However, this mass is still too small to test gravitational

decoherence and some theories of spontaneous collapse.

Progress in this area continues to be rapid, but to explore the gravitational-decohererence scale

using conventional matter-wave interferometers, two major challenges need to be addressed.
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First, as test masses become larger, it becomes increasingly difficult to create suitable diffrac-

tion gratings. Existing state-of-the-art interferometers use finely patterned membranes in the

first and final step. However, the test particles interact with these gratings by van der Waals

interaction, which becomes stronger as the particle diameter increases and introduces unwanted

smearing of the wavefunction [205]. Future proposed interferometers will use all-optical grat-

ings [200], but here the large mismatch between the optical wavelength and the de Broglie

wavelength of a massive test particle imposes other stringent requirements on the interferome-

ter. The second challenge is the requirement for the particle to evolve in free-fall, so that the

wavefunction has time to spread out before the final measurement.

The displacemon [22] provides a very different approach to test objective collapse models by

using as its test particle a doubly-clamped cantilever coupled to a superconducting qubit. The

key idea utilizes a “synthetic diffraction grating”, realised through a series of operations on the

qubit.

7.2.2 The displacemon protocol

In Section 2.5.2 we derived the following Hamiltonian for the flux coupled qubit-resonator

system

Ĥ = ℏ
ωq

2
σ̂z + ℏΩb̂†b̂+ ℏλ(t)(b̂+ b̂†)σ̂z , (7.1)

where ωq is the bare qubit frequency, σz is the Pauli operator operating in the qubit basis

with eigenvectors |+⟩ and |−⟩, and λ is the qubit-mechanical coupling parameter, which may

depend on time t. The mechanical resonator has creation (annihilation) operator b̂ (b̂†) and

mechanical frequency Ω/2π. The displacement is X̂ ≡ XZP(b̂ + b̂†), where XZP ≡
√

ℏ/2mΩ.

We emphasise that elsewhere in this Thesis X̂ and P̂ are the dimensionless phase quadratures;

however, in this chapter X̂ and P̂ have dimensions of length and momentum, respectively. This

is to maintain consistency with the work in Ref. [22] and [106] which we repeatedly refer to.

The interaction between the mechanical oscillator and the qubit shifts the energy splitting of

the qubit by an amount proportional to the mechanical displacement X̂ and the coupling rate
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λ.

In the simplest implementation of a diffraction grating, the required projective measurement is

realised as follows:

1. The qubit is prepared in an eigenstate (|+⟩ + |−⟩)/
√

2. Such a qubit can be initialised,

controlled, and measured using standard techniques of circuit quantum electrodynamics

(cQED) [101].

2. The system evolves under the Hamiltonian (7.1) for time τR. In the qubit’s rotating frame,

it precesses at a rate proportional to the mechanical displacement X̂. (In the parameter

regime considered here, the mechanical frequency is small enough that the particle can

be assumed stationary during this step. Ref. [22] explains how the protocol should be

modified if this assumption is violated.) At the end of this step, the accumulated qubit

precession is

Θ = λ
X̂

XZP

τR . (7.2)

3. A microwave burst generates a π/2 rotation and the qubit is then projectively measured

in the {|+⟩ , |−⟩} basis. The probability to obtain the result |+⟩ is

p+ = cos2 Θ . (7.3)

Conditioning on this outcome (i.e. analysing subsequent data only in those experimental

runs for which this outcome was obtained) realises an effective grating. Conditioning

on |−⟩ results in a π phase-shifted interference fringe. One does not necessarily need

to discard all |−⟩ outcomes however the subsequent analysis in this Chapter must be

suitably adapted to reflect it is contingent on the |−⟩ outcome. For simplicity, we will

henceforth condition our diffraction grating on the |+⟩ outcome.

In a conventional interferometer, the particle encounters gratings that are located at different

positions along its path. In the displacemon, the effective grating is turned on and off in time.
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Table 7.1: Parameters of the devices considered here, both suspended aluminium beams. Device
A is designed to have the same mass as the vibrating mirror proposed in Ref. [7]. Device B is
designed to have the Planck mass, of 22 µg. For both devices, the magnetic field is assumed to be
B|| = 4 mT, since that field is found not to affect transmon operation in Ref. [103], and the qubit
dephasing time is taken as T ∗

2 = 1 µs, which is typical of optimised transmons [206]. Material
parameters for aluminium are density ρ0 = 2700 kg m−3 and Young’s modulus E = 68 GPa.
(† To properly distinguish between CSL and purely thermal decoherence, device B requires a
smaller |α| which can be achieved by reducing B|| by a factor of ∼400 to ∼0.01 mT.)

Parameter Device A Device B

Beam width D (m) 1 × 10−6 1 × 10−5

Beam length ℓ (m) 1.9 × 10−3 8 × 10−2

Mass m (kg) 5.1 × 10−12 2.2 × 10−8

Frequency Ω/2π (Hz) 1400 8.1
Zero-point amplitude XZP (m) 3.4 × 10−14 6.9 × 10−15

Electromechanical coupling |λon|/2π (Hz) 7.2 × 105 6.2 × 106

Grating parameter |α| 4.5 39 (0.1†)
Maximum separation after single grating ∆Xmax (m) 6.1 × 10−13 1.1 × 10−12

Energy of gravitational incompatibility (Eq. (7.26)) EG (eV) 3.8 × 10−14 1.6 × 10−10

Corresponding gravitational lifetime τDP (s) 1.8 × 10−2 4.2 × 10−6

Energy of gravitational incompatibility (Eq. (7.27)) EG (eV) 3.4 × 10−15 7.0 × 10−11

Corresponding gravitational lifetime τDP (s) 1.9 × 10−2 9.4 × 10−6

Energy of gravitational incompatibility (Eq. (7.31)) EG (eV) 1.4 × 10−19 1.9 × 10−15

Corresponding gravitational lifetime τDP (s) 4.7 × 103 3.4 × 10−1

In both cases, state preparation of the matter degree of freedom manifests itself as a diffraction

pattern in the transverse coordinate X.

7.2.3 Physical parameters

We consider two realisations of the device in Fig. 2.3, with different levels of ambition. The

parameters of these devices are shown in Table 7.2.3. Device A is designed to have the same

mass as the vibrating mirror in the Marshall-Simon-Penrose-Bouwmeester proposal to test for

gravitational collapse [7]. Device B is designed to have the Planck mass. The dimensions of

Devices A and B are chosen to be within the capabilities of microfabrication; obviously, other

combinations of length and width could be chosen to give the same mass. For both devices, the

mechanical quality factor is taken to be Q = 1.1 × 106, the same as in Ref. [103] and typical

for aluminium nanobeams.
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The qubit frequency is set by the geometry (which determines EC) and the Josephson junction

parameters (which determine EJ). We again take parameters close to those experimentally

measured in Ref. [103] by assuming ω0
q/2π = 8 GHz and ωq/2π = 6 GHz, which requires

∆Φ ≈ 0.620 Φ0. We reiterate the definitions from Section 2.5: EC = e2/2C is the charging

energy, EJ is the Joesephson energy defined for the displacemon in Eq. (2.82), and Φ0 = h/2e

is the superconducting flux quantum.

7.3 Non-Gaussian mechanical state preparation via

qubit measurement

We now consider the evolution of the resonator following the conditioning step described in

Section 7.2.2. The spatial wavefunction of the conditioned state is proportional to the ini-

tial wavefunction multiplied by a sinusoid, meaning that the effective grating performs the

transformation [22]:

|ψ⟩M → Υ̂+ |ψ⟩M = R̂(Ωt) cos

(
|α| X̂

XZP

)
|ψ⟩M . (7.4)

Here |ψ⟩M is the mechanical wavefunction, Υ̂+ is a measurement operator corresponding to

the sequence of operations described in Section 7.2.2, R̂(θ) ≡ e−iθb†b is the resonator rotation

operator, and

α ≡ i

∫
dt′eiΩt′λ(t′) . (7.5)

For a derivation of Eq. (7.4), see Ref. [22]. Multiplying the wavefunction |ψ⟩M by a sinusoid is

equivalent to dividing it into two branches, one of which has received an impulse +ℏ|α|/XZP

and the other which has received −ℏ|α|/XZP. This is apparent if we rewrite the measurement

operator in the following form

Υ̂+ = R̂(Ωt) cos

(
|α| X̂

XZP

)
=
R̂(Ωt)

2

[
D̂(|α|) + D̂†(|α|)

]
,

(7.6)
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where D̂(β) = eβb̂
†−β∗b̂ is the single-mode displacement operator. This kind of measurement

operator is familiar from the work in Section 5.2 where we demonstrated in Eqs (5.3a)-(5.3b)

that the unitary e±i|α|X̂/XZP imparts a momentum kick but has no effect on the position of

the resonator. In Section 5.2 we used two displacement operators each acting on two separate

modes to create a two-mode Schrödinger-cat state. In contrast, the operators in Eq. (7.6) act on

a single mechanical mode and therefore create a superposition of two branches one of which has

received a momentum kick in the positive direction, while the other in the negative direction.

If the mechanical resonator is initially prepared in its ground state |ψ⟩M = |0⟩, then

Υ̂+ |ψ⟩M =
R̂(Ω)

2

(
|α⟩ + |−α⟩

)
. (7.7)

Therefore, in this work, a single-mode mechanical Schrödinger-cat state is realised via measure-

ment on the superconducting qubit. We note that the state in Eq. (7.7) is the even cat state;

the odd cat state is conditioned on the Υ̂− outcome.

After the qubit measurement is performed the resonator is decoupled from the qubit and

freely evolves. The coupled equations of motion are thus P (t) = P (0) cos(Ωt) and X(t) =

P (0) sin(Ωt)/(mΩ). The initial momenta of each branch are P (0) = ±ℏ|α|/XZP. Therefore, af-

ter a quarter of a mechanical period, the centroids of these two branches are spatially separated

by a distance

∆X =
2ℏ|α|
mΩXZP

(7.8)

= 4|α|XZP . (7.9)

The largest separation will occur if |α| is maximised. In Eq. (7.5), the time integral extends at

most over the qubit decoherence time T ∗
2 , since otherwise the qubit fringes required to create

the effective grating are washed out. Thus, during the qubit precession step, if λ(t) is set to its

largest accessible value λmax, then the largest accessible separation is

∆Xmax = 4T ∗
2 λonXZP . (7.10)



7.4. Testing collapse models 171

Taking ∆Φ = 0.620Φ0 during this step, as explained in Section 7.2.3, gives

λon = −1.16 × ωq

β0XZPℓB||

Φ0

, (7.11)

and therefore

α = −1.16i× ωqT
∗
2

β0XZPℓB||

Φ0

, (7.12)

and

∆Xmax = 4.64 × ωqT
∗
2

β0X
2
ZPℓB||

Φ0

(7.13)

= 2.32 × ωqT
∗
2

ℏ
mΩ

β0ℓB||

Φ0

. (7.14)

The largest achievable separation between these two branches is shown for devices A and B in

Table 7.2.3.

7.4 Testing collapse models

7.4.1 Conventional decoherence

In the standard theory of quantum mechanics, the thermal decoherence of the mechanical state

ρ may be modelled by the Caldeira–Leggett master equation

ρ̇ = − i

ℏ
[Ĥ0, ρ] − iγ

ℏ
[X̂, {P̂ , ρ}] −Dth[X̂, [X̂, ρ]], (7.15)

which describes quantum Brownian motion [207, 208]. The first term in Eq. (7.15) describes

unitary evolution of the mechanical oscillator with Hamiltonian Ĥ0 = ℏΩb̂†b̂, while the term

−iγ[X̂, {P̂ , ρ}]/ℏ describes dissipation, which occurs over a timescale 1/γ = Q/Ω. Again, we

emphasise that X̂ and P̂ have dimensions of distance and momentum.

The final term −Dth[X̂, [X̂, ρ]] in Eq. (7.15) describes momentum diffusion and leads to the

decoherence of quantum superpositions. Namely, the effect of this term is to cause spatial
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superpositions of size 2∆X to decohere over a timescale [4]

tth =
1

4Dth(∆X)2
. (7.16)

Here, the thermal decoherence rate is Dth = 2mγkBTeff/ℏ2 and the thermal occupation of the

oscillator is N̄ = kBTeff/ℏΩ, which is valid in the limit [180] kBTeff ≫ ℏΩ. Here, Teff is the

effective temperature of the environment, which incorporates the cryogenic temperature and

other effects such as ambient mechanical noise, which we discuss further in Section 7.6.

A term −DP[P̂ , [P̂ , ρ] may be added to Eq. (7.15) to bring the dynamics into Lindblad

form [209], where P̂ is the mechanical momentum operator. This term describes spatial dif-

fusion at a rate DP = γ/(8mkBTeff). However, in the temperature regime considered in this

work, kBTeff ≫ ℏΩ, this term is negligible. We use the corresponding Langevin equations,

which describe this quantum Brownian motion in the Heisenberg picture, in order to solve for

the open-system dynamics of the mechanical state in Section 7.5. This enables us to properly

model the effects of dissipation and quantum decoherence while avoiding any violation of posi-

tivity when solving Eq. (7.15) at short times with a non-negligible spatial diffusion term [210].

7.4.2 Diósi-Penrose objective collapse

In Diósi-Penrose theory [211, 188], the collapse of a superposition arises from the difference in

the mass distributions ρ(r) and ρ′(r) in the two branches of the superposition. The lifetime of

a superposition is

τDP =
ℏ
EG

, (7.17)

where [189]

EG ≡ 4πGγDP

∫∫
[ρ(r) − ρ′(r)][ρ(r′) − ρ′(r′)]

|r− r′|
d3r d3r′ (7.18)

parameterizes the incompatibility of the space-time generated by the two branches of the su-

perposition, and r and r′ are spatial coordinates. Equation (7.18) is proportional to the grav-

itational self-energy of the difference between the two mass distributions, and γDP is a con-
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Figure 7.1: Cartoon interpretation of the displacemon resonator in a spatial superpositon of
size 2∆X. Here, ∆X is the root-mean-square displacement of the beam from its equilibrium
position. The resonator is a cuboid of volume V = ℓD2 with inter-atomic distance given by
a = 2.9 × 10−10m for aluminium. Since the majority of an atom’s mass resides in the nucleus,
the gravitational radius σnuc labels the nuclear radius. The role that the parameter σnuc plays
in objective collapse is subject to debate; see Section 7.4.2.

stant [189] which takes the value γDP = 1/8π if |EG| is equal to the gravitational self-energy

(rather than only proportional to it).

For the devices considered here, the spatial separation 2∆X is much smaller than the distance

between adjacent atoms a. (Compare Table 7.2.3 with the nearest-neighbour distance in alu-

minium, which is a = 2.9 × 10−10 m.) This means that Eq. (7.18) can be broken down into a

sum of self-energies created by the individual nuclei, each in a superposition:

EG ≈
∑
i

E
(1)
G (2∆Xi) . (7.19)

Here E
(1)
G (2∆Xi) is the self-energy of the superposition of a single nucleus separated by 2∆Xi,

which is the separation of the entire beam at the location of the ith nucleus (see Fig. 7.1). Since

Xi(Z, t) = X(t)u0(Zi), (7.20)

with u0(Z) defined by Eq. (2.91), Eq. (7.19) becomes

EG(t) = 8πγDP
D2ρ0
ma

∫
E

(1)
G (2X(t)u0(Z)) dZ (7.21)
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where ρ0 and ma are the density and atomic mass of the material from which the beam is made.

The factor 2 takes account of the fact that the two branches of the wavefunction correspond to

beam displacements in different directions.

A full expression for E
(1)
G is given in Ref. [67]; modelling the nuclei as hard spheres with radius

σ, it is

E
(1)
G (2∆Xi) = 8πγDPGm

2
a

(
6

5σ
− 1

2∆Xi

)
. (7.22)

The value of σ is the size of the nuclear mass distribution that acts as the gravitational source.

The simplest choice is that σ is the nuclear radius, which in aluminium [212] is σnuc = 3.06 ×

10−15 m. Since Table 7.2.3 shows that ∆X ≫ σnuc, the first term in Eq. (7.22) dominates,

meaning that

E
(1)
G ≈ 8πγDP

6

5

Gm2
a

σnuc
, (7.23)

and therefore

EG = 8πγDP
6

5

GD2ℓρ0ma

σ
(7.24)

= 8πγDP
6

5

Gmma

σnuc
(7.25)

=
6

5

Gmma

σnuc
, (7.26)

where m is the mass of the beam, and the last line makes the assumption [189] that γDP = 1/8π.

This leads to the predicted collapse lifetime τDP shown in Table 7.2.3. Any superposition in

device A would collapse due to gravity in approximately 18 ms, or 25 mechanical periods; for

device B, the collapse time is much less than the mechanical period, so that a superposition

that survives even for half a period would be enough to exclude the set of assumptions with

this collapse model.

For gravitational collapse to be observable, the conventional decoherence rate needs to be

reduced below the gravitational rate 1/τDP. In Section 7.5, we outline a scheme to detect this

decoherence rate using the displacemon device.
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Alternative choices for the gravitational radius σ

Above, we assumed that σ is the same as the nuclear radius σnuc. It has also been suggested [67]

that σ should be the radius of the ground-state wavepacket if the mechanical state is initialized

in the ground state prior to superposition state preparation. There are two ways of defining

this. One is to say that the wavepacket size is equal to the beam’s zero-point amplitude, i.e.

σ = XZP. If we make the crude approximation that the wavepacket gravitates in the same

way as a uniform sphere with this radius, then we still have ∆Xmax ≫ σ and so Eq. (7.26) is

modified to

EG =
6

5

Gmma

XZP

. (7.27)

Alternatively, the wavepacket size may be taken as the zero-point amplitude of a single atom

in the crystal, which is

σ = X
(1)
ZP =

√
ℏ

2maΩp

(7.28)

≈ 8 × 10−12 m in aluminium (7.29)

where Ωp, the maximum of the lower phonon dispersion branch, which in aluminium [213], is

Ωp ≈ 2π×3 THz. We now have ∆Xmax < σ, and so (in the approximation that the wavepacket

still gravitates as a uniform sphere), Eq. (7.22) is modified to

E
(1)
G (2∆Xi) ≈ 8πγDP

2Gm2
a(∆Xi)

2(
X

(1)
ZP

)3 (7.30)

which follows an expression from Ref [189], keeping only the leading term in ∆Xi/X
(1)
ZP . A

full analysis should take into account that ∆Xi depends on both Z and t, but in the gross

approximation that ∆Xi ∼ ∆Xmax then we find

EG ∼ 2Gmma
(∆Xmax)

2(
X

(1)
ZP

)3 (7.31)

again assuming γDP = 1/8π.
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For completeness the gravitational energies and lifetimes that follow from Eqs. (7.27) and (7.31)

are listed in Table 7.2.3.

Comparison to thermal decoherence rate

To observe the collapse predicted by the DP model we require that tth > τDP. Using Eqs. (7.16)

and (7.17) this condition may be rewritten as

N̄ <
EGQ

8mΩ2(∆X)2
, (7.32)

where N̄ = kBTeff/ℏΩ is the thermal occupation of the oscillator, and Q = Ω/γ is the quality

factor of the oscillator. The right-hand side of Eq. (7.32) is a function of the separation ∆X.

Note that ∆X is a dynamical variable that varies between an initial value of zero and ∆Xmax

over one quarter of a mechanical cycle. Over this timescale, the dissipation rate is much smaller

than the mechanical frequency Ω/2π and the decoherence rates, so may be ignored. This

assumption is valid provided the oscillator has a high quality factor Q ≫ 1. Furthermore, the

separation ∆Xmax may be controlled with the magnetic field B||. Therefore, we may maximize

Eq. (7.32) with respect to ∆X to estimate the maximum thermal occupation of the environment

N̄max that still allows DP collapse to be observed, and the corresponding effective environmental

temperature Tmax
eff , which includes both the temperature and environmental vibrations at the

relevant frequency band..

To maximize the right-hand side of Eq. (7.32) we account for the dependence of EG on ∆X

through Eq. (7.22) in the approximation ∆Xi ≈ ∆X, which is valid for ℓ ≫ D. The term

EG/(∆X)2 is then a decreasing function of ∆X for [189] ∆X ≥ σ. Hence, in the region

∆X ≥ σ we find that Eq. (7.32) is maximized at ∆X = σ to give N̄ < N̄max with

N̄max = 7GmaQ/(80σ3Ω2) . (7.33)

Firstly, we take the gravitational radius to be the nuclear radius σ = σnuc, in which case Device

A requires N̄max = 1.3 × 105 (Tmax
eff = 8.7 mK) while Device B requires N̄max = 3.9 × 109
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(Tmax
eff = 1.5 K). Secondly, we take σ to be the zero-point amplitude of the beam σ = XZP. In

this case we find a more stringent requirement for Device A of N̄max = 95 (Tmax
eff = 6.3µK),

while Device B may operate at N̄max = 3.4 × 108 (Tmax
eff = 0.13 K). Device B can operate at a

higher effective temperature for both choices of σ, which is attributed to the 1/Ω2 dependence

of N̄max. These relatively high effective temperatures required by Device B are encouraging

given recent experimental progress in cooling Planck mass objects [214].

Finally, we consider the case when the gravitational radius is given by the zero-point amplitude

of a single atom in the crystal σ = X
(1)
ZP . As this corresponds to the region ∆X < σ we take

∆X = ∆Xmax to provide an estimate for N̄max. Combining Eqs. (7.31) and (7.32) then gives

N̄ < N̄max = GmaQ/
(

4Ω2(X
(1)
ZP)3

)
, which gives N̄max = 2.1 × 10−5 (Tmax

eff = 1.4 × 10−12 K) for

Device A and N̄max = 0.62 (Tmax
eff = 2.4× 10−10 K) for Device B. These results break our initial

assumption that kBTeff ≫ ℏΩ and do not correspond to experimentally practical temperatures.

Hence the displacemon is not capable of sensing DP collapse with σ = X
(1)
ZP .

Treating the constituents as uniform spheres [189], the term EG/(∆X)2 is maximized in the

limit ∆X → 0, which seems to increase the N̄ our devices can tolerate in (7.32). However,

we note that in this limit, both decoherence timescales τDP and tth tend to infinity and we do

not expect to see any collapse as there is no spatial superposition. Furthermore, in our testing

protocol—see Section 7.5—in the limit ∆X → 0 the mechanical state is initialized in a thermal

state. In this limit, there is no quantum decoherence and the thermal state simply equilibrates

with its environment.

7.4.3 Continuous Spontaneous Localisation (CSL)

In order to model the dynamical evolution of the displacemon resonator under the assumptions

of CSL, we can add the term −DCSL[X̂, [X̂, ρ]] to the right-hand side of the master equation

in Eq. (7.15), corresponding to a momentum diffusion process with rate DCSL. This additional

term is valid for regimes where the resonator has an oscillation amplitude [215] XZP ≪ rCSL,

and would only be detectable over conventional thermal noise if DCSL ≳ Dth. The geometry of

the superposed macroscopic object dictates DCSL. Assuming that the superposed displacemon
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beam is a cuboid of length ℓ and width D such that the volume is given by V = ℓD2, it follows

that [215, 216]:

DCSL = λCSL
N2

n

D2
Γ1

(
D√

2rCSL

)
Γ1

(
ℓ√

2rCSL

)
× [1 − e−D2/4r2CSL ] ,

(7.34)

where

Γ1(x) =
2

x2

[
e−x2/2 − 1 +

√
π

2
xerf

(
x√
2

)]
, (7.35)

and Nn (not to be confused with N̄) is the total number of nucleons that make up the resonator.

Using Nn = m/amu, we have that Nn = 3.1 × 1015 for Device A, and 1.3 × 1019 for Device B.

The evolution of the resonator is governed by Eq. (7.15) (adapted to include CSL decoherence,

as discussed) and is captured by the following quantum Langevin equations:

˙̂
X = P̂ /m , (7.36a)

˙̂
P = −mΩ2X̂ − γP̂ + f̂th(t) + f̂CSL(t) , (7.36b)

where f̂th and f̂CSL are the stochastic force terms arising from the standard theory of thermal

decoherence, and CSL, respectively. These operators obey the following relations:

⟨f̂th(t)f̂th(t′)⟩ = ℏ2Dthδ(t− t′) , (7.37a)

⟨f̂CSL(t)f̂CSL(t′)⟩ = ℏ2DCSLδ(t− t′) , (7.37b)

and ⟨f̂th(t)f̂CSL(t′)⟩ = 0 at all times since the two noise sources are uncorrelated. By exploiting

qubit measurements on the displacemon device, we can test the thermal decoherence of a

mechanical resonator and deduce whether the rate agrees with conventional decoherence theory

or whether there is a deviation which can be attributed to a non-zero DCSL. The proposed

procedure for this is described in detail in the next section.
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7.5 Testing protocol

The displacemon device has several features which can be exploited to dynamically quantify

the degree of decoherence of the resonator. From the statistics of qubit measurements taken at

regular time intervals one can infer both the extent of decoherence in the mechanical system

and the rate at which this occurs. The following method should be read with CSL in mind as

it exploits the dynamical description provided by the quantum Langevin equations (see Sec-

tion 2.3.1). While Penrose does not offer a dynamical description for gravity-induced collapse,

we shall demonstrate that the following protocol can still be used to determine whether or not

total decoherence of the mechanical state occurs on the timescale of tDP or tth.

Our method to test the decoherence rate of a mechanical superposition using the displacemon

device is as follows:

1. The resonator is cooled towards its ground state using the qubit-measurement pre-cooling

scheme outlined in Ref. [22]. By using a sequence of pulses and selecting specific qubit

outcomes, we can discard higher energy states and select the lowest-energy thermal states.

Thus, the mechanical state ρn̄ is prepared in a thermal state with n̄ being the initial

thermal occupation number.

2. The qubit-mechanical interaction is switched on (Eq. (7.1)) and a measurement of the

qubit in the state |+⟩ heralds an effective diffraction grating (see Eq. (7.4)) in the me-

chanical system. This then leads to a spatial mechanical superposition (as outlined in

Section 7.3). The post-measurement state of the mechanical system is given by:

ρin =
Υ̂+ρn̄Υ̂†

+

Tr
[
Υ̂†

+Υ̂+ρn̄

] , (7.38)

where the denominator is the heralding probability of creating such a state:

Tr
[
Υ̂†

+Υ̂+ρn̄

]
= (1 + e−2(1+2n̄|α|2))/2. We neglect any mechanical decoherence which may

occur during the implementation of the measurement operator since Υ̂+ is enacted on the

timescale of the qubit lifetime T ∗
2 which is much shorter than the mechanical period.
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3. Following the qubit measurement outcome |+⟩, the mechanical state ρ(t) is decoupled

from the qubit and the position and momentum operators evolve according to Eqs. (C.2a)-

(C.2b), in the Heisenberg picture.

4. Finally, after a time tk, we apply a second qubit measurement Υ̂+ by again switching

on the qubit-mechanical interaction and measuring the qubit in the state |+⟩. The time

elapsed between applying the first and second gratings is tk = kπ/Ω where k is the

integer number of mechanical half-periods. By waiting for mechanical half-periods we can

neglect the R̂(Ωt) operator in Eq. (7.4). As the qubit is only coupled to the mechanical

system during the fast measurement operations, we are not constrained by the qubit

coherence time; a key strength of our protocol. Over many experimental runs, we calculate

the probability of measuring the qubit in the |+⟩ state at time intervals tk after it was

first measured in the |+⟩ state. This conditional probability is denoted by P (k,D) =

Tr
[
Υ̂†

+Υ̂+ρ(tk)
]
, where D = Dth according to conventional decoherence theory, or D =

Dth + DCSL if we incorporate the predictions from CSL theory. In the absence of any

decoherence effects (D = 0) this expression can be readily evaluated to give:

P (k, 0) =
3 + 4e−2(1+2n̄)|α|2 + e−8(1+2n̄)|α|2

4(1 + e−2(1+2n̄)|α|2)
, (7.39)

and is bounded between [0.75, 1] for all n̄ and |α|. Therefore, observing P (k,D) < 0.75

necessarily implies the presence of decoherence either by conventional means, or via an

additional collapse-theory mechanism. If P (k,D) = 0.5 then the qubit is equally likely

to be in the |+⟩ or |−⟩ state and so the mechanical state has completely decohered.

5. Alternatively, to test DP-style collapse we can measure the timescale required for P (k,D)

to reduce to an appropriate value (depending on the initial state) indicating that the

mechanical state has undergone decoherence, and compare this with the timescales tDP

and tth.

6. Note: We are interested in the probability that a second qubit measurement yields |+⟩.

As this is a binary-outcome measurement, instances where the second measurement is

|−⟩ also contribute to our empirical estimate of P (k,D) and so these experimental runs
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need not be discarded.

Using this experimental recipe we can investigate how the probability P (k,D) scales with

various parameters as we tune DCSL and Dth. From this we can identify the regions of parameter

space where the predicted effects of CSL are greater than those of conventional decoherence

and thus can be feasibly tested.

We can derive an analytical expression for P (k,D) by recasting it in the Heisenberg picture

P (k,D) = ⟨Υ̂†
+(tk)Υ̂+(tk)⟩, where Υ̂+(tk) = cos

(
|α|X̂(tk)/XZP

)
. By inserting the solutions to

the Langevin equations into the definition of Υ̂+(tk) (see Eq. (7.4)) we expect the probability

to decay with k according to:

P (k,D) =
1

2
+

1

2
P0(tk) exp

[
− 8D|α|2 (1 − e−kπγ/Ω)

γ(4 + γ/Ω)

]
. (7.40)

For a derivation of this formula see Appendix C. In regimes, such as ours, with high quality

factors Q = Ω/γ ≫ 1 we can make the following approximation

P (k,D) ≈ 1

2
+

1

2
P0(k) exp

(
− 2D|α|2kπ

Ω

)
, (7.41)

demonstrating that the probability decays exponentially with time towards a value of 0.5. The

slowly-decaying envelope function P0(k) (defined in Eq. (C.6) of Appendix C) determines the

initial probability P (0,D) and depends on k, the grating parameter |α|, and the properties of

the mechanical oscillator γ, Ω, and n̄.

The theoretical decay of the probabilities P (k,Dth) and P (k,Dth+DCSL) are plotted for Devices

A and B in Figs. 7.2a and 7.2b. For these plots, the CSL decay rate has been calculated assuming

rCSL = 10−7m and λCSL = 10−11 Hz (a factor of 103 times smaller than Adler’s predicted

value [183], thus probing a more challenging region of parameter space). The mechanical

parameters and |α| have been set to the values given in Table 7.2.3. The probability in Eq. (7.41)

decays exponentially with |α|2 and measurements are only performed after at least half a

mechanical period has elapsed. Accordingly, we have used |α| = 0.1 for Device B so that CSL

is properly distinguishable from purely thermal decoherence; this can be achieved by setting
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B|| = 0.01 mT (see Eq. (7.12)). The initial thermal occupation numbers of the resonators are

set to n̄ = 100, assuming both devices have been pre-cooled. The bath environment is assumed

to have a thermal occupation number N̄ = kBTeff/(ℏΩ) with values N̄ = 103 (equivalent to an

effective temperature of 0.07 mK) for Device A and N̄ = 5 × 106 (or 1.9 mK) for Device B.

We have chosen these values of N̄ for these plots in order to most clearly visually demonstrate

the exponential decay of P (k,D). However, we discuss below the experimental challenge of

achieving such low temperatures, and the interplay between the bath temperature and testable

CSL parameters.

To maximally distinguish between decoherence effects in standard quantum theory versus CSL,

we can investigate the percentage difference between the expected probabilities of a second |+⟩

qubit measurement as predicted by the two theories:

∆ = 2
P (k,Dth) − P (k,Dth + DCSL)

P (k,Dth) + P (k,Dth + DCSL)
. (7.42)

For this we use the full analytic result for P (k,D) given in Eq. (7.40). As we vary the number

of mechanical half periods k we can find the maximum percentage difference between the two

probabilities ∆Max for different values of Dth and DCSL. This quantity is plotted as a function

of λCSL and N̄ for Devices A and B in Figs. 7.3a and 7.3b, using the parameters in Table 7.2.3.

As before, we have used initial resonator occupation numbers of n̄ = 100. We only consider

N̄ > n̄ = 100 as we expect the bath to always be warmer than the device itself.

For both devices, Fig. 7.3 shows that one should expect appreciable differences between P (k,D)

for the two theories, provided sufficiently low environmental temperatures can be achieved.

Device B is more suitable for probing lower λCSL values at more feasible bath temperatures.

One can see that even at N̄ = 2 × 107 (a feasible effective temperature of 7.7 mK), we expect

Device B to exhibit at least an ≈ 5% difference between CSL and standard quantum theory for

λCSL > 10−10 Hz. In contrast, much lower bath temperatures are required for Device A to probe

similar CSL rates. To confidently distinguish between CSL and standard thermal decoherence

we require DCSL > Dth ∝ 2N̄Ω/Q and so have only included the region in which this is true.

Since DCSL is directly proportional to λCSL, the smallest value of λCSL that we can conclusively
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(a) (b)

Figure 7.2: Probability of measuring the displacemon qubit in the |+⟩ state, given it was
initially measured in |+⟩, as a function of the the number of mechanical half-cycles k elapsed
between the two qubit measurements (see Eq. (7.41)). The blue line shows the probability
decaying as predicted by standard quantum mechanics with momentum diffusion rate given by
D = Dth. The orange line has incorporated the CSL decoherence rate giving a total momentum
diffusion rate of D = Dth +DCSL. The red arrow indicates the position of maximum percentage
difference ∆Max we can expect between the two theories for this parameter set; these points
correspond to the orange dots in Figs. 7.3a - 7.3b. (a) Plot for Device A using the values in
Table 7.2.3, λCSL = 10−11 Hz and rCSL = 10−7 m, initial mechanical occupation n̄ = 100, and a
bath occupation number N̄ = 103 (or 0.07 mK). (b) Plot for Device B, again using values from
Table 7.2.3, λCSL = 10−11 Hz, rCSL = 10−7 m, n̄ = 100, and N̄ = 5 × 106 (or 1.9 mK).

probe is proportional to the mechanical frequency Ω, which is much higher for Device A.

While we have focused on the displacemon device, we note that in principle our testing pro-

tocol is applicable to other optomechanical platforms that achieve an equivalent measurement

operator to Eq. (7.4). For example, pulsed optomechanics [93] provides a path to achieve such

operations [139] and grow large spatial superpositions [95]. In this case, the superconducting

qubit would be replaced by an optical mode and the qubit measurement statistics by photon

counting statistics. Furthermore, as well as being a potential platform to test the collapse of

quantum superpositions, the displacemon device may also offer a promising route towards tests

of unconventional decoherence mechanisms in entangled systems. In Ref. [217], it was proposed

that Furry’s hypothesis [218]—regarding spatially dependent decoherence mechanisms—could

be tested in entangled optomechanical systems. Meanwhile, in this Thesis, we have also exam-

ined a method for generating two-mode entangled Schrödinger-cat states via a measurement

operator equivalent to a two-mode version of Eq. (7.4), which suggests a two-mode displacemon
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(a) (b)

Figure 7.3: Maximum percentage difference ∆Max between the probabilities predicted by stan-
dard quantum mechanics versus CSL theory, found by maximising Eq. (7.42) with respect to
k. Results are plotted as a function of λCSL and bath thermal occupation number N̄ , with
the equivalent effective temperature Teff shown along the top axis. (a) Plot for Device A using
parameters in the corresponding column of Table 7.2.3. (b) Plot for Device B, again using pa-
rameters in the corresponding column of Table 7.2.3. For both plots we use rCSL = 10−7 m and
assume the mechanical resonator has been pre-cooled to a thermal state with initial occupation
number n̄ = 100. The light yellow indicates regions of parameter space which we expect to
be most sensitive to CSL effects as they exhibit the greatest deviation from standard quantum
theory. The grey exclusion region, demarcated by the black line, indicates that DCSL < Dth,
meaning that the effects of CSL cannot be detected above thermal decoherence. The red hor-
izontal lines show Adler’s suggested theoretical parameters for λCSL (and rCSL). The orange
dots correspond to the parameters used in Figs. 7.2a-7.2b which explicitly show the decay of
the probabilities P (k,Dth) and P (k,Dth + DCSL) with time.

system could be used to test Furry’s hypothesis.

7.6 Experimental considerations

Here we discuss briefly the main experimental challenges. First there is the challenge of in-

tegrating comparatively large moving elements into a transmon qubit. In three-dimensional

cQED [219], the transmon is typically ∼ 1 mm long, so it would need to be made 1 or 2 orders

of magnitude larger in order to accommodate resonators A and B. There is no fundamental

reason why this should not work, but it would require modifications to the geometry in order

to keep the various capacitances involved within the desirable range for cQED. Another geo-

metrical challenge is that the thickness D envisaged in Table 7.2.3 is quite large compared to
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the normal thickness of the superconducting layer in a transmon, which is typically less than

100 nm. Having fabricated the qubit, it will also be necessary to operate it coherently away

from its flux sweet spot in order to achieve good electromechanical coupling.

The requirement to suppress thermal decoherence to the point that other mechanisms become

observable means that the experiment must be performed at a very low temperature. In

a dilution refrigerator, if vibrational noise is sufficiently suppressed, a mechanical resonator

typically [220] thermalises to Teff ∼ 50 mK. With the aid of nuclear magnetic demagnetization,

a 15 MHz resonator was recently [221] cooled to Teff = 0.5 mK.

Equally important with the cryostat temperature is the mechanical noise at the resonator fre-

quency, which heats the resonator in the same way as an elevated environmental temperature.

The environmental noise can be quantified by a single-sided spectral density SXX(f), which

describes the motion of the substrate to which the resonator is clamped. Converting this posi-

tion spectral density to a force spectral density SFF (f) = mΩ2SXX(f), and using equipartition

to relate the resulting motion to an effective temperature leads to the relation [107]

Tmech
eff =

1

kB

QΩ3

4
SXX(2πΩ) (7.43)

where Tmech
eff is the mechanical contribution to the effective environmental temperature Teff . In

general the resonator will experience an environmental temperature that is determined by the

larger of Tmech
eff and the cryostat temperature. For example, the 8.7 mK effective temperature

necessary to test gravitational collapse in Device A with σ = σnuc requires

SXX(2πΩ) ≲
(

3.5 × 10−16m/
√

Hz
)2
, (7.44)

while for Device B, with Teff = 1.5 K, the requirement is

SXX(2πΩ) ≲
(

1.6 × 10−13m/
√

Hz
)2

. (7.45)

For comparison, the isolation platform built for Advanced LIGO has a vibration level below

10−12 m/
√

Hz at 8 Hz and below 10−13 m/
√

Hz at 100 Hz, the highest frequency measured [222].
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Thus, minimizing acoustic noise by mechanically isolating the sample and even the cryostat,

and operating the resonator at an optimal frequency, will be important to testing collapse

mechanisms in this frequency band.

7.7 Conclusion

We have shown the potential of the displacemon device for tests of unconventional decoher-

ence mechanisms as predicted by objective collapse models, while carefully considering the

effects of conventional decoherence and dissipation predicted by standard quantum theory.

The displacemon-based collapse testing protocol we introduce consists of a cooling stage fol-

lowed by a grating operation on the resonator to prepare a non-Gaussian mechanical state of

motion. The measurement on the mechanically-coupled superconducting qubit induces this

grating operation and occurs over a timescale much less than the mechanical period. There-

fore, our protocol is not constrained by the decoherence time of the qubit. The application

of a second grating after an integer number of half-mechanical periods allows obtaining qubit

measurement statistics that are sensitive to the underlying decoherence mechanisms. In prin-

ciple, an experiment with the displacemon could be used to sense deviations from standard

quantum mechanics predicted by any collapse model, regardless of whether a dynamical theory

is proposed (as in GRW, CSL, and Diósi’s theory) or not (as in Penrose’s theory). In this

paper, we have explored the sensitivity of the displacemon device to the DP and CSL collapse

models specifically.

For the DP model, we have considered three possibilities for the gravitational radius, namely the

nuclear radius, the zero-point amplitude of the beam resonator, and the zero-point amplitude of

a single constituent aluminium atom. We find that by minimising their effective temperature,

Devices A and B may be able to test for collapse in the first case (gravitational radius equals

nuclear radius). Due to its lower frequency, Device B may also be suitable for testing the second

case (gravitational radius equals zero-point amplitude of the beam). However, owing to the

much larger length scale, our proposal is not capable of testing collapse when the gravitational
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radius equals the zero-point amplitude of a single aluminium atom within the lattice.

For the CSL model, we have taken into account the effect of the beam geometry on the mo-

mentum diffusion rate induced by CSL collapse. Moreover, we have derived an analytic result

for the qubit measurement statistics in our testing protocol. We do so using solutions to the

quantum Langevin equations for the system. This allows us to study the sensitivity of our

testing protocol to the displacemon and CSL parameters, and identify regions of parameter

space where CSL can be investigated. While the parameters chosen for Device A only permit

CSL to be tested at temperatures which are beyond current capabilities, the smaller mechanical

frequency of Device B allows a larger range of λCSL to be explored in temperature regimes which

could be reached with near-future devices. In tests of both DP and CSL collapse, minimising

the sensitivity of the devices to mechanical noise is likely to be the biggest challenge a future

experiment will face.

We have shown that with technical advances in the fabrication of hybrid nanomechanical devices

and minimisation of vibration sensitivities, the displacemon device provides an experimentally

feasible route for testing collapse mechanisms in certain regions of parameter space. Finally,

our testing protocol is applicable to other mechanical resonator devices, which can implement

an equivalent grating operation and demonstrate sensitivity to decoherence in their measure-

ment statistics. Thus, our proposal opens new avenues for tests of objective collapse models,

complementary to matter-wave interferometery experiments.
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Conclusion

The results of this Thesis fall into three principle sections linked by the common thread of

non-Gaussian quantum states. Firstly, we introduce an optomechanics protocol to generate

a non-Gaussian entangled mechanical state. Of critical importance for optomechanics is the

generation and verification of non-Gaussian states of motion. Indeed, an outstanding challenge

in optomechanics is the generation and verification of a canonical two-mode Schrodinger-cat

state of motion of two mechanical oscillators. In this thesis, we introduced a protocol to cre-

ate this state in the displacement of two mechanical oscillators and verify the non-Gaussian

entanglement generated (non-Gaussianity is a key resource in quantum information). Here, we

introduced a protocol to create this state utilizing the nonlinearity of the radiation-pressure

interaction combined with photon counting measurements. The entangled mechanical states

generated by our scheme may find exciting applications including fault-tolerant quantum com-

putation, and quantum metrology.

Furthermore, we introduced a powerful new scheme for entanglement verification using moment-

based entanglement criteria. The verification scheme uses pulsed linearized optomechanical

interactions to iteratively deduce mechanical moments by taking homodyne measurements of

the output light. Our proposed experimental toolbox for state verification opens a new avenue

within optomechanics (and quantum optics more generally) for a wide range of further studies

relating to single- and multi-mode mechanical state characterisation.

188
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Key experimental factors, such as optical loss and open-system dynamics, are carefully analyzed

and we show that the scheme is feasible with only minor improvements to current experiments

that operate outside the resolved-sideband regime. Our scheme provides a new avenue for quan-

tum experiments with entangled mechanical oscillators and offers significant potential for fur-

ther research and development that utilizes such non-Gaussian states for quantum-information

and sensing applications, and for studying the quantum-to-classical transition.

In the second section of the results, we studied the problem of choosing the optimal entangle-

ment criterion to detect entanglement in a non-Gaussian state. In the aforementioned otpome-

chanical scheme, we used a specific non-Gaussian entanglement criterion based on detecting

a negative partial transpose (NPT). We examined the feasiblity of this particular criterion

as a proof-of-concept that our verification scheme could detect non-Gaussian entanglement.

However, we did not consider further inseparability criteria which are also attainable with our

verification scheme. We addressed this issue in the subsequent chapter of this Thesis in which

we assessed the suitability of a given NPT criterion (from a hierarchy of possible criteria) by

formulating a statistical toolkit with which to quantify its associated error. The error incor-

porates both the impact of entanglement-degrading interactions with a system’s environment,

and of taking only a finite number of measurements when experimentally determining an NPT

criterion. This allows us to assess the confidence level in an NPT criterion in detecting entan-

glement. With this statistical framework we assessed many NPT criteria to determine which

are most appropriate for two specific non-Gaussian states: the two-mode Schrödinger cat-state

from the previous chapter, and the photon-subtracted two-mode squeezed vacuum state. We

verify that the choice of an NPT criterion depends on the state itself, the number of measure-

ments, and the coupling to the environment. Beyond inseparability criteria, our toolkit can be

used to find the error on a determinant which has been calculated from a Hermitian matrix

of observable moments and thus can be applied to other nonclassicality criteria constructed in

this way.

In this chapter we also studied schemes for measuring arbitrary two-mode moments of optical

states. We began by examining methods of obtaining moments by initially reconstructing the

quantum states, and also more direct methods of finding moments. Additionally, we presented
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an alternative method of measuring two-mode moments of spatially separated modes of light.

Our method relies on joint homodyne measurements to iteratively find increasingly higher-order

moments. Crucially, the scheme uses sets of optical phases without the need to discreetly scan

a phase in order to perform a Fourier transform, as is the case in many measurement schemes.

We have provided a method to choose the phase sets for lower order moments and surprisingly

find that randomly choosing the phase sets can also be successful. However, further work is

potentially needed here in order to provide a deterministic method of choosing the phase sets

for moments of arbitrarily high order.

Finally, in the third chapter of our results, we examined whether the displacemon device can

be used to test for objective collapse models. The displacemon is an electromechanical device

consisting of a vibrating nanobeam coupled to a superconducting qubit. Through qubit op-

erations and measurements, we can implement synthetic diffraction gratings and thus create

a mechanical superposition in the centre-of-mass trajectories of the coupled resonator. Thus

we can prepare the nanobeam in a Schrödinger-cat state, which is sensitive to unconventional

decoherence mechanisms. Specifically, we propose a scheme that exploits qubit measurement

statistics in order to monitor the decoherence of a displacemon resonator which has been pre-

pared in a Schrödinger cat state. These measurement statistics allow us to quantify the degree

of decoherence at regular time intervals and thereby test for sources of unconventional deco-

herence. Moreover, as the mechanical period is much larger than all relevant timescales of the

auxiliary qubit, our testing protocol is not limited by the decoherence time of the qubit.

In particular, we examine the feasibility of using a displacemon with an aluminium nanobeam

on two mass scales: one inspired by the Marshall-Simon-Penrose-Bouwmeester moving-mirror

proposal, and the other set by the Planck mass. We calculate the lifetimes of the mechanical

state predicted by DP theory and calculate the temperatures necessary to observe this col-

lapse over conventional decoherence. Moreover, we consider different possibilities for the key

parameter in the DP theory—the gravitational radius—which determines the rate of the DP

collapse. From the literature there are three different suggested parameters one might assume

for the gravitational radius: (i) the nuclear radius, (ii) the zero-point amplitude of the beam,

and (iii) the zero-point amplitude of a single atom in the crystal. One might experimentally
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probe the first parameter using a resonator of either mass scale; the cooling requirements on

the Planck mass object are less stringent. Only the Planck mass object is capable of potentially

investigating the second gravitational radius parameter, with further cooling required. It is not

feasible to investigate the third parameter with either device.

For CSL, we solve the dynamics of the initial mechanical Schrödinger cat state in the presence

of the CSL collapse mechanism to arrive at an analytic formula for the qubit measurement

statistics, which are sensitive to the underlying collapse mechanics. By varying the displacemon

and CSL parameters in our dynamical model, we examine the feasibility of testing CSL with

near-future experimental capabilities. We find that lower temperatures are required for the

Marshall-Simon-Penrose-Bouwmeester mass device to probe the same set of CSL parameters

compared with the Planck mass device.

Furthermore, we discuss the importance of minimising the vibration sensitivities of the dis-

placemon in order to achieve the effective temperatures required to test objective collapse. We

find that the lower frequency device based on the Planck mass can probe DP and CSL theories

with near-term improvements in these electromechanical devices, and we quantify the condi-

tions to observe collapse with the higher frequency device. Although we have focused on the

displacemon, we note that our testing protocol is device independent and we identify another

optomechanical platform that can achieve equivalent grating operations. We find that with

improvements to the fabrication and vibration sensitivities of these electromechanical devices,

the displacemon device provides a new route to feasibly test decoherence mechanisms beyond

standard quantum theory.
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of particles selected from a molecular library with masses exceeding 10,000 amu. Phys.

Chem. Chem. Phys., 15(35):14696, 2013.

[199] Y. Y. Fein, P. Geyer, P. Zwick, F. Kia lka, S. Pedalino, M. Mayor, S. Gerlich, and

M. Arndt. Quantum superposition of molecules beyond 25 kDa. Nat. Phys., 15(12):1242,

2019.

[200] J. Bateman, S. Nimmrichter, K. Hornberger, and H. Ulbricht. Near-field interferometry

of a free-falling nanoparticle from a point-like source. Nat. Commun., 5(1):4788, 2014.

[201] M. Bilardello, A. Trombettoni, and A. Bassi. Collapse in ultracold Bose Josephson junc-

tions. Phys. Rev. A, 95(3):032134, 2017.

[202] A. O’Connell et al. Quantum ground state and single-phonon control of a mechanical

resonator. Nature, 464(7289):697, 2010.

[203] M. F. Gely and G. A. Steele. Superconducting electro-mechanics to test Diósi–Penrose

effects of general relativity in massive superpositions. AVS Quantum Sci., 3(3):035601,

2021.

[204] M. Arndt and K. Hornberger. Testing the limits of quantum mechanical superpositions.

Nat. Phys., 10(4):271, 2014.

[205] B. Brezger, L. Hackermüller, S. Uttenthaler, J. Petschinka, M. Arndt, and A. Zeilinger.

Matter-wave interferometer for large molecules. Phys. Rev. Lett., 88(10):100404, 2002.

[206] A. A. Houck et al. Controlling the Spontaneous Emission of a Superconducting Transmon

Qubit. Phys. Rev. Lett., 101(8):080502, 2008.

[207] A. O. Caldeira and A. J. Leggett. Influence of dissipation on quantum tunneling in

macroscopic systems. Phys. Rev. Lett., 46(4):211, 1981.

[208] A. O. Caldeira and A. J. Leggett. Quantum tunnelling in a dissipative system. Ann.

Phys., 149(2):374, 1983.



BIBLIOGRAPHY 211

[209] H. P. Breuer and F. Petruccione. The theory of open quantum systems. Oxford University

Press on Demand, 2002.

[210] L. Diósi. On high-temperature Markovian equation for quantum Brownian motion. EPL,

22(1):1, 1993.
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Appendix A

Generating and verifying two-mode

mechanical entanglement

A.1 Verification set-up

In this Appendix we detail the key experimental steps required to calculate arbitrary mechan-

ical moments of an entangled state, which are needed to evaluate the inseparability criteria

outlined in Section 5.3.1. We begin by introducing the notation used to describe the moments,

and then we focus on each of the two verification set-ups shown in Figs. 5.9 and A.1. For a

given mechanical moment we define the order as the sum of the exponents on the operators, e.g.

the order of ⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩ is d = p+ q + r + s. We use the notation S[⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩]

to to denote the sum of all possible permutations of p lots of X̂M1-operators, q lots of P̂M1-

operators etc., taking into account the fact that operators from different oscillators commute.

For example, S[⟨X̂2
M1
P̂M1X̂M2⟩] = ⟨X̂2

M1
P̂M1X̂M2⟩+ ⟨X̂M1P̂M1X̂M1X̂M2⟩+ ⟨P̂M1X̂

2
M1
X̂M2⟩. Know-

ing the value of S[⟨X̂2
M1
P̂M1X̂M2⟩] and the lower-order moment ⟨X̂M1X̂M2⟩ is sufficient to gain

access to ⟨X̂2
M1
P̂M1X̂M2⟩, ⟨X̂M1P̂M1X̂M1X̂M2⟩, and ⟨P̂M1X̂

2
M1
X̂M2⟩ individually as these can be

found via the commutation relation [X̂Mi
, P̂Mj

] = iδij. For example, if our desired moment is

⟨X̂2
M1
P̂M1X̂M2⟩, then ⟨X̂2

M1
P̂M1X̂M2⟩ = S[⟨X̂2

M1
P̂M1X̂M2⟩]/3 + i ⟨X̂M1X̂M2⟩. Hence any desired

moment – composed of a sequence of mechanical quadrature operators ⟨X̂p
M1
X̂q

M2
X̂r

M2
X̂s

M2
⟩ –
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can be written as the sum over the moments of all the distinct permutations of those operators

S[⟨X̂p
M1
X̂q

M2
X̂r

M2
X̂s

M2
⟩], plus lower-order moments (which as we shall see are already known due

to the iterative nature of the procedure). This iterative procedure involves finding the moments

of all the permutations of sequences of operators belonging to order d (i.e. finding values for all

possible sums S of order d, and consequently individual moments) before being able to unlock

moments of order d+ 1. The method prescribed can be used to find a moment with arbitrarily

large d.

A.1.1 Parallel set-up

Here we will outline the key experimental steps necessary for the entanglement verification

(using the set-up in Fig. 5.9) of a mechanical state created by the parallel set-up in Fig. 5.1a.

We will first demonstrate that any arbitrary moment of the form ⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩ can be

calculated using our scheme. Then we will show that for some lower-order moments, which

appear in the subdeterminants of D5 and S3, a simpler sequence of verification pulses can be

used.

Generalised scheme

First, let us consider the case where our desired moment is contained within the expression

S[⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩]. The entangled mechanical state ρ
{1,0}
out is generated following a {1,0}

click (see Fig. 5.1a). As discussed in the main text, this mechanical state depends on the phase

ϕ in the interferometer and so this phase is kept fixed throughout the verification of the state.

For generality, we have included ϕ in our expressions but it has no relevance in the verification

scheme. All other phases ζl (where l = 1, 2, 3, 4) are controllable phases. After the state has

been created, a verification pulse is then sent into oscillator 1 at time τ = 0 followed by a second

at τ = π/(2ωM). Each pulse interacts sequentially with the mechanical oscillator, and the phase

quadratures of the verification pulses transform according to Eq. (5.41b). These verification

pulses have a different wavelength to the entangling pulse to operate in the linearized regime and
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so spectral filters ensure that after the optomechanical interaction all the verification pulses are

diverted away from the photodetectors in Fig. 5.9. The first pulse follows path 1a and is held in

a delay line for τ = π/(2ωM) while a switch ensures the second, later pulse is directed along 1b

and thereby receives an additional phase shift ζ1. The two pulses are both incident at the first

beam splitter simultaneously, which allows us to measure moments comprised of both position

and momentum quadratures. Similarly, two verification pulses are also sent into oscillator 2

at time τ = 0 and τ = π/(2ωM). After the optomechanical interaction with oscillator 2, with

the aid of a spectral filter, the first pulse follows path 2a and is held in a delay line while the

second, later pulse travels along 2b and experiences a phase shift of ζ2 at the beam splitter.

The light from each oscillator is then combined at two further beam splitters as depicted in

Fig. A.1. There is an additional phase at each of these two beam splitters, ζ3 and ζ4. After

the second set of beam splitters, a homodyne measurement is performed on each of the four

output modes, and the phase quadratures are measured. The phase quadratures at the 4 beam

splitter ports are given by:

P̂LA
= [eiζ3(X̂M1 + eiζ1P̂M1) + eiϕ(X̂M2 + eiζ2P̂M2)]χ/2 + P̂ ′

LA
, (A.1a)

P̂LB
= [eiζ3(X̂M1 + eiζ1P̂M1) − eiϕ(X̂M2 + eiζ2P̂M2)]χ/2 + P̂ ′

LB
, (A.1b)

P̂LC
= [X̂M1 − eiζ1P̂M1 − ei(ϕ+ζ4)(X̂M2 + eiζ2P̂M2)]χ/2 + P̂ ′

LC
, (A.1c)

P̂LD
= [X̂M1 − eiζ1P̂M1 + ei(ϕ+ζ4)(X̂M2 − eiζ2P̂M2)]χ/2 + P̂ ′

LD
. (A.1d)

Here, P̂ ′
Lk

(where k = {A,B,C,D}) can be understood as the momentum quadrature of the

pulse in the absence of the oscillators, and commutes with all mechanical quadrature operators.

The momentum quadratures P̂ ′
Lk

∝ P̂Lin
; for example, the topmost output in Fig. 5.9 has P̂ ′

LA
=

(eiζ3(1+eiζ1)+eiϕ(1+eiζ2))P̂Lin
/2. In the main text we assumed P̂Lin

has vacuum noise statistics,

however here we generalise the expressions and assume only that all 4 verification pulses have

identical initial statistics, and that their momentum quadratures after each optomechanical

interaction are described by Eq. (5.41b). The process of creating the entangled states, followed

by sending in these four pulses of light and performing a homodyne measurement of the four

outputs to measure the momentum quadratures (A.1a)-(A.1d) is repeated over many runs with
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a fixed set of phases {ζ1, ζ2, ζ3, ζ4}. This allows us to build up a data set for each of the

homodyne measurements in Eqs. (A.1a)-(A.1d). We can sum over this data set {PLk
}Ni=1 using

Eq. (5.42) to extract increasing orders of moments. For example, considering Eq. (A.1a) which

describes the topmost output in Fig. 5.9, the dth order moment of the optical momentum

quadrature can be expanded in terms of mechanical quadratures and P̂ ′
LA

:

⟨P̂ d
LA
⟩ = (1/2)d

d∑
j=0

(
d

j

)
⟨[eiζ3(X̂M1 + eiζ1P̂M1) + eiϕ(X̂M2 + eiζ2P̂M2)]

j⟩ (χ/2)j ⟨(P̂ ′
LA

)j−d⟩ ,

(A.2)

where we have used the fact that P̂ ′
LA

commutes with the mechanical quadratures. The value

of ⟨P̂ d
LA
⟩ is calculated summing over the data set of P̂LA

measurements according to Eq. (5.42).

The process also assumes we know χ accurately and have already obtained full statistics on

P̂Lin
and therefore P̂ ′

LA
in an initial calibration stage (we discuss this in Section A.1.1). The

remaining terms in the sum of Eq. (A.2) are quadrature moments of order j = 1, . . . , d.

However, the iterative nature of the process means we have already calculated ⟨P̂ d−1
LA

⟩ and

so all mechanical moments up to order j = d − 1 are known. Therefore, the only unknown

moments in the expansion (A.2) are contained in the dth order term:

⟨[eiζ3(X̂M1 + eiζ1P̂M1) + eiϕ(X̂M2 + eiζ2P̂M2)]
d⟩ = . . .

+ eipζ3+iq(ζ1+ζ3)+irϕ+is(ζ2+ϕ)S[⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩]

+ . . . ,

(A.3)

where S[⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩] is the term we are trying to calculate. However, the other terms

in the sum Eq. (A.3) are of the form S[⟨X̂ p̃
M1
P̂ q̃
M1
X̂ r̃

M2
P̂ s̃
M2

⟩], with p̃ + q̃ + r̃ + s̃ = d and

{p̃, q̃, r̃, s̃} ≠ {p, q, r, s}. The coefficients of the terms S[⟨X̂ p̃
M1
P̂ q̃
M1
X̂ r̃

M2
P̂ s̃
M2

⟩] are dictated by the

combination of phases chosen {ζ1, ζ2, ζ3, ζ4}. Therefore, we repeat the entire process numerous

times with a different set of phases until we obtain the sufficient number of linearly independent

equations required to solve for the term S[⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩]. We reiterate that knowledge of

the value of S[⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩] is sufficient to calculate the moment of interest via canonical
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commutation relations. Due to the 4 distinct beam splitter outputs, for a given set of phases

{ζ1, ζ2, ζ3, ζ4}, we in fact have access to four linearly independent equations by applying the

same analysis to equations (A.1b)-(A.1d). This reduces the number of distinct sets of phases

required by a factor of 4.

Special cases

We will now discuss some special cases of moments that require fewer than 4 verification pulses

per run. In fact, all of the moments in the subdeterminants of D5 and S3 fall under this

category except ⟨b̂†1b̂1b̂
†
2b̂2⟩ for which we must use the generalised scheme. For single-mode

moments ⟨X̂d
Mi

(θ)⟩, we require a single verification pulse sent into the ith oscillator at time

τ = θ/ωM, where θ = {0, π/2} (no verification pulses are sent to the jth oscillator, where

j ̸= i). The entangled state ρ
{1,0}
out is first created in the usual way (see Fig. 5.1a). For the

verification stage, the switches are position 1b and 2b since no delay lines are required. All

optical phases ζl are set to 0. Sending in the verification pulse at time τ = 0 will allow

us to find ⟨X̂d
Mi
⟩ while sending in the pulse at time τ = π/(2ωM) will give us ⟨P̂ d

Mi
⟩. The

optical momentum quadratures are measured at each of the four beam splitter outputs, for

example P̂LA
(θ) = ηV(P̂Lin

+χX̂Mi
(θ)) +

√
1 − ηV(1 +

√
ηV)P̂V, where the vacuum noise P̂V has

been included from each beam splitter interaction (each beam splitter transmits
√
ηV of the

pulse, and each mode passes through two beam splitters). We build up data set of homodyne

measurements {P̂Lk
(θ)}Ni=1 and find all moments up to order d using Eq. (5.42). Rearranging

the equation for ⟨P̂ d
LA

(θ)⟩ gives:

⟨X̂d
Mi

(θ)⟩ = (ηVχ)−d[⟨P̂ d
LA

(θ)⟩ −
d−1∑
j=0

(
d

j

)
(ηVχ)j ⟨X̂j

Mi
(θ)⟩ ⟨(P̂ ′′

LA
)d−j⟩] , (A.4)

where P̂ ′′
LA

= ηVP̂Lin
+
√

1 − ηV(1+
√
ηv)P̂V. Again, this calculation must be done in an iterative

way starting with d = 1 (hence all the moments ⟨X̂j
Mi

(θ)⟩, where j < d, are presumed to be

already known).

For moments of the same oscillator ⟨X̂p
Mi
P̂ q
Mi
⟩, after creating the entangled state ρ

{1,0}
out in the
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usual manner, the switches are moved to position 1a for i = 1 (or position 2a for i = 2). Two

pulses are sent into the ith oscillator, one at time τ = 0 followed by one at τ = π/(2ωM) (no

pulses are sent to the jth oscillator). The first pulse is held in a delay line with the switch in

position 1a (or 2a). The second, later pulse follows path 1b (or 2b), experiences a ζi phase

shift, and coincides with the first pulse at the beam splitter. All other phases can be neglected:

ζj = ζ3 = ζ4 = 0. For moments like ⟨X̂p
M1

(θ1)X̂
q
M2

(θ2)⟩ one pulse is sent to oscillator 1 at time

τ = θ1/ωM and a second pulse is sent to oscillator 2 at τ = θ2/ωM. The phases ζ1 = ζ2 = 0, but

the set {ζ3, ζ4} must be varied. Finally, for a moment such as ⟨X̂p
Mi

(θi)X̂
q
Mj
P̂ r
Mj

⟩, one pulse is

sent into the ith oscillator at τ = θi/ωM and two pulses are sent into the jth oscillator at time

τ = 0 and τ = π/(2ωM). All four phases in the set {ζ1, ζ2, ζ3, ζ4} must be varied. With all these

special cases, the phase quadratures P̂Lk
are measured over many runs in order to construct

a a data set of homodyne measurement results {P (i)
Lk
}Ni=0 for given set of phases {ζ1, ζ2, ζ3, ζ4}.

From the data set all the moments up to ⟨P̂ d
Lk
⟩ are calculated using Eq. (5.42). The phases

within the set are then varied (and we repeat previous step of homodyning over many runs to

construct further data sets of homodyne measurements) until we have a sufficient number of

linearly independent equations to solve for the term of interest. The mathematics of solving

the equations is the same as the general case of S[⟨X̂p
M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩] and has been examined

in detail in A.1.1.

Calibration

We have assumed throughout A.1.1 and A.1.1 that we already know the full statistics of P̂ ′
Lk

where k = {A,B,C,D} via a calibration step. This is an important first stage in order to

accurately eliminate initial pulse moments from equations such as (A.2). In the absence of any

oscillators, we have that P̂Lk
= P̂ ′

Lk
. Therefore, still using the optical set-up of Fig. 5.9, we

send in the verification pulses which we would normally use to obtain a specific moment but

in the absence of any optomechanical oscillators (the experimental set-up would need to be

adapted further from Fig. 5.9 in order to bypass the oscillators). For example, if we are using

the generalised regime we would send in 4 verification pulses, 2 in each arm and time τ = 0 and

τ = π/(2ωM). The phases ζl are set to whichever set of phases {ζ1, ζ2, ζ3, ζ4} we are intending
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on using for that particular run. Measuring the quadratures P̂Lk
many times to build up a data

set of homodyne measurements from which we can extract ⟨(P̂ ′
Lk

)d⟩ for a given set of ζl phases.

Another assumption in the verification protocol is precise knowledge of χ, which appears in

Eq. (5.41b) and is the interaction strength between the verification pulses and the mechanical

system. One can measure χ precisely in a calibration stage which is separate from the entangling

and verification steps. This involves sending pulses of light towards a mechanical state that is in

thermal equilibrium and then phase-homodyning the output light. Knowledge of the statistics

of the input pulses and the bath temperature allows a value for χ to be extracted from the

value of ⟨P̂ 2
L⟩ which is in turn computed by summing over a data set of many phase-homodyne

measurements. Furthermore, phase fluctuations will lead to additional phase noise on top of

the intrinsic noise of the verification pulses. However, this can seen as reduction in χ and,

provided the variance of this additional phase noise is narrow, this can be accounted in the

calibration stage [223].

A.1.2 Series set-up

Our proposed set-up to verify the type of entanglement produced when the two oscillators are

in series with each other is displayed in Fig. A.1. In this scheme, we integrate the verification

apparatus into the entanglement set-up of Fig. 5.1b. The mathematical method is identical to

the prescribed method for the parallel set-up in A.1.1. Sending in up to two verification pulses

per run and repeating numerous times allows us to build data sets of homodyne measurements

of P̂LA
and P̂LB

. From the data, the moments ⟨P̂ j
LA
⟩ and ⟨P̂ j

LB
⟩ for j = 1, . . . , d are directly

calculated using Eq. (5.42). We can expand ⟨P̂ d
LA
⟩ and ⟨P̂ d

LB
⟩ in terms of mechanical moments of

order d plus lower-order moments. The process is iterative so lower-order moments are already

known, leaving only moments of order d to calculate. Repeating with different sets of phases

{ζ1, ζ2, ζ3} gives us access to a sufficient number of linearly independent equations which can

be solved to obtain values such as S[⟨X̂p
M1
P̂ q
M1
X̂r

M1
P̂ s
M2

⟩], and consequently any moment that

appears in the expansion of S[⟨X̂p
M1
P̂ q
M1
X̂r

M1
P s
M2

⟩] can be deduced using canonical commutation

relations.
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Verification
pulses

Entangling
pulse

2b

2a

Figure A.1: Proposed verification scheme to measure mechanical moments of a state produced
via the series set-up. The first stage is to create the entangled state ρ

{1,0}
out shown by the red

path on the diagram; all the switches labelled S are positioned accordingly. After a click
event of {1,0}, verification pulses shown in orange interact with the mechanical state. Spectral
filters ensure that the verification pulses (which have a different wavelength) can follow different
paths to that of the entangling pulse. In order to calculate a moment which appears in the sum
S[⟨X̂p

M1
P̂ q
M1
X̂r

M2
P̂ s
M2

⟩] we send up to two verification pulses per run into the upper arm of the
apparatus and then perform homoydne measurements on the verification pulses. This process
is repeated many times in order to obtain a data set of homodyne measurements from which
moments can be calculated. The delay line τ1 is useful if we wish to allow the second oscillator
to freely evolve relative to the first oscillator. The switches S allow us to bypass an oscillator
in order to get a single-mode mechanical moment. τ2 allows us to delay the first verification
pulse so that the two verification pulses are incident on the final beam splitter coincidentally.
The other features of the set-up serve the same purpose as they do in Fig. 5.9.

A.2 Example experimental parameter set

Here we summarize an example experimental parameter set drawn from [141] together with

additional parameters to give the values in the last row of Table 5.2. To illustrate the feasibility

of our protocol, in Section 5.4 we focused on the dimensionless, system-independent parameters

µ, Q, n̄, and n̄B. This demonstrated that our protocol of generating and verifying non-Gaussian

entanglement is valid for very small µ of order 10−5 up to µ of order 1. Even with present-day

experiments and only improved cooling we can generate and verify non-Gaussian entangled

states.
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Table A.1: Example experimental parameter set with key parameters taken from Ref [141].
These parameters demonstrate in detail how µ and Q are calculated in the last row of Table
5.2. Additional experimental parameters are also proposed and listed in order calculate n̄ and
n̄B, enabling us to calculate D5, S3 and F .

Example experimental parameters

m Effective mass 1.5 pg
ωM/2π Mechanical frequency 3.74 MHz

xzpf Zero-point fluctuation xzpf =
√

ℏ/2mωM 43 fm
G/2π Parametric coupling G = ∂ωc/∂x; cavity resonance frequency ωc 0.8 THz nm−1

g0/2π Optomechanical coupling rate g0 = Gxzpf 35 MHz
κ/2π Cavity amplitude decay rate 8.8 GHz
γ/2π Mechanical decay rate 100 Hz
Q Mechanical quality factor Q = ωM/γ 3.74 × 104

µ Dimensionless optomechanical coupling strength µ = 2
√

2g0/κ 1.12 × 10−2

Additional experimental parameters

n̄ Initial mechanical phonon occupation number 0.1
TB Bath temperature 100 mK
n̄B Bath occupation number calculated from TB 559
∆t Detection window 10 ns
λD Dark count rate 1 s−1

D Probability of single dark count in ∆t 10−8



Appendix B

Error propagation in matrices

B.1 Derivation of error on the determinant

As discussed in the Section 6.3.1, the matrix Aij whose negative determinant would indicate

has entries Aij = ⟨Ôij⟩ where Ôij = â†qi âpi â†nj âmj b̂†lj b̂kj b̂†ri b̂si . However, Ôij is not necessarily

Hermitian. We can split the matrix into real and imaginary parts which can be measured via

two Hermitian operators B̂ij,0 and B̂ij,1, such that Aij = ⟨B̂ij,0⟩ + i ⟨B̂ij,1⟩. If these moments

are calculated by taking repeated measurements then Aij = B̄ij,0 + iB̄ij,0. We can exploit the

fact that the matrix is Hermitian, and in an experiment we only need to calculate the moments

in the upper triangle and diagonal of A, and then use these numbers to complete the rest of

the matrix and compute its determinant. It follows that lower triangle elements are given by

Aji = B̄ij,0 − iB̄ij,1 and the diagonal elements are real Aii = B̄ii,0 such that all B̄ii,1 = 0.

Therefore the determinant of this Hermitian matrix is a function of d2 independent random

variables B̄ij,p which appear in the upper triangle and diagonal det[A] = f(B̄ij,p) where j ≥ 1.

We assume the means of conjugate operators B̄ij,0 and B̄ij,1 are independent random variables

since they are experimentally determined separately.

Reiterating the method laid out in Section 6.3.1, we proceed by using the first order the Taylor

222
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expansion, and taking care to only sum over the upper triangle of the matrix

(∆det[A])2 =
d∑
i

d∑
j≥i

d∑
k

d∑
l≥k

1∑
p=0

1∑
q=0

∂det[A]

∂B̄ij,p

Cov[B̄ij,p, B̄kl,q]
∂det[A]

∂B̄kl,q

(B.1)

Let us first calculate these derivatives. From the multivariable chain rule,

∂det[A]

∂B̄ij,p

=
∑
rs

∂det[A]

∂Ars

∂Ars

∂B̄ij,p

=
∑
rs

∂det[A]

∂Ars

(
δp0(δirδjs + δisδjr) + iδp1(δirδjs − δisδjr)

)
= δp0

(
∂det(A)

∂Aij

+
∂det(A)

∂Aji

)
+ iδp1

(
∂det(A)

∂Aij

− ∂det(A)

∂Aji

)
= δp0

(
adj[A]ji + adj[A]ij

)
+ iδp1

(
adj[A]ji − adj[A]ij

)
(B.2)

Where we have used the identity that ∂det[A]/∂Aij = adj[A]ji. Now we can insert this into

the expression for det[A]. We will split the sum into diagonal (and real) elements of the matrix

A and off-diagonal elements which exist in the upper triangle of A:

∆det[A] =
∑
i

(
adj[A]ii

)2
Cov[B̄ii,0, B̄ii,0]

+
d∑
i

d∑
j>i

d∑
k

d∑
l>k

1∑
p=0

1∑
q=0

[
δp0
(
adj[A]ji + adj[A]ij

)
+ iδp1

(
adj[A]ji − adj[A]ij

)]
Cov[B̄ij,p, B̄kl,q]

[
δp0
(
adj[A]lk + adj[A]kl

)
+ iδp1

(
adj[A]lk − adj[A]kl

)]
(B.3)

However, since we measure every operator B̂ij,p independently, then Cov[B̄ij,p, B̄kl,q] =
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Var[B̄ij,p]δikδjlδpq.

∆det[A] =
∑
i

(
adj[A]ii

)2

Var[B̄ii,0]

+
d∑
i

d∑
j>i

1∑
p=0

[
δp0
(
adj[A]ji + adj[A]ij

)
+ iδp1

(
adj[A]ji − adj[A]ij

)]2
Var[B̄ij,p]

=
∑
i

(
adj[A]ii

)2

Var[B̄ii,0]

+
d∑
i

d∑
j>i

1∑
p=0

[
δp0
(
adj[A]ji + adj[A]ij

)2 − δp1
(
adj[A]ji − adj[A]ij

)2]
Var[B̄ij,p]

(B.4)

Using the properties of the adjugate and the Hermiticity of A we can demonstrate that A

is itself a Hermitian matrix. This follows from the fact that adj(M†) = adj(M)† where M

is any n × n matrix and † denotes the complex transpose. However if M is Hermitian then

M† = M and so adj(M)† = adj(M). Therefore adj[A]T = adj[A]∗ where T is the standard

matrix transpose and ∗ is the complex conjugate. Using this

(∆det[A])2 =
d∑
i

(
adj[A]ii

)2

Var[B̄ii,0]

+
d∑
i

d∑
j>i

1∑
p=0

[
δp0
(
adj[A]∗ij + adj[A]ij

)2 − δp1
(
adj[A]∗ij − adj[A]ij

)2]
Var[B̄ij,p]

=
d∑
i

(
adj[A]ii

)2

Var[B̄ii,0]

+ 4
d∑
i

d∑
j>i

1∑
p=0

[
δp0(Re[adj[A]ij])

2 + δp1(Im[adj[A]ij])
2

]
Var[B̄ij,p]

(B.5)

This guaranteed to give you a real error in the determinant. Which is good since the determinant

is a real number too!
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B.2 Optimal way of allocating measurements

The variance in the sample mean is found by the usual standard error formula Var[B̄ij,p] =

Var[B̂ij,p]/Mij,p. Inserting this gives

(∆det[A])2 =
d∑
i

(
adj[A]ii

)2Var[B̂ii,p=0]

Mii,p=0

+ 4
d∑
i

d∑
j>i

1∑
p=0

[
δp0(Re{adj[A]ij})2 + δp1(Im{adj[A]ij})2

]
Var[B̂ij,p]

Mij,p

(B.6)

We wish to minimise ∆det[A] under the constraint of the total number of measurements Mtot =∑
iMii,p=0 +

∑n
i

∑n
j>i

∑1
p=0Mij,p. Use method of Lagrange multipliers; define new function

f(M11,0, . . . ,Mij,p, . . . , µ) = (∆det[A])2 + µ(
∑
i

Mii,p=0 +
d∑
i

d∑
j>i

1∑
p=0

Mij,p −Mtot) (B.7)

Differentiating with respect to the number of measurements allocated to measuring the moments

along the diagonal of A

∂f

∂Mii,0

= −(adj[A]ii)
2Var[B̂ii,p=0]

M2
ii,p=0

+ µ (B.8)

Now differentiating with respect to the number of measurements required to measure the mo-

ments in the upper triangle and non-diagonal elements of A

∂f

∂Mij,p

= −4
d∑
i

d∑
j>i

1∑
p=0

[
δp0(Re{adj[A]ij})2 + δp1(Im{adj[A]ij})2

]
Var[B̂ij,p]

M2
ij,p

+ µ (B.9)

Therefore the function f is minimised by picking the following values for the diagonal measure-

ments Mii,0

Mii,0 =
adj[A]iiσ[B̂ii,p=0]√

µ
(B.10)
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and for the off diagonals where j > i

Mij,p =

2

[
δp0(Re{adj[A]ij})2 + δp1(Im{adj[A]ij})2

]1/2
σ[B̂ij,p]

√
µ

(B.11)

However, from the original constraint we can show that

√
µ =

Γ

Mtot

(B.12)

where

Γ =
d∑
i

|adj[A]ii|σ[B̂ii,p=0] + 2
d∑
i

d∑
j>i

|Re{adj[A]ij}|σ[B̂ij,0] + | Im{adj[A]ij}|σ[B̂ij,1] (B.13)

Substituting this into the expression for (∆det[A])2 gives

(∆det[A])2 =
Γ2

Mtot

, (B.14)

which is equivalent to Eq. 6.20 thus concluding the derivation of the error on a given determi-

nant.
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B.3 Open-system model

B.3.1 Correlations between input operators

Here we derive the result in Eq. (B.19). Making use of the Isserlis-Wick theorem.

⟨
[√

2κ

∫ t

0

dt′â†in(t′)e−κ(t−t′)

]p[√
2κ

∫ t

0

dt′âin(t′)e−κ(t−t′)

]q
⟩

= (2κ)
p+q
2

∫ t

0

. . .

∫ t

0

dt
(1)
1 . . . dt(1)p dt

(2)
1 . . . dt(2)q e−κ(t−t

(1)
1 ) . . . e−κ(t−t

(1)
p )e−κ(t−t

(2)
1 ) . . . e−κ(t−t

(2)
q )

⟨a†in(t
(1)
1 ) . . . a†in(t(2)p )a†in(t

(2)
1 ) . . . a†in(t(2)q )⟩

= δp,q(2κ)
p+q
2 p!

[ ∫ t

0

∫ t

0

dt′dt′′e−κ(t−t′)e−κ(t−t′′)⟨â†in(t′)âin(t′′)⟩
]p

= δp,q(2κ)pp!

[ ∫ t

0

∫ t

0

dt′dt′′e−κ(t−t′)e−κ(t−t′′)nBδ(t− t′)

]p
= δp,q(2κ)pp!

[ ∫ t

0

dt′e−2κ(t−t′)nB

]p
= δp,q(2κ)pp!np

B

[
1 − e−2κt

2κ

]p
= δp,qp!

[
nB(1 − e−2κt)

]p
(B.15)

B.3.2 Beam splitter model

We use the following Heisenberg-Langevin equation

ȧ(t) =
i

ℏ
[Ĥ, a(t)] − κa(t) +

√
2κain(t) , (B.16)

where a = (â(t), â†(t))T, the input field operators are ain = (âin(t), â†in(t))T, and κ is amplitude

decay rate [91]. The input operators obey the following relations:

⟨â†in(t)âin(t′)⟩ = nBδ(t− t′) (B.17a)

⟨âin(t)â†in(t′)⟩ = (nB + 1)δ(t− t′) , (B.17b)
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where nB is the thermal occupation number of the bath. Also ⟨ain(t)⟩ = 0. The solution to Eq.

(B.16) assuming a free-evolution Hamiltonian is:

a(t) = a(0)e−κt +
√

2κ

∫ t

0

dt′ain(t′)e−κ(t−t′) , (B.18)

The equations have been listed for one mode of the system but can be applied to the second

mode by substituting a for b. We have assumed both systems have the same κ but this can

be generalised so they have difference amplitude decay rates. Throughout we assume that the

noise operators acting each subsystem are independent.

An arbitrary element of the matrix from which the determinant is calculated, as a function

of time is Aij(t) = ⟨B̂ij,0(t)⟩ + i ⟨B̂ij,1(t)⟩. Therefore, to calculate det[A(t)] we can directly

calculate all the moments ⟨B̂ij,p(t)⟩ by directly inserting the Heisenberg operators in Eq. (B.18)

and computing the quantum expectation values directly.

Similarly, to find ∆det[A] we can insert these time-dependent solutions into Eq. (6.18), replac-

ing A and Var[B̂ij,p] with A(t) and Var[B̂ij,p(t)], respectively.

All the moments required to calculate det[A] and ∆det[A] are all in the form

⟨â†m(t)ân(t)b̂†k(t)b̂l(t)⟩. It can be analytically demonstrated that the expectation of these time-

dependent operators depends only on the expectation with respect to the initial quantum state

⟨â†m(0)ân(0)b̂†k(0)b̂l(0)⟩ and the decoherence model parameters. The more correlations which

arise from input operators can be analytically computed using the fact that input operators of

different modes are independent. It can be shown that Appendix that

⟨
[ ∫ t

0

dt′â†in(t′)e−κ(t−t′)

]p[ ∫ t

0

dt′′âin(t′′)e−κ(t−t′′)

]q
⟩

= δpq
p!

(2κ)p
np
B(1 − e−2κt)p

(B.19)
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CSL: probability of conditional

measurement

Here we outline the steps taken to obtain the probability given in Eq. (7.41). Using Eq. (7.4),

the probability P (k,D) = ⟨Υ̂†
+(tk)Υ̂+(tk)⟩ can be written as:

P (k,D) =
1

4
⟨cos2

(
|α|x̂(tk)

)
⟩

=
1

2
+

1

2
⟨cos

(
2|α|x̂(tk)

)
⟩

(C.1)

where the operator x̂(t) = X̂(t)/XZP is dimensionless. Therefore we can solve the quantum

Langevin equations (written in dimensionless units) to obtain the following solutions evaluated

at tk = kπ/Ω:

x̂(tk) = e−γt/2x̂(0) + e−γt/2∆x(tk) , (C.2a)

p̂(tk) = e−γt/2p̂(0) + e−γt/2∆p(tk) , (C.2b)
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where

∆x(tk) =

∫ tk

0

dt′eγt
′/2 sin(Ω(tk − t′))ξ̂(t′) , (C.3a)

∆p(tk) =

∫ tk

0

dt′eγt
′/2ξ̂(t′)[cos(Ω(tk − t′)) − γ

2Ω
sin(Ω(tk − t′))] (C.3b)

and ξ̂(t) =
√

2XZPf(t)/ℏ such that f̂(t) = f̂th(t) + f̂CSL(t). Substituting in these solutions into

Eq. (C.1) and making use of the Isserlis-Wick theorem:

⟨ξ̂(t1)ξ̂(t2) . . . ξ̂(tn)⟩ =
(2s)!

2ss!
⟨ξ̂(t)ξ̂(t′)⟩

=
(2s)!

2ss!
(
√

2XZP)2(Dth +DCSL) ,

(C.4)

(for n = 2s, otherwise the expression evaluates to 0) we arrive at the solution:

P (k,D) =
1

2
+

1

2
P0(tk) exp

[
− 8D|α|2 (1 − e−kπγ/Ω)

γ(4 + γ/Ω)

]
(C.5)

with

P0(0) =
1

2(1 + e−2(1+2n̄)|α|2)
×[

e−2(1+2n̄)|α|2(κ2+2κ+1) + e−2(1+2n̄)|α|2(κ2−2κ+1) + e−2(1+2n̄)|α|2κ2

] (C.6)

and κ = ekπγ/(2Ω). In the limit of a high quality factor Q = Ω/γ ≫ 1 we can expand the term

in the exponential in Eq. (7.40):

−8D|α|2 (1 − e−kπ/Q)

γ(4 + 1/Q)
≈ −2Dkπ

Ω
(C.7)

and thus obtain Eq. (7.41).
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